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Invasion is an important facet of malignant growth that éesibumour cells to colonise adjacent regions
of normal tissue. Factors known to influence such invasiatude the rate at which the tumour cells
produce tissue-degrading molecules, or proteases, ambthgosition of the surrounding tissue matrix.
A common feature of experimental studies is the biphasiedégnce of the speed at which the tumour
cells invade on properties such as protease production &g the density of the normal tissue. For
example, tumour cells may invade dense tissues at the saad ap they invade less dense tissue, with
maximal invasion seen for intermediate tissue densitieghis paper a theoretical model of malignant
invasion is developed. The model consists of two coupletigbatifferential equations describing the
behaviour of the tumour cells and the surrounding normaluis Numerical methods show that the
model exhibits steady travelling wave solutions that aeblstand may be smooth or discontinuous.
Attention focuses on the more biologically relevant, dig@wuous solutions which are characterised by
a jump in the tumour cell concentration. The model also répces the biphasic dependence of the
tumour cell invasion speed on the density of the surroundovgnal tissue. We explain how this arises
by seeking constant-form travelling wave solutions andyapg non-standard phase plane methods to
the resulting system of ordinary differential equatiomsthe phase plane the system possesses a singular
curve. Discontinuous solutions may be constructed by attimgetrajectories that pass through particular
points on the singular curve and recross it via a shock. Foaiogparameter values there are two points
at which trajectories may cross the singular curve and, asulty two distinct discontinuous solutions
may arise.

1. Introduction

One of the most insidious features of malignant solid turadsitheir ability to invade and colonise re-
gions occupied by healthy tissues and extracellular mg&®GM). This requires the coordinated making
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and breaking of cell-cell and cell-ECM contacts and the dégtion of ECM components which other-
wise obstruct tumour cell migration and invasion. The ldrgdy of experimental work devoted to elu-
cidating the mechanisms by which tumours invade underita@smportance in cancer biology. Much of
this work is embodied in ththree step hypothesis (Stetler-Stevensoet al. (1993)) which characterises
a cell's invasive potential on the basis of three intertedlgpphenomena: adhesion, local proteolysis and
migration. A cell's adhesive properties are controlledloy number and type of adhesion molecules on
its outer membrane. Normal cells have large numbers of hgmmadhesion molecules which cause
the cells to stick to each other. These homotypic bonds askevefor malignant cells and instead
there are stronger heterotypic bonds between the cellshenB@M. Malignant cells that are attached
to the ECM can produce enzymes called proteases that degpag®onents of the ECM in a process
known as proteolysis. Having degraded the local ECM themall then migrate into the vacant space.
The mechanisms by which tumour cells migrate may be dividéalthree main types: chemokinesis
describes random motion in response to a chemical stimutheimotaxis describes directed motion
in response to concentration gradients of soluble facemd; haptotaxis describes directed motion in
response to concentration gradients of bound, insoluldenan-diffusible chemicals present within the
ECM. Haptotaxis is assumed to be the dominant migration sr@sm within the model described in
this paper. We note that chemotaxis has a similar matheahatipresentation and therefore our results
should extend easily to models of chemotactic motion.

While the molecular mechanisms that underpin tumour imragmain to be characterised fully, it
is generally accepted that those associated with cellboellcell-matrix adhesion are crucial (Caiets
al. (2003)). For example, adhesion molecules such as integnidsadherins enable cells to sense and
interact with their environment. The expression of thestemdes and, hence, tumour cell adhesion and
motility are known to be influenced by a variety of factorstitua overexpressed in tumours such as liver,
breast and colon. These include the plasminogen activagistem which, through the urokinase-type
plasminogen activator (uPA) and its receptor (UPAR), ndf promotes ECM proteolysis by regulating
plasminogen activation but also regulates cell-ECM irgtoas by acting as an adhesion receptor for
vitronectin, an ECM component, and by modulating integuindtion. In addition, uPA/JUPAR regulates
cell migration by acting as a signal transduction molecul@ through its intrinsic chemotactic activity
(Sidenius & Blasi (2003)).

Like the plasminogen system, the metalloproteases anditindditors perform a variety of roles in
tumour invasion: through ECM degradation they enable ¢ell®ove through tissues; through prote-
olytic cleavage they release growth factors, making theailawe to cells at a distance; and, by reg-
ulating receptor cleavage, they help to terminate migyasagnalling (Chang & Werb (2001)). There
are two closely related metalloprotease families: matmtatioproteases (MMPs) and metalloprotease-
disintegrins (ADAMs). MMPs are characterised by their iypilo degrade the ECM and their depen-
dence on zin binding for proteolytic activity. ADAMs are fimmembrane proteins that contain disinte-
grin and metalloprotease domains. Their activity tend®twu$ on tumour cell adhesion and regulating
growth signalling. Tissue inhibitors of metalloprotea6EdVIPs) are a family of secreted proteins that
selectively, but reversibly, inhibit metalloproteases.

Regional variations in the rate of tumour invasion have ldeservedn vivo. For example, prostatic
malignancies often travel to the axial skeleton rather thaade locally (Bailey & Love (1995)). These
variations are thought to be due to variations in the contiposdf the ECM (Aznavooriaet al. (1990)
and Liotta (1986)). In order to test this hypothdsisitro, Perumpanani & Byrne (1999) performed a
series of invasion assays in which the density of the gehirfitich the tumour cells invaded was the key
parameter. In more detail, HT1080 human fibrosarcoma celte wdded to prepared collagen gels of
different (but uniform) concentrations. HT1080 cells wased because they are known to respond to
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FiG. 1. Experimental results reproduced with permission frarumpanani & Byrne (1999) illustrating the biphasic reaship
between tumour invasiveness and the concentration ofgesilaDose response curves of HT1080 invasion distance anengbr
various concentrations of Type | collagen.

externally imposed haptotactic gradients but to undettle themokinetic motion (Aznavoorisat al.
(1990)). In the experiments, no external gradients wer@sagd so any motion was due either to random
motion or haptotaxis, the relevant growth factors beingesged by the HT1080 cells themselves.

When the invasiveness of the cells was measured, a bipldatonship between the speed of the
invading front and the concentration of the collagen gel wlserved (see Figure 1). For small col-
lagen concentrations the rate of invasion increased wehctillagen concentration until it reached a
maximum level. Thereafter the speed of invasion decreagibdivereasing collagen gel concentration.
Perumpanani & Byrne (1999) postulated that the biphasatiogiship was due to interactions between
cell proliferation and migration and developed a mathepahtnhodel to test this hypothesis. In addition
to reproducing the observed biphasic behaviour, numesioallations obtained from the mathemat-
ical model suggested that there was a biphasic relatioristtipeen collagen concentration and cell
proliferation, a prediction that was then confirmed experimally (see Figure 2).

As stated above, the model of tumour invasion presented hyniREnani & Byrne (1999) is based
upon the three-step hypothesis. Other, complementary ismbeee been developed to study the impact
on invasion of other factors, including local pH levels (&diy & Gawlinski (1996)), the mechanical
properties of the gel or tissue in which the tumour is invgdi€@henet al. (2001)), and differential
proliferation rates of normal and cancer cells (Sherratt &k (1992)). By adapting a technique
used previously to study angiogenesis, Anderaioal. (2000) developed a discrete model of tumour
invasion and compared the results of model simulations thitise from an equivalent, continuous and
deterministic model. More recently Anderson (2005) hagmroed this discrete modelling approach
by developing a hybrid mathematical model to study the imhpt¢umour cell heterogeneity on the
invasion of vascular tumours (the model is termed hybridesiih combines continuous and discrete
variables).

