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Abstract

Ever since Kronheimer’s celebrated hyperkéihler construction of gravita-
tional instantons thirty years ago, many similar constructions have ap-
peared in the mathematical literature, eventually producing a vast class
of holomorphic symplectic manifolds nowadays called Conical Symplectic
Resolutions (CSRs). So far, they have been considered in representation
theory, algebraic and differential geometry, and also in theoretical physics
as they arise from certain supersymmetric gauge theories. However, much
of their symplectic geometry is unexplored. This thesis aims to make the
first steps in this direction. There are two essentially different natural real
symplectic structures on CSRs; for this reason this thesis splits into two

major parts.

The first part views CSRs as Liouville real symplectic manifolds (the sym-
plectic form is exact). We investigate the presence of smooth closed exact
Lagrangian submanifolds. The main theorem is that for any CSR there is
a non-empty collection of non-isotopic such Lagrangians which arise from
contracting C*-actions that act on the holomorphic symplectic structure
by weight one. Lagrangians obtained from this method will be called min-
imal components. In particular, we use these to obtain (non-zero) lower
bounds for the rank of symplectic cohomology. We will investigate two
large subfamilies of CSRs where we are able to count minimal compo-
nents and describe them. The family of Nakajima Quiver Varieties, in
particular, we study in detail those of Dynkin type A; and the family of
resolutions of Slodowy varieties that arise from the representation theory
of semisimple Lie algebras and involve Springer theory. In the latter, we
also obtain some further families of Lagrangians using Springer theoretic

methods and certain crystal operators.

The second part studies CSRs with respect to non-exact symplectic struc-

tures arising from S'-invariant Kéhler structures on CSRs. We construct



a family of symplectic cohomologies for them, labelled by different con-
tracting C*-actions . Although we prove that these vanish, this vanishing
result allows us to obtain a ¢-dependent filtration by ideals on the ordi-
nary cohomology of a CSR. Using Morse-Bott-Floer spectral sequences,
we give many examples that explicitly describe these filtrations, in par-
ticular, we show an example where distinct filtrations arise from different

© actions.
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Chapter 1

Introduction

1.1 Outline

The focus of this thesis lies in the interplay between Symplectic Topology and Ge-
ometric Representation Theory. Its main objects of interest are spaces called Coni-
cal Symplectic Resolutions (CSRs) [BPW16, BLPW16]. These form a broad fam-
ily of holomorphic symplectic manifolds that are of interest to theoretical physi-
cists [HaSp18, GrHa20, HaKa20|, algebraic geometers [Ka06, Ka09, Nam08, BeSch16]
and representation theorists [Nak94a, Nak98, Nak01, MO12, Nak15, BFN16|. Also,
some of them have very interesting differential-geometric features [Kro89, KroNak90,
Nak94a, BD00, Nak18|. This thesis will be concerned mostly with their symplectic
geometry.

Examples of CSRs include many well-known families of spaces such as resolutions
of Du Val singularities, Hilbert schemes of points on them, hyperpolygon spaces,
quiver varieties, hypertoric varieties, cotangent bundles of flag varieties and nilpotent
Slodowy varieties. All known examples of CSRs are complete hyperkiihler manifolds,!

which makes them a particularly nice geometric setting to work in.

Definition 1.1.1. A Conical Symplectic Resolution (CSR) is a projective res-
olution
™ IM— M

of a normal affine variety 9, where (9, wc) is a holomorphic symplectic manifold
and 7 is equivariant with respect to C*-actions on 9t and 9, (both denoted by ¢).

These actions satisfy two conditions:

'For compact Kéhler manifolds, by Yau’s theorem (together with a Bochner’s formula and
Berger’s holonomy classification) the presence of a holomorphic symplectic form w¢ guarantees the
existence of a Kéahler form w such that w, Re(wc), Im(wc) is a hyperkéhler structure. However, it is
not known whether this also holds in our non-compact setting.



(1) the symplectic form we has a weight k& € N, meaning pwe = tfwe, and

(2) the action ¢ contracts My to a single fixed point zg, so %ir% i(x) = x for all
—
T € 9)?0.

Such C*-actions are called conical of weight k. In general, a CSR can have many
conical actions, so we often denote a CSR by (91, ¢) to emphasise the choice of .
The core of a CSR 7 : M — M, is the central fibre

£i=7(z0).

We denote by I the complex structure on 9. The above definition implies
that the core £ C 9 is an I-holomorphic projective subvariety, it is always wc-
isotropic, and the C*-action contracts the whole manifold 9t towards the core £, so
H*(9M) = H*(£). When the weight k = 1, the core £ is a (typically singular) complex
Lagrangian subvariety of (I, wc).

We will denote? the real and imaginary parts of we by wy, wk,
we = wy + iwg.

We abbreviate by w;x any non-zero real linear combination of w; and wg. Then
wy is a real exact symplectic form on 9.2 A consequence of condition (1) is that
(M, wy k) admits a Liouville manifold structure such that the core £ is the Liou-
ville skeleton. This structure is independent of the choice of w;x up to Liouville
isomorphism, so we call this the canonical Liouville manifold structure on 9.

On the other hand, 9t also admits a non-exact Kéhler structure (9, w;) that is
invariant under the S'-part of the C*-action ¢. We will prove that one can construct
Floer cohomologies for (91, w;) which, since 9 is Calabi-Yau,! are Z-graded groups.
Indeed, the gradings are canonical as H'(90t) = 0 holds for CSRs.

This thesis considers two independent projects that involve Conical Symplectic

Resolutions. These are explained briefly now, for the convenience of the reader.

2We use the hyperkihler notation for these forms instead of the usual wg. and wr,,, as in examples
all known CSRs are indeed hyperkihler and these forms indeed represent the usual Kahler forms.
Moreover, in general, we always have an almost hyperkihler structure (g, I, J, K) on 91 such that
wy = —g(+,J-) and similarly for K, as we explain later.

3Being the real part of the holomorphic form re*wc, for some r > 0, # € R. In particular, for any
holomorphic two-form w on 9M, letting 2n = dimc 9N, since w™ € A2OT*9N is non-vanishing, also
(w+©)?" and (w — w)?" are non-vanishing in A2 T*9N (they are non-zero multiples of w™ A &™),
which implies that Re(w), Im(w) are real symplectic forms.

4By Calabi-Yau we mean c;(90) = 0, which holds since w? trivialises the canonical bundle of 9.



The first project, outlined in Sections 1.2-1.4, is focused on closed exact La-
grangian submanifolds in CSRs (9, ¢) endowed with the exact symplectic forms w k.
We find a collection of such Lagrangians that arise from weight-1 conical actions and
we describe their Floer-theoretic invariants. In addition, we consider two families of
CSRs, Quiver Varieties of type A (Section 1.3) and Resolutions of Slodowy varieties
of type A (Section 1.4). In both cases we find families of weight-1 actions that produce
closed exact Lagrangians. In the latter case, we also produce some further families
of Lagrangians by generalising a certain construction from Springer theory, and by
using the so-called Crystal Operators. In particular, as the obtained Lagrangians are
smooth irreducible components of Springer fibres, they are interesting in their own
right.

The second project (joint with A. Ritter) involves constructing and studying the
symplectic cohomology SH*(IM, v, wr) for CSRs (M, p) endowed with the highly non-
exact symplectic structures w; mentioned above. This work is outlined in Section 1.5.
We prove that, as we vary ¢, these symplectic cohomologies vanish and therefore
induce ¢-dependent filtrations by ideals on the ordinary cohomology H*(9t). In ad-
dition, we construct filtrations on the Floer chain complexes of certain Hamiltonians
that determine symplectic cohomology. As an application, we get a Floer-theoretic
model for the ordinary cohomology of CSRs, and we describe Morse-Bott-Floer spec-

tral sequences from which one can read off the aforementioned filtrations on H*(90).

1.2 Exact Lagrangians in Conical Symplectic
Resolutions

The content of this section summarises the results of Chapter 3.

A fundamental task in Symplectic Topology is finding Lagrangian submanifolds of
a given symplectic manifold. Lagrangians are the objects of the Fukaya category —
an increasingly important invariant studied in symplectic topology which constitutes
one side of Homological Mirror Symmetry. This project focuses on discovering closed
exact Lagrangian submanifolds of Conical Symplectic Resolutions.

All known examples of CSRs are complete hyperkidhler manifolds, and in fact

satisfy the following definition:

Definition 1.2.1. A hyperkihler conical symplectic resolution (HKCSR) is
a CSR (9, wc) that is also a hyperkéhler manifold (9, w;, wy, wk), such that



1. the complex structure of M is [;
2. the holomorphic symplectic form we of M is equal to wy + 1wk;
3. the S'-part of the C*-action acts by isometries, hence preserves w;.

On HKCSRs we will only consider C*-actions ¢ that are conical and satisfy condition

(3), and we call these HK conical actions.

As mentioned above, the CSR (9, w; k) admits a canonical Liouville manifold
structure for which the core £ is the Liouville skeleton. When the C*-action has
weight & = 1, the skeleton £ of 91 is in fact a complex Lagrangian subvariety. In
examples, e.g. for certain quiver varieties, when a weight-1 action does not exist, the
core £ turns out to have strictly smaller dimension than dim¢ 991, thus making 91 a
subcritical Stein manifold. In such a manifold exact Lagrangians do not exist due
to the vanishing of symplectic cohomology [Cie02, p. 121] and Viterbo’s criterion
[Sei08, Prop. 5.1]. Therefore, we restrict observations to CSRs which admit weight-1
Cr*-actions, which we call weight-1 CSRs. This in particular includes all Nakajima
Quiver Varieties [Nak94a] whose underlying graph does not have an edge-loop.

Given a weight-1 CSR 901, its core £ is a complex projective variety and we denote

its equidimensional irreducible components by £;,

One can prove that if a component £; is smooth then it must be an exact Lagrangian
submanifold. It follows that it is a non-trivial object of the compact Fukaya cate-
gory F(9M). Also, different core components are non-isotopic, in particular they are
essentially different objects in F(91). So a natural question arises: does an arbitrary
weight-1 CSR have smooth components in the core? The main theorem of the thesis,

that summarizes Sections 3.1 and 3.2, answers this question as follows:

Theorem 1.2.2. Given a weight-1 CSR 9N, there are at least N > 1 smooth irre-
ducible components £; C £ of the core, and these are non-isotopic smooth closed exact
Lagrangians in (M, w; k).

Moreover, N = max{Ny, No} > 1 where

1. Ny = the maximal number of commuting weight-1 conical actions.

2. Ny = the number of HK conical actions (if M is also a HKCSR).



Remark 1.2.3. This theorem also holds for any holomorphic symplectic manifold with
a weight-1 action that contracts the whole manifold to a compact set. In particular,
for the case of a moduli space of Higgs bundles [Hi87|, the component of its skeleton

that this method recovers is the well-known moduli space of stable vector bundles
[AB83].

Given a weight-1 action ¢, the theorem above finds the component §, of its fixed
locus that is the minimum of the moment map of the S!-part of ¢. Thus, we call
minimal components the core components obtained by Theorem 1.2.2. We now
describe Floer cohomologies of these Lagrangians, proved in Section 3.3.1.

We remark that in this section all cohomologies are assumed over Z/2-coeflicients
instead of more general Z-coefficients, due to the usual issues with the orientation
signs in Lagrangian Floer cohomology, as the minimal components are not necessarily

spin.”
Theorem 1.2.4. Let 9N be a weight-1 CSR. Then:

1. Its minimal components are exact Lagrangians, thus HF*(§,,§,) = H*(§,, Z/2)

for each minimal §,.

2. Any two minimal components §1,§2 intersect cleanly, thus we have
HF(%@,S’@) = H(Swl N Syp2, 7]2).

3. In particular, when M is a HKCSR, we have a graded isomorphism
HF* (o, 82) = HH(F 1N 2, Z/2), where p = 1 (dime M —dimg (§,1 0F2))-

Here, the gradings for minimal components can be canonically chosen as minimal
components are special Lagrangians. At the end of Section 3.3.1, we prove that any
holomorphic map from a Riemann surface to 92 whose boundary lies on a core £
has to be constant. That tells us that the Floer product, and more generally, higher
operations in the Fukaya category between smooth core components only involve
constant solutions. However, saying something more precise about the Floer product
between smooth, and in particular, minimal components, is currently of reach and we
leave it for some future work.

In Section 3.3.2 we explain how the existence of minimal components yields lower
bounds on the ranks of symplectic cohomology SH*(9M, w, ). Symplectic cohomology
in general is notoriously hard to compute explicitly, so we usually have to make do

with partial information. We will obtain the lower bounds of its degree-wise ranks,

5Take CP? in T*CP? for instance.



hence it is important to notice that SH*(91, w; k) has a canonical Z-grading. Namely,
recall that the construction of SH* (9, w, i) involves the choice of an w; x-compatible
almost complex structure S, and that it will be Z-graded if ¢;(T901,S5) = 0. As
complex symplectic structure (we, I) on 91 can be upgraded to the almost hyperkéhler
structure (g, I, J, K), such that we = wy + iwg,® we can choose the almost complex
structure S in the S?-family of obtained almost complex structures and then deform
it to I (the complex structure of CSR 9M), and thus ¢; (TN, S) = ¢, (TM,I) = 0.7
Thus, SH*(9M,w; i) has a Z-grading. It is canonical due to the fact that H*(90) = 0
for CSRs.®

Denote by Coni(9) the set of all conical weight-1 actions on 9. Each ¢ €
Cony(9) gives rise to one minimal component §, of the core £ C M, and as we
vary ¢ € Coni(9) we obtain the collection of all (possibly non-distinct) minimal
components,

Min(O) := {F, | ¢ € Cony (IM)}.

We can now state our estimate on the ranks of symplectic cohomology, in which b;(X)
denotes the ¢-th Betti number of a topological space X and p; denotes the Morse-Bott

index of a connected component §; of fixed locus for the C*-action.’

Proposition 1.2.5. Let (M, ¢) be a weight-1 CSR, and let § = UF; be the fized locus

of ¢ decomposed into connected components §;. Then

rk(SH* (M, wyk)) > > bi—pi; (S5)

{§;CL|LeMin(dM)}
for all k > 0. In particular, rk (SH*™<™(9N)) > | Min(9N)|.

It is a general feature of weight-1 conical actions on CSRs that the fixed sets §;
are bijectively distributed among components of the core, [Gil5, Prop. 4.6.1]. In the
above sum we use precisely those that lie in minimal components. Thus, we get the

following corollary:

Corollary 1.2.6. When all core components of a CSR M are minimal, the symplectic

cohomology is degree-wise bounded from below by the singular cohomology,

rk(SH"(ON)) > rk(H*(9N)), Vk.

%Due to deformation retraction Sp(2n,C) to its compact form Sp(n) = Sp(2n,C) N U(2n).

"The vanishing c¢1 (79, 1) = 0 holds as I-holomorphic volume form w trivialises the canonical
bundle K, and ¢, (TN, I) = —c1(K).

8Choices of Z-gradings correspond to choices of trivialisation of the canonical bundle, and these
are labelled by H!(901).

Which makes sense, as one can view the fixed locus as the critical locus of the moment map for
the S'-part of o, and this moment map is a Morse-Bott function due to [AB83, Ki84.




This for example happens for the minimal resolution X7/, — C*/(Z/n) of a Du
Val singularity of type A. As X7/, contracts to the wedge of n — 1 (minimal) spheres,

from the last corollary we get
rk(SH?*(Xz/n)) > tk(H*(Xz/,)) = n — 1.

It is known that rk(SH?*(Xz/,)) =n — 1 by [EL17, Cor. 42], so in this case Proposi-

tion 1.2.5 gives the actual rank on the degree-2 part of symplectic cohomology.

Next, we proceed towards the examples, by considering two different families of
CSRs where we count certain weight-1 conical actions. By Theorem 1.2.2 these yield
minimal components, thus exact Lagrangians. In the second family of examples
(Section 1.4) we use also some other methods to find and generate additional smooth
core components, and, apart from being exact Lagrangian submanifolds, these are

interesting in their own right.

1.3 Minimal components in Quiver varieties
of type A

The content of this section summarises the results of Chapter 4.

We find families of minimal components in Nakajima quiver varieties of type A. Here
we will not work through the construction of quiver varieties — it will be explained
in Section 4.1. We just mention that from a graph @ = (Qo, Q1), two integer-valued
vectors v,w € NOQO, and a generic parameter ¢ € R?°, one obtains the quiver variety
M (Q, v, w). Their main use in Geometric Representation Theory is that Borel-Moore
homologies of their cores yield representations of Kac-Moody Lie algebras [Nak98,
Thm. 10.2]. We consider the case of quiver varieties whose underlying graph @ is of
Dynkin type A, which we will denote by I (v, w).

In the construction of quiver varieties [Nak94a|, Nakajima orients a graph @, and
then uses that same orientation in order to construct a conical weight-1 C*-action.
We generalise this by fixing the orientation for the construction of a quiver variety,
but then we use all possible orientations for constructing a family of conical weight-1
actions which we call Nakajima actions (Section 4.2). The number of different
orientations on the A,, Dynkin graph is 2"!, but some of them may yield equivalent
actions. In Section 4.3 we compute the exact number of non-equivalent Nakajima

actions, and we now briefly explain this.



Given vectors v, w € NJ, there is the associated dominant vector v/ = v/(v,w) €
N# which comes from the representation theory of sl,.;.!% Instead of computing it
here, we refer the reader to the end of Section 4.3. For vectors v and w, we de-
fine a number N(v,w) > 0 that is easily computable combinatorially. Namely, it
depends only on the support of the vectors v and w, that is, positions where they
non-vanish. In particular, if v > 0 then N(v,w) = N(w) := [ (sss1 — sx + 1),
where S = {s1,..., 8, } is the support of w. We prove the following:

Theorem 1.3.1. Given a quiver variety M. (v, w) of type A, there are exactly N(v', w)
non-equivalent Nakajima actions, hence at least the same number of minimal compo-
nents of its core,

IMin(9 (v, w))| > N (v, w).

For example, this theorem gives all components of the core in the case of the
aforementioned Du Val singularities, seen as quiver varieties (Example 4.3.16). Given
this theorem, the natural question to ask is if there are some other weight-1 conical
actions, apart from Nakajima actions. In Section 4.4 we partially prove that there
are none, where “partially” refers to “amongst certain weight-1 actions that one can

construct on a quiver variety.” Namely, on a quiver variety 9.(v, w) there is:
e An we-symplectic action by the group GL(w) := [\, GL(w;).
e A natural weight-2 conical C*-action, which we call the full quiver action.

The GL(w)-action on M (v, w) is rather natural because a quiver variety (v, w) is
constructed by we-symplectic reduction for the GL(v)-action on the flat vector space
M (V, W) which includes vector spaces V; and W; of dimensions v; and w;, respectively.
The full quiver action comes from the dilation action on M (V, W). Since these two
actions commute, by composing the latter with 1-parameter subgroups of GL(w),
one can construct families of weight-2 actions on 9 (v, w) that we call twisted full

1

actions. Considering the even'! and conical ones, we get the following:

Proposition 1.3.2. Let v be a dominant vector. Then the twisted full actions on

M (v, w) which are even and conical are precisely the squares of Nakajima actions.

0More generally, these exist for any semisimple Lie algebra, but here we consider Dynkin type A
graphs only.
I An action is “even” if it is the square of another action.



Thus, at least in the case of a dominant vector, we do not get more weight-1
actions other than Nakajima ones by using the twisted full actions. In addition, we
suspect that, apart from twisted full actions, no other conical actions commuting
with the full quiver action should exist. Thus, Nakajima actions should induce the
only minimal components of the core given by such conical actions. However, this is

currently out of reach — we speculate on this in Section 4.4.1.

1.4 Smooth components of Springer fibres

The content of this section summarises the results of Chapter 5. In addition to finding

exact Lagrangians, its results are also of interest to Springer theory.

We construct two different families of smooth components of generalised Springer
fibres of type A. The first family arises as minimal components in Resolutions of
Slodowy varieties (thus, viewing Springer fibres as cores of those resolutions), whereas
the other family comes as a generalisation of the so-called Richardson components of
the ordinary Springer fibres. Motivated by the latter, we also define quasi-Richardson
smooth components and prove some of their features. In the end, we show that one
can generate many more smooth components of generalised Springer fibres using these
smooth components and the so-called crystal operators.

Generalised Springer fibres of type A have been much investigated in Geometric
Representation Theory. Their cohomologies provided irreducible representations of
Weyl groups [Spr78, KaLu80, LuSpa85| and of U(sl,,) [Gi91]. Moreover, they recover
certain Parabolic Categories O [Str09] and Khovanov Arc Algebras [SW12, Sch12].
Their singular cohomology ring is well-known [BrOs11]. Still, little is known about
their topology, and in particular, smoothness of their irreducible components. The
state-of-the-art work [FrMel0| on this subject covers only the ordinary Springer fibres.
In particular, it was not known whether an arbitrary generalised Springer fibre has
a single smooth component. We answer this question affirmatively, using Theorem
1.2.2.

Let us first define Springer fibres and Slodowy varieties. Given a composition

p= (ph s 7pn) of n’12 denote by

BpI:{OZF()CFlC"'Fn_1CFn:Cn ‘dimﬂ/ﬂ_lzpi, 221,,72}

“Meaning: py + -+ p, =n,p; > 0.



the associated partial flag variety. The Generalised Springer resolution of type

p is a resolution
vp : T"By — Opy C sly, {(Fe) | FeB,ecsl, eF; CF,_1}—e

of the closure of a nilpotent orbit Opi whose matrices have Jordan block partition p? .
Here p, is the weakly-descending permutation of p, and p* denotes its dual partition
(obtained via the dual Young diagram).

A generalised Springer fibre B, = v, !(e) is any fibre of a generalised Springer

resolution. It can be seen as the core of the following CSR,

Vp : Sep = Sep,

where S, := Sc N Oy is a Slodowy variety and :S’;p is its resolution. The set
S, called the Slodowy slice, is an affine space centred at e that is transversal to all
nilpotent orbits it meets. All these varieties do not depend, up to an isomorphism,
on the choice of the nilpotent element e € sl, within a given conjugacy class. We
therefore denote them by BZ’)\, Sx, Sxps g,\m, where A = A(e) is the Jordan partition of
e.!* In particular, when p = (1...1) we denote B* := B} |, Sy := Sx1..1 and call
them the ordinary Springer fibre and ordinary Slodowy variety, respectively.

Thus, by Theorem 1.2.2, weight-1 conical actions on g,\m yield smooth components
of Bg. We find a family of such actions similarly to the case of quiver varieties. Namely,

it is well-known that on the Slodowy slice Sy, and hence on ‘SN’M,, there is:
e an wc-symplectic action by a certain group Z,; and
e a natural weight-2 conical C*-action, called the Kazhdan action.

As these two actions commute, by composing the latter by 1-parameter subgroups of
the former, we obtain a family of weight-2 actions that we call twisted Kazhdan
actions. Among them, we search for the even and conical ones.

Given a partition A of n, denote by w(\) = (wy,...,w,) the vector such that

A =1"12w2  n". The computations of Section 5.2 yield the following:

Theorem 1.4.1. There is an explicit isomorphism Z = GL(w(\)). Moreover, there
are exactly N(w(\)) different even and conical twisted Kazhdan actions on the Slodowy

slice Sx. The same holds for the ordinary Slodowy variety Sy and its resolution g,\.

13The partition of n by sizes of the Jordan blocks of e.
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As a corollary, by Theorem 1.2.2, we obtain a family of N(w()\)) smooth compo-

nents of the ordinary Springer fibre B*, so
Min(8))] > N(w()).

In Section 5.3 we describe that family explicitly, which we explain briefly now. Firstly,
recall by [PaRe06, Sec. 7] that a component of B* that is invariant under the action
of a parabolic subgroup P < GL(n) is called a Richardson component of B”.
These are smooth components isomorphic to products of ordinary flag varieties, and
are labelled bijectively by the set Perm(A*) of permutations of the dual partition of
A. We prove:

Proposition 1.4.2. In a Springer fibre B*, the set of N(w(\)) minimal components

form an explicit subset of the set of Richardson components.

By an “explicit subset” we mean that they correspond to an explicitly-computable
subset Good(\*) C Perm(\*). We prove Proposition 1.4.2 by noticing that a Richard-
son component corresponding to pu € Perm(\*) is fixed under a certain C*-action on
B, which in the case of u € Good(\*) agrees with a twisted Kazhdan action on B,
and that all twisted Kazhdan actions are obtained in this way.

Recall that components of a Springer fibre B* are bijectively labelled by the set
Std* of standard Young tableaux of shape \, by [Spa76]. We prove in last two
subsections of Section 5.3 some further Springer-theoretic properties of the mini-
mal components in B, namely that their tableaux are invariant under the so-called
Schiitzenberger involution and that these components are among the type of smooth
components of B* discovered in |BaZi08, GrZill|.

We believe that the appearance of the same number that counts even and conical
actions in Theorems 1.3.1 and 1.4.1 should not be merely a coincidence, as there is
an isomorphism:

M(v(A,p), wA) = Syp L(v, W) = B) (1.1)

between quiver varieties of type A and resolutions of Slodowy varieties, which sends
core to core, by [Maf05]. Here v = v(\, p) is given by a linear relation. In particular,
it is not hard to show that for p = (1,...,1), one gets N(v(A,p),w(\)) = N(w(}N)).
So, in that case the count in Theorems 1.3.1 and 1.4.1 is indeed the same. The

isomorphism (1.1) yields a corollary of Theorem 1.3.1:

Corollary 1.4.3. There are at least N(v(\,p)', w())) smooth components in a
Springer fibre B;.

11



Recall ([Spa76]) that the components of B; are labelled bijectively by the set
Std; of p-semistandard Young tableaux of shape A. It is not completely clear to us
which tableaux the smooth components from Corollary 1.4.3 should correspond to. If
the Maffei isomorphism (1.1) were equivariant with respect to the C* x GL(w) and
C* x Z actions on the left and right side of it, respectively,'* then these components
would arise as minimal components of twisted Kazhdan actions via Theorem 1.4.1,
which would then give us better chances of computing their tableaux. However, this
is out of the scope of this thesis.

In Section 5.4 we construct a generalisation of Richardson components, for all
generalised Springer fibres. They are smooth components, isomorphic to products
of generalised flag varieties. In the fibre Bf,‘, they are labelled bijectively by the set
Coar(p) N Perm(A*), where Coar(p) is the set of all permutations p of \* which are
coarser than p, or in other words, such that p is a refinement of p. In particular, as
the composition p = (1,...,1) is finer than any other one, this construction recovers
the ordinary Richardson components in B*. In addition, we find the tableaux in
Std; to which these generalised Richardson components correspond. Motivated by
this construction, we also define quasi-Richardson smooth components, which should
comprise a much larger family of components. Unlike the case of ordinary Springer
fibres (Proposition 1.4.2), minimal components in a generalised Springer fibre BI’)\ need
not to lie among the Richardson or even quasi-Richardson components, as we see in
examples. Thus, this construction yields some genuinely new smooth components.

In the end, in Section 5.5 we use the so-called crystal operators [Nak98, Sai(02,
Sa06| to generate more smooth components of generalised Springer fibres. These
operators interchange between the irreducible components of different generalised
Springer fibres. In general, they do not preserve smoothness of components, but we
prove that under some further assumptions on components they do. Thus, as there are
already existing families of minimal and Richardson smooth components, using the
crystal operators one could generate, in principle, many other smooth components.
Furthermore, as the crystal operators are also topologically well-described, we get
that smooth components obtained in this way are iterated Grassmann bundles on the
other smooth components. In particular, we believe that in this way one can recover
the topological description of components of ordinary Springer fibres B* when \ is of
hook type, given in [Fu03, Thm. 3.1].

1Recall by Theorem 1.4.1 that these are isomorphic groups.
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1.5 Symplectic cohomology of Conical Symplectic
Resolutions

This is joint work in progress with Alexander Ritter. The content of this section
summarises the results of Chapter 6. Although this chapter is self-contained, our
research on these topics is ongoing work. In particular, we highlight the technical

Assumptions 1 and 2 above Corollary 1.5.10 which we hope to lift in future work.

Consider a conical symplectic resolution (91, ¢). We prove that there is an I-compatible
Kihler form w; on 9 such that the S'-part of ¢ is a Hamiltonian action whose mo-
ment map H : 9 — R is proper.

Recall the classical construction of symplectic cohomology:

Definition 1.5.1. We say that a symplectic manifold (M, w) is convex at infinity

if there exists a compact set K and a symplectomorphism (M \ K,w;) = (¥ X
[1,400),d(Ra)), where (X, ) is a contact manifold.

For such manifolds, the symplectic cohomology is defined as the direct limit
of Floer cohomologies

SH*(M) := Fel%{r?M) HF*(F), (1.2)

over a class H(M) of Hamiltonians that are linear at infinity with respect to the
radial coordinate R. A Hamiltonian F' is linear at infinity when, outside of a compact
set, I’ = AR for some generic!® A > 0. The morphisms between the Floer cohomologies
in the direct limit are given by the continuation maps, and are directed towards a
Hamiltonian with the larger slope A. Thus, the limit lets A — oo.

Following the ideas from Seidel’s influential survey on symplectic cohomology

[Sei08], one may ask the following.
Question 1.5.2. Given a CSR (M, wy),
(1) When is it conver at infinity?

(2) Can one always construct its symplectic cohomology SH*(IM), and if yes,
what is it?

(3) Can one obtain a Morse-Bott spectral sequence that converges to SH*(ON)?

'5Here generic means not equal to a period of the Reeb vector field for (3, o).
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It turns out that (9, w;) is almost never convex at infinity. Indeed, to be
convex at infinity the singularity 0 € 91, would have to be isolated, and the only such
examples are T*CP", for n > 2 and the minimal resolutions of Du Val singularities
C?/T, where I' < SU(2). The former cannot be convex at infinity for dimension
reasons [R14, Rmk. in Sec. 11.1], whereas for the latter, the symplectic cohomology
is known to vanish [R10, Thm. 48] and the answer to question (3) is affirmative by
McLean-Ritter [McLR18, Sec. 7].

Thus, in general, (9, w;) is highly non-convex: there are usually many closed
holomorphic curves at infinity. Therefore, constructing symplectic cohomology can
become rather difficult. Our approach is to use a very natural class of Hamiltonian
functions, namely those arising as functions of the moment map of the S'-part of
v, and to prove that symplectic cohomology is well-defined So, in Section 6.2 we

affirmatively answer to question (2) above:

Theorem 1.5.3. For any CSR (I, @), one can construct

SH*(M,wr, p) = Fe?l{igjlw) HF*(F), (1.3)

and it 1s a Z-graded K-algebra with respect to the pair-of-pants product.

Here, K is the Novikov field and H (90, ¢) is the set of p-admissible Hamiltonians,
which outside of some compact set are linear functions /' = A\H of the moment map

H for ¢, of generic'® slope A > 0. In the above limit, we let A — oo.

Remark 1.5.4. Another approach of constructing symplectic cohomology for CSRs
could be to show that (91, w;) is geometrically bounded and apply Groman’s |Gr15]
machinery. However, apart from difficulties of proving geometrical boundedness,
which is a necessary condition in order for Groman’s symplectic cohomology to be
well-defined, in order to connect his work to ours one would also need to prove that our

Hamiltonians satisfy the dissipativity condition he imposes, which could be difficult.

In particular, when the slope of F is small, HF*(F) = H*(OM)!7 recovers the

ordinary cohomology, and as a part of the direct limit we have maps
ey H* (M) — HF*(F)),

where F)\ has slope A. Using the computations from Section 6.3, In Section 6.4 we

prove:

16Here generic means not equal to a period of an S'-orbit.
"NB All cohomologies are assumed to be in K-coefficients in this section.
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Proposition 1.5.5. For any CSR (M, ), we have SH*(IM,wy, ) = 0.

This vanishing result implies that each class a € H*(901) has a filtration value A,
defined to be the infimum of A for which ¢, (a) = 0. Therefore, we have the following

corollary:

Corollary 1.5.6. Given a CSR (I, ), there is an associated filtration FY H*(9N) by

18
’

ideals of the ordinary cohomology ring H*(9M),"® compatible with the cohomological

grading.

We remark here that there is an interest in filtrations on cohomology of CSRs
in the representation-theoretic literature. Namely, in a recent paper [BeSch18], the
authors construct filtrations on cohomologies of Springer fibres, which are, as we saw
in Section 1.4, one of the principal examples of (cores of) CSRs. Their filtrations is
compatible with the cohomological grading, just as ours, so one can ask e.g. what
is the relation between these two filtrations on the top degree of cohomology. In
particular, in the example of Springer fibre that corresponds to Du Val singularities of
type A,, we find a choice of the C*-action ¢ that yields (rank-wise) the same filtration
as theirs. Apart from this, we remark also that, in the examples of resolutions of Du
Val singularities (and possibly for other symplectic quotient singularities C**/T") this
Floer-theoretic method gives a refinement of McKay correspondence.'?

Choosing different conical actions ¢, this method yields a family {FY '}, of filtra-
tions on H*(9). We have developed tools to compute these filtrations in examples,
and we believe that, for different choices of ¢, these should be different, as suggested
by examples. Thus, although the symplectic cohomology SH*(9,w;, @) does not
distinguish between the actions ¢, the filtrations Fy should.

In Section 6.5 using the Morse-Bott argument, we compute explicitly the Floer

cohomology for pure Hamiltonians \H :

Proposition 1.5.7. For generic A > 0,
HE () = @) B (3a) [~ a(8a)]

Here, MY = § = U, is the decomposition of (-fixed locus of into connected
components, and ) (§,) are certain degree shifts that are calculable only by knowing

the weight-decomposition of the tangent space induced by the C*-action ¢. For small

'8In general, this should be quantum-cup ideals, but for CSRs quantum cohomology is known to
be trivial, due to deformation of the complex structure I to an affine variety.
19 As explained further in Remark 6.4.6.
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A, these shifts become the Morse-Bott indices 11, of §n,2° thus in this model, the
continuation map cy : H*(9) — HF*(F)) becomes

D B (o)~ ta] = @ H*Fo)[—12(3a)]. (1.4)

This presentation of the continuation map gives some hope in understanding the
filtration FY H*(90) better. We discuss this in Section 6.10.1.

In Section 6.6 we construct a cofinal family of Hamiltonians { H)}, of type H) =
c(H) with carefully chosen ¢ : R — R that is convex and A-linear at infinity, which

admits a filtration on their Floer chain complexes:

Theorem 1.5.8. Given a CSR (M, ), one can construct a cofinal family of Hamil-
tonians Hy of slope X\, and a filtration on their Floer chain compleres CF*(H,), so
that the fized locus MY yields a subcomplex and the other 1-orbits are filtered by the
value of H.

This was a tricky proof since we are in a highly non-exact setup: even at infinity
we do not have the exactness needed to build a filtration as in [McLR18, Sec. 6]. Our
new filtration allows us to quotient out by the subcomplex of fixed points of ¢, thus

obtaining the “positive symplectic cohomology” SH (9, wr, ¢).

Corollary 1.5.9. Given a CSR 9 and an S'-action @, there is a canonical isomor-
phism
SH*Y(OM, wy, ©) = H*(M).

Thus, we get new cohomology models for the ordinary cohomology of a CSR
N, labelled by its conical C*-actions ¢, whose chain level generators involve certain
Hamiltonian S'-orbits. In the special case of resolutions of Du Val singularities this
leads to the McKay correspondence via Floer theory [McLR18|. Corollary 1.5.9 is
interesting especially as the singular cohomology of CSRs is not yet classically under-
stood. Even for the case of quiver varieties, only recently a set of ring-generators for
its singular cohomology was obtained by McGerty-Nevins [MN18|.

As usual in homological algebra, the filtration on the chain complex CF*(H))

induces a spectral sequence EP? that converges to its homology,

Hiom), p=0,
EP? = HF*(H,), where E' = { HFF (0,, H)), p <0, (1.5)
0, otherwise

20Recall by [AB83, Ki84] that the moment map H of an S!-action on a Kihler manifold is a
Morse-Bott function, thus §, are its critical submanifolds.
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Here, the O, are parametrised 1-periodic orbits of H) appearing on an energy level
S,={x| H=H,} and HFF_(O,, H,) is their local Floer cohomology, that counts
only the Floer cylinders between solutions in O,,. By & = p+¢ we denote the total de-
gree. Here we are using the Morse-Bott model for Floer cohomology of HF*(H,)
instead of standard one (given by a time-dependent perturbation). The reason is that
the perturbation in principle may ruin our filtration on the chain complex CF*(H,).
Bourgeois-Oancea [BO09a, BO09b| shown that, in the case when manifolds of 1-orbits
are circles, these two models compute the same Floer cohomology. We believe that
their reasoning extends for more general Morse-Bott manifolds (i.e. not only circles),
but proving that would be rather a substantial amount of work and is outside of scope

of this thesis. Hence, we will make it as an assumption.

Assumption 1. Morse-Bott Floer complex for Hamiltonian H, computes the same

Floer cohomology as the one obtained from a time-dependent perturbation.

Denote by BY := {z(0) | * € O,} C S, the manifold of 1-orbits of H) in the slice
S, and split it into connected components BY = UBY .. The recent work [KwKo16] of
Kwon-van Koert proves that, under certain assumptions for the manifolds of 1-orbits
By ., the local Floer cohomology above is isomorphic to the Morse, hence ordinary
cohomology, with a certain degree shift. We prove all those assumptions in our
setup, except for the very restrictive symplectic triviality (ST) condition that asks for
symplectic triviality of the tangent bundle of the ambient space restricted to manifolds
By .. It is actually unlikely that this condition is satisfied for CSRs. Thus, one would
have to bypass it somehow, which we leave for some future work. For now, we put

the result [KwKo16, Prop. B.4| of Kwon-van Koert as an assumption.
Assumption 2. HF} (0, H)) = @, H* #55)(BE,).
Now, letting A to go to infinity in (1.5), we obtain the following in the direct limit:

Corollary 1.5.10. Given a CSR (I, ), under Assumptions 1 and 2, there is a

convergent spectral sequence

H1(9M), p=0,
(o) = SH M, wy, ), where (o)t = { @, H"P)(Bs,), p<0,
0, otherwise.
(1.6)

Thus, the answer to Question 1.5.2(3) is affirmative.
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The importance of these spectral sequences is that from them one can read-off the
filtrations FY H*(91) on ordinary cohomology obtained in Corollary 1.5.6. Denote by
T, the period of 1-orbits in B, when seen as orbits of H (recall Hy = ¢(H)).

Proposition 1.5.11. The filtration FY H*(9N) by slope A is the subspace of the 0-th
column of E(p)P9 given as the image of the edge-differentials arising from the columns
p that have T, < A.

One can compute the cohomologies of the manifolds By, in practice by viewing
them as hypersurfaces at infinity of the submanifolds that consist of Z/m-isotropic
points under the p-action. We also obtain the formula for degree shifts p(B, ) that
one can use in practice, knowing only the S!-weight decomposition of the tangent
spaces of the fixed locus 91¥. We prove some further properties of the spectral se-
quences E(p)P4, such as that they are periodic (with a downward shift) and also
central-symmetric within the periodic blocks.

With the last paragraph in mind, one can compute the Ej-page of the spectral
sequence in the examples. In particular, in Section 6.9 we compute the spectral
sequences for generalised Springer resolutions of type A, minimal resolutions of Du Val
singularities and resolutions of ordinary Slodowy varieties :SVA, for certain partitions
A

In the end we mention that one can generalize this construction of symplectic
cohomology beyond CSRs. We briefly explain it now and refer the reader to Section

6.10.2 for details. Consider a pseudoholomorphic S'-equivariant proper map

ST A (M)
T
ST A (X,J)

such that (9, wy, I) is a Kdhler manifold with a holomorphic C*-action ¢ whose
Sl-part is a Hamiltonian action with moment map H, and (X,w, J), is a symplectic
manifold that is convex at infinity, for which the S'-action is J-holomorphic and agrees
with the Reeb flow. There are a lot of interesting examples that fall in the realm of
this definition, extending CSRs, like equivariant resolutions of singularities of affine
varieties; in particular of weighted homogeneous singularities. Moreover, celebrated

Moduli space of Higgs Bundles [Hi87] are also examples of this construction.
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In this setup one can, analogously to Theorem 1.5.3,2! define symplectic cohomol-
ogy as a direct limit of Floer cohomologies

SH'(Mwr,0) = lim  HF*(F)

where H(9M, ¢) is the class of Hamiltonians F' : 9T — R which at infinity are linear
functions of H.

Assuming further that ¢;(9) = 0 and that the C*-action acts with a positive
weight on the canonical bundle IC of 9T, analogously to Proposition 1.5.5, one can get
the vanishing result

SH*(M,wr, ) =0,

from which one gets a filtration of QH*(90) by quantum-cup ideals.?> Without the
assumption about the C*-action on the canonical bundle, one could possibly get some
interesting non-vanishing symplectic cohomologies SH*(9, wy, ¢).

The filtration constructed in Theorem 1.5.8 uses the filtration functional on CV
which is the special case of the functional defined in [McLR18, Sec. 6| for any symplec-
tic manifold convex at infinity. Thus, by analogous arguments as for CSRs, one can
obtain Hamiltonians Hy on ) whose Floer chain complexes are filtered, hence induce
the positive symplectic cohomology SH? (9, wr, ¢) and Morse-Bott Floer spectral se-
quences

E(g)2" = SH*(M,w1, ).

Still, in order to compute these spectral sequences in practice, one has to deal with
the technical issues, which we have already encountered for CSRs (recall Assumption
1 and Assumption 2). For now, we hope to find an argument that proves or bypasses
this assumptions for CSRs, but it could be possible to find one that also works for

the general setup described in this section.

1.6 Statement of originality

The work written in this thesis is independent work of the author, except for (by the

order in the thesis):

e Section 2.1, which is a brief review on Conical Symplectic Resolutions taken
from the literature, except for Remark 2.1.2 that came out of discussion with
Nicholas Proudfoot, and Definition 2.1.14 that is from the author.

2'Where for the role of (X,w) we use (CV,wen), as My is affine, hence embeds C*-equivariantly
into CV.
22Recall that for CSRs quantum product is just the cup product.
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Lemma 3.1.5, that was pointed out to the author by Alexander Ritter and Kevin
McGerty.

Proposition 3.3.2, that was pointed out to the author by Nigel Hitchin.

Section 4.1 which is a review on Quiver Varieties taken from work of Hiraku
Nakajima [Nak94a].

Proposition 4.3.22, whose second part is due to Hiraku Nakajima.

Section 5.1 which is a review on basics of Springer theory, taken from various
sources.
Sections 5.3.1, 5.3.2, 5.4.1, 5.4.2 which are reviews on some relevant topics in

Springer theory, taken from the papers by Pagnon-Ressayre [PaRe06], Brundan-
Ostrik [BrOsl11] and Fresse [Fr09a].

Section 5.5.1, which is a review on some basic facts about crystal operators,
taken from [Sa06] and [Kas95|.

Proposition 5.5.7 which was proved by Kevin McGerty.

Chapter 6 which is joint work with Alexander Ritter.

In addition, the author would like to thank (in the alphabetical order):

Lucas Fresse for suggestions that motivated Section 5.4.4.
Adam Gyenge for pointing out the paper [CaGo83] to the author.
Dominic Joyce for:

— Pointing out Lemma 2.1.7.

Pointing out Example 2.2.10, which motivated Definition 2.2.11.
— Suggesting computing the shift p in Theorem 3.3.5.
— Pointing out that the previous version of Theorem 3.3.14 was false, along

with the counterexample to it, given in Remark 3.3.15.

Kevin McGerty for a suggestion that led to Proposition 3.2.2, in addition to

already existing Proposition 3.2.3.

Alexander Ritter for suggesting considering Floer cohomologies for two minimal

Lagrangians (Theorem 3.3.5).
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e Paul Seidel, for:

— Pointing out Proposition 2.2.6 to the author.
— The idea that led to Proposition 6.1.2 and its proof.

— Pointing out the filtration (6.13) along with Proposition 6.4.7 to the author.

e Nicholas Wilkins, for suggesting a generalisation outlined in Section 6.10.2.
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Chapter 2

On Conical Symplectic Resolutions

In this chapter we define Conical Symplectic Resolutions, list their examples and

prove some of their general features that we are going to use later in the text.

2.1 Basics

We will first give the definition and list examples of conical symplectic resolutions,
taken from [BPW16, Sec. 2|. For any algebraic geometric language, we always assume
that the ground field is C.

Definition 2.1.1. A conical symplectic resolution (CSR) is a smooth complex-
symplectic variety (90, wc) which is a C*-equivariant projective resolution of a normal
singular affine variety 9%,
c* A m
Tl (2.1)
C* A My
such that under the C*-action ¢ the symplectic form w¢ has a weight k € N

t- we = tka

which we call the weight of the action ¢, and the C*-action contracts 2, to a

single fixed point z¢y € My :
Ve € My, limt-xz = x.
t—0

We will call such C*-actions conical. Algebraically, it means that the coordinate ring

of M, has a non-negative grading

Ciy) = D Ty,

n>0
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such that C[9]® = C. Here, the weight space C[9|" denotes the subspace of
C["My] consisting of functions of weight n under the induced pull-back action.!
The fibre over the fixed point

=7 ()

is called the core of 91.

Notice that our definition of CSR is slightly different from the original one from
[BPW16, Sec. 2|, as we require My to be singular, in order to exclude the trivial
example C?" — C?" .2 which is non-interesting for the material written in this thesis.
Namely, its core is just a point, so there are no Lagrangians in it (the content of
Chapter 4). Also, its S'-invariant Kéhler structure is exact and Liouville indeed, so
the content of Chapter 6 is already established for this example (see |[Oan04, Sec. 3|).

Notice further difference from the original definition of CSR, that we do not require
My to be the affinisation Aff(IN) := Spec(T'(M, Og)) of M, although we do require
My to be a normal variety. However, one can prove that these two definitions are

equivalent:

Lemma 2.1.2. In Definition 2.1.1 of CSR, requiring My to be normal is equivalent
to requiring for My to be the affinisation of M.

Proof. Assume that 9, is the affinisation on 9. Then, the coordinate rings C[N] :=
L'(9, Ogr) and C[M] are isomorphic. Being smooth, 9 is normal, thus its local rings
O p are integrally closed. As an intersection of integrally closed rings, the coordinate
ring C[9M] = NpemOnm, is also integrally closed. It follows that the coordinate ring
of My is integrally closed. Since My is affine, this implies that it is normal.

Assume now that 9%, is normal. As 91, is affine, we have a factorization of m
through the affinisation map, 9t — Aff(90t) — My, thus it is enough to show that
the second map is an isomorphism. One of the properties of the affinisation map
is that complete connected subvarieties get shrunk to points. In particular, as the
fibres of 7 : M — M, are connected (Proposition 2.1.11) and projective (since 7 is
projective), they shrink to points via the map 9t — Aff(91), which yields that the
map g : Aff(9) — I, is a bijection, in particular, has finite fibres. Moreover, it
is birational as 9t — 91, is. Thus, one can use a variant of Zariski’s main theorem

Te. satisfying (¢t - f)(z) = f(t-z) = t" f(2).

2And indeed this condition only excludes C?". Namely, having a smooth affine variety 9%, with
a C*-action that contracts it to a single point, by the Bialynicki-Birula decomposition (Theorem

2.3.3) applied to its C*-invariant compactification (which exist by [Su74, Thm. 1]), we get that it
must be an affine space indeed.
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which states that a birational morphism with finite fibres to a normal variety is an
isomorphism onto an open subset. Hence, ¢ is isomorphism to an open subset of 9y,

thus being surjective, it is an isomorphism indeed. [ |

Remark 2.1.3. We remark that although the definition of a conical symplectic resolu-
tion comes from [BPW16], these objects were already considered by various authors,
most notably Kaledin [Ka06, Ka08, Ka09| and Namikawa [Nam08, Nam11].

Given a CSR 90t there could be (and in general there are) more C*-actions ¢ that
fit into the definition above. Fixing such an action ¢, we will denote the CSR by
(M, ). We define a special type of CSRs on which we will be focused in search for
exact Lagrangians (Chapter 3).

Definition 2.1.4. A weight-1 CSR is a conical symplectic resolution 9t which has

a weight-1 conical action.
The known examples of CSRs to date are:

1. Minimal resolutions of Du Val singularities, i.e. 62\//F — C?/T, where T' <
SL(2,C). They are weight-1 CSRs.

2. Hilbert schemes of n-points Hilb"(@//F) — Sym"(C?/T) on those minimal res-
olutions. They are weight-1 CSRs.

3. M = T*(G/P) for a semisimple® algebraic group G and a parabolic subgroup
P, and 9y is the affinisation of this variety. There is a finite morphism from
M, to a nilpotent orbit closure; in type A this map is an isomorphism.* These
are weight-1 CSRs.

4. 9N is a hypertoric variety associated to a simple, unimodular hyperplane ar-
rangement [BD00, Pro08|. They are weight-1 CSRs if the arrangement is coloop-
free [HPO4].

5. Nakajima quiver varieties. They are weight-1 CSRs when the underlying graph
has no edge-loops [Nak94a).

3Considering more general reductive groups instead, one actually does not get more examples.
Namely, given a reductive group G, one passes to the adjoint quotient G.4 := G/Z(G), which is
semisimple indeed (here Z(G) is the centre of G). Now, denoting by P’ the image of P in G4 it is
immediate that P’ < G4 is parabolic and G/P = G.4/P’.

“In detail: The image of the moment map u : T*(G/P) — g* = g of G-action on T*(G/P) is the
closure Op of a nilpotent orbit Op C g (here, isomorphism g* = g is provided by Killing form, as
g is semisimple). Then, it is known that the induced map 9y — Op is generically finite. If it is
generically 1-1, it is the normalization map of Op.
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6. Resolution of a transverse slice to one Schubert variety Gr" in an affine Grass-
mannian inside another Gr*. When \ is a sum of minuscule coweights, this
variety has a natural conical symplectic resolution constructed from a convolu-

tion variety.
7. Higgs/Coulomb branches of moduli spaces [Nak15, BEN16].°

Now we will give a couple of general topological facts about conical symplectic
resolutions.

Firstly, given a CSR 91 of complex dimension 2n, we have that the top exterior
power wg of its complex-symplectic form wc trivialises the canonical bundle K :=
A?OT*9. Using the general fact that ¢ (K) = ¢ (T*IN) = —c; (TON), this implies:

Lemma 2.1.5. Any CSR I satisfies ¢, (TN, 1) = 0, where [ is its complex structure.

Moreover, we notice that the complex-symplectic structure on 99t can be upgraded

to an almost hyperkéhler structure, which we define now:

Definition 2.1.6. Given a manifold M an almost hyperkihler structure on it is
given by the quadruple (g, I, J, K), where g is a Riemannian metric and I, J, K are g-
orthogonal almost complex structures satisfying /.J = K. This yields non-degenerate
2-forms wr, wy, wk, defined by ws(+,-) := —g(+, S-), for S = I, J, K. Almost hyperkéh-
ler structure is called hyperkihler if we have VI = V9J = VIK = 0, where V9 is
the Levi-Civita connection of ¢. In particular, this implies that I, .J, K are complex

structures and wy,w;,wg are Kahler forms.

Lemma 2.1.7. Any CSR (M, I,wc) can be enriched with an almost hyperkdhler struc-
ture (g,1,J, K), such that wc = wy + iwg. In particular, we have that the almost
complex structures Sy := costJ + sintK satisfy ¢,(T9N, S;) = 0.

Proof. Briefly, a complex-symplectic structure on a complex manifold of dimension
2n corresponds to a (torsion free) Sp(2n, C)-structure on tangent bundle of 9, and an
almost hyperkéhler structure to a Sp(n)-structure, and the key thing is that Sp(2n, C)
deformation retracts to Sp(n) = Sp(2n, C)NU(2n), hence a CSR can be enriched with
an almost hyperkéhler structure indeed. Now we will explain this in more details, for

the convenience of the reader.

5Strictly speaking, the objects of a Coulomb branch are only 90y, affine Poisson varieties with
conical actions. When such an object has a symplectic resolution, it is a CSR.
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Firstly, having a complex symplectic structure we on 9, we have local trivialisa-
tions of m : T — M, given by Darboux bases, i.e. vector fields {e;, f;}iz1.nj=1..n

such that we(e;, e;) = we(fi, fj) = 0,weles, f;) = di;. Given two such trivialisations
@i HU;) = Uy x C") o H(U;) = U x C*™,
on their overlap we have
pjop; ' (U;NU;) x C" — (U;NU;) x C*,
(b, v) = (b, gi5(b)v),

where the transition functions g;;(b) € Sp(2n,C). Thus, one gets an associated
Sp(2n, C)-principal bundle P — 91 using the transition functions g;;. As Sp(2n,C)
deformation retracts to its compact form Sp(n), the quotient Sp(2n,C)/Sp(n) is con-
tractible, hence by [Hu94, Cor 2.4, Ch. VI| there is a Sp(n)-reduction of P, that
is, a principal Sp(n)-bundle @ such that P = Q Xg,@) Sp(2n,C). Then, by [Hu94,
Thm. 4.1, Ch. VI|,° that means that there are maps r; : U; — Sp(2n, C) such that
7;(0)gij(b)r;(b)~' € Sp(n), for every i, j. Next, denote

70 Uy x C* — U; x C*, (b, v) — (b,13(b)v)
and define new local trivialisations ©; := 7; o ; of T9N. Then, for all i, 7 we have
@jo@;  (U;NU;) x C*" — (U; N U;) x C*,
(b,v) = (b,7;(b)gi; (b)ri(b) "),

thus, as r;(0)gi;(b)ri(b)~' € Sp(n), we get a Sp(n)-structure on T. Now we will
show that it yields an almost hyperk&hler structure (g, I, J, K) on 9, whose complex-
symplectic part is the given one, we = wy + 1w

Denote by (¢°, I°, J°, K° w2) the standard corresponding structures on C** = H".
First, notice that p;wl = we, and ¢} I° = I (where pull-back is understood fibre-wise,
i T — {b} x C*), as we have used complex Darboux basis for defining ¢;. As
rrwd = wd, 7710 = I, we have gfwd = we, ¢i1° =1 as well.

Next, we define structures on 91 using the pull-back from local trivialisations ¢; :
g:=0:¢"J =0 ) K := i K",

They are well-defined (i.e. independent of i) as the transition functions @, o0@; ' fibre-

wise lie in Sp(n), in particular, preserve ¢°, J°, K°. Moreover, together with I and wc,

®Notice the slight difference between stated therein and here, as our transition function g;; is

their gigl and we take r; to be their ;'
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they form an almost hyperkéhler structure on 91, being a pull-back of the standard
almost hyperkiihler structure on C?. This proves the first part of the lemma.

Now, notice that given a vector u = (uz,uy, ug) € S?, a linear combination
Su :U][+UJJ+’LLKK

is an almost complex structure.” Thus, we get a smooth S2-family of almost complex
structures S,, hence corresponding complex vector bundles (791, .S,,) are all isomor-
phic,® and together with Lemma 2.1.5 we get ¢;(T90, S,,) = 0. In particular, we have
c1 (T, Sy) = 0 for S; = costJ + sintK. [ ]

Now we will consider the topology of fibres of CSRs. Fibres of projective reso-
lutions are in general singular,” thus carry a mixed Hodge structure. However, in
the case of symplectic resolutions their Hodge structure is pure and concentrated in

(p, p)-classes, due to Kaledin. In particular, this applies to CSRs:

Theorem 2.1.8. [Ka06, Prop. 2.12] Let F be a fibre of a CSR m : I — M. For all
odd k we have H*(F,C) = 0, while for even k = 2p the Hodge structure on H*(F,C)
is pure of weight k and Hodge type (p,p). In particular, this is true for m=1(0) = £.

As the C*-action contracts My to a point, it also contracts M to 7 1(0) = £.
Although it is not a deformation retraction (C* acts non-trivially on £), the argu-
ment from [BPW16]!° proves a homotopy equivalence, which then together with the

previous theorem gives an information on cohomology of 9 itself:

Corollary 2.1.9. [BPW16, Prop. 2.5| Let 9 be a CSR. The inclusion £ C M is
a homotopy equivalence. Thus, for all odd k we have H*(9N,C) = 0, while for even
k = 2p we have H**(IM,C) = HP* (M, C).

Remark 2.1.10. Corollary 2.1.9 is independently proved for quiver varieties by Naka-
jima, even using the integer coefficients for cohomology [NakO1, Sec. 7]. The argu-
ment therein uses an explicit decomposition of the diagonal of the fixed loci of the
C*-action. Similar arguments for general CSRs are written in Kaledin’s work [Ka08,
Thm. 1.9, Cor. 1.10] and later in Ginzburg’s work [Gil5, Sec. 9|, though these

arguments in general only apply to rational'! coefficients.

"Indeed, to prove it, one needs the relations IJ = —JI, JK = —KJ, KI = —IK which follow
from I2=J?=K?=—-Id and K = IJ.

8As S? is path-connected.

9As they usually consist of few irreducible components, which may be singular as well.

10Gee also [Slo80, Prop. 1, Sec. 4.3].

1 Thus, any characteristic 0 field.
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It is not known, apart from quiver varieties, whether general CSRs indeed have free
and even-only cohomology over integer coefficients. They certainly do, when there
is another C*-action on 9 that commutes with the given one and has finitely many
fixed points,'? as in that case the core £ would be preserved by this action, and paved
by the affine spaces (e.g. by Bialynicki-Birula decomposition applied to the projective
completion of 9 as in Corollary 2.3.4), so the claim about cohomology follows from
e.g. [Ja04, Sec. 12.2].

It is also true that the fibres of a CSR 7 are connected. In order to prove it, we

use normality of 9.
Proposition 2.1.11. [Kal9| Given a CSR 7 : I — My, the fibres of ™ are connected.

Proof. Take a Stein factorisation of 7, that is: there is a variety 9, and morphisms
M — M and g : M — My such that m = g o 7/, the fibres of " are connected,
and g is a finite morphism. As 7 is birational, so is g, but then (a variant of) Zariski’s
main theorem states that g, being a birational morphism with finite fibres to a normal
variety, is an isomorphism onto an open subset of M1y. As 7 is surjective, the same

holds for g. Hence, ¢ is an isomorphism, thus all fibres of 7 are connected. [ |

Thus, in particular the core £ = 771(0) is connected. As 9 is homotopy equiva-

lent to it (Corollary 2.1.9), we immediately have:
Corollary 2.1.12. Any CSR 9N is connected.

It is known (due to Kaledin-Verbitsky [KaVe02, Thm. 1.1] and Namikawa [Nam08])
that, as a symplectic variety, any CSR 901 has a (topologically trivial) deformation
whose base is H2(91, C) and whose generic fibre is an affine algebraic variety. In such
varieties, there are no I-holomorphic spheres so the quantum product is equal to the
usual (cup) product. As the quantum product is preserved under deformations of the

complex structure, we have the following corollary:

Proposition 2.1.13. There is a ring isomorphism QH*(9M) = H* (M, K), where K

is a Novikov field® over an arbitrary field.

12This is not an unusual setup — the CSRs with this additional C*-action were considered in
[BLPW16).
13See Definition A.1.1.
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2.1.1 Hyperkihler conical symplectic resolutions

For compact K&hler manifolds, by Yau'’s theorem (together with a Bochner’s formula
and Berger’s holonomy classification) the presence of a holomorphic symplectic form
we guarantees the existence of a Kéhler form w such that w,Re(wc), Im(we) is a
hyperkédhler structure. However, it is not known whether this also holds in our non-

compact setting. That motivates the next definition:

Definition 2.1.14. Let (9%, wc) be a CSR. We call it a hyperkéhler conical sym-
plectic resolution and abbreviate by HKCSR, if there is a hyperkdhler structure

(M, wr,wy,wk) on it such that:

(1) The complex structure on M is [

(2) The holomorphic symplectic form we of M is equal to wy + iwk,
(3) The S'-part of the C*-action acts by isometries, hence preserves wy.

On such CSRs we will only consider C*-actions satisfying condition (3). When such

actions are also conical, we will call them HK conical actions.

In fact, all known CSRs ((1)-(7) from Section 2.1) are known to be HKCSR, and
they have a HKCSR action. It seems that there is a deep reason why this holds, and
why it may hold in general. Hopefully the future literature on CSRs will reveal this

phenomenon.

2.2 Symplectic structures on conical symplectic
resolutions

In this section we describe real symplectic structures on conical symplectic resolutions.
Thus we will assume that symplectic forms are real, unless otherwise stated.
2.2.1 Canonical Liouville structure on a CSR

In this section we construct a canonical Calabi-Yau Liouville structure on a given CSR
(9, ). Moreover, we prove that different commuting conical actions yield isomorphic

Liouville structures. Let us start with a definition of Liouville manifolds:
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Definition 2.2.1. A Liouville manifold (M,w) is a non-compact exact symplectic
manifold w = df which has a compact submanifold K C M with boundary, such that

there is a symplectomorphism
(M \ int(K),w) = (X x [1,+00),d(Ra)) (2.2)

where ¥ = 0K, o = 0|y, R is the coordinate on [1, 00|, and Ra pulls back to 6 via the
symplectomorphism. The subset M \int(K) = (X x [1,+00)) we will call the convex
end. The flow of the vector field Z defined by izw = 6 is called the Liouville flow
of the Liouville manifold (9, w). Its Lie derivative satisfies Lzw = w. The Liouville
skeleton is the set of points in M which do not escape every compact set under the

Liouville flow.

Motivated by the last definition, any vector field Z on a symplectic manifold
(M, w) satisfying Lyw = w we call a Liouville vector field. We have the following
useful lemma for finding a Liouville manifold structure on an arbitrary open symplec-

tic manifold.
Lemma 2.2.2. A symplectic manifold (M,w) such that
1. There is a hypersurface ¥ = OK that bounds a compact submanifold K.

2. There is a Liouville vector field Z defined on M which is positively-integrable

and non-zero outside of int(K).
3. Z M TY with Z pointing outside of K.
15 a Liouville manifold.

In the setup of this lemma, the coordinate R appearing in Definition 2.2.1 is
exactly R = e', where ¢t > 0 is the time needed to flow via the vector field Z starting
from ¥, in order to reach the given point. In particular, ¥ = {R = 1}. Moreover,
by the Cartan formula Lyw = d(izw) + iz(dw) = d(izw), we see that we can define
0 =izw.

Next we define isomorphisms between two Liouville manifolds.

Definition 2.2.3. A Liouville isomorphism between Liouville manifolds (M, d6,)
and (M, dfs) is a diffeomorphism ¢ : M7 — M, satistying ¢*0, = 61 + df where f is
compactly supported. It is immediate that any such v is symplectic, and compatible

with the Liouville flow at infinity.
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Let M be a manifold. Given a 1-form 6 on it such that df =: w is symplectic,
together with a compact hypersurface ¥, such that the vector field Z defined by
izw = 0 satisfies the conditions from Lemma 2.2.2, (M, df) is a Liouville manifold.
Thus, assuming those conditions are satisfied, we will call the pair (M, ) a Liouville
structure on M.

