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Abstract

The DPhil thesis enclosed herein addresses key challenges associated with unsteady
conjugate heat transfer (CHT) modelling in the context of compressible flows. It
establishes a foundation for efficient, high-fidelity simulations of coupled conduction-
convection systems and provides insights into transient heat transfer dynamics that
are critical to aerospace and energy applications.

First, this work develops a method for generating unsteady inflow conditions in
scale-resolving simulations. Most practical CHT applications involve turbulent flows,
which require accurate representation of unsteady inflow conditions for capturing
complex downstream flow physics. The synthetic inflow generator offers a flexible and
efficient solution to this challenge. Validation against experimental data demonstrates
superior performance compared to existing methods.

The second contribution focuses on the simulation of unsteady CHT problems.
Two primary challenges are addressed: the large disparities in time scales and length
scales between solid and fluid domains. To tackle the length scale mismatch, a
modal decomposition of the solid temperature field is proposed, which allows for an
efficient representation of the unsteady heat conduction problem. The decomposition
is coupled with a local, refined solution in the solid domain. To handle the time
scale challenge, the decoupled modal equations are accelerated individually based
on their respective time constants.

The thesis is concluded with a study of the unsteady effects of CHT in compressible
flows. The transient evolution of global flow quantities in a transonic nozzle case
is monitored using simulations with different levels of fidelity. Notably, the study
reveals that transient thermal drifts are governed by the ratio of thermal capacity
to the Stanton number. Results show exponential decay towards steady state, with
initial temperature differences dictating drift bounds but not decay rates.
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Chapter 1 Introduction

The evolution of Computational Fluid Dynamics (CFD) over recent decades has

transformed the landscape of engineering design and scientific research. Driven by

exponential advancements in computational resources, algorithmic innovation, and

the rise of high-performance computing, CFD has emerged as the primary design

tool across a wide range of engineering systems, from aircraft and automobiles to

energy systems and environmental modelling. Where once the analysis of complex

fluid-structure interactions, turbulence, or multiphase systems was constrained by

prohibitive computational costs or theoretical simplifications, modern CFD now

enables high-fidelity simulations that bridge the gap between idealised models

and real-world scenarios.

Building on this progress, the focus in CFD has expanded beyond isolated fluid

domains to seek a more holistic view of engineering challenges. Recognising that

real-world problems often involve interactions across multiple physical domains,

researchers and engineers have increasingly turned their attention to the coupling of

fluid flow with various physical phenomena, such as thermal effects, structural

deformations, electromagnetic fields, and chemical reactions [Dowell and Hall,

2001, Keyes et al., 2013, Lomele et al., 2025]. One prominent example of this

multiphysics approach is Conjugate Heat Transfer (CHT), which specifically addresses

the interplay between heat transfer within solid structures and the surrounding

fluid flow. By simulating these coupling, CHT proves to be an accurate tool for

predicting temperature distributions and thermal stresses in systems where fluid-

solid thermal interactions are critical, such as in high-temperature turbomachinery

and heat exchangers.

1



1. Introduction 2

Modelling a multiphysics problem is inherently challenging because each do-

main—whether fluid, thermal, structural, or otherwise—comes with its own specific

requirements and characteristics. The physical models and computational methods

used in one domain may not be directly applicable to another, and achieving a

fully optimised solution across all domains is difficult. This complexity requires

the development of sophisticated numerical algorithms capable of handling the

specificities of each domain while ensuring accurate and stable coupling between

them. As a result, multiphysics simulations in CFD often demand a delicate balance

between accuracy, computational cost, and robustness, pushing the boundaries of

what traditional CFD methods can achieve.

1.1 Objectives and thesis organisation

The primary motivation behind the present thesis is to develop a method for

efficiently simulating unsteady conjugate heat transfer cases, specifically to treat the

convergence toward thermal steady-state conditions. Unsteady characterisation of

thermal effects is a challenge in engineering design, [Starke et al., 2008, Cui and Bose,

2022, Illingworth et al., 2005]. The temporal dimension in CHT adds complexity

to both modelling and analysis, as will be discussed in subsection 2.2.1, yet it is

needed for understanding real-world aerospace applications where conditions rarely

remain at perfect equilibrium. For example, the coupling of spatiotemporal heat flux

fluctuations in fluid-solid systems can often be nonlinear and lead to an effect known

as "augmentation" [Zudin, 2012, Mathie et al., 2013, Greiner et al., 2002, Suzuki and

Suzuki, 1994], which quantitatively describes how time-averaged heat flux values may

differ from those predicted by simplified mean-value calculations Current state-of-the-

art methods for unsteady CHT simulations are either too computationally expensive

or are based on simplifying assumptions that limit their applicability or accuracy.

To achieve this objective, a computational framework for CHT simulations

(section 1.2 and chapter 4) has been developed. This framework has led to two

research contributions focused on computational methodologies: a turbulent inflow
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generator to provide realistic inflow conditions for CHT simulations and a novel

multiscale modelling approach for improved efficiency in unsteady CHT analysis.

An additional goal of this thesis is to promote the adoption of conjugate

analysis in industry and research. Despite their critical role in accurately assessing

thermal performance and achieving design objectives, conjugate simulations remain

underutilised. This motivation led to a third research contribution, which explores

the application of CHT simulations to studying the effects of heat transfer on the

discharge characteristics of transonic flow nozzles.

The thesis is structured as follows:

• Chapter 2 provides the background and motivation for the research, outlining

the relevance of unsteady conjugate heat transfer simulations across various

engineering disciplines, with a focus on turbomachinery flows.

• Chapter 3 presents the development of an inflow generator for scale-resolving

simulations, which will prove essential for the accurate prediction of unsteady

CHT in turbulent flows. The chapter, complemented with Appendix A, details

the methodology used to generate inflow conditions and the validation of the

inflow generator against reference data. This chapter is based on the work

published in Dreze et al. [2023].

• Chapter 4 introduces an original multiscale method for unsteady CHT appli-

cations. The chapter details the challenges of unsteady CHT modelling and

provides insights into their resolution. Followed by the formulation of the

multiscale method and its implementation in a CFD solver. The methodology

and validation was presented in Dreze et al. [2025]. It is followed by application

of unsteady conjugate heat transfer to study its effects on flow characteristics,

published in Dreze and di Mare [2025].

• Chapter 5 presents the conclusions of the project, summarising the key findings

and contributions of the thesis alongside suggested future works. The chapter

also outlines potential future research directions and applications of the

developed methods.
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1.2 Description of the numerical solver H4X

All numerical simulations in the present thesis were conducted using the in-house CFD

code, H4X. This work implemented several methodologies within the H4X framework,

including a turbulent inflow generator, diverse meshing algorithms, conjugate heat

transfer capabilities, and a multiscale approach for conjugate heat transfer analysis.

All key contributions are discussed throughout the present thesis.

H4X is a general-purpose three-dimensional Large Eddy Simulation (LES) solver

with a cell-centred, density-based finite-volume arrangement. It has been developed

over the past seven years by the Numerical Analysis group at the University of

Oxford [Hope-Collins, 2022, Hao et al., 2022, Dreze et al., 2023, Hope-Collins and

di Mare, 2023, Herkewitz, 2024]. Details of the baseline numerical schemes used

in H4X are given in Appendix B.

Scale-resolving unsteady CHT simulations are computationally intensive; to keep

simulation runtimes low, massively parallel environments are required. In that regard,

H4X employs a block-structured topology that enables multiple levels of parallelism.

Node parallelism is exposed by abstractions of the typical functionalities of

point-to-point message-passing interfaces. These abstractions support common data

management techniques such as interleaving of communication and computation and

the use of pre-mapped addresses for message passing. Typical operations such as

evaluation of right-hand side vectors for time advancement of the solution take place

by starting a round of non-blocking communications, performing operations on the

internal cells and then visiting the halos as data become available from the message

passing operations. Global operations are then kept to a minimum.

Thread-level parallelism is exposed through the blocks of the multiblock grid,

which lend themselves to concurrent processes by teams of threads. Provisions are

also available for multithreaded execution of loops operating on halo entities, when

these become available. Within each block, operations such as flux and source term

evaluation are arranged in such a way to maximise temporal locality of the data. To

this effect a core loop is performed that operates on the inner cells by evaluating
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three fluxes and a volume term for each cell, followed by a suitable number of peel

loops to deal with cells near the block boundary.

Instruction-level parallelism is exposed in the loops within each block by two

aspects of the code. The first is that functions for operations such as flux evaluation

are templated so that vector code can be easily generated. Second, memory mapping

classes hide the physical layout of main arrays from the logical access pattern, thereby

allowing efficient vectorisation with aligned loads/stores. The memory mapping

classes overload common algebraic operators using AVX and AVX2 intrinsics and

use similar intrinsics to perform memory loads and stores [Herkewitz, 2024].

H4X has been validated on a range of test cases and its scalability has been proven

on up to 6000 cores on the ARCHER [Beckett et al., 2024] and ARCUS [Richards,

2015] high performance computing platforms.



Chapter 2 Background and motivation

Contents
2.1 Conjugate Heat Transfer . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 CHT modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.1 Challenges in CHT modelling . . . . . . . . . . . . . . . . 10
2.3 Applications of CHT . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.1 CHT in turbomachinery . . . . . . . . . . . . . . . . . . . 18
2.3.2 CHT in high-speed flows . . . . . . . . . . . . . . . . . . . 23
2.3.3 Other applications of CHT . . . . . . . . . . . . . . . . . 24

This chapter presents a comprehensive review of the available literature on

the modelling and applications of conjugate heat transfer. While the methods and

approaches developed during the present thesis have broad applicability across various

domains involving heat transfer, this review emphasises the specific challenges and

developments within the context of turbomachinery.

2.1 Conjugate Heat Transfer

When a solid body is in contact with a moving fluid at a different temperature, heat

is exchanged between them through a process known as convective heat transfer.

An example is illustrated in Figure 2.1.

Historically, convective heat transfer was characterised in a decoupled manner,

using a heat transfer coefficient and treating the solid and fluid domains as separate,

uncoupled entities, [He, 2023]. Numerically, this decoupling was largely due to

limitations in the available simulation codes, which were not designed for transfer

between domains. The solid surfaces were often modelled as non-porous, restricting

6
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the simulation domain to the fluid side only. However, unlike the velocity field, for

instance, the temperature field being continuous can exhibit large gradients in both

the solid and fluid domains, as depicted in Figure 2.1.

Then in the 1960s, Perelman [1961] introduced the term "conjugate" to describe

the simultaneous solution of heat conduction equations for both the solid and fluid

domains. Since then, conjugate heat transfer methods have been continuously

developed and applied to various engineering problems.

U⃗ T TU⃗

Solid domain

Fluid domain

Figure 2.1: Velocity and thermal boundary layers in a conjugate heat transfer problem

Despite these advances, many numerical simulations today still do not fully

incorporate CHT, [Dorfman, 2010]. Instead, boundary conditions between solid

walls and fluid domains are often simplified using fixed heat flux or temperature

values. This is because CHT is not always necessary; simplified models can be

sufficiently accurate when temperature gradients are small or when the thermal

interaction between the fluid and solid has minimal impact on the overall system

performance. However, in the opposite case, such simplifications may lead to

inaccurate predictions—misrepresenting thermal loads, temperature distributions,

or even the performance and safety of materials.

In CHT analysis, the dimensionless number characterising the heat transfer at

the interface is the Biot number (Bi), defined as:

Bi = hL

κ
(2.1)

Where h is the heat transfer coefficient at the interface, κ is the heat conductivity of

the solid and L is a characteristic length. This dimensionless parameter quantifies
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the relative dominance of conductive resistance within the solid versus convective

resistance in the fluid. Bi ≪ 1 implies that the thermal resistance to heat conduction

within the solid is significantly lower than the resistance to heat convection at the

surface. This leads negligible temperature gradients within the solid because the high

internal thermal conductivity relative to the surface convection ensures that any heat

transfer is quickly distributed throughout its volume. Therefore, the solid domain can

be treated as isothermal, allowing lumped-capacitance approximations (typically Bi <

0.1), [Lienhard, 1985]. Conversely, Bi ≫ 1 indicates significant internal temperature

variations. The surface of the solid will tend to rapidly reach the temperature of the

surrounding fluid due to the relatively low convective resistance, but the interior of

the solid will lag behind, experiencing a slower rate of temperature change due to the

high internal conductive resistance. This regime requires detailed spatial resolution

of the solid’s thermal field, which therefore requires CHT analysis. Finally, Bi ≈

1 signifies a balanced heat transfer regime where both conduction and convection

are equally important, also requiring CHT.

In addition to the Biot number, the Fourier number (Fo) characterises the

transient response of the solid to fluid temperature fluctuations.

Fo = αt

L2 (2.2)

Where α is the thermal diffusivity of the solid domain, t is a time and L is a

characteristic length. The Fourier number directly determines the thermal penetration

depth (δP ) in transient conduction problems. The penetration depth is defined as

the distance from the coupled interface at which the temperature fluctuations have

decayed by a factor 1/e, [Kaviany, 2011]. For a semi-infinite solid subjected to

a step change in surface temperature:

δP ∝
√

αt = L
√

Fo (2.3)

If Fo ≪ 1, the thermal forcing has very limited penetration into the solid, requiring

detailed near-surface resolution but the solid may be assumed steady further away.

For Fo O(1), the thermal front penetrates the solid, necessitating full transient
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analysis. When Fo ≫ 1, the solid approaches steady-state conditions, enabling

quasi-static approximations, [Kaviany, 2011].

2.2 CHT modelling

The governing equations for a conjugate heat transfer problem are the Navier-Stokes

equations for the fluid side (Equations (B.1) to (B.3)) and the heat conduction

equation for the solid (Equation (2.4)). For a problem (depicted in Figure 2.2) with

two subdomains which will be denoted as ΩF and ΩS where ΩF solves Equations (B.1)

to (B.3) and ΩS solves Equation (2.4). We denote δΩ the outer surface of a specified

domain and Γ the interface between the domains ΩS and ΩF . The unsteady heat

conduction equation is given by:

ρscp,s
∂Ts

∂t
= ∇ · (κs∇Ts) + Qs in ΩS (2.4)

Where Qs is the heat source term.

To solve the CHT problem, the modelling needs to couple Equation 2.4 with the fluid

equations using the shared interface Γ = ΩS ∩ ΩF . Nevertheless, as will be discussed

in subsection 2.2.1, achieving this coupling is non-trivial, and various strategies have

been developed by researchers to address it, as outlined in Equation 2.2.1.

u⃗, p, Tf

TI , ΦI

Ts

ΩF

ΩS

Γ n⃗

Figure 2.2: Description of the boundaries of the CHT problem.
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2.2.1 Challenges in CHT modelling

Coupling domains with distinct governing equations presents significant modelling

challenges. These challenges stem from the physical processes present (conduction-

dominated in the solid and convection-dominated in most fluids) that operate on

different spatial and temporal scales, which complicates achieving accurate and

efficient simulations. In addition, the numerical coupling at the fluid–solid interface

itself poses challenges—balancing stability and accuracy, choosing between weak

(partitioned) and strong (monolithic) strategies, and handling interpolation and

time-synchronisation across disparate grids and time steps.

Challenges related to different physical processes

With the exception of a limited number of cases involving purely laminar and

steady flows, the majority of engineering flows exhibit unsteady behavior. Unsteady

simulations inherently involve a time scale, and a significant disparity exists between

the time scales of the slow conduction in the solid and fast convection of the fluid.

Section 4.2 develops a dimensional analysis of the time scales in CHT problems. The

analysis shows that the time scale ratio τS/τF between the two domains is given

by Equation 2.5 where a is a scaling factor for the boundary layer height with the

Reynolds number. For a typical air-steel system, the ratio is about 10,000, similar

scaling laws have been found by Hermann [2025], He and Oldfield [2011].

τS

τF

=
κf ρf cp,f

κsρscp,s
StRea

Ä
Re−1+2a

Pr

ä (2.5)

The majority of current simulation methods rely on a time-marching approach,

which imposes a timestep limitation dictated by the temporal resolution of the

scheme. Typically, the fluid flow uses a significantly smaller temporal resolution

compared to the solid. Therefore, the small timesteps used combined with a strict

grid requirement for the solid side will be resource-intensive when simulating over

times of the order of the solid scales.

Several strategies have been employed to address the time-scale mismatch in

CHT simulations and improve convergence.
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An early strategy was the fully decoupled model, where the solid domain is

treated as steady-state during each iterative step of the fluid domain [Li and Kassab,

1994]. This approach, however, is ill-suited for unsteady simulations as it fails to

capture critical time-varying characteristics such as first and second moments.

A more flexible alternative is the time desynchronisation, which decouples the

time steps of the fluid and solid solvers [Duchaine et al., 2009]. In this method,

each unsteady solver operates independently with its own time step, and the two

are coupled only after a specified physical time interval. While this significantly

accelerates the convergence to a steady state [Miguel-Brebion et al., 2016, Scholl

et al., 2016], it is equivalent to lowering the solid’s heat capacity and can lead

to an overestimation of thermal fluctuations. This concept of leveraging system

properties to speed up convergence has been explored further in other acceleration

methods [Koren et al., 2017a,b].

Another class of methods, waveform iterations, reconciles the different time scales

by solving the subproblems separately on a specified time window [Meisrimel and

Birken, 2022, Kotarsky and Birken, 2025]. The subsystems are solved independently,

and the results are used to update the boundary conditions. This process is repeated

iteratively until convergence is achieved for the time window.

Other researchers looked directly into the time integration schemes, Kazemi-

Kamyab et al. [2014a] examined high-order implicit time integration techniques, such

as explicit first-stage singly diagonally implicit Runge-Kutta (ESDIRK) methods,

to improve the efficiency of unsteady CHT simulations. Implicit methods mitigate

time-step restrictions caused by system stiffness, which may result from the governing

equations or grid properties. Their study introduced a strongly coupled algorithm,

with stability analysis aligning well with numerical results. Similarly, Ortega

et al. [2021] investigated first- to third-order BDF schemes for thermally coupled

incompressible flows, finding that higher-order schemes, especially third-order, enable

larger time steps and capture a broader range of frequencies. This significantly

reduces CPU time while preserving solution accuracy, highlighting the critical role

of time integration scheme order in achieving accurate dynamic solutions.
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A fundamentally different approach is to solve both the fluid and solid domains in

the frequency domain. Frequency-based solvers generally require fewer computational

resources than traditional time-marching methods, particularly for periodic unsteady

turbomachinery flows, as only a single blade passage is needed [Wang and di Mare,

2019]. Adapting existing Fourier-based codes for conjugate heat transfer problems

requires two key modifications: a solution for the temperature field within the solid

and harmonic fluctuations, along with an interface condition at the boundary between

the solid and fluid Mehdizadeh et al. [2017]. He and Oldfield [2011] implemented a

hybrid coupling approach. Their model is based on a time-marching technique for

the fluid domain and a frequency-based for the solid domain, with a continuously

updating Fourier transform implemented at the interface. Similarly, Knapke and

David [2015] using a harmonic balance approach to conjugate heat transfer with

a quasi-Newton solver. It showed that harmonic balance is an effective technique

for performing accurate conjugate heat transfer problems with periodic unsteady

simulations. This was confirmed by Hodges [2018], who presented a similar method

and validated it for an internally cooled turbine blade.

In addition to the time scale mismatch, the solid and fluid domains also exhibit

different spatial scales. As will be shown in section 4.2, the thermal boundary layer

thicknesses in these domains are related by the ratio of thermal conductivities, as

expressed in Equation 2.6. For an air-steel system, this ratio is approximately

100, emphasising the significant differences in boundary layer heights between

the two domains.

δS

δF

= O
Å

κs

κf

ã
(2.6)

Coupling strategies

Coupling strategies are employed to manage the interaction between fluid and solid

domains in CHT simulations, determining how heat transfer information is exchanged

at their interface. In the literature, these strategies are broadly divided into two

categories: weak and strong (or fully coupled) coupling approaches.
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• Weakly coupled: The fluid and solid domains are solved separately and at

the conjugate interface continuity of temperature and heat flux is imposed,

Equation 2.7. {
Tf = Ts on Γ

κf∇Tf · n⃗ = κs∇Ts · n⃗ on Γ
(2.7)

The fluid and solid solvers are called sequentially, and the boundary conditions

of each solver are updated explicitely between the coupling timesteps. This

communicating interface is the key consideration of the implementation of a

weakly coupled CHT algorithm, it controls the coupling sequence, the coupling

timestep and needs to ensure precise matching of boundary points at the

solid-fluid interface, [Errera, 2025]. The advantage is the ability to use existing

specialised algorithms that have been validated for the individual domains.

The main drawback is the added coupling algorithm which can potentially

create stability and accuracy problems depending on the interpolation and

communication procedures. In general, loosely coupled methods are suitable

when the temperature gradients between fluid and solid are not extreme or

when the steady-state heat transfer dominates the system [John et al., 2018,

Verstraete and Scholl, 2016]. Weakly coupled approaches are widely used in

practice due to their flexibility, allowing modifications to the interface conditions

to address challenges like the time scale mismatch, [Duchaine et al., 2009, Scholl

et al., 2016].

• Strongly coupled: The fluid and solid domains are combined, and the solver

integrates the entire set of governing equations as a single system, meaning the

fluid and solid domains are not physically distinguished but are mathematically

solved together instead. This is facilitated in practice by the fact that the

unsteady heat conduction equation has fundamentally the same structure as

the flow equations. The fully coupled approach maintains high accuracy and

stability but has a limited application range since it requires the same unified

numerical approach to solve both fluid and solid domains [John et al., 2018,

Rahman et al., 2005, Kotarsky and Birken, 2025].
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It can be shown that, from a purely mathematical point of view, the two coupling

strategy are equivalent [Quarteroni and Valli, 1999].

In general, weakly coupled methods can be categorised based on the iteration

scheme between the flow and heat conduction solver.

A commonly used iteration scheme is the Neumann-Dirichlet boundary coupling,

which results in algebraic coupling equations [Giles, 1997]. In this approach, the

boundary conditions are staggered and exchanged post-convergence, the fluid solver

applies a Dirichlet boundary condition at the interface, while the solid solver employs

a Neumann condition. Such approach has been applied successfully in multiple CHT

studies [Keyes and et. al., 2013, Miller et al., 2017]. Verdicchio et al. [2001] introduced

the Flux Forward Temperature Back scheme, which is a modified version of the

method developed by Giles [1997] where the process is now staggered, the interface

temperature field is imposed to the fluid solver and the updated heat flux distribution

is used as a Neumann boundary condition for the solid. Heidmann et al. [2003]

proposed the Temperature Forward Flux Back approach which is similar to the Flux

Forward Temperature Back but the where the flow solver is submitted to a Neumann

boundary condition and the solid solver is closed with a Dirichlet boundary. Other

methods are described in Montenay et al. [2000], Verstraete and Braembussche [2009]

On the other hand, strongly coupled methods are essential for scenarios involving

significant transient heat transfer effects or substantial temperature gradients between

the fluid and solid, requiring precise boundary interactions for accurate thermal

modelling, [Kazemi-Kamyab et al., 2014a].

Using fully coupled methods for high fidelity CHT simulations, Oh et al. [2021]

focused on a ribbed cooling passage using LES with the immersed boundary method.

They showed that the time scale disparity between turbulent fluid flow and heat

conduction in the solid can be overcome by using an artificially high solid thermal

diffusivity, similarly to Duchaine et al. [2009], Koren et al. [2017a]. Their predictions

are compared with experiments and other LES studies, showing good agreement

on the top and back faces of the rib, but differences are present on the front face

due to the need for higher grid resolution in that region. At even higher fidelity,
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Kuwata et al. [2020] highlighted the effects of a permeable porous wall on momentum

and heat transfer by conducting conjugate DNS of airflow through a rectangular

duct partially filled with a porous material. The findings reveal that the porous

wall enhances turbulence and secondary flow, significantly boosting momentum and

heat transfer. Notably, the dispersion and turbulent heat fluxes play crucial roles

in heat transfer within the porous medium.

Stability and accuracy of the coupling

The stability and accuracy of the coupling are critical aspects of CHT simulations,

particularly in the context of unsteady flows. Giles [1997] described, in a key paper

for coupled systems, how the choice of coupling strategy, time-stepping method, and

grid resolution can significantly impact the convergence and accuracy of the solution.

Following Giles [1997], Verstraete and Scholl [2016], Joshi and Leyland [2014],

a simple analysis on a coupled domain can be done to assess the stability of the

coupling and the influence of the different parameters.

Considering a 1D problem composed of two semi-infinite domains ΩS and ΩF .

The interface is located at x = 0 and ΩS ∈]−∞, 0] while ΩF ∈ [0, +∞[. Both farfield

boundary conditions are of Dirichlet type and are constant in time:

T (x → −∞, t) = Ts,∞ & T (x → +∞, t) = Tf,∞ (2.8)

Considering a uniformly spaced grid in both domains with grid size ∆x,s and ∆x,f

with cell-centered discretisation, as shown in Figure 2.3. Both domains are described

x

ΩFΩS

∆xs

0−1−2

1 2
∆xf

Figure 2.3: Schematic of the 1D CHT problem with both domains using a cell-centred
discretisation

by the same equation, Equation 2.4, but with different material properties. The
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chosen scheme is a finite volume formulation that uses explicit schemes in time

and space. The fluxes at the interface between two adjacent cells are computed

using a centered difference scheme.The discretised equation for the interior nodes

of the coupled system are:

T n+1
i − T n

i

∆t
= κf

cf∆x2
f

(
T n

i+1 − 2T n
i + T n

i−1
)

for i > 0 (2.9)

T n+1
i − T n

i

∆t
= κs

cs∆x2

(
T n

i+1 − 2T n
i + T n

i−1
)

for i < 0 (2.10)

Where T n
i is the temperature at the node i at time step n, ∆t is the time step, κ is

the thermal diffusivity. The interface condition (at spatial index 0) in Equation 2.7

can be written as:

1
2 (cs∆xs)

T n+1
0 − T n

0
∆t

= qw + κs

∆xs

(
T n

−1 − T n
0
)

For ΩS (2.11)

T0 = Tw For ΩF (2.12)

Where Tw is the temperature at the wall, qw is the heat flux from the fluid to the

solid, given as boundary condition. This configuration was studied by Giles [1997]

and they showed that the stability of this weakly coupled scheme is a function of the

heat capacity ratio and the numerical Fourier number d of each domain. While on the

other hand the fully coupled method with the same discretisation is stable as long as

the the requirement for the numerical stability of the individual schemes are satisfied.

cf∆xf

cx∆xs

<

√
1 − 2ds

1 −
√

1 − 2df

with d = κ∆t

c∆x2 (2.13)

This highlights the importance of the coupling strategy and the numerical methods

used in CHT simulations, as they can significantly impact the stability and accuracy

of the solution.

Another aspect to consider is the discretisation methods used. For example, a

node-based finite element formulation on ΩS can be chosen as Errera and Chemin

[2013], Joshi and Leyland [2014] have done, shown in Figure 2.4. Considering a

lumped mass approach for the solid domain in order to keep the time integration
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Figure 2.4: Schematic of the 1D CHT problem with a node based discretisation on Ωs

explicit. The discretised equation for the interior nodes of the coupled system are:

T n+1
i − T n

i

∆t
= κf

cf∆x2
f

(
T n

i+1 − 2T n
i + T n

i−1
)

for i > 1/2 (2.14)

T n+1
1/2 − T n

1/2

∆t
= κf

cf∆x2

Ä
T n

3/2 − 3T n
1/2 − 2T n

0

ä
(2.15)

T n+1
i − T n

i

∆t
= κs

ρscs∆x2

(
T n

i+1 − 2T n
i + T n

i−1
)

for i < 0 (2.16)

The interface condition Equation 2.7 can be written as:

cs∆xs
T n+1

0 − T n
0

∆t
= κ

∆xs

(
T n

−1 − T n
0
)

+ qw For Ωs (2.17)

T0 = Tw For Ωf (2.18)

The stability analysis of the FEM-FVM combination has been studied by Joshi and

Leyland [2014]. The condition for stability is given by Equation 2.19

cf∆xf

cx∆xs

<

√
1 + 2ds

2 − 2
√

1 − 2df

with d = κ∆t

c∆x2 (2.19)

Figure 2.5 shows the contour of the upper limit of the stability condition for

the heat capacity ratios. With the FVM only, the stability condition is given

by Equation 2.13 and the FEM-FVM combination is given by Equation 2.19.

Highlighting how the stability conditions can be significantly different depending

on the discretisation method used.

2.3 Applications of CHT

Since the works of Perelman [1961], conjugate heat transfer has emerged as a critical

field of analysis in modern engineering, particularly as many systems increasingly
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Figure 2.5: Contour of the upper limit of the stability condition for the heat capacity
ratios.

operate at the thermal thresholds of their constituent materials. Nowadays, gas

turbine engines, hypersonic vehicles, and advanced combustion systems all face

significant thermal challenges that directly impact their reliability, efficiency, and

service life. As manufacturers push designs to extract maximum performance, the

simultaneous consideration of conduction, convection, and, in some cases, radiation

has become essential for maintaining operational integrity and efficiency in high-

performance applications.

2.3.1 CHT in turbomachinery

Turbomachines generate up to 80% of all the electricity in the world and power all

large commercial aircraft. Increasing their efficiency to reduce emissions and costs is

a key factor in overcoming the environmental challenges the world is currently facing.

Most turbomachines operate on an open Brayton cycle, extracting energy from

the flowing air and fuel to generate usable work. The ideal thermal efficiency of

the Brayton cycle η is given by:

η = 1 − Texhaust

TET [Langston, 2004] (2.20)
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Where Texhaust is the exhaust temperature and TET is the turbine entry temperature.

Consequently, increasing the TET constitutes an effective approach to improving

thermodynamic performance. At the time of writing, TET values well above the

melting temperature of the alloys used for the turbine components are commonplace

[Nourin and Amano, 2021], necessitating the implementation of advanced cooling

systems to maintain blade metal temperatures within acceptable operational range.

From a material science perspective for example, maximum allowable temperatures

are increased through the development of advanced alloys, while thermal loads from

the flow are lowered using thermal barrier coatings applied to blade surfaces. From

a fluid mechanics standpoint, cooling flow bled from the upstream compressor is

used to cool the blade metal. Turbine thermal design has evolved substantially

over recent decades, progressing from rudimentary cooling and thermal management

systems to complex integrated solutions incorporating convection, impingement, and

film cooling techniques. These technological advancements have enabled a doubling

of TET values over the past sixty years.

Blade cooling technology

The high-pressure turbine is the turbomachinery component subject to the most

challenging operating conditions. The combustor exit flow, at the highest temperature

of the cycle, combined with the cooling flow, result in significant heat transfer

with the blade metal.

At present, turbine blade cooling systems are mainly divided into two main

categories: internal and external cooling systems. Internal cooling systems extract

heat from within the blade structure through various heat transfer enhancement

techniques. These include convection cooling, which involves passing cooling air

through multiple channels inside the blade [Holland and Thake, 1980, Thakur et al.,

1999]. Advanced configurations such as pin fins are used to further enhance heat

transfer, through a greater surface area and increased turbulence [Horbach et al., 2011,

Liang et al., 2021]. Additionally, impingement cooling is used in regions subjected to

the highest thermal loads. This technique functions by directing high-velocity air
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jets to strike the inner surface of the blade directly. The impinging jets significantly

increase local heat transfer coefficients compared to conventional convection cooling,

making this approach particularly valuable for critical areas like the leading edge,

where temperature and heat flux reach maximum values.

