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Abstract

Ever since Kronheimer's celebrated hyperkähler construction of gravita-

tional instantons thirty years ago, many similar constructions have ap-

peared in the mathematical literature, eventually producing a vast class

of holomorphic symplectic manifolds nowadays called Conical Symplectic

Resolutions (CSRs). So far, they have been considered in representation

theory, algebraic and di�erential geometry, and also in theoretical physics

as they arise from certain supersymmetric gauge theories. However, much

of their symplectic geometry is unexplored. This thesis aims to make the

�rst steps in this direction. There are two essentially di�erent natural real

symplectic structures on CSRs; for this reason this thesis splits into two

major parts.

The �rst part views CSRs as Liouville real symplectic manifolds (the sym-

plectic form is exact). We investigate the presence of smooth closed exact

Lagrangian submanifolds. The main theorem is that for any CSR there is

a non-empty collection of non-isotopic such Lagrangians which arise from

contracting C∗-actions that act on the holomorphic symplectic structure

by weight one. Lagrangians obtained from this method will be called min-

imal components. In particular, we use these to obtain (non-zero) lower

bounds for the rank of symplectic cohomology. We will investigate two

large subfamilies of CSRs where we are able to count minimal compo-

nents and describe them. The family of Nakajima Quiver Varieties, in

particular, we study in detail those of Dynkin type A; and the family of

resolutions of Slodowy varieties that arise from the representation theory

of semisimple Lie algebras and involve Springer theory. In the latter, we

also obtain some further families of Lagrangians using Springer theoretic

methods and certain crystal operators.

The second part studies CSRs with respect to non-exact symplectic struc-

tures arising from S1-invariant Kähler structures on CSRs. We construct



a family of symplectic cohomologies for them, labelled by di�erent con-

tracting C∗-actions ϕ. Although we prove that these vanish, this vanishing
result allows us to obtain a ϕ-dependent �ltration by ideals on the ordi-

nary cohomology of a CSR. Using Morse-Bott-Floer spectral sequences,

we give many examples that explicitly describe these �ltrations, in par-

ticular, we show an example where distinct �ltrations arise from di�erent

ϕ actions.
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Chapter 1

Introduction

1.1 Outline

The focus of this thesis lies in the interplay between Symplectic Topology and Ge-

ometric Representation Theory. Its main objects of interest are spaces called Coni-

cal Symplectic Resolutions (CSRs) [BPW16, BLPW16]. These form a broad fam-

ily of holomorphic symplectic manifolds that are of interest to theoretical physi-

cists [HaSp18, GrHa20, HaKa20], algebraic geometers [Ka06, Ka09, Nam08, BeSch16]

and representation theorists [Nak94a, Nak98, Nak01, MO12, Nak15, BFN16]. Also,

some of them have very interesting di�erential-geometric features [Kro89, KroNak90,

Nak94a, BD00, Nak18]. This thesis will be concerned mostly with their symplectic

geometry.

Examples of CSRs include many well-known families of spaces such as resolutions

of Du Val singularities, Hilbert schemes of points on them, hyperpolygon spaces,

quiver varieties, hypertoric varieties, cotangent bundles of �ag varieties and nilpotent

Slodowy varieties. All known examples of CSRs are complete hyperkähler manifolds,1

which makes them a particularly nice geometric setting to work in.

De�nition 1.1.1. A Conical Symplectic Resolution (CSR) is a projective res-

olution

π : M→M0

of a normal a�ne variety M0, where (M, ωC) is a holomorphic symplectic manifold

and π is equivariant with respect to C∗-actions on M and M0 (both denoted by ϕ).

These actions satisfy two conditions:

1For compact Kähler manifolds, by Yau's theorem (together with a Bochner's formula and
Berger's holonomy classi�cation) the presence of a holomorphic symplectic form ωC guarantees the
existence of a Kähler form ω such that ω,Re(ωC), Im(ωC) is a hyperkähler structure. However, it is
not known whether this also holds in our non-compact setting.
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(1) the symplectic form ωC has a weight k ∈ N, meaning ϕ∗tωC = tkωC, and

(2) the action ϕ contracts M0 to a single �xed point x0, so lim
t→0

ϕt(x) = x0 for all

x ∈M0.

Such C∗-actions are called conical of weight k. In general, a CSR can have many

conical actions, so we often denote a CSR by (M, ϕ) to emphasise the choice of ϕ.

The core of a CSR π : M→M0 is the central �bre

L := π−1(x0).

We denote by I the complex structure on M. The above de�nition implies

that the core L ⊂ M is an I-holomorphic projective subvariety, it is always ωC-

isotropic, and the C∗-action contracts the whole manifold M towards the core L, so

H∗(M) ∼= H∗(L). When the weight k = 1, the core L is a (typically singular) complex

Lagrangian subvariety of (M, ωC).

We will denote2 the real and imaginary parts of ωC by ωJ , ωK ,

ωC = ωJ + iωK .

We abbreviate by ωJ,K any non-zero real linear combination of ωJ and ωK . Then

ωJ,K is a real exact symplectic form on M.3 A consequence of condition (1) is that

(M, ωJ,K) admits a Liouville manifold structure such that the core L is the Liou-

ville skeleton. This structure is independent of the choice of ωJ,K up to Liouville

isomorphism, so we call this the canonical Liouville manifold structure on M.

On the other hand, M also admits a non-exact Kähler structure (M, ωI) that is

invariant under the S1-part of the C∗-action ϕ. We will prove that one can construct

Floer cohomologies for (M, ωI) which, since M is Calabi-Yau,4 are Z-graded groups.

Indeed, the gradings are canonical as H1(M) = 0 holds for CSRs.

This thesis considers two independent projects that involve Conical Symplectic

Resolutions. These are explained brie�y now, for the convenience of the reader.

2We use the hyperkähler notation for these forms instead of the usual ωRe and ωIm, as in examples
all known CSRs are indeed hyperkähler and these forms indeed represent the usual Kähler forms.
Moreover, in general, we always have an almost hyperkähler structure (g, I, J,K) on M such that
ωJ = −g(·, J ·) and similarly for K, as we explain later.

3Being the real part of the holomorphic form reiθωC, for some r > 0, θ ∈ R. In particular, for any
holomorphic two-form ω on M, letting 2n = dimC M, since ωn ∈ Λ2n,0T ∗M is non-vanishing, also
(ω + ω)2n and (ω− ω)2n are non-vanishing in Λ2n,2nT ∗M (they are non-zero multiples of ωn ∧ ωn),
which implies that Re(ω), Im(ω) are real symplectic forms.

4By Calabi-Yau we mean c1(M) = 0, which holds since ωnC trivialises the canonical bundle of M.
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The �rst project, outlined in Sections 1.2-1.4, is focused on closed exact La-

grangian submanifolds in CSRs (M, ϕ) endowed with the exact symplectic forms ωJ,K .

We �nd a collection of such Lagrangians that arise from weight-1 conical actions and

we describe their Floer-theoretic invariants. In addition, we consider two families of

CSRs, Quiver Varieties of type A (Section 1.3) and Resolutions of Slodowy varieties

of type A (Section 1.4). In both cases we �nd families of weight-1 actions that produce

closed exact Lagrangians. In the latter case, we also produce some further families

of Lagrangians by generalising a certain construction from Springer theory, and by

using the so-called Crystal Operators. In particular, as the obtained Lagrangians are

smooth irreducible components of Springer �bres, they are interesting in their own

right.

The second project (joint with A. Ritter) involves constructing and studying the

symplectic cohomology SH∗(M, ϕ, ωI) for CSRs (M, ϕ) endowed with the highly non-

exact symplectic structures ωI mentioned above. This work is outlined in Section 1.5.

We prove that, as we vary ϕ, these symplectic cohomologies vanish and therefore

induce ϕ-dependent �ltrations by ideals on the ordinary cohomology H∗(M). In ad-

dition, we construct �ltrations on the Floer chain complexes of certain Hamiltonians

that determine symplectic cohomology. As an application, we get a Floer-theoretic

model for the ordinary cohomology of CSRs, and we describe Morse-Bott-Floer spec-

tral sequences from which one can read o� the aforementioned �ltrations on H∗(M).

1.2 Exact Lagrangians in Conical Symplectic

Resolutions

The content of this section summarises the results of Chapter 3.

A fundamental task in Symplectic Topology is �nding Lagrangian submanifolds of

a given symplectic manifold. Lagrangians are the objects of the Fukaya category �

an increasingly important invariant studied in symplectic topology which constitutes

one side of Homological Mirror Symmetry. This project focuses on discovering closed

exact Lagrangian submanifolds of Conical Symplectic Resolutions.

All known examples of CSRs are complete hyperkähler manifolds, and in fact

satisfy the following de�nition:

De�nition 1.2.1. A hyperkähler conical symplectic resolution (HKCSR) is

a CSR (M, ωC) that is also a hyperkähler manifold (M, ωI , ωJ , ωK), such that

3



1. the complex structure of M is I;

2. the holomorphic symplectic form ωC of M is equal to ωJ + iωK ;

3. the S1-part of the C∗-action acts by isometries, hence preserves ωI .

On HKCSRs we will only consider C∗-actions ϕ that are conical and satisfy condition

(3), and we call these HK conical actions.

As mentioned above, the CSR (M, ωJ,K) admits a canonical Liouville manifold

structure for which the core L is the Liouville skeleton. When the C∗-action has

weight k = 1, the skeleton L of M is in fact a complex Lagrangian subvariety. In

examples, e.g. for certain quiver varieties, when a weight-1 action does not exist, the

core L turns out to have strictly smaller dimension than dimCM, thus making M a

subcritical Stein manifold. In such a manifold exact Lagrangians do not exist due

to the vanishing of symplectic cohomology [Cie02, p. 121] and Viterbo's criterion

[Sei08, Prop. 5.1]. Therefore, we restrict observations to CSRs which admit weight-1

C∗-actions, which we call weight-1 CSRs. This in particular includes all Nakajima

Quiver Varieties [Nak94a] whose underlying graph does not have an edge-loop.

Given a weight-1 CSR M, its core L is a complex projective variety and we denote

its equidimensional irreducible components by Li,

L =
⋃
i

Li.

One can prove that if a component Li is smooth then it must be an exact Lagrangian

submanifold. It follows that it is a non-trivial object of the compact Fukaya cate-

gory F(M). Also, di�erent core components are non-isotopic, in particular they are

essentially di�erent objects in F(M). So a natural question arises: does an arbitrary

weight-1 CSR have smooth components in the core? The main theorem of the thesis,

that summarizes Sections 3.1 and 3.2, answers this question as follows:

Theorem 1.2.2. Given a weight-1 CSR M, there are at least N ≥ 1 smooth irre-

ducible components Li ⊂ L of the core, and these are non-isotopic smooth closed exact

Lagrangians in (M, ωJ,K).

Moreover, N = max{N1, N2} ≥ 1 where

1. N1 = the maximal number of commuting weight-1 conical actions.

2. N2 = the number of HK conical actions (if M is also a HKCSR).

4



Remark 1.2.3. This theorem also holds for any holomorphic symplectic manifold with

a weight-1 action that contracts the whole manifold to a compact set. In particular,

for the case of a moduli space of Higgs bundles [Hi87], the component of its skeleton

that this method recovers is the well-known moduli space of stable vector bundles

[AB83].

Given a weight-1 action ϕ, the theorem above �nds the component Fϕ of its �xed

locus that is the minimum of the moment map of the S1-part of ϕ. Thus, we call

minimal components the core components obtained by Theorem 1.2.2. We now

describe Floer cohomologies of these Lagrangians, proved in Section 3.3.1.

We remark that in this section all cohomologies are assumed over Z/2-coe�cients

instead of more general Z-coe�cients, due to the usual issues with the orientation

signs in Lagrangian Floer cohomology, as the minimal components are not necessarily

spin.5

Theorem 1.2.4. Let M be a weight-1 CSR. Then:

1. Its minimal components are exact Lagrangians, thus HF ∗(Fϕ,Fϕ) ∼= H∗(Fϕ,Z/2)

for each minimal Fϕ.

2. Any two minimal components Fϕ1 ,Fϕ2 intersect cleanly, thus we have

HF (Fϕ1 ,Fϕ2) ∼= H(Fϕ1 ∩ Fϕ2 ,Z/2).

3. In particular, when M is a HKCSR, we have a graded isomorphism

HF ∗(F̃ϕ1 , F̃ϕ2) ∼= H∗−µ(Fϕ1∩Fϕ2 ,Z/2), where µ = 1
2
(dimCM−dimR(Fϕ1∩Fϕ2)).

Here, the gradings for minimal components can be canonically chosen as minimal

components are special Lagrangians. At the end of Section 3.3.1, we prove that any

holomorphic map from a Riemann surface to M whose boundary lies on a core L

has to be constant. That tells us that the Floer product, and more generally, higher

operations in the Fukaya category between smooth core components only involve

constant solutions. However, saying something more precise about the Floer product

between smooth, and in particular, minimal components, is currently of reach and we

leave it for some future work.

In Section 3.3.2 we explain how the existence of minimal components yields lower

bounds on the ranks of symplectic cohomology SH∗(M, ωJ,K). Symplectic cohomology

in general is notoriously hard to compute explicitly, so we usually have to make do

with partial information. We will obtain the lower bounds of its degree-wise ranks,

5Take CP 2 in T ∗CP 2 for instance.
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hence it is important to notice that SH∗(M, ωJ,K) has a canonical Z-grading. Namely,

recall that the construction of SH∗(M, ωJ,K) involves the choice of an ωJ,K-compatible

almost complex structure S, and that it will be Z-graded if c1(TM, S) = 0. As

complex symplectic structure (ωC, I) onM can be upgraded to the almost hyperkähler

structure (g, I, J,K), such that ωC = ωJ + iωK ,
6 we can choose the almost complex

structure S in the S2-family of obtained almost complex structures and then deform

it to I (the complex structure of CSR M), and thus c1(TM, S) = c1(TM, I) = 0.7

Thus, SH∗(M, ωJ,K) has a Z-grading. It is canonical due to the fact that H1(M) = 0

for CSRs.8

Denote by Con1(M) the set of all conical weight-1 actions on M. Each ϕ ∈
Con1(M) gives rise to one minimal component Fϕ of the core L ⊂ M, and as we

vary ϕ ∈ Con1(M) we obtain the collection of all (possibly non-distinct) minimal

components,

Min(M) := {Fϕ | ϕ ∈ Con1(M)}.

We can now state our estimate on the ranks of symplectic cohomology, in which bi(X)

denotes the i-th Betti number of a topological space X and µj denotes the Morse-Bott

index of a connected component Fj of �xed locus for the C∗-action.9

Proposition 1.2.5. Let (M, ϕ) be a weight-1 CSR, and let F = tFj be the �xed locus
of ϕ decomposed into connected components Fj. Then

rk (SHk(M, ωJ,K)) ≥
∑

{Fj⊂L |L∈Min(M)}

bk−µj(Fj)

for all k ≥ 0. In particular, rk (SHdimCM(M)) ≥ |Min(M)|.

It is a general feature of weight-1 conical actions on CSRs that the �xed sets Fj
are bijectively distributed among components of the core, [Gi15, Prop. 4.6.1]. In the

above sum we use precisely those that lie in minimal components. Thus, we get the

following corollary:

Corollary 1.2.6. When all core components of a CSR M are minimal, the symplectic

cohomology is degree-wise bounded from below by the singular cohomology,

rk(SHk(M)) ≥ rk(Hk(M)), ∀k.
6Due to deformation retraction Sp(2n,C) to its compact form Sp(n) = Sp(2n,C) ∩ U(2n).
7The vanishing c1(TM, I) = 0 holds as I-holomorphic volume form ωnC trivialises the canonical

bundle K, and c1(TM, I) = −c1(K).
8Choices of Z-gradings correspond to choices of trivialisation of the canonical bundle, and these

are labelled by H1(M).
9Which makes sense, as one can view the �xed locus as the critical locus of the moment map for

the S1-part of ϕ, and this moment map is a Morse-Bott function due to [AB83, Ki84].
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This for example happens for the minimal resolution XZ/n → C2/(Z/n) of a Du

Val singularity of type A. As XZ/n contracts to the wedge of n− 1 (minimal) spheres,

from the last corollary we get

rk(SH2(XZ/n)) ≥ rk(H2(XZ/n)) = n− 1.

It is known that rk(SH2(XZ/n)) = n− 1 by [EL17, Cor. 42], so in this case Proposi-

tion 1.2.5 gives the actual rank on the degree-2 part of symplectic cohomology.

Next, we proceed towards the examples, by considering two di�erent families of

CSRs where we count certain weight-1 conical actions. By Theorem 1.2.2 these yield

minimal components, thus exact Lagrangians. In the second family of examples

(Section 1.4) we use also some other methods to �nd and generate additional smooth

core components, and, apart from being exact Lagrangian submanifolds, these are

interesting in their own right.

1.3 Minimal components in Quiver varieties

of type A

The content of this section summarises the results of Chapter 4.

We �nd families of minimal components in Nakajima quiver varieties of type A. Here

we will not work through the construction of quiver varieties � it will be explained

in Section 4.1. We just mention that from a graph Q = (Q0, Q1), two integer-valued

vectors v,w ∈ NQ0

0 , and a generic parameter ζ ∈ RQ0 , one obtains the quiver variety

Mζ(Q,v,w). Their main use in Geometric Representation Theory is that Borel-Moore

homologies of their cores yield representations of Kac-Moody Lie algebras [Nak98,

Thm. 10.2]. We consider the case of quiver varieties whose underlying graph Q is of

Dynkin type A, which we will denote by Mζ(v,w).

In the construction of quiver varieties [Nak94a], Nakajima orients a graph Q, and

then uses that same orientation in order to construct a conical weight-1 C∗-action.
We generalise this by �xing the orientation for the construction of a quiver variety,

but then we use all possible orientations for constructing a family of conical weight-1

actions which we call Nakajima actions (Section 4.2). The number of di�erent

orientations on the An Dynkin graph is 2n−1, but some of them may yield equivalent

actions. In Section 4.3 we compute the exact number of non-equivalent Nakajima

actions, and we now brie�y explain this.
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Given vectors v,w ∈ Nn
0 , there is the associated dominant vector v′ = v′(v,w) ∈

Nn
0 which comes from the representation theory of sln+1.

10 Instead of computing it

here, we refer the reader to the end of Section 4.3. For vectors v and w, we de-

�ne a number N(v,w) > 0 that is easily computable combinatorially. Namely, it

depends only on the support of the vectors v and w, that is, positions where they

non-vanish. In particular, if v > 0 then N(v,w) = N(w) :=
∏m−1

k=1 (sk+1 − sk + 1),

where S = {s1, . . . , sm} is the support of w. We prove the following:

Theorem 1.3.1. Given a quiver varietyMζ(v,w) of type A, there are exactly N(v′,w)

non-equivalent Nakajima actions, hence at least the same number of minimal compo-

nents of its core,

|Min(Mζ(v,w))| ≥ N(v′,w).

For example, this theorem gives all components of the core in the case of the

aforementioned Du Val singularities, seen as quiver varieties (Example 4.3.16). Given

this theorem, the natural question to ask is if there are some other weight-1 conical

actions, apart from Nakajima actions. In Section 4.4 we partially prove that there

are none, where �partially� refers to �amongst certain weight-1 actions that one can

construct on a quiver variety.� Namely, on a quiver variety Mζ(v,w) there is:

� An ωC-symplectic action by the group GL(w) :=
∏n

i=1GL(wi).

� A natural weight-2 conical C∗-action, which we call the full quiver action.

The GL(w)-action onMζ(v,w) is rather natural because a quiver varietyMζ(v,w) is

constructed by ωC-symplectic reduction for the GL(v)-action on the �at vector space

M(V,W ) which includes vector spaces Vi andWi of dimensions vi and wi, respectively.

The full quiver action comes from the dilation action on M(V,W ). Since these two

actions commute, by composing the latter with 1-parameter subgroups of GL(w),

one can construct families of weight-2 actions on Mζ(v,w) that we call twisted full

actions. Considering the even11 and conical ones, we get the following:

Proposition 1.3.2. Let v be a dominant vector. Then the twisted full actions on

Mζ(v,w) which are even and conical are precisely the squares of Nakajima actions.

10More generally, these exist for any semisimple Lie algebra, but here we consider Dynkin type A
graphs only.

11An action is �even� if it is the square of another action.
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Thus, at least in the case of a dominant vector, we do not get more weight-1

actions other than Nakajima ones by using the twisted full actions. In addition, we

suspect that, apart from twisted full actions, no other conical actions commuting

with the full quiver action should exist. Thus, Nakajima actions should induce the

only minimal components of the core given by such conical actions. However, this is

currently out of reach � we speculate on this in Section 4.4.1.

1.4 Smooth components of Springer �bres

The content of this section summarises the results of Chapter 5. In addition to �nding

exact Lagrangians, its results are also of interest to Springer theory.

We construct two di�erent families of smooth components of generalised Springer

�bres of type A. The �rst family arises as minimal components in Resolutions of

Slodowy varieties (thus, viewing Springer �bres as cores of those resolutions), whereas

the other family comes as a generalisation of the so-called Richardson components of

the ordinary Springer �bres. Motivated by the latter, we also de�ne quasi-Richardson

smooth components and prove some of their features. In the end, we show that one

can generate many more smooth components of generalised Springer �bres using these

smooth components and the so-called crystal operators.

Generalised Springer �bres of type A have been much investigated in Geometric

Representation Theory. Their cohomologies provided irreducible representations of

Weyl groups [Spr78, KaLu80, LuSpa85] and of U(sln) [Gi91]. Moreover, they recover

certain Parabolic Categories O [Str09] and Khovanov Arc Algebras [SW12, Sch12].

Their singular cohomology ring is well-known [BrOs11]. Still, little is known about

their topology, and in particular, smoothness of their irreducible components. The

state-of-the-art work [FrMe10] on this subject covers only the ordinary Springer �bres.

In particular, it was not known whether an arbitrary generalised Springer �bre has

a single smooth component. We answer this question a�rmatively, using Theorem

1.2.2.

Let us �rst de�ne Springer �bres and Slodowy varieties. Given a composition

p = (p1, . . . , pn) of n,12 denote by

Bp := {0 = F0 ⊂ F1 ⊂ · · ·Fn−1 ⊂ Fn = Cn | dimFi/Fi−1 = pi, i = 1, . . . , n}
12Meaning: p1 + · · ·+ pn = n, pi ≥ 0.
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the associated partial �ag variety. The Generalised Springer resolution of type

p is a resolution

νp : T ∗Bp → Op∗+ ⊂ sln, {(F, e) | F ∈ Bp, e ∈ sln, eFi ⊂ Fi−1} 7→ e

of the closure of a nilpotent orbit Op∗+ whose matrices have Jordan block partition p∗+.

Here p+ is the weakly-descending permutation of p, and p∗+ denotes its dual partition

(obtained via the dual Young diagram).

A generalised Springer �bre Bep = ν−1
p (e) is any �bre of a generalised Springer

resolution. It can be seen as the core of the following CSR,

νp : S̃e,p → Se,p,

where Se,p := Se ∩ Op∗+ is a Slodowy variety and S̃e,p is its resolution. The set

Se, called the Slodowy slice, is an a�ne space centred at e that is transversal to all

nilpotent orbits it meets. All these varieties do not depend, up to an isomorphism,

on the choice of the nilpotent element e ∈ sln within a given conjugacy class. We

therefore denote them by Bλp , Sλ,Sλ,p, S̃λ,p, where λ = λ(e) is the Jordan partition of

e.13 In particular, when p = (1 . . . 1) we denote Bλ := Bλ1...1, Sλ := Sλ,1...1 and call

them the ordinary Springer �bre and ordinary Slodowy variety, respectively.

Thus, by Theorem 1.2.2, weight-1 conical actions on S̃λ,p yield smooth components

of Bλp .We �nd a family of such actions similarly to the case of quiver varieties. Namely,

it is well-known that on the Slodowy slice Sλ, and hence on S̃λ,p, there is:

� an ωC-symplectic action by a certain group Zλ; and

� a natural weight-2 conical C∗-action, called the Kazhdan action.

As these two actions commute, by composing the latter by 1-parameter subgroups of

the former, we obtain a family of weight-2 actions that we call twisted Kazhdan

actions. Among them, we search for the even and conical ones.

Given a partition λ of n, denote by w(λ) = (w1, . . . , wn) the vector such that

λ = 1w12w2 . . . nwn . The computations of Section 5.2 yield the following:

Theorem 1.4.1. There is an explicit isomorphism Zλ ∼= GL(w(λ)). Moreover, there

are exactly N(w(λ)) di�erent even and conical twisted Kazhdan actions on the Slodowy

slice Sλ. The same holds for the ordinary Slodowy variety Sλ and its resolution S̃λ.
13The partition of n by sizes of the Jordan blocks of e.
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As a corollary, by Theorem 1.2.2, we obtain a family of N(w(λ)) smooth compo-

nents of the ordinary Springer �bre Bλ, so

|Min(S̃λ)| ≥ N(w(λ)).

In Section 5.3 we describe that family explicitly, which we explain brie�y now. Firstly,

recall by [PaRe06, Sec. 7] that a component of Bλ that is invariant under the action

of a parabolic subgroup P ≤ GL(n) is called a Richardson component of Bλ.
These are smooth components isomorphic to products of ordinary �ag varieties, and

are labelled bijectively by the set Perm(λ∗) of permutations of the dual partition of

λ. We prove:

Proposition 1.4.2. In a Springer �bre Bλ, the set of N(w(λ)) minimal components

form an explicit subset of the set of Richardson components.

By an �explicit subset� we mean that they correspond to an explicitly-computable

subset Good(λ∗) ⊂ Perm(λ∗).We prove Proposition 1.4.2 by noticing that a Richard-

son component corresponding to µ ∈ Perm(λ∗) is �xed under a certain C∗-action on

B, which in the case of µ ∈ Good(λ∗) agrees with a twisted Kazhdan action on Bλ,
and that all twisted Kazhdan actions are obtained in this way.

Recall that components of a Springer �bre Bλ are bijectively labelled by the set

Stdλ of standard Young tableaux of shape λ, by [Spa76]. We prove in last two

subsections of Section 5.3 some further Springer-theoretic properties of the mini-

mal components in Bλ, namely that their tableaux are invariant under the so-called

Schützenberger involution and that these components are among the type of smooth

components of Bλ discovered in [BaZi08, GrZi11].

We believe that the appearance of the same number that counts even and conical

actions in Theorems 1.3.1 and 1.4.1 should not be merely a coincidence, as there is

an isomorphism:

M(v(λ, p),w(λ))
∼=−→ S̃λ,p, L(v,w)

∼=−→ Bλp (1.1)

between quiver varieties of type A and resolutions of Slodowy varieties, which sends

core to core, by [Maf05]. Here v = v(λ, p) is given by a linear relation. In particular,

it is not hard to show that for p = (1, . . . , 1), one gets N(v(λ, p),w(λ)) = N(w(λ)).

So, in that case the count in Theorems 1.3.1 and 1.4.1 is indeed the same. The

isomorphism (1.1) yields a corollary of Theorem 1.3.1:

Corollary 1.4.3. There are at least N(v(λ, p)′,w(λ)) smooth components in a

Springer �bre Bλp .
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Recall ([Spa76]) that the components of Bλp are labelled bijectively by the set

Stdλp of p-semistandard Young tableaux of shape λ. It is not completely clear to us

which tableaux the smooth components from Corollary 1.4.3 should correspond to. If

the Ma�ei isomorphism (1.1) were equivariant with respect to the C∗ × GL(w) and

C∗×Zλ actions on the left and right side of it, respectively,14 then these components

would arise as minimal components of twisted Kazhdan actions via Theorem 1.4.1,

which would then give us better chances of computing their tableaux. However, this

is out of the scope of this thesis.

In Section 5.4 we construct a generalisation of Richardson components, for all

generalised Springer �bres. They are smooth components, isomorphic to products

of generalised �ag varieties. In the �bre Bλp , they are labelled bijectively by the set

Coar(p) ∩ Perm(λ∗), where Coar(p) is the set of all permutations µ of λ∗ which are

coarser than p, or in other words, such that p is a re�nement of µ. In particular, as

the composition p = (1, . . . , 1) is �ner than any other one, this construction recovers

the ordinary Richardson components in Bλ. In addition, we �nd the tableaux in

Stdλp to which these generalised Richardson components correspond. Motivated by

this construction, we also de�ne quasi-Richardson smooth components, which should

comprise a much larger family of components. Unlike the case of ordinary Springer

�bres (Proposition 1.4.2), minimal components in a generalised Springer �bre Bλp need
not to lie among the Richardson or even quasi-Richardson components, as we see in

examples. Thus, this construction yields some genuinely new smooth components.

In the end, in Section 5.5 we use the so-called crystal operators [Nak98, Sai02,

Sa06] to generate more smooth components of generalised Springer �bres. These

operators interchange between the irreducible components of di�erent generalised

Springer �bres. In general, they do not preserve smoothness of components, but we

prove that under some further assumptions on components they do. Thus, as there are

already existing families of minimal and Richardson smooth components, using the

crystal operators one could generate, in principle, many other smooth components.

Furthermore, as the crystal operators are also topologically well-described, we get

that smooth components obtained in this way are iterated Grassmann bundles on the

other smooth components. In particular, we believe that in this way one can recover

the topological description of components of ordinary Springer �bres Bλ when λ is of

hook type, given in [Fu03, Thm. 3.1].

14Recall by Theorem 1.4.1 that these are isomorphic groups.
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1.5 Symplectic cohomology of Conical Symplectic

Resolutions

This is joint work in progress with Alexander Ritter. The content of this section

summarises the results of Chapter 6. Although this chapter is self-contained, our

research on these topics is ongoing work. In particular, we highlight the technical

Assumptions 1 and 2 above Corollary 1.5.10 which we hope to lift in future work.

Consider a conical symplectic resolution (M, ϕ).We prove that there is an I-compatible

Kähler form ωI on M such that the S1-part of ϕ is a Hamiltonian action whose mo-

ment map H : M→ R is proper.

Recall the classical construction of symplectic cohomology:

De�nition 1.5.1. We say that a symplectic manifold (M,ω) is convex at in�nity

if there exists a compact set K and a symplectomorphism (M \ K,ωI) ∼= (Σ ×
[1,+∞), d(Rα)), where (Σ, α) is a contact manifold.

For such manifolds, the symplectic cohomology is de�ned as the direct limit

of Floer cohomologies

SH∗(M) := lim
F∈H(M)

HF ∗(F ), (1.2)

over a class H(M) of Hamiltonians that are linear at in�nity with respect to the

radial coordinate R. A Hamiltonian F is linear at in�nity when, outside of a compact

set, F = λR for some generic15 λ > 0. The morphisms between the Floer cohomologies

in the direct limit are given by the continuation maps, and are directed towards a

Hamiltonian with the larger slope λ. Thus, the limit lets λ→∞.
Following the ideas from Seidel's in�uential survey on symplectic cohomology

[Sei08], one may ask the following.

Question 1.5.2. Given a CSR (M, ωI),

(1) When is it convex at in�nity?

(2) Can one always construct its symplectic cohomology SH∗(M), and if yes,

what is it?

(3) Can one obtain a Morse-Bott spectral sequence that converges to SH∗(M)?

15Here generic means not equal to a period of the Reeb vector �eld for (Σ, α).

13



It turns out that (M, ωI) is almost never convex at in�nity. Indeed, to be

convex at in�nity the singularity 0 ∈M0 would have to be isolated, and the only such

examples are T ∗CP n, for n ≥ 2 and the minimal resolutions of Du Val singularities

C2/Γ, where Γ ≤ SU(2). The former cannot be convex at in�nity for dimension

reasons [R14, Rmk. in Sec. 11.1], whereas for the latter, the symplectic cohomology

is known to vanish [R10, Thm. 48] and the answer to question (3) is a�rmative by

McLean-Ritter [McLR18, Sec. 7].

Thus, in general, (M, ωI) is highly non-convex: there are usually many closed

holomorphic curves at in�nity. Therefore, constructing symplectic cohomology can

become rather di�cult. Our approach is to use a very natural class of Hamiltonian

functions, namely those arising as functions of the moment map of the S1-part of

ϕ, and to prove that symplectic cohomology is well-de�ned So, in Section 6.2 we

a�rmatively answer to question (2) above:

Theorem 1.5.3. For any CSR (M, ϕ), one can construct

SH∗(M, ωI , ϕ) := lim
F∈H(M,ϕ)

HF ∗(F ), (1.3)

and it is a Z-graded K-algebra with respect to the pair-of-pants product.

Here, K is the Novikov �eld and H(M, ϕ) is the set of ϕ-admissible Hamiltonians,

which outside of some compact set are linear functions F = λH of the moment map

H for ϕ, of generic16 slope λ > 0. In the above limit, we let λ→∞.

Remark 1.5.4. Another approach of constructing symplectic cohomology for CSRs

could be to show that (M, ωI) is geometrically bounded and apply Groman's [Gr15]

machinery. However, apart from di�culties of proving geometrical boundedness,

which is a necessary condition in order for Groman's symplectic cohomology to be

well-de�ned, in order to connect his work to ours one would also need to prove that our

Hamiltonians satisfy the dissipativity condition he imposes, which could be di�cult.

In particular, when the slope of F is small, HF ∗(F ) ∼= H∗(M)17 recovers the

ordinary cohomology, and as a part of the direct limit we have maps

cλ : H∗(M)→ HF ∗(Fλ),

where Fλ has slope λ. Using the computations from Section 6.3, In Section 6.4 we

prove:

16Here generic means not equal to a period of an S1-orbit.
17NB All cohomologies are assumed to be in K-coe�cients in this section.
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Proposition 1.5.5. For any CSR (M, ϕ), we have SH∗(M, ωI , ϕ) = 0.

This vanishing result implies that each class a ∈ H∗(M) has a �ltration value λ,

de�ned to be the in�mum of λ for which cλ(a) = 0. Therefore, we have the following

corollary:

Corollary 1.5.6. Given a CSR (M, ϕ), there is an associated �ltration Fϕ
λH

∗(M) by

ideals of the ordinary cohomology ring H∗(M),18 compatible with the cohomological

grading.

We remark here that there is an interest in �ltrations on cohomology of CSRs

in the representation-theoretic literature. Namely, in a recent paper [BeSch18], the

authors construct �ltrations on cohomologies of Springer �bres, which are, as we saw

in Section 1.4, one of the principal examples of (cores of) CSRs. Their �ltrations is

compatible with the cohomological grading, just as ours, so one can ask e.g. what

is the relation between these two �ltrations on the top degree of cohomology. In

particular, in the example of Springer �bre that corresponds to Du Val singularities of

type An, we �nd a choice of the C∗-action ϕ that yields (rank-wise) the same �ltration

as theirs. Apart from this, we remark also that, in the examples of resolutions of Du

Val singularities (and possibly for other symplectic quotient singularities C2n/Γ) this

Floer-theoretic method gives a re�nement of McKay correspondence.19

Choosing di�erent conical actions ϕ, this method yields a family {Fϕ
λ }ϕ of �ltra-

tions on H∗(M). We have developed tools to compute these �ltrations in examples,

and we believe that, for di�erent choices of ϕ, these should be di�erent, as suggested

by examples. Thus, although the symplectic cohomology SH∗(M, ωI , ϕ) does not

distinguish between the actions ϕ, the �ltrations Fϕ
λ should.

In Section 6.5 using the Morse-Bott argument, we compute explicitly the Floer

cohomology for pure Hamiltonians λH :

Proposition 1.5.7. For generic λ > 0,

HF ∗(λH) ∼=
⊕
α

H∗(Fα)[−µλ(Fα)].

Here, Mϕ = F = tαFα is the decomposition of ϕ-�xed locus of into connected

components, and µλ(Fα) are certain degree shifts that are calculable only by knowing

the weight-decomposition of the tangent space induced by the C∗-action ϕ. For small

18In general, this should be quantum-cup ideals, but for CSRs quantum cohomology is known to
be trivial, due to deformation of the complex structure I to an a�ne variety.

19As explained further in Remark 6.4.6.
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λ, these shifts become the Morse-Bott indices µα of Fα,20 thus in this model, the

continuation map cλ : H∗(M)→ HF ∗(Fλ) becomes⊕
α

H∗(Fα)[−µα]→
⊕
α

H∗(Fα)[−µλ(Fα)], (1.4)

This presentation of the continuation map gives some hope in understanding the

�ltration Fϕ
λH

∗(M) better. We discuss this in Section 6.10.1.

In Section 6.6 we construct a co�nal family of Hamiltonians {Hλ}λ of type Hλ =

c(H) with carefully chosen c : R → R that is convex and λ-linear at in�nity, which

admits a �ltration on their Floer chain complexes:

Theorem 1.5.8. Given a CSR (M, ϕ), one can construct a co�nal family of Hamil-

tonians Hλ of slope λ, and a �ltration on their Floer chain complexes CF ∗(Hλ), so

that the �xed locus Mϕ yields a subcomplex and the other 1-orbits are �ltered by the

value of H.

This was a tricky proof since we are in a highly non-exact setup: even at in�nity

we do not have the exactness needed to build a �ltration as in [McLR18, Sec. 6]. Our

new �ltration allows us to quotient out by the subcomplex of �xed points of ϕ, thus

obtaining the �positive symplectic cohomology� SH∗+(M, ωI , ϕ).

Corollary 1.5.9. Given a CSR M and an S1-action ϕ, there is a canonical isomor-

phism

SH∗−1
+ (M, ωI , ϕ)

∼=−→ H∗(M).

Thus, we get new cohomology models for the ordinary cohomology of a CSR

M, labelled by its conical C∗-actions ϕ, whose chain level generators involve certain

Hamiltonian S1-orbits. In the special case of resolutions of Du Val singularities this

leads to the McKay correspondence via Floer theory [McLR18]. Corollary 1.5.9 is

interesting especially as the singular cohomology of CSRs is not yet classically under-

stood. Even for the case of quiver varieties, only recently a set of ring-generators for

its singular cohomology was obtained by McGerty-Nevins [MN18].

As usual in homological algebra, the �ltration on the chain complex CF ∗(Hλ)

induces a spectral sequence Epq
r that converges to its homology,

Epq
r ⇒ HF k(Hλ), where E

pq
1 =


Hq(M), p = 0,

HF k
loc(Op, Hλ), p < 0,

0, otherwise

(1.5)

20Recall by [AB83, Ki84] that the moment map H of an S1-action on a Kähler manifold is a
Morse-Bott function, thus Fα are its critical submanifolds.
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Here, the Op are parametrised 1-periodic orbits of Hλ appearing on an energy level

Sp = {x | H = Hp} and HF k
loc(Op, Hλ) is their local Floer cohomology, that counts

only the Floer cylinders between solutions in Op. By k = p+q we denote the total de-

gree. Here we are using the Morse-Bott model for Floer cohomology of HF ∗(Hλ)

instead of standard one (given by a time-dependent perturbation). The reason is that

the perturbation in principle may ruin our �ltration on the chain complex CF ∗(Hλ).

Bourgeois-Oancea [BO09a, BO09b] shown that, in the case when manifolds of 1-orbits

are circles, these two models compute the same Floer cohomology. We believe that

their reasoning extends for more general Morse-Bott manifolds (i.e. not only circles),

but proving that would be rather a substantial amount of work and is outside of scope

of this thesis. Hence, we will make it as an assumption.

Assumption 1. Morse-Bott Floer complex for Hamiltonian Hλ computes the same

Floer cohomology as the one obtained from a time-dependent perturbation.

Denote by Bϕ
p := {x(0) | x ∈ Op} ⊂ Sp, the manifold of 1-orbits of Hλ in the slice

Sp and split it into connected components Bϕ
p = tBϕ

p,c. The recent work [KwKo16] of

Kwon-van Koert proves that, under certain assumptions for the manifolds of 1-orbits

Bϕ
p,c, the local Floer cohomology above is isomorphic to the Morse, hence ordinary

cohomology, with a certain degree shift. We prove all those assumptions in our

setup, except for the very restrictive symplectic triviality (ST) condition that asks for

symplectic triviality of the tangent bundle of the ambient space restricted to manifolds

Bϕ
p,c. It is actually unlikely that this condition is satis�ed for CSRs. Thus, one would

have to bypass it somehow, which we leave for some future work. For now, we put

the result [KwKo16, Prop. B.4] of Kwon-van Koert as an assumption.

Assumption 2. HF ∗loc(Op, Hλ) ∼=
⊕

cH
∗−µ(Bϕp,c)(Bϕ

p,c).

Now, letting λ to go to in�nity in (1.5), we obtain the following in the direct limit:

Corollary 1.5.10. Given a CSR (M, ϕ), under Assumptions 1 and 2, there is a

convergent spectral sequence

E(ϕ)pqr ⇒ SHk(M, ωI , ϕ), where E(ϕ)pq1 =


Hq(M), p = 0,⊕

cH
∗−µ(Bϕp,c)(Bϕ

p,c), p < 0,

0, otherwise.
(1.6)

Thus, the answer to Question 1.5.2(3) is a�rmative.
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The importance of these spectral sequences is that from them one can read-o� the

�ltrations Fϕ
λH

∗(M) on ordinary cohomology obtained in Corollary 1.5.6. Denote by

Tp the period of 1-orbits in Bp when seen as orbits of H (recall Hλ = c(H)).

Proposition 1.5.11. The �ltration Fϕ
λH

∗(M) by slope λ is the subspace of the 0-th

column of E(ϕ)p,qr given as the image of the edge-di�erentials arising from the columns

p that have Tp ≤ λ.

One can compute the cohomologies of the manifolds Bϕ
p,c in practice by viewing

them as hypersurfaces at in�nity of the submanifolds that consist of Z/m-isotropic

points under the ϕ-action. We also obtain the formula for degree shifts µ(Bp,c) that

one can use in practice, knowing only the S1-weight decomposition of the tangent

spaces of the �xed locus Mϕ. We prove some further properties of the spectral se-

quences E(ϕ)p,qr , such as that they are periodic (with a downward shift) and also

central-symmetric within the periodic blocks.

With the last paragraph in mind, one can compute the E1-page of the spectral

sequence in the examples. In particular, in Section 6.9 we compute the spectral

sequences for generalised Springer resolutions of type A, minimal resolutions of Du Val

singularities and resolutions of ordinary Slodowy varieties S̃λ, for certain partitions

λ.

In the end we mention that one can generalize this construction of symplectic

cohomology beyond CSRs. We brie�y explain it now and refer the reader to Section

6.10.2 for details. Consider a pseudoholomorphic S1-equivariant proper map

S1 ϕ
y (M,I)

π ↓

S1 ϕ
y (X,J)

such that (M, ωI , I) is a Kähler manifold with a holomorphic C∗-action ϕ whose

S1-part is a Hamiltonian action with moment map H, and (X,ω, J), is a symplectic

manifold that is convex at in�nity, for which the S1-action is J-holomorphic and agrees

with the Reeb �ow. There are a lot of interesting examples that fall in the realm of

this de�nition, extending CSRs, like equivariant resolutions of singularities of a�ne

varieties; in particular of weighted homogeneous singularities. Moreover, celebrated

Moduli space of Higgs Bundles [Hi87] are also examples of this construction.
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In this setup one can, analogously to Theorem 1.5.3,21 de�ne symplectic cohomol-

ogy as a direct limit of Floer cohomologies

SH∗(M, ωI , ϕ) := lim
F∈H(M,ϕ)

HF ∗(F ),

where H(M, ϕ) is the class of Hamiltonians F : M → R which at in�nity are linear

functions of H.

Assuming further that c1(M) = 0 and that the C∗-action acts with a positive

weight on the canonical bundle K of M, analogously to Proposition 1.5.5, one can get

the vanishing result

SH∗(M, ωI , ϕ) = 0,

from which one gets a �ltration of QH∗(M) by quantum-cup ideals.22 Without the

assumption about the C∗-action on the canonical bundle, one could possibly get some

interesting non-vanishing symplectic cohomologies SH∗(M, ωI , ϕ).

The �ltration constructed in Theorem 1.5.8 uses the �ltration functional on CN

which is the special case of the functional de�ned in [McLR18, Sec. 6] for any symplec-

tic manifold convex at in�nity. Thus, by analogous arguments as for CSRs, one can

obtain Hamiltonians Hλ on M whose Floer chain complexes are �ltered, hence induce

the positive symplectic cohomology SH∗+(M, ωI , ϕ) and Morse-Bott Floer spectral se-

quences

E(ϕ)p,qr ⇒ SH∗(M, ωI , ϕ).

Still, in order to compute these spectral sequences in practice, one has to deal with

the technical issues, which we have already encountered for CSRs (recall Assumption

1 and Assumption 2). For now, we hope to �nd an argument that proves or bypasses

this assumptions for CSRs, but it could be possible to �nd one that also works for

the general setup described in this section.

1.6 Statement of originality

The work written in this thesis is independent work of the author, except for (by the

order in the thesis):

� Section 2.1, which is a brief review on Conical Symplectic Resolutions taken

from the literature, except for Remark 2.1.2 that came out of discussion with

Nicholas Proudfoot, and De�nition 2.1.14 that is from the author.

21Where for the role of (X,ω) we use (CN , ωCN ), as M0 is a�ne, hence embeds C∗-equivariantly
into CN .

22Recall that for CSRs quantum product is just the cup product.
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� Lemma 3.1.5, that was pointed out to the author by Alexander Ritter and Kevin

McGerty.

� Proposition 3.3.2, that was pointed out to the author by Nigel Hitchin.

� Section 4.1 which is a review on Quiver Varieties taken from work of Hiraku

Nakajima [Nak94a].

� Proposition 4.3.22, whose second part is due to Hiraku Nakajima.

� Section 5.1 which is a review on basics of Springer theory, taken from various

sources.

� Sections 5.3.1, 5.3.2, 5.4.1, 5.4.2 which are reviews on some relevant topics in

Springer theory, taken from the papers by Pagnon-Ressayre [PaRe06], Brundan-

Ostrik [BrOs11] and Fresse [Fr09a].

� Section 5.5.1, which is a review on some basic facts about crystal operators,

taken from [Sa06] and [Kas95].

� Proposition 5.5.7 which was proved by Kevin McGerty.

� Chapter 6 which is joint work with Alexander Ritter.

In addition, the author would like to thank (in the alphabetical order):

� Lucas Fresse for suggestions that motivated Section 5.4.4.

� Ádám Gyenge for pointing out the paper [CaGo83] to the author.

� Dominic Joyce for:

� Pointing out Lemma 2.1.7.

� Pointing out Example 2.2.10, which motivated De�nition 2.2.11.

� Suggesting computing the shift µ in Theorem 3.3.5.

� Pointing out that the previous version of Theorem 3.3.14 was false, along

with the counterexample to it, given in Remark 3.3.15.

� Kevin McGerty for a suggestion that led to Proposition 3.2.2, in addition to

already existing Proposition 3.2.3.

� Alexander Ritter for suggesting considering Floer cohomologies for two minimal

Lagrangians (Theorem 3.3.5).
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� Paul Seidel, for:

� Pointing out Proposition 2.2.6 to the author.

� The idea that led to Proposition 6.1.2 and its proof.

� Pointing out the �ltration (6.13) along with Proposition 6.4.7 to the author.

� Nicholas Wilkins, for suggesting a generalisation outlined in Section 6.10.2.
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Chapter 2

On Conical Symplectic Resolutions

In this chapter we de�ne Conical Symplectic Resolutions, list their examples and

prove some of their general features that we are going to use later in the text.

2.1 Basics

We will �rst give the de�nition and list examples of conical symplectic resolutions,

taken from [BPW16, Sec. 2]. For any algebraic geometric language, we always assume

that the ground �eld is C.

De�nition 2.1.1. A conical symplectic resolution (CSR) is a smooth complex-

symplectic variety (M, ωC) which is a C∗-equivariant projective resolution of a normal

singular a�ne variety M0

C∗
ϕ
y M

π ↓

C∗
ϕ
y M0

(2.1)

such that under the C∗-action ϕ the symplectic form ωC has a weight k ∈ N

t · ωC = tkωC

which we call the weight of the action ϕ, and the C∗-action contracts M0 to a

single �xed point x0 ∈M0 :

∀x ∈M0, lim
t→0

t · x = x0.

We will call such C∗-actions conical. Algebraically, it means that the coordinate ring

of M0 has a non-negative grading

C[M0] =
⊕
n≥0

C[M0]n,
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such that C[M0]0 = C. Here, the weight space C[M0]n denotes the subspace of

C[M0] consisting of functions of weight n under the induced pull-back action.1

The �bre over the �xed point

L := π−1(x0)

is called the core of M.

Notice that our de�nition of CSR is slightly di�erent from the original one from

[BPW16, Sec. 2], as we require M0 to be singular, in order to exclude the trivial

example C2n → C2n,2 which is non-interesting for the material written in this thesis.

Namely, its core is just a point, so there are no Lagrangians in it (the content of

Chapter 4). Also, its S1-invariant Kähler structure is exact and Liouville indeed, so

the content of Chapter 6 is already established for this example (see [Oan04, Sec. 3]).

Notice further di�erence from the original de�nition of CSR, that we do not require

M0 to be the a�nisation A�(M) := Spec(Γ(M,OM)) of M, although we do require

M0 to be a normal variety. However, one can prove that these two de�nitions are

equivalent:

Lemma 2.1.2. In De�nition 2.1.1 of CSR, requiring M0 to be normal is equivalent

to requiring for M0 to be the a�nisation of M.

Proof. Assume that M0 is the a�nisation on M. Then, the coordinate rings C[M] :=

Γ(M,OM) and C[M0] are isomorphic. Being smooth, M is normal, thus its local rings

OM,p are integrally closed. As an intersection of integrally closed rings, the coordinate

ring C[M] = ∩p∈MOM,p is also integrally closed. It follows that the coordinate ring

of M0 is integrally closed. Since M0 is a�ne, this implies that it is normal.

Assume now that M0 is normal. As M0 is a�ne, we have a factorization of π

through the a�nisation map, M → A�(M) → M0, thus it is enough to show that

the second map is an isomorphism. One of the properties of the a�nisation map

is that complete connected subvarieties get shrunk to points. In particular, as the

�bres of π : M → M0 are connected (Proposition 2.1.11) and projective (since π is

projective), they shrink to points via the map M → A�(M), which yields that the

map g : A�(M) → M0 is a bijection, in particular, has �nite �bres. Moreover, it

is birational as M → M0 is. Thus, one can use a variant of Zariski's main theorem

1I.e. satisfying (t · f)(x) = f(t · x) = tnf(x).
2And indeed this condition only excludes C2n. Namely, having a smooth a�ne variety M0 with

a C∗-action that contracts it to a single point, by the Biaªynicki-Birula decomposition (Theorem
2.3.3) applied to its C∗-invariant compacti�cation (which exist by [Su74, Thm. 1]), we get that it
must be an a�ne space indeed.
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which states that a birational morphism with �nite �bres to a normal variety is an

isomorphism onto an open subset. Hence, g is isomorphism to an open subset of M0,

thus being surjective, it is an isomorphism indeed. �

Remark 2.1.3. We remark that although the de�nition of a conical symplectic resolu-

tion comes from [BPW16], these objects were already considered by various authors,

most notably Kaledin [Ka06, Ka08, Ka09] and Namikawa [Nam08, Nam11].

Given a CSR M there could be (and in general there are) more C∗-actions ϕ that

�t into the de�nition above. Fixing such an action ϕ, we will denote the CSR by

(M, ϕ). We de�ne a special type of CSRs on which we will be focused in search for

exact Lagrangians (Chapter 3).

De�nition 2.1.4. A weight-1 CSR is a conical symplectic resolution M which has

a weight-1 conical action.

The known examples of CSRs to date are:

1. Minimal resolutions of Du Val singularities, i.e. C̃2/Γ → C2/Γ, where Γ ≤
SL(2,C). They are weight-1 CSRs.

2. Hilbert schemes of n-points Hilbn(C̃2/Γ)→ Symn(C2/Γ) on those minimal res-

olutions. They are weight-1 CSRs.

3. M = T ∗(G/P ) for a semisimple3 algebraic group G and a parabolic subgroup

P, and M0 is the a�nisation of this variety. There is a �nite morphism from

M0 to a nilpotent orbit closure; in type A this map is an isomorphism.4 These

are weight-1 CSRs.

4. M is a hypertoric variety associated to a simple, unimodular hyperplane ar-

rangement [BD00, Pro08]. They are weight-1 CSRs if the arrangement is coloop-

free [HP04].

5. Nakajima quiver varieties. They are weight-1 CSRs when the underlying graph

has no edge-loops [Nak94a].

3Considering more general reductive groups instead, one actually does not get more examples.
Namely, given a reductive group G, one passes to the adjoint quotient Gad := G/Z(G), which is
semisimple indeed (here Z(G) is the centre of G). Now, denoting by P ′ the image of P in Gad it is
immediate that P ′ ≤ Gad is parabolic and G/P ∼= Gad/P

′.
4In detail: The image of the moment map µ : T ∗(G/P )→ g∗ ∼= g of G-action on T ∗(G/P ) is the

closure OP of a nilpotent orbit OP ⊂ g (here, isomorphism g∗ ∼= g is provided by Killing form, as
g is semisimple). Then, it is known that the induced map M0 → OP is generically �nite. If it is
generically 1-1, it is the normalization map of OP .
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6. Resolution of a transverse slice to one Schubert variety Grµ in an a�ne Grass-

mannian inside another Grλ. When λ is a sum of minuscule coweights, this

variety has a natural conical symplectic resolution constructed from a convolu-

tion variety.

7. Higgs/Coulomb branches of moduli spaces [Nak15, BFN16].5

Now we will give a couple of general topological facts about conical symplectic

resolutions.

Firstly, given a CSR M of complex dimension 2n, we have that the top exterior

power ωnC of its complex-symplectic form ωC trivialises the canonical bundle K :=

Λ2n,0T ∗M. Using the general fact that c1(K) = c1(T ∗M) = −c1(TM), this implies:

Lemma 2.1.5. Any CSR M satis�es c1(TM, I) = 0, where I is its complex structure.

Moreover, we notice that the complex-symplectic structure on M can be upgraded

to an almost hyperkähler structure, which we de�ne now:

De�nition 2.1.6. Given a manifold M an almost hyperkähler structure on it is

given by the quadruple (g, I, J,K), where g is a Riemannian metric and I, J,K are g-

orthogonal almost complex structures satisfying IJ = K. This yields non-degenerate

2-forms ωI , ωJ , ωK , de�ned by ωS(·, ·) := −g(·, S·), for S = I, J,K. Almost hyperkäh-

ler structure is called hyperkähler if we have ∇gI = ∇gJ = ∇gK = 0, where ∇g is

the Levi-Civita connection of g. In particular, this implies that I, J,K are complex

structures and ωI , ωJ , ωK are Kähler forms.

Lemma 2.1.7. Any CSR (M, I, ωC) can be enriched with an almost hyperkähler struc-

ture (g, I, J,K), such that ωC = ωJ + iωK . In particular, we have that the almost

complex structures St := costJ + sintK satisfy c1(TM, St) = 0.

Proof. Brie�y, a complex-symplectic structure on a complex manifold of dimension

2n corresponds to a (torsion free) Sp(2n,C)-structure on tangent bundle ofM, and an

almost hyperkähler structure to a Sp(n)-structure, and the key thing is that Sp(2n,C)

deformation retracts to Sp(n) = Sp(2n,C)∩U(2n), hence a CSR can be enriched with

an almost hyperkähler structure indeed. Now we will explain this in more details, for

the convenience of the reader.
5Strictly speaking, the objects of a Coulomb branch are only M0, a�ne Poisson varieties with

conical actions. When such an object has a symplectic resolution, it is a CSR.
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Firstly, having a complex symplectic structure ωC on M, we have local trivialisa-

tions of π : TM →M, given by Darboux bases, i.e. vector �elds {ei, fj}i=1...n,j=1...,n

such that ωC(ei, ej) = ωC(fi, fj) = 0, ωC(ei, fj) = δij. Given two such trivialisations

ϕi : π−1(Ui)→ Ui × C2n, ϕj : π−1(Uj)→ Uj × C2n,

on their overlap we have

ϕj ◦ ϕ−1
i : (Ui ∩ Uj)× C2n → (Ui ∩ Uj)× C2n,

(b, v) 7→ (b, gij(b)v),

where the transition functions gij(b) ∈ Sp(2n,C). Thus, one gets an associated

Sp(2n,C)-principal bundle P → M using the transition functions gij. As Sp(2n,C)

deformation retracts to its compact form Sp(n), the quotient Sp(2n,C)/Sp(n) is con-

tractible, hence by [Hu94, Cor 2.4, Ch. VI] there is a Sp(n)-reduction of P, that

is, a principal Sp(n)-bundle Q such that P ∼= Q ×Sp(n) Sp(2n,C). Then, by [Hu94,

Thm. 4.1, Ch. VI],6 that means that there are maps ri : Ui → Sp(2n,C) such that

rj(b)gij(b)ri(b)
−1 ∈ Sp(n), for every i, j. Next, denote

r̃i : Ui × C2n → Ui × C2n, (b, v) 7→ (b, ri(b)v)

and de�ne new local trivialisations ϕ̃i := r̃i ◦ ϕi of TM. Then, for all i, j we have

ϕ̃j ◦ ϕ̃−1
i : (Ui ∩ Uj)× C2n → (Ui ∩ Uj)× C2n,

(b, v) 7→ (b, rj(b)gij(b)ri(b)
−1v),

thus, as rj(b)gij(b)ri(b)−1 ∈ Sp(n), we get a Sp(n)-structure on TM. Now we will

show that it yields an almost hyperkähler structure (g, I, J,K) on M, whose complex-

symplectic part is the given one, ωC = ωJ + iωK .

Denote by (g0, I0, J0, K0, ω0
C) the standard corresponding structures on C2n ∼= Hn.

First, notice that ϕ∗iω
0
C = ωC, and ϕ∗i I

0 = I (where pull-back is understood �bre-wise,

ϕi : TbM → {b} × C2n), as we have used complex Darboux basis for de�ning ϕi. As

r̃∗iω
0
C = ω0

C, r̃
∗
i I

0 = I, we have ϕ̃∗iω
0
C = ωC, ϕ̃

∗
i I

0 = I as well.

Next, we de�ne structures on M using the pull-back from local trivialisations ϕ̃i :

g := ϕ̃∗i g
0, J := ϕ̃∗iJ

0, K := ϕ̃∗iK
0.

They are well-de�ned (i.e. independent of i) as the transition functions ϕ̃j ◦ ϕ̃−1
i �bre-

wise lie in Sp(n), in particular, preserve g0, J0, K0.Moreover, together with I and ωC,

6Notice the slight di�erence between stated therein and here, as our transition function gij is
their g−1

ij and we take ri to be their r−1
i .
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they form an almost hyperkähler structure on M, being a pull-back of the standard

almost hyperkähler structure on C2n. This proves the �rst part of the lemma.

Now, notice that given a vector u = (uI , uJ , uK) ∈ S2, a linear combination

Su = uII + uJJ + uKK

is an almost complex structure.7 Thus, we get a smooth S2-family of almost complex

structures Su, hence corresponding complex vector bundles (TM, Su) are all isomor-

phic,8 and together with Lemma 2.1.5 we get c1(TM, Su) = 0. In particular, we have

c1(TM, St) = 0 for St = costJ + sintK. �

Now we will consider the topology of �bres of CSRs. Fibres of projective reso-

lutions are in general singular,9 thus carry a mixed Hodge structure. However, in

the case of symplectic resolutions their Hodge structure is pure and concentrated in

(p, p)-classes, due to Kaledin. In particular, this applies to CSRs:

Theorem 2.1.8. [Ka06, Prop. 2.12] Let F be a �bre of a CSR π : M→M0. For all

odd k we have Hk(F,C) = 0, while for even k = 2p the Hodge structure on Hk(F,C)

is pure of weight k and Hodge type (p, p). In particular, this is true for π−1(0) = L.

As the C∗-action contracts M0 to a point, it also contracts M to π−1(0) = L.

Although it is not a deformation retraction (C∗ acts non-trivially on L), the argu-

ment from [BPW16]10 proves a homotopy equivalence, which then together with the

previous theorem gives an information on cohomology of M itself:

Corollary 2.1.9. [BPW16, Prop. 2.5] Let M be a CSR. The inclusion L ⊂ M is

a homotopy equivalence. Thus, for all odd k we have Hk(M,C) = 0, while for even

k = 2p we have H2p(M,C) = Hp,p(M,C).

Remark 2.1.10. Corollary 2.1.9 is independently proved for quiver varieties by Naka-

jima, even using the integer coe�cients for cohomology [Nak01, Sec. 7]. The argu-

ment therein uses an explicit decomposition of the diagonal of the �xed loci of the

C∗-action. Similar arguments for general CSRs are written in Kaledin's work [Ka08,

Thm. 1.9, Cor. 1.10] and later in Ginzburg's work [Gi15, Sec. 9], though these

arguments in general only apply to rational11 coe�cients.

7Indeed, to prove it, one needs the relations IJ = −JI, JK = −KJ, KI = −IK which follow
from I2 = J2 = K2 = −Id and K = IJ.

8As S2 is path-connected.
9As they usually consist of few irreducible components, which may be singular as well.
10See also [Slo80, Prop. 1, Sec. 4.3].
11Thus, any characteristic 0 �eld.
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It is not known, apart from quiver varieties, whether general CSRs indeed have free

and even-only cohomology over integer coe�cients. They certainly do, when there

is another C∗-action on M that commutes with the given one and has �nitely many

�xed points,12 as in that case the core L would be preserved by this action, and paved

by the a�ne spaces (e.g. by Biaªynicki-Birula decomposition applied to the projective

completion of M as in Corollary 2.3.4), so the claim about cohomology follows from

e.g. [Ja04, Sec. 12.2].

It is also true that the �bres of a CSR π are connected. In order to prove it, we

use normality of M0.

Proposition 2.1.11. [Ka19] Given a CSR π : M→M0, the �bres of π are connected.

Proof. Take a Stein factorisation of π, that is: there is a variety M′
0 and morphisms

π′ : M→M′
0 and g : M′

0 →M0 such that π = g ◦ π′, the �bres of π′ are connected,
and g is a �nite morphism. As π is birational, so is g, but then (a variant of) Zariski's

main theorem states that g, being a birational morphism with �nite �bres to a normal

variety, is an isomorphism onto an open subset of M0. As π is surjective, the same

holds for g. Hence, g is an isomorphism, thus all �bres of π are connected. �

Thus, in particular the core L = π−1(0) is connected. As M is homotopy equiva-

lent to it (Corollary 2.1.9), we immediately have:

Corollary 2.1.12. Any CSR M is connected.

It is known (due to Kaledin-Verbitsky [KaVe02, Thm. 1.1] and Namikawa [Nam08])

that, as a symplectic variety, any CSR M has a (topologically trivial) deformation

whose base is H2(M,C) and whose generic �bre is an a�ne algebraic variety. In such

varieties, there are no I-holomorphic spheres so the quantum product is equal to the

usual (cup) product. As the quantum product is preserved under deformations of the

complex structure, we have the following corollary:

Proposition 2.1.13. There is a ring isomorphism QH∗(M) ∼= H∗(M,K), where K
is a Novikov �eld13 over an arbitrary �eld.

12This is not an unusual setup � the CSRs with this additional C∗-action were considered in
[BLPW16].

13See De�nition A.1.1.
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2.1.1 Hyperkähler conical symplectic resolutions

For compact Kähler manifolds, by Yau's theorem (together with a Bochner's formula

and Berger's holonomy classi�cation) the presence of a holomorphic symplectic form

ωC guarantees the existence of a Kähler form ω such that ω,Re(ωC), Im(ωC) is a

hyperkähler structure. However, it is not known whether this also holds in our non-

compact setting. That motivates the next de�nition:

De�nition 2.1.14. Let (M, ωC) be a CSR. We call it a hyperkähler conical sym-

plectic resolution and abbreviate by HKCSR if there is a hyperkähler structure

(M, ωI , ωJ , ωK) on it such that:

(1) The complex structure on M is I

(2) The holomorphic symplectic form ωC of M is equal to ωJ + iωK ,

(3) The S1-part of the C∗-action acts by isometries, hence preserves ωI .

On such CSRs we will only consider C∗-actions satisfying condition (3). When such

actions are also conical, we will call them HK conical actions.

In fact, all known CSRs ((1)-(7) from Section 2.1) are known to be HKCSR, and

they have a HKCSR action. It seems that there is a deep reason why this holds, and

why it may hold in general. Hopefully the future literature on CSRs will reveal this

phenomenon.

2.2 Symplectic structures on conical symplectic

resolutions

In this section we describe real symplectic structures on conical symplectic resolutions.

Thus we will assume that symplectic forms are real, unless otherwise stated.

2.2.1 Canonical Liouville structure on a CSR

In this section we construct a canonical Calabi-Yau Liouville structure on a given CSR

(M, ϕ).Moreover, we prove that di�erent commuting conical actions yield isomorphic

Liouville structures. Let us start with a de�nition of Liouville manifolds:
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De�nition 2.2.1. A Liouville manifold (M,ω) is a non-compact exact symplectic

manifold ω = dθ which has a compact submanifold K ⊂M with boundary, such that

there is a symplectomorphism

(M \ int(K), ω) ∼= (Σ× [1,+∞), d(Rα)) (2.2)

where Σ = ∂K, α = θ|Σ, R is the coordinate on [1,∞], and Rα pulls back to θ via the

symplectomorphism. The subsetM \ int(K) ∼= (Σ× [1,+∞)) we will call the convex

end. The �ow of the vector �eld Z de�ned by iZω = θ is called the Liouville �ow

of the Liouville manifold (M, ω). Its Lie derivative satis�es LZω = ω. The Liouville

skeleton is the set of points in M which do not escape every compact set under the

Liouville �ow.

Motivated by the last de�nition, any vector �eld Z on a symplectic manifold

(M,ω) satisfying LZω = ω we call a Liouville vector �eld. We have the following

useful lemma for �nding a Liouville manifold structure on an arbitrary open symplec-

tic manifold.

Lemma 2.2.2. A symplectic manifold (M,ω) such that

1. There is a hypersurface Σ = ∂K that bounds a compact submanifold K.

2. There is a Liouville vector �eld Z de�ned on M which is positively-integrable

and non-zero outside of int(K).

3. Z t TΣ with Z pointing outside of K.

is a Liouville manifold.

In the setup of this lemma, the coordinate R appearing in De�nition 2.2.1 is

exactly R = et, where t > 0 is the time needed to �ow via the vector �eld Z starting

from Σ, in order to reach the given point. In particular, Σ = {R = 1}. Moreover,

by the Cartan formula LZω = d(iZω) + iZ(dω) = d(iZω), we see that we can de�ne

θ = iZω.

Next we de�ne isomorphisms between two Liouville manifolds.

De�nition 2.2.3. A Liouville isomorphism between Liouville manifolds (M1, dθ1)

and (M2, dθ2) is a di�eomorphism ψ : M1 →M2 satisfying ψ∗θ2 = θ1 + df where f is

compactly supported. It is immediate that any such ψ is symplectic, and compatible

with the Liouville �ow at in�nity.
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Let M be a manifold. Given a 1-form θ on it such that dθ =: ω is symplectic,

together with a compact hypersurface Σ, such that the vector �eld Z de�ned by

iZω = θ satis�es the conditions from Lemma 2.2.2, (M,dθ) is a Liouville manifold.

Thus, assuming those conditions are satis�ed, we will call the pair (M, θ) a Liouville

structure on M.

There is a deformation lemma of Moser type for Liouville structures which we will

need:

Lemma 2.2.4. [SeiSm05, Lem. 5] Let (M, θt)0≤t≤1 be a smooth family of Liouville

structures on M having the same hypersurface Σ. Then all the (M,dθt) are mutually

Liouville isomorphic.

Remark 2.2.5. We remark that, what we call Liouville manifold here, in [SeiSm05,

Sec. 2] is called a complete �nite type convex symplectic manifold, de�ned as a triple

(M, θ, φ), where φ : M → R is a smooth exhausting function, such that the Liouville

�ow Z of θ is positively-integrable and there is a constant c0 such that the level

sets φ−1(c) are transversal to Z for c ≥ c0. Given a Liouville manifold (M,dθ), one

can turn it into this setup, by choosing φ := log(R) on the convex end (where R is

the radial coordinate, recall De�nition 2.2.1), and smooth it out on its complement

by a cut-o� function. Then, having the family of Liouville structures (M, θt), one

immediately has that the corresponding triples (M, θt, φt) make a complete �nite type

convex symplectic deformation, which is the condition of cited [SeiSm05, Lem. 5] that

ensures Liouville isomorphisms between (M,dθt).

Proposition 2.2.6. Any CSR (M, ϕ) has a canonical Calabi-Yau Liouville manifold

structure (M, ωJ,K), with symplectic form ωJ,K being any non-zero linear combination

of the real ωJ and imaginary ωK part of its holomorphic symplectic form ωC = ωJ +

iωK , and its Liouville vector �eld being the 1/k-multiple of the vector �eld of the R+-

action, where k is the weight of the C∗-action ϕ. Moreover, the Liouville skeleton is

exactly the core L.

Proof. As ϕ is a weight-k action, we have that t · ωC = tkωC for every t ∈ C∗. Using
the real values of t and taking a derivation this gives us LXR+

ωC = kωC, where XR+

is the vector �eld of the R+-part of the action. Therefore, the vector �eld Z := 1
k
XR+

satis�es

LZωC = ωC,

which gives LZωJ = ωJ and LZωK = ωK . The candidate for the hypersurface Σ can

be found using the homogeneous generators fi of the coordinate ring C[M0]. Let their

31



weights be wi respectively, and denote by w their least common multiple. De�ne the

polynomial on M

Φ := π∗(
∑
i

|fi|
2w
wi ). (2.3)

As π is C∗-equivariant and the polynomials fi have weights wi, denoting the C∗-action
on M by ϕt we have ϕ∗tΦ = |t|2wΦ, thus LZΦ = 2wΦ. As LZΦ = dΦ(Z), we see that

0 is the only singular value of Φ, and hence for any Φ0 > 0 the hypersurface

Σ := Φ−1(Φ0)

is smooth. As dΦ(Z) = 2wΦ, the pair (Σ, Z) satis�es the conditions from Lemma

2.2.2, with respect to an arbitrary linear combination aωJ + bωK of symplectic forms,

thus yields Liouville structures for each of them. The unital linear combinations ωt =

cos tωJ + sin tωK are all Liouville isomorphic due to Lemma 2.2.4. Moreover, scaling

of the symplectic form does not change the Liouville structure, thus we conclude that

there is a canonical Liouville structure (M, ωJ,K) on a CSR (M, ϕ). The Calabi-Yau

property of forms ωJ,K is due to Lemma 2.1.7.

