


Abstract

Finite differences for the convection-diffusion equation:
On stability and boundary conditions

Ercilia Sousa Doctor of Philosophy
St John’s College Trinity Term 2001

The solution of convection-diffusion problems is a challenging task for nu-
merical methods because of the nature of the governing equation, which includes
a non-dissipative component and a dissipative component. Once the convection-
diffusion equation is discretised, it is usual to observe oscillations in the computed
solution regardless of whether these might be expected in the original physical
situation. Mostly these oscillations are the result of numerical instability. This
thesis centres on this fundamental difficulty: the numerical stability of finite
difference discretisation of a convection-diffusion equation.

The existence of an exact evolution operator for the constant coefficient con-
vection diffusion problem is the framework we use to derive new finite differ-
ence schemes in one and two dimensions and also, when a high-order scheme
is considered, to derive numerical boundary conditions. The influence of nu-
merical boundary conditions on the stability of a general scheme is one of the
main themes. The stability analysis is done mostly by using the von Neumann
method and the matrix method. The Godunov-Ryabenkii theory is also applied
to the one dimensional case.

In two dimensions we deduce different forms of second-order (Lax-Wendroff)
schemes and third-order (Quickest) schemes. We apply some of those schemes
to a Navier-Stokes problem by running experiments to illustrate the practical
stability region, showing how results from a simpler case presented in previous
chapters carry over to the more complex case.
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Chapter 1

Introduction

1.1 Purpose

Many physical problems involve the combination of convective and diffusive pro-
cesses. They occur in fields where mathematical modelling is important such as
physics, engineering and particularly in fluid dynamics and transport problems.
A very large literature has been built up describing numerical approximations,
as well as the various techniques for analysing and overcoming the difficulties
that each numerical method presents. Extensive descriptions of different numer-
ical methods for the convection-diffusion equation can be found for instance in
Morton [50] and Roos et al [67].

The solution of convection-diffusion problems is a challenging task for nu-
merical methods because of the nature of the governing equation, which includes
a non-dissipative component and a dissipative component whose effects run over
very different length and time scales. The relative influence of the two effects is
described by a Péclet number. The Péclet number also determines the nature
of the equation. For diffusion-dominated processes, where the Péclet number
is low, the equation is best characterised as elliptic or parabolic. For convec-
tive dominated problems, where the Péclet number is large, the equation is best
characterised as hyperbolic.

In the case of convection-diffusion of a dissolved material, the physical so-
lutions usually decay monotonically to a uniform state. In the case of a fluid
flow, where a non-uniform convection-diffusion equation describes conservation
of momentum, solutions can be largely decaying towards a steady state. How-
ever, it is possible for real physical oscillations to occur for a set of initial and
boundary conditions that might indicate a steady solution.
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Once the convection-diffusion equation is discretised, it is common to ob-
serve oscillations in the computed solution regardless of whether these might
be expected in the original physical situation. These oscillations are often the
result of either inaccurate convection of different Fourier modes or numerical
instability.

Numerical solutions of the convection-diffusion equation often show spatial
numerical oscillations which persist in steady state. In practical calculations,
many authors have observed spurious oscillations in the solution as the Péclet
number is increased, a phenomenon common to finite difference methods when
central rather than upwind differencing of the convective term is used (see e.g.
Gresho and Lee [23] and Roache [65]). On the other hand, upwind differencing
usually introduces unpleasant artificial numerical diffusion.

This dilemma, is central to numerical solutions of convection-diffusion prob-
lems. Oscillations may or may not have a physical basis, oscillatory computa-
tions may or may not reflect properties of a discretisation rather than a physical
situation. Artificial damping of numerical oscillations is inevitably dispersive,
destroying the ability of the numerical solution to represent the original phys-
ical process. This thesis centres on this fundamental difficulty: the numerical
stability of finite difference discretisation of a convection-diffusion equation.

In order to compute approximate solutions for evolutionary partial differ-
ential equations with either explicit or implicit schemes, it is necessary to use
some form of local approximation; local in the sense that solution values at local
nodes are used to generate an approximate solution value at a new time level.
In finite differences it is usual to try to make the local domain as compact as
possible, for instance using only adjacent nodes when updating at a node. The
domain of local approximation may need to be large because the degree of the
equation is high or it may need to be enlarged to accommodate a higher order
local approximation for a low order differential equation. In either case schemes
are usually derived for infinite space domains; when space boundaries occur they
prevent such high order schemes from being applied directly. One method to
deal with the second of these situations, a high order local approximation to
a low order equation, is simply to use a lower order scheme immediately near
boundaries and use a high order scheme for the major part of the interior of the
domain. Whether this is useful will depend on the nature of the problem be-
ing approximated. If interest is centred on dynamics in the interior and on time
scales where boundary effects have not propagated to the region of interest, then
this will be a reasonable approximation. If the boundary influences the interior
quickly, little may be gained by using a high order scheme to accurately propa-




Introduction 3

gate low order errors from the boundaries to the interior. There will always be
special problem formulations where boundary conditions can be used to provide
a modified scheme at a boundary which retains the accuracy of the scheme used
in the interior of the domain; in the majority of cases such techniques will either
not be possible or not be satisfactory at nodes close to a boundary.

If we consider the approximation of the unsteady convection-diffusion prob-
lem on a uniform mesh, we can observe that much of the literature is concerned
with choices between three-point schemes that focus attention on the nodal value
at j and the two neighbouring values at j — 1 and 5 +1; however the emphasis on
what happens in the cell [z;-1,z;] or the cell [z,_ L1 ], which is at the heart
of some upwind finite difference schemes, leads naturally, for the convection with
velocity in the z-direction, to four-point schemes centred on the cell and using
the nodal values at j — 2, j — 1, 7 and 7 + 1. Recent work on finite difference
schemes for the convection-diffusion equation can be found in papers such as
Bruneau et al [8], Douglas et al [14], and Kurganov and Tadmor [36].

Finite difference schemes typically consist of replacement of the individual
derivative terms in the partial differential equation by a set of discretised ap-
proximations (see e.g. Smith [72]). However, recently different techniques were
suggested for deriving finite differences for the unsteady convection-diffusion
equation (see e.g. Morton and Sobey [49] and Xu et al [94]).

Morton and Sobey [49] studied discretisation of a convection-diffusion equa-
tion on the whole line by using an exact evolution solution. If the function u(z, t)
evolves according to

Ou
5{ + E[u] =0,

then the exact solution can be written
u(.,t + At) = E(At)u(., t),

where E(At) is an evolution operator. If U™ represents an approximate solution
at t = nAt and P a projection operator onto the approximation space, then an
approximate solution is obtained from

U™t = PE(AL)U™.

This also allowed a very natural error analysis. In the case of finite differences,
let U™ = I,{U;'} where U7 are nodal values and I, a local approximation based
on nodal values; suppose R is a restriction operator onto the nodes, then as the
exact solution satisfies u"*! = E(At)u", the local nodal error satisfies

Ru™t! — RU™! = RE(At)u™ — RE(At)U™,
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which could be rewritten,
Ruy™t1 — Ryt = RE(At)(u"™ — p{u;‘}) + RE(At)I,[Ru™ — RU"].

The first term is the evolution of a local approximation error based on exact
initial data, the second term is the evolution at the local approximation for the
local nodal error. In the case of finite elements Morton and Sobey [49] introduced
an approximate evolutionary operator Ea such as U"*! = EAU™ and

Pu™t! — U™ = [PE(At) — EAPlu"™ + Ea[Pu™ — U™,

so that the error could be analysed as the sum of an error in the evolution oper-
ator and the evolution of a local approximation error. This general framework
centres around a knowledge of the exact evolution operator E and it is of course
applicable regardless of the number of space dimensions or the operator L.

In this dissertation we use the framework described above to deduce new fi-
nite difference schemes and numerical boundary conditions for high order schemes.
Although such a procedure cannot easily be generalised to partial differential
equations with variable coefficients, the finite difference schemes obtained in
this dissertation using the evolution operator can still be applied to those cases
as we show in the last chapters.

Related with the convergence of a finite difference scheme we encounter ques-
tions about stability and accuracy. Here, we focus our attention on the study
of the stability of the schemes considered either in an unbounded domain or
in a bounded domain. The influence of numerical boundary conditions on the
stability of the general scheme is also one of the main themes of this dissertation.

Stability of finite difference schemes has been widely described in the lit-
erature. Two important books on stability analysis of difference methods are
the classical book by Richtmyer and Morton [62] and the more recent book by
Gustafsson et al [27]. Some of the work on stability analysis for finite difference
schemes for the convection-diffusion equation using von Neumann method and
matrix analysis was done by Beckers [5], Chan [11], Griffiths et al [26], Hind-
marsh et al [29], Hirt [31], Kwok and Tan [37], Leonard [42, 45], Morton [48],
Siemieniuch and Gladwell [70], Verwer and Sommeijer [88], Warming and Hyett
[91], and Wesseling [92).

The motivation for our study of the convection-diffusion equation also has to
do with the two-dimensional Navier-Stokes equations. The alternative form of
the Navier-Stokes equations that is obtained with the vorticity and the stream
function formulation has been applied extensively. We are studying the convec-
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tion-diffusion equation not only because of its own importance but also in order
to understand some aspects of the vorticity equation.

1.2 Outline of the dissertation

We now give a description of the remaining chapters of this dissertation.

Chapter 2. We begin with a study of a one-dimensional unsteady convection-
diffusion problem. We describe how in Morton and Sobey [49] Lax-Wendroff
and Quickest methods were re-derived using an evolution operator. The Lax-
Wendroff scheme is a scheme due to Lax and Wendroff [38, 39], which is a second
order accurate scheme and consists of the combination of time and space-centred
discretisations. The Quickest scheme was introduced as an alternative to central
differencing convection and to upwinding differencing convection. This scheme
was first proposed by Leonard [41], using control volume arguments.

In this chapter we use the same framework as in Morton and Sobey [49] to
derive, in a new way, the Allen-Southwell operator. One section of this chapter
is devoted to the stability analysis of the Lax-Wendroff scheme and Quickest
scheme using the von Neumann method. In the last section we consider the
truncation error of both Lax-Wendroff and Quickest schemes.

Chapter 3. We consider a model problem for the one-dimensional convection-
diffusion equation with a left physical boundary condition and discuss different
choices of numerical boundary conditions and their effects on the stability and
accuracy of the resulting numerical schemes. These results were presented in
Sousa and Sobey [76]. The numerical boundary conditions are derived by using
the evolutionary operator for the unsteady convection-diffusion equation in an
unbounded domain.

The schemes are written as a system of equations. The iterative matrix
contains the numerical boundary treatment, and the stability is investigated
through its eigenvalue spectrum and norm, without disregarding the stability
condition given by the von Neumann method. Furthermore, this framework
is used in subsequent chapters to investigate the stability of finite difference
schemes for model problems in two dimensions with constant flow velocity and
non-uniform flow velocity.

Chapter 4. We give a brief description of the Godunov-Ryabenkii theory that
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was initially presented by Godunov and Ryabenkii [21] and later developed by
Kreiss [35] and Osher [55]. The original Godunov-Ryabenkii theory provided a
necessary condition for stability. A necessary and sufficient condition for stability
was later developed by Gustafsson, Kreiss and Sundstrom [28], henceforth called
GKS theory. This theory covers linear, first order hyperbolic systems in one
space dimension. Since 1971, when the GKS theory was first presented, related
work has been done by Varah [90] for parabolic problems, by Strikwerda [78]
for semi-discretised equations, by Michelson [47] for multidimensional problems
and by Trefethen (84, 85] where a relation between the GKS theory and group
velocity is established.

We are interested in parabolic problems with convective and diffusive coef-
ficients. The GKS theory that leads to necessary and sufficient conditions for
stability was proven for hyperbolic problems. For parabolic problems we can
apply the Godunov-Ryabenkii method which theoretically will give us only nec-
essary conditions for stability although in a number of cases these appear to be
also sufficient conditions.

We analytically apply the Godunov-Ryabenkii theory to the Quickest scheme
with a particular numerical boundary condition which was also described in
Sousa [75]. We also prove some new properties related to this theory and develop
a new algorithm that can be applied successfully to the Quickest scheme with
some numerical boundary conditions.

Chapter 5. We derive new numerical schemes using an exact solution for an
initial value problem with an inflow boundary in one dimension and consider the
numerical boundary conditions which are required. These numerical boundary
conditions are deduced using the evolutionary operator associated with the prob-
lem in a domain with a left physical boundary instead of using the evolutionary
operator in the unbounded domain as in the third chapter. We also discuss
if there are advantages for stability and accuracy in using these new schemes,
whether when compared with the Lax-Wendroff scheme and the Quickest scheme
discussed previously. Some of these results are also in Sousa and Sobey [74].

Chapter 6. We develop a family of Lax-Wendroff schemes and Quickest
schemes using the evolutionary operator for the two dimensional convection-
diffusion problem in an unbounded domain. Although the Lax-Wendroff scheme
has only one variant for the one-dimensional case, it has many variants in the
two-dimensional case. The ambiguity in two dimensions is connected with the
fact that different combinations of local nodal values are equally able to model
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local behaviour with the same order of accuracy. In this chapter, we deduce the
analytical solution for a two dimensional convection-diffusion problem and use it
as the source for obtaining Lax-Wendroff and Quickest schemes not yet studied
in the literature. The Quickest scheme was first generalised in two dimensions
by Davis and Moore [13]. When generalising the method they ignored some
of the cross-derivatives and that reduced the temporal accuracy of the scheme.
The new Quickest schemes are expected to be more accurate in time than the
Quickest scheme deduced by Davis and Moore [13], since we take into account
the cross-derivatives. Additionally we study in detail the stability of those Lax-
Wendroff and Quickest schemes, a crucial property for convergence of numerical
schemes.

To analyse the practical stability of the numerical schemes we use von Neu-
mann analysis since we are considering a problem in an unbounded domain. We
observe that interesting differences occur between the stability regions of the
different numerical schemes. For a clear visualisation of the stability regions
we plot the sufficient and necessary stability conditions in a three-dimensional
space, in which the coordinates involve convection and diffusion coefficients.

Chapter 7. In the previous chapter we applied the von Neumann method
to analyse the stability of the Lax-Wendroff schemes and Quickest schemes in
a two-dimensional unbounded domain. In this chapter, similarly to what we
have done in the third chapter for a one-dimensional problem, we provide nu-
merical boundary conditions for high order Quickest schemes and examine their
effect on the stability of the general scheme. We investigate the stability regions
for the different Lax-Wendroff schemes and Quickest schemes with the numer-
ical boundary conditions when applied to two problems: first, we consider a
convection-diffusion problem in a quarter plane where we assume both convec-
tive coefficients to be positive and constant and secondly, we consider a problem
defined in a square with non-uniform flow velocity.

Chapter 8. In this chapter a numerical simulation of the unsteady incom-
pressible flow in the unit cavity is performed. We consider the formulation of
the Navier-Stokes equations in terms of the vorticity and the streamline function
and approximate the vorticity equation using what we called the Taylor Lax-
Wendroff scheme and the Taylor Quickest scheme. For the high order Taylor
Quickest scheme near the boundary we consider the numerical boundary condi-
tions discussed in the foregoing chapter. We perform experiments to illustrate
the practical stability for the Navier-Stokes problem and show how results from
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the simpler case presented in the previous chapter carry over to a more complex
case.

We close this chapter by giving global iteration matrices for the stream-
function vorticity formulation for the Navier-Stokes equations, showing that the
true time marching iteration matrix is more complicated than the iteration ma-
trix for the convection-diffusion equation that is part of the Navier-Stokes equa-
tions. Indeed, by examining a one-dimensional test problem it is shown that the
full system has much tighter stability constraints than would have been predicted
from the convection-diffusion equation alone.

Chapter 9. We draw some conclusions and describe some open problems which
originated from our research.




Chapter 2

Convection-diffusion in one
dimension

We consider in this chapter a one-dimensional unsteady convection-diffusion
problem on the whole real line. For this problem, we first demonstrate how
the Lax-Wendroff scheme and the Quickest scheme are derived in Morton and
Sobey [49] using an evolution operator. We describe this in detail, since the
same framework is used later in this chapter to derive the Allen and Southwell
operator, and in subsequent chapters to derive numerical boundary conditions
and new finite difference schemes.

Next, we present the stability results and the truncation errors for the afore-
mentioned schemes. Since this is a convection-diffusion problem in an unbounded
domain, we can use the von Neumann method to investigate stability. Although
the necessary and sufficient stability conditions for the Lax-Wendroff scheme are
quite well known, we derive them here to illustrate the general idea of the von
Neumann stability analysis. On the other hand, the analytical von Neumann
necessary and sufficient conditions that we derive for the Quickest scheme have
not been previously stated in the literature, although they have been computed
numerically.

2.1 Introduction

Consider the one-dimensional problem of convection with constant velocity V' in
the positive z direction and constant diffusion with coefficient D > 0:
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ou ou 0%u
5 Vas = Pag

If we choose a uniform space step Az and time step At let:

DAt VAL

= W, = Az’
v is called the Courant (CFL) number.
When convection is dominant it is natural to make use of the method, intro-
duced by Lax and Wendroff [39], which considers a Taylor expansion
ou  At? 9%u

u(z,t + At) = u(z,t) + Ata + 5 2 + ... (2.2)

and then uses the equation (2.1) to replace the temporal derivatives with spatial
ones. Whereas simple upwinding results in a scheme which is only first order
accurate the Lax-Wendroff scheme is second order accurate. Leonard [41], us-

t>0, zeRR. (2.1)

ing control volume arguments, proposed a scheme called Quickest (Quadratic
Upstream Interpolation for Convective Kinematics with Estimated Streaming
Terms) which is explicit and third order accurate in time in the limit D — 0;
Davis and Moore [13] have shown that Quickest can also be derived by consid-
ering the At3 term in expansion (2.2) and making some subsequent approxima-
tions.

Quickest uses an explicit, Leith-type differencing and third-order upwinding
on the convective derivatives yielding a four-point scheme. The use of third-
order upwind differencing for convection greatly reduces the numerical diffusion
associated with first-order upwinding. This is illustrated in a paper by Baum
et al [4]. The major difficulties associated with the use of Quickest scheme in
multidimensions are in the application of boundary conditions.

Quickest was introduced as an alternative to central differencing convection
and to upwinding differencing convection. The first one is usually associated
with high-convection instability problems and wiggles, and the second one with
the fact that stability is reached by introducing unpleasant artificial numerical
diffusion terms. Quickest is an improvement of these two standard methods for
unsteady primarily convective flows.

Some of the literature about Quickest used in a flow simulation can be found
in Baum et al [4], Davis and Moore [13] and Leonard [41]. Other references con-
cerning the quasi-steady flow and the method called Quick which is the equiv-
alent method to Quickest for quasi-steady flows can be found for instance in
Johnson and Mackinnon [34], Leonard [43] and Leonard and Mokhtari [44].
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Our attention, in this dissertation, is concentrated in a high-order scheme
derived using the evolution operator associated with the convection-diffusion
problem considered, although there are other high order schemes in literature
that could be considered, see for instance Castro and Jones [10] which com-
pares the Quick scheme with a scheme they called HODS. The HODS scheme is
considered briefly in chapter 8.

2.2 Lax-Wendroff scheme and Quickest scheme

In this section we describe the derivation in Morton and Sobey [49] of Lax-
Wendroff and Quickest methods, for the one-dimensional convection-diffusion
equation in an infinite domain, using an evolution operator.
Consider the convection-diffusion equation (2.1), subject to the initial con-
dition
u(z,0) = up(z) (2.3)

and the boundary condition
u(z,t) =0 as |z| — oo. (2.4)

This initial value problem can be solved in closed form using Fourier trans-
forms in z to obtain the exact solution,

u(z,t) = \/LE / e uo(z — Vit + 2vDt€)e ¢ de. (2.5)

Applying the result to evolution over one time step, from time t, to t,41 =
tn + At write

+00

u(@,ta+ 88 = [ uln,ta)Glo - n; At)dn,

-0

where the Green’s function is given by

1 2
G z7) = e—(z—V'r) /4D'r.
(27) vDnr
As showed by Morton and Sobey [49] to derive either finite difference or finite
element approximations we substitute an approximation to u(7,t,) in this in-
tegral, and exploit the fact that the integration of a global polynomial can be
carried out exactly.
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We now focus on the finite difference case. Suppose we have approximations
U} to the values u(zj,t,) at the mesh points

zj = jAzr, j=0,%1,%£2,...;

for this set of values we denote U™ := {Ul'}. We also denote p;(z;U") the
interpolating polynomial, associated with the points z;, through Uj' and the
values at a certain number of neighbouring points. Then finite difference schemes
can be generated from evolution of this interpolating approximation by

+00
Uptt = [ pi(mU)Gla; - m; At)dn. (2.6)

If the approximation scheme obtained comes from approximating U™ near z; by
a polynomial p;(z;U™), of degree R,
R
pi(z;U™) = Z bjr(z — )",

r=0

then
1 oo 2
UMt = — / pi(z — VAt + 2VDALE U € de.
VT oo

When evaluating the previous integral we come across integrals of the form

_1 +°o,,._€2
ar—ﬁ/_wﬁe d€.

Forr =1,2,... then

1 r=20
r—1
ar = T even
r
0 r odd

The approximate solution can be written

UMt = bjo — b VAL + bj[V2(At)? + 2D A — bjs[V3(At)® + 6V D(At)?]
+bja[VA(AL)* + 12V2D(At)® + 12D?(At)] + . ...

Within this general framework one can obtain Lax-Wendroff and Quickest schemes
by different interpolation schemes on a uniform mesh. We use the usual central,
backward and second difference operators,

1
AgUj = 5(Uj1=Uj1),  A-Uj:=Uj=Uj-1, and 82U} := Ujp1—2U;+ U
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to evaluate the coefficients bj, in terms of the nodal values U".
Quadratic interpolation — Laz- Wendroff

If a quadratic interpolant of U;_;, U; and U4, is used then

- R
= TAz 0 2T 9AL2

bjO = UJna

and the approximation formula for U J’-‘“ becomes the Lax-Wendroff scheme

1
UMt = [1-vAg + (§u2 + u) 84 UT. (2.7)

Cubic approzimation - Quickest

If pj(z,U™) is extended to include a cubic term, then there would be a choice
of points which can be interpolated. If the cubic expansion is obtained by inter-
polating U7, as well as UL, U} and U7, then

AU} SAUT b _ Uy A _SALUp
T Az 6Az3 ' 2T oAz2Y 3T TGAL3

and the approximation formula becomes the Quickest scheme

jo b]l

1 1 2
Uit = [ —vbo+ (0% + )8 + (5~ = —wSAJUF.  (28)

We have an understanding of how schemes which previously might be classi-
fied as finite element or finite difference methods can be reconciled in a relatively
general evolutionary operator framework as presented in Morton and Sobey [49].
We have described how Morton and Sobey deduced the Lax-Wendroff and Quick-
est finite difference schemes using an evolutionary operator. In the next section
we show how this framework can also be used to derive the Allen-Southwell
operator.

2.3 The Allen and Southwell operator

A different scheme for approximating the convection-diffusion operator was used
by Allen and Southwell [1] and later independently by II'in [33]. This different
approach led to what have come to be called exponentially fitted schemes, and
the discrete operator that was used by Allen and Southwell to approximate the




Chap. II: Convection-diffusion in one dimension 14

convection-diffusion operator was henceforth called the Allen Southwell operator.
A paper written by Roos [66] is also worth mentioning, since it discusses different
ways of generating schemes that are related to the Allen and Southwell operator.
In this section we show how to deduce the Allen and Southwell operator in
a different manner from the above authors, by using an evolutionary operator.
The Allen and Southwell operator was obtained for the steady case. Here we
consider the unsteady convection-diffusion equation

6u ou Ou
+V—=D—
Bt oz Ox?’
and then from this equation we can obtain the steady equation by letting ¢ —
0. We obtain a slightly changed expression for the solution of the convection-

diffusion equation given by (2.5). Denoting h = Az, we have

+oo dz
u(0, 1) = / u(zh,0)e~ @+ /7 2L (2.9)
v e V2l
where ¢ = Vit/eh and v = 4Dt/eh?. Now we use a Taylor expansion around
uo = u(0,0),

(zh)?
2h2

1
u(zh,0) = ug +xh[( :a) Ag — (—;:-A_]uo + 02uy, —-l<z<1, (2.10)

where « is the weighting factor, giving a weighted average of upwind and central
differencing to model the first derivative. Substituting (2.10) into (2.9), if we
integrate in IR, for & = 0 we have the Lax-Wendroff. If we integrate in [—1, 1]
we need to calculate

1 T —!z+c!2 1 $2 —§z+c22
/ —e 1 dzxz and / —e 1 dzr.
-1V 17
Lt Vh 1+c2 1 !
+c 2
=—, 0= and Sy = —/ e~ T+ /gy
p D vy 0 VY -
Then,
1 T —!:r:+c22
—e 1 dx = e ’sinh(8/2) — ¢Sy
/-1 v Ve

o
2
8
I

— /e %cosh(3/2)

+_S__ — ¢/7e ¥sinh(8/2) + ¢2Sp.
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Since we want to study the transition between the unsteady case and the
steady case, suppose that u(0,t) = ug, for all ¢ > 0 . We obtain

Vrug = Souo + (e %sinh(8/2) — cSo)[(1 + a)A¢ — alA_Jug
+= [ Ve %cosh(8/2) + == S —¢cy/re” 9sinh(8/2) + ¢®So)6%u.

Since A_ug = Agug — 6%ug/2 then

(VT — So)ug = (\/-e 9sinh(6/2) —CSO)AOUO
+[§aﬁe- sinh(3/2) — c—OtSO

_%ﬁe bcosh(8/2) + — S —-c5 \/_e ’sinh(3/2)
+%C2SO](52U0.
If @ = ¢ we can write

(V7 = So)ug = (vve %sinh(B/2) — ¢So)Aoug
+[—%\/§e‘ocosh(ﬂ/2) + %1]521;0,

and for ¢ = 0 we have

VTug = Agug — %coth(ﬁ/2)62u

Consequently

V 1V

|4
Eﬁuo = ﬁAouo—ﬁﬁcoth(ﬂﬂ)ﬁuo

= Allen Southwell operator

This shows how the known Allen and Southwell operator emerges in a differ-
ent manner using an evolution operator for the unsteady convection-diffusion
equation.

Stability analysis is one of the most important aspects of the study of finite
difference schemes. The next section is devoted to the stability analysis of the
Lax- Wendroff scheme and Quickest scheme. First we provide a brief introduction
into the stability analysis of finite difference schemes in unbounded domains, and
then we present the stability results for the aforementioned schemes.
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2.4 Stability analysis

The problems that the finite differences deal with are mostly assumed to be
properly posed from the outset, in such a way that existence and uniqueness of
solutions are ensured under physically reasonable assumptions. The questions
about stability and accuracy of a finite difference method are directly related to
the convergence property of the numerical method as stated in the important
and well known Lax Equivalence Theorem. Before we state the theorem we give
first the definitions of stability and consistency.

Assume that the initial value problem (2.1), (2.3) is approximated by a finite
difference scheme of the form

Urtt = QUY, (2.11)

p .
where Q = Z a; E7, EU} = UJ'-'H.
j=-r
Definition 2.1: The finite difference method (2.11) is called stable in the norm
|| - || if there exist constants K and c such that

U] < Ke2|U°|| = Ke®[|U°|]

where t, = nAt, and K > 0 and c are independent of the space steps and time
step.

Definition 2.2: A finite difference scheme (2.11) is consistent up to time Tj
in the norm || - || with equation (2.1) if the actual solution u to the initial value
problem (2.1), (2.3) satisfies

w1 = Qul + AT,

where u? = u(jAz,nAt), [|T"|| < 7(Az), nAt < Tp and 7(Az) — 0 as At — 0.

Here is assumed that Az is defined in terms of At and goes to zero with At.

Theorem 2.1 Laz Equivalence Theorem (see Richtmyer and Morton [62]): Given
a properly posed initial-value problem for a linear partial differential equation
and a linear finite difference approximation to it that satisfies the consistency
condition, stability is the necessary and sufficient condition for convergence.

The von Neumann (Fourier) method is the most well known classical method
to determine necessary and sufficient stability conditions. Stability has been a
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concern in the literature and is sometimes a controversial matter. To illustrate
this, we turn to give an historical description of the stability analysis for the
central scheme for the convection-diffusion equation.

2.4.1 The controversial stability analysis

Consider the space-centred, explicit Euler discretisation in one dimension:
UM = UP — vAU} + pé*U}. (2.12)

The history of attempts to state stability conditions for the scheme (2.12) il-
lustrates the difficulties in stability analysis as soon as a scheme becomes more
complex. This historical review is illuminating with regard to the definition of
stability.

The first controversy is associated with the von Neumann analysis. Histori-
cally, a first von Neumann stability condition was incorrectly derived in 1964 in
a paper by Fromm [16]. Fromm used a von Neumann stability analysis technique
to determine necessary stability limits on the two-dimensional vorticity trans-
port equation. He mistakenly arrived at a conclusion, that in one dimension
would be:

(1964) 0<v<2u<l

The incorrect concept of a mesh size limitation for stability, introduced by
Fromm, has generated considerable confusion as has been shown by Thomp-
son et al [81]. Roache [65] quoted the wrong result of Fromm [16] and helped to
spread the misconception. The correct results were obtained initially in 1968 by
Hirt [31], applying a different approach:

(1968) v <2u<l.

In an investigation of the stability of the explicit central differenced convection-
diffusion equation, (2.12), in 1978 Siemieniuch and Gladwell [70] applied a ma-
trix method with a criterion on the spectral radius for stability. The conditions
derived by Siemieniuch and Gladwell [70] are clearly distinct from the von Neu-
mann conditions obtained by Hirt [31]. Siemieniuch and Gladwell [70] did not
explain the discrepancies they observed between their derived stability limits

1
(1978)  0<u<

and the inaccuracy or instability of their computed results.
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An increase of interest in this subject has generated a variety of publications
for one and multi-dimensional stability analysis of the discretised convection-
diffusion equation e.g. Chan [11]; Griffiths et al [26]; Hindamarsh et al [29];
Leonard [42]; Rigal {63, 64]; Thompson [81]. The theoretical explanation under-
lying these differences was provided by Morton [48] in 1980. The differences were
mainly caused by the different definitions used for the stability of the numerical
scheme and by the fact that some are only sufficient conditions and others only
necessary conditions. We refer to the different ways of analysing stability in the
following chapter.

