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Abstract

It is a remarkable fact that the interactions between electron and nuclear spins, and their
interactions with a magnetic field, can have a profound effect on chemical reactivity, despite
the fact that the characteristic interaction energies are orders of magnitude smaller than
thermal energy. These observations are explained by the existence of long-lived quantum
coherences between spins in certain molecular species (in particular radical pairs), and the
study of these spin effects constitutes the field of spin chemistry, a field which spans a wide
range of systems, from biochemical reactions to device physics.

Because spin chemistry involves subtle quantum effects, many intuitive models used by
Physical Chemists, in particular classical kinetic equations, cannot be universally applied.
On the other hand, complete first principles modelling of reactions involving spin effects
comes at an impossibly high computational cost in complex systems, and often offers little
physical insight. In order to address the shortcomings of these approaches, quantum master
equations (QMEs) are employed to describe spin chemical phenomena. These are equations
that describe a reduced set of degrees of freedom quantum mechanically, accounting for the
effects of remaining degrees freedom implicitly.

In this thesis I explore the use of QME techniques to resolve a range of problems in
spin chemistry. These techniques can be used to obtain the correct radical pair spin QME,
resolving questions about the role of quantum measurement in these systems. As well as
aiding the development of the theory of spin chemistry, QMEs provide a practical tool for
modelling radical pair reactions including spin relaxation effects, as I also demonstrate. As
a final study of QME techniques in spin chemistry, I use these methods to show when the

classical kinetic description of radical pair reactions is and is not valid.
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Infroduction

Weak interactions between spins are not commonly thought of as a driving force in chemi-
cal processes, but in surprisingly many systems these weak spin interactions in fact play a
decisive role.>~® The study of these effects is known as spin chemistry, and the paradigmatic
system in which spin chemical effects manifest is the radical pair.’>~’ Radical pairs are im-
portant intermediates in a whole range of systems, ranging from light-harvesting molecular
devices”!'! to biological processes that underpin life on Earth,'>~!” but what perhaps makes
radical pairs most fascinating (at least to the chemical physicist) is that they display quantum
coherence effects at ambient temperatures in the condensed phases.™® The long lived spin
coherence in radical pairs is evidenced by the remarkable sensitivity of their reactions to
extremely weak magnetic interactions between spins. This sensitivity can be exploited in

many experiments as a probe of these systems>~/>18-20

and magnetic field effects on radical
pairs may even form the basis of certain biological functions.’-?'~>* Here I will give a brief
overview of spin, radical pair reactions, and the theory used to describe them, setting the

stage for the rest of the work presented in this thesis.

1.1 Spin

Electrons, and other particles like the nuclei of atoms, possess an intrinsic angular momen-
tum referred to as spin. The spin angular momentum S is a vector quantity, with operators

Se, S y and S. corresponding to its three Cartesian vector components. These operators obey



the commutation relations,
[Sy,8,] = inS., [S,,8.] =inS,, [S,,8,] = ikS,, (1.1)

and from these commutation relations it can be shown that the total square spin angular

momentum $2 = S - § commutes with each of its components,
[82,8,] =0. (1.2)

It is thus possible to specify a set of simultaneous eigenstates of $2 and S, denoted |S, M,),

which satisfy

S%1S, Mgy = #>S(S + 1) |S, M) (1.3)

S, 1S, Ms) = hMs |S, Ms) . (1.4)

The total angular momentum quantum number S can take non-negative integer and half-
integer values, and the projection quantum number My takes values from —S to § in integer
steps. Due to the frequency with which they are encountered, the S = 1/2 spin states are
often specially denoted |@) and |8),

=13+ 272

1 1>, |ﬁ>:'1 —1>. (1.5)

Particles in nature often possess a well defined total spin angular momentum, for example
electrons and 'H nuclei (protons) are S = 1/2 particles and '*N nuclei are S = 1 particles.
For a system composed of two spins, with spin operators S; where i = 1 or 2, the total
angular momentum S = S; + S, is itself an angular momentum operator, meaning it obeys
the commutation relations in Eq. (1.1), so there exists a set of eigenstates obeying Egs. (1.3)
and (1.4). If the total angular momentum quantum numbers of spins 1 and 2 are S; and
S», the total angular momentum quantum number S can only take values in integer steps
between S| + S» and |S| — S»|. This means that for a pair of electron spins, there are two

sets of total angular momentum states: one with S = 0, the singlet state |S), and one with



S =1, the triplet states |T,,), which can be written in terms of the uncoupled states as

S) = %( @12 — Iﬁlcm)) (1.60)
IT:) = |laiaz) (1.6b)
ITo) = %( @1a) + Iﬁlaz>) (1.60)
IT-) = 1B1B2) - (1.6d)

These coupled electron spin states will be of central importance in understanding spin

coherence effects in radical pairs.

1.2 Radical pair reactions

A radical is a chemical fragment which contains an unpaired electron, and therefore pos-
sesses a net electron spin angular momentum. Radicals are typically highly reactive and
therefore generally only exist transiently as intermediates in some chemical reactions. One
observation that has sparked much intrigue is the large effect that applied magnetic fields
can have on reactions between pairs of radicals.”~’ The source of this intrigue is that chemi-
cal reactivity is normally governed by energy differences between states relative to thermal
energy, kgT.” Magnetic field effects on radical pair reactions typically greater than 10%
can been seen with magnetic field strengths as low as 1 mT at room temperature,’~/->>=30
(although magnetic field effects as large as 2600% have recently been observed in 1 T
fields®') but remarkably under these conditions the Zeeman splitting of the electron spin
energy levels is only 107%kgT, so one would only expect changes in thermal populations
of spin states of about 0.0001%. How then can magnetic field effects as large as 10% be
observed on these reactions? The answer lies in the unique properties of the radical pair
intermediate, and therefore this mechanism by which magnetic field effects are produced is
referred to as the radical pair mechanism.

The radical pair mechanism has its origin in (i) the spin state selectivity of the reactions
of a radical pair intermediate, (ii) the small energetic separation of spin states in spatially

separated radical pairs, (iii) the highly non-equilibrium nature of the radical pair interme-



S D‘+A‘— /\T Do+A._
[ ] U [ ] Figure 1.1: A diagrammatic repre-

sentation of the radical pair mecha-
kS kT nism for a D**A*~ radical pair.

"D A] '[DA]

diate, and (iv) the slow rate of thermalisation of the spins. In a reaction between a pair of
radicals the total electron spin state is conserved, and in the absence of strong spin-orbit
coupling (as is the case in many reactions of organic radicals’) the products of the radical
pair reaction have a well-defined total electronic spin angular momentum; they are either
S = 0 singlets or S = 1 triplets. Conservation of spin angular momentum in the reaction
process means that only radical pairs where the electrons are in a singlet state can recombine
to give a singlet product.”’ Similarly only triplet radical pairs can react to give a triplet
product. This reaction mechanism is summarised in Fig. 1.1 for a radical pair consisting
of a excited donor-acceptor radical ion pair, D**A°®~, recombining to give either a singlet
S[D A] or triplet T[D A] product.

If the radicals spend most of their time relatively well separated in space, then the
average exchange interaction between them will be very weak, typically much smaller than
kgT.>’ This means that very weak magnetic interactions between the electron spins and
nuclear spins or an external magnetic field can mix singlet and triplet electron spin states of
the radical pair. Because these magnetic interactions are so weak, the spins are usually only
very weakly coupled to other thermalised degrees of freedom in the chemical system, such as
vibrations and rotations of the radicals and any surrounding solvent, so the thermalisation
of spins to equilibrium is slow, and quantum coherences between spin states are long
lived.*” This means that weak magnetic interactions can control intersystem crossing in
the radical pair which can be translated into magnetic field effects on quantum yields of
competing reaction pathways and rates of reaction.”~’ This coherent interconversion process
is represented in Fig. 1.1 by the curved arrows between the radical pair singlet and triplet

states.



1.2.1 Quantum dynamics

The existence of long lived coherences between spin degrees of freedom in radical pairs
means that the mathematical description of the radical pair must explicitly include these
coherences, however it is unfeasible (and unnecessary) to include all spin, electronic,
vibrational and rotation degrees of freedom in the description of the radical pair. Instead
the radical pair is described with an effective spin density operator p(¢) for the electron and
nuclear spins in the radical pair. The time evolution of this is normally described by the

phenomenological Haberkorn master equation,”>~

o= [A.50] - {k. (0} a7

The weak magnetic interactions which generate coherent spin dynamics are all contained
in the effective spin Hamiltonian H, and [-,-] denotes the commutator, so the first term
describes the coherent spin dynamics of the radical pair. The second term in this equation
describes the evolution of the spin density operator due to the spin selective reactions, where
{-,-} denotes the anticommutator and K is the Haberkorn reaction operator, which is given

Ie —_ _P + _P| 9 1.8

in which kg and k1 and the first order singlet and triplet radical pair reaction rate constants,

and Pg and Pr are projection operators onto the singlet and triplet electron spin states.
The time dependent spin density operator can then be used to obtain observables of the

radical pair reaction, for example the time dependent singlet and triplet populations of the

radical pair, (Ps(¢)) and (Pt(t)), are given by

(Ps(t)) = Tr[Psp(n)] (1.92)
(Pr(1)) = Te[Prp(n)], (1.9b)
where Tr[- - -] denotes the trace over spin degrees of freedom. Further details of the spin

density operator description of radical pair are given in chapters 2, 3 and 6.

The initial condition for the spin density operator is dictated by how the radical pair is



formed.”’ A commonly encountered case is where the radical pair is formed by a series of
spin conserving electron transfer reactions initiated by photoexcitation of a singlet ground
state, therefore the spin density operator initially corresponds to a singlet electronic state,
with the nuclear spins in thermal equilibrium, so A(0) o Ps.>’

Although Eq. (1.7) has been used for many years to describe radical pair reactions,’
it was originally proposed based on phenomenological arguments,’” and in recent years
its validity has been called into question, with alternative quantum measurement based
descriptions of the spin density operator evolution being proposed.*~*% In chapter 3 this is
addressed in detail, by starting from fundamental chemical reaction rate theory, but for the

purpose of introducing radical pair reactions and the role of magnetic interactions in their

dynamics Eq. (1.7) will suffice.

1.2.2 Spin interactions

The effective spin Hamiltonian describes all of the weak magnetic interactions of spins in
the radical pair, and here I will provide a brief overview of the most important magnetic
interactions in the context of radical pair reactions. Firstly the spin Hamiltonian can be split

into an electron spin term H, and two single radical hyperfine coupling Hamiltonians ﬁhfc,l‘,
H = He + Hpe1 + Hnge - (1.10)

The electron spin term can be written as follows

He=ugB-g -Si+ugB-2,-8,-2J5,-$,+S,-D-8S,. (1.11)
The first two terms in this equation describe the Zeeman interaction of the radical electron
spins, where up is the Bohr magneton, B is the external magnetic field vector, g; is the
g tensor for radical i, and S; is the unitless® electron spin operator for radical i.>’ Spin
orbit interactions in the radicals lead to deviations in the radical g tensors from the free
electron g tensor of g. = g.1, where 1 is an identity matrix. The deviations from the free

electron g tensor can be split into an isotropic part (g; — ge)1 and an anisotropic part Ag;,

4From this point on I will exclusively use unitless spin operators, so the factors of 7 in section 1.1 are
dropped in the definitions of the spin operators. This means that J and D have units of energy.



which is a real symmetric traceless matrix.>’** The third term in H, describes the scalar
interaction between electron spins, where J is the isotropic scalar coupling constant, which
is a combination of the direct exchange interaction between the radicals, and long range
superexchange coupling interactions.™’ The final term describes the anisotropic magnetic
dipole coupling between the two radical electron spins, where D is the real symmetric
dipolar coupling tensor.>’

The hyperfine coupling Hamiltonians Hp.; describe the magnetic interactions between

the N; nuclear spins in each radical, with corresponding spin operators I, and the electron

spin in each radical. These Hamiltonians are given by

N;
Avei = ) S+ A -, (1.12)
k=1

where the total hyperfine coupling tensor for a given nuclear spin A;; is given by Ajx =
a1+ AA;; 7% a; is the isotropic hyperfine coupling constant for nuclear spin & in radical
i, the strength of which is controlled by the Fermi contact interaction, which is the magnetic
interaction of the electron spin density within the nucleus with the nuclear spin.>”*" AA;;
is the traceless anisotropic coupling tensor that describes the dipolar interaction between
the electron spin density in radical i with nuclear spin k.*’ For radical pairs tumbling
freely in solution, the anisotropic dipolar coupling terms, AA;; and D, and the anisotropic
components of g; all average to zero, leaving only the isotropic coupling terms in the spin
Hamiltonian.’

Here I have only briefly described the important spin interactions, more detailed dis-
cussion of the origins of these terms will be given in chapter 3. It should be noted that
this description of the radical pair spin Hamiltonian ignores nuclear Zeeman and nuclear
spin-nuclear spin coupling, an assumption that is normally justified because these inter-
actions are much weaker than those described above, so these nuclear spin interactions
have a negligible effect on the spin dynamics.®’ This can be understood by noting that the
magnetic interactions are all proportional to the gyromagnetic ratios of the spins involved,
and since the nuclear gyromagnetic ratios are typically much smaller than the electronic

gyromagnetic ratio, nuclear Zeeman terms and nuclear spin coupling terms can be safely



neglected.

1.2.3 Magnetic field effects

In order to understand magnetic field effects on radical pair reactions, we first need to
assess which terms in the spin Hamiltonian do not commute with 5’2, since these lead to
interconversion between singlet and triplet electron spin states. Because [$2,S;,] # 0
the hyperfine coupling terms cause transitions between singlet and triplet states, so these
terms give rise to the hyperfine coupling mechanism of radical pair intersystem crossing.’
Similarly, if the g tensors of the radicals are isotropic, so g; = g;1 where g; is the isotropic
g factor for radical 7, and B is aligned along the 7 axis, the difference between the electron
g factors, Ag = g| — g», gives rise to a term which couples |S) and |Ty) states.” This
mechanism for radical pair intersystem crossing is referred to as the Ag mechanism.

The presence of the electron spin Zeeman interaction in radical pairs means that applied
magnetic fields can affect the interconversion of singlet and triplet radical pairs, thereby
altering lifetimes and singlet and triplet product yields. These magnetic field effects can be
understood by considering the eigenstates of H, for a system without anisotropic couplings,
and when g; = g» = g. and B = (0,0, B)". In this case, H. commutes with $2. and also 32,
so the eigenstates of H. are simply the coupled electron spin eigenstates |S) and |T,,), with
energy eigenvalues given by

Es = EJ (1.13a)

1
Er =——J+mg.uphB. (1.13b)

m

The magnetic field alters the energy gap between singlet and triplet states, which thus
changes the rate of intersystem crossing between these states. In particular when B =
+2J/(geus) the |S) and |T.) states will have the same energy, as is illustrated in the
left hand panel of Fig. 1.2. At this resonance, the rate of interconversion induced by the
hyperfine coupling terms between these states will be maximised, which causes product
yields and radical pair lifetimes to go through either a maximum or a minimum at this

applied field strength.*
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Figure 1.2: Left panel: the singlet and triplet energies in the absence of Ag and hyperfine coupling
effects. Right panel: triplet quantum yields for a singlet-born one proton radical pair with 2J/g.up =
20 mT, a/geup = 1 mT and ks = kt = 10 ps~!, as a function of applied magnetic field strength, for
two different values of Ag.

A second type of magnetic field effect arises from the Ag mechanism. When the
difference in isotropic g factors between the two radicals, Ag, is non-zero, the coupling
between |S) and | Ty) states introduced is ugAgB/2. This means that as the applied magnetic
field strength is increased, the rate of transitions between |S) and |Ty) states increases, which
can also lead to changes in product yields and the radical pair lifetime. Because the coupling
is proportional to B, the Ag mechanism of intersystem crossing becomes more significant
at higher applied field strengths.>’

The magnetic field effect on the triplet product quantum yield is shown for a model
calculation in the right hand panel of Fig. 1.2 for a singlet-born (p(0) = Ps/2) radical pair
with one hyperfine coupled proton and 2J/g.up = 20 mT. A resonance effect in the triplet
quantum yield at B = 2J/g.up can clearly be seen, where it passes through a maximum as
at this field strength there is efficient interconversion between the initial S state and the T
state of the radical pair. When Ag # 0O there is also an increase in the triplet quantum yield
with applied field strength, an effect which plateaus at very high fields (as is shown in the
insert of the right panel of Fig. 1.2), due to interconversion between S and T states induced
by the Ag mechanism. The plateauing of ®1 when Ag # 0 at large field strengths occurs
when the singlet-triplet interconversion is much faster than the reaction rates of the singlet

and triplet states.
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A more subtle magnetic field effect appears at low field strengths when J is close to zero.
In this case the rate of singlet triplet interconversion increases with a very small applied
field strength, even though the T, and T- states move away from the S state in energy
with the application of a field.>” This low magnetic field effect arises due to symmetry
breaking in the spin Hamiltonian caused by the application of a field, which creates new
pathways for interconversion of S and Ty, which then increases the rate of mixing between
these states.*!**> Although the low magnetic field effect is important in many systems, in the
applications considered in this thesis in chapters 7 and 8, the magnetic field effects observed

can be understood just in terms of the resonance effect and the Ag mechanism.

1.2.4 Spin relaxation

The spin density operator description of the radical pair given above treats the spin coupling
parameters as constants, but in a real physical system molecular vibrations and rotations
modulate these parameters.>*? This modulation induces transitions between spin states,
and leads to decoherence, relaxing the spin system to thermal equilibrium.>**® These
spin relaxation effects are often as important as the coherent spin state interconversion
effects, so for the quantitative interpretation of experimental data it is important to include

relaxation.*’=3 As a simple demonstration of the importance of spin relaxation effects, in
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Fig. 1.3 the triplet quantum yield of a singlet-born one proton radical pair is shown with
and without spin relaxation from modulation of the proton-electron dipolar coupling by
rotational Brownian motion. In this example we see that the inclusion of spin relaxation
increases the triplet quantum yield and significantly broadens the magnetic field effect

resonance. This topic will be discussed in more detail in chapter 6.

1.3 Quantum master equations

As mentioned above, it is unfeasible to include all vibrational, electronic, rotational and
spin degrees of freedom in the description of radical pair dynamics, so instead we work
with a reduced number of degrees of freedom, in this case the spin degrees of freedom
of the radical pair, and treat the remaining degrees of freedom in some other way. The
equations that govern the dynamics of the reduced description of a problem are called

24-36 and therefore the equation for the spin density operator p(t)

quantum master equations
given by Eq. (1.7) is an example of a quantum master equation, which in this case was
originally obtained phenomenologically.

There exists a large set of techniques for deriving both exact and approximate quantum
master equations starting from a full description of a given system.’*>>7-% These tech-
niques form the basis of much of the work in this thesis, where they will be applied to
solve many problems associated with radical pair dynamics. The starting point for much
of this work is the Nakajima-Zwanzig equation, a formally exact quantum master equation
which is derived using projection operator techniques.’’° For now however I will leave

a detailed discussion of quantum master equations to chapter 2, and move on to consider

some important systems involving radical pair intermediates.

1.4 Applications

Radical pairs play an important role in many chemical processes, especially in molecules
which use light energy to drive chemical reactions. An overview of several of these systems

is given below.
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Figure 1.4: An example D—-B—A system, DMJ—An—Ph, —NDI. The electron donor DMJ is high-
lighted in orange and the electron acceptor NDI is highlighted in purple.

1.4.1 Light-harvesting molecular devices

A common method for turning light energy into chemical energy, is to use photoexcitation
to drive electron transfers.”>0:48-20:66-68 Thig process of photoexcitation followed by electron
transfer from a donor to an acceptor generates radical ion pairs.” The fate of the radical ion
pair intermediates is often dictated by spin interactions, and the properties and dynamics
of these systems can therefore be probed through magnetic field effects.?*%-50:66-68 Tt has
been proposed that these types of light-harvesting molecules could form the basis of many

9,48,50

useful devices, including artificial photosynthetic reaction systems, photovoltaics with

improved efficiency,”’ magnetic field sensors,” and potentially even molecular qubits for

11,70-72 73,74

quantum computation and other spintronic devices.

The most common setup for these systems is the D—B — A system, where D is an electron
donor, A is an electron acceptor, and B is some molecular bridge covalently bonded to D and
A which facilitates efficient electron transfer between the two. One of these fragments acts
as a chromophore, absorbing light to create a local excitation, normally from the HOMO
to LUMO of that fragment, in which there is a high energy electron, and a low energy
electron vacancy. This initiates transfer of an electron from D to A, for example if D is
initially excited, then the high energy electron will transfer into a lower energy unoccupied
orbital on A, often via an intermediate in which B is charged. This is the typical process by
which D** —B—A°®~ radical ion pairs are formed in these devices. These radical ion pairs
can then in principle used to drive other processes, for example to act as sensors or drive

other chemical reactions. The two examples that will be studied in chapters 7 and 8 are

D-B-A systems of this type.”>®” An example of one such molecule, which is examined

12



in more detail in chapter 7, is the DMJ— An—Ph, —NDI which is shown in Fig. 1.4,%7 with

the electron donor, DMJ, in orange and the electron acceptor, NDI, in purple.

1.4.2 Biological electron transfers

Many important biological electron transfer processes involve radical ion pairs, for example
in photosynthetic reaction systems, the first step in transforming light energy into chemical
energy involves the formation of a radical ion pair in the reaction centre of photosystems.'*~!”
Another example in which radical pairs play an important role in biology is in the formation

75-77

of reactive oxygen species in Cryptochromes, which may form the basis of signalling

mechanisms for various processes in plants.’55

The presence of radical pairs in these biological electron transfer processes is evidenced
by magnetic field effects.'>!'* In such complex systems it can be difficult to directly observe
or extract information about short lived intermediates in a specific and selective manner.
However, since only reactions involving paramagnetic species, such as radical pairs, are
affected by magnetic fields, magnetic field effects provide a powerful tool for probing these
intermediates. Examples of such experiments include the detection of field induced nuclear

Rl4,l9

spin hyperpolarisation with NM , or using optical spectroscopy to detect magnetic

field effects on concentrations of intermediates.®!-%?

1.4.3 Avian magnetoreception

One subject on which much recent research into radical pair reactions has been focussed

7,22,23,44-46,49.84-91 Tt is known from behavioural studies of mi-

is avian magnetoreception.
gratory birds that they possess a magnetic compass sense, sensitive to the Earth’s magnetic
field, which they use for navigation.”'>>%* This research has also shown that this magnetic
compass sense is light dependent; in particular in certain birds it has been shown that this
compass sense only works when blue/green light is present.”” These observations have led
to the hypothesis that radical pair reactions may form the physical basis of this compass
sense. This is because radical pair reactions can have an orientation dependent magnetic

field response due to anisotropic coupling terms in the spin Hamiltonian, and they are

often formed by photoexcitation, which can only occur for certain wavelengths of incident
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Figure 1.5: The drosophila melanogaster cryptochrome crystal structure (Protein Databank entry
4GU5%%) with the FAD cofactor highlighted in purple and the tryptophan tetrad highlighted in orange.

light.?!-88

In particular it has been proposed that radical pairs may be formed in cryptochrome
proteins in the bird’s eye.”"”> Cryptochromes contain a bound flavin adenine dinucleotide
(FAD) cofactor, which is known to absorb light in the blue/green region of the spectrum.”*
Also it is known that in many cryptochromes, after photoexcitation of the fully oxidised
FAD, an electron transfer reaction occurs with a neighbouring tryptophan residue (Trp),
reducing the FAD to FAD®", and oxidising the Trp to Trp®*.”* After this initial elec-
tron transfer, a sequence of electron transfers occurs along either a triad or tetrad of Trp
residues, eventually forming a well-separated radical ion pair.”* The structure of one such
cryptochrome, drosophila melanogaster cryptochrome, which is known to form a radical

ion pair,”>7

is shown in Fig. 1.5, with the FAD cofactor in purple and the Trp tetrad in
orange. The recombination of this radical pair to the singlet ground state competes with
spin-independent deprotonation of the Trp®** radical, and therefore the yield of these two
reactions is magnetic field dependent.”’->> It has been proposed that the magnetic field
orientation dependence of the quantum yields of these competing reactions could form the

basis of avian magnetoreception.’'”?
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Whilst the FAD®*~™ —Trp** radical pair is known to form in many cryptochromes, it may
not be the radical pair directly responsible for the sensing of the Earth’s magnetic field.
Alternative radical pairs have also been proposed which may be formed from this initial
radical pair, such as FAD-tyrosine,”"”” FAD-ascorbyl,”® and FAD-superoxide.””>!"" It has
also been suggested that a hypothetical radical triad could display a much higher sensitivity
to magnetic fields than any of these radical pairs.®>%%%% In all of these hypotheses, the
key magnetic field sensing process relies on spin coherence between radicals and the spin-
dependent reactions, and although the work is this thesis does not directly explore this
problem, the theoretical results presented are all applicable to spin chemical effects in

biological systems.

1.5 Outline of thesis

This thesis focusses on the application of quantum master equations in spin chemistry, with
a specific focus on radical pair reactions. The framework of quantum master equations
will been shown to provide a powerful tool for understanding radical pair reactions, such
as resolving theoretical questions about the role of quantum measurement theory in spin
chemistry, and developing new methods for accurately modelling real radical pair reactions.

Chapter 2 will provide an overview of the general theory of quantum master equations,
including several useful techniques for deriving approximate master equations. The main
result that will be discussed is the Nakajima-Zwanzig equation, a formally exact master
equation applicable to arbitrary systems, which forms the foundation for much of the work
presented in the following chapters.

In chapters 3, I will then present an application of these techniques to derive a radical pair
quantum master equation which is consistent with the well-established theory of electron
transfer reactions. The resulting quantum master equation and its derivation provides
insights into the role of quantum measurement theory in radical pair reactions, which has
been disputed for some time. Analysis of the quantum master equations using a set of
classical approximations is presented in chapter 4, and numerical tests of the theory on

a model problem are presented in chapter 5. Following on from this, in chapter 6 the
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generalisation of this to include relaxation effects within the Stochastic Liouville equation
(SLE) formalism will also be presented. In this chapter I will also discuss how to apply
quantum master equation techniques to find accurate approximate solutions to the SLE.

The work that will be presented in chapters 7 and 8 focusses on using master equations
to simulate real radical pair reactions, allowing us to gain new understanding of different
spin-chemical effects in these systems. In chapter 7 I will describe a method for finding
accurate approximate solutions to the radical pair Stochastic Liouville equation using a
combination of perturbative master equation techniques and a semiclassical approximation
for the spin dynamics. This is applied to investigate the role of spin relaxation effects in
DMJ** — An—Ph, —NDI*" radical pairs, in a level of detail that cannot be achieved through
simple examination of the experimental data. Then in chapter 8 Nakajima-Zwanzig theory
will be applied to derive a kinetic master equation for describing radical pair reactions,
which provides a theoretical basis to recent attempts to interpret experiments on radical pair
reactions using this scheme. The kinetic master equation is then used to investigate the role
of coherence and relaxation effects in PTZ** —Ph, —PDI*~ radical pairs.

Finally in chapter 9 I will reflect on the role of quantum master equations in spin
chemistry, and discuss new avenues for potential future research. Appendices of derivation
details, additional equations and/or data applicable to results in a given chapter can be found

at the end of that chapter, rather than at the end of the thesis.
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2

Quantum Master Equations

In this chapter I outline the quantum master equation formalism for describing dynamics
of complex quantum systems; this is the theory which forms the foundations of the work
presented in this thesis. Starting from the density operator formalism, I begin with a
description of the concept of the quantum master equation, and how to derive approximate
QMEs for a wide range of problems using projection operator techniques. The focus of
this chapter is on the Nakajima-Zwanzig equation, but some alternative approaches are also

outlined towards the end.

2.1 Density operators

The state of an isolated quantum system in a pure quantum state, |¢), is described by a
vector in the Hilbert space of all possible states of the system, . For every observable, O,
of the system there is a corresponding linear operator O on #, and the expectation value
of measurements of this observable for the system in a given state |/) is given by the inner

product of |y) with O |y) (assuming (| = 1),

(0) = (YIOly) . (2.1)

So in principle all we need to know is the state |y) for the system, and from this we can
predict all of its experimentally observable behaviour. Real physical systems however are
often composed of many identical, independent but distinguishable copies of the system,

for example there are typically in the order of N5 ~ 6 x 10?2 identical molecules in solution
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phase experiments, so often what is observed in experiments is the statistical average over
an ensemble of identical systems. If we have such an ensemble consisting of N copies
of the system, each of which is in a state |y,), then the ensemble expectation value of an

observable is simply an average of the observable for each constituent system,

< .
(0) = Z; WalOln) (2.2)

Our aim now is to find a more concise description of this ensemble.
We start by defining the quantum mechanical trace of an operator A on a Hilbert space
H as,
Tr[A] = > (kIAlk), (2.3)
k
where the set of |k) forms a basis of the Hilbert space 7. Using this, we can write the
expectation value of the observable of the ensemble in this notation as

N

> WalOTlyn)

n=1
=3 l0 Z|k><k|wn>
n=1 v (24)
Kl > Wl O16)
n=1

(0) =

Z| -

=

2ZI

Z [WaXral O

1
N

We see that any observable of the ensemble is determined fully by the operator g,

1 N
= 2 WnXual. (2.5)
n=1

26,101 For an ensemble which contains just

This is the density operator for the ensemble.
one sub-system in the quantum state | ), or for an ensemble where every sub-system is in
the same quantum state, the density operator is simply p = |/ Xy|. So we can say that the
density operator describes the average state for an ensemble of identical, non-interacting

sub-systems.
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The space of all linear operators on H, in which all density operators exist, is called the
Liouville space, L. The Liouville space can equivalently be seen the direct product space
of the dual space H* (the space spanned by the bras (k|) and H itself (the space spanned
by the kets |;)) with its , i.e. Ly = H* ® H, and just like the underlying Hilbert space of
quantum states, the Liouville space is a vector space equipped with an inner product. In this
thesis I will interchangeably denote an element of Liouville space either by p or by |p)),
depending on which notation offers the most clarity in a given context. We can construct
basis vectors for the Liouville space given a set of basis states |k) for H, as |jk)) = |jXk],
so we can write any density operator as

o) = > pjxlik) or equivalently p = > pjx [ Xk| . (2.6)
J-k J-k

We define the inner product in Liouville space as
(ploy =Te[pTa] = ) phioyi, 2.7)
Jjk

and with this we can write the expectation value of an operator, A, for a given density matrix

as

(A) =Te[Ap] = A"|p). (2.8)

2.1.1 Properties of the density operator

From the above definition of the density operator as an average state of a set of indepen-
dent identical systems, it is clear that the physically allowed density operators must be

Hermitian, "

p=p". (2.9)

Also, because any state in the ensemble described above has to be normalised such that

(Wnlry) = 1, we can deduce that™*

Tr[p] = 1. (2.10)
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Similarly, using the definition of the density operator as an ensemble average state as in
Eq. (2.5), it can be shown that physically allowed density operators are positive semi-

definite.’* This means that for any |¢) € H,

(plple) =2 0. (2.11)

This follows from

o LN
wlble) = Zl lm) Wale)

o 2.12
S Colua) P *12)

n=1

1

N
>0,

where that last line follows from the fact that | (¢|,) |* > 0 for every |¥,). From the

Cauchy-Schwarz inequality, we know that | (@[,)) |> < (Wul¥n) (¢]@), and therefore from

this it also follows that for any normalised |¢) € H,>*

(plple) < 1. (2.13)

We now choose |¢) = |¢,), where |¢,) is a normalised eigenstate of ¢ with eigenvalue A,
i.e. plea) = A|py). With this choice of |¢), it follows that the eigenvalues of p are always
be bounded between 0 and 1, since (@,|p|¢1) = 4, and p is Hermitian.>*

The eigenvalues of the density operator, 4,, must sum to 1, which can be deduced from

Eq. (2.10) by expanding the trace in the eigenbasis of p,

Z/ln - 1. (2.14)

Similarly it follows that the Tr[p?] is given by the following

Tr[p?] = D 2= Aadm— D Apdw=1= > Ayl (2.15)

n,m#n n,m#n

From the first equality it follows that Tr [/32] > 0 and from the final equality it follows that
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Tr[p?] < 1 and therefore
0<Tr[p?] < L. (2.16)

If p = |y Xy| then p? = p and Tr [;32] = 1. In this case, the ensemble is said to be in a pure
state, since this corresponds to every subsystem in the ensemble being in the same quantum
state |¢). Any ensemble state which cannot be written in the form is called a mixed state.
With this in mind, we call Tr [ﬁz] the purity of the density operator. For a pure state it is
exactly 1 and for a mixed state it is less than 1.°%

We can obtain a tighter lower bound on Tr [/32] for a system with a finite Hilbert space
dimensionality, d, by minimising Tr [/32] with respect to each A4, subject to the constraint

that Tr[p] = 1. We do this using the method of Lagrange multipliers, by finding the

stationary point of the function
L(A,@) = Tr[p*] +a (Tr[p] - 1). (2.17)
Differentiating with respect to 4,, gives

Ay = — (2.18)

d d
1:21,1:— (2.19)

(2.20)
and in this case the density operator is
5= 14 (2.21)
p=-l .

This state is called the maximally mixed state,”* because in this state, the purity is minimised.
A commonly encountered density operator is the thermal density operator.”*® In this

case we assume each system of the ensemble of N systems is in an eigenstate of the system
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Hamiltonian A, |E;) with energy eigenvalue E;. The number of systems in state |E;) is

given by the Boltzmann probability times the total number of systems in the ensemble,

Npy =N 2.22
ni= NP = N7y (2.22)

where 8 = 1/(kgT) and Z(T) is the partition function,
Z(T) =y P = Tr[e—ﬁﬂ ] (2.23)

j=0
The thermal density operator is therefore given by
ﬁ=lin~|E->(E~|:Lie_ﬂEHEXEW:Le_ﬂﬁ (2.24)
N = J J J Z(T) = J J Z(T) : :

The maximally mixed density operator defined above corresponds to the 7 — oo limit of
this. For now I will leave behind these ideas of pure, mixed and thermal states, although

they will become important in later chapters.

2.1.2 Time evolution

We have established that the average state of an ensemble of identical, non-interacting
systems is encoded in the density operator p. In order to determine dynamical properties of
the ensemble, i.e. how observables change with time, we need an equation governing the
time evolution of p. To obtain this equation, we start by noting that each composite system

evolves according to the time-dependent Schrodinger equation,

d N
~ (D) = =AW (0). 2.29)
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where A is the system Hamiltonian. Using this we can straightforwardly derive the equation

governing the dynamics of j(¢) as follows, %101

d
3 [ X (D)

d d
— Iwn(t)>) AOIESAGY (— <wn(t)|)]
(dt dr (2.26)

N |
) [‘%F’ Wa (DX (] + 1 W (X (0] H]

Defining the commutator of two operators as [A, 3] = AB- EA, we obtain the Liouville-von

Neuman equation for the density operator,>*>%10!
d 6(1) = i [ﬁ A(l‘)] (2.27)
aP\ T TR P :

This equation fully governs the time evolution of the density operator and therefore also all
observables of the ensemble. The initial conditions for p(¢) depend on the physical system
which we are describing. We note that this equation is linear in /(¢) and therefore it can be

written more succinctly with the Liouvillian superoperator

i oA
l::—%[H, -1 (2.28)

The term superoperator is given to a linear function that acts on L. With this, the

Liouville-von Neumann equation can be written as

d A
ap(f) = Lp(1). (2.29)
The formal solution to this equation is simply

p(t) = e p(0)

X X (2.30)
— e_iHl/hﬁ(O)e_iHl/h,
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and using this we see that for any operator that commutes with H, i.e. if [A, H] = 0, then

(A(t)) does not change with time,
(A1) = Tr| Ae™ 15 (0)e 1/
— TrI:Ae—iﬁl/he—iﬁ[/hpA(O)]
(2.31)
=Tr[Ap(0)]
=(A(0)) .
This clearly holds for A = 1, so one important corollary of this is that the trace of 5 (¢) is

conserved by the dynamics.

2.1.3 Open quantum systems and reduced density operators

Often the full quantum system is composed of multiple coupled systems. In some cases,
the full Hilbert space can be constructed as a direct product of a system Hilbert space and a

bath Hilbert space,
H=Hs® Hp. (2.32)

This is often called an open quantum system, because the quantum system of interest
is coupled to a bath with which it can exchange energy, and as such it behaves in a
fundamentally different way to the closed quantum system evolving in the absence of the
bath. In later chapters I will give specific examples of this partitioning, but for now I will
only discuss the general case.

Given basis states for H and Hy, denoted | k) and |kp )}, respectively, we can construct

a basis for ‘H with the following direct product states,
|kskv) = |ks)s ® [kv)yp » (2.33)

and therefore the trace over full system Hilbert space can be decomposed into partial traces
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over the system and bath,

Tr[A] = Z (kskp| Alkskp)
kg, ky

= Sl kolAlkodolks)s (2.34)
kg kb

A

= Trg [Trb [A]] s

where the partial traces are given by

Tr[A] = ) (kslAlks)s, (2.352)
ks

Tro[A] = )~ (kolAlko)y - (2.35b)
ky

By the same arguments, we can also write Tr[A] = Try[Trs[A]]. For an observable just
of the system, O, we can use the fact that O, only acts of the system degrees of freedom
(.e. Os(|Y), ® |@)y) = (Os |¥),) ® |@)y) to evaluate its expectation value for an ensemble
described by the density operator p as
(0) = Tr[O4p]
A (2.36)
= Trs[Os Trp[A]].

We call the object 6 = Try[0] the reduced density operator for the system. This operator
contains all information about the system observables, but does not directly contain any
information about bath observables.

In the theoretical analysis of quantum systems, and in computational simulation of their
dynamics, the reduced description of the problem is very appealing for two main reasons.
Firstly, it offers a simpler, and often physically enlightening description of the system
dynamics. Working with only a handful of variables of interest gives a clearer picture of
the behaviour of the system than working with the, often unwieldy, full density operator.
Secondly, from a computational simulation perspective, the reduced description contains
far fewer variables, and as such it is typically much more computationally efficient to work
with than the full density operator. These two advantages of the reduced description of

a problem make this approach especially useful in directly applying theoretical models to
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interpret experimental data. Given this, our aim now is to find a description of the dynamics
of the reduced density operator that depends only on itself, and not on the full density
operator including the bath degrees of freedom. In other words we want to find a quantum

master equation for &(t) of the form

d, .
ao's(t) = f(0s(),1). (2.37)

The remainder of this chapter is devoted to finding such quantum master equations.

Before continuing, it should be noted that we can generalise this approach to describing
a full quantum system with a reduced set of variables. Suppose we are interested only in
some set of N expectation values of operators of the full quantum system, (A,) = (A,|p))-
In this case we seek a quantum master equation for these expectation values that depends

only on this set of expectation values,

S A0) = HUALD) . Av (D) ). .38)

One example of such a set of operators is the set of population operators for system states in
some basis, i.e. Ans = |nsXng| ® 1. The reduced density operator defined above can also be

written in this form by choosing Ajsks = |jsX ksl ® 1p in which case (Ajik) = {slOslks)s.

2.2 Exact quantum master equations

In this section the theory of how to obtain quantum master equations (QMEs) for our reduced
description of the full quantum system is outlined. This is based on Nakajima-Zwanzig
theory.”’® We lay the foundations of this by first describing Liouville space projection
operators, and then show how these can be used to obtain quantum master equations. Two

commonly used approximations used to obtain QMEs of practical use are also described.

2.2.1 Projection operators

In the following we will use projection superoperators to obtain quantum master equa-

tions.”* %% An operator on Liouville space is a projection operator if it is idempotent,
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i.e.
Pr=p, (2.39)

With this, the identity operator on Liouville space can be decomposed into a sum of # and

its complementary projection superoperator Q = 1 — P,
1=P+Q. (2.40)

In the following we will require projection superoperators that contain the generalised

reduced description, which means we need the projection superoperator to satisfy
(An) = (AulPlp) = Tr[A}P] (2.41)

for all (A,) in our reduced description of the full quantum system.

The first step in obtaining quantum master equations for the reduced description will
generally be to define a projection superoperator with the above two properties. A general
form for a projection superoperator satisfying these conditions, which covers all cases

considered in this thesis, is
P =3 1Awpa)(Anl = > Aupy Tr[A - ] (2.42)

where p,, is an operator which is chosen such that |A,p,)) satisfies

CAmlAnpn) = Tt[AL, Aupn| = 6nm (2.43)

in which ¢, ,, is the Kronecker delta. Provided that Eq. (2.43) is satisfied, there are no
formal restrictions on the choice of p,, although when approximations are made to obtain
quantum master equations, some choices of g, will be better than others. We see that with
this general form of the projection operator, equations (2.39) and (2.41) are automatically
satisfied. It is always sensible to include the identity operator 1 in the set of operators A,
and as such we will assume this from now on.

To illustrate these ideas, we consider the reduced density operator defined in the previous

section. To construct an appropriate projection operator we choose A ks = s Xks| ® 1p and
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Pj.k, = Pp Where py, is any bath operator with trace equal to 1. In this case we find that £/

is

Pp=> LjsKksls oo Tr[ kXl 2]

Js-ks
= ﬁb Z |js><ks| <js|a's|ks> (2.44)
I
= Pb 0.

Clearly any matrix element of the reduced density operator is given by (A, |P|p)) or

alternatively the complete reduced density operator is given by
0s = Trp[p] = Trp [PP]. (2.45)

So if we are interested in obtaining equations for the reduced density operator dynamics,
we can define a projection superoperator as above which preserves &, but which removes
unwanted information about the bath. In this case we can more succinctly write the

projection operator ¥ as

P = pp Trp[ - ] (2.46)

The aim of what follows is to find a general equation for %P |o(2))), for any P satisfying
the above properties. From this we can directly obtain a quantum master equation for the

reduced description using the fact that

d d
3 (An(0)) = (Anl PP (1)) (247)

2.2.2 The Nakajima-Zwanzig equation

We are now in a position to derive an exact quantum master equation for %Pﬁ(z). Here
we assume that # (and therefore also its complement Q) is independent of time. Projecting

the Liouville-von Neumann equation, Eq. (2.29), with the projection superoperator £, and
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using Eq. (2.40), we can obtain

d . . _ .

3 P =PLp1)
=PL(P+Q)p(1) (2.48)
=PLPHp(t) + PLRP(1).

We can repeat this with the complementary projection operator Q to obtain
d . R R
an(I) =QLQH (1) +QLPH(1). (2.49)

Our strategy now is to solve Eq. (2.49) for Qp(¢), which can then be substituted into
Eq. (2.48) to obtain an equation for £ p(¢). We do this by first rearranging Eq. (2.49) to
collate terms depending on Qp(t), and then we pre-multiply Eq. (2.49) by the integrating

Q

factor e"@£! which gives

€_Q'LIQ£P[5(I) — e—QLt%Qﬁ(t) _ e—QLtQLQﬁ(t)

(2.50)
— d -QLtAA
= - (e7@4@p(),
and finally integrating this gives
t t
d
/ dr e L QLPH (1) = / dr — (e_QLTQﬁ(T))
0 o dr (2.51)
= e 'Qp(1) — Qp(0).
We rearrange this to obtain Qp(¢) in terms of P p(t)
t
Qp(t) = / dr eLIQLPH (1) + X1 QpH(0). (2.52)
0

Finally, we substitute Eq. (2.52) into Eq. (2.48) to obtain the Nakajima-Zwanzig equation
for Pp(1),

d t

E?’ﬁ(i) =PLPpH(t) + / dr K(t — 1)Pp(1) +i(2). (2.53)
0

The kernel K(t) is given by

K1) = PLQAL'QLP (2.54)
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and the inhomogeneous term (¢) is given by
(1) = PLeE'Qp(0). (2.55)

We can often choose # such that P5(0) = 6(0) and in such cases the inhomogeneous term
i(¢) vanishes. At the very least, since the set of reduced operators A, includes the identity
operator, we know that Tr[Pp(1)] = Tr[p(¢)], and also for the inhomogeneous term we

find that
Te[i(1)] = Tr[PLeQﬁQﬁ(O)]
_ —% T 14, 22 Qp(0)]] (2.56)
0.

This property will become important in our analysis of approximate master equations later.

The Nakajima-Zwanzig equation (Eq. (2.53)) is a formally exact quantum master equa-
tion for the projected density operator £ (), but it in fact is no easier to solve than the
Liouville-von Neumann equation for the full system due to the complexity of the kernel
XK (t) and the inhomogeneous term (#). However the Nakajima-Zwanzig equation does
provide a useful starting point for deriving approximate quantum master equations, as will

now be explored.

2.3 Approximate quantum master equations

Having described the exact quantum master equation formalism, I shall now examine
two main techniques for deriving approximate quantum master equations: the Markovian

approximation and the use of perturbation theory.

2.3.1 The Markovian approximation

The first approximation to Eq. (2.53) I will describe is the Markovian approximation. The
full Nakajima-Zwanzig equation is non-Markovian, meaning that %73 0(t) depends not only
on Pp(t) at the current point in time, but also on Pp(7) for 0 < 7 < ¢, given the equation

involves a time-convolution of the kernel K(¢) and Pp(z). Here I will show how this
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equation can be simplified to a Markovian equation, one where %Pﬁ(t) depends only on
PpH(t) at the current point in time.

We start by defining the Fourier-Laplace transform® of a function f(¢) as

FLAON@) = Fw) = lim [ foeorar @57)

The 7 is present in the definition to ensure that the transform is well defined for all real

w.'"” The inverse of this transform is given by’

P @I0 =10 =5 [ f@e™ do. @.58)

Using integration by parts, it is straightforward to show that

F [%f(t)] (@) = =iwf() - £(0), (2:59)

and by a change of variables in the integral, we can show that

F [/0 ft—=1)g(r) dT] (@) = f(w)g(w). (2.60)

Taking the Fourier-Laplace transform of the Nakajima-Zwanzig equation, Eq. (2.53),

we obtain
—iwPp(w) —PH0) = PLPH(w) + K(w)PhH(w) + H(w). (2.61)

Now if the reduced system dynamics are much slower than the full system dynamics, then
the Fourier-Laplace transformed kernel K(w) will contain a broader range of frequency
components than PP (w). This means K (w) will vary much more slowly with w than
P 5 (w), which will be sharply peaked around w = 0 and thus we can replace K(w)Pp(w)
in the above equation with K(0)P)(w). We can also apply this approximation to the
inhomogeneous term, replacing i(w) with 7(0). Transforming back to the time-domain, the
approximate equation for P (¢) is

%Pﬁ(t) =PLPH(1) + KO)PP(2) +1(0)5(1), (2.62)

2We can relate this to the Laplace transform L[ f(¢)](s) = fow f(t)e™" dr by simply replacing s with
—iw+n,ie L[f()](-iw+n) =F[f()](w).
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where 6(¢) is the Dirac delta function.” This equation is now Markovian, and when i(¢) = 0
it is time homogeneous. When the inhomogeneous term is non-zero, it just gives an
instantaneous change in Pp(r) at t = 0, effectively just perturbing the initial conditions.
This approximation is equivalent to assuming K(7) ~ K(0)5(¢), i.e. that the kernel decays
to zero on a much faster time scale than the reduced dynamics.

In this derivation of the Markovian approximation, we have effectively just truncated
the Taylor series for K (w) and 7(w) at the w° term. For such an approximation to be valid
for the dynamics at finite times, we certainly need K (w) to be finite (i.e. all bw™ terms,
for n > 0, in its Laurent series around w = 0 must be zero). We further require that if
1K (w)]] # 0 then K(w) = O(w®) as w — 0, otherwise the dynamics will always be non-
Markovian. The dynamics may still not be well described by the Markovian approximation
even if these conditions hold, specifically if K(w) is not dominated by the K (0) for relevant
frequencies in the problem. This suggests a simple criterion for the validity of the Markovian
approximation is that the coefficient of the w' term in the Taylor series for K(w) should be
small. Ignoring the inhomogeneous term for now, and noting that K’ (w) is dimensionless,

our crude condition for the validity of the Markovian approximation for the dynamics is
K (w=0)| < 1, (2.63)

where || - || denotes any appropriate matrix norm. In the following two sections an analysis
of this approximation for the long-time limit, and for time integrated properties is presented
and a more detailed analysis of the error in the Markovian approximation for finite time

dynamics is presented in appendix 2.A.

