THE ASTROPHYSICAL JOURNAL, 972:197 (11pp), 2024 September 10
© 2024. The Author(s). Published by the American Astronomical Society.

OPEN ACCESS

https://doi.org/10.3847/1538-4357 /ad5f8¢

CrossMark

NICER Timing of the X-Ray Thermal Isolated Neutron Star RX J0806.4—4123

B. Posselt'* , G. G. Pavlov?

, W.C.G. Ho® ,and F. Haberl*

! Oxford Astrophysics, University of Oxford, Denys Wilkinson Building, Keble Road, Oxford OX1 3RH, UK
2 Department of Astronomy & Astrophysics, Pennsylvania State University, 525 Davey Lab, University Park, PA 16802, USA
3 Department of Physics and Astronomy, Haverford College, 370 Lancaster Avenue, Haverford, PA 19041, USA
Max-Planck-Institut fiir extraterrestrische Physik, Giessenbachstrae 1, 85748 Garching, Germany
Received 2024 March 4; revised 2024 July 2; accepted 2024 July 3; published 2024 September 10

Abstract

The X-ray thermal isolated neutron star (XTINS) RX J0806.4—4123 shows interesting multiwavelength properties
that seemingly deviate from those of similar neutron stars. An accurate determination of the spin frequency change
over time can assist in interpreting RX J0806.4-4123’s properties in comparison to those of other XTINSs and the
wider pulsar population. From 2019 to 2023 we carried out a tailored X-ray timing campaign of RX J0806.4—4123
with the NICER instrument. We used statistical properties of the Fourier coefficients and the Z test for phase
connecting separate observations and finding a timing solution for the entire data set. We also developed a simple
and universal method for estimating the uncertainties of the frequency v and its derivative 7 from the empirical
dependencies of Z% on trial values of these parameters, with account of all significant harmonics of the frequency.
Applying this method, we determined a spin-down rate 7 = —7.3(1.2) x 10~!7 Hz s~!. The resulting spin-down
power E = 2.6 x 10% erg s ' is the lowest among the XTINSs, and it is a factor of 60 lower than the X-ray
luminosity of this neutron star. RX J0806.4-4123 is also among the pulsars with the lowest measured E in general.

Unified Astronomy Thesaurus concepts: X-ray astronomy (1810); Neutron stars (1108); Pulsars (1306); Pulsar

timing method (1305)

1. Introduction

RXJ0806.4-4123 (RX JO806 in the following) is a member
of the so-called Magnificent Seven, ROSAT-discovered radio-
quiet X-ray thermal isolated neutron stars (XTINSs) that show
no obvious nonthermal spectral component in their soft (peak
below 1 keV) X-ray spectrum. However, nonthermal X-ray
emission at keV energies was reported by Yoneyama et al.
(2017) and De Grandis et al. (2022) for the brightest and closest
member, RX J1856.5—3754. Recently, possible new members
to this group were discovered with eROSITA by Kurpas et al.
(2023, 2024). The XTINSs do not exhibit any detectable X-ray
pulsar wind nebulae (PWNe). They have long periods (P =3
—17 s) and inferred surface magnetic dipole fields on the order
of 10"* G (e.g., Haberl 2007; van Kerkwijk & Kaplan 2007;
Pires et al. 2014, 2019; Hambaryan et al. 2017; Malacaria et al.
2019). The period derivative P, and thus the spin-down, was
measured with good accuracy for five of the seven,
P~(@28—11)x 100 s s (- = (0.45-42) x 10°"° Hz
s~ !). Because they are close to the magnetars in the P — P
diagram, the XTINSs are a key population to understand the
diversity of neutron star (NS) populations and the evolutionary
connections between them. A valid NS evolution model should
be able to explain the peculiar properties of the XTINSs. These
NSs have characteristic ages that are larger than their kinematic
ages by up to a factor 10. The X-ray luminosities of the
XTINSs are too large for conventional passive cooling,
suggesting an additional heating source. The XTINSs also
have unusually large (up to a factor 10) optical excess fluxes
compared to the long-wavelength extension of their X-ray
spectra (e.g., Kaplan et al. 2011). As shown by Kaminker et al.
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(2006), Pons et al. (2007), Ho et al. (2012), Vigano et al.
(2013), and De Grandis et al. (2021), the presence of a strong
decaying magnetic field significantly affects the thermal surface
emission and can account for the high temperatures inferred
from the X-ray spectra. Another explanation for the high X-ray
luminosities of the XTINSs is accretion from supernova
fallback disks (Chatterjee et al. 2000; Alpar 2001). This
fallback disk model can also explain the other peculiar
properties such as the unrealistically large characteristic ages
and the large optical excesses (Ertan et al. 2017).

At the position of RX J0806, Posselt et al. (2018) detected
extended near-infrared (NIR) emission with the Hubble Space
Telescope. This NIR emission can be explained by either a disk
or an unusual PWN (there are no other known NIR-only
PWNe). Although NIR limits for the other XTINSs are less
deep than for RX J0806, there is also the question whether
RXJ0806 may be different, for instance in its timing
properties. The period of RXJ0806 is P~11.37 s
(v~ 0.0879 Hz; Haberl & Zavlin 2002). Using XMM-Newton
observations from 2008-2009, Kaplan & van Kerkwijk (2009)
reported i1 = /(1071 Hz s7!) = —4.3 & 2.3(10). Because
the presence of a putative fallback disk can be accompanied by
substantially different timing properties of this INS, a more
precise constraint on P is highly desirable to assess whether
RXJ0806 is perhaps an exception among the XTINSs. For this
reason, we carried out a multiyear NICER timing campaign of
this NS.

