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1 | INTRODUCTION

The problem of reconstructing a graph from a collection of its subgraphs goes back to the famous
reconstruction conjecture of Kelly and Ulam (see [9, 13, 26]), which asserts that every graph G on at
least three vertices can be determined up to isomorphism from the multiset of its vertex-deleted sub-
graphs, that is, the graphs G—v for all v € V(G). The conjecture has been confirmed for various classes
of graphs, including trees, regular graphs, and triangulations (see [5, 14, 20]). There has also been a
substantial amount of work on the problem of reconstructing a graph, or some other combinatorial
structure, from objects of smaller size (see, e.g., [1, 22, 25]).

Recently, Mossel and Ross [18] investigated the problem of reconstructing a graph using local
information. Given a graph, when is it possible to reconstruct the graph up to isomorphism from the
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multiset of balls of radius ? For graphs in which the vertices or edges are colored (not necessarily
properly), when is it possible to reconstruct the colored graph from the multiset of colored r-balls?
Motivated by the problems of reconstructing DNA sequences from “shotgunned” stretches of the
sequence, as well as neural networks from local subnetworks, they called this type of problem shotgun
reconstruction.

Mossel and Ross were particularly interested in reconstruction problems where the graph or
coloring is random. Reconstructing random objects usually requires much less information than recon-
structing in the worst case (see, e.g., [4, 24]). Mossel and Ross [18] proved results on reconstructing
sparse random graphs in the G(n, p) model, while Mossel and Sun [19] proved rather sharp bounds on
the smallest radius r needed to reconstruct random regular graphs. Mossel and Ross also considered
the problem of reconstructing randomly colored trees, randomly colored lattices in any fixed number
of dimensions, and the random jigsaw puzzle problem, in which the edges of the n X n square lat-
tice are randomly colored with g colors, and the problem is to determine for which g it is possible to
reconstruct the original jigsaw from the collection of 1-balls. The random jigsaw puzzle problem has
since been studied by Bordenave, Feige, and Mossel [6], Nenadov, Pfister, and Steger [21], Balister,
Bollobas, and Narayanan [2], and by Martinsson [16].

In this article, we will be interested in shotgun assembly for vertex-colorings of the n-dimensional
hypercube Q,. We begin by discussing 2-colorings, or equivalently Boolean functions. In the worst
case, it is easy to see that balls of radius at least n/2 — O(1) are necessary (consider the two colorings
where all points are in color 1, except for two points at Hamming distance either n or n — 1 which have
color 2). However for random colorings, the situation is dramatically different. As we shall see, it is not
hard to show that for a random 2-coloring, balls of radius 3 are almost surely enough for reconstruction,
while balls of radius 1 are not. The first main result of this article is that balls of radius 2 are sufficient.

Theorem 1.1.  Almost every 2-coloring of the hypercube Q, is reconstructible from the multiset of
its colored 2-balls.

In fact, we prove a stronger result (Theorem 1.4), which allows imbalanced colorings in which one
color can have density as low as n~!/4+o(D,

We also consider colorings with more than two colors. In our other main result, we show that for
sufficiently large g a random g-coloring can be reconstructed from its 1-balls (see Theorem 1.7 for a
slightly stronger statement of this result).

Theorem 1.2. Let € > 0. For g > n**¢, almost every g-coloring of Q, is reconstructible from the
multiset of its colored 1-balls.

Itis easy to show that Q(n) colors are required for a random coloring to be reconstructible with high
probability, and it would be interesting to narrow the gap (see Sections 1.1 and 6 for further discussion).

The rest of this article is organized as follows. The remainder of this section contains definitions,
as well as more formal statements of our results. In Section 2, we prove some probabilistic tools that
we will use in our proofs. In Section 3, we prove an isoperimetric result as well as some other structural
results regarding subgraphs of the hypercube. In Sections 4 and 5, we prove our main theorems, and
we conclude this article in Section 6 with some discussion and open questions.

1.1 | Definitions and results

For all positive integers n, we define the n-dimensional hypercube Q, = (V,E) where V = {0,1}"
and uv € E if the two vertices differ in exactly one coordinate. This graph can also be thought of as
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a graph on the power set of [n], P(n) = {A C [n]}, where two sets A, B are adjacent if they differ
in exactly one element. Indeed, throughout this article, we interchangeably consider a vector u =
(uy, ... ,uy) € {0,1}" and its associated subset of [n], U = {i : u; = 1}. For a vertex u € V, we
denote the neighborhood of u by I'(u) = {v € V : uv € E}. Further, we inductively let ) = {u)
and T () = Uverkfl(u) T\ Uk (1) (so T¥(v) is the set of vertices which have shortest path length
exactly k to v). We will call *(v) the kth neighborhood of v. For a subset of the vertices A C V, we also
write I'(A) = J,¢, T'(v). With the natural understanding of a distance function, we define the r-ball
B,(v) around a vertex v as the subgraph induced by the vertices at distance at most » from v (so, e.g.,
B,(v) is induced by {v} UT'(v) UT?(v)).

We will need some notions of distances between colorings. Suppose y and A are {0, 1}-colorings
of the same graph G = (V, E), then we define

D(y. M) =[{weV:yw#iw}|
For isomorphic graphs G and H, and for a coloring y of G and A of H, we define

d(z.2)=_ min D(y.of)

where the minimum is taken over all graph isomorphisms.

We say that two colorings y and 4 on G are equivalent (y = A) if and only if d(y, A) = 0, and we
define the equivalence class [y] of a coloring y accordingly ([ ;(] = {A: y = A}). For a coloring ¢
on V and a subset U C V, we denote by c|y the restriction of ¢ to U. For a coloring y and r > 0, let
70 = g B,(v) be the colored r-ball around v. We say that y and 4 are r-locally equivalent (y =, 1)
if and only if there exists a bijection f : V(G) — V(G) such that 3y (v) = AO(f(v)) for allv € V.

We say that a coloring y is r-distinguishable if there is no coloring A such that y =, A but y 2
A, and we say y is r-indistinguishable if it is not r-distinguishable. Thus y is r-distinguishable if
the collection of local colorings of r-balls determines the global coloring. Given r-locally equivalent
colorings y and A of the vertices of the hypercube, there exists a bijection f such that y®(v) & A (f(v))
for all v € V(Q,). It is clear then that A = yof~!, and that A = y if and only if f can be chosen to
be a graph isomorphism. In what follows, we define s by x+(v) = yof~!(v). For a coloring y of the
hypercube Q,, let Isom" () be the set of bijections f : V(Q,) = V(Q,) such that yP(v) = (/)" (f(v))
forallv € V(Q,). So y is r-indistinguishable if and only if there exists a bijection f € Isom"”( y) which
is not a graph automorphism. In other words, if y is r-indistinguishable then there exists a bijection
f € Isom”(y) and two nonadjacent vertices u, v € V(Q,) such that f(u)f (v) € E(Q,).

We will concern ourselves with the problem of whether random colorings of the hypercube are
distinguishable.

Definition 1.3. Let x4 be a probability mass function on N. A random u-coloring of the hypercube
V(Q,) is an independent collection of random variables (y(v)),ev(g,) €ach with distribution u. For a
natural number g, we will write g-coloring instead of Unif([g])-coloring.

We show that for » = 2 and p not too small, with high probability, a random (p, 1 — p)-coloring of
the hypercube is 2-distinguishable.

Theorem 1.4. Let € > 0 and let p = p(n) € (0, 1/2] be a function on the natural numbers such that
for sufficiently large n, p > n~"/**¢_ Let y be a random (p, 1 — p)-coloring of the hypercube Q,. Then
with high probability, y is 2-distinguishable.
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It is natural to ask whether Theorem 1.4 extends to colorings with more colors. We note the
following corollary of Theorem 1.4 for which we provide a brief proof.

Corollary 1.5. Let € > 0 and let u, be a sequence of probability mass functions on the natural
numbers such sup,, u,(m) < 1 —n~V/4*¢ for all sufficiently large n (i.e., there is no single color with
probability mass too close to 1). Let y be a random u,-coloring of the hypercube Q,. Then with high
probability, y is 2-distinguishable.

Proof.  For each n € N, partition N into two parts A, and B, so that n=1/**¢ < 11,(A,) < p.(B,)
for sufficiently large n. Then consider the coloring y’ where ' = 0 when y € A, and ¥’ = 1 when
¥ € B,. By Theorem 1.4, with high probability, we may reconstruct y’. From there Lemma 2.3 tells
us that the local y’-colorings of 2-balls are unique. Finally, we can match y’-colorings of 2-balls to
x-colorings of 2-balls to recover y with high probability. [

A direct corollary of Theorem 1.4 is that random colorings of the hypercube are reconstructible
with high probability from its r-balls for » > 3. In this range, however, it is not hard to prove a stronger
result.

Theorem 1.6. Let e > 0andlet p = p(n) € (0,1/2] be a function on the natural numbers such
that — o0 asn — 0. Let y be a random (p, 1 — p)-coloring of the hypercube Q,. Then with high
probabzllty x is 3-distinguishable.

The proof of Theorem 1.6 uses a standard approach (see, e.g., [18, 19]), relying upon the uniqueness
of 2-balls to align 3-balls centered on adjacent vertices.

When can we hope to reconstruct a coloring from 1-balls? It is not hard to see that Theorem 1.4
does not extend to 1-balls. Indeed, if the hypercube is g-colored where ¢ = o(n), then there are
asymptotically fewer collections of colorings of the 2" 1-balls than there are g-colorings of the hyper-
cube: let g(n) = — where w(n) — oo as n — oo. Allowing for automorphisms, there are at least
7 _ 2 1032((1)(1+0(1))
2"n!
of coloring a 1-ball (up to isomorphism). But

_ 10D 3w(n)
<n i ) < <3n> = Gw(m)Tm = 2" = 200,
q

possible colorings of the hypercube; on the other hand there are ¢ <”+q | ! ) ways

n+q—1
-1
(assuming g > 2) is at most

and so ¢ < ) = 0(2"). Therefore, the number of possible collections of colorings of the 1-balls

n+q—1 n
2"+ q( ) 1 < <2 1+ 0(1))> < 92 (I+a() _ (22” log(q)(1+0(1))) .
2" - 2" B

Therefore, at least (n) colors are required. For the problem of reconstructing a coloring from the
collection of 1-balls, we prove the following upper bound.

1
Theorem 1.7.  There exists some constant K > 0 such that the following holds. Let g > n*tKlog 2n
and let y be a random g-coloring of the hypercube Q,. Then with high probability, y is
1-distinguishable.
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The proof of Theorem 1.4 has some probabilistic elements but also uses some structural properties
of the hypercube. We will need the following stability result for Harper’s theorem for sets of size n.

Theorem 1.8. Let s(n) be a function with s(n) - oo and s(n) = o(n) as n — oo. Then there exists a
constant C (which may depend on s(n)) such that the following holds: If A C V(Q,,) with |A| = n and

ITA)| < <;> + ns(n), there exists some w € V(Q,) for which [I'(w) N A| > n — Cs(n).

