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Preface

Years ago my mother used to say to me, she’d say, “In this world,
Elwood, you must be” - she always called me Elwood - “In this world,
Elwood, you must be oh so smart or oh so pleasant.” Well, for years I
was smart. I recommend pleasant. You may quote me.

—ELwoobp P. DowbD

Autumn 2012, T arrived in Cambridge to do Part IIT not knowing what to expect.
Coming from Durham, it was hard to imagine being able to stay afloat in a sea of
the best, trained by the very best. But I wanted to prove to myself that I could.
I thought that, if everything went well, perhaps I would do a PhD in number
theory. I'm not sure that I had even come across the word ‘combinatorics’ before

reading the Part III course list.

Never would I have guessed that I would be here four and a half years later,
submitting a thesis for a PhD, at the University of Oxford. A thesis about
combinatorics, this mysterious subject of which I still have so much to discover.
I wasn’t sure then how things would turn out. But I am sure that I would not
be here if it were not for a number of people whose paths I have been fortunate
enough to cross on this journey. Most are probably unaware of the extent of
the impact their kindness, time and friendship has had. I don’t think I can

adequately express my thanks in a few sentences, but I will do my best.

I am incredibly grateful to my supervisor Alex Scott for taking me on as a PhD
student; for his time and attention over the past few years; for teaching me that
this is a marathon, not a sprint; for his advice about how to run this particular
marathon, and; for sharing his mathematical insights, both into which problems
are interesting and into how to attack these problems. I am especially thankful
for the encouragement to follow my own research interests and the freedom to
travel and collaborate with others: without these opportunities Chapters 4 and

5 would not exist.

I would like to particularly thank those who have spent some of their valuable
time during the last few years collaborating with me and teaching me. Specif-

ically, Rob Morris for inviting me to IMPA, taking the time to teach me new



maths and for all the helpful advice over the past two years, especially about
how to be a proper Carioca. I'd also like to particularly thank Bruce Reed for
the opportunities he has given me and for helping me realise that I too can be

a penguin.

In the future when I look back on this time, the prevalent memories won’t be of
the days spent staring at blackboards, the weekends spent editing latex or the
nights spent convinced I had almost proved something, only to be astonished at
what nonsense I had believed the following morning. I won’t relive the successes
or regret the failures. What will survive the test of time is the memories of
the amazing places I have been and the friends I have made all over the world,
friends who have supported me unconditionally and who I hope will remain close

in the years to come.

In particular, I’d like to thank Marthe for being an excellent walrus and an even
better friend; Michal, for pretending to pretend to be my friend and for giving
me time and advice especially during the soul-destroying period of applying for
jobs; Lena for being incredibly kind whilst I was trying to write this thesis and
for sharing my appreciation of juice and the deli; Chloé for our coffee time and
always being on my side, even when I am wrong; Matthew for always being
there to help with anything that worries me and to make me feel better. Doing
a PhD has sometimes been infinitely far from lying on a beach in Rio (despite
what some people seem to think) and I'd like to specially thank Jon for being
here through all the good parts and all the bad parts.

I am greatly indebted to Imre Leader and Andrew Thomason for introducing
me to the world of combinatorics during Part III and for making it such an
appealing subject that I should choose to spend the next four years of my life
thinking about it. I am incredibly grateful to Imre for his constant encourage-
ment and advice over the past four years. I believe that if it were not for this

encouragement, [ would not be here in Oxford.

To get here to Oxford, I had to survive Part III. This would have been a much
more difficult task if it were not for the friends I made in Cambridge. In partic-
ular, Anja, Aldo, Craig, Ewa, Heiki, Joe, Megan, Pedro, for the study sessions
until 2am, for teaching me the things you already knew that I hadn’t learnt in
Durham, and for the magical memories I made in Cambridge. Maths can often
be very isolating, but I never felt like I had to go through Part III alone; I had a

team and we all had each others backs. And to Anténio I would like to extend



my deepest thanks. In addition to the above, for believing in me more than
anyone has ever believed in me, for making the hot chocolate I will never forget

and for helping me remember why I like maths when I need to.

I would like to thank John Parker, Herbert Gangl and Jens Funke for their
infectious enthusiasm for maths and for the encouragement to continue doing
maths after Durham. I would also like to thank Eva Schumacher-Reid for her

care and support throughout my time in Durham.

Also, thanks are due to Sandy Patel and Lynn Featherstone, for answering every
question I have ever had (no matter how stupid or how incompetent I must have

seemed at the time) and as a result making my life easier in dozens of ways.

I would also like to express my deepest gratitude to my parents for supporting me
in everything I have chosen to do and for being proud of me however it has turned
out. Thank you to my sisters Karina and Sas for loving me unconditionally over
the mountains and through the molehills. Special thanks to Karina for her
unbeatable enthusiasm about hypercubes (check out Chapters 3 and 4!), and
Sas for the Grey’s marathons which help me forget about maths when I need

to.

I have spent most of the last 5 years trying so so hard to be oh so smart, often
at the expense of being oh so pleasant. I have missed holidays, I have spent
weekends in the department rather than visiting my sisters because I did not
feel as if I had done enough. I am sorry that this meant that I could not always
be around. I think it is hard to understand how consuming maths can be from
the outside, but I would like to thank my family for trying and for participating
enthusiastically in episodes of the Great Morrison Bakeoff, which provided some
much needed light relief during the past year. I think though that if this is now
enough, then from now on I don’t need to choose to be oh so smart or oh so

pleasant. I can be both.






Abstract

In this thesis we consider some problems in extremal and probabilistic combi-

natorics.

In Chapter [2| we determine the maximum number of induced cycles that can be
contained in a graph on n > ng vertices, and show that there is a unique graph

that achieves this maximum. This answers a question of Tuza.

Let Qg4 denote the hypercube of dimension d. Given d > m, a spanning subgraph
G of Qq is said to be (Qqg, @m)-saturated if it does not contain @, as a subgraph
but adding any edge of E(Qg) \ E(G) creates a copy of @, in G. In Chapter
we show that for every fixed m > 2 the minimum number of edges in a (Qg, @ )-

saturated graph is ©(2%). This answers a question of Johnson and Pinto.

We also answer another question of Johnson and Pinto about weak saturation.
Given graphs F' and H, a spanning subgraph G of F is said to be weakly (F, H)-
saturated if the edges of E(F') \ E(G) can be added to G one at a time so that
each additional edge creates a new copy of H. We determine the minimum
number of edges in a weakly (Qg, @, )-saturated graph for all d > m > 1. More
generally, we determine the minimum number of edges in a subgraph of the
d-dimensional grid P,gl which is weakly saturated with respect to ‘axis aligned’

copies of a smaller grid P™.

In Chapter [ we consider the r-neighbour bootstrap process in the hypercube.
This process starts with an initial set Ay of infected vertices in a graph G and,
at each step of the process, a healthy vertex becomes infected if it has at least r
infected neighbours (once a vertex becomes infected, it remains infected forever).

If every vertex of G eventually becomes infected, then we say that Ag percolates.

We prove a conjecture of Balogh and Bollobas which says that, for fixed r and
d — oo, every percolating set in the d-dimensional hypercube has cardinality

14+o0(1) ( d

at least 1

). We also prove an analogous result for multidimensional
rectangular grids. Our proofs exploit a connection between bootstrap perco-
lation and weak-saturation. In addition, we improve on the best known upper

bound for the minimum size of a percolating set in the hypercube. In particular,



when r = 3, we prove that the minimum cardinality of a percolating set in the

d-dimensional hypercube is [@—‘ + 1 for all d > 3.

Finally, we consider a more general bootstrap process in a hypergraph setting.
Given an r-uniform hypergraph H, the H-bootstrap process starts with an initial
set of infected vertices of H and, at each step, a healthy vertex becomes infected
if there exists a hyperedge of H in which it is the only healthy vertex. The
initial set of infected vertices is said to percolate if every vertex of ‘H is eventually

infected.

In Chapter B}, for fixed r and large d, we obtain a sharp threshold for the probabil-
ity that a p-random set of vertices in a g-random subhypergraph of ‘H percolates
when p,q = © (d_l/ (T_l)) and H is any nearly d-regular r-uniform hypergraph
with at most d°M) vertices which satisfies certain ‘codegree’ conditions. As it
turns out, for this wide class of hypergraphs, the threshold depends only on r
and not on the underlying structure of the hypergraph. We apply this result
to obtain a sharp threshold for a variant of the graph bootstrap process for
strictly 2-balanced graphs. This result generalises a theorem of Kordndi, Peled
and Sudakov and the proof involves an application of the differential equations

method.



Statement of Originality
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Chapter 1

Introduction

In this thesis we consider four broad topics in extremal and probabilistic combinatorics. We
will give a short prelude to each topic below, to provide some history and motivation to
the problems presented in each of the chapters. A more detailed background to the general
areas discussed will be given in the relevant chapters. The history related to bootstrap
percolation will be split between Chapters [ and [ to place our results in the appropriate
context.

The chapters will be self-contained, and hence any results needed from the introduction
will be restated there. Each chapter is numbered independently. On the occasions where
we wish to reference a result from another chapter, it will be highlighted that the result is
stated in a separate chapter. In particular, every result stated in the introduction is treated
in this manner. For the benefit of the reader, relevant discussion from this chapter is also

repeated where it would be useful to do so.

1.1 Maximising the Number of Induced Cycles in a Graph

One of the main aims of extremal combinatorics is to determine which n-vertex graphs
satisfying a particular property contain the maximum number of copies of a fixed subgraph.
Perhaps the earliest result of this flavour is Mantel’s theorem [97], which was proved in 1907.
It states that the unique n-vertex triangle-free graph with the maximum number of edges
is the complete bipartite graph with classes of size |[n/2] or [n/2]. In 1941, Turdn [124]
proved a more general statement. This celebrated theorem states that the unique n-vertex
Ky 1-free graph with the maximum number of edges is the complete k-partite graph with
all classes of size [n/k| or [n/k].

Since these foundational results, a vast area of mathematics has emerged to develop the
theory to answer related questions. For example, tools such as the regularity method (see

the excellent surveys [90, O1]) and the use of flag algebras (see e.g. [67, [68] [73] 1T3], 116])
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have been instrumental to the advancement of our understanding of both this area and to
other areas of combinatorics. More recently, a particular direction of interest has been to
ask these questions about induced subgraphs, where a subgraph H of a graph G is induced
if any edge of G with both endpoints in V(H) is contained in H.

An interesting question to consider is: For a fixed family of graphs H, what is the
maximum possible number of induced copies of members of H in an n-vertex graph G, and
what can one say about the structure of the extremal graphs? This question would not
be interesting to ask in the case of non-induced subgraphs, as clearly K, would contain
the maximum number of copies of any fixed subgraph. In this case, the problem only
becomes interesting when we require additional properties to be satisfied by G. However,
in the induced case, for H a non-complete graph, the very nature of an induced copy of
H suggests that the answer to this question is highly non-trivial: something as simple as
adding an edge could increase or decrease the number of induced copies of H, with no
restrictions on the properties of G. In Chapter [2| we consider this question, where H is the
family of cycles.

In 1989, Tuza (see [128] and [129]) asked: What is the maximum possible number of
induced cycles in a graph with n vertices? This question was investigated independently in
unpublished work of Robson, who showed in the 1980s that a graph on n vertices has at
most 3(H0(M)/3 induced cycles (|99, 118]). In Chapterwe answer this question completely.
We determine, for sufficiently large n, the maximum number of induced cycles that can be
contained in a graph on n vertices and show that for each n there is a unique graph that
achieves this maximum.

The main result proved in Chapter [2 is the following.

Theorem of Chapter Let m(n) be the mazimum number of induced cycles that
can be contained in a graph on n vertices. There exists ng such that, for all n > ng, there

is a unique n-vertex graph Hy containing m(n) induced cycles.

We also determine the precise structure of H, (which will be described in Chapter

itself). Knowing the structure of H,, gives the exact value for m(n).

Corollary of Chapter

37/3 4 12n for n =0 modulo 3,
m(n) =14 4-30Y/3 41120 +51  forn =1 modulo 3;
2.3=2)/3 1190, — 36  for n =2 modulo 3.
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1.2 Minimum Saturation and Weak Saturation in the Hy-
percube

The d-dimensional hypercube, which we denote by Qg, is the graph on vertex set {0,1}¢,
where two vertices are joined by an edge if and only if they differ in exactly one coordinate.
In Chapter [3] we will consider two related extremal problems in the setting of the hypercube,
and more generally in the k-grid of dimension d (which we will define in the chapter itself).

Given a graph F' and a family of graphs #H, a spanning subgraph G of F' is said to
be (F,H)-saturated if it does not contain any H € H as a subgraph, but for every edge
e € E(F)\ E(G), the graph G + e contains a copy of some H € H. The saturation number
sat(F,H) is the minimum number of edges in an (F, H)-saturated graph. When # consists of
a single graph H, we write sat(F, H) for sat(F,H) and say that a graph is (F, H)-saturated.

In this language, the classical Turdn problem asks for the maximum size of an (F, H)-
saturated graph; this number is known as the extremal number, denoted ex(F, H). Turdn’s
theorem, mentioned above, resolves this question when F' and H are complete graphs.
Determining ex(F, H) is a major area of interest in extremal combinatorics, particularly
where F' is a complete graph (see e.g. [50] 93]), but also in other settings (see the survey
[63]) and in hypergraphs (see the survey [86]). The problem of determining sat(F, H) can
be thought of as a dual problem to the Turdn problem and has also been very well-studied
in a number of different settings.

A related notion is that of weak-saturation. A spanning subgraph G of F' is said to be
weakly (F,H)-saturated if the edges of E(F')\ E(G) can be added to G, one edge at a time,
in such a way that every added edge creates a new copy of some H € H. Note that we do
not require here that G contains no copy of H. The minimum number of edges in a weakly
(F, H)-saturated graph is known as the weak saturation number and is denoted wsat(F,H).
As above, when #H consists of a single graph H, we write wsat(F, H) for wsat(F,H) and
say that a graph is weakly (F, H)-saturated.

Note that every (F,H)-saturated graph is also weakly (F,H)-saturated and so

wsat(F, H) < sat(F, H).

The study of weak saturation is intimately linked with that of bootstrap percolation. The
relationship between these concepts will be discussed in more detail in Chapters and

In Chapter 3| we are interested in determining sat(Qq, Qm) and wsat(Qg, @m) for d > m.
With regards to sat (Qq, Qm ), the special case m = 2 was studied by Choi and Guan [41] who
constructed a (Qq, Q2)-saturated graph with at most (1 + o(1)) |E(Qq)| edges. Santolupo

(see [53]) conjectured that this construction is best possible. In their recent paper [80],
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Johnson and Pinto disproved this conjecture (in a strong sense) by showing that, for every
fixed m, there exists a (Qq, @m)-saturated graph with o(|E(Qg)|) edges. More precisely,
they proved the following.

Theorem of Chapter |3| (Johnson and Pinto [80]). For every fized m > 2, there exists
0 < ey <1 such that

$at(Qu Qm) = 0 (d1=52%) = O(|E(Qu)l/d").

In the case m = 2, Johnson and Pinto [80] obtained a stronger bound; namely,

S&t(Qd, Qg) < 10- 2d.

That is, for every d, there exists a (Qg, Q2)-saturated graph with bounded average de-
gree. Motivated by this result, they asked the following: For which fixed values of m is
sat(Qq, Qm) = O(2%)? We provide a construction, which shows that this is the case for

every m > 2.

Theorem of Chapter [3| For every fized m > 2,
sat (Qg, Qm) < (1 + o(1))72m?2¢.

We remark that, previously, the best known lower bound on sat(Qg, @) was (m +
1 —0(1))2471, due to Johnson and Pinto [80]. In particular, this implies that for fixed m,
Theorem of Chapter [3|is tight up to a (constant) factor of O(m).

In the case of weak saturation, Johnson and Pinto [80] proved for all d > 2 that

WS&t(Qd, QQ) - 2d - 17

by exhibiting a spanning tree of Q)4 which is weakly (Qg, Q2)-saturated. They asked about

the value of wsat(Qg, @) for general d > m > 1. We determine this value exactly.

Theorem of Chapter [3} Ford>m > 1,

m—2
wsa, = (m—1)2% - m—1—7 d .
H(@aQu) = (== Y1 (%)

We remark that this theorem is actually a special case of a more general result (Theo-
rem of Chapter (3]), which we state later. The lower bound for sat(Qg, Q) mentioned
above can be improved to (m —1—o0(1))2% by using Theorem [3.1| of Chapter [3{ and recalling
from above that wsat(Qg, Qm) < sat(Qq, Qm)-

To give an upper bound on a weak saturation number wsat(F, H), all that is required

is to give a construction of a weakly saturated graph with a certain number of edges. The



1.3. EXTREMAL BOUNDS FOR BOOTSTRAP PERCOLATION IN THE HYPERCUBE5

difficulty, it seems, lies in proving a matching lower bound, as one must show that no graph
on fewer edges is weakly (F, H)-saturated. To prove the lower bound in Theorem of
Chapter |3, we apply a lovely linear algebraic lemma (Lemma of Chapter [3)) of Balogh,
Bollobas, Morris and Riordan [I6]. This lemma is particularly useful as it converts the
problem of finding a lower bound for wsat(F, H) into a problem of constructing a vector
space satisfying particular properties. In this way it circumvents some of the difficulty
associated with proving lower bounds on weak saturation numbers as the lower bound can
also be proved ‘constructively’ (however, it is often very difficult to find an appropriate
construction). We remark that Lemma|3.2| of Chapter |3 will also be used to prove our main
results in Chapter [4

1.3 Extremal Bounds for Bootstrap Percolation in the Hy-
percube

Given a positive integer r and a graph G, the r-neighbour bootstrap process begins with
an initial set of infected vertices of G and, at each step of the process, a vertex becomes
infected if it has at least r infected neighbours. More formally, if Ag is the initial set of
infected vertices, then the set of vertices that are infected after the jth step of the process

for j > 1 is defined by
Aj=A;1U{veV(G): |Ng(v)NAj_1| >},

where Ng(v) denotes the neighbourhood of v in G. We say that Ag percolates if | J;Zy A; =
V(Q).

There are two main types of problem that are studied about the r-neighbour process.
The first concerns probabilistic questions, where the initial set of infected vertices is cho-
sen at random. One commonly considered setting is where each vertex is included in Ag
independently with some fixed probability p. We will discuss this setting in greater detail
in Chapters 4| and [} In particular, in Chapter [b| we analyse a bootstrap process on hyper-
graphs in a random setting. The second type of problem concerns extremal questions: this
is the area to which we turn our attention in Chapter [4]

The main extremal problem in bootstrap percolation is to determine the minimum
cardinality of a set which percolates under the r-neighbour bootstrap process on G, we
denote this by m(G,r). An important case is when G is the d-dimensional hypercube Qq
(defined in the previous section). Balogh and Bollobas [I0] made the first progress in this
case by determining m(Qg, 2).
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Theorem of Chapter |4| (Balogh, Bollobas [10]).

m(Qa,2) = [Cﬂ +1.

Motivated by the study of the r-neighbour process in a random setting, they also made

the following conjecture (see also [14 [16]): For fixed » > 3 and d — oo,
1+o0(1 d
m(@ar) =21,

As shown in [14], the upper bound of this conjecture is not difficult to prove via a
construction based on Steiner systems. For 0 < ¢ < d, define L; to be the subset of Qg4
containing all vertices with exactly ¢ ones in their coordinate representation. We say a family
S C L; is a Steiner system if every member of L; 1 is contained in exactly one member of
S. As each member of S contains ¢ distinct members of L;_;, we have |S| = l.(l.iil). An

K3
1+o(1) ( d
i \i—1

member of L; 1 is contained in some member of A. The existence of approximate Steiner

approximate Steiner system is a family A C L; of cardinality ) such that every
systems was proved by Rédl [119].

To prove the upper bound of the conjecture, let Ag be the union of L,_o and an ap-
proximate Steiner system A C L,. We show that when d > 2r, the family Ay percolates
under the r-neighbour process on (). Observe that every set in L,_; has r neighbours in
Ap: (r—1)in L,_o and one in A. Thus every vertex in L,_; becomes infected at the first
time step. As d > 2r, for r < i < d, every x € L; has at least r neighbours in L;_1 and for
0<i<r—3, every x € L; has at least r neighbours in L;;. Thus L,_; percolates under
the r-neighbour process on Qg and so does Ag.

We have

N N R I T

which proves the upper bound of the conjecture. Expanding the penultimate part of (3.1))

gives
d—t  dT2(r +2)
<
m (Qa,m) < il 2r(r — 2)!

Note that, under certain ‘divisibility’ conditions on d and r, the approximate Steiner system

+0(d"?). (3.2)

in this construction can be replaced with an exact Steiner system (using, for example, the
celebrated result of Keevash [87]). In this special case, the percolating set has cardinality
HG4) (L),

Lower bounds have been far more elusive; previously, the best known lower bound on
m (Qq,r) for fixed r > 3 was only linear in d (see [14]). In Chapter[d] we prove the conjecture
of Balogh and Bollobas and hence substantially improve the best known lower bound on

m(Qq,r) when r > 3.
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Theorem of Chapter @ Ford>r >1,

r—1 . cei

_ d—j—1\4 2071

m(Qq,7) >2""" + ( . )
(Qu.r) (5505

where, by convention, (Z) =0 when a < b.

For fixed r > 3, this theorem implies

drfl dr72(6 o ’I”)
+
7! 2r(r — 2)!

m(Qgq,r) > +Q (d’"_g) ,

which differs from the upper bound in 1) by an additive term of order © (d’”_Q). In
Chapter [4] we will also provide a recursive upper bound on m (Qg4,7), which improves on
the second order term of (3.2). For r = 3, we combine this recursive bound with some

additional arguments to show that our bound is tight in this case.

Theorem of Chapter For d > 3, we have m(Qg,3) = {@—‘ + 1.

In order to prove our general lower bound on m(Qg,r), we will exploit a relationship
between bootstrap percolation and weak saturation (the notion of weak saturation was
defined in the previous section). We will apply Lemma of Chapter (3| to solve a related
weak saturation problem, this in turn will imply the required lower bound for the conjecture
of Balogh and Bollobés.

1.4 Bootstrap Percolation in a Random Hypergraph

In our final chapter, we consider a probabilistic question about a different bootstrap process
to the one introduced in the previous section. Given a hypergraph H, the H-bootstrap
process begins with an initial set of infected vertices of H (a vertex that is not infected is
healthy) and, at each step, a healthy vertex becomes infected if there exists a hyperedge
of H in which it is the unique healthy vertex. The set of initially infected vertices is said
to percolate if every vertex of H is eventually infected. This process was first studied by
Balogh, Bollobas, Morris and Riordan [I6] and is motivated by numerous connections to
other variants of bootstrap percolation.

In particular it is a generalisation of the graph bootstrap process. Given graphs F and H,
the F'-bootstrap process on H starts with an initial set Ey of infected edges of H and, at each
step, a healthy edge becomes infected if there exists a copy of F'in H in which it is the unique
healthy edge. If every edge of H becomes infected, we say that Fy percolates. Notice that
the set Ej percolates if and only if the subgraph G of H with V(G) = V(H) and E(G) = Ey
is weakly (H, F')-saturated. Thus, in some sense, the study of the graph bootstrap process
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goes back to the original paper of Bollobas [29] on weak saturation. Determining the
minimum size of such a set Ej is equivalent to determining wsat(H, F'). More about weak
saturation can be found in Chapters[3land 4] In Chapter [5] we are concerned with the study
of bootstrap processes in the random setting, and so to be consistent with the literature,
we will refer to the ‘graph bootstrap process’, rather than using terminology which relates
to weak-saturation.

For a finite set X and p € (0,1) let X, denote a random subset of X obtained by
including each element of X with probability p independently of one another. The critical
probability for the F-bootstrap process on H is defined by

pe(H, F) :=inf {p € (0,1) : P(E(H), percolates) > 1/2}.

Balogh, Bollobas and Morris [15] initiated the study of p.(F, H), determining p.(K,, K,) up
to a polylogarithmic factor and up to a constant when r = 4. They also found upper bounds
for a wider family of graphs. This process has since been studied by Gunderson, Koch
and Przykucki [69]. Work subsequently done by Angel and Kolesnik [§] and Kolesnik [89]
improves on [15], determining p.(K,,, K4) up to a factor of (1 + o(1)).

The F-bootstrap process on H is equivalent to the H g p-bootstrap process where Hy r
is the hypergraph in which each vertex of Hpy r corresponds to an edge of H and the
hyperedges of Hp r are precisely the edge sets of copies of F'in H. An analogous relationship
between the H-bootstrap process and a ‘vertex version’ of the graph bootstrap process will
be discussed in Chapter

Our goal in Chapter 5| is to estimate the analogous notion of the critical probability of
the H-bootstrap process, denoted p.(#), which is the infimal density at which a random
subset of V(H) is likely to percolate. More formally,

pe(H) :=1inf {p € (0,1) : P(V(H), percolates) > 1/2}.

We will be interested in estimating the quantity p.(H,), where H is a ‘sufficiently well
behaved’ hypergraph and, for ¢ € (0,1), H, denotes the hypergraph obtained from H by
including each hyperedge of ‘H independently with probability q.

The main result of Chapter [5{ (Theorem [1.6]) requires some technical definitions to state
and so we will postpone the full statement until that chapter. To give a flavour of the result,
we will discuss its main application, which is a sharp threshold for a variant of the graph
bootstrap process for strictly 2-balanced graphs. In order to state this result, we require

some definitions.
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Definition of Chapter 5| For a graph F' with at least two edges, the 2-density of F

is defined to be \E(F)
B(F)| -1
dy(F) 1= A7 2
)= @z

Definition of Chapter [5. A graph F with at least two edges is said to be 2-balanced if
da(F) > da(F") for every proper subgraph F” of F with at least two edges. If the inequality

is strict for every such F’, then we say that F is strictly 2-balanced.

For F a strictly 2-balanced graph, we will apply Theorem of Chapter [5] to the hy-
pergraph Hg, p. This hypergraph is |E(F')|-uniform and d(n, F)-regular, where d(n, F') =
) (n'V(F )|_2) (the constant factor is related to the number of automorphisms of F' which

fix an edge). We will prove the following.

Theorem of Chapter 5} Let I be a strictly 2-balanced graph with at least three edges
and define r := |E(F)|, H := Hr, r and d := d(n,F). Let ¢ := ad="/"=V for some fived
a>0. Then

_ r—2 —1/(r—1)
P (o) = (al/(T—Q)( == +0(1)) d :

r—1

with high probability as n — oo.

We remark that, for F' strictly 2-balanced, this theorem can be viewed as a threshold
for a variant of the graph bootstrap process where we first ‘activate’ each copy of F' in K,
with probability © (n_l/dZ(F)) independently of one another (as d(n,F) = © (n‘V(F)‘_Q),
we have that n~1/%(F) is of the same order as d~/("~1) and then, given an initial random
set of infected edges of K, at each step of the process a healthy edge becomes infected if
it is the unique healthy edge in an active copy of F.

We also mention that our work on this topic was initially inspired by a paper of Korandi,
Peled and Sudakov [92] whose main result is essentially equivalent to the special case of
Theorem of Chapter 5| where F' = K3 and o = 1/2. Our result generalises theirs to a
wider class of graphs. Moreover, Theorem [I.9] of Chapter [f] is actually just the first case of
the result we do prove (Theorem of Chapter [5|) about strictly k-balanced hypergraphs
(defined in Definition of Chapter [9)).

Our main theorem in Chapter [5|is a more general result (Theorem . For fixed r and
a > 0, we obtain a sharp threshold for the probability that a p-random set of vertices in a g-
random subhypergraph of H percolates when ¢ = ad~/("=1) and # is any nearly d-regular
r-uniform hypergraph with at most d°(!) vertices which satisfies certain “codegree” and
“neighbourhood similarity” conditions. As it turns out, for the wide class of hypergraphs

that we consider, the main term in the threshold depends only on r and « and, in particular,
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is independent of the underlying structure of the hypergraph. Our approach for proving
Theorem of Chapter [5 involves an application of the differential equations method.



Chapter 2

Maximising the Number of
Induced Cycles in a Graph

Joint work with Alex Scott

2.1 Introduction

What is the maximum number of induced cycles in a graph on n vertices? For cycles of
fized length, this problem has been extensively studied. Indeed, for any fixed graph H, let
the induced density of H in a graph G be the number of induced copies of H in G divided by
( ||g||); let I(H;n) be the maximum induced density of H over all graphs G on n vertices; and
let the inducibility of H, denoted ind(H) be the limit lim,, o, I(H;n). In 1975, Pippinger

and Golumbic [114] made the following conjecture.
Conjecture 1.1 (Pippinger and Golumbic [I14]). For k > 5, ind(Cy) = k!/(k* — k).

In support of this conjecture, Pippinger and Golumbic [IT14] showed that an iterated
blow-up construction gives a lower bound of ind(Cy) > k!/(k* — k). They also obtained an
upper bound of ind(Cy) < 2e - k!/k*. The only case for which the conjecture is known is
when k = 5. This was proved by Balogh, Hu, Lidicky and Pfender [18] via a flag algebra
method. In addition they showed that the maximum density is achieved uniquely by an
iterated blow-up of a C5. Very recently, Hefetz and Tyomkin [74] improved the upper
bound of Pippenger and Golumbic to (128¢/81) - k!/k*. Beyond these results, nothing more
is known (though see [31], B3, 35 51, (2l 67, [72) [75] for results on inducibility of other
graphs).

In this chapter, we consider the total number of induced cycles in a graph (without
restriction on length). As mentioned in Chapter [1} Tuza (see [128] and [129]) asked: What

is the maximum possible number of induced cycles in a graph with n vertices?

11
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In this chapter we answer this question. We determine, for sufficiently large n, the
maximum number of induced cycles that can be contained in a graph on n vertices and
show that for each n there is a unique graph that achieves this maximum (Theorem [1.3)).

In order to state our results, it is helpful to have a couple of definitions. As usual, for
G a graph define the neighbourhood of z to be Ng(z) :={y € V(G) : zy € E(G)}.

Definition 1.2. A graph B is called a cyclic braid if there exists £ > 3 and a partition
By, ..., By of V(B) such that for every 1 <i < k and every = € B;, we have B;_1 U B;;11 C
Np(x) C B;—1 U B; U Bj11, where indices are taken modulo k. For such a partition, the
notation B = (Bj, ..., By) is used. The sets B; are called clusters of B; the length of the
cyclic braid is the number of clusters. If a cyclic braid contains no edges within its clusters,
it is called an empty cyclic braid. Observe that an empty cyclic braid is k-partite and, when

k > 3, is triangle free.

As it turns out, the structure of the n-vertex graph containing the maximum number of
induced cycles depends on the value of n modulo 3. For n > 8, we now define an n-vertex
graph H,, separately for each value of n modulo 3. Let & > 3. Define Hgj to be the empty
cyclic braid of length k where every cluster has size 3. Define Hsi1 to be the empty cyclic
braid containing k — 1 clusters of size 3 and one of size 4. Finally, define H3;_1 to be the
empty cyclic braid containing k — 1 clusters of size 3 and one of size 2. See Figure for

an example.

N
N

=N

S
<<

\ 5

Figure 2.1: The graph Hoy.

Recall from Chapter [I| that we denote the maximum number of induced cycles that can
be contained in a graph on n vertices by m(n). The main result we prove in this chapter is

the following.

Theorem 1.3. There exists ng such that, for all n > ng, H, is the unique graph on n

vertices containing m(n) induced cycles.
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There are two types of induced cycles in H,. The first type contains a vertex from every
cluster. The second type are induced Cys contained within a pair or a triple of clusters.

Counting the induced cycles in H,, immediately gives the following corollary to Theorem [I.3]

Corollary 1.4. There exists ng such that, for all n > ng:

37/3 4 12n for n =0 modulo 3;

m(n) =14 4-309/3 1120451 for n =1 modulo 3;

2.3=2)/3 119, — 36 for n = 2 modulo 3.
This implies that m(n) = ©(3"/3). A hole is an induced cycle with at least 4 vertices.
For n > 10, the graph H, is triangle free and each induced cycle is a hole, so Theorem

implies the following.

Corollary 1.5. There exists ng such that, for all n > ng, H, is the unique graph on n

vertices with the mazimum number of holes.

Using similar arguments to those in the proof of Theorem we also prove a stability-
type result.

Theorem 1.6. Fiz 0 < o < 1. There exist constants C = C(a) and ng = no(a) such
that for any n > ng, if a graph F on n vertices contains at least o - m(n) induced cycles,
then by adding or deleting edges incident to at most C(«) vertices of F, the graph F can be

transformed into a cyclic braid with the same cluster sizes as Hy,.

We have also adapted the arguments used to prove Theorem to give results about
induced cycles of given parity. The details are not presented here, but the results can be
found in [105].

The chapter is structured as follows. In Section [2.2] we prove a preliminary result
(Theorem determining the structure of the n-vertex graphs that maximise the number
of induced paths between a particular pair of vertices. The proof of the main theorem
(Theorem is given in Section The proof uses Theorem from Section but
otherwise is entirely contained in Section A number of lemmas proved in Section
are proved in more generality than is strictly needed. This is because the more general
versions will be used in Section [2.4] where we prove Theorem Finally, in Section [2.5

we conclude by discussing some open questions.

2.2 Induced Paths Between a Pair of Vertices

Let G be a finite graph and let z and y be distinct vertices in V(G). Define P(x,y) to be
the set of all induced paths from x to y in G. Also define:

pZ(G) = max{|77(x,y)] 13X,y € V(G)}7
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and
p2(n) := max{ps(G) : [V(G)| = n}.

We use the notation ps(-), as it indicates that we are counting the maximum number of
induced paths between two fixed vertices.

Our first goal in this section is to determine the structure of the n-vertex graphs that
contain ps(n) induced paths between some pair of vertices. We show that these extremal

graphs have a particular structure that depends on the value of n modulo 3.

Definition 2.1. A graph B is a braid if there exists k > 2 and a partition Bj,..., By of
V(B) such that:

(i) for all 1 <i <k —1, every edge between B; and B;.; is present;
(ii) if £ > 3 there are no edges between B; and By; and

(iii) for all 1 <4 < k and all x € B;,

N(Qj‘) C B;_1UB;UBjy;.

We sometimes use the notation (Bi,...,By) for B. The sets B; are called clusters. If
i € {1,k} we say B; is an end cluster; otherwise we say B; is a central cluster. The length
of a braid is the number of clusters it contains. For a graph G, we say that a subgraph B

is a braid in G if:
(i) B is an induced subgraph of G that is a braid; and
(ii) no vertex of a central cluster of B has a neighbour in G \ B.

Note that the end clusters By and Bj are allowed to have neighbours outside of the
braid in G but there are no edges between B; and Bjy. So a cyclic braid is not a braid.

Let n > 4. Define F,, to be the set of all braids B with the following properties:
e |V(B)| =n.

B has end clusters of size 1.

e If n = 0 modulo 3, then either one central cluster has size 4 and the rest have size 3,

or two have size 2 and the rest have size 3.
e If n =1 modulo 3, then one central cluster has size 2 and the rest have size 3.

e If n =2 modulo 3, all central clusters have size 3.
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Figure 2.2: An example of a braid in Fig.

Observe that there are no conditions on whether clusters in B contain edges and (as n > 4)
that every braid in F,, has at least 3 clusters. See Figure for an example of a braid in

Fio. The following claim will be useful throughout this section.
Claim 2.2. Let B = (Bi,...,By) be a braid in a graph G. Let x € By and y € By,. Then:
(i) If k =2, there is exactly one induced path in G from x toy contained within B.

(ii) If k > 3, then there are precisely H,’f;; |B;| induced paths in G from x to y contained
within B.

Proof. When k = 2 the result follows by definition of B, as = is a neighbour of y. When
k > 3, by definition of B any induced path P C B between z and y contains at least one
vertex from each cluster. If P were to contain more than one vertex from some cluster, then
P would no longer be induced (as every edge between a pair of adjacent clusters is present).

So such a path contains exactly one vertex from each cluster and the result follows. O
We immediately get the following.

Lemma 2.3. Let B = (By,...,By) be a braid in a graph G with By, = {y}. Then for any

k

1 <j<k-—1andzx € Bj, there are precisely ]_[Z-:J-Jrl | Bi| induced paths in G from x to y

contained within B.

Proof. As B is a braid in G, for any 1 < j <k —1, (Bj,...,By) is also a braid in G. Note
that any induced path within B from z to y is contained within (Bj,..., Bg). As |By| =1,
applying Claim to the braid (Bjy, ..., By) gives the required result. O

By Lemma and definition of F,,, we have that every F' in F,, with end clusters {x}

and {y} contains the same number of induced paths between x and y. Therefore we define

3(n=2)/3 for n = 2 modulo 3
fa(n) =<¢ 4-30=6/3  for n =0 modulo 3
2.3=4/3  for n = 1 modulo 3.



16 CHAPTER 2. MAXIMISING INDUCED CYCLES

Note that for all n > 4,

n—2

fa(n) <373, (2.4)

Claim 2.5. Letn >4 and let F € F,,. Then

p2(F) = fa(n),
where {x} and {y} are the end clusters of F.

Proof. Let F' = (By,...,B) € F, and for any distinct u,v € V(F'), consider |P(u,v)|. We
will show that |P(z,y)| > [P(u,v)|. Suppose first that {u,v} C B;, for some 2 <i < k — 1.
If wv € E(F), then |P(u,v)| =1 < fa(n) = |P(z,y)|. So suppose uv ¢ E(F). In this case,
|P(u,v)| < |Bi-1] 4+ |Bit+1], as the only induced paths from u to v are paths uwv, where w
is a neighbour of v and v. But by Lemma definition of F' and as |B;| > 2, we have
k—1
[Pz, y)| =[] 1Bl =2-1Bica|- [Bisa| = [Bica| + [Biga| = [P(u,v)].
j=2
So now suppose that v € B; and v € B; with ¢ < j. In this case, any induced path
between u and v contains a single vertex from each of B;,..., B; and no vertex outside
of these clusters. So in particular, any induced path between u and v can be extended
to an induced path from z to y, and thus again |P(x,y)| > |P(u,v)|. Therefore, we have
p2(F) = |P(z,y)| = fa(n) for all F' € F,. O

The main aim of this section is to prove the following.

Theorem 2.6. Let G be a finite graph on n > 4 vertices and let x and y be distinct vertices
of G. Suppose that G contains pa(n) induced paths between x and y. Then G is isomorphic
to a graph in F, with end clusters {x} and {y}.

This along with Lemma [2.3] and Claim [2.5] gives the following.
Corollary 2.7. For all n > 4, we have pa(n) = fa(n).

In order to prove Theorem (counting induced paths), we will use the following claim,
the proof of which is a simple exercise that will be performed below. Let U be a set. Say
that X is a partition of U if X # () for all X € X, Jycp X = U and X1 N X = ) for all
X1, X2 € X. Say that X is optimal if [[xcy [X| > [[yey [Y] for any partition I of U.

Claim 2.8. Let n > 4 and let U be a set of cardinality n—2. Let X be an optimal partition
of U. Then X satisfies one of the following cases:

o Ifn =2 modulo 3, we have | X| =3 for all X € X.
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e Ifn =1 modulo 3, we have |Y| =2 for someY € X and |X| =3 for all X € X\{Y};

e If n = 0 modulo 3, we have either |Y| = 4 for some Y € X and |X| = 3 for all
X € X\ {Y}; or V1| = |Ya| = 2 for some Y1 # Yy € X, and |X| = 3 for all
X € X\ {1, Ys).

In particular, []ycqy | X| = f2(n).

Proof. Let X be an optimal partition of U. Suppose there exists some X € X such that
|X| > 5. Let X; be a subset of X with cardinality 2 and let Xs := X \ X;. Then as
2 (|X| —2) > |X]|, the partition X" := {X71, X2} UX \ {X} (which is still a partition of
U) satisfies [[y-cx/ Y| > [Iyexr |Y] a contradiction. So no member of X' has cardinality
greater than 4.

Now, suppose there is X € X with |X| = 1. By taking the partition A’ obtained
from X by removing X and replacing some Y # X in X with Y U X, we see that again
[Iyvex Y] > Ilyer Y], a contradiction.

Therefore 2 < | X| < 4, forall X € X. If X’ contains some distinct X,Y with | X| = |Y| =
4, then letting Z1, Zo, Z3 be a partition of X UY such that |Z1| = |Z2| = 3 and |Z3] = 2 and
considering the partition X’ := {Z1, Zo, Z3} U X \ {X, Y} gives [[ycr/ |Y] > [Iycx Y], 2
contradiction. Similarly, replacing three sets of cardinality 2 with two of cardinality 3 or
replacing a set of cardinality 4 and a set of cardinality 2 with a pair, each of size 3, gives a

partition X with [[yc4/ [Y] > [y cx |Y], a contradiction. The result follows. O

To prove Theorem [2.6] it is helpful to introduce the following notation and definitions.

Definition 2.9. For a vertex v € V(G), let N%(v) be the set of vertices at distance exactly
i from v. Define N*[v] to be the set of vertices within distance k of v (for example N3[v] =
{v} U U?Zl N'(v)), and define N[v] := N'[v] = N(v) U {v}. Also, for a set X C V(G), let
N(X) :=Uzex N(z), and N[X] := [J,cx NV[z]. Note that X C N[X], and X N N(X) may
or may not be empty. For a subgraph H C G, define N(H) := N(V(H)) and N[H] :=
N[V (H)].

A definition similar to the following is given in Definition to prove Theorem

(maximising induced cycles).

Definition 2.10. Let G be a graph and let x and y be distinct vertices of G. For an
induced path P := x,29,...,2; € G, define L,(P) to be the number of paths in P(x,y)
with initial segment P. Say that P is extendible to y if L,(P) > 0. We say an induced path
P" € P(z,y) with initial segment P is an extension of P. Define Cy(P) to be the set of
w € V(G) such that 1,...,x, w is extendible to y and let ¢, (P) := |Cy(P)|. For a vertex

Tp+1 € N(xg) \ P, we may write P U xp4q to denote the path z1,...,xg41.
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For ease of notation, we may omit the subscript in the notation Ly (P), Cy(P) and c,(P)

when it is clear which vertex plays the role of y.

Remark 2.11. Fix z1 and zj, distinct vertices of G and some path z1,zs,...,Tp_1,ZTk €
P(z1,xr). Note that, for j < k and w € Cy, (z1,...,2;), the path z1,...,z;,w is in-
duced and hence w ¢ N(z;) for any ¢ < j. As Cy, (21,...,2;) € N(z;), we have w ¢
Cy(x1,..., ;). Therefore, for any i < j the sets Cy, (x1,...,2;) and Cy, (z1,...,x;) are

disjoint.
We will also use the following lemma.

Lemma 2.12. Let G be a graph onn > 4 vertices. Let x and y be distinct vertices in V(G)
and let P :=P(x,y) #0. Let x1 := 2 and P :=x1...,25_1,y be any path in P. Then:

(i) [Pl < fa(n).
(ii) If |P| = fa(n), then:

(a) the set {C(x1,...,z;) 1 < j<k—2}is an optimal partition of V(G) \ {z,y};

(b) for alll < j <k —2 and for all u,w € Cy(z1,...,z;), we have
Ly(z1,...,xz5,u) = Ly(x1,...,z5,w).

Proof. Let vy := z. If xzy € E(G) then (i) follows immediately. So suppose zy ¢ E(G).
Sequentially choose a path v1,...,v4—1,y in P in the following way. At vertex v;, choose

vj4+1 to be some z € C(v1,...,v;) such that
L(vi,...,vj,2z) = max{L(v1,...,v;,w) :w € C(vy,...,v;)}.

Define P; := vq,...,v; and let P/ C P be the set of paths that can be obtained in this
manner.

For 1 <i<k—1, we have

L(P)= ) L{PU:2)

2€C(F;)
<c(P)max{L(PiUz):z€ C(F)}

= C(B)L(PZ U Ui—‘rl)- (2.13)

By repeatedly applying (2.13]) we get

k—2
P| < e(P)max{L(P1Uz):z€ C(P)} < ... < L(Pey) [[ e(P). (2.14)

i=1
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As by construction y is a neighbour of vg_1, we have L(P;_1) = 1. Thus
k—2
Pl < ] e®), (2.15)
i=1

where Zf:f ¢(P;) < n—2 (as by remark C(P1),...,C(Px—2) are disjoint subsets of
V(G) \ {z,y}). So by Claim we see that the maximal possible value of Hf:_f c(P;) is
fa(n), and so |P| < fa(n) as required for (i).

When |P| = fa(n) we have

k—2
H ¢(P) = fa(n). (2.16)

So using Claim we have that {C(P;) : 1 < ¢ < k — 2} is an optimal partition of
V(G)\{z,y} (as by Remark C(Py),...,C(Py_2) are disjoint subsets of V(G)\ {z,y}).
In addition, we have equality in (2.15)) and hence in (2.13)) for each value of 1 <14 < k — 1.

Therefore, for each i and for all z,w € C(P;), we have
L(P;Uz)=L(P,Uw). (2.17)

Now we will show that P’ = P. The statements (ii a) and (ii b) will follow from this
and the arguments of the previous paragraph (as the deductions are valid for any path
in P). So suppose, for a contradiction, that there exists a path X := x1,..., 251,y in
P\P’. Choose Y :=y1,...,ys—1,y in P’ so that it coincides with X on the longest possible
initial segment. Since neither X nor Y is an extension of the other, there exists ¢ such that
x; = y; for all i < ¢, but x; # y;. Setting P; := y1,...,% = T1,...,%; DY we have
L(P; Uxiy1) = L(P; Uyit), contradicting the choice of Y (there exists some path in P’
that coincides with X on a longer initial segment than Y does). So X € P’, as required.

This completes the proof of the lemma. O
We will now complete the proof of Theorem [2.6

Proof of Theorem[2.6. Let P := P(x,y). By Lemma (i) we know |P| < fa(n) and
moreover we know there exist n-vertex graphs H such that po(H) = fa(n) (just pick H €
Fn). So |P| = fa(n). We will show that G is in F,,. First we will show that G is a braid.

Let v1 ;= x and let P := vy,...,v5_1,y be a path in P such that k is minimal. For
1<i<k-—1,define P, :=v1,...,v; and Vi1 := C(P;) (note that v;41 € V;41). Therefore,
Vi, = {y}. Define Vi := {z}. The sets V; are disjoint by Remark By choice of
P, no vertex in Uf:_lg V; is a neighbour of y. We also have by Lemma m (ii a) that
Ule V; = V(G). See Figure for an illustration of the path P and how the vertices are
partitioned into the sets V.

Theorem will follow almost immediately from the next claim.
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C(P) C(P) C(Py—2)

Vi Vi

Va Vs Vi—1

Figure 2.83: An illustration of vi,...,vr and the partition Vi,...,Vi. There may be addi-
tional edges within each V; and between clusters (not depicted here). By definition, for any
i and j > i+ 1, there are no edges from v; to a vertexr in V;. No vertex in Uf:f‘/; s a
neighbour of y.

Claim 2.18. G is the braid ({z},Va, ..., Vi_1,{y}).

Let us briefly see why the claim implies the proof of the theorem. By Lemma m (ii a),
the set {C(P;) : 1 < j <k — 2} is an optimal partition of V(G) \ {z,y}. As |Viy1| = ¢(B),
using Claim the braid G is in F,,. So it remains to prove Claim

Proof of Claim[2.18 We prove by reverse induction on s that for all 1 < s <k — 1:
(S1) All edges between V; and Vi1 are present.
(S2) There are no edges between V,_; and Uf:SH Vi (where Vp = 0).

It follows from this that ({z}, Va,..., Vk_1,{y}) is a braid in G.

For the base case s = k — 1, we must show that N(y) 2 Vj_;. By definition of
C(Py_3), for every vertex z € Vji_q, the path vq,...,vx_9, 2 is extendible to y. But as
by Lemma [2.12(ii a) we have Uf;lz C(v1,...,v) = V(G)\{z,y}, each such z is a neighbour
of y (there is no other possible vertex through which to extend the path to y). Therefore
N(y) 2 Vi_1. By choice of P as the shortest induced path in P(z,y), there are no edges
between y and Vi_o. This completes the proof of the base case.

Now suppose that (S1) and (S2) hold for s < k — 1 and we wish to show that they hold
for s —1 > 1. First consider (S1). We must show that every edge between V;_; and Vj is
present. Suppose there exist some u € V;_; and v € V; such that wv ¢ E(G). If s —1=1,
then by definition of V5 we have that (S1) holds, so we may assume s — 1 > 2. Consider
the path P’ :=vy,...,v5_2,u. Our goal is to show that L(P") < L(Ps_1) (a contradiction).
As u € C(v1,...,vs—2), we have that P’ is extendible to y. Let P” be an extension of
P’ toy. As U] Vi € N[Ps_s], we have that P” \ P’ is contained in Uf:s Vi. Using this
and (S2) from our inductive hypothesis gives that C'(P") C V. Pick w € C(P’) C V. As
(Vay ..., V3) is a braid in G[JY_, Vi], by applying Lemma [2.3| (recalling that s < k —1) there



2.2. INDUCED PATHS BETWEEN A PAIR OF VERTICES 21

are Hl s+1 Vil induced paths from w to y in G [U Vi]. Any extension of P’ Uw consists
of the path P’ Uw and one of these induced paths. Therefore

k
L(P'uw) < I[ Wil (2.19)
i=s5+1
Also, by definition of v1,...,v;_1, our inductive hypothesis and Lemma we have
k
L(P.1) = TVl (220)
=S

Using (2.19)), (2.20) and the fact that, by hypothesis, v has a non-neighbour in Vy but
N(vs—1) 2 Vs (so |C(P')] < |Vi[), we have

L(P) < |C(P")] - Hyvy<HyV| _1),
i=s+1
contradicting Lemma (it b). Thus {uw : u € Vs_1,w € Vs} C E(G), as required for
(S1).

Now consider (S2). We must show that no vertex of Vs;_5 has a neighbour in Uf:s V;
When s < 2 this holds vacuously, so we may assume that s > 2. Suppose, in order to obtain
a contradiction, there exists some j > s, some u € Vys_o and w € Vj such that vw € E(G)
(by choice of P, w # y and so j < k). Let j be maximal with this property. So w has no

neighbours in [ J* Vi. Let P, := Ps_3Uu. Our aim is to show that L(P,) < L(Ps_2) (a

i=j+1
contradiction).
Consider L(P,). Every vertex in [JSZ7 V; is contained in N[P,_3], so for any extension
P’ of P, to y, we have that P"\ P, is contained in UZ a1
and (S1) for s — 1 (just proved above), we have that (Vs_1,...,V}) is a braid in G’ :=
GlUizs—y Vil

We now see that the only way to extend P, Uw to y is via an induced path contained

V;. By our inductive hypothesis

entirely in (Vj,...,Vg). As (Vi_1,..., V) is a braid in G’, there are no edges between
UZ <1 Vi and UZ _;j+1 Vi, w is adjacent to every vertex in Vji1 and the only neighbours of
w in G’ lie in V;_1 UV; U Vjy1. Therefore L(P, Uw Ux) = 0 for any = € V;_1 UVj. So
C(P,Uw) C Vj41 and, as required, any extension of P, Uw consists of P, and an induced
path containing w in (Vj,..., V).

For any neighbour w of v in Vj}, by Lemma (as j < k) there are at most Hf:jﬂ |Vl

induced paths from w to y contained in (Vj,...,V}). Therefore

k
L(P,uw) < ] Wil (2.21)
i=j+1
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Similarly to the deduction of (2.20), using the definition of wy,...,vx_1, our inductive
hypothesis, the knowledge that every edge between V;_1 and Vj is present and Lemma [2.3

we have i

L(P.2) = [] Vil (2.22)

i=s—1
By Lemma (ii b), we have L(P, U z1) = L(P, U z3), for any 21,29 € C(P,). So
by (2.21)), for all z € C(P,):

k
L(p,uz) = [] Vil (2.23)
i=j+1

As j is maximal such that « has a neighbour in Vj, we have C(P,) C A Vi. So by this

and : ‘ . .
L(P)= Y L(»< (Z mamw)- 1T il (2.24)

2€C(Py) i=s—1 i=j+1

By Lemma [2.12] (ii b), we have L(P,) = L(Ps—s), which is equal to [T5_, _, |Vi| by (2:22).
Therefore by we have Zg:s—l |IC(P,) NV;| = g:s—l |Vi]. As by Lemma [2.12{i a)
and Claim we have |V;| > 1 for all s — 1 < i < j (recall that by assumption s > 2, so
s — 1> 2), this is only possible when j = s, C(P,) 2 Vs—1 UV and |Vs_q| = |Vs| = 2.

