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Abstract: In a distributed cognitive radio (CR) sensor network, transmission and reception on
vacant channels require cognitive radio nodes to achieve rendezvous. Because of the lack of adequate
assistance from the network environment, such as the central controller and other nodes, assisted
rendezvous for distributed CR is inefficient in a dynamic network. As a result, non-assisted blind
rendezvous, which is unaware of its counterpart node, has recently led to a lot of interest in the
research arena. In this paper, we study a channel rendezvous method based on prime number theory
and propose a new multi-radio-based technique for non-assisted rendezvous with the blind and
heterogeneous condition. The required time and the optimal number of radios for the guaranteed
rendezvous are calculated using probability-based measurement. Analytical expressions for prob-
abilistic guaranteed rendezvous conditions are derived and verified by Monte Carlo simulation.
In addition, the maximum time to rendezvous (MTTR) is derived in closed form using statistical
and probabilistic analysis. Under different channel conditions, our proposed solution leads to a
substantial time reduction for guaranteed rendezvous. For the sake of over-performance of our
proposed system, the simulation outcome is compared to a recently proposed heterogeneous and
blind rendezvous method. The Matlab simulation results show that our proposed system’s MTTR
gains range from 11% to over 95% for various parametric values of the system model.

Keywords: cognitive radio sensor network; multi-radio rendezvous; prime number theory; rendezvous
probability

1. Introduction

In just a few years, there has been growing interest in the potential future increase in
the number of devices using next-generation (5G) communications [1]. The objective of
integrating a large number of wireless sensor nodes is to be a part of the Internet of Things
(IoT) evolution in the future [2,3]. A huge proportion of spectrum demand is anticipated
for the smooth functioning of millions of wireless sensor devices in any geographical
domain for the future generation of communication technologies. Traditional approaches
to eliminating spectrum scarcity, such as enhanced bandwidth allocation, MIMO, full-
duplex connectivity, appropriate cell strategy and so on [4]. However, the aforementioned
methods are mostly dependent on resource optimisation, and the cost-efficiency of the
parameters listed is still insignificant. The CR prototype, on the other hand, holds the
promise of efficient dynamic exploitation of the underutilized spectrum [5]. In a cognitive
radio sensor network (CRSN), cognitive functionality is integrated with sensor nodes to
form a new sensor networking paradigm. Therefore, allowing unlicensed sensor nodes
to broadcast in the licensed band was proposed as a way to increase spectrum efficiency
and accommodate users in the unlicensed spectrum band [6]. A cognitive radio user
(CRU) detects one or more empty channels to avoid interference in the first stage prior to
CR communication. After that, fast and efficient blind identification of vacant common
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channels, which will support both transmission and reception, is one of the major challenges
for any CRSN system. One of the basic processes of initiating data transfer in the CR phase
is rendezvous, which ensures one universal channel between two communication devices.
In the current literature, two rendezvous methods are popular—assisted rendezvous, where
the nodes acquire cooperation from another node or a central controller, and non-assisted
rendezvous, where there is no assistance from the network environment between nodes or
devices. In the existing literature, two approaches for assisted rendezvous are identified—
rendezvous based on a central controller [7,8] and cooperative rendezvous without central
controller [9–11]. The former assisted rendezvous methods are performed merely based on
the central controller node and without any assistance from other nodes in the network. On
the other hand, assistance from other nodes is necessary for rendezvous in the latter case.
The presence of a global common control channel (CCC) is required for all of the assisted
rendezvous techniques described above. The prospect of achieving rendezvous with the
help of CCC and nodes (central or general) appears to be very optimistic, mitigating
all uncertainties. For reaching consensus on any common channel, the aforementioned
assisted rendezvous approaches were primarily noticeable for their simplicity. However,
several practical obstacles for assisted rendezvous are underlined [8,10,11], as follows—(i)
lack of availability of CCC in a dynamically varying network environment; (ii) single point
failure of a centralized controller and CCC; (iii) lack of scalability, flexibility and robustness
of central controller; (iv) security problems for the central controller and CCC; (iv) inability
of certain nodes to cooperate and (v) impracticality of having a central point for some
physical spaces, such as a battlefield. As a result, the lack of the existence of assisted
rendezvous leads us to focus on unassisted rendezvous as a real-life consequence.

Non-assisted rendezvous, on the other hand, is one that operates without the assis-
tance of a central controller (or another node) and does not have a CCC. There are many
approaches for non-assisted rendezvous techniques presented in the conventional refer-
ences [12–27]. The general terminologies used for our articles related to rendezvous are
summarized as follows:

(i) Channel Symmetricity: For the symmetric channel, the cognitive radio transmitter
(CR-Tx) and cognitive radio receiver (CR-Rx) have the same available channels. The
available channels indicate the number of vacant channels for rendezvous. In other
words, the number of empty (and common) channels is the same as the total number
of channels. The number of empty channels, on the other hand, could be smaller
than the actual number of channels. In addition, the number of common channels
might be smaller than the number of empty channels. If the number of empty or
common channels is less than the total number of channels, the case is classified as
the asymmetric channel.

(ii) Channel Synchronicity: There is a lack of time alignment for rendezvous initiation
because every CRU node may not have the same time slot to start the rendezvous
process. This is known as the asynchronous channel state. The synchronous condition
indicates that CR-Tx and CR-Rx have precisely the same rendezvous activation time.

(iii) Anonymous Condition: The anonymous situation states that any CRU node is unaware
of another node’s strategies. Some possible strategies are the channel selection process,
implemented algorithm and channel vacancy condition, node information such as
node id, wake-up time, etc.

(iv) Channel Homogeneity: When both channel number homogeneity (symmetric condition)
and time homogeneity (synchronous status) prevail for the given nodes, it is referred
to as a homogeneous (fully homogeneous) channel condition. Apart from that, a
partially homogeneous state is predicted, in which channel homogeneous channel
number exists but time synchronisation does not.

(v) Channel Heterogeneity: Heterogeneous channels are those that have a wide variety
of typical vacant channels for various nodes. In other words, it lacks both channel
symmetry and synchronicity.
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(vi) Deterministic Condition: The predefined rule of channel hopping or visiting channel for
CR-Tx and CR-Rx are set such that, both ends are exactly aware of its counterpart. For
instance, at any time slot, CR-Tx (resp. CR-Rx) knows the channel selected by CR-Rx
(resp. CR-Rx). In the partially deterministic approach, each node only has limited
knowledge of other nodes’ strategies and channel conditions.

(vii) Non-deterministic Condition: Non-deterministic rendezvous, on the other hand, refers
to a case in which no one recognizes the other nodes’ rendezvous strategy or method-
ology or channel selection process.