2. Observations and Data Reduction

For our timing program we used the planning approach
outlined in Appendix C. We started our timing program of
RXJ0806 in 2019-2020 with five observation epochs
separated by increasing time spans to optimize the time
coverage and phase connection (Program ID 2552). We
continued with one observing epoch in 2021, and another
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Table 1
NICER Observations of RX J0806.4—4123
ObsID Year Exptime Tspan Tcounts NCR
(®) (®) (counts s)

2552010101 2019.1904 9725 40,195 24,681 2.273 £0.032
2552010102 2019.1918 18,140 84,266 46,326 2.273 £0.031
2552010103 2019.1946 15,600 78,808 40,132 2.294 + 0.031
2552010104 2019.1973 10,550 60,778 26,945 2.238 £0.032
mergeAl 2019.1904 54,015 278,038 138,083

2552010201 2019.1995 3550 12,361 9228 2.313 £ 0.040
2552010202 2019.2001 13,050 35,413 34,276 2.265 + 0.033
mergeA2 2019.1995 16,600 51,281 43,504

2552010301 2019.2304 13,330 73,602 35,034 2.186 £ 0.032
2552010302 2019.2329 9138 62,127 23,976 2.176 £ 0.033
mergeA3 2019.2304 22,468 140,093 59,010

2552010401 2019.4029 18,510 68,771 48,449 2.205 + 0.032
A4 2019.4029 18,510 68,771 48,449 2.205 £ 0.032
2552010501 2020.1472 840 869 2323 2.206 £ 0.069
2552010502 2020.1476 16,180 84,433 42,467 2.186 £ 0.036
mergeAS 2019.1472 17,020 94,575 44,790

mergeA 2019.1904 128,613 30,281,952 333,837 2.312 £ 0.030
3553010101 2021.1365 3871 12,585 4684 2.405 £ 0.058
3553010102 2021.1370 14,300 80,579 39,031 2.105 £ 0.038
3553010103 2021.1397 5933 28,889 16,169 2.242 £ 0.039
mergeB 2021.1365 21,820 128,231 59,884 2.314 £0.032
5630010101 2023.0690 14,760 66,901 37,145 2.171 £ 0.031
5630010102 2023.0712 9197 85,095 23,758 2.154 £0.035
5630010103 2023.0743 363 5969 1016 2.134 + 0.092
5630010104 2023.0928 1331 6236 3182 2.074 £ 0.049
5630010105 2023.0933 4976 28,619 12,313 2.159 £ 0.034
5630010106 2023.1011 450 449 1145 2.195 £ 0.077
5630010107 2023.1016 792 5820 2107 2.269 + 0.060
mergeC 2023.0690 31,870 1,034,976 80,666 2.247 £ 0.030

Note. For each observation with identification number (ObsID) the starting time in the NICER archive is listed in decimal year. The third column, Exptime, indicates
the effective exposure times (obtained from spectra via XSPEC). The fourth and fifth columns list the covered time span (Tsp.n) of each (cleaned) timing data set and
the number of total (Tcouns, SOurce + background) counts using an energy filter of 0.23—1.0 keV band (pulse invariant (PT) between 23 and 100). XSPEC-based net
count rates (NCRs) were obtained with the SKORPEON background model and are reported for an energy filter 0.23—1.0 keV to illustrate consistent source flux level

even if the background varied.

observing epoch in 2023 (Program IDs 3553 and 5630). In
total, NICER data from 21 observations were acquired from
2019 to 2023, covering a total of about 3.9 yr. Table 1 lists the
parameters of the individual NICER observations.

For data analysis, we used the NICERDAS software (version
2023-08-22_VO0I11a) with HEAsoft (version 6.32; Nasa High
Energy Astrophysics Science Archive Research Center
(Heasarc) 2014) and the current version of the calibration files
(CALDB xti20221001). After initial processing of individual
observations with standard calibration and filtering, lightcurves
in different energy ranges (PI, channel ranges 30—150,” 150
—800, and 800—1500) with different binnings (1 s, 30 s, and
60 s) were produced using the task nicer13-1c. Evaluating
these (noisy) lightcurves, we defined two good-time-interval
(GTD) requirements as count rate < 0.5 counts s~ (strict GTI
filter) and count rate < 1 counts s', based on the background
lightcurve in the PI range 800—1500 with a time bin of 30 s.

5 PI 30-150 corresponds to 0.3—1.5 keV, see heasarc.gsfc.nasa.gov/docs/

nicer/analysis_threads/gain-cal/.

The (updated) lightcurves were inspected for peculiarities.
Previous versions of the NICERDAS software required
additional manual GTI selection, avoiding suspiciously low
count rates (at least a factor 3 less than the average), e.g., in
ObsID 3553010102 in 2021. With 2023-08-22_VOl1a, this
was no longer necessary. We checked the signal-to-noise level
in the timing analysis (Section 3), and decided to use the strict
filter for our observations except for the year 2021. As these
data from our second year were noisier, we had to use the less
strict GTI filter. For estimates of the effective exposure times
and NCRs in Table 1, we produced spectra from the GTI-
filtered data with the SKORPEON background model using the
task nicerl13-spect. We used XSPEC (version 12.13.1) to
estimate effective exposure times and NCRs.

3. Timing Analysis

There are different methods to measure timing parameters,
such as v and 7, for a pulsar. The commonly used approach in
radio pulsar timing connects the phases of pulse times of arrival
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Table 2
Estimates of v and 7 Based on Z,%ym.dx

epoch MIDmid V4 l%max Z3 ax

Z3 v — 0.0879477 Hz

(1078 Hz) (10*””Hz sh
mergeAl 58555.0 145 160 164 9424
mergeA2 58557.2 63 65 67 —127 £ 163
mergeA3 58568.8 66 76 76 3459
A4 58631.4 61 76 78 94 + 97
mergeAS 58903.4 65 72 81 —138 + 106
mergeB 59265.6 88 92 96 —49 £ 52
mergeC 59973.0 90 104 108 346
Al + mergeA2 58555.5 201 219 221 32420
... + mergeA3 58558.8 266 294 295 32+3.6
.+ A4 58571.0 327 366 366 3.25 +0.74
... + mergeA5 58615.6 389 433 436 3.69 £ 0.17 1+10
... + mergeB 58714.4 473 523 526 3.57 £ 0.08 9.8 +3.1
... + mergeC 58928.4 562 619 626 3.44 + 0.04 8.0+ 0.9

Note. The first part of the table shows the Z,%ﬁmax statistics for individual data clusters separately, while in the second part of the table one more cluster is added to each
consecutive line (see text for more details). The times of the middle of the considered events in an epoch (i.e., the reference time for the individual calculations) are

shown as (rounded) MJIDmid. The v and & values correspond to maxima of Z3. We list 1o uncertainties.