2.4.2 Von Neumann stability analysis

Clearly the von Neumann condition is very important both practically and the-
oretically. Even for variable coefficient problems it can be applied locally (with
local values of the coeflicients) and because instability is a local phenomenon,
due to the high frequency modes being the most unstable, it gives necessary
stability conditions which can often be shown to be sufficient.

The following important points should be noted concerning the von Neumann
method of examining stability:

The method which is based on Fourier analysis applies only if the coefficients
of the linear difference equation are constant. If the difference equation has
variable coefficients, the method can still be applied locally and it might be
expected that a method will be stable if the von Neumann condition, derived as
though the coefficients were constant, is satisfied at every point of the field.

Boundary conditions are neglected by the von Neumann method which ap-
plies in theory only to pure initial value problems with periodic initial data. It
does however provide necessary conditions for stability of constant coefficient
problems regardless of type of boundary conditions.

If we assume periodic boundary conditions the von Neumann analysis is
based on the decomposition of the numerical solution into a Fourier series as

N
U}‘ — Z Kzeiﬁp(ij)
p=—-N

where i = /-1, & is the amplification factor of the p-th harmonic and

__ b7
& = NAzx

. The product {,Az is often called the phase angle:

0 =§Ax
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and covers the domain (—m,w) in steps of #/N. The region around 8 = 0
corresponds to the low frequencies while the region § = 7 is associated with
the high-frequencies. In particular, the value § = m corresponds to the highest
frequency resolvable on the mesh, namely the frequency of wavelength 2Az.

Considering a single mode, k"¢, its time evolution is determined by the
same numerical scheme as the complete numerical solution Uj'. Hence insert-
ing a representation of this form into a numerical scheme we obtain a stability
condition by majorising the amplification factor, .

The amplification factor is said to satisfy the von Neumann condition if there
is a constant K such that

Ik(€)| < 1+ KAt, Ve €R. (2.13)

Consider a function U defined in a discrete set of points z; = jAz, U; =
U(jAz). The Euclidean or l3-norm is defined to be

1/2
2
U]l2 = (z AmUj) .

J

We have the following theorem, the proof of which can be found for instance in
Sod [73):

Theorem 2.2 A two level linear finite difference method is stable in the lo-norm
if and only if the von Neumann condition is satisfied.

However, for some problems the presence of the arbitrary constant in (2.13)
is too generous for practical purposes, although being adequate for eventual
convergence in the limit At — 0. In practice, the inequality (2.13) is substituted
by the following stronger condition.

k()| <1, VEeR. (2.14)

This has been called practical stability by Richtmyer and Morton [62] or strict
stability by other authors. In some cases condition (2.13) allows numerical modes
to grow exponentially in time for finite values of At. Therefore, the practical, or
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strict, stability condition (2.14) is recommended in order to prevent numerical
modes from growing faster than the physical modes of the differential equation.

The next result can be found in various works such as Warming and Hyett
[91].

Theorem 2.3 A necessary and sufficient condition for stability of the Laz-
Wendroff scheme is
v+ 2u < 1.

Proof: The proof of this result is well known; we provide a proof here merely
to illustrate one general idea in stability analysis.

Suppose we substitute £"e$(UA%) into the numerical scheme. Then the am-
plification factor is given by:

2

K(€) =1— %(eigm — emi6AT) 4 (% + p)(el€AT — 9 4 emi6A3),
Let 0 = (Ax
k(0) =1—ivsinf + (_1/2_2 + p)(—2 + 2 cos 6)
and
K(0)[% = [1 — (2 + 2u) (=1 + cos 8)]° + % sin? 6.
So

1K(0)]% = [1 — 2(2 + 2u) sin®(8/2)]® + v2 sin? 6. (2.15)

Note that if we consider v? = O(At) (presuming that the mesh is refined
with the value y fixed) we will have for v? +2u <1,

1k(0)]* < 1+ O(Ab).

However, this is an inadequate stability criterion to apply to any computation
carried out for a fixed value of Az and At. If we continue the computation of
(2.15) we obtain

K(O)2 = 1-4(%+2u)sin2(8/2) + 42 + 2p)° sin(6/2)
+2025in%(0/2) — 202 sin*(6/2).

Let C = v? + 2u and s = sin(6/2). We can write,

k()2 = 1 — [4C — 207]s% + [4C? — 2%]s%.
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Since s? < s? then
|k(0)]2 < 1 —[4C — 20%)s* + [4C? — 207)s*

and
|k(0)]* <1 - [4C - 4CHs*.

For C < 1 we will have |(9)|* < 1, V8 € [—=, ).
The fact that the condition is necessary, is obtained straightforwardly by
imposing
lk(m)| < 1.

O

The Quickest scheme is more complex than the Lax-Wendroff scheme and
consequently so is its von Neumann stability analysis. A necessary stability
condition for the Quickest scheme was given by Leonard [41]. In the next lemma
we combine this necessary condition with an additional one.

Lemma 2.4 If the Quickest scheme is stable then

1-2v

2

6 < 1 2.1
vi46p(l -20) > -2 (2.17)

Proof: The amplification factor for the Quickest scheme is given by:

k(@) = 1—ivsind— (12 +2u)(1 —cosh)

——;—(1 —v? —6p)(1 — e‘io)(l —cos6).

The necessary conditions (2.16), (2.17) are obtained imposing
[p(m)] <1

since for § = m we have the fundamental frequency that corresponds to the max-
imum wavelength. The necessary condition given by Leonard [41], the condition
(2.16), was obtained from x(7) > —1. We have

k(m) =1 —2(v? +2u) — 4[?V(l — % — 6p)

and if |k(7)| <1 then
2
1/2+2u+?y(1~—1/2—6u) < 1

2
u2+2u+—35(1—u2—6u) > 0.
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The conditions of the lemma. follow from these inequalities. O

Although analytical von Neumann necessary and sufficient stability condi-
tions have not been so far stated in the literature for the Quickest scheme, they
have been computed numerically and plotted in papers by Leonard [41] and Mor-
ton and Sobey [49]. In the following theorem however we provide the analytical
necessary and sufficient conditions for the Quickest scheme.

Theorem 2.5 Let a = 2vp — (v/3)(1 —v2), n = (2u +v?)?2 — 12 + 2a(1 — 2v)
and d = 4a(2p + v? — v — a). The Quickest scheme is stable if and only if

a) The condition —2p +n —d < 0 is satisfied;

b) Let S={(p,v):0<n/2d <1} . For (u,v) €S, n?/4d < 2pu.
Proof: Considering the fact that
1 —cosf = 2sin?(6/2) and sin®@ = 4sin®(4/2)(1 — sin®(6/2)),
the modulus of the amplification factor of the Quickest scheme is given by

|k(0)]° = 1—8usin®(8/2) +4[(2p + 1/2)2 — 12 + 2a(1 — 2v)]sin*(6/2)
—16a(2u + v? — v — a) sin®(8/2).

Let s = sin?(4/2) then

K@) = 1-—8us+4[(2u +v?)° — 1% +2a(1 - 2v))5?

~16a(2p + V2 — v — a)s>.

It follows
k(0)|° = 1+ 4s¢(s),

where

d(s) = —2u+[2u+ 1/2)2 — % 4+ 2a(1 — 2v)]s
—d4a(2p + 2 — v —a)s?, s €0,1].

The stability condition |x(0)| < 1,V8 € IR, is satisfied if and only if the condition
#(s) <0, s€][0,]]

is satisfied. To prove this condition it is necessary and sufficient to prove that
#(0) <0, #(1) < 0 and that for s, € [0,1] such that ¢'(s«) = 0 then #(s.) <0.
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We have that ¢(0) = —2pu and it is negative for all 4. The inequality ¢(1) < 0
is true if and only if the condition a) of the theorem is satisfied. The zero of the

function ¢'(s) is

_ (2u+ )% =12 +2a(1 - 2v)

x = 2.1
8a(2u+ 1?2 —v—a) (2.18)
We want to find p and v such that 0 < s, <1 and ¢(s.) < 0. We have
2\2 _ 2 _ 2
b(5.) =_2M+l[(2u+u )¢ —v° + 2a(l — 2v)] . (2.19)

4 4a(2u + 1?2 —v —a)
The condition ¢(s.) < 0 is verified if and only if

[(2p + v?)?2 — V% + 2a(1 — 2v))?

< 2u.
16a(2u +v2 —v —a) = o

and this proves the theorem. O
We illustrate the stability conditions for the Lax-Wendroff scheme and Quick-

est scheme in figure 2.1.

Figure 2.1: von Neumann stability regions for the Quickest scheme (- - —) and the
Lax-Wendroff scheme (-).

Although the analytical necessary and sufficient conditions presented above,
for the Quickest scheme have a cumbersome form, we can check for a fixed value
of v or u for which values the method is stable.
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Assume that v = 1/2 and we want to find for which values of y the method
is practically stable. We have

a=p—1/8 n=4(u—1/8)(u—3/8), d=4(u-1/8)

The first condition of the theorem is satisfied for all 4, but the second condition
gives us that the method is practically stable for 0 < p < 9/8.
Consider 4 = 0. We have

a=-/3)(1-v?), n=Q1-2)(/3)(-2), d=(4/3 W (1-v*)(1-v)(2-v)

The conditions of the theorem give us 0 < v < 1.
For v = 0,1 we have

a=0,2u, n=4p? d=0.

The method is stable for p < 1/2.

All the values obtained by these examples are in agreement with figure 2.1,
which was calculated numerically. Because of the consistent third-order esti-
mation of the convective term, the stability range of the amplitude factor for
Quickest is considerably improved over other explicit methods. Of particular
interest is the significant region above v = 1 for finite pu.

In subsequent chapters we study in detail the effect of boundary conditions on
the stability of a numerical scheme and observe that the von Neumann stability
analysis is still an important tool for the determination of the stability region of
the scheme.

2.5 Truncation error

For the Lax-Wendroff and Quickest schemes in the previous section, the error
E™ = 4™ — U™ for the set of nodal errors, is given by

E™! = AE™ + AtT"

where the matrix A contains the coefficients of the difference formulas and T™ is
the truncation error. For any chosen norm for the error, the practical stability
requirement is that ||A|| < 1. Then a global error bound is given by

n—1
n 0 7 0 ]
|IE™|| < ||E |I+Atj2=%IIT I <I||E I|+(nAt)OSr;1_g;c_ll|T IE
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Practical stability conditions, in the ls norm, were discussed in the previous sec-
tion since in this case the von Neumann condition is equivalent to the condition
IAll < 1.

The following local truncation error of the Lax-Wendroff scheme and Quick-
est scheme can be derived using the modified equation method as in Warming
and Hyett [91] or the Peano kernel theorem as in Morton and Sobey [49].

Lax-Wendroff:

1
AT} = =Az’v(1—v" — 6u)Ugs(3;)

1
+2—4Aa:4(12u2 —2u + 3%(1 — v? — 4p)) Ul (z;) + ... (2.20)

Quickest:
AT = 21_4Am4(12u2 — 2 — 12u0(1 — v) + (1 — 1?)(2 — 1)U (g;)
F... (2.21)

On theoretical grounds, over a finite interval of time and assuming At =
O(Az), we expect the Lax-Wendroff method to be close to O(Ax?) accuracy
while the Quickest method should be O(Az?) accurate. These estimates are not
rigorous since y and v need not be constant and may vary depending on how
Az and At are related when we refine the mesh. .

The one dimensional Quickest scheme resembles a modified Lax-Wendroft
scheme where the additional term is introduced to give an overall truncation
error of O(At2, Az?). The convective terms are discretised to O(Az?) accuracy
and the time derivative is discretised to O(At3) accuracy in the limit D — 0.

As we have already mentioned, Quick and Quickest where derived by Leonard
using control volume arguments. Interestingly enough the Quick method — the
method equivalent to Quickest but developed for quasi-steady flows — caused
some confusion in literature over the actual order of accuracy of the convective
term. This confusion was generated by a different approach to how the actual
truncation error of a finite-volume formulation should be computed. The differ-
ent points of view can be found in Johnson and Mackinnon [34] and Leonard
[46]. In summary, Leonard [46] argues that a truncation error of a discretisa-
tion obtained by finite-volume formulation is obtained in a different way from
the one we use for finite-difference discretisations. On the other hand Johnson
and Mackinnon [34] contend that one should not distinguish whether a discrete
scheme is derived using the finite-difference or finite-volume method in applying
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Taylor series analysis to determine its order of accuracy. In fact these two ap-
proaches give two different orders of accuracy. This debate does not affect our
discussion of the Quickest scheme since the difference shows up only in steady-
state calculations.

In the following chapter we consider the one-dimensional convection-diffusion
problem but with a left boundary condition. The main focus will be on the
Quickest scheme and the choice of an adequate numerical boundary condition
for this scheme.




Chapter 3

On the influence of boundary
conditions

Our understanding of the behaviour of numerical solutions for evolutionary
convection-diffusion equations is mainly based on the analysis of infinite domain
situations, with stability given by von Neumann analysis. Almost all practi-
cal problems involve physical domains with boundaries. For evolution problems
with Dirichlet boundary conditions, some algorithms can be used without alter-
ation near a boundary. However, the application of higher order methods such
as Quickest or second order upwinding (including schemes with flux limiters)
introduces difficulty near an inflow boundary, since for interior points adjacent
to the boundary there are insufficient upstream points for the high order scheme
to be applied without alteration. For that reason such methods require a careful
treatment on the inflow boundary, where additional numerical boundary condi-
tions have to be introduced. The choice of numerical boundary conditions turns
out to be crucial for stability.

Different approaches have been used in the literature to investigate the sta-
bility of a two level finite difference scheme:

a) One is to perform a von Neumann analysis, which is only applicable to
pure initial value problems and to problems with periodic boundary conditions,
disregarding the boundary data;

b) To apply the difference scheme for some values and look at the solutions
to see if those values give a stable approximation. This technique can only be
used to demonstrate instability.

c) To write the difference equation in one time-step form U"*! = AU™ and
then study the eigenvalues of the matrix A which contains the coefficients of

27
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the difference formulas and take the region of stability as the region where the
spectral radius of A is less than one;

d) To use the matrix analysis that consists in majorising the norm of the
iterative matrix A by a reasonable constant;

e) To use the energy method that usually leads to sufficient conditions;

f) To use normal mode theory.

In this chapter we consider a model problem with positive advection velocity
and a left physical boundary condition and discuss the different choices of nu-
merical boundary conditions and its effects on the stability and accuracy of the
resulting numerical schemes. A test problem is described, showing the practical
advantages of some numerical boundary conditions versus the others by compar-
ison with an exact solution. The results we present are from Sousa and Sobey
[76].

To analyse the stability of the schemes we examine the spectral radius and
the matrix norm of the iteration matrix A, taking into account the stability
condition given by the von Neumann method. Furthermore, this framework
is used in subsequent chapters to investigate the stability of finite difference
schemes for model problems in two dimensions with constant flow velocity and
non-uniform flow velocity. In the next chapter, however, we will show how it is
possible to apply a more powerful method, the Godunov-Ryabenkii theory, to
investigate the stability of the same schemes considered in this chapter for the
one-dimensional problem.

3.1 The model problem

In this chapter we focus on a one dimensional problem on a half real line. We
consider the convection-diffusion equation (2.1) with the initial condition

u(z,0) = f(z), =20, (3.1)
given and subject to the boundary conditions
u(z,t) 20, z 500 and  u(0,t) =g(t), t > 0. (3.2)

The exact solution of the system (2.1), (3.1) and (3.2) can be found using
Laplace transforms in ¢:

u(z,t) = —\/1—77/0tg(t - 7)G*(z, T)dT
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1 +o00 —€2
+7—77/¥&B—f f(z = Vt+2vDtt)e de
L " o Vit 2vDi)e P s (33)

\/77 Vitzx
2V Dt

where the function G*(z,7) is given by

* _ £ —(z~V7)?/4D1
G*(z,7) = _—_2\/572/36 .

Applying the result to evolution over one time step, we write,

A 1 th+AL A G* d
u(z,ty + t)_\/_Tr . g(tn + At — 7)G7 (2, T)dT
1 +o0 _z2

o /Vm_zu(:r — VAt + 2V DA, t,)e ¢ d¢ (3.4)
2VDAt
+00

~ L[ w(—z - VAL + 2VDBE, t)eV = Pe € .

\/7_1' VAt+tz

2V DAt

The exact solution for this model problem differs from the solution (2.5)
obtained for a convection-diffusion problem on the whole real line. This is also
the fundamental solution we shall use, in a following chapter, to deduce new
numerical schemes.

3.2 The numerical boundary condition

The model problem we consider here is a simplified form of (3.2) where, for the
solution defined on the half-line, the inflow boundary condition is given by

u(0,t) = 0. (3.5)

As the Lax-Wendroff scheme is a three point scheme it can be used at all interior
points. On the other hand the Quickest scheme uses two points upstream and
can not be applied on the first interior point of the mesh. At that point we
need to apply a numerical boundary condition. In the next sections we discuss
a number of different numerical boundary conditions which can be used at the
first interior point of the scheme. The new results in this work concern the
consequences for stability and accuracy of the resulting schemes.
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3.2.1 A numerical boundary condition suggested by Leonard

Leonard [41] suggested the following boundary condition based on control-volume
arguments for a cell [Az/2,3Az/2]: a hypothetical node is specified at Azx/2
downstream of the physical boundary at z = 0. This node is denoted by B. It
is assumed that the Dirichlet condition can be applied at this node, rather than
at £ = 0, so that in this case: Ug = 0. A linear interpolation, between the next
boundary value and the first interior point, USH/ 2 = (U(?Jrl + UT)/2 gives for

this case
Uit = —U7. (3.6)

Then a control volume argument is applied to the first interior region Az/2 <
z < 3Az/2 to obtain

Urtt = UF — v(U - UF) + (UG + U3 — 2U7), (3.7)

where fictitious values U, U[* are evaluated at 3Az/2 and Az/2 respectively.
Applying the numerical boundary condition (3.5) at Az/2 and an interpolation
at 3Az/2 gives:

up = U,
Ur = (U7 +UR) - (UG +Up —2U7).

Since in this case Ug = 0, (3.7) can be rewritten
Urtl = yn - %(GU{‘ +3UF — UP) + p(UP + UF — 2UD). (3.8)

This provides an algorithm for dealing with the first interior point which incor-
porates the numerical boundary condition.

3.2.2 Downwind third difference

The derivation of the numerical scheme Quickest using (2.6) was based on a local
cubic approximation. If at the first internal point of the scheme we choose the
points used for interpolation as U},UT', U} and U3 we bring in a forward third
difference instead of a backward third order difference, giving a scheme

1/2

1 1
Uptl =1 —vhAp + (51/2 4 p)é? + V(E — 5 )62ALJUT, (3.9)

where A, is the forward operator defined by A U, := Ujy1 — Uj. The use of
this downwind third difference does not affect accuracy since it is still based on
a local cubic approximation. However as we shall show, it does have penalties
in terms of stability.
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3.2.3 Lax-Wendroff

An alternative numerical boundary condition at the first interior point is ob-
tained by applying a quadratic local approximation using the points Ug,U* and
U3 for interpolation. In that way we have the Lax-Wendroff method only at
that point:

UPH = [1— v + (%lﬂ + u)sUn. (3.10)

3.2.4 A fictitious point U_;

Let us suppose we apply a Quickest scheme to the first internal point without
modification by assuming a fictitious point U_;. In this section we describe one
way to calculate this fictitious point using the boundary data.

We know that on the whole real line the exact solution of the convection-
diffusion equation (2.1) subject to an initial condition is given by

+00
u(z,t) = [ u(n,0G(@ —n;t)dn (3.11)
—00
with G(z;7) = 1 e~ (z=V7)*/4Dr
’ 2vV Dnr

In our case we only have initial data for £ > 0 but the boundary data at
z = 0 for ¢ > 0 will correspond to (unknown) initial data for z < 0. In particular
at £ =0, g(t) = u(0,¢) is given by

90) = [ um,0)G(~n;)dn .12

—00

If we define

then we can write

0 +0o0
[ u-mG-ntdn=gt) - [ usmG(=mtydn
—00

Given u, and g, this defines an inverse problem for u_. This gives one way to
deal with a fictitious point on the left of £ = 0. Rather than try to determine
u_(n) analytically, we consider an application of (3.12) over one time step:

+o00
9(tars) = [ u(n, tn)G(=n; At)dn. (3.13)

—00
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Then approximating the solution u(7, t,) by a quadratic polynomial around z =
0 using U™, UF and U7 gives a Lax-Wendroff approximation on the boundary

2
v v n
g"tl =g - §(U{1—Uf1)+(ﬂ+—2—)(U1"—29"+U-1), (3.14)

where g™ := g(t,). This is of course the same as (2.7) with 7 = 0 and U§ = g".

Since g", g"*! and UT are known, from (3.14) we can calculate the fictitious
value U, . After we have obtained the value, we can apply the correct third
difference at the first interior point. As we shall show below this numerical
boundary condition has a substantial advantage in terms of stability.

3.3 Stability analysis

Von Neumann stability analysis is usually only possible for fairly idealised situ-
ations such as linear constant coefficient equations on infinite domains. Thus in
the case of a bounded domain it is no longer possible to use simple von Neumann
analysis. However, for a scheme subject to boundary conditions to be stable,
first of all we need to assure that the Cauchy problem is stable, that is, that the
scheme is von Neumann stable in the infinite domain.

When we refer in the next sections to a scheme as von Neumann stable, we
mean that the practical von Neumann condition (2.14) is satisfied, as we did in
the second chapter.

All the explicit methods we discuss can be written in the form of a matrix
iteration. Assume that the nodal points are Uf,j = 0,...,N and that the
outflow boundary is such that

UR =0, Vn. (3.15)

The choice of this outflow boundary is motivated by the fact that we assume
that the exact solution goes to zero when z goes to infinity.

Introducing the vector U™ = {Ug§, UL, ..., U,’\‘,_l}T, all the schemes may be
written as matrix equations

Unt! = AU, n=0,1,2,.... (3.16)

where A is an N x N matrix and depends on the scheme used.
Any errors E™ in a calculation based on (3.16) will grow according to

E"tl = AE®, n=0,1,2,.... (3.17)
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where E™ = u"™ — U™ with u™, U™ the exact and numerical solutions of (3.16),
respectively, at ¢t = nAt.

Given A € RY*Y denote the spectral radius of A by p(A) and the Ly-norm
of the matrix A by ||A||. We recall that

I|14]| = p(A) if AeRM*N s normal.
It is well known that for any A € RV*V
A™ >0 as m— oo ifandonlyif p(A) <1,

and that
p(A) < ||4]l.

A simple criterion for regulating the error growth governed by (3.17) is given by
p(A) < 1. (3.18)

When the matrix A is not normal the spectral radius gives no indication of the
magnitude of E™ for finite n. In this case a condition of the form p(A4) < 1
guarantees eventual decay of the solution, but does not control the intermediate
growth of the solution.

A more severe condition for regulating error growth follows from (3.17). If
the matrix norm, ||A||, is consistent with the vector norm, ||E||, then

IE™*H] < [|AlIIIEM], n=0,1,2,...,

and the condition
|4]| < 1, (3.19)

is sufficient to ensure that the error cannot grow with n.
From (3.17) we have

E"=A"E’, n=1,2,.... (3.20)

The expression (3.20) shows that in order for all E" to remain bounded and
the scheme (3.16) to remain stable the infinite set of operators A™ has to be
uniformly bounded for all n, At and Az. Consequently by replacing the severe
condition (3.19) by

|A™|| < K, Vm (3.21)

with a suitable choice of m and K, gives a more relaxed condition which allows
a limited growth of the error vector after m time steps. The error is controlled
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by a reasonable constant for all m > 0, although in practice the concept of a
reasonable constant is not straightforward. Recently several authors, including
van Dorsselaer [89], Lenferink and Spijker [40] and Reddy and Trefethen [59, 60,
61] have carried out work related to non-normality effects and have found some
sufficient conditions to bound ||A™|| for all m > 0.

By examining both the spectral radius and the matrix norm, we are able to
find very accurate regions of stability for our methods.

The Godunov-Ryabenkii theory can also be applied to these problems as
we will see in the next chapter. Godunov and Ryabenkii [21] derived necessary
conditions occasioned by the boundary conditions. This work was further de-
veloped by Kreiss [35] and Gustafsson et al [28]. This method is quite powerful,
but often leads to very complex and intractable calculations.

3.4 Practical stability regions

To ensure stability of a scheme subject to numerical boundary conditions a
necessary condition is that the scheme is von Neumann stable in the infinite
domain. The Lax-Wendroff and Quickest schemes are von Neumann stable,
provided u, v are such as to lie within the region bounded by the respective
curves in figure 2.1. The regions plotted in figure 2.1 are necessary and sufficient
for von Neumann stability of these schemes. This means that when the Quickest
scheme is subject to numerical boundary conditions, any stability region should
lie inside the stability region displayed in figure 2.1.

Our plan is to show curves which define p(A) = 1, curves which define
||A|| = 1, and curves which define ||A™|| for some fixed n. These curves have
been computed using MATLAB for finite size matrices. The shaded area be-
tween two curves is where eigenvalue analysis would indicate stability but where
matrix analysis tells us the error might grow by many orders of magnitude be-
fore eventually decaying. A simple guide for practical stability is to stay within
the region where ||A|| < 1, although that can be very restrictive in some cases.
A less restrictive condition is to consider the region where ||A"|| < 1 for some
n > 1 not very large. Typically the size of the matrix A considered is N = 30
unless another size is mentioned. The outflow boundary condition considered is
always the Dirichlet boundary condition (3.15).
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Figure 3.1: Stability region for the Lax-Wendroff scheme

3.4.1 Lax-Wendroff

For the Lax-Wendroff scheme we consider homogeneous Dirichlet boundary
conditions at the inflow and outflow. By periodisation of the real line this
problem may be studied by means of Fourier analysis. Consequently the sta-
bility region is given by the von Neumann condition. In figure 3.1 we see
that the region ||A|| < 1 coincides with the well known von Neumann con-
dition: v% + 2u < 1. The eigenvalues of the matrix A are given by A\, =
v? +2u +ivcos(st/(N +1)), s =1,...,N — 1. We can also observe that for fi-
nite matrices the spectral radius is greater than that indicated by von Neumann
analysis.

3.4.2 Quickest

As we have indicated, one difficulty in applying the Quickest scheme is choosing
the appropriate numerical boundary condition. Since the iteration matrix A is
slightly different for different boundary conditions, stability results also differ.
We apply inlet (3.5), and outlet (3.15), Dirichlet boundary conditions.

Numerical boundary condition suggested by Leonard

On applying the boundary method suggested by Leonard (section 3.2.1), the
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applied to the first mesh point, a substantial part of the stability region is lost
(figure 3.3a). When plotting the regions ||A"|| < 1,n = 3,6, 12,24 (figure 3.3b)
we can observe that as we increase n the region ||A"|| < 1 approximates the
region defined by p(A) < 1. There is a small portion for u small (figure 3.3b)
where ||A™|| does not become less than one for a relatively small n, although it
does not grow significantly either, as shown in figure 3.4.

If we consider the area where ||A|| > 1 and p(A) < 1 for small y (the shaded
region on figure 3.3a) then for 4 = 0.001 and v = 0.5, if N (the size of the matrix
A) is increased, the maximum value of ||A"|| does not increase, i.e., | A"|| < 1.2
for all n and N considered (figure 3.4a). In figure 3.4b for u = 0.001 and v = 0.1
we can observe that for the matrix size N = 30 the norm starts to be less than
one around n = 300. We also have that ||A"|| < 1.6 for all n and N considered.
In this region more steps in time are needed before ||A™|| becomes less than one.

In cases where u is small |, figure 3.3 indicates a region of potential instability
but it is in fact a stable region where the condition (3.21) is satisfied with values
of K not much larger than one, see figure 3.4. Consequently the practical stabil-
ity region is given by the condition p(A) < 1 that lies inside the von Neumann
region. In the next chapter we shall prove analytically that the stability region
for the Quickest scheme with the downwind third difference numerical boundary
condition is given by this region by applying the Godunov-Ryabenkii theory.

Laz- Wendroff numerical boundary condition

The effect on stability of applying the Lax-Wendroff scheme to the first
interior point of the scheme is shown in figure 3.5. The region of stability is
larger than with a downwinded third difference. The shaded area in figure 3.5
that lies inside the von Neumann stability region (figure 2.1) is still a region
where we have practical stability although the norm exceeds one, as we can
conclude from the behaviour of ||A™|| as n increases in figure 3.5b, where the
regions ||A™|| <1, n =6,12,24, 48 are plotted.

A fictitious point numerical boundary condition

The numerical boundary condition which used a fictitious point value to
apply an upwinded third difference, associated with inlet and outlet Dirichlet
boundary conditions gives essentially the same stability region as the von Neu-
mann condition. The region where ||A|| < 1 (see figure 3.6) is coincident with
the region where the interior scheme Quickest is von Neumann stable. We can
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the interior scheme so as to give quite accurate practical stability regions.

3.5 Accuracy and test problem

We have analysed the local truncation error of the Lax-Wendroff scheme and
Quickest scheme in the first chapter. The estimates of the order of accuracy for
these methods are not rigorous since there will be variation of the error with p
and v depending on how Az and At are related when the mesh is refined and
also depending on the different choices of numerical boundary conditions.

We compare the effect of different numerical boundary conditions using the
following test problem. If we consider the convection-diffusion problem (2.1),
(3.1) and (3.2), then an exact solution of this system on the half line z > 0 is
given by (3.3). Consider the initial data

u(z,0) = e =/ >0, u(0,t) =0

where L is an arbitrary length scale. We will eventually take L = 1 but we
retain it for the present to keep track of dimensions in the solution. Our reason
for considering this test case is that it is straightforward to calculate an exact
solution for this initial profile:

) = 4Dt + L2 Brfe [ — —2—
want) = ST | "\ "2 /DiaDt ¥ ?)
(= + Vt)2 Vz
—e 4Dt+L* ' D Erfc (z+ V)L , (3.22)
2\/Dt(4Dt + L?)

2 o0
where Erfc(z) = 7 / e~*’ds. The time evolution of the solution is shown in
T

figure 3.8 for L = 1.