Two of the authors have generalized this result to sets of size (:) for a range of k using different
techniques [23, Theorem 1.2]. Since the proof for k = 1 is much simpler, we present it here. We remark
that Keevash and Long [12] have independently proven a similar result.

We remark that this approach of combining probabilistic and structural elements is very natural and
has been applied before, for example, in previous work (see [2, 6, 16, 21]) considering the jigsaw puz-
zle. For jigsaws, a general approach has been to consider partial reconstructions of the edge-coloring
in large “windows” of the form v 4 [—k, +k]? for a vertex v € [-N, N]>. A reconstruction of the win-
dow around v can be expressed as a mapping f from [—k, k]> to [-N, N]* with f(0) = v, where the
edge-colors match up correctly. Through probabilistic arguments it is shown that the perimeter of the
image f([—k, k]*) must be close to minimal for a set of size (2k + 1)?. Through structural arguments,
it is shown that this is not possible if f picked a wrong neighbor of v, that is, it cannot be the case that
f(e) #v+eforanye € {(—1,0),(1,0),(0,—1),(0, 1)}. From there, the coloring can be reconstructed
neighbor-by-neighbor. This approach uses the fact that the degrees of the graph are small (at most 4)
so that a single bad edge around a vertex leads to a poor isoperimetry.

In our setting, the degrees are large (logarithmic in the number of vertices) and so we try a different
approach: A coloring of the hypercube y is 2-indistinguishable if there is another coloring A which is
not a rotation of y but has the same collection of 2-ball colorings. Recall that we may express A as
A = yr where f is a bijection on the hypercube which is not an automorphism. As previously noted we
write Isom@®( y) for the collection of bijections f for which y and Xr have the same collection of 2-ball
colorings. We prove Theorem 1.4 by showing that with high probability every bijection in Isom®(y)
is an automorphism, and so no such A can exist.

To do this, we first consider what sort of properties a function f € Isom®(y) would almost
surely need to display. In Section 2, we look at the neighborhood I'(v) of a vertex v, and consider how
spread out its image f~!(I"(v)) is in the hypercube. We show that with high probability, for every ver-
tex v, the second neighborhood Fz(f ~1(T"(v))) is not very large. From here we prove in Section 3 that
F~1(T(v)) must closely resemble a neighborhood of a vertex g(v) for each vertex v. It follows that with
high probability, for each bijection f € Isom®(y), the inverse f~! roughly maps neighborhoods to
neighborhoods.

This rough mapping of neighborhoods forces a certain amount of rigidity of f~': around each
vertex, there must be a large structure which is invariant under f~'. If an f € Isom®(y) exists which
is not an automorphism, then there must be two nonadjacent vertices u and v with f~!(x) and f~!(v)
adjacent. But u and v each have a large structure around them invariant under f~!. The colorings of
these two large structures must then fit together. We show that the probability of this occurring is small.
We may conclude that Isom®(y) contains only automorphisms with high probability.

The proof of Theorem 1.7 is similar. This time, we show that with high probability, for every
vertex v, the neighborhood I'(f~1 (I'(v))) is not very large. Since ¢ is so large, with high probability, the
colorings of 1-balls have very little overlap, and so it cannot be that f(I"(v)) has large clusters around
more than one vertex. We combine these to show that f(I'(v)) has a large cluster around some vertex
g(v) for each vertex v. The remainder of the proof mimics that of Theorem 1.4.
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1.2 | Notation

We record here for reference some notation that will be used later in the proofs. The reader may choose
to skip some of these for now, as they will all be introduced in the sections to come.

e Fori € [n], we define e; € {0, 1}" as the vector whose ith entry is 1 and whose other entries
are 0.

e Tor a set X and natural number r, we denote by X the collection of subsets of X of size r. That
is, X" ={ACX:|A|l=r}.

e Given a coloring y, we write y(v) for the restriction of y to the r-ball around v.

e Bijj is the set of bijections f : V(Q,) = V(Q,).

e Given a coloring y and a bijection f € Bij, we define y by xr(v) = x (f~'(v)).

e Given a coloring y, we define Isom"(y) = {f €Bij : yO(v) = )(;r)(f(v)), v € V(Q,)
e Clustery = { fEBij : Wv e VO, I (FTm))| < ( ) +R} (see Definition 2.5). Some-

+1

times R will be complex so for ease of reading we also use the notation Cluster'(R) =
Clusterk.

e Monoy is the set of bijections f € Cluster! for which, for all v € V(Q,), there exists at most one
vertex w € V(Q,) such that |[f(T'(v)) nT'(w)| > ¢ (see Definition 3.7).

e Local; is the set of s-approximately local bijections (see Definition 3.1).

e Diag. = {f € Local; : fix =f} is the set of diagonal s-approximately local bijections (see
Definition 3.11).

o Self; = {f € Local, : fx =f} is the set of s-approximately local bijections for which the dual
of f is itself (see Definition 5.2).

2 | PROBABILISTIC ARGUMENTS

In this section, we show that we need only consider bijections f such that f~! “behaves well” on neigh-
borhoods: for every vertex v, the second neighborhood of { ftw) :we F(v)} is not too large. Before
we do this, we show that under the assumptions of Theorems 1.4 and 1.7, the colorings of 2-balls and
1-balls, respectively, differ greatly from one another. To do this, we will need the following bounds on

the tail of the binomial distribution (see [17] for the proof of Lemma 2.1).

Lemma 2.1 (Chernoff’s inequality). Letn € N,p € (0,1) and € > 0. Then

2
P [Bin(n,p) <np(l— 5)] < exp {_egp} ’

Lemma?2.2. FixK > Oandletp = p(n) € (0,1/2] be such that np — oo. Thenfor0 < c¢=c(n) <K
such that np + c\/np log np is an integer we have

1 2
P [Bin(n,p) =np+c\/np lognp] =0 <(np)_(5+2“_l’>)> 1)
uniformly over c. Furthermore

P [Bin(1p) > np + c/nplognp| = @ () P [Binge.p) = mp + cVnplognp| ). (@)
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Proof. Let K > 0 and suppose 0 < ¢ < K. Let r = cy/nplognp. We first prove (1). By Stirling’s
approximation, we have

P [Bin(n’p) =np + c\/nplog np] = < ’:- >pnp+r(1 _p)n(l—ﬁ)—r
np r

_ n!pnp+r(1 _p)n(l—p)—r
~ (p+ 0!l —p)—1)!

Vnn/ey'p (1 = pyd-pr
- np+r w(l—p)—r n(1-p)—r
V() V= py (1)

1 np+r 1 n(1=p)—r
(=lim) (=)
<\/m p+r/n l-p-r/n

1 ; —np—r ’ —n(l-p)+r
of —L (1 " > <1 . ) .
vnp(l —p) np n(l —p)
By Taylor expansion of log(1 + x),
—np=r 2 3

1+ = = -r———+o(-L .
< " np> eXp{ o <(np)2> }
—n(1-p)+r o) 3

1- ! > =ex {r - r +0 < 4 ) } .

< n(1=p) PV 2= "7\l =p)2

Therefore, since p < 1/2

P [Bin(n,p) =np + c\/nplog np]

co( el (e Yeo(,2)
vnp(l —p) 2np  2n(1 —p) (np)?
1 2 1 np 3. 129 3/2
=0 —c”1 —+——]+0(K 1
<W6Xp{ c 0gnp<2 2n(1_p)> (K>(np)~'/?1log”?np)
2
-0 <(np)‘<§+zu_m))> ,
1
Now (2) follows immediately by observing that for 0 < ¢ < (np)3,

P [Bin(n,p) =np + c\/nplognp + t] >P [Bin(n,p) =np + c\/nplognp + (np)%]
=0 (IP [Bin(n,p) =np + c\/nplog np]) .

Analogously,

The next two lemmas show that with high probability the pairwise distances between colorings of
the 2-balls around vertices are large.



124 PRZYKUCKIET AL.
2 | WILEY

Lemma 2.3. Letp = p(n) € (0,1/2] be such that % — 0. Let y be a random (p, 1 — p)-coloring

of the hypercube Q,. Then with high probability, there do not exist distinct vertices u,v € V(Q,) such
that d (@), y@(v)) < =22,

Proof.  Let y be a random (p, 1 — p)-coloring of the hypercube Q,. Let u,v € V(Q,) be distinct
vertices and let b : B(#) — B>(v) be an isomorphism. Ideally, we would argue that the colorings of
B;(u) and B, (v) are completely independent. This is not the case as the 2-balls might intersect. As such
let T = (By(u) N Bo(v)) U b~ (B, (u) N B,(v)) be the set of overlap union the set which gets mapped to
the overlap by b, and let Y = (B(u)\T) Ub(B,(v)\T) be the remainder so that (y(w)),,cy is a collection
of independent (p, 1 — p) random variables.

Then N = |{w € Bo(u)\T : y(w) # (yob)(w)}| is a binomial random variable. That is

n+n+2

N ~ Bi
1n< >

—|T|,2p(1 —p)> .

Since distinct 2-balls overlap in at most 2n vertices, we have |T'| < 4n. Therefore for sufficiently
large n, we may apply Lemma 2.1 to get

2 _
phswglﬂsp

. n®—8n _ n2P(1 -p)
Bin < 7 ,2p(1 p)) <=5

. [ n? 2n*p(1 = p) 1
Bin (3,21;(1 —p)> <D (1 - 4)]

< exp {—nzp(ig_p) } .

Taking a union bound over all possible choices of vertices u, v and isomorphisms b, we obtain that
2 — .
the probability that there are distinct vertices u, v with d(y® (u), y®()) < w is at most

22"n! exp {_nzp(lg—p) } =o(1).

<P

4

Lemma 2.4. For every € > 0 there exists a constant K > 0 such that the following holds: Let

g > n'*¢ and let y be a random g-coloring of the hypercube Q,. Then with high probability, there do
not exist distinct vertices u,v € V(Q,) such that d(yPw), yV(v)) < n — IZgKn.

Proof. Lete > 0andletK > 4/e.Let g > n'*¢ and let y be a random g-coloring of the hypercube
O,. Let u,v € V(Q,) be distinct vertices. Let T = I'(u) N T'(v), and let Y = I'(w)\T. Then (y(W)),ey
is a collection of independent Unif ([¢]) random variables independent of S = { y(w) : w € ['(v)}. Let
us first observe S and then set N = {w € I'(u) : y(w) € S}. Note that N corresponds to vertices in
I'(1) whose color could be matched to a vertex in I'(v). Therefore d(y"(u), yP(v)) < n — |N| and so

it suffices to bound the probability of |N| being at least [ l:g
Conditional on S the probability that an arbitrary r-tuple of Y is a subset of N is (|S|/q)". Let

r= [1:;:] — 2. We can apply a union bound to get

P[IN| > r+2] < ZIP[ZCN}§<| )(|S|/) < <€|);‘|]|S|>

Zeyn
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Since |S|, |Y| < n, for sufficiently large n we therefore have

eKn

P[N|>r+2] < (enz/rq)r < (3K_1n_5 logn)r <n B <27,

Taking a union bound over all possible pairs of distinct vertices u, v, we obtain that the probability
1294

that there exist distinct vertices u, v with d(y (), yP(v)) < n— % is at most 2"~ . Since K > g,
we see the probability is o(1). [

With the proofs of these lemmas in mind, there is an easy argument proving Theorem 1.6.