However, if V; C N(u) then for any w € Vs_1 there is no extension P, of P, Uw to y
(such a P, must satisfy (P, \ P,)NVs # 0, as no vertex of U'];:erl V; has a neighbour outside
of Uf: s Vi, hence P, is not an induced path). Therefore (S2) holds for s — 1 as required and

Claim [2.18 now follows by induction. O
This completes the proof of Theorem O

2.3 Proof of Theorem 1.3l

Fix a large constant ng and let Gax be a graph on n > ng vertices that contains m(n)
induced cycles. In what follows we will take ng (and thus n) to be sufficiently large when
required and we will make no attempts to optimise the constants in our arguments. We
will show that the graph Guax is isomorphic to H,. As it turns out, Theorem (the
stability result) will follow almost immediately from the arguments required for the proof
of Theorem [I.3] Therefore, in this section several lemmas are proved in more generality
than is needed for the proof of Theorem they will be used in their more general form
in the next section.

Given a graph H, let f(H) denote the number of induced cycles in H and for a vertex
v € H, let f,(H) denote the number of induced cycles in H containing v. As described in
Section there are two types of induced cycles in H,. The first type contains a vertex
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from every cluster. The second type are induced Cys contained within a pair of adjacent
clusters or a triple of consecutive clusters. There are O(n) induced cycles of the second

type. By counting induced cycles of the first type we have:

3n/3 if n = 0 modulo 3
f(Gmax) = m(n) > f(Hy,) > 4-3=49/3 if p =1 modulo 3 (3.1)
2.30=2)/3 if n, = 2 modulo 3.
Any Gpax is connected (if it were disconnected we could add edges between two components

to increase the number of induced cycles).

2.3.1 Outline of the Proof

Before proceeding with the details of the proof, let us give a brief outline of what is to come.
Heuristically, we wish to show that the local structure of a vertex looks like the local

structure around most vertices in H,, (Figure depicts this ‘local structure’).

PRI 2N

® [ ] [ ] [ ] ®
v

Figure 2.4: The graph induced by N?[v] for most vertices v in H,.

Given this, at the heart of the proof lies a notion of a ‘typical’ vertex in Gax. The precise
definition of ‘typical’ is fairly complicated (see Definition [3.7). But given an appropriate

definition of ‘typical’, we will show that:

1. A ‘typical’ vertex has the required local structure. (See Lemma [3.9])

2. All but a bounded number of vertices in Gpax are ‘typical’. (See Lemma )

Once we know these two pieces of information about Gp,.x we will see that most of the
vertices of Gax are contained in braids with clusters of size 3. In fact, all but a bounded
number of vertices are in such braids, and so (in Lemma we will see that this implies
there is some braid B containing (n) vertices such that (1 — o(1))f(H,) induced cycles
‘pass through’ B. Given this, we can then express the total number of cycles of G ax in
the number of ways we can take a path through B and the number of paths between the
endpoints = and y of this path outside of B. This is the part of the proof (Lemma
where we will apply Theorem (to a ‘reduced graph’) to get that Guax is a cyclic braid.

The result will follow by ‘cleaning’ the graph to show that the cyclic braid is empty and

by determining the precise cluster sizes.
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2.3.2 Preliminary Lemmas

We begin by proving some simple lemmas about some structural properties of Gupax that

will be used throughout the proof.

Lemma 3.2. Let F' be an n-vertex graph. For v € V(F'), we have
£(F) < <d(U)> g(n—d()-1)/3

Proof. Each induced cycle containing v contains exactly two neighbours of v. Fix a pair
of vertices u,w € N(v). If uw € E(F), then there is at most one induced cycle in F
containing {u,v,w}. If vw ¢ E(F), then by Corollary and there are at most
3(n=d(®)=1)/3 induced paths between u and w in (F\N[v]) U {u,w}. Thus there can be at
most 3("~4)=1/3 induced cycles in F containing {v, u, w}. As there are (dg’)) distinct pairs

of neighbours of v, we have,

as required. ]

The next lemma tells us that any vertex in Guax is contained in at least a constant
proportion of f(Gmnax) induced cycles. In what follows, the length of a path or cycle will be

the number of vertices it contains.

Lemma 3.3. Let 0 < ¢ < 1 and let v = 0.11. Let F be an n-vertex graph with f(F) >
c-m(n). Then:

(i) (1 —o(1))f(F) induced cycles in F have length at least yn.

(ii) F contains a vertex v such that f,(F) > {5m(n).

(iii) Every verter w € V(Gmax) satisfies fu(Gmax) > 55m(n).

Proof. F' contains at most Z}I{J (") induced cycles of length at most yn (for any W C
V(F'), there exists at most one induced cycle C' such that V(C) = W). Using Stirling’s

approximation, we get

hf (7’Z> = (vnn> = (1+o(1) 2;/(?— 7) [77(1 _17)1_7]”‘

i=1

1

1/3
- <0
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we get
Lyn) n )
_ n/3
Z (z) =o0 (3 > .
=1
By (3.1), f(F) = Q(3"/3), so (1 — o(1))f(F) induced cycles in F have length at least ~yn,
as required for (i).

Provided nyg is sufficiently large, we have for all n > ny,

L/ynJ n C / C
[ n 3 [
Zl (z) <000 %" < 1o0™

1=
where the second inequality follows from (3.1). It follows from this that at least 99¢/100 -

m(n) induced cycles of F' contain at least yn vertices. So

99vc
> folF) = o min),

veEV (F)

and by the pigeonhole principle, there exists a vertex v such that

99
chm(n) S €

_TOm

fo(F) >

=700 (n),

proving (ii).
Now suppose that there exists some vertex w € V(Gmax) With fi,(Gmax) < sgm(n).
Consider the graph G’ obtained from Gpax by removing the vertex w and duplicating the

vertex v. We have that

f(G,) > f(GmaX) - fw(GmaX) + (fv(GmaX) - fw(GmaX)) > f(Gmax)7

a contradiction. This proves (iii). O

Now let v be the vertex given by Lemma (ii) and consider the graph obtained from
Gmax by duplicating v. We have

m(n+1) > (1 + 110> m(n). (3.4)

We now use this to show that the graph Gpax has maximum degree bounded by a

constant.
Lemma 3.5. Let F' be a graph with f(F) = m(n), Then A(F') < 30.

Proof. Let v be a vertex of maximal degree. Given v, split the induced cycles in F' into

those contained in F'\{v}, and those containing v. Using Lemma we have

m(n) <m(n—1)+ (d(;)>3("—d(v)—1)/3.
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Using (3.4) to bound m(n — 1) gives,

m(n) < m(n) (1 + 110) L (d(”)>3<nd<v>n/3.

This expression rearranges to give
m(n) < 11<d<2“>>3<n—d<v>—1>/3.

For d(v) > 30, this implies m(n) < 3("=6)/3_a contradiction (as m(n) > f(H,) > 3(»=6)/3),
O

Combining Lemma with Lemma gives that, for any v € V(Guax), we have
fo(Gmax) < (320)3(”_3)/3. By Lemma (i), we know (1 — o(1))m(n) induced cycles in
Gmax have length at least 0.11n. Thus

1
(1= oW)m(n) < Gim D folGimax) = OB").
A1n
veV(Q)
This along with implies
m(n) = ©(3"/3). (3.6)

2.3.3 The Local Structure Around a ‘Typical’ Vertex

The next stage of our proof involves showing that the local structure around a ‘typical’
vertex is the same as the local structure around a vertex in H, (see Figure [2.4)).

Let us now discuss heuristically how we will proceed. Imagine choosing an induced path
P =uj,ug,...,u, sequentially in H, (where n is large). Start from any vertex up, let ug be
in an adjacent cluster and let us be in a different cluster to u; (so we begin moving around
the cycle of clusters). After this start, at all but one or two steps no matter what choices we
have made so far for P, we would have exactly three choices of which vertex to add next to
P. Similarly, once we can no longer add a vertex to the path (because every choice would
result in a non-induced path) every vertex of Hy, is in N[P].

We wish to exploit these properties to show that vertices in Gi,ax must behave, in this
fashion, ‘like’ the vertices in H,,. So we will define a notion of ‘typicality’ where a vertex
z in F is ‘typical’ if it satisfies the following. Starting at some v € V(F') that is ‘not too
close’ in the graph to z, then for any way of picking a ‘long’ induced path P in F":

(1) whenever we are at a vertex in N°[z] we have exactly 3 choices for the next vertex to

add to the path;

(2) when we can no longer choose a new vertex to add to P, every vertex of N°[z] is in
NI[P].
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It is natural to express these properties in the form of a game, where two players are
picking an induced path through F'. The player Builder is trying to build an induced path
that satisfies these properties, but the player Adversary is trying to stop this. Adversary
will get to choose u;4+1 when u; is ‘close’ to z, and Builder will get to choose otherwise. A
vertex will be typical when there exists a winning strategy for Builder.

We remark that it is important that we begin at a vertex that is ‘not too close’ to the
vertices we wish to prove are typical. When we start building a path in H,, after placing
uy we usually (if it is surrounded by clusters of size 3) have 6 choices initially for ug, and
then 5 choices for uz, which would violate (1).

Note also that this notion of a vertex z being typical depends only on what happens
locally around z. This will be important in the next subsection, when we wish to show
that Gpax only contains a constant number of atypical vertices. We will be able to play a
game determining the typicality of many vertices simultaneously and will be penalised for
every atypical vertex. More details of this will be given in the next subsection, this is just
a flavour of what is coming.

We are now ready to formally define the game that determines when a vertex is typical.

Definition 3.7. Let F be a finite graph, let u; € V(F) and let z € V(F)\N°[u;]. We define
the z-typical-game on (F,uq) as follows. There are two players, Adversary and Builder. The
players choose a sequence of vertices uo, ..., u; under the following set of rules. For ¢ > 1,

at vertex u;:
e If u; € N°[z], then Adversary is the active player, otherwise Builder is.

e The active player chooses a neighbour ;41 of u; that is not in N[{ui,...,u;—1}]. We

call this a new neighbour of u; (with respect to uy, ..., u;—1).

e The game terminates when a vertex u; is chosen such that there is no possible choice

for w;q1.
e We call u; good if there are exactly 3 choices for u;1; we call u; bad otherwise.
e Adversary wins if either:

— for some j, the vertex u; is in N°[2] and is bad; or

— upon termination of the game at vertex uy, there exists a vertex in N°[z] that is

not in N[{uy,...,ug}].
e Builder wins if both:

— at every vertex u; € N°[z] chosen, there are exactly 3 choices for u;;1; and
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— upon termination of the game at vertex ug, we have N°[2] C N[{u1,...,ux}].

A vertex z € V(F)\N®[uq] is typical in (F,u1) if there exists a winning strategy for
Builder in the z-typical-game on (F,up). A vertex is atypical in (F,u;) otherwise (so
vertices in N°[u;] are atypical). When it is clear which vertex has been chosen to play the
role of u;, we simply say that z is (a)typical. Note that the set of vertices {u,...,ux}
chosen during the game induces a path in F. Also, if we play this game on H,, starting at
any vertex, most of the chosen vertices are good.

The next proposition will be helpful in determining the local structure around a typical

vertex.

Proposition 3.8. Let F' be a graph and let uy € V(F). Let z be typical in (F,uy). Let
u1,...,u; be the first j vertices of any path obtained by playing the z-typical game on (F,uy)
where Builder plays with a winning strategy o. Let x1 € V(F) be such that x1 € N3[z], and
such that u; is the first vertex chosen in N2(x1). LetY be the set of new neighbours of uj.

Then N(u;) "N(z1) =Y.

Proof. We play as Adversary in the z-typical-game on (F,u;). We assume that Builder uses
strategy o, and deduce information about the structure of F' from the results of our choices
of vertices as Adversary (we know that, whatever we do, we cannot win so the choices we
make have certain consequences). As z is typical, d(u1,z) > 5 and hence d(u1,z) > 2, so
no vertex in uq,...,u; is a neighbour of .

As N?[z1] € N°[z], we have that u; has 3 new neighbours Y := {y1,y2,y3}. As u; €
N?(z1), for some i we have y; € N(uj) N N(z1). Without loss of generality suppose y; €
N(u;) N N(z1). Choosing ;1 to be y1 gives that the vertex y; has 3 new neighbours, one
of which is x1, so let the set of new neighbours of y; be X := {x1, 22, 23}. As u; is the first
vertex chosen in N?(x1) and y; the first in N(z;), we have N(u;) N N(z1) C Y.

If we choose ;11 := y; and then w9 := 1, we have that 2; has 3 new neighbours (as
z1 € N°[z] and z is typical). Thus x1 has at most 5 neighbours not in N[{u1,...,u;}] (as
x1 could be adjacent to xo or z3).

We now prove that N(z1)NN(u;) =Y. Suppose otherwise, so without loss of generality
we have y3 ¢ N(x1). Now we describe the set of choices we make for the remainder of the
game (recall that Builder always plays by strategy o). Choose u;41 := y3. Now consider a

later step in the game, but before any vertex in N[z1] has been chosen. We play as follows:

(i) At a vertex in N°[z] \ N2[z1], we play arbitrarily.

(ii) At a vertex u; € N2(z1), where i > j + 1:
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e If, for some r, the vertex x; has r neighbours not in N[{u,...,u;—1}] (by the

discussion about N(x1), r < 5) and w; is adjacent to t > 1 of these neighbours:

(C1) If r —t < 3, choose u;j+1 € N(u;) " N(z1) and ujt9 := x1. As 1 now has at
most 2 new neighbours we reach a contradiction.

(C2) If r —t > 3, then t < 2 and u; has a new neighbour s that is not adjacent
to x; (otherwise u; is bad, which contradicts the fact that Builder has a

winning strategy). Choose u;+; := s. Observe that the vertex z; is not in
N{u, ... uig}]-
e If u; has no new neighbour that is a neighbour of z; (i.e. ¢ = 0):

(C3) Pick w41 arbitrarily.

Once we have chosen z1, we play arbitrarily. As the first time we choose a neighbour of x;
we then choose x1, we have described a strategy for any step of the game in which we can
play.

We now analyse the results of making these choices. As z is typical, Builder has a
winning strategy and so at some point a vertex in N(z1) must be chosen (so that z; €
N[{u1,...,ux}]). As the game starts outside of N[z1], there is a first time we chose a
vertex of N(z1). This vertex must be chosen as a new neighbour of a vertex in N?(z1).
When this happens, we cannot be in case (C3) (otherwise we couldn’t move to N(z1)), we
are also not in case (C2) (as there we do not move to a neighbour of x1), so we must be in
case (C1) and hence reach a contradiction. Thus N(u;) N N(z1) =Y, as required.

O

The next lemma shows a typical vertex has the required local structure (see Figure [2.5]).
The proof is fairly technical. To aid the reader we have broken it up into small simple

claims.

Lemma 3.9. Let F be a graph and let uy be a vertex in F. Suppose that z € V (F)\N°[u1] is
typical in (F,uy). Then there exist disjoint sets of vertices By, Ba, B3, By such that z € Bs,
|Bi| =3 for alli e {1,...,4}, and (B, B2, B3, By) is a braid in F.

Proof. As in the proof of Proposition [3.8] we play as Adversary in the z-typical-game on
(F,u1) and assume that Builder uses the winning strategy o. Let uj,ug,... be the path
chosen during the game. Suppose that wuy is the first vertex chosen such that uy € N°(2)
(as z is typical, at some point such a vertex will be chosen). Let A; be the set of new
neighbours of ug. Sequentially for i € {1,...,4}, we (as Adversary) arbitrarily choose

Upti € N°7H(2) N N (up4_1) and let A; 41 be the set of new neighbours of uy; with respect
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Figure 2.5: The local structure around a typical vertex z. Note that Lemma does not
determine whether there are edges within the sets By, Bs, Bs and By.

to Ui, ..., Ugti—1. Such choices for uyi1, ..., upyq exist as, for each j € {0,...,4}, upy; is
the first vertex chosen in N°~7(2). For i € {1,...,4} define r; := upy;. As d(ry,2) =5 —1,
we have that r3 ¢ N(z). As z is typical, |A;| = 3 for i € {1,...,4} and r4 also has 3 new
neighbours, the set As containing r5 := z. Choosing ugy5 := 2z gives that z also has 3
new neighbours (as z is typical). Call this set of new neighbours Ag. See Figure for an

illustration of what we have deduced so far about the structure of F' around z.

“A%‘Ai‘ﬂi‘ﬁ“
s \3\3\’\3\

Ay

Figure 2.6: There may or may not be edges within the sets A1,..., Asg.

In what follows, we will analyse several different ways that the game could play out based
on what we (as Adversary) choose to do. So for j > k we will use the phrase restarting
from wu; to indicate that we are returning to the point in the game with our initial set-up
and fixed choices of uy,...,u;, in order to play a different set of moves from here on and
analyse the consequences of those moves. In practice we will have j > k, so the vertices
ui,...,u will remain fixed for the remainder of the proof.

We will show that:

(i) For all i € {4,5} and u € A;, we have A;_1 UA;11 C N(u) C A1 UA; UA;4.
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(ii) There are no edges between Az and Ag.

Conditions (i) and (ii) imply that (As, A4, A5, Ag) is a braid in F'. As z € Aj, this gives the
statement of the lemma.

Claim 3.10. Fori € {2,3}, N(r;)) N N(rit2) = Aiy1.

Proof. By definition, r; is the first vertex chosen in N2(r;,2) and r; 12 € N3[z]. By applying

Proposition 3.8 with u; := r; and @1 := ri4a (s0 Y = Ajy1), we have that N(r;) NN (riy2) =
Aiyr. O

See Figure for an illustration of what Claim tells us about the structure of F

close to z.

Aq As

Figure 2.7: There may or may not be edges within the sets Ay, ..., As. The edges illustrating
N(r3) N N(z) are darker to highlight the purpose of Claim in the case 1 = 3.

Claim 3.11. Fori € {4,5},
A 1UAi 1 CSN(ry) €A1 UA U A,

Proof. By definition of A; 1 and Claim we have N(r;) D A;_1UA; 1. Asr;_o € N2(r;)
is the first vertex chosen in N2[r;], no vertex in N[{u1,...,ug,r1,...,7;_3}] isin N(r;). Any
neighbour of r; not in N[{uy,...,ug,r1,...,7i—1} = N[{u1,...,ug,r1,..., 13} UA;_1UA;

would have been a new neighbour of r; and hence in A;1;. ]
Claim 3.12. N(ry) N N(w) = A5 for all w € Ag.

Proof. Pick w € Ag. We wish to apply Proposition [3.8] so first we need to show that ry4
is the first vertex chosen in N?(w). Restarting from 74, let y be the first vertex chosen in
N2(w). Observe that as w € N(z), we have N?(w) C N3[z]. So y € {r2,r3,74}. We will
show that y = r4.
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In any of these cases, as y is the first vertex chosen in N?(w) and w € N3[2], we may
apply Proposition Suppose that y = ro. Then, by Proposition N(ro) N N(w) is the
set of new neighbours of ro, and in particular w is adjacent to r3. This is a contradiction as
w ¢ Ay. Now suppose that y = r3. Again, Proposition implies that w is adjacent to 74,
a contradiction. Therefore y = r4 and using Proposition we have N(ry) N N(w) = As

as required. O

See Figure [2.8|for an illustration of what we now know about the local structure around

ANAWAWA
® 1
\ | ]

[ ] [ ] [ J [ )
[ ] [ J [ J
Al Ag A3 A4 AS A6

Figure 2.8: There may or may not be edges within the sets Ay, ..., Ag. The darker edges

illustrate Claim .

Claim 3.13. For u € A; \ {z}, we have N(u) C U?:z Aj.

Proof. This claim follows similarly to the proof of Claim [3.11] Restart from wu; and
choose ugi1 := r1. As uy is the first vertex chosen in N®[z] and u € N2[z], no vertex
of N[{uy,...,ux}] is in N(u). Any vertex of N(u) not in N[{u1,...,ug,r1,...,r4}] will be
a new neighbour of u with respect to the path wi,...,ug,r1,...,74,u. As z is typical, u
has 3 new neighbours. By definition, no vertex of Ag is in N[{u1,...,ug,r1,...,7r4}] but by
Claim we have Ag C N(u), so the set of new neighbours of u is precisely the set Ag

and the claim follows. O]
Claim 3.14. Forv € Ay \ {rs} and u € As \ {2z} we have uv € E(F).

Proof. Restarting from ug43 = 73 choose ugy4 := v. Observe that as z is a new neighbour
of v, there are at most two vertices of Ag in N(v) (as z is typical v has exactly 3 new
neighbours). Let w € Ag\ N(v). Choose uj5 := z next (this is possible as N (r3) " N(z) =
Ay). If z is adjacent to u, pick ugyg := u. Otherwise, pick ugi¢ := w and ugy7 = u. In
both cases, using Claim we have that v has at most one new neighbour (the vertex in
As\{z,u}). This contradicts z being typical. Thus we have uv € E(F') as required. O
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Figure 2.9: There may or may not be edges within the sets Ay, ..., Ag. The darker edges
illustrate the edges given by Claim |3.14}

Claim is illustrated by Figure We now prove a pair of claims, analogous to
Claims [3.13] and [3.14] whose proofs follow identically to those of Claims [3.13] and [3.14] We
remark that in order for the following proofs to work, we need the previous two claims.

This is why we did not prove them simultaneously with the previous two claims.

Claim 3.15. For u € Ay \ {rs}, we have N(u) C U?Zl Aj.

Proof. This proof is essentially identical to the proof of Claim but is included for com-

pleteness. Restart from wuy. As wy is the first vertex chosen in N°[z] and u € N2[ry],

no vertex of N[{ui,...,ux—1}] is in N(u). Any vertex of N(u) not contained within
N[{uy,...,ug,m1,...,7r3}] will be a new neighbour of v with respect to ui, ..., ug,r1,...,73.
As z is typical, u has 3 new neighbours. As no vertex of Ay is in N[{uy,...,ug,r1,...,74}]

but (using Claim [3.14)) we have A5 C N(u), the set of new neighbours of u is precisely the

set As and the claim follows. O
Claim 3.16. Forv € A3\ {r3} and u € Ay \ {ra} we have uwv € E(F).

Proof. This proof is essentially identical to the proof of Claim but is included for
completeness. Restarting from ugio = 72, choose ugy3 := v. As above, there are at most
two vertices of As in N(v). Let w € A5\ N(v). Choose uj44 := 74 next. If ry is adjacent to
u, pick ug4s5 := u. Otherwise, pick ugy5 := w and ug46 := w (this is possible by Claim.
In both cases, using Claim we have that u has at most one new neighbour (the vertex
in Ag\{r4,u}). This contradicts z being typical. Thus we have uv € E(F') as required. [J

See Figure for an illustration of Claim and what we now know about the local

structure around z.

Claim 3.17. Fori € {4,5}, no vertex of Ai—1 has a neighbour in A;41.
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Figure 2.10: There may or may not be edges within the sets A1, ..., Ag. The darker edges
illustrate the edges given by Claim .

Proof. By definition of A;_; and A; 41, r;—1 has no neighbour in 4; ;. Picku € A;_1\{ri—1}.
We show that u has no neighbour in A;1;. Restarting from ug4;—9 = rj_2, choose ug13 =
u. By Claims [3.10] [3.14] and [3.16{ we have A; C N(u) and by definition (A4; U A;41) N

N[{u,...,uk,r1,...,7i—2}] = 0. Therefore the set S of new neighbours of u contains any

vertex of A; U A;41 that is a neighbour of u. As z is typical, u has exactly 3 new neighbours

and as A; C S and |4;| = 3, no vertex of A;;1 can be a neighbour of w. O

When i = 4, replacing ¢ + 1 with ¢ 4+ 2 in this proof shows that no vertex of A3 has a
neighbour in Ag, as required for (ii). To prove (i), it remains to show that for i € {4,5},
for all uw € A; \ {r;}, v has no neighbours outside of A; 1 U A; U A;1. For r4 and r5 = 2
this is given by Claim

Claim 3.18. Fori € {4, 5} and u € A; \ {T‘Z’}, N(’LL) CA_1UA;U Ai+1.

Proof. By Claims and N(u) C U;E—?) A;. To complete the claim, we must show
that u has no neighbour in A;_3UA; 5. Suppose a € (A;—3UA;—2)NN(u). If N(u)NA;—3 # 0,
then fix a € N(u) N A;—3. Otherwise, fix a € A;_5. Supposing that a € A;, restart from
ug, next choose ri,...,7;_1 and then choose a. Let S be the set of new neighbours of
a. Next pick u. As A;—1 U A; € N(u), the set of new neighbours of u contains the set
(Ai-1U A1)\ S. But as u € S and |S| = 3 (as a € N°[2]), this means that u has at least

4 new neighbours, a contradiction. O

This completes the proof of (i) and hence the proof of Lemma



2.3. PROOF OF THEOREM 35

2.3.4 Bounding the Number of ‘Atypical’ Vertices

We will now show that, for any v € V(Gpax), all but a bounded number of vertices are
typical in (Gmax,v). Roughly speaking, we will show that if the graph contains too many
atypical vertices, then the number of induced cycles containing v is small, contradicting
Lemma [3.3] It will be helpful to introduce a definition, similar to Definition to aid us

when thinking about induced paths that can be extended to induced cycles containing v.

Definition 3.19. Let F be a graph and let v € V(F'). Define P(v) to be the set of paths
v, U2, ...,ux in G such that v, ug,...,ur_1 is an induced path and uy ¢ N[{ug,...,ur—2}]
(so uy could be a neighbour of v). Say that a path P :=wv,x9,...,zr € P(v) is extendible if
there exists some w € V(G) such that PUw := v, x9,..., x5, w € P(v). Define C(P) to be
the set of w € V(F) such that PUw € P(v). Let L(P) be the number of maximal paths in

P(v) whose initial segment is P. In particular, when P is not extendible, L(P) = 1.

Remark 3.20. Let v € V(F) and let P := v,us,...,ur € P(v). If up € N(v), then
C(P) = 0. If up ¢ N?[v], then C(P) is precisely the set of neighbours of u; that are not
in N[{v,ug,...,ux—1}]. Recalling Definition this is the set of new neighbours of wy
with respect to v,ug, ..., up_1. If u € N?[v], then C(P) is not necessarily the set of new

neighbours of ug. It may also include neighbours of v.
The next lemma is an easy consequence of Definition [3.19
Lemma 3.21. Let F be a graph and let v € V(F). We have

fo(F) < 5L(v).

N | =

Proof. For every induced cycle of F' starting at v, P(v) contains two non-extendible paths.

So L(v) > 2f,(F'), and the result follows. O

Note that a non-extendible path of P(v) may not correspond to an induced cycle con-
taining v. A path could be non-extendible because each neighbour of its endpoint is in the
neighbourhood of some vertex other than v, earlier on the path.

Let F be any n-vertex graph such that L(v) > ¢ - 3%/3 for some ¢ > 0, v € V(F) and
A(F) < A, for some constant A. (Gpax satisfies these conditions by Lemma Lemma
and Lemma ) Our next aim is to prove that, for any vertex v € V(F'), only a bounded
number of vertices are atypical in (F,v). Using this fact with Lemma implies that the
majority of the structure of Guax is close to the structure of H,. The remainder of the
proof consists of ‘cleaning’ Gpax to show that it is in fact isomorphic to H,,.

We first outline how the proof will proceed before giving the details. We assume (in

order to get a contradiction) that there is a large set A C V(F)\ N1°[v] of vertices atypical in
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(F,v), such that for each a,a’ € A we have N°[a]NN>[a'] = 0 (for any set of atypical vertices
there exists a subset of constant proportion with this property as A(F') is bounded). We
will sequentially choose an induced path P := uj,ug,...,up_1,ux in P(v), where u; := v.
For each a € A, there exists a winning strategy 7, for Adversary in the a-typical game
on (F,v). This means that whatever vertices outside of N°[a] have been chosen so far, for

every a € A Adversary is able to make choices inside N°[a] to ensure that either:
(i) we choose a bad vertex u; € N°[a], or
(ii) there is some vertex in N°[a] \ N[P].

By hypothesis, at the start L(uq) is bounded below by ¢ - 3"/3_ for some constant ¢. As we
sequentially pick the path we keep track of a lower bound on L(uq,...,u;) at each stage i.
If a good vertex u; € N°[a] is chosen, then as AN N[v] = 0, by Remark C(ut, ..., u;)
is the number of new neighbours of u; and we have |C(uy,...,u;)| = 3. So we can pick u; 41
such that L(ug,...,uiy1) > $L(u1, ..., u;). If we are at a vertex u; that is not in N°[a], for
any a € A, we choose the member of C(uy,...,u;) that maximises L(uy, ..., u;t1).

When u; is in N%[a], for some a € A, we play the winning strategy 7, to move to-
wards the outcomes (i) or (ii) (unless there is some member u; of C'(uy,...,u;) such that
L(uy,...,u;y1) is sufficiently large). That is, we will simultaneously play the strategy 7,
for all @ € A. This is possible as for each a,a’ € A we have N°[a] N N°[a/] = (), so the
strategies are played on disjoint sets of vertices. The outcomes (i) and (ii) mean that P(v)
is ‘unbalanced’ in some way. For each a € A, the strategy 7, will pick some vertex u;1
such that L(u, ..., ui41) > “—}fe)L(ul, ..., u;), for some € > 0. So, for each a € A, we will
win an extra factor in our lower bound. If |A| is too large, when the process ends we find

that L(uq,...,ur) > 1, a contradiction.

Lemma 3.22. Fiz ¢ > 0. Let F be an n-vertex graph with A := A(F) > 1 and let
e:=2"28" Letv e V(F). Let A C V(F)\N'[v] be such that every a € A is atypical for
(F,v) and for all a,a’ € A, we have N°[a) N\ N°[a'] = 0. If L(v) > ¢-3™3, then |A] < M,
where M is the smallest integer such that c-31/3(1 + )™ > A.

Proof. Suppose, in order to obtain a contradiction, that |A| > M. For each a € A, Adver-
sary has a winning strategy 7, played on vertices of N°[a] in the a-typical game in (F,v).
As for all a,a’ € A, we have N°[a] N N°[a] = (), these strategies are played on disjoint sets
of vertices.

Let u; := v. We will sequentially choose a path ui,...,u; € P(v). For ease of notation,
define P; := wi,...,u;. At each stage i > 2, we choose a vertex u; and define A; (the

subset of A that we still care about). Once we have won an extra factor for a, we no longer
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care about playing a special strategy in N°[a]. We also define t;(a) for each a € A. The
ti(a) will be a set of constants that keep track of the factors we gain in the lower bound on

L(uy,...,u;). For each a € A define t2(a) := 1. Also for ¢ > 2 define

C- 31/3 n—m;—1

t; = H ti(a) and ¢ :=t3 3 , (3.23)
acA
where m; is the number of vertices in N[{ua,...,u;—1}]\ {v}.
So n—m; — 1 vertices of V/(F)\{v} are not in N[{ug,...,u;—1}]. These vertices are ones

that could still be added to the path at a later stage. By definition, ¢o = %3(”*1)/ 3,

Throughout the process we maintain the property that, for each 1,
L(u, ... ui) > g (3.24)

That is, ¢; will be our lower bound on L(uy,...,u;).

We now describe an algorithm that determines our choice of vertices. For r > 1, let

€ = 22(r=1)¢,

Vertex Choice Algorithm

Pick ug € N(v) such that L(P,) is maximised, and define Ay := A. Suppose the most
recently chosen vertex is u;.

If P, is extendible; there are two cases:
Case 1: u; € N5[a] for some a € A;.

Suppose it is the r-th time we have chosen a vertex y such that y € N°[a]. We have two

subcases:
Subcase 1: u; is good.

In this case, as u; ¢ N°[v], by Remark C(P;) is the set of new neighbours of u; and

contains exactly 3 vertices y1, yo, y3.
(i) If there exists j such that L(P;Uy;) > %(1+€)g; (where g; is defined in (3.23)), then
choose u;1 := y;.
- Set tir1(a) == (14 € )ti(a) and tiy1(y) := ti(y), for all y € A\{a}.
- Set Aiy1 = Ai\{a}.
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(ii) Else, every y; satisfies L(P; Uy;) > %(1 — 2¢,)q; (as ¢; satisfies (3.24))). In this case,

choose u;41 according to strategy 7,.
- Set tiyi(a) == (1 — 2¢,)t;(a) and t;41(y) := ti(y), for all y € A\{a}.

- Set Ai1q = A;.
Subcase 2: u; is bad.

In this case, (again by Remark(3.20) C'(P;) is the set of new neighbours of u;, so |C(F;)| # 3.
Suppose C(P;) = {y1,...,y¢} for some ¢ # 3. Pick j such that L(P; Uy;) is maximised and

set w1 = yj.

- Set tiyi(a) = (1 + € )ti(a) and t;y1(y) = ti(y), for all y € A\{a}.

- Set Aiy1 = Ai\{a}.
Case 2: u; € N°[a] for any a € A;:

Then C(P;) = {y1,...,ye} for some £ > 1. Pick j such that L(P;Uy;) is maximised and
set ujr1 = yj.

- Set tir1(y) :=ti(y), for all y € A.

- Set Ai1q = A;.

The process terminates when P; is not extendible.

We now analyse the consequences of choosing vertices in this manner.

Claim 3.25. For each wvertex u; chosen during the Vertex Choice Algorithm, we have

L(F;) > ¢;.

Proof. We first show that when w; ¢ N(v), we have m;y1 —m; = |C(F;)|. This fact will
then be used throughout the rest of the claim.
By definition,

mi1 —m; = [N[{ug, ..., ui}] \ {v}| = [N[{uz, ... uima ]\ {v}].

So in particular (as w; ¢ N(v)), mit1 — m; is the number of vertices in § = N(u;) \
N[{ug,...,ui—1}]. Recalling Definition we see that S = C(F;) and so m;y1 — m; =
|C(F;)| as required.

We now show that L(P;) > ¢; for each u;, as required for the statement of the claim.
We argue by induction on i; the case ¢ = 2 holds as us € N(v) is chosen to maximise L(F»).

Suppose L(P;) > ¢; = t;3(n=mi=1)/3  Now for the inductive step we consider each case of
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the algorithm separately, and prove that the statement holds there. As in each case P; is
extendible, u; ¢ N(v) and m;y; —m; = |C(F;)|.

In Subcase 1(i), as u; is good and u; ¢ N®[v], by Remark we have m;11 —m; =
|C(P;)| = 3 and so:

n—m;—1 n—m;,q1—1

(I4+€e)t:37 3 =t 113" 3 = Qit1-

L(Py1) >

Wl

In Subcase 1(ii), again m;+; —m; = 3 and we have:

n—m;—1 nfm,bgrlfl

1 1-1
L(Pi-i-l) > 5(1 — 2€r)ti3 3 = ti+13 3 = qi+1-

In Subcase 2, recall that C'(P;) = {y1,...,ye} for £ # 3 (by Remark as u; ¢ N°[v])

and we pick u;11 to be the y; which maximises L(P; Uy;). Thus we have:

n—m;—1

3(/3 n—m;—£—1
—t,>—3 5

t;
L(P; >
( +1)_€3 7

The value of # is minimised for £ # 3 at ¢ = 2. We have

32/3 n—m;—l—1 n—m;—£0—1 n—miy1—1

L(Pﬂ,l) > tlTB 3 > (1 + er)ti?) 3 = ti+13 3 = qi+1-

In Case 2, recall that C'(P;) = {y1,...,y¢} and we pick u;;1 to be the y; which maximises
L(P; Uyj;). So we have

ti n-—m;—1 343 nmi—en n—m;—{-1 nomipy—1
L(Piy1) > Z?) 5 = ti73 5 23T 8 =tiq3T 3 =iy,
where the last inequality is strict unless ¢ = 3. O

We are now equipped to analyse what remains once the algorithm terminates. Focussing
on one a € A, we may consider all choices outside N°[a] as made by Builder in the a-typical
game on (F,v). If we don’t go through Subcase 1(i) or Subcase 2, then all choices inside
N5[a] are made according to 7,, which is a winning strategy for Adversary in this game. In
this case Adversary wins and either we chose a bad vertex (which was included in Subcase
2) or there is some w € N®[a] that is not contained in N[P;] upon termination of the
algorithm.

So to summarise, at least one of the following outcomes occurs upon termination of the

algorithm.

(O1) During the algorithm, at a vertex in N°[a], we either went through Subcase 1(i) or

we chose a bad vertex via Subcase 2.
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(0O2) There is some vertex w € N°[a] that is not contained in N[P;] upon termination of

the algorithm.

First observe that for all s < A8 41,
(1 — 261)(1 — 262) - (1 — 265)(1 + 65+1) >1+4e. (326)

Our choice of € ensures that each factor on the left hand side is greater than zero.
Suppose a ¢ Aj. Then there exists some j such that a € A; but a ¢ Aj;1. Thus at the

jth stage of the algorithm u; € N°[a] and we either went through Subcase 1(i) or we chose

a bad vertex via Subcase 2. Let A := |P; N N°[a]| be the number of vertices in N°[a] chosen

up to the jth stage. From the algorithm we see
tr(a) =tjr1(a) = (1 —2e1)(1 —2€2) ... (1 —2ex_1)(1 4+ €r). (3.27)
As |N®[a]| < A8, we have A < AS, and so by we have for a ¢ Ay
tr(a) > 1+e. (3.28)

Now suppose a € Ag. Let A := |P,_1 N N°[a]|. By following the algorithm we see that
whenever we are at a vertex u € N°[a], we do not pass through Subcase 1(i) or Subcase 2,
as this would imply a ¢ Ay. Thus ti(a) = Hg\zl(l — 2¢;). By definition of ¢, for all s < AS
we have

31/3 5 1 4 2%,
so by (3.26) and the observation that A < A®,
33 tp(a) > 1+ (3.29)

For each a € Ay, the set N[Py] does not contain N°[a], as we either achieve outcome
(O1) or (02) for a, and if we achieved (O1), then a would not be in Aj. So at termination
we have n —my — 1 > |Ag| and so by the definition (3.23)) of ¢ we have:

(A

G > 13 (3.30)

By (3.28]) and (3.29)), we have:
[Agl
[T te(a) > (1 + 4 TT tala) > (1 + ) Al3=3",
acA a€Ay
So by substituting for t; in (3.30]) and recalling the assumption that |A| > M we have:

. 31/3 _31/3
i(1 + o)Al > i(1 +eoM>1,

c-31/3 1Ag]

35 ] tra) =

acA
by definition of M. This contradicts Claim as Py, is not extendible and thus L(Py) = 1.
Thus |A| < M, concluding the proof of Lemma

qr =

O]
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Corollary 3.31. Let F' be an n-vertex graph with f(F) > 2c-m(n), for some ¢ > 0, and
A := A(F) > 1. There exists some v € V(F) and a constant C = C(A,c) such that at

most C' wvertices are atypical in (F,v).

Proof. Let A be the set of vertices of F'\ N'9[v] that are atypical in (F,v). Let U be the
largest subset of A such that for all a,a’ € U, we have N°[a] N N°[a’] = 0. As |[N°[z]| < AS

for every x € V(F), we have
Al

U] 2 .

(3.32)

We wish to apply Lemma to F, vand U.

As by hypothesis f(F) > 2c¢-m(n), by Lemma there exists v € V(F') such that
Jo(F) > {5 -m(n) for all v € F. Combining this with Lemma gives that for some
constant 8 > 0,

L) > 2f,(F) > zm(n) = 63"/,

where the last inequality follows from .
Applying Lemma shows that |U| < M, where M is the smallest integer such that
B 31/3(1 + 2*A100)M > A. Combining this with and using Lemma to show that
IN19[v]| = O(1) gives the required result.
O

2.3.5 Concluding the Proof

Our next aim is to show that Gpax is a cyclic braid. Let B = (Bj,..., Bg) be a braid in a
graph G. If | B;| = 3 for all i, we call B a 3-braid. If there exists some A C V(G) such that
either (By,...,Bg, A) or (A, By,...,By) is a 3-braid in G, then we say that B is extendible.

The following proposition will be used throughout the section.

Proposition 3.33. Let B = (Bi,...,Bg) and A = (A, ..., Ay) be braids in a graph F,
where k,0 > 4. Letv € V(F) and i,j € {1,2}. If u € B; N A; is typical in (F,v), then
B; = Aj.

Proof. By Lemma as u is typical, |N(u)| < 8 and there exist vertices ug, us such that
IN(u)NN(u2) NN (us)| = 6. As B;iy1 € N(u) and |N(u)| < 8, we have N(uz2)NB;y1 # 0. As
B is a braid, this implies that uy € B;UB;4+1UB; 2. However, no vertex in B;1UB;19 shares
6 neighbours with u, so ug € B;. Similarly, ug € B; and so B; = {u,u2,us}. Analogously,

Aj = {u,uz,u3} and so B; = Aj, as required. =

We now show that if a 3-braid with 4 clusters has an end cluster consisting of typical

vertices, then it is extendible.
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Lemma 3.34. Let B = (By,...,By) be a 3-braid in a graph F and let v € V(F). Suppose
that every vertex in By is typical in (F,v). Then there exists a set C disjoint from B such
that (C, By, Ba, B3) is a 3-braid in F.

Proof. Let u € By. As u is typical in (F,v), by Lemma there exists a 3-braid A =
(A1, Ay, A3, Ay) in F with u € As. By applying Proposition to B and A, we have
By = As.

Let x £y € By. As B, C N(u) and BoNAs =10, {x,y} C AU Ay. As y shares at least
6 neighbours with x and A is a braid,  and y are in the same cluster. So either By = Ag
and we set C := Ay, or By = A4 and we set C := Ay. Hence every edge between C and By
is present.

As B is a braid, no vertex in B; has a neighbour in B\ (B; U By). In particular
N[B1) N (BsUBy) = 0. As C C N[By], this gives that C' N (Bs U By) = ) and hence C
is disjoint from B (by definition, C' is disjoint from B; and Bs). As both (C, By, B2) and
B are braids, to show (C, By, Be, B3) is a braid it remains to show that there are no edges
between C' and Bs. However, as B is a braid, N(Bs) C By U B3 U By and so N(Bs3) is
disjoint from C. Therefore (C, By, B, B3) is a braid, as required. O

Definition 3.35. For a braid B = (By,...,By), for i € {3,...,k — 2} we say that B; is an

inner cluster of B and for ¢ € {1,2,k — 1,k} we say that B; is an outer cluster of B.

Recall from Definition that B; and By, are also called end clusters and Bo, ..., Br_1
are also called central clusters. So the set of central clusters contains the set of inner clusters.
We now define a particular set of braids which we will show covers all but O(1) vertices of

our extremal graph.

Definition 3.36. For a graph F' and v € V(F'), define B(F,v) to be a set of braids obtained

via the following procedure.
e Begin with B = {).

e Let Y be the set of vertices in inner clusters of all the braids added so far to B. If
there exists some z in V/(F) \ (N°[v] UJpeg B) that is typical in (F,v), let B, be a
12-vertex 3 braid containing z in a central cluster (given by Lemma [3.9). Let B(z) be
a non-extendible 3-braid in F'\'Y containing B, (the existence of B(x) will be proved
directly below). Say that x is the root of B(x). Add B(z) to B.

Claim 3.37. Such a B(z) exists.
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Proof. Tt suffices to show that B, NY = (. Let B, = (B, B2, Bs, Bs), where x € Bs. Let
A= (Ay,...,A;) be any braid in B\ {B;}. We will first show that no vertex of BoUBsU By
is in a central cluster of A.

By definition, ¢ A. Let u be a vertex in a central cluster of A. As A is a braid in F,
u has no neighbours in F'\ A and hence is not in N(z). Therefore no vertex of By U By is
in a central cluster of A. Now suppose, for a contradiction, that y € B3 \ {x} is in a central
cluster A; of A. Given B, we have |[N(y) N N(z)| > 6. As A is a braid, the only vertices
that share at least 6 neighbours with y are in A;. So x € A;, a contradiction. So no vertex
of By U B3 U By is in a central cluster of A, and hence no vertex of By U B3 U By is in an
inner cluster of A.

It remains to show that no vertex of Bj is in an inner cluster of A. Suppose, for a
contradiction, that u € By is in an inner cluster of A. Let w € By C N(u). As A is a braid,
N (u) is contained within the central clusters of A and so w is in a central cluster of A, a

contradiction as w € Bs. ]
It follows easily from the definition of B that braids in B only intersect on outer clusters.

Proposition 3.38. Let F' be a graph and v € V(F'). Then distinct braids in B := B(F,v)

intersect only on outer clusters.

Proof. Let B := (By,...,By) and A := (A4,...,Ay) be braids in B. Suppose, without loss
of generality, that A was added to B before B. We will show that A and B intersect only
on outer clusters.

By definition of B, no vertex of B is in an inner cluster of A. So we must show that no
vertex in an outer cluster of A is in an inner cluster of B. Suppose, in order to obtain a
contradiction, that v € A;NBj, where j € [k]\{1,2,k—1,k} and, without loss of generality,
i € {1,2}. For this to be possible, we have k > 5 (else B has no inner clusters).

As B is a braid and u is in an inner cluster of B, we have N?[u] C B. If £ > 5 then
N2[u] N A contains a vertex z of an inner cluster of A. But then x € B, a contradiction. So
=4 and if i =1, then A1 U Ay U A3 C B, whereas if i = 2, then A C B.

We show that, for either value of 7, A could have been extended when it was added to B.
As A;41 € N(u) and B is a braid, we have A;1; C Bj_; UB; UBjii. As A;;1 is a central
cluster of A, for w,w’ € A;;+1, we have |N(w) N N(w')] > 6. Therefore w and w’ must be
in the same cluster of B. As A; N A1 = 0 and Bj N A; # (), without loss of generality
Aip1 = Bji1.

Let y € Ajy1. We have A;UA; 15 C N(y) and so, as B is a braid, A;UA; 1o = B;UBjo.
Let w € A; and w’ € A;yo. As A is a braid we have |[N(w) N N(w')| = 3. So B; cannot
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intersect both A4; and A;io (as vertices in Bj share at least 6 common neighbours). As
Bj N A; # 0, this means that B; = A; and Bjio = A 0.

So if i = 1, then A; = Bj, Ay = Bj41 and A3z = Bjo. If k > j 4 3, then Ay = Bj3.
Otherwise k = j + 2 and, as B is a braid and A3 = Bj;2, we have A4, N B = (. In
particular, this implies that A4 has no neighbours in B; ;. If i = 2, then A is the braid
(Bj—1,Bj,Bj11,Bjt2). As k > 5, when A was added to B it could have been extended
with the addition of B;_; (this cluster is disjoint from A and cannot intersect inner clusters
of braids added before A to B as otherwise it would not be in B). This contradicts the

construction of B. So A and B intersect only on outer clusters. O

Our next aim is to show that there are only O(1) braids in B. We will require the

following simple deduction for the proof.

Proposition 3.39. Let F' be a graph and let v € V(F'). Let By, B2, B3 C V(F) be disjoint
sets of cardinality 3 such that for all u € By, we have By U Bs C N(u). If some z € By is
typical then N(By) C By U By U Bs.

Proof. As z is typical, by Lemma there exists a 3-braid C' = (Cy,Cs,C3,Cy) in F such
that z € C3. Let w € By \ {z}. We have |[N(w)NN(z)| > 6. As N(z) C CoUC3UCYy, there
must be 6 neighbours of w in Co UC3U Cy. As C is a braid, this is only possible if w € Cj.
Hence By = C3. Let y € By = (3. As C is a braid, y has exactly 6 neighbours outside of
Bsy. So as N(y) 2 By U Bs, we have N(y) \ B2 = By U Bg as required. O

We now use this to determine some information about the braids in B. As in the proof

of Lemma [3.9] we have broken the next argument into smaller claims to help the reader.

Lemma 3.40. Let F be an n-vertex graph such that f(F) = m(n) and let v € V(F). Let
B = (By,...,By) be a braid in B := B(F,v). Then either B contains a braid with |V (F)|—3

vertices, or some vertex in N[By U Bg] is atypical in (F,v).
Proof. Let B = (By,...,By) € B. By construction of B, either:
(a) B intersects another braid A = (Ay,..., Ay) in B; or
(b) B is disjoint from all other braids in B and is non-extendible in F'.

If some vertex in N[Bj U By] is atypical, we are done. So throughout we assume that every
vertex in N[Bj U Bg] is typical. By construction of B, we have that k,¢ > 4. First suppose
(a) occurs. As, by Proposition distinct braids in B intersect only on outer clusters,

without loss of generality we are in one of the following cases.

(A1) A central cluster of A intersects a central cluster of B.



2.3. PROOF OF THEOREM 45

(A2) No central cluster of A intersects a central cluster of B, but a central cluster of A

intersects an end cluster of B.
(A3) A and B intersect on end clusters but no central cluster of A intersects B.

We will resolve each case separately.

Claim 3.41. No central cluster of A intersects a central cluster of B.

Proof. Without loss of generality, let w € Ay N Bs. As u € N[Bj], by assumption it is
typical. By applying Proposition to A and B, we have Ay = Bs. As A is a braid,
N(u) € Ay U Ay U As. As B3 C N(u), this implies that B3 C A. This is a contradiction
unless k = 4 as, by Proposition [3.38] A and B intersect only on outer clusters. An analogous
argument shows that A3 C B and £ = 4.

So we have Bs U Bg C A and Ay U A3 C B. By construction of B, the root of A is in
Ao U Az and the root of B is in By U B3. We obtain a contradiction as, without loss of
generality, A was added first to B but the root of B (which is contained in By U B3) was

chosen to be disjoint from A. O

Therefore (A1) cannot happen. Now we consider (A2). Without loss of generality there

exists a typical vertex u € Ba N Ay (if w is atypical we are done).

Claim 3.42. If there exists a typical vertex uw € By N Ay, then B contains a braid on
|V(F)| — 3 wvertices.

Proof. Let u € BoN A1 be typical. For C € B, let Y be the set of vertices in inner clusters
of the braids added to B before C.

Applying Proposition [3.33]to B and A gives that By = A;. By Claim[3.41, A3N B3 = 0.
As A, is disjoint from A; = By, A3 C N(u) \ (B2 U Bs) and so By = As. As A is a braid,
no vertex in A; has a neighbour in A\ (4; U A3). As B3 C N(B3) = N(A1), Bs is disjoint
from A\ (41 U Ay). However, as Ay U Ay = By U By and B is a braid, Bs is disjoint from
A. Similarly, As is disjoint from B.

Suppose there are no edges from Bs to Ay or from Az to By. We will show that, in this
case, the braid in {4, B} which was added first to B could have been extended in F'\ Y4
or F'\ Yp, respectively. This will contradict the definition of B. As there are no edges from
Bs to Ay, we have N(B3) N A = A;. Suppose also that A was added to B before B and
so BsNYy = 0. As Bjs is disjoint from A and N(Bs) N A = Ay, when A was added to B
it could have been extended in F'\ Y4 with the addition of Bs. This is a contradiction, as

A was chosen to be non-extendible in F'\ Y4. An analogous argument shows we obtain a



46 CHAPTER 2. MAXIMISING INDUCED CYCLES

contradiction if B was added to B first (B would be extendible in F'\ Yp with the addition
of A3). So there are either edges from B3 to Ay or from Ajz to Bj.

Now suppose that y € Ay has a neighbour in Bs. As B3N A =0 and Ay = By, we have
y € B4. By Proposition A and B do not intersect on vertices of inner clusters. So y is
in an outer cluster of B and so k < 5. As y € N[By], by assumption y is typical. Applying
Proposition to B and A gives that By = Ay.

Applying Proposition shows that no vertex in A, has a neighbour outside of Ay _1U
Ay U Bs. Given this, as A and B are braids, no vertex in AU (By, ..., B4) has a neighbour
outside of AU (By,...,By). As f(F) = m(n), F is connected and hence V(F) = V(AU
(Bi,...,By)) and |V(A)| = |V(F)| — 3 as required.

Now suppose y € By has a neighbour in As. As A is a braid N(As) C A U A3 U Ay.
As Aj is disjoint from B and Ay = Bj, we have y € A4. By assumption y is typical. So
applying Proposition [3.33] gives that B, = A4. Now applying Proposition shows that
N(Bg) C Bi—1 U B U Az. As in the previous paragraph, no vertex in (Aj, Ao, A3, A4) UB
has a neighbour outside of (Aj, As, A3, A4)UB and so |V (B)| = |V(F)| — 3 as required. [

This concludes the case (A2). For (a), it remains to resolve case (A3).

Claim 3.43. If A and B intersect then we are done.