A weakness of many invasion models is that they are not anket@lnalysis and must be solved
using numerical methods. In consequence it is often diffimubssess the relative importance of the
various mechanisms present in a model and how they inteBctcontrast, Pette¢t al. (2000) and
others (Landmast al. (2003), Marchantt al. (2000) and Perumpanaeti al. (1996)) have developed
simple models for cell migration that are amenable to amalpswhich chemotaxis is the dominant
mechanism of cell migration. In particular, using non-si@aml phase place techniques, Marchetra .
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FiG. 2. Experimental results reproduced with permission fraruRpanani & Byrne (1999) illustrating the biphasic reaship
between tumour proliferation and the concentration ofag@h. Dose response curves for HT1080 proliferation arevrstior
various concentrations of Type | collagen. Proliferatismmieasured in Reference Fluorescence Units (RFUSs).

(2000) have demonstrated that such models may admit stabkdling shock wave solutions, in which
the invading tumour profile and retreating collagen proféles of fixed shape and move at a constant
speed. The (stable) solutions are further characteriseddigcontinuity, or blunt interface, at the front
of the tumour wave, ahead of which the tumour concentrasaero (for a typical profile, see Figure
11) and, as such, may be deemed more physically realisticttieasmooth-fronted solutions that arise
when linear diffusive phenomena dominate cell migratiae(for example, the models developed by
Andersoret al. (2000), Gatenby & Gawlinski (1996) and Sherratt & Nowak (299

In view of the above observations, in this paper we developale model of malignant invasion
that retains the key features of the model presented by Remami & Byrne (1999) and, in particu-
lar, the biphasic dependence of the invasion speed on thetgef the surrounding collagen gel but
neglects random motion and diffusive effects. In this resfiee model is similar in form to that anal-
ysed by Marchangt al. (2000). However an additional term is included here to regméthe effect of
competition for space between the collagen gel and the meatigeells. It is this term that ensures our
model reproduces the biphasic behaviour observed in Pemuampand Byrne’'s more complex model.
Importantly, the model is also amenable to analysis usicigigues similar to those developed by Pet-
tetet al. (2000), Marchangt al. (2000) and Landmaet al. (2003). Thus, we analyse our model within
the framework of a nonstandard two-dimensional phase pfamdich solutions may develop shocks
or jump discontinuities. Discontinuous solutions may bastaicted by connecting trajectories that
pass through specific points on a singular curve in phaseesad recross it via a shock when they
intersect another, well-defined curve, termed the jumpeukYhen competition for space is omitted
we recover the model developed by Marcherdl. (2000). In this case for each set of parameter values
a unique, blunt interface travelling wave solution existd ¢herefore there is a monotonic relationship
between the density of the surrounding collagen gel andhtrasion speed. In this paper we show that
the biphasic behaviour exhibited by our model is due to tokision of competition for space between
the collagen gel and the malignant cells and may be explaisid) nonstandard phase plane analysis.
For certain parameter values, it is possible to show thatdmepetition mechanism leads to the exis-
tence of two distinct points at which trajectories may cihgssingular curve and, hence, two distinct,
discontinuous travelling wave solutions which lead dietti the biphasic behaviour.
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Working with a different model, Landmast al. (2003) have already recorded the possible existence
of multiple points at which trajectories may cross the slageurve. However, to the best of our
knowledge, this is the first time that the appearance of plaltpoints of this kind have been linked
with nonuniqueness of travelling shock wave solutionss lateworthy that these shock solutions can
be robustly stablei . they persist as solutions of the full system of partial défgtial equations) and,
hence, that they may describe what happansvo.

The remainder of the paper is organised as follows. In Seé&tiwe present our model of malignant
invasion. Travelling shock wave solutions of our model agsatibed in Section 3. Solutions of the
model with and without competition for space between theneative tissue and the malignant cells are
compared within a singular phase plane. This leads to a mattieal explanation of how competition
for space results in a biphasic relationship between thiel@icollagen concentration and the speed of
invasion. Finally our conclusions are presented in Seetion

2. Model Derivation

In this section we present our model of malignant invasioa.w& explain below, it captures features
of two existing models of invasion studied in Perumpargiral. (1996) and Perumpanani & Byrne
(1999). For simplicity, we consider a one-dimensional €sign geometry. Denoting time and position
by t andx and assuming that invasion takes place inx{trection, we formulate our model in terms
of three key dependent variablegx,t), the concentration of tumour cells(x,t), the concentration of
connective tissue (which is formed of extracellular magfiements); ang(x,t), the concentration of a
matrix-degrading protease that is produced by the tumdls toefacilitate their invasion.

The dominant mechanisms governing the evolution of thegnaltit cells are assumed to be pro-
liferation and haptotaxis up spatial gradients of conmectissue. Following Perumpanani & Byrne
(1999), we assume that in the absence of connective tisgueaticer cells undergo logistic growth,
with growth rater and carrying capacityy. The presence of extracellular matrix (ECM) leads to com-
petition for space and a consequent reduction in the camdist et proliferation rate. We model this
effect by including a death term which is proportional to pmeductuc, with constant of proportionality
k. Combining these ideas and denoting poyhe assumed constant haptotaxis coefficient, we deduce

that
Ju u 7] adc
a_t_ ru (1—U—O) — kuc _Xa_X (UE() (21)

~—~~—"  competition ~>—~—""77
logistic growth ¢, space haptotaxis

We assume that, over the timescale of interest, ECM turnmegrbe neglected and that its evolu-
tion is dominated by protease degradation which takes @aeerate proportional to the produeyp.
Denoting bya the constant of proportionality, we deduce that

c
i —acp. (2.2)

Finally, we assume that the invasive cells produce proteas®ntact with the ECM at a rate which
is proportional to the producic. The protease also undergoes natural decay. Combining thatires
we deduce that

op
5 = Buc—yp. (2.3)
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In (2.3) the non-negative constaifgandy represent respectively the rate at which tumour cells predu
protease and the natural decay rate of the protease.

Before introducing boundary and initial conditions thatsd equations (2.1)-(2.3), it is convenient to
nondimensionalise our model equations and, thereby,elgre/simplified model of malignant invasion
that forms the basis for the analysis contained in this pafferote that the major results of this work
do not depend on many of the precise forms adopted abovenffarice, the degradation term appearing
in equation (2.2) could be replaced by the more general tgfhfior n an index near to 1); however, we
use the above explicit forms to simplify the following pretaion and to compute particular examples
of solutions.

We denote by tildes dimensionless quantities and scalenttependent and dependent variables as
follows:

t=Tt, x=LX, u=Ugl, c=Co¢, p=PRp,

with VR 1
12 -0 p_ =
T_r 7L _XTC()acO_BUOaPO aT
Under this transformation equations (2.1)-(2.3) become
7 U . o~ 0 (.0C
o = 01— 0-k) — o (u&), (2.4)
o¢ ~x
E = —Cp, (25)
op 1. .
Fin E(UC— P), (2.6)
where KCo - 1
k: T, D = F, €= y_T

We remark that is scaled so that grows on arO(1) timescalex is scaled so that the space and
time scales for haptotaxis are al6g1), p is scaled so that is degraded on the same timescale and,
finally, cis scaled so that the dimensionless rates of protease girodacd decay in equation (2.6) are
identical.

