Regularity and uniqueness in the

Calculus of Variations

‘g

.\
Jflomi[m
: NVS
o= ILLV
o2
&

Judith Campos Cordero
St Catherine’s College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy in Mathematics

Trinity 2014






To my mother, to Asaf and, of course,
to the rest of my family,
with a special loving place in my memory

to my grandmother, Rubén, José and Soledad.






Acknowledgements

I would like to express my deepest gratitude to my supervisor, Professor Jan Kristensen, for
his patient and motivating guidance while introducing me to the Calculus of Variations, as
well as for directing me towards and through this project with uncountable useful discussions.
I will always be indebted to him for his support and sound advice concerning not only
mathematical problems. It has been a real privilege to be his student.

In addition, I am most grateful for having been surrounded by such a wonderful research
environment and friendly group of people at the Oxford Centre for Nonlinear PDE (OxPDE).
I would specially like to thank Professor Sir John Ball, Dr. Yves Capdeboscq, Professor
Gui-Qiang Chen and Professor Gregory Seregin, with whom I had the opportunity to discuss
some of the ideas in this project when it still was at its earliest stages. I am also thankful
for interesting discussions and working alongside Dr. Virginia Agostiniani, Dr. Giovanni S.
Alberti, Tobias Barker, Stephen Bedford, Dr. Laura Caravenna, Dr. Chuei Yee Chen, Franz
Gmeineder, Dr. Heikki Hakkarainen, Dr. Michael Helmers, Christopher Hopper, Thomas
Hudson, Dr. Konstantinos Koumatos, Siran Li, Anton Muehlemann, Professor Barbara
Niethammer, H.C. Pang, Dr. Filip Rindler, Dr. Angkana Riiland, Dr. Parth Soneji, David
Striitt, Jamie Taylor, Michaela Vollmer, Dr. Qian Wang and Dr. Mark Wilkinson. The
help and support from Somthawin Carter, Monica Finlayson, Michaela Hicks and Jonathan
Whyman have been present every day and I would also like to thank them for contributing
to making of OxPDE such a pleasant working environment.

A fundamental part during the course of my DPhil were the mathematics that I learned
from Professor Nils Ackermann, Dr. Gabriela Campero, Professor Monica Clapp and Professor
Javier Pdez during my undergraduate studies at the National Autonomous University of
Mexico. I sincerely extend my gratitude to them for their constant support, that has been
equally present during my DPhil studies.

I would like to additionally thank Professor Bernd Schmidt and Professor Lisa Beck for
inviting me to continue doing my research at the University of Augsburg and for making me
feel welcome even before starting my postdoctoral position at this institution.

I am also grateful to the Mexican Council for Science and Technology (CONACyT) and
the Schlumberger Foundation for their financial support to sponsor my DPhil studies. In

addition, I hereby appreciate the Light Senior Scholarship granted by St. Catherine’s College.



I will always be thankful for having had such a wonderful time in Oxford, also from
the personal point of view. It has been particularly important for me to be able to share
this experience with Midori Amano, Alejandro Betancourt, Dr. Karolina Bujok, Dr. Laura
Caravenna, Dr. Chuei Yee Chen, Somthawin Carter, Daniela Franco, Alexandro Heiblum,
Thomas Hudson, Dr. Konstantinos Koumatos, José Luis Ramirez, Citlali Solis, Dr. Parth
Soneji, Dr. Tohru Seraku, Dr. Angkana Riiland, Dr. Amrit Virk, Michaela Vollmer and
Dr. Sebastian Vollmer. I also thank Noriko Amano, Marduk Bolafios, Fernando Luege,
Alejandro Rojas and Patricia Velez for their support and for staying in touch.

It is also my pleasure to extend my gratitude to Katya, Amilcar and Alan for taking me
as part of their family and for the new places that we have discovered together.

My earliest memories would not have been so full of smiles and laughter if my uncles
Rubén and José, my aunt Soledad and my grandmother Soledad had not always been close
to me. I learned from them more than I was ever able to say. This thesis has been written
in their loving memory.

The love and support of my family have been the driving force that enabled me to begin
and successfully conclude this project. I would like to express my most sincere gratitude to
my aunts Rosa Maria, Margarita and Leticia, my cousins Raymundo, Aarén David, Daniel,
Judith, Rosa Maria, Ernesto, Oliver and Rubén for being always close to me, despite the
distance, and for staying close to my mother.

I would like to express my deepest admiration and my love beyond measure to my mother.
It is clear for me that, the most important lessons in life, I have learned them from her. I am
thankful for her wisdom, her untiring encouragement and for reminding me to enjoy every
day whenever I have needed it. Without a doubt, I owe everything I am to her.

Last, but not least, I want to thank Asaf for walking by my side along all our journeys
and for holding my hand in both the rainy and the sunny days. I could not have asked for a
better companion for this adventure and for the infinite love that he shows to me every day.
I am grateful for how much I keep learning from him and for being able to share life with the

kindest soul I have ever met.



Abstract

This thesis is about regularity and uniqueness of minimizers of integral functionals of the

form

§(w) = [ F(Vul@)do.

Q
where F' € C?(RN*") is a strongly quasiconvex integrand with p-growth, Q C R™ is an open
bounded domain and u € W;’p (2, RY) for some boundary datum g € C(Q,RY).

The first contribution of this work is a full regularity result, up to the boundary, for
global minimizers of § provided that the boundary condition ¢ satisfies that ||Vg||L»r < € for
some € > 0 depending only on n, N, the parameters given by the strong quasiconvexity and
p-growth conditions and, most importantly, on an arbitrary but fixed constant M > 0 for
which we require that ||Vgl|loo < M. Furthermore, when the domain (2 is star-shaped, we
extend the regularity result to the case of W!P-local minimizers.

On the other hand, for the case of global minimizers we exploit the compactness provided
by the aforementioned regularity result to establish the main contribution of this thesis: we
prove that, under essentially the same smallness assumptions over the boundary condition
g that we mentioned above, the minimizer of § in Wé’p is unique. This result appears in
contrast to the non-uniqueness examples previously given by Spadaro [Spa09], for which the
boundary conditions are required to be suitably large.

Another contribution of this work is a new proof that we provide for the sufficiency result
for strong local minima, established previously by Grabovsky and Mengesha. As in [GMO09],
we consider a set of admissible functions in which part of the boundary is allowed to be free
and we assume strong quasiconvexity at the free boundary. In addition to the new proof,
in the case of full Dirichlet boundary conditions and when p = 2, we remove one of the
coercivity conditions imposed in [GMO09]. The result states that, under the standard strong
quasiconvexity and p-growth assumptions on the integrand, C'!' extremals at which the second
variation is strongly positive are LP-local minimizers.

In connection with this, we also provide a further full (interior) regularity result for
Lipschitz solutions of the weak Euler-Lagrange equation at which the second variation is

strongly positive, provided their derivative is of vanishing mean oscillation.
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Introduction

One of the forces by which Mathematics is driven is our interest to describe and understand
what we observe from nature. This work focuses on the fundamental problems of regularity
and uniqueness of minimizers of quasiconvex integral functionals. We work in the framework

of functionals of the form

§(u) = / F(Vu(z) dz,

Q

defined for suitable Sobolev mappings u € WP (€, RY), where Q is a bounded open subset
of R™ and, in general, n, N > 1 and 1 < p < oo. The results that we present here, however,
concern mainly the case p > 2. Classical examples of such integrals include the Dirichlet
integral, the minimal surface integral and stored-energy functions for hyper-elastic materials.
In the particular context of elasticity, the importance of minimizers relies on the second law
of thermodynamics, according to which every body shall deform in search of equilibria, at
which the potential energy is minimal.

The main results of this thesis establish that, under suitable assumptions on the integrand
F', the minimizers of § that satisfy certain small Dirichlet boundary conditions are smooth
and, furthermore, they are unique. This provides positive answers, in this particular situation,
to long-standing questions in the Calculus of Variations [Bal02]. In addition, in this work we
also discuss the fundamental problem of finding sufficient conditions to guarantee that weak
solutions of the Euler-Lagrange equation are strong local minimizers of the corresponding
integral functional. In this spirit, we have developed a new proof for an outstanding sufficiency
result already present in the literature [GMO09]. With this, we aim at obtaining stronger

versions of this result and we further discuss some of its possible extensions.



ii INTRODUCTION

As we shall see along this work, the subjects of existence, regularity and uniqueness in the
Calculus of Variations are intrinsically related to each other. In particular, the assumptions
on the integrand F' required to ensure existence of minimizers play also an essential role to
establish regularity and, in the particular context of this thesis, having regularity of solutions
to variational problems is a core ingredient while obtaining uniqueness. Furthermore, as we
will discuss in depth in Chapter 2, the regularity of solutions to the weak Euler-Lagrange
equation is also a key ingredient in finding a suitable set of sufficient conditions for strong
local minimizers.