The following test problem results are for the section 0 < z < 20 and for
0 <t < 20. There seems nothing particular about these ranges which change
the general nature of our conclusions.

For the initial solution u(z,0) = e ™V = 0.5,D = 0.001 we compute the
approximate solutions given respectively by the Lax-Wendroff scheme and by the
Quickest scheme associated with the different numerical boundary conditions
for a finite domain 0 < z < 20. We plot the results in figure 3.9 at ¢ = 20,
for a discrete mesh z; = jAz, j =1,...,300; Az = 20/300 and At = Az?.
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Figure 3.8: Exact solution defined by (3.22) at the times t=0, 5, 10, 20.

We can observe in figure 3.9b the typical oscillations associated with a central
differencing of the convective term. As can also be seen in figure 3.9 that the
Quickest scheme associated with different numerical boundary conditions gives
slightly different approximate solutions and in this particular example the figure
3.9¢ and figure 3.9e seem to be the most accurate when compared with figure
3.9a.

Consider the vector ue, = (u(zg,t),u(z1,t),...,u(zn,t)), where u is the
exact solution (3.22) and the vector Uy, = (U(zg,t),U(z1,t),...,U(znN,t)),
where U is the approximated solution given by the respective numerical scheme.
The error is then given by

Error(Aa:) = ||Ue;,;(A-'L') - Uapp(Am)”v

where || - || is the I norm.

In figure 3.10 we plot the error versus the mesh size on a logarithmic scale
for the Lax-Wendroff scheme and Quickest scheme associated with the different
numerical boundary conditions.

If the Courant number v is kept fixed and Az — 0, the other parameter
p — oo and at some point the stability boundary is reached, so we need to have
a controlled refinement path with v fixed (figure 3.10b). It is possible to have a
refinement path with Az — 0 with y fixed, since v — 0 (figure 3.10a).
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Figure 3.9: Approximated solutions and exact solution at ¢ = 20. (a) Exact solution.
(b) The Lax-Wendroff scheme. The Quickest scheme with the numerical boundary
condition: (c) downwind third difference; (d) Leonard suggestion; (e) Lax-Wendroff; (f)

fictitious point.
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Figure 3.10: Error function as mesh is refined for the Lax-Wendroff scheme (- - ),
Quickest scheme with the respective numerical boundary conditions: Boundary sug-
gested by Leonard (section 3.2.1) (—); Fictitious point boundary (section 3.2.4) (- - -);
Downwind third difference boundary (section 3.2.2) and Lax-Wendroff boundary (sec-
tion 3.2.3) (- — —). (a) © =0.001 (b) » =0.25

We show results for 4 = 0.001 in figure 3.10a. We consider V = 0.5, D =
0.001 and t = 20 fixed. The Courant number v is going to zero as we refine the
mesh. The refinement is such that At = O(Az?). In figure 3.10b we consider
v = 0.25 fixed, V = 0.5, D = 0.0001 and t = 20 fixed. As we have already
mentioned, when we refine the mesh with v fixed, 4 becomes larger, so we can
only refine the mesh until a certain value, since u will eventually move outside
the stable region. For some methods we can refine further since the stability
region is larger. The refinement is such that At = O(Axzx).

It is evident that there are some gains in accuracy by using the numerical
boundary conditions described in section 3.2.2 and 3.2.3. We notice too in
figure 3.10a that there is an advantage to Quickest schemes compared with Lax-
Wendroff when convection is dominant, that is, p is small.
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3.6 Conclusion

We have studied constant velocity convection-diffusion on the positive half line in
order to examine how a higher order finite difference scheme can be implemented
and proper account taken of a numerical boundary condition. The Lax-Wendroft
scheme is a good scheme but if accuracy is a concern then a higher order scheme
like Quickest is very important, but then so is the treatment of points adjacent
to a boundary. The stability regions are substantially affected by the numerical
boundary conditions and in the cases we have examined they can be determined
quite accurately by using a von Neumann analysis associated with the spectrum
and matrix analysis. When we choose the downwind third difference numeri-
cal boundary condition (section 3.2.2) or a Lax-Wendroff boundary condition
(section 3.2.3) we maintain good accuracy but we lose some stability. When we
require a large region of stability, the numerical boundary condition involving a
fictitious point (section 3.2.4) seems to be a very good choice.

We finish this chapter summarising the numerical boundary conditions used
with the Quickest scheme as a guide to the following chapters, since most of
them are going to be used again in one dimension and also generalised to two
dimensions.

Numerical boundary condition suggested by Leonard

Boundary -~ "

Leonard Quickest

Downwind numerical boundary condition

Boundary -~ °

Downwind Quickest
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Laz- Wendroff numerical boundary condition

Boundary - -— .

Lax-Wendroff Quickest
Numerical boundary condition with a fictitious point

Boundary

o—-———-—+ - ~— —o

Lax-Wendroff Quickest




Chapter 4

Normal mode analysis

In the context of an investigation into the stability of a finite difference scheme,
the von Neumann analysis is clearly very important both practically and theo-
retically. Von Neumann analysis is a standard method for analysing the stability
of discretisations of an initial value problem on a regular structured grid. How-
ever, von Neumann analysis is only applicable to finite domain problems when
these have periodic boundary conditions.

The normal mode analysis constitutes perhaps the most powerful method for
local analysis of the influence of boundary conditions. This method was initially
presented by Godunov and Ryabenkii [21, 22] and developed by Kreiss [35]
and Osher [55]. The original Godunov-Ryabenkii theory provided a necessary
condition for stability. A necessary and sufficient condition for stability was
later developed by Gustafsson, Kreiss and Sundstrom [28], henceforth called
GKS theory. This theory covers linear, first order hyperbolic systems in one
space dimension. Since 1971, when GKS theory was first presented, related
work has been done by Varah [90] for parabolic problems, by Strikwerda [78]
for semi-discretised equations, by Michelson [47] for multidimensional problems
and by Trefethen [84, 85] where a relation between the GKS theory and group
velocity is established.

Additional work on applying the normal mode analysis can be found in Car-
penter et al [9], Goldberg and Tadmor [24], Oliger [53, 54], Otto and Thuné [56]
and Sloan [71] showing us that this method often leads to very complex calcu-
lations. In this chapter the complexity of the theoretical approach is illustrated
by giving an example taken from Sousa [75].

To overcome the difficulty of the theoretical approach, recently Thuné pro-
posed a numerical algorithm to calculate GKS stability for linear hyperbolic

47
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equations [82] and linear hyperbolic systems [83].

We are interested in parabolic problems with convective and diffusive coef-
ficients. The GKS theory that leads to necessary and sufficient conditions for
stability was proven for hyperbolic problems. For parabolic problems we can
apply the Godunov-Ryabenkii method which theoretically will give us only nec-
essary conditions for stability although in a vast number of cases appear to be
also sufficient conditions.

In this chapter we give a brief description of the Godunov-Ryabenkii theory
and we apply it to the Quickest scheme with a particular numerical boundary
condition. We also prove some properties related to this theory and develop an
algorithm that can be applied successfully to our problem.

4.1 Godunov-Ryabenkii stability analysis

The following is an adaptation of the von Neumann method for problems subject
to non periodic boundary conditions and numerical boundary conditions. One
essential aspect of normal mode analysis for the investigation of the influence of
boundary conditions on the stability of a scheme is that the initial value problem
needs to be stable for the Cauchy problem, which is best analysed with the von
Neumann method. In this section we give a general overview of the Godunov-
Ryabenkii theory. For a complete description of the theory see Gustafsson et al
[27], Richtmyer and Morton [62] and Strikwerda [78].

We present the stability theory for a quarter-plane z,¢ > 0. If there are two
physical boundaries, then the theory shows that each boundary can be analysed
separately. Thus, it is sufficient to study quarter-plane problems.

The model problem we consider is a linear and parabolic initial boundary
problem. We rewrite the following equations to make this section self-contained.
We have a convection-diffusion problem defined on a half-real line:

ou ou 0%u

E“LV’aZ:D@ 0<z<o00, t2>0, (4.1)
u(z,0) = f(z), (4.2)

u(0,t) =0, (4.3)

u(-,t) € La(0,00), for every fixed t. (4.4)

Assume we approximate the problem (4.1)-(4.4) by the difference scheme

Uptt=QUr,  j=rr4+1,... (4.5)
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P
Q=Y a;E!, EU}=U},, (4.6)
j=-r
where a_, and a, are non-zero.
An important assumption is made: The finite difference scheme (4.5) is von
Neumann stable and dissipative.

Definition: The scheme is dissipative if the amplification factor, z, is of the

form
|2(8)] < 1—00*, when || <,

for § € R* and positive integer .

The requirement of the scheme to be dissipative, arises quite naturally for
difference schemes for parabolic equations.

Considering the finite difference scheme (4.5) we observe that as @ uses r
points upstream, the basic approximation can not be used at zy, z;, z29, ...,
Zr-1, 80 there we need to apply boundary conditions. In our particular case the
boundary given by the physical problem is associated only with the point zy. At
the other points the boundary conditions, called numerical boundary conditions,
affect the difference scheme. Let us assume that the boundary conditions can
be written as

q
Ugtt => 15U} B=0,1,...,7r— 1. (4.7)
~

The general technique is based on Laplace transforms of nodal values, which
vary continuously with time. Therefore we define,

U;(t) = U}’

i for i <t <tnpq.

Applying the Laplace transform
o0
0,(s) = / et (t)dt
0
to (4.5)-(4.7) gives (see Gustafsson [27] for details),
zUj =Q(7j j=rr+1,...
q
2Ug = ZlﬁjUj =01,...,r—1

j=0
U € 15(0,00).
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where z = e*2! and the coefficients lgj depend on v and p, and we assume that
i is constant when Az varies.
Therefore, the eigenvalue problem associated with our approximation is:

Z¢j=Q¢j j=rr+1,... (48)
q

2pg =) lgj¢; B=0,1,...,r—1 (4.9)
=0

¢ € l5(0, 00). (4.10)

Lemma 4.1 Godunov-Ryabenkii Condition The approzimation is unstable
if the eigenvalue problem (4.8)-(4.10) has an eigenvalue z € C with |z| > 1.

Proof: This follows from observing that if z is an eigenvalue of (4.8)-(4.10) with
eigenfunction ¢; that it is also true that UT = 2"¢; is a solution of (4.5)-(4.7).

At a fixed time t, we have

t/At
Uj/ — zt/At¢j,

and for decreasing At the solution grows without bound. See Theorem 10.1.1 in
Gustafsson [27]. O

Now we discuss how to solve the eigenvalue problem (4.8)-(4.10). Note that
we are concerned with the behaviour of the solutions for |2| > 1 (Lemma 4.1).
Consider the characteristic equation of the interior scheme. The characteris-
tic equation is generated by substituting U} by z"k? in the interior numerical
scheme, obtaining ,

z— Z aj/cj = 0. (4.11)

]=-T

It can be proved that certain solutions «’s, of the characteristic equation (4.11)
are associated with the eigenfunctions ¢; of the eigenvalue problem (4.8)-(4.10).
We do not prove it here, but the proof can be found in Gustafsson et al [27].
However, the description of how the eigenfunctions ¢;’s can be written in terms
of the «’s is given below. We will frequently refer to the solutions of (4.11) as
the modes «’s.

We can now explain in the context of normal mode analysis what is the
meaning of the interior difference scheme being dissipative. The dissipativity
condition that we assume for the interior difference scheme (4.5), tells us that
|2| < 1 for k = e, ¢ € R, ¢ # 0. This condition is imposed to strengthen the
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Godunov-Ryabenkii condition. This is because the Godunov-Ryabenkii con-
dition is a necessary condition that does not take into account the instability
mechanism associated with |z| = || = 1.

The Lemma 4.1 tells us that when z is such that |z| > 1, then we have an
instability. What follows are results that help us to find an instability by looking
for an eigenvalue z such that |z| > 1. Therefore the following lemma describes
the behaviour of the modes « that are the solutions of the equation (4.11), when
|z > 1.

Lemma 4.2 (compare Lemma 12.1.6 [27]): For z € C such that |z| > 1, there
is no solution of equation (4.11) with |k| = 1 and there are ezactly r solutions,
counted according to multiplicity, with |k| < 1.

Proof: Assume that there is a root k = €, € IR. Then equation (4.11)
implies z = ¥F___ a;e’¢. Because we have assumed that the approximation
is von Neumann stable, we necessarily have |z| = |>%__, a;e¢| < 1. This
is a contradiction to the hypothesis |2| > 1; that is, there are no solutions &
with || = 1. The solutions « are continuous functions of z and cannot cross
the unit circle. Therefore, the number of solutions with |x] < 1 is constant for
|z] > 1, and we can determine their number from the limit z — oo. In this limit,
the solutions with || < 1 converge to zero and are, because a_, # 0, to first
approximation, determined by

VAR a_rn-r - 0-

This equation has exactly r solutions k = O(z~!/"). This proves the lemma.
O

We now describe how the eigenfunction ¢; can be written in terms of the
k’s, although as already mentioned, we do not prove it here. A general solution
of (4.8)~(4.10) is of the form (see Gustafsson et al [27]),

b= Y. Pa(i)kl, Ko =ra(2), 2| > 1, (4.12)
jka|<1

where k, are solutions of the characteristic equation (4.11). This solution de-
pends on r free parameters o = (01,...,07). FPo(j) is a polynomial in j. Its
order is at most m, — 1 where m, is the multiplicity of x,.
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Note that if the roots k, are simple, this implies that the solution has the
form
$;= D 0qK, (4.13)
'K'a|<1
for some constants o,. Substituting (4.12) into the boundary conditions (4.9)
yields a system of equations
)T

o = (01,...,0,)", and we can rephrase Lemma 4.1 in the following form:

Lemma 4.3 The approzimation is unstable for some z € C with |z| > 1, f
det C(z) =0. (4.14)

Proof: Direct application of Lemma 4.1. O

In other words, the theory states that the interior scheme needs to be von
Neumann stable and when considered in the half-plane £ > 0, a mode x? with
|«| > 1 will lead to an unbounded solution in space, that is, x/ will increase
without bound when j goes to infinity. Therefore |«| should be less than one,
and the Godunov-Ryabenkii (necessary) stability condition states that all the
modes with |k| < 1, generated by the boundary conditions, should correspond to
|2| < 1. The form of the solution is very similar to the assumed Fourier modes,
except that the amplitude of the spatial oscillation decays exponentially with j
away from the boundary.

In the next section we apply the Godunov-Ryabenkii theory to the Quickest
scheme subject to a numerical boundary condition.

4.2 Instability of a Quickest scheme

In this section we apply the Godunov-Ryabenkii theory to find the region where
the Quickest scheme is unstable when considering a numerical boundary condi-
tion, although the choice of this numerical boundary condition has already been
discussed in the previous chapter. These results are taken from Sousa [75].

We approximate the problem (4.1)-(4.4) by the Quickest difference scheme
(2.8) which can be written in the form:

Ut =1 = 26180 + €26° + 382 AU}, j > 2, (4.15)




Chap. IV: The normal mode analysis 33

where ¢; = v/2, ¢ = 1v%/2+ p and ¢c3 = (v/6)(1 — v? — 6u). Additionally we
consider the two boundary conditions:

Ust! =0, (4.16)

Ut = [1 — 2¢,Ag + c26% + 38 AL JUD. (4.17)

We explained how to deduce the numerical boundary condition (4.17) in section
3.2.2.

In figure 4.1 and figure 4.2 we show the approximate solution given by (4.15)-
(4.17) for values of 1 and v where the interior scheme (4.15) is von Neumann
stable. Although the interior scheme (4.15) is von Neumann stable we can see
that in figure 4.2 we have an unstable solution for y = 0.6, v = 0.4.

Consider the eigenvalue problem associated with our approximation:

zd; = [L—2c100+ 20 +cad®A)pj, j>2, (4.18)
¢ = 0, (4.19)
2y = [l —2c100+ c26% + 30204 ). (4.20)

The Godunov-Ryabenkii condition tell us that if the system (4.18)-(4.20)
has an eigenvalue z € C with |z| > 1, then the approximation (4.15) - (4.17) is
unstable. The characteristic equation for the interior scheme (4.15) is given by

f(k,z,p,v) =0, (4.21)
where

f(&,zu,v) = K*(—c1+ca+c3)+ K2 (—z+1—2co — 3c3)
+k(c1 + ¢ + 3c3) — c3.

By Lemma 4.2 we know that the equation (4.21) has exactly two solutions x;
and kg with |k1| < 1 and |k2| < 1, for |2| > 1. Assuming that the two solutions
k1 and k9 are distinct, the solution of (4.18)—(4.20) has the form

b = 016} (2) + o2rd(2), for |2| > 1. (4.22)

Substituting (4.22) into the boundary conditions (4.16) and (4.17) yields the
linear and homogeneous system

o1 +0p =

019("31,2,#,’/)+029(K2,Z,U,V) = 0 (423)
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Figure 4.1: Solution for ¢t = 0,0.2,0.4 (Stable)
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Figure 4.2: Solution for ¢t = 0,0.2,0.4 (Unstable)
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where
g(k, 2,1, ) = K3c3 + K2(—cy + cg — 3¢3) + k(1 — 2¢ + 3¢c3 — 2).

Since the first equation gives 0; = —o09, the linear homogeneous system (4.23)
has a non-trivial solution if

g(K'laz,P',V) —g(K'Zaza/*"aV) =0. (424)

If (4.24) is verified for some value z = zy with |29| > 1, the analysis is complete
and we know that the approximation is unstable.

Consider k; and ko defined as:
™ \V _37'% + 4ry T1 \/ —37‘% + 4ry

K,l(Z,M,V) = '5 + 9 , Koz, p,v) = 9 - 2 ) (4.25)

where r; and r, are:

—2)(—- —4 D) —
ri(z, m,v) = (1—=2)(—c1 +c2+c3) cic3 + 2c2(cq Cz), (4.26)

(1 —2)ez —2¢1¢3 — (€1 — cz)2

— - (2 2
ro(z o) = (1 —2)(z—1+44c2) — (cf + 6cic3 2—}- 3c2)- (4.27)
(1 - Z)C3 - 20163 - (Cl — 62)

After some algebraic manipulations we can prove that for c3 # 0, kK, and k9 are
solutions of (4.24) and also solutions of

f(lil,Z,U,V) —f(KQ,Z,M,V) = 0. (428)
If additionally to (4.24) and (4.28) k; and k2 satisfy
f(&1,2,p,0) + f(K2y 2, 4,v) =0, (4.29)

then we have two solutions x; and k9 of f, that verify (4.24).
Considering the fact that x; and ky are given by (4.25) let

F(z,p,v) = f(s1,2,1,v) + f(K2,2,4,v)
= r1(2,1,v)(8r2(z, 4, v) — 2r§ (2, 1,v)) (—c1 + c2 + ¢3)
+(2ra(z, p,v) — r2(2, p,v)) (=2 + 1 — 2¢3 — 3¢3)
+r1(2, u,v)(c1 + c2 + 3c3) — 2c¢3.

For each (u,v) we want to find z,, such that

F(zuy,pu,v) =0. (4.30)
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Figure 4.3: (a) p(u,v) = 0, where the value of p(u, v) inside the curve is positive;
(b) F(z,u,v) =0 for z=-1,-1.2,-1.5,-2

Figure 4.4: (a) F(-—1,u,v) = 0 is the line (-) and B_, is the region between the
lines (---); (b) F(—1.5,u,v) = 0 is the line (-) and B_; 5 is the region between the
lines (---).




Chap. IV: The normal mode analysis o7

The requirement for instability is |z,,| > 1. Consider a solution zo(u,v) of
(4.30) that lies inside the circle |z| = 1 and then crosses the circle for certain
variations in the values of p and v. Experimentally we can observe that this
crossing happens at z = —1. We can say that z = —1 is the value of transition
from stable to unstable.

Denote

p(”’a V) = F(_]-,P'ay)'

We plot p(u,v) = 0 in figure 4.3a. For (u,v) such that p(u,v) < 0 there exists a
real eigenmode z,,, < —1 such that F(z,,, s, v) = 0 (see figure 4.3b). This means
that for (u, ) such that p(u,v) < 0 there exists z,, real and less than —1 such
that s (2, 4, ) and Ko(2u, i, v) are solutions of f and verify (4.24). To show
that this eigenmode z,,, has absolute value bigger than one and hence determines
an unstable region we still need to verify that we do have |&; (2, p,v)| < 1 and

|K'2(zuu7 mv)| < 1.

0.4r Stable

0.2r

Figure 4.5: Stability region: von Neumann condition (---) and Godunov-Ryabenkii
condition (-)

For z fixed let us define the following sets:

A, ={(wv): |m(z )| <1} and B, = {(u,v): |ko(z, 1, v)| < 1}.
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For z < —1, B, C A, that is, if |k2(z, i, )| < 1 then |k (z,p,v)| < 1. We plot
F(z,u,v) =0 and B, for z = —1,—1.5 in figure 4.4. From figure 4.4 we observe
that in the region B_; the root kg(—1,u,v), for (u,v) such that p(u,v) = 0,
becomes bigger than one approximately for » < 0.09. For z = —1.5 the same
happens but for v even smaller. We can not conclude that the method is unstable
for v < 0.09, since one of the roots we found became larger than one. On the
other hand the von Neumann condition gave us a stability limit for this region as
shown in figure 4.5. We plot in figure 4.5 the curve p(u,v) = 0 for v > 0.09 and
the von Neumann stability condition, where the different causes of instability
are captioned. Performing experiments numerically the region called stable in
figure 4.5 is the exact region of practical stability, as already discussed in the
previous chapter.

4.3 Some results on normal mode analysis

In this section we present some new results on normal mode analysis. These
results are connected to the determinant condition (4.14), and they are used in
the next section to develop an algorithm. The results concern properties of the
modes x and the fact that the function defined in the left part of the determinant
condition (4.14) is a discontinuous function in z, since the analytical form of the
function changes according to whether the x modes present multiple roots or
not. Therefore we suggest the use of another function that is continuous and
has the same z roots as the previously mentioned function.

We consider a finite difference approximation of (4.1)-(4.4). The crucial
parameters for the stability of the approximations are u and v. The equations
(4.11) and (4.14) form an implicit condition on x and v the approximation of
(4.1)-(4.4) is practically unstable for those values of  and v for which (4.11)
and (4.14) has solutions with |z| > 1, |ke| <1, a=1,...,7.

Let g be the function

g(z) = det C(2).

The essential task when performing the stability analysis is to find the eigenval-
ues z € C with |z| > 1 that are solutions of the determinant condition

g9(z) =0. (4.31)

As already explained, (4.31) is obtained by substituting (4.12) into (4.9) and
the form of the general solution (4.12) changes according to the multiplicity of
the roots Kq,a = 1,...,r, for each |z| > 1. Therefore the function g is not a




Chap. IV: The normal mode analysis 99

continuous function. To see it more clearly, we write the matrix C(z) explicitly
in both cases, when the «’s are all simple and when there are some «’s that are
confluent. We denote C,(z) := C(z), for z such that the s’s are simple roots,
and Ceont(z) := C(2), for z such that the «’s are confluent, that is, some of the
K’s are multiple roots.

The matrix C,(2) has the following form:

/ g . q q \
 ged ] ]
z— Zl()]fﬁ',l e z— Zlojnfl e z— Zlojni
j=1 j=1 j=1
5 q _ q q
- e - g _ ] g _ el
ZKy ZlﬁJK’I ZK, Zlmna ZKY Zlmnr
=1 j=1 =1
. q . q q
. i . 1 .
\ ZK] — er_ljrc]l cee ZKDT - er—ljnﬁ cee ZRLT T — er—lj"i
i=1 i=1 i=1

Each column of the matrix C,(2) is associated with one of the x’s. We denote
the columns of the matrix C, by €(k,), a = 1,...,7, and the columns of the
confluent matrix Ceons(2) by £eonf(ke), @ = 1,...,7. Suppose that one of the
k’s, which we take to be the first one, 1, has multiplicity m, and the others are
all simple. Then £ oni(ke) = £(kq) for @ > m, while for 1 < a < m we have

q
( = loji* 7w} )
j=1

q

-a—1 7

2o — Y 11;5°7 K]
i=1

Leont (Ka) =

q .
2B kg = D lgid® K
i=1

. q
z(r — l)a‘lmZ‘l -y 1l ‘ja-lnﬂ
\ ’ )
i=1

We also give the definition of a Vandermonde matrix and a confluent Vander-
monde matrix since we use it below.
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A Vandermonde matrix of order r is a matrix of the form

1 1 “e 1
K1 K2 o Ky
V‘r = V;‘(KI,K'%"',KT) = . . . (432)

By a confluence of the [-th column into the a-th column we mean the following
limit operation: Replace in the [-th column k; by k, + € and subtract from it
the a-th column; divide this new column by € and then let ¢ — 0. The resulting
matrix is denoted by V ons:

( | T | 0 1 ... 1 \
KL - K-l 1 Ki+1 K
2 2 2 2
Veonf = K{ - K 2K, Kiy1 "0 Ky
r—1 r—1 r—-1 r—1 r—1
\ Ky eomsy (r—1)kg Kigr =0 FBr )

In other words, V s is the same matrix as V; except for the [-th column,
which is the derivative of the a-th column. A matrix that it is obtained from
(4.32) by one or more confluences of columns is called a confluent Vandermonde
matrix, see Gautschi [17, 18, 19] for more details about Vandermonde matrices.

We denote by Uy, the vector of the approximate solution in the first  points
of the mesh where we need to have numerical boundary conditions. We have
that

Upe =V (2) o, (4.33)

where 0 = (01,---,0,)7 are the coefficients in the solution (4.12) and V(2) is
the Vandermonde matrix or confluent Vandermonde matrix depending on the
multiplicity of the «’s for each z.

Consider the vector b = (b1, --,b.)T defined as

b= C(2) o. (4.34)
From (4.34) and (4.33) we obtain
b= C(2)V Y (2)Up, foreach z. (4.35)

For different eigenvalues z the multiplicity of the x’s can change and consequently
the matrices C(z) and V' (z) change accordingly. Before we prove that the matrix
C(z)V~!(z) is a continuous matrix, we prove some useful lemmas.
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Lemma 4.4 Assume that k, has multiplicity of order two and that k; and K,
are the two confluent roots at the eigenvalue z = z.ons. Then there is a family

of matrices E(z) such that:
(a) lim er(z)E(z) = Veonf (2cont),

Z2Zc0n

(b) z_l)izlf(lmfcr(z)E(z) = Cconf(zconf)-

Proof: We have V,.(2) = V,.(k1(2),...,k1(2),-..,K:(2)), for z # zconf- The roots
ki(2z) and Kq(z) are confluent at z = zeops. Then

ki(2) = Ko(2) when 2z — zeons.

We can write
Ki(2) = Ka(2conf) + €(2), for 2z # zeont- (4.36)

Consequently, to prove the condition (a) of the lemma, we can prove that there
exists a family of matrices E(e(z)) such that:

lim Vr(e(z))E(e(z)) = Veont (Zconf), (4.37)
€(z)—0
where Vr(f(z)) = V1'("71(zconf)7 S a"ia(zconf)‘}'f(z)a ey nr(zconf)), Z # Zcont- The
Veont(Zconf) 18 the same as the V. (zconf) except the I-column that is the derivative
of the a-column, in order to k.. If we define the family of matrices E(e(z)) as

(1 R | B 0 0\
0 1 =) e 0
E(e(z)) = | : : : BE (4.38)
0 --- 0 -+ e€Xz) --- 0
Y

where —e~1(2) is in the a-th row and €~!(z) is in the I-th row, it is straightforward
that the condition (4.37) is verified.

Now consider the matrix C,(z) = Cr(k1(2),...,ki(2),...,.r(2)), for 2z #
Zconf- For the same reason as above, we want to find a family of matrices
E(e(z)), such that

lim C;(e(2))E(e(2)) = Ceonf(2cont), (4.39)
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where C;(e(2)) = Cr(k1(2conf) - - - Ka(Zcont) + €(2), - - - , Kr(Zcont)), for 2 # Zcont-
The difference between Ceonf(Zconf) and Cr(zconf) is the same difference we
pointed out in the case of the Vandermonde matrices, the I-column of the con-
fluent matrix is the derivative of the a-column, in order to k,. This means

e(""l(z)) - e("‘:a(zconf))

€(2) ’
where £(ki(z)), 1 = 1,...,r, denote the columns of the matrix C,(e(z)). Then
we have that for the family of matrices (4.38), (4.39) is verified. O

el("\"a (zconf)) ~

The following lemma, is a generalisation of the previous one.

Lemma 4.5 Assume that k1 has multiplicity of order m and that Ki,...,Kkn
are the confluent roots at the eigenvalue z = Zcont- Then there is a family of
matrices E(z) such that:

(a) z_l)gcr: er(z)E(z) = Vconf(zconf);
(b) z_l)izrgmfcr(z)E(z) = Ceonf(Zconf)-

Proof: This proof follows the same lines as the previous one. The roots
K1,...,Kkm are confluent at z = zconf. Then fora=2,...,m

Ka(2) = K1(2conf), Wwhen 2z — Zeonf.

We write,
k2(z) = K1(Zconf) + €1(2),
Kk3(z) = Kilzcont) + €2(2),
Em(z) = K1(Zconf) + €m—1(2)-
We want to prove that there exists a family of matrices E(e1(2), - - . ,€m—1(2))
such that

lim  Vi(e1(2),...,em-1(2))E(e1(2),- . c€m—-1(2)) = Veont(Zconf)  (4.40)

€1(2)—0

em—liZ)—)O
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and

lim C,(e1(2),...,em-1(2))E(e1(2),- .. €m—1(2)) = Ceont (2conf) (4.41)

€1(z)—0

where

Vi(er(2),- - €m—1(2))

= Vr(""l(zconf)a Kl(zconf) + el(z)a ceey Kl(zconf) + em—l(z)a “e ,Kr(zconf))-

The matrices Cy(€1(2),...,€m—1(z)) are defined similarly.

The differences between Veont(Zcont)s Ceonf(Zcont) and Vi (2cont)s Cr(Zcont) T€-
spectively are in column 2 to column m. The (i + 1)-th column of the confluent
matrices is the derivative of the i-th column, in order to i, for 1 <¢ < m — 1.