Proof. By Claims and if AN B # () then we may assume they intersect only on
end clusters and, without loss of generality, there exists u € A1 N By. By assumption u is
typical, so applying Proposition [3.33] gives A1 = B;. Without loss of generality, suppose
B was added before A to B. By Claims and Ao U Az is disjoint from B. As
N(A2) C A; U Ay U A3, we have N(A2) N B = Bj. Therefore when B was added it was
extendible in F'\ Yp (the cluster Az could have been added), a contradiction. So u is atypical

as required. ]

This completes the proof in case (a).

Claim 3.44. If B is disjoint from all other braids in B and is non-extendible in F, then
V(B)| = [V(F)| - 3.

Proof. Using Lemma there exists a set C of cardinality 3 disjoint from U?:1 Bj such
that (C, By, Ba, B3) is a braid in F. As Bj has no neighbours in Bs, ..., B, C is disjoint
from B. Analogously, there exists some set D disjoint from B such that (By_2, Bx_1, Bk, D)

is a braid in F'.
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As B is non-extendible in F', some vertex in C' has a neighbour = in By (otherwise
(C,By,...,By) is a braid in F'). Hence there exists some v € C'N D, as C' has no neigh-
bour in By_1 and N(By) C By_1 U By UD), as (Bg_2, Br_1, Bg, D) is a braid in F. By
assumption, v is typical. So we may apply Proposition to the braids (C, By, ..., Bg)
and (By_o, Bx—1, Bk, D) to obtain that C' = D.

As B is a braid and v is typical, using Proposition m gives that (B1,C, By) is a braid
in F (and so N(C) is contained within this braid). Therefore no vertex in B U C has a
neighbour outside of BUC. As f(F) = m(n), F is connected and hence V(F') = V(BUC)
and |V(B)| = |V(F)| — 3 as required. O

This completes the proof of Lemma [3.40 O

We say that an induced cycle in G passes through B if it contains a vertex from every

cluster of B. The following lemma will be useful.

Lemma 3.45. Fiz 0 < r < 1. Let F' be an n vertex graph with f(F) = m(n), where n is

taken to be sufficiently large with respect to r.

(i) The vertices of F' can be covered by a collection B of O(1) 3-braids such that, for any
B, B’ € B, B and B’ intersect only on outer clusters, and a set U of cardinality O(1).

(ii) F contains a 3-braid B such that |V (B)| = Q(n).

(iti) For any 3-braid B on rn vertices, at least f(Hy,) (1 — 3_’”"/6) induced cycles in F' pass
through B.

Proof. Set B := B(F,v). By construction of B, every vertex in U := V(F) \ Upep B is
atypical. Therefore by Corollary[3.31]and Lemmal[3.5] |U| = O(1). Also by Proposition [3.38]
any distinct B, B’ € B, B and B’ intersect only on outer clusters. Therefore, to prove (i) it
remains to show that |[B| = O(1).

By Lemma and definition of B, either B contains a braid on |V(F)| — 3 vertices
(from which (i) and (ii) immediately follow) or, for each B = (Bjy,...,By) € B, we have
that N[B; U By] contains an atypical vertex ap. Say that ap is an internal anchor for B
if ap € By U By, else say that ap is an external anchor for B. Let S := {ap : B € B}.

As A(F) < 30 (by Lemma and as the braids in B only intersect on outer clusters,
each vertex in F' is in an end cluster of at most O(1) braids in B. Therefore each vertex
s € S is an internal anchor for at most O(1) 3-braids in B. Similarly, an external anchor is
adjacent to O(1) vertices in F. Each of these vertices is in the end cluster of at most O(1)
braids, so s can be an external anchor for at most O(1) braids in B. Putting this together

gives |B| = O(|S]). As every vertex in S is atypical, this gives that |B| = O(1) as required.
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This proves (i). It immediately follows that some braid in B contains Q(n) vertices, proving
(ii).

To prove (iii), observe that if an induced cycle does not pass through a 3-braid B =
(Bi,...,By) on rn vertices, then it is either a Cy contained in B (there are at most O(n*)
of these), or it is contained in V' (F')\ Uf:_y? B; (by Lemma there are at most ((1 —r)n+
12) (%)) 3((1=n+9)/3 of these). Therefore at most

((1 _ T)n n 12) <320) 3((1—r)n+9)/3 + 0(n4)

induced cycles of F' do not pass through B. So for ng sufficiently large, at least

f(Hn) (1 . 3—7%/6)
induced cycles pass through B. This proves (iii).
O
The next lemma shows that Gpax is a cyclic braid. Given this, it will remain to determine
the cluster sizes and whether there are edges within the clusters of Gpax.

Lemma 3.46. G.x @s a cyclic braid.

Proof. By Lemma (ii) Gmax contains a 3-braid B such that |V(B)| = Q(n). Let
B := (B,...,Bcp3) be the longest 3-braid in Gumax. Let @ be the number of induced
cycles in Gax that pass through B. By Lemma m (iii),

Q> f(Hy) (1 - S*C"/6) . (3.47)

Now let G’ := G\ Uf_g/?’_l B;. Let z and y be two new vertices and define H to be the

graph with vertex set V(H) := V(G') U {z,y}, and edge set
E(H):=E(G")U{xb:be Bi}U{yb:be Beys}.
See Figure for an illustration of how we obtain H from G.x. We have
Q = 393, (H; , y). (3.48)

For a subgraph G’ C Guax, let p2(G’; 2, y) be the number of induced paths between z and
y contained within G’. Combining (3.47) and (3.48) gives

pa(Hsa,y) > 3708 p(,) (1-3700) (3.49)

We now focus on the structure of H. Let us call a central cluster W of a 3-braid B
supercentral if for any w € W and v in an end cluster of B, d(w,v) > 5. By Lemma
(ii), the vertices of Gax can be covered by a collection B of O(1) 3-braids (that intersect
only on outer clusters) and a set U of cardinality O(1). Define a new graph H’ via the

following process.
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Figure 2.11: The shaded area is the part of the graph whose structure we wish to determine.
The dashed line represents the rest of the braid B.

e Set [ := H and By = B.

e Let ¢ be maximal such that we have defined F;. Suppose there exists a vertex v; € Fj,
contained in a supercentral cluster C; of a (unique) 3-braid M; € B;, where C; is
adjacent to clusters C§ and C%. Then define F;,; to be the graph obtained from F; by
deleting C; and adding every edge {uw : u € C%,w € C}. Define M/ to be the 3-braid
obtained from M; by deleting C; and adding every edge {uw : u € C%,w € C}}. Set
Bi+1 to be the collection obtained from B; by replacing each braid M containing C;
with M.

e If there exists no such vertex v;, define H' := Fj}.

The process will terminate as H has a finite number of vertices. Observe that Fj;; is a
braid if and only if F} is a braid. In addition, when H' is a braid this process can be reversed
to find H. We now show that H’ is a braid.

When this process terminates, the only vertices remaining in H' are the vertices of U
and at most O(1) vertices of each 3-braid in B. Therefore, |V (H')| = O(1). At stage i of
the process, Fj+1 contains all induced cycles of F; that do not pass through M; and a third
of the number of cycles in F; that do pass through M;. Thus we have

p2(Fiy1;z,y) > 371 pa(Fis 2, y), (3.50)

and so
p2(H’;x,y) > 3= (VH)I=V(H")/3 po(H; z,y), (3.51)

Combining (3.49)) and (3.51)) and observing that |V (H)| = (1 — C)n + 8 gives

pa(H's 2, ) > 3C VD . g, (1—3760/5). (352)

3Cn=2HVIENB ¢ (H) = fo(|V(H)|) + o(1),
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when ng is sufficiently large we have
3n=2HVHD/3 . p(p) (1 _ 370n/6) > R(V(H)]) -1 (3.53)
As pa(H'; z,y) is an integer, by taking ng to be sufficiently large, and (3.53)) give
pa(H'52,y) > fa([V(H')).

Therefore, by Theorem m H' is isomorphic to a graph in Fjy(gsy. Thus H' is a
braid. By reversing the process applied above (adding back in the supercentral clusters) to
recreate H from H', we see that H is a graph in Fiv (), and hence Gmax is a cyclic braid,

a contradiction. This completes the proof of the lemma. O
In fact this proof immediately gives something stronger.

Corollary 3.54. We have the following:
e when n =0 modulo 3, Gumax has exactly n/3 clusters of size 3;

e when n =1 modulo 3, Gnax has either one cluster of size 4 and (n — 4)/3 of size 3,

or two of size 2 and (n —4)/3 of size 3;
o when n =2 modulo 3, Gmax has exactly one cluster of size 2 and (n — 2)/3 of size 3.

We are now in a position to complete the proof of Theorem The next lemma shows
that the clusters in Gpax do not contain any edges, and thus we will prove the required
result for n = 0 or 2 modulo 3. In the remaining case we will need a short argument to
decide whether the graph contains two clusters of size two, or one of size four. In both

cases, the arguments are essentially routine checks.
Lemma 3.55. No cluster of Gax contains edges.

Proof. First observe, that if e is an edge within a cluster, the only induced cycles containing
e can be triangles, either contained within the cluster, or containing exactly one vertex from
a neighbouring cluster; or induced copies of Cy within the cluster (in the case that the cluster
contains 4 vertices).

Let B be a cluster adjacent to clusters A and C. Suppose there exists an edge e = uv
where u,v € V(B). The edge e is contained in at most |A| + |C| + (| B| — 2) induced cycles
within Gpax. The graph G’ = Gpax\{e} will contain at least |A||C| induced copies of Cy
(for any z € A, y € C, the set {z,y,u, v} induces a Cy) that are not induced cycles in Gpax.

As Gmax does not contain both a cluster of size 2 and a cluster of size 4, we have

[AlICT > [Al+]C] + (IB] = 2),
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unless |B| = 3 and at least one of |A| or |C] is equal to 2. Except for this case, the number
of induced cycles in G’ = Gax\{€} is greater than the number of induced cycles in Gpax,
a contradiction.

Now suppose |B| = 3 and suppose without loss of generality that A = {a1,a2}. First
consider the case where |C| = 3. Suppose B contains an edge e = uv. This edge is contained
in at most 6 triangles in Gax. By the argument of the previous paragraph, A does not
contain an edge. The graph G’ = Gmax\{e} will contain at least 7 induced copies of Cy that
are not induced cycles in Gax (for any z € A, y € C, the sets {z,y,u,v} and {a1, a2, u, v}
induce copies of Cy). Thus f(G') > f(Gmax), a contradiction.

The remaining case to consider is when C' = {c1,c2}. If B contains an edge e, this
edge is contained in at most 5 triangles in Guax. The graph G/ = Gpax\{€} contains at
least 6 induced copies of Cy that are not induced cycles in Gpax. Thus f(G') > f(Gmax),

a contradiction. So no cluster in Gy,ax contains an edge. O]

We have proved Theorem in the cases where n = 0 or 2 modulo 3. It remains to

prove the result in the case n = 1 modulo 3.
Lemma 3.56. When n =1 modulo 3, Gyax is isomorphic to Hy,.

Proof. By Corollary and Lemma [3.55] we know that Gpax is one of two empty cyclic
braids. One possibility is that it is isomorphic to H,,. The other possibility is that Guax
is an empty cyclic braid G2 with exactly two clusters of size 2, and the rest of size 3. An
induced cycle in H,, or G either contains exactly one vertex from each cluster, or is an
induced copy of C4. In both H, and G3, the number of induced cycles containing exactly
one vertex from each cluster is 4 - 3(®=%/3. Thus the only difference in f(H,) and f(Gs)
comes from the number of induced copies of Cjy.

There are two types of Cy. Type 1 contains vertices from exactly two clusters. Type
2 contains vertices from three clusters. The graph H,, contains 3(n + 5) induced type 1
cycles; G contains at most 3n — 14 of this form (fewer if the two clusters of size 2 are not
adjacent). The graph H, contains 9(n + 4) induced type 2 cycles; G2 contains at most
9n — 42 of this form. Thus H,, contains more induced cycles than GGo and therefore G,  is

isomorphic to H,. ]

2.4 Proof of Theorem [1.6

The proof of Theorem follows the same lines as the proof of Theorem [I.3] Before
proceeding with the details of the proof, we first give an outline of what is to come. Let

0 < a < 1 be any constant and let F' be an n-vertex graph containing at least « - m(n)
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induced cycles. We will show that it is possible to delete a constant number of vertices
from F' to give a graph F’ with maximum degree bounded by a constant. Applying Lemma
to F’ then shows that the number of atypical vertices in F’ is bounded by a constant.
The result will immediately follow. We cannot simply apply Lemma to F', as F' may

contain vertices of arbitrarily large degree.

Lemma 4.1. Fiz 0 < a < 1 and define A* = A*(«) to be the smallest integer such that
6(%*)3(1_A*)/3 < a-4-37%3 For n sufficiently large, let F' be an n-vertex graph with
f(F) > a-m(n). Then there exists a constant C = C(«) such that deleting edges incident
to C wvertices of F' gives a graph H with A(H) < A*. Moreover, f(H) > § - m(n).

Proof. Suppose that A(F) > A* (else we are trivially done). We create a new graph H,
with A(H) < A*, in the following manner. Define F} := F. Let i be maximal such that
F; has been defined. If there exists a vertex v; € V(F;) with d(v;) > A* then define
Fit1 := F;\{v;}. This process will terminate as F' has a finite number of vertices. Suppose
the process terminates at a graph F;. We have A(F;) < A*. Define H := Fj.

To prove the first statement of the lemma it suffices to show that there exists some
constant C' := C(«) such that j < C. To prove this, we will bound the size of f(F) — f(H)

and use this to show that when j > C, we have f(F) < o - m(n), a contradiction.
By Lemma [3.2]

fv(.FZ) < <sz (Ui)>3(n—i—dpi(vi)—1)/3 < (A*>3(n—i_A*_1)/3
K] — 2 —_ 2 )

where the second inequality follows as the function (92”)3*”6/ 3 is decreasing for > 6. So
j—1
FUH) = f(F) =) fu(F)
i=1

A* ..
A SR
i=1

A* *
> f(F) — 3( ) >3("A +/3, (4.2)
As |V (H)| = n—j+1, for some constant ¢ we have f(H) < ¢-3("=7+1/3 by (3.6). Combining
this with (4.2)) gives:
. A* _A*
fF) <c-3m=tD/B 13 3(n—ATHD/3, (4.3)
- 2

There exists a constant C' such that, whenever j > C and n is sufficiently large:

. 1
c.3(n—i+1)/3 §(a L4.374/3)3n/3, (4.4)
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Suppose that 7 > C' and let n be sufficiently large. Using the definition of A* and substi-

tuting (4.4) into (4.3)), gives
F(F) <a-4-37433"3 < o-m(n),

where the final inequality is implied by (3.1)). This contradicts the hypothesis that f(F) >
a-m(n). Therefore j < C, completing the proof of the first statement of the lemma.
We now prove the second statement. By (4.2)) we have

f(H) > f(F) =3 <A2) 3(n—AT+1)/3,

Given the definition of A*, we have f(H) > §m(n). O

Proof of Theorem|[1.6, Let F be an n-vertex graph containing at least « - m(n) induced
cycles. By Lemma there exist constants ¢ = ¢(a) and A* = A*(«) such that deleting
c vertices from F' gives a graph F” with A(F') < A* and f(F') > $m(n). By applying
Corollary we deduce that there is a constant M such that at most M vertices are
atypical for (F’,v). By Lemma every vertex that is typical in (F’,v) is contained in a
central cluster of a 3-braid. We obtain H from F’ by adding and deleting edges incident to
vertices that are atypical for (F’,v). The result follows with C(a) = ¢+ M. O

2.5 Conclusion

For sufficiently large n, we have determined precisely which graphs on n vertices contain the
maximum number of induced cycles. There are a number of interesting related questions.

In our proofs above we make no attempts to optimise the value of ng. We know that in
some small cases, H,, does not contain the maximum number of induced cycles [99] [118].
We believe Theorem ought to be true for ng = 30, but our proof gives a much larger
number. There are several places where we could improve the bound, most notably by
choosing a more careful strategy in Lemma [3.22] However we omit the details as the bound
would still be extremely large.

It is natural to consider induced cycles of some length that depends on n. Let ¢(n,l)
be the maximum number of length [ induced cycles that can be contained in a graph on n

vertices. Let C(n,l) be the set of graphs containing ¢(n,!) induced cycles of length .
Question 5.1. Forl =1(n), what is C(n,1)?
When [ is linear we believe the following should hold.

Conjecture 5.2. Fizc € (0,1). Ifl(n) = [en], then for sufficiently large n the only graphs
in C(n,l) are cyclic braids of length l.
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Perhaps a similar result holds down to cycles of length Q(y/n).

Question 5.3. Suppose [(n) > \/n. For sufficiently large n, are all graphs in C(n,l) cyclic
braids?

Another related question is to ask about induced subgraphs which are subdivisions of

some fixed graph H.

Question 5.4. Given a fixed finite graph H, what is the mazimum number of induced
subdivisions of H that can be contained in a graph on n vertices (and which graphs realise

this maximum)?

Theorem answers this question for H = Cs, but what happens for other graphs?
For instance, which graphs maximise the number of induced subdivisions of K 37 For large
n, are the extremal graphs always blow-ups of some subdivision of H? The rooted version
of the question is also interesting, where we consider induced subdivisions of H where the

branch vertices are fixed (for instance Theorem is a result of this form for H = K»).



Chapter 3

Minimum Saturation and Weak
Saturation in the Hypercube

Joint work with Jonathan A. Noel and Alex Scott

3.1 Introduction

Recall the following definitions from Chapter Given a graph F' and a family of graphs
H, a spanning subgraph G of F is said to be (F,H)-saturated if it does not contain any
H € H as a subgraph, but for every edge e € E(F) \ E(G), the graph G + e contains a
copy of some H € H. The saturation number sat(F,H) is the minimum number of edges
in an (F,H)-saturated graph. When H consists of a single graph H, we write sat(F, H) for
sat(F,H).

A spanning subgraph G of F is said to be weakly (F, H)-saturated if the edges of E(F')\
E(G) can be added to G, one edge at a time, in such a way that every added edge creates a
new copy of some H € H. Note that we do not require here that G contains no copy of H.
The minimum number of edges in a weakly (F,H)-saturated graph is known as the weak
saturation number and denoted wsat(F,H). As above, when H consists of a single graph
H, we write wsat(F, H) for wsat(F,H) and say that a graph is weakly (F, H)-saturated.

Recall in addition that we have the following relationship between the saturation number

and the weak saturation number.
wsat(F, H) < sat(F, H). (1.1)

The d-dimensional hypercube, which we denote by Qq, is the graph on vertex set {0, 1}¢
where two vertices are joined by an edge if and only if they differ in exactly one coordinate.
In this chapter, we are interested in saturation and weak saturation problems in hypercubes

and grids (which will be defined later). As discussed in Chapter 1, the value of sat (Qg4, @m)

95
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has been previously studied by Choi and Guan [41] and Santolupo (see [53]). However, the
best previously known general result on sat (Qg, Q) is the following Theorem of Johnson

and Pinto [80)].

Theorem 1.2 (Johnson and Pinto [80]). For every fived m > 2, there exists 0 < ey, < 1
such that

sat(Qa: Qm) = O (d1=)2) = O(B(Qu)|/d™).

Moreover, when m = 2, Johnson and Pinto [80] proved that for every d, there exists

a (Qq, Q2)-saturated graph with bounded average degree. They gave a construction which
implied that

sat(Qq, Q2) < 10 - 2%, (1.3)

This result inspired them to ask: For which fixed values of m is sat(Qg, Qm) = O(2%)? Our

main result on saturation shows that this is the case for every m > 2.
Theorem 1.4. For every fized m > 2, sat (Qq, Qm) < (1 + o(1))72m?27.

Johnson and Pinto [80] also asked: For d > m > 1, what is the value of wsat(Qg, Qm)?
They proved that wsat(Qg, @2) = 2% — 1 by constructing a weakly (Qg, Qn)-saturated

spanning tree. We resolve their question with the following theorem.

Theorem 1.5. Ford>m > 1,

m—2
wsat (Qa, Qm) = (m —1)27 — Z(m —1=J) (j)

j=0

In fact, this is a particular case of a more general result (Theorem about weak
saturation in multidimensional grids. By combining Theorem with we get a lower
bound for sat(Qq, Qm) of (m —1 — o(1))2%. This shows that Theorem is tight up to a
(constant) factor of O(m). This lower bound improves on the bound of (m + 1 — 0(1))2¢-1
obtained by Johnson and Pinto [80].

The chapter is structured as follows. At the beginning of Section [3.2] we give a brief
background to saturation numbers to place the problem discussed here in a wider context.
Our goal is then to prove Theorem To do this, we first review some fundamental
properties of hypercubes which will be used in the proof. In Subsection we briefly
discuss the construction of Johnson and Pinto and its relation to our own. Then, we prove
Theorem by giving an explicit construction of a (Qg, @m )-saturated graph with bounded
average degree. In Section we turn our attention to weak saturation. We give some

history and then prove Theorem We end the chapter in Section by mentioning a

number of open problems.
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3.2 Minimum Saturation

The problem of determining sat(F, H) was introduced in 1964 by Zykov [138] and indepen-
dently by Erdés, Hajnal and Moon [49]. Motivated by a conjecture of Erdés and Gallai
[48], they proved that sat(K,, K;) = (t —2)(n— (¢t — 1)), for n > . In 1986, Kdszonyi and
Tuza [84] began a systematic survey of saturation numbers. For a graph H they proved a
general upper bound on sat(K,, H). To state their theorem we first need a few definitions.

As usual, we denote the independence number of H by a(H). We also define
w=u(H) = |V(H)| - a(H) - 1,

and
d=d(H) = min{|E(H")| : H' is induced by S U x},

where S is a maximal independent set in H and x € V(H) \ S. So for every vertex x € H
and maximal independent set S not containing z, we have that x has at least d neighbours

in S. They proved the following theorem.

Theorem 2.1 (Készonyi and Tuza [84]). For n sufficiently large,

sat(Kn, H) < un + (d — 1)(n — u)/2 — (“‘5 1).

They also proved an extension of this result to families (see [84]). Theorem has
recently been improved by Faudree and Gould [54].

Theorem 2.2 (Faudree and Gould [54]).

sat(Kn, H) < un + (d — 1)(n — u)/2 (“; 1) —% Vﬂ .

The bound in Theorem is tight whenever H contains a clique, however it is not
very good for sparse graphs. For example, when H = Py, the 4 vertex path, the bound
in Theorem gives sat(K,, Py) < n — 2. However, we can observe that when n > 4 is
even, a matching of n/2 edges is a P, saturated graph and hence sat(K,, Py) < n/2. In
fact, sat(K,, Py) = n/2 when n is even, as a (K, Py)-saturated graph cannot contain two
isolated vertices (adding the edge between these vertices would not create a copy of Py).
Similar deductions yield that for odd n > 5, we have sat(Kp, Py) = (n + 3)/2.

Observe that, in a (K,, H)-saturated graph, every vertex must have degree at least
d(H) — 1 (else we would not be able to add an edge to that vertex to create a copy of H).
Thus we get the following trivial lower bound on sat(K,, H).

0 (7—[; -1 "

9

sat(K,, H) >
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where §(H) := min{d(H) : H € H}.
An interesting property to note about sat(K,, H) is that, unlike ex(K,, H), it is not
non-decreasing in n (the above analysis of sat(K,, P4) gives an example of this). This

behaviour motivated the following conjecture of Tuza.

sat(Ky,H)
n

Conjecture 2.3 ([125, [126]). For every graph H, the limit lim,, oo exists.

Although some progress has been made towards this conjecture in both directions
(see [110} 112, 123]), it remains open.

The area of minimum saturation is a rich source of open problems; although sat(K,,, H)
is known for H a clique, path or a short cycle, most saturation numbers remain to be
discovered. For sat(F, H) where F' is not K, our knowledge is even sparser, despite a body
of work addressing this. For additional background on known results and open questions,

see [53].
3.2.1 Preliminaries

Let e; denote the jth standard basis vector in Fg; ie., the vector in which the jth coordinate
is equal to one and every other coordinate is zero. Given a vertex v of @y, let the weight
of the vertex, denoted |v|, be the sum of its coordinates. A basic fact about hypercubes
is that, for d > m, every copy @ of @, in Qg is induced by a set of vertices of the form
v+ e+ J" € J} where v is a fixed vertex and J C [d] has cardinality m. We say
that the coordinates of J and [d] \ J are variable and fized under @, respectively.

We will need a standard result from Coding Theory, due to Hamming [71] (for another
reference, see [95] [96]). This result was also used by Johnson and Pinto [80] (and we use

some ideas from [80] in our proof).

Theorem 2.4 (Hamming [71]). There is an independent set C C V(Qqt_1) such that every
vertez of V(Qqt_1) \ C has a unique neighbour in C.

A set C' as in Theorem is often referred to as a Hamming code. We remark that,
since every vertex of Qq:_; has exactly 2! — 1 neighbours,

92t—1
(2 -1)+1
Another ingredient of our proof of Theorem is the following result of Conder [43].

IC| = =92 —t-1, (2.5)

Theorem 2.6 (Conder [43]). For every s > 1, there is a 3-colouring of the edges of Qs in

which there is no monochromatic cycle of length 4 or 6.

In Subsection we will give an overview of the construction and draw attention to

where these results will be applied.
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3.2.2 The Johnson and Pinto Construction

As mentioned above, Johnson and Pinto [80] obtained the following bound for the case
m=2:

sat(Qa, Q2) < 10- 2%,

Before introducing our construction, we briefly sketch their construction. We hope this
will provide the reader with a light introduction to some of the concepts we will be using later
and will help draw attention to the similarities and differences between our construction

and theirs. At the heart of the Johnson and Pinto construction lies the following claim.

Claim 2.7 (Johnson and Pinto [80]). There exists a Qa-free spanning subgraph H of Qat_1
that has two disjoint independent dominating sets C,D C V(H), where |C| = 221 and
|D| = 3-22 =1 Further, H only contains edges incident to C U D and |E(H)| < 22"

In particular, C is taken to be a Hamming code (see Theorem and D is taken to
be the union of three disjoint translates of C.

Their construction lies in Qg, where d := 2(2¢ — 1) + s and 0 < s < 2/*1. They view the
set [d] as the union of three intervals indexed by the elements of [3], the first two of length
2! — 1 and the third of length s. Given v € V(Qy), for i € {1,2} let v(i) denote the vertex
of (Qyt_1 obtained by restricting v to the coordinates of the interval corresponding to ¢, and
let v(3) be the vertex of Qs obtained by restricting v to its last s coordinates.

The vertices of () are naturally partitioned into three sets, Ag, A1, Az, where A; is
defined to be the set of all v € V(Q4) for which exactly j members of {v(1),v(2)} are in
C'UD. The idea is to create a graph G satisfying the following three properties:

e ( contains no copy of Qs.
e (G contains no edge uv with u,v € Ayp.
e For any edge e with both endpoints in Ag, the graph G + e contains a copy of Q.

The final graph G’ is obtained from G by adding a maximal set of edges that do not create
a copy of Q2. Note that by the third property, no edge of Ag will get added in the step and
hence every edge of G’ has an endpoint in V(Qg) \ Ao.

For the purposes of our sketch, we briefly show why such a construction will give the
bound |E(G")| = O(2%). We remark that Johnson and Pinto [80] count the edges more

carefully to give a bound on |E(G")| with a precise constant. We have

Aol = (V(Qu)| —[CUD? -2 = (221 (1 - 4027) 20 =21 - 4270,
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As d = ©(2"), we have
IV (Qa) \ Ao] =27 —27(1—4-27")><8-27.27" =0 (Zd/d> :

As every edge of G’ has an endpoint in V(Qg) \ Ao, this implies sat(Qq, Q2) < |E(G')| =
0(2%).
So now we have heuristically described the aim of the construction, we give the precise

details. The graph G is created from V(Qg) in 4 steps.

(1) For j € {1,2}, add all edges uv with u(j) = v(j) € C such that the fixed coordinates
in the union of the intervals in {v(1),v(2),v(3)} \ {v(j)} contain an even number of

ones.

(2) For j € {1,2}, add all edges wv with u(j) = v(j) € D such that the fixed coordinates
in the union of the intervals in {v(1),v(2),v(3)} \ {v(j)} contain an odd number of

ones.
(3) Add all edges uv where either u(1)v(1) € H or u(2)v(2) € H.
(4) Delete any edge with an endpoint in As.

So by construction, every edge of G has an endpoint in A; and so G contains no edge uv
with u,v € Ay.

Let us first determine why G contains no copy of (J2. Suppose, for a contradiction, that
G contains a copy @ of Q2. As every edge in G has an endpoint in A;, without loss of
generality we may assume that v € @ with v(1) € C U D. By (4), there is no edge of G
with an endpoint in Ay, so V(Q) C AgU A;. Let J be the set of variable coordinates of @,
and for each i € [3], let J(7) be the set of coordinates of J which are in the interval of [d]
corresponding to 1.

Consider J(1). If |J(1)| = 2, then every edge in @) was added in step (3), which is a
contradiction as H is Qa-free. If |J(1)| = 1, then let w be the neighbour of v obtained by
changing the coordinate not in J(1). In particular, w(1) = v(1) and w(2) ¢ CUD (by (4)).
So both v and w are in A;. As G contains no edge in Ay or Ay, V(Q) C A; and in particular
the neighbour z of v obtained by changing the coordinate of J(1) satisfies (1) € CUD. As
C and D are disjoint independent sets, one of (1) and v(1) is in C and the other is in D.
As Q C Ay, for all u € Q we have u(2) ¢ C'UD. Therefore the pair of edges ej, e2 obtained
by changing the variable coordinate not in J(1) were added in (1) or (2) (as every edge of
H has an endpoint in C'U D). However, as one of (1) and v(1) is in C' and the other is in
D, because of the parity condition it is impossible for both e; and es to be added via (1)

or (2). This completes the case |J(1)| = 1.
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The final case to consider is |J(1)] = 0. So in particular, for all v € @ we have
u(l) = v(1) € CUD. As our graph has no edge with an endpoint in Ay and every edge
in H has an endpoint in C'U D, no edge of Q was added in step (3). Therefore all the
edges in @ were added either in (1) (if v(1) € C) or in (2) (if v(1) € D). Again, this is a
contradiction to the parity conditions imposed by (1) and (2).

It remains to show that for any edge uv with u,v € Ag, the graph G 4 e contains a
copy of Q2. As u,v € Ag, we have u(1),v(1),u(2),v(2) ¢ C U D. Suppose u(1l) # v(1) (the
other cases follow from similar deductions, in the case u(3) # v(3) the properties of H are
used). Suppose that the number of ones contained in the combination of u(1) and u(3) is
even and that v(1) has higher weight than u(1). Let ¢ € C be the unique neighbour of u(2)
in Q9t_1 (which exists as C' is a Hamming code). Let  be such that z(1) = u(1), z(2) = ¢
and z(3) = u(3). Let y be such that y(1) = v(1), y(2) = ¢ and y(3) = u(3). The edge xy
is an edge added in (1). It follows from the construction of H (we omit the details here as
this is a sketch of the main ideas behind their construction, but see [80] for details) that
the edges ux and yv are added to G in step (3). The case where the number of ones in the
combination of v(1) and v(3) is odd follows from an analogous argument (using D instead
of C).

As we will see in the next section, our construction uses some of these ideas of Johnson

and Pinto, however it is more than a straightforward generalisation of their ideas.

3.2.3 Definitions and Proof Outline

Our construction will use Theorems and to build a spanning subgraph G of Q4
which contains no copy of @, and which can be extended to a graph G’ which is (Qg, @m)-
saturated and satisfies the bound in Theorem [L.4l

Throughout the proof, let m > 2 be fixed and let d be an integer which we may choose
to be sufficiently large. Let ¢t and s be the unique integers such that

d=06m(2' —1)+sand 0 < s < 6m2". (2.8)

Similarly to Johnson and Pinto, we view the set [d] as a union of intervals. However, we
view [d] as a union of m intervals of length 6(2! — 1) indexed by the elements of [m] followed
by one interval of length s. Given v € V(Qg) and 1 < i < m, let v(i) denote the vertex of
(Q6(2t—1) obtained by restricting v to the coordinates of the interval corresponding to i, and
let v(m + 1) be the vertex of Qs obtained by restricting v to its last s coordinates. In our
proof, unlike the proof of Johnson and Pinto, each of the first m intervals of [d] is further

divided into 6 subintervals of length 2! — 1 indexed by the pairs (r,7) where r € {0,1}
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and v € {0,1,2}. For (i,r,7v) € [m] x {0,1} x {0, 1,2}, let v(i,r,v) be the vertex of Qa_;
obtained by restricting v(7) to the subinterval corresponding to (7, 7).

Let C be a subset of V(Qqt_1) as in Theorem We will treat the vertices v €
V(Qq) differently depending on which of the triples (i,7,7) € [m] x {0,1} x {0, 1,2} satisfy
v(i,r,y) € C. For starters, let X denote the set of all vertices v for which there exists some
i and (r,7) # (r',7) such that both v(i,r,v) and v(i,r’,~’) are in C. The vertices of X will
be isolated in G and will not play a large role in the construction. Now, divide the vertices
of Qg \ X into sets Ay,..., Ay, where A; is defined to be the set of all vertices of Qg \ X
for which there are exactly j triples (i,7,) such that v(i,r,v) € C. By and (2.8), we

have
6m s 2t—1 —t Gm s d —t\6m
Aol = ([V(@ae )| = [C)°™ -2 = (2271 (1= 27)) 20 = 21 — 271y,
Using , we have d = ©(2!) and so
IV (Qq) \ Ao| = 2% — 24(1 — 279 = 0(2¢ . 27%) = O(2%/d). (2.9)

Our goal, as in the construction of Johnson and Pinto, is to construct a graph G C Q¢

satisfying the following three properties.

(P1) G does not contain @, as a subgraph.

(P2) G does not contain any edge uv, where u,v € Ay.

(P3) For any edge uv, where u,v € Ay, the graph G + uv contains a copy of Q.

Given such a graph G, let G’ be a graph obtained by adding a maximal set of edges to G
without creating a copy of Q,,. Then G’ is (Qg4, Qm)-saturated and every edge of G’ has
at least one endpoint in V(Qq) \ Ag. So by , the total number of edges incident to
V(Qaq) \ A is at most O(2%) and so we obtain sat(Qg, @) < |E(G")| = O(2%), as desired.

Before giving the precise details of our construction, let us give a brief overview. As
mentioned above, we wish to create a spanning subgraph G C @ satisfying (P1)-(P3). Now
not only will our construction satisfy (3), but in fact, for each edge e = uv with u,v € Ay,
the addition of e to G will make a very particular copy of Q,,. It will make a copy @ C Qg
such that @ has no more than one variable coordinate in each interval J(i), for i € [m + 1].

We define ¢1 : E(Qg2t—1)) — {0,1,2} and ¢2 : E(Qs) — {0,1,2} be colourings as in
Theorem and let ¢ : E(Qg2r—1)) U E(Qs) — {0,1,2} be the mapping which is equal
to ¢1 on E(Qg2t—1)) and equal to ¢2 on E(Qs). This definition of ¢ will also be used
throughout the proof in the next subsection. Let k be the unique element of [m + 1] such

that u(k) # v(k) and let v = ¢(u(k)v(k)).
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As both endpoints of e are in Ag, there is no triple (j,r,7) such that u(j,r,v) € C or
v(j,r,y) € C. For j # k and every edge xy of () whose variable coordinate is in J(j), there
will exist 7; such that either z(j,7;,7) € C or y(j,r;,7) € C. So roughly speaking, the
additional directions of the copy of Q,, containing e are all created by changing a particular
subinterval to its unique neighbour in Q¢ _; contained in C' (such a neighbour exists because
C'is a dominating set). This is similar to the way the Johnson and Pinto construction works
to create a copy of Q2 (but they are changing some interval to a member of one of four
disjoint Hamming codes).

Johnson and Pinto chose a particular subset of edges to add between Ay and A; (and
amalgamated their parity condition here). Our construction differs as, beginning with
V(Qq), in the first step of our construction we will add every edge which joins a vertex of
Aj with Ajq for 0 < j < m — 2. So given that we have all these edges, the tricky part
of the construction lies with choosing which edges to add within the sets A;, in order to
ensure that G simultaneously satisfies (P1) and that adding an edge uv with u,v € Ay
creates a copy of Q,, of the type described in the previous paragraph. This is where our
parity condition comes into play, and where we apply the result of Conder (Theorem [2.6)).

These are used to control the edges added within the A; and to ‘break’ any potential copies

of Q..

3.2.4 Proof of Theorem [1.4]

We now give the details of our construction. Begin with G = V(Q?) (and E(G) = (). We
add the following edges to G in two steps.

Step 1. Add to G every edge of Qy which joins a vertex of A; to a vertex of A, 1 for
0<j<m—2.

Step 2. Suppose that uv is an edge of Q)4 such that u,v € A; for some 1 < j <m —1. Let
k be the unique element of [m + 1] such that u(k) # v(k). We add the edge uv to G if

(i) either k = m+1 or there does not exist (r',v") € {0,1}x{0, 1,2} such that u(k,r’,~") =
v(k,r,y") € C,

and for every (i,7,7) € [m] x {0,1} x {0, 1,2} such that i # k and v(i,r,7) € C we have
(i) 7 = d(u(k)o(k)), and

(iii) |v| + |v(k)| + |v(@)|+7j—1=7r mod 2.
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Note that is well defined since uw and v differ only on a coordinate of the interval

corresponding to k£ and so for every ¢ # k we have
v + [v(k)| + [v(i)] = |ul + [u(k)] + [u(i)] mod 2.

Before moving on we make a few observations, of which all but two follow immediately
from Steps [1] and

Observation 2.10. A,, U X is a set of isolated vertices in G.
Observation 2.11. A is an independent set in G.
The next observation follows from Step |2 (i).

Observation 2.12. If uv is an edge of G such that u(i,r,v) = v(i,r,y) € C, then
u(i,r’, ") = v(i,",+") for every pair (r',~") € {0,1} x {0,1,2}.

Observation 2.13. If wv is an edge of G such that u(m + 1) # v(m + 1), then u,v € A;

for some 1 < j <m—1.
The next observation follows from the fact that C' is an independent set in Q9t_;.

Observation 2.14. If uv is an edge of G such that (i, r,~y) # v(i,7,7), then at most one

of u(i,r,7) or v(i,r,7v) is in C.

To complete the proof of Theorem it suffices to establish the following two lemmas.
We state these now and show that they imply Theorem before proving the lemmas

themselves.

Lemma 2.15. For every edge uv of Qg such that u,v € Ay, the graph G + uv contains a
copy of Qm-

Lemma 2.16. G does not contain Q,, as a subgraph.

Proof of Theorem[1.]]. If G is not (Qg, Qm,)-saturated, then by Lemma we can extend
G to a (Qg, Qm)-saturated graph G’ by adding a maximal set of edges which do not create
a copy of Q.. By Lemma [2.15| none of these additional edges are between vertices in Ay
and so, by Observation A is an independent set in G’. Thus, every edge of G’ has at

least one endpoint in (| J;-; Ax) U X. The total number of edges incident to vertices of this

(9o

set is at most

d

(U Ak> UX‘ :d|A1’+d

k=1
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Note that |(U, Ax) UX| = O (]C|22d—2(2t—1)>, which is O(29/d?) by 1; and 1;

Therefore the second term of the above expression is 0(2¢) and it suffices to bound d|A;].
We have

dly| < d (6m|C127- D) = (6m2? 127 = ez’

= 6m (6m(2" — 1) + 5) 27" < 72m?2?
by (2.8]). The result follows. O

Remark 2.17. Note that if d is of the form 6m(2' — 1) for some ¢, then we obtain a better
bound: sat(Q4, Qm) < (14 0(1))36m22¢.

Thus, it suffices to prove Lemmas [2.15] and 2.16] See Figure [3.1] for an illustration of

the proof of Lemma [2.15]in a particular case.

Proof of Lemma[2.15, Let uv be an edge of Qg where u,v € Ay and let k be the unique
element of [m + 1] for which u(k) # v(k). Define v := ¢(u(k)v(k)) and let I C [m]\ {k} be
a set of size m — 1. For i € I, pick r; € {0, 1} so that

o] + |v(k)| + |v(@)] =7 mod 2. (2.18)

For each i € I, let ¢; be the unique neighbour of v(i,r;,y) in Qo:_; contained in C
(which exists as C' is a dominating set). Given I' C I, we let vy and up be the vertices of
Qg such that up(i,7;,7y) = vp(i,r;,y) = ¢; for all i € I’ and, on all other coordinates, uy
and vyr agree with uw and v, respectively. In particular, vy = v and uy = u. We will show
that {vp : I' C T} U{up : I' C I} induces a copy of @, in G + uv, which will complete the
proof.

If I' C I, then for any i' € I'\ I’ we see that vy is adjacent to vy and up is adjacent
to upygyy in G via edges added in Step |1} We now wish to show that for () # I' C I, up is
adjacent to vy via an edge added in Step [2l As up,vp € Ajpy, it suffices to show that for
each ) # I’ C I and each i € I’, we have

|'U[/’ —+ |'U[/(l{})| + "l)]/(i)| =7T; =+ ’I/‘ -1 rnod 2. (219)

For each i € I, as C' is a dominating set, v(i,r;,) differs from ¢; in exactly one coordinate.
Consider the process of transforming v to vy by changing |I’| coordinates (one by one).
Each time a coordinate is changed during this process the parity also changes. At no point
is a coordinate in the kth interval changed and a coordinate in the ith interval is changed in
exactly one step. Using this analysis and gives . This completes the proof. [
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Figure 3.1: An illustration of the proof of Lemma in the case that m = 3 and k = 1.

Proof of Lemma[2.16, Suppose, to the contrary, that G contains a copy @ of Q.,. Let
J C [d] be the set of coordinates which are variable under Q). For each i € [m + 1], let J(7)
be the set of coordinates of J which are in the interval of [d] corresponding to i. Moreover,
given (i,r,7) € [m] x {0,1} x {0,1,2}, let J(4,r,7) be the set of coordinates of J which are

in the interval of [d] corresponding to (i,7,7).

Claim 2.20. For each i € [m] there is a pair (r;,7v;) € {0,1} x {0,1,2} such that J(i) =
J(Z'frifyi)'

Proof. Suppose to the contrary that there exists k € [m] and (r,~) # (r',+') such that both
J(k,r,v) and J(k,7’,~') are non-empty.

First, suppose that there exists a vertex v € Q with v(k,r,v) € C. Let u be a neighbour
of v in @ obtained by changing a coordinate in J(k,7’,~"). By Observation the edge
uv is not contained in G, which is a contradiction. Thus, v(k,r,v),v(k,r",v") ¢ C for all
veV(Q).

Now, let Q' be a copy of Q2 in @) obtained by starting with an arbitrary vertex of @
and varying one coordinate of J(k,r,7) and one coordinate of J(k,r’,+"). By the result of
the previous paragraph, we see that V(Q') C A; for some j and so every edge of Q' was
added in Step [2| (therefore j > 1). Let uv be any edge in Q’. As V(Q') C A;, by definition
of Aj;, for every u € V(Q') there exists some triple (¢,7,%), such that v(¢,7,%) € C. By the
conclusion of the previous paragraph and the condition in Step 2 (i), we have ¢ # k.

By Step 2] (ii), 4 = ¢(u(k)v(k)). By taking the edges of ' and restricting them to the
interval of [d] corresponding to k, we see that all of the resulting edges must receive the

same colour under ¢, namely 4. This contradicts the fact that there is no copy of (2 which
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is monochromatic under ¢ (as by definition and Theorem we have chosen ¢ to be a
colouring of F (Q6(2t_1)) with no monochromatic Cy or Cg). This completes the proof of
the claim. O

Claim 2.21. Suppose that |J(i)| > 2 for some i € [m] and let Q' be a copy of Q2 in Q
obtained by starting with an arbitrary vertex and varying two coordinates of J(i). Then

there is a unique vertex v € Q" with v(i,r;,v;) € C.

Proof. By Claim we have J(i) = J(i,74,7;). By Observation if wv is an edge of
@', then we cannot have u(i,r;,7;),v(i,r;,v;) € C. Thus, if there are two vertices u,v of Q'
for which w(i,7;,v:),v(i,7i,7) € C, then they must be non-adjacent. So, in this case, the
vertices of @' alternate between A; and Aj;;1 for some j and every edge of Q' was added
in Step |1l However, this implies that for w € V(Q') such that w(i,r;,7;) ¢ C, the vertex
w(i,7i,7i) of Q9t_1 must have two distinct neighbours in C', which contradicts Theorem

Now we assume that every vertex v of Q' satisfies v(i,r;,v;) ¢ C. However, in this case,
we see that every edge of Q' was added in Step [2l As in the proof of Claim we obtain

a copy of (2 in Qg(2t_1) which is monochromatic under ¢, a contradiction. O
Claim 2.22. |J(i)| <2 for every i € [m].

Proof. Suppose not. Let @’ be a copy of @3 in @ obtained by starting with an arbitrary
vertex and varying three coordinates of J(i). If we vary any pair of these coordinates,
leaving the third one fixed, we obtain a copy of @2 in " which must obey Claim This
implies that there are precisely two vertices x,y € Q' such that x(i,7;,7v;),y(i,7ri,7) € C
and they are at distance 3 in Q' (by Theorem they cannot be nearer). However, now we
get that the vertices of Q' \ {z,y} induce a copy F of Cg in @, where every edge of F was
added in Step [2] As in the proof of Claim taking the edges of F' and restricting them
to the interval of [d] corresponding to i, we see that all such edges must receive the same
colour under ¢. This contradicts the fact that there is no copy of Cg which is monochromatic

under ¢ and completes the proof of the claim. O
Claim 2.23. |[J(m+1)| < 1.

Proof. If not, then let Q' be a copy of Q2 in (Q obtained by starting at an arbitrary vertex and
varying two coordinates of J(m+1). Then, as in the proof of Claim by restricting the
edges of ) to the last s coordinates we obtain a copy of Q2 in Qs which is monochromatic

under ¢, a contradiction. O

Claim 2.24. Suppose that uwv and vw are distinct edges of QQ where u,v,w € A; for some
j. Then there is some k € [m] such that u(k) # v(k) and v(k) # w(k).
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Proof. We show that there cannot exist distinct integers k, k" € [m~+1] such that u(k) # v(k)
and v(k") # w(k’). This is sufficient to prove the claim since, by Claim we cannot
have u(m +1) # v(m +1) and v(m + 1) # w(m + 1).

Suppose that such integers k, k’ exist, and let  be the unique vertex of Q4 distinct from
v which is joined to both v and w in Q4. Note that both of the edges xu and wx are present
in Q. Also, x € A; and so all of the edges uv,vw, wz, xru were added to G in Step [2 This
implies that j > 1 and that there is a triple (i,7,v) with i ¢ {k, &'} such that

u(i,r, 7) = U(i,’l‘, 7) = w(ivra 7) = l’(i,?", ’7) eC.

By the definition of 2 and the assumption that such k, k" exist we have |v| = |z| modulo 2,
|v(7)| = |z(7)| modulo 2 and |v(k)| # |x(k)| modulo 2. So the parity of |v| + |v(k)| + |v(7)] is
different from the parity of |z| + |x(k)| + |z(7)| modulo 2 and so only one can be equivalent
to r. By definition of Step [2| only one of the edges wv and zw can exist in G. This

contradiction completes the proof. O
Claim 2.25. If |J(m+1)| =1, then |J(3)| <1 for all i € [m)].

Proof. If not, let Q' be a copy of Q3 in Q obtained by starting at an arbitrary vertex and
varying one coordinate of J(m + 1) and two of J(i). Then, by Claim there is an edge
wv € E(Q') such that u(i) # v(i) and u,v € A; for some j (in fact, there are many such
edges). Now, let w be the neighbour of v in @’ obtained by changing the coordinate of
J(m + 1). By Observation we have that w € A; as well. However, this contradicts
Claim [2.24] O

Claim 2.26. There is at most one i € [m] for which |J(i)| = 2.

Proof. If not, let 7,4 € [m] such that |J(i)| = |J(i')] = 2 and let Q" be a copy of Q4 obtained
by starting at an arbitrary vertex and varying two coordinates of J(i) and two coordinates
of J(i). By Claim we see that there must exist edges uv,vw € FE(Q') such that
u(i) # v(1), v(i') # w(@’) and u,v,w € A; for some j. This contradicts Claim and
completes the proof. O

Now, let us complete the proof of the claim. Throughout, for each i € [m], we let (r;,7;)
be a pair such that J(i) = J(¢,7i,7), which exists by Claim In what follows, we let
J* be the minimum integer j such that V(Q) N A; # 0 and let v* € V(Q) N A;«. Note that
for every i € [m] such that J(i) # () we must have v*(i,7;,v;) ¢ C. If not, then starting
with v* and changing a coordinate of J (i) yields a vertex of @ N A;«_; by Observations
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and contradicting our choice of j*. By Claims and there is at most one
i € [m] such that J(i) = (). This implies that

j* e {0,1}, (2.27)
where 7 must equal zero if no such ¢ exists. We divide the proof into cases.
Case 1: |J(i)| = 1 for every i € [m)].

In this case, we must have j* = 0 and so v* € Ay. However, if we start with v and
change the coordinate of J(i) for any ¢, then we obtain a vertex u with w(i,r;,v;) € C
by Observation [2.11] Thus, changing all m of these coordinates yields a vertex w such
that w(i,r;,y;) € C for all i € [m]; that is, w € A,,. This is a contradiction since, by
Observation w is an isolated vertex and therefore cannot belong to Q.

Case 2: |J(m+1)| = 1.

Let u be the neighbour of v* in @ obtained by changing the coordinate in J(m + 1).
We must have u,v* € Ay by and Observation m This implies that there is some
i € [m] such that J(i) = 0 and v*(¢,r;,7;) € C. Also, by Claim and the pigeonhole
principle, we must have |J(i")] =1 for every i’ € [m] \ {i}.

Now, for each i € [m]\ {i}, let w; be the neighbour of v* in Q) obtained by changing the
coordinate in J(i'). By Claim and the fact that u,v* € Ay, we cannot have w; € Aj.
So, by our choice of j*, we must have wy (i, 7y,7v) € C. As in the proof of Case [1} if we
start with v* and change the coordinate of J(i') for every i’ € [m]\ {i}, we obtain a vertex
of A, contained in @, contradicting Observation [2.10] This completes the proof in this

case.
Case 3: |J(i)| = 2 for some i € [m].

By Claim there is a neighbour u of v* in ) obtained by changing a coordinate in J ()
such that v € Aj«. This immediately implies that j* =1 by and Observation m

Now, for each i’ € [m] for which |J(i")| = 1, let wy be the neighbour of v* in @ obtained
by changing the coordinate in J(i'). By Claim and the fact that u,v* € Ay, we must
have wy (i',ry7,vi) € C. Thus, if we let x be the vertex obtained from v* by changing the
coordinate of J(i') for every such i’, then x € A,,_1.

Let Q' be the copy of Qs in Q obtained by starting at x and varying the two coordinates
of J(i). Then, by Claim there must be some vertex y of @' such that y(i,r;,v;) € C.
However, this implies that y € A,,, contradicting Observation [2.10l This completes the
proof of Lemma and of Theorem O
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3.3 Weak Saturation

We now turn our attention to weak saturation. The study of wsat(F, H) was initiated by
Bollobas [29] in 1968. Motivated by the problem of determining the saturation number of k-
uniform hypergraphs for k& > 3, he proved that sat(K,, K,,) = wsat(K,, K,,) for 3 <m < 7.
He later conjectured in [30] that sat(K,, K,,) = wsat(Kp, K,,) for all m > 3.

This conjecture was originally proved by Lovéasz [94] using a very beautiful generalisation
of the Bollobds Two Families Theorem [28]. The ‘skew’ Two Families Theorem of Lovész has
a lovely proof using exterior algebras. Kalai [81] and Frankl [58] independently discovered
the ‘skew’ version, also proving it via using linear algebraic techniques in combinatorics.
The conjecture has since been proved using a variety of different methods (see [82) [137]).
More recently, other generalisations of the Two Families Theorem have been proved and
applied to determine weak-saturation numbers in a hypergraph setting (see [3, [106]). For
more background and references about results on the weak saturation number, see Section
10 of [53].

We now introduce the theorem we will prove in this section that will imply Theorem
Given k > 2 and d > 1, the d-dimensional k-grid denoted [k]? is the graph with vertex
set [k]? where two vertices are adjacent if they differ by one in some coordinate and are

4 is isomorphic to the hypercube Qg

equal in the other d — 1 coordinates. In particular, [2]
defined previously.