There is a deformation lemma of Moser type for Liouville structures which we will

need:

Lemma 2.2.4. [SeiSm05, Lem. 5| Let (M, 0;)o<i<1 be a smooth family of Liouville
structures on M having the same hypersurface ¥.. Then all the (M, df;) are mutually

Liouville isomorphic.

Remark 2.2.5. We remark that, what we call Liouville manifold here, in [SeiSm05,
Sec. 2| is called a complete finite type convex symplectic manifold, defined as a triple
(M, 0,¢), where ¢ : M — R is a smooth exhausting function, such that the Liouville
flow Z of 6 is positively-integrable and there is a constant ¢y such that the level
sets ¢~ 1(c) are transversal to Z for ¢ > ¢y. Given a Liouville manifold (M, df), one
can turn it into this setup, by choosing ¢ := log(R) on the convex end (where R is
the radial coordinate, recall Definition 2.2.1), and smooth it out on its complement
by a cut-off function. Then, having the family of Liouville structures (M, 6;), one
immediately has that the corresponding triples (M, 0;, ¢;) make a complete finite type
convex symplectic deformation, which is the condition of cited [SeiSm05, Lem. 5| that

ensures Liouville isomorphisms between (M, df;).

Proposition 2.2.6. Any CSR (M, v) has a canonical Calabi- Yau Liouville manifold
structure (MM, wy ), with symplectic form wy k being any non-zero linear combination
of the real w; and imaginary wg part of its holomorphic symplectic form we = wy +
iwg, and its Liouville vector field being the 1/k-multiple of the vector field of the R -
action, where k is the weight of the C*-action . Moreover, the Liouuville skeleton is

exactly the core £.

Proof. As ¢ is a weight-k action, we have that ¢ - we = tfwe for every t € C*. Using
the real values of ¢ and taking a derivation this gives us L X, WC = kwe, where X,
is the vector field of the R, -part of the action. Therefore, the vector field Z := %Xﬂh
satisfies

Lzwe = we,

which gives Lyw; = wy and Lywg = wg. The candidate for the hypersurface X can

be found using the homogeneous generators f; of the coordinate ring C[9,]. Let their
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weights be w; respectively, and denote by w their least common multiple. Define the

¢ = W*(Zm

As 7 is C*-equivariant and the polynomials f; have weights w;, denoting the C*-action
on M by ¢; we have ©;® = |t|**®, thus L;® = 2w®. As L;® = d®(Z), we see that

0 is the only singular value of ®, and hence for any ®3 > 0 the hypersurface

polynomial on 91
2w
wi ). (2.3)

S = O (By)

is smooth. As d®(Z) = 2w®, the pair (X, Z) satisfies the conditions from Lemma
2.2.2, with respect to an arbitrary linear combination aw; + bwy of symplectic forms,
thus yields Liouville structures for each of them. The unital linear combinations w; =
costwy + sintwy are all Liouville isomorphic due to Lemma 2.2.4. Moreover, scaling
of the symplectic form does not change the Liouville structure, thus we conclude that
there is a canonical Liouville structure (9%, w; k) on a CSR (9, ¢). The Calabi-Yau
property of forms w; g is due to Lemma 2.1.7.

We comment that the choice of the homogeneous generators does not affect the
obtained Liouville structure, as one uses the same vector-field, hence can get a sym-
plectomorphism between the corresponding convex ends. Indeed, denote by &y and &,
two polynomials obtained by the formula (2.3) by using two different sets of homoge-
neous coordinates. Now, choose two hypersurfaces ¥ := ®;'(cy) and ¥, := &5 (cy).

The flow of the Liouville vector field Z yields a contactomorphism
v (Eo,Oéo = 9]7[(’20) — (El,Oél = 0]7[(’21), \If*Oél = efao, (24)

where f = f(y) is the time of the Liouville flow that takes from point y € ¥, to
hit 3. The equality in (2.4) is due to Lz0,x = 6,k and the fact that oy and oy
are restrictions of 0 i. Finally, ¥ induces a symplectomorphism ¢ of different convex
ends (Xy x [1,400)) and (X; X [1,+00)), defined by

¢ (e y) = (W W(y)).

In the end, the statement that £ is the skeleton follows immediately from the proof
of Corollary 2.3.4 (equation (2.8)). |

In particular, as the family (90, w; k) of Liouville structures are mutually Liouville
isomorphic, all corresponding symplectic cohomologies SH*(9M, p, w, r) are mutually
isomorphic (see Appendix A.2.1). In fact, the proof of Proposition 2.2.6 gives their

description:
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Corollary 2.2.7. Given any CSR (I, p), its symplectic cohomology can be repre-

sented
SH*(D:R, @,WJ7K> = HF*(DJI, @7(/()]7[()

as the Floer cohomology of the polynomial & = . |7*(f;) “ obtained by lifts 7 (f;)

of a set f; of p-homogeneous generators of the coordinate ring C[9y]. Here w; is the

weight of f;, and w = lem(w;).

Proof. By the proof of Proposition 2.2.6 we have L;® = 2w®, and we claim that this
implies that ® = ®yR**. Indeed, the given equation implies that dplog® = 2w/R
(as Z = ROg), therefore the Liouville flow maps the level set ¥ = &~1(®) to another
level set of ®. This implies that in the ¥ x [1,00) coordinates from (2.2), ® is
constant in the T’ directions. Thus the Z-directional derivative equation is enough
to determine ®, as claimed. Finally, ® = h(R) is an admissible Hamiltonian such
that lim A/(R) = +o0, so its Floer cohomology HF*(IM, @) gives the symplectic

R—4o00
cohomology by definition (Appendix A.2.1). [ |

Remark 2.2.8. In particular, computing the exact symplectic cohomology SH* (I, ¢, ws k)
is an interesting question in itself. Apart from the case of cotangent bundles of
generalised flag manifolds 7*B, (which is computable due to Viterbo isomorphism
[Vi96, Abl5]), amongst all CSRs the exact symplectic cohomology is computed only
for resolutions of Du Val singularities of type A and D, due to Etgii-Lekili [EL17,
Cor. 42 and Cor. 46|, where they have used Legendrian surgery techniques |[BEE12]

as a means of computation.

Next, we show that the Liouville structure constructed in Proposition 2.2.6 does

not depend on the choice of the conical action, amongst the commuting ones.

Proposition 2.2.9. Given a CSR N, two different conical actions that commute

yield isomorphic Liouville structures.

Proof. Let us have two conical actions g and ; on 9t that commute and have
weights k; and ko respectively. As in Proposition 2.2.6, 1/ky and 1/k;-multiples of
their R, -vector fields yield two Liouville vector fields Z; and Z;, with respect to linear
combinations aw; + bwg of symplectic forms. As we proved in the same proposition
that a choice of (a,b) does not impact on the Liouville structure, we will use the form

wy for simplicity. Setting Y := Z; — Zj, we define a family of Liouville vector fields

Zt:ZO+tY
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and corresponding primitive 1-forms 6, of w defined by 0; = iz,w;. By Lemma 2.2.4
it is enough to prove that the vector fields Z; intersect the hypersurface ¥; = ®'(c)
transversely outwards for some ¢ > 0, in other words d®,(Z;) > 0. We prove that by
projecting to 91,.

Firstly, as the actions ¢y and ¢; commute, there is a set {fz}~_, of generators
of C[My] that are homogeneous under both actions. Thus, we have an embedding
My —= CN p (filp),..., fn(p)). Denote by 2y, ..., 2y the coordinates in C¥.
Denote the weights of fi by w{ and w;}, under the actions ¢g and ¢; respectively, and
their corresponding least common multipliers by w®, w'. Then, the map v := jo 7 :
M — CV is C*-equivariant with ¢y and ¢;, where the corresponding actions on C¥
are given by

te (21, 2n) = (%2, N 2y),

for i = 0 and ¢+ = 1 respectively. The vector fields of the R, -parts of these actions
on CN are given by the standard formulas V;(z) = Sn , wi (210, + yx0y, ), Where
2k = Tk + 1Yk

Now, fixing some ¢ > 0, we want to prove d®;(Z;(p)) > 0 for an arbitrary
point p € ®;'(c). As &, = 7' = V*;Ozl, we have d®,(Z;(p)) = d(v*aq)(Zi(p)) =

2wl

don (v (Zi(p))), where oy = >, |z5] “k vk and v,(Z,) = 1/*((1 )2y +t27) = (1 —

t)Vo + tVi, as v is C*-equivariant. Thus, using da; = Zk L2 - (mkdxk + yrd,, ) we
k

have

d®,(Zi(p)) = dan((1 = )Vo + V1) = (1 = 1) dal(%) +t don (V1)

N
2U}1 1
=(1—1))  —w(af +yi) + tz —wy(z} + vP),
wi wi
k=1 K k=1 K
thus it is positive whenever v(p) = (z1,y1,...,Zn,yny) # 0, that is to say, for all
c > 0.
Thus, by Lemma 2.2.4, (9, d6,) are Liouville isomorphic. In particular, (9, d6,)

and (90, d6,) are Liouville isomorphic as well, hence the proposition is proved. [ |

We will see examples of commuting conical actions in the following chapters.
Namely, there are Nakajima actions on quiver varieties, defined in Section 4.2, and
(even and conical) Twisted Kazhdan actions on Slodowy varieties, defined in Section
5.2 (commute due to Lemmas 5.2.22 and 5.2.23). However, we remark that in general,
one should always expect that on a CSR there are non-commuting conical actions.

Here we give an simple example of such occurrence.
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Example 2.2.10. Let us consider an example of C2, with the standard complex
symplectic form we = dz; A dzy. Given an arbitrary polynomial f € C[X], there are

symplectomorphisms ®; € Symp(C?, wc) of type

Qs (21, 22) = (21 + f(22), 22),

which, when f is not of type f(X) = aX, do not commute with the standard conical

action t - (21, z2) = (t21,tz2). Thus, by conjugation with @ one obtains an action

We(t) : (21,22) = (tz1 — tf(22) + f(tz2), t20)

that does not commute'* with the standard action and is conical precisely when
polynomial f does not have a free term.

Picking f(X) = X", and a primitive n + 1-root of unity €, one can see that the
symplectomorphism ®x» commutes with the Z/(n-+1)-action - (21, 29) = (£21,6 '23)
on C?, hence it passes together with the action ¥x» to the quotient C?/(Z/n + 1),
known as Du Val singularity.!® This quotient has a symplectic resolution which is
a CSR with respect to the standard action or the action induced by ¥x». However,

these actions do not commute.!®
Inspired by the previous example, we give the following definition.

Definition 2.2.11. Given a CSR 901, a conical structure on it is a maximal set of

mutually-commuting conical actions on it.

Hence, as we saw in the previous example, a CSR can possibly have more conical
structures. In this new terminology, Propositions 2.2.6 and 2.2.9 show that a conical

structure on CSR 99 induces a canonical Liouville structure attached to it.

2.2.2 Non-exact symplectic structures on a CSR

We now show that an arbitrary CSR 9 also admits a non-exact Calabi-Yau Kéahler

structure which is invariant under the S'-part of its conical action.

Lemma 2.2.12. Any CSR 9 has an I-compatible S*-invariant Calabi-Yau Kdihler
structure, where I is the complex structure of M. Moreover, when N is not a point,

the symplectic form of this structure is non-exact.

ndeed, this reduces to show that for —stf(22) + sf(tz2) = —tf(sz2) + f(tszz) cannot hold for
all s, ¢, 29, unless f(X) = aX for some a € C, which is a standard exercise in polynomial equations.

5These are explained in details in Section 6.9.2

$0ne can argue that although they not commute on C2, passing to the quotient they may com-
mute. However, by explicitly writing down the formulas one sees that if they commute on the
quotient, they do on C2 as well.
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Proof. Being projective over an affine variety 9, the variety 91 is quasi-projective.
Indeed, 7 : MM — MMy being a projective morphism means that there is an embedding
M — My x CP™ for some n ([Ha77, p.103]). As My is an affine variety there is an

embedding 91y <— C™ for some m, hence we have the sequence of embeddings
My x CP" < C™ x CP" « CP™ x CP" — CPm+Hn+)-1

the last one being the Segre embedding. Altogether we get a holomorphic embedding
M < CPN, where N := ((m +1)(n+ 1) — 1). One can pull-back the Fubini-Study

form wpg from CPY, and then average it over the S'-part ¢, of the C*-action

wr ::/ o, (L*wrg)dt,
S1

getting an I-compatible S'-invariant symplectic form w; on 9. The I-compatibility
exactly means that g(-,-) := wy(-,/-) is a Riemannian metric. As [ is a complex
structure, the triple (g, I, w) forms an S'-invariant Kéhler structure. Tt is Calabi-Yau
due to Lemma 2.1.5.

Let us explain why this symplectic structure is non-exact, in the case when 9
is not a single point. Then, the core £ is not a single point, as otherwise 2t would
contract to it via the action and thus would be isomorphic to an affine space,'” hence
M, as well, and that does not fit with Definition 2.1.1 of a CSR (9, has to be
singular). Thus the core is not a point. Assume first that it is fixed by the C*-action,
i.e. M = £. Then, £ is a smooth I-holomorphic, thus w;-symplectic submanifold of
M8 If wr was exact on 9 indeed, its pull-back on £ would yield an exact symplectic
form on a connected closed manifold, which is impossible due to Stokes theorem.
Otherwise, there is a point = € £ which is non-fixed; its C*-orbit can be extended
to a holomorphic map u : CP! — £, by [So75, Lem. II-A]."® Hence, if w; = df was
closed on 9 indeed, the Gromov lemma together with the Stokes formula makes a
contradiction, 0 = [, o u*0 = [p w'wr = 5 [ [|du|> > 0. ]

We add a simple lemma regarding these non-exact structures, that is going to be
useful to us. Recall first that, given a function H on a symplectic manifold (M, w),
its Hamiltonian vector field X is defined by dH(-) = w(-, Xg). The flow of this

field preserves the symplectic form w.

"Due e.g. to Biatynicki-Birula decomposition applied to CSRs, Corollary 2.3.4.

8Due to Theorem 2.3.1(1a) and Lemma 2.3.2.

19Gtrictly speaking, one can use this result only for a compact Kihler manifold with a C*-action.
However, being smooth, 9t is a normal variety, so due to [Su74, Thm. 1] one can compactify it
C*-equivariantly to a smooth projective variety X, which is then naturally K&hler.
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Lemma 2.2.13. Consider a CSR (M, ) with an S*-invariant [-compatible Kdihler
structure (g, I,wr). The S'-part of v has a moment map H, defined with respect to
wr. The wvector field of the R -part of ¢ is Xg, = VH and the vector field of the
Slopart is X1 = Xp. In particular, Xig = IVH.

Proof. By Corollary 2.1.9, H'(91) = 0, hence there is a moment map H : 0 — R.
The Sl-part (Xg1 = Xp) is immediate from the definition of the moment map. Then,

as the C*-action is holomorphic, we have Xg1 = I Xg, . On the other hand, from
w[(gvXH) = dH(S) = g(éa VH) = (AJ[<§,IVH),

we get that Xy = IV H, and thus the claim Xz, = VH follows immediately. |

2.3 (C*-geometry of conical symplectic resolutions

In this section we discuss some further geometric features of a conical C*-action on
a CSR M. In particular, apart from the fixed locus, we consider the points that
have cyclical isotropy subgroups under the action. These submanifolds will be used
significantly as the components of the spectral sequences in Section 6.8.

Let us first recall a fundamental theorem about Sl-actions on compact Kéhler
manifolds. By b (X) we denote the k-th Betti number of a space X.

Theorem 2.3.1. Let M be a compact Kihler manifold M with an S*-action by Kdhler

1sometries. Then:

(1) The moment map H : M — R of the S'-action is a perfect Morse-Bott function,
thus

(a) The critical locus Crit(H) = § = M5 is a smooth Kihler submanifold.

(b) It splits T = UpecaSa into connected components.
(c) bi(M) =" cabe—pr.)(Sa), where i(§s) is the Morse-Bott index of q.

(2) Under the linearised action, the tangent space of M at a fized point x© € §, splits

as a complex S*-representation
T, M = ®rezHy(x),

where Hy(z) is the weight-k subspace. In particular, T,§, = Ho(z).
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(8) This yields the splitting
T3, M = ®rezHy,

of the restriction of the tangent bundle to §.. In particular, TE, = Hy.

(4) The equality 1(Fo) = dimg(Dr<oHy) holds, thus the Morse-Bott indices pu(§a)

are even.

Proof. Claim (1) is the standard statement from [AB83, Ki84]. Claim (4) follows
from claim (2), as the subspace @, _, H, is the negative vector subspace, and Morse-
Bott index u(§,) is exactly its (real) dimension. It is even as all Hy are complex.
Claim (2) is just the weight-decomposition of an S'-representation. Finally, let us
prove Claim (3). For x € §, denote by ¢, the induced linearised action on T, M by
t € S*. Now consider the characteristic polynomial f(z)(X) = det(X -I1d —t,) (recall
this is independent of choices of local coordinates since t, is an endomorphism of
T.M). As the action is K&hler and thus holomorphic, the coefficients of f(x)(X) are
holomorphic functions with respect to x € §,. Since §, is a closed connected complex
manifold, global holomorphic functions on §, are constant.?’ Thus the coefficients
of f(x)(X) are constant. Therefore, the eigenvalues of ¢, and their multiplicities are
independent of z € §,. Thus, the weight subspace Hy(z) = Ker(t, — t*Id |t € S*)
varies smoothly with respect to x and is equidimensional, and thus forms a subbundle
H,, of Ty, M. n

Although CSRs are not compact, this theorem holds for them as well, as we now

show.

Lemma 2.3.2. The statement of Theorem 2.5.1 holds for any CSR (I, ), using
the St-part of  and any S*-invariant Kihler structure on 9. Thus the moment map
H :9M — R of the S*-part of ¢ is a perfect Morse-Bott function. Moreover,

F=| 8= =" =Crit(H) C £, (2.5)
aEA

where §o denote the connected components of §. By perfectness of H, we have

be(M) =) b () (Ba). (2.6)

acA

where u(Fa) are the Morse-Bott indices of Fa.

20Using that non-constant holomorphic functions are open maps, and open compact subsets of C
are points.
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Proof. The proof of claim (1) of Theorem 2.3.1 also works for an open manifold if the
negative gradient flow of the moment map of an arbitrary point stays in a compact
set. This is true for an CSR (91, ¢) by the following. From Lemma 2.2.13, we have
that the image of a negative gradient trajectory of a point = is {¢t - x | ¢t € (0, 1]},
which lies inside the set 7='({t - w(z) | t € [0,1]}). The last set is compact as 7
is a projective, hence proper map. The claims (4) and (2) of Theorem 2.3.1 follow
immediately.

Observe that Crit(H) = Zeros(Xy) = M. The third equality in (2.5) is due
to holomorphicity of the C*-action. That 9®" C £ is due to the fact that the only
fixed point in My is xg, and £ = 71 (xy).

Thus, fixed locus § = 9 is a closed subvariety of the core £ = 7~'(0) which is
compact, thus § is compact as well. Hence, the argument for claim (3) of Theorem
2.3.1 follows. u

Hence, given a CSR (9, ), the fixed locus § := IM¥ of the C*-action ¢, and,
equivalently, of its Sl-part, is a smooth subvariety of 9. It breaks into connected
components § = Uyea8o. Focusing on the C*-convergence of the points in 9 we get

to the following spaces:
£, = {xeim] hmt-xESa}, D, = {xe‘lﬂ\limt-xega}. (2.7)
t—o0 t—0

One can view these as the upward and downward Morse flow of the moment map
H, as the vector field of the R -action is the gradient flow VH (Lemma 2.2.13).
Thus, these are smooth submanifolds in 99t. Moreover, on the algebraic side we have
a version of the Bialynicki-Birula decomposition for CSRs. Recall first the original
result that follows from [BB73, Sec. 4].

Theorem 2.3.3 (Bialynicki-Birula decomposition). Consider a smooth projective
variety Y with an algebraic C*-action on it. Denoting the decomposition of the
fized locus § = Y& = UyFa, the upward and downward attracting sets £, and
D, defined by (2.7) are locally closed smooth subvarieties that decompose Y, that

18, U Lo = UD, =Y. Moreover, the natural morphisms

L4 = Fa, = limt-x,

t—o00
Dy = Fa, v limt -z,
t—0

are isomorphic to fibre bundles with affine fibres.
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Corollary 2.3.4. Given an CSR (I, ), its fized locus M? = §F = UpeaFa induces
the decompositions £ = U Lq, M = UD, into smooth locally closed subvarieties,
defined by (2.7). The natural morphisms

Lo = Fa, = limt-x,
t—o0

Dy = Fa, x> limt-x,
t—0
are isomorphic to fibre bundles with affine fibres.

Proof. As every point x € 91 has a limit 11_1)1525 -z and it must be a fixed point, the
decomposition M = U,D, is immediate. To prove the other decomposition, it is
enough to prove that

L={xeM| lim t-x exist}, (2.8)

which we do as in [Gil5, Lem. 4.5.2]. Namely, having a point = such that hm t-x exist,
the same will be true for its projection y := 7(z), and then as the hm1t hmt y=20
always exist, the map C* — £, t — t-y extends to a regular map f : P! — 93?0 As M,
is affine, f must be a constant, hence y = f(1) = f(0) = 0, thus z € 7~ !(0) = £. Now,
choose arbitrary z € £. As £ is projective, hence complete, the map C* — £, t — t-x
extends to a regular map P!, thus the limit hm - x exists.

Now, recall by the proof of Lemma 2.2. 12 that M is a quasi-projective variety.
Being smooth, 9t is normal, thus by [Su74, Thm. 1] one can extend the C*-action
on it to a smooth projective variety Y which compactifies it, such that 91 C Y
is a C*-invariant Zariski open subvariety. As Y is smooth projective, it has the
decompositions with the properties as in Theorem 2.3.3, thus it is enough to show
that the decompositions £ = L, £,, M = LU, D, are sub-decompositions of those in Y
(i.e. every piece of decomposition in Y is either entirely contained in 9% or in Y\ 91).
This is immediate: given any fixed locus component §, in 9, if there is a point z € Y
such that 1i_r>%t -x € Sa/tlirilot - € Fa, there is a neighbourhood U of 0/c0 such that
{t-x |t €U} is contained in M (as M is an open neighbourhood of F, in Y'). Thus,
as M C Y is C*-invariant, x also belongs to 9. |

Recall the weight decomposition of the tangent bundle of 91 restricted to §, into
subbundles,
T5, M = SrezH. (2.9)

Bialynicki-Birula decomposition [BB73, Thm 4.3(iii)| also describes the tangent spaces
of bundles £, and ©, at §, ,

T, L0 = Dr<oHg, 15,90 = GrzoHy. (2.10)
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In the literature it is often cited that by the Biatynicki-Birula paper [BB73|, the
morphisms £, — Fa, Da — Fa, are isomorphic to complex?' vector bundles on Fa,

but it is actually never proven. We fix that gap in the following proposition.

Proposition 2.3.5. In the setup of Theorem 2.3.3, the morphisms £, — Fao and

Do — o are isomorphic to C*-equivariant complex vector bundles over §,.

Proof. Let us prove the statement for the morphism f : ©, — T, the other one
follows verbatim. Firstly, by [BB73],%> we actually have a more precise information
on the fibre bundle f than stated in Theorem 2.3.3. Namely, its local trivializations
are C*-equivariant, where the C*-action on the fibre V' is linear and isomorphic to the
C*-action on the tangent space Ty D, = @>0H} (this action is uniform throughout
Sa, recall proof of Theorem 2.3.1). Thus, given trivialisations over two open sets

Y;,Y; C §. that intersect, the transition functions
Gij : Y. N Y; — Allt(c* (V), (211)

land into the group Autc«(V) of C*-equivariant algebraic*® automorphisms of the
affine space V. Thus, switching to the coordinate ring of V' and denoting dimV = n,
those are graded isomorphisms of the polynomial ring Clz1, ..., x,], where deg(x;) =
a; are the weights of the C*-action on V. In particular, when the weights on V' are
all equal, we are left with linear automorphisms only, thus the transition functions of
bundle f land in GL(V') indeed. Hence, in that case f has a structure of algebraic,
thus holomorphic vector bundle, which is even stronger than what we need. Other-
wise, one should expect non-linear transition functions in general, but the key point
is that we can reduce the structure group Autc«(V) to its linear subgroup GLc+(V),

by the following lemma.

Lemma 2.3.6. Given a complex vector space V' with a linear C*-action with positive
weights, the group of linear C*-invariant maps GLc+(V') is a deformation retract of

the group Autc-(V) of C*-invariant polynomial automorphisms** of V.

Proof. Split V. = &!_,V; into weight spaces {V;};=1., such that their with weights
increase with ¢ = 1...r. It is clear that each map in Autc«(V)/GLc+(V) has to

21 Meaning: R-smooth vector bundles with complex vector space as fibres and transition functions
in GL(n,C).

*2More precisely: Proofs of [BB73, Thm. 2.5] and [BB73, Thm. 4.1].

Z3Recall that the setup of [BB73] is algebraic.

24Meaning: Polynomial maps whose inverses are also polynomial.
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preserve V;. Thus, denoting the coordinates in V; by 7}, ...,z and the vectors z; =

1 x.si

(x;,...,2;"), we have that an arbitrary map in Autc- (V) is of type

(x1,...,xp) = (L1(21), La(x2) + p2(x1), Ls(x2) 4+ p3(z1,22), . . ., Le(xr) + pr(21, .oy 2r—1))
(2.12)

where p; are arbitrary polynomials and L; are invertible linear maps. Indeed, passing

to the map of coordinate ring C[V] = C[(x7); ;] we see inductively by ¢ that L; need

the map (2.12) is going to be invertible polynomial for arbitrary choices of p;, as
one can show inductively as well (the inverse is (z1,...,2,) = (L7 (21), Ly (2o —
po(Li(21))),...)). Hence, the group Autc-(V) deformation retracts (by letting all

coefficients of po, ..., p, in (2.12) to go to zero) to its subgroup given by linear maps

(1, ..., xp) = (Li(x1), La(xs), Ls(x2), ..., L.(x,)),

which is precisely the group GLc+(V'). Thus, the lemma is proved. [

Now the proposition follows by the following standard lemma from the theory of
fibre bundles. Indeed, putting G = Autc:(V) and H = GL¢+ (V) in it, we get that
f:®4 — §a is isomorphic to a V-fibre bundle with transition functions in GLc«(V),

hence it is a C*-invariant complex vector bundle.

Lemma 2.3.7. Given a F-fibre bundle E whose transition functions land in Lie group
G < Diff(F) and a closed subgroup H < G which is a deformation retract of G, there
is a F-fibre bundle E' with transition functions landing in H, which is isomorphic to
E as a F-fibre bundle.

Proof. We can associate a principal G-bundle P to F, constructed using the transition
functions of E. Then, the associated F-fibre bundle P x4 F' is isomorphic to E as
a F-fibre bundle. Now, as H < G is a deformation retract, G/H is contractible,
hence by [Hu94, Cor 2.4, Ch. VI| there is a H-reduction of P, that is, a principal
H-bundle @ such that P = @ xy G. Thus, by [Hu94, Thm. 3.1, Ch. VI| we have
isomorphism of F-fibre bundles P xg F' = ) X g F. By definition, transition functions
of the associated bundle £’ := () x g F are the same as the transition functions of Q,
hence they land in H. As E' & FE, the lemma is proved. [ |

We will now focus on points in a CSR 90 that have finite isotropies under the

C*-action on a CSR. Thus, we introduce the following definition:
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Definition 2.3.8. A torsion point of a CSR (91, ¢) is a point that has non-trivial
isotropy group under the C*-action ¢. In particular, given an arbitrary integer m > 2,
a Z/m-~torsion point is a point whose isotropy group contains Z/m. In the same
way we define a torsion submanifold and a Z/m-torsion submanifold in 90,
respectively (Z/m-)torsion points and (Z/m-)torsion subvarieties in My. Given an

arbitrary m € N, we introduce the notation:
Rz/m := {Z/m-torsion points in M} Pr/m = {Z/m-torsion points in My }.

Notice that Rz, = IMZ/™ and Prjm = Dﬁoz/m7 where the Z/m-actions are the induced
action from . As 7 : I — M, is C*-equivariant, we have that 7(Rz/i) = Pz/i-

Next, we define the torsion refinements of Bialynicki-Birula bundles ©,, £,.

Definition 2.3.9. Given a connected component §, of the fixed locus in a CSR
(M, ¢), and an integer m # 0 that appears as a weight in (2.9), define its homoge-

neous bundles
Humso = {z € M | ﬁ%t T € §o, x s Z/m-torsion}.
Homeo = {x € M| tlirglot & € Fa, x is Z/m-torsion}
The term "bundle" in the last definition makes sense due to the following lemma:

Lemma 2.3.10. Any homogeneous bundle H,, is a complex vector bundle over the

fized locus component §, to which it converges. Moreover, T, H,, = Bi>0H .-

Proof. This basically follows from the Biatynicki-Birula decomposition and Proposi-
tion 2.3.5, applied on the connected component smi/m of MZ/™ containing F,. Firstly,
notice that 9%/™ is a smooth closed subvariety of 9t.2° Thus, IM%™ is a smooth
quasi-projective variety,?6 and so is %™ hence we can apply the Biatynicki-Birula
decomposition theorem to it, the same way as for CSRs (Corollary 2.3.4). Together
with Proposition 2.3.5, we have that the morphisms H,, — Fo, © — lim;_,t - x,
are isomorphic to complex vector bundles over §,. The equation T5, H,, = ®i>0Hm
follows from the fact that

T&ﬂﬁ?m = GrezHim, (2.13)

and the description of the tangent spaces of Bialynicki-Birula pieces (2.10). We can
show (2.13) using the Z/m-equivariant tubular neighbourhood of §,. Namely, as the

%E.g. due to [CGP10, Prop. A.8.10], as Z/m is an affine algebraic group acting algebraically on
the smooth variety 9.
26As a closed subvariety of quasi-projective 9.
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Z/m-~action can be made isometric with respect to some Riemann metric, by [Bre72,
Thm. 2.2, Ch. VI| there is a Z/m-invariant tubular neighbourhood N'§, C M of F,
given by the composition of Z/m-equivariant exponential map and a contraction v

of the normal bundle Ng§, onto a neighbourhood of the zero section,
expe oY : N§, =N NFa.

The claim (2.13) follows as Z/m-fixed locus on NF,, is Dz Hym, whereas on N, it

is an open subset of 9%/™. [ |

Definition 2.3.11. Given a homogeneous bundle H,, over the fixed connected com-

ponent §,, depending on its embedding in the CSR 91, we will call it:
e an outer bundle, if it lies outside of the core £, except for §q;
e an inner bundle, if it lies completely in the core;
e a mixed bundle, otherwise;

e a torsion bundle, if it is an outer bundle and m > 2. As it consists of Z/m-

torsion points, we will call it a Z/m-torsion bundle as well.

The motivation for considering mixed and torsion bundles arises because the co-
homologies of their hypersurfaces at infinity will be building blocks of the spectral
sequence which we construct in Section 6.8. We have the following lemma that is

immediate from the definition of H,,.

Lemma 2.3.12. Consider two fized points x1 € §a,, T2 € Fa, in two different fized
components, such that there is a C*-orbit vy flowing from x1 (whent — 0) to xo (when
t — o0). If v C H,y, with respect to §o,, then v C H_,, with respect to §a,-

Geometry of C*-orbits between different fixed locus components is depicted by the

following object:

Definition 2.3.13. Given a CSR (9, ¢) its attraction graph @, = (Qo, Q1) is an
oriented graph whose vertices Qo represent connected components §, of the fixed set
under ¢, and edges represent the C*-flow between them: between vertices a; and as

we put N edges where N is the number of connected components of the manifold
Sy san = {x €M zl:i—%lt T € §qo, and tliglot T E Fayt
The leaves of the graph ) are vertices that have no outgoing edges.
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Lemma 2.3.14. Given the attraction graph of a CSR (I, ), between any two of its
vertices there cannot be edges going in both directions. Hence, there must exist a leaf

vertex.

Proof. Consider the moment map H of the S'-action, with respect to a Kihler form
from Lemma 2.2.12. The function H is constant on each component §, because
if there were a non-constant smooth path in §, along which H varies, then that
would imply that VH is non-zero at some point of §,, contradiction. The gradient
trajectories of VH are R -action orbits. As the value of the moment map is strictly
increasing along a gradient trajectory, there cannot be two gradient trajectories (hence

R, -action orbits) going in opposite directions between two fixed locus components.
[

Proposition 2.3.15. Given a CSR (M, p) whose attraction graph has at least two
vertices, each leaf has a torsion bundle attached to it. In particular, the action ¢ is

not free outside of the fixed locus.

Proof. We know that the attraction graph @), has a leaf by Lemma 2.3.14. Pick
one of them, and its corresponding fixed component §,. Then, as in Theorem 2.3.1,

consider the S'-representation
.M = P Hi

of the tangent space of a point x € §,, that is induced by the Sl-part of . Here, H,
is the weight-k subspace. Denoting by [ the weight of the symplectic form we under

the C*-action, we claim that this induces a non-degenerate pairing
we - Hk @Hlfk — C.

Indeed for v € Hy, we(v,w) = t7Hpjw)(v,w) = t we(thv, gr,w) = welv, tF o w).
Then considering the weight-decomposition of w, and the leading terms when taking

t'=*w whenever w(v, w) # 0,

either the limit ¢ — 0 or ¢ — oo, we deduce that ¢, w =
as required. As §, is a leaf, the weight-spaces Hj that are tangent to the core-
directions must have k£ < 0. In particular, Hy = T,5,.

Assume now that §, does not have a weight space with negative k. Then the
attraction graph consists only of the component §,, which contradicts with our as-
sumption. Otherwise, chose an arbitrary weight space of Hy with k£ < 0. There must
be an we-dual tangent subspace H;_j, with a corresponding homogenous bundle H;_.
Asl—k>1—(—1)=2>0, it does not belong to core directions (recall that F, is
a leaf). Hence, apart from its subset §,, the homogenous bundle H; ;. lies outside of

the core, As [ — k > 2, it is a torsion bundle indeed. [ |
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Having the previous proposition in mind, we decorate the attraction graph with

this very last piece of information from the C*-data:

Definition 2.3.16. Given a CSR (9, ¢), its extended attraction graph®’ @Tp =
(Qo, Q1) is an extension of the attraction graph @, = (Qo, Q1) such that for each tor-
sion bundle H,, — §, we add an outward-pointing edge at a vertex that corresponds

to the fixed component §,.

Example 2.3.17. We give an example of an extended attraction graph for the mini-
mal resolution of the Du Val singularity 7 : Xz/5 — C?/(Z/5). The standard weight-2
C*-action on this CSR is induced from the weight-1 dilation action on C2. The core
7~ 1(0) consists of a Dynkin A, tree of spheres that intersect transversely, and there
are five C*-fixed points, three out of which are intersections of spheres. The other
two are exactly the leaves of the attraction graph (Figure 2.1) and thus, according to
Proposition 2.3.15, they have torsion bundles attached to them. Notice that on each
arrow of the graph we label the weights that correspond to the weight space Hy from
which and into which each arrow converges. By Lemma 2.3.12, on each arrow, the
starting weight and ending weight should be the same number up to a sign. Notice
that the sum of the numbers appearing at each vertex is equal to 2, which is due to

the fact that the action in this example is weight-2.

Figure 2.1: Extended attraction graph for the minimal resolution of C?/(Z/5).

We will come back to this example in Section 6.9, where we will compute its corre-

sponding Morse-Bott Floer spectral sequence (Example 6.9.3 and Figure 6.4).

2T"We are slightly abusing the language, as this is not a graph in the usual sense (the last-added
arrows have no inward vertices).
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Chapter 3

Exact Lagrangians in Conical
Symplectic Resolutions

In this chapter we construct a family of closed exact non-isotopic Lagrangian sub-
manifolds of an arbitrary weight-1 CSR (9%, w; ), in other words a family of distinct
objects of its compact Fukaya category F (9, w, k). Those are constructed as the
minima of moment maps of the S'-part of different weight-1 conical actions, thus we
call them minimal. Moreover, these minimal components are irreducible components
of the core of 91, hence are also interesting outside the realm of symplectic topology.*
We study their symplectic topology, prove that their Lagrangian Floer cohomologies
are of strictly-topological nature, and also show that their existence yields some lower

bounds on the rank of symplectic cohomology SH* (9, w, k).

3.1 Existence of a smooth core component

We will start this section by recalling the main facts about the geometry of the core
£ of a CSR M. The proof is due to V. Ginzburg for an arbitrary CSR, but the key
ideas are from H. Nakajima’s proof of the same theorem for quiver varieties [Nak94a,
Thm. 5.8]. We denote by ¢ - x the C*-action, both on 9t and 9.

Theorem 3.1.1. [Gil5| Given an arbitrary CSR (M, ¢), its core £ is an we-isotropic
subvariety of M equal to

£= {x eM| limt-x exists}. (3.1)

t—o00

'As we will see e.g. in Chapter 5.
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Denoting the decomposition of fized locus into connected components by IM? = § =

UaSa, there is a partition £ = U, L, of the core by smooth locally closed subvarieties
£, = {xeﬂﬁl limthSa}.
t—o0

Moreover, if ¢ is a weight-1 action, each £, is a wc-Lagrangian submanifold, thus
the core £ has pure dimension %dz’mi)ﬁ and its irreducible components are precisely

the closures £,.

Proof. The core £ is we-isotropic due to [Gil5, Thm. 4.2.1(2)]. We have already
seen (3.1) and the partition £ = U, £, in the proof of Corollary 2.3.4. The last part
regarding the weight-1 case is due to [Gil5, Sec. 4.5]. [

In particular, given a weight-1 CSR 90, the irreducible components £, of its
core £ are complex projective varieties, thus have well-defined fundamental classes in
singular homology, which freely generate the top-dimensional homology of the core
H,op(£).? Thus, together with Proposition 2.1.9 we have the following:

Lemma 3.1.2. Given a weight-1 CSR O, the fundamental classes [L4]o make a basis
of Hiop(L,Z) = Hypia(M, Z). In particular, £, are non-isotopic in M.

Given a weight-1 CSR, its irreducible core components £, are in general not
smooth. However, we will prove that at least one of them is always smooth. Recall
that by Lemma 2.2.12, there is an S'-invariant I-compatible Kihler form w; on 91,
where [ is the complex structure of 9, and S* acts via ¢. By Lemma 2.2.13, with

respect to wy there is a moment map
H: M —R

for the S'-action, and VH is the vector field of the R -part of the C*-action ¢.

Proposition 3.1.3. Given a weight-1 CSR (MM, ) there is a smooth irreducible com-

ponent £, in £, therefore a holomorphic Lagrangian submanifold of (I, we).

Proof. We claim that the global minimum of the moment map H exists and is attained

on the core £. Firstly, by Lemma 2.3.2, we have

§=| 8= =m* = Crit(H) C £,

aEA

’Indeed, an irreducible projective algebraic variety admits a triangulation, making it a closed
oriented connected pseudomanifold, and these have fundamental classes by [SeTh80, Sec. 24]. The
statement about the core £ follows from the Mayer-Vietoris sequence since intersections of irreducible
components have real codimension bigger or equal to 2.
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thus, if the minimum exists, it is in the core £. As 7 : 9t — 9, is a projective map,
£ = 7 Y(x) is projective, hence compact, so the minimum of H|¢ exists. It must be
attained on a subset of Crit(H), so by the equation above, the minimum is attained

for a certain family of components Ll ca/$, call them minimal.

Picking an arbitrary minimal component §,,, we want to show that it is an irre-
ducible component of the core £. As H attains the minimum at §,,, there is no
gradient trajectory VH converging to it. Recalling that V H is the vector field of the

R, -action, we have that
Loy = {xemltli}rgot-xegao} = Fao-
As §,, is already a closed subvariety,
Loy = T = Lao- (3.2)

But £,, is smooth by Theorem 3.1.1. Hence the irreducible component £,, of the

core £ is also smooth.

In fact, there is always a single minimal component. As 91 is connected by Corollary
2.1.12, equation (2.6) from Lemma 2.3.2,

be(M) = biu(r) (3a),

a€cA

tells us that precisely one component can contribute to by(9%) = 1, and that compo-
nent §, must have Morse-Bott index zero, p(F.) = 0. By the definition of Morse-Bott

index, this component is minimal. [ |

Remark 3.1.4. The last proposition also holds for any holomorphic symplectic man-
ifold with a weight-1 action that contracts the whole manifold to a compact set. In
particular, for the case of a moduli space of Higgs bundles |Hi87|, the component of
its core that this method recovers is the well-known moduli space of stable vector
bundles [AB83].

We also show a converse of Proposition 3.1.3, that is, if an action has a fixed

component, it must be a power of a weight-1 action. We first need a lemma.

Lemma 3.1.5. Consider a smooth irreducible complex algebraic variety X with an
algebraic C*-action @. If it has an m-th root 1\ on a Zariski open subset U, then it

extends to an holomorphic m-th root on the whole of X.
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Proof. Firstly, as an algebraic variety X is a separable scheme, the diagonal A C
X x X is a closed subvariety. Then, seeing the actions as functions p, 9 : C*x X — X,
from the condition that ¢ = 9™ holds on U, we have that p(et,z) = ¢(t,z) holds
for z € U, for any m-th roof of unity . In other words, the image F(C* x U) of the
morphism

F:CxX—=>XxX, (t,z) = (¢(t,x),p(et, x))

lies in the diagonal A. As X is irreducible, C* x X = C* x U. Thus, by continuity of
F

)

F(C*x X)=FC* xU)CF(CxU)CA=A.

Hence, p(et, z) = ¢(t, ) holds everywhere on X. Thus, the map (¢, z) := @(t'/™, z)
is well-defined for all x € X. It is a holomorphic map, as this is a local condition, and
one can always locally choose a holomorphic branch of the m-th root. Furthermore,

it agrees with ¢ on U, thus it is a holomorphic extension of ¢ to X. |

Proposition 3.1.6. Consider a weight-k CSR (I, ), which has a Lagrangian core,
and suppose the action ¢ fixes an irreducible component of the core. Then there is a

weight-1 conical action v such that ¢ = ¥,

Proof. Denote by § the ¢-fixed irreducible component of the core. Its weight-decomp-
osition (Theorem 2.3.1 and Lemma 2.3.2) T390 = Hy, @ Hj consist just of spaces
Hy = T and its we-dual Hy.? Thus, on the outer bundle* H;, — § the action acts by
weight k, hence one can define the k-th root of the action ¢, call it ). The bundle H;
has maximal dimension in 901, as its tangent space at § is Hy @ Hy. Thus, as H;, is a
locally closed subset of maximal dimension in the irreducible 9, its closure Hj, must
be equal to M, and Hj, is open in it.> Hence, one can use Lemma 3.1.5 to conclude
that 1 is extendable to an action on the whole 9, such that ¢ = *. Thus, ¢ is a
weight-1 action. Recall that the conical property for the action means that under the
limit ¢ — 0 the C*-action contracts 2t to the compact fixed locus. As the fixed loci

of 1 and ¢ are equal, and ¢ = ¥ is conical, also 1) must be conical. [

Remark 3.1.7. In particular, considering a weight-2 action that has a fixed component,
from the last proposition we get that it has to be an even action (a square of an
action). We will keep this in mind when searching for weight-2 actions that yield

minimal components, in Chapters 4 and 5.

3Note that § is Lagrangian, so dim¢ Hy = dimc 9/2, therefore also dimc Hy, = dime /2, so
Hy @ H,. already has full dimension

4Recall Definition 2.3.11.

"Recall that locally closed means open in its closure
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3.2 Minimal components

The smooth core component from Proposition 3.1.3, obtained as the minimum locus
of a certain moment map, is fixed under a conical weight-1 action. Moreover, by the
Morse-Bott argument in the proof, any such action will have a single fixed component.

That motivates the following definition.

Definition 3.2.1. Given a CSR 9, a minimal component §, of its core £ is the
component that is fixed under a weight-1 conical action ¢. We denote by Con; (9, wc)

the set of all weight-1 conical actions in (9, wc), and by
Min(O) := {F, | ¢ € Cony (M)}.
the collection of all minimal components in 9.

In principle, given an arbitrary CSR, we can have many weight-1 conical actions.
We show that the different actions yield different minimal components when they

commute.

Proposition 3.2.2. Let O be a weight-1 CSR. Different commuting weight-1 conical

actions on it induce different minimal components of its core.

Proof. Firstly, from the proof of Proposition 3.1.3 we see that there is a K&hler metric
g on <M. Having two commuting conical actions ¢ and v, we can integrate over their

Sl-actions to get a Kihler metric
i= [ eivigdrds
Slx St

that is S'-invariant for both actions (since they commute). Now, let us assume that
the actions ¢ and ¢ are of weight-1 and that they have the same minimal component
Smin- The tangent space of an arbitrary point € §,,;, has the induced C*-action on
it, hence splits

7,9 = P H; (3.3)

kEZ
according to the weight decomposition of the action.
As the S'-action preserves the Hermitian structure (-,-) = g(-,-) — ig(-,I+), the
weight decomposition (3.3) is orthogonal. Now, as the symplectic form w has weight-1,

it induces a non-degenerate pairing

w:Hk@Hl_k%C
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between the weight spaces Hy. As T,8min = Ho and its dimension (being a La-

grangian) is half of the dimension of 9, we deduce that
T.M=Hy® H,.

As this is an orthogonal decomposition, we have that H, = Hg, so it is independent
of the action. Hence, two actions ¢, and ¢, induce the same S'-actions on the normal
bundle N§in of Emin-

By the equivariant tubular neighbourhood theorem for isometric actions of com-
pact Lie groups [Bre72, Thm. 2.2, Ch. VI|, there is an S'-invariant tubular neigh-
bourhood N Fmin 0f Fmin given by the composition of a contraction 1) of normal bundle

to a neighbourhood of a zero section and S'-equivariant exponential map

Y = ETPe Od} : Ngmin i>-/\/’Srnin-
Hence, the restrictions to S! of the two actions ¢; and ¢, agree on the open subset
NG min of M. As they act holomorphically, due to analytic continuation they need
to agree on the whole of 9. As C* is the complexification of S, there is a unique

holomorphic extension of a holomorphic S*-action, hence the C* actions ¢; and ¢,

agree as well, and the proposition is proved. [ |

In the setup when the CSR is hyperkihler, we can omit the commuting condition:

Proposition 3.2.3. Let M be a weight-1 HKCSR. Different weight-1 HK conical

actions on it induce different minimal components of its core.

Proof. By definition, the S'-part of each HK conical action preserves the hyperkihler
metric g on 9. Hence, given two different HK conical actions, we already have the
metric that is preserved by their S'-parts, so the proof of Proposition 3.2.2 goes
through. [

Strictly speaking, Propositions 3.2.2 and 3.2.3 are independent of each other, but
one should bear in mind that in the examples known to date, all CSR are HKCSR,
and all known conical actions on them are HK conical actions, so one can use (the
stronger) Proposition 3.2.3 which is a finer one, as it does not need the commutativity

between the two actions as a condition. Altogether, we have the following theorem:

Theorem 3.2.4. Given a weight-1 CSR 9N, there are at least N smooth irreducible

components of its core where N = max{Ny, No} > 1 and

1. N; = the maximal number of commuting weight-1 conical actions.

2. Ny = the number of HK conical actions (if M is also a HKCSR).
Proof. Follows by Propositions 3.1.3, 3.2.2 and 3.2.3. |
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3.2.1 Constructing weight-1 conical actions

Theorem 3.2.4 allows us to find essentially different exact Lagrangian submanifolds
in CSRs using weight-1 conical actions that commute. Here we show how one could
find a family of such actions in practice.

Firstly, CSRs usually come with a natural weight-2 action. Typical examples arise
as the Higgs branch of moduli spaces, which are hyperkdhler reductions of unitary
actions on flat quaternionic spaces H”. The dilation action on HY yields a weight-
2 action on the reduced space. Well-known families of these spaces are quiver and
hypertoric varieties. On the Springer-theoretic side, there is a natural Kazhdan action
that acts with weight-2 on Slodowy varieties.

Moreover, having a weight-2 CSR (90, ¢) we can construct a family of commuting

weight-1 actions in the following way. Let us give a following definition first.

Definition 3.2.5. Having a weight-2 CSR (9, ¢), we define its group of conical
symplectomorphisms Symp; (9, wc) as the group of algebraic T-compatible® sym-

plectomorphisms that commute with ¢.

Lemma 3.2.6. The group Symps(IM, we) is finite-dimensional.

124

Proof. Firstly, we will check that Symp,(9,wc) acts faithfully on I'(9, Ogy)
C[9M).” Tt is enough to prove that if an element o of Symps(IM, we) fixes T(M, Ogy) =
C[9M], then ¢ = Id. Now, if ¢ fixes I'(9, Ogn) = C[9My], that means that the induced
map on My is identity (recall My is affine), hence the map on M is the identity on
the open dense set 99 = 7~ 1(9M;*). Moreover, the set of points in 9 that are
fixed by ¢ is closed, so we conclude that it has to be the whole of 9t (recall that 9t
is irreducible).

Hence, the induced action Sympy(9M,we) ~ C[M] is faithful. Further, as ele-
ments of Symps (M, we) commute with ¢, they preserve the grading on C[9y] induced
by it. Thus, fixing some set (f;); of homogeneous generators of C[0y] whose weights
we denote by (w;);, we have that the action Sympy(9M,we) ~ C[M] is determined
by the induced actions on the weight-spaces C[9%]"i, on which this group acts lin-
early. Thus, we get the induced monomorphism Symp, (M, we) — [[; GL(C[M,]™)

into a finite-dimensional group, hence Symp, (9N, we) is finite-dimensional itself. W

6Meaning: a map that preserves the fibres of .
"This isomorphism holds due to Remark 2.1.2.
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Now, construct a family of weight-2 actions by composing ¢ with 1-parameter
subgroups
Sy < Z(Sympy(M, we))

of the centre of Symps(M,we). These subgroups all lie in the identity-component
Z(Sympys(IM,we))® of this centre, which is isomorphic to (C*)" for some n € N.
Thus, these subgroups are labelled by some integer lattice L9, we) = Z".

Then, the 1-parameter subgroups S; for which the actions ¢;S; are conical and
even® correspond to some subset of the lattice ©, C Ly(9M, wc). By construction,
these actions corresponding to ©, commute, thus by Theorem 3.2.4 they induce
different minimal components in the core. As the number of core-components is
finite, so is the number of these actions, and the set ©, itself.

The square roots of the actions that correspond to ©4 yield weight-1 conical
actions, thus minimal components (Moreover, by Remark 3.1.7, these are the only
ones in Ly (9, we) that could yield minimal components). Thus, we have a corollary
to Theorem 3.2.4.

Corollary 3.2.7. Given a weight-2 CSR (N, ¢), the number of minimal components

of its core is at least |©).

Passing to the realm of Nakajima quiver varieties (Chapter 4) and Slodowy va-
rieties (Chapter 5), there exist canonical weight-2 actions ¢, and explicit subgroups
Sympg (M, we)' of Sympy(IM, we). Thus, the calculation of the convex subsets O,
of the lattices Ly(9, we)' that correspond to Z(Symps(IM,we)')® becomes rather
feasible, which we do in Section 4.4 and Section 5.2, respectively. In addition, we
believe that, in the case of Nakajima quiver varieties of type A, these subgroups
Sympy(IM, we)" are actually equal to the whole group Symps (9, we)® (cf. Corollary
4.4.9).

3.3 Symplectic Topology of minimal components

In this section we will observe the symplectic-topological viewpoint of the earlier
sections. Namely, we have proved that any CSR 90, has a canonical structure of a Li-
ouville manifold with symplectic structures w; , such that the core £ is its Liouville
skeleton. Moreover, in the case that 9 is a weight-1 CSR, any smooth component of
the core is a smooth exact Lagrangian submanifold, therefore a non-trivial object of

the Fukaya category F(9) of 9. In particular, the minimal components are exact

8Meaning: being a square of an action.
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Lagrangian submanifolds of 9. Here we compute their mutual Floer cohomologies,
provide some information on their closed-open string maps, and show that existence
of minimal components yields lower bounds on the ranks of the symplectic cohomol-
ogy SH*(M, wy k).

NB As the symplectic structure we discuss here is exact, there is no need to use
the Novikov field for the coefficients. Thus, throughout this section, we assume
that all cohomologies are defined over Z/2 coefficients. We do not use the
more general Z coefficients, due to the usual issues with the orientation signs, as the

minimal components are not necessarily spin® (take CP? in T*CP? for instance).

3.3.1 Minimal components are exact Lagrangians

In this section we prove that minimal components are exact Lagrangians and compute

their Lagrangian Floer cohomologies, as graded vector spaces.

Definition 3.3.1. Given an exact symplectic manifold (M,w = df), a Lagrangian
submanifold is a half-dimensional submanifold ¢ : L < M such that i*w = 0. In
other words, the pull back of the primitive 1-form 6 is closed d(i*¢) = 0. When
1*0 = df is also exact, the Lagrangian is called exact. When ¢*0 = df vanishes, the

Lagrangian is called Bohr—Sommerfeld.

Proposition 3.3.2. Given a CSR 0N of weight-1, any smooth component L of its
core £ 1s Bohr-Sommerfeld, in particular it is an exact Lagrangian submanifold of

(9)?7 wJ,K)

Proof. The condition on the Lagrangian to be exact/Bohr—Sommerfeld depends on
the choice of the primitive. Here we consider the primitives coming from the canonical

Liouville structure wyx = dfjx from Proposition 2.2.6. They are defined by

Ok = izwiK,

where Z is the vector field of the R, -part of the C*-action. Now, from Theorem 3.1.1
we see that the open dense subsets £, of the components £, are C*-invariant and
Lagrangian. This in particular yields Z € T'£,, hence the form 0 k(&) = wyk(Z,§)
must vanish for any € € T'€,. As vanishing is a closed condition, when £, is smooth we
deduce that 0 k vanishes on it. So £, is a Bohr—Sommerfeld Lagrangian submanifold,

and in particular it is exact. |

9A manifold X is spin if its second Stiefel-Whitney class vanishes, wo(TX) = 0.
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Corollary 3.3.3. Given a weight-1 CSR 9N, there are at least N smooth closed exact
non-isotopic Lagrangian submanifolds of (M, wy ), where N = max{Ny, No} > 1

and
1. N = the maximal number of commuting weight-1 conical actions.
2. Ny = the number of HK conical actions (if M is also a HKCSR).

Proof. By Theorem 3.2.4 and Proposition 3.3.2. The fact that they are non-isotopic

follows from Lemma 3.1.2. [ |

In the next proposition we will compute Lagrangian Floer cohomologies of min-
imal components. Recall that the Lagrangian Floer cohomology HF'(Ly, L) of two
Lagrangians Ly and L, is a homology of the chain complex CF(Ly, Ly) whose gen-
erators are intersections of two Lagrangians, and the differential counts the pseudo-
holomorphic strips with ends on these intersections. In particular, when Lagrangian
L is exact, it recovers the ordinary cohomology HF (L, L) = H(L). Moreover, follow-
ing [Sei00, Sec. 2|, when the ambient manifold (M,w) satisfies 2¢;(M,w) = 0 and
HY(M,Z) = 0, we can canonically grade Lagrangians L satisfying H'(L,Z) = 0, and
for each such Lagrangian there is a Z-worth of choices of its gradings L[k], k € Z.

Choosing a J-complex!® volume form  these gradings can be defined in the
following way. Denote by L the Lagrangian Grassmannian of M, i.e. the bundle over
M whose fibre £, above x € M consists of Lagrangian subspaces of (T,M,w). Now,
define the squared phase map

Q& -, &)
det? : £ — St detd(A) = L ,
" "W o, ep
for any!! basis &;,...,§, of A. Consider the pull-back of the universal cover R — S1
via squared phase map
L={(A1t)eLxR]|det}(A) = >}, (3.4)

The grading of L is a section L:L— L. Thus, for every x € L we have Z(x) =
(T,L,t) and det}(T,L) = €. Obviously, if L is a grading, so is

Lkl : L — L, LkK|(z):= (T,L,m=(L(x)) — k),

1Where J is an almost complex structure compatible with w.
1 As one can show by the pull-back formula for the top-degree forms, this does not depend on the
choice of basis.
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for every k € Z, and every grading is obtained in this way. Here, 7 : L — Ris
the projection. Thus, we get an Z-worth of gradings for all Lagrangians L satisfying
HY(L,Z) = 0. Moreover, this notion depends on the choice of the homotopy class of
Q in the space of J-complex volume forms. However, when H'(M,Z) = 0, these are
all homotopic and the notion of a grading becomes canonical.

In addition, Lagrangians L satisfying im(€2)|L = 0, usually called special La-

grangians, have a canonical choice of grading, defined by
L(z) := (T,L,0), Yz € L, (3.5)

which is well-defined as det? (7, L) = 1.

Finally, given two graded Lagrangians Zl, Eg, one can canonically define the 7Z-
grading on the Floer cohomology HF*(zl, ZQ) Thus, as grading of each Lagrangian
L; is defined up to a Z-shift, so is HF*(Zl,ZQ). When L; = Ly = L, these shifts
cancel out'? and HF*(Ly, L) is canonically graded.

Let us apply this in the setup of CSRs. As proved in Lemma 2.1.7 any CSR
(9, we) is an almost hyperkdhler manifold (I, g, I, J, K') such that we = wy+iwgk and
ws(+, ) == —g(-,S"), for S = I, J, K. Hence, for any complex structure © € {aJ+bK |
a’® +b? = 1} it has a natural ©-complex volume form Qg := ﬁ(wl — iwre)V?,
which makes a notion of graded we-Lagrangians. As H'(9,Z) = 0 (Corollary 2.1.9),
this notion is canonical. In addition, minimal components have canonical choice of

gradings, due to the following lemma:

Lemma 3.3.4. Given a weight-1 CSR, its smooth core components are special La-
grangians with respect to all Qg. Thus, each smooth core component L satisfying
HY(L,Z) = 0 has a canonical grading. In particular, this holds for minimal compo-

nents.

Proof. By Theorem 3.1.1, smooth core components are holomorphic Lagrangians with
respect to we, thus they are special with respect to all Qg, by [SoVel9, Lem. 3.3].'?
Such Lagrangians whose first cohomology vanishes have canonical grading (3.5). Let
us show that a minimal component §, satisfies H'(F,, Z) = 0. Denoting {Fa }aca the

set of connected components of the fixed locus ¥, by Lemma 2.3.2 we have

br(M) = Z br—p(ra) (8a),

acA

2As HF*(Ly[k], Lo[l]) = HF**+(Ly, Ly).
13Which goes back to [HaLa82, p. 154].
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where p(J.) are Morse-Bott indices of the moment map of the Sl-part of o, and
the index of §, is equal to zero. Since by (M) = 0 by Corollary 2.1.9, that implies
that b1(F,) = 0, thus H'(F,, R) = 0. Moreover, since H'(§F,,Z) has no torsion,** it

vanishes as well. [ |

Now we will compute the mutual Floer cohomologies of minimal components with

respect to these canonical gradings.

Theorem 3.3.5. Given a weight-1 CSR 0N, its minimal components are exact La-
grangian submanifolds of (M, wy k), hence HF*(F,, §,) = H*(§p, Z/2) for each min-
imal §,. For each pair §,1, T2 of minimal components whose actions o, ©? commute

we have
HF* (31, 802) = H M N2, 2)2), (3.6)

Jor certain shift u = p(p', ©*). Moreover, when the S*-part of one of o', ¢?* is iso-

metric w.r.t almost hyperkahler metric from Lemma 2.1.7, we have that
L, .. )
= §(d1m@ M — dimp (Tt N Fp2)). (3.7)

In particular, that holds when M is a HKCSR.*> In addition, if the composition ol p?

of two commuting actions @', ©* is even, minimal components F,1, T2 are disjoint.

Proof. By Proposition 3.3.2, smooth core components, hence minimal components are
exact Lagrangians. However, here we notice that one can prove this in the other way,
using Lemma 3.3.4. Tt tells us that each minimal component §,, satisfies H'(§,, R) =
0, hence §,, is exact with respect to any primitive form of w; x. By the same vanishing,
the Floer cohomology HF*(§,,J,) is Z-graded, and the exactness of §, implies the
graded isomorphism HF*(§,,§,) = H*(§,,Z/2), as claimed.

Consider now two different commuting weight-1 conical actions ¢!, ©? and their
corresponding minimal components §,1, §,2. The composition ¢;? := ¢} o ¢7 is then
a weight-2 conical action. If the intersection of §,1 and .2 is empty, then (3.6) is
trivially true as then HF*(§,1,8,2) = 0. Otherwise, let us show that

8@12 = S(pl N 3@2

holds, where 12 is the minimal component of p'2. The action ¢'? is not a weight-1

action, but it still has a well-defined unique minimal component that is connected, as

MDue to universal coefficients.
15 As for them we consider only HK conical actions, whose S'-parts are isometric w.r.t. hyperkihler
metric on M (recall Definition 2.1.14).
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this follows from the analogous Morse-Bott argument as in the proof of Proposition
3.1.3. Like in the proof of Proposition 3.2.2, there is a Kihler metric ¢ that is S'-
invariant for both ¢! and ©?. It is also S'-invariant for ©'?, and as H'(9) = 0,
there exist corresponding moment maps H*, H?, H'? of those S!'-actions with respect
to the Kahler form w;. From the general theory on symplectic reduction, we have
H'Y2 = H' + H?, so the minimum of H'? is attained exactly at the intersection of
minima of H' and H?, hence § 12 = §,1 NF 2. Now, let us prove that this intersection
is clean, that is,

Tx&,m = szwl N Txng

The direction ‘C’ is obvious as F,12 is a submanifold of §,1 and § 2 so the inclusion
between tangent spaces follows.

To prove the direction ‘D’ notice that v € T,F,1 means that (¢;).v = v and similarly
for v € T;§,2. Therefore for v € T,F,1 N T,F,2 we have v € T, § 12 because

(90%2)*“ = (90%)*(90?)*11 = .

As the two exact Lagrangians §,1 and §,2 intersect cleanly, and their intersection
©'? is connected, we have an isomorphism HEF(F1,F,2) = H(Fp2,Z/2). This is
a well-known result that goes back to Pozniak [P0o99, Thm. 3.4.11]. Moreover, as
HY(3,1) = H'(3,2) = 0, these Lagrangians can be Z-graded, F,1, §,2. Then, we have
a graded isomorphism (see e.g. [KhSei02, Prop. 5.18|):

HF* (31, 802) = H "(F 12, 2/2),

where p = pz = is the shift which depends on the gradings,
PPy

I :
= (A1, A2) + §(d1m(c9ﬁ — dimg §p12). (3.8)

Here, 11(A1, A2) is the Maslov index for paths of Lagrangians (J[RS93, Sec. 3]) A1, Aa :
0,1] = L, satisfying A\1(0) = T3:8,1, Mi(1) = T58,2, Ao(t) = T8 2. The path A is
chosen to be compatible with the choice of gradings §¢1,§¢2, i.e. it is the projection
of a path \; : [0,1] — £, satisfying A;(0) = §¢1(x), (1) = %wz (x). It is unique, up
to homotopy that fixes endpoints. Thus, the index p(A;, A2) neither depends on the
choice of A1, or on the chosen point x € §,12 = F,1 N T2, as this intersection is clean
and connected.

