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We prove several characterizations of strong stability of uniformly bounded evolution
families (U(?, 5)),~ ¢ of bounded operators on a Banach space X, i.e. we characterize the
property lim,, [|[U(¢, 5)x]| = 0 for all s>>0 and all x € X. These results are connected to
the asymptotic stability of the well-posed linear nonautonomous Cauchy problem

u(t) = A(u(), =520,
u(s) = x, xelX.

In the autonomous case, i.e. when U(t,s) = T(t —s) for some Cj-semigroup
(T(1)),>¢, we present, in addition, a range condition on the generator 4 of (7(1)),5
which is sufficient for strong stability. This condition is more general than the
condition in the ABLV-Theorem involving countability of the imaginary part of the
spectrum of A. © 2002 Elsevier Science (USA)
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1. INTRODUCTION

One difficult task in the study of a linear nonautonomous Cauchy
problem
w(t) = A(Du(r), t=s=0, (1)
u(s) = x, xelX

is the study of asymptotic behaviour of its solutions. Among the most
interesting types of asymptotic behaviour we would like to mention stability
in the sense that solutions vanish at infinity (see Definition 2.1).
In the case of the autonomous Cauchy problem
) = >
{ ut) = Au(r), =0, o
u(0) = x, xelX,

some results have already been obtained. For example, assuming that (2) is
well-posed and that the operator A4 generates a bounded Cj-semigroup
(T'(1));>0 there is the ABLV-Theorem and all its generalizations to bounded
individual solutions or bounded uniformly continuous functions, [I-
3,5,6,9,28]. One typical assumption in results of this type is the countability
of some spectrum; for example countability of the boundary spectrum
a(A) N iR.

Another group of results, based on resolvent estimates rather than simple
spectral conditions, has developed recently, coming closer to a character-
ization of stable semigroups [7, 34]. By means of unitary dilations (in Hilbert
spaces) and limit isometric groups there have been obtained growth
conditions on the resolvent near the imaginary axis which are sufficient
for stability, and which are close to being necessary (see especially the
characterizations of strong stability for semigroups on Hilbert spaces in
[34]).

In this paper, we give several characterizations of stability of evolution
families such as arise from well-posed, nonautonomous Cauchy problems.
The characterizations are in terms of bounded complete trajectories of the
dual family, stability of associated evolution semigroups and spectral
properties of the generator of an evolution semigroup. The results seem to
be new even in the case of finite dimensional Banach spaces. In the
autonomous case some of these are known characterizations of stability of a
bounded Cj-semigroup, but our results include a new characterization
analogous to Datko’s characterization of exponential stability. Moreover,
we also show that a sufficient condition for stability of a bounded semigroup
on X generated by A is that the intersection of the ranges of if — A (as 8
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varies through R) is dense in X. Finally, we present some applications of our
results to abstract operator theory.

2. THE MAIN RESULTS

Throughout the paper we will denote by X a complex Banach space and
by L(X) the space of bounded linear operators on X. A two-parameter
family U = (U(2,5)),55>0 < L(X) is called an evolution family if it satisfies
the following three conditions:

(i) U(t,t) =1 for all t=0.

(i) U,sU(s,r)= U(t,r) for all 0<r<s<t.

(iii) U(,-) is strongly continuous from {(z,s) € R*: 0<s<r} into
L(X).

Evolution families usually appear in the context of the nonautonomous
Cauchy problem (1). Under suitable conditions on the operators A(%),
there is an evolution family such that for each x € X there is a unique
solution of (1) (in an appropriate sense) given by u(f) = U(¢, s)x (see [8, Sect.
3.1; 30, Chap. 5; 32, Chap. 5]). In the autonomous case, i.c. when A(f) = 4
is constant, the existence of a unique “mild” solution of (1) for each
x € X is equivalent to the condition that A generates a Cjy-semigroup
(T'(1));0 (see [3, Sect. 3.1]). In that case we have U(t,5s) = T(¢t —s) for
all £=35.

In the following, we will always assume that an evolution family U =
(U(%,5));>50 1s given and, in addition, that U is uniformly bounded, i.e.
sup,> >0 U2 9)l] = M <oo0.

DEFINITION 2.1.  We call an evolution family (U(%,5)),»,>( on a Banach
space X (strongly) stable if for all s>0 and for all xe X one has
lim;, o [|U(2,5)x]| = 0.

As indicated in the Introduction we would like to characterize strong
stability of an evolution family U. In this context we will study complete
trajectories of a dual evolution family, the asymptotic behaviour of
associated evolution semigroups, convolutions and range conditions on the
operator 4 in the autonomous case.

To define these concepts let us point out that the dual (U(#,5)*),5 ¢ of
an evolution family U is in general no longer an evolution family, but
(U(=s,—1)")y<i<0 1s (the definition of an evolution family is easily adapted
to the case of the negative real line, and, moreover, strong continuity is
replaced by weak™ continuity). If U is associated with the well-posed
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Cauchy problem (1) then the evolution family (U(—s, —1)* )<, <o 18, at least
formally, associated with the nonautonomous backward Cauchy
problem

v(0) = x*, x*eX* 3

{ (1) = A(=0)* (1), 1€ (—1,0],
in which, in addition, the initial condition has been replaced by a
condition at the end point of the time interval (—7,0] (z > 0). In general,
a solution v to the backward Cauchy problem (3) need not exist, but
if it exists, then v satisfies the relation wv(¢f) = U(—s,—1)*v(s) for all
T<s<1<0.