In equation (2.6), the constanitelates the timescale associated with the protease dyasmtitat of
the tumour cell dynamics. Following Perumpanetral. (1996) we exploit the small size afto write
p = GE+ O(¢) in place of (2.6) (this approximation is appropriate pr@ddhatd /ot is bounded).
Omitting tildes henceforth, in the limit as — 0 we setp = uc and obtain the following system of
equations fou andc:

Ju 7} Jdc
Jc 2
E = —uc". (28)

A novel feature of our model that distinguishes it from erigtmodels (Orme & Chaplain (1996),
Perumpanani & Byrne (1999) and Andersaial. (2000)) is the absence of diffusion. This is reasonable
for the ECM since it is a large immobile matrix. In additionalignant cell lines and proteases that
exhibit minimal diffusion have been observed. Aznavoomaiml. (1990) saw that the haptotactic
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FiG. 3. A phase plane connection and a solution profile for thatbhterface travelling wave solution of (2.7)-(2.8) fae= 0.5
andk = 0. In the solution profiles, the blunt interface in thigrofile can be clearly seen as can the corresponding cortiee @
profile.

response of the HT1080 melanoma cells studied in Perump&ryrne (1999) was at least fifty times
greater than the random response. Furthermore, Tsuboi KinRj£1990) stated that uPA, a protease
produced by HT1080 cells, is bound to the ECM and therefoes dwt diffuse.

We show below that our reduced model exhibits the same hipbakaviour as the more complex
invasion model developed in Perumpanani & Byrne (1999).I#tiwal and numerical studies described
in Marchantet al. (2001) suggest that the inclusion of a small amount of tuncellrrandom motion
doesn't affect the qualitative behaviour of the model et In this respect we believe that our model
captures the key features of tumour invasion needed tocseetile observed nonlinear dependence of
the tumour invasion speed on the density of the surroundigmal, which will be proportional to the
local value ofc.

We now motivate the boundary and initial conditions that vge to close equations (2.7)-(2.8).
We are considering the invasion of malignant cells, ifitifddcated near (and to the left o= 0 in
a neighbourhood devoid of ECM. The farfield (in tke> O direction) is devoid of tumour cells and
occupied by ECM at some positive concentraiipaay. Thus we have initially

u(x,0) =up(x) and c(x,0) = cp(x), (2.9)

while as time increases
u(o,t) = 1, (2.10)

where the initial distributionsg(x) andcy(x) are such that

uw(x)=1 and cp(x)=0 atx=0, (2.12)

Up(x) =0 and co(x) — € asx— oo. (2.12)

We note that our model comprises equations (2.7)-(2.10)cantains only two parameter&:andc
wherek is the relative strength of the crowding effect frarto that from itself, ana is the scaled level
of connective tissue (ECM) in the absence of malignant cells

3. Travelling Wave Solutions

Marchantet al. (2000) studied travelling wave solutions of (2.7)-(2.8}le absence of contact inhi-
bition. In particular, using singular phase plane analytsisy demonstrated the existence of a family
of discontinuous travelling wave solutions to (2.7)-(Z@&)k = 0. Furthermore numerical simulations
demonstrated that a member of this family of solutions wibfuat interface ati(x,t) = 0 evolved stably
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from biologically-realistic, compact initial data. Onecbusolution existed for each set of parameters
leading to a monotonic relationship between the far-fialdhdur-free tissue concentrationaid the
invasion speeda. Figure 3 shows the travelling wave phase plane trajectodythe solution profile
for such a blunt interface travelling shock wave occurririgenk = 0. Recall that when contact inhibi-
tion was included by Perumpanani & Byrne (1999) a biphasatimnship between these quantities was
observed (see Figure 1). Therefore we now investigate feetedf havingk > 0 in (2.7)-(2.8) and in
particular how, for travelling wave solutions, the relatsbip betweeie &nda changes whek > 0.

We look for constant form travelling wave solutions for whic

u(x,t) =U(2), c(x,t) =C(z2), z=x—at,

wherez is the travelling wave coordinate and the wavespgédan unknown (eigenvalue) which we
determine as part of the solution. Under this transfornmaigquations (2.7)-(2.8) reduce to the following
third order system of ordinary differential equations (GPE

du d dC
—aE = U(l_U_kC)_d_z(UE)’ (3.1)
dc 2
aa = uc-. (3.2)
while equations (2.9)-(2.10) supply
U—1 C—0 asz— —oo, (3.3)
U —0, C—¢€ asz— o, (3.4)

wherec™ 0. These limits are steady states of equations (3.1)-(82)C) = (1,0) represents a situ-
ation where only malignant cells are present ddC) = (0, €) a situation where only healthy tissue
is present. Thus we seek a heteroclinic connection betweemialignant and normal steady state
solutions.

Using (3.2) we substitute fatC/dzin (3.1), thereby reducing the system to the following nanst
dard, second-order form:

2 23
€ Y y(1iuoke T , (3.5)
a dz a2
dC uc?
@z - a (3.6)

We solve (3.5)-(3.6) subject to (3.3)-(3.4). Hencefortls convenient to regara > 0 as fixed ana as
an unknown eigenvalue.

The parametek only appears once in (3.5)-(3.6). Therefore there are aiitids between this
system and th& = 0 system studied in Marchast al. (2000). In particular equation (3.5) becomes
singular on the curve

S: AUC*=a?, (3.7)

which we term the singular barrier. Phase plane trajecdrde no meaning on S and can only cross it
when thel nulicline,
2u3cd

N:U(L-U—kC)- =

0, (3.8)
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intersects S, since at this poiit /dz may still be finite (because of the zero/zero indeterminateny.
Following Pettekt al. (2000), we call such points “holes in the wall”, H.

Figures 3 and 4 illustrate how the curievaries withk. Wherea<C — « asU — 0 whenk =0
(see Figure 3), whek > 0 the curve N crossdd = 0 atC = 1/k (see Figure 4). This does not affect
the nature of the malignant steady stdeC) = (1,0) (it still has an unstable manifold and an unstable
centre manifold), although it does affect the nature of thalthy steady state®),C) = (0,¢): for
¢ > 1/k they are unstable whereas fokx"1/k they remain (linearly) stable. The inclusion of contact
inhibition also alters the number and positions of the hiolése wall. Wherk = 0, one hole in the wall
exists where S and N intersect. By substitutingC? = a? into (3.8) fork > 0 we deduce that at a hole
in the wallC = Cy where

2kC3 +a’Cy +a®— 2C2% = 0. (3.9)

For example, ifa < 1 andk = O(1) then there are two physically relevant holes in the wall {th@se
in the positive quadrant), with coordinat@s,Cy) ~ (1,a/v/2) and(Uy,C) ~ (2a2k2,1/2K).

If k=0 equation (3.9) has one positive real root and one negat&eroot. Fork > 0, using
Descartes’ Rule of Signs (Abramowitz & Stegun (1965)) it ésgible to show that two real positive
roots exist if

L1 23/2_ .3
0<k<k_27a((6+a) a 9a). (3.10)

In Figure 5 we plot the positive roots of (3.9) ksvaries, fora > 0 fixed. This sketch shows how
the number of holes in the wall varies wikhand suggests that the qualitative behaviour of our two-
dimensional phase plane depends crucially on the valle lof particular fork > k* there are no holes

in the wall.