2.3.2 The long time limit

It is important of course to assess when the Markovian approximation is and is not valid.
Before considering more general dynamics, the first limit we consider is the long time limit
for expectation values of our reduced system variables (A, (¢)). To facilitate this analysis,

we need to find a relationship between lim,_,«, £(7) and f(w). To do this, we start by taking

PHere the delta function is strictly a one-sided delta function defined such that fom o(t)f(r)de = £(0).
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property (2.59) and let w — O,

00 d]:i(f) e+iwt—r]t dr + f(()) (264)

f e ) = o 1, |

Now assuming we can swap the limits and integral (which is true if the integrand is uniformly

convergent in w and bounded according to the Dominated Convergence Theorem, which is

true if the derivative of f(7) is bounded), we obtain

lim (~i00) /(@) = /0 LAY

= lim f(r) = £(0) + £(0).

dr + £(0) .
(2.65)

This gives the following relationship between f(w) and the long time limit of (), which

is the well-known Final Value Theorem,
lim f(1) = lim (=iw) f (). (2.66)
In the following we will need the formal solution of Eq. (2.61) for #p(w), which is
PhH(w) = [-iw - PLP - K(w)] 1 (Pp(0) +i(w)). (2.67)

It should be noted that the inverse here implicitly means the inverse within the subspace
of the Liouville space £ which is formed by the projection superoperator £, because
otherwise the inverse would not be defined (this is further elaborated in the appendix 2.B).
We note that Pp(t) will be differentiable, and #(¢) and its derivative will be bounded,
so the Final Value Theorem can be applied, so we see that the long time limit of Pp(¢) is
given by,
lim Pp(r) = oljig})(—iw)Pﬁ(w)
= lim (—iw)[—iw = PLP — K(w)] 1 (PH(0) +i(w)) (2.68)
= lim (—iw)[-iw - PLP - K©O)]" (Pp(0) +7(0)).

Now let us consider the long time limit of the Markovian Nakajima-Zwanzig equation

(assuming that this is exists, i.e. that K (w — 0) is non-zero and finite). Once again we can
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formally solve the Fourier-Laplace transformed version of Eq. (2.62), which gives us
PhH(w) = [-iw - PLP —K©O0)] 1 (Pp(0) +7(0)), (2.69)
and then the long time limit is given by
tll)nc}o Pp(t) = (})iir%)(—iw) [—iw — PLP — K(0)] " (PH(0) +7(0)). (2.70)

which is the same as the last line of Eq. (2.68). So we see that the Markovian approximation
gives the long-time limit of our reduced system variables (A, (¢t — c0)) exactly, even if it is

not accurate for finite time dynamics.

2.3.3 Time-integrated propetrties

Having established that the Markovian approximation gives the long-time limit of the
reduced system dynamics exactly, we will move on to consider more general dynamics. To
start with, we can consider time-integrated properties. If we take one of our generalised
reduced system operators A,, we can define AA, = A, — (A,(r > )), and we may be

interested in the time integrated average of this observable,

/0 T (A1) dr = tim (AAIPIF(w). @.71)

Assuming that this integral is well-defined and finite, we can evaluate this using Eq. (2.67)
as follows

/ (AAL (1)) dt = lin})«AAnI [—iw - PLP - K(w)]™ (Plp(0)) + [EH(w)))
0 o= (2.72)

= Im (AA|[~iw =P LP - K(O)]™ (Plp(0)) +[7(0))),

which is identical to what is obtained from the Markovian equation to |p(¢))). This means
that the Markovian equation also gives exact time-integrated properties of the reduced

system, again even if the dynamics are not given accurately by the Markovian approximation.
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2.3.4 Perturbation theory

As mentioned above, evaluating the full kernel is in general no simpler than just solving
the full Liouville-von Neumann equation. This problem can be circumvented by the use of
perturbation theory.”*% In this case we will assume that the Liouvillian £ can be divided

into a reference part £y and a perturbation 1 Ly,
L=2Ly+ALy. (2.73)
We further assume that the projection operator £ and £, commute,
LoP =PLo, (2.74)
and also that Ly and P satisfy
PLyP =0. (2.75)

With these two properties, we obtain the following relations between £,  and Q

PLP = LoP (2.76a)
PLQ=AP Ly (2.76b)
QLP = A1LyP (2.76¢)

We are now in a position to use perturbation theory to obtain an approximate master
equation from the full Nakajima-Zwanzig equation. We do this by expanding the kernel

K (1) in powers of A,
K(t) = Z KD (1) (2.77)
n=0

The expansion can be be evaluated straightforwardly using the Fourier-Laplace trans-
formed kernel K (cu),“)2 which can be obtained using the kernel definition, Eq. (2.54), and

the Fourier-Laplace transform, Eq. (2.57),

K(w) = -PLQ[iw+ QL] 'QLP. (2.78)
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Using the relationships above in Egs. (2.76), we can expand this as a series in 4

K(w) = =P LyQliw + QLo+ 1Q Ly 'QLyP
= 2P LyQ[1 - (—iw - QL)' 1Q LY (-iw - QLo) ' QLYP

= Y P LQ[(-iw - QL) QLY A (—iw - QL)) 'QLYP.  (279)
n=2

We can write this in terms of the Fourier-Laplace transform of the reference propagator

Go(w),

G()(a)) = / eiwt€£()t dt
0

(2.80)
= (_i(,() - LO)_la
by rewriting (—iw — QLy) " as
(—iw _ QLO)—I — / eiwteQ.Eot dr
0
_ / gt (eLOtQ N p) dr 2.81)
0

- Go(@)Q+ —.
-l

Using the above expressions, and the properties of £,Q and £, in Egs. (2.76), we can

write K (w) as a series in A as follows
K(w) = ) 1K™ (w) (2.82)
where the superoperators K" (w) are given by

K (w) =P Ly [Go(w)QLy]"*Go(w) Ly P. (2.83)

To arrive at the final perturbation expansion for the kernel, we invert the Fourier-Laplace
transformed version above using the convolution property Eq. (2.60), to find expressions

for ¢\ (r). We see that the first non-zero term is the second order term in A. To illustrate
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this, the first three non-zero terms in the expansion are given below,

KO (1) =P LyeD' LyP (2.84)
t
K (1) = / dto P LyeLo=10) £y eLo £yp (2.85)
0
t to
7((4)([) = / dtO/ dry P.Ev€£()(t_t0).£ve£°(t0_l')Q.ﬁve&m LyP. (2.86)
0 0

Often we will truncate the expansion at some value of n to obtain the nth order perturbative
approximation to (). We can of course do the same thing for the inhomogeneous term,

in which case we obtain

H(w) = Z T (w) (2.87)
n=1
1"(w) = PLyQ[Go(w)QLy]" ' Go(w)QH(0). (2.88)

For the inhomogeneous term, the first non-zero term is first order in A.

For the kernel we can expect this series expansion to be convergent if
|Go(@)QLyGo(w) LyP|| < [|Go(w) LvP|. (2.89)
It instructive to consider the long-time limit, which corresponds to the w — 0, limit of this,
|£o'QLy £y LvP|| < || Ly LvP]|- (2.90)

Roughly speaking, what this means is that we need the longest time-scale of the reference
dynamics generated by £ from the initial state to be shorter than the shortest time-scale of

the dynamics generated by the perturbation Ly from the same initial condition.

2.3.5 The perturbation series for the density operator

The accuracy of truncating the kernel can be assessed using the conventional approach in
perturbation theory. We start by expanding the Fourier-Laplace transform of Pp(¢) as a

series in A,

PhH(w) = Z P (w). 2.91)
n=0

37



Now inserting this, and the perturbative expansion of K(w) and (w) into the Fourier-

Laplace transformed Nakajima-Zwanzig equation, Eq. (2.61), we obtain

—iw Y AP (w) = PHO) = Lo Y AP (w)

n=0 N = (2.92)
+ Z 75 () + Z Z R ()P (w).
n=1 n=0 m=2

Now equating terms of the same power in A we obtain

(miw = LOPH™ (@) = 6,0Pp(0) + D KF ()P M (@) + T (w).  (2.93)

k=2
For a truncation of K (¢) and i(¢) at order n, the equations are identical up to m = n.
Therefore truncation of K () at order n does indeed give 5(w) (and thus also Pp(t))

accurate to O (™), however truncation of P (w) at nth order is not equivalent to the

solution to the Nakajima-Zwanzig equation with K (#) truncated at order n.

2.3.6 Short time analysis of second order perturbation theory

The most commonly used truncation of the perturbative series is to retain only the lowest

order A° term, i.e. we make the approximation that
K(t) ~ 2K (1). (2.94)

From the above analysis we know that this will give () accurate to O(A3) for all times.
It is also useful to analyse the short time behaviour. In the following we will also assume
that QpH(0) = 0, as is often found to be the case.

The short time analysis is most straightforward to do in the interaction picture, where

(1) = e=Lo 5(1). In this case the full density operator evolves according to

d
TP (1) =aLy(0p (1) (2.95)
in which

Li(1) = e Lyt (2.96)
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The Nakajima-Zwanzig equation in this case is
d t
a50,610) = / e Lol (r — v)eLTPpl (1) dr . (2.97)
0

In order to analyse the short time behaviour, we need to expand P 5'(dt) as a Taylor series

about r = 0,

> s dn
Ppl(61) = Y —P—p'(1)
;n! dr

(2.98)

=0

For both the Nakajima-Zwanzig equation at any truncation of the K(¢) in A, and the full

Liouville-von Neumann equation, %Pﬁl(t)l,zo = O because p(0) = Pp(0) and PLyP =0,

so they agree to at least O(5¢2).
We now consider the 672 term. The full second derivative is

2
SO = ALY Lo LoLy )P0+ PLYO L0 299)

Projecting this with  and noting that Q/(0) = 0, P Ly = LoP and P LyP = 0 we obtain

2

@
P55'(0)

7 = 2P Ly LyPp(0). (2.100)

t=0

We will now do the same thing for the Nakajima-Zwanzig equation. Firstly, we note that

d t
a/o dr f(z,7)

- %/Otdrf(t,r)

(2.101)

= flanto)+ [ dr (e

t=tqy 1=tgy

= £(0,0), (2.102)
=0

and therefore from the Nakajima-Zwanzig equation we also obtain Eq. (2.100), but we also

note that
KO)PH(0) = K2 (0)Pp(0). (2.103)

And therefore the second order truncation of the Nakajima-Zwanzig kernel, gives £ 5 (6¢)
accurate to (O(61°). This argument also generalises straightforwardly to the case where
QpH(0) #0.

We have established that truncation of the kernel in the Nakajima-Zwanzig kernel at
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lowest order in the perturbation strength A gives the projected density operator accurate
to order A2 at all times and in the short time limit it is accurate to order t>. If we
however combine these approximations by both truncating the kernel at lowest order in the
perturbation strength and making the Markovian approximation, the short time accuracy
of the Nakajima-Zwanzig equation with a truncated kernel is lost. So the second order
Markovian Nakajima-Zwanzig equation will only be accurate to A% in the long time limit

and for time-integrated properties.

2.4 Other approximate QMEs

Whilst most of the results in this thesis use the Nakajima-Zwanzig quantum master equation,
combined with perturbation theory and the Markovian approximation, there also exist a
range of alternative master equation approaches. Here I will briefly summarise the main
alternatives: the time-convolutionless QME, the cumulant expansion and Redfield theory,
and I will also highlight the connections between these approaches and the Nakajima-

Zwanzig equation.

24.1 The time-convolutionless QME

The Nakajima-Zwanzig equation, Eq. (2.53), derived in section 2.2.2, involves a time-
convolution of the memory kernel K(7) and the projected density operator (1) for
7 < t. This type of equation can be difficult to solve both numerically and analytically, so
we introduced the Markovian approximation to the Nakajima-Zwanzig equation, Eq. (2.62),
in section 2.3.1 to eliminate this time-convolution. The price we pay for this is loss of
accuracy in higher moments of the reduced system variables (AA,(¢)), as is shown in
appendix 2.A. There is another way to eliminate the time-convolution, and still end up with
a formally exact quantum master equation; this is the time-convolutionless (TCL) quantum
master equation approach.’*0+63

The TCL approach is also based using a formal solution for Q5 (¢) in terms of P 5(¢) to
eliminate Qp(¢) from Eq. (2.48) for Pp(r). We again use the solution to Eq. (2.49), given

by Eq. (2.52), to eliminate Q4 (¢) but into this we insert the formal solution for £ (1) from
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the Liouville-von Neumann equation,

Pp(r) = Pe 7 p(1)

(2.104)
= Pe LUIPp(1) + Pe LDQp(»1).
Inserting this into Eq. (2.52) gives,
t
Qp(1) = / dr QLN QLPe LD p(r)
o (2.105)
- / dr eQLTQLPLITIQp(1) + 9 Qp(0).
0
We define the superoperator X(¢) as
t
(1) = / dr LD QLpe L1 (2.106)
0
and with this definition we can solve Eq. (2.105) for Qp(¢),
Q1) = [1 -] 'TOPH) + [1 - Z(1)] L' Qp(0). (2.107)

Inserting this into Eq. (2.48) gives the following

di%(r) =PLPH()+PL[L-Z(O)]'Z()PH (1)
! (2.108)

+PL[1-2(1)]'e¥'Qp(0)

Using this we find the time-convolutionless quantum master equation for the projected

density operator,
d_ . . . .
57),0(0 =PLPH(t) + KreL ()PP (1) + ireL(?) (2.109)
where the TCL generator Kycr (¢) is given by

KreL(r) = PLIL -] 2()P, (2.110)
and the TCL inhomogeneous term itcy (¢) is given by

treL(t) = PL[1 - 2(6)]1e2L'Qp(0). (2.111)

This is another formally exact quantum master equation the projected density operator,
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which suffers from the same pathology as the formally exact Nakajima-Zwanzig equation:
evaluating Krcr(7) and Zpcp(2) is no easier than solving the full Liouville-von Neumann
equation. This means we have to make some approximations to derive useful TCL quantum
master equations.

Analogous to when we applied perturbation theory to approximate the memory kernel
K (¢) in section 2.3.4, we can also apply perturbation theory to evaluate the TCL generator
KrcL(t). As before we split the Liouvillian into a reference part £ and a perturbation 1. Ly

and we write the TCL generator as a series in A
Kren (1) = D Ko (1), (2.112)
n=0

Assuming we can write [1 —=X(7)] ™! = Yo 2(1)", and writing X(¢) as a perturbation series
as well, we can straightforwardly evaluate the perturbation series for Krcr (). Recalling
that we define Ly such that P Ly® = 0, the first non-zero term is the second order term

which is given by
t
K2, (1) = / dr P Lyelo” Lye~Lomp, (2.113)
0

We can analogously expand the inhomogeneous term,

i (1) = P Ly Qp(0) (2.114b)
t
Z(T2C)L(t) = / dr P Ly L,e57Qp(0). (2.114c)
0

Further to this, if the integrand in the TCL generator, Eq. (2.113), decays to zero on a
time-scale faster than the dynamics of 5 (¢), then we can make the TCL equation time
homogeneous by replacing the upper limit of the integral # with co. In the special case
where LoP = 0, this gives a master equation identical to the second order Markovian
Nakajima-Zwanzig equation.

The TCL master equation gives an alternative perturbative approach for calculating the
reduced system dynamics. We will analyse this more in section 2.4.3, but before that, we

will show that the TCL approach is closely related to another approach more commonly
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used in spin dynamics: the cumulant expansion.

2.4.2 The cumulant expansion

Another method for obtaining a time-convolutionless quantum master equation is the cu-
mulant expansion.'”® This method is somewhat less general than the Nakajima-Zwanzig
equation and the TCL QME described above, because it is limited to the case of a sim-
ple system-bath partitioning, as described in section 2.1.3, where we are interested in the
reduced density operator for the system &(¢) = Try[6(z)]. In other words we are re-
stricted to projection superoperators of the form # = p, Trp[ - |. We further assume that
0(0) = 65(0)py, so QP(0) = 0. Once again we can partition the full Liouvillian into a
reference part and a perturbation, and we also split the reference Liouvillian £ into a part
that only acts on system degrees of freedom L, and a part that only acts on the bath degrees
of freedom L.

We start by transforming to the interaction picture, in which the transformed density

operator is defined as
pl(t) = e 'p(1), (2.115)
and the interaction picture superoperators are defined by
Alr) = e Lot ALY (2.116)
Under this transformation, the Liouville-von Neumann equation, Eq. 2.29, becomes
d i 1Al
P (1) = ALy ()P (1), (2.117)
the formal solution to which is

Pv0(0), (2.118)

(1) = Texp [ /O dr AL} (1)

where T is the time ordering operator in Liouville space, which chronologically orders

interaction picture superoperators from earliest on the right to latest on the left. This
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time-ordered superoperator can be expanded as,

t
Texp [/ dr AL{,(T)]
0
t t Tl
=1+ /1/ dry L, (11) +2° / dry / dry L(11) Ly(12) + - - (2.119)
0 0 0
v [ o ! I I I
+A / dr; / dr - - / dry Ly (1) Ly(12) -+ Ly (1) + -+ - .
0 0 0
With this, we can find &(¢) by taking the trace over the bath, which gives
t
ol = <Texp[ / dr MIV(T)D 55(0), (2.120)
0 b
where we have defined the bath average as
(o =Tr[ - pol. (2.121)

We now invoke the cumulant expansion. This is done by writing the system propagator as

a time-ordered exponential of the cumulant expansion in the perturbation strength A,

' I _ koo
<Texp[/0 dT/lLV(T)Db =Texp kZ:;/l Ci (1)

The cumulants, C!(t), can be found by comparing coefficients of 1 in the exponentiated form

of Eq. (2.122) and the expansion of <T exp [/Ot dr /1.5%,(7’)] >b using Eq. (2.119). Recalling

. (2.122)

that (Ly )y, = 0, the first two cumulants are,

Ci(1) =0 (2.123a)

Cy(1) = /0 dry /0 ]de (Ly () Ly(m)), (2.123b)

Truncating this cumulant expansion at some order n gives the nth order cumulant expansion
for the system density operator. This can be recast into a differential equation for d(z) by

differentiating Eq. (2.122),

d ;. Ok d Al
- S(t)—kZ:;/l [ dtCk(t)]O's(t) (2.124)
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which when transformed back to the Schrodinger picture gives
d ., . .
370s(1) = Ls&s(1) + Kee () Gs(1). (2.125)

where the cumulant expansion generator is

(o)

Kce(t) = Z Ak eLst
k=1

e L, (2.126)

d I
— t

We see that when the cumulant expansion is truncated at second order we obtain
t
K2 (1) = /0 dr (Lyel™ Lyebom), (2.127)

which is identical to the TCL generator truncated at second order with a system-bath
projection superoperator, after tracing out the bath. In general, the cumulant expansion and
the TCL generator expansion should give identical master equations for the reduced density
operator, so the cumulant expansion can be seen as an alternative to Eq. (2.110) for finding

the TCL generator.”

2.4.3 Redfield theory

Bloch-Redfield-Wangsness theory®”®! henceforth simply referred to as Redfield theory,
is a commonly used approximate master equation, especially in the field of spin dynamics.
It is a Markovian, time-homogeneous quantum master equation for the reduced density
operator of a system. The Redfield equation can be arrived at from the cumulant expansion
quantum master equation (or the TCL quantum master equation), by taking the second
order cumulant expansion (or equivalently the second order TCL master equation) and

approximating 7(&) (¢) with its long-time limit,
2~ T (2)
K (1) ~ lim K (1). (2.128)

This approximation is valid if the time-scale on which Kcg(#) reaches its long-time limit

is much faster than the dynamics of the reduced density operator. This gives the following

°In some of the open quantum systems literature, the term Redfield theory is also used to refer to the
second order Markovian Nakajima-Zwanzig equation. In this thesis I will use Redfield theory exclusively to
refer to the original Bloch-Redfield-Wangsness theory, which is based on the TCL formalism.
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quantum master equation for the reduced density operator,

d
3050 = Ls05(1) + Rrpos (1), (2.129)
where
RRE = / dr (Lyet" Lye™HT), . (2.130)
0

We can compare this to the second-order Markovian Nakajima-Zwanzig equation for the

reduced density operator,

d
Ea's(t) = L05(1) + Rnz05(1), (2.131)
where
RNz = / dr (Lyet"Ly), . (2.132)
0

The difference is the presence of a backwards reference propagator in Eq. (2.130) which is
absent in Eq. (2.132). Although this difference is small, it will be shown in chapter 6 that
it can have a big effect on the accuracy of these equations, but for now we will only briefly
discuss the origin of this difference.

The Redfield and second order Markovian Nakajima-Zwanzig equations can be arrived
at in a slightly different way to that presented above.’” We start from the Liouville-von

Neumann equation in the interaction picture, Eq. (2.117). Integrating this equation gives

§0 =p0)+ [ dr b, (2.133)
0

Substituting this back into the interaction picture Liouville-von Neumann equation gives

%ﬁl(t) = LIL(0)p(0) + L1(1) / dr LY (0)p' (7). (2.134)
0

Taking the trace over the bath of this gives an equation for the reduced density operator

%Asl(t) = /0 dr Tr [ L3, (1) Ly (1) 6" (7)]. (2.135)

At this stage we can make one of two possible approximations. To obtain Redfield theory,
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we approximate the system and bath as being uncorrelated in the interaction picture, and
we assume the bath does not evolve, so p'(7) ~ l(7)py. Then assuming a separation of
time-scales between (L}, (1)L}, (1)), and o (1), we also replace o{ (1) with 07{(1), so we

make the following replacement,®”

Trp [Ly (1) Ly (1) (1)] = (Ly (1) Ly (7)), 65(D), (2.136)

and then finally after transforming back to the Schrodinger picture, we replace the upper
limit of the integral with co, again assuming the time-scale on which the integral reaches its
long-time limit is very short.

The second possible approximation yields the second order Markovian Nakajima-
Zwanzig equation. In this case we transform back to the Schrodinger picture first to
give,

t
%6'5(2‘) = L 0(1) +/ dr Trb[£v€£0T-£vﬁ(f -71)]. (2.137)
0

and then we make essentially the same approximations as above but in the Schrodinger
picture, i.e. we assume the system and bath are uncorrelated, and the bath does not evolve
p(t—1) = 65(t — 7) pp and we assume <~£V€£°T£V>b evolves much faster than &(), so we

make the following replacement
Trp[Lve ™" Lyp(t — 1) ~ (LyeDTLy), oi(0), (2.138)

and again also set the upper limit of the integral to co. So we can see the difference between
the Redfield and second order Nakajima-Zwanzig approximations as arising from the choice
of frame, interaction picture or Schrodinger picture, in which we make the approximation
that the system and bath are uncorrelated. It is not immediately obvious why one choice
is better than the other, but from the previous analysis, we see that taking the Nakajima-
Zwanzig approach gives an equation which is correct to second order in the perturbation at
long times and for time-integrated properties, whilst the Redfield approach however does

not possess this property.
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2.5 Summary

In this chapter I have described the framework for deriving both formally exact and ap-
proximate quantum master equations from Nakajima-Zwanzig theory, and I have described
some general considerations for when we can expect these approximations to be valid.
I have also outlined several other important approximate quantum master equations, and
highlighted some of the differences between these approaches and Nakajima-Zwanzig the-
ory. The remainder of this thesis will demonstrate utility of Nakajima-Zwanzig theory
in Spin Chemistry, where it finds a range of applications from resolving questions about
the fundamental description of radical pair reactions, to providing new tools for efficiently

simulating spin chemical phenomena.
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Appendix

2.A Appendix: Error of the Markovian approximation

Having established above that the Markovian approximation gives the long-time limit and
time integrated properties of the reduced system exactly, here we will estimate the error
introduced by the Markovian approximation. In order to evaluate this error, we consider the

error in the various moments of (AA, (7)), denoted by 1 (AA,,), which are defined as

u"™(AA,) = / S (AA, (1)) dr . (2.A.1)
0

From our previous analysis, the Markovian approximation gives the m = 0 moment exactly.
The first moment that is not be captured exactly by the Markovian approximation is the
m = 1 moment, so we focus on evaluating the error in u" (AA,) introduced by this
approximation. Using the definition of the Fourier-Laplace transform, Eq. (2.57), we can

relate these moments to mth derivatives of (Aﬁn(w» as follows

w™(AA,) = (=i)" dmm (A Ay (w))| . (2.A.2)

dw

Thus we need to consider the Taylor series of <Aﬁn(w)> around w = 0, because from

Eq. (2.A.2) this is related to the moments by

(My(@) =) %(iw)%‘m)(mn}. (2.A.3)
=0 '
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Using Eq. (2.67), (Aﬁn(w» is given exactly by
(AAn(w)) = (AA|[iw = PLP = K ()] (Plp(0)) + [E(w))) . (2.A.4)

We know that the Markovian approximation gives the series expansion about w = 0 ex-
actly to O(w), and also clearly the Markovian approximation correctly gives the limit
as w — oo (noting that K(w) — 0 and |i(w)) — O in this limit), which is simply
(AA,,(w)) ~ (=iw)™' (AA,(0)). In order to proceed with the error analysis of the Marko-
vian approximation, it is useful to first define the Markovian and non-Markovian parts of the
Nakajima-Zwanzig equation, by dividing the generator for the dynamics into its Markovian

part, Ko, and non-Markovian part, A7~((w), as follows,

Ko =PLP +K(0) (2.A.5)
AK () = K(w) — K(0). (2.A.6)

For small w we can expand AK (w) as
AK(w) = 0K (0) + O(w?), (2.A.7)

where K’ (w) = %‘k(w). We define the Markovian propagator and its Fourier-Laplace

transform as

Uy(t) = exp(Kot) (2.A.8)
Uy(w) = [—iw — K]~ (2.A.9)

Now we will assume that K is diagonalisable (within the projected subspace), i.e.

Ky = Z 00, (2.A.10)
k

where A; are the eigenvalues, the real parts of which we will assume satisfy Re[4;] < 0,

and the superoperators I are projection superoperators which satisfy,

LI, = 64,11, (2.A.11)

P =1 (2.A.12)
k
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Using this, the Markovian propagator, and its Fourier-Laplace transform are

Uy (1) = Z eI, (2.A.13)
k
3 1
=Y —11,. (2.A.14)
T —iw - Ak

Assuming for simplicity that for all initial conditions of the reduced system with (1| p(0))) =
1 the same long-time limit is reached, there will be a single zero eigenvalue, 1o = 0, and

the projector Iy must be
Iy = |p(t — o) N(1]. (2.A.15)

The longest non-zero time-scale of the Markovian dynamics 7y can be defined using the
non-zero eigenvalues of Ky as 79 = max,, x0(1/[1«|).

Since our aim is to find the error in higher moments of reduced system variables
introduced by the Markovian approximation, we can recast the solution to Eq. (2.61) in into
a sum of the Markovian term, P |5o(w)) = Uy(w) (|p(0))) + |7(0))), and a non-Markovian

term using the formal solution (Eq. (2.67)),

P1p(w)) = Plpo(w)) + Up(w)|AT(w))
+ Uy () AK (W) [=iw = Ko = AK ()] (Ip(0)) +[H(w)) -

(2.A.16)

The first term on the left-hand side is simply the Markovian solution, and therefore the other
two terms give rise to non-Markovian dynamics. We can now consider the expansion of the
non-Markovian terms in powers of w to find the error in the first moments of the reduced
system variable time-evolution. We note that ((1]¢(#))) = Oand |Al(w))) = w|7 (0)H)+O(w?).
Combining this with Uy (w) = S (=iw — A;) "', and Eq. (2.A.15) for Iy implies that
there is no O(1) term in Uy (0)|Af(w))), and therefore this first non-Markovian term can be

written as

Uy(w)|Ai(w)) = wTo(0)|7(0)) + O(w?) (2.A.17)
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This leaves the second non-Markovian term, which can be expanded using
U () AK (w) [—iw — Ko — AK(w)]™' = oUy(0)K (0) Uy (0) + O(w?).  (2.A.18)

It should be noted that the contributions from the O(1/w) term in Uy(w) vanish, as is
shown in appendix 2.B. Combining these results, the error in the Markovian approximation

is given by

Plp(w)) — Plpo(w)) = wU(0)K’ (0)Us(0) (|p(0)) + [F(0)))
+ wUp(0)|7(0)) + O(w?).

(2.A.19)

Therefore the Markovian approximation will be valid as long as this term is small. We can

relate K7 (0) and |(0))) to the original kernel and inhomogeneous terms using Eq. (2.A.2),

K'(0) = i/oooﬂ((t) dr and |7(0))) :i/Owth(t))) dr (2.A.20)

so we see that the error in the first moment of a reduced system variable (AA,(t)) is
proportional to the first moments of the kernel and inhomogeneous term. Using Eq. (2.A.20)
we can find an expression for the error in the first moment of (AA,(7)) relative to the
Markovian approximation, ,u(()l) (AA,), in terms of the eigenvalues of Kj and the projectors

Iy,
AD(AA)  Zkso Zizo i (AATLK (O (o(0)) + [HO)))
m(AA) = S (AT (p(O)) + ZO)))
Sis0 7 (AATTIT (O))
~i S0 1 (AATIE (10(0)) +12(0)))

(2.A.21)

In line with the error criterion suggested earlier, this will be small if || K (0)|| < 1, and it
will also be small if |||/(0)))|| < 79. Furthermore, it is straightforward to see from this
analysis that the error in the mth moment of a reduced system variable will depend on all
moments up to and including order m of the kernel and inhomogeneous terms.

Using the framework we have established here can also consider what effect the non-
Markovian terms have on the long time dynamics. To do this we should construct an

approximation for for the non-Markovian terms that is exact to O(w?). Motivated by the
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above analysis, we do this by truncating the non-Markovian terms at first derivatives of
|Af(w))) and AK (w), which gives the following

Uy (w)|AL(w)) + Up(w) AK (w) [~iw = Ko = AK(w)] ™! (|p(0)) + [E(w)))
(2.A.22)

= wUy(w)|7 (0))) + WUp(W)K (0)Up(w) (Ip(0)) +[E(0))) + O(w?).
This is valid at low frequencies |w|7y < 1, so with this we can derive an approximate
correction to the Markovian dynamics for long times ¢t > 19. We do this by inverting the
Fourier-Laplace transform in Eq. (2.A.22), which for ¢ > 7y gives the following correction
to the Markovian dynamics

Plp®)) = lpo()) = iZ e (14 14,) K (0) Tk | (0))
k#0

At _ At
£ Y pe ) +i Y S A g 0 p(0))).

k%0 k%0 1#k.120 Ak = A

(2.A.23)

So we see that the non-Markovian terms lead to terms which have the same time dependence

Ak

of terms in the Markovian dynamics, depending on e**’, as well as additional longer lived

tAre™! terms. Again we see that these terms will be small if ||K’(0)|] < 1 and if
II1Z(0))|| < 7. This further motivates using these as simple criteria for the validity of the
Markovian approximation.

2.B Appendix: The Derivative of K (w)

We start by defining A(w) = Ky + AK (w), and we note that

P =Aw) ' A(w) (2.B.1)

where we recall that the inverses here should just be interpreted as inverses on the pro-

jected subspace. To be more concrete in what we mean by this, we can write a projected
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superoperator B as

B=PBP
= 2, VAnpu) (A B1Anpn) (A 2B2)
= > 1Anoa) [Blun (An-
n,m
Assuming the matrix $ is invertible, the inverse of B! is defined by
B = > 1A B am (An- (2.B.3)

Noting that the derivative of # with respect to w is zero, by taking derivative of Eq. (2.B.1)

we can show the following

0= % (ﬂ(w)_lﬂ(a}))

d . d (2.B.4)
= — () ) A) + A = (Aw))
and rearranging this gives
d d 1
— (AW) = ~AW) 7 (ﬂ(w) ) Aw). (2.B.5)
w dw
Using this K’ (0)I1 can be found as follows,
K (0)Ip = lim 4 (A(w)) My
w—0 dw
d
= — lim A(w)— (A(w)™" ) A(0)IT
w—0 dw ( ) 0 (2B6)

_ d -1
=~ lim A(w) = (ﬂ(w) )7(0110
= ()’

and by the same argument it is also true that ITy’” (0) = 0.
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The Radical Pair Master Equation:
General Theory

In this chapter we explore the theory of radical pair reactions, in particular the use of
quantum master equations to explain magnetic field effects on these reactions. In the first
part of this chapter the original phenomenological theories of radical pair reactions are
described, and in the second part new work elucidating the link between chemical reaction

rate theory and the radical pair master equation is presented.

3.1 The radical pair mechanism

Interactions between spins, spin state selective reactions and long-lived coherence between
spin states underpin the radical pair mechanism. Because of this, we need to include
quantum coherences between spin states in our basic description of the radical pair reaction.
This motivates using the spin density operator ps(t) to describe radical pair reactions, a
density operator that contains information about all of the coupled electron and nuclear
spins in the radical pair.’*'%*!%> In order to describe the radical pair reaction, we need a
quantum master equation for the dynamics of this spin density operator. We expect the
quantum master equation to contain a term that describes the coherent evolution of the
spins under the effective spin Hamiltonian H, as well as a term that describes the spin

state selective reactions of the radical pair. We assume therefore that the quantum master
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equation for the spin density operator takes the following form,

Sps(0) =~ [ py(0)] + Kl (0] G

The first term clearly describes the coherent spin evolution, and we have introduced X[ - |
as a general superoperator which describes the spin-selective reaction process.>6:104105
The precise form of the reaction superoperator K;[ - | has been debated for some

32,33,35-38,106-113 We can however reasonably suggest certain properties that the correct

time.
superoperator should satisfy. Firstly, it should preserve the hermiticity and positivity of the
spin density operator, so that populations of spin states of the radical pair remain real-valued
and positive.’> However K;[ - | need not preserve the norm of the spin density operator,
Trs[ps(2)] where the trace is over all spin degrees of freedom, because the radical pair reacts
and population is lost. Secondly, the master equation for the singlet and triplet electron spin
state populations should reduce to simple first order kinetic equations in the absence of spin

interactions, so the reaction superoperator should satisfy>>>>-*

Trg [ISS(](r[pAs(t)]] = —ks Try [pSﬁs(t)] (3.2a)

Trs [PrHc[ps(D]] = —kr Trs[Prps(1)]. (3.2b)

Here Ps is a projection operator onto singlet electron spin states, and similarly Pris a
projection operator onto triplet electron spin states, and therefore the singlet radical pair
population is (Ps (1)) = Trs[Psps(1)], and the triplet population is (P1(¢)) = Trs[Prps(1)].
ks and kTt are the total first order singlet and triplet reaction rate constants. There is
a plethora of superoperators that possess these properties, but which produce different
dynamics for the radical pair spin system, because they lead to different equations of motion
for the singlet-triplet coherences. In the rest of this section I will briefly describe three such

superoperators, each of which has been proposed based on different arguments.

3.1.1 The Haberkorn master equation

The original form of radical pair reaction term, commonly known as the “Haberkorn” master

equation, was originally proposed in the 1970s°>!94195 by Johnson & Merrifield'?>, and for
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nearly 40 years it was used successfully to describe spin-selective reactions of radical pairs.

In this approach the Haberkorn reaction superoperator is

Kelps(1)] = —{K. ps()} (3.3)

where {A, é} denotes the anti-commutator, AB + EA, and the Haberkorn reaction operator

K is defined in terms of the spin-selective reaction rate constants as

~ kg A kT A
K = —Pg+ —Pr. 34
> Ps+—=Pr (3.4)

This form of the reaction superoperator can be arrived at through the following phe-
nomenological arguments, as was explained by Haberkorn in 19762, Firstly, if the spin
selective reactions can be described as simple first-order rate processes, then the singlet
population elements of the spin density operator, Psps (1) Ps, should decay at a rate ks, and
similarly the triplet population elements Prps(z) Pt should decay at rate k, so this means
that the change of the density operator in a short time 67 due to the reaction processes should

be

6P(1) lreaction = —ksPsps (1) Psdt — krPrps(t) Prot. (3.5)

This evolution however fails to preserve positivity of the spin density operator, which
leads to unphysical negative populations of spin states. In order to preserve positivity,
the coherence elements of the spin density operator must also decay at a rate of at least
(ks + kT)/2. Assuming the decoherence rate takes its minimum possible value, this means
we should correct the above expression for the change in the density operator due to the

reaction process,

5,5(t)|reaction = _kSpSPAs(t)psét - kTprAs(l)pTét
_ ks + kT
2

(3.6)

(Psps(t)Pr + Prps(t) Ps) ot.

By noting that 6/ (7) |reaction = K:[Ps(2)]0t, and 1 = Pg + Py, we arrive at the Haberkorn
reaction operator as given in Eq. (3.3). Interestingly the Haberkorn master equation pre-

serves pure states, meaning that if the density operator starts in a pure state ps(0) =
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| (0)Xr(0)], then it will remain in a pure state given by ps(0) = |y (1) Xy (t)|, where
v (1)) = e~ HiM=Ke |y (0)).

A derivation of this reaction superoperator from Weisskopf-Wigner theory for sponta-

114" was originally alluded to by Evans et al. in 1973'4, but it was not

neous emission
presented in full until 2010 by Ivanov et al.’?. Using this theory the Haberkorn master
equation can be obtained, but the model is somewhat limited and difficult to directly relate
to the well established general theory of reaction rates. In particular it assumes that both
reactant and product states have the same harmonic potential energy surfaces, which is a

somewhat unphysical scenario in the context of chemical reactions.

3.1.2 The Jones-Hore measurement master equation

In 2010 an alternative form of the reaction superoperator was proposed by Jones & Hore

36

based on quantum measurement theory”®. This approach yielded the following reaction

superoperator
(](r[ﬁs(t)] == {Ie, ﬁs(t)} —kp (ﬁSﬁs(t)ﬁT + ﬁTﬁs(t)pS) . (3.7)

The first term is just the Haberkorn reaction term, as in Eq. (3.3), and the second term is
an additional decoherence term, which results from assuming the reaction processes act as
complete projective measurements. Based on the original theory>° the rate of this additional
decoherence kp is kp = (ks + kT1)/2.

The reaction superoperator above is derived based on the assumption that a single
spin-selective reaction event acts as a complete projective quantum measurement on the
radical pair spin density operator. Such a complete projective measurement projects the

spin density operator onto the singlet and triplet states,*°
ps — ISSﬁsISS + ISTﬁsIST- (3.8)

Assuming this reaction event is completely efficient, this will also remove population from
the density operator, for example if it is a singlet selective reaction event, then the singlet

portion of the density operator will also be removed, so overall this reaction event changes
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the spin density operator as follows,
ps — pSﬁsﬁS + ISTﬁsﬁT - ISS,@SPS = ISTPASPT- (3.9

Within the Jones-Hore approach, the spin selective reaction processes as described above
are assumed to happen continuously at rates ks and kT, so in a short time 67 a fraction kgot
of the radical pairs undergo a singlet reaction process, and a fraction k1d¢ undergo a triplet
reaction process, and the remaining fraction evolves coherently, so the density operator

evolves according to

Pyt +61) = (1= ksdt — kror) (py(1) = i[ Ay, fs(1)167)

A R A A (3.10)
+ ks5l‘PTﬁs(t)PT + kT5Z‘PsﬁS(Z‘)Ps.
Rearranging this and noting that we can ignore O(5¢°) terms gives
Ps(1 +61) = ps(1) = i[Hs, ps(1)161
(3.11)

- ks5f (ﬁs(t) - pTﬁs(t)ﬁT) - kT(St (ﬁs(t) - pSﬁs(I)pS) .

We identity the second term on the right-hand side of this equation as the coherent evolution
term, so the third and fourth terms must be the reaction terms, which we can rearrange to find
the change in the density operator due to the reaction processes. This gives the Jones-Hore

reaction superoperator as

195 ()] = = {K, ps()} = kp (Psps(t) Pr + Prps(t) Ps) . (3.12)

The first term is just the Haberkorn reaction term, as in Eq. (3.3), and the second term is
an additional decoherence term, which results from assuming the reaction processes act as
complete projective measurements. Assuming the reaction acts as a complete projective
measurement as above, the rate of this additional decoherence kp is kp = (ks + k1) /2.
Later Jones et al. generalised this approach to account for “how strongly” the reaction
processes act as quantum measurements®’, in which case kp becomes a parameter related
to the strength of the measurement. In the “weak measurement” limit, kp = 0 and their
reaction term reduces to the Haberkorn reaction term, whereas in the “strong measurement”

limit it is given by kp = (ks + k1)/2*’. In contrast to the Haberkorn master equation,
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the Jones-Hore master equation does not preserve pure states, because the measurement
operation transforms pure states into mixed states.

The Jones-Hore reaction term gives first order rate equations for the populations of
the spin states, and preserves the positivity of the spin density operator, but because this
reaction term gives different evolution for the singlet-triplet coherences, it predicts different
spin dynamics and reaction yields to the Haberkorn equation. The appearance of the
additional decoherence kp based on how strongly the reaction “measures” the spin state of
the radical pair creates the problem that one must define some criteria for determining the
strength of the measurement process. One criterion suggested in Ref. [109] for electron
transfer reactions is the adiabaticity of the reaction. It was suggested that electron transfer
reactions close to the adiabatic limit (where the coupling between electron transfer states is
large) may act to strongly measure the spin state, whereas those close to the non-adiabatic
limit (where the coupling between electron transfer states is small) may only weakly measure
the spin state. I will revisit this idea later in more detail, but for now I will briefly describe
one additional measurement based approach to treating spin selective reactions of radical

pairs.

3.1.3 The Kominis measurement master equation

One final quantum measurement theory based reaction term that has been suggested is the
Kominis term,?>-38:110-11LII3 A¢ with the Jones-Hore reaction term, the Kominis reaction
term was proposed based on the assumption that the spin-selective reactions continuously
measure the spin state of the radical pair, but in contrast the with the Jones-Hore approach,
this measurement process only affects the “coherent part” of the density operator.*® T will
avoid rehearsing the full argument behind the Kominis reaction term, and simply state its

proposed form,

TKe[ps ()] = = {K[ps()], ps()} = kplps(1)] (Psps(t) Pr + Prps(t)Ps) . (3.13)

This form of the reaction term closely resembles the Jones-Hore term, only now the reac-
tion operator K [ps(¢)] and decoherence rate kp[ps(¢)] are functionals of the spin density

operator, so the Kominis reaction term gives a non-linear equation of motion for the spin
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density operator. Kominis proposed that these terms should depend on “how coherent”
the radical pair state is at a particular moment in time, which means these terms depend

explicitly on ps(¢). The proposed functional forms of these terms are

Tr[(ksf’s + kTpT)ﬁs(f)]

K[ﬁs(t)] = (%(1 = Peonl[Ps(D)]) + pcoh[ﬁs(t)]) ﬁS

2Tr[ps(1)]
k Tr[(ksPs + krPr)ps(1)] G
+ (TT(I _pcoh[ﬁs(t)]) + 2Tr[ﬁ (l‘)] i pcoh[ﬁs(t)]) ﬁT
Tr| (ksPs + k1Pr)ps
kp[ps(D)] = ks;kTpcoh[ﬁs(t)] i Tsr;ﬁ (Tt)]T)p (t)](l — peonlps(D]),  (3.15)

in which peon[0s(#)] is a“measure of coherence” between singlet and triplet states.>®

We can see that the three main reaction terms which have been proposed are all clearly
related; they all involve a term which causes decay of the radical pair spin states which
preserves positivity of the density operator, but measurement based approaches gives rise
to additional decoherence terms between singlet and triplet states. In order to highlight the
differences between the three reaction terms, I have calculated the triplet quantum yields of
a set of simple model radical pair reactions as a function of the applied magnetic field, the
results of which are shown in Fig. 3.1. The triplet yield @ is calculated from the radical

pair density operator with

Or = kT/OOTr[ISTﬁS(t)] dr . (3.16)
0

In these models there is a single proton hyperfine coupled to one of the radical electron spins
with an isotropic coupling constant of a/fiy. = 1 mT, the electron spins couple to an external
applied field of strength B with the isotropic free electron g-tensor, and the radical pair is
initialised in the singlet state p5(0) = Ps/2. In (a), (c) and (e) the scalar coupling between
the radical electron spins is J /fiy. = O mT, in (b), (d) and (f) the coupling is J /fiy. = =5 mT.
The spin selective recombination rate constants are ks = kt/10 = 100 ps~! (a) and (b),
ks = kt/10 = 10 ps~' in (c) and (d), and ks = k1/10 = 1 ps~! in (e) and (f).

The results where J = 0 (the left hand column of Fig. 3.1) all show the low field effect
at low recombination rates, where there is enhancement of transfer from the singlet state

to To-triplet state (and therefore an increased triplet yield) as a field is applied.*'**!1> In
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Figure 3.1: A comparison of triplet quantum yields of a radical pair reaction calculated with different
radical pair quantum master equations. In (a), (c) and (e) the scalar coupling between the radical
electron spins is J = 0, in (b), (d) and (f) the coupling is J/fiye = —5 mT. The spin selective recom-
bination rate constants are ks = k1/10 = 100 ps~! (a) and (b), ks = k1/10 = 10 pus~! in (c) and (d),
and ks = kt/10 = 1 ps~!in (e) and (f).

contrast the J # 0 results (the right hand column of Fig. 3.1) all show resonance effects,
where there is an enhancement of singlet to T_-triplet state transfer when the Zeeman energy
of the T_ state matches the energy shift between the singlet and triplet states induced by the
scalar coupling.” In both sets of models, the differences between the different reaction terms
become more pronounced as the recombination rate constants increase. In particular the
broadening of magnetic field effects in the measurement based approaches, which arises due
to the additional decoherence term that appears in these theories, becomes more pronounced
as the rates increase. One stark example of the differences between the different master
equations can be seen in panel (c), where the Haberkorn, Jones-Hore and Kominis master
equations all predict qualitatively different magnetic field effects. Furthermore the Kominis
master equation predicts some different features in the triplet quantum yields for J # 0

models to the other master equations, such as a small splitting of the resonance peak in
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panels (d) and (f) and some additional small peaks in panel (b).

From these simple models we see that the different radical pair master equations can
predict very different magnetic field effects in quantum yields of radical pair reactions, and
this has also been shown to extend to predictions of other spin chemical effects, such as

T electron spin polarisation in EPR spectra,33 and

nuclear spin polarisation in NMR spectra,
dynamics of the radical pair survival probability.*>*>-*” This demonstrates the importance
of knowing the correct quantum master equation for describing radical pair reactions for
interpretation of experimental results. The rest of this chapter will be devoted to finding

the correct master equation from a general starting point, motivated by a first principles

description of the radical pair reaction.

3.2 The radical pair model

In this section I outline how to obtain a radical pair master equation which is applicable
to spin-selective electron transfer reactions of radical pairs. I will start by describing the
model for the radical pair electron transfer reactions, to which Nakajima-Zwanzig theory is

then applied in order to obtain the radical pair QME.

3.2.1 The radical pair Hamiltonian

Here 1 will outline the starting point for deriving the radical pair master equation: the
full molecular Hamiltonian. The focus here will be on the formal theory, and we will not
concern ourselves with the details of actually calculating any of the actual Hamiltonian
matrix elements that appear here, which is a formidable task. Our ultimate aim is to split
the total molecular Hamiltonian into a reference part Hy and a perturbation V, so this will
motivate all the manipulations of the Hamiltonian we make.

The full Hilbert space for the system 7{ consists of the electronic spin and spatial degrees
of freedom Hilbert space H., the Hilbert space for the nuclear spatial degrees of freedom
‘H.n, which is spanned by the nuclear configuration states |R), and the Hilbert space for the

nuclear spin degrees of freedom #; which is spanned by the nuclear spin projection states
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M) = [I1,M) ®--- ® |In, My),

Now we will consider the full Hamiltonian for the molecular system, including all N,

electrons, and all N nuclei,*’-!16-118

H=Ty+Te + Ven + Vee + Van + Hyoc + Hyee + Hpge + Hdip . (318)
Spin preserving terms, H. Spin mixing terms, H,.