External cooling methods complement internal approaches by forming protective

thermal barriers on the outer surface of the blade, directly shielding it from hot

gas exposure. Film cooling stands as the predominant external cooling strategy

in contemporary turbine designs, offering the best compromise between cooling

effectiveness and operational efficiency penalties, Gao et al. [2008]. Transpiration

cooling represents an advanced variation of this approach, wherein the blade surface

incorporates porous materials that allow cooling air to permeate uniformly through

countless microscopic passages, creating a more continuous and effective thermal

barrier than discrete film cooling holes while potentially reducing the overall cooling

flow requirement, Wang et al. [2004].

While these advanced cooling technologies enable operation at higher temperatures

and thus greater thermodynamic efficiency, they come with a number of drawbacks.

Firstly, the cooling air is bled from the compressor resulting in a loss of thermodynamic

cycle performance. Valuable high-pressure flow is diverted for cooling purposes

instead of being expanded to generate power. Furthermore, cooled blades make

the aerodynamic design more complex and less efficient. For example, film cooling

holes interact with the main flow causing additional losses. Another example is

trailing edge cooling that requires wider sections which increases mixing, [Yang and

Hu, 2012]. Cooling design is therefore the result of a trade-off between increased

turbine inlet temperature and lower aerodynamic performance. Lastly, the cost of

machining, casting and testing a cooled blade is greater than an uncooled design

because of the structural complexity of the design.

In these conditions, it is crucial to have detailed data about heat transfer and

temperature distributions of the components. The harsh operating environments

limit experimental testing to research or high technology readiness level industrial

cases which makes CHT simulations a valuable approach for these situations. In
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fact, numerical methods are widely used to model conjugate heat transfer and have

proven to be a powerful and cost-effective tool for the design of cooling systems.

Turbine blade research into CHT started with studies by Hylton et al. [1983],

Turner et al. [1985]. They used 2D test cases of turbine blades to compare and taylor

analytical and numerical models to match experimental data, including internal

temperature distribution. The ability to perform conjugate analysis shed light on

the shortcomings in predicting the flow over the blade and temperature distribution

without considering CHT. Bohn et al. [1997] presented a 3D conjugate simulation

to assess the influence of leading edge cooling gas ejection on the temperature

distribution in the vane material. Their objective was to optimise the location

of cooling holes to use the lowest possible cooling mass flow. It was shown that

stagnation line position significantly influences the distribution of cooling fluid along

the vane surface and therefore the thermal load of the vane. Moreover, Heidmann

et al. [2003] found that in a realistic film-cooled turbine vane, conjugate heat transfer

cases generally have a lower outer wall temperature than the adiabatic wall convection

solutions. However, due to thermal conduction from the outer wall to the plenum,

secondary effects were observed, such as zones with higher local temperatures caused

by a change in the direction of the heat flux at the wall on the outer surface.

The previously mentionned studies have primarily focused on steady-state meth-

ods. However, Fransen et al. [2012] and Schmidt and Starke [2015] highlight the

importance of coupled simulations that account for the time-dependent nature of the

flow field. A typical conjugate heat transfer problem that cannot be fully understood

without considering the unsteady effects is the prediction of metal temperatures at

the leading edge of turbine blades. The unsteadiness may arise from the spatially

and temporally non-uniform combustor exit flow, external cooling jets, or wakes from

upstream NGVs. Schmidt and Starke [2015] reported differences in thermal loads

when time-dependent flow physics were included, with Nusselt numbers increasing

by about 30% and local temperature variations of 30 to 40 K. Similarly, Hwang et al.

[2016] observed that the surface temperature of the blade was strongly influenced
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by unsteadiness, with the stagnation point at the leading edge shifting over time,

highlighting the need for cooling designs that can accommodate these dynamic effects.

From a modelling perspective, Fransen et al. [2012] demonstrated that various

RANS models fail to accurately predict flow within internal cooling passages, which

substantially impacts the thermal distribution in the solid. As a result, there has

been a shift toward higher-fidelity methods, with LES currently being the most

widely used approach in research for conjugate heat transfer problems. For instance,

Duchaine et al. [2013] investigated a low-pressure water-cooled turbine vane with a

coupled LES solver, successfully capturing key heat transfer mechanisms such as the

separation bubble on the suction side and the separated region on the pressure side.

These coupled simulations outperformed isothermal cases, particularly in challenging

areas like the trailing edge, where Newton’s law of cooling does not hold. Likewise,

Shum-Kivan et al. [2014] used conjugate LES to study a round impinging jet at

a moderate Reynolds number. The LES approach effectively identified key flow

features driving heat transfer but also underscored the stringent mesh requirements

(e.g., y+ ≈ 1) necessary for accurate predictions, as sub-grid modeling tended to

overestimate shear layer fluctuations.

Combustor

Combustor flows are another example of a complex thermal environment within

turbomachinery where CHT analysis is essential. In combustors, heat transfer

management governs critical phenomena such as flame-wall interactions, coolant film

effectiveness, and thermal stress distribution, which ultimately determine the lifespan

of the combustor [Janicka et al., 2012]. The cooling air strategy, including the number

and location of film cooling slots, size of effusion patches, and use of cooling tiles, is

largely dictated by the need to achieve desired maximum metal surface temperatures

with minimal cooling air [Luff and McGuirk, 2001]. Key developments in modern

combustor design include high-fidelity turbulence-resolving simulations and multi-

physics coupling strategies. Studies demonstrate that CHT analysis substantially

improves temperature prediction accuracy on combustor liner walls, coolant flow
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effectiveness, and combustion efficiency. In comparative studies between CHT and

adiabatic wall models, CHT simulations have demonstrated much better agreement

with experimental measurements, [Cui and Bose, 2022, Zong et al., 2022]. However,

challenges persist in managing computational costs for large-scale geometries and

reconciling multiscale phenomena across fluid and solid domains.

One of the early CHT analysis of combustors was performed by Duchaine et al.

[2008], they studied a wall flame interaction by coupling explicitely a reactive LES

code and a solid conduction code. It was demonstrated that accurate heat transfer

predictions require synchronisation at the smallest time scales present in the coupled

problem. Later, Kim et al. [2010] analysed temperature distributions within a

gas turbine combustion liner to identify potential weak points in hot components.

Their findings concluded that LES results which incorporated thermal radiation

and conjugate heat transfer demonstrated better alignment with experimental data

compared to LES results that excluded these effects. Combustor simulations bring

an additional difficulty in that thermochemistry effects could be significant however

only few studies are available Ferguson et al. [2021], Gonçalves dos Santos et al.

[2008], Abbassi et al. [2021] because it considerably increases the model complexity

and the simulation cost.

2.3.2 CHT in high-speed flows

Hypersonic vehicle design faces significant challenges due to operating in extreme

thermal environments. In addition to substantial energy fluxes from convective

and radiative heating, high temperatures critically influence pressure distributions

and skin friction forces on the aircraft surface [Bertin and Cummings, 2006]. With

respect to turbomachinery, aerodynamic heating is an additional effect that must

be taken into account Murty et al. [2013]. During ascent and reentry phases,

the high-velocity vehicle converts kinetic energy from stationary air into thermal

energy, a phenomenon scaling quadratically with the Mach number. To mitigate

excessive heat transfer to the vehicle, advanced thermal protection systems (TPS) are

employed to maintain structural temperatures within operational limits [Johnson and
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Rubesin, 1949]. However, for hypersonics, a purely fluid-thermal coupled analysis

is insufficient for addressing these challenges. Thermal loads also induce structural

deformations, necessitating a fully coupled fluid-thermal-structural approach for

accurate design predictions.

Conjugate heat transfer analysis has been widely adopted in supersonic and

hypersonic applications, particularly for TPS design. Given the prohibitive costs

of space missions, exhaustive physical testing is impractical, underscoring the

importance of integrated CHT and thermal-structural simulations for reducing

design iterations.

Dechaumphai et al. [1989] conducted pioneering work in fluid-thermal-structural

analysis for hypersonic flows, focusing on heated leading edges and active cooling

strategies. Later, Rafla [2019] developed a transient heat transfer model integrating

classical fluid dynamics, aeroheating correlations, and a 2-D structural heat transfer

framework. Their approach accounts for convective, radiative, and conductive heat

transfer mechanisms, validated against Space Shuttle STS-3 flight data. Recent

advancements include Le et al. [2021], who utilized CHT to optimise sandwich-

structured TPS for hypersonic vehicles.

Emerging areas of CHT research include transpiration cooling techniques Bandi-

vadekar and Minisci [2020], Brody et al. [2024] and thermochemical effects Clarke

et al. [2022], both critical for managing extreme thermal loads in hypersonic systems.

2.3.3 Other applications of CHT

As highlighted in the introductory paragraph of the literature review, CHT analysis

finds broad applicability across diverse fields. The following non-exhaustive examples

underscore its versatility.

In the context of electric mobility, the rapid growth of electric vehicles, driven

by the increasing demand for sustainable transportation and lower running costs,

necessitates effective thermal management. In these systems, electric motors operate

at high power densities and therefore generate considerable heat. Insufficient cooling
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may lead to the demagnetization of permanent magnets and the breakdown of

winding insulation, [Tosetti et al., 2014, Boscaglia et al., 2019].

Within the battery industry, CHT simulations are routinely employed to predict

temperature distributions within battery cells and modules. High operating tem-

peratures can compromise battery efficiency and lifespan. Consequently, optimising

the cooling system is critical to ensuring that the battery functions within a safe

thermal range. For example, Chalise et al. [2018] demonstrated that enhancing the

thermal conductivity of individual Li-ion cells can significantly reduce the required

coolant flow rate, thereby improving both safety and performance.

In nuclear reactor technology, robust cooling mechanisms are essential to prevent

overheating of the reactor core, ensuring safe operation, and avoiding potential

catastrophic failures [Ho et al., 2019]. The nuclear fission process generates immense

heat, and inadequate cooling may result in dangerously high temperatures that

could lead to a core meltdown and the subsequent release of radioactive materials.

Thus, the implementation of effective cooling systems—employing water or gas

coolants—is essential, as extensively documented in the literature Piro and Leitch

[2014], Uribe et al. [2013], Lu et al. [2021].

In Biomedicine, Abdoli et al. [2014] used CHT to demonstrate a feasibility of a

heart perfusion concept to extend the viability of the transplant heart. The study

showed that the heart could be cooled faster if a cooled solution is pumped through,

which could extend the viability of the heart transplant.
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The growing availability of computational resources has made flow simulations

increasingly accessible. However, ensuring that these simulations accurately reflect

real-world conditions remains a challenge, especially when it comes to modelling

turbulent flows. Within this challenge, generating realistic turbulent inflow conditions

is particularly critical.

Turbulent inflow generation refers to methodologies for prescribing fluctuations

in flow variables at the boundaries of the computational domain for scale-resolving

simulations. These fluctuations must adhere to targeted statistical properties,

including Reynolds stress distributions and energy spectra, while maintaining ap-

propriate spatial correlations. Furthermore, inflow generation methodologies should

preserve physical consistency with fundamental governing equations, particularly

the conservation of mass principle.

26



3. Divergence-free turbulent inflow data from realistic covariance tensor 27

In practical engineering scenarios such as flow around aerodynamic surfaces,

within combustion chambers, or through turbomachinery passages, the incoming

flow frequently exhibits fully-developed turbulence.The absence of appropriately

represented time-dependent fluctuation at domain inlets can result in substantial

inaccuracies in the prediction of key flow parameters, including wall shear stress

distributions and heat transfer rates.

3.1 Preface : Turbulent inflow generation

Turbulent inflow generation is necessary across a spectrum of applications, from

renewable energy systems to urban air quality assessments, where upstream turbu-

lence directly governs downstream flow physics, structural loading, and operational

performance. The fidelity of inflow turbulence generation methodologies determines

the reliability of simulations in replicating real-world flow complexities.

3.1.1 Turbulent inflow requirements across diverse CFD applications

A classical example of the importance of inflow conditions is the simulation of a

backward-facing step. Research by Le et al. [1997] and Kanchi et al. [2013] revealed

that simulations without appropriate inflow conditions significantly overpredict

flow reattachment length by approximately 20%. While implementing turbulent

inflow generation techniques reduced this discrepancy to within 4% of experimental

measurements. The error made without turbulent inflow generation can be attributed

to boundary layer dynamics. When flow enters the computational domain with

artificially low turbulence intensity, the absence of turbulent structures impairs

mixing between the high-momentum freestream and the low-momentum recirculation

region within the shear layer separating from the step edge. The resulting reduction in

momentum transfer across the shear layer delays the flow reattachment point, at which

sufficient momentum reaches the near-wall region to overcome the adverse pressure

gradient. Their research further established that inflow conditions influence power

spectra in downstream turbulent regions over considerable distances, underscoring

the far-reaching impact of initial flow conditions on simulation accuracy.
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The spatially-developing boundary layer represents another fundamental case

demonstrating the necessity of turbulent inflow conditions. Research by Lund et al.

[1998], Xu and Martin [2004], Jewkes et al. [2011], Yousif et al. [2023] has established

that proper turbulent inflow specification prevents non-physical development lengths

and wasteful readjustment behaviour of the flow. When inflow conditions lack

adequate turbulence characteristics, the flow may initially exhibit laminar properties

before transitioning to turbulence further downstream. This creates a significant

discrepancy between simulation results and physical reality, particularly in scenarios

where fully developed turbulence should be present from the beginning of the domain.

The importance of turbulent inflow generation extends beyond fundamental

turbulence cases to practical engineering applications. In wind energy systems,

atmospheric boundary layer flows contain multiscale turbulence with spatially

correlated velocity fluctuations that directly impact rotor dynamics and wake

interactions which are essential for predicting blade fatigue loads, power output

variability within wind farms. Contemporary scale-resolving studies of wind energy

aerodynamics consistently incorporate turbulent inflow methodologies, for example

Munters et al. [2016], Wu et al. [2020], Mansouri et al. [2022]. In other domains, Xue

et al. [2024] investigated how turbulent inflow affects aerodynamic load characteristics

of trains and their surrounding flow fields, identifying variations of 5-10% in side force

coefficients between uniform and turbulent inlet conditions. Additional examples

can be found in different fields such as wind effects on buildings [Zhang et al.,

2022], film cooling effectiveness [Ellis and Xia, 2022] or heat transfer characteristics

[Kanani et al., 2021, Bacci et al., 2021].

Turbulence plays also a significant role in influencing heat transfer characteris-

tics. The impact of freestream turbulence on heat transfer rates has been widely

investigated. For instance, Kestin [1966], Hancock and Bradshaw [1983] developed

correlations that relate heat transfer enhancement to both freestream turbulence

intensity and Reynolds number. In the context of immersed bodies, early experimental

work by Comings et al. [1948] demonstrated how turbulence intensity affects the

average Nusselt number around a cylinder in crossflow. Their results showed a 25%
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increase in the average Nusselt number at a Reynolds number of 5800 when the

turbulence intensity was raised from 1% to 7%. Subsequent studies have consistently

reported enhanced heat transfer rates with increasing turbulence levels in cylinder

flows [Giedt, 1951, Griffiths and Awbery, 1933, Lowery and Vachon, 1975]. Similarly,

the influence of inflow turbulence on heat transfer in stagnation point flows has

been the focus of extensive research. Several studies Van Fossen et al. [1995],

Sutera [1965], Hoogendoorn [1977], Bae et al. [2000] have identified the turbulence

intensity and turbulence length scale as key parameters in accurately correlating

stagnation point heat transfer.

3.1.2 Existing inflow generation methods

The inflow realisations must be unsteady, but it is not sufficient to simply superimpose

uncorrelated and spectrally uniform randomness on top of a mean flow field. Because

turbulence is inherently characterised by a broad spectrum of scales, ranging from

large, energy-containing eddies to smaller dissipative scales, fluctuations generated as

such will get damped out, not developing into turbulence and leading to inaccurate

results. Therefore, several methods have been developed by researchers to generate

realistic turbulent inflow conditions.

Two primary categories of inflow generation methods exist: deterministic tech-

niques and synthetic techniques. Each category has its strengths and limitations,

reflecting trade-offs between computational cost, physical accuracy, and adaptability

to different flow configurations.

• Synthetic Turbulence Generation: Synthetic methodologies employ mathemati-

cal frameworks to produce artificial representations of turbulent flow character-

istics without resolving the complete underlying physics. These approaches are

widely used in both industry and research for their computational efficiency

and implementation flexibility. An essential design consideration for these

generators is their ability to function with readily available or computationally

inexpensive turbulence statistics.
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In practical applications, the synthetic turbulence boundary plane is positioned

a short distance upstream of the primary simulation domain.While these

methods should aim to achieve immediate agreement with first-order statistics

at the boundary, the accurate reproduction of covariance properties typically

requires a development region. Within this region, the synthetic structures

evolve into physically realistic turbulence that satisfies the governing Navier-

Stokes equations. The required development length serves as a meaningful

performance metric for evaluating both the effectiveness of the methodology

and the validity of its underlying assumptions. Among the most prevalent

approaches in contemporary computational fluid dynamics are digital filtering

techniques, the synthetic eddy method, and spectral-based approaches. See

Fukami et al. [2019], Di Mare et al. [2006], Kempf et al. [2005], Yousif et al.

[2022] for references.

• Deterministic techniques: These represent physically consistent methodologies

that solve some form of flow equations on a secondary domain, ensuring high

fidelity in terms of statistical properties and spatial correlations rather than

approximating its statistical properties. The resulting data are then mapped

onto the inflow plane of the main simulation.

One of most intuitive approach are turbulence inducing techniques which

simulate the turbulent transition upstream of the domain of interest, see for

example Rai and Moin [1993].

One alternative approach is a precursor simulation, wherein a separate, auxiliary

simulation generates fully developed turbulent flow that subsequently serves as

inlet conditions for the primary domain of interest, Lund et al. [1998], Mukha

and Liefvendahl [2017]. The implementation typically involves a simplified

geometry, often a periodic channel or box, allowing turbulence to develop

naturally under appropriate boundary conditions. This auxiliary simulation

continues until statistical stationarity is achieved, ensuring the turbulence

characteristics have stabilised. Time-dependent flow field data is then extracted
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from a cross-sectional plane and applied as the inlet boundary condition for

the main simulation, providing physically accurate turbulent structures that

inherently satisfy the Navier-Stokes equations.

Another category is recycling methods which operate on the principle of

extracting flow data from a downstream location within the simulation do-

main and reintroducing it at the inlet, creating a semi-autonomous system

that maintains realistic turbulence characteristics without requiring separate

precursor simulations [Morgan et al., 2011, Liu and Pletcher, 2006]. The

implementation process involves establishing a recycling plane at a sufficient

distance downstream from the inlet, where the flow has developed the desired

turbulent properties. The velocity field data from this plane undergoes

appropriate scaling to account for boundary layer growth and is then applied

as the inlet boundary condition. This creates a feedback loop that sustains

physically consistent turbulence throughout the simulation duration. A primary

advantage of recycling methods is their ability to maintain spatial and temporal

coherence of turbulent structures while significantly reducing computational

requirements compared to traditional precursor simulations.

Deterministic techniques are relatively straightforward to implement and the

generated fields at the inflow are realistic but rely on an extended numer-

ical domain of some sort and consequently bring a considerable additional

computational and memory cost. However, they perform better in terms of

accuracy: the turbulent structures introduced at the inlet require minimal or no

development length, eliminating artificial transition regions. Additionally, these

methods naturally preserve higher-order statistics, coherent structures, and

anisotropic characteristics that synthetic methods often struggle to replicate.

See Lund et al. [1998], Rai and Moin [1993], Urbin and Knight [2001], Stevens

et al. [2014] for references.

For a more comprehensive analysis of the inflow turbulence generation methods

refer to Dhamankar et al. [2018] or Wu [2017].
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3.2 Divergence-free turbulent inflow data from realistic co-
variance tensor

The present section contains a copy of the research paper "Divergence-free turbulent

inflow data from realistic covariance tensor," published in the February 2023 issue

of Physics of Fluids, available at https://doi.org/10.1063/5.0136568.

This paper introduces a methodology for generating divergence-free turbulent

inflow data. The approach is categorised among synthetic inflow generators and

employs the digital filter technique, which is comprehensively explained in Ap-

pendix A. Building upon previous work by Hao et al. [2022], the present work

extends existing frameworks by constructing a full correlation tensor instead of

using only the diagonal components, ensuring that the filters satisfy the divergence-

free condition and removing the need for an approximate exponential expression

of the filter by considering the spectrum of the fluctuations. By incorporating

the off-diagonal Reynolds stress components and strictly enforcing the divergence-

free condition, this methodology generates a more physically realistic anisotropic

turbulence structure. This directly improves simulation accuracy by eliminating

non-physical fluctuations. Consequently, the required flow development region is

shortened by approximately 30 % compared to Hao et al. [2022] while keeping the

same computational overhead to generate the fluctuations, leading to a substantial

reduction in computational cost and faster convergence to statistically steady results.

https://doi.org/10.1063/5.0136568
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ABSTRACT

Scale-resolving computational fluid dynamics (CFD) methods require carefully constructed boundary conditions to produce accurate results.
The inflow data should be unsteady and the successive realizations must follow specific statistics while ideally having a particular correlation
in both space and time. A method for generating synthetic correlated stochastic data from uncorrelated sequences is detailed and applied to
the problem of inflow turbulence generation for CFD simulations. The technique constructs divergence-free anisotropic random fields with
the sensible spectrum and complete complex correlation in space and time. A realistic two-point correlation tensor is inferred from first and
second moments and a set of heuristic recommendations based on turbulent flow observations. These statistics are readily available in most
practical cases making the technique highly versatile. The approach is computationally efficient with the use of eigendecomposition to reduce
the resources required depending on the accuracy needed. Demonstration of the method is provided with the simulation of a turbulent chan-
nel flow and a square duct flow, and validation is done against existing numerical data.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0136568

I. LITERATURE SURVEY

Over the years, the development of computer capabilities has
increased the popularity of large-eddy simulations (LES) and direct
numerical simulations (DNS). For such scale-resolving techniques,
while the precision is dictated by the computational resources avail-
able, the accuracy of the result is strongly influenced by the boundary
conditions imposed, especially at the inlet. The inflow realizations
must be unsteady, but it is not sufficient to superimpose uncorrelated
and spectrally uniform randomness on top of a mean flow field.
Because turbulent flow fields are highly correlated at small separations
and have a wide range of length scales, the fluctuations generated as
such will get damped out, not developing into turbulence and leading
to inaccurate results. For instance, Lund et al. (1998) showed that spec-
ifying random uncorrelated fluctuations at the inflow of a spatially
developing boundary layer leads to large underpredictions of the
boundary layer characteristics downstream. The same conclusion was
drawn by Le et al. (1997) in the simulation of a backward-facing step,
highlighting the strong influence of the inflow on the result; hence, the
boundary realizations should follow the specific turbulent properties
of the problem studied.

Various approaches are available to generate inlet turbulence.
The present section provides a brief overview of the main techniques,

for a more comprehensive analysis refer to Dhamankar et al. (2018) or
Wu (2017). Traditionally, inflow methods can be divided into two
main categories: synthetically generated turbulence under which the
proposed method falls, and deterministic techniques such as
turbulence-inducing simulations and inflows using precursor or con-
curring simulations. Turbulence-inducing techniques simulate the tur-
bulent transition upstream of the domain of interest, hence not
requiring the generation of correlated random data, see, for example,
Rai and Moin (1993). Alternatively, a second simulation can be run a
priori or concurrently to generate turbulent data for the main simula-
tion. These approaches are relatively straightforward to implement,
and the generated fields at the inflow are realistic but rely on an
extended numerical domain of some sort and consequently bring a
considerable additional computational and memory cost. Synthetic
methods alleviate this issue by constructing turbulence-like fluctua-
tions from uncorrelated data and known target properties. Preferably,
synthetic generators should rely only on turbulence statistics that are
readily available or inexpensive to compute. The boundary plane is
placed a short distance upstream of the simulation model to allow for
the synthetic turbulence to settle. The fields generally match first-
order statistics immediately, but the correct covariance is usually
reached only after a short distance from the boundary. The synthetic
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field morphs into a physical turbulent flow, satisfying the Navier–Stokes
equations. This development distance is a good indicator on the perfor-
mance of a method and the validity of the assumptions made.

In recent years, novel hybrid approaches have emerged. Spille-
Kohoff and Kaltenbach (2001), Meux et al. (2015), and Ketterl and
Klein (2018) proposed a method based on a linear forcing term and a
precursor simulation. The forcing term is used to control the fluctua-
tions in order to achieve the desired turbulence characteristics while
still being realistic as the Navier–Stokes equations are solved. Another
approach studied is the application of machine learning to synthetic
turbulence. In recent years, machine learning techniques have been
used to better understand and predict turbulence. For inflow genera-
tion, machine learning algorithms can be trained on data collected
from simulations or high-definition experiments, and can then be
used to generate synthetic fluctuations that closely resemble the physi-
cal phenomenon. Fukami et al. (2019) used DNS data of a turbulent
channel flow to produce inflow fields for the same case properties. A
similar approach was followed by Kim and Lee (2020), and they suc-
cessfully generated inflow boundaries at different Reynolds numbers.
More recently, Yousif et al. (2022) used deep learning to generate
instantaneous velocity fields for a developing boundary layer.
Although machine learning models are able to accurately match tur-
bulence statistics for various flow regimes over an extended period,
their reliance on high-order statistics for training limits their current
practical applications.

Synthetic methods continue to be widely used among the avail-
able options due to their versatility and relatively low computational
cost. Apart from attempts based on uniformly distributed series, the
earliest proposed approaches relied on a Fourier decomposition of tur-
bulence following the well-known Kolmogorov spectra, as done by
Kondo et al. (1997), who successfully simulated decaying isotropic tur-
bulence. A second type of decomposition frequently used is orthogonal
decomposition, which transform a flow field into an orthogonal basis
sorted based on energy and can be applied to nonperiodic signals. The
eigenfunctions represent coherent patterns present in the function of
interest. The energy of each mode is scaled by its eigenvalue, offering a
direct way to reduce the data needed while keeping the main features
of the correlation. The estimation of how many terms in the series are
necessary for an accurate representation is dependent on the length
scales resolvable by the mesh and the computational method used.
Eigendecompostion is useful for studying turbulent flows; Bakewell
and Lumley (1967) applied it to extract the main structures present in
the viscous sublayer of a turbulent pipe flow. Moin and Moser (1989)
and Nawab and di Mare (2018) decomposed a DNS simulation of a
turbulent channel using POD to understand the different eddy struc-
tures present.

A related technique was proposed by Klein et al. (2003) and fol-
lowed by di Mare et al. (2006), and it employs digital filters to generate
inflow data. Random uncorrelated data are filtered with a set of coeffi-
cients to obtain the prescribed one-point first- and second-order statis-
tics as well as two-point correlation function. In most cases, the filters
have a Gaussian shape to simplify the relations between the filter coef-
ficients and the velocity correlation. Advantages of filtering digitally
random data are the ability to generate prescribed statistics while keep-
ing the signal non-periodic unlike Fourier-based inflows. Later, Hao
et al. (2022) extended the method by combining the use of a digital fil-
ter and eigendecomposition. The correlation tensor is decomposed

into modes that capture the variations of the flow quantities on the
inflow plane while preserving a prescribed correlation. Finally, a digital
filter was created for each mode to enforce a two-time correlation. The
procedure was applied to a developing boundary layer and a turbulent
channel flow, and it was found to require significantly shorter develop-
ment lengths compared to previous synthetic generation techniques.
Efforts are also ongoing to further improve the computational perfor-
mance and broaden the scope of applications for digital filtering tech-
niques. Treleaven et al. (2020) applied a proper orthogonal
decomposition to the generated filter to compress the data needed to
reconstruct the filter, making the method up to eight times faster.
Moreover, Dhamankar et al. (2018) has adapted the original filtering
method to curvilinear grids instead of uniform grids only, extending
the scope of the technique. The present method builds up on the work
of Hao et al. (2022), seeking more realistic fluctuations while maintain-
ing a computational cost similar to the original filtering technique. To
achieve this, the extension utilizes a complete complex correlation
function rather than a diagonal tensor and ensures the divergence-free
condition is met by the filters. Additionally, the method removes the
need for an approximate exponential expression of the filter by consid-
ering the spectrum of the fluctuations. Overall, significant performance
improvements in terms of development length are achieved.

II. METHOD

This section describes the procedure used to generate correlated
data from uncorrelated sequences based on the decomposition of the
covariance tensor. In addition, a discussion about the structure of the
two-point correlation tensor in turbulent wall-bounded flows is made
based on observations. From there, recommendations are drawn and
an approximation technique based on first-order statistics and the
divergence-free condition is detailed.

A. Prescribed covariance

Correlated data ai can be generated synthetically from an uncor-
related random set /i and some appropriately chosen coefficients. As
explained by di Mare and Jones (2005), any symmetric factorization
sih of a covariance tensor rij is an appropriate choice of coefficients.
Given a random uncorrelated sequence /i, with covariance tensor dij,
the stochastic correlated data can be generated by the following
equation:

haia�j i ¼ hsih/hs
�
jk/

�
ki ¼ h/h/

�
kisihs�jk;

¼ dhksihs
�
jk;

¼ sihs
�
jh;

¼ rij: (1)

Using Einstein’s convention, :� indicates the complex conjugate. To
avoid periodicity in the generated data due to the finite size of the cor-
relation tensor support, Klein et al. (2003) preferred the use of a con-
volution instead of multiplying the data coefficients

ai ¼
XN
h¼�N

sih/iþh: (2)

This filter technique is capable of generating three-dimensional corre-
lated data that can be used as inflow data if the Taylor hypothesis is
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made. It has been applied successfully by Klein et al. (2003) and
Hoepffner et al. (2011) to generate inflow conditions for impinging jet
flows and free shear layers. However, the filter coefficients were
obtained based on assumed exponential expressions; the present work
alleviates these by constructing a realistic correlation tensor based on
spectral and variance data.

The statistical method to reproduce correlated data relies on the
ability to factorize the correlation tensor of the targeted signal in every
dimension of the problem studied. An efficient way to obtain a symmet-
ric factorization of a tensor is using an orthogonal decomposition. As
explained in Sec. I, eigenanalysis linearly decomposes the turbulent flow
into modes representing the coherent structure present in the data. The
special case of a homogeneous direction must be treated carefully. In
such an instance, the correlation tensor is circulant and eigenanalysis
leads to trigonometric eigenvectors, shortening the information needed
in the periodic direction to only an energy distribution. Nevertheless, as
elaborated in Lumley (1981), trigonometric functions differ fundamen-
tally from typical eigenfunctions as their spatial extent is not limited.
Another difference in that case is that the modes do not represent spe-
cific structures present in the flow, rather the spectral distribution of the
flow. It must be noted that other decompositions are available and can
preserve the features of shape and spatial extent, see Lumley (1981).

B. Construction of the covariance tensor

A turbulent flow can be statistically described by its two-point one-
time velocity correlation tensor Ri;jðxð1Þ; xð2ÞÞ ¼ huiðxð1ÞÞu�j ðxð2ÞÞi,
with the symmetry property Ri;jðxð1Þ; xð2ÞÞ ¼ R�

j;iðxð2Þ; xð1ÞÞ.
In most practical cases, the complete covariance tensor is not

directly available. A reasonable estimation can be obtained based on
first and second moments, directly available from an inexpensive
steady RANS simulation. Klein et al. (2003) and Hao et al. (2022) pro-
posed an expression dependent on an exponential decay function of
the separation and an appropriate length scale.