(TOAs). This involves creating a “folded” pulse profile from
many individual pulses and searching for the best timing
parameters by minimization of differences between phases of
pulse maxima in several segments of the observation, or groups
of observations (for details, see, e.g., Ransom et al. 2002;
Lorimer & Kramer 2004; Taylor et al. 2024). Since, unlike
radio timing, X-ray pulsar timing is based on the detection of
separate photons (events), a pulse TOA approach requires
phase binning, which introduces additional uncertainties.
Therefore, it is preferable to use unbinned data, i.e., event
TOAs instead of pulse TOAs. In contrast to most radio pulsars,
the thermal X-ray pulses from XTINSs, including RX JO806,
are very broad and smooth, with a small number of contributing
harmonics. A convenient approach to the timing analysis of
unbinned data of such pulsations involves the phases and
amplitudes of Fourier harmonics calculated with the aid of
sums over the events (see Appendix A.l and references
therein). If the pulsations are stable throughout the analyzed
time interval, the most probable timing solution for several
groups of observations corresponds to the best phase
connection between these groups, i.e., it minimizes the
differences between the harmonic phases of the separate
observations. As we show in Appendix B, minimizing the
phase differences is equivalent to maximizing the well-known
7% statistic for that group of observations,® where Z% is the sum
of powers of K harmonics that characterize the pulse profile—
see Appendix A.l.

The Z% statistic is calculated on a parameter grid (e.g., a 1D
frequency grid or a 2D v— grid). The grid computations can be
time consuming if there is a lack of prior information on these
parameters, particularly when probing high frequencies. In our
case, however, the pulsation frequency, v =~ 0.0879 Hz, is small
and known with a reasonable precision, and the frequency
derivative is constrained, || < 10-!5 Hz s~'. Therefore, we
chose the Zx approach for our timing analysis of RX J0806,
with the main goal to confidently measure the frequency
derivative.

6 This was also demonstrated by Halpern & Gotthelf (2011) for a specific
example.

The 21 NICER observations are listed in Table 1. There are
numerous gaps in the data (Exptime < Tgpa, in Table 1) as is
normal for NICER observations. Examination showed that
some of the individual observations have too few counts to
detect the pulsations. Hence, we merged the data from 21
observations into seven “clusters” (Al through A5, B, and C),
as indicated in Table 1, and confirmed their phase connection
within each cluster by evaluating the aliases in v, caused by the
gaps (see Section A.2.2). For computational efficiency, we
adapt our grid cell sizes Av and A (specified in the respective
text) to the improving time coverage and analysis goal.

We start our v and 7 measurements from a relatively crude
analysis, deferring a refined measurement to the next step. For
each analyzed data set, we used the middle of all respective
event times as the reference time. We calculated the Z% values
on the v grid with step sizes Av=25x 107" Hz s™', and
changing step sizes for Az depending on number of considered
epochs (A values range from 2 x 1077 t0 3 x 107 "¥ Hz s ).
With the aid of the H-test (de Jager et al. 1989), we estimated
that not more than three Fourier harmonics can give statistically
significant contributions.

The results of the crude analysis are provided in Table 2. In
the first seven lines of Table 2 we report the values of Zx
maxima and the corresponding frequencies for each of the
seven clusters. In accordance with our observational plan, the
first cluster Al has the largest exposure time and correspond-
ingly largest individual Zz. Hence, we will use it as the
reference cluster in the next steps. Proceeding to the next
epochs, we consecutively added each following cluster and
calculated the Z% maxima, frequencies, and frequency
derivative (when measurable)—see the last six lines in Table 2.
The uncertainties of v and ¢ are estimated using the “empirical
approach” described in Equations (A21) and (A25). The
addition of each new cluster narrowed the range of allowed
frequencies. Starting from the merged data set A+ B, the
timing data become sensitive to ©. The values of v and ¥
obtained from Zzz,max (and meax) agree with the meax -based
values within 1o of the uncertainties.

Because of the multiple observational gaps, the Z2 () and
Z,%(V, ) dependencies contain large numbers of 1D and 2D
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Figure 1. The test statistics Z* (left panel) and Z7 (right panel) in the # — v plane. The maximum values are indicated by crosses. These plots are based on a sampling
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Figure 2. The test statistics Z{ in the v~ plane. Our 4 yr NICER data coverage
of RX JO806 are considered with a reference time of 680 days from the first
detected photon. The small cross indicates the respective maximum value,
surrounded by its 68%, 90%, and 99% confidence contours (calculated as
described in Appendix A). The larger black cross marks the 68% confidence
regions of Z2.

peaks, respectively. If one of the peaks is substantially higher
than the others, this “main” peak corresponds to the true
solution while the other peaks correspond to aliases (see
Section A.2.2 and Appendix C). If the height(s) of the peak(s)
in the vicinity of the highest one were only slightly lower, one
would not be able to determine the peak corresponding to the
correct solution. The better is phase connection between the
separate observations (clusters), the lower are the alias peaks in
comparison with the main peak. Since the durations of the
separate observations and the gaps between them were chosen
from the requirement of good phase connection (see
Appendix C), the alias peaks are indeed considerably lower

than the main peak. While adding new clusters, we made sure
that we tracked the main peak and avoided any aliases. A 2D
example (all clusters added) is shown in Figure 1. In our case,
the next peak in height with respect to meax (Zz%max, meax)
has az ~ —3.1 x 1071 Hz s~ ' and is significantly lower, by
AZ2 =18 (AZ} = 32, AZF = 37).

The time of the first used event in our merged data set has a
time stamp of MJD (TDB7) 58553.5031368. and the full time
coverage is ~1429 days. Adding 680.0 days to this first event
time defines the reference time for our timing analysis. This
reference time allowed us to minimize correlations between v
and 7, enabling reasonably independent uncertainty estimates
according to Appendix A.

Based on the first estimates in Table 2, we then employ a
finer sampling of Av=5x 107" Hzand Ay = 5 x 107" Hz
s~! to investigate the highest peaks in more detail, and to
determine the 68%, 90%, and 99% confidence contours for two
parameters of interest in the v— plane, see Figure 2 for the
highest Z® peak. The values of Z7,, = 562, Z3 . = 621,
and Z3,,, = 627 differ slightly from the values (562, 619,
626, respectively) in Table 2 due to the finer sampling and
different reference times. Using Figure 2 for the 68%
confidence level (for two parameters of interest), our timing
solution is:

v = 0.08794773254(18) Hz,
v=-73(12) x 107 Hz s,

at the reference epoch MJD (TDB) 59233.5031368.