The non-assisted rendezvous is divided into two categories based on the prediction of
the status of other nodes—deterministic and non-deterministic. The deterministic (and/or
partially deterministic) conditions are dependent on a combination of channel synchronic-
ity, symmetry, and known conditions of each other node’s channel selection strategies.
Non-deterministic, on the other hand, has the opposite attributes. As a result, in com-
parison to the latter conditions, the former case simplifies the rendezvous mechanism
using the concepts of simplified assumptions. Blind rendezvous, without a centralized
controller, has therefore gained tremendous interest for the practical network scenarios.
It is necessary to explore appropriate blind rendezvous (non-deterministic channel) con-
ditions to improve rendezvous performance in terms of time and energy cost. Many
recent papers on rendezvous presume two conditions of the channel—symmetric and
asymmetric. In the literature below [14,15], rendezvous for homogeneous conditions such
as symmetric channels is noted. Rendezvous techniques based on the union of disjoint
differential sets were proposed in [14] and performance was shown in average time and
efficiency. A prime number-based rendezvous scheme was studied in [15] for a semi-
heterogeneous network such as the symmetric asynchronous channel. For the above semi-
heterogeneous condition, the peak rendezvous times were superior to those achieved with
conventional methods. Prime number theory-based rendezvous has also achieved excellent
results for blind rendezvous under non-deterministic arrangements. Some mentionable
recent activity on unassisted as well as heterogeneous rendezvous with a single radio
includes [16–21]. With the modular clock-based prime number theory [16], Nick et al.
proposed supported rendezvous for CR. However, because of unpredictable random
sequences, the utilization of the prime number theory is limited. The articles [17–19]
carried out a statistical distribution analysis for efficient and guaranteed rendezvous. In a
heterogeneous scenario, the rendezvous algorithm with the Chinese remainder theorem
for the multi-radio method was proposed by [20]. To achieve rendezvous in a limited
period of time, Shin et al. proposed a deterministic channel rendezvous method [21].
Rendezvous based on prime number theory had outstanding results for blind rendezvous
with non-deterministic arrangements, which were evident in [22]. Jump-stay rendezvous
with deterministic progression was suggested for both the symmetric and the asymmetric
channels in [22]. In addition, prime number theory was changed from its original sequences
to make semi-random sequences [23]. A fast and blind rendezvous scheme considering
jamming attack was proposed by [24]. A robust rendezvous with less time to rendezvous
(TTR) and MTTR was shown, considering the asynchronous channel scenario. Rendezvous
based on primitive roots was proposed for different channel conditions such as symmet-
ric and asymmetric in [25] and the achievement of a common channel within a limited
time cycle was promising. However, with the uncertainty of channel symmetry and time
synchronization at either end of CR nodes, a universal algorithm is needed for further
improvement. A deterministic succession-based rendezvous for a better outcome was
analysed in [26] and they proposed a channel rendezvous with maximum diversity. Bian et
al. suggested an asynchronous channel-hopping scheme [27]. A 48-bit node identification
(ID) was shown in the proposed scheme [27], but the presented TTR was below the effec-
tiveness of the assumption of ID. The entirety of the above work relies on the technique of
single-radio-based strategies.

Rendezvous techniques for CR devices with multiple radios have been suggested
in the following articles. In the multi-radio concept, more than one radio is mounted on
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any device, and rendezvous is attempted with parallel channel-hopping for any device.
A channel-hopping scheme for multi-radio wireless networks was suggested in [28]. A
reduction of time for multi-radio-based rendezvous was required to explore for further
improvements of rendezvous. The article [29] demonstrated successful rendezvous with
the pair-wise assumption in a multi-hop environment. The presumption, on the other hand,
has very little practical rendezvous application for a blind rendezvous network without
any known control channel. For enhanced MTTR, multi-radio-based rendezvous for the
homogeneous condition was recommended in [30]. Multiple-radio-based rendezvous
with upper bound was illustrated in [31]. The average time for rendezvous was reduced
significantly with different combinations of radios. Efficient rendezvous based on the
matrix was proposed in [32], where the process was based on a local channel set. Different
scenarios were suggested in [33–35], where authors achieved quick rendezvous with the
presence of multiple radios for different heterogeneous conditions. The contributions of
the most notable recent article [34] having blind and heterogeneous environment are as
follows, (i) it proposed blind rendezvous strategies in the presence of distributed hetero-
geneous cognitive radio network (CRN); (ii) it achieved quick rendezvous with concepts
such as single-radio, multi-radio and hybrid radio; (iii) for effective rendezvous, distinct
rendezvous strategies for different combinations of radios were presented; (iv) the authors
calculated TTR’s potential upper limit as well as the optimum number of radios. However,
the following deficiencies for [34] must be investigated for further development: (i) the
need for more closely bound rendezvous is inevitable; (ii) the efficiency of radio allocation
was dependent on the jump-radio and stay-radio of the CR-Tx and CR-Rx, and the perfor-
mance is unstable due to the lack of radio selection independence at either end. (iii) there
were no convincing reductions in TTR for single and multiple radio combinations, neces-
sitating further analysis; (iv) MTTR was calculated using a heuristic approach; however,
probability-based rendezvous accuracy estimation is more consistent; (v) the MTTR for all
scenarios must be reduced significantly for the smooth rendezvous.

For all aforementioned multi-radio based rendezvous techniques, the improvement
of TTR was clarified considering different scenarios (both homogeneous and heteroge-
neous). From their presented simulation outcomes, it is observed that deterministic and
semi-random sequences show promising rendezvous results for homogeneous and semi-
homogeneous conditions. However, in heterogeneous instances, for the random variations
of scenarios, efficient compatibility of deterministic and semi-random sequences is not
noticeable. In addition, heterogeneous algorithms incur complexity when applied to homo-
geneous and semi-homogeneous radio environments. Moreover, very few works present a
methodology that fits well in anonymous, heterogeneous and asynchronous conditions.
Further, most papers employ traditional heuristic rendezvous proofs for specific cases
without providing probabilistic guarantees. Again, for single or multiple radios, no closed-
form solutions for random sequence approaches such as modular prime number methods
are available.