Another similarity between thie> 0 andk = 0 models is that they admit the same hyperbolic jumps
sincek does not appear in any of the derivative terms. Marckaat. (2000) showed that hyperbolic
jumps which satisfied the Lax entropy condition (Courant &dit (1962)) and were therefore stable
to added viscosity, could take a trajectory directly frora turve (wherd) =U., C=C.)

J: uc?=2a? (3.11)

to (U,C) = (0,€) = (Ur,Cr) and thalC remains fixed over this jump.é. C. = Cg = €). HereU,, C,

Ur andCr denote the values @ andC on the left and right of the jump. Thus, valid travelling wave
solutions may involve a smooth connection betwéki®) and the curve J, with a jump from J (6, €)
completing the heteroclinic connection.

Marchantet al. (2000) observed from numerical solutions of the 0 case that the solutions which
evolved from general initial data included a jump from theveuJ to a normal steady statg,C) =
(0,€). We note that the mid-point of a jump from J {,€) lies on the singular barrier S, and that the
two steady stateld, 0) and(0, €) lie on the opposite side of S to the curve J. A connection bet 0)
and J must cross S at a hole in the wall, H. Thus, in order tamhéte whether a travelling wave of the
desired form can occur one must determine whether a trajetttat crosses S at H eventually intersects
J. Marchangt al. (2000) showed that whdo= 0 and for all values o4, a trajectory exists which leaves
the malignant steady state,C) = (1,0), crosses the singular barrier S at H and then crosses J. An
example of such a trajectory is shown in Figure 3. We now itigate whether such trajectories exist
whenk > 0. We have described how holes in the wall only existet k*. Thus, for each value of
a, there is an upper bound on the valuek&dr which blunt travelling shock waves exist. This critical
value ofk = k* decreases monotonically withaccording to (3.10).
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FIG. 4. TheU andC nullclines and the jump curve, denoted N, S and J respegtioethe regularised system whén= 0.3 < k*
anda = 0.9. TheC nullcline coincides with the singular barrier S of the on@ii singular system. The arrows indicate the vector
field directions across the nullclines. Note the effeck of the top left hand corner of the diagram.

3.1 Regularising the Phase Plane

In this section we assume<0k < k* and investigate how competition for space affects the excst
and uniqueness of heteroclinic connections between thigmaait and normal steady state solutions for
fixed values ofa. When 0< k < k* theU nulicline and singular barrier intersect twice in the posit
guadrant of the phase plane (see Figure 4). We denote, lilidHpoint of intersection with the lowest
value ofCy and remark that it corresponds to the hole in the wall ofkhe O problem. The other
intersection, H, occurs due to the altered behaviour of thaullcline when 0< k < k*.

To understand the behaviour close tpahd H we regularise equations (3.1)-(3.2) via the travelling
wave variableZ defined byd/dZ = (2UC?/a— a)d/dzto obtain

du 2u3c?

& = ua-u-ko - (3.12)
2

> - UCZ(ZL;C _1). (3.13)

In this regularised system, the singular barrier S is tiamséd to &C nulicline, the direction of trajec-
tories to the left of Si(e. when 2JC? < &) is reversed and Hand H, are steady states.

In Figure 4 we plot the nuliclines N and S of the transformestayn with the jump curve J for
typical values ofa andk. The direction of the vector field across these nullclinenasked so that the
nature of the steady stateg fha saddle) and i(a stable spiral) is evident.

As for k = 0 (Marchangt al. (2000)), a connection exists between the unstable marofdiy and
the malignant steady stad,C) = (1,0). The problem of finding travelling shock waves with a blunt
interface reduces to following this trajectory on the othigie of S and seeing whether it crosses the
curve J. In the regularised system trajectories leaving@¥entually spiral to K (see Figure 7) and, in
so doing, they cross S. In the original, singular systemjadtary is unable to cross the singular barrier
(except at holes in the wall). Therefore in the regularidad@we only need follow the trajectory until
the pointPyg at which it hits S. Since both HandP4q lie to the left of the curve J, in moving between
H1 andPsg the orbit necessarily crosses J an even number of timee(dlthbr 2), each intersection
giving rise to a different, blunt-form travelling wave stn, for particular values cd andk.
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FiG. 5. A sketch showing how the positive solutioBg of (3.9) depend upotk for a fixed value ofa. Parameter values:
a=0.9k"=0.37.
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FiG. 6. A plot of a trajectory (the solid line) leaving the steadgte H of the regularised system whén= 0.3 anda = 0.7. The
trajectory intersects the J curve twice; first wi@r- 1.415 and second whebh= 7.290.

We illustrate in Figures 6 and 7 how varyia@ffects the existence of such travelling wave solutions.
Figure 6 shows the regularised phase plane trajectory whisles H and moves into the region to the
right of S fora= 0.7 andk = 0.3. This trajectory crosses the J curve twice, the first ietien
occurring wherC = 1.415 and the second whénh= 7.290. Hence we anticipate that whiea- 0.3, two
blunt-form travelling wave solutions exist with wavespaed 0.7. One of these solutions has-"1.415
and the othec = 7.290. In Figure 7 the trajectory leaving; ik plotted fork = 0.3 anda = 0.9. In this
case no intersections between the trajectory and the J ceote so we conclude that no blunt form
travelling wave solutions exist for these valuesa@ndk.

We may explore how the number of blunt form solutions variéh W via a continuity argument.
We note that the S and J curves are independekt &br a fixed value o€, theU ordinate of thel
nullcline N decreases a&sincreases. Therefore;Hnoves along S, in the direction of decreasihgas
kis increased. The regularised travelling wave system §33.23), or the orbits satisfying (3.5)-(3.6),
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FiG. 7. A plot of a trajectory (the solid line) leaving the steadgte H of the regularised system whé&n= 0.3 anda= 0.9. The
curves J and S are unchanged, whereas N is changed, egpeealitheC axis.

2

18F B

.
0 01 02 03 0.4 05 06 07 08 0.9 1
U2

FiG. 8. An illustration of the continuity argument which demtrages thatimax increases wittk. The singular barrie@ nullicline
and J curve fom = 0.9 are shown along with the correspondldgiuliclines fork = 0.1,0.2. The hole in the wall Hmoves from
right to left ask is increased. The trajectories leaving &fe also markeddC/dU becomes less negative lags increased and
thus theC value where the trajectories cross J increases.

may be written in the form
v a’(1-U —kC)—2u?cs
dac C2(2uC? - a?)

When a trajectory originating froift,C) = (1,0) crosses Hlit enters a region of the phase plane where
dU/dC is negative. Wherk = 0, the trajectory intersects J once. RsncreasesdC/dU becomes
less negative and, by continuity, tliecoordinate of the point at which the trajectory first intats J
increases wittkk. We refer to this value as;.” We know that the trajectory intersects J either not at
all or twice. Therefore, if the trajectory intersects onleere must be a second intersectioiCat ;.
Continuity requires that,"decreases for increasitg

Thus for small values o, intersections occur & = €; andC = &, ~ O(1/k) and there are two
values ofcfor which blunt-form travelling wave solutions exist. Ass increased eventually a thresh-
old valuek = kmax < k* is reached at whiclk; "= &, and the trajectory makes a tangent with J at the

(3.14)
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intersection point. At this intersection

du
dc

o
~dc

trajectory J

Combining (3.14) and (3.11) yields that

du _ C?—a?—kC3-2aC
dc trajectory ct
and
du|  —2a?
dC |, cs
Therefore when the trajectory intersects J at a tangent,
1 a?
k_kmax_a(l—&), (3.15)

when the trajectory crosses J for the first time

No intersections between the trajectory and J (and henceamelling waves with compact support)
exist wherk > Kyax.

