
Continuous dispersal in a model of predator-prey-subsidy population dynamics

Alastair Bassett, Andrew L. Krause, and Robert A. Van Gorder∗

Mathematical Institute, University of Oxford, Andrew Wiles Building, Radcliffe Observatory Quarter, Woodstock Road, Oxford, OX2 6GG, UK
∗Robert.VanGorder@maths.ox.ac.uk

Abstract

Spatial dispersion and clustering of populations is important for a complete understanding of ecological dynamics in many ecosys-
tems. Motivated by an Arctic ecosystem involving foxes (predator), lemmings (prey), and seal carrion (subsidy), we extend the
spatially homogeneous (island) model of predator-prey-subsidy dynamics originally proposed in [A.L. Nevai and R.A. Van Gorder.
Journal of Biological Dynamics, 6:891-922, 2012] to account for dispersion of predator and prey populations throughout a two-
dimensional domain. Our model has qualitatively similar behaviours in large regions of parameter space to the aforementioned
island model. Quantitative effects due to varying the rate of dispersal and restricting the spatial extent of the subsidy are demon-
strated. We observe nontrivial clustering of the predator and prey populations due to the presence of the subsidy only in a specific
subregion of the domain, which suggests a novel mechanism of spatial partitioning and pattern formation due to the presence of
subsidy in only part of the region of interest.
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1. Introduction

Mathematical models have played a significant role in under-
standing the dynamics of populations for over a century. These
models have helped abstract key features of interactions be-
tween biological organisms that have given insight into a vari-
ety of observed phenomena in real populations. Recently mod-
els have been employed to explain the role of subsidy food re-
sources on predator-prey dynamics [11, 16], as well as more
complicated subsidy-mediated interactions between species [5].
These resources are considered allochthonous as they are the
waste or remains of other organisms that may be part of other
population dynamics, and so the interactions are different from
more traditional predator-prey, cooperative, or competitive dy-
namics.

Predator-prey systems have been known to exhibit a number
of different types of behaviour, including species extinctions,
coexistence, temporal oscillations in populations [12, 27, 8]
and chaotic dynamics [11, 25, 13]. For some predators, there
exists a resource subsidy which they can use as an alternative
food source to their favoured prey. It was suggested in [14] that
the presence of a subsidy could stabilise population equilibria,
which is supported by more recent studies [26, 2, 15]. One
canonical example of these dynamics is the interaction between
arctic fox (Alopex lagopus) and lemming (Cricetidae family)
populations. In coastal arctic regions, arctic foxes are known to
subsist both on lemmings and on seal (Phocidae family) car-
casses, which act as a resource subsidy. The seal carcasses
are deposited onto sea ice after predation by polar bears (Ur-
sus maritimus)[20]. The foxes and lemmings have been known
to have large ranges of movement [4, 17], whereas the seal
carcasses, which drift with the sea ice, have limited ranges of

movement.
Many models used to analyse predator-prey and predator-

prey-subsidy interactions assume that the populations exist in
the same location [14, 12, 13]. Holt [6] suggested a model for
two prey species separated into two patches with a common
predator which can migrate between both patches. Separation
of the two prey populations was found to have a stabilising ef-
fect on both the prey and predator populations. However, under
certain conditions, one of the prey populations could be vulner-
able to extinction due to predator population increases in the
other patch. This is supported by the predictions of the two
patch predator-prey-subsidy model in [16], in which a heavily
subsidised predator could force prey extinction. This model
was extended in [11] to include effects of seasonality, as well
as an n-patch (or, “stepping-stone”) model allowing for coarse-
grained spatial detail. This multiple patch model is useful in
understanding some long and short-range effects, such as in-
creased mortality rates during migration.