In this paper, we have proposed a multi-radio-based rendezvous with the prime
number modular method for blind/anonymous and fully heterogeneous conditions. As
the prime number modular technique creates a random sequence, it can be best applicable
to the heterogeneous scenario. We derive the statistical distribution of rendezvous time
based on the given channel cycle for the prime number modular-based random sequence.
Further, a theoretical framework for rendezvous probability with a closed-form expression
for guaranteed rendezvous is established. The required time and the optimum numbers of
radios for guaranteed rendezvous are determined on the basis of total probability. A very
close match between simulation and theory is observed through Matlab simulation, and
the maximum rendezvous time is compared with the recently published result of blind
and heterogeneous rendezvous schemes [34]. To the best of the authors’ knowledge, there
are no other literature results that provide the statistical distribution, or a closed-form
expression, for guaranteed rendezvous under the scenario presented here.
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2. System Model
2.1. Network Model

In this paper, we study a distributed CRN consisting of a CR-Tx and a CR-Rx seeking to
communicate with each other on a common frequency channel. We assume a decentralized
system with M channels, where neither CR-Tx nor CR-Rx has any knowledge of the vacant
channel availability. Both secondary users (SUs) are aware of the available M channels,
but the CR-Rx is not aware of the channel chosen for transmission by the CR-Tx as it is a
decentralized network with a lack of signalling channels. (In this article, cognitive radio
user (CRU) and secondary user (SU) are used synonymously.) The set of available channels
is given by G = {C1, C2, . . . , CM}. CR-Tx and CR-Rx channels are GT ⊂ G and GR ⊂ G
respectively. The number of CR-Tx and CR-Rx channels are MT = |GT | and MR = |GR|,
respectively. The available vacant channels that are common to both ends are Ḡ = GT ∩ GR
and M̄ = |Ḡ|. In addition, assuming the start and end times are not synchronized for
both the SUs, we consider imperfect channel synchronization. As no synchronization of
channels is available, no clock alignment of starting channels between CR-Tx and CR-Rx
exists. Each radio attempts to achieve rendezvous with multiple radios mounted on it
(as shown in the block diagram of Figure 1). A random rendezvous initiation delay (δ)
is considered in the range (expressed in number of slots) [0, min(MT , MR)] as shown in
Figure 2. Using the prime number technique presented below, the two SUs intelligently
achieve consensus on the transmission channel.

2.2. Prime Number Theory for Rendezvous Process

The theory of prime numbers [16,20] is applicable for rendezvous, with channel
arrangement based on two factors: (a) starting with a channel, called the initial channel
selection, and (b) choosing the channels with fixed intervals, called the jumping rate. We
assume that the CR-Tx and CR-Rx execute the modular clock algorithm with jumping rates
of α, β respectively. Any initial channel selection is performed for each j’th channel for the
n’th time slot. Thus, the channels for CR-Tx are:

Cj
t [n + 1] = mod{Cj

t [n] + α; P} (1)

and CR-Rx creates channels as follows:

Cj
r[n + 1] = mod{Cj

r[n] + β; P}, (2)

where (1 ≤ α < P, 1 ≤ β < P. P can be written as,

P = arg min
P′
{P′ ≥ M}, (3)

where P′ is the prime number, and mod indicates modulus operation. According to the
prime number modular method [16], rendezvous occurs within P time slot if two prerequi-
sites are satisfied: (i) any channel choice for both CR-Tx and CR-Rx with P = M = MT = MR
have channels with the same order and (ii) the jumping rate for CR-Tx and CR-Rx must
be different, that is, α 6= β. In this work, because we have the blind rendezvous condition,
there is no assurance of the two conditions above. Thus, we assume P 6= M ≥

(
MR, MT

)
along with the presence of delay in the system, which points to one of the key novelties
and contributions presented in this paper. The proposed strategy for cycle and sequence
generation is explained in the next sub-sections.

3. Proposed Rendezvous Method Based on Prime Number Theory for
Multi-Radio System

The channel cycle and sequence generation are shown in this section. The basic channel
formation with prime number theory is described below (Section 3.1), and the extension of
channel formation with the multiple radios is explained in Section 3.2, following the same
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theory. The block diagram of time slot and channel sequence for a multiple-radio scenario
is displayed in Figure 1.

Time Slot

Radio-1

Radio-2

… Channel Sequence-1

… Channel Sequence-2

T2 T3 T4 T5T0 T1 ...

Time Slot

Radio-1

Radio-2

… Channel Sequence-1

… Channel Sequence-2

T2 T3 T4 T5T0 T1 ...

CR-Tx: 

CR-Rx: 

Radio-.. …Channel Sequence-
...

qt 

...

Radio-.. … Channel Sequence-

...

qr 

...

CR-Tx

CR-Rx

Rendezvous 

𝐺𝑇 ⊂ 𝐺 

𝐺𝑅 ⊂ 𝐺 

qt 

qr 

Figure 1. Block Diagram of Time and Channel Sequence for Multi-Radio Based Rendezvous.

3.1. Prime Number Theory Based Channel Cycle

In our proposed system model of anonymous channel scenarios, the available M
channels are known to both the CRUs. However, the CR-Tx is not aware of the common
and selected channel by the CR-Rx for transmissions. The channel cycle and sequence
generation are performed in two steps. First, a basic channel cycle of P length based on
M channels is created. The available MT (resp. MR) channels are kept in their respective
time position (with ascending order). Because heterogeneous channels prevail, all M
channels are not vacant. Therefore, occupied channel positions are filled from the available
channels with a total of M vacant channels. The channel allocation method is performed in
such a way that no channels are chosen more than once for a limited number of occupied
positions. P is the minimum prime number greater than or equal to M, which is defined by
Equation (3). Then, for the channel case of P > M, random channel selection of each cycle
is applied for PM positions, following the uniform probability of each selected channel. If
the (P−M) < M condition occurs, the uniform probability of selection is implied such that
no current channel is chosen twice for P−M slots. Because channel asymmetry is available,
the prevailing vacant channels have randomness. Therefore, there is no certainty that all
selected channels are vacant common channels. The random channel selection ensures a
uniform rate of channel selection from unknown channels. Second, from our formed P
channels, each channel sequence consisting of multiple cycles is created with prime number
theory. When each arbitrary cycle is created in any sequence, a random jumping rate and
initial channel are chosen maintaining dissimilarity between two cycles. The channel cycles
in any sequence of each CRU are repeated with the aforementioned methods to achieve
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rendezvous between CR-Tx and CR-Rx. Further, we define the maximum number of
repetitions for the cycle as σ, and if the maximum repetition (σ) is reached in any sequence
without achieving rendezvous, the radio pairs then abandon the rendezvous. The channel
sequences with multiple radios are shown in the sub-section below.

