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1 Introduction

For linear systems of equations with a real symmetric (or complex hermitian) coefficient
matrix, there are standard iterative methods of choice: for positive definite problems
the Conjugate Gradient method [23] and for indefinite problems the MINRES method
[36]. (The SYMMLQ method [36] is a lesser used alternative in the indefinite case.)
For these methods there exist descriptive convergence theories based on eigenvalues,
i.e. convergence bounds given in terms of polynomial approximation problems on the
eigenvalue spectrum which are often reasonably tight [20, page 51]. A key consequence is
that it is clear what one is trying to achieve to get fast convergence via preconditioning
in these cases, namely well distributed eigenvalues or reduced spectral condition number.

By contrast for nonsymmetric matrices, there are many possible and competing meth-
ods. GMRES [39] is probably the most popular minimum residual method, but unless
the required number of iterations is kept small, the increased work of orthogonalisation
in the Arnoldi process and the storage requirements can both grow to infeasible levels.
To avoid this increased work and storage, several methods based on the nonsymmetric
Lanczos method are also widely employed [16, 17, 44, 45, 51], though none minimises
the residual and we do not consider them here; the convergence of these methods is even
less well understood than minimum residual methods such as GMRES. For any and all
of these methods, preconditioning is almost always employed in the hope of obtaining
acceptably rapid convergence.

Given the importance of iterative solution methods for large and sparse or struc-
tured linear or linearised systems of equations, it remains a fundamental and largely
open mathematical question as to what one is trying to achieve with preconditioning
for nonsymmetric matrices: the glib answer ‘fast convergence’ gives no idea nor criteria
for making other than heuristically motivated choices. The known results which inform
the user are largely negative: Faber and Manteuffel [15] famously proved that, except
for trivial cases with few distinct eigenvalues, the set of matrices for which there exist
short-term recurrence methods which minimize some relevant quantity is rather small—
precisely those diagonalisable matrices which have all of their eigenvalues on a straight
line in the complex plane! (see [14] for a more recent proof), Nachtigal, Reddy and Tre-
fethen [35] considered three of the competing nonsymmetric iterative methods available
in 1992 and identified classes of real n x n matrices for which each of the methods could
outperform the other two methods by a factor of a least y/n and Greenbaum, Ptak and
Strako$ [21] proved that given any complete set of eigenvalues and any monotonically
reducing convergence curve that it is possible to construct a matrix with the given eigen-
values and an initial residual (starting iterate) such that GMRES will achieve precisely
the given convergence curve?. Thus one can certainly achieve stagnation until the n'*

'With a different recurrence than that examined by Faber and Manteuffel it is possible to obtain a
minimum residual method with short-term recurrences for matrices with concyclic eigenvalues [25, 26],
although the set of matrices possessing this property is also small. For a summary of short-term
recurrence methods, see [31].

2The Greenbaum, Pték and Strakos result built on work in [22] and was followed by a characteri-
sation in [1] of the set of matrices, with prescribed eigenvalues, and right-hand sides for which a given
convergence curve is achieved.
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iterate even for a matrix all of whose eigenvalues are 1 (see [22] for an example)! This
is in stark contrast to the situation for real symmetric matrices.

As is well known ([20, §2.4],[38, §6.5],[12, §4.1.1]) for the linear system Bz = b, a
minimum residual method such as GMRES computes iterate vectors {xy}, k= 1,2,...
from a starting guess xy such that xp — x( lie in the Krylov subspaces

K(B, 1) = span{rg, Bry, B?r, . .. ,Bk_lro}, (1.1)

so that the residuals r, = b — Bxy satisfy 1, = p(B)ro where p € Ilj, the set of real
polynomials of degree k or less, and p satisfies the consistency condition p(0) = 1.
Assuming that B € R™*"™ is diagonalisable,

B=7A77",

where A is a diagonal matrix of eigenvalues and Z has corresponding eigenvectors as its
columns, the minimum residual property ensures that

s |2 1 :
< [|Z|l.||Z min max A 1.2
H7“0H2 - H HQH ”2 p€lly,p(0)=1 A€o (B) ’p< )l ( )

where o(B) is the eigenvalue spectrum of B. It is clear how this allows the Greenbaum,

Ptak and Strakos construction in the nonsymmetric case since even for a diagonalis-

able matrix B with n distinct eigenvalues arbitrarily close to 1, the smallness of the
polynomial term

min max |p(A 1.3

p€Elly,p(0)=1 Aeo(B) [P (13)

in (1.2) for k£ > 1 can still allow for arbitrarily slow convergence for a large enough value
of
ka(Z) = | Z]I21 272,

the condition number of the eigenvector matrix. This is clearly not true in the symmetric
case when Z is necessarily orthogonal and thus ||Z]|s = ||Z7!|s = 1, so that it is
essentially the eigenvalues which determine convergence in that case.

In this paper we provide some limited theory which aims at providing some suffi-
cient mathematical conditions for selection of preconditioners in the nonsymmetric case.
Specifically for an important subset of nonsymmetric matrices we identify a mathe-
matical condition on a preconditioner which will guarantee that the convergence of a
minimum residual method (such as GMRES) will essentially be determined by the eigen-
values alone, without the possible huge term coming from the eigenvectors in (1.2). We
comment that other bounds for GMRES convergence are available, notably based on
the field of values [10, 11] and pseudospectra [49, Chapter 26] and improvement of these
bounds might also follow from the analysis here.