We have the following system with m — 1 equations and m — 1 asymptotic
approximations of the derivatives in order to Ki:

m—1 4

Hal) = Esa(aeon) + 3 SO 1 (2cm)
i=1 )

m—1 ; .
Hra(s)) = Ea(azont) + 3 AL s zcont)
i=1 )

m-—1

Ukm(2)) = £(k1(zconf)) t+ Z i"—,—}(z—)f(i)(nl(zconf)).

i=1 1:

From this fact we deduce a family of matrices E(€1(2), ..., €m—1 (z)) that satisfies
the conditions (4.40) and (4.41). The family of matrices E(e1(2),.--,€m=1(2))
is defined such that

E(e1(2),- - ., em-1(2)) = E1(e1(2)) Ea(e2(2)) .. Emn-1(em-1(2)),

where
( 1 0 0 0 \
0 1 — (2 0 )
E;(ei(2)) = 0 0 ejl(i)) o | 1<i1<m-1
1
\ 0 - 0 - 0 1)
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and —e; (2) is in the i-th row and € '(2) is in the (i + 1)-th row. O

Theorem 4.6 The matriz C(z)V ~!(z2) is continuous.

Proof: The problem of continuity of the matrix C(z)V ~!(z) arises when for cer-
tain eigenvalues z the matrices C(z) and V' (z) change because of the multiplicity
of the x’s. Consequently the matrix is continuous if

lim C,(2)V, Y (2) = Ceont(Zcont) Viont (Zcont)s (4.42)

con
Z—Zconf

where 2z = z¢onf is the eigenvalue where the roots x are confluent.
The equality (4.42) is a consequence of the existence of a family of matrices
E(z) such that

lim C,(z)E(2) = Cconf(2conf), lim V.(2)E(z) = Veonf(Zcont) (4.43)

Z—Zconf Z—Zconf
The result of the theorem follows directly using the results of the previous lem-

mas. 0O
Corollary 4.7 The function

d(z) = det C(z)/det V(2),
is continuous.

Proof: This result follows from the continuity of C(z)V ~!(z) and the definition
of the determinant. 0O

Furthermore
g(2) =0

if and only if
d(z) = 0.

The function d(z) has the same roots as g(z), it is a continuous function and
also independent of ordering of k’s. Therefore on trying to solve g(z) = 0 for
|z| > 1, we can have advantages in solving d(z) = 0 as we will see in the next
section.
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4.4 The numerical algorithm

In this section we present an algorithm for the stability of linear parabolic equa-
tions defined by Godunov-Ryabenkii theory. The central point of our algorithm
is that it contains a new way to find the eigenvalues z € C, with |z| > 1,
that are solutions of the determinant condition (4.31) and responsible for the
phenomenon of instability.

The most recent approach to the creation of an algorithm for stability in-
vestigation according to normal mode theory is given by Thuné [82, 83]. To
investigate stability he used GKS theory for hyperbolic equations [82] and hy-
perbolic systems [83], taking advantage of the special structure of the system of
algebraic equations whose solutions govern stability.

One of the difficulties associated with the determinant condition (4.31) is
that there are discontinuities, due to the changes of the multiplicities of the «’s.
Thuné [83] writes about the problem of multiplicities in section 5.1. There, he
notes (Lemma 6) that if x(zp) has multiplicity greater than one, then g;(zp) = 0,
where g; (2) is the determinant for the case when all eigenvalues have multiplicity
one. Thus, he always used the form g; of g. If, during the iterative process,
a solution zp was found such that g;(zp) = 0, then he subsequently checked
whether the corresponding x’s had multiplicity one. If they had not, he went
on to formulate g,(z), the correct g(z) with respect to these multiplicities. If
g«(20) = 0, then zy was truly a solution, otherwise 2y was considered a false
alarm.

In our case, one of the important tools that is applied to determine the roots
of g(z) is the choice of the function d,.(z) defined by

d-(z) = det C,(z)/det V,.(2).

The function d.(z) is a meromorphic function, meaning that is analytic except
for a finite number of poles. We assume these poles do not lie on the circle |z| = 1.
Therefore we can approximate d,(z) by a Laurent series on the unit circle. Our
concern is to have a good approximation of the function d,(z) around the unit
circle since the onset of instability is when a root z crosses the unit circle as y
and v change. We denote S7;?(2) the truncated Laurent series that approximates
d,(z). Considering d,(z) analytic in the annulus A = {2 : 1 —a; < |z| < 1+ a3},
a1, ag real and positive, then for z € A

+00
dr(z) = Z apz® with a; = 1 fdr(w)dw

i k+1 !
sy 2mi Jo w
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for all integer k, where C is the unit circle. Our approximation S7?(2) is given
by

Spi(z) = Z axz*. (4.44)

The functions d,(z) and S3;?(z) also depend on the parameters p and v, although
we have omitted this in the notation, in the interest of clarity. In the same way
the z roots of d;(2) and S7;?(z) depend on p and v, namely z(u,v).
Our numerical algorithm is implemented using MATLAB:
for p = p, step psiep until pg
for v = v, step v tep until v
for 6 = 0 step 0s¢ep until 27
a. Check von Neumann condition, by doing U}* = 2"e
and impose |z| < 1.

50

endfor
if von Neumann unstable then
b. instability.
else
for 60 = 0 step O,¢ep until 27
c. z=¢e.
d. Compute roots x,(z) of the characteristic
equation.
e. Order roots by magnitude to find the x’s
inside the unit circle.
f. Compute d.(z) = det C,(z)/det V,.(2).
endfor
g. Compute Laurent series S;?(z) that approximates
d,(z), by using the Fast Fourier Transform algorithm
incorporated in MATLAB.
h. Compute roots of S;2(z).
1. Count number of roots of S3;2(z) that are less than one
in modulus.
endif
endfor
endfor
For instance, suppose we fix v. The roots of d,(z) are continuous functions
of u, z(u). The instability is found when for some g there is an eigenvalue zg
such that |29(uo)| > 1. When we approximate d,(z) by S7?(2) we determine the
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instability point by counting the number of roots of S572(2) that are less than one
in modulus, as p changes. If the number of 2’s that are less than one in modulus
decreases at a certain ug, then we have found the instability point, since one of
the roots that was less than one has become larger than one.

The basic idea of our method is: for each (u, ) we first check the practical von
Neumann stability for the difference scheme. Inside the von Neumann stability
region we know the exact number of k’s, the roots of the characteristic equation,
that are less than one in modulus for each z with |z| > 1, namely r. Once we find
these roots x, we order them by magnitude so we can select the smallest first
r roots and compute the function d.(z). The next step consists not in finding
the z roots of the function d,(z) but in counting the number of z roots, of the
approximated function S7?(z), that lie inside the unit circle. With this counting

process we expect to detect when one of the 2’s crosses the unit circle.

4.5 Test problems

In this section we apply the numerical algorithm described in the previous section
to some problems. By doing this we also hope to give a better understanding of
how the algorithm works.

First we consider the Quickest scheme (4.15) with the Dirichlet boundary
condition (4.16) and the downwind numerical boundary condition (4.17). This
was the example discussed in section 4.2. The matrices Cr(z) and V;.(2) , for
this case, are given by

1 1 1 1
CT(z) - ( gl(ﬂl,Z,M,V) gl(KQ,Z,M,V) >, W(Z) - ( K1 K2 )

where k; and k7 are the solutions of the characteristic equation (4.21) and the
function g (k, z, 4, v) is defined as

g1(k, z,p,v) = k3cs + n2(—c1 +cp — 3c3) + k(1 — 2¢2 + 3c3 — 2).

We approximate the function d,(z) by the truncated Laurent series S;}?(z) de-
fined on (4.44). Recall that the functions d,(2) and S7?(2) depend also on the
parameters u and v. The coefficients a; on (4.44) are computed using the Fast
Fourier Transform algorithm in MATLAB.

Next we calculate the roots of the polynomial function 2z"! S3?(2). For each
1 and v we count the roots, of this polynomial function, that are inside the unit
circle and we detect that for a certain value of 4 and v one of the z roots that
was inside the unit circle travels to the outside.
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The fact that the polynomial function $7}2(2) approximates d(z) on the unit
circle assures us that when a root of 2™ S;}?(z) crosses the unit circle, this root
approximates one of the roots of d,(z).

In figure 4.6 we plot the z roots of the polynomial function 2}°S}¢(z) for
v = 0.4 and p changing, and we can observe that at some point one of the z
roots crosses the unit circle at z = —1. We show only the roots z with |z| < 2,
although we have 31 roots in total. Figure 4.7 plots the output of the algorithm
and we observe it is in agreement with the theoretical approach presented in
section 4.2. Compare also figure 4.7 with the figure 3.3.

We also apply the numerical algorithm to the other two different numerical
boundary conditions discussed in the third chapter: the Lax-Wendroff numerical
boundary condition (section 3.2.3) and the numerical boundary condition using
a fictitious point U_; (section 3.2.4). The interior scheme is the same as in
the previous example with the Dirichlet boundary condition (4.16), but since
we have a different numerical boundary condition the matrix C,(z) changes.
Consequently instead of the function g;(k, z, #,v) in the matrix C,(z) we have
the functions go(k, 2, u,v) and g3(k, z, 4, v) associated with the Lax-Wendroff
numerical boundary condition, and the numerical boundary condition using a
fictitious point, respectively. They are defined as:

92(K’z,Uay) = K2(61—62)+I‘\7(Z—1+262)
g3(k, z,p,v) = K ci—co~c3)+h(z—1+2c2+3+0),

where 8 = (—c; + ¢2)/(c1 + ¢c2). We obtain the stability regions plotted in
figure 4.8 and figure 4.9. In Figure 4.9 we do not have any Godunov-Ryabenkii
eigenmodes since the method is stable in all the von Neumann stability region.
Compare figures 4.8 and 4.9 with figures 3.5 and 3.6 respectively.

We have obtained a new algorithm for the implementation of stability analy-
sis according to Godunov-Ryabenkii theory. We take advantage of the construc-
tion of a continuous function associated with the determinant condition. This
also provides a more elegant way of treating the cases associated with the exis-
tence of multiple x’s. Although the numerical algorithm we present is efficient
for the cases we are interested in, it may have some limitations in other cases, for
instance if some of the z roots of d,(z) lie on the circle |z| = 1. Nevertheless we
strongly believe it is possible to adjust the algorithm to more complex problems
and that the main idea amounts to a new way of looking at the phenomenon of
multiple roots.
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Figure 4.6: Roots of the approximated function S}¢(z) and the unit circle |z| = 1.
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Figure 4.7: Stability region for the downwind third difference numerical boundary
condition: von Neumann condition (—) and Godunov-Ryabenkii condition (- - -) using
the numerical algorithm with the approximated function S}&(z).

Figure 4.8: Stability region for the Lax-Wendroff numerical boundary condition: von
Neumann condition () and Godunov-Ryabenkii condition (- - -) using the numerical
algorithm with the approximated function S1§(z).
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Figure 4.9: Stability region for the numerical boundary condition using a fictitious
point: von Neumann condition (—) using the numerical algorithm with the approximated

function S1¢(z).




Chapter 5

Finite difference methods on
the half real line

Morton and Sobey [49] derived numerical schemes by using the exact evolution-
ary operator for a convection-diffusion problem defined on the whole line. Those
numerical schemes were applied to a problem defined on the half-line in the third
chapter. In this chapter, we derive new numerical schemes by using the exact
evolution operator for a convection-diffusion problem defined on the half-line.
We obtain a high order method that requires the use of numerical boundary
conditions which are also derived using the same evolution operator. Some of
the results are given in Sousa and Sobey [74].

We later try to determine whether there are advantages from the point of view
of stability and accuracy in using these new schemes, when compared with the
Lax-Wendroff scheme and the Quickest scheme. We conclude that the resulting
schemes provide gains in terms of stability, although they do not improve the
practical accuracy of existing methods.

5.1 The finite difference schemes

In the third chapter we deduced the exact solution for the convection-diffusion
problem on the half line z > 0, when the convection velocity is positive so that
there is an inflow boundary condition at x = 0 together with another boundary
condition as £ — oo and an initial condition at ¢t = 0. The solution of this system,
defined by (2.1), (3.1) and (3.2), is given by (3.3) and this is the fundamental
solution we shall use to derive approximation schemes by allowing a local solution
to evolve and then restricting the evolved solution to an approximation space.

72
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We rewrite the evolution operator over one time step, given by (3.4), in terms
of the Green’s function:

1 tn+AL
u(z,t, + At) = \/—7? g(tp + At — 7)G*(z, T)dT
tn
1 [t®
+ﬁ/0 U(’?atn)Gl(l‘JI, At)dna (51)
where
G* — d —(z-V71)?/4D7
(z,7) = We )
—(n—z-VB)*/4Dp
e
Gi(@nf) = —— g1 -]

To derive finite difference approximations as in Morton and Sobey [49] we
substitute a local polynomial approximation to u(7,t,) in (5.1), and then carry
out the integration of a global polynomial. Suppose we have approximations
U™ := {U?'} to the values u(z;,t5) at the mesh points

z; =jAz, j=0,1,2,....

We associate with each point z; a local interpolating polynomial through U7}
and the values at a certain number of neighbouring points. Denoting each such
polynomial by p;(z; U"), we generate finite difference schemes from

ot = L[+ At — )G (g, )dr
AN T ’
1 “+00 n
+7—1;/0 pj(n; U™)G1(zj,m; At)dn. (5.2)

The approximation scheme which we will obtain comes from approximating U™
near z; by a polynomial p;(z; U"), of degree R,

R
pi(z;U™) =) bir(z — z;)"
=0

Then
gt = L[ b A= )G (@, 7)dr
J \/7—'( t, g n I
1 [+ g2
+\/—1_r/;_\—/_1 pj(z; — VAL + 2V DAt¢; UM)e &de (5.3)
m

+o00 .
—-\71#/ pj(—z; — VAL + 2v DAt¢; Un)eju/ue—gzdf.
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To deduce the new numerical schemes we use a simplified form of (5.3) by
considering the boundary condition

u(0,t) = 0.

The first integral in (5.3) is zero and we can write after integration of the poly-
nomial form,

Un+1 — ZE "J/M v+ ‘7
; JO[ rfc( 2 \/_ — 57V Erfe( N7 )]
+bj1[— VAtlErfc + (2z; + VAt) VJ/“ErfC( ] )]
! \/- ! 2vp

2\/_)
vilkErfc (

+bja[(V2(AL)® + 2DAL) = Erfc(

\/_ v

\/_
+(2z; + VAL)((2z; + VAL)? + 6DAt) eI/ FErfc(2

f‘gétm,.e-<u-j>2/4u]+...,
T

—((2z; + VAtL)® + 2DAt)%e

+bis[—(V3(At)® + 6V D(At)%) < Erfc(
-

2/

—2(2V At + 3z;)

where Erfc(z) is the complementary error function Erfc(z \/__ /

Within this general framework we can now obtain finite difference schemes
by interpolation on a uniform mesh. We use the usual central, backward and
second difference operators to evaluate the coefficients bj, in terms of the nodal
values U". We deduce two new numerical schemes using a quadratic interpolant
and a cubic interpolant, obtaining in that way the schemes that are equivalent
to the Lax-Wendroff scheme and the Quickest scheme, respectively.

Quadratic polynomial interpolation

Using the quadratic interpolant of U, U} and U}, we have
AOU}‘ biy = 52UJ’-‘
Az ° 77 2Az%

The approximation formula for U}‘H, j>1is:

bjo =Uj, bj1=

2

Ut = a1 - vBo + (5

+ p)O%JUT + b(5) AoUT + c(4)6°U7, (5.4)
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where
: 1 v—3 1 . v+
= -E — —eliln
a(j) 5 rfc( 2\/;7) 2e Erfc( 2\/ﬁ)
. .y v+
b(j) = je*I/ Erfc
(4) )
eG) = —j(j+v)eilEre(X L) 4 2(5)

2k

where Z(j) = \\;—_:_: je’(”‘j)2/ 44, We call this scheme the Modified Lax-Wendroff

scheme. Note that in (5.4), for a(j) =1, b(j) =0 and c¢(j) = 0, we obtain the
Lax-Wendroff scheme.

Cubic polynomial interpolation

If pj(x,U") is extended to include a cubic term, using the interpolation
points UZ , Ui, U} and U, then

AU S2A_UP s2UT 62A_UP
bjo=U}, bj=—"=L— L, bjo=—%, bjz=—-L
70 J i Az 6Az ° 2T 2Az2 P 6Ax3
The approximation formula for j > 2 becomes

2

UMY = a(j)[l - vho+ (”? + p)6? + %(1 — 2 — 6p)8*A_)UT
+b(5)AoU} + c(5)6°UT + d(5)6*A_UT, (5.5)
where
d(G) = zb0) + =e(s)
6 6 |
e(j) = (45 +65%v + 3025 + 6ju)e"j/“Erfc(l;j/_l_j) —2(2v + 35)Z(5).

We call this scheme the Modified Quickest scheme. In (5.5), if we put a(j) =1,
b(j) =0, c(j) = 0 and d(j) = 0 we obtain the Quickest scheme.

To obtain the scheme (5.5) we interpolate at two points upwind but we do
not have these points for interpolation around the first point of the mesh. Here,
therefore, we need to consider a numerical boundary condition at the first mesh
point.
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We consider two different possibilities for the numerical boundary condition.
One is obtained by performing a cubic interpolation of the points U§, U}, UZ,
U3, namely

2
UM = a(1)[1 = vAg + (52~ + )6 + %(1 ~ 0 — )62 A_UD
+b(1) AoUT + ¢(1)82U7 + d(1)6% AL UT, (5.6)

where A, is the forward difference operator defined by AU = U, — U

The other possibility is to consider a quadratic interpolation of the points Uy,
U, U3, obtaining
2

UMl = (1)1 - vAg + ("7 + p)sUr

+b(1)AUT + ¢(1)62U7. (5.7)

When j — oo we have

v—j v+ )
Erfc - 1, Erfc -0, Z()—0,
( M‘z) ( m) v

and
a(j) =>1 b(j)—>0 c(3) >0 d(j)—0.

These new schemes are considerably different from the Lax-Wendroff scheme and
Quickest scheme at the first point of the mesh, but are only slightly different at
the other mesh points. In the next section we discuss the stability and accuracy
of the new schemes.

5.2 Stability and accuracy

To analyse the stability of the new schemes we cannot use the von Neumann
stability analysis since the coefficients are not uniform, although under general
conditions (see Richtmyer and Morton [62]) it can be proved that for linear,
non-constant coefficient problems a local von Neumann analysis will provide a
necessary condition for stability. The more natural option in this case is to use
the spectrum and matrix analysis based on the observation of the norm and
spectrum behaviour of the iterative matrix.

Concerning accuracy, to calculate the local truncation error we cannot apply
the modified equation as described in Warming and Hyett [91], since we have
non-uniform terms. On the other hand we can derive formal truncation error
estimates in the same way as suggested in Morton and Sobey [49] by applying
the Peano kernel theorem (see Powell [58]).
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5.2.1 Stability analysis of the new schemes

In section 3.3 we gave a brief overview of the stability analysis using the spectrum
and matrix analysis. We apply that framework in this section. Our numerical

methods have the form:
U™t = AU,

where A is an N x N matrix and U™ = (U7,...,U}). To build the matrix A in
addition to the inflow boundary condition

Uit =0,

we consider the outflow boundary condition
+1 _

URtL = 0.

Our stability analysis consists essentially in applying the sufficient condition
for stability ||A|| < 1 with the necessary stability condition p(A4) < 1. We will
plot the regions using MATLAB and for the matrix size N = 30.

The stability region for the scheme derived using a quadratic polynomial
approximation, which we called the Modified Lax-Wendroff scheme, is given by
figure 5.1. Comparing figure 5.1 with figure 3.1, where we have plotted the
Lax-Wendroff stability region, we observe that the stability region is the same,
assuming it to be the region where ||A|| < 1. In this case we do not have an
advantage in terms of stability by choosing the Modified Lax-Wendroff scheme
instead of the Lax-Wendroff scheme.

Consider the scheme (5.5), derived using a cubic polynomial approximation
and called Modified Quickest scheme. First we analyse this scheme when asso-
ciated with the numerical boundary condition (5.6). This numerical boundary
condition for a(1) = 1 and b(1) = ¢(1) = d(1) = 0 is the same as the downwind
numerical boundary condition given by (3.9). The stability region is given by
the region plotted in figure 5.2. Comparing figure 5.2a with figure 3.3a we can
see a significant advantage in the stability region of the new scheme. Addition-
ally, we plot in figure 5.2b the practical von Neumann stability region for the
Quickest scheme. This allows us to see in what way it relates with the region
l|A|| < 1, where A is the iterative matrix of the Modified Quickest scheme with
the numerical boundary condition (5.6). The region for small u where ||A|| > 1
and p(A) < 1, plotted in the left corner of figure 5.2a and figure 5.2b is a region
of practical stability. This was checked by running numerical experiments on
this region.
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Figure 5.1: Stability region for the Modified Lax-Wendroff scheme: p(A) =1 (=) and
Al =1 (=--).

In figure 5.3 we plot the Modified Quickest scheme (5.5) associated with
the numerical boundary condition (5.7). This numerical boundary condition
for a(1) = 1 and b(1) = ¢(1) = 0 is the same as the Lax-Wendroff numerical
boundary condition given by (3.10). We can see that there is not a large gain
in stability, from the choice of the previously considered numerical boundary
condition. However, if we compare it with the Quickest scheme associated with
the Lax-Wendroff numerical boundary condition as plotted in figure 3.5, there is
a significant difference. We also plot the region || A|| < 1 of the Modified Quickest
scheme together with the von Neumann stability region of the Quickest scheme
in figure 5.3b. As in the previous case the region for ||A|| <1 and p(4) > 1 on
the left corner of figure 5.3a and figure 5.3b is a stable region.

It is important to remember that ||A|| < 1 is a sufficient condition for stability
but not a necessary one. In fact, experimentally the new schemes seem to be
stable in all the von Neumann region displayed in figure 5.2b and figure 5.3b
respectively.

To conclude, we observe there are advantages in terms of stability in using
the Modified Quickest scheme associated with the suggested numerical bound-
ary conditions, when compared with the Quickest scheme associated with the
downwind numerical boundary condition and Lax-Wendroff numerical boundary
condition respectively.
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Figure 5.2: Stability region for the Modified Quickest scheme with the numerical
boundary condition (5.6): (a)p(4) =1 (=) and ||A|| =1 (—-=); (b) ||| =1 (- =)
and practical von Neumann stability for the Quickest scheme (—)

02 04 06 08 1 12 14
H #
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Figure 5.3: Stability region for the Modified Quickest scheme with the numerical
boundary condition (5.7): (a) p(A) = 1 (=) and ||4]| = 1 (—-=); (b) ||4|| = 1
(— - —) and practical von Neumann stability for the Quickest scheme (—)
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9.2.2 Accuracy of the new schemes

We can derive truncation error estimates in the same way as suggested in Morton
and Sobey [49] by applying the Peano kernel theorem (see Powell [58]).

We consider the error committed in one time step. In appendix A, the Peano
kernel theorem is used to obtain the truncation error for the Modified Lax-
Wendroff scheme and the Modified Quickest scheme. The following expressions
for the local truncation error are obtained.

For the scheme derived using the quadratic interpolant, the Modified Lax-
Wendroff, we have

1
Atlej = EA:B'BU:L‘:L‘I:Q?(V? p) + O(Am4ux4)’ (5.8)

where
g: (v, ) = v(1 — v - 6p)a(j) — b(j) + e(7).

When j — oo then a(j) = 1,b(j) = e(j) = 0 and the expression (5.8) is
the truncation error obtained for the Lax-Wendroff scheme. Consequently, near
the boundary we shall have a different truncation error which does not have an
inferior order.

For the Modified Quickest scheme, obtained using a cubic interpolant, the
exact error for x;j,j > 2 is given by the cumbersome expression

1
AtT|;,j = ﬂAw‘iumzzzg?(VvU) +eeey (5.9)

with

g, = (12p° - 2u - 12u0(1 —v) +v(1 - v%)(2 - v))a(j)
—2b(5)(12ur + 20° + 2jv + 1 + 253)
+2¢(5)(1 + 652) + 2(1 — 25)e(4) + 2Z(5) (3% + 52 + 10p).

For j — oo as well, the expression (5.9) is the truncation error for the Quickest
scheme.

To check the accuracy numerically we considered the same test problem as
in section 3.5 with the initial condition u(z,0) = e**,z > 0 and u(0,t) = 0.
We computed approximate solutions for y fixed and v approaching zero as At
and Az were refined. When considering the solution for a finite domain in
0<z<20att=20for V =05 D = 0.001 and for various values of fixed
u, we did not obtain better results in the error calculation for the new schemes
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compared to the corresponding ones in section 3.5, Lax-Wendroff scheme and
Quickest scheme with the respective numerical boundary conditions.

Considering the fact that our numerical experiments showed the same error
for the new schemes as for the schemes already analysed in the third chapter,
we do not plot them here since the plots are essentially the same as the ones
displayed there.

These results indicate that the new schemes offer no real advantage in terms
of accuracy. This raises the question whether by using the Quickest scheme, in-
stead of the Modified Quickest scheme, with the numerical boundary conditions
suggested in this chapter, we would still have gains in stability. This could allow
us to check if the advantage obtained in stability is due mainly to the numerical
boundary conditions rather than to the use of the Modified Quickest scheme.
We check this possibility in the next section.

5.2.3 Stability of mixed schemes

We have already seen, in the two previous chapters, that the choice of numerical
boundary conditions may strongly affect the stability of a numerical scheme
even if the accuracy is not affected. In this chapter this is confirmed again when
we consider the two additional numerical boundary conditions studied in this
chapter.

When j — oo our new schemes are identical to the existing schemes. It is
in the first point of the scheme that a considerable difference may occur and
this seems to affect the stability but not the accuracy. This fact motivates us to
suggest the use of the Quickest scheme together with the numerical boundary
conditions (5.6) and (5.7) described in this chapter.

We plot, in figure 5.4, the region ||A|| < 1, where A is the iteration matrix
for the Quickest scheme (2.8) associated with the numerical boundary conditions
(5.6) and the numerical boundary condition (5.7) respectively.

We observe that we recover the stability region lost when using the downwind
numerical boundary condition and Lax-Wendroff numerical boundary condition
mentioned in the third chapter with this same interior Quickest scheme (2.8).

In the next section we compute the analytical solution for a two-dimensional
convection-diffusion problem defined in the half-plane, x > 0,y € IR. We show
how to deduce new schemes in two dimensions in a similar way as we have done
for the one-dimensional case, although we will not pursue a further study of
those schemes.
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Figure 5.4: Stability region for the Quickest scheme with: (a) the numerical boundary
condition (5.6); (b) the numerical boundary condition (5.7);

5.3 Extension to a two dimensional case

Before we deduce the new schemes in two dimensions, we compute the analytical

solution for the initial value problem, defined in z € R*, y € IR, t € R*, by
applying Fourier transforms in y and Laplace transforms in ¢.
Consider the convection-diffusion equation

ou ou ou 0%u  0%u
E{(xayv t) + V—a;(xvyv t) + Wg?;($,y,t) =D (513 + 5&5) ('T,ya t) (510)

subject to conditions

2:li)xgou(ar,y, t) = 0,z>0, yeR, t>0, (5.11)
u(z,y,0) f(z,y), >0, y € R, (5.12)
u(0,y,t) = h(y,t), yeR, t>0. (5.13)
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hl(y7 t) T

Ou ou ou %u  0%u
5£+V6_:B-+W6__D(EE3+W)

As in one dimension, if we choose uniform spatial steps Az and Ay and time
step At, we have the dimensionless quantities:

VAt WA
Vg = Ax ) Vy - Ay 9
DAt DAt

ba=pgp BT g

The system (5.10) - (5.13) can be solved exactly using Laplace transform in ¢,
denoted by £, and Fourier transforms in y, denoted by F. We define

w(z,k,8) = LF[u(z,y,t)](z,k,s)

1 ‘o0 p+00 ¢ ik
= §;/ / e *'e"™Yu(z,y, t)dydt.
0 —00

Let f(z,k) := F[f(z,y)](k). Applying £ and F to the convection-diffusion
equation we have the ordinary differential equation,

d? _ d_ : PN ;
Dd—xfu(x’ k,s) — V%-u(x, k,s) — (s —iWk+ Dk*)u(z,k,s) = — f(z,k), (5.14)

to solve, subject to the conditions,

lim @(z,k,s) = 0,
T—>00
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i(z, k,0) = f(z,k),
u(0,k,s) = h(k,s). (5.15)

After we have obtained %(z, k, s) from (5.14), we can apply the inverse of Laplace
transform and Fourier transform to it, i.e., u(z,y,t) = F L™ [a(z, k, 5)], so we
get the exact solution given by

t +00
w@wt) = [ar [ by~ Bt -)G(aT. )8

400
+—/Vtxd§/ f(z = Vt+2VDté,y — Wt -2V Dir)e dr

Zootoo +00
LAY d¢ | f(~z~Vi+2VDiy - Wi~ 2VDir)e " dr
T 2vDt
where
(:L’ T, ﬁ) —(:c vr)? /4D'r —(B-WT)? /4D'r

7'2D
The evolution over a single time-step t,4; = t, + At is

1 tn-{-l +00
u(z,y,tn + At) = ;r—/ dT/ h(y - B,tn + At — T)G(-T,Ta B)ds
tn

1 +o0 +o0

+— d¢ f(z ~ VAt + 2V DAL,y — WAL + 2VDAtr)e ¢~

VAat—zx —00
2V DAt

Ye +o00 400
_£2 d f(—z ~ VAt + 2VDAH, y — WAL + 2VDAtr)e 6" dr
T VAt+z
2VDAt o0

We denote U7}, the approximations to the values u(z;, yk,tn) at the mesh
points

(zj,yx) = (jAz,kAy), j7=0,1,2,...;ke€Z
Considering h(y,t) = 0 if we approximate f by a polynomial around the
point (z;,yx)

pik(z,y) Zzbrs "y — )’

r=0s=0




Chap. V: Finite difference methods on the half real line 85

and using the exact evolutionary operator, then the approximation U;‘k"'l will be

given by
K
b +o00
+1 rs
Un - Z_ —ﬂ._ {/VAt—zi d€
r,s=0 2v DAt

+00 s
/ (—V At + 2VDAE) (~W At + 2VDALr) et dr

—00
Vz; +00
—e D /mﬂ d¢ / —2z; — VAt + 2VDA#E)

oty
(-W At +2VDAtr) e~ dr |

We can write,

-J 1 vai Ve +J
UPH' = boolz Erfc(2—=2) — se*s Erfe(=2
00[ (5 ,—M) 5 (5 ,—M )]
+bio[— VAtlErfc( ) (2z; +VAt) e e Erfc(uz+j)]
2 2\/“1: ! 2\/bz
1 1/,,-+j
+bo1 [— W At( Erfc — e Erfc

+bao[(V(AL)? +2DAt)5 Erfc (3 \/_

l’.&l .
Vo £ 5y 4 g VDAL o(vems)/t1a)

—((2a;j+VAt) +2DAt)—E fc(2m)+2 N
+b02[(W2(At)2+2DAt)( Erfc(~ (5 \/_ —-;-e—z‘Erfc(';%))]

+b [WV (At)? Erfc( \/_ )—WAt(2a:J+VAt) = Erfc(';”‘\/;)]
+b12[(W?(At)? + 2DAL) )[-Vats Erfc( 5 \/ﬁ;)

+(2z; + VAt) Y= Erfc(;”i/ff )]

bor [—-W AL[(VE(AL)® + 2D AL Efc
+21[ [( ) ) r (2\/;72

m
wr me Vet Iy o VDAL ) e
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' 1 v Vg + 7
+bos[(—W3AL — 6W DA?) Erfc — Iy _ W Erfe( =2

+bso[—(V3(AL)? + 6V D(AL)?) = Erfc(

2\/;7;
v+
+(2z; + VAL)((2z; + VAL)” + 6DAL e#z Erfc Z
(225 + V Af) (20 + VA1) +6DAY) 5 (57)
—2(2V At + 3z;)~ D Atar;,-e-<"==-j)2/4#=] +...