On the other hand, despite the non-linear character of the problems that we address
here, our results rely strongly on the classical regularity theory for linear systems of partial
differential equations. In addition, regarding uniqueness, a key ingredient for us has been
the fundamental theory of Fredholm operators. We find in this a reminder of the way in
which Mathematics most often evolves: by building upon the solid structure that has been
constructed by other mathematicians for centuries and that, luckily for us, has been rigorously
consolidated over the last hundred years. The references to the literature that we often quote
in this thesis are an essential part of it, since most developments in Mathematics can only be
achieved after understanding the background and by assuming our role in the construction

of the spiral of knowledge.

In the spirit of taking a glimpse at the historical context that lies behind this thesis, we
recall that references to what is now called Calculus of Variations can already be found in
Virgil’s legendary Aeneid poem from 29-19 B.C. He portrays princess Dido’s mathematical
skills, describing how she acquired a big portion of land, where the city of Carthage was
founded, by using her intuitive knowledge that, among all the planar regions sharing a fixed
perimeter, the circle is the one enclosing the largest area. The mathematical problem behind
this is related to the isoperimetric problems studied by the school of Pappus in ancient Greece.

Modern Calculus of Variations goes back to the 17" century, with questions formulated
by Fermat, in the area of geometrical optics; Newton, concerning bodies moving in fluids,
and Galileo, who posed the seminal problem of the brachistochrone: to find the shape of the
path, joining two points in space, along which a particle will slide down the fastest under the
effects of gravity and without friction. This problem was solved by Johann Bernoulli in 1696

and, soon after, also by his brother Jakob, L’Hospital, Leibniz and Newton [Bal98, Dac04].
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A fundamental step in the development of the Calculus of Variations was taken in the 18"

century when Euler and Lagrange derived a systematic method of approaching variational
problems by establishing the Euler-Lagrange equations. As a result of his work with Lagrange,
it was Euler who gave the name of Calculus of Variations to this field of Mathematics. In
Section 1.5 of this work we discuss the way in which the Euler-Lagrange equations provide a
necessary condition for a function to be a minimizer.

On the other hand, Riemann reformulated the problem of finding solutions to the Laplace
equation Au = 0, constrained to Dirichlet boundary conditions, by approaching it from
the point of view of minimizing the Dirichlet integral, which turned out to be equivalent
to solving the partial differential equation. While trying to solve variational problems like
this, for many years the direct method was implemented by assuming that, if a variational
functional is bounded below, then it should attain its minimum value. However, in 1895
Weierstrass provided an example showing that this was not necessarily the case: letting
A:={ue C'-1,1]: u(-1) = —1 and u(1) = 1}, it is not difficult to see that the functional
5: A — R given by

) = / ()] d

-1
is such that ir}lfg = 0, but there cannot be a function u € A such that §(u) = 0.

In 1900 Hilbert successfully proved the existence of minimizers for the Dirichlet integral
[Hil04]. Soon after, and exploiting the newly developed Lebesgue integral, Tonelli established
the concept of semicontinuity, which is the underlying idea behind the application of the direct
method and not the continuity of the functional, as was originally thought.

Also in 1900 Hilbert presented, at the International Conference of Mathematicians in
Paris, a list of twenty-three problems that he considered significant for the progress of
Mathematics in the 20" century. The 19, 20t and 234 of these problems were devoted to
the Calculus of Variations and it is the 19" of them that can be seen as the forerunner of
the regularity theory. It asks whether the solutions to regular problems in the Calculus of
Variations are always necessarily analytic [Hil02].

By independent means, de Giorgi and Nash solved the problem affirmatively for the scalar
case, i.e., when the admissible functions are real valued (see [DG57, Nas58|). More precisely,
they proved the Holder continuity of solutions to elliptic differential equations in divergence

form. The application to the minima of functionals is straightforward, since they all satisfy the
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(weak) Euler-Lagrange equation. The ellipticity condition assumed by de Giorgi translates
into the convexity of the integrand involved in the functional. On the other hand, the de
Giorgi-Nash theorem was later extended in various contexts. In particular, Ladyzhenskaya

9th problem in the scalar case [LU68].

and Ural’ceva used their result to settle Hilbert’s 1
Soon after, it was de Giorgi himself who proved that his regularity theorem does not
extend to the vectorial case, by constructing a linear elliptic system with bounded measurable
coefficients and whose solutions are discontinuous [DG68]. Giusti and Miranda [GM68]
extended this example to non-linear systems with regular coefficients and to minimizers of
functionals. Similar examples were found by Maz’ya about at the same time [Maz68].

Simultaneously, and by adapting the ideas of de Giorgi [DG61], Federer [Fed69] and
Almgren [Alm68] in the study of minimal surfaces, Morrey was able to show that weak
solutions of non-linear elliptic systems are regular outside a subset of Lebesgue measure zero
of their domain. With this, he established the fundamental concept of partial regularity,
which appeared as a reinterpretation of his paper Partial reqularity results for non-linear
elliptic systems [Mor68]. This notion still lies at the heart of the regularity theory.

In 1975, Necas gave an example of a regular variational problem in high dimensions that
admits a non-differentiable Lipschitz map as a solution [Nec¢77]. This made it clear that we
cannot expect to have full regularity in the general multidimensional case. In fact, Sverak
and Yan established that minimizers can be non-Lipschitz and even unbounded [SY02]. In
1986, Evans proved [Eva86] that quasiconvexity, a concept introduced by Morrey in 1952 in
connection with his work on sequential weak lower semicontinuity and generalizing the notion
of convexity [Mor52], is also (in a suitable strict form) closely related to the partial regularity
of minimizers.

Many improvements of Evans’ result were developed, for example, by Acerbi-Fusco [AF87,
AF89a|, Evans-Gariepy [EG87], Fusco-Hutchinson [FH85] and Giaquinta-Modica [GMS86]. In
2003, Kristensen and Taheri extended the partial regularity results, available for absolute
minimizers, to the case of certain local minimizers of integral functionals [KT03].

In contrast to all these regularity results, Miiller and Sverdk constructed remarkable
examples of Lipschitz solutions to the weak FEuler-Lagrange equation with strongly
quasiconvex integrands, such that they are nowhere C! [MSO?)]. Then, Kristensen and Taheri

modified the Miiller-Sverdk example to establish that it is possible to construct a strongly



quasiconvex integrand with strictly positive second variation, such that the corresponding
weak Euler-Lagrange equation admits Lipschitz solutions that are nowhere C! [KT03].
Furthermore, Székelyhidi extended further this new example by Kristensen-Taheri to the
case of polyconvex integrands [Szé04]. These results imply that the partial regularity that
both global and local minimizers satisfy is inherent to their nature as minimizers and cannot
be deduced solely from the fact that they satisfy the weak Euler-Lagrange equation.

In this brief review of the history of the Calculus of Variations, it stands out that
there has been a vibrant and renewed interest in the area since the second half of the 20"
century. This was partly motivated by problems arising in non-linear elasticity theory and the
subject remains very fertile with many questions still waiting for an answer. In addition, the
motivation of solving variational problems related to the deformations applied to an elastic

body in space is one of the reasons why the vectorial case, in which n, N > 1, becomes

particularly relevant in this scenario [Bal98, Bal02].

The framework in which we address the subjects of regularity and uniqueness of minimizers
in this work is under the natural assumptions of strong quasiconvexity and polynomial growth
of the smooth integrand. These conditions are natural in the sense that they guarantee the
existence of minimizers by the direct method. In Chapter 1 we set the general assumptions
on the integrands that are considered throughout the rest of the thesis and we motivate each
one of them, including the way in which they enable us to apply the direct method and
how the Euler-Lagrange equation is rigorously derived under these hypotheses. In addition,
we state other notions of convexity relevant in the Calculus of Variations and we further
discuss them for the particular case of quadratic functions. These are of special interest on
their own and, for the purposes of this work, essential while using Taylor Approximation
Theorem for the non-linear problems that are our subject of study. Finally, we devote the
last section of Chapter 1 to discuss the notion of smooth domains in space. The need to
work with sufficiently regular domains comes not only from the frequent use of the Sobolev
Embedding Theorem that we make, but in particular for the results concerning regularity up
to the boundary in the subsequent chapters.

The second chapter of this work is related to the problem of finding sufficient conditions for
a function to be a strong local minimizer. The examples of Miiller-Sversk, Kristensen-Taheri

and Székelyhidi show that there can be solutions to the weak Euler-Lagrange equation that
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are not regular on any open subset of their domain, while Evans’ and Kristensen-Taheri’s
regularity results show that minimizers should be partially regular. It is then a natural
goal to understand when is it that the solutions of the Euler-Lagrange equation furnish
minimizers of the given functional. A full answer to this question for the scalar case was
established by Weierstrass in the 19*" century. By then, it was clear that it is essential
to consider the possibility of the existence of multiple local minimizers that are not global
minimizers. Weierstrass realized the significance of giving possibly different norms to the
space of admissible functions, in order to determine whether a given function minimizes a
variational problem in a local sense. This also gave rise to the two different notions of weak
and strong local minimizers. He established a fundamental set of sufficient conditions for
a smooth extremal to be a local minimizer in the case of one single independent variable.
His work was then generalized by Hestenes, in 1948, for the case of one dependent variable
[Hes48].