Now, by Lemma 3.3.4, minimal components are special Lagrangians and they are
canonically graded §¥,1(x) = (T8 ,1,0), §@2 = (T,8,2,0). We are going to compute
the index p(A1, \2), hence shift p, with respect to that grading. For brevity, we will
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use the form w;, thus complex volume form €2, noticing that the same proof goes for
any we, Qeo, where © € {aJ + bK | a® + b* = 1}.

Now, we assume that the Sl-part of one of the actions ¢!, ¢?, say of ¢!, is iso-
metric with respect to the almost hyperkidhler metric g from Lemma 2.1.7. This is
automatically true for HKCSRs, as we consider only such conical actions on them.!®
Denote V := T,9M, N := T, F 2, Ly :=T,§ 1, Ly := T,§,2, and U; := N+ C L;.

The following lemma is crucial.

Lemma 3.3.6. JUl = UQ.

Proof. Firstly, for i € {1,2} we have that JL; = Lj“’, thus V. = L; & JL; are g-
orthogonal decompositions.'” Thus, as L; = N @ U; is an orthogonal decomposition,
s0isV=NaU, & JN @ JU,.!"® Thus, as dim JU; = dim U; = dim Us, it is enough to
show that (N @ Uy @ JN) L, Us. By definition, U, L, N, and, as JN C JLy = L;g
is orthogonal to Ly D Uy, it is orthogonal to Us as well. Thus, it is left to show that

Uy L, Uy, (3.9)

To do this, we will use that §,1 is a minimal component, hence a connected component
of the fixed locus of a C*-action ¢!. Then, like in the proof of Proposition 3.2.2, we

have the g-orthogonal weight composition with respect to ¢! :
V:Txm:Ho@Hl

We have that Hy = T, §,1 = Ly D Uy, thus in order to show (3.9), it is enough to show
that U, C H,. This follows from considering the restriction of the C*-action ¢! to the
component §. 2. Then, we again have the weight decomposition T,§, = Hj ® Hj,

where Hy = T,§,12 = N, and Hj is its orthogonal complement, U,. Thus, U, consists

of weight-1 vectors, and we are done. [

Now, pick a g-orthogonal basis uy, ..., u; of N and extend it to a g-orthogonal ba-
Sis Uy, ..., up of Ly. Thus, Uy = (ugy1, . . ., uy). Denoting by v; := Ju;, previous lemma
says that Ly = (uq,...,uk, Vks1,...,0,). Now, consider a path of half-dimensional

subspaces in V:

_ it x —iTt —iT
Y (t) = (ug, .. ug, €2 g, o, €2 Uk, €702 Ungh ;.0 € 2 Un), (3.10)

6Recall Definition 2.1.14.
"As L; C V is a Lagrangian subspace, hence for v, w € L; we have g(v, Jw) = —w;(v,w) = 0.
18As J is g-orthogonal, g(J-, J-) = g(, ).
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where eu; := cos(0)u;+sin()Ju;. The number 25 is an integer, as both n and k are

even.' From g-orthogonality of (u;)™,, it follows that v, C L£,. Clearly, 7,(0) = L,
and 71(1) = Ly. The next lemma shows the importance of this path:

Lemma 3.3.7. v, is an eligible choice for a path \;.

Proof. 1t is enough to show that

detdy (71(t) =1, (3.11)

as then A; := (11(t),0) is a path in L, satisfying A (0) = %;:, (1) = %;; and 7 is
its projection to £, hence an eligible choice for A;. In order to show (3.11), consider a
J-complex volume form Q := (u} + ) A (ui +iv3) A--- A (uf +iv}) on V. Denoting
the basis of v, (t) in (3.10) by (u}(t))}—,, it is immediate that

Qui(t),...,un (1) = (€2)

thus, detd(11(t)) = 1.
On the other hand, €2 and 2; are both complex volume forms on V, hence 2 = n€};

n

%(e_i%t)%kﬁ(ul, ceyty) = Qug, . uy) =1,

for some 1 € C*. Then, det = %det%f As §,1 is special, we have detd, (T,§,1) =
2

detd,(L1) = 1. On the other hand, det(Li) = det{,(11(0)) = 1, thus ;57 = 1 and
detd, = det}, , which yields (3.11) indeed. |

Now we can compute the Maslov index pi(A1, A2), which, together with (3.8), finally
gives the claimed shift 1 = 1(dimg M — dimg Fy2).

Lemma 3.3.8. u(\, \g) = 0.

Proof. By definition, Maslov index of paths of Lagrangians in a symplectic vec-
tor space V is computed using a symplectomorphism ¢ : (V,w;) — (R®",wsu),
(A, A2) = p(PuA1, du2). Here, wyq is the standard symplectic structure on R?".
By the naturality of the Maslov index for paths, this does not depend on the choice

of ¢. We will define the most natural such symplectomorphism:
¢ V= RQH’ QZS(UZ) = €4, QS(U'L) = fi)

where (e;), (fi)7-, are standard bases of R™ x 0 and 0 x R", respectively. Denote
v = ¢\, for i € {1,2}, and K; = ¢.L;. Thus, K; = (ey,...,e,) and K, =
(€1, ks frt1y- -, fn). It is immediate that vy (t) = ¥ (t) Ky = (1 — t) Ky, where

t %

s - T - T
e 5 z§t fzft)'

,€ 27, ..,e 2
-

VB

¥ :[0,1] = U(n) C Sp(2n), ¢(t) = diag(l,...,1,¢

t
k % (n—k) L(n—k)

19Being real dimensions of I—Kahler manifolds §,: and F,iz.
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Here, the complex coordinates used on R?" = C" are standard, i.e. on the i-th place
is the span (e;, fi;). Using the elementary properties (given in [RS93|) of Maslov index
for pairs of Lagrangian paths, and for its version p(A) := p(A(0 x R™),0 x R") for a

path A = A(t) of symplectic matrices, we have a sequence of equalities:

B, Aa) = i vm) = p((1 — 1)K, K) = ({1 — £)p(0 x R), (0 x )
(1 =1)(0 X R™), (0 x R")) = p(v(1 —1)0 x R™,0 x R")
= ({1 - 1)) = pao(t)

ST 1 i
= —ku(1) = 5(n = k)p((e")iep) — 5(n = K)ul(e™* )ep.n)
1 1 1 1
where ¢ : R*™ — R*" ¢ = diag(i,...,i,1,...,1) is a symplectomorphism which
k “k
satisfies (0 x R™) = (R* x 0) x (0 x R"*) = Ly, and clearly commutes with ¢(t). The

Maslov index u((=5 )icio.) = (€55 )cio 1) + (55,3 1)) = (55,03 +

0 = isign(tg(£5)) — 3sign(tg(0)) = £3 is computed using the catenation, zero and
localisation properties from [RS93, Thm. 2.3]. [ |

Finally, let us prove the last claim of the Theorem. If the composition ¢'y?
even, there is a minimal component attached to it (more precisely, to its square root).
It cannot be the intersection of two different minimal components §,1, 2, due to

dimension reasons. Thus, the intersection §,1NF,2 is empty and they are disjoint. W

Remark 3.3.9. The other direction of the last claim of the previous theorem is not
true. As an example, consider the resolution of a Du Val singularity Xz,5 — C?/Z/5
(Example 2.3.17), and compose the weight-1 actions whose minimal components are
the "outer spheres" in the Dynkin A-chain of spheres (which constitutes the core).
As one can prove by hand, the composition of those two actions is not even, but their

minimal components are disjoint.

Following Theorem 3.3.5, an interesting avenue of further Floer-theoretic research
on minimal components could be towards computing their Floer product, or more
generally, computing the higher operations of the Fukaya category between them. At
the moment this is far from reach, but let us mention an encouraging result which
says that the operations in the Fukaya category of a CSR 91 that involve smooth
Lagrangians in the core come only from constant solutions. We say that a Riemann
surface X is of type-n if its boundary 0% has punctures, which decompose it into n

connected pieces, denoted by 9%;,i=1,...,n
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Proposition 3.3.10. (Holomorphic maps with boundary in the core are con-
stant) Consider a weight-1 CSR M and pick any choice of symplectic form wyk,
and its compatible almost complex structure S. Given any smooth core components
Ly,...,L,, and picking a Riemann surface ¥ of type-n, any S-holomorphic map
u: X — M, w(0%;) C L is constant.

Proof. Let us assume that we have a non-constant S-holomorphic map
u: X =M uw0X) C £,

By Gromov Lemma we have [ u*wyx = 3 [; [|du|[* > 0. On the other hand, like in
the proof of Proposition 2.2.6, we have w; i = df;x where 0;x = izw;K and Z is
vector field of the R, -action, up to a scale. Thus, by Stokes theorem fz Wik =
faz u*0; k-, and the last integral vanishes due to 6 x(§) = 0 for any vector £ € T'€
(see the proof of Proposition 3.3.2). Thus we get a contradiction. |

We remark that the result [SoVel9, Thm. 1.6] from a recent paper by Solomon-
Verbitsky states the same?® statement as Proposition 3.3.10 in the setup of arbitrary
hyperkihler manifolds and holomorphic Lagrangians therein. However, this is the
main result of their paper, whereas our proof for the setup of CSRs and the La-

grangians of the core goes rather easy, as we saw.

Remark 3.3.11. We have seen in this section that smooth components of the cores of
CSRs are exact Lagrangians, hence well-defined objects in the closed Fukaya category
of a CSR. From that viewpoint, of interest would also be the core components which
are not necessarily smooth but immersed, as their Floer theory theory is well-defined
as well |AkJo10]. However, it is hard to get the information whether a singular core
component is immersed in general. Even the simplest singular core components, in
the examples of cores being Springer fibres [Va79, Sec. 5|, [FrMel0, Prop. 2.1], are

rather defined by a set of equations than an (immersion) map.

3.3.2 Applications towards symplectic cohomology

In this section we use the existence of minimal components in order to give some
information on the symplectic cohomology SH*(IM) := SH*(M,w, k). Symplectic
cohomology is notoriously hard to compute explicitly, so we usually have to make
due with partial information. Recall that the symplectic structures w;x are Calabi-
Yau (due to Lemma 2.1.7), and also H'(9,Z) = 0 (due to Lemma 2.1.9), hence

20To be precise, our result is slightly stronger, as we omit the word “generic” which they have, for
choosing the symplectic form among the forms w; k.
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SH*(O) is canonically Z-graded (Corollary A.2.4). This is important, as we will
get a degree-wise information on its ranks; getting information on its global rank
would be not much of use as symplectic cohomology is usually infinite-dimensional
(cf. Remark 3.3.22).

We will make a crucial use of the closed-open string map
CO": SH*(M,w) — HF*(L, L)

for an exact Lagrangian submanifold . C M of Liouville manifold M. As we will not
use its definition but merely its properties, we refer to the original paper [Abl5] for
a thorough exposition. Here we just mention that it counts half-cylinders satisfying
the Floer equation and having a boundary on L.

Firstly, we show the non-vanishing of symplectic cohomology, due to the Viterbo-

Seidel argument.

Corollary 3.3.12. Given any weight-1 CSR N, its exact symplectic cohomology over

7./ 2-coefficients is non-zero

SH*(E))T, wu{) 7é 0.

Proof. By the argument in [Sei08, 5al, given a closed exact Lagrangian submanifold

L<s I, there is a commuting triangle

H* () - SH*(9N)

\ lcoo (3.12)

HF*(L,L)
consisting of ring homomorphisms such that the diagonal map, under the isomorphism
HF*(L,L) = H*(L),

becomes the restriction map for singular cohomology. Hence, it sends the unit to the
unit, therefore ¢*(1) € SH*(9M) cannot vanish. Now, by Proposition 3.1.3 there is at
least one smooth core component of 91, and by Proposition 3.3.2 it is a closed exact

Lagrangian submanifold. The claim follows. |

Remark 3.3.13. In addition, it should be noted that for CSRs which do not admit
a weight-1 conical action, symplectic cohomology may in fact vanish, which in turn
prevents the existence of exact Lagrangians (by the Viterbo-Seidel argument above).
For example, quiver varieties and hypertoric varieties that do not admit weight-1
conical actions are all subcritical Stein manifolds, so by Cieliebak [Cie02, p. 121] the

symplectic cohomology vanishes.
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By studying the closed-open string map, we can also obtain lower bounds on the
rank of SH*(9). For that matter, we will need a result about the decomposition of
singular homology of a variety in the presence of a C*-action, which we prove combin-
ing the work of Carrell-Goresky [CaGo83| and the Bialynicki-Birula decomposition
(Theorem 2.3.3). We remark that we will not be using the notation from that pa-
per, rather we continue with the one we previously introduced in this thesis, for the

reader’s convenience.

Theorem 3.3.14 (Carell-Goresky, Bialynicki-Birula). Let Y be a smooth projective
variety with a holomorphic C*-action. Suppose X C Y is a closed C*-invariant
subvariety, and let X© = L], §i be the decomposition of its fized locus into connected

components. Assume further that:
(i) The fized components §; are smooth.

(ii) Their attracting sets £; == {x € X | tlim t-x € 3§} in X are the same as their
— 00

attracting sets in Y.
Then:
(1) The morphisms p; : £; — Fi, © +— limy_,oo t- 2 are fibre bundles with affine fibres.

(2) There is an isomorphism®!

=@, : EBH*(&)[—M] — H.(X).

Y(C)), for a generic cycle C. Here

7

where n; + H.(§3)[—ps) — HA(X), [C] = [p;

the closure p; *(C) is taken in X, and y; is the real dimension of the bundle p;.

Proof. Consider a fixed component §; in X. It belongs to a fixed component § in Y.
As X C Y is a closed subvariety, §; C §, is so as well. Due to assumption (ii) we have
that the map p; : £, — §; is a restriction of the map p) : £ — §,, z — limy ot -
where £ = {z € YV | tliglot -x € .} is the attraction set of §, in Y. Now, from
Theorem 2.3.3 applied to Y, we know that the p/ is a fibre bundle with affine fibres,
so the same holds to its restriction p;, which proves the claim (1). Now, we claim
that one can apply the theorem [CaGo83, Thm. 1’, Sec. 2| by Carrell-Goresky that

2'Here we are using the standard shifting notation from homological algebra; Given a graded
module A,, the graded module A,[k] is obtained from it by shifting down by k. Also, notice that
the result from [CaGo83] holds for integral homology. Nevertheless, their proof goes over the Z/2
coefficients (which we are using here) as well.
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claims the isomorphism (2) in this setup. Indeed, as stated in that theorem, one needs
the C*-action on X has to be good, which means that the decomposition X = UL;
needs to satisfy certain conditions (1a)-(1d), [CaGo83, p.368-369]. As mentioned in
[CaGo83, Rmk, Sec. 2|, the conditions (1b) and (1d) are always satisfied in this setup.
The condition (1c) only makes sense if there are singular F;, thus is vacuous due to
our assumption (i). Finally, the condition (1a) is exactly the claim (1), hence the the
C*-action on X is indeed good, and the isomorphism (2) holds. For its description
given in the claim (2) we refer to [CaGo83, p.369]. |

Remark 3.3.15. We remark that the assumptions in Theorem 3.3.14 are needed indeed,
or at least assumption (ii), as the following example shows. Namely, consider a C*-

action on X = P? given by
t- [Z(), 21, ZQ] = [Z(), ch t222}.

Its fixed locus are points §o = [1 : 0 : 0], §1 = [0 :1:0], Fo = [0 : 0 : 1].
Choose Y to be the union of three complex lines which these points form. We see
that assumption (i) from the theorem holds, but notice that assumption (ii) does
not. Namely, the attracting set £, = {z € X | tli}r&t -x € Fa} attached to the
point § is equal to [29,22,1] = C? whereas the attracting set £, in Y attached
to the same point is equal to the union of two lines, [zo : 0 : 1], and [0 : 2, : 1],
thus Ly # L, indeed. It is immediate that £5 — o is not an affine bundle, and
also that the homology isomorphism between fixed loci §; and Y cannot hold, as
H.(Y) = K[0] ® K[-1] & K3[—2], thus has a bigger rank than the total rank of all

Proposition 3.3.16. The closed-open string map
co’: SH*(OM) — HF*(SAWSSD)
for a minimal component §, is surjective.

Proof. Using diagram (3.12) for the minimal component §,

H*(9M) —<— SH*(M)

\ lcoo (3.13)

HF"(§y, )

we see that the surjectivity of CO° would follow from the surjectivity of the map
H*(OM) — HF*(§,,38,), which under the isomorphism HF*(§,,38,) = H*(F,) be-
comes the restriction map H*(9) — H*(§,). Recalling that the inclusion of the core
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£ C M is a homotopy equivalence (Proposition 2.1.9), it is enough to show that the
restriction map H*(£) — H*(§,) is surjective.

We will prove this by applying Theorem 3.3.14 to the core £ of 9. Recall first
that, as mentioned in the proof of Corollary 2.3.4, one can extend the C*-action
on 9 to a smooth projective variety Y which compactifies it, such that 9t C Y
is a C*-invariant Zariski open subvariety. Next, £ C Y is a closed C*-invariant
subvariety which satisfies assumptions (i) and (ii) of Theorem 3.3.14. Indeed, the
C*-fixed locus L;F; in £ is the same as fixed locus in 9, and is smooth (Lemma
2.3.2), thus assumption (i) holds. Moreover, by the characterisation of the core given
by (2.8) in the proof of Corollary 2.3.4, we have that assumption (ii) holds as well,

hence we have an isomorphism
O, = @ 0 DL ()] > H(L) (3.14)

Notice that the minimal component §;, := §, satisfies

(equation (3.2) in the proof of Proposition 3.1.3). Thus, y;, = 0 and p; ' (C) = C, for
a cycle C| thus
Mo = (i)« Hi(Fp) = Ho(L),

where i, : §, < £ is the inclusion map. Hence by isomorphism (3.14), the map (i)
is injective. As we are working over field coefficients, the restriction map on cohomol-
ogy (i,)* : H*(£) — H*(F,) is naturally isomorphic to the dual map Hom((i,)., Zs),

hence is surjective. Thus by the argument above, the proposition is proved. [ |

Hence, as a corollary, we obtain the lower bounds on the ranks of symplectic

cohomology. Denote by b;(X) the i-th Betti number of a topological space X.

Corollary 3.3.17. Given an arbitrary minimal component §, of a weight-1 CSR 9N,
for all k € Ny,
rHSHH (M) > bi(5,)

By looking carefully at the proof of Proposition 3.3.16, notice that we have shown
that a block of H*(9), that is isomorphic to H*(§,) via the restriction map, injects
in SH*(9) with the ¢*-map. Thus, fixing an weight-1 action ¢ with the fixed locus
$ = UF;, we can inject the cohomologies of all §; which lie in minimal components
to SH*(OM) via the c*-map. Notice that, in order to prove this, we have to use the

isomorphism from Theorem 3.3.14 simultaneously for the action ¢ restricted to a
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minimal component and for the actions that produce minimal components, and to

prove the compatibility of those isomorphisms. We do it in the following proposition.

Proposition 3.3.18. Let (I, ¢) be a weight-1 CSR, and let § = U;F; be the fized lo-
cus of © decomposed into connected components §;, and p; their corresponding Morse-
Bott indices. Then

rk (SH*(ON)) > > br—pi (84),

{3:CL| LeMin(9M)}
for all k > 0. In particular, rk (SH*<M(ON)) > | Min(9N)|.

Proof. As ¢ is a weight-1 conical action, by Theorem 3.1.1 the fixed sets §; are
bijectively distributed in different irreducible components of the core. That is to say,
£, are irreducible components of £. We will focus on those that are minimal, £; = Sés
for some weight-1 action ¢.

Given such a fixed set §;, one can apply Theorem 3.3.14 for X = £ and Y a
C*-equivariant compactification of 9% (as in Proposition 3.3.16), and get an injective

map
ni - Ho(s) [~ ] — Ho(L), [C] + [p;*(C)], for a generic cycle C. (3.15)

Moreover, as the action ¢ restricts to £, = S¢, Theorem 3.3.14 applies for X =

Y = §, with the C*-action ¢ on it.** Thus, we get an injective map

0’ HA(F) =] = Ho(3s), [C] = [ (C)°], for a generic cycle C. (3.16)

(2

—1 ?
Here the closure p;(C) is taken in F,, and p¢ is the dimension of the part of the
bundle £; — §; that lies in §,4. But, since §4 = £, the closures and shifts agree
¢
N (C) = p;HC), u? = ;. Thus, we have

(%)*77? =T

where 74 : § — £ is the inclusion.

Thus, picking for arbitrary ¢ € Con,(9M) a ¢-fixed connected component §;(y)
defined by £4) = Ty, we get that the image of the map H* () Ga)e, H.(£) contains
Ni(¢)(H(Si(e))[—1:])- Thus, summing over all ¢ € Cony () we get that the image of
the map

o H.(Fo) % H(2) (3.17)

22Tn that case it reduces to the homology decomposition for closed Kihler manifolds with a C*-
action, [CaSo79, Thm. 1].
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contains the image of the map

DoMi(g) * Do Hu(io))[—Hi(e)] = Hi(L),

which is injective, by isomorphism (3.14). Denote by U := Im(®g4n;(4)) and by U’ its
arbitrary graded complement in H,(£).
Applying the functor Hom(+,Z/2) on the map (3.17), we get the map

Sy Hom((ig)«,2/2)

Hom(H,(£),Z/2) s @sHom(H,(54), Z/2) (3.18)

which we show to be injective on the dual of U, by applying the following linear-

algebraic lemma:

Lemma 3.3.19. Given vector spaces V and W = U®U’ and a linear map L -V — W
such that U < L(V'), the dual map L* : W* — V* is injective when restricted to

U :={¢ e W* | ¢lpr =0}

Proof. We just have to show that if L*(§) = 0 for £ € U* then £ = 0. By assumption,
0=L*(&)(v) = &(L(v)) for all v € V, s0 |y = 0, 50 {|y = 0. As £ € U*, we also
have £|y» = 0, hence £ = 0. |

Thus, by this lemma the map &, Hom((is)«, Z/2) injects U* into ®sHom (H,(§y), Z/2).
As U’ was chosen to be a graded complement, U* is isomorphic to U as a graded vector
space. Now, using the Kronecker isomorphisms « : H*(£) — Hom(H.(£),Z/2),
H*(§») — Hom(H,.(§y), Z/2) we pass from (3.18) to the map

H(2) % 0,1 (3,).

which then injects £~ (U*) into @, H*(Fy).

Finally, we connect this with symplectic cohomology. Considering the diagram
(3.13) for a minimal component F,, and using the isomorphism r : H*(9) = H*(£)
(given by the restriction map), and S : HF*(§,, 5,) = H (8,) we get the diagram

H*(L) -5 SH*(M)

\ l (3.19)

H*(F,),

where ¢ = ¢* o7~ and co, = S o CO°. Summing over all ¢ € Con;(9M) we get the
diagram
H*(2) —% SH*(9M)

\ F"’”"’ (3.20)

Dy H*(Fy)
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Observe that, as x~'(U*) injects by the diagonal map @4, of this diagram, it in-
jects by the horizontal map ¢ as well. The claim of the proposition then follows
as k1 (U*) =2 @4(H.(Fis))[— 1)) (graded isomorphism), and the summing goes
through all ¢ € Cony(9M), thus % goes through the set of all minimal compo-

nents. |
We get an immediate corollary of this proposition:

Corollary 3.3.20. If all components of £ of a CSR M are minimal, the singular
cohomology H*(IM) embeds into SH*(IM) via the c* map, hence for all k € Ny,

rk(SH*(ON)) > rk(H*(OM)).

Let us see an instance of this corollary in the following example.

—_—~——

Example 3.3.21. Given the minimal resolution 9t = C2/(Z/(n + 1)) of a Du Val
singularity of type A, its core is topologically an n-wedge of 2-spheres, and these are
all minimal components (Examples 4.3.16 and 5.3.16). Hence, in particular, we get
that

rk(SH?(OM)) > H*(M) = n.

It is known that tk(SH?(9M)) = n by [EL17, Cor. 42|, so in this case Proposition
3.3.18 gives the actual rank on the top degree of symplectic cohomology.

Remark 3.3.22. Note that, in principle, symplectic cohomology may be infinite-
dimensional even degree-wise.?> However, it is indeed finite-dimensional in each de-

gree for certain examples of CSRs:
e Minimal resolutions of Du Val singularities 62\//F , due to [EL17].

e Cotangent bundles of generalised flag varieties T*(G/P), where G is complex
semisimple group and P a parabolic subgroup. By Viterbo isomorphism [Vi96,
Abl15|, SH*(T*(G/P)) is isomorphic to the singular homology of the free loop
space £(G/P) of flag variety, so we can use a general result [Ser51, Prop. 9, Ch.
IV] by Serre that the homology of the free loop space of a simply connected space
is finite-dimensional degree-wise. The flag variety G/ P is simply connected due
to the decomposition into Schubert cells which are isomorphic to affine spaces
|Bob4].

23The simplest example is T*S", whose symplectic cohomology is supported in degrees 0 and 1
and has infinite rank in both.
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Thus, we believe that for general CSR 90 the ranks rk(SH¥(9M)), k € Z should be
finite-dimensional, so the lower bounds from previous statements actually give some

non-trivial information.
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Chapter 4

Minimal components in Quiver
varieties

In the special case of Nakajima quiver varieties, we can describe the results of Chapter
3 more concretely. Namely, given a quiver variety 9(Q,v,w) we can produce a
number of weight-1 HK conical actions, which we call Nakajima actions, that yield a
family of minimal components of the core £(Q, v, w). Then, in the special case when
the graph @ is of Dynkin type A, we get an explicit number of these weight-1 actions,
hence their corresponding minimal components. For convenience of the reader, we
will firstly briefly review Nakajima’s hyperkéihler construction of quiver varieties from
[Nak94a|, to which we refer to for further details.

4.1 Review of quiver varieties

Let @ = (Qo, Q1) be any undirected graph, with )y the set of vertices, and @), the
set of edges. To each vertex k we assign two complex vector spaces V; and Wy thus

obtaining two QQg—graded complex vector spaces

V=PV W=

k€eQo keQo

W is usually called the framing. Now define the double quiver Q¥ as the quiver with
the same vertices as (), such that each edge e € ()1 connecting vertices ¢« and j in ()

gives rise to two oriented edges h :i — j,h: j — i in Q%. Call H the set of edges of
Q*.

For an oriented edge h € H we denote by s(h) and t(h) its source and target respec-
tively. We call h an edge-loop if s(h) = t(h). Define the space of framed representations

72



of the double quiver to be
M = M(Q,V,W) == R(Q*,V) & LW, V) & L(V, W), (4.1)

where

R(Q*,V) := @5 Hom(Viny, Vi)

heH

LW, V) := @D Hom(Wy, Vi),
keQO

L(V,W) := €P Hom(Vi, Wy).
keQO

For an element of M, we denote by By, ix, ji its components in Hom(Vs(h),Vt(h)),
Hom(Wy, Vi), Hom(V}, W), respectively. We write

B = (Bh)her, © = (i)reqo, J = (Jr)reqo

For example, for the Dynkin A,, graph, a description of an element in M can be seen

in Figure 4.1.

441 Wo W3 Wh—1 Wh
ill jl inTjQ 13lT‘73 in—llTjn—l 'L‘anjn
i Ve Vs Vaa  Th

Figure 4.1: A framed representation of a double quiver

Equipping the spaces V) with a Hermitian structure, the vector space M has a
natural flat Kéhler structure (M, g, I'). We will explain below how to extend this to a
flat hyperkéahler space (M, g, I, J, K), by analogy with the assignment of the quater-
nionic structure on H = C @ C. Recall that one identifies (a + bi, ¢+ di) € C® C with
a+ bt + c¢j + dk € H, so the quaternionic structure is determined by declaring that j
acts on C @ C by j(z1, 22) = (—Z3,Z1) (note 7 acts diagonally on each copy of C, and
k =1ij).

Observe that the set H of edges of Q# has a natural involution h — h which re-
verses edge orientations. For a subset Q C H we denote by Q the image under this

involution. Therefore we can divide the oriented edges into two disjoint subsets,

H=0Q,UQ, (4.2)
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such that neither subset contains two mutually inverse edges in H. Such a division
yields a function g : H — {£1} defined by

+1, if h € Q
Ep = _
—1, if h € Q.

This determines the map J : M — M given by
J(Buyin, i) = (=1 By, —ji. if).

Note in particular that for (hy, ho) = (hy, hy) € Qo U Qo, the pair (By,, By,) maps to
(=B, By, ), analogously to the model for H.

Defining K := I.J one obtains a flat hyperkéhler space (M, g, I, J, K). The complex-
symplectic part of it is defined by wec = wy + iwg, where wy(-,) = —g(-,J-),
wi(+,+) = —g(-, K-). One can show that choosing different partitions (4.2) induces
linear hyperkahler isometries between corresponding spaces, therefore the choice of
partition is not essential. There is a natural GL(V) = [[,cq, GL(Vi)-action on M
by conjugation

g~ (B,i,j) = (gBg ™, gi,jg ), (4.3)
The compact real form of this group G := [],.; U(Vi) acts by hyperkéhler isometries,
hence one can do the hyperkihler reduction of [HKLR&7|, obtaining the Nakajima

quiver variety

My oeac (@ VW) 1= 17 (G, G, Ci) /G (4.4)
Here = (pur, pg, o) : M(Q, V., W) = g*QR? = @peqou(Vi)* @R? is the hyperkihler
moment map, given as a direct product of moment maps for the three symplectic forms

wr,wy, wr. Explicit formulas for these are

pr=g5 | D BuBi— BiBy+ i} — jid (4.5)
heH k=t(h) k

pe i = fig T ik = Z eo(h)Bn By, + injk (4.6)
heH k=t(h) k

Let us denote by p¥ and % the k-th component of the moment maps yur, uc for k €
Qo. Using the moment parameter of type ((;,0,0), for a generic choice of parameter (;
the corresponding quiver variety M, 0.0(Q, V, W) will be smooth. The “generic choice”
here means that there is a finite number of hyperplanes of a parameter space Z(g*) =
R? whose complement consists of open chambers in which the corresponding quiver

variety is smooth. We will consider two different choices of parameter (; :
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1. ¢; = ( generic, which gives us a smooth quiver variety M (Q,V, W),
2. ¢; =0, which gives us a singular affine quiver variety My(Q, V, W).

From now on we will denote these quiver varieties simply by 9.(Q,v,w) and
My(Q, v,w) where v = (dim Vy)reg, € Z9 and w = (dim Wy)req, € Z9, because
the different choices of Hermitian vector spaces Vj,, W}, of the same dimension induce
hyperkdhler isomorphisms between the corresponding varieties.

Using the Kempf-Ness theorem [KeNe79|, one can view the affine quiver variety

as a GIT quotient instead

Mo(Q, v, w) = (17 '(0) N pe'(0))/G = ' (0) G, (4.7)

where Gc = [[,co, GL(Vi) is the complexification of G. Thus, the natural inclusion
wrt(€) N opet(0) — pge'(0), after the quotient and the Kempf-Ness isomorphism,
induces a map

T M(Q, v, w) = My(Q, v, W) (4.8)

which is a resolution onto its image M (Q, v, w) := 7(M(Q, v, w)). The last fact is

due to Nakajima, in the case where the regular subset

My (Q, v, w) := {(B,i,5) € u1(0,0,0) | the stabiliser of (B, i,j) is trivial}/G ~ (4.9)

is non-empty, as then it is an isomorphism over this set, which is open and dense

in My(Q,v,w). In the complete generality, it is only recently proven by McGerty-
Nevins [MN19, Prop. 3.3]. More precisely, denoting by 9M(Q, v, w) the normalisation
of MY(Q, v, w), they prove that that the induced map'

T M(Q, v, w) = N(Q,v,w)

is a symplectic resolution. Thus, combined with the normalisation N(Q,v,w) —
M (Q,v,w), which is a birational map, it follows that 7 is a resolution as well,
though not necessarily symplectic, as 9'(Q, v, w) may not be a normal variety.

In [Nak94a|, Nakajima defines a C*-action on M given by
t+ (B ik, ji) = (U702 By iy tjy), t € C (4.10)

Note in particular that for (hy, ho) = (h1,hy) € Qo U Qq, the pair (By,, By,) maps
to (Bp,,tBp,), so this action is analogous to the action ¢ - (z1,22) = (z1,t22) on
H=CeC=T1"C.

LAs M(Q, v, w) is smooth, 7 factors through the normalisation.
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The action (4.10) is of weight-1 with respect to wc, hence induces weight-1 C*-

actions on M (Q, v, w) and My(Q, v, w) such that 7 is an equivariant map.?

Example 4.1.1. Given ) = A;, dimension vectors v = 1,w = n + 1, and the
stability condition ¢ > 0, the quiver variety . (Q, v, w) is wc-symplectomorphic to
the cotangent bundle 7*CP". Here the action (4.10) is the dilation on cotangent fibres
with weight 1.

The following proposition tells us precisely when this C*-action is conical. By a

cycle in 0y we mean an oriented loop consisting of edges in €.

Proposition 4.1.2. The action defined by (4.10) is a conical action on
™ m((@a Vv, W) — m0<Q7 v, W)
precisely when there are no cycles in .

Proof. One side of this proposition (no cycles implies conical) is proved in [Kirl6,
Thm. 10.55(1),(2)], to which we refer the interested reader. We prove the other
side here due to completeness, as it was not written in the existing literature (to the
author’s knowledge).

Hence, assume that there is a cycle in €, and let us prove that the action (4.10)
is not conical indeed. Denote the edges in the cycle by hq,..., h,. Looking at the
description of the coordinate ring C[91,(Q, v, w)] from Theorem 4.3.13, we see that
the polynomial

f(B,i,j) =tr(By, ... Bp,Bn,)

is one of its generators (o := By, ... By, By, is a closed B-path), and the action
(4.10) acts on it with weight zero, which means that that it cannot be conical, as
long as polynomial f is non-constant. We prove the last by explicitly finding a point
x = [(Bh, g, J&)] € Mo(Q, v, w) such that f(z) # 0 (as then f is non-constant since
f(0) = 0). Denoting by ¢ the source vertex of edge h;, we have a chain of linear maps
By, : Vi = Viy1. Let us choose orthonormal bases eji for Hermitian spaces V;, and

define the maps By, for i =1,...,n by

, e, when j =1
Bhl (el' =
0, otherwise,

>To be precise, the formula 4.10 makes sense on M. (Q, v, w) and My(Q, v, w) only for t € S*.
However, one can extend the S'-action to the C*-action on 9y(Q,v,w) using its GIT quotient
interpretation (4.7), and to 9(Q, v, w) using its holomorphic quotient interpretation. We do not
write those details here due to brevity, rather we refer the reader to Nakajima’s paper [Nak94a,
Thm. 5.1(5)]
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where €' := el. Define all the other maps By, for h ¢ {hy,...h,}, and iy, ji to be
equal to zero. We claim that x := [(Bp, ik, jir)] € Mo(Q, v, w). Indeed, it immediately
follows that the complex moment map puc given by formula (4.6) vanishes, as the
terms B, B; in it involves maps B whose edges are in €y, and the only non-zero
B-maps are Bj, which are in )y, by assumption. The moment map p; given by
formula (4.5) vanishes, due to Lemma 4.3.15. Altogether, we have x = [( By, ik, ji)] €
(171(0) N pget(0))/G = My(Q, v, w). indeed and f(z) = tr(By, ... Bp,Bp,) =1 # 0,

as by construction we have

e, when j =1

By, ... By, By, (ejl‘) - {0 otherwise

When the graph ) does not have edge-loops, one can always make a choice of
edges €2y such that 2y does not contain a cycle. Indeed, pick any numbering 1,2,...
of the vertices in )y, now orient the edges in {2y so that the numbering increases
in the direction of the edge. Then there cannot be any cycle. Therefore we have a

corollary of Proposition 4.1.2 and Proposition 3.1.3.

Corollary 4.1.3. When the graph Q) does not have loop-edges, m : M(Q, v, w) —

N(Q,v,w) is a CSR of weight-1, therefore there is a smooth component in the core
£(Q, v, w).

Motivated by this corollary, we construct many more weight-1 actions on M (Q, v, w)

in the next section.

4.2 Nakajima actions

In the construction of quiver varieties M (Q, v, w) and My(Q, v, w) Nakajima uses
a fixed partition H = Qy U Qg of the edges H of the double quiver Q#, and then
produces the C*-action (4.10) using the same partition. Here we construct other
actions, varying all possible partitions of H, thus getting a family of weight-1 conical

actions which we call Nakajima actions.

Definition 4.2.1. Given any partition H = Q LU Q on the set of edges H of the
double quiver Q#, such that neither subset contains two mutually inverse edges in H,
we obtain again a function ¢ : H — {£1},

+1, it heQ

—1,ifheq,
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and a corresponding C*-action on M,
t- (B, ik, jx) = (M2 By g i), t € C. (4.11)

This action induces weight-1 C*-actions on M, (Q), v, w) and M (@), v, w) under which

7 is equivariant, which we call a Nakajima action.
From the definition we directly see that:

Lemma 4.2.2. Any two Nakajima actions commute. [ |
Verbatim to the proof of Proposition 4.1.2, one can prove the following.?

Proposition 4.2.3. The Nakajima action induced by a partition H = QU Q is a

conical action on M (Q, v, w) precisely when there are no cycles in €.
Having this proposition in mind, due to simplicity we restrict our attention to the
case when the graph () is a tree, thus any partition induces a conical action.
4.2.1 Nakajima actions for tree graphs
Given a tree (), one can construct exactly 2l partitions as in Definition 4.2.1,
H=QUQ.

Therefore, we have 29 Nakajima actions, and according to Proposition 4.2.3 they
are all weight-1 conical actions, thus they yield minimal components. However, these

actions are not all different in general. It is easy to see that:

Proposition 4.2.4. The S'-part of a Nakajima action is isometric on M. Being

such, it preserves wy and its moment map is
. 1 2 2
FB.i) =5 | S IBE+ 3 i

heQ keQO

This all also holds when one passes to the quiver variety M (Q, v, w).

Given this, one can compare different Nakajima actions using the moment map

formula.

®Indeed, the proof of one direction, referred to [Kirl6, Thm. 10.55(1)(2)] does not depend on
the partition used for the action. The same holds for the proof of the other direction, as the only
time we actually use the partition H = LI Qg is when we refer to the formula (4.6) to prove that
the vanishing of the complex moment map for point z. But then we only use the fact that the term
By, By, vanishes as one of edges h and his in Q. However, the same is true for Q as well.
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Definition 4.2.5. We will say that two Nakajima actions ¢, ¢” are equationally-
equivalent if their moment maps F’ and F” differ (formally) by a sum of traces of

the components ;¥ in equation (4.5) of the moment map iy,

F' —F'"= Z ng tr(ph), for some ny € Z. (4.12)

keQO
We will write F/ ~ F” to denote equational-equivalence. We call two Nakajima
actions equivalent if they yield equal actions on M (Q),v,w). We will denote by
NM(Q,v,w)) and N(IM:(Q,v,w)) the number of non-equivalent, respectively,

non-equationally equivalent Nakajima actions on M (Q, v, w).

We create this relation in order to build a passage for counting the number of non-
equivalent Nakajima actions, hence the number of minimal components induced by
them. Namely, restricting to quiver varieties of type* A (v, w), we first count the
number N.(9(v,w)) of classes of equational-equivalence relation (Section 4.3.1),
and then by comparing this relation and the ordinary equivalence-relation among
Nakajima actions (Section 4.3.2) we finally get Theorem 4.3.21 that counts the classes
N (v, w)) of latter relation.

Remark 4.2.6. Definition 4.2.5 has a geometric description as well. Observe the max-
imal torus 7 := [, Si of the group G = [[,cq0 U(V), where Sp < U(V}) are the
maximal tori. Given an integer-vector n = (ng)rego € Z%°, one has adjacent one-
parameter subgroup Z® < T having weights n;, with respect to S;. The moment map
of the action of this group on M is precisely given by formula Zker ny tr(pk). Thus,
given two Nakajima actions ¢', ¢”, equation (4.12) means exactly that their difference®
(")~ < T is a 1-parameter subgroup of the maximal torus T, when acted on M,
or on the level set ;=1 (¢). Of course, passing to the quotient M (Q, v, w) = u~(()/G
this difference disappears and thus the actions become equivalent, as the next propo-

sition shows.

Proposition 4.2.7. Any two equationally-equivalent actions yield equivalent actions

on M(Q, v, w), thus N.(DM(Q,v,w)) > N(OMN(Q,v,w)).

Proof. On M(Q,v,w) = p((7,0,0)/G we have that u¥ = ¢F, thus the moment
maps [’ and F” differ by a constant, so they yield the same S!-action. Due to the
unique extension of holomorphic S' actions to holomorphic C*-actions, the claim

follows. u

4Meaning that the starting graph @ is of Dynkin type A.
"Recall that Nakajima actions commute (Lemma 4.2.2), thus their composition is a well-defined
action.
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The converse to this proposition is not true in general, as we are going to see in
Example 4.3.18. Understanding the equational-equivalence relation between different
Nakajima actions becomes a bit easier when one passes to Dynkin type A graphs,
which we cover in the next section. We hope to understand this relation for general

tree graphs in future work.

4.3 Minimal components of Nakajima actions
in type A

Given a Dynkin graph A, (see Figure (4.1)) and two non-negative integer vectors
v, w, denote by 1,...,n the vertices of the graph A,,, and let M (v, w) denote the
quiver variety 9 (A,, v, w). In this section we will compute explicitly the number of
distinct minimal components in a quiver variety 9. (v, w) corresponding to Nakajima

actions.

4.3.1 Equational-equivalence classes

In this section we will give the formula for the number N, (9 (v,w)) of equational-
equivalence classes of Nakajima actions on the quiver variety 9. (v, w).

Let us assume firstly that v > 0 (meaning v, > 0, Vk).

Definition 4.3.1. A stop is a vertex k € {1,...,n} having W # 0.
On a quiver variety of type A,, each Nakajima action ¢ can be represented by a

string a(¢) = a; ...a,—1, where a, € {0,1}, in the following way.

{1, if the action acts with weight 1 on By ;41
Qa =

0, if the action acts with weight 1 on By

Now, labelling stops S = {s1,...,s,} by vertical bars |, we add them to the string
a(p) at positions that correspond to their corresponding vertices in the graph, thus

obtaining the string

a(lp) =ay...as,1|as, ... as,—1]as, ... as,—1las,, ... apn_1

which we will call the string of the action ¢. The signature of ¢ is a vector

T((p) = (7'17 e 771m71)7
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where r; counts how many numbers labelled by 1 there are in the substring a,,, ..., as,,,
of a(p) between the stops s; and s;;.1. We call an action reduced if its string satisfies

the following:
e it starts with a (possibly empty) string of zeros 0...0|,
e it finishes with a (possibly empty) string of zeros |0...0,
e and all substrings between two bars are of type \L/_l/ U |.

k>0 >0

Let us show the following two lemmas.
Lemma 4.3.2. Any Nakajima action is equationally-equivalent to a reduced action.

Proof. Observe that the move ...01... —...10... on the places k£ and k + 1 in the
string a changes the moment map of the corresponding action by (after omitting the
usual 1/2 factor):

I Bijes1 > + 1 Brszpril® = 1| Berinll? = | Bosrpral” = tr(ubth),

where we used (4.5), the fact that there is no stop, and the Frobenius norm of a
matrix (so [|A[* = tr(A*A) = >, . [A;]?). Therefore the move does not change the
equational-equivalence class of the corresponding action. Observe that the argument
also works in the cases ...[01... — ...|10... and ...01|... — ...10|... since p5™*
will only involve the B-matrices.

We also claim that the following move does not change the action’s equational-
equivalence class,

1...1100...—=1...1000...
k k—1

Indeed the difference in the corresponding moment maps is

I Bijest||” = | Beriwll* = 1 Bevill® = | Brog—i||* — tr(uf)
= || Br—zjo1|]” — | Brorpall® — tr(pf) — tr(p™)

k
=[|Biall* = [|Bonll* = Y tr(uh)
=2

k
= — Y tr(ph) ~0.
=1
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Analogously, the move
...0011...1—...0001...1
~—— ~——
k k—1
does not change the equational-equivalence class of the corresponding action. As any
string a can be transformed, using a finite number of these moves, to a string of a

reduced action, any action is equationally-equivalent to a reduced action. [ |

Lemma 4.3.3. Given two Nakajima actions with signatures (ry,...,r. 1) and

"

(r{,...,r" ), the difference between their moment maps is equationally-equivalent to

-1

(ki 4+ ko) (sl = 1717, (4.13)
1

3

l

where ky :==1r] —1r].

Proof. By Lemma 4.3.2, without loss of generality we can assume that actions are
reduced. We can divide the difference between the moment maps into the pieces that

correspond to parts of graph between consecutive stops
Fr— F' = (F = F) 4+ (F o — Fy).

Let us first calculate the last term F) | — F” | From the discussion of the second

move in the proof of Lemma 4.3.2, we see that if k,,_y = 1 then F| |, — F' | ~

HBsm,_l,sm_1+1H2 — HBsm_lJrLSm_l H2 Using a similar computation, in general we get
Frln—l - 7,7/L—1 ~ km—l(HBSm71,smf1+1H2 - ||Bsm,1+1,sm,1 H2> (414)

The pr-moment map equation at the vertex s,, 1 gives
HBSmeSmleHQ - HBSm,1+1,sm,1 H2 ~ HBsm,l—Lsm,l H2 - HBSmthm—l—lHQ + HZ’SmleQ - HjSm—1H2’

thus together with (4.14) we get

Fruet = Friy ™ bnea 1Bt |7 = 1B+ Fea s = s )

Repeating this substitution (omitting the 7, 7 maps whenever the vertex is not a stop),
we inductively arrive at

m—1

2 2 . 2 .12
Frln—l - Fr,r/L—l ~ km—1(||B51751+1|| - HBSH-lm H ) + Z km—1<“ZSzH - ||j91H )
=2

If s; = 1, using the moment map equation u;' we get
m—1
Frs = Froi~ > k(i = 7a]%)- (4.15)
=1
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Otherwise, using the same equation, we get

m—1
2 2 . 2 . 2
F7/n—1 - Frlrlz—l ~ km—l(HBSrL&H - ||BS1,S1—1” ) + Z km_l(“ZSlH - ||]SZH )7
=1

and then, using the second move from the proof of Lemma 4.3.2,
HBzﬂ—l,SlHQ - ||BS1,81—1||2 ~ ||le—2,51—1||2 - ||B81—1151—2H2 ~ e (),

hence we get (4.15) as well.

In the same way, we can get that F) , — F , is equationally-equivalent to the
right hand side of equation (4.15) but with m — 1 replaced by m — 2, and so on. Then
observe that Z;”:_ll kpy S0 (lis,II* = ||l7s,]1?) can in fact be rewritten as in the claimed

equation (4.13). [
Reduced actions are labelled bijectively by their signatures. Moreover, we prove:

Proposition 4.3.4. Reduced actions are equationally-equivalent iff they have the

same signatures.

Proof. Consider two reduced actions ¢ and ¢” with different signatures (r,...,7r.,_;)
and (r{,...,7r” ;). That means that there is a maximal number ¢ < m — 1 such that

ry # ry. Assigning k; := r;—r/, from Lemma 4.3.3, the difference between the moment
maps of the actions ', ¢” is equationally-equivalent to

t

Y kit A k)l = -

=1
Now, assume by contradiction that the actions ¢’ and ¢ are equationally-equivalent.
Then

t

Dkt k)il = 1) = Y patr(up) (4.16)
k=1

=1
for some integers p;. Recall that this equation is taking place on the space M from
(4.1), therefore all variables By, iy, ji are independent. By comparing the coefficients
of |lig||* we deduce that p,, = k;j + -+ + k;, for all [ = 1,...,¢, so in particular
ps; = ki # 0. Now, the tr(p7") induces a term

2 2
||B5t+175t || - ||B5t75t+1 ||

on the right hand side of (4.16), which does not exist on the left hand side. Therefore,
it needs to cancel with terms on the right hand side, forcing ps,+1 # 0. That in turn

induces the term

HBSt+2,St+1 ”2 - HBSt-FLSt-FQ H2
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on the right side of (4.16), and so on — we inductively deduce that ps,41,...,ps,,, # 0.
Note here that ¢ < m — 1, so the stop s;4; exists. Finally, p,,,, # 0 would imply that

the term
lisis l* = s I

appears on the right hand side of (4.16), contradicting the fact that it does not appear
on the left. |

Theorem 4.3.5. Given a quiver variety M (v, w) with v > 0, two Nakajima actions
on it are equationally-equivalent iff their signatures are same. Therefore, the number

of equational-equivalence classes of Nakajima actions is

N (v, w)) = N(w) = [] (501 — 50+ 1),

k=1

where S = {s1,...,5m} is the set of stops.
Proof. The theorem follows from Lemma 4.3.2 and Proposition 4.3.4. [ |

Notice that in the case v > 0 the number N(w) of equational-equivalence classes
does not depend on v, as it depends only on stops, which are defined only by w. Now,

we pass to the general case when v; may be zero for some i € {1...n}.

Definition 4.3.6. Given a non-negative integer vector v = (vq,...,v,) of length n,
a gap of v is any number ¢ € {1...n} such that v; = 0, and the support of v is the

set
supp(v) := {i | v; # 0}.

Gaps of v divide its support into components

supp(v) = supp(v)' U supp(v)? U ... supp(v)*

such that each supp(v)® is a set of consecutive integers. Given an ordered pair of

non-negative integer vectors (v, w) of length n, denote by
v i= (unlk € supp(v))

whi= (wylk € supp(v)')

the parts of the vectors v and w that are supported on supp(v)®.
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Given two non-negative integer vectors v and w, due to the construction of quiver

varieties, it is easy to deduce that
M(v, w) = MV wh) x M(vEw?) x - x MV, wh),
so the following is an immediate corollary of Theorem 4.3.5.

Corollary 4.3.7. Given a quiver variety M. (v, w), the number of equational-equivalence

classes of Nakajima actions is

N, (M (v,w)) = N(v,w) := HN(WZ‘).

4.3.2 Equivalence versus equational-equivalence

In this section we will describe the relation between equivalence and equational-
equivalence of Nakajima actions, deducing the number of minimal components in-

duced by Nakajima actions on a quiver variety M. (v, w).

Definition 4.3.8. Given a quiver variety (v, w) of type A,, we call y:=w —Cv
its weight vector. Here C' = A — 2] is the Cartan matrix of A,,, where A is the
adjacency matrix of the same graph. We say that the quiver variety has a dominant
weight if ;4 > 0.

A nice property for the quiver varieties with dominant weights is the following

theorem which follows from Nakajima’s work.

Theorem 4.3.9 (Nakajima). When a quiver variety M (v, w) has a dominant weight,

the morphism m : M (v, w) — My(v, W) is surjective.

Proof. In [Nak94a, Thm. 4.1] Nakajima proves that the map 7 is a resolution, thus
surjective, when the set of regular points 9™ (Q, v, w) (defined in (4.9)) is non-
empty. Moreover, by [Nak98, Prop. 10.5 and Rmk. 10.9] we have that in particular for
ADE quivers this set is non-empty when 91 (v, w) is non-empty and has a dominant

weight, hence the theorem follows. [

We will extend Theorem 4.3.9, thus characterising the image of morphism 7 for
an arbitrary quiver variety of type A, at the end of this section (Proposition 4.3.22).
For now, we remark that the surjectivity in the last theorem can hold without the

assumption of dominant weight, as the next example shows.
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Example 4.3.10. In the example of A; quiver v = v, w = w, the dominant weight
condition becomes w — 2v > 0. Thus, we see that the quiver variety 2(3,5) does not
satisfy it. By [Nak94a, Sec. 8] (see also [Kirl6, Example 10.45]), we have that

M(n,r) =T Gr(n,r),°

whereas

Mo(n,r) = {y € End(C")|y* = 0,rank(y) < n},

and the morphism 7 : M(n,r) — My(n,r) is isomorphic to the generalised Springer
resolution, defined in Section 5.1.2. In particular, by Theorem 5.1.2(2) we have that
the image of 7 : M(3,5) — My(3,5) is the closure of the nilpotent orbit Oy9 whereas

we directly compute that
Mo(3,5) = {y € End(C)|y* = 0,rank(y) < 3} = O
as well. Thus, 7 is surjective although 9t(3,5) does not have dominant weight.

Next, we give an example when surjectivity of Theorem 4.3.9 does not hold.

Example 4.3.11. Given a quiver variety of type A; with v = 4, w = 6, by the
previous example and Theorem 5.1.2(2), we have that the image of 7 : 9M(4,6) —
Mo (4,6) is the closure of nilpotent orbit Og911, whereas we directly compute that

Mo (4,6) = {y € End(C®|y* = 0,rank(y) < 4} = Oy,
thus strictly bigger than the image of 7.

We are going to use the explicit description of the coordinate ring C[9%y(v, w)]

by Lusztig-Maffei, which we recall now briefly.
Definition 4.3.12. We will define the set of admissible strings as
P ={jBs-14-- Brrs1Bri1r ... Bpp-1ip | p,q,r =1...n,7 <min(p,q)}.

Also we will call a closed B-path a string of type a = By, By, _, ... By, such that
s(hy) = t(hy).

SHere Gr(n,r) denotes the Grassmann manifold of n-planes in C”.
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Given a point x = [(Bp, i, ji)| in a quiver variety 9 (v, w) and a string
/B - quq_Lq e BT,T‘-‘,—lBT’-‘rl,'I‘ [ Bp,p—lip

in P, one obtains a natural evaluation 5(z) € Hom(Wjs,, Wg,). Here By = p and
f1 = q are starting and ending vertices of the string 8. Analogously, one can evaluate
a closed B-path

a= DBy, By, _,...Bp,

to obtain a(x) € Hom(Vj, Vi), where k = s(hy) = t(h,).

Theorem 4.3.13. [Lu98, Thm. 1.3|, [Maf05, Lem. 7| The coordinate ring of the
affine quiver variety Mo(v, w) is generated by the polynomials of type

r— f(ﬂ(l‘))7 fO’I’ p€P and f € (Hom(WBo’Wﬁl))*

and

x — Tr(a(x)), for a a closed B-path.

Corollary 4.3.14. When MM (v, w) has a dominant weight and v > 0,
N (v, w)) = Ne(M (v, w)) = N(w).

Proof. We will prove that non-equational-equivalence implies non-equivalence. That
together with Proposition 4.2.7 and Theorem 4.3.5 gives a complete proof. Consider
two Nakajima actions ¢, and ¢y that are non-equationally-equivalent. That means
that there are two stops, s; and s, such that in the substrings of a(¢1) and a(y2)
between these stops there is a different number of numbers labelled by 1. But that
would mean that the actions on the generators f(/5(z)) of C[9 (v, w)] given by the
string

ﬁ = j81881+1,81 e BSQ,Sz*liSQ

are different for any non-trivial choice of form f € (Hom(Wj,, Wj,))*. In fact, in order
to prove that the actions are non-equivalent on 9%, we just have to prove that there
is at least one form f such that f(8(x)) is a non-zero polynomial on My(v,w), or
equivalently, that f(x) is a non-zero function on My (v, w). We will do it explicitly
by finding a point x = [(By, ik, jr)] € Mo(v, w) such that 5(z) # 0. Let us prove the

following lemma first:
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Lemma 4.3.15. Let U,V,W be Hermitian vector spaces with orthonormal bases
e, fi, gi, respectively. Define the linear maps U RANG VaEN 14 by
{fl, when ¢ =1

L €;) =
1(e) 0, otherwise

and

0, otherwise.

g1, when i =1
Lo(fi) :{

Then LlLT = L;LQ

Proof. From the definition of L; and L, and orthonormality of bases, we have that
Li(f1) = e; and L}(g1) = f1 are the only non-zero values of L} and Lj on bases f

and g. Hence L, L] = L3 L, follows immediately. |

Now, choosing orthonormal bases for the Hermitian spaces W,, Vs, ..., Vs, Wy,

we can make a string of non-zero maps

B82,82—1

is2 le+1,sl jsl
Wy, — Vi, Vogor = oo = Vg —— Vs, — Wy,

analogously to the maps Ly and Ly from the lemma. Let x = (B, iy, ji) € M(V, W)
be the point having these maps as appropriate components and all other components
being equal to zero. Then the moment map values u} for vertices k = sq,...,s9 are

exactly

s1 _ k. *
Iu] (:E) - _jS1j31 + B31+1751B81+1,81

s1+1 _ * %
Ky (x) - _le+1,slBS1+1,81 + BS1+2751+Ile+2,51+1
ED) _ * . e
lu[ (ﬂf) - _852752—1B52»52—1 + Z52282

hence vanish according to the lemma, whereas the values p%(x) for other vertices k
are trivially equal to zero. The components pf(z) of the other two moment maps are
zero as well, as by construction of x we have i,j, = 0 for any k € Q° and B,Bj, = 0
for any h € H. Hence, z € u1(0), so 0 # [z] € My(v, w), and

ﬂ(l’) = jSlleJrl,Sl s BS2,82*1i82 % 0.

Hence, the two Nakajima actions ¢; and ¢, are non-equivalent on 9%,. As the map =
is surjective (by Theorem 4.3.9) and C*-equivariant, we have that the actions ; and

o are non-equivalent on M (v, w) as well. |
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Example 4.3.16. A particular instance of Corollary 4.3.14 is the minimal resolution

of a Du Val singularity of type A,,, which is a quiver variety 9t(11...11,10...01) of

n 2
A, type. Here the weight is dominant y = w — Cv = 0, and the stops are S = {1,n},
so there are exactly

non-equivalent Nakajima actions, hence n induced minimal components. On the other
hand, it is known that the core £(v,w) is the Dynkin A, tree of spheres. Thus in

this case the minimal components ezhaust all of the core components.

Remark 4.3.17. Of course, in the last example one could show that all components
are minimal also by explicitly writing down different C*-actions “by hand”. However,
the point of this example was to show how one could easily count these actions using

the developed technology, which extends far beyond the Du Val singularities case.

Now we give an example of a quiver variety which does not have a dominant

weight, and the assertion of Corollary 4.3.14 is not true.

Example 4.3.18. A quiver variety (343, 210) of type Az corresponds to the lowest
weight of the irreducible highest weight representation L(210) of sly, so it is isomor-
phic to the quiver variety 9t(000,210) = {pt} under Nakajima reflection functors,
described in [Nak03]. In other words, 9t(343,210) is a point, so all Nakajima actions
on it are equivalent. On the other hand, the number of non-equationally equivalent

Nakajima actions on it is
N(210)=2—-141=2

as the set of stops is S = {1,2}.

We will now explain why this discrepancy between equivalence and equational-

equivalence seen in this example is not unreasonable.

Given a general quiver variety i (v, w), the morphism 7 : M (v, w) — My(v, w)
need not be surjective, so the proof of Corollary 4.3.14 does not go through. How-
ever, there are certain Nakajima reflection functors [Nak03| which are hyperkéhler
isometries between quiver varieties whose weights are related by the Weyl group ac-
tion. In particular case of quiver varieties of type ADE, one can relate an arbitrary
quiver variety with the one that has a dominant weight. That is, there is a hyperkdhler
isometry

D, : M (v, W) = My (0 %y V, W), (4.17)
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such that M,.c(o *w v, w) has a dominant weight. Here 0 € W (A4,) is an element
of the Weyl group W (A, ) = S,+1 of the Lie algebra that corresponds to the Dynkin
diagram A,,, and the actions of the Weyl group o - { and o *,, v are defined in a
certain way that we will not describe here. The interested reader can confer [Nak03|
(beginning of 2(i) and Definition 2.3, respectively). The argument in [BL13, Sec.
2.1.3] by Bezrukavnikov-Losev discusses the equivariance property of the reflection
functor” ®, with respect to the torus 7T = (C*)?' x (C*)? action on both sides.
Here, the (C*)?0-part of the action on quiver varieties is induced from the C* scalar
actions on the vector spaces W; and similarly the (C*)@-part is induced from the
C* scalar actions on the edges belonging to g (recall the construction of a quiver
variety). They claim that the reflection functor is twisted-equivariant, by a certain
automorphism of 7. When translated to the language of Nakajima actions, their claim

becomes:

Proposition 4.3.19 (Bezrukavnikov-Losev). The Nakajima reflection functor ®, in-
terchange between Nakajima actions. This means that under it, a Nakajima action

on M (v, w) becomes another Nakajima action on My.c(0 %y vV, W).

Hence, two quiver varieties connected via the reflection functor have the same num-
ber of non-equivalent Nakajima actions. Therefore, given a quiver variety 9. (v, w),
it is enough to pass to the one M,.c(o *y v, W), with dominant weight. Due to the
general representation theory of semisimple Lie algebras, the vector v/ = o %, v
that induces the dominant weight is uniquely defined by v. We will calculate it for
completeness. Given v and w, denoting by py := (w — CVv); the weight vector
components, consider the composition® p = (p1,...,pn41) of Y, 4w; which satisfies

Pi — Pix1 = ;. Solving this system of equations, one comes up with a formula

i—1 n n
pi= ! 1 (Z—k#k+2(n+ 1-— k«‘)ﬂk+2iwi> .
n+ k=1 k=i k=1

Let p be the descending-ordered permutation of elements in p, and y' = (p; —

P2y Pn — Pns1) the corresponding weight vector. Finally define
vii=CNw— ), (4.18)

thus ¢/ = w — Cv' > 0, as required.

"We remark that in that paper the authors call it a LMN isomorphism instead.
8Recall that a composition of n is a vector (ay,...,ax) of non-negative integers a; that sum up
to n.
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The reason that v/ > 0 indeed holds is implicit and it is due to the classical
representation theory of sl, and the correspondence between quiver varieties of type
A and irreducible representations of sl,,, due to [Nak98|. For type A it simply states
that for any weight space of weight p of an irreducible representation L(w) of s,
with highest weight w, there is an associated quiver variety 9t(v, w) of type A, such
that 4 = w — C'v, and vice-versa. In particular as we know that p is a weight, so
is 1/, being in its Weyl-orbit (permuting p corresponds to action by S, 1 = W (sl,)).

Thus, there is a corresponding quiver variety with ¢/ = w — Cv’, hence v/ > 0.