We comment that the choice of the homogeneous generators does not a�ect the

obtained Liouville structure, as one uses the same vector-�eld, hence can get a sym-

plectomorphism between the corresponding convex ends. Indeed, denote by Φ0 and Φ1

two polynomials obtained by the formula (2.3) by using two di�erent sets of homoge-

neous coordinates. Now, choose two hypersurfaces Σ0 := Φ−1
0 (c0) and Σ1 := Φ−1

0 (c1).

The �ow of the Liouville vector �eld Z yields a contactomorphism

Ψ : (Σ0, α0 := θJ,K |Σ0)→ (Σ1, α1 := θJ,K |Σ1), Ψ∗α1 = efa0, (2.4)

where f = f(y) is the time of the Liouville �ow that takes from point y ∈ Σ0 to

hit Σ1. The equality in (2.4) is due to LZθJ,K = θJ,K and the fact that α0 and α1

are restrictions of θJ,K . Finally, Ψ induces a symplectomorphism φ of di�erent convex

ends (Σ0 × [1,+∞)) and (Σ1 × [1,+∞)), de�ned by

φ : (er, y)→ (er−f(y),Ψ(y)).

In the end, the statement that L is the skeleton follows immediately from the proof

of Corollary 2.3.4 (equation (2.8)). �

In particular, as the family (M, ωJ,K) of Liouville structures are mutually Liouville

isomorphic, all corresponding symplectic cohomologies SH∗(M, ϕ, ωJ,K) are mutually

isomorphic (see Appendix A.2.1). In fact, the proof of Proposition 2.2.6 gives their

description:
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Corollary 2.2.7. Given any CSR (M, ϕ), its symplectic cohomology can be repre-

sented

SH∗(M, ϕ, ωJ,K) = HF ∗(M,Φ, ωJ,K)

as the Floer cohomology of the polynomial Φ =
∑

i |π∗(fi)|
2w
wi obtained by lifts π∗(fi)

of a set fi of ϕ-homogeneous generators of the coordinate ring C[M0]. Here wi is the

weight of fi, and w = lcm(wi).

Proof. By the proof of Proposition 2.2.6 we have LZΦ = 2wΦ, and we claim that this

implies that Φ = Φ0R
2w. Indeed, the given equation implies that ∂R log Φ = 2w/R

(as Z = R∂R), therefore the Liouville �ow maps the level set Σ = Φ−1(Φ0) to another

level set of Φ. This implies that in the Σ × [1,∞) coordinates from (2.2), Φ is

constant in the TΣ directions. Thus the Z-directional derivative equation is enough

to determine Φ, as claimed. Finally, Φ = h(R) is an admissible Hamiltonian such

that lim
R→+∞

h′(R) = +∞, so its Floer cohomology HF ∗(M,Φ) gives the symplectic

cohomology by de�nition (Appendix A.2.1). �

Remark 2.2.8. In particular, computing the exact symplectic cohomology SH∗(M, ϕ, ωJ,K)

is an interesting question in itself. Apart from the case of cotangent bundles of

generalised �ag manifolds T ∗Bp (which is computable due to Viterbo isomorphism

[Vi96, Ab15]), amongst all CSRs the exact symplectic cohomology is computed only

for resolutions of Du Val singularities of type A and D, due to Etgü-Lekili [EL17,

Cor. 42 and Cor. 46], where they have used Legendrian surgery techniques [BEE12]

as a means of computation.

Next, we show that the Liouville structure constructed in Proposition 2.2.6 does

not depend on the choice of the conical action, amongst the commuting ones.

Proposition 2.2.9. Given a CSR M, two di�erent conical actions that commute

yield isomorphic Liouville structures.

Proof. Let us have two conical actions ϕ0 and ϕ1 on M that commute and have

weights k1 and k2 respectively. As in Proposition 2.2.6, 1/k0 and 1/k1-multiples of

their R+-vector �elds yield two Liouville vector �elds Z0 and Z1, with respect to linear

combinations aωJ + bωK of symplectic forms. As we proved in the same proposition

that a choice of (a, b) does not impact on the Liouville structure, we will use the form

ωJ for simplicity. Setting Y := Z1 − Z0, we de�ne a family of Liouville vector �elds

Zt = Z0 + tY
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and corresponding primitive 1-forms θt of ω de�ned by θt = iZtωJ . By Lemma 2.2.4

it is enough to prove that the vector �elds Zt intersect the hypersurface Σ1 = Φ−1
1 (c)

transversely outwards for some c > 0, in other words dΦ1(Zt) > 0. We prove that by

projecting to M0.

Firstly, as the actions ϕ0 and ϕ1 commute, there is a set {fk}Nk=1 of generators

of C[M0] that are homogeneous under both actions. Thus, we have an embedding

j : M0 ↪→ CN , p 7→ (f1(p), . . . , fN(p)). Denote by z1, . . . , zN the coordinates in CN .

Denote the weights of fk by w0
k and w

1
k under the actions ϕ0 and ϕ1 respectively, and

their corresponding least common multipliers by w0, w1. Then, the map ν := j ◦ π :

M → CN is C∗-equivariant with ϕ0 and ϕ1, where the corresponding actions on CN

are given by

t · (z1, . . . , zN) = (tw
i
1z1, . . . , t

wiN zN),

for i = 0 and i = 1 respectively. The vector �elds of the R+-parts of these actions

on CN are given by the standard formulas Vi(z) =
∑N

k=1w
i
k(xk∂xk + yk∂yk), where

zk = xk + iyk.

Now, �xing some c > 0, we want to prove dΦ1(Zt(p)) > 0 for an arbitrary

point p ∈ Φ−1
1 (c). As Φ1 = π∗α1 = ν∗α1, we have dΦ1(Zt(p)) = d(ν∗α1)(Zt(p)) =

dα1(ν∗(Zt(p))), where α1 :=
∑

k |zk|
2w1

w1
k , and ν∗(Zt) = ν∗((1 − t)Z0 + tZ1) = (1 −

t)V0 + tV1, as ν is C∗-equivariant. Thus, using dα1 =
∑N

k=1
2w1

w1
k

(xkdxk + ykdyk) we

have

dΦ1(Zt(p)) = dα1((1− t)V0 + tV1) = (1− t) dα1(V0) + t dα1(V1)

= (1− t)
N∑
k=1

2w1

w1
k

w0
k(x

2
k + y2

k) + t
N∑
k=1

2w1

w1
k

w1
k(x

2
k + y2

k),

thus it is positive whenever ν(p) = (x1, y1, . . . , xN , yN) 6= 0, that is to say, for all

c > 0.

Thus, by Lemma 2.2.4, (M, dθt) are Liouville isomorphic. In particular, (M, dθ0)

and (M, dθ1) are Liouville isomorphic as well, hence the proposition is proved. �

We will see examples of commuting conical actions in the following chapters.

Namely, there are Nakajima actions on quiver varieties, de�ned in Section 4.2, and

(even and conical) Twisted Kazhdan actions on Slodowy varieties, de�ned in Section

5.2 (commute due to Lemmas 5.2.22 and 5.2.23). However, we remark that in general,

one should always expect that on a CSR there are non-commuting conical actions.

Here we give an simple example of such occurrence.
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Example 2.2.10. Let us consider an example of C2, with the standard complex

symplectic form ωC = dz1 ∧ dz2. Given an arbitrary polynomial f ∈ C[X], there are

symplectomorphisms Φf ∈ Symp(C2, ωC) of type

Φf : (z1, z2) 7→ (z1 + f(z2), z2),

which, when f is not of type f(X) = aX, do not commute with the standard conical

action t · (z1, z2) = (tz1, tz2). Thus, by conjugation with Φf one obtains an action

Ψf (t) : (z1, z2) 7→ (tz1 − tf(z2) + f(tz2), tz2)

that does not commute14 with the standard action and is conical precisely when

polynomial f does not have a free term.

Picking f(X) = Xn, and a primitive n + 1-root of unity ε, one can see that the

symplectomorphism ΦXn commutes with the Z/(n+1)-action ε·(z1, z2) = (εz1, ε
−1z2)

on C2, hence it passes together with the action ΨXn to the quotient C2/(Z/n + 1),

known as Du Val singularity.15 This quotient has a symplectic resolution which is

a CSR with respect to the standard action or the action induced by ΨXn . However,

these actions do not commute.16

Inspired by the previous example, we give the following de�nition.

De�nition 2.2.11. Given a CSR M, a conical structure on it is a maximal set of

mutually-commuting conical actions on it.

Hence, as we saw in the previous example, a CSR can possibly have more conical

structures. In this new terminology, Propositions 2.2.6 and 2.2.9 show that a conical

structure on CSR M induces a canonical Liouville structure attached to it.

2.2.2 Non-exact symplectic structures on a CSR

We now show that an arbitrary CSR M also admits a non-exact Calabi-Yau Kähler

structure which is invariant under the S1-part of its conical action.

Lemma 2.2.12. Any CSR M has an I-compatible S1-invariant Calabi-Yau Kähler

structure, where I is the complex structure of M. Moreover, when M is not a point,

the symplectic form of this structure is non-exact.
14Indeed, this reduces to show that for −stf(z2) + sf(tz2) = −tf(sz2) + f(tsz2) cannot hold for

all s, t, z2, unless f(X) = aX for some a ∈ C, which is a standard exercise in polynomial equations.
15These are explained in details in Section 6.9.2
16One can argue that although they not commute on C2, passing to the quotient they may com-

mute. However, by explicitly writing down the formulas one sees that if they commute on the
quotient, they do on C2 as well.
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Proof. Being projective over an a�ne variety M0, the variety M is quasi-projective.

Indeed, π : M→M0 being a projective morphism means that there is an embedding

M ↪→ M0 × CP n for some n ([Ha77, p.103]). As M0 is an a�ne variety there is an

embedding M0 ↪→ Cm for some m, hence we have the sequence of embeddings

M0 × CP n ↪→ Cm × CP n ↪→ CPm × CP n ↪→ CP (m+1)(n+1)−1,

the last one being the Segre embedding. Altogether we get a holomorphic embedding

M
ι
↪→ CPN , where N := ((m + 1)(n + 1) − 1). One can pull-back the Fubini-Study

form ωFS from CPN , and then average it over the S1-part ϕt of the C∗-action

ωI :=

∫
S1

ϕ∗t (ι
∗ωFS)dt,

getting an I-compatible S1-invariant symplectic form ωI on M. The I-compatibility

exactly means that g(·, ·) := ωI(·, I·) is a Riemannian metric. As I is a complex

structure, the triple (g, I, ω) forms an S1-invariant Kähler structure. It is Calabi-Yau

due to Lemma 2.1.5.

Let us explain why this symplectic structure is non-exact, in the case when M

is not a single point. Then, the core L is not a single point, as otherwise M would

contract to it via the action and thus would be isomorphic to an a�ne space,17 hence

M0 as well, and that does not �t with De�nition 2.1.1 of a CSR (M0 has to be

singular). Thus the core is not a point. Assume �rst that it is �xed by the C∗-action,
i.e. MC∗ = L. Then, L is a smooth I-holomorphic, thus ωI-symplectic submanifold of

M.18 If ωI was exact on M indeed, its pull-back on L would yield an exact symplectic

form on a connected closed manifold, which is impossible due to Stokes theorem.

Otherwise, there is a point x ∈ L which is non-�xed; its C∗-orbit can be extended

to a holomorphic map u : CP 1 → L, by [So75, Lem. II-A].19 Hence, if ωI = dθ was

closed on M indeed, the Gromov lemma together with the Stokes formula makes a

contradiction, 0 =
∫
∂CP 1 u

∗θ =
∫
CP 1 u

∗ωI = 1
2

∫
Σ
||du||2 > 0. �

We add a simple lemma regarding these non-exact structures, that is going to be

useful to us. Recall �rst that, given a function H on a symplectic manifold (M,ω),

its Hamiltonian vector �eld XH is de�ned by dH(·) = ω(·, XH). The �ow of this

�eld preserves the symplectic form ω.

17Due e.g. to Biaªynicki-Birula decomposition applied to CSRs, Corollary 2.3.4.
18Due to Theorem 2.3.1(1a) and Lemma 2.3.2.
19Strictly speaking, one can use this result only for a compact Kähler manifold with a C∗-action.

However, being smooth, M is a normal variety, so due to [Su74, Thm. 1] one can compactify it
C∗-equivariantly to a smooth projective variety X, which is then naturally Kähler.
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Lemma 2.2.13. Consider a CSR (M, ϕ) with an S1-invariant I-compatible Kähler

structure (g, I, ωI). The S
1-part of ϕ has a moment map H, de�ned with respect to

ωI . The vector �eld of the R+-part of ϕ is XR+ = ∇H and the vector �eld of the

S1-part is XS1 = XH . In particular, XH = I∇H.

Proof. By Corollary 2.1.9, H1(M) = 0, hence there is a moment map H : M → R.
The S1-part (XS1 = XH) is immediate from the de�nition of the moment map. Then,

as the C∗-action is holomorphic, we have XS1 = IXR+ . On the other hand, from

ωI(ξ,XH) = dH(ξ) = g(ξ,∇H) = ωI(ξ, I∇H),

we get that XH = I∇H, and thus the claim XR+ = ∇H follows immediately. �

2.3 C∗-geometry of conical symplectic resolutions

In this section we discuss some further geometric features of a conical C∗-action on

a CSR M. In particular, apart from the �xed locus, we consider the points that

have cyclical isotropy subgroups under the action. These submanifolds will be used

signi�cantly as the components of the spectral sequences in Section 6.8.

Let us �rst recall a fundamental theorem about S1-actions on compact Kähler

manifolds. By bk(X) we denote the k-th Betti number of a space X.

Theorem 2.3.1. LetM be a compact Kähler manifoldM with an S1-action by Kähler

isometries. Then:

(1) The moment map H : M → R of the S1-action is a perfect Morse-Bott function,

thus

(a) The critical locus Crit(H) = F = MS1
is a smooth Kähler submanifold.

(b) It splits F = tα∈AFα into connected components.

(c) bk(M) =
∑

α∈A bk−µ(Fα)(Fα), where µ(Fα) is the Morse-Bott index of Fα.

(2) Under the linearised action, the tangent space of M at a �xed point x ∈ Fα splits

as a complex S1-representation

TxM = ⊕k∈ZHk(x),

where Hk(x) is the weight-k subspace. In particular, TxFα = H0(x).
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(3) This yields the splitting

TFαM = ⊕k∈ZHk,

of the restriction of the tangent bundle to Fα. In particular, TFα = H0.

(4) The equality µ(Fα) = dimR(⊕k<0Hk) holds, thus the Morse-Bott indices µ(Fα)

are even.

Proof. Claim (1) is the standard statement from [AB83, Ki84]. Claim (4) follows

from claim (2), as the subspace
⊕

k<0Hk is the negative vector subspace, and Morse-

Bott index µ(Fα) is exactly its (real) dimension. It is even as all Hk are complex.

Claim (2) is just the weight-decomposition of an S1-representation. Finally, let us

prove Claim (3). For x ∈ Fα denote by tx the induced linearised action on TxM by

t ∈ S1. Now consider the characteristic polynomial f(x)(X) = det(X · Id− tx) (recall
this is independent of choices of local coordinates since tx is an endomorphism of

TxM). As the action is Kähler and thus holomorphic, the coe�cients of f(x)(X) are

holomorphic functions with respect to x ∈ Fα. Since Fα is a closed connected complex

manifold, global holomorphic functions on Fα are constant.20 Thus the coe�cients

of f(x)(X) are constant. Therefore, the eigenvalues of tx and their multiplicities are

independent of x ∈ Fα. Thus, the weight subspace Hk(x) = Ker(tx − tkId | t ∈ S1)

varies smoothly with respect to x and is equidimensional, and thus forms a subbundle

Hk of TFαM. �

Although CSRs are not compact, this theorem holds for them as well, as we now

show.

Lemma 2.3.2. The statement of Theorem 2.3.1 holds for any CSR (M, ϕ), using

the S1-part of ϕ and any S1-invariant Kähler structure on M. Thus the moment map

H : M→ R of the S1-part of ϕ is a perfect Morse-Bott function. Moreover,

F =
⊔
α∈A

Fα := MC∗ = MS1

= Crit(H) ⊂ L, (2.5)

where Fα denote the connected components of F. By perfectness of H, we have

bk(M) =
∑
α∈A

bk−µ(Fα)(Fα), (2.6)

where µ(Fα) are the Morse-Bott indices of Fα.

20Using that non-constant holomorphic functions are open maps, and open compact subsets of C
are points.
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Proof. The proof of claim (1) of Theorem 2.3.1 also works for an open manifold if the

negative gradient �ow of the moment map of an arbitrary point stays in a compact

set. This is true for an CSR (M, ϕ) by the following. From Lemma 2.2.13, we have

that the image of a negative gradient trajectory of a point x is {t · x | t ∈ (0, 1]},
which lies inside the set π−1({t · π(x) | t ∈ [0, 1]}). The last set is compact as π

is a projective, hence proper map. The claims (4) and (2) of Theorem 2.3.1 follow

immediately.

Observe that Crit(H) = Zeros(XH) = MS1
. The third equality in (2.5) is due

to holomorphicity of the C∗-action. That MC∗ ⊂ L is due to the fact that the only

�xed point in M0 is x0, and L = π−1(x0).

Thus, �xed locus F = Mϕ is a closed subvariety of the core L = π−1(0) which is

compact, thus F is compact as well. Hence, the argument for claim (3) of Theorem

2.3.1 follows. �

Hence, given a CSR (M, ϕ), the �xed locus F := Mϕ of the C∗-action ϕ, and,

equivalently, of its S1-part, is a smooth subvariety of M. It breaks into connected

components F = tα∈AFα. Focusing on the C∗-convergence of the points in M we get

to the following spaces:

Lα :=

{
x ∈M | lim

t→∞
t · x ∈ Fα

}
, Dα :=

{
x ∈M | lim

t→0
t · x ∈ Fα

}
. (2.7)

One can view these as the upward and downward Morse �ow of the moment map

H, as the vector �eld of the R+-action is the gradient �ow ∇H (Lemma 2.2.13).

Thus, these are smooth submanifolds in M. Moreover, on the algebraic side we have

a version of the Biaªynicki-Birula decomposition for CSRs. Recall �rst the original

result that follows from [BB73, Sec. 4].

Theorem 2.3.3 (Biaªynicki-Birula decomposition). Consider a smooth projective

variety Y with an algebraic C∗-action on it. Denoting the decomposition of the

�xed locus F = Y C∗ = tαFα, the upward and downward attracting sets Lα and

Dα de�ned by (2.7) are locally closed smooth subvarieties that decompose Y, that

is, tαLα = tαDα = Y. Moreover, the natural morphisms

Lα → Fα, x 7→ lim
t→∞

t · x,

Dα → Fα, x 7→ lim
t→0

t · x,

are isomorphic to �bre bundles with a�ne �bres.
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Corollary 2.3.4. Given an CSR (M, ϕ), its �xed locus Mϕ = F = tα∈AFα induces

the decompositions L = tαLα,M = tαDα into smooth locally closed subvarieties,

de�ned by (2.7). The natural morphisms

Lα → Fα, x 7→ lim
t→∞

t · x,

Dα → Fα, x 7→ lim
t→0

t · x,

are isomorphic to �bre bundles with a�ne �bres.

Proof. As every point x ∈ M has a limit lim
t→0

t · x and it must be a �xed point, the

decomposition M = tαDα is immediate. To prove the other decomposition, it is

enough to prove that

L = {x ∈M | lim
t→∞

t · x exist}, (2.8)

which we do as in [Gi15, Lem. 4.5.2]. Namely, having a point x such that lim
t→∞

t·x exist,
the same will be true for its projection y := π(x), and then as the limit lim

t→0
t · y = 0

always exist, the map C∗ → L, t 7→ t·y extends to a regular map f : P1 →M0. AsM0

is a�ne, f must be a constant, hence y = f(1) = f(0) = 0, thus x ∈ π−1(0) = L. Now,

choose arbitrary x ∈ L. As L is projective, hence complete, the map C∗ → L, t 7→ t ·x
extends to a regular map P1, thus the limit lim

t→∞
t · x exists.

Now, recall by the proof of Lemma 2.2.12 that M is a quasi-projective variety.

Being smooth, M is normal, thus by [Su74, Thm. 1] one can extend the C∗-action
on it to a smooth projective variety Y which compacti�es it, such that M ⊂ Y

is a C∗-invariant Zariski open subvariety. As Y is smooth projective, it has the

decompositions with the properties as in Theorem 2.3.3, thus it is enough to show

that the decompositions L = tαLα,M = tαDα are sub-decompositions of those in Y

(i.e. every piece of decomposition in Y is either entirely contained in M or in Y \M).

This is immediate: given any �xed locus component Fα in M, if there is a point x ∈ Y
such that lim

t→0
t · x ∈ Fα/ lim

t→∞
t · x ∈ Fα, there is a neighbourhood U of 0/∞ such that

{t · x | t ∈ U} is contained in M (as M is an open neighbourhood of Fα in Y ). Thus,

as M ⊂ Y is C∗-invariant, x also belongs to M. �

Recall the weight decomposition of the tangent bundle of M restricted to Fα into

subbundles,

TFαM = ⊕k∈ZHk. (2.9)

Biaªynicki-Birula decomposition [BB73, Thm 4.3(iii)] also describes the tangent spaces

of bundles Lα and Dα at Fα ,

TFαLα = ⊕k≤0Hk, TFαDα = ⊕k≥0Hk. (2.10)
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In the literature it is often cited that by the Biaªynicki-Birula paper [BB73], the

morphisms Lα → Fα, Dα → Fα, are isomorphic to complex21 vector bundles on Fα,

but it is actually never proven. We �x that gap in the following proposition.

Proposition 2.3.5. In the setup of Theorem 2.3.3, the morphisms Lα → Fα and

Dα → Fα are isomorphic to C∗-equivariant complex vector bundles over Fα.

Proof. Let us prove the statement for the morphism f : Dα → Fα, the other one

follows verbatim. Firstly, by [BB73],22 we actually have a more precise information

on the �bre bundle f than stated in Theorem 2.3.3. Namely, its local trivializations

are C∗-equivariant, where the C∗-action on the �bre V is linear and isomorphic to the

C∗-action on the tangent space TFαDα = ⊕k≥0Hk (this action is uniform throughout

Fα, recall proof of Theorem 2.3.1). Thus, given trivialisations over two open sets

Yi, Yj ⊂ Fα that intersect, the transition functions

gij : Yi ∩ Yj → AutC∗(V ), (2.11)

land into the group AutC∗(V ) of C∗-equivariant algebraic23 automorphisms of the

a�ne space V. Thus, switching to the coordinate ring of V and denoting dimV = n,

those are graded isomorphisms of the polynomial ring C[x1, . . . , xn], where deg(xi) =

ai are the weights of the C∗-action on V. In particular, when the weights on V are

all equal, we are left with linear automorphisms only, thus the transition functions of

bundle f land in GL(V ) indeed. Hence, in that case f has a structure of algebraic,

thus holomorphic vector bundle, which is even stronger than what we need. Other-

wise, one should expect non-linear transition functions in general, but the key point

is that we can reduce the structure group AutC∗(V ) to its linear subgroup GLC∗(V ),

by the following lemma.

Lemma 2.3.6. Given a complex vector space V with a linear C∗-action with positive

weights, the group of linear C∗-invariant maps GLC∗(V ) is a deformation retract of

the group AutC∗(V ) of C∗-invariant polynomial automorphisms24 of V.

Proof. Split V = ⊕ri=1Vi into weight spaces {Vi}i=1...r such that their with weights

increase with i = 1 . . . r. It is clear that each map in AutC∗(V )/GLC∗(V ) has to

21Meaning: R-smooth vector bundles with complex vector space as �bres and transition functions
in GL(n,C).

22More precisely: Proofs of [BB73, Thm. 2.5] and [BB73, Thm. 4.1].
23Recall that the setup of [BB73] is algebraic.
24Meaning: Polynomial maps whose inverses are also polynomial.
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preserve Vi. Thus, denoting the coordinates in Vi by x1
i , . . . , x

si
i and the vectors xi =

(x1
i , . . . , x

si
i ), we have that an arbitrary map in AutC∗(V ) is of type

(x1, . . . , xr) 7→ (L1(x1), L2(x2) + p2(x1), L3(x2) + p3(x1, x2), . . . , Lr(xr) + pr(x1, . . . , xr−1))
(2.12)

where pi are arbitrary polynomials and Li are invertible linear maps. Indeed, passing

to the map of coordinate ring C[V ] = C[(xji )i,j] we see inductively by i that Li need

to be invertible in order to get all monomials {xji}j=1,...,si in the image. Furthermore,

the map (2.12) is going to be invertible polynomial for arbitrary choices of pi, as

one can show inductively as well (the inverse is (x1, . . . , xr) 7→ (L−1
1 (x1), L−1

2 (x2 −
p2(L−1

1 (x1))), . . . )). Hence, the group AutC∗(V ) deformation retracts (by letting all

coe�cients of p2, . . . , pr in (2.12) to go to zero) to its subgroup given by linear maps

(x1, . . . , xr) 7→ (L1(x1), L2(x2), L3(x2), . . . , Lr(xr)),

which is precisely the group GLC∗(V ). Thus, the lemma is proved. �

Now the proposition follows by the following standard lemma from the theory of

�bre bundles. Indeed, putting G = AutC∗(V ) and H = GLC∗(V ) in it, we get that

f : Dα → Fα is isomorphic to a V -�bre bundle with transition functions in GLC∗(V ),

hence it is a C∗-invariant complex vector bundle.

Lemma 2.3.7. Given a F -�bre bundle E whose transition functions land in Lie group

G ≤ Di�(F ) and a closed subgroup H ≤ G which is a deformation retract of G, there

is a F -�bre bundle E ′ with transition functions landing in H, which is isomorphic to

E as a F -�bre bundle.

Proof. We can associate a principal G-bundle P to E, constructed using the transition

functions of E. Then, the associated F -�bre bundle P ×G F is isomorphic to E as

a F -�bre bundle. Now, as H ≤ G is a deformation retract, G/H is contractible,

hence by [Hu94, Cor 2.4, Ch. VI] there is a H-reduction of P, that is, a principal

H-bundle Q such that P ∼= Q ×H G. Thus, by [Hu94, Thm. 3.1, Ch. VI] we have

isomorphism of F -�bre bundles P ×GF ∼= Q×H F. By de�nition, transition functions

of the associated bundle E ′ := Q×H F are the same as the transition functions of Q,

hence they land in H. As E ′ ∼= E, the lemma is proved. �

�

We will now focus on points in a CSR M that have �nite isotropies under the

C∗-action on a CSR. Thus, we introduce the following de�nition:
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De�nition 2.3.8. A torsion point of a CSR (M, ϕ) is a point that has non-trivial

isotropy group under the C∗-action ϕ. In particular, given an arbitrary integerm ≥ 2,

a Z/m-torsion point is a point whose isotropy group contains Z/m. In the same

way we de�ne a torsion submanifold and a Z/m-torsion submanifold in M,

respectively (Z/m-)torsion points and (Z/m-)torsion subvarieties in M0. Given an

arbitrary m ∈ N, we introduce the notation:

RZ/m := {Z/m-torsion points in M} PZ/m := {Z/m-torsion points in M0}.

Notice thatRZ/m = MZ/m and PZ/m = M
Z/m
0 , where the Z/m-actions are the induced

action from ϕ. As π : M→M0 is C∗-equivariant, we have that π(RZ/k) = PZ/k.

Next, we de�ne the torsion re�nements of Biaªynicki-Birula bundles Da,Lα.

De�nition 2.3.9. Given a connected component Fα of the �xed locus in a CSR

(M, ϕ), and an integer m 6= 0 that appears as a weight in (2.9), de�ne its homoge-

neous bundles

Hm>0 := {x ∈M | lim
t→0

t · x ∈ Fα, x is Z/m-torsion}.

Hm<0 := {x ∈M | lim
t→∞

t · x ∈ Fα, x is Z/m-torsion}

The term "bundle" in the last de�nition makes sense due to the following lemma:

Lemma 2.3.10. Any homogeneous bundle Hm is a complex vector bundle over the

�xed locus component Fα to which it converges. Moreover, TFαHm = ⊕t≥0Htm.

Proof. This basically follows from the Biaªynicki-Birula decomposition and Proposi-

tion 2.3.5, applied on the connected componentMZ/m
α ofMZ/m containing Fα. Firstly,

notice that MZ/m is a smooth closed subvariety of M.25 Thus, MZ/m is a smooth

quasi-projective variety,26 and so is MZ/m
α , hence we can apply the Biaªynicki-Birula

decomposition theorem to it, the same way as for CSRs (Corollary 2.3.4). Together

with Proposition 2.3.5, we have that the morphisms Hm → Fα, x 7→ limt→∞ t · x,
are isomorphic to complex vector bundles over Fα. The equation TFαHm = ⊕t≥0Htm

follows from the fact that

TFαM
Z/m
α = ⊕t∈ZHtm, (2.13)

and the description of the tangent spaces of Biaªynicki-Birula pieces (2.10). We can

show (2.13) using the Z/m-equivariant tubular neighbourhood of Fα. Namely, as the

25E.g. due to [CGP10, Prop. A.8.10], as Z/m is an a�ne algebraic group acting algebraically on
the smooth variety M.

26As a closed subvariety of quasi-projective M.
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Z/m-action can be made isometric with respect to some Riemann metric, by [Bre72,

Thm. 2.2, Ch. VI] there is a Z/m-invariant tubular neighbourhood NFα ⊂M of Fα
given by the composition of Z/m-equivariant exponential map and a contraction ψ

of the normal bundle NFα onto a neighbourhood of the zero section,

expε ◦ ψ : NFα
∼=−→ NFα.

The claim (2.13) follows as Z/m-�xed locus on NFα is ⊕t∈ZHtm, whereas on NFα it

is an open subset of MZ/m
α . �

De�nition 2.3.11. Given a homogeneous bundle Hm over the �xed connected com-

ponent Fα, depending on its embedding in the CSR M, we will call it:

� an outer bundle, if it lies outside of the core L, except for Fα;

� an inner bundle, if it lies completely in the core;

� a mixed bundle, otherwise;

� a torsion bundle, if it is an outer bundle and m ≥ 2. As it consists of Z/m-

torsion points, we will call it a Z/m-torsion bundle as well.

The motivation for considering mixed and torsion bundles arises because the co-

homologies of their hypersurfaces at in�nity will be building blocks of the spectral

sequence which we construct in Section 6.8. We have the following lemma that is

immediate from the de�nition of Hm.

Lemma 2.3.12. Consider two �xed points x1 ∈ Fα1 , x2 ∈ Fα2 in two di�erent �xed

components, such that there is a C∗-orbit γ �owing from x1 (when t→ 0) to x2 (when

t→∞). If γ ⊂ Hm with respect to Fα1 , then γ ⊂ H−m with respect to Fα2 .

Geometry of C∗-orbits between di�erent �xed locus components is depicted by the

following object:

De�nition 2.3.13. Given a CSR (M, ϕ) its attraction graph Qϕ = (Q0, Q1) is an

oriented graph whose vertices Q0 represent connected components Fα of the �xed set

under ϕ, and edges represent the C∗-�ow between them: between vertices α1 and α2

we put N edges where N is the number of connected components of the manifold

Fα1→α2 := {x ∈M| lim
t→0

t · x ∈ Fα1 and lim
t→∞

t · x ∈ Fα2}.

The leaves of the graph Q are vertices that have no outgoing edges.
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Lemma 2.3.14. Given the attraction graph of a CSR (M, ϕ), between any two of its

vertices there cannot be edges going in both directions. Hence, there must exist a leaf

vertex.

Proof. Consider the moment map H of the S1-action, with respect to a Kähler form

from Lemma 2.2.12. The function H is constant on each component Fα because

if there were a non-constant smooth path in Fα along which H varies, then that

would imply that ∇H is non-zero at some point of Fα, contradiction. The gradient

trajectories of ∇H are R+-action orbits. As the value of the moment map is strictly

increasing along a gradient trajectory, there cannot be two gradient trajectories (hence

R+-action orbits) going in opposite directions between two �xed locus components.

�

Proposition 2.3.15. Given a CSR (M, ϕ) whose attraction graph has at least two

vertices, each leaf has a torsion bundle attached to it. In particular, the action ϕ is

not free outside of the �xed locus.

Proof. We know that the attraction graph Qϕ has a leaf by Lemma 2.3.14. Pick

one of them, and its corresponding �xed component Fα. Then, as in Theorem 2.3.1,

consider the S1-representation

TxM =
⊕
k∈Z

Hk

of the tangent space of a point x ∈ Fα, that is induced by the S1-part of ϕ. Here, Hk

is the weight-k subspace. Denoting by l the weight of the symplectic form ωC under

the C∗-action, we claim that this induces a non-degenerate pairing

ωC : Hk ⊕Hl−k → C.

Indeed for v ∈ Hk, ωC(v, w) = t−l(ϕ∗tω)(v, w) = t−lωC(tkv, ϕt∗w) = ωC(v, tk−lϕt∗w).

Then considering the weight-decomposition of w, and the leading terms when taking

either the limit t→ 0 or t→∞, we deduce that ϕt∗w = tl−kw whenever ω(v, w) 6= 0,

as required. As Fα is a leaf, the weight-spaces Hk that are tangent to the core-

directions must have k ≤ 0. In particular, H0 = TxFα.

Assume now that Fα does not have a weight space with negative k. Then the

attraction graph consists only of the component Fα, which contradicts with our as-

sumption. Otherwise, chose an arbitrary weight space of Hk with k < 0. There must

be an ωC-dual tangent subspace Hl−k, with a corresponding homogenous bundleHl−k.

As l − k ≥ 1− (−1) = 2 > 0, it does not belong to core directions (recall that Fα is

a leaf). Hence, apart from its subset Fα, the homogenous bundle Hl−k lies outside of

the core, As l − k ≥ 2, it is a torsion bundle indeed. �
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Having the previous proposition in mind, we decorate the attraction graph with

this very last piece of information from the C∗-data:

De�nition 2.3.16. Given a CSR (M, ϕ), its extended attraction graph27 Q̃ϕ =

(Q0, Q̃1) is an extension of the attraction graph Qϕ = (Q0, Q1) such that for each tor-

sion bundle Hm → Fα we add an outward-pointing edge at a vertex that corresponds

to the �xed component Fα.

Example 2.3.17. We give an example of an extended attraction graph for the mini-

mal resolution of the Du Val singularity π : XZ/5 → C2/(Z/5). The standard weight-2

C∗-action on this CSR is induced from the weight-1 dilation action on C2. The core

π−1(0) consists of a Dynkin A4 tree of spheres that intersect transversely, and there

are �ve C∗-�xed points, three out of which are intersections of spheres. The other

two are exactly the leaves of the attraction graph (Figure 2.1) and thus, according to

Proposition 2.3.15, they have torsion bundles attached to them. Notice that on each

arrow of the graph we label the weights that correspond to the weight space Hk from

which and into which each arrow converges. By Lemma 2.3.12, on each arrow, the

starting weight and ending weight should be the same number up to a sign. Notice

that the sum of the numbers appearing at each vertex is equal to 2, which is due to

the fact that the action in this example is weight-2.

Figure 2.1: Extended attraction graph for the minimal resolution of C2/(Z/5).

We will come back to this example in Section 6.9, where we will compute its corre-

sponding Morse-Bott Floer spectral sequence (Example 6.9.3 and Figure 6.4).

27We are slightly abusing the language, as this is not a graph in the usual sense (the last-added
arrows have no inward vertices).
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Chapter 3

Exact Lagrangians in Conical

Symplectic Resolutions

In this chapter we construct a family of closed exact non-isotopic Lagrangian sub-

manifolds of an arbitrary weight-1 CSR (M, ωJ.K), in other words a family of distinct

objects of its compact Fukaya category F(M, ωJ,K). Those are constructed as the

minima of moment maps of the S1-part of di�erent weight-1 conical actions, thus we

call them minimal. Moreover, these minimal components are irreducible components

of the core of M, hence are also interesting outside the realm of symplectic topology.1

We study their symplectic topology, prove that their Lagrangian Floer cohomologies

are of strictly-topological nature, and also show that their existence yields some lower

bounds on the rank of symplectic cohomology SH∗(M, ωJ,K).

3.1 Existence of a smooth core component

We will start this section by recalling the main facts about the geometry of the core

L of a CSR M. The proof is due to V. Ginzburg for an arbitrary CSR, but the key

ideas are from H. Nakajima's proof of the same theorem for quiver varieties [Nak94a,

Thm. 5.8]. We denote by t · x the C∗-action, both on M and M0.

Theorem 3.1.1. [Gi15] Given an arbitrary CSR (M, ϕ), its core L is an ωC-isotropic

subvariety of M equal to

L =

{
x ∈M | lim

t→∞
t · x exists

}
. (3.1)

1As we will see e.g. in Chapter 5.
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Denoting the decomposition of �xed locus into connected components by Mϕ = F =

tαFα, there is a partition L = tαLα of the core by smooth locally closed subvarieties

Lα :=

{
x ∈M | lim

t→∞
t · x ∈ Fα

}
.

Moreover, if ϕ is a weight-1 action, each Lα is a ωC-Lagrangian submanifold, thus

the core L has pure dimension 1
2
dimM and its irreducible components are precisely

the closures Lα.

Proof. The core L is ωC-isotropic due to [Gi15, Thm. 4.2.1(2)]. We have already

seen (3.1) and the partition L = tαLα in the proof of Corollary 2.3.4. The last part

regarding the weight-1 case is due to [Gi15, Sec. 4.5]. �

In particular, given a weight-1 CSR M, the irreducible components Lα of its

core L are complex projective varieties, thus have well-de�ned fundamental classes in

singular homology, which freely generate the top-dimensional homology of the core

Htop(L).2 Thus, together with Proposition 2.1.9 we have the following:

Lemma 3.1.2. Given a weight-1 CSR M, the fundamental classes [Lα]α make a basis

of Htop(L,Z) ∼= Hmid(M,Z). In particular, Lα are non-isotopic in M.

Given a weight-1 CSR, its irreducible core components Lα are in general not

smooth. However, we will prove that at least one of them is always smooth. Recall

that by Lemma 2.2.12, there is an S1-invariant I-compatible Kähler form ωI on M,

where I is the complex structure of M, and S1 acts via ϕ. By Lemma 2.2.13, with

respect to ωI there is a moment map

H : M→ R

for the S1-action, and ∇H is the vector �eld of the R+-part of the C∗-action ϕ.

Proposition 3.1.3. Given a weight-1 CSR (M, ϕ) there is a smooth irreducible com-

ponent Lα in L, therefore a holomorphic Lagrangian submanifold of (M, ωC).

Proof. We claim that the global minimum of the moment mapH exists and is attained

on the core L. Firstly, by Lemma 2.3.2, we have

F =
⊔
α∈A

Fα := MC∗ = MS1

= Crit(H) ⊂ L,

2Indeed, an irreducible projective algebraic variety admits a triangulation, making it a closed
oriented connected pseudomanifold, and these have fundamental classes by [SeTh80, Sec. 24]. The
statement about the core L follows from the Mayer-Vietoris sequence since intersections of irreducible
components have real codimension bigger or equal to 2.
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thus, if the minimum exists, it is in the core L. As π : M→M0 is a projective map,

L = π−1(x0) is projective, hence compact, so the minimum of H|L exists. It must be

attained on a subset of Crit(H), so by the equation above, the minimum is attained

for a certain family of components tα∈A′Fa, call them minimal.

Picking an arbitrary minimal component Fα0 , we want to show that it is an irre-

ducible component of the core L. As H attains the minimum at Fα0 , there is no

gradient trajectory ∇H converging to it. Recalling that ∇H is the vector �eld of the

R+-action, we have that

Lα0 =

{
x ∈M | lim

t→∞
t · x ∈ Fα0

}
= Fα0 .

As Fα0 is already a closed subvariety,

Lα0 = Fα0 = Lα0 . (3.2)

But Lα0 is smooth by Theorem 3.1.1. Hence the irreducible component Lα0 of the

core L is also smooth.

In fact, there is always a single minimal component. As M is connected by Corollary

2.1.12, equation (2.6) from Lemma 2.3.2,

bk(M) =
∑
α∈A

bk−µ(Fα)(Fα),

tells us that precisely one component can contribute to b0(M) = 1, and that compo-

nent Fα must have Morse-Bott index zero, µ(Fα) = 0. By the de�nition of Morse-Bott

index, this component is minimal. �

Remark 3.1.4. The last proposition also holds for any holomorphic symplectic man-

ifold with a weight-1 action that contracts the whole manifold to a compact set. In

particular, for the case of a moduli space of Higgs bundles [Hi87], the component of

its core that this method recovers is the well-known moduli space of stable vector

bundles [AB83].

We also show a converse of Proposition 3.1.3, that is, if an action has a �xed

component, it must be a power of a weight-1 action. We �rst need a lemma.

Lemma 3.1.5. Consider a smooth irreducible complex algebraic variety X with an

algebraic C∗-action ϕ. If it has an m-th root ψ on a Zariski open subset U, then it

extends to an holomorphic m-th root on the whole of X.
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Proof. Firstly, as an algebraic variety X is a separable scheme, the diagonal ∆ ⊂
X×X is a closed subvariety. Then, seeing the actions as functions ϕ, ψ : C∗×X → X,

from the condition that ϕ = ψm holds on U, we have that ϕ(εt, x) = ϕ(t, x) holds

for x ∈ U , for any m-th roof of unity ε. In other words, the image F (C∗ × U) of the

morphism

F : C∗ ×X → X ×X, (t, x) 7→ (ϕ(t, x), ϕ(εt, x))

lies in the diagonal ∆. As X is irreducible, C∗ ×X = C∗ × U. Thus, by continuity of

F,

F (C∗ ×X) = F (C∗ × U) ⊂ F (C∗ × U) ⊂ ∆ = ∆.

Hence, ϕ(εt, x) = ϕ(t, x) holds everywhere on X. Thus, the map ψ(t, x) := ϕ(t1/m, x)

is well-de�ned for all x ∈ X. It is a holomorphic map, as this is a local condition, and

one can always locally choose a holomorphic branch of the m-th root. Furthermore,

it agrees with ψ on U, thus it is a holomorphic extension of ψ to X. �

Proposition 3.1.6. Consider a weight-k CSR (M, ϕ), which has a Lagrangian core,

and suppose the action ϕ �xes an irreducible component of the core. Then there is a

weight-1 conical action ψ such that ϕ = ψk.

Proof. Denote by F the ϕ-�xed irreducible component of the core. Its weight-decomp-

osition (Theorem 2.3.1 and Lemma 2.3.2) TFM = H0 ⊕ Hk consist just of spaces

H0 = TF and its ωC-dual Hk.
3 Thus, on the outer bundle4 Hk → F the action acts by

weight k, hence one can de�ne the k-th root of the action ϕ, call it ψ. The bundle Hk

has maximal dimension in M, as its tangent space at F is H0 ⊕Hk. Thus, as Hk is a

locally closed subset of maximal dimension in the irreducible M, its closure Hk must

be equal to M, and Hk is open in it.5 Hence, one can use Lemma 3.1.5 to conclude

that ψ is extendable to an action on the whole M, such that ϕ = ψk. Thus, ψ is a

weight-1 action. Recall that the conical property for the action means that under the

limit t → 0 the C∗-action contracts M to the compact �xed locus. As the �xed loci

of ψ and ϕ are equal, and ϕ = ψk is conical, also ψ must be conical. �

Remark 3.1.7. In particular, considering a weight-2 action that has a �xed component,

from the last proposition we get that it has to be an even action (a square of an

action). We will keep this in mind when searching for weight-2 actions that yield

minimal components, in Chapters 4 and 5.
3Note that F is Lagrangian, so dimCH0 = dimC M/2, therefore also dimCHk = dimC M/2, so

H0 ⊕Hk already has full dimension
4Recall De�nition 2.3.11.
5Recall that locally closed means open in its closure
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3.2 Minimal components

The smooth core component from Proposition 3.1.3, obtained as the minimum locus

of a certain moment map, is �xed under a conical weight-1 action. Moreover, by the

Morse-Bott argument in the proof, any such action will have a single �xed component.

That motivates the following de�nition.

De�nition 3.2.1. Given a CSR M, a minimal component Fϕ of its core L is the

component that is �xed under a weight-1 conical action ϕ.We denote by Con1(M, ωC)

the set of all weight-1 conical actions in (M, ωC), and by

Min(M) := {Fϕ | ϕ ∈ Con1(M)}.

the collection of all minimal components in M.

In principle, given an arbitrary CSR, we can have many weight-1 conical actions.

We show that the di�erent actions yield di�erent minimal components when they

commute.

Proposition 3.2.2. Let M be a weight-1 CSR. Di�erent commuting weight-1 conical

actions on it induce di�erent minimal components of its core.

Proof. Firstly, from the proof of Proposition 3.1.3 we see that there is a Kähler metric

g on M. Having two commuting conical actions ϕ and ψ, we can integrate over their

S1-actions to get a Kähler metric

g̃ =

∫
S1×S1

ϕ∗tψ
∗
sg dt ds

that is S1-invariant for both actions (since they commute). Now, let us assume that

the actions ϕ and ψ are of weight-1 and that they have the same minimal component

Fmin. The tangent space of an arbitrary point x ∈ Fmin has the induced C∗-action on

it, hence splits

TxM =
⊕
k∈Z

Hk (3.3)

according to the weight decomposition of the action.

As the S1-action preserves the Hermitian structure 〈·, ·〉 = g̃(·, ·) − ig̃(·, I·), the
weight decomposition (3.3) is orthogonal. Now, as the symplectic form ω has weight-1,

it induces a non-degenerate pairing

ω : Hk ⊕H1−k → C
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between the weight spaces Hk. As TxFmin = H0 and its dimension (being a La-

grangian) is half of the dimension of M, we deduce that

TxM = H0 ⊕H1.

As this is an orthogonal decomposition, we have that H1 = H⊥0 , so it is independent

of the action. Hence, two actions ϕ1 and ϕ2 induce the same S1-actions on the normal

bundle NFmin of Fmin.

By the equivariant tubular neighbourhood theorem for isometric actions of com-

pact Lie groups [Bre72, Thm. 2.2, Ch. VI], there is an S1-invariant tubular neigh-

bourhoodNFmin of Fmin given by the composition of a contraction ψ of normal bundle

to a neighbourhood of a zero section and S1-equivariant exponential map

ϕ = expε ◦ ψ : NFmin

∼=−→ NFmin.

Hence, the restrictions to S1 of the two actions ϕ1 and ϕ2 agree on the open subset

NFmin of M. As they act holomorphically, due to analytic continuation they need

to agree on the whole of M. As C∗ is the complexi�cation of S1, there is a unique

holomorphic extension of a holomorphic S1-action, hence the C∗ actions ϕ1 and ϕ2

agree as well, and the proposition is proved. �

In the setup when the CSR is hyperkähler, we can omit the commuting condition:

Proposition 3.2.3. Let M be a weight-1 HKCSR. Di�erent weight-1 HK conical

actions on it induce di�erent minimal components of its core.

Proof. By de�nition, the S1-part of each HK conical action preserves the hyperkähler

metric g on M. Hence, given two di�erent HK conical actions, we already have the

metric that is preserved by their S1-parts, so the proof of Proposition 3.2.2 goes

through. �

Strictly speaking, Propositions 3.2.2 and 3.2.3 are independent of each other, but

one should bear in mind that in the examples known to date, all CSR are HKCSR

and all known conical actions on them are HK conical actions, so one can use (the

stronger) Proposition 3.2.3 which is a �ner one, as it does not need the commutativity

between the two actions as a condition. Altogether, we have the following theorem:

Theorem 3.2.4. Given a weight-1 CSR M, there are at least N smooth irreducible

components of its core where N = max{N1, N2} ≥ 1 and

1. N1 = the maximal number of commuting weight-1 conical actions.

2. N2 = the number of HK conical actions (if M is also a HKCSR).

Proof. Follows by Propositions 3.1.3, 3.2.2 and 3.2.3. �
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3.2.1 Constructing weight-1 conical actions

Theorem 3.2.4 allows us to �nd essentially di�erent exact Lagrangian submanifolds

in CSRs using weight-1 conical actions that commute. Here we show how one could

�nd a family of such actions in practice.

Firstly, CSRs usually come with a natural weight-2 action. Typical examples arise

as the Higgs branch of moduli spaces, which are hyperkähler reductions of unitary

actions on �at quaternionic spaces HN . The dilation action on HN yields a weight-

2 action on the reduced space. Well-known families of these spaces are quiver and

hypertoric varieties. On the Springer-theoretic side, there is a natural Kazhdan action

that acts with weight-2 on Slodowy varieties.

Moreover, having a weight-2 CSR (M, φ) we can construct a family of commuting

weight-1 actions in the following way. Let us give a following de�nition �rst.

De�nition 3.2.5. Having a weight-2 CSR (M, φ), we de�ne its group of conical

symplectomorphisms Sympφ(M, ωC) as the group of algebraic π-compatible6 sym-

plectomorphisms that commute with φ.

Lemma 3.2.6. The group Sympφ(M, ωC) is �nite-dimensional.

Proof. Firstly, we will check that Sympφ(M, ωC) acts faithfully on Γ(M,OM) ∼=
C[M0].7 It is enough to prove that if an element ϕ of Sympφ(M, ωC) �xes Γ(M,OM) ∼=
C[M0], then ϕ = Id. Now, if ϕ �xes Γ(M,OM) ∼= C[M0], that means that the induced

map on M0 is identity (recall M0 is a�ne), hence the map on M is the identity on

the open dense set Mreg = π−1(Mreg
0 ). Moreover, the set of points in M that are

�xed by ϕ is closed, so we conclude that it has to be the whole of M (recall that M

is irreducible).

Hence, the induced action Sympφ(M, ωC) y C[M0] is faithful. Further, as ele-

ments of Sympφ(M, ωC) commute with φ, they preserve the grading on C[M0] induced

by it. Thus, �xing some set (fi)i of homogeneous generators of C[M0] whose weights

we denote by (wi)i, we have that the action Sympφ(M, ωC) y C[M0] is determined

by the induced actions on the weight-spaces C[M0]wi , on which this group acts lin-

early. Thus, we get the induced monomorphism Sympφ(M, ωC) ↪→
∏

iGL(C[M0]wi)

into a �nite-dimensional group, hence Sympφ(M, ωC) is �nite-dimensional itself. �

6Meaning: a map that preserves the �bres of π.
7This isomorphism holds due to Remark 2.1.2.
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Now, construct a family of weight-2 actions by composing φ with 1-parameter

subgroups

St ≤ Z(Sympφ(M, ωC))

of the centre of Sympφ(M, ωC). These subgroups all lie in the identity-component

Z(Sympφ(M, ωC))◦ of this centre, which is isomorphic to (C∗)n for some n ∈ N.
Thus, these subgroups are labelled by some integer lattice Lφ(M, ωC) ∼= Zn.

Then, the 1-parameter subgroups St for which the actions φtSt are conical and

even8 correspond to some subset of the lattice Θφ ⊂ Lφ(M, ωC). By construction,

these actions corresponding to Θφ commute, thus by Theorem 3.2.4 they induce

di�erent minimal components in the core. As the number of core-components is

�nite, so is the number of these actions, and the set Θφ itself.

The square roots of the actions that correspond to Θφ yield weight-1 conical

actions, thus minimal components (Moreover, by Remark 3.1.7, these are the only

ones in Lφ(M, ωC) that could yield minimal components). Thus, we have a corollary

to Theorem 3.2.4.

Corollary 3.2.7. Given a weight-2 CSR (M, φ), the number of minimal components

of its core is at least |Θφ|.

Passing to the realm of Nakajima quiver varieties (Chapter 4) and Slodowy va-

rieties (Chapter 5), there exist canonical weight-2 actions φ, and explicit subgroups

Sympφ(M, ωC)′ of Sympφ(M, ωC). Thus, the calculation of the convex subsets Θφ

of the lattices Lφ(M, ωC)′ that correspond to Z(Sympφ(M, ωC)′)◦ becomes rather

feasible, which we do in Section 4.4 and Section 5.2, respectively. In addition, we

believe that, in the case of Nakajima quiver varieties of type A, these subgroups

Sympφ(M, ωC)′ are actually equal to the whole group Sympφ(M, ωC)◦ (cf. Corollary

4.4.9).

3.3 Symplectic Topology of minimal components

In this section we will observe the symplectic-topological viewpoint of the earlier

sections. Namely, we have proved that any CSR M, has a canonical structure of a Li-

ouville manifold with symplectic structures ωJ,K , such that the core L is its Liouville

skeleton. Moreover, in the case that M is a weight-1 CSR, any smooth component of

the core is a smooth exact Lagrangian submanifold, therefore a non-trivial object of

the Fukaya category F(M) of M. In particular, the minimal components are exact

8Meaning: being a square of an action.
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Lagrangian submanifolds of M. Here we compute their mutual Floer cohomologies,

provide some information on their closed-open string maps, and show that existence

of minimal components yields lower bounds on the ranks of the symplectic cohomol-

ogy SH∗(M, ωJ,K).

NB As the symplectic structure we discuss here is exact, there is no need to use

the Novikov �eld for the coe�cients. Thus, throughout this section, we assume

that all cohomologies are de�ned over Z/2 coe�cients. We do not use the

more general Z coe�cients, due to the usual issues with the orientation signs, as the

minimal components are not necessarily spin9 (take CP 2 in T ∗CP 2 for instance).

3.3.1 Minimal components are exact Lagrangians

In this section we prove that minimal components are exact Lagrangians and compute

their Lagrangian Floer cohomologies, as graded vector spaces.

De�nition 3.3.1. Given an exact symplectic manifold (M,ω = dθ), a Lagrangian

submanifold is a half-dimensional submanifold i : L ↪→ M such that i∗ω = 0. In

other words, the pull back of the primitive 1-form θ is closed d(i∗θ) = 0. When

i∗θ = df is also exact, the Lagrangian is called exact. When i∗θ = df vanishes, the

Lagrangian is called Bohr�Sommerfeld.

Proposition 3.3.2. Given a CSR M of weight-1, any smooth component L of its

core L is Bohr�Sommerfeld, in particular it is an exact Lagrangian submanifold of

(M, ωJ,K)

Proof. The condition on the Lagrangian to be exact/Bohr�Sommerfeld depends on

the choice of the primitive. Here we consider the primitives coming from the canonical

Liouville structure ωJ,K = dθJ,K from Proposition 2.2.6. They are de�ned by

θJ,K = iZωJ,K ,

where Z is the vector �eld of the R+-part of the C∗-action. Now, from Theorem 3.1.1

we see that the open dense subsets Lα of the components Lα are C∗-invariant and
Lagrangian. This in particular yields Z ∈ TLα, hence the form θJ,K(ξ) = ωJ,K(Z, ξ)

must vanish for any ξ ∈ TLα. As vanishing is a closed condition, when Lα is smooth we

deduce that θJ,K vanishes on it. So Lα is a Bohr�Sommerfeld Lagrangian submanifold,

and in particular it is exact. �
9A manifold X is spin if its second Stiefel�Whitney class vanishes, w2(TX) = 0.
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Corollary 3.3.3. Given a weight-1 CSR M, there are at least N smooth closed exact

non-isotopic Lagrangian submanifolds of (M, ωJ,K), where N = max{N1, N2} ≥ 1

and

1. N1 = the maximal number of commuting weight-1 conical actions.

2. N2 = the number of HK conical actions (if M is also a HKCSR).

Proof. By Theorem 3.2.4 and Proposition 3.3.2. The fact that they are non-isotopic

follows from Lemma 3.1.2. �

In the next proposition we will compute Lagrangian Floer cohomologies of min-

imal components. Recall that the Lagrangian Floer cohomology HF (L1, L2) of two

Lagrangians L1 and L2 is a homology of the chain complex CF (L1, L2) whose gen-

erators are intersections of two Lagrangians, and the di�erential counts the pseudo-

holomorphic strips with ends on these intersections. In particular, when Lagrangian

L is exact, it recovers the ordinary cohomology HF (L,L) ∼= H(L). Moreover, follow-

ing [Sei00, Sec. 2], when the ambient manifold (M,ω) satis�es 2c1(M,ω) = 0 and

H1(M,Z) = 0, we can canonically grade Lagrangians L satisfying H1(L,Z) = 0, and

for each such Lagrangian there is a Z-worth of choices of its gradings L̃[k], k ∈ Z.
Choosing a J-complex10 volume form Ω these gradings can be de�ned in the

following way. Denote by L the Lagrangian Grassmannian of M, i.e. the bundle over

M whose �bre Lx above x ∈ M consists of Lagrangian subspaces of (TxM,ω). Now,

de�ne the squared phase map

det2
Ω : L → S1, det2

Ω(Λ) =
Ω(ξ1, . . . , ξn)2

|Ω(ξ1, . . . , ξn)|2
,

for any11 basis ξ1, . . . , ξn of Λ. Consider the pull-back of the universal cover R→ S1

via squared phase map

L̃ = {(Λ, t) ∈ L × R | det2
Ω(Λ) = e2πit}. (3.4)

The grading of L is a section L̃ : L → L̃. Thus, for every x ∈ L we have L̃(x) =

(TxL, t) and det2
Ω(TxL) = e2πit. Obviously, if L̃ is a grading, so is

L̃[k] : L→ L̃, L̃[k](x) := (TxL, πR(L̃(x))− k),

10Where J is an almost complex structure compatible with ω.
11As one can show by the pull-back formula for the top-degree forms, this does not depend on the

choice of basis.
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for every k ∈ Z, and every grading is obtained in this way. Here, πR : L̃ → R is

the projection. Thus, we get an Z-worth of gradings for all Lagrangians L satisfying

H1(L,Z) = 0. Moreover, this notion depends on the choice of the homotopy class of

Ω in the space of J-complex volume forms. However, when H1(M,Z) = 0, these are

all homotopic and the notion of a grading becomes canonical.

In addition, Lagrangians L satisfying im(Ω)|L = 0, usually called special La-

grangians, have a canonical choice of grading, de�ned by

L̃(x) := (TxL, 0), ∀x ∈ L, (3.5)

which is well-de�ned as det2
Ω(TxL) ≡ 1.

Finally, given two graded Lagrangians L̃1, L̃2, one can canonically de�ne the Z-
grading on the Floer cohomology HF ∗(L̃1, L̃2). Thus, as grading of each Lagrangian

L̃i is de�ned up to a Z-shift, so is HF ∗(L̃1, L̃2). When L1 = L2 = L, these shifts

cancel out12 and HF ∗(L̃1, L̃1) is canonically graded.

Let us apply this in the setup of CSRs. As proved in Lemma 2.1.7 any CSR

(M, ωC) is an almost hyperkähler manifold (M, g, I, J,K) such that ωC = ωJ+iωK and

ωS(·, ·) := −g(·, S·), for S = I, J,K. Hence, for any complex structure Θ ∈ {aJ+bK |
a2 + b2 = 1} it has a natural Θ-complex volume form ΩΘ := 1

(n/2)!
(ωI − iωIΘ)n/2,

which makes a notion of graded ωΘ-Lagrangians. As H1(M,Z) = 0 (Corollary 2.1.9),

this notion is canonical. In addition, minimal components have canonical choice of

gradings, due to the following lemma:

Lemma 3.3.4. Given a weight-1 CSR, its smooth core components are special La-

grangians with respect to all ΩΘ. Thus, each smooth core component L satisfying

H1(L,Z) = 0 has a canonical grading. In particular, this holds for minimal compo-

nents.

Proof. By Theorem 3.1.1, smooth core components are holomorphic Lagrangians with

respect to ωC, thus they are special with respect to all ΩΘ, by [SoVe19, Lem. 3.3].13

Such Lagrangians whose �rst cohomology vanishes have canonical grading (3.5). Let

us show that a minimal component Fϕ satis�es H1(Fϕ,Z) = 0. Denoting {Fα}α∈A the

set of connected components of the �xed locus Mϕ, by Lemma 2.3.2 we have

bk(M) =
∑
α∈A

bk−µ(Fα)(Fα),

12As HF ∗(L̃1[k], L̃2[l]) = HF ∗−k+l(L̃1, L̃2).
13Which goes back to [HaLa82, p. 154].
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where µ(Fα) are Morse-Bott indices of the moment map of the S1-part of ϕ, and

the index of Fϕ is equal to zero. Since b1(M) = 0 by Corollary 2.1.9, that implies

that b1(Fϕ) = 0, thus H1(Fϕ,R) = 0. Moreover, since H1(Fϕ,Z) has no torsion,14 it

vanishes as well. �

Now we will compute the mutual Floer cohomologies of minimal components with

respect to these canonical gradings.

Theorem 3.3.5. Given a weight-1 CSR M, its minimal components are exact La-

grangian submanifolds of (M, ωJ,K), hence HF ∗(Fϕ,Fϕ) ∼= H∗(Fϕ,Z/2) for each min-

imal Fϕ. For each pair Fϕ1 ,Fϕ2 of minimal components whose actions ϕ1, ϕ2 commute

we have

HF ∗(F̃ϕ1 , F̃ϕ2) ∼= H∗−µ(Fϕ1 ∩ Fϕ2 ,Z/2), (3.6)

for certain shift µ = µ(ϕ1, ϕ2). Moreover, when the S1-part of one of ϕ1, ϕ2 is iso-

metric w.r.t almost hyperkähler metric from Lemma 2.1.7, we have that

µ =
1

2
(dimC M− dimR(Fϕ1 ∩ Fϕ2)). (3.7)

In particular, that holds when M is a HKCSR.15 In addition, if the composition ϕ1ϕ2

of two commuting actions ϕ1, ϕ2 is even, minimal components Fϕ1 ,Fϕ2 are disjoint.

Proof. By Proposition 3.3.2, smooth core components, hence minimal components are

exact Lagrangians. However, here we notice that one can prove this in the other way,

using Lemma 3.3.4. It tells us that each minimal component Fϕ satis�es H1(Fϕ,R) =

0, hence Fϕ is exact with respect to any primitive form of ωJ,K . By the same vanishing,

the Floer cohomology HF ∗(Fϕ,Fϕ) is Z-graded, and the exactness of Fϕ implies the

graded isomorphism HF ∗(Fϕ,Fϕ) ∼= H∗(Fϕ,Z/2), as claimed.

Consider now two di�erent commuting weight-1 conical actions ϕ1, ϕ2 and their

corresponding minimal components Fϕ1 , Fϕ2 . The composition ϕ12
t := ϕ1

t ◦ϕ2
t is then

a weight-2 conical action. If the intersection of Fϕ1 and Fϕ2 is empty, then (3.6) is

trivially true as then HF ∗(Fϕ1 ,Fϕ2) = 0. Otherwise, let us show that

Fϕ12 = Fϕ1 ∩ Fϕ2

holds, where Fϕ12 is the minimal component of ϕ12. The action ϕ12 is not a weight-1

action, but it still has a well-de�ned unique minimal component that is connected, as

14Due to universal coe�cients.
15As for them we consider only HK conical actions, whose S1-parts are isometric w.r.t. hyperkähler

metric on M (recall De�nition 2.1.14).
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this follows from the analogous Morse-Bott argument as in the proof of Proposition

3.1.3. Like in the proof of Proposition 3.2.2, there is a Kähler metric g that is S1-

invariant for both ϕ1 and ϕ2. It is also S1-invariant for ϕ12, and as H1(M) = 0,

there exist corresponding moment maps H1, H2, H12 of those S1-actions with respect

to the Kähler form ωI . From the general theory on symplectic reduction, we have

H12 = H1 + H2, so the minimum of H12 is attained exactly at the intersection of

minima of H1 and H2, hence Fϕ12 = Fϕ1∩Fϕ2 . Now, let us prove that this intersection

is clean, that is,

TxFϕ12 = TxFϕ1 ∩ TxFϕ2

The direction `⊆' is obvious as Fϕ12 is a submanifold of Fϕ1 and Fϕ2 so the inclusion

between tangent spaces follows.

To prove the direction `⊇' notice that v ∈ TxFϕ1 means that (ϕ1
t )∗v = v and similarly

for v ∈ TxFϕ2 . Therefore for v ∈ TxFϕ1 ∩ TxFϕ2 we have v ∈ TxFϕ12 because

(ϕ12
t )∗v = (ϕ1

t )∗(ϕ
2
t )∗v = v.

As the two exact Lagrangians Fϕ1 and Fϕ2 intersect cleanly, and their intersection

ϕ12 is connected, we have an isomorphism HF (Fϕ1 ,Fϕ2) ∼= H(Fϕ12 ,Z/2). This is

a well-known result that goes back to Po¹niak [Po99, Thm. 3.4.11]. Moreover, as

H1(Fϕ1) = H1(Fϕ2) = 0, these Lagrangians can be Z-graded, F̃ϕ1 , F̃ϕ2 . Then, we have

a graded isomorphism (see e.g. [KhSei02, Prop. 5.18]):

HF ∗(F̃ϕ1 , F̃ϕ2) ∼= H∗−µ(Fϕ12 ,Z/2),

where µ = µF̃ϕ1 ,F̃ϕ2
is the shift which depends on the gradings,

µ = µ(λ1, λ2) +
1

2
(dimCM− dimR Fϕ12). (3.8)

Here, µ(λ1, λ2) is the Maslov index for paths of Lagrangians ([RS93, Sec. 3]) λ1, λ2 :

[0, 1] → Lx satisfying λ1(0) = TxFϕ1 , λ1(1) = TxFϕ2 , λ2(t) ≡ TxFϕ2 . The path λ1 is

chosen to be compatible with the choice of gradings F̃ϕ1 , F̃ϕ2 , i.e. it is the projection

of a path λ̃1 : [0, 1]→ L̃x satisfying λ̃1(0) = F̃ϕ1(x), λ̃1(1) = F̃ϕ2(x). It is unique, up

to homotopy that �xes endpoints. Thus, the index µ(λ1, λ2) neither depends on the

choice of λ1, or on the chosen point x ∈ Fϕ12 = Fϕ1 ∩Fϕ2 , as this intersection is clean

and connected.

Now, by Lemma 3.3.4, minimal components are special Lagrangians and they are

canonically graded F̃ϕ1(x) = (TxFϕ1 , 0), F̃ϕ2 = (TxFϕ2 , 0). We are going to compute

the index µ(λ1, λ2), hence shift µ, with respect to that grading. For brevity, we will

59



use the form ωJ , thus complex volume form ΩJ , noticing that the same proof goes for

any ωΘ,ΩΘ, where Θ ∈ {aJ + bK | a2 + b2 = 1}.
Now, we assume that the S1-part of one of the actions ϕ1, ϕ2, say of ϕ1, is iso-

metric with respect to the almost hyperkähler metric g from Lemma 2.1.7. This is

automatically true for HKCSRs, as we consider only such conical actions on them.16

Denote V := TxM, N := TxFϕ12 , L1 := TxFϕ1 , L2 := TxFϕ2 , and Ui := N⊥g ⊂ Li.

The following lemma is crucial.

Lemma 3.3.6. JU1 = U2.

Proof. Firstly, for i ∈ {1, 2} we have that JLi = L
⊥g
i , thus V = Li ⊕ JLi are g-

orthogonal decompositions.17 Thus, as L1 = N ⊕U1 is an orthogonal decomposition,

so is V = N ⊕U1⊕JN ⊕JU1.
18 Thus, as dim JU1 = dimU1 = dimU2, it is enough to

show that (N ⊕ U1 ⊕ JN) ⊥g U2. By de�nition, U2 ⊥g N, and, as JN ⊂ JL2 = L
⊥g
2

is orthogonal to L2 ⊃ U2, it is orthogonal to U2 as well. Thus, it is left to show that

U2 ⊥g U1. (3.9)

To do this, we will use that Fϕ1 is a minimal component, hence a connected component

of the �xed locus of a C∗-action ϕ1. Then, like in the proof of Proposition 3.2.2, we

have the g-orthogonal weight composition with respect to ϕ1 :

V = TxM = H0 ⊕H1.

We have that H0 = TxFϕ1 = L1 ⊃ U1, thus in order to show (3.9), it is enough to show

that U2 ⊂ H1. This follows from considering the restriction of the C∗-action ϕ1 to the

component Fϕ2 . Then, we again have the weight decomposition TxFϕ2 = H ′0 ⊕ H ′1,

where H ′0 = TxFϕ12 = N, and H ′1 is its orthogonal complement, U2. Thus, U2 consists

of weight-1 vectors, and we are done. �

Now, pick a g-orthogonal basis u1, . . . , uk of N and extend it to a g-orthogonal ba-

sis u1, . . . , un of L1. Thus, U1 = 〈uk+1, . . . , un〉. Denoting by vi := Jui, previous lemma

says that L2 = 〈u1, . . . , uk, vk+1, . . . , vn〉. Now, consider a path of half-dimensional

subspaces in V :

γ1(t) = 〈u1, . . . , uk, e
iπ
2
tuk+1, . . . , e

iπ
2
tun+k

2
, e−i

π
2
tun+k

2
+1, . . . , e

−iπ
2
tun〉, (3.10)

16Recall De�nition 2.1.14.
17As Li ⊂ V is a Lagrangian subspace, hence for v, w ∈ Li we have g(v, Jw) = −ωJ(v, w) = 0.
18As J is g-orthogonal, g(J ·, J ·) = g(·, ·).
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where eiθuj := cos(θ)uj+sin(θ)Juj. The number n+k
2

is an integer, as both n and k are

even.19 From g-orthogonality of (ui)
n
i=1, it follows that γ1 ⊂ Lx. Clearly, γ1(0) = L1

and γ1(1) = L2. The next lemma shows the importance of this path:

Lemma 3.3.7. γ1 is an eligible choice for a path λ1.

Proof. It is enough to show that

det2ΩJ (γ1(t)) ≡ 1, (3.11)

as then λ̃1 := (γ1(t), 0) is a path in L̃x satisfying λ̃1(0) = F̃ϕ1 , λ̃1(1) = F̃ϕ2 and γ1 is

its projection to L, hence an eligible choice for λ1. In order to show (3.11), consider a

J-complex volume form Ω := (u∗1 + iv∗1)∧ (u∗2 + iv∗2)∧ · · · ∧ (u∗n + iv∗n) on V. Denoting

the basis of γ1(t) in (3.10) by (u′j(t))
n
j=1, it is immediate that

Ω(u′1(t), . . . , u′n(t)) = (ei
π
2
t)
n−k
2 (e−i

π
2
t)
n−k
2 Ω(u1, . . . , un) = Ω(u1, . . . , un) = 1,

thus, det2Ω(γ1(t)) ≡ 1.