Many years had to pass before the question of finding sufficient conditions for local
minimizers (in a strong sense), could find a solution in the vectorial case. Motivated by
problems from non-linear elasticity, Ball posed this fundamental question. He conjectured
that the natural generalization of Weierstrass’ conditions had to be based on quasiconvexity
notions, that had already been proven to be also necessary for the existence of minimizers
(see [Bal98, Section 6.2] and [BM84a]).

Taheri used Hestenes’ method to deal with the problem of L"-local minima, remarking
that the results hold in the vectorial case as well under the assumption that the integrand is
convex [Tah01]. In 2008, Y. Grabovsky and T. Mengesha fully settled the conjecture of Ball
that strong quasiconvexity and strong positivity of the second variation are sufficient for a
C' solution of the weak Euler-Lagrange equation to be a strong local minimizer.

In Chapter 2 of this work we present a new proof of Grabovsky-Mengesha’s theorem,
stated here as Theorem 55. The motivation behind providing this new approach is to simplify
the proof with the aim of relaxing the a priori regularity assumptions made on the potential
local minimizer. The proof that we give here consists essentially of appropriately exploiting a
result by K. Zhang [Zha92|, according to which smooth solutions of the weak Euler-Lagrange
equation minimize the functional locally in the domain. On the other hand, this new proof

of the sufficiency theorem allows us to remove some coercivity conditions imposed on the
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integrand, at least for the quadratic case and while assuming Dirichlet boundary conditions.

In connection with the a priori regularity assumption on the extremal imposed in
Grabovsky-Mengesha’s sufficiency result, and recalling that both global and strong local
minimizers (in the sense considered in [KT03]) are known to be only partially regular, a
natural question is whether it is possible to relax the regularity assumption on the extremal
so that the strong positivity of the second variation and the standard growth and strong
quasiconvexity hypotheses over the smooth integrand, still ensure that the extremal is a
strong local minimizer. We have already mentioned that the examples given by Miiller &
Sverak, Kristensen & Taheri and Székelyhidi make it clear that Lipschitz continuity of the
extremal is not enough. On the other hand, it is also an important and natural question
under what conditions we can guarantee full regularity (up to the boundary) as required in
Grabovsky-Mengesha’s theorem. Motivated by these questions, in Chapter 3 of this work
we establish a full (interior) regularity result for Lipschitz extremals at which the second
variation is strongly positive, provided their derivative is of class VMO, meaning that its
mean oscillations converge to zero uniformly in the space.

Chapter 3 appears then in deep connection with the issue of regularity of minimizers.
In a similar spirit, an important question is that of knowing when we can ensure full
regularity for the minimizers of integral functionals under the standard assumptions of strong
quasiconvexity and polynomial growth.

In Chapter 4 we establish that global minimizers are smooth up to the boundary if
we assume Dirichlet boundary conditions that are small in their W' norm, where p > 2.
The precise statement corresponds to Theorem 76. This is related to the work of Zhang
[Zha91], where he gives hypotheses, different from the ones considered here, under which the
smooth solution to the Euler-Lagrange equations, given by the Implicit Function Theorem,
coincides with the global minimizer obtained by the direct method. There, the derivative of
the boundary condition is also assumed to be small but in the more restrictive sense of C*
(see also [Val88, Theorem 7.1]). The regularity result given in Theorem 76 is one of the main
contributions of this work. We emphasize that the results in this chapter are obtained without
imposing any conditions on the higher order derivatives of the boundary conditions or on the

second variation.! Furthermore, the regularity proof is obtained via a direct argument, hence

!See [Zha92].
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providing precise estimates for the Holder coefficients of the minimizers, which turn out to
have powerful consequences regarding their uniqueness.

In addition, in Theorem 84 we also obtain a full regularity result, up to the boundary, for
W1P-local minimizers where the boundary condition is small in the W sense and the domain
is smooth and star-shaped. The idea behind the full regularity result for local minimizers is
mainly to reduce the problem to the case of global minimizers. However, in order to achieve
this, we also have to obtain some energy estimates for local minimizers that are new in the
literature and that we introduce here in Proposition 81. These estimates were inspired by
those obtained by Taheri in [Tah03, Proposition 2.1].

In the context of elasticity theory, the hypothesis of having small boundary conditions
to ensure full regularity of the state of minimum energy is consistent with what we would
expect from a real object being subject to a small deformation, which is that no fractures or
defects of any kind would arise.

With the same physical motivation, in Chapter 5 we approach another fundamental
question regarding uniqueness of minimizers in the Calculus of Variations. As discussed by
Ball [Bal02, Section 2.6], for mixed boundary value problems of elasticity (where part of the
boundary is allowed to move freely) it is expected to have non-uniqueness of the equilibrium
solutions. An intuitively clear example is related to the buckling of rods, plates and shells.

Knops and Stuart gave an elegant proof to establish uniqueness of smooth stationary
points? for the case when the boundary conditions are linear and the domain is star-shaped
[KS84]. Taheri generalized these results by removing the regularity assumption on the
deformation [TahOl]. In contrast, Spadaro gave a negative answer to the question of
uniqueness posed by Ball [Bal02, Problem 8] and constructed a remarkable example of a
strongly polyconvex integrand that admits at least two minimizers [Spa09].

Chapter 5 of this work begins with a brief discussion of Spadaro’s example and then it
is devoted to establishing a positive uniqueness result for global minimizers. This comes in
compliance with the full regularity result obtained in Chapter 4 and it is also motivated by
the fact that under small displacements of the boundary, the deformations should not behave
too differently from the case where there is no displacement at all, for which the unique

minimizer is the null function. The exact statement corresponds to Theorem 103. We expect

2See Definition 82
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this result, and the technique used to prove it, to open the door to more general uniqueness
results in the Calculus of Variations.

In this context we remark that, unless otherwise stated, all the results that appear in
Chapters 4 and 5 were developed by the author of this thesis in collaboration with Jan
Kristensen and they are part of a more ambitious project, currently in progress. Additionally,
the results and proofs that appear in Chapters 2 and 3 were developed by the author of this
work, with the exception of those preliminary statements and proofs that we include to make
the text more self-contained. However, a precise reference to the corresponding literature has
been given in all these cases.

At the end of this thesis we include five appendices. The first one is devoted to fix some
of the standard notation used in the thesis. In Appendices B and C we compile, respectively,
the standard results and notation from function spaces and theory of linear operators that we
use throughout the rest of the text. The last two appendices are aimed at stating technical
results used within the regularity proofs. In Appendix D we show how to construct moduli
of continuity with specific properties that we often make use of. In Appendix E we define
the auxiliary function V and we encompass here the notation and properties necessary to
handle the polynomial non-quadratic growth of the integrands. The results compiled in the
appendices, as well as in Chapter 1 of this work, comprise standard tools in the Calculus
of Variations and we have included them here for convenience of the reader, specifying the
corresponding references to the existent literature.

This work is written at a stage of Mathematics in which the Calculus of Variations is still
a very fertile field and there are numerous questions waiting for answers regarding regularity,
uniqueness and even existence of minimizers for certain integral functionals trying to model,
for example, interpenetration of matter [Bal02, Problem 1]. We expect that the estimates
obtained and the techniques used here can be applied to other problems related to the three
main questions that we address here regarding sufficient conditions for strong local minima,
regularity and uniqueness in the Calculus of Variations. Some of these improvements include,
of course, higher regularity of minimizers using Schauder estimates, as well as to gain some
control on the level of non-uniqueness that can arise from allowing, for example, mixed

boundary conditions.






Chapter 1

Some elements of the Calculus of Variations

A fundamental problem in the Calculus of Variations concerns multiple integrals of the form

§(u) = /F(Vu(x))dx, (1.1)
Q

where u: Q — RY lies in a suitable set of Sobolev mappings and  C R™ is an open and
bounded domain. Here, Vu(z) denotes the Jacobi matrix consisting of the weak partial
derivatives of u evaluated at x and arranged in the usual way as an N X n matrix. In
addition, the integrand F' is a smooth function to which we will shortly impose more precise
restrictions. Typical examples of such integrals include the Dirichlet integral, the minimal
surface integral and stored energy functions for hyper-elastic materials, although only the
former fits into the framework considered in this work. See, for example, [Bal77] and [Dac08].
The answers to the questions of existence, regularity and uniqueness of minimizers of the
functional § naturally depend on the choice of admissible functions and on the properties of
the integrand F. In this context, we now introduce the general framework in which most of
the results of this work are presented. The rest of this chapter is devoted to motivate each
of the assumptions that we now introduce and to give a brief summary of the main tools of

the Calculus of Variations that are consistently used later on.
Throughout this work, we consider variational problems for which the set of admissible

solutions is contained in the Sobolev space WP (Q, R™) for some 1 < p < co.
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In Chapter 3, we will actually assume that the admissible functions are in W (€, RV).
However, in Chapters 2, 4 and 5, we restrict ourselves to the case p € [2,00). The subquadratic
case, in which p € (1,2), has been broadly studied, for example, in [AF89b], [Becll] and
[CFM98]. We remark, however, that the new results presented in Chapters 2, 4 and 5 of this
work are still not known to hold for p € (1,2).