3.2. Multi-Radio-Based Channel Sequence

We now extend the network model to multi-radio-based transmitter and receiver sys-
tems. The key objective here is to achieve rendezvous by hopping on the parallel sequence
for each radio, and hence utilizing the spatial diversity for accomplishing rendezvous
faster than for a single-radio system. In doing so, we assume that the multi-radio system
is multiple input multiple output (MIMO) capable with space-time, number of radios
at CR-Tx and CR-Rx, respectively. For each radio, a channel sequence is generated that
consists of several independent cycles of P length. Each cycle is formed on the basis of a
random initial channel and different jumping rates for each radio. This means that every
sequence from qt radios at the transmitter will be used to perform rendezvous by every
sequence from the qr radios at the receiver, which gives us Q = qtqr independent sequences
of opportunities to achieve rendezvous as oppose to a single cycle opportunity with a
single radio (qt = qr = 1) system. The channel sequence of the s’th radio for CR-Tx and
CR-Rx is symbolized by ΨT,s and ΨR,s respectively, and can be written as follows:

ΨT,s = {C1,1
t,s , C1,2

t,s , ..., C1,MT
t,s , C1,1

t,s , ...︸ ︷︷ ︸
P

C2,1
t,s , C2,2

t,s , ...,︸ ︷︷ ︸
P

...} (4)

ΨR,s = {C1,1
r,s , C1,2

r,s , ..., C1,MR
r,s , C1,1

r,s , ...︸ ︷︷ ︸
P

C2,1
r,s , C2,2

r,s , ...,︸ ︷︷ ︸
P

...}, (5)

where in Ci,j
t,s and Ci,j

r,s, j is the channel number with 1 ≤ j ≤ P, and i is the cycle number
with 1 ≤ i ≤ σ. In a multi-radio system having more than one radio, all CR-Tx parallel
sequences (ΨT,qt) listen to all similar sequences of CR-Rx (ΨR,qr ) for rendezvous. For any
sequence of CR-Tx and CR-Rx, rendezvous is achieved during time slot n when both ends
use the same channel to transmit and receive, that is, when Ci,j

t,s[n] = Ci,j
r,s[n]. Thus, the TTR

(τ ∈ N ) is the corresponding time from start to end for finding a common channel (that is,
achieving rendezvous). We define the repetition rate for channel Cj within the cycle of P
time slots as ρj given by:

P = ρj max(MT , MR) + ε, (6)

noting that ρj is an integer value as per the definition, and for every channel j and every P
cycle, ρj is the same; therefore we define ρj = ρ for all j. In (6), ε is some value less than
max(MT , MR). We also define the number of uncommon channels (µ) in one single cycle
with P time slots as:

µ = P− ρ ∗ M̄. (7)

As the number of unknown channels increases in a given cycle, there is indeed a
greater likelihood that rendezvous will not occur. For no delay and with a single radio,
CR-Tx and CR-Rx are able to search the channel in a single cycle and rendezvous can be
achieved within the first cycle of P time slots. However, the TTR with the cost of δ > 0
requires more than one cycle of P time slots.

An example scenario of rendezvous delay and required time for the simple case of a
single radio is shown in Figure 2 for δ = 2. Rendezvous is not achieved in the first cycle
of P time slots, and therefore, additional time is required for rendezvous. Thus, the total
number of channel cycles is γ = σQ.
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T
... ... ...1,1

1,tC 2,1

1,tC TM

tC
,1

1,
1,1

1,tC
2,1

1,tC

τ=Pδ=2

R
... ... ...1,1

1,rC 2,1

1,rC RM

rC
,1

1,

1,1

1,rC
2,1

1,rC

τ=P+2

1,2

1,rC 2,2

1,rC

CR-Tx

CR-Rx

Rendezvous

. . . . . . . . . . . . . . . . . . . . . . . . . .

δ+P

Figure 2. An example scenario of time delay for δ = 2 with single sequence.

4. Rendezvous Probability and Optimal Parameters for the Proposed Method
4.1. Rendezvous Probability

In this section, we present a probabilistic analysis of the proposed method to find
the rendezvous probability and the MTTR. We define two probabilities: the rendezvous
probability for a single cycle as Pr[τ ≤ P], and the probability of rendezvous for all σ
cycles as Pr[τ ≤ Pσ]. The rendezvous probability for any independent (single) cycle with a
sequence of δ = 0 and is given for a single radio as follows:

Pr
(
τ ≤ P

)
=

P!− DP
P!

. (8)

DP is the number of derangements. The derivation of (8) is given in Appendix A.
Because the rendezvous per every cycle is independent, the total rendezvous probability
(pR ) for δ = 0 is given by:

pR =
Q

∑
q=1

Pr(τ ≤ Pσ). (9)

The derivation for pR is provided in Appendix A. In order to derive this probability,
let us define the event ec as the event where rendezvous is achieved in any of the σ cycles
in any of the Q radios, where 1 ≤ c ≤ γ. The maximum number of cycles for Q radios is
given by γ = Qσ. Therefore, Equation (9) becomes:

pR =
Q

∑
q=1

Pr(τ ≤ Pσ) = Pr
( γ⋃

c=1

ec

)
. (10)

Using the inclusion-exclusion principle [36], the derivation is illustrated in the below part.
Total Rendezvous Probability (PR) Derivation:
The Equation (10) can be written from inclusion and exclusion principle [36] as below:

Pr(
γ⋃

c=1

ec) =
γ

∑
c=1

Pr(ec)− ∑
1≤c<d≤ f

Pr(ec ∩ τd) + ∑
1≤c<d< f≤γ

Pr(ec ∩ τd ∩ τf )− ...

+ (−1)γ−1 ∑
1≤c<d...<γ−1≤γ

Pr(ec ∩ ed ∩ ...eγ)

= ∑
S⊂[γ],S 6=∅

(−1)|S|+1Pr
(⋂

c∈S
ec

)
.

(11)
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The probability of independent event is expressed as:

Pr(ec ∩ ed ∩ e f ∩ ....) = Pr(ec) ∗ Pr(ed) ∗ Pr(e f )∗, ... (12)

For any r number out of γ, the result is obtained from the combination: ∑r
1 . = (γ

r).
Moreover, since every cycle has the same length, the equal channel is available in each
channel cycle. As the rendezvous probability for any random event is the same such as,
Pr(ec) = Pr(ed) = Pr(e f ) and so on, the rendezvous for any single sequence is denoted
by simplified form Pr(e1). For instance, with k1 number of events above equation can be
written as:

Pr(e1 ∩ e2 ∩ ....∩ ek1) = Pr(e1)
k1 . (13)

Therefore Equation (11) can be written as:

Pr(
γ⋃

c=1

ec) =

(
γ

1

)
∗
(

Pr(e1)
)1 −

(
γ

2

)
∗
(

Pr(e1)
2 +

(
γ

3

)
∗
(

Pr(e1)
)3 − .....

+ (−1)γ−1
(

γ

γ

)
∗
(

Pr(e1
)γ

=
γ

∑
c=1

(−1)c−1
(

γ

c

)(
Pr(e1))

c.

(14)

The probability for any single event, that is, any single cycle is given in above
Equation (A8). The Equation (14) is written by following Equation (A8) as below:

Pr(
γ⋃

c=1

ec) =
γ

∑
c=1

(−1)c−1
(

γ

c

)(P!− DP
P!