We shall extend these ideas of spatial movement previously
considered in multipatch models by allowing continuous dis-
persal of the predator and prey populations over a spatial region.
This was originally suggested in [16]. These spatial effects are
crucial to understanding population dynamics in many settings
[1]. Reviews and comparison of continuous and discrete spa-
tial models for population growth and predator-prey dynamics
can be found in [23, 7]. We contribute to these discussions by
considering spatially heterogeneous subsidy distributions, fo-
cusing on the potential they have for destabilizing coexistence
equilibria between predator-prey interactions, leading to eco-
logical cascade effects. Understanding the dynamics of varying
subsidy spatial distributions has implications for anthropogenic
influences on predator-prey interactions, such as their ability to
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decouple predator-prey dynamics [19], in addition to implica-
tions for conservation efforts such as the introduction of addi-
tional subsidy in the Arctic ecosystem mentioned before.

In Section 2, we examine a partial differential equation model
for the interactions between a predator population (e.g. arc-
tic foxes), a prey population (e.g. lemmings) and a resource
subsidy (e.g. seal carcasses), where all three are able to move
throughout a continuous spatial domain. We analyze this model
numerically in Section 3, highlighting the effects of various pa-
rameters in the model. The biological implications of our re-
sults, and a comparison with island and patch models, are then
discussed in Section 4. Conclusions follow in Section 5.

2. Continuous Dispersal in Predator-Prey-Subsidy Interac-
tions

In [16], a two patch system was considered, where one patch
contains only the prey, and the other contains only the subsidy.
The predators were free to move between the patches, at a rate
proportional to the difference between the predator populations
in each patch. This model was seen to sustain coexistence, limit
cycles, or extinction of either the prey or the predator, depend-
ing on the parameters.

As suggested in [16], a more realistic model could account
for continuous spatial variation in the populations. This moti-
vates us to treat the prey, subsidy and predator populations x,
s and y as functions of both space and time. We assume that
these populations disperse randomly over a spatial region Ω.
This leads to the following set of reaction-diffusion equations:

∂x
∂t

= d1∆x + rx
(
1 −

x
k

)
− θ

( x
x + a

)
y, (1)

∂s
∂t

= d2∆s + I − γs − ψ
( s

s + c

)
y, (2)

∂y
∂t

= d3∆y + εθ
( x

x + a

)
y + ηψ

( s
s + c

)
y − δy, (3)

where x = x(α, β, t) and y = y(α, β, t) are the prey and predator
populations, s = s(α, β, t) is the quantity of subsidy, t is time,
(α, β) ∈ Ω are the spatial variables, r, k, θ, a, I, γ, ψ, c, ε, η > 0
are all non-negative kinetic parameters, and d1, d2 and d3 are
positive diffusion coefficients for the three populations.

In all of our simulations we take spatially uniform initial con-
ditions to match those in [11]. So we have x(α, β, 0) = 0.2,
s(α, β, 0) = 0, and y(α, β, 0) = 0.1. We also assume that pop-
ulations cannot leave the domain so if n is the outward normal
vector to the domain we have,

n · ∇x = 0, n · ∇s = 0, n · ∇y = 0 for all (α, β) ∈ ∂Ω, (4)

where ∂Ω denotes the boundaries of the domain Ω.
In Equation 1, the second term on the right hand side ac-

counts for logistic growth, where r is the intrinsic growth rate
and k is the carrying capacity of the prey. The final term ac-
counts for predation, with θ as the maximum predation rate of
the prey, and a as the half-saturation constant. Equation 2 de-
scribes changes in subsidy populations. The rate at which the
subsidy appears is I, whereas γ is the rate at which it disappears

Figure 1: The spatial domain Ω. The darker region around the outside is Ω0,
on which the subsidy increases. We will use A to denote the ratio of the area of
the darker region to the area of the entire outer square.

or becomes inedible. As with the prey, the final term accounts
for predation, where ψ is the maximum rate of predation and c
is the half-saturation constant. Equation 3 models the behaviour
of the predator populations. The second and third terms on the
right hand side account for predation of the prey and the sub-
sidy respectively, with ε and η being the conversion factors of
the prey and the subsidy. The mortality rate of the predator is
given by δ.