/T

Within this general framework we can now obtain finite difference schemes by
interpolation on a uniform mesh. We use the usual operators, central, second
difference, backward and forward respectively:

Ujsie —Uj—1k

AUk = 5 ,

53;Ujk = Uj+1k - 2Ujk + Uj—lk,
Az Uiy = Ujr—Uj_1,
Az Uik = Ujyie — Uji.

The operators Ay, 512,, Ay_, Ay, are defined similarly.
Quadratic polynomial interpolation

Assuming that V and W are positive, we choose the six interpolation points
to be a five-point star around (z;,yk) plus (Z;j—1,¥k—1) then

boo =Ujy,  buo Ap 01 Ay
C_aBun L 1BUE | AcA UL
2T 57Az2 TR T 2 A2 T T AzAy

The approximation is given by

. 1 1
T = 0z()[l — vzl + vatyDa Dy + (51/2 + pz)02 + (2uy + py) 52]
b.’l:(j)[AyO VyAar:—A —]U ik t cz(J )6:1: chv
where
: 1 oy
az(j) = lErfc( )— —e—xLErfc(V +J)

2\/liz 2 2\/iuz
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) . vel v+
b = qjerz BErfc(—=
z(7) J (2 Tzz)

. . vei e+ 7 .
cz(j) = —j(j + ve)ers Brfe(=22) + Z,(4)

2/ liz
where Z,(j) = ~ uxje’("z'j)z/‘l“x.

TV
In a similar way, by choosing ten interpolation points we can deduce a cubic

polynomial interpolation. See the computational molecule below.

9——9/
— ¢+ o
— ¢

Figure 5.5: Computational molecule for the numerical scheme derived using a cubic
polynomial interpolation for V and W positive; The larger circle denotes the central
node and predominant flow direction is shown by arrow.

5.4 Concluding remarks

While the new schemes discussed in this chapter are theoretically interesting
because of the general framework in which these schemes were derived, they seem
not to provide a substantial advantage in terms of accuracy when compared with
the Lax-Wendroff scheme and Quickest scheme studied in the previous chapters.
We observed some advantages in the stability for the Modified Quickest scheme
associated with the suggested numerical boundary conditions and concluded that
this gain in stability is associated with the choice of the numerical boundary
condition at the first point of the mesh and not necessarily with the Modified
Quickest scheme. The problem with the Modified Quickest scheme is that for
j — oo it becomes identical with the Quickest scheme and consequently for
most practical purposes it is only in the first point that we could expect some
significant difference. This leads us again to the problem of numerical boundary




Chap. V: Finite difference methods on the half real line 88

conditions. By using the Quickest scheme, rather than the Modified Quickest
scheme, but now associated with the numerical boundary conditions which we
proposed in this chapter, we have found gains in stability.




Chapter 6

Convection-diffusion in two
dimensions

At the heart of computational fluid dynamics, including computation of lami-
nar and turbulent flow and of heat and mass transfer, lies a deceptively simple
balance of convection and diffusion. Despite its simplicity, this balance is very
difficult to simulate without artificial effects such as increased dispersion or oscil-
lations degrading the solution accuracy. These effects take on increased impor-
tance in two and three dimensional lows because of the difficulty in resolving all
possible length scales. Great advances in simulating convection-diffusion have
occurred in the last two decades and it is now possible to devise schemes of ar-
bitrary accuracy for constant velocity convection in an unbounded domain. We
have an understanding of how schemes which previously might be classed finite
element or finite difference can be reconciled in a relatively general evolutionary
operator framework (see Morton and Sobey [49] and Morton [50]).

In this chapter we deduce a new family of Lax-Wendroff schemes and Quick-
est schemes by using the evolutionary operator in an unbounded domain for the
two-dimensional convection-diffusion problem.

The Lax-Wendroff schemes are a class of schemes which have attained consid-
erable stature in theoretical studies of difference schemes. The essential property
of the Lax-Wendroff schemes lies in the combination of time and space-centred
discretisations. Their popularity is due to their second-order accuracy and sim-
plicity, although their behaviour around discontinuities is not fully satisfactory.

The Quickest scheme was first generalised to two dimensions by Davis and
Moore [13]. When generalising the method they ignored some of the cross-
derivatives and that reduced the temporal accuracy of the scheme.

89
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Although the Lax-Wendroff and Quickest schemes are unique for the one
dimensional case, they have many variants in the two-dimensional case. Their
ambiguity in two dimensions is connected with the fact that different combina-
tions of local nodal values are equally able to model local behaviour. In this
chapter, we deduce the analytical solution for a two-dimensional convection-
diffusion problem and use it as the source for obtaining Lax-Wendroff and Quick-
est schemes not yet studied in the literature. The new Quickest schemes are ex-
pected to be more accurate in time than the Quickest scheme deduced by Davis
and Moore [2], since we take into account the cross-derivatives. Additionally
we study in detail the stability of those Lax-Wendroff and Quickest schemes, a
crucial property for convergence of numerical schemes.

To analyse the practical stability of the numerical schemes we use von Neu-
mann analysis since we are considering a problem in an unbounded domain. We
observe that interesting differences occur between the stability regions of the
different numerical schemes. For a clear visualisation of the stability regions we
plot the sufficient and necessary stability conditions in three-dimensional space,
in which the coordinates involve the convection coefficients and the diffusion.

6.1 Analytic Solution

In the previous chapters we have derived schemes using the exact solution of
a one dimensional convection-diffusion problem. Applying the same idea, in
this section we deduce the analytic solution for a two-dimensional convection-
diffusion problem and use that as the source for obtaining finite difference
schemes.

Consider the convection-diffusion equation with coefficient D > 0:

ou Pu  u
a—y(iﬂ,y, t)=D (5;2 + %5) (z,y,t) (6.1)

Ou

am(ﬂc,y,t) +W

ou
E(xvyvt) +V

and the initial condition
U(.’L‘, Y, 0) = UO(xi y) (62)

The diffusion coefficient is taken to be positive since a negative coefficient is a
physical impossibility. We take a two-dimensional Fourier transform, denoted
4(l,m) where | and m are transform variables in the z and y directions. Thus

a(l,m,t) = ug(l, m)e—[Dlz+Dm2]t+i[Vl+Wm]t.
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Writing this as a convolution integral, we obtain

1 ftoo ptoo 2
u(z,y,t) = ;/ / ug(z — Vt+ 2V Dté,y — Wt+ 2V Dtr)e ¢ T2d§d7’.
—00 -0
(6.3)
This is a two-dimensional evolution operator. In a similar manner, to the one-
dimensional case, it defines a Green’s function G(z,y, At) which gives the evo-
lution over a single time-step:

u@yint 80 =1 [ [T n )G -6y -nd0dedn (64

where .
= —(s=Vt)2 /4Dt ,—(p—Wt)? /4Dt
G(S,p, t) 2 tﬂ‘e e )

In the next section we deduce finite difference schemes for an unbounded
domain using the evolutionary operator (6.4), following the same procedure as
in one dimension.

6.2 Finite differences schemes

The generalisation of finite difference schemes for a convection diffusion equation
to multidimensions is not just the sum of the individual one-dimension contribu-
tions, since the simple addition of individual finite differences in z and y without
appropriate cross terms can lead to instability.
We denote by }‘k the approximations to the values u(z;, y,tn) at the mesh
points
(zj,yx) = (jAz, kAy), J,k=0,£1,%£2,....

We use the central, second difference, backward and forward difference operators
defined in the previous chapter. Also in the previous chapter we defined the
important quantities vz, vy, pz and py, that we shall be using in what follows.

In the next sections we derive a family of Lax-Wendroff schemes and a family
of Quickest schemes in two dimensions. Firstly we derive the schemes based on
quadratic and cubic polynomial interpolation of the function u(¢,n,t,) that ap-
pears in (6.4). Secondly we also deduce schemes by using a Taylor approximation
of order two and three, of the same function.
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6.2.1 Polynomial approximation

In this section we obtain finite difference schemes by approximating u(z,y,tn)
in (6.4) by a local polynomial around the point (z;,yk), namely

ngﬂ?y Zzbrs .’L'—-.'L‘J y yk)-

r=0s=0

Using the exact evolution operator, the approximation Uy n+l is given by

UnH = 5 b / (~VAt +2VDALE) e de

rsO

+00
x / (~WAE + 2V DAIr) e

—00
If the power terms are expanded then all the integrals can be determined and
then we can write,

Uit = boo — bioV AL — b WAL + by VIV (At)?
+b20(2D At + VZ(AL)?) + bea(2DAL + W2(AL)?)
—b3g(6DV (At)2 + V3(AL)3) — bos (6DW (AL)? + W3(AL)3)
—by WAL(2DAL + VZ(At)?) — bioVAL(2DAL + W2(AL)?)
+....

Through this formula we obtain second and third-order finite difference schemes
by using quadratic interpolation or cubic interpolation.

Quadratic polynomial interpolation

If we use quadratic interpolation we need to choose six interpolation points
to determine the six coefficients bgg, bo1, b1g, b2g, 011, b02. We obtain a different
method for each choice of points. We choose the points, so that they form a
five-point star around (z;,yx) and the sixth point is selected according to the
direction of the velocity. Assume that V and W are positive. We choose the
sixth interpolation point to be (z;_1,yx—1). Then we have

Az 3 01 Ay 3
Ag-Ay-Ujy _ l‘ngﬁc _ 15y ik
AzhAy T 27Az2 0T 2TAy?

boo = Ujy, bio =

b11 =
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V>00W>0 V>0W<0 VSOW>0 V<0OW<O0

bll A:r:—Ay-- Az_Ay+ Az+Ay_ Az+Ay+

Table 6.1: Polynomial Lax-Wendroff scheme.

This gives the formula,

1
Ujr'lkﬂ = [1 - (vzAgz0 + vylAyo) + (5”3 + uz)5£

+(-;-1/§ + py) 02 + vavyDg Ay _UT. (6.5)
We call this the Polynomial Lax-Wendroff scheme.

Clearly there are three other configurations depending on various combina-
tions of the sign of V and W. For V negative and W positive, we choose the
sixth point as (zj41,yk—1). If V is positive and W negative, we consider the
point (z;_1,yk+1) and for V and W negative we choose the point (41, Yk+1)-
The different possibilities can give us a different coefficient b;;. We describe in
the table 6.1 how the operators that define the coefficient b;; change according
to the changes of the signs of the velocity components.

We illustrate the different computational molecules in figure 6.1 together
with the flow directions.

Cubic polynomial interpolation

Next we turn to cubic interpolation. One advantage of using high-order
methods is that numerical diffusion and dispersion errors are relatively smaller
than in low order methods.

The procedure is illustrated for two-dimensional flow with positive velocity
components V and W as in the previous case. We need to use 10 points to per-
form this interpolation. Using the 10 points U;_2k, Uj_1 k-1, Uj—1,k, Uj—1,k+1,
Ujk—2, Uj k-1, Ujks Ujk+1, Ujs1,6—1 and Uj4 k to evaluate bys, 7 = 0,1,2,3; s =
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(c)

—~
=)
N’

(d)

Figure 6.1: Computational molecule for the Polynomial Lax-Wendroff scheme for the
different signs of the velocity components: (a) V and W positive; (b) V negative and
W positive; (c) V positive and W negative; (d) V and W negative. The larger circle
denotes the central node and arrows show typical flow directions.
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b1 bi2 b1 b3o bo3
V20,W 20 ApAo +A;A, 820, 824, 020, 624,
VSOW S0 Apyba +Am4A, 820, 820, 8Ag 20,
V20,W <0 Ay Ap +Az4Ay 284 820y 620, 82444
VSOW 20 Ay Ap +A;440p 6205, 820, 8205, 624,

Table 6.2: Polynomial Quickest scheme

0,1,2,3 we find
AU 2A, Ui
bog = U , _ z0Y jk B z-Yj
00 ;k bio A 6As
bao = 6$Ujk, bso = %0 Usk
2Ax2 6Azd
b01 _ AyOU]k 5yAy—Ujk _ 632,:Ay_UJk
Ay 6y = 2 28220
by — 05Uk by — 658y _Uji
22Ay2’ 6Ay3
127 9A2AT ] 1 2AzAY 2AzAy
Now we can write the scheme,
U_;lk+1 = _;lk — I/zAxOU}Ik - I/yAyO _;"lk
1 1
+(§I/3 + uz)égUJ’-‘k + (-2—115 + uy)dz Tk
1 1
+§I/xl/yAy+Ax_UJnk + EVJIVyAZH'Ay— ]nk
1 1
+6Vz(1 —v2 - 6u;,;)(5£.Ax_U}‘k + guy(l — 1/3 - 6,uy)r5§Ay_ Tk
1 1
—vy(pg + 5”3)63:Ay— Jnk —vz(py + §V§)5§Az— Jnk~ (6.6)

This scheme is called Polynomial Quickest scheme. As with the Lax-Wendroff
schemes, we can change the choice of the mesh points, depending on the direction
of the velocities. The changes that occur in the scheme (6.6) according to the
sign of the velocity components involve changes in the coefficients b1, b9, b21, b3g
and bg3 that we describe in table 6.2

We illustrate the different computational molecules in figure 6.2 together
with the flow directions.
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(c) (d)

Figure 6.2: Computational molecule for the Polynomial Quickest scheme for the dif-
ferent signs of the velocity components: (a) V and W positive; (b) V negative and
W positive; (c) V positive and W negative; (d) V and W negative. The larger circle
denotes the central node and predominant flow directions are shown by arrows.
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6.2.2 Taylor approximation

In the previous section we considered a local polynomial interpolation based on
some selected points in a neighbourhood of (z;,yx). Since the local interpolation
requires only a small number of neighbouring points, we used the flow directions
to choose which neighbouring points to use. Now we use an alternative idea and
approximate u(z,y, t,) by a truncated Taylor series around (z;, yk):

]kwy Zzbrsx—xj (y — yk)a

r=0s=0

Ugry
rls l
depending on the order of the expansion we can obtain the numerical schemes

described below.

where b,; = . Using the evolutionary operator as in the previous section,

Second order Taylor expansion

For the second order accurate Taylor expansion the b,s coefficients are:

ALoU;
boo = Ui, bio = ugz := Xfﬂc,
bot1 = U, = AyOUjk bon = '];’U. — 53:Ujk
01 (7] A ) 20 2 T - IAL2’
1 0y Uik AzoAyoUjik
P02 = QUyy = Hapy O T ey = A AT

This scheme uses a 9 point stencil and has the form:

1
URF = (1= (veBan + 1A0) +

1
+(2 y + P'y)62 + Vgly zOAyO] (6.7)

Vg + Ua:)ﬁ

We call this the Taylor Lax-Wendroff scheme. This formula is illustrated by the
computational molecule in figure 6.3. This molecule can be used independently
of the directions of the velocity components.

Third order Taylor ezpansion
When we derive different Lax-Wendroff schemes they differ because of the

way we discretise the mixed derivatives in the Taylor expansion. The same is
true in the case of the two different Quickest schemes. We discretise the mixed




Chap. VI: Convection-diffusion in two dimensions 98

!
.

Figure 6.3: Computational molecule for the Taylor Lax-Wendroff scheme. The larger
circle denotes the central node.

7 |
-~ ¢+ o )

— ¢ o
/ .

Figure 6.4: Computational molecule for the Taylor Quickest scheme. The larger circle
denotes the central node and predominant flow direction is shown by arrow.
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V>0W>0 V>0W<0 VLSOW>0 V<0O,W<0
b3o 02A,_ 620, 820, 62A, 4
bos 620, 020y 827, 62Ay4

Table 6.3: Taylor Quickest scheme.

derivatives uzy, Ugyy and uyy, in a different way in both schemes or, to put it
differently, we choose in a different way the coefficients by, b12 and bo;.

For the third-order accurate Taylor expansion, taking in consideration that
V and W are positive, we use the 11 point stencil, Uj_ok, Uj_1 41, Uj—1k
Uj—1,k+1, Ujk—2, Ujk=1, Uik, Ujk+1 Ujs1,6-1, Ujs1,k, and Ujy1 k41 It follows:

. 2 .
boo = Ui, bio = ug := AQZUJIC - 6IAZUjk,
257 T, ' 6Azx
b — 1 YT 1 070 Ujy
20 Euzz ; 2[1}:32, oA U bzo = ﬁuzxa: = 5 gA:B(;} )
. U 1
boy = = 2y0Y5k _ ZySy Jk b y0 ]k
01 =ty A%, 6Ay 21 = Hlzey = 2837 Dy
boo — 1 . 1 62 Ay_.UJk
2= 3hn = G bus = Gty = TgAge
1 &2 AxOUJk Az0AyoUjk
b2 = - = = = T YTIE
12 = 5lyye 2Ay2Az’ b1 = ugy AzAy
We have the numerical method,
1 1
+(§u£ + Ma:)‘ng}lk (2'/ + My)5y jk
+VmVyAm0Ay0U?k
1 1
+61/z(1 — V2~ 6pz)02A, T+ guy(l — ug - 6,uy)6§Ay_ Tk
1 1
l/y(/-'l'x + = V )52A ;lk ( + 2Vy)62A ;lk (68)

Similarly to the previous schemes, we call this scheme the Taylor Quickest
scheme. This formula is illustrated by the computational molecule in figure
6.4. The choice of the mesh points, to approximate the third derivatives, de-
pends on the direction of the velocities and it affects the values of the coefficients
bsp and bg3. The changes are shown in table 6.3.

In the next section we use a von Neumann analysis to determine the stability

region of these schemes.




Chap. VI: Convection-diffusion in two dimensions 100

6.3 Von Neumann stability analysis

The von Neumann analysis in two dimensions is a straightforward generalisa-
tion of the one-dimensional case. The discrete Fourier decomposition in two
dimensions consists of the decomposition of the function into a Fourier series as

Jnk — Z KlneiéxjA:zei{ykAy’
EI afy
where the range ¢, ¢, is defined separately for each direction, as in the one di-

mensional case. The amplification factor is still £ as in the one-dimensional case.
The products {; Az and £, Ay are often represented as phase angles, namely:

0 =& Az, Oy = fyA'U-
To obtain a von Neumann stability condition we insert the Fourier mode

into the numerical scheme. The amplification factor is said to satisfy the von
Neumann condition if there is a constant K such that

|k(0z,60y)| <1+ KAt, V6.6, € (0,2n]. (6.9)
As in the one-dimensional case , in practice we use the stronger condition
|’€(9z79y)| S 11 V ozaoy € [01 27'('] (610)

and the discrete scheme that meets this condition, we refer to it as practically
stable.

For our finite difference schemes we derive mostly analytical necessary con-
ditions. Nevertheless we plot conditions, determined numerically, that are nec-
essary and sufficient for stability.

First we perform Fourier stability analysis for the convective problem, i.e., for
D = 0, although we are mainly interested in problems with diffusion. Afterwards
we study the fully convective and diffusive discrete scheme.

6.3.1 Practical stability regions for D =0

In this section we consider the convective problem and analyse the different sta-
bility regions obtained for the Lax-Wendroff schemes and the Quickest schemes.
We first consider the Lax-Wendroff schemes.
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Laz- Wendroff schemes

The next result is related with the scheme (6.5) derived using a quadratic
polynomial interpolation and called Polynomial Lax-Wendroff scheme. Although
we were not able to prove the necessary and sufficient condition plotted in figure
6.5 for the scheme (6.5), we prove analytical necessary conditions.

Lemma 6.1 Necessary conditions for the practical stability of the Polynomial
Laz- Wendroff scheme, when D =0, v; > 0 and vy > 0 are:

(Ve —1y) <1, (6.11)
v: <1, 1y <1 (6.12)

Proof: The amplification factor for the method (6.5), when D = 0 is given by:

K’(o:z:aey) = 1- sz—(eiof — e-—i0,,-) _ %(ewy _ e_igy)
ZIR ~ vz o ‘
+7z(el0’ -2 +e7i=) 4 —21(9"91/ — 2 4 e ify)

Fugry(1 — 710 _ 710y 4 o=i0s=ify).
Then we have,
k(0z,0y) = 1—ivgsinf; — iyysind,
+v2(~1+ cos 8;) + uj(—l + cos 0y)

+vzvy[l — cos O, + isinf; — cos Oy + isinb,
+ cos(0; + 6,) —isin(6; + 0,)].

Consequently,

|K(02,0y)° = [1-v2(1—cosf;) — v2(1 — cosb,)
+vgvy((1 — cos0;)(1 — cos By) — sinf; sin ¢9y)]2
+[—vg sinf; — vy sin 6,

+vzy(sin 05 (1 — cos 8,) + sin B, (1 — cos §;))]?
In particular,

|1 — 202 - 21/32, + 4vzy|,
11— 2(vz — 1y)?

k()]

Il
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k(0,7)] = |1 -2,

|k(m,0)] = |1—2v2

If we have |k(m,7)| < 1, |k(0,7)| < 1 and |k(m,0)] < 1 then (6.11) and (6.12)
are verified. O

0.5t

-1 =05 0 v 0.5 1

Figure 6.5: Practical stability region for the Polynomial Lax-Wendroff scheme for
Mz = py = 0 (the scheme was deduced for both velocities positive).

The stability of the scheme (6.7), here called Taylor Lax-Wendroff scheme,
was already studied in the literature for D = 0. The next result is due to Turkel
[86].

Theorem 6.2 For D = 0 the scheme (6.7) is practically stable if and only if

e 23 + vy |¥? < 1. (6.13)

Proof: See Turkel [86]. O
The condition (6.13) of the Theorem 6.2 is plotted in figure 6.6.

Quickest schemes
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Figure 6.6: Practical stability region for the Taylor Lax-Wendroff scheme for p, =
ty = 0, deduced independently of the signs of both velocities.

First we consider the Polynomial Quickest scheme and we present a necessary
condition for this scheme. This necessary condition is also a sufficient condition
although we do not prove it analytically. We plot numerically the sufficient and
necessary stability condition for the Polynomial Quickest scheme in figure 6.7.

Lemma 6.3 If the Polynomial Quickest scheme (6.6) is practically stable, for
D=0, 0<v;<1 and 0<y, <1 then

v+ vy < L (6.14)

Proof: The amplification factor for the Polynomial Quickest scheme is given
by:

k(05,6,) = 1- %(ewx _eif) _ %y_(eigy _ it
2

vZ o i9 Yy  i8 i0
+—21(e‘”—2+e—")+?y(e‘y——2+e"‘y)

+Vx2’/y (eiay _ 1)(1 _ e—-iaz) + Zx%{(eiﬂx _ 1)(1 _ e—iay)

+%Vm(1 —v2)(e'% — 2+ e7%)(1 — e7i0s)

1 . . y
+§Vy(1 - Vg)(e‘ay — 24+ e ) (1 — i)
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1 . : .
— vy (eifs — 2 4 e7i02)(1 — e7i)

2 T
1 . . .
—aumug(ewy —2+e70)(1 - e~10z),
We obtain,
k(0z,0y) = 1—iv,sinf, — ivy sin 6, + 1/3(—1 + cos ;) + uﬁ(—l + cos 6y)

—vzy((1 — cos 6;)(1 — cos @) + sin B sinby)

1
+61/1.(1 — v3)[-2(1 — cos 0;)* + 2isin B, (—1 + cos 8;))]

1
+5Vy(1 — v2)[-2(1 — cos 8,)° + 2isinfy(—1 + cos 6,)]

1
—iuyuﬁ[—2(1 — cos 6,)(1 — cos 0;) + 2isinfy(—1 + cos ;)]

1
—§uxu§[—2(1 — cos0;)(1 — cos ) + 2isin 6 (—1 + cos b))

In particular we have,

4 2

k(r,m) = 1-202— 21/3 — dvguy — §Vx(1 —-vZ)
4
—-3-I/y(1 - 1/32,) + 41/,;1/3 + 4 12
4 4
= 1-2( +1y)° — s(vz + 1) + (V2 +15)°.

3 3

To have |k(m,7)| < 1 implies vz +1vy <1 or vz +vy > 3/2 . From this fact we
obtain (6.14). O

The next lemma is a necessary condition for the Taylor Quickest scheme. We
plot the necessary and sufficient conditions for this scheme in figure 6.8.

Lemma 6.4 If the Taylor Quickest scheme (6.8) is practically stable, for D = 0,
0<y;<1and0<L vy <1 then

v +vy <L (6.15)

Proof: The amplification factor for the Taylor Quickest scheme is

k(0z,0,) = 1-— _sz(eio,,. _eif%) _ %(eioy — eity)
v e, —ioy . Ve 0, "
+—2-(e —2+te )+7(e -2+ e %)
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Figure 6.7: Practical stability region for the Polynomial Quickest scheme for u, =

iy = 0, deduced when both velocities are considered positive and consequently v, and
vy are positive.

0.5

0.5+

-1 —0:5 0.5 1

<ol

Figure 6.8: Practical stability region for the Taylor Quickest scheme for y; = p, =0,

deduced when both velocities are considered positive and consequently v, and v, are
positive.




Chap. VI: Convection-diffusion in two dimensions 106

+M_(ei0x _ emi02) (el _ gify)

4
(L - D)% — 24 e %) (1 - o)
+%uy(1 —2)(e% — 2+ &%) (1 — i)
_’:l_yyg(eio, —24 e—iﬁz)(eiﬂy _ e—ioy)
—I-jfufl(eiay — 2+ e 1) (elfz — e7i0),
Then we have,
K(0z,0y) = 1—iv,sinf; — iv,sind,

+v2(—1 + cos 0z) + 1/3(—1 + cos 0y)

—Vzly sinf; sin 6,
1
—§u1(1 —v)[(1 — cos8)? +isin0,(1 — cos ;)]

1 .
—guy(l — 1/3)[(1 — cosf,)? +isinfy (1 — cos 6,)]

+uyv2isin Gy (1 — cos 8;) + vyv?

,18inf;(1 — cos 0y).

As in the previous cases we consider in particular,

4 4
k(m,m) = 1-22— 21/3 - §ux(1 -2) - §Vy(1 - 1/3)

2 2
1-2[(vr + Vy)2 + §(1/x +vy) — §(l/m + Vy)3

—2uzvy (1 — vg — 1y)]

and if |k(7, )| <1 then we have (6.15) . O

In this section we assumed D = 0. In the next section we analyse the
stability regions for the schemes considered in this section but with the diffusive

coefficient D > 0.

6.3.2 Practical stability regions for D > 0

In this section we consider the parabolic problem that is simultaneously con-
vective and diffusive. We analyse the stability analytically, obtaining mainly
necessary conditions. We plot numerically the sufficient and necessary stability
regions in the three dimensional space (v, vy, ), where we assume g = p; = py.
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A finite difference scheme for the two-dimensional convection diffusion equa-
tion (6.1) which is quite well known in the literature is the central scheme:

U™ = Ul = veDagUlk — vy AyoUlk + pad2U%% + py 62U (6.16)

The von Neumann stability analysis of this scheme was studied by Hindmarsh
and Gresho [29] for a multidimensional problem.

We show the practical stability region of the central scheme in order to
compare it with the Lax-Wendroff schemes and the Quickest schemes that we
are studying. The von Neumann necessary and sufficient conditions for stability,
for the central scheme (6.16), are given in the next theorem due to Hindmarsh
and Gresho [29]. They are also plotted in figure 6.9, for p = p; = Hy-

Theorem 6.5 The scheme (6.16) is practically stable if and only if

20z +2py < 1, (6.17)
2 2

Ve Vy

—+ == < 1 6.18

2z 24y T ( )

Proof: See Hindmarsh and Gresho [29]. O

In figure 6.9b and figure 6.9c we show the projections of figure 6.9a in two
different planes to give us a more accurate idea of the stability region.

For the next finite difference schemes we derive mostly analytical necessary
conditions. Nevertheless we plot sufficient and necessary conditions for stability
determined numerically.

Laz- Wendroff schemes

We start to analyse the Polynomial Lax-Wendroff scheme by giving some
necessary conditions for the stability of this scheme.

Lemma 6.6 Necessary conditions for the Polynomial Laz- Wendroff scheme (6.5)
to be practically stable are

1 (6.19)
1 —2(pz + py)- (6.20)

2(pz + py)

(vz — Vy)2

IN IA
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Proof: The amplification factor for the Polynomial Lax-Wendroff scheme is
given by:

"‘(ezaoy) = 1- _1/2_1:(ei01. - e—io"’) — %(ewy — e—iay)
vy i i vy i0 —if
(o F )€ —2+e7) + () —2+e7)

+rzy (1 — e”0: _ gm0y 4 e"w’—wy).
The amplification factor can be written in the form,
6(0z,0y) = 1—ivgsing; — iy, sin @,
+(V2 + 2uz)(—1 + cos 0;) + (1/3 + 2py)(—1 + cos 8y)

+vgvy[1 — cos O, + isinf, — cos Oy + isinb,
+ cos(0; + 0y) — isin(f; + 6,)].