)c
. (15)

We can rewrite (10) as:

Pr
( γ⋃

c=1

ec

)
= ∑

S⊂[γ],S 6=∅
(−1)|S|+1Pr

(⋂
c∈S

ec

)
. (16)

Because the rendezvous for every cycle is independent, Pr(
⋂

ec) = Pr(τ ≤ P)c. The
probability of rendezvous for any single event Pr(τ ≤ P) is obtained from (8). Therefore,
from (8) above (16) can be represented by:

pR =
γ

∑
c=1

(−1)c−1
(

γ

c

)(P!− DP
P!

)c
. (17)

4.2. Optimized Parameters for Rendezvous

For our target rendezvous probability (p̂R ) with given γ, the minimum number of ra-
dios (Qmin) and the minimum required channel cycle (σmin) are represented by (18) and (19),
respectively, as follows:

Qmin = arg min
Q

[pR ≥ p̂R ] (18)

σmin = arg min
σ

[pR ≥ p̂R ]. (19)

Based on the system design, MTTR is measured on the maximum number of cycles
with delay (δ > 0):

MTTR = Pσ + δ; f or pR ≥ p̂R . (20)

5. Simulation Result

In this part, we’ve summarised the findings of our proposed scheme with the analytical
perspective. The statistical characteristics of rendezvous performance are calculated using
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Monte Carlo simulations. For the measurement of MTTR and optimal resources based on
total probability, we performed the simulations using Matlab. We choose [34] as a standard
to which we may compare our findings. This recently published paper has a better overall
outcome in minimizing MTTR with blind and heterogeneous channel conditions. Despite
the fact that the above reference paper considered three conditions—single, hybrid, and
multiple radios, we compared our results for the latter two related schemes (hybrid and
multiple) with our idea. Our proposed concept for rendezvous takes into account blind and
heterogeneous conditions with multiple radios, which is the perfect fit for the said paper
to compare. In the presented simulation, the data are measured for rendezvous between
a transmitter (CR-Tx) and a receiver (CR-Rx). Under the asymmetric channel availability
model in which SUs have various asynchronous conditions, the systems are simulated.
To determine rendezvous, however, there is at least one available channel between CR-
Tx and CR-Rx. The simulation parameters are demonstrated in Table 1. To validate the
simulation in Matlab, between 105–106 runs are used for each case measurement. For
different criteria, the outcomes are justified for a minimum of 10 to 150 channels, where
the number of vacant channels for transmitter (MT) and receiver (MR) is less than the total
channels. Moreover, the number of common channels is less than or equal to CR-Tx or
CR-Rx channels. A random rendezvous activation delay is considered that can vary from
nil to a maximum value of min(MT , MR). The target probability for successful rendezvous
is set to a minimum of 0.99, and justification is presented with above 0.99 and 0.9999 for
further clarification. The outcomes are shown for different numbers of radios (qt, qr), where
a minimum of 1 to maximum 4 radios are utilized. The number of radios at either CR-Tx
or CR-Rx may not be necessarily the same.

Table 1. Simulation parameters.

Parameter Value

Number of Monte Carlo runs 105–106

Number of total channels (M) 10–150
Number of CR-Tx and CR-Rx channels (MT , MR) < M

Number of common channels (M̄) < M
Delay (rendezvous activation) 0 to min(MT , MR)

Number of radios (qt, qr) 1 ≤ qt, qr ≤ 4
Target rendezvous probability ( p̂R ) p̂R ≥ 0.99

Number of channel cycle (σ) ≥ 1

The number of required channel cycle varies based on the number of radios and at
least one channel cycle (σ ≥ 1) is required for achieving a successful rendezvous operation.

In Figure 3, rendezvous probability for two scenarios of the channel with conditions
M > (MT = MR) and M > (MT = MR + 5) are shown for a common channel M̄ = MR.
The total number of channels is M = 25. In general, the letters SR stand for single radio,
MR(qt = qr) for multi-radio, and performance is based on an equivalent number of radios
(qt = qr). Along with the different number of radios, the number of channel cycles is
varied for showing varying performances. The growth in the probability of rendezvous
for a single radio is noticeable when the number of channel sequence lengths is higher,
and opposite trend is evident for less sequence length. For instance, with qt = qr = 1
radios and σ > 1 length, the probability of rendezvous is higher than for σ = 1 length. In
addition, for multi-radio assisted rendezvous higher rendezvous probability is evident.
Furthermore, for M̄ = MT = MR case, the rendezvous probability is higher than that of
M̄ < (MT , MR). Searching space for the latter case is increased for the higher number of
uncommon channels, thus more time is required for achieving rendezvous.
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Figure 3. Rendezvous probability with M = 25 channels.

The total rendezvous probability for the different number of channels is demonstrated
in Figure 4 with single and multiple radios. It is necessary to mention that for the multiple-
radio case, two radios are assumed on each side. For the results, the number of channel
cycles is fixed to one. Different fixed percentages of the number of common channels reveal
the variation of results. The vacant channels for CR-Tx and CR-Rx are 10% higher than
common channels, that is, MT = MR = M̄ + M ∗ 10%. In other words, 10% unknown
channels are available on both transmitter and receiver sides.

20 30 40 50 60 70 80 90 100

M

0.3
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0.5
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0.7

0.8

0.9

1

p
R

Figure 4. Rendezvous probability for different number of channels.

From the data (Figure 4), it is evident that the least number of common channel is 40%
and this has the higher value of rendezvous probability. As a channel repetition rate of two
(ρ = 2) is ensured within each channel cycle, the rendezvous probability is obviously higher
than that of a single repetition rate. For the remaining two common channels (M̄ = 50%
and M̄ = 60%), the channel repetition rate is single within the channel cycle. Therefore,
a higher rendezvous probability is observed for 60% of common channels. Additionally,
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rendezvous with multiple radios has a higher probability compared with a single radio.
For instance, with M̄ = 40% channels, the rendezvous probability is above 0.99 with every
number of total channels. However, probability varies from 0.77 to 0.81 with the results of
single-radio rendezvous.

The necessary number of radios and channel cycles for target rendezvous probability
(pR > 0.99) are displayed in Figure 5a,b, respectively. The minimum number of radios
for both sides is measured by Qmin = min(qt × qr) or vice versa for qt and qr; and we
have verified Figure 5a for the following radio combinations, Qmin = 1× 1, . . . , 4× 2 with
M = 80. The channel sequences with P length require a greater number of radios for
achieving expected rendezvous, and an opposite trend is observable for σ = 2 i.e., 2P
sequence length. For 50% common channels, the minimum number of radios is required to
fulfil target rendezvous probability. A sharp increase in the number of radios is required for
48 channels or more, and a decreasing trend is seen for the highest number of channels (72).