Now we call a function ¢g:R_ — X* a complete trajectory for
(U(=s,—1)")y<:<0 Whenever it satisfies the condition U(—s, —1)*g(s) = ¢(?)
for all s<r<0. Note that this definition of a complete trajectory differs from
that in the literature (see e.g. [4, 35]) in that g is only defined on the half-line
R_. However, in the autonomous case when U(t,s) = T(t — s), a complete
trajectory in our sense can be uniquely extended to a complete trajectory on
R by defining g(¢) = T(¢)*g(0) for 1>0. We call a complete trajectory g:
R_ — X* nontrivial if g is not identically 0.

Let 1<p<oo, and let E, = LP(R;X) if 1<p<oco, and Ey =
Coo(Ry; X) (the space of continuous functions vanishing at 0 and at
infinity). The space E, will be equipped with the norm ||f1|, == ( fow [|f %
(s)|IP ds)'/? when 1< p<oo and with the sup-norm when p = oo. It is well
known (see e.g. [8, Sect. 3.3]) that the family (T,(7)),>, defined by

U(s,s — O)f (s — 1), s=t,

t,s=0, feE
0, s<l1, y Sek

(Tp(0f)(s) = {

is a Cy-semigroup on the Banach space E,. We call (T,(?)),>, the evolution
semigroup associated with (U(t,5)),>sso on the space E,, and we denote by
G, its generator.

Finally, we denote by D(G), Rg G and Ker G, the domain, the range and
the kernel, respectively, of a closed linear operator G on a Banach space X,
and o(G) (resp. Pa(G)) denotes the spectrum (resp. point spectrum) of G.

For an evolution family U= (U(t5));»,50 and a function
felLl (Ri;X), let

(Uxf)(t) = /Ot U(t, s)f (s) ds for all 7>=0.

When U(t,s) = T(t — s) for a semigroup T, Usxf is the convolution of T
and f in the usual sense.
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Our first main result is the following.

THEOREM 2.2.  Let (U(%,5);»s0 be a bounded evolution family on
a Banach space X, and let (T,(1)),~o be the evolution semigroup associated
with (U(1,5);5450 on E, (1<p<o0). Then the following assertions are
equivalent:

(1) The evolution family (U(t,5));>¢ Is strongly stable.
(2) If B* denotes the unit ball in X *, then the set
7 =J () U9 (B*) (4)

§s=0 t=s

is trivial, i.e. J* = {0}.

(3) The evolution family (U(—s,—1)*),<,<( does not admit a bounded
nontrivial complete trajectory.

(4) The semigroup (T,(1)),5 is stable for some 1<p<oo.

(5) The semigroup (T,(1)),5 is stable for all 1 <p<oo.

(6) RgG, is dense in L'(R,; X).

(7) The set

Fi={f e L'Ry; X): Uxf € L'(R:; X)} )

is dense in L'(R; X).

Let us point out that in the autonomous case the equivalence in (1) <
(2) < (3) in Theorem 2.2 goes back to [13, Théoreme 2; 27, Theorem 4.3].
The generalization from semigroups to evolution families is based on the
same ideas, but one has to be careful in some steps. For our approach
equivalence (1) <> (3) is important for the proof of the other results.

The Equivalences (1) <> (6) < (7) should be compared to Datko’s
characterization of uniformly exponentially stable evolution families in
which density of Rg G; has been replaced by surjectivity of G, [3, Theorem
5.1.2; 12, Theorem 6; 29, Theorem 2.2].

THEOREM 2.3 (Datko). Let (U(t,5));>450 be an evolution family on a
Banach space X, and let 1<p<oo. Then the following assertions are
equivalent:

(i) The family (U(t,5));> 0 is exponentially stable.
(ii) The operator G, is surjective.
(i) For all f € E, one has Uxf € E,.

However, whereas Datko’s Theorem 2.3 is true for every p e[l,oq],
equivalence (1) < (7) cannot be true for p € (1, 00] (see Remark 5.3).
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The second main result concerns the autonomous case, i.e. the case when
U comes from a bounded Cy-semigroup (7°(?)),~,. In that case the Laplace
transform of an orbit 7T'(-)x is given by the local resolvent R(-, 4)x on the
right half-plane. Applying Laplace transform and Fourier transform
techniques, we are able to find conditions on the resolvent of the generator
A and range conditions on A leading to stability. In fact, as we show in
Section 6, we can also prove local stability results (Theorem 6.3). The
ABLV-Theorem mentioned in the Introduction is an easy corollary of
Theorem 2.4 (Corollary 6.5).

Before stating the second result we define 4, (R; X) to be the image under
Fourier transform of the space L'(R.;X), i.e. the space of all functions
f:R — X for which there exists g € L'(R,; X) such that

fB) = /0 e Pg(s) ds = Fg()(B € R).

By injectivity of the Fourier transform the function ¢ is uniquely determined
and we put [If|l4, = llgll;-

THEOREM 2.4. Assume that U(t,s) = T(t —s) for some bounded C,-
semigroup (T(t)),~o on X, and denote by A the generator of (T(1)),5q. Then
conditions (1)—~(7) are equivalent to:

(8) Po(A) N iR = O and the multiplication operator M defined by

DM) = {f € A.(R; X): f(p) € Rg(if — A4) and

B (B —A)'f(B) e AL (R; X)},

M/ (B) = (if — A)"'f(B)
is densely defined.