For a realistic modelling of populations in the arctic, the area
on which the amount of subsidy increases should be restricted.
As is discussed in [20], seal carcasses are deposited around
coastal regions of the arctic. In the system of PDEs consid-
ered here, we will reflect this by defining the subsidy creation
rate I as

I(α, β) =

i if (α, β) ∈ Ω0,

0 if (α, β) < Ω0,

where i is the rate at which the subsidy is created per unit area,
and Ω0 is some subset of Ω. To avoid numerical artifacts, and
to incorporate drift due to sea ice, we do assume that d2 > 0.
However, as we think of the subsidy as consisting entirely of
detritus (e.g. seal carrion) we assume it disperses very little and
so take d2 � d1, d3.

In the data presented in Section 3, we will take the region
Ω to be a square of nondimensional unit length, and the region
Ω0 ⊆ Ω on which the subsidy increases to be along the bound-
aries of Ω, as shown in Figure 1. The region where the subsidy
is not being introduced, (α, β) < Ω0, is the inner square in Fig-
ure 1 and can be thought of as the Arctic mainland in the fox-
lemming-seal carrion ecosystem. We introduce the parameter
A = |Ω0|/|Ω| to measure the area of the region where subsidy is
being introduced, and vary it systematically in our simulations.

To facilitate comparison with island and stepping-stone mod-
els, we use the following notation for the spatial average and
equilibrium values of each population. The population density
of the prey throughout the domain, x(α, β, t), can be averaged
via

x̄(t) =
1
|Ω|

∫
Ω

x(α, β, t)dαdβ. (5)

Similarly we let x∗(α, β) denote the equilibrium population den-
sity and x̄∗ the spatially averaged equilibrium. Similar notation
is used for the average of the predator y and the subsidy s.

This model poses a number of unique challenges not present
in ODE models of predator-prey subsidy dynamics. PDEs
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(a) (b)

Figure 2: Discretizing Ω as a 5 × 5 grid gives four symmetric possibilities for
Ω0: the whole of Ω, the possibilites shown in (a) and (b), where the darker dots
make up Ω0, and the empty set. For much larger grids we anticipate that Ω0
can be varied as a closer approximation to a continuous subset.

are more difficult to analyze numerically as there are multiple
sources of error to account for due to spatial and temporal dis-
cretizations. Steady state analysis is also more challenging as
at steady state, we are still left with a system of coupled PDEs
in two spatial dimensions. The equations depend on the spa-
tial variables α and β implicitly through the populations x, s
and y, but also explicitly through the heterogeneous specifica-
tion of I, the subsidy creation rate. Another important aspect
of the model is the nonlinearity of the system. Diffusion has
been known to drive instability in nonlinear systems [24], and
solutions to similar models, such as the n-patch model in [11]
have been known to exhibit chaotic behaviour due to temporal
forcing. Hence there are a variety of different behaviours that
Equations (1)-(3) could exhibit. We are particularly interested
in behaviours not present in the previous spatially discrete mod-
els.

In our numerical simulations we take r = 0.1, θ = 5, a = 1,
γ = 1, ψ = 5, c = 1 and δ = 0.1. We also set the subsidy
diffusion d2 = 0.0001 and the prey and predator diffusion rates
to be equal and denote them by d = d1 = d3. We systematically
vary d, k, I, ε, η to explore model behaviours.

3. Numerical Simulations

We discretize the spatial derivatives of Equations (1)-(3) us-
ing the 5-point Laplacian on a fixed square grid. If we do not
discretize time, and hence consider a system of coupled ODEs,
this is equivalent to a formulation of the model in terms of
patches. For a coarse discretization, such as in Figure 2, we
would expect model behaviour to be comparable to the n patch
model described in [11]. As we are interested in spatially con-
tinuous dynamics, we considered the size of all grids in our
simulations to be at least 50 × 50 grid points or larger, typi-
cally taking 100 × 100, and ensured convergence in the spatial
step size for fixed points in time t. This allows us to reasonably
assume that the model behaviours we observe are ones corre-
sponding to the spatially continuous dynamics in the limit of
the number of grid points tending to infinity.

To perform the simulations, we then made use of the Matlab
function ‘ode45’ [21]. We constrained the maximum time-step

for this process to be at most 10−2. For each change in quali-
tative behaviour, we checked that our results converged in the
time step. We also reduced the maximum time step and error
tolerances when local populations were observed to be small
and of the same order as the time step. This allows us to be cer-
tain that limit cycle behaviour is observed, as opposed to one
population being driven into extinction.