Definition 4.3.20. Given a quiver variety (v, w), the vector v/ = v'(v, w) ob-

tained by this algorithm is called its dominant vector.

The importance of the dominant vector is that it allows us to count the number
of non-equivalent Nakajima actions for an arbitrary quiver variety of type A, giving

the main result of this chapter.

Theorem 4.3.21. Given a quiver variety M.(v,w) of type A, denoting by v’ its
dominant vector, there are exactly N(v',w) non-equivalent Nakajima actions, and

thus N(v',w) distinct minimal components induced by them.

Proof. This follows by combining the previous results. Firstly, due to Proposition
4.3.19 and the paragraph after it, we have that N (9 (v, w)) = N(IMy(v', w)) where
v/ = v/(v,w) is the associated dominant vector. Now, recall (Definition 4.3.6) the
split of vectors v/, w into subvectors {V/i, w'}iZ1.k, given by the support of v'. This

split induces the identification
k .
f)ﬁC/ (V/7 W) = H Dﬁcm (V/Z, WZ)
i=1

(where ¢"" are the corresponding subvectors of moment parameters) and the choices of
picking a Nakajima action on 9/ (v’, w) correspond to collection of choices of picking

Nakajima actions on each Dﬁg,i(v’i, w'). Thus, we have

k
N (v, w)) = [[ N, w')).
i=1
Then, notice that the quiver varieties MM:(v"*, w’) have dominant weights. Picking
an arbitrary 4, let v'* = (v,,...,v,4), and v = (vy,...,v,). We want to prove that

’i

W= wt— C'" > 0, where C* is the Cartan matrix for the subgraph (r,...,r + s)
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of type A that is the support of vector v/*. As the quiver variety M (v, w) has

dominant weight, we have ¢/ = w — Cv’' > 0, and thus

0 < 1 |suppivty = (W = OV | guppvriy = w! — gIrrrsixiinly!, (4.19)
where Clr+slx[ln] ig the submatrix of C' consisting of rows r,...,r + s. Now, notice
that

ClrrsixLnly _ iy (4.20)

since C* = Clrrslxlr+sl gng Clrr+sIxbnl is supported on it, with a possible exception
of C"1 = —1 and C"™*"™s*1 = —1. But in those cases we have v/._; = 0 and
Uy, .+1 = 0 accordingly, thus equality (4.20) holds. Together with (4.19), we get that
the quiver varieties MM (v"*, w') have dominant weights indeed.

As v"* > 0, according to Corollary 4.3.14, we have N(9M(v*, w')) = N(w').
Connecting with previously said, the number of non-equivalent Nakajima actions
on M, (v, w) is

k k
N (v w)) = N (v, w)) = [ V" wh) = [] Nw') = Nv.w),

i=1 i=1
The statement about minimal components follows due to Proposition 3.2.2 and Lemma
4.2.2. [ |

In conclusion, given two vectors v and w, notice that the number N(v',w) of
minimal components in a quiver variety 9%(v, w) is fairly easy to compute.

At the end of this section, we characterise the image of the morphism 7 : M. (v, w) —
Mo(v, w) for an arbitrary quiver variety of type A, using the notion of the dominant

vector.

Proposition 4.3.22. Given a quiver variety M. (v,w) of type A, the image of the
morphism m @ M (v, w) — My(v,w) is isomorphic to My(v',w), where v’ is the

associated dominant vector.

Proof. By [MN19, Prop. 3.9] (which goes back to [Nak94a, Prop. 6.7]), we have the

stratification of the Poisson variety 9%y(v, w) by symplectic leaves

Mo(v,w) = I_l My (u, w),

usv, w—Cv>0

which is induced by natural inclusions ¢y, : MMy(u, w) — My(v, w) given by consider-
ing subrepresentations of U C V. In this stratification, the closure of a leaf M (u, w)

is exactly the image of ¢y, isomorphic to My (u, w).
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Thus, it is enough show that the image of 7 is the closure of the leaf 9% (v/, w).

Let us first show that this leaf is indeed in My(v, w), i.e. that v <v, w—Cv' >0
holds. The second inequality is satisfied by definition of the dominant vector, so let
us prove that the first one. Recall that we have defined the dominant vector using the
composition p = (p1,...,pp+1) of D, tw; such that p; — p;y1 = p;, where p=w —Cv
is the weight vector. Then v/ := C~Y(w — /), where / is the associated dominant
weight, given as ¢ = (p1 — p2, ..., pn — pnr1) Where p be the descending-ordered
permutation of elements in p.

We will show v/ < v inductively, by considering their corresponding compositions.
Namely, as one can get the composition p out of composition p just by doing swaps

between adjacent numbers
ab...— o ba...

whenever a < b, it is enough to show that this move makes the corresponding di-
mension vector smaller or equal to the the previous one. Thus, let us consider the
composition ¢ = (qi,...,q,+1) having ¢; < ¢i+1 and the composition ¢ that is ob-
tained by their swap. Assuming that ¢ ¢ {1,n+ 1}, the corresponding weight vectors
v=(¢1 — @ - @y — quy1) and v = (¢} — ¢, ..., 4q, — ¢,,) differ only on positions
1—1,4,1+ 1,

/
v,

i1 = Vic1+ Qi — Qi1 = Vi1 TV,

v, = —u;, (4.21)

i
Vi1 = Vgl + G — Qis1 = Vig1 + Vs

Now, we want to show the inequality u < u’ between the corresponding dimension
vectors u = C~Y(w —v),u’ = C~}(w — /). Tt reduces to show C~'v < C~'V/, which
is equivalent to proving the inequality > " kv, < > | k,v., for an arbitrary row
k = (ki,...,k,) of the matrix C~*. Thus, using the formulae (4.21) this finally reduces
to show

ki1 + 2k — ke > 0.

This is trivial now, as the left hand side of this inequality is exactly the product of
the row k = (ky,...,k,) with the i-th column® (0,...,0,—1,2,—1,0,...,0)" of C,
——

i—2
thus is either equal to 0 or 1. Assuming that ¢ = 1 goes similarly, reducing to prove

the inequality
2k — ks >0

9Recall that C' = 2 — A, where A is the adjacency matrix of the graph A,,.
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for an arbitrary row k = (ky,...,k,) of C~!, which we do similarly by considering
the product of k with the first column (2, —1,0,...,0)" of C. The i = n + 1 case goes
verbatim.

Thus, we have v/ < v, so My™(v/, w) indeed occurs as a stratum of MNy(v, w).
We want to prove that its closure is the image 9! (v, w) of 7, and we are done. It
is enough to show that the 9!(v, w) contains I (v/, w), as both are irreducible
varieties of the same dimension. Indeed, IM*(v,w) is a closed irreducible subset of
Mo (v, w), as an image of a connected variety under a projective morphism. Moreover,
being smooth and connected,'® 9* (v/, w) is irreducible as well, and so is its closure
My(v', w). Finally, these two irreducible varieties have the same dimension, due to

following equalities
dim M (v, w) = dim (M, (v, w)) = dim(M (v, w)) = dim(My (v, w)).

The first equality is due to the fact that 7 is a resolution onto its image, the second is
due to existence of a reflection functor @, : M. (v, w) — My (v, w) (which is a dif-
feomorphism), and the third is due to surjectivity of the morphism 7" : My (v, w) —
Mo(v',w) (Theorem 4.3.9).

Hence, let us prove that the image of 7 contains 9“(v’, w), i.e. that the fibres
of m above M (v', w) are non-empty. By [Nak01, Sec. 3.3], given a point = €
M (v', w), its fibre 7! (x) is isomorphic to the central fibre 771(0) of the morphism
T Mv—v,w—CV) = My(v—v',w—CV'). Now, notice that there is a reflection
functor!!

M(v—v ,w—CV)—=MO0,w—CV'),

because the weights that correspond to those quiver varieties are w — Cv' — C'(v —
v)=w—Cv =pand w — Cv' = ¢/, hence lie in the same Weyl group orbit (as
previously said, the Weyl group action on weights corresponds to permutation action
on compositions p), which is needed for the existence of a reflection functor. Finally,
we have My (0, w — CV') = {pt}, thus 7' (z) = {pt} # 0. |

10As its isomorphic preimage Z := 7~ 1(9“/(v/,w)) is a subset in smooth connected M (v’, w)
with complement of real codimension at least 2, thus must be connected as well.

'We omit the moment parameters in the notation for quiver varieties, as they are not important
for the argument.
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4.4 Nakajima actions are the only weight-1 conical
actions

Let 9 (v,w) be a quiver variety of type A. We call full quiver action the C*-
action which acts with weight-1 on all edges of the doubled graph Q¥ (as opposed
to the Nakajima action in (4.11) which only acts on half of the edges). Proceeding
as in Section 3.2.1, we can compose the full quiver action with complex 1-parameter
subgroups of the symplectic action GL(w) ~ 9%(v, w) on the framing. In this section
we prove that, in the case of quiver variety with dominant weight, squares of Nakajima
actions are the only even'? weight-2 conical actions amongst such composed actions.
Therefore, the minimal components that we produce from Nakajima actions in Section
4.3 exhaust the set of all minimal components which one gets using GL(w) (Having
in mind Remark 3.1.7). We prove this by comparing these actions on 9%, using the

Lusztig-Maffei description of the coordinate ring C[9%] given in Theorem 4.3.13.

Definition 4.4.1. Given a graph @, the space M (Q, V, W) of framed representations
of the double quiver Q* has a natural C*-action by dilation

t - (B, ik, ji) = (tBh, tig, tji), t € C* (4.22)

which acts with weight-2 on wc, hence induces weight-2 C*-actions on M (Q, v, w)
and My(Q, v, w) such that 7 is a C*-equivariant map. We call this action the full

quiver action, as it acts on all edges of the framed double quiver Q.

Example 4.4.2. Observe again the example 4.1.1 of quiver variety M (A, 1,n+1) =
T*CP". Here the full quiver action contracts the fibres with weight-2, thus it is a
square of a Nakajima action that contracts the fibres with weight-1. This is not true

in general, as we will see below.

Further, notice that the group GL(W) = [[;co, GL(W;) acts by we-symplectomorphisms
on the space M(Q,V,W) by conjugation

g~ (B,i,j) = (B,ig", gj). (4.23)

This action induces a GL(w) action on the quiver varieties M (Q, v, w) and My (Q, v, w)

such that 7 is a GL(w)-equivariant map.

Example 4.4.3. In our example M (A;,1,n + 1) = T*CP" we have that GL(w) =
GL(n + 1) acts we-symplectomorphically on T*CP"™ by the action induced from the
canonical action GL(n + 1) ~n CP".

12An action is called even if it is a square of another action.
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As the GL(w) action acts by we-symplectomorphisms on 9 (Q, v, w), and com-
mutes with the full quiver action, the composition of the action of a 1-parameter
subgroup of GL(w) with the full quiver action gives a weight-2 C*-action on the

quiver variety M (Q), v, w). We will give these actions some special names.

Definition 4.4.4. Call G-twisted full action any composition of the action of a 1-
parameter subgroup G < G L(w) with the full quiver action. Varying the 1-parameter
subgroup G, the set of all these actions are the twisted full actions. In particular,
when a 1-parameter subgroup of G < GL(w) consists of scalar operators, that is,

G =t™Idy, x--- xt" Idy,, we call its twisted full action a scalar action.

Now, we will connect these actions with previously defined Nakajima actions. An

action is called even if it is a square of an action.

Lemma 4.4.5. Even conical scalar actions on My(v,w) are exactly the squares of

Nakajima actions. The same holds for M (v, w).

Proof. We first consider the case v > 0 for the affine quiver variety 9%,(v, w). Denote
the set of stops by S = {s1,...,s,}. Label each scalar action by the vector m =
(myq, ..., my) of weights m; by which it acts on W;,. Now let us translate the condition
of action being conical and even in terms of the vector m. Firstly, let us consider the

simplest strings that give generators of C[9ty(v, w)]
ﬁz/ = jSiBS¢+1,Sz‘ s Bsi+175i+1*1i3i+17

Bz{/ = j3i+1 B‘9i+1—178i+1 s B3i75i+1i57ﬁ'
Their weights of the action are 2+ s;,1 — s; +m; —m;q and 2+ s;.1 — S; +mi 1 —my,
respectively. These two being positive and even is equivalent to
|mi+1 — ml\ S Si+1 — S; (424)
and
mir1 —m; = Si11 — S (mod 2). (4.25)

Altogether, that gives s;.1 — s; + 1 possible choices for the value of m;; —m;. Having
the conditions (4.24) and (4.25) satisfied, all the other generators of the coordinate
ring of C[My(v, w)| will have positive and even weights. Indeed, the generators that

come from a string of type
6 = jsiBsifl,si S Br,r+1Br+1,r cee BSj,Sj*liSJW 1<y
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have the weight

24sj—r+s;—r+m;—m;=2+s; —s;+m; —m; + 2(s; — 1)

> 248 —5;+m; —m;

—

<

=24+ ) (Spt1 — Sk + My — M)

)

b
Il

and the last term is positive and even being a sum of such. The same proof works for

strings of type

ﬁ = jsiBsifl,si cee Br,rJrlBrJrl,r cee Bs]',sj'flisp (A

Finally, the closed B-paths, that is, strings of type a = By, By, , ... B, where

1
s(hy) = t(h,) will always have an even number of any edge showing up in the set
{h1,...,h,}, (as a type A graph is a tree), hence will have a positive and even weight

as well. Thus, we have shown that there are exactly

m—1
[ Gsker = s +1) = N(w)
k=1
distinct choices for the vector m’ = (mg — my,...,m, — m,_1), that yield distinct

even conical scalar actions, whose number is the same as the number of all Nakajima
actions. To finish the proof of lemma, let us now prove that a scalar action that is

conical and even is the square of a Nakajima action. Given its vector m, let us define
1
rp = §(m2 —my + S — $1),

which is a non-negative integer, due to (4.24) and (4.25). The claim is that the square
of the Nakajima action with signature (71,79, ...7,_1) is the same as the given scalar

action, which is a straightforward check that their weights on strings of type

ﬁ = jsiBsifl,si cee Br,r+1Br+1,r . BSj,Sj*lliSj

and
« = By, Bn,_,...By, where s(hy) = t(h,)

agree. This finishes the proof for 9y(v, w). Using the equivariant projection 7 we
have that these actions agree on the open dense subset of M (v, w). Due to their

continuity, they agree on the whole 9t(v, w). For general v, we split the vector v into
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disjoint v' > 0 vectors like in Definition 4.3.6 and run the same proof for M (v¢, w'),

knowing that
M(v, w) = ML, wh) x M(vEw?) x - x M(VF, wh)

and both the Nakajima and twisted full actions are products of those on the compo-

nents M (v, w), hence the result holds in full generality. [

So, all the minimal components coming from scalar actions are already obtained

by Nakajima actions. The next step is to delve into the general twisted full actions.

Lemma 4.4.6. A twisted full action on My(v, w) that is even and conical must be a

scalar action. The same holds for M (v, w), when its weight is dominant.

Proof. First, we choose bases for W so the G-twisted full action becomes a diagonal
one, that is, it consists of diagonal matrices. This is possible due to the fact that every
1-parameter subgroup lies in a maximal torus and the fact that all maximal tori are
conjugate to the diagonal one. Now, pick an arbitrary vertex k. In the chosen basis,
the map jii, : Wi, — W), is represented as a matrix (a;;). Denote the GL(W})-part
of G by
1
gk =
t"wk

As the G-twisted full action acts on jii; by tQijkikggl we get that it acts on the
matrix entry a;; with weight ¢**7~7. Let us assume that g, is not a scalar matrix. We
then have r; < r; for some ¢, j hence the action acts on a;; with weight 24r; —7; < 2.

So, let us prove that a,; is indeed a non-zero polynomial. This we will do by
constructing an explicit point [z] € 9My(v, w) such that a;;(z) = 1, similarly to the
proof of Corollary 4.3.14. Firstly we can assume that the basis f, of W under which
the g is diagonal is orthonormal. Also, choose an orthonormal basis e, of V. Now,

define maps

‘ e;, when s = j
Zk:(fs) = {

0, otherwise
and
Jr(es) = {fi, when s = 10, otherwise.
Then we have i} (e;) = f; and j;(f;) = e; and zero for other basis elements. Thus,
we get that
init — e =0, injr = 0. (4.26)
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Now choosing the point © = (B,i,j) € M(V,W) with i, and j; as above, and all
other components equal to zero, we see that equation (4.26) gives us x € p~'(0) hence
0 # [z] € My(v,w). On the other hand, jyix(f;) = fi hence a;;(z) = 1, that is, a;;
is not a zero polynomial, as required. Hence, g, needs to be scalar for all vertices k,
which is what we wanted to prove.

The statement for 9t (v, w) when v is dominant follows immediately as then the
projection 7 : M (v, w) — My(v, w) is surjective, hence a twisted full action that
is even and conical on M (v, w) is of the same type on My(v, w), thus it is a scalar

action. ]
The previous two lemmas yield the following proposition.

Proposition 4.4.7. On a quiver variety M(v, w) with dominant weight, twisted full

actions that are even and conical are exactly the squares of Nakajima actions.

Combining this with Theorem 4.3.21 we deduce the final statement about minimal

components in quiver varieties of type A.

Corollary 4.4.8. Given a quiver variety (v, w) with dominant weight, the distinct
minimal components of its core £(v, w) obtained from twisted full actions are exactly

those arising from Nakajima actions, and there are exactly N(v,w) of them.

4.4.1 Further remarks

We have seen that minimal components of Nakajima actions are the only minimal
components that one can get from twisted full actions. In this section we give, in a
slightly speculative way, some further remarks on why there should be no other min-
imal components, arising from the conical structure given by the full quiver action.!?
As in Definition 3.2.5, denote by Sympc. (9t(v, w)) the group of conical symplec-
tomorphisms (i.e. algebraic m-compatible!* symplectomorphisms of (v, w) that
commute with the full quiver action). We give a conjecture about this group, moti-

vated by a comment given in [MN17, Sec. 3.4]. In their notation, let

K :=Im(GL(w) = Sympc. (M(v, w))

13Recall (Definition 2.2.11) that a conical structure is a maximal set of mutually-commuting
conical actions.
MMeaning: a map that preserves the fibres of 7.
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be the image of the G L(w)-group action on 0(v, w), which lands in Sympg. (9 (v, w))
as it commutes with the full quiver action. Even more precisely, K is in the connected

component of the identity Sympc. (9(v, w))? of this group.'

Conjecture 4.4.9. Given a quiver variety MM(v,w) of type A, the action GL(w)

yields all conical symplectomorphisms of M (v, w), that is
K = Sympc (M(v, w))°. (4.27)

Remark 4.4.10. We remark here that this conjecture is true for two families of exam-

ples of quiver varieties, giving a sketch of the proof for both.

e Du Val singularities of type A (Example 4.3.16). Using the Maffei-Lusztig de-
scription for the coordinate ring of the affine quiver variety (Theorem 4.3.13),
one can pass to the usual description of the coordinate ring of Du Val singular-
ity of type A,_1, C[9y] = C[X,Y, Z]/V (XY — Z"), together with its Poisson
brackets, given by {X,Y} = —nZ" ' {Z X} = X, {V,Z} =Y. For n > 3,
we can directly check that the graded Poisson automorphism of the ring C[9]
must be of type (X,Y,Z) — (tX,t7'Y, Z) or (X,Y,Z) — (tY,(=1)"t71 X, - 7).
Automorphisms of the second type swap the exceptional spheres in the reso-
lution, thus act non-trivially on the homology, hence are not in the connected
component of identity. Finally, one can compute that the group GL(w) acts on
9, in these coordinates by t-(X,Y, Z) = ("X, t"Y,t*Z), i.e. exhausts all Pois-
son automorphisms of the first type. The equality (4.27) follows, as a conical
symplectomorphism ¢ on 9 projects to a Poisson automorphism ¢, on My,'”
thus picking an element g € GL(w) whose action on 9, is equal to ¢y, its ac-
tion on N is equal to ¢ on an open dense subset, hence by analytic continuity,
on the whole 9.

e Cotangent bundles of generalised flag varieties of type A, known to be quiver
varieties by [Nak94a, Sec. 7]. Namely, we have the isomorphism of complex-

symplectic manifolds

T*Fky, ... ki) = Mk, ... kn;7,0,...,0) =: M, (4.28)

15The group Sympc.(9(v,w)) need not to be connected in general. Namely, it is known that
quiver automorphisms can induce discrete group of automorphisms of the corresponding quiver
varieties. In Example 4.3.16 of Du Val singularities, the A,, Dynkin graph can be reflected, which
induces an Z/2-automorphism group, whose generator acts non-trivially on the homology of the
resolution (as it swaps the spheres in the core). Thus, this automorphism cannot belong in the
connected component of the identity, thus the conical symplectomorphism group is disconnected.

16The case n = 2 is covered in the next example, as then 9 = T*CP".

1"Recall that a conical symplectomorphism is 7-compatible.
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where F := F(ky,...,kp;r) ={C " =Fy D F, DD F,y =0]|dimF;, =
k;} is a generalised flag variety, and on T*F we have the standard complex-
symplectic structure w = da. The pull back of the full quiver action to T*F is
precisely the square of the C*-action that contracts the fibres. Hence, a sym-
plectomorphism of (T*F,w) that commutes with it must preserve the 1-form
a (as it is given by a = izw, where Z is the (complex) vector field of the
contracting action). By [Can01, p. 20-21, Ex. 2,3|, we have that such a sym-
plectomorphism of a cotangent bundle must be induced from a automorphism
of the base.”® Now one uses the standard result [Akh95, Thm. 2, Sec. 3.3]
which says that connected component of the identity of the group of the auto-
morphisms of a generalised flag variety G/P is exactly G, which for our flag
variety F gives GL(C"). Finally, we connect that with the fact (which one can
conclude directly from the description of (4.28) from |[Nak94a, Sec. 7]) that the
action of GL(w) = GL(C") seen on T*F is exactly the induced action from the
action GL(C") on F.

Now, let us comment on why only the group Sympc« (9t(v, w))° is the relevant one
for our purposes. Firstly, having a conical symplectomorphism i) € Sympc«(9M(v, w))\
Sympe(MM(v, w))° we have that it does not yield any new actions, hence minimal

components:

Corollary 4.4.11. Assume that Conjecture 4.4.9 holds for a quiver variety M(v, w).
Then conjugation by ¢ € Sympe« (M (v, w))\ Sympes (IM(v, w))° preserves Nakajima

1

actions. That is, given a Nakajima action @, the conjugation otp=" is another

Nakajima action. In particular, if § is a minimal component of a Nakajima action,

U(§) is as well.

Proof. As we have proved, the square of a Nakajima action is a twisted full action,
thus ? is the composition p? = ¢,G; of the full quiver action ¢; and a 1-parameter
subgroup Gy < GL(w). Then, v¢?y)~! = ¢¥¢,Gip™! = ¢ppGyp~L. Then, as Gy is in
Sympec (M(v, w))°, which is a normal subgroup of Sympc+(9M(v, w)), the conjuga-
tion G} := Y Gp~! is in Sympe: (M (v, w))°. By Conjecture 4.4.9 it is the image of a
1-parameter subgroup of GL(w). Thus

Vo = G,

8The text in that book is on real symplectic structures, but the argument there goes through
identically in the complex setup.
19This result does not for every simple G but certainly does type A, which we need.
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is a twisted full action. Tt is obviously even: 1?1t = (¢Yp1p~1)2. Let us show that

it is conical as well. Firstly, we have that 1) preserves the core
L(v,w)={peMv,w) | tlim o(p) exists}
—00

as it is a continuous function and commutes with the full quiver action ¢,. Now, the
conical property means precisely that for every p € 9(v, w), we have 121(1) VYR t(p) €
£(v,w), which is true as 1 is continuous and preserves the core, and ¢? is conical
itself.

Thus the action ¥¢?y~! is an even and conical twisted full action, hence by
Proposition 4.4.7 it has to be square of a Nakajima action i~ = (p})2. If § is
the minimal component for ¢;, then ¢ (§) is minimal component for ¢} = =" as
it is in its fixed locus and, as ¥(£(v,w)) = (£(v,w)), it is an irreducible component
of the core. |

Thus, assuming that Conjecture 4.4.9 holds, the last corollary tells us that by

o

using symplectomorphisms ¢ € Sympc-(9MM(v, w)) \ Sympc- (M(v, w))° we cannot
get more minimal components of the core £(v, w) beyond those we already have. Call
a minimal component relevant if is obtained from a conical action that commutes

with the full quiver action. Thus, we deduce the following:

Corollary 4.4.12. Assume that Conjecture 4.4.9 holds for a quiver variety (v, w)
of dominant weight. Then all relevant minimal components of £(v,w) are obtained

through Corollary 4.4.8, thus are minimal components of Nakajima actions.

Proof. Given a relevant minimal component obtained from a weight-1 action ¢;, we
have that G; := ¢?¢~' € Sympg.(9M(v,w)), thus by Conjecture 4.4.9, G, is equal
to an image of a 1-parameter subgroup of GL(w). Hence, ©? is an even and conical

twisted full action and indeed a square of a Nakajima action (by Corollary 4.4.8). H
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Chapter 5

Smooth components of Springer fibres

Springer fibres are known to be the cores of those CSRs which in the literature are

called S3-varieties'

or resolutions of Slodowy varieties. We will use the latter term
in this text. The theoretical framework of Chapter 3 can be applied to these spaces,
hence obtaining exact Lagrangians in resolutions of Slodowy varieties, or equivalently,
smooth components of Springer fibres.

Springer fibres are fibres of Springer resolution, which is basically the central ob-
ject in Geometric Representation Theory. The geometry of these fibres is used to
recover various representation-theoretic objects. In particular, their cohomologies
provide irreducible representations of Weyl groups [Spr78, KaLu80, LuSpa85|, and
Hecke algebras [KaLu79|; this is an consequence of more general feature known as
Springer correspondence. From it, one can deduce a substantial information about
representation theory of reductive groups, even over p-adic and finite fields. Coho-
mologies of Springer fibres also yield geometric representations of U(sl,) [Gi91] (see
also [BLM90]). Moreover, their geometry recovers certain Parabolic Categories O
[Str09] and Khovanov Arc Algebras [SW12, Sch12].

In this chapter, we will be interested on finding smooth components of Springer
fibres of type A, and understanding their topology. The question of (non-)smoothness
of components of ordinary Springer fibres and their topology is a question within ac-
tive research in Springer theory, with a lot of interesting work in the previous decade
[Fu03, PaRe06, Fr09b, FrMel0, FrMell, Fr11, FrMeS-O15, BaZi08, GrZill]. More-
over, the (non-)smoothness of this components, at least in the two-column case,?

has been translated to the representation-theoretic language, in terms of certain W -

!The name comes from Slodowy, Spaltenstein and Springer, as they have been studying these
spaces independently.
2Meaning that the Springer fibre is attached to an nilpotent element of order 2.
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graphs® attached to the corresponding representation of the symmetric group.? Basi-
cally speaking, components of a Springer fibre are vertices of a W-graph, and singular
components are the vertices that have “too many” edges.®

Although a lot of work has been done to understand (non-)smoothness and topol-
ogy of components of ordinary Springer fibres, no work has been done on under-
standing the same for components of generalised Springer fibres, with an exception
of the two-row® case [Sch12]. In this chapter, we give some first results in that
direction. First, we construct a family of weight-1 actions that yields a family of
smooth components in any generalised Springer fibre. Second, we find another fam-
ily of smooth components that generalises the well-known Richardson components,
of ordinary Springer fibres and also define their generalisations which we call quasi-
Richardson. Finally, we show that these families of components generate more smooth

components via so-called crystal operators.

5.1 Review on Springer theory

In this section we will review the standard results of Springer theory which we will
be using in the following sections. Standard literature on this matter, where these
statements and their proofs can be found, are the books by Collingwood-McGovern
[CoMcG93| and Chriss-Ginzburg [CGi97].

5.1.1 Springer resolution

Let g be a semisimple Lie algebra. Recall the nilpotent cone N C g is the set of
all ad-nilpotent elements in g. Denote by B the flag variety of g. Then the Springer
resolution for g is the resolution of N by the cotangent bundle of B,
B
v (5.1)
N

We will deal only with the Springer resolution for sl,, so let us describe it now. In

this case, the nilpotent cone becomes the set of nilpotent matrices,

N = {e €sl, | e is a nilpotent matrix},

*Defined in [KaLu79].

“I.e. the Weyl group in type A.

For the precise statement, see [FrMell, Thm. 1.5.] and the paragraph after it.
5Meaning that the fibre is over a nilpotent element that has two nilpotent blocks.
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and the flag variety becomes the variety of full flags in C”,

The space
N ={(Fe)| FeB,eecsl,eF, CF,_}

and the map
1/:./\7—>./\f, v(F,e)=e,

form the Springer resolution for sl,,, which follows from the following facts.

Theorem 5.1.1.
(1) The projection on the first coordinate  : N = B, n(F,e) = F is isomorphic to
the cotangent bundle T*B, — B,, thus giving the variety N the structure of a

holomorphic symplectic manifold.
(2) The map v is a resolution of singularities.
(3) N C sl, is a Poisson subvariety,” hence itself a Poisson variety.
(4) The map v is a symplectic resolution.

(5) Under the dilation action on sl,, and the contraction of cotangent fibres on T*B,

the map v becomes a CSR of weight-1. Its core is exactly the flag variety B.

Hence, this Springer resolution is a CSR of weight-1.

5.1.2 Generalised Springer resolution

This is an extension of the previous example, which uses any generalised flag variety
instead of the full one. By composition of n we will mean a vector p = (p1,...,pn)
of n non-negative integers p; that sum up to n. Out of those, we call partitions those
compositions that satisfy p; > ps > --- > p,. When writing partitions, we will omit
the zeroes at the end. Thus for example, (2,0,2,0) and (3,1) are composition and
partition of 4, respectively. We call nilpotent orbit an orbit of a nilpotent element
of sl, under the conjugation action, thus the nilpotent cone is a disjoint union of

nilpotent orbits. Furthermore, the nilpotent orbits are labelled by partitions of the

"Here, we use the Killing form to pull-back the canonical Lie-Poisson structure on sl. Thus, the
symplectic leaves on sl,, of this Poisson structure are adjoint orbits.
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integer n which are given by the lengths of the Jordan blocks of any element in the
orbit. We denote by
Oy = Oy

the nilpotent orbit labelled by the partition A\ = A(e) corresponding to an element
e € N, called the Jordan partition of e. Writing A\ F n to denote that A is a

partition of n, we therefore have

N =0

A-n

Define the partial dominance order A < 75 on partitions A = (Ay,...,\,), n =
M1y v yMn), tomean Ay +---+ X <y +---+n;,Vi=1,...,n. It turns out that the

closures of nilpotent orbits satisfy
O0,=||ox
N=A
To a composition p of n one associates a generalised flag variety®
B, ={0=FCFHC---CF,1CF,=C" |dimF,/Fi_y =p;, 1 <i<n},
consisting of p-partial flags, and, analogously to Section 5.1.1, a space
N, ={(F,e) | F € By,e €sl,,eF;, C Fi_1}

with a map
vp: N, = N, u(F,e) =e.

Now we give a generalisation of Theorem 5.1.1. Recall first that given a partition
p = (p1,p2,.-.,pn) of a positive integer n, so that p; > ps > -+ > p,,, one obtains a

Young diagram Y (p) with rows consisting of py,ps,...,p, boxes. Given a Young

Figure 5.1: Young diagram Y (5,4,1).

diagram Y = Y (p) we call the partition p its shape. Denoting the numbers of boxes
in its columns by pi, ps, ..., pk, the dual partition of p is defined as p* = (p},...,pk).
For example, in Figure 5.1 the dual partition of (5,4,1) is (3,2,2,2,1), and n = 10.

8As p = (p1,...,pn) is a composition of n, in general it will have zeroes, thus F;,; = F; may
occur within flags. In the examples we will omit the repeating flags for convenience.
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Theorem 5.1.2.
(1) The projection on the first coordinate m : J\pr — B, m(F,e) = F is isomorphic
to the cotangent bundle T*B, — B,, giving the variety ./% the structure of a

holomorphic symplectic manifold.

(2) The image of the map v, is the closure of the nilpotent orbit (’)pi, where py 1S the
partition obtained from p by reordering it in descending order, and p = (p4)* is
its dual. Moreover, the map v, : /Vp — @pi s a resolution of singularities and

an isomorphism over Opi'
(8) Thus by (1) and (2), T*B, is a resolution of Oy .
(4) @pi C sl, is a Poisson subvariety, hence itself a Poisson variety.
(5) The map v, is a symplectic resolution.

(6) Under the dilation action on sl,, and the contraction of cotangent fibres on T*1B,,
the map v, becomes a CSR of weight-1. Its core is exactly the generalised flag

variety B,,.

The map v, : .N/;, — 6101 is called a generalised Springer resolution for sl,
for the partition p. Due to the theorem above, it is a CSR of weight-1. Its fibre
B =y, !(e) is called a generalised Springer fibre. Up to isomorphism of algebraic
varieties, it depends only on the conjugacy class of the nilpotent element e. Thus, by

abuse of notation, we label that fibre with:

By ={0=FRCF C--CF,1CF,=C" |dimF,/F,_1=p;, eF; CF_y,i=1,...

where A = A(e) is the partition corresponding to the nilpotent orbit of e. When the
composition p is equal to (1,1,...,1), these are the fibres of the ordinary Springer
resolution, so we call them (ordinary) Springer fibres and denote them analogously
by B* = B¢ := v(e), hence

B ={0=RCcFRC---CF,_CF,=C"|dmF/F_=1eFCF_,i=1,...

5.1.3 Slodowy varieties

A way to get many more CSRs using (generalised) Springer resolutions is by using
Slodowy slices. These are transverse slices to nilpotent orbits, constructed using
only using the Lie-theoretic framework. As in the previous sections, let A/ denote

the nilpotent cone in sl,. For an arbitrary non-zero e € N, by the Jacobson-Morozov
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theorem we may pick a pair f, h of elements in sl,, such that the triple (e, f, h) satisfies

the sly-relations
[h,e] =2e, [h,f]=-2f, e, f]=nh. (5.2)
Moreover, any such pair f, h is determined uniquely up to conjugation by an element in

the unipotent radical of the centralizer Cqp, (€). Now define its Slodowy transversal

slice as the affine space
Se={zesl, | [r—e f] =0} =e+ ker(adf)

Up to isomorphism of algebraic varieties, S, does not depend on the choice of f and
h. For completeness, we also define Sy := sl,,. As said before, the main property of

the Slodowy slice is its transversal property.

Proposition 5.1.3. The Slodowy slice S, is transversal to all the nilpotent orbits in
N. It has a non-empty intersection exactly with orbits O, such that X =< n, where
A = A(e) is the Jordan partition of e. Moreover, S, N Oy = {e}.

Given a composition p = (pi,...,p,) of n with p; > 0 we have the associated

generalised Springer resolution v, :./\N/p — Opy . Let us denote by

Sep = S8e N Oy, Sep =1, (Sep) (5.3)

p

the Slodowy variety associated to e and p, and its resolution. For completeness, we
also define S, ,, = ge,p = () when p; < 0 for some i. In particular, when p = (1,1,...,1),
we call it the ordinary Slodowy variety associated to e, and denote it and its
resolution by S, and ge. The important thing is that, up to isomorphism of algebraic
varieties, all these varieties do not depend on the choice of nilpotent element e within
the conjugacy class, nor on the choice of the other two elements of the sl triple.
Therefore, together with (5.3) we will use the notation S, and g,\p as well, where

A = A(e) is the Jordan partition of e.

Theorem 5.1.4.
1. The map v, : Scp, = Sep 15 a resolution of singularities and an isomorphism

over S, N (’)pi
2. The variety S, C 51’1 15 a Poisson subvariety, hence itself a Poisson variety.

3. The map v, : g@p — Sep 15 a symplectic resolution.

Slodowy varieties are not invariant with respect to the weight-1 dilation action
from previous sections. Therefore, we would need another action to make v, : ge,p —

S.p into a CSR. Such an action exists, as we shall see in the next section.
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5.1.4 Kazhdan action

Given a nilpotent element e and a chosen sly-triple (e, f, h), there is a natural C*-
action that contracts the Slodowy slice S, into the point {e}, usually called Kazhdan
action in the literature [GaGi02, Sec. 4],[Sch17, Rmk. 11].

Definition 5.1.5. Given an sly-triple (e, f, h), where e is nilpotent, the C*-action on
sl,, given by
t-x=tAd(t ")z (5.4)

is called the Kazhdan action of the triple (e, f, ), and we explain the meaning of

the matrix ¢t~ below.
Consider the Lie algebra homomorphism sly(C) — sl,, defined by

(88)e (20)=s (4 8)e

This Lie algebra homomorphism exponentiates to an algebraic group homomorphism
7 : SLy(C) — SL,,. We define

v:C*—SL, v(t)zi(é t(_)1> , VteC.

Now t=" := ~(t71). For our purposes, h will always be a diagonal matrix h =
diag(hy, ..., h,) in a given basis, when t =" = diag(t~"1,... ,+="). From the definition

it is easy to prove

Proposition 5.1.6. The Kazhdan action has the following properties:
(1) It leaves S. = e + ker(adf) invariant.

(2) Moreover, it has only positive weights on S., hence contracts it to the unique fized

point {e}.
(3) It preserves the nilpotent orbits, hence leaves S, invariant.
(4) It acts by weight-2 on the Poisson brackets on sl,,.

(5) If lifts equivariantly from N to the Springer resolution T*B by

t-(z, F) = (PAd(t ")z, t7"F).
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Remark 5.1.7. Note above that the Kazhdan action ¢t~"F on the flag F € B)(e) is
induced by the action on C" given by left-multiplication by ¢~". This action on C"
in turn determines a natural action on sl, by x — t "oz o (t7")7! = Ad(t7")(x).
Finally, the Kazhdan action is determined by the latter action by composing with the
action of t2. Thus, to recover the Kazhdan action it is enough to know how ¢~" acts
on a chosen basis for C" in which e is in Jordan normal form. This observation will
be used in Definition 5.2.34 to define the weight tableau of the Kazhdan action.

Hence we have the following useful corollary:

Corollary 5.1.8. The map v, : ge,p — S.p together with the Kazhdan action is a
weight-2 CSR. Iis core is exactly the generalised Springer fibre By.

Example 5.1.9. We will describe the Kazhdan action in the case when e is the

nilpotent element

010
e=10 0 0f €sl
0 00
which has Jordan type A = (2, 1). A particular choice of its sl, triple are the following
matrices
000 1 0 0
f=11 00 h=10 -1 0},
000 0 0 0
and their corresponding Slodowy slice is
a1l 0
S, = b a d ||abec,deC
c 0 —2a
t 0 O
As we have t" = |0 t~! 0], the Kazhdan action is
0 0 1
a 1 0 t?a 1 0
t-|b a d | =t t?a 3d
c 0 —2a e 0 —2t%a

In the end of this section we mention a combinatorial characterisation on when
the Kazhdan action is even (i.e. the square of an action). We will say that the
partition A = (Ay,...,\,) of n is even if all \; are of the same parity, and say it is

odd otherwise.

Proposition 5.1.10. The Kazhdan action on S, is even iff the Jordan partition of

e 18 even.
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5.2 Twisted Kazhdan actions

Proceeding as in Section 3.2.1 (thus analogously to the strategy from Section 4.4),
composing the Kazhdan action on :Sve’p with 1-parameter subgroups of a certain group
that acts on :S‘V&p by symplectomorphisms, we can get many more weight-2 conical
actions that we call twisted Kazhdan actions. We will seek for even and conical
ones, as their square roots will give us a family of weight-1 conical actions on ge,p,
which then induce minimal, thus smooth components of generalised Springer fibre
B;. Having in mind Remark 3.1.7, in this way we exhaust all minimal, components

arising from twisted Kazhdan actions.

Definition 5.2.1. Given a nilpotent e and its slo-triple (e, f, k), we denote by

Z.:={9€ GL(n) | ge =eg,9f = fg,9h = hg}

the subgroup of GL(n) that commutes with the triple, that is, the centraliser of the
set {e, f, h}. This group, up to a conjugation by an element in the unipotent radical
of Cqr, (e), does not depend on the choice of f and h, hence their omission in the

notation.
We have the following proposition that is easy to prove.

Proposition 5.2.2. The Slodowy Slice S, is invariant under Z. acting by conjugation.
Hence, the same follows for the Slodowy varieties S.,. Conjugation by Z. naturally

lifts to T*B wvia the Springer resolution,
g- (maF) = (gxg_lng)

This induces an action on :S';p, such that the map v, : ge,p — Sep 18 Ze-equivariant.

Moreover, the Z.-action commutes with the Kazhdan action.

This is the Springer theoretic analogue of the group GL(w) that acts equivariantly
on the morphism 7 : M(v, w) — My(v, w) of quiver varieties, and that commutes
with the full quiver action (Section 4.4). Hence, by analogy, we state the following

definitions.

Definition 5.2.3. The composition of the action of a 1-parameter subgroup G < Z,
on S, with the Kazhdan action is a G-twisted Kazhdan action. Thus, denoting

G = (g¢)tec+, the twisted action on an arbitrary S‘Ve,p is given by
t-(z,F) = (PAd(g)Ad(t ")z, gt ™" F).

Varying the 1-parameter subgroup GG, we call all these actions the twisted Kazhdan

actions.
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Remark 5.2.4. Similarly to Remark 5.1.7, the twisted Kazhdan action on flags arises
from the action by left multiplication by ¢;¢~" on C", and the twisted Kazhdan action

is determined by this action on C".

Now, in order to make an analogue of scalar actions from Section 4.4, we would
need to view the group Z. as a product of general linear groups first. With that in

mind we will fix a choice of the triple (e, f, h) for a given nilpotent element e.

5.2.1 The standard sl,-triple

Given a positive integer k we denote the following matrices of dimensions k x k

1 0 [k
0 1 ok 0 h

k

0 ar . 0 hk

where the numbers on all undeclared cells are equal to zero. Here h¥ := k—1—2i,

and af = Zizl h*. An easy computation shows that

Proposition 5.2.5. For any positive integer k, matrices ey, fr, hi satisfy the sly-

relations (5.2), thus form an sly-triple. [ |

Now, pick an element e € sl,, with Jordan partition A = (A1, ..., \z). That means

that its Jordan normal form is exactly the block-diagonal matrix

€
€,
€\ =
Exg
Now, defining the block-diagonal matrices
f>\1 h>\1
f/\z h)\Q
f)\ = . h>\ = ]
f/\k h)\k

we have the following generalisation of Proposition 5.2.5, whose proof directly follows

from it.
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Proposition 5.2.6. Given a partition \ = n, the matrices ey, fx, hy satisfy the sly-

relations (5.2), thus form an sly-triple.

Definition 5.2.7. Given a partition A\, we call e, the standard nilpotent element
of type A and (e, fi, hy) the standard sl,-triple of type A. We will denote by
Sy and Z), their corresponding Slodowy slice and centraliser group. We will describe

these two explicitly in the next two sections.

5.2.2 Slodowy slice of the standard triple

Let us first calculate the complex dimension of the Slodowy slice S.
Proposition 5.2.8. dim(Sy) = Y25 (A2 -1

Proof. As S, is transversal to the orbit O,, its dimension is equal to dim sl,, —dim O,.
Recall that O, is resolved by T*B,x, by Theorem 5.1.2(3). Thus dim O, is twice the
dimension of the generalised flag variety By, which is calculated easily by seeing it
as a quotient Bys = GL(n)/P\ by the parabolic group Py« that has diagonal blocks
of sizes Af. Therefore, dim Oy = 2dim By« = 2% =n? =" (\)? and

dim Sy = dimsl, — dim O, = 32" (A})? — 1. u

Let us first describe the Slodowy slice S, of the triple (e,, f,, h,), that is we take
A= (n)so X =(1,...,1) and dimS,, = n — 1 by Lemma 5.2.8. We will call i-
subdiagonal the lower subdiagonal that starts from the i-th row. Recall that f, is
a matrix with the 2-subdiagonal equal to (af,...,a'_;), and all other entries equal

to zero. We have the following lemma:

Lemma 5.2.9. Any n X n matriz having zeroes outside the i-subdiagonal

0
b
bn -
Ba
i Bnyi—i - 0]
will commute with f,, if and only if of By = Bryr0g, VE=1,...,n —1.

Proof. This follows from computing b, f,, and f,b,, and comparing the non-zero val-

ues. |
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Define o} := 1 for k € N greater than n — 1. For a non-empty finite subset
I C N, denote by af := [[,c;af, and ay := 1. Also, for a,b € Ny denote [a,b] :=
{a,a+1,...,b}.

Given a complex n-dimensional vector a = (aq, ..., a,_1), define the matrix
Qo
aofay ao
o n n
Sn(a) = Sn(ao, c. ,CLn_l) = 06[172]CL2 05141
n n n
| Yin—dn-1 " Qg @2 Qp_ 01 Ao
hence
g Jofinai-g if 1>
(Sn(a))i = .
0, otherwise

Observe that the assignment a — S,,(a) is linear in a.

Lemma 5.2.10. Given a positive integer n and an n-dimensional vector a, the matrizc

Sp(a) commutes with f,.

Proof. We see that the matrix S,,(0,0...,0,a;_1,0,...,0) is of the type mentioned in

Lemma 5.2.9, with g, = a& ko] Gi1- By direct calculation, we see that this matrix

satisfies the relation o' | By = Bry10f,Vk = 1,...,n—1i, hence by the lemma it com-
mutes with f,. That means that the sum S,(a) = > | 5,(0,0...,0,a,-1,0,...,0)
of such matrices also commutes with f,,. [ |

Proposition 5.2.11.
Sn = {Gn + Sn<0, Qy, ... ,an_l) | A1y...,0p_1 € (C} (55)

Proof. Firstly, a matrix S,(0,ay,...,a,-1) is trace-free, so the right-hand side of
equation (5.5) is in sl,. By Lemma 5.2.10, it is a subset of e, + ker(adf,) = S,.
Moreover, as dim S,, = n — 1 by Proposition 5.2.8, these two affine spaces have the

same dimension, hence are indeed equal. [

We have the rectangular generalisation of Lemma 5.2.9:

Lemma 5.2.12. An m X n matriz having zeroes outside the i-subdiagonal

0

8,
e

Bms1—i - 0O
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satisfies fobmn = bmnfn if and only if o | By = Bryraf, Ve =1,...,m — 1.

Proof. This follows by computing f,,b,, and b, f,, and comparing the non-zero

values. m

Now, given two positive integer numbers n < m and an n-dimensional vector

a = (ag,...,a,_1) we define an n X m matrix
o .
i+1—7,0—1 . . .
i) et i iz
(Pam(a))ij == Alit1—ji—1]
0, otherwise

and a m X n matrix

m

ol ..
+1—ji—1 e
a&i_l] % Qi—j—m+n;s if 12> J+m—n
(Qmn(a))ij = Ofis1—ji—1]
0, otherwise.

These are both generalisations of the matrix S,(a) in the sense that P,,(a) =

Qnn(a) = S, (a). Moreover, we have the following lemma:

Lemma 5.2.13. Given two positive integer numbers n < m and an n-dimensional

vector a = (ag, ..., a,_1), the matrices P, (a) and Qun(a) satisfy

Proof. Similarly to the proof of Lemma 5.2.10, by direct calculation we see that
an i-subdiagonal b; := P,,,(0,0...,0,a;_1,0,...,0) satisfies the condition of Lemma
5.2.12, hence satisfies the property f.b; = b;f;n. As P,n(a) is a sum of such subdi-

agonals, it satisfies the same property. The analogous proof works for the matrix

Qmn(a). |

Proposition 5.2.14. The Slodowy slice of the standard sly-triple of type X\ = (A1, ..., \p)

has a block decomposition

Sa(a't)  Qan(a'?) ... Qi (a')

P/\2/\1 ((121) S/\z (a22)

n
Sy=<ey\+ av e (C)\mnx{?‘,,j}7 Z /\iaz)l -0
=1

PAn,Al'(anl) e ' Sx, (a™™) (5.6)
5.6
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Proof. First, let us prove that these two affine spaces have the same dimension. By

Proposition 5.2.8,

n

dim(Sy) = Y (\)* - L.

i=1
From the definition, dim Sy, = A; and dim Py,y; = dimQy,», = A;, for ¢ < j, hence
the matrix-space on the right-hand side of equation (5.6) all together has the dimen-

=1 =1

where the (—1)—term comes from the trace-vanishing equation » ., Maf = 0. Thus

sion

the dimensions of these two spaces are the same by the following lemma:

Lemma 5.2.15. Given a partition A and its dual \*, the following holds:

n

> ()= 2im - i A
=1 i=1

i=1

Proof. As >0 N = D00 Ar, the equation Y7 (A2 = 2>°7 i\ — Y on N s

equivalent to . .
3 w =S in (5.7)
i=1 i=1
The latter equation holds, which one can see by filling the boxes of the Young diagram
that corresponds to the partition A in a way that boxes in the i-th row are filled with
the number . Then both sides of equation (5.7) are the sum of all the numbers in
the boxes, the left-hand side being the sum by columns first, whereas the right-hand

side is the sum by rows first. [ |

Now, as these two affine spaces have the same dimension, it is left to prove that the
right-hand side of equation (5.6) is a subset of Sy = e, + ker(adf),), or equivalently,
whether a block-matrix written therein commutes with f,. By the block-multiplication

of matrices, this is equivalent to

S)\i (a”)fkl = f)\iSAi(aii>7

P)\Z‘)\j (a”)f)\j - f)\iP/\i)\j (a'ij)v (58)
Qi (@) fa, = fa, Qi (@),

which is true by Lemmas 5.2.10 and 5.2.13. Thus, the proposition is proved. W
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5.2.3 Centraliser of the standard triple

. .. o o W way Wi
Given a partition A = (Sg, ..., Sk, ..., S2,...,82,51,...,51) = (5.7 ...552s1") of n, we
—— —_—— ——

W w2 w1
define a non-negative integer vector w(A) := (0...0,w,0...0,w5,0...0,wy), where

w; is in the s;-th position.

Proposition 5.2.16. The group Z, from Definition 5.2.7 is isomorphic to GL(w (X)) :=
Hf:l G L(w;).

Proof. A matrix g € Z, commutes with f\ hence, it is of type

Sx(a')  Qax(a®) ... Qi (a')
P)\2>\1 (CLQl) S>\2 (CL22> :

P/\n)\l (a’nl) te SA'rL(ann)

for some vectors @™ € Crmax{nm} | by the proof of Proposition 5.2.14. The important
fact is that the matrices Py, (a™™) and @y, », (a™") are "lower triangular", meaning
that their non-vanishing terms have i — j > 0 for Py, (™) and i —j > A\, — A\,
for @y, A, (a™"). Also, we have that g commutes with ey, which analogously to the
previous result would give us that these matrices are "upper-triangular", meaning the
non-vanishing terms have i—j < A, —\,, for Py, (a"™) and i—j < 0 for @, », (a™").
Altogether, for A\; # A; we have that Py ), (a") = 0 and Qy,,»,(a™") = 0, and for
Am = A the matrices Py, (a"™) and @y, (@) are scalar, having only the diagonal
terms non-vanishing. By the same reasoning, the matrices Sy, (a") are scalar as well.

That is to say, we have proved that an arbitrary matrix g € Z) is quasi-diagonal,
Dy,
Dy
D,

where square blocks D; of lengths s;w;, are made by grouping \;’s that are equal to

s; (recall X = (s ...s52s1")). Thus, each D; is a block matrix

1 .
pY p2 . plw
D2 D2 '
— (2 (3
D= ,
Dyt D;
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whose blocks are scalar matrices D! = d¥ [, of length s;. Thus, we have the mapping

n

n
Zy = [[GL(w), g~ [J@"yi,
i=1 i=1
which is a monomorphism, and it remains to show that it is a surjection, that is, that
for an arbitrary choice of scalars d¥ the matrix g = g(df') commutes with hy as well.

This is equivalent to equations analogous to (5.8), namely
Dflh& = hsz'Dfl7

which are trivially true as D are scalar matrices. Thus, altogether, we get Z) =

[[im; GL(w). u

5.2.4 Scalar actions

Using the description of the group Z) from the last section, we are now in a position to
define scalar actions, a special kind of twisted Kazhdan actions. Firstly, a 1-parameter
subgroup G of 7, is contained in a maximal complex torus, and maximal tori are
unique up to conjugation. That is to say, denoting by T the canonical maximal
torus in Z, = [}, GL(w;) that is a product of canonical (diagonal) maximal tori
of GL(w;), any 1-parameter subgroup of Z, is conjugate to a l-parameter subgroup
of T\. The next lemma, which can be proved directly, shows that we can reduce our

considerations to the case when G < T).

Lemma 5.2.17. Given a I1-parameter subgroup G < Z such that G = gKg= ', the
map

Sy = Sy, exty—en+glyg

s an equivariant isomorphism of affine spaces, where on the left we have a G-action
and on the right the K-action.

Thus, from now on, we will focus only on twisted actions by 1-parameter subgroup
of Z, that are inside the canonical maximal torus 7. Given an integer vector v =
(v1,...,v,) we denote by t¥ := diag(t", ..., t"). We have the following lemma whose

proof is a direct matrix computation:

Lemma 5.2.18. Given an arbitrary n X n matriz X and a vector v = (vy,...,v,),
we have
(tht_U)i,j — tvi—Uin’j
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This yields a corollary which will be important for us.

Corollary 5.2.19. Given an integer vector v = (vq,...,v,), the Kazhdan action
twisted by Gy = t¥ will act on X € Sy by

b (Xy) = (Pt Xy, (5.9)
where hy = diag(hy, ..., hy).

Definition 5.2.20. A twisted Kazhdan action, whose 1-parameter subgroup G < T),
consists of a product of scalar matrices Gy = t*%* I, ., X - - - Xt" I, , is called a scalar
action on S). Collecting the weights into an integer vector @ = (ag,...,a1), we will
denote with Gz such a subgroup, and the action by C%. To depict the action on the

basis of T we will use the extended vector

a:= (g, .., Agye vy A1y ey A1)
— —

Wk Sk w11
of vector a@ (thus e.g. in Corollary 5.2.19 one uses v = a).
Example 5.2.21. Coming back to the example A = (21) (Example 5.1.9), let us

describe a scalar action on its Slodowy slice. Firstly, recall from that example the

description of Sy :

a 1 0
So1 = b a d ’CL,b,C,dEC
c 0 —2a

Picking the vector @ = (12), thus @ = (122), its scalar action C% is by Corollary 5.2.19

equal to

a1l 0 t?q t7! 0
t-1b a d | =t t?a td
c¢c 0 —2a t'e 0 —2t%a

We now show that scalar actions commute, as we will need it later.
Lemma 5.2.22. Any two scalar actions on S\ commute.

Proof. A scalar action on S is defined as a composition of the Kazhdan C*-action
and the conjugation action of a 1-parameter subgroup G < T). The Kazhdan action
commutes with conjugation by G (since G C Z, and by definition Z, commutes with
the Kazhdan action, see Proposition 5.2.2). Finally, any two subgroups G, Gs < Ty

commute (since 7T} is abelian). |
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The importance of scalar actions comes from the following lemma, which is the

Springer-theoretic analogue to Lemma 4.4.6.

Lemma 5.2.23. A twisted Kazhdan action on Sy, that is even and conical has to be

a scalar action.

Proof. Given a G-twisted Kazhdan action. By Lemma 5.2.17, we can assume that
G < T). Denoting A = (s.*...s52s{") as before, let us decompose matrices G; =
(Dy(t), Dg—1(t), ..., Dy(t)) into s;w; blocks. Thus, we want to show that each D;(t) =
1% 15, 15 a scalar matrix. Let us assume the contrary, that there is an ¢ such that
D;(t) is not scalar. Divide D;(t) = (D;(t),..., D" (t)) into blocks of size s;. As
Gy € T\ C Zy, we have that each D! (t) is a scalar matrix, so D! (t) = t™ I, for some
mi, ..., My, € Z. Now, as D;(t) is not a scalar matrix, there are two indices, say j;
and jo, such that m;, # m;,. Then, let us split the matrices in S into blocks Sij of

size s;w; X S;w;.

fek—
Sk gL g
k—1k  qk—1k—1
S, = Sy Sy
Sk . Sit
We can split the block S¥ further into blocks of size s; x s;. Then, according to

Proposition 5.2.14, we have
Se (b)) S, (01%) ... S, (b1)

Se, (1) 55, (b7)

Sy = V' e C% (5.10)

S, (b)) L S, (bvive)

i

Notice that the chunk of the element hy in the block S¥, call it A%, is equal to

Rl = " (5.11)

e,

with w; copies of the block h,,. Thus, according to Corollary 5.2.19, the weights
of the diagonal entries in the block S, (0’2/') under the G-twisted action are equal to
2+mj,—m, . Similarly, diagonal boxes of the block S, (22 ) have weights 2+mj, —m,.
Since mj, # m;,, one of these two weights needs to be smaller than 2, hence cannot
be even and positive, hence the G-twisted action is not even and conical, which is a

contradiction. Hence, the action is indeed scalar. [ |
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The following is the Springer-theoretic analogue of Lemma 4.4.5, as it counts the

scalar actions that are even and conical.

Lemma 5.2.24. Given A = (s.*...s5%s{"), a scalar action C: on Sy is even and

conical exactly when |a; — a;p1| < Si1 — 84, foralli=1,2,.. .k — 1.

Proof. Let us pick a scalar action C%, where @ = (ay,...,ax). Thus it is G-twisted
Kazhdan action where G, = t% and @ := (ag,...,Qk,...,0a1,...,a;), where X =
———— ——
Wk Sk w181
(spF...s5%s7"). As in Lemma 5.2.23, consider the decomposition of Sy into blocks

ij .
Sy of sizes s;w; X sjw;.

Sk gt sk
k—1k  qk—1k—1
S, = Sx Si
gk . gu
In order to use the fact that the action C is even and conical, we have to compute
the weights in each entry of this big matrix, using the formula (5.9). Firstly, we can
see that the weights of entries in blocks S% are not affected by twisting, as the chunk
of the vector v in that block is constant. Having in mind the decomposition of h)
in that block (5.11), and using the notation from equation (5.10), the weight of the
(71,72)-entry in a matrix S,, (b*1"2) is exactly 2 + hji — hyt =24 2(r; — r3). Hence it
is even and positive, as S, (b"1"?) is lower-triangular. Thus, weights of all entries in
Si are even and positive, regardless of d.
Now, let us consider a block Sf\'i, for ¢ > j. According to Proposition 5.2.14 we

have

Pyol) Poa(b?) .. Py (o)
i = § | Poss () Py (%) 5 b e C (5.12)
P, (0% P, ., (b

Thus, since the action is scalar, the weights of it are the same in each of the
P, 5, (b"*2)-blocks, so let us pick P, (b'") for instance. Its (rq,r2)-entry has weight
2+a;—a;+hy— hyl =2+ a; —a; +s; — 8+ 2(ry — 72). So, we see that the smallest
weights occur on the main diagonal (r; = r3), hence the necessary and sufficient
condition we need in order for the action to be even and conical on this block are

_(aj - a'i) <8 — Sj and a; — a; = S5 — S; (mod 2).
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Similarly, considering the block Sii for i < j we get that a; — a; < s; — s;, hence
altogether, the necessary and sufficient conditions that the vector @ has to satisfy in

order for C} to be even and conical are
la; —a;| < s;—s; and a; —a; = s; — s; (mod 2), (5.13)

for all 7+ < j Actually, by
7—1 7—1
la; —a;] < Z lat1 — ai| < Zst+1 —5<8;—8
t=1 t=1

Jj—1 Jj—1
aj—aizg at+1—atzg St41 — St = s; — §; (mod 2)
t=1 t=1

is suffices to have the conditions (5.13) satisfied only when j = ¢ + 1. Denoting

n; = %(ai —a;41+ Siy1 — Si), these conditions are equivalent to n; € {0,..., 8,41 — s},
for all « = 1,...,k — 1. By considering weights in the entries of S\, we see that a
scalar action C7 is completely determined by the values of a; — a;, hence by the

numbers n;. Thus, corresponding to different choices of numbers n;, we get exactly
Hf;ll(siﬂ —s;+1) = H:;ll()\iﬂ — A; + 1) scalar actions that are conical and even.
Moreover, two actions having different n;, for some i, have different a;,; —a; and thus
act by different weights on blocks Si™'" and S¥*', hence are different actions on Sy.

Thus, this lemma is proved. [

Combining Lemmas 5.2.23 and 5.2.24, we get the following theorem which is

analogous to Proposition 4.4.7.

Theorem 5.2.25. Given A\ = (s.* ...s52s\"), the set of all twisted Kazhdan actions
on Sy that are even and conical is exactly the set of scalar actions C% having |a; —

aiv1| < siv1— ;. Thus, there are exactly H;:ll(siﬂ —8;+1) = N(w(\)) such actions.
Hence, we give these vectors and their corresponding actions a special name.

Definition 5.2.26. Given A = (s.*...s5%s]"), a vector @ = (ag,...,a;) is called
good and the scalar action C is called a good action if |a; — a;+1]| < si11 — s, for
alli=1,2,... k—1.

We will show that good actions are not only different on S, but also on the

ordinary Slodowy variety
SA:::ékJLJ,::SAFLAﬁ
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Lemma 5.2.27. Different scalar actions on the Slodowy slice Sy restricted to the
ordinary Slodowy variety Sy are different as well. In particular, the same holds for

good actions.

Proof. In the notation from the proof of Lemma 5.2.24, seeing the block S)i\j as a
subspace of S with other blocks vanishing, we just have to show that Sf\j NN # 0,
for arbitrary ¢ # j,7,j = 1,..., k. This is because given two different scalar actions
C; and C;, there are i and j such that a; — a} # @] — af and thus the weights on
SY NN will be different, hence producing different actions.

Now, Sij NN # (0 is true as S;j is a subset of N, being strictly upper or strictly

lower triangular. [ |

The last lemma together with Theorem 5.2.25 implies that there are N(w(\))
different good actions on Sy, and hence on its resolution Sy = v~1(8)) as well. Since
they commute (by Lemma 5.2.22), according to Proposition 3.2.2 their square roots
yield different minimal components of the core of g)\, which is the Springer fibre B*.

Thus, having in mind Remark 3.1.7, we obtain the following corollary.

Corollary 5.2.28. There are precisely N(w()\)) = [[1 (A1 — \i + 1) different

minimal components of twisted Kazhdan actions in an arbitrary Springer fibre B

One would ideally like to have more information about these components, that
is, which components in B* are the minimal ones, and what is their topology. We
will completely answer this question in Section 5.3 (Proposition 5.3.12 and Corol-
lary 5.3.13), after explaining the Spaltenstein labelling of irreducible components of
Springer fibres. For now, in the following, rather technical section, we will describe
the constructed even and conical actions on S) in a different way, from which it will
be feasible to understand what the corresponding minimal components are, in Section
5.3.