Let us illustrate the point of this paper by reference to a well known example, the
5005 x 5005 Sherman3d matrix together with its provided right hand side vector from
the Harwell-Boeing test set [9] which is now available through Matrix Market (http://
math.nist.gov/MatrixMarket). This long standing example is certainly well within the
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capabilities of excellent sparse direct methods at this point [7, 8], but it is a useful (and
often quoted) example in the context of iterative methods [5, 6, 27, 29, 52]. We employ
in this example the well known ILU(0) preconditioning technique described by Meijerink
and van der Vorst [33]. Figure 1 shows the commonly seen behaviour with such examples:
without any preconditioning, the solid line shows the reduction in ||ry||» for increasing
numbers of GMRES iterations k. For this nonsymmetric example, the eigenvalues of B
are in fact all real and so it is possible to accurately approximate/bound the term (1.3)
by employing Chebyshev polynomials as is done in the case of symmetric matrices (see
for example [12, §§2.1.1, 6.2.4]). Using such an approach, the convergence bound (1.2)
in this case is given by the dashed line which is seen to be nearly horizontal. This is seen
not to be such a bad upper bound for the early iterations when little progress is made
by GMRES in reducing the Euclidean norm of the residual. The dot-dashed line shows
the reduction in the preconditioned residuals (here plotted also in the Euclidean norm)
achieved when ILU(0) preconditioning is used in conjunction with GMRES. This rapid
convergence is however far from what is described by the bound (1.2) which is indicated
by the dotted line on the figure and is computed similarly to the above. The eigenvectors
of the original matrix are in fact quite well conditioned for this example (hence the
intercept for the dashed line is near 1), however the poor eigenvalue distribution leads to
slow convergence without preconditioning. The preconditioner improves the eigenvalue
distribution but in fact makes the eigenvector condition number much worse as seen
in the large intercept of the dotted line (and in the numbers in Table 1 where the
relevant data for this problem are given). The dotted line is nowhere descriptive of the
convergence as displayed in the dot-dashed line.

Relative residual

-1 ! L I I
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Iteration
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Figure 1: Convergence curves and convergence bounds for ILU(0) preconditioned GM-
RES applied to Sherman3.
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Name ko (B) | ko(P7IB) | k2(Zp-1p5) | k2(ZB)
sherman3 | 1.2 x 1019 2.3 x 102 1.2 x 103 1.002

Table 1: Spectral norm condition numbers (k2(-)) of the Sherman3 matrix B and the
ILU(0) preconditioned system P~!B and of the matrix of eigenvectors of each matrix
(denoted by Z).

The main results of this paper show why the eigenvector condition number term
in (1.2) can essentially be ignored for this example. We indicate situations where this
might more generally be done.

In §2 we introduce the class of matrices for which our analysis applies and indicate
how the application of minimum residual methods in non-standard inner products could
lead to convergence dependent only on eigenvalues. This leads in §3 to the consideration
of and relationship between minimum residual methods in different inner products and
norms. Our main results regarding preconditioning are given in §4 and the results of
many numerical tests are described in §5.

Throughout this manuscript the Parlett convention is adopted, excepting the ab-
solutely standard use of Hy and V} in the Arnoldi process: any matrix identified by a
character with reflectional symmetry will be symmetric, otherwise nonsymmetric. Thus,
A H,M,--- are symmetric whereas B,C, D, --- are nonsymmetric.

2 Self-adjointness in nonstandard inner products
Let H € R™" be a symmetric matrix. Then

<$7y>H = xTHya T,y € Rna (21)

is a symmetric bilinear form on R™. The properties of these forms, at least in the case
that H is invertible, are discussed in [18]. If, moreover, H is positive definite, (2.1)
defines an inner product, with associated H-norm

[ellm = V{z 2)n

and induced matrix norm

B
1Bl = max 12008
w#0  ||z]| g
For example, (-,-); is the standard Euclidean inner product with induced spectral norm
| - ||7. Tt is straightforward to show that for any factorisation H = ST of a positive
definite matrix H,

1Bl = 1SBS™ 1. (2:2)

An H-orthogonal matrix Z is one for which Z"HZ = I. A matrix B is self-adjoint
with respect to (-, )y, or shortly H-self-adjoint, if

<Bx7y>H = <I7By>H
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for all z,y € R". Since H-self-adjointness implies that
+'BT"Hy = 27 HBy
for all x and y, B is H-self-adjoint if and only if
HB = BTH, (2.3)
that is, if HB is symmetric. B is additionally H-positive definite if
(Bx,z)y >0

for all nonzero x or, equivalently, if H B is positive definite with respect to the Euclidean
inner product. In the case that H is positive definite, and so induces an inner product, B
is H-self-adjoint if and only if it is diagonalisable and its eigenvalues are real [47, 48, 50].
Simple algebra shows that B is positive definite with respect to this inner product if and
only if these eigenvalues are also positive. See [2, 18, 31] and the references therein for
a detailed discussion of H-self-adjointness and H-definiteness.

Taussky [47] proved that every real matrix B can be decomposed as

B=H'T, (2.4)

with H and T symmetric. This leads to the, perhaps surprising, result that every real
matrix is self-adjoint with respect to some symmetric bilinear form. For example, it is
not difficult to show that the Jordan block J € R"*",

1
A

is self-adjoint with respect to indefinite symmetric bilinear forms induced by Hankel
matrices of the form

ay
%
H = ,
ay a2 ... Qp
where aq,...,a, are any real scalars.

Since (2.4) defines self-adjointness of B with respect to (-, )y, it is possible to charac-
terise the symmetric bilinear forms with respect to which a given matrix B is self-adjoint
by employing a theorem of Uhlig’s [50]. We quote Theorem 1 from [50] using our nota-
tion:
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Theorem 1 Let B be a real matrixz with real Jordan normal form J,

Z71BZ = J = diag(J;) where Z is real.

(a) If H™' is a real symmetric factor of B, i.e., B = H T for T symmetric, then H =
Z7TC-T diag(e;Y;)C1Z71 for some ¢, = £1, C with CJ = JC and dim(Y;) = dim(J;)
for all © where the Y; are square matrices of the form

0 1

1 0
(b) If H=Z"TCT diag(;Y;)C*Z7" for arbitrary ¢, = +1 and C with C.J = JC and
dim(Y;) = dim(J;) then H™' is a real symmetric factor of B.