Ri;jðxð1Þ; xð2ÞÞ ¼ ð�1Þdij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hui0uj0 iðxð1ÞÞhui0uj0 iðxð2ÞÞ

q

� exp � jjðxð1Þ � xð2ÞÞjj2
Lðxð1ÞÞ � Lðxð2ÞÞ

 !
: (3)

The continuity equation constrains the correlation tensor as

@

@xð2Þj

Ri;jðxð1Þ; xð2ÞÞ ¼ 0: (4)

In the case of a homogeneous inflow direction, which is the case for
most simulations as the inflow turbulent properties are likely to be
constant or at least periodic, the flow can be decomposed in Fourier
series. The correlations between the complex series coefficients have
been studied for a turbulent channel and a square duct. Multiple
observations have been made:

• The envelope of the correlation decays as an exponential or a
Gaussian shape. In some cases, the decay reaches negative values,
which are necessary for the divergence-free condition to be
respected. A Gaussian modulated with a cosine is well suited to
approximate the behavior of the correlation.

• The imaginary part of the normal components must be anti-
symmetric as per the definition of the correlation.

• The exponential decay constant is proportional to the position in
the non-periodic directions and the wavelength of the mode.

• The symmetries of the correlation are dictated by the non-
periodic direction—the correlation follows the symmetries pre-
sent in the velocity variances.

The complete correlation tensor is Hermitian thanks to the sym-
metry properties, which ensures real eigenvalues. For the purpose of
factorization, only the positive eigenvalues are kept as the others are
non-realizable—these arise when the correlation prescribed spreads
too far in space.

III. RESULTS

In this section, the method described above is applied to two test
cases and the results are compared with DNS data. Particular attention
is given to the settlement length needed for the synthetic fluctuations
to transform into physical turbulence.

The flow equations are solved using the code H4X (Hao et al.,
2022; Hope-Collins and di Mare, 2023). The code is a cell-centered
finite volume code based on a multiblock grid arrangement. The flow
field is represented by the viscous variables: velocities, temperature,
and pressure. The equations of motion for a compressible fluid are
solved in conservative form. The spatial discretization is third-order
accurate in space for the inviscid fluxes. Third-order accuracy is
achieved on a compact stencil by using variable extrapolation. No lim-
iter is applied. The extrapolation is based on weighted least-square gra-
dients. The gradient stencil contains all the face neighbors of each cell.
For the purpose of variable extrapolation onto a cell interface, the gra-
dient stencil is biased by removing the contributions from the neigh-
bor on the other side of the interface. The numerical fluxes are
adapted to low Mach numbers (Hope-Collins and di Mare, 2023), and
a modified pressure flux is employed. The viscous fluxes are evaluated
using a second-order discretization. Advancement in time is per-
formed using a formally second-order accurate implicit scheme. The
implicit iterations are based on a dual-time stepping formulation. The
code is parallelized by partitioning the blocks of the multiblock grid
among the available MPI ranks. Within each rank, block operations
are parallelized using OpenMP. Computations and communications
are overlaid to hide the latency of the network fabric.

A. Channel flow case

The first test case is a fully developed turbulent channel flow, ren-
dered in Fig. 1.With turbulent channels being one of the most fundamen-
tal test cases in anisotropic turbulence, a great deal of knowledge has been
gained on the flow dynamics over a large range of regimes. Direct numer-
ical simulations have enabled researchers to obtain detailed statistical
characteristics such as flow spectra and two-point correlations.

FIG. 1. Channel flow case and coordinate system.
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The averaged flow field is non-homogeneous in the wall-normal
direction, symmetric with respect to the mid-channel and homoge-
neous in the streamwise and spanwise directions. Knowing that, the
inflow data for a turbulent channel can be formally represented by

u0iðx; y; zÞ ¼
X
kx

X
kz

X
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cðkx; kzÞ kðlÞ

p
qiðkx; kz; l; yÞ

� eiðkxxþkzzÞ /ðj; k; lÞ; (5)

where kx and kz are the wavenumbers in the homogeneous directions,
l is the wall-normal mode index, q is the wall-normal eigenmode, k is
the eigenvalue, C is the spectrum imposed, and / is a random number.

The three-dimensional digital filters fkz ;l are obtained by taking
the inverse transform in the streamwise direction of Eq. (5)

fkz ;lðx; y; zÞ ¼
X
kx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cðkx; kzÞ kðlÞ

p
qiðkx; kz; l; yÞ eiðkxxþkzzÞ: (6)

Finally, the three-dimensional signal, of which each spanwise-wall-
normal slice will be used as an inflow realization, is obtained by convo-
luting the filters with a random signal

u0iðx; y; zÞ ¼
X
kz

X
l

ðfkz l ~/Þðx; y; zÞ: (7)

Subsections IIIA1 and IIIA2 explain the procedure followed to con-
struct the filters for the channel case, highlighting the approximations
made to obtain a shape estimation of the correlation tensor and the
power spectrum.

1. Velocity spectrum in periodic directions

As explained in Sec. IIA, an energy distribution is needed for each
of the homogeneous directions. Turbulent flows contain a wide range of
length scales, but most of the energy is often located within a limited
scope. In isotropic turbulence, the well-known Kolmogorov spectrum
with the energy proportional to a power law of the wavenumber can be
used. For a channel case, multiple DNS analyses are available, see
Andrade et al. (2018), Mizuno (2016), and Lee and Moser (2019). The
main concentration of energy is located at wavenumber ratios
kz=kxZ10, corresponding to elongated structures present in the chan-
nel. Various wall-normal spectral regimes have been identified in Lee
and Moser (2019) and Mizuno (2016), highlighting the wavelength var-
iations of the channel streaks with the wall-normal direction. However,
a reasonable assumption can be made by considering a uniform spec-
trum in the wall-normal direction. Figure 2 shows the spectrum with a
maximum spanwise wavelength of lþz ¼ 100 and a ratio lx=lz ¼ 10.

2. Wall-normal autocorrelation

The construction of the wall-normal covariance tensor as a func-
tion of the wavenumber is guided by previous research from Townsend
(1976), Kim et al. (1987), and Nawab and di Mare (2018). Writing the
one-dimensional correlation tensor Ri;jðyð1Þ; yð2ÞÞ ¼ huiðyð2ÞÞu�j ðyð1ÞÞi,
the continuity equation for a periodic channel in wavenumber space is

ikxR1;1ðyð1Þ; yð2Þ; kx; kzÞ þ ikzR1;2ðyð1Þ; yð2Þ; kx; kzÞ
þ @

@yð2Þ
R1;3ðyð1Þ; yð2Þ; kx; kzÞ ¼ 0;

ikxR2;1ðyð1Þ; yð2Þ; kx; kzÞ þ ikzR2;2ðyð1Þ; yð2Þ; kx; kzÞ
þ @

@yð2Þ
R2;3ðyð1Þ; yð2Þ; kx; kzÞ ¼ 0;

ikxR3;1ðyð1Þ; yð2Þ; kx; kzÞ þ ikzR3;2ðyð1Þ; yð2Þ; kx; kzÞ
þ @

@yð2Þ
R3;3ðyð1Þ; yð2Þ; kx; kzÞ ¼ 0:

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(8)

The continuity constraint combined with the symmetry condition of
the two-point correlation leaves three components of the tensor to be
specified. The three normal components could be chosen, but then a

FIG. 2. Contour plot of the two-dimensional velocity spectrum imposed.

FIG. 3. Contour plots of the two-point velocity correlation tensor. Black contours represent the real part; blue contours represent the imaginary part; and dashed lines represent
negative values.
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linear system of differential equations must be solved. The system is
likely to have an infinite number of solutions and must be solved in a
least squares fashion. Taking another approach, if two normal and one
non-diagonal components are specified, the system can be solved imme-
diately by substitution. The equations suggest that the approximations
of the correlation must be complex. The imaginary part controls the
phase of the velocity field, which is related to the structure and shape of
the turbulent eddies, see Keating et al. (2004). Nawab and di Mare
(2018) give an idea of the full shape of the correlation tensor.

The covariance tensor is built from the exponential expression
given in Eq. (3) with the characteristic length scale chosen to be the
harmonic average of the turbulent length scale and the wavelength of
the mode considered. One assumption made is that the wall-normal
variance profile does not change with the wavenumber considered,
and only the extent in space of the correlation is changing. This is not
the case as shown in Lee and Moser (2019), but there does not exist
enough data on the subject to make a better representation. Figure 3
shows the contours of the velocity correlation tensor for spanwise
wavelengths of lþz ¼ 50 and streamwise wavelengths of lþx ¼ 500, and
the real and imaginary components follow correctly the trends present
in the data from Nawab and di Mare (2018).

The first three one-dimensional eigenfunctions for different
velocity components are plotted in Fig. 4. The modes represent the
influence on the velocity fluctuations of the turbulent structures pre-
sent in the flow. The eigenfunctions for the streamwise velocity have
most of the energy near the wall, whereas for the other components,
the overall peak energy is located further away from the wall. The
streamwise and wall-normal components compare well with the
results from Moin and Moser (1989). The modes for the spanwise
components on the other side are imperfect, and this is because all
the spanwise velocity correlation components are solved for through
the divergence equation, and therefore, no variance data for the
spanwise component have been used. The study of the eigenmodes
showed the need for a complete expression of the correlation tensor—if
components are missing, the remaining components become uncorre-
lated and the relative amplitude and phase between the modes are not
correct.

The three-dimensional shape of the eigenfunctions is dictated by
the homogeneous directions, and the modes will have an oriented

periodic eddy structure corresponding to their wavenumber, as
detailed by Ball et al. (1991).

3. Simulation setup

Strictly speaking, the geometry of a channel flow is completely
defined by the channel height, 2d. However, the computational
domain has to be of finite size, leading to the introduction of the
streamwise and spanwise lengths, Lx and Lz. The flow is simulated
between two viscous walls, and periodic boundaries are applied in
spanwise directions. The Reynolds number Res, based on the friction
velocity and the channel half-width investigated, is 180 at a Mach
numberMa¼ 0:3.

FIG. 4. Real part of the first three wall-normal eigenfunctions at peak spectrum. Red curve—first mode; black curve—second mode; and blue curve—third mode.

FIG. 5. Mean velocity profiles. Black curve—DNS data from Moser et al. (1999),
blue circles—periodic channel, and red squares—channel with inflow at x=d ¼ 2.
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The computational domain size in the streamwise and spanwise
directions is (8pd, 4/3pd), found by Kim et al. (1987) to be enough for
the flow variables to become uncorrelated at maximum streamwise
and spanwise separation. The grid size is (256 � 144 � 128) with a
grid stretching in the wall-normal direction detailed in Pirozzoli and
Orlandi (2021). To capture the physics, the first cell is in the viscous
sub-layer, DyþOð1Þ, and having DxþOð10Þ and DzþOð5Þ is sufficient
to resolve small-scale structures near the walls.

The simulation with the inflow generator will be compared
against DNS data available from Kim et al. (1987) and against a

streamwise periodic channel run with the same setup as the channel
with turbulent inflow. The mass flow of the periodic channel was kept
constant with the addition of an artificial body force.

4. Mean quantities

Figure 5 plots the mean velocity profiles made dimensionless by
the wall-shear velocity. The profile of the simulation with inflow cor-
rectly matches the well-known DNS results. This is expected as the
profile imposed came from DNS calculations, but it shows that the
mean quantities downstream of the inlet plane are not altered by
the introduced fluctuations. The periodic channel case was initialized
with a simple randomized parabolic profile. The correct prediction of
the mean streamwise velocity profile shows the ability of the solver
and the mesh to resolve appropriately the scales of interest.

5. Velocity fluctuations

To evaluate the development length, the velocity variances are
compared with Kim et al. (1987) at different streamwise locations.
Figure 6 shows the streamwise evolution of the Reynolds normal
stresses. Overall, a very good fit is reached after x/d ^6, less than 5%
RMS error, but less than 10% RMS deviation is reached after x/d^ 3.
While the guessed shape for the streamwise and spanwise component
is close to the actual profile for the streamwise and wall-normal
component, the fit and amplitude is less accurate for the spanwise
component—as explained in Sec. IIIA 4. This is a result of the diver-
gence condition that was applied. The streamwise profile at the inflow
is overestimated toward the mid-channel but recovers slowly until x/d
^6. The spanwise and wall-normal profiles have inaccurate near-wall
behavior but reach a better agreement near the mid-channel.

Figure 7 plots the spanwise correlation at two different wall-
normal positions, near the wall and near mid-channel. At the inflow, it
can be seen that the realizations are correlated and the sinc shape is in
accordance with the spectrum prescribed, with a negative peak at small
separation. The decay for x=d ¼ 6 follows the same trend as the corre-
lations available in Kim et al. (1987) and Abe et al. (2001). At the inlet,
the failure to capture the correct spanwise correlation away from the

FIG. 6. Streamwise development of the dimensionless time-averaged velocity
variances.

FIG. 7. Spanwise two-point correlation at selected streamwise and spanwise
locations.
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wall comes from the assumption that the streamwise–spanwise spec-
trum is constant in the wall-normal direction.

6. Inflow parameters and performance

The inflow technique relies on a number of turbulent parameters
that must be carefully chosen in order to obtain accurate inflow
realization.

First, the streamwise extent of the inflow domain should be
greater than the integral timescale of the flow field, which is necessary
to ensure the field becomes uncorrelated.

In the exponential expression chosen to estimate the wall-normal
correlation, the extent of the wall-normal correlation is dictated by the
magnitude of the decay constant. If the decay is excessively swift, the

covariance matrix becomes virtually diagonal and the fluctuations
uncorrelated. On the contrary, the variables become too correlated at
large separations and the inflow realizations will resemble a set of
bands in the wall-normal direction. The top and bottom sides of the
channel will become too correlated, which is not physical.

Eigenanalysis allows for a direct sorting of the modes based on
energy. The energy cutoff should be proportional to the scales resolv-
able by the mesh of the main simulation. It is desirable to retain as
much energy as possible, but it adds a memory and computational
overhead to store and reconstruct all the length scales. The spectral
content of the generated fields is important for the Reynolds stress
budget equation. As explained in Keating et al. (2004), the production
rate term is a function of the mean flow field and the Reynolds stress;
hence, from Fig. 6, it can be assumed that the magnitude is sensible
even close to the inflow plane. However, to correctly model the dissi-
pation term, the spectral content in the flow field must follow the dis-
tribution of a real turbulent flow along the wall-normal direction. If
only large scales are present in the flow, the kinetic energy dissipation

FIG. 8. Normalized spanwise spectrum of the streamwise velocity component at
mid-channel averaged over x/d ¼ [0.6–0.7]. Black curve—DNS data from Moser
et al. (1999); red curve—reference inflow run, energy cutoff¼ 0.95; and blue curve
—energy cutoff¼ 0.6.

FIG. 9. Square duct diagram and coordinate system.

FIG. 10. Contour plots of streamwise component of the first three modes. Dashed lines represent negative values.
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will be largely underestimated. The correct distribution will be reached
further downstream once the large structures have broken down
and the balance between production and dissipation is restored.
Figure 8 illustrates this by comparing the spanwise spectrum down-
stream of the inflow for different energy cutoffs, one where nearly all
the length scales are represented and a second case where only the
dominant scales are kept. The case with lower energy cutoff does not
have the correct decay unlike the case with higher energy threshold.
The performance of the inflow generator depends on several factors,
including the size of the filter, the number of grid points at the inlet,
and the number of modes retained. To prioritize runtime performance
or ensure repeatability, the inflow fields can be generated prior the
simulation and simply read at runtime. In terms of resources, the
entire inflow generation process uses 4%–8% of the total simulation
time, depending on the energy cutoff chosen. While the proposed
method requires additional resources compared to the original filter
method by Klein et al. (2003), it remains significantly lighter than pre-
cursor simulations and hybrid volumetric forcing simulations. The
performance of the algorithm can be further enhanced by applying
techniques outlined in Kempf et al. (2012), for example.

B. Square duct flow

The second test case studied is a straight duct with a square cross
section at a Reynolds number based on the friction velocity of 220 and
a bulk Mach number of 0.2. There has been a strong interest in rectan-
gular duct flows mainly because of the cross-sectional motions (Fig. 9).
The time-averaged flow has four statistically symmetric quadrants,
each containing a pair of counter rotating vortices. These turbulence-
born secondary flows, named of Prandtl’s second kind, will test the
ability of the inflow method to generate coherent structures capable of
reproducing the gradients in the Reynolds stresses to produce the vor-
ticity necessary to drive the secondary flows, Brundrett and Baines
(1964). Multiple DNS studies on duct flows are available, see, for
example, Gavrilakis (1992) or Pirozzoli et al. (2018).

1. Streamwise turbulent kinetic energy spectra

Square ducts have only one homogeneous direction, and the
streamwise kinetic energy spectra can be approximated by simple
Kolmogorov spectra, agreeing with results from Khan et al. (2020) and
Huser and Biringen (1993).

2. Spanwise and wall-normal correlation

The correlation tensor is constructed using the expression in Eq.
(3). Similarly to Sec. IIIA 2, only three components of the tensor are
guessed and the remaining are set through the divergence-free condi-
tion and the symmetries of the problem. The symmetries of the prob-
lem imply that each eigenmode comes in quartet. The streamwise
component of the first three families of modes is plotted in Fig. 10.

3. Mean quantities

The contours of mean velocity are plotted in Fig. 11(a), and the
secondary flows are highlighted using velocity vectors. While the mag-
nitude of the secondary flows is not of the same order of that of the
mean axial flow, they are responsible for the swelling of mean axial

velocity contours toward the corners, as observed by Brundrett and
Baines (1964). The mean velocity profile on the wall bisector is plotted
on Fig. 11(b) and matches well the data from Pirozzoli et al. (2018).

C. Fluctuating quantities

Figure 12 plots the development of the time-averaged velocity
variances. It is observed again that, while not perfect, a close agreement
is reached after a length of 6d, RMS error of 6%. The spanwise compo-
nent, which was obtained mainly through the divergence-free condi-
tion, is largely overpredicted at the inflow but quickly settles
downstream.

FIG. 11. Mean quantities for the square duct case.
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IV. CONCLUSION

The current work presented an extension to a filter-based
method for generating statistically realistic divergence-free turbulent
data. The procedure is built around the factorization of the covariance
tensor and the conservation of mass. In the non-homogeneous direc-
tions, an approximation of the complex correlation tensor is con-
structed from variance data combined with an exponential decay. The
incompressible continuity equation was enforced to lower the number
of components to be guessed and to ensure the generated field is

divergence-free. The periodic directions are assembled with trigono-
metric functions based on an appropriate energy distribution.

The method was tested on two wall-bounded turbulence cases and
showed good agreement with existing data. The eigenmodes for both
cases capture the regions of high variance. The inflow generator was
able to generate realistic fluctuations for the reproduction of the second
moments within a short distance of the inlet plane while keeping a con-
stant first moment. The reconstructed second moments at the inflow
plane have a realistic shape and adjust quickly to the targeted profile.
Only the components solved with the continuity equation gave less
accurate approximations in the variance of the realizations. The
assumption of constant properties in the wall-normal direction leads to
acceptable results while being the source of most inaccuracies—further
developments should take the different wall regimes into account.
Component-wise spectra could also be introduced.

The main interest of the proposed method is the ability to gener-
ate realistic data for scale-resolving simulations with a short develop-
ment length from readily available statistics. The approach has a small
computational cost overhead compared to other inflow techniques
and is highly versatile. The performance has been proven and potential
further development highlighted.
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3.3 Remarks and potential extensions

The method presented in section 3.2 relies on several assumptions, most of which

are directly related to the reconstruction of the two-points velocity correlation.

Addressing these assumptions could lead to a more accurate and versatile method.

First, the method assumes that the velocity spectra in the isotropic directions

remain constant along the anisotropic directions. In principle, this assumption may

not always hold, as the spectra are expected to vary along anisotropic directions.

Such variations may arise due to geometric features, such as struts or vanes, or from

proximity to walls, where smaller wavelength structures become more prominent.

Nevertheless, for relatively simple incoming flows, this approximation appears

reasonable and effective.

Second, the current treatment of the isotropic directions employs a Fourier

decomposition to represent the spectrum. While this approach accurately captures

the spectral content, the resulting mode shapes have infinite spatial support and may

not reflect localised features inherent to the flow. As discussed by Lumley [1981],

alternative decomposition techniques exist that preserve both the shape and spatial

extent of the modes, making this a promising direction for future work.

In addition, in the current setup, the fluctuations generated are imposed on the

ghost cells adjacent to the inflow, where a local one-dimensional inviscid (LODI)

[Poinsot and Lelef, 1992] non-reflecting boundary condition is enforced. Because

the present LODI formulation prioritizes low reflections, a portion of the injected

turbulence is unavoidably attenuated. More sophisticated non-reflecting treatments

for compressible solvers can mitigate this dissipation; see, e.g., Gloerfelt and Le Garrec

[2008], Guézennec and Poinsot [2009], Moguen et al. [2014].

Finally, a key to unlocking the full potential of the method lies in understanding

the relationship between flow features and the velocity correlation. This relationship

can be formulated as a regression problem, which is particularly well suited for data-

driven techniques. In practice, machine learning algorithms could be employed to

map the relationship between the two-point correlation and the physical parameters
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that characterise the flow while physics-based models enforce known constraints

in the correlation tensor (e.g., symmetries, conservation laws). Several studies

have applied machine learning to the generation of synthetic turbulent flow fields

[Yousif et al., 2022, Yu et al., 2022, Shinde and Johnsen, 2018], most of these

approaches directly target velocity fields. In contrast, focusing on the two-point

correlation—which is sufficient for many applications—remains largely unexplored.

For instance, training a model to use RANS quantities as inputs and compute

invariants of the mean flow along the eddy viscosity at the preprocessing stage.

The model could be trained on available DNS data in different configurations to

predict the diagonal components of the two-point correlation tensor, making use of

the divergence-free approximation and the symmetry of the tensor to predict the

remaining components. Such an approach would potentially enable the simulation

of more complex geometries, including separated flows.
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The importance of conjugate heat transfer has been established in chapter 2,

highlighting its critical role in the design of many thermally dominated systems.

However, it also shed light on the limitations of prevailing approaches for unsteady

CHT. In particular, commonly used methods are either computationally prohibitive

or rely on restrictive modelling assumptions that can bias predictions in regimes

where interfacial feedback are essential.

High-fidelity time-marching strategies, whether fully coupled or partitioned, can

resolve accurately the approach to steady-state but at a steep cost. Stability and

accuracy constraints force the timestep to track the fastest physics (often on the

fluid side), while the solid may evolve on much longer diffusive timescales. The

resulting stiffness inflates wall-clock time and memory footprint, making parametric

exploration, control-oriented studies, and uncertainty quantification impractical.

To avoid that cost, many workflows assume a quasi- or fully steady solid, solving

the steady conduction problem once and coupling it to a transient fluid. This

decoupling suppresses thermal storage and phase-lag effects in the solid, which can

47
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be unacceptable whenever the Biot number is moderate to large, volumetric heating

is present, or start-up/shut-down transients dominate the use case.

A second class of state-of-the-art methods recasts the unsteady problem in the

frequency domain via a truncated Fourier decomposition (e.g., harmonic balance

or time-spectral formulations). While effective for strictly periodic forcing, these

approaches struggle with broadband or intermittent transients: convergence can be

slow, many modes are required to capture sharp events, and Gibbs-type artifacts can

corrupt interfacial fluxes and temperatures. Moreover, accommodating nonstationary

boundary conditions or mixed time scales often defeats the efficiency gains that

motivate the frequency-domain route in the first place.

In this chapter we address these shortcomings by developing an unsteady CHT

framework that (i) retains full unsteady dynamics in both fluid and solid without

assuming a steady solid, (ii) reduces cost relative to naive time marching by separating

fast and slow processes where possible, and (iii) avoids global Fourier expansions by

using separating the scale only using the algebraic properties of the numerical system

so that nonperiodic transients and localized events are captured directly in time.

The approach is demonstrated on canonical benchmarks and application-relevant

cases, emphasizing accuracy at the interface and predictable computational cost.

Subsequently, an applied study on the effects of unsteady conjugate heat transfer

on flow characteristics is presented, published in Dreze and di Mare [2025].

4.1 Multiscale Unsteady Conjugate Transfer via Modal Pro-
jection

The following section contains a draft of a journal paper titled "Multiscale Unsteady

Conjugate Transfer via Modal Projection", which was submitted to the Journal of

Computational Physics on April 25, 2025, and is currently under review.

This work aims to address the main challenges of unsteady conjugate heat

transfer simulations presented in subsection 2.2.1. The paper presents a novel

approach to CHT simulations that leverages modal projection to address the time
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scale mismatch between the fluid and solid domains. The paper demonstrates the

effectiveness of the proposed method through a series of numerical experiments,

highlighting its ability to accurately capture the transient thermal behaviour while

maintaining computational efficiency.
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• A modal decomposition of the solid temperature field is proposed, which allows for an efficient representation
of the unsteady heat conduction problem.

• The modal representation reduces the solid domain to a set of uncoupled, single-degree-of-freedom ordinary
differential equations, which require only surface integrals to be computed

• To address the timescale challenge, the thermal transients of the modal equations are accelerated individually
based on the respective time constants of the modes.

• The method shows a fourfold reduction in time to steady state for the slowest modes, with an associated error
of 6%.
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Abstract

This paper presents a multiscale methodology for efficient unsteady conjugate heat transfer simulations. The solid
domain is modelled by coupling a global representation of the temperature field, based on the eigenfunctions of the
unsteady heat conduction equation, with a local, fine-scale-resolving solution of the heat conduction equation at the
conjugate interface. To address the disparate time scales and enhance convergence, the decoupled modal equations
are leveraged to enable targeted acceleration of the longest thermal time scales. One-dimensional analyses validate
the properties of the scheme, while scale-resolving simulations demonstrate its practical application for steady and
unsteady problems. Notably, the method achieves up to a fourfold reduction in computational time to reach steady
thermal conditions compared to conventional conjugate simulations, without introducing significant computational
overhead or error, offering an accurate and accelerated framework for unsteady thermal analysis.

Keywords: Conjugate heat transfer modelling, Unsteady conjugate heat transfer, Thermal transients

1. Introduction1

Over the years, the development of computer capabilities has increased the popularity of large-eddy simulations2

(LES) and direct numerical simulations (DNS). For such scale-resolving techniques, while the precision is dictated3

by the computational resources available, the physical accuracy of the result is strongly influenced by the boundary4

conditions imposed. Simple boundary conditions, such as constant Dirichlet or Neumann may not be sufficient to5

accurately model real-world problems which often involve interactions across multiple physical domains. Indeed, in6

recent years, the scope of CFD has evolved recognising the importance of fluid-structure interactions [1, 2, 3, 4].7

In the context of the thermal boundary condition, most of the fluid prediction methods frequently used in research8

and in industry do not take into account conjugate heat transfer (CHT) — the thermal interaction between fluid and9

ajacent solid. The boundary conditions between solid walls and the fluid domain are usually specified as a fixed heat10

flux or a fixed temperature. However, there is a direct interest in metal temperature distribution in presence of fluid11

flow with large temperature variations. This is because the heat transfer and the temperature gradients between the12

fluid and solid can significantly influence the flow and the simple specifications commonly used are not accurate. A13

classic example is that of high pressure turbines rows, where accurate modelling of the thermal operating conditions14

requires a conjugate heat transfer analysis as shown by [5, 6, 7].15

Since the pionerring works of Perelman [8], CHT has now become a critical aspect of many engineering appli-16

cations. Its significance spans from microscopic levels, such as near-wall turbulence [9] or the use of nanofluids for17

improved heat transfer [10], to macroscale systems such as thermal management in spacecraft, insulation in nuclear18

reactors, cooling of turbine blades, and thermal regulation in battery technology, [11, 12].19

Coupling domains with distinct governing equations presents significant modeling challenges. These challenges20

stem from the different physical processes, conduction dominated in solids and convection dominated in most fluids,21

∗yann.dreze@engs.ox.ac.uk
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Nomenclature

α Thermal diffusivity
χ, η, ζ Local geodesic coordinates
χa scaling factor for SFD
∆r+ Wall-normal grid spacing in radial direction
∆y+ Wall-normal grid spacing in viscous sub-

layer
δ Channel half-width
δb Boundary layer thickness
Γ Boundary
κ Thermal conductivity
λ Eigenvalue
L Laplace operator
µ Dynamic viscosity
Ω Domain
ω Angular frequency
ϕ Angle
ρ Density
σ Acceleration factor
τ Time scale
CFEA Combined Finite Element Accelerated
CFE Combined Finite Element Solution
FE Finite Element Solution
MFE Modal Finite Element Solution
M Mach number
Pr Prandtl number
Reτ Reynolds number based on friction velocity
ReD Reynolds number based on pipe diameter
Θ Transformed temperature

n⃗ Normal vector
ξ Dimensionless coordinate
cp Specific heat capacity
C f ,θ Local skin friction coefficient
F Shape function
Fstr Strouhal Frequency
H Laplace transfer function
Lx Streamwise length
Ly Transversal length
Lz Spanwise length
Qs Heat source
Rc Radius of curvature
s Laplace variable
T Temperature
T∞ Outer flow temperature
U Modal coefficients
x, y, z Global Cartesian coordinates
CFD Computational Fluid Dynamics
CHT Conjugate Heat Transfer
DNS Direct Numerical Simulation
LES Large Eddy Simulation
N-S Navier-Stokes equations
Nuθ Local Nusselt number
Rin,Rout Inner and outer radius
SFD Selective Frequency Damping
St Stanton number
Str Strouhal number
URANS Unsteady Reynolds-averaged N-S

which operate on different spatial and temporal scales. This disparity complicates the achievement of accurate and22

efficient simulations.23

Firstly, in transient CHT problems, approach to a steady-state takes place at significantly different rates in the solid24

and fluid domain, the mismatch in time scales being potentially very large. [13] presented a dimensional analysis of25

the time scales in CHT problems. The analysis demonstrates that the timescale ratio τs/τ f between convection and26

conduction is given by the following Equation 1:27

τs

τ f
=
κ fρ f cp, f

κsρscp,s
St Rea

¡Ç
Re−1+2a

Pr

å
(1)

The timescale ratio τs/τ f is a function of the thermal effusivity κρcp, which characteristices the rate at which heat is28

absorbed, stored, and conducted away from an interface, [14, 15]. The timescale ratio also depends on the Stanton29

number (St), the Prandtl number (Pr). The properties of the boundary layer near the solid/fluid interface also affect30

the timescale ratio through the scaling law of the thickness of the thermal boundary layer (Rea). For a typical air-steel31

system, τs/τ f ≈ 104. Similarly, large values are found in most gas/metal interfaces of practical interest. Large values32

of the ratio τs/τ f indicate that progress towards the attainement of a steady temperature distribution in the conjugate33

system is dominated by the thermal transient in the metal. In conjugate heat transfer simulations with large solid34

domains, this may require very long simulation times for a true steady state to be reached [16, 17]. Reconciling these35

timescales to ensure a statistical steady state remains problematic.36
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Secondly, the temperature distribution in the solid and fluid domains may exhibit drastically different length scales.37

The thermal boundary layers thicknesses in the solid and fluid domains stand in a ratio dictated by the ratio of the38

thermal conductivities [14, 13], as shown in Equation 2:39

δs

δ f
≃ O
Å
κs

κ f

ã
(2)