5.2.5 Labelling scalar actions by permutations of \*

In this, somewhat technical section, we label the scalar actions C}; by certain good
permutations p = p(a) of the dual partition A*, as these will be more convenient to
use in Section 5.3.3 in order to get the explicit description of minimal components of
Springer fibres B*.

wo w1

Given a partition A = (s2* ... s5?s{") and a scalar action C% on S}, as in the proof
of Lemma 5.2.24 denote

1
n; ‘= §(az — Q11 + Si+1 — Si). (514)
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Recall from the same proof that the condition for C% to be even and scalar is

precisely n; € {0,1,...,8.41 — s}, for all i = 1,... k — 1. Thus, denoting the dual

partition by A\* = (¢;'¢i* ;... q*) (where ¢z > qx—1 > --- > q1), we define its permu-
tation
p=p(@ =q* "t

Example 5.2.29. For A = (3,2,1) = (3'2'1!) and @ = (0,1,0), we have \* =
(3,2,1) = (3'12'1Y), ny =0, ny = 1, k = 3 so u(ad) = u(010) = (112°31211%) = (132).

Here we give a lemma that says how to calculate the dual partition \* of a given
one, as we will need it later. Its proof goes directly by observing the Young diagram
Y ()), hence we omit it.

Lemma 5.2.30. Given a partition X = (sp*...sy*s\"), its dual partition is \* =

21,2 M o % o . .
(0 21 -+ - ai*) where ¢i =375 wy1—j and 2y = 81,2 = 8; — 8i1, fori=2,... k.

Definition 5.2.31. Denote by Perm(\*) the set of permutations of the dual partition
A. We say that a permutation pu = (py,..., 1) € Perm(\*) is good if it is of type
w(a@), for some good vector a. Equivalently, u is good if for no three indices i < j < k
we have both p; > p; and p; < p,. We denote the set of good permutations of A\* by
Good(A*¥).

We will use good permutations to label minimal components in Springer fibres.

Definition 5.2.32. Given a permutation u € Good()\*), denote by §% the minimal
component in B]))‘ fixed by the good action C%, where p = p(@). In particular, we

denote by §* := F/ ; the minimal components of the ordinary Springer fibre B*.

Remark 5.2.33. This labelling of minimal components need not to be injective for
general 3, but it is at least for the ordinary Springer fibres B3*. Namely, two different
good permutations p’, u” correspond to two different good vectors a’, @”, thus two dif-
ferent good actions Cz, Cz/, and we have seen that those induce different components

on B* (see Lemma 5.2.27 and the argument below it).

Now, we will depict the way the action C}; acts on B> by filling the Young diagram
Y (N).

Definition 5.2.34. Let e € sl,, be a nilpotent element, and let A = A\(e). By Jordan

basis of e we will mean a basis of C",
V:{Um' E(Cn|i:1,...,/€, j: 17--‘7/\1'}7
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in which e is in Jordan normal form. The Young diagram Y () filled with the Jordan
basis will be denoted Y'(v), with v;; in row ¢ and column j. Since e is in Jordan
normal form in this basis, e maps vectors leftwards in the tableau: ev; ; = v; ;1 (=0
if j =1).

Let C; be a scalar action. Then, in that basis, 7 and thus G; < T\ will consist
of diagonal matrices, so by Remarks 5.1.7 and 5.2.4 one can recover the (twisted)
Kazhdan action from knowing how it acts on the Jordan basis. Replacing each entry
v;; of Y(v) by the weight of the scalar action on v;; defines the weight tableau
T(a).

Example 5.2.35. For example, consider A = (3,2,1). Then

U1,1{V1,2|U1,3
Y(V) = [U2,1|U2,2 (515)

U3,1

Using the symbol | to distinguish between different Jordan blocks of ey, we have
hy = diag(2 0-2| 1 -1 | 0) (notice these are the three hy blocks from Section 5.2.1
for k =3, k =2 and k = 1 respectively). Since h, = diag(hq, ho, ..., h,) is diagonal,
t~" acts on C" with weights ¢t~ which by Remark 5.1.7 is enough information to
determine the Kazhdan action. We record these weights —h; in the weight tableau
for the Kazhdan action Cj:

-2/ 0|2
T0) =|-1| 1
0

Suppose we now twist by @ = (0, 1,0). As Gz acts by diagonal matrices, the action of
gt~ on C" is still diagonal, and we add the weights —h; above with the respective
weight a; in the extended vector a = (0, 1,0) (in the sense of Definition 5.2.20, in our
case w; = wy = w3 = 1). Thus, twisting by @ = (0, 1,0) simply adds the i-th entry of

a to each entry in the i-th row of the previous tableau:

2102

7(0,1,0) =

Now we construct another filling of the Young diagram Y'(\), this time using a

permutation g € Perm(\*).
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Definition 5.2.36. Given p = (p1,...,1,) € Perm(\*), we define the p-weighted
tableau 7T,,(x) in the following way. Start with an array of r top-adjusted columns
(meaning each column starts from row 1), with p; boxes in the i-th column filled in
with the number 2(i — 1). Then push all the boxes to the left, in order to obtain a
Young diagram of shape Y ().

Example 5.2.37. For example, given A = (3,2,1) and u = (1, 3,2) the Young tableau
Tt (pe) is given by

4] > [2]4 = T, (132).

Recall that ¢(010) = (132) (see Example 5.2.29) and, from Examples 5.2.35 and
5.2.37, that the tableau 7,,:(132) is the same as the tableau 7°(010) upon adding 2 to

all the boxes. We prove that this is a general pattern:

Proposition 5.2.38. Given a good vector d, the tableaur T(a) and Tu(u(a@)) are

equal up to a uniform shift in the entries of all boxes.

Proof. We claim that the entries along each row of the tableau T'(@) increase by two.
Firstly, this is true for the weight tableau for the Kazhdan action, as its rows are the
inverted numbers of the matrices hy, and the entries in h;, decrease by two. Then,
twisting the action by a shifts the entries in a whole row by the same number, thus
this property remains true in 7'(@) as well. We now prove that this also holds for the
tableau Ti(1(@)).

Lemma 5.2.39. For a good vector d, the entries along any row of the tableau T (p(a))

increase by two.

Proof. Let us assume that there are two consecutive boxes in, say, the [-th row of
Twi(1(@)), which are labelled by 2k and 2(k + t). That means that the sizes of the
columns k,k+1,...,k+t— 2 used in the construction of T,,;(u(a)) are smaller than
the sizes of the columns k—1 and k+t¢—1. Thus, we have py < pr—1 and g < pgre—1,
which violates that p = u(@) is a good permutation. [

Thus, it suffices to prove that first columns of the tableaux T'(&@) and Ty (u(@))
are equal up to a uniform shift in all entries. Letting A = (s.*...s57s]"), the first

column of T'(@) is exactly the string

(—(Sk — 1) + ak)wk(—(sk_l - 1) + Clk_l)w'“l c. (—(81 - 1) -+ al)wl, (516)
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where the a; parts come from the twist, and the —(s;—1) parts come from the Kazhdan
action (in Section 5.2.1, this is the opposite of the value h¥ for i = 0, k = s;).

Now, denoting \* = (¢{'¢;*, ... ¢;*), we have u(@) = ¢;* " ... ¢ ¢ ¢ ™ - g™
Recall that the tableau T,:(u(a@)) is constructed out of an array of u;-sized top-
adjusted columns. Thus, the first of the n,_; ¢;-sized columns yields the string 07 at
the beginning of the first column of T, (x(@)). Then, the first among the next nj_o
¢2-sized columns yields the string (2n;_1)27% on the following ¢» — ¢; places in the

first column of T, (1(@)), and so on. In the end we get that the string
0 (2nk_1)q2_‘“ Ce (2nk_1 + -+ 2n1)q’“_‘1’“*1 (517)

is the first column of T, (u(a@)). Shifting down the string (5.16) by —(sx — 1) + ax, we
get the string

0% (ag—1 — ax + Sg — Sp—1)"*" ... (a1 — ar + sk — $1)"",

which is equal to the string (5.17), by formula (5.14) and Lemma 5.2.30. Thus, the

proposition is proved. [ |

5.2.6 Further work: Towards Maffei isomorphism

In this section we compare the results obtained in Section 5.2.4 with the results from
Section 4.4. Namely, it is long known that there is a bijective correspondence between
Slodowy varieties of type A and quiver varieties of type A. Nakajima conjectured this
in his first paper on quiver varieties [Nak94a, Conj. 8.6] and A. Maffei proved it ten
years later in [Maf05, Thm. 8|.

Let us introduce some notation. Let v = (vy,...,v,-1) and w = (w1, ..., w,_1)

be two non-negative integer vectors of length (n — 1). Define a partition
A= (n—1)wn12u2... 1w (5.18)

and a composition p = (p1, ..., Pn),
pPr=w;+ -+ Wh1 — V1
Pi =W+ -+ Wy —v;+ v, fori=2,...,.n—1 (5.19)
Pn = Up—1.

of r = Z;:ll iw;. Denote by M (v, w) the quiver variety of type A,,_; whose moment
n—1

parameter (; = ((;)i=; is chosen such that all ¢; < 0. All such choices lie in the

same contractible chamber of moment parameters, hence there is no monodromy with
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respect to the I-holomorphic and wc-symplectic structures. Moreover, they are also
equivariant under the full quiver and GL(w) actions. Thus, there is no ambiguity in
using the notation 9 (v, w) for our purpose (to study the twisted full quiver actions).

Denote as before by 0! (v, w) the image of 7 : M(v, w) — My(v, w).

Theorem 5.2.40. [Maf05, Thm. 8] Let v, w,p = p(v,w), A = A\(v,w) be as above.
Then:

(1) There are isomorphisms of algebraic varieties @ : M(v,w) — Srp, and @1

M (v, w) — Sxp, such that the following diagram commutes

M(v, w) L g)\,p

M (v, w) LN Sap

(2) Moreover ¢1(0) = e, so the core £(v,w) = 7 1(0) C M(v,w) corresponds via @
to the generalised Springer fibre B;‘ = Vp_l(e,\).

Thus, the theorem above combined with Theorem 4.3.21 (which gives the number
of minimal components in a quiver variety) give a lower bound on smooth components

in a generalised Springer fibre Bﬁ :

Corollary 5.2.41. There are at least N(v(\,p),w()\)) smooth components in a
Springer fibre BI),‘.

Here, v.= v(\,p) and w = w(\) are obtained through the correspondence from
Theorem 5.2.40, and v/ = v(\,p)’ is the dominant vector of the pair (v, w), which
is easily-calculable (see equation (4.18) and the calculations above it). Although
having the family of smooth components in Bﬁ given in Corollary 5.2.41, without
some further knowledge on the Maffei isomorphism @, we cannot tell something more
about them.

Thus, let us describe how the work written here speculates some further property
of the Maffei isomorphism, which could reveal components from Corollary 5.2.41. By
“the quiver side” we will refer to a quiver variety, and by “the Springer side” we will

refer to the corresponding Slodowy variety.

e We have seen that on both sides there are natural full weight-2 conical C*-
actions: on the quiver side it is the full quiver action, whereas on the Springer

side it is the Kazhdan action.
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e On the quiver side there is a symplectomorphism group GL(w) that commutes
with the full quiver action, whereas on the Springer side there is the triple

centraliser group Z, that commutes with the Kazhdan action.

e Thus on the quiver side we defined twisted full quiver actions, whereas on the

Springer side we defined twisted Kazhdan actions.

[

e We have proved that for corresponding varieties GL(w) = Z, (Proposition
5.2.16).

e Moreover, by Corollary 4.3.14, and Theorem 5.2.25, there is the same number
N (w) of even conical actions on both sides. To be precise, on the quiver side this
is true only when v > 0 and the weight is dominant, but on the Springer side
the actions may coincide in general, thus reducing the number to the smaller

value N (v, w) of different actions on the quiver side.

So, with all these facts in mind, we expect the following:

Conjecture 5.2.42. Maffei’s commutative diagram in Theorem 5.2.40 is equivariant
with respect to the action of C* x GL(w). Here C* acts by the full quiver action and
the Kazhdan action respectively, and GL(w) acts on the right side of the diagram
after applying the isomorphism GL(w) = Z, from Proposition 5.2.16.

Maffei isomorphism is not explicit as in general it is given by an implicit solution
of a system of equations in terms of matrices. However, the recent preprint [ILW20]
constructs an explicit solution to these equations, which then makes it feasible to
check Conjecture 5.2.42, which we leave for some future work. It would be interesting
to prove it, as it would refine the “quiver-Springer correspondence”, thus allowing
some results on one side to transfer to the other. In particular, if the conjecture
held, then we would be able to deduce the number of different minimal components

of twisted Kazhdan actions on generalised Springer fibres B;, as follows.

Corollary 5.2.43. Assuming that Conjecture 5.2.42 holds, the number of different
even and conical twisted Kazhdan actions on g)\’p is ezactly N(v',w), where v and w
are determined by (5.18) and (5.19). Thus, the number of minimal components in B3,
is precisely N(v',w), and they are precisely the ones obtained in Corollary 5.2.41.
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5.3 Minimal components of ordinary Springer fibres

In this section we describe the minimal components {§* | u € Good(A*)} of ordinary
Springer fibres B* obtained by the twisted Kazhdan actions in the last section. In par-
ticular, we show that they lie in the intersection of the set of well-known Richardson
components |[Kr78, He78, PaRe06] and the set of Barchini-Graham-Zierau components
[BaZi08, GrZill], which shows that they are of interest also from a Springer-theoretic
viewpoint. In particular we get that they are isomorphic to products of flag mani-
folds, and are invariant under the torus action on the flag variety B. Also, we show
that their corresponding standard Young tableaux (combinatorial objects that label
components of B*) are invariant under the so-called Schiitzenberger involution.

As it is going to be the central object of this section, recall that the (ordinary)

Springer fibre B¢ of a nilpotent element e € sl,, is defined as

B ={0=FChC--CF.CF,=C"|dmF/F,1=1 el CF_,i=1,...

Denoting by A = A(e) the Jordan partition of e, recall that we denote by B the
Springer fibre B¢, as it does not depend (up to an isomorphism) on the choice of
particular nilpotent element e of Jordan type A.

In the first two subsections (5.3.1 and 5.3.2) of this section we recall the classical

facts from the Springer-theoretic literature that we will use in this section.

5.3.1 Spaltenstein map

In this section we recall Spaltenstein’s result [Spa76| that the irreducible components

of an ordinary Springer fibre are labelled by standard Young tableaux.

Definition 5.3.1. Given a Young diagram of shape A\ I n, its standard tableau is a
filling of it with the numbers 1,...,n, such that in each row and in each column these
numbers increase. Given a tableau T, we will denote by Sh(T') its Young diagram.

Denote by Std* the collection of all standard Young tableaux of shape .

Example 5.3.2. The standard Young tableaux of shape (2,1,1) are

21(113(]1/4
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Consider a nilpotent element e € sl,, whose Jordan partition is A = A(e). To a flag
F=0=FRCcFcC---CF,=C"epB
we attach its shape, an increasing (i.e. nested) sequence
sh(F) := (Y(elr), Y (e|r), -, Y(elr,))

of Young diagrams, where Y (u) denotes the Young diagram whose shape is the Jordan
partition of a nilpotent matrix w. To an increasing sequence Y = (Yg,Y1,...,Y,) of
Young diagrams we attach the Young tableaux T'ab(Y') of shape Y, by filling the
boxes with numbers from 1 to n in the order in which they appear in the sequence
Y;.

Remark 5.3.3. In the examples, we will simplify our notation by labelling the vectors
in the Jordan basis of ey by vy,...,v, in the natural order given by the matrix e
(instead of using the notation v;; from (5.15)). For example, for A = (2,1,1) the

basis vq,...,vs constitutes the A\-shaped tableau

U1 | U2

U3

Uy

Example 5.3.4. Consider a nilpotent element e € sly such that A(e) = (21). As
mentioned in Remark 5.3.3, we denote by (v, vs|vs) its Jordan basis (thus evy = vy
and evs = 0). Consider the flag Fy = (0 C (v1) C (v, v2) C C3).

As e|(v1) = 0 and A(e|(v1,vq)) = (2) we see that the flag F} has shape

sh(Fy) = ( , , ) ,

112
3 .

hence

Tab(sh(Fy)) =

We denote the set of flags of given tableau type 7' by
For = {F € B | Tab(sh(F)) =T}. (5.20)
We can now state Spaltenstein’s result from [Spa76].

Theorem 5.3.5 (Spaltenstein). Given a Springer fibre B*, for X = X(e), the following

18 true:
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(1) For each T € Std*, Fer 15 a non-empty smooth open and irreductble subvariety
of B*.

(2) The varieties {Fer}pesiqr ore equidimensional, dim For = %Z;\; Af(AF—1).

(3) B = |_|TGStd>‘ ]:evTv

(4) Thus the closures Kp := F.r form the set of (equidimensional) irreducible com-

ponents of B*.

Hence, denoting by B()) the set of irreducible components of B*, the map
Spal : Std* — B()\), T~ Kr,

is a bijection. We call it called the Spaltenstein map.

5.3.2 Richardson components

In this section we recall the known facts about a set of smooth components in B
called Richardson components. These are components that are homogeneous under a
parabolic subgroup of GL,,, and were classified by Kraft [Kr78] and Hesselink [He78§].
In [PaRe06, Sec. 7.1], the authors recall the standard Young tableaux that corre-
spond to these components (under the Spaltenstein map), and we use this paper as

a reference for the statements below.

Definition 5.3.6. A Richardson component is an irreducible component of B

which is homogeneous under the action of a parabolic subgroup of GL,.°

To get the set of standard tableaux that correspond to these components (via the

Spaltenstein map), we give the following:

Definition 5.3.7. Given a partition A F n, we denote by Perm(\*) the set of permu-
tations of its dual partition A*. For an element p = (i1, ..., p,) € Perm(A\*) we define
the standard Young tableau T* € Std” associated to it in the following way. Take
the p-weighted tableau T, (1) from Definition 5.2.36 and replace the boxes labelled
‘0" by 1,..., 1 in order from top to bottom, then replace the boxes labelled ‘2" by
1+ 1,..., 1 + po from top to bottom, etc. For example, given A = (3,2,1), so
A =(3,2,1), for p = (3,1,2) the Young tableau T* is

415
T2 =|21]6

Le. the action of the parabolic subgroup on the component is transitive.
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The sets of puq, s, ..., u, boxes that we fill with this procedure we will call pu-
lines. Thus, the k-th p-line consists precisely of the boxes labelled 2(k — 1) in the
p-weighted tableau Ty, (@) from Definition 5.2.36. We enumerate p-lines from left to
right, thus the i-th p-line starts from the box (1,4). Filling the Young diagram Y ()
with numbers 1,2, ... 7 corresponding to pu-lines we get the tableau that we denote

by Y (i). In the last example, we have

1273
Y (312) =] 1
1

Let e € sl, be an arbitrary nilpotent element with Jordan partition A = A(e) =
(A1,..., Ak). Pick a Jordan basis v for e (Definition 5.2.34).

Then to a permutation p € Perm(\*) we associate a partial flag
W, =0=W,cWlc---cW;=C"), (5.21)

where W[f is spanned by the v;; from p-lines 1,...,k, so WZL = };:1Wl’f with
Wy = (vi | Y (1)ij = k).

We could also define W, invariantly as the unique partial flag in B;) = {pt}.

Given p € Perm()\*), we define the subvariety R* C B as

Rf = {F = (Fy,...,F,) | Fy, = Wi}, (5.22)

where d; = Z;’:l [ = dileﬁ.
Define the parabolic subgroup P* < GL,, as the set of matrices that preserve the
partial flag W#

Theorem 5.3.8. Given an arbitrary p € Perm(\*), the subvariety R* C B satisfies
the following:

(1) It is a closed subset of B.

(2) It is isomorphic to the product of flag varieties B* X - -+ x B,
(8) It is an irreducible component of B,

(4) Its corresponding Young tableau is the standard Young tableau T*.
(5) It is fized under the parabolic subgroup P*.

(6) Hence, it is a Richardson component of B.
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(7) Moreover, the set {R* | u € Perm(\*)} contains all Richardson components of
B,

Remark 5.3.9. The fact (4) from the theorem above explains the name Richardson
components, as the tableau T* is obtained through the Robinson insertion algorithm
from a Richardson element, that is, the longest element of the parabolic subgroup
Whpu of the Weyl group W = §,,.

5.3.3 Minimal components are Richardson

In this section we prove that the set of minimal components in B forms an explicitly-
defined subset of the set of Richardson components, hence due to Theorem 5.3.8 we
get the set of standard Young tableaux that correspond to minimal components in
the arbitrary ordinary Springer fibre B

We first define a family of C*-actions on flag varieties.

Definition 5.3.10. Let e € sl, be an arbitrary nilpotent element with Jordan par-
tition A = A(e). Pick its Jordan basis v = (v; ;). Given a permutation p € Perm(\*),
we have the associated subspaces W} := (v;; | Y (u);; = k). The C}-action on C"

is a C*-action that acts on v; ; homogeneously

t- Vi = (th(M»iJUi:j

by weights that correspond to the numbers of p-weighted tableau T, (1). Equivalently,
its acts with weight 2(k — 1) on W}. This action induces the C}-actions on flag

varieties B and B,.
The importance of these actions lies in the following corollary of Proposition 5.2.38.

Corollary 5.3.11. Given a good permutation p = p(a) € Perm(\*) (see Definition
5.2.31), the C,,-action restricts to Springer fibres B* and B}

., agreeing with the scalar

Cz action.

Proof. As p is a good permutation, p = p(a@) for a good vector @. By Proposition
5.2.38, the weights of the Jordan base vectors v; ; of e for the Cj-action and Ci-action
are the same, up to a constant shift. Thus the image of a vector subspace of C™ will
be the same under either action. Thus the C} and C7, actions agree on flags, thus on
B* and Bﬁ as well. In particular, as C keeps those Springer fibres invariant, so does
C.- [ |

Finally, we get the description of minimal components in B*.
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Proposition 5.3.12. The set of minimal components of twisted Kazhdan actions in
B is precisely
{R* | p € Good(A\*)},

hence it is a subset of the set of Richardson components. In particular, these minimal

components are isomorphic to products of flag varieties.

Proof. As the sets W; are preserved by the C7-action, so is the Richardson component
R*. But then, due to Corollary 5.3.11, it is fixed under the Ck-action, for a vector
a such that g = pu(d@), hence it is exactly the minimal component §“. By Theorem
5.2.25, the set {C% | @ is good} is the set of all twisted Kazhdan actions that are even

and conical, hence their minimal components are indeed {R* | i is good}. |

As a corollary, we describe the set of standard Young tableaux that correspond to

minimal components:

Corollary 5.3.13. The set of standard Young tableauz in Std” that correspond to
minimal components in B is exactly {T" | p € Good(\*)}.

Another corollary is that minimal components are torus-invariant. We call diag-
onal maximal torus the maximal torus of GL,, consisting of diagonal matrices with

respect to the basis v; ;.

Corollary 5.3.14. Minimal components in B are invariant under the action of the

diagonal maximal torus.

Proof. Minimal components are Richardson, and Richardson components are invari-
ant under the action of a parabolic subgroup, hence under the diagonal maximal torus

as well, as it is a subgroup of each of them. |

In the end, we describe exactly when the set of minimal components is equal to
the set of Richardson components. Recall a partition is of hook-type when its Young
diagram has the shape of a hook, so A = (k,11...1), for arbitrary k,n € N. These

—

n
form a subset of the partitions that arise in the following.

Corollary 5.3.15. The set of minimal components agrees with the set of Richard-

son components in the Springer fibre B exactly when the partition is of type \ =

(kk,. .. k,11...1).
—_——
m>0 n>0
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Proof. According to Corollary 5.3.13 we just have to find the set
A ={\F N, for some N | Good(\") = Perm(\*)}.

The dual \* of a partition A € A cannot contain three numbers such that two of
them are bigger than the third one, as then one could make a non-good permutation

€ Perm(\*) that has the smallest one in between the other two. Thus, for some

m,n > 0,k > 1 we have \* = (m +n mm...m), hence A = (kk,... k,11...1), as
k—1 v
claimed. ]

Now we give a family of examples when minimal components constitute all com-

ponents of a Springer fibre.

Example 5.3.16. In Springer fibres of type A = (n, 1), all components are minimal.
Namely, the set of standard Young tableaux Std™' has exactly n elements (one picks
a number between 2 and n+ 1 to place in the second row, and the remaining numbers
are in the first row in increasing order). The dual partition is A\* = (2,1,...,1) hence
——

n—1

Perm(\*) = {21.\./._;, 12&.\./._;, o ,&;_;2},
n—1 n—2 n—1
that is, there are n Richardson components. Together with Corollary 5.3.15 we get
that in Springer fibres B™! all components are minimal. We remark here that this is
somewhat foreseen, as the Slodowy variety S, 1 and its resolution form the Springer-
theoretic model for the minimal resolution of the Du Val singularity C?/Z, ., thus
due to the quiver model of Du Val singularities (Example 4.3.16), and the expectancy
that Maffei isomorphism is equivariant (Conjecture 5.2.42), we would indeed expect

that minimal components of twisted Kazhdan actions exhaust the core B™!.

Remark 5.3.17. We remark that the previous example covers all examples of ordinary
Springer fibres B* in which all components are minimal. The proof goes directly:
given a partition A of type from Corollary 5.3.15, which is not of type A = (n, 1), one
can show that there is a tableau that does not belongs to Richardson ones, hence its
corresponding component is not minimal. For other partitions, there are non-minimal

Richardson components.
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5.3.4 Minimal components are Schiitzenberger-invariant

In this section we prove an interesting fact about minimal components, from the
Springer-theoretic viewpoint. Namely, the set of Young tableaux that correspond
to minimal components inside B* are invariant under the so-called Schiitzenberger
involution, an involution on Std” that is combinatorially defined.

Given a standard Young tableau T with n boxes, we define 7 ;(T") as the tableau
obtained from T by removing the boxes labelled with numbers 7 + 1 to n. Moreover,
we define 7;,,(7") as the tableau obtained from 7' by removing boxes labelled with
numbers 1 to ¢ — 1 by the so-called procedure of jeu de taquin. First we remove
the box with number 1. In its place, we move whichever adjacent box to the right or
beneath it contained the smaller number. Thus, we have caused another empty space.
Continue the procedure until we obtain a standard tableau. Continue the procedure
until the numbers 1 to 7 — 1 are removed and then subtract ¢ — 1 from all numbers to

get a standard tableau, called =, ,, (7).

Example 5.3.18. Let us show that e.g. mo3(T%!) = T'!, in the following sequence

of tableau-operations:

991 11315 315 2135 21315 112]4 191
7 = — — — — =71"".
214 24 4 4 3

Recall that Sh(S) deotes the Young diagram of a tableau S, The Schiitzenberger

involution of a standard tableau 7" of size n is defined as the standard tableau
Sch(T) :=Tab(0, Sh(mpn(T)), ..., Sh(man(T)), Sh(m1,(T))),
Equivalently, the tableau Sch(T) is defined by equalities

Sh(’YTLZ(SCh(T))) == Sh(ﬁn+1_i’n(T>>, 1= ]_,2, o, n.

113

Example 5.3.19. Given the tableau 72! = 5 . by jeu de taquin we get

13 3

— =23 [=|1|2|=ms(T?),

2 2

and 3 3(T*') =| 1 | trivially. Thus
112
Sch(T?") = Tab ( , , =3 =T,
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Lemma 5.3.20. o, (TH-Fr) = TH=besbr qnd 1 (TH) = THo-#r~1 where n =

TS

Proof. o, (T#") is the jeu de taquin performed on tableau T#1--#* Thus, we
remove the box with number 1 and then the box with number 2, which is beneath it,
moves to its place. Then the box that was occupied by 2 is empty, and gets filled by
the number 3 which is in the box below, and so on until all the numbers 2,3,..., 1
move one box up. Subtracting 1 from each box, yields exactly the tableau T#1 =1t
Tableau 7y ,,_1(T*) is obtained by deleting the box n from the tableau 7%~ hence
it is trivially equal to the tableau T#t-#r=1, [ |

Given an element p = (u1, ..., ;) € Perm(\*), define reflection [ is defined as
= (o).

Lemma 5.3.21. For an arbitrary p € Perm(\*) we have Sch(T*) = T*.

Proof. We will prove this by induction on the number n(u) := puy + -+ + p,., where
= (p1,..., ). The base n(u) = 1 is trivially true. Now let us assume that the
statement Sch(T*) = T* is true for all ps.t. n(u) = n—1, and choose u = (pu1, - . ., f1r)
with n(p) = n. Then, @/ = (u1 — 1, o, ..., p) has n(p') = n— 1, hence it is true that

Sch(T*) = T
by the inductive hypothesis. That means that we have
Sh(my(T)) = Sh(mp_in 1 (T¥)), i=1,2,....,n—1.
Now using Lemma 5.3.20 this becomes
Shirmyi(mn1(TH)) = Sh(Tp_in1(m2n(TH))), i =1,2,...,n—1.

and thus

Sh(?TLZ‘(Tﬁ)) = Sh(ﬁn+1_i7n(T“)))7 1= 17 2, e, — 1.
Together with the trivial equality Sh(m ,(T*")) = Sh(m,(T*))) we get Sch(T") =
TH. |

Thus, from Corollary 5.3.13, Lemma 5.3.21, and fact that the set Good(\*) is

invariant under the reflection, we get the claimed result:

Proposition 5.3.22. The set of Young tableaux that correspond to minimal compo-

nents in B are invariant under the Schiitzenberger involution.
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5.3.5 Minimal components are of Barchini-Graham-Zierau type

In [BaZi08, GrZill|, the authors define a family of smooth components of ordinary
Springer fibres and show they are isomorphic to iterated bundles of generalised flag
varieties. Abbreviating surnames of the authors, let us call these BGZ components.
In this section we show that minimal components of the ordinary Springer fibres lie in
the intersection of the sets of BGZ components and Richardson components. Firstly,
let us briefly recall their construction.

Given any subgroup K = GL(p) x GL(q) of G = GL(n) with p+¢ = n, K acts on
the flag variety B, with finitely many orbits. Fix a closed K-orbit (). Then, denote
the restriction of the Springer resolution v : T*B — N to the conormal bundle T3
by

YQ =V 5B — Im(’)/Q) C N.
Its image is the closure of a K-adjoint orbit, Im(yg) = K - f, where f € N is a

generic element in Im(vg). We have the following:

Theorem 5.3.23. |BaZi08, GrZill, Thm. 2.7| yél(f) C B’ is an irreducible compo-

nent. Moreover, it is isomorphic to an iterated bundle of generalised flag varieties.

Definition 5.3.24. The components of the Springer fibre obtained from the last

theorem we will call BGZ components.

As these components depend only on the choice of the subgroup K, and the closed
K-orbit () in B, roots systems theory yields their combinatorial labelling by arrays.
An array consists of two parallel lines of numbered dots labelled by 1,2,...,n from
right to left, e.g. see the first picture in Example 5.3.25 for the case n = 6. A block is
a subset of dots in a line that are labelled by consecutive numbers. E.g. in Example
5.3.25, there are three blocks: ‘6’, ‘5,4’, and ‘3,2,1’. The string of an array is the zig-
zag line joining the rightmost dots in each block such that it alternates between the
two rows, e.g. in Example 5.3.25 the black zig-zag line connecting ‘6,4,1’. Given an
array A we obtain the array A’ by deleting the dots connected by the string of A, then
joining blocks if necessary in the obvious way, and finally relabelling as appropriate.
This process of joining blocks is called collapsing.

Now, given an array A, we construct a tableau T'(A) of the corresponding BGZ
component. Its first row consists of the numbers in the string of A, written from right
to left. The next row consists of the numbers in the string of A’ using the original

labelling from A, and so on.
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Example 5.3.25. Here we give an example of an array and its corresponding tableau.

Given an array on the picture

we see that its string consists of numbers (1,4,6). By deleting these numbers we
get the next string (2,5) (the string of the collapsed array, but using the original
labelling), and finally the last string is (3). Thus, the tableau of the given array is

6

Let us summarize what we have said in the previous paragraphs:

Theorem 5.3.26. |GrZill, App. A| BGZ components are labelled bijectively by
arrays, such that the tableau of a component that corresponds to array A is exactly
T(A).

In a remark |GrZill, Rmk. A.6], the authors state a condition for a BGZ compo-
nent to be Richardson as well. As this remark has not been proved in the paper, we

prove it here for completeness.

Proposition 5.3.27. A BGZ component of B is Richardson exactly when the block
sizes of its array form a permutation of the dual partition X*, and no collapsing of

blocks occurs in the construction of its tableau.

Proof. Given a BGZ component which is Richardson, say R*, for some permutation
= (p1, 2, - - ., i) € Perm(A*). Then, by Proposition 5.3.8 its Young tableau is T".
So the first row of its Young tableau is (1, 1+ pq, 1+ pq + o, .o, L4+ 4 1),
thus the string of the array for R* has exactly these numbers.

That immediately yields the claim about the block sizes. Now, the collapsing in
the construction of the tableau occurs exactly when there is an odd number 2k + 1 of
consecutive blocks of the same size, say b, that is surrounded by two blocks of strictly
bigger sizes than b, which hence collapse to one block after b iterations (in the array
below: b = 2).
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Let us assume that such a collapsing occurs, and let the collapsing blocks start at
numbers 1+ d;1,...,1+ d; ops1, Where d; = Z;.:l (t; as before. Their common size
is b = pjy0 = -+ = pirorpr2. Then, the blocks on the right and left start at numbers
14 d;, and 1 + d; o112 respectively. Thus, the p-line that starts with the number
1 + d; 1212 has the numbers s + d; 19512 in the rows s = 1,2,...,b but the number
b+1-+d; 942 does not occur in the (b+1)-th row, as it becomes a non-rightmost point
of the joint block after b iterations (in the above array: b+ 1 + d; 952 = 8). Thus,
the tableau that we get from this array (see the tableau below for the given array
above) will not be the tableau T*, hence the component obtained is not Richardson,

which is a contradiction. Hence, no collapsing occurs.

11416
25| 7
3
8
Now, let us prove that a non-collapsing array whose blocks are of sizes = (pu1, . . ., ftr)

(from right to left) indeed gives the Richardson component R¥, by induction on the
length of the vector . When 1 = 7, then the tableau indeed has one column labelled
by numbers 1, ..., y; hence it is the tableau of R*. Now let us assume we have an array
of n blocks with sizes yu = (p1, . . ., it,-). Then, by the inductive hypothesis, if we neglect
the leftmost block, the tableau obtained would be T# where y/ = (p1, . . ., tr—1) Now,
notice that without neglecting the leftmost block, at the i-th step of the process we
just add the number i 4+ p,_; to the end of the i-th row. Hence, the obtained tableau
is T# with an added p-line with numbers (1 + d,_y,...,d,) on the right, which is
exactly the tableau T*". [ |

Corollary 5.3.28. Minimal components are of BGZ type.

Proof. Every minimal component is Richardson R* with ;1 € Good(\). Recall that the
set Good(\) consists of permutations g which do not contain three indices i < j < k
such that p; > p; and p; < pi. Thus, no collapsing would occur in creating a tableau
from the array of type u, hence by Proposition 5.3.27, we see that the minimal

component R* is a BGZ component as well. [ |
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It would be interesting to see whether the BGZ construction can be generalised
to the case of generalised Springer fibres. In the case that it is possible, assuming
that some analogue of Proposition 5.3.28 exists as well, that would yield a family of
Young tableaux that correspond to some family of special minimal components that
are products of generalised flag manifolds. The author has discussed this topic with
the authors of [GrZill|, and leaves it for some future work.

In the end of this section, we briefly comment on smooth components in the
ordinary Springer fibres. Apart from the Richardson and BGZ constructions, there is
also a family of so-called generalised Richardson components constructed by L. Fresse
in [Fr11], which in particular contains Richardson components. So far, it is unclear

how this family relates to BGZ. We illustrate all these families in Figure 5.2.

Richardson

Smooth components

Figure 5.2: Families of smooth components in B
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5.4 Minimal and Richardson components of
generalised Springer fibres

In this section we construct a novel family of smooth components of the generalised
Springer fibres BI’)\. We prove that these families generalise Richardson components,
hence we use the same name for them. Although, the essential difference from the
case of ordinary Springer fibres is that the set of minimal components of a generalised
Springer fibre B? is not a subset of the set of Richardson components (see Example
5.4.40), hence in a search for smooth components in BI’,\, both families of smooth
components (minimal and Richardson) that we obtain are equally interesting to con-
sider. In addition, we define quasi-Richardson components as a generalisation of these
Richardson components, and find their corresponding semistandard tableaux.

As it is going to be the central object of this section, recall that the (generalised)
Springer fibre 5 of a nilpotent element e € sl,, is defined as

B;I:{OIF()CFlC"‘CFn71CFn:Cn |d1mE/E,1:p“ €FiCFi,1,i:1,...

Denoting by A = A(e) the Jordan partition of e, recall that we denote by B, the
generalised Springer fibre By, as it does not depend (up to an isomorphism) on the
choice of particular nilpotent element e of Jordan type .

In the first two subsections (5.4.1 and 5.4.2) we recall the classical facts from the

Springer-theoretic literature that we will use in this section.

5.4.1 Brundan-Ostrik construction

In this section we will recall the Brundan-Ostrik generalisation [BrOsll, Sec. 2|
of the Spaltenstein construction (Section 5.3.1) to generalised Springer fibres. This
shows that the irreducible components of a generalised Springer fibre B;‘ are labelled

bijectively by the semistandard Young p-tableaux of shape \.!°

Definition 5.4.1. Given a partition A F n, and a composition p = (py,...,p,) of
n, a Young p-tableau of shape A\ is a filling of the Young diagram of shape A\
with numbers, such that the number 1 fills exactly p; boxes. We call such a tableau
row-standard when the numbers in each row strictly increase, and semistandard

when the numbers in each row strictly increase and in each column weakly increase

1ONB for the reader: With a difference from the Brundan-Ostrik notation, we will use the row-
standard instead of column-standard tableaux. Also, whilst they use the notation x for the nilpotent
element, we prefer to keep e instead, in order to have consistent notation in this chapter.
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(i.e. may be stationary). The set of all ordinary, row standard and semistandard

A

Young p-tableaux of shape A will be denoted by Tab, Row;\, and Std;‘, respectively.

Consider a nilpotent element e € sl,, whose Jordan partition is A = A(e), and a

composition p = (p1,...,p,) of n. Given a p-partial flag
F=0=FRCFRC-CF,=C"|dimF;/F,_, =p,;) € B)
its shape is a weakly-increasing sequence

sh(F) = (Y(e|r,),Y(e|lr),...,Y(e

7))

of Young diagrams. To a weakly-increasing sequence Y = (Yp, Y], ..., Y,) of Young
diagrams we attach the semistandard p-tableaux T'ab(Y) of shape Y,, by filling the

boxes in Y, that are not in Y;_; with numbers i.

Example 5.4.2. Consider a nilpotent element e whose Jordan partition is A(e) =
(3,1,1). Let us denote by (v, ve,vs|vs|vy) its Jordan basis (thus evs = vy, evy =

vy, evy = 0 and evy = evs = 0). Consider the flag
F ={0cC (v + plavy + Bus)) C {v1, avy + Bus) C (v1, v, avy + Bus) € C°},

for some [ : B], [\ : u] € P! x P
We see that e|(vy + p(avy + Bus)) = 0, e|(v1, avy + Pus) = 0, and A(e|(vy, vo, avy + Sus)) =
(21), as evy = vy, ev; = 0 and e(awvy + Svs) = 0. Thus, altogether, we have

Sh(F) = 9y 9 Y

hence

Tab(sh(Fy)) =1 2

Analogously to Section 5.3.1, we define the set
Fer :={F € B | Tab(sh(F)) =T}.
Now we have a generalisation of Spaltenstein’s Theorem 5.3.5.

Theorem 5.4.3. Given a generalised Springer fibre B;‘, the following is true:
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(1) For each T € Std;\, Fer 15 a non-empty smooth open and irreductble subvariety
of B).

(2) Varieties {]:e,T}TeStdg are equidimensional, dim F.r = %Zj:ll (A —1) —
%Z?:l pi(pi —1).

(3) By = UrcsearFer-

(4) Hence, the closures Ky := F.r form the set of (equidimensional) irreducible

components of B]’)\.

Hence, denoting by B(p, A) the set of irreducible components of BI’)\, the map
Spal, : Std) — B(p,A), T~ Kr,

is a bijection. We call it the generalised Spaltenstein map for the composition p,
following the attribution given in the Brundan-Ostrik paper.
Moreover, in the same paper they describe the closures of the cells F. 7. We first

require some definitions.

Definition 5.4.4. Given a composition p = (py,...,p,) and a tableaux T € Std;\,
we define the vector [(T) = (Iy,...,l;) and a tableau T € Stdg in the following way:

e 1 <[} <--- <l index the rows of T" containing the entry n;
e T is obtained from T by deleting all the boxes that contain the number n.

We define the partial order < on Stdz inductively: Given two tableaux 17,715 we
denote T =< T if either I(T}) < I(T3) or I(T}) = I(T3) and Ty = T,. Here for two

vectors ), v by n < v we mean n; < y; for all 7.

Hence, we have defined a partial order on the set of semistandard tableaux Std;.

This order is essential in the topology of the closure of Spaltenstein cells:

Theorem 5.4.5. Given a semistandard tableau T € Std;‘,

IKCr :EC U ./T'.e,s.

ST
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5.4.2 Torus fixed points

In this section we briefly recall the standard folklore in Springer theory (look e.g. in
[Fr09a, Sec. 3.9]) about the fixed points of the diagonal torus action on B,, which
lie on B?. Let e be a A-nilpotent matrix and v; ; its Jordan base, as before. Define
H = H, < GL, to be the diagonal torus with respect to the base v, ;.

Definition 5.4.6. Given a p-tableau T, we attach to it the p-partial flag Fr := (0 C
Fyr ..., Fp- = C™) defined by

F5- = (v;; | the number in the position (7,7) in T"is < k).

Recall, by Section 5.4.1, that when T is semistandard, it corresponds to the compo-

nent Kp = F . It follows immediately from the definition that Fp € F.r C Kr.

A standard fact from Springer theory is that these flags are exactly the fixed points

under the action of the torus H.
Proposition 5.4.7. (B,)" = {Fr | T € Tab)} and (B))" = {Fr | T € Row)}

Remark 5.4.8. The torus H does not act on B;‘. However, we can still discuss the
fixed points (B;)" of the H-action on B, which lie in B).

Moreover, there is a refinement of the second part of the last proposition, according

to the Spaltenstein decomposition Bg = Upestar F1-
P

Definition 5.4.9. Given a row-standard tableau T" € Row?,7 its standardisation is
the unique semistandard tableau Std(T') € Std; such that it has the same numbers
in each column as T, thus it is obtained from T by shuffling the numbers within

columns.

Proposition 5.4.10. Given a semistandard tableau S, the torus fized points in the

cell Fg are
F& ={Fr|T € Row,, Std(T)=5}.

5.4.3 Richardson components in generalised Springer fibres

In this section we generalize the construction of the Richardson components given in
Section 5.3.2. More precisely, we obtain a family of smooth components in generalised
Springer fibres that are isomorphic to products of generalised flag manifolds and are

invariant under the parabolic subgroups.
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Definition 5.4.11. Given two compositions p = (p1,...,pn), pt = (f1,. .., ) of n,
we say that p is finer than p, and p is coarser than p, if for some increasing indices
0=ko,ki,....k,=n

M1 = Pkot1 T+ Dy

M2 = Pry+1+ -+ Dk
o : (5.23)

Hr = Pkp_y+1 + ** + Dk,
holds. Denote by Coar(p) the set of all compositions of n that are coarser than p.

For the composition p = (1,...,1), the set Coar(p) is the set of all compositions pu
such that p; > 1.

Definition 5.4.12. Given an element p = (p1,...,4,) € Perm(\*) we define the

Young p-tableau T} € Std; associated to it in the following way. Consider the

string ¢, :=1,...,1,2,...,2,...,n,...,n. Take the y-weighted tableau T}, (x) from
—— N—— ——

Definition 5.2.3](%1 and re;face the boxgrsl labelled ‘0" by first ;1 numbers of the string g,
in order from top to bottom, then replace the boxes labelled ‘2’ by next ps numbers of
the string ¢, in order from top to bottom, etc. It is easy to see that when p € Coar(p),
the p-tableau 7% is semistandard.

Notice that this is a generalisation of Definition 5.3.7 for the ordinary case p =
(1...1). As there, the sets of uy, po, ..., u, boxes that we fill with this procedure we

will call p-lines.

Example 5.4.13. Let A\ = (321), p = (211110), so ¢, = (112345), \* = (321),
then for p = (312) € Perm(\*) the Young p-tableau is the Young diagram of type
A = (321) filled with numbers as follows:

312 _
T211110 -

2

where for the ease of the reader we highlighted in different colours the three substrings
of g, of length 4i;. As a second example, suppose we want to find the tableau T} =
Tyh,. As p = (2121) we have g, = 112334, and since u = (42) € Perm()\*) we have
A" = (42) so A = (2211). Thus we want a tableau of Young type (2211), we put the
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substring 1123 of g, into the p;-line, and 34 in the po-line:

3

42
T2121 -

WIN| V|-

Recall that, given a partition A, the set of Richardson components in the Springer
fibre B* are labelled by the set Perm()\*) of permutations of the dual partition. Here
we will extend this to the generalised Springer fibre, by constructing a family of
components of B) labelled by Coar(p) N Perm(A*). Recall from Section 5.3.2 that,
given a partition A - n, and a permutation p = (u1, ..., i) € Perm(\*), we have the
partial flag Wu = (0 = WS C Wl} C---C W[; = C") defined as the unique partial
flag in B), = {pt}.

Definition 5.4.14. Given a partition A\, a composition p, and a composition p €
Coar(\, p) := Coar(p) NPerm(X*), we define the Richardson component R} C B,
by

Ri:={0=FyC Fp C- -+ CFp=C"| Fy =W},

where p; = Z;Zl p; and d; = 2221 Y = dimW/ﬁ.

We see that this definition generalises the ordinary Richardson component R*.
Namely, Coar(1,...,1) N Perm(\*) = Perm(\*) and Ry | = RM .
Moreover, we prove an analogue of Proposition 5.3.8. Recall that the parabolic

subgroup P* denotes the the set of elements in GL,, that preserve the partial flag

W,

Theorem 5.4.15. Given an arbitrary p € Coar(p) NPerm(\*), the Richardson com-
ponent R C By, satisfies the following:

(1) It is a closed subset of B,).
(2) It is isomorphic to a product of generalised flag varieties
Ry = By X Bz X -+ X Byr
where p* = (pr,_, 11, - --,DPk,) and k; are defined by (5.23).
(3) It is an irreducible component of B,.

(4) Its corresponding Young tableau is exactly T*.
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(5) It is fized under the parabolic subgroup P*.

Proof. As VVZ is defined as the unique partial flag in B)‘ {pt}, we have that e,\I/V’€
W[f L for every k. Thus, having an arbitrary p;, as p is coarser than p, there is an

index j such that

hence

_ —
exby CenFy, =e\Wia C Wi =Fy,, C Iy,

where the last inclusion follows from d;_; < p;—; which is true as d;—; < p; and p is
coarser than p. Thus RY C B, hence we have proved claim (1).

The claim (2) is easy to see, simply by constructing an isomorphism

RE— By X Bya X -+ x By, Fis Fyx--- x F,

where
F =0C Fp——r

Pk;_1+1

/ch CFPk/pk 1

is a p'-partial flag where p" = (pr, 41, --,Dk,)-

The variety RY is closed and irreducible, hence to show that it is an irreducible
component, it remains to show that its dimension is equal to dim B; =3 Z’\l AF (A —
1) — 33 pilpi — 1)

By (2), we have that

r r ki
: . 1 1 -
dim R = dimB, =) §Hi(ﬂi -1) - 5 pe(pe — 1)
i=1 i=1 t=ki_1+1
_z LNPETRES e
2 t=1

:_Z)\* (Ar —1) ——sz pi— 1) = dim B)

where we have used the fact that p is a permutation of \*. Hence, claim (3) is proved.
The claim (4) follows immediately from a more general claim in Theorem 5.4.30,
hence we will give a proof later (Corollary 5.4.33)

Finally, as the condition Fy, = Wﬁ is P'-invariant, RY itself is P¥-invariant. W

We expect these components to generalise the Richardson components of ordinary

Springer fibres also in sense of Definition 5.3.6, thus:
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Conjecture 5.4.16. The components {R} | € Coar(p, \)} are the only components

of B]))‘ invariant under a parabolic subgroup of GL,,.

Notice that, unlike in the ordinary case, different Richardson components of the

same generalised Springer fibre BI’,\ need not be isomorphic. Here is an example:

Example 5.4.17. Let A = (321) and p = (211110). Then we have
Perm(\*) = {123,132, 213, 231, 312, 321}.

and furthermore

Coar(A, p) = {213,231, 312,321},

hence we have 4 Richardson components in B321,,,. Consider R313,, first. As u=(213),

its components p; split into p; as follows:

1 =2=p1, po=1=po, u3=1+1+1=p3+ ps+ ps.

Thus, according to Theorem 5.4.15, we get R313,,, = Ba x By X By 11 = By 11, where
the last isomorphism holds because a partial flag B, is just a point when p = (py) (its

only flag is 0 C CP'). Similarly, we get:

231~

R211110 = 8171,17
312~

Ry17110 & Bay X Bi g,

321
R511110 = B2y X Big.

5.4.4 Quasi-Richardson components

In this section we define an enlargement of the set of Richardson components, which
we will call quasi-Richardson components. They are smooth irreducible components
of generalised Springer fibres, and we will find their corresponding tableaux. They
will not satisfy, in general, all the properties of Richardson components (such as torus-
invariance, being products of generalised flag manifolds,etc.), hence the difference in

names.

Definition 5.4.18. Consider a composition g = (u1,...,4-) of n and a splitting

C" = @j_, W, where subspaces W}, have dimensions ;. define the string

qui=1...12...2...r...r

1 2 o

of length n, and denote by g,[1, k] the substring of first k& characters of g,,.

150



We will say that the k-dimensional subset V;, € C™ is of ¢,[1, k|-type if it is
a direct sum of subspaces Vi, = Vi! @ --- @ V[ such that V;{ C W} and dimV} =
#{occurrences of 7 in g,[1, k]}. Equivalently, there is a basis (u;)¥_; of V}, made of ho-
mogeneous vectors under the splitting C" = §:1Wﬁ, which we can label by numbers
n; € {1,...,r} according to which W they belong to and get the string ¢,[1, k] as

a result.

Now, given a splitting C" = §:1Wﬁ, define the closed P,-orbit CI' C B, in the

following manner.

where p; = Zézl p; as before.
We give an example of this somewhat cumbersome-defined variety, for the conve-

nience of the reader.

Example 5.4.19. Choose 1 = (13) and p = (2110). Consider C* = (vy, v9, v3,v4) =
Wi @ W2, where
W}} = (v1), W2 = (vy,v3,0s).

7

Noticing that p; = 2,p; = 3,D3 = 4,ps = 4 and ¢, = 1222, observe an arbitrary flag
(0C F, C F3C F,=C*% € 03}

By definition of C57,, we have that F, has a 1-dimensional summand from W} = (v;)
and a 1-dimensional summand V) from W/f Similarly for F3 but now gets a 2-

dimensional summand V5 from W/f = (vq, v3,v4). Thus we get
Cyiio =10 C (v, Vi) C (v, Vo) CC*| 0 C Vi C Vy C (vp,v3,v4) is a full flag}.

Now, let us connect the variety C}' with Definition 5.4.14 of a Richardson com-
ponent. Recall first the explicit definition of the partial flag W, attached to the
nilpotent element e from Section 5.3.2. Let e € sl, be an arbitrary nilpotent element
with Jordan partition A = A(e), with a Jordan basis v = v;; (Definition 5.2.34).

Then, to a permutation p € Perm(\*) we associate WZL = @ W} where
Wy = (viy | V(g = k), (5.25)

and Y () is the tableau that labels p-lines (Definition 5.3.7).
Now, choosing the split C" = @j_, W}, for u € Coar(\*) we get

Cp =Ry,
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as the conditions in (5.24) that F),, are of g,,[1, p;]-type become equivalent to Fy, = W/j,
which is precisely the definition of RY. For general u € Perm()\*), the variety C¥ is
not a subset of B;‘. Thus, in order to obtain a component of it, we have to intersect

it with B;/)\' This motivates the next definition:

Definition 5.4.20. Given an arbitrary p € Perm(\*), if the set
— A A
Ry :=CINB; C B,

is a smooth component, we call it a quasi-Richardson (QR) component of Bz/a\' The
set of all such p we denote by QR(\, p). It is clear that Coar(\,p) C QR(A, p).

Remark 5.4.21. Given a nilpotent element e, we will always assume that C}' is defined
by the split C* = @;ZIWIi whose blocks Wlﬁ come from a Jordan basis of e (Equation
(5.25)). Such C¥ we will call e-adapted.

Now we give an example of a quasi-Richardson component. As in earlier exam-
ples, we will simplify our notation by labelling the vectors in the Jordan basis of a
nilpotent e by vy, ..., v, in the natural order given by the matrix e (instead of using

the cumbersome notation v; ; from (5.15)).

Example 5.4.22. Continuing with Example 5.4.19, consider a nilpotent element e
with Jordan partition A(e) = (211). Picking p = (13) as before, we get the corre-
sponding tableau Y (v)

V1 | U2
Y(V) = | Vs

(%

where we distinct different u-lines with different colours. Hence, we have

Wl = <U1>, W2 = <’U2,U3,U4>.

ju 0

Thus, the variety C37), associated to the split C* = W,; @ W7 is by Example 5.4.19

equal to:

C121?10 = {0 - <U17‘/1> C <U1,VY2> - (C4 | 0C ‘/1 C ‘/2 C <U27U37U4> is a full ﬂag}

Now, intersecting C33,, with B3{], amounts to use the conditions of the Springer fibre

B2l,, Thus using the fact that evy, = v; (indeed, e acts by shifting vectors to the left
along each row in the tableau Y (v)), and forcing eF, = 0 and eF3 C F,, we get

Ritio = {0 C (v1,ws) C (v, wa,ws) C C' | wy € (vs,04), wy, w3 € W7 lin. ind.}."!

HUHere lin. ind. stands for linearly independent.
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This is an irreducible projective and smooth subvariety of dimension two, thus of
maximal dimension in B3i,, (recall the dimension formula in Theorem 5.4.3), hence

is a quasi-Richardson component.

Now we give an analogue of Proposition 5.3.12 for generalised Springer fibres,

which gives a criterion for when a quasi-Richardson is a minimal component as well.

Proposition 5.4.23. When u € Good(A*)NQR(A, p), its quasi-Richardson and min-
imal components coincide,

RE = §L.

p p

In particular, the tableau of such a minimal component is iﬁj (Definition 5.4.28).

Proof. From the definition of C}', we immediately see that it is fixed under the C;-
action on B, (Definition 5.3.10). When p is good, the Cj-action restricts to B, and
is the same as the scalar C action for 1 = (@), by Corollary 5.3.11. Thus R. is
the minimal component of C7, hence it equals §1. The last statement follows from
Theorem 5.4.30. u

The important difference from the case of ordinary Springer fibres is that here
minimal components can be non-Richardson, and even non quasi-Richardson, as we

will see in Example 5.4.41.

5.4.5 Semistandard tableaux of quasi-Richardson components

In this section we obtain the semistandard tableaux that correspond to quasi-Richardson
components, by calculating the torus fixed points on C/' and by using Theorem 5.4.5
which gives a geometric feature of Brundan-Ostrik order on tableaux. Firstly, we

introduce the following definition:

Definition 5.4.24. Given a partition A and a permutation p € Perm(A\*), the set
Shuffle(7}) is the set of all Young tableaux that one obtains from the tableau T} by

shuffling the numbers along the p-lines.

Example 5.4.25. Consider tableaux

113 11114

123 _ 132 _
T211110 =124 T211110 =129
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After a shuffle along p-lines (labelled in distinct colour, for a better picture) we the

following tableaux:

1 3 11214
T211213110: 1]4 T211312110: 1
5 3

Now, we justify the purpose of introducing the last definition. Pick a nilpotent
element e with Jordan partition A and permutation u € Perm(\*). The maximal torus
H := H, < GL, diagonal with respect to Jordan basis of e preserves the e-adapted
C (Remark 5.4.21). We calculate its fixed points (recall the notation from Section
5.4.2):

Proposition 5.4.26. Given a nilpotent element e, the e-adapted variety Cl' is in-

variant under the action of the diagonal torus H. Its torus fized points are exactly
(C" = {Fr | T € Shuffle(T}")}.

Proof. Being PF-invariant, C'' is also H invariant, as H < P". Now that we have
a smooth algebraic torus action on a smooth projective variety, with isolated fixed
points, a classical result [Iv72] asserts that the number of fixed points is equal to the

rank of the cohomology of the variety itself. Hence, it suffices to prove two statements:
(1) {Fr | T € Shuffle(T})} C C¥.
(2) rk(H*(Ch))={Fr | T € Shuffle(T})}|

Proof of (1). Let Frp = (Fo, Fpyp, ..., Fp;). Recall that Fj has a basis formed
by all v;; such that number in T} in the position (i,j) is less than or equal to k.
By the construction of the tableau T%, if we label those basis vectors v; ; by numbers
I €{1,...,r} according to which W[L they belong to, we will get exactly the substring
qu[1, k). Thus Fy is of g,[1, Pi]-type, hence Fru € CJ.

Now, notice that any shuffling of the entries within the [-th p-line preserves the
count of boxes labelled by the numbers smaller than or equal to & in the [-th u-line,
hence it preserves the number of vectors v; ; in the flag 5 that belongs to W,i Thus,
given any 7' € Shuffle(T!), denoting Fr = (Fy, Fyy, . . ., Fp,;), space Fy remains of
q,L[l,p_k]—type.

Proof of (2). Firstly, given u = (p1,..., 1) and p = (p1,...,pn), we divide the
string ¢, = q,q;, - - - ¢ into substrings ¢J, of length p; (see (5.26) for u = (123) and
p = (2121)).

Q123 = 12]2]33|3 (5.26)
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Denoting by t; the number of occurrences of the number ¢ in qﬁ, we see that the map

Cl = Bygy o X xBig s (Fos Fpry ooy F) = (Vg VA oo Vi) oo (VE VT V)

n 29t r'n

is an isomorphism, where Fi- = @;V; and V; C W. Hence, the rank of the coho-

mology of C1' is equal to

[,[,1! ,u’r'
rk(H*(C")) = ’
(H(C)) 202 IRERS ZA B A SRR

where we have used the standard formula for the rank of the cohomology of a gener-
alised flag variety rk(H*(Bp,  p,.)) = %. On the other hand, let us divide the
string
1.2 T
p=L1...12...2...n...n=q,q,...q,
p1 D2 Pn
into substrings ¢;, of length p;, and denote by p} the number of occurrences of the

number j in ¢}. (see (5.27) for p = (2121) and p = (123))

Notice then that the number of non-equivalent shuffles of the tableau T' is exactly

fia! ir!
|Shuffle(T")| = e ;
PO pilpgteepnl o pilpst ey

as the i-th p-line contains exactly the numbers from q;,, hence the number of its

shuffles is p,—,p% Thus, in order to prove claim (2), we just have to prove that
. . 172" n . .
T ={(t)i=-0} and P = {(p})i=1:} are the same sets.

Let us now divide the strings ¢, and g,, simultaneously by p;-blocks and p;-blocks
(see (5.28) for p = (2121) and pu = (123), red bars denote p;-blocks and blue bar
denote pj-blocks).

42121 :1‘1|2||33‘4

Thus we obtain divisions of g, and g, into sets of the same cardinalities. It is easy

(5.28)

to see that these divisions correspond to the sets 7" and P respectively. Namely, in
the string g, we count t; until we reach an end of a chunk divided by either p; or
pi (in (5.28): red or blue bar). If it is a p; block end (in (5.28): blue bar), we start
counting 5, in the next chunk, if it is the y; block end (in (5.28): red bar) we start
counting t;“, and if both p; and p; blocks are ending, we pass to count t;fl The
same applies to the division of ¢,. Hence, the sets T" and P are the same and thus the

claim (2) is proved. |
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Corollary 5.4.27. (R:)" = {Fp | T € Shuffle(T}) N Row,}

This corollary will help us in finding the tableau that corresponds to a quasi-

Richardson component RY.

Definition 5.4.28. Given the tableau T}', define its maximisation iﬁj as
iﬁ/‘ := max(Shuffie(T}") N Stdz’}),
under the Brundan-Ostrik order < (Definition 5.4.4) on Std;‘.

Lemma 5.4.29. Given p = (p1,...,pm), the number m occurs in a tableau T €
Shuffle(T}) N Std;)‘ only in the last two p-lines. Moreover, all the occurrences of m
in the penultimate p-line lie strictly below (in terms of row-numbers) the occurrences

of m from the last u-line.

Proof. Firstly, if m occurs in the last three p-lines of a tableau T' € Shufﬂe(ng‘)ﬂStdQ,
that means that the whole penultimate p-line is filled with the number m, but then
the box (1, A\; —1) is filled with m, thus the box (1, A1) has to be labelled by a number
bigger than m since T" € Std]’}, and that is impossible.

Thus, m occurs in the last two p-lines only. If it appears only in the last p-line we
are done. Otherwise, the whole last p-line is filled with the number m. Assume that
there is a box b, of the penultimate p-line containing m such that its row number 7,
is smaller than the row number r, of a box b, of the last u-line containing m. Then,
there is a box in the last p-line whose row number is r,, which then is impossible as
we would have two boxes filled with m in the same row of 1", which contradicts that

tableaux in Std;\ have strictly increasing rows. |

Finally, we prove that the tableau T}’ corresponds to a quasi Richardson compo-

nent R]*;.

Theorem 5.4.30. Given a quasi-Richardson component RY, its corresponding tableau

s exactly iﬁ/L.

Proof. Firstly, as RY is a component, denoting by T' = Spalgl(Réj) € Stdl’}, we have
Fr € RY. Due to Corollary 5.4.27, we have T' € Shuffle(T}), thus T' € Shuffle(T}') N
Std). As

{Fs | S € Shuffle(T*) N Std)} C R* = Kr,

and
]CT C USjTFS
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by Theorem 5.4.5, that implies that T is indeed bigger than any other tableau in

Shuffle(7}) N Std;}, thus it is equal to T'. In fact, this proves that the maximum of
the set Shuffle(T%) N Std;7 exists (recall that < is a partial order only). |

Remark 5.4.31. Here we remark on how one should get the tableau /Tz in practice. It

should be by the following inductive algorithm:
e Fill the first p-line in the same way as T'.

e [ill the second p-line such that the obtained tableau is the maximal possible

amongst the semistandard ones.
e Continue the process in the same way until all p-lines are filled.