Given k > 7 > 2 and d > m > 1, say that a copy of [r]™ in [k]? is axis aligned if it
is induced by a set of vertices of the form I; x --- x I; where exactly m of the sets I; are
intervals of length r in [k] and the rest are singletons. Let wsat*([k], [r]™) be the minimum
number of edges in a spanning subgraph G of [k]¢ such that the edges of E([k]?)\ E(G) can
be added to G, one edge at a time, such that every added edge creates an axis aligned copy

of [r]™. We prove the following.

Theorem 3.1. Fork>r>2andd>m>1,

wsat* ([k]%, [r]™) = zd: Z(m —1+44) (j) (d B j) (k-7 +1)i(r — 2)

where, by convention, 0° = 1.

We remark that if » = 2 or d = m, then every copy of [r]™ in [k]? is axis aligned. Thus,
in these cases, wsat*([k]?, [m]") = wsat([k]¢, [m]"). In particular, Theorem [1.5|is implied by
the case k = r = 2 of Theorem B.1]
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3.3.1 Outline of the Proof

Before embroiling ourselves in the details of the proof, let us briefly summarise how it will
proceed in the case where k = r = 2. The multidimensional grid case will be slightly more
technical (as now coordinates can take on more than two values and, for r > 3, [r]™ is not
vertex transitive), but the key ideas will emerge from sketching the hypercube case. In this
case, we have wsat*([2]%, [2]™) = wsat(Qg, Qm) as every subhypercube of Qg is axis-aligned.

To prove the bound on wsat(Qg, @), we will provide both an upper bound and a
matching lower bound. To give an upper bound, it suffices to provide a construction of
a spanning subgraph G C Qg with the correct number of edges that is weakly-(Qg, Qm )-
saturated. Let G be a graph obtained from V(Q,), by adding precisely min{|v|,m — 1}
edges from every vertex v to vertices of lower weight. Observe that G is not unique. There
may be many choices of edges to add.

In particular, every edge between vertices of weight at most m — 1 is contained in G.
Now let us sketch why G is weakly-(Q4, Qm)-saturated. We must show that there exists an
ordering of the edges of E(Qg) \ G, such that the addition of each edge creates a new copy
of Q. This will proceed by induction on |v|.

Let v be the vertex of lowest weight that has a neighbour u in Q4 of lower weight such
that uv has not yet been added. Let G’ be the union of F(G) and the edges that have been
added so far. By construction, there are (at least) m — 1 distinct edges fi,..., fm—1 in G
from v to vertices of lower weight. Let J be the set of coordinates that vary in the edges
wv and f1,..., fm_1. So J is a set of m distinct coordinates.

The set of vertices {v — ZjeJ' ej:J C J} induces a copy @ of Q,, in Q4. As v is the
vertex of highest weight in @Q, by the inductive hypothesis and choice of J, every edge of
Q apart from wv is contained in G’. So the addition of uv creates a new copy of @, as
required. This completes the discussion of the upper bound.

Finding a lower bound is more tricky, as we must show that no graph with fewer than
|E(G)| edges can be weakly-(Qg, Qm)-saturated. In order to do this, we apply a lovely
linear algebraic lemma from [I6]. Roughly speaking, this lemma tells us that to find a
lower bound on wsat(Qg, @) it suffices to find a vector space W and a family of vectors
{fe:e € E(Qq)} € W satisfying some specific conditions. We find such a family and apply
the lemma to obtain our matching lower bound. In particular, the vectors corresponding
to the edges of G will be linearly independent. The precise construction of the vectors will

be given in the proof of Theorem This completes our overview of what is to come.

3.3.2 A Lovely Linear Algebraic Lemma

The lemma used to obtain the lower bound is stated as follows.
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Lemma 3.2 (Balogh, Bollobas, Morris and Riordan [16]). Let F' be a graph, let H be a
collection of subgraphs of F', and let W be a vector space. Suppose that there exists a set
{fe:ee€ E(F)} CW such that for every H € H there are non-zero scalars {c. : e € E(H)}
such that ZeeE(H) cefe =0. Then

wsat(F, H) > dim (span{f. : e € E(F)}).

We include the proof from [16] as it is short and contains a very beautiful idea. The
essence of the proof is to track the dimension of the vector space associated to the edges
in the graph at each step of the process, and to show that at no point does the dimension

increase.

Proof. Let G be a weakly (F,#H)-saturated graph. Define Gy := G and label the edges
of E(F)\ E(G) by eiq,...,e such that for 1 < ¢ < k there is a subgraph H; € H of
G; := Gj_1+e; such that H; contains e;. Thus, by hypothesis, f., can be written as a linear
combination of the vectors in {f. : e € E(H;) \ {e;}}. This implies that

span{fe:e € E(Gyg)} =span{f.:e € E(Gy)} =---=span{f. : e € E(Gy)}.

Since G = Gy and F' = G, it must be the case that |E(G)| > dim (span{f. : e € E(F)}).
Since G was an arbitrary weakly (F,H)-saturated graph, this completes the proof. O

For other examples in which the notions of linear dependence and independence are
applied to solve problems in weak saturation, see Alon [3], Kalai [82] and Pikhurko [T10, [1T1].

Balogh, Bollobas, Morris and Riordan [I6], used Lemma to solve a problem about
the H-bootstrap process (defined in Section of Chapter (1)) that can be thought of as a
‘vertex’ version of a weak-saturation problem. For fixed graphs G and H, they considered
the case where H is a hypergraph with vertex set V(H) := V(G) and edge set E(H) :=
{U C V(G) : GIU] & H}, (i.e. each edge is a set of vertices of G that induces a copy
of H). They determined the minimum size of a percolating set in H when G = K and
H=KP" forallk>r>2andd>m>1 (here K{ is the graph with vertex set [k]¢ and
two vertices are adjacent if they differ (by any amount) in exactly one coordinate). They
also determined the minimum size of a percolating set in #’, where V(H') := V ([k]?) and
a subset U C V(#H') is in E(#H') if and only if it induces an axis aligned copy of [#]™ in [k]?,
forall K > r > 2 and d > m > 1. Somewhat surprisingly, the two quantities are the same.
An analogous relationship between the H-bootstrap process and weak-saturation will be
discussed in Chapter

To solve this problem, Balogh, Bollobas, Morris and Riordan gave a clever construction

of a suitable vector space and then proved that it has the same dimension as a suitable
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percolating set. The result then follows by Lemma Our proof of Theorem [3.1] uses the

same approach, but requires a different construction.

3.3.3 Proof of Theorem [3.1]

In this subsection we prove Theorem which immediately implies Theorem

Given a vertex v of [k]?, say that a coordinate of v is large if it is at least r and small
otherwise. We let L(v) denote the number of large coordinates of v and let |v| denote the
sum of the coordinates of v. Given i € [d], a line £ in direction i is a k-vertex path in [k]?

in which any two vertices of £ differ on the ith coordinate.

Proof of Theorem[3.1} Let G be a spanning subgraph of [k]¢ in which, for each vertex v,

(1) we add every edge uv of [k]¢ such that |u| = |v] — 1 and w and v differ on a small

coordinate of v, and

(2) we add min{L(v), m — 1} edges uv of [k]? such that |u| = |v| — 1 and u and v differ

on a large coordinate of v.

Let us now count the number of edges in G. We will first count the number of vertices v
with ¢ small coordinates strictly greater than one (note there exists no u with |u| = |v| — 1
that differs on a small coordinate equal to one). Each v contributes i edges via (1) and
min{L(v), m — 1} edges via 2. For every v with ¢ small coordinates, we will initially count
(m — 1+ i) edges, then we will subtract the number of edges which we have overcounted
(for when L(v) < m —1).

As there are d coordinates, each vertex can have 0 < j < d large coordinates. Given
7, there (;’l) choices for which set of coordinates are large and there are k — r + 1 possible
values of each large coordinate. Now once the large coordinates have been fixed, a vertex
can have 0 < ¢ < d — j small coordinates strictly greater than one, and there are r — 2
choices for each such coordinate. So counting (m — 1+ 1) edges for every vertex with ¢ small

coordinates gives

idzj —1+41) (d><d;j)(k—r+1) (r —2)%

7=0 i=
We now determine what is overcounted by this sum in order to subtract it. This concerns
the vertices v where L(v) < m — 1. Each such vertex has 0 < j < m — 2 large coordinates
and we have counted m — 1 edges where we should have counted j. So we should subtract

m — 1 — j for each such vertex. Therefore we must subtract

S 1-a(§) (a2

7=0 i=
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Putting this all together gives

So, to prove the upper bound, we need only show that G is weakly ([k:]d, [r]m)-saturated.
We prove by induction on |v| that adding a missing edge of E([k]?) \ E(G) from v to a
vertex u with |u| = |v| — 1 creates a new copy of [r|™. By construction, for every missing
edge uv with |u| = |v| — 1, the coordinate on which v and v differ is large in v. For any
vertex x, if L(x) < m — 1, then all edges zy with |z| = |y| — 1 are already present in G.
So let v = (v1,...,v4) be a vertex with L(v) > m, such that for every vertex u with |u|
< |v|, every edge obtained by decreasing a coordinate of u has been added. Let G’ be the
union of E(G) and the edges that have been added so far. Let y be a neighbour of v such
that |y| = |v| — 1 and y and v differ on a large coordinate of v. Without loss of generality,
assume that v and y differ on the first coordinate. As L(v) > m, we have that G’ contains
m — 1 edges wv with |w| = |v| — 1 such that the coordinate on which w and v differ is large
in v. Without loss of generality, assume that each of these edges are obtained by changing
the 2nd to mth coordinates of v respectively. Now consider the m-dimensional r-grid in

[k]? induced by the vertices

{v1=(r—=1),...;01} X ... x{vpm —(r=1),....0m} X {(Vms1,---,04)}

By our inductive hypothesis, every edge of this grid is in G’ apart from vy. Thus adding
vy completes a new copy of [r]™. This completes the proof of the upper bound.

For the lower bound, we apply Lemma where H consists of all axis aligned copies
of [r]™ in [k]?. So, it suffices to show that there exists a vector space W and a set

{fe:e€ E([k]Y)} CW which satisfy the hypotheses of Lemma such that

dim (span {fe ecE ([k:]d) }) > |E(Q)|. (3.3)

The space W that we choose is the direct sum of k% copies of R™~!, one for each vertex of

[k]¢, and dk?~! copies of R"~2, one for each line in [k]?. That is,
woe (@) o (@)
x L

where x ranges over all vertices of [k]? and £ ranges over all lines in [k]?. Given a vector w

of W, a vertex = of [k]¢ and a line £ of [k]?, let 7,(w) denote the projection of w onto the
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copy of R™~! corresponding to x and let mz(w) denote the projection of w onto the copy
of R™=2 corresponding to £. Note that w is determined by its projections.

For n > 1, a collection Z C R” is in general position in R™ if any set of at most n vectors
from Z is linearly independent. Let Z := {z1,..., 24} be a collection of d vectors of R"1

in general position. Also, let Y := {yi,...,yr_2} be a set of k — 2 vectors of R"~2 such that

Y1, .., Yr—o are linearly independent,

r—2

j=1
and for ¢ > r, y; = y;—r4+1. Thus any consecutive r — 2 vectors vy, ..., Yitr—3 are linearly
independent and any consecutive r — 1 vectors y;,...,¥;1r—2 Sum to zero. Suppose that

e = uv is an edge of [k]? such that u and v differ on coordinate i € [d] and let t be the
maximum of the ith coordinates of v and v. Further, let £ be the unique line of [k]?

containing e. We define f, to be the vector of W such that
o Tu(fe) = m(fe) = 2 and m.(fe) = 0 for every x € V([k]%) \ {u,v}, and
e m =y, and 7 = 0 for every line £/ # L.

In order to apply Lemma [3.2] we need to show that for every axis aligned copy P of
[7]™ in [k]? there are non-zero scalars {c. : ¢ € E(P)} such that >ccr(p) Cefe = 0. Let P
be an axis aligned copy of [r]™ in [k]? and let I C [d] be the set of m coordinates which vary
under P. As the vectors of Z are chosen to be in general position in R”~! any subset of Z
with cardinality m is minimally linearly dependent. Therefore there exists a set of non-zero
scalars {c; : i € I} such that ), ;c;z; = 0.

For each vertex v of P, let M(v) C [d] be the set of indices j such that both v —e; and
v + e; are contained in P. Define the lines of P to be the r-vertex paths in P obtained by
taking the intersection of a line of [k]¢ with V' (P). Note that |M (v)| is precisely the number
of lines of P in which v has degree two. For each line £ of P, define m(L) := |M(v)| where
v is an endpoint of £ (clearly the endpoints give the same value). For each i € I, let E;
be the set of all edges of P for which ¢ is the variable coordinate. For each edge e € E;
contained in a line £ of P, define d, := 2™(L)¢;. We claim that ZeeE(P) defe = 0.

First, let £ be a line of P in direction ¢. Then, for some ¢ > r, we have

t

me | Y defe| = ) deme(fe)= Y 2"Ceme(fe) =2"e Dy

ecE(P) ecE(P) ecE(L) Jj=t—r+2

However, this sum is equal to zero by (3.4)).
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Now, fix a vertex v of P and for each ¢ € I let £; be the line of P in direction ¢ containing
v. We have

Ty Z defe = Z deﬂ'v(fe)

e€E(P) c€E(P)
= Z Z 2m Czﬂ'v fe + Z Z 2m CZTI'U fe)
ieM(v) e€E; €T\ M (v) e€E;

which is equal to

Z om(£ Cﬂrv(fe)‘F Z 2m(£i)ci77v(fe)

i€M (v i€T\M (v)
by definition of M (v). We observe that, for any i € M(v), we have m(L;) = |M(v)| — 1
and for any ¢ € I\ M(v) we have m(L;) = |M(v)|. Therefore, the above sum is equal to
2M)I$™. 1 ¢iz; which is zero by definition of {¢; : i € I}. Combining this with the result
of the previous paragraph, we get . E(P) defe = 0, as desired.

To complete the proof, it suffices to prove (3.3). To do so, we let G be a graph as
in the proof of the upper bound and show that the vectors of {f. : e € E(G)} are linearly
independent. Let {c. : e € E(G)} be any set of scalars, not all of which are zero, and let F’
be the spanning subgraph of G containing all edges e € E(G) such that ¢, # 0. Let v be a
vertex of non-zero degree in F' such that |v| is maximum.

First, consider the case that v has degree at most m — 1 in F. Let J denote the set of

dr(v) coordinates such that, for each j € J, the edge from v to v —e; is present in F'. Then

E cemy(fe) = E ciZj,

e€E(G) jeJ

for some set of non-zero scalars {c; : j € J}. Since |J| < m — 1 and the vectors of Z are in
general position, this sum is non-zero and therefore ) . E(G) Ce fe #0.

Now, suppose that v has degree at least m in F. By construction of G, this implies that
there is a coordinate j which is small for v such that the edge e from v to v — e; is present
in F. Let £ be the unique line of [k]? containing e. Then, by maximality of |v|, every edge

of £ contained in F' joins two vertices for which j is a small coordinate. This implies that

Z Ceﬂ'ﬁ fe Zczyzv

e€E(F)

for some set of non-zero scalars {c¢; : 2 < i < r—1}. Thus, since the vectors ya, ..., y,—1 are
linearly independent, this sum is non-zero and we obtain ) . B(G) Ce fe # 0, which completes

the proof. 0
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Remark 3.5. The proof of Theorem implies that, for most values of k > r > 2
and d > m > 1, there are many tight examples. For an example in two dimensions, see

Figure (3.2

—=o -9 -9 -9 -9 —o - o -
—=9 -9 -0 -¢ -9 —9 - ¢ -
—=o - -6 - ¢ -9 —=o - @
—=o - ¢ -6 - ¢ -9 —o—o -

| |
—e —o—+¢ 9 ¢ r I r
—o—o0—o—0—o —eo ®

Figure 3.2: Two non-isomorphic weakly ([6]?,[3]%)-saturated graphs with wsat ([6]%, [3]?)
edges.

3.4 Open Problems

Many interesting open problems remain, and we mention some of them here.

3.4.1 Minimum Saturation

Recall that we were able to prove a better upper bound on sat(Qg, @) when d is of the
form 6m(2¢ — 1) than for general values of d (see Remark [2.17)). It is not clear whether
this is simply an artifact of our proof, or part of a more general phenomenon. We ask the

following.

7831:(%‘2’@”“) exist?

Question 4.1. For fited m > 2, does limg_,

An answer to this would resolve a particular case of the natural analogous conjecture
to Conjecture [2.3] where K, is replaced by Q4. As it stands, the best known lower bound

on sat(Qg, Qm) is (m — 1 — 0(1))2%, which follows from Theorem and (1.1). We doubt
that this bound is tight. We ask the following.

Question 4.2. For fized m > 2, let ¢, := liminfy_,o sat(Qq, Qm)/2%. Does tm — 00?
It would also be interesting to study saturation numbers in the grid.

Question 4.3. Fix m > 2, r > 2 and k > max{r,3}, and let d — co. Is it true that

sat* ()%, [11™) = o (IE(K])1)?
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How about
sat*([k]%, [r]™) = O(k")?

Here, the notation sat® indicates that we are considering axis aligned copies of [r|™ in
[£]7.

Recall that K ,‘3 is the graph with vertex set [k]? in which two vertices are adjacent if they
differ (by any amount) in exactly one coordinate. As mentioned above, sat(K}, K,) has been
determined for all values of £ and r. One could also consider the following multidimensional

analogue.
Problem 4.4. Fork>r > 2 and d > m > 1, determine sat (Kg, K},”)

The problem of determining sat (K}, Cy) was raised by Bollobés [30] and has been ex-
tensively studied. The case ¢ = 3 is trivial, and the cases £ = 4 and ¢ = 5 were solved by
Ollmann [I08] and Chen [39, [40], respectively. The first non-trivial bounds for general ¢
were given by Barefoot, Clark, Entringer, Porter, Székely, and Tuza [20], who proved that

there are positive constants ¢; and ¢y such that, for ¢ # 8, 10,
(1+c1/0)n <sat (K, Cp) < (1+co/l)n.

The value of ¢y was improved by Gould, Luczak and Schmitt [64]. Currently, the best
general upper and lower bounds are due to Fiiredi and Kim [60]. It is natural to ask about

cycles in the hypercube.
Problem 4.5. For £ > 2 and d > log,(20), determine sat(Qgq, Car).

More generally, similar questions can be asked for cycles in [k]? or K ff. We remark that
the related problem of determining ex (Qq4, C2¢) was proposed by Erdds [47] and is very well
studied; see, e.g., [9], 17, 34, [42H44] 61, 62, [122].

3.4.2 Weak Saturation

As mentioned above, it has been proved that wsat(Ky, K,) = sat(Ky, K,) for all k£ and r.

A multidimensional version of this problem also seems interesting.
Problem 4.6. For general 1 < m < d and 2 <r <k, determine wsat (Kg, K,’,”)

As mentioned in Section the ‘vertex version’ of Problem [4.6| was solved in [16].
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3.4.3 Semi-saturation

Johnson and Pinto [80] also study another type of saturation problem, which is often referred
to as semi-saturation [45] [60] (other terms have also been used: see [30, R1], 103, 110} [127]).
Given graphs F' and H, say that a spanning subgraph G of F' is (F, H)-semi-saturated if for
every edge e € E(F)\ E(G), the graph G + e contains more copies of H than G does. Note
that G may contain H as a subgraph. Let ssat(F, H) denote the semi-saturation number,
which is the minimum number of edges in a (F, H)-semi-saturated graph. Then it is easy
to see that
wsat(F, H) < ssat(F, H) < sat(F, H).

Johnson and Pinto [80] proved that ssat(Qq, @m) < (m?+ m/2) 2%. Based on this result
and (1.3]), they asked whether ssat(Qgq, Q2) is equal to sat(Qg, Q2) for sufficiently large d
and, if not, whether limsup,_, Sat(QQ%QQ) > limsupy_, o %. Given Theorem M it

now seems natural to pose these questions more generally.

Question 4.7. For fired m > 2, is ssat(Qq, @m) is equal to sat(Qq, Qm) for sufficiently

sat(Q,Qm) ssat (Q4,Qm)
2d 24 ’

large d? If not, is limsup,y_, o, Qm) > Jim SUD 00

Of course, the open problems on saturation mentioned above also make sense for semi-

saturation.






Chapter 4

Extremal Bounds for Bootstrap
Percolation in the Hypercube

Joint work with Jonathan A. Noel

4.1 Introduction

A cellular automaton is a dynamic process on a discrete set of ‘sites’ in which each site is
initially assigned to one of a finite number of ‘states’ and, at each time step, the states are
updated according to a deterministic rule depending on the current states of nearby sites.
The notion of a cellular automaton was formally introduced by von Neumann [I31] but
grew out of his discussions with Ulam during the 1940’s and 50’s (see [130] or [120]). The
focus of this chapter is on a well studied example of a simple cellular automaton known as
the r-neighbour bootstrap process, introduced by Chalupa, Leath and Reich [38].

Recall the following definition, given in Section of Chapter Given a positive
integer r and a graph G, the r-neighbour bootstrap process begins with an initial set of
infected vertices of G and, at each step of the process, a vertex becomes infected if it has at
least r infected neighbours. More formally, if Ag is the initial set of infected vertices, then

the set of vertices that are infected after the jth step of the process for j > 1 is defined by
Aj = Aj,1 @) {’U € V(G) : |Ng(’0) N A]’,1| > T‘},

where N¢(v) denotes the neighbourhood of v in G. We say that Ag percolates if (J;Zy A; =
V(Q).

The r-neighbour bootstrap process was introduced as a mathematical simplification of
existing dynamic models of ferromagnetism [38]. Since then, it has been used to model many
other complex processes, such as the spread of opinion through a social network [65] [134]

and the impact of defaults in banking systems [5]. It also been used in the study of crack

81
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formation, computer storage arrays and hydrogen mixtures (see the survey [1] for more
details on these and other applications). In addition, advances in bootstrap percolation
have been highly influential in the study of more complicated processes including, for ex-
ample, the Glauber dynamics of the Ising model [56, [10I]. In recent years, there has been a
surge of interest in the behaviour of the r-neighbour bootstrap process on various distribu-
tions of random graphs motivated by potential applications in understanding propagation
phenomena in real-world networks; see, for example, [4] 6] [7, 19} [32], 57, [70, [78, [79] [83].
The most well studied problem about the r-neighbour bootstrap process is to estimate
the critical probability at which a randomly generated set of vertices in a graph G becomes
likely to percolate. To be more precise, for p € [0, 1], suppose that Ay is a subset of V(G)
obtained by including each vertex randomly with probability p independently of all other

vertices and define
pe(G,r) :=inf {p : P (Ay percolates) > 1/2}.

The problem of estimating p, ([n]d, r) for fixed d and r and n — oo was first considered by
Aizenman and Lebowitz [2] and subsequently studied in [12} 36} 37, [66], [76]. This rewarding
line of research culminated in a paper of Balogh, Bollobds, Duminil-Copin and Morris [11]
in which p, ([n]d, r) is determined asymptotically for all fixed values of d and 2 < r < d.

Comparably, far less is known about the critical probability when d tends to infinity. In
this regime, the main results are due to Balogh, Bollobds and Morris in the case r = d [13]
and r = 2 [14]. In the latter paper, the extremal bound below was applied to obtain
precise asymptotics for p, ([n]d, 2) whenever d > log(n) > 1. In contrast, very little is known
about the critical probability for fixed » > 3 and d — oco. For example, the logarithm of
Pe (Qg,3) is not even known to within a constant factor (see [14]). As was mentioned in [16],
motivation for studying m (Qg,r) stems from its potential applications to obtaining good
estimates for p. (Qg,r) when d — oo. One stumbling block in determining this has been
the lack of an asymptotically tight lower bound m (Qg4,7) for r > 3.

In the case r = 2 the value of m(Qg,r) was determined completely.

Theorem 1.1 (Balogh, Bollobas [10]).

s =[] 41

They also made the following conjecture (see also [14} [16]): For fixed r» > 3 and d — oo,

m(@ar) =2 ( 1),

T r—1
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As described in equation (3.2]) of Chapter [1, an upper bound of

dr—l dr_2(’l" 4 2)
7! 2r(r —2)!

m(Qq,7) < +0(d"?). (1.2)

follows from a construction based on Steiner systems. The previous best known lower
bound, obtained using Theorem [I.1] was linear in n.

In this chapter, we prove the conjecture of Balogh and Bollobas.

Theorem 1.3. Ford>1r>1,

r—1 . 5j—1
m(Qda >27’ 1+ < j ) 1>‘72
1

r— r
iz J
where, by convention, (Z) =0 when a < b.

This theorem provides a lower bound that matches ([1.2)) in the first order term. In
order to prove Theorem we will exploit a relationship between bootstrap percolation
and weak saturation. Our proof of Theorem relies on the following bound:

wsat (G, Sr4+1)
r

m(G,r) >

(1.4)

where S,11 denotes the star with r + 1 leaves. A slightly stronger version of (|1.4]) is stated
and proved in the next section. We obtain an exact expression for the weak saturation

number of S,;; in the d-dimensional hypercube Qg.

Note that when d > r, this is equivalent to writing

r d—i—1\ .
Wsat(Qd,STH)—Z( rij >32J 1

j=1
Theorem |1.3| follows directly from Theorem [1.5| and .
Thinking beyond the hypercube, for d > r > 1 we also determine an exact expression
for the weak saturation number of 5,11 in the d-dimensional a; X --- X ag4 grid, denoted by
1%, [a]. (The d-dimensional k-grid [k]¢ introduced in Chapter [3]is the specific case where

a1:a2:-~:ad:k.)
Theorem 1.6. Let G := Hle[ai]. Ford>r>0anday,...,aq > 2,

r—|S|—-1 B o '
wsat(G, Spp1) = Y (H(ai - 2)) ((r — sty (d r|—5\|sy ij 1)]'2]1).
j=1

SC[d] \i€S
|S|<r—1
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Observe that a lower bound on m (H;-i:l [ai],r) follows from Theorem |1.6/ and 1' To
our knowledge, the combination of Theorem and (1.4) implies all of the known lower

bounds on the cardinality of percolating sets in multidimensional grids. In particular, it

implies the (tight) lower bounds

and . ]
m (L[l[aim) > F:l(;ﬂ Tl (1.7)
established in [109] and [I0], respectively.
Concerning upper bounds, we give a recursive upper bound on m (Qg, r), which improves
on the second order term of . In the case r = 3, we use this to determine the exact

value of m(Qg, 7).
_ | d(d+3)
Theorem 1.8. For d > 3, we have m(Qq,3) = {T—‘ +1.

As well as considering the minimum cardinality of a percolating set, a number of other
extremal results have been established about the 2-neighbour process. The maximum size
of a minimal set that percolates under the 2-neighbour process has been studied in [n]?
by Morris [100] and in the hypercube by Riedl [I17]. The maximum time that a set
takes to percolate under the 2-neighbour process has also been studied in the hypercube
by Przykucki [I15] and in [n]? by Benevides and Przykucki [21, 22]. Also, Shapiro and
Stevens [121] studied the structure of the sets of minimum size that percolate under the
2-neighbour process on [n]?.

The rest of the chapter is organised as follows. In the next section, we outline our ap-
proach to proving Theorems [1.3] and [I.6| and establish a preliminary lemma. In Section .3
we determine the value of wsat (Qg, Sy41), from which we derive Theorem [1.3]via (L.4). We
then determine wsat (Hf-l:l[ai], Sr—i—l) in full generality in Section using similar ideas
(which become somewhat more cumbersome in the general setting). In Section we
provide constructions of small percolating sets in the hypercube and prove Theorem In
Section for interest, we give an explicit construction that provides an alternate proof of
Lemma 3.3 Finally, we conclude the chapter in Section by stating some open problems

related to our work.

4.2 Preliminaries and Proof Outline

As mentioned in Chapter |1 the previous best known lower bound on m(Qg4, ) was only

linear in n. Therefore, even in the case r = 3, there was a large gap between the quadratic
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upper bound described in Chapter [I| and this lower bound. Here we describe how we prove
our better lower bound.

The key idea behind the proof of Theorem [I.3] is to study a related process on the
edges on the hypercube, rather than to directly analyse the vertex process. Indeed, in
this section we will prove a lemma (Lemma that implies , which gives a direct
relationship between the r-neighbour bootstrap percolation process and a weak-saturation
process. In particular, to find a lower bound on m(Qg,r), it suffices to find a lower bound
for wsat(Qg, Sy+1)-

Given this relationship, the proof will proceed by finding a good lower bound for
wsat(Qq, Sr+1). In fact, we will determine wsat(Qq, Sr+1) exactly (Theorem |1.5). To do
this, as in Chapter [3| we must prove matching upper and lower bounds on wsat(Qg, Sr+1).
Recall that to prove an upper bound on a weak saturation number, one only needs to con-
struct a single example of a weakly saturated graph of small size and this is what we will do.
As in Chapter [3] our main tool for proving the lower bound is the linear algebraic lemma
of Balogh, Bollobas, Morris and Riordan [16] of Chapter

We now prove the following lemma, which improves on for graphs with vertices of
degree less than 7 (including, for example, the graph ngl[ai] for d < r).

Lemma 2.1. Let G be a graph and let F' be a spanning subgraph of G. Define
Ap :={v e V(G) : dp(v) > min{r,dg(v)}}.

If Ap percolates under the r-neighbour bootstrap process on G, then F is weakly (G, Sy41)-

saturated.

Proof. By hypothesis, we can label the vertices of G by v1,...,v, in such a way that
o {7)17~-7U|AF\} = Ap, and
e for |Ap|+ 1 < i <mn, the vertex v; has at least r neighbours in {vy,...,v;_1}.

Let us show that F' is weakly (G, S,+1)-saturated. We begin by adding to F' every edge of
E(G)\ E(F) which is incident to a vertex in Ap (one edge at a time in an arbitrary order).

For every vertex v € Ap, we have that either
e there are at least r edges of F' incident to v, or

e every edge of GG incident with v is already present in F'.
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Therefore, every edge of F(G) \ E(F) incident to a vertex in Ap completes a copy of Sy41
when it is added.

Now, for each i = |Ap|+ 1,...,n in turn, we add every edge incident to v; which has
not already been added (one edge at a time in an arbitrary order). Since v; has at least r
neighbours in {v1,...,v;_1} and every edge incident to a vertex in {vy,...,v;_1} is already
present, we get that every such edge completes a copy of 5,11 when it is added. The result
follows. O

For completeness, we will now deduce (1.4) from Lemma

Proof of . Let Ap be a set of cardinality m(G,r) which percolates with respect to the
r-neighbour bootstrap process on GG and let F' be a spanning subgraph of G such that
drp(v) > min{dg(v),r} for each v € Ap. Note that this can be achieved by adding at
most r edges per vertex of Ap and so we can assume that |E(F)| < r|4p| = rm(G,r). By
Lemma F' is weakly (G, Sy41)-saturated and so

wsat (G, Sr+1) < |E(F)| < rm(G,r)
as required. ]

We turn our attention to determining the weak saturation number of stars in hypercubes

and, more generally, in multidimensional rectangular grids.

4.3 The Hypercube Case

Our goal in this section is to prove Theorem This proves the case a3 = -+ = aq = 2
of Theorem and, as discussed earlier, implies Theorem via (1.4]). First, we require

some definitions.

Definition 3.1. Given k > 1, an index i € [k] and = € R¥, let x; denote the ith coordinate
of z. The support of x is defined by supp(x) := {i € [k] : z; # 0}.

Definition 3.2. The direction of an edge e = uv € E (Qy) is the unique index ¢ € [d] such
that u; # v;. Given a vertex v € V(Qq), we define e(v,4) to be the unique edge in direction

i that is incident to v. We say that e(v, 1) is a label for e.

Note that each edge of @4 receives two labels (one for each of its endpoints). Our

approach will make use of the following simple linear algebraic fact.

Lemma 3.3. Let k > ¢ > 0 be fized. Then there exists a subspace X of RF of dimension
k — ¢ such that |supp(x)| > £+ 1 for every x € X \ {0}.



4.3. THE HYPERCUBE CASE 87

Proof. Define X to be the span of a set {vy,...,vp_¢} of unit vectors of R* chosen inde-
pendently and uniformly at random with respect to the standard Lebesgue measure on the
unit sphere S¥~1. Given a fixed subspace W of R¥ of dimension at most £ and 1 < i < k—,
the space

span (W U {v1,...,vi-1})

has dimension less than k. Thus, the unit sphere of this space has measure zero in S*~1
and so, with probability one, v; ¢ span (W U {vy,...,v;—1}). It follows that dim(X) = k—¢
and X NW = {0} almost surely. In particular, if we let 7' C [k] be a fixed set of cardinality
£ and define

Wr = {x e R* : supp(x) C T},
then X N Wp = {0} almost surely. Since there are only finitely many sets T C [k] of

cardinality ¢, we can assume that X is chosen so that X N Wr = {0} for every such set.

This completes the proof. O

In section we provide an explicit (ie. non-probabilistic) example of a vector space
X satisfying Lemma We defer the construction to this section as it is of tangential
interest to the main proof. The following lemma highlights an important property of the

space X.

Lemma 3.4. Let k > ¢ > 0 and let X be a subspace of RF of dimension k — ¢ such that
|supp(z)| > £+ 1 for every x € X\{0}. For every set T C [k] of cardinality ¢ + 1, there
exists x € X with supp(z) =T.

Proof. Let T C [k] with |T| = £+1. The space {z € R* : supp(z) C T} has dimension £+ 1.
Therefore, since dim(X ) = k — ¢, there must be a non-zero vector € X with supp(z) C T

However, this inclusion must be equality since |supp(x)| > ¢ + 1. O

We are now in position to prove Theorem [I.5] For notational convenience, we write
r—1 .
d—j—1 ,
W= Wy, = r2r_1+z< J . >j2]_1.
; r—j
7j=1
For d > r > 1, we have
W, = Wq—1,r + Wd—1,,-1- (35)
We deduce Theorem [1.5] from the following lemma, after which we will prove the lemma
itself.

Lemma 3.6. For d > r > 0, let X be a subspace of R? of dimension d — r such that
|supp(x)| > r+1 for every x € X \ {0}. Then there is a spanning subgraph F of Q4 and a
collection {fe: e € E(Qq)} CRY such that
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(P1) F is weakly (Qq, Sr+1)-saturated and |E(F)| = w,
(P2) Z;-izl Tife(wiy = 0 for every v € V (Qq) and v € X, and

(P3) span{f.:e€ E(Qq)} =R".
We remark that such a space X must exist by Lemma 3.3

Proof of Theorem[1.5. For each d > r > 0, we will show that wsat(Qg, Sy+1) = w. Clearly,
the existence of a graph F satisfying implies the upper bound wsat(Qg, Sy4+1) < w.
We show that the lower bound follows from , and Lemma Note that the edge
sets of copies of S,41 in Qg are precisely the sets of the form {e(v,i) : i € T} where v is a
fixed vertex of Q4 and T is a subset of [d] of cardinality » + 1. By Lemma we know that
there exists some x € X with supp(z) =7. By we have

d
Z J:ife(v,i) = Z xife(v’i) =0.
=1

€T

Therefore, by Lemma [3.2] we have

wsat (Qg, Sy+1) > dim(span{fe : e € E(Qq)}),
which equals w by (P3]). The result follows. ]

The proof of Lemma [3.6] goes by induction on d. We first settle some easy base cases
constructively. In the inductive step, we partition ()4 into two copies of Qq_1, Qg_l and
chlfl. On ngl we apply our inductive hypothesis with d — 1 and r, and on leq we apply
our inductive hypothesis with d — 1 and r — 1. Using the weakly saturated graphs and
vectors obtained on the copies of QQg_1 by induction, we are able to construct a graph F

and vectors satisfying the required hypotheses for the d case.

Proof of Lemma[3.6. We proceed by induction on d. We begin by settling some easy bound-

ary cases before explaining the inductive step.
Case 1: r = 0.

In this case, Sy41 ~ Ko. Also, w = 0 and X = R% We let F be a spanning subgraph of
Qg with no edges and set f. := 0 for every e € Q4. It is not difficult to see that (P1)), (P2))
and (P3)) are satisfied.

Case 2: d=1r > 1.

In this case, w = d27! = |E(Qy)| and X = {0}. We define F := Qg and let
{fe:e€ E(Qq)} be a basis for R”. Clearly (P1)), and are satisfied.
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Case 3:d>r>1.

Observe that our induction hypothesis combined with the proof of Theorem gives

Wsat(Qd_l, SrJrl) = Wd—1, (37)

for all d — 1 > r > 0. We begin by constructing F' in such a way that is satisfied. For
i € {0,1}, let Q% , denote the subgraph of Q4 induced by {0,1}41 x {i}. Note that both
QY_, and Q}_, are isomorphic to Qq—1. By , we know that wsat(Qg—1, Sr+1) = Wa—1,r
and wsat(Qq—1,5r) = wg—1,—1. Thus we choose F' to be a spanning subgraph of Q4 such
that

e the subgraph Fj of F induced by V (QY_,) is a weakly (Qq—1, Sr11)-saturated graph
with [E(Fo)| = wa-1,,

e the subgraph F; of F' induced by V (Q}i_l) is a weakly (Qq—1,Sy)-saturated graph
with |E(F1)| = wg—1,-1, and

e I contains no edge in direction d.

See Figure for a specific example of this construction. By construction, we have
|[E(F)| = wa—1, + wg—1,-1,

which is equal to w by (3.5).
Let us verify that F' is weakly (Qg, Sr+1)-saturated. To see this, we add the edges of

E(Qq) \ E(F) to F in three stages. By construction, we can begin by adding all edges of
Q?l—l which are not present in Fj in such a way that each edge completes a copy of S,11 in
ngl when it is added. In the second stage, we add all edges of ()4 in direction d one by
one in any order. Since every vertex of ()4 has degree d > r + 1 and every edge of Qg_l has
already been added, we get that every edge added in this stage completes a copy of S,4+1 in
Qq. Finally, we add the edges of Q) ; which are not present in F} in such a way that each
added edge completes a copy of S, in Q}l_l. Since the edges in direction d have already
been added, we see that every such edge completes a copy of S,41 in Q4. Therefore,
holds.

Thus, all that remains is to construct {f. : e € F (Qq)} in such a way that and
are satisfied. For ease of notation, set wy := wg—1, and wy := wg—1,—1. Let 7 : X — RA-1
be the standard projection defined by 7 : (z1,...,24) — (21,...,24-1). Let z € X be
an arbitrary vector such that d € supp (z) (such a vector exists by Lemma and let
T, : X — X be the linear map defined by
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------- A ------- A
’, ’, ’, ’,
e ! A e ! A
’ 1 . ! ’ 1 . !
— P — P
1 f 1 1 1 f 1 1
1 f 1 | memm- ! f 1 1
1 f 1 1 1 f 1 1
1 1 1 1 1 1
: D N
‘ .
1 [ 1,
’ 1
) .
1 Fl 1
1 1
1 1
1 1
------- A
’, ’,
e ! A
’ 1 . !
7 1
1 f 1 1
- - ! 1 ! 1
1 f 1 1
1 1 1
1
1

Figure 4.1: A weakly (Qs,Sy4)-saturated graph F constructed inductively from a weakly
(Qg4, S4)-saturated graph Fy and a weakly (Qq4, S3)-saturated graph Fy, each of which is also
constructed inductively.

for x € X. Note that T,(z) has dth coordinate equal to zero. This property of T, will be
important later. Define
Xo:=7m(T»(X)) and
X1 = 7(X).

Clearly, ker (T,) = span {z} and, since every x € X \ {0} has | supp(z)| > r+1 > 2, we have
ker(r) = {0}. This implies that Xy has dimension d — r — 1 and that X; has dimension
d —r. Also, by construction, we have that |supp(x)| > r + 1 for every non-zero x € Xy and
| supp(z)| > r for every non-zero x € Xj.

Therefore, by the inductive hypothesis, there exists { f:ecE (Q2—1)} in R*® and
{fel ree b (Q}i_l)} in R*! such that

(P2.0) S S(UVZ.) =0 for every v € V (QY_,) and z € X,
(P2.1) Z?;ll xifel(v,i) =0 for every v € V (Q)_,) and z € X,
(P3.0) span {f):e € E(QY_,)} = R*0, and

(P3.1) span {fl:ec E(Q} )} =R".

We will now define the vectors {f. : e € E(Qgq)} C R*0 @ R*! (the space R™0 @ R"! is
isomorphic to R* by (3.5)). We define these vectors in three stages, in such a way that they

satisfy and . First, ife € £ (Qg_l), then we set

fe = fg@o‘ (38)
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Next, for each edge of the form e = e(v,d) for v € V (Q2—1)a we let

1 d—1
Je = 72761 Zzife(v,i) (39)
i=1

(recall the definition of z above). Finally, if e = uv € E (Q}_;), then we let ¢’ = v'v' where

v’ and v' are the unique neighbours of v and v in V (Q2—1) and define

fer=faefe. (3.10)
We now show that dim (span{fe:e € E(Qq)}) = w. By and (3.8), we have
span({f.: e € E(QY_,)}) = R* @ {0}. (3.11)

For any e = w € E(Q} ), let ¢ = u/v' where v/ and ¢’ are the unique neighbours

of w and v in V(QJ_,). By (3.10), fO & f2 € span({fe : e € E(Qy_;)}). By (3.8),
S @0 € span({fe : e € E(QY_1)}). Thus for any e € E(Q}_,),

0@ fo = fo @ fo — fo ®0 € span({fe : e € E(Qa)}). (3.12)
It follows from (3.12)) and (P3.1) that
{0} @R Cspan{fc:e€ E(Qq)}. (3.13)

From (3.11)) and (3.13)) we have dim (span{f. : e € E(Qq)}) > wo + w1, which equals w by
(13.5). As span{f.:e€ E(Qq)} C R, we see that dim (span{f.:e € E(Qq)}) = w and

(P3)) holds.
Finally, we prove that 1) is satisfied. First, let v € V (Q3—1) and let x € X be

arbitrary. Define z' := T.(z) and note that d ¢ supp (z'). We have

d

d d—1
Z Tife(vq) = Z x;'[fe(u,i) + % Z Zi fe(v,i)
i=1 =1

4=
by definition of T>,. Both of the sums on the right side are zero by (P2.0) and (3.9). Now,
suppose that v € V (Q}lfl) and let v/ be the unique neighbour of v in V' (ngl). By 1)
and (3.10), when i € [d — 1] we have

Je(ui) = ff(v/,i) D fel(v,i) = fe(u,iy T0® fel(v,i)- (3.14)

Using (3.14) and the fact that e(v,d) = e(v', d), for x € X we have

d d d-1
sz‘fe(v,i) = infe(v/,i) + Z T (0 ® fel(v,i)> :
=1 =1 i=1

The first sum is zero by the fact that Z‘ijzl Tife(w i) = 0, which was proved above (as
v e V( 271)). The second sum is zero by 1' Therefore, l) holds. This completes
the proof of the lemma. O
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4.4 General Grids

Our objective in this section is to determine the weak saturation number of S, in Hle [a;]

when 0 <r <d. For 2 <ay,...,aq, define

r—|S|—1 . ‘
w0 = Y (H<ai—2>> iz Y (1T e
j=1

SCld) \i€S J
[S|<r—1

We will prove the following, which directly implies Theorem

Theorem 4.1. For 0 <r <d and ay,...,aq > 2, we have

d
wsat (H[ai], 5r+1> = wy(ay,...,aq).

i=1

The next proposition is an easy consequence of the definition of w, (a1, ..., aq).
Proposition 4.2. For 0 <r <d, the value of wy(a,...,aq) is equal to:

(W1) 0, if r = 0;

r—1 .
d—j—1\ .,
(W2) 7“2T_1+Z< / . >j27_1, ifar=...=ag=2and 1 <r <d; and
= T
(W3) wp(ar,...,ai—1,a;—1,041,...,aq)+wr_1(a, ..., ai—1,8i41,...aq), foranyl <i<d
such that a; > 3, if 1 <r <d.

Proof. (W1) is trivial. Now consider (W2). Here, only the term S = ) contributes to the
expression in the definition of wy (a1, ...,aq) and (W2) holds.
Now for (W3), without loss of generality assume that ¢ = d. Define
r—|S]—1

8- d-18| -G 1)
— _ T |S| 1 2] 1
TSk = -1+ ()

and observe that f(r,|S|,d) = f(r —1,|S| —1,d — 1). Thus we have

we(ar, ... a0) —we(ar,...,ag=1) = > | [ (ai—2)] f(r1S,d)
SC[d] \ieS\{d}
|S|<r—1

desS

SCld] \ies\{d}
15| <r—1
des

- ¥ <H(ai—2)> f(r—1,|S],d - 1)

SCld—1)\i€eS
|S|<r—2

— wr_l(al, . 7Qd—1)7
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as required. ]
Observe that for any o : [d] — [d], a permutation of the integers {1,...,d}, we have

wr(at, ..., aq) = wr(Ag1), - - Ao(d))-

So throughout the section we may assume that 2 < a; < ... < aq.

Define G := H?Zl[ai]. In the proof of Theorem we employ an inductive approach
similar to the one used in the proof of Theorem [1.5] The main difference is that a vertex v
of G may be incident to either one or two edges in direction ¢ € [d] depending on whether

or not v; € {1,a;}. With this in mind, we define a labelling of the edges of G.

Definition 4.3. Say that an edge e = uwv € E(G) in direction i € [d] is odd if min {u;,v;}

is odd and even otherwise. We label e by e(v,2i — 1) if e is odd and e(v, 27) if e is even.
Note that each edge of G receives two labels, one for each of its endpoints.
Definition 4.4. For v € V(G), define I$ := {j € [2d] : e(v, j) € E(G)}.
See Figure for an explicit example of how we label the edges and define If .

s e((2,3),1) @ e((3,3),2) 53)
J e((1,3),1) ((

e((3,2),4)

e((1,2)3) /= el1,3),4)
& el(1,2).4)
D\ 22,3 TN e@34) 5
?\ e((3,2),3) fa\ e((3,3),4) f
N

=) ) \&

(1,1

; 2((3,1),
) e((1,1),1) U e((2,1),2) 6D
Figure 4.2: The edge labels where G = H?ZI[S]. The lower label of each pair corresponds
to the vertex on the left of the pair. We have 18,1) = {1,3}, I(GZ,Q) = {1,2,3,4} and
I(G3’3) = {2,4}, to give three examples of IC.

We are now in a position to prove Theorem Define w := wy(ay,...,aq). As with
the proof of Theorem we state a lemma from which we deduce Theorem and then
we prove the lemma. The hypercube case of the previous section will be used as a base case
via Lemma

Lemma 4.5. Let 0 <r < d and let G := Hle[ai]. Let X be a subspace of R?? of dimension
2d —r such that |supp(x)| > r+1 for every x € X \ {0}. Then there is a spanning subgraph
F of G and a collection {f.: e € E(G)} CR"Y such that
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(G1) F is weakly (G, Sy+1)-saturated and |E(F)| = w,
(G2) Z?il Tife(vs) = 0 for every v € V(G) and v € X such that |supp(x)| C IG, and
(G3) span{f.:e€ E(G)} =R".

Observe that such a space X exists by Lemma [3.3

Proof of Theorem[{.1. We will show wsat (G, S;+1) = w, for each 0 < r < d. First observe
that the existence of a graph F' satisfying implies wsat(G, S,+1) < w. To obtain a
matching lower bound, we apply Lemma [3.2] as we did in the hypercube case. The edge
sets of copies of Sy4+1 in G are the sets of the form {e(v,) : i € T}, where v € V(G) and T
is a subset of I& of cardinality » + 1. By applying Lemma together with , we see
that the conditions of Lemma are satisfied. Thus by (G3)), wsat(G, Sy41) > w. O

Proof of Lemmal[].5. We proceed by induction on |V(G)|. We begin with the boundary

cases.
Case 1: r = 0.

In this case, Sy41 ~ Ks. Also, w = 0 and X = R??. We let F be a spanning subgraph

of G with no edges and set f. := 0 for every e € Q4. Properties (G1)), (G2) and (G3) are
satisfied trivially.

Case 2: a1 =...=ag=2and 1 <r <d.

In this case, G is isomorphic to Q4 and every edge of G is odd. Let X’ be the subspace
of X consisting of all vectors 2 of X such that every element of supp(z) is odd. As X' C X,
every vector x € X’ has |supp(z)| > r + 1. We now show that X’ has dimension d — r.
As X is a subspace of R?, by Lemma if X’ had dimension d — r + ¢, for some ¢ > 0,
then there would exist some z € X’ with |supp(z)| = r — ¢ + 1, a contradiction. Thus
dim(X’) < d —r. Now, again using Lemma [3.4] for i =7 +1,...,d let y; € X be a vector
with support {2k —1: k=1,...,7} U{2i —1}. The set {y; : i =r+1,...,d} is a set of
d — r linearly independent vectors in X’. Thus dim(X’) = d — r as required.

As |supp(z)| > r+ 1 for all z € X’ and dim(X’) = d — r, we are done by applying
Lemma

Case 3: ag >3 and 1 <r <d.
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Using our induction hypothesis and the proof of Theorem for any d-dimensional
rectangular grid H?Zl[ai], with [V(G")| < |[V(G)] and 0 < r < d, we have

d
wsat (H[ai], Sr+1> =wp(a,...,aq). (4.6)

=1

Define
d—1

G = H[ai] X [ag — 1], and

i=1
G2 to be the graph induced by V(G \ Gy).

Observe that every vertex of Gy has a unique neighbour in V(Gp). The edges with one
endpoint in G; and the other in GG, will play a particular role in the proof. We define

_J 2d-1 aq—1isodd
"] 24 ag — 1 is even,

and we write 7 for the unique element of {2d — 1,2d}\{7}. Observe that for v € V(G3), we
have that 7 ¢ IS, and that I$2 = IS \ {7}. On the other hand, if v € V(Gy), then

IGI: If\{’f} ifvd:ad—l,
v I¢ otherwise.

For brevity we write

wy = wsat(G1, Sr+1),
and

woy := wsat(Ga, Sy).

We begin by constructing a graph F' satisfying (G1). By (4.6) we have wsat(G1, Sy+1) =
wy and wsat(Ga, S;) = wy. Thus we can choose F' to be a spanning subgraph of G such

that

the subgraph F} of F induced by V(G1) is a weakly (G, S,+1)-saturated graph with
|E(F1)| = w1,

the subgraph F5 of F' induced by V(G3) is a weakly (Ga, Sy)-saturated graph with
|E(F2)| = wa, and

no edge from V(G1) to V(Gs) is contained in F.
By construction and the i = d case of (W3), we have

|E(F)| = wy +wy = w,
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as required. To see that F' is weakly (G, Sy41)-saturated, we add the edges of E(G)\E(F)
to F in three stages. First, by definition of F}, we can add the edges that are not present
in E(F}) in such a way that every added edge completes a copy of S,4; in G;. Next, we
can add the edges of the form e(v, 7) where vg = a4 — 1, in any order. As r < d, every such
v has at least r neighbours in G;. As every edge in E(G7) has already been added, the
addition of e(v,7) completes a copy of S, in G. Finally, we add the edges of G that are
not present in Fb in such a way that each added edge completes a copy of S, in G3. Every
such edge completes a copy of S,y1 in G since every vertex in G has a neighbour in Gy
and every edge between (G1 and G4 is already present. Thus, holds.

It remains to find a collection {f. : e € E(G)} satisfying and (G3)). Let m: X —
R24=2 be the projection defined by 7 : (z1,...,22q) = (1,...,224_2). Let z be a fixed
vector of X such that 7 € supp (z) and define T, : X — X by

Define X; := X and Xy := 7 (T>(X)). Since ker (T,) = span{z} and ker(w) has empty
intersection with the image of T, we see that X5 has dimension 2d—r—1 = 2(d—1)—(r—1).
Also, by construction, we have |supp(x)| > r for every non-zero z € X5. By applying the
inductive hypothesis to both G7 and G3, we can find collections {f! : e € E(G1)} in R¥1
and {f2:e € E(G3)} in R*2 such that

(G2.1) Z?il l“ifel(v y =0 for every v € V (G1) and x € X with supp(x) C I,
(G2.2) Z?iﬁ l’ifg(v y =0 for every v eV (Go) and x € Xy with supp(x) C I¢2,
(G3.1) span{fl:e€ E(Gy)} =R"!, and

(G3.2) span{f2:e€ E(G2)} = R"2,

Using this, we will now construct a collection {f. : e € E(G)} C R** & R*? ~ R" in
three steps. First, for e € E(G1), we define

fer=f. ®0. (4.7)

Now consider edges uv, where v € V(G1) and u € V(Gs). As d > r, we have |[IG1]| > r.
Thus we can choose 2z¥ € X to be a vector such that supp(z?) C IS and 7 € supp (2Y),
which exists by Lemma Define

for=== Y Zfewa) (4.8)

T ig[2d)\{7}
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Finally if e = uv € E(G2), then let ¢/ = /v’ where w/v" are the unique neighbours of u and
v in V(G1) and define

fer=fle f2. (4.9)

Using identical arguments to those where we determine the span of our chosen vectors in

the hypercube case, from (G3.1)), (G3.2)), (4.7) and (4.9) we see that
dim (span{fe : e € G1 U Ga}) = w1 + wa = w,

by the i = d case of (W3). Thus (G3) is satisfied.
It remains to show that (G2|) holds. Firstly, suppose v € V(G1) and let x € X be such

that supp(z) C IS. If vg < ag — 1, then Z?ﬁl Tife(vs) = 0 by ll Now suppose that
vg = aq — 1. Define

=g Z
2
We have,
2d 2d T 2d
Z x’ife(v,i) = Z J/‘Ife(v,i) + 7; Z Zzpfe(v,i)' (410)
i=1 =1 T i=1

Note that 7 ¢ supp(z') and thus supp(z) C I&1. Therefore, both of the sums on the right
side of are zero by and .

