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Abstract—This paper develops a new form of distributed
stochastic model predictive control (DSMPC) algorithm for a
group of linear stochastic subsystems subject to additive un-
certainty and coupled probabilistic constraints. We provide an
appropriate way to design the DSMPC algorithm by extending a
centralized SMPC (CSMPC) scheme. To achieve the satisfaction
of coupled probabilistic constraints in a distributed manner, only
one subsystem is permitted to optimize at each time step. In addi-
tion, by making explicit use of the probabilistic distribution of the
uncertainties, probabilistic constraints are converted into a set of
deterministic constraints for the predictions of nominal models.
The distributed controller can achieve recursive feasibility and
ensure closed-loop stability for any choice of update sequence.
Numerical examples illustrate the efficacy of the algorithm.

Index Terms—Distributed control, model predictive control
(MPC), probabilistic constraints, stochastic systems.

I. INTRODUCTION

N recent years, stochastic model predictive control (SMPC)

has attracted much attention since it is an alternative MPC
scheme to deal with uncertain systems. Different from robust
MPC (RMPC), SMPC takes into account the stochastic char-
acteristics of the uncertainties and allows constraint violations
to occur with a frequency below a prespecified threshold,
i.e. probabilistic constraints. Probabilistic constraints enable
SMPC to directly incorporate the tradeoffs between the satis-
faction of constraints and control performance, and therefore
alleviate the inherent conservatism of RMPC [1]-[4].

Distributed MPC (DMPC) is a further development of MPC
technique for large-scale systems, such as chemical plants [5],
process control [6], or teams of vehicles [7]. Compared with
centralized MPC scheme, DMPC is more attractive in the
context of computation and communication. For large-scale
systems with the uncertainties, it is natural to develop RMPC
or SMPC to the distributed framework, namely distributed
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RMPC (DRMPC) or distributed SMPC (DSMPC). This paper
aims to establish some fundamental results on DSMPC by
promoting the current SMPC technique to the distributed case
in a more systematical way. These fundamental results include
the key points in SMPC, such as the treatment of probabilis-
tic constraints, recursive feasibility, and closed-loop stability.
Next we will compare the existing SMPC algorithms for a
single system and inherit some ideas of them to develop our
DSMPC algorithm by proposing some distributed techniques.

Nowadays, three representative approaches for SMPC of
a single system include stochastic tube approaches [8], [9],
approaches based on affine parameterization of the control
policy [10], [11], and sample-based approaches [12], [13].
From the perspective of computational complexity and the
establishment of theoretical results, stochastic tube approaches
are more possibly scalable to the distributed manner than
other two approaches. Particularly, the recent work [9] adopted
the stochastic tube methodology to address the probabilistic
constraints and ensured recursive feasibility and closed-loop
stability. A sufficient and necessary condition was proposed
to ensure the satisfaction of probabilistic constraints, thereby
incurring no additional conservatism. However, the results of
[9] were restricted to the case of a single system. In the
presence of coupling among several subsystems, additional
techniques are needed to promote the results of [9] to a
distributed case while guaranteeing recursive feasibility and
closed-loop stability of the whole systems.

The handling of the coupling in DMPC mainly depends on
the choice of update strategy. In this paper, we will formulate
the coupling among subsystems in a general form of coupled
probabilistic constraints. Some approaches in DRMPC have
been investigated to ensure that the distributed actions satisfy
coupled constraints, see [14]-[16]. One of these approaches is
the sequential solution scheme adopted in [16], which required
to optimize all the subsystems sequentially at one time step.
Using the similar method to [16], the satisfaction of coupled
constraints was guaranteed in [17] by local subsystems up-
dating plans one at a time, without iteration. In [17], the
subsystems can be updated in any choice of update sequence
rather than in a prescribed sequence as in [18]. Under these
update strategies, all the aforementioned DRMPC can ensure
recursive feasibility and closed-loop stability. Compared with
DRMPC, few DSMPC methods are available. Particularly,
when subsystems share coupled probabilistic constraints, the
existing methods (e.g., [19]) cannot ensure recursive feasibility
and closed-loop stability.
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Motivated by above discussion, this paper proposes a dis-
tributed form of the recently developed SMPC in [9] for a team
of linear stochastic subsystems with independent dynamics but
coupled probabilistic constraints. We mainly use the idea of
[17] that, at each time step, a single subsystem is permit-
ted to optimize, while other subsystems ‘freeze’ their plans.
Apart from this, the controller structure and the stochastic
disturbances considered here are significantly different from
those of [17]. From the perspective of the SMPC theory, the
contributions of this paper are listed below. First, by making
explicit use of the probabilistic distribution of the uncertainties
and using a distributed way, deterministic constraints are con-
structed to provide coupled probabilistic constraint satisfaction
non-conservatively, in the sense that the specified violation
value can be reached tightly. Second, under the assumption
that the additive uncertainty is finitely supported, the initial
feasibility of the optimization problem implies the feasibility
at all times. Third, closed-loop stability of the overall system
is guaranteed for any choice of update sequence. Finally, two
different aspects between this paper and our recent work [20]
need clarification. Compared with the results of this paper,
(1) the cooperation scheme in [20] brought in a better global
control performance but resulted in higher computation and
communication; (ii) the closed-loop stability of [20] depended
on an additional assumption (Assumption 1 in [20]).