Sketch proof of Theorem 1.6.  Following the proof of Lemma 2.3, one can show that the coloring of
2-balls are unique when % — oo. Let (A¢)z¢por) be the collection of colorings of 3-balls. Without
loss of generality, suppose that 4; is the coloring of the 3-ball around 0. Note then that for each i € [n],
the coloring of the 2-ball around e; is contained in 4;. Since the colorings of 2-balls are unique, we
can then discern which # € [2"] correspond to neighbors of 0. We are then iteratively able to work out
B,(0O)fork=1, ... ,n. n

We now come to considering the local behavior of bijections of the hypercube. For this, we will
need a notion for how spread out the image of a neighborhood is. Note that if % is an isomorphism
then, for any vertex v, |I"(A(T(v)))| = [I"(C(h(v)))| = (;-:1 )

Definition 2.5.  For natural numbers, r and R (where R may be a function of n) define Clustery to be
the set of bijections 2 : V(Q,) — V(Q,) such that |T"(A(IT"'(v)))| < <r:l—l ) +Rforallv € V(Q,), that is,

Cluster}, = {h € Bij : Vv € V(Q,), II"(h(T())| < (rJ’: . ) + R} _

We now show that if y is arandom 2-coloring and K > 0 is sufficiently large, then with high proba-
bility, every f € Isom®(y) satisfies f~' € Cluster’(Kn2p~! log n). This means that in Theorem 1.4 we
need only consider bijections f such that for every vertex v, the set f~!(I'(v)) has a second neighborhood
that is close to minimal in size.

Lemma 2.6. Let p = p(n) € (0,1/2] be such that 1:;’ -
such that the following holds: Let y be a random (p, 1 — p)-coloring of the hypercube Q,. Then with

high probability, every f € Isom®(y) satisfies f~! € Cluster*(Kn*p~" log n).

— 0. Then there exists a constant K > 0

The proof of Lemma 2.6 is a little involved so we provide a brief outline here. Let y be a random
(p, 1 — p)-coloring of the hypercube Q,, let f € Isom®(y) and fix a vertex v € V(Q,). Recall that
f € Isom®(y) means that y@(f~'(w)) = )(;2)(w) for each neighbor w of v. Therefore, it is possible
to “match up” (y (1)) er2 -1 oy With ( ;(f(u)‘)u633(v). We bound the probability that this is possible by
considering whether it is possible for ( X(H))uerzv—l(r(v))) to match up with any coloring of B3(v). If
2(F~1(I'(v))) is too large, then this happens with very small probability because we have to match
up too many colors. Applying a union bound, we are able to conclude that T2(h~"(I'(x))) must be
sufficiently small for any /& € Isom®(y) and x € V(Q,).

Proof.  Let y be a random (p, 1 — p)-coloring of the hypercube Q,. Suppose there exists an f €
Isom@(y) such that = & Cluster’(Kn2p~" logn) (for K > 0 to be determined later). Pick v € V(Q,)
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such that [C2(F~1(T(»)))| > (3) + Kn2p~'logn. Since f € Isom®(y),

P +e) =y v+ e))

for each i € [n], where we carry out addition mod 2. Thus, there is a permutation 7' of [] such that
for all distinct j, k € [n]

){f(V +e +e+ ey) = )((f_l(v +e)+ €xig) + e,,f(k)).

LetA={f"'0v+e1), ... ./~ (v +en)}, sothen (y()),er2 4, is determined by (xof =1 (), ereyurse)
and (7');c,. Therefore, there must exist a 2-coloring ¢ of ['(v) U 3(v), a subset A C V(Q,) for which

|A| = nand I?(A) > (;‘ > + Kn?p~'logn, and a family of permutations (r*);c[,], which is compatible

with (y(u)),er2(4)- Fix a vertex v, a coloring ¢, a set A and a family of permutations (7)) ietn)-

We may express each vertex w € T(W) UT (V) asw = v +¢; + ej + e; where j # k. Further fix this
expression for w so that i is as small as possible and j < k (so for each w € I'(v) UT(v) we have fixed
i,j,k such that w = v + e; + e; + e;). Then if the vertex v, the coloring c, the set A, and the family of
permutations (z'),c[,) are compatible with ( X (W) er2 (), We have y(f Tv+e)+ i)+ €xigy) = c(w).
For ease of reading, define & by

h(i,j, k) =1 + €) + eqigy + exign)-
By independence, the probability that (j(u)),cr2(4) is compatible with v, ¢, A and (') is

H pl—c(v+e,-+ej+ek)(1 _p)c(v+ei+ej+ek)' (3)
h(ij.k)ET?(A)

(Note that we are using the colors 0 and 1.)
We have an injection 7 : [(v) UT?(v) — I'*(A) such that yot = c. Let B = «(I'(v) U (v)). Splitting
(3) into B and I'?(A)\B gives

H pl—c(v+e,+ej+ek)(1 _p)c(v'+ei+e,~+ek)Hp1—c(r1(x))(l _p)c(rl(x))
h(ij,k)ET*(A)\B XEB

2 —_ ) ~
< _p)|r (A\B| H pl c(w)(l —P)C(W).
wel (MUl ()

The right-hand product is the probability that a random (p, 1 — p)-coloring of I'(v) U *(v) (denote
this random coloring Q) is equal to ¢. Recall that [T?(A)| > <;> + Kn’p~'logn and |B| = (;) +n

so that [T*(A)\B| > Kn’p~! log n — n. Therefore, the probability that (y(u)),er2(4, is compatible with
v,c,A and (7');e[y) is at most

(1= p)TOVIP[Q = ¢] < exp {—p(Kn’p~" logn — )} P[Q = c]

Sexp{—§n2logn}P[Q=c]. (@)
The number of choices for v, A, and the permutations (z°);c[,) is at most

2"2" (n!)" < exp {Cn’ logn} . 5)
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So the probability that (yy(u)),cr2(4) i compatible with a fixed ¢ and any such choice of v, A, and
permutations (ﬂi)ie[n] is at most

exp{anlogn} exp{—gnzlogn}]P’[Qz cl = exp{(C— §>n210gn}P[Q= c].

Finally, we sum over the colorings to get that the probability (y(u)),cr2(4) is compatible for any

such choice of v, ¢, A, and permutations is at most exp {(C - g)n2 log n} This upper bound is o(1)
provided K > 2C. [

In fact for any C > 1, if n is sufficiently large, then (5) holds, and so the result holds for any K > 2.
A similar result holds for g-colorings of 1-balls.

Lemma 2.7. Leta > Qandlete : N - [a, 00). Then there exists a constant K > 0 such that the

1
following holds: Let g > Kn'"%0 and let x be a random g-coloring of the hypercube Q,. Then with
high probability, every f € IsomV(y) satisfies f~! € Cluster!

e(n)n?*

1

In Theorem 1.7, we consider g = n?+®0¢ 2 which corresponds to £(n) = % - @(log_%(n)). The
proof of Lemma 2.7 is much like the proof of Lemma 2.6 but in order to minimize the exponent in
Theorem 1.7, we carefully bound the choice of permutations.

Proof of Lemma 2.77. Let e = e(n) be as above. Let K > 0 be a constant (which we will choose
1
later) and let ¢ > Kn'" . Let y be a random g-coloring of the hypercube Q. Suppose there exists an

f € IsomV(y) such that f~! & Cluster, ., and pick v € V(Q,) such that [T(f~'(T(»)))| > <;) + en?.

&
Note that for each i € [n], )(f(l)(v +e) = yD(F~'(v + ¢)) and so there are permutations 7' of [n] for

each i € [n], such that for distinct i,j € [n]
x(v+e +e)= ;((f_l(v +e;) + ezig).

LetA = {f‘l(v +ep), ... .flv+ e,,)}. Then ( (u))uer) is determined by (¢ ())ues, ) and (7')ien.
Therefore, there must exist a g-coloring ¢ of B,(v), a subset A C V(Q,,) for which |A| = nand T'(A) >

(;) + £n?, and a family of permutations (7")iern)» Which determines (y(u))uer). Fix a vertex v, a

coloring ¢, a set A, and a family of permutations (ﬂi)ie[n]. Then the probability that (y(u))uerw) is
compatible with v, ¢, A and (z%);cf is g~" L.

There are 2" choices for v, and q< : )+0(n) choices for the coloring ¢, and at most 2" choices for the
set A. Fix a vertex v, a coloring c and fix A = {f~'(v+ 1), ... .f"'(v + €,) } with [[(4)| > (;) +1+

e(n)n®. For ease of reading, we define a; = f~' (v + ¢;) for each i € [n]. Since V(v + ¢) = yV(ay),
there has to exist a permutation z’ such that c(v+e;+e;) = x(ai+egig) forall k € [n]. Foreachi € [n],
consider an equivalence relation ~; on permutations where 7z ~; z’ if and only if c(v + €; + €,¢) =
c(v+e; + ey ) for all k € [n]. For each i € [n], pick an arbitrary permutation from each equivalence
class to form a set of representatives P'. So then for all i € [n] there must be a z' € P’ such that
c(v+ei+e) = y(a+egg) forall k € [n].

Let r; = |T(@)\I'({ay, ... ,a;_1})|. Note that if we have picked permutations z!, ... , z'~!, then
we have at most r;! choices from P’ for permutation z' (since the colors of n — r; neighbors of a; have



128 PRZYKUCKIET AL.
3 | WILEY

already been determined). We can therefore bound the total number of choices for the permutations
(from the P') by

i
Hr[.! < niez[;z] = plT@I
i€[n]

By a union bound, the probability that (jy()).er) is compatible with any choice of v, ¢, A, and
(7)igqn) 18 at most

znq(Z)+0(n)2n2n|r(A)|q—|r(A)| < q<§)+0<n>20<n2)(n/q)<z>+sn2

< PG e+ 0m) 5 00r)

q

1
Recalling that g > Kn'*% and that € > a we see that this probability is at most

nnz(%+£)n—£n2—%n2+0(n)K—sn2+O(n)20(nz) < 2O(n2)K—an2 )

If K is sufficiently large, then this upper bound is o(1) and we are done. [

3 | STRUCTURAL RESULTS

Let A C V(Q,) with |A| = n. In this section, we start by proving a stability result regarding the size of
the neighborhood of A. We will also prove a slightly weaker stability result when the neighborhood of A
is allowed to be quite large. This allows us to later deduce some properties of functions f € Isom”(y)
where y is a random coloring.

Definition 3.1.  For a natural number s (which may depend on n), we say that a bijection f on V(Q,)
is s-approximately local if for all v € V(Q,) there exists a g(v) € V(Q,) such that |[f(T(v))nT[(g(v))| >
n — s. We call the function g a dual of f.