Regarding the integrand, we assume that F: RV*" — R is such that:
(HO) F € C?(RN*n);

(H1) F has polynomial p-growth, i.e., for some fixed p € (1, 00) there exists a constant ¢; > 0

such that, for every z € RVX" |F(z)| < ¢1(1 + |2[P) and

(H2) F is strongly p-quasiconvex, meaning that there is co > 0 such that, for every z € RV*"?

and every ¢ € W(l)’OO(Q,RN), it holds that

@/]V(ch)]zdx < /(F(z + V) — F(z)) dz,
Q Q

where the function V: RV*" — RNX" is given by

V(z) = (1+]2)"7 2. (1.2)

For the case p € [2,00), the function V is such that |V|? is bounded above and below by
scalar multiples of | - |2 + | - [P. We will use very often this property throughout this text.
However, it is worth mentioning that, if p € (1,2), the notion of strong quasiconvexity is still
defined as in (H2), and it is particularly important to define it in that way. In Appendix E we
state precisely all the properties of V' and, to maintain generality, we emphasize there what
are the differences and the common features between the V function defined for p € (1,2)
and p > 2, respectively.

On the other hand, the main reason behind assuming (HO) is that we approach the
non-linear problem of proving regularity for minimizers of §, which is non-linear, by
approximating F' by its second order Taylor polynomial. This way, we can make use of
the good regularity properties that are already known for solutions to linear elliptic systems
of equations. As we shall see in Section 1.4, (H1)-(H2) provide F' with a mean-coercivity

property. This sets a suitable scenario to obtain existence of minimizers and, as we establish
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in the subsequent chapters, regularity and also uniqueness in some particular situations. The

importance of (H1) and (H2) will become evident during this chapter.

1.1 The Direct Method in the Calculus of Variations

For the purposes of this work, we shall mainly be interested in studying the minimizers of
§ lying in the admissible set of functions A := Wi (Q,RY), with ug € WLP(Q, RY) a given
function. This means that the minimizers will be constrained by the condition that u = wug
on 0N in the sense that u — ug € Wé’p.l

Under these conditions, the subject of existence of minimizers can be formulated in terms

of looking for a function @ € Wo* (€2, RY) such that
F@) =m:=inf {F(u) :u € Wig’ (Q,RN)} : (1.3)

The existence of minimizers in such a space can be obtained if we have that the functional
§ is coercive and sequentially weakly lower semicontinuous, meaning that, whenever

uj — u in WHP(Q,RY) with 1 < p < oo, we have

§(n) < liminf §(u,) (1.4)
When p = 0o, we require that § is sequentially weakly* lower semicontinuous, i.e., such
that (1.4) holds whenever u; - u in W (Q,RV).
Assuming that the infimum m is a real number, the Direct Method consists in finding
a minimizing sequence (uj), with u; € A, such that §(u;) — m. Then, if such sequence is
bounded in WHP(Q, RY), we extract a weakly convergent subsequence, for convenience not
relabelled, and a function @ such that u; — @ in WaP(Q,RN). The fact that @ € WP (Q,RN)
follows from Mazur’s Lemma, thanks to which we can ensure that the weak closure of a
convex subset of a Banach space is equal to its strong closure. The importance of § being
lower semicontinuous is now evident, since it enables us to conclude that

m < F(u) < liminf §(uj) =m

j—00

'The results in Chapter 2 will be established for a more general class of admissible functions, allowing part
of the boundary to be free. The terminology will be specified in the relevant context.
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or, in other words, that @ is a minimizer. By convexity of the mapping z — |z|P, a sufficient
condition to ensure that m > —oo is to assume pointwise coercivity in the sense that, for
some a € R and some b > 0,

a+blzlP < F(z2) (1.5)

for every z € RV*". This implies, in particular, that § is bounded below on W}L’g)(ﬂ, RM).
Furthermore, the coercivity condition (1.5) guarantees that, if (u;) is a minimizing sequence
in W2, then (Vu,;) is bounded in LP. Whereby, since (u; — ug) € Wi (€, RY), by Poincaré

inequality we have that, for some constant ¢ > 0,
/]uj —ug|Pdz < C/\Vuj — VP dz
Q Q

and, therefore, (u;) is bounded in WLP(Q, RN ). Hence, in order to apply the aforementioned
direct method to obtain existence of minimizers, we are only left to ensure that m < oco. This
can be easily achieved, for example, by requiring that §F(v) < oo for some v € Wi’f(Q, RM).

In particular, it is also implied by the imposed growth condition
F(z) <clz]P +d (1.6)

for some constants ¢, d > 0.

The weak lower semicontinuity of § clearly plays a central role in establishing existence
of minimizers. It turns out that this property is deeply linked to the quasiconvexity of the
integrand F' and, more precisely, to assumption (H2). This fact has lead to a vast investigation
in convex analysis within the context of the Calculus of Variations and we give a brief overview

of it in the following section.

1.2 Weak lower semicontinuity and quasiconvexity

While working on a Lipschitz domain, it can be shown that a sufficient condition for the
functional § to have a minimum is the convexity of the integrand F.? Fortunately, this is

far from being a necessary restriction in the vectorial case, i.e., when n > 1 or N > 1. The

2See Theorem 3.30 in [Dac08].
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following result, due essentially to Morrey, aims at stating this.?

Theorem 1 Let Q be an open set, F: RN*" — R a continuous function and let

§(u) == /F(Vu) dz
Q
for u: Q@ — RN, Furthermore, assume that there is ug € WH(Q,RY) such that F(ug) < oc.

If § is sequentially weak* lower semicontinuous in WH°(Q,RYN), then
1
P& < o [ Fléo+ Vo) o
D

for every p € Wé’oo(D, RM), every & € RVN*™ and for every open and bounded set D C R™.

We refer the reader to [Dac08, Lemma 3.18, Theorem 8.1] for a proof of this result. Given
such necessary condition to ensure lower semicontinuity, the following concept introduced by

Morrey becomes one of the pillars in the study of minimizers in the Calculus of Variations.

Definition 2 Let F: RVX" — R be a locally bounded and Borel measurable function. We

say that I is quasiconvex at & € RN*™ if and only if
1
Fi&0) < o5 [ Fleo+ Vo) da (1.7)
D

for every ¢ € Wé’oo(D, RN) and for every open and bounded set D C R™ with £L*(OD) = 0.
In addition, we say that F' is quasiconvex if and only if it is quasiconver at & for every

50 c RNXn'

We emphasize that condition (H2) means, in particular, that we shall assume F to be
quasiconvex. However, the statement in (H2) is stronger and we will discuss the reason
for this in the following section.

In addition, observe that the definition of quasiconvexity states that an integrand F' is
quasiconvex if and only if every affine function, say a: R® — RY, minimizes the functional
§ on the Sobolev space W™ (D, RN) with D C R" open, bounded and such that £*(8D) =

0. We also remark that it is equivalent for a function F' to be quasiconvex in the sense

3See [Mor52] and [Mor66].
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of Definition 2, than to say that inequality (1.7) holds for every & € RN*X" and every
(VIS W(l)’OO(B,RN) in the particular case in which D = B. See [Dac08, Proposition 5.11].
This fact will be constantly used throughout the rest of this text.

On the other hand, under suitable growth and coercivity conditions, quasiconvexity can
also be shown to be a sufficient condition for weak lower semicontinuity in W (Q, RY) (or
sequential weak* lower semicontinuity if p = oco). This was established by Morrey [Mor52]
and remarkable generalizations were later achieved by Meyers [Mey65], Acerbi-Fusco [AF84]
and Marcellini [Mar85]. We remark that, for the case 1 < p < oo, the growth conditions
required to prove that quasiconvexity implies weak lower semicontinuity in W' are that, for

some constant ¢ > 0 and some 1 < g < p,
—c(1+[2]7) < F(z) < e(1+[2]").

Furthermore, this condition is optimal in the sense that we cannot reduce it, in general, to
assume that [F(z)| < ¢(1 + |2|P). An example for this is due to Tartar and it consists in
considering the quasiconvex (actually polyaffine)* function F(z) = det z for n = N = p = 2.
See [Dac08, Example 8.6].

On the other hand, under Dirichlet boundary conditions, say ug € WUP(Q,RN),
quasiconvex integrands satisfying |F(z)| < ¢(1+]z[P), corresponding to assumption (H1), can
also be shown to be weakly lower semicontinuous in Wi’f, so that this scenario constitutes
a natural context in which we can expect to obtain existence of minimizers. More precisely,

we have the following.

Theorem 3 Let Q be an open set, F: RNX" — R a continuous function satisfying the growth

condition (H1) for some p € (1,00) and take ug € W'P(Q,RN). Let

F(u) == /F(Vu) dz

Q

for u: Q — RN. Then, if

1
F(&) < ’méF(goJerO)dx

for every ¢ € W(l)’p(B,RN) and every & € RN*" then § is sequentially weakly lower

4See Definition 6.
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. . . 1
semicontinuous in Wyr (2, RY).