The outline of this paper is as follows. Section II presents
the problem statement for a team of subsystems with cou-
pled probabilistic constraints. Section III reviews SMPC by
applying it in a centralized fashion to the problem of Section
II. Section IV develops a DSMPC algorithm, which can
ensure recursive feasibility and stability. Section V presents the
results from numerical simulations and compares the global
performance of the new algorithm with that of a related
DRMPC algorithm. Finally, conclusions are drawn in Section
VL

Notation: Let N = {0, 1,2, ...}; for a symmetric matrix X,
X > 0 and X > 0 mean that X is a positive definite matrix
and a positive-semidefinite matrix, respectively; for a vector
z, x; is the ith component of x; the inequality sign < and
the absolute value |- | apply elementwise to vectors; ||z||%, =
xTWax; (k + i|k) indicates a prediction of a variable i steps
ahead from time k; Pr is the probability, E is the expectation,
and [ is the identity matrix with proper dimension.

II. PROBLEM STATEMENT

Consider a system of N, linear time-invariant, discrete-time
subsystems which are assumed to be stabilizable,

zp(k + 1) = Apzp(k) + Bpup(k) + Gpwy(k),

VkeN, Vpe P 2{1,2,...,N,}, 1)

where z, € RNew vy, € RNer, and w, € RV»» are the state,
the control input, and the disturbance acting on subsystem
p, respectively. It is assumed that the complete state x,(k)
is available at each time k. Assume that {w,(0),wp(1),...}
is independent and identically distributed (i.i.d.) for each
subsystem p, that the elements of w, (k) have mean zero, and

that the distribution of the ith element of w, (k) has the form
Priwy (k) <mpit = Fpi(p.i)s
1 for mpi>ap;
Fpi(np,i) = { " iy

0 for np; < —ap;
where «;, ; > 0 and the distribution functions £}, ; are assumed
to be continuous. A consequence of (2) is that w,(k) is
assumed to lie in the orthotope wy (k) € W, £ {w, | |w,| <
ap}, ap = [ap1 ap2---op N, ]

Remark 2.1: Since the disturbances derived from physi-
cal processes are finite, the assumption of finitely supported
uncertainties matches the real world more closely than the
practically unrealistic Gaussian assumption. And this assump-
tion is necessary to assert recursive feasibility and stability.

Each subsystem is assumed to be subject to one local
probabilistic constraint on an output y, (k)

yp(k) = Cpxp (k) + Dpuy(k), y,(k) € R,
Pr{yy(k) < hp} >1,, VkeN, VpeP.

; 2

3)
“4)

There are also N. coupled probabilistic constraints across
multiple subsystems, each of which applies to the sum of
the coupled output s.,, ¢ € C £ {1,2,...,N.}, from each
subsystem

Scp(k) = Ec‘pxp(k) + Fcpup(k)v Scp(k) € Rv (5)

N,
Pr{ Y sep(k) <b} >pe, VN, VeeC.  (6)
p=1

The row vectors C,, D), Ecp, Fy,, fixed scalars hy, b., and
thresholds 1, € [0,1], p. € [0,1] are all chosen by the
designer. The form of (6) is very general, which permits
coupling to exist between any number of subsystems. The
case of several local probabilistic constraints of one subsystem
can be treated similarly by deriving the online constraint for
each individual constraint. And the case of hard constraints is
treated simply by setting [, = 1 and p. = 1 in (4) and (6).

The predicted control input at time & is made up of a linear
state feedback and a perturbation

up(k +ilk) = Kpxp(k +ilk) + cp(k +i|k), (7)

where K, is calculated offline such that A, + B, K, is strictly
stable for each subsystem (A,, B,). Given a finite prediction
horizon N, c¢,(k + ilk) € RN«r i =0,1,...,N — 1, are
optimization variables and c,(k + i|k) = 0 for ¢ > N. Then
we decompose the state trajectories predicted at time k into
two components: the nominal one z,(k+i|k) = Elx,(k+i|k)]
and the uncertain one e, (k + i|k), which are formulated as

xp(k +ilk) = zp(k +i|k) + ep(k + ilk), (8)
zp(k 41+ 1|k) = ®pzp(k + i|k) + Bpep(k +1ilk), (9)
ep(k + i+ 1k) = @pey(k + ilk) + Gpwy(k +ilk), (10)

where ®, = A, 4+ B, K, and initial conditions pertaining to
i =0 are z,(k|k) = x,(k) and e,(k|k) = O (since the state
at time k is known by assumption).