If f has a unique dual g, then we write f, = g. Note that this will be the case when s < g -2
as neighborhoods overlap in at most two vertices. We also define Local; as the set of s-approximately
local functions.

Note that if f is s-approximately local, then the set {f(w) : w € I'(v)} is clustered around a vertex
of Q,, although perhaps not around f(v). Note also that a bijection f being s-approximately local where
s is small does not force f to be an automorphism. For example, the map on Qy; that fixes vertices of
even weight and maps vertices of odd weight to the antipodal point is 0-approximately local, the dual
being the map itself, but not an automorphism.

For the proof of Theorem 1.8, we will need the following well-known result of Harper [10], which
uses the power set P(n) interpretation of the hypercube Q,,.

Theorem 3.2. Let <y be the ordering of V(Q,) such that A <y B if |A| < |B| orif |A| = |B| and
max((A UB)\(ANB)) €B. Foreach ¢ € N, let Sy be the first € elements of V(Q,) according to <.
If D C V(Q,) with |D| = ¢, then

IT(D) U D[ = [I'(S¢) U Sel.



PRZYKUCKIET AL. Wl LEY 129

An application of this theorem shows that for A C V(Q,) with |A| < n,

IT(A) VA 21+n+<g)_<"-<lgl—1>)

-t (3)- () o)
e ()= (")

Then, since |T'(A)| > [T'(A) UA| — |A|, we see that

ran=(5)- (") ©)

The following result is a simple corollary of Theorem 3.2.

Corollary 3.3. Let r > 2 and let s(n) be a function with s(n) - oo and s(n) = o(n) as n — oo.
Then there exists a constant C > 0 such that the following holds: If A C V(Q,,) is such that |[I'(A)| <

(1) + a5ty thenm 1A < () + €25

Proof.  Suppose that A C V(Q,) with |A| > (:1 ) + Cn’~%s(n) (where C > 0 is a constant to be
specified later). Let S be the first |A| elements of V(Q,) according to <g. By Theorem 3.2,

ITA)] = [T'(A) UA| - |A]
2 [TS)u S| —IS].

The set S may be written as B,_;(0) U §’, where S’ is a subset of [#]". Since §’ is disjoint from
B,_1(0), we have |S’'| = |S| — |B,—1(0)| = |A| — |B,—1(0)|. Therefore I'(S) U S = B,(0) U T, where
T = I'(S") N [n]"*Y is disjoint from B,(0). By the local LYM inequality (see [15, Ex. 13.31(b)]),
|T| > ’r’+;]r|S’|, and so |I'(S) U S| > |B,(0)| + ':T_lrlS’l. Therefore for sufficiently large n,

n—
r+

r n n—-2r—1
S’ = (1B-1(0)] + |5’ =< >+7
1| | = (1B,-1(0)] + |S']) . 1

ITA)| = |B(0)] + S|

For sufficiently large n, |S'| = |A| — |B,—1(0)| > (C/2)n"2s(n) and % > -, and so
c
2(r +2)

n"s(n).

rent > (") +

So we see that if C > 2(r + 2), then T(A) > () + ' Ls(n). .
We are now ready to prove Theorem 1.8.

Proof of Theorem 1.8.  Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oo, and suppose

that A C V(Q,) is such that |A| = n and |[(A)| < (2) + ns(n). Lete = L.

Let Y, = {v €A [TW\T'A\W)| > 1+ e)% } Note that if D C V(Q,) with |D| < n, then (6)
implies that |[T'(D)| > |D| % Applying this to ['(A\Y}) gives

IF(A)| > (1 +e>§m| + DAY
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n—1
2

> (1 +e>§m| +(n— Y1)

n E
> €1y, In.
—<2)+2| 1

Since M) < (1 ) + ns(), we see that |Yi] < (2/e)s(n).

Let A} = A\Y; and consider the graph G = (V, E) where V = A; and uv € E iff u and v differ in
exactly two coordinates. We will write I'g(v) for the neighborhood of a vertex V in the graph G, and
reserve I for the neighborhood in Q,. In Q,, any two vertices have two common neighbors if they are
at distance two, and no common neighbors otherwise. Therefore, for all v € Ay,

IT(v) NnTA\V)| < 2(TcM)] + [Y1]). @)

Taking n large enough so that (2/¢)s(n) < en, (7) gives

1+e¢

el 2 5 (n-
> %(2—(1 +€)—4e)

1->5¢
4

n=2111)

n.

Let Y5 be the set of vertices v in V(G) for which there does not exist another vertex u € V(G) such
that |[I'g(u) NT'g(v)| > en. Suppose that |Y>| > 5. Note that if n is sufficiently large, then

1 —5¢
4

Fo(rl 252250 = (3 ) en > VG,

This is a contradiction and so we see that |Y,| < 4. Letting A, = A;\Y, we have that, for large
enough n, |Az| > n— (3/€)s(n) since |Y1| < (2/€)s(n).

Consider distinct vertices u,v € A, such that |[I'g(u) N T'g(v)| > en. Taking n large enough so

that en > 7, we see that |F2Qn(u) N FZQn (v)| > 7 and so u and v are at distance two in the hyper-
cube. Note that if x is also at distance 2 from both u and v, then u, v, and x have a common neighbor.
Letting I'g (1) NI, (v) = {w1, w2} we see that {u, v} U(g(u) NI'g(v)) € T'g (w1) UT'g (w2). Recall-
ing that |I'g(u) NTg(v)| > en, without loss of generality, we may then assume that the hypercube-
neighborhood of w; contains u, v, and at least en/3 other vertices in A,.

Let B be the set of vertices in V(Q,,) with at least en/3 neighbors in A,. Since for each vertex u in
A; there exists a distinct vertex v € A, with |I'g(u) NT'g(v)| > en, the above tells us that each vertex

in A, has a neighbor in B. Suppose that B = {wy, ... ,w;}, then for £ < k we have

ICCwi, - we D) N Aa] 2 D ITw)] = Y 0wy N T(wy)|

i€[?] i#j

> en/3 — <§>2

=¢(en/3— (£ - 1)).

Soif £ = [6/¢], then we have |['({wi, ... ,wz}) N Az| > n for sufficiently large n. This is a
contradiction since |A;| < n,and so k < 6/¢.
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Reorder the w; so that w; has the largest neighborhood in A,. We show that w satisfies the theorem

statement. Recursively fori = 1, ... ,k,let C; = T(w;))nA\ U i I"(w;). Then since the C; partition A5,
k

[T(A2)] > IT(CDI + [T(A\CD| = Z|F(C1) NI(CHI. ®)

i=2

Fori=2, ... ,k, split C; into D; = C; NnI'(w;) and F; = C;\D;. Then |D;| < 2 for each i and so

k k
D IND) NI(C)| < Y I0D)| < 2kn. ©)

i=2 i=2

Fix i € 2, ... ,k, and consider that |I'(C;) n T'(F)| < 2|{(u,v) € C; X F; . u,v differ in 2
coordinates }|. If w; and wy are at distance at least 5 from each other, then there can be no u € C; and
v € F; at distance two from each other. The same is true if w; and w; are an odd distance from one
another (the hypercube is bipartite). Therefore, we need only consider the cases when w; and w are
distance 2 or 4 from each other.

First suppose that w; and w) are at distance 2 from each other and recenter the hypercube so that
w; =0and w; = e) +ep. If e € Ay, thene; € Cy NT'(w;) and so e; & F; and e; & C;. On the other
hand, if e; & A,, then e is not in any C; and so can be in neither C; nor F;. The same is true for e, and
so e}, ey & C; U F;. Suppose that C; = {e; : t € T;} where |T;| = |C;| (recall that w; = 0). Then for
each element e, € C;, the only possible vertex in F; at distance two from e, is e; + e + ¢;. Therefore,
[{(u,v) € C; X F; : u,v differ in two coordinates}| < |C;| and so |['(C;) N I'(F})| < 2|C;]|.

Now suppose w; and wy are at distance 4 from each other and recenter the hypercube so that w; = 0
and w; = e; + e, +e3+es. ThenIT(C) NT(F) CT(F) N {ex+es : {k,1} € [4]®}. Each vertex in C;
can have at most three neighbors in {e; +e, : {k,1} € [4]®} and so |T(C;) N\['(F})| < 3|C;|. (We also
have |T'(C;) NT'(F;)| < 6.) In both cases

IT(C) NT(F)| < 3|Cil. (10)

Putting (9) and (10) into (8), and using (6) gives

k

IT(A2) | 2 [T(C) |+ T (AN\C) | - 2(|F(Ci)nF(Di)| +IC(ECHNIFE) D
i=2

2 ()= (") ¢ ()= (75 -
_ 22— (n—|Ci])’ = (1 = 1A\ Ci )Y’

3 +0(n)
_ G+ AAGD = IGF = UACE 5,
— 2 —_ 2
> 2n|As| = |C1]” = |A2\C| +O@m).

2

Recall that n — (3/¢€) s (n) < |Az| < n. Therefore

P+ =G’
2

=(5)+1c1@=1cD+0msmy).

IT(A2) | > n?

+ O (ns (n))
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Since |Cy| > en/3, we obtain

DA | > (;) +en/3(n—|Ci]) + O (ns (n).

We started off with the assumption that |[I'(A)| < % + ns(n) and so we see that n — |Cy| = O(s(n)).
Finally recall that C; = I'(w;) N A, C T'(w;) N A and so we are done. [

An application of Corollary 3.3 gives the following corollaries which will later be used in
conjunction with Lemma 2.6.

Corollary 3.4. Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oo, and let r > 1.
Then there exists a constant K = K(s(n),r) > 0 such that if A C V(Q,) with |A| = n and |[T"(A)| <

(ril ) + n's(n), then there exists some w € V(Q,) for which ['(w) N A| > n — Ks(n).

Proof.  We will prove this result by induction on r. The base case r = 1 is just Theorem 1.8 and
so we just need to prove the inductive step. Let s(n) be a function with s(n) — oo and s(n) = o(n)

asn — oo, and let r > 1, and suppose |A| = n and [I"(A)| < <r:1 ) + n”s(n). Then we may apply

Corollary 3.3 to I"~!(A) to see that there is a constant C with I1A)] < <': ) + Cn'~Ls(n). The result
then follows by the inductive hypothesis. n

Corollary 3.5. Letr > 1, and let s(n) be a function with s(n) — oo and s(n) = o(n) as n — co. Then
there exists a constant K > 0 such that any bijection f : V(Q,) — V(Q,) such that |[I"(f(T(v)))| <
(ri . ) + n's(n) for all v € V(Q,) is Ks(n)-approximately local.