For two-channel situations, Figure 5b shows rendezvous with common channel
M̄ = 50. There is an equal number of radios for CR-Tx and CR-Rx for the considered
scenario. For an increase in the number of radios, fewer channel cycles are needed for
guaranteed rendezvous (satisfying p̂R ). For illustration, a single radio requires a minimum
of 10 channel cycles for achieving rendezvous. On the other hand, for 4× 4 and 5× 5
scenario, a single channel cycle is sufficient for expected rendezvous probability. Thus,
4× 4 radios are optimal for the rendezvous with the given number of channels.

(a): Optimal number of radio

40 48 56 64 72
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2  2
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Q
m
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=1
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(b): Optimal channel cycle
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11
m

in

Figure 5. Optimal number of radios and channel cycles.

The MTTR is displayed in Figure 6 based on the target rendezvous probability p̂R for
the heterogeneous case MT = MR = 0.7M(> M̄) having the common channel M̄ = 0.5M.
The paper [34] considers heterogeneous conditions with a lower number of common
channels as compared with available channels for CR-Tx and CR-Rx and randomly varies
0.2M channels which are uncommon. There is a delay with δ = min(MT , MR). To justify
with higher accuracy, the required MTTRs for guaranteed rendezvous (pR > 0.99) and
(pR > 0.9999) are compared with the said paper.
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Figure 6. MTTR for different channels (M) with M̄ = 0.5M.

The MTTR for the aforementioned article has a higher rendezvous time in all cases
compared with our proposed system. For example, for pR > 0.9999 and pR > 0.99 MTTRs,
our proposed scheme (Figure 6a) of total 10 channels is reduced to 22.28 percent and
13.3 percent, respectively. The largest reductions to 5 and 3 percent respectively are found
for overall 50 channels (for the above two probabilities). Furthermore, for the proposed case
of multiple radios (Figure 6b), MTTRs are reduced to 89 and 51 percent for pR > 0.9999
and pR > 0.99, respectively, with total 10 channels. The reductions are 25.60 percent
and 14 percent, respectively, for the total 50 channels (for the above two probabilities).
Therefore, it can be concluded that the higher decrease (gain) of MTTR occurs when the
number of channels is higher. Furthermore, as shown in Figure 6, a combination of single
and multi-radio has the highest rendezvous time in paper [34]. It is also found that our
proposed approach achieves considerably smaller MTTR for guaranteed rendezvous with
multiple radios at the sender and receiver ends. Thus, any combination of radios can be
adapted to our proposed system, unlike other approaches. Therefore, as opposed to the
algorithm designed with modified jumping and staying sequence by the conventional
method, our proposed prime number-focused rendezvous outperforms for the blind and
fully heterogeneous contexts.

6. Conclusions

In this article, we present a multi-radio rendezvous algorithm for non-assisted ren-
dezvous conditions that use prime number methods. For the most efficient results,
blind/anonymous and fully asynchronous scenarios are considered. For a variety of
scenarios, the statistical distribution of guaranteed rendezvous in terms of rendezvous
probability is explored. A theoretical derivation of the probability of rendezvous for vari-
ous time sequences and required maximum rendezvous time is also established for blind
rendezvous. The proposed approach reveals time reductions in terms of MTTR for a variety
of channel conditions as well as the number of radios. The theoretical and simulation
results are seen to be remarkably similar, indicating that the proposed approach performs as
anticipated. The findings of our presented idea are compared to a recently published blind
and heterogeneous rendezvous focused on multiple radios. For our proposed solution, the
comparative findings show a significant time gain with guaranteed rendezvous.
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Appendix A. Derivation of Rendezvous Probability for Single Cycle

The probability of rendezvous is calculated from the well-known theorem: derange-
ment [37]. For the given set, [P] = {1, 2, 3, ..., P}, φ is the permutation of P. A derangement
is the permutation for φ(y) 6= y for all y ∈ P. The total rendezvous probability is measured
from total permutation for any given number of objects and the number of derangement
for that objects. Let DP be the number of derangements for P objects, with the assumption
that all objects are available and distinct. Then DP becomes:

DP = P!
P

∑
l=0

−1l

l!
(A1)

However, for the heterogeneous conditions of our system model, each channel is not
available with full certainty for any given cycle. Moreover, each channel may have more
than a single repetition rate (ρ > 1). Therefore, if any unknown channel is available or
any known channel is repeated more than once, the derangement with the above equation
are difficult to articulate. Thus, the number of derangement is calculated from the rook
theory [38] with the association of Laguerre polynomial [39,40]. A famous formula from
rook theory [38], proven using inclusion-exclusion is used for the number of derangement
for the given objects. If B is a “board”, a subset of the n× n grid [n× n], then let rk be
ways of placing k elements on the board B with no two in the same row or column (i.e.,
the number of ways of placing k rooks from chess that cannot attack each other. rook
polynomial rB(x) of a board B ⊆ [n× n] to be as follows:

rB(x) =
n

∑
k=0

rB,k ∗ xk (A2)

which is the rook polynomial for B. if B1 ⊆ [n1 × n1], B2 ⊆ [n2 × n2] and so on, then
equation becomes:

rB(x) = rB1(x) ∗ rB2(x) ∗ ..... (A3)

The rB(x) is illustrated with Laguerre polynomial in reference [38] and any of rB j(x) =
Lρj(x) is written in the below Equation (A4). Consider the channel cycle composed of
channel-1, channel-2, ..., channel-M̄ with ρ ≥ 1. For any channel replication ρ ≥ 1, the
Laguerre polynomial can be written as:

Lρj(x) =

ρj

∑
k=0

(−1)k ∗
(

ρj

k

)
∗ k! ∗ xρj−k (A4)
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where ρj ∈ ρ. For the unknown channels, putting unknown objects i.e., ρj = 0, laguerre
polynomial can be expressed as [40] :

L′ρj(x) = xk (A5)

For all given objects, above two equations are as follows:

d =
M̄

∏
j=1

Lρj(x) ∗
µ1+M̄

∏
j=M̄+1

L′ρj(x) (A6)

Let θ to be the linear function on polynomials mapping [3] xρj to ρj!, number of
derangements DP is calculated as:

DP = θ(d) (A7)

The probability of rendezvous for any channel cycle is indicated by Pr
(
τ ≤ P

)
and

given as:

Pr
(
τ ≤ P) =

P!− DP
P!

(A8)

P! is the P number of permutation.

References
1. Salim, S.; Moh, S. An Energy-Efficient Game-Theory-Based Spectrum Decision Scheme for Cognitive Radio Sensor Networks

Sensors 2016, 16, 1009. [CrossRef] [PubMed]
2. Heejung, Y.; Zikria, Y. B.; Cognitive Radio Networks for Internet of Things and Wireless Sensor Networks. Sensors 2020, 20, 5288.