Finally, consider v € V(G2). Let v/ be the unique neighbour of v in V(G2). Given
r € X with supp(z) C I$ we have

2d—2

2d 2d
> ifetn = Yo wifn + o i (08 £,
i=1 i=1 i=1

We have that Zfil Tifew 5y = 0 for v € V(G1), as proved above. The second sum on the
right side is zero by (G2.2)), which is applicable as 7 ¢ IS D supp(z), and so x = Ty (x) €
T.(X). This completes the proof of the lemma. O

4.5 Upper Bound Constructions

In this section, we prove a recursive upper bound on m(Qg,r) for general d > r > 1 and
then apply it to obtain an exact expression for m(Qg,3). The main idea behind the proof
is to consider Qg as Q,.0Q4_,, the Cartesian graph product of @, and Q4_,.. We think of
this as having a @), where each vertex is replaced by a copy of Q4—,. We call these primary
Qq_rs. Each edge of Q, is replaced by a set of edges between corresponding vertices of the
primary Q4_,s at the endpoints.

Given z € V(Qq), let [z], and [z]s—, denote the vectors obtained by restricting x to

its first r coordinates and last d — r coordinates, respectively. The coordinates in [z], play
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the role of telling us which primary @4, contains z. The coordinates [x]4—, identify which
vertex x is, in the primary Q4_,. In each primary @Q4_,, say @, we choose an optimal
t-neighbour percolating set Tg, where ¢ ranges between 0 and 7. We choose these such that

the union of the Ty form an r-neighbour percolating set in Q4.

Lemma 5.1. Ford>r > 1,

[r/2]-1
m(Qa,7) < m(Qa—r,7) + (r — V)m (Qg—p,7 — 1) + Z <2j: 1>m (Qa—r,m — 27) .

=1

Proof. For 1 <t <r, let B; be a fixed subset of V (Qq_,) of cardinality m (Q4_,t) which
percolates with respect to the t-neighbour bootstrap process in (Qg4_;.

We partition {0,1}" into r + 1 layers Ly,..., L, such that L; consists of the vectors
whose coordinate sum is equal to ¢. Using this partition, we construct a percolating set Ag

in Q4. Given x € V(Qq), we include z in Ay if one of the following holds:
e [z], € Ly and either

— [z], =(1,0,...,0) and [z]4—, € B,.
— [z], #(1,0,...,0) and [z]4—, € B,_1.

e [z], € Lyj4q for some 1 < j < [r/2] —1 and [z]4_, € By—3;.

It is clear that

[r/2]-1
Aol = 1 (Quyst) + (r — 1) (Qaorsr — 1) + ; <2ij 1>m(Qd_r,r 9))

by construction. See Figure for an example in the case r = 3.

Figure 4.3: An illustration of the set Ag constructed in the proof of Theorem in the case
r = 3. Fach node represents a copy of Qq—3. The set Ay consists of a copy of B; on each
node labelled i € {1,2,3}.
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We will be done if we can show that Ay percolates with respect to the r-neighbour
bootstrap process.

We begin by showing that every vertex x with [z], € Lo U L; is eventually infected.
First, we can infect every vertex x such that [z], = (1,0,...,0), one by one in some order,
by definition of B,. Next, consider a vertex z such that [z], € Lo and [z]4—, € B,_1. We
will see that x has r infected neighbours. For i € [r], define e; € R” to be the vector taking
the value 1 on coordinate ¢, and 0 on all other coordinates. For ¢ = 2,...,r, the vector
ei @ [z]4—r is a neighbour of = in Ay. The final neighbour of z is e; @ [z|4—,, which was
either in A or is infected by the previous argument.

Thus, every such x becomes infected. Now, by definition of B,_1, the remaining vertices
x with [z], € Ly can be infected since every such vertex has an infected neighbour y with
[yl = (1,0,...,0). Finally, each vertex z such that = # (1,0,...,0) and [z], € L; becomes
infected using the definition of B,_; and the fact that every vertex y with [y|, € Ly is
already infected.

Now, suppose that, for some 1 < j < [r/2] — 1 every vertex x such that [z], € Lo U
-+ U Lgj_1 is already infected. We show that every vertex x with [z], € Loj U Laj41 is
eventually infected. First, consider a vertex = with [z], € Lg; and [x]4—, € B,—2j. Such a
vertex has 2j infected neighbours y such that [y}, € Laj—1 and r — 2j neighbours z € Ay
such that [z], € Lgj41. Therefore, every such x becomes infected. Now, by definition
of B,_sj, the remaining vertices « such that [z], € Lg; can be infected since every such
vertex has 2j infected neighbours y such that [y], € Laj_;. Finally, each vertex = such that
[x]; € Laj41 becomes infected using the definition of B,_5; and the fact that every vertex
y with [y], € Laj_1 is already infected.

Finally, if r is even, then we need to show that every vertex of L, becomes infected.
Every such vertex has precisely r neighbours in L,_1. Thus, given that every vertex of L,_1

is infected, z becomes infected as well. This completes the proof. O

We remark that the recursion in Lemma gives a bound of the form m (Qq,7r) <

14+0(1)d" 1
r!

Theorem

where the second order term is better than the one in 1} Next, we prove

Proof of Theorem [I.8 The lower bound follows from Theorem We prove the upper
bound by induction on d. First, we settle the cases d € {3,...,8}. For notational con-
venience, we associate each element v of {0,1}¢ with the of subset of [d] for which v is
the characteristic vector. Moreover, we identify each non-empty subset of [d] with the

concatenation of its elements (e.g. {1,3,7} is written 137). One can verify (by hand or
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by computer) that the set Ag, defined below, percolates with respect to the 3-neighbour

bootstrap process in (g and that it has cardinality [@W + 1.

A3 = {1,2,3,123},

Af = (A3\ {3}) U {134,4,234},

Ad = (A7\ {134}) U {135,245, 12345},

Af = (A§\ {135,245}) U {346, 12356, 456, 23456},

Al = (A§\ {346}) U {13457, 24567, 12367, 1234567},

AS = (AJ\ {13457,24567}) U {34568, 1234578, 34678, 25678, 2345678}

Now, suppose d > 9 and that the theorem holds for smaller values of d. If d is odd, then
we apply Lemma [5.1] to obtain

m (Qq,3) <m(Qq-3,3) +2m (Qa-3,2) +m (Qq—3,1).

Clearly, m (Q4—3,1) = 1 and, by Theorem m(Qq—3,2) < % + 1 (since d — 3 is even).
Therefore, by the inductive hypothesis,

m (Qa,3) < [WW+1+2<‘1;3+1>+1: [d(d;?’)}d.

Now, suppose that d > 10 is even. For ¢t € {1,2,3}, let By be a subset of V (Qq_g) of
cardinality m (Qg4_¢,t) which percolates with respect to the t-neighbour bootstrap process
on Qg_g and let AS be as above. Given a vector x € V(Qq), let [z]¢ be the restriction of
x to its first six coordinates and [z]4—g be the restriction of x to its last d — 6 coordinates.
We define a subset Ag of V(Qq). We include a vertex = € V(Qq) in Ay if [z]¢ € A and one
of the following holds:

e [z]g =1(0,0,1,1,0,1) and [z]4_¢ € Bs.
e [z]g # (0,0,1,1,0,1) and we have z5 = 1 and [z]4_¢ € Ba.
o 5 =16 =0 and [z];_¢ € Bi.

We now describe a set of rules, from which it is not difficult to check that Ay percolates.

We require some preliminary definitions. For w € {0,1}", we define
YY) = {z € V(Qa) : [z,] = w}

and for i = 1, 2,3 we define
Y :={zcY?:[2]qa_, € Bi}.

If every vertex in some set X is infected, we say X is infected. We now state the rules.
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e For 0 < i < 3, Y} becomes infected if there exist distinct wy,ws, w3 € Ng, (w) such
that Yuijj is infected for all j = 1,2, 3.

e Y becomes infected if:

— Y2 is infected; or
— Y2 is infected and there exists some w’ € Ng, (w) such that Y%, is infected; or
— Y, is infected and there exist distinct wi,ws € Ng, (w) such that Y0 and Y.,

are infected.

Using these rules, one can check that Ay percolates.

By construction,

|Ao| = m (Qa—s,3) + 4m (Qa—¢,2) + 5m (Qg—¢, 1)

which equals

0D g (1501 ) = [T

by the inductive hypothesis. The result follows. O

4.6 An Explicit Linear Algebraic Construction

Given integers k£ and ¢ with £ > ¢ > 0, we construct an explicit subspace X of RF of
dimension k — ¢ such that | supp(x)| > ¢+ 1 for every x € X \ {0}. This can be seen as an
alternative proof of Lemma [3.3

The construction is based on a Vandermonde matriz. For 1 <i < k — ¢ we let o; € RY

be the vector such that, for 1 < j </,
Q=1
Now, for 1 <i <k — / let e; be the ith standard unit basis vector of R*~¢ and define
Vi = D oe;.

The space X is defined to be span{vi,...,vp_¢}. It is clear that dim(X) = k — ¢ by
construction. All that remains is to show that |supp(z)| > ¢+ 1 for every x € X \ {0}. We

require a few definitions.

Definition 6.1. Given a set T C [k], let 77 : R¥ — RI”l be the standard projection

o (z1, .. xp) — (i €T).
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Recall, from Chapter [3| that for n > 1, a collection Z C R" is in general position in R"
if any set of at most n vectors from Z is linearly independent.
We will use the following proposition to show |supp(z)| > ¢+ 1. Our proof of the

proposition follows an argument of Moshonkin [1I07].

Proposition 6.2. For any set T C [{], the vectors {mp (e;) : 1 < i < k — ¢} are in general

position in R/,

Proof. We assume that |T| > 1; otherwise, the result is trivial. Let ¢ := |T'|. Suppose that
the proposition is false and let I C [k — /] be a set of cardinality ¢ for which there exists

{¢; 11 € I'}, not all of which are zero, such that

Z C; T (O&Z) =0.

el

Equivalently, for each j € T,

> ail =0.

el
Since the determinant of a square matrix is equal to the determinant of its transpose, there
must also exist scalars {c} : j € T'}, not all zero, such that

S =0

JET
for every i € I.
7. Then p(z) is a polynomial with between

J
one and ¢ non-zero terms and at least ¢ positive real roots (namely, each ¢ € I). We show,

Let p(z) denote the real polynomial 3, ¢]

by induction on ¢, that no such polynomial can exist. The base case t = 1 is trivial. Now,
let p(z) be a polynomial with ¢ > 2 non-zero terms and at least ¢ positive real roots. Pick
s to be the largest integer such that p(x) = z°q(x). By definition of p(x), s > 1. For any
0 <y €eR,q(y) =0if and only if p(y) = 0. However, the derivative of ¢(x) has at most ¢ —1
positive terms and at least ¢ — 1 positive real roots, contradicting the inductive hypothesis.

This completes the proof. ]
Now, suppose that = € X \ {0} such that | supp(x)| < ¢. Define
Uy == supp(z) N [{],

Us :=supp(z) \ [¢] and

T =[]\ Ui.
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Since x € X \ {0}, we can write
k—¢
xr = Z C;U;
i=1

for scalars ¢; which are not all zero. But by construction of X, it must be the case that

¢; = 0 for each i such that i + ¢ ¢ U,. Thus,

0=mr(z) = Z cimr (v;) = Z cimp (o) . (6.3)
:1+0€Us :1+0€Us
However, since |U;j| + |Uz2| < ¢ we have |T| = ¢ — |Uy| > |Usz|. Thus, (6.3) contradicts
Proposition It follows that | supp(x)| > £+ 1 for every x € X \ {0}, as required.

4.7 Concluding Remarks

In this chapter, we have determined the main asymptotics of m (Qg,r) for fixed r and d
tending to infinity and obtained a sharper result for r = 3. We wonder whether sharper

asymptotics are possible for general r.

Question 7.1. For fixed r > 4 and d — oo, does

r—1
m (Qd: ’l”) B dT

dr72

converge? If so, what is the limit?

As Theoremﬂlustrates, it may be possible to obtain an exact expression for m (Qg, )

for some small fixed values of r. The first open case is the following.
Problem 7.2. Determine m (Qq,4) for all d > 4.

Using a computer, we have determined that m (Qs,4) = 14, which is greater than the
lower bound of 13 implied by Theorem [I.3] Thus, Theorem [I.3] is not tight for general d
and r. However, we wonder whether it could be tight when r is fixed and d is sufficiently

large.

Question 7.3. For fized r > 4, is it true that
— [d—j—1\j2}
m@ar =2+ 3 ( )

r—7 r
i=1 J

provided that d is sufficiently large?






Chapter 5

Bootstrap Percolation in a
Random Hypergraph

Joint work with Robert Morris and Jonathan A. Noel

5.1 Introduction

Recall the following definition from Section of Chapter Given a hypergraph H, the
H-bootstrap process begins with an initial set of infected vertices of H (a vertex that is not
infected is healthy) and, at each step, a healthy vertex becomes infected if there exists a
hyperedge of H in which it is the unique healthy vertex. The set of initially infected vertices
is said to percolate if every vertex of ‘H is eventually infected.

As we said in Chapter [1| our goal in this chapter is to estimate the critical probability
of the H-bootstrap process, denoted p.(#H). Recall that,

pe(H) :=1inf {p € (0,1) : P(V(H), percolates) > 1/2},

where for a finite set X and p € (0,1), we let X, denote a random subset of X obtained
by including each element of X with probability p independently of one another. Recall
also from Chapter (1] that, for ¢ € (0,1), H, denotes the hypergraph obtained from H by
including each hyperedge of ‘H independently with probability ¢q. This chapter is concerned
with estimating the quantity p. (H,) when the hypergraph # is ‘sufficiently well behaved’.

In order to state our results, we require a few definitions.

Definition 1.1. Given a hypergraph H and a set S C V(H), the codegree of S, denoted
deg(5), is the number of hyperedges e of H with S C e. For v € V(H), the degree of v is
defined to be deg({v}) and is denoted by deg(v).

Definition 1.2. For an r-uniform hypergraph H and 1 < ¢ < r, define

Ay(H) := max{deg(S) : S C V(H),|S| = ¢}, and

105



106 CHAPTER 5. BOOTSTRAP PERCOLATION IN A RANDOM HYPERGRAPH

d¢(H) := min{deg(S) : S C V(H),|S| = ¢}.

We often write A1(H) as A(H) and 61(H) as 6(H). We say that H is d-reqular if 6(H) =
A(H) =d.

Definition 1.3. Given a vertex v of an r-uniform hypergraph H, define the neighbourhood
(or link) of v to be the set

Ny(v) :=={e\{v}:e€ E(H) and v € e}.

The following theorem is a corollary to our main result (Theorem below), but con-

tains the main essence of the chapter.

Theorem 1.4. Letr,s,a, B > 0 be fized. Let H be a d-regular, r-uniform hypergraph on N

vertices and let ¢ == a - dY/"~1. Suppose:
(a) N < dP,
(b) |N3(u) N Ny (v)| < d'=°, and
(¢) D(H) <d" 7175 for2 <0 <r—1.

Then

_ r-2 gV
Pe(Ma) = <a1/(7”2) e v "(1)) d ’

with high probability as d — oco.

Our main theorem (Theorem [1.6]) is a more general version of Theorem We allow
weaker conditions to be imposed on the underlying hypergraph H. In order to easily state

the conditions on our hypergraph, it is helpful to introduce the following definition.

Definition 1.5. Given an integer > 2 and real numbers d,v > 0 and p € [0, 1], we say

that an r-uniform hypergraph H is (d, p, v)-well behaved if the following conditions hold:
(a) A(H) <d,
(b) 6(H) = d(1 = p),
(c) A(H) Sp‘dl_% for2<e<r-—1,
(d) [Ny (u) N Ny (v)| < p-d for distinet u,v € V(H), and

(e) [V(H)| <w.
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Observe that the conditions in Theorem imposed on a d-regular r-uniform hyper-
graph H simply amount to H being (d,d™*,d?)-well behaved. We are now ready to state

the main result of the chapter.

Theorem 1.6. For firted r > 3 and positive real numbers c,a, 3 and € there exists a
positive constant K = K(r,c,a) such that, for d sufficiently large, if H is an r-uniform

(d, log— % (d), dﬁ) -well behaved hypergraph, then

o if " 2a < %, then

P (V(H)c/dl/(r—l) percolates in Ha/dl/(r—l)) <e.

%, then

o if " 2a > =1

P (V(H)C/dl/(r—l) percolates in Ha/dl/(r—1)> >1—e.

In particular, K will be chosen so that log’ (d) grows faster than any relevant constant
power of log d that appears throughout the proof. We remark that we have not attempted
to optimise the dependence of K on r,c and «.

Theorem is stronger than Theorem in two ways. Firstly, it applies to a much
wider class of hypergraphs (allowing larger codegrees, neighbourhood intersections, etc.)
and, secondly, it implies that the probability of percolation transitions from close to zero
to close to one within a small window of the critical probability; i.e. the process exhibits a
‘sharp threshold’.

As discussed in Chapter [, the main application of Theorem is to obtain a sharp
threshold for the H g, p-bootstrap process where Hr,, r is a hypergraph in which each vertex
of H, r corresponds to an edge of K, and the hyperedges of H, r are precisely the edge
sets of copies of F' in K,. This hypergraph is |E(F')|-uniform and d(n, F')-regular, where
d(n,F)=0 (n'V(]: JI=2) (the constant factor is related to the number of automorphisms of
F which fix a hyperedge).

Recall the following definitions from Chapter

Definition 1.7. For a graph F' with at least two edges, the 2-density of F is defined to be

B -1
do(F) = V(F) =2
Definition 1.8. A graph F with at least two edges is said to be 2-balanced if da(F) > da(F”)
for every proper subgraph F’ of F with at least two edges. If the inequality is strict for
every such F’, then we say that F is strictly 2-balanced.
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For F a strictly 2-balanced graph, we will apply Theorem to Hg, r to prove the

following.

Theorem 1.9. Let F be a strictly 2-balanced graph with at least three edges and define
ri=|E(F)|, H:=Hg, r and d := d(n, F). Let ¢ := ad~"/"=V for some fized a > 0. Then

_ r—2 —1/(r=1)
Pe(Hq) = <a1/(7"2) ) "(1)> d :

with high probability as n — oo.

Our proof of Theorem involves an application of the ‘differential equations method’.
This technique was introduced by Wormald [135, [136]. Some notable recent applications
of this method include the analysis of the so called ‘triangle-free process’ by Bohman [25],
Bohman and Keevash [27] and Fiz Pontiveros, Griffiths and Morris [55] and the more general
‘H-free process’ for strictly 2-balanced graphs H by Bohman and Keevash [26]. For a fixed
graph H, the H-free process is equivalent to the following ‘random greedy algorithm’ for
producing a maximal independent set in Hg, g: start with I := () and, at each step, if
there exists a vertex v € V (Hg, g) \ I such that I U {v} is an independent set of H, m,
then choose such a vertex uniformly at random and add it to I; otherwise, terminate the
algorithm.

Bennett and Bohman [24] generalised the result of [26] by proving that, with high proba-
bility, the random greedy algorithm gives an independent set of size €2 (N (log N/ d)l/ (rfl))
when applied to any r-uniform d-regular hypergraph H with N = d°() vertices satisfying
certain upper bounds on both Ay(H), for 2 < ¢ < r — 1, and on |Ny(u) N Ny (v)| for dis-
tinct u,v € V(H). In [23], Bennett and Bohman used the same method again (but with
somewhat different conditions on H) to prove a result on the random greedy algorithm for
producing a maximal matching in a hypergraph; this result has applications in the problem
of packing edge-disjoint copies of a graph H into a graph G (see, e.g., [85]).

We remark that the differential equations method was also used in the paper of Korandi,
Peled and Sudakov [92] and that our proof uses some ideas from theirs. However, because we
are working in much greater generality (and with much larger codegrees and neighbourhood
intersections), we will require a number of different arguments. In particular, the collection
of variables that we track differs from theirs, even in the case r = 3.

Our work generalises the result of [92] in a way which is analogous to the generalisation
of [26] in [24] except that the result of [92] applies only to triangles and, because of the
nature of the H-bootstrap process, we are able to (simultaneously) handle larger codegrees

and neighbourhood intersections than [24] and obtain an exact threshold for percolation.
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The rest of the chapter is organised as follows. In the next section, we give a detailed
outline of how the proof of Theorem will proceed. In Section we summarise the main
probabilistic tools that will be used throughout the proof. A few preliminary lemmas will
be proved in Section before we can move on to the main meat of the proof. The proof of
Theorem [1.6]is divided into four parts which are contained in Sections and
Finally, in Section [5.9] we use Theorem to prove Theorem and a generalisation of it
to strictly k-balanced hypergraphs (defined in the section itself).

5.2 Outline of the Proof

To study the H,-bootstrap process we divide it into two phases; in each phase, we analyse
a different random process on H. These processes will be equivalent to the H,-bootstrap
process in the sense that the final set of infected vertices is the same. We will trackE a
family of variables through these processes and use this to determine whether or not the
initial infection will percolate. In the first phase, one by one we sample certain hyperedges
of H to see if they are in H,. In the second phase we sample certain large sets of hyperedges
of H in rounds. Our analysis of the first phase involves an application of the differential
r—2

equations method and is done in essentially the same way regardless of whether ¢ “« is

smaller or larger than % In the second phase, the analysis differs depending on which
of these cases we are in.

The purpose of this section is to provide a fairly detailed outline of the proof of Theorem
and to prove some preliminary results. In particular, we will describe the random
processes that we will analyse. We will also motivate and formally define the variables that
we wish to track during the application of the differential equations method, and during
the second phase.

Before diving into deeper details, we fix some parameters and notation that will be used
throughout the chapter. Let r, ¢, a, 8 > 0 be fixed, let K be large with respect to r, c and «
and, for large d, let H be an r-uniform (d,log=*(d), d?)-well behaved hypergraph (defined
in Definition [L.5]). Set N := |V(H)|. Note that, by property [(€)] of Definition we have
N < dP. Since each set of size r contains exactly (Z) sets of size ¢, by the pigeonhole

principle, for 1 < ¢ <r — 1 we have,

E(H)| () S(H)N (',
prr) > IEODIE) S 300N ()
(e) T(z)
!Throughout the chapter, when we say that we track a random variable, it will always mean one of two

things: either (a) we show that it is concentrated or (b) we show that it satisfies a certain upper bound with
high probability (i.e. with probability tending to 1 as V(H) — o0).
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Rearranging this expression gives

1 _ ad(H)
Nz Ay(H)’

for some constant a. Now applying conditions [@] and of Definition and setting
p :=log~ % (d) we obtain

_ ad(l — =11 —
N lzd(f:;;)_ 1 pP
Setting ¢ = 2 gives
N=0Q <d1/<’“*1> logK(d)> . (2.1)
In particular,
log(N) = © (log(d)) . (2.2)

In what follows, we will write p :=c¢-d~Y=1 and ¢ := - d~/("—1),

5.2.1 The First Phase and the Differential Equations Method

Here we define the random hypergraph process that we will analyse during the first phase.
At time m, we will have a hypergraph H(m) formed by the unsampled hyperedges of H
and a set of infected vertices I(m) (where H(m) and I(m) will be formally defined below).
Both #H(m) and I(m) depend on the outcomes of the process up to this point.

Due to the nature of the H-bootstrap process, it should not come as a surprise to be
told that the most important variable for us to ‘track’ is the cardinality of the set of open

hyperedges
Q(m):={e€ E(H(m)):lenI(m)| =r—1}. (2.3)

Recall that #H is an r-uniform hypergraph, so Q(m) is precisely the set of hyperedges
that contain a single healthy vertex at time m. If, for some m, we have that Q(m) = 0,
then the H-bootstrap process has terminated.

We will now formally introduce the random process through which we track Q(m) during
the first phase. In what follows, to sample a hyperedge e of H means to determine whether
or not it is contained in H,. The sampling of the hyperedge e is said to be successful if e is

contained in H,.

The First Phase Process. At time zero, we let I(0) := V(#), be the set of initially
infected vertices and let H(0) := H. Now, for m > 0, given I(m) and H(m), we obtain
I(m+1) and H(m + 1) in the following way: if Q(m) = ), then set H(m + 1) := H(m) and
I(m+1) := I(m); otherwise, choose an open hyperedge e from @(m) uniformly at random

and sample it. If the sampling is successful, then set I(m + 1) := I(m) U {v} where v is
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the unique vertex of e \ I(m) and, otherwise, set I(m + 1) := I(m). In either case, set

Him +1) == H(m) \ {e}.

In what follows, for a collection X (m) of subhypergraphs of H(m) we will often write
| X (m)| simply as X (m) (so for example, we will write Q(m) for |Q(m)|). We may also write
I(m) for |I(m)|. In all cases, it should be clear from context whether we are referring to
the collection X (m) or its cardinality; we hope that this abuse of notation does not cause
the reader any confusion.

We will run the first phase process to some time m where Q(m) is either ‘large enough’
or ‘small enough’ to be able to complete the proof by sampling many open hyperedges at
once in rounds. This is what we will do in the second phase (which will be summarised in
Subsection and the details will be given in Sections and .

We would like to show that, at each step of the process, Q(m) is close to its expected
value with high probability. Roughly speaking, if we could bound (conditioned on what has
occurred in the process so far) the expected change in the number of open hyperedges at each
step and the maximum possible change, then we could apply a martingale concentration
inequality to show that Q(m) is concentrated around its expected value. However, in
practice, the expected and maximum change depend on a number of other variables and
it is only possible to get good enough bounds on these parameters if we also have control
over the other variables. The differential equations method is a technique that can be used
to simultaneously control such a collection of interdependent variables and this is what we
will use to do this.

It is sometimes more convenient to think of our random variables as depending on a
continuous variable ¢ rather than the discrete variable m. The scaling that we will use when

moving between discrete and continuous settings is
t:=t, =m/N, (2.4)

for m > 0. Throughout the chapter we will alternate between the discrete and continuous
settings without further comment. In the first phase, we will only consider values of m up

to

(r=1)r=1tr (2.5)
O (Nlogd) otherwise.

The fact that m does not get ‘too large’ during the first phase will be used in some of the

{ O (N) if o"~2q < =2

heuristic discussions which follow.

At time zero, each vertex is infected with probability p and, provided that Q(m—1) # 0,
at the mth step of the process a new vertex is infected with probability q. So if Q(m—1) # ()
then we would expect

I(m) = pN + mq.
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Letting M be the number of steps we run the first phase for, using the Chernoff
bound (Theorem we will prove the following (see Lemma of Section .

Proposition 2.6. For 0 < m < M, with probability at least 1 — N—(Vig N),
I(m) = O(log N - Nd~'/(r=1)y,

Our goal will be to use the fact that H is well behaved to show that I(m) behaves simi-
larly to a random infection in which each vertex is infected independently with probability
P + gty (which we shall call a uniformly random infection of density p + qt,,), in the sense
that Q(m) is close to the value that one would expect in this case. First, let us determine
the value of Q(m) which we would expect if I(m) were a uniformly random infection of den-
sity p+ gtm. We would expect a particular hyperedge of H to contain exactly » — 1 infected
vertices with probability 7 - (p + gtm) " (1 — (p+ qtm)). Recall that at each step we sample
precisely one open hyperedge and that hyperedge is deleted from the hypergraph. Putting
this together, as #H is roughly d-regular and p + gt,, = o(1), we have |E(H)| ~ d - N/r and

thus we should expect
Q(m) =7 - (p+qtw) " EH)| —m = [(c+aty) ™" —t] - N. (2.7)

The main point of the first phase is to show that, up to a small error, Q(m) follows this tra-
jectory (see Theorem . Before stating this more precisely, let us discuss the motivation
behind the number of steps for which we wish to run the process.
Define
Y(t) == (c+at) " —t. (2.8)

Observe that
F'(t) = a(r —1)(c+at)™2 - 1.

Therefore, since ¢, a > 0, we have that 7/(t) has exactly one real root if r is odd and two
real roots (one positive, one negative) if r is even. The rightmost root of 7/(¢) is a local

minimum for «(¢) located at

e () ).
= () 3 ) -5)

- <(Oc(r - 12>>_<£”/ <’"‘2)> “a

Now,
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f(t)

Figure 5.1: The red curve gives an example of the trajectory of Q(m) when r = 3 and

" 2a > % The blue curve is an example of the trajectory of Q(m) when r = 3 and
_o\r—2
20 < E:—?g’“‘l

which is negative if and only if ¢" 2o < %

From this and the fact that v(0) > 0, we see that if ¢ ?a < E: ?%r r then ~(t) has
precisely two distinct positive real roots, say Ty and 17 where 0 < Ty < tmin < 171. Coming
back to the random process, this tells us that if ¢ 2a < %, then we expect the
number of open hyperedges to become very small as t,,, approaches Ty from the left. What
we will do in this case is track our variables until v(¢) < ¢ where ( is a constant chosen
small with respect to 7, ¢ and «; the value of ¢ is given in Definition [7.3] At this point we

can use other methods to verify that, with high probability, percolation does not occur.

On the other hand, if ¢" 2 > g ;T r, then 7 (tmin) > 0 and 7(¢) has no positive real
roots. Since p + gt = o(1) for all values of m that we consider in the first phase (see
(2.10))), we expect our supply of open hyperedges not to run out (in fact, when t,, > tmin,
we expect the number of open hyperedges to be typically increasing). What we will do in
this case is track the above variables until step N [@J = O (N log(d)), at which point
the number of open hyperedges will be large enough that we can deduce that percolation
occurs with high probability. See Figure for examples of how the trajectory of Q(m)
depends on the relationship between p and q.

We briefly discuss why we have chosen to focus on values of p and ¢ of order d—1/("=1),
As we have argued above, if the infection at time m resembles a uniform infection of density

P + qtm, then we expect the variable Q(m) to be roughly
N{d(p+ qtm) ™" — tm).

The nice thing about considering p and ¢ of order d—1/("=1) is that the expression inside the

square brackets becomes a function of ¢,, only. Thus, as long as t,, is bounded by a constant,
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open hyperedges are both being created and discarded at a ‘constant rate’ independent of
d.

As we said above, the main aim of the first phase is to show that for 0 < m < M, Q(m)
is within a small error term of (¢,,) - N. The following function describes the ‘relative

error’ that we will allow ourselves in these bounds,

t+ 1)K/10
t) = (logK/)5(d). (2.9)

Note that €(t) = o(1) when t = O (log(d)). In what follows, we write an interval of the form

[(1—¢€)g(t),(1+€)g(t)] as (1 £ €)g(t) for brevity.

To summarise, we track the process for M steps, where

log(V) T
=3 N L o J i a > = (2.10)
min{m > 0: (1 + €(tmn))y(t) < (} otherwise,
Define
T := M/N. (2.11)

Remark 2.12. Observe that, by definition of M, on the interval [0, T] the function () is

always bounded away from zero by a function of r, ¢ and «a.
We are now ready to formally state the bounds we will prove on Q(m) in the first phase.

Theorem 2.13. With high probability the following statement holds. For all 0 <m < M,

Q(m) € (1 £ 4e(tm))y(tm) - N.

One way to prove that Q(m) is controlled in this way, or indeed to prove bounds for any
of our variables, involves determining their expected and maximum change (conditioned
on what has previously occurred during the process) at each time step and applying a
martingale concentration inequality. Before thinking in more detail about the expected
change of Q(m) we introduce some notation that will be helpful.

For each v € V((H) \ I(m) we write
Quv(im):={ecQ(m):vee\I(m)}. (2.14)
For u # v € V(H), the sets Q,(m) and Q,(m) are disjoint. Note that,

veV (H)\I(m)

Let us now think about the expected change of Q(m). Firstly, which open hyperedges
from Q(m) are not present in Q(m + 1)7 At each step, the hyperedge e we sample from
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H(m) is deleted and is not present in H(m+1). Also, with probability ¢, the unique healthy
vertex v of e becomes infected and so all the hyperedges in Q(m) whose unique healthy
vertex is v are no longer open. This results in a loss of (Q,(m) — 1) hyperedges (in addition
to e). Now let us consider how we gain a new open hyperedge. This occurs when some
hyperedge e is successfully sampled, and the vertex v of e that becomes infected is contained
in a hyperedge ¢’ with exactly » — 2 infected vertices. The hyperedge €’ will now be open.

Observe that for each vertex v € V(#H) \ I(m), the probability an open hyperedge
containing v is sampled is Q,(m)/Q(m). Given the above discussion, we can express the

expectation of Q(m + 1) — Q(m) conditioned on H(m) and I(m) as

Qv(m) Qv(m) -2
“le Y e G @m0 Y a ey m), (215)
veviguem 2 vevimem @)

where

Y/ 2(m) :={ec H(m):|lenI(m)| =r—2,v € e}.

So to be able to determine we can see that we would need to have control over
Y/ =2(m). So let us consider how a new copy of Y"~2 is created at a time step. One
way a member of Y,""2(m + 1) \ Y 72(m) can be created is from a pair of hyperedges
{e1,e2} C E(H) where: v € e1 \ ea; ey is open; e; has exactly r — 3 infected vertices and
intersects ey on its unique healthy vertex; and es is successfully sampled at time m. Thus
to determine the expected change of ¥;"~2(m), we need to also have control over this family
Z of pairs. And similarly, to do this there are a number of other variables that we must
keep track of.

To summarise this train of thought, to prove Theorem [2.13| we must have control over
a number of families of variables. In particular, variables of the two types described above.
We briefly remark that, in our proof, we do not explicitly calculate the expected change of
Q(m) in the manner we have alluded to above. In fact, we show that having control over a
more general family of variables will imply the required bounds on Q(m) in a different way
(see Lemma . However to prove bounds on our other variables, we do calculate their
expected and maximum changes. The point of performing this thought exercise on Q(m)
was to illustrate its interdependence on a number of other variables and to motivate the
following discussion.

In order to describe formally the families of variables we wish to track, it is helpful to
introduce a few definitions. Each variable we wish to control is of the following form. It is
the number of ‘copies’ of some particular subhypergraph F C H(m) such that these copies
of F are ‘rooted’ at a particular subset S C V() (in the sense that these vertices are

contained within the copy) and some particular vertices of these copies are contained in
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I(m). We begin by introducing some notation to describe the particular sets (that we call

configurations) we are interested in counting ‘copies’ of.

Definition 2.16. A configuration is a triple X = (F,R, D), where F is an r-uniform
hypergraph in which every vertex is contained in at least one hyperedge and R and D are
disjoint subsets of V' (F). The vertices of R are called the roots of X, the vertices of D are
called the marked vertices of X, and the vertices of V(F) \ (D U R) are called the neutral

vertices of X.

Now we have a good way to describe the things we are interested in counting ‘copies’

of, we will formally define what we mean by a copy of a configuration.

Definition 2.17. For m > 0, given a configuration X = (F, R, D) and a set S C V(H), a
copy of X in H(m) rooted at S is a subhypergraph F' of H(m) such that there exists an
isomorphism ¢ : F — F' with ¢(R) = S and ¢(D) C I(m). Also define Xg(m) to be the
collection of copies of X in H(m) rooted at S. We denote X ,3(m) by X, (m) for v € V(H).

Take note that in H(m), a copy of a configuration (F, R, D) can contain elements of
I(m) apart from those in ¢(D). In particular, it is even possible for the set ¢(R) to contain
elements of I(m) (despite the fact that R and D are disjoint).

Before discussing specific families of configurations, let us discuss heuristically how many
copies we expect there to be of some fixed configuration X = (F, R, D) in H(m) rooted at
S C V(M). If Xg is the number of copies of (F, R, () rooted at S in H, then if I(m) is a

uniformly random infection of density p + ¢t,,, we would expect
Xg(m) = Xg - (p+ qtm)'”,

as each vertex is independently infected with probability p 4+ ¢t,,. That is, each infected
vertex contributes a factor of log®™M(d) - 47T (as tym, = O(logd)).

Now heuristically, how do we bound X4? In our proof, for some families of configurations
we will only require an upper bound, but for some we need to be more careful and also need
a lower bound. All the configurations (F, R, D) we are interested in tracking during the
first phase will satisfy the following properties: F is connected and contains at most r + 1
hyperedges, no vertex of F is contained in the intersection of more than two hyperedges,
no vertex in the intersection of two hyperedges is a root, and |R| > 1.

So suppose X satisfies these conditions. To find a bound on Xg, we can break F up
into its hyperedges e1, ..., e, where [e; N R| > 1 and each e; intersects | J,_; e/, and bound
the number of choices for each hyperedge. Let Si,...,S; be a fixed partition of S such
that |S;] = |[RNe; \ Upciep|. We will bound the number of members of X in H such that
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Si C € \ Uy e As there are O(1) such partitions of S, the total number of members of
X will be a constant factor away from this.

First consider the number of ways to chose e;. By conditions @ @ and of Def-
inition if [R| = 1 this is within (1 +log~%(d)) - d, and if |R| > 1 this is at most
dl*ujlfil1 . log*K(d). Similarly, we can then bound the number of ways to choose e2. By our
choice of hyperedge order, es intersects e;. Given a choice of ej, there are O(1) ways es
can intersect it. Defining b := |ea N (RUe1)| (by assumption on hyperedge order b > 1), by

conditions @ and of Definition there are at most

O (Ay(H)) = O (dl—fii) —0 ( ::i’)

choices for es. When 2 < b < r — 1, using condition of Definition gives a stronger
bound of at most

O (Ay(H)) = O (7 10g™" (a))

choices for es.

Given these bounds, the number of choices for es can be thought of as being O <d%),
where a is the number of vertices of ez that are not in e; or R (i.e. the number of ‘new’
vertices). We can bound the number of choices for es, ..., e, analogously. A more careful
version of this argument will be applied later to give the bound in Lemma [2.26)

So heuristically, for most configurations X, up to a logO(l)(d) factor we generally expect
there to be about dw copies of X rooted at S in H(m). One way of thinking
about this is to imagine each hyperedge contributes a factor of d, but for each vertex that
is either in the intersection of two hyperedges or not neutral we lose a factor of 4T (up
to some powers of logd). Alternately, (again up to some powers of logd) we get a factor
of d™1 for each neutral vertex in the configuration. It will be helpful to bear this rough
heuristic in mind throughout the calculations which come later.

We do care about having some control over the powers of log d, as we will see when we
discuss the precise configurations we wish to control. We remark that in practice, bounding
the number of copies of a configuration in this manner (by adding in the hyperedges one
by one and bounding them individually) will not always give a good enough bound for our
purposes. This is why we need to track configurations consisting of multiple hyperedges.

We now introduce our most important family of configurations, the ‘Y’ configurations.
These are a generalisation of the two variables Y7 =2 and Z discussed above. The control we
have over these more general variables in H(m) dictates the bounds we can prove on Q(m)
(see Lemma and on the Y configurations in H(m+1). The two further sets of variables
we will discuss below (see Definitions and do affect how the Y configurations



118 CHAPTER 5. BOOTSTRAP PERCOLATION IN A RANDOM HYPERGRAPH

behave, but due to the codegree conditions on H (see Definition , we can ensure that
they only contribute lower order terms.

In general, the Y configurations consist of a hyperedge e containing a root and a fixed
number of marked vertices, with ‘open’ hyperedges that are disjoint from one another and
only intersect e on their unique unmarked vertex. See Figure for a visualisation of some
of these configurations in the case r = 4. See also Figure for some examples of copies

of Y configurations in the case r = 6.

O
Q
yLo0 @ y o0l @ yLl @ Y12 @

Figure 5.2: Some examples of Y configurations in the case r = 4. The marked vertices
are shaded, the neutral vertices are white, the root is labelled with an R and the central
hyperedge is drawn with a thick outline.

Figure 5.3: Some examples of copies of Y configurations rooted at v in the case r = 6.
The infected vertices are shaded, the healthy vertices are white and the central hyperedge
1s drawn with a thick outline. Each copy is labelled by which configuration it is a copy of.
Notice that a copy of a configuration could have more infections than marked vertices in the
configuration itself, as is demonstrated by the third example.

We now formally define the family of Y configurations.

Definition 2.18. For non-negative integers i and j such that i +j < r — 1, let Y%/ denote
the configuration (F, R, D) such that F is a hypergraph containing a hyperedge e, called
the central hyperedge, such that
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(a) e contains exactly i marked vertices,
(b) there is a unique root and e is the only hyperedge of F containing the root,
(¢) F has exactly j non-central hyperedges,

(d) for each non-central hyperedge €’ we have |[eNe’| = 1 and the unique element of e N e’

is neutral,
(e) every vertex of V(F) \ e is marked, and
(f) no two non-central hyperedges intersect one another.

Observe that for v € V(H) \ I(m), we have that Yy "°(m) is precisely the set of
open hyperedges in which v is the unique healthy vertex, the set @Q,(m). Given that
Q(m) =~ y(tm) - N, if the open hyperedges were distributed uniformly among the healthy
vertices, then for each v € V(H) \ I(m) we would expect

Qu(m) =~ y(tm), (2.19)

since by Proposition [2.6] at time ¢,,, < T', we have I(m) = o(N) with high probability (so at
time t,,, there are (1 — o(1))N healthy vertices). However, when M = O(N), the quantity
v (tm) is constant, and so we cannot hope to prove that Q,(m) is concentrated around (t,,).
However, as we will see in a moment, we should be able to prove concentration for Y (m)
when i + j # r — 1. This is why we need to track the configurations Y. (m), and cannot
just bound such things by YJ’O(m) . (T_;_i) - @7, where @ is an upper bound on Q,(m) for
all v € V(H) \ I(m). We would not be able to get a good enough bound on @ to prove
bounds as tight as we would like on Y,/ (m).

Now we discuss how we expect the variables Y,/ (m) to behave. Consider first the
variable Y,"*(m) for 0 <i < r—2and v € V(H). By properties@and@of Deﬁnition
every vertex has degree between (1 — o(1)) d and d. Therefore if I(m) is a uniformly random

infection of density p + gt,,,, then we would expect
i0 r—1 i (r—1 Pl
Yolmy~ (0 dp+atm) = (7 ) (eFatp)'d T (2.20)

Now, let us consider Y, (m) for j > 1. One can express Vs (m) as the sum over all
F' € Y (m) and all subsets U of V(F') \ {v} with |U| = j and | (V(F') N I(m))\U| > i
of the number of ways to choose one open hyperedge rooted at each element of U in such
a way that (a) no two such hyperedges intersect and (b) each of them intersects V(F’) on
exactly one vertex. Given , most copies of Y40 rooted at v have precisely i infected
vertices. We will show by bounding other configurations (see Theorem that the vast
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majority of choices of U and open hyperedges rooted at vertices of U satisfy (a) and (b).
So, if I(m) is a uniformly random infection of density p + gt,,, then using (2.19) we would
expect that

r—i—1

via(m) = ¥iom) (e

~ <7“ - 1) (T -1 Z> (c+ aty)iy(t )P d 7T

t J

Before stating the bounds we wish to prove on the Y configurations, it is helpful to

introduce the following notation which will be used throughout the chapter. Define

r—1

o) = (77 ) ey (2.21)

and
i (t) = ( —1- ) yio(t)y(2). (2.22)

We will prove the following.

Theorem 2.23. With high probability the following statement holds. For all 0 < m < M,
forallve V(H), forall0<i<r—2and all0<j<r—1-—1,

Y (m) € (1 €(tm)) i (tm)d" 77

To track the Y configurations and thus prove Theorem [2.23] we will determine the
expectation of Yo7 (m + 1) — Yo7 (m) given H(m) and I(m). Let us consider how a new
copy of Y%J rooted at v is created. Let Y%/ = (F, R, D). For each new copy Y of Y/
rooted at v, there exists some u € D such that Y is created from a copy of a configuration
X = (F,RU{u}, D\ {u}), such that the image of u in H(m) is the unique healthy vertex
of a hyperedge that gets successfully sampled. So in fact it is created from a copy of
configuration X’ = (F', R, D'), where F’ is the union of F and one new hyperedge e whose
intersection with F contains some u € D, and D’ is the union of D\ {u} and e\ {u}. See
Figure [5.4] for some examples of this.

Either e intersects J on precisely one vertex, or e intersects JF on several vertices,
including vertices of D. In the first case, as we will see in Section X' can be expressed as
a combination of Y configurations. However, the family of Y configurations does not contain
the type of intersections we get in the second case, so we need to control another family
of variables which includes those with such intersections. In Section [(5.6.3] the calculation
of the expectation of Yi (m + 1) — Y,/ (m) given H(m) and I(m) will be presented in
full detail; for now we have motivated the introduction of our next family, the secondary

configurations. These configurations are so called because they will not usually contribute
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Q
&o &@3©
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Figure 5.4: Here r = 4. We present four examples of ways that a copy of Y'%? rooted at
v can be created. Such a copy is created if the open hyperedge containing u (drawn with a
thick outline) is successfully sampled.

Figure 5.5: Three examples of secondary configurations X in the case r = 4. The marked
vertices are shaded, the neutral vertices are white, the root is labelled with an R and the
central hyperedge is drawn with a thick outline.
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to the main order term in our calculations, but still need to be controlled. See Figure [5.5
for some examples of these configurations.

The family of secondary configurations contains configurations with multiple roots and
‘more complicated’ intersections of hyperedges than the Y configurations. Due to the code-
gree conditions on H (see Definition , we are able to prove stronger upper bounds on
secondary configurations than on Y configurations. Therefore we do not need to prove that
the secondary configurations are concentrated. It will suffice to prove an upper bound that
shows that they do not affect the main order term in our calculations for the Y configura-
tions.

This will ensure that any way of creating Y configurations using secondary configurations
(the second case above) is a lower order term than those terms given by the first case above.
So the overall behaviour of the Y configurations is dictated purely by Y configurations. This

is one reason why it is important for us to have such codegree conditions on H.

Definition 2.24. Say that a configuration X = (F, R, D) is secondary if 1 < |E(F)| < 3
and F contains a hyperedge e called the central hyperedge such that

(a) e contains at least one root and at least one neutral vertex,

(b) for every non-central hyperedge e’ we have that e N e’ contains at least one neutral

vertex,
(c) every vertex of F is contained in at most two hyperedges of F and
(d) at least one of the following holds:
. B >2,
e |E(F)| =2 and the two hyperedges of F intersect on more than one vertex, or
e |E(F)| = 3, each non-central hyperedge intersects e on only one vertex and the

two non-central hyperedges intersect one another.

Remark 2.25. If X = (F,R,D) is a secondary configuration and v € D, then both
(F,R,D\ {u}) and (F,RU{u}, D\ {u}) are secondary configurations.

In order to determine how we expect X (m) to behave, we require the following lemma
giving an upper bound on Xg(m) when X is a secondary configuration with no marked
vertices. This lemma will be proved in the next section and applied throughout the rest of

the chapter.
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Lemma 2.26. Let X = (F, R, D) be a secondary configuration with D = (. Then, for any
set S C V(H) of cardinality |R|, the number of copies of X in H(m) rooted at S is

0] (dV(f)l_R log_K(d)) .

We now consider what the expected number of copies of any secondary configuration
X = (F,R,D) in H(m) rooted at S would be, if I(m) were a uniformly random infection
with density p+qt,,. The case D = () is covered by Lemma [2.26], so now we consider the case
that D # (). By Remarklﬁ'7 the configuration X := (F, R, () is also a secondary configura-

V(A)=IR|

tion and so, by Lemmal2.26] the expected number of copiesof X isO (d~ 1 log™® (d))

For any such copy, if I(m) were a uniformly random infection with density p+ gt,,, then the
probability that every vertex of the image of D in this copy is infected would be precisely
(p+ qt,)!P!. Putting this together we get that, if J(m) were uniform, then we would expect

log™ & (d)) .

Now we formally describe the upper bound that we will prove on Xg(m) for a general

[V(F)|=|R|
1

Xs(m) =0 ((p +qtm)IPld 7=

secondary configuration X = (F, R, D) with central hyperedge e.

Theorem 2.27. With high probability the following statement holds. For all 0 < m < M,
for all secondary configurations X = (F, R, D) and all S C V(H) of cardinality |R)|:
[V(F)|=|R|-|D]
Xg(m) <log?P(d)d =1 log3/2(d).
By Definition every secondary configuration contains at least one neutral vertex.
To bound the maximum change of our variables we will also need to have control over
configurations that consist of a single hyperedge with no neutral vertices. So now we will

define the final set of variables we wish to control.

Definition 2.28. For 1 < i < r, let W' denote the configuration (F, R, D) where F is
a hypergraph consisting of r vertices contained in a single hyperedge, |R| = i and D =
V(F)\ R.

See Figure for an illustration of some of these configurations in the case r = 6.

Of course, the variable W (m) is the same as Yy~ "%(m), which is the same as Q,(m)
if v ¢ I(m). Fori =1 and S = {v}, the degree of v in H is at most d and so, if I(m)
were a uniformly random infection with density p + gt,,, then we would expect Wi(m) to
be at most d - (p + qtm)rfl. For ¢ > 2, by condition of Definition the number of
hyperedges of H(m) containing S is at most 4\ log=%(d). So, if I(m) were a uniformly

random infection with density p + ¢t.,,, then we would expect Wg(m) to be at most

(p+gtm) - d T log ™K (d) = (p+ gtm)" " di=1 log™5(d) = (o + ctp) log ™5 (d) = o(1).
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Figure 5.6: Some examples of W configurations in the case r = 6. The marked vertices are
shaded and the roots are labelled with an R.

Here, we use the fact K is large and that we are only considering values of ¢ up to O (log(d)).
Thus we cannot hope to prove tight concentration bounds for these variables. However,

we will prove the following.

Theorem 2.29. With high probability the following statement holds. For oll 1 <1i <r, for
all S CV(H) of cardinality i and all 0 < m < M,

Wi(m) < log™ "= (d).

We will show in Lemma[4.I]that to prove Theorem[2.13] it is sufficient to prove Theorems
and and Proposition 2.6

The parts of the chapter concerning the first phase are structured as follows. In Sec-
tion we show in Lemma how Proposition [2.6] and Theorems [2.23] and [2:29] imply
Theorem Then we prove the case m = 0 of Theorems [2.13] [2.23] 2.27] and [2.29]in Sec-
tion using a version (Corollary of the Kim—Vu Inequality (Theorem . The case
1 < m < M of Theorems [2.13] 2.23] .27 and 2.29] are proved in Section using Freed-
man’s Inequality (Theorem and the differential equations method. This concludes our
discussion of the first phase of the proof of Theorem

5.2.2 The Second Phase

To complete the proof of Theorem [I.6] we define a different process which involves sampling
a large set of open hyperedges in each round, rather than sampling one hyperedge at a
time like we did in the first phase. As a slight abuse of notation, in the second phase we
let I(0) denote I(M) and H(0) denote H(M); that is, after the first phase, we ‘restart the
clock’ from zero before running the second phase process. The second phase process will be
defined slightly differently depending on whether we are in the subcritical or supercritical
case.

For m > 1, in round m we will sample a set of open hyperedges and use the outcomes to

define I(m + 1) and H(m + 1). Again we will let Q(m) be the set of hyperedges e of H(m)
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such that |e N I(m)| = r — 1 (the set of open hyperedges). Analogous to the first phase,
for each configuration X = (F, R, D), S C V(H) with |S| = |R| and integer m > 0, we let
Xs(m) denote the set of copies of X in H(m) rooted at S. As before, we still write Xg(m)
when referring to | Xg(m)| and Q(m) when referring to |Q(m)|.

We now define the number of steps for which we will run the processes in the second

phase. For A\ < 1/8 depending on only r, ¢ and « (X is defined in ([7.1])):

min {m : (log N)(%)m > dﬁJr%} if "2 > %,

My =
2 2 [logl/(l_k) (N)—‘ otherwise.