As an example, for the same air-steel system the ratio is about 100, higlighting the differences in thermal boundary40

layer heights ( δs
δ f

). The concept of thermal penetration depth is also widely used in the literature to describe the41

spatial scales of temperature variations in the solid domain for unsteady CHT problems. There are various definitions42

of the thermal penetration depth, but for periodic cases the most common is the distance over which the temperature43

fluctuations from a harmonic forcing decrease by a factor of 1/e. The thermal penetration depth is given by Equation 3,44

where ω is the angular frequency of the temperature oscillations.45

δP =
√

2αs/ω (3)

Because most current simulation methods rely on a time-marching approach, such as URANS or LES, the small46

timesteps required, combined with the strict grid requirements for the solid domain, make these simulations resource-47

intensive when conducted over timescales relevant to the solid.48

From a computational implementation perspective, coupling strategies are used to manage how the heat transfer49

information is exchanged at the interface between the fluid and solid regions during a simulation. There are two50

primary categories of coupling strategies: weakly coupled and strongly coupled (or fully coupled). The coupling51

strategy can lead to additional modelling error, such as interpolation errors if the grids for both methods are different52

and interpolation is needed.53

1.1. Strategies to efficiently solve CHT problems54

The fundamental challenge of the disparity in timescales between the fluid and solid domains and its impact on the55

complexity of initialising and conducting unsteady conjugate heat transfer analyses is widely recognised [13, 16, 18].56

Various methods have been proposed to accelerate the initial transient towards the statistical steady-state, while still57

enabling accurate time-dependent solutions for temperature fluctuations in the solid domain.58

One of the most straightforward approaches is to alter the solid properties to try to realign the fluid and solid59

time scales. Oh et al. [19] focused on a ribbed cooling passage using LES with the immersed boundary method.60

They showed that the timescale disparity can be overcome by using an artificially high solid thermal diffusivity while61

maintaining a constant Biot number. The higher Fourier number allowed for a faster approach to statistical steady-62

state. Once statistical steady-state is reached, the solid thermal properties were changed back to their original values63

and the simulation ran until stationary steady-state was achieved again with the original values. Their predictions are64

compared with experiments and other LES studies, however, the simulation time remains high due to the convergence65

of two successive steady-states separated by a discontinuous change in solid properties. Similarly, Shi et al. [20]66

modified the solid thermal properties and calculation time based on a Biot and Fourier number scaling of the equations.67

While the scaling is correct for the standalone unsteady heat equations, the scaling breaks the similarity principle for68

fluid convection. It allowed for a reduction of the simulation time by an arbitrary factor, but lead to errors in the69

predictions of both the mean and fluctuating temperature fields.70

Another type of approach relies on frequency-based decomposition to address the timescale mismatch between71

the fluid and solid domains. He and Oldfield [18] implemented a hybrid coupling approach based on a time-marching72

technique for the fluid domain and a frequency-based for the solid domain, with a continuously updating Fourier73

transform implemented at the interface. This method also has the advantage of directly answering the timescale mis-74

match by solving the solid region in the frequency domain. Since this work, frequency based approaches have been75

used frequently for unsteady CHT simulations. Knapke and David [21] used a harmonic balance approach to with a76

quasi-Newton solver for CHT simulations. They showed that harmonic balance is an effective technique for perform-77

ing accurate conjugate heat transfer problems with periodic unsteady simulations. This was confirmed by Hodges78
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[22], who presented a similar method and validated it for an internally cooled turbine blade. Another frequency-based79

decomposition, the non-linear harmonic method has also been used for CHT simulations. Mehdizadeh et al. [23]80

extended an existing commercial harmonic code to conjugate heat transfer. They used an updated harmonic equation81

with the addition of the harmonic source term to update the wall temperature at each timestep and on each side of the82

thermal interface. Further studies including [24, 16] refined the method and adapted it for multiscale thermal systems.83

Aside from frequency-based methods, other decomposition approaches have been used. Białecki et al. [25] pro-84

posed a POD decomposition to tackle more efficiently transient heat transfer problems with fixed thermal boundary85

conditions. They used a combination of a time marching technique for the initial transient and then POD decomposi-86

tion is used to reduce the dimensionality of the problem. Blanc et al. [26] applied a similar reduced order model to the87

complete conjugate heat transfer problem. In addition, discrete Green function approaches have been applied to de-88

couple conjugate heat transfer problems with any temperature variations as done in [27, 28]. Discrete Green functions89

decompose the temperature field into a set of functions independent of the thermal boundary condition. The functions90

describe the relationship between surface temperature and convective heat transfer, relating heat transfer from each91

element of the source surface to temperature rise on all other elements of the target surface. This approach allows92

direct, non-iterative calculation of heat transfer for any temperature distribution, irrespective of thermal boundary93

conditions.94

Eigenanalysis has also been applied to tackle heat transfer problems. Shih and Skladany [29] applied it to transient95

heat conduction, demonstrating its accuracy and computational efficiency compared to classical implicit and explicit96

time-marching numerical schemes, particularly for long-duration and large-domain transient problems. Quéméner97

et al. [30] used modal analysis on advection diffusion problems with time-dependent parameters, achieving a signif-98

icant computational time reduction compared to the finite elements model, by efficiently selecting influential modes99

and minimising the error between the reduced and physical models. Other applications can be found in [31, 32, 33].100

Eigenanalysis has been also applied to CHT problems by Knupp et al. [34]. They used an integral transform approach101

to the solution of the problem on conjugate heat transfer. They achieved a significant improvement in convergence102

rate for a transient two-dimensional incompressible channel flow case.103

Finally, when the behavior of the long thermal transient is of interest, the coupling conditions can be loosened to104

obtain efficient results. Sun et al. [35] proposed a method based on the consideration that for these transients the fluid105

flow time scales are much shorter than those for the solid heat conduction and therefore the influence of unsteadiness106

in fluid regions is negligible on the longer thermal transients. Their technique employs iterative procedures and steady107

CFD calculations to ensure continuity of temperature and heat flux. The procedure allows for defining CFD models at108

key time points and offers a ”frozen flow” option for improved computational efficiency. Maffulli et al. [36] developed109

a loosely coupled CHT methodology using a source-term based modelling approach and adaptive time stepping. The110

technique demonstrated comparable accuracy to fully coupled unsteady simulations, but with significantly reduced111

computational costs. The technique was tested on predictions of turbine thermal loads during fast startup/shutdown112

cycles.113

As demonstrated in the literature overview, achieving efficient CHT simulations is a complex task. The key114

challenge lies in addressing the interplay between time and length scales in both the metal and the fluid. Simple115

dimensional arguments indicate that these scales are inherently linked, making it impossible to treat spatial and tem-116

poral scale separation independently. In most practical cases, what is desired is an acceleration of the large-scale,117

slow varying transients of the solid temperature field. Simple techniques such as alterations of the solid properties in-118

evitably affect all length scales simultaneously and ultimately compromise either computational efficiency or physical119

accuracy. Methods based on orthogonal decompositions of the temperature field seeem better placed to achieve the120

twin goals of preserving accuracy and improving computational performance of unsteady CHT simulations.121

In this paper, we build on the work of [31, 30, 34] by employing a modal decomposition approach for the solid122

temperature field. A modal basis can represent a given temperature field within a prescribed error with the smallest123

number of degrees of freedom. A modal basis also inherently preserves the natural relationships between large-scale,124

slow-evolving features and small-scale, fast-evolving features of the temperature distribution [37]. Since the modes125

are formally mutually uncoupled, a modal representation reduces the solid domain to a set of uncoupled, single-126

degree-of-freedom ordinary differential equations, which require only surface integrals to be computed. Additionally,127
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by recognising the linear nature of heat conduction, we show that eigendecomposition provides an effective alternative128

for handling different scales individually—both in the numerical scheme and in the deliberate manipulation of time129

constants. We demonstrate a method to selectively modify the behavior of the modes responsible for the time/length130

scale reconciliation problem. We show that only a small subset of modes should be accelerated and establish an131

appropriate modal truncation criterion. Finally, we introduce a turbulent resolving grid at the interface to capture the132

remaining fluctuations133

2. Method134

This section develops the theoretical framework for the proposed strategy to efficiently solve an unsteady conjugate135

heat transfer problem.136

2.1. Problem specification and governing equations137

Consider a conjugate heat transfer problem over a domain Ω composed of the union of subdomains Ωs and Ω f .138

The interface between the subdomains Ωs and Ω f is denoted as Γ and the exterior boundaries are Γext. The governing139

equations are the compressible Navier-Stokes (N-S) equations on Ω f and the unsteady heat conduction equation for140

Ωs. This leads to the formal formulation of the CHT problem:141





N-S equations on Ω f

ρscp,s
∂T
∂t
= ∇ · (κs∇T ) + Qs on Ωs

T f = Ts on Γ
κ f∇T f · n⃗ = κs∇Ts · n⃗ on Γ

g(x⃗,T,∇T ) = 0 on Γext

T (x⃗, 0) = T0(x⃗) on Ω

(4)

Where Qs is a heat source, g the boundary condition on the exterior boundary and the subscripts f and s refer to142

subdomains Ω f and Ωs, respectively. The initial condition is given by T0.143

2.2. Modal representation of the heat conduction problem144

The unsteady heat conduction problem in Equation 4 can be written in a finite element formulation:145

M
dT
dt
= −KT +G(t) (5)

Considering only natural boundary conditions gives the following expression for the matrices :146

Mi j =

∫

Ωs

ρcpFiF j dS (6)

147

Kh
i j =

∫

Ωs

κ
∂Fi

∂xk

∂F j

∂xk
dS (7)

148

Gi j =

∫

Γ,Γext

Fiκ
∂F j

∂n
dS +

∫

Ωs

FiQs dS (8)

Where Fi are the shape functions.149

For the purpose of the following developments, it is useful to state certain general assumptions made about the struc-150

ture of the fluid solution. It is assumed that the fluid solution is obtained through a finite volume solver with cell151
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centred variables, so that a straightforward algebraic relation exists between the numerical surface heat flux and linear152

combinations of a small number of solid surface temperatures with a small number of gas near-wall temperatures. It153

should be stressed that whereas this assumption appears in the diagrams and in some of the derivations, it is by no154

means essential. A different structure of the fluid solution, e.g. a discontinuous Galerkin solver with non-comformal155

discretisation at the element boundary would still express the surface flux as a linear combination of surface solid and156

fluid temperature, but the expression would involve a larger number of degrees of freedom.157

Invoking a general mixed type boundary condition in Equation 9. With h(x) being the thermal law of the wall coeffi-158

cient and qr(x, t) a heat flux that is not influenced by the presence of the gas (e.g. radiation) and Tg being the boundary159

temperature from subdomain Ω f , yields Equation 10.160

−κ∂T
∂n
= h(x)

(
T − Tg(x, t)

)
+ β(x, t) on Γext and on Γ (9)

161

M
dT
dt
= − (Kh +Kb)T +G(t) (10)

162

Kb
i j =

∫

Γ,Γext

h(x)FiF jdS (11)
163

Gi =

∫

Ωs

FiQs dS +
∫

Γ,Γext

(
h(x)Tg(x, t) − qr(x, t)

)
Fi dS (12)

This shows that the matrix K is composed of symmetric positive blocks.164

Considering the homogeneous part of the system Equation 10, solutions of the following type are sought:165

T = Ze−λt (13)

where Z is time independent. This yields to the modified eigenvalue problem for the homogeneous part of the system.166

λMZ = KZ (14)

The eigenvectors Z can be normalised in such a way that167

Z⊤MZ = I (15)
Z⊤KZ = Λ (16)

ZU = T (17)

With U being the modal amplitude.168

Now returning to the inhomogeneous problem of Equation 5169

M
dT
dt

= −KT +G(t) (18)

Z⊤MZ
dU
dt

= −Z⊤KZU + Z⊤G(t) (19)

dU
dt

= −ΛU + Z⊤G(t) (20)

Since the matrix Λ is diagonal, the equations describing the evolution of the modal amplitudes are decoupled. For170

each mode, a scalar equation needs to be solved for the modal amplitude, with Λ and Z⊤ as inputs.171

In practical implementation, the modes are only needed at the boundaries where the scalar product Z⊤G(t) will172

not vanish. This greatly reduces the memory requirements for a simulation as only the boundary values have to be173

stored instead of the full eigenvector matrix. Additionally, depending on the coupling methodology used, the solution174

to the eigenproblem of Equation 14 is usually only needed once, for instance if the coupling is done through an175

inhomogeneous Neumann boundary condition. However, in some cases the influence of the coupling on the mass176

and conductance matrix is expected to vary greatly during the simulation span, for instance through a varying heat177

transfer coefficient. For these cases, if the variation of properties with temperature is mild and can be represented with178

a linearized relation, then the structure of the eigenvalue problem is unchanged, which limits the need to recompute179

the eigendecomposition again.180
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T(t)= Fext
q′′= 0

[κs, ρscp]

x

L

Figure 1: Sketch of the 1D domain with boundary conditions and coordinate system

2.3. Acceleration techniques181

Modal decomposition (subsection 2.2) decouples the heat conduction equation, inherently enabling targeted ac-182

celeration strategies. Previous methods (discussed in subsection 1.1) often introduced errors by altering solid char-183

acteristics or accelerating time integration across all scales. In contrast, the present approach leverages the modal184

basis to selectively accelerate only the slowest thermal modes within the solid domain—those corresponding to long185

low-energy time scales. This targeted modification minimises the impact on solution accuracy compared to prior186

techniques while still providing significant computational acceleration.187

Concerning the practical ways Equation 20 can be accelerated to statistical steady-state, most of the techniques188

mentioned in subsection 1.1 can be applied to the modal equations. For example, a harmonic or Fourier formulation189

can be done on the individual modes. If nonlinear interactions between the modes are neglected it would make the190

assumptions of the Fourier transform stronger when applied on the decoupled modal equations. While it would be191

interesting to test the performance of these various methods in the modal context, the current paper will focus mostly192

on one strategy that arise naturally from the decomposition.193

The following subections introduce the proposed acceleration technique and assesses its performance on simple194

test cases. This is followed by a discussion on the properties of the temperature eigenmodes and the possible truncation195

of the modal basis.196

2.3.1. One dimensional - Single mode analysis197

To illustrate how the proposed method tackles the problem of the disparity in timescales between the fluid and198

solid domains, we consider a simple 1D solid domain of length L with constant thermal diffusivity αs. On one end199

the solid is submitted to external thermal excitation, similar to the thermal Stokes problem and adiabatic conditions200

are set on the other end. A sketch of the domain can be found in Figure 1. The domain is discretised into N elements201

using a finite element approach and temporal advancement is performed using an implicit Euler scheme.202

The unsteady heat conduction equation (Equation 4) can be written in non-dimensional form by introdusing the203

Fourier number Fo, the normalised temperature Θ = (T − Tm)/(Tmax − Tm) and the dimensionless coordinate ξ = x/L204

where Tm is the mean temperature and Tmax the maximum temperature.205

∂Θ

∂Fo
=
∂2Θ

∂ξ2 (21)

With the prescribed boundary conditions, the finite element system can be written as:206

M
dΘ
dFo
= −KhΘ +G(t) (22)

And the modal equation is:207

dU
dFo
= ΛU + ZT G(t) with : Θ =

∑

i

ziUi (23)
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In the first test case, the prescribed temperature is represented by a sine wave with zero mean, an amplitude of Tmax208

and a dimensionless angular frequency ω̃ = 10π. The temperature response of the system at different depths is plotted209

in Figure 2a, with the initial condition set to the time-averaged value. The curves exhibit the classical exponential210

decay found in transient heat conduction in a slab, [38]. As explained by Hickling and He [16], due to the nature of211

the external excitation (a step function modulated by a harmonic function), the initial response of the solid exhibits212

an overshoot before gradually approaching a steady state. The closer to the interface, the faster the convergence until213

ξ = 1 that takes approximately 1 Fo to reach the steady-state. This behavior is seen also in Figure 2b, which shows214

the time evolution of the modal amplitudes, Ui. Notably, only the first few modes, those associated with the longest215

time constants, converge to a steady state over an extended period. It can be seen that the first mode shape needs216

approximately 1 Fo to reach steady-state, similarly to the direct simulation, in Figure 2a. Thus, in practice, only a217

limited subset of modes, those with the longest timescales, require acceleration.218
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Figure 2: Time evolution of the temperature and modal amplitudes for the 1D isolated domain

To gain a deeper understanding of how does the unsteady heat conduction equation behave, we seek an analytical219

solution to Equation 23 considering a single mode. As the external heat flux G(t) is a sine wave of angular frequency220

ω̃ with zero mean, Equation 23 becomes Equation 24 where β, σ are scaling factors and ϕ an arbitrary phase. The221

subscript has been omitted for clarity.222

dU
dFo
= −λU +G(Fo) = −λU + sin(ω̃Fo + ϕ) (24)

The transfer function H(s) of the system is given by Equation 25. For sinusoidal inputs the system acts as a type of223

low-pass filter with a cut-off frequency of λ.224

H(s) =
U(s)
G(s)

=
1

λ + s
(25)

The solution of Equation 24 to a harmonic forcing of angular frequency ω̃ with zero mean is given by Equation 26.225

U(Fo) =
ω̃ cos(ϕ) − λ sin(ϕ)

ω2 + λ2 e−λFo +
λ sin(ω̃Fo + ϕ) − ω cos(ω̃Fo + ϕ)

ω2 + λ2 (26)

Inspecting the terms, the exponential term is the initial transient response similar to the classical transient heat equa-226

tion problem. The decaying behavior arises from the initial condition because to have steady state a balance in the227

function’s value and its first derivative is necessary. A phase portrait is shown in Figure 3a, it has been initialised with228

U(Fo = 0) = 0 and λ = 1. It shows the solution path slowly converging {U(0),U′(0)} = {0, 0} to its steady-state229
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Figure 3: Analysis for the 1D domain test case

solution on the circle. Equation 26 explains the slow steady-state convergence of modes with the lowest eigenvalues230

(longest time constants), as illustrated in Figure 2b, and notably reveals that their decay constants are independent of231

excitation frequency.232

Figures 3b and 3c show the eigenvalues and selected eigenvectors of the problem. For a slab problem formulated233

in dimensionless variables with the prescribed boundary conditions, the analytical eigenvalues of the Laplace operator234

are given by [39]:235

λn =

Å
(2n − 1)π

2

ã2

n = 1, 2, 3, ... (27)

Figure 3b shows that the finite element space accurately captures the eigenmodes that are well resolved by the mesh,236

while the higher-frequency modes are less well resolved, resulting in inaccuracies in the corresponding eigenvalues.237

Equation 26 showed that the decay of the transient behavior for each mode depends solely on the product of its238

eigenvalue and the Fourier number. Therefore, the eigenvalues provide insight into which modes require acceleration239

based on the Fourier number of the simulation, which characterises the allowed simulation time. For example, with an240

allowable Fourier number of 1 and a target threshold for the decay is 95 % (approximately exp(−3)), any mode with241

an eigenvalue less than 3 Fo will not have decayed sufficiently, this is illustrated by the light blue region in Figure 3b.242

Consequently, in the present case, only the first eigenmode has not decayed to the threshold level by Fo = 1, as also243

visible by Equation 26. This type of analysis allows one to determine a priori which modes need to be accelerated,244

depending on the total simulation time and a threshold number for the transient to decay to acceptable levels. This245

is the key advantage of the current targeted acceleration approach; typically, only a few modes require acceleration246

because the eigenvalues increase rapidly with mode number λn ∝ n2. Furthermore, as shown in Figure 3c, lower247

eigenvalues correspond to large-scale spatial patterns, confirming that larger temperature fluctuations take longer to248

approach steady state.249

To accelerate the approach to steady state, two direct techniques can be inferred from Equation 26. The first250

involves scaling the time update by an arbitrary factor β, as done Koren et al. [17]. The second option is to artificially251

increase the eigenvalue by a factor σ. Equation 28 shows the modified equation for a periodic excitation which has252

now a non-zero mean,Ψ, where β andσ are scaling factors. The solution of Equation 28 is given in Equation 29, where253

C is a constant. From Equation 29, it can be concluded that both techniques amplify heat flux fluctuations received by254

the solid interface, as both frequency and response amplitude are modified proportionally to β or σ. However, there255

are regimes where one technique is more advantageous than the other.256

1
β

dU
dFo
= −σλU + (Ψ + sin(ω̃ + ϕ)) (28)
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257

U(Fo) =
Ψ

σλ
+Ce−σλβFo +

σλ sin(ω̃Fo + ϕ) − ω̃/β cos(ω̃Fo + ϕ)
ω̃2/β2 + σ2λ2 (29)

Typically, the eigenvalues of the modes that require acceleration are smaller than ω̃. The lowest dimensionless fre-258

quency resolved by the simulation is ω̃ = 1/Fo and the modes that require acceleration have λ Fo ≪ 1, which leads259

to λ ≪ ω̃. Therefore, altering the eigenvalue through the σ factor has lower influence on the temporal solution once260

statistical steady-state has been reached compared to modifying β, according to Equation 29. Figure 4a illustrates261

the comparative performance of a β and a σ scaling using λ1 from Equation 27 and ω̃ = 10π, leading to ω̃/λ1 ≫ 1.262

Analysis of the upper envelope of the signal demonstrates that while both β and σ modifications improve convergence263

rates, β−alterations proportionally modifies the amplitude of the response’s leading term, for the chosen ratio ω̃/λ1.264

In contrast, σ-modifications primarily influence the solution’s minor term as long as ω̃ is greater than λ which is265

precisely the modal regime targeted for acceleration, as depicted Figure 3b.266

On the other hand, when the forcing signal has some content at lower frequency than the eigenvalue (λ > ω̃) or if267

the forcing has a nonzero mean, the steady state time-averaged solution Ū is given in Equation 30.268

Ū =
Ψ

σλ
(30)

Figure 4b compares β and σ alterations for a case when the forcing signal is constant in time, ω̃/λ ≪ 1. As expected,269

altering the stiffness properties of the system through the eigenvalue will impact the steady-state time-averaged solu-270

tion.271

To avoid this issue, a Selective Frequency Damping (SFD) approach is used. SFD is a technique coming from272

system control theory that aims to accelerate the transient decay of specific frequency components in a system while273

preserving the dynamics of others. SFD has notably been used in the context of CFD simulations to accelerate the274

convergence of the flow equations, [40, 41, 42]. The approach consists of adding a linear forcing term to Equation 24275

in order to achieve frequency-selective damping via coupled low-pass filtering and high-frequency feedback. The276

modified equation is given in Equation 31 where ULP is a low-pass filtered solution. The modified differential equation277

written for an arbitrary forcing G(Fo) with mean Ψ is given in Equation 31.278

dU
dFo
= −λU +G(Fo) − χa (U − ULP) (31)

Here, χa > 0 is a feedback gain parameter, effectively increasing the effective decay rate of the higher frequencies279

to λ + χa, thereby speeding up the approach to the steady state. The steady state remains unchanged because the280

additional term vanishes when considering the time-averaged system. To keep a consistent notation we will write the281

feedback parameter as σ = 1−χa/λ. The low-pass filtered solution ULP can be accelerated through the β parameter as282

done in Equation 28. Figure 4c plots the different acceleration techniques for a forcing with a finite mean amplitude283

superimposed with a higher frequency signal and the initial condition is kept at U(0) = 0. From this point onward, the284

β modifications are applied exclusively to the low-pass filtered solution ULP, whereas the σ modifications are applied285

to the high-pass component, defined as U − ULP. It can be seen that the unmodified system needs similar time to286

reach the steady state compared to Figure 4a as expected because the decay constant is not a function of frequency.287

The modified equations converge significantly faster than the unmodified system without loss in accuracy in both the288

mean and fluctuating components.289

2.3.2. Coupled domains - Complete thermal field analysis290

The next test case involves two coupled one-dimensional domains, each governed by the unsteady heat equation,291

as illustrated in Figure 5. This configuration has been previously analyzed by Koren et al. [17], and the thermal292

properties of both domains, shown in Table 1, match those presented in their study. The domains are discretised293

using finite elements and explicit time integration is used. This test case evaluates whether the proposed acceleration294

technique influences a coupled system with significantly lower thermal capacity. The outer boundaries are subject295
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Figure 4: Illustrations of acceleration techniques for the 1D domain test case

to Neumann boundary conditions. Here, the coupling is modeled as convective, with the heat flux at the interface296

computed using Newton’s law of cooling, assuming a heat transfer coefficient of h = 10 W/(m2K). This condition297

makes the system similar to real life scenarios, such as a turbine with a metal casing surrounded by insulating material.298

Focusing on the solid s in Figure 5, the combination of Robin and Neumann boundary conditions makes the domain299

less stiff, leading to lower eigenvalues compared to the case in subsubsection 2.3.1, which was subjected to a Dirichlet300
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boundary condition. These lower eigenvalues are expected to require a longer time to reach steady-state than those in301

subsubsection 2.3.1, making the need for acceleration more pronounced in this case.

q′′= Fext
q′′= 0

[κ, ρcp] f [κ, ρcp]s

0.1*L L

x

Figure 5: Sketch of the system of two solids with boundary conditions and coordinate system

Table 1: Thermal properties of the coupled domains

κ [W/(mK)] ρcp[J/(m3K)] L [m] N[−]
Domain s 7.3 4500*570 0.005 100
Domain f 0.158 1738*3.65 0.0005 100

302

The signal imposed at the boundary of domain f is more realistic than the one used in subsubsection 2.3.1. It303

consists of a series of harmonics with random phase. The spectrum is made of a plateau until 1 Hz after that a −5/3304

power law is applied to the higher frequencies. As shown in Table 1, the length of the domain where the excitation305

force is applied has also been divided by 10, minimising the damping of high-frequency content reaching the interface.306

The system has one eigenvalue lower than the highest dominant forcing frequency that is 1 Hz. The corresponding307

eigenvector is the constant mode, which will therefore require acceleration. The constant solid temperature mode308

has a non vanishing eigenvalue because of the Robin boundary condition a the interface with the fluid domain. Two309

acceleration levels have been tested using the SFD technique, one with the acceleration factors σ and β set to 1/λ1310

and the other with an intermediate factor set to 0.1/λ1, where λ1 is the eigenvalue of the constant mode.311

The results are shown in Figure 6. The bar levels represent the time required to reach steady-state for the ther-312

mal field at different levels within the solid domain. The interface corresponds to x/L = 0. Three simulations are313

compared, the first one is the original non-accelerated system, in dark grey. In blue is the accelerated system, with314

acceleration factor set to 1/λ. Finally, in red is the intermediate acceleration level. It can be seen that the acceleration315

factor has a significant impact on the approach to steady-state of the system. The time required to reach steady-state316

is reduced by a factor of 10 and 70 for the intermediate and high acceleration levels, respectively.317

The error made in the standard deviation through the acceleration factors is shown in the line plots in Figure 6.318

The dashed lines correspond to the relative error in the standard deviation while the solid line is the error in the319

standard deviation relative to the standard deviation at the interface, i.e. the maximum amplitude. The relative error320

has a maximum of 2.5 % and 13 % for the intermediate and high acceleration levels, respectively. The error is321

more pronounced towards the far end of the solid domain, where the low-frequency modes are more dominant. The322

error relative to the interface fluctuations is less than 3 % for the high acceleration level and less than 0.7 % for the323

intermediate acceleration level. Showing that compared to the interface fluctuations, the error remains low.324

In conclusion, this section showed briefly some capabilities of the proposed approach in terms of reducing the time325

required to reach steady-state. It proved to have a low impact on the steady-state mean and fluctuating components326

of the solution while improving the convergence time greatly, as long as most of the energy is not contained close to327

the pole of the transfer function. At the pole, the error made directly correlates with the acceleration factor. As stated328

at the beginning of this section, the modal approach is not limited to the acceleration technique presented here. It329

can be used with most of the acceleration techniques presented in subsection 1.1. The main advantage of the modal330

decomposition is that it allows for a targeted acceleration. This is in contrast to the other acceleration techniques,331
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which modify the entire system.332

2.4. Solving complex multiscale heat conduction problems333

Having demonstrated the advantages of the modal decomposition to speed up the approach to steady-state of334

unsteady CHT problems, it is important to understand the properties of the temperature eigenmodes. This section will335

delve into the spatial distribution of the eigenmodes and the practical implementation of the modal method for more336

complex scenarios beyond the simple 1D cases discussed in subsection 2.3.337

(a) (b) (c)

Figure 7: Temperature modes for a typical turbine section. The eigenvalue increases from left to right and the color scale is symmetrical around
zero with red being positive and blue negative.

2.4.1. Timescale selection and truncation of the modal basis338

Figure 7 displays three eigenmodes for a typical turbine blade section, with the eigenvalue magnitude increas-339

ing from left to right. Each eigenmode corresponds to a specific timescale, which is inversely proportional to its340

eigenvalue. The timescale determines the spatial extent of the mode, directly related to its penetration depth. The341

mode in Figure 7c exhibits more localized features, while the mode in Figure 7a demonstrates a broader, global trend.342

In practical scenarios involving complex three-dimensional geometries, it is neither feasible nor necessary to retain343

a large modal basis during a simulation. Additionally, high-frequency modes are often physically unrealisable be-344

cause they are dominated by the discretisation error of the method that was used to build the mass and conductivity345

matrix. Therefore, to achieve optimal efficiency it is beneficial to operate in practice with a truncated modal basis.346

Truncating the modal basis comes with two main advantages. First, it reduces interpolation errors, particularly for347

high-frequency or purely numerical modes that are discarded. Second, when performing eigenanalysis on a large348

system, various algorithms can efficiently compute a subset of the eigenvalues and eigenvectors, such as those with349

the lowest magnitude.350

The selection of time scales and truncation of the modal basis is a critical step in the analysis process. Only351

the scales that can be resolved by the simulation should be considered. One important factor to consider is the time352

evolution of slow modes. These modes might exhibit time scales longer that the simulation and may have minimal353

impact on the overall behaviour of the system within the given computation length. Consequently, including them in354

the analysis may not be necessary for obtaining accurate results. By carefully considering these factors, an appropriate355

selection and truncation of the modal basis can be achieved. This enables an efficient and accurate analysis of the356

system while balancing computational constraints and the need for reliable results.357
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Ω f . Ξ is the interface between Ωs and Ωs,FE.