Thus B is self-adjoint with respect to symmetric bilinear forms (-, )y, where H =
Z-TC=T diag(e;Y;)C~1Z71. As previously mentioned, if B has real eigenvalues and
diagonalisation B = ZAZ~! it is self-adjoint with respect to a positive definite inner
product. Stoll and Wathen [46] showed that this inner product may take the simpler
form (-,-)z-rgz-1, where © is diagonal and positive definite. Indeed, these constitute
the only inner products with respect to which B is self-adjoint when the eigenvalues of
B are distinct, since then C' in Theorem 1 commutes with A if and only if it is diagonal
(see, for example, [24, page 24]). When the eigenvalues are not distinct there is some
more freedom in the definition of C'. Certainly, however, B is still self-adjoint in the
inner product induced by H = Z-T0Z~!

If H =270Z " then H = ZTZ', where Z = 7073, Additionally, if B =
ZAZ' is a diagonalisation of B then so is B = ZAZ~'. Thus, © can be viewed as
a scaling matrix and without loss of generality we consider only inner products of the
form H = Z=TZ~" in the following. We drop the tildes for convenience.

Significantly, if B is self-adjoint with respect to a non-standard inner product (-, -) g,
there exist minimum residual methods in this inner product, which we call H-MR meth-
ods, for which convergence depends chiefly on the eigenvalues of B. These methods
have been thoroughly explored in, for example, [2, 3, 28] and the references therein,
where the authors discuss the particular methods Orthodir, Orthores and Orthomin.
The H-MINRES algorithm, a generalisation of the Paige and Saunders method in [36],
is discussed in [46]. (For situations where H-Conjugate Gradient methods are applicable
see [30].) This property of H-MR methods is a generalisation of the well known result
for Kuclidean norm minimum residual methods, or I-MR methods, applied to sym-
metric matrices and is illustrated by the following convergence bound which previously
appeared in [4].

Theorem 2 Let B = ZAZ™! be a diagonalisation of B and let H = Z~TZ~. Thenr{,
the k' residual vector of H-MR, satisfies

<  min max |p(\)]. .
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Proof By definition, the H-MR residual vector is given by 7“,? = pr(B)ro, where pg(z) is the
unique polynomial of degree less than or equal to k with p(0) = 1 that minimises ||rf |z and
7o is the initial residual. Using (2.2), it follows that

il = lpe(B)rollm
<1Zpe(N)Z 7 |llroll
=127 Zpu(N) Z7 Z 2|0l 1
= |lpe(M)l2llroll &
< min ma. M| |
S erin, | max Ip(M)| l7oll
as required. [ ]
As pointed out by Simoncini [41], since

Zﬁl?”k = p(A)Z’lro,

convergence depends essentially on eigenvalues if measured in ||- ||z, where H = Z=1Z~1.
Thus, although B is not symmetric, its self-adjointness with respect to (-, -) gy ensures that
the convergence of H-MR, measured in the H-norm, depends mainly on the eigenvalues
of B. Of course, the right-hand side vector may affect convergence significantly, as is
true even of symmetric positive definite matrices (see [34, page 492] and the references
therein). However, we expect that the behaviour of H-MR methods applied to H-self-
adjoint matrices will typically be determined by eigenvalues.

This is in contrast to eigenvalue-based convergence bounds for minimum residual
methods in any other inner product. If M = FTF and M-MR is employed then by the
same argument used in Theorem 2 we obtain the bound

i lar = llpe(B)rollar < 1 FZpi(A)Z7 F 7 lzllrollar

and so

i [l .
——— < Ko(FZ min  max [p(M)]. 2.6
HTOHM = 2( )pEHkp(O)zl)\EU(B) |p( )’ ( )
In the case of I-MR methods (for which F' = M = I this leads to the standard bound
(1.2) that includes the condition number of the eigenvectors. If the eigenvector condition
number is large, (1.2) may be a poor estimate of convergence.

3 Relationship between the convergence of minimum
residual methods in different inner products

In the previous section we showed that nonsymmetric H-self-adjoint matrices enjoy H-
MR convergence that essentially depends on eigenvalues. A natural consideration is
whether this knowledge gives insight into the convergence of minimum residual methods
in the Euclidean, or indeed any other, inner product. Progress in this direction has been
made by Essai [13], who related the convergence of GMRES (and FOM) in (-, ) p to that
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of GMRES (and FOM) in (-, -);, where D was a diagonal matrix related to the initial
residual. The key to Essai’s result is the QR decomposition, that we employ below, and
that has also been exploited by, for example, Sadok and Szyld [40] in their comparison of
CMRH and GMRES and by Simoncini and Szyld [42, Theorem 3.6] in the more general
situation that one wishes to relate M-MR convergence, in any inner product (-, -, ), to
I-MR convergence. Approaches that do not explicitly exploit a QR relationship can also
be used to relate M-MR and I-MR convergence as shown in [11, Theorem 4.7]. Similar
results for conjugate gradient methods can be found in [2].

Here we extend Essai’s results in order to address the broader question of how the
convergence of two minimum residual methods M-MR and W-MR, in the respective
inner products (-, ) and (-, )y, compare. We restrict our attention to MR methods
for which the basis vectors are orthogonal with respect to the associated inner product.
This certainly still encompasses the best known implementations of minimum residual
methods, namely MINRES and GMRES. To simplify the exposition the initial iterate is
taken to be the zero vector in the following; this loses no generality.

Since M-MR and W-MR are both Krylov subspace methods, at the k™ step each
selects an iterate from the same k-dimensional Krylov subspace (1.1). However, M-
MR minimises the M-norm of the k™ residual over the Krylov subspace while W-MR
minimises the W-norm and so the iterates of each method will generally differ.