The first six terms, Hy, are all spin state preserving terms, which means each of these terms
commutes with each vector component of the total electron spin operator S, = Zf\; , Sias 1€
[S4, A] = 0. From left to right these spin-preserving terms are: the total nuclear kinetic
energy T, the total electronic kinetic energy T¢, the electron-nuclear V,y, electron-electron
Ve, and nuclear-nuclear V,;, coulomb interactions.**!'%!17 The remaining four terms, H>,
are terms that act explicitly on the spin degrees of freedom, and as such do not commute
with the total electron spin operators. Again from left to right these terms are: the spin-
orbit coupling term Hy., the Zeeman interaction term of all particles in the system with an
external magnetic field H,ce, the nuclear hyperfine coupling term Hyg, which includes all
Fermi contact and dipolar interactions between electron and nuclear spins, and the dipolar
coupling term I:Idip, which includes all other dipolar interactions between pairs of electron
spins and pairs of nuclear spins.*>!'%!17 Additional spin-dependent relativistic terms also
appear, but in the context of spin chemical effects in organic radical pairs, these are the most

important terms. 40116117

3.2.2 Radical pair reaction diabatic states

We will start by considering how to manipulate the spin preserving terms H; to find a useful
representation for describing spin-selective electron transfer reactions. These terms can be

split into a total electronic Hamiltonian A, and the nuclear kinetic energy term 7,

A

H, =T, +H.. (3.19)
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The electronic Hamiltonian A, is the standard Born-Oppenheimer Hamiltonian.''~?* This
term is diagonal in the position representation of the nuclei |R), where R is a position vector

for all of the nuclei R = (R, Ry, ..., Ry), and therefore its eigenstates can be written as
H:|yi(R)) |R) = Ec;(R) [¢:(R)) |R), (3.20)

where |¢/;(R)) is an electronic wave-function, which depends parametrically on the nuclear
configuration R. These are called the adiabatic electronic states, because they adiabatically
follow the nuclear configuration. Because the total electron spin operators commute with
H., these states can be chosen to be eigenstates of the total electron spin angular momentum

§2 =§ - §, and one of its vector components, normally chosen to be the z component,

S i (R)) = S(S + 1) [:(R)) (3.21)
S: 1wi(R)) = Ms |y;(R)) . (3.22)

For reasons explained in appendix 3.A, these states can be difficult to work with when
considering electron transfer reactions.'”*!** So instead we will work in the quasi-diabatic
representation of the electronic states, where these states correspond to different electron
transfer states of the system.''”~'>* A quasi-diabatic representation can formally be obtained
from the adiabatic representation by a unitary transformation of the adiabatic basis states,

and the resulting Hamiltonian can be written as

Hi=To+ ) laXal Va(R) + ) aXb| Va, (3.23)

a,b+a

where the states |a) are quasi-diabatic electronic states, V, (R) is the quasi-diabatic potential
energy for state a and V,, is the quasi-diabatic coupling operator between two states a and
b, which couples these states. These states can also be chosen to be eigenstates of $2 and
S., in which case the coupling V,;, only couples states of with same S and Mg quantum
numbers. More details of this transformation are given in appendix 3.A.

For a strictly diabatic representation, as opposed to a quasi-diabatic representation,
the coupling term V,p is just a function of R, ie. V, = Vab(fl). In practice it is not

120,121,123

always possible to construct strictly diabatic representations, at least from a finite
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set of adiabatic potential energy surfaces,'” but normally one can find a quasi-diabatic
representation in which the the coupling is approximately of the form V,;,(R).">""'>3 The
precise details of how one would construct these states from an ab initio electronic structure
calculation are unimportant here. In what follows we will make additional approximations
to the forms of the important quasi-diabatic states, and we will only require that the coupling
V.» can be treated as a perturbation.

From here onwards, we will consider radical pair reactions where the radical pair is a
long-range charge transfer state of the molecule, and the spin selective reactions are spin-
selective electron transfers, as illustrated in Fig. 1.1. In this case we assume that there
exist separate diabatic states for each of the relevant electron transfer states. We denote
the singlet radical pair diabatic state, the S[D** A*7] state, as |1,S) and the triplet radial
pair diabatic states, TID** A*7], as |1, T,;,) where m = —, 0, + denotes the projection of the
total electron spin onto the z axis. For simplicity we will only consider one singlet product,
S[D A], and one triplet product, TID A], the diabatic states for which are denoted 12, S)
and |3, T,,), although the discussion generalises straightforwardly to include more product
states.

If the two radicals are well separated, then the radical pair diabatic potential energy
surfaces V| s(R) and V; T, (R) will lie very close in energy, at least at all thermally accessible

configurations, so we assume that
Vis(R) = Vi, (R) = Vi(R). (3.24)

We denote the singlet product surface by V> s(R) = V,2(R), the three degenerate triplet
product surfaces by V3 1, (R) = V3(R). This diabatic state picture of the radical pair reaction
is illustrated graphically in Fig. 3.2 for diabatic surfaces projected onto two coordinates. The
radical pair states lie on top of each other in energy, but the product surfaces are displaced

significantly from each other and from the radical pair surface. Within this model, we can
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disregard all other states, and the diabatic state Hamiltonian we use is of the form

A= > LnXLnlHin+[2,8X2, S| Ao+ D 13,nX3,n A3,

ne ne
(S.T,,To,T_} {T4.To,T-} (3.25)

+(As |1, 8X2, 8| +Af |2,SX1, S| ) + (AT |11, nX3, n| + A% |3, nX1, 1|

ne{T,,To,T_}
Here H;,, = T, + Vi(ﬁ) is the nuclear Hamiltonian for diabatic surface i and AS and AT
are the singlet and triplet quasi-diabatic coupling operators, which operate on the nuclear
degrees of freedom. We will further assume that we can write As = Ag fs where Ag is a
real constant with units of energy, and fs is unitless operator, and likewise for Ar. Within
the Condon approximation, we assume that fg = fr = 1,°°, an approximation which is
used in the Marcus-Hush theory of electron transfer rates.'”%'?’ In what follows I will only
explicitly consider this truncated model Hamiltonian, but the generalisation of the resulting
master equations to the inclusion of more product states is relatively straightforward.

This diabatic state model is a simple extension of the diabatic state model employed

123,124 which forms the basis of well

in standard two-state electron transfer rate theory,
established theories of electron transfer rates, such as Marcus-Hush theory.'?%!?” The only
additional approximation made in this extension is that the singlet and triplet radical pair
potential energy surfaces can be treated as identical. The master equation derived from this

model can thus be regarded as being consistent with the well-established theory of electron

transfer reactions.
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3.2.3 The spin density operators

Having defined the Hamiltonian for the radical pair reaction, and identified a set of relevant
diabatic states, we can now define precisely what is meant by the radical pair spin density
operator in this model. Because the radical pair electron spin states all lie close in energy,
we need to include coherences between these states in our description of the radical pair
reaction. Similarly we also need to include coherences with the spin degrees of freedom of
the nuclei, because again these spin coherences will be long-lived because the interactions
in H, that couple them to the nuclear spatial degrees of freedom are typically weak. So this
motivates finding a radical pair master equation for the spin density operators of the radical
pair and the products, p;s(¢), as defined by

p1s(1) = Z |1, n)X1, m| Tro [ (1, n|p(2) |1, m)e] (3.26a)

(STToT )

pAZS(Z) = |2’ S><2’ S| TI'n[ <2’ Slﬁ(t)'Z, S>e] (326b)

P = D 133 ml Tl (3,nlp(0)13,m)], (3.26¢)

{T4. Ty, T-}

Here Tr,[ - | denotes the trace with respect to the nuclear spatial degrees of freedom and
(). denotes integrating just over the electronic degrees of freedom. Here pis(¢) just
operates on the radical pair spin degrees of freedom, so we can identify this radical pair spin
density operated denoted by ps(#) above. The other two operators act on the spin degrees
of freedom of the singlet and triplet products, so these correspond to spin density operators
for the products. We note that taking the trace over the electronic and other spin degrees of
freedom of these operators gives the population of each of the diabatic states.

We can condense the expressions above by defining the state projection operators I1;

and spin projection operators Pg = Pt or Pg (using the labels S and S = 0 interchangeably
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and likewise for T and S = 1) as follows,

S

Ps=>" > 1i,S, MsXi, S, Ms] (3.27)
iels Mg=—S
S
M=) > i8S, MsXi, S, Ms| (3.28)
SeS; Ms=—S8

where |i, S;, Mg) denotes the diabatic state i with spin state |S, Mg). The set Zg denotes the
set of diabatic state indices associated with total spin quantum number S, i.e. the indices
i for which the |i, S, Mg) exists, and similarly S; denotes the set of total spin quantum
numbers associated with with diabatic state 7, i.e the spin quantum numbers S for which
i, S, Mg) exists. Specifically we have S = {0, 1}, S, = {0} and S5 = {1}, and J5 = {1,2}

and It = {1, 3}. With this we can more succinctly write p;s(t) as
Pis(t) = Tro [ p(HIL]. (3.29)

With the above definitions, we note that pa(7) is equal to its singlet projection Pgpo (1) Ps

and likewise p3(f) is equal to its triplet projection Prp3,(r) Pr.

3.2.4 Initial conditions

We assume that the diabatic coupling, As and AT, between all states is weak, and that after any
photoexcitation process to form the radical pair, its vibrational degrees of freedom rapidly
relax to local equilibrium on the radical pair diabatic surface. With these assumptions, the

initial state of the total system can be written as
p(0) = ) pis(0)pin (3.30)

where p;5(0) is the initial spin state in diabatic state 7, and p;, is given by

exp(—BHin)

, 3.31
Z (3.3D

Pin =

in which Z;;, = Try [exp(—ﬁﬂin)]. This is just the thermal state, given by Eq. (2.24), for the

nuclear Hamiltonian on diabat i.
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3.3 Derivation of radical pair quantum master equations

Having outlined the model of the radical pair reaction, I will now show how to use this
to derive quantum master equations for the radical pair spin density operator using the
Nakajima-Zwanzig equation. I will start by describing the required projection superopera-
tors, and then I will explain how to find approximate expressions for the Nakajima-Zwanzig

memory kernel, from which the radical pair master equation can be derived.

3.3.1 Projection superoperators

In order to use the Nakajima-Zwanzig equation to obtain master equations for the spin
density operators, we must define the projection superoperator £. The definition of these
spin density operators, Eq. (3.29), and the initial condition for the full density operator,

Eq. (3.30), motivates defining the following projection superoperator

P = Z P; (3.32)

i=1,2,3

where $; are projection superoperators onto each of the diabatic states given by,
Pi = pin Tr [T - 1], (3.33)

where - is a placeholder for the operator on which #; acts. By virtue of the fact that the
set of operators I1; are projection operators onto orthogonal subspaces of the Hilbert space,
ie. ILIT i =0 jfli, these projection superoperators project onto orthogonal subspaces of
Liouville space, P;#; = 6;;%;. From the projected density operator p(t), we can extract
the spin density operators using Eq. (3.29) replacing /5(¢) with Pp(¢).

We can bring these definitions in line with the concept of the reduced set of observables
A, discussed in the previous chapter by noting the that observables of interest, the matrix

i,S, Ms¥i, S, M{|®

elements of spin density operators in Eq. (3.29), are of the form A, =
IM)XM'|, where |[M) denotes spin projection state for the coupled nuclear spins. As such
we can write  defined above in the form of Eq. (2.42), where the p,, operators are pjy.

We note that with this definition of the projection superoperator ¥ and our assump-
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tion about the initial condition, Eq. (3.30), for the total density operator, £5(0) = 5(0),
and therefore Qp(0) = 0. This means that the inhomogeneous term, Eq. (2.55), in the
Nakajima-Zwanzig equation vanishes, which simplifies the derivation of approximate mas-

ter equations.

3.3.2 The reference and perturbation Hamiltonians

Having defined the spin density operators we are interested in, and a projection superoperator
which extracts these components of the full density operator, we just need to divide the
Hamiltonian into a reference part Ay and a perturbation V so that the perturbative Nakajima-
Zwanzig equation can be applied to find equations of motion for the spin density operators.
We do this using the diabatic state projection operators I1;. The reference Hamiltonian Hy
is defined as the block diagonal part of the spin preserving term H; when projected by the
operators I1;, plus the thermally averaged projected part of the spin-mixing term Ho,

Ao =Y (WA + Try [pnll A1) ) (334)

= Z (I:],'n + Ais) ﬁl'. (335)

Here the H,s operators correspond to the thermally averaged spin Hamiltonians for state i.
The relationship between the terms in the full molecular spin-mixing Hamiltonian, H,, and
the terms appearing in the radical pair spin Hamiltonian A is described in appendix 3.B.

The perturbation V is then simply the remaining part of the full Hamiltonian,

V= WA, + Ay - ) Al (3.36)
ij#i i
= VS + VT + Z Vsn,ij (3.37)

in which Vs and Vr are the singlet and triplet selective diabatic coupling terms,

Vs = As|1,SX2, S|+ Al |2, SX1, S| (3.38)
= 0 (Brltax3nl+ AL ax1Lnl) (3:39)
ne{T,,To, T_}
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and Vsn,l-j are spin-nuclear coupling terms, which may also couple different diabatic states

(i.e. wheni # j),
w.ij = LI — 6 HisTT;. (3.40)

It is important to note that VS = ISSVS = Vsﬁs, and similarly Vi = PrVr = VpPr, so the
singlet and triplet diabatic coupling terms preserve the electron spin state, but this is not
true of the spin-nuclear coupling terms.

Having split the Hamiltonian into reference and perturbation terms, we can define the

reference and perturbation Liouvillians as

i o~
, -

—| H,
h_[ 0

Ly=-

Lo=- ] (3.41)

—[v, -]. 3.42
S[7. -] (3.42)
With these definitions of Ly, Ly and #, we see that all of the conditions set out in the

section 2.3.4 for the application of perturbation theory are satisfied.

3.3.3 The incoherent rate approximation

The first approximation we will invoke in deriving the QME for the spin density operators in
the incoherent rate approximation.'’> We assume that the that the Markovian approximation
described in section 2.3.1 is valid for describing the dynamics of the projected density
operator. This will be valid if the decay timescale of the kernel is short compared to
the timescale of population transfer and spin dynamics. I will analyse the validity of this
approximation in more detail later, but we can see that it is likely to be accurate in many
problems because the timescale of the kernel is controlled by the rate of decoherence between
diabatic states, which is controlled by the timescale of the nuclear dynamics, which typically
occur on a timescale of femtoseconds. On the other hand spin dynamics and population
transfer typically occur on a timescale of nanoseconds to microseconds, so there will
typically a large separation of timescales between the kernel and projected density operator.
I refer to this as the incoherent rate approximation in this context, because Markovian

population transfer between different electron transfer states means the population transfer
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process is equivalent to describing the population transfer as an incoherent first order rate

process.

3.3.4 The field independent rate approximation

We note that the reference Liouvillian can be split into a term that acts on nuclear degrees

of freedom and spin degrees of freedom,

Lo=Ly+ L, (3.43)

where £, is given by

> Tl - ] , (3.44)

and L is given by

i A A
Li=— [Z 1A, - ] : (3.45)

Evaluating the full kernel K(¢) in the Nakajima-Zwanzig equation is complicated by the fact
that £ in L does not preserve electronic spin states. As discussed above, the timescales
associated with the nuclear vibrations and rearrangements will be much shorter (on the
order of 10713 s to 10712 5) than the timescale of the spin and population transfer dynamics
(on the order of 107 s to 107° s), and therefore e£?" = eLn¢Ls! can be approximated
just as e£0" ~ Lo’ in evaluating the kernel. For similar reasons, for now we will ignore
the spin-nuclear coupling term, Vns,,- 7, in the perturbation. These terms give rise to spin
relaxation, among other things, and we will later consider how to treat them. We denote
the kernel in which these spin terms are ignored by %K, (), and invoking the incoherent rate

approximation we define the Markovian rate superoperator K as

K = /Oo?(n(t) dr. (3.46)
0
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3.3.5 Perturbative expansion

The final approximation we use in order to find approximate quantum master equations
for the spin density operators is the perturbative approximation. We expand the rate
superoperator Eq. (3.46) as a perturbation series in the strength of the diabatic couplings,

As and AT,
K = Z Fm (3.47)
n=2

The terms in the perturbation series can be found by using the method described in section
2.3.4, combined with the incoherent rate (Markovian) and field independent rate approxi-

mations described above, so the nth order term is given by
K" = lim P[LyGa(@)Q]" Ly P, (3.48)
in which G,(w) is given by
Gu(w) = /O ) dt et el = (—iw — L£,)7L. (3.49)

In practice these are often simpler to evaluate by converting the G,(w) terms to time
integrals using the convolution property of the Fourier-Laplace transform, Eq. (2.60). It is
useful to note that e£ acts on operators of the form A= |i, S, MsXj,S's M¢| ® B,,, where

B, is an arbitrary operator on the nuclear spatial degrees of freedom, as follows,
el A = 10,8, MsXj. S M}| ® (e—"ﬁmf/héne”ﬁfnf/h) . (3.50)
In evaluating the perturbative expansion, it is useful to rewrite Vs as
‘A/s = ISS (Asflz + Agfﬂ) Iss, (3.51)
where 7 ; is a spin-selective transfer operator from the set of diabatic states j to the set i,

Ti= ) i li, S, MXj, S, M, (3.52)

SGS,‘ﬂSj M=-5

The singlet projection operators are in included in Eq. (3.51) to emphasise that this term
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only acts on singlet spin states. Similarly Vy can be rewritten as
‘A/T = pT (ATTB + A:rrfél) IST. (3.53)

From the definition of 7; 7 in Eq. (3.52), T;; = T, and since these operators commute with

the spin projection operators they have the property that

1Tk = 6 i Ty Z Ps. (3.54)
SESiﬂSjﬂSkﬂSl

A useful specific case of this is wheni =/ and j = &,

Tt =00 > Ps, (3.55)
SES,‘ﬂSj
It is also useful to know what happens to T ; when it is projected by I1; = Tix, which also

follows from Eq. (3.54),
Tijﬁk = Tijd/k and ﬁsz‘j = 6uTi. (3.56)

These properties of the transfer operators greatly simplify evaluation of the perturbation
expansion of the rate superoperator.
We can split the rate superoperator into terms K;; which connect different projected

subspaces of Liouville space, using Eq. (3.32),

K= > PKP= Y K. (3.57)
i,j=123 i,j=1273

Given this we can show that only even order terms in the perturbative expansion of the rate
superoperator are non-zero. This follows from the fact that the projection superoperators
P; project onto diabatic population elements of Liouville space, i.e. elements of the
form |i, S, MS><i, S’,M§| ® IMXM'| ® B,. By the properties of the transfer operators
T; ; given above, Ly can only connect diagonal diabatic population elements of Liouville
space to off-diagonal diabatic coherence elements, and vice-versa. Because the projection
superoperator removes all diabatic coherence elements of Liouville space, and because the
transfer operators are spin state selective, only terms in the rate superoperator containing

an even number of Ly superoperators are non-zero. This means K" is non-zero only if n
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is even.

3.3.6 Second order master equation

Employing the approximations described above, we can derive the second order radical pair
quantum master equation. First we will consider the zeroth order term in Eq. (2.62), which

is P L%, which can be simplified to the following,
PLP = LP. (3.58)

This follows from the fact that [ﬁiﬁin,ﬁ]~n Try [fyﬁﬁﬂ] = 0, and Trn[[fIiFI,-s,A]] =
[I1;H;s, Tra[A]] where A is any operator.

Now we consider the expansion of the remaining term in Eq. (2.62), the rate superop-
erator. The second order master equation is obtained by truncating this at its second order

term, K ~ K, which is given by
K = / dt P Lyel' LyP. (3.59)
0

First we will consider the rate superoperator term 7(1(? that acts on the radical pair spin

density operator p15(z). We do this by explicitly expanding the double commutator,
| ~ N
7(1(?7’1/6 = _ﬁ/o dr P; ([V, Lt [V, Plﬁ]]), (3.60)

and we then use the above properties of the transfer operators to simplify the expansion. For
simplicity, we start by only considering terms that depend on the singlet diabatic coupling

\75. The only non-zero contributions are found to be,

. 1 r= B AT AT 5
7(1(f)7)1p = _ﬁ/ dr P, (PsAsle (€L"t(T21AgPS(P1p)))
0 (3.61)
+ (ein’((Plﬁ)Psﬁsflz)) TZIAEPS) + triplet coupling terms.

I will now show in detail how to evaluate the first term. We first note that the term on which

e acts can be factorised into a spin/diabatic state term and a nuclear term

Ty ALPs(P1p) = (PsTaipis) (A{p1n). (3.62)
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and when e£r" acts on this, using Eq. (3.50), we obtain
eL"t (fglﬁgﬁs(PIp’\)) = (ﬁsleﬁls)e_innt/h(A;p’\ln)€+iH1"t/h. (3.63)
Using this, we can evaluate the first term in the expression for K 1(%) as

PlﬁSASTIZ( Lt (T21 J (7)1/0))) = Psp1spin Tra[Ase™ le“t/h(ATP n)e it/

A2 (2)(1‘)

s 1S
=2 7 P
7 s( 10)

(3.64)

where Ag is a real constant such that Ag fs, = As, where fs is unitless, and the function

(2)(t) is given by
c%) () = Tr, [e‘ﬁﬁ‘“e”ﬁ‘“t/hfse_iﬁznt/hﬁ]. (3.65)

We can repeat this for the second term in Eq. (3.61), which gives the following

2 (2)( )
( L"t((folp)PsAsle)) TzlA Ps = SZ]—SUDu@)Ps- (3.66)

In

The terms depending on the triplet coupling are easily obtained from the above by simply
replacing the labels S with T and 2 with 3. Also, because the transfer operators 7 ;j are spin
selective, there are no terms at second order in the perturbation that depend on both Vs and

V. Using this we find that ‘Kl(f) can be written as

(2 (2) (2) (2
k 2J k 2J.
N £S . £,S ~ B
7(1(??1/0 =l ! hs Ps(P1p) + -t (P1P)Ps
? (2) 30 ) (3.67)
et 27 . rr 2y
= i [P (P | i (P19)Pr
i, i
NI T 5 A ) 2} A
= Ps+ 5P (Pip) [ - 2 [2J§2)PS +272 pr, (P, p)] . (3.68)
The forward singlet rate constant kﬁzs) is given by
AL e
) = hZZ? /O Re[c\Y (1] dr, (3.69)
n
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and the forward triplet reaction rate constant is given by,

2A2

(2) T (2)

k = — t (370)
LT h2Zln /0 [ ( )]

where c(z) () is defined similarly to c(z) (1),
(2) (t) = Try[e —ﬁHlneHHlnt/hf e—tHznt/th] (3.71)

where Ap = A7 fr. The energy shifts 2J§2) and ZJ%Z) are related to the imaginary parts of

the correlation functions,

A} e
2 _ s )
2JS = ﬁml Im[cls (l)] dr (372)
2 o0
272 = A5 / m[c'2(1)] dr (3.73)
T thn 0

We can also repeat this for the remaining terms in the second order rate superoperator.

After some algebra, we find the diagonal terms are,

Ky Pop = —kaPop (3.74)
K3 Pap = —k\ 1 P3P, (3.75)

and the the off-diagonal terms are

K3 Pap = ky 3 T2Pap (3.76)
K3 P3p = kg T Psp (3.77)
KPP = kﬁ?s)%mﬁ (3.78)
Ky P1p = k2 T Pip (3.79)

The transfer superoperator 7;; is given by
Tij = Pin Tral Ty - Tyl (3.80)

and kl()zs) is the second order backwards singlet reaction rate constant, which is given by

2A2 o0
(2) S (2)
k.o = t)dr, 3.81

b5 hzZZn /0 ( ) ( )
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2) N
where cgs) (1) is
Cézs) (t) = Trn[e—ﬁl:lzne+iH2nt/hﬂe_iﬁlnt/hﬁ]. (3.82)

The backward second order triplet reaction rate constant kl(f% is given by an analogous
expression.

Having obtained the rate superoperator at second order in the diabatic coupling, we can
trace out the nuclear degrees of freedom to obtain quantum master equations for the spin
density operators p;s(?),

2 @

d, i [ & & A £S A £T 5 4
d—Pls(I) =-z [Hls - 27§, - Sz,Pls(f)] = TPS + TTPT’Pls(t)
! (3.83a)
+ k2P (Trapas(nTa1) P + k2 Br (Ti3pss()Ts1) P
bsts U12p2s\1)21) Fs + ky 57 \L1303s\1)131) LT
d . o
P20 =~k 302 (1) + k(I Ps (a1 prs()Tha) P (3.83b)
d . o
Epas(f) = —klg?%P3s(t) + ké,zT)PT (T31915(1)T13) Pr. (3.83¢)

The scalar coupling term —2J @§,-S,, where J@ = J éz) —Jéz), was introduced in Eq. (3.83a)
by noting that we can write the singlet and triplet projection operators acting on the radical
pair diabatic states in terms of the effective electron spin operators (as introduced in appendix
3.B)as PsIT) = (1/4 - S, - So)IT; and PrIl; = (3/4+ S, - SH)IT,.

The first term that appears in Eq. (3.83a) corresponds to the coherent spin evolution, with
a correction to the scalar coupling arising from the diabatic coupling J(?, the second term
is a Haberkorn reaction term, and the third and fourth terms correspond to back-reaction
terms. The rate constants appearing in these expressions are exactly the Fermi’s golden

rule rates for the electron transfers,”'?

as would be derived by taking the weak diabatic
coupling limit of any exact expression for the rate constants, so we see that this quantum
master equation is consistent with reaction rate theory in the non-adiabatic (weak diabatic

coupling) limit.'%>!?%128 In the limit where the backward reaction rates are much slower

(2)

than the forward reaction rates, i.e. kfs) > kl()zs) and kﬁzT) > kb T

we can ignore the back
reaction terms in Eq. (3.83), and this reduces to the Haberkorn quantum master equation

for the radical pair spin density operator, p15(¢), with a correction to the scalar electron spin
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coupling that appears in spin Hamiltonian.

The reactive contribution to the scaling coupling can be understood as arising from an
average energy shift in the radical pair singlet and triplet states created by the spin state
selective diabatic coupling. Because the singlet and triplet states couple to different product
states, with different coupling strengths, the average energy shifts are different for the singlet
and triplet radical pair states. These different energy shifts then manifest as a a correction
to the scalar electron spin coupling in the radical pair master equation. The form of the

scalar coupling correction obtained here can be seen as a generalisation of the well known

expression for the scalar coupling,’-67-129-132
AZ A2
2= -2 3.84
AET AEg (3.84)

where AEs and AET are the vertical energy gaps between the singlet and triplet states
and the radical pair state at the minimum energy geometry for the radical pair. This
expression is valid within the Condon approximation (constant diabatic coupling),’ and
the approximation that the nuclear configuration is fixed at the radical pair equilibrium
geometry, whereas the expression for J?), given by Eqgs. (3.72) and (3.73), accounts for
non-Condon effects, thermal fluctuations and nuclear quantum effects. I will expand upon
this interpretation of the scalar coupling when I analyse the classical limit of the energy

shift expressions in section 4.1.

3.3.7 Higher order master equations

As demonstrated above, a second order treatment of the diabatic coupling naturally yields
the Haberkorn master equation for the radical pair spin density operator, with an additional
correction to the scalar coupling between the electron spins, so the Haberkorn form of
the master equation is the correct in this limit. It is therefore natural to ask if this still
applies when higher order effects in the diabatic coupling become important. To answer
this question, I will now derive the fourth order master equation, and discuss how to extend
this to an arbitrarily high order.

As before, we will assume that the incoherent rate and the field independent rate

approximations can be applied. As explained in section 3.3.5, all odd order terms in the
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perturbative expansion of the rate superoperator vanish, so the next non-zero term is the

fourth order term, which is given by
KW = / dry / dr / dts P Lye™" Lyet Lyt LyP. (3.85)
0 0 0

Again we split the fourth order rate superoperator K* into terms that connect different
projected subspaces of Liouville space 7(1.(1.4). First we will consider the term that acts on

the radical pair subspace, KW

11 » Which can be evaluated by first expanding the four nested

commutators that appear,
(&) (o) oo 1 . . . .
K Pip = /O dry /0 dry /0 dr3 -5 [V, et [V, L2 [V, e D [V, (P1p)]]]]. (3.86)

Expanding this expression, there are non-zero terms arising from products of four transfer

operators appearing either on the right or left of 1 p, e.g. terms of the form
P (T2 D1 T12To1 Ps(P19)). (3.87)

There are no cross terms between the singlet and triplet diabatic coupling of this form,
because the transfer operators are spin selective (as given by Eq. (3.52)). These terms (and
the triplet selective coupling analogues) give rise contributions to K 1(?) of the same form as
Eq. (3.68), i.e. {Ps, - } and i[Ps, - ], but with fourth order rate constants in the Haberkorn
term and fourth order corrections to the scalar coupling. There are additionally non-zero
contributions arising from products of transfer operators on both the left and right of 0,

for example terms of the the form
P1 (T12T21 Ps(P19) PsTi2T51) . (3.88)
Noting that Ps = 1 — Pr, we can write ﬁs(ﬂ/ﬁ)ﬁs as
U RN AVt
Ps(P1p)Ps = 3 {Ps, (Pi1p)} - > (Ps(P19p)Pr + Pr(P1p)Ps) . (3.89)

These terms (and the triplet analogues) appear with real coefficients, producing an additional
fourth order correction to the rate constants appearing in the Haberkorn term, as well as

a singlet-triplet decoherence term (the second term on the right hand side of Eq. (3.89)).
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The final type of term that appears in the expansion of the commutators comes from mixed

singlet-triplet coupling terms and are of the form
P1 (T12T21 Ps(P1p) PrTi5T31) - (3.90)

These terms, and their analogues with the singlet and triplet couplings swapped, appear
with complex valued coeflicients, but in conjugate pairs, so these can be simplified to give
(a+ib)Ps(P1p)Pr + (a — ib) Pr(P19) Ps 31)

= a (Ps(P1p) Pr + Pr(P1p)Ps) +ib [S1 - S2, (P1p)] -
Therefore these cross terms give rise to an additional contribution to the singlet-triplet
decoherence, plus a further fourth order correction to the scalar coupling. After collecting

all of these terms the final result for 7(1(;1) is

@@ .
. £S A £T A A l Q.. QP 5
KiPPip == 5 Ps+ 5 Pr.(Pip) 5 [ 208"~ +I)81 - $abr. (1)

= (kiyy + Kby + ki) (Ps(P1p)Pr+ Pr(P1)Ps)
(3.92)

Here klgéls) and k§4T) are the fourth order contributions to the singlet and triplet reaction rate

constants, Jé4) and J§4) are the fourth order contributions to the scalar coupling, which

(4)

depend only on the singlet and triplet diabatic couplings respectively, and similarly k'

and k]()4 )T are fourth order contributions to the additional singlet-triplet decoherence rate

@

(4)
D.ST and JST are

that depend on the the singlet and triplet diabatic couplings respectively.
the contributions to the additional decoherence rate and scalar coupling that originate from
mixed singlet and triplet diabatic coupling terms of the form given in Eq. (3.90). These
constants work out to be related to triple time integrals of three-time correlation functions of
a similar form to cgzs) (t) and cng) (1), but involving more propagators. Full expressions for the
fourth order reaction rates, scalar coupling contributions and decoherence rate contributions
are given in appendix 3.C.

The method outlined above can be applied to evaluate the other fourth order terms, 7(1'(;) ,

appearing in the rate superoperator. Because the diabatic coupling is spin-state selective,
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these work out to be identical in form the second order expressions given in Eq. (3.74) to
Eq. (3.79), but with the second order rate constants replaced with fourth order contributions
to the rate constants. Combining this with the second order rate superoperators given in the
previous section, we obtain the fourth order quantum master equation for the spin density

operators by tracing out the nuclear degrees of freedom which gives

(%Als(t) = —% [His - 2781 - 82, p1s(0)] - {%ISS + %pnﬁls(l)}
— kp (Ps(P1p)Pr + Pr(P19) Ps) (3.932)
+ ky Ps (T12p25()T21) Ps + ky pPr (T13p35(0)T31) Pr
%ﬁzs(l) = —ky sP2s (1) + k g Ps (T21p15(1)T12) Ps (3.93b)
%ﬁx(l) = —ky 1P3s(1) + ke o Pr (T31p15(0)T13) Pr. (3.93¢)

In this quantum master equation, the rate constants, e.g. ks, scalar coupling correction,
J, and decoherence rate, kp, are the sums of all second and fourth order contributions,
eg. J= Jéz) - J;z) + J§4) - J?) + Jéi). These equations have the same form Eqgs. (3.83),
apart from the additional decoherence term appearing in Eq. (3.93a). This additional
decoherence term is what appears in the Jones-Hore reaction superoperator, Eq. (3.7),
although kp # (ks + kT1)/2 as was originally suggested in Ref. [36].

We need not appeal to the idea of reactions acting as quantum measurements to un-
derstand the decoherence term that appears at fourth order. Instead, from the approach
presented here, we can understand the decoherence as arising from two contributions.
Firstly, the energy shift in the singlet and triplet radical pair states induced by the diabatic
coupling at second order fluctuates with time due to the nuclear motion. These fluctuations
in the energy gaps lead to the phase of coherences between singlet and triplet states evolving
at fluctuating rates, which leads to dephasing between singlet and triplet states. Because
the lowest order contribution to the energy shift is second order in the diabatic coupling,
the variance in the energy shifts will be fourth order in the diabatic coupling, and therefore
the decoherence rate must also only arise at fourth order. The second contribution to the
additional decoherence is from diabatic recrossing effects. The fourth order rate kernel

contains the effects of recrossing between diabatic surfaces and perturbations to the equilib-
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rium density by the reaction process,'**~!3?

which in this case not only changes the reaction
rates, but also gives rise to decoherence. This is because the diabatic coupling is spin
selective, and therefore recrossing effectively projects the radical pair spin density operator
either onto the singlet or triplet state. Analysis of the classical limit of the decoherence rate
in the next chapter will add more detail to this interpretation of the decoherence rate.

As a final point, we can extend the arguments present above in deriving the form of
the fourth order quantum master equation to all higher orders in the diabatic coupling,
within the incoherent rate and field-independent rate approximations. Because the diabatic
coupling is spin-selective, no additional types of radical pair spin superoperator appear in
higher order quantum master equations, and there will only be higher order contributions
to the parameters appearing in these master equations. This means that the quantum master
equation accurate to all orders in the diabatic coupling is of the same form as Egs. (3.93).
We should note that the decoherence term only appears at fourth order in the coupling, so

the leading order terms in the diabatic coupling are the Haberkorn rection term and the

correction to the scalar coupling.

3.4 Concluding remarks

In this chapter, a derivation of the quantum master equation for the radical pair spin density
operator from a first principles microscopic description of the radical pair reaction has been
presented. Using the Nakajima-Zwanzig equation, coupled with some additional physically
motivated approximations, the Haberkorn quantum master equation can be derived. We
see from this treatment that the Haberkorn QME is only strictly valid in the limit where
the electron transfer reactions can be described as completely non-adiabatic (corresponding
to weak diabatic coupling, i.e. in the Fermi’s Golden rule limit), and even in this limit a
correction to the scalar coupling term in the spin Hamiltonian is required. This correction
arises from the spin-selective diabatic coupling and the resulting average energy shift in
radical pair spin states.

At higher orders in the diabatic coupling, an additional singlet-triplet decoherence term

appears, akin to that which appears in the Jones-Hore quantum measurement based master
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equation. This term can be understood as arising from energy gap fluctuations, the reaction
process perturbing the singlet and triplet radical pair densities differently, and recrossing
effects. But importantly at no point in this derivation is quantum measurement theory
invoked, instead the theory is based on the established theory of electron transfer processes
in molecular systems. This microscopic perspective on the radical pair master equation
offers physical insight in radical pair processes, and shows unambiguously that quantum
measurement based theories of radical pair reactions are mostly wrong.

The following two chapters build on this work. In chapter 4 I show how to obtain
classical expressions for the radical pair QME parameters, which clarifies their physical
meaning and gives a set of tools for assessing when the approximations used to derive them
may breakdown. Then in chapter 5 I present a simulations on model radical pair reactions,
for which numerically exact quantum dynamics can be calculated, to test the validity of the

theory developed here.
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Appendix

3.A Appendix: Quasidiabatic representations

In this appendix I will discuss the formal relationship between the adiabatic and quasi-

diabatic representations of the total electronic-nuclear Hamiltonian, and thus show that

the total system Hamiltonian describing the state population and nuclear dynamics can be

written in the form stated at the beginning of this chapter. This is based on the theory
123 125

presented in Refs.'??,'?> and'*°. Normally when considering a coupled electronic nuclear

system, we expand the identity operator on the electronic subspace as
le = > 10a(R))e(#a(R)]. (3.A.1)

where the electronic state |¢,(R)), is a function of the space and spin coordinates of the
electrons which also depends on the nuclear coordinates R, and the subscript e indicates

that the operator only acts on the electronic coordinates. These states are assumed to satisfy

(@a(R)[p(R))e = 6ap- (3.A.2)

‘We could choose this basis to be the adiabatic basis, which satisfies

H.(R) |y;(R)), = Ec;(R) |y;(R)), (3.A.3)
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where A, (R) is the spin-preserving electronic Hamiltonian for a given nuclear configuration

R,
He(R) =Te+Vee + Ven(R) + Vi (R), (3.A4)

but in what follows we will not assume this choice. We note that any set of electronic basis

states can be written as
l2a(R))e = >~ Uaj(R) | (R)), (3.A.5)
J

where the matrix formed by the elements U,;(R) is unitary for all R. A general set of
electronic basis states |¢,(R)). which does not satisfy Eq. (3.A.3) is called a quasi-diabatic
basis. We will further assume that the matrix elements (x|¢,(R)). are real valued, where
|x). = |r, o) is an electron space-spin projection eigenstate. This is true for eigenstates of
the spin preserving electronic Hamiltonian in Eq. (3.A.4), and if U,; (R) is real valued.
We can now define a set of basis functions for the full coupled nuclear-electronic system

as

IR, ¢a) = [R); |@a(R))e (3.A.6)

where |R), is a nuclear position operator eigenstate so these satisfy (R, ¢,|R’, ¢p) =

0450 (R — R’). The full nuclear-electronic system identity operator can be written as

1= [ aRIRY, g (R).lga (R, R, )
a
and using this we can write the full density operator ¢ as
0= [ ar [ 4R Y IR, lea (R 00s (RR) s (RO (R, (3.A8)
ab
where the matrix elements o, (R, R’) as given by

2ab (R, R') = (R (¢4 (R)[ 0 |¢p(R)) [R), . (3.A.9)

This system can be mapped onto a new representation with basis states |a) |[R) = |a) ® |R),

where |R) is a position eigenstate and |a) is an electronic state which is independent of the
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nuclear configuration, and these satisfy
(alb) = 64p» and (RIR') =6(R-R). (3.A.10)
Operators in the |R, ¢, ) basis of the form

A= / iR / dR'aZJ;|R>n|<,oa<R>>eAab<R,R'> (ep(R), (R, GALD

are mapped onto operators in the new representation with nuclear configuration independent

electronic states A as
A— A= / dR/ dR’ " |aXb| IRXR| Ags (R, R') (3.A.12)
a,b

By construction this preserves operator products, so AB — AB, and a matrix element of
an operator in the original basis (R, (palfllR’, ©p) is given by (R|{a|A|b)|R’). One point
to note is that the momentum operator Py = (—ih) 0/0Ry on the original system, maps

onto an operator in the new system as follows,

Pr — Py —ih/ dR Z laXb| [RXR]| <¢a(R)' (3.A.13)

a,b+a

590b(R)>
oR: |,

where, in a mild abuse of notation, Py is a nuclear momentum operator on the new
representation defined by Py = (=ih) 0/0Rx. {(@a(R)|0¢a(R)/OR;), = O provided
(0a(R)|@s(R)). = 1 and (x|¢,(R)), is real valued.

With this framework, the spin-preserving Hamiltonian in the new representation can be

written as
Ay =Ty+ ) VaR) laXal + > Vap laXbl, (3.A.14)
a a,b+a

in which the diagonal potential function V,(R) is given by

n? dva(R)
M OR;

(3.A.15)

Va(R) = (@a(R)|Hc(R)|@q(R)), + Z 5 390a(R)>
k e

ORy
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and the couplings V,;, are

N N A .\

Var = vap(R) + 5 3" (d (R)P + Prdl, (R) (3.A.16)
k

in which R is the nuclear position operator, and the scalar coupling term is just a function

of position given by

n? [8¢.(R)|dpp(R
() = (o R R+ 3 5 (2R L san)
and the derivative couplings d’a‘ ,(R) are
d'a‘b(R)=——< (R )‘M’(R)> : (3.A.18)

By virtue of the fact that d (¢, (R)|¢p(R))./ORr = 0, because (¢, (R)|¢s(R))e = Sap,
d§ »(R) = d’ga (R)* and therefore the coupling terms are Hermitian.

If we choose to work in the adiabatic basis, where the states |w j (R)) are eigenstates of
H.(R) then these terms are divergent at crossing points between the adiabatic surfaces, i.e.

when E. ;(R) = E ;s(R). This follows from the Hellman-Feynman theorem, as follows

0 N
= 3R, (¥ (R)|He(R)]y ;- (R))
dH. (R)

= <¢](R)| |¢j (R)>

+ <3%R H.(R)

v (R)> (3.A.19)

H (R)‘

v (R)> <¢;
9H, (R)

oy i (R
i sr®)

¥/ (R)) = (Ee,j(R) = Ee j/(R)) <%(R)‘

so the overlap between |¢j (R)) and |6t//j/(R) [ ORy > is

o <R>> i
F (R~ Eoy () W

oA, (R) v,
J’

(R )| /(R)) (3.A.20)

]

which is clearly divergent at a crossing point between the adiabatic energies. This poses a
problem for perturbation theory, because these coupling terms become very large at certain
nuclear configurations. As a result in this work we choose to formally work in a quasi-

diabatic basis where it is assumed that the coupling terms V,;, can be treated as perturbations.
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In some of the classical limit analysis, it is further assumed that a strict diabatic basis can be
found, in which the derivative couplings exactly vanish, so d§ , = 0 (or at least there exists a
quasi-diabatic basis in which this is a reasonable approximation) and the diabatic coupling
is just a function of the nuclear coordinate operator R. The quasi-diabatic representation
is not unique, and many procedures for constructing such representations from ab initio
electronic structure calculations have been proposed'”?, but for our purposes here, these
details are unimportant. We only need assume that a quasi-diabatic representation exists

which can be treated using the approximations outlined in this chapter.

3.B Appendix: The spin Hamiltonian

In this appendix, the origin of terms appearing in spin Hamiltonian are outlined. In particular
here we will focus on how the “electron spins” are defined in the radical pair Hamiltonian
and how spin mixing terms in the total molecular Hamiltonian, H», give rise to terms in
the effective spin Hamiltonian. Here I only consider important spin dependent terms in the
full relativistic Hamiltonian, the Zeeman term, the electron spin dipolar term, as well as
the nuclear-electron Fermi contact and magnetic dipolar interactions. The derivation of the
spin Hamiltonian presented here is only a sketch, primarily based on Refs. [40, 116, 117],
since calculating these parameters is not the focus of the work in this thesis. More details
on the calculation of these parameters can be found in Refs. [117] and [40].

Before proceeding further, it is useful to now define what precisely is meant by the
electron spin operators, S; and S, in a radical pair. We normally interpret these as being
the electron spin operators for each of the unpaired electrons on the two radicals D** and
A*". Whilst this picture is intuitive, it at first appears to ignore the indistinguishability
of the electron spins, by assigning distinguishable spin operators for each radical. This
apparent contradiction is resolved by noting that the spin operators are really effective spin
operators, which do not exactly correspond to distinguishable unpaired electrons on each
radical. Instead they can be thought of in terms of the singlet and triplet radical pair states.

From these coupled electron spin states, we can define “uncoupled” spin states of the radical
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pair as

|1,(Ila’2> = |19T+> (3Bla)

1a12) = %(ILToH 11,S)) (3.B.1b)
1

11, B1a2) = B (11, To) = [1,S)) (3.B.1c)

11, Braz) =11, T-) . (3.B.1d)

From these states we can then construct the radical pair spin operators Siand$S, using their

standard definitions in terms of the projection states |a;) and |3;), for example S is

A 1
Si; = 3 Z (11, @102 X1, ay02| = |1, Broa X1, Bro2]) - (3.B.2)

0=,

First we will consider the Zeeman term in the spin-mixing Hamiltonian,

Ne
A=y B-(g8+1) = usB - (2.5 +1) (3.B3)
i=1

where g. is the free electron g-factor, §; is a unitless electron spin operator and I; is a unitless
orbital angular momentum operator in a given reference frame, and S and L are the total
spin and orbital angular momentum operators. Without loss of generality B can be chosen
to lie along the z axis. Expanding this in a given basis of electronic states, which can be

chosen to be eigenstates of B - § = BS, with eigenvalue M, B, gives

ﬁzee = upgeB Z M, laXal

¢ A (3.B.4)

+ua Y, [ ARIRXRI[aXbl (v (RIIB - Lis (R)..
ab

When projected onto the radical pair diabatic states, the off-diagonal elements of the second
term (a # b) vanish because L only acts on orbital degrees of freedom and the spin states of
the four radical pair diabats are all orthogonal. The diagonal elements also vanish because
we can choose B to lie along the z axis, and the angular momentum operator for each
electron is [;, = 77?6%# but because the wavefunctions can be chosen to be real valued,'?’

the expectation value of L, must be zero. So we can neglect the second term in Eq. (3.B.4)
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giving rise to a Zeeman contribution to the radical pair Hamiltonian, H 1s.zee» Of the form
ﬁls,zee =Tr, [ﬁlﬁzeeﬁlﬁln] = ,UBgeB : S1 + llBgeB : SZ- (3.B.5)

One exception to this is in highly symmetric systems like diatomic radicals (such as su-
peroxide) where there are orbitally degenerate (or near degenerate) radical pair electronic
states.®’

Another important term is the electron spin dipolar coupling term,

Nz N, A A A oA
. e e 1 3(Sr)(sr)
2 A A i Lij)\S; - Tij
Agp =443 > > (r—3 (si 8 - 3 : (3.B.6)

i=1 j>i ij ij

where f;; is defined in terms of the electron position operators F; as f;; = ¥; — F;, and

Fij = |F;;|. When this is projected onto the radical pair states, this becomes

A A A

I Hyiplly =
’ A 3.B.7)
Y, [RIRKRIL 1)1 070%] (1000, RO Ao (R)
0'10'20'1’0'2’ ¢

and when the radicals have non-overlapping spin densities, this can be approximated as

1T HgiplT; = S; -D(R) - S, (3.B.8)
where D(R) is a nuclear configuration dependent dipolar coupling tensor (so it is an operator
on the nuclear position degrees of freedom). After averaging over the thermal distribution

for the radical pair state this becomes
Hisaip = Tra [1 AgiplT p1n] = S1 - (D(R)), - S (3.B.9)

Here (---); = Try[- - pin]. For an isotropic system, such as in a solution phase reaction,
the average dipolar coupling tensor vanishes, but in anisotropic systems this is not true. For
well separated radicals the coupling tensor (D(R)); can often be accurately approximated
by treating the radicals as two point dipoles separated by some vector Ry».

The nuclear hyperfine coupling term can be treated in much the same way as the electron
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spin dipolar coupling term

N .

N = 8m, 1 (. =« 3(S; - Tia) (14 - 1

Hye = 4ug § E A5 146(Ria) + poull L8 Ve & ZAA)( 4 fia) (3.B.10)
-1 A e 3 ri3A rizA

=22 ViRl (3B.11)
A «

where now &4 = £; — R4 where R, is the position operator of nucleus A, and I, is the
nuclear spin operator for nucleus A. y4 and 7y, are the gyromagnetic ratios for nucleus A
and the free electron. The first term gives rise to the isotropic Fermi contact interaction,
and the second term describes the anisotropic magnetic dipole interaction. When projected
onto the radical pair states this can be expanded just as the electron dipolar coupling term
is above. We assume that there a given nucleus will either be coupled to radical 1 or radical
2, so we can relabel A — i k where i indicates the radical index and k is the nuclear index.

We can now approximate the matrix elements of \7,~ka(R,-k) as
(1010 R Frta Rit) 010705 (R)) = D" Air (R (lornafSlirirs) . (BB.12)
B

So we assume that a nucleus in radical 1 cannot couple different spin states in radical 2
and vice-versa. This is justified because hyperfine interaction decays with distance from
the nucleus, and therefore only affects the local electron spin density, so this interaction, to
a good approximation, cannot couple electron spin states of the other radical. The tensor
Aik.op(R) is the nuclear configuration dependent hyperfine coupling tensor. As such the

hyperfine coupling term can be written as

ik - (A (R)); - S;, (3.B.13)

aa)
M
w
=
138
1
INglS
>

where A;¢ (R) is the nuclear configuration dependent hyperfine coupling tensor with matrix
elements A;r og(R) [RXR]. In an isotropic system this tensor is proportional to an identity
matrix <A,~k,aﬁ(R) )1 = a;rd4p, but in an anisotropic system this is not true and the full nine-
component coupling tensor must be used. This can often be approximated by calculating
the hyperfine tensor for a single radical in its equilibrium geometry.

The spin orbit coupling interaction has a more complex effect on the spin Hamiltonian.
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For well-separated radicals, which do not contain any atoms with large nuclear charges, to a
first approximation there is no direct spin-orbit coupling interaction between the radicals, so
we can assume that [T Ao IT; = 0.°7138 This means that spin orbit coupling has no direct
contribution to the radical pair spin Hamiltonian. The spin orbit coupling Hamiltonian
does however couple different electronic states, which has two main effects. Firstly spin
orbit coupling can give rise to spin orbit coupled charge transfer, where a change in spin
state accompanies the electron transfer.'®” It can be shown that this has the same effect
in an isotropic system as the spin selective electron transfer on the radical pair evolution,
i.e. it adds spin selective reaction terms and scalar coupling terms, only now population is
transferred to a different spin state.