3.1.1 Asymptotic Behaviour

It is possible to gain further insight into the differenceshbiehaviour between the cases- 0 and
0 < k<« 1 by constructing approximate solutions of equation (3fttdJargeC. Numerical solutions
of (3.14) (see Figure 6) demonstrate that the phase plajeetaes for the two cases are qualitatively
similar for smallC. They both smoothly conne@t/,C) = (1,0) to H; and then continue on the other
side of the singular barrier. It is only whé&hbecomes large that the effect of th&UC term becomes
apparent. Whehk = 0 the trajectory remains to the right of N and S for all furtddsut whenk > 0 the
gradientdC/dU increases (becomes less negative) and eventually becemesasit turns over and hits
the singular barrier. It is this behaviour which allows thegectory to cross J twice. We consider this
behaviour below by constructing an asymptotic solutiomtisig after the trajectory has moved away
from Hj.

We study equation (3.14) in a region whé&and 2JC? are large ant is small. We assumlg < 1
anda® < UC?, and introduce a new variable; = UC®?/awhich we substitute into (3.14) to obtain:

=wZ+1-kC. (3.16)
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On settingw, = vv% and{ =InC, (3.16) may be re-written as

%%:ww+1—hmq0, (3.17)
which has solution
Wo({) = Aexp({) — 1—k{ exp({), (3.18)
for some constari. In terms of the original variables we have
203
u g =AC—-1-kCInC. (3.19)
a

Therefore whek = 0, UC is approximately constant for lar@eandU C? is increasing, so the trajectory
may only cross XJ = a?/C? once. Wherk > 0 andC is large, the-kCInC term eventually dominates
causing the trajectory to bend towards S and cross J for adeitne. This happens when

Czexp(%). (3.20)

Thus we have characterised the behaviour of the phase piajeetories whert is large up to
a constant parametef, In order to determiné analytically it would be necessary to construct an
asymptotic approximation that is valid for the entire tcajey, determiningd by matching across the
different regions of the phase plane. A simple way to seeighis fix C = 1 orC = Cy as the starting
point of this curve, with corresponding valle= Uy. Then, fork small, we havé)2C3 = a?(ACo — 1),
and this fixesA. Hence we need to find tHdy-value for curves leaving the hole in the wall when
0 < a< 1. We could use numerical methods to filxdhe difficulty is that the appearance of I6doses
accuracy significantly.

3.2 Solutionsto the PDE model for k > 0

Our analysis in the travelling wave phase plane has showridhaach particular combination &fand
a there exists either zero, one or two blunt interface trawglshock wave solutions to (2.7)-(2.8). In
the phase plane we fixandk and determine values oftfiat give rise to blunt interface solutions. By
contrast, when solving the PDE system wediandk and calculate the resulting invasion speed
Having demonstrated the existence of travelling shock veauations to (2.7)-(2.8) whek > 0 we
now investigate whether such solutions are biologicallgvant via numerical simulations. Following
Marchantet al. (2000) we solve equations (2.7)-(2.8) for- 0 with a Lax Friedrichs numerical scheme.
The Lax Friedrichs method approximates conservation ldwiseoform

U+ (F(u)), =g(u),
for vector function$ andg of vector variableu by the scheme
1 At
1
U = 2 (U ) — e (F(U) — 1 (U)0)) +(u).
Here,u" denotes the value of vectarat locationj and timen where the locatior and timet axes have

been discretized with spacimfix and At respectively. The Lax Friedrichs scheme is only first order
accurate but it is simple to implement and is not prone to rigakartefacts. For these reasons we
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FiG. 9. A plot showing the evolution of the(x,t) profile of a Lax Friedrichs solution to (2.7)-(2.8) from snle@emi-compact
initial data of the form (3.21)-(3.22) fdc= 0 andc’= 1.0.

favour it over second order accurate schemes describedvegue (1982) and Hundsdorfer & Verwer
(2003).

We assume realistic initial conditions for which the tumaetls have compact support. Typical
results for thek = 0 case presented in Figure 9 show the evolution ofitlxet) profile for initial data

1, if x < 10,

W) = { cos(MGFY)+1, if10<x<20, (3.21)
0, if x > 20,

o) = E(1—uo(X), (322)

with €= 1.0. Initially the interface betweam(x,t) > 0 andu(x,t) = 0 remains stationary and the gradient
of u behind this interface increases. After a finite waiting timeevelops a shock at the interface and
this moves forwards at constant speed (waiting times areeacteristic feature of nonlinear diffusion
problems, see, for example, Lacehal. (1982)). Fork = 0 the wavespeed of solutions that evolve from
initial data (3.21)-(3.22) increases with ~

Whenk > 0, blunt interface travelling wave solutions evolved framtial data of the form (3.21)-
(3.22). Figure 10 shows that fér= 0.3 the relationship between the wavespeadf these solutions
and the chosen farfield tissue concentratida biphasic. This biphasic relationship may be inferred
from the travelling wave phase plane analysis. When the RRE$-(2.8) are solved for a small value
of €then the resulting solution corresponds to a phase plajeetoay which jumps tdJ = O at the first
intersection with the J curve. For example, in Figure 11 wasent travelling wave solution profiles for
the cas& = 0.3 andc’= 1.415. From Figure 6 we note that this is the lower value tifat occurs when
k= 0.3 anda = 0.7. We remark further that the wavespeed predicted from the §f3tem is in good
agreement with that used to construct the travelling wauatons & = 0.695 for the PDE system and
a=0.70 for the travelling wave solution profiles). We note alsatiin both casek < (1—a?/c?)/c as
predicted by the travelling wave analysis of Section 3.1.

If Tis increased thema increases as whelk= 0 until a maximum value o# is reached. This
solution corresponds to a phase plane trajectory that makasgent with the J curve and on which
k= (1-a?/c?)/c.

Whencis increased further the wavespeed decreases. Thes®aslatirrespond to trajectories that
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FiG. 10. A plot of the wavespeed of travelling wave solutions to (2.7)-(2.8) (evolving frosemi-compact initial conditions)
against the far-field concentratierof connective tissue whdn= 0.3. These wavespeeds were approximated from Lax Friedrichs
numerical solutions to (2.7)-(2.8).

u(x) and c(x,)

FiG. 11. Travelling wave profiles af(x,t) andc(x,t) resulting from numerical solution of (2.7)-(2.8) with coeqp initial data
(3.21)-(3.22) for k=0.3 and = 1.415. The measured wavespeed of the solution profilesawa6.695.

jump toU = 0 from the second intersection with the J curve. For exanijtpire 12 shows travelling
wave solution profiles fok = 0.3 andc’= 7.290, the higher value af for whichk = 0.3 anda= 0.7
(see Figure 6). Once again there was good agreement bethewmtespeed calculated from the PDE
system and that used for the travelling wave solution pofge= 0.7 versusa = 0.702) and in both
casek > (1—a?/c?)/c.