Consequently the square of the modulus of the amplification factor is,

|/<;(6?3,,.,(9y)|2 = [1 = (V2 +2uz)(1 —cosby) — (1/32, + 2py)(1 — cos )
+v 1y ((1 — cos 0;)(1 — cos ) — sinf; sin¢9y)]2
+[—vg sinf; — vy siné,

+vvy(sin 0 (1 — cos §,) + sin B, (1 — cos 8,))]*.

For the limiting case §; — 0 and 6, — 0 with || < 6 and |0,| < 6, we can write

2 2,0, 0% _ 2y 0. 2%
IK'(oxvoy)I = [1_ (Vz+2ux)?z —(Vy +2Uy)§
6262
0 0 3y12
+[—vzls — 10y + Vmuy(ex?y + oy—2£) + O(6°)]°.
After some algebraic calculations we obtain,
6(0z,0,)17 = 1~ (V2 +2u5)0% — (V2 + 2462 — 2v,1,8,0,

+(vebs + 10y)* + 0(6%)
= 1~ (2uz + 2uy) + O(6Y).

In order to have |k(0;,6,)| < 1 for all 6;, 6, we need to have (6.19). For the
particular case §; = 0, = m we have,

k(m,m) =1 —2(2 +2u;) — 2(1/5 + 2uy) + 4vzyy.
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Then to have |k(m,7)| < 1, we need to have (6.20). O

The condition (6.20) is associated with the diagonal lines shown in figure
6.10c, determining that the stability region is between the two lines as we see in
the figure 6.10c. The condition (6.19) gives us a limit for the diffusion parameter.
We observe that this scheme is still stable for simultaneous big values of v,
and vy, when 4 is small. Although we plot the stability region for (vz,v,) €
[~1,1] x [~1,1], note that for this scheme we are assuming that both velocity
components are positive, this is that, v; and v, are both positive.

The next result is for the Taylor Lax-Wendroff scheme. This scheme was
deduced independently of the signs of the velocities.

Lemma 6.7 Necessary conditions for the Taylor Laz- Wendroff scheme (6.7) to
be practically stable are

2ps +py) <1 (6.21)
<

v+ v} 1= 2(pz + py)- (6.22)

Proof: The amplification factor for the Taylor Lax-Wendroff scheme is given

by:
K’(ol"oy) = 1- Z21:'(ei0z - e‘iaf) - .ljz_y(eioy _ e—iay)
2
V2 i0: _ o 4 o-ifey 4 (L 0y _ g, ity
(G Fhale e ) 4+ (5 e + i)

This can be written as,

k(0z,0y) = 1—ivgsinf; —ivysinb,
+(v2 + 2uz)(—1 + cosb;) + (1/32, + 2py)(—1 + cos 8y)

—Vzly sin @ sin 6,
Consequently, we can write,

|/‘c(6?:,¢,('i?y)|2 = [1 = (v2+2uz)(1 — cosb,) — (Vf, + 2py)(1 — cos 6,)
—Vzly sin @ sin Oy]2

+(vz sin 05 + vy sin By]2.
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For the limiting case ; — 0 and 6, — 0 with |6;| < 6 and |6,| < 6, we can
write,

62 0;
|k(02, (9y)|2 = [1-@+ 2;13;)3“” — (1/32, + 2uy)—2g — vy 0,0, + O(6%))?

+{(vz6; + vy8y) + O(6°))%.
After some calculations,

|/‘-c(¢93,;,¢9y)|2 = 1—(v2+2u;)0% - (1/32, + 2uy)9§ - 2v31,0,0,
(V28 + 1,0,)% + O(6%)
= 1= (2 +2y) + 0(6Y)

In order to have |k(0;,6y)| <1 for all 8;, 6, the condition (6.21) needs to hold.
For the particular case §; = 6, = m we have,

|6, m)| = |1 = 2(v5 + 2u5) — 2(vy + 2uy)|

and |k(m, )| <1 is equivalent to (6.22). O

This scheme has a smaller region of stability for small ;4 compared with the
Polynomial Lax-Wendroff scheme (6.5). However this scheme has the advantage
that it can be used independently of the signs of the velocities. In figure 6.11
we plot the necessary and sufficient practical stability conditions for the Taylor
Lax-Wendroff scheme (6.7).

Observing the figure 6.11c, the necessary and sufficient condition for this
scheme is the condition (6.22) associated with some other condition that seems
to change as u increases from |v,|%/3 + |1y |23 < 1 to |vg| + |1y < 1.

Quickest schemes

In the one-dimensional case we saw that for the Quickest scheme to find
analytical sufficient and necessary conditions involves cumbersome expressions
that make it difficult to have a clear understanding of the region. In the two
dimensional case we should expect to find even more complexity.

We consider first the Polynomial Quickest scheme. The next lemma is about
a necessary condition for the stability of this scheme. We plot the sufficient and
necessary conditions in figure 6.12.
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Lemma 6.8 A necessary condition for the Polynomial Quickest scheme (6.6)
to be practically stable is

(V2 + 2uz)(1 — 2vy) + (1/5 + 2py) (1 = 2vz) + 2vz1y

2 2
+-v(1 — 1/3 —6uz) + -3-l/y(1 - 1/32, —6uy) < 1 (6.23)

3
Proof: The amplification factor for the method is given by:
k(0z,0y) = 1- I;—x(ew’ —ei0) _ %(eiay —e7i0)

V2 . : V2 0 "
H(5 + ) (€% =2+ e7%) + (5 + ) —2+e7)
+V-’172Vy (eiay _ 1)(1 _ e-io,) + Vx2’/y (eiﬂz _ 1)(1 _ e—iﬂy)

1 . . ~
+eva(l=vf - 6uz)(ef= — 2 +e7i%)(1 — e7i%)

1 , : r
+6Vy(1 — v, — 6uy) (€% — 2+ e7%)(1 — e7'%)

1 : : :

—vy(pz + 53) (€% — 2+ 7)1~ e7)

~valpty + 512) (€% — 2+ ) (1~ ).
We can write the amplification factor in the form,
k(0z,60y) = 1—ivzsinf; — iy sind,
+(v2 + 2uz)(—1 + cos 0;) + (1/3 + 2py)(—1 + cos 8y)
—vzy((1 — cos 6;)(1 — cos ) + sin b, sinby)
+-(1§u$(1 — 12 — 6pg)[~2(1 — cosb;)° + 2isin O (—1 + cos 6;)]

1 . .
+8V3/(1 - 1/3 — 6py)[—2(1 — cos Oy)2 + 2isin0y(—1 + cos 6,)]

—vy(pz + %Vﬁ)[—2(1 — cos 0y)(1 — cos 0)
+2isin@y(—1 + cos 6;))
—vg(py + -;:113)[—2(1 — cos0z)(1 — cos 6y)
+2isinf;(—1 + cos §,)].

For the particular case ; = 6, = 7 we have

k(mm) = 1—2w2+2u;) — 2(1/5 + 2uy) — 4vzyy
4 4
—§V:z(1 —v2 — 6ug) — §uy(1 — 1/32, — 6y)

+4v, (2uy + 1/3) + 4vy (207 + v2)
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and to have |k(m, 7)| <1 we need to have (6.23) . O

We can tell from the complexity of the expression for the amplification factor
in the previous lemma, that to derive sufficient conditions here is, if not an almost
impossible task, then a very hard one.

We notice that on the three dimensional surface displayed in figure 6.12, we
have p < 9/16. This value corresponds to (vz,vy) = (1/4,1/4).

Next we provide a necessary condition for the stability of the Taylor Quickest
scheme.

Lemma 6.9 A necessary condition for the Taylor Quickest scheme (6.8) to be
practically stable is

2 2
(V2 + 2pz) + (V2 + 2py) + gva(l = vi — 6uz) + gl - vy —6uy) <1 (6.24)

Proof: The amplification factor is given by:

K'(ox,ey) = ]1- %(eioz _ e—iﬂz) _ %(eioy _ e_igy)

V2 - i V2 9 9
+('§‘ + l"av)(elgz —2+e) + (’5‘ + py) (e —2+e7)
+l/x41/y (eioz _ e—-iﬂz)(eiﬂy _ e-—iﬂy)

1 : : :
+gva(l =17 = buz) (e — 2+ €7 %)(1 —e7%)

1 :
+6Vy(1 -y, - ﬁuy)(e‘ay 2 +e7i0)(1 — e7i%)

1
~ (g + 512)(e% — 2+ e (el — &™)
v 1
__2£(l'l'y + EVS)(e“’y 2 + e71%) (el — e710)

Simplifying the previous expression for the amplification factor, we obtain,

k(0z,60y) = 1—iygsinf; —ivysind,
+(v2 + 2uz) (=1 + cos ;) + (1/32, + 2py)(—1 + cos )

—%uz(l — 2 — 6pg)[(1 — cos0;)? + isinfz(1 — cos 6,)]

1
_.3.yy(1 — U2 — 6py)[(1 — cos 8,)® + isinfy (1 — cos )]

1
—2u, (uz + §uﬁ)isin@y(l ~ cos 0;)]
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1 5. .
~2vz(py + §V§)131n 6z(1 — cos 6y)).
For the particular case 0: = 6, = m we have,

k(m,m) = 1-2(2+2pz) — 2(1/3 + 2y)
4

4
—§1/1.(1 - v~ 6ug) — §uy(1 — 1/3 — 6py).

To have |k(m,7)| < 1 we need to have (6.24) . O

We plot the sufficient and necessary conditions for the Taylor Quickest scheme
in figure 6.13. By assuming py = py = p and v; = v = 1/4 in (6.24) we have
the condition p < 9/32. This is the maximum value that u can take inside the
stable region (see figure 6.13).

We turn now to the Quickest scheme suggested by Davis and Moore [13],
which is interesting to compare with the Quickest schemes we have devised in
this chapter. Their scheme is as follows:

U;lk+1 = }lk - VxAmoU}lk - I/yAyO }lk
1 1
+(§V32: + Nm)égU]nk + (5”@3 + P‘y)‘sg ]nk
1 1
+Euz(1 — V2 — 6ug)020,_ Tkt guy(l - 1/3 — 6,uy)6§Ay_ T
(6.25)

Davis and Moore [13] generalised the one dimensional Quickest scheme to two
dimensions, although in forming the numerical scheme some O(At?) spatial cross
derivatives have been omitted to create a simpler algorithm. Formally this re-
duces the temporal accuracy of the scheme to O(At). Consequently Davis and
Moore employed small time-steps to minimise the error associated with the ne-
glected O(At?) term.

We analyse the stability for this scheme using the von Neumann analysis in
the same way as for the previous Quickest schemes. To find a necessary condition
for the Davis and Moore Quickest scheme, we evaluate the amplification factor
for the phase angles of high frequency 6; = 6, = m. In that way we obtain the
same necessary condition as for the Taylor Quickest scheme, given by (6.13).
The stability region for this scheme is plotted in figure 6.14. According to this
figure it seems that another necessary condition for stability is that for u < 1/4,
we need to have v; + vy < 1. For small u the stable region seems to be quite
small, compared with the previously studied schemes.
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In this chapter we provided stability regions for various finite difference
schemes.

The Lax-Wendroff schemes considered present regions of stability that are
sufficient and necessary conditions, with a shape that appears to have a simple
form, although we found considerable difficulties, when we attempted to find
these conditions analytically. The main source of these difficulties was related
to the majorisation of the Fourier terms associated with the mixed derivatives.

The Quickest schemes present more awkward regions and they do not seem to
show an obvious regularity leading us to conjecture that to provide the analytical
necessary and sufficient conditions is an extremely difficult task.

To conclude this chapter we summarise the numerical schemes derived here
and that we use in the following chapters (in this summary we assume both
velocities positive).

¢ Polynomial Lax-Wendroff scheme (see figure 6.1)

U;lk+1 = [1 + Px + Py + I/xl/yAx_Ay_] ;lk.

e Taylor Lax-Wendroff scheme (see figure 6.3)

U}lk+1 =[14+P;+Py+ Vz”yAzoAyO]UJn’“'

where
1
Pr = —vglgo+ (5”32; + U:z)(sg
1

e Polynomial Quickest scheme (see figure 6.2)

1

1 1
—vy(pz + 5”3)63131/— — vz(py + §V§)6§A1—] ik
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® Taylor Quickest scheme (see figure 6.4)

U;'Ik-*-l = [14+Q;+ Qy + VszAzOAyO

1 1
—vy (e + 5¥2)02 890 = va(ay + 5140y Aa0]Ujl

where
1
Qr = P+ -6-1/,;(1 - ug — Guz)dgAz_

1
Qy = Py+ gl/y(l - 1/3 — Guy)ész_

In the next chapter we consider two-dimensional convection-diffusion prob-
lems with physical boundary conditions. We know that the presence of boundary
conditions interferes with the stability of a finite difference scheme. Although in
the presence of boundaries that are not periodic the von Neumann condition is
no longer a sufficient condition, it is still quite an important necessary condition.




Chapter 7

The effect on stability of
boundaries in two dimensions

In the foregoing chapter we applied the von Neumann method to analyse the
stability of Lax-Wendroff and Quickest schemes in a two-dimensional unbounded
domain. In this chapter we analyse the stability of those same schemes when
used to approximate convection-diffusion problems on a bounded domain with
two different boundary conditions on the underlying flow field.

For the Lax-Wendroff schemes, in the case of a bounded domain, it is suf-
ficient to consider only the physical boundary conditions in order to calculate
the approximate solution. However, the development of high accuracy schemes,
such as Quickest schemes, is accomplished by increasing the local spatial domain
needed to compute the time evolution at each point. Of course real flows do not
occur in unbounded domains and as soon as boundaries are present it is not
possible to use large local domains to compute evolution near boundaries nor is
the correct evolution given by schemes derived from an infinite domain. Thus,
as in the one-dimensional case, a different numerical approximation may have to
be carried out near boundaries, compromising the stability of the higher order
scheme used elsewhere. Hence a core issue in the development of practical high
order schemes for real flows is an ability to deal with bounded domains.

As we have done in the third chapter for a one-dimensional problem, in
this chapter we provide numerical boundary conditions for high order Quickest
schemes and examine their effect on the stability of the general scheme.

We also investigate the stability regions for Lax-Wendroff schemes and Quick-
est schemes when applied to two problems. First, we consider a convection-
diffusion problem on a quarter plane where we assume both components of the

122
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convective velocity to be positive and constant. Secondly, we consider a problem
defined in a square with non-uniform flow velocity which models a driven cavity,
a problem for which we investigate a Navier-Stokes solver in the next chapter.

7.1 Numerical boundary conditions

If we want to discretise the two-dimensional convection-diffusion equation with
a high-order method such as a Quickest scheme then, in the same way as in
one dimension, we need to introduce numerical boundary conditions in addition
to the physical boundary conditions. In this section we introduce the numer-
ical boundary conditions that we shall use with the Quickest schemes in the
subsequent sections. To clearly illustrate the numerical boundary conditions,
we start by considering a convection-diffusion problem defined in the domain
20, y>0.

Consider the convection-diffusion equation (6.1) defined on the quarter-plane
z2>0, y >0, for t > 0, with the initial condition,

u(z,y,0) = f(z,y), £20,y2>0,
and the wall conditions,
u(0,y,t) = hi(y,t), y =20, t >0, (7.1)

u(z,0,t) = ho(z,t), x>0, t > 0. (7.2)
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u(0,y,t) = hi(y,t) | = +V—=+W-——=D(5= + 7>

u(z,0,t) = ho(z,t)

When applying a Quickest scheme to the two-dimensional problem illustrated
above we are assuming that both velocity components V' and W are positive
and constant. Both Quickest schemes, the Polynomial Quickest scheme and the
Taylor Quickest scheme, are generated according to the direction of the velocity,
as described in the sixth chapter.

We denote the points of the discrete mesh as

{Ufx, j€N, keN}

The discrete boundary conditions associated with the physical boundary condi-
tions (7.1) and (7.2) are

UM = hy(kAy, (n + 1)At), k€N, (7.3)
Uit = ha(jAz, (n + 1)At), jeN. (7.4)

Using this velocity field, the family of values of the approximate solution {U {‘k“, k €
IN} and {U}‘l“, 7 € IN}, cannot be obtained using the same discretisation that
is used to evaluate the approximate solution at the other interior mesh points
since at the first interior points of the mesh it is necessary to have the ap-
proximated solution evaluated at some nonexistent points of the mesh, namely
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{(z-1,yx),k € N} and {(zj,y-1),j € N}. Therefore additionally to the bound-
ary conditions (7.3) and (7.4), we must provide numerical boundary conditions
at the first layer of interior mesh points.

In the next sections we describe the numerical boundary conditions that
we consider at those points. They can be interpreted as generalisations of
the numerical boundary conditions provided in the third chapter for the one-
dimensional case.

7.1.1 Downwind third difference

One implementation for the Polynomial Quickest scheme (6.6) is a third differ-
ence which does not track the flow direction: at the first interior points of the
mesh, the points immediately after the physical boundaries, we bring a forward
third-order difference in z or y instead of a backward third-order difference for
the approximate solution. In other words it corresponds to using the operators
62Az4 and 5§Ay+ when evaluating the approximate solution Ul,,k € IN and
71,7 € IN respectively, instead of the operators 62A;_ and 5§Ay_ that are
applied to evaluate the approximate solution elsewhere.
The numerical boundary conditions, to evaluate the grid function {U 1",:'1, k=
2,3,...}, are given by

+1 _
ULT = Uk — veQzoUfk — vyQyoUtk

1 1
+(57; + 1) ZUT + (5] + )6 U

1 1
1 1
+é‘l/z(1 — I/g - 6u3)53A1+Uﬁ: + gl/y(]. — V; - Guy)dgAy_U{lk
1 1
—vy(pz + 5”3)53:Ay—U{lk — vz(py + 5”5)5§Ax—U{lk- (7.5)

The numerical boundary conditions (7.5) are obtained by performing a forward
third-order difference in z instead of the backward third-order difference done
at the other interior mesh points. Similarly the numerical boundary conditions
to evaluate the grid function {UJ’-'I“, 7 =2,3,...} are obtained by performing a
forward third-order difference in y,

yrtt = pn

n n
j1 j1 ~ Va:Aa:OUjl - VyAyOUjl

1 1
+(3¥s + B2)3Ufi + (v + )83 U
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1 1

2
1 1
+5va(l = v = 6p) 200U + gy (1 — vy = 61y)020y 4 UTy
1 1
—vy(z + GUDE0y-USs — valpy + 5185 Be-Uji- (7.6)

The numerical boundary condition for U{‘IH is obtained by applying simultane-
ously a forward third order difference in =z and y,

n+l1 _ n
Ul = Ul —vz8a0U11 — vyQyolUny

1 1

1 1
5oty By Ba-UTs + SvavyBat By-Ulh

1 1
1 1
—vy(pz + Eug)égAy_U{‘I — vz (py + §V§)5§Az_Uﬁ. (7.7)

The numerical boundary conditions that we have described for the Polyno-
mial Quickest scheme (6.6) are easily generalised for the Taylor Quickest scheme
(6.8). For the latter we also use a forward third-order difference in z to calculate
the values {U%,k € N} and in y to calculate the values {U}},j € IN} instead
of a backward third-order difference that we apply at the other interior points
for  and y respectively. To calculate the value U} we apply the forward third
order difference in z and y as in the case of the Polynomial Quickest scheme
described above.

When the directions of either of the velocities are negative, we use a backward
third-order difference instead of a forward third-order difference.

7.1.2 Lax-Wendroff

At the first points of the mesh we use quadratic interpolation, instead of cubic
interpolation, for which we do not have the necessary points, obtaining a Lax-
Wendroff scheme instead of a Quickest scheme. For the approximate solution
values {UT!, k € IN} we have,

1

1
+(§V§ + uy)dg + vy g Ay UTk, (7.8)
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and for the approximate solution values {U;‘l“, j € N},

1

1
+(§u§ + py) 02 + very Ag Ay _UT,. (7.9)

Va2c + Nz)‘sg

We can consider a different Lax-Wendroff scheme at the first points of the
interior scheme. Apart from the Lax-Wendroff scheme above we also consider

other types of Lax-Wendroff schemes as numerical boundary conditions in fur-
ther sections.

7.1.3 The fictitious points

In IR? the exact solution of the problem (6.1), (6.2) is given by:

u(z,y,t) /+oo /+o° (&,7,00G(z — &,y — T, t)dédT, (7.10)

where ! ) ,
_(s=Vt)2/4Dt —(s—Wt)2 /4Dt
G(s,p,t) = iD ¢ e :

For the problem under consideration we have the conditions,

u(an, t) = hl(yat), ’LL(.'L‘,O, t) = h2($at)a

and therefore

/+°° /+°° (€7 0)G (=& y — 7,t)dédr, (7.11)

ho(z,t) = /+°° /+°° (€,7,0)G(z — £, —, t)dédr. (7.12)

hl(yv t)

As already mentioned, in order to calculate the approximate solution values
UT;, and Ujj we need to have the noexisting values of the approximated solution
Ut and Uj'_,. We approximate the solution u in (7.11) and (7.12) by per-
forming a certain polynomial interpolation around the points (z;,yo) in (7.12)
and (zo,yk) in (7.11).

The values {U”; ;, k € IN} are obtained from using the Lax-Wendroff scheme
to evaluate {U, k € IN},

U’n+1

1 1

gy Doy Dy UK. (7.13)
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Similarly the values {Uj -1, 7 € IN} are obtained from using the Lax-Wendroff
scheme to evaluate {U;y, j € N},

UR = (= vaao— o + (302 + )82 + (202 + )}
+upy A By U (7.14)
To calculate {U},,k = 2,3,...} and { 7,9 = 2,3,...} we use the fictitious points
{U%) 1,k =2,3,...} and {U?_y,5 =2,3,...} given by the equations (7.13) and
(7.14) respectively. Note that the calculation of U}} requires the use of both
fictitious points U-1, and U, _, and consequently we need to apply (7.13) and
(7.14) simultaneously.

The different Lax-Wendroff schemes obtained above were based in the inter-
polation at six points where the sixth point is chosen according to the sign of
the flow velocity, in particular this determines the fact that we use the operator
Az+Ay_ in (7.13) and Az_Ayy in (7.14).

7.1.4 Summary

The numerical boundary conditions suggested above are for a problem with left
and bottom physical boundaries and positive and constant velocities. However,
it is not difficult to adjust these ideas to a slightly different problem, namely
a problem with a different flow velocity direction. Later we also apply similar
kinds of numerical boundary conditions to a problem that involves a flow with
non-uniform velocity. This non-uniform problem has four physical boundary
conditions with flow velocity changing direction at each time-step. This requires
that we choose a numerical boundary condition according to the direction of the
flow velocity at each local mesh point.

In the next section we apply the numerical boundary conditions to the prob-
lem we considered here, with a constant and positive flow velocity in both coor-
dinates z and y, and we investigate the stability of the general scheme.

7.2 A problem with constant flow velocity

Consider the two-dimensional flow described in section 7.1, with positive velocity
components V and W. Let Az = Ay, then we have u, = p, = p. Suppose we
have the simplified form of the wall conditions,

w(0,y,t) = 0, (7.15)
u(z,0,t) = 0. (7.16)
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Then, for the discrete problem we have the Dirichlet boundary conditions,
Ugr' =0, Uxt=0, jk=1,...,N, n=0,1,....

In order to build the discrete evolution operators associated with the Lax-
Wendroff schemes and the Quickest schemes, we consider the boundary condi-
tions

1 .
Uly\lf-lt:- =0, U_?I;}-I:-Oa »k=14...,N, n=0,1,....
The schemes can now be written as matrix equations

Ul = BU™, n=0,1..., (7.17)

where U™ = {U}Y,...,Uly,..., U}, ..., Ulyy-- ., Uk, ..., UR N}, and B is an
N? x N? matrix that depends on the scheme used.

For the Lax-Wendroff schemes, the region of stability is given by the von
Neumann method since we consider periodic boundary conditions. Therefore the
stability regions for the Lax-Wendroff schemes are the regions plotted in figure
6.10 and figure 6.11. These regions can also be determined by the condition
[B|| < 1, where B is the iterative matrix in (7.17) for the respective Lax-
Wendroff scheme and || - || is the Ly-norm.

For the Quickest schemes we need to consider additional numerical bound-
ary conditions as already mentioned and therefore the von Neumann stability
analysis is no longer a sufficient and necessary condition for stability. However,
as we have seen in the one-dimensional case, the von Neumann condition is still
a necessary condition for the stability of the scheme.

The stability analysis of the Polynomial Quickest scheme and Taylor Quickest
scheme in the next sections is based on the analysis of the norm and spectrum of
the iterative matrix B in (7.17). As mentioned in the third chapter, a sufficient
condition for the stability of the scheme is given by

IBll <1,
and a necessary condition is given by
p(B) < 1.

In the following sections we investigate the stability for the Polynomial
Quickest scheme and Taylor Quickest scheme when the different types of nu-
merical boundary conditions are applied, observing their effects on the stability
of the general scheme. The matrix size we had selected to illustrate the stabil-
ity regions is such that larger sizes would not lead to significant changes in the
results.
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7.2.1 Polynomial Quickest scheme

In this section we consider the Polynomial Quickest scheme with the numerical
boundary conditions described in section 7.1, observing the differences between
them. We consider the Polynomial Quickest scheme with positive velocities and
therefore the figures that we plot below are for v, and vy positive.

First, we plot in figure 7.1 the stability region given by the von Neumann
method for the Polynomial Quickest scheme since it is still a necessary condi-
tion for the stability of the scheme when associated with numerical boundary
conditions.

Downwind numerical boundary condition

We start to consider the Polynomial Quickest scheme with the numerical
boundary condition described in section 7.1.1, the downwind third difference. It
consists in bringing a forward third order difference instead of a backward third
order difference in z to calculate the values Ulk:k € IN and in y to calculate
the values 1,7 € IN. We have a sufficient condition for the stability of this
scheme plotted in figure 7.2a, ||B|| < 1 and a necessary condition plotted in
figure 7.2b, p(B) < 1. These regions are the regions inside the lines plotted in
the pictures. Therefore the stability region for the scheme considered contains
the region plotted in figure 7.2a and is contained in the region plotted in figure
7.2b. Additionally we take in consideration the von Neumann stability region
plotted in figure 7.1, since the stability region also needs to be inside that region.

Note that in the one dimensional case the region for very small 4 and close to
zero, where ||B|| > 1 (see figure 7.2a), did not cause instability problems when
experiments were run.

A necessary condition that it plausibly also a sufficient condition for the sta-
bility of the Polynomial Quickest scheme with the downwind numerical boundary
condition, is given by the intersection of the von Neumann condition (see fig-
ure 7.1) and the condition p(B) < 1 (see figure 7.2b). Comparing the resulting
stability region with the region given by the von Neumann method, it seems
that when we choose this boundary condition we essentially loose some of the
stability region for v; and v, bigger than one.

It is also worth noting that in the one-dimensional case, the presence of this
numerical boundary condition seems to lead to a more significant loss of stability.
Also, in the two-dimensional problem we do not apply the forward third-order
difference in z and y simultaneously except for the approximated solution value
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UT,. At the other points we keep the upwind third difference in the y direction

and z direction respectively.

Laz- Wendroff numerical boundary condition

We consider the Lax-Wendroff numerical boundary condition mentioned in
section 7.1.2. As in the previous case we plot a sufficient condition in figure 7.3a,
1Bl < 1, and a necessary condition in figure 7.3b., p(B) < 1. Considering the
stability region that is given by the intersection of the von Neumann condition
for the Polynomial Quickest scheme in figure 7.1 with the condition p(B) < 1
displayed in figure 7.3b we observe that we have a smaller stability region with
this numerical boundary condition than with the numerical boundary condition
considered previously.

The loss of stability region when compared with the stability region given
by the von Neumann method seems to be of the same magnitude of loss we
have observed in the one dimensional case. We also notice that the value that
p can take for the scheme to be stable is half of the value that i could take
in one dimension. This is also true when the stability regions given by the
von Neumann method for the one dimensional Quickest scheme and for the two
dimensional Polynomial Quickest scheme are compared.

Numerical boundary condition with fictitious points

Now, we proceed to investigate the stability of the Polynomial Quickest
scheme with the numerical boundary condition involving the fictitious points,
obtained by the conditions in section 7.1.3. Taking in consideration the physical
boundary conditions (7.15) and (7.16) it follows that

1 1
0= Ujt' = 5+ vy + 2u) U + 5y + vy + 2+ 2051 ) U}

1 1
0= Ut = 5(1/,; + V2 +2u)U", + 5(—% +v2 4+ 2u+ 2v,1y)UT,

—'Vzl/yU{lk__l. (7.19)

From the previous equations we evaluate the fictitious points that we need to
use when calculating the approximate solution at the mesh points next to the
boundaries.

We plot the sufficient condition [|B|| < 1 in figure 7.4a and the necessary
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condition p(B) < 1 in figure 7.4b. We can observe some similarity in the figure
7.4a and the von Neumann stability region given in figure 7.1. Consequently we
can conclude that the stability region in this case is determined by the region
|B|| < 1 as had happened for the one-dimensional case. This is the numerical
boundary condition that offers a larger region of stability.

In the next section we consider the Taylor Quickest scheme associated with
the same numerical boundary conditions.

7.2.2 Taylor Quickest scheme

In the previous chapter we observed that the von Neumann stability region
for the Taylor Quickest scheme was smaller than the stability region for the
Polynomial Quickest scheme. Therefore when we introduce some additional
numerical boundary conditions we expect the stability regions to be smaller
than the stability regions of the Polynomial Quickest scheme with numerical
boundary conditions.

The downwind numerical boundary condition and the numerical boundary
condition with the fictitious points for the Taylor Quickest scheme are not ex-
actly the same as the boundaries we used under the same title for the Polynomial
Quickest scheme, but are deduced in the same manner. The Lax-Wendroff nu-
merical boundary condition is still exactly the same.

We first plot, in figure 7.5, the von Neumann stability region for the Taylor
Quickest scheme, since it is a necessary stability condition for this scheme with
numerical boundary conditions.