We remark here that, since we are no longer assuming pointwise coercivity, we need to impose
a further condition to ensure that the infimum m is finite. This is where the stronger version
of quasiconvexity, namely (H2), comes into play. We shall discuss this in Section 1.4.

In compliance with this, we now recall the following important fact about quasiconvex

functions with polynomial growth. We will often use this result in the rest of the text.

Proposition 4 Let F: RN*" — R be a continuous function satisfying the growth condition

(H1), i.e., that there is a constant ¢ > 0 such that
[F(2)] < e(1+[2]7)

for some p € (1,00) and every z € RNVX™,

Then, F is quasiconvex (in the sense of Definition 2) if and only if
1
F&0) < o [ Flto+ Vo) da
D

holds for every ¢ € Wé’p(D,RN) and for every open and bounded set D C R™ with

LM(dD) = 0.

This result was first established by Ball & Murat [BM84b, Proposition 2.4]. In order to
prove it, we use the fact that W(l)’oo(Q,RN ) C W(l)’p (Q,RM) to show that quasiconvexity
is a necessary condition for (4) to hold and, for the reverse implication, we invoke Vitali’s
Convergence Theorem, together with an approximation argument. We refer the reader to
[Son14] for further results concerning growth conditions and quasiconvexity.

We now use the following section to introduce some further definitions related to convexity.

1.3 Other notions of convexity

The importance of quasiconvex functions has been made clear given the equivalence of the
quasiconvexity of the integrand with the lower semicontinuity of the functional §. However,
since this notion is not defined pointwise, it is often hard to verify whether a given function

F is quasiconvex.? In this context, it is useful to consider a slightly weaker condition, called

5See also [Kri99)].
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rank one convexity, and a particular case of it, namely separate converity. In addition, we
introduce the concept of polyconvexity, which is stronger than quasiconvexity and is satisfied

by many of the integrands coming from problems motivated by elasticity theory.

Definition 5 Let F': RF — R U {o0}. We say that F is separately convex if and only if,

letting x = (1, 2, ..., k), the function

T; —r F(:L‘l, vy Li— 1, Ljy Tia1, ,:L‘k)

iz convex for every fived vector (x1, ..., i1, Tit1, ..., ) € RFL,

Definition 6 Let F': RVX" — RU {o0}.

(i) We say that F is rank one convex if and only if

FE+ (1= X)n) SAFE) + (1= A)F(n)

for every X\ € [0,1] and for every &,m € RVN*" such that rank{¢ —n} < 1.

(i1) Let T'(§) denote the vector whose entries are all the s x s minors of £ for 1 < s <
min{n, N} in some fized order. We say that F is polyconvez if and only if there exists

a convex function g such that

Remark 7 Given a € RY and b € R", we can use the tensorial notation to construct the
matriz a @ b € RVX" given by

(a® b)i]‘ = a;b;

for every 1 < i < N and every 1 < j < n. Under this convention, a function F as above is

rank one convex if and only if the function p: R — R U {+o0}, defined as

p(t) = F(§ +ta®b),

is convex for every & € RV*™ and for every a € RN, b € R”.

The following result, due to Morrey [Mor52], summarizes the relationship between the different

notions of convexity that we have defined.
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Theorem 8 Let F': R® — R. Then the following statements are true.

(i) F convex = F polyconvex = F quasiconvex = F rank one convez.
(ii) If N =1 orn =1, then all these notions are equivalent.

(iii) If F € C?2(RNX™), then rank one convexity is equivalent to the Legendre-Hadamard (or

ellipticity) condition, namely, that

N n 2
SN giﬁkwuauﬁ >0
ij=1 a1 986083

for every A € RN, € R” and € = (f&)ﬁ?gjvn € RVxn,

(iv) If F is separately convez (and therefore also if it is convez, polyconverz, quasiconvez or

rank one convex), then F is locally Lipschitz.
The proof of this theorem can be found in [Dac08, Theorem 5.3].

Remark 9 That every convex function is quasiconvex is a straightforward consequence of
Jensen’s inequality. On the other hand, it is possible to find polyconvex functions that are not
conver. A simple example when n = N = 2 is F: R?*2 = R defined as F(§) := det&. This
function is not convex but it is polyaffine, meaning that both F' and —F are polyconvex. In
addition, Sverdk provided a fundamental example showing that, for any n > 2 and N > 3,
we can find a rank one convex function that is not quasiconver. However, the question of

extending Sverdk’s example to the case where n > N = 2 is still open.

In addition, it is worth observing that rank one convex and polyconvex functions are defined
so that they admit the value of infinity. This is not the case for quasiconvex functions, since
a good extension of the definition of quasiconvexity for F' admitting infinite values, would
also need to be proven equivalent to the weak lower semicontinuity of the functional in some
sense. Ball-Murat [BM84b] and Dacorogna-Fusco [DF85] have suggested definitions that can
be shown to be necessary for weak lower semicontinuity. However, it seems to be a difficult
problem to establish whether they are also sufficient. Nevertheless, if F': RVX" — RU {0},

it can also be shown that

F convex = F polyconvex = F rank one convex.

See [Dac08, p. 219)].
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1.4 Integrands with polynomial growth and strong

quasiconvexity

As we mentioned at the end of Section 1.2, an integrand F : R¥*" — R with p-growth,
meaning that

[F(2)] < e(1+[2]7),

is quasiconvex if and only if the associated functional § is weakly lower semicontinuous in the
Dirichlet class W}Lg’(Q, RN) with ug € WP(Q, RY). This is, therefore, a natural assumption
to make in this framework.

In this section we recall some further properties of functions with p-growth and we
motivate the assumption (H2) of strong quasiconvexity, seen also as a coercivity condition,
by observing that (H1) and (H2) together are sufficient conditions to ensure existence of
minimizers.

Before proceeding with this, we state first the following elementary proposition that will

be constantly used throughout the rest of the text

Proposition 10 Let F: R*¥ — R be a separately convex function such that
[F(2)] < c(l+]z7)

or some fized constant ¢ > 0, some p € [1,00) and for every z € R¥. Then, there ezists a
p Y

constant & > 0 such that, for every z,w € R*, it holds that
[F(2) = F(w)| <& (14 [P~ + [w]P~") |z — y] .
In addition, if
[F(2)] < c(lzP)

then

|F(2) = F(w)] < & (J=P~ + JwlfP~) |z — gl

This result should be related to part (iv) of Theorem 8. The proof of the first part, which
relies essentially in a suitable manipulation of the convexity condition of F', can be found in

[Dac08, Proposition 2.32]. The proof of the second part is completely analogous. See also
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[Fus80], [Mar85] and [Mor66].
A straightforward consequence of this result, that we will also use frequently in this work,

is the following.

Corollary 11 Let F: RF — R be a C! and separately convex function such that
[F(2) < c(1+]z)

or some fized constant ¢ > 0, some p € [1,00) and for every z € R¥. Then, there ezists a
p ) )

constant & > 0 such that, for every z € R*, it holds that
|F'(z)| <1+ [zP71).

Going back to the subject of existence of minimizers and the role of strong quasiconvexity
for the case of integrands with p-growth, we observe that, from (1.5), it follows that there is

a constant @ = a(a,up) > 0 such that, for every u € WaP (€, RY),

b/]Vu|p dz—a < /F(Vu) dz. (1.8)
Q Q
An inequality of this type is usually called a Garding inequality. When in presence of it,
we say that F' is mean-coercive on W}L;)p(Q,RN ). C.Y. Chen and Kristensen established
a characterization of mean-coercivity in terms of a strict notion of quasiconvexity. See [Chel3,
Theorem 6.1.1] and [YZ01] for a special case. We state here a partial version of their result,
which is all we need to ensure existence of minimizers under p-growth and Dirichlet boundary
conditions. The necessity is the simplest one to obtain and it can be derived in the same was

as (4.150) in the proof of Theorem 83.

Theorem 12 Let F : RV*" — R be continuous and let p € (1,00). Assume that c; > 0 is a
constant such that |F(z)| < c1(1 + |z|P) for every z € RN>*". Let ug € WP(Q,RN). Then,
F is mean-coercive on W (0, RN*") if and only if there exists ¢ > 0 such that F — ¢ - |P
is quasiconver at some & € RNX". If p > 2 the result holds for F —e(| - |2 + | - |P) with the

obvious adjustment to the notion of mean coercivity.

We emphasize that, from the strong convexity of the function z — |z|P it follows that, for
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p>2, F —e¢|-|Pis quasiconvex if and only if
6/\V<p[pd:c§/F(z+ch) — F(z)dz
Q Q

for every z € RV*™ and every ¢ € Wé’oo(Q,]RN ). Indeed, it is enough to observe that, for
f(z) := |z|P, we have for every z,y € R" that f(y) > f(x) + f'(z)[y — 2] + 227 Pf(y — ).