The condition

(9) The space ﬂﬁeR Rg(if — A) is dense in X
implies (1)—(8).

Since the completion of this paper, the second and third authors, and also
M. Lin and P. Wojtaszczyk, have shown that implication (1) = (9) does not
hold in the context of Theorem 2.4; in particular, (9) is not satisfied for some
of the stable semigroups considered in [5, Example 4.1]. This and other
information will appear in [9a].

The rest of the paper is devoted to the proof of Theorems 2.2 and 2.4 as
well as of their local counterparts. Since we will frequently make use of the
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Mean Ergodic Theorem for bounded Cy-semigroups, and since this theorem
shows, in particular, how range conditions and (Abel) ergodicity are
connected, we state that theorem explicitly (see [3, Proposition 4.3.1; 17,
Lemma V.4.4, Theorem V.4.5, Example V.4.7]).

THEOREM 2.5. Let A be the generator of a bounded Cy-semigroup on a
Banach space X . For every x € X the following assertions are equivalent:

(1) lim;_ AR(4, A)x exists.
(i) xeKerd @ RgA.

If (1) or (i) holds, then lim;_o AR(A, A)x = x|, where x = x| + x; with x| €
Ker A and x, € Rg A.

If X is reflexive, then (1) and (ii) are always true.

3. PROOF OF (1) < (2) < (3)

In this section, we study the connection of the existence or nonexistence
of bounded nontrivial complete trajectories to stability of the evolution
family U. This connection is important for the subsequent results
because we will use it both in the proof of (6) = (1) and in the proof of
9) = (1).

The proof of (1) < (2) < (3) is based on the next proposition which is an
individual quantitative version of these equivalences. In the autonomous
(and discrete) case a proof of Proposition 3.1 can be found in [4, Theorem
3.1; 13, Théoréme 2; 27, Theorem 4.3; 35].

PrOPOSITION 3.1.  Let (U(2,5));5450 be a bounded evolution family on a
Banach space X . Let B* be the closed unit ball in the dual space X * and define
for fixed s=0

Ji =) U9 (B*). (©6)

Then:

(1) For every x € X we have

1 . ..
— limsup ||U(@, 5)x||< sup [<x,x* > < liminf ||U(t, 5)x]|, (7
M s

*
x*els

where M = sup,~ - |U(1,3)|.

(i) lim, ||U(, $)x]| = 0, if and only if x annihilates J; .

(iii) For every x* € J, there exists a bounded complete trajectory g for
the evolution family (U(—s, —1)");<,;<o Such that g(0) = x*.
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Proof. (i) Let x € X, and let J;" be defined as in (6). For every x* € J;
and every ¢>s there exists x, € B* such that U(z,s)*x, = x*. From that we
obtain

[<x, x5 = [<x, U, 9)* x; | = KU 9)x, %, Y < U2, 5)x]],

which implies the second inequality in (7).

Conversely, by Hahn-Banach, there exists for every ¢>s an element x; €
B* such that

UL )xI1< KUt $)x, X D+ —— P

_M‘< U(ts)*xl>}+t+%

Let N :=(\,5,>, U(r,5)*(B*). Then (N,), -, is a decreasing net of
weak* compact sets. Due to the equality U(r,s)* U(z,r)* = U(t,s)* we have
LU(t,9)*x; € N/. Hence, every weak* accumulation point x* of the net
(U(1,5)* x/ ), belongs to the intersection (0,5, N,” = J;". This implies

hm sup U, s)x|| <M sup [{x, x* |

x*el;

which is just the first inequality in (7).

Statement (ii) is an obvious consequence of (i).

Choose any x* € JO*. By definition we find for every n e N an element
X, € B* such that U(n,0)*x, = x*. Define functions g, : R_ — X* by

_JUm, -0 x,, te(—n,0),
gl) = {0, t € (—00, —n).

Then for all —n<s<¢t<0 we have
U(—s,—1)* gn(s) = U(=s,—)*U(n, —s)*x, = U, —1)*x, = gu(t) (8)

and, by deﬁnition gn(0) = x* and ||gn||, <M for every n e N.

Let By, = {x* e X *: ||x ||< M} with the weak™ topology, and consider
the product space (B}, ) - equipped with the topology of pointwise weak*
convergence. By the theorems of Banach-Alaoglu and Tikhonov this
product space is compact, and thus the set of accumulation points of the
sequence (gy),oy 10 that space is nonempty. Let g be an accumulation point

of (gn)neN'
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Let s<t<0 be arbitrary. Then equation (8) (for n> — s) and the weak*
continuity of U(—s,—?)* imply that

U(=s,=1)"g(s) = g(1).

Hence, the function ¢g is a bounded complete trajectory satisfying
g(0) = x* and we have proved (iii). 1

Proof of (1) <= (2) = (3). Equivalence (1) < (2) follows immediately
from Proposition 3.1(ii).

Next, if g is a bounded nontrivial complete trajectory for the evolution
family (U(—s, —1)*);<,<0- then there exists so <0 such that g(sp) #0. From
this and the definition of a complete trajectory it follows that the set [,
U(t,s9)* (B*) is nontrivial. In particular, the set J* is nontrivial, i.e. (2)
implies (3).