The second effect of spin orbit coupling arises from an interplay of the spin orbit
interaction and the orbital Zeeman interaction. When these mixed terms are treated at
second order using the same treatment as outlined in detail in this chapter, they give rise to
an additional terms which are linear in the applied field B. Because these interactions are
local, the dominant contributions are to corrections to the single radical Zeeman terms of

the form
AHi5ee = upB - (g1 — gel); - S1 + upB - (g2 — ge1)1 - S2 (3.B.14)

the term g; = g;(R) is the nuclear configuration dependent g-tensor for radical i. As with
the hyperfine interaction, this reduces to a scalar coupling term for an isotropic system, but
the full tensor must be used for an anisotropic system. In addition to this contribution to the
g-tensors, there are also other contributions that arise from other relativistic contributions
to the electronic Hamiltonian. In practice, because the spin-orbit coupling interaction is
local, these thermally averaged tensors can be approximated by the tensor in the equilibrium
geometry of each radical. Similarly, there will be spin-orbit coupling and other relativistic
contributions to the hyperfine coupling interaction and dipolar coupling.*’

Finally, we can consider additional scalar coupling contributions. There may be a small
average energy shift between the singlet and triplet radical pair states due to the direct
exchange interaction, although for well separated radicals this will be very small. We can

also apply the analysis of the diabatic coupling between the radical pair and product states
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to treat the effect of diabatic coupling to other states of the molecule. For states significantly
higher in energy than the radical pair state, the population transfer contributions can be
ignored and these diabatic couplings give rise to additional contributions to scalar coupling
between the radical electron spins, so overall there will be an additional contribution to the

spin Hamiltonian of the form
ﬁls,scal = _2AJSI : SZ- (3.B.15)

Here I have sketched the origin of the important terms of the spin Hamiltonian starting
from the full molecular Hamiltonian. In practice these terms are effectively impossible to
calculate exactly, so instead they are treated as free parameters, or additional approximations

are invoked to estimate them either from computations or available experimental data.

3.C Appendix: Fourth order rate expressions

The expressions for the fourth order contributions to the reaction rate constants, singlet-
triplet dephasing rate and scalar electron spin coupling are related to the correlation functions
CESZ) (t) and cg) (1), defined in Eq. (3.65) and Eq. (3.71), as well as the three-time correlation

functions defined below

C%)(to,tl’ 12) = Try [e_ﬁﬁ‘“és(fo)és(tl)TGAs(tz)GAs(O)T] , (3.C.1)

Cﬁ)(lo,h, 1) = Try [e_ﬁﬁlnGAT(to)GT(tl)TGAT(tZ)GAT(O)T] , (3.C2)

where Gs(1) = e*iflmt/h fe=imt/h and Gr(t) = etifwt/h fre=ini/h  The fourth order

contribution to the forward singlet rate constant is'*

208
G
dr dr dr
f S~ h4Zln / 0 / ! / 2

X (Re [CIS (to, t1, l2) + CIS (2‘2, f, IQ) + Clé)(tl’ to, l‘z) + Ci?(l‘z, 1o, l‘])] (3C3)

~2Re [efd (10— 1) | Re [ [3 (12)| — 2Re | (t0 = 11) | Re [ (12)| )

96



The fourth order contribution to the back reaction rate, k( )

b IS obtained by simply swapping

the state indices 1 and 2 in the above expression, and the rate constant triplet expressions
are obtained by swapping S for T and the index 2 for 3. The fourth order contribution to the

electron spin coupling from the singlet pathway is

A4 (o] to 1
J(4) = - S dro dry dt,
S 23710 Jo 0 0
n (3.C4)

x (Im [cg‘g(m, f, tz)] —Im [C?S)(ro - rl)c%)(tz)] )

The fourth order singlet pathway contribution to the singlet-triplet dephasing rate constant

A
DS h4zln/ dlo/ dt1/ dry

X (Re [Cls (t2,t1,10) + Cls (11,10, 12) + C%)(lz, to, tl)] (3.C.5)

is

—Re [¢fF (10— 1) (3 (12)| - 2Re | (t0 = 11) | Re [ (1) )

Again the triplet contributions can be obtained by swapping S for T in the above expressions.
The rate constant expression in Eq. (3.C.3) is consistent with that obtained previously by
others — e.g., Golosov and Reichman in Ref. [135]. These expressions are used to obtain
numerical results for Model I in chapter 5, where the triple integrals in these expressions
are evaluated numerically to calculate the parameters for the fourth order master equations.

The fourth order cross terms for the decoherence rate is given by the following expres-

A AIAZ
k](l)ST:— / dro / dry / dr

(4
X (Re [ClsT(IZ, I, tO) + ClsT(tl, fo, t2) + Cls)T(IZ, to, tl):|

sion,

(3.C.6)

+Re [ ]Ts(tZ’ 1, tO) + ClTs(tla to, tZ) + clTs(IZ, lo, tl)]

—Re [CEZ)UO -1)'c (2)(l2)] - [ Xto - 11)*c! )(lz)] )
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where cis7(%9, 11, 12) is defined as
cist(to, t1, 1) = Try |e PHnGs(10) Gs(t1) ' Gr(12)Gr(0) |, (3.C.7)

cits(to, 11, 12) is obtained by simply swapping the labels S and T. Similarly the cross term

contributing to the reactive electron spin coupling at fourth order is

A A2 2
éT)_ T / dt()/ dl‘1/ dt,

4
X (Im [Cl,ST(fz, t,to) + Cl,ST(H, 10, 12) + CiéT(fz, o, tl)]

(3.C.8)

—Im et 11, 10) + {15 11,10, 2) + {2, 0,11)|
2 x (2 2 « (2
—Im [ci,%(l‘o —11) cgé (tz)] +Im [Ci,é(to f)c ( )(l‘z)] )

All of these fourth order expressions can either be obtained by brute force algebraic manip-
ulations of the multiple commutators, or by using Liouville space diagram techniques as
described by Hu & Mukamel in Ref. [139]. Using these techniques one could also obtain
expressions for higher order contributions to the quantum master equation parameters, but

little is learned from this but patience.
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The Radical Pair Master Equation:
The Classical Limit

In this chapter I will describe how to obtain classical expressions for the radical pair QME
terms, which depend only on phase space integrals of functions of the positions and momenta
of the nuclei in the radical pair and surrounding medium. These classical expressions offer
insight into the physical meaning of the terms appearing in the radical pair master equation,

in particular the additional decoherence and the scalar coupling correction.

4.1 The classical limit

In this section I will demonstrate how to obtain expressions for the parameters appearing
in the quantum master equations which are valid when the nuclear motions can be treated
classically. In this limit the nuclear properties can be described by averages of functions
of the classical phase space variables, the momenta p and positions q of all nuclei in the
system. These classical limit expressions offer transparent physical interpretations of the
terms appearing in the spin density operator quantum master equation.

Classical expressions for the master equation parameters can be obtained by taking their
expressions in terms of correlation functions of nuclear operators and replacing them with
their classical analogues. The classical correlation functions are obtained by replacing
the quantum mechanical position R and momentum P operators in the correlation func-
tions with classical phase space variables R — ¢ and P — p, apart from in terms of

the form e~/Hin' A(P, ﬁ)e”ﬂint where the nuclear propagator is replaced with the classical
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propagator, 140143

e~fint A(B, R) et — 7 A(p, q). “-1)

The classical Liouvillian &; is the Liouvillian corresponding to motion on the diabatic

potential V;(q),

B% = {Hl(p’ q)’ ’ }’ (42)

where { -, - } denotes the classical Poisson bracket and H; (p, q) is the classical Hamiltonian
obtained from the Hamiltonian Hj, by making the replacement R — q and P — p.!%0-143
We also replace the quantum mechanical trace in the correlation functions with a phase

space integral,

1
Tr[ -] — (2ﬂh)f/dp/dq, 4.3)

where f is the number of nuclear degrees of freedom, and we replace the nuclear density

operators p;, with their classical analogues o;(p, q),

R e_ﬁHt(p7q)
Pin — 0i(p,q) = —z (4.4)
l
in which the classical partition function Z; is'*'
1
= —BHi(p.q)
Z; N / dp/ dqe . 4.5)

For terms of the form e~ A(P, ﬁ)e”ﬁf“’ where i # j, we further apply the static approx-

imation by replacing this with!0%!3°

e_iI:IinTA(p, R)eﬂ'ﬂjnt — ViY@ g (p, q). (4.6)

These classical approximations can be arrived at in a more consistent manner by express-
ing the correlation functions using the Wigner transform and approximating the resulting
expressions by truncating transforms of operator products at their lowest order terms in
71140141143 Thig is detailed in appendix 4.A. These approximations are only strictly valid

in the high temperature, short time limit, but here I use them primarily as a tool to aid in
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the physical interpretation of the quantum master equation parameters.

4.1.1 Classical second order QME parameters

First we will consider how to apply the classical approximations to simplify the second
order parameter expressions. We can do this by approximating the correlation functions,

by their classical limits for example ngs) (1), is approximated as c(l?,cl(t) as follows

A 5 5 l
Zin SHOE _S SHOE on h)f / / dq o1 (p. @)As(q)*e’ V(@D w“n
- <As(q)zez<v1<q>—vz<q>>z/h> _
1
Here we have defined the average over the classical thermal density as
¢y=an [ ap [ e, @8)

and we have further assumed that the diabatic coupling is a purely real function of position
As = Ag(R) for simplicity. Recalling that the integrals defining kgzs) and Jéz) (Egs. (3.69)
and (3.72)) implicitly come with the factor of e ™" in the integrand and the  — 0* limit from
the definition of the Fourier-Laplace transform, the time integral of this in the expressions
for kﬁzs) and Jéz) can be evaluated analytically using'??

: * izt—nt .
lim dre =n6(z) +iP—, 4.9)
n—=0* Jo z

where 6(z) is the Dirac delta function, and P here denotes taking the Cauchy principal

value. The time integral of ¢!(V1(@=V2(0)1/7 cap therefore be expressed as the following

00 ) hz
/ dr As(q)?e MO = Zk5(q) + 1275 (q), (4.10)
0

where ks(q) is defined as

27As(q)?

ks(q) = 7

(Vi(q) — Va(q)), (4.11)

and 2s(q) is defined as

As(q)?

2500 =Py V)

(4.12)
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These expressions have clear physical interpretations. «s(q) is just the local Fermi’s golden
rule transition rate at a given fixed nuclear configuration q.>> The 2j5(q) term can be
interpreted as a local, nuclear configuration q dependent, second order energy shift. This
can be seen by considering a simple system with two states separated in energy by AE > 0
and that are coupled by a perturbation of strength V; the energy eigenvalues of this two state
system are +VAE? +4V2/2 ~ £(AE/2 + V2/AE + O(V*)). So we see 275(q) is the same
as the leading order correction term in V in the energy eigenvalues.
Employing the above expression for the classical correlation function, and using Eq. (4.10),

we find the classical approximation for the second order forward rate constant to be

kD = ks(@) - (4.13)

The classical rate constant is the Fermi’s golden rule rate averaged over nuclear configu-
rations in the thermal equilibrium ensemble on diabatic potential V;(q), and as such only
configurations where the energies of the two diabatic surfaces match, i.e. V,(q)-V(q) =0
contribute to the transition rate.'’>!** Similarly the classical expression for the singlet

second order contribution to the scalar coupling is

2J§,2c)1 =(2s(q)); - (4.14)

We can understand the singlet contribution to the scalar coupling in the same way as
the classical rate constant; it is simply the local energy shift averaged over the thermal
probability density for diabatic potential V;(q). This shows that, at least when the nuclear
motion can be treated classically, the correction to the scalar coupling in the radical pair
master equation can be understood as arising from the spin-state selective diabatic coupling
generating a thermally averaged shift in the singlet and triplet radical pair states. Analogous
classical expressions can also by found for the for the triplet rate constant and scalar coupling

contribution.

4.1.2 Classical fourth order QME parameters

This now leads us to consider the fourth order parameters in the quantum master equation.

Classical expressions for the fourth order decoherence rates and corrections to the rate

102



constants can also be obtained in a similar way to the second order parameters. This simply
involves applying the approximations given above to the fourth order parameter expressions,
the algebra required however is somewhat laborious, so here I will just state the final results.

It is instructive first to analyse the fourth order corrections to the forward rate constant.
After applying the classical approximations as described above, the classical fourth order
term in the forward singlet rate constant is found to be a sum of two fluctuation correlation

functions for «s(q)

== [ ar ((es@ensta@), = tes@) (s(an) s

- [ ar(Gest@e ™ xs ), = testans usa)

The «s(q) arises from diabatic state transitions, and e?!

generates nuclear motion on
diabatic potential V;(q), and likewise e??' generates nuclear motion on diabatic potential
Va(q). The first term can therefore be interpreted as arising from the process of the diabatic
transition removing density from the region where the diabatic surfaces intersect, and the
subsequent finite time it takes for nuclear motion driven density fluctuations to replenish
the density in the intersection region. The second term represents a transition from diabatic
surface 1 to 2, followed by nuclear motion on diabat 2, and then transition back to diabat 1.
So the second term in Eq. (4.15) is the recrossing contribution from diffusion back into the
intersection region on diabat 2.

We can also apply the classical approximation to derive the classical fourth order
contribution to the decoherence rate. For simplicity here I will only consider the singlet

contribution and ignore any triplet or mixed singlet-triplet contributions. The classical

fourth order decoherence rate is given by

o= [ 8 ((ss(@eist@), = st (st )

+% /0 d (ks (@e ks (@), = k(@) (ks (@) 4.16)
+% 0 dt ((1s(@e " ss(@), = (@ Gs(@)) -

The first two terms in Eq. (4.16) depend on the local reaction rate, so these can be thought of
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as reactive contributions to the decoherence. The first term is 1/4 of the density fluctuation
term in the fourth order rate constant Eq. (4.15). This arises because the reaction process
at the intersection of the diabatic surfaces perturbs the singlet nuclear density, but leaves
the triplet density unchanged. The result of the different evolution of the singlet and triplet
nuclear distributions is that coherence between singlet and triplet states is lost in a time-
scale characteristic of the density fluctuations in the intersection region. The second term
appearing is 1/2 of the recrossing term in Eq. (4.15). This appears because the transition
projects the density operator onto the singlet spin state, and therefore recrossing cannot
restore coherence between singlet and triplet states that is lost in the initial transition. The
third term in Eq. (4.16) originates from instantaneous fluctuations in the local energy shift in
the singlet radical pair state due to the diabatic coupling, which lead to dephasing between

singlet and triplet radical pair states.

4.1.3 The slow energy gap fluctuation approximation

Finally, I will introduce one more approximation, which enables us to analytically sum
all order contributions to the rate constant, as well as the reactive contributions to the
decoherence rate for a given spin selective pathway. This additional approximation is to
assume the energy gap fluctuations and relaxation are much slower the rest of the nuclear
degrees of freedom. This is often true when outer-sphere solvent contributions to the energy
gap between diabats dominate.!’> As such we can assume that all degrees of freedom
other than the energy gap equilibrate rapidly on a given diabatic surface, and thus we can

approximate the classical diabatic propagators e as

e’ & / dx e P;(x). 4.17)

Here %;(x) is an operator which acts on functions of the phase space variables f(p,q)

according to

1
(2nh)f

P/ (9. @) = 5(Us(q) - x)oi (. ql) / dp’ / dq’ 5(Us(q) - ) F (9’ q)

(4.18)
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where Us(q) is the diabatic energy gap Us(q) = V1(q)—V2(q), and o;(p, q|x) is 0;(p, q|x) =
0i(p. @) /(6 (Us(q) - x));.

We can understand this approximation as follows. If f(p,q) is a normalised phase
space distribution, then W f dp’ f dq' 6(Us(q') — x) f(p’,q’) is the probability density
for observing the energy gap to have a value x given the distribution f(p,q). The term
0(Us(q) —x)o;(p, q|x) is simply the thermal equilibrium density on diabatic surface i with
the energy gap constrained to a value x, so the projection operator f dx &;(x) projects a
distribution onto a new distribution where all degrees of freedom other than the energy gap
are equilibrated. It is straightforward to verify that / dx P;(x)oi(p,q) = 0i(p, q) and that
/ dx &% (x) is idempotent as required for this projection operator.

This slow energy gap fluctuation approximation is exactly the approximation proposed
by Sparpaglione & Mukamel in Ref. [102], which has previously been used to obtain
expressions for electron transfer rates interpolating between the non-adiabatic limit, and the
limit of high friction along the energy gap coordinate. This is also equivalent to the Zusman
theory of electron transfer in the high friction limit.'*~147

Using this approximation, and after some algebra (outlined in appendix 4.A), we obtain

the following expression for the forward singlet rate constant'®”
(2
kf,S,cl

(2) (2) )
L+ kg st +ky g qTs.2

ksl = (4.19)

k 1225) ., and kt()zs) . are the second order classical forward and backward singlet reaction rates.

The 15, parameters are given by

(4.20)

e [{xs(@e”(Us(a))),
TS"/O ‘”( (ks(@); 6Us(@)); )’

so these characterise how quickly the nuclear configuration fluctuates on a given diabatic
potential around the intersection of the diabatic surfaces. This is the trivial generalisation of
the rate constant obtained in Ref. [102] to the case where the diabatic coupling is a function
of q. As in the analysis of the fourth order rate above, we can understand the ké’zs),clTs, 1

term as originating from the finite time it takes fluctuations in the nuclear configuration to

()

give a reactive configuration where Us(q) = 0, and the kb,S,cl

Ts2 term can be interpreted
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as arising from diabatic recrossing. These effects can be regarded as the result of friction
along the energy gap coordinate.'"”

The decoherence rate contains terms, when evaluated in the classical limit, which depend
on multi-time correlation functions of the the local reaction rate ks(q), the local energy
shift js(q), or some combination of the these. As a simplification, here we ignore the
triplet reaction pathway, so we can ignore cross singlet-triplet contributions to decoherence.
The purely reactive contribution, which has no dependence on js(q), can be analytically
summed just like the rate constant using Eq. (4.17). This contribution to the decoherence

rate from the singlet pathway is given by

e

. £,5,cl 1 1
= — 4.21)
D,S,cl 1,.(2) (2) (2) (
2 \1+ shpgaTst L+ kpg Tsa+kyg 72

(2
f.S.cl

(2)

This approaches zero in the non-adiabatic limit, & S
,S,cl

751 < 1 and k 752 < 1, and it
is bounded above by kEZS) /2. In order to assess the relationship between this theory and
the Jones-Hore master equation, Eq. (3.7), we should consider the ratio of this term to the

forward rate constant,

r 1,(2) (2)
kbsa 1[2KesaTs1+kygTs2
Tl "3 . . (4.22)
f:5.cl L+ 3k satsi
Asexpected, in the non-adiabatic limit, where kﬁ,zs),dTS,l < land kg’clrs,z <1, k]r)’s’cl/ ktscl

approaches zero. In the adiabatic limit, where the timescale of fluctuations in the energy

(2)

gap controls the rate, so k 75,1 > 1, this becomes

f,S,cl
(2)
kbse 1 2k g.aTs.2
£S5l kigaTs.

In this limit the additional decoherence rate is bounded below by 1/2, which is the Jones-

(2)

Hore prediction. When recrossing effects are small, corresponding to when k"¢ ,

(2)
ksl

Tgo <
7s,1, the reactive contribution to the decoherence rate is exactly the Jones-Hore predic-
tion. In this limit only fluctuations in the density on the radical pair diabatic surface created
by the reaction contribute to the decoherence, and there are no recrossing effects. However

recrossing effects and fluctuations in the local energy shift will mean that in this limit the
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Jones-Hore prediction of kp = kfs/2 will be a lower bound on the full decoherence rate in

the adiabatic limit.

4.2 The harmonic approximation

In the previous sections I have derived the general form of the radical pair quantum master
equation, and given expressions for the parameters appearing in this expression which are
valid when the nuclear motion can be treated classically. To gain further insight, we can

apply the Marcus-Hush theory for the electron transfer rate,'>%!>

and Zusman theory, its
extension to the high friction adiabatic limit,'’>!*~1%7 to obtain approximate expressions
for the energy shift contributions, e.g. 2Js, and reactive contributions to the decoherence
rate e.g. kf)’s. This theory is expected to be valid when the outer-sphere contribution
to the reorganisation energy of the electron transfer is dominant, since this is normally
controlled by low frequency collective motions of the solvent, or when the dominant inner-

sphere contributions to the reorganisation energy come from vibrational modes which can

be treated classically, i.e. when iw < kpT.126:127.145,146

4.2.1 Marcus-Hush theory

Here we only consider contributions from the singlet reaction path, but the results generalise
trivially to the triplet reaction path contributions. Within Marcus-Hush theory, we treat the
diabatic potentials for the radical pair and product electron transfer states as a set of shifted

Harmonic oscillator potentials,'*®

mkw%qi + Crqk (4.24a)

N | =

Vi(q) =

Va(q) =

M- 1=

N | =

mkw%qi — Ckqk — €S, (4.24b)

=~
Il

1

where m; and wy are the mass and angular frequency of oscillator k, ¢y is the strength
of the coupling for a particular oscillator to the electron transfer process. e€g is the bias
of the electron transfer, which for this model is the negative of the free energy change of

reaction A;G. The reorganisation energy for the electron transfer is the difference in energy
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is defined as

(4.25)

=

=1
We further make the Condon approximation, within which the diabatic coupling is treated

as a constant Ag(q) = As. From this, we arrive at the following expression for the classical

correlation function,'*®

A2 . )
?Slcgzs)’cl(t) — A%el(Es—/ls)l/h—/lskBT(l/h) ) (426)

This gives the second order rate constant, 26127148

2
@ _A [«

— —(1s—es)? /4AskpT 4.27
f,S,cl i ﬂskBTe ( )

which is well-know Marcus-Hush expression for the electron transfer rate constant. The

corresponding expression for the second order energy shift is**

A2 -2
(2) S €S S
2J? = D , (4.28

S kT (\/4/13kBT) )

where D, (x) is the Dawson function, which is defined as

X
Di(x) = e / ¥ dz. (4.29)
0

D, (x) is an odd function which is positive for x > 0, so in the Marcus normal regime,
where €5 < Ag the energy shift is negative, but it changes sign in the inverted regime where
es > As. This is because in the normal regime, the singlet product diabat is above the
radical pair diabat at the radical pair minimum energy geometry, so the singlet radical pair
energy is shifted down. In the inverted regime, this situation is reversed, and therefore so is
the energy shift.

In the high activation energy limit, E,/kgT = (As — €5)%/4AskgT > 1, this is asymp-
totically equal to

2 2

= E,/kgT)>'?). 4.30
S,cl €s _/18 + (ES _/ls):; +O(( / B ) ) ( )

The first term is just the second order energy shift evaluated at the minimum energy
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geometry of V| (q) where the energy gap is €5 — As, and the second term gives a correction
from thermal fluctuations around the minimum energy geometry. It should be noted that
the first term corresponds exactly to the well known form Eq. (3.84) for 2J.26:67:129-132 1y
the highly activated limit, the energy shift term remains finite, so this term will dominate
over the decay rate in the spin dynamics. In the activationless limit E,/kgT < 1, i.e. when
the reaction rate constant is near its maximum, we have the following asymptotic expansion

(2)
of 2‘]3,01’

_ A5l —49) + O((Ea/ksT)?) (4.31)
We see that when the crossing point of the diabatic surfaces is within the thermal fluctuation
V2AskgT in the energy gap from the minimum energy on diabat 1, there is a cancellation
of positive and negative energy shifts. So when the activation energy is exactly zero, the
net energy shift will also be zero.

To illustrate this behaviour of the Marcus-Hush theory expressions for the rate constant
and energy shift, in Fig. 4.1 I show the behaviour of these parameters as a function of g/ As,
as discussed above close to the maximum in the rate constant, the energy shift is zero, but

(2)

the rate constant drops rapidly as €s/ds moves away from 1, whereas 2J¢ /; decays much

S,c
more slowly.

The Marcus-Hush expression for the correlation function, Eq. (4.26), can also be used to
derive a criterion for when the incoherent rate approximation is likely to break down. Based

on the analysis of the Markovian approximation in the previous chapter, the Markovian
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approximation breaks down when fooo tK (t) dt becomes large (remembering this is overall
a unitless quantity). The terms in this that act on the radical pair density operator are

proportional to

Ag /mtc(Z) ([)dt: A% (1_ €s — As ( €s — As ))
hzZl 0 15,cl 2AskgT V/lskBT ¥ \/4/lskBT
2
+ Z-AS‘/’_T(ES &) o (es=15)2/4dsknT

44/(AskgT)3

If the absolute value of this is small, then the incoherent rate approximation will be valid.

(4.32)

Using this, in the highly activated limit the incoherent rate approximation will be valid if
2
AS

— I, 4.33
(€s — As)? (339

and in the activationless limit the validity criterion for the incoherent rate approximation is

A3 54 iVr(es — As)
4AskgT

< 1. (4.34)

AskgT
In both limits, the approximation breaks down if Ag/Ag becomes large. This makes physical
sense, because when the diabatic coupling strength becomes larger than the reorganisation
energy, the coherences between different electron transfer states become larger and longer
lived, and because these are discarded by the projection superoperator % in this treatment,

the dynamics of #p(¢) become increasingly non-Markovian.

()

151 (1), we can also assess when the field-

Using the Marcus-Hush expression for ¢
independent rate approximation may break down. This approximation relies on the time-
scale of spin dynamics generated by H s being much longer than the time-scale of the nuclear
motion, which in the second order case, corresponds to the decay time of c(lzs) (t) being much
shorter than the spin dynamics time-scale 7/||Hys||. The decay time of the Marcus-Hush
expression for cizs),cl(t) is i/vAskgT, so the field-independent rate approximation will be
valid if,

|11l
VAsksT

This criterion will almost invariably hold true.

< 1. (4.35)
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4.2.2 Zusman theory

We can also apply the Marcus-Hush model for the potential energies, together with the
Zusman theory approximation that the thermal fluctuations and dissipation of the energy

gap are Markovian and the correlation function decays exponentially,'0%!4-147

(Us(@)e”'Us(q)), = ((Us(q)2>,. - <Us(q)>,-2) e+ (Us(q));,  (4.36)

to evaluate approximate expressions for the rate constants and decoherence rates. This
approximation is valid when the energy gap coordinate can be treated as an over-damped
harmonic oscillator, such as when the solvent can be treated as a continuum dielectric
with a Debye type dielectric response.'’”> When this is combined with the slow energy
gap fluctuation approximation, Eq. (4.17), we obtain the Zusman theory expression for the
rate constants. Within this theory we can also find expressions for the decoherence rate
contributions, which only depend on the Marcus-Hush theory parameters, €s, As and Ag,
and one additional parameter, the energy gap fluctuation correlation time 7s.

The reactive contributions to the decoherence rate, and the higher order contributions

to the rate constant depend on the parameters 7s; defined in Eq. (4.20), which within the

above approximations are given by'#%!47
(s + (=1)'2s5)* 3 (es+(=1)2s5)*
P = In(2) + F1,1;-,2; , 4.37
75, = Ts [In(2) kel 2 > IAskaT (4.37)

where 2 F,(ay, ay; by, by; x) is a generalised hypergeometric function. The derivation of
this is given in Refs. [146] and [147]. This is shows that 75 1 (752) is just a function of the

the activation energy for the forward (backward) reaction relative to thermal energy kgT.

(2)

In the high activation energy limit the parameter kf,S,cl

Ts,1 is given by
2

£SelTS1= T3 +O((E./kgT) /%) (4.38)

les — As|

and in the low activation energy limit this is given by

k2 _ At = 1n(2)+(2—1n(2))M + O((Eo/kgT)?).  (4.39)
f,S,ClTS71 - 7 /lSkBT 4/lSkBT a/ KB . .
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The expressions for k2

b.S.c17S:2 in these limits can be found by replacing es with —eg in the

above expressions. It can be shown numerically that the function

f(x)=e(In(2) +2x 2 F> (1,1;3/2,2;x))

@

has a maximum at xo ~ 1.41769 with a value of f(xp) = 1.35136, so K b.S.cl7S:2

£ 8.7 and

are bounded above by

(2) (2)
kf S,cl 7.1 kb Sclfs2 =

f (x0). (4.40)

These expressions give simple criteria for when we expect to see large reactive contributions
to the decoherence rates within the Zusman theory of electron transfer.

Zusman theory can also be used to evaluate the fourth order local energy shift fluctuation
contribution to the decoherence rate, which I denote k{)( s) |- Itis possible to evaluate this in

two cases: the activationless case and the limit of high activation energy. In the activationless

case, using the results in Refs. [102], [146] and [147], klj)(‘é) ; can be evaluated as

4
@ _ G Agts

=—_S8° 4.41
D,S,cl 2 hz/lskBT ’ ( )

where G is Catalan’s constant, which has a numerical value of G ~ 0.915966. In the high

activation energy limit we can approximate 27(q) in Eq. (4.16) by

A2 Us(q) — (U
27(q) & —3 R CACY <«mm’ 4.42)
(Us(q)), (Us(q));
if the mean fluctuation in the energy gap is much smaller than the average energy gap. From
this we obtain the following approximation for k{)(é)cl,
4
@ 2As/lskBTTs (443)

DS.el ~ 72(eg — Ag)4
Interestingly in the activationless case, fluctuations in the energy gap, <(US (q) — (Us(q)) 1)2>1 =
2AskpT, decrease the energy shift fluctuation contribution to the decoherence rate. This
is because in this case the average energy gap is zero, so larger fluctuations in the energy
gap lead to a smaller fluctuation in the energy shift, because the local energy shift depends

on 1/Us(q). Conversely in the high activation limit, larger energy gap fluctuations mean
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smaller Us(q) are sampled, and therefore larger fluctuations in the energy gap lead to larger

fluctuations in the local energy shift, giving rise to a faster decoherence rate.

4.3 Discussion

The classical limit analysis presented here offers clear physical insight into the origins of
the terms appearing in the radical pair quantum master equations. For example the origin of
the second order scalar coupling correction can be understood as a thermally averaged local
second order energy shift. Similarly the classical analysis of the decoherence term shows
that the singlet-triplet decoherence rate has three different contributions: 1) the reaction
spin-selectively perturbs the nuclear distribution, 2) dynamical recrossing projects the spin
density onto a particular spin state, and 3) fluctuations in the local energy shift lead to
singlet-triplet dephasing. This analysis showed that in the limit of high friction along the
energy gap coordinate, the decoherence rate will be bounded below by the Jones-Hore
prediction, although due to recrossing effects and local energy shift fluctuations, the real
decoherence rate in this limit will almost always be higher than this bound.

In the previous two sections I have also presented expressions for contributions to the
scalar coupling and decoherence rate from reactive pathways, derived from the Marcus-
Hush and Zusman theories of electron transfer rates. Owing to the simplicity of the
underlying theory, it is unreasonable to expect that these theories will be quantitatively
predictive of these terms in the quantum master equation. However, they do provide a
simple tool for qualitative examination of the relative importance of different contributions
to the decoherence rate and scalar coupling. In particular they predict that Jones-Hore-like
decoherence will occur when the energy gap fluctuations become slower. For example, for
reactions in water we can use this theory to predict when this occurs. In liquid water, energy
gap fluctuations do decay approximately exponentially in time according to continuum

102,145 with a time constant 7i/7s ~ 10 cm™!Ac,'*” and therefore, according

dielectric theory,
to Eq. (4.40), we would expect fourth order effects to become important when A%/ AsksT 2
20 cm ™! hc.

In certain well-controlled experiments it may be possible to test the predictions of
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Marcus-Hush and Zusman theory for the radical pair QME parameters. For example in
rigid donor-acceptor dyads which form radical pairs on photo-excitation, with one dominant
spin-selective recombination pathway. To date, many such examples of molecules with these

d 26,27,48,66

properties have been synthesise OTISLIS0 1 these systems the decoherence rate,

spin state lifetime and scalar coupling can be measured by EPR spectroscopy %!

or
magnetic field effects in transient absorption measurements.*®>!'>" For a molecule with
a rigid molecular structure, in which outer-sphere contributions dominate the electron
transfer reorganisation energies, the Marcus-Hush and Zusman theories can be expected

126,127,145 and the recombination rate, decoherence rate and

to give accurate predictions,
scalar coupling can all be predicted using the above formulae. In particular the scalar
coupling and decoherence rates have particular functional dependences on temperature and
the reorganisation energies, both of which can be controlled experimentally by changing
the experimental temperature or changing solvent polarity.'?%!%3

Typically the solvent viscosity, and therefore 7g has an inverse Arrhenius dependence on

temperature Ae*Ea/ksT 152

so for an activated electron transfer, one may expect a transition
from Marcus-Hush behaviour of the decoherence rate (A/VT)e F+/*8T at high tempera-
tures, where the non-adiabatic rate dominates decoherence, to a situation where energy

gap fluctuations dominate, which would have a AT e*Ea/ksT

type temperature dependence.
Similarly Marcus-Hush theory predicts that 2J7'/? would be proportional to 7~'/? at high
temperatures and 7''/? at low temperatures.

The Marcus-Hush theory also suggests when the incoherent rate, and field independent
rate approximations may break down, at which point any master equation resembling the
Haberkorn master equation can be expected to break down. The criteria for these break
downs are given in Eq. (4.32) and Eq. (4.35). In both cases for very large diabatic couplings,
or very low temperatures and reorganisation energies one may see these approximations
failing. It should be noted that for most condensed phase electron transfer reactions, the
reorganisation energy will be between ~0.1 €V and ~2 eV,'?* whilst the diabatic coupling
will be around ~ 1072 €V for short range electron transfers, and much smaller for longer

range electron transfer reactions mediated by superexchange interactions.'”* So based on

Eq. (4.32) we can expect the incoherent rate approximation to be valid almost universally
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for electron transfer reactions in solution at room temperature.

Let us now consider the possibility of the field independent rate approximation breaking
down. At large applied field strengths the Ag mechanism dominates, causing transitions
between S and T states at a frequency of AgBug/2h, and if this frequency is larger than
VAskgT /7 then the field-independent rate approximation will break down. For a reaction
at 300 K with a (relatively low) reorganisation energy of As = 0.1 eV, this occurs when
AgB = 1000 T. For organic radicals Ag ~ 1073, so this breakdown would occur at large
field strengths larger than 10° T. This is far beyond the maximum fields used in experiments
of around 10 T, so the field independent rate approximation is likely to hold universally.

A final comment that I will make here is that the classical QME parameter expressions
given here involve simple thermal averages of position dependent observables, and their time
correlation functions. This means that these can in principle be calculated from classical
molecular dynamics simulations, given some model for the potential energy surfaces, in
exactly the same way as electron transfer rate constants are routinely calculated. '3 124153-156
This opens the doorway to investigating radical pair reactions using ab initio methods,
which may offer new insights into radical pair processes that are difficult to investigate

experimentally.

4.4 Concluding remarks

In the next chapter, these expressions for the validity of the perturbative radical pair master
equations will be used to rationalise the results of numerical tests on models of radical pair
reactions where the potential energy surfaces are treated as harmonic. In such models it is

possible to perform numerically exact quantum dynamical simulations for comparison.
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Appendix

4.A Appendix: Classical rate expressions

Here a derivation of the classical spin coupling parameter expressions will be presented,
based primarily on Refs. [102] and [140-143]. I will start by introducing the Wigner
transform for the nuclear degrees of freedom. For an operator on the nuclear degrees of
freedom A the Wigner transform is a mapping from the quantum mechanical operator to a

function AW (p, q) of classical phase space variables, defined by

AY(p,q) = Tra[A(p, Q) A], (4.A.1)

where the operator A(p, q) is given by

Apea) = [ aye g+ a3, (4.A2)

2

where the integral is over all positions y, and |x) denotes a position state for all f nuclear
degrees of freedom, in which the nuclear configuration is described by the vector x. It is
straightforward to show that the Wigner transform maps traces of products of operators A

and B onto phase space integrals of the Wigner functions AW (p, q) and BY (p, q),

1

Tr[AB] = i)

/ dp / dgAY (p,q)BY (p. q). (4.A.3)
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The Wigner transform is linear, and it transforms operators which are functions just of the

momentum operators P or the position operators Q as follows,

A=f(P) > AV(p,q) = f(p) (4.A.4a)
A=£(Q) — AV (p,q) = f(q). (4.A.4b)

The Wigner transform can also be used to map superoperators ‘A onto operators on

phase space functions A" which satisfy

(Ap)V (p.q) =AY oY (p,q). (4.A.5)

This is done by using the fact the Wigner transform of a product of operators is given by '+’

(AB)Y (p.q) = A™ (p. q) exp| -

L
ih
= BW(P, q) exp —5 Z (ana[’k ~ Opi qk)

— «— — «—
where the operators d,, and d,, are defined by fd,, g = f(0,,8) and f0,,8 = (0, f)g

e (_
in which d,, is the partial derivative with respect to py, and the operators d,, and 9,, are

defined similarly. This means a superoperator of the form,
Ap=Ap - pB (4.A.7)

transforms to an operator on phase space functions given by

ih

n
> J] - BY(p,q) eXP[—%j] )pw(p, qQ, (4.AS8)

AYpV(p,q) = (Aw(p, q) eXp[

. . (s s
in which 7 = ¥/, (aqka,,k - a,,kaqk).
The expressions for the parameters in the spin density operator master equations involve

operators of the form

Gii(p=eti'p= eHhit/h =itk (4.A.9)
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where L;; = —(i/ h)(Hy - — - Hy ;7). The Wigner transform of this can be found using

d
G 0" (.0 = G () Ly " (P @). 4.A.10)

The classical approximation to this equation is found by truncating £?y at lowest order in

A, the i~! term. Fori # J, this becomes
SeN e .0 = 6 () [—%(%(q) - V,~<q))] o (p, ). (4A1D)
which can be solved to give
GY (1)~ exp[—%(vi(q) - vj(q»r]. (4.A.12)

Fori = j, (Vi(q)-V;(q)) = 0 and therefore the 7i~! term vanishes and £Z.V must be truncated

at the 7° term instead. This gives the following equation for Ql.\;v(t)

d
3 Gi 0" (p.@) ~ G () {H (p. @), o™ (P, )}, (4.A.13)
inwhich { -, - } = - J - here denotes the classical Poisson bracket. This can be solved to
give
GY (1) ~ exp[tZ], 4.A.14)

where & = {H}ﬁ’(p, q), - } is the classical Liouvillian for motion in a potential V;(q) (we
note that the Wigner transform of the nuclear Hamiltonian Hl.‘;’(p, q) is simply the classical
Hamiltonian H;(p, q)).

In a similar spirit to the classical approximation for gl.‘;.v(t), we will further approximate
the superoperator corresponding to left and right multiplication by the diabatic coupling Ag

by the leading order term in 7, in Eq. (4.A.8),

(Asp)V (p.q@) = A (p. o (p, @) + O(1")

(pAs)Y (P, @) = Ag (p.@)p" (p, @) + O ().

(4.A.15)

We will also make the same approximation for the triplet diabatic coupling. This approxi-
mation is exact within the Condon approximation, when the diabatic coupling can be treated

as a constant i.e. Ag = Ag and At = Ar. Finally we can approximate the Wigner trans-
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formed nuclear densities, by their classical values, which is valid in the high temperature

limit, using the following

[exp(~H)1™ (p.q) = exp(~BHY (p.0)) + O(F?). (4.A.16)

From this we can obtain the second and fourth order classical QME parameters as given
in section 4.1. This can be done by either a brute-force expansion of the rate expressions,
using the classical approximation, or by using Liouville space diagrams as in Ref. [139] to
evaluate the expressions. Either way, one arrives at the expressions given in the main text

for the second and fourth order QME parameters.

4.B Appendix: The slow energy gap fluctuation limit

The slow energy gap approximation, Eq. (4.17), can be used to obtain an approximate rate
expression which is valid at all Ag, within the approximations that underpin this treatment
of the radical pair reaction. This result was originally derived by Sparpaglione & Mukamel
in Ref. [102], and a sketch of their derivation is given here. First we note that the order 2n

component of the Fourier-Laplace transform of the full field-independent rate kernel can be

written as'(?
R (@) = T2 ) - - j T ()7 (w) (4B.1)
m=1
where the superoperator '7;(2”) (w) is
702" (@) = PLLyGa(0) LyGa(@)]" ™ LyGa(w) Ly P (4B2)

Because the kernel is diagonal in the singlet-triplet diabatic state basis, this can be used
to find the order 2n rate kernel K" (w) (2 x 2 matrix of forward and backward singlet rate
kernels, where for simplicity we assume there is no triplet reaction pathway) can be written
as

. n—1
K (0) = T (w) - = 3" K227 ()T (). (4B.3)
w

m=1
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The full rate matrix is obtained as K = lim,, 0 3.~ K" (w), and the matrix T?"(w) is

given by
[T (@)]ij = Tr[Tis [ Ly Ga(w) Ly Ga()]" ™" LyGa(w) LyTlspju] (4.B.4)

where IT;s = I1;Ps, and the trace here implicitly ignores any nuclear spin degrees of
freedom, so is only over nuclear vibrational and diabatic state degrees of freedom. Invok-
ing the classical static approximation for the coherences, Eq. (4.6), we can approximate
.EVGn(a)).EVﬁjsﬁjn in the w — 0 limit as

LvGa(w = 0) LyMlspjn = D (=D Myskso;, (4.B.5)

k=1,2

where I have suppressed the explicit dependence on p and q for compactness. Then using
this and the slow energy gap coordinate approximation, Eq. (4.17), we can show that

[LyGn(w) Ly Gn(w)] LyGn(w) Lyl jsPjn can be approximated as follows in the w — 0

limit,
oljiir%)[Lin(w)LVGn ()] Ly Gn(w) LyIjspn

li Carer [ ax S (1) ke DS (Us — x)——25— (5(Us — :
— tim [areer [ DD e 40U =) o B (0Us =)

= lim dte"“’ (=D skse ¥ 6 (Us) 7= —— (Ks); - (4B.6)
w=0Jo ; <5(U )k
Using this we find [T (w — 0)];; to be
00 ) <Ksegkt5(Us)>k

[TY(w — 0)];; = (=1)* lim dt ™

w—0 Jo

&y (6Us) (ks);  (4B.7)

by iterating the above argument one finds that T (w — 0) is
T (w — 0) = (-1)"! lim ()" 'T?(w - 0), (4.B.8)

where the factor g(w) = g1 (w) + g2(w) is given by

5 _ ® iwt<Ksegkt6(US)>k
gk(w)—/o dre S (4.B.9)
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It is also straightforward to show that
T (@ = 0)" = (=1)"" ((ks); + (ks)y)" " TP (w — 0) (4.B.10)
and T? (w — 0) = K@ is the second order rate matrix,

I RO “B.11)

(ks)1  —(ks)2

It is then straightforward to show using Eq. that K?” (w — 0) is given by
K@ (w — 0) = lim [-AZ(w)]" ' TP (w — 0), (4.B.12)

where AZ(w) = Ag1(w) + Agr(w) is

o0 . kse 2k §(Us)
Agr(w) = /0 dr ™ (ks), (<<Ks>k % (Us)>>k’< - 1) (4.B.13)
and therefore the rate matrix, K = K(w — 0), is
K= %K@. (4B.14)
1+Ag(0)
From this the Eq. (4.19) follows immediately, by identifying Ag(0) = 753 kﬁ,zs),cl + TSsZkt(),zs),cl'

Using this same approach we can exactly sum the purely reactive contributions to the
additional singlet-triplet decoherence rate. First we note that within the field independent
rate approximation, the kernel %, (#) does not couple singlet-triplet coherences to any other
element of Liouville space, as was shown earlier, and we will denote the term acting on the
singlet-triplet coherences as Ksr(#). The Fourier-Laplace transform of this can be expanded

just like the rate matrix in Eq. (4.B.3),
i n—1
(2 =(2 = (2n-2 ~(2
R (w) = TE" (w) - - D RGT (@) T () (4.B.15)
m=1
where Tst(w)?™ is given by
Ts(%n)(w) = Tr[Tist[ Ly Gn(w) Ly Gn(w)]"™" Ly Gn(w) LyTTisTPi1n] (4.B.16)

where IT;sr is a projection operator onto any radical pair singlet-triplet coherence element
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of the diabatic state Liouville space, and again the trace is understood as only being over
diabatic state and nuclear degrees of freedom. Using the classical static approximation for
the action of G, (w) on coherence elements of Liouville space between diabatic states 1 and
2, we can retain only terms containing the local Fermi’s Golden rule rate ks, which defines
the purely reactive contribution to the singlet-triplet coherence decay. Then using the slow
energy gap coordinate approximation for the elements on the same potential energy surface,

i.e. for the radical pair singlet-triplet coherences, it can be shown that the TS(%”) (w — 0)is

given by
~(on (_ &))"
T (@ = 0)=—5 (— 5 (ks)y (4.B.17)
and
T (w — 0)" = (__<"S>1 ) (4.B.18)
ST 2 ’ e
and using this with Eq. (4.B.15) the total decoherence term in the kernel is
. 3 1 (ks)
KST((U — 0) = —1 N 221(0) 5 (4.B.19)
2

From this Eq. (4.21) for the reactive contribution to the additional decoherence rate imme-

diately follows.
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The Radical Pair Master Equation:
Testing the Theory

In this final chapter on the radical pair master equation, I will present simulation results
for a model radical pair reaction for which exact quantum dynamics and perturbative QME
parameters can be calculated. This allows us to investigate the validity of the approximations
made in deriving the master equations, for a realistic model of spin selective electron

transfers in radical pairs.

5.1 Validation of the radical pair QME

The theory of the radical pair spin density quantum master equation presented in chapter 3
relies on certain approximations, and therefore it important to assess the validity of these
approximations, ideally by comparison with numerically exact calculations. For harmonic
potential energy surfaces, such numerically exact calculations of spin system observables
can be performed with the hierarchical equations of motion (HEOM) method. In this
section I will describe the model calculations performed, demonstrating the accuracy of the

quantum master equations derived above, as well as their short-comings.

5.1.1 Model systems

In general the potential energy surfaces of radical pair systems are highly complex and
solving the Liouville-von Neumann equation for the full radical pair for arbitrary potential

energy surfaces is generally not tractable. However, for small systems and for certain
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potential energy surfaces methods exist that can produce numerically exact results for the
quantum dynamics. We consider one such exactly soluble system — the spin-boson model,
in which the electronic system is coupled to an infinite bath of harmonic oscillators.' 7158
The spin-boson model has been applied extensively as a model of condensed phase electron
transfer.”®!3%159-162 T these examples we will only consider the case where there is a single
singlet state product, where the potential energy surfaces are given by Eq. (4.24). In this
case the potential energy surfaces are fully specified by the spectral density [/ (w), which

is related to the frequencies wy, masses my and coupling constants c; of the harmonic bath

by

J(w) =

1N

N2
Z k_§(w—wp). (5.1
= mrwig

In these models, a Debye spectral density is used, in which 7 (w) is given by

/1]) wpw

J(w) = > (5.2)

W + w?’
in which Ap = Ag is the reorganisation energy, as in Eq. (4.25), and wp is the Debye
cut-off frequency. This spectral density serves as a model of potential energy surface for
an electron transfer in a solvent with a Debye type dielectric response, within the dielectric
continuum model. In the model systems, the Condon approximation is also made, so the
diabatic coupling operator is set to a constant Ag = Ag.

In these tests, two models for the radical pair spin Hamiltonian H;s with two sets of
initial conditions for the density operator are considered. In Model I A, = 0, and the initial

density operator is set to
1
p(0) = S (11, SXL, S| + |1, TXL T| + |1, SX1, T| + |1, TX1, S|) p1n, (5.3)

where |1, T) refers to any of the three triplet radical pair states. Because the Hamiltonian
in this model cannot mix triplet states, we need not specify which triplet state we are
considering. This initial condition corresponds to a coherent superposition of singlet and
triplet radical pair states, so with this we can analyse the dynamics of the singlet-triplet

coherences in the presence of a singlet-selective recombination pathway.
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In Model II, we consider a more complex (and more realistic) model of the radical pair,
which includes a Zeeman interaction between the electron spins and an external field, as
well as a single / = 1/2 nuclear spin coupled by an isotropic hyperfine interaction to the

electron spin in radical 1, so the radical pair spin Hamiltonian H is
Flls = w0.§'1Z + a)()SZZ + aSl : i (5.4)

w is the electron Zeeman frequency, wg = geuBo/h = yeBo Where g. is the free electron
g-factor, up is the Bohr magneton (and . is the absolute value of the gyromagnetic ratio for
a free electron spin), By is the applied magnetic field strength, a is the isotropic hyperfine
coupling constant, and 1 is the 7 = 1/2 nuclear spin operator. In this case we take the initial

condition to be

. 1 .
p(0) = 5 [1,SX1, S| pin, (5.5

which corresponds to a radical pair formed by spin selective photo-excitation from a singlet
ground-state precursor which has vibrationally relaxed to local equilibrium on the singlet
radical pair diabatic surface. With Model II, we can assess the validity of the field-
independent rate approximation for a simple model of a radical pair reaction including

hyperfine coupling induced spin-state mixing.