In order to conclude the motivation behind the assumption (H2) which, for the case
p € [2,00), is essentially equivalent to assuming that F' — ¢y (| - |* + | - [P) is quasiconvex, we
now state a useful technical lemma. It establishes that, if F'is an integrand with p-growth as in
(H1), then we can construct an integrand F such that |F(z)| < &|V(2)|? for every z € RN*?
and for which we can define a minimization problem equivalent to that of minimizing the
functional §. Given that F will be bounded above by the function |V']2, it will prove to be
very useful while obtaining Garding and Caccioppoli inequalities to have the mean coercivity
given by the strong quasiconvexity (H2), in terms of the V' function, and not just assuming
that F' — ¢| - |P is quasiconvex.

Before stating the lemma, we define first a more general class of auxiliary functions, of
which V is a particular case. Let 8 > 0 be arbitrary and, for k € NT, define the function
Vs: RF — RF by

V(€)= (1+ ¢} 7 €. (1.9)

Since we will mostly be dealing with § = %, where p € [2,00), we use the abbreviation
V= Vg .7 In addition, while Vs depends, strictly speaking, on the dimension of the domain,
say k, it is easy to verify that |V (&) = Vs.1(|€]), where the Vjj and V3 are defined on R*
and R, respectively. However, for simplicity of the notation, we shall not make any distinction
on the dimension of the domain of Vg and write simply |Vz(£)| = V3(|])-

Having fixed the terminology in this way, we now state the aforementioned result, which

is due to Acerbi and Fusco [AF87, Lemma 2.3].

"The auxiliary function V can also be defined, in the same way, for p € (1,2) and its properties are
particularly useful in this case to establish, for example, regularity of minimizers or solutions to elliptic
problems.
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Lemma 13 Let F': RV*" — R be such that it satisfies (H0) — (H2). Let m > 0 be fized and

take zo € RNX™ such that |z0| < m. Define, for z € RV*",
1
Fyo(z) :=F (20 + 2) — F(20) — {F'(20), 2) = / (1= t)F" (20 + t2)[z, 2] dt.
0

Then, there exists 0 < k = k(c1,ca,m) such that
(a) [Fo(2)] < k[V(2)]* and
(b) [Fo(2)| < E[Vp-1(2)].

The idea of the proof of this result is to consider separately the cases |z| < 1 and |z| > 1.
The quadratic term of the function |V'|? appears while considering |z| < 1, since we can then
control |F"(zy +tz)| and exploit the quadratic nature of the form z — F”(zg+t2)[z, z]. The
proof of (2.12) in Chapter 2 follows a similar spirit.

The strategy of expressing the estimates for the integrand F' in terms of the function V'
goes at least back to [Cam87, S.1]. Acerbi and Fusco settled the importance of the V' function
in [AF89b], since it is in the subquadratic case that the comparison between an integrand

and its second degree Taylor polynomial require more of this auxiliary function.

1.5 The Euler-Lagrange Equations

Associated with any variational problem is that of finding necessary and sufficient conditions
that enable us to characterize the functions that minimize the functional §. In this context,
it is of particular importance to observe that, under appropriate regularity conditions on F

and on the minimizers of §, these satisfy the Euler-Lagrange equations in the following sense.

Theorem 14 Let F: RVX™ — R be of class C. Assume that F' satisfies the growth condition
(H1) and, in addition,
F(2)| < e (1+ 7).

Let ug € WYP(Q,RN) be a minimizer of § over the Dirichlet class Wy (Q,RN). Then,

/<F’(Vu), V) dz =0 (1.10)
Q
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for every ¢ € Wé’p(Q,RN). Conversely, if F is convex and u satisfies (1.10), then u is a

minimizer of §.

We establish here this result and we refer the reader to [Dac08, Theorem 3.37] for alternative
ways of stating the assumptions.
Proof. The proof relies on computing the Gateaux derivative of the functional §. For

a fixed p € Wé’p (2, RY) we consider the real mapping f : [~1,1] — R given by

f(e) = 3(u +ep).

Observe that € = 0 is a minimizer of f. Therefore, if the limit exists, we will have that

0= f/(0) = i St e9) — ().

e—0 £

(1.11)

It only remains to observe that, thanks to the growth condition imposed on F’, we have

S(u+ep) — F(u)

—lim [ (F(Vu + V) - F(Vu)) de

lim
e—0 g e—0¢€
Q
li 1//1 4 o (Vu+ teVp) dtd
=111m — - u X
e—0 € 0 dt 4
Q

e—0

1
:lim// (F'(Vu+teVy), Vo) dtdz
0
Q

E—

1
Sclir%// <1+ ]Vu—f—tngo]p_l) V| dt da.
0
Q

Therefore, by Dominated Convergence Theorem we know that the limit in (1.11) exists and
the first part of the theorem is proved.

For the second part of the theorem it is enough to use the characterization of differentiable
convex functions in terms of their first derivative. [J
We recall that a function u for which (1.10) holds is said to satisfy the weak form of the
Euler-Lagrange equation. In this case, we also say that u is an F-extremal.

Having established the above theorem, it is now also easy to obtain, under higher regularity
assumptions on u, the classical form of the Euler-Lagrange equation. We state this in the

following corollary.
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Corollary 15 Let F': RV*" — R be a C? function and assume that v € C?*(Q,RN) is a

minimizer of the associated functional §. Then u satisfies

"9 0
— — F =
> 5o (o) =0
on ) for every 1 <i¢ < N. In other words,

divF'(Vu) = 0.

1.6 Quadratic forms

We devote this section to the convexity properties of symmetric bilinear forms. This case
has received particular attention given that the associated Euler-Lagrange equations are
linear. In addition, it is also specially important for the purposes of this work, given that,
for an integrand F': RNVX" of class C?, F"(z) induces a symmetric bilinear form for every
zp € RVxn,

We first fix the notation by considering, for a symmetric matrix A € RINXm)x(Nxn) “the

symmetric bilinear form A: RV*" — R defined by
A(z) = Alz, z] := (Az,z) .

We then have the following result.

Theorem 16 Let A: RVX" — R be a symmetric bilinear form given by A(€) := A[€,€]. The

following statements are then equivalent
(i) A is rank-one convex;
(i) A(a ®b) >0 for every a € RN and every b € R™;
(iii) A is quasiconver and
(iv) A is quasiconvez at 0.

The equivalence between (i) and (ii) and between (iii) and (iv) follow directly from the
definition of A. For a proof of the equivalence between (i) and (iii), we refer the reader to

[Dac08, Theorem 5.25].
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Remark 17 Considering the quadratic growth of bilinear forms, it is clear that the Theorem
also holds if we replace rank-one convezity and quasiconvexity by strong rank-one converity
and strong quasiconvexity, respectively. In particular, we will have that A satisfies the strong
Legendre-Hadamard condition if and only if it is strongly quasiconvex, if and only if, there

exists A > 0 such that, for every w € Wé’Q(Q,RN),

/A[vw,vw] dr > )\/]Vw|2da;. (1.12)
Q Q

In connection with this, we now establish the corresponding Garding’s inequality for the case
in which A does not necessarily have constant coefficients, so that it also depends on x. For

this result, we follow the proof of Theorem 3.42 in [GM12].

Theorem 18 (Garding’s inequality) Let (A;)icr be a parametrized family of equi-
continuous quadratic forms in Q, with Ay: QxRY*?xRNX" 5 R, Suppose that there is A > 0
such that |A¢| < A for every t € R and that (A;) admits a uniform modulus of continuity w
on Q. Assume further that, for every x € §Q, each Ay(z) satisfies the quasiconvexity condition
(1.12) for some X\ > 0 independent of x € Q and t € R. Then, the bilinear forms on
Wé’Q(Q,RN) defined by

Ay(w,w) = /At[Vw,Vw] dz (1.13)

Q

are weakly coercive uniformly in t, i.e., there exist A\g > 0 and A1 > 0 such that, for every
teR,
Ag(w,w) > AO/\Vdem—Al/m\?dx (1.14)
Q Q

for every w € W(l]’2(Q,RN). Furthermore, Ao and \1 depend exclusively on A\, A,w, and €.

Proof. Let w be a modulus of continuity such that, for every t € R and for every z,z € Q,
|Ai(x) — A(z0)] < w(|x — z0]). (1.15)

In addition, let r > 0 and z¢ € Q fixed, as well as w € Wé’Q(Q(xo,r),RN).S Then, from the

8See Appendix A.
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quasiconvexity of the quadratic form A;(x¢) and (1.15), we deduce that, for every ¢t € R,

/ AV, Vo] dz / Ay(20) [V, Vo] da + / (Ar — Ay(a0))[Vew, Vo] da

Q(zo,r) Q(zo,r) Q(z0,r)
>\ / \Vw|* dz — w(r) / \Vw|* d. (1.16)
Q(zo,r) Q(zo,r)

Now choose r > 0 such that A\ := A —w(r) > 0 and cover Q with finitely many balls B(z, 1),
where 1 < k < M. Fix a partition of unity (p7) subordinated to the covering {B(zy,)}.