In order to calculate the spatially averaged populations x̄ and
ȳ, we numerically approximated the integrals defined by (5) us-
ing simple quadratures. As our spatial grids were fine, the errors
from discretizing these integrals are smaller than the local trun-
cation errors introduced from the spatial discretization of the
PDEs.

We present solutions to our model for three combinations
(k, i) of the prey carrying capacity and the rate of subsidy in-
crease. These are (0.1, 0.1), (0.4, 0.3) and (2.4, 0.1). In the spa-
tially homogeneous case, corresponding to Ω = Ω0, or A = 1,
these correspond to different sets of dynamics depending on the
values of η and ε. However, we shall in general be interested in
the heterogeneous case of 0 < A < 1, and shall be able to obtain
numerical results. In the first case, we see predator extinction,
prey extinction and coexistence as we vary ε and η, the conver-
sion rates of the prey and subsidy. For (k, i)=(0.4, 0.3), we see
coexistence and prey extinction as the conversion rates vary. In
this case, we also consider the effects of changing the area upon
which subsidy amounts increase. When (k, i)=(2.4, 0.1), we see
the emergence of limit cycles in the populations. In all of our
simulations we normalize the results with respect to the initial
conditions x(α, β, 0) = 0.2, s(α, β, 0) = 0 and y(α, β, 0) = 0.1.
So with respect to these normalizations, in the absence of a
predator, the values of k = 0.1, 0.4, and 2.4 represent the prey
growing logistically to a carrying capacity of half, double, and
twelve times its original value.

3.1. Driving coexistence from predator extinction

We first consider (k, i) to be (0.1, 0.1). We observe three
possible behaviours: predator extinction, seen when both ε and
η are small, coexistence, and prey extinction which is observed
when η is approximately greater than or equal to 0.45.

The case in which the predator becomes extinct is shown
in Figure 3. In the absence of the predator, the prey popula-
tion tends to its carrying capacity k, which here is one half of
the population’s initial size. This was found to be the case for
d = 10−3, 10−2, 10−1, and 1. For these kinds of equilibrium dy-
namics, changing the diffusion rate does not appear to drive a
qualitative change in the system, although it does have a quan-
titative effect on the value of this equilibrium.

As can be seen in Figure 4, increasing either ε or η can
change the nature of the system from predator extinction to co-
existence. However, increasing η further can cause prey extinc-
tion, which is not true for any value of ε.

In the case of prey extinction, the predator feeds solely on the
subsidy, and in Figure 4 (d), the predator population appears to
have a linear dependence on the subsidy conversion rate η. This
can be explained by looking at the governing equations which
become simpler when the prey is absent.
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Figure 3: Averaged prey (x̄) and predator (ȳ) populations with k = 0.1, i = 0.1, d = 0.01, A = 0.64, ε = 0.1, η = 0.1, and on a 100×100 spatial grid. The predator
dies out and the prey population tends to its carrying capacity, which is 0.5 times the prey’s initial population.
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Figure 4: Averaged equilibrium prey populations in (a) and (c), and predator populations in (b) and (d), plotted against the prey conversion rate ε in (a) and (b) and
the subsidy conversion rate η in (c) and (d). For all plots, k = 0.1, i = 0.1, d = 0.01 and A = 0.5. The data has been generated using steps in ε and η of size 0.05, and
the equilibrium values have been taken after 1000 time steps.
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In the linear section of Figure 4 (d), the prey population is
zero. So, set x to be zero in Equations (1)-(3). For simplicity,
we look for steady spatially uniform states, although we incor-
porate the effect of I being nonzero only in Ω0 by multiplying
the subsidy creation rate i by the relative size of Ω0, A. Then,
we have two equations for the subsidy and predator populations.

Ai − γs∗ − ψ
(

s∗

s∗ + c

)
y∗ = 0, ηψ

(
s∗

s∗ + c

)
y∗ − δy∗ = 0.

Solving these for the steady states s∗ and y∗ > 0 gives

s∗ =
δc

ηψ − δ
, y∗ = η

(
Ai
δ
−

cγ
ηψ − δ

)
.