5.1.2 Model parameters

In all simulations, the temperature is set to 300 K, and the Debye cut-off frequency wp for
the bath is set to fiwp = 10 cm™! hc. This value is characteristic of the Debye dielectric
response of liquid water at approximately 300 K, which is given in terms of the relaxation
time 71 of the Debye component of the dielectric relaxation'*’ and the static and optical

102 A relatively low value of fiwp/kgT

permittivities, €9 and €, by WpTrel = €0/
also significantly improves the efficiency of the exact calculations, which is important for
reaching the long time-scales that we need to examine.

In Model I the bias for the forward reaction eg is set to O eV, and in order to test the
limits of the perturbative master equations, the reorganisation energy Ap is varied between

0.1 meV and 0.25 eV, and diabatic coupling Ag is varied between 0.1 meV and 10 meV.
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In Model II the bias eg is set to 0.1 eV, the reorganisation energy Ap is set to 0.5 eV,
and the diabatic coupling Ag is set to 0.1 meV. The spin system parameters are set to
By = wo/geps = 0.5 mT and a/geup = 1.5 mT. These parameters are chosen as a realistic
set of parameters for a radical ion pair undergoing a long range electron transfer in solution,

in order to examine the validity of the field independent rate approximation.

5.1.3 Exact calculations

For this model, the well-established Hierarchical Equations of Motion (HEOM) method is
applied to obtain numerically exact diabatic state populations and coherences.'>%'%* These
calculations were performed using an early development version of the HEOMTN code,
written by Lachlan Lindoy. A Matsubara expansion of the bath correlation functions is used
along with a frequency based truncation scheme'®* to construct the hierarchy of auxiliary
density operators required for this method.

Using this truncation scheme, results converged to graphical accuracy (less than 0.1%
change) for Model I and Model II were obtained using a maximum frequency of 250 wp.
This corresponds to a hierarchy of 369 auxiliary density operators, including contributions
from the first two Matsubara modes. In order to efficiently integrate over the long timescales
required here, it is necessary to use an adaptive order and time step Taylor series integrator,
where the scaling scheme of Shi et al.'® is used in order to allow for effective control of

the errors in the integrator.

5.1.4 Approximate QME calculations

The second and fourth order rate constants, k¢ s and ky s, electron spin couplings, J, and
dephasing rates, kp, are obtained using the analytic expressions for the spin-boson model
which are given in appendix 5.A. The parameters are calculated by discretising the spectral
density into a finite set of modes using the standard procedure.'”*~'°! A discretization
into 1000 modes gives converged results for all parameters. The sets of calculated master
equation parameters for both models are given in the following section.

For Model I the master equations, Eq. (3.83) and Eq. (3.93), are analytically soluble.
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The resulting expressions for the matrix elements of p5(7) and ps(#) are

1 kps + kg ge~kesthos)r
2 kf,s + kb,S

p1ss(?) = (1,S]p15()[1,S) =

b

1 .
pist(t) = (1,S]p15(1)|1,T) = Ee_ZZJI/h_(kf’S/zJ'kD)t,

pi1s(1) = (L TIp1s(0)1, S) = pist (1), (5.6)
1
pirr(t) = (1, T|p15(1)[1, T) = >
1
p2(1) = (2,S|p25(1)[2,S) = 3 - p1ss(?).

In Model I k¢ s = ky, s because in this model es = 0. In the second order master equation
kp is zero and for the Haberkorn master equation, with the reaction term given by Eq. (3.3),
J = kp = 0 (i.e. we still account for the back-reaction in the way predicted by the second
order master equation).

For Model II the master equations, when expanded in a basis of uncoupled spin projection
states, |01, 03, M), form a set of linear equations which can be solved numerically using
standard techniques. Due to the non-zero bias, the three-time fourth order correlation
functions are highly oscillatory, and therefore the fourth order QME parameters, which
are triple integrals of these correlation functions, are very computationally expensive to
evaluate accurately. Therefore for Model II we only compare the second order QME to the

exact results.

5.2 Results and discussion

5.2.1 Modell

First, we will use Model I to analyse the accuracy of the incoherent rate approximation, and

the perturbative treatment of the diabatic coupling. In Fig. 5.1 the time evolution of the

27.(2) 2 2) IA2 47(4) 4 3 7(4) /A4 47(4) /A4
Whyg /205 20JP) A kg g 208 23T W | A k)’ A

0.66094 ns —2.0789ns —1.0634x 107 ps® 2.4370x 1070 ps® 1.0447 x 107 ps>

Table 5.1: Second and fourth order parameters for the master equations for Model | with Ap =

0.25 meV, calculated using expressions given in the appendix. Note that ké”s) = ké"s) when €5 = 0.
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Figure 5.1: The time evolution of the singlet radical pair populations pss(#) (top row), the absolute
value of the singlet-triplet radical pair coherence |p1st()| (middle row) and the imaginary part of this
coherence Im[p;s7(#)] (bottom row), for three different values of the diabatic coupling Ag: 0.1 meV
(left column), 2 meV (middle column) and 3 meV (right column). The predictions of the second and
fourth order QMEs and the Haberkorn QME are also shown.

singlet radical pair populations piss(#), the absolute value of the singlet-triplet radical pair
coherence |pist(?)| and the imaginary part of this coherence Im[ps7(?)] are displayed for
three different values of Ag: 0.1 meV, 2 meV and 3 meV. The second and fourth order master
equation predictions for these were calculated using Eq. (5.6) using the parameters given
in Table 5.1. The Haberkorn master equation results are calculated using Eq. (5.6), setting
kp = 0 and J = 0, and using the numerically exact rate constants kfs = kp s (because the
bias €s is 0) obtained by fitting k¢ g in the equation for pss(#) to the HEOM results.

The radical pair singlet population, pss(?), shown in the top row of Fig 5.1, is captured
qualitatively for all values of Ag by both the second and fourth order master equations. The
Haberkorn fit to p1ss(?), using Eq. (5.6), is numerically exact (R? = 1), which demonstrates

the validity of incoherent recombination approximation for this model. The fitted rate
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constants are k¢ s = 0.03054 ns~!, 10.63 ns™!, and 20.58 ns™! for A = 0.1,2.0 and 3.0 meV
respectively. This is in agreement with the prediction of the incoherent rate criterion for
the activated limit given in Eq. (4.33). The largest value |As/(es — As)|? takes in these
examples is for Ag = 3 meV where |Ag/(es — As)|> = 1.44 x 107™* < 1, so, as is borne
out by the HEOM results, we expect the incoherent rate approximation to be valid for all of
these examples.

As Ag increases the agreement between the exact results and the master equation results
decreases, with the second order quantum master equation (QME) increasingly overesti-
mating the forward and backward rate constants and the fourth order QME increasingly
underestimating them. This is of course unsurprising given that our master equations are
derived from perturbation theory. For the Debye spectral density in the classical limit, the
energy gap correlation function decays exponentially with a time constant 7 = 1/wp, S0
this breakdown can be understood using Eq. (4.38). As Ag increases from 0.1 meV to 3 meV,
ktsc17s,1 increases from 6 X 1073, which is much less than 1, to 0.18, which is not signifi-
cantly smaller than 1, so the breakdown of perturbation theory is expected. Improvements
to perturbation theory can be made using the Padé-approximant k ~ k@ /(1 — k¥ /k?)
for the rate constant, 0134135162166 45 hag been explored in work by other authors, or using
the Zusman expressions given in Eq. (4.19).

The absolute value of the singlet-triplet coherence, |01s7(#)|, is shown in the middle row
of Fig. 5.1. For the master equations, |pist(7)| = (1/2)e~kt.s/2+k0)t " wwhich depends only
on kp and k¢ g and not on J. The fourth order QME provides as good a description of the
evolution of the coherences as it does for pss (7). Itis at first surprising that the second order
QME provides an equally good description of the evolution of |ps7(z)|. This is because
for the parameters in Model I & E4S) /2+ k](; N 0, see Table. 5.1, and therefore the total decay
rate of |p1s7(#)| for both the second and fourth order QMEs is approximately kﬁzs) In other
words, because the second order QME overestimates kg for larger Ag, it coincidentally
describes |p1sT(?)| very well for all values of Ag examined here. The Haberkorn prediction
for the evolution of |p1s7(#)|, which uses the value of k¢ s fitted from pss(#) but which does
not include any additional decoherence, increasingly underestimates the decay rate as Ag

increases, which shows that there is in fact additional singlet-triplet decoherence for larger
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Figure 5.2: The time evolution of the singlet radical pair populations p;ss () (left), and the imaginary
part of the singlet-triplet radical pair coherence Im[ps7(#)] (right), calculated with the exact HEOM
method, second and fourth order QMEs, the Haberkorn QME and the general form of the QME in
Eqg. (3.93), with a fitted rate constant, scalar coupling and decoherence rate. Note that the fourth
order prediction for kf g < 0 so this is not included on the p;ss(#) plot, and the Haberkorn and fitted
curves are identical for p;ss (7).

values of the diabatic coupling strength.

Furthermore, the Haberkorn master equation, which does not include a reactive electron
spin coupling term, fails to capture the evolution of the imaginary part of the singlet-triplet
coherences, Im[ps7(2)], which is shown in the bottom row of Fig. 5.1. The second and
fourth order equations capture the oscillation frequency, which arises due to the reactive
scalar electron spin coupling J, exceptionally well in these examples. The most significant
deviation is for Ag = 3.0 meV, where the second order master equation slightly overestimates
the oscillation frequency.

This model demonstrates that the conventional Haberkorn reaction operator provides
an accurate description of the reduced density operators in the small Ag limit, provided the
second order correction to the scalar electron spin coupling is included. The additional
singlet-triplet dephasing term becomes more significant for larger values of A. However
in the non-adiabatic limit, Ag — 0, the most important terms are the Haberkorn reaction
term and the reactive electron spin coupling, which provide a sufficient description of the
dynamics.

In order to illustrate that the general form of the radical pair QME proposed in Eq. (3.93)
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Figure 5.3: The time evolution of the singlet radical pair populations pss(#) (left), and the imaginary
part of the singlet-triplet radical pair coherence Im[ps7(?)] (right), calculated with the exact HEOM
method, and second order QME. From top to bottom the reorganisation energy in the model decreases
from 10 meV (top row), to 1 meV (middle row) to 0.1 meV (bottom row).

gives a correct description of the radical pair spin dynamics, pss(¢) and Im[ps7(?)] are
shown for Model I with Ag = 10 meV in Fig. 5.2. In this case second order perturbation
theory fails to capture the population decay and spin coherence dynamics, and fourth
order perturbation theory breaks down completely, predicting negative rate constants (and
therefore exponential growth of the populations). However, the numerically exact HEOM
results can be fitted very accurately, R> > 0.99, to the predictions of Eq. (3.93), by
treating k¢ s = kp s, J and kp as free parameters. The fitted values of these parameters are
kis = kps = 0.06666 ps~!, kp = 0.1142 ps~! and J/A = —0.3487 ps~!. The only small
deviations occur at short times t < 5 ps where there is some short time transient, non-
Markovian behaviour in the dynamics. It should be noted that approximate resummations
of the higher order terms in the rate kernel, such as the Padé approximant, could probably
be used to extend the accuracy of the master equations,'**13319%167 byt this is not the main

focus of this work.
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Using Model I we can also consider when the incoherent rate approximation will break
down. Eq. (4.32) suggests that this will occur for very low reorganisation energies, in which
case coherences between singlet radical pair and product states will be large and long-lived
and therefore the incoherent rate approximation will break down. This is demonstrated
in Fig. 5.3, in which the exact HEOM and second order QME dynamics of p;ss(#) and
Im[pis7(?)] are shown for Ag = 1 meV and Ap is varied from 10 meV to 0.1 meV. The
parameters used in the second order QME are given in Table 5.2. It can be seen that as
the reorganisation energy decreases, the population decay and coherence dynamics become
increasingly non-Markovian. For such low reorganisation energies, these examples are
in the low activation energy limit, so Eq. (4.34) can be used to predict the breakdown
of the incoherent rate approximation, which is expected to occur if Ag [2ApkgT 2 1.
For Ap = 10 meV, Az/2ApkgT = 0.020, for Ap = 1 meV, AZ/2ApkgT = 0.20, and
for Ap = 10 meV, Aé [2ApkgT = 2.0, so this criterion correctly predicts the observed
non-Markovian behaviour at low reorganisation energies. It should be noted that these
reorganisation energies are exceptionally low. For solution phase electron transfer reactions,
the reorganisation energy will normally be > 0.1 eV, so for long range electron transfer
reactions, with effective diabatic couplings < 1 meV, the incoherent rate approximation is

expected to be valid.

5.2.2 Modelll

In all of the tests of the quantum master equations with Model I, H;s = 0, so we cannot
assess the validity of the field-independent rate approximation. Model II however does
include a non-zero H,, with spin coupling parameters chosen to be comparable to those in

a typical organic radical pair, in a typical magnetic field effect experiment. In Fig. 5.4 the

Ap = 10 meV Ap = 1 meV Ap = 0.1 meV

W2kD /247 0.0334807ps  0.119184ps  0.425478 ps

2hJ(2>/A§ —0.0119447 ps  —0.0126490 ps  —0.0127222 ps

Table 5.2: Second order master equation parameters for Model | with Ap = 10 meV, 1 meV and

0.1 meV calculated using expressions given in the appendix. Note that kéns) = kE"S) when eg = 0.
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dynamics total singlet radical pair survival probability, Ps(r) = Tr,[Psp1s(f)], for Model
IT is displayed, calculated using HEOM, the second order QME and the Haberkorn QME,
in which the scalar coupling J is set to O and the second order forward and backward
rate constants are used. The second order QME parameters calculated for this model are
12k /202 = 0.24057 ns, 12k {3 /2A2 = 5.0270 x 1072 ns, and 251/ @) /A2 = —2.0789 ns.
We see that in this realistic model of a radical pair undergoing a long range electron
transfer, the second order QME agrees quantitatively with the exact HEOM results for all
times. By contrast, the Haberkorn QME, which ignores the scalar coupling introduced by
the presence of the singlet electron transfer pathway, is only accurate for times less than
10 ns, after which it predicts different spin dynamics for the radical pair. This illustrates
two important points. Firstly, the field independent rate approximation gives very accurate
predictions for spin coupling parameters expected for a typical radical pair reaction. This
is in line with Eq. (4.35), because in this example ||H ||/ VksTAp ~ 107® < 1. Secondly,
ignoring the scalar coupling introduced by the spin selective reactions is not negligible,
so the Haberkorn master equation without this term cannot be expected to be accurate in

general, even if the electron transfers are strongly non-adiabatic.
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5.3 Concluding remarks

In this chapter I have presented simulations that validate the approximations made in deriving
the radical pair quantum master equation. This has confirmed that in the non-adiabatic limit
the radical pair reaction is well described by the Haberkorn master equation with a correction
to the scalar coupling, and beyond this limit additional decoherence appears. In all of this
analysis, I have ignored the role of spin relaxation, but having established how to model
radical pairs undergoing spin-selective electron transfer without spin relaxation, in the
next chapter I will explore how to generalise this to include relaxation effects through the

formalism of the Stochastic Liouville equation.
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Appendix

5.A Appendix: Harmonic oscillator correlation functions

Analytic expressions for the spin-boson correlation functions can be obtained using har-
monic oscillator coherent states.'” Suppressing the S or T label for simplicity, these

expressions are

P (1) = exp(¢ (1) +iet/n), (5.A.1)
6‘54)00, t1,12) = exp({ (1) + £ (to — 12) — £ (t0)
(5.A.2)
—{(12) = L(to —11) = {(t1 — 1) +ie(to + 12) /T).
where the function £ (7) is given by

L(t) = —k(1) +ig(1). (5.A.3)

in which «(#) and ¢(t) are related to the spectral density by
k(1) = - /w EAC) coth('gh—w)(l — cos(wr)) (5.A.4)

nh 0 w? 2
(1) = - / REACT (5.A.5)
7h Jo w?

The equivalent expressions for cgz)(t) and cé‘”(to,tl,tz) are obtained by changing € in
the above expressions to —e. These expressions give rate constants consistent with those

obtained previously.'®> These functions were numerically integrated to calculate the rate
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constants, dephasing rates and scalar electron spin coupling strengths appearing in the

QMEs for Models I and 11.
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The Stochastic Liouville Equation

In Chapter 3 I described how to obtain a quantum master equation for the spin degrees of
freedom in a spin selective radical pair reaction. One approximation that was made in this
derivation was to ignore the dependence of the spin coupling parameters on the nuclear
motion. However it has long been understood in the context of EPR and NMR that fluctua-
tions in spin coupling parameters with nuclear configuration lead to spin relaxation,*%!%8
which gives rise to transitions between different spin states of the system. This also applies
to radical pair spin dynamics, where spin relaxation can make a significant contribution
to the degree of singlet-triplet mixing in radical pairs, and therefore have a large effect on
various experimental observables such as quantum yields of competing reaction pathways.
As a result it is important to understand how to incorporate spin relaxation into the radical
pair master equation derived in chapter 3. Therefore here I will describe the framework
used to do this, the Stochastic Liouville Equation (SLE),'®~'7* and how to find approximate

solutions to this using the perturbation theory based quantum master equations described

in Chapter 2.

6.1 Background

As discussed briefly in section 3.3.2, the spin mixing terms in the radical pair Hamiltonian
H, in general depend on the the nuclear position degrees of freedom, which introduces a
coupling between the bath of nuclear degrees of freedom and the spin system. This coupling

will in general perturb the spin dynamics and enables a direct exchange of energy between
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bath and spin degrees of freedom, which causes transitions between spin states.>%>'%® This
process is generally referred to as spin relaxation, because this coupling normally relaxes
an initial non-equilibrium spin state to the thermal equilibrium state. The efficiency of
relaxation depends on the timescale of the fluctuations of the spin system-bath coupling
compared to the frequencies of the unperturbed spin dynamics, and because the spin
dynamics are typically much slower than the nuclear dynamics, it is normally the slowest
nuclear degrees of freedom, evolving on timescales closest to the spin evolution, that induce
the most efficient spin relaxation.

In the Stochastic Liouville equation approach, we explicitly treat the slow nuclear
degrees of freedom in addition to the spin degrees of freedom, in order to account for
this important coupling.'®*~'7* Before considering the complication of introducing spin-
selective electron transfer reactions, we will first consider the case of a spin system and
a generic bath of nuclear bath of nuclear degrees of freedom. The Hamiltonian for this

system can be decomposed into three terms,
H=H,+Hg + Hy, (6.1)

where Hj is the system Hamiltonian, Hy, is the Hamiltonian describing the coupling between
the spins and the bath and A, is the Hamiltonian describing the bath of nuclear degrees
of freedom. We further assume that the initial condition can be factorised into an initial

system density operator p5(0) and an initial bath density operator gy,

P(0) = ps(0)py (6.2)
and the bath is assumed to initially be at thermal equilibrium

1 N
Pb = Ee-ﬁHb. (6.3)

The next sections discuss two very closely related forms of the Stochastic Liouville equation
for this type of system, where the relevant slow degrees of freedom correspond to either
interconversion between different molecular conformations (or sites), or some set of slowly

evolving coordinates.
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6.2 The N site Stochastic Liouville Equation

Here it will be assumed that the relevant slow degrees of freedom modulating the spin
Hamiltonian correspond to a slow interconversion between different nuclear configurations.
In this case, we divide the bath configurations into a set of N states (or sites), and the
position space projection operators P, = P,(Q) project onto each of these N states, and
we assume the bath identity operator can be written as 1y, = ZnNzl P,, so each P, projects
onto a different orthogonal subspace of the bath Hilbert space. In the stochastic Liouville
equation, the variables we treat explicitly are the system density operators g ,(¢) for each

site n,

Psn(t) = Tro[Pup(1)]. (6.4)

In what follows I will use the Nakajima-Zwanzig approach to derive a master equation
for the density operators for each site, and show that with certain additional approximations
this reduces to the standard N site Stochastic Liouville equation, which has been used
extensively to understand relaxation phenomena in EPR, NMR and spin chemistry. This
derivation is based on the Zwanzig projection technique described in chapter 2, which has

been used extensively to derive this type of master equation.”’—%17>

6.2.1 Projection superoperator

In order to find a master equation for the density operators ps , (¢), we will use the following

projection superoperator
N N
P= —PiTr[Py-]1=) P (6.5)

in which Z,, = Try, [ﬁne‘ﬁﬁb] is the partition function for state n and for an operator A, A” is

~ 17/ A - A
A= (Ae_BHb + e—ﬁHbA) . (6.6)
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This choice of projection operator satisfies P> = ? and Pp(0) = pH(0) and also by
construction if /() is Hermitian then $ () will also be Hermitian." This choice of
superoperator also clearly satisfies Tr[ISnSD/S(t)] = Psa(t), so we can use this to obtain a

quantum master equation for the spin density operators for each site.

6.2.2 The final master equation

If we assume also that the spin system-bath coupling is just a function of the bath position
operators Hy = I-Alsb(()), then we can divide A + Hyp, into a sum of average couplings in

state n, I:Is,n, and a perturbation Ve as

N
T+ A= ) Pl + Ve (Q) (6.7)
n=1
where H;, is given by
A A 1 A A Y
Hyp = Hy+ — Try [AgPre P]. (6.8)

n

Combining this with # as defined above, the first term in the Nakajima-Zwanzig equation
(Eq. (2.53)), PLP, can be simplified to

N

pre=—LS1h,.p, ©9)
=1

NIN.

n

The term involving Ly = —(i/h)[Hy, - ] vanishes, so we see from this that transitions
between different sites n are entirely described by the kernel K(¢) in the Nakajima-Zwanzig
equation. Furthermore if I:Ib does not cause transitions between the different sites, and
if Vi (Q) is negligible, then each Ds.n(t) would evolve independently under Hj,, but in
general Flb does cause transitions between different states, and therefore mixes different
Ps.n(t). This will be considered in the next section.

Now applying the Nakajima-Zwanzig equation with the above projection superoperator,

aWe could define PP = /0 dA f()e o P e~ B-VBy for any £(1) > 0 which satisfies fo dA f(2) = 1.

Any choice of this form reduces to P,, (q)e 7 (P-) in the classical limit, but this choice ensures that P (r) is
Hermitian, and also it simplifies the resulting leading order terms in the Stochastic Liouville equation that we
derive, compared to other choices such as the symmetric case f(1) = §(1 — 8/2), or the Kubo transformed

case f(1) =1/B.
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and then projecting this onto site n and tracing out the bath gives the following master

equation for g, (1),

d

_ﬁs,n(t) =

. N t
i cn R
= 5[Hs,n,ps,n<t>]+n; /O Ko (1 = TPy (1) dr 6.10)

where kernel K,,,,(¢) is a superoperator given by

K (1) = ZL Tro [P, L' QLEE]. (6.11)

m
Because £ contains the system and system-bath coupling Hamiltonians, this will in general
be a superoperator on the spin degrees of freedom. Whilst this is formally exact, it is of
little use in constructing models to describe spin relaxation, owing to the complexity of
these kernels. So in order to obtain a simpler equation we need to approximate the kernels
somehow.

The simplest approximation to make in the kernels is to ignore all spin system dependent
terms, SO

1 . .
Ko (1) % s (1) = —— Ty [B, Loe? L' QLy PP, (6.12)

m

This will be valid if the spin system energies are very small compared to the nuclear
bath energies. Note that «,,,(¢) does not affect the spin degrees of freedom. The second
approximation we make is to invoke the Markovian approximation, and with this the master
equation for g , () becomes,

d . [
aps,n(t) =—z [ s> Ps, n(t) Z KnmPs.m (1) (6.13)

where the rate constant k,,;,, = /OOO Kum (1) dt. This approximation will be valid for the steady
state, and it will be valid for dynamics if the kernels «,,,, (#) decay on a faster timescale than
the population and spin system dynamics. This final master equation is the N site Stochastic
Liouville equation.

The kernels «,,, () can be expressed in terms of side-side, flux-side or flux-flux cor-

relation functions of the bath which are defined as follows.!”® First let us define the flux
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A

operators I}, as
[Ab, Py] (6.14)
which give the flux into state n, and let us also define the side-side correlation functions
cn (D) = Trp [Py (P, (6.15)
the flux-side correlation functions,
(1) = Try[F (1) P (6.16)
and finally the flux-flux correlation functions,
Chm (1) = Tro [ Fn (1) F] (6.17)

where A (1) = e/Pvi/h A¢=ifbt/h 1 et ug also define the side-side kernel as

N A~

K (1) = P—ESS Try [P, - 6.18

(t)_ Z Cnm(t) I'b[ m ]’ ( . )
n,m=1 n

and the flux-side kernel K™ () and the flux-flux kernel K™ (¢) are defined similarly with
the side-side correlation functions replaced with the flux-side and flux-flux correlation

functions respectively. These kernels can also be written as

K (1) = Pelr'p (6.19)
KS(1) = P Lyel' P (6.20)
KT (1) = P Loel L, P. 6.21)

Our aim is to write the Nakajima-Zwanzig kernel K (¢) (with the approximation that
the spin system terms are negligible) in terms of these kernels. We do this by noting that

P LyP = 0 and using the Shi & Geva identity,'”’

t
QLo _ Lot _ / dr LoD p, (QLsT (6.22)
0
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SO We can write
K(t) = K1) - / dr K&t - 1)K (1) (6.23)
0

and therefore the Markovian limit of the kernel, lim,,_,¢ K (w), the matrix elements of which
are the rate constants &, = lim,, ¢ Tr [Isnf( (w)]s,[,i] /Z,,, can be written as

lim K(w) = lirr})[SD + K (w)] 7K (w) (6.24)

w—0

and using the relations K™(r) = %(Kss(t) and KT (1) = %(Kfs(t), as well as the fact that
K*(0) = P, and applying the derivative relationship for Fourier-Laplace transforms, this

can also be written as
lim K(w) = lim [K ()] KB (w). (6.25)

This gives formally exact expressions for the rate constants appearing the N site Stochastic
Liouville equation.” In practice when using the Stochastic Liouville equation, we rarely
know a priori what the rate constants k,,, are, since these expressions are impossible to
evaluate exactly for real systems. Instead we use some simple, physically motivated model
for the different sites and the rates at which they interconvert, so these expressions for the
rate constants are given simply to illustrate their formal connection with the exact underlying

quantum dynamics.

6.2.3 Thermal equilibrium

Before proceeding, it is worth discussing the long time limit of the Stochastic Liouville equa-

tion, Eq. (6.13), to examine the state to which p, s(7) relaxes. It is relatively straightforward

bIt should be noted that one could instead apply the weak system interaction approximation to the
time convolutionless master equation generator Krcr(f) and evaluate this in the long-time limit to ob-
tain the N-site Stochastic Liouville equation instead. In this case the rate constants are given by
K = limy o0 Tr| B XS () [KS ()] BB ) Zon = 1limy—eo Tr[ﬁ,ﬂ(ﬁ (O [KS ()1 PP |/ Z,, which is a gen-

eralisation of the form given in'’®. These two definitions of the rate constants are not strictly the same,

but become equivalent if the population dynamics become rate-like in a very short time with no significant
transient behaviour.
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to show that the rate constants k,,, satisfy,

Zn
Ky = =k 6.26
Z (6.26)
_ Z Ko (6.27)
m#¥n

With this we deduce that the equilibrium populations, p,! = Z,/Z, where Z = ¥N_ Z

satisfy

Z knm i = (6.28)

It can therefore be shown that the steady state solution of the N site Stochastic Liouville

equation, denoted by ,6:’31, which satisfies

0:—£ 5 Aeq

MZ
a

h Hqp, ps nmPsn (6.29)
is given by
P
Do = ——15. (6.30)
> ds

where d is the dimensionality of the spin system Hilbert space. When this is averaged over

all sites, we obtain the equilibrium spin system reduced density operator,
Pl = —1,. (6.31)

This is the maximally mixed, infinite temperature thermal equilibrium state of the spin
system. Due to the approximation made in obtaining the SLE that we completely ignore
the spin interactions in evaluating Nakajima-Zwanzig kernel, the equilibrium state is the
infinite temperature equilibrium state. In reality, in the limit of weak system-bath coupling
we would expect the spin system to relax to the equilibrium state e’ <ﬂ“>eq/ Zs, where
< > =Y, pp Ay ,. There are ways to modify the SLE so that in the limit of weak system-
bath interactions its steady state is the finite temperature system equilibrium state,'’! but in
many radical pair experiments, kg7 is significantly larger than the spin system energies, so

e’ (Ao)eq 1, and the spin system steady state of the SLE becomes the correct steady state.
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6.3 The slow motion Stochastic Liouville Equation

Another commonly encountered mechanism for spin relaxation is modulation of spin cou-
pling parameters by some set of slowly varying coordinates in the system, for example the
anisotropic spin couplings depend on the orientation of the radical, which fluctuates as
the molecule tumbles in solution.”’? The derivation of a Stochastic Liouville equation to
describe this type of relaxation is very similar to the case where the nuclear configuration
space is divided into a discrete set of states, so here I will only briefly describe how to apply
this approach to describe slow diffusive motion which modulates spin couplings.

The Stochastic Liouville equation is now for a density operator which is a function of
the set of slow coordinates (7, X), where X denotes the set of slowly varying coordinates.
Two common examples of such a set of coordinates X are some vibrational coordinate Q
for example a coordinate describing the separation of two radicals in space in a flexible
molecular radical pair, or the set of Euler angles describing the orientation of a molecular
radical pair in space Q = (a,8,7). We define the projection operator P(X) as a nuclear
bath coordinate projection operator onto the state X, and we assume these form a complete

set so

Iy = / dX P(X), (6.32)

and we assume these projection operators project onto orthogonal subspaces of the bath
Hilbert space. The integral is over all possible values of the set of coordinates, for example
if X = Q, the set of Euler angles describing the orientation of a molecular, then f dQ =
/02” da /On sin 8dg /Ozn dy.*? The density operator j,(t, X) for which we seek an equation

of motion can be related to the full density operator by
Ps(1,X) = Trp [P(X)p(1)]. (6.33)

In what follows we once again assume that the initial condition factorises into a bath

equilibrium part and a system density operator as in Eq. (6.2).
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6.3.1 Projection superoperators

We can construct a projection superoperator for which ps(z,X) = Tr, [P(X)Pp(1)] and

PpH(0) = p(0) in an analogous way to the case of a discrete set of states,

P = / dX P (X) (6.34)
where P (X) is given by

P(X) = %ﬁﬂ(X) Trp[P(X) - ], (6.35)

where PA(X) = (P(X)e™PH> + ¢ PR P(X))/2 and Z(X) = Try[PP(X)]. We can now plug
this into the Nakajima-Zwanzig equation and from that obtain a master equation for ps(¢, X).
6.3.2 The final master equation

In order to derive the full master equation, we first need to find £ L%. We assume that

P Lp,P = 0 and therefore P LP becomes

Prp =i [ X [A,00.P00 ] (6:36)
in which H,(X) is
. . 1 \ A ;
H(X) = Hy + 700 Try [ Hop P(X) e PH?], (6.37)

is the average system Hamiltonian in state X.
Once again to simplify the kernel term we invoke the Markovian approximation and we
ignore all spin system dependent terms in evaluating the kernel. As such we can now write

the SLE for the X dependent spin density operator as

a A [ A ’ "N A ’
P10 = ~LIA00 AT+ [ X KXDAEX). (638)
Here the transition kernel k£ (X, X’) is given by

k(X,X') = / dt Try [P(X) Lpe L' Q Ly PP (X)]. (6.39)
0
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In practice this is impossible to calculate a priori so we instead use some model for the
transition kernel between the different X states. Two important examples are given in the
next sections: an overdamped vibrational coordinate and rotational diffusion. For all models
of slow motion used in this work, the transition kernel is local, so instead we can write the

SLE as

o, RN n A

EPS(LX) = _%[HS(X)apg(taX)] +Fp§(t’x)’ (640)
where I' is some differential operator on X. In the classical limit, this is equivalent to the
Smoluchowski operator appearing in the Smoluchowski equation for the evolution of the
conditional probability p(X, t|Xo, f9) for finding observing X at time ¢ given that Xy, was

observed at time #(,°>'"’

0
EP(X’ 11X, t0) = I'p(X, 1[Xo, to). (6.41)

As a result of this we can use classical theories to obtain models for I'.

Before continuing, we should briefly note that the analysis in section 6.2.3 applies to this
equation as well, and this form of the SLE also relaxes the system to its infinite temperature
equilibrium state. As discussed above this is normally valid because kg7 is much larger
than the spin system energies, and therefore the system’s equilibrium state is effectively the

infinite temperature equilibrium state.

6.3.3 Example: overdamped vibrational motion

Here I will briefly outline how to obtain the Smoluchowski operator I'" for the case of the

slow coordinate being an overdamped classical vibrational degree of freedom Q. In this

case we can describe the motion of Q(¢) with the Langevin equation,®>!'7”

d?0(r)  dO(1)

a2 T

+F(Q(1) +£(1), (6.42)

m

where m is the mass associated with this vibrational mode, 7 is the friction coefficient and
F(Q) is the conservative force acting on the mode and £(¢) is a randomly fluctuating force.

This force at time 7 is assumed to be uncorrelated with Q(¢), it is also assumed to have a
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zero mean value and correlation given by

() =0 (6.43)
(€(N&() = 2ykTo (1 - 1'). (6.44)
In the overdamped limit it is assumed that |m%| < |yd%—ft)|, so we neglect the term on

the left hand side of this equation, and thus obtain the overdamped Langevin equation

90 _1pomy+Leq. (6.45)
dr Y Y

The time evolution of the expectation value of an arbitrary function of Q, f(Q), in a short

time 6t is given by'”’

(61 (Q())) = Q@) +60(t)) — f(Q())) (6.46)
= (f(Q(1)6Q (1)) + % (f"(Q0)sQ(1)*) +---, (6.47)
where the Q(#() is sampled from some initial distribution po(Q) and where 6Q(¢) is given
by
_ t+0t dQ(Z,) , 1+0t l , 1+0t l , ,
00(t) = /t o dt’ = [ yF(Q(r)) dr +[ yf(t )dr’. (6.48)

Using the fact that the force £(¢) is uncorrelated with Q(z), (6 f(Q(t))) can be expanded to

first order in Ot as

(6f(Q(n)) = <f’(Q(t))%F(Q(t))> ot

1 t+ot 1 t+0t 1 (6-49)
ey (e [ ewnar [T e ar) o
- (s roan) o

1 1 t+6t 1+t (6.50)
ey (o) [ 7 arar @wieen oer
= <f’(Q(t))%F(Q(t))> ot + <f”(Q(r>>k37T> 5t +0(6¢). (6.51)
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We can equivalently write (6 f(Q(¢))) in terms of the conditional probability

rew) = [ [ 10)5p(0.1100 wpo(@) a0 a0yt + OGE) (652

and assuming p(Q,1|Qo,t9) — 0 as |Q| — oo, the expectation values on the right hand
side of Eq. (6.51) can be re-written using integration by parts as
kgT 0
areon= [~ [ ro5( 25 - ro)
Y Y
x p(Q.11Q0,10)po(Qo) dQ dQo 6t + O(51%).

(6.53)

Noting that this is true for any function f(Q) we deduce that the conditional probability

evolves according to

kT 0 1
—p(Q Q0. to) = —(i— - (Q))p(Q 100, 10). (6.54)
900\ v 00 v
Therefore the Smoluchowski operator is
0 (a0 1
DaQ (@ - kB_TF(Q))’ (6.55)

where the diffusion constant D is defined as D = kgT'/vy.

6.3.4 Example: rotational diffusion

Another important source of spin relaxation a molecular radical in solution is modulation of
anisotropic spin coupling terms by rotational diffusion of radicals. The slow variables we
need to treat for this mechanism of relaxation are the Euler angles describing the orientation
of the molecule Q. In this case we can approximate the rotational motion as that of a rigid
body experiencing frictional drag and a randomly fluctuating torque, so we can use the
same ideas as in the case of an overdamped vibrational mode to obtain the Smoluchowski
operator for rotational diffusion. Here I will simply state the result for the Smoluchowski

operat0r43’ 180,181

(6.56)

F:—L-D-(L+LV(Q)),

ksT
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in which D is the rotational diffusion tensor (a 3 X 3 matrix), V(£) is the potential energy
of a given orientation and L = (Ly, Ly, LZ)T is a vector of unitless, body-fixed angular
momentum operators. In the absence of an aligning potential V(€), as is the case for free
rotational diffusion in solution, and by choosing the body fixed axes to correspond to the

eigenvectors (principal axes) of D, this simplifies to
I=-(Dx} + Dy} +DA2), 6.57)

where Dy, Dy, Dz are the principal components of D i.e. its eigenvalues.

6.4 The radical pair Stochastic Liouville Equation

Having discussed how to obtain the Stochastic Liouville equation appropriate for describing
spin relaxation in the absence of electron transfer reactions, we will now turn to the problem
of spin relaxation in recombining radical pairs. The solution will be to combine the
Nakajima-Zwanzig equation based methods used in chapter 3 to obtain the radical pair
master equation in the absence of relaxation, and the approach taken above in sections
6.2 and 6.3 to derive the Stochastic Liouville equation for a spin system without including
recombination processes.

In the spirit of the Stochastic Liouville equation, we will treat the slow degrees of
freedom X which cause relaxation explicitly, so we seek a master equation for the set of
density operators p;s(, X) which are spin system density operators, for each set of electronic
states i, which also depend on the slow degrees of freedom X. The slow coordinate dependent
density operators p;s(t, X) are defined in terms of the full density operator ¢ (¢) by combining
Eq. (3.29) for the electronic state spin density operators p;s(¢), with Eq. (6.33) for the X
dependent spin density operator gs(z, X) (we now switch from using b to denote the nuclear

bath degrees of freedom to n as in chapter 3)
pis(1,X) = I1; Tea [ P(X) (1) 11Ty, (6.58)

where P(X) are nuclear coordinate dependent projection operators, and I1; are the electron

state projection operators defined in Eq. (3.28). In what follows the slow ‘“coordinates”
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X could refer to a continuous set of coordinates as in section 6.33 or they could refer to a
discrete set of states as in section 6.2, or some combination of these.

As in the previous chapter, we will assume the radical pair system is described by a
Hamiltonian of the form given in Eq. (3.18), and for simplicity we will only consider three
sets of quasi-diabatic electron transfer states as in Eq. (3.25). Using this framework and
the ideas discussed earlier in this chapter, we will now derive the radical pair SLE using the

Nakajima-Zwanzig approach.

6.4.1 Projection superoperators

The Zwanzig projection superoperator which can be used in the Nakajima-Zwanzig equation
to obtain a master equation for g;s(¢, X) combines the projection operators given in Eq. (3.32)

and Eq. (6.34),

P = Z / dX Pi(X), (6.59)

where P;(X) is

/\ﬁ A A A
(X)) = PP OO, Tr, [P(X) - |11, 6.60
PiX) = s PO T [P(X) - (6.:60)
The operator ﬁf (X) is given by
N 14 _BH. 8. B
SEE (POOHin 4¢P p(x)) 6.61)

We see that for the initial condition given by Eq. (3.30), p(0) = p(0), and we can replace
0O (1) with Pp (1) in Eq. (6.58) to obtain p;(z, X).

6.4.2 The reference and perturbation Hamiltonians

As before we can split the Hamiltonian into a reference part Hy and a perturbation V. Here
we will use the same notation for the components of the radical pair Hamiltonian as given
in section 3.2, namely H; is the spin preserving term of the Molecular Hamiltonian given

by Eq. (3.25), and A, is the spin-mixing term. The reference Hamiltonian H here is given
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Hy = Z 114,11, + Z / dX POOTY; T, [ P(X) e P, (6.62)

= Z LA, + Z / dX PO His(X), (6.63)

where H;, is the nuclear diabatic state Hamiltonian given by Eq. (3.25), and Hj(X) is
the spin Hamiltonian for state i in configuration X, which is analogous to H(X) given in

Eq. (6.37) in the previous section. The perturbation V is given by
V=Vs+Vr+ > / dX Vin i1 (X) P(X) (6.64)

where Vs and Vr are the diabatic coupling Hamiltonians as in Eqgs. (3.38) and (3.39), and

Vsn,l- 7(X) is given by
Vinij (X) = TLHLIL; P(X) — 67 His (X)IL,. (6.65)

This form of the perturbation assumes that the spin mixing term in the total Hamiltonian
H, depends only on the nuclear positions and not on the nuclear momenta. In a strictly
diabatic representation Vs is just a function of the nuclear coordinates, so these could be
written as Vs = f dX Vs(X)P(X), and likewise for Vr, but for a general quasi-diabatic
representation this is not true. However we can often make the Condon approximation,
where the coupling operators Ag and At can be approximated as constants, in which case

these coupling operators can be written as an integral of X dependent terms Vg (X) = Vs.

6.4.3 The radical pair master equation

With the projection superoperators defined above, and the with the splitting of the Hamil-
tonian into reference and perturbation parts as above, we can apply the incoherent rate and
field independent rate approximations as in chapter 3, together with a second order treatment
of the diabatic coupling to obtain a master equation for the spin density operators. The
terms in the kernel that cause transitions between X states in a given electron transfer state

can be dealt with in the same way as in section 6.3, namely we neglect spin system terms in
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evaluating these parts of the kernel and apply the Markovian approximation, and we further
ignore the effect of diabatic coupling in this term. With this we obtain the following second
order master equation for the radical pair spin density operator, where we ignore the back

reaction terms for simplicity,

0

2 p1s(1:X) = =5 [A1,X), 11, )]

* / x ( - % [_ZJ(Z)(X,X')Sl -S2, P15, X)
Xy KDxx)

- 2 PS+ 2 Tapls(t X) +kl(XaX,)ﬁls(t,X,)

(6.66)

k1(X,X’) is the transition kernel given by Eq. (6.39) with ﬁb replaced with Hi,, and
JA (X, X", kE’zS)(X, X’) and k(z)(X X’) are the second order energy shifts and singlet and
triplet forward rate constants. It should be noted that these terms also give rise to transitions
between different X states. The rate constants appearing in the second order Haberkorn term
and the singlet and triplet contributions to the energy shifts, are given by the expressions in

section 3.3.6 of the previous chapter, but with c(l? (r) replaced with
(0, X, X) = Trg[e" M P(X) fse Mt £1BE (X)) (6.67)

and Z; replaced with Z;(X’).

In the classical limit, for a strictly diabatic basis (or if we can ignore any nuclear
momentum dependence in Ag and Ar), the off diagonal terms in J@ (X, X’), k(z)(X, X’)
and k(z) (X, X") vanish and these terms become local, because in this limit the correlation

functions become local in X e.g.
(1, %,X) = 5(X - X) / dX” ¢ (1, X", X). (6.68)

Therefore we can approximate the recombination and energy shift terms in the radical pair
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master equation as being local, so the master equation becomes

0 i [ A A A
— P10 = =% [ A100 =272 0081 - 82, prs(e,X)

ot

(2)
kf,S (X) ,T A A
PT9pIS(t5X) +Fpls(t,x),

Ps +
>—Ps

in which J®(X) = / dX’ J@ (X', X), and likewise for k;zs) (X) and kIEZT) (X), and we have
also replaced the transition kernel term with I'5(¢, X) for brevity.

At higher orders in the diabatic coupling, a reactive decoherence term appears, which
also causes transitions between different X states. Again we can expect the dominant terms
to be the diagonal terms, so we can make the same local approximation to these terms as

above, so the Stochastic Liouville equation for a recombining radical pair can be written as

keg(X) o ke1(X) A
£s( )P . £1(X)

8
2 S 2 ” ls(t’ )}

Ep/\ls(t’ X) = _% [FIIS(X) - 2"](X)S1 : SZ’ ﬁls(t’ X)] - {

— kp(X) (Pspis(t, X) P + Prpi1s(t,X) Ps) + Tp1s(t, X).
(6.70)

To recap, the approximations necessary to obtain this form of the radical pair SLE are: the
electron transfers can be described as incoherent and rate-like, the rates are independent of
the spin interactions, and the electron transfer processes and spin interactions are assumed
to have no effect on the transitions between different states.

Furthermore for certain relaxation mechanisms, it is also reasonable to approximate the
slow coordinate dependent parameters, such as k¢ s(X), to be independent of the X. For
example, for radical pairs rotating freely in solution, we would not expect the rate constants
and energy shifts to be dependent on the orientation of the molecule in space, so we can
treat these parameters as being independent of of the orientation of the radical pair €.

Thus far I have outlined how to treat spin relaxation processes in radical pairs using the
Stochastic Liouville equation. Describing real radical pair reactions with this equation how-
ever presents difficulties due to the high computational cost of solving the SLE numerically,
particularly for large spin systems, so this motivates the development of approximate radical

pair master equations which account for the effects of spin relaxation. In the rest of this
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chapter I examine the accuracy of perturbative master equation techniques when applied to
this problem, with the aim of finding a suitable approach for modelling spin relaxation in

realistic models of radical pair reactions.

6.5 Approximate relaxation master equations

In this section I will describe how to apply perturbative master equation techniques to find
approximate solutions to the radical pair Stochastic Liouville equation, with the aim of
finding a computationally efficient method for obtaining spin system observables, which is

valid over a wide range parameters for the stochastic fluctuations.

6.5.1 Thermal averaging and fluctuation terms

In the Stochastic Liouville equation formalism, the object that contains all information about
the radical pair spin system is the spin density operator (¢, X), which obeys Eq. (6.70)
(dropping the 1s label®). Most experimental observables, for example the total radical
pair concentration, or the singlet and triplet quantum yields, are independent of the slow
coordinates X, so we do not need the full X dependent density operator, but instead we only

need the average of this over all X, which here is denoted by p(7),

p(t) = / dX p(t, X). 6.71)

In fact many experimental observables only depend on the time integrated average spin
density operator, for example the singlet and triplet product quantum yields of a radical pair

reaction, ®g and @t (assuming ks(= k¢s) and k(= k¢T) are independent of X),

dg = kg / OoTr[ISsﬁ(t)] dr (6.72a)
0

& = kr / Tr[Prp(r)] dt, (6.72b)
0

“To avoid cluttered notation, I henceforth use g in place of ;5. We will no longer be dealing with the full
density operator for all degrees of freedom of the system, and we will also ignore the back reaction processes
in the radical pair reaction, so the distinction between spin system density operators for different electron
transfer states is no longer required. Similarly the f subscript is dropped from k¢ g and k¢t and Tr[- - -] is now
used to denote the trace over the radical pair spin Hilbert space.
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and the radical pair lifetime, Tgp,

TRp = /ooTr[ﬁ(t)] dr, (6.73)
0

where Tr[- - -] denotes the trace over the spin Hilbert space of the radical pair.
In what follows we assume that /5 (0, X) factorises into a product of an initial spin density

operator p(0), and po(X), an initial density for X,

p(0,X) = p(0)po(X), (6.74)

where these are normalised such that Tr[6(0)] = 1 and f dX po(X) = 1. Furthermore we
take po(X) to be an equilibrium state of X so I'po(X) = 0.

The full X dependent Liouvillian £, as defined by the right-hand side of Eq. (6.70), can
be split into a reference part and fluctuation term, which will be treated as a perturbation.

The reference part L is taken to be
Lo=(L)+T, (6.75)
in which (£)Y is the thermally averaged spin Liouvillian,
(£y=-2 [(A), 1= {(R), -}~ (ko) (s - Prs Py - Ps),  (676)

where <FI > is the thermal average of the full effective spin Hamiltonian, A (X), including
the energy shift term, (I? ) is the thermal average of the X dependent Haberkorn operator
K (X), and (kp) is the thermal average of kp(X) (cf. Eq. (6.70)). The thermal average (- - -)

here is defined as the average over po(X)

(---)y = / -+ po(X) dX. (6.77)
The fluctuation Liouvillian Ly = £ — Ly is therefore

Ly === [MAX). -] - AR, -} = Bkp(X) (Ps - Pr+Pr - Ps). (6.78)

4In a slight abuse of notation I will use angle brackets (- - -) sometimes to represent the thermal average
over the X degrees of freedom, and sometimes to denote the expectation value of a quantum operator. From
the text it will be clear which is meant.
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where the fluctuation terms are defined as AA(X) = A(X) — (A).