2.4.2. Treatment of the residual modal flux358

The truncation of the modal basis results in higher-order frequencies not being captured by the modal decompo-359

sition. This residual flux is expected to have a small penetration depth. Therefore, to capture it we propose using a360

finite-element grid of relatively small thickness compared to the overall thickness of the solid domain. This local grid361

is referred to as the FE solution.362

A sketch of the different grids used is available in Figure 8. The body-following grid (in blue) represents the classical363

cell-centered CFD mesh solving for T f , the coarser grid (black lines, TMFE) corresponds to the node-based modal grid364

defined on Ωs, referred to as the MFE solution, used to capture the large scale thermal field and drive it to statistical365

steady-state. The finer grid (in light grey, TFE) is the node-based FE grid, defined on Ωs,FE ∈ Ωs. Finally, the interface366

between Ω f and Ωs is noted Γ while the remaining interface between Ωs and Ωs,FE is Ξ367

The FE grid is directly extruded from the normal at the interface Γ due to its conduction-dominated nature, see368

[13]. This technique avoids the requirements of generating manually an additional mesh and as well as the overheads369

related to separate data structures for the solid grid and provisions for interpolation of temperatures and fluxes between370

the two grids. The FE grid solves the unsteady heat equation using a finite element approach with local geodesic371

coordinates (ξ, η, ζ). The equivalent equations are available in Equation 32 (2D) and Equation 33 (3D), under the372

approximation of a small penetration depth and a smooth surface. Further developments and assumptions for the373

Laplace operator in geodesic coordinates are available in Appendix A.374

2D:
∂T
∂t
= α

Å
∂2T
∂χ2 +

∂2T
∂η2 +

1
Rc

∂T
∂η

ã
(32)

3D:
∂T
∂t
= α

Å
∂2T
∂χ2 +

∂2T
∂η2 +

∂2T
∂ζ2 +

1
Rc

∂T
∂ζ

ã
(33)

where 1
R c is the local harmonic mean curvature of the surface and α is the thermal diffusivity.375

For the domain Ωs,FE, the overlap between the MFE and the FE field is handled by solving the unsteady heat376
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conduction equation for the combination (TFE + TMFE). Written in global coordinates for clarity, the compatibility377

equation is:378

ρcp
∂ (TFE + TMFE)

∂t
= κ

Å
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

ã
(TFE + TMFE) (34)

The coupling strategy applies a Dirichlet boundary condition to the fluid side while a Robin boundary condition is379

applied on the solid solution. This approach was proven to be stable by Giles [43]. This give the following boundary380

conditions at the interface Γ between Ωs and Ω f :381

−κ ∂
∂n

(TFE + TMFE) = h(x)
(
(TFE + TMFE) − Tg(x, t)

)
+ β(x, t) on Γ (35)

The weak form of the equation is obtained by multiplying by a test function Fi and integrating over the FE domain382

Ωs,FE:383

ρcp

∫

Ωs,FE

Fi
∂

∂t
(TFE + TMFE) dΩ = κ

∫

Ωs,FE

Fi
∂2

∂xk∂xk
(TFE + TMFE) dΩ (36)

Integrating by parts yields and describing the thermal field with the shape functions of the FE grid:384

ρcp

Ç∫
Ωs,FE

FiF jdΩ

å
∂T j

FE

∂t
= −κ

Ç∫
Ωs,FE

∂Fi

∂xk

∂F j

∂xk
dΩ

å
T j

FE + κ

∫

Γ

Fi
∂

∂n
(TFE + TMFE) dS

+ κ

∫

Ξ

Fi
∂

∂n
(TFE + TMFE) dS − ρcp

∫

Ωs,FE

Fi
∂TMFE

∂t
dΩ − κ

∫

Ωs,FE

∂Fi

∂xk

∂TMFE

∂xk
dΩ (37)

Substituting the boundary condition385

ρcp

Ç∫
Ωs,FE

FiF jdΩ

å
∂T j

FE

∂t
= −κ

Ç∫
Ωs,FE

∂Fi

∂xk

∂F j

∂xk
dΩ +

∫

Γ

h(x)FiF jdS

å
T j

FE +

∫

Γ

Fi
(
h(x)

(
Tg − TMFE − TFE

)
+ β

)
dS

+ κ

∫

Ξ

Fi
∂

∂n
(TFE + TMFE) dS − ρcp

∫

Ωs,FE

Fi
∂TMFE

∂t
dΩ − κ

∫

Ωs,FE

∂Fi

∂xk

∂TMFE

∂xk
dΩ (38)

Equation 38 shows that the surface perturbation temperature field is driven by the gas temperature reduced by386

the modal contribution to the solid temperature. The left-hand side and the first two terms on the right-hand side387

of Equation 38 represent the usual mass and conductivity matrix for the finite element problem in the surface layer388

Ωs,FE . The remaining terms contain the modal temperature field and its derivatives weighted by the shape functions389

of the surface finite element space and represent forcing terms. The functional form of these terms also indicates390

that the temperature mode shapes are only needed at the numerical integration points of the surface layer grid and391

its boundary. Alternatively, if the modal flux at the interface Ξ is assumed to be exact, the correction terms could392

be neglected, allowing the thermal field within the thin layer domain to be entirely described by the FE solution,393

overriding the MFE field. This assumption makes the FE implementation more straightforward, as the modal field is394

only used to provide the boundary conditions for the FE solution.395

The extent of the FE domain should be chosen according to the frequency range present at the interface as well396

as the frequency range that the remaining modal basis is able to capture. As an example, we can study the error397

made by a coarse truncated modal basis as a function of the surface layer extent δFE. For that purpose, the problem398

of subsubsection 2.3.1 is studied again with a harmonic external forcing. The reference solution is a finite element399

solution with a grid resolution able to capture well the forcing. On the other hand, the grid for the modal basis is400

purposefully coarse, with five grid points within [0, δP]. Finally, the FE grid has the same resolution as the reference401

solution. Figure 9 shows the relative energy error with the thin layer extend and the modal truncation level. As402

expected, the error decreases with the thin layer extend. The slope of the error is greater closer to the interface where403

the higher density captures better the fluctuations until δFE/δP ≈ 1 where the slope decreases. The error is also404

dependent on the truncation level of the modal basis. For this case, omitting half of the modes introduces a relative405

error less than 1%. However, the error increases exponentially with further truncations. Finally, the case where the FE406
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solution overrides the MFE solution is plotted using the dotted line in Figure 9 with 70% of the modes kept. When the407

FE grid does not extend far enough within the solid, the error made by the modal solution invalidates the assumption408

and therefore the model performs worst. However, when δFE/δP ⪆ 3, neglecting the additional terms offers similar409

level of performance.410

2.5. Time integration411

Advancement in time for the solid (FE and MFE solution) and fluid equations is carried out using a formally412

second-order accurate semi-implicit scheme, with implicit iterations based on a dual-time stepping formulation, orig-413

inally proposed by Jameson and Shankaran [44]. Convergence in pseudo-time is further accelerated using techniques414

such as local time stepping, residual smoothing, low-Mach number preconditioning. More details on the acceleration415

techniques implemented can be found in [45].416

On top of the intrinsic advantages of a dual-time scheme such as improved stability or increased efficiency, directly417

coming from the use of implicit time integration schemes while maintaining stability and convergence properties418

typically associated with explicit schemes, the dual-time framework is advantageous for unsteady problems with419

multiple time scales, such as CHT problems. It allows for the separation of these scales, enabling each domain to be420

resolved appropriately without the need for excessively small physical time steps. The physical time-step selection421

can be based on physical considerations alone, regardless of numerical stability considerations, as numerical stability422

is managed by the pseudo-time integration process.423

With this scheme, both domains are coupled within each inner iteration and the criterion for both system to have424

converged to the desired tolerance is enforced. This allows to reduce greatly the temperature discontinuity coming425

from the solid-fluid coupling, [43].426

2.6. Numerical implementation of the flow solver427

The flow equations in Equation 4 are solved using the code H4X [46, 47, 48, 13]. It is a cell-centered finite428

volume code based on a multiblock grid arrangement. The flow field is represented by the viscous variables: velocity,429

temperature and pressure and the equations of motion for a compressible fluid are solved in conservative form. The430

spatial discretisation is third-order accurate in space for the inviscid fluxes. Third-order accuracy is achieved on431

a compact stencil by using variable extrapolation. No limiter is applied to the vorticity and entropy fields. The432

extrapolation is based on weighted least-square gradients. The gradient stencil contains all the face neighbors of each433

cell. For the purpose of variable extrapolation onto a cell interface, the gradient stencil is biased by removing the434

contributions from the neighbor on the other side of the interface. The numerical fluxes are adapted to low Mach435

numbers and a modified pressure flux is employed, [46]. The viscous fluxes are evaluated using a second-order436

discretisation. The code is parallelised by partitioning the blocks of the multiblock grid among the available MPI437

ranks. Within each rank, block operations are parallelised using OpenMP. Computations and communications are438

overlaid to hide the latency of the network fabric.439

The modal portion of the conjugate solver is done using the FENICSX library and the eigenmodes are computed440

using the SLEPc library.441

3. Results442

In this section, the unsteady CHT method described is applied to two three-dimensional test cases. Both test cases443

are first validated with reference data and then the acceleration technique is analysed.444
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3.1. Conjugate channel flow case445

The first test case considered is a fully developed turbulent channel flow with conducting walls, illustrated in446

Figure 10. With turbulent channels being one of the most fundamental test cases in anisotropic turbulence, a great447

deal of knowledge has been gained on the flow dynamics over a large range of regimes. The numerical solver H4X has448

been validated for channel flows under different flow regimes in terms of mean and fluctuating velocity quantities, as449

detailed in [47]. High-resolution conjugate heat transfer simulations in channel flows have been conducted by Flageul450

et al. [49], Tiselj et al. [50] and Tiselj and Cizelj [15], among others. This test case is used to validate the different451

solution approaches for the solid domain—including a directly coupled finite element method, a coupled modal-finite452

element, and an accelerated procedure—against existing reference data.453

3.1.1. Numerical setup454

A channel flow is characterised by the channel height, 2δ as well as the streamwise and spanwise domain lengths,455

Lx and Lz. The flow is simulated between two viscous walls, with periodic boundaries applied in the streamwise and456

spanwise directions. To maintain a constant mass flow in the channel, an artificial body force is introduced. The457

solid domains have a thickness of δ and with Neumann thermal boundary condition applied at the far end to balance458

the energy dissipated by the fluid. The Reynolds number Reτ, based on the friction velocity and the channel half-459

width investigated, is 150 at a Mach number M = 0.1. The Prandtl number is 0.71. The fluid-solid ratio of thermal460

conductivities and thermal diffusivities is set to 1, to have a significant effect of convection and conduction coupling461

at the interface, [49].462

The computational domain size in the streamwise and spanwise directions is (8πδ, 4/3πδ), found by Kim et al.463

[51] to be enough for the flow variables to become uncorrelated at maximum streamwise and spanwise separation.464

The grid size is (256×144×128) with a grid stretching in the wall-normal direction detailed in [52]. To capture the465

physics, the first cell is in the viscous sub-layer, ∆y+O(1) and having ∆x+O(10) and ∆z+O(5) is sufficient to resolve466

small-scale structures near the walls. The initial condition for the fluid was taken from an isothermal case and the467

solid was initialised from the steady-state solution. The simulation was run until the first and second moment of the468
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temperature converged in both domains and then statistics have been computed for 10 flow-through times.469

Table 2: Computational parameters for the turbulent channel flow simulation

Reτ (Nx,Ny,Nz) min(∆y+) (∆x+,∆z+)
149.2 (256,144,128) 0.23 (14.52, 4.71)

M Pr κ f /κs α f /αs

0.1 0.71 1 1

The conjugate channel flow serves as a benchmark for the different modelling strategies used for the solid domain.470

Firstly, a finite element approach for the directly coupled conjugate solution is used, and this solution is referred to471

as the FE solution. The finite element grid has the same resolution in the harmonic directions as the fluid mesh in472

Table 2 and the resolution is higher in the wall-normal direction, Ny,s = 144 for both domains. Then a combined473

solution strategy is also introduced, labeled CFE solution for combined finite element. The CFE has a local finite474

element grid that spans 10% of the overall thickness of the solid domain and maintains the FE mesh density, this475

thickness was chosen because, the amplitude of the fluctuations is expected to have diminished by a factor 1/e at that476

depth. A modal mesh complements the finite element mesh. The resolution Nx,s = 64, Ny,s = 36, Nz,s = 32 and477

the truncation threshold is set to 70 % of the total energy. A third strategy is employed, labeled CFEA solution, for478

combined finite element accelerated. The CFEA solution has the same grid arrangement and resolution as the CFE479

solution, but the acceleration factors σ and β are set to 2.0 for the first twenty eigenmodes.480

Figure 11 and Figure 12 show the mean temperature relative to the interface temperature in wall units, θ+, and481

standard deviation profiles, θ+rms. The figures compare the results from Flageul et al. [49] with the three modeling482

strategies proposed. For the FE solution, although a small discrepancy is seen towards the middle of the channel for483

the mean flow and the RMS fluctuations are slightly underpredicted at the interface, the general agreement in both484

domains validates the accuracy of the present code. The CFE solution features the same discrepancies as the FE485

solution and in addition the RMS fluctuations are underpredicted at the far end of the solid domain. This is due to486

the modal truncation and coarser mesh used. Overall, the alignment of this approach with other curves demonstrates487

its effective implementation. Finally, the CFEA solution shows good agreement for the mean value and the RMS488

fluctuations. However, the modal fluctuations are underpredicted at the far end as a result of the acceleration factor489

making the eigenvectors stiffer and therefore the fluctuations’ amplitude will decrease.490

3.2. Pipe flow case491

The turbulent channel flow case validated the ability of the solver to accurately handle conjugate heat transfer492

using different solution strategies. However, due to the limited large-scale temperature fluctuations, the transient493

behaviour of the temperature field was not very pronounced.494

This second test case consists of a pipe in crossflow, as illustrated in Figure 13a. The pipe is subjected to an internal495

longitudinal flow and an external crossflow which are at different mean temperatures. This configuration serves as a496

fundamental example of crossflow heat exchanger operation and can provide a first-order approximation of the leading497

edge of an internally cooled turbine. This test case is particularly relevant to benchmark the proposed method because,498

when the pipe operates in the shedding regime, periodic fluctuations in heat transfer occur. To ensure the formation499

of a fully turbulent vortex street, the outer flow is characterised by a Reynolds number of ReD = 5000, based on500

the tube’s outer diameter. The Mach number is set to 0.1. The inner flow is characterised by a Reynolds number of501

ReD,in = 4500 based on the pipe inner diameter while the temperature is set to be twice the outer temperature. The502

turbulence intensity for both inner and outer flow is set to 5%. The thickness of the pipe is set to 20% of its radius.503

The Prandtl number is 0.71 and the ratio of thermal diffusivities α f /αs is 9.504

The main source of thermal excitation on the outside of the pipe will come from the vortex shedding. The dominant505

shedding frequency is set by the Strouhal frequency FStr. The depth at which the amplitude of the temperature506
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Figure 11: Mean temperature profiles for the conjugate channel flow case. The symbols do not match the mesh used.
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Figure 13: Pipe flow case and computational domain.

fluctuation is reduced to roughly 95% of its surface value is:507

δP,95% = 3δP = 3
√

2
…

αs

2πFStr
= 3
√

2

…
2αsRout

2πStrU
= 3
√

2

√
4R2

out

2πRe Str Pr
αs

α f
= 3
√

2

 
2(δt/0.2)2

πRe Str Pr
αs

α f
= 0.215 δt

(39)

The fluctuations are expected to extend approximately 20 % of the pipe thickness, allowing for a significant penetration508

of the temperature fluctuations into the solid domain, to be captured by the modal MFE solution.509

To understand how long the thermal transient is expected to last, the system can be simplified by considering a
one dimensional case with the limit case of Dirichlet boundary conditions on both sides, corresponding the best case
scenario in terms of approach to steady state. In dimensionless form, the first eigenvalue of the laplacian for the heat
equation is λ1 = π

2. To determine the number of Strouhal periods NStr required for the transient of the first mode to
decay by 95%, the following condition must be satisfied:

λ1Fo > 3 =⇒ λ1
αsN
δ2

t FStr
> 3 =⇒ N > 19.4

Highlighting that in practice the convergence of the lower modes will likely require many Strouhal periods. Further-510

more, because the boundary conditions are not Dirichlet but Robin, the transient response will be longer.511

3.2.1. Computational setup512

Strictly speaking, the geometry of the problem is completely defined by the inner and outer pipe radii Rin and513

Rout along with the pipe length Ly. However, since the computational domain must be finite, additional parameters514

such as the streamwise and spanwise length Lx and Lz and the streamwise position of the cylinder within the domain,515

xcyl are introduced. These geometrical parameters are sketched in Figure 13b. The inner radius and the length of the516

cylinder are set to Rin = 0.8Rout and Ly = 6Rout. To determine the optimal value of the parameters a sensitivity study517

on the drag coefficient of the cylinder is performed at a fixed mesh density. The range spanned by the parameters is518

Lx/Rout ∈ [10, 50], Lz/Rout ∈ [10, 50], xcyl/Lx ∈ [0.2, 0.5]. Guiding values for scale resolving simulations of cylinders519

in crossflows at low Reynolds number can be found in [53, 54, 55]. A summary of the tested scenarios is available in520

Table 3. The final values of the parameters are Lx = 30Rout, Lz = 20Rout, xcyl = 0.35Lx. The fluid computational grid521

is a block-structured h-type with local refinement around the viscous surfaces.522

On the solid side, two FE meshes are extruded from the pipe surfaces on the inner and outer fluid domains. The523

FE meshes extend across 10% of the radial extend of the pipe and the radial resolution at the wall is approximately524

twice the resolution from the fluid side. A modal mesh MFE, which spans the entire solid domain, is employed to525

thermally couple the two fluid domains using a coarser discretisation. The mesh details are provided in Table 4, with526

a total node count of 8.4 × 106.527
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Table 3: Drag coefficient CD for different geometrical parameters

Lx/Rout Lz/Rout xcyl/Rout CD

10 5 0.4 1.120
20 10 0.3 1.110
20 20 0.4 1.075
30 20 0.35 1.073
50 40 0.35 1.073
40 30 0.25 1.074

Table 4: Details of the different numerical grids used in the pipe flow
case.

Domain Node count Ny Nr max(∆r+)
Inner 2.11 ×106 120 - 0.53
Outer 5.04 ×106 72 - 0.43

Solid FE 6.15×105 1 72 24 0.14
Solid MFE 13824 24 18 5.61

At the inflow boundary of both inner and outer domains, synthetic turbulence is generated using the method528

described by Dreze et al. [47]. This technique uses modified uniformly distributed random sequences to construct529

divergence-free anisotropic random fields with sensible spectrum and complete complex correlation in space and530

time. To allow for the turbulence to develop, the domain detailed above is extended by 4 diameters before entering531

the mixing domain of interest. Each simulation is run for 40 Strouhal periods once the shedding regime has been532

established.533

3.2.2. Validation534

The solver is validated against reference data of [56, 57, 58, 59, 60]. To match the boundary conditions of the535

reference data, these simulations only included the outer domain at the target Reynolds number with a constant heat536

flux or constant temperature on the cylinder surface for the validation of the skin friction and local Nusselt number537

respectively. Figure 14 shows the time-averaged skin friction coefficient ⟨C fθ⟩ and the time-averaged Nusselt number538

⟨Nu⟩. The local angle ϕ is starting from the stagnation point on the cylinder surface. For the skin friction coefficient,539

the solver predicts separation for ϕ slightly below 90 degrees, which is in line with the experimental data at the studied540

Reynolds number, [61].541

Regarding the local Nusselt number in Figure 14b, the global trend is well captured, but the curves move away from542

each other on the rear side of the cylinder, multiple factors explain this discrepancy. First, the simulations are at543

slightly different Reynolds numbers. This will mostly impact the rear side of the cylinder, the greater the Reynolds544

number the greater the heat transfer coefficient on the rear side of the cylinder. Similarly, the local Nusselt number545

on the rear of the cylinder is also influenced by turbulence intensity, which is challenging to replicate accurately the546

wind tunnel conditions. Additionally, the discrepancy at ϕ = 0 is due to the difference in the ratio ks/k f . van Meel547

[60] used a ratio of approximately 50, whereas in the present case and in the experiment by Nakamura and Igarashi548

[59], the ratio is closer to 9000. As the ratio decreases, the local Nusselt number varies, particularly on the forward549

side of the cylinder. However, since the ratios are all greater than 20, their influence is confined to the forward side of550

the cylinder, as noted by Sundén [62].551

Qualitatively, the thermal response of the pipe flow is displayed in Figure 15. It shows thermal slices at multiple552

radii within the domain, from left to right the slices correspond to the fluid in the vicinity of the outer surface of the553

cylinder, the outer surface of the cylinder, the start of the MFE solution at 0.9Rout and finally the fluid in the vicinity554

of the inner section of the pipe r+ ≈ 5. The figure highlights that deeper into the solid, the temperature fluctuations555

exhibit larger scales, which are directly related to the penetration depth. Additionally, it reflects the difference in556

the nature of the perturbations originating from the inner and outer surfaces, duct streaks for the inner section and557

shedding regime for the outer region.558

3.2.3. Unsteady thermal behavior559

To study the unsteady behavior, the thermal solution was initialised with a uniform temperature corresponding to560

the respective freestream temperature, while the solid pipe was initialised at the inner freestream temperature. The561

1Node count includes both FE grids.
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Figure 14: Validation results for the pipe flow case

time trace of the modal amplitude has been recorded and is shown in Figure 16. The figure presents the normalised562

modal amplitudes for selected modes against time normalised by the Strouhal frequency fS t. The figure also illustrates563

the time required to reach a steady state. Mode 0 stabilises after approximately 0.4 Fo, while the other modes converge564

more rapidly as the mode index increases. Mode 0 represents the constant mode characterised by a uniform amplitude565

in the circumferential direction and participating mainly to the mean solution. In contrast, the other modes plotted566

have a zero mean along the circumferential direction and are therefore more associated with the fluctuating behavior567

of the temperature field, as seen by the more pronounced fluctuating behavior in their time trace matching the Strouhal568

frequency.569

A second simulation is performed, this time initialising the flow field from an instantaneous snapshot of the570

shedding cylinder. The modal amplitudes are set initially to the mean values of the time traces from Figure 16,571

excluding the initial 10 Strouhal periods. An example of a time trace when restarted from the mean value is shown in572

(a) r+ = 3 (b) r+ = 0, start of the FE solution (c) Edge of the MFE solution (d) r+ = 5 inside the pipe

Figure 15: Dimensionless temperature fluctuations at different depths in the domain
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Table 5: Strouhal periods to reach steady-state and aboslute percent error in standard deviation for different acceleration factors for selected modes

λ/ωStr 0.0242 0.0247 0.0872 0.7604 2.606 10.331
β = 1.0, σ = 1.0 19.7, 0.00% 19.3, 0.00% 5.47, 0.00% 0.63, 0.00% 0.18, 0.00% 0.046, 0.00%
β = 2.0, σ = 2.0 9.86, 2.72% 9.66, 2.91% 2.73, 3.32% 0.31, 6.87% 0.09, 4.41% 0.023, 1.28%
β = 4.0, σ = 4.0 4.93, 6.27% 4.83, 5.48% 1.36, 6.71% 0.16, 13.1% 0.05, 9.39% 0.012, 2.32%
β = 8.0, σ = 8.0 2.47, 15.7% 2.42, 10.9% 0.68, 12.8% 0.08, 27.2% 0.03, 19.5% 0.006, 5.95%

Figure 17 with the black line. The curve exhibit similar behaviour than Figure 2, even if the mode is initialised with573

the statistical steady state value the amplitude of the mode goes through a transient before stabilising. It should be574

noted that not all the modes exhibit such a significant transient, it is a function of the phase between the initial state575

in the solid and the flow. Alongside, three additional simulation have been run with different acceleration factors. A576

summary of the performance of the different simulations is available in Table 5. Table 5 shows, for multiple modes,577

the estimated time required to reach a steady state and the absolute percent error in standard deviation once the steady578

state is reached. It can be seen that for the lowest mode shapes, a time-to-steady state divided by four can be achieved579

with an error just above 6%. This error is done on the modal amplitude of long-time low energy modes and does580

not have a significant impact on the interface fluctuations on both sides of the pipe, which remain constant for all581

acceleration factors tested, however deeper in the solid, the behavior is dominated by these modes and therefore582

the error in the standard deviation directly correlates with the modal amplitude error. In Table 5, it is interesting to583

note that for the modes that are close to the Strouhal frequency (λ/ωStr = 0.7604 & 2.606), the error in the standard584

deviation is significantly higher than for the other modes. This is because the main forcing frequency for these modes585

will be close to the pole of the transfer function and therefore the error in the amplitude will be larger with the SFD586

method used.587
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Figure 16: Normalised modal time trace with uniform temperature field
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4. Conclusion588

In this work, we have presented the theoretical foundation of a multiscale framework for efficient unsteady high-589

fidelity conjugate transfer simulations. The proposed method addresses the common challenge of mismatched time590

and length scales in CHT problems by combining a modal decomposition with a scale-resolving mesh at the fluid-solid591

interface.592

24



Figure A.18: Surface frame of reference

This hybrid approach enables the separation of long and short scale thermal fluctuations within the solid domain.593

Large-scale thermal behavior is captured through the modal projection, while finer, near-interface features are re-594

solved using a scale-resolving mesh. Continuity of both temperature and heat flux is maintained across the fluid-solid595

interface, as well as across the region where the scale-resolving mesh overlaps with the modal projection, ensuring596

the accuracy of the method.597

The timescale mismatch is addressed by leveraging the uncoupled modal equations, the approach to steady state598

of the overall solution can be accelerated without significant error by only altering the mode whose approach to599

steady-state is longer than the allowable simulation time. In this study, the acceleration strategy is implemented by600

adjusting the coefficients of the modal equations; however, it is worth noting that other acceleration techniques can601

also be integrated effectively within the modal decomposition framework. The method has been rigorously validated602

against DNS data for a turbulent channel flow and a pipe in cross flow. Results from the pipe case demonstrate that603

the acceleration technique can reduce the time to steady state for the slowest modes by up to a factor of 8, with the604

associated error kept within 16%.605
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Appendix A. Heat conduction in thin layers611

Appendix A.1. Two dimensions space612

Consider a two-dimensional space with a curved boundary. The global coordinates are denoted by (x, y) and the613

local surface bound coordinate are (ξ, η), see Figure A.18. Consider a position vector x = in the surface-bound frame614

of reference:615

x = x0 (ξ) + ηn (A.1)

Defining the unit tangent and normal vectors as616

t =
ï

tx

ty

ò
n =
ï−ty

tx

ò
(A.2)
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For a curve with radius of curvature R, the change of the tangent and normal vectors with respect to ξ is:617

∂t
∂ξ
=

1
R

ï
ty
−tx

ò
∂n
∂ξ
=

1
R

t (A.3)

Differentiating the position vector x with respect to ξ and η yields618

dx =
dx0

dξ
dξ + η

dn
dξ

dξ + n dη. (A.4)

Since the derivative of the boundary position is the tangent vector dx0
dξ = t and using dn

dξ =
1
R t, we obtain619

dx =
[
t +

η

R
t
]

dξ + n dη

=

(
1 +

η

R

)
t dξ + n dη. (A.5)

Defining620

ϱ = 1 +
η

R
, (A.6)

this can be written as621

dx = ϱ t dξ + n dη. (A.7)

d
ï

x
y

ò
=

ï
ϱtx −ty
ϱty tx

ò
d
ï
ξ
η

ò
(A.8)

The scaling factor622

ϱ = 1 +
η

R
accounts for the curvature of the boundary. At a distance η away from the boundary in the normal direction, the623

effective tangential length changes because the curves parallel to the boundary have different radii. At the boundary624

(i.e., when η = 0), we have ϱ = 1 and the mapping is simply given by the tangent and normal directions. However,625

away from the boundary, the scaling factor ϱ modifies the dξ component accordingly.626

Inverting to get the derivatives of the local coordinates with respect to the global coordinates yields627




∂ξ

∂x
∂ξ

∂y

∂η

∂x
∂η

∂y


 =




tx

ϱ

ty
ϱ

−ty tx


 (A.9)

Differentiating each entry in A.9 to get the second derivatives of ξ and η with respect to x and y yields628

∂2ξ
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Å
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ϱ3 t2
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Figure A.19: Geodesic coordinates on a surface

with ϱ′ denoting
dϱ
dξ

. Combining A.10-A.13 yields629

∂2ξ

∂x2 +
∂2ξ

∂y2 = L (ξ) =
ϱ′

ϱ3 =
ηR′

R2ϱ3 (A.14)

∂2η

∂x2 +
∂2η

∂y2 = L (η) =
1

Rϱ
(A.15)

Finally, using the chain rule for the Laplacian operator630

L (T ) = L (ξ)
∂T
∂ξ
+L (η)
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+ 2
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yields631

L (T ) =
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(A.16)

At small distances from a smooth surface η ≈ 0, ϱ ≈ 1 and ηR′ ≈ 0, so that632

L (T ) =
∂2T
∂ξ2 +

∂2T
∂η2 +

1
R
∂T
∂η

(A.17)

For a cylindrical surface of radius R, η = r − R, Rϱ = r, ξ = Rθ, R′ = 0 hence the equation above reduces to the633

familiar Laplacian in cylindrical coordinates634

L (T ) =
1
r2

∂2T
∂θ2 +

∂2T
∂r2 +

1
r
∂T
∂r

(A.18)

Appendix A.2. Three dimensions space635

Geodesic coordinates636

For the three-dimensional case, a pair of geodesic coordinates ξ,η is introduced on the surface so that a point x in637

a thin layer adjacent to the surface may be mapped as follows:638

x = x0 (ξ, η) + nζ (A.19)
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On the surface, the tangent vectors are defined as:639

l =
∂x0

∂ξ
m =

∂x0

∂η
(A.20)

with l,m and n mutually orthogonal and |l| = |m| = |n| = 1 (See Figure A.19).640

Because of the normalization of the vectors641

l ·
Å
∂l
∂ξ

dξ +
∂l
∂η

dη
ã
= 0 (A.21)

m ·
Å
∂m
∂ξ

dξ +
∂m
∂η

dη
ã
= 0 (A.22)

For equations A.21,A.22 to hold for any value of dξ and dη the following must hold642

l · ∂l
∂ξ
= l · ∂l

∂η
= 0 (A.23)

m · ∂m
∂ξ
= m · ∂m

∂η
= 0 (A.24)

By virtue of equations A.23,A.24, the following representations are possible for the derivatives of l and m:643

∂l
∂ξ
= αm + βn (A.25)

∂l
∂η
= δm + ϵn (A.26)

∂m
∂ξ
= ϕl + χn (A.27)

∂m
∂η
= ψl + ωn (A.28)

The scalars α, β, δ, ϵ, ϕ, χ, ψ and ω describe how the local basis vectors change with respect to the geodesic coordi-644

nates.645

Similar conditions are obeyed by n and its derivatives. By comparing equations A.26 and A.27 one finds646

∂l
∂η
=
∂m
∂ξ
=
∂2x0

∂ξ∂η
(A.29)

647

δm + ϵn = ϕl + χn (A.30)

which implies δ = ϕ = 0 and ϵ = χ.648

Furthermore :649

∂

∂ξ
(l ·m) = l · m

∂ξ
+
∂l
∂ξ
·m = 0 (A.31)

Substituting equations A.25 and A.26 into A.31 yields α = 0. Similarly, combining orthogonality with equations A.27650

and A.28 yields ψ = 0. The derivatives of the base vectors l and m are therefore:651

∂l
∂ξ
= βn (A.32)

∂l
∂η
= ϵn (A.33)

∂m
∂ξ
= ϵn (A.34)

∂m
∂η
= ωn (A.35)

The functions β, ϵ and ω are the components of the curvature tensor. The selection ϵ = 0 identifies the geodesic652

coordinates ξ,η as the unique pair of coordinates aligned with the principal directions of the curvature tensor.653
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Heat conduction in a thin surface layer654

Differentiating the position vector655

dx = ldξ +mdη + ndζ + ζ
Å
∂n
∂ξ

dξ +
∂n
∂η

dη
ã

(A.36)

Taking scalar products by l, m and n yields656

l · dx = dξ + ζl ·
Å
∂n
∂ξ

dξ +
∂n
∂η

dη
ã

(A.37)

m · dx = dη + ζm ·
Å
∂n
∂ξ

dξ +
∂n
∂η

dη
ã

(A.38)

n · dx = dζ (A.39)

Note that:657

l · ∂n
∂ξ
+ n · ∂l

∂ξ
= 0 (A.40)

therefore:658

l · ∂n
∂ξ
= −β (A.41)

by virtue of A.32.659

Similarly:660

l · ∂n
∂η
= −ϵ m · ∂n

∂ξ
= −ϵ m · ∂n

∂η
= −ω (A.42)

hence, with ϵ = 0661

l · dx = (1 − ζβ) dξ (A.43)
m · dx = (1 − ζω) dη (A.44)