In Figure 4 (d), the linear Aiη/δ term dominates in the right side
of the graph (i.e. for η > 0.45). As we have normalized the prey
population by the initial condition y(α, β, 0) = 0.1, the slope
of this line is approximately 0.5 = A, which makes sense as
i/δ = 1. The subsidy equilibrium is consistent with this linear
behaviour in η, decreasing for large values of η. Hence the
linear dependence of the predator populations on the subsidy
conversion rate η is a consistent prediction of the model in the
absence of any prey.

3.2. Coexistence equilibria

When k = 0.4 and i = 0.3, we see either coexistence be-
tween the populations, or prey extinction. For every combina-
tion of parameters examined, the populations exhibited some
initial transient oscillation, such as in Figure 5. For some val-
ues of η and ε we were able to extend these damped oscillations
for long periods of time, but we were not able to observe limit
cycles for any parameter set for which k = 0.4 and i = 0.3.

Figure 6 shows the effects of changing the area on which
subsidy is introduced into the system, while keeping the total
amount of subsidy increase in Ω constant. Increasing the rate
of diffusion of the predator and prey changes the quantitative
effects of increasing A, but the qualitative effects stay the same.
In particular we note that there is a non-monotonic effect of
changing A for the case of small diffusion, d = 0.001. In Figure
7 we show the spatial distributions of the prey, subsidy, and the
predator. Because of the small diffusion rate of the prey and the
predator, there appears to be a strong separation between these
two populations induced by the presence of the subsidy. The
prey appear to thrive away from the subsidy, and hence away
from the predator population, for the specific choice of parame-
ter values taken. In particular, the parameter values correspond
to a case where the subsidy is more desirable than the prey.

3.3. Limit cycles

When k = 2.4 and i = 0.1 we observe limit cycles. As seen in
Figure 8, increasing η can change the behaviour of the system
from a limit cycle into an equilibrium. Increasing ε in general
increases the amplitude of the limit cycles to a point depending
on η, after which the amplitude shrinks, eventually reaching an
equilibrium. In particular, as each amplitude shrinks to zero,
we then recover the positive equilibrium for both predator and

d Prey equilibrium Predator equilibrium
10−3 0.2195 0.2383
10−2 0.2669 0.1773
10−1 0.3067 0.1751

1 0.3108 0.1749
10 0.3113 0.1750

Table 1: Equilibrium values of the averaged prey and predator populations with
k = 0.4, i = 0.3, A = 0.64, ε = η = 0.1.

prey. From there, one would need to further modify system
parameters to see prey extinction. An example of such limit
cycles is seen in Figures 9 - 10.

Fixing A = 0.64 and ε = η = 0.1, there was no notice-
able change in the amplitude or period of the limit cycles when
varying the diffusion parameter d = 10−3, 10−2, 10−1, and 1.
However, the spatiotemporal clustering shown for the predator
in Figure 10 (a-d) is an interesting effect of considering the spa-
tial domain. While the predators predominantly aggregate in
the region of high subsidy around the boundary of the region
Ω, when the prey population is high they seem to migrate to
the center of the domain to take advantage of this, before leav-
ing and clustering again along the boundary. This effect can
be tuned based on parameter choices, so some parameters will
give a more pronounced effect, while for others the effect may
not be noticeable.

4. Results and Discussion

Many of the results presented in Section 3 agree with those
found in the two-patch model of [16], in which the prey and
subsidy are separated, and the predators move between the two.
For example, when k = 0.1, i = 0.1, ε = 0.1 and η = 0.1, a
predator-free equilibrium is predicted. Our results give weight
to the accuracy of the two-patch model, as even in the more
realistic but more complicated case of continuous movement,
similar results were found. Specifically, compare Figures 3 and
5 in [16] with Figure 4.