Let the columns of V; be the M-orthogonal basis vectors of the k' Krylov subspace
generated by M-MR. Then the standard equation (see, for example, [19, page 548])

BVkM - Vk]\leliw (3.1)

holds, where H} is a (k + 1) x k upper Hessenberg matrix. Similarly, if V}'V has as its
columns the W-orthogonal basis vectors of W-MR then

BV =vY HY. (3.2)

Since the k' iterate x}¥ of W-MR is selected from the k™ Krylov subspace (1.1), it
can be written as a linear combination of W-orthogonal basis vectors. That is, z) =
VW ylV where y € R* is chosen so that ||r}” ||y is minimised. By combining this with
(3.2) the usual relationship for the residual can be derived:

TZV =b— Ba:,ZV
—b— By
=b— VkVKlHZVylZV

=Vl (Irollwer — HY )

Since V}Y, is W-orthogonal,

7" lw = min [[[[rollwer — Hyllo- (3.3)
yeR



10 J. PESTANA AND A. J. WATHEN

Analogously, the M-norm of the M-MR residual satisfies

72" llar = min [[[[rollarer — HjY' 2o (3.4)
z€RK

The crucial observation is that M-MR and W-MR form bases of the same nested
Krylov subspaces. Consequently, assuming that these methods do not terminate at or
before the k' step,

V.V = VMR, (3.5)

where R, € R¥** is upper triangular and nonsingular; this is a QR decomposition of
VW in the (-, ) inner product. From (3.1), (3.2) and (3.5) we obtain the following (see
[13, Proposition 1] for details):
Ry, = (V)" MV,
Rt = V")TwiM, (3.6)
H) = R H) Ry,
Equations (3.5) and (3.6) provide the links necessary to relate M-MR and W-MR con-

vergence. As a first step we show that it is possible to express the W-MR residual in
terms of quantities associated with M-MR.

Lemma 3 Let r}’ be the k™ residual of W-MR. Then

I v = min Nirollares = Gz, (3.7)

where HM is the upper Hessenberg matriz in (3.1) and Ry.y is the upper triangular
matriz in (3.5).
Proof From (3.3) we have

i lw = min |[[|rollwer — HY yll2
yERE

= min |[|rollwer — HY Ry 'glla, (3.8)
JERK

where §y = Ryy. Now,
ro = [[rollwViiier = [lrolmViien
and so, recalling (3.6), we find that

-1
Irollwer = llrollar (Vi) " WVilier = lIrolla Ryt yen
Also from (3.6), HM = RkHH,ZVR,;l. Combining these results with (3.8) gives
. _ M —
It [lw = min IRy (lrollarer — HY') 12

= min o llsrer — B3l g7
as required. [ |
Comparison with the M-MR residual (3.4) shows that the quantities minimised by
W-MR and M-MR are the same but the norms with respect to which they are minimised
differ. This allows us to relate M-MR and W-MR convergence in the central theorem
of this section.
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Theorem 4 The k' W-MR residual ) and the k™" M-MR residual 7} are related by

\//\mm(RkHRkH)“Tk lar < ||7’ZV”W < \//\maa: Rk+1Rk+1)||Tk llas, (3.9)

where Ry is defined in (3.5).

Proof Let
2, = argmin | [[rol|arer — Hi'2]l2,

so that
7" 1ar = Illlrollarer — Hi" 2]
Then, from (3.7),

Iri¥ o = i [rollares — '3l g7

< lllrollarer — H' il mt,

<\ mas (B R ) rollaser — HY 2o,

where the last line follows from application of the Courant-Fischer theorem (see, for example,

[19, Theorem 8.1.2]) to Rk+1Rki1 We see from (3.4) that this is equivalent to

w -T p— M
I I <\ Ao (B Ty Rt )

A similar process shows that

—T —
VAmin BB DI s < 1w

which completes the proof. [ |

Information concerning the extreme eigenvalues of R,;?IR,;; would be instructive.
However, we are unaware of a means of obtaining this other than by performing both W-
MR and M-MR, which would be prohibitively expensive in most cases. Consequently,
we bound these extreme eigenvalues by those of MW but note that the resulting
bounds may be pessimistic.

Theorem 5 The residuals of W-MR and M-MR satisfy

VAmin(MW) ! ar < N llw < v Amaa (MW 1 s, (3.10)

where Apin (M W) and \pae(M W) are the minimum and mazimum eigenvalues of
M~YW , respectively

Proof We first note that in exact arithmetic both M-MR and W-MR terminate at or before
the n'* step. In the event of termination at step k < n we can append M-orthogonal basis
vectors to VkM so that its columns form an M-orthogonal basis of R™. The matrix VkW can
be similarly expanded by W-orthogonal basis vectors in such a way that R, is invertible and
upper triangular (by, for example, applying a Gram-Schmidt procedure in (-, )y to the last
n — k columns of V).
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Since R,:IlR,:il is symmetric, by Cauchy’s interlacing theorem [19, Theorem 8.1.7],

Aoz (R Bl y) < Amaa (B TR,
)\min(R;Tthl) < )‘min(RIZ—‘TIREj—l)’ k <n.

Additionally, since VM and V)V are invertible, (3.6) implies that
R, = (VMTMVW and R, = (VV)TWVM,

Accordingly,
RyTR, = (VI TIMTWVE,
from which we conclude that R;TR,! is similar to M ~1W.

We see, therefore, that the maximum eigenvalue of R,;fl R,:il is bounded from above by the
maximum eigenvalue of M ~'W. Similarly, the minimum eigenvalue of R;flR,;il is bounded
from below by the minimum eigenvalue of M1,

Thus, (3.9) above can be reformulated as

Vmin (M=W) [t ar < M llw < v/ Amao (M W) 17 [z

as required. [ ]

It is possible, however, that the extreme eigenvalues of R,;flR,;il may not be close
to those of M1 when k is small. If this is the case, the initial convergence of M-MR
and W-MR will be closer than (3.10) suggests. That is, the less accessible bound in
Theorem 4 will be more descriptive than that in Theorem 5.

Subsequent results make use of the upper bound in (3.10) and so we briefly examine
the nearness of (3.9) and (3.10) for a particular class of matrix. We construct B € R"*"
so that it has diagonalisation B = ZAZ~!, where the elements of Z and the diagonal
elements of A are from the standard normal distribution. Thus B is H-self-adjoint,
where H = Z~TZ~!. The right-hand side vector also has normally distributed elements.
Both I-GMRES and H-GMRES are applied to this system. The residuals of H-GMRES,
measured in the H-norm, and the residuals of I-GMRES, measured in the [-norm, given
in Figure 2 (a).