The metrics are662 


∂ξ

∂x
∂ξ

∂y
∂ξ

∂z

∂η

∂x
∂η

∂y
∂η

∂z

∂ζ

∂x
∂ζ

∂y
∂ζ

∂z




=




lx

ϱξ

ly
ϱξ

lz
ϱξ

mx

ϱη

my

ϱη

mz

ϱη

nx ny nz




(A.45)

where ϱξ and ϱη are defined as663

ϱξ = 1 − ζβ ϱη = 1 − ζω (A.46)

The Laplacian of a scalar field in the coordinates ξ, η, ζ requires the Laplacians of ξ, η and ζ with respect to x,y,z.664

These can be found differentiating each entry in equation A.45. As an example, for the coordinate ξ:665

∂2ξ

∂x2 =

Å
∂ξ

∂x
∂

∂ξ
+
∂η

∂x
∂

∂η
+
∂ζ

∂x
∂

∂ζ

ã
∂ξ

∂x
(A.47)

∂2ξ

∂y2 =

Å
∂ξ

∂y
∂

∂ξ
+
∂η

∂y
∂

∂η
+
∂ζ

∂y
∂

∂ζ

ã
∂ξ

∂y
(A.48)

∂2ξ

∂z2 =

Å
∂ξ

∂z
∂

∂ξ
+
∂η

∂z
∂

∂η
+
∂ζ

∂z
∂

∂ζ

ã
∂ξ

∂z
(A.49)
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Substituting666

∂2ξ

∂x2 =
lx

ϱ2
ξ

Å
∂lx

∂ξ
− lx

ϱξ

∂ϱξ

∂ξ

ã
+

mx

ϱηϱξ

Å
∂lx

∂η
− lx

ϱξ

∂ϱξ

∂η

ã
(A.50)

∂2ξ

∂y2 =
ly
ϱ2
ξ

Å
∂ly
∂ξ
− ly
ϱξ

∂ϱξ

∂ξ

ã
+

my

ϱηϱξ

Å
∂ly
∂η
− ly
ϱξ

∂ϱξ

∂η

ã
(A.51)

∂2ξ

∂z2 =
lz
ϱ2
ξ

Å
∂lz
∂ξ
− lz
ϱξ

∂ϱξ

∂ξ

ã
+

mz

ϱηϱξ

Å
∂lz
∂η
− lz
ϱξ

∂ϱξ

∂η

ã
(A.52)

Adding equations A.50-A.52 and performing similar operations on the variables η and ζ, finally yields667

L (ξ) = − 1
ϱ3
ξ

∂ϱξ

∂ξ
=
ζβ′

ϱ3
ξ

(A.53)

L (η) = − 1
ϱ3
η

∂ϱη

∂η
=
ζω′

ϱ3
η

(A.54)

L (ζ) = −
Å
β

ϱξ
+
ω

ϱη

ã
(A.55)

The Laplacian of a scalar quantity T with respect to the coordinates ξ,η,ζ, therefore is668

L (T ) = L (ξ)
∂T
∂ξ
+L (η)

∂T
∂η
+L (ζ)

∂T
∂ζ
+

ÇÅ
∂ξ

∂x

ã2

+

Å
∂ξ

∂y

ã2

+

Å
∂ξ

∂z

ã2
å
∂2T
∂ξ2

+

ÇÅ
∂η

∂x

ã2

+

Å
∂η

∂y

ã2

+

Å
∂η

∂z

ã2
å
∂2T
∂η2 +

ÇÅ
∂ζ

∂x

ã2

+

Å
∂ζ

∂y

ã2

+

Å
∂ζ

∂z

ã2
å
∂2T
∂ζ2

+

Å
∂ξ

∂x
∂η

∂x
+
∂ξ

∂y
∂η

∂y
+
∂ξ

∂z
∂η

∂z

ã
∂2T
∂ξ∂η

+

Å
∂ξ

∂x
∂ζ

∂x
+
∂ξ

∂y
∂ζ

∂y
+
∂ξ

∂z
∂ζ

∂z

ã
∂2T
∂ξ∂ζ

+

Å
∂η

∂x
∂ζ

∂x
+
∂η

∂y
∂ζ

∂y
+
∂η

∂z
∂ζ

∂z

ã
∂2T
∂η∂ζ

(A.56)

669

L (T ) =
1
ϱ2
ξ

∂2T
∂ξ2 +

1
ϱ2
η

∂2T
∂η2 +

∂2T
∂ζ2 +

ζβ′

ϱ3
ξ

∂T
∂ξ
+
ζω′

ϱ3
η

∂T
∂η
−
Å
β

ϱξ
+
ω

ϱη

ã
∂T
∂ζ

(A.57)

At small distances from a smooth surface ϱξ ≈ 1, ϱη ≈ 1 and ζβ′ = ζω′ ≈ 0 so that670

L (T ) =
∂2T
∂ξ2 +

∂2T
∂η2 +

∂2T
∂ζ2 +

1
R
∂T
∂ζ

(A.58)

where671

1
R
= ω + β (A.59)

is the local harmonic mean curvature of the surface.672
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TMFE

Tf

Ωs

Ωf

Γ

TFE

Ξ Ωs,FE

Ωs,MFE

Figure 4.1: Partition of the degrees of freedom near an interface boundary in a conjugate
heat transfer problem. Γ is the interface between Ωs and Ωf . Ξ is the interface between
Ωs,FE and Ωs,MFE.

4.1.1 Additional material and possible extensions

Overlap of the modal and surface temperature fields

In the paper, the overlap between the modal Ωs,MF E and the local field Ωs,F E is

handled by using the local field to correct the truncated modal solution. However,

alternative strategies exist for addressing this overlap, as explored in this section.

One such alternative involves redefining the domains Ωs,F E and Ωs,MF E to

eliminate their overlapping regions. If Ωs,MF E is defined on Ωs excluding the surface

domain Ωs,F E, as sketched in Figure 4.1, it avoids the overlap and allows for the Ωs,F E

domain to be described by the classical FEM formulation of the heat conduction

equation instead of the combined formulation presented in the paper (Equation (38)

in the paper). The main drawback of this approach is that the modal solution is not

defined on a clearly specified solid domain but rather on an arbitrary surface defined

by the outer surface of the Ωs,F E domain. Additionally, the boundary treatment

at the interface Ξ between Ωs,F E and Ωs,MF E is not straightforward.
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Alternative ways of accelerating the equations

Section 2.4 of the paper discusses various techniques to accelerate the convergence of

the initial transient. It examines the natural acceleration methods derived from the

modal projection, modifying the eigenvalues and time updates of modes associated

with the longest time scales. Another alternative is to employ a Fourier-based

approach. Unlike prior studies by Mehdizadeh et al. [2017], He and Oldfield

[2010], Hodges [2018], this method applies discrete Fourier transforms directly

to the modal equations.

The modal equation for the temperature field is given by:

dU

dFo = λU + G(Fo) (4.1)

Assuming that both the modal amplitude and the forcing signal are periodic functions

over the sampling interval, Equation 4.1 can be represented as a Fourier series:

U(Fo) =
N∑

n=0
ÛneiωnFo G(Fo) =

N∑
n=0

ĜneiωnFo (4.2)

Where Ûn and Ĝn are the Fourier coefficients of the modal amplitude and the forcing

signal, respectively. The angular dimensionless frequency ωn is defined as ωn = 2πn
T

,

where T is the non-dimensional period of the forcing signal.

Inserting Equation 4.2 into Equation 4.1 gives:

Ûn = Ĝn/(iωn − λ) (4.3)

The Fourier method will be evaluated using the same test case as presented in

Figure 1 and Table 1 of the paper. The test case involves a simple 1D solid domain

with constant thermal properties. One end of the solid is subjected to external

thermal excitation, while adiabatic conditions are applied at the other end. The

boundary signal imposed on the domain is a square wave with a dimensionless

frequency of 1, shown in green in Figure 4.2.

The results are available in Figure 4.2. When the signal is known beforehand or

if the solver uses a Fourier-based formulation of the flow variables, the Fourier-based

approach directly converges to the statistical steady-state solution, as indicated by
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the red line in Figure 4.2. However, for most fully coupled time-marching CHT

simulations, a Fourier transform must be performed dynamically, represented by the

blue line in Figure 4.2. The simple dynamic Fourier transform does not perform

better than the original problem.

While the Fourier transform approach demonstrates potential performance im-

provements, its accuracy heavily depends on hyperparameters such as the sampling

period, the windowing algorithm (which typically requires multiple periods to

minimise frequency leakage), and the number of harmonics retained. Careful tuning

of these parameters is essential to ensure solution accuracy, and at least one complete

period is necessary for the discrete Fourier transform to converge.
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Figure 4.2: Acceleration of the modal equations using Fourier-based approach.

Mesh quality for the pipe flow case

Supplementary data are presented in the following to complement the discussion

on mesh quality for the cylinder flow case, offering further insights into the mesh

characteristics and wall refinement. The mesh of the outer flow is a structured
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Figure 4.3: Sectional view of the mesh in the vicinity of the pipe.

H-type mesh with an O-grid in the vicinity of the cylinder and the mesh of the

inner flow is also block-structured with a refinement near the conjugate interface.

Figure 4.3 shows a sectional view of both meshes in the vicinity of the cylinder. The

mesh quality is assessed by the variation of the first grid point in the outer section

of the pipe, shown in Figure 4.4. The mesh keeps a value of ∆r+ lower than 0.5

wall units along the circumference of the cylinder. The inner section maintains a

value of ∆r+ in the range of 0.41 to 0.53 wall units.

The modal mesh for the pipe domain is constructed as a structured grid, derived

directly from the block mesh of the fluid domain to minimise interpolation errors.

Analysis of the thermal modes for the pipe flow case

To gain deeper insights into the thermal behavior of the pipe flow case, an analysis

of the thermal modes is conducted. The eigenvalues of these thermal modes, which

provide a quantitative measure of their temporal response, are presented in Figure 4.5.

Because of the structured nature of the chosen modal grid, the eigenvalues

exhibit a distinct grouping pattern, forming plateaux that correspond to the radial

extent of the modes. The first group of modes, up to approximately index 250 in

Figure 4.5, represents modes that are constant in the radial direction, as shown

in Figures 4.6b and 4.6c. The second group consists of modes with a sign change

in the radial direction (Figure 4.6d), and this pattern continues for subsequent
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Figure 4.4: Variation of ∆r+ of the first grid point along the outer section of the pipe.

plateaux. Within each plateau, the first mode is constant along the circumference,

as illustrated in Figure 4.6a. The red line in Figure 4.5 indicates the amplitude

of the response to a constant excitation, showing that all other modes have a zero

mean along the circumference (Figures 4.6b to 4.6d). The remaining modes within

a plateau correspond to progressively smaller circumferential extents, as seen in

Figure 4.6. The significant increase in eigenvalues with radial order is consistent with

the penetration depth of the modes, emphasising that circumferential perturbations

are more naturally induced by external excitation, while radial perturbations are

more difficult to excite, as being a feature of the solid thermal properties solely.

Time traces of the temperature field in the cylinder

The time traces of the forcing signals applied to the modes provide valuable insights

into the expected transient behavior of the system. Figure 4.7 shows the time traces

of the modal amplitudes for two modes that have reached steady state. The traces

correspond to modes with comparable eigenvalue magnitude but different types of

eigenmode patterns. The blue curve in Figure 4.7 correspond to an eigenmode that

is symmetrical with respect to the x − y plane and whose eigenmode is plotted in

Figure 4.8. While the red curve corresponds to an asymmetrical mode and is plotted
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Figure 4.6: Selected thermal modes
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in Figure 4.9. This pattern causes anti-symmetric modes to be more excited by the

shedding phenomenon, the high frequency content visible in the time trace is in

phase with the Strouhal number of the flow, around 0.2 at ReD = 5000. Because

the Strouhal frequency is higher than the eigenfrequency of the mode, this is the

cause of the long thermal transient observed in the temperature field. Similar heat

flux time traces have been observed for a pipe in crossflow by Scholten and Murray

[1998] using an experimental setup.
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Figure 4.7: Normalised forcing signal of a symmetric and an asymmetric mode.

Scaling of the transient behaviour of the modal traces

Since the transient behaviour of the modes is proportional to λFo, the time traces of

the modal amplitudes can be normalised by the eigenvalue λ to demonstrate that the

transient behaviour is independent of the eigenvalue. By replotting Figure 16 from

the paper with the x-axis normalised by Fo ∗ λ, Figure 4.10 illustrates the time traces

of the modal amplitudes for a set of modes exhibiting significant transient behaviour.

Once the time axis is normalised by the eigenvalue, the time traces collapse onto

each other, as predicted by Equation (29) in the paper.



4. Unsteady Conjugate Heat Transfer modelling 91

Figure 4.8: Symmetric mode shape of the temperature field around the x − y plane (in
green).

Figure 4.9: Asymmetric mode shape of the temperature field around the x − y plane (in
green).
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Figure 4.10: Normalised modal amplitude time traces
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4.2 Unsteady Conjugate Heat Transfer Effects on Flow Char-
acteristics

This section presents a study that was undertaken to illustrate some of the effects

CHT can have on flow behaviour and resulted in a journal article published in the

International Journal of Heat and Mass Transfer, titled "Unsteady Conjugate Heat

Transfer Effects on Flow Characteristics", [Dreze and di Mare, 2025]. The study

investigates the influence of the thermal time scale disparity between conduction

and convection on flow characteristics. In numerous experimental, numerical, and

practical scenarios, thermal equilibrium between the media is not reached, and the

system operates in a pseudo-steady state. In a few cases, some researchers have

used models to account for this transient behaviour [Reiss et al., 1998, Ma et al.,

2016]. This study demonstrates that until thermal steady-state is achieved, all flow

quantities experience drift which follows a characteristic exponential decay. It should

be mentioned that because the transient behaviour of the system is of interest,

the conjugate model employed was not the modal projection method presented in

section 4.1 but rather a classical time-accurate method. Additionally, the study

discusses the integration of simplified models into engineering design workflows

and evaluates their impact in terms of computational efficiency relative to classical

simulations and acceptable error margins.
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 A B S T R A C T

We present a detailed study into compressible flows in presence of unsteady conjugate heat transfer to the 
walls. The investigation reveals that all flow quantities experience drift until thermal steady state is achieved 
in both fluid and solid domains. The drift follows a characteristic exponential decay, and we demonstrate that 
the heat transfer process between the two domains is ruled by the ratio of thermal capacity and the Stanton 
number that characterises the interface. To illustrate these effects, we numerically analyse the influence of 
slow thermal transients due to conjugate heat transfer on discharge characteristics of non-adiabatic nozzles. A 
transonic nozzle with thermally conducting walls is simulated using numerical methods with different fidelity, 
from one-dimensional reduced-order models to large eddy simulations, and the transient evolution of mass 
flow rate is monitored. Additionally, it is observed that while preheating does not affect the decaying time 
constant of the drift, the bounds of the decay are directly proportional to the initial temperature difference.

1. Introduction

Conjugate heat transfer (CHT), the thermal interaction between 
fluid flow and solid bodies, plays a crucial role in understanding and 
optimising the performance of many fluid dynamics domains. Its signif-
icance spans from microscopic levels, such as near-wall turbulence [1] 
or the use of nanofluids for improved heat transfer [2], to macroscale 
systems such as thermal management in spacecraft, insulation in nu-
clear reactors, cooling of turbine blades, and thermal regulation in 
battery technology, [3,4].

In turbomachinery, CHT is a critical aspect when designing the 
hot parts in high-pressure turbines [5,6]. This is particularly important 
when considering the increased inlet temperatures of next-generation 
aero-engines, which can exceed the melting points of current turbine 
blade materials. These components therefore require complex thermal 
cooling system and accurate thermal analysis is needed to ensure their 
longevity and safety.

1.1. Effects of steady conjugate heat transfer through the external walls on 
flow characteristics

The present work examines the transient impact of the external 
thermal boundary on non-isentropic internal flows. However, before 
looking at transient effects, let us first consider with an example the 
steady effects that external heat transfer can have on global flow 
characteristics.

∗ Corresponding author.
E-mail address: yann.dreze@engs.ox.ac.uk (Y. Dreze).

A Rayleigh flow describes a frictionless, non-adiabatic flow through 
a constant area duct with heat transfer. Using isentropic relations, 
the dimensional mass flow rate in the duct is given by the following 
equation: 

𝑚̇ =
𝐴𝑝𝑡√
𝑇𝑡

√
𝛾
𝑅

𝑀
(
1 + 𝛾 − 1

2
𝑀2

)− 𝛾+1
2(𝛾−1)

(1)

For the traditional Rayleigh flow setup, the inlet Mach number and 
stagnation temperature are fixed along with the outlet static pressure. 
Therefore, for a given entropy rise, the mass flow rate is proportional 
to the total pressure at the inlet.

The total pressure can be found using the outlet pressure and a 
closed-form solution for internal compressible flows with an arbitrary 
combination of area change, heat addition. Details of the implemen-
tation can be found in Appendix  A. The development lead to Eq.  (2) 
which is a second-order equation for the exit Mach number based on an 
inlet Mach number and a stagnation temperature ratio. This approach 
provides a tool for analysing the steady effects of heat transfer on flow 
characteristics in a quasi-one-dimensional setting. 
(1 + 𝐴1

𝐴2
+ 2𝛾𝑀2

1 )

(1 + 𝐴2
𝐴1

+ 2𝛾𝑀2
2 )

√
𝑇𝑡,1𝑓 (𝑀2)
𝑇𝑡,2𝑓 (𝑀1)

𝑀2
𝑀1

− 1 = 0 (2)

When looking at the enthalpy-entropy diagram for a Rayleigh flow, on 
the subsonic branch the entropy change will lead to a change in total 
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Nomenclature

𝛼 Thermal diffusivity
𝛿𝑓 Thermal boundary layer thickness
𝛿𝑠 Thermal penetration depth in the solid
𝑚̇ Mass flow rate
𝛤 Capacity
𝛾 Ratio of specific heats
𝜇 Dynamic viscosity
𝜌 Density
𝜏 Characteristic time
𝜃 Dimensionless temperature
𝜉, 𝜁 , 𝜂 Geodesic coordinates
𝐴 Area
𝑎 Speed of sound
𝑐𝑝 Specific heat capacity at constant pressure
𝑐𝑣 Specific heat capacity at constant volume
𝐹𝑓𝑥 Friction force acting on the control volume 

projected in the streamwise direction
ℎ Specific enthalpy
ℎ𝑓 Heat transfer coefficient
𝑘 Thermal conductivity
𝑀 Mach number
𝑝 Pressure
𝑄 Heat transferred into the control volume
𝑅 Specific gas constant
𝑠 Specific entropy
𝑇 Temperature
𝑇 ′ Temperature perturbation
𝑇𝑤 Temperature at the conjugate interface
𝑈 Streamwise velocity magnitude
𝑢, 𝑣,𝑤 Velocity components
𝑊𝑖 Characteristic variables
Ec Eckert number
MA Moving average
Pr Prandtl number
Re Reynolds number
Re𝜏 Reynolds number based on the friction 

velocity
St Stanton number
Subscripts and superscripts
𝑥∗ Reference condition
𝑥+ Dimensionless distance
𝑥𝑓 Related to the fluid
𝑥𝑠 Related to the solid
𝑥𝑡 Stagnation quantity
𝑥𝑆𝑆 Steady state value

pressure and Mach number that follows the direction of the entropy 
change. The opposite holds on the supersonic branch. Fig.  1 shows this 
phenomenon graphically by plotting the contours of the dimensional 
mass flow change with respect to adiabatic conditions for different inlet 
Mach number and total temperature increase. At low Mach number 
(𝑀1 < 0.6), the change in mass flow rate relative to adiabatic condition 
is less than proportional to the change in total temperature, i.e. a 
change of 1% in 𝑇𝑡,2 will lead to a change in mass flow rate less than 
1% with respect to the adiabatic case. For 0.6 < 𝑀1 < 1, the change 
in mass flow rate becomes more than proportional to 𝑇𝑡,2∕𝑇𝑡,1. As the 
fluid continues to be heated, the flow eventually becomes thermally 

choked, resulting in smaller changes in mass flow rate. The unshaded 
area represents the thermally choked region. On the supersonic side, for 
most of the Mach number range tested, the change in mass flow rate 
is more than proportional to the stagnation temperature change. The 
greatest change in capacity occurs near sonic conditions where ‖ 𝑑𝑀

𝑑𝑠 ‖
is maximum.

Practical examples of how heat transfer can influence flow char-
acteristics can be found in numerous research areas. For instance, in 
combustor flows [7,8], in transonic compressors [9], and in hypersonic 
flows [3,10].

1.2. Effects of unsteady conjugate heat transfer through the external walls 
on flow characteristics

Having reviewed and demonstrated some steady state effects of 
conjugate heat transfer on a system, we now turn to the impact of 
unsteadiness. For instance, Fig.  2 sketches the time evolution of a flow 
quantity for an experiment involving the flow of a hot fluid through 
equipment of large thermal capacity, initially at room temperature, 
when CHT is taken into account. The initial transient phase corresponds 
to the fluid accelerating from rest to a quasi-steady state value from 
the perspective of fluid time scales. This state, denoted as 𝛤𝑖𝑠𝑜, repre-
sents a system with isothermal walls since the large thermal capacity 
of the metal causes the interface to act as an isothermal boundary. 
After reaching this point, the variable gradually drifts as the metal 
approaches thermal steady state, 𝛤𝑆𝑆 . The time required to reach 
steady state depends on the thermal time scales of the solid.

A practical example can be found in aeroengines, where the time 
required to reach thermal equilibrium after startup often constitutes 
a significant portion of the flight envelope, leading to changes in the 
thermodynamic flow path, as described by Lazareff et al. [11]. Similar 
transient heat transfer conditions occur during engine start-up and 
shutdown in rocket propulsion systems. During these transients, the 
chamber or nozzle walls can reach temperatures higher than those 
observed during steady state operation and may experience substantial 
temperature gradients [12]. As a result, cooling systems designed for 
nominal engine conditions may be inadequate to ensure overall safety 
and structural integrity. Wang et al. [13] studied the cold start warm-up 
process of a steam turbine control valve, observing significant changes 
in temperature and heat flux throughout the startup process.

Hypersonic flows also are highly influenced by heat transfer, and it 
is widely recognised that outer walls do not reach thermal equilibrium 
during typical testing due to the rapid nature of the flow. As a result, 
walls are often modeled as isothermal, based on the assumption that 
they cannot respond quickly enough within the experiment’s dura-
tion [14]. However, as reviewed by Lewis and Hickey [3], at high 
speeds, non-adiabatic wall temperatures significantly affect both the 
characteristics of the turbulent boundary layer and its transitional 
behaviour. Griffin et al. [10] proposed a scaling law for the transi-
tional boundary layer thickness in hypersonic flows, emphasising the 
importance of accounting for non-adiabatic wall temperatures in such 
cases. Recently, [15] studied the mechanisms governing the unsteady 
interactions between a showckwave and a boundary layer.

Another area where thermal transients are of significant interest is 
experimental testing. Often, the temperature field of the test section 
is not matched to the target conditions. For example, turbine testing 
typically involves cooler test chamber walls compared to actual turbine 
walls. This mismatch can result in spurious temperature gradients and 
heat transfer from external surfaces, potentially compromising mea-
surement accuracy. A practical example of this was observed by Adams 
et al. [16] during the design of a swirler for a transonic test turbine 
facility. They reported a 6% reduction in the mass-mean total tem-
perature at the turbine inlet, which was attributed to convective heat 
transfer to the metal components.

From a transient perspective, many test facilities operate for a 
short duration, typically on the order of a few seconds. This limited 
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Fig. 1. Contours of the relative change in dimensional mass flow rate with respect to adiabatic conditions at fixed stagnation temperature and Mach number.

Fig. 2. Sketch of the typical unsteady behaviour of a global flow quantity with external 
heat transfer.

timeframe frequently proves often insufficient for solid components 
to achieve thermal equilibrium with the fluid. Measurements taken 
during this period would correspond to 𝑡𝑖𝑠𝑜, as shown in Fig.  2. These 
slow thermal transients can significantly impact flow dynamics in 
high-temperature applications, particularly when tests are conducted 
in quick succession. Amend et al. [17] addressed this issue in their 
study of a lean-burn combustor simulator by implementing a transient 
effectiveness correction to account for convective heat loss to the 
endwalls.

Similarly, when calibrating total temperature probes, Englerth [18] 
found that repeatability and sensor performance were highly dependent 
on the thermal state of the stainless steel facility. To ensure accurate 
measurements, they ran the facility until the nozzle reached a steady 
state temperature, minimising heat transfer between the fluid and the 
structure, which otherwise affected total temperature readings and 
sensor accuracy. Achieving steady state conditions greatly improved 
measurement repeatability.

In transient heat transfer studies, thermal transients have been 
shown to affect external wall heat transfer characteristics. Bianchi 
et al. [19] studied unsteady heat conduction in nozzles and its impact 
on erosion. Their results indicated that the steady state condition 
was achieved near the throat region, while regions farther from the 
throat — experiencing lower heating rates — remained far from steady 
state. Xue et al. [20] developed a transient measurement technique for 
heat transfer that accounts for linear temperature variations in the main 
flow during the measurement window due to cooling.

These examples underscore the importance of unsteady heat transfer 
effects in practical situations, as they can significantly alter both local 
and global flow parameters. Researchers must be aware that their 
experiments capture either 𝛤𝑖𝑠𝑜 or 𝛤𝑆𝑆 ; otherwise, time-dependent 
modeling errors may be introduced. These steady and unsteady phe-
nomena are often overlooked in standard testing procedures, where 
measurements rarely account for the influence of external heat transfer.

A similar argument can be made from a computational perspec-
tive. Most numerical methods do not account for CHT; the interface 
between solid walls and fluid domains is typically modeled using 
simplified thermal boundary conditions, such as fixed heat flux or con-
stant temperature. The isothermal boundary condition represents rapid 
transients, where swift changes in state parameters preclude significant 
heat transfer. This assumption implies that the surrounding environ-
ment has infinite heat capacity, corresponding to the 𝛤𝑖𝑠𝑜 state from Fig. 
2. Conversely, constant heat flux boundaries, particularly the limiting 
case of adiabatic flow, assume that the gas has achieved thermal equi-
librium with its surroundings. This condition is usually associated with 
slow, time-dependent processes. Except for high-temperature cases, the 
adiabatic or isothermal boundary assumptions are widely adopted as 
default boundary condition in numerical simulations for blade and end 
walls. Only for thermal assessments of turbine blades or combustors 
is heat transfer to the solid taken into account, and even then, it is 
often done in a steady state manner. This simplification represents 
a significant limitation that must be carefully considered during the 
validation or calibration of CFD results against experimental data.

The reason time-accurate conjugate heat transfer is rarely accounted 
for in numerical simulations is because it faces significant challenges. 
These arise primarily due to the substantial disparity between ther-
mal time scales of solids and fluids. Conventional numerical methods, 
such as URANS or LES, rely on time-marching approaches with small 
timesteps. When combined with stringent grid requirements for the 
solid domain, these methods become computationally intensive for 
conjugate simulations spanning solid thermal time scales.

Reduced-order models offer a promising alternative for capturing 
both steady and transient CHT effects. These models can provide rapid 
insights, enabling efficient analysis of CHT impacts and facilitating the 
development of mitigation strategies. This study will then also aim 
to assess the ability of simplified models to get order of magnitude 
estimates and to explore potential mitigation strategies of the slow 
transients effect.

To further understand the parameters that govern the approach to 
steady state of the coupled fluid-solid system, we propose a simple 
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Fig. 3. Sketch of the fluid boundary layer and solid domain.

dimensional analysis of a boundary layer flow. The problem of interest 
consist of a semi-infinite solid domain in contact with a fluid. The fluid 
has a streamwise freestream velocity 𝑈∗ and freestream temperature 
𝑇∞. The fluid has some arbitrary temperature fluctuation profile 𝑇 ′

associated with a thermal penetration depth 𝛿𝑠 in the solid. A sketch 
of the problem is available in Fig.  3.

The energy equation for an incompressible boundary layer in coor-
dinates aligned with the surface is given by: 

𝜌𝑓 𝑐𝑝,𝑓

(
𝜕𝑇
𝜕𝑡

+ 𝑢 𝜕𝑇
𝜕𝑥

+ 𝑣 𝜕𝑇
𝜕𝑦

)
= 𝑘𝑓

𝜕2𝑇
𝜕𝑦2

+ 𝜇
(
𝜕𝑢
𝜕𝑦

)2
(3)

where 𝑢 and 𝑣 are velocity components in 𝑥 and 𝑦 directions respec-
tively, 𝑡 is time, 𝑇  is temperature, 𝑘𝑓  is the thermal conductivity of the 
fluid, 𝜇 is the dynamic viscosity, 𝜌𝑓  is the density of the fluid and 𝑐𝑝,𝑓
is the specific heat capacity at constant pressure. The dissipation term 
is included to ensure the analysis is applicable to both subsonic and 
transonic flows.

On the solid side, the unsteady heat equation applies. Assuming 
that the streamwise characteristic length scale is much larger than the 
transversal one, the streamwise heat diffusion can be neglected. The 
energy equation for the solid is then given by: 

𝜌𝑠𝑐𝑝,𝑠
( 𝜕𝑇
𝜕𝑡

)
= 𝑘𝑠

𝜕2𝑇
𝜕𝑦2

(4)

where 𝑘𝑠 is the thermal conductivity of the solid, 𝜌𝑠 is the density of 
the solid and 𝑐𝑝,𝑠 is the specific heat capacity.

At the interface, we have the continuity of both the heat flux and 
the temperature: 

𝑘𝑠
𝜕𝑇
𝜕𝑦

||||𝑠 = 𝑘𝑓
𝜕𝑇
𝜕𝑦

||||𝑓 & 𝑇 |𝑠 = 𝑇 |𝑓 (5)

On the fluid side, introducing the following dimensionless variables:

𝑢̃ = 𝑢
𝑈∗ , 𝑣̃ = 𝑣

𝑈∗ , 𝑡 = 𝑡𝑈
∗

𝐿∗ , 𝑥̃ = 𝑥
𝐿∗ , 𝑦̃ = 𝑦

𝛿𝑓
, 𝑇̃ =

𝑇 − 𝑇∞
𝑇𝑤 − 𝑇∞

Where 𝐿∗ is a characteristic length scale in the streamwise direction, 𝑈∗

is the characteristic streamwise velocity, 𝑇𝑤 is the interface temperature 
and 𝛿𝑓  is the thermal boundary layer thickness of the fluid domain.

𝜕𝑇̃
𝜕𝑡

+ 𝑢̃ 𝜕𝑇̃
𝜕𝑥∗

+ 𝑣̃ 𝜕𝑇̃
𝜕𝑦∗

= 1
Re Pr

(
𝐿∗

𝛿𝑓

)2 𝜕2𝑇̃
𝜕𝑦̃2

+ 𝜇𝐿∗

𝜌𝑓 𝑐𝑝,𝑓𝑈∗(𝑇𝑤 − 𝑇∞)

(
𝑈∗

𝛿𝑓

)2 ( 𝜕𝑢̃
𝜕𝑦̃

)2
(6)

Introducing the Eckert number Ec:

𝜕𝑇̃
𝜕𝑡

+ 𝑢̃ 𝜕𝑇̃
𝜕𝑥∗

+ 𝑣̃ 𝜕𝑇̃
𝜕𝑦∗

= 1
Re Pr

(
𝐿∗

𝛿𝑓

)2 𝜕2𝑇̃
𝜕𝑦̃2

+ Ec
Re

(
𝐿∗

𝛿𝑓

)2 ( 𝜕𝑢̃
𝜕𝑦̃

)2
(7)

Eq.  (7) can be further simplified using the desired scaling for the 
Reynolds number and the streamwise to transversal characteristic 
length scale ratio 

(
𝐿∗

𝛿𝑓

)
∼ Re 𝑎.