The fluctuation Liouvillian can be re-written as a sum of fluctuating terms as,
Ly =) (A (6.79)
k

where f; (X) is a scalar function of X satisfying ( f;) = 0, and Ay is a superoperator on the
spin degrees of freedom. In the case where only the Hamiltonian A (X) is a function of X
these superoperators can be written as Ay = —(i/h)[Ax, - ], where Ay is some operator
on the spin Hilbert space. The correlation functions g, () of the scalar fluctuation terms

fi(X)* and fi(X) are defined as

g0 (1) = (F(" fu(0)) = / F,(0" e fu(X) po(X) X, (6.80)

and the spectral densities J; (w) are defined as the Fourier-Laplace transforms of these (as

defined in Eq. (2.57))

ij(a)) = A eiwtgjk(t) dr. (6.81)

These quantities will be of central importance in the development of perturbative master
equations for treating spin relaxation.

I will now outline how to apply the perturbative master equations presented in chapter 2 to
the radical pair SLE to obtain approximate QMEs for the averaged spin density operator /().
The focus here will be on time-integrated properties of the spin system, and perturbative
master equations from which these can be obtained without direct evaluation of the time

evolved spin density operator p(t). As such we only consider master equations of the form,

%ﬁ(r) = [(L)+R |p(1), (6.82)

where R is some relaxation superoperator. The time-integrated density operator can be

obtained by inversion of [ (LY+R ]

/0 p(r)de = =[ (L) +R |7 p(0), (6.83)

where we have used the fact that p(r — o) = 0 for a decaying radical pair. This is
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equivalent to solving a linear system of equations, which is typically more computationally

efficient than direct evaluation of /(7).

6.5.2 Redfield theory

One approach to obtaining a master equation for the ensemble averaged density operator is
to apply Redfield theory (i.e. Bloch-Redfield-Wangsness theory), as described in section
2.4.3.99-52 As discussed in chapter 2, sections 2.4.1 and 2.4.2, this is equivalent to applying
to taking the long-time limit of the second order TCL master equation or the second order
cumulant expansion. Applying Egs. (2.129) and (2.130), together with the definition of Ly
and L as above, and using Eq. (6.77) to define the bath average (- - -);,, we arrive at the

standard Redfield equation for the spin density operator,

$ 50 = [+ Rer 160 684

in which the Redfield superoperator can be written as

Rep = / dr / dX Lye£o™ Lye= L7 po(X) (6.85)
0
:—Z/ dngk(T).?l;ew)Tﬂke_(L)T, (6.86)
jk 20 '

where ﬂ; is the Hermitian adjoint of A; in Liouville space. The last line in this equation
is arrived at by using the fact that Ly = —.E;r,.

It should be noted that this version of Redfield theory explicitly includes the effect of
asymmetric radical pair recombination (ks # k1) on the relaxation processes, although
throughout the spin chemistry literature, asymmetric recombination is normally ignored
in evaluating this superoperator.*®>!"!82 It can be easily verified that Rgg reduces to the
standard Redfield superoperator in the case of symmetric recombination (ks = kr), in
which only the coherent evolution terms in (L) are included in evaluating the Redfield
superoperator. In this chapter I will refer to the Redfield theory using Eq. (6.86) as the
RF theory, and the version where recombination is ignored in evaluating Rrr as the RF

(Ak = 0) theory.
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By writing (L) in terms of its eigenvalue decomposition as
(L)=) T, (6.87)

where I, is a projection superoperator and A, is an eigenvalue of (L) (c¢f. Eq. (2.A.10)),

the Redfield superoperator can be evaluated as

Rep = — Z ik (i = 20)) AT ATy (6.88)
Jjknm

This shows that the spectral densities Jjx (w) control the relaxation processes within Redfield
theory.
6.5.3 Nakajima-Zwanzig theory

As an alternative to Redfield theory, we could apply the second order Markovian Nakajima-
Zwanzig equation, as described in section 2.2.2, to obtain a master equation for the spin

density operator. The projection operator we use is

P = po(X) / ax - (6.89)

and together with p (1) = / dXPp(t, X) it is straightforward to obtain the following master

equation for p(1),

%ﬁ(r) = [(L) + Rz |0, (6.90)

in which Rnz can be obtained from the second order Nakajima-Zwanzig kernel as Rnz =

/ dX K@ (w — 0), and using Egs. (2.84), (6.79) and (6.80) this can be expanded as,

?NZZ/dT/dX-EWLOTLVPO(X) (6.91)
0
= —Z/d?’gjk(r)ﬂ;e<£>7ﬂk. (6.92)
k70
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As with the Redfield relaxation superoperator, we can use the eigenvalue decomposition of

(L) (Eq. (6.87)), to evaluate this in terms of the spectral densities Jj; (w) as

Rz == > ik (=id) AT AL (6.93)

Jkn
We see that the Nakajima-Zwanzig relaxation superoperator is also determined by the
spectral densities for the fluctuations in the spin Liouvillian, but in a different way to the

Redfield relaxation superoperator, and as a result the two theories will in general give

different predictions for the dynamics of p(z).

6.5.4 The extreme narrowing limit and positivity

Before comparing Redfield theory and Nakajima-Zwanzig theory for some simple models
of radical pair reactions involving spin relaxation, it is worth considering the extreme
narrowing limit of these two theories.*> This is the limit where the correlation functions
gjk(t) decay on a time-scale 7. that is much shorter than the time scale of the dynamics
generated by (L), so in terms of the eigenvalues of (L) we are considering the case
|Tedn| < 1 for all A,,. In this limit, we can set 4,,, 4,, = 0 in Egs. (6.88) and (6.93), because
we can approximate g (¢) as being proportional to a delta function in time, so both of these

relaxation superoperators reduce to Ry,

Rz, Rre = Ro == " I (0)ALAL. (6.94)
Jk

In the limit of very fast decaying correlations in the spin Liouvillian fluctuations, their effect
becomes negligible and we also expect the perturbative approximation to become exact,
so as the slowest correlation time for the fluctuations approaches zero, both the Nakajima-
Zwanzig and Redfield theories, which reduce to the extreme narrowing limit result above,

become exact.
When the only fluctuating terms in the spin Liouvillian are in the Hamiltonian A (X),
the extreme narrowing limit relaxation superoperator is of Lindblad form, and as such
it preserves the positivity of the spin density operator. However, beyond the extreme

narrowing limit neither Redfield equation nor the perturbative Nakajima-Zwanzig equation
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strictly preserves positivity of the spin density operator, which can mean populations of
certain states may not be bounded between 0 and 1. This can in turn lead to predictions
of quantum yields, as in Eq. (6.72), no longer being bounded between O and 1. In fact
it is well-known that these approximate theories can suffer from this problem in the long
correlation time limit (also called the static disorder limit). The extent of this problem for

Redfield and Nakajima-Zwanzig theories will be evaluated in the next section.

6.6 Comparing approximate relaxation theories

Whilst the Nakajima-Zwanzig approach has been applied previously to model spin relax-
ation,”’%18%.184 Redfield theory has been used much more widely in the context of spin

chemistry in recent years,**46->1182

with the Nakajima-Zwanzig equation being largely
overlooked. A careful comparison of the application of these theories to radical pair
spin dynamics therefore seems warranted. In order to test the accuracy of Redfield and
Nakajima-Zwanzig theories for treating spin relaxation in radical pairs, I have simulated
the triplet quantum yield ®t as a function of the fluctuation correlation time for a range of
simple radical pair models using the SLE, as well as the RF and NZ master equations. The
models all have X independent singlet and triplet recombination rates, and do not include

the decoherence term, i.e. kp(X) = 0. The thermally averaged Hamiltonian in each model

is of the form
(H) = ppgeB(S1; +82,) —2J81 - Sy +aS; - 1, (6.95)

which corresponds to a radical pair with a scalar coupling constant J between the radicals,
in the presence of a magnetic field of strength B, containing a single / = 1/2 nucleus
isotropically hyperfine coupled to radical 1 with a coupling constant a. In all models
the radical pair is assumed to be formed in a pure singlet electronic state, and a totally
mixed nuclear spin state, so p(0) = Ps/2, as is often the case for radical pairs formed
by photoexcitation from a singlet ground state. The spin system parameters are set to
J/geps = 5SmT and B = 2 mT, and ks = k1/100 = 1 ps~! which lie in the typical range of

values encountered in real experiments on radical pair reactions.
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In the following we consider a two site model, in which either the hyperfine coupling
constant a or the scalar coupling constant J varies between the two sites, and a model
in which there is an anisotropic hyperfine coupling term between the electron spin 1 and
the nuclear spin, which is modulated by free isotropic rotational diffusion of the radical
pair. The details of the models used are explained alongside the results below. The exact
SLE results in the two site models are obtained by treating the density operators for each
site explicitly. In the models including rotational diffusion exact results are obtained by
expanding /(z, Q) in a basis of Wigner functions fbyb) (), as described in appendix 6.A

and converged results were found with a truncation of the expansion at [ = 5.

6.6.1 Two site model

The first model we consider is a two site model with a fluctuating isotropic hyperfine constant
a(n), where n denotes the site index and therefore the fluctuating term in the Hamiltonian

V(n) = AH(n) is
V(n) = Aa(n)S; - 1. (6.96)

In this model the transition kernel is just a 2 X 2 rate matrix composed of the two site to
site transition rate constants k1 and k>_,;. In this example these rate constants are set to
k12 = ka—1/5 = 1/7ex. The predictions of Nakajima-Zwanzig and Redfield theories (with
and without inclusion of the asymmetric recombination in the relaxation superoperator) for
this model are shown in Fig. 6.1, along with the exact SLE results for this model. In the
top panel the site specific hyperfine coupling constants of the model are a(1)/geup = 0 mT
and a(2)/geus = 2 mT, which are values chosen as typical values for a real organic
radical with a fluctuating conformation, and in the bottom panel a(1)/geug = 0 mT and
a(2)/geps = 20 mT, which are chosen to push the limits of the perturbative theories.

First let us examine the results in the top panel of Fig. 6.1, where the model is in
a physically reasonable parameter regime. As the correlation time for the fluctuations
increases, there is an initial increase in the efficiency of spin relaxation, leading to an
increase in the transitions from the initial electronic singlet state to triplet states, increasing

the triplet yield; this effect peaks when the correlation time is on the order of time-scale of
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the average spin dynamics. However as the correlation time increases further the efficiency
of the relaxation induced singlet-triplet transitions decreases and the static disorder limit is
approached. In this limit the system behaves as two independent ensembles, independently
evolving under the spin Hamiltonians of the two sites.

As predicted above, for very short correlation times, i.e. in the extreme narrowing
limit, the perturbative theories and the SLE results agree exactly in their predictions of the
triplet quantum yield. The predictions of the NZ equation and RF equation then begin to
differ as 7.x becomes similar to the time-scale of the average dynamics, and we see that
for Texye 2 10 mT~! the Redfield results diverge significantly from the exact SLE results.
The full RF equation and the RF (Ak = 0) theories perform similarly in this example. The
positivity problem of Redfield theory can be seen clearly in the RF(Ak = 0) results, where
the predicted triplet yield oscillates rapidly, going below 0 and above 1. On the other hand,
the Nakajima-Zwanzig results remain relatively accurate into the static disorder limit.

Now let us examine the results for the model with significantly larger fluctuations in
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a in the bottom panel of Fig. 6.1. In this case the perturbative theories agree with the
exact SLE results up to Texye ~ 0.1 mT~!, and after this point the perturbative theories all
break down. In this example, the perturbative NZ equation predictions are marginally more
accurate than those of Redfield theory, but not significantly. These results overall suggest
that the NZ equation does not suffer from the same severe positivity problem of Redfield
theory. It is evident that the perturbative NZ equation can be used in the long correlation
time limit, provided the fluctuations are still relatively small compared to the energies of
the reference thermally averaged spin dynamics, whereas Redfield theory cannot be used
reliably in this limit. For large perturbations however, the perturbative master equations all
break down beyond the short-correlation time, extreme narrowing limit.

As another example, in Fig. 6.2 the results of triplet yield calculations are displayed
for a symmetric two-site model (in which kj_ = ko1 = 1/7e) Where the scalar coupling
constant varies between the sites. In this model, the site-specific scalar coupling constants

are J(1) = J + AJ and J(2) = J — AJ, where AJ/geug = 5 mT for the results in the top
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panel of Fig. 6.2 and 50 mT for the results in the bottom panel. In this model the isotropic
hyperfine coupling constant for the nuclear spin is set to a/geug = 1 mT.

In this example, fluctuations in the scalar coupling J lead to singlet-triplet dephasing,
the rate of which increases with 7. initially, and then eventually the static disorder limit is
reached, where the system behaves as two independent ensembles, with half the population
evolving according the the spin Hamiltonian for site 1, and the other half evolving under the
Hamiltonian for site 2. Increasing the singlet-triplet dephasing rate decreases the lifetime
of singlet-triplet coherences, which first increases the rate of transitions from the singlet
to triplet states at short correlation times, and then decreases this rate at longer correlation
times. This means that the triplet quantum yield passes through a maximum.

For a symmetric two site model, where only the Hamiltonian fluctuates, the perturbative
NZ equation is coincidentally exact, as can be seen in the results in Fig. 6.2. The RF
equation however is not, and as in the previous example, as the correlation time increases
the accuracy of RF theory deteriorates rapidly. In the large fluctuation case (bottom panel
of Fig. 6.2) RF theory predicts an additional maximum in the triplet yield which is not

observed in the exact SLE results.

6.6.2 Rotational diffusion model

In addition to N site models for relaxation, another important relaxation mechanism is
modulation of the anisotropic spin coupling parameters by rotational Brownian motion
of the radicals. In this case the slow degrees of freedom included in the SLE are the
orientational degrees of freedom of the molecule, as described in 6.3.4, and in this example
we include an anisotropic hyperfine coupling term between the electron spin in radical 1

and the nuclear spin, which is given by
V(@) =§ - (R(Q) AA - R(Q)—l) . (6.97)

where R(Q) is the rotation matrix describing the rotation of the lab frame axes to the
molecular principal axes frame at an orientation €2 (such that a vector in the molecular frame
is related to the same vector in the lab frame by vyo = R(Q)‘lvlab), and AA is the molecular

frame anisotropic coupling tensor. In the examples considered here AA is diagonal with
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diagonal elements AA,, = AA,, = —AA;; /2 = —AA/2, and we only consider the case of
free isotropic rotational diffusion, where the rotational correlation time is 7r = 1/(6D),
with D being the rotational diffusion constant. Here we will consider two examples, one
where AA/geup = 1 mT, which is representative of a relatively large anisotropic hyperfine
coupling in a typical organic radical, and one where AA/ge.ug = 10 mT, which is much
larger than usually observed in real organic radicals. In both examples the isotropic hyperfine
coupling constant is set to a/geup = 1 mT, and all other parameters are given above.

In Fig. 6.3 the triplet yields are plotted as a function of 7g, as calculated with the the
exact SLE and the perturbative master equations. As in the examples above, the rate of
relaxation induced singlet-triplet transitions passes through a maximum when the rotational
correlation time is comparable to the time-scale of the thermally averaged spin dynamics,
so the triplet yield passes through a maximum. In the static disorder limit (large 7r) the
system behaves like a set of independent ensembles in different orientations, so @ plateaus.

In the top panel of Fig. 6.3 the results for the AA/g.up = 1 mT model are displayed.
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As in the previous examples, the perturbative master equations agree with the exact SLE in
the extreme narrowing limit, but then deviate at larger rotational correlation times. The NZ
equation remains extremely accurate across all correlation times in this example, whereas
the RF equation results deviate significantly from the SLE results at larger correlation times.
The full RF equation breaks down when Try. = 10 mT~! whereas the predictions of the
RF equation with the Ak = 0 approximation used to evaluate the relaxation superoperator
begins to deviate from the exact SLE results for much smaller g, when 1ry. > 0.1 mT !,
Both versions of RF theory suffer from severe positivity problems at large g, where they
predict triplet quantum yields which exceed 1 or are below 0.

The bottom panel of Fig. 6.3 shows the results for the model with AA/geup = 10 mT.
Again in the short correlation time limit the perturbative master equations work extremely
well, but deviations from the exact SLE results appear at longer correlation times. The
Nakajima-Zwanzig equation results are not as accurate in the static disorder limit as in
the example with AA/g.up = 1 mT, but the qualitative behaviour of @t as a function of
7R is still captured by this theory, and the error is less than 30% even in this model with
such a large value of AA. Conversely the RF equation results deviate significant from the
SLE results at long correlation times, where they suffer from the aforementioned positivity

problem.

6.6.3 Discussion

In this section we have explored the use of perturbative master equations to solve the Stochas-
tic Liouville Equation for a radical pair reaction including the effects of spin relaxation. For
a range of simple models of radical pair reactions including various relaxation mechanisms
we have seen that relaxation can have a large effect on the quantum yield of spin selective
reactions, showing that these effects cannot in general be ignored in modelling real radical
pair reactions.

The SLE is rapidly becomes very computationally expensive to solve numerically, with
the computational time of a quantum yield calculation scaling as O(N3d®), where d is

the dimensionality of the spin Hilbert space and N is the number of density operators
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required in the expansion of p(z,X).© By contrast, the computational time of solving the
perturbative master equations is O(N°d®), because the slow degrees of freedom X have
been averaged out, so there is no need for an explicit expansion of the density operator
in these coordinates. This means the perturbative master equations are significantly more
efficient to use, especially in larger spin systems where multiple spin relaxation mechanism
need to be considered.

The results of the previous section show that the second order Nakajima-Zwanzig
equation can be used reliably to capture relaxation effects over all correlation times of the
stochastic fluctuations in the spin system parameters, provided the fluctuations are relatively
small and can be treated perturbatively. By contrast the commonly used Redfield approach
suffers from a severe positivity problem in many of these examples when the correlation
time of the stochastic fluctuations is long, which means the Redfield equation makes highly
inaccurate, unphysical predictions of the reaction quantum yields. This difference can be
understood by considering the approximations made in deriving the second order Markovian
NZ equation and the RF equation, as described in chapter 2. The Markovian NZ equation
is formally exact for time integrated properties, whereas the time-homogeneous second
order TCL master equation (from which the RF equation is derived) does not possess this
property. Because we are primarily interested in time-integrated observables, in using the
second order Markovian NZ equation, the only approximation we are really invoking is
the use of perturbation theory to evaluate the kernel, so we do not need the kernel’s decay
timescale to be short compared to the system dynamics. In contrast, in order to apply the
RF equation, we need the second order TCL generator to reach its long-time limit on a
time scale faster than the system dynamics, in addition to needing perturbation theory to
be valid. This explains the difference between the NZ and RF equation results in the long
correlation time limit. The Markovian NZ equation would not necessarily be more accurate
for observables at intermediate times, but the only experimental observables to which this
theory is applied in the next chapter are time-integrated properties, so here I have limited

the analysis to this case.

°In practice this can be reduced by exploiting the sparsity of the total Liouvillian, but the computational
time even exploiting this typically cannot go below O(N>/24d°) scaling.
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One commonly applied fix for the RF equation which is extensively used in the NMR
and EPR literature is the secular approximation.*>** This has not been explored here, due
to the fact that the reference dynamics are non-unitary due to the presence of radical pair
recombination, which means that the secular approximation cannot be straightforwardly
applied to the RF relaxation superoperator. The results in Fig. 6.3 show that the non-
unitarity in the reference dynamics cannot simply be ignored in evaluating the RF relaxation
superoperator, because the full RF equation results remain accurate over two orders of
magnitude longer correlation times compared to the RF (Ak = 0) equation, in which the
non-unitarity in the reference dynamics from asymmetric recombination rates is ignored in
the construction of the relaxation superoperator. It is possible that some generalisation of
the secular approximation may be as accurate, if not more accurate than the second order
NZ equation, but for the purpose of modelling real radical pair reactions as explored in the

next two chapters, the NZ equation is sufficient.

6.7 Conclusions

In the first part of this chapter I have described how to combine the theoretical approaches
used in chapter 3 with the Stochastic Liouville equation formalism for describing relaxation,
to obtain a master equation for the radical pair which can include the effects of various
relaxation mechanisms. The resulting master equation is exactly what one would naively
write down, if one wanted to combine the Haberkorn treatment of spin selective reactions
with the SLE treatment of relaxation in non-recombining spin systems, but this analysis
highlights the connections between these theories and approximations that are implicitly
made in using the radical pair SLE to describe relaxation. The approximations used mean
that the spin system relaxes to its infinite temperature equilibrium state, which clearly
shows that this equation will not be valid for describing relaxation processes at very low
temperatures. The derivation presented here may offer a starting point for correcting the
radical pair SLE to obtain a master equation which evolves to the correct thermal equilibrium
state, but this is beyond the scope of this work.

In the second part of this chapter I described how to apply approximate perturbative
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master equation techniques to find approximate solutions to the radical pair SLE. Analysis
of a range of different models showed that the perturbative Nakajima-Zwanzig equation is
accurate over a much wider range of fluctuation correlation times than the more commonly
used Redfield theory. As such this is the theory which will be applied to treat relaxation

processes in modelling radical pair reactions in the next two chapters.
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Appendix

6.A Appendix: Solving the rotational SLE

Here I will briefly outline the method used to numerically solve the SLE for rotational
motion in the absence of an aligning potential with a symmetric rotational diffusion tensor,
based on methods described in Refs. [172] and [43]. The anisotropic interactions in the

spin Hamiltonian are all of the form
Ji-(R@-CR@T) T 6.AD)

where J; and J; are spin angular momentum vector operators (or a magnetic field vector
in the case of the Zeeman interaction), C is a traceless, real symmetric matrix and R(Q)
is a rotation matrix describing the rotation from the lab frame to the molecular frame, i.e.
the unit vectors defining the molecular frame axes n, mo1(€2) in the lab frame are given by
R(Q) - ng 1ap, Where ny 10 = (1,0, 0)" etc.. An interaction term of the form given in Eq.

(6.A.1) can be written as*?

2 2
B (R@-CR@T)-B= 3 S BR@CPTO g 6A2)

n=-2m=-2

where C,Sf) is the rank 2 spherical tensor component of the coupling tensor and Tn(z) Ji. 1)

is the rank 2 spherical tensor component of a pair of vector operators. This means that the
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coupling part of the Hamiltonian AH (Q) can in general be written as

AH(Q) = Z Z 22 (Q)0? (6.A.3)

-2 m==2

where Qﬁm(ﬂ) are Wigner D-matrix elements and Q are the rank 2 spherical tensor

components of the couplings. Using this the coupling Liouvillian can be written as

Z > oZ@ [z (6.A4)

n——2 m=-2

- Z Z 2 QA2 (6.A.5)

=—2m=-2
The set of Wigner D-matrices form a complete basis for functions of €2, and therefore

the density operator p(¢, Q) can be expanded in this set of functions,

=3 Y A ) 6.A6)

=0 n,m=-1

Observables which are orientation independent, can be obtained from this expansion as,

(0(0) = (8732 Te|0ply) (1) (6.A7)

The equations of motion for ;3,5521(;) can be found by taking the inner product with

(21 +1)/(8x*)Y 2@,21,1)1 (). For symmetric rotational diffusion, where the diffusion tensors
is D = D1, ZD,%(Q) is an eigenfunction of the rotational diffusion operator —DL? with
eigenvalue —DI (I + 1) and therefore the equation of motion for / p (t) is

—ﬁ%(z) = (L) = DI+ D))oum) + D Chr Ot Al i (£), (6.A.8)
in which C]J my.jams is the Clebsch-Gordon coefficient. For free rotational diffusion, if the
initial state is a steady state of —DL?, then the initial conditions are p (t) =0forl > 0,

and

1/2
A (0) = (—2) 5(0). (6.A.9)

By truncating / in the expansion at some finite value, and expanding the operators in a
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given Liouville space basis, the coefficients (a| ﬁ,(lz (¢)|b) form a system of linear equations

of the form

d
7P =Gp), (6.A.10)

from which time integrated observables can be obtained efficiently using Eq. (6.83) by
exploiting the sparsity in G. Similarly dynamics can be obtained by solving this equation
numerically, where again the sparsity in G can be exploited by using methods such as the
Short Iterative Arnoldi method (which is employed in the dynamical SLE simulations in

chapter 8).!8-186

6.B Appendix: N site model correlation functions

In this appendix the correlation functions and spectral densities for an N site SLE are
described. For an N site model, it is useful to write the set of density operators p(¢,n) as a

column vector p(¢) of the density operators for each site, and the SLE can be written as

d N
P = Zl LP.p(1) +Tp(1) (6.B.1)
= (L) p(t) + Lyp(t) + Tp(1), (6.B.2)

where I' is the N site transition matrix, and the perturbation Liouvillian Ly is written as a

matrix Ly of system Liouvillians which is of the form

N
Ly =) FAu(Py = (pa) 1) (6.B.3)
n=1

where A,, = L, is the Liouvillian corresponding to site n, P, is a projection matrix onto site
n, with zeros everywhere apart from the n, n element which is 1, and (p,,) is the population
of site n in the steady state of the N site transition matrix I'. The correlation functions for

the P, — (p,) 1 terms that arise in the perturbative relaxation theories are given by

gum (1) = {Pn(t)pm(0)) = (pPu) {Pm) - (6.B.4)
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The {(p,(t)p.»(0)) is the probability of finding the system in site n at time ¢ given it started
in site m, weighted by initial probability (p,,). In the long time limit p, () will relax to
its equilibrium value, and so this must become (p,) (p,,) in the long time limit, S0 g, ()
decays to zero.

We assume we can diagonalise I' and therefore write it as I' = Zj.v

:_01 II;1; where 4; is

an eigenvalue of I and II; is a projection matrix, and it is assumed that A satisfies 19 = 0,

and all other A; are real and negative. With this the correlation function can be written as

N-1
om (1) = ) [T 1un (i) €', (6.B.5)
j=1

and the corresponding spectral densities are

N-1
1
Tum(w) = — le (1L L (P T (6.B.6)

6.C Appendix: Rotational diffusion correlation functions

In this appendix the correlation functions and spectral densities, as needed in the perturbative
master equations, are given for a rotational diffusion model of relaxation. Here I will only
consider the case of free diffusion of a symmetric top, in which case the rotational diffusion

operator (or Smoluchowski operator) can be written as
['=-D, (L% +L}) - D)L (6.C.1)

where D is the diffusion constant for rotation about an axis perpendicular to the symmetry
axis, taken to be the body fixed Z axis, and D) is the diffusion constant for rotation about

an axis parallel to the symmetry axis. By re-writing this operator as
I'=-D,l>~ (D - D)L, (6.C.2)
and therefore the eigenfunctions of this operator are the Wigner D-matrix elements,*’

D (Q) = ~[D (I +1) + (D) — D )m*] Dy (Q). 6.C.3)
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From Eq. (6.A.3) we see that the perturbation Liouvillian can be written as a sum
superoperators independent of € multiplied by rank 2 Wigner D-matrix elements, and the

initial distribution is po(Q) = 1/(87?), so with this the correlation functions we need are*’

gumne (1) = (D)D), (0)) (6.C4)
— %e—[6Dl+(D||—Di)mz]l‘6nn/5mml (6C5)

1
= ge—f/TR»mann/amm,, (6.C.6)

where 1/1R;, = 6D, + (D - D 1 )m?. The spectral densities are therefore given by*’

TR.m

_—, (6.C.7)
I —iwtrm

Jnmn’m’(w) = Onn' Omm’

Note that in the case of symmetric rotational diffusion, when D, = Dy = D, 7R = TR =

1/(6D).
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Semiclassical Radical Pair Master
Equations

Real radical pairs typically contain a large number of hyperfine coupled nuclei, and therefore
modelling these systems poses a significant challenge due to the exponential scaling of the
spin Hilbert space dimensionality with the number of coupled spins. This problem has
motivated the development of semiclassical approximations to the spin dynamics, which
remove the exponential scaling of full quantum mechanical calculations. However, the
important role of relaxation processes in radical pair spin dynamics further complicates
the problem of accurately modelling these systems, and as such simple phenomenological
treatments of relaxation are normally used in the simulation of magnetic field effects on
radical pair reactions, instead of detailed microscopic models using the Stochastic Liouville
equation. Thus in order to gain more detailed insights into real radical pair reactions,
we need to find a method for simulating their spin dynamics that is accurate, consistent
with the radical pair Stochastic Liouville equation, simple and efficient to implement for
realistically large spin systems, and compatible with a detailed microscopic model of the
molecular motion of the radical pair. Computational efficiency is particularly important
because radical pair models often contain several unknown parameters which must be
fit to experimental data, a process that typically involves performing many consecutive
simulations.

The method I present here uses the Schulten-Wolynes semiclassical approximation in

combination with the use of Nakajima-Zwanzig theory to treat relaxation. The accuracy of
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the method is demonstrated by numerical calculations on model radical pairs and the utility
of the method is illustrated by application to DMJ-An-Ph,-NDI radical pairs. In particular
I focus on understanding the role of relaxation processes in these radical pairs, with the
aim of going beyond simple phenomenological treatments of spin relaxation by employing

microscopic models of the stochastic fluctuations in the spin Hamiltonian,

7.1 Radical pair reactions in solution

In what follows, we will consider a molecular radical pair in solution undergoing a irre-
versible spin-selective reactions to give some products. The ultimate aim is to simulate
time-integrated electron spin observables, such as the quantum yields of competing radical
pair reactions and the radical pair lifetime. Our starting point for this will be a radical pair

Stochastic Liouville equation of the form,

d A A N
Ep(t’ X) = —% [(H) +V(X),p(t,X)] - {{K),p(t,X)} +TH(t,X), (7.1)

where we assume the radical pair reactions are well described as electron transfer reactions in
the non-adiabatic limit, the thermally averaged Haberkorn operator is <I€ > = %ISS + %TFA’T,
and that the rate constants can be approximated as independent of the slow degrees of
freedom X. Here kg and kT are the total first order singlet and triplet recombination rate
constants. Here (FI ) and V(X) are the thermally averaged and fluctuating parts of the radical
pair spin Hamiltonian and I" describes the motion of slow degrees of freedom X. For now
we will not assume any particular form for X or I'.

We will assume that the thermally averaged Hamiltonian can be divided into three terms:

two singlet radical terms H; and an coupling term H 1.2,
(H) = H\ + H, + Hy ». (7.2)

In each radical, there are N; hyperfine coupled nuclear spins, each with a total spin quantum
number /; x, which couple via the isotropic Fermi contact interaction to the radical elec-
tron spin, and the electron spin interacts with an external magnetic field (assumed to be

aligned along the z direction) via the Zeeman interaction, and therefore the single radical
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Hamiltonians are
Ni
H; = giugBS; ; + Z ai Si - Lik. (7.3)
k=1

Here g; is the g-factor for the radical i electron spin and a;; is the isotropic hyperfine
coupling constant. For a molecular radical pair undergoing free rotational diffusion in
solution, the anisotropic hyperfine coupling and Zeeman interaction terms average to zero,
so they are not included in (FI ) The radical coupling term is assumed to just contain a

thermally averaged scalar coupling term,
Hip=-2()S1 S, (7.4)

where this average scalar coupling constant (J) is a sum of all contributions direct and
superexchange contributions, including those from the reactive pathways. Just as the
anisotropic hyperfine and Zeeman terms are averaged to zero for a molecule tumbling in
solution, the dipolar coupling between non-overlapping radicals also averages to zero, so
only the isotropic scalar coupling term needs to be considered.

It can be assumed that the density operator is initially in a system given by

1
P0.X) = —pe(0)po(X), 15)

where p.(0) is some electron spin density operator, Z is the dimensionality of the nuclear
spin Hilbert space and p((X) is the steady state of I". This corresponds to the nuclear spins
initially being in a totally mixed state, i.e. the high temperature thermal equilibrium state,
and the slow degrees of freedom X initially being at equilibrium. The initial condition for
the electron spins g (0) will depend on how the radical pair is formed.

The hyperfine coupling terms in H; mean that many nuclear spins have to be included
in any calculation of the the radical pair spin dynamics. The dimensionality of spin Hilbert
space grows exponentially with the number of coupled spins in the model, and given
that typical radical pairs contain at least 20 nuclei with significant hyperfine couplings,
exact numerical calculations of the radical pair spin dynamics are normally prohibitively

expensive, if possible at all. The expense of such calculations is particularly problematic
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when there are unknown parameters in the radical pair model, such as the spin selective
reaction rate constants; these parameters normally have to be fitted by comparison of
experimental data and simulated spin dynamics for many possible values of the unknown
parameters. This motivates the search for accurate approximate solutions to the radical pair
Stochastic Liouville equation.

In the previous chapter I demonstrated that the second order Markovian Nakajima-
Zwanzig equation gives an accurate method for treating relaxation processes in radical
pair reactions, but this does not circumvent the problem of the exponential scaling of the
spin Hilbert space. This means some additional approximation needs to be made to the
Nakajima-Zwanzig relaxation master equation in order to obtain a computationally efficient
method for calculating electron spin system observables, such as the quantum yield of the
radical pair reactions and the radical pair lifetime. In the next section I describe how the
Schulten-Wolynes semiclassical approximation can be used to obtain a semiclassical master

equation for the ensemble averaged electron spin density operator.

7.2 The Schulten-Wolynes approximation

Thus far I have demonstrated that the Nakajima-Zwanzig equation provides an accurate
description of relaxation processes in radical pairs spanning the full range of fluctuation
correlation times. However, solving this equation has a computational effort that increases
exponentially with the size of the spin system. It is therefore fortunate that, for short-lived
radical pairs and radical pairs in which the electron spin interactions are much stronger than
the electron-nuclear spin interactions, the full solution of the Nakajima-Zwanzig equation
is not necessary, because the Schulten-Wolynes semiclassical approximation provides a
sufficiently accurate approximation to the spin dynamics. '8’

In the Schulten-Wolynes approximation, the nuclear spin operators in the Hamiltonian

are replaced with static classical vectors, I; x, of length +//; x (; x + 1), each sampled from

the surface of a sphere.” The reduced density operator for the electron spin subsystem is

In the original formulation by Schulten and Wolynes, the central limit theorem was used to obtain
the distribution of the total nuclear hyperfine field. However in the present formulation we require the
orientation of each classical vector to calculate the relaxation superoperators, so we do not make this additional
approximation.
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approximated as the average over all orientations of the nuclear spin vectors,

pe(t,X) = Tr [p(1, X)] ~ / pw (6, X, DP(D) dI. (7.6)

Here Try[-- -] here denotes a trace over the bath of nuclear spin degrees of freedom,
I=(1,.... i, 2, ., 1oy, ) is the set of nuclear spin vectors, psw(#, X, I) is the Schulten-
Wolynes electron spin density operator for a given realisation of the nuclear spins, and

f dI--- P(I) denotes an integral over their orientations,

2 N 6 (lIi,k| — Vi (Lix + 1))
/ dI P(T) = ]_[ B / dI 4 e ) (7.7)

i=1

We note that the integral over nuclear spin configurations can be evaluated efficiently using
Monte-Carlo sampling.

The Schulten-Wolynes density operator obeys the following equation of motion,

0 oA N
5, Psw(t. X, 1) =~ % [{(Hsw(D) + Vsw (X, 1), psw(t, X, D] (78)

—{(K) . psw(t.X. D} + T psw (1. X. 1),
where <FISW(I)> is (FI > with the nuclear spin operators replaced by the classical vectors
(ii,k — I %), and likewise for VSW(X, I). The Schulten-Wolynes density operator is ini-
tialised in the state psw (0, X, I) = pe(0)po(X). This approximation can be obtained more
rigorously by taking the Stratonovich-Weyl transform of the spin density operator,'85-1!
and assuming the nuclear spins static remain static throughout the dynamics, which is valid
if the nuclear spin evolution is slower than the electron spin dynamics.

In order to obtain the ensemble dynamics, we can apply perturbative Nakajima-Zwanzig
theory directly to this equation of motion, exactly as in the previous chapter. In this case,
for each realisation I of the nuclear spin vectors, we evolve the ensemble averaged Schulten-
Wolynes electron spin density operator psw(z, I) using the Nakajima-Zwanzig equation,

d. iga .
apsw(f,l) =-7 [(Hsw (D), psw(1,D)] 79

—{(K),psw(t, D} - Razsw(Dpsw(t, D),

where Rnz.sw (D) is the Schulten-Wolynes Nakajima-Zwanzig relaxation superoperator for

183



a given I. To construct this we simply replace the nuclear spin operators in Rnz with
the corresponding nuclear spin vectors, as in constructing <I:ISW(I)>. This Nakajima-
Zwanzig/Schulten-Wolynes (NZ/SW) method consistently combines the Schulten-Wolynes
semiclassical approximation with the second order relaxation theory provided by the
Nakajima-Zwanzig equation, and so provides a way to efficiently model the spin dynamics
of radical pairs containing over 20 coupled spins. With this method we can treat relaxation
effects rigorously with microscopic models of the relaxation mechanisms, without resorting
to phenomenological relaxation terms in the master equation.

This method is akin to the reduced density matrix hybrid approaches which have been

159,192=195 Tn these approaches the

used extensively in the study of non-adiabatic dynamics.
bath is divided into slow and fast degrees of freedom, where the slow modes are treated
by performing a Wigner transform with respect to these degrees of freedom and treating
them as static and the fast modes are treated using perturbative master equation approaches.
The Schulten-Wolynes method described here can be obtained by performing the analogue

of the Wigner transform for spin, the Stratonovich-Weyl transform, 851

and then treating
the spins as static, so the NZ/SW method is essentially the spin dynamics analogue of the

reduced density matrix hybrid approach.

7.3 Application to DMJ-NDI radical pairs

As an example application of the NZ/SW method outlined above, I will now use it to inves-
tigate the intersystem crossing and charge transfer dynamics of photoexcited dimethyljuloli-
dine (DMJ) anthracene (An) para-oligophenylene (Ph,,) naphthalenediimide (NDI) molecules,
the chemical structure of which is shown in Fig. 7.1. These molecules have been studied
experimentally by Scott et al.,®” and we will use various models for the spin relaxation to
interpret their experimental data for the magnetic field effects on the radical pair lifetime and

triplet product quantum yields of the molecules with n=1 and n=2 para-phenylene spacers.
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DMJ An Ph, NDI

Figure 7.1: The chemical structure of the DMJ-An-Ph,-NDI molecules, where R=n-CgHq7. This
molecule forms a radical ion pair though an electron transfer reaction initiated by photoexcitation of
the DMJ-An fragment.
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Figure 7.2: The photophysics of the DMJ-An-Ph,-NDI molecule. Here D = DMJ, A1 = An, B = Ph,
and A2 = NDI. The straight arrows represent incoherent processes and the curved arrows represent
the radical pair spin dynamics.

7.3.1 Photophysics

Full details of Scott et al.’s experiments can be found in Ref. [67], where the molecule and
its photophysics are fully characterised. Here it suffices to summarise the experiments on
the radical pairs, which will be done with reference to Fig. 3. First the DMJ-An section
of the molecule is photoexcited at the edge of its charge transfer band at 416 nm with a
laser pulse at 430 nm to form a charge transfer state ! [DMJ**-An®*"]. This then undergoes
another charge transfer to form a radical pair state ! [DMJ**-An-Ph,-NDI*"] at a rate kcs.
The radical pair is formed in the singlet state and undergoes charge recombination to reform
the ground state molecule at a rate kg, and hyperfine mediated intersystem crossing to form
the triplet radical pair state, 3[DMJ**-An-Ph,-NDI*"]. The triplet radical pair state can
then convert back to the singlet radical pair state or undergo a charge transfer to form one
of two triplet products. In the triplet products the electronic excitation is localised either

on the anthracene, 3*An, which is formed at a rate kt;, or the naphthalenediimide, 3*NDI,
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formed at a rate k1. The total triplet recombination rate is then kT = k1 + k2. Both
the triplet products and the radical pair state are distinguishable spectroscopically, which

allows the lifetime of the radical pair state and the triplet product yields to be measured.®’

7.3.2 Magnetic field effects

Scott et al.®’

measured magnetic field effects on both the lifetime of the radical pair state
and the quantum yields of the triplet products relative to the zero field value. Both of these
magnetic field effects exhibit a resonance centred at B = 2J/g.ug, where 2J is the average
scalar coupling in the radical pair — the field at which the singlet and T; triplet states are
degenerate in the absence of hyperfine interactions. (See Fig. 7 in section 1.2.3 for a more
detailed discussion of this effect.)

The spin selective charge transfer rates ks and k1 were estimated experimentally by
fitting the kinetic traces of the radical pair state population at different applied field strengths
to kinetic models of the radical pair reaction.®’ This kinetic modelling approximates the
coherent intersystem crossing and incoherent relaxation effects with a simple incoherent
model involving field-dependent intersystem crossing rate constants. The approximation
provides estimates of recombination rate constants in a straightforward manner, but it
ignores the details of the radical pair dynamics. In this work we will apply the NZ/SW
method outlined above to compute the lifetimes and relative triplet yields (RTY) of the
3* An products of these radical pairs. In doing so we can obtain more reliable estimates of
the spin selective recombination rate constants, ks and kT, as well as determine the relative
importance of various relaxation mechanisms and any additional mechanisms by which

triplet products can be formed.

7.3.3 Relaxation mechanisms

In this modelling of magnetic field effects on DMJ**-An-Ph,-NDI*~ recombination reac-
tions, we will consider three mechanisms of spin relaxation: rotational diffusion modulat-
ing anisotropic spin-spin couplings and the g-tensors, internal motion of the radical pair
modulating the scalar electron spin coupling, and conformational changes of the radicals

modulating hyperfine coupling between the nuclear and electron spins. To cover all of these
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cases, the fluctuation Hamiltonian, V(X), is split into rotational motion and internal motion
terms. The former depend on the orientation of the radical pair, €2, and the latter on a set of

reduced internal coordinates, Q, which we assume to be uncorrelated with Q:

V(X) = Vit (Q) + Vint(Q). (7.10)
In the following we will briefly discuss the rotational and internal motion relaxation mech-
anisms, and how the theory outlined above can be used to model them.
7.3.4 Rotational diffusion

Rotational diffusion of the radical pair leads to a fluctuation in the anisotropic parts of the

spin-spin coupling tensors and the anisotropic components of the g-tensors. The overall

fluctuation has the form*>**
2 2
5 2 A2
V(@ = > >, D (05, (7.11)
m==2m’'=-2
A2y _ AR A(2) A(2) A2) . . .
where Qmm, =0t ngm’m, +0 dipmm’” Here Qi,m’m, is the anisotropic component of

the Hamiltonian of radical i,

N;
A2 2 2) /& 2 ), A %
02 v =g T (Si.Bo) + Y AR T (S, 1,0), (7.12)
k=1
and Qéiz;,m,m' is the dipolar electron spin coupling term
A(2 (2 /& &
Q((hr))mn =DYT) (81.8). (7.13)

In these expressions, Tn(f,) (u, v) are rank 2 spherical tensor components for a pair of vectors
2 (2)
A

Cems 8im and Df,,z) are the rank 2 spherical tensor components of the hyperfine

uand v,
coupling tensors, g-tensors, and dipolar coupling tensor, respectively.*’ D;(nz'),m(g) is the
rank 2 Wigner D-matrix element for the molecule in an orientation given by €, which is
the orientation of the principal axes of the molecule relative to the lab frame.*’

This approximates the radical pair as arigid body, and we will further limit our discussion

to the case of symmetric top diffusion. In this case the SD}(MZ,) 1 (§2) matrix elements have the

187



following correlation functions,'”®

Omm Onp _ -
(D (1) D), (0)) = S (0D Dy=D ), (7.14)

where D, and D) are the rotational diffusion constants perpendicular and parallel to the

molecular symmetry axis.

7.3.5 Internal motion

Internal vibrational motion of the radical pair modulates isotropic and anisotropic coupling
parameters in the radical pair Hamiltonian. Torsional motions of the radicals and the
para-phenylene units modulate the superexchange coupling between radicals, leading to a

fluctuation term of the form
Vi (Q) = —2AJ(Q)S; - Ss. (7.15)
We model the fluctuation autocorrelation function for AJ as a single exponential decay
(AJ(H)AJ(0)) = o2e™/™, (7.16)

where 0'J2 is the mean square fluctuation in J(¢) and 7; is the correlation time of this fluctua-
tion. This model is a significant simplification of the true molecular motion modulating the
scalar coupling of the electrons, but it contains a minimal number of parameters. This type
of correlation function is obtained if the dominant motion modulating 2/ is an overdamped
vibrational mode ¢, and if AJ(g) is linear function of g.

The DMJ** radical ring system has four stable conformations, two syn and two anti (see
Fig. 7.3). Each ring can flip, with an anti to syn rate constant of kgqj,, which changes the
C-H bonds in the ring hyperconjugated with the nitrogen atom p-orbital. This modulates
the proton hyperfine couplings, which gives rise to spin relaxation. We assume that only
one ring can flip at a time, so the model includes two rate constants: the anti—syn flip
rate constant is kgqjp, and the back flipping rate constant is ki’ﬁp. With this model we ignore
fluctuations of the anisotropic components of the hyperfine coupling tensor, which are at

least 10 times smaller than the fluctuations in the isotropic components.
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Figure 7.3: Two of the four conformations of the DMJ radical cation: (A) one of the two syn confor-
mations and (B) one of the two anti conformations. Geometries calculated using DFT with the B3LYP
functional with D3 dispersion correction and the 6-31G(d,p) basis set with Gaussian09.'%’

7.3.6 Additional triplet formation mechanisms

In addition to triplet radical pair recombination, the triplet product can be formed by other
mechanisms. This may be required to explain the observed MFEs on the triplet product
yield at high magnetic fields, as has been noted previously for the charge recombination
along other molecular wires.”!!70-182198

One possibility is that spin-orbit coupling plays a role in the singlet charge recombina-
tion.%® Some intersystem crossing will then accompany this charge recombination, yielding

a triplet product from a singlet radical pair. Assuming this occurs at a rate kst| for 3*An,

the observed triplet yield, @1 obs Will be related to the quantum yields defined in Eq. (6.72)

by

k k
DTy ops = %cDT + %cbs, (7.17)
T S

where ks and kT are the total recombination rates from the radical pair singlet and triplet

states. It follows that the relative triplet yield of the DMJ-** An-Ph,-NDI product state will

be given by
®ry obs(B) q)T(B) + @
RTY(B) = : = , (7.18)
B) Or1bs(0)  @1(0) + Dy
where
k
@, ST (7.19)

 kskri/kt — kst

is a field-independent “background” contribution to the production of this state.
Another possibility is that in the initial charge separation step, a small fraction of triplet

radical pairs are generated.'”” In this case the initial condition of the ensemble averaged
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density operator becomes

Ps + —=Pr, (7.20)

where At is the initial triplet fraction. At high fields the T, and T_ triplet states are well
separated in energy from the singlet state, so radical pairs created in these states cannot
convert to the singlet state and therefore simply recombine to give the triplet product.

The final mechanism for triplet product formation we consider is some additional relax-
ation not accounted for by our microscopic modelling. Any source of rapidly fluctuating
magnetic fields or a mechanism which randomises the electron spin state could give rise to

additional relaxation. We allow for such a contribution using the following superoperator,*

A 3 A & A &
-Erelp(t): _krel Ep(t)_ Z Sl,a/p(t)Sl,a/ ’ (721)

a=x,y,Z

in which we choose §1,a to correspond to the DMJ radical electron spin. This form of the
relaxation operator arises from random fields relaxation in the extreme narrowing limit, in
which case ke = 27 (AB?) y2, where (AB?) is the mean square fluctuation in the random

field and 7. is the correlation time of the fluctuation.*

7.3.7 Simulation parameters

Many of the parameters in these simulations can be determined either from existing exper-
imental data or electronic structure calculations. The average scalar electron spin coupling
can be extracted from the peaks in the relative triplet yield and radical pair lifetime curves
as a function of applied magnetic field,” which give 2J = 170 mT and 31 mT for the n=1
and n=2 molecules respectively. The hyperfine coupling tensors, g-tensors, and dipolar

90 and DFT calculations,

coupling tensors were obtained from available experimental data
and the rotational diffusion constants were estimated based on the Stokes-Einstein equation
(as outlined in appendix 7.B). For simulations including the anti-syn ring flipping of the
DMI radical, the ratio of the flipping rates is given by kgip/ kﬁip = ¢ AG/RT  Our results
were not found to be strongly dependent on AG so the gas phase energy difference of

AG ~ 1.5 kJ mol™! was used, as calculated at the DLPNO-CCSD(T)/aug-cc-pVTZ level of
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theory using the ORCA program (version 4.0.1),>"!, as a simple estimate.