For further analysis of our timing data in the energy range
0.23—1.0 keV, we follow the definitions of the Fourier
coefficients in Appendix A.l. The harmonic’s amplitude sx
and phase 1 are listed in Table 3 for each of the three merged
epochs (A, B, and C), and for the fully merged data
(A + B+ C). For the third harmonic, we find an amplitude
§3=0.0053 +0.0029, i.e., this harmonic is statistically

ey

7 TDB stands for barycentric dynamical time at the solar system barycenter,

the time frame in which we carry out the timing analysis.
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Table 3
Estimates of s; and v, for our Timing Solution from Equation (1) (Reference Epoch MJD 59233.5)
epochs S P ) 53 3
mergeA 0.0482 + 0.0035 —0.1352 + 0.0081 0.0164 £ 0.0035 0.079 + 0.024 0.0031 £ 0.0035 0.24 +0.13
mergeB 0.0536 £ 0.0082 -0.118 £ 0.017 0.0128 + 0.0082 0.067 £ 0.072 0.0129 + 0.0082 0.154 £ 0.071
mergeC 0.0470 £ 0.0070 -0.107 £ 0.017 0.0193 £+ 0.0070 -0.019 + 0.041 0.0101 £ 0.0071 0.239 £ 0.078
A+B+C 0.0486 + 0.0029 -0.1283 + 0.0067 0.0160 + 0.0029 0.059 + 0.020 0.0053 + 0.0029 0.216 £ 0.061
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Figure 3. The pulse shape of RX J0806. The zero phase corresponds to the
reference time MJD (TDB) 59233.5031368. The blue histogram shows the
folded X-ray counts in the energy range 0.23—1 keV. The red solid line and red
shaded region show the pulse shape as the sum of two harmonics and its 1o
uncertainty range. The contributions of the first (dashed red) and second (dotted
violet) harmonics are also indicated. For comparison, the shaded gray profile
demonstrates how the pulse shape would change if the (insignificant) third
harmonic is included.

insignificant. Comparing the pulse shapes composed of two
and three harmonics with the binned data and with each other
(see Figure 3) also illustrates the negligible contribution from
the third harmonic, which we ignore for the further analysis.

The amplitudes and phases of the two relevant harmonics are
plotted as functions of time for three merged epochs in
Figure 4. We see that at the found timing solution the harmonic
amplitudes s, do not change, and the harmonic phases
remain about constant. This demonstrates that our observations
are indeed phase connected. In the same figure, we also show
the s, and v values obtained at the assumption that 7 = 0.
While the harmonic amplitudes are virtually insensitive to the
frequency derivative, the harmonic phases show significant
relative shifts at the (wrong) 7 = 0, as expected.

The pulse profile of RX J0806’s thermal X-ray emission is
smooth and has a very low pulsed fraction. For the energy
range 0.23—1.0 keV, the observed maximum-to-minimum
pulsed fraction is pamp,obs = (fmax _fmin)/(fmax + fmin) =
5.6% =+ 0.3%, where the uncertainty was derived from Monte
Carlo simulations. Using the X-ray spectra of the merged data
in the energy range 0.23—1.0 keV, the net source fraction is
90.8%. Thus, the intrinsic pulsed fraction of RXJ0806 is
Damp,int = 6.2% £ 0.3%. For the other pulsed fraction defini-
tions from Appendix C in Hare et al. (2021) we obtain
PDareaint = 0.8% £ 0.4% and pyps ine = 4.0% £ 0.2%.

4. Discussion

Our NICER observing campaign was planned as outlined in
the Appendix C, starting with a comparatively long observation
and choosing the observing intervals of subsequent shorter

observations in a way that ensured phase connection (see
Appendix B). Using this approach, we obtained our seven
unevenly spaced observation clusters spread over 3.9 yr (see
Table 1). Despite the large gaps between the observation
epochs at the end of our campaign (e.g., 1.9 yr between epochs
6 and 7), we were able to phase connect all the observation
clusters and confidently measure a rather small frequency
derivative in a relatively short total exposure time of 182 ks.
The good performance of this method with respect to the phase
connection is illustrated by Figure 4, and it can also be seen in
Table 2 where the difference between Zz of two subsequent
rows (lower half of the table) is nearly8 the value of Z% of that
additionally included epoch.

Our NICER exposures from 2019 to 2023 allowed us to
measure the rotation frequency of RX J0806 with a very high
precision of o, ~2 X 107'° Hz and evaluate its derivative,
= —(73+ 12) x 10717 Hz s, for the first time. The best-
fit frequency derivative is a factor of 6 lower than the previous
estimate, » = —4.3 &+ 2.3 x 1071 Hz s™', by Kaplan & van
Kerkwijk (2009). The pulse shape is satisfactorily described by
two terms of the Fourier expansion (Table 3, Figure 3). This
shape looks similar to the one described by Kaplan & van
Kerkwijk (2009) and Haberl et al. (2004). This is also
supported by the agreement of our background-corrected
Fourier coefficients with those of Kaplan & van Kerkwijk
(2009) within their 20 uncertainties. In addition, we have
checked that RX JO806’s pulse shapes from the merged epochs
A, B, and C, and all the merged data agree with each other
within their uncertainties, which is also seen from the nearly
constant Fourier coefficients shown in Figure 4. Thus, the
assumption of a stable pulse shape for our analysis is confirmed
in retrospect. However, we note that variations in pulsed
fractions, pulse shape and spectrum have been observed for
another member of the XTINS population, RX J0720.4-3125
(Haberl et al. 2006).

The two harmonics might be associated with a different
temperature distribution in the two hemispheres. Vigano et al.
(2014) have demonstrated that different asymmetric temper-
ature distributions can be used to describe the spectral features
of RXJ0806’s XMM-Newton data by simulating this NS’s
phase-averaged and phase-resolved spectra. However, although
their models can reproduce the observed pulsed fraction, the
model pulse profiles are very different from the observed one.
This means that other models should be explored and compared
with the observed phase-energy dependence, which requires a
very large number of source counts. Our NICER timing data
have about double the number of counts (~474,000 counts) in
comparison to Kaplan & van Kerkwijk (2009, ~217,000
counts) for a smaller energy range. Hence, a phase-dependent

8 The values are not exactly the same due to differences in the trial values and

different reference times, and a lack of correction for timing noise from the
nonpulsed background (see Equation (B6)).
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Figure 4. The amplitudes and phases of two harmonics for the completely merged NICER data set (orange bands) in comparison to those of the merged epochs A, B,
and C (blue square and circle symbols using the derived timing solution from the merged data v = 0.08794773254 Hz and # = —7.3 x 1077 Hz s™", respectively).
For comparison, we also show the expected result if 7 = 0 is assumed (red bands) and the measured values for this assumption, indicated with red triangle symbols.