(2.30)

5.2.3 The Subcritical Case

_9\r—2
First, let us consider the ‘subcritical case’; i.e. when ¢" 2o < % Recall that, in this

case, we track the first phase process until the number of open hyperedges is bounded above

by (N for some constant ¢ chosen small with respect to r,c and a.

The Second Phase Process in the Subcritical Case. We obtain I(m+1) and H(m+1)
in the following way. For m > 0 we sample every hyperedge in Q(m). We let I(m + 1) be

the union of I(m) and all of the vertices in hyperedges which were successfully sampled and

let H(m + 1) :=H(m) \ Q(m).

Our main result in the subcritical case is the following theorem, which immediately

_9\r—2
implies Theorem in the case ¢’ 2a < E:_?;T_l.

Theorem 2.31. If ¢ 2a < %, then with high probability,

(i) Q(Mz) =0, and

.. N-1oeCM) (N
(ii) [I(Mg)| = 280 = o(N).

The key part of the proof Theorem is the following bound on E(Q(m)):
E(Q(m)) < (1-A)"2¢- N, (2.32)

for some A < 1/8 depending only on 7,c and a (X is defined in (7.1))). For m = Mo, this
bound implies that E(Q(M2)) = o(1), and so (i) follows from and Markov’s Inequality
(Theorem (3.1)).

To deduce (2.32)), consider how a member of Q(m + 1) is created. (As every open
hyperedge is sampled at each time step, Q(m + 1) N Q(m) = 0.) A member of Q(m + 1) is
created from a hyperedge e € H(m) such that 0 < |[enI(m)| < r —2, but leN I(m + 1)|

=r — 1. So in particular, in round m all healthy vertices of e but one are contained in an
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open hyperedge that is successfully sampled. Since Q(m + 1) N Q(m) = (), e contains at
least one healthy vertex that is contained in a successfully sampled hyperedge of Q(m).

So a member of Q(m + 1) is created when we have a hypergraph consisting of:
(1) a hyperedge e ¢ Q(m) such that e ¢ I(m),
(2) a hyperedge e, € Q,(m), for each healthy vertex u in e except one,

and each open hyperedge chosen in (2) is successfully sampled at time m.

Given such a hypergraph, picking a hyperedge ¢’ # e and deleting it gives a hypergraph
that may be a copy of a Y configuration (rooted at the healthy vertex of ene’), or may not
be (because of additional overlaps between the non-central hyperedges). In order to track
Q(m) in the second phase, we wish to track these sorts of configurations. The reason that
we consider configurations of this type (where the edge €’ is not present rather than with it
also included), is that we wish to express Q(m + 1) in terms of Q(m) and breaking up the
configuration this way allows us to do this (see for example below). This motivates

the introduction of another family of configurations: the Z configurations.

Definition 2.33. Given v € V(H), 0 < i <r—-2,0<j<r—1—dand 0 < m < My
let Zy7(m) be the union of Z,(m) over all configurations Z = (F, R, D) such that F is a
hypergraph containing a hyperedge e, called the central hyperedge, such that

(a) e contains exactly i marked vertices,

(b) there is a unique root and e is the only hyperedge of F containing the root,
(c) F has exactly j non-central hyperedges,

(d) every non-central hyperedge contains exactly » — 1 marked vertices,

(e) for each non-central hyperedge €/, the unique neutral vertex of €’ is contained in e,

and
(f) no neutral vertex is contained in two non-central hyperedges.

See Figure for some examples in the case r = 6. These configurations can be thought
of as a more general version of the Y configurations, in fact the main order term of Z5 (m)
comes from Y, (m). The following simple observation provides a helpful way of thinking

about the Z configurations.
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Figure 5.7: Some examples of possible members of Z3’2(m) in the case r = 6. The root is
labelled by R, the infected vertices are shaded, the healthy vertices are white and the central
hyperedge is drawn with a thick outline.
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Observation 2.34. Let Z be a member of Zy7 (m). If each of the non-central hyperedges
intersects the central hyperedge e on only one vertex and no pair of them intersect one
another then Z is a member of Y,/ (m). Also observe that Yy (m) C Zy/(m), as every
member of Y/ (m) is a member of Z& (m) of this type. If one of the non-central hyperedges
intersects e on more than one vertex or two of them intersect one another, then Z consists
of a copy F’ of a secondary configuration with one root, r — 1 — 4 neutral vertices and a set

of at most j — 1 copies of W' rooted at vertices of F.

We will see in Lemma that the members of Z;’(m) that come from secondary
configurations just contribute a lower order term. Given the above discussion, conditioned

on H(m) and I(m) the expected value of Q(m + 1) is at most

> 227”2“ AR (2.35)

QeQ(m) weQ\I(m

The proof of Theorem comes down to proving that Z,, 273 (m) satisfies strong enough
upper bounds (with high probablhty) so that evaluating this expression gives the bound in
(12.32]).

So to prove Theorem m it suffices to control Z3’ (m). To do this, we must also
keep control over Yi*/ (m), Xg(m) and Wi(m), as before. This is achieved via multiple
applications of a version of the Kim—Vu Inequality (Corollary . Full details will be
given in Section [5.7

5.2.4 The Supercritical Case

—_ r—2 . . .
The strategy in the ‘supercritical case’, i.e. when ¢ 2a > E:—?;T*“ is somewhat similar,

but the details are a little different.

The Second Phase Process in the Supercritical Case. We obtain I(m+1) and H(m-+
1) in the following way. Each round contains two steps. In the first step we choose some
Q' (m) C Q(m) and sample every open hyperedge of Q'(m). We define Q'(0) = Q(0). For
m > 0 we choose @’ (m) to be a subset of Q,(m) with cardinality min {Qv(m), (log N)(%)m}
and define

Qm)y= |J Qym)
veV(H)\I(m)
We let Ip(m + 1) be the union of I(m) and all of the hyperedges of Q'(m) that were
successfully sampled. We let Ho(m + 1) := H(m) \ Q' (m).
In the second step for 7 > 0, if there exists a healthy vertex v contained in at least di”L%O

open hyperedges of H;(m + 1), we sample every open hyperedge in #H;(m + 1) containing v.
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Call this set Q¢ (m + 1) and define H; 11 (m +1) := H;(m + 1)\ Q,(m +1). Let I;11(m +1)
be the union of I;(m) and the vertices of all of the hyperedges of Q(m + 1) that were
successfully sampled. The second step ends when we reach j such that no healthy vertex
of H;(m+ 1) is contained in dr1ti open hyperedges. We define H(m +1) := H;j(m+1),
and I(m+1) := Ij(m + 1).

In the second step, each Q% (m) is large enough such that, with high probability, v will
become infected when we sample every hyperedge in Q! (m).
The proof of Theorem relies on the following bound:

Qu(m) > (log N)(3)" (2.36)

for each 0 < m < My and all v € V(#H) \ I(m). To prove this bound, we use Janson’s in-
equality for the lower tail (Theorem [3.9). Given (2.36)), after at most O (loglog N) rounds,

r=1+1/10 ghen hyperedges containing it. Now, by the

every healthy vertex has at least d'/(
Chernoff Bound (Theorem and the fact that N = d°0) (by property @ of Defini-
tion , with high probability every vertex is infected after only one additional round.
Therefore, percolation occurs with high probability. See Section for full details. This

concludes our outline of the proof.

5.3 Probabilistic Tools

Here, for convenience, we collect together the probabilistic tools we apply throughout the

proof. We will also formally define the probability space we use throughout the proof.

5.3.1 Standard Concentration Inequalities

The following two theorems will be repeatedly applied throughout the proof. The first is
Markov’s Inequality, which is one of the simplest concentration inequalities in probability

theory.

Theorem 3.1 (Markov’s Inequality). If X is a non-negative random variable and a > 0,

then

E(X
P(X >a) < ( )
a
The second is a version of the Chernoff Bound taken from [46].

Theorem 3.2 (The Chernoff Bound). Let X1,..., X, be a sequence of independent [0,1]-
valued random variables and let X = 2?21 X;. Then, for0 <e <1,

_ 2E(X)
2

P(X <(1-e)EX)) <e ,

2E(X)

P(X > (1+e)E(X)) e 5
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5.3.2 Kim—Vu and Janson Inequalities

A central theme in the study of large deviation inequalities is that if a random variable
X depends on a sequence of independent trials in which, for any outcome of the trials,
changing the result of a small set of the trials does not influence the value of X too much,
then X is often concentrated (see, e.g., |46l [O8] [133] for further discussion). In our case,
it is clear that the value of any of the variables that we track at time zero depends on
the N independent random trials which determine whether or not each vertex of V(H) is
contained in I(0). However, as it turns out, our codegree and neighbourhood similarity
conditions (conditions and @ of Definition are not strong enough to obtain good
control over the ‘worst case’ influence of changing a small set of trials. Fortunately for us,
there exist a number of different tools for obtaining strong concentration when the worst
case influence is rather large, but the ‘typical’ influence is small.

The tool that we use in Section to prove bounds on our variables when m = 0 is
a version of the Kim—Vu Inequality [88] due to Vu [I32] which is particularly well suited
to our situation. Other such tools include large deviation versions of Janson’s Inequality
(Theorem , which we apply in Section and the ‘method of typical bounded differ-
ences’ developed by Warnke [133]. Before stating the Kim—Vu inequality, we require some

definitions.

Definition 3.3. Let V be a finite index set and let f be a multivariate polynomial in
variables {z, : v € V'}. Given a multiset A of indices from V, let 94 f denote the partial
derivative of f with respect to the variables {z, : v € A} (with multiplicity).

Definition 3.4. Let X be a random variable of the form f (&, : v € V') where V' is an index
set with IV elements, f is a multivariate polynomial of degree k in variables {x, : v € V'}
with coefficients in [0,1] and {&, : v € V'} is a collection of independent random variables
taking values in {0,1}. For 0 < j < k, define

E;(X) := glagl@(é‘fxf (&:veV))

where the maximum is taken over all multisets of indices from V with cardinality at least
7.

Theorem 3.5 (Vu [132]). There exist positive constants ¢ and Cy such that if X is a
random variable as in Definition and & > & > - > 8, = 1 and £ are positive
numbers such that E;(X) < & for 0 < j <k, and &/Ej41 > L+ jlogN for0<j<k—1,
then

P (yX ~E(X)| > \/Eé"oé‘i) < Cpeo.
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In order to apply Theorem to some random variable of the form f (£, : v € V), we
require that the coefficients of f are in [0, 1]. Therefore, in practice, to apply this theorem
to most of our variables we first need to rescale them, then apply the theorem, then scale
them back to get the bounds we want on the original variable. For this reason, we prove
a corollary to Theorem which applies this theorem in precisely the form we will use it

throughout the chapter. This should make the later calculations easier to follow.

Corollary 3.6. Let X = f (&, : v € V) be a random variable where V' is an index set with
N elements, f is a multivariate polynomial of degree k in variables {x, : v € V} with
non-negative coefficients and no variable in f has an exponent greater than 1. Let T and

&y > log%'*'1 N be positive numbers such that
(i) E(X) <71-&, and
(i) E;(X) <, for1 <j<k.
Then for N sufficiently large, with probability at least 1 — N‘QO\/W,

X €E(X)£0 <Tlogk(N)\/?) .

Proof. Define
Z=g&:veV)=71f(&:veV).

We show that Z is close to its expectation with high probability and use this to obtain
bounds on X which hold with high probability. Using the definition of Z, from (i) we
obtain that

E(Z) =71 E(X) < & (3.7)

and from (ii) we obtain that for 1 < j <k,
Ej(Z)=7"1Ej(X)<1. (3.8)

In particular this implies that, when N is sufficiently large, every term of g has a
coefficient which is at most one. Indeed, for a monomial J] ., #, appearing with a non-
zero coefficient in g, its coefficient is precisely E (0ag) < E|4 (Z).

Set ¢ := log?(N), & =1 and &; := (¢ + jlog N)Ej4q for 1 < j < k. By hypothesis,
& > log?T1(N), which is at least (£ + jlog N)&; for N sufficiently large, and so & /&1 >
£+ jlogN for 0 <j <k-—1.

By and , we have E;(Z) < &; for all 0 < j < k. Therefore, we may apply
Theorem [3.5] to obtain that

P(1Z - E(2)| > V&) < e™08" M) < N-20vIogN,
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Since by definition ¢- & = O(log2k(N)), we have /lEyE = O (logk(N)\/éT)), Therefore
with probability at least 1 — N~20Viog N,

Z eE(Z)+0 (1og’f(N)\/§) .

Now rescaling by 7 gives that with probability at least 1 — N—20vlog N

X eR(X)+0 (Tlog’“(NW?o) :

as required. ]

We will also use Corollary (3.6 to prove bounds on our variables for the ‘subcritical’ case
during the second phase. For the ‘supercritical’ case we will apply the following lower tail

version of Janson’s Inequality.

Theorem 3.9 (Janson’s Inequality for the Lower Tail [77]). Let G be a hypergraph and, for
p€(0,1) and e € E(G), let I. be the indicator variable for the event e C V(G),. Set

X = I,
e€E(G)

w=E(X), and

5= > E(ll),
(e.)EE(G)?
e#e’
ene’'#0
where the final sum is over all ordered pairs, (so each pair is counted twice). Then, for any
e €10,1],

P(X < (1-¢)E(X)) <exp (—p(—e)u?/(u+9)),

where p(x) = (14 x)log(l + x) — .

5.3.3 Martingales and Concentration

In Section [5.6] we will use standard martingale concentration inequalities to prove bounds
on our variables throughout the first phase for m > 0.

Recall that a sequence 0 = B(0), B(1),... of random variables is said to be a super-
martingale with respect to a filtration F(0), F(1),... if, for all m > 0, we have that B(m)
is F(m)-measurable and

E(B(m+1) | F(m)) < B(m).

In what follows, when we say that B(0),B(1),... is a supermartingale, it is always with

respect to the natural filtration corresponding to our process (which will be formally defined
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in the next subsection). A sequence B(0),B(1),... is a submartingale if the sequence
—B(0),—B(1),... is a supermartingale. Also, a sequence B(0), B(1),... is said to be 7-
bounded if, for all m > 0,

—n < B(m+1) - B(m) <n.

Our main tool in Section is the following concentration inequality of Freedman [59].

Theorem 3.10 (Freedman [59]). Let 0 := B(0), B(1),... be a n-bounded supermartingale
and let

—

m—

V(m):= > Var(B({+1) - B(() | Fy).
£=0
Then, for all a,v > 0,

P(B(m) > a and V(m) < v for some m) < exp (—z(ycfan)> .

5.3.4 The Probability Space

A natural candidate for the probability space on which to view our process is
Q= {0, 1} x BE(H)PH x P(E(H))E x {0, 1}FH)

where P(E(H)) is the collection of all subsets of E(H). For any point in 2, the first
N coordinates determine the infection at time zero, the next |E(#)| coordinates list the
hyperedges sampled during the first phase process (although, note that the first phase stops
before |E(H)| hyperedges have been sampled), the next |E(H)| coordinates list the sets
of hyperedges sampled during the second phase process and the last |E(H)| coordinates
determine which hyperedges of H are contained in H,.

One should notice that Q contains a large number of ‘infeasible’ points (i.e. points of
measure zero); for example, it contains points corresponding to evolutions of the processes
in which some hyperedges are sampled more than once, or the mth hyperedge sampled in
the first phase is not even chosen from Q(m — 1), etc. We let € be the subspace of €2
consisting of only those points which have positive measure.

For m > 0, let F,,, be the o-algebra generated by the partitioning of ' in which two
points are in the same class if they correspond to evolutions of the processes which have the
same initial infection and which are indistinguishable after £ steps of the first phase process
for every £ in the range 1 < £ < m. For example, any two points of €' corresponding to
evolutions in which the first phase process runs for fewer than m steps are in the same
class if and only if they are indistinguishable at every step of the first phase. Similarly, for
m > 0, let 7). be the o-algebra generated by the partitioning of €’ in which two points are

in the same class if they are indistinguishable at every step of the first phase and, for every
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1 < ¢ < m, they are indistinguishable after the ¢th step of the second phase process. We

will work in this probability space throughout the proof without further comment.

5.4 Preliminaries

In this section, we will prove four preliminary results. First we prove Proposition which
gives a bound on the number of infected vertices at each step of the first phase. Then we
deduce that to track Q(m), it is enough to have control over the Y and W configurations
and the number of infected vertices at time m. After that, we will prove Lemma [2.26, which
bounds the number of copies of any secondary configuration (F, R, () in #H(m) rooted at
S (where |S| = |R|), for any 0 < m < M. At the end of the section, we will prove an
analytic lemma that will be used in the application of the differential equations method in
Section 5.6
We restate here Proposition [2.6] from Section 2, to aid the reader.

Proposition (Restated). For 0 < m < M, with probability at least 1 — N—UVIoe N),
I(m) = O(log N - Nd~Y/ (=),

Proof. The expected number of vertices which are infected at time zero is eNd=Y (=1, By
the Chernoff bound (Theorem with € = 1/2, we have that, with probability at least
1-— efQ(Ndfl/(rfl)), there are at most %Nd_l/(r_l) vertices infected at time zero.

At each step, one hyperedge is sampled and becomes infected with probability ¢. As the
total number of hyperedges sampled is M = O (log N - N), the expected number of vertices
infected by successfully sampling an open hyperedge is O (]Z ll/‘fgf) )>.

Applying the Chernoff bound with € = 1/2, we get that with probability at least 1 —

N=UVIeN) there are at most O (N'log(N)> vertices infected by successfully sampling an

ql/(r—1)
open hyperedge. By choosing K large enough and 1D we have 1 — e~ ¥(Wd™V/™D) >
1 — N~10VIeeN Qg with probability at least 1 — N—10viog N

3¢ o 1/r—1 N -log(N) N -log(N)

As I(¢) < I(M) for any ¢ < M, this completes the proof. O

As mentioned in Section to prove Theorem it is sufficient to prove Theo-
rems [2.23] and [2.29] and Proposition 2.6, More formally:

Lemma 4.1. If for every choice of 0 <m < M,veV(H),0<i<r—2and0<j<r—1

we have:
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(i) Y3 (m) € (1 e(tm)) i (bm)d" 7T,
(ii) Wk(m) <log™ (d), and
(i) I(m) = O(log N - Nd=/(r=1)),
then for every 0 < m < M,
Q(m) € (1% 4e(tm))y(tm) - N

Proof. The sum

S = (r = 1D)Qu(m) (Y, (m) — Y, %(m)) (4.2)
weV (H)\I(m)

counts the number of ways of choosing
(1) avertex w € V(H) \ I(m),
(2) a hyperedge €' € Q. (m),
(3) a hyperedge e € H(m) disjoint from I(m) containing w, and
(4) a vertex v € e\ {w}.

Viewing v as the root, such a configuration is a copy of Y! rooted at v but not a copy
of Y11, Define Sy := Zvev(m\](m) (Yvo’l(m) — YZ}’l(m)>. Sy counts the number of ways

of choosing
(1) avertex v € V(H) \ I(m),
(2) a hyperedge e € H(m) containing v and at most one infected vertex,
(3) a vertex w € e\ {v} such that if e N I(m) # @) then w € I(m), and
(4) a hyperedge ¢’ € W (m),

which contains everything that .S counts. So S < S5. The configurations counted by Sy but

not S are those given by choosing
(1) avertex v € V(H) \ I(m),
(2) a hyperedge e € H(m) containing v such that e has a unique infected vertex w,

(3) a hyperedge e’ € W} (m).
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Figure 5.8: Here r = 6. Copies of this hypergraph are counted by S only when w is healthy.
Copies are counted by So whether w is infected or not. The (unlabelled) vertices shaded
dark grey are infected, the unshaded vertices are healthy.

See Figure for an illustration of the difference between what is counted in S and S
when r = 6.

Applying hypotheses (i) and (ii) to bound Y;*(m) and W (m) for all v € V() \ I(m)
and w € I(m), we see that Sy — S is bounded above by

S (V0(m) — Y20m) log" (d) = N - 7 10og%(d).
veV (H)\I(m)
Thus,
S €Syt N-d" 71 1og?D(d).

Using the definition of Sy and applying the bounds on Yq}’l(m) given by the hypotheses

of the lemma, we have
Se Y YM(m)£N-d"7 1og%D(a). (4.3)
veV(H)\I(m)

Using the bounds on Y,"%(m) and (for w € V(H)\I(m)) the bounds on Q,,(m) = W2 (m)

given by the hypotheses of the lemma, from (4.2) we get

Se Y (r—1Qum)Y2(m) £ N -d'" 71 10g%0(d). (4.4)
weV (H)\I(m)

Combining (4.4) and (4.3) gives

Z (r —1D)Qu(m)Y2(m) € Z YOl (m)+ N - 4 1og® M (d).
weV (H)\I(m) veV (H)\I(m)
We also have by hypothesis that
Yo (r=1)Qu(m)Y (m) € (r =1 Qu(m) (L £ e(tm)) d

weV (H)\I(m) weV (H)\I(m)
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=Q(m)(r—1) (1 £ e(tm)) d
and

S Y2 (m) € [VH)\I(m)| (1 £ e(tm)) (r — 1)y(tn) - d.
veV (H)\I(m)

Putting all this together gives

V(H)\ T(m)| (14 €(tm)) (r — D)Y(tn) £ d" 7T N1og@M d
(r= 1) (1 F e(tm))

C N(1 £ 4e(tn))y(tm)

Q(m) €

since ﬁ—i € 1+ 3z for  sufficiently small and I(m) = O(log N - Nd~"/{=1) by hypothesis
(iii). The result follows. O

We will now present the proof of Lemma It may be helpful to first recall the
definition of a secondary configuration from Definition [2.24, We restate here the result

from Section 2 to aid the reader.

Lemma (Restated). Let X = (F,R,D) be a secondary configuration with D = ().
Then, for any set S C V(H) of cardinality |R|, the number of copies of X in H(m) rooted

at S is
0 (dv(f)—l “ log ™K (d)> .

Proof. Let X = (F, R, D) be a secondary configuration. First we see that, for any ordering

e1,...,epF) of the hyperedges of F, we have that

|E(F) i—1
VA =R+ > (r—|an|RuJe || ]- (4.5)
i=1 j=1
To see this, count the number of vertices by first counting the vertices of R and then, for
each 7 in turn, count the vertices of e; which have not yet been counted. This will be used
several times in the calculations below.

Our goal is to bound the number of copies of X in H(m) rooted at a set S C V(H)
of cardinality |R|. By construction, #(m) is a subhypergraph of #(0) = H. Therefore,
it suffices to upper bound the number of copies of X in H(0) = H rooted at S. We do
this in the way we described in the previous section, by breaking F up into individual
hyperedges and bounding the number of ways to choose each one individually, given the
previous choices. We will consider a number of different cases.

First, suppose there exists a hyperedge e; € E(F) such that |e;NR| > 2. By definition of

a secondary configuration, every hyperedge of a secondary configuration contains a neutral
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vertex, so e; ¢ R and |e;NR)| is between 2 and r—1. Thus, by conditionof Deﬁnition

the number of hyperedges fi in F intersecting S in exactly |e; N R| vertices is

< 5] ).AelmR(H)=O<dTT61TR| 1og—K<d>)-

‘61 ﬁR‘

Note that this bound is already enough to complete the proof in the case |E(F)| = 1 since,
by definition of a secondary configuration, the unique hyperedge of F contains at least two
roots. So, in what follows, we may assume that |E(F)| > 2.

Let e2 be a hyperedge which intersects e; (which exists by definition of a secondary
configuration) and, if |F(F)| > 3, then let e3 be the remaining hyperedge. The number
of copies of X rooted at S is at most the number of ways to choose a hyperedge f; of H
intersecting S on exactly |e; N R| vertices, a hyperedge fo intersecting S U f1 on exactly
lea N (RUey)| vertices and, if |E(F)| > 3, a hyperedge f3 intersecting SU f1 U fo on exactly
les N (RU e Ueg)| vertices. Using the bound that we have already proven for the number

of ways of choosing f;, we get that this is

‘E(]:)I ‘E(]:)I T*‘Eiﬁ(RUU;‘.:ll 6j)|
7K =
0 H A]em(Ru ;;11)|(H) =0 [ log™"(d) - H d r=1
=1 i=1

By , the exponent of d in the above expression is precisely w, and so we are
done when there exists some hyperedge e; such that |e; N R| > 2.

So from now on we assume that every hyperedge of F contains at most one root. In
particular, by definition of a secondary configuration, the central hyperedge has exactly one
root.

Now, let e; denote the central hyperedge and suppose that there is a non-central hyper-
edge e such that e; C RUe;. Then, since es contains at most one root, we must have that
le; Neg| =r—1 and that the unique vertex of e3 \ €1 is a root. The vertex of e; \ e2 is also
a root because, by definition of a secondary configuration, e; contains a root and this root
cannot be contained in ey (as every hyperedge contains at most one root). By condition @
of Definition the number of ways to choose two vertices x,y of S and two hyperedges
f1 and fo of H such that f1Afo = {x,y} is

O (d- log_K(d)) .

If e; and e are the only two hyperedges of F, then |V(F)| —|R| =r—1 and so this bound
is what we wanted to prove. If |E(F)| > 3, then there are

r—legN(RUej Ueg)|
0 (A|€30(RU€1U62)|(H)) =0 <d r—1 )
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ways to choose a third hyperedge to form a copy of F. Combining this with the bound on
the number of ways to choose the first two hyperedges and applying gives the desired
bound.

So every non-central hyperedge contains at least one non-root vertex which is not con-
tained in the central hyperedge. We can now conclude the proof in the case |E(F)| = 2.
Indeed, let e; be the central hyperedge and es be the non-central hyperedge. We can bound
the number of copies of X by

O (A(H) - Ajeyresur) (H)) -

By definition of a secondary configuration and the fact that e; has at most one root, we
know that |ez N (e; U R)| must be at least two. Also, it is at most » — 1 by the result of the
previous paragraph. So, by condition of Definition we get an upper bound of

r—legN(eq UR)|
0 (d e (d)>

which, by and the fact that |e; N R| = 1, is the desired bound.

It remains to consider the case |[E(F)| = 3. Let e; be the central hyperedge and let ey
and ez be the other two hyperedges. Suppose that |R| > 2. Then, since e; contains exactly
one root, there must be a non-central hyperedge, say ey, such that es \ e contains a root.

We can now bound the number of copies of X by

O (A(H) - Ajeyn(ruen)| (H) - Alesn(Ruerues)| (H)) -

Since |e2 N (R Ueq)| is at least two and at most r — 1, this is bounded above by

r—|egN(RUeq)| r—|egN(RUeq Ueg)|
O(d-d g e -logK(d))

and so, in this case, we are again done by and the fact that e N R| = 1.

Thus, there is exactly one root and it is contained in e;. By definition of a secondary
configuration, this implies that e; N ey Ne3 = () and that ey intersects e3. In particular,
it implies that |e3 N (e1 U ea)] > 2. We assume that ea was chosen to be the non-central
hyperedge such that |e; Ney| is maximised. As above, the number of copies of X is bounded

above by
O (A(H) : A‘egﬂeﬂ(H) : A|63ﬂ(61U82)‘(H))

which gives the desired bound by condition of Definition unless [ea Ne;| =1 and
lesN(e1Ues)| = r (since we already know that |es N (e; Uea)| > 2). So, we assume that F
satisfies these conditions. By our choice of eg, we also get that |e3sNe;| = 1 as well. The last

case to consider is therefore when ez and es each intersect e; on on a single vertex (where
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these two vertices are distinct) and |ea Neg| = — 1. In this case, the number of copies of
X is bounded above by the number of ways to choose a hyperedge fi; containing S, choose
two vertices z,y of f1\ S and then choose two hyperedges fo, f3 such that foAfs = {z,y}.
By condition @ of Definition this is bounded above by

O (d®log™*(a)),

which is what we needed since |V (F)| — |R| = 2(r — 1) in this case. This completes the
proof. O

In our application of the differential equations method in Section [5.6} it is often useful
for us to approximate certain sums by a related integral. For this, we use the following
simple lemma. We remark that a very similar statement is derived in [92] using the same

proof.

Lemma 4.6. For T > 0, let s(t) be a function which is differentiable and has bounded

derivative on [0,T]. Then, for non-negative integers N and m such that m < TN, we have

m/N e m - supeo ) |5'(t)]
/0 s(t)dt — z; s(z/N)| < o2 .

Proof. Let a,b € [0,T] with a <b. As for all t € [a,b], s(t) < s(a) + (t — @) supsc(ay) |5 ()],

b b
s(t)dt < s(a t—a) sup |s'(x dt
/a (t _/a (<>+< ) s | <>|>

= t-aps(a+ (L5 s [00)

t€la,b]

we have that

and, similarly,

/abs(t)dtz (b— a)s(a) <(b_2“)2) sup |s'(1)].

te(a,b]

So, setting a =i/N and b= (i + 1) /N for 0 <i < m — 1, we obtain

(i+1)/N S(Z/N) ( 1 )
s(t)dt — < | =—= ) sup |s'(t)|.
[ s sve) 2 0]

/N N
Summing up these expressions and applying the triangle inequality, we have

m/N s(1
/0 s(t)dt — Z (]QN)

1=

m
< sup |s'(t
< (g3a) s, 10)

m—1 . ‘

as desired. O
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5.5 Concentration at Time Zero

Our goal in this section is to prove Theorems [2.23] [2.27] and [2.29] in the case m = 0.
Theorem [2.13] will follow from Theorems [2.23] and [2.29) and Proposition [2.6] via Lemma [£.1]

In fact, we will actually prove the following stronger bounds in order to give ourselves some

‘extra room’ in the next section.

Lemma 5.1. With probability at least 1 — N~10V1e(N) 4he following statement holds. For
each 1 <i <r and set S C V(H), we have

Wi(0) < log™ (d).

Lemma 5.2. With probability at least 1 — N~10V16WN) the following statement holds. For
every secondary configuration X = (F, R, D) and set S C V(H), we have

V(B I=IR|=|D]

Xs(O) <dmr T log /()

Recall the definitions of y;0(t) and y; ;(¢) from (2.21]) and (2.22). We will prove the

following.

Lemma 5.3. With probability at least 1 — N~19VI8\N) the following statement holds. For
every pair of non-negative integers i and j such that i <r—2 andi+j <r —1 and any
vertez v € V(H), we have

i

Y9(0) € (14 10g75/10(d) ) 5 (0)d* 7.

Note that we get the following concentration result for Q(0) from Lemmas and
Proposition [2.6] via Lemma

Lemma 5.4. With probability at least 1 — N~° log(N) " we have
Q(0) € (1 £4€(0))y(0) - N.

We will prove Lemmas and by applying Corollary Although the Y

configurations are arguably the most important, we save proving Lemma [5.3] until last; the
proofs of the first two lemmas involve more simple applications of Corollary and hence
provide a more gentle introduction for the reader to the style of arguments we will be using
throughout the section. We remark that in the proof of Lemma [5.1], we technically do not
need to rescale our random variable, and so could apply Theorem [3.5] directly. However it
is marginally simpler to apply Corollary so this is what we shall do.

We will use the following random variables throughout the rest of the section. Given
w € V(H), let &, be the Bernoulli random variable which is equal to one if and only if
w € I1(0). Without further ado we present the proofs of Lemmas and
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Proof of Lemma[5.1. Let S C V(H) be a set of cardinality 7. If i = r, then clearly W (0) <
1 and so we may assume that 1 < i < r — 1. Observe that W(0) can be written as

f(& v e V(H)) where

[y :veV(H)) = Z H Ty

e€E(H) \vee\S
SCe

Observe that no variable in f has an exponent greater than 1 and the degree of f is r — 1.
We wish to apply Corollary [3.6] to obtain an upper bound on W%(0) which holds with high
probability. In order to do this, we must bound E;(WE(0)) for 0 < j <r —i.

Let A be a set of at most r — i vertices of H disjoint from S. We have

oaf (@ :veV(H) = ) T =
ecE(H) \vee\(SUA)
AUSCe

Therefore, by linearity of expectation and independence we have

E(0af(zy:veV(H)) = Y p ML

e€E(H)
AUSCe

In the case that |A| = r — i, the above expression is simply equal to 0 or 1 (depending on
whether AU S is a hyperedge of H or not). Otherwise,

E0af (& :veV(H))) = Z primlAl < Ajapyi (H) CprmilAl

e€E(H)
AUSCe

|A[+i=1_ 4

= Ag4i (H) criAlg T
By conditions [(a)] and of Definition this expression is o(1) if |A| + ¢ > 2 and is at

most ¢’ otherwise (i.e. if A =0 and i = 1).
This analysis gives
E(WA(0)) < !

and for 1 < j <r —1,
E;(W§(0)) < 1.
Set 7:=1 and & :=log?” N. As E(W,(0)) = O(1) and
7log" " N/E, = o(log” (d)),
applying Corollary |3.6| gives that with probability at least 1 — N _QOW,
WE(0) < ¢ + o(log? (d)) < log? (d).

The result now follows by taking a union bound over all values of 7 and all subsets of

V(H) of cardinality i. O
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Before proving Lemmas [5.2] and [5.3]it is helpful to introduce the following definition and

simple claim.

Definition 5.5. Let X = (F, R, D) be a configuration. Let Tx be the collection of all
pairs (F', D), with F’ a subhypergraph of H and D’ C V(F’), such that there exists an
isomorphism ¢ from F to F’ such that ¢(R) =S and ¢(D) = D'.

Claim 5.6. Let X = (F, R, D) be a configuration. Let S C V(H) be a set of cardinality
|R|. Then Xg(0) is bounded above by f (&, : v € V(H)), where

fzy:veV(H)) = Z <H a:v>.

(F,D')eTx \veD’

Proof. Let F' C H(0). By Definition F' is a copy of X rooted at S in H(0) only if
there exists an isomorphism ¢ : F — F’ with ¢(R) = S and D’ := ¢(D) C 1(0). For such
a ¢ and D', say that (F', ¢, D’) is a witness triple for F'.

The number of copies of X rooted at S in H(0) is at most the number of F' C H(0)
such that there exists some ¢ and D’ where (F', ¢, D') is a witness triple for F'. This is at
most the number of pairs (F’, D’) in Tx such that D" C I(0).

Therefore Xg(0) is bounded above by f (&, : v € V(H)), where

flay:iveVH) = > (H :c)

(F',D"eTx \veD’

as required.
O

Observation 5.7. Let F' be a copy of X = (F,R,D) rooted at S in H(0). Let us
consider how F' may be counted multiple times by f (£, : v € V(H)). This will happen
precisely when there exist two witness triples (defined in the proof above) for 7' of the form
(F',é1,D1) and (F', ¢, Do) such that Dy # Do (and so ¢1 # ¢2).

When [I(0) N F'| = |D|, there is only one choice for the set D’ in a witness triple and so
no such pair (F', ¢1, D1) and (F', g2, D3) exists. However, if [I(0) N F’| > |D|, then there
may exist subsets D; # Dy of 7' (and isomorphisms ¢; and ¢2) such that (F', ¢1, D1) and
(F', ¢2, D2) are both witness triples for X. In this case both (F’, D;) and (F', Dy) are in
Tx and F' is counted multiple times by f (&, : v € V(H)).

So the difference between X¢(0) and f (£, : v € V(H)) is at most O(1) times the number
of copies of configurations X’ = (F, R, D'), where D’ := DU{u}, for some u € V(F)\(DUR).

We will now return to proving Lemmas and
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Proof of Lemmal5.9. Let X = (F, R, D) be a secondary configuration and let S C V() be
a set of cardinality |R|. If D = (), Xg(0) is simply bounded above by the number of copies

V(FI=|R|

of X in H rooted at S. By Lemma [2.26] this is O <d =1 log_K(d)>, and this bound is

actually stronger than we need. So, from now on, we assume that D # ().
By Claim setting 7 := Tx gives that the variable Xg(0) is bounded above by
f(& v e V(H)) where

fzy:veV(H)) = Z (va>

(F',.D")eT \vweD

Observe that the degree of f is |D| and no variable in f has an exponent greater than 1.

We wish to apply Corollary with
[V(F)|=|R|-|D]
ri=d 1 log ?K/19(q)
and & := logQ‘Dl‘H(N) to obtain an upper bound for Xg(0) which holds with high proba-
bility. As above, in order to apply Corollary we must bound E;(Xg(0)) for 0 < j < |D].
If A contains an element of S, then d4f = 0. On the other hand, if A is a subset of
V(H) \ S of cardinality at most |D|, then

Oaf(zy:veV(H) = > II =
(F,D"eT \weD\A
ACD’

and so, by linearity of expectation and independence,
E@af(:veVH) = > pP. (5.8)
(F',D"eT

ACD'

Recalling Remark [2.25 we see that the number of (7/,D’) € T with A C D' is at most the
sum of X, ,(0) over all secondary configurations X’ with |V (F)| vertices, |R| + |A| roots
and zero marked vertices multiplied by a constant factor (as there is a choice for which |A]
roots are in D). So, by Lemma we get that the right side of is bounded above

by
o (dw 1Og—K(d)p|D—|A|>

—0 (dw 1og—K(d)) =0 (rlog™¥/(d)) = o(r).

So for 0 < j < |D|,
E;j(X5(0)) = o(7).
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As X is secondary, |D| < 3r — 1. So for K large with respect to r,

[V(F)|=|D|=|R]|

rlogP (N)V/E <d =1 log® (d)log~*5/10(d)
_, (dV(f)'f_f_'R log_4K/5(d)) .

Using this and the fact that E(Xg(0)) = o(7), applying Corollary gives that
V(A)|=|D|-|R]|
X5(0) =0 <d T log_4K/5(d)> .
with probability at least 1 — N 20 log(N) " The result follows by taking a union bound over

all secondary configurations and choices of S. O

5.5.1 Proof of Lemma 5.3

First, note that it suffices to consider the case that ¢ and j are not both zero, since YUO’O(O) =
deg(v) and so the bounds hold for ¥;"°(0) by conditions @ and @ of Definition Thus,
from now on, we assume i+ j > 1.

Write the configuration Y%/ as (F, R, D). By Claim setting 7 := Ty+; gives that
the variable Y77 (0) is bounded above by Y, := f(&, : u € V(H)) where

fzy:ueV(H)) = Z (Hazu>

(F/.DYeT \ueD’
Note that by definition of Y%/, f has degree i + j(r — 1). Observe that no variable in f has

an exponent greater than 1.

We will prove the following.

Proposition 5.9. For each v € V(H), 0 < i <r—2and 0 < j < r —1—1 such that
i+ 7 > 1, with probability 1 — N~20V1e(N) e have
Vi e (140 (log 2K/10(d)) ) g5 (0)d' 77
We now show that Y is a good approximation for Y;,(0), and hence it suffices to prove

Proposition [5.9

Proposition 5.10. If for allv €e V(H), 0 <i<r—2and 0 < j <r —1—1 such that
1+75>1,
Vi € (10 (1og ™ /1%a)) ) yis(0)d' 71,
and for all w € V(H),
W(0) < log™ (d),
then
Yi(0) € (1 + 1og—3K/10(d)) i (0)d ™7
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The proof of Lemma follows from Propositions and and Lemma by
applying the union bound.

Proof of Propostion[5.10. Fix v € V(H). By Observation it may be the case that Yy
counts an element F' of ¥,/ (0) more than once if it contains more than i+ (r —1); elements

of I(0). However, we have

Yid .= Vi _yii(0) =0 > > [[wi) . (5.11)
_7://€Yvi+1,0(0) UQ‘T((].T”)'\{’U} uelU
=J

We now prove that
Yii=o (dlfﬁ log_3K/10(d)> ,

from which the claim follows. If i = r — 2, then Y, T° (0) = W(0), so by hypothesis (using
the fact that j < r) we have Y/ = O <log2r2(d)). Otherwise, for i < r — 2 we have by
hypothesis that

V() < V0 = 0 (d ).

Using this, as j < r, from (5.11)) we get

Yii =0 > > [T w0

Freypth00) UCV(F')\{v} uel
|U|=j

— 0 (Vi*10(0) log?" (d)
=0 (a1 1og>" (a))
=0 <d17ﬁ log_?’K/lo(d)> ,
as required. The claim follows. O
It remains to prove Proposition
Proof of Proposition[5.9. Fix v € V(H). We wish to apply Corollary with

7= d'77T log 9K/10(q)

and & := log’ (d) to obtain bounds on Y that hold with high probability. As before, in
order to apply Corollary , we must bound E(Y;7) for 0 < £ < i+ (r —1)j.
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Claim 5.12. We have

i

E(Y,;7) = (14 3rlog " (d)) yi;(0)d' 71,
and for 1 <{ <i+ (r—1)j we have
Eo(Y,7) = of7).

Proof. If A contains v, then d4f = 0. On the other hand, if A is a subset of V(#) \ {v} of
cardinality at most i + (r — 1)j, then

Oaf(xy :ueV(H)) = Z H Ty,
(F'.D"YeT \ueD'\A
ACD’

and so, by linearity of expectation and independence,

E@af (Gu:ue V()= > pPL (5.13)

(F',.D"eT
ACD’

Now let us bound the number of (F',D’) € T with A = (). This is at most the number of
ways to:

(1) choose a hyperedge e € H such that v € e,
(2) choose vertices {vy,...,v;} in e\ {v},
(3) choose vertices {w,...,w;} in e\ {v,v1,...,v;},

(4) choose hyperedges e, ..., e;, sequentially, such that e; N (e UlUger ea) = wg.

By condition @ of Definition there are are (1 + log=*(d))d choices of e for (1).
Given the choice of e, by conditions @ and |(c)|of Definition there are (14 log % (d))d

choices for each of eq,...,e;. Therefore

7] € (1 +1og~X (@)’ <?" - 1> <r ~i- 1> il

v J

C (1+3rlog 5(d)) (7" ; 1> (r - z‘. — 1>dj+1

J
Therefore, applying (5.13]) to the case A = (), we have

E(Y) € (1£3rlog % (d)) <r B 1) <T B 1>dj+1pi+j(r—1)
t J

= (14 3rlog ™™ (d)) y;;(0)d" 77

Now, if A # (), then the number of (F’',D’) € T with A C D’ is at most the number of
ways to partition A into j + 1 sets Ao, ..., A; (some of which may be empty) and do the

following:
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(1) choose a hyperedge e such that en (AU {v}) = Ap U {v},
(2) choose a subset W = {w1,...,w;} of e\ (Ao U{v}),
(3) for k =1,...,7, choose a hyperedge ej of H containing Ay U {wy}.

The number of such partitions of A is O(1). For any such partition Ay, ..., A;, by condition
of Definition [1.5] and the fact that |A| > 1, the number of elements of 7 generated by

the above procedure is at most

[A|

J
0 (H AAk|+1(%)> =0 (d”“” log‘K(d)->
k=0
Combining this with (5.13)), we get that

E(0af (6 u € V(H)) = O <dj+1—li‘1 10gK(d)pz‘+j(r1)|A|>

-0 (dl—ﬁ& log~K (d)) ~0 (T 1og—K/10(d)) — o(7).
This completes the proof of Claim [5.12} O

The degree of f can be crudely bounded by r2. So as for K sufficiently large with respect

to r,
log” Nv/& =o (aﬂl_ﬁ log_?’K/l()) ,

using the value of ]E(YJ] ) given by Claim and applying Corollary gives that with
probability at least 1 — N~20VIs N we have

Vi (0) e (1 to (1og—3K/ 10(d)>) i (0)d" 7T
This completes the proof of Proposition [5.9 O

Proposition [5.9| was the final piece for the proof of Lemma [5.3] Thus this completes the

proof of Lemma [5.3] and hence our analysis of m = 0 is now complete.

5.6 The First Phase After Time Zero

In this section, we will use the differential equations method to prove Theorems
and for 1 <m < M, where M is defined in ([2.10)).

Definition 6.1. For 0 < m < M, let B,, be the event (in €', which was defined in
Subsection [5.3.4) that there exists 0 < ¢ < m such that, for some v € V(H) or S C V(H),

one of the following four statements fails to hold.
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(B.1) Forall0<i<r—2and0<j<r—1-—u

i

YII(0) € (Lt e(te)) oy (tm) - 477

(B.2) For any secondary configuration X = (F, R, D),
V(A =IR|-|D]
Xs(0) <log?PI(d)-d =1 log™¥/2(d),
(B.3) Forall1 <i<r,
Wit) < log”™ "= ().

(B.4) I(m) = O(log N - Nd~"/(r=1),

Note that these are precisely the bounds we wish to prove for Theorems and
[2.23 and Proposition 2.6, One should think of B,, as the event that one of the variables
that we are tracking has ‘strayed’ far from its expected trajectory at or before the mth step.

In this section, we prove the following theorem.

Theorem 6.2.
P(BM) < N—Z log(N).

Observe that Theorems [2.23] [2.27] and [2.29] all follow immediately from Theorem

By Lemma 4.1} when w ¢ By, we obtain

Q(m) € (1 £ de(tm))y(tm) - N. (6.3)

so Theorem [2.13]is implied as well.

Now, given a point w € By, let
J =J(w) :=min{i:w € B;}. (6.4)

That is, w corresponds to a trajectory of the process in which at least one of the variables
strays far from its expectation at step J but not before. Define Z to be the set of all
w € By such that is violated at time J(w) for some set S C V(). Similarly, define
Y, X and W to be the events that , and are respectively violated at time
J(w). By definition,

By=WUXUYUZ.

Our goal is to show that the probability of each of the events W, X,  and Z is small, from
which Theorem [6.2] will follow.
Getting a sufficient bound on P(Z) follows directly from Proposition We obtain the

following.
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Lemma 6.5.
]P(Z) < N—5\/10gN.

Proof. The event Z is contained within the event that there exists some 0 < ¢ < M, such
that the bound
I(0) = O(log N - Nd—V/(r=1)y

fails to hold. By Proposition the result follows. O

We devote the rest of the section to proving that each of W, X and Y occurs with
probability at most N —Q(ViegN) g prove this, we will apply the differential equations
method and Theorem [3.10] The sequences of variables that we track are not themselves
supermartingales or submartingales and so we cannot apply Theorem to them directly.
What we do is show that the difference between each variable in the sequence and its
expected trajectory, plus or minus some appropriate (growing) error function, is bounded
above by an n-bounded supermartingale and below by an n-bounded submartingale (actually
we only need to bound Wi(m) and Xg(m) from above). As in many applications of the
differential equations method, the trick to verifying that these ‘bounding’ sequences are
indeed n-bounded sub- or supermartingales is to define them in such a way that, if none
of our sequences have strayed far from their expected trajectory, then we can use the fact
that they have not strayed to prove that the properties hold and, otherwise, the properties
hold for trivial reasons.

As in Section despite the Y configurations being the most important, we first
consider the W configurations, then the X configurations, then the Y. This is because the
proofs of their respective lemmas increase in complexity and it is helpful for the reader to first
see a more simple application of Theorem [3.10} before diving into the proof of Lemma [6.29]
In the proof of Lemma [6.29, we need to be more careful than for Lemmas and
This is because we are proving that the Y configurations are tightly concentrated, whereas

we just prove weak upper bounds on the X and W configurations.

5.6.1 Tracking the W Configurations

Roughly speaking, our goal is to determine the probability that (B.3|) is the first bound to
be violated. More precisely, to determine the probability that (B.3)) is violated at the first
time any of (B.1f), (B.2), (B.3|) and (B.4) are violated. We will prove the following.

Lemma 6.6.
]P;(W) < N—4\/logN.



5.6. THE FIRST PHASE AFTER TIME ZERO 151

When i = r, (B.3)) cannot be violated, so we assume ¢ < r. For 0 < ¢ < r — 1 and
S C V(H) with |S| = 4, define W(S) to be the set of all w € Bys such that the bound

Wi(m) <log” "= (d) (6.7)

is violated at time m = J(w), where J(w) is defined in (6.4]). Observe that the bound (6.7)
is precisely the bound (B.3]) for our fixed choices of i and S. It follows that

w= |J w®.

SCV(H)
1<|S|<r—1

Therefore the following proposition will imply the lemma, via an application of the union

bound over all choices of 7 and S.
Proposition 6.8. For all0 <i<r—1 and S C V(H) with |S| =1,
P(W(S)) < N~6vice N,

Proof. For £ > 0 define & to be the event that Wi(¢ + 1) > WE(¢). We remark that it is
possible for Wg(ﬁ) to decrease in a step. This will happen if a copy of W* rooted at S is
an open hyperedge which is successfully sampled. However, our choice of martingale will
reflect the fact that we are only concerned with proving an upper bound on Wé(ﬁ)

Given an event F, we let 1 denote the indicator function of E. For £ > 0, define

ayr—2.1(te) (1 + €(t)) + alog™*/2(d)

e NA(t) (1 — 4e(t))
and . . ‘
Ag(0) == { (I)lg@ (Wl 1) = W5(0)) ~ae ft;efwlfseé,
where y,_21(t) is defined in and 7(t) is defined in . Also, set
m—1
Bg(m) =Y Ag(0).
/=0

Note that, by definition, Bg(0) = 0. Also, if w ¢ B,,_1, then

m—1
W§(m) < Bs(m) + W&(0) + ) ap. (6.9)
=0
Therefore, to obtain an upper bound on ng(m), it suffices to bound the three quantities

on the right side of this expression. Since €(t;) = o(1) for all £ < M and 7(¢) is bounded
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away from zero (by Remark i the sum can be bounded above in the following way:
-1
e CNy(t) te

=2a(r—1) <
=
=o0 <log )

log( )) by . Still assuming w ¢ B,,_1, by the above
g?"(d) = o (log (r=7) (d)) we have

-1

3

2=

(c+ atg)’”)

O

asmSMSNl%() 0]
)

analysis and , if W&(0

(N
<lo
Wi(m) < By(m) + 0 (log”""=)(d))

It follows that the event W(S) is contained within the event that either WZ(0) > log®"(d)

or that Bg(m) > %log’"g(r_i) (d) for some 0 < m < M.
By Lemma [5.1]
P (W4(0) > log? (d)) < N—10Viee N,
so to prove Proposition it suffices to show that Bg(m) is unlikely to be large. We will
show that

P (Bg(m) > %logr3(r_i) (d) for some 0 < m < M) < N~6vlos N, (6.10)

We wish to apply Theorem to the sequence Bg(0),...,Bg(M). In order to do this,
we must show that Bg(0),...,Bg(M) is an n-bounded supermartingale and we must also
bound the sum 3" Var( s(0) | Fo).

Claim 6.11. Bg(0),...,Bgs(M) is a supermartingale.

Proof. This is equivalent to showing that, for 0 < ¢ < M —1, the expectation of Ag(¥) given
F¢ is non-positive. For w € By we have Ag(¢) = 0, and so it suffices to consider w ¢ By.
That is, we can assume that none of the variables that we track has ‘strayed’ at or before
time . The only hyperedges e which can be counted by Wi(¢ + 1) but not by Wi(¢) are
those which contain S and have the property that there is a unique vertex x € e\ S such
that ¢ I(¢). Also, such a hyperedge e contributes to W& (¢ + 1) — Wi(¢) if and only if an
open hyperedge e* # e containing z is successfully sampled at the (¢ 4+ 1)th step. Let T
be the set of all such pairs (e,e*). As the probability that a particular open hyperedge is
successfully sampled is Q( ) and as w ¢ By, using we have

B [1e (Wi(e+1) - W4(o) | ;4 <2 am
(e,e*)eT

a|T]
T Ny (te) (1 — de(t))d/ =0

(6.12)
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where (¢) is defined in (2.8). Therefore it suffices to bound |7T7.

If ¢ > 2, then e is a copy of a secondary configuration (F, R, D) where F is a single
hyperedge, |R| =i and |D| = r —i — 1. Then since w ¢ By we can use to bound the
number of such e and to bound the number of choices for e* to get

7] < log2 ' =D (d) - d7T log=3K/5(d) - log"* "D (d) < d7T log=K/2(d), (6.13)

for K chosen large with respect to 7.

Now, suppose that ¢ = 1 and let v be the unique element of S. The number of such
pairs (e, e*) with |e N e*| = 1 is precisely Yy >'(¢) which, since w ¢ By, is at most (1 +
€(t)))yr_2.1(t))dY"=D. When |e Ne*| > 2, we have that e U e* is a copy of a secondary
configuration with a single neutral vertex. So, as w ¢ By, by the number of pairs

(e,e*) with |ene*| > 2 is at most dr1 log~%/2(d), as above. Therefore when i = 1, we have

1 T] < (1 + e(te))yr—an(te)d”/ =0 + dr1 log~5/2(d). (6.14)

Putting together (6.12)), (6.13]) and (6.14)) gives

E [1& (Wi(e+1) — WE(0) ‘}"4 < ay, (6.15)

which implies that the expectation of Ag(¢) given F; is non-positive, as desired. This

completes the proof of the claim. O

Claim 6.16. Bg(0),...,Bg(M) is n-bounded for

Proof. First we bound the maximum value of |Ag(¢)|. Again, we can assume that w ¢ By
as, otherwise, |Ag(¢)| is simply equal to zero. By definition of Ag(¢), the minimum possible
value of Ag(¥) is

—ap = —o(1).