In each step we are maximising the obtained tableau, so this tableau should hopefully
be exactly T,'. We say “should” as the author has not yet proved (but eventually
intends to prove) that this tableau is indeed the maximal one in Shuffle(T%) N Std;.

Lemma 5.4.32. When the tableau T} is standard, it is equal to ﬁ”

Proof. We will prove this by total induction on the number of boxes in the tableau T/'.
Let us take 4 = (p1,..., ) and p = (p1,...,pm) and consider T} and an arbitrary
tableau S € Shuffle(T}') N Std;\. According to Lemma 5.4.29, boxes labelled by the
number m only exist in the last two p-lines of T# and S. Recall that by I(T) we label
the rows of the boxes containing m, and by T we label the tableau 7" without the
boxes labelled m. We split the proof into three cases:

1) The boxes labelled by m are in the last p-line only and they fill it completely.
Thus, I(T¥) = I(S), and the tableaux T} and S are exactly obtained by deleting the
last p-line. Thus, denoting by p/ = (p1,...,4r—1) and p' = (p1,...,Pm_1), we have
T_ﬁ = Tlﬁf/, hence, by inductive hypothesis, S < 775, and so S 2T

2) The boxes labelled by m are in the last and in the penultimate p-line. That
implies that the whole last line is labelled by m. Hence, if [(T}) = [(S), we can delete
all the boxes filled with m and get the tableau T)' = T;”, for 7 = (1, ..+, o1 —
N) and p' = (p1,...,Pm-1), where N is the number of boxes labelled by m in the
penultimate line. Thus again by inductive hypothesis S < T_,’,‘, and so S = TI.
Otherwise, let us assume that [(T}) < [(S). Then, by Lemma 5.4.29 we get that
l(Tzﬁf,) < I(S") where S" is the tableau S without the last p-line. Thus, Tlﬁf/ =< S’ which
is impossible due to the inductive hypothesis. Thus, I[(T}) > I(S) and so S X T¥.

3) The boxes labelled with m are in the last p-line only and there are some other

numbers in it. Then, since in T} boxes filled by m are in the last rows, [(T}') > I(S).
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If it is a strict inequality, we are done, otherwise define p’ = (p1,...,pn_1) and
@ = (g1, ..., ftr — Pm), and by the inductive hypothesis we have S < T;/ = TT,?, hence
S =Th. [ |

As promised, we now prove claim (4) of Theorem 5.4.15, which we restate here

for the convenience of the reader:

Corollary 5.4.33. Guen a Richardson component Ry, its corresponding Young tableau

is exactly TH.

Proof. As a Richardson component is quasi-Richardson, according to Theorem 5.4.30,
its corresponding tableau is T;'. However, as u € Coar(A,p) the tableau T} is stan-
dard, hence by Lemma 5.4.32 is equal to T}'. [ |

Theorem 5.4.30 motivates the next definitions.

Definition 5.4.34. We say that u € Perm(\*) is p-tableau-shuffle-allowable if
Shuffle(7) N Std) # 0,

and p-tableau-allowable if the tableau T} is semistandard. The sets of such permu-
tations we denote by T'SA(A, p) and T'A(\, p), respectively. Obviously, Coar(\,p) C
TA(N p) CTSAN D).

Example 5.4.35. Let p = (211110) As seen in Example 5.4.25, permutation pu =
(123) is not p-tableau allowable as the tableau

11113
T211213110: 214
5

is not semistandard. However, this permutation is p-tableau-shuffle-allowable as the
shuffle

of Tyl 1o is semistandard.
Thus, in this new notation, Theorem 5.4.30 implies:

Corollary 5.4.36. QR()\,p) C TSA(\,p).
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We conjecture the contrary, that is
Conjecture 5.4.37. TSA(X\,p) C QR(\, p).

which would, together with Corollary 5.4.36, mean that quasi-Richardson compo-
nents correspond exactly to the combinatorially-calculable set {7}, | © € TSA(\, p)}

of semistandard tableaux.

5.4.6 Further examples

In this section we give some further examples of quasi Richardson and minimal com-
ponents in generalised Springer fibres.
Firstly, let us give an example of a quasi-Richardson component which is not

tableau-allowable.

Example 5.4.38. Continue with Example 5.4.22; thus let A = (211), p = (2110),
and p = (13). As the tableau

13 _
T2110 -

is not semistandard, p ¢ TA(\, p), however as we have seen, u yields a quasi-

Richardson component:
R3320 =10 C (v1,wy) C (vy,wy, w3) C C* | wy € (v3,v4), Wy, ws € W2 lin. ind.}'.

By Theorem 5.4.30, we know that its corresponding semistandard tableau is the

maximal®® tableau amongst the shuffled ones:

—_—~—

Spalgl(Ré‘Z’m) = T211310 =|1 (5-29)
3

Let us see directly why this equality is true. The condition eF, = 0 explains the shape
(1,1) of the subtableau of two boxes labelled by 1. Then, as w3 € Wi = (vg, V3, V4),
we have ews = aw;. Thus, generically « # 0, hence (w3, w;) form a Jordan 2-block
in F3. As ews = 0, this altogether gives A(e|F3) = (2,1) which explains the shape
(2,1) of the subtableau of 3 boxes labelled by 1 and 2. Finally, we know that the
whole tableau is of shape A = (2,1, 1), which gives the unique way to add the box 3.

I2Here lin. ind. stands for linearly independent.
13Under the Brundan-Ostrik order < (Definition 5.4.4).
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We have seen that Richardson components, being invariant under a parabolic sub-
group of GL,, are invariant under the diagonal maximal torus action (for the basis
v; ;). In the next example we will see that this is not the case for quasi-Richardson
components in general. That explains the distinction between these two sets of com-

ponents.

Example 5.4.39. Let A\ = (32), p = (12110) and p = (221). Then pu € Good(\*),
hence induces a minimal component. Let us prove that it is quasi-Richardson.

Namely, we have

Wﬁ} — <’U17U4>, W2 - <U2,U5>7 WE - <U3>

m

and g, = 11223 hence similarly to the last example we get
Cil10 = {0 C {avy + Bvg) C (v1, 04,709 + 6v5) C (v1,v9,v4,v5) C C°} 2 P! x P!,
thus intersecting with B3 ,, we get
Riz0 = {0 C (awy + Bus) C (v1, vy, auy + Bus) C (v1,v2,v4,v5) C C°} = P!

(since we force e(yvy + dvs) € (vvq + Pug), and eve = vy, evs = vy).
Thus R%1,, is a component in B3, as it is irreducible and of highest dimension.

Hence it is quasi-Richardson, but it is not invariant under the action

(t1, ... ts) ~ (v1,...v5) = (tivg, . .., t505)

of the diagonal maximal torus, hence it is not Richardson. One can argue that this
is immediately true since p = (221) is not coarse, but as we will see in the Example
5.4.40, there might be some other 1/ that is coarse, such that R¥,,, = R22L,,.

In the next example, which is a continuation of the Example 5.4.17, we will see

that two quasi-Richardson components can coincide.

Example 5.4.40. Let A\ = (321) and p = (211110). We have already seen that
Coar(321,211110) = {213,231, 312, 321}

hence there are four Richardson components. Since g, = 112345, by Theorem 5.4.15

they respectively correspond to the tableaux

L1213 (1251|3413 ]|H
114 113 115 1
5 4 2 2
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Calculating as in the earlier examples, we get that the remaining two permutations

' = (123) and p” = (132) yield quasi-Richardson components

R%%?llo = {O C <U17U4> - <U17U27U4> C <U1,U2’U4,‘/1> C <U171)27/U47‘/2> C CG ‘

where 0 C Vi C Vi C (vs,v5,v6) is a full flag}

Ré%no = {0 C (v1, v + Bug) C (v1, vy + Bug, vy + A(—bvy + avg)) C

C <U1,’U27'U4,’U6> - <U1,’U2,U47'U6,OZ1)3 +BU5> C Cﬁ}

thus, either directly or by Theorem 5.4.30 and Example 5.4.25 (and observing
that there shuffled tableaux therein are indeed the maximal ones), one gets that their

corresponding tableaux are

respectively. Hence, we see that the two quasi-Richardson components R313,,, =
R, coincide.
Also, we see that here QR(321,211110) = Perm(321*), hence by Proposition 5.4.23

all minimal components, labelled by
Good(321%) = {123,132, 231, 321},

are quasi-Richardson as well. Hence, in total, we get that 5 out of 9 components of
B33, are quasi-Richardson, out of which two different quadruples are Richardson

and minimal.

All examples so far suggest that minimal components are quasi-Richardson as

well. That is however not true, as we see in the following last example.

Example 5.4.41. Let A = (311), p = (11120) and p = (311). Then p € Good(\*),
thus there is a minimal component attached to it.
We have
W/} - <'U1,'U4,U5>, Wi == <U2>7 W3 = <U3>
and g, = (11123) hence

05,111120 ={0C Vi C Vo C (vy,v4,v5) C C® |0 C Vi C Vo C (vg,v4,v5) is a complete flag} = Bq11.
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Intersecting with B3l,, we get an empty set since exC®> = (vy,v9) & (vy,v4, vs),
thus
Ritizo = 0.
On the other hand, u = (311) yields the minimal component, which we compute
directly. Recall by Corollary 5.3.11 that the action C}, on B; that fixes §/ has the
weights on the Jordan basis (vq,...,vs) of e given by the weight tableau

214

T (311) =

In particular, we see that triple vy, vy, v5 have the same weights.

Now, consider the variety of flags
Cliad={0c F,C F, C F;C C’}

defined in the same way as C3{y,, with a difference that in it, space Fy; is of o/[1, ;-
type, for o/ = 11213. That means that F; and F5 lie in Wﬁ = (v1, v4, V5, whereas Fj

has, in addition, one generator in Wﬁ That gives us the following presentation

Clie ={0C Vi C Vo CVauy CC®|0CV, CVyC (vy,v4,05) is a complete flag}

This variety is fixed by the C-action on B, for the same reasons as variety Cfjly.

Thus, intersecting it with BI’)\ we get a Cj-fixed locus. Given a flag 0 C F; C I3 C
F3 C C® in the intersection, the conditions of Springer fibre give (vi,vy) = eC® C F3,

thus v; = evy C eF5 C F3, hence we get
CHSS’OB{,\ = {0 C (M1 +p(avs+ Bus)) C (v1, avg+ Bus) C (vy, ve, avy+ Bus) C C°1.

We see that this is a smooth irreducible 2-dimensional, hence maximal-dimensional
subvariety in Bg. As it is also fixed by the Cj-action, it is indeed the minimal com-
ponent Cii733 N By = Fiiiy- Thus, according to Example 5.4.2 this component cor-

responds to the tableau

Spalgl( ?Hzo) =|2
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One can check that the other two permutations p = (113) and p = (131) yield

two different quasi-Richardson components that correspond to the tableaux

11213124
4 3
4

respectively. Thus we see that the component F3li,, is minimal but not quasi-

Richardson.

5.4.7 Further remarks

In this section we give some further remarks on the topic of smooth components in
generalised Springer fibres, including some possible future work on it.

Firstly, let us delve further on the way we have obtained the non-quasi-Richardson
minimal component in Example 5.4.41. Given a Cj-action on B, the set Bff‘ of its

fixed points is a disjoint union

By" = | | co

a€Perm(q,)/Shuffle(p)

of connected components labelled by permutations Perm(g,) of the string g,, up
to shuffling in [p;, pi1] substrings. The set CF is one of them, for a = g,. When
€ Good(A*), fixed points of the C;-action on B; are exactly the intersections of the
sets Cf with B). As we have seen in the last example, R = C% N B, can be empty,
but then some other o = o/(u) € Perm(g,) has to yield the minimal component
Sy = C’;j' N Bz/v\‘ In Example 5.4.41, that was o/ = 11213. Using an analogue of
Proposition 5.4.26, one can prove that the corresponding semistandard tableau of the
smooth component C N B;‘ is the tableau obtained from YA}E upon permutation of
boxes in the same way that o permutes ¢,. For instance, in Example 5.4.41, we see
that

—_—

T13111120 = T13111120 =2 and Spal_l(0111112213 N B;);) =2 (5.30)
3 4

(with the green numbers we label the strings ¢, and o, respectively).
In fact, it could be true that for every pu € Perm(\*) there is a smooth component

in B) obtained as an intersection C N B, for some v = a(p) € Perm(q,). In that case
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these components would generalise both quasi-Richardson and minimal ones, hence
they would be of interest to us, but we will leave this for future work.

So, to sum up, in an arbitrary generalised Springer fibre B}’,\ we have two families
of smooth components, minimal components that are labelled by the set Good(\*)
and quasi-Richardson that are labelled by the set QR(\, p). We have that QR(\, p) C
TSA(N p) and conjecturally these sets are equal. Also, there is a set Coar(\,p)
that parametrises Richardson components. In Figure 5.3 we illustrate the relations
between these sets in the general and in the ordinary case. The set QR(\,p) C
TSA(A, p) is illustrated as a dotted circle due to Conjecture 5.4.37.

TSA(ApP)

- ~
RAP)
Q AN

Perm(X’) Perm(A")=QR(\,p)=TSA(\,p)=Coar(A,p)

Figure 5.3: Different labels of smooth components in generalised (left) and in ordinary
Springer fibres (right)

From these families we can get many more smooth components by crystal opera-
tors, as we shall see in the next section. On the other hand, one can try the approach
of adjacent tableauz as in |PaRe06]. Namely, given a standard tableau 7" one can de-
fine its k-adjacent tableau T'(k) by swapping the numbers k and k—1. In [PaRe06], the
authors prove that, given the tableau T* of a Richardson component, its k-adjacent
tableau T*(k) corresponds to a smooth component when T# < T#(k).'* The author
plans to generalise this approach for Richardson components in generalised Springer

fibres in some future work.
5.5 More smooth components from crystal

operators

In this section we enhance the results from last two sections using the so-called crystal

operators between irreducible components of different Springer fibres. By this method

14Where < denotes the Brundan-Ostrik order (Section 5.4.1).
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we generate more smooth components of generalised Springer fibres B;‘ out of existing
ones (minimal, quasi-Richardson), as we prove that these operators often preserve
non-singularity.

In Section 5.5.1 we recall the definition and facts about crystal operators that
we will use in this section. Next, in Section 5.5.2 we find a couple of conditions
under which crystal maps preserve non-singularity of components, by understanding
that topologically these maps are Grassmann bundles. Finally, in Section 5.5.3 we
give some remarks on where one could possibly go by using the statements proved in
Section 5.5.2.

5.5.1 Background on crystal operators

Crystals were discovered by Kashiwara [Kas90, Kas91, Kas94|, by looking at the rep-
resentations of Drinfeld-Jimbo’s quantized universal enveloping algebra U,(g), also
known as quantum group [Dr85, Ji85|. Namely, by in the limit ¢ — 0, a represen-
tation becomes convenient, admitting a base (called a crystal base) such that such
that generators of quantum group have a particularly simple action on it. This con-
struction was motivate by physics, namely the quantum group was introduced in
order to explain trigonometric R-matrices in 2-dimensional solvable models in statis-
tic mechanics, where the parameter ¢ is the temperature parameter. Now, one would
expect that at the absolute zero things get simplified, which is exactly what crys-
tal base gives. The U,(g)-module structure induces a combinatorial structure on the
crystal bases called the crystal graph. This combinatorial gadget allows one to reduce
problems in representation theory to the combinatorial problems. By abstracting the
combinatorial aspects of crystal bases, one comes up with a notion of a crystal.

Let us now explain how crystals connect to Springer fibres, which is our main in-
terest. In [Nak98] Nakajima constructed certain operators that interchange between
core-components of different quiver varieties, by generalising certain Lagrangian cor-
respondences. Saito later proved [Sai02] that these operators together with irreducible
components of cores of quiver varieties constitute crystals of the highest weight mod-
ules. In later years, Savage in [Sa06| gave the description of these crystal operators
on the Springer side, using the correspondence between Springer fibres and (cores
of) quiver varieties of type A given by Maffei [Maf05]. We briefly summarise this
description.

As in the earlier sections, let ey € sl,, be a nilpotent element with Jordan partition
A, and p = (p1,...,pn) a composition of n. Recall that F € B, is a partial flag,
satisfying e)Fj, C Fir_1. We now consider the possible vector subspaces S C Fjyy1
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obtained by enlarging Fj (for a fixed k) but which still satisfy e,S C Fj_;. We also
fix the difference ¢ between the dimensions of S and F}. The variety that parametrises

these objects is
By (k,c) :={(F.S) | F€B), F, CSC Fyp1Ney' (Fio1), dimS/F, =c}. (5.31)

This variety comes with two forgetful maps 7,7 which respectively forget Fj
and S :

B;k,c S B;(k, c) =2 B;,
(Fi, ., Foe1, S, Fyqr, .., B &5 (Fy, .. F, )53 (.. Fy).

Here, p*° := (p1, ., Dh—1, Dk + € Dh1 = €, Diey2s -+ -, D)
In order to understand these projections better, we make a stratification of B];\ in

the following way.

Definition 5.5.1. Given a partial flag F = (0= F, C Fy C --- C F,, = C") € B,
let
ex(F) := dim(Fyyq Ney ' (F_1)) — dim Fy.

Then, define
(B;)k,c = {F S B;; | €k(F) = C}.

Denote by Gr(k,n) the Grassmann manifold of k-planes in C". By Grassmann
bundle we mean any fibre bundle whose fibre is isomorphic to a Grassmann manifold.

We have the following:
Theorem 5.5.2. (Nakajima-Saito-Savage)

(1) For an arbitrary m € Ny, ngm(B{a\)hc is an open subset of B;‘. Hence, (BI’,\)I@@ C

B;‘ 18 open.
(2) ex(m(my (F))) = ex(F) —c.
(3) 71 (B)o)io) = 72 (By)we) := Z (k. €).

(4) Restricted to Z;‘(k;, ¢), the map s is an isomorphism, and the map m is a Grass-

mann bundle with fibre isomorphic to Gr(c, px — pr+1 + 2¢).

(5) Thus, the composition momy " : (B))e — (B};\k,c)k,o is a Gr(c, px — pr1+2¢)-fibre
bundle.
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(6) Suppose (Bfg\)k,c # (0. Then there is a 1-1 correspondence between the set of irre-

ducible components of (B;‘k,c)k,[) and the set of irreducible components of (B?)k,c.

Denoting by Irr(p, A\)'® the set of irreducible components in B?, let Irr(\) =
|_|p Irr(p, \). We will be using the following notation often, so we emphasize it via a

separate definition:
Definition 5.5.3. for X € Irr(p, \) define g4 (X) := e, (F) for a generic flag F' € X.

Hence, €(X) < pry1. Then for ¢ € Zs( define
Irr(p, A i :={X € Irr(p, \) | ex(X) = ¢}
Thus, by Proposition 5.5.2, we have
Trr (P, Ao = Trr(p, A e

Let us explain this in more details, for the better understanding of the following text
in this section.

Let X € Irr(p, Ay Hence, there is an open subset Y, . C X whose each flag
satisfies g (F) = c. This means by definition that dim(Fy;Ney ' (Fy_1))—dim F}, = c,
thus the only S satisfying (5.31) is

S=F.ane(Fi1),
and so the map 7y is an isomorphism on Y} .. Notice that the flag
F' = m(my {(F)) = (Fy, oy Feoyy Fepn N e (Froa), Frgas - )

satisfies e, (F") = 0 by definition.
By part (5) of the theorem above, the composition

momyt: YVie — m(myt (Vi)

is a Gr(c, pr — pr+1 + 2¢)-fibre bundle. Using the dimension formula for generalised
Springer fibres given in Theorem 5.4.3(2), one gets that the dimension of irreducible
variety 7 (7, '(Yy..)) is maximal in BI’)\M, thus its closure is an irreducible component.
We denote it by

Ep (X) = my(m; " (Yie)) € Irr(p"°, A).

I5NB In the original paper [Sa06], the notation for this, and the analogous sets is B(p, \), but we
use this one in order to make it more convenient for the reader.
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In fact, by the argument above, e (m (75 ' (Yi))) = 0, hence EC(X) € Trr(p™©, Ao

This algorithm is reversible, hence we get mutually-inverse maps:

Fr Trr(p"e, Mo — Irr(p, A)pe, EC(X) =X,

Ekc cIrr(p, Nk — Imr(pk’c7 A)k.0s EZC(X)

X.

Definition 5.5.4. We define the crystal operators Ey, Fj, : Irr(A) — Irr(\) U {0}
by

—~c—1

=~ o F,
Ek : Irr(p7 >\)k,c —k> Irr(pkﬁ’ >\)k,0 k—> Irr(pk717 )\)k,c—b
—~c+1

E sIer(p, Ak e By Irr(p", A)ko LN Irr(ph—t, Ak.ct1-
We set Ep(X) = 0 for X € Irr(p, A)ko and Fo(X) = 0 for X € Irx(p, Ak, With

Irr(p, Ng.er1 = 0. It is clear from their definition that E; and ﬁ; are inverse to each
other, and that

en(BpX) = (X)) — 1, ep(FrX) = ep(X) + 1. (5.32)
whenever EX and ]?;X are non-zero.

The following lemma, which follows easily from the definitions, justifies the nota-
tion Ekc, since for low values of ¢ it agrees with the composition of ¢ copies of the

operator E;

Lemma 5.5.5. Given an irreducible component Y € By with ,(Y) = r, the com-
— —~2 — — — —
ponents Y, E Y, E. Y, .. .,EkTY are all non-zero and Ekj = FEpo---0FEy, for all
—_——
] J
g=1...r
In order to compute crystal operators in practice, we use their description via

Young tableaux, given by Kashiwara in [Kas95, p.18]'°.

Definition 5.5.6. Given a semistandard tableau T € Std;}, the crystal operators
E, j*:k on it are combinatorially described as follows. Let us make a string of entries

of T, written row by row, starting from the last row upwards. For example

2
H30401®2

3

Now, having such a string a; ® as ® - - - ® ay, we do the following procedure:

16NB for the reader: With a difference from that paper, we use the row-standard instead from
column-standard notation for tableaux.

168



e Take out all numbers a; whose value is not k or k + 1

e Take out all appearances of k ® (k + 1)

e at the end of the first two steps, we are left with a string of the form
k+D)0k+1)@- - *k+1)@kRk---QFk

Operator Evk changes the rightmost k£ + 1 to k while /ka changes the leftmost k
to k + 1. Then the tableaux E;T and E;T are defined by changing the value
in the corresponding boxes in the same way. If such £+ 1 or k& do not exist, we
define ENkT =0or B, T = 0, respectively.

Thus, in the above example, the operator /E\; does

2
=12 H3RIRI®2—3R2— 2R 2.
i i 2| B 112
Hence, the obtained tableau is 21 — 5 .

Thus, denoting Std(\) := LlpStdZ’}, we obtain the tableaux crystal operators
Er, Fr : Std(X\) — Std()\) L {0}.

Now, in order to use these combinatorial operators to calculate the geometrical

ones, we need the following proposition:

Proposition 5.5.7. Given a semistandard Young tableau T € B;‘, the tableaux Eva
and ET correspond to the components EN;JCT and EICT, respectively. In particular,

when one of them is equal to zero, the other is as well.

Proof. The crystal structure on components of Spaltenstein varieties recovered by
Savage in [Sa06] was first explained by Malkin in [Mal02]. To see that the map Kr —
T is compatible with the crystal operators, it is convenient to use the description
of the crystal operators as given in |[Mal02|: There the operators are induced from
the rank one case (or gl,-case in the terminology of that paper). Since the crystal
structure on tableaux is similarly deduced from the rank two case (i.e. one throws
away all labels except k and k41 when defining the action of /Evk and Fk But then the
description of the operators in the gl,-case in [Mal02, Sec. 2.2] immediately completes
the proof. [ |

From now on, we will use the same letters vak and ﬁvk for maps between irreducible

components and for maps between their corresponding tableaux.
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5.5.2 [Equisingularity via crystal operators

In this section we obtain results on when different components of Springer fibres
related by crystal operators are equisingular, meaning: either both are singular, or
both are smooth. Thus the smooth components from our previous sections will yield

new smooth components.

Definition 5.5.8. We say that two irreducible components of (possibly different)
generalised Springer fibres are equisingular!'” if they are either both smooth or both
singular. Moreover, we say that two semistandard tableaux are equisingular if their

corresponding components are so.

Definition 5.5.9. We say that the component X € B(p, \) is ¢x-homogeneous if
er(F) is constant for F' € X.

Proposition 5.5.10. Let X be an ex-homogeneous component with ex(X) = r. Then

the components
—~ —~2 —~r — —~2
X E X By X,...)Ey X, F,., X, F, X,...

are all equisingular.

Proof. By Proposition 5.5.2(5), we have a Grassmann bundle
Xk — (Ever)k,oy

where for an irreducible component Y we denote Yy . := {F € X | ex(F) = ¢}. Since
X is ei-homogeneous, X = X} .. By Proposition 5.5.2(1), the set (/EV;CTX);C,U is open
in E;TX. But also, it is compact, being an image of a projective variety X. Hence,
(EV;:X)k,o C vakTX is closed and thus being open and closed, needs to be equal to
EVer. Thus, we get a Grassmann bundle X — EVkTX, and hence X and EVICTX are
equisingular. '

Now, given an arbitrary j € {1,...,7}, by Lemma 5.5.5 the component E;T_JX
has e, = j and EEJ(E’;PJX) = E’ver. Thus, there is a Grassmann bundleA(vakri]X)k,j —
(EVICTX),@O, and since (/Ever)k,o = /EvaX is projective, we get, that (/EV;CT_]X),W is pro-
jective as well. Thus, it is a closed and dense (as 5k(E€T_jX) = j) subset of Ep X,
hence must be equal to it. Thus the Grassmann bundle becomes fEVkPJX — E;TX,
and hence ENkr_]X and EV,;X are equisingular.

The same proof works for a component /kasX, when it is non-zero. Namely, then

it has ¢, = r + s and fEVkMS(FVkSX) = EZT hence observe the Grassmann bundle

1"Not to be confused with other meanings of the word ’equisingular’
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(]A?;SX);%HS — (EVkTX)k’O = EV,:X and conclude as above that (ESX);MJFS = ﬁsX,
thus by Grassmann bundle it is equisingular to ET;X . [ |

Corollary 5.5.11. Assume that X € B(p, \) has e,.(X) = pry1. Then the components

~ Pk+1

—~ —~9 —~ —~2
X B X Ey X,... B, X X F, X, ...
are all equisingular.

Proof. As e(F) < pgsq1 for any p-partial flag F, pryq is the maximum value for g,
on X € B(p, ). Hence, by Proposition 5.5.2(1), we get that the set X}, ., is closed
in X. As we have ¢;,(X) = pr41, that means that this X, ., is a dense subset of X,
hence altogether, it needs to be the whole component X. Thus, X is ex-homogeneous,

and the statement follows from Proposition 5.5.10. [

The next proposition shows that this condition is satisfied in a large family of

examples.

Proposition 5.5.12. Let m € N, and suppose X is a component in whose tableau
all appearances of 1,...,m occur in the first column. Then ex(X) = pry1 for k =

1,....m—1.

Proof. We have e,(F) = dim(Fyy; N ey (Fr_1)) — dim Fy. As in the tableau of X
all the numbers 1,...,m appear in the first column, for a generic flag F' € X we
have that ey(F)) =0 for k = 1,...,m. Thus, for kK =1,...,m — 1, we have Fy,; C
ey 1(0) C ey (Fy_1), hence

€k(F) = dim(Fk+1 N e;l(Fk,l)) — dim Fk = dim Fk+1 — dim Fk = Pk+1-
As this holds for generic F, we get that e,(X) = pri1. [

In the next proposition we show that minimal components induce further minimal

components via the vakc maps.

Proposition 5.5.13. Given a minimal component X € B;,‘ that has e, (X) =, the

—~r
component E; X is also minimal.

Proof. Basically the idea is to prove that the induced component E;TX is fixed under
the same action that fixes the component X. Given a minimal X € B;, we know
that there is u € Perm(\*) such that the action C;, on Bz); fixes X. Hence, any flag
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F = (F,...,F,) € X is fixed under this action, thus the subspaces F; are C;-

invariant. Now, we have the Grassmann bundle
Xir = (By X)ioo  (Fryeeos B o> (Fry oo Froy, Fraa 0 ex (Fi-1), Frst, -, Fu),

hence it suffices to prove that the subspace Fj,q N e;l(Fk,l) is (CZ—invariant, as then
the set (E;TX)M is fixed under Cj-action and so is its closure E;TX. Thus, it is a
minimal component.
Now, the subspace Fj 1 N e;l(Fk,l) is C;-invariant as the subspace egl(Fk,l) itself
is C;-invariant. Namely, let v € e;\l(Fk_l). Then eyv € Fj,_ and thus t - eyv € Fj_q,
where

t-u= Qut*h*u,

denotes the Cj-action, and (), < Z) is a 1-parameter subgroup that twists the Kazh-

dan action. As [hy,ey] = 2ey, we get t" eyt = t2ey. Therefore,

t-e\v :Qut’h*e,\v = Qut’ze,\t’h*v = t’2Q#e,\t’h*v

:t_ze,\Q#t_h*v =t 2e,\t - .

By assumption, this is in Fj,_1, so ext-v € Fy_; as well, which gives t-v € e, (Fj,_1).

Thus, e, (Fj_y) is C;-invariant and the proposition is proved. [ |

Remark 5.5.14. The same proof almost works for quasi-Richardson components. Given
a QR component Rf, by the same argument we would get that vakng is fixed under
the C7-action but there is no guarantee that it is smooth, hence a quasi-Richardson
component. At least this could be guaranteed if the starting QR component R/ was

er-homogeneous, due to Proposition 5.5.10.
Despite the last proposition, the next two examples show that in general the

crystal maps Evk and j*:k may not preserve minimal or quasi-Richardson components.

Example 5.5.15. As we have seen in Definition 5.5.6, the crystal map s : Std*,, —

Std?s,, sends

1]2] & [1]2
T = — :TQ.
314 214

Now, let us prove that eo(Krp,) = 1. As, &9(F) = dim(F3 N ey (F))) — dim Fy, it
is equivalent to prove that e '(F}) = Fj for (generic) flags in Kr,. Now, from the

Spaltenstein description of the component that correspond to tableau 77, given a

18Equation (5.20) in Section 5.3.1.
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generic flag /' = (0 C Fy C Fy, C F3 C C*) € Ky, we have that A(e|Fy) = (2), thus
Fy = (ug,u;) where euy = wuy, and u; = 0. Next, as eF} = 0, we have F; = (uy).
Again by Spaltenstein description, A(e|F3) = (2,1), hence F3 contains the whole 2-
dimensional kernel of e, (e is of type (2,2) in this example, hence has a 2-dimensional
kernel). Thus, F3 = (us, u,us), where eus = 0, and finally e7}(F}) = e '(uy) =
(ug,uy, u3) = Fs.

Thus, having e5(K7,) = 1, and p = (1, 1,1, 1), by Corollary 5.5.11 the components
K7, and K, are equisingular. As the component is the only one in r, € Irr(1201, 22),
it is minimal. By easy computations as in previous examples we can see that it is
QR as well. Altogether, it is smooth. Thus, we get that the component Kr, is
smooth as well. As this component is not minimal or quasi-Richardson (the only
eligible permutation p = (2,2) yields is the other component in Irr(1111,22)), we did
not know this beforehand.!” Moreover, as E(KTQ) = Kr,, we see that minimal/QR

components are not preserved via the ?7; crystal operators.

Example 5.5.16. The crystal map Ey: Std32il — Std3:s] sends

2

T1 =

Wl Ww| =¥
WD = =

Analogously to examples in Section 5.4.6, we get that the component r, is quasi-
Richardson and minimal, whereas component Kr, is neither. Indeed, due to Theo-
rem 5.4.30, if they exist, components R32,, and R3],, correspond respectively to the

tableaux

3 1
4 1
3

1
1
2
3 4

(note the tableau on the left was explained in the second example in Example 5.4.13),
neither of which is the tableau T5. Moreover, these quasi-Richardson components do
exist, thus are minimal as well. Namely, as p = (24) is coarse, Fajy; = Rifo; I8
Richardson. Regarding the permutation p = (42), one can (as in the examples in Sec-

tion 5.4.6) explicitly compute the variety Ci3y, = {0 C Fy C F3 C vy, v3, 5, Vg, QU +

Remark: In the Springer theory literature it has been proved that 2-row ordinary Springer
fibres have only smooth components. Thus, saying “we did not know this beforehand” refers to using
methods previously written in this thesis.
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B, C C%} and, intersecting it with B3741, obtain the quasi-Richardson, hence minimal

component

a1 = {0 C Fy C Fy,av; + Bug C vy, v3, 05,06, v + Bug C CO | Fy C (v1, 03,05, 06) }

Thus, minimal/quasi-Richardson components are not preserved via the /Evk crystal

operators.

Still, it is possible that minimal components do preserve smoothness under the
crystal maps. It could be true if they were e,-homogeneous, due to Proposition 5.5.10.

Thus, we leave it as an open question:

Question 5.5.17. Given a minimal/QR component X with e,,(X) # 0, is it true that

X is eg-homogeneous?

We conclude with a less straightforward example of how we can get more smooth

non-minimal components out of a minimal one via crystal operators.

Example 5.5.18. There is a sequence of crystal maps

1]4]5] sz 1]4]5]
2] By | b B | 1]
3 3 2
| 6] 7 16 T 16 7
34 1[4]5]
& (1] B[]
1 1
16 T 1 7

We start with p(77) = (111111), then recall that Ej, adds one to py, and take away one
from pgi1. Thus p(Ty) = (201111), p(73) = (210111), p(7y) = (300111) and p(T5) =
(300120). By Proposition 5.5.12, we get £1(71) = p(T1)2 = 1,£2(12) = p(T2); = 1 and
e1(T3) = p(T3)2 = 1.

Also, one can immediately see from definition that e5(74) = 1. Thus, these crystal
maps induce Grassmann bundles, whose fibres we calculate via Theorem 5.5.2(5):
the first one is Gr(1,2) = P!, the second is a point, the third is Gr(1,3), and the
fourth is P'. The tableau T5, being the only one in Bijjis, represents a minimal

component. Calculating the partial flags that describe this component, we directly get
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that it is isomorphic to Gr(2,3). Altogether, we see that the non-minimal component

representing the standard tableau

Dl W N|

is an iterated Grassmann bundle.

5.5.3 Further remarks

One could possibly use this inductive “down and up” approach as in Example 5.5.18
in order to prove the that all the components of Springer fibres B* of hook-type? are
iterated Grassmann bundles, and to compare it with the similar result due to Fung
which says that they are isomorphic to iterated Grassmann/Flag manifold bundles
(JFu03, Thm. 3.1]). Moreover, as we see in the same Example, we get the same topo-
logical description (iterated Grassmann bundles) also for components of generalised
Springer fibres that lie in the path between the ordinary Springer fibre and the last
one (components that correspond to tableaux T, T3, T; in the Example). Thus, using
this approach one could possibly prove a more general statement, which then would

be an essentially new result:

Conjecture 5.5.19. All components of the generalised Springer fibres of hook-type

are iterated Grassmann bundles.

A further long term goal would be to prove that the answer for the following

question is affirmative (as verified by all known examples):

Question 5.5.20. Are all smooth components of generalised Springer fibres B]’g\, or
equivalently, of cores £(v,w) of quiver varieties of type A, iterated Grassmann bun-
dles?

Remark 5.5.21. On the quiver variety side, this is not true outside of type A. Namely,
there is an example |[Nak06] of a quiver variety of type Eg with a core component
that is a blow-up of P? at three points, hence not an iterated bundle of generalised
flag manifolds. Also, in [HS02, Sec. 9| there is an example of a quiver variety of type
K53 (complete bipartite graph) that has a core consisting of 6 P?’s and one blow-up
of P? at 3 points.

20Meaning that the Young diagram Y'()\) looks like a hook, that is, all the rows except for the
first have one box.
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Chapter 6

Symplectic cohomology of conical
symplectic resolutions

This is joint work with Alexander Ritter. In this chapter we will assume that the
reader has some familiarity with Hamiltonian Floer theory and symplectic cohomol-
ogy. For a brief overview of those, we refer the reader to Appendix A, and for more
extensive treatment to [Sa97, Sei08, R10].

Given an arbitrary CSR (901, ¢) we construct symplectic cohomologies for the
highly non-exact Calabi-Yau symplectic structures on CSRs described in Section
2.2.2. Moreover, we show that these symplectic cohomologies always vanish, hence
yield families of filtrations of the singular cohomology ring H*(9t). In addition, we
construct a novel filtration on the Floer chain complex that yields both positive sym-
plectic cohomology and a Morse-Bott-Floer spectral sequence whose EF/-page consists
of cohomologies of torsion submanifolds of the C*-action . Although this chapter is
self-contained, our research on these topics is ongoing work. At the end of the chap-
ter we will list the conjectures that we aim to prove in future work. In particular,
as mentioned in the Introduction, we highlight the technical Assumption 1 (above
Proposition 6.8.7) and Assumption 2 (above Remark 6.8.8), which we hope to lift in

future work.

6.1 Preliminaries

Consider an arbitrary CSR (91, ¢) as in Definition 2.1.1, where ¢ is the given C*-
action. By Lemma 2.2.12, we can fix a choice of Kéhler structure (9%, wy, g) such that

wr and g are invariant under the ¢-action by S' C C*. We denote by

H:M >R (6.1)
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the moment map, i.e. the Hamiltonian that generates the S!'-action on (90, wy).

Recall the definition of symplectic manifold that is convex at infinity:

Definition 6.1.1. We say that a symplectic manifold (M,w) is convex at infinity

if there exists a compact set K and a symplectomorphism
(M\ K,w) = (2 x [1,4+00),d(Ra)),
where (3, ) is a contact manifold.
We now explain why the manifold (9%, wy) is rarely ever convex at infinity.

Proposition 6.1.2. Suppose that 0 € My is not an isolated singularity. Then any

choice of I-compatible (real) symplectic form w on M is non-exact at infinity.

Proof. As 0 € My is a symplectic singularity, by [Ka06, Thm. 2.3] there is a fi-
nite stratification My = Uuea9NE by locally closed smooth strata, where 9 = 0.
Let us assume that we have a CSR with a non-isolated singularity. Thus, there is
at least another non-generic stratum 9. As the C*-action on 9, is algebraic, it
leaves the strata invariant. As the points in 90t} have finite isotropy subgroups, an
arbitrary C*-orbit makes the stratum 9 non-compact. Thus, there is a sequence
of points (z;);eny € M that goes to infinity. Their fibres 7! (z;) are I-holomorphic,
hence w-symplectic, projective subvarieties in 991. Thus, integrating their irreducible
components with w gives a positive value.

Now assume by contradiction that w is exact outside of a compact set K, say
w = df for some 1-form 6 on M \ K. Picking a fibre 7! (x;) that is outside of K its
irreducible components have well defined homology classes in H,(90t) [GrHa78, p.61],
indeed in H,.(9 \ K). Hence, pairing them with w would yield zero values, which is

a contradiction. [ |

Symplectic resolutions 9 — M, for which 0 € My is an isolated singularity are
completely classified (hence CSRs are as well). In the (lowest) complex dimension
2, they are the minimal resolutions of Du Val singularities (due to [Be00, Prop. 1.3]
and [Ish97, Thm. 7.5.1]), whereas in the higher dimensions, they are the cotangent
bundles T*CP", due to [CMS-B02, Thm. 8.3|.

For the former, it is known that they are convex at infinity due to Ritter [R10,
Lem. 42] and the vanishing of their non-exact symplectic cohomology was shown in
the same paper. For the latter, as in the argument in [R14, Rmk. in Sec. 11.1], one

can show that for n > 2 they are not convex at infinity.
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Thus, apart from those two families of examples, 0 € 91, is not an isolated
singularity. This is problematic as the usual definition of symplectic cohomology
SH*(M,w) presumes that (M,w) is convex at infinity (Appendix A.2), which fails by
Proposition 6.1.2. One of the reasons for desiring convexity at infinity is because the
induced radial coordinate R determines a natural class of Hamiltonians. Indeed for
Hamiltonians F' : M — R which are linear in R at infinity, the Floer cohomologies
HF*(F) can be constructed, as well as their direct limit SH*(M) as we let the slope
of F' at infinity diverge. A key reason to pick these Hamiltonians is that they prevent
the non-compactness in the moduli spaces of Floer solutions, caused by solutions
escaping to infinity.

In our setup, there is a natural class of Hamiltonians: in the role of the radial
coordinate R, we instead use the moment map H. In this chapter we will prove that
we can then ensure compactness of moduli spaces of Floer solutions. Thus we can
define symplectic cohomology as a direct limit of Floer cohomologies,

SH*(M,wr, p) := Fe?l&gjl?w HF*(F),
where H(9M, ¢) is the class of Hamiltonians F' : 97 — R which at infinity are linear
functions of H.

As we fixed the choice of w;, we will simplify the notation to SH*(9, ¢) in the
rest of this chapter. Although we will prove that SH*(90, ) vanishes, and thus em-
phasizing the dependence on ¢ may appear superfluous at first, what we are actually
interested in is the directed system of Floer cohomologies H F*(F') which depends on
the choice . We will show in examples that this will induce p-dependent filtrations
on H*(IM).

We begin by constructing a map which will be very useful for our purposes.

Proposition 6.1.3. The CSR (M, ¢) admits a proper C*-equivariant holomorphic
map

U =0ojor:M—CV,

with W=1(0) = £, where C* acts diagonally on CN by some integer weight w. This
map arises from composing © : M — My with a C*-equivariant holomorphic map

©oj: My — CV which is a local embedding except at 0 € M.

Proof. From the definition of the conical symplectic resolution 91, there is a C*-

equivariant projection M = 9 to the affine variety 9. Recall that the coordinate
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ring of the affine variety 2y with an algebraic C*-action is a graded ring

C[Mo] = D T,

n>0

whose grading prescribes the weight of the action. Fix a choice of homogeneous
polynomials f1,..., fx € C[9] which generate C[M]. Since C[9N,|® = C (as C*
contracts 9y to a unique point), we may assume that all f; are non-constant, so their
weights w; are positive. Thus the generators f; determine an embedding j : MMy —
CN, p (fi(p),-.., fn(p)), with j(0) = 0. Denote by w the least common multiple
of the weights w; of the f;. Then jom : 9 — C¥V is a C*-equivariant holomorphic

map if we make C* act on CV by
t-(z1,...,28) = (t" 21, ., t"N 2p).
The claim now follows by defining © to be the following holomorphic map,
CYN 2N, O(zy, ., zy) = (2, 24,
in particular U is proper since 7, j, © are all proper. |
Remark 6.1.4. Observe from the above construction that U is explicitly
U= (m"(f) () ).

Therefore the function ® = > m*(|f;|**/*¢) : MM — R, which also arose in the proof
of Proposition 2.2.6, satisfies ®~!(0) = £ and corresponds to

= T2+ o+ |anf?).

Proposition 6.1.5. The moment map H from (6.1) is an exhausting function, i.e.

it s proper and bounded from below.

Proof. As £ is compact, the restriction H|¢ has a minimum, and we claim that this
is the global minimum of H, thus H is bounded below. Recall that the Hamiltonian
vector field Xy satisfies w;(-, Xpg) = dH = g(-,VH) = w;(-,IVH), so =VH = I Xy.
Thus, picking any point p € 9, its negative gradient flowline is geometrically the
same as the ¢t < 1 part of its R,-orbit via ¢;, which converges as ¢ — 0 to a fixed
point p’ € £. Hence H(p) > H(p'), as required.

To show that H is proper it suffices to show that any given sublevel set of H, say
S:={H <c}
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for ¢ € R, lies in some compact subset K C 9. Using ¥, ® from Remark 6.1.4, the

preimages

A= 'L 1]=0"{zeCV:1<|z|<1} B=07'0,1]=0"{zeC":|z] <1}

1
2
are compact since W is proper. The flow ¢§ of V = VH/||VH|? for time s € R is
defined on M\ £ as Crit(H) C £ and as H is a proper function (hence the flow of V/
does not diverge in finite time). We claim that the desired compact set K C 9t can
be taken to be
K=BU (J ¢/(4)
s€[0,7]

for 7 = ¢ —min H(A). Indeed, let € S\ B, so ®(x) > 1. The R, -action ¢, for t <1
contracts MM to £ = &~1(0), so ®(p(x)) — 0 as t — 0. Thus ®(p,(z)) = 1 for some
to € (0,1), so ¢y, (z) € A. We showed above that the —VH flow and the R -action
¢ agree geometrically, so ¢°(x) € X for some s € R. Since H(¢*(x)) = H(z) —s >
min H(A), we deduce that s < ¢ — min H(A), as required. [

Corollary 6.1.6. The fibres of the moment map H are connected.

Proof. The moment map of a Hamiltonian S'-action on a compact symplectic man-
ifold has connected fibres, by F. Kirwan [Ki84b|. Although our 91 is not compact,

having a proper moment map H leads to the same conclusion. [ |

6.2 CYbounds for Floer trajectories

In this section we construct the symplectic cohomology SH*(9, ¢) and prove that it
is a Z-graded K-algebra with respect to the pair-of-pants product, where the Novikov

field K in a formal variable T, working over a base field K is

oo
K:{ZaiT"i:aieK,niER,ni%oo}. (6.2)
i=1
Remark 6.2.1. We remark here that, as we are in a non-exact setup, there are no a-
priori energy estimates for the Floer solutions that occur for the class of Hamiltonians
that we consider in constructing the symplectic cohomology. Thus, in principle it
may happen that the energies of the Floer solutions between two periodic orbits are
not bounded, hence Novikov field is necessary indeed. However, we remark that
the outcomes of our construction, for example, filtration on the ordinary cohomology
H*(9M, K) (Corollary 6.4.7), pass immediately to ordinary coefficients, as the Novikov
field K is flat over the base field .

180



Let us define first a class of admissible Hamiltonians, that we are going to use in
the construction of symplectic cohomology. Recall that H was the moment map of
the Sl-part of ¢.

Definition 6.2.2. We call a Hamiltonian F' : 9t — R admissible if, for some
compact subset K C I,
F=MH on M\ K

for some A > 0. We call A\ the slope of F. We will denote the set of admissible
Hamiltonians by H(9M, ¢).

Remark 6.2.3. We will always assume that A is not a period of any Hamiltonian orbit
of H.! We call such slopes ¢-generic, or just generic if ¢ is understood. We are
using the convention that the Hamiltonian flow of H is 27-periodic. Thus
non-generic slopes A lie in 27Q. Further, we will always assume (by making K larger
if necessary) that K = U~'(B) for some compact ball B = {z € CV : 1|z|* < Ry}.
These assumptions imply that there are no 1-periodic orbits for F outside of K.
Indeed, let p € M\ K, then the S'-orbit of W(p) stays within B. By equivariance of
U the S'-orbit of p lies in 9\ K. But in M\ K the flow for F is just the A-accelerated
Sl-action, so the flow for F of p stays in 9\ K.

We now show that the Floer trajectories for F project via ¥ = Qojorm : MM — CV
(Proposition 6.1.3) to cylinders in CV which at infinity are Floer for a constant
multiple of the standard Hamiltonian. This allows us to apply a maximum principle

in CV to ensure that Floer trajectories cannot escape to infinity.

Proposition 6.2.4. Let F' be any admissible Hamiltonian, and let x4 be any 1-
pertodic Hamiltonian orbits for F. Then there is a compact subset C C IN, depending
only on x4, such that all Floer trajectories for F' converging to x4 are contained in
C'. In particular, the Floer cohomology HF*(F') is well-defined.

Proof. Recall that the first part of the statement suffices to ensure that Floer coho-
mology is well-defined, by Hofer-Salamon [HS95], since in our setup ¢;(9) = 0 by
Lemma 2.1.5.

Recall a Floer trajectory as in the claim is a map u : ¥ := R x S* — 9 with
u(—o00,t) = x_(t), u(+oo,t) = x,(t), satisfying the Floer equation

Osu+ I(Ou — Xr) = 0. (6.3)

LOr equivalently, a period of an S'-orbit of the action ¢.
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Since W is C*-equivariant, in particular S'-equivariant, by Remark 6.1.4 we deduce
U, Xy =wXcen (6.4)

where Xcn is the Hamiltonian vector field of the standard Hamiltonian R := $|z|* in
CN.

As F is admissible, pick K as in Remark 6.2.3, so F = AH and Xr = AXy on
9\ K for a generic A\. Thus the part of the projected map v := Wou : ¥ — C¥ lying
in U(9M \ K) satisfies the equation

O0sv + (0w — MwXen) = 0. (6.5)

For solutions v of such equations, the usual maximum principle for Floer solutions
from [Vi99, Sei08| holds. Namely, the function R cannot attain a maximum at an
interior point of v (unless R is locally constant). In our case, we only consider the
part of v lying outside of the ball B from Remark 6.2.3 (in particular, x+ C K so
U(xy) C B). Thus, in our situation, the maximum of R on that part of v is forced
to lie in B. So all of v lies in B. Since V is proper, we obtain the required compact
set C = U~ 1(B). |

Remark 6.2.5. One might ask if one can apply the above argument to Hamiltonians
that at infinity are functions F' = h(H) of H (by analogy with Liouville manifolds
where one uses functions h(R) of the radial coordinate). Notice Xy = W'(H) X,
and projecting we have U, Xp = h'(H (u(s,t))) - wXcn, whose coefficient function is
domain-dependent. In this case the maximum principle can fail. Indeed, consider the
example of minimal resolution M = X5 of Du Val singularity 9, = C*/(Z/5) =
V(XY — Z5) C C3, Examples 2.3.17 and 6.9.3. As we show in the latter example,
non-fixed Hamiltonian orbits of the Hamiltonian H), = c(H) of convex type? lie
above the two lines (X,0,0) and (0,Y,0) in 9, and the fixed ones lie in the core.
By construction, the latter are precisely the C*-fixed locus, so Example 2.3.17 show
us that they are isolated, there is exactly 5 of them, 2 of which are “outer” in the
chain of spheres, and the other 3 are “inner” (black dots on Figure 2.1). Thus, the
non-fixed orbits converge via the C*-action towards the outer points, and one could
think that they cannot reach inner points by a Floer trajectory. Indeed, as in the
proof of Proposition 6.2.4, we can project a Floer trajectory u in 91 connecting a
non-fixed orbit with a fixed one in to “almost” Floer trajectories vy, vy, vz that lie in

the coordinate planes Cx, Cy,C5. We say “almost” as they satisfy Floer equations

2Meaning that ¢ is a convex function.
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Osvx + 1(Owx — k(s,t)X¢) =0, (6.6)

where k(s,t) = J“h'(H(u(s,?))) depends on the domain.® Thus, picking a non-
fixed orbit u living above the line (X,0,0) we see that its Y-projected almost Floer
trajectory vy starts and ends in the origin. If it was a honest Floer trajectory of a

radial Hamiltonian in Cy, i.e.
Osvy + i(atvy — h/(R)Xc) =0

(where R is the radial coordinate R = |Y|?), the maximum principle would not
allow it to move from the origin, thus v would need to lie completely above the line
(X,0,0), hence eventually hitting only the outer point indeed. However, equation
(6.6) is not of that type, we cannot even see k(s,t) as a function on Cx. It is only
a Floer solution at infinity where k(s,t) = ;A becomes a constant, hence why we
can apply maximum principle to bound it. Thus, the maximum principle in the
coordinate planes can fail, and indeed it must, as we know that all fixed orbits need
to be killed since the symplectic cohomology vanishes, by Proposition 6.4.3.* Spectral
sequence for this example depicts this nicely (Figure 6.4): The top classes in the first
column, corresponding to fixed orbits, are getting killed by the classes of the later

columns, corresponding to non-fixed orbits.

Definition 6.2.6. An admissible homotopy between two admissible Hamiltonians
Fy, and F),, with respective slopes A; and Ay, is a function F' : R x 91 — R such
that there is a compact K C 9t with:

1. Fy=MsH on M\ K, for some \g > 0,
d

2. X <0,

3. Fy,=F,, for s <0,

4. Fy = F)y, for s > 0.
As in Remark 6.2.3, we may as well assume that K = U~!(B) for some ball B = {z €
CN 2 4|z|1> < Ro}.

Proposition 6.2.7. Given two admissible Hamiltonians Fy, and F),, with slopes
A1 < Ag, the Floer continuation map @y, », : HF*(F\,) = HF*(F),) is well-defined.

SHere wx = 5 is the weight of the coordinate X and w = 10 is the least common multiple of
weights 5,5,2 of the coordinates.
*And for this example previously proved in [R10, Th. 48].
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Proof. The proof is essentially the same as for Proposition 6.2.4. In this case, x_ is a
1-periodic orbit of F),, xy is a 1-periodic orbit of F),, and we replace X in equation
(6.3) by X, and in (6.5) we replace A\ by ;. The maximum principle still applies
by [Vi99, Sei08| thanks to the condition £\, < 0. |

Thus, combining the last two propositions, we get the following theorem:

Theorem 6.2.8. Given a CSR (M, ), the direct limit over the maps ®y, 5, from
Proposition 6.2.7,

SH*(OM. o) := lim HF*F
(I, ) o (F),

s a well defined Z-graded vector space over the Novikov field K.

Proof. This now follows by Propositions 6.1.5, 6.2.4 and 6.2.7. The groups are canon-
ically Z-graded by the Robbin-Salamon index (Lemma A.1.5), because ¢; (9%) = 0 due
to Lemma 2.1.5 and H*(9) = 0, due to Corollary 2.1.9. ]

Proposition 6.2.9. Let (M, ¢) be a CSR. Then SH*(IMN, @) is a Z-graded K-algebra
with respect to the pair-of-pants product, which arises as the direct limit of the pair-

of-pants products
HF(Fy,) & HE'(F) — HF(Fy1x,).

Proof. For the detailed construction of the pair-of-pants product on symplectic co-
homology we refer to [R13]. The new ingredient here is to explain why pair-of-pants
solutions u : S — MM do not escape to infinity. At infinity, F = AH, so the projec-
tion argument from Proposition 6.2.4 can be carried out, by applying the maximum
principle for pair-of-pants solutions in CV, see [R13, App. D.3]|.

That Appendix shows that in a complex coordinate z = s + v/—1t on the pair-
of-pants surface S the Floer equations are: dyu = Xpf; + 10,u — [ XpfBs and Ogu =
XpPBs — [0yu + I XpfB;, where (8 is a certain auxiliary one-form on S. At infinity, the
projected solution v = W o u will therefore satisfy the same equations with Xy and I

replaced respectively by AMwXc~v and 4, so the maximum principle applies. [

6.3 Robbin-Salamon indices of Morse-Bott manifolds
of orbits

To prove the vanishing of symplectic cohomology in the next section, we will first need
a precise calculation of Robbin-Salamon indices of the 1-periodic orbits of Hamilto-

nians of the form AH on (9, wy), which we carry out in this section. As A is generic,
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the only 1-periodic orbits of AH are constant orbits in the core lying in the fixed
point set of the S'-action. As in Lemma 2.3.2, denote by § := 9% the fixed locus
of ¢ whose connected components §, are the Morse-Bott manifolds that define the
critical locus of H. Since ) is generic, the §, are therefore the Morse-Bott manifolds
of 1-periodic orbits of A\H in 9.

We denote by RS(x,F) the Robbin-Salamon index (see Appendix A.1.1) of a
periodic orbit z under the flow for a Hamiltonian F. As we will need it in the

following text, recall the function

W:R—2Z, W():=

{ 2[t/2n] +1 ift ¢ 2nZ 6.7)

t/m if t € 2nZ.

from Theorem A.1.4 in the Appendix.

Remark 6.3.1. (Grading conventions) We remark that we will use the grading
convention for Floer cohomologies as in [McLR18], i.e. the grading of an orbit = of

Hamiltonian F'is given by
|z| := dimcIN — RS(z, F).
Given a Hamiltonian AH, the grading of a fixed component §, we define as
UA(Ta) = dime M — RS(x, \H) — dim¢ Fa,

for an arbitrary « € §,. The motivation for this definition is that u,(F.) is going to
be the Floer grading of §, seen as manifold of Hamiltonian 1-orbits of Hamiltonian
AH (Corollary 6.5.6). In particular, for A small enough, 1 (§.) becomes the Morse
Bott index of §,.

Proposition 6.3.2. The grading px(Fa) is an even integer.

Proof. By definition, RS(x, \H) is the Robbin-Salamon index of the linearised flow
of AH along the fixed orbit x. Recall from Theorem 2.3.1(2) that there is a split

7,9 = P H; (6.8)

by weight-spaces of the S'-action. As the S'-action is Kéahler , the weight spaces Hj
are Hermitian-orthogonal, with respect to the Hermitian form (-,-) = g(-, ) +iwy (-, ).
Thus, picking orthogonal bases (zi)k, we see that the linearisation of the flow ¢, of
AH is

(61)u2f = €2,
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Thus, by Theorem A.1.4(3),(5) its Robbin-Salamon index RS(z, \H) is equal to

RS(x, \H) =) _ dim(Hp)W (Ak). (6.9)

As A is generic, for k # 0 we have Ak ¢ 27Z thus each W (Ak) in the sum is odd,

or zero (for k = 0). Therefore,
pa(Fa) = dimeM — dimeFo — > dime (Hy)W (k)
k

= dimeM — dimeFo — Y _ dime(Hy) = dime9 — Y dime(Hy) = 0 (mod 2),
k#0 k

where in the penultimate equality we have used that Hj is the tangent space of §,. W

We state the formula obtained in the last proposition as it will be used in the

following text.
p(§a) = dimeM — dimcFo — Y _ dime(Hy)W(Ak) (6.10)
k

Proposition 6.3.3. For any point © € §,,

lim RS(z,\H) = +o0. (6.11)

A—400

Proof. Refining the splitting (6.8) in Proposition 6.3.2 by picking unitary bases in

each weight space Hj, we have an Hermitian-orthogonal splitting
7.9 =P C,,

of the tangent space, where C,,. denotes a copy of C on which the S'-action has

weight m;. Thus, rewriting the formula (6.9) in this splitting, we get,

d d d d

RS(x, AH) =Y W (kmy) =Y _(2[Am;] +1) > Y (2(Am; — 1) +1) =2)> m; —d

i=1 i=1 =1 =1
(in the second equality we have used that \ is generic, thus Am; ¢ 277Z).

Now, denoting by k the wc-weight of ¢, recall that there is a duality between the
s-weight space and the (k — s)-weight space in T,9. Hence, every weight m; has a
paired weight & — m,, thus Zfil m; = kd/2, which gives RS(z,A\H) = d(\k — 1).
Thus, letting A — 400, (6.11) is satisfied and the proposition is proved. [ |

Proposition 6.3.4. Let f, : §o. — R be any Morse function on §,. One can con-

struct an autonomous perturbation F of ' = AH, supported in disjoint neighbourhoods

of the §a, such that the following hold.
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(1) F is Morse and its critical points are precisely the critical points p of the f,.

(2) The 1-periodic orbits of F are the (isolated) constant orbits Top at the p €
Crit(fa)-

(8) Their gradings in HF*(F) are |xap| = py. (p) + dime M — RS(p, F) — 5 dim Fa,
where py, (p) is the Morse index of p.

(4) |Tap| — —00 as A — 4o0.

Proof. This is a standard perturbation argument. Since F' has only constant 1-
periodic orbits (as A is generic), the Morse-Bott property of F' ensures that the Floer
action functional of any sufficiently small autonomous perturbation F of F is still
Morse-Bott and its 1-periodic orbits are still constant orbits at the critical points
of F. Thus (2) will follow from (1). Following [BH13|, we pick bump functions pq

supported near the §, and we define
FoPsY cupda (6.12)

where fa is an extension of f, that is constant in normal directions to F, (after
parametrising a tubular neighbourhood of §, by the normal bundle of §, C 9N via
the exponential map). Then Claim (1) follows for sufficiently small constants €, > 0.
Now, we have that RS(za,, F) = RS(p, F)+ 2 dim §o — iy, (p), by [Oan04, Sec. 3.3],
hence by our grading conventions (Remark 6.3.1), we get (3). Finally, (4) follows by

Proposition 6.3.3. [

6.4 Vanishing of SH*(91, ©) and filtrations on the co-
homology of CSRs

NB In this and following sections, ordinary cohomology will be with coefficients
in the Novikov field K.

As the continuation maps between Hamiltonians with the same slope are isomor-
phisms, we can choose the specific Hamiltonians AH from Section 6.3 to calculate
SH*(OM, p) :

Corollary 6.4.1. SH*(OM,¢) = lim HF*(\H).

A——400
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Remark 6.4.2. As the 1-periodic orbits of AH are not isolated, by convention H F*(\H)
actually means that A\H is first perturbed (if desired, in a time-dependent way)® to
make the 1-periodic orbits isolated. By a standard continuation argument, the choice
of perturbation does not matter up to isomorphism. Note that in our case the per-
turbation is compactly supported, as there are no 1-periodic orbits at infinity, and a
continuation map for a compactly supported homotopy of Hamiltonians is always an

isomorphism.

Thanks to the index calculations in Section 6.3, the proof of the vanishing of
SH*(M, p) now follows by the same trick as in [R10, Thm. 48], [McLR18, Thm.
2.10].

Proposition 6.4.3. Let (M, @) be any CSR, then SH*(IM, p,wy) = 0.

Proof. By Corollary 6.4.1, we need to compute the direct limit of the HF*(\H).
The maps in this direct limit are grading-preserving, so it is enough to show that
HF*(AH) is supported in arbitrarily large negative degrees, as A — oco. We described
an explicit perturbation of AH in Proposition 6.3.4. Thus by Proposition 6.3.4(4) the

claim follows. |
By [PSS96] (see also [R13]), we have that:

Proposition 6.4.4. When 6 > 0 s smaller than any period of Xy, and Hs is an

admissible Hamiltonian of slope 0, we have an isomorphism of graded rings
HF*(Hs) = QH*(ON).
In particular, we have an isomorphism of graded vector spaces HF*(Hg) = H*(I; K).

As a consequence of Propositions 6.4.3 and 6.4.4, every class in H*(9) = H*(Hj)
must eventually map to zero in some HF*(AH) since the direct limit SH*(9) = 0.
Thus, we obtain a filtration on H*(91):

Definition 6.4.5. The p—filtration FYH*(9t) on H*(9M) is defined by
FYH* (M) := () ker(H*(IM) — HF"(H,)), (6.13)
H>A

where H, denotes any admissible Hamiltonian of slope p, and H*(9) = H*(Hs) —
HF*(H,) is the Floer continuation map.