Error bars indicate 1o uncertainties.
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Figure 5. JO806 within the population of NSs. The left panel shows the pulsars
in the period—period derivative diagram, color coded by their spin-down
energy. The old (uncertain) spin-down parameters by Kaplan & van Kerkwijk
(2009) and our new values for RX JO806 are indicated by the downwards- and
upwards-pointing red triangles, respectively. The current radio detection limits
of steady pulsar emission according to Wu et al. (2020) are indicated by the
dashed line.

spectral analysis could result in better constraints on the
geometry, temperature distribution, and absorption lines than it
was possible before our NICER observations.

Based on our timing solution, the phase uncertainty between
the last XMM-Newton observation (MJD 54932.06) by Kaplan
& van Kerkwijk (2009) and our reference epoch is
onp = [(02 A2 + o2 At*/4]'/2 = 0.8. Thus, phase connection
might be possible but is not guaranteed. The count rates
estimated for individual NICER observations are consistent
with each other. We also checked that the overall flux and
spectral parameters estimated from the NICER observations are

also consistent with those inferred from the XMM-Newton
data. We defer a detailed phase-resolved spectral analysis to
future works.

The measured © value corresponds to the following pulsar
parameters: spin-down power E = 2.6 x 10%Ls erg s '
(where I;s is the moment of inertia in unit of 10% g cmz),
magnetic field B = 3.2 x 10"(PP)"/2 = 1.1 x 103 G, and
spin-down age 7T = P/(2P) = 18 Myr (largest among
XTINSs). As illustrated in Figure 5, RX J0806 is among the
pulsars with the lowest measured E. The formal “X-ray
efficiency,” ny = Lx/E = 60 (using the purely thermal X-ray
luminosity of 1.6 x 10*! erg s~'; Kaplan & van Kerkwijk
2009) exceeds 1, similar to other XTINSs (for which ny varies
from 0.2 to 68). The spin-down power is about a factor 6 lower
than the previous estimate by Kaplan & van Kerkwijk (2009).
This new, lower value also has some implications for the
parameters of a putative PWN, which is one of the possibilities
to interpret the extended infrared emission discovered with the
Hubble Space Telescope (Posselt et al. 2018). To balance the
lowered E, the magnetic field at the pulsar wind shock should
be stronger by the factor of 6 in Equation (2) of Posselt et al.
(2018) for the maximum electron energy. Due to the large
uncertainties, however, a PWN still remains a viable
interpretation for the extended NIR emission.
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Appendix A
Measuring the Uncertainties of Frequency and its
Derivative

A.1. Basic Formulae for the Zi Statistic

A timing observation of a source with a photon-counting
detector provides a series of TOAs, t;, of the detected photons.
If we know (or suspect) the source to be periodic, we can
measure its frequency and frequency derivative (or search for
pulsations) from a statistical analysis of phases of arrival:

¢i = Cb[(V’ ) = ¢ref + v (t — tret)
i (t; — tef)? /2, (A1)

where v and » are some assumed (trial) frequency and its
derivative, and ¢, and f. are the reference phase and time,
respectively. Using the phases of arrival, one can calculate the
Z%( statistic (e.g., Buccheri et al. 1983):

2. NS, N& 2
ZK(V, V) = —Z Sk = —Z(ak + bk)’ (A2)
2.2 2,2
where N is the total number of detected events (counts), & is the
Fourier harmonic number, Ns?/2 is the power in the kth
harmonic, a; and b, are the Fourier coefficients at the trial
values of v and v:

N
ap = %Z cos 2k, = i cos 27y,
i=1

N
by = %Z sin 27k¢; = s; sin 27y, (A3)

i=1

and s; and vy, are, respectively, the amplitude and phase of the
kth harmonic (which can be considered as polar coordinates of
the point with the Cartesian coordinates a; and by). We
emphasize that, being obtained from a set of observational data,
all these quantities are prone to statistical (and perhaps
systematic) errors. Besides, they depend on the assumed values
of v and ¥ (or on v only if ¥ is not measurable in a given
observation), which may be different from the actual values ¥
and © of the periodic signal.’

Statistical uncertainties of sy, 1, and Z%( can be found from
the variances of the a; and b, coefficients (e.g., Hare et al.
2021):

1
aik = E(Z + axy — akz),
1
Oh = 52 = an = b0). (Ad)
with the aid of error propagation. For instance:
2 1
2
oy, =—| 1+ —sycos cos?2
S N[ 5% Yok Vx

— %skz (cos* 1 + sin* i) ] (A5)

These equations show, in particular, that for small harmonic
amplitudes the uncertainties of ay, by, and s, only depend on the

° We mark all the “actual” properties of the parent signal (such as the count
rate, harmonic amplitudes and phases, and frequency) with a “hat” symbol.
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number of events, o, = o ~ 0, ~ /2/N. Since the
harmonic amplitudes usually decrease with increasing harmo-
nic number, this approximation can be used to find the
maximum number of harmonics to be used in the timing
analysis—e.g., Kyax is the maximum number K for which the
condition sx > 30y, &~ 3/2/N is fulfilled. In the case of
RXJ0806, all the merged NICER observations include
N=474387 events, which corresponds to o, = 0.0029.
Comparing this uncertainty with the s; values (see Table 3),
we obtain Kp,, = 2.

The ZZ(v, i) statistic is commonly used to measure the
frequency and its derivative, # and , of a nearly periodic
source. For a given data set, the most likely frequency and
frequency derivative estimates, v and i, correspond to the
maximum of the Zz statistic on a v— grid: Z]%(l/(), ) =
Z,%max. If the frequency derivative is not measurable in this
observation, then the most likely frequency is determined by
the equation Z2 (1) = Z,%Ymax. The differences of the 1 and 7y
from the “true” values, & and 7, are characterized by statistical
uncertainties of the measured values, which can also be found
with the aid of Z,%(V, ). We will consider some examples
below.

A.2. Estimating v and v Uncertainties for a Sinusoidal Signal

Let us start from the simplest the case of a sinusoidal signal
with a slowly changing frequency:

() = CI1 + §cos2m (Dt + 12/2 — D)1, (A6)

where C is the signal count rate averaged over pulsations, and §
and 12) are the signal amplitude and phase, respectively. The
statistical properties of such a signal for a given data set are
fully described by the function le (v, ) (also known as the
Rayleigh test).