Downwind numerical boundary condition

The downwind numerical boundary condition is deduced in the way described
in section 7.1.1 by taking a forward third order difference in z or y as necessary,
that is, when there are no sufficient points to do a backward third order dif-
ference. This numerical boundary condition is not exactly the same as the one
considered for the previous scheme since we keep the central difference, instead
of the upwind difference, for the mixed derivatives.

In figure 7.6a we plot the sufficient condition ||B|| < 1 and in figure 7.6b the
necessary condition p(B) < 1. The necessary condition p(B) < 1 intersected
with the von Neumann condition gives us a necessary stability condition that,
as we expected, originates a smaller stability region than the stability region for
the Polynomial Quickest scheme with the similar numerical boundary condition.
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Laz- Wendroff numerical boundary condition

The Lax-Wendroff numerical boundary condition that we apply is described
in section 7.1.2. In figure 7.7a we plot a sufficient condition for the stability
of the numerical scheme, ||B|| < 1, and in figure 7.7b the necessary condition
p(B) < 1. The regions determined by the conditions |IB|| <1 and p(B) <1
for the scheme with the Lax-Wendroff numerical boundary condition are close
to the regions determined for the downwind numerical boundary condition. For
this case we also notice that the regions given by the condition ||B|| < 1 are
nearly the same as the regions given by the von Neumann method.

Numerical boundary condition with fictitious points

We consider the numerical boundary condition described in section 7.1.3 that
involves the calculation of the fictitious points that we need to have when using a
backward third order difference to calculate the approximate solution at the first
interior points next to the physical boundaries. We have the physical boundary
conditions (7.15) and (7.16) and therefore we also have the two equalities (7.18)
and (7.19), that give us the value of the fictitious points that we need.

Applying the numerical boundary condition with the fictitious points we
have a result that does not differ too much from the two previous numerical
boundary conditions. This is not surprising since the results are similar to the
von Neumann stability regions given in figure 7.5 which is a necessary condition
for the stability of the Taylor Quickest scheme with any numerical boundary
condition. Essentially the stability region is slightly larger than the previous
ones for relatively big values of p.

In figure 7.8a we show the sufficient condition ||B|| < 1 for stability and
in figure 7.8b we show the necessary condition p(B) < 1 that intersected with
the von Neumann condition gives the stability regions for the Taylor Quickest
scheme with this numerical boundary condition.

7.2.3 Summary

For the Quickest schemes with the numerical boundary conditions we suggest
that it is quite safe in terms of stability to compute inside the region determined
by the condition p(B) < 1 intersected with the von Neumann condition as
had already happened for the one dimensional case. Although both conditions
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are only necessary conditions for the stability of a finite difference scheme with
numerical boundary conditions, the intersection of both conditions seems to give
us a quite strong necessary condition if not one that is also sufficient. We also
took into account the sufficient condition ||B|| < 1, so that we would have some
more additional information about the stability regions. We conclude that the
numerical boundary condition involving the use of fictitious points gives us the
largest stability region.

In the next section we consider a problem with non-uniform flow velocity.
We apply the same kind of numerical boundary conditions that we have applied
so far in this chapter, although with some minor changes.

7.3 A problem with non-uniform flow velocity

We consider a two dimensional unsteady convection-diffusion flow defined on
the square {(z,y) € R? : (x,y) € [0,1] x [0,1]} with non-uniform velocity,

(v(z,y), w(z,y)),
ou Ou Ou Pu  0%u

— +v— — =D(z= + — 7.20
5 Ve T Vs~ Plaz t 52 (7:20)
an initial condition given by
u(z,y,0) = f(z,y), (7.21)
and the wall conditions,
u(0,y,t) =0  wu(l,y,t) =0, (7.22)
u(z,0,t) =0  u(z,1,t) =0. (7.23)
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u(z,y,0) = f(z,y)

ou du Ju %u 0%

=0 — 4+ v— —=D(—+ — =0
“ ot +v8x+w6y D(3x2+3y2) v
u=20
We define the non-uniform velocity field by
v(z,y) = Vsin(pi7nz)cos(pamy), (7.24)
w(z,y) = -~V cos(prms)sin(pymy) (7.25)
2

where p; and pg can take the values one or two. The stream function associated
with the velocity (7.24), (7.25) is given by:
) = g sin(p17z) sin(pa7y),

where
pomipy = V. (7.26)

A variety of circular motions can be generated by these streamlines. The stream
function is shown in figure 7.9 for different values of p; and p-.
We assume Az = Ay and for v = VAt/Ax we have,

(vz)jx = vsin(pimjAz)cos(pemkAy) (7.27)
(Vy)jk = —V% cos(p1mjAx) sin(pamkAy). (7.28)
2
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where U™ = {U{‘l,...,UI"N,...,Ug‘l,...,U;N,...,UI'\‘,l,...,U}\‘,N}, and B is an
N? x N? matrix and depends on the scheme used. The entries of the matrix B
depend on v; and v,. This means that for a fixed p, if bos denotes the entries of
the matrix B, then the non-zero entries b,3 depend on ((vz)a, (Vy)a). Since the
velocity field is defined by (7.27) and (7.28) the study of stability can be carried
out using the two parameters p and v.

In the next sections we apply the Lax-Wendroff schemes and the Quickest
schemes to the flow with velocity (7.24) and (7.25) for p; = p2 = 1. We investi-
gate the stability of these schemes when applied to this problem. The stability
analysis is mainly based on the observation of the spectrum of the matrix B for
the scheme.

7.3.1 Lax-Wendroff schemes

We apply the Lax-Wendroff schemes to the flow with velocity given by (7.24)
and (7.25) for p; = p2 = 1 and which is represented in figure 7.9.

When applying the Polynomial Lax-Wendroff scheme, we need to take into
consideration that this scheme changes according to the direction of the flow
velocity, that is, when we interpolate the six needed points, although the five-
point star is the same, the sixth point is chosen in agreement with the direction
of the flow velocity. This particular fact makes the building of an algorithm
that computes the approximate solution slightly more complex than if we could
use the same finite difference scheme independently of the flow velocity. In the
former case we need to test the direction of the flow velocity at each time step
and then, according to the result, choose the correct finite difference formula.

The Taylor Lax-Wendroff scheme is used independently of the flow velocity
and therefore its implementation is slightly simpler than for the polynomial
Quickest scheme as explained above.

We plot the stability regions for both schemes in figure 7.10, given by the
conditions ||B|| < 1 and p(B) < 1. It seems that although for the problem with
constant velocity the Polynomial Lax-Wendroff scheme offers a larger stability
region, this fact is not so evident in the non-uniform case. We can observe that
for u close to 0.25 there is a larger range of v values inside the stable region.
The maximum value that u takes in a stable region for the case with constant
velocity is for both schemes 0.25 and this is still the case for the non-uniform

velocity.
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I
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Figure 7.10: Matrices size 152 x 15%; p(B) < 1(-),||B|| € 1(-= - -): (a) Polynomial
Lax-Wendroff (b) Taylor Lax-Wendroff.

7.3.2 Quickest schemes

To apply any of the Quickest schemes to a flow with velocities that change
directions and subject to various physical boundary conditions, requires careful
work.

N U S

Figure 7.11: Arrows show the direction of the flow velocity and the first interior
mesh points next to the walls are indicated.

There are two main facts that contribute to the difficulty. First we need
to change the discrete points that we use at each time step, according to the
direction of the flow velocity and, secondly and more importantly, we need to
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have numerical boundary conditions which also depend on the direction of the
flow velocity next to the walls.

In figure 7.11 we plot the direction of the flow inside the domain that we are
considering and we denote the approximate solution at the first interior mesh
points, next to the walls, that are calculated as numerical boundary conditions.
Note that we are considering the flow with velocities (7.24) and (7.25) for p; =
P2 = 1 as represented in figure 7.9.

Taylor Quickest scheme — Downwind numerical boundary condition

First we describe the numerical boundary conditions applied to the Taylor
Quickest scheme. When applying the downwind numerical boundary condition,
as already mentioned, we need to take into account the signs of the velocity
components when discretising the values next to the walls.

The numerical boundary conditions that we use to calculate the approxi-
mated solution values {U;1,j = 2,...,N — 1}, consist of applying a forward
third-order difference in the y direction at all the points of the set independently
of the sign of w and a backward or forward third order difference in the z direc-
tion according to the sign of v. For the set of values {U;y,5 = 2,...,N -1},
we apply a backward third order difference in the y direction at all the points
independently of the sign of w and a backward or forward third order differ-
ence in the z direction according to the sign of v. Similarly for the set of
values {Uy,k = 2,...,N — 1} we apply a forward third order difference in the
z direction at all the points independently of the sign of v, and for the set
{Unk,k = 2,...,N — 1} we apply a backward third order difference in the z
direction at all the points independently of the sign of v, and for both sets we
apply backward or forward third order difference in the y direction according to
the sign of z.

To calculate the approximate solution values at the corners of the domain,
namely U1y, Uin,Un1 and Unn, we use respectively a forward third-order dif-
ference in the z direction and y direction; a forward third-order difference in the
z direction and a backward third-order difference in the y direction; a backward
third-order difference in the = direction and a forward third-order difference in
the y direction and a backward third-order difference in the z direction and y
direction.

We show the stability region of the Taylor Quickest scheme with the down-
wind numerical boundary condition in figure 7.12.
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0 005 01 0I5 02 025 03
M

Figure 7.12: Matrix size 152 x 15%: Taylor Quickest with downwind numerical boundary
condition: p(B) < 1(-), ||B]| < 1(---)

Figure 7.13: Matrix size 152 x 152: Taylor Quickest with Lax-Wendroff numerical
boundary condition:p(B) < 1(-), ||B|| < 1(---):
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Taylor Quickest scheme - Laz- Wendroff numerical boundary condition

The Lax-Wendroff numerical boundary condition consists of applying the
Taylor Lax-Wendroff at all the discrete points next to the walls, namely Ui, k =
l,...,N, Uj,j = 1,...,N, Uny,k = 1,...,N and Ujn,j = 1,...,N. The
stability region is displayed in figure 7.13 and is a smaller region than the stability
region for the scheme with the downwind numerical boundary condition.

Taylor Quickest scheme - Fictitious points numerical boundary condition

This numerical boundary condition consists of using fictitious points. We
calculate the fictitious points by applying a Lax-Wendroff scheme that is ob-
tained by performing an interpolation of six discrete points around the discrete
points on the boundary. These interpolation points are chosen according to the
direction of the velocities of the approximate solution next to the walls. The
boundary values where the Lax-Wendroff scheme is applied are Uy, Ug, UK 1
and Ujy,. We explain this procedure in more detail in what follows. We define
the following operator P,

1 1
PU],:'k = [1 - Vz;A:L‘O - VyAyO + (§V£ + u)df, + (§V§ + u)éz]Uﬁk

Taking into account the signs of the velocities next to the walls, that is, at the
first interior mesh points, we obtain that for the points U J’-fo then, if w is positive,

U;'f(')i-l = PUJ + vayAr-Ay Ufy, if v is positive,

Uﬁgl = PU}fo + V:L‘VyAz-}-Ay-{-Uﬁo, if v is negative.
For the points U(?,k if v is positive then

U(?,}CH = PUpy + vavyAg 8y Ugy  if w is positive,

U(?,;crl = PU(?,k + VszAm+Ay+U6‘,k if w is negative.

For the points Uy, , if v is negative then

Untie = PURk + vatyBa- Ay URyyps  if w is negative,
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n+l1 n . . o, .
UN+1,k = ’PUlr\lI+1,k + VxVyAz—Ay—UN_,_l’k, if w 1s positive.

For the points U1 if w is negative then

n+1 —_— n n . . o,
Uini1 =PUjing + veyQg— By Ul N4, if v is positive,

J'f]t,il =PUj'Nsy + veVyDzy Dyt Ui N1 if v is negative.
Now, considering the fact that we have Dirichlet boundary conditions on the
walls, after some algebra we obtain,

0= 1w+ 1/3 +2u)Uj_y + -y + Vf, + 2u + 2v,1) U,

< —vayUi 1) (7.29)
0= J(vy+v2+2u)Ur ) + §(—vy + vy + 20 — 2021) U7y
+VxVyU}l+1,1

(0= %(Vz + 2+ 2u)U  + -é—(—ux + V2 + 2 — 2v21y)UTY
0= 4(vz+vZ+2u)Ul,;+ H—ve + V2 +2u — 2v,1) U7,
L —VzUyU{';k_l

(0= %(—Vz + v+ 2u)UR 4ok + %(Vx +v2+2u— 2uzy ) U &
—vayUN k1
< 0= 1( 2 n 1 2 n (731)
- 2 _Vm+V:v+2P‘)UN+2,k+§(V$+V:L‘+2N+2V-’EV3/)UN,I¢
\ +uzVyUR k1

( 0= %(_Vy+V§+2H)U;:N+2+%(Vy+V§+2H+2VmVy)U;:N

- n
< vy UpsLn (7.32)

0= L(—vy+v2+2u)Ulyyo+ 5(vy + v + 20— 20014)Ufy

n

From the previous equations (7.29)-(7.32) we calculate the values of the fic-
titious points and use those values in the general formula of the Taylor Quickest
scheme next to the walls where the fictitious points are needed.

The stability region for the Taylor Quickest scheme with the numerical
boundary condition involving the fictitious points is displayed in figure 7.14.
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Figure 7.14: Matrix size 152 x 152: Taylor Quickest with fictitious point numerical
boundary condition: p(B) < 1(-), |[|B|| < 1(---).

This stability region is very similar to the stability region given by this scheme
with the downwind numerical boundary condition (compare with figure 7.12).

Now we turn to the Polynomial Quickest scheme when numerical boundary
conditions are applied. We give the same name to the numerical boundary con-
ditions but it is important to note that they are different when applied to the
different Quickest schemes. We use the same name since it is associated with the
framework we use to deduce the numerical boundary conditions. The different
Taylor Quickest schemes that we obtain by assuming different directions of the
flow are only different in terms of the approximation of the third derivative. The
same does not happen with the Polynomial Quickest scheme which also changes
according to the way that the mixed derivatives are approximated. These dif-
ferences make the numerical boundary conditions that we use with this scheme
slightly different from the numerical boundary conditions that we had used with
the Taylor Quickest scheme.

Polynomial Quickest scheme - Downwind numerical boundary condition

We consider the Polynomial Quickest scheme with the downwind numerical
boundary condition. This numerical boundary condition consists of approxi-
mating the third derivative with a forward third-order difference instead of a
backward third-order difference or vice-versa, as required. The stability region
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is shown in figure 7.15. This stability region is larger than the stability region
for the Taylor Quickest scheme with the similar numerical boundary condition.

Polynomial Quickest scheme — Laz- Wendroff numerical boundary condition

We consider the Lax-Wendroff numerical boundary condition and in this
case we consider none of the previously described Lax-Wendroff schemes but
the one that results naturally from the Polynomial Quickest scheme, that is, by
considering the derivatives of order three equal to zero. By doing this we use
two different Lax-Wendroff schemes according to the direction of the velocity
components. When w and v have the same sign we have,

Uit = Ul — voBgoUlk — vy AyoUT,;
+(502 + w)BU + (502 + )82,
+-;-VxVyAy+Ax_UJ’-‘k + %uzuyAaH.Ay_ n (7.33)
When v and w have opposite signs we have,
U;‘kﬂ = Uj - veAzoUjy — vyAyoUj)
+(%v§ + 1) B2UR, + (507 + ) 82U,
vy Ay Doy Ul + svayBe Ay UG (734

The stability region for this numerical boundary condition is shown in figure
7.16. This region is significantly smaller than the stability region computed
for the previous numerical boundary condition, although slightly larger than the
stability region for the Taylor Quickest scheme with the Lax-Wendroff numerical
boundary condition.

Polynomial Quickest scheme - Fictitious points numerical boundary condition

The numerical boundary condition consisting of the calculation of fictitious
points is obtained in a similar way as that used for the Taylor Quickest scheme.We
compute the fictitious points using the equalities (7.29)-(7.32) and use these
values when needed in the general formula of the Polynomial Quickest scheme
determined according to the direction of the flow velocity, at the points next to
the physical boundaries.
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Figure 7.15: Matrix size 152 x 15%: Polynomial Quickest with downwind numerical
boundary condition: p(B) < 1(-), |[|B|| < 1(---).
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Figure 7.16: Matrix size 152 x 152: Polynomial Quickest with Lax-Wendroff numerical
boundary condition: p(B) < 1(-), ||B|| <1(-:-).
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Figure 7.17: Matrix size 152 x 15%: Polynomial Quickest with fictitious point numerical
boundary condition: p(B) < 1(-), ||B|| < 1(~--).

The stability region for the Polynomial Quickest scheme with the numerical
boundary condition involving the fictitious points is displayed in figure 7.17.

7.3.3 Summary

We have observed that, for this problem with non-uniform velocity, the largest
stability region for both Quickest schemes is given by numerical boundary condi-
tions with the fictitious points and also by using downwind numerical boundary
conditions. In the case of the two Lax-Wendroff schemes, there was only a slight
difference between their stability regions, the larger being that of the Polynomial
Lax-Wendroff scheme.

In the next chapter we turn to a particular Navier-Stokes problem to which
we apply only the Taylor Lax-Wendroff scheme and the Taylor Quickest scheme.
In the latter case we also take into account the different numerical boundary
conditions.




Chapter 8

The Navier-Stokes equations

So far we have considered the discretisation and associated stability questions
for a convection-diffusion equation but equally important is that a convection-
diffusion equation lies at the centre of fluid mechanics and, in particular, the
Navier-Stokes equations. These equations have been regarded with scientific
fascination for the wide variety of physical phenomena that come within their
governance.

Unfortunately, from the point of view of computational fluid dynamics, most
flow situations occurring in nature and in technology enter into a particular form
of instability, called turbulence. This occurs when the velocity, or more precisely,
the Reynolds number defined as the product of representative scales of velocity
and length divided by the kinematic viscosity is sufficient large. Although there
has been considerable progress in the development of computational techniques,
the accurate numerical simulation of high Reynolds number flows remains a
difficult and costly exercise. However, there are also a significant number of
applications where the Reynolds number is sufficiently small for the flow to be
laminar.

Many of the difficulties encountered in early Navier-Stokes calculations were
inherent not only in the choice of the difference equations (accuracy), but also
in the method of solution or choice of algorithm (convergence and stability),
in the manner in which the dependent variables or discretised equations were
related (coupling), in the manner that boundary conditions were applied, in the
manner that the coordinate mesh was specified (grid generation), and finally, in
recognising that for many high Reynolds number flows not all contributions to
the Navier-Stokes equations were necessarily of equal importance. Many of the
computational techniques and difficulties are widely reported, for instance, in
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Hirsch [30], Fletcher [15], Peiret and Taylor [57] and Roache [65).

The finite difference method is a popular technique in fluid mechanics. Its
application to the Navier-Stokes equations has been studied by many authors
and there is a substantial literature on the subject.

In this chapter a numerical simulation of unsteady incompressible flow in two
dimensions in a unit cavity is undertaken. We consider the formulation of the
unsteady Navier-Stokes equations in terms of the vorticity and the streamline
function and approximate the vorticity equation using the Taylor Lax-Wendroff
scheme and the Taylor Quickest scheme. For the third-order Quickest scheme
near the boundary we consider the numerical boundary conditions discussed in
the previous chapter. We run experiments to illustrate the practical stability of
the scheme for a Navier-Stokes problem and show how results from the simpler
case presented in the previous chapter carry over to the more complex case.

We close this chapter by considering a global iteration matrix for the stream-
function vorticity formulation for the Navier-Stokes equations, showing that the
true time marching iteration matrix is more complicated than the matrix it-
eration for the convection-diffusion equation that is part of the Navier-Stokes
equations. Indeed, examination of a one-dimensional test problem shows that
the full system has much tighter stability constraints than would be predicted
from the convection-diffusion equation alone.

8.1 Introduction

The equations of motion of an incompressible fluid are:

Ou 1
5t +u-Vu= ;Va, (8.1)

V-u=0. (8.2)
Here o is the stress tensor and u = (u,v). If the fluid is Newtonian, the stress

tensor o is given by
o= —pd+ py. (8.3)

where § is the Kronecker delta; p is the hydrodynamic pressure and g is the
dynamic viscosity (which will be assumed to be constant). In two dimensions
the rate of strain tensor is defined by

_ 2ug Uy + Vg
T= vy +ug  2vy '
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If (8.3) is substituted into (8.1) and if the continuity equation (8.2) is invoked,
the Navier-Stokes equations are obtained:

ri1£+u Vu = L +v 8%4_@
u= pp:L' 6y2 ’

ot O0zx?

ﬁ (8.4)
QE+u-Vv= —lp +V<&+@)

L ot P y Ox? 3y2 -

Here v is the kinematic viscosity (v = p/p).
Stream-function vorticity

An alternative form of the equations (8.4) that has been applied extensively
in two-dimensions is obtained using a vorticity, w, and a stream function %
formulation.

Let w = v; — uy and consider % such that

U = 1y, v = —Y;.
This definition leads to the equation
w=—-V%.

To obtain the vorticity transport equation the momentum equations (8.4) are
cross differentiated: P

w
5 tu Vw= vViw. (8.5)

Significantly, the pressure no longer appears explicitly in the (¢, w)-system and
the vorticity is determined by a convection-diffusion equation (but with non-
constant velocity).

Non-Dimensionalisation

Let T be the time scale, L a length scale set by the system size and U the
velocity scale set by the boundary conditions. Consider

Uw t T U
) _ YW I = r_ 2 r_ 2
- L ’ T, T ‘L’ u U,
and let St = L/UT be the Strouhal number. So the equation (8.5) becomes in
dimensionless variables (dropping the prime for variables):

Ow 1
St—a—z+qu—-ﬁé

W

Viw. (8.6)
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where Re = UL/v is a Reynolds number. If we consider the time scale T = L/U
we will have a Strouhal number equal to one.

8.2 Model problem : Driven cavity

Our aim is to study the development of (1, w) calculations through the example
of the flow in a driven cavity. This problem has served as the prototype for the
incompressible Navier-Stokes equations; see, Benjamim and Denny [6], Schreiber
and Keller [69], Hou and Wetton [32] and Shen [68], only to mention a few.
We will, however, find it useful to consider a new variant of the driven cavity
problem.

The stability results for the new variant of the driven cavity problem are
then compared with the results obtained by computing the traditional driven
cavity problem.

8.2.1 Problem formulation

In two space dimensions our Navier-Stokes problem can be written in terms of
the vorticity w and the stream function 1, as follows:

Wt + UWg +Vvwy = éV%} (8.7)
V3 = —w (8.8)

u = Py (8.9)

v = —y. (8.10)

This set of equations is usually completed by specifying the velocity on the
boundaries of the flow domain, either explicitly such as u = 0 on a non-moving
wall, or implicitly, for instance in a periodic channel of length [ in the z direction,
u(z +1,y) = u(z,y)-

We consider the equations (8.7), (8.8), (8.9) and (8.10) in a cavity which is
driven by having the wall vorticity specified, rather than a non-constant wall
vorticity, see figure 8.1. The cavity problem we consider is different from the
traditional problem and we are not aware that it has been used before.

The traditional problem assumes © = 0 and v = 0 on all the fixed walls and
on the moving wall at y = 1 it assumes u = 1 and v = 0. These boundary
conditions can be written in terms of the stream function as

P =0
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w = wN
u=v=0
w = ww W E
Uu=7v= u=v=_0
W = wgs
u=v=0

Figure 8.1: Driven Cavity with vorticity specified on boundaries

on all boundaries and

oY

3, =
where € = 0 on fixed walls and ¢ = —1 on the moving wall at y = 1. The
coordinate n is normal to the surface. At first it seems it that we have too many
boundary conditions for (8.8) and none for (8.7). However if (8.8) is substi-
tuted into (8.7), the resulting equation for the stream function has appropriate
boundary conditions. Finding boundary conditions for the vorticity is a mat-
ter of converting one of the boundary conditions for the stream function to a

€

boundary condition for the vorticity.

The problem that we consider is not the traditional driven cavity problem
because we define the vorticity on the walls. We choose these unusual bound-
ary conditions to allow us to concentrate on the problems associated with the
convection-diffusion vorticity equation (8.7), isolated from the Poisson equation
(8.8). In choosing this model problem we also disregard the numerical compli-
cations that can be associated with the way we choose the vorticity boundary
conditions. A substancial literature is dedicated to this difficulty and a survey
of the different vorticity conditions that can be used is given by Napolitano et
al [52].

Although this problem is not physical, in the sense that there is no physical
mechanism to generate a specific vorticity on the wall, it is expected that it pre-
serves qualitatively the dynamical properties of the driven cavity flow. However
since the velocity distribution along the walls is different than that of the driven
cavity flow, it is clear that the effective Reynolds number will be different for
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the two flows.
An N x N grid, with spacing

i§ laid on the driven cavity, and we then consider continuous time approximations
¥ij(t) to ¥(ih, jh,t). The approximations @;;, i;; and ¥;; are defined similarly.

In terms of the operators defined earlier we approximate the Navier-Stokes
equations by:

o™t = "+ F(&™) (8.11)
V%¢n+1 = —ontl (8.12)
antl = A0y¢n+1 (8.13)
gl = _ond;n+1 (8.14)

where F'(&") is a finite difference approximation such as, a Lax-Wendroff scheme
or a Quickest scheme to approximate the convection-diffusion operator in (8.7).

The above approximations can be implemented as follows: The solution
starts with the establishment of initial values of ¥, w, u and v everywhere at
time ¢ = 0. These initial conditions may correspond to some real initial situa-
tion for a transient problem of interest. Then the computational cycle begins
as some finite difference equation (8.11) for the vorticity equation (8.7) is used
to calculate an approximation to w; at all interior points in the computational
field. The new values of w are calculated at a new time level, increased by an
increment At, by marching the vorticity transport equation forward in time. For
example, (neww) = (oldw) + Atw;. The next step in the computational cycle is
to solve the Poisson equation (8.8) using a multigrid method to get new values
of the stream function v, using the new interior values of w. At this point, new
velocity components can be evaluated by finite difference equations (8.13) and
(8.14) for the equations (8.9) and (8.10). Note that the w values are given at
the walls. Then the computational cycle is repeated until the desired time is
reached.

8.2.2 The vorticity equation

The incompressible flow equations are more complicated than the vorticity equa-
tion alone, but the relation is close enough so that a study of the simpler vorticity
equation is beneficial to the study of the incompressible equations. The vorticity
transport equation, in either its non-conservation form or its conservation form,
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is parabolic in time, contains two independent space coordinates, and is coupled
to the elliptic Poisson stream-function equation through the nonlinear advective
terms. But many aspects of the behaviour of this equation can be studied, and
the essential features of many finite difference schemes can be illustrated.

We consider the model problem described in the previous section. The vor-
ticity equation (8.7) is approximated by (8.11). For this specific problem, where
the vorticity is explicitly given on the walls, the vector @" of interior solution
values

~,

— (5N ~n ~n ~n T
w _(wl,l"“’wl,N—l""’wN—l,l""’wN—l,N—l)

b

at the (n + 1)th time level is related to the vector of solution values at the nth
time level by the equation,

ontl =A(ﬂn,?~)n)&)n+bn,

where b" is a column vector of known boundary values and zeros and A is an
(N —1)2 x (N - 1)? matrix.

The finite difference schemes we consider in this chapter to approximate the
vorticity equation are the Taylor Lax-Wendroff scheme and the Taylor Quickest
scheme. The latter is associated with the numerical boundary conditions de-
scribed in the previous chapter for a flow with non-uniform velocity. In the next
section we present the numerical results when both methods are applied.

8.2.3 Numerical results and discussions

The numerical computations for the variant of the traditional driven cavity were
performed for a mesh size 16 x 16. The initial conditions were taken to be zero
for all the computations, unless otherwise specified. The vorticity values at the
walls are

wy =5 and wg =ww =wg =0.5.

These vorticity values were chosen with arbitrary magnitude but so as to obtain
a single vortex flow.

In the usual form of a driven cavity problem, energy is provided to the
system through forces acting on the moving wall and this energy is dissipated
by viscous action, becoming heat which will be lost through the cavity walls. In
the modified cavity problem, energy is input through application of a torque to
the fluid near the boundaries and that energy too is dissipated by viscous action
in the interior of the cavity.
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We consider the following finite difference approximations to approximate
the vorticity equation: the Taylor Lax-Wendroff scheme and the Taylor Quickest
scheme with three different numerical boundary conditions, the downwind third
difference numerical boundary conditions, the Lax-Wendroff numerical boundary
conditions and the numerical boundary conditions involving fictitious points. All
these numerical boundary conditions were given in detail in section 7.3.

The main measures we use to determine whether we have convergence are
the change in vorticity over one time step, referred to as the vorticity error, and
the total kinetic energy.

Energy is a conserved quantity, that we compute in the inner points (z;,yx) €
[0,1] x [0,1]:

N-1N- 1 1/2
NE|| = @2(jh, kh) + 92(jh, kh)) . (8.15)
j=1 k=1

and the vorticity error is measured by:

N-1N- 1/2
|ew||—{z Z (@ (jh, kh) "(jh,kh))2} : (8.16)

In figure 8.2 we plot the vorticity error ||ew|| as the step size diminishes and
in figure 8.3 we plot the values of ||E|| as time changes, for a Reynolds number
Re = 103. Observing figure 8.3 we can also see that the Taylor Lax-Wendroff
scheme seems to be more dissipative.

To analyse the stability regions for the Navier-Stokes equations and to com-
pare them with the stability regions that we computed for a convection-diffusion
problem with non-uniform velocity in the previous chapter, we write the stream-
function 1 as a Fourier series:

Y(z,y) Z Z Prs sin(nrz) sin(msy), (8.17)

T S

where the Fourier modes v, are given by

Prs = 4/01 /01 Y(z,y) sin(wrz) sin(wsy)dzdy.

Since we are primarily investigating single vortex flows (see figure 8.9a) where
the dominant mode is associated with 1;;, we approximate 1 by

¥ = oy sin(wz) sin(my).




Chap. VIII: The Navier-Stokes equations 159

llewl|

Figure 8.2: Vorticity error at the time ¢t = 400 and Reynolds number Re = 103 for
Taylor Lax-Wendroff (- - -) and Taylor Quickest scheme with: Downwind numerical
boundary (- - ~); Lax-Wendroff numerical boundary (—-); Fictitious points (—)
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Figure 8.3: Energy until the time ¢ = 400, Reynolds number Re = 103 and time-step
At = 0.01 for Taylor Lax-Wendroff (- - -) and Taylor Quickest scheme with: Downwind
numerical boundary (- - —); Lax-Wendroff numerical boundary (—~); Fictitious points
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We d
e denote At L At

v= 1/3117r7 and p=——.