To facilitate the illustration of the coupling structure be-
tween subsystems, as in [17], define P, £ {p € P |
[Ecp Fep) # 0} as the set of subsystems involved in coupled

0018-9286 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2016.2612822, IEEE

Transactions on Automatic Control

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. XX, NO. XX, XX XXXX

constraint ¢ and C, = {c € C | [E., F.,] # 0} as the set
of coupled constraints involved in subsystem p. Then define
9 £ (Ueee, Po)\{p} as the set of all other subsystems
coupled to sufgsystem p. The following standing assumption
shall be applied to the subsequent analysis.

Assumption 2.1: Each subsystem p has a priori knowl-
edge of static model parameters for subsystems ¢ € Q,. These
will be used later to enable each subsystem p to construct
outputs of subsystems g € Q, given the states z,(k) and the
sequences of perturbations.

III. REVIEW OF CENTRALIZED SMPC

This section reviews SMPC in [9] with application to
the problem of Section II. To devise a centralized SMPC
(CSMPC) strategy, at time k, minimize the cost function of
the whole system

Ny, o~
T(C(R) =D Elay (k + ilk)Quyp (k + il k)

p=11i=0

+u), (k + i|k)Ruy(k + ilk) — Lp], (11)
subject to the constraints (4) and (6), where
Ly = lim E[z] (k +ik)Qxp(k + il k)
71— 00

+ul (k + k) Ruy (k + i|k)] (12)

and Q > 0 and R > 0 are two known weighting matrices.
The decision variable C(k) = [cf' (k) I (k) ---ck (k)]T with
cp(k) = [T (klk) T (k+1]k) - T (k+ N—1[k)]T € RN
for any p € P.

Remark 3.1: Due to the existence of the additive uncer-
tainty in (1), the stage cost E[z] (k + i|k)Qz,(k + ilk) +
u! (k+i|k) Ru,(k+ilk)] converges to a finite, non-zero limit
L, so that the summation of each stage cost is infinite over the
infinite prediction horizon. To obtain a finite cost, we define
the cost function (11) in terms of the deviation of the stage
cost from the limit value L,, which can be precomputed using
a similar method as in [21].

To ensure the satisfaction of (4) and (6) in closed-loop
operation, the first step is to guarantee that the constraints
are satisfied over the entire prediction horizon at time k for
all subsystems. The following theorem provides necessary and
sufficient conditions for this.

Theorem 3.1: [9] At time k, probabilistic constraints (4)
and (6) are satisfied by predictions of (1) for each subsystem
p € P if and only if for i = 1,2, ..., c,(k) satisfies

U@, 2 (K[K) + (U Hy, + Dp B )ep (k)

<hp,—7,, VpEP, (13)
NP NP
> Ay @iz(klk) + > (A Hy + Fop L ey (k)
p=1 p=1

S bC - 527 VC € Ca (14)

where ¥, = C, + D,K,, A, = Eop + Fop K, H)
[@,7'B,--- B, 0---0], E;t'c,(k) = cp(k+ik), and »}, and
&L are respectively defined as the minimum values such that
Pr{@,[® ' Gpw,(klk)+.. . +Gpwy(k+i—1[k)] < 7L} =1,

and Pr{ Y07 A, [@51Gpw,(klk) + ... + Gpwy(k + i —
k)] <&} = pe.

The detailed proof of Theorem 3.1 is omitted here. The
interested reader is referred to [9].

Remark 3.2: We usually cannot find the exact val-
ues of ~, and &, since the distribution function F), of
1 Gpwy (klk)+. . .+Gpw,(k+i—1[k) involves a multivari-
ate convolution integral with enormous computation for a long
prediction horizon and a large dimensional system. Instead, we
first discretize the probability density function of w,, ; based
on ¢ equi-spaced points on its domain. Then perform discrete
scalar convolutions to compute a discrete approximation of
the probability density function of ®/~'Gpw,(k[k) + ... +
Gpw,(k + i — 1|k). Finally the discrete approximation F}, to
F, is calculated by using trapezoidal integration and further
the values of 7; and ¢! can be approximated at reasonable
computational cost. Note that the calculations of v, and £ do
not depend on the system state and can be performed offline.