General BL: 𝜕𝑇̃
𝜕𝑡

+ 𝑢̃ 𝜕𝑇̃
𝜕𝑥∗

+ 𝑣̃ 𝜕𝑇̃
𝜕𝑦∗

=Re
−1+2𝑎

 Pr
𝜕2𝑇̃
𝜕𝑦̃2

+ EcRe−1+2𝑎
(
𝜕𝑢̃
𝜕𝑦̃

)2
(8)

For instance, in a laminar boundary layer the proportionality relation 
is given by 

(
𝐿
𝛿𝑓

)
∼
√
Re which would lead to Eq.  (9). 

Laminar BL: 𝜕𝑇̃
𝜕𝑡

+ 𝑢̃ 𝜕𝑇̃
𝜕𝑥∗

+ 𝑣̃ 𝜕𝑇̃
𝜕𝑦∗

= 1
 Pr

𝜕2𝑇̃
𝜕𝑦̃2

+ Ec
(
𝜕𝑢̃
𝜕𝑦̃

)2
(9)

In Eq.  (8), the approach to a steady state is dominated by the 
diffusion coefficient, 

(
Re−1+2𝑎
 Pr

)
, in front of the second order term. The 

nonlinear term and the convective terms can also affect the approach 
to equilibrium especially at the initial state when the flow has not 
settled yet to a quasi-steady state, but the second-order derivative term 
is generally the dominant factor in determining the approach to steady 
state rate.

For the solid domain, we introduce the dimensionless transversal 
coordinate on the solid side 𝑦̃𝑠 = 𝑦

𝛿𝑠
, based on the thermal boundary 

layer thickness. The interface condition can be rewritten as: 
𝑘𝑠
𝛿𝑠

𝜕𝑇̃
𝜕𝑦̃𝑠

||||𝑠
=

𝑘𝑓
𝛿𝑓

𝜕𝑇̃
𝜕𝑦̃

||||𝑓 (10)

Assuming the gradients of the normalised temperature with respect 
to the dimensionless transversal coordinate specific to the individual 
domains are of the same order, we have: 
𝛿𝑠
𝛿𝑓

∼
(
𝑘𝑠
𝑘𝑓

)
(11)

Finally, the unsteady heat equation in the solid can be made dimen-
sionless: 
𝜕𝑇̃
𝜕𝑡

= 𝐿∗

𝑈∗
𝛼𝑠
𝛿2𝑠

𝜕2𝑇̃
𝜕𝑦̃2𝑠

(12)

Under the assumption that in the boundary layer ℎ𝑓 = 𝑘𝑓∕𝛿𝑓 , we 
have: 
𝜕𝑇̃
𝜕𝑡

= 𝐿∗

𝑈∗

𝛼𝑓
𝛼𝑓

𝛼𝑠
𝛿2𝑠

𝜕2𝑇̃
𝜕𝑦𝑠2

= 𝜕𝑇̃
𝜕𝑡

=
𝐿∗𝛿𝑓
𝛿2𝑠

𝛼𝑠
𝛼𝑓
St 𝜕

2𝑇̃
𝜕𝑦𝑠2

(13)

Using the proportionality found in the interface equation, we have the 
final equation for the solid side:
𝜕𝑇̃
𝜕𝑡

= 𝐿∗

𝛿𝑠

𝜌𝑓 𝑐𝑝,𝑓
𝜌𝑠𝑐𝑝,𝑠

St 𝜕
2𝑇̃

𝜕𝑦𝑠2
=

𝛿𝑓
𝛿𝑠

𝜌𝑓 𝑐𝑝,𝑓
𝜌𝑠𝑐𝑝,𝑠

Re𝑎
St

𝜕2𝑇̃
𝜕𝑦𝑠2

(14)

=
𝑘𝑓 𝜌𝑓 𝑐𝑝,𝑓
𝑘𝑠𝜌𝑠𝑐𝑝,𝑠

Re𝑎
St

𝜕2𝑇̃
𝜕𝑦𝑠2

(15)

In Eqs.  (8) and (15), the diffusion coefficients determine how 
quickly the system approaches steady state. On the fluid side from Eq. 
(8), shows that the diffusion coefficient is dependent on the Prandtl 
number and the Reynolds number scaling of the boundary layer height. 
On the solid side, Eq.  (15), the approach to steady state depends on 
the thermal capacity ratio of the solid to the fluid, the ratios of heat 
conductivities, the Stanton number and again on the Reynolds number. 
In Eq.  (15), the product 𝑘𝜌𝑐𝑝 appear which is characteristic of transient 
thermal analysis because it directly influences the rate at which heat is 
absorbed, stored, and conducted within a material, [21].

For a typical, fluid-solid coupled system of air and steel the fol-
lowing properties can be chosen. The metal specific heat is 465 J/kg 
K, thermal conductivity 54 W/(m K) and density 7800 kg∕m3. The 
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Prandtl number of air is of order 1, thermal conductivity 3×10−2W/(m 
K), density 1.293 kg/m3 and specific heat capacity 1000 J/kg K. The 
Stanton number of the coupled system is ≈ 10−1 with a Reynolds 
number of 100,000.

Using these values, in a turbulent boundary layer, the ratio between 
the diffusion constants of the two equations become: 
𝑘𝑓 𝜌𝑓 𝑐𝑝,𝑓
𝑘𝑠𝜌𝑠𝑐𝑝,𝑠

StRe𝑎

(
Re−1+2𝑎
Pr

) ≃ 4 ⋅ 10−4 (16)

Eq.  (16) shows that the ratio of the diffusion constants is of the order 
of 10−4. Indicating that, if the system was decoupled, the fluid side 
would reach a steady state much faster than the solid side. However, in 
the coupled system, the solid side will influence the fluid side, and the 
system will reach a steady state at a rate determined by the solid side, 
forcing the simulation or experiment to be carried out for extended 
time periods. Besides the physical properties of the system, the main 
parameters that describe this ratio are the Stanton number, which 
directly describes the interface condition, and the Reynolds number. A 
similar result for the time scales’ ratio was obtained by He and Oldfield 
[22], who noted that in typical operating conditions, the ratio of these 
time scales is approximately 10,000.

The aim of the paper is to illustrate the impact of unsteady CHT 
on global flow quantities. To this end, we will simulate numerically 
the transient flow through a nozzle with conducting walls. The global 
flow quantity of interest chosen is capacity, which will be recorded over 
time, similarly to Fig.  2, to see how it evolves. The transient evolution 
will be characterised by the parameters governing the approach to 
steady state of the coupled fluid-solid system.

1.3. Capacity prediction

Flow capacity can be defined as: 

𝛤 =
𝑚̇
√
𝑇𝑡

𝑝𝑡
(17)

In axial turbomachinery, accurate capacity measurements has been 
a long-standing challenge and area of research interest [23,24]. The 
capacity of the high-pressure nozzle guide vane (NGV) typically plays 
a critical role in design as it sets the overall engine capacity. Inaccurate 
prediction of engine capacity leads to mismatching of downstream 
stages, where even minor deviations from design conditions can signifi-
cantly impact performance. Despite technological advancements, there 
remains a noticeable discrepancy between engine test capacity mea-
surements and those obtained through alternative methods. Previous 
research has identified various potential sources for this discrepancy. 
From a numerical perspective, Fielding [25] provided insights on the 
relationship between irreversibilities and capacity measurements in 
gas turbines and introduced a correction factor to account for this 
effect. Afanasiev et al. [26] put forward the influence of 3D flow effects 
on capacity measurements by comparing 1D and 3D approaches. Ex-
perimentally, Povey [24] studied the effect of film cooling on capacity 
measurements. Burdett et al. [27] presented a novel technique for low 
uncertainty capacity measurements. CHT can significantly affect capac-
ity measurements and predictions due to the extreme operating condi-
tions of NGVs. These components typically function in high-pressure, 
high-temperature environments, often approaching 1500 ◦C.

2. Methodology

The present numerical study will use two methods to investigate 
the impact of unsteady conjugate heat transfer and these methods 
are outlines in this section. First, an unsteady quasi-one-dimensional 
analysis utilising the method of characteristics (MOC). This is used to 
get an estimate on the time scales and bounds of the CHT influence. It 
is anticipated that this reduced order method will adequately capture 
slow thermal transients, while the influence of turbulent perturbations 
on the system will not be captured. Then, fully coupled Large Eddy 
Simulations (LES) will serve as baseline cases.

2.1. Unsteady, quasi-one-dimensional compressible flow with heat transfer 
(MOC)

The method of characteristics provides a straightforward approach 
to solving the unsteady Euler equations [28–30]. It has also been 
successfully applied to simulate efficiently unsteady flows with heat 
transfer.  Issa and Spalding [31] presented a procedure for solving 
one-dimensional, unsteady, compressible, frictional flows with heat 
transfer, demonstrating its effectiveness in simulating shock tube flows. 
Similarly, Huang [32] employed the method of characteristics to study 
unsteady flow in a heat exchanger. The unsteady Euler equations can 
be transformed into the characteristic expression written in Eq.  (18), 
details of the derivation are available in Appendix  B. The source vector 
of the conservative variables has been projected and behave as source 
terms for the entropy and the sounds waves.
𝜕𝑊1
𝜕𝑡

= −𝑈
𝜕𝑊1
𝜕𝑥

−(𝛾 − 1)𝜌𝑈
𝑎2

𝛿𝑄𝑥

𝜕𝑊2
𝜕𝑡

= −(𝑈 + 𝑎)
𝜕𝑊2
𝜕𝑥

− 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

+(𝛾 − 1)𝑈
𝑎

𝛿𝑄𝑥 (18)
𝜕𝑊3
𝜕𝑡

= −(𝑈 − 𝑎)
𝜕𝑊3
𝜕𝑥

+ 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

−(𝛾 − 1)𝑈
𝑎

𝛿𝑄𝑥

The conjugate portion of the code solves the unsteady heat con-
duction equation in a 2D finite element framework fully coupled with 
the MOC. Unlike the MOC, wall-normal temperature variations are 
considered with both streamwise and wall-normal conduction solved 
for. The interface condition is imposed by continuity of the heat flux. 
The heat flux can be inferred from the temperature difference between 
the fluid and the solid and a correlation for the heat transfer coefficient, 
for instance the Dittus–Boelter equation for turbulent flows in tubes.

2.2. 3D Large Eddy Simulations (LES)

The flow equations are solved using the in-house code H4X [33–
36]. The code is a cell-centred finite volume code based on a multi-
block grid arrangement. The flow field is represented by the viscous 
variables: velocities, temperature, pressure. The equations of motion 
for a compressible fluid are solved in conservative form. The spatial 
discretisation is third-order accurate in space for the inviscid fluxes. 
Third-order accuracy is achieved on a compact stencil by using vari-
able extrapolation. No limiter is applied to the entropy and vorticity 
fields whereas the sound waves are limited using a third order limiter 
introduced by [37]. The extrapolation is based on weighted least-square 
gradients. The gradient stencil contains all the face neighbours of each 
cell. For the purpose of variable extrapolation onto a cell interface, 
the gradient stencil is biased by removing the contributions from the 
neighbour on the other side of the interface. At low Mach numbers, the 
numerical fluxes are adapted following the work of Hope-Collins and di 
Mare [34] and a modified pressure flux is employed. The viscous fluxes 
are evaluated using a second-order discretisation. Advancement in time 
is performed using a formally second-order accurate implicit scheme. 
The implicit iterations are based on a dual-time stepping formulation. 
The dual-time framework is advantageous for unsteady problems with 
multiple time scales, such as CHT problems. It allows for the separation 
of these scales, enabling each to be resolved appropriately without the 
need for excessively small physical time steps. The code is parallelised 
by partitioning the blocks of the multiblock grid among the available 
MPI ranks. Within each rank, block operations are parallelised using 
OpenMP. Computations and communications are overlaid to hide the 
latency of the network fabric. The computations have been done on the 
Cirrus UK National Tier-2 HPC Service.

At the inflow boundary, synthetic turbulence is generated using 
the method described by Dreze et al. [33]. This technique uses mod-
ified uniformly distributed random sequences to construct divergence-
free anisotropic random fields with sensible spectrum and complete 
complex correlation in space and time.
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Fig. 4. Validation of the steady state Rayleigh flow for the STE and MOC methods.

The conjugate portion of the code solves the unsteady heat con-
duction equation in a fully-coupled fashion using a node-based finite 
element framework. The solid domain mesh is directly extruded from 
the interface surface and the mesh is scaled proportionally to the wall-
normal mesh density of the fluid domain. This technique avoids the 
requirements of generating two separate meshes and as well as the 
overheads related to a separate data structures for the solid grid and 
provisions for interpolation of temperatures and fluxes between the two 
grids. The extrusion uses a thin layer approximation to form the heat 
conduction equation. The Laplacian of the temperature in a thin layer 
for geodesic coordinates on a smooth surface can be written as: 

 (𝑇 ) = 𝜕2𝑇
𝜕𝜉2

+ 𝜕2𝑇
𝜕𝜂2

+ 𝜕2𝑇
𝜕𝜁2

+ 1
𝑅𝑐

𝜕𝑇
𝜕𝜁

(19)

where 1
𝑅𝑐

 is the local harmonic mean curvature of the surface.

3. Results

This section studies two different cases. First, a Rayleigh flow is used 
to validate the different conjugate methods. Then, as Fig.  1 showed that 
the effect of heat transfer on a discharge characteristic of quasi-one-
dimensional flow is strongest near sonic conditions, a transonic nozzle 
is simulated and the transient evolution of capacity is recorded.

3.1. Channel with uniform heat flux

To validate the inviscid MOC and the steady approach proposed, 
a Rayleigh flow is used. The dimensionless change in entropy with 
respect to sonic conditions has been derived in Shapiro [38] and is 
shown in Eq.  (20). Fig.  4 compares this theoretical solution with the 
different implementations to demonstrates agreement of the solutions 
for this reference case for the inviscid approaches. In all cases the 
entropy change has been applied as a constant uniform heat flux along 
the length of the domain. 

𝑠 − 𝑠∗

𝑐𝑃
= ln

[
𝑀2

(
𝛾 + 1

1 + 𝛾𝑀2

)(𝛾+1)∕𝛾
]

(20)

To validate the LES methodology, the present methodology is com-
pared to simulations by Kawamura et al. [39]. They simulated heated 
channel flows with symmetrical heating from both walls. The heating 
is applied using a uniform constant heat flux. To keep the energy 
balanced, a negative source term is applied to the energy equation. The 
bulk Reynolds number is 5500 corresponding to a Reynolds number 
based on the friction velocity of 180 and the inlet Mach number is 
0.1, to align best with the incompressible results from Kawamura et al. 

Table 1
Grid statistics for the channel flow simulation.
 𝑀1 Re𝜏 (𝑁𝑥 , 𝑁𝑦 , 𝑁𝑧) 𝛥𝑥+ 𝛥𝑦+ 𝛥𝑧+  
 0.1 178.38 (312, 144, 128) 14.34 0.31 5.92 

Fig. 5. Mean dimensionless temperature profile for the channel flow.

[39]. The Prandtl number is set to 0.71. The streamwise length of 
the computational domain is 8𝜋𝛿 while the transversal length is 4∕3𝜋𝛿
where 𝛿 is the channel half-width. The first section of length 3𝜋𝛿 section 
was used for the inflow generated fluctuations to settle, and the heat 
flux was only applied to the remaining of the domain. The grid has 
a stretching in the wall-normal directions detailed in [40] and grid 
statistics can be found in Table  1. The mean normalised temperature 𝜃+
profile is shown in Fig.  5 and shows good agreement with Kawamura 
et al. [39]. Towards the middle of the channel, the temperature profile 
is overpredicted by a maximum of 3.7%.

Now that both approaches have been validated, let us investigate 
the transient evolution of flow capacity. The channel was started from 
rest and the capacity was recorded. The transient evolution of the 
normalised capacity is shown in Fig.  6 , the time is normalised by 
the channel flow through time, defined as the length of the channel 
divided by the bulk velocity. In this case the time to reach steady state 
is relatively short in terms of fluid time scales because the boundary 
condition is time invariant. The capacity predictions by the quasi one-
dimensional methods are accurate within a couple of percents and can 
be attributed to boundary layer blockage, effectively reducing the core 
flow area. This is a well-known phenomenon limitation and multiple 
correction methodologies to account for viscous effects and boundary 
layer growth have been proposed in the literature, [41,42].

3.2. Back nozzle

The transonic case examined is an axisymmetric convergent-diver-
gent nozzle, originally studied by Back et al. [43]. The primary ob-
jective of their study was to collect experimental data on convective 
heat transfer in turbulent flows characterised by significant pressure 
gradients, where boundary layers where relatively thin compared to 
the channel cross-section.

The specific configuration involves a nozzle discharging a perfectly 
expanded isothermal free jet at Mach 2.4 for a Reynolds number 
based on the throat radius of Re= 4.1 × 104 and a Reynolds number 
based on the friction velocity Re𝜏 = 993, with a pressure ratio of 11. 
The boundary conditions at the nozzle inlet are set to a stagnation 
temperature of 833 K and a pressure of 10.34 bar. The freestream 
boundary condition is established at standard atmospheric pressure and 
room temperature. This case serves as an excellent test scenario due to 
the extensive available data on heat transfer. The nozzle external walls 

International Journal of Heat and Mass Transfer 246 (2025) 127036 

6 



Y. Dreze and L. di Mare

Fig. 6. Transient evolution of capacity normalised by the steady state capacity value 
of the LES. Black curve is steady method, red curve is MOC and blue curve is LES 
results. (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)

Table 2
Global properties of the cases for the Back nozzle.
 Back et al. LES Finer LES (adiabatic) 
 𝑀2 2.45 2.42 2.41  
 St ×103 1.58 1.50 1.53  
 𝛤 × 105 [𝑚√𝐾𝑠] 6.46 6.31 6.34  

are made of 8 mm thick 502-type stainless steel and are assumed to be 
thermally insulated to the exterior.

The grid used for this case is a structured radial grid with a confor-
mal elliptic transformation to an axisymmetric domain with a power 
law stretching at the walls. The grid size is (288 × 128 × 128). This 
leads to a grid spacing of 𝛥𝑦+ in the range [0.71, 3.27] on the fluid side 
and [0.32, 1.46] on the solid side. The mesh on the solid side is finer 
at the wall because the lower penetration depth in the solid requires 
appropriate resolution to capture correctly the wall fluctuations, as per 
Eq.  (11). The streamwise spacing was adjusted so that it lied in the 
range 𝛥𝑥+ ∈ [10, 45]. The domain extends 3 nozzle diameters upstream 
of the nozzle inlet to allow for the synthetic turbulence to morph 
into the prescribed turbulent profiles. The profiles are fully turbulent 
following a 1/7-power-law curve as reported in [43]. Once thermal 
steady state reached for the combined system, the simulations were run 
for 10 flow-through times to record steady state statistics. CHT is not 
considered in the extended upstream domain.

Fig.  7 shows the convective heat-transfer coefficient of the LES 
results, and comparison to data extracted from Back et al. [43]. The 
largest difference between the experimental data and the LES results is 
downstream of the nozzle throat towards the exit of the nozzle where 
the relative difference is 19%. LES data is also compared with a finer 
grid of 288 × 160 × 160 with adiabatic walls, to show consistency 
and appropriate resolution. Even if the finer grid captures better the 
heat transfer coefficient peak at the throat the maximum difference 
between the two grids is less than 5% for the heat transfer coefficient. 
The difficulty in predicting the divergent section has been noted in 
previous studies [44–46] and despite some discrepancies, the main 
trend is well captured, reinforcing confidence in the overall results. 
Table  2 compares also macroscale properties of the different cases, 
confirming the ability of the chosen grid to simulate the desired setup.

For the MOC approach the heat transfer coefficients were directly 
taken from the experimental data.

The transient behaviour of the nozzle is shown in Figs.  8 and 9, the 
dark blue line correspond to a moving average (MA) value while the 
light blue is the instantaneous value. Fig.  8 shows the initial startup 

Fig. 7. Steady heat transfer coefficient for the Back nozzle. 

period that ends when the first pseudo steady state is reached. Fig.  9 
then plots the slow capacity drift that occurs because of the external 
walls are heating up before reaching a final steady state. In both plots 
the dimensionless time has been normalised by the constants found in 
Section 1.2.

For both the LES and the MOC, the capacity in the initial pseudo 
steady state is higher than the final steady state value. For instance, 
as seen in Fig.  9, the pseudo steady state value for the LES case is 
𝛤 = 6.42 × 10−5 while the final steady state value is 𝛤 = 6.11 × 10−5. 
The overprediction comes from the fluid being overcooled because of 
the initial temperature difference between the walls and the flow. This 
leads to denser flow and therefore greater mass flux. Therefore, as per 
Fig.  9, if the external walls are not at thermal steady state, the capacity 
will be overpredicted by 1.7%. Looking at the comparison between the 
LES and MOC predictions for the final value of capacity, the quasi one 
dimensional method fall within 2% of the LES predictions. Similarly 
to Section 3.1, while the one-dimensional model fails to capture the 
boundary layer blockage effect, the differences in the predictions re-
main low due to the relatively simple geometry and thin boundary 
layers. But the transient behaviour of capacity is well captured by 
the MOC method. In terms of computational efficiency, the 1D MOC 
method completes within a minute on a standard laptop, whereas 
the full transient conjugate LES simulation requires access to large 
multicore facilities. This stark contrast underscores the practicality of 
MOC for rapid analysis.

The transient behaviour of capacity has the characteristic exponen-
tial decay of a preheated body cooled by convection. The characteristic 
time of the decay to steady state depends on the solid thermal prop-
erties and the heat transfer coefficient. When superimposed, one can 
see that the capacity decay in the LES case is lagging in time with 
respect to the one-dimensional model and has narrower bounds. This 
is because the boundary layer acts as a thermal resistance for heat 
transfer, slowing down the rate of heat transfer between the surface and 
the fluid. The fluid in direct contact with the cold surface quickly cools 
down and loses heat, while the faster-moving fluid above this layer does 
not lose heat as quickly. Resulting in additional time for the heat flux 
that is lost to the external wall to reach the mean flow, the amplitude 
is also lower because not all the heat transferred is reaching the mean 
flow. The thicker the boundary layer, the greater the resistance to heat 
transfer.

This phenomenon has been well-known and quantified for critical 
flow Venturi (CFV) nozzle, warmer, lower density gas near the CFV 
wall reduces mass flux through the CFV, an effect that increases in 
significance at lower Reynolds numbers. Wright et al. [47] proposed 
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Fig. 8. Time evolution of the nozzle capacity starting from rest. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web version 
of this article.)

Fig. 9. Time evolution of the nozzle capacity after the initial startup transient. (For 
interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.)

a correction factor for the thermal boundary layer effect. Wang et al. 
[48],Ding et al. [49] also studied this effect experimentally and nu-
merically and concluded that it can have great impact on the mass 
flow.

To reduce the time required for the thermal transient to vanish, one 
solution is to preheat the walls to try to lower the initial temperature 
difference. Fig.  10 plots a case where the external walls have been 
preheated to 75% of their steady state temperature rise.

During the thermal transient, the temperature difference in the 
metal decays exponentially, and the temperature distribution in the 
solid stays self-similar, if streamwise conduction can be ignored. This 
is because while the time constant of the solid is only related to 
the thermal properties of the system, the bounds of the decay are 
directly proportional to the fluid-solid temperature difference at the 
first pseudo-steady state.

4. Conclusion

This article has presented a comprehensive study of the existing re-
search on the influence of external heat transfer on flow characteristics. 
Until thermal steady state is reached, all flow quantities are drift-
ing, and this transient can be significant in case of high-temperature 

Fig. 10. Effect of preheating on the capacity evolution. Dotted lines are non-preheated 
cases, while solid lines are preheated cases.

gradients between the initial solid thermal state and the steady state 
value. The study has focused on a practical application using capacity 
prediction to demonstrate these effects and to assess on the ability of 
simple models to predict the range of impact. For the transonic nozzle 
case, the error made if the external heat loss is not taken into account 
is about 2%. However, in other scenarios and quantity of interest it can 
have a greater impact, as reported by [16].

It was concluded that these methods are well suited to predict the 
global effects of heat loss. The literature survey showed that only few 
research items talk about this issue, but researcher could benefit with 
the use of 1D models to better design for this phenomenon. While for 
more complex cases, the predicted values might be offset because of 
unaccounted for 3D effects or other, the authors believe that the extent 
of the influence of CHT will still be well captured due to its intrinsic 
influence on the coreflow.

Finally, one strategy to minimise the effects of the slow thermal 
transients is to pre-heat the external walls to reduce the time to reach 
a steady state. While the exponential decay of the capacity will be self-
similar, the amplitude of the decay will be directly proportional to the 
initial temperature difference.

A notable limitation of this study is the scarcity of experimental 
data for validation, as existing high-temperature experiments rarely 
comment on the thermal equilibrium or report time-resolved tempera-
ture fields. Future transient thermal tests cases would be valuable for 
cross-validating the numerical results.
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Appendix A. Equations for steady, quasi-one-dimensional com-
pressible flow with heat transfer (ste)

The equations for steady non-isentropic internal flows have long 
been a subject of theoretical interest. Classical cases such as Fanno 
and Rayleigh flows have analytical solutions [38,50] and multiple set 
of solutions for other types of flow have been proposed [51–53]. This 
paper adopts the methodology proposed by Oliva and Morris [54], who 
presented a closed-form solution for internal compressible flows with 
an arbitrary combination of area change, heat addition, friction, and 
non-uniform flow. Both friction forces and heat transfer are expected 
to influence the mass flow.

Consider a control volume with varying area, friction, and heat 
addition as illustrated in Fig.  A.11, the following equations can be de-
rived. Using averaged quantities, the mass and momentum conservation 
equations for this control volume can be derived as follows: 
Mass conservation : 

𝐴1𝜌1𝑈1 = 𝐴2𝜌2𝑈2 (A.1)

⇔
𝑝2𝐴2
𝑝1𝐴1

√
𝑇𝑡,1𝑓 (𝑀2)
𝑇𝑡,2𝑓 (𝑀1)

𝑀2
𝑀1

− 1 = 0 (A.2)

With 𝑓 (𝑀) = 1 + 𝛾 − 1
2

𝑀2 (A.3)

x-momentum conservation : 

𝜌2𝑈
2
2𝐴2 − 𝜌1𝑈

2
1𝐴1 = 𝑝1𝐴1 − 𝑝2𝐴2 + ∫

𝐴2

𝐴1

𝑝𝑑𝐴 − 𝐹𝑓𝑥 (A.4)

The flow variables in the above equations are representative variables 
defined by the chosen averaging method. For a detailed discussion on 
this, refer to [54]. In Eq.  (A.4), the streamwise integral for the resultant 
pressure force acting on the control volume can be simplified by 
assuming a linear pressure variation with area, as discussed by [54,55]. 
This allows to rewrite Eq.  (A.4) as: 

𝑝1𝐴1(1 +
𝐴2
𝐴1

+ 2𝛾𝑀2
1 ) = 𝑝2𝐴2(1 +

𝐴1
𝐴2

+ 2𝛾𝑀2
2 ) − 2𝐹𝑓𝑥 (A.5)

By combining the continuity and streamwise momentum equations, and 
neglecting friction forces, we obtain: 
(1 + 𝐴2

𝐴1
+ 2𝛾𝑀2

2 )

(1 + 𝐴1
𝐴2

+ 2𝛾𝑀2
1 )

√
𝑇𝑡,2𝑓 (𝑀1)
𝑇𝑡,1𝑓 (𝑀2)

𝑀1
𝑀2

− 1 = 0 (A.6)

Eq.  (A.6) is a second-order equation for the exit Mach number based 
on an inlet Mach number and a stagnation temperature ratio. This 
approach provides a tool for analysing the steady effects of heat transfer 
on flow characteristics in a quasi-one-dimensional setting. The solution 
procedure involves discretising the domain of interest into small con-
trol volumes and solving for each control volume sequentially. If the 
another property is to be specified at the inlet such as the complete 
stagnation state or entropy instead of the Mach number, an iterative 
approach is required to determine the inlet Mach number. For detailed 
solution methods, refer to [54].

We have shown that the Stanton number is a key parameter in the 
study of heat transfer in compressible flows. The total temperature ratio 
in Eq.  (A.6) can be decomposed further to make the Stanton number 
appear explicitly. 

𝑇𝑡,2 = 𝑇𝑡,1 +
𝑄
𝑐𝑝

= 𝑇𝑡,1 + St𝐴𝑐𝜌1𝑈1𝑇1 = 𝑇𝑡,1 + St𝐴𝑐
𝑝1𝑈1
𝑅

(A.7)

Where 𝑄 is the heat transfer rate, 𝑐𝑝 is the specific heat capacity at 
constant pressure, 𝐴𝑐 is the external area, and 𝑅 is the gas constant.

Aside from this approach, other recent research has expanded to 
include nonlinear analytical solutions for more generalised cases in-
volving varying area. [52] derived the quasi-one-dimensional linearised 
Euler equations incorporating heat transfer, subsequently investigat-
ing a converging-diverging nozzle with constant heat transfer. Their 

Fig. A.11. Sketch of a control volume with variable area, heat transfer and friction. 
Dashed lines define the control volume boundary.

findings revealed a strong dependence of the nozzle’s acoustic and 
entropy transfer functions on heat transfer. [53] presented a gener-
alised one-dimensional compressible flow analysis, accounting for heat 
addition and/or friction, for a prescribed pressure-area relation. Fur-
thermore, [51] derived analytical solutions for one-dimensional steady 
state compressible viscous diabatic flow of an ideal gas through a 
constant cross-section pipe. While, [25,26] have highlighted limitations 
in predicting capacity using one-dimensional analysis, the purpose of 
this approach in our study is to understand the steady state sensitivity 
of external heat transfer on capacity measurements. The inaccuracies 
pointed arise from 3D effects or complex flows, but the heat transfer 
will directly influence the thermodynamic state the flow is in.