Assume that J* is nontrivial. Then there exists so>0 such that Jg is
nontrivial. Choosing x* € Jy;\{0}, Proposition 3.1(iii) says that there
exists a bounded and necessarily nontrivial complete trajectory ¢ for
(U(so — 8,80 — 1) )< s<0 With g(0) = x*. Let A(s) == g(s + sp) when s< — 59
and A(s) = U(sg, —s)*g(0) when —sy<s<0. One easily verifies that / is a
bounded nontrivial complete trajectory for (U(—s, —1)* );<,<o, and hence (3)
implies (2). 1

4. PROOF OF (1) < (4) < (5)

The proof of equivalences (1) < (4) < (5) is rather straightforward.
Nevertheless, the result will be needed subsequently and it gives an abstract
argument that one can apply semigroup results on stability to the stability of
evolution families.

Notice, however, that the spectrum ¢(G,) always equals a left half-
plane and that the Spectral Mapping Theorem holds true for the evolution
semigroups (T,(7)),, [8, Theorem 3.22; 10, Theorem 3.1; 29, Corollary 2.4].
In particular, the spectral bound s(G,), the exponential growth bound o(T,)
and the exponential growth bound w(U) coincide. Hence, if the evolution
family U is only bounded but not exponentially stable, then necessarily
0(Gp) = {4 e C: Rei<0}. Consequently, the global ABLV-Theorem can,
in general, not be applied to bounded evolution semigroups.

Proof of (1) < (4) < (5). Assume that the evolution family U is
strongly stable, and let 1<p<oo. Let f e C.(0,00);X) = E, (where
C.((0,00); X) is the space of continuous functions having compact
support in (0, 00)) and choose R > 0 such that suppf < [0, R]. The strong



STABILITY OF BOUNDED EVOLUTION FAMILIES AND SEMIGROUPS 125

continuity of U and the continuity of f imply that the function U(R,)f()
is continuous from [0, R] into X. Hence, that function has compact range
in X. By assumption, lim,. ||U(z, R)xol|=0 for all xye X. Since
U is uniformly bounded, the convergence is uniform on compact subsets
of X, so that
lim sup ||U(t+ s, R)U(R,s)f(s)|] = lim s[lép] Ut + s,5)f (sl
s€[0,R

1200 5e[0,R] =00

= lim sup [[(T,(0)f )z + )l
s€[0,R]

—>00
:O’

which in turn together with the fact that supp T, (¢)f < [z,7 + R] implies

lim [T, (01, = 0.

The boundedness of the semigroup (T,(f)),», and the density of
C.((0,00); X) in E, for all 1<p<oco implies that (T,(#)),5 is stable for all
1 <p<oo. Thus (1) implies (5).

Implication (5) = (4) is trivial.

So assume that (T,(?)), is stable on E, for some 1 <p<oo. Let s>1 and
let x € X. Define a function f € C(R,; X) by

e U IUr, s)x, r=s,
fn=<¢ A —-s+rx, s—1<r<s,
0, r<s-—1.

The boundedness of U implies f € E,. Let t>0. Then one calculates for
all r>0

e I U(r, 5)X, ret+s,
(T, )N =q A =s—t+nU@F,r—1x, t+s—1<r<t+s,
0, r<t+s-—1.

If p = oo then the stability of Ty, on E,, implies already that

lim U@ s)xl| = lim [(Too() ) + 9
< lim T (@f lle = 0.
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If p<oo then the stability of T, on E, implies that

t+1 t+1
lim sup / |U(r, s)x|IP dr < € lim sup / e PU=U(r, s)x]|P dr
t t

=00 t—00

+1
=¢’ lim sup / (T, (¢t — ) ))IP dr

—00

< ¢ limsup [[(T,(0)f ]l = 0.
=00

This inequality implies lim inf,_,, ||U(t, s)x|| = 0 which in turn implies, by
the boundedness of U and the fact that U is an evolution family, lim sup,_, ,
[|U(t, s)x|| = 0 (see also inequality (7)).

We have now proved that lim,_ . [|U(z,s)x|| =0 for all s>1 and all
xe X. Let se[0,1] and x € X. Then we obtain limsup,_,, ||U(z,$)x|| =
lim sup,_,, [|U(, DU, s)x]l =0 by the previous result, so that (4)
implies (1). 1

Remark 4.1.  Let (U(t,5)),;,>0 be an evolution family on a Banach space
X and define a family (V'(¢,5)),5, = L(X) by

U(t,s) if 0<s<t,
V(t,s) =< U0 if s<0<z¢,
1 if s<r<0.

Then (V(t,5));», is a (strongly continuous) evolution family. If
(U(1,5));>550 1s bounded, then (V(t,5)),~, is bounded, and the family
(Sp(1)),>¢ defined by

Sy )8) = V(s,s— O)f (s — 1), >0, seR

is a (bounded) Cy-semigroup on the space LF(R; X) = F, when p €[1, 00)
and on the space Cy(R; X) = Fy, when p = oo.

With this construction and the previous proof of equivalences (1) <
(4) < (5) the following corollary is immediate.

COROLLARY 4.2.  Let (U(1,5)),5¢s0 be a bounded evolution family on a
Banach space X, and let (S)(t)),~, be defined as above. Then the following
assertions are equivalent:

(1) The evolution family (U(t,5));>¢ s strongly stable.
(10)  The semigroup (Sp(t)),¢ is stable for some 1<p<oo.
(11)  The semigroup (Sy(t));¢ is stable for all 1 <p<oo.
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5. PROOF OF (1) < (6) < (7) = (8)

Before proving equivalences (1) < (6) < (7) we will study the generator
G, of the evolution semigroup (T,(f)),~, associated with U on E,. Let us
first recall the following lemma [8, Proposition 3.25; 29, Lemma 1.1].