To ensure recursive feasibility, define T'c,(k) = [¢] (k +
1k)---cl(k + N — 1|k) 0], where T is the shift matrix
with the identity matrix on its super-diagonal blocks and zeros
elsewhere. Supposing that c,(k) is a feasible solution at time
k, the future feasibility at time k + 5, 7 = 1,2,..., is then
considered. Based on the information available at time k + j
and under the assumption that the vector of the perturbations
at time k + j is ¢,(k + j) = TVcy(k), the prediction of the
system state at time k + j + ¢ is given as

xp(k +j +ilk + j)
= 2, (k|k) + Hi ey (k) + @he,(k + jlk +j) +
O Gpwy(k+ jlk+5) + ... 4 Gpwp(k+j +i — 1|k + j)
(15)

This provides the following predictions y,(k + j + i|k + j)
and Z;,V:pl Sep(k+ 7 +ilk+j) based on information available
at time k

yp(k +j +ilk + 7)

= q}pq);+jzp(k‘k) + (\ijHzi;-i_j + DpE;i;-i_j—i_l)Cp(k)
+\I/pq);,ep(k +jlk+7) + \I’p[q);_lewp(k + jlk +7)
oot Guwp(k +j 41— 1)k + )] (16)

and

NP
> sep(k 4§+ ilk + 5)

p=1
N,

= Z ACP(I);)+jZP(k|k) +

p=1

N,

> (AgH +

p=1
NP

Fop By e, (k) + > Ap®@iep(k + jlk + §) +
p=1

NP

> AL @ Gwy(k + jlk+5) + .+

p=1

Gpwp(k +j +i— 1|k + j)]. (17)
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Note that x,(k+j+i|k+7) in (15) is expressed in terms of
ep(k+j|k+7) rather than e, (k). This is because e, (k+j|k+j)
depends on wy(k), wp(k + 1), ..., wy(k + j — 1), which,
given that x,(k + j + i|k + j) is conditioned on information
available at time k + j, cannot be considered to be random
variables. Instead it is necessary to consider the worst-case
value for e, (k + j|k + j) over the class of allowable additive
uncertainty.

From (16)-(17), Theorem 3.1 can be modified by deriving
the conditions for feasibility of c,(k + j) = TVc,(k) in (13)-
(14) at time k + j for all j > 1.

Theorem 3.2: [9] Probabilistic constraints (4) and (6) are
satisfied at time k, if c,(k), p € P, satisfies for ¢ = 1,2,.. .,

\Ilpq)ézp(k‘k) + (\IJPH;) + DpE;+1)Cp(k)

<hy,— B, VpEP, (18)
NP NP
> Ap®hzp(klk) + > (AgpH + Fep By e, (k)
p=1 p=1

<b.— (i Veed, (19)

where 6;) and ¢, i =1,2,..., are defined respectively as the
maximum elements of the ith columns of the matrices

g 1%2) 1 273 2
0 mta  mta
8 8 Tt %p t+a; (20)
and
& & &
0 &+dy  &+d;
8 8 3 +%i +dg 1)
with
al, = wmeax U, 0L Gpw, = [V, Gploy,
N,

di =

C

max Z Ap®hGpw, =

wpEWp p=

Zl ‘ACPCD;GP‘QP'

Furthermore, if conditions (18)-(19) are feasible at time k,
then (18)-(19) will remain feasible at all times k£ + 7, j > 1.
The interested reader is referred to [9] for the detailed
proof of Theorem 3.2. The CSMPC optimization problem
PY(z1(k),...,zn, (k) is formulated as

in Ji(C(k)) in (11
m(lkg & (C(k)) in (11)
subject to for i = 1,2,...:

‘I’pfbézp(klk) + (‘I/pH; + DpE;oH)Cp(k)

< h,— L, ¥p € P,(22)
NP NP
> MA@z (klk) + > (AgHj + Fop Bt ey (k)
p=1 p=1
<b,—Cl Veel. (23)

After the optimization problem is solved at each time step,
the following input is applied to each subsystem p € P,

up (k)

Under this control, the CSMPC optimization problem is re-
cursively feasible (due to Theorem 3.2) and the closed-loop
system is stable (for details, see [22], Theorem 10) satisfying

= Kpxp(k) + cp(klK).

rll>nolo T‘+ ZZE pr )
k=0p=1
NP
+up (k) Rup(k)] < Ly, (24)
p=1

To derive a DSMPC algorithm only involving a finite
number of constraints in Section IV, we next show how to
compute upper-bounds on B; and ¢! which hold for all i > 1.
These bounds also enable the constraint parameters in the
online DSMPC optimization problem to be computed offline.

Define symmetric positive-definite matrix S, € RNz *Ne.p
and scalar p, € (0,1) as the solution of the semi-definite
program [22]

(Pp, Sp) = arg [min - pp (25)
sp_sT>o
subject to
2,5,0 < p2S, (26)
| Gpwy [|g1< 1, Vo, € W, 27)

Note that the convexity of (27) and the strict stability of @,
ensure the existence and uniqueness of the optimal solution of
(25)-(27).

Lemma 3.1: The sequences 3, 32,...and ¢}, (2, ... are
monotonically non-decreasing and converge to 3, and (.
respectively, which are bounded by

vp—1

Bp < vy + Z al + £ H Ul ||s,, YpEP, (28

2 A

<&+ Z d’+2

T ls,, Veec, (29)

for any integers v, > 1 and p. > 1.