5In general, one has to do it in a time-dependent way indeed. However, in our case the Hamilto-
nian orbits are all constant, thus autonomous perturbation is also possible, as we saw in Proposition
6.3.4.
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Remark 6.4.6. We remark here that there is an interest in filtrations on cohomology of
CSRs in the representation-theoretic literature. Namely, the recent work of Bellamy—
Schedler [BeSch18| constructs filtrations on cohomologies of Springer fibres, which
are, as we saw in Chapter 5, one of the principal examples of (cores of) CSRs. Their
filtrations is compatible with the cohomological grading, just as ours, so one can ask
e.g. what is the relation between these two filtrations on the top degree of cohomology.
In particular, in the example of Springer fibre that corresponds to Du Val singularities
of type A,, (|BeSch18, Ex. 1.5] in their paper) there is a choice of the C*-action ¢ that
yields (rank-wise) the same filtration as theirs. For n = 2 it is given in Example 6.9.5.
Apart from this comparison, an interesting question would be whether our filtration
relates to filtrations that one would obtain by using algebraic-geometric techniques,
such as perverse filtrations; However, we have not investigated into this so far.
Furthermore, we remark that in the case of resolution of Du Val singularities (and
possibly of other holomorphic-symplectic quotient singularities C**/T"), this filtration
yields a refinement of the McKay correspondence [Re92| which states that the co-
homology class of the resolution are in graded bijection with the conjugacy classes,
where the grading on the conjugacy classes is given by certain age grading. An ex-
ample of this for the resolution 9 of M, := C?/(Z/5) can be seen on Figure 6.4.
Namely, we see that in that example the top cohomology has two filtration levels,
which correspond to two pair of orbits, which all have the same age grading equal
to 1 (orbits are loops in 9 \ £, and those are labelled naturally by their free ho-
motopy classes, as explained e.g. in [McLR18, Eqn. (1.4)] for the case of isolated
quotient singularity, and the footnote afterwards for the general case). Thus, our
filtration makes a distinction between the orbits lying above [e2™/° 0], [0, €2*/°] and

Uand 2,672 in the

[e4™%/5 0], [0, e*™*/%], corresponding to conjugacy classes of €', e~
group Z/5 (here € is a primitive root of unity).

In the end, we expect that the filtrations (6.13) do not depend on the choice of
the symplectic form wy, hence, they are labelled by the set of different conical actions

©, and we expect this parametrisation to be injective, following Example 6.9.5.

As two continuation maps compose to a continuation map, and the continuation
map between two Hamiltonians of the same slopes is an isomorphism, ker( H*(9t) —
HF*(H,))is defined regardless of the choice of H,,, hence so is the filtration FY H*(901).

From the definition we see that FY H*(9) = 0, for A < 0. Also, FYH*(9M) is

monotone-increasing; it strictly increases only when ) crosses a period of an S'-orbit.

Proposition 6.4.7. FY H*(M) is a filtration on the singular cohomology H*(IMN) by
tdeals with respect to the cup product.
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Proof. By Proposition 6.4.4, QH*(9M) = HF*(H;) is a ring isomorphism. Using
that fact and the compatibility of continuation maps with the pair-of-pants products

[R13], we obtain the following commutative diagram

QH*(OM) @ QH*(M) —— HF*(H,.) ® HF*(H,) (6.14)
QH* (M) HEF*(Hey)

where the left and right vertical maps are the quantum product and the pair-of-pants
product in Floer cohomology (see Proposition 6.2.9), respectively, and the horizontal
maps are the continuation maps. Given xz € FY H*(9) and an arbitrary class ¢ €

H*(9M), there are two situations:

1. X\ is generic. In that case, x € FY , for sufficiently small d, so by putting
k=X—6ande =4 in diagram (6.14) we get that ¢ x x € FY

2. )\ is not generic. In that case x € Ff+5/2 so by putting k = A+ /2 and ¢ = §/2
in diagram (6.14) we get that ¢ x v € FY, ; for arbitrarily small § > 0, hence
q*xx € FY.
Thus we conclude that FY H*(90) is a filtration by ideals with respect to the quantum
product. By Proposition 2.1.13, QH*(9M) = H*(M,K) are isomorphic rings, so

quantum product is cup product. [ |

Proposition 6.4.8. The filtration FY H*(9N) respects the cohomological grading on
Proof. The maps H*(M) — HF*(H,) are grading-preserving so their kernels are
graded ideals, hence FY H*(9) are graded ideals as well. |

A possible way of finding more precise information about the filtration Fy H*(91)
could be by using the specific Hamiltonians AH and the presentation of their Floer
cohomologies given in next section (Corollary 6.5.6). In this presentation, the con-
tinuation map

H*(OM) — HF*(H))
becomes

P 1 Ba)[—1a] = P H* (o) [—11(3a)], (6.15)

thus FY H*(9M) is the kernel of it (here 1, are Morse-Bott indices of §,). Another way
of getting some more information on the filtration FY H*(9) is by the Morse-Bott
Floer spectral sequence (Proposition 6.8.14). We discuss these two approaches and

their connection through a Gysin long sequence in Section 6.10.1.
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6.5 The Morse-Bott computation of HF*(\H)

One can in fact precisely calculate H F*(AH), by a Morse-Bott argument as follows.
Recall the perturbation of F' = \H,

F=F+) capafa (6.16)

from Proposition 6.3.4. As before, denote by §, the connected components of the
fixed locus § := 9M¥ of .

Lemma 6.5.1. Let u : R x S* — 9 be a Floer trajectory for any Hamiltonian
function G : M — R converging to critical points p_, py of G respectively, and let A €
mo(IM) denote the homotopy class of the sphere arising as the image of u (extending

u continuously at the ends via u(£oo) = py). Then the energy of u is
Bu) = / 19uul|? ds dt = wiA] + G(p_) — Cp,).
Rx St
Proof. By the Floer equation 10, = 0,u — X we obtain
10sul]* = g(Bsu, Bsu) = wi(Dsu, 105u) = wi(su, Dyu) — dG(Bsu).

Thus E(u) = [w*w; — [ 0,G(u)dtds = wi[A] — [(G(ps) — G(p-))dt and the claim
follows. u

Remark 6.5.2. We remark that in the wy(my) = 0 case® there is a well-defined action
functional (defined on contractible loops), and so Floer trajectories lying in the U,
defined below would have equal action values at the ends, thus (trivially) have energy

Zero.

Proposition 6.5.3. Let U, be any closed neighbourhood of §,, disjoint from the other
fixed components, and let V,, C U, be an arbitrarily small open neighbourhood of ..
Let

0 < h < (the smallest positive value of wr on m(IM)) > 0. (6.17)

Then, for all sufficiently small e, > 0 in (6.16), any Floer trajectory in (I, wy) of F

lying in U, of energy smaller than h must in fact lie in V,.

6 Actually, we believe that this case never occurs, but cannot neglect it. Namely, one could in
principle have 9t = T* X, where X is a projective variety whose homology is generated by algebraic
cycles (cf. Theorem 2.1.8) and still has m = 0 (e.g. fake projective plane, fake quadric, etc). Now
one would need to prove that such T* X are not CSRs, and that might be hard — there is a conjecture
[Ka09, Conj. 1.3] claiming that the only T7*X that are symplectic resolutions are for X = G/P being
a generalized flag variety (whose 7o # 0 indeed).
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Proof. The following proof adapts the argument of Cieliebak-Floer-Hofer-Wysocki
[CFHW96, Lem. 2.1] to our setup. By Proposition 6.3.4 we may assume that the
only 1-periodic orbits of F are the critical points of the f,. Suppose by contradiction
that we have a sequence u,, of Floer trajectories for ﬁn in U, converging to critical
points py € Crit(f,), which do not entirely lie in V,, where F, is a perturbation
of the form (6.16) for which the choices of €, converge to zero as n — co. By R-
reparametrization, we may assume u,(0,-) intersects U, \ V,, say at u,(0,t,). By
passing to a subsequence, we may assume that ¢, — 7 and u,(0,t,) — p for some
p € V,. By passing to a further subsequence, using a standard Gromov compactness
argument we may assume u,, converges in C7° to some u, and F(u) < lim E(u,).
Then u(0,7) = p and u is a Floer trajectory for F. In particular, since u lies in
U,, and it has bounded energy, it converges at the ends to critical points in §, (as
these are the only 1-periodic orbits in U, by assumption). Since F is constant on §,
by Lemma 6.5.1 for G = F' we deduce E(u) = wy(A). Since 0 < E(u) < E(u,) < h,
it follows that w;(A) = 0. Thus E(u) = 0, so dsu = 0. But then the Floer equation
Oyu = Xp implies that u lies at a critical point in §,, in particular u lies in V,
contradicting that u(0,7) & V. [

Corollary 6.5.4. For each §, define the local Floer chain compler C'Fy, ,(Uy) to be
generated by the critical points of f, such that among the Floer trajectories normally
counted by the Floer differential we only count those which lie entirely in U, and
have energy less than h. Then for small enough ¢, in (6.16), CF, ,(Uys) is a chain

complez.

Proof. Again we are adapting [CFHW96, Sec. 2| to our setup. By Proposition 6.5.3,
we may assume that all Floer trajectories in U, actually lie in V. If a 1-family of
Floer solutions of energy less than h contained a Floer trajectory in U, or limited
to one, then some Floer trajectory in the family would lie U, but not entirely in V,,
which is not allowed. This ensures that the proof that the Floer differential squares
to zero also holds for our local Floer complex (in particular noting that in 1-families
of Floer trajectories the energy is fixed, by Lemma 6.5.1, and equals the total energy

of the broken Floer trajectories it may converge to). [

We call the cohomology of C'F!

loc.n(Ua) the low-energy local Floer cohomology
HE ,(Sa)-
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Proposition 6.5.5. For sufficiently small e, in (6.16) (without varying pa ), CFj. 1(Sa)
s the Morse complex of f, on §a, up to a grading shift by

pr(Sa) = dime M — RS(p, \H) — dimc¢ §a, (6.18)
where p € §o (the choice does not matter). Thus

HF}ZC,h(SCX) = H*<3a)[_ﬂ>\(ga)]'

Proof. First observe that there cannot be a Floer trajectory for F of energy smaller
than A whose ends are the same critical point, by Lemma 6.5.1. Suppose by contra-
diction that we had a family of time-dependent Floer trajectories w,, of F, as in the
proof of Proposition 6.5.3 with ends p_ # p,. Here we fix p,, and we let ! — 0 as
n — 00. By Proposition 6.5.3 we may choose the V,, also to depend on n, so that u,
lies entirely in V,,,, and V,,,, converges to §, (so dist(V,n, o) — 0 as n — 00). Since
the bump function p, are fixed and equal 1 near §,, we may assume p, =1 on V,,,
thus ﬁn =F+ sgﬁ on Vyp.

Since the Kihler metric g is S'-invariant, there is an S'-equivariant tubular neigh-
bourhood of F, ([Bre72, Thm. 2.2, Ch. VI|), thus our extension f, in (6.16) can
be made S'-equivariant. Recall also that I is S'-equivariant, and that VH is S*-
equivariant.” Thus the composite @y o u, is also a Floer trajectory, for all § € S
Hence, the u,, come in an R x S! family rather than just in an R-family, which would
contradict that the index of u,, is 1 unless the S'-action does not yield genuinely new
solutions: g o u, = u,. The latter implies that w, is fixed by the S'-action, so u,
lies in §,. Since VF = 0 on §, it follows that wu,, is a Floer solution for 52}2 lying in
Sa C Van.

Then, as the 52]?01 are C?-small Hamiltonians in V,,,,, a standard argument due to
Salamon-Zehnder [SZ92, Sec. 7| shows that u,, has to be time-independent, hence we
get a contradiction.®

The claim follows, in particular the difference in grading between the Morse index
of p € Crit(f,) and the Conley-Zehnder index of the constant 1-periodic orbit z,,, at

p was explained in Proposition 6.3.4. [

Corollary 6.5.6. Then for generic A > 0,

HF*(\H) = @D H*(8a)[—11(Fa)].

"Since VH is the R, -action for the C*-action ¢, and C* is an abelian group.

8We note that [SZ92] relies on the symplectic form vanishing on 7 to rule out holomorphic
sphere bubbling, and in our case we have ruled sphere bubbling out artificially by demanding that
the energy of the Floer solutions we consider is less than 7, see (6.17).
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where px(Fa) = dime M — RS(x, \H) — dim¢ §a, for an arbitrary x € §,. In partic-
ular HF*(AH) is supported in even degrees.

Proof. We can filter the Floer cochain differential as 0 = 9y + 01, where 0 is the
differential defined for the local Floer chain complexes in Corollary 6.5.4. This yields
a spectral sequence converging to H F*(AH) such that the Ej-page is ©oH F. ;(Sa)-
By Proposition 6.5.5, the FEj-page is therefore concentrated in even total degrees
because H*(F,) is generated in even degrees (by Corollary 2.1.9 and equation (2.6)
from Lemma 2.3.2) and the fact that ) (F.) is even (by Lemma 6.3.2). Since the
differentials in the spectral sequence increase the total grading by one, we deduce
that all differentials vanish after the Fy-page. Thus the spectral sequence has already
converged at the Ej-page, and by Proposition 6.5.5 it is the desired cohomology. W

Remark 6.5.7. In particular, one can easily check that for small ¢ grading pus(§a)
agrees with the Morse-Bott index 1(§, ), hence the last corollary together with Propo-
sition 6.4.4 recovers the Morse-Bott theorem for the perfect Morse-Bott function 6 H,

H* (M) = H*(6H) = D) H* (Fa) [~ ta].

6.6 Filtration on Floer chain complex

In this section we construct carefully chosen Hamiltonians H,, for each generic slope
A, such that the Floer chain complex of H) has an exhausting filtration given by the
value of the moment map H. This will yield both a construction of positive symplectic

cohomology and of Morse-Bott-Floer spectral sequence in the following sections.

6.6.1 Construction of the Hamiltonian H), on 91

The Hamiltonian H) of generic slope A will be constructed as in Figure 6.1 in terms
of a function c of H,
Hy, :=coH

The construction of ¢ : [min H, +00) — R involves a choice of values { R, R{, ..., R., R!'}
for ® and {H), H}/,..., H., H'} for H, which we describe later, as well as the values’
0=Ty < T, <--- < T, of the periods of the S'-action that are smaller than A,

and a choice of generic slopes \; in between,

O=Tmp< A <T_ 1< M<T o< ---<T_ <)\ :=A\

9The indices are negative due to their later use in the spectral sequence, for which the negative-
grading notation is more convenient.
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This data then determines ¢ : [min H, +00) — R so that

(1) ¢ >0.
(2) " >0.
(3) "(H) > 0 whenever ¢(H) =T, foralli=1,... 7.
(4) ¢(H) = NH, when H € [H, H] ], forall i =0,...,r —1
(5) ¢(H) = \.H for H € [H, +0).
H;, =c(H)~
AH
l 1
Vo
] M -I
' ~ .
AoH ; !
. el ' ; |
min(H) = H, Hy, H, H, H HY H, H, 1’11

Figure 6.1: Graph of H) for r =2

To build those values, we use from Remark 6.1.4 the map ¥ : 9t — CV, and the
slightly redefined map ®,

D = U*(1z?).
Let Z denote the vector field of the R, part of the C*-action on 91. Recall from the

proof of Proposition 2.2.6 that all sets ®~!(c) are smooth for ¢ > 0 (whereas zero is
a singular value as £ = ®71(0)).

Before plunging into details, the idea is to pick the above values to get a strict
chain of inclusions in 9N,

©H(R) € HO(H)) € H'(H]) € @71 (RY) € @7 H(Riy,),

so that we have a uniform interval of space in the ® (respectively H) values in between
the inclusions.
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Firstly, let R = 0 and H| = min H. Choose an arbitrary ¢ > 0. Then let H} :=
max H(®71(0)) + ¢, and R} := max®(H '(H]})) + e. Now, for the rest i = 1,...,r

we similarly define:

R.:=R! | +¢

H :=max H(® *(R))) +¢
H! :=H;+¢

R/ :==max ®(H '(H])) +e.

In Figure 6.1 we indicated H-values H_, H_5 where 1-periodic orbits of H, arise,
thus defined by ¢'(H;) = T;.

6.6.2 Filtration functional on C¥

Here we construct the filtration functional on C¥ that is a special case of the one
constructed in [McLR18, Sec. 6], for the specific Hamiltonian Hcn that we define
below.

Let R = £|z|> on C¥. The smooth cut-off function ¢ : [0, +00) — R is chosen to
satisfy

(1) ¢’ > 0.
(2) ¢ =0on [0, Ry
(3) ¢ =1 on [R],+00).

Notice that ¢’ = 0 outside of Ry, R}].
Let Hev = h(R) be a radial Hamiltonian where h : R — [0, +00) satisfies

(1) ' >0.
(2) " > 0.
(3) W(R) =w\; on [R!,R; ;] foralli=0,...,r—1.

(4) M(R) = wA on [R!, +o0].
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h(R) »

7

wi

Vv

0=R, R, R/ R R R,
Figure 6.2: Graph of h(R) for r = 2

Denoting by w the standard Liouville form in CV, we have w = d(Ra) where
« is the contact form on the contact hypersurface {R = 1}. The cut-off function

determines an exact 2-form on CV,

n=d(¢(R)a) = ¢(R) do+ ¢'(R)dR N v,
and an associated 1-form ), on the free loop space LCV = C>(S!,C") given by

Q : T,LCY = C=(S", 2" TCY), & —[n(¢ 0 — Xy, ) dt. (6.19)
Further, let f: R — [0,00) be the smooth function defined by
f(R) = fOR ¢ ()b (7)dr.

Define the filtration functional ' : LCV — R on the free loop space by

Flz) = — / )+ [ FRG()))dt.

st st

Lemma 6.6.1. [McLR18, Thm. 6.2(1)| F' is a primitive of Q. That is, dF(z)(§) =
Qy(2) () u
6.6.3 Filtration on CF*(H))

By Proposition 6.1.3, ¥ : 9 — C¥ is C*-equivariant, with weight w action on CV.

For a 1-orbit x of Hy, we define by abuse of notation:



Theorem 6.6.2. The Floer chain complex CF*(H)) has a filtration given by the
value of F. That is, given two 1-periodic orbits x_,x, of Hy and a Floer cylinder for

Hy from z_ to x4,
F(x_) > F(xy). (6.20)

Proof. The Floer cylinder u : R x St — 90 for H), satisfies
Osu + I(Opu — Xp, ) = 0.

Let Xc~ be the vector field of the S'-rotation action on CV, so the Hamiltonian

vector field of R = £|z|?. By the same trick as in (6.4),
Uo(Xi.) = Ua(d(H)Xp) = ¢ (H)U.(Xa1) = ¢ (H)wXex, (6.21)

noting that ¢’(H) depends on the original coordinates in 9. Composing ¥ with u

gives us a mapping
vi=Wou:RxS'—=CN,  Ow+i(0w—k(s,t)Xen) =0 (6.22)
that converges to y_ = V(z_), y, = ¥(xy) at s = —o0, +00, respectively, where
k(s,t) :=wd (H(u(s,t)))
is a domain-dependent function. Now define the s-parametrised 1-form
QU(s) : T,LCYN = C>(S", 2" TCY), & —[n(&, O — k(s, t) Xen) dt. (6.23)

Using n = d(¢(R)a) = ¢(R)da + ¢'(R)dR N o, da(-, Xen) =0, dR(Xcenv) =0 and
Od(XcN) =1:

Q (s /77 €, 0x) dt—i—/k(s,t)n({,XCN)dt
/n £, Op) dt+/k( t) o(R)do(&, Xen) dt
(6.24)
+//<: R)(dR N a)(&, Xen) dt
/né%vﬁ+/¢ YAR(E)k(s,t) dt.
Similarly,

/77 £, 0ix) dt—l—/qb YAR(E)R' (R(x(t))) dt. (6.25)
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From the way we have chosen the Hamiltonian H, and the function h(R), for
R(v(s,t)) € [Ry, R}] we have

k(s,t) =w d(H(u(s,t))) = whg = h'(R(v(s,1))), (6.26)
whereas outside that region we have ¢/(R) = 0. All together we have

¢'(R(v(s,1))k(s, 1) = & (R(v(s, 1))l (R(u(s, 1)), (6.27)
which from (6.24) and (6.25) yields

Q,(v(s,1))(0sv) = Q) (s)(v(s,1))(0sv). (6.28)

Thus, together with Lemma 6.6.1 we have

+oo
Pla-) = Fles) = Ply) ~ Fly) == [ dF(u(s,0)(@.0)ds

—0o0

__ / 0, (0(s, 1)) (Ow0)ds (6.29)

o)
“+00

=— Q(s)(v(s,1))(0sv)ds.

—0o0

Hence, it is sufficient to prove that
£, (s)(v(s,1))(Osv) <0

holds for v satisfying equation (6.22). This we do verbatim to the proof of [McLR1S,
Lem. 6.1]. Hence, substituting the Floer equation 0,v — k(s,t)Xcnv = i0sv, and
abbreviating p = Rowv,

n(0sv, Opv — k(s,t) Xen) = n(0sv,i0sv)
P(p) - da(0sv,105v) + ¢'(p) - (AR N ) (Osv, i05v)

= positive - positive + positive - (dR A «)(0sv,i0sv),
(6.30)

where “positive” here means “non-negative”. To estimate the last term, we may assume

that R > Ry since ¢/ = 0 otherwise. Thus, we decompose Jsv according to an

orthogonal decomposition of TC™:
050 =CPyXeny ®2Z € BRXen PRZ,

where Z = —iXcv = ROp is the Liouville vector field (as before: R = $|z|?) and
¢ = keralg—;. Notice that kera = £ & RZ. Thus: dR(0;v) = Rz and a(id,w) =
a(izZ) = a(zXen) = 2. So,

(dR A @)(05v,i0,v) = dR(9,v)a(i05v) — a(9sv)dR(i0sv) = R2* + Ry* > 0.

Hence Q) (s)(v(s,))(0sv) <0, thus F(¥(x_)) — F(¥(xy)) > 0. |
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Corollary 6.6.3. CF*(H)) has a filtration given by the value of H (the “radial co-
ordinate” in IM).

Proof. Let us calculate the value of the functional F(y) explicitly for the projection
y := U(z(t)) of a 1-periodic orbit x of Hy. If z is a fixed point, y = 0 so F(y) = 0.
Otherwise, ¢/(H(z)) = T for some 0 < k < r. Then its projection is a 1-periodic

orbit of the Hamiltonian JwT™x|z|?, so

Fu®) == [ o)+ [ SR
= Sy T+ Rﬁl (RN (R)dR
= — wT_k + )\ow = :VU(/\O — T_k),

where ¢(y) = 1 as l-orbits of h in CV with slopes > T, lie in the region R > R
(as T_1 > Ao), and there ¢ = 1. Thus F(z(t)) has a negative value which strictly

decreases when T, hence H(x), increases. [

6.7 Positive symplectic cohomology and models for
ordinary cohomology

By Corollary 6.6.3 we have that the fixed loci § = 9% (which are constant 1-
orbits for H,) determine a subcomplex C'Fj(H,) C CF*(H)). Therefore, passing to
the quotient C'F(H,) := CF*(H,)/CF;(H,) we obtain positive Floer cohomology
HF}(Hy) = H.(CF(H))). The direct limit of those defines the positive symplec-
tic cohomology,

SH. (M, p,wr) = )}Lr{.loHFj(HA)

Proposition 6.7.1. There is a long exact sequence
T QH*(ma [) - SH*(EUI, (,D,CU]) - SH—T—(mﬂO:wI) - QH*Jrl(ma[) —

Proof. Firstly, let us prove that the subcomplex C'Fj(H)) is equal to CF*(H,,), and
recall that Ay was chosen to be smaller than any non-zero S*-period. The generators
of CF;(H),) are the same as the generators of C'F*(Hs). Moreover, the differential
in CF;(H,) counts Floer solutions that do not escape the region R < R{, due to
the filtration. Namely, assuming the contrary, the value of ¢ on a Floer solution will
be positive in a small neighbourhood, hence, by (6.30), €2 will be strictly negative
in such a neighbourhood, hence by (6.29) the filtration difference will be strictly
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positive, which is a contradiction. Hence, the Floer differential in C'Fj(H,) counts
the same solutions as CF*(H,,), and thus their homologies are isomorphic, and so it
is isomorphic to QH*(9) by Proposition 6.4.4.

Now, the short exact sequence of complexes
0— CF;(H)) — CF*(Hy\) — CF*(H\)/CF;(Hy\) — 0
yields the long exact sequence
QH*(M) — HF*(Hy\) — HF}(H)) — QH* (M)

which, using the compatibility of Hamiltonians H,, yields the claim by taking the

direct limit over continuation maps. |

Therefore, as a consequence of the vanishing in Proposition 6.4.3, and Proposition
2.1.13, we obtain:

Corollary 6.7.2. (Models for ordinary cohomology) Given a CSR 9 and a

conical action ¢ on it, we have a Hamiltonian model for its ordinary cohomology:
H*(9M) 2= SHH (M, ¢, wi).
Hence, varying the actions ¢ we in principle get different models for the ordinary

cohomology H*(9) of a CSR 9. We will see this in the examples in Section 6.9.

6.8 Morse-Bott-Floer spectral sequences

In this section we construct Morse-Bott-Floer spectral sequences that converge to
SH*(OM, ) and SHZ (M, p), arising from the filtration of the Floer chain complex
CF*(H,) from Section 6.6. Further, we list main properties of these spectral se-

quences, and list some techniques that allow one to compute them in practice.

6.8.1 Hamiltonian 1-orbits of H,

Let us see what the 1-periodic orbits of the Hamiltonian H) are (from now on, we
will call them l-orbits). As Xy, = ¢/(H)Xpu, the l-orbits of H, are either critical
points in § = Crit(H,) = Crit(H) = M, or, for some p = —1,..., —r, lie on a slice

S, ={reM|H(x)=H,} CM, (6.31)
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where the values H,, are defined by ¢(H,) = T,. Let us denote by O, := O, g, the
moduli space of parametrised 1-orbits of H) in S,, and by B, the set of their initial
points,

B, :={z(0) |z € O,} C S,.

Recall (Definition 2.3.8) that the fixed locus under the time 27 /m flow of the S'-action
is denoted by
Rzm = {Z/m-torsion points of ¢ in M}.

Now, in order to suppress the annoying 27-factors in the following text, we define:

Definition 6.8.1. Given an l-orbit of H, that lies in S,, its normalised period
is 7, := T,/2m. This is precisely the period of this orbit in the normalised time-1
Sl-flow.

Lemma 6.8.2. B, = S, N Ry, where 1, = k/m for coprime k,m € N.

Proof. The points in B, are fixed under the time-1 flow of Hy. As Xy, = ¢(H)Xg
and on ¢'(H) = 277, on S, we see that the points in B, are fixed under the time-
277, flow of the S'-action. As all closed subgroups of S are discrete, 7, has to be a
rational number, 7, = k/m for some coprime k,m € N.

As (k,m) =1, there are a, § € Z such that ak + fm = 1. Thus, points in B, are
fixed under the time 2rak/m = (2r/m) — 27 flow, and hence by the time 27/m
flow, so they lie in Rz/y,. Thus, B, C S§,NRyz/y. Conversely, a point in S, N Rz /p, is
fixed under the time-27/m and thus time-277, flow of S', hence is an 1-orbit of H,
thus lies in B,,. [ ]

In particular, this lemma shows that B, is the fixed locus of the Z/m-part of
action ¢ on §,. Thus, being a fixed locus of a compact Lie group action on a smooth
manifold, it is smooth itself [DKO00, p. 108]. We denote the connected components of
B, by B, . where the labelling by ¢ depends on p,

B, =| | By

Now, denote by ¢ := ((Xg,) ® (Xp,))* the complex codimension-1 distribution
on M\ §. Here Xg, is the vector field of the R -action, and the orthogonal L is
calculated with respect to the Kéhler metric g(-,-) = wy(-,I-). Thus, for any point
x € M\ §, we have g-orthogonal splittings of tangent spaces

TN = (Xe,) & (Xi) ®E, TS, = (Xn,) © . (6.32)
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Definition 6.8.3. Denote by ¢ the time-t flow of a vector field X. In particular,

when X = X is a Hamiltonian vector-field, we will sometimes also denote this flow
by of.

Lemma 6.8.4. (¢*), Xg, = X, +7¢"(H) IV(H)|> Xg.

Proof. Let us fix a point x € M. Letting v(s) = gbe* (x), we have that

S_Ov<s>> -

where we used that Xy, = ¢/(H)Xy. Abbreviate u(t,s) = ¢; (y(s)), then the last

term is equal to

(089, (0)%e, = ot (5

( fc'(H(s))(V(S)))-

s=0 s=0

d / d ’ ou ou

T B u(rcd (H(s)),s) = (% » TC (H(s))) %t 5
= (1" (H(7(s)))dys)H - 7/ (8))s=0 X1 + X,
= (r"(H((s) IVH(y(s))|*)s=0 X1 + X,

= 7(H(z)) |[VH(2)|> Xi + Xz, ,

where in the penultimate equality we have used that Xr, = VH, and in the second
equality we used that dsu|s—0 = dpi - Xr, |z = dit - Or|r=10,(2) = Op|r=10, (0i(x)) =
ar"r:l@'r(u) = XR+"M' u

Now we prove the following non-degeneracy property of submanifolds B, ., which

is analogous to the Morse-Bott non-degeneracy condition for critical submanifolds.!?

Proposition 6.8.5. Given any point v € B, ., the 1-eigenspace of the linearised

return map of the flow for Hy is precisely the tangent space of B, .,
Ker ((p1™)ox — Id) = T, B,..
Proof. As in Lemma 6.8.2, let 7, = k/m, for coprime k, m € N. Then, on S,

{I)\ - gbgrrp = (gbgr/m)k

Hence given a vector v € T,S,, the condition (¢™),(v) = v is equivalent to (P5h /)i (v) =
v, and thus to (¢35, ).(v) = v, due to (k,m) = 1. We see that @5, generates a
Z/m-action on S, by g-isometries. Its fixed locus is precisely B,, by Lemma 6.8.2.

Thus, picking an arbitrary connected component B, ., by the equivariant tubular

19As we can think of B, . being the critical submanifolds for the action functional d Ay, (z)(¢) =
Jwr(@ — Xp,,8).

203



neighbourhood theorem for isometric actions of compact Lie groups [Bre72, Thm.
2.2, Ch. VI], there is a Z/m-invariant tubular neighbourhood N'B,,. C S, of B,
given by the composition of Z/m-equivariant exponential map and a contraction v

of the normal bundle onto a neighbourhood of the zero section,
expe o : NB, . 5 NB,.

(where the Z/m-action on N B, . is generated by (gbgr/m)*) Hence, if a vector v € T,S,
satisfies ((ﬁé{r/m)*(v) = v, its class [v] € (NB,.), is fixed by the Z/m-action and so
is the curve exp(vt) C N B, .. As B, is the isolated fixed locus in N'B,, ., this curve
has to lie in B, ., thus v € B, .

To conclude, we have proved that Ker(((¢™), — Id)|r,s,) = TpBp.. As the com-
plement of 7,5, in T, is generated by Xg,, together with Lemma 6.8.4 and the
fact that ¢(H) > 0 when (H) = 7,,'* we immediately get the desired claim. |

Lemma 6.8.6. The lincarisation of the S'-flow is complex linear with respect to a

unitary trivialisation of § along every I1-orbit in By .

Proof. Follows immediately as the S'-flow is I-linear and a unitary trivialisation is

complex-linear. [ |

6.8.2 Constructing the spectral sequence for HF*(H))

In this section we construct Morse-Bott-Floer spectral sequences that converge to
HF*(Hy) and HF}(H)). We use arguments that are analogous to those written in
[McLR18, Sec. 7|. The difference from their setup is that their ambient space is a
symplectic manifold convex at infinity. In particular, it has a contact hypersurface,
so there is a Reeb flow. Manifolds in our setup usually are not convex at infinity,
thus there is no contact hypersurface. The role of it is taken by an energy level of the
moment map H, and the role of the Reeb flow is taken by the flow of the S'-action.

As the Hamiltonian H) is autonomous, its 1-orbits are not isolated. Thus, in order
to compute HE*(Hy), one would typically do a C*-small time-dependent perturba-
tion of H) localised near the manifolds B,. and §, and compute the homology of

12

the perturbed complex. However, doing so would ruin'< our filtration on the com-

plex CF*(H,) obtained in Section 6.6.3, which we need in order to construct the

1 Condition (3) in the definition of c.

20ne could argue that for sufficiently small perturbations, the Floer trajectories converge to cas-
cades, and since the filtration holds for the cascades, the filtration must also holds for the Floer
trajectories obtained for sufficiently small perturbations. However, we decided to avoid that ap-
proach.
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spectral sequence. The issue occurs as (6.21) fails if we perturb H), thus we get
the non-vanishing term da(£,Y’) in equation (6.24), where Y = U, (Xg — Xp,) is
the projection of the difference in Hamiltonian vector fields in 90t that occurred by
perturbation. We cannot say how big is the change in the difference of the filtration
values (6.29), caused by integration fj;o da(0sv,Y )ds of this term.

Thus, we will instead use the Morse-Bott Floer complex which introduces
auxiliary Morse functions f; on each B, . and on each §,. The union | |, Crit(f;) of
all critical points are the generators of the complex, after appropriate degree shifts.
The differential counts cascades i.e. alternately following the flows of the nega-
tive gradients —V f; or following Floer solutions that join two 1-orbits. This is the
natural complex that would arise from a limit, as one undoes small time-dependent
perturbations of H) localised near the manifolds B, . and §,.

Bourgeois-Oancea [BO09a, BO09b| showed, in the case when manifolds of 1-orbits
are circles, that the Morse-Bott Floer complex for an autonomous Hamiltonian com-
putes the same Floer cohomology as when using a time-dependent perturbation. They
require transversal non-degeneracy of 1-orbits, which translated to the general case
becomes the condition that we proved in Lemma 6.8.5. We believe that their reason-
ing extends for more general Morse-Bott manifolds (i.e. not only circles), but proving
that would be rather a substantial amount of work and is outside of scope of this

thesis. Hence, we will make it as an assumption.

Assumption 1. Morse-Bott Floer complex for HF*(H,) computes the same Floer

cohomology as the one obtained from a time-dependent perturbation.

The Morse-Bott Floer complex is filtered: a critical point x € Crit(f;) has fil-
tration value F(x) := F(y), where y is an arbitrary 1-orbit lying in the manifold on
which f; is introduced. It does not depend on the choice of a 1-orbit due to Corollary
6.6.3. From the filtration we then run the standard argument in homological algebra
to construct a spectral sequence E??. Abbreviate by k = p + q the total degree.
Let C* denote the Floer complex C'F(Hy) or CF*(H)). The filtration is defined by
letting

FP(C*) :={x € C* | F(z) > F,},
where

p -

o F(y) forp<Oandye€ B,
]l p for p > 0.

In particular, F?(C*) = 0 for p > 0 since F' < 0 on all 1-orbits. Recall the spectral se-
quence for this filtration has E}? = FP(C*)/FPT1(C*). As the filtration is exhaustive
and bounded below, it yields:

205



Proposition 6.8.7. There are convergent spectral sequences,

EPM = HFE%(Hy) where EY = HEE (Op, Hy) for p < 0,and 0 otherwise
EX = HF*(H)) as above, except E?q = HI(M).

There are finitely many non-zero columns, as there are only finitely many O,
for every Hamiltonian H,. Above, HF} (O,, Hy) refers to the cohomology of the
local Morse-Bott Floer complex generated by O,. The chain level generators of
CF}

*(Op, Hy) are the critical points of the auxiliary Morse function on B, .. By

construction, its differential only counts cascades which do not change the filtration
value, so the Floer solutions stay trapped in the slice S,. If one were to make a
very small time-dependent perturbation of H) supported near S,, the argument in
[CFHW96, Prop.2.2] and [Oan04, Sec.3.3| would show that this is quasi-isomorphic to
the local Floer complex for that slice, where one only considers Floer solutions whose
filtration value stays bounded within a small neighbourhood of the value F' = F,.
The state-of-the-art work on the local Floer complex is the recent paper by Kwon-
van Koert, which proves that the local Floer cohomology of manifolds of 1-orbits is
isomorphic to the Morse cohomology with a shift [KwKo16, Prop.B.4]. Their result
asks for three conditions to be satisfied for the manifolds B, ., two out of which we
have proved, Proposition 6.8.5 and Lemma 6.8.6. However, the third one is a very

restrictive symplectic triviality (ST) condition for submanifolds:

(ST) The restriction T, 9 of the tangent bundle of 9 on an arbitrary B, is
symplectically trivial. Moreover, each 1-orbit in B,. has a capping disk to

which the trivialisation extends.

The ambient manifolds which they consider in the paper are Brieskorn varieties, whose
tangent bundles are symplectically trivial, thus the (ST) is satisfied immediately. A
similar situation appears in the work of Ritter-McLean [McLR18|, as they resolve
C"/G, so they have (outside of a compact set) global coordinates, as the resolution
is biholomorphic to C"/G away from the core. In the setup of an arbitrary CSR it
is not clear why the (ST) condition should be true - we actually believe that it is
unlikely to hold. Nevertheless, we believe that the result [KwKol6, Prop.B.4] is still
true in our setup. At the moment we have not yet developed the tools to prove it, so

we state it as an assumption:

Assumption 2. HF} (O,, H\) = @, H*+*Fr) (B, ).
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Remark 6.8.8. We are not entirely certain that we can exclude the possibility of a
Floer trajectory u lying entirely in the preimage of an S'-orbit in 9%, under 7, causing
cancellations between two classes respectively in H*(B,.), H*(B, ), for two different

connected components of B,. This issue only arises if
m(Bp.) N7(Bpe) # 0 C M.

Although the filtration values at the ends of u are equal, (6.30) could vanish if 0sv = 0,
iLe. v(s,t) =v(t).

In the statement of the above assumption, observe that p(B,.) is the grading of
the 1-orbit that corresponds to the minimum of the Morse function used to perturb
B, in the construction of the local Floer complex CF}.(O,, Hy). We will compute
w(B,.) explicitly in Proposition 6.8.17 as we will need it in the examples. The above
discussion is analogous to the local Floer cohomology discussed in Section 6.5, where
we also discussed these grading shifts, except above we do not impose low-energy
conditions like we did in Section 6.5.

Now, in order to obtain the spectral sequence that converges to symplectic co-
homology out of those constructed in Proposition 6.8.7, we have to make a more
clever choice of Hamiltonians H, such that their spectral sequences become more

compatible, in particular, allowing the direct limit when A\ — 4-o00.

6.8.3 Tweaking the construction of H), and spectral sequence
for SH*(OM, ¢)

Before we embark on defining a more complicated version of H,, we will motivate
why it is required.

In Floer theory it is often convenient to ensure that C'F*(H,,) is a subcomplex of
CF*(H),) whenever A\; < A\y. The usual approach is to construct the H, inductively
so that H), = H), except in the region 7" at infinity where H,, has slope < A;, and
to build H),, by increasing the slope in T up to the new slope \o. So H), = H,, on
M\ T. If a maximum principle held for H,, in T, then Floer solutions for H,, with
ends in 91\ 7" would stay there and therefore would agree with the Floer solutions of
H)y,. By Theorem 6.6.2, the filtration prohibits Floer solutions from going from an
end in 7" to an end in M\ 7', and therefore the Floer differential on 1-orbits in M\ 7'
agrees for both H,, and H,,. Thus CF*(H,,) C CF*(H,,) is a subcomplex.

Similarly, it is often convenient if one can construct the continuation map
CF*(H)\l) — CF*(H)\Z)
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to be the inclusion of the subcomplex. The natural homotopy to use is one that
decreases the slope of H), in T back to Ay, whilst staying constantly equal to H),
on M\ T. As above, by an analogue of Theorem 6.6.2, the filtration prohibits Floer
continuation solutions that go from 7" to 9\ T'. If the ends are both in M\ 7', then
provided the maximum principle applies in T" we deduce that the Floer continuation
solution is trapped in 9T\ 7. But there the homotopy is s-independent, so the
continuation solution must be constant as otherwise it would arise in a R-family,
due to the reparametrization action (Floer continuation solutions have index zero,
unlike Floer trajectories which have index 1 and always admit an R-reparametrization
action).

In our setup, the maximum principle only holds in the regions where ¢’ is locally
constant so that ¢(H) in (6.4) is not domain-dependent. Therefore, in both situations
above, there may be an “evil Floer solution” that has ends in 9t \ T', and enters T’
where it has a maximum in a region where ¢’ is not locally constant. The implication
for the preceding spectral sequence is that, as we increase the slope from A; to A,
new arrows may appear in the old spectral sequence for HF*(H),) caused by evil
Floer solutions that only H), sees, even though it only involves the “old” columns of
the spectral sequence. This also makes it difficult to read off the filtration for H*(90)
from the spectral sequence, because a generator of H*(91) killed by such an arrow
would have filtration value A9, not Ay, even though the arrow only involves generators
that already existed for Hy,.

To solve this issue, we will adjust the construction of H) so that a substantial drop
in filtration value arises whenever a Floer solution passes through a region where c is
linear (see Figure 6.1).

Firstly, in the notation from Section 6.6.1, we do not require the same ¢ to be
used throughout. Instead, we let the width

/ " .

of the interval [R;, R;, ;] on which i/ = w); be arbitrarily large (we will choose it
later).

Secondly, we allow the ¢ from Section 6.6.2 to have ¢’ > 0 on the intervals
(R!, R., ) where i/ = w;:

(1) ¢ > 0.

(2) ¢ =0 on [0, RY].

208



(3) ¢’ > 1 on a subinterval of [R/, R; | of length > ¢;/2, fori =0,...,r — 1.

(4) ¢ = ¢po+ ¢1 + -+ + ¢;—1 is constant on [R;, R!] for i = 1,...,r — 1, and on

[R!,o0) fori=r.

The above constants ¢; will be chosen later (notice ¢; is the amount ¢ has increased
after crossing the interval [R!, R; ;| where b/ = w);).

Our previous results all continue to hold. Indeed, in (6.26) we obtain
K(s,t) = wA; = K(R(v(s,1)) for R(v(s,1)) € [Rl, Rl

so (6.27) still holds. So the filtration is defined. In the proof of Corollary 6.6.3,
o(y) = ¢o+ -+ - + ¢dr_1 and

F(yt)) = —o)wl_y+whopo+ -+ whp_105-1,
= (Ao —T-p)weo + -+ + (M1 — T-p)wp—1,

which is negative as \; < T for i < k — 1.

Lemma 6.8.9. Given 6; > 0, for suitable choices of the above data any Floer tra-
jectory u : R x S* — M for Hy which crosses the region ®~'[R!, R, | satisfies the
filtration estimate

F(u(—o00,")) — F(u(4+00,-)) > 6.

Proof. Recall that (6.30) is pointwise non-negative. It suffices therefore that we bound

the integral [ n(dsv, v — wA;Xcn) from below by d; the over the subset of (s,t) €

R x S! for which v(s,t) lies in the region where A’ = w); and ¢’ > 1. We choose

the constants ¢g, @1, ... so that ¢ is larger than the function R on the region R > R
/

(we can do this by picking ¢’ very large on a subinterval of [R}, R., ]). Then, for the
above (s,t), in (6.30) we obtain:

n(0sv, Ow—wA; Xen) > R-da(0sv,i05v)+(dRAx) (050, i05v) = d(Ra)(0sv, v—wA; Xew).

The latter expression is precisely the integrand of the energy [ ||0sv||? ds dt for a Floer
solution v in CV for the Hamiltonian w);3|z|*>. So the problem reduces to showing
that a Floer solution in C" for a radial Hamiltonian consumes a lot of energy if it
crosses a long radial stretch in which the slope of the Hamiltonian is constant. This
is now a standard “monotonicity lemma argument”. Namely, one uses Gromov’s trick
of turning a Floer solution in a symplectic manifold M into a pseudo-holomorphic
section of a bundle with fibre M (e.g. see [R14, Sec.5.3]). One can then apply the

monotonicity lemma to obtain lower bounds on the energy (e.g. see [R14, Lem. 33]).
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The key observation in our case, is to explain why the constants in the monotonicity
lemma do not decay to zero as the radial coordinate increases. This follows because
C™ is geometrically bounded at infinity and the auxiliary almost complex structure in
Gromov’s trick (see [R14, Def. 26]) is radially invariant, because both w\; X~ and

the standard complex structure of CV are radially invariant. [ |

The same argument can be applied to Floer continuation solutions for the mono-
tone homotopy from H,, to H,, described at the start of this section (|[R14, Sec.5.3]

discusses also the case of monotone homotopies). Thus we deduce the following.

Corollary 6.8.10. For suitable choices of the above data, we can inductively build a

sequence of Hamiltonians Hy,, Hy,, ..., where H),,, is obtained from H,, by increasing

i1
its (generic) slope at infinity to \iy1 > N, so that CF*(H),) is a subcomplex of

CF*(H),.,), and the continuation map CF*(Hy,) — CF*(H,,,,) is the inclusion.

i+1)

Proof. We choose the interval (R}, R;. ] (where i’ = w);) to have sufficiently large
length €; so that we can pick J; in Lemma 6.8.9 to be larger than the difference of
filtration values of any two l-periodic orbits of H),. Then, the comments at the
beginning of this section will rule out any “evil Floer solutions” for Hy,,, (and indeed
any My, for j > i+ 1) because they would require a filtration-value difference at the
ends larger than §; to escape the region 91\ 7. Indeed the maximum principle applies
in the region W~'[R/, R}, ] (as ¢ = \; is constant there), so the Floer solution (with
ends in M\ T') would have to cross the entirety of U"[R/, R}, ] to go from MM\ T to
T, but Lemma 6.8.9 prohibits it. [ |

It is only thanks to the last corollary that we know that the differential of the F;
page of the spectral sequences for obtained in Proposition 6.8.7 stops changing below
the column corresponding to slope A as soon as the Hamiltonian H, has slope @ > A.
Thus, one can make sense of the direct limit of those spectral sequences when \ goes

to infinity, obtaining the following corollary.

Corollary 6.8.11. Given a CSR (I, p), there are convergent spectral sequences

H*#Bre)(B) ), p<O,
B (o)t = SH(M, ), uhere B(g)1 = | e (Bped P <00 )
0, otherwise.
Hi(m), p=0,
E(p)?? = SH*(M, ¢), where E(p)Y’ = § @, H*Br<)(B,.), p <0, (6.34)
0, otherwise.
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Notice that, due to the vanishing of SH*(9, ¢) from Proposition 6.4.3, the spec-
tral sequence E(¢)P? converges to zero. Moreover, by the following Proposition 6.8.20,
it actually becomes empty by page Ei oy, where N is the number of different S'-
periods of ¢ smaller than or equal to 1.

To appreciate the following corollary, it may help to peek at the figures of spectral
sequences in Section 6.9, where green arrows indicate what edge-differentials there

must be on later pages to ensure SH*(IM, ¢) = 0.

Definition 6.8.12. Given a p-th column of the spectral sequences from Proposition

6.8.7, we will call the number T, = 277, its slope.

Corollary 6.8.13. The E,-page for the spectral sequence for HF*(H)) (Proposi-
tion 6.8.7) agrees with the part of the Ei-page of the spectral sequence for SH*(IN)
(Corollary 6.8.11) given by the columns below slope \. Thus HF*(H)) arises as the
cohomology of that part of the Ei-page for SH*(OM) for some suitable differential,
in particular it must agree with the computation of HE*(NH) from Corollary 6.5.6,

which 1s supported in even degrees.

Proof. This follows by Corollary 6.8.10, and the fact that Floer cohomology only
depends on the choice of slope at infinity for the Hamiltonian, not on the specific

construction of the Hamiltonian. [ |

In the end of this section, we explain the connection between the filtration Fy H*(91)

on ordinary cohomology constructed in Section 6.4, and the spectral sequence E ()P4,

Proposition 6.8.14. The filtration FY H*(9MN) by slope X is the subspace of the 0-th
column of E()P? that gets killed by images of the edge-differentials arising from the

columns p whose slopes are less than or equal to A.

Proof. Firstly, as the spectral sequence was constructed from the filtration on C' F*(H,),
the image of the differentials that hit the 0-th column starting from the columns p
with 7, < A is equal to the image of the differential d : CF*(Hy) — CF**!'(H)) inter-
sected with the subcomplex C'F{(H)) generated by the fixed points. More precisely,
it is the image of that intersection on the cohomology level since on the Ei-page the
0-th column is H,(CF§(H)),d). Then, observe that this is the kernel of the inclusion
map CF;(H,) < CF*(H,) on the cohomology level. Now, recall from the proof
of 6.7.1 that (CFj(H,),d) = (CF*(H),),d). Thus, the last chain map is equal to
CF*(Hy,) — CF*(H),), which on the cohomology level gives the continuation map
HF*(Hy,) — HF*(H)). As the filtered subspace FY H*(9) is defined by the kernel
of the last map, the proposition follows. [ |
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We will calculate (rank-wise) the filtrations FYY H*(9t) in this way in examples in
Section 6.9.

6.8.4 General properties of spectral sequences

In this section we give some general properties of spectral sequences E(p)P? and
E, (p)P4, that allow us to compute their Fi-pages in practice, only by having topo-
logical information on torsion submanifolds in 99t and information about their conver-
gence (under the C*-action) to the fixed locus § = 9%, i.e. the extended attraction
graph of a CSR (91, ¢) (Definition 2.3.16). We will always work with the spectral se-
quence E ()P4, but the same results will also apply to the spectral sequence E ()P4,

due to it having the same data as E()?? except with the 0-th column erased.

Notation 6.8.15. By Morse-Bott submanifolds we will call the connected man-
ifolds B, of 1-orbits of H,. When discussing the spectral sequences, we will use the
conventions that agree with the time-1 normalised flow of the S'-action. In
particular, the column p of the spectral sequence will be called the time-7, column.
Thus, the time-1 column consists of the cohomology H*(S,) of the whole slice with
an appropriate shift. We will enumerate the rows of the spectral sequence by
the total degree p + ¢, instead of the usual numbering by ¢ (e.g. Figure 6.3).
Given a point z € 9, define its convergence point z, as

Too := lim t-x.
C*3t—0

Recall that z, exists for any x, as the action is conical. We see immediately that the

convergence point is a fixed point of the C*-action.

Before computing the gradings u(B,.) of the Morse-Bott submanifolds B, ., we

mention a useful lemma that yields canonical capping discs for our 1-orbits.

Lemma 6.8.16. For any x € M, the C*-action determines a holomorphic map on

the punctured disc,
UV {z€C:0< 2| <1} =M, ¥.(2) = p.(2).

This map extends to a holomorphic map over the disc, 1, : {z € C: |z| < 1} = M
with ¥, (0) = zo. Moreover, given a choice of unitary basis for T, N, there is a

canonical unitary (hence symplectic) trivialisation of Y:TIN.
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Proof. Observe that 1, extends continuously over 0 via 1,(0) = z. Pick complex
coordinates for 91 in a neighbourhood of z.,. Then each coordinate of ¥, for small z
is a holomorphic function {z € C: 0 < |z| < e} — C which is bounded at z = 0, and
therefore the singularity at 0 is removable.

The bundle T9) is a complex vector bundle over the unit disc in C, and we
can pick a trivialisation by a unitary basis with respect to the Kéhler metric g, by
parallel transporting radially outwards from the centre of the disc (recall that parallel
transport for a Kéhler manifold (91, g) is unitary). So the unitary trivialisation for
TN is canonical up to a choice of unitary basis at z, for 7, 9. The trivialisation

is also symplectic with respect to w; since (MM, g, wy) is Kéhler. [ |

Proposition 6.8.17. The grading of a Morse-Bott submanifold B, . is

1 1
H(Bpe) = dime M — = dimg By, — - — > W(T,m), (6.35)

where T, M = ®,C,,, is the 1-dimensional weight-decomposition of the tangent space
of the convergence point o of an arbitrary point x € B, ., and C,,, denotes a copy
of C whose C*-action has weight m;. In particular, p(B,.) does not depend on the
choice of x € B, .

Proof. The proof uses an idea similar to the computation in [Oan04, Sec.3.3|. Briefly:
first we recall that the difference between the Hamiltonian flows of H) and T,H
causes a symplectic shear which gives the —% term in (6.35). Then, we compute the
Robbin-Salamon index of B, . with respect to the Hamiltonian 7}, H, which yields the
> W(T,m;)-part.

Recall from (6.32) the orthogonal splittings T, = (Xg, ) ® (Xu,) @&, 1.5, =
X, ®&. The matrix of the linearised flow of H) using this splitting has the form

1 0
(6). = | (H) |VH|? 1
(6™ )le
The first column is due to Lemma 6.8.4. The second column is immediate, and the
rest is due to the fact that the flow ¢/™ restricted to S, is equal to gb;‘FpH, hence
preserves the metric and thus the orthogonals. As it preserves Xy, it preserves its

orthogonal &.

Thus, we have that (¢/), = x(t) o (¢;*""),, where
1 0
X(t) = |r¢(H) |VH|* 1
Tdag—s
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Letting W(t) = ((thpH)* as in the proof of [CFHW96, Prop.2.2|, there is a homotopy

_ x(st) W (), t< =
K(s, 1) = { V(s 4+ Dt — (s + 1)) W(1), =< ¢

of paths with fixed ends between the path (¢/™), and the concatenation of (¢,”" ).
and (1) o (¢;"")..

Hence, by Theorem A.1.4.(2),(6) we have RS(xz, Hy) = RS(z,T,H) + 5. Thus, it
remains to compute the index RS(x,T,H). We have to pick a symplectic trivialisation
of x(t)*T9M first.

A choice of unitary basis z; that generates the weight spaces C,,, = Cz; of the
weight decomposition T, 9 = C,,, yield, by Lemma 6.8.16, a canonical holomorphic
capping disc ¢, and a canonical symplectic trivialisation of ¢¥:T9N. As z(t) is a
reparametrization of an S'-orbit, all of its points yield the same capping disc up
to S'-reparametrization, and the same unitary and symplectic trivialisation of 79t
over the capping disc. We remark that if the S'-orbit of x is an m-fold cover of
x(t), then the capping disc 1, is Z/m equivariant (acting by m-th roots of unity
(). Moreover, by the construction in the proof of Lemma 6.8.16, the unitary basis
chosen for 1, (2)*TON at 1, (z) is the same as the chosen basis at ¥,(Cz)*T9N (since
.(2) = 1,(¢2)). So the choice of unitary basis z; at x,, also determines a canonical
unitary and symplectic trivialisation for x(t)*T91.

By the construction from Lemma, 6.8.16, the linearised S'-flow along the S*-orbit
of z in the chosen trivialisation of ¥*T90 is equal to the linearised S'-flow at 2, in the
trivialisation of T, 9 given by the basis z;. The same argument applies to x(¢)*T9
using the time 27 /m flow of the S'-action. By the continuity property for RS indices
(Theorem A.1.4), we reduce to computing that RS(x,T,H) = Y, W(1,m;), which
follows by the same argument as in the proofs of Propositions 6.3.2 and 6.3.3.

Now, recall that the grading of the Morse-Bott manifold B, . corresponds to the
grading of the orbit that represents the minimum of the Morse function f,. that
perturbs B, .. By the argument in [Oan04, Sec. 3.3], the Morse term in the Robbin-
Salamon index formula for an orbit is equal to half of the signature of the Hessian
V fp.c at the corresponding critical point; thus at a minimum it is equal to % dimg B, ..
Finally, recalling that the grading in our conventions is equal to dim¢ 91 - RS, the
formula (6.35) is proved. |

We will now deduce the consequences of this proposition, with regards to the
spectral sequence. Recall from Lemma 6.8.2 that B, = S,NRz/m, where 7, = k/m for

coprime k,m € N. As Ry, is an S'-invariant Kahler submanifold of (9, wy), by the
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same reasoning as in Corollary 6.1.6, we get that each connected component of Rz,
that leaves the core has a connected intersection with S, = H~*(H,). Thus, denoting
by ROZ‘/“;n the submanifold of Rz, that leaves the core, one has its decomposition
into connected components ROZ%L = U.Rz/m, which yield the connected components
of B,,

Bye=8,NRz/mype- (6.36)

Lemma 6.8.18. Suppose 7, = ki/m and 7,, = ka/m have the same denominators,
where (ki,m) = (ke,m) = 1. Then B,, and B,, are diffeomorphic, indeed diffeomor-
phic to the B, with 7, = 1/m.

Proof. As By, . =Sy, N Ryme and By, . = Sy, N Ry, Wwe have

B, . =B

p1,c — p2,¢

via the normalised gradient flow VH/ ||VH||* that flows from one to the other. This
holds since H is constant on S,, and Rz, is preserved by the gradient flow of H
(being the R -part of C*-action). |

We now deduce that the columns of the E;-page are 1-periodic,'® up to a constant
shift in the g-coordinate. The shift depends only on the dimension of 9 and the

weight of the action ¢ on wc.

Corollary 6.8.19. Given p > p' such that 7, — 7, = 1, we have that

1(By ) = i(Bpe) + kd,
where k is the weight of ¢, and d = dim¢ 9.

Proof. By formula (6.35), we have

1(By.e) = 11(Bp,e) = Z W(Tym;) Z W(Tpm;) = Z[W(T m;) — W(T,m;)]

where we have used W (a + 2mn) = W (a) + 2n, for n € Z (which follows immediately
from the definition (6.7) of function ). Recall that the m; come from the weight-
decomposition T, 9 = @,;C,,,.. Also recall that as the action ¢ acts by weight £ on
the symplectic form we, there is a duality between the weight spaces for m and k —m.
Thus >, 2m; = 2k - %dim(c M = kd. [ |

13Tn the sense of Notation 6.8.15.
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Corollary 6.8.20. (Periodicity) The E;-page of the spectral sequence E(p)P4 is time-
1 periodic, up to a downward shift by kd rows, where d = dime N and k is the weight

of ©.

Thus, in order to compute the Fj-page of E(p)P4, it is enough to compute the

r )

columns p having the normalised period 7, smaller or equal to 1. We show now that
it is actually enough to compute the columns whose period is smaller or equal to %

By point “(%, n— %)” of the spectral sequence we will mean a point that lies on the
1
29
Tp = % does not exist, then it is the point on the line between the two columns that

column with time 7, = 3, on the line between rows n and n — 1. If a column with
have periods 7, nearest to % For example, the 4-star symbol in Figure 6.4 is the point
(%, —%), and the following corollary confirms that this is a point of central symmetry
for the generators in the spectral sequence.

Corollary 6.8.21. (Local central symmetry) Given a CSR (9, ), there is a central

symmetry of the sub-block of the Ei-page of E(p)P9 consisting of columns p with

1 1
(5,27“—/{7”—§),

where dimg M = 4r is the real dimension of MM and k is the weight of p. In particular,

0 <7, <1, about the point

when the action ¢ is weight-2, it is the point (%, —%), and when the action ¢ is weight-1

it is the point (3,7 — 3).

Proof. Consider a Morse-Bott submanifold B, . that lies in the p-th column, so con-
sisting of S'-orbits with normalised period 7,. By (6.35), the top-dimensional class
(so H"?(B,.)) lies on the row

1 1
ry = dimg B, . + dim¢ M — 5 dimg B, — 3 Z W (T,m;).

Now, in the column p’ such that 7, = 1 — 7,, we have the manifold B, . that is
diffeomorphic to B,., by Lemma 6.8.18. Again by (6.35), its bottom-dimensional

class (so H%(B, .)) lies on the row

1 1
o i= d1m<c9ﬁ - 5 lelR Bp’,c — § - Z W(Témz)

Thus, by Corollary 6.8.19, we get Di2 — 47“’12’2’" = 2r — kr — % So H"!(B,.)
and H°(B,.) match-up via the central symmetry about the point (3,2r — kr — %)
In the other degrees, the ranks match up due to Poincaré duality and the fact that
B,.= By.. m

p?c_
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We also mention the following pattern, which manifests itself in the examples in
Section 6.9.

Proposition 6.8.22. After the E\-page, the spectral sequence E ()P4 splits, horizon-
tally, into a direct sum of two-row spectral sequences. In other words, the non-zero

edge-homomorphisms (from the Ey-page onwards) all go from odd rows to even rows.

Proof. By Corollary 6.8.13, every new odd-degree generator that appears in a new
column of the Ej-page spectral sequence for H) (as we increase the slope \), must
have an edge-differential (on E; or later pages) whose image was not generated by
previous generators. Otherwise, for that particular slope A, an odd-degree class would
survive and cannot be killed in later pages of the spectral sequence for HF*(H)).
But that spectral sequence converges to HF*(H,) = HF*(AH), which is supported
in even degrees by Corollary 6.5.6. This is a contradiction. Thus either the above

case applies, or that generator is killed by an even-degree class in the same column
(so it does not survive to HEF*(\H)). |

6.8.5 Techniques for computing the E;-page

Having obtained the grading shifts of the Morse-Bott manifolds B, . in Proposition
6.8.17, we now comment on how to compute their cohomologies H*(B, ). With these
two pieces of information, one obtains the graded generators for the Ej-page of the
spectral sequence.

From the proof of Lemma 6.8.18, it suffices to compute the cohomologies of B, .
for normalised periods 7, so of the form 1/m for m € N. Let us first consider the
case m > 2. By (6.36), it suffices to know the cohomology of a hypersurface section
of Rz/m,., where the hypersurface in Rz, . is a level set of the Hamiltonian. The

following lemma tells us that the choice of level set is immaterial.

Lemma 6.8.23. Let M be an open manifold, and H : M — R an exhausting function
whose critical locus is compact. Let X, = H 1(c) denote the level set. Then, for
sufficiently large ¢ € R, the cohomology H*(X.) is independent of ¢ and is independent
of the choice of H. Thus, if M is a vector bundle and S(M) its unit bundle, H*(%.) =
H*(S(M)) for large c.

Proof. For large ¢, the critical locus of H is contained in H < ¢ (as H is exhaust-
ing). Thus, for large ¢, ¢ we have a diffeomorphism 3, = Y. defined by the flow of
VH/|VH|?.
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Denote by 3. = H '[c,00) C 9 the subset at infinity diffeomorphic to . x
[0,00) obtained by flowing for positive time with VH/||VH|?. Thus H*(X.s) =
H*(X.) (for large c¢). Given two exhausting functions H; and Hs, respectively with
level sets >/, ¥ we can choose c-values to get nested sets

o ¥ oyl c Xt

€1,00 c9,00 C1,00 C2,007

where the c-values are large so that the critical loci of Hy, Hy lie in lower sublevel sets.
The composite of the first two inclusions is isotopic to a diffeomorphism (by using the
flow by VH,/||VH;||?). Similarly, for the composite of the last two inclusions (using
H,). Thus on cohomology those two composite maps induce isomorphisms. Thus
H*(X7, ) « H*(X{, o) is both injective and surjective, so it is an isomorphism. By
the first part, up to isomorphism the choices of large ¢, C; do not matter.

For the second claim, for a vector bundle, M — B, we pick a Riemannian metric g
on its fibres and obtain the exhausting function H : M — R given by H (b,£) = g(&, &).