[CrossRef]
3. Vladimir, S.; Koo, I. An Efficient Clustering Protocol for Cognitive Radio Sensor Networks Electronics 2021, 10, 84. [CrossRef]
4. Ahmad, W.S.H.M.W. ; Radzi, N.A.M.; Samidi, F.S.; Ismail, A.; Abdullah, F.; Jamaludin, M.Z.; Zakaria, M.N. 5G Technology:

Towards Dynamic Spectrum Sharing Using Cognitive Radio Networks IEEE Access 2020, 8, 14460–14488. [CrossRef]
5. Arunthavanathan, S.; Kandeepan, S.; Evans, R.J. Reinforcement learning based secondary user transmissions in cognitive

radio networks. In Proceedings of the 2013 IEEE Globecom Workshops (GC Wkshps), Atlanta, GA, USA, 9–13 December 2013;
pp. 374–379. [CrossRef]

6. Arunthavanathan, S.; Kandeepan, S.; Evans, R.J. A Markov Decision Process-Based Opportunistic Spectral Access. IEEE Wirel.
Commun. Lett. 2016, 5, 544–547. [CrossRef]

7. Buddhikot, M.M.; Kolodzy, P.; Miller, S.; Ryan, K.; Evans, J. DIMSUMnet: New directions in wireless networking using
coordinated dynamic spectrum. In Proceedings of the Sixth IEEE International Symposium on a World of Wireless Mobile and
Multimedia Networks, Taormina-Giardini Naxos, Italy, 16 June 2005; pp. 78–85. [CrossRef]

8. Kondareddy, Y.R.; Agrawal, P.; Sivalingam, K. Cognitive Radio Network setup without a Common Control Channel. In
Proceedings of the MILCOM 2008-2008 IEEE Military Communications Conference, San Diego, CA, USA, 16–19 November 2008;
pp. 1–6.

9. Jia, J.; Zhang, Q.; Shen, X.S. HC-MAC: A Hardware-Constrained Cognitive MAC for Efficient Spectrum Management. IEEE J. Sel.
Areas Commun. 2008, 26, 106–117. [CrossRef]

10. Krishnamurthy, S.; Thoppian, M.; Venkatesan, S.; Prakash, R. Control channel based MAC-layer configuration, routing and
situation awareness for cognitive radio networks. In Proceedings of the MILCOM 2005—2005 IEEE Military Communications
Conference, Atlantic City, NJ, USA , 17–20 October 2005; Volume 1, pp. 455–460.

11. Ma, L.; Han, X.; Shen, C.-C. Dynamic open spectrum sharing MAC protocol for wireless ad hoc networks. In Proceedings of the
First IEEE International Symposium on New Frontiers in Dynamic Spectrum Access Networks, DySPAN 2005, Baltimore, MD,
USA, 8–11 November 2005; pp. 203–213.

12. Lin, Z.; Liu, H.; Chu, X.; Leung, Y.W. Jump-stay based channel-hopping algorithm with guaranteed rendezvous for cognitive
radio networks. In Proceedings of the IEEE INFOCOM, Shanghai, China, 10–15 April 2011; pp. 2444–2452. [CrossRef]

13. Liu, H.; Lin, Z.; Chu, X.; Leung, Y.W. Jump-Stay Rendezvous Algorithm for Cognitive Radio Networks. IEEE Trans. Parallel
Distrib. Syst. 2012, 23, 1867–1881. [CrossRef]

14. Tan, X.J.; Zhou, C.; Chen, J. Symmetric Channel Hopping for Blind Rendezvous in Cognitive Radio Networks Based on Union of
Disjoint Difference Sets. IEEE Trans. Veh. Technol. 2017, 66, 10233–10248. [CrossRef]

15. Chiang, M.; Yang, G.; Chiang, C.; Kwong, W.C. Asynchronous-Symmetric Channel-Hopping Sequences Over Prime Field for
Cognitive Radio Networks. IEEE Commun. Lett. 2018, 22, 618–621. [CrossRef]

16. Theis, N.C.; Thomas, R.W.; DaSilva, L.A. Rendezvous for Cognitive Radios. IEEE Trans. Mob. Comput. 2011, 10, 216–227.
[CrossRef]

http://doi.org/10.3390/s16071009
http://www.ncbi.nlm.nih.gov/pubmed/27376290
http://dx.doi.org/10.3390/s20185288
http://dx.doi.org/10.3390/electronics10010084.
http://dx.doi.org/10.1109/ACCESS.2020.2966271
http://dx.doi.org/10.1109/GLOCOMW.2013.6825016
http://dx.doi.org/10.1109/LWC.2016.2600576
http://dx.doi.org/10.1109/WOWMOM.2005.36
http://dx.doi.org/10.1109/JSAC.2008.080110
http://dx.doi.org/10.1109/INFCOM.2011.5935066
http://dx.doi.org/10.1109/TPDS.2012.22
http://dx.doi.org/10.1109/TVT.2017.2726352
http://dx.doi.org/10.1109/LCOMM.2017.2787110
http://dx.doi.org/10.1109/TMC.2010.60


Sensors 2021, 21, 2997 16 of 16

17. Islam, M.T.; Kandeepan, S.; Evans, R.J. Monte-Carlo Simulation Based Analysis of Sender-Jump Receiver-Wait Rendezvous
Technique with Asymmetric Channels for Cognitive Networks. In Proceedings of the 2018 12th International Conference on
Signal Processing and Communication Systems (ICSPCS), Cairns, QLD, Australia, 17–19 December 2018; pp. 1–8. [CrossRef]

18. Islam, M.T.; Kandeepan, S.; Evans, R.J. Statistical Distribution Analysis of Sender-Jump Receiver-Wait Rendezvous in Cognitive
Radio. IEEE Commun. Lett. 2019, 23, 1310–1313. [CrossRef]

19. Islam, M.T.; Kandeepan, S.; Evans, R.J. Prime Number Theory based Multi-Radio Rendezvous for Cognitive Radio Communi-
cation. In Proceedings of the 2019 IEEE 2nd International Conference on Information Communication and Signal Processing
(ICICSP), Weihai, China, 28–30 September 2019; pp. 225–229.