Proof: The lemma is an extension of Corollary 4 in [9] to
a case of multiple subsystems. In addition to local constraints,
this paper also considers coupled constraints amongst several
subsystems. Bounds on (. are derived so as to cater for coupled
probabilistic constraints. [ ]

Remark 3.3: Provided that v, and p. are sufficiently
large, the upper-bounds on /3, and (. in (28)-(29) can be made
arbitrarily tight.

IV. DSMPC ALGORITHM

To distribute PY(z1(k),...,2n,(k)) amongst subsystems
as local optimization problems, we first adopt the update
strategy as in [17]. At each time k, only a single subsystem,
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defined as py, is permitted to optimize for a new plan, while
each remaining subsystem uses the feasible candidate plan

¢q(k) £ Tey(k—1)

= [T (k|k —1)- et (k+ N — 2]k — 1) 0]” (30)

that is the tail of the previous solution ¢ (k — 1) augmented
with 0. The order in which subsystems’ plans are optimized
is determined by the update sequence {p1, ..., Pk, Dk+1,-- -}
which is chosen by the designer.

Then at time k, with the plans for subsystems g,
g € Q,,, fixed by (30), the local optimization problem

P2 (x,(k); Z;(k)) for optimizing subsystem p = py. is for-
mulated as
m(llg Jh(c ZE (k +i|k)Qzp(k + i|k)

u,, ul (k + i|k) Ruy(k + ilk) — L,] (31)

subject to (22) for subsystem p only and the constraints, for
i=1,2,...,

ACP(I);)ZP(MIC) + AcpHécp(k) + FCPE;Jrle(k) +

> (A @iz (k) + (AcgHy + Feg B ey ()]
qEPC\{p}
S bc - éa

VeeC, (32)

Note that the values of c,(k) and z,(k), Vg € Q,, are not
affected by the decision variable c,,(k), so they appear as fixed
values in (32), denoted by .

Next, to ensure that (22) and (32) are satisfied over an
infinite prediction horizon, a terminal constraint is designed
below. Since c¢,(k + ilk) = 0 for ¢« > N, (22) and (32) for
1 > N can be rewritten as

V)2, (k + NIk) < hy — B, j=0,1,2,..., (33)
Acp(l)jzp(l€ + Nlk) < be — CNH
Z Ag®lz2(k+ Nk), j=0,1,2, (34)

q€P\{p}

Following [23], define the maximal admissible set at time & as
S;Olk, which is the subset of RV+» containing all z,(k+ N|k)
such that (33)-(34) hold for all 7 > 0. The upper-bounds on
f3, and ¢ imply conditions for the existence of .S, colk
Lemma 4.1: If the thresholds [, and p. are such that
h, > B, and b, > (. + qup \{p} b, (k), Ve € Cp, with
b (k) = max;j_o1,. Ay ®)27(k + N|k), then the maximal
admissible set Sp° * s non-empty.
Proof: Since @ is strictly stable by assumption, z; (k+
N + jlk) = ®)z7(k + N|k) converges to zero as j — oo
and z;(k + N + jlk) is uniformly bounded for any & > 0.
Therefore the term A.,®}z:(k + N|k) remains bounded.
Using Bp, (e, and b} (k) to respectively bound ﬁzj,\]*j, SRR
and Acqqﬂz (k + N\k) for j = 0,1,... in (33)-(34), the
conditions in Lemma 4.1 therefore ensure that S,° * contains
the origin, which implies that Sg°'* is non-empty. [ ]
Because the exact values of Bp and fc are unknown, the
conditions in Lemma 4.1 may be modified by using the bounds

in (28)-(29)

vp—1 v

;P
hp>7;+za;,+1_” el s, (35)

j=1 P
and
pe—1 p
b>9+2f+2 T2 185 s, +
Z br, (k). (36)
4€P\{p}

The result in [23] provides a method to compute an inner
approximation of S5°'*. Replace BN+ and ¢NF7 by the
bounds in (28)-(29) beyond a horizon j = N and define the

. Nk
terminal set S, '~ as follows

SNk 2 {2 W,z < hy, —3N+J Ayy®lz < b, —
V= 3T Ay ®hzg(k+ NIk),
9€P\{p}
VeeC,, j=0,1,...,N;
vp—1 p,)p
e R L St LA
=1 b
App®iz+ > Ayg®izi(k+ NJk) < b — € —
qem{p}
pe—1 Pp

2 Z

The inner approximation can be made arbitrarily tight to Sy’
by using a sufficiently large value of N. Furthermore, it can

AL ||s,, Ve € Cp, j > N}L(3T)

be shown that there exists an integer n* such that S,],V * is in
fact determined by only the first N +n* inequalities, i.e., the
constraints from j = N+n*+1to J = oo can be removed
without effect, whenever S;o Ik is bounded. We denote the
terminal set which involves a finite number of inequalities by
Sf)\[ "IF_The smallest allowable value of n* can be determined
by solving a finite number of linear programming problems
(for details, see [23]).
A revised form of P2 (x,(k); Z;(k)) is now obtained

p(k)) in 31)

m(ln J (c
subject to (22) for subsystem p and (32) fori =1,2,...,
1, and the terminal constraint z,(k + N|k) € SII,V’"*W.