Note the similarity of the above definition of v defined in the previous chapter
were the equality (7.26) for py = 1 gives,

v = wowéhf.

We plot the stability regions in the coordinates (u,v) in the figures 8.4 and
8.5. In these figures the curve in bold limits the practical stable region for the
Navier-Stokes equations. The other curves are a repetition of the figures 7.10b,
7.13, 7.12 and 7.14 respectively. Those curves limit regions that have been
determined by whether the the value of the norm and spectrum of the iterative
matrix, of the respective scheme, are less than one. The practical stability
regions for the Navier-Stokes equations are determined based on the behaviour
of the vorticity error and the energy. If the energy is conserved and the vorticity
error is converging to zero we assume we have practical stability.

The figures 8.4a and 8.4b show that the Navier-Stokes equations stability
regions are similar to the regions that were determined in section 7.3, for the
Taylor Lax-Wendroff scheme and the Taylor Quickest scheme with Lax-Wendroff
numerical boundary conditions, by the fact that the the norms of the iterative
matrices are less than one respectively. On the other hand figures 8.5a and 8.5b
show that the stability regions for the Navier-Stokes equations is close mostly
to the regions determined by the value of the spectrum, for the Taylor Quickest
scheme with the downwind numerical boundary condition and the numerical
boundary condition involving fictitious points.

The computations were performed for a given Reynolds number Re and a
fixed value of the mesh size h. We searched for the maximum value the time-step
At could take, in order to have stability. In a linear problem, if At is chosen too
large to satisfy the stability condition, the numerical results exhibit oscillations
that grow very rapidly, and after few time steps their amplitude is infinite so that
an overflow is registered by the computer. The phenomenon is characteristic of
instability. In this case we have a non-linear equation, the vorticity equation, and
the demarcation between stable and unstable calculations is not as sharp as for
linear problems. The instability is more difficult to discover because sometimes
no overflow appears and the amplitude of oscillations can remain bounded. None
the less, we plot in figures 8.4 and 8.5, the results where it seems to be clear
that we have stable solutions (not necessarily accurate).
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Figure 8.4: (a) Taylor Lax-Wendroff scheme; (b) Taylor Quickest with Lax-Wendroff
numerical boundary conditions. Line in bold limits the region where the Navier-Stokes
problem is stable. The other regions are a repetition of figures 7.10b and 7.13 respec-
tively.
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Figure 8.5: (a) Taylor Quickest with downwind numerical boundary conditions; (b)
Taylor Quickest with fictitious points as the numerical boundary condition. Line in
bold limits the region where the Navier-Stokes problem is stable. The other regions are
a repetition of figures 7.12b and 7.14 respectively.
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Figure 8.6: (a) Taylor Lax-Wendroff scheme; (b) Taylor Quickest with Lax-Wendroff
numerical boundary conditions. Line (——) denotes the practical stability region for the
Navier-Stokes problem for a mesh size 16 x 16; Line (—) the same for a mesh size 32 x 32.
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Figure 8.7: (a) Taylor Quickest with downwind numerical boundary conditions; (b)
Taylor Quickest with fictitious points as the numerical boundary condition. Line (—-)
denotes the practical stability region for the Navier-Stokes problem for a mesh size

16 x 16; Line (—) the same for a mesh size 32 x 32.
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When performing the computations the region that limits the maximum
value of u on the right side of figure 8.4 and figure 8.5 seems to almost coincide
with the region given in chapter seven. Also the transition between the stable
and the unstable region is quite clear, in the sense that the vorticity error or
either converges to zero or blows up very fast. On the other hand considering in
these figures the top line that determines the maximum value that v can take
in the stable regions, the transition from stable to unstable is not so clearly
detected. We do not have a clear divergence immediately but we have a region
were the vorticity error oscillates between some fixed values or is constant with a
non-small value. The energy sometimes looks conserved other times also present
oscillations between fixed values. As the solutions neither tend to a steady state
nor to a suitable physical oscillation, we categorise this region as numerically
unstable.

For the same schemes as above, in figures 8.6 and 8.7 we compare the stability
regions obtained when considering a grid 32 x 32 with the grid 16 x 16. We obtain
a smaller region for the former, but it does still not seem to be very significant
difference from the stability regions plotted in the previous chapter and repeated
in figures 8.4 and 8.5.

35 : : : : - 15 —
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Figure 8.8: Mesh size 32 x 32. Line (——) denotes the practical stability region for
the Navier-Stokes problem for the traditional driven cavity problem; Line (—) denotes
the practical stability region for the Navier-Stokes problem for the modified driven
cavity problem. (a) Taylor Lax-Wendroff; (b) Taylor Quickest with downwind numerical
boundary conditions.
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cavity does not show stability for a Reynolds number larger than 7500, instead
we get bounded oscillations even for very small time-steps. We did not analyse
the nature of this phenomenon, although the reasons may be associated with
the dynamical features of the physical problem as reported in the literature for
the driven cavity in papers such that Bruneau and Jouron [7], Goodrich et al
[25] and Shen [68], when other numerical schemes were used.

We plot the streamline contours for the modified cavity flow in figure 8.9a
and for the traditional driven cavity in figure 8.9b.

In the next section we consider global iteration matrices for the stream-
function vorticity formulation for the Navier-Stokes equations, showing that the
true time marching iteration matrix is more complicated than the iterative ma-
trix for the convection-diffusion equation that is part of the Navier-Stokes equa-
tions. We examine a one-dimensional test problem, which suggests that the full
system should have tighter stability constraints than would be predicted from
the convection-diffusion equation alone.

8.3 Global iteration matrices for the stream-function
vorticity

We continue to consider the stream-function vorticity formulation for the two-
dimensional Navier-Stokes equations, given by (8.7)-(8.10). To these equations
one has to add boundary conditions on the velocity and possibly the vorticity.

Our main concern in this section is not so much the fine detail of how the
equations are discretised but rather in formulating the overall iterative procedure
in terms of a global iteration matrix, something which does not seem to have
been done previously. This work is reported in Sousa and Sobey [77].

As an example we consider a relatively simple one-dimensional model prob-
lem which mimics the major features of the stream-function vorticity formu-
lation. Although stability regions for multidimensional schemes can be more
stringent than stability regions for their one-dimensional counterparts, our ex-
perience in examining the stability constraints of a convection-diffusion equation
alone is that general guidelines that come from one-dimensional model problems
are nevertheless useful when we turn to two-dimensional equations. So we think
the results of this simple model problem are sufficiently interesting to be exam-
ined now although we intend in a further work to consider more complicated
two dimensional problems using the same general formulation for the stability
of the global iteration matrix.
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8.3.1 Formulation

We suppose that (as is true for most two-dimensional stream-function vorticity
calculations) the computational domain can be divided into two sets: points in
the interior of the region where the vorticity is updated through the convection-
diffusion equation, (8.7), and points on the boundary where the vorticity update
occurs after the stream function has been updated to the new time level. The
set of interior points is denoted by a subscript I while the boundary points are
denoted by a subscript B, so that W} and ¥7 are vorticity and stream function
values in the interior (which may of course, include inflow or outflow boundary
points where the vorticity is still determined by convection-diffusion) at time
t = tp. The boundary sets are then W7 and ¥%. Underlying the discussion
here is an assumption of a uniform mesh of size h in both directions but it is not
an essential assumption and the theory could be developed analogously for more
general meshes. We shall also assume that the boundary values of the stream
function vanish although that restriction can be lifted to add a little further
algebraic complexity, as we intend to do in a future work.

Most time marching discretisations for the vorticity equation can be written

QW7 = AW? + BW7, (8.18)

for suitable matrices Q, A and B. This of course hides the non-linearity of the
Navier-Stokes equations since the matrices A and B are both functions of the
stream function but for the moment this can be kept in the background. The
equation (8.18), also covers most implicit or explicit time marching schemes.
Next the stream function in the interior has to be determined from the up-
dated vorticity in the interior. This is a linear equation, a discrete form of (8.8),

which can be written ]
LT = -Wit, (8.19)
where L is a suitable matrix of discretisation of the Laplace operator. The
values of the stream function on the boundaries will have been specified by the
flux though the flow region.

The boundary vorticity values are then found from applying a discrete form

of (8.8) at the boundaries using the updated values of the stream function (and
possibly the interior vorticity),

1

+1 __
W% "h2

MU+ + PWTHL (8.20)
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where M and P are suitable matrices. The matrix P is zero in many formulations
but for instance in Woods’ method [95] the interior vorticity is used in updating
the wall vorticity with second order accuracy.

This enables the stream function to be eliminated,

Wi = (P - ML~ Y)WH, (8.21)
and then the update of the vorticity in the interior can be replaced so that
Wi = (P - ML 1)Q 1(AW? + BWE). (8.22)

This essentially completes the derivation of the iteration matrix for this version
of the Navier-Stokes equations, since we now have

R O e S I

Wit (P-MLY)Q!A (P-MLHQ!'B | [ W} ] , (8.23)

or
Wt = KwW", (8.24)

where we use K to denote the overall iteration matrix.

The usual method to consider stability of a convection-diffusion equation is
to examine the eigenvalues of the matrix A. In the case of the Navier-Stokes
equations that is not sufficient and it is the eigenvalues of a global iteration
matrix such as K which must be considered.

8.3.2 One-dimensional model problem

The iteration matrix K is difficult to calculate for an arbitrary domain and
associated mesh but for some easier examples all the matrix algebra, including
matrix inversion is within the capability of MATLAB. It is also true that the
separation of the domain into interior and exterior points introduces an ordering
which is a little involved from an implementational viewpoint. In the case of
one space dimension the ordering is fairly simple and quite fine discretisation is
computationally feasible. Consequently we have examined the following model
problem.
The vorticity transport is described by

ow Oow 1 d%w

b —_— = —— <zr< .
o "oz ~Regm2’ 0S7Sh (8.25)
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where u may be either a positive constant or a variable function of z, and the
vorticity is related to the function ¢(zx,t) by

0%y
—8;2— = —W. (826)
The boundary conditions on the function v are
¥(0,8) = ¥(1,t) = 0. (8.27)

Of course the long time solution to this problem will be ¥ = w = 0 but that
does not alter the utility of the model problem for studying the stability of the
time marching iteration process.

Assume then that this system is discretised in space at points z; =jh, j =
0,...,M with h = 1/M and discretised in time with a time step At so that
tn = nAt. The interior of the domain will be the points j = 1,...,M —1
while the boundary points are at j = 0 and j = M. A simple explicit forward
difference in time is used so that

Ow ~ 1 n+l1 n
In this model problem the interior and boundary vectors are
T=Wr,wr,. . WE_)T, and W% = W3 WiT. (8.29)

We consider a number of different space discretisation schemes, both for the
convection-diffusion equation and for specifying the boundary vorticity. The
first set use the simplest discretisation for the boundary vorticity, due to Thom
[80],

WJL = —2——’22—, W]CI = -2 h2 ) (830)
so that the matrix P vanishes and the matrix M is simply
-2 0 --- 0 O
M = :
00 ---0 -2}’ (8:31)

with M —1 columns. If the ‘Poisson’ equation, (8.26) is discretised using second
order central differences, the square matrix L of size M — 1 is also simple to
write down and will not vary in any of the following,

[—2 10 --- 0 0 0]
1 -2 1 .- 0 0 0
L= T S I (8.32)
0 0 0 1 -2 1
| 0 00 0 1 -2
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The remaining matrices A and B depend on the discretisation method but
once specified they can be calculated by MATLAB and the matrix K assembled

and analysed. In the next few sections we use two numerical parameters, a

Courant number,
_ uAt

= 8.33
v=— (8.33)
and a parameter representing the effect of viscosity,
At
— . 8.34
#= Ren? (834

The calculations we present are, unless otherwise stated, for the case M = 30.
Other experiments with larger values of M only change the results a little and
not in any significant way.

Lax-Wendroff

If the convection-diffusion equation is discretised using the compact three point
Lax-Wendroff scheme then the (M ~1) x (M — 1) matrix A and the (M —1) x 2
matrix B are given by

[(1-2a a-v 0 - 0 0 0 |
at+v 1-2a a-v --- 0 0 0
A= : : P e : : ) (8.35)
0 0 0 v a4+v 1-2a a-v
0 0 0 0 a+v 1-2a |

where a = p + -;-1/2, and

[a+v 0 ]
0 0
B=| . (8.36)
0 0
| 0 a-v |

The matrices A and B (and hence K) depend on the two numerical parame-
ters 4 and v and in figure 8.10 we show the contour in the (u, v)-space where the
spectral radius p(A) = 1 and p(K) = 1. It can be seen that the region of stabil-
ity is reduced somewhat for the full system compared to the convection-diffusion
equation alone.
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15 - - —

Figure 8.10: Contours of unit spectral radius for Lax-Wendroff method. (—)
convection-diffusion operator, (- -) Navier-Stokes operator. The region of stability is
the area between the curves and the axes.

Quickest with Lax-Wendroff at the first point

The application of a higher order method such as third-order Quickest requires
two upstream points and of course this is not straightforward at the first interior
point where there is only one upstream point. In the third chapter we have
considered a number of options to get round this problem and the first scheme
we examine here is just to use the three point Lax-Wendroff scheme at the first
point and Quickest scheme at subsequent points. This modifies the A and B
matrices a little. Quickest introduces a third-order difference with coefficient
B = v(l —v? —6u)/6. If we keep the Lax-Wendroff scheme at the first point,
and let

su=-0, si=a+v+36, sc=1-2a-38, s, =a—v+p, (8.37)
then
[ 1-2a a-=v 0 0 --- 0 0 0 07
Si S¢ S 0 --- 0 0 O O
i S S¢ 8 - 0 0 0 O
A=| L .. (838
0 0 0 O Sit 81 S¢ Sr
.0 0 0 0 0 su s sc |
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and
fa+v 0]
S 0
0 0
B = _ . (8.39)
0 0
0 Sr |

The stability boundaries for this scheme are shown in figure 8.11 and the
region of stability for the Navier-Stokes type problem is considerably smaller
than that for the convection-diffusion operator.

15 . . —

Figure 8.11: Contours of unit spectral radius for Quickest with Lax—Wendroff at first
interior point. (—) convection-diffusion operator, (- -) Navier-Stokes operator. The
region of stability is the area between the curves and the axes.

Quickest with downwinded at the first point

A second solution for the problem of what method to apply at the first point is
to use a downwinded third difference. In principle this does not affect the order
of accuracy of the solution. In this case the A and B matrices are given by
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[ 1-2u+38 a-v-33 B 0 --- 0 0 0 O
Sy Se s, 0 --- 0 0O 0 O
A= woow e e 0000 0 )
0 0 0 O Siu SI S¢ Sr
R 0 0 0 0 0 Sit St SCJ
and
a+v—-F 0]
S 0
0 0
B = ) ) (8.41)
0 0
A 0 srj

The computed stability boundaries are shown in figure 8.12 and again the
region of stability of the model problem is somewhat smaller than the stability
region for the convection-diffusion operator alone.

Figure 8.12: Contours of unit spectral radius for Quickest with downwinded third
difference at first interior point. (—) convection-diffusion operator, (- -) Navier-Stokes
operator. The region of stability is the area between the curves and the axes.




Chap. VIII: The Navier-Stokes equations 173

Quickest modified by Lax-Wendroff at inlet: fictitious point

The final Quickest type method we consider is the one whereby the Lax-Wendroff
scheme is applied at £ = 0 using the boundary variation of the advected quantity
at inlet to obtain an estimate for a fictitious point at £ = —h so that Quickest
may be applied consistently at the first interior point. A word of warning: it is
not clear how this scheme might be implemented in a practical stream-function
vorticity solver; we are able to do so here because the Poisson equation for the
stream function is solved exactly. If the solution were to proceed through an
iterative solver it is unclear how the updated boundary vorticity could be incor-
porated in practice. This example is included mostly to show how improving the
treatment of the first interior point may lead to significant stability improvement.

The premise of this model is to assume the existence of an upstream point
at T = —h and apply Lax-Wendroff at z = 0 giving

W"+l =W +aWg + a, W7, (8.42)
where the coefficients are

1 1
Vv, ac=1-2u+12 a0, =p+ v - (8.43)

=Kt 5

What is assumed is that the boundary values Wi*! and W§ are known, so that
this equation can be rearranged to give

= W"+1 W0 — a—lWI". (8.44)
Of course in the case of convection-diffusion of a material quantity such as con-
centration, the boundary values at the inlet are known as an explicit boundary
condition, it is only in the case of this form of the Navier-Stokes equations that
the boundary values are coupled to the solution in the interior of the domain at
the new time level.
This approximation enables Quickest to be applied in unmodified form at
the first interior point, x = h, so that

Wn
az) 0+ (se = a

Sl SiGc Suar

wptt — W"“L1 (81 — YW+ 5, W (8.45)
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This gives the matrices A and B as

(s, =M o 0 0 .- 0 0 0 O]
ap
Sy Sc & 0 --- 0 O O O
A — Su Sl SC Sr v 0 0 0 0 : (8.46)
0 o o0 o0 -- Sit SI S¢ Sr
L 0 0 0 o --- 0 Si 81 Se J
and sha
llGc T
— 0
K o
Si 0
B = o 0y (8.47)
0 0
i 0 Sp

The complication that this modification introduces to the scheme is now
clear because the iteration (8.24) has to be modified to

VWt = KW", (8.48)

Fortunately in this case the matrix V is particularly simple,

100 0 —su/ay 0 ]
010 0 0 0
v=|: s (8.49)
000 .---0 1
| 000 --- 0 0 1

Hence it is straightforward to apply Gauss elimination to the matrix K to
effectively apply V™! by adding a multiple s;;/a; of the second last row of K to
the first row and reduce (8.48) to the same form as (8.24).

The results of computing the stability boundary are shown in figure 8.13.
Both the convection-diffusion operator and the Navier-Stokes type operators
show much improved stability region over the other methods we have considered
although again, the Navier-Stokes type equations has a more restricted stability
region compared to the convection-diffusion operator.
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25

1.5

Figure 8.13: Contours of unit spectral radius for Quickest with Lax-Wendroff at inlet.
(—) convection-diffusion operator, (- -) Navier-Stokes operator. The region of stability
is the area between the curves and the axes.

HODS method

As an example of the application of this theory to an alternative discretisations
scheme, consider the HODS scheme described in Castro and Jones [10]. In their
case the advection term was discretised by

ow u,63 1

—a —(—= S 2 . — . 9], ]
We have combined this with a central difference for the diffusion term and applied
first order upwinding at the first interior mesh point. The results for stability
are shown in figure 8.14.

Second order vorticity on walls

There are different formulas for the boundary vorticity that can be found in the
literature. For a survey and discussion of boundary vorticity formulas, see for
instance Napolitano et al [52].

An approximation for the wall vorticity that uses additional points for the
stream function in the domain to increase the accuracy of the vorticity approx-
imation, which is a second order scheme, is given by

1 1
h*Wo = —4¥; + 5‘1’2, hW*Wa = —4¥p_y + 5YM-2. (8.51)
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1.5 v - . -

Figure 8.14: Contours of unit spectral radius for the HODS scheme. (—) convection-
diffusion operator, (- -) Navier-Stokes operator. The region of stability is the area
between the curves and the axes.

15

Figure 8.15: Contours of unit spectral radius for Quickest (using lax Wendroff at inlet)
and second order boundary vorticity. (—) convection-diffusion operator, (- -) Navier-
Stokes operator. The region of stability is the area between the curves and the axes.
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This variation can be easily implemented by varying the matrix M. If for in-
stance this is done for Quickest using Lax-Wendroff at the inlet then the stability
curve shown in figure 8.15 is obtained. It is evident that attempting to improve
accuracy in this way has a substantial stability penalty.

8.4 Summary

In this chapter we have shown that numerical solutions of the two-dimensional
Navier-Stokes equations lead to stability problems which are both similar and
different to the convection-diffusion equation alone. They are similar in that
results obtained for convection-diffusion problems can be used to give general
guidelines for the stream-function vorticity solutions but they are different in
that the fine detail of stability regions is altered, generally they are more restric-
tive.

We have also shown that the Navier-Stokes solver can, at least symbolically,
be put into the context of a global iteration matrix and we have explored some of
the consequences for a simple one dimensional model, again with the conclusion
that stability regions are more restrictive when the global solution is considered.




Chapter 9

Conclusion

9.1 Concluding remarks

This dissertation centred around the fact that we have an exact evolution oper-
ator for a constant coefficient convection-diffusion problem. We have used this
operator to derive new finite difference schemes in one dimension and two di-
mensions as well as to derive numerical boundary conditions. The influence of
the numerical boundary conditions on the stability of a general scheme was one
of the main themes. In most of the cases the stability analysis was performed
by using the von Neumann method and the matrix method.

The Godunov-Ryabenkii theory was applied to the one-dimensional case.
Additionally, in connection with this theory, we gave some new theoretical re-
sults and developed a suitable algorithm to identify the stability region for our
schemes.

We also highlighted the importance of the four-point scheme provided by
Leonard’s Quickest scheme by showing its superiority in terms of stability over
the Lax-Wendroff method in both one dimension and two dimensions. In two
dimensions we derived different forms of Lax-Wendroff schemes and Quickest
schemes. Then, we applied some of these schemes to a Navier-Stokes problem
and computed the practical stability regions by carrying out numerical exper-
iments, showing how results from a simpler case presented in earlier chapters
carry over to the more complex case.

We ended the last chapter by giving a global iteration matrix for the stream-
function vorticity formulation for the Navier-Stokes equations, showing that the
true time marching iteration matrix is more complicated than the iteration ma-
trix for the convection-diffusion equation that is part of the Navier-Stokes equa-

178



Chap. IX: Future work and conclusion 179

tions. We examined a one-dimensional test problem which has shown the full
system to have tighter stability constraints than would have been predicted from
the convection-diffusion equation alone. More work can be done from this point
on and we describe some of it in the next section.

9.2 Further work

To conclude this dissertation we would like to describe some open problems
encountered during the research. We have tried to cover as comprehensive as
possible the stability of one-dimensional finite difference schemes derived from an
evolutionary operator. Consequently most of the remaining significant problems
are for two and three dimensions.

(a) One challenging problem left unsolved for a one dimensional problem is
the application of Godunov-Ryabenkii theory to further examples, such as the
global iteration matrix derived in chapter 8. Such a problem is more complex
than the ones considered in this dissertation, since we have two physical bound-
ary conditions: an inflow and an outflow boundary condition. Nevertheless, the
theory shows that each boundary can be analysed separately. The difficulty of
the problem might also be associated with the analytical form of the boundary
conditions since usually simple problems already lead to complicated algebraic
forms. One way to avoid the algebraic complexity is to adapt the algorithm in
chapter 4 to this problem.

(b) The evolutionary operator has been applied to derive finite element
schemes in one dimension in Morton and Sobey [49] but there has been no
such work for two-dimensional problems.

(c) The practical extension of the one-dimensional model in chapter 8 for the
global matrix to a two dimensional case would be extremely interesting although
it would involve more challenging programming than in the one-dimensional case.
An additional complication would be the need to include non-uniform velocity
fields in the matrix A. However this effect is almost certainly worthwhile as
it should lead to very good stability bounds for the Navier-Stokes equations.
Additionally the model could be extended to study non-linear stability as in
Bagget et al [2] and Bagget and Trefethen [3]. There the linear iteration was
augmented by a small non-linear term with the result that bounded oscillations
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could vary for sufficiently large thresholds disturbances. The main interest was
in the width of the basin of attraction of the stable solutions as the Reynolds
number varied. So far this has only been considered for simple models (two or
three equations) or experimentally (e.g. Darbyshire and Mullin [12]) but the
global iteration matrix should provide a more direct Navier-Stokes solver for
such studies.

(d) The schemes we have derived in two dimensions need to be tested in
primitive variable Navier-Stokes solvers to see whether they offer any advantages
over existing discretisations.

(e) The new schemes we have derived need to be tested in a number of
two-dimensional problems, particularly channel flows. Previous work (see e.g.
Uchibori and Sobey [87]) studying the onset of a simple bifurcation has shown
extreme sensitivity to discretisation schemes using first order upwind or central
differences. Now we have a range of other two-dimensional schemes and it would
be interesting to study their accuracy for this simple bifurcation problem.




Appendix A

Error analysis for the new
schemes

Following Morton and Sobey [49] suggestion, the truncation error is given by

1 n
T" = T RE(A!)(u" — [,Ru"),

where E(At) is the evolution operator u(-,t+At) = E(At)u(-,t), for our problem
in the semi line z > 0, R is the restriction operator onto the nodes and I, is the
local approximation based on nodal values.

Let us define the interpolation error Lu™ = u™ — I,u™ and define for a > 0,
the integrals of the form

dé
2/Th

In what follows we denote s = (z—z;)/Az and we omit the subscript n, referring
only to u(z) and its evolution over one time step.

% om —(£+a)%/ap
Eml(a; ) = /0 £me (A.1)

Quadratic interpolation
We calculate the error at the point r; = jAz. We have, for j > 1

L = u(e) = l=s + ulz;-1) — [1 = PJu(z;) — 515" + slula;).

Then using the Peano kernel theorem we can write

o0
Lu= / K (z,p)u'® (p)dp,
0
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where K (z,p) = (1/2)L[(z — p)2], Ly refers to L acting in z, and (z — p)2 =
(z —p)? if £ —p > 0, and zero otherwise. We calculate the Peano kernel function
K(sAz + jAz,EAT),

(((s+7—6)2 - (G- 1-€%~s/2+5%/2)
—(( = (1=-s%) - (G +1-€)>2(s?/2+5/2), 0<é<j—1,
K=1A$2 (S+j—§)3_—(j—§)2(1—32)

2 =i +1-€)%*(s%/2 + 5/2), J-1<€<y,
(3+j—§)3_—(j+1—§)2(82/2+8/2), j<§<j+1’
| (s+7-¢)3, £>7+1.

The local error is given by
o0 o0
AT = RE, [ K(@,pu@@)dp= [ REK(z,p)u® (p)dp
0 0

where we use the notation E; to describe F(At) acting on z. After some ma-
nipulation to calculate RE, K (z,p)u(® (p) we have,

4

Ey(€ +v—jip) — eIREyE + v+ ji )

—(F=1=&)>*(—fi + f2)/2

—[G - (fs- )= (G +1=-8O%f2+ f1)/2, 0<E<j—1,
Ex(€ +v —j;u) — eI/FEy(E + v + ji p)

—G - (fs—f2)—(G+1-8%(f2+ f1)/2, j—-1<E<j,
Ex(€+v —jip) —eI/FEy (€ + v + §; p)

RE;K = %A:c2 4

- +1-82(f2+ f1)/2, J<E<i+1,
| E2(€ +v —jip) — e /BEy(E+ v + 5 ), £€>j5+1,
where,
fi = —va(j) + b(j)
fa = (V¥ +2u)a(j) + 2¢(5)
f3 = a(j)
fo = =P +6pv)a(j) + e(j).

The exact error at z; is given by

aemy, = 8" Ki(e v mu® €aata + [ Kot v, mu® (€aa)ae).

where we have introduced two functions

Ki(&v,p) = %[Ez(—j +v+&p) — eI B+ v+ & p));
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[ —(f2= fOG-1-¢€)%/4

+(f2 = f3)(i = ©)*/2

~(+GE+1-8*4  0<E<i-1,

(f2— f3)(G — €)*/2

~(+A)G+1-8°/4  j-15€<,
| —(e+ MG +1-€-4)°/4 j<ESj+1.
Although the exact error expression appears complicated, it can be used to
examine the detailed structure of the error and to obtain overall bounds for the
local error.

Considering first the structure of the error, if we assume v € C*(IR) and

use a Taylor series expansion for v(® around zj, then after some algebra,

1
AtT|zj = EAa:"’uxmg]z(u,u) + O(Aztuy.),

K2(§a’/a“) = 4

where
g5 (v, 1) = v(1 — v* — 6p)a(j) — b(5) + e(j).

Secondly, we can obtain an overall bound for the local error since

3 +00 Jj+1
AT, | < Axlulyo[ [ KL vm)ldg + [ 1Ka(6, v m)lde]

Cubic interpolation

We have
1 1
Lu = u(z) - E[s ~ 8%u(zj—g) ~ 5[—23 + 5% + s%u(z;_1)
1 1
—5[2 + 5 — 28 - $*u(z;) - 5[28 +3s% + $3u(zj41)-
The Peano kernel function K(z,p) for ¢ = sAz + jAz and p = Az¢ is given by

K = A2 [(s+5-8% —£(~2 - (s — 5"
——-;—(j—1—{)1(—2s+32+s3)—%(j—§)1(2+s—2s2—s3)

1 .
——6(1 +1- {)1(23 +3s% + 33)] :
Summarising the calculations in this case, the exact error for z;,7 > 2 is given
by

Azt

AT, = ——| 0+°° W1 (&, v, p)u' ((Az)dE + /0 "W, v, wu® (éAx)dE)].
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where the functions
W2(&,v,p) = [Es(—j + v+ &p) — 9/ Es(j + v + & p));

[ qi(€—j+2)°/6

+ga(€ — j +1)%/2

+g3(€ —5)*/2+ (i) (€ -5 —1)%/6, 0<¢E<j-2
Wi v,m) =< g€ -3 +1)°/2+ g(5) (€ — 5)°/2

+qa(€ — j — 1)%/8, j-2<€E<j—1,
(€ -3)3/2+aq()E-i-1)%/6, j-1<¢€<j,
| qa(¢ -5 - 1)%/6, F<ELj+IL
where
a1 = fi— fa

@ = fi+ fo—2f,
@3 = 2f3—fa+ f1—2fo,
@ = 2fi+3fa+ fs

If we assume u € C°(IR) and use a Taylor expansion for u(*) then the truncation
error is given by the cumbersome expression

1
AtT|,j = EZA$4U1:1:1:1:9?(V? p)+-e,
with

g vp) = (120% -2 — 12u(1 —v) + v(1 - %) (2 - v))a(j)
—2b(5)(12uv + 203 + 2jv + 1 + 253)
+2¢(5)(1 + 652) + 2(1 — 25)e(5) + 2Z(5)(3v% + 52 + 10p).
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