Then S(M) = H™'(1). |
Recall from (6.36) and (6.31) that
Bpe=8N"Rzme and  S,={reM|H(zx)=H,} CM,

where H,, are the values of H where the slope of H) = ¢(H) satisfies ¢/(H,) = T,,.
Then by Lemma 6.8.23:

(1) If Rzjm,c = Hym is a torsion bundle'* over a component of the fixed locus §,, then

the cohomology of its corresponding Morse-Bott submanifold B, is
H*(By) = H*(S(Hm)),

which is calculable by considering the Gysin sequence for the sphere bundle

S(Hm) = Sa-

(2) More generally, if Rz is a bundle over a submanifold D,, of the core which is
also in Rz/pm.c, but which is not necessarily fixed under the C*-action (unlike §,
above), then

H* (Bp,c) = H*(S(RZ/m,c))a

which is calculable by considering the Gysin sequence for the sphere bundle
S(Rz/mﬁ) — Dm

MRecall Definitions 2.3.9 and 2.3.11.
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(3) We have so far observed only the situations (1) and (2) in the examples (Section

6.9), but we do not claim that these are necessarily the only possible ones.

Now we show how to calculate the time-1 column of the Fi-page. For such a
column, we have B, = §,, thus it is equal to H*(S,) with a shift calculated by
Corollary 6.8.20. The ranks of the cohomology of the hypersurface S, are easily

calculable (up to the two middle degrees) using classical algebraic topology:

Proposition 6.8.24. Assume that the Novikov field K is defined over a characteristic
zero field. Abbreviate 4n = dimg M. Then for some r < dimg H**(9M) we have:

H= 1=k k> 2n + 1,
H*(S,)) = (K" k=2n—1,2n,
H%(9M) k<2n—2.

Ezplicitly, v is the nullity of the natural map for the pair (MM, My,) in degree 2n,
H*™(OM) = H*™(M, M) — H(M),
where Mo, = H [H,, 00) is the region at infinity in M outside of S,.

Proof. Recall by Corollary 2.1.9 that H*(91) = H*(£) is supported in even degrees,
which are less or equal to 2n (due to £ being wc-isotropic, Theorem 3.1.1). Denote
M :={H < H,}, so OM = S,. Thus 2 is homotopy equivalent to M, as it deforma-
tion retracts onto M via the (rescaled) R, -action. By Lefschetz duality and universal
coefficients (working over a field K), H*(M,0M) = Hy, (M) = HY" *(M). Using

the latter isomorphisms, the long exact sequence for the pair (M,9M) becomes
H*" R (M) < H*(OM) < H*(M) < H*" *(M).

For k <2n—2 we have dn—k > 2n+2 and 4n—k—1 > 2n+1, so the outside terms
above vanish. Thus H*(OM) = H*¥(M) for k < 2n — 2. Finally, by Poincaré duality
for the closed orientable (4n — 1)-manifold OM = S, and universal coefficients, we
have H*(S,) & Hy,1-%(S,) & H17%(S,). The final claim follows from the above
exact sequence for k = 2n and k = 2n — 1, and using that H°(M) = 0. |

15This is why we need the characteristic zero assumption for the base field of the Novikov field.
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6.9 Examples of spectral sequences

In this section we give a variety of examples of Morse-Bott Floer spectral sequences
E()P? constructed in Section 6.8. As a consequence, by Proposition 6.8.14, we get
the (rank-wise) filtrations of the ordinary cohomology rings for these CSRs.

We use the following notation for gradings: A[m] means a graded group A is
shifted down by m, so A[m|s = A;1q. In the pictures of spectral sequences we label
B, by B, instead, as 7, tells the torsion subgroup of the Morse-Bott submanifold to
which it corresponds.

NB In this section we will assume that the Novikov field is over a character-
istic zero field due to easier computability of our spectral sequences (e.g. recall
that Corollary 2.1.9 and Proposition 6.8.24 give us cohomological information over
characteristic zero only). We remark that working over non-characteristic zero fields
could in principle give us some further information, but we stay in the characteristic

zero for the purposes of this section.

6.9.1 Generalised Springer resolutions of type A

Recall from Section 5.1.2 that the generalised Springer resolution of type A is a CSR
T*Bp — Opjr’

where p = (p1,...,pn) is a composition of n and B, is a variety of p-partial flags,
whereas O+ is the nilpotent orbit whose matrices have Jordan partition pi.'% This
is a weight-1 CSR, where the action acts on 7B, by contracting the fibres and on
O_Pi by dilation.

Thus, the action on T"B, is free outside the fixed locus B,, hence there are no
torsion points, which implies that the spectral sequence E(p)P? will be very simple.
The 0-th column is the cohomology H*(B,) without a shift, whereas the 1st and
2nd columns are the cohomologies of the sphere bundle H*(S(17*B,)) with shifts of
d := dimg B, and 2d rows downward (using Lemma 6.8.23 and Corollary 6.8.20).

The cohomology H*(S(T*B,)) can be computed by Proposition 6.8.24, except for
the middle ranks. We see that they vanish by looking at the Leray-Serre spectral
sequence for S(T*B,) — B,. Namely, the edge-differential H™P(S%~1) — H™P(1,)
from the top class in the O-th column to the rightmost class in the 0-th row is multi-

plication by the Euler number of the bundle, which is strictly negative as the Euler

Y%Here, p, is a weakly-descending permutation of p, and p is its dual.

220



characteristic of B, is positive (it has only even Betti numbers). Hence, this differen-
tial is an isomorphism and that makes the two middle classes vanish. We start with

the simplest example:

Example 6.9.1. T*CP' — Oy;.

The first three columns'” are H*(S(T*B,)) = K[0] & K[—3], with a shift down by
2, 4 and 6. We remark that in this case we know explicitly that S(T*CP') = RP3,
whose cohomology over a field K of characteristic zero agrees with that of S3. Now,

by looking at the spectral sequence (see the figure 6.3), the filtration FY H*(T*CP?)
of the singular cohomology that one obtains is rank-wise:

0 C K[-2] € K[0] & K[-2] = H*(T*CP").

As H*(T*CP") = Kla]/a?, |a] = 2, in this example we get the complete information
about the filtration,
0 C (a) C H*(T*CP?).

prap|  H(T'CPY) H'(B,)[2] H'(B,)[4] H'(B,)[6]
2 G
1 @
0 (O
-1 —
2 o |
-3 I
-4
5
-6

Figure 6.3: Spectral sequence for T*CP!

Example 6.9.2. "B, — O_Pi'

Analogously to the previous example, we get that the first three columns are
H*(S(T*B,)) shifted down by d, 2d and 3d (where d = dimg B,). Thus, only the
first two columns can hit the 0-th column via the differential, and moreover, the
second column can hit only 1 € H%(T*B,), due to the shift. Recall from above that
H*(S(T*B,)) has no middle degree classes, so rows 0 and -1 of the first column are

zero, so there is no class in the first column that can hit 1 € H°(T*B,). Thus, the
obtained filtration is again

0c H?(T*B,) C H*(T"B,),

I"Recall that we numerate columns from 0-th column, thus here we mean “the first three columns
after the 0-th column.”
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where H=?(T*B,) is the maximal ideal generated by all cohomological classes in

degrees > 2.

6.9.2 Resolutions of Du Val singularities

The simplest conical symplectic resolutions are resolutions of Du Val singularities,
also known as simple surface singularities, ADE singularities, Kleinian singularities

or rational double points. These are the minimal resolutions of quotient singularities
r - X[* — C2/F

for all finite subgroups I' < SU(2). Any such group I' (up to conjugation) can be
labelled bijectively via an ADE Dynkin graph Qr which is called its McKay graph.'®

The Dynkin graph A, corresponds to the cyclic group Z/(n + 1), the graph D,
corresponds to the binary dihedral group BDy(,_2), whereas the graphs Eg, I7 and Ejg
correspond to the binary tetrahedral, octahedral and icosahedral groups, respectively.
It is known that the core m 1(0) consists of a union of 2-spheres, whose dual graph
of intersections is exactly the McKay graph Qr.

Klein showed that the coordinate ring C[C?/T] is generated by three polynomials,
hence the variety C?/T" embeds into C? via a polynomial map (z1, 20) + (f, g, h) C C3.
These embeddings for types A and D are as follows:

For Z/n: (z1,22) — (27,25, z122), the image is XY — Z" =0,
For BDy, : (21, 20) — (22" — 23") 2120, 23" + 23", 2323), (6.37)
the image is X? — Y?Z + 42" = 0.
For the types Fg, E7, Eg, the invariant polynomials are rather cumbersome so we will

not write them here (see [Dol07, Sec. 1.2]).

The natural conical weight-2 action on these spaces comes from the dilation action
C" CQ, t- (Zl, ZQ) = <t21,t22) (638)

We call the action that it yields on Xp — C?/T the standard action.
We discuss type A, singularities first, splitting into two cases by parity of n. Type

Ay is the case T*CP! already covered in Section 6.9.1, so we omit it.

Example 6.9.3. 9, = C%/(Z/k), for odd k > 3.
In the coordinates (6.37), the action (6.38) becomes

t-X=t"'X, t.Y=t'Y, t-Z=+t2,

18Which comes from representation theory of the group I
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thus the only torsion subvarieties are the lines [ = (0,Y,0) and I, = (X,0,0), which
have Z/k-isotropies.

Thus, the only torsion submanifolds in the resolution 9 = Xy are the two
Z/k-torsion lines, I; and Iy, that converge (by the C*-action, when ¢ — 0) to the
two different fixed points in the core. Their intersections with slices S, for p =
—1,...,—(k — 1) yield two Morse-Bott submanifolds

B

p,1

=B

.2 ~ 51'19

By the same argument as in Lemma 6.8.23, the hypersurface By has cohomology
isomorphic to the cohomology of S®/(Z/k), thus, as we are working over fields of
characteristic zero, H*(By) = K|[0] & K[—3]. As the core of M is an Aj_;-tree of
2-spheres, the cohomology of M is H*(9M) = K[0] & K*'[-2]. Thus, in order to
construct the Ej-page of the spectral sequence E(¢)P? we only have to know the
shifts 1(B,1) and p(B,2). According to formula (6.35), it suffices to know the weights
of the converging points of lines [, and ly. But this is straightforward as their weight
decompositions are C,®Cs_y, due to the duality Hy, &5 Hy p, induced by the weight-2

action. Thus, we get that
p(Bpa) = p(By2) =2 — 5 — 5 = W(2rLk) - W(2r£(2 - k))

_27 p< _ﬂ7
= W(2r=2) = ’

Hence, the first % columns of the spectral sequence consist of two copies of the
cohomology of S* and the next % columns consist of the same, shifted down by 2, and
then followed by the torsion-free?® cohomology of S3/(Z/k), shifted down by 2-2 = 4
(both the weight and dim¢ 9t are equal to 2). Thus, knowing that all the classes in
the O-th column H*(9) have to vanish eventually, we see that the only possibility is
that they vanish two by two in each page, finishing with the class 1 € H°(9) that
vanishes last at some page E,, where r > k + % Hence, by Proposition 6.8.14 we get

that the filtration FY H*(901) that one obtains on the cohomology is rank-wise:
0 c K[-2] c--- ¢ K-''[-2] c K[0]®KF'[-2] = H*(Xz).

We give a picture of the first few columns of the spectral sequence in the case k =5

(Figure 6.4). We match by blue boxes the sets of classes that are killed one from the

19 As explained in the paragraph after Proposition 6.8.17, these intersections are connected, thus
being connected 1-dimensional manifolds, they are circles.
20Recall that we work over a characteristic zero coefficient field.
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other by the green edge-differentials (as in general we do not know whether these maps
are diagonalizable). With this labelling, one can read off the filtration FY H*(9t) from
the spectral sequence more easily. Also, we denote by a 4-star symbol the point of

local central symmetry in the spectral sequence, which exists due to Corollary 6.8.21.

prap|  H'(X,,) H'(B,-0] | H(B,IO0] | H((BLI2] | H(B,I2 H'(B,)[4] H'(B,)[4]
2 [ |
1 = |
0 e o o . <.
-1 ( )
2
-3
-4

Figure 6.4: Spectral sequence for Xz /5

Example 6.9.4. M, = C?/Z/k, for even k > 2.

Similarly to the previous case, we get that there are two Z/k-torsion lines con-
verging to two points, thus they yield two Morse-Bott submanifolds B,; = B, = S'.
The difference is that here the action is even. Thus, by considering the square root of
the action, we conclude that the time-3 column of the Fj-page is equal to H*(S,)[2],
and after that its columns repeat with the shift 2-1 = 2 (the square root of the action
has weight 1). Thus, we see that the classes in H*(9) vanish two by two until the
last one is taken by the top class of the time—% column, and then the class 1 € H°(9)
gets killed at some later page.

Thus, rank-wise the filtration FY H*(90) is:

0 Cc K[-2] c--- ¢ K*?[-2] c K"'[-2] c K[0]®K""'[-2] = H*(Xz).

We give a picture of the first few columns of the spectral sequence in the case k = 6
(Figure 6.5).

pra|  H'(X,0) H(BIO] | H(B,Ol | HBR | HBER | H(B2] H'(B)14]
2 |CREae—— | |
1 g ) | w— | m——
0 ( |
-1 R )
-2
-3
2

Figure 6.5: Spectral sequence for Xz 6

Next, let us consider a different conical action on C?/(Z/3), and observe that the

filtration obtained is different from the previous.

224



Example 6.9.5. 9, = C?/(Z/3) with a non-standard action.
As seen in Example 6.9.3, the standard action on C?/(Z/3) is

t-X=X,t-Y=8Y, t-Z=12
Here, we consider the action
t- X=X, t- Y=t t- Z=12

We immediately see that all points are Z/2-torsion and in addition there is a Z/4-
torsion line I; = (0,Y,0). Its resolution [, is a Z/4-torsion line that converges to a
fixed point that has weight decomposition C4@®C_s. Thus according to formula (6.35)
we get that the shift of the corresponding Morse-Bott submanifold B; = E NSy is
wu(B1) = 0. As all the points are Z/2-torsion, we get that By = Sy, and the shift, that
we calculate analogously, is pu(Bs) = —2. Now, we can use the property of central
symmetry (Corollary 6.8.21) and obtain the 3rd and 4th column. For degree reasons,

the other columns cannot hit the classes in the ordinary cohomology H*(90t). See
Figure 6.6.

prap|  H(X,,) H'(B,,)[0] H'(B,,)[2] H'(B,,)[4] H'(B,)[4] H'(B,,)[4]
2 &, &

1 T @

0 | ECR— —) D N

1 v CC——

2 .

3

4

Figure 6.6: Spectral sequence for X7/3 with a non-standard action.
Thus, rank-wise the filtration FY H*(9) is:
0 C K[-2] ¢ K*[-2] c K[0] ®K*[-2] = H*(Xz3),

which is different from the filtration obtained by the standard action in Example
6.9.3:

0 C K’[-2] C K[0]®K*[—2] = H*(Xz/3).

Hence, this example and Example 6.9.3 for £ = 3 yield two different Hamiltonian
models for the ordinary cohomology H*(X7z/3) of a CSR Xy/3, given by the classes in

spectral sequence which kill the cohomology classes of X735 (the 0-th column).
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Now we continue with the Du Val singularities of type D. Firstly, observe that in

the coordinates (6.37), the action (6.38) on a D, o-singularity becomes
t- X =t"2X, t.Y =", t-Z=tZ,

thus all the points are Z/2-torsion. Hence, in order to simplify the action we take a

square-root of it:
t- X =t""X, t-Y=t"Y, t-Z=1*2Z. (6.39)

As in the type A case, we distinguish between two cases, by parity of n.

Example 6.9.6. M, = C?/BDg; (Do o-singularity), k > 1

Here, the square-root of the standard action (6.39) becomes

t- X=X, . Y=Y, t+-Z2=4*2Z.

Hence, it is easy to see that there are exactly three torsion lines
a=(0,Y,0), B =(0,22% 7), By, =(0,—-22% 7),

which have torsion groups Z/2k,7/2,7./2, respectively. As the action is a square-root
of a weight-2 action, it is a weight-1 action, thus has a minimal component. It must
be the sphere that corresponds to the unique trivalent vertex of the graph Doy o (that
sphere has three intersection points fixed by the action, hence has to be fixed). The
resolutions &, 31, B2 of the torsion lines a, 81, B, are lines again, and they converge to
the fixed points of the spheres that correspond to the leaves of the graph Do, 5. This
is true because these are the leaves of the attraction graph, and by Proposition 2.3.15
we know that each leaf of an attraction graph has a torsion bundle that converges to
it.

Using formula (6.35), as in the previous examples, one can calculate the degree
shifts (B, ) of the Morse Bott submanifolds B, . which are intersections of the lines
07,51,32 with the slices S, hence are circles. One deduces that they all have zero
shift, for 7, < 1. Then, By = &; has a shift down by 2 (as the action has weight 1),
and thus the other columns are determined, by Corollary 6.8.20.

To sum up, the filtration FY H*(9M) is (rank-wise):

for k=1: 0 C K*[-2] c K*[-2] C K[0] ® K*[-2] = H*(IM),
for k>2: 0CK[-2] C--- c KF![-2] c KF?[—-2] ¢ KF[—2]
o C KPP -2) € K*T2 2] € H* (M),
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where in both cases the jump in the rank by 3 occurs at the time—% column, as all
three lines are Z/2-isotropic.

We give a picture (Figure 6.7) of the spectral sequence in the case k = 2 (thus,
Deg-singularity):

pHa\p H'Xgp16) H'(B,,)[0] | H'(B,,)[0] | H'(B,)[0] | H'(B)I[2] H'(B,,)2] H'(B,,)[2] H'(B,,)2] H'(B,)[4]
2 [GC~9), CLEL— |

1 — @ 9| O )

0 e 0 Do - )

-1 — <)
-2

-3

-4

Figure 6.7: Spectral sequence for Dg.

Example 6.9.7. 9y = C?/BDgyy4 (Do, 3-singularity), k > 1

Here, the square-root of the standard action (6.39) becomes
t- X =t*2X ¢t Y =Y, t- Z =122
Thus, similarly to the previous example, we get exactly three torsion lines
a=(0,Y,0), B = (2i2%,0,2), By = (=2i2"%,0,2),

which have isotropies Z/(2k+1),Z/2,Z/2, respectively. These yield circles as Morse-
Bott submanifolds, and as in the previous example, they all have zero shifts. The
only difference from the previous example is that here in the time %—column there are
2 Morse-Bott manifolds, thus the filtration FYH*(901) at A = 3 jumps by rank 2 in
the degree 2.

Thus, rank-wise the filtration FY H*(9) is:

0 CK[-2] C - c KF[-2] c K"?[—-2] c KF?[-2] C - C K*3[—2] C H*(M).

We give a picture (Figure 6.8) of the spectral sequence in the case &k = 1 (thus,
Ds-singularity).

We remark that for Du Val singularities of type D, in order to get the information
on Morse-Bott submanifolds and thus on the spectral sequence, we did not have to
know the invariant polynomials and coordinates of the singularity in C3. Instead, we
could have just observed the extended attraction graph in the corresponding resolu-

tion, which we now explain.
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Figure 6.8: Spectral sequence for Ds.

Example 6.9.8. D,-singularity via the extended attraction graph

Consider the minimal resolution of a D,, singularity. As already mentioned, the core is
topologically a Dynkin tree D,, of spheres. The sphere C corresponding to the trivalent
vertex has to be fixed by the action, as it has three fixed points of intersection with
the other spheres. The other spheres cannot be fixed, due to a homological Morse-
Bott argument (like in the last part of the proof of Proposition 3.1.3). Thus, all other
spheres have two fixed points, and hence the attraction graph is a Dynkin graph D,, as
well. As there is a fixed component of the core C, by Proposition 3.1.6, the standard
action has a square-root, which is a weight-1 conical action. Thus, the tangent space
weight decomposition on C' is Hy & H;, where Hy and H; are 1-dimensional. In
particular, this is true for the intersection points pi, po,p3 with the neighbouring
spheres C', Cy, C5 to the sphere C. Thus, there are C*-orbits flowing out of p; towards
the other fixed points ¢; in the spheres Cj, respectively. They will converge to H_;
weight spaces, according to Lemma 2.3.12. Thus, by wc-pairing duality of the weight-
1 action, the points ¢; also have a Hy weight-space. Two of them are leaf nodes in the
attraction graph, thus these weight-spaces will give rise to Z/2-torsion line bundles
Hs, hence will indeed yield circles when intersected with slices. In the D, case, the
third point will also have a Z/2-torsion line bundle, whereas for n > 4 we continue
further along the attraction graph using the same duality principle, getting that the
weight decompositions for fixed points are H_o ® H3, H_3® Hy, ..., H_(,_3y® H,_»,
thus ultimately getting the Z/(n — 2)-torsion line bundle, like we have obtained in
Examples 6.9.7 and 6.9.6.

The same method as in the last example can be used to calculate the Morse-
Bott manifolds in type E. Here this method helps substantially as the invariant
polynomials for type E are quite cumbersome, hence the method of finding the torsion

subsets in My and then finding their resolutions on 9 becomes much harder.

Example 6.9.9. Eg-Singularity
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Analogously to the previous example, as the core is the Eg-Dynkin tree of spheres,
the sphere C' that corresponds to the trivalent node of Fy is fixed. Thus again, by
Proposition 3.1.6, the standard action has a square-root, which is a weight-1 conical
action. Thus, the weight decomposition of C'is Hy & H;. Analogously to the type D
case, here the attraction graph is of Eg type, thus yields one Z/2-torsion and two Z/3-
torsion line bundles over fixed points that are leaves of the attraction graph (Figure
6.9. Except for the attraction graph, which drawn in black dots and blue arrows, on
the figure we also depict the topology of the core by drawing the spheres as black
circles. The central sphere is completely black, being fixed.)

Figure 6.9: Extended attraction graph of minimal resolution of Eg-singularity.

Thus, the Morse-Bott submanifolds are circles, and their shifts are calculated in
the standard way, knowing the weight decompositions H_1® Hy, H & Hs, H o Hj
of their converging points. We give a picture of the obtained spectral sequence (Figure
6.10).

pra\p H'(Xc,) H'(B,)[0] | H(B,,)[0] [H'(B,)O0]| H(B)I2]
2 |CRNEEa o4 |

1 ) | O —= | ©
0 (e 0 D T 0 °)

-1

-2 .

Figure 6.10: Spectral sequence for Fj.
From it, one reads-off the filtration on H*(9) (rank-wise):
0 C K?[-2] c K¥[-2] c K®[-2] C K°[-2] C K[0] ® K°[—2] = H*(9M).

Example 6.9.10. F,-Singularity
Analogously, we get three torsion line bundles over fixed points that are leaves of

the attraction graph, with torsion groups Z/2,7Z/3, and Z/4. We give a picture of
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the obtained spectral sequence (Figure 6.11). We do not put the edge-differentials on
this one as it would make the picture unreadable.

pralp H(Xg,) H'(B,,)[0] [ H'(B)[O] | H(B,,)O] | H(B,)[4] |H(B,)O]| H(B)I2]
2 0O
1 O] © g ® ® ]

0 (0 . . . . . o)

-1

-2 .

Figure 6.11: Spectral sequence for F;.
From it, one reads-off the filtration on H*(9) (rank-wise):
0 C K'[-2] c K*[-2] c K*[-2] c K°[-2] Cc K°[-2] C K"[-2] C K[0]®K'[-2] = H*(IM).

Example 6.9.11. Fs-Singularity

Analogously, we get three torsion line bundles over fixed points that are leaves of
the attraction graph, with torsion groups Z/2,7Z/3, and Z/5. We give a picture of
the obtained spectral sequence (Figure 6.12). We do not put blue boxes and edge-
differentials on this one as there is just one possibility for them in this case.

prap|  H(Xg) H'(B,x)[0] | H'(B,p)[0] | H'(B,s)[0] | H'(B,,)[4] | H'(B,-)I0] | H'(B,,)[O] [ H'(B,-)[O] | H'(B)I2]

4/5¢
2 [eoeceessen

1
0
1
2

Figure 6.12: Spectral sequence for Fs.

From it, one reads-off the filtration on H*(9M) (rank-wise):
0 C K'[-2] c K*[-2] c K*[-2] C --- C K'[-2] C K®[-2] C K[0]®K®[-2] = H*(IM).
(in every step the rank increases by one).

6.9.3 Slodowy varieties of type A

In this section we consider resolutions of ordinary Slodowy varieties of type A (Section
5.1.3) and the Kazhdan action on them (Section 5.1.4). Let us recall them briefly for

the convenience of the reader. Given an sl triple (e, f, k) of nilpotent elements, one
constructs the Slodowy slice

Se={xesl,|[xr—e, f] =0} =e+ ker(adf).
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The ordinary Slodowy variety and its resolution are
S, =S.NN, S :=v8). (6.40)

On the Slodowy slice, and hence on the Slodowy variety, the Kazhdan action is defined
by
t-x=t*Ad(t™")z. (6.41)

In the matrix notation x = (X;;), this becomes
t (X)) = (X, (6.42)

which we will use in the examples. The Kazhdan action on S, pulls back via the

Springer resolution to the Kazhdan action on S. by
t-(x, F) = (t*Ad(t ")z, t™"F). (6.43)

Picking a Jordan basis (v;) for the triple (e, f, h), the action on flags is induced by
the action on C" given by
t- V; = t_’”vi, (644)

where h = diag(hy,...,h,) in that basis. We abbreviate Sy := S,, S\ = S. where
A = A(e) is the associated Jordan partition to the nilpotent element e (i.e. the sizes
of the Jordan blocks of e).

The basic algorithm that we are going to use here is that we first find the torsion
points {7z }r>2 in the Slodowy slice Sy, then we restrict to the nilpotent cone N in

order to get the torsion points
Prje = Tz NN

in Sy. Then, using the Springer resolution v, we find the torsion points Rz, in
Sy = v71(Sy). As the fibres of the resolution v depend on the nilpotent orbit O,

where they are taken, we will keep track of A\ in the intersections
Pz = Tz N Oy

obtained for 77/, with other nilpotent orbits.

In addition, when the Kazhdan action is even, we will rather consider a square-root
of it, in order to avoid all points being Z/2-torsion.

In the following examples we will use the notation B, instead of B, for the Morse-

Bott submanifolds, so that it agrees with the spectral sequence labelling.
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Example 6.9.12. Slodowy variety Si;
From Proposition 5.2.14 we get the description of the affine Slodowy slice Soo

= o

322 =

a
m
e a,c,e,m,p,x,wE(C
T

o O
|
Q
—

As we have t"22 = diag(t t~* t t1), by formula (6.42) the Kazhdan action on Sy is

equal to:

a 1 ¢ 0 t’a 1 tc 0
m a p c| t*m t’a tip t2c

t e 0 —a 1| |te 0 —ta 1 |° (6.45)
r e w —a t'r t?e tw —ta

Thus, we see that the action is even, so we take a square root of it. Then, we only

have powers ¢! and ¢? of ¢ in equation (6.45), hence we get only Z/2-torsion points in

522.

o O

Tz)2 =

0 1
m 0
0 0 m,p,x € C
x

o= O O

0 w

Hence intersecting it with the nilpotent cone N' = {A | A* = 0} after some

amount of computations one gets the set of Z/2-torsion points in Sy :

m? +pr =0, m,p,x € C » = C*/(Z/2) (6.46)

0
m
T

oo o~
2 oy o
o~ oo

One can check that these matrices, except for the zero matrix, all lie in the regular
orbit Oy, hence are bijectively lifted to Syo under the Springer resolution. Denoting
by A,pe the matrix in equation (6.46), for (m,p, x) # (0,0,0), its lift is the Springer
fibre (Appes Fmpe)- Thus the flag

fmpx:{OCF1CF2CF3CC4}

is defined by A,,p.F; C F;_1. Denoting by (v1,v2,vs,v4) the basis in which all these

matrices are given, after some calculations we get
Fonpz = (0 C (pv1 — mug) C (pv1 — mus, pua — muy) C (Vq, V3, pU2 — Muy) C 64)7
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when (p, m) # (0,0), and
Fonpz = (0 C {pv1 — mus) C (pv1 — mug, pvg — mug) C (v, v3, pro — mug) C CY),

when (m,z) # (0,0).
Now, using the formula (6.44) we get that the Kazhdan action acts on C" by

t- (Ula V2, U3, U4> - (t_lvla t/U27 t_lv37 tU4),

thus the induced action on the flag F,,,, fixes it. Hence, the fixed locus to which

Ryz,/2 converges (when t — 0) is a P! in the core:
Fmpe := (0 C {av1+Bv3) C {avi+Bus, ave+Bu,s) C (v1, v, ave+Bvs) € CH [a: B] € PY).

Thus, Rz has a single connected component, which is a torsion bundle Rz, =
Hs — Fmpe- Being a resolution of the cone Pzn = C*/(Z/2), it is a Du Val singularity
resolution, hence H, = T*CP!. So, the cohomology of its hypersurface By = 8i/pN
H, is isomorphic to the cohomology of the unit bundle S(T*CP') = RP3, by Lemma

6.8.23. As we work over the field K of characteristic zero,
H*(By2) = H*(RP?) = K[0] ® K[-3].

The cohomology of the space §22 is isomorphic to the cohomology of its core, the
Springer fibre B%2. Vector space generators of H*(B) are labelled by row-standard
tableaux of shape A, and the degrees of the generators can be easily computed by some
tableaux combinatorics. We will not delve into this, instead we refer the interested

reader to [Fr09a, Sec. 1.3]. Using the prescribed method therein, one obtains
H*(S) = H*(B2) = K[0] © K®[—2] & K?[—4].

Thus, from Proposition 6.8.24 one obtains the cohomology of the slice. Hence, we
have all the elements of the spectral sequence, except for the degree shifts.

As the weight decomposition of §,,,, has Hy ® Hs as a summand, by the wc-
duality it has also H;_o = H_; and H,_¢ = H; (recall that we have square-rooted the
action so now wc has weight 1). Thus we have Tgmpwggg =H 9 Hy® H & Hy, and
then by formula (6.35) one gets that 11(B;/2) = 0. Having in mind time-1 periodicity
of the spectral sequence, that is all that we need. We give a picture of the obtained
spectral sequence (Figure 6.13). In it, the asterisks ** label the unknown ranks in
the middle cohomologies of the slice S,. We will always put rk(H™<(9)) asterisks
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pralp H'(S,,) H'(B,,)[0] | H'(B)[4] | H'(B,,)[4] | H'(B,)8] [ H'(B,,)8]

5/2:

= N |

KX
(e . ** )
* . ?)

*%

*%

SlN|d G| A0 NR[ORPIN| WS

Figure 6.13: Spectral sequence for Sgo

in the pictures, as that is the maximum possible rank of these middle cohomologies
(recall Proposition 6.8.24).

Assuming that there are no asterisks, from the spectral sequence one gets the
(rank-wise) filtration on H*(Sy,) :

0 C K'[—4] ¢ K?¥-2] & K2[—4] c K[0] & K*[—2] & K2[—4] = H*(Ss).

However, if if a degree —1 asterisk in the Bj-column kills the H0(§22) generator, the

filtration is:
0 C K'[—4] c K[0] ® K*[—2] ® K?*[—4] = H*(S2).
At the moment it is not clear to us which of these two situations happens.

Example 6.9.13. Slodowy variety Ss»
From Proposition 5.2.14 we get the description of the affine Slodowy slice S3,

Szg = l f 2a P 2,] a,f,j,l,p,m,y,wE(C

w y 0 r  —3a

As "2 = diag(t* t° t72 t! t71), the Kazhdan action on S, is, by formula (6.42), equal
to:

2¢ 1 0 0 0 2t%a 1 0 0 0
f2a 1 § 0 #F 2% 1 30
t-|{l f 2 p 25| =|t1 tf 2%a top 23
2y 0 0 —3a 1 283y 0 0 —3t’a 1
w y 0 =z —3a thw By 0 ttr  —3t%a
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Thus, we see that Sso has Z/k-torsion points for all £ = 2, 3,4, 5, 6. Restricting to
S3y = {A € S35 | A5 = 0}, after some amount of matrix calculation via a computer

program, we get only Z/3 and Z/5-torsion points on it.

0 1 00 O
0 015 0
Pris=14 |—5jy 0 0 0 2j||jyeCp=Cuy), (6.47)
29 0 0 0 1
0 v 00 0
01 0 00
0O 01 00
Pz = 000 p Ofpw=0,=C(p)UC(w), (6.48)
0 0 0 0 1
w 0 0 0 0

where in round brackets we mention the names of the coordinates used on C? and

C.

Z/5 torsion points and their convergence to the core. Apart from the zero
matrix, Pzs lies in the regular orbit Os. Therefore is bijectively lifted to §32 under
the Springer resolution. Denoting the matrix in equation (6.48) by A,,, its lift is
(Apo, Fp) and (Agy, Frp) where

Fp = (0 < (1) < (v, 09) < (v1,02,03) < (v1,02,03,04) < C°)

Fu = (0 < {vg) < {vg,v5) < (v1,04,05) < (01, 09,04, 05) < C°)

as one can easily calculate from the Springer fibre conditions Ay, Fyy C Fu, ApoFp C
F,. Here, (v1,vq,v3,v4) is the basis in which all the matrices are given. Thus, in the
limit ¢ — 0 of the Kazhdan action,

lii%t (Apo, Fp) = (€32, Fp), PL%t +(Aow, Fu) = (€32, Fu)

t

hence, these two Z/5-torsion lines converge to two points F, and F,, in the Springer
fibre B32. They yield two Morse-Bott submanifolds

Bijs = Bijs1UBis2 =S US

however for now we cannot compute their shifts ;1(By/5,) as we do not have complete
information on the weight decomposition of fixed points F, and F,, in the core B*.

We will be able to do it after considering the Z/3-torsion points as well.
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7,/3 torsion points and their convergence to the core. Denote the matrix in
equation (6.47) by A;,. By checking for which j,y € C we have Aj, =0, we get that
in Pz,3 two lines j = 0 and y = 0 lie on the subregular orbit O, whereas the rest lie
in Os.

Thus, for j,y # 0 the fibre above A;, is (A;,, F;,), where after some calculation

one gets
Fiy = (0 C (jug—v4) C (jus—v4, v1+yvs) C (Jus—v4, V1+yvs, va) C (V2, V3, vy, V1+Yvs) C C°).
This flag also makes sense for j = 0 or y = 0, and due to continuity, we get a slice
Siy = {(Ajy, Fy) | J,y € C} = C*.
By formula (6.44), the Kazhdan action acts on C" by
t - (v1,va, V3,04, V5) = (t 201, Vo, 203, 1 Ly, tus),
thus one immediately gets P_{%t - (Ajy, Fjy) = (€32, Frig), where
Frig = (0 C (va) C (v1,04) C (v1,v2,v4) C (1,02, v3,04) C C?).

Thus the whole slice S}, converges to the flag F,,, hence yields a trivial 2-dimensional
torsion bundle Hz — Fp,,. The corresponding Morse-Bott submanifold B3, is

cohomologically isomorphic to the sphere bundle
H*(Buyspig) = H*(S(Hs)) = H*(S%) = K[0] © K[-3], (6.49)

and knowing the weight decomposition Hs® Hs® H_y © H_; of F;y we also compute
(B /3,6ig) = 0.

Now let us consider the Z/3-torsion points in the fibre over Ajy, where j # 0. The
Springer fibre over Ajq is a Dynkin Ay-tree of spheres P} UP3 UP; UP; that intersect

transversally. Standard computations from Springer theory yield their explicit flag

description:

Pila: 8] =(0 C {av; + B(%m —v3)) C (v, %114 —v3) C (vy, Ve, %114 —v3) C (1, v, v3,v4) C C?)
Pila: B8] =(0 C (vy) C (v, vy + 6(%1)4 —v3)) C (v1, 0, %114 —v3) C (v, v2,v3,v4) C C®)

Pé[a 5] :(0 - <U1> C <U1,U2> C <’U1,U2,0{U3 +/6%/U4> C <U1,U2,U37’U4> - C5)

Plila: B8] =(0 C (vy) C (v1,v3) C (vy,vy,2v3 + %U4>

C (v1, v, 203 + %U4> C (v1, v, 203 + %M, vz + 5%”5) cC)
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In short: One modifies the base v; such that it becomes a Jordan base for Aj, and
then one uses the description of the Springer fibre of the standard matrix e4;.
Recall that the Kazhdan action is ¢ - (v1, va, U3, Vg, U5) = (t 201, Vo, t2v3, t 1vy, tvs),

which for the primitive third root of unity € gives
~1 -1
€ - <U17U27U37U47U5> = <EU17U275 U3, & 7]4781}5)'

Notice that the Z/3-torsion points in the fibre are exactly the flags fixed by the ¢
action. Thus, we get that the Z/3-torsion points in the Springer fibre above A, are

Pi[0:1], Pi[1:0], Pia: 3], Pj0:1],

thus three points and a sphere. Notice that the point P}[0 : 1] = Fjo is already

contained in the slice Sj,. One can calculate directly that Pnét (Ao, Pi[1 2 0]) =
—
(€32, F;), and Limt - (Ajo,P4[0 : 1]) = (es2, ), where
t—0
'/—:Jg = (O C <U1> - <U17U4> C <U1,U2,U4> - <U1,U2,U3,U4> - (C5)

F} = (0 C (v1) C (v1,v2) C (01,02,04) C (01,03, 04,05) C C°)

Thus, these two yield Z/3-torsion line bundles over the points }"]3 and ]-"jl. Hence,
their Morse-Bott submanifolds

Bl/3,j3 = B1/37j1 = Sl

are circles.
The convergence (under Kazhdan action and ¢ — 0) of the spheres

Phla: ;= (0 C (1) C (vr,v2) C (01,03, a03 + BLog) C (v1,09,v3,04) C C° | [a: B] € PY) (6.50)
is a bit more involved. Namely, for 8 = 0, (6.50) converges to the flag
Fp = (0 C (v1) C (v1,v2) C (v1,v2,v3) C (v1,02,v3,v4) C C°)
and otherwise (thus, generically) it converges to the flag
.7-"3’. = (0 C (v1) C (v1,v9) C (v1,02,v4) C (v1,02,v3,04) C CP).
Notice also that there is a Z/3-torsion sphere in the core between these two points:
Cjp = (0 C (v1) C (v1,v2) C (v1,v2, avs + Bug) C (v1,v2,v3,v4) C C).
Thus, altogether with P3|« : 5] we get a Z/3-torsion line bundle

{(450,Cy) | € C} = Cjy

237



over the (non fixed!) sphere C;,. This bundle is then trivial, and by Lemma 6.8.23
the corresponding Morse-Bott submanifold B3 ;, is cohomologically isomorphic to

its sphere bundle,
H*(By3,) = H*(S* x S') 2 K[0] & K[-1] & K[-2] & K[-3]. (6.51)

The weight-decomposition of F is H3 @ H3 ® H_; & H_y, thus by formula (6.35) one
computes the grading p(B1/3,,) = 0. Now we compute the gradings of the Morse-Bott
submanifolds B33 and Bj3 ;1. We claim that the weight-decompositions of their

corresponding fixed loci 7} and F are both
Hs® H & H & Hyp, (6.52)

due to the following accumulative argument. Assuming the contrary and that there
is a weight-space Hy, it then yields an C*-flowline in the core (as there are no Z/2-
torsion points outside of the core) which converges to another fixed set to weight-space
H_5 (Lemma 2.3.12). Thus, by duality, that fixed set has an H, weight-space, which
again yields a C*-orbit etc. As the number of components of the fixed locus is finite,
this process must stop and we get a contradiction. The same would happen if we had
assumed that there were a weight-space Hy>4 in }']3 and .7-"]-1. Otherwise, assume that
Hj is 2-dimensional. That would mean that there are more outer®! Z/3-torsion points
converging to ]—"f’ and J’-"jl7 so again, a contradiction. Thus the weight-decompositions
(6.52) are indeed true, and by formula (6.35) we get

p(Biysjo) = i(Buysgr) = 0. (6.53)

Completely analogously, considering Ay, and its fibres we get (cohomologically) the
same Morse-Bott submanifolds together with the same gradings.

Now, similarly as in the last example, by counting the row-standard Young tableaux
of shape (3,2) with grading defined in [Fr09a, Sec. 1.3] we get the ordinary cohomol-
ogy

H*(S3) = H*(B?) ~ K[0] ® K*[—2] & K°[—4].

We give a picture of the obtained spectral sequence (Figure 6.14). In the Bys
column we put the asterisk sign * in the shift as the shifts of different connected
components in it are different. As can be seen on the picture, for the four circles
the shift is equal to 2 whereas for S? and the two S? x S! it is is equal to 4. We will

use the asterisk notation for mixed shifts in the following examples as well.

21T e., points that are outside of the core.
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From this picture onward, we will sometimes denote the rank of the cohomology
of the slice S, in some entries of the picture by a number rather than using black

dots, for convenience.

prap|  H(S,) |H(B[2]| H(B,,)O] [H(B,,)0] | H(B,)I2] | H(B,)[" [H(B,)4]| H(B)I8]
4 (e, (o)
3 = =9
2 (e e o o ) [(oe )<
1 oo 0o0eel [+ )
0 (o eoe 0000 ° o ]‘
-1 [o o e0ee 000 o
) . o ceve oo
-3 oo o o 4
-4 oo . . Kk

Figure 6.14: Spectral sequence for Sso

From the spectral sequence, one easily reads-off the (rank-wise) filtration on
H*(Sgg) .

0 C K}—-4] c K'[-2]@K’[—4] C K[0] ® K![-2] ® K’[-4] = H*(Ss,).

Remark 6.9.14. Corollaries 6.5.6 and 6.8.13 can also be used to read off information
about the cohomology of the fixed locus components §, from the spectral sequence.
Namely, we see that the O-th column has total rank 10, and this rank must persist
even as we add new columns each time provided we take into account all the green
arrows. Thus, we see that if we consider the block given by all columns p whose
periods 7, are below a certain slope, we must get total rank 10. By Corollary 6.5.6
the degrees in which these ranks live will shift in complicated ways, as we increase the
slope. Observing how the gradings shift can reveal information about the cohomology
of individual fixed components §,. In Figure 6.14 an extreme example occurs: if we
consider all columns below By/5, we see that all of the rank 10 is supported in degree 0.
By Corollary 6.5.6, that means each §, has cohomology supported in just one degree,
so each F, is a point. So § = 9T consists of 10 points. From the representation
theory point of view, this follows from the fact that the Kazhdan action’s weights
(—2,0,2,—1,1) on basis vectors are all different, so the fixed subspaces are spanned

just by a single basis vector, and thus the fixed flags arise as isolated points.

Example 6.9.15. SlOdOWY varieties 821178311,833,842

239



In addition, we give the pictures of the spectral sequences E(p)?? for Sy11 (Figure
6.15), S311 (Figure 6.16), S33 (Figure 6.17) and Sy (Figure 6.18), that we calcu-
late analogously to previous examples. As before, from them one can read-off the

filtrations on ordinary cohomology (rank-wise).

p+a\p H'(S,.) H'(B,)I0] | H'(B,)[4] | H' (B, )[*] [H(B)I[12] | H'(B,,)[12]
6 | Y
5 =2
4 | G- 9
3 ces o o)
2 o o o oo oL
1 ([ceeceee])
0 |G vvwre | DY
-1 T e e oo |
2 csocse
3 o cee
4 e o see
5 cesee
-6 cee ok
7 Hok cee
-8 cecee
-9 cee oo
210 cee cee
11
.12 . cee oo
Figure 6.15: Spectral sequence for So;q
p+ap H'(S,..) H'(B,,)[0] | H'(B)I6] | H'(B,,)[6] | H'(B,)[12]

cee o9 @

O

0 lo XX ° o Fhkxkk|

-1 *kkkkk eooe o o o]

) @

-4 4 eoe o o
-5 9
-6 ° PP o o *kkkkk

Figure 6.16: Spectral sequence for S3iq
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p+a\p H'(S,,) H'(B,,)[-2]| H'(B,,)[4] | H'(B,,)[0] | H'(B)IE] | H'(B,u)[4] | H'(B,,)[4] | H(By,)[*] [H'(B,)[12]
6 IO —~"<)6] I
5 x| ]
4 [eee oo D[ﬁl —
5 = o
2 fe—s 5 Gee)
i — 0
0 |l ceo . e
a2 e ; X0 3
2 9
-3 cee . 5
4 5 . cee
5 9
6 1 cee . po—
Figure 6.17: Spectral sequence for Sz
p+q\p H'(S,,) H'(B,,)[-2] | H'(B,,)[0] | H'(B,,)[0] | H'(B)[4] | H'(B,,)[2] | H'(B,,)[4] | H(Byy)[4] | H'(B)[8]
2 |CIEresoE) —
3 = 9 |feeeee) ©
2 ( o o o oo ° eeoeoe o |
1 eoee o . o 5)
0 ( . ecece o ° o *okkkk |
-1 B ° o esece o o)
-2 5 o eeece o
-3 ccee o o o 5
4 . [ . ek

Figure 6.18: Spectral sequence for Sy

6.10 Final remarks

In this section we explain some further ideas of our ongoing work on this topic, jointly

with

A. Ritter.

6.10.1 Calculating the filtrations F H*(91)

We have seen that one can obtain the rank-wise information for the filtration FY H*(90)

from the spectral sequence E(p)P?. Here we discuss how one could get some more

precise information about these filtrations.

Consider an arbitrary CSR (9, ¢) and denote as usual M¥ = §F = LU,§, its
fixed locus decomposed into connected components. As already mentioned at the

end of Section 6.4, using the Hamiltonian F\ = AH, the continuation map H*(9M) —
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HF*(F)) becomes

P H (3a)~1a] = D H Fo)-12(30). (6.54)

by the presentation from Corollary 6.5.6 and Remark 6.5.7 after it. Here, u, are the
Morse-Bott indices of §,. We are led to ask the following:

Question 6.10.1. What is the continuation map (6.54) for arbitrary X7 In particular:
1. Is the mapping (6.15) ©-preserving?

2. If yes, what are the induced maps

Koy H*(Sa) N H*Jruafm(&a)(ga) ?

If the answer to question (1) is affirmative, then the knowledge of the index 1) (Fa)
and of dim §,, already yield some consequences about which part of H*(F,) can lie in
FY H*(9), as the continuation map preserves the total grading (namely, we obtain the
above maps K, ). We have a conjecture about the answer for question (2) in a special
case. Firstly, recall the notions of the homogeneous/outer bundle (Definitions 2.3.9
and 2.3.11, respectively). Consider the biggest m such that there are Z/m-torsion
points. Then there exist a homogeneous bundle H,, converging to a fixed component
Sa. Due to Lemma 2.3.10 and the maximality m, we have Tz H,, = Hy & H,,.
Moreover, H,, must be an outer bundle, as otherwise there would be a C*-flowline
from §, which would create a weight space H_,, on the other component of the
fixed locus, yielding wc-dual weight space Hj,,,, where [ is the C*-weight of wc.
However, this contradicts with maximality of m. Thus H,, is an outer bundle. By
easy computations using the formula (6.10) we see that the restriction maps K, » do
not have a degree-shift for A < 27/m, hence we expect those to be isomorphisms. As

soon as A passes the “critical value” 27 /m we expect to get an interesting phenomenon:
Conjecture 6.10.2. The restriction of the continuation map
Koon/m : H(§a) — H* o H2m/m@a) (& ) (6.55)

15 the cup product
Ue(Hm)

with the Euler class of the bundle H,,, up to a scaling in the Novikov field K.
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The fact that the continuation maps are described through cupping with the
Euler class has been proved in Ritter’s work |[R14] for the case when the total space
is a negative vector bundle.?? So, a natural guess would be that cupping with the
Euler class could appear here. Also, the grading shift between these two maps agree,
according to the following lemma, which is provable by a direct computation using
formula (6.10).

Lemma 6.10.3. In the setup of Conjecture 6.10.2, rkp(Hp) = fta — Hor/m(Sa)-

In order to reinforce Conjecture 6.10.2, observe the Gysin long exact sequence

Ue(Hm)
T

o HTRR LS, ) TS HY(Fy) H et (F ) — (6.56)

for the associated sphere bundle 7 : S(H,,) — Fa. The image of the first map is
precisely the kernel of the second. Moreover, we know by Proposition 6.8.14 that the
kernel of the restriction of the continuation map (6.55) has to get killed by the edge-
differentials of columns of the spectral sequence E(¢)P? whose slope is less or equal
to 2m/m, or equivalently, whose time 7, is less or equal to 1/m. Also, as mentioned,
we expect the maps K , to be isomorphisms for A < 27/m, hence the kernel of the
map K, 2r/m should get killed in the spectral sequence exactly by time 1/m-columns.
Having that in mind, notice the following grading-compatibility with (6.56) that can
be checked directly using the formula (6.10).

Lemma 6.10.4. In the setup of Conjecture 6.10.2, let B, = H,NS,, where 7, = +.
In the spectral sequence E(p)P?, the class H* k=" +1(B ) ) is shifted one row below

the class H*(Fa).

Thus, having in mind the isomorphism ® : H*(B,.) — H*(S(H,)) from Lemma
6.8.23, in E(¢)P9 the blocks H*(B,.) and H*(§,) are shifted in a way such that the
potential edge-differentials

H’*—Tk’]RHm-‘rl (Bp’c) d% H* (Sa>

have the same degree-shifts as the map H* M= +1(S(H,.)) = H*(F,) from the
Gysin sequence. That supports Conjecture 6.10.2, as according to it and what is

written above, these two maps should have the same images.

22More precisely, that paper proves it is a quantum cup product with the Euler class. However,
in our CSR 9 the quantum cup product is the usual cup product (Proposition 2.1.13).
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Thus, putting all this together, one obtains the following conjectural diagram,
involving the topological (on top) and the Floer-theoretic (on the bottom) long exact

sequences.

L H*<S(Hm)> i) H*—rkRHm—&—l(ga)Uﬂ)H*—&-l (Sa) L H*-I—I(S(Hm)) .

: o e

N H*(Bp,c) L) H*frkRHm+1(ga) _“m H*1 (Sa) _@>. H* (Bp,c) .

At the moment, we are not sure what the mysterious map © should be.

6.10.2 Possible generalizations

At the very end of this chapter and of the thesis itself, we remark that the construc-
tions and results of this chapter could be generalised to a much bigger class of spaces
than conical symplectic resolutions. By carefully looking at the key facts about a CSR,
I — M, that we have used in our arguments, we get to the following “minimal”
setup.

Consider a pseudoholomorphic S!-equivariant proper map

ST A (M)
Tl
STA (X))

such that:

(1) (9, wr, I) is a Kéhler manifold with a holomorphic C*-action ¢ whose S*-part is

a Hamiltonian action. Thus, there is a moment map H : 9T — R.

(2) (X,w,J), is a symplectic manifold that is convex at infinity (see Appendix A.2),

for which the S'-action is J-holomorphic and agrees with the Reeb flow.

One can then, analogously to Sections 6.1 and 6.2 (where in the role of X, w we

had CV, wen), define symplectic cohomology as a direct limit of Floer cohomologies:

SH*(M,wr, p) := Feggjlt " HF*(F), (6.57)

where H(9M, ¢) is the class of Hamiltonians F' : 9 — R which at infinity are linear
functions of H. Basically, all the compactness arguments needed to define symplec-

tic cohomology for CSRs used the maximum principles for Floer solutions of linear
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Hamiltonians in CV. As we know that those maximum principles also exist for any
symplectic manifolds convex at infinity [R10, Lem. 1|, the symplectic cohomology
(6.57) is indeed well-defined.

The Liouville backward flow on X contracts it to a compact subset. As the map m
is S'-invariant and pseudoholomorphic, and the map  is proper, the C*-flow contracts
M to a compact subset as well. Thus, the fixed locus § := MC is contained in a

compact set. Hence, assuming further that:

(3) c1(9M) = 0 and the C*-action acts with a positive weight on the canonical bundle
IC of M
t- K =1t""K,

analogously to the arguments in Sections 6.3 and 6.4 one can get the vanishing result
SH*(M,wr, ) =0,

from which one gets a filtration of QH*(91) by quantum-cup ideals.?® Without the
second assumption in (3), one could possibly get some interesting non-vanishing sym-
plectic cohomologies SH*(9M, wr, ).

For the same reason as for CSRs, the moment map H : 9 — R is a Morse-
Bott function, and thus so is AH. Its critical locus is the compact set of fixed points
Crit(AH) = M¥ = UyFa, where §, are the connected components. Thus, by the

same analytic arguments as in Section 6.5, one gets the isomorphism

HF*(\H) = @D H*(8a)[—12(Fa)].

where one can compute the gradings p,(§,) by using only the weight decomposition
of the fixed loci.

The filtration on Floer chain complexes constructed in Section 6.6 uses the filtra-
tion functional on CV which is the special case of the functional defined in [McLR18,
Sec. 6] for any symplectic manifold convex at infinity. Thus, by analogous arguments
as in Section 6.6, one can obtain Hamiltonians H) on 991 whose Floer chain com-
plexes are filtered, hence induce the positive symplectic cohomology SH (M, wy, @)

and Morse-Bott Floer spectral sequences

E(SD)ZTMI = SH*(im,wI,go).

23Recall that for CSRs quantum product is just the cup product.
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Still, in order to compute these spectral sequences in practice, one has to deal with
the technical issues, which we have already encountered for CSRs (recall Assumption
1 and Assumption 2). For now, we hope to find an argument that proves or bypasses
this assumptions for CSRs, but it could be possible to find one that also works for

the general setup described in this section.
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Appendix A

Floer theory basics

In this section we give a very brief overview of basics of Floer theory, for the
convenience of the reader. For more detailed discussion, we refer the reader to classical

literature on this subject:

1. Hamiltonian Floer cohomology [Sa97]
2. Robbin-Salamon index [RS95, Gul4|
3. Symplectic cohomology in the exact (Liouville) setting [Sei08],[R13]

4. Symplectic cohomology in the non-exact setting [R10]

A.1 Hamiltonian Floer cohomology

Hamiltonian Floer cohomology is the homology of a chain complex associated to the
Hamiltonian flow on a symplectic manifold. It is defined over a specific choice of a

field, which we define now.

Definition A.1.1. Given an arbitrary field IC, its corresponding Novikov field is
K= {Z;ioan“f aj € R,a; — oo,n; € K}

Here, T is a formal variable in grading zero.

Now, let (M,w) be a closed symplectic manifold. By a Hamiltonian we call an
arbitrary smooth function H : M — R on it. Hamiltonian vector field of H is given
by equation w(-, Xg) = dH(-). Its flow we call Hamiltonian flow. Denoting by
LM = C>®(S', M) the space of free loops in M, define the Floer chain complex of
Hamiltonian H by

CF*(H) := @K{x |z € LM, i(t) = Xu(z(t)), z(0) = z(1)}.

247



Thus, it is a free K—module generated by the set of 1-periodic orbits of Xpy. It is
always supposed that one first makes a generic C?-small time-perturbation H, of H,
so that there are only finitely many 1-periodic orbits of Xp,, and therefore CF*(H)
is a finitely generated K module.
The Floer differential on this chain complex counts solutions of Floer equa-
tions
u:S" xR — M, Ogu+ J(Ou — Xp) = 0.

Lemma A.1.2. Denoting by 0 the Floer differential (CF*(H),d), is a chain complez,
t.e. 600 =0.

Definition A.1.3. The homology HF*(H) := H,(CF*(H),d) is called the Hamil-

tonian Floer cohomology of Hamiltonian H.

The grading on Hamiltonian Floer cohomology is given by Robbin-Salamon in-

dices, and will be discussed in the next section.

A.1.1 Robbin-Salamon indices

Gradings of non-degenerate 1l-periodic Hamiltonian orbits® are defined using the
Conley-Zehnder index. This is a Z-valued index defined for certain non-degenerate
paths of symplectic matrices. However, when we want to work over Hamiltonians that
are degenerate (e.g. autonomous Hamiltonians), we have to introduce the more gen-
eral Robbin-Salamon index, that is a %Z—valued index defined for any continuous
path of symplectic matrices.

For the definition of the Robbin-Salamon index by ugs : [0, 1] — Sp(C", ) for a
path of symplectic matrices in C", we refer to [RS95|. Here, we will only list its main
properties, that we will need in the thesis. Denote by )y the standard symplectic
structure on C" and by ¢/ 09" : C¥ & C¥' — C" @ C"" the direct sum of two

1

symplectic matrices ¢/ : C* — C" and ¢" : C"" — C"".
Theorem A.1.4. The Robbin-Salamon index satisfies the following properties:
(1) prs is invariant under homotopies with fized endpoints,

(2) urs is additive under concatenation of paths,

(8) prs has the product property prs(V' o ") = urs(V') + prs(¥").

'Le. 1-periodic orbits z(t) of Xy satisfying ker((¢1'). —Id),( ) = 0, where ¢f is the Hamiltonian
flow of H.
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(4) Consider two continuous paths of symplectic matrices 1, ¢ : [0,1] — Sp(R?™, Q).
Then

1rs(OVd ™) = prs(¥).

(5) ,URS((eis)se[O,t]) = W(t), where

21t/2n| +1 ift ¢ 2nZ

t/m if t € 27 (A1)

W:R—>Z, W(t)::{

(6) The Robbin-Salamon index of the symplectic shear {b(lt) (1]] 15 equal to %(sz‘gn(b(l))—
sign(b(0)))-

Now, consider an 1l-orbit z of a Hamiltonian H in a symplectic manifold M of
dimension 2n. Denoting by ¢; the Hamiltonian flow for H, we consider its linearisation

(&)« : ToyM — TyyM. We pick a symplectic trivialisation
¢ :x*TM — C" x S,

of the tangent bundle above the orbit x to get a path of symplectic matrices ®(¢;), P~ :
C™ — C". Define
RS(z,H) == purs(®(¢). @) (A.2)

This obviously in general depends on the choice of trivialisation ®. However, if
we assume that ¢; (M) = 0, one can trivialise the canonical bundle K = A™%(T* M),
and then choose the trivialisation ® that is compatible with it.

In the case when H'(M) = 0, all choices of trivialisations of K are equivalent,
thus the values of Robbin-Salamon indices of orbits (A.2) are uniquely determined.
Define the grading of an 1-orbit x of a Hamiltonian H : M — R by

|z| :== dime¢ M — RS(x, H). (A.3)
By previously said, we have the following:

Lemma A.1.5. Consider a symplectic manifold (M,w) with a w-compatible almost
complez structure I satisfying c;(TM,I) =0 and H'(M) = 0. Then, the Floer coho-
mologies HF*(H) are canonically Z-graded by (A.3).
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A.2 Symplectic cohomology

Symplectic cohomology is a version of Hamiltonian Floer cohomology for open man-

ifolds. Here, we give its brief overview.

Definition A.2.1. A contact manifold (X, «) is a manifold with 1-form « that is
a A (da)k # 0. Tts contact distribution is £ := ker(a). The Reeb vector field on 2
is defined by da(,R) = 0 and a(R) = 1. The flow of this vector field is called Reeb

flow on Y.

Definition A.2.2. A symplectic manifold (M, w) is convex at infinity if there exists
a compact set K and a symplectomorphism ¢ : (M \ K, w;) = (2 x [1, +00), d(Ra)),

where (X, ) is a contact manifold, and R is a coordinate on [1, +00).

Given (M,w) that is convex at infinity, on the convex end M\ K = ¥ x [1, +00)
one has a well-defined Reeb vector field R defined as a pull-back of the Reeb flow on
(3, ). Also, denoting by 6§ = ¢*(Ra), on the convex end there is Liouville vector
field Z, defined by w(Z,-) = 6. In the R coordinate, we have Z = ROR. In order
to define Floer cohomologies on these open symplectic manifolds, we consider only
w-compatible almost complex structures J that are contact at infinity, meaning
JZ = R, or equivalently, §# = —dR o J. Thus, saying that (M,w,J) is convex at
infinity we will always assume that J is contact at infinity. For such manifolds, the
symplectic cohomology is defined as the direct limit of Floer cohomologies

SH*(M) := Fel%{r?M) HF*(F), (A.4)
over a class H(M) of Hamiltonians that are linear at infinity with respect to the
radial coordinate R. A Hamiltonian F is linear at infinity when, outside of a compact
set, F' = AR for some generic? A > 0. The morphisms between the Floer cohomologies
in the direct limit are given by the continuation maps, and are directed towards a

Hamiltonian with the larger slope A. Thus, the limit lets A — oo.

Remark A.2.3. We remark that the ambient manifold M is open, hence we could in
principle have a sequence of Floer solutions for arbitrary Hamiltonian F' : M — R that
go off to infinity. However, the choice of the class of Hamiltonians H (M) together with
our assumption on the almost complex structure, we ensure that the Floer solutions
must satisfy certain maximum principle, which does not allow them to go beyond

their boundaries, in the R coordinate. An analogous maximum principle exist for

2I.e. not equal to a Reeb period for (%, a).
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continuation solutions, thus the continuation maps are well defined, hence so is their
direct limit SH*(M).

We remark that one can grade the symplectic cohomology using the grading of
Floer Cohomologies, as the continuation maps in the direct limit (A.4) preserve the

gradings. Thus, we get the corollary of Lemma A.1.5.

Corollary A.2.4. Consider a symplectic manifold (M,w) conver at infinity with a
w-compatible almost complex structure I satisfying c,(TM,I) = 0 and H'(M) = 0.
Then, the symplectic cohomology SH*(M) is canonically Z-graded.

For Hamiltonians F' = § H with small slope § > 0, Hamiltonian Floer cohomology
is isomorphic to the ordinary cohomology HF*(F) = H*(M), hence the direct limit
(A.4) yields the ¢* map

¢ H*(M)— SH*(M).

This map gives information on closed Reeb orbits. In particular, having ¢* = 0 yields
that there exist a closed Reeb orbit on X.

A.2.1 Liouville manifolds

We mention here the special case of symplectic manifolds convex at infinity that are

globally exact, called the Liouville manifolds.

Definition A.2.5. Liouville manifold (M,w) is a symplectic manifold convex at
infinity,
p i (M\ K,w) = (£ x [1, +00), d(Ra)),

such that the 1-form ¢*(Ra) extends globally to a primitive 6 of w. In particular,
M is exact w = db.

The symplectic cohomology (A.4) for such manifolds can also be defined as the
Floer cohomology of arbitrary Hamiltonian F' = h(R) with slope going to infinity
lim A'(R) = +o0,
R—4o00
SH*(M) := HF*(F). (A.5)
One can show (e.g. see [Sei08, 3e]) that this definition is equivalent to (A.4).

Now we define an isomorphism between Liouville manifolds.

Definition A.2.6. A Liouville isomorphism between Liouville manifolds (M, d6,)
and (Ms, d0s) is a diffeomorphism v : My — Ms satisfying ¢*0y = 01 + df where f is

compactly supported function.
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An importance of such isomorphisms is that they preserve the symplectic coho-

mology.

Lemma A.2.7. Symplectic cohomology SH*(M) is invariant under the Liouville

1somorphisms.
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