We then set M = H and W = I in the above and compute explicitly the bounds
in (3.9) and (3.10). The results, which are typical for this class of matrix, are shown in
Figure 2 (b). From this we see that the two upper bounds are close, although the two
lower bounds differ by a order of magnitude until about the 70" iteration. Thus, for
this class of matrix not much is lost by using the more easily computed bound based on
the eigenvalues of M ~1W. However, we do not know whether this is true of self-adjoint
matrices generally.

4 Preconditioning

We have seen that when minimum residual methods in (-,-)y are applied to an H-
self-adjoint matrix convergence primarily depends on its eigenvalues (except for certain
right-hand side vectors for which convergence may be better). Unless these eigenvalues



PRECONDITIONING FOR NONSYMMETRIC MATRICES 13

Residual
Residual

=

10 H R lower bound
== R upper bound
—_— = H lower bound
gl - ~H ‘ ‘ el H upper bound

0 20 40 60 80 100 0 20 40 60 80 100
Iterations Iterations
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Figure 2: (a) H-GMRES and I-GMRES convergence for the matrix B = ZAZ™! €
R!00%100 described above and (b) I-GMRES convergence and the upper and lower bounds
based on the eigenvalues of R,;flR,;il and of H.

are favourably distributed, convergence will be poor and preconditioning will be required.
Here we investigate how the results of the previous sections may assist in the construction
of effective left preconditioners, P. It seems not unlikely that similar results hold for
right preconditioning, although we have not investigated this here.

If the preconditioned system P~'B is itself self-adjoint with respect to an inner
product, the analysis of §2 implies that a minimum residual method in this inner product
can be applied. Its convergence depends on the spectrum of P~'B and will, therefore,
be rapid if the eigenvalues are well distributed. Inner products with respect to which a
preconditioned matrix is self-adjoint have been characterised for certain matrices; see [43,
§13] and the references therein. In the case that B is H-self-adjoint but not symmetric,
we show that self-adjointness can be preserved by applying a preconditioner that is also
H-self-adjoint and is additionally H-positive definite.

Suppose B is H-self-adjoint and that P is H-self-adjoint and H-positive definite.
Then, since

(HP)(P'B)=HB=B"H=B"P"P'H = (P 'B)(HP), (4.1)

H P induces an inner product with respect to which P! B is self-adjoint (cf. (2.3)). Ap-
plication of Theorem 2 shows that convergence of HP-MR applied to this system depends
largely on eigenvalues. Specifically, the preconditioned residuals, P~1rf? satisfy

1P~ | e .
I lir o o max[p(M)].
| P~ ro|lgp  ~ pell, p(0)=1Area(P-1B)

Thus, in the situation that B and P are H-self-adjoint and P is H-positive definite,
there exist minimum residual methods in (-,-)yp for which convergence is essentially
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determined by the eigenvalues of the preconditioned system. Additionally, it is possible
to find a diagonalisation P~'B = SAS~! such that HP = S~7S~!. Unfortunately,
for many applications it is infeasible to compute a H-self-adjoint preconditioner. If,
however, we can obtain a preconditioner that is self-adjoint and positive definite with
respect to an inner product that is close to H, say ‘H, we might expect that we could find
a diagonalisation P™'B = (§ — E)A(S — E)~! such that HP = S~7S8~!, with E being
a small perturbation. If this is the case then convergence of HP-MR is still governed
chiefly by eigenvalues, as the following theorem illustrates.

Theorem 6 Let B be self-adjoint with respect to (-, -) g and P be self-adjoint and positive
definite with respect to (-,-)34. Let

P'B=(S—-E)A(S-E)! (4.2)
be a diagonalisation of P~'B, where
HP=8T1S (4.3)

If |S7YE||l2 < 1 the preconditioned residual P~ r]t" of any minimum residual method in
(-, -)np satisfies

1P~ e 15 IS Ell2 max |p(\)| (4.4)
[P~ ol = 1= [[ST1E|| petly, p(0)=1 rea(P~1B) ' .

Proof We start from the polynomial representation of the residual,
P~y P = p (P71B)P~!r. Taking HP-norms gives

1P~ e = lpk (P~ B)P ™ ro||3p-
Using (4.2), we obtain

1P 7] e < ([(S — E)pr(A)(S — E) M lsp || P~ rollnp
= 8718 = E)pr(A)(S — E)7'S||2| P~ rollxp,

where the last line follows from (2.2). Thus,
1P~} lyep < T = ST Eal|(I = STHE) Iz lpi(A)l|2 ]| P ol 22
If |[S71E|2 < 1 then

1
I-S'E) Y o< — i
I e < g
(see, for example, [24, page 301]) and
P—l HP 1 S—IE
” _:k ||HP < + || — ||2 max |p()\)‘
|P~1rol|xp 1 —||S~YE||2 petly, p(0)=1 Aea(P~1B)

|
When ||STE||5 is small, the factor (1 + ||S™'E|2)/(1 — [|[ST'E||2) is close to 1 and
the convergence of any HP-MR method is dominated by the eigenvalues of the precon-
ditioned matrix. This is clearly illustrated by the following corollary, which shows that
convergence can be bounded by a quantity that depends only on eigenvalues to first
order in [|ST1E|f.
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Corollary 6A Let |S'E||y < 1, where S and E are as defined in equations (4.2) and
(4.3). Then

1P~ yep

<(1+0(|S'E min max M. 4.5
T < (0SB i | max ). (45)
Proof The result follows from the expansion of (1 — ||[S71E|2)~! as a power series. |

Remark 7 This bound sheds some light on how to precondition a H-self-adjoint matrix.
For a preconditioner P that is self-adjoint with respect to an inner product that is close
to (-, ) g, Corollary 6A indicates that HP-MR convergence will essentially depend on the
cigenvalues of P~!B. If, further, these eigenvalues have a more favourable distribution
than those of the original system, convergence should be faster. This is analogous to the
well understood convergence of symmetric matrices.