Remark 4.1: Given the distribution of wy,,, the cost func-
tion ij (cp(k)) in (31) can be written as a quadratic function
of c,(k) (see [22], Remark 9). In addition, (22) and (32)

are affine constraint functions of c,(k) and S,J)V IR s a
polyhedron with ¢, (k). The problem P (z,(k); Z;(k)) can
therefore be cast as a quadratic program (QP), which can be
solved efficiently.

In optimization problem P2 (z,(k); Z5(k)), Z; (k) denotes
the collection of information about other subsystems’ states
25 (k) and the vectors of perturbations c; (k) required by p to
evaluate constraint (32). It can be seen that to evaluate (32),

N —
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subsystem p must have knowledge of c; (k) for each subsystem

q € 9. Denote by 12: the last step, before the current step, at
which subsystem q is updated [17]

(1>

K.

T prer <hipy=a}

Then the vectors of perturbations c; (k) appearing in (32) can
be expressed as ¢} (k) = Th—kqc* (k ), Vq € Q,, for all k <
l;‘q + N — 1. For greater values of k, c;‘(k‘) = 0. Hence, one
strategy to achieve the information requirements for Z;(k) is
provided as follows. At each time k, all subsystems in Q,
sample the current states and transmit them to the optimizing
subsystem p. After solving P2 (z,(k); Z(k)), the new plan
of the optimizing subsystem p must be communicated to all
subsystems q € Q,,. This strategy is adopted in the following
algorithm, which is executed by all subsystems in parallel.

Algorithm 1 (DSMPC Algorithm):

Offline. Determine v, (., and horizons N and n*. Compute

{1‘, aud ¢ti = 1,2,...,N + N, in (20)-21). Compute 7,
e Gy J =1,2,. —l,and d., i =1,2,...,u.— 1, to
complete the deﬁmtlon of S, Non Tl

Online.

(i) Initialization: Wait for a feasible solution c;(0) and
information Z(0) from the central initializing controller
for Vp € P. If a solution cannot be found, stop.

(i) All subsystems p: Apply uy (k) = Kpz,(k) + c; (k).

(iii) All subsystems p: Update k and sample x,(k).
Subsystems ¢ € Q,, : Transmit x,(k) to subsystem py.
(iv) Update plan:
Subsystem p = pg:
a) Solve P2 (z,(k); Z;(k)) to obtain new plan c(k).
b) Transmit the new plan to subsystems ¢, ¢ € Q,.
c) Set I%p =k.
Subsystems p # pi: Construct new plans c;;(k)
T*=*»c(k,) with zero update.

(v) Go to step (ii).

The following theorem states the main result of this paper.

Theorem 4.1: If there exists a feasible
(but not necessarily optimal) solution ¢ (0) =
[*T(O\O) c*T(1|O) (N = 110)7, p € P, to the
optimization problem Pg( 1(0),...,2n,(0)) at time k = 0,

and the system is controlled according to Algorithm 1, then
all subsequent optimization problems P2 (x,(k); Z7(k)) are
feasible for k¥ > 0. Furthermore, for any choice of update
sequence, the closed-loop stability of the entire system is
guaranteed, which satisfies

LSy e

k=0p=1

lim
r—oor 41

(k|k)Quyp (K[E) +

Ny,

Z

(k\k Ru,(k|k)] (38)

Proof: From the conditions of Theorem 3.2, if there
exists initial feasible solutions {c;(0)},ep to the problem
PY(z1(0),...,zn,(0)), {T'c;(0 )}pep are feasible solutions
to Pc(xl(l),...,pr(l)). It is easy to see that, at time 1,

for optimizing subsystem p;, T'cy (0) directly satisfies (22).
Meanwhile, by choosing 2;(1) = z,(1), c;(1) = Tc;(0),
2p, (1) = xp, (1), and ¢;, (1) = T'c;, (0), (32) is equivalent to
(23) when P€(z1(1),..., 2y, (1)) adopts {Tc}(0)}pep. then
Tc;, (0) satisfies (32). Hence, T'c; (0) is a feasible solution
to BD (2, (1); Z, (1).