On the other hand, Ω and ΩJ are both complex volume forms on V, hence Ω = ηΩJ

for some η ∈ C∗. Then, det2Ω = η2

|η|2det
2
ΩJ
. As Fϕ1 is special, we have det2ΩJ (TxFϕ1) =

det2ΩJ (L1) = 1. On the other hand, det2Ω(L1) = det2Ω(γ1(0)) = 1, thus η2

|η|2 = 1 and

det2Ω = det2ΩJ , which yields (3.11) indeed. �

Now we can compute the Maslov index µ(λ1, λ2), which, together with (3.8), �nally

gives the claimed shift µ = 1
2
(dimCM− dimR Fϕ12).

Lemma 3.3.8. µ(λ1, λ2) = 0.

Proof. By de�nition, Maslov index of paths of Lagrangians in a symplectic vec-

tor space V is computed using a symplectomorphism φ : (V, ωJ) → (R2n, ωstd),

µ(λ1, λ2) := µ(φ∗λ1, φ∗λ2). Here, ωstd is the standard symplectic structure on R2n.

By the naturality of the Maslov index for paths, this does not depend on the choice

of φ. We will de�ne the most natural such symplectomorphism:

φ : V → R2n, φ(ui) = ei, φ(vi) = fi,

where (ei)
n
i=1, (fi)

n
i=1 are standard bases of Rn × 0 and 0 × Rn, respectively. Denote

νi := φ∗λi, for i ∈ {1, 2}, and Ki := φ∗Li. Thus, K1 = 〈e1, . . . , en〉 and K2 =

〈e1, . . . , ek, fk+1, . . . , fn〉. It is immediate that ν1(t) = ψ(t)K1 = ψ(1− t)K2, where

ψ : [0, 1]→ U(n) ⊂ Sp(2n), ψ(t) = diag(1, . . . , 1︸ ︷︷ ︸
k

, ei
π
2
t, . . . , ei

π
2
t︸ ︷︷ ︸

1
2

(n−k)

, e−i
π
2
t, . . . , e−i

π
2
t︸ ︷︷ ︸

1
2

(n−k)

).

19Being real dimensions of I−Kähler manifolds Fϕ1 and Fϕ12 .
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Here, the complex coordinates used on R2n ∼= Cn are standard, i.e. on the i-th place

is the span 〈ei, fi〉. Using the elementary properties (given in [RS93]) of Maslov index

for pairs of Lagrangian paths, and for its version µ(A) := µ(A(0×Rn), 0×Rn) for a

path A = A(t) of symplectic matrices, we have a sequence of equalities:

µ(λ1, λ2) = µ(ν1, ν2) = µ(ψ(1− t)K2, K2) = µ(ψ(1− t)ϕ(0× Rn), ϕ(0× Rn))

= µ(ϕψ(1− t)(0× Rn), ϕ(0× Rn)) = µ(ψ(1− t)0× Rn, 0× Rn)

= µ(ψ(1− t)) = −µ(ψ(t))

= −kµ(1)− 1

2
(n− k)µ((ei

π
2
t)t∈[0,1])−

1

2
(n− k)µ((e−i

π
2
t)t∈[0,1])

= −1

2
(n− k)(

1

2
)− 1

2
(n− k)(−1

2
) = 0,

where ϕ : R2n → R2n, ϕ = diag(i, . . . , i︸ ︷︷ ︸
k

, 1, . . . , 1︸ ︷︷ ︸
n−k

) is a symplectomorphism which

satis�es ϕ(0×Rn) = (Rk×0)×(0×Rn−k) = L2, and clearly commutes with ψ(t). The

Maslov index µ((e±i
π
2
t)t∈[0,1]) = µ((e±i

π
2
t)t∈[0, 1

2
])+µ((e±i

π
2
t)t∈[ 1

2
,1]) = µ((e±i

π
2
t)t∈[0, 1

2
])+

0 = 1
2
sign(tg(±π

4
)) − 1

2
sign(tg(0)) = ±1

2
is computed using the catenation, zero and

localisation properties from [RS93, Thm. 2.3]. �

Finally, let us prove the last claim of the Theorem. If the composition ϕ1ϕ2 is

even, there is a minimal component attached to it (more precisely, to its square root).

It cannot be the intersection of two di�erent minimal components Fϕ1 ,Fϕ2 , due to

dimension reasons. Thus, the intersection Fϕ1∩Fϕ2 is empty and they are disjoint. �

Remark 3.3.9. The other direction of the last claim of the previous theorem is not

true. As an example, consider the resolution of a Du Val singularity XZ/5 → C2/Z/5
(Example 2.3.17), and compose the weight-1 actions whose minimal components are

the "outer spheres" in the Dynkin A4-chain of spheres (which constitutes the core).

As one can prove by hand, the composition of those two actions is not even, but their

minimal components are disjoint.

Following Theorem 3.3.5, an interesting avenue of further Floer-theoretic research

on minimal components could be towards computing their Floer product, or more

generally, computing the higher operations of the Fukaya category between them. At

the moment this is far from reach, but let us mention an encouraging result which

says that the operations in the Fukaya category of a CSR M that involve smooth

Lagrangians in the core come only from constant solutions. We say that a Riemann

surface Σ is of type-n if its boundary ∂Σ has punctures, which decompose it into n

connected pieces, denoted by ∂Σi, i = 1, . . . , n.
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Proposition 3.3.10. (Holomorphic maps with boundary in the core are con-

stant) Consider a weight-1 CSR M and pick any choice of symplectic form ωJ,K ,

and its compatible almost complex structure S. Given any smooth core components

L1, . . . , Ln, and picking a Riemann surface Σ of type-n, any S-holomorphic map

u : Σ→M, u(∂Σi) ⊂ Li is constant.

Proof. Let us assume that we have a non-constant S-holomorphic map

u : Σ→M, u(∂Σ) ⊂ L,

By Gromov Lemma we have
∫

Σ
u∗ωJ,K = 1

2

∫
Σ
||du||2 > 0. On the other hand, like in

the proof of Proposition 2.2.6, we have ωJ,K = dθJ,K where θJ,K = iZωJ,K and Z is

vector �eld of the R+-action, up to a scale. Thus, by Stokes theorem
∫

Σ
u∗ωJ,K =∫

∂Σ
u∗θJ,K , and the last integral vanishes due to θJ,K(ξ) = 0 for any vector ξ ∈ TL

(see the proof of Proposition 3.3.2). Thus we get a contradiction. �

We remark that the result [SoVe19, Thm. 1.6] from a recent paper by Solomon-

Verbitsky states the same20 statement as Proposition 3.3.10 in the setup of arbitrary

hyperkähler manifolds and holomorphic Lagrangians therein. However, this is the

main result of their paper, whereas our proof for the setup of CSRs and the La-

grangians of the core goes rather easy, as we saw.

Remark 3.3.11. We have seen in this section that smooth components of the cores of

CSRs are exact Lagrangians, hence well-de�ned objects in the closed Fukaya category

of a CSR. From that viewpoint, of interest would also be the core components which

are not necessarily smooth but immersed, as their Floer theory theory is well-de�ned

as well [AkJo10]. However, it is hard to get the information whether a singular core

component is immersed in general. Even the simplest singular core components, in

the examples of cores being Springer �bres [Va79, Sec. 5], [FrMe10, Prop. 2.1], are

rather de�ned by a set of equations than an (immersion) map.

3.3.2 Applications towards symplectic cohomology

In this section we use the existence of minimal components in order to give some

information on the symplectic cohomology SH∗(M) := SH∗(M, ωJ,K). Symplectic

cohomology is notoriously hard to compute explicitly, so we usually have to make

due with partial information. Recall that the symplectic structures ωJ,K are Calabi-

Yau (due to Lemma 2.1.7), and also H1(M,Z) = 0 (due to Lemma 2.1.9), hence

20To be precise, our result is slightly stronger, as we omit the word �generic� which they have, for
choosing the symplectic form among the forms ωJ,K .
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SH∗(M) is canonically Z-graded (Corollary A.2.4). This is important, as we will

get a degree-wise information on its ranks; getting information on its global rank

would be not much of use as symplectic cohomology is usually in�nite-dimensional

(cf. Remark 3.3.22).

We will make a crucial use of the closed-open string map

CO0 : SH∗(M,ω)→ HF ∗(L,L)

for an exact Lagrangian submanifold L ⊂M of Liouville manifold M. As we will not

use its de�nition but merely its properties, we refer to the original paper [Ab15] for

a thorough exposition. Here we just mention that it counts half-cylinders satisfying

the Floer equation and having a boundary on L.

Firstly, we show the non-vanishing of symplectic cohomology, due to the Viterbo-

Seidel argument.

Corollary 3.3.12. Given any weight-1 CSR M, its exact symplectic cohomology over

Z/2-coe�cients is non-zero

SH∗(M, ωJ,K) 6= 0.

Proof. By the argument in [Sei08, 5a], given a closed exact Lagrangian submanifold

L
i
↪−→M, there is a commuting triangle

H∗(M) SH∗(M)

HF ∗(L,L)

c∗

i∗
CO0 (3.12)

consisting of ring homomorphisms such that the diagonal map, under the isomorphism

HF ∗(L,L) ∼= H∗(L),

becomes the restriction map for singular cohomology. Hence, it sends the unit to the

unit, therefore c∗(1) ∈ SH∗(M) cannot vanish. Now, by Proposition 3.1.3 there is at

least one smooth core component of M, and by Proposition 3.3.2 it is a closed exact

Lagrangian submanifold. The claim follows. �

Remark 3.3.13. In addition, it should be noted that for CSRs which do not admit

a weight-1 conical action, symplectic cohomology may in fact vanish, which in turn

prevents the existence of exact Lagrangians (by the Viterbo-Seidel argument above).

For example, quiver varieties and hypertoric varieties that do not admit weight-1

conical actions are all subcritical Stein manifolds, so by Cieliebak [Cie02, p. 121] the

symplectic cohomology vanishes.
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By studying the closed-open string map, we can also obtain lower bounds on the

rank of SH∗(M). For that matter, we will need a result about the decomposition of

singular homology of a variety in the presence of a C∗-action, which we prove combin-

ing the work of Carrell�Goresky [CaGo83] and the Biaªynicki-Birula decomposition

(Theorem 2.3.3). We remark that we will not be using the notation from that pa-

per, rather we continue with the one we previously introduced in this thesis, for the

reader's convenience.

Theorem 3.3.14 (Carell�Goresky, Biaªynicki-Birula). Let Y be a smooth projective

variety with a holomorphic C∗-action. Suppose X ⊂ Y is a closed C∗-invariant
subvariety, and let XC∗ =

⊔
i Fi be the decomposition of its �xed locus into connected

components. Assume further that:

(i) The �xed components Fi are smooth.

(ii) Their attracting sets Li := {x ∈ X | lim
t→∞

t · x ∈ Fi} in X are the same as their

attracting sets in Y.

Then:

(1) The morphisms pi : Li → Fi, x 7→ limt→∞ t ·x are �bre bundles with a�ne �bres.

(2) There is an isomorphism21

Φ = ⊕iηi :
⊕
i

H∗(Fi)[−µi]→ H∗(X).

where ηi : H∗(Fi)[−µi] → H∗(X), [C] 7→ [p−1
i (C)], for a generic cycle C. Here

the closure p−1
i (C) is taken in X, and µi is the real dimension of the bundle pi.

Proof. Consider a �xed component Fi in X. It belongs to a �xed component F′i in Y.

As X ⊂ Y is a closed subvariety, Fi ⊂ F′i is so as well. Due to assumption (ii) we have

that the map pi : Li → Fi is a restriction of the map p′i : L′i → F′i, x 7→ limt→∞ t · x
where L′i := {x ∈ Y | lim

t→∞
t · x ∈ F′i} is the attraction set of F′i in Y. Now, from

Theorem 2.3.3 applied to Y, we know that the p′i is a �bre bundle with a�ne �bres,

so the same holds to its restriction pi, which proves the claim (1). Now, we claim

that one can apply the theorem [CaGo83, Thm. 1', Sec. 2] by Carrell-Goresky that

21Here we are using the standard shifting notation from homological algebra; Given a graded
module A∗, the graded module A∗[k] is obtained from it by shifting down by k. Also, notice that
the result from [CaGo83] holds for integral homology. Nevertheless, their proof goes over the Z/2
coe�cients (which we are using here) as well.
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claims the isomorphism (2) in this setup. Indeed, as stated in that theorem, one needs

the C∗-action on X has to be good, which means that the decomposition X = ∪Li
needs to satisfy certain conditions (1a)-(1d), [CaGo83, p.368-369]. As mentioned in

[CaGo83, Rmk, Sec. 2], the conditions (1b) and (1d) are always satis�ed in this setup.

The condition (1c) only makes sense if there are singular Fi, thus is vacuous due to

our assumption (i). Finally, the condition (1a) is exactly the claim (1), hence the the

C∗-action on X is indeed good, and the isomorphism (2) holds. For its description

given in the claim (2) we refer to [CaGo83, p.369]. �

Remark 3.3.15. We remark that the assumptions in Theorem 3.3.14 are needed indeed,

or at least assumption (ii), as the following example shows. Namely, consider a C∗-
action on X = P2 given by

t · [z0, z1, z2] = [z0, tz1, t
2z2].

Its �xed locus are points F0 = [1 : 0 : 0], F1 = [0 : 1 : 0], F2 = [0 : 0 : 1].

Choose Y to be the union of three complex lines which these points form. We see

that assumption (i) from the theorem holds, but notice that assumption (ii) does

not. Namely, the attracting set L′2 = {x ∈ X | lim
t→∞

t · x ∈ F2} attached to the

point F2 is equal to [z0, z2, 1] ∼= C2 whereas the attracting set L2 in Y attached

to the same point is equal to the union of two lines, [z0 : 0 : 1], and [0 : z1 : 1],

thus L2 6= L′2 indeed. It is immediate that L2 → F2 is not an a�ne bundle, and

also that the homology isomorphism between �xed loci Fi and Y cannot hold, as

H∗(Y ) = K[0] ⊕ K[−1] ⊕ K3[−2], thus has a bigger rank than the total rank of all

H∗(Fi).

Proposition 3.3.16. The closed-open string map

CO0 : SH∗(M)→ HF ∗(Fϕ,Fϕ)

for a minimal component Fϕ is surjective.

Proof. Using diagram (3.12) for the minimal component Fϕ

H∗(M) SH∗(M)

HF ∗(Fϕ,Fϕ)

c∗

i∗
CO0 (3.13)

we see that the surjectivity of CO0 would follow from the surjectivity of the map

H∗(M) → HF ∗(Fϕ,Fϕ), which under the isomorphism HF ∗(Fϕ,Fϕ) ∼= H∗(Fϕ) be-

comes the restriction map H∗(M)→ H∗(Fϕ). Recalling that the inclusion of the core
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L ⊂M is a homotopy equivalence (Proposition 2.1.9), it is enough to show that the

restriction map H∗(L)→ H∗(Fϕ) is surjective.

We will prove this by applying Theorem 3.3.14 to the core L of M. Recall �rst

that, as mentioned in the proof of Corollary 2.3.4, one can extend the C∗-action
on M to a smooth projective variety Y which compacti�es it, such that M ⊂ Y

is a C∗-invariant Zariski open subvariety. Next, L ⊂ Y is a closed C∗-invariant
subvariety which satis�es assumptions (i) and (ii) of Theorem 3.3.14. Indeed, the

C∗-�xed locus tiFi in L is the same as �xed locus in M, and is smooth (Lemma

2.3.2), thus assumption (i) holds. Moreover, by the characterisation of the core given

by (2.8) in the proof of Corollary 2.3.4, we have that assumption (ii) holds as well,

hence we have an isomorphism

Φϕ = ⊕iηi : ⊕iH∗(Fi)[−µi]
∼=−→ H∗(L) (3.14)

Notice that the minimal component Fi0 := Fϕ satis�es

Fi0 = Li0 = Li0

(equation (3.2) in the proof of Proposition 3.1.3). Thus, µi0 = 0 and p−1
i0

(C) = C, for

a cycle C, thus

ηi0 = (iϕ)∗ : H∗(Fϕ)→ H∗(L),

where iϕ : Fϕ ↪→ L is the inclusion map. Hence by isomorphism (3.14), the map (iϕ)∗

is injective. As we are working over �eld coe�cients, the restriction map on cohomol-

ogy (iϕ)∗ : H∗(L)→ H∗(Fϕ) is naturally isomorphic to the dual map Hom((iϕ)∗,Z2),

hence is surjective. Thus by the argument above, the proposition is proved. �

Hence, as a corollary, we obtain the lower bounds on the ranks of symplectic

cohomology. Denote by bi(X) the i-th Betti number of a topological space X.

Corollary 3.3.17. Given an arbitrary minimal component Fϕ of a weight-1 CSR M,

for all k ∈ N0,

rk(SHk(M)) ≥ bk(Fϕ).

By looking carefully at the proof of Proposition 3.3.16, notice that we have shown

that a block of H∗(M), that is isomorphic to H∗(Fϕ) via the restriction map, injects

in SH∗(M) with the c∗-map. Thus, �xing an weight-1 action ϕ with the �xed locus

F = tFi, we can inject the cohomologies of all Fi which lie in minimal components

to SH∗(M) via the c∗-map. Notice that, in order to prove this, we have to use the

isomorphism from Theorem 3.3.14 simultaneously for the action ϕ restricted to a
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minimal component and for the actions that produce minimal components, and to

prove the compatibility of those isomorphisms. We do it in the following proposition.

Proposition 3.3.18. Let (M, ϕ) be a weight-1 CSR, and let F = tiFi be the �xed lo-

cus of ϕ decomposed into connected components Fi, and µi their corresponding Morse-

Bott indices. Then

rk (SHk(M)) ≥
∑

{Fi⊂L |L∈Min(M)}

bk−µi(Fi),

for all k ≥ 0. In particular, rk (SHdimCM(M)) ≥ |Min(M)|.

Proof. As ϕ is a weight-1 conical action, by Theorem 3.1.1 the �xed sets Fi are

bijectively distributed in di�erent irreducible components of the core. That is to say,

Li are irreducible components of L.We will focus on those that are minimal, Li = Fφ,

for some weight-1 action φ.

Given such a �xed set Fi, one can apply Theorem 3.3.14 for X = L and Y a

C∗-equivariant compacti�cation of M (as in Proposition 3.3.16), and get an injective

map

ηi : H∗(Fi)[−µi]→ H∗(L), [C] 7→ [p−1
i (C)], for a generic cycle C. (3.15)

Moreover, as the action ϕ restricts to Li = Fφ, Theorem 3.3.14 applies for X =

Y = Fφ with the C∗-action ϕ on it.22 Thus, we get an injective map

ηφi : H∗(Fi)[−µφi ]→ H∗(Fφ), [C] 7→ [p−1
i (C)

φ
], for a generic cycle C. (3.16)

Here the closure p−1
i (C)

φ
is taken in Fφ, and µ

φ
i is the dimension of the part of the

bundle Li → Fi that lies in Fφ. But, since Fφ = Li, the closures and shifts agree

p−1
i (C)

φ
= p−1

i (C), µφi = µi. Thus, we have

(iφ)∗η
φ
i = ηi

where iφ : Fφ ↪→ L is the inclusion.

Thus, picking for arbitrary φ ∈ Con1(M) a ϕ-�xed connected component Fi(φ)

de�ned by Li(φ) = Fφ, we get that the image of the map H∗(Fφ)
(iφ)∗−−−→ H∗(L) contains

ηi(φ)(H∗(Fi(φ))[−µi]). Thus, summing over all φ ∈ Con1(M) we get that the image of

the map

⊕φ H∗(Fφ)
⊕(iφ)∗−−−−→ H∗(L) (3.17)

22In that case it reduces to the homology decomposition for closed Kähler manifolds with a C∗-
action, [CaSo79, Thm. 1].

68



contains the image of the map

⊕φηi(φ) : ⊕φH∗(Fi(φ))[−µi(φ)]→ H∗(L),

which is injective, by isomorphism (3.14). Denote by U := Im(⊕φηi(φ)) and by U ′ its

arbitrary graded complement in H∗(L).

Applying the functor Hom(·,Z/2) on the map (3.17), we get the map

Hom(H∗(L),Z/2)
⊕φHom((iφ)∗,Z/2)
−−−−−−−−−−−→ ⊕φHom(H∗(Fφ),Z/2) (3.18)

which we show to be injective on the dual of U, by applying the following linear-

algebraic lemma:

Lemma 3.3.19. Given vector spaces V andW = U⊕U ′ and a linear map L : V → W

such that U ≤ L(V ), the dual map L∗ : W ∗ → V ∗ is injective when restricted to

U∗ := {ξ ∈ W ∗ | ξ|U ′ = 0}.

Proof. We just have to show that if L∗(ξ) = 0 for ξ ∈ U∗ then ξ = 0. By assumption,

0 = L∗(ξ)(v) = ξ(L(v)) for all v ∈ V, so ξ|L(V ) = 0, so ξ|U = 0. As ξ ∈ U∗, we also

have ξ|U ′ = 0, hence ξ = 0. �

Thus, by this lemma the map⊕φHom((iφ)∗,Z/2) injects U∗ into⊕φHom(H∗(Fφ),Z/2).

As U ′ was chosen to be a graded complement, U∗ is isomorphic to U as a graded vector

space. Now, using the Kronecker isomorphisms κ : H∗(L) → Hom(H∗(L),Z/2), κ :

H∗(Fφ)→ Hom(H∗(Fφ),Z/2) we pass from (3.18) to the map

H∗(L)
⊕φi∗φ−−−→ ⊕φH∗(Fφ),

which then injects κ−1(U∗) into ⊕φH∗(Fφ).

Finally, we connect this with symplectic cohomology. Considering the diagram

(3.13) for a minimal component Fφ, and using the isomorphism r : H∗(M)
∼=−→ H∗(L)

(given by the restriction map), and S : HF ∗(Fϕ,Fϕ)
∼=−→ H∗(Fϕ) we get the diagram

H∗(L) SH∗(M)

H∗(Fϕ),

c

i∗φ
coφ (3.19)

where c = c∗ ◦ r−1 and coφ := S ◦ CO0. Summing over all φ ∈ Con1(M) we get the

diagram

H∗(L) SH∗(M)

⊕φH∗(Fφ)

c

⊕φi∗φ ⊕φcoφ (3.20)
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Observe that, as κ−1(U∗) injects by the diagonal map ⊕φi∗φ of this diagram, it in-

jects by the horizontal map c as well. The claim of the proposition then follows

as κ−1(U∗) ∼= ⊕φ(H∗(Fi(φ))[−µi(φ)]) (graded isomorphism), and the summing goes

through all φ ∈ Con1(M), thus Li(φ) goes through the set of all minimal compo-

nents. �

We get an immediate corollary of this proposition:

Corollary 3.3.20. If all components of L of a CSR M are minimal, the singular

cohomology H∗(M) embeds into SH∗(M) via the c∗ map, hence for all k ∈ N0,

rk(SHk(M)) ≥ rk(Hk(M)).

Let us see an instance of this corollary in the following example.

Example 3.3.21. Given the minimal resolution M = ˜C2/(Z/(n+ 1)) of a Du Val

singularity of type An, its core is topologically an n-wedge of 2-spheres, and these are

all minimal components (Examples 4.3.16 and 5.3.16). Hence, in particular, we get

that

rk(SH2(M)) ≥ H2(M) = n.

It is known that rk(SH2(M)) = n by [EL17, Cor. 42], so in this case Proposition

3.3.18 gives the actual rank on the top degree of symplectic cohomology.

Remark 3.3.22. Note that, in principle, symplectic cohomology may be in�nite-

dimensional even degree-wise.23 However, it is indeed �nite-dimensional in each de-

gree for certain examples of CSRs:

� Minimal resolutions of Du Val singularities C̃2/Γ, due to [EL17].

� Cotangent bundles of generalised �ag varieties T ∗(G/P ), where G is complex

semisimple group and P a parabolic subgroup. By Viterbo isomorphism [Vi96,

Ab15], SH∗(T ∗(G/P )) is isomorphic to the singular homology of the free loop

space L(G/P ) of �ag variety, so we can use a general result [Ser51, Prop. 9, Ch.

IV] by Serre that the homology of the free loop space of a simply connected space

is �nite-dimensional degree-wise. The �ag variety G/P is simply connected due

to the decomposition into Schubert cells which are isomorphic to a�ne spaces

[Bo54].

23The simplest example is T ∗S1, whose symplectic cohomology is supported in degrees 0 and 1
and has in�nite rank in both.
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Thus, we believe that for general CSR M the ranks rk(SHk(M)), k ∈ Z should be

�nite-dimensional, so the lower bounds from previous statements actually give some

non-trivial information.
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Chapter 4

Minimal components in Quiver

varieties

In the special case of Nakajima quiver varieties, we can describe the results of Chapter

3 more concretely. Namely, given a quiver variety M(Q,v,w) we can produce a

number of weight-1 HK conical actions, which we call Nakajima actions, that yield a

family of minimal components of the core L(Q,v,w). Then, in the special case when

the graph Q is of Dynkin type A, we get an explicit number of these weight-1 actions,

hence their corresponding minimal components. For convenience of the reader, we

will �rstly brie�y review Nakajima's hyperkähler construction of quiver varieties from

[Nak94a], to which we refer to for further details.

4.1 Review of quiver varieties

Let Q = (Q0, Q1) be any undirected graph, with Q0 the set of vertices, and Q1 the

set of edges. To each vertex k we assign two complex vector spaces Vk and Wk thus

obtaining two Q0−graded complex vector spaces

V :=
⊕
k∈Q0

Vk, W :=
⊕
k∈Q0

Wk.

W is usually called the framing. Now de�ne the double quiver Q# as the quiver with

the same vertices as Q, such that each edge e ∈ Q1 connecting vertices i and j in Q

gives rise to two oriented edges h : i→ j, h̄ : j → i in Q#. Call H the set of edges of

Q#.

For an oriented edge h ∈ H we denote by s(h) and t(h) its source and target respec-

tively. We call h an edge-loop if s(h) = t(h). De�ne the space of framed representations
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of the double quiver to be

M := M(Q, V,W ) := R(Q#, V )⊕ L(W,V )⊕ L(V,W ), (4.1)

where

R(Q#, V ) :=
⊕
h∈H

Hom(Vs(h), Vt(h)),

L(W,V ) :=
⊕
k∈Q0

Hom(Wk, Vk),

L(V,W ) :=
⊕
k∈Q0

Hom(Vk,Wk).

For an element of M, we denote by Bh, ik, jk its components in Hom(Vs(h), Vt(h)),

Hom(Wk, Vk), Hom(Vk,Wk), respectively. We write

B = (Bh)h∈H , i = (ik)k∈Q0 , j = (jk)k∈Q0

For example, for the Dynkin An graph, a description of an element in M can be seen

in Figure 4.1.

Figure 4.1: A framed representation of a double quiver

Equipping the spaces Vk with a Hermitian structure, the vector space M has a

natural �at Kähler structure (M, g, I). We will explain below how to extend this to a

�at hyperkähler space (M, g, I, J,K), by analogy with the assignment of the quater-

nionic structure on H = C⊕C. Recall that one identi�es (a+ bi, c+di) ∈ C⊕C with

a+ bi+ cj + dk ∈ H, so the quaternionic structure is determined by declaring that j

acts on C⊕C by j(z1, z2) = (−z2, z1) (note i acts diagonally on each copy of C, and
k = ij).

Observe that the set H of edges of Q# has a natural involution h → h̄ which re-

verses edge orientations. For a subset Ω ⊂ H we denote by Ω the image under this

involution. Therefore we can divide the oriented edges into two disjoint subsets,

H = Ω0 t Ω0, (4.2)
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such that neither subset contains two mutually inverse edges in H. Such a division

yields a function ε0 : H → {±1} de�ned by

ε0 =

{
+1, if h ∈ Ω0

−1, if h ∈ Ω0.

This determines the map J : M →M given by

J(Bh, ik, jk) = ((−1)ε0(h̄)B∗h̄,−j
∗
k , i
∗
k).

Note in particular that for (h1, h2) = (h1, h1) ∈ Ω0 t Ω0, the pair (Bh1 , Bh2) maps to

(−B∗h2 , B
∗
h1

), analogously to the model for H.
De�ningK := IJ one obtains a �at hyperkähler space (M, g, I, J,K). The complex-

symplectic part of it is de�ned by ωC := ωJ + iωK , where ωJ(·, ·) := −g(·, J ·),
ωK(·, ·) = −g(·, K·). One can show that choosing di�erent partitions (4.2) induces

linear hyperkähler isometries between corresponding spaces, therefore the choice of

partition is not essential. There is a natural GL(V ) =
∏

k∈Q0
GL(Vk)-action on M

by conjugation

g y (B, i, j) = (gBg−1, gi, jg−1), (4.3)

The compact real form of this group G :=
∏

k∈I U(Vk) acts by hyperkähler isometries,

hence one can do the hyperkähler reduction of [HKLR87], obtaining the Nakajima

quiver variety

MζI ,ζJ ,ζK (Q, V,W ) := µ−1(ζI , ζJ , ζK)/G. (4.4)

Here µ = (µI , µJ , µK) : M(Q, V,W )→ g∗⊗R3 = ⊕k∈Q0u(Vk)
∗⊗R3 is the hyperkähler

moment map, given as a direct product of moment maps for the three symplectic forms

ωI , ωJ , ωK . Explicit formulas for these are

µI =
1

2

 ∑
h∈H,k=t(h)

BhB
∗
h −B∗h̄Bh̄ + iki

∗
k − j∗kjk


k

(4.5)

µC : = µJ + iµK =

 ∑
h∈H,k=t(h)

ε0(h)BhBh̄ + ikjk


k

(4.6)

Let us denote by µkI and µ
k
C the k-th component of the moment maps µI , µC for k ∈

Q0. Using the moment parameter of type (ζI , 0, 0), for a generic choice of parameter ζI
the corresponding quiver varietyMζI ,0,0(Q, V,W ) will be smooth. The �generic choice�

here means that there is a �nite number of hyperplanes of a parameter space Z(g∗) ∼=
RQ0 , whose complement consists of open chambers in which the corresponding quiver

variety is smooth. We will consider two di�erent choices of parameter ζI :
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1. ζI = ζ generic, which gives us a smooth quiver variety Mζ(Q, V,W ),

2. ζI = 0, which gives us a singular a�ne quiver variety M0(Q, V,W ).

From now on we will denote these quiver varieties simply by Mζ(Q,v,w) and

M0(Q,v,w) where v = (dimVk)k∈Q0 ∈ ZQ0 and w = (dimWk)k∈Q0 ∈ ZQ0 , because

the di�erent choices of Hermitian vector spaces Vk,Wk of the same dimension induce

hyperkähler isomorphisms between the corresponding varieties.

Using the Kempf-Ness theorem [KeNe79], one can view the a�ne quiver variety

as a GIT quotient instead

M0(Q,v,w) = (µ−1
I (0) ∩ µ−1

C (0))/G ∼= µ−1
C (0)//GC, (4.7)

where GC =
∏

k∈Q0
GL(Vk) is the complexi�cation of G. Thus, the natural inclusion

µ−1
I (ζ) ∩ µ−1

C (0) ↪→ µ−1
C (0), after the quotient and the Kempf-Ness isomorphism,

induces a map

π : Mζ(Q,v,w)→M0(Q,v,w) (4.8)

which is a resolution onto its image M1(Q,v,w) := π(Mζ(Q,v,w)). The last fact is

due to Nakajima, in the case where the regular subset

Mreg
0 (Q,v,w) := {(B, i, j) ∈ µ−1(0, 0, 0) | the stabiliser of (B, i, j) is trivial}/G (4.9)

is non-empty, as then it is an isomorphism over this set, which is open and dense

in M0(Q,v,w). In the complete generality, it is only recently proven by McGerty-

Nevins [MN19, Prop. 3.3]. More precisely, denoting by N(Q,v,w) the normalisation

of M1(Q,v,w), they prove that that the induced map1

π̃ : Mζ(Q,v,w)→ N(Q,v,w)

is a symplectic resolution. Thus, combined with the normalisation N(Q,v,w) →
M1(Q,v,w), which is a birational map, it follows that π is a resolution as well,

though not necessarily symplectic, as M1(Q,v,w) may not be a normal variety.

In [Nak94a], Nakajima de�nes a C∗-action on M given by

t · (Bh, ik, jk) = (t(1−ε0(h))/2Bh, ik, tjk), t ∈ C∗. (4.10)

Note in particular that for (h1, h2) = (h1, h1) ∈ Ω0 t Ω0, the pair (Bh1 , Bh2) maps

to (Bh1 , tBh2), so this action is analogous to the action t · (z1, z2) = (z1, tz2) on

H = C⊕ C = T ∗C.
1As M(Q,v,w) is smooth, π factors through the normalisation.
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The action (4.10) is of weight-1 with respect to ωC, hence induces weight-1 C∗-
actions on Mζ(Q,v,w) and M0(Q,v,w) such that π is an equivariant map.2

Example 4.1.1. Given Q = A1, dimension vectors v = 1,w = n + 1, and the

stability condition ζ > 0, the quiver variety Mζ(Q,v,w) is ωC-symplectomorphic to

the cotangent bundle T ∗CP n. Here the action (4.10) is the dilation on cotangent �bres

with weight 1.

The following proposition tells us precisely when this C∗-action is conical. By a

cycle in Ω0 we mean an oriented loop consisting of edges in Ω0.

Proposition 4.1.2. The action de�ned by (4.10) is a conical action on

π : Mζ(Q,v,w)→M0(Q,v,w)

precisely when there are no cycles in Ω0.

Proof. One side of this proposition (no cycles implies conical) is proved in [Kir16,

Thm. 10.55(1),(2)], to which we refer the interested reader. We prove the other

side here due to completeness, as it was not written in the existing literature (to the

author's knowledge).

Hence, assume that there is a cycle in Ω0, and let us prove that the action (4.10)

is not conical indeed. Denote the edges in the cycle by h1, . . . , hn. Looking at the

description of the coordinate ring C[M0(Q,v,w)] from Theorem 4.3.13, we see that

the polynomial

f(B, i, j) = tr(Bhn . . . Bh2Bh1)

is one of its generators (α := Bhn . . . Bh2Bh1 is a closed B-path), and the action

(4.10) acts on it with weight zero, which means that that it cannot be conical, as

long as polynomial f is non-constant. We prove the last by explicitly �nding a point

x = [(Bh, ik, jk)] ∈ M0(Q,v,w) such that f(x) 6= 0 (as then f is non-constant since

f(0) = 0). Denoting by i the source vertex of edge hi, we have a chain of linear maps

Bhi : Vi → Vi+1. Let us choose orthonormal bases ej i for Hermitian spaces Vi, and

de�ne the maps Bhi , for i = 1, . . . , n by

Bhi(e
i
j) =

{
ei+1

1 , when j = 1

0, otherwise,

2To be precise, the formula 4.10 makes sense on Mζ(Q,v,w) and M0(Q,v,w) only for t ∈ S1.
However, one can extend the S1-action to the C∗-action on M0(Q,v,w) using its GIT quotient
interpretation (4.7), and to M(Q,v,w) using its holomorphic quotient interpretation. We do not
write those details here due to brevity, rather we refer the reader to Nakajima's paper [Nak94a,
Thm. 5.1(5)]
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where en+1
1 := e1

1. De�ne all the other maps Bh for h /∈ {h1, . . . hn}, and ik, jk to be

equal to zero. We claim that x := [(Bh, ik, jk)] ∈M0(Q,v,w). Indeed, it immediately

follows that the complex moment map µC given by formula (4.6) vanishes, as the

terms BhBh̄ in it involves maps B whose edges are in Ω0, and the only non-zero

B-maps are Bhi which are in Ω0, by assumption. The moment map µI given by

formula (4.5) vanishes, due to Lemma 4.3.15. Altogether, we have x = [(Bh, ik, jk)] ∈
(µ−1

I (0) ∩ µ−1
C (0))/G = M0(Q,v,w). indeed and f(x) = tr(Bhn . . . Bh2Bh1) = 1 6= 0,

as by construction we have

Bhn . . . Bh2Bh1(e
1
j) =

{
e1

1, when j = 1

0, otherwise.

�

When the graph Q does not have edge-loops, one can always make a choice of

edges Ω0 such that Ω0 does not contain a cycle. Indeed, pick any numbering 1, 2, . . .

of the vertices in Q0, now orient the edges in Ω0 so that the numbering increases

in the direction of the edge. Then there cannot be any cycle. Therefore we have a

corollary of Proposition 4.1.2 and Proposition 3.1.3.

Corollary 4.1.3. When the graph Q does not have loop-edges, π : Mζ(Q,v,w) →
N(Q,v,w) is a CSR of weight-1, therefore there is a smooth component in the core

Lζ(Q,v,w).

Motivated by this corollary, we construct many more weight-1 actions onMζ(Q,v,w)

in the next section.

4.2 Nakajima actions

In the construction of quiver varieties Mζ(Q,v,w) and M0(Q,v,w) Nakajima uses

a �xed partition H = Ω0 t Ω0 of the edges H of the double quiver Q#, and then

produces the C∗-action (4.10) using the same partition. Here we construct other

actions, varying all possible partitions of H, thus getting a family of weight-1 conical

actions which we call Nakajima actions.

De�nition 4.2.1. Given any partition H = Ω t Ω on the set of edges H of the

double quiver Q#, such that neither subset contains two mutually inverse edges in H,

we obtain again a function ε : H → {±1},

ε =

{
+1, if h ∈ Ω

−1, if h ∈ Ω,
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and a corresponding C∗-action on M ,

t · (Bh, ik, jk) = (t(1−ε(h))/2Bh, ik, tjk), t ∈ C∗. (4.11)

This action induces weight-1 C∗-actions onMζ(Q,v,w) andM0(Q,v,w) under which

π is equivariant, which we call a Nakajima action.

From the de�nition we directly see that:

Lemma 4.2.2. Any two Nakajima actions commute. �

Verbatim to the proof of Proposition 4.1.2, one can prove the following.3

Proposition 4.2.3. The Nakajima action induced by a partition H = Ω t Ω is a

conical action on M0(Q,v,w) precisely when there are no cycles in Ω.

Having this proposition in mind, due to simplicity we restrict our attention to the

case when the graph Q is a tree, thus any partition induces a conical action.

4.2.1 Nakajima actions for tree graphs

Given a tree Q, one can construct exactly 2|Q
1| partitions as in De�nition 4.2.1,

H = Ω t Ω.

Therefore, we have 2Q
1
Nakajima actions, and according to Proposition 4.2.3 they

are all weight-1 conical actions, thus they yield minimal components. However, these

actions are not all di�erent in general. It is easy to see that:

Proposition 4.2.4. The S1-part of a Nakajima action is isometric on M . Being

such, it preserves ωI and its moment map is

F (B, i, j) =
1

2

∑
h∈Ω

‖Bh‖2 +
∑
k∈Q0

‖jk‖2

 .

This all also holds when one passes to the quiver variety Mζ(Q,v,w).

Given this, one can compare di�erent Nakajima actions using the moment map

formula.
3Indeed, the proof of one direction, referred to [Kir16, Thm. 10.55(1)(2)] does not depend on

the partition used for the action. The same holds for the proof of the other direction, as the only
time we actually use the partition H = Ω0 t Ω0 is when we refer to the formula (4.6) to prove that
the vanishing of the complex moment map for point x. But then we only use the fact that the term
Bh̄Bh vanishes as one of edges h and h̄ is in Ω0. However, the same is true for Ω as well.
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De�nition 4.2.5. We will say that two Nakajima actions ϕ′, ϕ′′ are equationally-

equivalent if their moment maps F ′ and F ′′ di�er (formally) by a sum of traces of

the components µkI in equation (4.5) of the moment map µI ,

F ′ − F ′′ =
∑
k∈Q0

nk tr(µ
k
I ), for some nk ∈ Z. (4.12)

We will write F ′ ∼ F ′′ to denote equational-equivalence. We call two Nakajima

actions equivalent if they yield equal actions on Mζ(Q,v,w). We will denote by

N(Mζ(Q,v,w)) and Ne(Mζ(Q,v,w)) the number of non-equivalent, respectively,

non-equationally equivalent Nakajima actions on Mζ(Q,v,w).

We create this relation in order to build a passage for counting the number of non-

equivalent Nakajima actions, hence the number of minimal components induced by

them. Namely, restricting to quiver varieties of type4 A Mζ(v,w), we �rst count the

number Ne(Mζ(v,w)) of classes of equational-equivalence relation (Section 4.3.1),

and then by comparing this relation and the ordinary equivalence-relation among

Nakajima actions (Section 4.3.2) we �nally get Theorem 4.3.21 that counts the classes

N(Mζ(v,w)) of latter relation.

Remark 4.2.6. De�nition 4.2.5 has a geometric description as well. Observe the max-

imal torus T :=
∏

k∈Q0 S1
k of the group G =

∏
k∈Q0 U(Vk), where S1

k ≤ U(Vk) are the

maximal tori. Given an integer-vector n = (nk)k∈Q0 ∈ ZQ0 , one has adjacent one-

parameter subgroup Zn ≤ T having weights nk with respect to S1
k . The moment map

of the action of this group on M is precisely given by formula
∑

k∈Q0 nk tr(µkI ). Thus,

given two Nakajima actions ϕ′, ϕ′′, equation (4.12) means exactly that their di�erence5

ϕ′(ϕ′′)−1 ≤ T is a 1-parameter subgroup of the maximal torus T, when acted on M,

or on the level set µ−1(ζ). Of course, passing to the quotient Mζ(Q,v,w) = µ−1(ζ)/G

this di�erence disappears and thus the actions become equivalent, as the next propo-

sition shows.

Proposition 4.2.7. Any two equationally-equivalent actions yield equivalent actions

on Mζ(Q,v,w), thus Ne(Mζ(Q,v,w)) ≥ N(Mζ(Q,v,w)).

Proof. On Mζ(Q,v,w) = µ−1(ζI , 0, 0)/G we have that µkI = ζkI , thus the moment

maps F ′ and F ′′ di�er by a constant, so they yield the same S1-action. Due to the

unique extension of holomorphic S1 actions to holomorphic C∗-actions, the claim

follows. �
4Meaning that the starting graph Q is of Dynkin type A.
5Recall that Nakajima actions commute (Lemma 4.2.2), thus their composition is a well-de�ned

action.
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The converse to this proposition is not true in general, as we are going to see in

Example 4.3.18. Understanding the equational-equivalence relation between di�erent

Nakajima actions becomes a bit easier when one passes to Dynkin type A graphs,

which we cover in the next section. We hope to understand this relation for general

tree graphs in future work.

4.3 Minimal components of Nakajima actions

in type A

Given a Dynkin graph An (see Figure (4.1)) and two non-negative integer vectors

v,w, denote by 1, . . . , n the vertices of the graph An, and let Mζ(v,w) denote the

quiver variety Mζ(An,v,w). In this section we will compute explicitly the number of

distinct minimal components in a quiver varietyMζ(v,w) corresponding to Nakajima

actions.

4.3.1 Equational-equivalence classes

In this section we will give the formula for the number Ne(Mζ(v,w)) of equational-

equivalence classes of Nakajima actions on the quiver variety Mζ(v,w).

Let us assume �rstly that v > 0 (meaning vk > 0, ∀k).

De�nition 4.3.1. A stop is a vertex k ∈ {1, . . . , n} having Wk 6= 0.

On a quiver variety of type An, each Nakajima action ϕ can be represented by a

string a(ϕ) = a1 . . . an−1, where ak ∈ {0, 1}, in the following way.

ak =

{
1, if the action acts with weight 1 on Bk,k+1

0, if the action acts with weight 1 on Bk+1,k

Now, labelling stops S = {s1, . . . , sm} by vertical bars |, we add them to the string

a(ϕ) at positions that correspond to their corresponding vertices in the graph, thus

obtaining the string

a(ϕ) = a1 . . . as1−1|as1 . . . as2−1|as2 . . . asm−1|asm . . . an−1

which we will call the string of the action ϕ. The signature of ϕ is a vector

r(ϕ) = (r1, . . . , rm−1),
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where ri counts how many numbers labelled by 1 there are in the substring asi , . . . , asi+1

of a(ϕ) between the stops si and si+1.We call an action reduced if its string satis�es

the following:

� it starts with a (possibly empty) string of zeros 0 . . . 0|,

� it �nishes with a (possibly empty) string of zeros |0 . . . 0,

� and all substrings between two bars are of type | 1 . . . 1︸ ︷︷ ︸
k≥0

0 . . . 0︸ ︷︷ ︸
l≥0

|.

Let us show the following two lemmas.

Lemma 4.3.2. Any Nakajima action is equationally-equivalent to a reduced action.

Proof. Observe that the move . . . 01 . . .→ . . . 10 . . . on the places k and k + 1 in the

string a changes the moment map of the corresponding action by (after omitting the

usual 1/2 factor):

‖Bk,k+1‖2 + ‖Bk+2,k+1‖2 − ‖Bk+1,k‖2 − ‖Bk+1,k+2‖2 = tr(µk+1
I ),

where we used (4.5), the fact that there is no stop, and the Frobenius norm of a

matrix (so ‖A‖2 = tr(A∗A) =
∑

i,j |Aij|2). Therefore the move does not change the

equational-equivalence class of the corresponding action. Observe that the argument

also works in the cases . . . |01 . . . → . . . |10 . . . and . . . 01| . . . → . . . 10| . . . since µk+1
I

will only involve the B-matrices.

We also claim that the following move does not change the action's equational-

equivalence class,

1 . . . 11︸ ︷︷ ︸
k

00 . . .→ 1 . . . 1︸ ︷︷ ︸
k−1

000 . . .

Indeed the di�erence in the corresponding moment maps is

‖Bk,k+1‖2 − ‖Bk+1,k‖2 = ‖Bk−1,k‖2 − ‖Bk,k−1‖2 − tr(µkI )

= ‖Bk−2,k−1‖2 − ‖Bk−1,k−2‖2 − tr(µkI )− tr(µk−1
I )

. . .

= ‖B1,2‖2 − ‖B2,1‖2 −
k∑
l=2

tr(µlI)

=−
k∑
l=1

tr(µlI) ∼ 0.
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Analogously, the move

. . . 00 11 . . . 1︸ ︷︷ ︸
k

→ . . . 000 1 . . . 1︸ ︷︷ ︸
k−1

does not change the equational-equivalence class of the corresponding action. As any

string a can be transformed, using a �nite number of these moves, to a string of a

reduced action, any action is equationally-equivalent to a reduced action. �

Lemma 4.3.3. Given two Nakajima actions with signatures (r′1, . . . , r
′
m−1) and

(r′′1 , . . . , r
′′
m−1), the di�erence between their moment maps is equationally-equivalent to

m−1∑
l=1

(kl + · · ·+ km−1)(‖isl‖
2 − ‖jsl‖

2), (4.13)

where kl := r′l − r′′l .

Proof. By Lemma 4.3.2, without loss of generality we can assume that actions are

reduced. We can divide the di�erence between the moment maps into the pieces that

correspond to parts of graph between consecutive stops

F ′ − F ′′ = (F ′1 − F ′′1 ) + · · ·+ (F ′m−1 − F ′′m−1).

Let us �rst calculate the last term F ′m−1 − F ′′m−1 From the discussion of the second

move in the proof of Lemma 4.3.2, we see that if km−1 = 1 then F ′m−1 − F ′′m−1 ∼∥∥Bsm−1,sm−1+1

∥∥2 −
∥∥Bsm−1+1,sm−1

∥∥2
. Using a similar computation, in general we get

F ′m−1 − F ′′m−1 ∼ km−1(
∥∥Bsm−1,sm−1+1

∥∥2 −
∥∥Bsm−1+1,sm−1

∥∥2
). (4.14)

The µI-moment map equation at the vertex sm−1 gives∥∥Bsm−1,sm−1+1

∥∥2 −
∥∥Bsm−1+1,sm−1

∥∥2 ∼
∥∥Bsm−1−1,sm−1

∥∥2 −
∥∥Bsm−1,sm−1−1

∥∥2
+
∥∥ism−1

∥∥2 −
∥∥jsm−1

∥∥2
,

thus together with (4.14) we get

F ′m−1 − F ′′m−1 ∼ km−1(
∥∥Bsm−1−1,sm−1

∥∥2 −
∥∥Bsm−1,sm−1−1

∥∥2
) + km−1(

∥∥ism−1

∥∥2 −
∥∥jsm−1

∥∥2
).

Repeating this substitution (omitting the i, j maps whenever the vertex is not a stop),

we inductively arrive at

F ′m−1 − F ′′m−1 ∼ km−1(‖Bs1,s1+1‖2 − ‖Bs1+1,s1‖
2) +

m−1∑
l=2

km−1(‖isl‖
2 − ‖jsl‖

2).

If s1 = 1, using the moment map equation µs1I we get

F ′m−1 − F ′′m−1 ∼
m−1∑
l=1

km−1(‖isl‖
2 − ‖jsl‖

2). (4.15)
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Otherwise, using the same equation, we get

F ′m−1 − F ′′m−1 ∼ km−1(‖Bs1−1,s1‖
2 − ‖Bs1,s1−1‖2) +

m−1∑
l=1

km−1(‖isl‖
2 − ‖jsl‖

2),

and then, using the second move from the proof of Lemma 4.3.2,

‖Bs1−1,s1‖
2 − ‖Bs1,s1−1‖2 ∼ ‖Bs1−2,s1−1‖2 − ‖Bs1−1,s1−2‖2 ∼ · · · ∼ 0,

hence we get (4.15) as well.

In the same way, we can get that F ′m−2 − F ′′m−2 is equationally-equivalent to the

right hand side of equation (4.15) but with m−1 replaced by m−2, and so on. Then

observe that
∑m−1

p=1 kp
∑p

l=1(‖isl‖2−‖jsl‖2) can in fact be rewritten as in the claimed

equation (4.13). �

Reduced actions are labelled bijectively by their signatures. Moreover, we prove:

Proposition 4.3.4. Reduced actions are equationally-equivalent i� they have the

same signatures.

Proof. Consider two reduced actions ϕ′ and ϕ′′ with di�erent signatures (r′1, . . . , r
′
m−1)

and (r′′1 , . . . , r
′′
m−1). That means that there is a maximal number t ≤ m− 1 such that

r′t 6= r′′t . Assigning kl := r′l−r′′l , from Lemma 4.3.3, the di�erence between the moment

maps of the actions ϕ′, ϕ′′ is equationally-equivalent to

t∑
l=1

(kl + · · ·+ kt)(‖isl‖
2 − ‖jsl‖

2).

Now, assume by contradiction that the actions ϕ′ and ϕ′′ are equationally-equivalent.

Then
t∑
l=1

(kl + · · ·+ kt)(‖isl‖
2 − ‖jsl‖

2) =
n∑
k=1

pktr(µ
k
I ) (4.16)

for some integers pk. Recall that this equation is taking place on the space M from

(4.1), therefore all variables Bh, ik, jk are independent. By comparing the coe�cients

of ‖isl‖2 we deduce that psl = kl + · · · + kt, for all l = 1, . . . , t, so in particular

pst = kt 6= 0. Now, the tr(µstI ) induces a term

‖Bst+1,st‖
2 − ‖Bst,st+1‖2

on the right hand side of (4.16), which does not exist on the left hand side. Therefore,

it needs to cancel with terms on the right hand side, forcing pst+1 6= 0. That in turn

induces the term

‖Bst+2,st+1‖2 − ‖Bst+1,st+2‖2
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on the right side of (4.16), and so on � we inductively deduce that pst+1, . . . , pst+1 6= 0.

Note here that t ≤ m− 1, so the stop st+1 exists. Finally, pst+1 6= 0 would imply that

the term ∥∥ist+1

∥∥2 −
∥∥jst+1

∥∥2

appears on the right hand side of (4.16), contradicting the fact that it does not appear

on the left. �

Theorem 4.3.5. Given a quiver variety Mζ(v,w) with v > 0, two Nakajima actions

on it are equationally-equivalent i� their signatures are same. Therefore, the number

of equational-equivalence classes of Nakajima actions is

Ne(Mζ(v,w)) = N(w) :=
m−1∏
k=1

(sk+1 − sk + 1),

where S = {s1, . . . , sm} is the set of stops.

Proof. The theorem follows from Lemma 4.3.2 and Proposition 4.3.4. �

Notice that in the case v > 0 the number N(w) of equational-equivalence classes

does not depend on v, as it depends only on stops, which are de�ned only by w. Now,

we pass to the general case when vi may be zero for some i ∈ {1 . . . n}.

De�nition 4.3.6. Given a non-negative integer vector v = (v1, . . . , vn) of length n,

a gap of v is any number i ∈ {1 . . . n} such that vi = 0, and the support of v is the

set

supp(v) := {i | vi 6= 0}.

Gaps of v divide its support into components

supp(v) = supp(v)1 t supp(v)2 t . . . supp(v)k

such that each supp(v)i is a set of consecutive integers. Given an ordered pair of

non-negative integer vectors (v,w) of length n, denote by

vi := (vk|k ∈ supp(v)i)

wi := (wk|k ∈ supp(v)i)

the parts of the vectors v and w that are supported on supp(v)i.

84



Given two non-negative integer vectors v and w, due to the construction of quiver

varieties, it is easy to deduce that

M(v,w) = M(v1,w1)×M(v2,w2)× · · · ×M(vk,wk),

so the following is an immediate corollary of Theorem 4.3.5.

Corollary 4.3.7. Given a quiver varietyMζ(v,w), the number of equational-equivalence

classes of Nakajima actions is

Ne(Mζ(v,w)) = N(v,w) :=
k∏
i=1

N(wi).

4.3.2 Equivalence versus equational-equivalence

In this section we will describe the relation between equivalence and equational-

equivalence of Nakajima actions, deducing the number of minimal components in-

duced by Nakajima actions on a quiver variety Mζ(v,w).

De�nition 4.3.8. Given a quiver variety Mζ(v,w) of type An we call µ := w−Cv
its weight vector. Here C = A − 2I is the Cartan matrix of An, where A is the

adjacency matrix of the same graph. We say that the quiver variety has a dominant

weight if µ ≥ 0.

A nice property for the quiver varieties with dominant weights is the following

theorem which follows from Nakajima's work.

Theorem 4.3.9 (Nakajima). When a quiver varietyMζ(v,w) has a dominant weight,

the morphism π : Mζ(v,w)→M0(v,w) is surjective.

Proof. In [Nak94a, Thm. 4.1] Nakajima proves that the map π is a resolution, thus

surjective, when the set of regular points Mreg
0 (Q,v,w) (de�ned in (4.9)) is non-

empty. Moreover, by [Nak98, Prop. 10.5 and Rmk. 10.9] we have that in particular for

ADE quivers this set is non-empty when Mζ(v,w) is non-empty and has a dominant

weight, hence the theorem follows. �

We will extend Theorem 4.3.9, thus characterising the image of morphism π for

an arbitrary quiver variety of type A, at the end of this section (Proposition 4.3.22).

For now, we remark that the surjectivity in the last theorem can hold without the

assumption of dominant weight, as the next example shows.
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Example 4.3.10. In the example of A1 quiver v = v,w = w, the dominant weight

condition becomes w− 2v ≥ 0. Thus, we see that the quiver variety M(3, 5) does not

satisfy it. By [Nak94a, Sec. 8] (see also [Kir16, Example 10.45]), we have that

M(n, r) ∼= T ∗Gr(n, r), 6

whereas

M0(n, r) = {y ∈ End(Cr)|y2 = 0, rank(y) ≤ n},

and the morphism π : M(n, r) →M0(n, r) is isomorphic to the generalised Springer

resolution, de�ned in Section 5.1.2. In particular, by Theorem 5.1.2(2) we have that

the image of π : M(3, 5)→M0(3, 5) is the closure of the nilpotent orbit O221 whereas

we directly compute that

M0(3, 5) = {y ∈ End(C5)|y2 = 0, rank(y) ≤ 3} = O221

as well. Thus, π is surjective although M(3, 5) does not have dominant weight.

Next, we give an example when surjectivity of Theorem 4.3.9 does not hold.

Example 4.3.11. Given a quiver variety of type A1 with v = 4,w = 6, by the

previous example and Theorem 5.1.2(2), we have that the image of π : M(4, 6) →
M0(4, 6) is the closure of nilpotent orbit O2211, whereas we directly compute that

M0(4, 6) = {y ∈ End(C6)|y2 = 0, rank(y) ≤ 4} = O222,

thus strictly bigger than the image of π.

We are going to use the explicit description of the coordinate ring C[M0(v,w)]

by Lusztig-Ma�ei, which we recall now brie�y.

De�nition 4.3.12. We will de�ne the set of admissible strings as

P = {jqBq−1,q . . . Br,r+1Br+1,r . . . Bp,p−1ip | p, q, r = 1 . . . n, r ≤ min(p, q)}.

Also we will call a closed B-path a string of type α = BhnBhn−1 . . . Bh1 such that

s(h1) = t(hn).

6Here Gr(n, r) denotes the Grassmann manifold of n-planes in Cr.
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Given a point x = [(Bh, ik, jk)] in a quiver variety M0(v,w) and a string

β = jqBq−1,q . . . Br,r+1Br+1,r . . . Bp,p−1ip

in P , one obtains a natural evaluation β(x) ∈ Hom(Wβ0 ,Wβ1). Here β0 = p and

β1 = q are starting and ending vertices of the string β. Analogously, one can evaluate

a closed B-path

α = BhnBhn−1 . . . Bh1

to obtain α(x) ∈ Hom(Vk, Vk), where k = s(h1) = t(hn).

Theorem 4.3.13. [Lu98, Thm. 1.3], [Maf05, Lem. 7] The coordinate ring of the

a�ne quiver variety M0(v,w) is generated by the polynomials of type

x→ f(β(x)), for β ∈ P and f ∈ (Hom(Wβ0 ,Wβ1))
∗

and

x→ Tr(α(x)), for α a closed B-path.

Corollary 4.3.14. When Mζ(v,w) has a dominant weight and v > 0,

N(Mζ(v,w)) = Ne(Mζ(v,w)) = N(w).

Proof. We will prove that non-equational-equivalence implies non-equivalence. That

together with Proposition 4.2.7 and Theorem 4.3.5 gives a complete proof. Consider

two Nakajima actions ϕ1 and ϕ2 that are non-equationally-equivalent. That means

that there are two stops, s1 and s2, such that in the substrings of a(ϕ1) and a(ϕ2)

between these stops there is a di�erent number of numbers labelled by 1. But that

would mean that the actions on the generators f(β(x)) of C[M0(v,w)] given by the

string

β = js1Bs1+1,s1 . . . Bs2,s2−1is2

are di�erent for any non-trivial choice of form f ∈ (Hom(Wβ0 ,Wβ1))
∗. In fact, in order

to prove that the actions are non-equivalent on M0, we just have to prove that there

is at least one form f such that f(β(x)) is a non-zero polynomial on M0(v,w), or

equivalently, that β(x) is a non-zero function on M0(v,w). We will do it explicitly

by �nding a point x = [(Bh, ik, jk)] ∈M0(v,w) such that β(x) 6= 0. Let us prove the

following lemma �rst:
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Lemma 4.3.15. Let U, V,W be Hermitian vector spaces with orthonormal bases

ei, fi, gi, respectively. De�ne the linear maps U
L1−→ V

L2−→ W by

L1(ei) =

{
f1, when i = 1

0, otherwise

and

L2(fi) =

{
g1, when i = 1

0, otherwise.

Then L1L
∗
1 = L∗2L2.

Proof. From the de�nition of L1 and L2 and orthonormality of bases, we have that

L∗1(f1) = e1 and L∗2(g1) = f1 are the only non-zero values of L∗1 and L∗2 on bases f

and g. Hence L1L
∗
1 = L∗2L2 follows immediately. �

Now, choosing orthonormal bases for the Hermitian spaces Ws2 , Vs2 , . . . , Vs1 ,Ws1 ,

we can make a string of non-zero maps

Ws2

is2−→ Vs2
Bs2,s2−1−−−−−→ Vs2−1 → . . .→ Vs1+1

Bs1+1,s1−−−−−→ Vs1
js1−→ Ws1 .

analogously to the maps L1 and L2 from the lemma. Let x = (Bh, ik, jk) ∈M(V,W )

be the point having these maps as appropriate components and all other components

being equal to zero. Then the moment map values µkI for vertices k = s1, . . . , s2 are

exactly

µs1I (x) = −j∗s1js1 +Bs1+1,s1B
∗
s1+1,s1

µs1+1
I (x) = −B∗s1+1,s1

Bs1+1,s1 +Bs1+2,s1+1B
∗
s1+2,s1+1

. . .

µs2I (x) = −B∗s2,s2−1Bs2,s2−1 + is2i
∗
s2

hence vanish according to the lemma, whereas the values µkI (x) for other vertices k

are trivially equal to zero. The components µkC(x) of the other two moment maps are

zero as well, as by construction of x we have ikjk = 0 for any k ∈ Q0 and BhBh̄ = 0

for any h ∈ H. Hence, x ∈ µ−1(0), so 0 6= [x] ∈M0(v,w), and

β(x) = js1Bs1+1,s1 . . . Bs2,s2−1is2 6= 0.

Hence, the two Nakajima actions ϕ1 and ϕ2 are non-equivalent on M0. As the map π

is surjective (by Theorem 4.3.9) and C∗-equivariant, we have that the actions ϕ1 and

ϕ2 are non-equivalent on Mζ(v,w) as well. �
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Example 4.3.16. A particular instance of Corollary 4.3.14 is the minimal resolution

of a Du Val singularity of type An, which is a quiver variety M(11 . . . 11︸ ︷︷ ︸
n

, 1 0 . . . 0︸ ︷︷ ︸
n−2

1) of

An type. Here the weight is dominant µ = w−Cv = 0, and the stops are S = {1, n},
so there are exactly

N(w) = n− 1 + 1 = n

non-equivalent Nakajima actions, hence n induced minimal components. On the other

hand, it is known that the core L(v,w) is the Dynkin An tree of spheres. Thus in

this case the minimal components exhaust all of the core components.

Remark 4.3.17. Of course, in the last example one could show that all components

are minimal also by explicitly writing down di�erent C∗-actions �by hand�. However,

the point of this example was to show how one could easily count these actions using

the developed technology, which extends far beyond the Du Val singularities case.

Now we give an example of a quiver variety which does not have a dominant

weight, and the assertion of Corollary 4.3.14 is not true.

Example 4.3.18. A quiver variety M(343, 210) of type A3 corresponds to the lowest

weight of the irreducible highest weight representation L(210) of sl4, so it is isomor-

phic to the quiver variety M(000, 210) = {pt} under Nakajima re�ection functors,

described in [Nak03]. In other words, M(343, 210) is a point, so all Nakajima actions

on it are equivalent. On the other hand, the number of non-equationally equivalent

Nakajima actions on it is

N(210) = 2− 1 + 1 = 2

as the set of stops is S = {1, 2}.

We will now explain why this discrepancy between equivalence and equational-

equivalence seen in this example is not unreasonable.

Given a general quiver variety Mζ(v,w), the morphism π : Mζ(v,w) → M0(v,w)

need not be surjective, so the proof of Corollary 4.3.14 does not go through. How-

ever, there are certainNakajima re�ection functors [Nak03] which are hyperkähler

isometries between quiver varieties whose weights are related by the Weyl group ac-

tion. In particular case of quiver varieties of type ADE, one can relate an arbitrary

quiver variety with the one that has a dominant weight. That is, there is a hyperkähler

isometry

Φσ : Mζ(v,w)→Mσ·ζ(σ ∗w v,w), (4.17)
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such that Mσ·ζ(σ ∗w v,w) has a dominant weight. Here σ ∈ W (An) is an element

of the Weyl group W (An) = Sn+1 of the Lie algebra that corresponds to the Dynkin

diagram An, and the actions of the Weyl group σ · ζ and σ ∗w v are de�ned in a

certain way that we will not describe here. The interested reader can confer [Nak03]

(beginning of 2(i) and De�nition 2.3, respectively). The argument in [BL13, Sec.

2.1.3] by Bezrukavnikov-Losev discusses the equivariance property of the re�ection

functor7 Φσ with respect to the torus T = (C∗)Q1 × (C∗)Q0 action on both sides.

Here, the (C∗)Q0-part of the action on quiver varieties is induced from the C∗ scalar
actions on the vector spaces Wi and similarly the (C∗)Q1-part is induced from the

C∗ scalar actions on the edges belonging to Ω0 (recall the construction of a quiver

variety). They claim that the re�ection functor is twisted-equivariant, by a certain

automorphism of T.When translated to the language of Nakajima actions, their claim

becomes:

Proposition 4.3.19 (Bezrukavnikov-Losev). The Nakajima re�ection functor Φσ in-

terchange between Nakajima actions. This means that under it, a Nakajima action

on Mζ(v,w) becomes another Nakajima action on Mσ·ζ(σ ∗w v,w).

Hence, two quiver varieties connected via the re�ection functor have the same num-

ber of non-equivalent Nakajima actions. Therefore, given a quiver variety Mζ(v,w),

it is enough to pass to the one Mσ·ζ(σ ∗w v,w), with dominant weight. Due to the

general representation theory of semisimple Lie algebras, the vector v′ = σ ∗w v

that induces the dominant weight is uniquely de�ned by v. We will calculate it for

completeness. Given v and w, denoting by µk := (w − Cv)k the weight vector

components, consider the composition8 p = (p1, . . . , pn+1) of
∑

i iwi which satis�es

pi − pi+1 = µi. Solving this system of equations, one comes up with a formula

pi =
1

n+ 1

(
i−1∑
k=1

−kµk +
n∑
k=i

(n+ 1− k)µk +
n∑
k=1

iwi

)
.

Let ρ be the descending-ordered permutation of elements in p, and µ′ = (ρ1 −
ρ2, . . . , ρn − ρn+1) the corresponding weight vector. Finally de�ne

v′ := C−1(w − µ′), (4.18)

thus µ′ = w − Cv′ ≥ 0, as required.

7We remark that in that paper the authors call it a LMN isomorphism instead.
8Recall that a composition of n is a vector (a1, . . . , ak) of non-negative integers ai that sum up

to n.
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The reason that v′ ≥ 0 indeed holds is implicit and it is due to the classical

representation theory of sln and the correspondence between quiver varieties of type

A and irreducible representations of sln, due to [Nak98]. For type A it simply states

that for any weight space of weight µ of an irreducible representation L(w) of sln
with highest weight w, there is an associated quiver variety M(v,w) of type A, such

that µ = w − Cv, and vice-versa. In particular as we know that µ is a weight, so

is µ′, being in its Weyl-orbit (permuting p corresponds to action by Sn+1 = W (sln)).

Thus, there is a corresponding quiver variety with µ′ = w − Cv′, hence v′ ≥ 0.

De�nition 4.3.20. Given a quiver variety Mζ(v,w), the vector v′ = v′(v,w) ob-

tained by this algorithm is called its dominant vector.

The importance of the dominant vector is that it allows us to count the number

of non-equivalent Nakajima actions for an arbitrary quiver variety of type A, giving

the main result of this chapter.

Theorem 4.3.21. Given a quiver variety Mζ(v,w) of type A, denoting by v′ its

dominant vector, there are exactly N(v′,w) non-equivalent Nakajima actions, and

thus N(v′,w) distinct minimal components induced by them.

Proof. This follows by combining the previous results. Firstly, due to Proposition

4.3.19 and the paragraph after it, we have that N(Mζ(v,w)) = N(Mζ′(v
′,w)) where

v′ = v′(v,w) is the associated dominant vector. Now, recall (De�nition 4.3.6) the

split of vectors v′,w into subvectors {v′i,wi}i=1...k, given by the support of v′. This

split induces the identi�cation

Mζ′(v
′,w) ∼=

k∏
i=1

Mζ′i(v
′i,wi)

(where ζ ′i are the corresponding subvectors of moment parameters) and the choices of

picking a Nakajima action on Mζ′(v
′,w) correspond to collection of choices of picking

Nakajima actions on each Mζ′i(v
′i,wi). Thus, we have

N(Mζ′(v
′,w)) =

k∏
i=1

N(M(v′i,wi)).

Then, notice that the quiver varieties Mζ′i(v
′i,wi) have dominant weights. Picking

an arbitrary i, let v′i = (vr, . . . , vr+s), and v = (v1, . . . , vn). We want to prove that

µ′i := wi − Civ′i ≥ 0, where Ci is the Cartan matrix for the subgraph (r, . . . , r + s)
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of type A that is the support of vector v′i. As the quiver variety Mζ′(v
′,w) has

dominant weight, we have µ′ = w − Cv′ ≥ 0, and thus

0 ≤ µ′|supp(v′i) = (w − Cv′)|supp(v′i) = wi − C [r,r+s]×[1,n]v′, (4.19)

where C [r,r+s]×[1,n] is the submatrix of C consisting of rows r, . . . , r + s. Now, notice

that

C [r,r+s]×[1,n]v′ = Civ′i, (4.20)

since Ci = C [r,r+s]×[r,r+s] and C [r,r+s]×[1,n] is supported on it, with a possible exception

of Cr,r−1 = −1 and Cr+s,r+s+1 = −1. But in those cases we have v′r−1 = 0 and

v′r+s+1 = 0 accordingly, thus equality (4.20) holds. Together with (4.19), we get that

the quiver varieties Mζ′i(v
′i,wi) have dominant weights indeed.

As v′i > 0, according to Corollary 4.3.14, we have N(M(v′i,wi)) = N(wi).

Connecting with previously said, the number of non-equivalent Nakajima actions

on Mζ(v,w) is

N(Mζ(v,w)) = N(Mζ′(v
′,w)) =

k∏
i=1

N(M(v′i,wi)) =
k∏
i=1

N(wi) = N(v′,w).

The statement about minimal components follows due to Proposition 3.2.2 and Lemma

4.2.2. �

In conclusion, given two vectors v and w, notice that the number N(v′,w) of

minimal components in a quiver variety M(v,w) is fairly easy to compute.

At the end of this section, we characterise the image of the morphism π : Mζ(v,w)→
M0(v,w) for an arbitrary quiver variety of type A, using the notion of the dominant

vector.