The statistical uncertainties of the frequency and its
derivative of the sinusoidal signal, measured from a given
data set, are determined by the shape and height of the
Z2(v, i) peak, which in turn depend on the shape and strength
of the signal and on the observational setup (e.g., the number
and durations of exposures included in the timing analysis). To
explicitly connect the uncertainties with the height and shape of
the peak, we can use a Taylor expansion of the function
Z2(v, i) near the peak’s maximum:

ZEW, 1) ~ Zina [1 — A(AV)?
—B(AD)? — C(AV)(AD)], (A7)

where Av=v— vy, Av =1 — iy, meaXA =
—(1/D[D*ZE (v, )/ OV, ZE e B = —(1/2)[0%Z2 (v, 1)/ 0i2],
and meax C = —[0°Z% v, iv) / (0v0v)]; all the derivatives are
taken at Ay =0 and Ay = 0. The last term in Equation (A7),
related to the correlation of v and 7, can be eliminated by a
proper choice of reference time, while the first two terms are
related to the uncertainties of v and . Cutting the peak by the
horizontal plane at a height Z2 = meax — AZ? and
projecting the cut onto the v— plane, we obtain an elliptical
confidence contour centered at (v, ©y), which is given by the
equation:

Z2 s [A(AV)? + B(AD)?] = AZ. (A8)
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The semiaxes of this ellipse represent the v and © uncertainties
at the confidence level determined by the AZ? value:

5 \1/2 5 \1/2
5V:(%ZA221) : 5u:(lﬁzl] . (A9

1,max 1,max

The peak height le,max can be found directly from the data, but
in order to find the uncertainties, we should know the
coefficients A and B, proportional to the second derivatives
of ZX(w, ) at the peak maximum, as well as the
correspondence between the confidence level and the value
of AZ?.

A.2.1. Uninterrupted Observation

For a sufficiently long observation and a large number of
detected photons, the function le(u, /) can be written as:'°

2
22w, ) = NTSU(V, NP, (A10)

where N = CI, is the number of detected counts, Texp 1s the
exposure time, C and s are, respectively, the observed count
rate and signal amplitude (equal to the observed pulsed
fraction; e.g., Pavlov et al. 1999), Ns2/2 is the signal power,
and J(v, ) is the modified Fourier transform of the signal
f (t), normalized in such a way that |J (v, ¥%)|> = 1. For an
uninterrupted observation of duration 7, we have Ty, = T and:

_ L 2mi| A A & d
J(, ) = — —2mi| Avt + Av— + ‘.
(v, ) »[T/z exp z( 1% V2 1,0)

(A11)

For &/ = i, we obtain a 1D profile of Z? along the frequency
axis:

2

Z (v, i) = NTssincz(WAl/ T), (A12)

where sinc(x) = (sinx)/x—a well-known formula for the
Fourier power of a purely sinusoidal signal (e.g., Leahy et al.
1983). At v =1y, the 1D profile along the & axis is:

2 . Ns? 2 2
Zi (vo, V) = 2—y2[c )+ S*W1. (A13)

where y = (7]Ap|)"/2T/2 and C(y) = foy cos(u?)du, S(y) =

fo y sin(u?))du are the Fresnel integrals. The 2D Z2 (v, ©/) peak
can also be expressed in terms of Fresnel integrals of a more
complicated argument (G. G. Pavlov et al. 2024, in
preparation).

Using Taylor expansions over powers of Av and A of the
right-hand sides of Equations (A12) and (A13), reszpectively,
we obtain the coefficients in Equations (A9), A= T2/ 3 and

19 For the sake of clarity, here and throu;hout the appendix, we do not
consider the random noise contribution to Zg (v, ©). This contribution can be
neglected for a sufficiently large signal power.
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B=7"T"/180, and the uncertainties:

sy L [38Z7 1 6Az?
T Zﬁmax 7Ts N

~0.78 C 1257 1T-3/2(AZH)V/2, (A14)
6 |5Az7 6 [10AZ}
o = — =
T2\ Z e 7T\ N
~ 6.0 C V23 IT5/2(AZ)/2, (A15)

If we assume Ale = 1, then Equations (A14) and (A15) turn
into the familiar equations for standard deviations (Ransom
et al. 2002; Chang et al. 2012; Hare et al. 2021):

0, =3 /MT N (Z )2

~ (.78 C~1/25~1T7-3/2, (A16)
0y = (65 /M) T 2(Z )~/
~ 6.0 C~ V217572, (A17)

These estimates have been confirmed by Monte Carlo
simulations (Chang et al. 2012; Hare et al. 2021), which
support the conjecture that the 68% confidence level for the
uncertainties of frequency and its derivative corresponds
to AZ? = 1.

A.2.2. The Case of Several Observations and the Empirical Approach
for Estimating v and v Uncertainties

If several observations of a source with constant timing
properties are phase connected, they can be treated as a single
observation with gaps, and the function le (v, ) can be
calculated in a way similar to that used for an uninterrupted
observation. For instance, for a sinusoidal signal, one can
modify Equations (A10) and (A1l) by replacing the integral
over time by several integrals over the actual exposure intervals
and changing the 1/T factor by 1/T;,. The presence of gaps
leads to the appearance of multiple peaks of le(zx, /); the main
peak (usually the highest one) corresponds to the actual (most
probable) timing parameters, while the other peaks correspond
to aliases. Different aliases correspond to different integer
phase shifts with respect to the main peak during time intervals
At in the data set, with At representing various differences and
sums of gap durations and exposure times. Thus, the phase shift
of an alias is Ap = Av At + Av(Ar)?/2 ~ n, where Av and
A are the coordinates of the alias on the v~ map, and n (=0)
is an integer.

For instance, for the simplest case of two observations of the
same duration T¢x, /2, separated by a large gap Toop = T — Top,
we obtain (for Top, < T):

ZE (W, i) = (CTuxps?/2)sinc?