LemMmA 5.1, Let 1<p<oo,andletf,g e E,. Then g € D(G,) and G,g = f
if and only if

g(s) = —(U=f)(s) for almost all s=0. 9)

As in [25, Sect. V1.4 and VI.5] we define for a Banach space X the space
L. (Ry; X*) to be the space of (equivalence classes of) all bounded
functions f: R, — X * such that {(x,f> € L*(R,) for all x € X. Here we say
that two weak* measurable functions f,g:R, — X* are equivalent
whenever {x,f)» = {x,g) almost everywhere and for all x € X. Together
with the norm

I llzx, = sup [[<x,/Dllx
v xeX
[Ixl<1
the space L;.. (R;; X*) becomes a Banach space. The following representa-
tion theorem can be found in [25, Corollary, p. 95].

THEOREM 5.2. Let X be a Banach space. Then the two spaces L'(R"; X)*
and L) (Ry; X*) are isometrically isomorphic. For a step function
f e LY R,;X) and a function g € L. (R, ; X *) the duality is given by

gy = /0 Y )96 ds.

Proof of (1) < (6) < (7). Assume that U is strongly stable. Then the
evolution semigroup (T (7)), is stable on the space L'(R,; X) = E, by the
equivalence (1) < (5). By Arendt and Batty [1, Proposition 2.1], Rg G, is
dense in Ej, i.e. (1) implies (6).

On the other hand, assume (6) and assume that U is not stable,
or, equivalently, that there exists a bounded nontrivial complete trajectory g
for (U(—=s,—1)"),</<0- Since U 1is strongly continuous, g is weak”
measurable. Let g € L, (R;; X*) be defined by §(¢) := g(—¢). By Theorem
5.2 the space L~ (R;;X*) is isometrically isomorphic to (E;)* and the
duality is given by

o0

g = ; f(5),4(s)> ds,
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at least for all step functions f € E|. Hence, if f € E| is a step function, then
we find

ST G = /0 (T )6, 5(5)) ds
= /OO U+ s,9)f(s), §(t + 5)> ds
0
= /Oo Ss), Ut +s,8)*g(t+ 5)> ds
0

- /0 ), () ds
— ().

It follows from Hahn—Banach and the fact that the step functions are
dense in E; that Ty(1)*§ =g for all />0. This implies §e D(G,) and
G, §=0. Thus, the point 0 belongs to the point spectrum Pa(G), a
contradiction to the assumption that RgG, is dense in E;. Thus, the
evolution family U has to be stable, i.e. (6) implies (1).

Equivalence (6) < (7) is a direct consequence of Lemma 5.1. One just has
to note that the operator L defined by

D(L)={feE;: — Uxfe€E},

Lf=-Uxf
is the (algebraic) inverse of G;. Hence F = D(L) = RgG,. 1

Remark 5.3. One could ask whether equivalence (1)< (7) (or at
least one implication) remains true if one replaces the Banach space E| by
a different Banach function space £ on R, . For example, Datko’s Theorem
2.3 characterizing exponential stability of U is true for all the Banach
spaces E,.

However, equivalence (1) < (7) cannot be true for E, where p € (1, 00). In
fact, if p € (1,00) and X is reflexive, then E, is reflexive [14, Theorem 1, p.
98; 23, Theorems 3.2, 3.4]. The fact that the point spectrum of G, is empty
and the Mean Ergodic Theorem 2.5 imply that G, has dense range in E,,
even if (U(t,5));>>0 is not a stable evolution family.

An easy counterexample shows that equivalence (1) < (7) is also not true
for E. In fact, let X = C and T'(¢) = 1. Then (T xf)(t) = fotf(s) ds and the

compactly supported continuous functions such that fooo f(s)ds =0 are
dense in E., but clearly (7'(f)), is not stable.
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These examples show that it might be more interesting to generalize
implication (7) = (1). A positive result in this direction is given in the next

proposition.

PROPOSITION 5.4.  Suppose that (T(t)), is a bounded Cy-semigroup on a
Banach space X and that the set

{f e BUC(R,; X): Txf e BUCR,; X))}
is dense in BUC(R,; X). Then (7'(?)), is stable.

Proof. Take x € X and let g(¢) = T(¢)x for t>0. Given ¢ > 0, there exists
f € BUC(R4; X) such that |lg — f]|, <¢ and T'=f is bounded. Then

(T g)(2) — (T* /)OI < Met,
where M = sup,-,||7(s)||. Thus,
(T )OI < I(T /)OI + Met.
But for 1>0 we have
(T=g)(t) = /[ T(t—s)T(s)xds = tT(t)x.
0
Hence
IIT(I)XIISM + Me.
Letting 1 — o0,

lim sup || T(?)x|| < Me.
t—00

Sine ¢ > 0 was arbitrary, the claim follows. |

Proof of (7) < (8) (Theorem 2.4 (i)). Let f e L'(R.;X) be such that
Txf e L'(R,;X). Let t>0. The equality