Proposition 4.3.22. Given a quiver variety Mζ(v,w) of type A, the image of the

morphism π : Mζ(v,w) → M0(v,w) is isomorphic to M0(v′,w), where v′ is the

associated dominant vector.

Proof. By [MN19, Prop. 3.9] (which goes back to [Nak94a, Prop. 6.7]), we have the

strati�cation of the Poisson variety M0(v,w) by symplectic leaves

M0(v,w) =
⊔

u≤v, w−Cv≥0

Mreg
0 (u,w),

which is induced by natural inclusions ιu : M0(u,w) ↪→M0(v,w) given by consider-

ing subrepresentations of U ⊂ V. In this strati�cation, the closure of a leafMreg
0 (u,w)

is exactly the image of ιu, isomorphic to M0(u,w).
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Thus, it is enough show that the image of π is the closure of the leaf Mreg
0 (v′,w).

Let us �rst show that this leaf is indeed in M0(v,w), i.e. that v′ ≤ v, w − Cv′ ≥ 0

holds. The second inequality is satis�ed by de�nition of the dominant vector, so let

us prove that the �rst one. Recall that we have de�ned the dominant vector using the

composition p = (p1, . . . , pp+1) of
∑

i iwi such that pi− pi+1 = µi, where µ = w−Cv
is the weight vector. Then v′ := C−1(w − µ′), where µ′ is the associated dominant

weight, given as µ′ = (ρ1 − ρ2, . . . , ρn − ρn+1) where ρ be the descending-ordered

permutation of elements in p.

We will show v′ ≤ v inductively, by considering their corresponding compositions.

Namely, as one can get the composition ρ out of composition p just by doing swaps

between adjacent numbers

. . . a, b . . .→ . . . b, a . . .

whenever a < b, it is enough to show that this move makes the corresponding di-

mension vector smaller or equal to the the previous one. Thus, let us consider the

composition q = (q1, . . . , qn+1) having qi < qi+1 and the composition q′ that is ob-

tained by their swap. Assuming that i /∈ {1, n+ 1}, the corresponding weight vectors
ν = (q1 − q2, . . . , qn − qn+1) and ν ′ = (q′1 − q′2, . . . , q′n − q′n+1) di�er only on positions

i− 1, i, i+ 1,
ν ′i−1 = νi−1 + qi − qi+1 = νi−1 + νi,

ν ′i = −νi,

ν ′i+1 = νi+1 + qi − qi+1 = νi+1 + νi.

(4.21)

Now, we want to show the inequality u ≤ u′ between the corresponding dimension

vectors u = C−1(w− ν),u′ = C−1(w− ν ′). It reduces to show C−1ν ≤ C−1ν ′, which

is equivalent to proving the inequality
∑n

r=1 krνr ≤
∑n

r=1 krν
′
r, for an arbitrary row

k = (k1, . . . , kn) of the matrix C−1. Thus, using the formulae (4.21) this �nally reduces

to show

ki−1 + 2ki − kk+1 ≥ 0.

This is trivial now, as the left hand side of this inequality is exactly the product of

the row k = (k1, . . . , kn) with the i-th column9 (0, . . . , 0︸ ︷︷ ︸
i−2

,−1, 2,−1, 0, . . . , 0)t of C,

thus is either equal to 0 or 1. Assuming that i = 1 goes similarly, reducing to prove

the inequality

2k1 − k2 ≥ 0

9Recall that C = 2I −A, where A is the adjacency matrix of the graph An.
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for an arbitrary row k = (k1, . . . , kn) of C−1, which we do similarly by considering

the product of k with the �rst column (2,−1, 0, . . . , 0)t of C. The i = n+ 1 case goes

verbatim.

Thus, we have v′ ≤ v, so Mreg
0 (v′,w) indeed occurs as a stratum of M0(v,w).

We want to prove that its closure is the image M1(v,w) of π, and we are done. It

is enough to show that the M1(v,w) contains Mreg
0 (v′,w), as both are irreducible

varieties of the same dimension. Indeed, M1(v,w) is a closed irreducible subset of

M0(v,w), as an image of a connected variety under a projective morphism. Moreover,

being smooth and connected,10 Mreg
0 (v′,w) is irreducible as well, and so is its closure

M0(v′,w). Finally, these two irreducible varieties have the same dimension, due to

following equalities

dimM1(v,w) = dim(Mζ(v,w)) = dim(Mζ(v
′,w)) = dim(M0(v′,w)).

The �rst equality is due to the fact that π is a resolution onto its image, the second is

due to existence of a re�ection functor Φσ : Mζ(v,w) → Mζ′(v
′,w) (which is a dif-

feomorphism), and the third is due to surjectivity of the morphism π′ : Mζ′(v
′,w)→

M0(v′,w) (Theorem 4.3.9).

Hence, let us prove that the image of π contains Mreg
0 (v′,w), i.e. that the �bres

of π above Mreg
0 (v′,w) are non-empty. By [Nak01, Sec. 3.3], given a point x ∈

Mreg
0 (v′,w), its �bre π−1(x) is isomorphic to the central �bre π̃−1(0) of the morphism

π̃ : M(v−v′,w−Cv′)→M0(v−v′,w−Cv′). Now, notice that there is a re�ection
functor11

M(v − v′,w − Cv′)→M(0,w − Cv′),

because the weights that correspond to those quiver varieties are w − Cv′ − C(v −
v′) = w − Cv = µ and w − Cv′ = µ′, hence lie in the same Weyl group orbit (as

previously said, the Weyl group action on weights corresponds to permutation action

on compositions p), which is needed for the existence of a re�ection functor. Finally,

we have Mζ′(0,w − Cv′) ∼= {pt}, thus π−1(x) ∼= {pt} 6= ∅. �
10As its isomorphic preimage Z := π−1(Mreg

0 (v′,w)) is a subset in smooth connected M(v′,w)
with complement of real codimension at least 2, thus must be connected as well.

11We omit the moment parameters in the notation for quiver varieties, as they are not important
for the argument.
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4.4 Nakajima actions are the only weight-1 conical

actions

Let M(v,w) be a quiver variety of type A. We call full quiver action the C∗-
action which acts with weight-1 on all edges of the doubled graph Q# (as opposed

to the Nakajima action in (4.11) which only acts on half of the edges). Proceeding

as in Section 3.2.1, we can compose the full quiver action with complex 1-parameter

subgroups of the symplectic action GL(w) y M(v,w) on the framing. In this section

we prove that, in the case of quiver variety with dominant weight, squares of Nakajima

actions are the only even12 weight-2 conical actions amongst such composed actions.

Therefore, the minimal components that we produce from Nakajima actions in Section

4.3 exhaust the set of all minimal components which one gets using GL(w) (Having

in mind Remark 3.1.7). We prove this by comparing these actions on M0 using the

Lusztig-Ma�ei description of the coordinate ring C[M0] given in Theorem 4.3.13.

De�nition 4.4.1. Given a graph Q, the spaceM(Q, V,W ) of framed representations

of the double quiver Q# has a natural C∗-action by dilation

t · (Bh, ik, jk) = (tBh, tik, tjk), t ∈ C∗ (4.22)

which acts with weight-2 on ωC, hence induces weight-2 C∗-actions on Mζ(Q,v,w)

and M0(Q,v,w) such that π is a C∗-equivariant map. We call this action the full

quiver action, as it acts on all edges of the framed double quiver Q#.

Example 4.4.2. Observe again the example 4.1.1 of quiver varietyMζ(A1, 1, n+1) ∼=
T ∗CP n. Here the full quiver action contracts the �bres with weight-2, thus it is a

square of a Nakajima action that contracts the �bres with weight-1. This is not true

in general, as we will see below.

Further, notice that the groupGL(W ) =
∏

i∈Q0
GL(Wi) acts by ωC-symplectomorphisms

on the space M(Q, V,W ) by conjugation

g y (B, i, j) = (B, ig−1, gj). (4.23)

This action induces aGL(w) action on the quiver varietiesMζ(Q,v,w) andM0(Q,v,w)

such that π is a GL(w)-equivariant map.

Example 4.4.3. In our example Mζ(A1, 1, n+ 1) ∼= T ∗CP n we have that GL(w) =

GL(n + 1) acts ωC-symplectomorphically on T ∗CP n by the action induced from the

canonical action GL(n+ 1) y CP n.

12An action is called even if it is a square of another action.
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As the GL(w) action acts by ωC-symplectomorphisms on Mζ(Q,v,w), and com-

mutes with the full quiver action, the composition of the action of a 1-parameter

subgroup of GL(w) with the full quiver action gives a weight-2 C∗-action on the

quiver variety Mζ(Q,v,w). We will give these actions some special names.

De�nition 4.4.4. Call G-twisted full action any composition of the action of a 1-

parameter subgroup G ≤ GL(w) with the full quiver action. Varying the 1-parameter

subgroup G, the set of all these actions are the twisted full actions. In particular,

when a 1-parameter subgroup of G ≤ GL(w) consists of scalar operators, that is,

G = tm1IdW1 × · · · × tmnIdWn , we call its twisted full action a scalar action.

Now, we will connect these actions with previously de�ned Nakajima actions. An

action is called even if it is a square of an action.

Lemma 4.4.5. Even conical scalar actions on M0(v,w) are exactly the squares of

Nakajima actions. The same holds for Mζ(v,w).

Proof. We �rst consider the case v ≥ 0 for the a�ne quiver variety M0(v,w). Denote

the set of stops by S = {s1, . . . , sn}. Label each scalar action by the vector m =

(m1, . . . ,mn) of weightsmi by which it acts onWsi . Now let us translate the condition

of action being conical and even in terms of the vector m. Firstly, let us consider the

simplest strings that give generators of C[M0(v,w)]

β′i = jsiBsi+1,si . . . Bsi+1,si+1−1isi+1
,

β′′i = jsi+1
Bsi+1−1,si+1

. . . Bsi,si+1isi .

Their weights of the action are 2+si+1−si+mi−mi+1 and 2+si+1−si+mi+1−mi,

respectively. These two being positive and even is equivalent to

|mi+1 −mi| ≤ si+1 − si (4.24)

and

mi+1 −mi = si+1 − si (mod 2). (4.25)

Altogether, that gives si+1−si+1 possible choices for the value of mi+1−mi. Having

the conditions (4.24) and (4.25) satis�ed, all the other generators of the coordinate

ring of C[M0(v,w)] will have positive and even weights. Indeed, the generators that

come from a string of type

β = jsiBsi−1,si . . . Br,r+1Br+1,r . . . Bsj ,sj−1isj , i < j
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have the weight

2 + sj − r + si − r +mi −mj = 2 + sj − si +mi −mj + 2(si − r)

≥ 2 + sj − si +mi −mj

= 2 +

j−1∑
k=i

(sk+1 − sk +mk −mk+1)

and the last term is positive and even being a sum of such. The same proof works for

strings of type

β = jsiBsi−1,si . . . Br,r+1Br+1,r . . . Bsj ,sj−1isj , i > j.

Finally, the closed B-paths, that is, strings of type α = BhnBhn−1 . . . Bh1 where

s(h1) = t(hn) will always have an even number of any edge showing up in the set

{h1, . . . , hn}, (as a type A graph is a tree), hence will have a positive and even weight

as well. Thus, we have shown that there are exactly

m−1∏
k=1

(sk+1 − sk + 1) = N(w)

distinct choices for the vector m′ = (m2 − m1, . . . ,mn − mn−1), that yield distinct

even conical scalar actions, whose number is the same as the number of all Nakajima

actions. To �nish the proof of lemma, let us now prove that a scalar action that is

conical and even is the square of a Nakajima action. Given its vector m, let us de�ne

ri :=
1

2
(m2 −m1 + s2 − s1),

which is a non-negative integer, due to (4.24) and (4.25). The claim is that the square

of the Nakajima action with signature (r1, r2, . . . rn−1) is the same as the given scalar

action, which is a straightforward check that their weights on strings of type

β = jsiBsi−1,si . . . Br,r+1Br+1,r . . . Bsj ,sj−1isj

and

α = BhnBhn−1 . . . Bh1 , where s(h1) = t(hn)

agree. This �nishes the proof for M0(v,w). Using the equivariant projection π we

have that these actions agree on the open dense subset of Mζ(v,w). Due to their

continuity, they agree on the whole M(v,w). For general v, we split the vector v into
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disjoint vi > 0 vectors like in De�nition 4.3.6 and run the same proof for M(vi,wi),

knowing that

M(v,w) = M(v1,w1)×M(v2,w2)× · · · ×M(vk,wk)

and both the Nakajima and twisted full actions are products of those on the compo-

nents M(v,w), hence the result holds in full generality. �

So, all the minimal components coming from scalar actions are already obtained

by Nakajima actions. The next step is to delve into the general twisted full actions.

Lemma 4.4.6. A twisted full action on M0(v,w) that is even and conical must be a

scalar action. The same holds for Mζ(v,w), when its weight is dominant.

Proof. First, we choose bases for Wk so the G-twisted full action becomes a diagonal

one, that is, it consists of diagonal matrices. This is possible due to the fact that every

1-parameter subgroup lies in a maximal torus and the fact that all maximal tori are

conjugate to the diagonal one. Now, pick an arbitrary vertex k. In the chosen basis,

the map jkik : Wk → Wk is represented as a matrix (aij). Denote the GL(Wk)-part

of G by

gk =

t
r1

. . .
trwk

 .
As the G-twisted full action acts on jkik by t2gkjkikg

−1
k we get that it acts on the

matrix entry aij with weight t2+ri−rj . Let us assume that gk is not a scalar matrix. We

then have ri < rj for some i, j hence the action acts on aij with weight 2+ri−rj < 2.

So, let us prove that aij is indeed a non-zero polynomial. This we will do by

constructing an explicit point [x] ∈ M0(v,w) such that aij(x) = 1, similarly to the

proof of Corollary 4.3.14. Firstly we can assume that the basis fs of Wk under which

the gk is diagonal is orthonormal. Also, choose an orthonormal basis es of Vk. Now,

de�ne maps

ik(fs) =

{
e1, when s = j

0, otherwise

and

jk(es) =
{
fi, when s = 10, otherwise.

Then we have i∗k(e1) = fj and j∗k(fi) = e1 and zero for other basis elements. Thus,

we get that

iki
∗
k − j∗kjk = 0, ikjk = 0. (4.26)
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Now choosing the point x = (B, i, j) ∈ M(V,W ) with ik and jk as above, and all

other components equal to zero, we see that equation (4.26) gives us x ∈ µ−1(0) hence

0 6= [x] ∈ M0(v,w). On the other hand, jkik(fj) = fi hence aij(x) = 1, that is, aij
is not a zero polynomial, as required. Hence, gk needs to be scalar for all vertices k,

which is what we wanted to prove.

The statement for Mζ(v,w) when v is dominant follows immediately as then the

projection π : Mζ(v,w) → M0(v,w) is surjective, hence a twisted full action that

is even and conical on Mζ(v,w) is of the same type on M0(v,w), thus it is a scalar

action. �

The previous two lemmas yield the following proposition.

Proposition 4.4.7. On a quiver variety M(v,w) with dominant weight, twisted full

actions that are even and conical are exactly the squares of Nakajima actions.

Combining this with Theorem 4.3.21 we deduce the �nal statement about minimal

components in quiver varieties of type A.

Corollary 4.4.8. Given a quiver variety M(v,w) with dominant weight, the distinct

minimal components of its core L(v,w) obtained from twisted full actions are exactly

those arising from Nakajima actions, and there are exactly N(v,w) of them.

4.4.1 Further remarks

We have seen that minimal components of Nakajima actions are the only minimal

components that one can get from twisted full actions. In this section we give, in a

slightly speculative way, some further remarks on why there should be no other min-

imal components, arising from the conical structure given by the full quiver action.13

As in De�nition 3.2.5, denote by SympC∗(M(v,w)) the group of conical symplec-

tomorphisms (i.e. algebraic π-compatible14 symplectomorphisms of M(v,w) that

commute with the full quiver action). We give a conjecture about this group, moti-

vated by a comment given in [MN17, Sec. 3.4]. In their notation, let

K := Im(GL(w)→ SympC∗(M(v,w))

13Recall (De�nition 2.2.11) that a conical structure is a maximal set of mutually-commuting
conical actions.

14Meaning: a map that preserves the �bres of π.
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be the image of theGL(w)-group action onM(v,w), which lands in SympC∗(M(v,w))

as it commutes with the full quiver action. Even more precisely, K is in the connected

component of the identity SympC∗(M(v,w))o of this group.15

Conjecture 4.4.9. Given a quiver variety M(v,w) of type A, the action GL(w)

yields all conical symplectomorphisms of M(v,w), that is

K = SympC∗(M(v,w))◦. (4.27)

Remark 4.4.10. We remark here that this conjecture is true for two families of exam-

ples of quiver varieties, giving a sketch of the proof for both.

� Du Val singularities of type A (Example 4.3.16). Using the Ma�ei-Lusztig de-

scription for the coordinate ring of the a�ne quiver variety (Theorem 4.3.13),

one can pass to the usual description of the coordinate ring of Du Val singular-

ity of type An−1, C[M0] ∼= C[X, Y, Z]/V (XY − Zn), together with its Poisson

brackets, given by {X, Y } = −nZn−1, {Z,X} = X, {Y, Z} = Y. For n ≥ 3,16

we can directly check that the graded Poisson automorphism of the ring C[M0]

must be of type (X, Y, Z)→ (tX, t−1Y, Z) or (X, Y, Z)→ (tY, (−1)nt−1X,−Z).

Automorphisms of the second type swap the exceptional spheres in the reso-

lution, thus act non-trivially on the homology, hence are not in the connected

component of identity. Finally, one can compute that the group GL(w) acts on

M0 in these coordinates by t · (X, Y, Z) = (tnX, tnY, t2Z), i.e. exhausts all Pois-

son automorphisms of the �rst type. The equality (4.27) follows, as a conical

symplectomorphism φ on M projects to a Poisson automorphism φ0 on M0,
17

thus picking an element g ∈ GL(w) whose action on M0 is equal to φ0, its ac-

tion on M is equal to φ on an open dense subset, hence by analytic continuity,

on the whole M.

� Cotangent bundles of generalised �ag varieties of type A, known to be quiver

varieties by [Nak94a, Sec. 7]. Namely, we have the isomorphism of complex-

symplectic manifolds

T ∗F(k1, . . . , kn; r) ∼= M(k1, . . . , kn; r, 0, . . . , 0) =: M, (4.28)

15The group SympC∗(M(v,w)) need not to be connected in general. Namely, it is known that
quiver automorphisms can induce discrete group of automorphisms of the corresponding quiver
varieties. In Example 4.3.16 of Du Val singularities, the An Dynkin graph can be re�ected, which
induces an Z/2-automorphism group, whose generator acts non-trivially on the homology of the
resolution (as it swaps the spheres in the core). Thus, this automorphism cannot belong in the
connected component of the identity, thus the conical symplectomorphism group is disconnected.

16The case n = 2 is covered in the next example, as then M = T ∗CP 1.
17Recall that a conical symplectomorphism is π-compatible.
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where F := F(k1, . . . , kn; r) = {Cr = F0 ⊃ F1 ⊃ · · · ⊃ Fn+1 = 0 | dimFi =

ki} is a generalised �ag variety, and on T ∗F we have the standard complex-

symplectic structure ω = dα. The pull back of the full quiver action to T ∗F is

precisely the square of the C∗-action that contracts the �bres. Hence, a sym-

plectomorphism of (T ∗F , ω) that commutes with it must preserve the 1-form

α (as it is given by α = iZω, where Z is the (complex) vector �eld of the

contracting action). By [Can01, p. 20-21, Ex. 2,3], we have that such a sym-

plectomorphism of a cotangent bundle must be induced from a automorphism

of the base.18 Now one uses the standard result [Akh95, Thm. 2, Sec. 3.3]

which says that connected component of the identity of the group of the auto-

morphisms of a generalised �ag variety G/P is exactly G,19 which for our �ag

variety F gives GL(Cr). Finally, we connect that with the fact (which one can

conclude directly from the description of (4.28) from [Nak94a, Sec. 7]) that the

action of GL(w) ∼= GL(Cr) seen on T ∗F is exactly the induced action from the

action GL(Cr) on F .

Now, let us comment on why only the group SympC∗(M(v,w))◦ is the relevant one

for our purposes. Firstly, having a conical symplectomorphism ψ ∈ SympC∗(M(v,w))\
SympC∗(M(v,w))◦ we have that it does not yield any new actions, hence minimal

components:

Corollary 4.4.11. Assume that Conjecture 4.4.9 holds for a quiver variety M(v,w).

Then conjugation by ψ ∈ SympC∗(M(v,w))\SympC∗(M(v,w))◦ preserves Nakajima

actions. That is, given a Nakajima action ϕt, the conjugation ψϕ1
tψ
−1 is another

Nakajima action. In particular, if F is a minimal component of a Nakajima action,

ψ(F) is as well.

Proof. As we have proved, the square of a Nakajima action is a twisted full action,

thus ϕ2
t is the composition ϕ2

t = φtGt of the full quiver action φt and a 1-parameter

subgroup Gt ≤ GL(w). Then, ψϕ2
tψ
−1 = ψφtGtψ

−1 = φtψGtψ
−1. Then, as Gt is in

SympC∗(M(v,w))◦, which is a normal subgroup of SympC∗(M(v,w)), the conjuga-

tion G′t := ψGtψ
−1 is in SympC∗(M(v,w))◦. By Conjecture 4.4.9 it is the image of a

1-parameter subgroup of GL(w). Thus

ψϕ2
tψ
−1 = φtG

′
t

18The text in that book is on real symplectic structures, but the argument there goes through
identically in the complex setup.

19This result does not for every simple G but certainly does type A, which we need.
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is a twisted full action. It is obviously even: ψϕ2
tψ
−1 = (ψϕtψ

−1)2. Let us show that

it is conical as well. Firstly, we have that ψ preserves the core

L(v,w) = {p ∈M(v,w) | lim
t→∞

φt(p) exists}

as it is a continuous function and commutes with the full quiver action φt. Now, the

conical property means precisely that for every p ∈M(v,w), we have lim
t→0

ψϕ2
tψ
−1(p) ∈

L(v,w), which is true as ψ is continuous and preserves the core, and ϕ2
t is conical

itself.

Thus the action ψϕ2
tψ
−1 is an even and conical twisted full action, hence by

Proposition 4.4.7 it has to be square of a Nakajima action ψϕ2
tψ
−1 = (ϕ′t)

2. If F is

the minimal component for ϕt, then ψ(F) is minimal component for ϕ′t = ψϕtψ
−1 as

it is in its �xed locus and, as ψ(L(v,w)) = (L(v,w)), it is an irreducible component

of the core. �

Thus, assuming that Conjecture 4.4.9 holds, the last corollary tells us that by

using symplectomorphisms ψ ∈ SympC∗(M(v,w)) \ SympC∗(M(v,w))◦ we cannot

get more minimal components of the core L(v,w) beyond those we already have. Call

a minimal component relevant if is obtained from a conical action that commutes

with the full quiver action. Thus, we deduce the following:

Corollary 4.4.12. Assume that Conjecture 4.4.9 holds for a quiver variety M(v,w)

of dominant weight. Then all relevant minimal components of L(v,w) are obtained

through Corollary 4.4.8, thus are minimal components of Nakajima actions.

Proof. Given a relevant minimal component obtained from a weight-1 action ϕt, we

have that Gt := ϕ2
tφ
−1 ∈ SympC∗(M(v,w)), thus by Conjecture 4.4.9, Gt is equal

to an image of a 1-parameter subgroup of GL(w). Hence, ϕ2
t is an even and conical

twisted full action and indeed a square of a Nakajima action (by Corollary 4.4.8). �
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Chapter 5

Smooth components of Springer �bres

Springer �bres are known to be the cores of those CSRs which in the literature are

called S3-varieties1 or resolutions of Slodowy varieties. We will use the latter term

in this text. The theoretical framework of Chapter 3 can be applied to these spaces,

hence obtaining exact Lagrangians in resolutions of Slodowy varieties, or equivalently,

smooth components of Springer �bres.

Springer �bres are �bres of Springer resolution, which is basically the central ob-

ject in Geometric Representation Theory. The geometry of these �bres is used to

recover various representation-theoretic objects. In particular, their cohomologies

provide irreducible representations of Weyl groups [Spr78, KaLu80, LuSpa85], and

Hecke algebras [KaLu79]; this is an consequence of more general feature known as

Springer correspondence. From it, one can deduce a substantial information about

representation theory of reductive groups, even over p-adic and �nite �elds. Coho-

mologies of Springer �bres also yield geometric representations of U(sln) [Gi91] (see

also [BLM90]). Moreover, their geometry recovers certain Parabolic Categories O
[Str09] and Khovanov Arc Algebras [SW12, Sch12].

In this chapter, we will be interested on �nding smooth components of Springer

�bres of type A, and understanding their topology. The question of (non-)smoothness

of components of ordinary Springer �bres and their topology is a question within ac-

tive research in Springer theory, with a lot of interesting work in the previous decade

[Fu03, PaRe06, Fr09b, FrMe10, FrMe11, Fr11, FrMeS-O15, BaZi08, GrZi11]. More-

over, the (non-)smoothness of this components, at least in the two-column case,2

has been translated to the representation-theoretic language, in terms of certain W -

1The name comes from Slodowy, Spaltenstein and Springer, as they have been studying these
spaces independently.

2Meaning that the Springer �bre is attached to an nilpotent element of order 2.
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graphs3 attached to the corresponding representation of the symmetric group.4 Basi-

cally speaking, components of a Springer �bre are vertices of aW -graph, and singular

components are the vertices that have �too many� edges.5

Although a lot of work has been done to understand (non-)smoothness and topol-

ogy of components of ordinary Springer �bres, no work has been done on under-

standing the same for components of generalised Springer �bres, with an exception

of the two-row6 case [Sch12]. In this chapter, we give some �rst results in that

direction. First, we construct a family of weight-1 actions that yields a family of

smooth components in any generalised Springer �bre. Second, we �nd another fam-

ily of smooth components that generalises the well-known Richardson components,

of ordinary Springer �bres and also de�ne their generalisations which we call quasi-

Richardson. Finally, we show that these families of components generate more smooth

components via so-called crystal operators.

5.1 Review on Springer theory

In this section we will review the standard results of Springer theory which we will

be using in the following sections. Standard literature on this matter, where these

statements and their proofs can be found, are the books by Collingwood-McGovern

[CoMcG93] and Chriss-Ginzburg [CGi97].

5.1.1 Springer resolution

Let g be a semisimple Lie algebra. Recall the nilpotent cone N ⊂ g is the set of

all ad-nilpotent elements in g. Denote by B the �ag variety of g. Then the Springer

resolution for g is the resolution of N by the cotangent bundle of B,

T ∗B

ν ↓

N

(5.1)

We will deal only with the Springer resolution for sln, so let us describe it now. In

this case, the nilpotent cone becomes the set of nilpotent matrices,

N = {e ∈ sln | e is a nilpotent matrix},
3De�ned in [KaLu79].
4I.e. the Weyl group in type A.
5For the precise statement, see [FrMe11, Thm. 1.5.] and the paragraph after it.
6Meaning that the �bre is over a nilpotent element that has two nilpotent blocks.
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and the �ag variety becomes the variety of full �ags in Cn,

B := {0 = F0 ⊂ F1 ⊂ · · ·Fn−1 ⊂ Fn = Cn | dimFi = i}.

The space

Ñ = {(F, e) | F ∈ B, e ∈ sln, eFi ⊂ Fi−1}

and the map

ν : Ñ → N , ν(F, e) = e,

form the Springer resolution for sln, which follows from the following facts.

Theorem 5.1.1.

(1) The projection on the �rst coordinate π : Ñ → B, π(F, e) = F is isomorphic to

the cotangent bundle T ∗Bp → Bp, thus giving the variety Ñ the structure of a

holomorphic symplectic manifold.

(2) The map ν is a resolution of singularities.

(3) N ⊂ sln is a Poisson subvariety,7 hence itself a Poisson variety.

(4) The map ν is a symplectic resolution.

(5) Under the dilation action on sln and the contraction of cotangent �bres on T ∗B,
the map ν becomes a CSR of weight-1. Its core is exactly the �ag variety B.

Hence, this Springer resolution is a CSR of weight-1.

5.1.2 Generalised Springer resolution

This is an extension of the previous example, which uses any generalised �ag variety

instead of the full one. By composition of n we will mean a vector p = (p1, . . . , pn)

of n non-negative integers pi that sum up to n. Out of those, we call partitions those

compositions that satisfy p1 ≥ p2 ≥ · · · ≥ pn. When writing partitions, we will omit

the zeroes at the end. Thus for example, (2, 0, 2, 0) and (3, 1) are composition and

partition of 4, respectively. We call nilpotent orbit an orbit of a nilpotent element

of sln under the conjugation action, thus the nilpotent cone is a disjoint union of

nilpotent orbits. Furthermore, the nilpotent orbits are labelled by partitions of the

7Here, we use the Killing form to pull-back the canonical Lie-Poisson structure on sl∗n. Thus, the
symplectic leaves on sln of this Poisson structure are adjoint orbits.
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integer n which are given by the lengths of the Jordan blocks of any element in the

orbit. We denote by

Oλ = Oλ(e)

the nilpotent orbit labelled by the partition λ = λ(e) corresponding to an element

e ∈ N , called the Jordan partition of e. Writing λ ` n to denote that λ is a

partition of n, we therefore have

N =
⊔
λ`n

Oλ.

De�ne the partial dominance order λ � η on partitions λ = (λ1, . . . , λn), η =

(η1, . . . , ηn), to mean λ1 + · · ·+ λi ≤ η1 + · · ·+ ηi, ∀i = 1, . . . , n. It turns out that the

closures of nilpotent orbits satisfy

Oλ =
⊔
λ′�λ

Oλ′ .

To a composition p of n one associates a generalised �ag variety8

Bp := {0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = Cn | dimFi/Fi−1 = pi, 1 ≤ i ≤ n},

consisting of p-partial �ags, and, analogously to Section 5.1.1, a space

Ñp = {(F, e) | F ∈ Bp, e ∈ sln, eFi ⊂ Fi−1}

with a map

νp : Ñp → N , µ(F, e) = e.

Now we give a generalisation of Theorem 5.1.1. Recall �rst that given a partition

p = (p1, p2, . . . , pn) of a positive integer n, so that p1 ≥ p2 ≥ · · · ≥ pn, one obtains a

Young diagram Y (p) with rows consisting of p1, p2, . . . , pn boxes. Given a Young

Figure 5.1: Young diagram Y(5,4,1).

diagram Y = Y (p) we call the partition p its shape. Denoting the numbers of boxes

in its columns by p∗1, p
∗
2, . . . , p

∗
n, the dual partition of p is de�ned as p∗ = (p∗1, . . . , p

∗
n).

For example, in Figure 5.1 the dual partition of (5, 4, 1) is (3, 2, 2, 2, 1), and n = 10.

8As p = (p1, . . . , pn) is a composition of n, in general it will have zeroes, thus Fi+1 = Fi may
occur within �ags. In the examples we will omit the repeating �ags for convenience.
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Theorem 5.1.2.

(1) The projection on the �rst coordinate π : Ñp → Bp, π(F, e) = F is isomorphic

to the cotangent bundle T ∗Bp → Bp, giving the variety Ñp the structure of a

holomorphic symplectic manifold.

(2) The image of the map νp is the closure of the nilpotent orbit Op∗+ , where p+ is the

partition obtained from p by reordering it in descending order, and p∗+ = (p+)∗ is

its dual. Moreover, the map νp : Ñp → Op∗+ is a resolution of singularities and

an isomorphism over Op∗+ .

(3) Thus by (1) and (2), T ∗Bp is a resolution of Op∗+ .

(4) Op∗+ ⊂ sln is a Poisson subvariety, hence itself a Poisson variety.

(5) The map νp is a symplectic resolution.

(6) Under the dilation action on sln and the contraction of cotangent �bres on T ∗Bp,
the map νp becomes a CSR of weight-1. Its core is exactly the generalised �ag

variety Bp.

The map νp : Ñp → Op∗+ is called a generalised Springer resolution for sln

for the partition p. Due to the theorem above, it is a CSR of weight-1. Its �bre

Bep := ν−1
p (e) is called a generalised Springer �bre. Up to isomorphism of algebraic

varieties, it depends only on the conjugacy class of the nilpotent element e. Thus, by

abuse of notation, we label that �bre with:

Bλp := {0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = Cn | dimFi/Fi−1 = pi, eFi ⊂ Fi−1, i = 1, . . . , n},

where λ = λ(e) is the partition corresponding to the nilpotent orbit of e. When the

composition p is equal to (1, 1, . . . , 1), these are the �bres of the ordinary Springer

resolution, so we call them (ordinary) Springer �bres and denote them analogously

by Bλ = Be := ν−1(e), hence

Bλ = {0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = Cn | dimFi/Fi−1 = 1, eFi ⊂ Fi−1, i = 1, . . . , n}.

5.1.3 Slodowy varieties

A way to get many more CSRs using (generalised) Springer resolutions is by using

Slodowy slices. These are transverse slices to nilpotent orbits, constructed using

only using the Lie-theoretic framework. As in the previous sections, let N denote

the nilpotent cone in sln. For an arbitrary non-zero e ∈ N , by the Jacobson-Morozov
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theorem we may pick a pair f, h of elements in sln such that the triple (e, f, h) satis�es

the sl2-relations

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h. (5.2)

Moreover, any such pair f, h is determined uniquely up to conjugation by an element in

the unipotent radical of the centralizer CGLn(e). Now de�ne its Slodowy transversal

slice as the a�ne space

Se = {x ∈ sln | [x− e, f ] = 0} = e+ ker(adf)

Up to isomorphism of algebraic varieties, Se does not depend on the choice of f and

h. For completeness, we also de�ne S0 := sln. As said before, the main property of

the Slodowy slice is its transversal property.

Proposition 5.1.3. The Slodowy slice Se is transversal to all the nilpotent orbits in

N . It has a non-empty intersection exactly with orbits Oη such that λ � η, where

λ = λ(e) is the Jordan partition of e. Moreover, Se ∩ Oλ = {e}.

Given a composition p = (p1, . . . , pn) of n with pi ≥ 0 we have the associated

generalised Springer resolution νp : Ñp → Op∗+ . Let us denote by

Se,p := Se ∩ Op∗+ , S̃e,p := ν−1
p (Se,p) (5.3)

the Slodowy variety associated to e and p, and its resolution. For completeness, we

also de�ne Se,p = S̃e,p = ∅ when pi < 0 for some i. In particular, when p = (1, 1, . . . , 1),

we call it the ordinary Slodowy variety associated to e, and denote it and its

resolution by Se and S̃e. The important thing is that, up to isomorphism of algebraic

varieties, all these varieties do not depend on the choice of nilpotent element e within

the conjugacy class, nor on the choice of the other two elements of the sl2 triple.

Therefore, together with (5.3) we will use the notation Sλ,p and S̃λ,p as well, where
λ = λ(e) is the Jordan partition of e.

Theorem 5.1.4.
1. The map νp : S̃e,p → Se,p is a resolution of singularities and an isomorphism

over Se ∩ Op∗+

2. The variety Se,p ⊂ Op∗+ is a Poisson subvariety, hence itself a Poisson variety.

3. The map νp : S̃e,p → Se,p is a symplectic resolution.

Slodowy varieties are not invariant with respect to the weight-1 dilation action

from previous sections. Therefore, we would need another action to make νp : S̃e,p →
Se,p into a CSR. Such an action exists, as we shall see in the next section.
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5.1.4 Kazhdan action

Given a nilpotent element e and a chosen sl2-triple (e, f, h), there is a natural C∗-
action that contracts the Slodowy slice Se into the point {e}, usually called Kazhdan

action in the literature [GaGi02, Sec. 4],[Sch17, Rmk. 11].

De�nition 5.1.5. Given an sl2-triple (e, f, h), where e is nilpotent, the C∗-action on

sln given by

t · x = t2Ad(t−h)x (5.4)

is called the Kazhdan action of the triple (e, f, h), and we explain the meaning of

the matrix t−h below.

Consider the Lie algebra homomorphism sl2(C)→ sln de�ned by(
0 1
0 0

)
7→ e,

(
0 0
1 0

)
7→ f,

(
1 0
0 −1

)
7→ h,

This Lie algebra homomorphism exponentiates to an algebraic group homomorphism

γ̃ : SL2(C)→ SLn. We de�ne

γ : C∗ → SLn , γ(t) = γ̃

(
t 0
0 t−1

)
, ∀t ∈ C∗.

Now t−h := γ(t−1). For our purposes, h will always be a diagonal matrix h =

diag(h1, . . . , hn) in a given basis, when t−h = diag(t−h1 , . . . , t−hn). From the de�nition

it is easy to prove

Proposition 5.1.6. The Kazhdan action has the following properties:

(1) It leaves Se = e+ ker(adf) invariant.

(2) Moreover, it has only positive weights on Se, hence contracts it to the unique �xed

point {e}.

(3) It preserves the nilpotent orbits, hence leaves Se,p invariant.

(4) It acts by weight-2 on the Poisson brackets on sln.

(5) If lifts equivariantly from N to the Springer resolution T ∗B by

t · (x, F ) = (t2Ad(t−h)x, t−hF ).
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Remark 5.1.7. Note above that the Kazhdan action t−hF on the �ag F ∈ Bλ(e) is

induced by the action on Cn given by left-multiplication by t−h. This action on Cn

in turn determines a natural action on sln by x 7→ t−h ◦ x ◦ (t−h)−1 = Ad(t−h)(x).

Finally, the Kazhdan action is determined by the latter action by composing with the

action of t2. Thus, to recover the Kazhdan action it is enough to know how t−h acts

on a chosen basis for Cn in which e is in Jordan normal form. This observation will

be used in De�nition 5.2.34 to de�ne the weight tableau of the Kazhdan action.

Hence we have the following useful corollary:

Corollary 5.1.8. The map νp : S̃e,p → Se,p together with the Kazhdan action is a

weight-2 CSR. Its core is exactly the generalised Springer �bre Bep.

Example 5.1.9. We will describe the Kazhdan action in the case when e is the

nilpotent element

e =

0 1 0
0 0 0
0 0 0

 ∈ sl3

which has Jordan type λ = (2, 1). A particular choice of its sl2 triple are the following

matrices

f =

0 0 0
1 0 0
0 0 0

 h =

1 0 0
0 −1 0
0 0 0

 ,
and their corresponding Slodowy slice is

Se =


a 1 0
b a d
c 0 −2a

 | a, b, c, d ∈ C

 .

As we have th =

t 0 0
0 t−1 0
0 0 1

, the Kazhdan action is

t ·

a 1 0
b a d
c 0 −2a

 =

t2a 1 0
t4b t2a t3d
t3c 0 −2t2a

 .
In the end of this section we mention a combinatorial characterisation on when

the Kazhdan action is even (i.e. the square of an action). We will say that the

partition λ = (λ1, . . . , λn) of n is even if all λi are of the same parity, and say it is

odd otherwise.

Proposition 5.1.10. The Kazhdan action on Se is even i� the Jordan partition of

e is even.
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5.2 Twisted Kazhdan actions

Proceeding as in Section 3.2.1 (thus analogously to the strategy from Section 4.4),

composing the Kazhdan action on S̃e,p with 1-parameter subgroups of a certain group

that acts on S̃e,p by symplectomorphisms, we can get many more weight-2 conical

actions that we call twisted Kazhdan actions. We will seek for even and conical

ones, as their square roots will give us a family of weight-1 conical actions on S̃e,p,
which then induce minimal, thus smooth components of generalised Springer �bre

Bep. Having in mind Remark 3.1.7, in this way we exhaust all minimal, components

arising from twisted Kazhdan actions.

De�nition 5.2.1. Given a nilpotent e and its sl2-triple (e, f, h), we denote by

Ze := {g ∈ GL(n) | ge = eg, gf = fg, gh = hg}

the subgroup of GL(n) that commutes with the triple, that is, the centraliser of the

set {e, f, h}. This group, up to a conjugation by an element in the unipotent radical

of CGLn(e), does not depend on the choice of f and h, hence their omission in the

notation.

We have the following proposition that is easy to prove.

Proposition 5.2.2. The Slodowy Slice Se is invariant under Ze acting by conjugation.

Hence, the same follows for the Slodowy varieties Se,p. Conjugation by Ze naturally

lifts to T ∗B via the Springer resolution,

g · (x, F ) = (gxg−1, gF ).

This induces an action on S̃e,p, such that the map νp : S̃e,p → Se,p is Ze-equivariant.
Moreover, the Ze-action commutes with the Kazhdan action.

This is the Springer theoretic analogue of the group GL(w) that acts equivariantly

on the morphism π : M(v,w) → M0(v,w) of quiver varieties, and that commutes

with the full quiver action (Section 4.4). Hence, by analogy, we state the following

de�nitions.

De�nition 5.2.3. The composition of the action of a 1-parameter subgroup G ≤ Ze

on Se with the Kazhdan action is a G-twisted Kazhdan action. Thus, denoting

G = (gt)t∈C∗ , the twisted action on an arbitrary S̃e,p is given by

t · (x, F ) = (t2Ad(gt)Ad(t−h)x, gtt
−hF ).

Varying the 1-parameter subgroup G, we call all these actions the twisted Kazhdan

actions.
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Remark 5.2.4. Similarly to Remark 5.1.7, the twisted Kazhdan action on �ags arises

from the action by left multiplication by gtt−h on Cn, and the twisted Kazhdan action

is determined by this action on Cn.

Now, in order to make an analogue of scalar actions from Section 4.4, we would

need to view the group Ze as a product of general linear groups �rst. With that in

mind we will �x a choice of the triple (e, f, h) for a given nilpotent element e.

5.2.1 The standard sl2-triple

Given a positive integer k we denote the following matrices of dimensions k × k

ek =


0 1

0 1
. . .

1
0

 fk =


0
αk1 0

αk2
. . .

αkk−1 0

 hk =


hk1

hk2
. . .

hkk


where the numbers on all undeclared cells are equal to zero. Here hki := k−1−2i,

and αki :=
∑i

s=1 h
k
s . An easy computation shows that

Proposition 5.2.5. For any positive integer k, matrices ek, fk, hk satisfy the sl2-

relations (5.2), thus form an sl2-triple. �

Now, pick an element e ∈ sln with Jordan partition λ = (λ1, . . . , λk). That means

that its Jordan normal form is exactly the block-diagonal matrix

eλ :=


eλ1

eλ2
. . .

eλk

 .
Now, de�ning the block-diagonal matrices

fλ :=


fλ1

fλ2
. . .

fλk

 hλ :=


hλ1

hλ2
. . .

hλk


we have the following generalisation of Proposition 5.2.5, whose proof directly follows

from it.

112



Proposition 5.2.6. Given a partition λ ` n, the matrices eλ, fλ, hλ satisfy the sl2-

relations (5.2), thus form an sl2-triple.

De�nition 5.2.7. Given a partition λ, we call eλ the standard nilpotent element

of type λ and (eλ, fλ, hλ) the standard sl2-triple of type λ. We will denote by

Sλ and Zλ their corresponding Slodowy slice and centraliser group. We will describe

these two explicitly in the next two sections.

5.2.2 Slodowy slice of the standard triple

Let us �rst calculate the complex dimension of the Slodowy slice Sλ.

Proposition 5.2.8. dim(Sλ) =
∑k

i=1(λ∗i )
2 − 1

Proof. As Sλ is transversal to the orbit Oλ, its dimension is equal to dim sln−dimOλ.
Recall that Oλ is resolved by T ∗Bλ∗ , by Theorem 5.1.2(3). Thus dimOλ is twice the

dimension of the generalised �ag variety Bλ∗ , which is calculated easily by seeing it

as a quotient Bλ∗ = GL(n)/Pλ∗ by the parabolic group Pλ∗ that has diagonal blocks

of sizes λ∗i . Therefore, dimOλ = 2 dimBλ∗ = 2
n2−

∑n
i=1(λ∗i )2

2
= n2 −

∑n
i=1(λ∗i )

2, and

dimSλ = dim sln − dimOλ =
∑n

i=1(λ∗i )
2 − 1. �

Let us �rst describe the Slodowy slice Sn of the triple (en, fn, hn), that is we take

λ = (n) so λ∗ = (1, . . . , 1) and dimSn = n − 1 by Lemma 5.2.8. We will call i-

subdiagonal the lower subdiagonal that starts from the i-th row. Recall that fn is

a matrix with the 2-subdiagonal equal to (αn1 , . . . , α
n
n−1), and all other entries equal

to zero. We have the following lemma:

Lemma 5.2.9. Any n× n matrix having zeroes outside the i-subdiagonal

bn =



0
...
β1

β2

. . .

βn+1−i . . . 0


will commute with fn if and only if αni−1+kβk = βk+1α

n
k , ∀k = 1, . . . , n− i.

Proof. This follows from computing bnfn and fnbn, and comparing the non-zero val-

ues. �
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De�ne αnk := 1 for k ∈ N greater than n − 1. For a non-empty �nite subset

I ⊂ N, denote by αnI :=
∏

i∈I α
n
i , and α∅ := 1. Also, for a, b ∈ N0 denote [a, b] :=

{a, a+ 1, . . . , b}.
Given a complex n-dimensional vector a = (a0, . . . , an−1), de�ne the matrix

Sn(a) = Sn(a0, . . . , an−1) :=


a0

αn1a1 a0

αn[1,2]a2 αn2a1
. . .

...
αn[1,n−1]an−1 · · · αn[n−2,n−1]a2 αnn−1a1 a0


hence

(Sn(a))ij :=

{
αm[j,i−1]ai−j, if i ≥ j

0, otherwise

Observe that the assignment a 7→ Sn(a) is linear in a.

Lemma 5.2.10. Given a positive integer n and an n-dimensional vector a, the matrix

Sn(a) commutes with fn.

Proof. We see that the matrix Sn(0, 0 . . . , 0, ai−1, 0, . . . , 0) is of the type mentioned in

Lemma 5.2.9, with βk = αn[k,i+k−2]ai−1. By direct calculation, we see that this matrix

satis�es the relation αni−1+kβk = βk+1α
n
k ,∀k = 1, . . . , n−i, hence by the lemma it com-

mutes with fn. That means that the sum Sn(a) =
∑n

i=1 Sn(0, 0 . . . , 0, ai−1, 0, . . . , 0)

of such matrices also commutes with fn. �

Proposition 5.2.11.

Sn = {en + Sn(0, a1, . . . , an−1) | a1, . . . , an−1 ∈ C} (5.5)

Proof. Firstly, a matrix Sn(0, a1, . . . , an−1) is trace-free, so the right-hand side of

equation (5.5) is in sln. By Lemma 5.2.10, it is a subset of en + ker(adfn) = Sn.

Moreover, as dimSn = n − 1 by Proposition 5.2.8, these two a�ne spaces have the

same dimension, hence are indeed equal. �

We have the rectangular generalisation of Lemma 5.2.9:

Lemma 5.2.12. An m× n matrix having zeroes outside the i-subdiagonal

bmn =



0
...
β1

β2

. . .

βm+1−i . . . 0


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satis�es fmbmn = bmnfn if and only if αmi−1+kβk = βk+1α
n
k , ∀k = 1, . . . ,m− i.

Proof. This follows by computing fmbmn and bmnfn, and comparing the non-zero

values. �

Now, given two positive integer numbers n < m and an n-dimensional vector

a = (a0, . . . , an−1) we de�ne an n×m matrix

(Pnm(a))ij :=

α
m
[j,i−1]

αn[i+1−j,i−1]

αm[i+1−j,i−1]

ai−j, if i ≥ j

0, otherwise

and a m× n matrix

(Qmn(a))ij :=

α
n
[j,i−1]

αm[i+1−j,i−1]

αn[i+1−j,i−1]

ai−j−m+n, if i ≥ j +m− n

0, otherwise.

These are both generalisations of the matrix Sn(a) in the sense that Pnn(a) =

Qnn(a) = Sn(a). Moreover, we have the following lemma:

Lemma 5.2.13. Given two positive integer numbers n < m and an n-dimensional

vector a = (a0, . . . , an−1), the matrices Pnm(a) and Qmn(a) satisfy

fnPnm(a) = Pnm(a)fm

fmQmn(a) = Qmn(a)fn

Proof. Similarly to the proof of Lemma 5.2.10, by direct calculation we see that

an i-subdiagonal bi := Pnm(0, 0 . . . , 0, ai−1, 0, . . . , 0) satis�es the condition of Lemma

5.2.12, hence satis�es the property fnbi = bifm. As Pnm(a) is a sum of such subdi-

agonals, it satis�es the same property. The analogous proof works for the matrix

Qmn(a). �

Proposition 5.2.14. The Slodowy slice of the standard sl2-triple of type λ = (λ1, . . . , λn)

has a block decomposition

Sλ =

eλ +


Sλ1

(a11) Qλ1λ2
(a12) . . . Qλ1λn(a1n)

Pλ2λ1(a21) Sλ2(a22)
...

...
. . .

Pλnλ1
(an1) . . . Sλn(ann)


∣∣∣∣∣∣∣∣∣∣

aij ∈ Cλmax{i,j} ,

n∑
i=1

λia
ii
0 = 0


(5.6)
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Proof. First, let us prove that these two a�ne spaces have the same dimension. By

Proposition 5.2.8,

dim(Sλ) =
n∑
i=1

(λ∗i )
2 − 1.

From the de�nition, dimSλi = λi and dimPλiλj = dimQλjλi = λj, for i < j, hence

the matrix-space on the right-hand side of equation (5.6) all together has the dimen-

sion

2
n∑
i=1

iλi −
n∑
i=1

λi − 1,

where the (−1)−term comes from the trace-vanishing equation
∑n

i=1 λia
ii
0 = 0. Thus

the dimensions of these two spaces are the same by the following lemma:

Lemma 5.2.15. Given a partition λ and its dual λ∗, the following holds:

n∑
i=1

(λ∗i )
2 = 2

n∑
i=1

iλi −
n∑
i=1

λi.

Proof. As
∑n

i=1 λi =
∑n

i=1 λ
∗
i , the equation

∑n
i=1(λ∗i )

2 = 2
∑n

i=1 iλi −
∑n

i=1 λi is

equivalent to
n∑
i=1

λ∗i (λ
∗
i + 1)

2
=

n∑
i=1

iλi. (5.7)

The latter equation holds, which one can see by �lling the boxes of the Young diagram

that corresponds to the partition λ in a way that boxes in the i-th row are �lled with

the number i. Then both sides of equation (5.7) are the sum of all the numbers in

the boxes, the left-hand side being the sum by columns �rst, whereas the right-hand

side is the sum by rows �rst. �

Now, as these two a�ne spaces have the same dimension, it is left to prove that the

right-hand side of equation (5.6) is a subset of Sλ = eλ + ker(adfλ), or equivalently,

whether a block-matrix written therein commutes with fλ. By the block-multiplication

of matrices, this is equivalent to

Sλi(a
ii)fλi = fλiSλi(a

ii),

Pλiλj(a
ij)fλj = fλiPλiλj(a

ij),

Qλjλi(a
ji)fλi = fλjQλjλi(a

ji),

(5.8)

which is true by Lemmas 5.2.10 and 5.2.13. Thus, the proposition is proved. �

116



5.2.3 Centraliser of the standard triple

Given a partition λ = (sk, . . . , sk︸ ︷︷ ︸
wk

, . . . , s2, . . . , s2︸ ︷︷ ︸
w2

, s1, . . . , s1︸ ︷︷ ︸
w1

) = (swkk . . . sw2
2 sw1

1 ) of n, we

de�ne a non-negative integer vector w(λ) := (0 . . . 0, w1, 0 . . . 0, w2, 0 . . . 0, wk), where

wi is in the si-th position.

Proposition 5.2.16. The group Zλ from De�nition 5.2.7 is isomorphic to GL(w(λ)) :=∏k
i=1 GL(wi).

Proof. A matrix g ∈ Zλ commutes with fλ hence, it is of type

g =


Sλ1(a

11) Qλ1λ2(a
12) . . . Qλ1λn(a1n)

Pλ2λ1(a
21) Sλ2(a

22)
...

...
. . .

Pλnλ1(a
n1) . . . Sλn(ann)

 ,
for some vectors anm ∈ Cλmax{n,m} , by the proof of Proposition 5.2.14. The important

fact is that the matrices Pλnλm(anm) and Qλmλn(amn) are "lower triangular", meaning

that their non-vanishing terms have i − j ≥ 0 for Pλnλm(anm) and i − j ≥ λm − λn
for Qλmλn(amn). Also, we have that g commutes with eλ, which analogously to the

previous result would give us that these matrices are "upper-triangular", meaning the

non-vanishing terms have i−j ≤ λn−λm for Pλnλm(anm) and i−j ≤ 0 for Qλmλn(amn).

Altogether, for λi 6= λj we have that Pλnλm(anm) = 0 and Qλmλn(amn) = 0, and for

λm = λn the matrices Pλnλm(anm) andQλmλn(amn) are scalar, having only the diagonal

terms non-vanishing. By the same reasoning, the matrices Sλi(a
ii) are scalar as well.

That is to say, we have proved that an arbitrary matrix g ∈ Zλ is quasi-diagonal,

g =


Dk

Dk−1

. . .
D1


where square blocks Di of lengths siwi, are made by grouping λj's that are equal to

si (recall λ = (swkk . . . sw2
2 sw1

1 )). Thus, each Di is a block matrix

Di =


D11
i D12

i . . . D1wi
i

D21
i D22

i

...
...

. . .
Dwi1
i . . . Dwiwi

i

 ,
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whose blocks are scalar matrices Dkl
i = dkli Isi of length si. Thus, we have the mapping

Zλ →
n∏
i=1

GL(wi), g 7→
n∏
i=1

(dkli )wik,l=1

which is a monomorphism, and it remains to show that it is a surjection, that is, that

for an arbitrary choice of scalars dkli the matrix g = g(dkli ) commutes with hλ as well.

This is equivalent to equations analogous to (5.8), namely

Dkl
i hsi = hsiD

kl
i ,

which are trivially true as Dkl
i are scalar matrices. Thus, altogether, we get Zλ ∼=∏n

i=1 GL(wi). �

5.2.4 Scalar actions

Using the description of the group Zλ from the last section, we are now in a position to

de�ne scalar actions, a special kind of twisted Kazhdan actions. Firstly, a 1-parameter

subgroup G of Zλ is contained in a maximal complex torus, and maximal tori are

unique up to conjugation. That is to say, denoting by Tλ the canonical maximal

torus in Zλ ∼=
∏n

i=1GL(wi) that is a product of canonical (diagonal) maximal tori

of GL(wi), any 1-parameter subgroup of Zλ is conjugate to a 1-parameter subgroup

of Tλ. The next lemma, which can be proved directly, shows that we can reduce our

considerations to the case when G ≤ Tλ.

Lemma 5.2.17. Given a 1-parameter subgroup G ≤ Zλ such that G = gKg−1, the

map

Sλ → Sλ, eλ + y 7→ eλ + g−1yg

is an equivariant isomorphism of a�ne spaces, where on the left we have a G-action

and on the right the K-action.

Thus, from now on, we will focus only on twisted actions by 1-parameter subgroup

of Zλ that are inside the canonical maximal torus Tλ. Given an integer vector v =

(v1, . . . , vn) we denote by tv := diag(tv1 , . . . , tvn).We have the following lemma whose

proof is a direct matrix computation:

Lemma 5.2.18. Given an arbitrary n × n matrix X and a vector v = (v1, . . . , vn),

we have

(tvXt−v)i,j = tvi−vjXi,j
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This yields a corollary which will be important for us.

Corollary 5.2.19. Given an integer vector v = (v1, . . . , vn), the Kazhdan action

twisted by Gt = tv will act on X ∈ Sλ by

t · (Xij) = (t2+vi−vj+hj−hiXij), (5.9)

where hλ = diag(h1, . . . , hn).

De�nition 5.2.20. A twisted Kazhdan action, whose 1-parameter subgroup G ≤ Tλ

consists of a product of scalar matrices Gt = takIskwk×· · ·×ta1Is1w1 , is called a scalar

action on Sλ. Collecting the weights into an integer vector ~a = (ak, . . . , a1), we will

denote with G~a such a subgroup, and the action by C∗~a. To depict the action on the

basis of Tλ we will use the extended vector

ã := (ak, . . . , ak︸ ︷︷ ︸
wksk

, . . . , a1, . . . , a1︸ ︷︷ ︸
w1s1

).

of vector ~a (thus e.g. in Corollary 5.2.19 one uses v = ã).

Example 5.2.21. Coming back to the example λ = (21) (Example 5.1.9), let us

describe a scalar action on its Slodowy slice. Firstly, recall from that example the

description of S21 :

S21 =


a 1 0
b a d
c 0 −2a

 | a, b, c, d ∈ C

 .

Picking the vector ~a = (12), thus ã = (122), its scalar action C∗~a is by Corollary 5.2.19
equal to

t ·

a 1 0
b a d
c 0 −2a

 =

t2a t−1 0
t5b t2a t3d
t4c 0 −2t2a

 .
We now show that scalar actions commute, as we will need it later.

Lemma 5.2.22. Any two scalar actions on Sλ commute.

Proof. A scalar action on Sλ is de�ned as a composition of the Kazhdan C∗-action
and the conjugation action of a 1-parameter subgroup G ≤ Tλ. The Kazhdan action

commutes with conjugation by G (since G ⊂ Ze and by de�nition Ze commutes with

the Kazhdan action, see Proposition 5.2.2). Finally, any two subgroups G1, G2 ≤ Tλ

commute (since Tλ is abelian). �
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The importance of scalar actions comes from the following lemma, which is the

Springer-theoretic analogue to Lemma 4.4.6.

Lemma 5.2.23. A twisted Kazhdan action on Sλ that is even and conical has to be

a scalar action.

Proof. Given a G-twisted Kazhdan action. By Lemma 5.2.17, we can assume that

G ≤ Tλ. Denoting λ = (swkk . . . sw2
2 sw1

1 ) as before, let us decompose matrices Gt =

(Dk(t), Dk−1(t), . . . , D1(t)) into siwi blocks. Thus, we want to show that each Di(t) =

taiIsiwi is a scalar matrix. Let us assume the contrary, that there is an i such that

Di(t) is not scalar. Divide Di(t) = (D1
i (t), . . . , D

wi
i (t)) into blocks of size si. As

Gt ∈ Tλ ⊂ Zλ, we have that each D
j
i (t) is a scalar matrix, so Dj

i (t) = tmjIsi , for some

m1, . . . ,mwi ∈ Z. Now, as Di(t) is not a scalar matrix, there are two indices, say j1

and j2, such that mj1 6= mj2 . Then, let us split the matrices in Sλ into blocks Sijλ of

size siwi × sjwj.

Sλ =


Skkλ Skk−1

λ . . . Sk1
λ

Sk−1k
λ Sk−1k−1

λ

...
...

. . .
S1k
λ . . . S11

λ


We can split the block Siiλ further into blocks of size si × si. Then, according to

Proposition 5.2.14, we have

Siiλ =



Ssi(b

11) Ssi(b
12) . . . Ssi(b

1wi)

Ssi(b
21) Ssi(b

22)
...

...
. . .

Ssi(b
wi1) . . . Ssi(b

wiwi)


∣∣∣∣∣∣∣∣∣b
rs ∈ Csi

 (5.10)

Notice that the chunk of the element hλ in the block Siiλ , call it h
i
λ, is equal to

hiλ =


hsi

hsi
. . .

hsi

 (5.11)

with wi copies of the block hsi . Thus, according to Corollary 5.2.19, the weights

of the diagonal entries in the block Ssi(b
j2j1) under the G-twisted action are equal to

2+mj2−mj1 . Similarly, diagonal boxes of the block Ssi(b
j1j2) have weights 2+mj1−mj2 .

Since mj1 6= mj2 , one of these two weights needs to be smaller than 2, hence cannot

be even and positive, hence the G-twisted action is not even and conical, which is a

contradiction. Hence, the action is indeed scalar. �
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The following is the Springer-theoretic analogue of Lemma 4.4.5, as it counts the

scalar actions that are even and conical.

Lemma 5.2.24. Given λ = (swkk . . . sw2
2 sw1

1 ), a scalar action C∗~a on Sλ is even and

conical exactly when |ai − ai+1| ≤ si+1 − si, for all i = 1, 2, . . . k − 1.

Proof. Let us pick a scalar action C∗~a, where ~a = (a1, . . . , ak). Thus it is G-twisted

Kazhdan action where Gt = tã, and ã := (ak, . . . , ak︸ ︷︷ ︸
wksk

, . . . , a1, . . . , a1︸ ︷︷ ︸
w1s1

), where λ =

(swkk . . . sw2
2 sw1

1 ). As in Lemma 5.2.23, consider the decomposition of Sλ into blocks

Sijλ of sizes siwi × sjwj.

Sλ =


Skkλ Skk−1

λ . . . Sk1
λ

Sk−1k
λ Sk−1k−1

λ

...
...

. . .
S1k
λ . . . S11

λ


In order to use the fact that the action C∗~a is even and conical, we have to compute

the weights in each entry of this big matrix, using the formula (5.9). Firstly, we can

see that the weights of entries in blocks Siiλ are not a�ected by twisting, as the chunk

of the vector v in that block is constant. Having in mind the decomposition of hλ
in that block (5.11), and using the notation from equation (5.10), the weight of the

(r1, r2)-entry in a matrix Ssi(b
u1u2) is exactly 2 + hsir2 − h

si
r1

= 2 + 2(r1 − r2). Hence it

is even and positive, as Ssi(b
u1u2) is lower-triangular. Thus, weights of all entries in

Siiλ are even and positive, regardless of ~a.

Now, let us consider a block Sjiλ , for i > j. According to Proposition 5.2.14 we

have

Sjiλ =



Psj ,si(b

11) Psj ,si(b
12) . . . Psj ,si(b

1wi)

Psj ,si(b
21) Psj ,si(b

22)
...

...
. . .

Psj ,si(b
wj1) . . . Psj ,si(b

wjwi)


∣∣∣∣∣∣∣∣∣b
rs ∈ Csi

 (5.12)

Thus, since the action is scalar, the weights of it are the same in each of the

Psj ,si(b
u1,u2)-blocks, so let us pick Psj ,si(b

11) for instance. Its (r1, r2)-entry has weight

2 + aj − ai + hsir2 − h
sj
r1 = 2 + aj − ai + si− sj + 2(r1− r2). So, we see that the smallest

weights occur on the main diagonal (r1 = r2), hence the necessary and su�cient

condition we need in order for the action to be even and conical on this block are

−(aj − ai) ≤ si − sj and aj − ai = sj − si (mod 2).
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Similarly, considering the block Sjiλ for i < j we get that aj − ai ≤ si − sj, hence
altogether, the necessary and su�cient conditions that the vector ~a has to satisfy in

order for C∗~a to be even and conical are

|aj − ai| ≤ sj − si and aj − ai = sj − si (mod 2), (5.13)

for all i < j Actually, by

|aj − ai| ≤
j−1∑
t=1

|at+1 − at| ≤
j−1∑
t=1

st+1 − st ≤ sj − si

aj − ai =

j−1∑
t=1

at+1 − at =

j−1∑
t=1

st+1 − st = sj − si (mod 2)

is su�ces to have the conditions (5.13) satis�ed only when j = i + 1. Denoting

ni := 1
2
(ai−ai+1 +si+1−si), these conditions are equivalent to ni ∈ {0, . . . , si+1−si},

for all i = 1, . . . , k − 1. By considering weights in the entries of Sλ, we see that a

scalar action C∗~a is completely determined by the values of ai − aj, hence by the

numbers ni. Thus, corresponding to di�erent choices of numbers ni, we get exactly∏k−1
i=1 (si+1 − si + 1) =

∏r−1
i=1 (λi+1 − λi + 1) scalar actions that are conical and even.

Moreover, two actions having di�erent ni, for some i, have di�erent ai+1−ai and thus

act by di�erent weights on blocks Si+1i
λ and Sii+1

λ , hence are di�erent actions on Sλ.

Thus, this lemma is proved. �

Combining Lemmas 5.2.23 and 5.2.24, we get the following theorem which is

analogous to Proposition 4.4.7.

Theorem 5.2.25. Given λ = (swkk . . . sw2
2 sw1

1 ), the set of all twisted Kazhdan actions

on Sλ that are even and conical is exactly the set of scalar actions C∗~a having |ai −
ai+1| ≤ si+1−si. Thus, there are exactly

∏k−1
i=1 (si+1−si+1) = N(w(λ)) such actions.

Hence, we give these vectors and their corresponding actions a special name.

De�nition 5.2.26. Given λ = (swkk . . . sw2
2 sw1

1 ), a vector ~a = (ak, . . . , a1) is called

good and the scalar action C∗~a is called a good action if |ai − ai+1| ≤ si+1 − si, for
all i = 1, 2, . . . k − 1.

We will show that good actions are not only di�erent on Sλ, but also on the

ordinary Slodowy variety

Sλ := Sλ,11..1 = Sλ ∩N .
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Lemma 5.2.27. Di�erent scalar actions on the Slodowy slice Sλ restricted to the

ordinary Slodowy variety Sλ are di�erent as well. In particular, the same holds for

good actions.

Proof. In the notation from the proof of Lemma 5.2.24, seeing the block Sijλ as a

subspace of Sλ with other blocks vanishing, we just have to show that Sijλ ∩ N 6= ∅,
for arbitrary i 6= j, i, j = 1, . . . , k. This is because given two di�erent scalar actions

C~a′ and C ~a′′ , there are i and j such that a′i − a′j 6= a′′i − a′′j and thus the weights on

Sijλ ∩N will be di�erent, hence producing di�erent actions.

Now, Sijλ ∩ N 6= ∅ is true as S
ij
λ is a subset of N , being strictly upper or strictly

lower triangular. �

The last lemma together with Theorem 5.2.25 implies that there are N(w(λ))

di�erent good actions on Sλ, and hence on its resolution S̃λ = ν−1(Sλ) as well. Since
they commute (by Lemma 5.2.22), according to Proposition 3.2.2 their square roots

yield di�erent minimal components of the core of S̃λ, which is the Springer �bre Bλ.
Thus, having in mind Remark 3.1.7, we obtain the following corollary.

Corollary 5.2.28. There are precisely N(w(λ)) =
∏n−1

i=1 (λi+1 − λi + 1) di�erent

minimal components of twisted Kazhdan actions in an arbitrary Springer �bre Bλ.

One would ideally like to have more information about these components, that

is, which components in Bλ are the minimal ones, and what is their topology. We

will completely answer this question in Section 5.3 (Proposition 5.3.12 and Corol-

lary 5.3.13), after explaining the Spaltenstein labelling of irreducible components of

Springer �bres. For now, in the following, rather technical section, we will describe

the constructed even and conical actions on Sλ in a di�erent way, from which it will

be feasible to understand what the corresponding minimal components are, in Section

5.3.

5.2.5 Labelling scalar actions by permutations of λ∗

In this, somewhat technical section, we label the scalar actions C∗~a by certain good

permutations µ = µ(~a) of the dual partition λ∗, as these will be more convenient to

use in Section 5.3.3 in order to get the explicit description of minimal components of

Springer �bres Bλ.
Given a partition λ = (swkk . . . sw2

2 sw1
1 ) and a scalar action C∗~a on Sλ, as in the proof

of Lemma 5.2.24 denote

ni :=
1

2
(ai − ai+1 + si+1 − si). (5.14)

123



Recall from the same proof that the condition for C∗~a to be even and scalar is

precisely ni ∈ {0, 1, . . . , si+1 − si}, for all i = 1, . . . , k − 1. Thus, denoting the dual

partition by λ∗ = (qz1k q
z2
k−1 . . . q

zk
1 ) (where qk > qk−1 > · · · > q1), we de�ne its permu-

tation

µ = µ(~a) := q
nk−1

1 . . . qn1
k−1q

z1
k q

z2−n1
k−1 . . . q

zk−nk−1

1

Example 5.2.29. For λ = (3, 2, 1) = (312111) and ~a = (0, 1, 0), we have λ∗ =

(3, 2, 1) = (312111), n1 = 0, n2 = 1, k = 3 so µ(~a) = µ(010) = (1120312110) = (132).

Here we give a lemma that says how to calculate the dual partition λ∗ of a given

one, as we will need it later. Its proof goes directly by observing the Young diagram

Y (λ), hence we omit it.

Lemma 5.2.30. Given a partition λ = (swkk . . . sw2
2 sw1

1 ), its dual partition is λ∗ =

(qz1k q
z2
k−1 . . . q

zk
1 ) where qi =

∑i
j=1 wk+1−j and z1 = s1, zi = si − si−1, for i = 2, . . . k.

De�nition 5.2.31. Denote by Perm(λ∗) the set of permutations of the dual partition

λ. We say that a permutation µ = (µ1, . . . , µr) ∈ Perm(λ∗) is good if it is of type

µ(~a), for some good vector ~a. Equivalently, µ is good if for no three indices i < j < k

we have both µi > µj and µj < µk. We denote the set of good permutations of λ∗ by

Good(λ∗).

We will use good permutations to label minimal components in Springer �bres.

De�nition 5.2.32. Given a permutation µ ∈ Good(λ∗), denote by Fµp the minimal

component in Bλp �xed by the good action C∗~a, where µ = µ(~a). In particular, we

denote by Fµ := Fµ1..1 the minimal components of the ordinary Springer �bre Bλ.

Remark 5.2.33. This labelling of minimal components need not to be injective for

general Bλp , but it is at least for the ordinary Springer �bres Bλ. Namely, two di�erent

good permutations µ′, µ′′ correspond to two di�erent good vectors ~a′,~a′′, thus two dif-

ferent good actions C~a′ ,C~a′′ , and we have seen that those induce di�erent components

on Bλ (see Lemma 5.2.27 and the argument below it).

Now, we will depict the way the action C∗~a acts on Bλ by �lling the Young diagram
Y (λ).

De�nition 5.2.34. Let e ∈ sln be a nilpotent element, and let λ = λ(e). By Jordan

basis of e we will mean a basis of Cn,

v = {vi,j ∈ Cn | i = 1, . . . , k, j = 1, . . . , λi},
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in which e is in Jordan normal form. The Young diagram Y (λ) �lled with the Jordan

basis will be denoted Y (v), with vi,j in row i and column j. Since e is in Jordan

normal form in this basis, e maps vectors leftwards in the tableau: evi,j = vi,j−1 (= 0

if j = 1).