X (T AVTxp/2) cos* (T ALVT). (A18)

The factor cos?>(wAvT) is responsible for multiple narrow
peaks of Z(v), with short periodic spacings of 7' along the
frequency axis. This structure is modulated by the function
sinc?(rAvTiy,/2) with a much larger periodic spacing of
~2/Toxp. The highest peak, with height Z7 ,, = Clix,s2/2,
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occurs at v = 1, and its half-width at the level of meax — lis:
_ 2 _
Oy = (T[-T) 1(Zl,max) 172
=045 C7V27IT7IT % (A19)

The other narrow peaks with similar widths are the alias peaks
caused by the gap. Although the alias peaks are lower than the
main one, the differences between the heights of the main peak
and the nearest alias peaks become too small when T /Ti,
becomes so large that the phase connection between the two
observation is lost (see Appendix C). Therefore, although
0, < T, the frequency cannot be measured with a very high
precision by choosing a very long gap between the
observations.

Comparing Equations (A19) and (A16), we see that, at least
for a sinusoidal signal, the dependencies of o, on the signal
parameters, exposure time, and total time span are qualitatively
the same for both an uninterrupted observation and an
observation with a gap (taking into account that T¢,, = T for
an uninterrupted observation). It suggests that in a general case
of several observations with different exposures and time gaps
we should expect a universal dependence:

0 o (Cloxp) /2 57T, (A20)

with the numerical proportionality coefficient depending on the
observational setup. This relationship is useful for crude
estimates of the frequency uncertainty and for planning of
timing observations (see Appendix C).

In the case of many individual observations of different
durations the multipeak Z?(v, /) dependence becomes very
complicated (see Figure 1), and the use of very cumbersome
analytical expressions for estimating the v and 7 uncertainties
becomes impractical. However, the above-considered examples
suggest that one can use a much simpler approach for this
purpose. Once, for a given data set, the “correct” peak of
le(y, ) is identified, one can estimate the 1o uncertainties
from the equations:

ZIZ(VO + Oy, DO) = le,max - l’

ZEwo, o+ 0) = Zl e — L. (A21)

We have used this empirical approach in a timing analysis of
XMM-Newton observations of pulsar B1055-52 (Vahdat et al.
2024). The estimates of the v and © uncertainties inferred from
the NICER data of RX JO806 are also based on this approach,
with some modification to account for the presence of the
frequency harmonic.

A.3. Effect of Signal Harmonics on the Frequency Uncertainty

Let us now consider the case when the signal contains
harmonics k> 1:

K
F=Cl1+ Y Sicos2mkine + 01%/2 — ) | (A22)

k=1
In this case the Z7(v) statistic'' has peaks not only near the

fundamental frequency # but also at its harmonics k. The
peaks of the le(u) near k¥ have heights Nsk2 /2, while their

1 Since the presence of harmonics does not affect the 7 measurement, we
consider only the frequency dependence here.
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shapes are the same as the shape of the peak at the fundamental
frequency. Similar to the case of a sinusoidal signal, the
uncertainty of the frequency I/g‘) ~ ki, measured from the kth
peak, is given by Equation (A16), which means that the
corresponding uncertainty of © is a factor of k smaller:

L \/E . (A23)
wTksy \ N

Now we can say that we have K measurements of &, with
different uncertainties given by the above equation. Then, using
the usual rule for calculating the variance of a mean value
obtained from several observations, we obtain the resulting 1o
uncertainty:

K ~1/2
o, = ﬁ(NZ kzskz)

T =1

o =

K —1/2
=0.78 c—'/z(z kzs,f) T-3/2. (A24)
k=1

Equation (A24) turns into Equation (A16) if contributions of
the k> 1 harmonics are negligible. Taking those harmonics
into account reduces the frequency uncertainty by a factor of:

K 172
g= (1 + > k2(sk/s1)2) . (A25)

k=2

For instance, g~ 1.2 for the 0.23-1.0 keV pulsations of
RXJ0806 in our NICER observations. Thus, taking higher
harmonics into account allows one to measure the frequency
more precisely, albeit the improvement may be small.
Moreover, once o, is measured from le(u), it can be easily
corrected for the presence of higher harmonics by dividing over
the g factor, given by Equation (A25).

A.4. Uncertainties at Different Confidence Levels

We have derived a few equations for the 1o uncertainties, o,
and oy, of the frequency and its derivative. It would also be
useful to know the uncertainties at different confidence levels.
In principle, they could be obtained from Equations (A9), but
the correspondence between the AZ? value and the confidence
level is not immediately clear.'”> However, we can infer this
correspondence with the aid of the Bayesian posterior
probability density derived from the likelihood marginalized
over “nuisance parameters” (Bretthorst 1988). It follows from
Chapter 2 of that book that for a purely sinusoidal signal
(Equation (A6) with 7y = 0), the normalized probability
density in the vicinity of v = 1, obeys a Gaussian distribution:

2
20,

1 (v — 1/0)2
= — , A26
p(v) NS exp [ ] (A26)

where o, is given by Equation (A9) for év with AZ? = 1. It
means that, as long as Equation (A26) is applicable, an ac
confidence level corresponds to AZ? = a2. In other words, the
confidence levels for the frequency uncertainty of, e.g., 68.3%,

2 The statement in Buccheri et al. (1983) that “The variable Zﬁ has a
probability density distribution equal to that of a x* with 2n degrees of
freedom” is only applicable to timing noise.



THE ASTROPHYSICAL JOURNAL, 972:197 (11pp), 2024 September 10

90.0%, 99.0%, and 99.73% correspond to le ~ 1,2.7,6.6, and
9, respectively.

If Z2? depends on both v and o,
generalization of Equation (A26) is:

then the natural

W= = i)

2 o 2
203, 2073,

. (A27)

pv, v) = exp

ynyz

assuming the reference epoch is such that v and © are not
correlated. We can use this equation to calculate the confidence

levels corresponding to different contours Z2(v, ) =
Zﬁmax — AZ? in the v~ plane. For a given AZ?, the contour
is given by the equation:
o 2 N2
(v 21/0) (¥ ZVO) — AZ2, (A28)
g g

v v

which is an ellipse with semiaxes 0, AZ? and o, AZ?. If
we introduce new variables x = Av/o, and y = A /0y, then
the contour is a circle with a radius  AZ?2:

224 y2 = AZ (A29)
The probability that x and y are within this circle is:
P2+ y2<ZY) =1 — exp(—AZ2/2). (A30)

This allows us to calculate AZ? corresponding to a given
probability:

(A31)

AZ2=2In " !

For instance, AZ,2 = 2.30, 4.61, 9.21, and 11.62 for P =0.68,
0.90, 0.99, and 0.997, respectively. Note that these are
confidence contours for two parameters of interest; they
correspond to larger Z7 than the 1D Gaussian values.