/()tei/}ST*f(s) ds = /Oteiﬁs /OS T(s—r)f(r)drds
= /0 /0 ’ e B T(s)e 1 (r) ds dr
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and the fact that [ e " T(s)e " f(r) ds € D(A) with

t—r
(A —ip) / e BT(s)e P f(ryds = e P T(t — 1)f(r) — e 1 (r)
0
imply that
t—r
r / e BT(s)e 1 (r) ds
0
is locally integrable with values in D(4). Hence [je T xf(s)ds e D(A)
and
t t
(A — i) / e BT wf(s)ds = e P Txf(r) — / e £ (s) ds.
0 0

Assume that (7) holds. From T*f € L'(R,; X) we obtain on the one hand
lim inf, ,||7T % f(¢)]| = 0 and on the other hand that

t
lim,_,oc/ e BT sf(s)ds = F(T +f)(B)
0
exists in X. Since f € L'(R; X), the limit

lim, /0 , e~ Pf(s) ds = Ff (B)

exists, too, and the closedness of the operator iff — A implies F(T xf) x
() € D(A4) and

(ip — AF(T +f)(p) = Ff (p).

Since (7) is equivalent to (1), Po(A) niR =0 by Arendt and Batty
[1, Proposition 2.1]. Thus, (7) implies (8).

In order to show the converse, let f € D(M) and g € 4, (R; X) be such that
Mf = g. By definition, there exist f,g € L'(R.; X) such that Ff=f and
Fg = g. Observe that F(e ™ T(-)*f ) = R(o + i-, A)f € A(R; X) for all « > 0,
and that

F(oae ™ T(-)*§) = aR(a + i, A)g
=9 — R+ i, Af
=F@G — (€ T()*/).

By the uniqueness of the Fourier transform we obtain that for almost all

t € R, the equality

o /O te‘“(’_‘V)T(l—s)g(s) ds = §(t) — /0 te‘“("”T(t—s) f (s)ds
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holds. Letting o tend to 0 on both sides of this equation yields
t
50 = [ Ta = ds

Now, if (8) holds, then, by the deﬁgition of the norm on 4, (R; X), the set
F of all fe L'(R,; X) such that T *f belongs also to L'(R,;X) is dense in
L'(R,; X). Hence, (8) implies (7). 1

6. PROOF OF (9) = (3) < (1)

In this section we will assume that A4 is the generator of a bounded Cyp-
semigroup (7°(¢));»o on a Banach space X. We will study the asymptotic
behaviour of individual orbits by means of complete bounded trajectories and
the set J* defined in Eq. (4). We show in Theorem 6.3 that lim,_ ||T x
(9)x]| = 0 when x is in a certain subspace of X defined in terms of the ranges of
iff — A. One immediate corollary is the implication from (9) to (3) (Theorem
2.4(i1)), hence, by Theorem 2.2, to strong stability of the semigroup. We will
show below how this result is connected to previous results in this domain.

Given a bounded measurable function F : R — X we define the Carleman
transform F by

) JoT e M F(1) dt, Re 1 >0,
Foy=4",
— [T e "F()dt, Rel<0.

Clearly, the Carleman transform is an analytic function in C\iR. If, as in
the following, the function F is merely weakly or weak* measurable then the
Carleman transform will be defined by applying functionals first. This does
not change the fact that F is analytic.

Lemma 6.1.  Let (1(1)),5¢ be a bounded Cy-semigroup on a Banach space
X with generator A, and let g : R_ — X * be a bounded complete trajectory for
(T(t = 5)")y<i<0- Let F(t) = g(t) when t <0, and F(t) = T(£)* g(0) when 1 >0.
Denote by F the Carleman transform of F. Then, for all ). € C, and u € C\iR,
the following identity holds:

F(p) = R(2, A*)F(0) + (A — )R(Z, A" ) F(w). (10)

Proof. Let e C,.If ueC,, then F(u) = R(u, A*)F(0) and (10) is just
the resolvent identity. So let u € C_ and x € X. Then

(X, (2 = WRG, A V()

= —(—-p /OOO e {x, R(A, A*YF(—1)) dt
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= —(A-— u)/\ / eMe ™ (x, T(s)* F(—1)) ds dt
0 0
= —(A— ,u)/‘ / Mo x, F(s — 1)) ds dt
0 0

= —(A—up) / / e M0 x, F(s)> ds dt
0 —t

o0 0
—(A—p /0 e~ [ e x, F(s)) ds dt

—(A=p) /0 - e U x, R(A, A*)F(0)) dt

- / i, F(—1)> dt — {x, RU, A*)F(0)>

0

= {x, F(p)) — <{x, R(J, A*)F(0)).
Since this equality holds for every x € X, the claim follows. 1

For the proof of implication (9) = (3) < (1) we have to recall the
following result from complex function theory [34, Lemma 4.6; 36, Theorem
E]. Note that the formulation of [36, Theorem E] is not correct and that a
proof of the correct statement below (using results from [15,33]) can be
found in [34, Lemma 4.4]. However, it is not clear from his proof whether
Wolf had Theorem 6.2 in mind.

THEOREM 6.2 (Edge-of-the-Wedge). Let Q, = {zeC:|Rez|<]l,|Imz|
<b} be a rectangle in the complex domain, and let f: Qp\iR — C be an
analytic function. Define g(oa+ if)) = f(u+if) — f(—a+ if)(a+if € Op N
C.) and assume that

sup |g(a +if)| = O(l) as o\, 0 (11)
IBl<b ®
and
lin(l) lg(a + i) =0 for all |f]<b. (12)
Then f has an analytic extension to Q.