Let C∗~a be a scalar action. Then, in that basis, Tλ and thus Gt ≤ Tλ will consist

of diagonal matrices, so by Remarks 5.1.7 and 5.2.4 one can recover the (twisted)

Kazhdan action from knowing how it acts on the Jordan basis. Replacing each entry

vi,j of Y (v) by the weight of the scalar action on vi,j de�nes the weight tableau

T (~a).

Example 5.2.35. For example, consider λ = (3, 2, 1). Then

Y (v) =

v1,1v1,2v1,3

v2,1v2,2

v3,1

(5.15)

Using the symbol | to distinguish between di�erent Jordan blocks of eλ, we have

hλ = diag(2 0 -2 | 1 -1 | 0) (notice these are the three hk blocks from Section 5.2.1

for k = 3, k = 2 and k = 1 respectively). Since hλ = diag(h1, h2, . . . , hn) is diagonal,

t−hλ acts on Cn with weights t−hi , which by Remark 5.1.7 is enough information to

determine the Kazhdan action. We record these weights −hi in the weight tableau

for the Kazhdan action C~0:

T (~0) =

−2 0 2

−1 1

0

Suppose we now twist by ~a = (0, 1, 0). As G~a acts by diagonal matrices, the action of

gtt
−hλ on Cn is still diagonal, and we add the weights −hi above with the respective

weight ãi in the extended vector ã = (0, 1, 0) (in the sense of De�nition 5.2.20, in our

case w1 = w2 = w3 = 1). Thus, twisting by ~a = (0, 1, 0) simply adds the i-th entry of

ã to each entry in the i-th row of the previous tableau:

T (0, 1, 0) =

−2 0 2

0 2

0

Now we construct another �lling of the Young diagram Y (λ), this time using a

permutation µ ∈ Perm(λ∗).
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De�nition 5.2.36. Given µ = (µ1, . . . , µr) ∈ Perm(λ∗), we de�ne the µ-weighted

tableau Twt(µ) in the following way. Start with an array of r top-adjusted columns

(meaning each column starts from row 1), with µi boxes in the i-th column �lled in

with the number 2(i − 1). Then push all the boxes to the left, in order to obtain a

Young diagram of shape Y (λ).

Example 5.2.37. For example, given λ = (3, 2, 1) and µ = (1, 3, 2) the Young tableau

Twt(µ) is given by
0 2 4

2 4

2

→
0 2 4

2 4

2

= Twt(132).

Recall that µ(010) = (132) (see Example 5.2.29) and, from Examples 5.2.35 and

5.2.37, that the tableau Twt(132) is the same as the tableau T (010) upon adding 2 to

all the boxes. We prove that this is a general pattern:

Proposition 5.2.38. Given a good vector ~a, the tableaux T (~a) and Twt(µ(~a)) are

equal up to a uniform shift in the entries of all boxes.

Proof. We claim that the entries along each row of the tableau T (~a) increase by two.

Firstly, this is true for the weight tableau for the Kazhdan action, as its rows are the

inverted numbers of the matrices hk, and the entries in hk decrease by two. Then,

twisting the action by ~a shifts the entries in a whole row by the same number, thus

this property remains true in T (~a) as well. We now prove that this also holds for the

tableau Twt(µ(~a)).

Lemma 5.2.39. For a good vector ~a, the entries along any row of the tableau Twt(µ(~a))

increase by two.

Proof. Let us assume that there are two consecutive boxes in, say, the l-th row of

Twt(µ(~a)), which are labelled by 2k and 2(k + t). That means that the sizes of the

columns k, k+ 1, . . . , k+ t− 2 used in the construction of Twt(µ(~a)) are smaller than

the sizes of the columns k−1 and k+t−1. Thus, we have µk < µk−1 and µk < µk+t−1,

which violates that µ = µ(~a) is a good permutation. �

Thus, it su�ces to prove that �rst columns of the tableaux T (~a) and Twt(µ(~a))

are equal up to a uniform shift in all entries. Letting λ = (swkk . . . sw2
2 sw1

1 ), the �rst

column of T (~a) is exactly the string

(−(sk − 1) + ak)
wk(−(sk−1 − 1) + ak−1)wk−1 . . . (−(s1 − 1) + a1)w1 , (5.16)
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where the ai parts come from the twist, and the−(si−1) parts come from the Kazhdan

action (in Section 5.2.1, this is the opposite of the value hki for i = 0, k = si).

Now, denoting λ∗ = (qz1k q
z2
k−1 . . . q

zk
1 ), we have µ(~a) = q

nk−1

1 . . . qn1
k−1q

z1
k q

z2−n1
k−1 . . . q

zk−nk−1

1 .

Recall that the tableau Twt(µ(~a)) is constructed out of an array of µi-sized top-

adjusted columns. Thus, the �rst of the nk−1 q1-sized columns yields the string 0q1 at

the beginning of the �rst column of Twt(µ(~a)). Then, the �rst among the next nk−2

q2-sized columns yields the string (2nk−1)q2−q1 on the following q2 − q1 places in the

�rst column of Twt(µ(~a)), and so on. In the end we get that the string

0q1(2nk−1)q2−q1 . . . (2nk−1 + · · ·+ 2n1)qk−qk−1 (5.17)

is the �rst column of Twt(µ(~a)). Shifting down the string (5.16) by −(sk− 1) + ak, we

get the string

0wk(ak−1 − ak + sk − sk−1)wk−1 . . . (a1 − ak + sk − s1)w1 ,

which is equal to the string (5.17), by formula (5.14) and Lemma 5.2.30. Thus, the

proposition is proved. �

5.2.6 Further work: Towards Ma�ei isomorphism

In this section we compare the results obtained in Section 5.2.4 with the results from

Section 4.4. Namely, it is long known that there is a bijective correspondence between

Slodowy varieties of type A and quiver varieties of type A. Nakajima conjectured this

in his �rst paper on quiver varieties [Nak94a, Conj. 8.6] and A. Ma�ei proved it ten

years later in [Maf05, Thm. 8].

Let us introduce some notation. Let v = (v1, . . . , vn−1) and w = (w1, . . . , wn−1)

be two non-negative integer vectors of length (n− 1). De�ne a partition

λ = (n− 1)wn−12w2 · · · 1w1 , (5.18)

and a composition p = (p1, . . . , pn),

p1 = w1 + · · ·+ wn−1 − v1

pi = wi + · · ·+ wn−1 − vi + vi−1, for i = 2, . . . , n− 1

pn = vn−1.

(5.19)

of r =
∑n−1

i=1 iwi. Denote by M(v,w) the quiver variety of type An−1 whose moment

parameter ζI = (ζi)
n−1
i=1 is chosen such that all ζi < 0. All such choices lie in the

same contractible chamber of moment parameters, hence there is no monodromy with
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respect to the I-holomorphic and ωC-symplectic structures. Moreover, they are also

equivariant under the full quiver and GL(w) actions. Thus, there is no ambiguity in

using the notation M(v,w) for our purpose (to study the twisted full quiver actions).

Denote as before by M1(v,w) the image of π : M(v,w)→M0(v,w).

Theorem 5.2.40. [Maf05, Thm. 8] Let v, w, p = p(v,w), λ = λ(v,w) be as above.

Then:

(1) There are isomorphisms of algebraic varieties ϕ̃ : M(v,w) → S̃λ,p, and ϕ1 :

M1(v,w)→ Sλ,p, such that the following diagram commutes

M(v,w) S̃λ,p

M1(v,w) Sλ,p

ϕ̃

π νp

ϕ1

(2) Moreover ϕ1(0) = e, so the core L(v,w) = π−1(0) ⊂M(v,w) corresponds via ϕ̃

to the generalised Springer �bre Bλp = ν−1
p (eλ).

Thus, the theorem above combined with Theorem 4.3.21 (which gives the number

of minimal components in a quiver variety) give a lower bound on smooth components

in a generalised Springer �bre Bλp :

Corollary 5.2.41. There are at least N(v(λ, p)′,w(λ)) smooth components in a

Springer �bre Bλp .

Here, v = v(λ, p) and w = w(λ) are obtained through the correspondence from

Theorem 5.2.40, and v′ = v(λ, p)′ is the dominant vector of the pair (v,w), which

is easily-calculable (see equation (4.18) and the calculations above it). Although

having the family of smooth components in Bλp given in Corollary 5.2.41, without

some further knowledge on the Ma�ei isomorphism ϕ̃, we cannot tell something more

about them.

Thus, let us describe how the work written here speculates some further property

of the Ma�ei isomorphism, which could reveal components from Corollary 5.2.41. By

�the quiver side� we will refer to a quiver variety, and by �the Springer side� we will

refer to the corresponding Slodowy variety.

� We have seen that on both sides there are natural full weight-2 conical C∗-
actions: on the quiver side it is the full quiver action, whereas on the Springer

side it is the Kazhdan action.
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� On the quiver side there is a symplectomorphism group GL(w) that commutes

with the full quiver action, whereas on the Springer side there is the triple

centraliser group Zλ that commutes with the Kazhdan action.

� Thus on the quiver side we de�ned twisted full quiver actions, whereas on the

Springer side we de�ned twisted Kazhdan actions.

� We have proved that for corresponding varieties GL(w) ∼= Zλ (Proposition

5.2.16).

� Moreover, by Corollary 4.3.14, and Theorem 5.2.25, there is the same number

N(w) of even conical actions on both sides. To be precise, on the quiver side this

is true only when v > 0 and the weight is dominant, but on the Springer side

the actions may coincide in general, thus reducing the number to the smaller

value N(v′,w) of di�erent actions on the quiver side.

So, with all these facts in mind, we expect the following:

Conjecture 5.2.42. Ma�ei's commutative diagram in Theorem 5.2.40 is equivariant

with respect to the action of C∗ ×GL(w). Here C∗ acts by the full quiver action and

the Kazhdan action respectively, and GL(w) acts on the right side of the diagram

after applying the isomorphism GL(w) ∼= Zλ from Proposition 5.2.16.

Ma�ei isomorphism is not explicit as in general it is given by an implicit solution

of a system of equations in terms of matrices. However, the recent preprint [ILW20]

constructs an explicit solution to these equations, which then makes it feasible to

check Conjecture 5.2.42, which we leave for some future work. It would be interesting

to prove it, as it would re�ne the �quiver-Springer correspondence�, thus allowing

some results on one side to transfer to the other. In particular, if the conjecture

held, then we would be able to deduce the number of di�erent minimal components

of twisted Kazhdan actions on generalised Springer �bres Bλp , as follows.

Corollary 5.2.43. Assuming that Conjecture 5.2.42 holds, the number of di�erent

even and conical twisted Kazhdan actions on S̃λ,p is exactly N(v′,w), where v and w

are determined by (5.18) and (5.19). Thus, the number of minimal components in Bλp
is precisely N(v′,w), and they are precisely the ones obtained in Corollary 5.2.41.
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5.3 Minimal components of ordinary Springer �bres

In this section we describe the minimal components {Fµ | µ ∈ Good(λ∗)} of ordinary
Springer �bres Bλ obtained by the twisted Kazhdan actions in the last section. In par-
ticular, we show that they lie in the intersection of the set of well-known Richardson

components [Kr78, He78, PaRe06] and the set of Barchini-Graham-Zierau components

[BaZi08, GrZi11], which shows that they are of interest also from a Springer-theoretic

viewpoint. In particular we get that they are isomorphic to products of �ag mani-

folds, and are invariant under the torus action on the �ag variety B. Also, we show

that their corresponding standard Young tableaux (combinatorial objects that label

components of Bλ) are invariant under the so-called Schützenberger involution.

As it is going to be the central object of this section, recall that the (ordinary)

Springer �bre Be of a nilpotent element e ∈ sln is de�ned as

Be := {0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = Cn | dimFi/Fi−1 = 1, eFi ⊂ Fi−1, i = 1, . . . , n}

Denoting by λ = λ(e) the Jordan partition of e, recall that we denote by Bλ the

Springer �bre Be, as it does not depend (up to an isomorphism) on the choice of

particular nilpotent element e of Jordan type λ.

In the �rst two subsections (5.3.1 and 5.3.2) of this section we recall the classical

facts from the Springer-theoretic literature that we will use in this section.

5.3.1 Spaltenstein map

In this section we recall Spaltenstein's result [Spa76] that the irreducible components

of an ordinary Springer �bre are labelled by standard Young tableaux.

De�nition 5.3.1. Given a Young diagram of shape λ ` n, its standard tableau is a

�lling of it with the numbers 1, . . . , n, such that in each row and in each column these

numbers increase. Given a tableau T, we will denote by Sh(T ) its Young diagram.

Denote by Stdλ the collection of all standard Young tableaux of shape λ.

Example 5.3.2. The standard Young tableaux of shape (2, 1, 1) are

1 2

3

4

1 3

2

4

1 4

2

3

.
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Consider a nilpotent element e ∈ sln whose Jordan partition is λ = λ(e). To a �ag

F = (0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn = Cn) ∈ Bλ

we attach its shape, an increasing (i.e. nested) sequence

sh(F ) := (Y (e|F0), Y (e|F1), . . . , Y (e|Fn))

of Young diagrams, where Y (u) denotes the Young diagram whose shape is the Jordan

partition of a nilpotent matrix u. To an increasing sequence Y = (Y0, Y1, . . . , Yn) of

Young diagrams we attach the Young tableaux Tab(Y ) of shape Yn by �lling the

boxes with numbers from 1 to n in the order in which they appear in the sequence

Yi.

Remark 5.3.3. In the examples, we will simplify our notation by labelling the vectors

in the Jordan basis of eλ by v1, . . . , vn in the natural order given by the matrix e

(instead of using the notation vi,j from (5.15)). For example, for λ = (2, 1, 1) the

basis v1, . . . , v4 constitutes the λ-shaped tableau

v1 v2

v3

v4

.

Example 5.3.4. Consider a nilpotent element e ∈ sl3 such that λ(e) = (21). As

mentioned in Remark 5.3.3, we denote by (v1, v2|v3) its Jordan basis (thus ev2 = v1

and ev3 = 0). Consider the �ag F1 = (0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ C3).

As e|〈v1〉 = 0 and λ(e|〈v1, v2〉) = (2) we see that the �ag F1 has shape

sh(F1) =

(
1 , 1 1 ,

1 1

1

)
,

hence

Tab(sh(F1)) =
1 2

3
.

We denote the set of �ags of given tableau type T by

Fe,T := {F ∈ Bλ | Tab(sh(F )) = T}. (5.20)

We can now state Spaltenstein's result from [Spa76].

Theorem 5.3.5 (Spaltenstein). Given a Springer �bre Bλ, for λ = λ(e), the following

is true:
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(1) For each T ∈ Stdλ, Fe,T is a non-empty smooth open and irreducible subvariety

of Bλ.

(2) The varieties {Fe,T}T∈Stdλ are equidimensional, dimFe,T = 1
2

∑λ1
i=1 λ

∗
i (λ
∗
i − 1).

(3) Bλ =
⊔
T∈Stdλ Fe,T ,

(4) Thus the closures KT := Fe,T form the set of (equidimensional) irreducible com-

ponents of Bλ.

Hence, denoting by B(λ) the set of irreducible components of Bλ, the map

Spal : Stdλ → B(λ), T 7→ KT ,

is a bijection. We call it called the Spaltenstein map.

5.3.2 Richardson components

In this section we recall the known facts about a set of smooth components in Bλ

called Richardson components. These are components that are homogeneous under a

parabolic subgroup of GLn, and were classi�ed by Kraft [Kr78] and Hesselink [He78].

In [PaRe06, Sec. 7.1], the authors recall the standard Young tableaux that corre-

spond to these components (under the Spaltenstein map), and we use this paper as

a reference for the statements below.

De�nition 5.3.6. A Richardson component is an irreducible component of Bλ

which is homogeneous under the action of a parabolic subgroup of GLn.9

To get the set of standard tableaux that correspond to these components (via the

Spaltenstein map), we give the following:

De�nition 5.3.7. Given a partition λ ` n, we denote by Perm(λ∗) the set of permu-

tations of its dual partition λ∗. For an element µ = (µ1, . . . , µr) ∈ Perm(λ∗) we de�ne

the standard Young tableau T µ ∈ Stdλ associated to it in the following way. Take

the µ-weighted tableau Twt(µ) from De�nition 5.2.36 and replace the boxes labelled

`0' by 1, . . . , µ1 in order from top to bottom, then replace the boxes labelled `2' by

µ1 + 1, . . . , µ1 + µ2 from top to bottom, etc. For example, given λ = (3, 2, 1), so

λ∗ = (3, 2, 1), for µ = (3, 1, 2) the Young tableau T µ is

T 312 =

1 4 5

2 6

3

9I.e. the action of the parabolic subgroup on the component is transitive.
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The sets of µ1, µ2, . . . , µr boxes that we �ll with this procedure we will call µ-

lines. Thus, the k-th µ-line consists precisely of the boxes labelled 2(k − 1) in the

µ-weighted tableau Twt(µ) from De�nition 5.2.36. We enumerate µ-lines from left to

right, thus the i-th µ-line starts from the box (1, i). Filling the Young diagram Y (λ)

with numbers 1, 2, . . . , r corresponding to µ-lines we get the tableau that we denote

by Y (µ). In the last example, we have

Y (312) =

1 2 3

1 3

1

Let e ∈ sln be an arbitrary nilpotent element with Jordan partition λ = λ(e) =

(λ1, . . . , λk). Pick a Jordan basis v for e (De�nition 5.2.34).

Then to a permutation µ ∈ Perm(λ∗) we associate a partial �ag

Wµ := (0 = W 0
µ ⊂ W 1

µ ⊂ · · · ⊂ W r
µ = Cn), (5.21)

where W k
µ is spanned by the vi,j from µ-lines 1, . . . , k, so W i

µ := ⊕ik=1W
k
µ with

W k
µ := 〈vi,j | Y (µ)i,j = k〉.
We could also de�ne Wµ invariantly as the unique partial �ag in Bλµ ∼= {pt}.
Given µ ∈ Perm(λ∗), we de�ne the subvariety Rµ ⊂ B as

Rµ := {F = (F0, . . . , Fn) | Fdi = W i
µ}, (5.22)

where di =
∑i

j=1 µj = dimW i
µ.

De�ne the parabolic subgroup P µ ≤ GLn as the set of matrices that preserve the

partial �ag Wµ.

Theorem 5.3.8. Given an arbitrary µ ∈ Perm(λ∗), the subvariety Rµ ⊂ B satis�es

the following:

(1) It is a closed subset of Bλ.

(2) It is isomorphic to the product of �ag varieties Bµ1 × · · · × Bµr .

(3) It is an irreducible component of Bλ.

(4) Its corresponding Young tableau is the standard Young tableau T µ.

(5) It is �xed under the parabolic subgroup P µ.

(6) Hence, it is a Richardson component of Bλ.
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(7) Moreover, the set {Rµ | µ ∈ Perm(λ∗)} contains all Richardson components of

Bλ.

Remark 5.3.9. The fact (4) from the theorem above explains the name Richardson

components, as the tableau T µ is obtained through the Robinson insertion algorithm

from a Richardson element, that is, the longest element of the parabolic subgroup

WPµ of the Weyl group W = Sn.

5.3.3 Minimal components are Richardson

In this section we prove that the set of minimal components in Bλ forms an explicitly-

de�ned subset of the set of Richardson components, hence due to Theorem 5.3.8 we

get the set of standard Young tableaux that correspond to minimal components in

the arbitrary ordinary Springer �bre Bλ.
We �rst de�ne a family of C∗-actions on �ag varieties.

De�nition 5.3.10. Let e ∈ sln be an arbitrary nilpotent element with Jordan par-

tition λ = λ(e). Pick its Jordan basis v = (vi,j). Given a permutation µ ∈ Perm(λ∗),

we have the associated subspaces W k
µ := 〈vi,j | Y (µ)i,j = k〉. The C∗µ-action on Cn

is a C∗-action that acts on vi,j homogeneously

t · vi,j = (Twt(µ))i,jvi,j

by weights that correspond to the numbers of µ-weighted tableau Twt(µ). Equivalently,

its acts with weight 2(k − 1) on W k
µ . This action induces the C∗µ-actions on �ag

varieties B and Bp.

The importance of these actions lies in the following corollary of Proposition 5.2.38.

Corollary 5.3.11. Given a good permutation µ = µ(~a) ∈ Perm(λ∗) (see De�nition

5.2.31), the C∗µ-action restricts to Springer �bres Bλ and Bλp , agreeing with the scalar

C∗~a action.

Proof. As µ is a good permutation, µ = µ(~a) for a good vector ~a. By Proposition

5.2.38, the weights of the Jordan base vectors vi,j of e for the C∗µ-action and C∗~a-action
are the same, up to a constant shift. Thus the image of a vector subspace of Cn will

be the same under either action. Thus the C∗~a and C∗µ actions agree on �ags, thus on

Bλ and Bλp as well. In particular, as C∗~a keeps those Springer �bres invariant, so does

C∗µ. �

Finally, we get the description of minimal components in Bλ.
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Proposition 5.3.12. The set of minimal components of twisted Kazhdan actions in

Bλ is precisely

{Rµ | µ ∈ Good(λ∗)},

hence it is a subset of the set of Richardson components. In particular, these minimal

components are isomorphic to products of �ag varieties.

Proof. As the setsW i
µ are preserved by the C∗µ-action, so is the Richardson component

Rµ. But then, due to Corollary 5.3.11, it is �xed under the C∗~a-action, for a vector

~a such that µ = µ(~a), hence it is exactly the minimal component Fµ. By Theorem

5.2.25, the set {C∗~a | ~a is good} is the set of all twisted Kazhdan actions that are even

and conical, hence their minimal components are indeed {Rµ | µ is good}. �

As a corollary, we describe the set of standard Young tableaux that correspond to

minimal components:

Corollary 5.3.13. The set of standard Young tableaux in Stdλ that correspond to

minimal components in Bλ is exactly {T µ | µ ∈ Good(λ∗)}.

Another corollary is that minimal components are torus-invariant. We call diag-

onal maximal torus the maximal torus of GLn consisting of diagonal matrices with

respect to the basis vi,j.

Corollary 5.3.14. Minimal components in Bλ are invariant under the action of the

diagonal maximal torus.

Proof. Minimal components are Richardson, and Richardson components are invari-

ant under the action of a parabolic subgroup, hence under the diagonal maximal torus

as well, as it is a subgroup of each of them. �

In the end, we describe exactly when the set of minimal components is equal to

the set of Richardson components. Recall a partition is of hook-type when its Young

diagram has the shape of a hook, so λ = (k, 11 . . . 1︸ ︷︷ ︸
n

), for arbitrary k, n ∈ N. These

form a subset of the partitions that arise in the following.

Corollary 5.3.15. The set of minimal components agrees with the set of Richard-

son components in the Springer �bre Bλ exactly when the partition is of type λ =

(kk, . . . , k︸ ︷︷ ︸
m≥0

, 11 . . . 1︸ ︷︷ ︸
n≥0

).
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Proof. According to Corollary 5.3.13 we just have to �nd the set

Λ = {λ ` N , for some N | Good(λ∗) = Perm(λ∗)}.

The dual λ∗ of a partition λ ∈ Λ cannot contain three numbers such that two of

them are bigger than the third one, as then one could make a non-good permutation

µ ∈ Perm(λ∗) that has the smallest one in between the other two. Thus, for some

m,n ≥ 0, k ≥ 1 we have λ∗ = (m + n mm . . .m︸ ︷︷ ︸
k−1

), hence λ = (kk, . . . , k︸ ︷︷ ︸
m

, 11 . . . 1︸ ︷︷ ︸
n

), as

claimed. �

Now we give a family of examples when minimal components constitute all com-

ponents of a Springer �bre.

Example 5.3.16. In Springer �bres of type λ = (n, 1), all components are minimal.

Namely, the set of standard Young tableaux Stdn,1 has exactly n elements (one picks

a number between 2 and n+1 to place in the second row, and the remaining numbers

are in the �rst row in increasing order). The dual partition is λ∗ = (2, 1, . . . , 1︸ ︷︷ ︸
n−1

) hence

Perm(λ∗) = {2 1 . . . 1︸ ︷︷ ︸
n−1

, 12 1 . . . 1︸ ︷︷ ︸
n−2

, . . . , 11 . . . 1︸ ︷︷ ︸
n−1

2},

that is, there are n Richardson components. Together with Corollary 5.3.15 we get

that in Springer �bres Bn,1 all components are minimal. We remark here that this is

somewhat foreseen, as the Slodowy variety Sn,1 and its resolution form the Springer-

theoretic model for the minimal resolution of the Du Val singularity C2/Zn+1, thus

due to the quiver model of Du Val singularities (Example 4.3.16), and the expectancy

that Ma�ei isomorphism is equivariant (Conjecture 5.2.42), we would indeed expect

that minimal components of twisted Kazhdan actions exhaust the core Bn,1.

Remark 5.3.17. We remark that the previous example covers all examples of ordinary

Springer �bres Bλ in which all components are minimal. The proof goes directly:

given a partition λ of type from Corollary 5.3.15, which is not of type λ = (n, 1), one

can show that there is a tableau that does not belongs to Richardson ones, hence its

corresponding component is not minimal. For other partitions, there are non-minimal

Richardson components.
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5.3.4 Minimal components are Schützenberger-invariant

In this section we prove an interesting fact about minimal components, from the

Springer-theoretic viewpoint. Namely, the set of Young tableaux that correspond

to minimal components inside Bλ are invariant under the so-called Schützenberger

involution, an involution on Stdλ that is combinatorially de�ned.

Given a standard Young tableau T with n boxes, we de�ne π1,i(T ) as the tableau

obtained from T by removing the boxes labelled with numbers i+ 1 to n. Moreover,

we de�ne πi,n(T ) as the tableau obtained from T by removing boxes labelled with

numbers 1 to i − 1 by the so-called procedure of jeu de taquin. First we remove

the box with number 1. In its place, we move whichever adjacent box to the right or

beneath it contained the smaller number. Thus, we have caused another empty space.

Continue the procedure until we obtain a standard tableau. Continue the procedure

until the numbers 1 to i− 1 are removed and then subtract i− 1 from all numbers to

get a standard tableau, called πi,n(T ).

Example 5.3.18. Let us show that e.g. π2,3(T 221) = T 121, in the following sequence

of tableau-operations:

T 221 =
1 3 5

2 4
→

3 5

2 4
→

2 3 5

4
→

2 3 5

4
→

1 2 4

3
= T 121.

Recall that Sh(S) deotes the Young diagram of a tableau S, The Schützenberger

involution of a standard tableau T of size n is de�ned as the standard tableau

Sch(T ) := Tab(∅, Sh(πn,n(T )), . . . , Sh(π2,n(T )), Sh(π1,n(T ))),

Equivalently, the tableau Sch(T ) is de�ned by equalities

Sh(π1,i(Sch(T ))) = Sh(πn+1−i,n(T )), i = 1, 2, . . . , n.

Example 5.3.19. Given the tableau T 21 =
1 3

2
, by jeu de taquin we get

1 3

2
→

3

2
→ 2 3 → 1 2 = π2,3(T 21),

and π3,3(T 21) = 1 trivially. Thus

Sch(T 21) = Tab

(
1 , 1 1 ,

1 1

1

)
=

1 2

3
= T 12.
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Recall in Section 5.3.2 we de�ned the standard tableaux T µ = T µ1,...,µr . Then:

Lemma 5.3.20. π2,n(T µ1,...,µr) = T µ1−1,...,µr and π1,n−1(T µ) = T µ1,...,µr−1 where n =

µ1 + . . . ,+µr.

Proof. π2,n(T µ1,...,µk) is the jeu de taquin performed on tableau T µ1,...,µk . Thus, we

remove the box with number 1 and then the box with number 2, which is beneath it,

moves to its place. Then the box that was occupied by 2 is empty, and gets �lled by

the number 3 which is in the box below, and so on until all the numbers 2, 3, . . . , µ1

move one box up. Subtracting 1 from each box, yields exactly the tableau T µ1−1,...,µr .

Tableau π1,n−1(T µ) is obtained by deleting the box n from the tableau T µ1,...,µk , hence

it is trivially equal to the tableau T µ1,...,µr−1. �

Given an element µ = (µ1, . . . , µk) ∈ Perm(λ∗), de�ne re�ection µ̄ is de�ned as

µ̄ = (µk, . . . , µ1).

Lemma 5.3.21. For an arbitrary µ ∈ Perm(λ∗) we have Sch(T µ) = T µ̄.

Proof. We will prove this by induction on the number n(µ) := µ1 + · · · + µr, where

µ = (µ1, . . . , µr). The base n(µ) = 1 is trivially true. Now let us assume that the

statement Sch(T µ) = T µ̄ is true for all µ s.t. n(µ) = n−1, and choose µ = (µ1, . . . , µr)

with n(µ) = n. Then, µ′ = (µ1− 1, µ2, . . . , µr) has n(µ′) = n− 1, hence it is true that

Sch(T µ
′
) = T µ̄

′

by the inductive hypothesis. That means that we have

Sh(π1,i(T
µ̄′)) = Sh(πn−i,n−1(T µ

′
)), i = 1, 2, . . . , n− 1.

Now using Lemma 5.3.20 this becomes

Sh(π1,i(π1,n−1(T µ̄))) = Sh(πn−i,n−1(π2,n(T µ))), i = 1, 2, . . . , n− 1.

and thus

Sh(π1,i(T
µ̄)) = Sh(πn+1−i,n(T µ))), i = 1, 2, . . . , n− 1.

Together with the trivial equality Sh(π1,n(T µ̄)) = Sh(π1,n(T µ))) we get Sch(T µ) =

T µ̄. �

Thus, from Corollary 5.3.13, Lemma 5.3.21, and fact that the set Good(λ∗) is

invariant under the re�ection, we get the claimed result:

Proposition 5.3.22. The set of Young tableaux that correspond to minimal compo-

nents in Bλ are invariant under the Schützenberger involution.
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5.3.5 Minimal components are of Barchini-Graham-Zierau type

In [BaZi08, GrZi11], the authors de�ne a family of smooth components of ordinary

Springer �bres and show they are isomorphic to iterated bundles of generalised �ag

varieties. Abbreviating surnames of the authors, let us call these BGZ components.

In this section we show that minimal components of the ordinary Springer �bres lie in

the intersection of the sets of BGZ components and Richardson components. Firstly,

let us brie�y recall their construction.

Given any subgroup K = GL(p)×GL(q) of G = GL(n) with p+q = n, K acts on

the �ag variety B, with �nitely many orbits. Fix a closed K-orbit Q. Then, denote

the restriction of the Springer resolution ν : T ∗B → N to the conormal bundle T ∗QB
by

γQ := ν|T ∗QB → Im(γQ) ⊂ N .

Its image is the closure of a K-adjoint orbit, Im(γQ) = K · f, where f ∈ N is a

generic element in Im(γQ). We have the following:

Theorem 5.3.23. [BaZi08, GrZi11, Thm. 2.7] γ−1
Q (f) ⊂ Bf is an irreducible compo-

nent. Moreover, it is isomorphic to an iterated bundle of generalised �ag varieties.

De�nition 5.3.24. The components of the Springer �bre obtained from the last

theorem we will call BGZ components.

As these components depend only on the choice of the subgroup K, and the closed

K-orbit Q in B, roots systems theory yields their combinatorial labelling by arrays.

An array consists of two parallel lines of numbered dots labelled by 1, 2, . . . , n from

right to left, e.g. see the �rst picture in Example 5.3.25 for the case n = 6. A block is

a subset of dots in a line that are labelled by consecutive numbers. E.g. in Example

5.3.25, there are three blocks: `6', `5,4', and `3,2,1'. The string of an array is the zig-

zag line joining the rightmost dots in each block such that it alternates between the

two rows, e.g. in Example 5.3.25 the black zig-zag line connecting `6,4,1'. Given an

array A we obtain the array A′ by deleting the dots connected by the string of A, then

joining blocks if necessary in the obvious way, and �nally relabelling as appropriate.

This process of joining blocks is called collapsing.

Now, given an array A, we construct a tableau T (A) of the corresponding BGZ

component. Its �rst row consists of the numbers in the string of A, written from right

to left. The next row consists of the numbers in the string of A′ using the original

labelling from A, and so on.
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Example 5.3.25. Here we give an example of an array and its corresponding tableau.

Given an array on the picture

we see that its string consists of numbers (1,4,6). By deleting these numbers we

get the next string (2,5) (the string of the collapsed array, but using the original

labelling), and �nally the last string is (3). Thus, the tableau of the given array is

1 4 6

2 5

3

Let us summarize what we have said in the previous paragraphs:

Theorem 5.3.26. [GrZi11, App. A] BGZ components are labelled bijectively by

arrays, such that the tableau of a component that corresponds to array A is exactly

T (A).

In a remark [GrZi11, Rmk. A.6], the authors state a condition for a BGZ compo-

nent to be Richardson as well. As this remark has not been proved in the paper, we

prove it here for completeness.

Proposition 5.3.27. A BGZ component of Bλ is Richardson exactly when the block

sizes of its array form a permutation of the dual partition λ∗, and no collapsing of

blocks occurs in the construction of its tableau.

Proof. Given a BGZ component which is Richardson, say Rµ, for some permutation

µ = (µ1, µ2, . . . , µr) ∈ Perm(λ∗). Then, by Proposition 5.3.8 its Young tableau is T µ.

So the �rst row of its Young tableau is (1, 1 +µ1, 1 +µ1 +µ2, . . . , 1 +µ1 + · · ·+µr−1),

thus the string of the array for Rµ has exactly these numbers.

That immediately yields the claim about the block sizes. Now, the collapsing in

the construction of the tableau occurs exactly when there is an odd number 2k+ 1 of

consecutive blocks of the same size, say b, that is surrounded by two blocks of strictly

bigger sizes than b, which hence collapse to one block after b iterations (in the array

below: b = 2).
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Let us assume that such a collapsing occurs, and let the collapsing blocks start at

numbers 1 + di+1, . . . , 1 + di+2k+1, where di =
∑i

j=1 µj as before. Their common size

is b = µi+2 = · · · = µi+2k+2. Then, the blocks on the right and left start at numbers

1 + di, and 1 + di+2k+2 respectively. Thus, the µ-line that starts with the number

1 + di+2k+2 has the numbers s + di+2k+2 in the rows s = 1, 2, . . . , b but the number

b+1+di+2k+2 does not occur in the (b+1)-th row, as it becomes a non-rightmost point

of the joint block after b iterations (in the above array: b + 1 + di+2k+2 = 8). Thus,

the tableau that we get from this array (see the tableau below for the given array

above) will not be the tableau T µ, hence the component obtained is not Richardson,

which is a contradiction. Hence, no collapsing occurs.

1 4 6

2 5 7

3

8

Now, let us prove that a non-collapsing array whose blocks are of sizes µ = (µ1, . . . , µr)

(from right to left) indeed gives the Richardson component Rµ, by induction on the

length of the vector µ.When µ = µ1, then the tableau indeed has one column labelled

by numbers 1, . . . , µ1 hence it is the tableau ofRµ. Now let us assume we have an array

of n blocks with sizes µ = (µ1, . . . , µr). Then, by the inductive hypothesis, if we neglect

the leftmost block, the tableau obtained would be T µ
′
where µ′ = (µ1, . . . , µr−1) Now,

notice that without neglecting the leftmost block, at the i-th step of the process we

just add the number i+µr−1 to the end of the i-th row. Hence, the obtained tableau

is T µ
′
with an added µ-line with numbers (1 + dr−1, . . . , dr) on the right, which is

exactly the tableau T µ. �

Corollary 5.3.28. Minimal components are of BGZ type.

Proof. Every minimal component is RichardsonRµ with µ ∈ Good(λ). Recall that the

set Good(λ) consists of permutations µ which do not contain three indices i < j < k

such that µi > µj and µj < µk. Thus, no collapsing would occur in creating a tableau

from the array of type µ, hence by Proposition 5.3.27, we see that the minimal

component Rµ is a BGZ component as well. �
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It would be interesting to see whether the BGZ construction can be generalised

to the case of generalised Springer �bres. In the case that it is possible, assuming

that some analogue of Proposition 5.3.28 exists as well, that would yield a family of

Young tableaux that correspond to some family of special minimal components that

are products of generalised �ag manifolds. The author has discussed this topic with

the authors of [GrZi11], and leaves it for some future work.

In the end of this section, we brie�y comment on smooth components in the

ordinary Springer �bres. Apart from the Richardson and BGZ constructions, there is

also a family of so-called generalised Richardson components constructed by L. Fresse

in [Fr11], which in particular contains Richardson components. So far, it is unclear

how this family relates to BGZ. We illustrate all these families in Figure 5.2.

Figure 5.2: Families of smooth components in Bλ

142



5.4 Minimal and Richardson components of

generalised Springer �bres

In this section we construct a novel family of smooth components of the generalised

Springer �bres Bλp . We prove that these families generalise Richardson components,

hence we use the same name for them. Although, the essential di�erence from the

case of ordinary Springer �bres is that the set of minimal components of a generalised

Springer �bre Bλp is not a subset of the set of Richardson components (see Example

5.4.40), hence in a search for smooth components in Bλp , both families of smooth

components (minimal and Richardson) that we obtain are equally interesting to con-

sider. In addition, we de�ne quasi-Richardson components as a generalisation of these

Richardson components, and �nd their corresponding semistandard tableaux.

As it is going to be the central object of this section, recall that the (generalised)

Springer �bre Bep of a nilpotent element e ∈ sln is de�ned as

Bep := {0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn = Cn | dimFi/Fi−1 = pi, eFi ⊂ Fi−1, i = 1, . . . , n}

Denoting by λ = λ(e) the Jordan partition of e, recall that we denote by Bλp the

generalised Springer �bre Bep, as it does not depend (up to an isomorphism) on the

choice of particular nilpotent element e of Jordan type λ.

In the �rst two subsections (5.4.1 and 5.4.2) we recall the classical facts from the

Springer-theoretic literature that we will use in this section.

5.4.1 Brundan-Ostrik construction

In this section we will recall the Brundan-Ostrik generalisation [BrOs11, Sec. 2]

of the Spaltenstein construction (Section 5.3.1) to generalised Springer �bres. This

shows that the irreducible components of a generalised Springer �bre Bλp are labelled

bijectively by the semistandard Young p-tableaux of shape λ.10

De�nition 5.4.1. Given a partition λ ` n, and a composition p = (p1, . . . , pn) of

n, a Young p-tableau of shape λ is a �lling of the Young diagram of shape λ

with numbers, such that the number i �lls exactly pi boxes. We call such a tableau

row-standard when the numbers in each row strictly increase, and semistandard

when the numbers in each row strictly increase and in each column weakly increase

10NB for the reader: With a di�erence from the Brundan-Ostrik notation, we will use the row-
standard instead of column-standard tableaux. Also, whilst they use the notation x for the nilpotent
element, we prefer to keep e instead, in order to have consistent notation in this chapter.
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(i.e. may be stationary). The set of all ordinary, row standard and semistandard

Young p-tableaux of shape λ will be denoted by Tabλp , Rowλ
p and Stdλp , respectively.

Consider a nilpotent element e ∈ sln whose Jordan partition is λ = λ(e), and a

composition p = (p1, . . . , pn) of n. Given a p-partial �ag

F = (0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn = Cn | dimFi/Fi−1 = pi) ∈ Bλp

its shape is a weakly-increasing sequence

sh(F ) := (Y (e|F0), Y (e|F1), . . . , Y (e|Fn))

of Young diagrams. To a weakly-increasing sequence Y = (Y0, Y1, . . . , Yn) of Young

diagrams we attach the semistandard p-tableaux Tab(Y ) of shape Yn by �lling the

boxes in Yi that are not in Yi−1 with numbers i.

Example 5.4.2. Consider a nilpotent element e whose Jordan partition is λ(e) =

(3, 1, 1). Let us denote by (v1, v2, v3|v3|v4) its Jordan basis (thus ev3 = v2, ev2 =

v1, ev1 = 0 and ev4 = ev3 = 0). Consider the �ag

F = {0 ⊂ 〈λv1 + µ(αv4 + βv5)〉 ⊂ 〈v1, αv4 + βv5〉 ⊂ 〈v1, v2, αv4 + βv5〉 ⊂ C5},

for some [α : β], [λ : µ] ∈ P1 × P1.

We see that e|〈v1 + µ(αv4 + βv5)〉 = 0, e|〈v1, αv4 + βv5〉 = 0, and λ(e|〈v1, v2, αv4 + βv5〉) =

(21), as ev2 = v1, ev1 = 0 and e(αv4 + βv5) = 0. Thus, altogether, we have

sh(F ) =

 1 ,
1

1
,

1 1

1
,

1 1 1

1

1


hence

Tab(sh(F1)) =

1 3 4

2

4

.

Analogously to Section 5.3.1, we de�ne the set

Fe,T := {F ∈ Bλp | Tab(sh(F )) = T}.

Now we have a generalisation of Spaltenstein's Theorem 5.3.5.

Theorem 5.4.3. Given a generalised Springer �bre Bλp , the following is true:
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(1) For each T ∈ Stdλp , Fe,T is a non-empty smooth open and irreducible subvariety

of Bλp .

(2) Varieties {Fe,T}T∈Stdλp are equidimensional, dimFe,T = 1
2

∑λ1
i=1 λ

∗
i (λ
∗
i − 1) −

1
2

∑n
i=1 pi(pi − 1).

(3) Bλp = tT∈StdλpFe,T .

(4) Hence, the closures KT := Fe,T form the set of (equidimensional) irreducible

components of Bλp .

Hence, denoting by B(p, λ) the set of irreducible components of Bλp , the map

Spalp : Stdλp → B(p, λ), T 7→ KT ,

is a bijection. We call it the generalised Spaltenstein map for the composition p,

following the attribution given in the Brundan-Ostrik paper.

Moreover, in the same paper they describe the closures of the cells Fe,T . We �rst

require some de�nitions.

De�nition 5.4.4. Given a composition p = (p1, . . . , pn) and a tableaux T ∈ Stdλp ,

we de�ne the vector l(T ) = (l1, . . . , lk) and a tableau T ∈ Stdλp in the following way:

� 1 ≤ l1 < · · · < lk index the rows of T containing the entry n;

� T is obtained from T by deleting all the boxes that contain the number n.

We de�ne the partial order � on Stdλp inductively: Given two tableaux T1, T2 we

denote T1 � T2 if either l(T1) ≤ l(T2) or l(T1) = l(T2) and T1 � T2. Here for two

vectors η, ν by η ≤ ν we mean ηi ≤ νi for all i.

Hence, we have de�ned a partial order on the set of semistandard tableaux Stdλp .

This order is essential in the topology of the closure of Spaltenstein cells:

Theorem 5.4.5. Given a semistandard tableau T ∈ Stdλp ,

KT = Fe,T ⊂
⋃
S�T

Fe,S.
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5.4.2 Torus �xed points

In this section we brie�y recall the standard folklore in Springer theory (look e.g. in

[Fr09a, Sec. 3.9]) about the �xed points of the diagonal torus action on Bp, which
lie on Bλp . Let e be a λ-nilpotent matrix and vi,j its Jordan base, as before. De�ne

H := He ≤ GLn to be the diagonal torus with respect to the base vi,j.

De�nition 5.4.6. Given a p-tableau T, we attach to it the p-partial �ag FT := (0 ⊂
Fp1 . . . , Fpn = Cn) de�ned by

Fpk := 〈vi,j | the number in the position (i, j) in T is ≤ k〉.

Recall, by Section 5.4.1, that when T is semistandard, it corresponds to the compo-

nent KT = Fe,T . It follows immediately from the de�nition that FT ∈ Fe,T ⊂ KT .

A standard fact from Springer theory is that these �ags are exactly the �xed points

under the action of the torus H.

Proposition 5.4.7. (Bp)H = {FT | T ∈ Tabλp} and (Bλp )H = {FT | T ∈ Rowλ
p}

Remark 5.4.8. The torus H does not act on Bλp . However, we can still discuss the

�xed points (Bλp )H of the H-action on Bp which lie in Bλp .

Moreover, there is a re�nement of the second part of the last proposition, according

to the Spaltenstein decomposition Bλp = tT∈StdλpFT .

De�nition 5.4.9. Given a row-standard tableau T ∈ Rowλ
p, its standardisation is

the unique semistandard tableau Std(T ) ∈ Stdλp such that it has the same numbers

in each column as T, thus it is obtained from T by shu�ing the numbers within

columns.

Proposition 5.4.10. Given a semistandard tableau S, the torus �xed points in the

cell FS are

FHS = {FT | T ∈ Rowλ
p, Std(T ) = S}.

5.4.3 Richardson components in generalised Springer �bres

In this section we generalize the construction of the Richardson components given in

Section 5.3.2. More precisely, we obtain a family of smooth components in generalised

Springer �bres that are isomorphic to products of generalised �ag manifolds and are

invariant under the parabolic subgroups.
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De�nition 5.4.11. Given two compositions p = (p1, . . . , pn), µ = (µ1, . . . , µr) of n,

we say that p is �ner than µ, and µ is coarser than p, if for some increasing indices

0 = k0, k1, . . . , kr = n
µ1 = pk0+1 + · · ·+ pk1

µ2 = pk1+1 + · · ·+ pk2

. . .

µr = pkr−1+1 + · · ·+ pkr

(5.23)

holds. Denote by Coar(p) the set of all compositions of n that are coarser than p.

For the composition p = (1, . . . , 1), the set Coar(p) is the set of all compositions µ

such that µi ≥ 1.

De�nition 5.4.12. Given an element µ = (µ1, . . . , µr) ∈ Perm(λ∗) we de�ne the

Young p-tableau T µp ∈ Stdλp associated to it in the following way. Consider the

string qp := 1, . . . , 1︸ ︷︷ ︸
p1

, 2, . . . , 2︸ ︷︷ ︸
p2

, . . . , n, . . . , n︸ ︷︷ ︸
pn

. Take the µ-weighted tableau Twt(µ) from

De�nition 5.2.36 and replace the boxes labelled `0' by �rst µ1 numbers of the string qp
in order from top to bottom, then replace the boxes labelled `2' by next µ2 numbers of

the string qp in order from top to bottom, etc. It is easy to see that when µ ∈ Coar(p),
the p-tableau T µp is semistandard.

Notice that this is a generalisation of De�nition 5.3.7 for the ordinary case p =

(1 . . . 1). As there, the sets of µ1, µ2, . . . , µr boxes that we �ll with this procedure we

will call µ-lines.

Example 5.4.13. Let λ = (321), p = (211110), so qp = (112345), λ∗ = (321),

then for µ = (312) ∈ Perm(λ∗) the Young p-tableau is the Young diagram of type

λ = (321) �lled with numbers as follows:

T 312
211110 =

1 3 4

1 5

2

where for the ease of the reader we highlighted in di�erent colours the three substrings

of qp of length µi. As a second example, suppose we want to �nd the tableau T µp =

T 42
2121. As p = (2121) we have qp = 112334, and since µ = (42) ∈ Perm(λ∗) we have

λ∗ = (42) so λ = (2211). Thus we want a tableau of Young type (2211), we put the
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substring 1123 of qp into the µ1-line, and 34 in the µ2-line:

T 42
2121 =

1 3

1 4

2

3

Recall that, given a partition λ, the set of Richardson components in the Springer

�bre Bλ are labelled by the set Perm(λ∗) of permutations of the dual partition. Here

we will extend this to the generalised Springer �bre, by constructing a family of

components of Bλp labelled by Coar(p) ∩ Perm(λ∗). Recall from Section 5.3.2 that,

given a partition λ ` n, and a permutation µ = (µ1, . . . , µr) ∈ Perm(λ∗), we have the

partial �ag Wµ := (0 = W 0
µ ⊂ W 1

µ ⊂ · · · ⊂ W r
µ = Cn) de�ned as the unique partial

�ag in Bλµ ∼= {pt}.

De�nition 5.4.14. Given a partition λ, a composition p, and a composition µ ∈
Coar(λ, p) := Coar(p)∩Perm(λ∗), we de�ne the Richardson component Rµ

p ⊂ Bp
by

Rµ
p := {0 = F0 ⊂ Fp1 ⊂ · · · ⊂ Fpn = Cn | Fdi = W i

µ},

where pi =
∑i

j=1 pj and di =
∑i

j=1 µj = dimW i
µ.

We see that this de�nition generalises the ordinary Richardson component Rµ.

Namely, Coar(1, . . . , 1) ∩ Perm(λ∗) = Perm(λ∗) and Rµ
1...1 = Rµ.

Moreover, we prove an analogue of Proposition 5.3.8. Recall that the parabolic

subgroup P µ denotes the the set of elements in GLn that preserve the partial �ag

Wµ.

Theorem 5.4.15. Given an arbitrary µ ∈ Coar(p)∩Perm(λ∗), the Richardson com-

ponent Rµ
p ⊂ Bp satis�es the following:

(1) It is a closed subset of Bλp .

(2) It is isomorphic to a product of generalised �ag varieties

Rµ
p
∼= Bp1 × Bp2 × · · · × Bpr

where pi := (pki−1+1, . . . , pki) and ki are de�ned by (5.23).

(3) It is an irreducible component of Bλp .

(4) Its corresponding Young tableau is exactly T µp .
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(5) It is �xed under the parabolic subgroup P µ.

Proof. AsW i
µ is de�ned as the unique partial �ag in Bλµ ∼= {pt}, we have that eλW k

µ ⊂
W k−1
µ for every k. Thus, having an arbitrary pi, as µ is coarser than p, there is an

index j such that

dj−1 =

j−1∑
k=0

µk < pi ≤
j∑

k=0

µk = dj

hence

eλFpi ⊂ eλFdj = eλW
j
µ ⊂ W j−1

µ = Fdj−1
⊂ Fpi−1

,

where the last inclusion follows from dj−1 ≤ pi−1 which is true as dj−1 < pi and µ is

coarser than p. Thus Rµ
p ⊂ Bλp , hence we have proved claim (1).

The claim (2) is easy to see, simply by constructing an isomorphism

Rµ
p → Bp1 × Bp2 × · · · × Bpr , F 7→ F̃1 × · · · × F̃r

where

F̃i := 0 ⊂ Fpki−1+1
/Fpki−1

⊂ · · · ⊂ Fpki/Fpki−1

is a pi-partial �ag where pi = (pki−1+1, . . . , pki).

The variety Rµ
p is closed and irreducible, hence to show that it is an irreducible

component, it remains to show that its dimension is equal to dimBλp = 1
2

∑λ1
i=1 λ

∗
i (λ
∗
i−

1)− 1
2

∑n
i=1 pi(pi − 1).

By (2), we have that

dimRµ
p =

r∑
i=1

dimBpi =
r∑
i=1

1

2
µi(µi − 1)− 1

2

ki∑
t=ki−1+1

pt(pt − 1)


=

r∑
i=1

1

2
µi(µi − 1)− 1

2

n∑
t=1

pi(pi − 1)

=
1

2

λ1∑
i=1

λ∗i (λ
∗
i − 1)− 1

2

n∑
i=1

pi(pi − 1) = dimBλp

where we have used the fact that µ is a permutation of λ∗. Hence, claim (3) is proved.

The claim (4) follows immediately from a more general claim in Theorem 5.4.30,

hence we will give a proof later (Corollary 5.4.33)

Finally, as the condition Fdi = W i
µ is P µ-invariant, Rµ

p itself is P µ-invariant. �

We expect these components to generalise the Richardson components of ordinary

Springer �bres also in sense of De�nition 5.3.6, thus:
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Conjecture 5.4.16. The components {Rµ
p | µ ∈ Coar(p, λ)} are the only components

of Bλp invariant under a parabolic subgroup of GLn.

Notice that, unlike in the ordinary case, di�erent Richardson components of the

same generalised Springer �bre Bλp need not be isomorphic. Here is an example:

Example 5.4.17. Let λ = (321) and p = (211110). Then we have

Perm(λ∗) = {123, 132, 213, 231, 312, 321}.

and furthermore

Coar(λ, p) = {213, 231, 312, 321},

hence we have 4 Richardson components in B321
211110. ConsiderR213

211110 �rst. As µ=(213),

its components µi split into pj as follows:

µ1 = 2 = p1, µ2 = 1 = p2, µ3 = 1 + 1 + 1 = p3 + p4 + p5.

Thus, according to Theorem 5.4.15, we get R213
211110

∼= B2 ×B1 ×B1,1,1
∼= B1,1,1, where

the last isomorphism holds because a partial �ag Bp is just a point when p = (p1) (its

only �ag is 0 ⊂ Cp1). Similarly, we get:

R231
211110

∼= B1,1,1,

R312
211110

∼= B2,1 × B1,1,

R321
211110

∼= B2,1 × B1,1.

5.4.4 Quasi-Richardson components

In this section we de�ne an enlargement of the set of Richardson components, which

we will call quasi-Richardson components. They are smooth irreducible components

of generalised Springer �bres, and we will �nd their corresponding tableaux. They

will not satisfy, in general, all the properties of Richardson components (such as torus-

invariance, being products of generalised �ag manifolds,etc.), hence the di�erence in

names.

De�nition 5.4.18. Consider a composition µ = (µ1, . . . , µr) of n and a splitting

Cn = ⊕ri=1W
i
µ, where subspaces W

i
µ have dimensions µi. de�ne the string

qµ := 1 . . . 1︸ ︷︷ ︸
µ1

2 . . . 2︸ ︷︷ ︸
µ2

. . . r . . . r︸ ︷︷ ︸
µr

of length n, and denote by qµ[1, k] the substring of �rst k characters of qµ.
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We will say that the k-dimensional subset Vk ⊂ Cn is of qµ[1, k]-type if it is

a direct sum of subspaces Vk = V 1
k ⊕ · · · ⊕ V r

k such that V i
k ⊂ W i

µ and dimV i
k =

#{occurrences of i in qµ[1, k]}. Equivalently, there is a basis (ui)
k
i=1 of Vk made of ho-

mogeneous vectors under the splitting Cn = ⊕ri=1W
i
µ, which we can label by numbers

ni ∈ {1, . . . , r} according to which W ni
µ they belong to and get the string qµ[1, k] as

a result.

Now, given a splitting Cn = ⊕ri=1W
i
µ, de�ne the closed Pµ-orbit Cµ

p ⊂ Bp in the

following manner.

Cµ
p := {F = (F0, Fp1 , . . . , Fpn) | Fpi is of qµ[1, pi]-type} (5.24)

where pi =
∑i

j=1 pj as before.

We give an example of this somewhat cumbersome-de�ned variety, for the conve-

nience of the reader.

Example 5.4.19. Choose µ = (13) and p = (2110). Consider C4 = 〈v1, v2, v3, v4〉 =

W 1
µ ⊕W 2

µ , where

W 1
µ = 〈v1〉, W 2

µ = 〈v2, v3, v4〉.

Noticing that p1 = 2, p2 = 3, p3 = 4, p4 = 4 and qµ = 1222, observe an arbitrary �ag

(0 ⊂ F2 ⊂ F3 ⊂ F4 = C4) ∈ C13
2110.

By de�nition of C13
2110, we have that F2 has a 1-dimensional summand fromW 1

µ = 〈v1〉
and a 1-dimensional summand V1 from W 2

µ . Similarly for F3 but now gets a 2-

dimensional summand V2 from W 2
µ = 〈v2, v3, v4〉. Thus we get

C13
2110 = {0 ⊂ 〈v1, V1〉 ⊂ 〈v1, V2〉 ⊂ C4 | 0 ⊂ V1 ⊂ V2 ⊂ 〈v2, v3, v4〉 is a full �ag}.

Now, let us connect the variety Cµ
p with De�nition 5.4.14 of a Richardson com-

ponent. Recall �rst the explicit de�nition of the partial �ag Wµ attached to the

nilpotent element e from Section 5.3.2. Let e ∈ sln be an arbitrary nilpotent element

with Jordan partition λ = λ(e), with a Jordan basis v = vi,j (De�nition 5.2.34).

Then, to a permutation µ ∈ Perm(λ∗) we associate W i
µ := ⊕ik=1W

k
µ where

W k
µ := 〈vi,j | Y (µ)i,j = k〉, (5.25)

and Y (µ) is the tableau that labels µ-lines (De�nition 5.3.7).

Now, choosing the split Cn = ⊕ri=1W
i
µ, for µ ∈ Coar(λ∗) we get

Cµ
p = Rµ

p ,
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as the conditions in (5.24) that Fpi are of qµ[1, pi]-type become equivalent to Fdi = W i
µ,

which is precisely the de�nition of Rµ
p . For general µ ∈ Perm(λ∗), the variety Cµ

p is

not a subset of Bλp . Thus, in order to obtain a component of it, we have to intersect

it with Bλp . This motivates the next de�nition:

De�nition 5.4.20. Given an arbitrary µ ∈ Perm(λ∗), if the set

Rµ
p := Cµ

p ∩ Bλp ⊂ Bλp

is a smooth component, we call it a quasi-Richardson (QR) component of Bλp . The
set of all such µ we denote by QR(λ, p). It is clear that Coar(λ, p) ⊂ QR(λ, p).

Remark 5.4.21. Given a nilpotent element e, we will always assume that Cµ
p is de�ned

by the split Cn = ⊕ri=1W
i
µ whose blocks W

i
µ come from a Jordan basis of e (Equation

(5.25)). Such Cµ
p we will call e-adapted.

Now we give an example of a quasi-Richardson component. As in earlier exam-

ples, we will simplify our notation by labelling the vectors in the Jordan basis of a

nilpotent e by v1, . . . , vn in the natural order given by the matrix e (instead of using

the cumbersome notation vi,j from (5.15)).

Example 5.4.22. Continuing with Example 5.4.19, consider a nilpotent element e

with Jordan partition λ(e) = (211). Picking µ = (13) as before, we get the corre-

sponding tableau Y (v)

Y (v) =

v1 v2

v3

v4

where we distinct di�erent µ-lines with di�erent colours. Hence, we have

W 1
µ = 〈v1〉, W 2

µ = 〈v2, v3, v4〉.

Thus, the variety C13
2110 associated to the split C4 = W 1

µ ⊕W 2
µ is by Example 5.4.19

equal to:

C13
2110 = {0 ⊂ 〈v1, V1〉 ⊂ 〈v1, V2〉 ⊂ C4 | 0 ⊂ V1 ⊂ V2 ⊂ 〈v2, v3, v4〉 is a full �ag}.

Now, intersecting C13
2110 with B211

2110 amounts to use the conditions of the Springer �bre

B211
2110, Thus using the fact that ev2 = v1 (indeed, e acts by shifting vectors to the left

along each row in the tableau Y (v)), and forcing eF2 = 0 and eF3 ⊂ F2, we get

R13
2110 = {0 ⊂ 〈v1, w2〉 ⊂ 〈v1, w2, w3〉 ⊂ C4 | w2 ∈ 〈v3, v4〉, w2, w3 ∈ W 2

µ lin. ind.}.11

11Here lin. ind. stands for linearly independent.
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This is an irreducible projective and smooth subvariety of dimension two, thus of

maximal dimension in B211
2110, (recall the dimension formula in Theorem 5.4.3), hence

is a quasi-Richardson component.

Now we give an analogue of Proposition 5.3.12 for generalised Springer �bres,

which gives a criterion for when a quasi-Richardson is a minimal component as well.

Proposition 5.4.23. When µ ∈ Good(λ∗)∩QR(λ, p), its quasi-Richardson and min-

imal components coincide,

Rµ
p = Fµp .

In particular, the tableau of such a minimal component is T̃ µp (De�nition 5.4.28).

Proof. From the de�nition of Cµ
p , we immediately see that it is �xed under the C∗µ-

action on Bp (De�nition 5.3.10). When µ is good, the C∗µ-action restricts to Bλp , and
is the same as the scalar C∗~a action for µ = µ(~a), by Corollary 5.3.11. Thus Rµ

p is

the minimal component of C∗~a, hence it equals Fµp . The last statement follows from

Theorem 5.4.30. �

The important di�erence from the case of ordinary Springer �bres is that here

minimal components can be non-Richardson, and even non quasi-Richardson, as we

will see in Example 5.4.41.

5.4.5 Semistandard tableaux of quasi-Richardson components

In this section we obtain the semistandard tableaux that correspond to quasi-Richardson

components, by calculating the torus �xed points on Cµ
p and by using Theorem 5.4.5

which gives a geometric feature of Brundan-Ostrik order on tableaux. Firstly, we

introduce the following de�nition:

De�nition 5.4.24. Given a partition λ and a permutation µ ∈ Perm(λ∗), the set

Shuffle(T µp ) is the set of all Young tableaux that one obtains from the tableau T µp by

shu�ing the numbers along the µ-lines.

Example 5.4.25. Consider tableaux

T 123
211110 =

1 1 3

2 4

5

T 132
211110 =

1 1 4

2 5

3
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After a shu�e along µ-lines (labelled in distinct colour, for a better picture) we the

following tableaux:

T̃ 123
211110 =

1 2 3

1 4

5

T̃ 132
211110 =

1 2 4

1 5

3

Now, we justify the purpose of introducing the last de�nition. Pick a nilpotent

element e with Jordan partition λ and permutation µ ∈ Perm(λ∗). The maximal torus

H := He ≤ GLn diagonal with respect to Jordan basis of e preserves the e-adapted

Cµ
p (Remark 5.4.21). We calculate its �xed points (recall the notation from Section

5.4.2):

Proposition 5.4.26. Given a nilpotent element e, the e-adapted variety Cµ
p is in-

variant under the action of the diagonal torus H. Its torus �xed points are exactly

(Cµ
p )H = {FT | T ∈ Shuffle(T µp )}.

Proof. Being P µ-invariant, Cµ
p is also H invariant, as H ≤ P µ. Now that we have

a smooth algebraic torus action on a smooth projective variety, with isolated �xed

points, a classical result [Iv72] asserts that the number of �xed points is equal to the

rank of the cohomology of the variety itself. Hence, it su�ces to prove two statements:

(1) {FT | T ∈ Shuffle(T µp )} ⊂ Cµ
p .

(2) rk(H∗(Cµ
p ))=|{FT | T ∈ Shuffle(T µp )}|

Proof of (1). Let FTµp = (F0, Fp1 , . . . , Fpn). Recall that Fpk has a basis formed

by all vi,j such that number in T µp in the position (i, j) is less than or equal to k.

By the construction of the tableau T µp , if we label those basis vectors vi,j by numbers

l ∈ {1, . . . , r} according to whichW l
µ they belong to, we will get exactly the substring

qµ[1, pk]. Thus Fpk is of qµ[1, pk]-type, hence FTµp ∈ Cµ
p .

Now, notice that any shu�ing of the entries within the l-th µ-line preserves the

count of boxes labelled by the numbers smaller than or equal to k in the l-th µ-line,

hence it preserves the number of vectors vi,j in the �ag Fpk that belongs to W
l
µ. Thus,

given any T ∈ Shuffle(T µp ), denoting FT := (F0, Fp1 , . . . , Fpn), space Fpk remains of

qµ[1, pk]-type.

Proof of (2). Firstly, given µ = (µ1, . . . , µr) and p = (p1, . . . , pn), we divide the

string qµ = q1
µq

2
µ . . . q

n
µ into substrings qjµ of length pj (see (5.26) for µ = (123) and

p = (2121)).

q123 = 12|2|33|3 (5.26)
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Denoting by tij the number of occurrences of the number i in q
j
µ, we see that the map

Cµp → Bt11,t12,...,t1n×· · ·×Btr1,tr2,...,trn , (F0, Fp1 , . . . , Fpn) 7→ ((V 1
0 , V

1
1 , . . . , V

1
n ), . . . , (V r

0 , V
r

1 , . . . , V
r
n ))

is an isomorphism, where Fpj = ⊕iV i
j and V i

j ⊂ W i
µ. Hence, the rank of the coho-

mology of Cµ
p is equal to

rk(H∗(Cµ
p )) =

µ1!

t11!t12! · · · t1n!
· · · µr!

tr1!tr2! · · · trn!
,

where we have used the standard formula for the rank of the cohomology of a gener-

alised �ag variety rk(H∗(Bp1,...,pn)) = (p1+···+pn)!
p1!...pn!

. On the other hand, let us divide the

string

qp = 1 . . . 1︸ ︷︷ ︸
p1

2 . . . 2︸ ︷︷ ︸
p2

. . . n . . . n︸ ︷︷ ︸
pn

= q1
pq

2
p . . . q

r
p

into substrings qip of length µi, and denote by pij the number of occurrences of the

number j in qip. (see (5.27) for p = (2121) and µ = (123))

q2121 = 1|12|334 (5.27)

Notice then that the number of non-equivalent shu�es of the tableau T µp is exactly

|Shuffle(T µp )| = µ1!

p1
1!p1

2! · · · p1
n!
· · · µr!

pr1!pr2! · · · prn!
,

as the i-th µ-line contains exactly the numbers from qip, hence the number of its

shu�es is µi!
pi1!pi2!···pin

. Thus, in order to prove claim (2), we just have to prove that

T = {(tij)i=1...r
j=1...n} and P = {(pij)i=1...r

j=1...n} are the same sets.

Let us now divide the strings qµ and qp, simultaneously by µi-blocks and pj-blocks

(see (5.28) for p = (2121) and µ = (123), red bars denote µi-blocks and blue bar

denote pj-blocks).
q123 =1|2|2||33|3

q2121 =1|1|2||33|4
(5.28)

Thus we obtain divisions of qµ and qp into sets of the same cardinalities. It is easy

to see that these divisions correspond to the sets T and P respectively. Namely, in

the string qµ we count tij until we reach an end of a chunk divided by either pj or

µi (in (5.28): red or blue bar). If it is a pj block end (in (5.28): blue bar), we start

counting tij+1 in the next chunk, if it is the µi block end (in (5.28): red bar) we start

counting ti+1
j , and if both pj and µi blocks are ending, we pass to count ti+1

j+1. The

same applies to the division of qp. Hence, the sets T and P are the same and thus the

claim (2) is proved. �
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Corollary 5.4.27. (Rµ
p)H = {FT | T ∈ Shuffle(T µp ) ∩Rowλ

p}

This corollary will help us in �nding the tableau that corresponds to a quasi-

Richardson component Rµ
p .

De�nition 5.4.28. Given the tableau T µp , de�ne its maximisation T̃ µp as

T̃ µp := max(Shuffle(T µp ) ∩ Stdλp),

under the Brundan-Ostrik order � (De�nition 5.4.4) on Stdλp .

Lemma 5.4.29. Given p = (p1, . . . , pm), the number m occurs in a tableau T ∈
Shuffle(T µp ) ∩ Stdλp only in the last two µ-lines. Moreover, all the occurrences of m

in the penultimate µ-line lie strictly below (in terms of row-numbers) the occurrences

of m from the last µ-line.

Proof. Firstly, ifm occurs in the last three µ-lines of a tableau T ∈ Shuffle(T µp )∩Stdλp ,
that means that the whole penultimate µ-line is �lled with the number m, but then

the box (1, λ1−1) is �lled with m, thus the box (1, λ1) has to be labelled by a number

bigger than m since T ∈ Stdλp , and that is impossible.

Thus, m occurs in the last two µ-lines only. If it appears only in the last µ-line we

are done. Otherwise, the whole last µ-line is �lled with the number m. Assume that

there is a box bp of the penultimate µ-line containing m such that its row number rp
is smaller than the row number ru of a box bu of the last µ-line containing m. Then,

there is a box in the last µ-line whose row number is rp, which then is impossible as

we would have two boxes �lled with m in the same row of T, which contradicts that

tableaux in Stdλp have strictly increasing rows. �

Finally, we prove that the tableau T̃ µp corresponds to a quasi Richardson compo-

nent Rµ
p .

Theorem 5.4.30. Given a quasi-Richardson componentRµ
p , its corresponding tableau

is exactly T̃ µp .

Proof. Firstly, as Rµ
p is a component, denoting by T = Spal−1

p (Rµ
p) ∈ Stdλp , we have

FT ∈ Rµ
p . Due to Corollary 5.4.27, we have T ∈ Shuffle(T µp ), thus T ∈ Shuffle(T µp ) ∩

Stdλp . As

{FS | S ∈ Shuffle(T µp ) ∩ Stdλp} ⊂ Rµ
p = KT ,

and

KT ⊂ ∪S�TFS
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by Theorem 5.4.5, that implies that T is indeed bigger than any other tableau in

Shuffle(T µp ) ∩ Stdλp , thus it is equal to T̃
µ
p . In fact, this proves that the maximum of

the set Shuffle(T µp ) ∩ Stdλp exists (recall that � is a partial order only). �

Remark 5.4.31. Here we remark on how one should get the tableau T̃ µp in practice. It

should be by the following inductive algorithm:

� Fill the �rst µ-line in the same way as T µp .

� Fill the second µ-line such that the obtained tableau is the maximal possible

amongst the semistandard ones.

� Continue the process in the same way until all µ-lines are �lled.

In each step we are maximising the obtained tableau, so this tableau should hopefully

be exactly T̃ µp . We say �should� as the author has not yet proved (but eventually

intends to prove) that this tableau is indeed the maximal one in Shuffle(T µp ) ∩ Stdλp .

Lemma 5.4.32. When the tableau T µp is standard, it is equal to T̃ µp .

Proof. We will prove this by total induction on the number of boxes in the tableau T µp .

Let us take µ = (µ1, . . . , µr) and p = (p1, . . . , pm) and consider T µp and an arbitrary

tableau S ∈ Shuffle(T µp ) ∩ Stdλp . According to Lemma 5.4.29, boxes labelled by the

number m only exist in the last two µ-lines of T µp and S. Recall that by l(T ) we label

the rows of the boxes containing m, and by T we label the tableau T without the

boxes labelled m. We split the proof into three cases:

1) The boxes labelled by m are in the last µ-line only and they �ll it completely.

Thus, l(T µp ) = l(S), and the tableaux T µp and S are exactly obtained by deleting the

last µ-line. Thus, denoting by µ′ = (µ1, . . . , µr−1) and p′ = (p1, . . . , pm−1), we have

T µp = T µ
′

p′ , hence, by inductive hypothesis, S � T µp , and so S � T µp .

2) The boxes labelled by m are in the last and in the penultimate µ-line. That

implies that the whole last line is labelled by m. Hence, if l(T µp ) = l(S), we can delete

all the boxes �lled with m and get the tableau T µp = T µ”
p′ , for µ” = (µ1, . . . , µr−1 −

N) and p′ = (p1, . . . , pm−1), where N is the number of boxes labelled by m in the

penultimate line. Thus again by inductive hypothesis S � T µp , and so S � T µp .