Increasing the diffusion of the prey and the predators in our
model caused no changes in the asymptotic behaviour of the
populations for the parameters tested. At pairs of (k, i) closer
to a bifurcation point, it may be the case that increasing diffu-
sion does lead to a qualitative change in long term behaviour.
Looking at Table 1, we see that in the case of coexistence, an
increase in diffusion leads to an increase in prey populations,
and a decrease in predator populations. As shown in Figure
7, when diffusion is low, the predator populations are highest
at the edges of the square region. As diffusion increases, the
predators spread out into the centre of the region, where there
is a higher density of prey. The predators can sustain higher
populations when feeding on the subsidy, which is only present
at the edge of the region. For these parameter choices, the total
predator population is lowest when the predators spread out the
most, as they can sustain higher numbers when feeding mostly
on the subsidy. If the dispersal rate of the predators is increased,
then they are forced by overcrowding to go to less nutritionally
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Figure 5: Averaged prey (x̄) and predator (ȳ) populations with k = 0.4, i = 0.3, d = 0.1, A = 0.64, ε = 0.1, η = 0.1. After some initial oscillation of the populations,
they tend to equilibrium values.
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Figure 6: Averaged equilibrium values of the prey (x̄∗) and predator (ȳ∗) populations, plotted against A, the ratio of |Ω0 | to |Ω|. For all plots, k = 0.4, ε = 0.1 and
η = 0.1. In order to retain a constant increase in subsidy over the entire region, the rate of subsidy increase i on Ω0 has been scaled such that iA = 0.1445 for all A.
(a) d = 0.001. (b) d = 0.01. (c) d = 0.1.
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Figure 7: Spatial plots of equilibrium (a) prey, (b) subsidy and (c) predator populations on a 50 × 50 grid, with k = 0.4, i = 0.3, A = 0.64, ε = 0.1, η = 0.1 and
d = 0.001.
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Figure 8: Limit cycle amplitudes for the averaged prey populations x̄ in (a) and (c), and predator populations ȳ in (b) and (d), plotted against the prey conversion
rate ε in (a) and (b) and the subsidy conversion rate η in (c) and (d). For all plots, k = 2.4, i = 0.1, d = 0.01 and A = 0.5. The data has been generated using steps in
ε and η of size 0.025, and the amplitudes have been calculated by taking the maximum and minimum populations between times of t = 9000 and t = 10, 000.
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k = 2.4, i = 0.1, d = 0.001, A = 0.64, ε = 0.1, η = 0.1, and a 100×100 spatial
grid has been used.
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sponding to the limit cycle shown in Figure 9. Here, k = 2.4, i = 0.1, d = 0.001,
A = 0.64, ε = 0.1, η = 0.1, and a 100×100 spatial grid has been used.
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dense locations, and hence are unable to maintain a higher pop-
ulation against their ambient death rate δ.

In all cases, increasing η sufficiently had the effect of eradi-
cating the prey, which agrees with results in [6] and [16]. An in-
crease in η increases the number of predators, as the nutritional
value of their alternative food source is higher. When predator
populations become sufficiently large, prey populations die out,
and due to the high conversion rate η, the predators are able
to survive without the prey. This is dependent on the rate at
which the populations diffuse. If the predators can only move
very slowly, then the increased number of predators caused by
a highly nutritional subsidy cannot ‘spill-over’ into the region
in which the prey numbers are highest.

In Figure 6, we see that increasing the area on which subsidy
numbers increase leads to a decrease in prey numbers and an in-
crease in predator numbers when diffusion is sufficiently high.
The quantitative values of these equilibria, and their spatial dis-
tributions, are dependent on the geometry under consideration.
Circular patterns shown in Figure 7 are likely due to a compe-
tition between dispersal forces and the kinetic effects of preda-
tors seeking denser nutritional sources, and prey surviving only
when they have successfully avoided predation.

In the case of arctic foxes and lemmings, the area on which
seal carcasses are deposited could become smaller if the volume
of sea ice around coastal arctic regions decreases. This would
have a negative impact on fox populations, but may lead to an
increase in lemming numbers. However, a decrease in sea ice
has been observed to lead to a decrease in seal and polar bear
numbers [3, 18], so in the case of the arctic, it may be difficult
to separate the effects of a decrease in subsidy area and a de-
crease in subsidy numbers. The model presented here could be
used to disentangle these effects by understanding the relative
importance in the area the subsidy is present in A, and the rate
in which the subsidy is deposited i.