Applying a HP-MR method involves inner products with H P, which may be costly to
compute even if this matrix is known. Fortunately, the analysis of §3 allows us to relate
the convergence of any HP-MR method to that of any I-MR method. We emphasise as
in §3 that in our experience the bound (4.5) may be more descriptive of what is actually
seen even when preconditioned residuals are computed with an I-MR method, such as
I-GMRES, and are measured in the Euclidean norm; conversion of the bound (4.4) to
the I-norm always introduces a condition number that often makes the bound in the
theorem below pessimistic in practice. For a discussion of this topic see [42].

Theorem 8 Let P, B, H, S and E be as defined in Theorem 6. Then the residuals of
any I-MR method are bounded by

||P717“1€H2
| P~ 17“0||2

1+ ST E; .
DTSR M- 46
"2(MP) T 5T, rert ™t relle ) PV (4.6)

Proof From Theorem 6 we know that the preconditioned residuals of HP-MR are bounded
by

P—l HP 1 S—lE

| P~ tro||lnp 1 — ||S7LE||2 pelty, p(0)=1 reo(P—1B)
Then, using (3.10) with M = HP and W = I we obtain

1P~ kN2 < v/ Amaa(HP)=1) 1P e

1 1+ |S71E| .
max MNP r
S(HP) 1= [S 1B perty p0)=1 rea(P- gy PVIIErollzer

™ pOVIP!

n(HP) 1 - IS~E]2 per,p(O 1>\6<7( B)

TOHQ?

where the last line follows from the Courant-Fischer theorem applied to HP. Thus,

|P~tr I||2
| P~ l?”0||2

1+[|STE|; .
HP) —MM= A
2P T ST, perih o1 2% ) POV



16 J. PESTANA AND A. J. WATHEN

as required. [ ]
The factor \/ Amaz((HP)~1) is an upper bound on \/ )\mw(R;fl R,;il), where Ry is

defined in (3.5). At the end of §3 it was found that for the particular class of matrix
examined there was little difference between the two. However, as previously discussed
we do not know whether this is true of general matrices. Indeed, our experience over a
wide range of problems is that if HP-MR convergence is rapid then I-MR performance
is also good. In particular, if the eigenvalues of P~ B are well distributed and H is close
to ‘H a significant transient phase, i.e., stagnation, is not observed.

5 Numerical experiments

In this section we apply the results of the previous section to several examples. Through-
out we use I-GMRES, that is, the standard (unrestarted) GMRES method of Saad and
Schultz [39]. In Examples 1 and 2 the unpreconditioned relative residuals are measured.
For the remaining problems, we employ Matlab’s inbuilt GMRES routine that mea-
sures relative preconditioned residuals in a recursive fashion. Additionally, in the first
two examples, elements of matrices and vectors come from either the standard normal
distribution or the uniform distribution on (0,1). For brevity, these are referred to as
normally distributed and randomly distributed elements hereafter.

Ezample 1 Let B = ZAZ~1 € R0 where the elements of Z and of the right-hand
size vector are normally distributed and the diagonal entries of A are uniformly dis-
tributed. It follows that B is self-adjoint (and positive definite) with respect to the
inner product induced by H = Z=TZ~1. We consider three preconditioners, P.,q,
Pyerturvea and Pronan, each of which has the same matrix of eigenvectors Z = Z + €N,
where € € [1073,1] is a scaling factor and N has normally distributed elements. The
eigenvalues of P, are identical to those of B, so that P = ZAZ~ 1. Pyerturvea has
diagonalisation Pperturbed = ZAZ', with A = A + 107! diag(v), where v € R™ is a
vector with uniformly distributed elements. The final preconditioner has diagonalisa-
tion P,gng = ZI'Z7Y, where I is a diagonal matrix with uniformly distributed diago-
nal entries. By construction, each preconditioner has positive real eigenvalues and is
therefore self-adjoint and positive definite with respect to the inner product induced by
H=2zT1Tz"1

Here, the parameter e¢ determines the nearness of H and H. Theorem 8 implies
that as these matrices become more alike the convergence of the preconditioned system
should depend more heavily on its eigenvalues; if these have a better distribution than
the eigenvalues of B, convergence should improve. This is corroborated by the results
in Table 2, which show the number of GMRES iterations required for convergence,
averaged over 100 random matrices. When € = 1 the perturbation of Z is of the order
of the entries themselves. In this case H and H cannot be expected to be close and it is
not surprising that convergence is poor even when the eigenvalues of the preconditioner
are identical to those of B. However, as € is decreased and H and H get nearer, the
influence of eigenvalues on convergence is striking. The number of iterations decreases
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with € when P.pqee and Ppepturbed, €ach of which improves the eigenvalues of B, are
applied. In contrast, P,.,q takes no account of the eigenvalues of B and consequently
does not accelerate convergence. Indeed, as might be expected, it impedes it.

€ B Pe;:(lzctB Pp;'rl‘tu'rbedB Pr;'}de

1 |58 100 100 100
107! | 58 40 40 100
1072 | 58 14 20 100
1073 | 58 8 19 100

Table 2: GMRES convergence for the unpreconditioned matrix B and preconditioned
systems discussed in Example 1, averaged over 100 matrices.

This dependence on eigenvalues when H and H are close is also clear from Figure
3, which demonstrates behaviour typical of this type of example. Together with the
relative norms of the unpreconditioned residuals for ¢ = 1072 we plot the convergence
of (unpreconditioned) I-GMRES applied to T, where T" is constructed so that it has the
same eigenvalues as Pp_ef,twbedB but is symmetric. Consequently, we expect [-GMRES
convergence for T" to be governed chiefly by eigenvalues; in fact in exact arithmetic
GMRES is really an expensive implementation of MINRES when applied to this sym-
metric matrix. Thus, by comparing the convergence of I-GMRES for the preconditioned

systems to that of 7" we are able to assess the extent to which eigenvalues dictate the
convergence of I-GMRES for Pp_1 B and, to a lesser extent, that of -GMRES for

erturbed

P.,%..B. Figure 3 shows that the I-GMRES convergence for Pp;iturbedB and Pl B are
each very similar to that of 7. This indicates that in this case, with H near to H,

convergence is dominated by eigenvalues.