Appendix B. Equations for unsteady, quasi-one-dimensional com-
pressible flow with heat transfer (MOC)

The quasi-one-dimensional unsteady Euler equations with heat
transfer, expressed in terms of primitive variables, can be written as: 

𝜕𝜌
𝜕𝑡

+ 𝑈
𝜕𝜌
𝜕𝑥

+ 𝜌 𝜕𝑈
𝜕𝑥

= −𝜌𝑈
𝐴

𝜕𝐴
𝜕𝑥

(B.1)

𝜕𝑈
𝜕𝑡

+ 𝑈 𝜕𝑈
𝜕𝑥

+ 1
𝜌
𝜕𝑝
𝜕𝑥

= 0 (B.2)

𝜕𝑝
𝜕𝑡

+ 𝑈
𝜕𝑝
𝜕𝑥

+ 𝑝𝑈𝛾
𝐴

𝜕𝐴
𝜕𝑥

+ 𝑝𝛾 𝜕𝑈
𝜕𝑥

= 𝑄𝜌𝑈 (𝛾 − 1) (B.3)

In matrix form: 
𝜕𝐐
𝜕𝑡

+𝐌 𝜕𝐐
𝜕𝑥

= 𝐒 (B.4)

Where,

𝐐 =
⎡
⎢⎢⎣

𝜌
𝑈
𝑝

⎤
⎥⎥⎦

(B.5)

𝐌 =
⎡⎢⎢⎢⎣

𝑈 𝜌 0
0 𝑈 1

𝜌
0 𝑝𝛾 𝑈

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

𝑈 𝜌 0
0 𝑈 1

𝜌
0 𝜌𝑐2 𝑈

⎤⎥⎥⎥⎦
(B.6)

𝐒 =
⎡⎢⎢⎢⎣

− 𝜌𝑈
𝐴

𝜕𝐴
𝜕𝑥

0
− 𝑝𝑈

𝐴 𝛾 𝜕𝐴
𝜕𝑥 +𝑄𝜌𝑈 (𝛾 − 1)

⎤⎥⎥⎥⎦
(B.7)

Decomposing 𝐌 in its left and right eigenvectors, one can obtain 
the compatibility equations for the characteristic variables 𝐖. 
𝜕𝐖
𝜕𝑡

+Λ
𝜕𝐖
𝜕𝑥

= 𝐋𝐒 (B.8)
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So the compatibility equations become
𝜕𝑊1
𝜕𝑡

= −𝑈
𝜕𝑊1
𝜕𝑥

−(𝛾 − 1)𝜌𝑈
𝑎2

𝛿𝑄𝑥 (B.9)

𝜕𝑊2
𝜕𝑡

= −(𝑈 + 𝑎)
𝜕𝑊2
𝜕𝑥

− 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

+(𝛾 − 1)𝑈
𝑎
𝛿𝑄𝑥 (B.10)

𝜕𝑊3
𝜕𝑡

= −(𝑈 − 𝑎)
𝜕𝑊3
𝜕𝑥

+ 𝑈𝑎 1
𝐴

𝑑𝐴
𝑑𝑥

−(𝛾 − 1)𝑈
𝑎
𝛿𝑄𝑥 (B.11)

To model best the setup of interest, the boundary condition at the 
inlet should of type total enthalpy-entropy or fixing the stagnation 
properties. The following development is made under the assumption 
of no heat flux and constant area at the inlet but can be extended.
𝜕𝑊1 = 𝜕𝜌 − 1

𝑎2
𝜕𝑝 (B.12)

𝜕𝑊2 = 𝜕𝑈 + 1
𝜌𝑎

𝜕𝑝 (B.13)

𝜕𝑊3 = 𝜕𝑈 − 1
𝜌𝑎

𝜕𝑝 (B.14)

However the variation of entropy is

𝑑𝑠 = −
𝛾𝑐𝑣
𝜌

(
𝑑𝜌 − 𝑑𝑝

𝑎2

)
𝑑𝜌 = −𝑑𝑠 𝜌

𝛾𝑐𝑣
+ 𝑑𝑝

𝑎2

Therefore 
𝜕𝑊1 = 𝜕𝜌 − 1

𝑎2
𝜕𝑝 = − 𝜌

𝛾𝑐𝑣
𝜕𝑠 (B.15)

For the total enthalpy:
𝑑ℎ𝑡 = 𝑐𝑝𝑑𝑇 + 𝑈𝑑𝑈

= 𝑐𝑝𝑇
𝑑𝑇
𝑇

+ 𝑈𝑑𝑈

= 𝑐𝑝𝑇
(
𝑑𝑝
𝑝

− 𝑑𝜌
𝜌

)
+ 𝑈𝑑𝑈

= 𝑐𝑝𝑇
(
𝜌𝑎
2𝑝

(𝜕𝑊2 − 𝜕𝑊3) − 𝜕𝑊1∕𝜌 −
𝜌

𝜌2𝑎
(𝜕𝑊2 − 𝜕𝑊3)

)

+ 𝑈𝑑𝑈 (B.16)

= 𝑐𝑝𝑇
(
(𝜕𝑊2 − 𝜕𝑊3)(

𝜌𝑎
2𝑝

− 1
2𝑎

) − 𝜕𝑊1∕𝜌
)

+ 𝑢
2
(𝜕𝑊2 + 𝜕𝑊3)

= −
𝑐𝑝𝑇
𝜌

𝜕𝑊1 + 𝜕𝑊2(
𝜌𝑎𝑐𝑝𝑇
2𝑝

−
𝑐𝑝𝑇
2𝑎

+ 𝑈
2
)

+ 𝜕𝑊3(−
𝜌𝑎𝑐𝑝𝑇
2𝑝

+
𝑐𝑝𝑇
2𝑎

+ 𝑈
2
)

= − 𝑎2

(𝛾 − 1)𝜌
𝜕𝑊1 + 𝜕𝑊2(

𝑎𝑐𝑝
2𝑅

− 𝑎
2(𝛾 − 1)

+ 𝑈
2
) + 𝜕𝑊3(−

𝑎𝑐𝑝
2𝑅

+ 𝑎
2(𝛾 − 1)

+ 𝑈
2
) (B.17)

A similar expression can be derived for prescribing the stagnation 
pressure. At the outlet, the static pressure is specified in case of subsonic 
outflow. To avoid the reflection of the characteristics at the outlet, a 
non-reflecting boundary condition is used [56].

As one of the focus of this study is the transient behaviour of 
the flow in transonic nozzles, it is expected that sonic conditions will 
be encountered. Numerical methods often encounter difficulties when 
dealing with sonic points. In these cases, a phenomenon known as 
the sonic glitch may occur. The sonic glitch manifests as a small, 
non-physical discontinuity or visible error in the computed solution 
around the sonic point [57]. To ensure a smooth transition as the flow 
accelerates through the sonic point, an entropy fix is implemented. This 
approach, as discussed by Va et al. [58], helps preserve the continuity 
of the solution across the sonic threshold. The entropy fix is particularly 
crucial in maintaining the accuracy and stability of our numerical 
simulations as the flow transitions from subsonic to supersonic regimes.

Data availability

Data will be made available on request.
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4.2.1 Additional material

It should be noted that the local heat transfer coefficient presented in the paper has

been calculated following the original formula of Back et al. [1964].

h = qw

Taw − Tw

(4.4)

Where Taw is the adiabatic wall temperature, Tw is the wall temperature and qw is

the heat flux at the wall.

In the Introduction section of the presented paper, a steady CHT analysis was

performed for a classical Rayleigh flow. The setup had a fixed inlet Mach number

and total temperature as it is done traditionally for Rayleigh flows. It is possible to

extend the analysis to a case where the inlet stagnation pressure and temperature

are fixed, aligning better with boundary conditions from a large upstream reservoir

typically found in propulsion systems or wind tunnel setups.

Starting from Equation (1) in section 4.2, the capacity Γm for such case is given by:

Γm = ṁ
√

Tt

pt

= Ax

…
γ

R
M

Å
1 + γ − 1

2 M2
ã− γ+1

2(γ−1)

(4.5)

Under fixed inlet stagnation conditions and outlet pressure, the capacity depends

solely on the Mach number. Figure 4.11 shows the contours of the capacity change

compared to adiabatic conditions as a function of the total temperature change for

different inlet isentropic Mach numbers. In this case, only at very low Mach numbers

(M1 < 0.1), the change in capacity with respect to adiabatic conditions is less than

proportional to the total temperature change. For 0.1 < M1 < 1, the variation in

mass flow rate is more than proportional to the total temperature variation. At high

supersonic Mach numbers, the capacity is less sensitive to the entropy change. Looking

at Equation 4.5, for M ≫ 1 the capacity is proportional to M
−2

γ−1 , implying that a

large change in Mach number will have a small effect on the capacity when M ≫ 1.

Despite this reduced sensitivity in capacity, other flow quantities can exhibit

substantial variations at high Mach numbers, underscoring the complex interplay

between flow conditions and heat transfer effects. For instance, Figure 4.12 plots
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the variation in inlet Mach number. In this case, the inlet Mach number is strongly

influenced by the entropy change at high Mach number. Overall, the capacity is

more sensitive to the entropy change in the transonic regime, where the capacity

change is more than proportional to the total temperature variation.

The analysis is interesting because it shows that the effect of CHT is highly

dependent on the flow boundary conditions and the flow quantity of interest.

Figure 4.11 presents conclusions that are the very different to the ones presented in

Figure 1 of Dreze and di Mare [2025] with constant inlet Mach number.
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Figure 4.11: Contours of the relative change in capacity with respect to adiabatic
conditions at fixed inlet stagnation pressure and temperature

4.2.2 Remarks and possible extensions

The primary limitation of the analysis presented in the paper is the absence of

experimental data to validate the observed phenomenon. A thorough literature

review revealed a scarcity of experimental studies that could corroborate these

findings. Most high-temperature experimental campaigns do not explicitly state

whether thermal equilibrium between the solid and fluid domains was achieved or how
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Figure 4.12: Contours of the relative change in outlet Mach number for different inlet
Mach number and total temperature ratios

it was ensured. In one instance, the authors provided time traces of the temperature

field in the solid domain, but the impact on flow quantities was not mentioned.

Experimental data, such as transient thermal tests of high-pressure turbine nozzles,

would be valuable for cross-validation with the numerical results.

Additionally, it would be worthwhile to investigate numerically or experimentally

various preheating strategies, such as determining optimal preheating temperature

ratios, and their practical implementation in scenarios like cold starts of rocket engines.

A comparative analysis considering different materials, geometrical configurations

(e.g. thin or thick walls), and flow conditions could provide further insights into the

influence of thermophysical parameters on the time constant.
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Chapter 5 Conclusions

This thesis has presented a comprehensive study of unsteady conjugate heat transfer

modelling. The main contributions of this work are summarised below.

The first major part of this thesis, presented in chapter 3, focused on the

development of a method for generating unsteady turbulent inflow conditions in

scale-resolving simulations. This work served as a foundational step for achieving

the subsequent objectives of the thesis. Building on the work of Hao et al. [2022],

the proposed method advances the state of the art by eliminating the need for a

user-defined correlation function. It generates divergence-free, anisotropic random

fields with a physically consistent spectrum and fully defined spatial and temporal

correlations. The algorithm infers a realistic velocity two-point correlation tensor

from the first and second statistical moments, supported by heuristic guidelines

derived from observations of turbulent flows. Since these statistics are commonly

available in practical applications, the method offers broad applicability. Moreover,

it is computationally efficient with the use of eigendecomposition to reduce the

resources required depending on the accuracy needed. The method was validated

against experimental data and showed improved performance compared to previously

published methods.

Following the comprehensive literature review presented in chapter 2, the second

major contribution of this thesis, detailed in chapter 4, focused on answering

challenges in CHT modelling. Chapter 4 began with the implementation and

development of a CHT simulation environment within the H4X framework. It then

introduced a new modelling approach for unsteady CHT, addressing key challenges in

the field by coupling a global representation of the solid temperature field—expressed

through the eigenfunctions of the unsteady heat conduction problem—with a local,
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turbulent, scale-resolving solution. To reconcile the mismatches in time and length

scales between the two domains, the method involves a careful selection of the

modes to retain based on their associated time constants and thereby addressing

slow convergence issues within the modal space. The capabilities of the proposed

method were first demonstrated on simplified test cases, where it achieved an

order-of-magnitude improvement in computational efficiency over conventional time-

marching techniques. The method was subsequently applied to a more complex three-

dimensional forced convection case, representative of heat exchanger applications in

engineering. In this scenario, the method successfully captured the unsteady heat

transfer phenomena with high accuracy and efficiency.

With the CHT method validated on both simplified and complex test cases, chap-

ter 4 concluded with a practical application where unsteady CHT has implications.

Specifically, it presented a detailed study into compressible flows in the presence of

unsteady conjugate heat transfer to the walls. The investigation showed that all flow

quantities undergo a transient drift until thermal steady-state is reached in both

fluid and solid domains. This drift follows a characteristic exponential decay. The

heat transfer dynamics are shown to be governed by the ratio of thermal capacity to

the Stanton number, which characterises the interface behaviour. To illustrate these

effects, a numerical analysis was performed on a transonic nozzle with thermally

conducting walls, using simulation tools of varying fidelity. The transient evolution

of the mass flow rate was monitored, demonstrating the impact of thermal transients.

It was further observed that while preheating the system does not affect the decay

time constant, the upper and lower bounds of the drift are directly proportional to

the initial temperature difference between the solid and fluid domains.

5.1 Recommendations for future work

Future work in CHT should be directed toward several key areas that could enhance

both physical realism and computational efficiency.
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First of all, CHT should become the standard for the simulation of thermally

influenced flows. However, even further, the importance of unsteady and transient

effects is becoming increasingly evident. A primary challenge in this shift will be the

development of robust coupling strategies that can efficiently manage models of

different fidelities.

The field should also be influenced by artificial intelligence (AI) and machine

learning (ML), which can augment and accelerate traditional simulation workflows.

Rather than replacing fundamental physics, AI can act as a powerful accelerator by

creating computationally inexpensive surrogate models. The great cost of high-fidelity

transient simulations provides a strong incentive for this approach.

While mastering unsteady thermal-fluid coupling is a grand challenge, the ultimate

future of CHT lies in its integration within a broader multiphysics context. In the

most demanding engineering systems, thermal phenomena are deeply intertwined

with structural mechanics (Fluid-Structure Interaction), material phase transitions,

reacting flows, and multiphase physics. The full predictive power of UCHT will be

realized when it is seamlessly coupled with these other domains, enabling a holistic

simulation that captures the complex feedback loops governing system performance

and reliability. Developing numerical frameworks to handle this multi-way coupling

represents the next significant leap in computational engineering. A good example

of this multiphysics complexity is aircraft icing and de-icing. This process involves a

complex, unsteady energy balance between the cold airflow, impinging supercooled

water droplets, a potential runback water film, the growing ice layer, and the

heated aircraft skin. A comprehensive simulation requires UCHT to model the

heat exchange but must also track the moving ice-water interface and account for

the latent heat of fusion. This application perfectly illustrates how fully-integrated

multiphysics analysis is essential for accurately predicting system behavior and

solving critical engineering safety problems.

In addition, the following general remarks are made to guide future research that

stems directly from the developments presented in this thesis:



5. Conclusions 113

• As explained in chapter 4, the unsteady CHT method presented is not limited

to the acceleration method presented in this thesis. The modal framework is

general and many other acceleration methods can be implemented. One of the

more promising approaches is to cast the modal problem in Fourier space as

illustrated in Figure 4.1.1.

• The method can be applied to additional unsteady conjugate heat transfer

problems, such as those involving complex geometries or chemically reacting

flows. In that perspective, the method could be implemented in the Rolls-

Royce Plc. flow solver Hydra [Crumpton and Giles, 1996]. With the already

implemented harmonic method [Lapworth, 2004], the method can be used to

accelerate the convergence of periodic turbomachinery flows. Additionally, an

implementation of the method could be pursued on open-source software such

as OpenFOAM and FENICSX, which would allow for a wider dissemination of the

method and its application to a broader range of problems.

• Finally, the modal CHT framework could be adapted to transient heat conduc-

tion problems, such as engine startup or shutdown, where the solid domain is

subject to slow transients. The modal decomposition could be used to efficiently

select the modes that are relevant for the transient heat conduction problem,

allowing for a more efficient solution of the problem.
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Appendix A Inflow generation using the dig-
ital filter method

A.1 Inflow generation using the digital filter method

The generation of turbulent inflow involves creating a realistic field for a set of vari-

ables q at the inlet of the computational domain. These variables can be decomposed

into a time-averaged q and a fluctuating component q′, as shown in Figure A.1.

q(t) = q + q′(t) (A.1)

In most scenarios, the time-averaged value is known from experimental data, ana-

lytical solutions, or precursor simulations. Synthetic inflow generators are used to

create the fluctuating part q′ in a way that is consistent with the first and second

statistical moments of q. The present method relies on digital filters to transform

+

q q′(t)

Main flow domainDevelopment
section

Figure A.1: Description of the boundaries in the computational domain.

a set of uncorrelated Gaussian random numbers into a field with a desired spatial

and temporal correlation. Following the procedure explained in section 3.2, a 1D

example is shown in Figure A.2. Starting with an uncorrelated signal ϕ, with time

sequence and covariance shown in gray. The uncorrelated signal is then convoluted
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using Equation A.2 with the filter sih to modify its covariance into a decaying

exponential as shown in the orange in Figure A.2.

qi =
N∑

l=−N

sihϕh+l (A.2)
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Figure A.2: Time history and covariance of two signals. The gray line is the original
random signal, and the orange line is the filtered signal.

A.1.1 Inflow generation procedure

An overview of the procedure is provided in Figure A.3. The inflow preprocessing,

done before the main simulation, generates a set of 3D filters that will be used to

produce the inflow planes during the simulation. The input parameters necessary

for the preprocessing are:

• The target Reynolds number for the simulation case.

• The mean flow variables on the inflow plane and the Reynolds stress tensor. If

unavailable, these are obtained through a precursor RANS simulation, as done

in Hao et al. [2022].

• The streamwise length of the inflow plane LI , i.e. its temporal extent. It should

span at least an integral time scale of the simulation.

• An energy cutoff value, controlling the truncation of the filters.
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Figure A.3: Inflow generation preprocessing and simulation flowchart.
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• A length scale function for the approximation of the correlation tensor.

• Optional: A mesh scaling factor to downsize the fluid mesh for the filter

generation. This is useful to reduce the computational cost of the filter

generation.

Details of the remaining preprocessing steps, including estimating the components

of the correlation tensor and decomposing it, are given in the technical paper of

section 3.2. The preprocessing phase produces a set of Nf filters. Looking at

the flow simulation block in Figure A.3, at the start of a flow solver iteration the

inflow surface is being updated. The update process is done by convoluting these

three-dimensional filters with a random number array of dimensions Nf × LI . The

convolution process is illustrated in Figure A.4. The convolution can either be done

prior to the simulation and then the simulation loads the inflow planes directly, or it

can be done on the fly during the simulation. It should be noted that storing directly

the inflow planes is more memory intensive than storing the filters and generating

the inflow planes on the fly. Finally, for compressible simulations, temperature

and pressure fluctuations are also required. Using the strong Reynolds analogy

Cebeci [2012], the velocity and temperature fluctuations are related to the mean

temperature T̄ and the velocity fluctuation u′ through Equation A.3 as done in

Schwartz and Garmann. The pressure fluctuations are assumed to be negligible

compared to the velocity and temperature fluctuations.

T ′ = T̄

cp

u′ (A.3)

During the simulation, a control or feedback plane is defined at the start of the main

flow domain to monitor the inflow quality, dotted red lines in Figure A.1. The inflow

quality is assessed by comparing the mean and fluctuating values of the variables

at the inflow plane with the desired values. There is a feedback loop that adjusts

the filters parameters and the individual velocity components to account for the

dissipation occurring in the development section.
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Figure A.4: Illustration of the convolution operation for the 3D filters fk.



Appendix B Numerical methods for simu-
lating low Mach number flows

B.1 Governing flow equations

The Navier-Stokes equations, which describe the dynamics of unsteady, viscous, and

compressible flows, can be expressed in their conservative form as the following

system of partial differential equations:

∂ρ

∂t
+ ∇ · (ρu) = 0 (B.1)

∂(ρu)
∂t

+ ∇ · (ρu × u) = −∇p + ∇ · τ + ρf (B.2)

∂(ρE)
∂t

+ ∇ · [(ρE + p) u] = ∇ · (u · τ ) + ∇ · (κ∇T ) + ρ (f · u + Q) (B.3)

Where the stress tensor τ and the total energy E are given by:

τ = µ
(
∇u + (∇u)⊤) +

Å
λ − 2

3µ

ã
(∇ · u)I (B.4)

E = e + 1
2 |u|2 (B.5)

u is the velocity vector, ρ is the density, p is the pressure, T is the temperature,

µ is the dynamic viscosity, λ is the second viscosity coefficient, κ is the thermal

conductivity, and Q is the heat source term. The term f represents the body forces

acting on the fluid, such as gravity.

The system of equations is closed by an equation of state, which relates the

pressure, density, and temperature of the fluid. In the present case, the system is

closed with the ideal gas law for compressible flows.
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B.2 Numerical methods for the flow equations

H4X uses a Finite Volume Method (FVM) to solve the Navier-Stokes equations

eqs. (B.1) to (B.3). The method begins by discretising the fluid domain into

contiguous control volumes (cells). For each cell, the N-S equations are integrated

over its volume, converting terms involving spatial derivatives into surface integrals

via the divergence theorem. This step ensures local conservation by balancing fluxes

(e.g., mass, momentum) across the cell’s faces. By preserving conservation laws at

the discrete level, FVM effectively captures complex flow phenomena, making it

robust for compressible simulations, including turbulent multi-physics flows. Further

details on the FVM formulation can be found in Ferziger et al. [2019], Blazek [2015].

The general integral form of the unsteady compressible Navier-Stokes equations

over a domain Ω with outer boundary δΩ is:

∂

∂t

∫
Ω

U dV +
∫

δΩ
Fc(U) · n⃗ dS =

∫
δΩ

Fv(U, ∇U) · n⃗ dS +
∫

Ω
SΩ dV (B.6)

Where:

• U: vector of conserved variables

• Fc: convective (inviscid) flux vector

• Fv: viscous flux vector

• SΩ: optional source terms

Equation B.6 can be summarised into the compact form:

∂Ui

∂t
= Ri(U, ∇U) (B.7)

where Ri is the residual vector representing the net flux imbalance (convective

and viscous) and source terms in cell i.
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B.2.1 Spatial discretisation

The spatial discretisation for the inviscid fluxes used in H4X is third-order accurate.

Third-order accuracy is achieved on a compact stencil by using variable extrapolation.

Consider the following scalar advection equation as an example:

∂u

∂t
+ a

∂u

∂x
= 0, (B.8)

where a is the constant advection velocity.

Using a finite volume discretisation, the semi-discrete equation for cell i is:

dūi

dt
= − 1

∆x

Ä
Fi+ 1

2
− Fi− 1

2

ä
, (B.9)

where ūi is the cell-averaged solution, ∆x is the mesh spacing and Fi± 1
2

are the inter-

face flux.

The numerical flux at the interface is defined as a function of the left and right

states:

Fi+ 1
2

= 1
2 (auL + auR) − ϵ

|a|
2 (uR − uL) , (B.10)

where ϵ is a parameter that determines the amount of numerical diffusion applied.

The reconstructed interface value is done by fitting a quadratic polynomial to the

cell averages of three neighboring cells. The reconstructed value at the interface

is then given by:

uupwind
i± 1

2
= 1

6 (2ūi−1 + 5ūi + 2ūi+1 − 3ūi∓1) , (B.11)

The combination of the flux and the reconstruction gives a third-order accurate

scheme. The exact formulation of the diffusive terms of the inviscid fluxes for low

Mach number flows is available in Hope-Collins and di Mare [2023].

Regarding the viscous fluxes, the gradients required for their computation are

evaluated using the least squares method. This approach ensures improved accuracy

and robustness, particularly on unstructured or highly skewed meshes, by minimising

the error in gradient reconstruction based on surrounding cell values.
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When dealing with the optional source term, it is assumed that the cell value

represents the average value of the control volume. This simplifies the evaluation

of the source term
∫

Ωi

SΩi
dV = SΩi

Vi (B.12)

B.2.2 Temporal discretisation

Advancement in time is carried out using a formally second-order accurate semi-

implicit scheme, with implicit iterations based on a dual-time stepping formulation,

originally proposed by Jameson and Shankaran [2009].

The dual-time stepping method can be derived by starting from the compact form

of the N-S equations (Equation B.7) written for a scalar T :

∂T

∂t
= R(T ) (B.13)

The time integration is performed using the Crank-Nicolson method. This implicit

scheme achieves second-order accuracy by evaluating the residual at the average of the

current and next time steps. Although implicit methods allow for larger time steps

compared to explicit methods, they require the solution of a nonlinear system of equa-

tions at each iteration. The Crank-Nicolson formulation of Equation B.13 is given by:

T n+1 − T n

∆t
= 1

2
(
R(T n+1) + R(T n)

)
(B.14)

Where the superscript n denotes the time level and ∆t is the time step. The dual-time

stepping approach introduces a pseudo-time derivative into Equation B.13 to solve

the nonlinear system. If the system for the pseudo-time τ is driven to a steady

state the solution will be equivalent to Equation B.14.

∂T

∂τ
= R∗(T ) (B.15)

where : R∗(T n) = 1
2
(
R(T n+1) + R(T n)

)
− T n+1 − T n

∆t
(B.16)

The pseudo-time derivative is discretised using an explicit scheme, which does not

require the system Jacobian or a linear solver. This explicit scheme is still subject to
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the CFL limit, but because time-accuracy is not required in the pseudo-time, various

convergence acceleration techniques can be used to extend this limit considerably.

The result is a scheme that allows large physical timesteps on the convective timescale

without the need to directly solve an implicit system. Such a scheme allows the

existing Runge-Kutta scheme implemented in H4X to be used to drive the pseudo-time

convergence. A strong-stability-preserving Runge-Kutta (SSPRK) scheme, which

is stable for large time steps and third-order accuracy, is employed for the pseudo-

time derivative [Gottlieb, 2005]. To further accelerate pseudo-time convergence,

methods such as multigrid techniques, local time stepping, residual smoothing,

implicit relaxation, preconditioning, and residual scaling can be utilised. In this

solver, three specific acceleration techniques are implemented: local time stepping,

residual smoothing, and low Mach number preconditioning. Further details on these

techniques are beyond the scope of this thesis and are available in Hope-Collins [2022].

B.3 Numerical methods for conjugate heat transfer simu-
lations

B.3.1 Spatial discretisation

To solve numerically Equation 2.4, a discretisation method is required in space and

time. In the present work, the spatial discretisation chosen for the solid domain is

based on a finite element formulation.

Starting from Equation 2.4:

ρscp,s
∂T

∂t
= ∂

∂xi

Å
κs

∂T

∂xi

ã
+ Qs (B.17)

In the following developments, the subscript S will be dropped for clarity.

To get the weak form, the continuous equation can be multiplied by an arbitrary

test function N and integrated over the whole solid domain Ωs.

∫
Ωs

Nρcp
∂T

∂t
dV =

∫
Ωs

N
∂

∂xi

Å
κ

∂T

∂xi

ã
+ NQdV (B.18)
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Next, the second derivative of the temperature is transformed using integration by

parts:

∫
Ωs

N
∂

∂xi

Å
κ

∂T

∂xi

ã
dV = −

∫
Ωs

∂N

∂xi

Å
κ

∂T

∂xi

ã
dv +

∫
δΩ

N

Å
κ

∂T

∂xi

ã
dS +

∫
Ωs

NQdV

(B.19)

Invoking a general mixed type boundary condition in Equation B.20, with h(x)

and β(x, t) as coefficients, yields Equation B.21. This general expression is used

to keep the formulation broad and applicable to various boundary condition types:

Robin boundary conditions, Neumann boundary conditions, and radiative boundary

conditions through appropriate specification of the coefficients.

−κ
∂T

∂n
= h(x) (T − Tg(x, t)) + β(x, t) on δΩ (B.20)

∫
Ω

Nρcp
∂T

∂t
dV = −

∫
Ω

∂N

∂xi

Å
κ

∂T

∂xi

ã
dV

−
∫

δΩ
h(x) (T − Tg(x, t)) + β(x, t)dS +

∫
Ω

NQdV (B.21)

Introducing the Galerkin projection, discretising the domain using T ≃ ∑
j Tj(t)Nj(x),

the equation becomes

∑
j

∫
Ω

NiNjρcp
∂Tj

∂t
dV = −

∫
Ω

κ
∂Nj

∂xk

∂Ni

∂xk

TjdV

−
∫

δΩ
h(x) (TjNj − Tg(x, t)) + β(x, t)dS +

∫
Ω

NiQdV

(B.22)

The resulting linear system is symbolically:

M
dT
dt

= −KT + G(t) (B.23)

With M the mass matrix, K the stiffness matrix and G the forcing term.

M : Mij =
∫

Ω
ρcpNiNjdV

K : Kij =
∫

Ω
κ

∂Ni

∂xk

∂Nj

∂xk

dV +
∫

S
hNiNjdS

G : Gi =
∫

Ω
NiQdV +

∫
δΩ

h(x) (TjNj − Tg(x, t)) + β(x, t)dS
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B.3.2 Temporal discretisation

Time integration is carried out using a dual-time stepping scheme, described in

subsection B.2.2. The time integration scheme is based on the Crank-Nicolson

scheme, which has been used for the heat conduction equation in multiple studies

[Henshaw and Chand, 2009, Kazemi-Kamyab et al., 2014b]. The scheme is adapted

to the finite element formulation of the heat conduction equation. Starting from

Equation B.14 written for Equation B.23 :

M
δT
∆t

= −K
2
(
Tn+1 + Tn

)
+ Gn + Gn+1

2 (B.24)

⇔ M
δT
∆t

= −K
Å

Tn + 1
2δT
ã

+ Gn + Gn+1

2 (B.25)

Writing δT = Tn+1 − Tn. Introducing the pseudo-time derivative, the equation be-

comes:

∂T
∂τ

+ M
δT
∆t

= −K
Å

Tn + 1
2δT
ã

+ Gn + Gn+1

2 (B.26)

⇔ ∂T
∂τ

= −
Å

M
∆t

+ K
2

ã
δT − KTn + Gn + Gn+1

2 (B.27)

The pseudo-time derivative is discretised using a first-order Euler scheme and the

residuals are evaluated using a semi-implicit method. Writing the pseudo-time

iterations using the superscript m, the semi-implicit scheme becomes:

δT∗

∆τ
= −

Å
M
∆t

+ K
2

ã∣∣∣∣∣
wn

(δT + δT∗) −
Å

M
∆t

+ K
2

ã∣∣∣∣∣
tg

δT − KTn + Gn + Gn+1

2
(B.28)

Where δT∗ = Tn+1,m+1 − Tn+1,m. The semi-implicit scheme treats the wall-normal

direction wn in an implicit manner, while the tangential directions tg are treated

explicitly. This is done because in most CHT problems, the wall-normal gradients

are expected to be the steepest, treating them implicitely in pseudo-time will enable

the use of larger pseudo-time steps. The systems are solved independently along

each wall-normal line, solving efficiently a tridiagonal system.
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Rewriting gives:

δT∗

∆τ
= −

Å
M
∆t

+ K
2

ã∣∣∣∣∣
wn

(δT∗) −
Å

M
∆t

+ K
2

ã
δT − KTn + Gn + Gn+1

2 (B.29)

⇔
Ç

1/∆τ +
Å

M
∆t

+ K
2

ã∣∣∣∣∣
wn

å
δT∗

∆τ
= −
Å

M
∆t

+ K
2

ã
δT − KTn + Gn + Gn+1

2
(B.30)

With this scheme, both domains are coupled within each inner iteration and the

criterion for both system to have converged to the desired tolerance is enforced.

On top of the intrinsic advantages of a dual-time scheme such as improved stability

or increased efficiency, coming from the use of implicit time integration schemes

while maintaining stability and convergence properties typically associated with

explicit schemes. The dual-time framework is advantageous for unsteady problems

with multiple time scales, such as CHT problems as it allows for the separation

of these scales, enabling each to be resolved appropriately without the need for

excessively small time steps. The time step selection can be based on physical

considerations alone, regardless of numerical stability considerations, as numerical

stability is managed by the pseudo-time integration process.
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