Otherwise, let us assume that l(T µp ) < l(S). Then, by Lemma 5.4.29 we get that

l(T µ
′

p′ ) < l(S ′) where S ′ is the tableau S without the last µ-line. Thus, T µ
′

p′ � S ′ which

is impossible due to the inductive hypothesis. Thus, l(T µp ) > l(S) and so S � T µp .

3) The boxes labelled with m are in the last µ-line only and there are some other

numbers in it. Then, since in T µp boxes �lled by m are in the last rows, l(T µp ) ≥ l(S).
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If it is a strict inequality, we are done, otherwise de�ne p′ = (p1, . . . , pm−1) and

µ′ = (µ1, . . . , µr−pm), and by the inductive hypothesis we have S � T µ
′

p′ = T µp , hence

S � T µp . �

As promised, we now prove claim (4) of Theorem 5.4.15, which we restate here

for the convenience of the reader:

Corollary 5.4.33. Given a Richardson componentRµ
p , its corresponding Young tableau

is exactly T µp .

Proof. As a Richardson component is quasi-Richardson, according to Theorem 5.4.30,

its corresponding tableau is T̃ µp . However, as µ ∈ Coar(λ, p) the tableau T µp is stan-

dard, hence by Lemma 5.4.32 is equal to T̃ µp . �

Theorem 5.4.30 motivates the next de�nitions.

De�nition 5.4.34. We say that µ ∈ Perm(λ∗) is p-tableau-shu�e-allowable if

Shuffle(T µp ) ∩ Stdλp 6= ∅,

and p-tableau-allowable if the tableau T µp is semistandard. The sets of such permu-

tations we denote by TSA(λ, p) and TA(λ, p), respectively. Obviously, Coar(λ, p) ⊂
TA(λ, p) ⊂ TSA(λ, p).

Example 5.4.35. Let p = (211110) As seen in Example 5.4.25, permutation µ =

(123) is not p-tableau allowable as the tableau

T 123
211110 =

1 1 3

2 4

5

is not semistandard. However, this permutation is p-tableau-shu�e-allowable as the

shu�e
1 2 3

1 4

5

of T 123
211110 is semistandard.

Thus, in this new notation, Theorem 5.4.30 implies:

Corollary 5.4.36. QR(λ, p) ⊂ TSA(λ, p).
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We conjecture the contrary, that is

Conjecture 5.4.37. TSA(λ, p) ⊂ QR(λ, p).

which would, together with Corollary 5.4.36, mean that quasi-Richardson compo-

nents correspond exactly to the combinatorially-calculable set {T̃ µp | µ ∈ TSA(λ, p)}
of semistandard tableaux.

5.4.6 Further examples

In this section we give some further examples of quasi Richardson and minimal com-

ponents in generalised Springer �bres.

Firstly, let us give an example of a quasi-Richardson component which is not

tableau-allowable.

Example 5.4.38. Continue with Example 5.4.22, thus let λ = (211), p = (2110),

and µ = (13). As the tableau

T 13
2110 =

1 1

2

3

is not semistandard, µ /∈ TA(λ, p), however as we have seen, µ yields a quasi-

Richardson component:

R13
2110 = {0 ⊂ 〈v1, w2〉 ⊂ 〈v1, w2, w3〉 ⊂ C4 | w2 ∈ 〈v3, v4〉, w2, w3 ∈ W 2

µ lin. ind.}12.

By Theorem 5.4.30, we know that its corresponding semistandard tableau is the

maximal13 tableau amongst the shu�ed ones:

Spal−1
p (R13

2110) = T̃ 13
2110 =

1 2

1

3

(5.29)

Let us see directly why this equality is true. The condition eF2 = 0 explains the shape

(1, 1) of the subtableau of two boxes labelled by 1. Then, as w3 ∈ W 2
µ = 〈v2, v3, v4〉,

we have ew3 = αw1. Thus, generically α 6= 0, hence 〈w3, w1〉 form a Jordan 2-block

in F3. As ew2 = 0, this altogether gives λ(e|F3) = (2, 1) which explains the shape

(2, 1) of the subtableau of 3 boxes labelled by 1 and 2. Finally, we know that the

whole tableau is of shape λ = (2, 1, 1), which gives the unique way to add the box 3.

12Here lin. ind. stands for linearly independent.
13Under the Brundan-Ostrik order � (De�nition 5.4.4).
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We have seen that Richardson components, being invariant under a parabolic sub-

group of GLn, are invariant under the diagonal maximal torus action (for the basis

vi,j). In the next example we will see that this is not the case for quasi-Richardson

components in general. That explains the distinction between these two sets of com-

ponents.

Example 5.4.39. Let λ = (32), p = (12110) and µ = (221). Then µ ∈ Good(λ∗),

hence induces a minimal component. Let us prove that it is quasi-Richardson.

Namely, we have

W 1
µ = 〈v1, v4〉, W 2

µ = 〈v2, v5〉, W 3
µ = 〈v3〉

and qµ = 11223 hence similarly to the last example we get

C221
12110 = {0 ⊂ 〈αv1 + βv4〉 ⊂ 〈v1, v4, γv2 + δv5〉 ⊂ 〈v1, v2, v4, v5〉 ⊂ C5} ∼= P1 × P1,

thus intersecting with B32
12110 we get

R221
12110 = {0 ⊂ 〈αv1 + βv4〉 ⊂ 〈v1, v4, αv2 + βv5〉 ⊂ 〈v1, v2, v4, v5〉 ⊂ C5} ∼= P1

(since we force e(γv2 + δv5) ∈ 〈αv1 + βv4〉, and ev2 = v1, ev5 = v4).

Thus R221
12110 is a component in B32

12110 as it is irreducible and of highest dimension.

Hence it is quasi-Richardson, but it is not invariant under the action

(t1, . . . , t5) y (v1, . . . v5) = (t1v1, . . . , t5v5)

of the diagonal maximal torus, hence it is not Richardson. One can argue that this

is immediately true since µ = (221) is not coarse, but as we will see in the Example

5.4.40, there might be some other µ′ that is coarse, such that Rµ′

12110 = R221
12110.

In the next example, which is a continuation of the Example 5.4.17, we will see

that two quasi-Richardson components can coincide.

Example 5.4.40. Let λ = (321) and p = (211110). We have already seen that

Coar(321, 211110) = {213, 231, 312, 321}

hence there are four Richardson components. Since qp = 112345, by Theorem 5.4.15

they respectively correspond to the tableaux

1 2 3

1 4

5

1 2 5

1 3

4

1 3 4

1 5

2

1 3 5

1 4

2

160



Calculating as in the earlier examples, we get that the remaining two permutations

µ′ = (123) and µ′′ = (132) yield quasi-Richardson components

R123
211110 = {0 ⊂ 〈v1, v4〉 ⊂ 〈v1, v2, v4〉 ⊂ 〈v1, v2, v4, V1〉 ⊂ 〈v1, v2, v4, V2〉 ⊂ C6 |

where 0 ⊂ V1 ⊂ V2 ⊂ 〈v3, v5, v6〉 is a full �ag}

R132
211110 = {0 ⊂ 〈v1, αv4 + βv6〉 ⊂ 〈v1, αv4 + βv6, µv2 + λ(−b̄v4 + ᾱv6)〉 ⊂

⊂ 〈v1, v2, v4, v6〉 ⊂ 〈v1, v2, v4, v6, αv3 + βv5〉 ⊂ C6}

thus, either directly or by Theorem 5.4.30 and Example 5.4.25 (and observing

that there shu�ed tableaux therein are indeed the maximal ones), one gets that their

corresponding tableaux are

1 2 3

1 4

5

1 2 4

1 5

3

respectively. Hence, we see that the two quasi-Richardson components R213
211110 =

R123
211110 coincide.

Also, we see that hereQR(321, 211110) = Perm(321∗), hence by Proposition 5.4.23

all minimal components, labelled by

Good(321∗) = {123, 132, 231, 321},

are quasi-Richardson as well. Hence, in total, we get that 5 out of 9 components of

B321
211110 are quasi-Richardson, out of which two di�erent quadruples are Richardson

and minimal.

All examples so far suggest that minimal components are quasi-Richardson as

well. That is however not true, as we see in the following last example.

Example 5.4.41. Let λ = (311), p = (11120) and µ = (311). Then µ ∈ Good(λ∗),

thus there is a minimal component attached to it.

We have

W 1
µ = 〈v1, v4, v5〉,W 2

µ = 〈v2〉,W 3
µ = 〈v3〉

and qµ = (11123) hence

C311
11120 = {0 ⊂ V1 ⊂ V2 ⊂ 〈v1, v4, v5〉 ⊂ C5 | 0 ⊂ V1 ⊂ V2 ⊂ 〈v1, v4, v5〉 is a complete �ag} ∼= B111.
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Intersecting with B311
11120 we get an empty set since eλC5 = 〈v1, v2〉 6⊂ 〈v1, v4, v5〉,

thus

R311
11120 = ∅.

On the other hand, µ = (311) yields the minimal component, which we compute

directly. Recall by Corollary 5.3.11 that the action C∗µ on Bλp that �xes Fµp has the

weights on the Jordan basis 〈v1, . . . , v5〉 of e given by the weight tableau

Twt(311) =

0 2 4

0

0

.

In particular, we see that triple v1, v4, v5 have the same weights.

Now, consider the variety of �ags

C11213
11120 = {0 ⊂ F1 ⊂ F2 ⊂ F3 ⊂ C5}

de�ned in the same way as C311
11120, with a di�erence that in it, space Fpi is of α

′[1, pi]-

type, for α′ = 11213. That means that F1 and F2 lie in W 1
µ = 〈v1, v4, v5, whereas F3

has, in addition, one generator in W 2
µ . That gives us the following presentation

C11213
11120 = {0 ⊂ V1 ⊂ V2 ⊂ V2, v2 ⊂ C5 | 0 ⊂ V1 ⊂ V2 ⊂ 〈v1, v4, v5〉 is a complete �ag}

This variety is �xed by the C∗µ-action on Bp, for the same reasons as variety C311
11120.

Thus, intersecting it with Bλp we get a C∗µ-�xed locus. Given a �ag 0 ⊂ F1 ⊂ F2 ⊂
F3 ⊂ C5 in the intersection, the conditions of Springer �bre give 〈v1, v2〉 = eC5 ⊂ F3,

thus v1 = ev2 ⊂ eF3 ⊂ F2, hence we get

C11213
11120 ∩Bλp = {0 ⊂ 〈λv1 +µ(αv4 +βv5)〉 ⊂ 〈v1, αv4 +βv5〉 ⊂ 〈v1, v2, αv4 +βv5〉 ⊂ C5}.

We see that this is a smooth irreducible 2-dimensional, hence maximal-dimensional

subvariety in Bλp . As it is also �xed by the C∗µ-action, it is indeed the minimal com-

ponent C11213
11120 ∩ Bλp = F311

11120. Thus, according to Example 5.4.2 this component cor-

responds to the tableau

Spal−1
p (F311

11120) =

1 3 4

2

4
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One can check that the other two permutations µ = (113) and µ = (131) yield

two di�erent quasi-Richardson components that correspond to the tableaux

1 2 3

4

4

1 2 4

3

4

respectively. Thus we see that the component F311
11120 is minimal but not quasi-

Richardson.

5.4.7 Further remarks

In this section we give some further remarks on the topic of smooth components in

generalised Springer �bres, including some possible future work on it.

Firstly, let us delve further on the way we have obtained the non-quasi-Richardson

minimal component in Example 5.4.41. Given a C∗µ-action on Bp, the set B
C∗µ
p of its

�xed points is a disjoint union

BC∗µ
p =

⊔
α∈Perm(qµ)/Shuffle(p)

Cα
p

of connected components labelled by permutations Perm(qµ) of the string qµ, up

to shu�ing in [pi, pi+1] substrings. The set Cµ
p is one of them, for α = qµ. When

µ ∈ Good(λ∗), �xed points of the C∗µ-action on Bλp are exactly the intersections of the

sets Cα
p with Bλp . As we have seen in the last example, Rµ

p = Cµ
p ∩ Bλp can be empty,

but then some other α′ = α′(µ) ∈ Perm(qµ) has to yield the minimal component

Fµp = Cα′
p ∩ Bλp . In Example 5.4.41, that was α′ = 11213. Using an analogue of

Proposition 5.4.26, one can prove that the corresponding semistandard tableau of the

smooth component Cα
p ∩ Bλp is the tableau obtained from T̃ µp upon permutation of

boxes in the same way that α permutes qµ. For instance, in Example 5.4.41, we see

that

T 311
11120 = T̃ 311

11120 =

11 42 43

21

31

and Spal−1(C11213
11120 ∩ Bλp ) =

11 31 43

21

42

(5.30)

(with the green numbers we label the strings qµ and α′, respectively).

In fact, it could be true that for every µ ∈ Perm(λ∗) there is a smooth component

in Bλp obtained as an intersection Cα
p ∩Bλp for some α = α(µ) ∈ Perm(qµ). In that case
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these components would generalise both quasi-Richardson and minimal ones, hence

they would be of interest to us, but we will leave this for future work.

So, to sum up, in an arbitrary generalised Springer �bre Bλp we have two families

of smooth components, minimal components that are labelled by the set Good(λ∗)

and quasi-Richardson that are labelled by the set QR(λ, p).We have that QR(λ, p) ⊂
TSA(λ, p) and conjecturally these sets are equal. Also, there is a set Coar(λ, p)

that parametrises Richardson components. In Figure 5.3 we illustrate the relations

between these sets in the general and in the ordinary case. The set QR(λ, p) ⊂
TSA(λ, p) is illustrated as a dotted circle due to Conjecture 5.4.37.

Figure 5.3: Di�erent labels of smooth components in generalised (left) and in ordinary

Springer �bres (right)

From these families we can get many more smooth components by crystal opera-

tors, as we shall see in the next section. On the other hand, one can try the approach

of adjacent tableaux as in [PaRe06]. Namely, given a standard tableau T one can de-

�ne its k-adjacent tableau T (k) by swapping the numbers k and k−1. In [PaRe06], the

authors prove that, given the tableau T µ of a Richardson component, its k-adjacent

tableau T µ(k) corresponds to a smooth component when T µ � T µ(k).14 The author

plans to generalise this approach for Richardson components in generalised Springer

�bres in some future work.

5.5 More smooth components from crystal

operators

In this section we enhance the results from last two sections using the so-called crystal

operators between irreducible components of di�erent Springer �bres. By this method

14Where � denotes the Brundan-Ostrik order (Section 5.4.1).
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we generate more smooth components of generalised Springer �bres Bλp out of existing
ones (minimal, quasi-Richardson), as we prove that these operators often preserve

non-singularity.

In Section 5.5.1 we recall the de�nition and facts about crystal operators that

we will use in this section. Next, in Section 5.5.2 we �nd a couple of conditions

under which crystal maps preserve non-singularity of components, by understanding

that topologically these maps are Grassmann bundles. Finally, in Section 5.5.3 we

give some remarks on where one could possibly go by using the statements proved in

Section 5.5.2.

5.5.1 Background on crystal operators

Crystals were discovered by Kashiwara [Kas90, Kas91, Kas94], by looking at the rep-

resentations of Drinfeld-Jimbo's quantized universal enveloping algebra Uq(g), also

known as quantum group [Dr85, Ji85]. Namely, by in the limit q → 0, a represen-

tation becomes convenient, admitting a base (called a crystal base) such that such

that generators of quantum group have a particularly simple action on it. This con-

struction was motivate by physics, namely the quantum group was introduced in

order to explain trigonometric R-matrices in 2-dimensional solvable models in statis-

tic mechanics, where the parameter q is the temperature parameter. Now, one would

expect that at the absolute zero things get simpli�ed, which is exactly what crys-

tal base gives. The Uq(g)-module structure induces a combinatorial structure on the

crystal bases called the crystal graph. This combinatorial gadget allows one to reduce

problems in representation theory to the combinatorial problems. By abstracting the

combinatorial aspects of crystal bases, one comes up with a notion of a crystal.

Let us now explain how crystals connect to Springer �bres, which is our main in-

terest. In [Nak98] Nakajima constructed certain operators that interchange between

core-components of di�erent quiver varieties, by generalising certain Lagrangian cor-

respondences. Saito later proved [Sai02] that these operators together with irreducible

components of cores of quiver varieties constitute crystals of the highest weight mod-

ules. In later years, Savage in [Sa06] gave the description of these crystal operators

on the Springer side, using the correspondence between Springer �bres and (cores

of) quiver varieties of type A given by Ma�ei [Maf05]. We brie�y summarise this

description.

As in the earlier sections, let eλ ∈ sln be a nilpotent element with Jordan partition

λ, and p = (p1, . . . , pn) a composition of n. Recall that F ∈ Bλp is a partial �ag,

satisfying eλFk ⊂ Fk−1. We now consider the possible vector subspaces S ⊂ Fk+1
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obtained by enlarging Fk (for a �xed k) but which still satisfy eλS ⊂ Fk−1. We also

�x the di�erence c between the dimensions of S and Fk. The variety that parametrises

these objects is

Bλp (k, c) := {(F, S) | F ∈ Bλp , Fk ⊂ S ⊂ Fk+1 ∩ e−1
λ (Fk−1), dimS/Fk = c}. (5.31)

This variety comes with two forgetful maps π1, π2 which respectively forget Fk
and S :

Bλpk,c
π1←− Bλp (k, c)

π2−→ Bλp ,

(F1, .., Fk−1, S, Fk+1, . . . , Fn)
π1 7→(F1, . . . , Fn, S)

π27→ (F1, . . . , Fn).

Here, pk,c := (p1, . . . , pk−1, pk + c, pk+1 − c, pk+2, . . . , pn).

In order to understand these projections better, we make a strati�cation of Bλp in

the following way.

De�nition 5.5.1. Given a partial �ag F = (0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn = Cn) ∈ Bλp ,
let

εk(F ) := dim(Fk+1 ∩ e−1
λ (Fk−1))− dimFk.

Then, de�ne

(Bλp )k,c := {F ∈ Bλp | εk(F ) = c}.

Denote by Gr(k, n) the Grassmann manifold of k-planes in Cn. By Grassmann

bundle we mean any �bre bundle whose �bre is isomorphic to a Grassmann manifold.

We have the following:

Theorem 5.5.2. (Nakajima-Saito-Savage)

(1) For an arbitrary m ∈ N0,
⋃
k≤m(Bλp )k,c is an open subset of Bλp . Hence, (Bλp )k,0 ⊂

Bλp is open.

(2) εk(π1(π−1
2 (F ))) = εk(F )− c.

(3) π−1
1 ((Bλ

pk,c
)k,0) = π−1

2 ((Bλp )k,c) := Zλ
p (k, c).

(4) Restricted to Zλ
p (k, c), the map π2 is an isomorphism, and the map π1 is a Grass-

mann bundle with �bre isomorphic to Gr(c, pk − pk+1 + 2c).

(5) Thus, the composition π1◦π−1
2 : (Bλp )k,c → (Bλ

pk,c
)k,0 is a Gr(c, pk−pk+1 +2c)-�bre

bundle.
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(6) Suppose (Bλp )k,c 6= ∅. Then there is a 1-1 correspondence between the set of irre-

ducible components of (Bλ
pk,c

)k,0 and the set of irreducible components of (Bλp )k,c.

Denoting by Irr(p, λ)15 the set of irreducible components in Bλp , let Irr(λ) :=⊔
p Irr(p, λ). We will be using the following notation often, so we emphasize it via a

separate de�nition:

De�nition 5.5.3. for X ∈ Irr(p, λ) de�ne εk(X) := εk(F ) for a generic �ag F ∈ X.

Hence, εk(X) ≤ pk+1. Then for c ∈ Z≥0 de�ne

Irr(p, λ)k,c := {X ∈ Irr(p, λ) | εk(X) = c}.

Thus, by Proposition 5.5.2, we have

Irr(pk,c, λ)k,0 ∼= Irr(p, λ)k,c.

Let us explain this in more details, for the better understanding of the following text

in this section.

Let X ∈ Irr(p, λ)k,c. Hence, there is an open subset Yk,c ⊂ X whose each �ag

satis�es εk(F ) = c. This means by de�nition that dim(Fk+1∩e−1
λ (Fk−1))−dimFk = c,

thus the only S satisfying (5.31) is

S = Fk+1 ∩ e−1
λ (Fk−1),

and so the map π2 is an isomorphism on Yk,c. Notice that the �ag

F ′ = π1(π−1
2 (F )) = (F1, .., Fk−1, Fk+1 ∩ e−1

λ (Fk−1), Fk+1, . . . , Fn)

satis�es εk(F ′) = 0 by de�nition.

By part (5) of the theorem above, the composition

π1 ◦ π−1
2 : Yk,c → π1(π−1

2 (Yk,c))

is a Gr(c, pk − pk+1 + 2c)-�bre bundle. Using the dimension formula for generalised

Springer �bres given in Theorem 5.4.3(2), one gets that the dimension of irreducible

variety π1(π−1
2 (Yk,c)) is maximal in Bλ

pk,c
, thus its closure is an irreducible component.

We denote it by

Ẽk
c
(X) := π1(π−1

2 (Yk,c)) ∈ Irr(pk,c, λ).

15NB In the original paper [Sa06], the notation for this, and the analogous sets is B(p, λ), but we
use this one in order to make it more convenient for the reader.
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In fact, by the argument above, εk(π1(π−1
2 (Yk,c))) = 0, hence Ẽk

c
(X) ∈ Irr(pk,c, λ)k,0.

This algorithm is reversible, hence we get mutually-inverse maps:

F̃k
c

: Irr(pk,c, λ)k,0 → Irr(p, λ)k,c, F̃k
c
(X̄) = X,

Ẽk
c

: Irr(p, λ)k,c → Irr(pk,c, λ)k,0, Ẽk
c
(X) = X̄.

De�nition 5.5.4. We de�ne the crystal operators Ẽk, F̃k : Irr(λ) → Irr(λ) t {0}
by

Ẽk : Irr(p, λ)k,c
Ẽk

c

−→ Irr(pk,c, λ)k,0
F̃k

c−1

−→ Irr(pk,1, λ)k,c−1,

F̃k : Irr(p, λ)k,c
Ẽk

c

−→ Irr(pk,c, λ)k,0
F̃k

c+1

−→ Irr(pk,−1, λ)k,c+1.

We set Ẽk(X) = 0 for X ∈ Irr(p, λ)k,0 and F̃k(X) = 0 for X ∈ Irr(p, λ)k,c with

Irr(p, λ)k,c+1 = ∅. It is clear from their de�nition that Ẽk and F̃k are inverse to each

other, and that

εk(ẼkX) = εk(X)− 1, εk(F̃kX) = εk(X) + 1. (5.32)

whenever ẼkX and F̃kX are non-zero.

The following lemma, which follows easily from the de�nitions, justi�es the nota-

tion Ẽk
c
, since for low values of c it agrees with the composition of c copies of the

operator Ẽk.

Lemma 5.5.5. Given an irreducible component Y ∈ Bλp with εk(Y ) = r, the com-

ponents Y, ẼkY, Ẽk
2
Y, . . . , Ẽk

r
Y are all non-zero and Ẽk

j
= Ẽk ◦ · · · ◦ Ẽk︸ ︷︷ ︸

j

, for all

j = 1, . . . , r.

In order to compute crystal operators in practice, we use their description via

Young tableaux, given by Kashiwara in [Kas95, p.18]16.

De�nition 5.5.6. Given a semistandard tableau T ∈ Stdλp , the crystal operators

Ẽk, F̃k on it are combinatorially described as follows. Let us make a string of entries

of T, written row by row, starting from the last row upwards. For example

1 2

3 4
7→ 3⊗ 4⊗ 1⊗ 2

Now, having such a string a1 ⊗ a2 ⊗ · · · ⊗ aN , we do the following procedure:

16NB for the reader: With a di�erence from that paper, we use the row-standard instead from
column-standard notation for tableaux.

168



� Take out all numbers ai whose value is not k or k + 1

� Take out all appearances of k ⊗ (k + 1)

� at the end of the �rst two steps, we are left with a string of the form

(k + 1)⊗ (k + 1)⊗ · · · ⊗ (k + 1)⊗ k ⊗ k · · · ⊗ k

Operator Ẽk changes the rightmost k + 1 to k while F̃k changes the leftmost k

to k + 1. Then the tableaux ẼkT and F̃kT are de�ned by changing the value

in the corresponding boxes in the same way. If such k+ 1 or k do not exist, we

de�ne ẼkT = 0 or F̃kT = 0, respectively.

Thus, in the above example, the operator Ẽ2 does

1 2

3 4
7→ 3⊗ 4⊗ 1⊗ 2 7→ 3⊗ 2 7→ 2⊗ 2.

Hence, the obtained tableau is
1 2

3 4

Ẽ27−→
1 2

2 4
.

Thus, denoting Std(λ) := tpStdλp , we obtain the tableaux crystal operators

Ẽk, F̃k : Std(λ)→ Std(λ) t {0}.

Now, in order to use these combinatorial operators to calculate the geometrical

ones, we need the following proposition:

Proposition 5.5.7. Given a semistandard Young tableau T ∈ Bλp , the tableaux ẼkT

and F̃kT correspond to the components ẼkKT and F̃kKT , respectively. In particular,

when one of them is equal to zero, the other is as well.

Proof. The crystal structure on components of Spaltenstein varieties recovered by

Savage in [Sa06] was �rst explained by Malkin in [Mal02]. To see that the map KT 7→
T is compatible with the crystal operators, it is convenient to use the description

of the crystal operators as given in [Mal02]: There the operators are induced from

the rank one case (or gl2-case in the terminology of that paper). Since the crystal

structure on tableaux is similarly deduced from the rank two case (i.e. one throws

away all labels except k and k+1 when de�ning the action of Ẽk and F̃k. But then the

description of the operators in the gl2-case in [Mal02, Sec. 2.2] immediately completes

the proof. �

From now on, we will use the same letters Ẽk and F̃k for maps between irreducible

components and for maps between their corresponding tableaux.
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5.5.2 Equisingularity via crystal operators

In this section we obtain results on when di�erent components of Springer �bres

related by crystal operators are equisingular, meaning: either both are singular, or

both are smooth. Thus the smooth components from our previous sections will yield

new smooth components.

De�nition 5.5.8. We say that two irreducible components of (possibly di�erent)

generalised Springer �bres are equisingular17 if they are either both smooth or both

singular. Moreover, we say that two semistandard tableaux are equisingular if their

corresponding components are so.

De�nition 5.5.9. We say that the component X ∈ B(p, λ) is εk-homogeneous if

εk(F ) is constant for F ∈ X.

Proposition 5.5.10. Let X be an εk-homogeneous component with εk(X) = r. Then

the components

X, ẼkX, Ẽk
2
X, . . . , Ẽk

r
X, F̃kX, F̃k

2
X, . . .

are all equisingular.

Proof. By Proposition 5.5.2(5), we have a Grassmann bundle

Xk,r → (Ẽk
r
X)k,0,

where for an irreducible component Y we denote Yk,c := {F ∈ X | εk(F ) = c}. Since
X is εk-homogeneous, X = Xk,r. By Proposition 5.5.2(1), the set (Ẽk

r
X)k,0 is open

in Ẽk
r
X. But also, it is compact, being an image of a projective variety X. Hence,

(Ẽk
r
X)k,0 ⊂ Ẽk

r
X is closed and thus being open and closed, needs to be equal to

Ẽk
r
X. Thus, we get a Grassmann bundle X → Ẽk

r
X, and hence X and Ẽk

r
X are

equisingular.

Now, given an arbitrary j ∈ {1, . . . , r}, by Lemma 5.5.5 the component Ẽk
r−j
X

has εk = j and Ẽk
j
(Ẽk

r−j
X) = Ẽk

r
X. Thus, there is a Grassmann bundle (Ẽk

r−j
X)k,j →

(Ẽk
r
X)k,0, and since (Ẽk

r
X)k,0 = Ẽk

r
X is projective, we get that (Ẽk

r−j
X)k,j is pro-

jective as well. Thus, it is a closed and dense (as εk(Ẽk
r−j
X) = j) subset of Ẽk

r−j
X,

hence must be equal to it. Thus the Grassmann bundle becomes Ẽk
r−j
X → Ẽk

r
X,

and hence Ẽk
r−j
X and Ẽk

r
X are equisingular.

The same proof works for a component F̃k
s
X, when it is non-zero. Namely, then

it has εk = r + s and Ẽk
r+s

(F̃k
s
X) = Ẽk

r
hence observe the Grassmann bundle

17Not to be confused with other meanings of the word 'equisingular'
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(F̃k
s
X)k,r+s → (Ẽk

r
X)k,0 = Ẽk

r
X and conclude as above that (F̃k

s
X)k,r+s = F̃k

s
X,

thus by Grassmann bundle it is equisingular to Ẽk
r
X. �

Corollary 5.5.11. Assume that X ∈ B(p, λ) has εk(X) = pk+1. Then the components

X, ẼkX, Ẽk
2
X, . . . , Ẽk

pk+1
X, F̃kX, F̃k

2
X, . . .

are all equisingular.

Proof. As εk(F ) ≤ pk+1 for any p-partial �ag F, pk+1 is the maximum value for εk
on X ∈ B(p, λ). Hence, by Proposition 5.5.2(1), we get that the set Xk,pk+1

is closed

in X. As we have εk(X) = pk+1, that means that this Xk,pk+1
is a dense subset of X,

hence altogether, it needs to be the whole component X. Thus, X is εk-homogeneous,

and the statement follows from Proposition 5.5.10. �

The next proposition shows that this condition is satis�ed in a large family of

examples.

Proposition 5.5.12. Let m ∈ N, and suppose X is a component in whose tableau

all appearances of 1, . . . ,m occur in the �rst column. Then εk(X) = pk+1 for k =

1, . . . ,m− 1.

Proof. We have εk(F ) = dim(Fk+1 ∩ e−1
λ (Fk−1)) − dimFk. As in the tableau of X

all the numbers 1, . . . ,m appear in the �rst column, for a generic �ag F ∈ X we

have that eλ(Fk) = 0 for k = 1, . . . ,m. Thus, for k = 1, . . . ,m − 1, we have Fk+1 ⊂
e−1
λ (0) ⊂ e−1

λ (Fk−1), hence

εk(F ) = dim(Fk+1 ∩ e−1
λ (Fk−1))− dimFk = dimFk+1 − dimFk = pk+1.

As this holds for generic F, we get that εk(X) = pk+1. �

In the next proposition we show that minimal components induce further minimal

components via the Ẽk
c
maps.

Proposition 5.5.13. Given a minimal component X ∈ Bλp that has εk(X) = r, the

component Ẽk
r
X is also minimal.

Proof. Basically the idea is to prove that the induced component Ẽk
r
X is �xed under

the same action that �xes the component X. Given a minimal X ∈ Bλp , we know

that there is µ ∈ Perm(λ∗) such that the action C∗µ on Bλp �xes X. Hence, any �ag
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F = (F1, . . . , Fn) ∈ X is �xed under this action, thus the subspaces Fi are C∗µ-
invariant. Now, we have the Grassmann bundle

Xk,r → (Ẽk
r
X)k,0, (F1, . . . , Fn) 7→ (F1, . . . , Fk−1, Fk+1 ∩ e−1

λ (Fk−1), Fk+1, . . . , Fn),

hence it su�ces to prove that the subspace Fk+1 ∩ e−1
λ (Fk−1) is C∗µ-invariant, as then

the set (Ẽk
r
X)k,0 is �xed under C∗µ-action and so is its closure Ẽk

r
X. Thus, it is a

minimal component.

Now, the subspace Fk+1 ∩ e−1
λ (Fk−1) is C∗µ-invariant as the subspace e−1

λ (Fk−1) itself

is C∗µ-invariant. Namely, let v ∈ e−1
λ (Fk−1). Then eλv ∈ Fk−1 and thus t · eλv ∈ Fk−1,

where

t · u = Qµt
−hλu,

denotes the C∗µ-action, and Qµ ≤ Zλ is a 1-parameter subgroup that twists the Kazh-

dan action. As [hλ, eλ] = 2eλ, we get thλeλt−hλ = t2eλ. Therefore,

t · eλv =Qµt
−hλeλv = Qµt

−2eλt
−hλv = t−2Qµeλt

−hλv

=t−2eλQµt
−hλv = t−2eλt · v.

By assumption, this is in Fk−1, so eλt · v ∈ Fk−1 as well, which gives t · v ∈ e−1
λ (Fk−1).

Thus, e−1
λ (Fk−1) is C∗µ-invariant and the proposition is proved. �

Remark 5.5.14. The same proof almost works for quasi-Richardson components. Given

a QR component Rµ
p , by the same argument we would get that Ẽk

r
Rµ
p is �xed under

the C∗µ-action but there is no guarantee that it is smooth, hence a quasi-Richardson

component. At least this could be guaranteed if the starting QR component Rµ
p was

εk-homogeneous, due to Proposition 5.5.10.

Despite the last proposition, the next two examples show that in general the

crystal maps Ẽk and F̃k may not preserve minimal or quasi-Richardson components.

Example 5.5.15. As we have seen in De�nition 5.5.6, the crystal map Ẽ2 : Std22
1111 →

Std22
1201 sends

T1 :=
1 2

3 4

Ẽ27−→
1 2

2 4
= T2.

Now, let us prove that ε2(KT1) = 1. As, ε2(F ) = dim(F3 ∩ e−1
λ (F1)) − dimF2, it

is equivalent to prove that e−1(F1) = F3 for (generic) �ags in KT1 . Now, from the

Spaltenstein description of the component that correspond to tableau T1,
18 given a

18Equation (5.20) in Section 5.3.1.
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generic �ag F = (0 ⊂ F1 ⊂ F2 ⊂ F3 ⊂ C4) ∈ KT1 we have that λ(e|F2) = (2), thus

F2 = 〈u2, u1〉 where eu2 = u1, and u1 = 0. Next, as eF1 = 0, we have F1 = 〈u1〉.
Again by Spaltenstein description, λ(e|F3) = (2, 1), hence F3 contains the whole 2-

dimensional kernel of e, (e is of type (2,2) in this example, hence has a 2-dimensional

kernel). Thus, F3 = 〈u2, u1, u3〉, where eu3 = 0, and �nally e−1(F1) = e−1(u1) =

〈u2, u1, u3〉 = F3.

Thus, having ε2(KT1) = 1, and p = (1, 1, 1, 1), by Corollary 5.5.11 the components

KT1 andKT2 are equisingular. As the component is the only one inKT2 ∈ Irr(1201, 22),

it is minimal. By easy computations as in previous examples we can see that it is

QR as well. Altogether, it is smooth. Thus, we get that the component KT1 is

smooth as well. As this component is not minimal or quasi-Richardson (the only

eligible permutation µ = (2, 2) yields is the other component in Irr(1111, 22)), we did

not know this beforehand.19 Moreover, as F̃2(KT2) = KT1 , we see that minimal/QR

components are not preserved via the F̃k crystal operators.

Example 5.5.16. The crystal map Ẽ2 : Std2211
2031 → Std2211

2121 sends

T1 :=

1 2

1 4

3

3

Ẽ27−→

1 2

1 4

2

3

= T2;

Analogously to examples in Section 5.4.6, we get that the component KT1 is quasi-

Richardson and minimal, whereas component KT2 is neither. Indeed, due to Theo-

rem 5.4.30, if they exist, components R42
2121 and R24

2121 correspond respectively to the

tableaux
1 3

1 4

2

3

1 2

1 3

3

4

(note the tableau on the left was explained in the second example in Example 5.4.13),

neither of which is the tableau T2. Moreover, these quasi-Richardson components do

exist, thus are minimal as well. Namely, as µ = (24) is coarse, F24
2121 = R24

2121 is

Richardson. Regarding the permutation µ = (42), one can (as in the examples in Sec-

tion 5.4.6) explicitly compute the variety C42
2121 = {0 ⊂ F2 ⊂ F3 ⊂ v1, v3, v5, v6, αv2 +

19Remark: In the Springer theory literature it has been proved that 2-row ordinary Springer
�bres have only smooth components. Thus, saying �we did not know this beforehand� refers to using
methods previously written in this thesis.
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βv4 ⊂ C6} and, intersecting it with B2211
2121, obtain the quasi-Richardson, hence minimal

component

F42
2121 = {0 ⊂ F2 ⊂ F2, αv1 + βv3 ⊂ v1, v3, v5, v6, αv2 + βv4 ⊂ C6 | F2 ⊂ 〈v1, v3, v5, v6〉}

Thus, minimal/quasi-Richardson components are not preserved via the Ẽk crystal

operators.

Still, it is possible that minimal components do preserve smoothness under the

crystal maps. It could be true if they were εk-homogeneous, due to Proposition 5.5.10.

Thus, we leave it as an open question:

Question 5.5.17. Given a minimal/QR component X with εk(X) 6= 0, is it true that

X is εk-homogeneous?

We conclude with a less straightforward example of how we can get more smooth

non-minimal components out of a minimal one via crystal operators.

Example 5.5.18. There is a sequence of crystal maps

1 4 5

2

3

6
T1

Ẽ17−→

1 4 5

1

3

6
T2

Ẽ27−→

1 4 5

1

2

6
T3

Ẽ17−→

1 4 5

1

1

6
T4

Ẽ57−→

1 4 5

1

1

5
T5

We start with p(T1) = (111111), then recall that Ẽk adds one to pk and take away one

from pk+1. Thus p(T2) = (201111), p(T3) = (210111), p(T4) = (300111) and p(T5) =

(300120). By Proposition 5.5.12, we get ε1(T1) = p(T1)2 = 1, ε2(T2) = p(T2)3 = 1 and

ε1(T3) = p(T3)2 = 1.

Also, one can immediately see from de�nition that ε5(T4) = 1. Thus, these crystal

maps induce Grassmann bundles, whose �bres we calculate via Theorem 5.5.2(5):

the �rst one is Gr(1, 2) = P1, the second is a point, the third is Gr(1, 3), and the

fourth is P1. The tableau T5, being the only one in B3111
300120, represents a minimal

component. Calculating the partial �ags that describe this component, we directly get
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that it is isomorphic to Gr(2, 3). Altogether, we see that the non-minimal component

representing the standard tableau

1 4 5

2

3

6

is an iterated Grassmann bundle.

5.5.3 Further remarks

One could possibly use this inductive �down and up� approach as in Example 5.5.18

in order to prove the that all the components of Springer �bres Bλ of hook-type20 are
iterated Grassmann bundles, and to compare it with the similar result due to Fung

which says that they are isomorphic to iterated Grassmann/Flag manifold bundles

([Fu03, Thm. 3.1]). Moreover, as we see in the same Example, we get the same topo-

logical description (iterated Grassmann bundles) also for components of generalised

Springer �bres that lie in the path between the ordinary Springer �bre and the last

one (components that correspond to tableaux T2, T3, T4 in the Example). Thus, using

this approach one could possibly prove a more general statement, which then would

be an essentially new result:

Conjecture 5.5.19. All components of the generalised Springer �bres of hook-type

are iterated Grassmann bundles.

A further long term goal would be to prove that the answer for the following

question is a�rmative (as veri�ed by all known examples):

Question 5.5.20. Are all smooth components of generalised Springer �bres Bλp , or
equivalently, of cores L(v,w) of quiver varieties of type A, iterated Grassmann bun-

dles?

Remark 5.5.21. On the quiver variety side, this is not true outside of type A. Namely,

there is an example [Nak06] of a quiver variety of type E6 with a core component

that is a blow-up of P2 at three points, hence not an iterated bundle of generalised

�ag manifolds. Also, in [HS02, Sec. 9] there is an example of a quiver variety of type

K2,3 (complete bipartite graph) that has a core consisting of 6 P2's and one blow-up

of P2 at 3 points.

20Meaning that the Young diagram Y (λ) looks like a hook, that is, all the rows except for the
�rst have one box.
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Chapter 6

Symplectic cohomology of conical

symplectic resolutions

This is joint work with Alexander Ritter. In this chapter we will assume that the

reader has some familiarity with Hamiltonian Floer theory and symplectic cohomol-

ogy. For a brief overview of those, we refer the reader to Appendix A, and for more

extensive treatment to [Sa97, Sei08, R10].

Given an arbitrary CSR (M, ϕ) we construct symplectic cohomologies for the

highly non-exact Calabi-Yau symplectic structures on CSRs described in Section

2.2.2. Moreover, we show that these symplectic cohomologies always vanish, hence

yield families of �ltrations of the singular cohomology ring H∗(M). In addition, we

construct a novel �ltration on the Floer chain complex that yields both positive sym-

plectic cohomology and a Morse-Bott-Floer spectral sequence whose E1-page consists

of cohomologies of torsion submanifolds of the C∗-action ϕ. Although this chapter is

self-contained, our research on these topics is ongoing work. At the end of the chap-

ter we will list the conjectures that we aim to prove in future work. In particular,

as mentioned in the Introduction, we highlight the technical Assumption 1 (above

Proposition 6.8.7) and Assumption 2 (above Remark 6.8.8), which we hope to lift in

future work.

6.1 Preliminaries

Consider an arbitrary CSR (M, ϕ) as in De�nition 2.1.1, where ϕ is the given C∗-
action. By Lemma 2.2.12, we can �x a choice of Kähler structure (M, ωI , g) such that

ωI and g are invariant under the ϕ-action by S1 ⊂ C∗. We denote by

H : M→ R (6.1)
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the moment map, i.e. the Hamiltonian that generates the S1-action on (M, ωI).

Recall the de�nition of symplectic manifold that is convex at in�nity:

De�nition 6.1.1. We say that a symplectic manifold (M,ω) is convex at in�nity

if there exists a compact set K and a symplectomorphism

(M \K,ω) ∼= (Σ× [1,+∞), d(Rα)),

where (Σ, α) is a contact manifold.

We now explain why the manifold (M, ωI) is rarely ever convex at in�nity.

Proposition 6.1.2. Suppose that 0 ∈ M0 is not an isolated singularity. Then any

choice of I-compatible (real) symplectic form ω on M is non-exact at in�nity.

Proof. As 0 ∈ M0 is a symplectic singularity, by [Ka06, Thm. 2.3] there is a �-

nite strati�cation M0 = ta∈AMa
0 by locally closed smooth strata, where M0

0 = 0.

Let us assume that we have a CSR with a non-isolated singularity. Thus, there is

at least another non-generic stratum M1
0. As the C∗-action on M0 is algebraic, it

leaves the strata invariant. As the points in M1
0 have �nite isotropy subgroups, an

arbitrary C∗-orbit makes the stratum M1
0 non-compact. Thus, there is a sequence

of points (xi)i∈N ∈M1
0 that goes to in�nity. Their �bres π−1(xi) are I-holomorphic,

hence ω-symplectic, projective subvarieties in M. Thus, integrating their irreducible

components with ω gives a positive value.

Now assume by contradiction that ω is exact outside of a compact set K, say

ω = dθ for some 1-form θ on M \K. Picking a �bre π−1(xi) that is outside of K, its

irreducible components have well de�ned homology classes in H∗(M) [GrHa78, p.61],

indeed in H∗(M \K). Hence, pairing them with ω would yield zero values, which is

a contradiction. �

Symplectic resolutions M → M0 for which 0 ∈ M0 is an isolated singularity are

completely classi�ed (hence CSRs are as well). In the (lowest) complex dimension

2, they are the minimal resolutions of Du Val singularities (due to [Be00, Prop. 1.3]

and [Ish97, Thm. 7.5.1]), whereas in the higher dimensions, they are the cotangent

bundles T ∗CP n, due to [CMS-B02, Thm. 8.3].

For the former, it is known that they are convex at in�nity due to Ritter [R10,

Lem. 42] and the vanishing of their non-exact symplectic cohomology was shown in

the same paper. For the latter, as in the argument in [R14, Rmk. in Sec. 11.1], one

can show that for n ≥ 2 they are not convex at in�nity.
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Thus, apart from those two families of examples, 0 ∈ M0 is not an isolated

singularity. This is problematic as the usual de�nition of symplectic cohomology

SH∗(M,ω) presumes that (M,ω) is convex at in�nity (Appendix A.2), which fails by

Proposition 6.1.2. One of the reasons for desiring convexity at in�nity is because the

induced radial coordinate R determines a natural class of Hamiltonians. Indeed for

Hamiltonians F : M → R which are linear in R at in�nity, the Floer cohomologies

HF ∗(F ) can be constructed, as well as their direct limit SH∗(M) as we let the slope

of F at in�nity diverge. A key reason to pick these Hamiltonians is that they prevent

the non-compactness in the moduli spaces of Floer solutions, caused by solutions

escaping to in�nity.

In our setup, there is a natural class of Hamiltonians: in the role of the radial

coordinate R, we instead use the moment map H. In this chapter we will prove that

we can then ensure compactness of moduli spaces of Floer solutions. Thus we can

de�ne symplectic cohomology as a direct limit of Floer cohomologies,

SH∗(M, ωI , ϕ) := lim
F∈H(M,ϕ)

HF ∗(F ),

where H(M, ϕ) is the class of Hamiltonians F : M → R which at in�nity are linear

functions of H.

As we �xed the choice of ωI , we will simplify the notation to SH∗(M, ϕ) in the

rest of this chapter. Although we will prove that SH∗(M, ϕ) vanishes, and thus em-

phasizing the dependence on ϕ may appear super�uous at �rst, what we are actually

interested in is the directed system of Floer cohomologies HF ∗(F ) which depends on

the choice ϕ. We will show in examples that this will induce ϕ-dependent �ltrations

on H∗(M).

We begin by constructing a map which will be very useful for our purposes.

Proposition 6.1.3. The CSR (M, ϕ) admits a proper C∗-equivariant holomorphic
map

Ψ = Θ ◦ j ◦ π : M→ CN ,

with Ψ−1(0) = L, where C∗ acts diagonally on CN by some integer weight w. This

map arises from composing π : M → M0 with a C∗-equivariant holomorphic map

Θ ◦ j : M0 → CN which is a local embedding except at 0 ∈M0.

Proof. From the de�nition of the conical symplectic resolution M, there is a C∗-
equivariant projection M

π−→M0 to the a�ne variety M0. Recall that the coordinate
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ring of the a�ne variety M0 with an algebraic C∗-action is a graded ring

C[M0] =
⊕
n≥0

C[M0]n,

whose grading prescribes the weight of the action. Fix a choice of homogeneous

polynomials f1, . . . , fN ∈ C[M0] which generate C[M0]. Since C[M0]0 = C (as C∗

contracts M0 to a unique point), we may assume that all fi are non-constant, so their

weights wi are positive. Thus the generators fi determine an embedding j : M0 →
CN , p 7→ (f1(p), . . . , fN(p)), with j(0) = 0. Denote by w the least common multiple

of the weights wi of the fi. Then j ◦ π : M → CN is a C∗-equivariant holomorphic

map if we make C∗ act on CN by

t · (z1, . . . , zN) = (tw1z1, .., t
wN zN).

The claim now follows by de�ning Θ to be the following holomorphic map,

CN Θ−→ CN , Θ(z1, .., zN) = (z
w/w1

1 , . . . , z
w/wN
N ),

in particular Ψ is proper since π, j,Θ are all proper. �

Remark 6.1.4. Observe from the above construction that Ψ is explicitly

Ψ = (π∗(f1)w/w1 , . . . , π∗(fN)w/wN ).

Therefore the function Φ =
∑
π∗(|fi|2w/wi) : M → R, which also arose in the proof

of Proposition 2.2.6, satis�es Φ−1(0) = L and corresponds to

Φ = Ψ∗(|z1|2 + · · ·+ |zN |2).

Proposition 6.1.5. The moment map H from (6.1) is an exhausting function, i.e.

it is proper and bounded from below.

Proof. As L is compact, the restriction H|L has a minimum, and we claim that this

is the global minimum of H, thus H is bounded below. Recall that the Hamiltonian

vector �eld XH satis�es ωI(·, XH) = dH = g(·,∇H) = ωI(·, I∇H), so −∇H = IXH .

Thus, picking any point p ∈ M, its negative gradient �owline is geometrically the

same as the t ≤ 1 part of its R+-orbit via ϕt, which converges as t → 0 to a �xed

point p′ ∈ L. Hence H(p) ≥ H(p′), as required.

To show that H is proper it su�ces to show that any given sublevel set of H, say

S := {H ≤ c}
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for c ∈ R, lies in some compact subset K ⊂ M. Using Ψ,Φ from Remark 6.1.4, the

preimages

A = Φ−1[1
2
, 1] = Ψ−1{z ∈ CN : 1

2
≤ |z| ≤ 1} B = Φ−1[0, 1] = Ψ−1{z ∈ CN : |z| ≤ 1}

are compact since Ψ is proper. The �ow φsV of V = ∇H/ ‖∇H‖2 for time s ∈ R is

de�ned on M \L as Crit(H) ⊂ L and as H is a proper function (hence the �ow of V

does not diverge in �nite time). We claim that the desired compact set K ⊂M can

be taken to be

K = B ∪
⋃

s∈[0,τ ]

φsV (A)

for τ = c−minH(A). Indeed, let x ∈ S \B, so Φ(x) > 1. The R+-action ϕt for t < 1

contracts M to L = Φ−1(0), so Φ(ϕt(x))→ 0 as t→ 0. Thus Φ(ϕt0(x)) = 1 for some

t0 ∈ (0, 1), so ϕt0(x) ∈ A. We showed above that the −∇H �ow and the R+-action

ϕt agree geometrically, so φ−sV (x) ∈ Σ for some s ∈ R. Since H(φ−sV (x)) = H(x)−s ≥
minH(A), we deduce that s ≤ c−minH(A), as required. �

Corollary 6.1.6. The �bres of the moment map H are connected.

Proof. The moment map of a Hamiltonian S1-action on a compact symplectic man-

ifold has connected �bres, by F. Kirwan [Ki84b]. Although our M is not compact,

having a proper moment map H leads to the same conclusion. �

6.2 C0-bounds for Floer trajectories

In this section we construct the symplectic cohomology SH∗(M, ϕ) and prove that it

is a Z-graded K-algebra with respect to the pair-of-pants product, where the Novikov

�eld K in a formal variable T , working over a base �eld K is

K =

{
∞∑
i=1

aiT
ni : ai ∈ K, ni ∈ R, ni →∞

}
. (6.2)

Remark 6.2.1. We remark here that, as we are in a non-exact setup, there are no a-

priori energy estimates for the Floer solutions that occur for the class of Hamiltonians

that we consider in constructing the symplectic cohomology. Thus, in principle it

may happen that the energies of the Floer solutions between two periodic orbits are

not bounded, hence Novikov �eld is necessary indeed. However, we remark that

the outcomes of our construction, for example, �ltration on the ordinary cohomology

H∗(M,K) (Corollary 6.4.7), pass immediately to ordinary coe�cients, as the Novikov

�eld K is �at over the base �eld K.
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Let us de�ne �rst a class of admissible Hamiltonians, that we are going to use in

the construction of symplectic cohomology. Recall that H was the moment map of

the S1-part of ϕ.

De�nition 6.2.2. We call a Hamiltonian F : M → R admissible if, for some

compact subset K ⊂M,

F = λH on M \K

for some λ > 0. We call λ the slope of F . We will denote the set of admissible

Hamiltonians by H(M, ϕ).

Remark 6.2.3. We will always assume that λ is not a period of any Hamiltonian orbit

of H.1 We call such slopes ϕ-generic, or just generic if ϕ is understood. We are

using the convention that the Hamiltonian �ow of H is 2π-periodic. Thus

non-generic slopes λ lie in 2πQ. Further, we will always assume (by making K larger

if necessary) that K = Ψ−1(B) for some compact ball B = {z ∈ CN : 1
2
|z|2 ≤ R0}.

These assumptions imply that there are no 1-periodic orbits for F outside of K.

Indeed, let p ∈M \K, then the S1-orbit of Ψ(p) stays within B. By equivariance of

Ψ the S1-orbit of p lies in M\K. But in M\K the �ow for F is just the λ-accelerated

S1-action, so the �ow for F of p stays in M \K.

We now show that the Floer trajectories for F project via Ψ = Θ◦j ◦π : M→ CN

(Proposition 6.1.3) to cylinders in CN which at in�nity are Floer for a constant

multiple of the standard Hamiltonian. This allows us to apply a maximum principle

in CN to ensure that Floer trajectories cannot escape to in�nity.

Proposition 6.2.4. Let F be any admissible Hamiltonian, and let x± be any 1-

periodic Hamiltonian orbits for F . Then there is a compact subset C ⊂M, depending

only on x±, such that all Floer trajectories for F converging to x± are contained in

C. In particular, the Floer cohomology HF ∗(F ) is well-de�ned.

Proof. Recall that the �rst part of the statement su�ces to ensure that Floer coho-

mology is well-de�ned, by Hofer-Salamon [HS95], since in our setup c1(M) = 0 by

Lemma 2.1.5.

Recall a Floer trajectory as in the claim is a map u : Σ := R × S1 → M with

u(−∞, t) = x−(t), u(+∞, t) = x+(t), satisfying the Floer equation

∂su+ I(∂tu−XF ) = 0. (6.3)

1Or equivalently, a period of an S1-orbit of the action ϕ.
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Since Ψ is C∗-equivariant, in particular S1-equivariant, by Remark 6.1.4 we deduce

Ψ∗XH = wXCN (6.4)

where XCN is the Hamiltonian vector �eld of the standard Hamiltonian R := 1
2
|z|2 in

CN .

As F is admissible, pick K as in Remark 6.2.3, so F = λH and XF = λXH on

M \K for a generic λ. Thus the part of the projected map v := Ψ ◦u : Σ→ CN lying

in Ψ(M \K) satis�es the equation

∂sv + i(∂tv − λwXCN ) = 0. (6.5)

For solutions v of such equations, the usual maximum principle for Floer solutions

from [Vi99, Sei08] holds. Namely, the function R cannot attain a maximum at an

interior point of v (unless R is locally constant). In our case, we only consider the

part of v lying outside of the ball B from Remark 6.2.3 (in particular, x± ⊂ K so

Ψ(x±) ⊂ B). Thus, in our situation, the maximum of R on that part of v is forced

to lie in B. So all of v lies in B. Since Ψ is proper, we obtain the required compact

set C = Ψ−1(B). �

Remark 6.2.5. One might ask if one can apply the above argument to Hamiltonians

that at in�nity are functions F = h(H) of H (by analogy with Liouville manifolds

where one uses functions h(R) of the radial coordinate). Notice Xh(H) = h′(H)XH ,

and projecting we have Ψ∗XF = h′(H(u(s, t))) · wXCN , whose coe�cient function is

domain-dependent. In this case the maximum principle can fail. Indeed, consider the

example of minimal resolution M = XZ/5 of Du Val singularity M0 = C2/(Z/5) =

V (XY − Z5) ⊂ C3, Examples 2.3.17 and 6.9.3. As we show in the latter example,

non-�xed Hamiltonian orbits of the Hamiltonian Hλ = c(H) of convex type2 lie

above the two lines (X, 0, 0) and (0, Y, 0) in M0, and the �xed ones lie in the core.

By construction, the latter are precisely the C∗-�xed locus, so Example 2.3.17 show

us that they are isolated, there is exactly 5 of them, 2 of which are �outer� in the

chain of spheres, and the other 3 are �inner� (black dots on Figure 2.1). Thus, the

non-�xed orbits converge via the C∗-action towards the outer points, and one could

think that they cannot reach inner points by a Floer trajectory. Indeed, as in the

proof of Proposition 6.2.4, we can project a Floer trajectory u in M connecting a

non-�xed orbit with a �xed one in to �almost� Floer trajectories vX , vY , vZ that lie in

the coordinate planes CX ,CY ,CZ . We say �almost� as they satisfy Floer equations

2Meaning that c is a convex function.
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∂svX + i(∂tvX − k(s, t)XC) = 0, (6.6)

where k(s, t) = w
wX
h′(H(u(s, t))) depends on the domain.3 Thus, picking a non-

�xed orbit u living above the line (X, 0, 0) we see that its Y -projected almost Floer

trajectory vY starts and ends in the origin. If it was a honest Floer trajectory of a

radial Hamiltonian in CY , i.e.

∂svY + i(∂tvY − h′(R)XC) = 0

(where R is the radial coordinate R = |Y |2), the maximum principle would not

allow it to move from the origin, thus u would need to lie completely above the line

(X, 0, 0), hence eventually hitting only the outer point indeed. However, equation

(6.6) is not of that type, we cannot even see k(s, t) as a function on CX . It is only

a Floer solution at in�nity where k(s, t) = w
wX
λ becomes a constant, hence why we

can apply maximum principle to bound it. Thus, the maximum principle in the

coordinate planes can fail, and indeed it must, as we know that all �xed orbits need

to be killed since the symplectic cohomology vanishes, by Proposition 6.4.3.4 Spectral

sequence for this example depicts this nicely (Figure 6.4): The top classes in the �rst

column, corresponding to �xed orbits, are getting killed by the classes of the later

columns, corresponding to non-�xed orbits.

De�nition 6.2.6. An admissible homotopy between two admissible Hamiltonians

Fλ1 and Fλ2 , with respective slopes λ1 and λ2, is a function F : R ×M → R such

that there is a compact K ⊂M with:

1. Fs = λsH on M \K, for some λs > 0,

2. d
ds
λs ≤ 0,

3. Fs = Fλ2 for s� 0,

4. Fs = Fλ1 for s� 0.

As in Remark 6.2.3, we may as well assume that K = Ψ−1(B) for some ball B = {z ∈
CN : 1

2
‖z‖2 ≤ R0}.

Proposition 6.2.7. Given two admissible Hamiltonians Fλ1 and Fλ2 , with slopes

λ1 ≤ λ2, the Floer continuation map Φλ1,λ2 : HF ∗(Fλ1)→ HF ∗(Fλ2) is well-de�ned.

3Here wX = 5 is the weight of the coordinate X and w = 10 is the least common multiple of
weights 5,5,2 of the coordinates.

4And for this example previously proved in [R10, Th. 48].

183



Proof. The proof is essentially the same as for Proposition 6.2.4. In this case, x− is a

1-periodic orbit of Fλ2 , x+ is a 1-periodic orbit of Fλ1 , and we replace XF in equation

(6.3) by XFs , and in (6.5) we replace λ by λs. The maximum principle still applies

by [Vi99, Sei08] thanks to the condition d
ds
λs ≤ 0. �

Thus, combining the last two propositions, we get the following theorem:

Theorem 6.2.8. Given a CSR (M, ϕ), the direct limit over the maps Φλ1,λ2 from

Proposition 6.2.7,

SH∗(M, ϕ) := lim
F∈H(M,ϕ)

HF ∗(F ),

is a well de�ned Z-graded vector space over the Novikov �eld K.

Proof. This now follows by Propositions 6.1.5, 6.2.4 and 6.2.7. The groups are canon-

ically Z-graded by the Robbin-Salamon index (Lemma A.1.5), because c1(M) = 0 due

to Lemma 2.1.5 and H1(M) = 0, due to Corollary 2.1.9. �

Proposition 6.2.9. Let (M, ϕ) be a CSR. Then SH∗(M, ϕ) is a Z-graded K-algebra
with respect to the pair-of-pants product, which arises as the direct limit of the pair-

of-pants products

HF ∗(Fλ1)⊗HF ∗(Fλ2)→ HF ∗(Fλ1+λ2).

Proof. For the detailed construction of the pair-of-pants product on symplectic co-

homology we refer to [R13]. The new ingredient here is to explain why pair-of-pants

solutions u : S → M do not escape to in�nity. At in�nity, F = λH, so the projec-

tion argument from Proposition 6.2.4 can be carried out, by applying the maximum

principle for pair-of-pants solutions in CN , see [R13, App. D.3].

That Appendix shows that in a complex coordinate z = s +
√
−1t on the pair-

of-pants surface S the Floer equations are: ∂tu = XFβt + I∂su − IXFβs and ∂su =

XFβs − I∂tu+ IXFβt, where β is a certain auxiliary one-form on S. At in�nity, the

projected solution v = Ψ ◦ u will therefore satisfy the same equations with XF and I

replaced respectively by λwXCN and i, so the maximum principle applies. �

6.3 Robbin-Salamon indices of Morse-Bott manifolds

of orbits

To prove the vanishing of symplectic cohomology in the next section, we will �rst need

a precise calculation of Robbin-Salamon indices of the 1-periodic orbits of Hamilto-

nians of the form λH on (M, ωI), which we carry out in this section. As λ is generic,
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the only 1-periodic orbits of λH are constant orbits in the core lying in the �xed

point set of the S1-action. As in Lemma 2.3.2, denote by F := Mϕ the �xed locus

of ϕ whose connected components Fα are the Morse-Bott manifolds that de�ne the

critical locus of H. Since λ is generic, the Fα are therefore the Morse-Bott manifolds

of 1-periodic orbits of λH in M.

We denote by RS(x, F ) the Robbin-Salamon index (see Appendix A.1.1) of a

periodic orbit x under the �ow for a Hamiltonian F . As we will need it in the

following text, recall the function

W : R→ Z, W (t) :=

{
2bt/2πc+ 1 if t /∈ 2πZ
t/π if t ∈ 2πZ. (6.7)

from Theorem A.1.4 in the Appendix.

Remark 6.3.1. (Grading conventions) We remark that we will use the grading

convention for Floer cohomologies as in [McLR18], i.e. the grading of an orbit x of

Hamiltonian F is given by

|x| := dimCM−RS(x, F ).

Given a Hamiltonian λH, the grading of a �xed component Fα we de�ne as

µλ(Fα) = dimC M−RS(x, λH)− dimC Fα,

for an arbitrary x ∈ Fα. The motivation for this de�nition is that µλ(Fα) is going to

be the Floer grading of Fα seen as manifold of Hamiltonian 1-orbits of Hamiltonian

λH (Corollary 6.5.6). In particular, for λ small enough, µλ(Fα) becomes the Morse

Bott index of Fα.

Proposition 6.3.2. The grading µλ(Fα) is an even integer.

Proof. By de�nition, RS(x, λH) is the Robbin-Salamon index of the linearised �ow

of λH along the �xed orbit x. Recall from Theorem 2.3.1(2) that there is a split

TxM =
⊕
k

Hk (6.8)

by weight-spaces of the S1-action. As the S1-action is Kähler , the weight spaces Hk

are Hermitian-orthogonal, with respect to the Hermitian form 〈·, ·〉 = g(·, ·)+ iωI(·, ·).
Thus, picking orthogonal bases (zjk)k, we see that the linearisation of the �ow φt of

λH is

(φt)∗z
j
k = eiλktzjk.
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Thus, by Theorem A.1.4(3),(5) its Robbin-Salamon index RS(x, λH) is equal to

RS(x, λH) =
∑
k

dim(Hk)W (λk). (6.9)

As λ is generic, for k 6= 0 we have λk /∈ 2πZ thus each W (λk) in the sum is odd,

or zero (for k = 0). Therefore,

µλ(Fα) ≡ dimCM− dimCFα −
∑
k

dimC(Hk)W (λk)

≡ dimCM− dimCFα −
∑
k 6=0

dimC(Hk) = dimCM−
∑
k

dimC(Hk) = 0 (mod 2),

where in the penultimate equality we have used thatH0 is the tangent space of Fα. �

We state the formula obtained in the last proposition as it will be used in the

following text.

µλ(Fα) = dimCM− dimCFα −
∑
k

dimC(Hk)W (λk) (6.10)

Proposition 6.3.3. For any point x ∈ Fα,

lim
λ→+∞

RS(x, λH) = +∞. (6.11)

Proof. Re�ning the splitting (6.8) in Proposition 6.3.2 by picking unitary bases in

each weight space Hk, we have an Hermitian-orthogonal splitting

TxM =
⊕
mi

Cmi

of the tangent space, where Cmi denotes a copy of C on which the S1-action has

weight mi. Thus, rewriting the formula (6.9) in this splitting, we get,

RS(x, λH) =
d∑
i=1

W (λmi) =
d∑
i=1

(2bλmic+ 1) >
d∑
i=1

(2(λmi − 1) + 1) = 2λ
d∑
i=1

mi − d

(in the second equality we have used that λ is generic, thus λmi /∈ 2πZ).
Now, denoting by k the ωC-weight of ϕ, recall that there is a duality between the

s-weight space and the (k − s)-weight space in TxM. Hence, every weight mi has a

paired weight k − mi, thus
∑d

i=1 mi = kd/2, which gives RS(x, λH) = d(λk − 1).

Thus, letting λ→ +∞, (6.11) is satis�ed and the proposition is proved. �

Proposition 6.3.4. Let fα : Fα → R be any Morse function on Fα. One can con-

struct an autonomous perturbation F̃ of F = λH, supported in disjoint neighbourhoods

of the Fα, such that the following hold.
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(1) F̃ is Morse and its critical points are precisely the critical points p of the fα.

(2) The 1-periodic orbits of F̃ are the (isolated) constant orbits xα,p at the p ∈
Crit(fα).

(3) Their gradings in HF ∗(F̃ ) are |xα,p| = µfα(p) + dimC M−RS(p, F )− 1
2

dimFα,

where µfα(p) is the Morse index of p.

(4) |xα,p| → −∞ as λ→ +∞.

Proof. This is a standard perturbation argument. Since F has only constant 1-

periodic orbits (as λ is generic), the Morse-Bott property of F ensures that the Floer

action functional of any su�ciently small autonomous perturbation F̃ of F is still

Morse-Bott and its 1-periodic orbits are still constant orbits at the critical points

of F̃ . Thus (2) will follow from (1). Following [BH13], we pick bump functions ρα
supported near the Fa and we de�ne

F̃ = F +
∑

εαραf̃α, (6.12)

where f̃α is an extension of fα that is constant in normal directions to Fα (after

parametrising a tubular neighbourhood of Fα by the normal bundle of Fα ⊂ M via

the exponential map). Then Claim (1) follows for su�ciently small constants εα > 0.

Now, we have that RS(xα,p, F̃ ) = RS(p, F ) + 1
2

dimFα−µfα(p), by [Oan04, Sec. 3.3],

hence by our grading conventions (Remark 6.3.1), we get (3). Finally, (4) follows by

Proposition 6.3.3. �

6.4 Vanishing of SH∗(M, ϕ) and �ltrations on the co-

homology of CSRs

NB In this and following sections, ordinary cohomology will be with coe�cients

in the Novikov �eld K.
As the continuation maps between Hamiltonians with the same slope are isomor-

phisms, we can choose the speci�c Hamiltonians λH from Section 6.3 to calculate

SH∗(M, ϕ) :

Corollary 6.4.1. SH∗(M, ϕ) = lim
λ→+∞

HF ∗(λH).
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Remark 6.4.2. As the 1-periodic orbits of λH are not isolated, by conventionHF ∗(λH)

actually means that λH is �rst perturbed (if desired, in a time-dependent way)5 to

make the 1-periodic orbits isolated. By a standard continuation argument, the choice

of perturbation does not matter up to isomorphism. Note that in our case the per-

turbation is compactly supported, as there are no 1-periodic orbits at in�nity, and a

continuation map for a compactly supported homotopy of Hamiltonians is always an

isomorphism.

Thanks to the index calculations in Section 6.3, the proof of the vanishing of

SH∗(M, ϕ) now follows by the same trick as in [R10, Thm. 48], [McLR18, Thm.

2.10].

Proposition 6.4.3. Let (M, ϕ) be any CSR, then SH∗(M, ϕ, ωI) = 0.

Proof. By Corollary 6.4.1, we need to compute the direct limit of the HF ∗(λH).

The maps in this direct limit are grading-preserving, so it is enough to show that

HF ∗(λH) is supported in arbitrarily large negative degrees, as λ→∞. We described

an explicit perturbation of λH in Proposition 6.3.4. Thus by Proposition 6.3.4(4) the

claim follows. �

By [PSS96] (see also [R13]), we have that:

Proposition 6.4.4. When δ > 0 is smaller than any period of XH , and Hδ is an

admissible Hamiltonian of slope δ, we have an isomorphism of graded rings

HF ∗(Hδ) ∼= QH∗(M).

In particular, we have an isomorphism of graded vector spaces HF ∗(Hδ) ∼= H∗(M;K).

As a consequence of Propositions 6.4.3 and 6.4.4, every class in H∗(M) ∼= H∗(Hδ)

must eventually map to zero in some HF ∗(λH) since the direct limit SH∗(M) = 0.

Thus, we obtain a �ltration on H∗(M):

De�nition 6.4.5. The ϕ−�ltration FϕH∗(M) on H∗(M) is de�ned by

Fϕ
λH

∗(M) :=
⋂
µ>λ

ker(H∗(M)→ HF ∗(Hµ)), (6.13)

where Hµ denotes any admissible Hamiltonian of slope µ, and H∗(M) ∼= H∗(Hδ) →
HF ∗(Hµ) is the Floer continuation map.

5In general, one has to do it in a time-dependent way indeed. However, in our case the Hamilto-
nian orbits are all constant, thus autonomous perturbation is also possible, as we saw in Proposition
6.3.4.
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Remark 6.4.6. We remark here that there is an interest in �ltrations on cohomology of

CSRs in the representation-theoretic literature. Namely, the recent work of Bellamy�

Schedler [BeSch18] constructs �ltrations on cohomologies of Springer �bres, which

are, as we saw in Chapter 5, one of the principal examples of (cores of) CSRs. Their

�ltrations is compatible with the cohomological grading, just as ours, so one can ask

e.g. what is the relation between these two �ltrations on the top degree of cohomology.

In particular, in the example of Springer �bre that corresponds to Du Val singularities

of type An, ([BeSch18, Ex. 1.5] in their paper) there is a choice of the C∗-action ϕ that

yields (rank-wise) the same �ltration as theirs. For n = 2 it is given in Example 6.9.5.

Apart from this comparison, an interesting question would be whether our �ltration

relates to �ltrations that one would obtain by using algebraic-geometric techniques,

such as perverse �ltrations; However, we have not investigated into this so far.

Furthermore, we remark that in the case of resolution of Du Val singularities (and

possibly of other holomorphic-symplectic quotient singularities C2n/Γ), this �ltration

yields a re�nement of the McKay correspondence [Re92] which states that the co-

homology class of the resolution are in graded bijection with the conjugacy classes,

where the grading on the conjugacy classes is given by certain age grading. An ex-

ample of this for the resolution M of M0 := C2/(Z/5) can be seen on Figure 6.4.