The convergence of the preconditioned systems is better than that predicted by
Theorem 8. We see that, as discussed at the end of §3, the factor \/ko(HP) is pessimistic.
In particular the preconditioned systems P! B and Pp_eitwbedB do not suffer from any
significant initial stagnation.

Example 2 Although the theory in §4 does not apply when B and P are self-adjoint
with respect to symmetric bilinear forms that do not satisfy the positivity axiom for an
inner product, our experience is that similar behaviour can be observed in practice. To
demonstrate this we repeat the above experiment but let B and its preconditioners have
complex eigenvalues. Specifically, the elements of B € R%0*100 are normally distributed
so that, provided B has at least one complex conjugate pair of eigenvalues, there is
no inner product with respect to which B is self-adjoint. The size of B makes this
situation highly likely. Let the real Jordan form of B be B = ZJZ !, Then, by
Theorem 1, B is self-adjoint with respect to the symmetric bilinear form induced by
H = Z T diag(Y;)Z 71, where the Y; are are the same size as the corresponding diagonal
blocks of J. We again choose a right-hand side vector with normally distributed elements.

As in the first example, three preconditioners are applied: P.yact; Pperturved @a0d Prandn -
The first, Py = Z2J 271, has the same real Jordan matrix as B but with Z = Z + €N,
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Figure 3: GMRES convergence for the preconditioned systems discussed in Example 1

with € = 1072 and the symmetric matrix 7' that has the same eigenvalues as Pp_eitwbedB .

where € and N are defined in Example 1. The second, Pperturbed = Z JZ —1 is constructed
so that its real Jordan matrix is slightly perturbed from that of B. That is, J = J+0.1A,
where A has the same block structure as J and its nonzero elements are normally
distributed with 2 x 2 blocks satisfying

Ai _ [ 5real 5imag:| ’ (51)

_5imag 57"eal

with 6,,0; € R. The real Jordan form of the final preconditioner is Prgnin = ZI1Z71,
where I' has the same block structure as J. Its 2 x 2 blocks are of the form (5.1) and
its nonzero entries are normally distributed. Each preconditioner is self-adjoint with
respect to the symmetric bilinear form induced by H = Z~7 diag(¥;) 2.

We see from Table 3 and Figure 4 that the results of this experiment show similar
trends to those of Example 1. This indicates that even when the symmetric bilinear
forms with respect to which B and P are self-adjoint are indefinite, their nearness may
determine whether eigenvalues are important. Again, when ¢ is large, so that Z is
far from Z and H is far from H, it appears that factors other than eigenvalues affect
convergence. However, as € decreases and H and H become more alike, eigenvalues
appear to play a larger role; when the preconditioner takes eigenvalues into account,
as Pegaet and Ppertursea do, convergence is fast. Convergence is not improved, however,
when the eigenvalues of the preconditioned system are no better than those of B, as is
the case when P4, is applied.

The effect of eigenvalues is also clear from Figure 4, for which ¢ = 1072 and T, as

in Example 1, has the same eigenvalues as Pp;iturbedB but is symmetric. Again, relative
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€ B Pe;%th Pp:ﬂl"turbedB PrjzitdnB

1 100 100 100 100
1071 | 100 100 100 100
1072 | 100 o4 54 100
1073 | 100 11 11 100

Table 3: GMRES convergence for the unpreconditioned matrix B and preconditioned
systems discussed in Example 2, averaged over 100 matrices.

unpreconditioned residuals are measured. The convergence of I-GMRES for P! . B and

of Pp_eiturbedB is similar to that of I-GMRES (which, again, is in essence MINRES) for the
symmetric matrix 7. Since convergence of /-GMRES applied to 7" is governed primarily
by eigenvalues, this implies that when P40 and Pyeyiurneq are applied as preconditioners,

the eigenvalues of the preconditioned system essentially determine convergence.

©
>
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@ —0B A
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Figure 4: GMRES convergence for the unpreconditioned matrix B, preconditioned sys-
tems discussed in Example 2 with ¢ = 1072 and a matrix with the same eigenvalues as
Pl bedB

perturbed " *

Ezxample 3 Our next examples involve SUPG finite element (FE) discretisations of an
advection-diffusion operator [12, Chapters 3 and 4]. Consider the coefficient matrix
B produced by a piecewise quadratic (Q)2) FE discretisation of an advection-diffusion
equation and the matrix P formed from a piecewise linear (@) discretisation with
the same nodes. The matrices P and B are the same size but may appear otherwise
dissimilar. However, since both are formed from discretisations of the same operator,
we might expect that the inner products with respect to which P and B are self-adjoint
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are close. If this is the case, preconditioning B with P should result in convergence that
depends chiefly on the eigenvalues of the preconditioned system.

We begin first with a simple one-dimensional example in order to illustrate phenom-
ena that may be present in more complicated problems:

—€Ugy +u, =0, u(0)=1, u(l)=0. (5.2)

With ¢ = 0.1 and 50 quadratic elements (so that P, B € R!9*101) " the mesh Peclet
number is 0.1 and, using the parameter choice as in [12, Equation (3.44)], the SUPG
method reduces to a Galerkin FE method. For this small mesh Peclet number the
eigenvalues of both P and B are real and positive. Thus, P and B are self-adjoint
and positive definite with respect to the inner products (-, ) and (-, -) g, respectively.
Although it would be advantageous to determine the matrix E in (4.2), this is difficult.
However, it is possible to gauge the size of E indirectly. Recall from (4.2) that there
exists a factorisation HP = S 787! such that (S — E)"'P'!B(S—E) = A. If £
were small we would expect, therefore, that the off-diagonal elements of G = SP~!BS
would also be small. Thus, as an indirect indicator of the size of E we measure |G —
diag(diag(QG))||2, the spectral norm of the off-diagonal elements. For this preconditioned
system we have |G — diag(diag(G))|l2 = 0.1931, which is small relative to n = 100.
One would infer, therefore, that convergence of I-GMRES applied to the preconditioned
system should depend mainly on the (well distributed) eigenvalues of the preconditioned
system. This appears to be the case. When [-GMRES is applied (using the inbuilt
GMRES implementation in Matlab) to both the original and preconditioned systems,
we see from Figure 5 that convergence of I-GMRES for the preconditioned system is
rapid and that no stagnation is observed.