Proof. Letr > 1, and let s(n) be a function with s(n) — oo and s(n) = o(n) as n — 0. Suppose
that [T"(F(T(v)))| < <ri . ) + n”s(n) for each vertex v € V(Q,). Applying Corollary 3.4 to A = f(I'(v)),
there exists a constant K > 0 such that for all v € V(Q,), there exists a g(v) € V(Q,) such that
[T(g(v)) NnfT'(v))| = n — Ks(n). Then g is the dual of f realizing that f € Localgy). |

While Corollary 3.5 is needed for our proof of Theorem 1.4, it is not enough for Theorem 1.7 where
we will need to allow s(n) = O(n). It would be helpful to have a result similar to Theorem 1.8 in this
case. Here, we prove a result with the added condition that the set A does not cluster too much around
two different vertices.

Lemma 3.6. Let t(n), s(n) be functions on the natural numbers such that for alln € N, t(n) > 5 and
1 = 25(nyn~" = 14y/5m)/n = 0. Suppose that A C V(Q,) with |A] = n and |[(A)| < (2) + s(0)n, and
suppose there do not exist distinct wy, wy € V(Q,,) such that |ANT(w;)| > t(n) for i = 1,2. Then there
exists some w € V(Q,) for which

ICw) NA| > n<1 —2s(myn! — 14 t(n)/n)i.

Proof. Let G = (A,E) where uv € E if and only if d(u,v) = 2. Then a clique of size at
least 5 in G corresponds to a collection of vertices in A in the Q,-neighborhood of a single ver-
tex. Suppose that A; is a largest clique in G (or equivalently a largest instance of A N I'g (w) for
a vertex w € V(Q,)). By assumption all cliques other than A; have size at most #(n). Let A’ =

{v € A\A; : deg;(v) > 3+/nt(n) } We start by bounding the size of A’.
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Suppose there exist distinct u,v € A’ with |I'g(u) N T'g(v)| > 2#(n). Since t(n) > 5, we have
|[Tg(u) NnTg(v)| > 10, which corresponds to there being at least 10 vertices at distance 2 from both u
and v in Q,,. This is only possible if # and v are at distance 2 in Q,,. Without loss of generality assume
that u = @ and v = e; + ;. Then every vertex x € I'(u) N['¢(v) is of the form e; + e, where jis 1 or 2,
and k € [#]\{j}. So then x is a neighbor of either e, or e; in Q,, and by the pigeonhole principle one
of e; and e, (without loss of generality assume e;) has at least #(n) Q,-neighbors in A. But then these
Q,-neighbors of e plus u and v form a clique in G of size at least #(n) + 2. This cannot be since there
is no clique of size #(n) + 2 not entirely contained in A;.

Therefore |T'g(u) NT'g(v)| < 2t(n) for each u,v € A’. But now, for any ¥ C A’, we have

ICe(V)| > Y degg(v) = Y, IT6() NTg(w)l

veY vEWEY

> 3/nm)| Y| — 1) Y |2

So we see that if |Y| = [\/n/t(n)] , then we have |['g(Y)| > n. This gives a contradiction, so we

must have |A’| < \/n/t(n).
Note that if v € A\(A; UA’), then [T(W\I'(A\ {v})| > n —2deg;(v) > n — 64/nt(n). We can now
give a lower bound for |['(A)| in terms of #(n) and |A;| by applying (6). Indeed,

DA > [TADI+ ). ITW\TA\ (v

VEA\(A,UA")

> (;) - (”‘;A1|)+ (n— 41| — |A"]) <n—6 nt(n)>

2 (2) - O (o - T (- o)
5 (n) _n? =2n]A| + AL ? +1% —njA| _7n§t(n)%
2 2
— <g)+%—7n%t(m%-
Recall that |[(A)| < (2> +s(m)n, and so

- T3 i(n): < s(n.

Rearranging this gives

A2 > n? <1 — 25~ — 14(“:))3> .

Recalling that A; is contained in the Q,-neighborhood of a vertex, we are done by taking square
roots. n

Definition 3.7. Define Mono), (where s and  may depend on ) as the set of bijections f € Cluster!
for which, for all v € V(Q,,), there exists at most one vertex w € V(Q,) such that |[f(T'(v)) n[(w)| > ¢.

We then have the following direct corollary of Lemma 3.6.
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Corollary 3.8. Let t(n), s(n) be functions on the natural numbers such that for alln € N, t(n) > 5

and 1 = 2s(m)n~! — 14 t(n)/n > 0. Then Monot((':,))n € Localy(n, where

a) =1- (1 —2s(mn~" — 14 t(n)/n>5-

Further, if a(n)n < n — t(n), then a function f € Mono'™ ' has at most one dual.

s(n)n
Proof. Let ¢, 5, and a be as in the statement, and let f € Mono;(('l?)n.
V(Q,), we have |['(f(T'(v)))| < <;> + s(n)n and there exists at most one vertex w € V(Q,,) such that
[f(C()NI(w)| > t(n). By Lemma 3.6, there exists a vertex g(v) such that |[f(T'(v))NI'(g(v))| > n—a(n)n
for each v € V(Q,). Thus g is a dual for f and we have f € Localy(n.
Now suppose a(n)n < n — t(n) and there are two duals g; and g;. Fix v so that g;(v) # g2(v). Then
IF(T(v) NT(g:i(v))| > n — a(mn > t(n) for i = 1,2. This is a contradiction as f € Mono'™ and so

s(n)n

there can be at most one vertex w with |[f(I'(v)) N T'(w)| > t(n). n

Then for each vertex v €

The following lemma shows that the inverse of an approximately local bijection is itself approxi-
mately local.

Lemma 3.9. Let s be some natural number. If f € Localg has a bijective dual g, then f~' € Local,
and g~" is a dual of f~.

Proof.  Note that for all w € V(Q,), [f(T(w)) N T'(g(w))| > n — s and so, since f is a bijection,
ICw) Nf~ 1T (gw)))| = n —s. Now let v € V(Q,) and suppose that v = g(u). Then f~1(T'(v)) = f~!
T'(g(w))), and so

' Tonnr (g™ M) =" TCE@)HNTw|zn-s.

Since v was an arbitrary vertex of the hypercube, we can conclude that f~! is s-approximately local
and has g~! as one of its duals. [

We now use Theorem 1.8 to show that s(n)-approximately local bijections have O(s(n))-
approximately local duals.

Lemma 3.10. Let s(n) < n/2 be a function with s(n) — oo and s(n) = o(n) as n — oo. Then there
exists some constant K > 0 such that for every s(n)-approximately local bijection f, the dual fy is
Ks(n)-approximately local.

Proof.  We will show that f;! is Ks(n)-approximately local and has a bijective dual, and then apply
Lemma 3.9. Let s(n) < n/2 be a function with s(n) - oo and s(n) = o(n) as n — co. Suppose that
f € Localyy and let g = fi (so that for all v € V(Q,), |[fT'(») NnT'(g(v))| = n — s(n)). Fix some
v € V(Q,). For each w € T'(v), writing w' = g~'(w), we have |T(w) N fTW'))| > n — s(n) and so
ITC2() N F@CW))| = n — s(n). Let R, = FT W)Y\ (), s0 |R,,| < s(n). Now

frEet@on) = (e m))

wel'(v)

cr’mu U R,.

wel'(v)
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Since f is a bijection, applying f~! to both sides, we see that
Ir (g @) 1< (5)+ns.

Since g~ (I'(v)) C V(Q,) is a subset of size n, we may appeal to Theorem 1.8 to see that there exists
some w € V(Q,) such that [T(w) N g~ (T'(v))| = n— O(s(n)). Then g~! is O(s(n))-approximately local.
Since s(n) = o(n), it follows that g~! must have a unique, bijective dual. By Lemma 3.9, we conclude
that g is O(s(n))-approximately local. [

Definition 3.11.  For an s(n)-approximately local bijection f, we say that f is diagonal if it is the dual
of its dual, that is, if frx = f.

For a natural number s (which may depend on n), let Diag, be the set of diagonal bijections in
Localy. The next two results will show that an s(n)-approximately local diagonal bijection induces large
rigid structures within the hypercube.

Corollary 3.12. Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — . Then there exists
a constant K > 1 such that the following holds: Suppose f is an s(n)-approximately local diagonal
bijection and let G = (V(Q,), E") where

E' = {uv € E(Qy) : fW)fx(),fWfxw) € E(Qy)} .
Then G has minimum degree at least n — Ks(n).

Proof.  Let f be an s(n)-approximately local diagonal bijection. By Lemma 3.10, there exists some
K’ > 0 such that fy is K’s(n)-approximately local. Now pick v € V(Q,) and note that if a vertex
u € I'(v) is not a neighbor of v in G, then either f(u) & I'(fx(v)) or fi(u) & I'(f(v)). Therefore

degs(v) 2 n = (IFTON\LF O] + [ TENTFOD -

Noting that for sets A, B of size n we have |A\B| = |B\A]|, this gives
degz (M 2 n=(TF NN TN+ TF )\« TO)D. (1D

Since f € Localy and fi € Localgrsy. [T ODVTW)] < s(n) and [T M\@TO)] <
K’s(n). Recall that f is diagonal, 30 fyx = f and I'(fxx (") \fx T (V) = TE@)\fx(T'(v)). Putting these
inequalities into (11), we see that deg;(v) > n — Ks(n), where K = K’ + 1. [

In the following lemma, for a vertex v and natural number i, we define the sets R(v) as subsets of
the layer of the hypercube at distance i from vertex v so that the structure of the set RO(v) Ut ... URI(v)
is preserved by f and f.

Lemma 3.13. Let s(n) be a function on the natural numbers, and suppose G = (V(Q,),E') is a
subgraph of the hypercube with minimum degree at least n — s(n). For a vertex v € V(Q,,), let Ry(v) =
{v}, and then recursively for i > 1 let

Ri(v)={weTy () : Tgw)NTG () =Tw) NRi_i(v)} . (12)

Then |Re(v)] > (k> — en*s(n) for all k > 1.
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Note that w € R;(v) if and only if w is at distance i from v in the hypercube, and G contains all
shortest vw paths found in the hypercube.

Proof.  We will show by induction on k that |R;(v)| > ( " )=Yn*"!s(n) where Y; = 1 and inductivel
y " y

fori>1,Y = ll' +Y = Z;=1 Ji' (so then Y; < e for all k). The base case k = 1 follows directly from
the minimum degree condition, giving ¥; = 1.
So suppose the result holds for k < m (so that |R;(v)| > (Z) — Y s(n) for all v € V(Q,) and

k<m).lIfx e F’g“(v)\Rer 1(v), then either there is an edge missing between an (v) and x in G, or
there is a vertex w € an (M\R,(v) with x € 'y (w). We therefore have the following relation

Ca ON\Rwi ) € | @To,\la@)u ] To,w).

uel"z” ) wel"’gn M\R,,()

Recalling that G has minimum degree at least n — s(n), the inductive hypothesis then gives

TG D\Rns1 ()] < ( " )s(n) + Y,,n" Ls(n)n
" m

< (L + Ym> n"s(n) = Y, n"s(n).
m!