In the next theorem the set J* will be defined as in Eq. (4). Note that in
the semigroup case the sets J,* defined in Eq. (6) do not depend on s>0 and
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hence J* =J,. The following theorem is the local counterpart of
implication (9) = (3) < (1).

THEOREM 6.3.  Let (T(1));5¢ be a bounded Cy-semigroup on a Banach
space X with generator A, and define

J = ﬂ (if — A)Rg(if — A) N D(A)).

PeR

Then:

(i) For every xeJ and x* e J*,{x,x*> =0, ie. J* < J*.
(i1) For every x € J one has lim,_,», || T(t)x|| = 0.

Proof. Let x* € J*. By Proposition 3.1(iii), there exists a bounded
complete trajectory g : R_ — X* for (T(f — 5)*),<,<o such that g(0) = x*.
Define F(t) = g(t) for t<0 and F(¢t) = T(¢)*x* for t=0. Observe that
then the function F is bounded and it satisfies the relation F(z+ s) =
T(t)* F(s) for all se R and all 1>0. Let x € J, and let f(¢) .= <{x, F()). Then
f e L*R) and the Carleman transform is given by

f) = <x, FA)) (L e C\iR).
Let f € R. Applying Lemma 6.1 twice, we obtain

lim | o+ i) — fi—o + iB)|
oL—
= lim [<x, Fo+ if) — F(—a + if))|
oL—
= lim |<x, 20R (0 + if, A*)F(—o + i)
o>
< lim [(x, 20R(o + i, A%)?x* ]
o—
+ lim [, 4o’ R(ot + if, A* ) F(—a + if)D]
oL—
= 2 lim [<aR(x + if, APx, x* |
+ 4 lim [<aR(x + if, AV x, aF(—o + i).

The boundedness of F implies lim sup,_,, l|loF(—o + if)|| < oo. Moreover,
by assumption, there exists y € Rg(if — 4) n D(A) such that (if — A)y = x.
This and the Mean Ergodic Theorem 2.5 (applied to the semigroup)
(e7T(1));5) imply

lim oR(e + if, APx = lim oR(o + if, A’ (i — A)y
o o—
= lin}) oaR(o + ifs, A)y
— lim > R(o + i, A)*y = 0.
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Hence,
lim | Ao+ if) — fl—a+ if) =0 for all feR

and from Theorem 6.2 we obtain that the Carleman transform f extends to
an entire function. By Priiss [31, Proposition 0.5(ii)] this implies that /' = 0.
In particular, we have £(0) = {(x,x* ) = 0, which proves (i).

If x belongs to J, then, by statement (i), it annihilates the set J*.
Statement (ii) follows thus from Proposition 3.1(ii). 1§

Remark 6.4. Let Y < X be a T-invariant subspace and let B be the
restriction of 4 to Y. Then, if J is defined as in Theorem 6.3,

J Y =) (iB - BYRg(if — B) n D(B)). (13)
peR

To see this it suffices to show that
A(RgA n D(A4)) n Y = B(Rg B n D(B)).

Of course, the inclusion is obvious. So let x € A(RgA4A N D(A)) N Y.
There exists y € RgA n D(A) such that Ay = x. By the Mean Ergodic
Theorem 2.5, lim; g AR(4, A)y = 0, so

lim R(Z, Bx = lim R(Z, A)x = lim AR(, A)y

= lim ZR(, A)y =y = —».

Hence, y € Y and y = —lim;_,o BR(A, B)y € Rg B. This proves the second
inclusion.

Equation (13) shows that in a Banach space Y we cannot produce a larger
set of initial values for which Theorem 6.3(ii) holds just by extending the
generator B to an operator 4 defined on the larger space X and generating
again a bounded Cj-semigroup.

Proof of (9) = (1) (Theorem 2.4(ii)). The assumption ﬂﬂeR Rg(ip— A)
= X implies in particular that Rg (if — A4) is dense in X for all § € R. Hence

() Re(iB — 4) = () (iB — A(Re(f — A) N D(A)).

peR PeR

By Theorem 6.3(ii), the orbit 7'(-)x is stable for all x € ﬂﬁeR Rg(if — A).
The density of this set implies that (7(¢)),s is stable. 1

In the Introduction we mentioned the ABLV-Theorem on stability of
bounded Cy-semigroups. It is now an easy corollary of Theorem 2.4(ii).
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COROLLARY 6.5 (ABLV). Let A be the generator of a bounded Cy-
semigroup (T(1)),;o on a Banach space X. If 6(A) N iR is countable, and if
Rg(ifp — A) is dense in X for all f€R (or, equivalently, A* has no point
spectrum on iR), then (T(1)), is stable.

Proof. One has to note that ﬂBER Rg(if — A) is dense in X by
assumption and the Mittag—Leffler Theorem (cf. [18, Lemma 3.1; 19, 20]).
The claim follows from Theorem 2.4(ii). §

Remark 6.6. We do not see any method to deduce the version of the
ABLV-Theorem for individual orbits of bounded semigroups [5, Theorem
3.4] from Theorem 6.3.

From Theorem 6.3 and the Mean Ergodic Theorem 2.5 we can also
immediately deduce the following property of generators of semigroups for
which no nontrivial orbit tends to 0.