This means that, for every 1 < k < M, ¢, is a non-negative smooth function such that
support(px) € B(zg,r)  and Z @2 =1on Q. (1.17)
This way, if w € Wé’2(ﬂ, RY) and we extend w by 0 outside €,
M
=> (wgp) and  supp(wpi) C Qzp, 7).
k=1
Then,

/Z%At [Vw, Vw] dz =

/At [prVw, pr Vw| dz
Q

M
M M

= Z /At (prw), V(prw)] dx — Z /At w ® Vg, ppVw] dx
k=1"( k=10

M:

M
/At orVw, w @ Vg ;p+Z/At[w®Vg0k,w®chk]d$-

E?‘

=1

(1.18)
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On the other hand, (1.16) implies that

M
AV (prw), V(prw)] dz > IV (prw)]? da
;/ (% O OZ/ o

—AOZ / (G IVul? + w2 Verl? + 2(pnVu,w e Vi) de
k+1

>)\oZ/ (@il Vwl? + [w?|Ver]* — 2|k [V [w][Viy]) dz
k+1°q

We now apply Young’s inequality 2ab < da® + % to the last term above with a = |Vw| and

b = oi|w||Vek| to deduce that

M
Z/At (prw), V(prw)]dz > (A5 — /|Vw|2 x —05/|w|2dx (1.19)
Q

k=1

We finally estimate the last three terms in (1.18) as follows. We first observe that
/At [w® Ve, w® V] dz| < csuplAt\/\wlzdﬂf
Q
Q
and, using Young’s inequality as before, we also have

A 2
/(At [w® Vo, prVw] + At [orVw, w @ Vey]) de| < 5/\Vw[2dx+cwpgt|/]w\2dx.

Q
(1.20)

We now chose ¢ < % and, by putting \g := A§ — 36 and A\; := A\(5, A, Q,w), none of which
depend on ¢, we conclude from (1.18)-(1.20) that A; is weakly coercive. [J

We conclude this section with the following observation, which concerns the quasiconvexity
of the bilinear forms given by F”(2g), for a fixed 2y, whenever F satisfies the assumptions
(HO)-(H2). This is naturally associated to the fact that the Hessian matrix of a convex
function is positive semi-definite. Given that the fundamental tool that we will make use of
to establish, for example, regularity of a given class of minimizers, it is essential to count on

the strong quasiconvexity of F"(zg) for each zg € RVX™,
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Proposition 19 Let F': RV*" — R be a function satisfying (HO) and (H2). Then, for every

20 € RNX™ and every ¢ € Wé’OO(Q, RN), it holds that

202/Vg0]2da: < /F"(zo)[Vgo,Vgo] dz.
Q

In other words, F"(2)[-,"] — 2¢2| - |? is quasiconvez.

Proof. By (H2) we have that, for every ¢ € Wé’oo (Q,RM), t = 0 minimizes the real valued

function
J(t) := / (F(20 + tVp) — F(20) — e2|V (tV)[?) dz. (1.21)
Q
Hence,
0<J"0 / (F"(20)[Vep, Vip] — 2¢2|Vp|?) da (1.22)
Q

This concludes the proof. [J

1.7 Regular domains in the space

Many results in the Calculus of Variations require the reference domain to have nice properties.
This can be due to the need of applying, for example, the embedding theorems (see Section
B.2). In addition, when proving regularity up to the boundary of solutions to variational
problems, the requirement that the boundary of the domain is regular naturally arises. In
this section we specify the exact meaning of a domain having a regular or smooth boundary
and we also define other regularity notions in the context of domains in the space, which are
among the most general conditions required to ensure that the embedding theorems remain
valid.

To specify this more clearly, we state here the following definition.

Definition 20 Let Q C R" be a bounded open set and let o € [0,1], k € NT. We say that Q
is of class C* if and only if there exists a function 9: R* — R such that ¥ € C* and the

following properties are satisfied.

Q={zeR":9(z) <0}
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R™"\Q = {z € R" : ¥(x) > 0} and
Vi (x) # 0 for all x € ON.

In this case, we say that ¥ is a defining function for ().

We remark that, if € is at least of class C!, the vector field V4 is normal to 99 at each point
of the boundary. Observe also that, for any zy € 0f), we make the convention that Vi (xg)
is an outward normal to OQ at xg. On the other hand, if Q is of class C* with k > 2, we can
further assume that |VJ| =1 on 0.

We further observe that, for £k > 1, a standard application of the Implicit Function
Theorem implies that if ¢ is a defining function for €2, then 0 is locally the graph of a
function of class C*. This turns out to be an equivalent definition of C*® sets. Indeed,
to prove the converse implication, we observe that if 0€2 is the graph of a function f;, in a
neighbourhood V;,, for each xg € 012, and if the positive z,, axis points out of the domain,

then the function

pwo(x) =Tp — fxo(xla ceey xnfl)

behaves like a defining function for ) near the point g, with p,, > 0 in V, N (R™\Q) and
Pz < 0in Vg, N Q. We can then cover the compact set 92 by a finite collection of open sets
(Vi)i",, each with its associated defining function p;. We now consider a partition of unity
(i), subordinated to the covering (V;), meaning that each ¢; is a C* function such that

support(y;) CV; and Y 1", ¢; =1 on 9. It then follows that the function

which is defined in a neighbourhood of 92, satisfies the properties of a defining function
on that neighbourhood. It is now easy to extend p to the whole space R", with which the
equivalence between the two notions of C* sets is proved. These ideas are based in [KP99,
Section 1.2], to which we refer the reader for further details on defining functions that generate
outward unit normal vectors for 99, as well as for other equivalent definitions of C*® sets
and their properties.

Although the main results of this text are mainly set in the context of Lipschitz or smooth

domains, many of the general properties that we will use actually hold for a more general
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class of subsets of R™. With this motivation, we consider the following definition.

Definition 21 A domain Q@ C R" is said to have the cone property if and only if each point
of Q) is the vertex of a cone contained in ) along with its closure, the cone being represented
by the inequality

n—1
Zx? < ax? (1.23)
j=1

for 0 <z, < b in some Cartesian coordinate system and where a,b > 0 are constants.

It is easy to verify that any domain of class C%! has the cone property. In addition, since
we will be working on the boundary of 2, we will need to make use, in particular, of a
boundary version of Poincaré’s inequality and, more generally, to take averages of integrals
over domains of the form Q(xg, R). Given this, we shall state another auxiliary lemma that
will show that |Q2(x, R)| is roughly proportional to |B(xg, R)|, up to some constants that will

not depend on xg or R.

Lemma 22 Let Q2 C R" be a bounded domain with the cone property. Then, there exists
Rgq, which can be taken to be Rq = diam(f2), and a constant cq > 0, such that for every

0 < R < Rq and every xy € 012,
coR"w, < |Q(zo, R)| < R"wy,

where wy, is the volume of the unit ball in R™.

The notation and results stated in this preliminary chapter will be used throughout the rest

of this work. We now proceed to the main body of this text.






Chapter 2

Sufficient conditions for an extremal to be a minimizer

It is well known that, if the second variation is strongly positive, Lipschitz extremals are
weak local minimizers, in the sense that they minimize the functional over small variations
in W 1 However, if the variations are small in the L> sense, corresponding to the notion
of strong local minimizers, the situation becomes more complicated. In the 19*" century,
Weierstrass established a fundamental set of sufficient conditions for a smooth extremal to
be a strong local minimizer in the case of one single independent variable. His work was
then generalized by Hestenes, in 1948, for the case of one dependent variable [Hes48|. Later,
Taheri extended Hestenes’ method to treat the case of L"-local minimizers [TahO1].

Motivated by problems from non-linear elasticity, in the second half of the 20" century
there was an increased interest in solving the problem for the general multidimensional case.
Ball conjectured that the natural generalization of Weierstrass’ conditions had to be based on
quasiconvexity notions, that had already been proven to be also necessary for the existence
of minimizers [Bal98, Section 6.2], [BM84a].

On the other hand, based on the example by Miiller and Sverdk [MS03] of Lipschitz
extremals for quasiconvex integrands that are nowhere C!, Kristensen and Taheri established
that the same can be achieved for extremals at which, in addition, the second variation is
strongly positive [KT03]. Furthermore, they also proved that strong local minimizers are

partially regular, i.e., regular outside some closed subset of their domain of measure zero.

1See Definition 51 regarding the different notions of local minimality.

23
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This made clear that Lipschitz continuity of the extremal is not enough for it to be a strong
local minimizer: higher a priori regularity should be assumed in order to obtain a suitable
set of sufficient conditions for strong local minima.

It was only until 2008 that Y. Grabovsky and T. Mengesha fully settled the conjecture
of Ball [GMO09]. They proved that strong quasiconvexity and strong positivity of the second
variation are sufficient for a C'!' solution of the weak Euler-Lagrange equation to be a strong
local minimizer.

The purpose of this chapter is to provide a new proof for Grabovsky-Mengesha Theorem
in the case of homogeneous integrands (with no « or u dependence). The motivation behind
this is to simplify the proof with the aim of relaxing the a priori regularity assumptions
made on the potential local minimizer. On the other hand, this new proof of the sufficiency
theorem allows us to remove some coercivity conditions imposed on the integrand, at least
for the quadratic case and while assuming Dirichlet boundary conditions.