Next, we assume that feasible solutions {cj(k —
1)}pep are available at time k£ — 1. By Algorithm 1,
at time k, all subsystems q # pr renew their plan-
s to be {Tc!(k — 1)}4zp,. For optimizing subsystem
Pk, solving P (xpk(k); Z; (k)) is equivalent to solving
PY(z1(k),...,zn,(k)) constrained to take c;(k) =Tc;(k—

1) for ¢ # py. From recursive feasibility of CSMPC optimiza-
tion problem in Theorem 3.2, {T'c;(k — 1)},ep are feasible
for PY(z1(k), ...,z (k)), and Tc . (k—1) is also feasible
for I;E (@p,, (k;),Z;k(k)). By recursion, a feasible solution
to P (z1(0),...,zn,(0)) implies that all subsequent opti-
mization problems P’ (z,, (k); Z;, (k)), k > 0, are feasible
regardless of the choice of update sequence.

To consider closed-loop stability, the global cost is de-
fined as the summation of the local cost of each subsystem
J(k) 2 YN JE(cy(k)). Assume that {c;(k)}pep are
feasible solutions at time k and the corresponding local cost
is J¥(cs(k)) for subsystem p € P. By Algorithm 1, at time
k + 1, the optimizing subsystem pj,; obtains its solution
c,,.., (k+1) by solving Ple (@ppa (K +1); 25 (K+1)),
while all other subsystems ¢ # pr+1 adopt their respective
candidate solutions c; (k+1) = T'c; (k). Thus, the global cost
at time k + 1 is given as

T (k+1) = (o (1)) +

k+1
Jék+1

> TN Ty (k).
qFPr+1
(39)

Taking expectation on both sides of (39), it follows that

E[T*(k +1)] = ELT (k + 1)] + E[J,"} k+1) -

Pr+4+1
JE (Ter  (K))), (40)

where J(k 4 1) is the global cost associated with each
subsystem adopting their respective candidate plans Tc;(k).
Since T'c;, (k) is a known feasible solution at time k + 1
for subsystem Dk+1, the cost associated with Tcle(k) is
an upper-bound on the optimal cost J;f: '(c peaa (B + 1)) <
J;f:;ll (T'cy, ., (k)). The last term of (40) is therefore less than
or equal to zero, leaving

E[T*(k+1)] <

( Pk+1(

E[J (k + 1)]. (41)

Since T'c; (k) is a feasible solution at time k + 1, so that
k( x k * T
Ty (ep (k) = [T, (Tep (k)] + a, (k)Qy (k)
+u) (k) Rup (k) — L.

Summing (42) over p = 1,2,...,
on both sides, we obtain

(42)

N, and taking expectation

E[T7"(k)] = k)Quy(k) +

+ZIE

p( )Ruy (k) — pr (43)
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Following the above equality, (41) is equivalent to

NP
E[7*(k+1)] <E[T* (k)] - > Ela] (k)Quy (k) +
p=1

uy (k) Rup (k) = Lp). (44)
Summing (44) over £k =0,1,...,r leads to
r Np
DD Elry (k)Qap(k) + uy (k) Rup(k) — L] <
k=0p=1
E[T*(0)] —E[T*(r+1)].  (45)

Because of the finite J*(0) by assumption and the lower
boundedness of E[J7*(r + 1)] by the quadratic form of
J]f(c;(k)) (see Remark 4.1), (38) can be implied by (45),
which completes the proof. ]

V. NUMERICAL EXAMPLES
A. Example 1: Homogeneous subsystems

Consider a set of three identical subsystems, of which the
model parameters are given as follows (see [8] and [24])

1 00075 4.798
A= [ ~0.143  0.996 } B = [ 0.115 } ’

1 0
Gp—{o 1],Vp€73—{1,2,3}.
There are four probabilistic constraints with

Co=[1 0], D,=0, hy =2, 1, =028,
Ecp:[l 0}7Fcp207 bc:5'57pC:O'8a
Vpe P, YeeC={1}.

Each element w,, ; (k) is truncated from a Gaussian distribution
with mean zero and variance 51 and satisfies |wp;(k)| <
0.075 for @ = 1,2. The feedback gain K, is taken as K, =
—[0.286 —0.491], which is the LQ-optimal gain for the given
plant model. The prediction horizons N and N over which
constraints are handled explicitly are chosen as N = 8 and
N = 9. For the chosen N and N , the set S,],V ok is given with
n* = 1. The update sequence employed is {1,2,3,1,2,3,...}.
The weights in the cost are Q) = diag{1l, 10} and R = 1.

By adopting Algorithm 1 and the unconstrained optimal
control, we carry out 5000 Monte Carlo simulations, starting
from the same initial conditions z1(0) = [3.5 3]T, z22(0) =
[2.5 27, and x3(0) = [2.5 2.8]T. Fig. 1 and Fig. 2 show
the closed-loop trajectories {z,(k), k = 0,1,...} for each
subsystem and the sum of states {22:1 zp(k), k=0,1,...}

With the unconstrained optimal control, the local probabilis-
tic constraints are violated at time k£ < 3 for every realization
of the uncertainty sequence. For the trajectories obtained under
Algorithm 1, 19.92%, 0%, and 20.17% of the same 5000
realizations violate the local constraints for subsystems 1,
2, and 3 at time £ = 1, 20.06%, 0%, and 1.09% at time
k = 2, and 0.92%, 19.95%, and 0.06% at time k = 3. By
Algorithm 1, the observed probability of violating the coupled
state constraint is 19.95% at time k£ = 1, 0.04% at time k£ = 2,
and 7.06% at time k& = 3, whereas violation rate is 100% at
time k£ < 3 under the unconstrained optimal control.