Preconditioning with the exact )1 matrix P may not be much easier than working
with the () matrix B, but the above results are indicative of what happens when
practical approximations are used. For example, when the exact matrix P in the above
problem is replaced by a geometric multigrid process, rapid convergence is maintained:
instead of computing P exactly we employ the multigrid process for piecewise linear
elements in [37] with Gauss-Seidel smoothing. Four pre- and post-smoothing steps are
used and 2 multigrid cycles are performed each time the preconditioner is required. The
convergence of I-GMRES applied to a system with B and this multigrid preconditioner
is shown in Figure 6. We see that rapid convergence of I-GMRES is achieved for the
preconditioned system. Unfortunately, since the preconditioner is not explicitly available
when multigrid is applied, we cannot comment more on the theory in §4 in this case.

Ezample 4 Next, we apply an SUPG finite element discretisation to (5.2) but increase
the advection by setting e = 0.001. As a result the mesh Peclet number increases to
10, so that streamline upwinding is required. Additionally, B has imaginary eigenvalues
and is therefore not self-adjoint with respect to an inner product. Thus, our theory
does not apply. However, similarly to our observations in Example 2, we see from
Figure 7 that I-GMRES for B preconditioned with the exactly computed P shows rapid
convergence without stagnation. The absence of stagnation suggests that it is the (fairly
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Figure 5: 1D example: Relative residuals for the quadratic finite element matrix and
relative preconditioned residuals for the preconditioned system with n = 101 and ¢ = 0.1.
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Figure 6: 1D example: Relative residuals for the quadratic finite element matrix and

relative preconditioned residuals for the system with geometric multigrid preconditioning
with n = 101 and e = 0.1.
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well distributed) eigenvalues that are important in determining the convergence of I-
GMRES for this preconditioned system.
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Figure 7: 1D example: Relative residuals for the quadratic finite element matrix and
preconditioned relative preconditioned residuals for the preconditioned system with n =
101 and € = 0.001.

This fast convergence is certainly not suggested given the differences between the
two matrices P and B. While the upper and lower bandwidths of B are both 3 (see [19,
§1.2.1] for definitions of upper and lower bandwidths), P is effectively bidiagonal since
its superdiagonal elements are of the order of machine epsilon (approximately 1076).
Additionally, the diagonal elements of P are all 1 and its subdiagonal is the vector
(0,—1,...,—1,0)T; the part of the matrix corresponding to interior nodes is essentially
a transposed and scaled Jordan block. We conjecture that P and B are self-adjoint with
respect to symmetric bilinear forms that are nearby, and that this explains the rapid
convergence displayed.

Ezxample 5 Our final advection-diffusion problem is the two-dimensional example 3.3
from [12] in the domain Q = [—1,1] x [-1,1]:

—eVu+w - Vu =0,
where w = (—sinZ%, cosE)”, with Dirichlet boundary conditions

u(—1,y) =0 u(l,y) =1

0 <0
u(z,—1) = {1 >0 u(x,1) = 1.
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With € = 0.05 the )7 mesh Peclet number is 0.72 and we apply Galerkin finite
elements on a 16 x 16 grid to obtain the ()5 finite element discretisation. Similarly to
the one-dimensional case, the ()9 biquadratic finite element matrix is denoted B and
the () bilinear finite element matrix is P. Both P and B are of size 1089 x 1089 and
both have complex eigenvalues. Thus, neither matrix is self-adjoint with respect to an
inner product and Theorem 8 is not applicable. However, as in Example 4, P reduces
significantly the number of I-GMRES iterations required as can be seen in Figure 8.
In particular, the preconditioned system does not suffer the initial stagnation phase of
unpreconditioned I-GMRES as analysed in [32]. The condition number of the matrix of
eigenvectors of this preconditioned system is of the order of 107, indicating that (1.2) is
a poor estimate in this case.
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Figure 8: 2D example: Relative residuals for the quadratic finite element matrix and
relative preconditioned residuals for the preconditioned system with n = 1089 and € =
0.05.

Example 6 Finally, we return to the Sherman3 example in §1 and explain the rapid
convergence of I-GMRES applied to the ILU(0) preconditioned system shown in Figure
1. The Sherman3 matrix B has real eigenvalues and so is self-adjoint in an inner product
(-, Y. The ILU(0) preconditioner P is also self-adjoint with respect to an inner product,
(-, )% If these inner products are close we would expect E in (4.2) to be small and thus,
using our theory, that convergence is dominated by eigenvalues. As in Example 4 we
cannot obtain the matrix E in (4.2) directly but we can use the same indirect measure
of the size of E/ that was used in that example. That is, with HP = S~7S~!, where
S is again computed by Matlab’s sqrtm function, and G = S™*P~'BS, we find that
|G —diag(diag(G))||2 = 0.9775 which is small relative to n = 5005; we conclude that E is
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small. Consequently, the preceding theory indicates that the convergence of I-GMRES
essentially depends chiefly on the (well distributed) eigenvalues of the preconditioned
matrix.

6 Conclusions

In the context of preconditioning for the iterative solution of nonsymmetric linear sys-
tems, for a class of nonsymmetric matrices we have identified a mathematical property
of preconditioning matrices which ensures that convergence of any minimum residual
method (such as GMRES) depends essentially only on the eigenvalues of the precondi-
tioned system. This is in contrast to previous/existing convergence bounds which allow
for the often observed initial stagnation, and is more consistent with convergence prop-
erties for symmetric systems. More generally, though we have not yet been able to prove
this, we observe similar behaviour for nonsymmetric systems which do not lie in the
required class when appropriate preconditioning is used.
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