Thus |R,+1(v)| = (m'll) — Yy n"s(n) > (mil ) — en"s(n). [

Suppose that there is a coloring y and an s(n)-approximately local bijection f such that f €
Isom@(y). The next lemma shows that the y-coloring of a 2-ball around a vertex v € V(Q,) differs
by O(ns(n)) from the y-coloring of the 2-ball around f5} (f(v)). Note that there is no ambiguity in writ-
ing fr}, as Lemma 3.9 tells us that (g+)~! = (g7")«. This result will later allow us to consider only
diagonal bijections.

Lemma 3.14.  Let s(n) be a function with s(n) — oo and s(n) = o(n) as n — oo, and let f € Localyy,).
If y : V(Q,) — {0,1} is such that f € Isom(2)()(), then for all v € V(Q,),

d(r® ), xP(Fer (FV))) = O(ns(n)).

Proof.  Let f be an s(n)-approximately local bijection and let # = f~!. Let g = f«. By Lemmas 3.9
and 3.10, there is a K > 0 such that g is Ks(n)-approximately local. Let 2 = g, = fl«x be the dual of g.

Letv e V(Q,),w=f(),andlet S = {i : g(w+ ¢;) € ['((h(w))}. Note that |S| > n — Ks(n) since g
is Ks(n)-approximately local. Then let z* be a permutation on [n] such that g(w + €;) = h(W) + e+
foralli € S.

Foreachi € §,let T' = {j : Bw+ i +¢)) € T(g(w + €;)) }. Note that |T?| > n — s(n) for each
i since f is s(n)-approximately local. Then let 7' be a permutation on [n] such that f(w + ¢; + ¢;) =
8w+ e;) + ey forallj € T'.

Ifi € Sandj € T, then

p (w+e,- +ej) =g(w+e)+ eq
=hw)+ €r*(i) T €xi()-



PRZYKUCKIET AL. Wl LEY 137

Analogously, if j € Sand i € TV, then f(w + ¢; + ej) = h(w) + ez~ + ezig). We then have
exx(j)Feri(i)y = ex*(i)tT€ri(j)- SINCE xx(j) # x(j), We must have e ;) = e,i(;) and e+(j) = eyi(). Therefore
PW +e; + e)) = h(W) + e + exx(j). Now, let

WZ{W+€,'+€j . i;éje[n],ﬁ(w+e,»+ej) =I’l(W)+€,,*(,')+€,,*(,')}.

If w+e;+e; & W, then it must be that either / and j are not both in S, or i is not in T/, or j is not in
T'. Hence, we can bound I'?(w)\ W as follows.
CPW\WC{w+e+e: {ijlEStu{w+e+e:i€S,jgT}
:{w+e,-+ej:{i,j};(_S}UU{w+e,»+ej:j¢Ti}. 13)

ies
Recall that |S| > n — Ks(r) and so since s(n) = o(n)

[{w+ei+e: lij} ¢S} = (Z) - ('i') < Kns()(1 + o(1)). (14)

Similarly |T?| > n — s(n) for all i € S and so

U{w+et+e :je T} <nsm. (15)
ics
Combining (13)—(15), we see that
IC2w)\W| < (1 + K)ns(n)(1 + o(1)). (16)

Now suppose also that f € Isom®(y). Then y@(v) = ;(}2)(w) and so there exists an isomorphism
y from B(v) to By(w) such that (yroy) Is,my= ¥ I,u). Let p be a permutation on [n] such that
y(v + ej) = w + e, for each j € [n]. Then for distinct i,j € [n]

x(v+ei+e) = xr(w+ e, + ey (17)

Let W? = {v+ ety tepipy - Wte,+ep € W}, so that clearly |W*?| = |W]|. Recall that for
w+e; + e € W we have
w+teit+e = f(h(w) + exx(j) + e,,*(,-)).

Combining this with (17) gives, for v + e,-1; + €,-1; € W*

2 (vHepi e ) =2 (wteite)
= /}/f (f (h (W) + eir*(i) + e;r*(]')))
= 1 (RW) + exriiy + €xv(y) -

Now (v + e, + €p-1)) = h(W) + ez + ex~() defines an isomorphism between B,(v) and
By(h(w)). Further, we have

x (vepiotenp) =200 (Ve i t+eop).

for each v + e,-1y + €,-1) € W?. Therefore D(y 15, (x°¢) I5,0)) < (< Z) —|WP)+n+1, and so
d(xPW), yP(hw))) < [T2W)\W| + n + 1. It follows from (16) and the definition of / that

d(rP), x2S FO)) < (1 + Kns(n)(1 + o(1)) = O(ns(n)).
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4 | PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4 by combining the probabilistic and structural results proved in
Sections 2 and 3, respectively. Much of the work has already been done for this. Indeed, by Lemma 2.6
and Corollary 3.5, we may assume that if f € Isom®(y), then f is s(n)-approximately local, for some
s(n) = o(n).

For a graph G = (V, E), we say that a subset of the vertices A C V is t-spread if AN B;—;(u) = u
for all u € A (so then all pairs of vertices in A cannot be joined by a path of length  — 1 or less). We
start with a simple proposition which allows us to cover a fraction of the 10th neighborhood of a vertex
with 6-spread large sets.

Proposition 4.1. Let 6, > 0 be such that 2e6 < ﬁ. Then for sufficiently large n, there exists a
collection of disjoint sets (A;)ic; where J = {1, ... , [en®]}, such that each A; C [n]1? is a 6-spread

subset of the hypercube Q, and |A;| = [6n*].

A greedy algorithm easily proves this result, but a nicer proof is an application of a result of Hajnal
and Szemerédi.

Theorem 4.2 (Hajnal and Szemerédi [8]). Let G = (V, E) be a graph on n vertices with maximum
degree A. Then for any k > A, there exists a proper k-coloring of G with color classes all of size [ﬂ

i

Proof of Proposition 4.1.  Define the graph G on the vertex set [n]!?), where two vertices are con-
nected if they are at Hamming distance at most five from one another. The G-neighborhood of a vertex
v is contained within the Hamming 5-ball around v, and so the maximum degree in G is at most 7.
Let k = [en®], and take n large enough so that k > n°. By Theorem 4.2, there exists a k-coloring with

color classes Cy, ... , Cy of size [( ﬁ) ) k‘1—| or l( 1”0) k‘lJ . Each color class C; is a 6-spread subset of

[7]19 and has size at least 1"0) k‘lJ. For n sufficiently large l( b 0) k‘lJ > 2:7:()' > &n*. Therefore,

foreachi =1, ... ,k, we can take a 6-spread subset A; C C; of size |A;| = [5n4]. n

Recall that a coloring y of the hypercube is 2-indistinguishable if there is a bijection f for which
4 and y are 2-locally equivalent and there exist two nonadjacent vertices u, v such that f(u) and f(v)
are adjacent in the hypercube.

Proof of Theorem 1.4.  Lete > 0 and let p = p(n) satisfy n~=1/4*¢ < p(n) < 1/2 for sufficiently large
n. Let y be a random (p, 1 — p)-coloring of the hypercube Q,,. Further fix s(n) = logn

(so s — oo and
s = o(n) as n — o). We start by appealing to Lemma 2.6 and some structural results from Section 3
so that we may only consider f which are diagonal O(s)-approximately local bijections.

Claim 4.3. There exists a K’ > 0 such that
P [;{ is 2—indist.] =P [Elf e Isom?(y) st.f € Diagy,, yof ! & )(] +o(1).

Proof. By Lemma 2.6, there is a K > 0 such that with high probability, for every f € Isom®(y) we
have f~! € Cluster’(Kn?p~" log n) = Cluster’*(Kn%s). We have

P [ is 2-indist.| = P [3f € Isom®(y) s.t. f~' € Cluster’(Kn%s), yof ™' 2 x| + o(D).
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By Corollary 3.5, there exists a K’ > 0 such that Cluster? (Kn?s) C Localg,, so that
P [x is 2-indist.| = P [3f € Isom®(y) s.t. f~' € Localgrs, yof ' 2 x| + o(1).
Then by Lemma 3.9, we can express the structural property of the bijection in terms of f:
P [ is 2-indist.| = P [3f € Isom®(y) s.t. f € Localgr,, yof ' % x| + o().

Suppose that there exists such an f € Localgs,\Diagg,,, and pick a vertex v € V(Q,) such that
folof () # v. If f € Isom®(y), then by Lemma 3.14, d(y @), @ (f-L(f(v)))) = O(ns(n)). But by
Lemma 2.3, the probability that there is a pair of distinct vertices x, y with d(y®(x), y®()) < w

logn 1/4

is o(1). Since s(n) = e and p > n™'/* for sufficiently large n, we get that the probability we can

choose f € Isom®?(y) with f € Localg;\Diagg, and yof~' & yis o(1).
Thus

P [ is 2-indist.] = P [3f € Isom®(y) s.t. f € Diagg,,, yof ' & x| + o(1).
| |

Suppose that f € Isom®(y) with f € Diagg,, and let g = f. Recall that by Lemma 3.10, there
exists a constant L > 0 such that g € Localy,. As in Corollary 3.12, we let G = (V(Q,), E") where

E' = {xy € E(Q)) : f0)gO).f(NE(x) € E(Qn)}

Then G has minimum degree at least n — Ms for some constant M. Furthermore, define R;(w) as
Lemma 3.13 (see (12)). So |Ry(w)| > (Z > — eMn*~'s. We next show that there is a form of rigidity to

fand g.

Claim4.4. Foreach u € V(Q,), let x, be a permutation on [n] such that g(u + ¢;) = f(u) + e, for
all j such that u + ¢; € R (u). Then for k > 0

f (u + Ze,) =)+ ) ex,- (18)

jes jes

for all S € [n]®® such that u + Y. ¢ e; € Rox(u), and

jes
g (u + Zej> =f(u) + Ze,,u(j),
jeT jeT

for all T € [n]@*D such that u + Yier ¢ € Rop1(w).

We prove this claim by induction.

Proof. Consider that for k£ > 1 odd, for each w € Ry (u), the vertex g(w) is uniquely determined by the
sequence (f(x))xer,_,w)- Indeed, suppose that w = u + Zj;le,-j is in Ri(u). Then I'p (w) N F’é;l(u) =
I'6(w) N Ry_1(u). Then for all £ € [k], u + Zje[k]\{ ei, € Ri—1(u) and g(w)f (u + Zje[k]\f ei) € E(Qn).
However, there is a unique vertex in the hypercube adjacent to f(u + Zje[k]\f e;) forall # € [k], and so
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g(w) is determined by (f(x))rer,_, ). We may similarly say that when k > 1 is even, (f(W)),er, @) can
be determined by (g(W)),er,_, ) (note that when k = 2, there may be a choice of two vertices adjacent
to both g(u + ¢;) and g(u + ¢;), but one of these is f(u)).