20. Sheu, J.; Lin, J. A Multi-Radio Rendezvous Algorithm Based on Chinese Remainder Theorem in Heterogeneous Cognitive Radio
Networks. IEEE Trans. Mob. Comput. 2018, 17, 1980–1990. [CrossRef]

21. Shin, J.; Yang, D.; Kim, C. A Channel Rendezvous Scheme for Cognitive Radio Networks. IEEE Commun. Lett. 2010, 14, 954–956.
[CrossRef]

22. Li, J.; Zhao, H.; Wei, J.; Ma, D.; Zhu, C.; Hu, X.; Zhou, L. Sender-jump receiver-wait: A blind rendezvous algorithm for distributed
cognitive radio networks. In Proceedings of the 2016 IEEE 27th Annual International Symposium on Personal, Indoor, and
Mobile Radio Communications (PIMRC), Valencia, Spain, 4–8 September 2016; pp. 1–6. [CrossRef]

23. Hossain, A.; Sarkar, N.I. Rendezvous in cognitive radio ad-hoc networks with asymmetric channel view. In Proceedings of the
WoWMoM 2015: A World of Wireless Mobile and Multimedia Networks, Boston, MA, USA, 14–17 June 2015; pp. 1–6. [CrossRef]

24. Kim, Y. Fast and Robust Asynchronous Rendezvous Scheme for Cognitive Radio Networks. Appl. Sci. 2019, 9, 2481. [CrossRef]
25. Sahoo, P.K.; Sahoo, D. Sequence-Based Channel Hopping Algorithms for Dynamic Spectrum Sharing in Cognitive Radio

Networks. IEEE J. Sel. Areas Commun. 2016, 34, 2814–2828. [CrossRef]
26. Zhang, Y.; Lo, Y.; Wong, W.S. On Channel Hopping Sequences With Full Rendezvous Diversity for Cognitive Radio Networks.

IEEE Wirel. Commun. Lett. 2018, 7, 574–577. [CrossRef]
27. Bian, K.; Park, J.M.J. Maximizing rendezvous diversity in rendezvous protocols for decentralized cognitive radio networks. IEEE

Trans. Mob. Comput. 2013, 12, 1294–1307. [CrossRef]
28. Lin, T.; Wu, K.; Yin, G. Channel-Hopping Scheme and Channel-Diverse Routing in Static Multi-Radio Multi-Hop Wireless

Networks. IEEE Trans. Comput. 2015, 64, 71–86. [CrossRef]
29. Reguera, V.A.; Guerra, E.O.; Algora, C.M.G.; Nowé, A.; Steenhaut, K. On the upper bound for the time to rendezvous in multi-hop

cognitive radio networks. In Proceedings of the 2016 IEEE 21st International Workshop on Computer Aided Modelling and
Design of Communication Links and Networks (CAMAD), Toronto, ON, Canada, 23–25 October 2016; pp. 31–36. [CrossRef]

30. Lin, T.; Yang, G.; Kwong, W.C. A Homogeneous Multi-Radio Rendezvous Algorithm for Cognitive Radio Networks. IEEE
Commun. Lett. 2019, 23, 736–739. [CrossRef]

31. Chang, C.; Chang, Y.; Sheu, J. A Fast Multi-Radio Rendezvous Algorithm in Heterogeneous Cognitive Radio Networks. In
Proceedings of the 2018 IEEE International Conference on Communications (ICC), Kansas City, MO, USA, 20–24 May 2018;
pp. 1–7. [CrossRef]

32. Al-Mqdashi, A.; Sali, A.; Noordin, N.k.; Hashim, S.J.; Nordin, R. Efficient Matrix-Based Channel Hopping Schemes for Blind
Rendezvous in Distributed Cognitive Radio Networks. Sensors 2018, 18, 4360. [CrossRef]

33. Li, A.; Han, G.; Ohtsuki, T. Enhanced Channel Hopping Algorithm for Heterogeneous Cognitive Radio Networks. In Proceedings
of the 2018 IEEE Global Communications Conference (GLOBECOM), Abu Dhabi, United Arab Emirates, 9–13 December 2018;
pp. 1–7. [CrossRef]

34. Li, A.; Han, G.; Ohtsuki, T. A Fast Blind Scheme With Full Rendezvous Diversity for Heterogeneous Cognitive Radio Networks.
IEEE Trans. Cogn. Commun. Netw. 2019, 5, 805–818. [CrossRef]

35. Li, A.; Han, G.; Ohtsuki, T. Multiple Radios for Fast Rendezvous in Heterogeneous Cognitive Radio Networks. IEEE Access 2019,
7, 37342–37359. [CrossRef]

36. Miller, F.; Vandome, A.; McBrewster, J. Inclusion-Exclusion Principle; VDM Publishing: Saarbrücken, Germany, 2010.
37. Hassani, M. Derangements and applications. J. Integer Seq. 2003, 6, 1–3.
38. Gessel, I.M. Generalized Rook Polynomials and Orthogonal Polynomials. In q-Series and Partitions; Stanton, D., Ed.; Springer:

New York, NY, USA, 1989; pp. 159–176.
39. Even, S.; Gillis, J. Derangements and Laguerre polynomials. Math. Proc. Camb. Philos. Soc. 1976, 79, 135–143. [CrossRef]
40. Foata, D.; Zeilberger:i, D. Laguerre polynomials, weighted derangements, and positivity. SIAM J. Disc. Math. 1988, 1, 425–433.

[CrossRef]

http://dx.doi.org/10.1109/ICSPCS.2018.8631741
http://dx.doi.org/10.1109/LCOMM.2019.2916631
http://dx.doi.org/10.1109/TMC.2018.2790408
http://dx.doi.org/10.1109/LCOMM.2010.091010.100904
http://dx.doi.org/10.1109/PIMRC.2016.7794893
http://dx.doi.org/10.1109/WoWMoM.2015.7158192
http://dx.doi.org/10.3390/app9122481
http://dx.doi.org/10.1109/JSAC.2016.2615258
http://dx.doi.org/10.1109/LWC.2018.2797904
http://dx.doi.org/10.1109/TMC.2012.103
http://dx.doi.org/10.1109/TC.2013.199
http://dx.doi.org/10.1109/CAMAD.2016.7790326
http://dx.doi.org/10.1109/LCOMM.2019.2903458
http://dx.doi.org/10.1109/ICC.2018.8422845
http://dx.doi.org/10.3390/s18124360
http://dx.doi.org/10.1109/GLOCOM.2018.8647527
http://dx.doi.org/10.1109/TCCN.2019.2917666
http://dx.doi.org/10.1109/ACCESS.2019.2904942
http://dx.doi.org/10.1017/S0305004100052154
http://dx.doi.org/10.1137/0401043

	Introduction
	System Model
	Network Model
	Prime Number Theory for Rendezvous Process

	Proposed Rendezvous Method Based on Prime Number Theory for Multi-Radio System
	Prime Number Theory Based Channel Cycle
	Multi-Radio-Based Channel Sequence

	Rendezvous Probability and Optimal Parameters for the Proposed Method
	Rendezvous Probability
	Optimized Parameters for Rendezvous

	Simulation Result
	Conclusions
	Derivation of Rendezvous Probability for Single Cycle
	References