We have shown that biologically relevant solutions of (Z.B) are travelling shock waves and that
they evolve stably from semi-compact initial data. Furthere the biphasic relationship between the
wavespeed of these solutions and the farfield tissue catem may be explained within a singular
phase plane. The wavespeed which results from solving-(2.8) for particular values of and k
may be determined by finding the value afor which a trajectory crossing the singular barrier of
system (3.1)-(3.2) crosses the J curve at €. Relationship (3.15) may be used to determine whether
a particular solution lies to the left or the right of the nmaxim wavespeed in Figure 10 and whether
increasing the amount of tissue present will increase aredee the invasion speed.
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FiG. 12. Travelling wave profiles af(x,t) andc(x,t) resulting from numerical solution of (2.7)-(2.8) with coemp initial data
(3.21)-(3.22) for k=0.3 and = 7.290. The measured wavespeed of the solution profilesawa6.702.

4. Conclusions and Discussion

In this paper we have developed a simple, one-dimensiondéhud malignant invasion that combines
features of two existing invasion models (see Perumpandyii&e (1999) and Marchaset al. (2000)).
For certain parameter values, the model admits discontimsolutions for which the speed of invasion
exhibits a biphasic dependence on the concentration ofufvetsding gel or tissue, a characteristic
feature of tumour invasion (see Figures 1 and 10). We aretalgbeplain how this relationship arises by
seeking steady travelling wave solutions to the governinéons and analysing the resulting system of
ordinary differential equations within a singular, twavginsional phase plane (Marchanal. (2000)).
The physically relevant (stable), discontinuous solwgiare constructed by connecting trajectories that
pass through specific points on a singular curve in phaseesgad recross it via a shock when they
intersect the jump curve. Within this framework, the bipb&ghaviour exhibited by our model was due
to the inclusion of competition for space between the celtegel and the malignant cells: for certain
parameter values, this mechanism leads to the existenagooflistinct points at which trajectories
may cross the singular curve and, hence, two distinct, ditmaous travelling wave solutions. While
Landmaret al. (2003) have studied models which admit two “holes in the {wtdl our knowledge, this

is the first time that their existence has been related toahpairs of travelling shock wave solutions
which are stable in the sense that, where they exist, bothoaest solutions of the underlying PDE
model. Further work is needed to analyse the local and gkthahllity of these discontinuous travelling
wave solutions. Of additional interest would be investiggtvhether this result generalises to cases in
which the model possesses three or more holes in the wall ather other physical mechanisms can
give rise to the same phenomenon. In order to address suskians we propose to use similar phase
plane techniques to analyse the following model

Jdu 0 Jc
=195 (w©5 ),
dc

at
for different choices of the production terrhéu, ¢),g(u, ¢) and the haptotaxis coefficienfc).

= g(U,C),
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C(2)

05f

FIG. 13. A plot of the phase plane behaviour for (4.1)-(4.2) witiC) defined by (4.4) and = 0.365. The singular barrier S and
theU nullcline N intersect once at the hole in the widll The singular barrier lies between the malignant steadg 8thC) =
(1,0) and the curve J. The plot shows a trajectory leawidgC) = (1,0), crossing the singular barrier at H and intersecting the
curve J twice. From each intersections with J the trajeateay complete the travelling wave solution by jumping dowblte: O,
with a blunt wave-front.

Following the methods of Section 3 and fixigu,c) = —uc?, we may transform the generalised
model to obtain the following travelling wave equations

1 2 2 du - U3C2 d 2

E(ZUC X(C)—a)a = f(U’C)_?E (C*x(©)), (4.1)
dC uc?
w - a (4-2)

We note that this system possesses a singular barrier S @ivadeft hand side of (4.1) is zero) andla
nullcline N (when the right hand side of (4.1) is zero).

Applying the Rankine-Hugoniot conditions to the consdoratorm of our model, it is possible to
show further that this model admits blunt form travellingweasolutions that satisfy the Lax entropy
condition and for whichJ jumps directly to zero from the jump curdevhere

a2

U= ———. 4.3
X(©) (43)
For comparison with our earlier work, and in order to illastr the effect of a nonlinear haptotaxis
coefficient on our generalised model, we now fix
C4
f(U,C)=U(1-U d xC) = —%. 4.4
In Figures 13 and 14 we plot the curves S, N and J for two valfiiseowavespeed. In both cases
there is one hole in the walll in the positive quadrant of th@J,C) phase plane at which S intersects
N.
As with the models already described in this paper, theresim@oth phase plane connection from
the malignant steady stafe),C) = (1,0) to the hole in the walH. This trajectory then crosses the
singular barrier into the region whed® /dz < 0 anddC/dz > 0. The remaining question is what
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FiG. 14. A plot of the phase plane behaviour for (4.1)-(4.2) witlZ) defined by (4.4) and = 0.5. The curves S and N intersect

onceH, with S lying between the malignant steady stéteC) = (1,0) and the curve J. The plot shows a trajectory leaving
(U,C) = (1,0), and crossing the singular barrier at H. Unlike Figure 13gmwé = 0.365) this trajectory does not cross J and,
therefore, no travelling wave solutions with a bllthivave-front exist for this value .

happens to this trajectory once it has crossed S. In paatialbes it cross the curve J and then complete
a blunt interface connection to a healthy steady stat€) = (0,¢)?

The modified haptotactic function causes the gradihtdU of the curve N to become positive
on this side of the singular barrier. Therefore for each efihlues ofa the trajectory (which initially
hasdC/dU < 0) soon crosses N for a second time, after it has passed thtbughe gradientlU /dz
is positive thereafter leading to non-monotolditz) profiles. For small values af the trajectory then
crosses J twice, meaning that there are two valuesarf which blunt profile solutions exist with this
value ofa. There is a critical value od for which the trajectory intersects J tangentially and fibr a
values ofa greater than this critical value there is no intersectiotwben the trajectory and J. This
leads again to a biphasic relationship betwaamdc:

The results from numerical solutions to the PDEs using the Fr@gedrichs scheme are consistent
with this phase plane behaviour. Initial data whegéx) has semi-compact support evolves to travelling
wave solutions with blunti(x,t) interfaces at the front of the wave. Figure 15 shows how theegeed
of such solutions behaves in a biphasic manner issvaried. In Figure 16 we plot the profiles of a
typical numerical solution of (4.1)-(4.2). The blunt fraartd non-monotonicity of the profile can be
seen. Andersod al. (2000) obtained similar numerical profiles from their moafainalignant invasion
which combined haptotaxis and random motion. However, ifjledr order of their equations prevented
them from deriving analytical insight into the origins oéthon-monotonic profile.

Our brief investigation of the modified model illustratesitithe existence of multiple holes in the
wall is not necessary for obtaining a biphasic relationsfépween the wave speedand the farfield
ECM concentratiort.” Future work will involve establishing how the number of tlidorm travelling
wave solutions that such models admit depends on the nurhfgnysically relevant) holes in the wall
and the structure of the jump curve J.