(E.g.,ifu+e+ex+e3 € R3(u), then g(u+ ey +ex +e3) is adjacent to f(u+ e +e2), f(u+ ey +e3),
and f(u + e> + e3). By the inductive hypothesis, f(u +e1 +e2) = f(u) + e 1) + €x ), f(u+e1 +e3) =
f@) +ez,q) + ex,3), and f(u + ez + e3) = f(u) + e (2) + €5, 3). There is only one vertex adjacent to all
three, and so g(u + e +ex +e3) = f(u) + €5 (1) + €, 2) + €x,3). The same argument works for the next
layer when f(u + e, + e + e3 + e4) is the unique vertex in T*(f(u)) adjacent to each g(u + e; + ej +ep)
for {j, k, I} € [4]®.)

Fix two nonadjacent vertices u, v € V(Q,,). Our goal is to show that f(u#) and f(v) cannot be adjacent.
We do this by first showing that if f (1) and f(v) are adjacent, then there are rigid structures around each
which are adjacent. We then take substructures of these rigid structures which are 6-spread (this will
allow us to say that the coloring of the 2-balls around the vertices of these substructures are independent
from one another). Finally, we consider that if two vertices are adjacent, the color of one has to fit in
with the coloring of the 2-ball around the other. We are then able to show that this cannot happen with
high probability (helped greatly by the independence attained by restricting ourselves to the specified
substructures).

Fixing our substructures.

LetC={Se[n]"Y : u+ Yiesn() € Rio), v+ Xcger-1( € Rio(v)}, then by Corollary 3.12

and Lemma 3.13, |C| > ( 1”0 ) —2en’s. We now split into three cases depending on the distance between

u and v. In each case, we define a subset C’ C C, which we will exploit later.

Case A: u = v+ e + ¢,. In this instance, let
C=(SeC: @'Our(S)n (st} =0}

Then |C'] > ([)) = 0(*s), andif a € {u+ Tyegexip S € C') andb € [+ Lygenigy
S € C'} then a and b are at an even distance at least two from each other.
Case B: u=v+e;+ ¢ + e,. In this instance, let

C={SeC:@'S)ur'S)n{str} =0},

so|C'| > ( 1"0 ) —-0’s).Ifa € {"“"Zjes er-ig) - S € C'}, then there may be a unique vertex
in {v+ ZJES ey - S € C'} at distance three from a. In this case, let b, be this vertex and
otherwise let b, be an arbitrary vertex at distance 3 from a. If a € {u+ Zjes €1y ¢ S E c'}
and b € {v+ ZjeS €1 - S € C'}\{b,}, then the distance between a and b in the hypercube
is at least 5 (as the distance between them is odd and greater than 3).

Case C: u and v are at distance at least four from each other. In this instance, let s, ¢, r, y be such that
the distance between u + e, + e; + e, + e, and v is four less than the distance between u and
v. Then let

C={(SeC: @''Our'®)n{stry} =0}

Then |C'] > (/) )~ 00s), andif a € {u+ Tyegeniy : S € C')andb € [+ Tyegenigy :

S € C'} then a and b are at a distance at least four from each other.
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We now come to fixing our substructures. Let 6, > 0 be such that 2e6 < ﬁ and choose sets
(A)res (with |A,| = [6n*] for each r, and |J| = [en®]) as in Proposition 4.1. Note that | J,<(,1 Ar| >
sen'® and so |(U,<rem AN N C'| 2 6en'® — O(n’s). By the pigeonhole principle there exists a j € J
such that |A; N C'| > én* — O(n’s). Let C"" = A; n C'. This approach of appealing to Proposition 4.1
may seem unnecessary, but is important as it reduces the number of substructures we have to consider,
in turn helping the union bound we take later. u

We now give explicit events detailing how the colorings of our substructure have to “fit in” with
one another. Roughly speaking, for adjacent vertices y and z, we consider that the first neighborhood
of y is contained in the first neighborhood of the neighborhood of z.

Expressing how substructures fit together.

For all vertices w € V(Q,), let

yw) = )y —n(l-p)

xel(w)

(so that each y(w) is a distributed like a normalized binomial random variable with mean 0), and then
let

Yw) = {w@) 1 xeI'(w)}.

Recall that x}z)(f(w)) ~ yO(w) for all w € V(Q,). If f(u)f (v) € E(Q,), then (18) gives

(2) (f(bt) + Z€f> =y (M + Ze,,ul(f)>
CEeS rEeS

(2> <f(v) + Z€f> =y <v + Ze,,rl(f)>
CES [4=N

for all § € C". This means that y(u + Y cser1(r) € PO + X c5er1(p) for all S € C”. For
permutations 71, 7> and S C [n]19, let B¢"™ be the event

Bglﬂz = {I]/ (u + Ze,,l(g)> ev (V + Zeﬂ-z(f)>} .
res res

Note that if f(u)f(v) € E(Q,), then B{" 7 oceurs for all S € C”.

Considering y as a fixed coloring, givenj € J and a pair of permutations 7, 7, we say that a subset
C" C A of size 6n* — O(n’s) is a (j, w1, my)-tester if j, 1, 7o, C"" satisfy the properties outlined in Case
A, Case B, or Case C as appropriate. Let Tj(xy, w2) be the set of (j, 71, mp)-testers. If f w)f(v) € E(Q,)

and

then there is a j € J, pair of permutations 7, 72, and C"” € Tj(x, 7») such that B R occurs for all
Secc.

We can then bound the probability that there exists an f° € Diagy., for which f(u)f(v) € E(Q,) and
f € Isom@(y) by

P [3f € Isom® () s.t. f € Diagy,.f(w}f(v) € E(Q,)
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<elUy U s

7.7, j€J C"ET(my,7,)SEC”

<33 3 e|m)

7.7 JEJ C" ET(my 7)) Sec”

Note that we have exp {O (nlogn)} choices for the permutations z; and z;. We then have |J| =

T—O(3
O (n%) choices for j € J. Finally, note that Tj(zy, ;) C AJQA"l o S)), so that there are at most

(0?234 ) ) = exp {0 (n3s log n)} choices for C"” € T; (r1, m») . Therefore, if we found a uniform upper

bound D for P [gccn Bs'™| . we would have

P [3f € IsomP () s.t. f € Diagy,,.f()f (v) € E(Q,)] < Dexp {0 (nslogn)}. (19)

We now come to finding our uniform upper bound D.

1 2
P Bg"™ | =exp {—Q <n4_A(5+2“_”))> } )
by

Claim 4.5.

log np

where A = .
logn

We again have to split this up into the three cases. Case B is the hardest and the work covering this
case also caters for Case A and Case C.

Proof. Note that for each w € V(Q,), w(w) is determined by (y(x))ceroy), and ¥(w) is deter-
mined by (y(X))er2gmuw)- Since the sets in C” are all at distance at least 6 from each other,
(( X(X))XET(HZ,ES e,qm))SEC” is a family of disjoint sets of random variables. This means that (y(u +
ZjeS ex,()))secr is a family of independent identically distributed random variables. Similarly, (¥(v +

Y jes €n())secr is a family of independent identically distributed random variables.

Case A: Suppose that C” satisfies the properties outlined in Case A. Since all vertices a €
{M+Z/ES erG) - S € C”} and b € {V+2jes erg) - S € C”} are an even distance
at least 2 from each other, ['(a) and T?(b) U {b} do not intersect. Therefore, (w(u +

D jes ex,))secr and (P(v + ) s ex,)))secr are independent families of random variables
and so, picking an arbitrary Sy € C”,

1"
P lﬂ BS] =p[B"] (20)
Sec”

Case C: Suppose that C” satisfies the properties outlined in Case C. Since all vertices a €
{u +Yesen - S € C”} and b € {v + Yieseni) - S € C”} are at distance at least 4

from each other, I'(a) and I'>(b)U{b} do not intersect. We can then follow the line of argument

as in Case A, and (20) again holds.
Case B: Suppose that C" satisfies the properties outlined in Case B. For each a € {u + ;.5 ez, :

Se "}, lety'(a) = Zwer(a)\rz(b y Xx(w) = (n=3)(1 — p) (so that each y'(a) is a distributed
like a normalized binomial random variable with mean 0). Then as in the previous cases,
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W' (U + Yesen,))secr and (P(v + ¥ g ex,)))secr are independent families of random
variables. Define the events Ag'"™ by

AD™ = {w' <u + me) ev <v + Zemw) + [—3»3]} :
jes JjES

Since |T'(@) N T?(b,)| = 3, we have Bg"™ C Ag"™. Then picking an arbitrary Sy € C”, we
obtain

o[ =]

sec” Sec”
=P|A™ < 21
[ S, ] . 21

Note that, in fact, in Cases A and C, for any a € {u + ZJ‘es er g - SEC” } we could define
b, to be an arbitrary vertex at distance 3 from a. Then, (21) is in fact an upper bound in all
three cases; hence, we now focus on bounding that expression.

Letx=u+ Y exnandy =v+ 3¢ er ). To get alower bound for the probability
of the complement event (AQ’”Z)C, we condition on the value of y’(x) and then consider
whether v (z) — w'(x) € [-3,3] for any z € T'(y). Note that we will just be considering
atypical values of y’(x). This means that our lower bound is very close to 0, but since we will
be considering a large intersection of independent events, it suffices to give a lower bound
that is not too close to 0. Let

5—4e 5
ce (\/3+4e(1 —-P)s \/3(1 —P)>,

< 1 and

(,‘2
2(1-p)

3 1 2 344 (1 1p(-p)

=+ -+ > St

(4 8)(2 2(1—p)> 4 \27 20-p
_34+4e 3+4e+5-4¢ _
8 3+4e -

so that é +

and then let M = c(np log(np))%. Taking a union bound gives

Pl >

c
v () >M and(/\;r;’”2> ]

=Py 0> M] (1-P A" @ > M)

> Py (1) 2 M (1 - Y Py @-v ®el-331y ) zzw])

zel'(y)
> (1-nPly () -Me[-3.3]])) Py (v) > M|,
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where 7/ € I'(y) is arbitrary, and where the last inequality follows from the fact that y(x)

is a normalized binomial random variable with mean 0. Since the same applies to y’, and
2
recalling that (3/4 + €)( 1+;

) > 1and p > n~'/4*¢, we therefore appeal to Lemma 2.2 to get

(A”‘ ”Z)C <l—n® <(np) (3 Z“i”)))) <(np) (i Z“i”))>
( ( _(3/4"'6)(2 2(13)))) Q ((np)_(é_'—wr_:v)))
Q<(np) (é ZFI’))>_

Recall that A = % € [3/4+¢, 1), so that np = n®. We may express the above inequality as
2
e[ =1-a (sl
0
Putting this into (21), we see
c" 2 6n4—0(n3s)
] b= (a5
sec ®
2
= exp {—Q <n4_A(é+2<‘_-ﬂ>>> } .
|

We have found our uniform upper bound D and so (19) gives

P [Elf € Isom(Z)()() S-t-f € DiagK’ logn’f(u)f(v) € E(Qn)]

3 4—A(1+L>
=expq O (n’slogn) —Q | n "\e" 20 .