Given that not all parameters are known a priori, and that we do not even know which
mechanisms of additional triplet formation may operate in these radical pairs, we shall
systematically increase the complexity of our model, including more relaxation processes
and additional triplet formation mechanisms as we do so. Ateach stage we need to determine
the total spin selective recombination rates, ks and kT, as well as some of the relaxation
parameters and additional triplet formation parameters. These are obtained by fitting each
model to the experimental charge recombination rate, kcr(B) = 1/7rp(B), and relative
triplet yield data RTY(B), over a range of magnetic field strengths. For the n=1 molecule,
we fit to kcr(B) and RTY (B) for magnetic field strengths between O mT and 500 mT, and
for n=2 we fit to the available kcgr (B) data between 0 mT and 100 mT and the RTY (B) data
between 0 mT and 500 mT.®” The parameters are extracted from the data by minimising
an equally weighted sum of the normalised mean square errors (NMSEs) in the fits. This

corresponds to minimising the following quantity with respect to the free parameters,

NkCR (k(exp)(Bl) _ k(calc) (B))2

NMSE = N, Z () k(&P 2
CR =1 ( CR,max CRmm) (7.22)

) | NgrTy (RTY(exp) (B;) - RTY (cale) (B.))z
ey & (RTYSD —RTYSP)?

min

where k(eXp) (B;) and RTY®P)(B,) are the experimental charge recombination rate and
relative triplet yield at field strength B; and the subscripts max and min indicate the maximum

and minimum values of these datasets.

7.4 Results

7.4.1 Validation of the NZ/SW method

In order to validate the NZ/SW method, it was used to simulate the relative triplet yield
and the radical pair lifetime for a reduced model of the DMJ**-An-Ph,,-NDI*" radical pairs
with n=1 and n=2 containing only 15 nuclear spins. This reduced model only includes

relaxation from rotational diffusion and fluctuation in the J value, which is treated using
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a symmetric two site model. The numerically exact results were obtained by numerically
propagating spin states evolving under the stochastic Schrodinger equation which generates
the same dynamics as the radical pair SLE, where the full trace over nuclear spin states can
be sampled efficiently using coherent spin state sampling.'®>!® These calculations were
performed by Lachlan Lindoy. The numerically exact simulations took nearly a month
parallelised over more than a hundred CPUs, whereas a NZ/SW calculation of an MFE
curve takes less than a minute on a single CPU. This means the exact simulations cannot be
used to parameter fit models to experimental data, whereas using the NZ/SW method this
task is trivial, although there may be systematic errors in the fitted parameters arising from
the approximations in the NZ/SW method.

The hyperfine and g-tensors used in the reduced models are detailed in appendix 7.A,
and in both the n=1 and n=2 models the rotational diffusion constants are D) = 3.2080 ns~!
and D, = 0.11881 ns~!. Other parameters are summarised in Table 7.1. In addition to

performing a direct comparison between the exact lifetime and relative triplet yield data,
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the ks, k1, 0y and 7; parameters are fitted to the exact simulation data using the NZ/SW

method. This numerical experiment is performed to evaluate how reliable the model

parameters derived from a NZ/SW fit to available data are likely to be.

The results of these tests are shown in Fig. 7.4 for the n=1 reduced model and Fig. 7.5 for

the n=2 reduced model. The NZ/SW method is more accurate for the n=1 reduced model,

with a maximum error of approximately 1% in the kcgr data and around 10% in the relative

triplet yield, than in the n=2 reduced model, where the maximum error in the kcr data and

ks/ns™! kr/ns™'  2(J) /gepsmT 207 /geugmT  7//ns
n=1 0.11763  0.030111 170.00 200.82 0.0077085
n=1 (fitted) 0.117727  0.029255" 170.00 145.617 0.015711%
n=2 0.0077042  0.014657 31.000 9.3213 0.17928
n=2 (fitted) 0.0076930" 0.013854" 31.000 20.0447 0.053195%

Table 7.1: Parameters used in the reduced models. The findicates that these parameters were
treated as free parameters in fitting the NZ/SW model by minimising the NMSE in the lifetime and
relative triplet yield data, using the exact simulation data as a reference.
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relative triplet yield data are approximately 3% and 30% respectively. The error is worse
in the n=2 case because the rate constants for the radical pair reactions and scalar electron
spin coupling constants are smaller. Because both the SW and NZ approximations become
exact in the limit where the isotropic hyperfine interactions and the fluctuation terms are
small relative to the electron spin terms in the Liouvillian, the error can be expected to be
larger in the n=2 case.

In Figs. 7.4 and 7.5 the results of fitting NZ/SW model parameters to the exact data
are also shown. In this case we see that the NZ/SW model can be fitted to a very high
degree of accuracy to the exact data. The resulting fitted parameters are given in Table 7.1,
where we see the largest error in the fitted rate constants is less than 6%. This suggests
that the systematic error introduced by using the NZ/SW method to obtain rate constants is
very small. The errors in the 20 and 7; parameters are larger, but this is probably due to
the fact that 7; is much shorter than the time scale of the spin system dynamics, so the 2J
fluctuations in this model are in the extreme narrowing limit. In this limit the 2/ fluctuations

cause singlet-triplet dephasing at a rate

2
20']

kstp = (7) T, (7.23)

and therefore the observed magnetic field effects are only really dependent on one parameter,
0'J27'J. The error in this parameter is ~ 6% for the n=1 model and ~36% for the n=2 model.

Overall the results of these numerical experiments indicate that the reaction rate con-
stants obtained by fitting a NZ/SW model to available data are likely to be very accurate,
for these molecules. The errors in the relaxation process parameters may be larger, but still
in this case the errors are less than a factor of 4. This gives us some confidence in the
application of the NZ/SW method to modelling MFEs in the DMJ**-An-Ph,-NDI*~ radical
pairs, although one caveat to this is that in these numerical tests the underlying relaxation
model and hyperfine constants are known a priori with absolute certainty, which is not true

of the analysis of the experimental data.
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Figure 7.6: Comparison on
the best fit NZ/SW results
including various relaxation
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tal data for the n=1 molecule.
Q indicates rotational diffu-
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J fluctuations are included
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Figure 7.7: Comparison on
the best fit NZ/SW results
including various relaxation
mechanisms with experimen-
tal data for the n=2 molecule.
Q indicates rotational diffu-
sion is included, AJ indicates
J fluctuations are included
and kg;p indicates conforma-
tional changes of the DMJ
radical are included. Top
panel: relative triplet yield
data, bottom panel: kcr
1/1rp data.
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7.4.2 Comparison with experiment

The best fits to the kcr and RTY data for models of the radical pair reaction including
different relaxation mechanisms are shown in Fig. 7.6 for n=1 and Fig. 7.7 for n=2, and the
NMSE values for the best fit models, and the parameters obtained from them are summarised
in Table 7.2. The fit quality dramatically improves as relaxation by rotational diffusion and
2J modulation are included for both molecules (n=1 and n=2); adding relaxation due to ring
flips of the DMJ has little effect on the fit quality. However, none of the models including
relaxation perfectly describe all of the features of the experimental magnetic field effect
data. In particular, the kcr B = 2J/geup peak shape for the n=1 molecule and the high-field
limit of the RTY for the n=2 molecule are not captured well by these models, as can be seen
in panels (a) and (d) of the figure.

In Fig. 7.8 and Fig. 7.9 the best fits to the experimental data for simulations including
rotational diffusion, 2J modulation, and one of the three proposed additional triplet for-

mation mechanisms are displayed. The resulting best fit parameters are given in Tables
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7.2 and 7.3. Each of the additional triplet formation mechanisms improves the fit to the
B = 2J/g.up peak of the n=1 kcr data and the high field limit of the n=2 RTY data,
although the quantitative improvement in the NMSE value for n=2 is only small. In these
simulations we do not include ring flips since the results in Figs. 7.6 and 7.7 suggest they
have little influence on the observed magnetic field effects. The final fit quality does not
depend on the specific mechanism of additional triplet formation; to graphical accuracy
they all produce identical fits. The final fitted ks, kT, 207 and 7; parameters, shown in
Table 7.2, do not vary significantly between the models with the different additional triplet

formation mechanisms.

7.5 Discussion

The fitting of various relaxation models to the experimental magnetic field effect data for
the n=1 and n=2 DMIJ-NDI molecules suggests that relaxation due to the modulation of

anisotropic spin coupling parameters by rotational diffusion and the modulation of 2J by
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internal motions both contribute significantly to the radical pair intersystem crossing dynam-
ics. The analysis also strongly suggests that some additional triplet formation mechanism is
required to explain the experimental magnetic field effects. In the following I will discuss

the physical significance of the fitted parameters obtained in the spin dynamics models.

7.5.1 Rate constants

The best fit simulations with additional triplet formation mechanisms give a consistent set
of spin-selective radical pair recombination rate constants, varying by only ~ 5%. The
values of the rate constants obtained from the simple kinetic model considered in Ref. [67]
were ks = 110 ps~! and k1 = 96 pus~™! for n=1 and ks = 6.8 ps~! and kt = 15 ps~! for n=2,
from which they concluded, together with data on n=3 and n=4 molecules, that the charge
recombination processes occurred via a superexchange type tunnelling mechanism through
the bridge, as opposed to a thermally activated hopping process. The largest deviation
between the NZ/SW rate constants and those from the kinetic model is in k7 for n=1, for
which the NZ/SW simulations give a value approximately three times smaller than the
kinetic model prediction. Based on the numerical tests on reduced models for these radical
pairs, we expect the error from using the NZ/SW method to fit kg and kTt to be no more
than ~ 6%. In any case, given the relatively small differences between the new fitted rate
constants and those obtained in Ref. [67], it seems likely as Scott ef al. concluded that both
the singlet and triplet charge transfers proceed via a superexchange mediated tunnelling

mechanism.

7.5.2 Relaxation mechanisms

The results in Fig. 7.6 and Fig. 7.7 show that relaxation arising from rotational diffusion
alone is not sufficient to account for the observed magnetic field effect curve peak shapes.
The inclusion of modulation of the scalar coupling of the electron spins significantly
improves the accuracy of the line shape in both molecules. In particular the widths of the
observed peaks are captured well for both n=1 and n=2. Modulation of the scalar coupling

5

gives rise primarily to singlet-triplet dephasing.”!:°%20%293 This increases the decay rate

of the singlet-triplet coherences in the radical pair spin dynamics, leading to broadening
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of the magnetic field effect peak. Interestingly, however, in additional tests not presented
here a field-independent phenomenological dephasing term in the master equation cannot
consistently explain the observed magnetic field effects, especially for n=2. This reflects
the fact that the fitted 1/7; is ~ 4 ns™!, whereas an applied field of the order of 500 mT
corresponds to a Larmor frequency of the electrons of y.B ~ 88 ns~!. The modulation of
J is therefore too slow to be in the extreme narrowing limit and the field dependence of the
singlet-triplet dephasing rate needs to be included properly in the calculation, for example
by employing an exponential model for the J-modulation as is done here.

The inclusion of hyperfine tensor modulation by ring flips of the DMJ radical does
not significantly improve the fit quality of the simulation to the magnetic field effect data
for either molecule. This suggests that the relaxation induced by this hyperfine tensor
modulation does not have a large effect on the spin dynamics of the radical pair. Furthermore,
because the inclusion of this relaxation mechanism does not help to explain the magnetic
field effect data, the kg;, parameters obtained from the fitting cannot be interpreted as the

true physical ring flipping rate constants. In additional simulations not presented here it has

4
flip*

been checked that this result is not dependent on the estimate of kgip/k

For the J modulation, we find that the size of the fluctuation, o, scales roughly with
average coupling, (J), as is expected. For n=1 the best fit value of o is ~ 1.4 (J), and
for n=2 it is ~ 0.2 (J). The time scales of the fluctuations, 7;, for the n=1 and n=2 wires
differ by a factor of = 70. This seems a little large to be due to the torsional motions of the
molecules modulating the exchange coupling, although the addition of the extra bridging
para-phenylene group in the n=2 wire will clearly have some effect on this. It should also be
noted that the correlation functions for the true molecular motions that modulate the scalar
coupling are likely to be more complex than the simple exponential model that has been
used here.

The difference in 77 between the n=1 and n=2 wires could alternatively be explained by
electron or hole hopping to a short-lived high-energy state with a larger scalar coupling to
the other radical, for example with the bridge in a Ph* state or an An®"* state. The lifetime

of this excited state could be very different between the n=1 and n=2 molecules, which

could explain the large difference in their 7;s. In particular, an An®*" radical intermediate
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Model NMSE ksiot/us™t krio/ps™! 2077 /gepusmT T, /ps
n=1 Norelaxation 4.3 x 1072 413.0 1.178 x 10~ — —

n=1 Q 43x1072 407.5 8.173x 1073 — —

n= Q/IANT 8.6x 1073 117.9 29.01 1120 0.3737
n= Q/AJ kg 6.9x 1073 121.3 2.072 399.9 21.30
n= Q/IANI kel 5.8x%x1073 118.0 31.75 234.5 3.728
n= Q/AJ/ At 5.8x%x1073 118.0 31.75 2354 3.724
n= Q/AT /Dy 58x1073 114.6 37.50 235.0 3.739
n=2 No relaxation 0.4 6.536 296.8 — —

n=2 Q 1.1x1072 8.009 16.05 — —

n=2 Q/IAJ 2.0x 1073 7.746 14.34 7.493 202.8
n=2 Q/AJ/kgip 1.2%x1073 7.660 14.53 6.580 349.3
n=2 Q/AJ/k 1.05x 1073 7.134 13.82 6.159 350.1
n=2 Q/AJ/ At 1.05x 1073 7.651 14.20 5.724 411.0
n=2 Q/AJ/D 1.05x 1073 7.883 14.19 5.823 395.1

Table 7.2: Fitted parameters for the different models of DMJ-NDI radical pair spin dynamics, with
the corresponding normalised mean square errors as defined in Eq. (7.22) .The models are labelled
by the relaxation mechanisms/background corrections they include: Q indicates the model includes
rotational diffusion, AJ indicates J modulation is included, kg indicates ring flips are included, ke
indicates additional field independent relaxation is included, At indicates an initial triplet componet is
included and ® indicates a background correction is included. The additional fitted parameters are
given in Table 7.3.

might account for the slower time-scale and smaller variance of the n=2 J fluctuations than
those for n=1, because one would expect the DMJ-An**-Ph,-NDI*~ radical pair to be less
electrostatically stabilised for n=2 than for n=1.

While we cannot conclusively determine which of these mechanisms predominantly
controls the 2J modulation, the large difference in the 7;s of the two molecules makes
electron/hole hopping to intermediate radical pair states the more likely explanation. Further
experiments, complemented by an analysis of the type performed here, might help to resolve
this question. One possibility would be to repeat the MFE measurements in different solvents
with similar viscosities but different dielectric constants. If electron/hole hopping controls
the 2J fluctuations, then the 7; values would be expected to have a strong dependence on
the solvent polarity, whereas if torsional motions control the 2J fluctuations, the solvent

polarity would not be expected to have nearly such a large effect on the 7;s.
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kaip/ns™' krer/ps! At D,

n=1 2.558 3.590  0.02214 0.02462
n=2  26.04 0.6973  0.06248 0.06804

Table 7.3: Additional best fit parameters for models including ring flips, additional relaxation, an initial
triplet fraction or a background correction.

7.5.3 Triplet formation mechanisms

The quality of the fit of the simulations to the experimental data improves significantly
when an additional triplet formation mechanism is included in the simulations (see Figs. 7.8
and 7.9). Interestingly, the improvement is independent of the exact mechanism of triplet
formation, and the fitted kg, kT, 0y and 7; parameters also agree well between the different
triplet formation models. The fit quality alone cannot therefore be used to infer which
additional triplet formation mechanism plays a role in these radical pairs, but we can at least
speculate about which is the most plausible mechanism.

Firstly, it should be noted that the relative triplet yields measured experimentally for
the 3*An and **NDI products are very similar.°” Given that the fitted background triplet
yields are small, ksT; < kg, and therefore ®y ~ kstikt/kT1ks. If the singlet radical pairs
were undergoing spin-orbit coupled charge recombination to give both triplet products, then
kst1 and kg2 would need to satisfy ksti/kT1 = kst2/k12. In the non-adiabatic limit, each
of these ratios is proportional to a ratio of squared electron transfer Hamiltonian matrix
elements, so | (SRP|H|T1) |?/| ("RP|H|T1) |> ~ | SRP|H|T2) |?/| ("RP|H|T2) |*>. Given
that the spin-orbit coupled charge transfer matrix elements, (SRP|H|Tn), depend strongly

151 and in a different

on the relative orientation of the orbitals involved in the electron transfer,
way to the spin-conserving matrix elements, it seems unlikely that this condition would be
satisfied, and therefore this mechanism probably does not operate in these molecules under
these experimental conditions.

We have also considered the inclusion of an additional relaxation mechanism in the
extreme narrowing limit, with a fluctuation correlation time much shorter than the spin

dynamics time scale. This produces a field-independent relaxation which has much the

same effect as including a background contribution to the triplet yield, and it can also be
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used to fit the experimental data (see Fig. 6). However we find that the phenomenological
relaxation rates needed to fit the n=1 and n=2 data differ by more than a factor of 6 (see
Table I). The length of the molecule only changes by ~10% and it is hard to imagine that
such a small change in the dimensions of the molecule would produce such a large change in
the relaxation rate. For example the spin-rotation interaction would most likely not display
this degree of dependence on the molecular geometry. Dipolar interactions with nuclear
spins in the solvent (toluene) could give rise to rapidly fluctuating fields at the radicals, but
again it is not immediately clear why there would be such a large difference between in the
n=1 and n=2 molecules.

This leaves initial triplet radical pair formation as the remaining possibility for the
additional triplet product formation. We have shown that an initial fraction of triplet radical
pairs could also explain the experimental magnetic field effect data, with similar initial triplet
fractions in both the n=1 and n=2 cases (~ 2% and ~ 6%, respectively — see Table 7.3).
These initial triplet fractions are relatively small and are in line with those measured in other
organic linked radical pair systems.'?® The initial triplet fraction could arise from spin-orbit
coupled charge transfer (SOCT) between the initial photoexcited I[DMJ**-An°*"]-Ph,-NDI
molecule and the triplet radical pair state. The SOCT rate, kcs T, would be expected to
depend exponentially on the radical separation, in the same way as the spin-conserving
charge separation rate constant, kcs. As aresult, we would expect At = kcs.1/(kcs +kcs.T)
to be approximately the same in both the n=1 and n=2 molecules, which is consistent with
what we find in the simulations. The small difference between At for n = 1 and n = 2 might
be explained by the fact that the SOCT matrix element depends strongly on the relative
orientation of the orbitals involved in the electron transfer, since the angle between the DMJ
and NDI groups changes by about 60° between the two molecules.

Overall, then, the simulations seem to suggest that additional intersystem crossing, most
likely accompanying the initial radical pair formation step, may give rise to additional
triplet product formation in these radical pairs. The available experimental data is however
insufficient to establish this conclusively because the various different triplet formation
mechanisms considered give rise to identical RTY curves. It may also be that all of these

mechanisms operate to some small degree simultaneously to produce the observed magnetic
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field effects.

7.6 Concluding remarks

In this chapter I have demonstrated how to consistently combine the Nakajima-Zwanzig
theory of relaxation with the Schulten-Wolynes approximation to the electron spin dynamics
of aradical pair, including the interplay of asymmetric recombination rates and electron spin
relaxation. This NZ/SW method has been applied to study the spin relaxation in covalently
linked DMJ-NDI radical pairs. Combining it with simple models of the internal molecular
motion, it has been possible to investigate the role of different relaxation mechanisms
in these radical pair reactions. In as far as possible the relaxation processes have been
accounted for with microscopic models, rather than treated phenomenologically. This has
proven to be important, for example in describing the singlet-triplet dephasing process in
these molecules. This dephasing is not in the extreme-narrowing limit and a simple, field-
independent dephasing rate would fail to describe the magnetic field effects that have been
observed experimentally.

We have found that modulation of the scalar coupling between the electron spins plays
a significant role in the observed magnetic field effects on these radical pairs. However this
modulation alone cannot fully explain the full magnetic field dependence of the relative
triplet yields and radical pair lifetimes. Another possible relaxation mechanism, ring
inversions of the DMJ** radical modulating the hyperfine coupling constants in this radical,
was found to not play any significant role in the electron spin dynamics. Alternative
additional triplet formation mechanisms, involving incoherent intersystem crossing in either
the charge separation or charge recombination processes, or in the radical pair state, have also
been considered. Each of these possibilities was found to improve the fit to the experimental
data equally well, but based on physical considerations, a small initial triplet radical pair
fraction seems to provide the most plausible explanation for the additional triplet product
formation.

The method presented here will hopefully prove useful in the interpretation of magnetic

field effects on other radical pair reactions. It is certainly more powerful than the use of
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simple kinetic models for the radical pair dynamics and phenomenological treatments of
relaxation, and yet it is still relatively computationally inexpensive. Most of the parameters
needed in the modelling can be obtained from DFT calculations, or EPR measurements of
the constituent radicals, and the remaining parameters can be fit to experimental magnetic
field effect data in a matter of minutes on a desktop computer. The NZ/SW method described
here can also be straightforwardly applied to study the EPR spectra of radical pairs, and to

describe other coupled spin systems such as radical triads.”%71-8.86,204
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7.A Reduced model parameters

Appendix

Here I present the hyperfine coupling constants used in the reduced models for the n=1

and n=2 radical pairs. These are based on the full radical pair parameters with isotropic

hyperfine constants rescaled to produce the same hyperfine field in each radical, Bl.zhy =

P

Zgil al.zklik(lik + 1)/geun. These parameters are given in Tables 7.A.1, 7.A.2 and 7.A.3.

7.8 DMJ**-An-Ph,—NDI*~ model parameters

Here I present a summary of the spin coupling parameters used in the simulations of the

DMJ**—An-Ph,—NDI*~ radical pairs.

Nucleus ajo/mT  APSO/mT  AYN/mT  AY/mT  A{PO/mT  AYR°/mT  AY¥°/mT
H1 -0.314637 0.024882 -0.036468 0.011586 -0.022270 0.096852 -0.031461
H2 -0.314637 0.024879 -0.036465 0.011586 -0.022275 -0.096854 0.031455
H3 -0.314637 0.024882 -0.036468 0.011586 -0.022270 0.096852  -0.031461
H4 -0.314637 0.024879 -0.036465 0.011586 -0.022275 -0.096854 0.031455

Table 7.A.1: Hyperfine couplings for the reduced model of the NDI radical anion. Isotropic com-
ponents, aiso = (Axx + Ay, + A;;)/3, are experimental values for the free radical and anisotropic
components Aflr’g“ = Agp — dapaiso- MT here is used as an abbreviation for g.ug mT.
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Nucleus ajo/mT  AW/mT  AMSO/mT  A2°/mT  A¥FO/mT  AYSO/mT  AYS/mT
HI 2309830 0.018394 -0.024143 0.005750  0.090257  0.119167  0.105530
H2  0.904158 -0.030255 -0.104512 0.134767 -0.039520 0.111178  -0.065691
H3 1.072323  0.069090  -0.014187 -0.054902 0.075976  0.013749  0.006477
H4  0.258939  0.098308 -0.057200 -0.041108 -0.013959 -0.024641 -0.002803
H5 1.074030  0.069102  -0.014201 -0.054901 0.075981 -0.014035 -0.006618
H6 0259990 0.098464 -0.057219 -0.041245 -0.014054 0.024346  0.002814
H7 2309280 0.017844 -0.024028 0.006183  0.090068 -0.119099 -0.105661
H8 0902681 -0.030775 -0.104631 0.135406 -0.039322 -0.110876 0.065607
H9  -0.166635 0.036159 -0.035899 -0.000260 0.007026  0.038259  0.004047
HI0  -0.166635 0.036159 -0.035899 -0.000260 0.007026  0.038259  0.004047
HI1  -0.166635 0.036159 -0.035899 -0.000260 0.007026  0.038259  0.004047
HI2  -0.166558 0.035983 -0.035879 -0.000104 0.007021 -0.038338 -0.004066
HI3  -0.166558 0.035983 -0.035879 -0.000104 0.007021 -0.038338 -0.004066
Hi4  -0.166558 0.035983 -0.035879 -0.000104 0.007021 -0.038338 -0.004066
N1 0831617 -0.772676 1.553776 -0.781100 0.061480  -0.000000 0.000443

Table 7.A.2: Hyperfine couplings for the reduced model of the DMJ radical cation. Isotropic com-
ponents, aiso = (Axx + Ay, + A;;)/3, are experimental values for the free radical and anisotropic
components Afl"‘[;s" = Ao — 0apaiso- MT here is used as an abbreviation for g.ug mT.

Ciso/ Cir)lciso C;r)l)iso Cgrzliso C;r)l}iso C;r;iso C;r%iso
NDI g-tensor 2.003900 0.000542 -0.001642 0.001100 -0.000794 0.0000 0.0000
DMIJ g-tensor 2.003033 0.000667 -0.000833 0.000167  0.000000 0.0000 0.0000
D tensor/mT  0.000000 0.413380 0.413380 -0.826759 0.000000 0.0000 0.0000

Table 7.A.3: g tensors and dipolar coupling tensor used in the reduced model. Isotropic components,
Ciso = (Cxx +Cyy + C,)/3, are experimental values for the free radical and anisotropic components
B — 0apaiso- MT here is used as an abbreviation for g.ug mT.

caniso —

af
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7.B.1 Hyperfine coupling tensors

Isotropic components of the hyperfine coupling tensors, aiso = (Axx + Ayy + A;;)/3, for the
NDI*~ radical are taken from experimental results’’’ for the N,N-dipentyl radical anion.
The signs of the isotropic components and the anisotropic components are obtained from
DFT. This is done by calculating the gas phase radical ground state geometry, capped with
two hydrogens (see Fig. 7.B.1), optimized with DFT using the B3LYP functional and 6-
31G(d,p) basis set with the D3 dispersion correction, as implemented in Gaussian09,'"’
and then calculating the hyperfine coupling tensors with the B3LYP functional and the
EPR-III basis set for this optimised geometry. For the NDI*™ radical the isotropic hyperfine
coupling constants are found to agree with the experimental values to within < 10%. The
hyperfine coupling tensor components are given in Table 7.B.1. Isotropic and anisotropic
components for the syn and anti conformations of the DMJ** radical, capped with hydrogen
(see Fig. 7.B.2), are calculated in the same way as the anisotropic values for the NDI*~
radical. We additionally average the two sets of three methyl hydrogens, H13—-H15 and H16-
H18, in both conformations, under the assumption that they rapidly interconvert at 295K.
These are given for the syn and anti conformations in Tables 7.B.2 and 7.B.3. The hyperfine
coupling tensors for the other two syn and anti conformations are obtained by inverting the
molecular z axis and permuting the labels appropriately. For models which do not include
ring flipping of the DMJ, hyperfine tensors for the lowest energy anti conformation are used,

but the fit quality and fitted parameters are not found to be sensitive to which of the syn,

anti or thermally averaged hyperfine coupling tensors are used for the DMJ** radical.

Figure 7.B.1: The NDI radical with labelled hyperfine coupled nuclei. The capping hydrogens are
not included.
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Nucleus  ajso/mT Ai‘}és"/mT A;“yiso/mT Ai’;s"/mT Ai“yi“’/mT A‘)’C"Ziso/mT A;“Ziso/mT
H1 -0.1927 0.011586 0.032114 -0.043700 -0.101834 -0.000008 0.000014
H2 -0.1927 0.011586 0.032114 -0.043700 0.101834  0.000014  0.000008
H3 -0.1927 0.011586 0.032114 -0.043700 0.101834 0.000014  0.000008
H4 -0.1927 0.011586 0.032114 -0.043700 -0.101834 -0.000008 0.000014
N1 -0.0963  0.035200 0.034000 -0.069200 0.000000 0.000000  0.000010
N2 -0.0963  0.035200 0.034000 -0.069200 0.000000  0.000000  0.000010

Table 7.B.1: Hyperfine coupling parameters for the NDI®*~ radical. Isotropic components, a5, =
(Axx+Ayy+A.;)/3, are experimental values for the free radical and anisotropic components A2 =

af

Aqap — Oapaiso in the isolated radical principal axis frame are obtained from DFT calculations as
described in the text.

Nucleus  ajso/mT Aniso/mT A;“yiSO/mT A"Z“;iSO/mT Ainyiso/mT Ai“ZiSO/mT A;“Zis"/mT
H1 0.486756  -0.031726 0.144387 -0.112661 0.130562 -0.015262 -0.006179
H2 2.328949  0.029447  -0.037064 0.007617 0.096496 0.115391 0.081504
H3 -0.061351 0.062467 -0.012795 -0.049672 0.044979  -0.014692 0.001259
H4 -0.060764 0.038959  -0.043062 0.004103 0.026643  -0.086679 -0.028602
H5 0.375611 0.092136  -0.037949 -0.054187 -0.025343 -0.038948 0.004200
H6 1.153098 0.082424  -0.057527 -0.024898 0.000111  0.067331 -0.006107
H7 2.329776  0.029272  -0.036836 0.007564  -0.096634 -0.115280 0.081706
HS8 0.488286  -0.032014 0.144717 -0.112703 -0.130394 0.015319  -0.006342
H9 -0.060699 0.038912  -0.043011 0.004099 -0.026721 0.086652 -0.028682

H10 -0.061503 0.062395 -0.012722 -0.049673 -0.045031 0.014720 0.001226
HI11 1.152785 0.082408 -0.057522 -0.024886 -0.000270 -0.067352 -0.006030
H12 0.375533  0.092205 -0.038003 -0.054202 0.025209 0.038923  0.004147
H13 -0.158930 0.035962  0.000470 -0.036432 0.037651  0.000522  0.000529
H14 -0.158930 0.035962  0.000470 -0.036432 0.037651  0.000522  0.000529
H15 -0.158930 0.035962  0.000470 -0.036432 0.037651  0.000522  0.000529
H16 -0.158931 0.035888  0.000544 -0.036432 -0.037686 -0.000526 0.000533
H17 -0.158931 0.035888  0.000544  -0.036432 -0.037686 -0.000526 0.000533
H18 -0.158931 0.035888  0.000544 -0.036432 -0.037686 -0.000526 0.000533
N1 0.835749  -0.780100 -0.737667 1.517767 0.000068 -0.000688 -0.330857

Table 7.B.2: Hyperfine coupling parameters for the DMJ** radical in the syn conformation, as labelled
above. Isotropic components, ajso = (Axx + Ayy + A;;)/3, and anisotropic components, A‘Z’ED =
Aqp — dapaiso, in the isolated radical principal axis frame are obtained from DFT calculations as
described in the text.
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Nucleus aiso/mT  A¥PO/mT  AJVO/mT  AZ°/mT  AY°/mT  A3P°/mT  AYYSO/mT
HI 2308839 0.018394 0.005750 -0.024144 0.119167  -0.090257 -0.105530
H2 0903770  -0.030255 0.134767 -0.104512 0.111178  0.039520  0.065691
H3  -0.034042 0.041327 -0.039294 -0.002033 0.017961  0.078922  0.025615
H4  -0.077575 0.065617 -0.016154 -0.049462 0.036655 0.014217  0.004047
H5 1071863  0.069089 -0.054902 -0.014187 0.013749  -0.075976 -0.006477
H6  0.258828 0.098308 -0.041108 -0.057200 -0.024641 0.013959  0.002803
H7 2308288 0.017844 0.006183  -0.024028 -0.119099 -0.090068 0.105661
H8 0902293 -0.030775 0.135406 -0.104631 -0.110876 0.039322  -0.065607
H9  -0.034202 0.041235 -0.039174 -0.002061 -0.018150 0.078901  -0.025838
HI0  -0.077648 0.065415 -0.015957 -0.049458 -0.036874 0.014222  -0.004080
HI1 1073569 0.069102 -0.054901 -0.014201 -0.014035 -0.075981 0.006618
HI2 0259878 0.098464 -0.041245 -0.057219 0.024346  0.014054  -0.002814
HI13  -0.166563 0.036159 -0.000260 -0.035899 0.038259  -0.007026 -0.004047
H14  -0.166563 0.036159  -0.000260 -0.035899 0.038259  -0.007026 -0.004047
HI15  -0.166563 0.036159 -0.000260 -0.035899 0.038259  -0.007026 -0.004047
HI16  -0.166487 0.035983  -0.000104 -0.035879 -0.038338 -0.007021 0.004066
H17 ~ -0.166487 0.035983  -0.000104 -0.035879 -0.038338 -0.007021 0.004066
HI8  -0.166487 0.035983  -0.000104 -0.035879 -0.038338 -0.007021 0.004066
NI 0831260 -0.772676 -0.781100 1.553776  -0.000000 -0.061480 -0.000443

Table 7.B.3: Hyperfine coupling parameters for the DMJ** radical in the anti conformation, as labelled
above. Isotropic components, ajso = (Axx + Ayy + A;;)/3, and anisotropic components, Afxr}‘gw =
Aqp — 0apaiso, in the isolated radical principal axis frame are obtained from DFT calculations as
described in the text.

Radical 8iso 8xx — 8iso  8yy — 8iso  8zz — 8iso
NDI*~ 2.0040 0.0010 0.0007 -0.0020
DMIJ**  2.0031 0.0006 0.0001 -0.0009

Table 7.B.4: g tensor components used in our simulations for the radicals, with giso = (gxx + &yy +

gz2)/3.
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Figure 7.B.2: Syn (left) and anti (right) conformations of the DMJ radical with hyperfine coupled
nuclei labelled. The capping hydrogen is not included in our simulations.

7.B.2 Dipolar coupling and g tensors

The isotropic component of the g-tensor for the NDI*™ radical is assumed to be the same
as that for the N,N-dipentyl NDI*~ radical’”’. The anisotropic components are obtained
from DFT just as the anisotropic components of the hyperfine tensors are. The isotropic
and anisotropic components of the g-tensors for DMJ** are obtained from DFT in same
way as the hyperfine coupling tensors. The same values are used for both anti and syn
conformations, because the differences were found to be negligible. The off-diagonal
elements for g tensors in the principal axis frame of the isolated radicals are found to be
small and for simplicity are set to zero. g tensor parameters used are summarised in Table
7.B.4. Overall it was found that the simulations are not sensitive to value of the g tensors,
due to the relatively low field strengths at which simulations are performed.

The dipolar coupling tensor was calculated based on the point dipole approximation,
assuming the two radicals lie on the molecular z axis exactly. The isotropic value of the
electron g tensors were used to calculate this coupling tensor. The radical separations used

were r = 16.5 A for the n=1 molecule and r = 20.9 A for the n=2 molecule.®’

7.B.3 Rotational diffusion parameters

The rotational motion of the molecule was simplified by treating it as a rigid prolate
symmetric top. The isolated DMJ** radical y axis was taken to be parallel with the molecular
—z axis, and the molecular x axis was taken lie on the radical x axis (see Fig. 7.B.3 for
the n=2 case). The NDI®*~ x axis was taken to lie on the molecular z axis, and the isolated
radical y axis was taken to be at an angle 8 from the molecular x axis. This angle for the

solution phase radical ion pair state was estimated from the gas phase ground state geometry,
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optimized at the DFT B3LYP/6-31G(d,p) level of theory with D3 dispersion correction. For
n=1 the angle was taken to be —82° and for n=2 the angle was taken to be —18°. This angle

is independent of whether the DMJ** is in the syn or anti conformation.
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Figure 7.B.3: Example ground state geometry of the n=2 molecule with syn conformation of the
DMJ**, calculated at the DFT B3LYP/6-31G(d,p) level of theory with D3 dispersion correction. Also
shown is the approximate position of the molecular axes.

The molecule was assumed to behave as a rigid rotor, with rotational diffusion constants

given by the Stokes-Einstein equation,

kgT
D, = 3
8mnry,

(7.B.1)
where T is the temperature, 295K.,°7, n is the bulk dynamic viscosity, taken to be 0.5812
mPa s, and r, is the hydrodynamic radius of the molecule in the @ =|| or L direction.
We estimated r|| as 8.50 A, and r, as 15.45 A and 17.50 A for n=1 and n=2 molecules
respectively. These estimates are based on atom-to-atom distances in the ground state gas
phase geometry, adding the van der Waals radii of hydrogen of 1.2 A and 2.8 A for the
solvent toluene,’” ignoring the n-octyl group on the NDI, and as such these are likely to be
underestimates of the true hydrodynamic radii.

This is a crude estimate based on treating the parallel and perpendicular rotational
diffusion as equivalent to a sphere with a radius given by the width or length of the molecule
respectively. Although crude, it likely gives a reasonable estimate, given the radical pair
is not completely rigid and therefore rotation of the radicals about the inter-radical axis
is likely dominated by fast internal torsional motions, which can be approximated by the
diffusion of a sphere with the radius of the radical. Alternative methods for approximating
rotational diffusion parameters have been used previously, by treating the entire molecule
as a spherical top', or by treating each radical as an independently rotating spherical top®®,

both of which ignore the anisotropy of the rotational diffusion in these systems, whereas
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the current approach at least approximately accounts for this approximately. Furthermore,
the Stokes-Einstein equation is also only approximate in this case given that the molecular
volume of toluene is not significantly smaller than that of the molecule, and as a result the
viscosity experienced by the molecule is likely to be smaller than that of the bulk. Given
these approximations, we have tested the sensitivity of the fits and fitted parameters of
our models, increasing and decreasing the diffusion constants by 50%. The fits and fitted
parameters were found to not change significantly on altering the diffusion constants in this

way.
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Kinetic Master Equations for Radical Pair
Intersystem Crossing

In this chapter the Nakajima-Zwanzig equation is used to explain the success of simple
kinetic models in describing radical pair reactions. This offers new insights into recent
experiments which have used kinetic master equations to interpret magnetic field effects
on radical pair reactions, and it also gives a new tool for modelling radical pair reactions
with high computational efficiency. Furthermore the kinetic master equation is employed
to study magnetic field effects on the reactions of phenothiazine (PTZ), perylene-3,4:9,10-

bis(dicarboximide) (PDI) radical pairs, separated by an oligo-para-phenylene bridge.

8.1 The kinetic master equation

Magnetic field effects on radical pair reactions are usually described using models that
include quantum coherences between spin states, based on the radical pair master equation
for the spin density operator /(¢), which has been derived and used in the previous chapters
of this thesis. The action of the effective spin Hamiltonian A on p() gives rise to coherent
evolution of spins in the radical pair, as depicted in Fig. 8.1 (A). However, experiments
which probe radical pair survival probabilities and the quantum yields of spin state selective
recombination reactions are often interpreted using simple incoherent kinetic models for
the interconversion of radical pair spin states, as depicted in Fig. 8.1 (B).?!-06,68,150,182,206

One particular model proposed recently by Steiner et al. employs the following func-
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tional form for the spin state interconversion rates,’»'°0-182

— khfc + krel
1+ (e, — em)z/yﬁfc 1+ (e — em)z/yrzel

knm + ko, 8.1

in which ke, krel, ko, Ynfc and yye) are free parameters and €, is the energy of the coupled
electronic spin state |n) = |S), |T4), |To), or |T_) in the absence of hyperfine interactions.
Here the first term represents the isotropic hyperfine contribution to the interconversion and
the second represents the spin relaxation contribution. This ansatz has been used success-
fully to interpret the magnetic field effects on radical pair survival probabilities in several

51,150,182 A

sets of experiments. similar expression for the hyperfine mediated intersystem

crossing rate has previously been arrived at by applying the steady-state approximation to
the coherences in a simple two-state model of the radical pair spin states.”?’~>!°

At a glance, the coherent quantum dynamics approach and the kinetic approach appear
to be fundamentally different. But in this chapter I will show how the kinetic model can in
fact be derived as an approximation to the exact quantum spin dynamics. In particular, I
will show that expressions for the spin-state interconversion rate constants very similar to

those in Eq. (8.1) can be obtained straightforwardly from a perturbative approximation to

the solution of an appropriate Nakajima-Zwanzig equation.

8.2 Derivation of the KME

In this section I outline the derivation of the kinetic master equation (KME) for the radical

pair intersystem crossing process using Nakajima-Zwanzig theory.
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8.2.1 Radical pair spin dynamics

The radical pair state is described by its density operator p(¢), which evolves according to

the quantum master equation’>—>*
d n i A kr R kr A ) A
ap(t) =% [H.p(1)] - {?SPS + TTPT,/O(I)} - DH(1), (8.2)

in which kg and k7. are first-order spin selective recombination rate constants,” and Ps,
and Pr are projection operators onto the singlet and triplet electronic subspaces. The first
term on the right-hand side of Eq. (8.2) describes the coherent spin evolution, the second
describes the effect of spin-state selective radical pair recombination reactions and the third
describes any additional singlet-triplet (and triplet-triplet) dephasing,

DH(t) = D kP (1) P, (8.3)

n#m
in which P, = |n)n| ® 1y, where 1y, is a nuclear spin identity operator. Here k9, = k4 is
the additional dephasing rate for the n, m coherence, which arises from fluctuations in the
electron spin coupling as a result of nuclear motion, as can be obtained from the extreme
narrowing limit of these fluctuations (as described in section 6.5.4),*> or strong diabatic
coupling between the radical pair and product states (as described in chapter 3).%*

The Hamiltonian A in Eq. (2) can be split into reference part Hy and a perturbation V.
We will take the reference part to include the average Zeeman interaction and scalar electron

spin coupling, and the perturbation to include the isotropic nuclear hyperfine couplings and

the difference between the Zeeman interactions of the two radicals,

A B A A A A
Hy = 'u%(gl +82)(S1z+S82:) —2JS1 - Sy, (8.4)
BB X
L L YT S S
= (81~ 82)(S1: = §22) +l_;2;alkl,k S:. (8.5)

Here S; is the unitless electron spin operator for radical i, I;¢ is the nuclear spin operator for

nucleus k on radical i, a; is the isotropic hyperfine coupling constant for this nucleus, B is

2In this chapter the notation is changed slightly due to the large number of different rate constants appearing.
A superscript r denotes a reaction rate constants and superscript d denotes a decoherence rate constant.
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the applied magnetic field strength, up is the Bohr magneton, g; is the isotropic g-factor for
radical i, and J is the scalar coupling constant for the electron spins.’

Using these definitions, we can split the full Liouvillian £, defined by Eq. (8.2), into
a reference part Ly and a perturbation Ly. The perturbation is taken to only include the
action of V in Liouville space, Ly = —(i/#)[V, -], and the reference part is taken to be
the remainder of the Liouvillian, Ly = £ — Ly, including reaction and dephasing terms
in Eq. (8.2). From the definition of |n) as one of the coupled electron spin states (|S) or
|T,)), it is straightforward to show that |n)m]| is Liouville-space eigenvector of Ly with

eigenvalue A, = —i(€, — €u) — Ynm- € is the eigenvalue of Hy/# associated with |n) and
d

nm» Which arises from

Ynm is the total decay rate of [nXm|, yum = (kj, + k5,) /2 4+ (1 = 0pm)k
the reaction and dephasing terms in Eq. (8.2) (here &}, is the reaction rate of state |n), either
kg or k7).

The initial radical pair spin density matrix for radical pair reactions can usually be

written as a sum of electronic spin state projection operators,
1 N
0(0) = = n(0)P,, 8.6
p0) = - Z Pu(0) (8.6)
where p,(0) is the initial probability of finding the radical pair in state n and Z is the
dimensionality of the nuclear spin Hilbert space, Z =[], » Hg;l 2L +1).
8.2.2 The kinetic master equation

The Nakajima-Zwanzig equation (Eq. (2.53)) can be used to obtain a master equation for

the populations by defining the projection superoperator as
1 A R

and then an exact equation for the populations can be obtained by taking the trace of this

projected onto each of the spin states, p,(t) = Tr[ﬁ,,?’ﬁ(t)],

d t
@ =m0+ 3 [ dr it =0pn (o) 8
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where the rate kernels are given by «,,,, () = (1/2) Tr[ﬁnLerQU Q£vﬁm] and we have
used the fact that P p(0) = p(0). The decay time of «,,, () dictates the time-scale on which
short-time coherent oscillations decay. If the kernels decay on a time-scale faster than the
dynamics of p, (), we can make the incoherent rate approximation to obtain the Markovian

kinetic master e:qua‘[ion,34’102

d r
apn(t) = _knpn(t) + ; knmpm(t)’ (89)

in which the rate constants k,,, are given by k,,, = /000 dr k().

For time-integrated properties such as the singlet quantum yield, ®s = kg fooo ps(t)dt,
the KME in this form is exact, as discussed in chapter 2. However, in order to derive
explicit expressions for the rate constants k,,, we shall now treat V as a perturbation. The
rate constants can be evaluated to second order in V by approximating the rate kernels
as Kum (1) ~ (1/2) Tr[P, LyQe¥L'Q Ly P,,|. This approximation yields a second order
kinetic master equation (KME2) which rigorously gives integrated properties accurate to
second order in the perturbation. From this we can also obtain a criterion of the validity of

the kinetic description, using the ideas discussed in chapter 2.

8.2.3 Intersystem crossing rate constants

We can obtain the rate constants k,,, by integrating the second order rate kernels. Noting

that @£’ = P + QeLo’, the second order approximation to ,, (¢) for n # m is

2 A oA A A
Knm (1) = %e_”""’ cos[ (e, — €n)t] Tr[PnVPmV], (8.10)
and K, (1) = — Xn2n kmn (). Integrating this gives the following general expression for the
interconversion rate constant for n # m (with kK, = = 2,2, kmn),
CT[AVE] 2y s
" hzZ ’}/,2,," + (en - em)z. .

This is essentially the Fermi’s golden rule rate constant, where the density of states for the
final state is a Lorentzian function with a width given by the decoherence rate iy,,,,.

In order to evaluate the kernels, we need the following matrix elements of V, (n|V|m) =
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Vom = f}ljm’

Vst, = F (hiy £ ihyy) = (hoy £ ihay) (8.12a)
2\/—[ y y ]
N 1,4 A 1
Vst, = 5 [h1z = o] + E#B(gl - g2)B (8.12b)
Vror, = ﬁ [(h1x £ ih1y) + (hox £ ihoy)] (8.12¢)
Vr,1, =0, (8.12d)

in which fz,-a = Zgil airliko- Taking the trace of products these as in Eq. (8.10), it is clear

that the only non-vanishing terms are those proportional to an f.zk or an identity operator.
2,904

The trace of I?ka is Try, [I?ka] = %Iik (Iix +1)Z, which can be used to evaluate all of the terms

appearing in the master equation.

The resulting kinetic master equation rate constants satisfy k,,, = k,,, and they can

©)

be split into the sum of a hyperfine contribution k( and a Ag contribution k( g). It is

clear that kgifc) = 0, and that all Ag rate constants are zero other than k(Ag) = k(Ag) The

non-zero rate constants areZ] 1

2

k(hfc) _ “1hyp +w2 hyp Ynm (8.13)
6 V%m + (En - Em)2’
2
A 1 (us(g1 —g2)B YsT.
W =1 ( . S U R— (8.14)
YsT, + (€5 — fTo)

wherea) —Zk | lk L (L + 1) /B2

The generahsatlon of the master equation to include electron spin relaxation arising from
rotational diffusion is straightforward. Here I will simply state the additional contributions
to the singlet-triplet interconversion rates for a radical pair undergoing isotropic rotational
diffusion, and leave the details of the derivation to the appendix. The final expression for

the relaxation-induced spin-state interconversion rates is

2 2 2 2
" 18 (7nm+1/TR)2+(€n_€m)2’ ‘
where Ty is the isotropic rotational correlation time, ' ’> |u)l(i)yp|2 = Zgil an:_z |Al(k)m| L (Lip+

1)/#2, and Al(,f )m is the m™ rank 2 spherical tensor component of the hyperfine coupling for
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nuclear spin k on radical i.*> Analogous expressions for relaxation induced by rotational
modulation of g-tensor anisotropy, and dipolar electron spin coupling, are given in the
appendix, including the effect of anisotropic rotational diffusion.

Egs. (8.13) to (8.15) are clearly very closely related to the ansatz proposed by Steiner
et al>' (Eq. (8.1)). However, they have been derived here directly from the quantum
mechanical description of the radical pair spin dynamics, and they do not involve any free
parameters. One significant difference between our equations and Eq. (8.1) is that our width
parameters 7y, depend explicitly on the spin states n and m that are interconverting.

From the theory outlined above, we can find criteria for the validity of the Markovian
and perturbative approximations. An approximate validity criterion can be obtained for
the second order perturbative approximation by requiring that the time-scales of the un-
perturbed dynamics are shorter than those associated with the perturbation , i.e. for the
isotropic hyperfine interactions when (wihyp + w%’hyp)/ 6 < y2, + (€ — €)?, for the Ag

mechanism when (ug(g1 — g2)B/h)?/2 < 7§T0 + (€5 — er,)?, and for the anisotropic hy-

(2) (2)

L byp 2,hyp|2)/18 < (Y + 1/1R)% + (€, — €n)?, Where

perfine interactions when (|w” |? + |w
n#m.