COROLLARY 6.7. Assume that A is the generator of a bounded Cj-
semigroup  (T(1));so such that  for all xeX\{0} one has
lim sup,_, || 7(#)x|| > 0. Then

() (B — HRB — A) A D(A)) = {0}.

peR

In particular, when X is reflexive, then ﬂﬁER Rg(ip — 4) = {0}.

Remark 6.8. (a) In [4, Sect. 4] a bounded Cy-semigroup (7(1));>
satisfying the assumption of Corollary 6.7 is called trivially asymptotically
stable. Obviously, semigroups of isometries are trivially asymptotically
stable, but the class of trivially asymptotically stable Cy-semigroups is
strictly larger than the class of Cy-semigroups of isometries, [4, Examples
4.1, 4.2].

(b) Recall that an operator 4 € L(X) admits a C*(C)-calculus (resp.
C*(R)-calculus) for some ke N, if there exists a continuous algebra
homomorphism 7 : CK(C) - L(X) (resp. T : C*(R) - L(X)) and Q = C
(resp. Q = R) open and bounded such that

(i) T(1)=1Iand T(id) = 4, and
1) T < Mllflkq for some M >0, where

1
fllea =Y — sup D/ ().

<k *° 7Q

If 4 e L(X) admits a C¥(C)-calculus (resp. C¥(R)-calculus), then, by [11,
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Theorem 3.1, Remark 3.2(b)] (see also [21, Theorem 3.2]), for every
m=k + 3 (resp. m=k + 2) one has

[ Re(i— 4)" = {0}. (14)

2eC

By Corollary 6.7, this result can be improved in several directions if, in
addition, i4 generates a trivially asymptotically stable bounded semigroup
and if X is reflexive: first, we do not assume 4 to be bounded, second, the
exponent m = 1, and third, we only take the intersection for A on the
real axis.

Let us point out that the best possible exponent m = 2 in [11] is attained
when A4 admits a C(R)-calculus. By Kantorovitz [26, Lemma 2.2], the
spectrum a(A) is then a subset of R. The following is an example of an
operator 4 € L(X) such that 6(4) = R, i4 generates a group of isometries
(in particular a trivially asymptotically stable semigroup), but A does not
admit a C(R)-calculus.

In fact, let X be the space of all functions f € BUC(R) such that f extends
to an entire function of exponential type less or equal to 1. Then X is a
closed subspace of BUC(R). Moreover, the operator 4 = i% is bounded by
Bernstein’s inequality [16, p. 227]. The operator i4 is the restriction to X of
the generator of the Cp-group of left-shifts on BUC(R), i.e. (¢"1),.z is a
group of isometries on X. However, since, by [22, p. 202], the function
{ - ¢ is unbounded, the operator A cannot admit a C(R)-calculus.
Thus the Curtis—Neumann result is not applicable with m = 2, but Corollary
6.7 is.

The same example shows that Corollary 6.7 cannot be improved to () feR
Rg(p — 4) = {0} in nonreflexive Banach spaces. For example, the function f
defined by f(x) = (Sif‘Tx)z(x € R) belongs to ﬂﬂER Rg(p — A4). Indeed, when

we put gp(x) =ie™ [FePf(y)dy (BeR, xeR), then ggeX and
B—Aygp=1.

7. THE DISCRETE CASE

Many previous articles have shown that quite often it is possible to
formulate results on the asymptotic behaviour in a similar way both for Cy-
semigroups and discrete operator semigroups. The same holds for
implication (9) = (1).

Let T € L(X) be a power bounded operator, i.e. sup,||T"|| <o0o. We say
that the operator semigroup (7"), 18 (strongly) stable if lim,_, || T"x|| = 0
for every x e X.



STABILITY OF BOUNDED EVOLUTION FAMILIES AND SEMIGROUPS 137

THEOREM 7.1. Let T € L(X) be a power bounded operator. If

] Ree’-17)=X, (15)
0€[0,27]

then the semigroup (T"),.n is stable.

We only sketch the proof which uses again the equivalence of stability
and the nonexistence of bounded nontrivial complete trajectories for
the dual semigroup (7*"),n, Which are now sequences (gp),c7 € [°(Z; X *)
such that g,,,, = T*"g,, for all me Z and neN. As pointed out above
his equivalence had actually been proved in [13,27] for this special
case.

Then the proof of Theorem 7.1 follows the lines of the proof of
implication (9) = (1) in Section 6, replacing the generator A by the operator
T, and the Carleman transform (representing the resolvent of the operator
A*) by its discrete analogue

-1
~ Y ), A<,

[o¢]
iy { I (1) RV ES 8

where g = (¢x),z 15 @ bounded complete trajectory for (7*"),.n. The funct-
ion § thus defined is analytic in C\{A: |4 =1}, and §(2) = R(A, T*)g(0)
for |A| > 1. Similarly to the proof of Theorem 6.3, the function § can be
extended to an entire function by the assumption in Theorem 7.1 and by the
corresponding analogue of the Edge-of-the-Wedge Theorem 6.2 for the unit
circle [34].

Once § has been extended to an entire function, the fact that lim_,
[[g(A)|] = 0 and Liouville’s Theorem imply that § and hence g are trivial.
Hence, there does not exist a bounded nontrivial complete trajectory for
(T*n)neN'

We believe that it is possible to formulate Theorem 2.2 for the discrete
case by changing the notions properly, but it is not the purpose of this article
to do that explicitly.
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