Namely, we see that in that example the top cohomology has two �ltration levels,

which correspond to two pair of orbits, which all have the same age grading equal

to 1 (orbits are loops in M \ L, and those are labelled naturally by their free ho-

motopy classes, as explained e.g. in [McLR18, Eqn. (1.4)] for the case of isolated

quotient singularity, and the footnote afterwards for the general case). Thus, our

�ltration makes a distinction between the orbits lying above [e2πit/5, 0], [0, e2πit/5] and

[e4πit/5, 0], [0, e4πit/5], corresponding to conjugacy classes of ε1, ε−1 and ε2, ε−2 in the

group Z/5 (here ε is a primitive root of unity).

In the end, we expect that the �ltrations (6.13) do not depend on the choice of

the symplectic form ωI , hence, they are labelled by the set of di�erent conical actions

ϕ, and we expect this parametrisation to be injective, following Example 6.9.5.

As two continuation maps compose to a continuation map, and the continuation

map between two Hamiltonians of the same slopes is an isomorphism, ker(H∗(M)→
HF ∗(Hµ)) is de�ned regardless of the choice ofHµ, hence so is the �ltration F

ϕ
λH

∗(M).

From the de�nition we see that Fϕ
λH

∗(M) = 0, for λ ≤ 0. Also, Fϕ
λH

∗(M) is

monotone-increasing; it strictly increases only when λ crosses a period of an S1-orbit.

Proposition 6.4.7. Fϕ
λH

∗(M) is a �ltration on the singular cohomology H∗(M) by

ideals with respect to the cup product.

189



Proof. By Proposition 6.4.4, QH∗(M) ∼= HF ∗(Hδ) is a ring isomorphism. Using

that fact and the compatibility of continuation maps with the pair-of-pants products

[R13], we obtain the following commutative diagram

QH∗(M)⊗QH∗(M) //

��

HF ∗(Hε)⊗HF ∗(Hk)

��
QH∗(M) // HF ∗(Hε+k)

(6.14)

where the left and right vertical maps are the quantum product and the pair-of-pants

product in Floer cohomology (see Proposition 6.2.9), respectively, and the horizontal

maps are the continuation maps. Given x ∈ Fϕ
λH

∗(M) and an arbitrary class q ∈
H∗(M), there are two situations:

1. λ is generic. In that case, x ∈ Fϕ
λ−δ for su�ciently small δ, so by putting

k = λ− δ and ε = δ in diagram (6.14) we get that q ∗ x ∈ F φ
λ

2. λ is not generic. In that case x ∈ Fϕ
λ+δ/2 so by putting k = λ+ δ/2 and ε = δ/2

in diagram (6.14) we get that q ∗ x ∈ Fϕ
λ+δ for arbitrarily small δ > 0, hence

q ∗ x ∈ Fϕ
λ .

Thus we conclude that Fϕ
λH

∗(M) is a �ltration by ideals with respect to the quantum

product. By Proposition 2.1.13, QH∗(M) ∼= H∗(M,K) are isomorphic rings, so

quantum product is cup product. �

Proposition 6.4.8. The �ltration Fϕ
λH

∗(M) respects the cohomological grading on

H∗(M).

Proof. The maps H∗(M) → HF ∗(Hµ) are grading-preserving so their kernels are

graded ideals, hence Fϕ
λH

∗(M) are graded ideals as well. �

A possible way of �nding more precise information about the �ltration Fϕ
λH

∗(M)

could be by using the speci�c Hamiltonians λH and the presentation of their Floer

cohomologies given in next section (Corollary 6.5.6). In this presentation, the con-

tinuation map

H∗(M)→ HF ∗(Hλ)

becomes ⊕
α

H∗(Fα)[−µα]→
⊕
α

H∗(Fα)[−µλ(Fα)], (6.15)

thus Fϕ
λH

∗(M) is the kernel of it (here µα are Morse-Bott indices of Fα). Another way

of getting some more information on the �ltration Fϕ
λH

∗(M) is by the Morse-Bott

Floer spectral sequence (Proposition 6.8.14). We discuss these two approaches and

their connection through a Gysin long sequence in Section 6.10.1.
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6.5 The Morse-Bott computation of HF ∗(λH)

One can in fact precisely calculate HF ∗(λH), by a Morse-Bott argument as follows.

Recall the perturbation of F = λH,

F̃ = F +
∑

εαραf̃α (6.16)

from Proposition 6.3.4. As before, denote by Fα the connected components of the

�xed locus F := Mϕ of ϕ.

Lemma 6.5.1. Let u : R × S1 → M be a Floer trajectory for any Hamiltonian

function G : M→ R converging to critical points p−, p+ of G respectively, and let A ∈
π2(M) denote the homotopy class of the sphere arising as the image of u (extending

u continuously at the ends via u(±∞) = p±). Then the energy of u is

E(u) :=

∫
R×S1

‖∂su‖2 ds dt = ωI [A] +G(p−)−G(p+).

Proof. By the Floer equation I∂s = ∂tu−XG we obtain

‖∂su‖2 = g(∂su, ∂su) = ωI(∂su, I∂su) = ωI(∂su, ∂tu)− dG(∂su).

Thus E(u) =
∫
u∗ωI −

∫
∂sG(u) dt ds = ωI [A] −

∫
(G(p+) − G(p−)) dt and the claim

follows. �

Remark 6.5.2. We remark that in the ωI(π2) = 0 case6 there is a well-de�ned action

functional (de�ned on contractible loops), and so Floer trajectories lying in the Uα
de�ned below would have equal action values at the ends, thus (trivially) have energy

zero.

Proposition 6.5.3. Let Uα be any closed neighbourhood of Fα disjoint from the other

�xed components, and let Vα ⊂ Uα be an arbitrarily small open neighbourhood of Fα.

Let

0 < ~ < (the smallest positive value of ωI on π2(M)) > 0. (6.17)

Then, for all su�ciently small εα > 0 in (6.16), any Floer trajectory in (M, ωI) of F̃

lying in Uα of energy smaller than ~ must in fact lie in Vα.

6Actually, we believe that this case never occurs, but cannot neglect it. Namely, one could in
principle have M = T ∗X, where X is a projective variety whose homology is generated by algebraic
cycles (cf. Theorem 2.1.8) and still has π2 = 0 (e.g. fake projective plane, fake quadric, etc). Now
one would need to prove that such T ∗X are not CSRs, and that might be hard � there is a conjecture
[Ka09, Conj. 1.3] claiming that the only T ∗X that are symplectic resolutions are for X = G/P being
a generalized �ag variety (whose π2 6= 0 indeed).
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Proof. The following proof adapts the argument of Cieliebak-Floer-Hofer-Wysocki

[CFHW96, Lem. 2.1] to our setup. By Proposition 6.3.4 we may assume that the

only 1-periodic orbits of F̃ are the critical points of the fα. Suppose by contradiction

that we have a sequence un of Floer trajectories for F̃n in Uα converging to critical

points p± ∈ Crit(fα), which do not entirely lie in Vα, where F̃n is a perturbation

of the form (6.16) for which the choices of εα converge to zero as n → ∞. By R-
reparametrization, we may assume un(0, ·) intersects Uα \ Vα, say at un(0, tn). By

passing to a subsequence, we may assume that tn → τ and un(0, tn) → p for some

p 6∈ Vα. By passing to a further subsequence, using a standard Gromov compactness

argument we may assume un converges in C∞loc to some u, and E(u) ≤ limE(un).

Then u(0, τ) = p and u is a Floer trajectory for F . In particular, since u lies in

Uα, and it has bounded energy, it converges at the ends to critical points in Fα (as

these are the only 1-periodic orbits in Uα by assumption). Since F is constant on Fα,

by Lemma 6.5.1 for G = F we deduce E(u) = ωI(A). Since 0 ≤ E(u) ≤ E(un) < ~,
it follows that ωI(A) = 0. Thus E(u) = 0, so ∂su = 0. But then the Floer equation

∂tu = XF implies that u lies at a critical point in Fα, in particular u lies in Vα,

contradicting that u(0, τ) 6∈ Vα. �

Corollary 6.5.4. For each Fα de�ne the local Floer chain complex CF ∗loc,~(Uα) to be

generated by the critical points of F̃ , such that among the Floer trajectories normally

counted by the Floer di�erential we only count those which lie entirely in Uα and

have energy less than ~. Then for small enough εα in (6.16), CF ∗loc,~(Uα) is a chain

complex.

Proof. Again we are adapting [CFHW96, Sec. 2] to our setup. By Proposition 6.5.3,

we may assume that all Floer trajectories in Uα actually lie in Vα. If a 1-family of

Floer solutions of energy less than ~ contained a Floer trajectory in Uα or limited

to one, then some Floer trajectory in the family would lie Uα but not entirely in Vα,

which is not allowed. This ensures that the proof that the Floer di�erential squares

to zero also holds for our local Floer complex (in particular noting that in 1-families

of Floer trajectories the energy is �xed, by Lemma 6.5.1, and equals the total energy

of the broken Floer trajectories it may converge to). �

We call the cohomology of CF ∗loc,~(Uα) the low-energy local Floer cohomology

HF ∗loc,~(Fα).
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Proposition 6.5.5. For su�ciently small εα in (6.16) (without varying ρα), CF ∗loc,~(Fα)

is the Morse complex of fα on Fα, up to a grading shift by

µλ(Fα) = dimC M−RS(p, λH)− dimC Fα, (6.18)

where p ∈ Fα (the choice does not matter). Thus

HF ∗loc,~(Fα) ∼= H∗(Fα)[−µλ(Fα)].

Proof. First observe that there cannot be a Floer trajectory for F̃ of energy smaller

than ~ whose ends are the same critical point, by Lemma 6.5.1. Suppose by contra-

diction that we had a family of time-dependent Floer trajectories un of F̃n as in the

proof of Proposition 6.5.3 with ends p− 6= p+. Here we �x ρα, and we let εnα → 0 as

n→∞. By Proposition 6.5.3 we may choose the Vα also to depend on n, so that un
lies entirely in Vα,n and Vα,n converges to Fα (so dist(Vα,n,Fa)→ 0 as n→∞). Since

the bump function ρα are �xed and equal 1 near Fα, we may assume ρα = 1 on Vα,n,

thus F̃n = F + εnαf̃α on Vα,n.

Since the Kähler metric g is S1-invariant, there is an S1-equivariant tubular neigh-

bourhood of Fα ([Bre72, Thm. 2.2, Ch. VI]), thus our extension f̃α in (6.16) can

be made S1-equivariant. Recall also that I is S1-equivariant, and that ∇H is S1-

equivariant.7 Thus the composite ϕθ ◦ un is also a Floer trajectory, for all θ ∈ S1.

Hence, the un come in an R×S1 family rather than just in an R-family, which would

contradict that the index of un is 1 unless the S1-action does not yield genuinely new

solutions: ϕθ ◦ un = un. The latter implies that un is �xed by the S1-action, so un
lies in Fα. Since ∇F = 0 on Fα it follows that un is a Floer solution for εnαf̃α lying in

Fα ⊂ Vα,n.

Then, as the εnαf̃α are C2-small Hamiltonians in Vα,n, a standard argument due to

Salamon-Zehnder [SZ92, Sec. 7] shows that un has to be time-independent, hence we

get a contradiction.8

The claim follows, in particular the di�erence in grading between the Morse index

of p ∈ Crit(fα) and the Conley-Zehnder index of the constant 1-periodic orbit xα,p at

p was explained in Proposition 6.3.4. �

Corollary 6.5.6. Then for generic λ > 0,

HF ∗(λH) ∼=
⊕
α

H∗(Fα)[−µλ(Fα)],

7Since ∇H is the R+-action for the C∗-action ϕ, and C∗ is an abelian group.
8We note that [SZ92] relies on the symplectic form vanishing on π2 to rule out holomorphic

sphere bubbling, and in our case we have ruled sphere bubbling out arti�cially by demanding that
the energy of the Floer solutions we consider is less than ~, see (6.17).
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where µλ(Fα) = dimC M−RS(x, λH)− dimC Fα, for an arbitrary x ∈ Fα. In partic-

ular HF ∗(λH) is supported in even degrees.

Proof. We can �lter the Floer cochain di�erential as ∂ = ∂0 + ∂1, where ∂0 is the

di�erential de�ned for the local Floer chain complexes in Corollary 6.5.4. This yields

a spectral sequence converging to HF ∗(λH) such that the E1-page is ⊕αHF ∗loc,~(Fα).

By Proposition 6.5.5, the E1-page is therefore concentrated in even total degrees

because H∗(Fα) is generated in even degrees (by Corollary 2.1.9 and equation (2.6)

from Lemma 2.3.2) and the fact that µλ(Fα) is even (by Lemma 6.3.2). Since the

di�erentials in the spectral sequence increase the total grading by one, we deduce

that all di�erentials vanish after the E1-page. Thus the spectral sequence has already

converged at the E1-page, and by Proposition 6.5.5 it is the desired cohomology. �

Remark 6.5.7. In particular, one can easily check that for small δ grading µδ(Fα)

agrees with the Morse-Bott index µ(Fα), hence the last corollary together with Propo-

sition 6.4.4 recovers the Morse-Bott theorem for the perfect Morse-Bott function δH,

H∗(M) ∼= H∗(δH) ∼=
⊕
α

H∗(Fα)[−µa].

6.6 Filtration on Floer chain complex

In this section we construct carefully chosen Hamiltonians Hλ, for each generic slope

λ, such that the Floer chain complex of Hλ has an exhausting �ltration given by the

value of the moment map H. This will yield both a construction of positive symplectic

cohomology and of Morse-Bott-Floer spectral sequence in the following sections.

6.6.1 Construction of the Hamiltonian Hλ on M

The Hamiltonian Hλ of generic slope λ will be constructed as in Figure 6.1 in terms

of a function c of H,

Hλ := c ◦H

The construction of c : [minH,+∞)→ R involves a choice of values {R′0, R′′0, . . . , R′r, R′′r}
for Φ and {H ′0, H ′′0 , . . . , H ′r, H ′′r } for H, which we describe later, as well as the values9

0 = T0 < T−1 < · · · < T−r of the periods of the S1-action that are smaller than λ,

and a choice of generic slopes λi in between,

0 = τ0 < λ0 < T−1 < λ1 < T−2 < · · · < T−r < λr := λ.

9The indices are negative due to their later use in the spectral sequence, for which the negative-
grading notation is more convenient.
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This data then determines c : [minH,+∞)→ R so that

(1) c′ ≥ 0.

(2) c′′ ≥ 0.

(3) c′′(H) > 0 whenever c′(H) = T−i, for all i = 1, . . . , r.

(4) c(H) = λiH, when H ∈ [H ′′i , H
′
i+1], for all i = 0, . . . , r − 1.

(5) c(H) = λrH for H ∈ [H ′′r ,+∞).

Figure 6.1: Graph of Hλ for r = 2

To build those values, we use from Remark 6.1.4 the map Ψ : M→ CN , and the

slightly rede�ned map Φ,

Φ := Ψ∗(1
2
|z|2).

Let Z denote the vector �eld of the R+ part of the C∗-action on M. Recall from the

proof of Proposition 2.2.6 that all sets Φ−1(c) are smooth for c > 0 (whereas zero is

a singular value as L = Φ−1(0)).

Before plunging into details, the idea is to pick the above values to get a strict

chain of inclusions in M,

Φ−1(R′i) ⊂ H−1(H ′i) ⊂ H−1(H ′′i ) ⊂ Φ−1(R′′i ) ⊂ Φ−1(R′i+1),

so that we have a uniform interval of space in the Φ (respectively H) values in between

the inclusions.
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Firstly, let R′0 = 0 and H ′0 = minH. Choose an arbitrary ε > 0. Then let H ′′0 :=

maxH(Φ−1(0)) + ε, and R′′0 := max Φ(H−1(H ′′0 )) + ε. Now, for the rest i = 1, . . . , r

we similarly de�ne:

R′i :=R′′i−1 + ε

H ′i := maxH(Φ−1(R′i)) + ε

H ′′i :=Hi + ε

R′′i := max Φ(H−1(H ′′i )) + ε.

In Figure 6.1 we indicated H-values H−1, H−2 where 1-periodic orbits of Hλ arise,

thus de�ned by c′(Hi) = Ti.

6.6.2 Filtration functional on CN

Here we construct the �ltration functional on CN that is a special case of the one

constructed in [McLR18, Sec. 6], for the speci�c Hamiltonian HCN that we de�ne

below.

Let R = 1
2
|z|2 on CN . The smooth cut-o� function φ : [0,+∞) → R is chosen to

satisfy

(1) φ′ ≥ 0.

(2) φ = 0 on [0, R′′0].

(3) φ = 1 on [R′1,+∞).

Notice that φ′ = 0 outside of [R′′0, R
′
1].

Let HCN = h(R) be a radial Hamiltonian where h : R→ [0,+∞) satis�es

(1) h′ ≥ 0.

(2) h′′ ≥ 0.

(3) h′(R) = wλi on [R′′i , R
′
i+1] for all i = 0, . . . , r − 1.

(4) h′(R) = wλ on [R′′r ,+∞].
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Figure 6.2: Graph of h(R) for r = 2

Denoting by ω the standard Liouville form in CN , we have ω = d(Rα) where

α is the contact form on the contact hypersurface {R = 1}. The cut-o� function

determines an exact 2-form on CN ,

η = d(φ(R)α) = φ(R) dα + φ′(R) dR ∧ α,

and an associated 1-form Ωη on the free loop space LCN = C∞(S1,CN) given by

Ωη : TxLCN = C∞(S1, x∗TCN), ξ 7→ −
∫
η(ξ, ∂tx−XHCN

) dt. (6.19)

Further, let f : R→ [0,∞) be the smooth function de�ned by

f(R) :=
∫ R

0
φ′(τ)h′(τ) dτ.

De�ne the �ltration functional F : LCN → R on the free loop space by

F (x) := −
∫
S1

x∗(φα) +

∫
S1

f(R(x(t))) dt.

Lemma 6.6.1. [McLR18, Thm. 6.2(1)] F is a primitive of Ωη. That is, dF (x)(ξ) =

Ωη(x)(ξ). �

6.6.3 Filtration on CF ∗(Hλ)

By Proposition 6.1.3, Ψ : M → CN is C∗-equivariant, with weight w action on CN .

For a 1-orbit x of Hλ, we de�ne by abuse of notation:

F (x) := F (Ψ(x)).
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Theorem 6.6.2. The Floer chain complex CF ∗(Hλ) has a �ltration given by the

value of F. That is, given two 1-periodic orbits x−, x+ of Hλ and a Floer cylinder for

Hλ from x− to x+,

F (x−) ≥ F (x+). (6.20)

Proof. The Floer cylinder u : R× S1 →M for Hλ satis�es

∂su+ I(∂tu−XHλ) = 0.

Let XCN be the vector �eld of the S1-rotation action on CN , so the Hamiltonian

vector �eld of R = 1
2
|z|2. By the same trick as in (6.4),

Ψ∗(XHλ) = Ψ∗(c
′(H)XH) = c′(H)Ψ∗(XH) = c′(H)wXCN , (6.21)

noting that c′(H) depends on the original coordinates in M. Composing Ψ with u

gives us a mapping

v := Ψ ◦ u : R× S1 → CN , ∂sv + i(∂tv − k(s, t)XCN ) = 0 (6.22)

that converges to y− = Ψ(x−), y+ = Ψ(x+) at s = −∞, +∞, respectively, where

k(s, t) := w c′(H(u(s, t)))

is a domain-dependent function. Now de�ne the s-parametrised 1-form

Ωv
η(s) : TxLCN = C∞(S1, x∗TCN), ξ 7→ −

∫
η(ξ, ∂tx− k(s, t)XCN ) dt. (6.23)

Using η = d(φ(R)α) = φ(R) dα + φ′(R) dR ∧ α, dα(·, XCN ) = 0, dR(XCN ) = 0 and

α(XCN ) = 1:

Ωv
η(s)(x)(ξ) =−

∫
η(ξ, ∂tx) dt+

∫
k(s, t) η(ξ,XCN )dt

=−
∫
η(ξ, ∂tx) dt+

∫
k(s, t)φ(R)dα(ξ,XCN ) dt

+

∫
k(s, t)φ′(R)(dR ∧ α)(ξ,XCN ) dt

=−
∫
η(ξ, ∂tx) dt+

∫
φ′(R)dR(ξ)k(s, t) dt.

(6.24)

Similarly,

Ωη(x)(ξ) = −
∫
η(ξ, ∂tx) dt+

∫
φ′(R)dR(ξ)h′(R(x(t))) dt. (6.25)
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From the way we have chosen the Hamiltonian Hλ and the function h(R), for

R(v(s, t)) ∈ [R′′0, R
′
1] we have

k(s, t) = w c′(H(u(s, t))) = wλ0 = h′(R(v(s, t))), (6.26)

whereas outside that region we have φ′(R) = 0. All together we have

φ′(R(v(s, t)))k(s, t) = φ′(R(v(s, t)))h′(R(v(s, t))), (6.27)

which from (6.24) and (6.25) yields

Ωη(v(s, t))(∂sv) = Ωv
η(s)(v(s, t))(∂sv). (6.28)

Thus, together with Lemma 6.6.1 we have

F (x−)− F (x+) = F (y−)− F (y+) =−
∫ +∞

−∞
dF (v(s, t))(∂sv)ds

=−
∫ +∞

−∞
Ωη(v(s, t))(∂sv)ds

=−
∫ +∞

−∞
Ωv
η(s)(v(s, t))(∂sv)ds.

(6.29)

Hence, it is su�cient to prove that

Ωv
η(s)(v(s, t))(∂sv) ≤ 0

holds for v satisfying equation (6.22). This we do verbatim to the proof of [McLR18,

Lem. 6.1]. Hence, substituting the Floer equation ∂tv − k(s, t)XCN = i∂sv, and

abbreviating ρ = R ◦ v,

η(∂sv, ∂tv − k(s, t)XCN ) = η(∂sv, i∂sv)
= φ(ρ) · dα(∂sv, i∂sv) + φ′(ρ) · (dR ∧ α)(∂sv, i∂sv)
= positive · positive + positive · (dR ∧ α)(∂sv, i∂sv),

(6.30)

where �positive� here means �non-negative�. To estimate the last term, we may assume

that R ≥ R′′0 since φ′ = 0 otherwise. Thus, we decompose ∂sv according to an

orthogonal decomposition of TCn:

∂sv = C ⊕ yXCN ⊕ zZ ∈ ξ ⊕ RXCN ⊕ RZ,

where Z = −iXCN = R∂R is the Liouville vector �eld (as before: R = 1
2
|z|2) and

ξ = kerα|R=1. Notice that kerα = ξ ⊕ RZ. Thus: dR(∂sv) = Rz and α(i∂sv) =

α(izZ) = α(zXCN ) = z. So,

(dR ∧ α)(∂sv, i∂sv) = dR(∂sv)α(i∂sv)− α(∂sv)dR(i∂sv) = Rz2 +Ry2 ≥ 0.

Hence Ωv
η(s)(v(s, t))(∂sv) ≤ 0, thus F (Ψ(x−))− F (Ψ(x+)) ≥ 0. �
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Corollary 6.6.3. CF ∗(Hλ) has a �ltration given by the value of H (the �radial co-

ordinate� in M).

Proof. Let us calculate the value of the functional F (y) explicitly for the projection

y := Ψ(x(t)) of a 1-periodic orbit x of Hλ. If x is a �xed point, y = 0 so F (y) = 0.

Otherwise, c′(H(x)) = T−k for some 0 < k < r. Then its projection is a 1-periodic

orbit of the Hamiltonian 1
2
wT−k|z|2, so

F (y(t)) =−
∫
S1

y∗(φα) +

∫
S1

f(R(y(t)))dt

=− φ(y)wT−k +

∫ R′1

R′′0

φ′(R)h′(R)dR

=− wT−k + λ0w = w(λ0 − T−k),

where φ(y) = 1 as 1-orbits of h in CN with slopes ≥ T−1 lie in the region R > R′1

(as T−1 > λ0), and there φ = 1. Thus F (x(t)) has a negative value which strictly

decreases when T−k, hence H(x), increases. �

6.7 Positive symplectic cohomology and models for

ordinary cohomology

By Corollary 6.6.3 we have that the �xed loci F = Mϕ (which are constant 1-

orbits for Hλ) determine a subcomplex CF ∗0 (Hλ) ⊂ CF ∗(Hλ). Therefore, passing to

the quotient CF+(Hλ) := CF ∗(Hλ)/CF
∗
0 (Hλ) we obtain positive Floer cohomology

HF ∗+(Hλ) = H∗(CF+(Hλ)). The direct limit of those de�nes the positive symplec-

tic cohomology,

SH+(M, ϕ, ωI) := lim
λ→∞

HF ∗+(Hλ).

Proposition 6.7.1. There is a long exact sequence

· · · → QH∗(M, I)→ SH∗(M, ϕ, ωI)→ SH∗+(M, ϕ, ωI)→ QH∗+1(M, I)→ · · ·

Proof. Firstly, let us prove that the subcomplex CF ∗0 (Hλ) is equal to CF ∗(Hλ0), and

recall that λ0 was chosen to be smaller than any non-zero S1-period. The generators

of CF ∗0 (Hλ) are the same as the generators of CF ∗(Hδ). Moreover, the di�erential

in CF ∗0 (Hλ) counts Floer solutions that do not escape the region R ≤ R′′0, due to

the �ltration. Namely, assuming the contrary, the value of φ on a Floer solution will

be positive in a small neighbourhood, hence, by (6.30), Ωv
η will be strictly negative

in such a neighbourhood, hence by (6.29) the �ltration di�erence will be strictly
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positive, which is a contradiction. Hence, the Floer di�erential in CF ∗0 (Hλ) counts

the same solutions as CF ∗(Hλ0), and thus their homologies are isomorphic, and so it

is isomorphic to QH∗(M) by Proposition 6.4.4.

Now, the short exact sequence of complexes

0→ CF ∗0 (Hλ)→ CF ∗(Hλ)→ CF ∗(Hλ)/CF
∗
0 (Hλ)→ 0

yields the long exact sequence

QH∗(M)→ HF ∗(Hλ)→ HF ∗+(Hλ)→ QH∗+1(M)

which, using the compatibility of Hamiltonians Hλ, yields the claim by taking the

direct limit over continuation maps. �

Therefore, as a consequence of the vanishing in Proposition 6.4.3, and Proposition

2.1.13, we obtain:

Corollary 6.7.2. (Models for ordinary cohomology) Given a CSR M and a

conical action ϕ on it, we have a Hamiltonian model for its ordinary cohomology:

H∗(M) ∼= SH∗−1
+ (M, ϕ, ωI).

Hence, varying the actions ϕ we in principle get di�erent models for the ordinary

cohomology H∗(M) of a CSR M. We will see this in the examples in Section 6.9.

6.8 Morse-Bott-Floer spectral sequences

In this section we construct Morse-Bott-Floer spectral sequences that converge to

SH∗(M, ϕ) and SH∗+(M, ϕ), arising from the �ltration of the Floer chain complex

CF ∗(Hλ) from Section 6.6. Further, we list main properties of these spectral se-

quences, and list some techniques that allow one to compute them in practice.

6.8.1 Hamiltonian 1-orbits of Hλ

Let us see what the 1-periodic orbits of the Hamiltonian Hλ are (from now on, we

will call them 1-orbits). As XHλ = c′(H)XH , the 1-orbits of Hλ are either critical

points in F = Crit(Hλ) = Crit(H) = Mϕ, or, for some p = −1, . . . ,−r, lie on a slice

Sp := {x ∈M | H(x) = Hp} ⊂M, (6.31)
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where the values Hp are de�ned by c′(Hp) = Tp. Let us denote by Op := Op,Hλ the

moduli space of parametrised 1-orbits of Hλ in Sp, and by Bp the set of their initial

points,

Bp := {x(0) | x ∈ Op} ⊂ Sp.

Recall (De�nition 2.3.8) that the �xed locus under the time 2π/m �ow of the S1-action

is denoted by

RZ/m := {Z/m-torsion points of ϕ in M}.

Now, in order to suppress the annoying 2π-factors in the following text, we de�ne:

De�nition 6.8.1. Given an 1-orbit of Hλ that lies in Sp, its normalised period

is τp := Tp/2π. This is precisely the period of this orbit in the normalised time-1

S1-�ow.

Lemma 6.8.2. Bp = Sp ∩RZ/m where τp = k/m for coprime k,m ∈ N.

Proof. The points in Bp are �xed under the time-1 �ow of Hλ. As XHλ = c′(H)XH

and on c′(H) = 2πτp on Sp, we see that the points in Bp are �xed under the time-

2πτp �ow of the S1-action. As all closed subgroups of S1 are discrete, τp has to be a

rational number, τp = k/m for some coprime k,m ∈ N.
As (k,m) = 1, there are α, β ∈ Z such that αk + βm = 1. Thus, points in Bp are

�xed under the time 2παk/m = (2π/m) − 2πβ �ow, and hence by the time 2π/m

�ow, so they lie in RZ/m. Thus, Bp ⊂ Sp ∩RZ/m. Conversely, a point in Sp ∩RZ/m is

�xed under the time-2π/m and thus time-2πτp �ow of S1, hence is an 1-orbit of Hλ,

thus lies in Bp. �

In particular, this lemma shows that Bp is the �xed locus of the Z/m-part of

action ϕ on Sp. Thus, being a �xed locus of a compact Lie group action on a smooth

manifold, it is smooth itself [DK00, p. 108]. We denote the connected components of

Bp by Bp,c where the labelling by c depends on p,

Bp =
⊔
c

Bp,c.

Now, denote by ξ := (〈XR+〉 ⊕ 〈XHλ〉)⊥ the complex codimension-1 distribution

on M \ F. Here XR+ is the vector �eld of the R+-action, and the orthogonal ⊥ is

calculated with respect to the Kähler metric g(·, ·) = ωI(·, I·). Thus, for any point

x ∈M \ F, we have g-orthogonal splittings of tangent spaces

TxM = 〈XR+〉 ⊕ 〈XHλ〉 ⊕ ξ, TxSp = 〈XHλ〉 ⊕ ξ. (6.32)
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De�nition 6.8.3. Denote by φXt the time-t �ow of a vector �eld X. In particular,

when X = XF is a Hamiltonian vector-�eld, we will sometimes also denote this �ow

by φFt .

Lemma 6.8.4. (φHλτ )∗XR+ = XR+ + τc′′(H) ‖∇(H)‖2XH .

Proof. Let us �x a point x ∈M. Letting γ(s) = φ
XR+
s (x), we have that

(φHλτ )∗(x)XR+ = φHλτ ∗

(
d

ds

∣∣∣∣
s=0

γ(s)

)
=

d

ds

∣∣∣∣
s=0

(φHλτ (γ(s))) =
d

ds

∣∣∣∣
s=0

(φHτc′(H(s))(γ(s))).

where we used that XHλ = c′(H)XH . Abbreviate u(t, s) = φXHt (γ(s)), then the last

term is equal to

d

ds

∣∣∣∣
s=0

u(τc′(H(s)), s) =

(
d

ds

∣∣∣∣
s=0

τc′(H(s))

)
∂u

∂t
+
∂u

∂s

= (τc′′(H(γ(s)))dγ(s)H · γ′(s))s=0XH +XR+

= (τc′′(H(γ(s))) ‖∇H(γ(s))‖2)s=0XH +XR+

= τc′′(H(x)) ‖∇H(x)‖2XH +XR+ ,

where in the penultimate equality we have used that XR+ = ∇H, and in the second

equality we used that ∂su|s=0 = dϕit ·XR+|x = dϕit · ∂r|r=1ϕr(x) = ∂r|r=1ϕr(ϕit(x)) =

∂r|r=1ϕr(u) = XR+|u. �

Now we prove the following non-degeneracy property of submanifolds Bp,c, which

is analogous to the Morse-Bott non-degeneracy condition for critical submanifolds.10

Proposition 6.8.5. Given any point x ∈ Bp,c, the 1-eigenspace of the linearised

return map of the �ow for Hλ is precisely the tangent space of Bp,c,

Ker ((φHλ1 )∗x− Id) = TxBp,c.

Proof. As in Lemma 6.8.2, let τp = k/m, for coprime k,m ∈ N. Then, on Sp,

φHλ1 = φH2πτp = (φH2π/m)k.

Hence given a vector v ∈ TxSp, the condition (φHλ1 )∗(v) = v is equivalent to (φH2π/m)k∗(v) =

v, and thus to (φH2π/m)∗(v) = v, due to (k,m) = 1. We see that φH2π/m generates a

Z/m-action on Sp by g-isometries. Its �xed locus is precisely Bp, by Lemma 6.8.2.

Thus, picking an arbitrary connected component Bp,c, by the equivariant tubular

10As we can think of Bp,c being the critical submanifolds for the action functional dAHλ(x)(ξ) =∫
ωI(ẋ−XHλ , ξ).
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neighbourhood theorem for isometric actions of compact Lie groups [Bre72, Thm.

2.2, Ch. VI], there is a Z/m-invariant tubular neighbourhood NBp,c ⊂ Sp of Bp,c

given by the composition of Z/m-equivariant exponential map and a contraction ψ

of the normal bundle onto a neighbourhood of the zero section,

expε ◦ ψ : NBp,c

∼=−→ NBp,c

(where the Z/m-action onNBp,c is generated by (φH2π/m)∗). Hence, if a vector v ∈ TxSp
satis�es (φH2π/m)∗(v) = v, its class [v] ∈ (NBp,c)x is �xed by the Z/m-action and so

is the curve exp(vt) ⊂ NBp,c. As Bp,c is the isolated �xed locus in NBp,c, this curve

has to lie in Bp,c, thus v ∈ Bp,c.

To conclude, we have proved that Ker(((φHλ1 )∗ − Id)|TxSp) = TxBp,c. As the com-

plement of TxSp in TxM is generated by XR+ , together with Lemma 6.8.4 and the

fact that c′′(H) > 0 when c′(H) = τp,
11 we immediately get the desired claim. �

Lemma 6.8.6. The linearisation of the S1-�ow is complex linear with respect to a

unitary trivialisation of ξ along every 1-orbit in Bp,c.

Proof. Follows immediately as the S1-�ow is I-linear and a unitary trivialisation is

complex-linear. �

6.8.2 Constructing the spectral sequence for HF ∗(Hλ)

In this section we construct Morse-Bott-Floer spectral sequences that converge to

HF ∗(Hλ) and HF ∗+(Hλ). We use arguments that are analogous to those written in

[McLR18, Sec. 7]. The di�erence from their setup is that their ambient space is a

symplectic manifold convex at in�nity. In particular, it has a contact hypersurface,

so there is a Reeb �ow. Manifolds in our setup usually are not convex at in�nity,

thus there is no contact hypersurface. The role of it is taken by an energy level of the

moment map H, and the role of the Reeb �ow is taken by the �ow of the S1-action.

As the Hamiltonian Hλ is autonomous, its 1-orbits are not isolated. Thus, in order

to compute HF ∗(Hλ), one would typically do a C2-small time-dependent perturba-

tion of Hλ localised near the manifolds Bp,c and Fα and compute the homology of

the perturbed complex. However, doing so would ruin12 our �ltration on the com-

plex CF ∗(Hλ) obtained in Section 6.6.3, which we need in order to construct the

11Condition (3) in the de�nition of c.
12One could argue that for su�ciently small perturbations, the Floer trajectories converge to cas-

cades, and since the �ltration holds for the cascades, the �ltration must also holds for the Floer
trajectories obtained for su�ciently small perturbations. However, we decided to avoid that ap-
proach.
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spectral sequence. The issue occurs as (6.21) fails if we perturb Hλ, thus we get

the non-vanishing term dα(ξ, Y ) in equation (6.24), where Y = Ψ∗(XH̃λ
− XHλ) is

the projection of the di�erence in Hamiltonian vector �elds in M that occurred by

perturbation. We cannot say how big is the change in the di�erence of the �ltration

values (6.29), caused by integration
∫ +∞
−∞ dα(∂sv, Y )ds of this term.

Thus, we will instead use the Morse-Bott Floer complex which introduces

auxiliary Morse functions fi on each Bp,c and on each Fα. The union
⊔
iCrit(fi) of

all critical points are the generators of the complex, after appropriate degree shifts.

The di�erential counts cascades i.e. alternately following the �ows of the nega-

tive gradients −∇fi or following Floer solutions that join two 1-orbits. This is the

natural complex that would arise from a limit, as one undoes small time-dependent

perturbations of Hλ localised near the manifolds Bp,c and Fα.

Bourgeois-Oancea [BO09a, BO09b] showed, in the case when manifolds of 1-orbits

are circles, that the Morse-Bott Floer complex for an autonomous Hamiltonian com-

putes the same Floer cohomology as when using a time-dependent perturbation. They

require transversal non-degeneracy of 1-orbits, which translated to the general case

becomes the condition that we proved in Lemma 6.8.5. We believe that their reason-

ing extends for more general Morse-Bott manifolds (i.e. not only circles), but proving

that would be rather a substantial amount of work and is outside of scope of this

thesis. Hence, we will make it as an assumption.

Assumption 1. Morse-Bott Floer complex for HF ∗(Hλ) computes the same Floer

cohomology as the one obtained from a time-dependent perturbation.

The Morse-Bott Floer complex is �ltered: a critical point x ∈ Crit(fi) has �l-

tration value F (x) := F (y), where y is an arbitrary 1-orbit lying in the manifold on

which fi is introduced. It does not depend on the choice of a 1-orbit due to Corollary

6.6.3. From the �ltration we then run the standard argument in homological algebra

to construct a spectral sequence Epq
r . Abbreviate by k = p + q the total degree.

Let C∗ denote the Floer complex CF ∗+(Hλ) or CF ∗(Hλ). The �ltration is de�ned by

letting

F p(Ck) := {x ∈ Ck | F (x) ≥ Fp},

where

Fp :=

{
F (y) for p < 0 and y ∈ Bp,c

p for p ≥ 0.

In particular, F p(Ck) = 0 for p > 0 since F ≤ 0 on all 1-orbits. Recall the spectral se-

quence for this �ltration has Epq
0 = F p(Ck)/F p+1(Ck). As the �ltration is exhaustive

and bounded below, it yields:
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Proposition 6.8.7. There are convergent spectral sequences,

Epqr ⇒ HF ∗+(Hλ) where Epq1 = HF kloc(Op, Hλ) for p < 0, and 0 otherwise

Epqr ⇒ HF ∗(Hλ) as above, except E0q
1 = Hq(M).

There are �nitely many non-zero columns, as there are only �nitely many Op
for every Hamiltonian Hλ. Above, HF ∗loc(Op, Hλ) refers to the cohomology of the

local Morse-Bott Floer complex generated by Op. The chain level generators of

CF ∗loc(Op, Hλ) are the critical points of the auxiliary Morse function on Bp,c. By

construction, its di�erential only counts cascades which do not change the �ltration

value, so the Floer solutions stay trapped in the slice Sp. If one were to make a

very small time-dependent perturbation of Hλ supported near Sp, the argument in

[CFHW96, Prop.2.2] and [Oan04, Sec.3.3] would show that this is quasi-isomorphic to

the local Floer complex for that slice, where one only considers Floer solutions whose

�ltration value stays bounded within a small neighbourhood of the value F = Fp.

The state-of-the-art work on the local Floer complex is the recent paper by Kwon-

van Koert, which proves that the local Floer cohomology of manifolds of 1-orbits is

isomorphic to the Morse cohomology with a shift [KwKo16, Prop.B.4]. Their result

asks for three conditions to be satis�ed for the manifolds Bp,c, two out of which we

have proved, Proposition 6.8.5 and Lemma 6.8.6. However, the third one is a very

restrictive symplectic triviality (ST) condition for submanifolds:

(ST) The restriction TBp,cM of the tangent bundle of M on an arbitrary Bp,c is

symplectically trivial. Moreover, each 1-orbit in Bp,c has a capping disk to

which the trivialisation extends.

The ambient manifolds which they consider in the paper are Brieskorn varieties, whose

tangent bundles are symplectically trivial, thus the (ST) is satis�ed immediately. A

similar situation appears in the work of Ritter-McLean [McLR18], as they resolve

Cn/G, so they have (outside of a compact set) global coordinates, as the resolution

is biholomorphic to Cn/G away from the core. In the setup of an arbitrary CSR it

is not clear why the (ST) condition should be true - we actually believe that it is

unlikely to hold. Nevertheless, we believe that the result [KwKo16, Prop.B.4] is still

true in our setup. At the moment we have not yet developed the tools to prove it, so

we state it as an assumption:

Assumption 2. HF ∗loc(Op, Hλ) ∼=
⊕

cH
∗−µ(Bp,c)(Bp,c).
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Remark 6.8.8. We are not entirely certain that we can exclude the possibility of a

Floer trajectory u lying entirely in the preimage of an S1-orbit inM0 under π, causing

cancellations between two classes respectively in H∗(Bp,c), H∗(Bp,c′), for two di�erent

connected components of Bp. This issue only arises if

π(Bp,c) ∩ π(Bp,c′) 6= ∅ ⊂M0.

Although the �ltration values at the ends of u are equal, (6.30) could vanish if ∂sv = 0,

i.e. v(s, t) = v(t).

In the statement of the above assumption, observe that µ(Bp,c) is the grading of

the 1-orbit that corresponds to the minimum of the Morse function used to perturb

Bp,c in the construction of the local Floer complex CF ∗loc(Op, Hλ). We will compute

µ(Bp,c) explicitly in Proposition 6.8.17 as we will need it in the examples. The above

discussion is analogous to the local Floer cohomology discussed in Section 6.5, where

we also discussed these grading shifts, except above we do not impose low-energy

conditions like we did in Section 6.5.

Now, in order to obtain the spectral sequence that converges to symplectic co-

homology out of those constructed in Proposition 6.8.7, we have to make a more

clever choice of Hamiltonians Hλ such that their spectral sequences become more

compatible, in particular, allowing the direct limit when λ→ +∞.

6.8.3 Tweaking the construction of Hλ and spectral sequence
for SH∗(M, ϕ)

Before we embark on de�ning a more complicated version of Hλ, we will motivate

why it is required.

In Floer theory it is often convenient to ensure that CF ∗(Hλ1) is a subcomplex of

CF ∗(Hλ2) whenever λ1 < λ2. The usual approach is to construct the Hλ inductively

so that Hλ2 = Hλ1 except in the region T at in�nity where Hλ1 has slope < λ1, and

to build Hλ2 by increasing the slope in T up to the new slope λ2. So Hλ1 = Hλ2 on

M \ T . If a maximum principle held for Hλ2 in T , then Floer solutions for Hλ2 with

ends in M \T would stay there and therefore would agree with the Floer solutions of

Hλ1 . By Theorem 6.6.2, the �ltration prohibits Floer solutions from going from an

end in T to an end in M \T , and therefore the Floer di�erential on 1-orbits in M \T
agrees for both Hλ1 and Hλ2 . Thus CF

∗(Hλ1) ⊂ CF ∗(Hλ2) is a subcomplex.

Similarly, it is often convenient if one can construct the continuation map

CF ∗(Hλ1)→ CF ∗(Hλ2)
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to be the inclusion of the subcomplex. The natural homotopy to use is one that

decreases the slope of Hλ2 in T back to λ1, whilst staying constantly equal to Hλ1

on M \ T . As above, by an analogue of Theorem 6.6.2, the �ltration prohibits Floer

continuation solutions that go from T to M \ T . If the ends are both in M \ T , then
provided the maximum principle applies in T we deduce that the Floer continuation

solution is trapped in M \ T . But there the homotopy is s-independent, so the

continuation solution must be constant as otherwise it would arise in a R-family,

due to the reparametrization action (Floer continuation solutions have index zero,

unlike Floer trajectories which have index 1 and always admit an R-reparametrization

action).

In our setup, the maximum principle only holds in the regions where c′ is locally

constant so that c′(H) in (6.4) is not domain-dependent. Therefore, in both situations

above, there may be an �evil Floer solution� that has ends in M \ T , and enters T

where it has a maximum in a region where c′ is not locally constant. The implication

for the preceding spectral sequence is that, as we increase the slope from λ1 to λ2,

new arrows may appear in the old spectral sequence for HF ∗(Hλ1) caused by evil

Floer solutions that only Hλ2 sees, even though it only involves the �old� columns of

the spectral sequence. This also makes it di�cult to read o� the �ltration for H∗(M)

from the spectral sequence, because a generator of H∗(M) killed by such an arrow

would have �ltration value λ2, not λ1, even though the arrow only involves generators

that already existed for Hλ1 .

To solve this issue, we will adjust the construction of Hλ so that a substantial drop

in �ltration value arises whenever a Floer solution passes through a region where c is

linear (see Figure 6.1).

Firstly, in the notation from Section 6.6.1, we do not require the same ε to be

used throughout. Instead, we let the width

R′i+1 −R′′i = εi > 0

of the interval [R′′i , R
′
i+1] on which h′ = wλi be arbitrarily large (we will choose it

later).

Secondly, we allow the φ from Section 6.6.2 to have φ′ > 0 on the intervals

(R′′i , R
′
i+1) where h′ = wλi:

(1) φ′ ≥ 0.

(2) φ = 0 on [0, R′′0].
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(3) φ′ ≥ 1 on a subinterval of [R′′i , R
′
i+1] of length ≥ εi/2, for i = 0, . . . , r − 1.

(4) φ = φ0 + φ1 + · · · + φi−1 is constant on [R′i, R
′′
i ] for i = 1, . . . , r − 1, and on

[R′r,∞) for i = r.

The above constants φi will be chosen later (notice φi is the amount φ has increased

after crossing the interval [R′′i , R
′
i+1] where h′ = wλi).

Our previous results all continue to hold. Indeed, in (6.26) we obtain

k(s, t) = wλi = h′(R(v(s, t)) for R(v(s, t)) ∈ [R′′i , R
′
i+1],

so (6.27) still holds. So the �ltration is de�ned. In the proof of Corollary 6.6.3,

φ(y) = φ0 + · · ·+ φk−1 and

F (y(t)) = −φ(y)wT−k + wλ0φ0 + · · ·+ wλk−1φk−1,
= (λ0 − T−k)wφ0 + · · ·+ (λk−1 − T−k)wφk−1,

which is negative as λi < T−k for i ≤ k − 1.

Lemma 6.8.9. Given δi > 0, for suitable choices of the above data any Floer tra-

jectory u : R × S1 → M for Hλ which crosses the region Φ−1[R′′i , R
′
i+1] satis�es the

�ltration estimate

F (u(−∞, ·))− F (u(+∞, ·)) > δi.

Proof. Recall that (6.30) is pointwise non-negative. It su�ces therefore that we bound

the integral
∫
η(∂sv, ∂tv − wλiXCN ) from below by δi the over the subset of (s, t) ∈

R × S1 for which v(s, t) lies in the region where h′ = wλi and φ′ ≥ 1. We choose

the constants φ0, φ1, . . . so that φ is larger than the function R on the region R ≥ R′1

(we can do this by picking φ′ very large on a subinterval of [R′′i , R
′
i+1]). Then, for the

above (s, t), in (6.30) we obtain:

η(∂sv, ∂tv−wλiXCN ) ≥ R·dα(∂sv, i∂sv)+(dR∧α)(∂sv, i∂sv) = d(Rα)(∂sv, ∂tv−wλiXCN ).

The latter expression is precisely the integrand of the energy
∫
‖∂sv‖2 ds dt for a Floer

solution v in CN for the Hamiltonian wλi 1
2
|z|2. So the problem reduces to showing

that a Floer solution in Cn for a radial Hamiltonian consumes a lot of energy if it

crosses a long radial stretch in which the slope of the Hamiltonian is constant. This

is now a standard �monotonicity lemma argument�. Namely, one uses Gromov's trick

of turning a Floer solution in a symplectic manifold M into a pseudo-holomorphic

section of a bundle with �bre M (e.g. see [R14, Sec.5.3]). One can then apply the

monotonicity lemma to obtain lower bounds on the energy (e.g. see [R14, Lem. 33]).
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The key observation in our case, is to explain why the constants in the monotonicity

lemma do not decay to zero as the radial coordinate increases. This follows because

Cn is geometrically bounded at in�nity and the auxiliary almost complex structure in

Gromov's trick (see [R14, Def. 26]) is radially invariant, because both wλiXCN and

the standard complex structure of CN are radially invariant. �

The same argument can be applied to Floer continuation solutions for the mono-

tone homotopy from Hλ2 to Hλ1 described at the start of this section ([R14, Sec.5.3]

discusses also the case of monotone homotopies). Thus we deduce the following.

Corollary 6.8.10. For suitable choices of the above data, we can inductively build a

sequence of Hamiltonians Hλ1 , Hλ2 , . . ., where Hλi+1
is obtained from Hλi by increasing

its (generic) slope at in�nity to λi+1 > λi, so that CF ∗(Hλi) is a subcomplex of

CF ∗(Hλi+1
), and the continuation map CF ∗(Hλi)→ CF ∗(Hλi+1

) is the inclusion.

Proof. We choose the interval [R′′i , R
′
i+1] (where h′ = wλi) to have su�ciently large

length εi so that we can pick δi in Lemma 6.8.9 to be larger than the di�erence of

�ltration values of any two 1-periodic orbits of Hλi . Then, the comments at the

beginning of this section will rule out any �evil Floer solutions� for Hλi+1
(and indeed

any Hλj for j ≥ i+ 1) because they would require a �ltration-value di�erence at the

ends larger than δi to escape the region M\T . Indeed the maximum principle applies

in the region Ψ−1[R′′i , R
′
i+1] (as c′ = λi is constant there), so the Floer solution (with

ends in M \T ) would have to cross the entirety of Ψ−1[R′′i , R
′
i+1] to go from M \T to

T , but Lemma 6.8.9 prohibits it. �

It is only thanks to the last corollary that we know that the di�erential of the E1

page of the spectral sequences for obtained in Proposition 6.8.7 stops changing below

the column corresponding to slope λ as soon as the Hamiltonian Hµ has slope µ ≥ λ.

Thus, one can make sense of the direct limit of those spectral sequences when λ goes

to in�nity, obtaining the following corollary.

Corollary 6.8.11. Given a CSR (M, ϕ), there are convergent spectral sequences

E+(ϕ)pqr ⇒ SH∗+(M, ϕ), where E(ϕ)pq1 =

{⊕
cH
∗−µ(Bp,c)(Bp,c), p < 0,

0, otherwise.
(6.33)

E(ϕ)pqr ⇒ SH∗(M, ϕ), where E(ϕ)pq1 =


Hq(M), p = 0,⊕

cH
∗−µ(Bp,c)(Bp,c), p < 0,

0, otherwise.

(6.34)
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Notice that, due to the vanishing of SH∗(M, ϕ) from Proposition 6.4.3, the spec-

tral sequence E(ϕ)p,qr converges to zero. Moreover, by the following Proposition 6.8.20,

it actually becomes empty by page E1+2N , where N is the number of di�erent S1-

periods of ϕ smaller than or equal to 1.

To appreciate the following corollary, it may help to peek at the �gures of spectral

sequences in Section 6.9, where green arrows indicate what edge-di�erentials there

must be on later pages to ensure SH∗(M, ϕ) = 0.

De�nition 6.8.12. Given a p-th column of the spectral sequences from Proposition

6.8.7, we will call the number Tp = 2πτp its slope.

Corollary 6.8.13. The E1-page for the spectral sequence for HF ∗(Hλ) (Proposi-

tion 6.8.7) agrees with the part of the E1-page of the spectral sequence for SH∗(M)

(Corollary 6.8.11) given by the columns below slope λ. Thus HF ∗(Hλ) arises as the

cohomology of that part of the E1-page for SH∗(M) for some suitable di�erential,

in particular it must agree with the computation of HF ∗(λH) from Corollary 6.5.6,

which is supported in even degrees.

Proof. This follows by Corollary 6.8.10, and the fact that Floer cohomology only

depends on the choice of slope at in�nity for the Hamiltonian, not on the speci�c

construction of the Hamiltonian. �

In the end of this section, we explain the connection between the �ltration Fϕ
λH

∗(M)

on ordinary cohomology constructed in Section 6.4, and the spectral sequence E(ϕ)p,qr .

Proposition 6.8.14. The �ltration Fϕ
λH

∗(M) by slope λ is the subspace of the 0-th

column of E(ϕ)p,qr that gets killed by images of the edge-di�erentials arising from the

columns p whose slopes are less than or equal to λ.

Proof. Firstly, as the spectral sequence was constructed from the �ltration on CF ∗(Hλ),

the image of the di�erentials that hit the 0-th column starting from the columns p

with τp ≤ λ is equal to the image of the di�erential d : CF ∗(Hλ)→ CF ∗+1(Hλ) inter-

sected with the subcomplex CF ∗0 (Hλ) generated by the �xed points. More precisely,

it is the image of that intersection on the cohomology level since on the E1-page the

0-th column is H∗(CF ∗0 (Hλ), d). Then, observe that this is the kernel of the inclusion

map CF ∗0 (Hλ) ↪→ CF ∗(Hλ) on the cohomology level. Now, recall from the proof

of 6.7.1 that (CF ∗0 (Hλ), d) = (CF ∗(Hλ0), d). Thus, the last chain map is equal to

CF ∗(Hλ0) → CF ∗(Hλ), which on the cohomology level gives the continuation map

HF ∗(Hλ0) → HF ∗(Hλ). As the �ltered subspace Fϕ
λH

∗(M) is de�ned by the kernel

of the last map, the proposition follows. �
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We will calculate (rank-wise) the �ltrations Fϕ
λH

∗(M) in this way in examples in

Section 6.9.

6.8.4 General properties of spectral sequences

In this section we give some general properties of spectral sequences E(ϕ)p,qr and

E+(ϕ)p,qr , that allow us to compute their E1-pages in practice, only by having topo-

logical information on torsion submanifolds in M and information about their conver-

gence (under the C∗-action) to the �xed locus F = Mϕ, i.e. the extended attraction

graph of a CSR (M, ϕ) (De�nition 2.3.16). We will always work with the spectral se-

quence E(ϕ)p,qr , but the same results will also apply to the spectral sequence E+(ϕ)p,qr ,

due to it having the same data as E(ϕ)p,qr except with the 0-th column erased.

Notation 6.8.15. By Morse-Bott submanifolds we will call the connected man-

ifolds Bp,c of 1-orbits of Hλ. When discussing the spectral sequences, we will use the

conventions that agree with the time-1 normalised �ow of the S1-action. In

particular, the column p of the spectral sequence will be called the time-τp column.

Thus, the time-1 column consists of the cohomology H∗(Sp) of the whole slice with

an appropriate shift. We will enumerate the rows of the spectral sequence by

the total degree p+ q, instead of the usual numbering by q (e.g. Figure 6.3).

Given a point x ∈M, de�ne its convergence point x∞ as

x∞ := lim
C∗3t→0

t · x.

Recall that x∞ exists for any x, as the action is conical. We see immediately that the

convergence point is a �xed point of the C∗-action.

Before computing the gradings µ(Bp,c) of the Morse-Bott submanifolds Bp,c, we

mention a useful lemma that yields canonical capping discs for our 1-orbits.

Lemma 6.8.16. For any x ∈ M, the C∗-action determines a holomorphic map on

the punctured disc,

ψx : {z ∈ C : 0 < |z| ≤ 1} →M, ψx(z) = ϕz(x).

This map extends to a holomorphic map over the disc, ψx : {z ∈ C : |z| ≤ 1} → M

with ψx(0) = x∞. Moreover, given a choice of unitary basis for Tx∞M, there is a

canonical unitary (hence symplectic) trivialisation of ψ∗xTM.
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Proof. Observe that ψx extends continuously over 0 via ψx(0) = x∞. Pick complex

coordinates for M in a neighbourhood of x∞. Then each coordinate of ψx for small z

is a holomorphic function {z ∈ C : 0 < |z| ≤ ε} → C which is bounded at z = 0, and

therefore the singularity at 0 is removable.

The bundle ψ∗xTM is a complex vector bundle over the unit disc in C, and we

can pick a trivialisation by a unitary basis with respect to the Kähler metric g, by

parallel transporting radially outwards from the centre of the disc (recall that parallel

transport for a Kähler manifold (M, g) is unitary). So the unitary trivialisation for

ψ∗xTM is canonical up to a choice of unitary basis at x∞ for Tx∞M. The trivialisation

is also symplectic with respect to ωI since (M, g, ωI) is Kähler. �

Proposition 6.8.17. The grading of a Morse-Bott submanifold Bp,c is

µ(Bp,c) = dimC M−
1

2
dimRBp,c −

1

2
−
∑
i

W (Tpmi), (6.35)

where Tx∞M = ⊕iCmi is the 1-dimensional weight-decomposition of the tangent space

of the convergence point x∞ of an arbitrary point x ∈ Bp,c, and Cmi denotes a copy

of C whose C∗-action has weight mi. In particular, µ(Bp,c) does not depend on the

choice of x ∈ Bp,c.

Proof. The proof uses an idea similar to the computation in [Oan04, Sec.3.3]. Brie�y:

�rst we recall that the di�erence between the Hamiltonian �ows of Hλ and TpH

causes a symplectic shear which gives the −1
2
term in (6.35). Then, we compute the

Robbin-Salamon index of Bp,c with respect to the Hamiltonian TpH, which yields the∑
iW (Tpmi)-part.

Recall from (6.32) the orthogonal splittings TxM = 〈XR+〉 ⊕ 〈XHλ〉 ⊕ ξ, TxSp =

XHλ ⊕ ξ. The matrix of the linearised �ow of Hλ using this splitting has the form

(φHλt )∗ =

 1 0

τc′′(H) ‖∇H‖2 1

(φHλt )∗|ξ

 .
The �rst column is due to Lemma 6.8.4. The second column is immediate, and the

rest is due to the fact that the �ow φHλt restricted to Sp is equal to φ
TpH
t , hence

preserves the metric and thus the orthogonals. As it preserves XHλ , it preserves its

orthogonal ξ.

Thus, we have that (φHλt )∗ = χ(t) ◦ (φ
TpH
t )∗, where

χ(t) =

 1 0

τc′′(H) ‖∇H‖2 1
Id2d−2

 .
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Letting Ψ(t) = (φ
TpH
t )∗ as in the proof of [CFHW96, Prop.2.2], there is a homotopy

K(s, t) =

{
χ(st)Ψ( 2t

s+1
), t ≤ s+1

2

χ
(
(s+ 2)t− (s+ 1)

)
Ψ(1), s+1

2
≤ t

of paths with �xed ends between the path (φHλt )∗ and the concatenation of (φ
TpH
t )∗

and χ(t) ◦ (φ
TpH
1 )∗.

Hence, by Theorem A.1.4.(2),(6) we have RS(x,Hλ) = RS(x, TpH) + 1
2
. Thus, it

remains to compute the index RS(x, TpH).We have to pick a symplectic trivialisation

of x(t)∗TM �rst.

A choice of unitary basis zi that generates the weight spaces Cmi = Czi of the
weight decomposition Tx∞M = Cmi yield, by Lemma 6.8.16, a canonical holomorphic

capping disc ψx and a canonical symplectic trivialisation of ψ∗xTM. As x(t) is a

reparametrization of an S1-orbit, all of its points yield the same capping disc up

to S1-reparametrization, and the same unitary and symplectic trivialisation of TM

over the capping disc. We remark that if the S1-orbit of x is an m-fold cover of

x(t), then the capping disc ψx is Z/m equivariant (acting by m-th roots of unity

ζ). Moreover, by the construction in the proof of Lemma 6.8.16, the unitary basis

chosen for ψx(z)∗TM at ψx(z) is the same as the chosen basis at ψx(ζz)∗TM (since

ψx(z) = ψx(ζz)). So the choice of unitary basis zi at x∞ also determines a canonical

unitary and symplectic trivialisation for x(t)∗TM.

By the construction from Lemma 6.8.16, the linearised S1-�ow along the S1-orbit

of x in the chosen trivialisation of ψ∗xTM is equal to the linearised S1-�ow at x∞ in the

trivialisation of Tx∞M given by the basis zi. The same argument applies to x(t)∗TM

using the time 2π/m �ow of the S1-action. By the continuity property for RS indices

(Theorem A.1.4), we reduce to computing that RS(x∞, TpH) =
∑

iW (Tpmi), which

follows by the same argument as in the proofs of Propositions 6.3.2 and 6.3.3.

Now, recall that the grading of the Morse-Bott manifold Bp,c corresponds to the

grading of the orbit that represents the minimum of the Morse function fp,c that

perturbs Bp,c. By the argument in [Oan04, Sec. 3.3], the Morse term in the Robbin-

Salamon index formula for an orbit is equal to half of the signature of the Hessian

∇fp,c at the corresponding critical point; thus at a minimum it is equal to 1
2

dimRBp,c.

Finally, recalling that the grading in our conventions is equal to dimC M - RS, the

formula (6.35) is proved. �

We will now deduce the consequences of this proposition, with regards to the

spectral sequence. Recall from Lemma 6.8.2 that Bp = Sp∩RZ/m, where τp = k/m for

coprime k,m ∈ N. As RZ/m is an S1-invariant Kähler submanifold of (M, ωI), by the
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same reasoning as in Corollary 6.1.6, we get that each connected component of RZ/m

that leaves the core has a connected intersection with Sp = H−1(Hp). Thus, denoting

by Rout
Z/m the submanifold of RZ/m that leaves the core, one has its decomposition

into connected components Rout
Z/m = tcRZ/m,c which yield the connected components

of Bp,

Bp,c = Sp ∩RZ/m,c. (6.36)

Lemma 6.8.18. Suppose τp1 = k1/m and τp2 = k2/m have the same denominators,

where (k1,m) = (k2,m) = 1. Then Bp1 and Bp2 are di�eomorphic, indeed di�eomor-

phic to the Bp with τp = 1/m.

Proof. As Bp1,c = Sp1 ∩RZ/m,c and Bp2,c = Sp2 ∩RZ/m,c, we have

Bp1,c
∼= Bp2,c

via the normalised gradient �ow ∇H/ ‖∇H‖2 that �ows from one to the other. This

holds since H is constant on Sp, and RZ/m,c is preserved by the gradient �ow of H

(being the R+-part of C∗-action). �

We now deduce that the columns of the E1-page are 1-periodic,13 up to a constant

shift in the q-coordinate. The shift depends only on the dimension of M and the

weight of the action ϕ on ωC.

Corollary 6.8.19. Given p > p′ such that τp′ − τp = 1, we have that

µ(Bp′,c) = µ(Bp,c) + kd,

where k is the weight of ϕ, and d = dimCM.

Proof. By formula (6.35), we have

µ(Bp′,c)− µ(Bp,c) =
∑
i

W (Tp′mi)−
∑
i

W (Tpmi) =
∑
i

[W (Tp′mi)−W (Tpmi)]

=
∑
i

[W ((Tp + 1)mi)−W (Tpmi)] =
∑
i

2mi,

where we have used W (a+ 2πn) = W (a) + 2n, for n ∈ Z (which follows immediately

from the de�nition (6.7) of function W ). Recall that the mi come from the weight-

decomposition Tx∞M = ⊕iCmi . Also recall that as the action ϕ acts by weight k on

the symplectic form ωC, there is a duality between the weight spaces for m and k−m.
Thus

∑
i 2mi = 2k · 1

2
dimCM = kd. �

13In the sense of Notation 6.8.15.
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Corollary 6.8.20. (Periodicity) The E1-page of the spectral sequence E(ϕ)p,qr is time-

1 periodic, up to a downward shift by kd rows, where d = dimC M and k is the weight

of ϕ.

Thus, in order to compute the E1-page of E(ϕ)p,qr , it is enough to compute the

columns p having the normalised period τp smaller or equal to 1. We show now that

it is actually enough to compute the columns whose period is smaller or equal to 1
2
.

By point �(1
2
, n− 1

2
)� of the spectral sequence we will mean a point that lies on the

column with time τp = 1
2
, on the line between rows n and n − 1. If a column with

τp = 1
2
does not exist, then it is the point on the line between the two columns that

have periods τp nearest to 1
2
. For example, the 4-star symbol in Figure 6.4 is the point

(1
2
,−1

2
), and the following corollary con�rms that this is a point of central symmetry

for the generators in the spectral sequence.

Corollary 6.8.21. (Local central symmetry) Given a CSR (M, ϕ), there is a central

symmetry of the sub-block of the E1-page of E(ϕ)p,qr consisting of columns p with

0 < τp < 1, about the point (
1

2
, 2r − kr − 1

2

)
,

where dimR M = 4r is the real dimension of M and k is the weight of ϕ. In particular,

when the action ϕ is weight-2, it is the point (1
2
,−1

2
), and when the action ϕ is weight-1

it is the point (1
2
, r − 1

2
).

Proof. Consider a Morse-Bott submanifold Bp,c that lies in the p-th column, so con-

sisting of S1-orbits with normalised period τp. By (6.35), the top-dimensional class

(so H top(Bp,c)) lies on the row

r1 := dimRBp,c + dimC M−
1

2
dimRBp,c −

1

2
−
∑
i

W (Tpmi).

Now, in the column p′ such that τp′ = 1 − τp, we have the manifold Bp′,c that is

di�eomorphic to Bp,c, by Lemma 6.8.18. Again by (6.35), its bottom-dimensional

class (so H0(Bp′,c)) lies on the row

r2 := dimCM−
1

2
dimRBp′,c −

1

2
−
∑
i

W (T ′pmi).

Thus, by Corollary 6.8.19, we get r1+r2
2

= 4r−1−2kr
2

= 2r − kr − 1
2
. So H top(Bp,c)

and H0(Bp′,c) match-up via the central symmetry about the point (1
2
, 2r − kr − 1

2
).

In the other degrees, the ranks match up due to Poincaré duality and the fact that

Bp,c
∼= Bp′,c. �
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We also mention the following pattern, which manifests itself in the examples in

Section 6.9.

Proposition 6.8.22. After the E1-page, the spectral sequence E(ϕ)p,qr splits, horizon-

tally, into a direct sum of two-row spectral sequences. In other words, the non-zero

edge-homomorphisms (from the E1-page onwards) all go from odd rows to even rows.

Proof. By Corollary 6.8.13, every new odd-degree generator that appears in a new

column of the E1-page spectral sequence for Hλ (as we increase the slope λ), must

have an edge-di�erential (on E1 or later pages) whose image was not generated by

previous generators. Otherwise, for that particular slope λ, an odd-degree class would

survive and cannot be killed in later pages of the spectral sequence for HF ∗(Hλ).

But that spectral sequence converges to HF ∗(Hλ) ∼= HF ∗(λH), which is supported

in even degrees by Corollary 6.5.6. This is a contradiction. Thus either the above

case applies, or that generator is killed by an even-degree class in the same column

(so it does not survive to HF ∗(λH)). �

6.8.5 Techniques for computing the E1-page

Having obtained the grading shifts of the Morse-Bott manifolds Bp,c in Proposition

6.8.17, we now comment on how to compute their cohomologies H∗(Bp,c).With these

two pieces of information, one obtains the graded generators for the E1-page of the

spectral sequence.

From the proof of Lemma 6.8.18, it su�ces to compute the cohomologies of Bp,c

for normalised periods τp, so of the form 1/m for m ∈ N. Let us �rst consider the
case m ≥ 2. By (6.36), it su�ces to know the cohomology of a hypersurface section

of RZ/m,c, where the hypersurface in RZ/m,c is a level set of the Hamiltonian. The

following lemma tells us that the choice of level set is immaterial.

Lemma 6.8.23. LetM be an open manifold, and H : M → R an exhausting function

whose critical locus is compact. Let Σc = H−1(c) denote the level set. Then, for

su�ciently large c ∈ R, the cohomology H∗(Σc) is independent of c and is independent

of the choice of H. Thus, ifM is a vector bundle and S(M) its unit bundle, H∗(Σc) ∼=
H∗(S(M)) for large c.

Proof. For large c, the critical locus of H is contained in H < c (as H is exhaust-

ing). Thus, for large c, c′ we have a di�eomorphism Σc
∼= Σc′ de�ned by the �ow of

∇H/‖∇H‖2.
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Denote by Σc,∞ = H−1[c,∞) ⊂ M the subset at in�nity di�eomorphic to Σc ×
[0,∞) obtained by �owing for positive time with ∇H/‖∇H‖2. Thus H∗(Σc,∞) ∼=
H∗(Σc) (for large c). Given two exhausting functions H1 and H2, respectively with

level sets Σ′c, Σ′′c , we can choose c-values to get nested sets

Σ′c1,∞ ⊂ Σ′′c2,∞ ⊂ Σ′C1,∞ ⊂ Σ′′C2,∞,

where the c-values are large so that the critical loci of H1, H2 lie in lower sublevel sets.

The composite of the �rst two inclusions is isotopic to a di�eomorphism (by using the

�ow by ∇H1/‖∇H1‖2). Similarly, for the composite of the last two inclusions (using

H2). Thus on cohomology those two composite maps induce isomorphisms. Thus

H∗(Σ′′c2,∞)← H∗(Σ′C1,∞) is both injective and surjective, so it is an isomorphism. By

the �rst part, up to isomorphism the choices of large c2, C1 do not matter.

For the second claim, for a vector bundle,M → B, we pick a Riemannian metric g

on its �bres and obtain the exhausting functionH : M → R given byH(b, ξ) = g(ξ, ξ).

Then S(M) = H−1(1). �

Recall from (6.36) and (6.31) that

Bp,c = Sp ∩RZ/m,c and Sp = {x ∈M | H(x) = Hp} ⊂M,

where Hp are the values of H where the slope of Hλ = c(H) satis�es c′(Hp) = Tp.

Then by Lemma 6.8.23:

(1) If RZ/m,c = Hm is a torsion bundle14 over a component of the �xed locus Fα, then

the cohomology of its corresponding Morse-Bott submanifold Bp,c is

H∗(Bp,c) ∼= H∗(S(Hm)),

which is calculable by considering the Gysin sequence for the sphere bundle

S(Hm)→ Fα.

(2) More generally, if RZ/m,c is a bundle over a submanifold Dm of the core which is

also in RZ/m,c, but which is not necessarily �xed under the C∗-action (unlike Fα

above), then

H∗(Bp,c) ∼= H∗(S(RZ/m,c)),

which is calculable by considering the Gysin sequence for the sphere bundle

S(RZ/m,c)→ Dm.

14Recall De�nitions 2.3.9 and 2.3.11.
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(3) We have so far observed only the situations (1) and (2) in the examples (Section

6.9), but we do not claim that these are necessarily the only possible ones.