There are naturally many ways in which our simple model ofigmant invasion could be extended.
For example, it could be combined with the models develope@&atenby & Gawlinski (1996) to
investigate the additional effect that local pH levels hamehe invasion process. Alternatively, it could
be combined with the models developed by Cleeal. (2001) and Rooset al. (2003) to study the
manner in which the mechanical properties of the healtlspésnfluence tumour invasion. Equally,
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FiG. 15. A plot of the wavespeea, of travelling wave solutions to the PDE model evolving freemi-compact initial data,
against the far-field concentration of connective tissuer’x (c) defined in (4.4). There is a biphasic relationship betweeand
¢

u(x,=20)

=20)
°
&

=20) & C(x.t
©
>

u(x.t

FiG. 16. Typical travelling wave profiles of tumour celléx,t = 20) and connective tissugx,t = 20) obtained via the numerical
solution of the PDEs with haptotactic coefficient (4.4). Sbolution, with the blunt wave-front far(x,t = 20), evolves from
semi-compact initial conditions (3.21)-(3.22). Obsetve hon-monotonicity of tha profile. For this solutiort = 1.25 andx(c)
is defined in (4.4).

by incorporating some of the detailed biochemistry desttilm the introduction and by focussing on

specific cancers, it should be possible to extend and spexile model so that it generates better
testable predictions. For example, we might focus on the oblthe metalloprotease MMP-2 and its

inhibitor TIMP-2 in the invasion and progression of breaattinoma (Shiomi & Okada (2003)).

In spite of its simplicity, our mathematical model is able¢produce several key features of malig-
nant invasion studieth vitro. We now explain how our model may have wider practical ingtlans.
First, our results regarding the biphasic dependence dbtmimvasion on the concentration of the host
tissue may explain why certain tumours metastasize pretfiatly to specific organs: secondary tumours
are likely to develop in distant organs if the concentratibthe tissue matrix there is such that the in-
vasion speed of any tumour fragments that colonise thedtigsthe same as (or greater than) that at
the site of the primary tumour. Thus by performimgvitro experiments to construct the biphasic curve
showing how invasion wavespeed varies with ECM density anasition and combining these results



Biphasic behaviour in malignant invasion 21 of 26

with measurements of the ECM composition of other organisatikl be possible to predict those tis-
sues through which the tumour cells will spread most reattilgse predictions could then be tested by
monitoring the sites at which metastases appear.

Our results may also provide insight into the limited susoeih which protease inhibitors have
been able to arrest tumour invasion. The principle undeglyhis treatment is that the inhibitors will
neutralise proteases produced by the tumour cells andfleageirrounding healthy tissue intact (Stetler-
Stevensoret al. (1993)). For example, in one family of ABE mice overexpression of TIMP1 had no
effect on tumour development although it enhanced intektidenoma formation in another family,
the latter family experiencing slower growth when treatdthva different metalloprotease inhibitor
(Heppner-Gosst al. (1998)). From Figure 10 it is clear that if, in the absence@dtment, the underly-
ing tissue concentration is such that the speed of invasmeases as the tissue concentration increases,
then a treatment which increases the concentration of $sadimay actually increase the speed with
which the tumour invades. More constructively, given eaties of model parameters such as the con-
centration of the healthy tissue into which a tumour is inrgdnd its doubling rate, our model could
be used to identify those patients who are most likely to fieinem treatment with protease inhibitors.
In particular, we predict that patients whose tumours arh gshat the models parameters reside on
the increasing branch of a biphasic curve would benefit fr@atment with tissue-degrading proteases
whereas those on the decreasing branch would benefit fraamtesit with protease inhibitors — in both
cases we would expect a reduction in the speed of tumouriowvas

Acknowledgements

Figures 1 and 2 were reprinted from the European Journal né€aVolume 35, Perumpanani AJ and
Byrne HM, Extracellular matrix concentration exerts sat@tpressure on invasive cells, Pages 1274-
1280, Copyright(1999) with permission from Elsevier. Thehers gratefully acknowledge the support
of the EPSRC through a studentship award (BPM) and an AdddResearch Fellowship (HMB). BPM
was a member of The Centre for Mathematical Biology, Math@rabinstitute, Oxford when much of
this work was carried out.

REFERENCES

ABRAMOWITZ, M. & STEGUN, I.A. (EDITORS) (1965)Handbook of Mathematical Functions. New York: Dover
Publications Inc.

ANDERSON A.R.A., CHAPLAIN, M.A.J., NEWMAN E.L., STEELER.J.C. & THOMPSONA.M. (2000) Mathe-
matical modelling of tumour invasion and metastadisynal of Theoretical Medicine, 2 (2), 129-154.

ANDERSON A.R.A. (2005) A hybrid mathematical model of solid tumounvasion: the importance of cell adhe-
sion,Math. Med. Bial., 22 (2), 163-186.

AZNAVOORIAN, S., STIRACKE, M.L., KRUTZSCH, H., SCHIFFMAN, E. & LIOTTA, L.A. (1990) Signal transduc-
tion for chemotaxis and haptotaxis by matrix molecules mdur cells J. of Cell Biology, 10 (4), 1427-1438.

BAILEY, H. & LoVE, R.J. (1995Bailey and Loves Short Practice of Surgery, 23rd edition. London: Arnold.

CAIRNS, R.A., KHOKHA, R. & HiLL, R.P. (2003) Molecular mechanisms of tumour invasion anthstasis: an
integrated viewCurr. Mol. Med., 3 (7), 659-691.

CHANG, C. & WERB, Z. (2001) The many faces of metalloproteases: cell groumtlgsion, angiogenesis and
Metastasis]rends Cell Biol., 11, S37-S43.

CHEN, C.Y., BYRNE, H.M. & KING, J.R. (2001) The influence of growth-induced stress fromstireounding
medium on the development of multicell spheroidaMath. Bial., 43 (3), 191-200.

COURANT, R. & HILBERT, D. (1962)Methods of Mathematical Physics 1. New York: Interscience.

GATENBY, R.A. & GAWLINSKI, E.T. (1996) A reaction-diffusion model of cancer invasi@ancer Res., 56 (24),



22 of 26 B.P. MARCHANTET AL.

5745-5753.

HEPPNERGOSS K.J., BROWN, P.D. & MATRISIAN, L.M. (1998) Differing effects of endogenous and synthetic
inhibitors of metalloproteainases on intestinal tumanigggs,Int. J. Cancer, 78 (5), 629—635.

HUNDSDORFER W. & VERWER, J.G. (2003Numerical solution of time-dependant advection-diffusion reaction
equations. Springer Series in Computational Mathematics, 33. New Y8gkinger Verlag.

LACEY, A.A., OCKENDON, J.R. & TAYLOR, A.B. (1982) Waiting time solutions of a nonlinear diffusiequa-
tion, SAM J. Appl. Math., 42 (6), 1252-1264.

LANDMAN, K.A., PETTET, G.J. & NEWGREEN D.F. (2003) Chemotactic cellular migration: smooth anst di
continuous travelling wave solutionrS,AM J. Appl. Math., 63 (4), 1666—1681.

LEVEQUE, R.J. (1992Numerical Methods for Conservation Laws, 2nd edition. Basel: Birkhauser Verlag.

LioTTA, L.A. (1986) Tumour invasion and metastasis: role of theadllular matrix,Cancer Research., 46 (1),
1-7.

MARCHANT, B.P. & NORBURY, J. (2002) Discontinuous travelling wave solutions fotair hyperbolic systems,
IMA J. Appl. Math., 67 (2), 201-224.

MARCHANT, B.P., NORBURY, J. & PERUMPANANI, A.J. (2000) Travelling shock waves arising in a model of
malignant invasiond AM J. Appl. Math., 60 (2), 463-476.