Three to four year cycles in lemming populations have been
observed [22, 10, 9], so it is of particular interest to us to note
what factors could destroy a limit cycle in the populations.
From Figure 8, an increase or decrease in the nutritional value
to arctic foxes of lemmings could destabilise the limit cycles.
In contrast, an increase in the conversion rate of seal carcasses
could result in a collapse of the limit cycles, pushing the sys-
tem into the positive steady state, but a decrease could not. It
was also found that changing the rate of diffusion did not have
an effect on the amplitude or period of the limit cycles, which
suggests that restricted or enhanced movement of one or both
of the predator and prey will not change the gross behaviour
of the populations. However, in Figure 10 the spatial distribu-
tions of the predator population during these oscillations have
an interesting shape that is related to the given geometry of the
domain, and of the subsidy. This is a feature of a spatially con-
tinuous domain in that we can study nontrivial spatiotemporal
oscillations that depend on the geometry of the domain and the
relationship it has with the continuous Laplacian representing
species dispersal.

Although our model showed qualitatively similar behaviour
to that in [16], it demonstrates unique features, such as continu-
ous aggregation, not present in spatially discrete models. In our

model, all populations are able to move freely in Ω, whereas
in [16], the prey and subsidy are contained in separate spatially
homogeneous patches. Although the subsidy numbers can only
increase inside Ω0 in our model, which suggests that Ω0 would
be a sensible analogy to one of the two patches, the prey are also
able to move into this region, and the dispersal is dependent on
the local population gradients, rather than the bulk population
size in each region. In the two-patch model, the rate of move-
ment is entirely dependent on the difference between the total
populations in the two patches, and hence more detailed spatial
dispersal is not captured.

5. Conclusions

Models in which two species of prey exist in separate
patches, with a common predator able to move between the
patches, were developed in [6], and used as a way to explain co-
existence between two distinct species of prey. The application
of a two patch model to systems in which a predator may feed
on its preferred prey or on a resource subsidy was considered
in [16]. It was predicted that prey extinction was less likely in
the two patch model, as higher predator populations caused by
plentiful subsidy supply took time to ‘spill-over’ into the patch
containing the prey. In the spatially continuous model, it was
found that in certain cases, increasing the diffusion rates of the
predator and prey populations led to a higher number of prey.
This seems to suggest that if the predator populations spread
out across the region too much, the potential benefits of having
a plentiful subsidy will not be reaped.

According to our model, a decrease in the size of the region
on which the resource subsidy is deposited could have a posi-
tive effect on prey populations, provided that the total amount of
subsidy deposited per unit time remains fixed. This is an exam-
ple where the more complicated model defined over a continu-
ous spatial domain can give insights lost by a two patch model
(or, general discrete multipatch models), as we can observe the
effects of continuously varying this area.

In the case where limit cycles already exist, variation of con-
version efficiency parameters can modify or even collapse the
limit cycle emergent under the paradox of enrichment. How-
ever, we do not observe any cases where there would not typi-
cally be limit cycles which were pushed into limit cycles by a
variation of conversion efficiency parameters. Therefore, the
variation of conversion efficiency apparently can modify the
paradox of enrichment for appropriate values of carrying ca-
pacity k already giving limit cycles. This is seen in Figure 8,
where the amplitude of the limit cycles arising from the para-
dox of enrichment is modified. For large values of either con-
version efficiency parameter, the limit cycle may be suppressed,
pushing the system back into a coexistence equilibrium.

In a qualitative sense, many of our results are comparable to
those found in previous work, giving support to the strength of
ODE models for analysing predator-prey-subsidy systems. The
continuous spatial domain model could, in theory, be used to
look closely at spatial behaviour and patterning of the popula-
tions, and we expect this to play a significant role when the ge-
ometry of the regions the populations inhabit are complicated,
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or in the case of a subsidy input rate I with high spatio-temporal
variability. Even for our simple square domain with piecewise-
constant subsidy input rate, we observed nontrivial spatial pat-
terning which could lead to more complex migratory and boom-
and-bust behaviours not readily observed in n patch models.
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