Now we show how to calculate the time-1 column of the E1-page. For such a

column, we have Bp = Sp, thus it is equal to H∗(Sp) with a shift calculated by

Corollary 6.8.20. The ranks of the cohomology of the hypersurface Sp are easily

calculable (up to the two middle degrees) using classical algebraic topology:

Proposition 6.8.24. Assume that the Novikov �eld K is de�ned over a characteristic

zero �eld. Abbreviate 4n = dimRM. Then for some r ≤ dimKH
2n(M) we have:

Hk(Sp) =


H4n−1−k(M) k ≥ 2n+ 1,

Kr k = 2n− 1, 2n,

Hk(M) k ≤ 2n− 2.

Explicitly, r is the nullity of the natural map for the pair (M,M∞) in degree 2n,

H2n(M) ∼= H2n(M,M∞)→ H2n(M),

where M∞ = H−1[Hp,∞) is the region at in�nity in M outside of Sp.

Proof. Recall by Corollary 2.1.9 that H∗(M) ∼= H∗(L) is supported in even degrees,15

which are less or equal to 2n (due to L being ωC-isotropic, Theorem 3.1.1). Denote

M := {H ≤ Hp}, so ∂M = Sp. Thus M is homotopy equivalent to M , as it deforma-

tion retracts ontoM via the (rescaled) R+-action. By Lefschetz duality and universal

coe�cients (working over a �eld K), Hk(M,∂M) ∼= H4n−k(M) ∼= H4n−k(M). Using

the latter isomorphisms, the long exact sequence for the pair (M,∂M) becomes

H4n−k−1(M)← Hk(∂M)← Hk(M)← H4n−k(M).

For k ≤ 2n−2 we have 4n−k ≥ 2n+ 2 and 4n−k−1 ≥ 2n+ 1, so the outside terms

above vanish. Thus Hk(∂M) ∼= Hk(M) for k ≤ 2n− 2. Finally, by Poincaré duality

for the closed orientable (4n − 1)-manifold ∂M = Sp and universal coe�cients, we

have Hk(Sp) ∼= H4n−1−k(Sp) ∼= H4n−1−k(Sp). The �nal claim follows from the above

exact sequence for k = 2n and k = 2n− 1, and using that Hodd(M) = 0. �
15This is why we need the characteristic zero assumption for the base �eld of the Novikov �eld.
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6.9 Examples of spectral sequences

In this section we give a variety of examples of Morse-Bott Floer spectral sequences

E(ϕ)p,qr constructed in Section 6.8. As a consequence, by Proposition 6.8.14, we get

the (rank-wise) �ltrations of the ordinary cohomology rings for these CSRs.

We use the following notation for gradings: A[m] means a graded group A is

shifted down by m, so A[m]d = Am+d. In the pictures of spectral sequences we label

Bp by Bτp instead, as τp tells the torsion subgroup of the Morse-Bott submanifold to

which it corresponds.

NB In this section we will assume that the Novikov �eld is over a character-

istic zero �eld due to easier computability of our spectral sequences (e.g. recall

that Corollary 2.1.9 and Proposition 6.8.24 give us cohomological information over

characteristic zero only). We remark that working over non-characteristic zero �elds

could in principle give us some further information, but we stay in the characteristic

zero for the purposes of this section.

6.9.1 Generalised Springer resolutions of type A

Recall from Section 5.1.2 that the generalised Springer resolution of type A is a CSR

T ∗Bp → Op∗+ ,

where p = (p1, . . . , pn) is a composition of n and Bp is a variety of p-partial �ags,

whereas Op∗+ is the nilpotent orbit whose matrices have Jordan partition p∗+.
16 This

is a weight-1 CSR, where the action acts on T ∗Bp by contracting the �bres and on

Op∗+ by dilation.

Thus, the action on T ∗Bp is free outside the �xed locus Bp, hence there are no

torsion points, which implies that the spectral sequence E(ϕ)p,qr will be very simple.

The 0-th column is the cohomology H∗(Bp) without a shift, whereas the 1st and

2nd columns are the cohomologies of the sphere bundle H∗(S(T ∗Bp)) with shifts of

d := dimR Bp and 2d rows downward (using Lemma 6.8.23 and Corollary 6.8.20).

The cohomology H∗(S(T ∗Bp)) can be computed by Proposition 6.8.24, except for

the middle ranks. We see that they vanish by looking at the Leray-Serre spectral

sequence for S(T ∗Bp) → Bp. Namely, the edge-di�erential H top(S2d−1) → H top(Bp)
from the top class in the 0-th column to the rightmost class in the 0-th row is multi-

plication by the Euler number of the bundle, which is strictly negative as the Euler

16Here, p+ is a weakly-descending permutation of p, and p∗+ is its dual.
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characteristic of Bp is positive (it has only even Betti numbers). Hence, this di�eren-

tial is an isomorphism and that makes the two middle classes vanish. We start with

the simplest example:

Example 6.9.1. T ∗CP 1 → O11.

The �rst three columns17 are H∗(S(T ∗Bp)) = K[0]⊕K[−3], with a shift down by

2, 4 and 6. We remark that in this case we know explicitly that S(T ∗CP 1) = RP 3,

whose cohomology over a �eld K of characteristic zero agrees with that of S3. Now,

by looking at the spectral sequence (see the �gure 6.3), the �ltration Fϕ
λH

∗(T ∗CP 1)

of the singular cohomology that one obtains is rank-wise:

0 ⊂ K[−2] ⊂ K[0]⊕K[−2] = H∗(T ∗CP 1).

As H∗(T ∗CP 1) = K[a]/a2, |a| = 2, in this example we get the complete information

about the �ltration,

0 ⊂ 〈a〉 ⊂ H∗(T ∗CP 1).

p+q\p …
2 •
1 •
0 •
-1 •
-2 •
-3 •
-4 •
-5
-6 •

H*(T*CP1) H*(B
1
)[2] H*(B

2
)[4] H*(B

3
)[6]

Figure 6.3: Spectral sequence for T ∗CP 1

Example 6.9.2. T ∗Bp → Op∗+ .
Analogously to the previous example, we get that the �rst three columns are

H∗(S(T ∗Bp)) shifted down by d, 2d and 3d (where d = dimR Bp). Thus, only the

�rst two columns can hit the 0-th column via the di�erential, and moreover, the

second column can hit only 1 ∈ H0(T ∗Bp), due to the shift. Recall from above that

H∗(S(T ∗Bp)) has no middle degree classes, so rows 0 and -1 of the �rst column are

zero, so there is no class in the �rst column that can hit 1 ∈ H0(T ∗Bp). Thus, the
obtained �ltration is again

0 ⊂ H≥2(T ∗Bp) ⊂ H∗(T ∗Bp),
17Recall that we numerate columns from 0-th column, thus here we mean �the �rst three columns

after the 0-th column.�
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where H≥2(T ∗Bp) is the maximal ideal generated by all cohomological classes in

degrees ≥ 2.

6.9.2 Resolutions of Du Val singularities

The simplest conical symplectic resolutions are resolutions of Du Val singularities,

also known as simple surface singularities, ADE singularities, Kleinian singularities

or rational double points. These are the minimal resolutions of quotient singularities

πΓ : XΓ → C2/Γ

for all �nite subgroups Γ ≤ SU(2). Any such group Γ (up to conjugation) can be

labelled bijectively via an ADE Dynkin graph QΓ which is called its McKay graph.18

The Dynkin graph An corresponds to the cyclic group Z/(n + 1), the graph Dn

corresponds to the binary dihedral group BD4(n−2), whereas the graphs E6, E7 and E8

correspond to the binary tetrahedral, octahedral and icosahedral groups, respectively.

It is known that the core π−1
Γ (0) consists of a union of 2-spheres, whose dual graph

of intersections is exactly the McKay graph QΓ.

Klein showed that the coordinate ring C[C2/Γ] is generated by three polynomials,

hence the variety C2/Γ embeds into C3 via a polynomial map (z1, z2) 7→ (f, g, h) ⊂ C3.

These embeddings for types A and D are as follows:

For Z/n : (z1, z2) 7→ (zn1 , z
n
2 , z1z2), the image is XY − Zn = 0,

For BD4n : (z1, z2) 7→ ((z2n
1 − z2n

2 )z1z2, z
2n
1 + z2n

2 , z2
1z

2
2),

the image is X2 − Y 2Z + 4Zn+1 = 0.

(6.37)

For the types E6, E7, E8, the invariant polynomials are rather cumbersome so we will

not write them here (see [Dol07, Sec. 1.2]).

The natural conical weight-2 action on these spaces comes from the dilation action

C∗ y C2, t · (z1, z2) = (tz1, tz2) (6.38)

We call the action that it yields on XΓ → C2/Γ the standard action.

We discuss type An singularities �rst, splitting into two cases by parity of n. Type

A1 is the case T ∗CP 1 already covered in Section 6.9.1, so we omit it.

Example 6.9.3. M0 = C2/(Z/k), for odd k ≥ 3.

In the coordinates (6.37), the action (6.38) becomes

t ·X = tkX, t · Y = tkY, t · Z = t2Z,

18Which comes from representation theory of the group Γ.
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thus the only torsion subvarieties are the lines l1 = (0, Y, 0) and l2 = (X, 0, 0), which

have Z/k-isotropies.
Thus, the only torsion submanifolds in the resolution M = XZ/k are the two

Z/k-torsion lines, l̃1 and l̃2, that converge (by the C∗-action, when t → 0) to the

two di�erent �xed points in the core. Their intersections with slices Sp, for p =

−1, . . . ,−(k − 1) yield two Morse-Bott submanifolds

Bp,1
∼= Bp,2

∼= S1.19

By the same argument as in Lemma 6.8.23, the hypersurface Bk has cohomology

isomorphic to the cohomology of S3/(Z/k), thus, as we are working over �elds of

characteristic zero, H∗(Bk) = K[0] ⊕ K[−3]. As the core of M is an Ak−1-tree of

2-spheres, the cohomology of M is H∗(M) = K[0] ⊕ Kk−1[−2]. Thus, in order to

construct the E1-page of the spectral sequence E(ϕ)p,qr we only have to know the

shifts µ(Bp,1) and µ(Bp,2). According to formula (6.35), it su�ces to know the weights

of the converging points of lines l̃1 and l̃2. But this is straightforward as their weight

decompositions are Ck⊕C2−k, due to the dualityHk
ωC←→ H2−k induced by the weight-2

action. Thus, we get that

µ(Bp,1) = µ(Bp,2) = 2− 1
2
− 1

2
−W (2π−p

k
k)−W (2π−p

k
(2− k))

= W (2π−2p
k

) =

{
−2, p < −k−1

2
,

0, p ≥ −k−1
2
.

Hence, the �rst k−1
2

columns of the spectral sequence consist of two copies of the

cohomology of S1 and the next k−1
2

columns consist of the same, shifted down by 2, and

then followed by the torsion-free20 cohomology of S3/(Z/k), shifted down by 2 · 2 = 4

(both the weight and dimCM are equal to 2). Thus, knowing that all the classes in

the 0-th column H∗(M) have to vanish eventually, we see that the only possibility is

that they vanish two by two in each page, �nishing with the class 1 ∈ H0(M) that

vanishes last at some page Er, where r > k + 1
2
. Hence, by Proposition 6.8.14 we get

that the �ltration Fϕ
λH

∗(M) that one obtains on the cohomology is rank-wise:

0 ⊂ K2[−2] ⊂ · · · ⊂ Kk−1[−2] ⊂ K[0]⊕Kk−1[−2] = H∗(XZ/k).

We give a picture of the �rst few columns of the spectral sequence in the case k = 5

(Figure 6.4). We match by blue boxes the sets of classes that are killed one from the

19As explained in the paragraph after Proposition 6.8.17, these intersections are connected, thus
being connected 1-dimensional manifolds, they are circles.

20Recall that we work over a characteristic zero coe�cient �eld.
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other by the green edge-di�erentials (as in general we do not know whether these maps

are diagonalizable). With this labelling, one can read o� the �ltration Fϕ
λH

∗(M) from

the spectral sequence more easily. Also, we denote by a 4-star symbol the point of

local central symmetry in the spectral sequence, which exists due to Corollary 6.8.21.

p+q\p

2 •    •    •    •
1 •      • •      •
0 • •      • •      •
-1 •      • •      • •
-2 •      • •      •
-3 •      •
-4 • •      •

H*(Xℤ/5
) H*(B

1/5
)[0] H*(B

2/5
)[0] H*(B

3/5
)[2] H*(B

4/5
)[2] H*(B

1
)[4] H*(B

6/5
)[4]

Figure 6.4: Spectral sequence for XZ/5

Example 6.9.4. M0 = C2/Z/k, for even k ≥ 2.

Similarly to the previous case, we get that there are two Z/k-torsion lines con-

verging to two points, thus they yield two Morse-Bott submanifolds Bp,1
∼= Bp,2

∼= S1.

The di�erence is that here the action is even. Thus, by considering the square root of

the action, we conclude that the time-1
2
column of the E1-page is equal to H∗(Sp)[2],

and after that its columns repeat with the shift 2 ·1 = 2 (the square root of the action

has weight 1). Thus, we see that the classes in H2(M) vanish two by two until the

last one is taken by the top class of the time-1
2
column, and then the class 1 ∈ H0(M)

gets killed at some later page.

Thus, rank-wise the �ltration Fϕ
λH

∗(M) is:

0 ⊂ K2[−2] ⊂ · · · ⊂ Kk−2[−2] ⊂ Kk−1[−2] ⊂ K[0]⊕Kk−1[−2] = H∗(XZ/k).

We give a picture of the �rst few columns of the spectral sequence in the case k = 6

(Figure 6.5).

p+q\p

2
1 •      • •      • •
0 • •      • •      •
-1 •      • •      • •
-2 • •      • •      •
-3
-4 •

H*(Xℤ/6
) H*(B

1/6
)[0] H*(B

2/6
)[0] H*(B

1/2
)[2] H*(B

4/6
)[2] H*(B

5/6
)[2] H*(B

1
)[4]

•  •  •  •  •

Figure 6.5: Spectral sequence for XZ/6

Next, let us consider a di�erent conical action on C2/(Z/3), and observe that the

�ltration obtained is di�erent from the previous.
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Example 6.9.5. M0 = C2/(Z/3) with a non-standard action.

As seen in Example 6.9.3, the standard action on C2/(Z/3) is

t ·X = t3X, t · Y = t3Y, t · Z = t2Z.

Here, we consider the action

t ·X = t2X, t · Y = t4Y, t · Z = t2Z.

We immediately see that all points are Z/2-torsion and in addition there is a Z/4-
torsion line l1 = (0, Y, 0). Its resolution l̃1 is a Z/4-torsion line that converges to a

�xed point that has weight decomposition C4⊕C−2. Thus according to formula (6.35)

we get that the shift of the corresponding Morse-Bott submanifold B1 = l̃1 ∩ S1 is

µ(B1) = 0. As all the points are Z/2-torsion, we get that B2 = S2, and the shift, that

we calculate analogously, is µ(B2) = −2. Now, we can use the property of central

symmetry (Corollary 6.8.21) and obtain the 3rd and 4th column. For degree reasons,

the other columns cannot hit the classes in the ordinary cohomology H∗(M). See

Figure 6.6.

p+q\p

2 •     •
1 • •
0 • •
-1 • •
-2 • •
-3 •
-4 • •

H*(Xℤ/3
) H*(B

1/4
)[0] H*(B

1/2
)[2] H*(B

3/4
)[4] H*(B

1
)[4] H*(B

5/4
)[4]

Figure 6.6: Spectral sequence for XZ/3 with a non-standard action.

Thus, rank-wise the �ltration Fϕ
λH

∗(M) is:

0 ⊂ K[−2] ⊂ K2[−2] ⊂ K[0]⊕K2[−2] = H∗(XZ/3),

which is di�erent from the �ltration obtained by the standard action in Example

6.9.3:

0 ⊂ K2[−2] ⊂ K[0]⊕K2[−2] = H∗(XZ/3).

Hence, this example and Example 6.9.3 for k = 3 yield two di�erent Hamiltonian

models for the ordinary cohomology H∗(XZ/3) of a CSR XZ/3, given by the classes in

spectral sequence which kill the cohomology classes of XZ/3 (the 0-th column).
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Now we continue with the Du Val singularities of type D. Firstly, observe that in

the coordinates (6.37), the action (6.38) on a Dn+2-singularity becomes

t ·X = t2n+2X, t · Y = t2nY, t · Z = t4Z,

thus all the points are Z/2-torsion. Hence, in order to simplify the action we take a

square-root of it:

t ·X = tn+1X, t · Y = tnY, t · Z = t2Z. (6.39)

As in the type A case, we distinguish between two cases, by parity of n.

Example 6.9.6. M0 = C2/BD8k (D2k+2-singularity), k ≥ 1

Here, the square-root of the standard action (6.39) becomes

t ·X = t2k+1X, t · Y = t2kY, t · Z = t2Z.

Hence, it is easy to see that there are exactly three torsion lines

α = (0, Y, 0), β1 = (0, 2Zk, Z), β2 = (0,−2Zk, Z),

which have torsion groups Z/2k,Z/2,Z/2, respectively. As the action is a square-root

of a weight-2 action, it is a weight-1 action, thus has a minimal component. It must

be the sphere that corresponds to the unique trivalent vertex of the graph D2k+2 (that

sphere has three intersection points �xed by the action, hence has to be �xed). The

resolutions α̃, β̃1, β̃2 of the torsion lines α, β1, β2 are lines again, and they converge to

the �xed points of the spheres that correspond to the leaves of the graph D2k+2. This

is true because these are the leaves of the attraction graph, and by Proposition 2.3.15

we know that each leaf of an attraction graph has a torsion bundle that converges to

it.

Using formula (6.35), as in the previous examples, one can calculate the degree

shifts µ(Bp,c) of the Morse Bott submanifolds Bp,c which are intersections of the lines

α̃, β̃1, β̃2 with the slices Sp, hence are circles. One deduces that they all have zero

shift, for τp < 1. Then, B1 = S1 has a shift down by 2 (as the action has weight 1),

and thus the other columns are determined, by Corollary 6.8.20.

To sum up, the �ltration Fϕ
λH

∗(M) is (rank-wise):

for k = 1 : 0 ⊂ K3[−2] ⊂ K4[−2] ⊂ K[0]⊕K4[−2] = H∗(M),

for k ≥ 2 : 0 ⊂ K[−2] ⊂ · · · ⊂ Kk−1[−2] ⊂ Kk+2[−2] ⊂ Kk+3[−2]

· · · ⊂ K2k+1[−2] ⊂ K2k+2[−2] ⊂ H∗(M),
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where in both cases the jump in the rank by 3 occurs at the time-1
2
column, as all

three lines are Z/2-isotropic.
We give a picture (Figure 6.7) of the spectral sequence in the case k = 2 (thus,

D6-singularity):

p+q\p

2 •    •  •  •      •    •
1 • •   •   • • •
0 • • •   •   • •
-1 • •   •   • • •
-2 • • •   •   • •
-3
-4 •

H*(XBD16) H*(B
1/4

)[0] H*(B
1/2

)[0] H*(B
3/4

)[0] H*(B
1
)[2] H*(B

5/4
)[2] H*(B

3/2
)[2] H*(B

7/4
)[2] H*(B

2
)[4]

Figure 6.7: Spectral sequence for D6.

Example 6.9.7. M0 = C2/BD8k+4 (D2k+3-singularity), k ≥ 1

Here, the square-root of the standard action (6.39) becomes

t ·X = t2k+2X, t · Y = t2k+1Y, t · Z = t2Z.

Thus, similarly to the previous example, we get exactly three torsion lines

α = (0, Y, 0), β1 = (2iZk, 0, Z), β2 = (−2iZk, 0, Z),

which have isotropies Z/(2k+1),Z/2,Z/2, respectively. These yield circles as Morse-

Bott submanifolds, and as in the previous example, they all have zero shifts. The

only di�erence from the previous example is that here in the time 1
2
-column there are

2 Morse-Bott manifolds, thus the �ltration Fϕ
λH

∗(M) at λ = 1
2
jumps by rank 2 in

the degree 2.

Thus, rank-wise the �ltration Fϕ
λH

∗(M) is:

0 ⊂ K[−2] ⊂ · · · ⊂ Kk[−2] ⊂ Kk+2[−2] ⊂ Kk+3[−2] ⊂ · · · ⊂ K2k+3[−2] ⊂ H∗(M).

We give a picture (Figure 6.8) of the spectral sequence in the case k = 1 (thus,

D5-singularity).

We remark that for Du Val singularities of type D, in order to get the information

on Morse-Bott submanifolds and thus on the spectral sequence, we did not have to

know the invariant polynomials and coordinates of the singularity in C3. Instead, we

could have just observed the extended attraction graph in the corresponding resolu-

tion, which we now explain.
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p+q\p

2 •     •     •     •      •
1 • •    • • •
0 • • •    • •
-1 • •    • • •
-2 • • •    • •
-3
-4 •

H*(XBD12) H*(B
1/3

)[0] H*(B
1/2

)[0] H*(B
2/3

)[0] H*(B
1
)[2] H*(B

4/3
)[2] H*(B

3/2
)[2] H*(B

5/3
)[2] H*(B

2
)[4]

Figure 6.8: Spectral sequence for D5.

Example 6.9.8. Dn-singularity via the extended attraction graph

Consider the minimal resolution of a Dn singularity. As already mentioned, the core is

topologically a Dynkin treeDn of spheres. The sphere C corresponding to the trivalent

vertex has to be �xed by the action, as it has three �xed points of intersection with

the other spheres. The other spheres cannot be �xed, due to a homological Morse-

Bott argument (like in the last part of the proof of Proposition 3.1.3). Thus, all other

spheres have two �xed points, and hence the attraction graph is a Dynkin graph Dn as

well. As there is a �xed component of the core C, by Proposition 3.1.6, the standard

action has a square-root, which is a weight-1 conical action. Thus, the tangent space

weight decomposition on C is H0 ⊕ H1, where H0 and H1 are 1-dimensional. In

particular, this is true for the intersection points p1, p2, p3 with the neighbouring

spheres C1, C2, C3 to the sphere C. Thus, there are C∗-orbits �owing out of pi towards
the other �xed points qi in the spheres Ci, respectively. They will converge to H−1

weight spaces, according to Lemma 2.3.12. Thus, by ωC-pairing duality of the weight-

1 action, the points qi also have a H2 weight-space. Two of them are leaf nodes in the

attraction graph, thus these weight-spaces will give rise to Z/2-torsion line bundles

H2, hence will indeed yield circles when intersected with slices. In the D4 case, the

third point will also have a Z/2-torsion line bundle, whereas for n > 4 we continue

further along the attraction graph using the same duality principle, getting that the

weight decompositions for �xed points are H−2 ⊕H3, H−3 ⊕H4, . . . , H−(n−3) ⊕Hn−2,

thus ultimately getting the Z/(n − 2)-torsion line bundle, like we have obtained in

Examples 6.9.7 and 6.9.6.

The same method as in the last example can be used to calculate the Morse-

Bott manifolds in type E. Here this method helps substantially as the invariant

polynomials for type E are quite cumbersome, hence the method of �nding the torsion

subsets in M0 and then �nding their resolutions on M becomes much harder.

Example 6.9.9. E6-Singularity
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Analogously to the previous example, as the core is the E6-Dynkin tree of spheres,

the sphere C that corresponds to the trivalent node of E6 is �xed. Thus again, by

Proposition 3.1.6, the standard action has a square-root, which is a weight-1 conical

action. Thus, the weight decomposition of C is H0 ⊕H1. Analogously to the type D

case, here the attraction graph is of E6 type, thus yields one Z/2-torsion and two Z/3-
torsion line bundles over �xed points that are leaves of the attraction graph (Figure

6.9. Except for the attraction graph, which drawn in black dots and blue arrows, on

the �gure we also depict the topology of the core by drawing the spheres as black

circles. The central sphere is completely black, being �xed.)

Figure 6.9: Extended attraction graph of minimal resolution of E6-singularity.

Thus, the Morse-Bott submanifolds are circles, and their shifts are calculated in

the standard way, knowing the weight decompositions H−1⊕H2, H−2⊕H3, H−2⊕H3

of their converging points. We give a picture of the obtained spectral sequence (Figure

6.10).

p+q\p

2 • •    •    • •      •
1 •      • • •      • •
0 • •      • • •      •
-1
-2 •

H*(X
E6

) H*(B
1/3

)[0] H*(B
1/2

)[0] H*(B
2/3

)[0] H*(B
1
)[2]

Figure 6.10: Spectral sequence for E6.

From it, one reads-o� the �ltration on H∗(M) (rank-wise):

0 ⊂ K2[−2] ⊂ K3[−2] ⊂ K5[−2] ⊂ K6[−2] ⊂ K[0]⊕K6[−2] = H∗(M).

Example 6.9.10. E7-Singularity

Analogously, we get three torsion line bundles over �xed points that are leaves of

the attraction graph, with torsion groups Z/2,Z/3, and Z/4. We give a picture of
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the obtained spectral sequence (Figure 6.11). We do not put the edge-di�erentials on

this one as it would make the picture unreadable.

p+q\p

2 •   •   • •   •   •   •
1 • • •      • • • •
0 • • • •      • • •
-1
-2 •

H*(X
E7

) H*(B
1/4

)[0] H*(B
1/3

)[0] H*(B
1/2

)[0] H*(B
2/3

)[4] H*(B
3/4

)[0] H*(B
1
)[2]

Figure 6.11: Spectral sequence for E7.

From it, one reads-o� the �ltration on H∗(M) (rank-wise):

0 ⊂ K1[−2] ⊂ K2[−2] ⊂ K4[−2] ⊂ K5[−2] ⊂ K6[−2] ⊂ K7[−2] ⊂ K[0]⊕K7[−2] = H∗(M).

Example 6.9.11. E8-Singularity

Analogously, we get three torsion line bundles over �xed points that are leaves of

the attraction graph, with torsion groups Z/2,Z/3, and Z/5. We give a picture of

the obtained spectral sequence (Figure 6.12). We do not put blue boxes and edge-

di�erentials on this one as there is just one possibility for them in this case.

p+q\p

2
1 • • • • • • • •
0 • • • • • • • •
-1
-2 •

H*(X
E8

) H*(B
1/5

)[0] H*(B
1/3

)[0] H*(B
2/5

)[0] H*(B
1/2

)[4] H*(B
3/5

)[0] H*(B
2/3

)[0] H*(B
4/5

)[0] H*(B
1
)[2]

•  •  •  •  •  •  •  •

Figure 6.12: Spectral sequence for E8.

From it, one reads-o� the �ltration on H∗(M) (rank-wise):

0 ⊂ K1[−2] ⊂ K2[−2] ⊂ K3[−2] ⊂ · · · ⊂ K7[−2] ⊂ K8[−2] ⊂ K[0]⊕K8[−2] = H∗(M).

(in every step the rank increases by one).

6.9.3 Slodowy varieties of type A

In this section we consider resolutions of ordinary Slodowy varieties of type A (Section

5.1.3) and the Kazhdan action on them (Section 5.1.4). Let us recall them brie�y for

the convenience of the reader. Given an sl2 triple (e, f, h) of nilpotent elements, one

constructs the Slodowy slice

Se = {x ∈ sln | [x− e, f ] = 0} = e+ ker(adf).
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The ordinary Slodowy variety and its resolution are

Se := Se ∩N , S̃e := ν−1(Se). (6.40)

On the Slodowy slice, and hence on the Slodowy variety, the Kazhdan action is de�ned

by

t · x = t2Ad(t−h)x. (6.41)

In the matrix notation x = (Xij), this becomes

t · (Xij) = (t2+hj−hiXij), (6.42)

which we will use in the examples. The Kazhdan action on Se pulls back via the

Springer resolution to the Kazhdan action on S̃e by

t · (x, F ) = (t2Ad(t−h)x, t−hF ). (6.43)

Picking a Jordan basis (vi) for the triple (e, f, h), the action on �ags is induced by

the action on Cn given by

t · vi = t−hivi, (6.44)

where h = diag(h1, . . . , hn) in that basis. We abbreviate Sλ := Se, S̃λ := S̃e where
λ = λ(e) is the associated Jordan partition to the nilpotent element e (i.e. the sizes

of the Jordan blocks of e).

The basic algorithm that we are going to use here is that we �rst �nd the torsion

points {TZ/k}k≥2 in the Slodowy slice Sλ, then we restrict to the nilpotent cone N in

order to get the torsion points

PZ/k = TZ/k ∩N

in Sλ. Then, using the Springer resolution ν, we �nd the torsion points RZ/k in

S̃λ = ν−1(Sλ). As the �bres of the resolution ν depend on the nilpotent orbit Oλ
where they are taken, we will keep track of λ in the intersections

PZ/k,λ := TZ/k ∩ Oλ

obtained for TZ/k with other nilpotent orbits.

In addition, when the Kazhdan action is even, we will rather consider a square-root

of it, in order to avoid all points being Z/2-torsion.
In the following examples we will use the notation Bτp instead of Bp for the Morse-

Bott submanifolds, so that it agrees with the spectral sequence labelling.
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Example 6.9.12. Slodowy variety S22

From Proposition 5.2.14 we get the description of the a�ne Slodowy slice S22

S22 =



a 1 c 0
m a p c
e 0 −a 1
x e w −a


∣∣∣∣∣∣∣∣ a, c, e,m, p, x, w ∈ C

 .

As we have th22 = diag(t t−1 t t−1), by formula (6.42) the Kazhdan action on S22 is

equal to:

t ·


a 1 c 0
m a p c
e 0 −a 1
x e w −a

 =


t2a 1 t2c 0
t4m t2a t4p t2c
t2e 0 −t2a 1
t4x t2e t4w −t2a

 . (6.45)

Thus, we see that the action is even, so we take a square root of it. Then, we only

have powers t1 and t2 of t in equation (6.45), hence we get only Z/2-torsion points in

S22.

TZ/2 =




0 1 0 0
m 0 p 0
0 0 0 1
x 0 w 0


∣∣∣∣∣∣∣∣m, p, x ∈ C

 .

Hence intersecting it with the nilpotent cone N = {A | A4 = 0} after some

amount of computations one gets the set of Z/2-torsion points in S22 :

PZ/2 =




0 1 0 0
m 0 p 0
0 0 0 1
x 0 w 0


∣∣∣∣∣∣∣∣ m

2 + px = 0, m, p, x ∈ C

 ∼= C2/(Z/2) (6.46)

One can check that these matrices, except for the zero matrix, all lie in the regular

orbit O4, hence are bijectively lifted to S̃22 under the Springer resolution. Denoting

by Ampx the matrix in equation (6.46), for (m, p, x) 6= (0, 0, 0), its lift is the Springer

�bre (Ampx,Fmpx). Thus the �ag

Fmpx = {0 ⊂ F1 ⊂ F2 ⊂ F3 ⊂ C4}

is de�ned by AmpxFi ⊂ Fi−1. Denoting by (v1, v2, v3, v4) the basis in which all these

matrices are given, after some calculations we get

Fmpx = (0 ⊂ 〈pv1 −mv3〉 ⊂ 〈pv1 −mv3, pv2 −mv4〉 ⊂ 〈v1, v3, pv2 −mv4〉 ⊂ C4),
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when (p,m) 6= (0, 0), and

Fmpx = (0 ⊂ 〈pv1 −mv3〉 ⊂ 〈pv1 −mv3, pv2 −mv4〉 ⊂ 〈v1, v3, pv2 −mv4〉 ⊂ C4),

when (m,x) 6= (0, 0).

Now, using the formula (6.44) we get that the Kazhdan action acts on Cn by

t · (v1, v2, v3, v4) = (t−1v1, tv2, t
−1v3, tv4),

thus the induced action on the �ag Fmpx �xes it. Hence, the �xed locus to which

RZ/2 converges (when t→ 0) is a P1 in the core:

Fmpx := (0 ⊂ 〈αv1+βv3〉 ⊂ 〈αv1+βv3, αv2+βv4〉 ⊂ 〈v1, v3, αv2+βv4〉 ⊂ C4 | [α : β] ∈ P1).

Thus, RZ/2 has a single connected component, which is a torsion bundle RZ/2 =

H2 → Fmpx. Being a resolution of the cone PZ/2 ∼= C2/(Z/2), it is a Du Val singularity

resolution, hence H2
∼= T ∗CP 1. So, the cohomology of its hypersurface B1/2 = S1/2 ∩

H2 is isomorphic to the cohomology of the unit bundle S(T ∗CP 1) ∼= RP 3, by Lemma

6.8.23. As we work over the �eld K of characteristic zero,

H∗(B1/2) ∼= H∗(RP 3) = K[0]⊕K[−3].

The cohomology of the space S̃22 is isomorphic to the cohomology of its core, the

Springer �bre B22. Vector space generators of H∗(Bλ) are labelled by row-standard

tableaux of shape λ, and the degrees of the generators can be easily computed by some

tableaux combinatorics. We will not delve into this, instead we refer the interested

reader to [Fr09a, Sec. 1.3]. Using the prescribed method therein, one obtains

H∗(S̃22) ∼= H∗(B22) ∼= K[0]⊕K3[−2]⊕K2[−4].

Thus, from Proposition 6.8.24 one obtains the cohomology of the slice. Hence, we

have all the elements of the spectral sequence, except for the degree shifts.

As the weight decomposition of Fmpx has H0 ⊕ H2 as a summand, by the ωC-

duality it has also H1−2 = H−1 and H1−0 = H1 (recall that we have square-rooted the

action so now ωC has weight 1). Thus we have TFmpxS̃22 = H−1 ⊕H0 ⊕H1 ⊕H2, and

then by formula (6.35) one gets that µ(B1/2) = 0. Having in mind time-1 periodicity

of the spectral sequence, that is all that we need. We give a picture of the obtained

spectral sequence (Figure 6.13). In it, the asterisks ** label the unknown ranks in

the middle cohomologies of the slice Sp. We will always put rk(Hmid(M)) asterisks

233



p+q\p

4 •    •
3 • •
2 •    •    •
1 • • •
0 • • **
-1 ** • •
-2 • • •
-3 • • •
-4 • • **
-5 ** •
-6 • • •
-7
-8 • •

H*(S
22

) H*(B
1/2

)[0] H*(B
1
)[4] H*(B

3/2
)[4] H*(B

2
)[8] H*(B

5/2
)[8]

Figure 6.13: Spectral sequence for S22

in the pictures, as that is the maximum possible rank of these middle cohomologies

(recall Proposition 6.8.24).

Assuming that there are no asterisks, from the spectral sequence one gets the

(rank-wise) �ltration on H∗(S̃22) :

0 ⊂ K1[−4] ⊂ K3[−2]⊕K2[−4] ⊂ K[0]⊕K3[−2]⊕K2[−4] = H∗(S̃22).

However, if if a degree −1 asterisk in the B1-column kills the H0(S̃22) generator, the

�ltration is:

0 ⊂ K1[−4] ⊂ K[0]⊕K3[−2]⊕K2[−4] = H∗(S̃22).

At the moment it is not clear to us which of these two situations happens.

Example 6.9.13. Slodowy variety S32

From Proposition 5.2.14 we get the description of the a�ne Slodowy slice S32

S32 =




2a 1 0 0 0
f 2a 1 j 0
l f 2a p 2j

2y 0 0 −3a 1
w y 0 x −3a


∣∣∣∣∣∣∣∣∣∣
a, f, j, l, p, x, y, w ∈ C

 .

As th32 = diag(t2 t0 t−2 t1 t−1), the Kazhdan action on S32 is, by formula (6.42), equal

to:

t ·


2a 1 0 0 0
f 2a 1 j 0
l f 2a p 2j

2y 0 0 −3a 1
w y 0 x −3a

 =


2t2a 1 0 0 0
t4f 2t2a 1 t3j 0
t6l t4f 2t2a t5p 2t3j

2t3y 0 0 −3t2a 1
t5w t3y 0 t4x −3t2a

 .
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Thus, we see that S32 has Z/k-torsion points for all k = 2, 3, 4, 5, 6. Restricting to

S32 = {A ∈ S32 | A5 = 0}, after some amount of matrix calculation via a computer

program, we get only Z/3 and Z/5-torsion points on it.

PZ/3 =




0 1 0 0 0
0 0 1 j 0
−5jy 0 0 0 2j

2y 0 0 0 1
0 y 0 0 0


∣∣∣∣∣∣∣∣∣∣
j, y ∈ C


∼= C2(j, y), (6.47)

PZ/5 =




0 1 0 0 0
0 0 1 0 0
0 0 0 p 0
0 0 0 0 1
w 0 0 0 0


∣∣∣∣∣∣∣∣∣∣
pw = 0


∼= C(p) ∪ C(w), (6.48)

where in round brackets we mention the names of the coordinates used on C2 and

C.

Z/5 torsion points and their convergence to the core. Apart from the zero

matrix, PZ/5 lies in the regular orbit O5. Therefore is bijectively lifted to S̃32 under

the Springer resolution. Denoting the matrix in equation (6.48) by Apw, its lift is

(Ap0,Fp) and (A0w,Fw) where

Fp := (0 ≤ 〈v1〉 ≤ 〈v1, v2〉 ≤ 〈v1, v2, v3〉 ≤ 〈v1, v2, v3, v4〉 ≤ C5)

Fw := (0 ≤ 〈v4〉 ≤ 〈v4, v5〉 ≤ 〈v1, v4, v5〉 ≤ 〈v1, v2, v4, v5〉 ≤ C5)

as one can easily calculate from the Springer �bre conditions A0wFw ⊂ Fw, Ap0Fp ⊂
Fp. Here, (v1, v2, v3, v4) is the basis in which all the matrices are given. Thus, in the

limit t→ 0 of the Kazhdan action,

lim
t→0

t · (Ap0,Fp) = (e32,Fp), lim
t→0

t · (A0w,Fw) = (e32,Fw)

hence, these two Z/5-torsion lines converge to two points Fp and Fw in the Springer

�bre B32. They yield two Morse-Bott submanifolds

B1/5 = B1/5,1 tB1/5,2
∼= S1 t S1,

however for now we cannot compute their shifts µ(B1/5,i) as we do not have complete

information on the weight decomposition of �xed points Fp and Fw in the core B32.

We will be able to do it after considering the Z/3-torsion points as well.
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Z/3 torsion points and their convergence to the core. Denote the matrix in

equation (6.47) by Ajy. By checking for which j, y ∈ C we have A4
jy = 0, we get that

in PZ/3 two lines j = 0 and y = 0 lie on the subregular orbit O41, whereas the rest lie

in O5.

Thus, for j, y 6= 0 the �bre above Ajy is (Ajy,Fjy), where after some calculation

one gets

Fjy = (0 ⊂ 〈jv3−v4〉 ⊂ 〈jv3−v4, v1+yv5〉 ⊂ 〈jv3−v4, v1+yv5, v2〉 ⊂ 〈v2, v3, v4, v1+yv5〉 ⊂ C5).

This �ag also makes sense for j = 0 or y = 0, and due to continuity, we get a slice

Sjy = {(Ajy,Fjy) | j, y ∈ C} ∼= C2.

By formula (6.44), the Kazhdan action acts on Cn by

t · (v1, v2, v3, v4, v5) = (t−2v1, v2, t
2v3, t

−1v4, tv5),

thus one immediately gets lim
t→0

t · (Ajy,Fjy) = (e32,Fbig), where

Fbig := (0 ⊂ 〈v4〉 ⊂ 〈v1, v4〉 ⊂ 〈v1, v2, v4〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5).

Thus the whole slice Sjy converges to the �ag Fbig, hence yields a trivial 2-dimensional

torsion bundle H3 → Fbig. The corresponding Morse-Bott submanifold B1/3,big is

cohomologically isomorphic to the sphere bundle

H∗(B1/3,big) ∼= H∗(S(H3)) ∼= H∗(S3) = K[0]⊕K[−3], (6.49)

and knowing the weight decomposition H3⊕H3⊕H−1⊕H−1 of Fbig we also compute

µ(B1/3,big) = 0.

Now let us consider the Z/3-torsion points in the �bre over Aj0, where j 6= 0. The

Springer �bre over Aj0 is a Dynkin A4-tree of spheres P1
1 ∪P1

2 ∪P1
3 ∪P1

4 that intersect

transversally. Standard computations from Springer theory yield their explicit �ag

description:

P1
1[α : β] =(0 ⊂ 〈αv1 + β(1

j
v4 − v3)〉 ⊂ 〈v1,

1
j
v4 − v3〉 ⊂ 〈v1, v2,

1
j
v4 − v3〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5)

P1
2[α : β] =(0 ⊂ 〈v1〉 ⊂ 〈v1, αv2 + β(1

j
v4 − v3)〉 ⊂ 〈v1, v2,

1
j
v4 − v3〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5)

P1
3[α : β] =(0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ 〈v1, v2, αv3 + β 1

j
v4〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5)

P1
4[α : β] =(0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ 〈v1, v2, 2v3 + 1

j
v4〉

⊂ 〈v1, v2, 2v3 + 1
j
v4〉 ⊂ 〈v1, v2, 2v3 + 1

j
v4, αv3 + β 1

j
v5〉 ⊂ C5)
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In short: One modi�es the base vi such that it becomes a Jordan base for Aj0 and

then one uses the description of the Springer �bre of the standard matrix e41.

Recall that the Kazhdan action is t · (v1, v2, v3, v4, v5) = (t−2v1, v2, t
2v3, t

−1v4, tv5),

which for the primitive third root of unity ε gives

ε · (v1, v2, v3, v4, v5) = (εv1, v2, ε
−1v3, ε

−1v4, εv5).

Notice that the Z/3-torsion points in the �bre are exactly the �ags �xed by the ε

action. Thus, we get that the Z/3-torsion points in the Springer �bre above Aj0 are

P1
1[0 : 1], P1

1[1 : 0], P1
3[α : β], P1

4[0 : 1],

thus three points and a sphere. Notice that the point P1
1[0 : 1] = Fj0 is already

contained in the slice Sjy. One can calculate directly that lim
t→0

t · (Aj0,P1
1[1 : 0]) =

(e32,F3
j ), and lim

t→0
t · (Aj0,P1

4[0 : 1]) = (e32,F1
j ), where

F3
j := (0 ⊂ 〈v1〉 ⊂ 〈v1, v4〉 ⊂ 〈v1, v2, v4〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5)

F1
j := (0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ 〈v1, v2, v4〉 ⊂ 〈v1, v2, v4, v5〉 ⊂ C5)

Thus, these two yield Z/3-torsion line bundles over the points F3
j and F1

j . Hence,

their Morse-Bott submanifolds

B1/3,j3
∼= B1/3,j1

∼= S1

are circles.
The convergence (under Kazhdan action and t→ 0) of the spheres

P1
3[α : β]j = (0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ 〈v1, v2, αv3 + β 1

j v4〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5 | [α : β] ∈ P1) (6.50)

is a bit more involved. Namely, for β = 0, (6.50) converges to the �ag

Fp := (0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ 〈v1, v2, v3〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5)

and otherwise (thus, generically) it converges to the �ag

F ′j := (0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ 〈v1, v2, v4〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5).

Notice also that there is a Z/3-torsion sphere in the core between these two points:

Cjp = (0 ⊂ 〈v1〉 ⊂ 〈v1, v2〉 ⊂ 〈v1, v2, αv3 + βv4〉 ⊂ 〈v1, v2, v3, v4〉 ⊂ C5).

Thus, altogether with P1
3[α : β] we get a Z/3-torsion line bundle

{(Aj0, Cjp) | j ∈ C} → Cjp
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over the (non �xed!) sphere Cjp. This bundle is then trivial, and by Lemma 6.8.23

the corresponding Morse-Bott submanifold B1/3,jp is cohomologically isomorphic to

its sphere bundle,

H∗(B1/3,jp) ∼= H∗(S2 × S1) ∼= K[0]⊕K[−1]⊕K[−2]⊕K[−3]. (6.51)

The weight-decomposition of F ′j is H3⊕H3⊕H−1⊕H−1, thus by formula (6.35) one

computes the grading µ(B1/3,jp) = 0. Now we compute the gradings of the Morse-Bott

submanifolds B1/3,j3 and B1/3,j1 . We claim that the weight-decompositions of their

corresponding �xed loci F3
j and F1

j are both

H3 ⊕H−1 ⊕H1 ⊕H1, (6.52)

due to the following accumulative argument. Assuming the contrary and that there

is a weight-space H2, it then yields an C∗-�owline in the core (as there are no Z/2-
torsion points outside of the core) which converges to another �xed set to weight-space

H−2 (Lemma 2.3.12). Thus, by duality, that �xed set has an H4 weight-space, which

again yields a C∗-orbit etc. As the number of components of the �xed locus is �nite,

this process must stop and we get a contradiction. The same would happen if we had

assumed that there were a weight-space Hk≥4 in F3
j and F1

j . Otherwise, assume that

H3 is 2-dimensional. That would mean that there are more outer21 Z/3-torsion points

converging to F3
j and F1

j , so again, a contradiction. Thus the weight-decompositions

(6.52) are indeed true, and by formula (6.35) we get

µ(B1/3,j3) = µ(B1/3,j1) = 0. (6.53)

Completely analogously, considering A0y and its �bres we get (cohomologically) the

same Morse-Bott submanifolds together with the same gradings.

Now, similarly as in the last example, by counting the row-standard Young tableaux

of shape (3, 2) with grading de�ned in [Fr09a, Sec. 1.3] we get the ordinary cohomol-

ogy

H∗(S̃32) ∼= H∗(B32) ∼= K[0]⊕K4[−2]⊕K5[−4].

We give a picture of the obtained spectral sequence (Figure 6.14). In the B2/3

column we put the asterisk sign * in the shift as the shifts of di�erent connected

components in it are di�erent. As can be seen on the picture, for the four circles

the shift is equal to 2 whereas for S3 and the two S2 × S1 it is is equal to 4. We will

use the asterisk notation for mixed shifts in the following examples as well.

21I.e., points that are outside of the core.
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From this picture onward, we will sometimes denote the rank of the cohomology

of the slice Sp in some entries of the picture by a number rather than using black

dots, for convenience.

p+q\p

4
3 •   •  • • • 
2 •  •   •   •   •   •    • • 
1 •   •
0 •  • • •  • • • • •   •
-1 •   • •
-2 •   •
-3    • •   •   • 4
-4 • • • •   • *****

H*(S
32

) H*(B
1/5

)[-2] H*(B
1/3

)[0] H*(B
2/5

)[0] H*(B
3/5

)[2] H*(B
2/3

)[*] H*(B
4/5

)[4] H*(B
1
)[8]

• •    • • •  

   • •  • • • • 

• • • •  • • • 
• • • •  • •   

Figure 6.14: Spectral sequence for S32

From the spectral sequence, one easily reads-o� the (rank-wise) �ltration on

H∗(S̃32) :

0 ⊂ K2[−4] ⊂ K4[−2]⊕K5[−4] ⊂ K[0]⊕K4[−2]⊕K5[−4] = H∗(S̃32).

Remark 6.9.14. Corollaries 6.5.6 and 6.8.13 can also be used to read o� information

about the cohomology of the �xed locus components Fα from the spectral sequence.

Namely, we see that the 0-th column has total rank 10, and this rank must persist

even as we add new columns each time provided we take into account all the green

arrows. Thus, we see that if we consider the block given by all columns p whose

periods τp are below a certain slope, we must get total rank 10. By Corollary 6.5.6

the degrees in which these ranks live will shift in complicated ways, as we increase the

slope. Observing how the gradings shift can reveal information about the cohomology

of individual �xed components Fα. In Figure 6.14 an extreme example occurs: if we

consider all columns below B2/5, we see that all of the rank 10 is supported in degree 0.

By Corollary 6.5.6, that means each Fα has cohomology supported in just one degree,

so each Fα is a point. So F = MC∗ consists of 10 points. From the representation

theory point of view, this follows from the fact that the Kazhdan action's weights

(−2, 0, 2,−1, 1) on basis vectors are all di�erent, so the �xed subspaces are spanned

just by a single basis vector, and thus the �xed �ags arise as isolated points.

Example 6.9.15. Slodowy varieties S211,S311,S33,S42
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In addition, we give the pictures of the spectral sequences E(ϕ)p,qr for S211 (Figure

6.15), S311 (Figure 6.16), S33 (Figure 6.17) and S42 (Figure 6.18), that we calcu-

late analogously to previous examples. As before, from them one can read-o� the

�ltrations on ordinary cohomology (rank-wise).

p+q\p

6             •   •   • 
5
4    •   •   •   •   •
3 • • •     •  •
2  •   •   •   
1    • • • • • •
0  • • • •     •  •
-1 •
-2    • • • • • •
-3       • • • • • •
-4
-5 • • • • •
-6 • • • ***
-7 ***
-8 • • • • •
-9  • • •     •  •
-10 • • •
-11
-12 •  • • •     •  •

H*(S
211

) H*(B
1/3

)[0] H*(B
1/2

)[4] H*(B
2/3

)[*] H*(B
1
)[12] H*(B

4/3
)[12]

 • • •     

 • • •     

•  •     • • • 

•  •     • • • 

 • • •     

 • • •     

Figure 6.15: Spectral sequence for S211

p+q\p

6
5 • • •     •  • •
4
3 • • •     •  • 4
2 • • •     •  •
1 9
0  • • • •     •  • ******
-1 • • •     •  • •
-2 9
-3 • • •     •  • 4
-4 4 • • •     •  •
-5 9
-6 • • • •     •  • ******

H*(S
311

) H*(B
1/2

)[0] H*(B
1
)[6] H*(B

3/2
)[6] H*(B

2
)[12]

 •    •   •    •   •   •

 ••  •• •  •   •   •  •

 ••   •   •   

******

Figure 6.16: Spectral sequence for S311
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p+q\p

6
5 • • • • •
4
3 • • • • 5
2 • • • •
1 9
0  • • • • • *****
-1 ***** • • • • •
-2 9
-3 • • • • 5
-4 5 • • • •
-5 9
-6 1 • • • • *****

H*(S
33

) H*(B
1/3

)[-2] H*(B
1/2

)[4] H*(B
2/3

)[0] H*(B
1
)[6] H*(B

4/3
)[4] H*(B

3/2
)[4] H*(B

5/3
)[*] H*(B

2
)[12]

 •    •   •    •   •  

•••  ••   •   ••  •

•••   •        • 

Figure 6.17: Spectral sequence for S33

p+q\p

4
3 •   • •
2 •   •   •   •• •   •    • • • •  • 
1    • • • •  • •   • 5
0 •  • • • • •  • •   • *********
-1 ********* •   •  • • • • •  • •
-2 5 •   •    • • • •  •
-3    • • • •  • •   • 5
-4 •  • • • • •  • •   • *********

H*(S
42

) H*(B
1/3

)[-2] H*(B
1/2

)[0] H*(B
2/3

)[0] H*(B
1
)[4] H*(B

4/3
)[2] H*(B

3/2
)[4] H*(B

5/3
)[4] H*(B

2
)[8]

• •  • • • • • •  •
 • • • • •  •    

    

Figure 6.18: Spectral sequence for S42

6.10 Final remarks

In this section we explain some further ideas of our ongoing work on this topic, jointly

with A. Ritter.

6.10.1 Calculating the �ltrations Fϕ
λH

∗(M)

We have seen that one can obtain the rank-wise information for the �ltration Fϕ
λH

∗(M)

from the spectral sequence E(ϕ)p,qr . Here we discuss how one could get some more

precise information about these �ltrations.

Consider an arbitrary CSR (M, ϕ) and denote as usual Mϕ = F = tαFα its

�xed locus decomposed into connected components. As already mentioned at the

end of Section 6.4, using the Hamiltonian Fλ = λH, the continuation map H∗(M)→
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HF ∗(Fλ) becomes ⊕
α

H∗(Fα)[−µα]→
⊕
α

H∗(Fα)[−µλ(Fα)], (6.54)

by the presentation from Corollary 6.5.6 and Remark 6.5.7 after it. Here, µα are the

Morse-Bott indices of Fα. We are led to ask the following:

Question 6.10.1. What is the continuation map (6.54) for arbitrary λ? In particular:

1. Is the mapping (6.15) ⊕-preserving?

2. If yes, what are the induced maps

Kα,λ : H∗(Fα)→ H∗+µα−µλ(Fα)(Fα) ?

If the answer to question (1) is a�rmative, then the knowledge of the index µλ(Fα)

and of dimFα already yield some consequences about which part of H∗(Fα) can lie in

Fϕ
λH

∗(M), as the continuation map preserves the total grading (namely, we obtain the

above mapsKα,λ). We have a conjecture about the answer for question (2) in a special

case. Firstly, recall the notions of the homogeneous/outer bundle (De�nitions 2.3.9

and 2.3.11, respectively). Consider the biggest m such that there are Z/m-torsion

points. Then there exist a homogeneous bundle Hm converging to a �xed component

Fα. Due to Lemma 2.3.10 and the maximality m, we have TFαHm = H0 ⊕ Hm.

Moreover, Hm must be an outer bundle, as otherwise there would be a C∗-�owline
from Fα which would create a weight space H−m on the other component of the

�xed locus, yielding ωC-dual weight space Hl+m, where l is the C∗-weight of ωC.

However, this contradicts with maximality of m. Thus Hm is an outer bundle. By

easy computations using the formula (6.10) we see that the restriction maps Kα,λ do

not have a degree-shift for λ < 2π/m, hence we expect those to be isomorphisms. As

soon as λ passes the �critical value� 2π/m we expect to get an interesting phenomenon:

Conjecture 6.10.2. The restriction of the continuation map

Kα,2π/m : H∗(Fα)→ H∗+µα−µ2π/m(Fα)(Fα) (6.55)

is the cup product

∪e(Hm)

with the Euler class of the bundle Hm, up to a scaling in the Novikov �eld K.
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The fact that the continuation maps are described through cupping with the

Euler class has been proved in Ritter's work [R14] for the case when the total space

is a negative vector bundle.22 So, a natural guess would be that cupping with the

Euler class could appear here. Also, the grading shift between these two maps agree,

according to the following lemma, which is provable by a direct computation using

formula (6.10).

Lemma 6.10.3. In the setup of Conjecture 6.10.2, rkR(Hm) = µα − µ2π/m(Fα).

In order to reinforce Conjecture 6.10.2, observe the Gysin long exact sequence

. . .→ H∗−rkRHm+1(S(Hm))
π∗−→ H∗(Fα)

∪e(Hm)−−−−→ H∗+rkRHm(Fα)→ . . . (6.56)

for the associated sphere bundle π : S(Hm) → Fα. The image of the �rst map is

precisely the kernel of the second. Moreover, we know by Proposition 6.8.14 that the

kernel of the restriction of the continuation map (6.55) has to get killed by the edge-

di�erentials of columns of the spectral sequence E(ϕ)p,qr whose slope is less or equal

to 2π/m, or equivalently, whose time τp is less or equal to 1/m. Also, as mentioned,

we expect the maps Kλ,α to be isomorphisms for λ < 2π/m, hence the kernel of the

map Kα,2π/m should get killed in the spectral sequence exactly by time 1/m-columns.

Having that in mind, notice the following grading-compatibility with (6.56) that can

be checked directly using the formula (6.10).

Lemma 6.10.4. In the setup of Conjecture 6.10.2, let Bp,c = Hm∩Sp, where τp = 1
m
.

In the spectral sequence E(ϕ)p,qr , the class H∗−rkRHm+1(Bp,c) is shifted one row below

the class H∗(Fα).

Thus, having in mind the isomorphism Φ : H∗(Bp,c)→ H∗(S(Hm)) from Lemma

6.8.23, in E(ϕ)p,qr the blocks H∗(Bp,c) and H∗(Fα) are shifted in a way such that the

potential edge-di�erentials

H∗−rkRHm+1(Bp,c)
dr−→ H∗(Fα)

have the same degree-shifts as the map H∗−rkRHm+1(S(Hm))
π∗−→ H∗(Fα) from the

Gysin sequence. That supports Conjecture 6.10.2, as according to it and what is

written above, these two maps should have the same images.

22More precisely, that paper proves it is a quantum cup product with the Euler class. However,
in our CSR M the quantum cup product is the usual cup product (Proposition 2.1.13).
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Thus, putting all this together, one obtains the following conjectural diagram,

involving the topological (on top) and the Floer-theoretic (on the bottom) long exact

sequences.

. . .→ H∗(S(Hm))
π∗ //

Φ
��

H∗−rkRHm+1(Fα)

id

��

∪e(Hm)// H∗+1(Fα)

K·id
��

π∗ // H∗+1(S(Hm))→ . . .

Φ
��

. . .→ H∗(Bp,c)
dr // H∗−rkRHm+1(Fα)

K
α, 1m // H∗+1(Fα) Θ // H∗+1(Bp,c)→ . . .

At the moment, we are not sure what the mysterious map Θ should be.

6.10.2 Possible generalizations

At the very end of this chapter and of the thesis itself, we remark that the construc-

tions and results of this chapter could be generalised to a much bigger class of spaces

than conical symplectic resolutions. By carefully looking at the key facts about a CSR

π : M→M0 that we have used in our arguments, we get to the following �minimal�

setup.

Consider a pseudoholomorphic S1-equivariant proper map

S1 ϕ
y (M,I)

π ↓

S1 ϕ
y (X,J)

such that:

(1) (M, ωI , I) is a Kähler manifold with a holomorphic C∗-action ϕ whose S1-part is

a Hamiltonian action. Thus, there is a moment map H : M→ R.

(2) (X,ω, J), is a symplectic manifold that is convex at in�nity (see Appendix A.2),

for which the S1-action is J-holomorphic and agrees with the Reeb �ow.

One can then, analogously to Sections 6.1 and 6.2 (where in the role of X,ω we

had CN , ωCN ), de�ne symplectic cohomology as a direct limit of Floer cohomologies:

SH∗(M, ωI , ϕ) := lim
F∈H(M,ϕ)

HF ∗(F ), (6.57)

where H(M, ϕ) is the class of Hamiltonians F : M → R which at in�nity are linear

functions of H. Basically, all the compactness arguments needed to de�ne symplec-

tic cohomology for CSRs used the maximum principles for Floer solutions of linear
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Hamiltonians in CN . As we know that those maximum principles also exist for any

symplectic manifolds convex at in�nity [R10, Lem. 1], the symplectic cohomology

(6.57) is indeed well-de�ned.

The Liouville backward �ow on X contracts it to a compact subset. As the map π

is S1-invariant and pseudoholomorphic, and the map π is proper, the C∗-�ow contracts

M to a compact subset as well. Thus, the �xed locus F := MC∗ is contained in a

compact set. Hence, assuming further that:

(3) c1(M) = 0 and the C∗-action acts with a positive weight on the canonical bundle

K of M

t · K = tk>0K,

analogously to the arguments in Sections 6.3 and 6.4 one can get the vanishing result

SH∗(M, ωI , ϕ) = 0,

from which one gets a �ltration of QH∗(M) by quantum-cup ideals.23 Without the

second assumption in (3), one could possibly get some interesting non-vanishing sym-

plectic cohomologies SH∗(M, ωI , ϕ).

For the same reason as for CSRs, the moment map H : M → R is a Morse-

Bott function, and thus so is λH. Its critical locus is the compact set of �xed points

Crit(λH) = Mϕ = tαFα, where Fα are the connected components. Thus, by the

same analytic arguments as in Section 6.5, one gets the isomorphism

HF ∗(λH) ∼=
⊕
α

H∗(Fα)[−µλ(Fα)],

where one can compute the gradings µλ(Fα) by using only the weight decomposition

of the �xed loci.

The �ltration on Floer chain complexes constructed in Section 6.6 uses the �ltra-

tion functional on CN which is the special case of the functional de�ned in [McLR18,

Sec. 6] for any symplectic manifold convex at in�nity. Thus, by analogous arguments

as in Section 6.6, one can obtain Hamiltonians Hλ on M whose Floer chain com-

plexes are �ltered, hence induce the positive symplectic cohomology SH∗+(M, ωI , ϕ)

and Morse-Bott Floer spectral sequences

E(ϕ)p,qr ⇒ SH∗(M, ωI , ϕ).

23Recall that for CSRs quantum product is just the cup product.
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Still, in order to compute these spectral sequences in practice, one has to deal with

the technical issues, which we have already encountered for CSRs (recall Assumption

1 and Assumption 2). For now, we hope to �nd an argument that proves or bypasses

this assumptions for CSRs, but it could be possible to �nd one that also works for

the general setup described in this section.
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Appendix A

Floer theory basics

In this section we give a very brief overview of basics of Floer theory, for the

convenience of the reader. For more detailed discussion, we refer the reader to classical

literature on this subject:

1. Hamiltonian Floer cohomology [Sa97]

2. Robbin-Salamon index [RS95, Gu14]

3. Symplectic cohomology in the exact (Liouville) setting [Sei08],[R13]

4. Symplectic cohomology in the non-exact setting [R10]

A.1 Hamiltonian Floer cohomology

Hamiltonian Floer cohomology is the homology of a chain complex associated to the

Hamiltonian �ow on a symplectic manifold. It is de�ned over a speci�c choice of a

�eld, which we de�ne now.

De�nition A.1.1. Given an arbitrary �eld K, its corresponding Novikov �eld is

K =
{∑∞

j=0 njT
aj : aj ∈ R, aj →∞, nj ∈ K

}
.

Here, T is a formal variable in grading zero.

Now, let (M,ω) be a closed symplectic manifold. By a Hamiltonian we call an

arbitrary smooth function H : M → R on it. Hamiltonian vector �eld of H is given

by equation ω(·, XH) = dH(·). Its �ow we call Hamiltonian �ow. Denoting by

LM = C∞(S1,M) the space of free loops in M, de�ne the Floer chain complex of

Hamiltonian H by

CF ∗(H) :=
⊕

K
{
x | x ∈ LM, ẋ(t) = XH(x(t)), x(0) = x(1)

}
.
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Thus, it is a free K−module generated by the set of 1-periodic orbits of XH . It is

always supposed that one �rst makes a generic C2-small time-perturbation Ht of H,

so that there are only �nitely many 1-periodic orbits of XHt , and therefore CF ∗(H)

is a �nitely generated K module.

The Floer di�erential on this chain complex counts solutions of Floer equa-

tions

u : S1 × R→M, ∂su+ J(∂tu−XH) = 0.

Lemma A.1.2. Denoting by δ the Floer di�erential (CF ∗(H), d), is a chain complex,

i.e. δ ◦ δ = 0.

De�nition A.1.3. The homology HF ∗(H) := H∗(CF
∗(H), d) is called the Hamil-

tonian Floer cohomology of Hamiltonian H.

The grading on Hamiltonian Floer cohomology is given by Robbin-Salamon in-

dices, and will be discussed in the next section.

A.1.1 Robbin-Salamon indices

Gradings of non-degenerate 1-periodic Hamiltonian orbits1 are de�ned using the

Conley-Zehnder index. This is a Z-valued index de�ned for certain non-degenerate

paths of symplectic matrices. However, when we want to work over Hamiltonians that

are degenerate (e.g. autonomous Hamiltonians), we have to introduce the more gen-

eral Robbin-Salamon index, that is a 1
2
Z-valued index de�ned for any continuous

path of symplectic matrices.

For the de�nition of the Robbin-Salamon index by µRS : [0, 1]→ Sp(Cn,Ω0) for a

path of symplectic matrices in Cn, we refer to [RS95]. Here, we will only list its main

properties, that we will need in the thesis. Denote by Ω0 the standard symplectic

structure on Cn and by ψ′ � ψ′′ : Cn′ ⊕ Cn′′ → Cn′ ⊕ Cn′′ the direct sum of two

symplectic matrices ψ′ : Cn′ → Cn′ and ψ′′ : Cn′′ → Cn′′ .

Theorem A.1.4. The Robbin-Salamon index satis�es the following properties:

(1) µRS is invariant under homotopies with �xed endpoints,

(2) µRS is additive under concatenation of paths,

(3) µRS has the product property µRS(ψ′ � ψ′′) = µRS(ψ′) + µRS(ψ′′).

1I.e. 1-periodic orbits x(t) of XH satisfying ker((φH1 )∗−Id)x(0) = 0, where φHt is the Hamiltonian
�ow of H.
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(4) Consider two continuous paths of symplectic matrices ψ, φ : [0, 1]→ Sp(R2n,Ω0).

Then

µRS(φψφ−1) = µRS(ψ).

(5) µRS((eis)s∈[0,t]) = W (t), where

W : R→ Z, W (t) :=

{
2bt/2πc+ 1 if t /∈ 2πZ
t/π if t ∈ 2πZ. (A.1)

(6) The Robbin-Salamon index of the symplectic shear

[
1 0
b(t) 1

]
is equal to 1

2
(sign(b(1))−

sign(b(0))).

Now, consider an 1-orbit x of a Hamiltonian H in a symplectic manifold M of

dimension 2n. Denoting by φt the Hamiltonian �ow forH, we consider its linearisation

(φt)∗ : Tx(0)M → Tx(t)M . We pick a symplectic trivialisation

Φ : x∗TM → Cn × S1,

of the tangent bundle above the orbit x to get a path of symplectic matrices Φ(φt)∗Φ
−1 :

Cn → Cn. De�ne

RS(x,H) := µRS(Φ(φt)∗Φ
−1) (A.2)

This obviously in general depends on the choice of trivialisation Φ. However, if

we assume that c1(M) = 0, one can trivialise the canonical bundle K = Λn,0(T ∗M),

and then choose the trivialisation Φ that is compatible with it.

In the case when H1(M) = 0, all choices of trivialisations of K are equivalent,

thus the values of Robbin-Salamon indices of orbits (A.2) are uniquely determined.

De�ne the grading of an 1-orbit x of a Hamiltonian H : M → R by

|x| := dimCM −RS(x,H). (A.3)

By previously said, we have the following:

Lemma A.1.5. Consider a symplectic manifold (M,ω) with a ω-compatible almost

complex structure I satisfying c1(TM, I) = 0 and H1(M) = 0. Then, the Floer coho-

mologies HF ∗(H) are canonically Z-graded by (A.3).
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A.2 Symplectic cohomology

Symplectic cohomology is a version of Hamiltonian Floer cohomology for open man-

ifolds. Here, we give its brief overview.

De�nition A.2.1. A contact manifold (Σ, α) is a manifold with 1-form α that is

α ∧ (dα)k 6= 0. Its contact distribution is ξ := ker(α). The Reeb vector �eld on Σ

is de�ned by dα(,R) = 0 and α(R) = 1. The �ow of this vector �eld is called Reeb

�ow on Σ.

De�nition A.2.2. A symplectic manifold (M,ω) is convex at in�nity if there exists

a compact set K and a symplectomorphism ϕ : (M \K,ωI)
∼=−→ (Σ× [1,+∞), d(Rα)),

where (Σ, α) is a contact manifold, and R is a coordinate on [1,+∞).

Given (M,ω) that is convex at in�nity, on the convex end M \K ∼= Σ× [1,+∞)

one has a well-de�ned Reeb vector �eld R de�ned as a pull-back of the Reeb �ow on

(Σ, α). Also, denoting by θ = ϕ∗(Rα), on the convex end there is Liouville vector

�eld Z, de�ned by ω(Z, ·) = θ. In the R coordinate, we have Z = R∂R. In order

to de�ne Floer cohomologies on these open symplectic manifolds, we consider only

ω-compatible almost complex structures J that are contact at in�nity, meaning

JZ = R, or equivalently, θ = −dR ◦ J. Thus, saying that (M,ω, J) is convex at

in�nity we will always assume that J is contact at in�nity. For such manifolds, the

symplectic cohomology is de�ned as the direct limit of Floer cohomologies

SH∗(M) := lim
F∈H(M)

HF ∗(F ), (A.4)

over a class H(M) of Hamiltonians that are linear at in�nity with respect to the

radial coordinate R. A Hamiltonian F is linear at in�nity when, outside of a compact

set, F = λR for some generic2 λ > 0. The morphisms between the Floer cohomologies

in the direct limit are given by the continuation maps, and are directed towards a

Hamiltonian with the larger slope λ. Thus, the limit lets λ→∞.

Remark A.2.3. We remark that the ambient manifold M is open, hence we could in

principle have a sequence of Floer solutions for arbitrary Hamiltonian F : M → R that

go o� to in�nity. However, the choice of the class of HamiltoniansH(M) together with

our assumption on the almost complex structure, we ensure that the Floer solutions

must satisfy certain maximum principle, which does not allow them to go beyond

their boundaries, in the R coordinate. An analogous maximum principle exist for

2I.e. not equal to a Reeb period for (Σ, α).
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continuation solutions, thus the continuation maps are well de�ned, hence so is their

direct limit SH∗(M).

We remark that one can grade the symplectic cohomology using the grading of

Floer Cohomologies, as the continuation maps in the direct limit (A.4) preserve the

gradings. Thus, we get the corollary of Lemma A.1.5.

Corollary A.2.4. Consider a symplectic manifold (M,ω) convex at in�nity with a

ω-compatible almost complex structure I satisfying c1(TM, I) = 0 and H1(M) = 0.

Then, the symplectic cohomology SH∗(M) is canonically Z-graded.

For Hamiltonians F = δH with small slope δ > 0, Hamiltonian Floer cohomology

is isomorphic to the ordinary cohomology HF ∗(F ) ∼= H∗(M), hence the direct limit

(A.4) yields the c∗ map

c∗ : H∗(M)→ SH∗(M).

This map gives information on closed Reeb orbits. In particular, having c∗ = 0 yields

that there exist a closed Reeb orbit on Σ.

A.2.1 Liouville manifolds

We mention here the special case of symplectic manifolds convex at in�nity that are

globally exact, called the Liouville manifolds.

De�nition A.2.5. Liouville manifold (M,ω) is a symplectic manifold convex at

in�nity,

ϕ : (M \K,ω)
∼=−→ (Σ× [1,+∞), d(Rα)),

such that the 1-form ϕ∗(Rα) extends globally to a primitive θ of ω. In particular,

M is exact ω = dθ.

The symplectic cohomology (A.4) for such manifolds can also be de�ned as the

Floer cohomology of arbitrary Hamiltonian F = h(R) with slope going to in�nity

lim
R→+∞

h′(R) = +∞,
SH∗(M) := HF ∗(F ). (A.5)

One can show (e.g. see [Sei08, 3e]) that this de�nition is equivalent to (A.4).

Now we de�ne an isomorphism between Liouville manifolds.

De�nition A.2.6. A Liouville isomorphism between Liouville manifolds (M1, dθ1)

and (M2, dθ2) is a di�eomorphism ψ : M1 →M2 satisfying ψ∗θ2 = θ1 + df where f is

compactly supported function.
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An importance of such isomorphisms is that they preserve the symplectic coho-

mology.

Lemma A.2.7. Symplectic cohomology SH∗(M) is invariant under the Liouville

isomorphisms.
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