Now we bound the maximum possible value of W& (¢ + 1) — W(€). The only way that this
quantity can be positive is if some vertex, say x, becomes infected in the (¢ + 1)th step.
Given that = becomes infected, the maximum value that W§(¢ + 1) — W4(¢) can achieve is
precisely Wé&x} (¢). This is at most logrs(r_i_l)(d) by (B.3) since w ¢ By. So |As(¢)| <n
for 0 < ¢ < M and Bg(0),...,Bg(M) is n-bounded, as required. O

Claim 6.17.

m—1
Var (45(0) | Fo) = O (log” ==+ a))
=
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Proof. When w € By, we have that Var (Ag(¢) | F¢) = 0. So now consider when w ¢ By.
Since for a constant ¢ and any random variable X we have Var(X —¢) = Var(X) < E (X?),
by definition of As(¢) we have

Var(Ag(f) | F) <E (ﬂgz (Wi(e+1) — W) | ]-"4) .
Now,

E (e, (Wh(e+1) = W5(0)* | F) = SRR (Wit +1) - Wi(0) =k | F) . (6.18)
k=1

By Claim WL+ 1) — WE(0) < n for w ¢ By. So, the right hand side of (6.18)) can be

rewritten as
n

SRR (WL +1) - W) =k | Fy) .
k=1

The sum

3

D P (WE(L+1) — Wi(t) =k | Fy)
k=1

is precisely the expected value of 1g, (W§(£ + 1) — W§(€)) given Fy. So by (6.15), definition
of n, y(t) and y,—21(t), and the fact that ¢ = O (log(d)) we have,

n
D KR (WE(+1) = Wi() =k | F) <np-a

k=1
o[l TV @y aa(te) | _ 5 (log” V() (e + at)
N~y (te) N
_ o (log” " (d) log™ 2 (d)
- - .

So by the above analysis,

m—1 3(p—i— —
M log” (r—i—1)+(r—2) d ]
3 Var(4s(0) | F) = O ( ) = 0 (1o @),
£=0

since M = O (N log(d)). This completes the proof of the claim. O

Set v = 10gr3(T_i_1)+T(d) and a := %logrg’(r_i) (d). Using Claims |6.11|, |6.16| and |6.17L we
can apply Theorem to show that

2

P (Bs(m) > a for some 0 < m < M) < exp (— ) < N6 log(N),

2(v + an)
as required for (6.10). This completes the proof of Proposition O

Hence Lemma [6.6] is proved.
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5.6.2 Tracking the X Configurations

Now we determine the probability that (B.2]) is violated at the first time any of (B.1)), (B.2]),
(B.3) and (B.4)) are violated. We will prove the following.

Lemma 6.19.
]P)(X) < N—4\/logN.

For a secondary configuration X = (F,R,D) and S C V(#H) with |S| = |R|, define
X(X,S) to be the set of all w € By such that the bound

[V(F)I-IR|-|D]
Xg(m) <log?Pl(d)-d— 1 log ?K/5(q) (6.20)
is violated at time m = J(w), where J(w) is defined in (6.4)). Observe that the bound
(6.20)) is precisely the bound (B.2]) for our fixed choices of X and S. Therefore,

X =|JxXx,89).
X,S

So the following proposition will imply Lemma via an application of the union

bound over all choices of X and S.

Proposition 6.21. For all secondary configurations X = (F,R,D) and S C V(H) such
that |S| = |R|,
P(X(X,S)) < N~OVieeN,

Proof. Define & to be the event that Xg(¢ + 1) > Xg(¢). For £ > 0, define

[V(F)|=|R|=|D]

B 10gr4(2|D‘_1) (d) . d r—1

ag -

N log®5/5(d)
and .
Ag(0) = { (])lsg (Xs(l+1) = Xs(0)) — ar, (:Ehbzriil:é,
and let .
Bs(m) =Y As().
=0

If w ¢ By,—1, then
Xs(m) < Bs(m) + Xg(0) +m - ag.
\V(F)|~|R|-|D| \V(F)|~|R|-| D]

Soif Xg(0) <d r=1 log=*5/5(d) = o <10g2r4|D(d) -d = 10g3K/5(d)> , then

[V(F)|=|R|=|D]

Xs(m) < Bg(m)+o <log2r4|D|(d) d T log_3K/5(d)> (6.22)
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by the fact that m = O (N log(d)).
It follows that the event X' (X,S) is contained within the event that either

V() |=|R|=|D|

Xs(0)>d =1 log *¥/5(d)

or
[V(F)|=|R|=|D]

1
Bg(m)>§log2|D|’"4(d) d— 1 log 3K/5(q)

for some 0 < m < M.
By Lemma

[V(F)|=|R|=|D]
P <Xg(0) >d 1 log_4K/5(d)> < N~10vies N
so to prove Proposition it suffices to show that Bg(m) is unlikely to be large. We will
show that

[V(F)|=|R|=|D]

1
P (Bg(m) > 5 log2|D‘T4_3K/5(d) -d r—1 for some 0 < m < M) < N6Vl N
(6.23)
We will apply Theorem In order to apply Theorem |3.10] we must show that the

sequence Bg(0),...,Bg(M) is an n-bounded supermartingale and we also need to bound
the sum 7! Var(As(¢) | Fo).

Claim 6.24. Bg(0),...,Bs(M) is a supermartingale.

Proof. This is equivalent to showing that, for 0 < ¢ < M —1, the expectation of Ag(¢) given
F¢ is non-positive. For w € By we have Ag(¢) = 0, and so it suffices to consider w ¢ By.
For each u € D, let X* denote the configuration (F, R, D \ {u}). By Remark X" is
a secondary configuration. Every element of Xg(¢ + 1)\ Xg(¢) comes from an element of
X%(0), for some u € D, and an open hyperedge e containing the image of u such that e is
successfully sampled. As w ¢ By, using and the fact that v(¢y) is bounded below by a
function of r, ¢ and « (see Remark gives that the probability that any particular open
hyperedge is successfully sampled is
« 1
Q((Iﬂ) : Y(te) (1 — 4e(t))d/C-ON — ¢ <d1/(’”‘1)N> '

Also, since w ¢ By, we can apply to X¢(¢) and to the number of open hyperedges
containing the image of u to get that the expected number of copies of X created in the

(¢ + 1)th step is

1 1og2r4(|D|—1)(d)dw

. r3(r—1)
d/—1) N 10g*/5(d) log (d)

@)
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0 (a2 V@ _
=0 (ag o™ (d) ) =o(ay) (6.25)

and therefore the expectation of Ag(¢) given Fy is negative. This proves that the sequence

Bs(0),...,Bg(M) is a supermartingale. O

Claim 6.26. Bg(0),...,Bs(M) is n-bounded for

n = logr4(2|D\—1)+1(d) di‘v(f)lr_‘ﬁl 2| lo g—3K/5(d)‘

Proof. We first bound the maximum value of |Ag(¢)|. Again, assume w ¢ By. By (2.1)) and
the definition of Ag(¢), we have

[V(F)|-IR|-|D|-1
As(l) > —ag=o (d r—1 ) .

For u € D, define X* to be the configuration (F, RU {u}, D\ {u}). By Remark this
configuration is secondary. The value of Ag(¢) can only be positive if some vertex, say z,

becomes infected in the (£+ 1)th step. Given that  becomes infected, the number of copies
of X rooted at S created is at most ) . SU{I}(@. Since w ¢ By, by 1} this is

So we have |[Ag(¢)| < n for 0 < £ < M, as required. -
Claim 6.27.
s log2r i CIDI-D)+1 gy | gAAEA 1D
Var (As(6) | 7o) < 6K/5
=0 log™®/°(d)

Proof. When w € By, we have that Var (Ag(¢) | F¢) = 0. So now consider when w ¢ By. We
have
Var(As(0) | o) < E(As(0)? | o) <E (Le, (Xs(£+1) = Xs(0) | 7o)

As in the proof of Claim we have
7
E (1, (Xs(£+1) = Xs(0)? | Fe) = S KP(Xs(C+1) = Xs(0) =k | Fo),
=1

and
U
E(Lg, (Xs(0+1) = Xs(0) | Fo) = Y kP (Xs(£+1) = Xs(0) =k | F2).
k=1
So, by (6.25)) and definition of 7, we get that Var(Ag(¢) | F¢) is at most

2V(A)= IR\ [£23))

10g27‘4(2|D|71) (d) . d r—1
N logf%/5(d)

o(n-ag) =o
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By the above analysis, 37", Var (Ag(f) | ;) is therefore at most

2(|lV(FA)|[=|R|=|D
HEIDI-D4 () . g (V)= |RI=|D)

10g6K/5(d)

log?
V=

, (6.28)

as M = O(N logd). O

[V(F)|=|R|=|D]

Set v as in (6.28)) and a := %long"A(d) -d =1 log~3K/5(d). Applying Theo-
rem [3.10] shows that

2

P(Bg(m)ZaforsomeOSmﬁM)Sexp(— ><<N6“°gN,

2(v + an)
as required for (6.23)). This completes the proof of Proposition O

Therefore, the proof of Lemma [6.19]is concluded.

5.6.3 Tracking the Y Configurations

Much of the analysis in this subsection is similar to the previous two; however, we must
be more careful since we are aiming at tight concentration bounds (not just crude upper
bounds). As we require both upper and lower bounds, we will be dealing with both a
supermartingale and a submartingale.

We wish to bound the probability that (B.1]) is violated at the first time any of (B.1)),
(B.2)), (B.3]) and (B.4) are violated. We will prove the following.

Lemma 6.29.
IP’(JJ) < N—Q\/logN'

For0<i<r—-20<j<r—1-—iandveV(H), define Y(i,j,v) to be the set of all
w € Bjs such that the bound

Y (m) € (1% e(t) d'~ 7Ty, j(t) (6.30)

is violated at time m = J(w), where J(w) is defined in (6.4) and y; j(t) is defined in (2.22)).
Observe that the bound (6.30)) is precisely the bound (B.1)) for our fixed choices of 7, j and
v. Note that

y=J¥Gj0).
i’j’v
Thus the following proposition will imply the lemma, via an application of the union bound

over all choices of 7, j and v.
Proposition 6.31. For0<i<r—-2,0<j<r—1—iandv e V(H),

P(Y(i, j,v)) < N~3VIs X,
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The proof of the proposition relies on two claims (Claim and Claim [6.34]), which
will be stated where they are needed once the relevant variables have been defined. They

will be proved later after completing the proof of the proposition assuming the claims.

Proof of Proposition|6.31. For £ > 0, define

st _ 20+ [yt -t

+ 1-%
=d 1 F
N N

and .. ..
A5 { (¥ e+1) - Y0) —af ifwé B,

0 otherwise,
where y; ;(t) is defined in . We clarify that we are defining two different random
variables A} (¢) and A; (¢). The superscript denotes whether we expect the variable to be
‘typically positive’ or ‘typically negative’. Given this definition, we define the following pair

of random variables:

m—1
By(m):= ) A;(0)
=0
Thus if w ¢ B,,—1, by definition,
eyl i (te)| - €(te)
i,j _ pt ij 1- 1o Yi g (tf ym ¢ ‘
Y (m) = BF(m) + Y7 (0) 4 d 27N ; (6.32)

Our strategy is to obtain a concentration result for Y (m) by analysing each of the terms
on the right side of this expression.

The proposition will follow from the next two claims.

Claim 6.33. Ifw ¢ B,,—1 and
Y9(0) € (14 10g 7)) i (0)d 77,

then the following bounds hold:

. i tm
Y,/ (m) < B, (m) + Y A= <1 + 6(2 ) Yij(tm),

Vi (m) > B (m) +d = (1 - 6“2"”) Yis(tm).

Claim 6.34. With probability at least 1 — N=*V1°6WN) " poth the following bounds hold for
all0<m< M:
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Indeed, by Claim the event Y(i, j,v) is contained within the event that either

i

v9(0) & (14 10g7K/10(d) ) gy (0)d' 7T,

or one of the following bounds hold:

By Lemma [5.3]
P (YVi7(0) & (1% 10g7/10(a) ) y:,;(0)d' "7 ) < NTIOVEER,
Combining this with Claim completes the proof of the proposition. O
We now prove Claims [6.33] and [6.34]

Proof of Claim[6.35. We will analyse each term in the right hand side of (6.32). By
Lemma 46| with s(t) = y; ;(t), we have

_ !
mZI vl o / e+ e [ )
N o b 2N?2
=0 (6.35)

log" (d)
N )

€ ¥ij(tm) — i;(0) £

as m = O(N logd).
Next, we analyse the second summation in the parentheses of (6.32)). First, by definition
of €(t) (given in (29)),

y’Lj tf (tf) m
WS )

/=0 Y4

vi(te ‘ (t€+ 1)K/10

(6.36)

The function y; ;(¢) is a polynomial with positive leading coefficient and, by Remark
v;,;(t) is bounded away from zero by a function of r, ¢ and « for all ¢t € [0,T]. Therefore,

there exists a positive constant C' = C(r, ¢, o) such that
|yt j(te)] - (te + 1)F10 < C -y j(te) - (80 + 1)F/O

Combining this with (6.36)) gives

(0 ) Susgus
lOgK/5

=0

o5
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Now, applying Lemma [4.6] and choosing K sufficiently large with respect to r,

m—1 Ui tz + 1)(1(/10) K/9(d)

tm
= / v j(t) - (t+ 1)(K/10)—1dt n log .
0

=0

Consider the integral on the right side of the above inequality. By definition of y; ;(¢) (given
in (2.21)) and (2.22)) and definition of y(t) (2.8), we have

m K/10)-1 o (r =1\ (r—1-i K/10-1 i+(r—1)j
/ yij(t) - (¢ + 1) FE/A0= dtg/ ( . )( ; )(t+1) M0=1 (e 4 o)+ r=Digy,
0 0

7

Letting C’ := (771) (r_]l._i) - (max{1, c, a})’”g, gives that this is at most

;[ i+ (r—1)j+K/10-1 10C’ i+(r—1)j+K/10
o (t+1) dt < = (tm +1)
0

< C - yij(tm) - (b + 1)E/10,

for some positive constant C depending on r,c,a and K. Moreover, by choosing K large
with respect to r, ¢ and a, we may take C arbitrarily close to zero. So, provided that K is

large enough, we have

mly; 5(t ‘ €(te) 2-C - log"/%(d)
; - (1ogK/5<d>> (0-ym<tm>-<tm+1>f“0+N)
< Yij(tm)e(tm)
< Yialtm)eltm), (6.37)

as we may choose C arbitrarily close to zero. Now let us combine (6.32), (6.35) and (6.37)

with our hypothesis to give an upper bound for VAR (m):

Y (m) < By (m) + (1+10g75/10(d) )y (0)d' 77

+ dl (yl,] (tm) yi’j((]) + log;\[(d) + yid(tTV;)e(tm)) .

A

By the definition of €(¢) in | we can absorb the error term log*S’K/lo(d)yi,j(O)dkm

into the main error term. This gives

Y (m) < By (m) + <1 + e(l;m)> "7y (t).

Similarly, we get

as required. ]

It remains to prove Claim [6.34
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Proof of Claim[6.3f To prove these bounds, we show that the sequence B, (0),..., B, (m)

v
is a supermartingale and that B (0),..., B (m) is a submartingale which satisfy certain
‘maximum change’ and ‘variance increment’ bounds and apply Theorem[3.10] This amounts
to bounding the expectation, maximum /minimum possible values and variance of AZX (/).
As in the previous two subsections, we will always assume w ¢ B({); otherwise, we have
AF(¢) = 0 and so all of the required bounds hold trivially. Recall the definition of y; ;(t)

from (2.21) and (2.22) and the definition of ~(¢) from (2.8). The following expression,
obtained by differentiating y; ;(t), will be useful in what follows:

a0 = ("7 (77T ) itk at 0+ (e at) i (07
_ U+ Dayian(t) n (r—i—j)oyij-1)yr—21()  jyi;(t)

~(t) (1) (1)

Subclaim 6.39. B (0),..., B (M) is a submartingale and B, (0),..., B, (M) is a super-

v

(6.38)

martingale.

Proof of Subclaim [6.39 First, we bound the expectation of YT (04 1) — Y (0) given Fy.
To do this we must consider copies of Y% rooted at v that are created by successfully
sampling an open hyperedge at the (¢ 4+ 1)th step, and also copies that are destroyed. Let
Cy41 be the number of copies of Y%/ rooted at v which are present in the (¢ + 1)th step but

not in the ¢th step. Any such copy must come from either:

(1) an element F' of Yy~ "/ (¢)\ Y/ (€) such that a healthy vertex of ', say x, contained
only in the central hyperedge becomes infected in the (¢ 4 1)th step, or

(2) an element F' of Y771 (¢) and a copy G’ of Y20 in H() where:

e G’ contains precisely r — 2 infected vertices,

e G’ is rooted at some non-root u € F', where u is contained only in the central
hyperedge of F/,
o ' NF ={u},

e the unique healthy non-root = of G’ becomes infected at the (¢ + 1)th step.

See Figure for examples of (1) and Figure for examples of (2) (both in the case
r = 6). See also Figure for other examples of these (u there plays the role of x here).
Both (1) and (2) will contribute to the main term in the expectation of Yy (€4 1) — Y37 (£)
given Fj.
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Figure 5.9: Here r = 6. Some examples of ways that a copy of Y3 rooted at v can be
created via (1) when the hyperedge shaded light grey becomes sucessfully sampled and x
becomes infected. The central hyperedge of the copy of Y3 created is drawn with a thick
outline. Infected vertices are shaded dark grey and healthy vertices are unshaded.

The only way that a vertex can become infected is if one of the open hyperedges con-
taining that vertex is successfully sampled. The probability that any given open hyperedge

is successfully sampled is

q c «
Q0) ~ (1 F 4de(ty))y(ty) Nt/ (r=1)"

Let us count the number of ways that we can create a copy of Y/ rooted at v that is not

(6.40)

present in the ¢th step using (1). We will break this into two cases. If e* is the hyperedge
that is successfully sampled at the (¢ + 1)th step, then either |[e*NF'| =1, or [e* N F'| > 1.
Consider the first case.

We wish to count the number of ways to choose:
e an element F of Y, M (0) \ Y (0);
e a healthy vertex = contained only in the central hyperedge of F’; and

e an open hyperedge e* containing x such that e* intersects the copy of Y17 only on

x.

Observe that, in this case, e* U F' is a member of Yvi_l’jﬂ(f) that contains exactly 7 — 1
infected vertices in its central hyperedge. For each such member of Y~ +1(E), there are

j + 1 possible choices of the hyperedge e*.
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Figure 5.10: Here r = 6. Some examples of ways that a copy of Y3' rooted at v can be
created via (2) when the hyperedge shaded light grey becomes successfully sampled and x
becomes infected. The central hyperedge of the copy of Y3 created is drawn with a thick
outline. Infected vertices are shaded dark grey and healthy vertices are unshaded.
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Therefore the number of ways to create a member of Y./ (£ 4 1) via (1) when |e* N F/|
= 1is at most (j 4+ 1)Yy "/T1(¢). However, this also unnecessarily counts (j + 1) times
the number of copies of Y?~13*! rooted at v that contain at least i infected vertices in
their central hyperedge. Therefore we need to subtract off (j + 1) times the number of such
copies. Let us now crudely bound these. Such a copy consists of a member F” of YJ’O(K)
and j + 1 copies of W! rooted at vertices of F”. Since w ¢ By, by we have that
WL(0) = 10g®W(d) for all u € V(H).

So the number of ways to create a member of Y,/ (¢ + 1) via (1) when |e* N F'| = 1, is

within
(j + 1Y) £ V20 (0) 1og®M(d).

Since w ¢ By, we have

(G + DY (0 £ Y0 (0) ogPM (d) € (5 + 1)(1 £ 26(te))yimr ja(te)d" 1. (6.41)

Now consider the case when |e*NF’| > 1. As we will see, this will give a lower order term.
In this case, e* U F’ is a member of Z5 " (m) \ Vi " (m). So by Observation m

e* U F' consists of:
(a) a copy of a secondary configuration X = (F*, R*, D*) in H(¢) with a unique root and

precisely ¢ — 1 marked vertices in the central hyperedge such that every non-central

hyperedge has a unique neutral vertex (also contained in the central hyperedge), and

(b) at most j copies of W1 rooted at vertices of the central hyperedge.

So we can bound the number of ways of creating a member of Y, (¢ 4 1) via (1) in the
second case by the sum of X,(¢) multiplied by log®™M(d) (for the copies of W), over all
secondary configurations X satisfying (a).

Since w ¢ By and |V(F*)| — |R*| — |D*| = r — ¢ for each secondary configuration X
satisfying (a), by this is at most

og®W) (d) - &5 1ogK/5(d) = o <d1—ije(t1g)> _ (6.42)

Putting (6.41]) and (6.42)) together with (/6.40) shows that the expected number of copies of

Y% rooted at v created via (1) is

a(j + D)L £ 5e(t))yim1 g (te)d' "7 coli+Da+ 20¢(t))yi—1,j11(te)d" ™71
(1 F 4e(te))y(te) N B Y(te) N 7

< 14 20z for x sufficiently small.

(6.43)

145z
1—4x

since ’
Counting the number of ways to create a copy of Y%/ rooted at v via (2) (recall that

Figure provides examples of this) is equivalent to counting
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e the number of ways to choose an element F/ of Y71 (¢);
e a healthy vertex u € V(F’) \ {v} contained only in the central hyperedge;

e an element G of Y, >°(¢) (a single edge) that contains exactly r — 2 infected vertices

and intersects F' precisely on u,

e an element e* of Q,(¢), where z is the unique healthy vertex of G’ \ {u}. (e* is the
hyperedge shaded light grey in the examples in Figure )

As w ¢ By, there are at most O <d17% logo(l)(d)) members of Y,/ ! (¢) that do not
contain exactly i infected vertices in their central hyperedge (as we just did in (1), we can
bound the number of possible central hyperedges by y o (¢) and other hyperedges (which
are copies of W) using ) For each F’, the number of choices of u is precisely the
number of healthy vertices in the central hyperedge of 7. So, the number of ways to choose

such an F' and u is contained in
(r—i— Y1) £ 0 (dl—% 1og0<1>(d)) .
As w ¢ By, by (B.1)) this is contained in

i

(r—i = 5) (14 2¢(t)) yi -1 (H)d' 1. (6.44)

Let C(F',u,G") be the number of ways to pick such an ' and u multiplied by the
number of ways to pick some G” = G'U{e*} € Yo 2 (£). So as w ¢ By, by (B.1) and (6.44)

we have
1—1

C(F u,G") = (r—i—§) (1 £ 4e(t)) yij1()yr—21 (t)d' 1. (6.45)

The quantity C(F',u,G") both fails to count some triples we wish to count and also
counts some triples we do not want to count. However, we will show that both these terms
are of a lower order. So up to an error term, the number of ways to create a copy of Y/
rooted at v via (2) is C'(F',u,G"). See Figure for examples of the triples we fail to
count and Figure for examples of the triples we count unwantedly.

The triples which C(F',u,G") fails to count are those where e* intersects G’ in more
than one vertex. However, for such a pair G’ and e*, we have that G’ U e* is a copy in H(¢)
of a secondary configuration X rooted at u with precisely one neutral vertex. As w ¢ By, by
1D we have X, (¢) < 4T log~2%/5. Summing over all such configurations X, and using
(6.44]) gives that there are

0 (dkg log—2K/ 5) (6.46)

triples that are not counted in C(F’, u,G").
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Figure 5.11: Herer = 6,1 =3 and j = 1. Two examples of hypergaphs that are not counted
in C(F',u,G"). If the shaded hyperedge were successfully sampled, this would create a copy
of Y31 whose central hyperedge is drawn with a thick outline. Infected vertices are shaded
dark grey and healthy vertices are unshaded.

Figure 5.12: Here r = 6, i = 3 and j = 2. Three examples of hypergraphs that are
unwantedly counted in C(F',u,G"). Observe that |F' NG'| > 2 and F' UG consists of a
copy X of a secondary configuration (whose edges are drawn with a thick outline) and some
additional copies of W1 rooted at healthy vertices of X. The central hyperedge of X is the
hyperedge containing v. In any of these cases, if the shaded hyperedge were successfully
sampled, it would not turn F' UG’ into a copy of Y32,



168 CHAPTER 5. BOOTSTRAP PERCOLATION IN A RANDOM HYPERGRAPH

Now consider the triples which C(F’,u,G") counts that we do not want (Figure
provides examples of these). The triples we wish to exclude are precisely those where
|F'NG'| > 2. G could intersect either the central hyperedge or a non-central hyperedge of
F' (or both). However for any such pair, 7/ UG’ U e* consists of:

(a) a copy in H(¢) of a secondary configuration X with a unique root (v) and exactly i

marked (so at least i infected) vertices in the central hyperedge, and

(b) at most j copies of W1 (one is e* and the others are the non-central hyperedges of F').
(The reason we have at most j is because the secondary configuration could contain

2 or 3 hyperedges.)

So similarly to the second case of (1) above, since w ¢ B, and |V (F*)| — |R*| — |D*|
= r— (i+1) for each secondary configuration X = (F*, R*, D*) satisfying (a), by (B.2]) and
(B.3) the number of triples we wish to exclude is

log W ()" 7T log~35/3(d) = O (a7 log 2K | (6.47)

for K chosen sufficiently large with respect to r (once F', u and G” are chosen, by (B.3)

there are log®(")(d) choices for e*).

So putting (6.45]), (6.46) and (6.47)) together, the number of ways to choose F', u, G

and e* is contained in

i—1

(r—i— ) (1£5€(t)) yij—1(D)yr—21(H)d' 71 (6.48)

Combining (6.48)) and (6.40) gives that the expected number of copies of Y rooted at

v created in the second way is contained in

alr —i— §)(1 £ 20e(te))yij—1 (te)yr—ai (te)d 71

A(t)N (6.49)

Therefore, by (6.43]) and (6.49)) we have:

E(C€+1 | JT"E) c a(l + 206(t€))d1_%1 ((] + 1)yi71,j+1(tg) + (’r‘ — 7 — j)yi,jfl(tﬂ)yr—Zl(t()) ‘
v(te) N
(6.50)

By Definition we see that the only way in which a copy of Y%/ rooted at v can be
destroyed in the (¢+1)th step is if one of its hyperedges is sampled. Let Dy;q be the number

of such destroyed copies. As discussed above, since w ¢ By, all but at most log®™® (d)-d'~ 1

copies of Y%7 in H(¢) rooted at v have exactly i infected vertices in the central hyperedge. A

copy whose central hyperedge is open is destroyed with probability (j+1)q/Q(¢). However,
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for the vast majority of copies of Y%/ rooted at v, the central hyperedge is not open. Using
(6.40)), the probability that any such copy is destroyed is precisely

Jq c aj
Q) ~ (1 F 4e(te))y(te) N~

Therefore we have

it+1

aj (Y () = 10g®® (d) - dl—%) +a(j + 1)10g%W (@) - g
E(Dey1 | Fo) € .
(1 F 4e(te))y(te)N

As w ¢ By, by (B.1)) we have

af (1 & 5e(te) Jyi (be)d' "7 _ aj(L £ 20e(te) )y (te)d'~ |

E(Dys1 | Fo) € (1 T 4e(te))y(te) N - Y(te)N

(6.51)

As Y7 (0+1) = Y7 () = Cpyq — Dyg1, by linearity of expectation, (6.50) and (6.51]) we get
that

(1 20(0))yf 00) 1

N ;
by . Therefore the expectation of A} (¢) given Fy is positive and the expectation of
A (¢) given F; is negative. So we have that B (0),..., B} (M) is a submartingale and
By (0),...,By; (M) is a supermartingale, as required for Subclaim [6.39] O

E (Y (0+1) =Y (0)| Fp) € (6.52)

Now, let us bound the maximum and minimum possible values of AF(¢).

Subclaim 6.53. Both B (0),...,B} (M) and B, (0),...,B;

v v

(M) are n-bounded, for
n = d'"7 T log K/2(d).

Proof. The maximum value of Y/ (¢ 4+ 1) — Y,/ (£) occurs when the (¢ + 1)th sampling is
successful and the newly infected vertex creates many new copies of Y%/ rooted at v in
cither the first or second way (see above). For each u € D let Y* denote the configuration
(F,RU{u},D\ {u}). If some vertex, say =, becomes infected in the (¢ 4 1)th step, the
number of copies of Y%J created is > ueD Yfélu:c' Each configuration Y* consists of a copy
F' of firstly a secondary configuration with (r — 1 — ) neutral vertices, and secondly some
additional copies of W' rooted at vertices of /. So as w ¢ B, the maximum number of

copies of Y%/ rooted at v that can be created in a time step is
1og®D(d) - d'~ 71 log35/3(d) = o(n). (6.54)

As mentioned above, a copy of Y%/ rooted at v can only be destroyed in the (¢ + 1)th
step if it contains an open hyperedge which is sampled. Given that some vertex x becomes

infected, the maximum number of copies that can be destroyed is at most the number of
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hyperedges containing {v, 2} and i (other) infected vertices, multiplied by log®™")(d) (for
the other hyperedges, which are copies of W1). A hyperedge containing {v, z} and 7 infected
vertices is either a copy in H(¢) of W? rooted at {v,z} (when i = — 2) or a copy in H(¥)
of a secondary configuration X = (F, R, D) where F is a single hyperedge, |R| = 2 and
|D| =i (when i < r—2). So as w & By, by and (B.3)), the maximum number of copies

that can be destroyed in a time step is

i+1

max{log® M (d),10g® M (d) - d* 77 log~*K/5(d)} = o(n). (6.55)

Ast =0O(logd), N > 4T logbK(d) and K is chosen to be large with respect to r, ¢ and «,

0P (gt~ 7
af =0 (1 & (]C\l])d ) = o(n). (6.56)

So by (6:59), (655) and (6:56), both B (0),..., B} (M) and By (0),...,By (M) are 1-
bounded. O

Now we bound the variance of AF(f) given F.

Subclaim 6.57. .
3 Var (As(6) | Fo) < &7 log K/ a).
(=0

Proof. The calculation follows similarly to the calculations for Claim [6.17] and Claim [6.2
When w € By, we have Var (Ag(¢) | F¢) = 0. So now consider when w ¢ B,. We have
Var (A5(0) | Fo) <E (VI + 1) = Y9 (0) | 7)
SE (Y04 1) = VIO | F) - sup [Y39(C+1) — Y39 (0).  (6.58)

In the proof of Subclaim we saw that the maximum value of [Yo7 (£ + 1) — Yo (0)]

is 7. So we have
Var (A5(6) | Fi) <n-E (19 (C+1) = Y0 (O] | 7).

By expressing Y,/ (€ + 1) — Y7 () as Cpy1 — Dyyq as in the proof of Subclaim we
have
E (Y7 (0 +1) = Y (O] | Fr) <E(Crpr + Doy | Fo) -

By (6.50), (6.51)) and definition of 7, this is at most

(J+Dayi141(te) | (r—i—jlayij-1(t)yr—2,1(te) jayi,j@ﬁ))
Y(te)N Y(te)N Y(te)N

dz_rail
=0| ——5— | -
<M10g9K/20(d)>

(1 + 20e(ty))d" 7 <
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So the sum of Var(AE(¢) | F) over 0 < £ < M is at most 427 log~?%/20(d), as required.

U
Set
vi= P log~K7/20(q),
and set a := %e(tm)ym(tm)dk%l. Theorem [3.10| implies that
2
P (B (m) > a) < S NoV1os(N)
(35m 2 0) < 00 (3,55 ) <
and )
P (B} (m) < —a) <exp [~ ) < N"?VIoa(),
(Bitm) < =0) < (-5 )
This completes the proof of Claim [6.34] O

This claim was the final piece in the proof of Lemma [6.29] Proving Lemma [6.29] com-
pletes the proof of Theorem and concludes our discussion of the first phase.

5.7 The Second Phase in the Subcritical Case

In this section we will complete the proof of Theorem in the subcritical case. It may
be helpful to recall the definition of the processes we run in the second phase from Subsec-
tion and the definition of F,, from Subsection m Remember that in the second
phase we ‘restart the clock’ again from time zero letting H(0) := H(M), I(0) := I(M).

We begin by presenting some technical definitions of various constants that will be used
throughout this section. These constants are required to state our main lemmas and are
useful to simplify future calculations.

First we present some further analysis of the function +(¢) (defined in (2.8])). We have
7 (t) = a(r —1)(c+at)""2 - 1.

Recall that t.,;, was chosen to be the unique positive root of 7/(¢) and that Ty < tmin < 11
where Tj, T are the only two positive roots of y(t). As v(0) > 0, v(Tp) = 0 and Ty < tmin,
the function ~(¢) is strictly decreasing in the interval [0, tmin] and so +/(Tp) < 0. Therefore
a(r —1)(c+ aTp)" =2 — 1 < 0, which implies that

1
(r—1(c+aTy)2< >

So there exists a constant 0 < A < 1/8 such that

(r—1)(c+alp) 2 < ! ;4/\. (7.1)
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Recall from (2.10) and (2.11]) that we run the first phase process until time 7', where
1
T:= N min{m > 0: (1 + €(t;m))y(t) <}

and ¢ will be chosen in a moment (in Definition [7.3). Using the fact that 7' < Tj and that
(r —1)(c + at)"~2 is increasing for positive ¢, we obtain the following from (7.1)),

(r—1D(c+al)" 2% < 1 ;4A. (7.2)

We are now ready to define ( and some other useful constants.

Definition 7.3. For 0 < i <r — 2, define

i

o= () (G4

Also, define
X = ‘7 0 ’
Xma ogr?gfig(—zX(l )
Xmin ‘= Ogrgg}72 X(ia O)a
C — )\QXmin
7«67"4—1 (1 + o+ OZT)2 (1 + XmaX)B’
and

X(T - 2, 1) = (1 + Xmax) ’ C
For0<i<r—3and1<j<r—i—1, define
x(i,7) = 7 x(i,0)(1 + o )x(r — 2, 1)’
Note that as A < 1 and Xmin < 1 + Xmax,

— >‘2Xmin
ror+l (1 + o+ Oér)2 (1 + Xmax)

X(T - 27 1) = (1 + Xmax) : C < 1. (74)

2

Note in addition that
1-—3\
x(r—2,0) = 3 . (7.5)

(0%

Also observe that as A is a function of r, ¢ and «, so is (. Before presenting the main results
and proofs of the section, let us deduce a simple fact about x(7,;j) which will be used a

number of times below.

Proposition 7.6. For0<i<r—-3and1 <j<r—i—1,

)\2
x(i,7) < TR
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Proof. Note that, for any a > 0 and 1 < j <r — 1, we have that 1 + o+ o is greater than
both 1 + o/ and o', Thus, for 0<i<r—3and 1< j <r—1—1i, we have

x(i,7) = [T’STX 7,0)(1 + ozj)x(r -2, 1)] x(r—2, l)j_:l
= [

(2, 0)(
X (6, 0) (1 + a7 ) (1 4 Xmax) - ¢] x(r = 2,177

3r . 7))\ 2 . )
_ " x (4, 0)(1 4+ &? )A\*Xmin (= 2,1)1
7467"4-1(1 + a +ar)2(1 + Xmax)2

A imin (r—2,1)7" (7.7)
31+ o+ a”) (1 + Xmax) X ’ )
)\2
Pl tl’
as by (7.4), x(r —2,1) < 1. O

Throughout the section we will also use the following function.
P(m) := max {(1 — \)™,log '*(N)} . (7.8)

We have now completed the tedious technicalities and are able to present the real meat
of the section. Let us briefly outline how the proof will proceed. For each time m, we
will define A, (similarly to how we defined B, for the first phase) to be the event that
some bound on the number of copies of a particular configuration in H(m) fails to hold.
Ap will be formally defined in Definition and, for 0 < m < M, A, will be defined in
Definition [7.14l

We will use the following lemma. (Recall Definition for the definition of Z%J.)

Lemma 7.9. Let 0 < m < My. When w ¢ A, and K is sufficiently large, the following
statement holds. For all S and v contained in V(H):

(L.1) For0<i<r—2,
Y0 (m) < x(i,0)d" 77,

L2) For0<i<r—2andl<j<r—1-—1
( ) >t =7 ,
Yj’j(m) < w(m)x(i,j)dl ril.

(L.3) For1<i<r,
Wi(m) < (m+ 1)log” "= (d).

(L.4) For every secondary configuration X = (F, R, D),

[V(I)=|R|=|D]

Xg(m) < (m+1)1log2 Pl (d)-d— =1 log *5/5(d).
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(L.5) For0<i<r—2and1<j<r—1-—i,

2

Zid(m) < (14 %5 ) wlmixti a7,

We will also prove that with high probability Az, does not occur.

Theorem 7.10.
P (Ay,) < N™VieeW),

As we will see in Definition[7.14] the event Ay, contains the events A, for 0 < m < M.
Thus Theorem implies that with high probability for all S and v contained in V(#)

and all 0 < m < My the bounds (L.1))-(L.5]) hold.
Given Theorem and Lemma [7.9] we now prove Theorem [2.31] which completes the

proof of Theorem in the subcritical case. After this, we will focus on the proof of the

theorem and the lemma.

Proof of Theorem[2.31]. Our goal is to show that, with probability 1 — o(1), we have
(i) Q(M3) =0, and
(i) |1(M2)] = g0,

From this, it follows easily that the probability of percolation is at most e.
For by Markov’s Inequality (Theorem , we have

P(Q(Ms) > 0) < E(Q(Mp)).

Thus, it suffices to show that the right side is o(1). We will prove the following.

Claim 7.11. For 0 < m < M,
E(Q(m)) <2(1—-A)"(-N.

Proof. The proof proceeds by induction on m. First consider the base case m = 0. By
definition of T, Theorem and Lemma we have Q(0) < ¢- N with probability at least
1 — N=2VIog(N) " Ag 4 has maximum degree d, we have Q(0) < N - d and so

E(Q(0)) <¢-N+N-d- N2VeN <2¢. N,

as required.
Now suppose that the statement of the claim is proved for all 0 < ¢ < m and we
wish to show it holds for m + 1. If Q(m) = 0 we are done, so we may assume that

Q(m) # (. Recall that in each round of the second phase, every open hyperedge is sampled.
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Thus, Q(m + 1) N Q(m) = @. This implies that, for each e € Q(m + 1), there must be
at least one vertex x of e such that x € I(m + 1)\ I(m); that is, ¢ I(m) and there
is a hyperedge e* € Q(m) containing = which was successfully sampled in the mth step.

Therefore, conditioned on F, , the expectation of Q(m + 1) is at most the product of

e the number of ways to choose a hyperedge e* € Q(m) containing a vertex z ¢ I(m),

and
e the sum of Z, > % (m)¢/*! over all 0 < j < r — 2.

When w € A, (and K is sufficiently large), by Lemma for every w € V(H) and
1 < j <r—2, we have the following two bounds;, First, using (L.5) we have

2

A i1 .
293 my < (14 2 ) vl = 2= G3)dFH g < 2 - 2 - g
T

22 ; A
Jjtl 2
§2<r3’”+1aﬂ'+1>a < o
and by (7.5)) and (L.1)) we have

Zy 0 (m)q = Y7 (m)q < x(r = 2,0)a =1 - 3\,

So when w ¢ A,,, we have

EQm+1)|F,)< > > ZZT 2703 (m)g? 1

QEQ( ) weQ\I(m) j=0
r—2 A
< — -
<Qm) [ (1=30+3 o
J=1
< Qm) (1 -2)).
As ‘H has maximum degree d, we have Q(m) < N-d. So, letting 1¢ be the indicator function
of the event £ occuring, we have
EQ(m+1) | F,) <Q(m) (1—=2)) - Lag, + N d-1La,
<QM)(1—=2\)+N-d-1yu,. (7.12)

So using Theorem to bound P(A,,), by (7.12) and the law of iterated expectation we

have

E(Q(m +1)) = E(E(Q(m +1) | F7,))
< (1 =20 E(Q(m)) + N~ VIeN . N . ¢
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Applying our induction hypothesis gives that this is at most

(1—=20)2(1=N"C-N+0(1) <1 =XN)™"120-N—=A(1—=X)™(N +0(1)
<(1=MN"2¢.N.

This completes the proof of the claim. O

So by Claim and our choice of My (see[2.30)),

9N
E(Q(M2)) < (1= 0™ 20N < =25 = o(1).
So, |(1)| holds with probability 1 — o(1).
To complete the proof we show that also holds with probability 1 —o(1). By Propo-
sition with probability 1 — NV ~(VIeN) the number of vertices infected during the first

phase is O (1(\1711;2%(_1;7)))

By of Lemma and Theorem and letting K be large, with probability at
least 1 — N~V1e®) for every 0 < m < My and v € V(H) \ I(m), we have Q,(m) =
logo(l)(N ). Using this, with high probability the number of vertices sampled in each round
is N -1og®M (N). So as My = log®™M (d) by , the expected number of vertices infected
during phase two is %ﬂ@. Applying the Chernoff bound, by we get that with

1og@ (1) . . .
probability at least 1 — N~1% there are at most O <w> vertices infected during

1ogP )
phase two. So overall, with high probability there are at most O <Ni;>1g/(7:1()1\/)) = o(N)

infected vertices when the process terminates. This completes the proof. O

The remainder of the subsection is devoted to proving Lemma [7.9] and Theorem [7.10}

5.7.1 Defining A,, and proof of Lemma [7.9

We begin by formally defining the events A,,, for 0 < m < M,. It will be convenient for
the proof of Theorem to define Aj separately. Recall the definitions of A and x(4, j)

from (7.1) and Definition respectively.

Definition 7.13. Let Ay be the event (in ', which was defined in Subsection [5.3.4) that
for some v € V(H) or S C V(H) one of the following statements fails to hold.

(A0.1) Forall 0 <i<r—2,

v < (00 - 5 ) a

(A0.2) For0<i<r—2and 1 <j<r—1-—4,

i

Y37 (0) < x(i, j)d' 7.
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(A0.3) For 1 <i <,
Wi(0) < log” "= (d).

(A0.4) For any secondary configuration X = (F, R, D),
[V(F)|=|R|=|D]

X5(0) <log?PIr(d)-d— =1 logT/3(a).

We remark that the case i = 0 of (L.1]) in Lemmal[7.9 always holds trivially as A(H) < d.

This is reflected below in our definition of A,,.

Definition 7.14. For 1 < m < Ms, let A, be the event (in ', which was defined in
Subsection |5.3.4) that either Ay occurs, or there exists 1 < ¢ < m such that, for some
v € V(H) or S C V(H) one of the following statements fails to hold:

(A1) For1<i<r-—2,

i

, . 22
4,0 R A _ 1-1=
YiO0(0) — YO~ 1) < (0 - 1) (m) di

(A2) For0<i<r—2and1<j<r—1-—i,
Y (0) < p(0)x(i, j)d" 7.

(A3) For1<i<r,
W) — WL — 1) < log”™ "= (d).

(A.4) For every secondary configuration X = (F, R, D),

[V(F)|=|R|=|D]

Xs() = Xs(0—1) <log?Pr(d)-d 1 logT/3(a).

We now present the proof of Lemma [7.9]

Proof of Lemma[7.9. We first show that if w ¢ A,,, then — hold. When m = 0
this follows by definition of Ay as 1(0) = 1. Now consider m > 0.

Note that is precisely the same statement as property . Observe in addition
that if w ¢ A,,, then clearly and hold. Also, if w ¢ A,,, then using the definition
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of 1 (see ),
Yi%(m) = Yi0(0) + 3 (VE0(0) — Vi~ 1))
/=1
2\ M
< <x<i,o> 2y (Aa) b 1>> a7
/=1
2 0o Mo ;
< (x<z,o> -2+ (5) (g (- + ;log—m(zv))) 7
2
< (xt0- 24 (57) (5 +om))
< x(i,0)d'" ",

since Ma = O (log N). Hence, w ¢ A,, implies that (L.1) holds.
We now show that if (L.1)-(L.4) hold at time m, then so does (L.F]). By Observation[2.34]

each member of Zy’ (m) is either a member of Y (m) or consists of a copy F’ of a secondary

configuration with » — 1 — i neutral vertices and a set of copies of W' rooted at vertices

of /. By (L.3)), (L.4) and the fact that m < My = O (log N) (from (2.2)) and (2.30)), the

number of members of this type is at most
10g®D (d) - &'~ 71 - log—3K/5(d),

This is o (w(m)dlfﬁ), provided that K is sufficiently large. The result now follows by
the bound on Y, (m) given by (L.2). O

5.7.2 Proof of Theorem [7.10]

Given a point w € Ay, \ Ao, let
J =J(w) :=min{i: w € A;}.

Define ) to be the set of w € Ay, \ Ap such that is violated at time J(w) for some
v € V(H) (the superscript 0 represents that j = 0 in the configurations we consider in
(A.1))). Similarly, define Y>°, W and X respectively to be the events that , and
(A.4)) are violated at time J(w).

So the event Ay, is contained within the events Ag, and Y° U V> UW U X. First

we bound the probability of Ay occuring. The following Lemma is an easy consequence of
Theorem [6.21

Lemma 7.15.
P(AQ) < N72\/10g(N)‘
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Proof. First suppose w ¢ Ag. By definition of By (see Definition , with probability at
least 1— N~2V1e(V) the bounds m, m and (B.3)) hold for all v € V(H) and S C V(H)
when ¢ = M.

When holds, for 0 <i<r—2and 0 < j <r —1—14, we have

vis) < a7 (17T e amyapa

1

By (7.2)) and the fact that (1 +¢(7))v(t) < ¢ (by (2.30)), the above inequality implies that

wos ()N @) e

<o 2) (71 e

For 0 <i<r—2and j=0, (7.16) implies that

i

; A
Y0(0) < <x<z‘, 0) - a) T

as required for (A0.1)). Also, if i =r —2 and j = 1, (7.16)) implies that
Y7 721(0) < x(r —2,0) - ¢-d7T < x(r — 2,1)d7T, (7.17)

thus proving (A0.2) when i = r —2. Now, for 0 <i<r—3and 1 <j <r—1—1, using
(7.16]) and the fact that ¢ < x(r —2,1), gives

WWm3x@mC1i

; )Cj LT < (i, f)d T,

completing the proof of (A0.2). For 1 <i <r and S C V(H), when (B.3)) holds at £ = M
p g P )
WE(0) < log” "~ (d),

thus proving (A0.3). Finally, for any secondary configuration X = (F, R, D) and S C V(H),
when (B.2)) holds at £ = M,
[V(F)I-IR|-|D]
X5(0) <log?PI'(d)-d =1 log K/%(a),
as required for (A0.4)). O

Our goal now is to show that the probability of each of Y°, Y>% W and X occurring is
N *wm, from which Theorem will follow. This will be done in Propositions
[7.31], [7.33] and [7.36] to come.

Given a configuration X that we care about controlling, we wish to apply Corollary
to bound the probability of Xg(m + 1) — Xg(m) being too large for each S C V(H). It
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will be helpful to introduce some general framework, which will aid us in our application of
Corollary Before stating the next lemma, we require quite a few technical definitions.
Let us briefly motivate the definitions before stating them formally.

For a fixed configuration X = (F, R, D) and non-empty U C D, we will define a family
XU of configurations, such that each configuration in the family is created by changing the
set U of marked vertices of X into neutral vertices and, for each v € U, adding a hyperedge
e, containing u such that the vertices in e, \ {u} are all marked. The family XY will be
helpful when bounding how many new copies of X are made at some time step. Indeed, a
new copy of X is made from a copy of a configuration in XV when the open hyperedges
rooted at vertices of U are all successfully sampled in some time step.

We will also define a configuration XYV " created by taking some set U of marked vertices
of X, turning some subset U’ C U into roots and turning U \ U’ into neutral vertices. This
will be used to bound 04 f (where f will be an upper bound on Xg(m + 1) — Xg(m) and
A C V(H)) in the application of Corollary As it turns out, we will always be able to
express bounds on the number of copies of some X’ € XU or XUV in terms of copies of
configurations we are keeping control over.

For a configuration X = (F,R, D), call a hyperedge of F with r — 1 vertices in D
unstable. If F contains an unstable hyperedge then every copy of X in H(m) is destroyed in
the (m + 1)th time step, as at each time step every open hyperedge is sampled and deleted
from our hypergraph. So in particular, a new copy of X can only be made from some XV
such that U intersects every unstable hyperedge of F. Call such a set U fruitful.

We apologise that the following set of definitions are fairly technical. But the intro-
duction of these concepts and Lemma will greatly simplify and clarify the calculations
that are to come in the proof of Lemma

Definition 7.18. Let X = (F, R, D) be a configuration and let ) # U C D be fruitful and
U’ C U. Define XUU" to be the configuration X = (F, RUU’, D\ U).

Say that Uj,Us C D are non-isomorphic if the configurations (F,R,D \ U;) and
(F,R,D \ Uy) are not isomorphic. Define U (X) to be the set of all non-isomorphic non-
empty fruitful subsets of D.

For k,a > 0, define

xke.= ) XUV
Ueu(X)
U'CU
U|-|U"|=k
U'|=a

Also, define XV to be the set of all configurations X’ = (F’, R', D') such that

(a) FF O F, RR=Rand D'ND = D\U (so the vertices of U are neutral here);
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(b) E(F)\ E(G) ={ey : u € U}, where for each u € U, e, is an unstable hyperedge of F
containing u. (So D" := D\ U U,y €u \ {u}.)

See Figure for an example of a configuration in XV and a configuration XU’

Figure 5.18: Here Y := Y?? and r = 6. For a particular choice of fruitful U C D and
U' C U, we have an ezample of some configuration X' € YU and a configuration YU,
The vertices of U’ are labelled with a U' and the vertices of U \ U’ are labelled with a U.
The root is labelled by R, the marked vertices are dark grey, the neutral vertices are white
and the central hyperedge is drawn with a thick outline. The hyperedges |, ¢y eu are shaded
light grey. Observe that if each of these hyperedges in a copy of X' is successfully sampled
in the (m + 1)th step, then this creates a new copy of Y22 in H(m + 1).

Throughout the rest of the section we will condition on F,, and assume that w ¢ A,,.
We may not always write explicitly that we are assuming this and conditioning on F .
We will use the following random variables throughout. Given w € V(H), let &, be the
Bernoulli random variable which is equal to one if w € I(m+ 1)\ I(m) and zero otherwise.

Also, for e € Q(m), we let & be the Bernoulli random variable which is equal to one if e
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is successfully sampled and zero otherwise. Clearly, for each v ¢ I(m), we have that &, is
equal to one if and only if & = 1 for some e € @, (m). From this (and as we are conditioning
on F) ), we have that &, is independent of &, for u, w distinct vertices of V(H)\ I(m). Also,

we have

“< > & (7.19)

e€Qy(m—1)
Lemma 7.20. Let X = (F,R, D) be a configuration and let S be a subset of V(H) such
that |S| = |R|. If holds at time m, then there exists a polynomial f(xy : w € V(H))

of degree at most |D| where no variable has an exponent greater than 1 such that:
(1) Xs(m+1) = Xg(m) < |Xg(m+ 1)\ Xs(m)| < f(&w : w € V(H))

(ii) For any set A C V(H),

|D[—|A]
E@af(zw:we V) [ F) < Y. Y Xhua(m)(log™ (d)g)*.

k=0 X’eXklAl

(iii)

DI

E(f(ww:w € VH) | Fr) <Y > > Xs(m)g".
k=1 U‘GUZ/‘{ii() X'eXU

We remark that (ii) does gives a bound on everything we need to apply Corollary
However, when dealing with W' and the Y configurations we need a more careful bound

on the expected change and this is why we have (iii).

Proof of Lemma[7.20. If (L.3)) holds at time m, as m = O(logd) (by (2.30) and (2.2))), by
(7.19)) we have

E(&, | F.) < q- (m+1)log” " D(d) < qlog”" (d). (7.21)

Let us consider how a copy of X rooted at S which is present in the (m + 1)th step,
but not the mth step is created. Such a copy can only come from a subhypergraph F' C H
containing S that is like a copy of X missing some infections. F' will become a new copy
of X when it gains these ‘missing’ infections.