Subsystem1
Subsystem2
Subsystem3

20 Trajectory 1 ’
%

.2

Trajectory 2

Fig. 1: Closed-loop trajectories of homogeneous subsystems under Algo-
rithm 1 (Trajectory 1) and unconstrained optimal control (Trajectory 2) for
100 realizations of the uncertainty sequence.

ol
sl
7k
6l
o
7 .
C Trajectory 1
o
a 4r Trajectory 2
.
3k
4
ol
" Coupling constraint
o
4 . . . . . . . . .
-2 0 2 4 6 8 10 12 14 16

X1 %21

Fig. 2: Evolution of the sum of states {3"3_, zp(k), k = 0,1,...} when
the system is controlled by Algorithm 1 (;li"ra'ectory 1) and unconstrained
optimal control (Trajectory 2) for 100 realizations of the uncertainty sequence.

Moreover, the performance of Algorithm 1 is also com-
pared with that of the unconstrained optimal control. The
performance measured in this instance is the weighted sum
of local costs over the duration of simulation. Algorithm 1
produces the cumulative cost (three subsystems, 15 samples)
for closed-loop operation averaged over 5000 simulations of
558.06, as compared with the average cost of 410.20 for the
unconstrained optimal control. As expected, the unconstrained
optimal control achieves a lower value of the average cost at
the expense of violating the probabilistic constraints.

B. Example 2: Heterogeneous subsystems

Consider three different subsystems, which are modeled by

16 11 1
Al:_—().? 1.2]’31{1}’
(15 1.1 0.8
AQ*_ 0 1.2]’32{0.9}’

14 12 1.2
A3_[—0.3 1.1]’33_{0.8}’
G, = (1) H,vpepz{m,?,}.

Each element wy, ; (k) is truncated from a Gaussian distribution
with mean zero and variance 13> such that |w, (k)| < 0.5,
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i = 1,2. Let the update sequence be {1,2,3,1,2,3,...}, N =
6, N=17,Q =1, and R = 1. The constraint parameters are

Clz[l 1.3],02:[1.4 0.6],03:[0.9 0.4],
D,=0,1,=08, hy =15, hp =84, h3 =9,
Eopp=Cp, Fop =0, b, =33, p. =0.8, VpeP.

In Fig. 3, a comparison result between Algorithm 1 and
the unconstrained optimal control is shown for three differ-
ent subsystems with initial conditions z1(0) = [-6 25]7,
29(0) = [-3 45]7, and 23(0) = [—6 60]7. Under Algorithm 1,
for 5000 realizations of the uncertainty sequence, the observed
probabilities of violating the local constraints are 20.72%,
20.24%, and 19.50% for subsystems 1, 2, and 3 at time k = 1,
respectively, whereas for the unconstrained optimal control,
the trajectories suggest that the violation rate is 100% at time
k = 1. From the simulation results, under Algorithm 1, the
system states always converge to a neighborhood of the origin
with the guarantee of constraint satisfaction despite the action
of unknown but bounded disturbances.

Compare the performances of DSMPC and DRMPC (as-
suming l, = 1 and p. = 1) in terms of the achieved
costs. The cumulative costs (three subsystems, eight samples)
for closed-loop operation averaged over 5000 simulations are
89.63 and 125.71 under DSMPC and DRMPC respectively. As
expected, the proposed DSMPC algorithm achieves an average
improvement in the closed-loop performance of 40.24% with
respect to DRMPC by allowing constraint violations to occur.

Subsystem1
Subsystem2
Subsystem3

Fig. 3: Closed-loop trajectories of heterogeneous subsystems under Algorith-
m 1 and unconstrained optimal control for 100 realizations of the uncertainty
sequence.

VI. CONCLUSION

In this paper, a DSMPC algorithm is proposed for a team
of linear stochastic subsystems with additive uncertainty and
probabilistic constraints. Coupled probabilistic constraints are
handled non-conservatively in a distributed way. Recursive
feasibility is guaranteed with respect to both local and coupled
probabilistic constraints. The closed-loop stability of the whole
system is ensured in the presence of stochastic disturbances.

On-going research is developing a DSMPC strategy for
a group of stochastic subsystems with both additive and
multiplicative uncertainty. One possible future direction is to
account for the event-based MPC for uncertain systems and
further promote it to the distributed case.
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