The Markovian approximation will be valid when the decay time of the kernels is
shorter than the time-scale of the population dynamics. Using Eq. (2.63) for the validity
of the Markovian criterion, and Eq. (8.10) for the kernel components, we require that the
maximum of | /OOO tknm(t) dt| < 1 for the Markovian approximation to be accurate, which
reduces to

2Te[PaVPuV] Iy2, — (60— n)?
mZ (Yim + (€ = €m)?)?

(8.16)

By noting that |y2, — (€, — €x)?| < v2, + (€. — €n)?, this criterion will be satisfied
when kf,},’,fc/ A8 o vnm and equivalently for the anisotropic interactions when k,?,;f‘a“is") <
vum + 1/7r. These criteria for Markovianity are the same as the criteria for the validity of
second order perturbation theory.

Overall we see that the second order kinetic master equation (KMEZ2) can be expected

to break down when coherence decay rates energy gaps between spin states become small —

these are the factors that drive spin dynamics away from the incoherent kinetic behaviour into
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the coherent regime. Higher order truncations of the kernel in Eq. (2.53) and approximate
resummations of these higher order terms could in principle be used to obtain master
equations valid beyond the perturbative limit,>*!?> however the resulting rate constants
would have a significantly more complex functional form than that proposed by Steiner et

al. [Eq. (8.D)].

8.3 A model radical pair

In order to evaluate the accuracy of the perturbative master equation, and in particular to
demonstrate where the approximations we have made in deriving it are not applicable, I
will now present calculations for two example systems for which exact quantum mechanical
simulations can be performed for comparison, using either the Stochastic Liouville equa-
tion'’? (as described in previous chapters) or using spin coherent state sampling to solve
the Haberkorn master equation.' %>

As a first example, which includes the effects of electron-spin relaxation, the population
dynamics for a radical pair undergoing isotropic rotational diffusion, with one radical
coupled anisotropically to a single proton, have been simulated using the SLE. This model
is the same as that used in section 6.6.2. Fig. 8.2 shows the singlet, triplet and total
survival probabilities (p(t) = ), pn(t)) for this radical pair with rotational correlation
times of 1 ps (top panels) and 1 ns (bottom panels), at two different applied magnetic field
strengths B = 2J/g.up (left panels) and B = 20J/g.up (right panels). In this example
a=(4/3)J = AA =1 geupmT and kg = 10k} =1 ps~!, so this is in a regime where the
hyperfine coupling is of comparable strength to the electron spin coupling. These parameters
are chosen as being representative of a real radical pair reaction in solution. In the case
of only one hyperfine coupled proton, coherence effects will be highly pronounced,’*>!?
making this a relatively challenging example for the KME2 method.

As the rotational correlation time decreases from 1 ns to 1 ps, it can be seen in Fig. 8.2
that the master equation becomes less accurate. When 7R is small, isotropic hyperfine
coupling dominates and the second order kinetic master equation fails to capture the coherent

oscillations between the singlet and triplet states at short times. However, for longer times,
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Figure 8.2: Singlet, triplet and total survival probabilities for a one proton radical pair with isotropic
rotational diffusion causing relaxation. Solid lines are the exact probabilities obtained by solving the
Stochastic Liouville equation and the dashed lines are the KME2 results. In the top two panels g
is 1 ns and in the bottom two panels 1r is 1 ps, and in the left hand panels B = 2J/g.up and in
the right hand panels B = 20J/g.up. Both radicals have isotropic g-tensors with g; = ge. The
scalar coupling is J = —0.75g.us mT and the proton has a diagonal hyperfine coupling tensor with
components Axy = Ay, = 0.5geup mT and A, = 2g.ug mT. The radical pair reacts asymmetrically
with k§ = 1 ps™" and kL. = 0.1 ps™".
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Figure 8.3: Triplet yield as a function of rotational correlation time for a one proton radical pair. The
simulations in the left panel correspond to B = 2J/g.up and in the right panel they correspond to
B =20J/geus.

and when relaxation plays a significant role, as in the TR = 1 ns case, the KME2 is very
accurate. In this case it can be seen that coherent oscillations decay after ¢t ~ 0.5 ps =
1/vsrt, . which is the decay time of the singlet-triplet rate kernels. We also see that away
from the 2J resonance, at a high applied magnetic field strength, the KME?2 is more accurate
than at B = 2J/geup, where the singlet and T, states have equal energy, so the perturbative
approximation is least accurate at this resonance.

In Fig. 8.3 we examine the accuracy of the KME2 for the triplet quantum yield of this one
proton radical pair, as a function of the rotational correlation time, at the 2J resonance and
for B = 20J/geus. Away from the 2J resonance, (right panel of Fig. 8.3), the KME?2 is very
accurate up to long correlation times, 7r > 10 ps. At the 2J resonance however (Fig. 8.3,
left panel), the perturbative approximation to the isotropic hyperfine coupling breaks down,
and when relaxation does not contribute to the radical pair intersystem crossing (7 < 1 ps)
the KME?2 results no longer agree quantitatively with the exact results. This breakdown
arises because the perturbation strength, w1 pyp/ V6 = a/(2V2) ~ 0.35 geug mT, is larger
than the smallest unperturbed frequency, min,,, %i[y2,, + (€, — €x)*]"/? ~ 0.003 geup mT,
consistent with the above discussion. The second order master equation nevertheless

remains accurate when relaxation dominates (for 1 ns < g < 1 ps), in spite of the strong
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hyperfine coupling.

8.4 Para-phenylene molecular wires

As a second example, magnetic field effects on the recombination reactions of an homol-
ogous series of charge-separated PTZ**—Ph,~PDI*~ molecular wires have been simulated
(the chemical structure of the molecules is shown in Fig. 8.4).7° As demonstrated in Ref. [26],
these radical pairs react spin selectively to either form the singlet ground state molecule, or
an excited triplet state, where the triplet excitation is localised on the PDI fragment. Both
the radical pair state and triplet product are distinguishable from the ground state spec-
troscopically, which enabled Weiss er al. to measure the radical pair survival probability
p(t, B) and the triplet product yield ®1(B), relative to the zero field values.”® This series
has also previously been studied using exact quantum mechanical simulations, as described
in Ref. [198], and here the same model and parameters for the radical pair spin dynamics
are used.

It has been suggested that two main mechanisms of charge transport operate in these
molecules: superexchange mediated tunnelling between the two radical ions, and hopping
via an intermediate state in which the Ph, bridge is charged.’® The dominant mechanism
depends on the energetics of the states involved and the effective diabatic coupling between
the states, so different mechanisms may operate for the singlet and triplet charge recombi-
nation processes. There is no direct way to determine the mechanism from magnetic field
effect experiments, instead one must fit kg and k7. using the MFE data and a model of the
radical pair intersystem crossing process, and the mechanism of charge transport can be
inferred from the donor-acceptor separation rps dependence of the extracted rate constants.
An exponential decay of the rate constant with rpa is indicative of tunnelling, whereas a
rate which is constant or increases slowly with rpa suggests that a hopping type mechanism
operates.”® This was originally investigated using exact quantum dynamical simulations by
myself, Alan Lewis and David Manolopoulos'“®, using a model of the radical pair spin
dynamics which only included isotropic coupling terms. Here I will use these simulation

results to benchmark the KME2 method, and then use the KME2 method with a model of
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the radical pair intersystem crossing that incorporates the effects of anisotropic interactions,

which cause spin relaxation, as well as isotropic couplings.

8.4.1 Isotropic coupling model

In the first model of PTZ**—Ph,~PDI*" radical pairs considered, only the electronic Zeeman
interaction, electronic scalar coupling and isotropic hyperfine couplings in the PTZ** and
PDI®™ radicals are included. No relaxation contributions are present, so one may expect
the Markovian and weak-coupling approximations to be less accurate than in the model
considered above.

For the n=2 and n=3 radical pairs the magnetic field effect on the relative triplet yield
is calculated (as was reported for the experiments by Weiss et al. in Ref. [26]). As was
found in Ref. [198], and as discussed in chapter 7 for DMJ**-An-Ph,-NDI*" radical pairs,
it was necessary to add a correction to the calculated triplet yield to account for additional
triplet formation, and to use the same model as in Ref. [198], here I only consider adding
a background correction as in Eq. (7.18). The effect of additional relaxation or a small
triplet fraction could also be included, but results in chapter 7 for a very similar radical pair
show that these different additional triplet formation mechanisms yield almost identical fits
to experimental data, so for simplicity here only the background correction is considered.
For the n=4 and n=5 radical pairs the calculated magnetic field effect is on the survival

probability of the radical pair at 55 ns after formation, as was reported in Ref. [26].

o Figure 8.4: The chemical structure
Q 0o of the PTZ—Ph, —PDI molecules.
S N N . N Photoexcitation of the PDI fragment
O Q leads to electron transfer from the
@ no o) PTZ to the PDI, forming a spin cor-
0] E
PDI

related radical ion pair.?®

PTZ  Ph,
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Figure 8.5: Simulated magnetic field effects for a series of PTZ**—Ph,—PDI*~ molecular wires. The
n=2 and n=3 panels show relative triplet yields and the n=4 and n=5 panels show relative survival
probabilities of the radical pair at # = 55 ns. The experimental data to which the quantum simulations
were originally fitted are also included for comparison.?® The QM and KME2 simulations used identical
parameters, including the same background correction for the n=2 and n=3 data (see Ref. [198] for
more details). The KME2 (fit) results were produced by refitting the model parameters.

From n=2 to n=5, the total scalar electron spin coupling decreases from |2J| =
170 gepug mT to |2J| = 1.75g.upg mT, the last of which is comparable to the perturbation

2 +w?2, )/6]'? ~ 0.41g.ug mT, and so treating the hyperfine interactions

1,hyp 2,hyp
to lowest order in perturbation theory breaks down along the series, as can be seen from the

strength, [(w

results in Fig. 8.5. The largest deviations occur when there is a near degeneracy between
the S and T_ states at the 2J resonance, where the perturbative approximation is least valid,
and in the n=5 case where the low field effect*’ contributes significantly to the magnetic
field effect on the radical pair survival probability.'”® Despite this, the errors in the KME2

results are still relatively small for the n=2—4 radical pairs.
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For the n=3-5 molecular wires the kinetic master equation has been used to fit the
experimental data using the same free parameters as in the quantum simulations described
in Ref. [198], specifically kg, k1., and ®¢ (for n=2 and n=3 only). The fitted parameters are
given in Appendix 8.B. These fits are also shown in Fig. 8.5. In the n=3 and n=4 cases the
data can be fit well with the KME2, with parameters differing from the QM parameters by
< 20% for n=3 and < 50% for n=4. However, for the n=5 molecule, it was not possible
to find kg, k7. and J parameters for which the KME2 approximation gave a good fit to the
experimental data. This is because of the importance of the low magnetic field effect in this
case, and the value small of |2J| and ,,,,. Under these circumstances the KME2 is clearly
inadequate, and the only reliable way to fit the experimental data with the isotropic coupling
model is to resort to a coherent quantum mechanical calculation of the type described in

Ref. [198].

8.4.2 Including relaxation effects

Having demonstrated that the KME2 method can be used to reliably model magnetic field
effects on the n=2—4 radical pairs, we can now use the method to include the effects of spin
relaxation on the radical pair spin dynamics. Including relaxation in exact QM calculations
is extremely computationally expensive, which is why these effects were ignored in the study
in Ref. [198], however using the KME2 method the inclusion of electron spin relaxation
is trivial. In Fig. 8.6 the magnetic field effects calculated from fitting models including
relaxation using the KME2 method are shown along with the experimental data.

The model used includes relaxation from g tensor anisotropy, dipolar coupling between
electron spins, and anisotropic hyperfine couplings modulated by molecular tumbling, as
well as the isotropic Ag contribution. The tumbling motion is modelled using a symmetric
top model, where the diffusion constants for rotation parallel and perpendicular to the
symmetry axis are estimated by treating the molecule as a prolate ellipsoid, where the
solvent is treated as a continuum fluid with a viscosity 7, using the Stokes-Einstein equation,
modified for ellipsoids.”!® This fails to account for the fact that motion about the symmetry
axis for the two radicals is likely to be faster due to internal rotations of these groups,

so to account for this the parallel diffusion constant D is rescaled, with the rescaled D
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treated as a free parameter in the model. The internal motion could be accounted for in a
more sophisticated manner, but this would involve additional parameters, so for the sake of
simplicity this simple rescaling of D) is used. Anisotropic components of the g tensors are
estimated from gas phase electronic structure calculations on the free radicals, as are the
anisotropic hyperfine coupling tensors, and the angles between the radicals are estimated
using the gas phase equilibrium geometries of the ground states, calculated with DFT. The
dipolar coupling tensor is calculated by treating each radical as a point dipole, where the
separation estimated from the gas phase equilibrium geometries. Details of the model are
described in appendix 8.B.

When relaxation is also included, it is found that some additional changes need to be
made to the model to obtain good least squares fits to the experimental data. Firstly for the
n=4 and n=>5 radical pairs it was found that an additional field-independent singlet-triplet
dephasing needed to be included, with rate constant kstp = kng' For the n=2 and n=3
radical pairs, adding this relaxation mechanism into the model was not found to significantly
improve the fits, so it is excluded for simplicity. Secondly, the 2J value was adjusted for
the n=2. Since the 2J value was originally estimated by simply taking the magnetic field
at which the MFE is maximised, this is a reasonable small adjustment to make to the
model. For the n=5 molecule the original experimental 2J value of —1.5g.up mT was used.
Thirdly, as discussed in Ref. [198], the Ag value estimated by taking the isotropic g values
for the free radicals is likely to be an overestimate, because in the radical pairs the local
electronic environments of the radicals are altered, so for the n=2 results a rescaling of the
experimental, free radical Ag value was introduced. The Ag mechanism makes effectively
no contribution to the observed magnetic field effects for radical pairs with n>2, because B
is much smaller in these other cases, so this rescaling is not included in the other radical
pairs.

The values of the parameters kg, k7, D, @ (for n=2 and n=3), kstp (for n=4 and n=5),
as well as 2J (for n=2 and n=5) and Ag (for n=2), were obtained by least squares fitting the
KME2 model with these free parameters to the experimental MFE data, with the constraint
that the zero field lifetime of the radical pair is within 5% of the experimental lifetime. The

best fits are shown in Fig. 8.6 along with the experimental MFE data. The n=2 panel (top
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left) includes the model without rescaling Ag and 2J and with these rescalings. The fitted

parameters are given in appendix 8.B.
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Figure 8.6: Simulated magnetic field effects for a series of PTZ**—Ph,—PDI*~ molecular wires. The
n=2 and n=3 panels show relative triplet yields and the n=4 and n=5 panels show relative survival
probabilities of the radical pair at ¢ = 55 ns. The experimental data to which the models are fitted are
also included for comparison.?® As described in the text, for n=2 only the value of Ag and 2J were
refitted, the results of which are given by the orange dashed curve. Adjusting Ag and 2J for the n=3-5
radical pairs did not significantly alter the fit quality or the values of parameters, so these results are
not shown.

Firstly we note that including relaxation effects the KME2 models can provide very
good fits to the experimental data for n=2—4 radical pairs, with some deviations at large
applied magnetic fields for n=5 (as shown in the insert of the bottom right panel in Fig. 8.6).
The deviations for n=5 can be explained by comparing the KME2 and QM results in
Fig. 8.5, where it was found that low magnetic field effects which are not captured by

second order perturbation theory play a role in the spin dynamics, leading to a breakdown
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of the KME2 description in this case. The deviation for n=5 is most pronounced at high
fields, which is most likely because the magnetic field effect reported is a relative magnetic
field, p(t, B)/p(t, B = 0 mT), so if the spin dynamics are not accurately described at zero
field, e.g. if p(t, B = 0 mT) is overestimated, then the high magnetic field effects may not
be described accurately.

The adjusted values of 2J/g.up for the n=2 is —161.9 mT, which is a relatively small
shift from the experimental value.” Similarly the change in the Ag value is relatively small
for n=2, where it is scaled down from Ag = 0.0025 based on experimental measurements
of the free radical g values to Ag = 0.00128, a decrease by a factor of approximately 2.
This is likely due to the different substituents on the radicals leading to a small change in
the electronic structure of the radicals, which slightly shifts the g values.

The fitted values of kstp for n=4 and n=5 are 145 ps~! and 20.7 ps~!, which are
approximately equal to the fitted values of k7. in each case, so when relaxation is included,
it appears that singlet-triplet dephasing makes a reasonable contribution to the observed
magnetic field effects. These values are similar to singlet-triplet decoherence rates reported
for similar rigid radical ion pairs.**" Singlet-triplet dephasing is also likely present in the
n=2 and n=3 radical pairs, but adding this parameter did not improve the fit quality for
these radical pairs, so it is not possible to reliably fit this parameter for these molecules.
From the kinetic equations, the width of the magnetic field effect peaks will be governed by
¥ST,, = kstp + (kg +k7)/2, so both dephasing and lifetime broadening contribute additively
to the width. This means the fitted krT values for n=2 and n=3 are likely overestimates,
because singlet-triplet dephasing is not included.

The rescaling of the rotational diffusion constant for motion parallel to the molecular
symmetry axis, Dﬂ“ed / Dﬁi““ei“, was found to lie between 8.8 and 11.6 for these radical
pairs, which suggests that faster torsional motion about the molecular symmetry axis makes
a significant contribution to the modulation of anisotropic spin coupling parameters. This
motion would be expected to be similar for all molecules, which is consistent with the small

range of rescaling parameters found across the series of molecules.

bAs suggested in Ref. [26] the net electron spin coupling is assumed to be anti-ferromagnetic, so 2J < 0,
although the magnetic field effects are not sensitive to the sign of 2J. In fact within the KME2 method the
observed magnetic field effect is completely independent of the sign of 2J.
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Figure 8.7: Singlet-triplet interconversion rate constants and triplet yields with and without relaxation.

The KME?2 method provides a useful tool for analysing the relative contributions of
isotropic coupling and anisotropic coupling contributions to the radical pair intersystem
crossing process, because the kinetic rate constants at second order are a simple sum of
anisotropic and isotropic terms. This means we can evaluate whether or not the inclusion
of relaxation contributions to the intersystem crossing is actually important. In Fig. 8.7 the
triplet quantum yield (left panel), and the total S — T_ intersystem crossing rate constant
(right panel) is shown for the n=3 radical pair as a function of applied field strength. The
triplet yields and rate constants including only isotropic coupling terms or only relaxation
due to modulation of anisotropic coupling terms are also shown. It can be seen in the
right hand panel of Fig. 8.7 that for B < 10 mT and B > 50 mT anisotropic coupling
contributions dominate the intersystem crossing rate, but close to the 2J resonance, the
isotropic contribution dominates. This means that neither isotropic nor anisotropic coupling
effects can be said to dominate the entire range of observed MFEs, which is reflected in the
triplet yields calculated including either both isotropic and anisotropic couplings, or just
one of these, as shown in the left panel of Fig. 8.7. This clearly shows the importance of
including relaxation effects in modelling the MFEs on radical pair reactions.

In the previous study of these radical pair reactions using quantum mechanical simula-
tions'”®, which ignored any anisotropic coupling/relaxation effects, the fitted spin selective

rate constants along the series of molecules were used to infer the spin selective mechanisms
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of charge recombination. It was concluded that the triplet recombination mechanism is su-
perexchange mediated electron tunnelling, based on the observation that the rate constant
decays exponentially with radical separation, whereas for the singlet recombination for n>2
it was concluded that a hopping mechanism dominates, based on the observation that kg
becomes approximately independent of the donor-acceptor separation. However, in light
of the fact that anisotropic coupling effects likely make a large contribution to the radical
pair intersystem crossing process, we should re-evaluate these conclusions about the spin
dependent charge recombination mechanisms.

The fitted values of the spin selective rate constants are plotted in Fig. 8.8 as a function
of the donor-acceptor separation, rpa, with circles denoting the new KME?2 fitted values,
where relaxation is included, and squares denoting the values obtained in Ref. [198] using
the model that only includes isotropic couplings. It is clear that the experimental charge
recombination rate kcr, which is the inverse of the radical pair lifetime, depends on both
the singlet and triplet recombination rates and the rate of intersystem crossing. Whilst
the values of k7. obtained with relaxation included are relatively similar, the values of kg
are approximately an order of magnitude smaller for the n=4 and n=5 radical pairs. So

whilst the triplet recombination does appear to be tunnelling dominated across the whole
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series, it appears that for the singlet recombination the hopping mechanism dominates for
n>4 rather than n>3. The deviation for longer wires when relaxation is included can be
explained by noting that the relaxation contribution to intersystem crossing becomes larger
with decreasing 2J, because the rotational correlation times are relatively short (ranging
from approximately 0.1 ns to 2 ns) and only weakly dependent on the wire length, so as
the energy gaps between singlet and triplet states decrease, the rate of relaxation induced
intersystem crossing increases. This gives rise to large deviations between the models with
and without anisotropic coupling for longer wires.

For n=2—-4 the KME2 recombination rate constants were fitted to an exponential decay
with donor-acceptor separation k = koe #™* (due to the fact that the KME2 method may
not be reliable for n=5, the n=5 rate constants were excluded in this fitting for the triplet rate
constant), which are shown as solid lines in Fig. 8.8. For the singlet recombination pathway
B =0.705 A~ for the triplet recombination pathway g = 0.618 A_l, which are relatively
close to the decay constant observed for the charge separation step of 8 = 0.46 A2, The
small differences between the decay constants could be due to errors in the model or noise in
the experimental data, but they could also arise due to the differences in the superexchange
diabatic coupling. Assuming the singlet and triplet electron transfers are well described

by the non-adiabatic limit, the square coupling matrix elements are given approximately

by129,139
2 -1 2
AZ _ VDBI T VBkBk+l 2 (8 17)
 AE? AE2 ~ BaA '
1 k=1 k+1

where Vpg, the diabatic coupling matrix elements between the donor (charge separated
radical pair) and first bridge localised charge transfer state (a charged phenylene state), and
the Vg, A is the coupling matrix element between the acceptor and the final bridge charge
transfer state, Vg, B,,, is the diabatic coupling between neighbouring bridge charge transfer
states. AE} is the energy gap between the initial state and the kth bridge charge transfer
state, at lowest energy crossing point of the initial and final charge transfer states. Because
for the singlet and triplet charge transfers the initial and final states have different free energy

changes and reorganisation energies, the crossing points are different and therefore AE}
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can be expected to be different between singlet and triplet pathways, which may explain the

small differences in the § values obtained.

8.5 Concluding Remarks

In this chapter, I have shown how the incoherent kinetic description of radical pair in-
tersystem crossing can be derived from the Haberkorn quantum dynamical description.
A perturbative approximation to the nuclear hyperfine coupling in the exact Nakajima-
Zwanzig equation leads to a second order kinetic master equation for the electronic spin
state populations. It is seen that the finite lifetime of the radical pair spin states, as well as
any additional dephasing, drives the transition to incoherent kinetic behaviour. The KME2
is accurate in the long-time limit and exact for time integrated properties exactly to second
order in the hyperfine interactions and in the difference between the radical g-tensors.

Tests on model systems have shown that the simple kinetic equations are remarkably
accurate when the singlet-triplet coherence time is short, or when relaxation processes
dominate, and when the hyperfine interaction is relatively weak compared to other spin
interactions. However, the second order kinetic description obviously has some shortcom-
ings. For example, it fails to capture the decrease in the S to T interconversion rate at low
applied magnetic field strengths,*> as demonstrated by the failure of the KME2 to quantita-
tively capture the magnetic field effect on the survival probability of the PTZ**—Phs—PDI*~
radical pair. There are however many situations in which the approximation works well, and
so it can be expected that the theory developed here will prove useful in the interpretation
of many future experiments on radical pair reactions (in fact it has already been used in the
studies on other radical pairs presented in Refs. [31] and [48]).

As an example application of this theory, it has been applied to include the effects
of relaxation induced by modulation of anisotropic spin couplings on PTZ**~Phs—PDI*~
radical pairs. The new simulations with the KME2 suggest that there is a change in
mechanism of singlet charge transfer in these molecules occurring at n>4 rather than n>3
as was inferred from fitted rate constants from a model excluding relaxation effects. This

demonstrates the importance of including relaxation effects in simulations of radical pair
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reactions, and a task for which the KME2 method is ideally suited.
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Appendix

8.A The kinetic master equation with rotational diffusion

In the following we assume the radical pair is rigid, and the orientation between the radicals
is fixed. The case of two independently rotating radicals is straightforward to obtain from
this approach as well. Our starting point for deriving the kinetic equations for radical pair
intersystem crossing including the effects of rotational diffusion is the Stochastic Liouville
equation for the radical pair spin density operator, as a function of time ¢ and orientation of

the molecule Q'7?

d Loy kss ks
5p(t,Q)Z—E [H(Q)’p(t,g)] - 7P5+7PT’p(t’Q)
(8.A.1)
- Z kS Bp(t, Q) P, +TH(t, Q).
n¥m
where D is the rotational diffusion operator
I'=—(DxL% + DyL} + DzL2) (8.A.2)

where D 4 is the rotational diffusion constant and L4 is the rotational angular momentum
operator about the body-fixed axis A. Including the rotational diffusion, we take the

reference part of the Hamiltonian Hy to be defined as before and now we also include the
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anisotropic spin couplings in the perturbation V (Q), which also defines Ly,

N: 2 2
A B s a AT )
V(Q) = ’u%(gl - 82)(S1z =82 + Z Z ailix - Si + Z Z bfjf{m(Q)Q;(i)m“

i=1,2 k=1 m==2 m'==2
(8.A.3)

Dl(nz,) n(§2) is a Wigner D-matrix element and the operators QAEHZ)m contain the anisotropic
spin couplings,*?

NA
Oy =D Ty (81,82) + >~ puee T, (S, B) + A? TOS. 1. BAD
i=1,2 i=1,2 k=1

T,,(f) (1, v) is component m of a rank 2 spherical tensor for two vector operators, A%) is the
i,k.m

mth spherical tensor component m of the rank 2 hyperfine coupling tensor for nuclear spin
2

k on radical i and similarly g’ is a spherical tensor component of the rank 2 g-tensor for

radical i. The spin density operator will initially be in a state of the form,
p(0,9) = p(0)po(L). (8.A5)
In solution, the initial distribution of the orientations is isotropic
(Q) = : (8.A.6)
Po(€) = o A.

As before we define a Liouville space projection operator which we can use to obtain the

kinetic master equation,
1 N R
P=- Z po(Q) P, / dQ Tr[B, - |. (8.A.7)

In order to evaluate the second order rate kernels, we note that the Ly propagator can be

split into a spin part and a diffusion part

eLot — o Lst It (8.A.8)
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We will also therefore need the rank 2 Wigner D-matrix correlation functions,

<1>(2> Q.0 :o<,b,(g)> = / dQ D) ()" DY, (Q)po(Q)

5
- ““/thbhk e !/ (8.A.9)
k=1

_ 5a,a/
5

cpp (1)

where the values of 1 /7R x are given in Table 8.A.1 and the values of Ay, are given in Table
8.A.2. We also note that <$f,2,31 (Q, t)> = (0. With this we see the terms in the second order
kernel that mix isotropic and anisotropic hyperfine couplings vanish, and the anisotropic

coupling terms are

A

(hf an1s0)(t) — e Yt cos((€, — €m)t) Z <:D((12z);(9’ 1" fD(%)b,(Q)>Tl‘[anz’ameAb’,a’]

a,b,a’,b’
2
— ﬁe ~Ynm? cos((€, — €)1) Z <ZD( (Q,1)* D(Z)’(Q)>
a,b,b’

D% 4 (2 2) & % 5 (D& %
O3S A AR, Te| £, (81 1) BT (81,10

i=1,2 k=1
2 ot Cppr (1)
hze Yt cos((€, — €n)t) %
i=1,2 k=1
Ch, b'(l) .
- —e Yl cos((€, — €n)t) Z Z Z Az(zk)bAz(i)b'36 L+ 1)
b,b’ i=1,2 k=1
N;
= ¢ " cos((en —em)) D cow(d) A AR LT +1).
b,b’ i=1,2 k=1

k (hf—aniso)

Integrating this gives, for n # m (apart from for k which is zero)

k’(ll’g—aniso) :/ (hf amso)(t) dr SAT0
0
(2)* ()
:LZ 7nm+1/TR,j Zh bh , iAlkb zkb’Ilk(Ii,k+1)
18 £ (Yum + VR ) + (& — &) &4 77 A4 H ,

(8.A.11)
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k 1 2 3 4 5

I/TR,]{ 4Dx+Dy+DZ Dx+4Dy+DZ Dx+Dy+4DZ 6D—2AD 6D_+2AD

Table 8.A.1: Table of 1/7rx values where D = (Dx + Dy + Dz)/3 and Ap =
D% + D} + D% = DxDy - DyDz - DzDx.

b
k -2 -1 0 1 2
1 0 1/V2 0 1/V2 0
2 0 -1/V2 0 1/V2 0
3 —1/\2 0 0 0 1/V2

4 1/\R2+A2 0 AJN2+A2 0 1/42+A2

5 1/42+A2 0 Ad/A[2+A2 0 1/4[2+A2

Table 8.A.2: Table of iy ; values where Ay = /2/3(Dx + Dy —2Dz +2Ap)/(Dx — Dy).

apart from kﬁfT—fmiso), which are zero. In the case of symmetric top rotational diffusion,

where Dy = Dy = D, and Dz = D, this simplifies to

- Ynm
kr(lllg—amso)
18 Z (Ynm + 1/7 (symm))z + (€ — Em)2 i=1,2 k

+ 1/ (symm) (2)b|211 k(ll k+ 1)

Ni
X
(8.A.12)

where 1/7, (Symm) = 6D, +b*(D|— D). This clearly reduces to the expression given above

when Dy = Dy = Dy. Similar expressions can be obtained for the g-tensor anisotropy and
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the dipolar coupling,

(g—aniso/D) (g—aniso/D) _ Ysty + 1/TR (2 A (D)
k =k = hiphi b/Ag Ag
STo ToS 15h2 Z (ysty + 1/1r,j)? + (€5 — €r,)? ; o
(8.A.13)
yst. + 1/7R 25, (2)
k(g aniso/D) k(g amso/D) + »J hiph; b’Ag( Ag
ST TsS 20712 Z (yst. +1/7r,j)? + (€5 — €r.)? ; .
(8.A.14)
k(g aniso/D) _ k(g aniso/D) _ Z YToT. + 1/TRJ
ToT. T:To 10h2 (7T0T+ + l/TR,j)2 + (GTO - GTi)z
X > hjphip (DY 2§§,2)*ﬂ B)(DY) %237 upB) (8.A.15)
b,b’
Yst, + 1/7R 2 (2)
k(g aniso/D) _ k(g anlso/D) + »J h. bh . le( ) D7,
T T 10712 Z (yst, + 1/1rj)? + (€5 — €t,)? bZ,;f B
(8.A.16)

@ _,2 ()

in which Ag,” = g, — g", and 2g(2) @, ,®

=815 T8

8.B PTZ*"-Ph,-PDI°*~ simulation parameters

The isotropic and anisotropic hyperfine coupling parameters used in the simulations are
listed in the following two tables. The isotropic hyperfine couplings are taken from EPR
data on the free radicals and the anisotropic couplings are taken from calculations on the free
radicals in geometries optimised using Gaussian09'°” with DFT at the B3LYP/6-31G(d,p)
level of theory, with the g tensors and anisotropic hyperfine couplings obtained at the same
level of theory. The listed hyperfine tensors assume the torsional angle between the PTZ
and PDI groups is 0, but because a symmetric diffusion model is used where the axis
separating the two radicals is taken as the symmetry axis, and because the individual radical
contributions to the KME2 rate constants are independent of each other, and invariant to
rotations of the tensors about the molecular z axis, we do not need to recalculate these
tensors for each molecule. Here I use the same numbering scheme for the nuclei as in

Ref. [198].
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Nucleus  ajso/mT Ai‘}is"/mT A;“‘yis"/mT A"Z“;iSO/mT Ai“yis‘)/mT Ai‘ESO/mT A;“Zis"/mT

H1 -0.113000 -0.611434 0.006725 0.604709  0.026454  0.012482  0.650482
H2 -0.113000 -0.653329 0.006834  0.646495 0.028183  -0.013260 -0.695966
H3 -0.050000 -0.368356 0.181504 0.186852  0.019238  0.025176  0.649996
H4 -0.050000 -0.394314 0.194396  0.199918  0.020545 -0.026807 -0.694966
H5 -0.249000 -0.288490 0.934089  -0.645599 0.055556  -0.056699 -1.341588
H6 -0.249000 -0.288471 0.933899  -0.645428 0.055776  0.056722  1.341687
H7 0.050000 -0.711878 0.912091 -0.200212 0.071227 -0.021916 -0.474382
H8 0.050000 -0.711871 0911996 -0.200125 0.071308  0.022027  0.474481
N1 0.634000 9.847802  -4.950802 -4.897000 -0.623203 0.000000  0.000000

Table 8.B.1: Hyperfine coupling parameters for the PTZ** radical. Isotropic components, daiso =
(Axx+Ay, +A,;)/3, and anisotropic components, Af;}i;" = Ay — 0 apdiso, in the molecular frame.
mT is used as a short-hand for geup mT.

Nucleus  aiso/mT  AYSO/mT  AYVO/mT  AZ°/mT  AR°/mT  AYP/mT  AYSO/mT

H1 0.078500  -0.429000 0.118088 0.310912  0.000000  0.000000  -0.326566
H2 0.078500  -0.429000 0.118127 0.310873 0.000000  0.000000  -0.326577
H3 -0.172000 -0.363000 0.313451 0.049549 0.000000  0.000000  1.009916
H4 -0.172000 -0.363000 0.313451 0.049549 0.000000  0.000000  1.009916
H5 0.057500  -0.430000 0.219277 0.210723 0.000015 -0.000016 0.629985
H6 0.057500  -0.430000 0.219277 0.210723 -0.000015 0.000016  0.629985
N1 -0.062100 -0.439333 0.213492  0.225841 0.000000  0.000000  -0.003297
N2 -0.062100 -0.439333 0.213492  0.225841 0.000000  0.000000  -0.003297

Table 8.B.2: Hyperfine coupling parameters for the PDI*~ radical. Isotropic components, aiso =
(Axx +Ay, +A,;)/3, and anisotropic components, AZ’}S" = Ay — 0 apdiso in the molecular frame.
mT is used as a short-hand for geup mT.

The experimental Ag = 0.0025 was used in the simulations where it was included (and
not rescaled), whilst for simplicity the isotropic g value was taken to be the free electron g
value. The dipolar coupling estimated based on treating the radical spins as point dipoles
separated by a vector of length R, which for n=2-5 is estimated as 17.2 A, 21.5 A, 25.8
A and 30.1 A, from the equilibrium geometries of the radicals calculated with DFT at the
wB97XD/6-31G(d) level of theory. The g tensors were obtained from the same calculations
as the hyperfine tensors. Because the D tensor is assumed to be diagonal in the molecular
frame, with D, = D, = =D, /2 = D, we need only know the g tensors in the molecular
frame where the torsion angle is zero, which are given in Table 8.B.2.

The rotational diffusion coefficients were estimated based on treating the molecule as a

prolate spheroid for which the rotational diffusion constants for rotation about the symmetry

240



: aniso aniso aniso aniso aniso aniso
Radical g% 8yy 82z 8xy 8xz 8yz

PDI*~ 0.0012 0.0005 -0.0017 -0.0001 0.0000 0.0000
PTZ** 0.0027 0.0011 -0.0038 0.0000 0.0000 0.0000

Table 8.B.3: PDI and PTZ radical g tensors. Anisotropic components, gﬁl”[;so = gap — 0ap8iso, in the
molecular frame, assuming a torsional angle of 0.

axis D and about the axes orthogonal to the symmetry axis D, are

32p2-S
”:Z;—l (8.B.1)
_32-(2-(1/p?S (8B.2)

T4 (Upp-pr 7
where p = c/a > 1, where a is the short semi-axis and c is the long semi-axis, S =
2atanh(¢)/€ and ¢ = m /p. D is the diffusion constant for a sphere of the same
volume as the spheroid predicted by the Stokes-Einstein equation, so D = kgT'/(6nV) where
V = 4ra®c/3.>"3 This assumes the solvent can be treated as a continuum fluid with stick
boundary conditions, at the molecular level, and furthermore this assumes the molecule is
ellipsoidal. Because these approximations break down, and because of the role of internal
torsional motions about the symmetry axis of the molecule, D is rescaled in the model
fitting. In each case a scaling of D by a factor of about 10 is found. The unadjusted D)
values are 0.3136, 0.2875, 0.2653 and 0.2304 ns~! for n=2-5.

Here I also give the set of rate constants, 2J values and additional model parameters
for the PTZ**—Ph,—PDI*" radical pair models with the isotropic coupling model and the
extended model including relaxation effects. Fitting of the free parameters in the KME2
models is done by performing a least squares fit to the experimental MFE data, subject to
the constraint that the lifetime is close to the experimental lifetime. In the isotropic coupling
model the lifetime is constrained to be within 1 ns of the experimental value and in the
anisotropic coupling model the lifetime is constrained to be within 5% of the experimental

value. For n=2-5 the experimental lifetimes are 21 ns, 330 ns, 217 ns and 121 ns.2°
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Model ki/ns™' kh/nsT! 2J/geupmT @
n=2 (original) 0.04736 27.5 -170 0.0416
n=3 (original) 0.002160 3.8 =31 0.525
n=3 (KME?2 fit)  0.002013 4.517 =31 0.628
n=4 (original) 0.002449 0.35 -6.4 -
n=4 (KME2 fit) 0.001584  0.5322 -6.4 -
n=>5 (original) 0.002887 0.060 -1.75 -
n=5 (KME2 fit) 0.0009665 0.07533 -1.47 -

Table 8.B.4: Rate constants, scalar coupling parameters and background corrections used in the
simulations of the PTZ**—Ph,—PDI*~ radical pairs including only isotropic interactions. Original pa-
rameters are taken from Ref. [198].

n kg/ns‘1 krT/ns‘1 2J/gepp mT DH/ns‘1 D, /ns”! D kstp/ns™!
2 0.0496 38.5 -170.0 3.09 0.126  0.0315 -

2 (Ag/2J)  0.0497 24.0 -161.9 3.04 0.126  0.0626 -

3 0.00154 2.22 -31.0 2.52 0.100 0.562 -

4 0.000111  0.118 -6.4 3.08 0.0814 - 0.145
5 0.000120  0.0258 -1.5 2.64 0.0562 - 0.0207

Table 8.B.5: KME2 simulation parameters with the model of the PTZ**—Ph,—PDI*" radical pairs in-
cluding spin relaxation effects. Ag/2J indicates the n=2 model where these parameters are rescaled.

242



Conclusions

Spin chemistry, and in particular radical pair reactions, have been of significant interest in
recent years because the wide range of technological applications and biological processes
in which spin chemical effects manifest. The work presented here has aimed to provide a
more detailed understanding of these effects, in particular the theory of radical pair electron
transfer reactions, and how to model these reactions accurately and efficiently. To conclude
this thesis I will summarise the main results, and then reflect on some possible future

directions for this work.

9.1 Summary

In this thesis I have described how to apply quantum master equation techniques to a range
of problems in spin chemistry. This approach has given new insights into the theory of
radical pair processes, as well as provided new practical tools for efficiently simulating spin

chemical effects, which I will summarise below.

9.1.1 Theory

For some years there has been debate around the role of quantum measurement theory

in radical pair reactions,>*3>-36.10

with a plethora of quantum measurement theory based
master equations for radical pair reactions being proposed.*-*%*% The only experiment to
date to directly test which master equation provides a correct description of the radical pair

spin dynamics confirmed the validity of the “traditional” Haberkorn master equation.'’” The
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work in chapters 3, 4 and 5 aimed to provide a theoretical foundation to this experimental
result. Using the tools of quantum master equations, in chapter 3 I derived a general
radical pair master equation, starting from the well-established theory of electron transfer

123,124,126,127 This confirms the validity of the original Haberkorn master equation,

reactions.
with some additional corrections, and broadly refutes the quantum measurement approaches.
In chapter 4 I used a set of classical approximations to obtain approximate validity criteria
for the Haberkorn master equation, and the corrections to this, which can be expressed in

126,127 and Zusman theory'* expressions

terms of parameters in the Marcus-Hush theory
for electron transfer rates. In chapter 5 I confirmed this radical pair master equation theory
in numerical tests using an exactly soluble model of a radical pair reaction for comparison.
In chapter 6 I discussed how to extend the radical pair master equation to include spin
relaxation effects through the Stochastic Liouville equation approach, and also how to use
perturbative master equation techniques to obtain an efficient method for finding an approx-
imate solution to the SLE. Here I demonstrated that the Nakajima-Zwanzig master equation
yields a more accurate approximate solution than the commonly used Bloch-Redfield-
Wangsness®"®! theory for a range of model problems. The resulting master equation is
still very difficult to solve numerically for realistic models of radical pair reactions, due to
the exponential scaling of the Liouville space dimensionality with the number of coupled
nuclear spins. To circumvent this problem, in chapter 7 the Nakajima-Zwanzig relaxation
master equation was combined with the Schulten-Wolynes semiclassical approximation'®’
to give an efficient and accurate method for modelling real radical pair reactions.
Although radical pair reactions are normally understood using quantum master equations
for the spin density operator, recent experiments have clearly demonstrated that simple
kinetic master equations can often provide a very good description of these reactions.’!
These experiments motivated the work presented in chapter 8, where the Nakajima-Zwanzig
approach was employed to derive a perturbative kinetic master equation for describing
radical pair reactions. This gives physical insight into the empirical kinetic master equations

that have been used until now, and also provides a simple and computationally efficient tool

for modelling radical pair reactions.

244



9.1.2 Applications

In order to demonstrate the utility of master equation approaches in describing radical
pair reactions, I have applied these techniques to study two sets of donor-bridge-acceptor
molecules. In chapter 7 I applied the Schulten-Wolynes/Nakajima-Zwanzig master equation
to elucidate the role of different relaxation mechanisms in DMJ** — An—Ph,, —NDI*~ spin
dynamics.®” In particular it was found that rotational Brownian motion and modulation of
scalar coupling play significant roles in the spin dynamics of these radical pairs, and that the
correlation times of these motions are sufficiently long that simple phenomenological spin
relaxation models would not be able to quantitatively capture the observed magnetic field
effects. From these simulations, evidence for an additional field-independent mechanism
of triplet product formation is also found, and the results of these simulations and available
experimental data point towards a small fraction of radical pairs being formed initially in
the triplet state.

The second set of radical pairs studied in this work were PTZ** —Ph,,—PDI*~ radical
pairs.”® T demonstrated that the second order perturbative kinetic master equation can be
used to accurately model the magnetic field effects on various observables of these radical
pair reactions provided the electron spin coupling is strong and the radical pair lifetime is
sufficiently short. I then applied the kinetic master equation to include relaxation effects and
showed that rotational Brownian motion can have a big influence on observed magnetic field
effects. In these models of PTZ** —Ph, —PDI*~ radical pairs, the spin selective reaction rate
constants have to be treated as free parameters fitted to the experimental data, and including
relaxation processes significantly alters the fitted values of kg. Interestingly, these results
suggest that superexchange mediated electron tunnelling operates at larger inter-radical

separations in the singlet-selective electron transfer than previously thought.'”®

9.2 Directions for further research

With more experiments probing spin chemical effects in radical pairs being performed,>>+#%-70-214-216

and with interest in the radical pair mechanism as a potential physical basis for the magnetic

21,87,90,2

compass sense of birds, 17218 there are many avenues open for potential further
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Figure 9.1: A simplified version of the proposed cryptochrome FAD Trp-triad reaction scheme which
forms the basis of the radical pair hypothesis for avian magnetoreception. Here W denotes tryptophan.

research using master equation techniques to explore spin chemistry.

9.2.1 Spin coherence in cryptochrome

The spin selective charge recombination reaction of FAD®*™ and Trp®** radicals in cryp-
tochrome proteins is currently of central interest in the quest to understand avian mag-
netoreception.”’” It has been proposed that magnetic field dependent interconversion of
singlet and triplet radical pairs, and spin selective charge recombination of the radical pair,
leads to an orientation dependent formation of some signalling state C, which would form
the basis of the avian magnetic compass sense.”!”> The radical pair is known to form after
photo-excitation of FAD, which initiates a sequence of charge separation steps along a triad
(or possibly tetrad) of tryptophan residues in the protein. The proposed reaction scheme of
the FAD-Trp triad in cryptochrome is summarised in Fig. 9.1.”!

The sensitivity of the chemical compass relies on many factors, but key factors are the
lifetime of spin coherences in the radical pair state, and the strength of the scalar coupling
between the radical electron spins.”'”??Y The theory outlined in chapter 3 can be extended
to more complex reaction schemes, involving multiple electron transfer states, to study this
type of radical pair reaction scheme. Furthermore, using the models described in chapter
4 for the electron transfer processes, parametrised for the FAD-Trp triad system, it may
be possible to predict the lifetimes and scalar coupling strengths in the FAD-Trp radical

pair states. This type of study may provide insight into the results of previous magnetic
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field effect experiments on cryptochromes.’ This approach could also reveal interesting
details about the cryptochrome electron transfers that are difficult to probe experimentally,
for example one could determine whether the electron transfer reactions are dominated by

hopping or superexchange mediated tunnelling processes.'**

9.2.2 Signalling processes in cryptochrome

Most theoretical and computational studies of the cryptochrome radical pair have only
examined magnetic field effects on the singlet yield of the radical pair reaction, with
various models for the radical pair spin dynamics.”!87:8%90.98.220 Thege studies have mostly
ignored the kinetics of the photoexcitation process and the recycling of the hypothetical
signalling state “C” back to the ground state of the cryptochrome, but these processes
will all necessarily have some effect on the sensitivity of the compass. Quantum master
equations provide a useful technique for simplifying the coupled equations of motion for
the spin density operators for all of the different states in Fig. 9.1, which can give bounds
on the sensitivity of the proposed mechanism. Quantum master equation techniques would
also enable us to numerically solve these equations of motion for the observables of interest
in a computationally efficient way, which would allow us to investigate the recycling and

photoexcitation kinetics with realistic models of the radical pair spin interactions.

9.2.3 Extending the kinetic master equations

Recent experiments by Mims et al.*®

on donor-bridge-acceptor systems with k1 > kg have
demonstrated that the validity conditions for the kinetic master equations breakdown in
certain radical pairs at the B = 2J/g.up resonance, and in this case bi-exponential decay
kinetics of the radical pair state are observed. This bi-exponential decay has been explained
in terms of the “orphan state effect,” in which a fraction of the radical pair nuclear spin states
cannot couple S and T, states, by the isotropic hyperfine coupling interaction.*® This leads
to a long-lived fraction of singlet radical pair states on resonance, which cannot convert
to more reactive triplet states. This effect can obviously never be captured by a simple

kinetic master equation of the form described in chapter 8. However, it may be possible to

extend the kinetic master equation to capture the effect, for example by explicitly including
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nuclear spin states in the kinetic model. Similarly the low magnetic field effect*'** cannot
be captured by the second order kinetic master equation, but by evaluating the higher order
contributions to the rate constants, it may be possible to describe these low field effects with
simple kinetic master equations.

Recently there have been several experiments using chemically induced dynamic nuclear
polarisation (CIDNP) to probe radical pair intermediates,”” for example in photosynthetic
reaction centres.'* These experiments use the fact that the nuclear spins in radical pairs are
polarised by the hyperfine interaction with the electron spins in the radical pair state, and
this polarisation is detectable in products by NMR spectroscopy. The CIDNP signal P of
a given nucleus A is the net spin polarisation generated by the radical pair spin dynamics.
It is given by

P = /0 dt Tr[Ia . (ksPs + krP1)p(1)], 9.1)

so this is not directly obtainable from the kinetic master equation. This is because the
observables of interest, /5 . Ps and I , P, are contained in Q5 (¢) and not P 5 (¢) as defined in
deriving the KME. However it is possible to reconstruct Q5 (¢) from P 4(¢) using Eq. (2.49),
or a perturbative expansion of this. This would enable simulations of CIDNP experiments

using computationally efficient kinetic master equation techniques.

9.3 Final remarks

In this thesis I have aimed to describe how quantum master equation techniques can be
applied to solve a range of problems in spin chemistry. Not only do master equations offer
a rigorous route to a theoretical framework for understanding spin chemical phenomena,
but they also provide a valuable tool for simulating experimental observables, and thereby
gaining new insights into spin chemical effects in real systems. It is my belief that there
is much more to gain from the application of quantum master equations in spin chemistry,

and I hope that this work will open to door to further developments in this direction.
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