A.5. Summary of the Empirical Approach

To summarize, the empirical approach to estimating the v
and ~ uncertainties includes the following steps.

1. For a given set of phase-connected observations,
calculate the statistic le(u, ) (or just Z12(1/) if o is not
measurable) on an appropriate grid of v— (or just v),
choosing the most convenient reference epoch near the
center of the total time span.

2. Find the highest peak of Z? (v, i) and determine the most
likely frequency v, and frequency derivative i,
corresponding to the peak’s maximum.

3. Estimate the v and © uncertainties at a confidence level of
68% (for one parameter of interest) from Equation (A21)
with AZ?2 = 1, in the one-harmonic approximation.

4. Calculate the Fourier coefficients s; and v, and their 1o
uncertainties [- no: “o; and ¢,” -] at v=1 and ¥ =
for several consecutive harmonics k > 1. Determine the
maximum number K of statistically significant harmonics
for which s¢ > Aoy, where the value of A depends on
the desired confidence level (e.g., A = 3 for a confidence
level of 99.7%). Use sk and 1k to plot the pulse profile
(folded lightcurve).

5. Apply the higher-harmonics correction (Equation (A25))
to the frequency uncertainty.

10
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Appendix B
Phase Connecting Observations by Maximizing the Z-
squared Statistics

If we have M observations of the same source with large
time gaps between them, we can measure the frequencies v,
(m=1, 2,...,M) at which the Z-squared statistics for separate
observations, Z,%’m = (N, / 2)Zle(a,zm + b,im), are maximal,
fit the sequence of v,, with a linear function of time, and
determine © from the slope of this line. This approach provides
an incoherent measurement of # (the pulsation phases 9/, in
separate observations are not connected).

An alternative way to measure the frequency derivative is
maximizing Z2(v, i7) for a combined data set, i.e., simulta-
neously for all the M observations. The Fourier coefficients for
the combined data set can be written as:

== Z Z cos 2mko, =

m 1i,=1

M
Npn
Z N

m=1

= Z —msk,m co8 2T m» B1)
m=1 N
MON,
Z Z sin2wkd;, = > b
m liy=1 m=1 N
M
Z Skm sin 27y, (B2)

where N = Z%Zle. Substituting these expressions into
Equation (A2), we obtain:

Zi(w, v) = —Z Z
Nk 1m,m'=1
X NmNm’Sk,msk,m’ Cos 27T(wk,m - wk,m’)s (BS)
( )2 M m—1
= Z Z Nn Skem | — Z
2Ivk 1 m=1m'=1
X (Nmsk,m)(Nm’Sk,m’) Sin 7T(¢k,m - djk,m’)]- (B4)

The quantities g . Sk.m'> Ykms and Yy ,,» depend on the trial
frequency and its derivative. Obviously, maximizing Zz (v, i)
implies minimizing the phase differences v ,, — ¥k ', i.€., the
phase connection of the separate observations. If the “actual”
amplitudes §; and phases U of harmonics remain the same (i.e.,
no glitches or substantial flux changes) within the time span of
the M observations, then, at the actual frequency and its
derivative, we expect S, = Skm = Sk ko' = Vkom' = Vs
and:

ZR o (B5)

M
= Z ZI%,m;max'
m=1
It means that at the ideal phase connection the maximum of Z%
for the entire data set is equal to the sum of Z% maxima found
for the data subsets. It, however, can be somewhat lower in a
real situation because of statistical and/or systematic errors. In
addition, in the derivation of Equation (B5) we neglected the
contribution of timing noise from the nonpulsed background to
the Z% values. The expected (mean) value of this contribution
to each of the Z%( is equal to 2K, which means that for timing-
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noise-corrected Z%( Equation (B5) turns into:

M

Zemax = O Zimmae — 2K M — 1). (B6)
m=1

This correction explains most of differences in Table 2 between

the uncorrected Zémax values for a data set and the sum of

Z,%vmax values for separate subsets.

Appendix C
Planning a Series of Phase-connected Observations of a
Pulsar

To measure a frequency derivative in a photon-counting
observation (or a series of observations) of a pulsar, not only
one should detect enough pulsar counts, but also the time span
of the observation(s) should be sufficiently long. The required
time span is usually too long for an uninterrupted observation,
and a number of much shorter observations have to be carried
out. To plan such a program, one needs to optimize the
durations of the separate observations and the time gaps
between them. An important criterion for this choice is the
requirement of phase connection between separate observa-
tions, which greatly increases the accuracy of the timing
analysis. If the condition of phase connection is fulfilled, we
can exactly count the number of pulsation cycles within the
entire time span and determine the phases of all events (counts)
detected over the time span.

One can consider two observations as phase connected when
the phase difference between events from the two observations
is known with a precision better than a fraction « of the
pulsation cycle. To ensure phase connection for a series of
observations, the time f,,.; between the observation epoch
m + 1 and the preceding epoch m should be such that the phase
uncertainty 8¢,,, |, reached by epoch m + 1, is smaller than a.
As long as the m observations remain insensitive to &, or ,,
does not exceed the time span Ty, from the start of epoch 1
to the end of epoch m, the main contribution to the phase
uncertainty comes from the uncertainty in the frequency:

5¢m+1 = Iy 10U < @,

K —1/2
Sty = aTS_pgm,m(NmZ k%ﬁ) , (C1
k=1

where v, is the frequency uncertainty, estimated from the
entire set of preceding (phase-connected) observations. The
frequency uncertainty is inverse proportional to the total time
span Tgyan,, from the start of epoch 1 to the end of epoch m,
and to the square root of the total number of counts
Ny = CYhy— Texp,m collected in the entire data set (C is the
source count rate). Since the contribution of higher harmonics
is small, at least in our case, the sum over harmonics can be
approximated as Zszl kzsk2 ~ slz ~ pozbs, where pgps 1S the
observed pulsed fraction. The coefficient a ~ 1 depends on the
durations of the separate observations and time gaps (see
Section A.2.2). For planning purposes, we chose a=1 and a
conservative « =0.2. The values of the pulsation amplitude
(~pulsed fraction), s; =0.05, and the NICER count rate
C=2.2 counts s ' in the energy range 0.23-1.0 keV, optimal
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for timing, were chosen from previous XMM-Newton
observations of our target. To ensure that phase connection is
not lost in the beginning of such a multiobservation program,
we chose the first observation (Al in Table 1) to be
considerably longer than the others.
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