Recall that s = p~'logn = n'~* log n and so
P [3f € Isom®(y) s.t. f € Diaggs p,./ W) (V) € E(Qy)]

= exp {0 (n4_A10g2n) -Q <n4‘A<é+z(i—2p))> } '

4-A(L &
We chose ¢ so that  + 2(1 5 < 1 and so n*2log’n = o <n (7

>> . As we already observed,

for yof™ 2 y, there must be a pair of nonadjacent vertices u and v such that f(u)f(v) € E(Q,). We
have fewer than 2" choices for u and v, and so taking a union bound gives

P [3f € Isom®(y) s.t. f € Diagg 100, x0f " % 1]

= exXp {O(Vl) +0 (n“‘Alogzn) - Q <n4_A(é+2<im )> }

=o(1).

Finally, we can conclude that P[ y is 2-indistinguishable] = o(1).
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5 | PROOF OF THEOREM 1.7

As with Theorem 1.4, we prove Theorem 1.7 by combining some of the probabilistic and structural
results already proven. We start off with a lemma to discount bijections which map large parts of
neighborhoods to neighborhoods.

Lemma 5.1. For any K > 0, there exists a constant C = C(K) such that the following holds: Let

1
q(n) > n?+Ce 21 and let y be a random g-coloring of the hypercube Q,,. Then with high probability,
there does not exist a bijection f € Local

f € Isom(y) and f(u)f(v) € E(Qy).

and a pair of nonadjacent vertices u,v such that

n(1-Klog™ 2 n)

It will be useful in the proof to introduce the following piece of notation:

Definition 5.2. For a s(n)-approximately local bijection f, we say it is self-dual if it is its own dual
and this dual is unique, that is, if f, = f.

For a natural number s = s(n), let Self; be the set of self-dual bijections in Localy, that is, let
Selfy = {f € Local : fi =f}.

Proof of Lemma 5.1.  LetK > 0,let C > 0be a constant to be defined later, and let g(n) > p2+Clog”2n,
For ease of notation, let M = n(1 — K log_%n). Let y be arandom g-coloring of the hypercube Q,,. First
suppose that there exists a bijection f € Localy\Selfy, such that f € Isom" (). Let f, be a dual of f
(note that since M > n/2, there may not be a unique dual).

Pick w € V(Q,) such that fy(w) # f(w). Then |T(w) N fFLTFw))| > Knlog_%n, since f €
Localy, and so d(yV = (Few)), yPw)) < n(1 — Klog_én). Since we assumed that f(w) # fi(W),
we see that there must exist some x # y € V(Q,) such that d(yV(x), yP() < n(1 — Klog_%n). By
Lemma 2.4, the probability of this occurring is o(1) and so

P [3f € Isom? () s.t. f € Localy\Selfy]| = o(1).

Pick two nonadjacent vertices u and v. Suppose that there exists a bijection f € Self), such that
f € IsomV(y) and f(u)f (v) € V(Q,), and let

U={wel): fw) el'(f(u),dw,v)#2}.

Recall that u and v are nonadjacent vertices, and so | {w € I'(u) : d(w,v) =2} | < 3. Also consider
1
that f € Selfy; and so |U| >n— M — 3 = Knlog™ 2n — 3.
For each w € U, f(w) is at distance 2 from f(v) in the hypercube and so there is a distinct i, € [n]
such that

TG NT (W) = {f@).f0) +e | -
Recall that y(w) = )(}1)(f(w)) and so yr (f() + ;) € x Cw)\{u}).Let ¥ = T*(w)\I'(v). For

eachw € U, T(w)\{u} C Y since w € I'(w) and d(v,w) # 2. Therefore y; (f(v) + ¢; ) € x(¥) for all
weU.
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Since )(;1)()‘ (v)) = yD(v), there exists a permutation 7 such that y(v + e,)) = x/(f(v) + ¢;) for all
i € [n]. But then y(v+e,)) = 17 (f(v) + €;,) € y(¥) forall w € U. Then there exists a set Ty C [n]

of size gnlog_%n such that y(v + ¢;) € y(Y) for all i € Ty. Therefore

P [3f € IsomV(y) s.t. f € Selfy, f(w)f (v) € E(Q,)]

1
Enlr)g 2n

<P |31y € [n]<2 ) stVieTy yv+e) € )((Y)] ) (22)

Since Y and I'(v) are disjoint, (y (v+e;))ie[n) and (¥ (x))sey are independent families of independent

Unif([¢]) random variables and so for an arbitrary T € [n](g’”og_j”)

PlVieT yv+e) € y(V) | x(N) =[P [x0v+e) € x(¥) | 2(Y)]

ieT

)
_< q )

<n2 > %nlog_%n
<= .
q

We can take an expectation over y(Y) to get

1
2 gnlog_fn
PVieT y(v+e) € x(V)] < (") :
q

We can then apply a union bound to (22) to get the following bound

gnlogfén
P [3f € IsomP(y) s.t. f € Selfy, f(w)f (v) € E(Q,)] < < T > <”2>
Enlog ’n q

1
K _1
Enlog 2n

K -3
>nlog 2n
en <n2>2
K _1
Snlog™2n q

2en*log!/*n Frlog 2
< Kq > '

IA

Define D = g log (%) a constant depending on K. Recall that ¢ > n2+°¢”""n_and so the bound

above is at most

_ ’—(nlog_%n
<%n_aog ]/2”10g1/2n> ’ = exp {Dn log™!/%n — %n + gnlog_l/zn log (log n)} .
Taking C sufficiently large we get

P [3f € Isom () s.t. £ € Selfy, fu)f () € EQ,)] < e 5.
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We have fewer than 22" choices for nonadjacent vertices u and v and so by a union bound,

P [Juv & E(Q,).f € Isom(y) s.t. f € Selfy, f(u)f (v) € E(Qy)] < 2=,

This upper bound is o(1) if C is large enough and so

P [Juv & E(Q,).f € Isom" () s.tf € Localy, f(u)f (v) € E(Q,)] = o(1).

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.77. Let K, Ky, K> > 0 be constants to be defined later, and then let e(n) = % —
1
Kzlog_%n and g > K n**?K21°¢ 27 L et y be a random g-coloring of the hypercube Q,. By Lemma 2.7,

if K is sufficiently large then
P [Eif eIsomP(y) st ! ¢ Clusteri(n)nz] =o(1),
and so
P [y is 1-indist.] = P [3f € Isom"(y) s.t. f~" € Cluster] 2. yof ™' & x| + o(1).

Knlog™'n
e(n)n?

Now suppose that there exists a bijection f € IsomV(y) with f~! € Cluster:(n),ﬂ\Mono

-1
Sincef~! ¢ Monof(':ll; % " there must exist vertices v, wi, w, such that w; # wy and |f~'(C(W)NC(w;)| >

Knlog n~! for i = 1,2. Note that [f_l(F(v)) NTw)| > Knlog e implies that d()(f('l)(v)’ 1(1)(%)) <
n-— K@ for i = 1,2. Recall that 7 (v) = zV(#~'(v)) and so for i = 1,2

diF o), xPw)) <n-K—.
logn

It cannot be the case that w; = w, = f~!(v) and so we have found two vertices u # x such that
d(rPOw), yPVx) <n- Ké. By Lemma 2.4, if K is sufficiently large, this occurs with probability
o(1) and so

P [y is 1-indist.| =P [Elf elsomP(y)st.fle MonoKnlOg_]”,;(of‘1 % ;(] +o(1).

e(n)n?

In a similar fashion, we could show that with high probability there cannot exist vertices vy, vy, w
such that v; # v, and |f~'T' () nT(w)| > Knlog_ln for i = 1,2. Now, recall that by Corollary 3.8

Knlog™'n
e(n)n?

y(n)=n 1—<1—2£(n)—14< K >5)
logn

1
=n <1 - (21{2 - 14K%>2 1ogn—i> .

Mono C Localy,,

where
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So then if we take K, > SK%,
y(n)<n (1 - Kilog_§n> ,

and then since Localg C Localy when R < T, we see that

I(nl()g_I n

Monoe(n)n2

- LC)caln(l_Kl _ln>,

-1
and any f~! € Monoi';l; % " has a unique dual g.

Suppose that g is not bijective. Then there exist vertices vy, vo, w such that v; # v, and [f~'(C(v;))N
I'(w)| > Knlog™'n fori = 1,2. By Lemma 2.4 this happens with probability o(1), so g is bijective with
high probability.

Since f~! € Localn < L ) with bijective dual g, we may apply Lemma 3.9 to get

1-K%log 4n

P [y is I-indist.] = P [f € Isom(y) s.t. £~ € Mono ™% " yof! & ;(] +o(1)

e(n)n?

<P lﬂfelsom(l)(;() s.t. f € Local ( L ),;(of“ 5@;(] +o(l).
n| 1-K%log" 4n

Finally, since log_%n =0 <log_él7n>, we may apply Lemma 5.1 to conclude that

1
1-K%log™ 4n

P [Ef elsomW (y) st.fe Loca1n< o ),)(of‘l % ;(] =o(l),

and so P [ ¥ 18 1-indistinguishable] =o(1). [

6 | SOME FURTHER QUESTIONS

In Theorem 1.4, we have the condition that p > n~'/4*¢. How small can p be taken here? Is there a
threshold function 7 such that if p/7 — o0, then a random (p, 1 — p)-coloring is 2-distinguishable with
high probability, but the same is not true if p = o(z)? More generally, given a function p, how large
must r be so that a random (p, 1 — p)-coloring is r-distinguishable with high probability?

It would be interesting to have better bounds on the values of g for which a random g-coloring
is 1-distinguishable with high probability. We have an upper bound of the form n***() and a lower
bound of form Q(n); we expect n' ) should be possible, and Lemma 2.4 shows that neighborhoods
are unique down to this range. (It seems likely that this should be a monotone property, that is if
a random g-coloring is 1-distinguishable with high probability then the same be true for a random
(g + 1)-coloring, but we do not have a proof of this. Note that we cannot proceed as in Corollary 1.5
as Theorem 1.7 only deals with uniformly random colorings.)

Another interesting question concerns a different type of random jigsaw puzzle.

Question 6.1. Let g = g(n) be a positive integer, and let V(Q,) = S; U ... U S, be a partition of the
vertices of the cube into g sets, chosen uniformly at random. Suppose we are given each set S; up to
an isometry. When can the partition be reconstructed with high probability?
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An equivalent way to state this is the following: let ¢ be a random g-coloring of the vertices of Q,,
and suppose that f : V(Q,) — V(Q,) is a bijection such that, for every color %, the restriction of f to
the vertices of color £ is an isometry. When is it almost surely the case that f must be an isometry of
the whole cube? Of course, the interesting question is how large g(n) can be.

Let us conclude by noting that there are other interesting questions about reconstructing colorings
of the hypercube. For example, Keane and den Hollander [11] asked when it is possible to reconstruct a
coloring c of a graph G by observing (c(X,)).en, Where X, is a random walk on the vertex set of G (see
also [3]). For the cube, not all colorings are reconstructible in this way, but for random colorings the
problem is very much open (see [7] for the problem and discussion, and [27] for further constructions).
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