MARCHANT, B.P., NORBURY, J.AND SHERRATT, J.A. (2001) Travelling wave solutions to a haptotaxis-dwted
model of malignant invasiorNonlinearity, 14 (6), 1653—-1671.

ORME, M.E. & CHAPLAIN, M.A.J. (1996) A mathematical model of vascular tumour gitoand invasionMath.
Comp. Modelling, 23 (10), 43—-60.

PERUMPANANI, A.J. & BYRNE, H.M. (1999) Extracellular matrix concentration exertéesdon pressure on
invasive cellsEuropean Journal of Cancer, 35 (8), 1274-1280.

PERUMPANANI, A.J., NORBURY, J., HERRATT, J.A. & BYRNE, H.M. (1996) Biological inferences from a
mathematical model for malignant invasidnyasion and Metastasis, 16 (4-5), 209—221.

PERUMPANANI, A.J., NORBURY, J., HERRATT, J.A. & BYRNE, H.M. (1999) A two parameter family of travel-
ling waves with a singular barrier arising from the modeliof matrix mediated malignant invasioBhysica
D, 126 (3-4), 145-159.

PETTET, G.J., MCELWAIN, D.L.S. & NORBURY, J. (2000) Lotka-Volterra Equations with Chemotaxis: wall
barriers and travelling wavelyIA J. Math. Appl. Med. Biol., 17 (4), 395-413.

RoosE T., NETTI, P.A., MUNN, L.L., BOUCHER, Y. & JAIN, R.K. (2003) Solid stress generated by spheroid
growth estimated using a linear poroelasticity modkrovasc. Res., 66 (3), 204-212.

SHERRATT, J.A. & NowAK, M.A. (1992) Oncogenes, anti-oncogenes and the immunemsspto cancer: a
mathematical modeRroc. Roy. Soc. Lond. B, 248 (1323), 261-271.

SHIOMO, T. & OKADA, Y. (2003) MT1-MMP and MMP-7 in invasion and metastasis ofnatn cancersCancer
Met. Rev,, 22 (4), 145-152.

SIDENIUS, N. & BLASI, F. (2003) The urokinase plasminogen activator system mecera recent advances and
implication for prognosis and therap@ancer Met. Rev., 22 (2-3), 205-222.

STETLER-STEVENSON, W.G., AZNAVOORIAN, S. & LIOTTA, L.A. (1993) Tumour cell interactions with the
extracellular matrix during invasion and metastaais). Rev. Cell Biol., 9, 541-573.

TsuBol, R. & RIFKIN, D.J. (1990) Bimodal relationship between invasion of the@mtic membrane and plas-
minogen activator activitynt. J. Cancer, 46 (1), 56—60.



23 of 26

Biphasic behaviour in malignant invasion

5. Figure Captions
1. Experimental results reproduced from Perumpanani & 8yir999) illustrating the biphasic re-
lationship between tumour invasiveness and the concenirat collagen. Dose response curves

of HT1080 invasion distance are shown for various concéatrs.of Type | collagen.

2. Experimental results reproduced from Perumpanani & 8yir999) illustrating the biphasic re-
lationship between tumour proliferation and the concéiutnaof collagen. Dose response curves
for HT1080 proliferation are shown for various concentas of Type | collagen. Proliferation

is measured in Reference Fluorescence Units (RFUS).

3. A phase plane connection and a solution profile for thetbhtarface travelling wave solution of
(2.7)-(2.8) fora= 0.5 andk = 0. In the solution profiles, the blunt interface in tigrofile can

be clearly seen as can the corresponding corner i€ fhrfile.

4. TheU andC nuliclines and the jump curve, denoted N, S and J respegtioéthe regularised
system wherk = 0.3 < k* anda = 0.9. TheC nullcline coincides with the singular barrier S of
the original, singular system. The arrows indicate theasefitld directions across the nuliclines.

Note the effect ok in the top left hand corner of the diagram.
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5. A sketch showing how the positive solutioBig of (3.9) depend upok for a fixed value ofa.
Parameter valuest= 0.9,k* = 0.37.

6. A plot of a trajectory (the solid line) leaving the steadigts H, of the regularised system when
k= 0.3 anda=0.7. The trajectory intersects the J curve twice; first wea 1.415 and second
whenC = 7.290.

7. A plot of a trajectory (the solid line) leaving the steadiyte H of the regularised system when
k=0.3 anda=0.9. The curves J and S are unchanged, whereas N is changeciaégpear
theC axis.

8. An illustration of the continuity argument which demamasts thattnay increases wittkk. The
singular barrie@ nullcline and J curve foa = 0.9 are shown along with the correspondidg
nuliclines fork = 0.1,0.2. The hole in the wall Hmoves from right to left ak is increased. The
trajectories leaving Ilare also markeddC/dU becomes less negative lass increased and thus
theC value where the trajectories cross J increases.

9. A plot showing the evolution of the(x,t) profile of a Lax Friedrichs solution to (2.7)-(2.8) from
smooth semi-compact initial data of the form (3.21)-(32k = 0 andc’= 1.0.
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A plot of the wavespeedlof travelling wave solutions to (2.7)-(2.8) (evolving fraami-compact
initial conditions) against the far-field concentrationf'connective tissue when= 0.3. These
wavespeeds were approximated from Lax Friedrichs nuniesidations to (2.7)-(2.8).

Travelling wave profiles af(x,t) andc(x,t) resulting from numerical solution of (2.7)-(2.8) with
compact initial data (3.21)-(3.22) for k=0.3 aed="1.415. The measured wavespeed of the
solution profiles was = 0.695.

Travelling wave profiles af(x,t) andc(x,t) resulting from numerical solution of (2.7)-(2.8) with
compact initial data (3.21)-(3.22) for k=0.3 aed="7.290. The measured wavespeed of the
solution profiles was = 0.702.

A plot of the phase plane behaviour for (4.1)-(4.2) wifl€) defined by (4.4) and = 0.365. The
singular barrier S and th@ nulicline N intersect once at the hole in the whll The singular
barrier lies between the malignant steady stateC) = (1,0) and the curve J. The plot shows a
trajectory leavingU,C) = (1,0), crossing the singular barrier at H and intersecting theedr
twice. From each intersections with J the trajectory maymiete the travelling wave solution by
jumping down tdJ = 0, with a blunt wave-front.
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14. A plot of the phase plane behaviour for (4.1)-(4.2) witiC) defined by (4.4) and = 0.5. The
curves S and N intersect onkk with S lying between the malignant steady st@leC) = (1,0)

and the curve J. The plot shows a trajectory leaWidgC) = (1,0), and crossing the singular
barrier at H. Unlike Figure 13 (whem= 0.365) this trajectory does not cross J and, therefore, no

travelling wave solutions with a blukt wave-front exist for this value af.

15. A plot of the wavespeed, of travelling wave solutions to the PDE model evolving freami-
compact initial data, against the far-field concentratiboamnective tissue, Tor x (c) defined in
(4.4). There is a biphasic relationship betwesndc:

16. Typical travelling wave profiles of tumour cell§x,t = 20) and connective tissugx,t = 20)
obtained via the numerical solution of the PDEs with haptiitacoefficient (4.4). This solution,
with the blunt wave-front fou(x,t = 20), evolves from semi-compact initial conditions (3.21)-
(3.22). Observe the non-monatonicity of theprofile. For this solutiorc = 1.25 andx(c) is

defined in (4.4).