More formally, a new copy comes from a subhypergraph F' C H(m), a non-empty
fruitful set U C D and subsets D/, V! C V(F’) such that:

(1) there exists an isomorphism ¢ from F to F’' with ¢(R) = S, ¢(U) = V' and ¢(D\U) =
D,

(2) V'n(SUI(m))=0and D' C I(m),
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(3) every vertex v € V' becomes infected at the (m + 1)th step.

Let Z(X) be the set of triples (F', V', D') that satisfy (1), (2) and (3). Then the variable
Xg(m+ 1) — Xg(m) is bounded above by f(&, : w € V(H)), where

[y :weV(H)) = Z (H xv> . (7.22)

(F,V!\D"eZ(X) \veV’

As V! C D, f has degree at most |D|. Observing that no variable in f has an exponent
greater than 1 completes the proof of (i).

By definition, V’ is a subset of V(F’)\ (S U I(m)). So if A contains an element of
(SUI(m)), then d4f = 0. So suppose that A is a subset of V() \ (S U I(m)), Then for
any such A, we have

af= > II =] (7.23)

(F',V'\D"heZ(X) \veV/\A
ACV!

We can partition the set Z(X) by the cardinality of each V. So for 0 < k < |D], let
ZMX) ={(F,V',D") e Z(X) : [V'| - |A| =k}.

So we can rewrite ([7.23)) as follows.

|D|—|A]

oaf = Y, > II = |- (7.24)

k=0 (]-",V’,D’)eZ’“(X) veEV/\A
ACV!

Now recall Definition and observe that any (F', V', D’) € Z*(X) such that A C V' is
in fact a copy of XUV’ rooted at S U A for some U’ C U C D with |U| = |V/|, |U’| = |A]
and |U| — |U’| = k. So from (7.24) and (7.21)), as the variables &, are independent (because
V'\ACV(H)\ I(m) and we are conditioning on F,) we have

|D|—|A]
E@Qaf(€w:we V) [ F) < Y Y Xbualm)(log™ (d)g)*,

k=0 X’cXklAl

as required for (ii).

Now substituting (7.21)) into (7.22)) gives

flw:weV(H)) <glze:e € E(H))) := Z H Z Te

(F.V/.DNEZ(X) \vEV' e€Qu(m)

Notice that the random variables on the right hand side are now associated to hyperedges,

not vertices.
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Given a fixed (F',V’',D’) € Z(X), let G’ be a subhypergraph of H containing F’ such
that E(G') \ E(F') = {e, : v € V'}, where e, € Q,(m) for all v € V'. Recall Definition [7.1§]
again. By definition of Z(X), there exists some non-empty fruitful U C D such that G’ is
a copy of some X’ € XU rooted at S in H(m) .

As, for e, ¢’ distinct hyperedges in H(m), we have & is independent of &, and

E(g(&:ec E(H) | F)< > > Xg(m)gl.

UeU(X) X'exV
By considering the cardinality of U, this can be rewritten as

|D|

Bole e e ER) [ F) <> Y 3 Xyl

k=1 UeU(X) X'eXxV
U=k

as required for (iii).
O

Now we have developed our tools, we are all set to prove Theorem As usual we

begin with the proof of the bound on W§(m), as it is the simplest case.

Proposition 7.25.
P(W) < N*lO\/logN‘

Proof. For 0 <m < My —1 and S C V(H), let W(S,m + 1) be the set of w in Ay, such
that J(w) =m+ 1 and

Wi(m + 1) — Wi(m) > logrg(r_i)(d).

It follows that
w= |J WS m+1).

0<m<Ms—1
SCV(H)

We will prove that for 0 < m < My — 1,
POW(S,m +1) | F,) < N720VIes Y,

The proof of the proposition will then follow by taking the union bound over all 0 < m <
My —1 and S C V(H) of size at most r — 1.

Conditioning on F, for m > 0, the events A, and W(S,m + 1) are disjoint and so
we assume that w ¢ A,,. Fix § C V(H). We wish to apply Lemma along with
Corollary [3.6| to obtain the required bound on POW(S,m + 1)). As w ¢ A,,, holds at
time m and we may apply Lemma Solet T := Wi and let W := f(&y : w € V(H)),
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where f(z, : w € V(H)) is the polynomial of degree at most r — i obtained by applying
Lemma [7.20 to Y.
We wish to apply Corollary [3.6] with

7= 2M;log” (=i 1) (d)

and & = logQT(N ) to obtain an upper bound on W which holds with high probability. In
order to apply Corollary [3.6) we must bound E;(W | 7)) for 0 < j <r —i.

Claim 7.26. Let w ¢ A,,. For 0 < a <r —i, we have
E,(W | F.) < T.

Proof. By Lemma (ii), for any set A C V(H) with |A| = a,

r—i—a

E(0af(Cw:w e VIH) [ Fr) < Y Y Toya(m)(log®M(d)g)*. (7.27)
k=0 Y’/eYka

So let us evaluate this expression. Recalling Definition we see that Y% contains only
one configuration, the configuration Y% = (F'. R’ D') where F’ is a set of r vertices
contained in a single hyperedge with i + a roots and k neutral vertices (and therefore
r — i — (k + a) marked vertices).

We will break the cases up by the value of a + 4. First suppose a +¢ = r. Here k =0
and 4E(W) < 1 since H contains no hyperedge with multiplicity greater than one.

Now suppose a > 1 and a+1i < r,s0 2 < a+i < 7. When k > 1, T is a secondary
configuration, and as w ¢ A,,, by we have

TES 1 (m) < (m + 1) 1og®D (d)d7T log~K/3(d). (7.28)
When k=0, as w ¢ A,,,, by (L.3) we have

~U,a 1+a r3(r—i—a

T4 a(m) = Wi (m) < (m+ 1)log™ =9 (d). (7.29)

Using ([7.28]) and ([7.29)) to evaluate (7.27)) gives that, when w ¢ A,, and a > 1, the expec-
tation of daf (&, : v € V(H)) conditioned on F, is at most

r—i—a r—i—a
3K

Z Tg’jA(m)(logo(l)(d)Q)k <(m+1) logr?)(r_i_a)(d) + Z 1og®M(d) - log™ 75 (d).
k=1

Provided that K is large enough, this is at most 7 when a > 1. This concludes the argument

in the case when a > 1.
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It remains to bound E4(W | /) when a = 0 and i < . We need to be more careful

here. By Lemma (iii),

E(W | F,) <Z YD Ys(m (7.30)

k=1 UeU(Y) Y'exU
U= k

Recall Definition and observe that, for each k£ > 1, there is precisely one U € U with
U| = k.
First consider when i = 1. We see that when |U| = k, we have YV = Z7"1=Fk_ S0 as

w ¢ Ay, applying (L.5|) to evaluate gives that the expectation of W given F/, is at

most

r—1 r-!
ZZZ—lfk,k(m)qk < (1 + :fr) w(m) Zx(r —1-—k, k)ak — 0(1) <.
k=1

k=1

When 1 <i < r and |U| = k, we see each configuration in YV consists of:

(i) a secondary configuration X = (G, R', D’), where G consists of one hyperedge con-

taining ¢ roots and k neutral vertices, and in addition

(ii) a collection of k£ unstable hyperedges rooted at neutral vertices of G that are not in

the non-central hyperedge.
So in this case, using and as w ¢ A, gives
V] < Xsm) ((m -+ 1) log D))"
< (m+ 1) 10g?P17 (d) - 477 10g ™/ (d) 10g""* "=V (d)

k

= 10g®D(d) - log~*K/5(d) - d71.

Using this to evaluate (7.30)) gives that the expectation of W given F, is at most

3 " 10gD(d) - log#K/3(d) - d71¢F = o(1),
for large enough K. This concludes the proof of the claim. O
Recall that & := log? (N). As 2r + 1 < r%, by Claim we have
EW |F,)<T=o0 <logr3(’”*i)(d)) :

We also have
Tlog" {(N)\/& = o <logr3(r*i)(d)) ,

Thus applying Corollary [3.6] gives that
PW(S,m + 1) | Fl,) < N~20VIee),

as required. ]
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Proposition 7.31.
]P)(X) < N—IO\/logN‘

Proof. For a secondary configuration X = (F,R, D), S C V(#H) with |S| = |R| and 0 <
m < My —1, let X(X,S,m+ 1) be the set of w in Ay, such that J(w) =m + 1 and
[V(F)|=|R|-|D]
Xg(m+1) — Xg(m) > logQ‘DW(d) -d =1 log~357/5(d).
It follows that

xX= |J XX Sm+1)
X,Sym+1

We will prove that for 0 < m < My — 1,
P(X(X,S,m+1)| F) < N20Vis N,

The proof of the proposition will then follow by taking the union bound over all choices of
X, S and m.

Conditioning on F, for m > 0, the events A,, and X (X,S,m + 1) are disjoint and so
we assume that w ¢ A,,. Fix S C V(H) and a secondary configuration X = (F, R, D).
We wish to apply Lemma along with Corollary to obtain the required bound on
P(X(X,S,m+1)). Asw¢ A, holds at time m and we may apply Lemma [7.20] So
let X := f(£y : w € V(H)), where f(zy, : w € V(H)) is the polynomial of degree at most
|D| obtained by applying Lemma to X.

We wish to apply Corollary [3.6] with

7 = log2(IPI=DrT+3r541 ) P log~3K/5(d)

and & := 10g2|D |+1(d) to obtain an upper bound on X which holds with high probability.
We will prove the following claim.

Claim 7.32. Let w ¢ A,,. For 0 <j <|D|,
E;(X|F,) = o(7).
Proof. By Lemma (ii), for any set A C V(H) with |A| = a,

|D|—a

E@Qaf(€w:we V) [ F) < > Y Xbua(m)(log™ (d)g)*.

k=0 X/eXk,a
So let us evaluate this expression. By Remark every X' € X% is a secondary config-
uration (F', R/, D’) with |D’| <|D|—1 and |V(F')|—|R'|—|D'| = |V(F)|—|R| — |D| + k.
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By definition, | X*¢| = O(1). So as w ¢ A, and |D| < 3r, using (L.4) to bound each such
Xg,a(m) gives that E(0af(&w : w € V(H)) | F},) is at most

|D|—a
V(F)|=|R|-|D]| k
0 (32 (m+1)1og?IP=07 (@) - a7 55 7 10g=05(d) (10" (d)a)
k=0

[V(F)|=|R|=|D]

— O <log2(D|—1)7’7+37‘6 (d) d# log_3K/5(d)>
- O(T)a
as required. ]

As X is secondary, |D| < 3r and

\V(f)lf\fflf\D\

71og!Pl(d)\/& = o <1og2D|”(d) e — 1og—3K/5(d)> .

Using this and the fact that E(X) = o(7) (by Claim [7.32), applying Corollary gives that
P(X(X, S,m+ 1) | F,) < N-20VIEN,

as required.

Proposition 7.33.
]P)(y(]) < Nflox/logN'

Proof. Forv € V(H),1<i<r—2and 0 <m < My — 1, let Y°(v,i,m + 1) be the set of w
in Ajpz, such that at time J(w) =m + 1,

2
i%m -+ 1) = ¥Em) > wim) (5 ) @

It follows that
W= | Y@im+1).

0<m<Ma—1
vEV(H)
0<i<r—2

We will prove that for 0 < m < My — 1,
PO (v,i,m +1) | F,) < N_20Vie X,

The proof of the proposition will then follow by taking the union bound over all choices of
v,1 and m.
Conditioning on F/, for m > 0, the events A, and Y°(v,i,m + 1) are disjoint and so

we assume that w ¢ A,. Fixv € V(H), 1 <i<r—2andset Y := Y = (F,R,D).
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We wish to apply Lemma along with Corollary to obtain the required bound on
PO (v,i,m +1)). As w & A, holds at time m and we may apply Lemma So
let Y := f(&, : w € V(H)), where f(z, : w € V(H)) is the polynomial of degree at most i
obtained by applying Lemma to Y.

We wish to apply Corollary with

 g(myd' T
~ log”(N)

and & := logTQH(N ) to obtain an upper bound on Y which holds with high probability.

We will prove the following claim.

Claim 7.34. Letw ¢ A,,. For 1 <a <1,

E, (17 | ]-'fn) = o(7).

Also,

Proof. By Lemma (ii), for any set A C V(#H) with |A| = a,

E(0af(§w:w e V(H)) | F,) < Z > Tyua(m)(log®D(d)g)".
k=07Y/eYka
So let us evaluate this expression. When |A] > 1, as i < r — 2 each Y/ € Th% is a
secondary configuration (F', R, D') with |V(F)| =r, |R'| = |A|+ 1, |D'| =i—|A| — k. So
[V(F)| - |R|—|D'| =r—1—i+k. Also, |Y%? = O(1). So as w ¢ A, and |D| < 3r, using
to bound each such Tf{v}uA(m) gives that E(0af(&w : w € V(H)) | F,) is at most

r—1—1 k
( (m + 1)10g2P1" (@) . 4" 1 1og—3K/5(d)) (logT4(d)q) )

log o) (g) 1og—3K/5(d)d1—ﬁ)

= o(7),

when K is large as m < My = O(log(d)). This proves the first statement of the claim.
In the case A = (), we need to bound the expectation of f(&, : w € V(H)) more carefully.

By Lemma (iii),

EY | F) < S T m)dt. (7.35)

k=1 UeU(Y) Y'erV
U=k



190 CHAPTER 5. BOOTSTRAP PERCOLATION IN A RANDOM HYPERGRAPH
Recall Definition [7.18| and observe that in this case, for each 1 < k < ¢, there is precisely

one U € U with |U| = k. Here, we see that YV = Zi=FF  So as w §E .Am, applying (L
and using ) to bound x(i — k, k) (as i —k < r — 3) to evaluate gives

)\2 2
< 21/1(”1) (7,37~+10[]c+1> atd Tl

k=1
)\2 -

< — | d T

<vm (3
So

B(Y | ) < vm) (o) a5
mi= 4oy )
This proves the second statement of the claim. O
As

7108 (N) /& = o ((m)d'~77) |
then applying Corollary [3 . with the bound on E(Y) obtained in Claim [7.34] gives that

PO (v,i,m + 1) | Fl,) < N—20viee N,
as required. ]

Proposition 7.36.
[P)(y>0) < N—IO\/logN.

Proof. Forv € V(H),0<i<r—-2,1<j<r—land0<m< My—1,let Y>°v,i,j,m+1)
be the set of w in Ay, such that at time J(w) =m + 1,

Yid (m o+ 1) > (m + 1)x(i, §)d* 7.
It follows that
o= UJ ¥O%0,iqm+1).
m7v7i7j
We will prove that for 0 < m < My — 1,

P(Y>0(v,i,j,m + 1) | Fp,) < N0V,

The proposition will then follow by taking the union bound over all choices of v, i, j and m.
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Conditioning on F/, for m > 0, the events A,, and Y>°(v,i,m + 1) are disjoint and
so we assume that w ¢ A,,. Fixv € V(H) 0 < i <r—-2,1<j5 <r—1 and set
Y := Y% = (F,R,D). We wish to apply Lemma along with Corollary to obtain
the required bound on P(Y>°(v,i,5,m + 1)). As w ¢ A, (L.3) holds at time m and we
may apply Lemma So let Z := f(&y : w € V(H)), where f(zy : w € V(H)) is the
polynomial of degree at most i + (r — 1)j obtained by applying Lemma to T.

As j > 1, Y% contains an unstable hyperedge and so every copy of Y%/ in H(m) is
destroyed when we sample every open hyperedge in Q(m). So Y7 (m + 1) N Y, (m) = 0.

We wish to apply Corollary with

_ P(m)d' T
log™ (N)
and & = logr6+1(N ) to obtain an upper bound on sz' J (m) which holds with high proba-
bility. We will use the following claim.

Claim 7.37. Letw ¢ A,,. For1 <a<i+ (r—1)j,
E.(Z | Fp,) = o(7).

Also,

BZ 17 < (1= ) sl a7

Proof. By Lemma (i), for any set A C V(H) with |A| = a,

i+(r—1)j—a

EQ@af(Cw:w e VIH) I F) < D > Tiua(m)(log” (d)g)". (7.38)
k=0  TY/eYka

First let us evaluate this expression when |A| > 1. For some 0 < k < i+ (r—1)j—a, consider
Y = (F,R,D') € T (as |A| > 1, we have |R/| > 2). By definition, 7’ is isomorphic
to F (ignoring which vertices are roots and marked). In particular, 7/ =egUe; U---Ue;,
where eq is the central hyperedge, the hyperedges ey, ..., e; are pairwise disjoint and each
e; intersects e in a neutral vertex v;.

For each 0 < ¢ < j, define Ry := ¢, N R’ and define Dy := ¢, N D’. For 1 < ¢ < j define
the configuration Z¢ := (ey, Ry U {v;}, Dy). By Definition T’ is obtained from Y%7 by
making a fruitful set ) # U C D neutral and turning some subset U’ C U into roots. So as
U is fruitful, |Dy| < r — 1 for each ¢.

For each 1 < ¢ < j, the configuration Z¢ satisfies one of the following.

(1) Ry =0 and |Dy| = s for some s < r — 2: in this case Z* = Y*0,

(2) Ry # 0 and Z* contains a neutral vertex: in this case Z* is a secondary configuration.
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(3) Ry # 0 and Z* contains no neutral vertex: in this case Z¢ = Wlfel+1,

Let S C V(H) be a set of cardinality |Ry| + 1. If Z; satisfies (1) then as w ¢ A,,, using

(L.1) gives
s r—1—|Ry|—|Dy|
A%Mﬂgxwmmkr1:0<drﬁl) (7.39)

If Z, satisfies (2), then using (L.4) (as w ¢ A,;,) and the fact that m = O(logd) gives
¢ O(1) r=1-|Ry|—|Dg| —3K/5
Zg(m) <log”‘V(d)-d~ 1 log (d). (7.40)
If Z, satisfies (3), then using (L.3) (as w ¢ A,,) and the fact that m = O(logd) gives
r—1-|Rg|—|Dy|
Z(m) <log™ (d) = O <1og0<1>(d) d ) (7.41)

We consider two cases. Firstly e R'| = 1. Then as |A| > 1, without loss of generality
le; N R/| > 1. In this case, the configuration 7 = (e Uer, Ry U Ry, Dy U D) is secondary.

Let S be the set of all partitions P := (S51,...,5;) of {v}UA such that |Si| = |Ro U Ry
and for 2 < ¢ < j, |S¢| = |Ry|. Using this notation, we can bound the number of copies of
Y = (F',R',D') € T% rooted at {v} U A. We have

PeS ZeZsl(m) (u1,...,u;)CV(Z) £=2
where the sum is taken over all distinct ordered (u1,...,u;).
For any S; C V(H) with |S1| = |Ro U Ry|, as w ¢ A,,, we can use (L.4) to give

2r—1—|RgUR{|—|DguUD |

Zg, (m) <1log®M(d) - d =1 log 3K/ (d).

As |S| = O(1), using this with (7.39)), (7.40]) and (7.41)) to evaluate (7.42)) gives

G+Dr—i=53_ o (IReI+IDg))

wyualm) = log®M(d)d Tt log=3K/5(d).

As T € Tk we have j(r — 1) +i+1=|R|+ |D| = |R'| + |D’'| + k, therefore |R'| + |D'| =
jir—=1)+i+1—Fk and
J
G+ D=5 = (1Bl +[De) = G+ 1)r = j = [R| = | D]
=0
— Gl —j—jr—1)—i— 14k

=r—1—1+k.

So in this case,
_izk
topua(m) =1og?D(@)d' =1 log /5 (a).
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Now consider Y/ = (F/, R/, D') € T%% such that |eg N R’| > 1. This case follows very
similarly to the previous case. As j > 1, there is a neutral vertex of ey. So the configuration
Z° := (eq, Ro, Dy) is secondary.

This time, let S be the set of all partitions P := (Sp,...,S;) of {v} U A such that |Sy|
= |Rp| and for 1 < ¢ < j, |S¢| = |Re|- As in the previous case, |S| = O(1). Using this
notation, we can bound the number of copies of Y/ = (F/, R/, D') € T rooted at {v} U A.

Asw QE Am, we can use to bound Zg and, for 1 < ¢/ < j, we can use , 1D
and as in the previous case to bound Z% SpUfug}: This gives

J
poam) <> > > I Z5,0pugy (m

PeS ZeZO%(m) (ui,...,u;)CV(Z) £=1

GH+Dr—i=53_ (I1RgI+1Dy))

= log®M(d)d =1 log =375 (a)
= log®W ()" 1 log=7(a),

where, as before, the sum is taken over all distinct ordered (uq,...,u;).
Now we are able to evaluate ((7.38) for |[A] > 1. As |[T%?| = O(1),

i+(r—1)j—a
BOaf(€w:w VM) [ F) < D7 Z Tiuyua(m)(og” (d)a)*
k=0 €Tk
i—l—(r—l)j—a o X
= Z 1og® M (d)d*~ =1 log =K/ (d) (log”" (d)q)*
k=0
= 1og® D (d)d* =71 log—3K/5(q)
= o(7),

when K is sufficiently large, as required for the first statement of the claim.
In the case A = (), we need to bound the expectation of f(&, : w € V(H)) more carefully.
By Lemma (iii),

H—(r 1)5

E(Z | F.) Z D Tim)ds. (7.43)

k=1 UelU(Y)Yr'ex?
U= k

Recall the definition of YV from Definition Consider Y/ := (F/, D', R') € YV for some
() #£ U C D. Recall that 7/ O F. Let ey be the central hyperedge of F and let ey, ..., e; be
the non-central hyperedges of F.

For 0 < ¢ < j, define Uy := e, N U. By definition, each vertex u of U is the unique
neutral vertex of an unstable hyperedge e, in F'. Without loss of generality, suppose that

|Ui| > |Us| > ... > |Uj|. As (by definition) U is fruitful (i.e. it intersects every unstable
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hyperedge of Y’) it must intersect every hyperedge e1,...,e; and hence Uy > 1 for all
1<0<j.

We will now define some configurations that will help us ‘break up’ Y’ in order to bound
the number of copies of it in H(m). For each 0 < ¢ < j, define G, to be the subhypergraph
of F' containing ey U {e, : u € Up}. Define Ry := R’ (= {v}) and, for 1 < ¢ < j, define
Ry == e;Ney (so |Ry| = 1). For 0 < ¢ < j, define Dy := G, N D’ and let Y* be the
configuration (Gy, Ry, Dy).

First consider YY. We have |Ro| = 1 and |Dgo| > i — |Up|. If ]U0| > 1, we have
YO = Zi= WUl 1f |Uy| = 0, we have YO = Y0, Hence as w ¢ A,,, by (L.1) and we
have for any v € V(H),

x(i,0)d' 71 if |Up| = 0,

Yo(m) < i—|Ug|
(m) (1+%>¢(m)x(i—|UO|,|U0\)d1_ 1" otherwise.

v =

(7.44)

i i=|Ug|
Note that when |Up| = 0, we can write x(i,0)d" ™1 = x(i — |Uo], |Uo|)d*~ =

Now when 1 < ¢ < j, we have |Uy| > 1 (as U is fruitful), |[Ry| = 1 and |Uy| + |e; N D/
= r — 1. So in particular, for each 1 < ¢ < j, we have Y = Zr—1-IUcl, Uel,

For Z € Y2 (m), let h(Z) denote the central hyperedge of Z. Putting this together and
applying (L.5) (as w ¢ A,,) gives

T (m) < Z Z ﬁZ&Zl_W‘MU"'(m)

ZeY9(m) (ui,...u;)ER(Z)\({v}UI(m)) £=1
| )\2 |Ug|
L+ 5 | o(m)d=1x(r — 1 = Ui, |Ue)

Applying ((7.44) to this gives

/ o . 1 i_|_U0\ J |Liz\
Tv(m) SCZ,]’X(Z_|UU‘7|U0D r=1 dr=1 X(T_1—|Ug|,|Ug|) ) (745)

where
cgJ::Uﬁilf{;fiol<1+-2i>j¢ﬂon)qnax{1,<1+-2i>apon)}. (7.46)

Rewriting the right hand side of ([7.43)) gives

E(Z | Fl,) <Z S Thm)gl.

b=0UelU(YT) Y'exV
|Uo|=b
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So using 1' to bound Y’ (m) and using the fact that |U| = %:0 |Ue| gives

7 d i— J [Upl
E(Z | F,) < Cij - qu Z x(i—b, b)dl_r—? Hdrfl

b=0 UeU(Y) /=1
|Uo|=b

X(r =1 = |Ul, [Ue|)gl. (7.47)

Now for each distinct ordered partition (ki,...,k;) of [k] where k1 > ... > k; and for
each b, by the definition of U(T) (in Definition and the definition of Y%/ (recall
Definition [2.18)), there is precisely one U € U(Y) such that (|Ui,...,|Us]) = (ki,..., k)
and |Up| = b. Therefore, from we have

i o r—1 J
E(Z | Fp) < Cig - Y a'x(i = b, b)d' (Z ¢'x(r—1- MMA)
b=0 =1
) i r—1 J
=C; - A Z abX(i —b,b) <Z o/x(r —1-1, f)) . (7.48)
b=0 =1

Consider the first summation in ([7.48). We have

> x(i—b,b)a? = x(i,0) + > " x(i — b,b)a”
b=0

b=1

. L x(i — b,b)ab
= x(4,0) (1 + X)
X g; x(i,0)

b

. ! a )‘2Xmin b—1
< 0)(1 : : -2,1 4
= )< +;x(i,0> A ratan) TR 09)

where in the final line (7.7) was used to bound x(i — b,b) (and we ignored the factor of
(1 + Xmax)). Now using (in this order) the fact that o®* <1+ a+a” for 0 < s <r —1, the
fact that xmin < x(i,0) (by definition) and that x(r — 2,1) < 1, we have

2
ab A Xmin

x(2,0) ‘ r3rtl(1+a+an)

. 22
X —921 b—1 < Xmin .
X(T ) ) X(i,O) r3r+1

AQ

x(r—2,1)"!

< r—2,1)""

T.3r+1 ) X(
)\2
— p3r+l°

Using (7.49) and ((7.50)), as i < r we obtain the bound

(7.50)

7 2
> x(i—b,b)a’ < x(i,0) (1 + ;) . (7.51)

b=0
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Now consider the second summation in ([7.48). We have

r—1 r—1

Z x(r—1—£,0)a" = x(r—2,1)a + Z x(r—1—¢,0)a*
=1 £=2
r—1
B B x(r—1—¢, E)o/_l
=x(r—2,1)a <1+§ =2 1)

— altt )\2Xmin —1
=x(r=2,a {1+ Z (r=2,1) 314+ a+ a”) X(r=21) ’
=2 ’

where in the final line ((7.7)) was used to bound x(r — 1 — ¢,¢). As in (7.50) we can bound

the second term within the bracket by T)‘TQT to obtain

r—1 2
Zx(r —1—£,0a" < x(r—2,1)a <1 + :;r> . (7.52)
(=1

Putting together (7.48)), (7.51f) and ([7.52)) gives

= i 22 22 J
E(Z | Fj,) < Cij-d ™71 - x(i,0) <1 - 7~3> <X<r —2,1)a <1 " r3>)

22 J+l . i
<y (1 + Tg> X0, 0)x(r — 2,1)7add" 71 (7.53)
First consider the case (i,7) # (r — 2,1). By Definition |7.3[and (7.53)) we have
. C; A2 Jj+1 .
E(Z|F) < TS’TJ <1 + rsr) X(z,J)dl 1. (7.54)

Using the definition of C;; (in (7.46]), we have
Cij AN (=1 ANFH A2
r37“<1+r3""> R e pr— 1—1-@ 7 (m) - max < 1, 1+W ¥(m)

1 A2\FH A2
<% <1 + rg> ¥(m) -max{l, (1 + 7~3> w<m>}

1 A2 2542
<5 (1 + 7«3> (m)
1

< ﬁ(l + A7) (m)
<(1-%) 0= vutm)
— <1 - 3;) P(m +1), (7.55)

where the final inequality follows from the fact that A < 1/8 and r > 3. Combining ([7.54))

with ([7.55) gives
~ 3\ i
B(Z 17 < (1= ) stm+ Dxti =,
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as required. This completes the case when (,7) # (r — 2, 1).
In the case i =r — 2 and j = 1, from ([7.46)) we have
2

A 2
Cr—271 < <1 + ’I”3T> w(m)
So from (7.56)), (7.53) and (7.5)) we have

2

~ )\ 2 -
E(Z| Fn) < Gr-a (1 T 7’3> X(r = 2,0)x(r — 2,1)ad" "1

a

A2\%1 -3\ —
< Crfg 1 <1 + 7’37"> X(’I” — 2, 1)adliﬁ

2\* r—2
< (1 + ?3> (1= 3\)g(m)x(r —2,1)d' "
< (1-5) 0Nt -2,

< (1-%) v+ 0t - 200,

where the penultimate expression follows from the fact that A < 1/8 and r > 3.

To summarise, when w ¢ A, we have
~ , 3\ N PR A
E(Z ‘ fm) S 1- ? w(m + 1)X(7’7.7)d T_17
as required.

As

mlog VI (N)/ & = o ((m)d' 7T ),

197

(7.56)

then applying Corollary [3.6| with the bound on E(Z) obtained in Claim we get that

PV~ (v, i, 4,m +1) | F,) < N720VIER,

as required.

O

This completes the proof of Lemma [7.9] and the proof of Theorem [I.6]in the subcritical

case.

5.8 The Second Phase in the Supercritical Case

In this section we prove the ‘supercritical case’ of Theorem [1.6| (i.e. when ¢" 2 > E

r—2)r—2
=)

Recall, as in the previous section, that we have ‘restarted the clock’ and that in this case

the first phase runs until time 71" := Lé log N J It may be helpful to recall the exact process

we run in this phase, given in Subsection
Theorem [1.6] in this case is implied by the following lemma.
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Lemma 8.1. With probability at least 1 — N=7: For all 1 < m < M, the bound
Qu(m) > (log N)(2)"
holds for allv € V(H)\ I(m).

We first show how the supercritical case of Theorem [I.6] follows from Lemma before
proving Lemma [8.1]

Proof of Theorem[1.6] in the supercritical case. By Lemma and definition of My (see
(2.30))), with probability at least 1 — N7 the bound

Qu(My) > d7Tt10,

holds for all v € V(#H) \ I(Mz). We now sample every open hyperedge in Q(Maz). As each
hyperedge is independently in H,, the probability that some vertex v fails to be infected

after this is
1 1 1 1 1
(1— q)Qv(MQ) <(1-— q)dﬁ+ﬂj < e—qdﬁ+ﬂf < e0d10 o N-10vIg N (8.2)

So by the union bound, with probability at least 1 — N5, every healthy vertex becomes
infected in this round. This completes the proof of Theorem [1.6]in the supercritical case. [

Recall from Subsection that in the supercritical case each round consists of two
steps. In the first step a subset @'(m) C Q(m) is chosen and every hyperedge in Q'(m) is
sampled. In the second step, for any healthy vertex contained in ‘enough’ open hyperedges,

all hyperedges containing that vertex are sampled.

Definition 8.3. Define Ay := By, (given in Deﬁnition. For 1 < m < My, define A,, to
be the event (in Q', which was defined in Subsection [5.3.4)) that either Ay occurs, or there
exists some v € V(H) \ I(m) such that either:

(S.1) Qu(m) < (log N)(2)" or
(S.2) v was in an open hyperedge in some Q! (¢), for some £ < m.

So to prove Lemma [8.1] it suffices to prove that
P(Ay,) < N7 (8.4)

As mentioned above, to prove Lemma [8.1| we use a lower tail version of Janson’s Inequal-
ity, Theorem In each of our applications of Theorem we will simply set e = 1/2 and
use the fact that ¢(—1/2) = (1/2)log(1/2) + (1/2) > 1/10. We are now ready to complete
the proof of Lemma 8.1
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Proof of Lemma[8.1 Given a point w € Ayy,, let
J =J(w) :=min{i: w € A;}.

For0 <m < My—1and v e V(H), let S(v,m+1) be the set of w € Ay, such that w ¢ A,
J(w)=m+1,v ¢ I(m+1) and either:

m—+1
() Quim+1) < (tog M) or
ii) v was in an open hyperedge in some Q! (m + 1).
v

We remark that as J(w) = m + 1, v cannot have been in an open hyperedge in some @ (£)

for £ < m + 1.
It follows that
A, =AU | Sym+1). (8.5)
0<m<My—1
veV(H)

We will prove that for all 0 <m < My — 1 and v € V(H),
P(S(v,m +1)) < N719, (8.6)

By Theorem P(Ay) < N-2VIeeN Lemmawill follow from by taking the union
bound over all m and v € V(#H) (as Ma = O(loglogd) by and (2.30).

So for 0 < m < My —1, assume w ¢ A,. Fix v € V(#H)\ I(m) and consider S(v, m+1).
First let us bound the probability that v ¢ I(m + 1) but (ii) holds.

Suppose v € Q¢ (m+1). By the argument above (culminating in (8.2)), with probability
at least 1 — N~10VIgN the vertex v becomes infected (and is hence not present in I(m+ 1))
when every hyperedge of Q¢ (m + 1) is sampled. So the probability that v ¢ I(m + 1) but
(i) holds is at most N~10VIeg N

We will now show that when w ¢ A,,,

m

P (Quim+1) < (log V) (%) o ‘]:7’”) < N1, (8.7)

Then will follow from this and the argument of the previous paragraph.
Asw ¢ A, for all uw € V(H) \ I(m) we have

1

Qu(m) < 71T, (8.8)

(By definition of the process, if Q,(m) > d$+% then we would have sampled these open
hyperedges.) Recall from Subsection that Q'(0) := Q(0) and for m > 0, for each
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v € V(H)\ I(m) we choose Q. (m) to be a subset of Q,(m) with cardinality (log N)(%)m
(which is possible here by definition of A,,) and set

Qm= U Qim)
VeV (H)\I(m)

Fixv € V(H)\I(m). Define s := s(m), to be the integer in [0, 7 —2] such that the cardinality
of Y2 (m) := Y% (m) =Y 0 (m) is maximised (Y;(m) is the number of hyperedges of H(m)
containing v and exactly s infected vertices) As w ¢ Ay, by from Definition we
have s(0) = 0.

Define G := G(m) to be the (r — 1 — s)-uniform hypergraph on vertex set Q'(m), where

:={e1,...,e,_1-s} € E(QG) if and only if there exists some F € Y,?(m) such that V(F) \

{v}UlI(m)) =V(S)\ I(m). In other words, for each healthy vertex = of F \ {v} there is
a hyperedge in S containing . F will become a member of @Q,(m) if each of e1,...,e,-1_5
is successfully sampled from Q’(m).

Recall the definition of Q%(m + 1) from the description of the second phase process in
the supercritical case, given in Subsection[5.2.4] If & is the Bernoulli random variable which
is equal to 1 if and only if e C V(G),, we have Q%(m + 1) > X, where

Xi= > &

ecE(G(m))

We will apply Theorem to prove a bound on X and hence to prove .
To bound E(X), we must first bound |E(G)|.

Claim 8.9. Ifw ¢ Ayp:
% (o V)0 < |B(G(0))] < 4d. - (log N) "
and, form > 1, if w ¢ Ap,:

m

(log )" 1=9()" < |B(G(m))| < d- (log N) 1 =9(3)".

2(r—1)
Proof. First consider F(G(0)). As mentioned above, as w ¢ Ay we have that s(0) = 0 and
s0 G(0) is a (r — 1)-uniform hypergraph on vertex set @'(0) = Q(0). For an open hyperedge
e, let h(e) be the healthy vertex of e. By definition, the set {ej,...,e,_1} is a hyperedge of
G(0) if and only if there exists a hyperedge {v, h(e1),...,h(e,—1)} € E(H(m)).

Say that a member of ZB’T_l(m) is centrally healthy if its central hyperedge contains
no vertex of I(m) and let Z3"1(0) be the set of centrally healthy members of ZJ"*(0).
Consider the map ¢ from E(G(0)) to Zo™"~*(0) which maps {e1, ..., e,—1} € E(G(0)) to the
unique member of Zg" ' (0) with central hyperedge {v, h(e1), ..., h(e,—1)} and non central

hyperedges e, ...,e,—1. By definition of G(0), we have that ¢ is a bijection.
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So to give a lower bound on |E(G(0))|, it suffices to prove a lower bound on the number
of centrally healthy members of ZS’Tfl(m). By definition of Z%"~1, a lower bound is given
by the number of centrally healthy members of YUD’T_l(O). We will bound this number from
below.

First let us bound the number of ¥ in Y},O’r_l(()) that are not centrally healthy but that
do contain a healthy vertex x other than v in their central hyperedge. Each such Y can be
thought of as the union of some Y’ in le’r_z(O) and an additional open hyperedge rooted
at x. So in particular, as w ¢ Ap, using and from Definition we can bound
the number of such Y above by log®™®(d) - 4.

Now consider a Y in ;> ~*(0) that contains no healthy vertex other than v. The central
hyperedge e* of Y is in Q,(0) and every non-central hyperedge is a copy of W, rooted at
a vertex of e* (whose root is actually in 1(0)). So, as w ¢ Ay, again using and
from Definition [6.1) we can bound the number of such Y above by log® M) (d).

So by the previous two paragraphs, the number of members of Yvo’r_l(O) that are not
centrally healthy is log®™® (d) - A1, As w ¢ Ay, using from Definition [6.1| we have

YO =10) € (1 +0(1))d((c +aT) ' —T) 1, (8.10)

So
Sdl(e+aT) ™ — Ty < [B(G(0))]. (8.11)

Now let us think about an upper bound for |E(G(0))|. By the above discussion we have
|E(G(0))] < 20"~ 1(0). We bound Zo"~*(0) analogously to in the proof of Lemma The

variable Z ’ril(m) counts the number of ways to choose
(a) a hyperedge e = {v,w1,...,w,—1} € H(m) containing v, and
(b) hyperedges ey, ..., e, such that e, € W, (m) for 1 <€ <r—1.

The number of choices in which each of the hyperedges e, ...,e,._1 intersects e on only
one vertex and no pair of them intersect one another is precisely Yvo’rfl(m). If one of
the hyperedges e1,...,e,._1 intersects e on more than one vertex or two of them intersect
one another, then the union of e and ey,...,e._1 consists of a copy F’ of a secondary
configuration with  — 1 neutral vertices and a set of copies of W rooted at vertices of F".
As w ¢ Ay, by and from Definition the number of choices in this case is at
most
log?!(d) - d - log~**/(a),

This is o(d), provided that K is sufficiently large.
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As w ¢ Ap, by (B.1]) from Definition and the previous argument we have

Zy"H0) < (1+0(1)Y,"7H(0).

So |E(G(0))] < 2- Y "1(0) and combining this with (8.10) and (8.11) gives

1
5d((c + o)1 —T) 1 <|E(G(0))] < 2d((c+aT) ' —T)" 1, (8.12)
By definition of T (see [2.11]), for N sufficiently large we have

%ﬂog(N»(f—”Q < ((c+aT) = = T) ! < 2(log(N) V" (8.13)

Combining (8.12)) and (8.13) gives

(o V)T < |B(G(0))] < 4d - (log N) 17

as required for the first part of the claim.

Now consider E(G(m)) for m > 1. First let us bound Y,?(m) for any v € V/(H(m))\I(m).
As w ¢ A,,, v was never in an open hyperedge sampled in the second step of any round.
So by , definition of the process and definition of My (see :

1 1
(1) at most m - d—1710 = o(d) open hyperedges containing v have been sampled during

the second phase up until now,
141
(2) Qv(m) S dr—=1710,

Asw ¢ A, by from Definition we have Y.2(0) > (1 — o(1))d. So putting this
together with (1) and (2) gives that there are at least (1—o(1))d > d/2 hyperedges containing
vin H(m) \ Qu(m).

So by the pigeonhole principle,

BGm) = ) I1 Q. (m).

YeYg(m) ueV (Y)\({v}UI(m))

Using the definition of @, (m) with the previous two expressions gives

m

(log )" =) < |B(G(m))| < d - (log N) =1 =9()",

2(r—1)

completing the proof of the claim. O
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As E(&) = ¢" 1%, Claim implies that when m = 0 we have

r—1

(g N)" D" <E(X | F,) < 20" - (log N)"=1*, (8.14)

and when m > 0, we have
r—1l—s

ﬁdﬁ Aog M) 19G)" <E(X | F,) < a0 dm T - (log N)T ()T (8.15)
’," fe—

So for any m > 0, as 0 < s < r — 2 the lower bounds of (8.14]) and (8.15) give
E(X|F,)>2 (logN)3)" (8.16)

We require one more claim before we can apply Theorem

Claim 8.17. For 0 < m < My — 1, when w ¢ Ay,

> E(ete | F) =0 (E(X|F,) 10873 N).

e,e’€E(G(m))

ene’'#0
Proof. We have
r—2
> E(&be | F) = > E(&be | F)-
e,e €E(G(m)) ecE(G(m)) =1 €'€E(G(m))
ene’ (0 leNne’|=j

For fixed e € E(G(m)), recall that e = {e1,...,e,_s_1} where each ¢; € Q'(m). The
quantity |{e’ € E(G) : |ene’| = j}| is bounded above by the number of copies Z of Z57~1=¢
rooted at v in H(m) such that Z contains some {e},..., e’} C {e1,...,e,—s—1}. There are
O(Aj11) ways to choose the hyperedge f of Z containing v. Given the choice of f, for each
u that is not contained in a hyperedge of {e], ..., e;.} there are precisely Q/,(m) ways to
choose the open hyperedge rooted at wu.

So when m = 0, as w ¢ Ay, by from Definition for each v € V(H) \ 1(0) we
have Q,(0) < log"" (d) and so

S E(et | F) %Z
E(G(0

e,e’ €E(G(0))
ene’#£0

[\

r—

Aj—l—l (log N)r4(7"—1—j) qQ(r—l)—]

||M

=0 ((log N)T4(T*2)+(T*1)27K) ’

where in the last line we used the upper bound on |E(G(0))| given by Claim Using the
upper bound of (8.14)), we see the required bound for m = 0 follows when K is taken to be

large with respect to r.
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When m > 1, again using Claim [8.9] we have

r—2 my\ (r—1—s—j .
Z E (& | Fp) < ZAjH ((log N)(%) )( 7) 2r=1=9)=]
e,e’ €E(G(m)) e€B(G(m)) Jj=1
ene’ 20

= O (47 (log N)2r—1=9=0(3)" =),
Using the upper bound in , we see that the required bound holds for m > 0. ]
So we can apply Theorem [3.9| with e = 1/2 to give
i <X < ;E(X)’f,’n> < o 08t ).
So using the lower bounds given in and we have

3)m+1

i (Qg(m +1) < (log N) (3

]—“,’n) < N2,

If v is contained in an open hyperedge sampled in the second step of this round, it becomes
infected with probability at least 1 — N—10vlogn (by the argument culminating in )
As Q%(m) = Q,(m) for any healthy vertex v not contained in an open hyperedge sampled
in the second step of this round, this completes the proof of and hence the proof of
Lemma Rl O

This concludes our discussion of the second phase and therefore the proof of Theorem [1.6]

5.9 Strictly k-Balanced Hypergraphs

In this final section, using Theorem [T.4] we prove Theorem [1.9] as well as a generalisation of
it to strictly k-balanced k-uniform hypergraphs, which we define now. The following two
definitions are a generalisation of Definitions [1.7] and

Definition 9.1. Given a k-uniform hypergraph F with at least two hyperedges, the k-
density of F is defined by E(F) - 1

WE = @ =
Definition 9.2. Say that a k-uniform hypergraph F with at least two hyperedges is k-
balanced if dp(F') < di(F) for every proper subhypergraph F’ of F with at least two
hyperedges. Say that F is strictly k-balanced if this inequality is strict for all such subhy-

pergraphs.
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For hypergraphs G and F, define Hg r to be the hypergraph whose vertices are the
hyperedges of G and whose hyperedges are the sets of hyperedges which form copies of F
inG. Let K,gk) denote the complete k-uniform hypergraph on n vertices. For any k-uniform

hypergraph F, we have that .« . is [E(F)|-uniform and d(n, F)-regular for some integer

K,
d(n, F) such that d(n,F) = © (n‘v(f)lfk) (the constant factor is related to the number of
automorphisms of F which fix a hyperedge).

Now we state a generalisation of Theorem to strictly k-balanced k-uniform hyper-

graphs.

Theorem 9.3. Let F be a strictly k-balanced k-uniform hypergraph with at least three
hyperedges satisfying 6(F) > 2. Define r := |E(F)|, H = Hw , and d := d(n,F). If
q = ad V=V for some fized a > 0, then

_ r—2 —1/(r—1)
Pe (M) = (a1/<r—2> (r— -/ * 0(1)) d :

Below, we show that Theorem follows from Theorem [I.4] and the case k = 2 of the

following proposition. Theorem [9.3] follows from the same proof.

Proposition 9.4. For k > 2, let F be a k-uniform hypergraph with at least 3 hyperedges

and let n = |V(F)|. Definer = |E(F)|, H =M 0  and d:=d(n,F).

(1) If F is strictly k-balanced and 6(F) > 2, then H is (d, p,v)-well behaved where p =
19 (d‘<|E(f>\—1>l<\V<f>|—k>> and v = O (d\vufkn—k),

(ii) If F is not strictly k-balanced, then for every hyperedge of H, there exists some 2 <
0—
¢ <r—1and a set S of £ vertices, such that deg(S) = Q <d1_\E(f>1|—1>.

(i1i) If 6(F) = 1, then for every e; € V(H) there exists some ex € V(H) such that
[Ny (e1) N Ny(e2)| = Q(d).

The purpose of parts and of Proposition is to show that both hypotheses in
part of Proposition are necessary (in a strong sense). That is, in order for H KW £
to be (d(n, F), p,v)-well behaved where p and v are functions of n such that p tends to zero
as n — 0o, one requires both that F is strictly k-balanced and that 6(F) > 2.

As it turns out, every strictly 2-balanced graph F with at least three edges satisfies
d(F) > 2 (see the proof of Theorem below). Thus, in this case, the assumption that
d(F) > 2 in part |(i)| of Proposition is redundant. However, for k-uniform hypergraphs
with k > 3, this is no longer the case. For example, a ‘loose k-uniform cycle’ is strictly
k-balanced and contains vertices of degree one; see Figure for an example.

We first show that Proposition implies Theorem before proving the proposition
itself.
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Figure 5.14: A loose 3-uniform triangle. The black circles represent vertices and the ellipses
represent hyperedges.

Proof of Theorem|[1.9. First, we show that do(F) > 1. If not, then F contains at most
|[V(F)| — 2 edges, and so F is disconnected. If F' contains a connected component F’ with
at least two edges, then da(F’) > 1 > do(F'), contradicting the fact that F' is strictly 2-
balanced. Otherwise, every component of F' contains at most one edge, which implies that
dao(F) < 1/2. In this case, we let F' be a subgraph of F' consisting of two edges and four
vertices. Since I has at least three edges, we have that I is a proper subgraph of F. Also,
da(F") =1/2 > dy(F), which contradicts the fact that F' is strictly 2-balanced.

By the previous paragraph, we have do(F) > 1. In particular, this implies that F
cannot contain a vertex v of degree one; otherwise, let F’ := F \ {v} and observe that
F’ has at least two edges and that do(F’) > do(F). Thus, 6(F) > 2 and so we can
apply part of Proposition to get that there exists 5,s > 0 such that ’7'-[K£Lk)7]E is
(d(n, F),d(n, F)~*,d(n, F)?)-well behaved for n sufficiently large. The result now follows

by applying Theorem [T.4 to H ) - O

We now present the proof of Proposition

Proof of Proposition[9.4. First suppose that F is strictly k-balanced and that §(F) > 2.
As H is d-regular, conditions (a)| and |(b)| of Definition [1.5| hold for H. Also, |V (H)| = (})

and so, as d = 0O (n'v(]:”_k), we have
IV (H)|=0@n*) =0 (n“V(f)‘*’f)i\wﬁnfk) —0 (diw(}n—k) ,

Therefore, condition @ of Definition holds.

Next, we show that Conditionof Deﬁnitionis satisfied. For 2 < ¢ <r—1, let S be
a set of £ vertices of H and let F’ be the subhypergraph of KT(Lk) induced by the hyperedges
corresponding to elements of S. If F’ is not isomorphic to a subhypergraph of F, then

deg(S) = 0 and we are done. Otherwise, we have

deg(s) = © (n/V OV,
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Now, since F is strictly k-balanced,

[E(F)[ -1 _ [BE(F)|-1 (IE(F’)Ifl)(IV( )= F)
VA =k V(P -k I(f)\

~1

—1

) = (VA=) (1 u;f}_)f_J

Since the above inequality is strict, we get

deg(s) = © (VPN — 0 (nﬂV(f)l—’f)(l—E("'Eﬁ_l)n—E(fl)1>

< |V(F)| -k

= V(P = VF) < (V(F) - k) (1 -

1__ t=1 - 1
-0 (d B(P)-1n \E(f)lfl)

1 £=1 _ 1
=0 <d [E(A[-1( (IE<}'>\71)(IV(F)\4€)>

which implies condition of Defintion is satisfied.

Next we show that if §(F) > 2, then condition [(d)] of Definition holds. Let e; and

(k)

eo be two distinct hyperedges of K;, 7 and let v be a vertex of e; which is not contained in

e2. Suppose that F' is a copy of F in KW containing ey such that (F'\ {ea})U{e1} is also
a copy of F. Then, as §(F) > 2, we have that F’ also contains v;. However, the number of

k)

copies of F in K,(1 containing eo and vy is

0 (an(f)l—k—1> =0 (&*W) =0 <d1*<|E(f>\—1>1<\V(f)|fk))

since F has at least two hyperedges. Therefore, H satisfies condition @ of Definition
This completes the proof of part
Now suppose that F is not strictly k-balanced and let F' be a subgraph of F with at

least 2 hyperedges such that di(F’) > di(F) and define £ = |E(F’)|. Let e be a hyperedge

k)

of H (by definition the corresponding hyperedges of K,(L induce a copy of ). So we can

pick S be a set of £ vertices of e such that the corresponding hyperedges of Kék)

copy of F'. Once again, we get that deg(S) =© <n|V(f)|_‘V(F)|>. This time, though,

induce a

(-1
V@ -z (V)-8 (1- )
[E(F) -1
-1
Therefore, deg(S) = Q (dl_ |E<f>\—1). This completes the proof of part |(ii)
To prove suppose that F contains a vertex of degree one and let e be a hyperedge of

F containing such a vertex. Let ¢t denote the number of vertices of degree one contained in

e. Fix e; € V(H) and let ea be any hyperedge of Kflk)

k)

which intersects e; on k — ¢ vertices.

The number of copies of F in K, ( containing e; but not containing any vertex of ey \ e;

—lez2\e1]
[V (F)|—- k)

have that '\ {e1} U {ez2} is also a copy of F. So

is at least a constant multiple of ( Q (n'v(]: )|_k). For any such copy, say F', we

[Nig(er) N Nau(ez)| = @ (nlV 1) = (a),
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asd=0 (n'v(]E )|*k). This completes the proof of part |(iii), and of the proposition. O

As we have proved, we can apply Theorem to H K5 F if and only if F is strictly
k-balanced and §(F) > 2. However, not only are these properties of F required to apply
the theorem, but if they are violated, then the critical probability may take on a different
value; in particular it may be lower than the result stated by our theorem.

Let us heuristically discuss why this is so. First consider the hypothesis that F is
strictly k-balanced. By Proposition [9.4(ii), if F is not strictly k-balanced, then there exists
2 < ¢ <r —1 such that every hyperedge contains a set S of ¢ vertices such that deg(S) =
Q (dl_%> . In particular, the bounds on the ¢-codegrees are not sufficient to ensure that the
secondary configurations remain a lower order term to the Y configurations. For example,
consider the secondary configuration X = (G, R, D) where |V (G)| = 2r—¢, E(G) = {e1, e},
e1Ney ={v1,v2,...,u}, |R| =1, RCe;\exand D =V(G)\ RU{v;}. Letting ¢ be as in
Proposition (ii), we would expect

X,(0) = © (d A 'p2T7€72) -Q (d,%l) ,

which is the same order as YJﬁz’l(O). So right from the start of the process the Y config-

urations and hence the number of open hyperedges will grow faster than they would if the
infection were uniform. Given this, we would expect the critical probability to be lower.
Similarly, if §(F) = 1, then by Proposition [9.4(iii), for every vertex e; € V(H) there
exists some ep such that [Ny (e1) N Ny(ez)| is large. We needed condition [(d)] of Defini-
tion to bound the secondary configurations with no infected vertices. As in the previous
paragraph, if this bound is relaxed, the secondary configurations are no longer forced to be
a lower order term compared to the Y configurations and we expect this to cause the open

hyperedges to grow faster than they would if the infection was uniform.
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