In the first section of this chapter we give a brief review of the Young Measure theory,
which is the essential tool that we use to deal with the non-linearity of the second variation
in the problem. We then expand some of the definitions already established, in order to fix
the notation that allows us to consider variations with mixed boundary values. In Section
2.3 we discuss the notion of quasiconvexity at the free boundary, which is one of the sufficient
(and also necessary) conditions for strong local minimizers in this context. The last section

of this chapter is dedicated to the proof of the sufficiency result.

2.1 Young Measures

The importance of weak convergence for the Calculus of Variations is evident from the use of
the direct method. However, while trying to establish existence of minimizers for variational
problems by using weak convergent sequences, we cannot use some of the nice properties that
strong convergence would enable us to use. In most cases, it is not possible to improve weak
convergence to strong convergence but, fortunately, it is also not necessary to do so. In this
spirit, we recall here the elementary Vitali’s Convergence Theorem as a way of motivating
the remaining content of this section. First, we state here the concept of equiintegrability,

that we will refer to in subsequent chapters.
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Definition 23 Let F C LY(Q,R?) be a family of integrable maps. We say that F is equi-

integrable if and only if

sup |f(z)|dx — 0 as t — .
fer
{z€Q: [f(z)|>t}
In addition, given 1 < p < oo we say that F is p-equiintegrable if and only if the family

{|fIP: f € F} is equiintegrable.

It is worth recalling that a necessary condition for a function f: @ — R? to be in L! is
that the family F := {f} is equiintegrable. Similarly, for a larger family of functions
to be equiintegrable means that all the functions in the family “decay” uniformly as we
consider the set where the functions become large. The following result provides a very

useful characterization of the equiintegrability of a family of functions.

Theorem 24 (de la Vallé Poussin) Let Q C R" and let F C LP(Q,RY) be a bounded set.
Then, JF is p-equiintegrable if and only if there exists an increasing function

®: [0,00) — [0, 00] such that

and

sup/@(|u]p)dx < 0.
uE]-'Q

For a proof of this result we refer the reader to [FLO7, Theorem 2.29].

We are now ready to state the following.

Theorem 25 (Vitali’s Convergence Theorem) Let 1 < p < oo and Q@ C R" such that

L) < oo. Then, f; — f strongly in LP(Q,RY) if and only if
(I) (|fj]?) is equiintegrable and
(IT) f; — f in measure.

With this result in mind we establish the following terminology, useful while referring to the
properties of a weakly convergent sequence that can prevent it from converging strongly. Let

fj — f in L? such that f; /A f in LP.

(i) If f; # f in measure, we say that (f;) oscillates.
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(ii) If (|f;/P) is not equiintegrable, we say that (f;) concentrates in L?.

One of the tools that enable us to interact more easily with weakly convergent sequences are
the Young Measures, introduced by L.C. Young in the 1930’s [You37]. In this section, we
make a brief review of this notion. Further discussion and the proofs to all the results that
we mention here can be found in [FL07], unless we state otherwise.

Before defining the concept of Young Measure, we need to introduce the following

definitions and notation.

Notation 26 Let B(f2) be the Borel o-algebra of all the Borel sets contained in Q). We denote

MQRY*) = {11 B(Q) — RY*™ . i is a bounded Borel measure}.

We endow this space with the total variation norm.

To simplify the notation, for real valued measures we will write M () := M(Q,R).

Remark 27 Recall that, by Riesz’ Representation Theorem, if we let CS(Q,RNX”)* denote
the dual space of the space of continuous functions f: Q — RN*" that vanish on 0Q equipped
with the L norm, then

M(Q,RY™) = CH(Q, R,

where = denotes an isometric isomorphism. Furthermore, since CS(Q,RNX”) 1$ a separable
Banach space, by Banach-Alaoglu’s Theorem we have that the closed unit ball of M(£2, RN*™)

1s weakly* sequentially compact.

Within the context of Young Measures, it will be particularly useful to focus on the following

families of measures.

Notation 28 We denote

MT(Q) :={pu € M(Q): u(B) >0 for every Borel set B C Q}.

In addition, we use the following notation for the space of probability measures on €.

ME(Q) = {n € MT(Q): u(Q) = 1}.
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The following definitions aim at establishing the concept of Young Measure, which is given

in terms of product measures.

Definition 29 Let v: Q — M(R?). We say that v is weakly*-measurable if and only if
the mapping
r€Q— (p,v(x)) = /@(y) dv(z)dy

Rd

is Borel measurable for all ® € C§(R?).

Definition 30 Let u € MT(Q) and v: Q@ — M (R?) be weakly*-measurable. Then the

generalized product measure pu @ v(x) given by
@uove) = [ vduova) = [ |22 du@)e) dutz)
QxR4 Q R4

for ® € CY(Q x RY), is called a - Young Measure on ) with target RY.

Remark 31 Henceforth, we write a weakly* measurable map v: Q — Mf(Rd) as a
parametrized family of probability measures, for which we use the notation (Vy)zeq, where
vy :=v(x). On the other hand, we will often suppress p from the notation and we will just

call the family (vy)zeq a Young Measure.

The following definitions and results connect the notion of Young Measure with the convergence

of sequences of functions.

Definition 32 Given a Borel map f: Q — R%, we can consider the Young Measure
Ef = L' ® (5f(x),
where &5, stands for the Dirac measure concentrated at f(r) € Re. In this case, we call Ef

an elementary Young Measure.

Recall that, given an £"-measurable function f: Q — R?, we can modify it in an £ -negligible
set to obtain a Borel-measurable mapping. Therefore, we can also talk about the elementary

Young measure €; when f is merely £"-measurable.
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The following definition is useful to establish necessary and sufficient conditions on a
sequence of functions, so that their associated elementary measures admit a convergent

subsequence.

Definition 33 Let (f;) be a sequence of measurable functions with f;: Q — R?. We say that

(fj) is measure-tight if and only if

lim sup £L"({z € Q : |f;(x)| > t}) = 0.

t—o00 jEN
Lemma 34 Let (f;) be a measure-tight sequence of measurable functions. Then, there exist
a subsequence (fj,) and a weak*-measurable family (p)zeq € M (RY), such that

Efi B L@ py in O x RY)*,

The converse result is also true.

Lemma 35 Let (f;) be a sequence of measurable functions such that Efy, L LY® g in

CO(2 x RY* with (py)zeq € M (RY). Then, (f;) is measure-tight.

Definition 36 Let (f;) be a sequence of measurable maps and let (j)zcq € M7 (R?) be a
measurable family. We say that f; generates the Young Measure (uz).cq if and only if

£y B LY@ pg in CY(Q x RY)*. We denote this by f; X, () zeq-

The following result shows that (u,).cq gives information about the oscillatory behaviour of

(fj) as j — oo. Therefore, we call it a Young Measure for oscillation.

Lemma 37 Let f, fj: Q — R? be measurable maps. Then, fi — f in measure if and only if

Y
fi = Opa))ze-
In the same context, we also have the following useful result.

Lemma 38 Let f;: Q2 — R? and gj: Q — R? be measurable maps such that fi—g9j = 01n

Y Y
measure. If f; — (Uz)zeq, then also g; — (Uz)zen-

We will now establish a result that describes how Young Measures are helpful to investigate
the way in which certain non-linearities interact with a weakly convergent sequence. With

this purpose in mind, we introduce first the following notation.
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Notation 39 We use the following notation for the next two special subspaces of the space

of continuous functions on R,

COURY) := {¢p: RY = R: 9 is continuous and supp(v)) is compact};

CYRY) := {¢: RT = R : 1 is continuous and bounded}.

Lemma 40 Let (fj) be a measure-tight sequence of measurable functions such that

f X, (tz)zeq- Then, for each ¢ € C,?(Rd),

in L°(9).

Proof. Let ¢ € CY(R?) and, for each k € N, take p; € CO(R?) so that py(z) =1 for |2| < k
and 0 < pj, < 1. Then, pptp € CJ(R?) and so, for ¢ € CJ(1),

/@(Pk%b) o fjdx ]?O /go {prt), pig) dex.
Q

Q

Now, by Dominated Convergence Theorem, we have that

/gp <pk1/)7 ,um> dz k’jo /(,0 <’¢, ,ux) dz
Q

Q

and

/ o(prb) o f da — / oo fyde| < ol lld i r({z € Q: |fj] > k}).
Q

Q

Hence, by measure-tightness of (f;), it follows that

/goy)ofj dz =% /cp (W, pg) de.
Q Q

Finally, since 1 o f; is bounded in L>®(Q) and C{(2) is dense in L'(Q), this implies the
conclusion. [

We now state one of the main results of this section. It compiles some of the properties

already stated for Young Measures and gives conditions under which we have continuous (or
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lower semicontinuous) behaviour of a given integral functional. We first recall the following
definitions, which name the precise type of integrands that ensure that the variational

problems under consideration are well defined.

Definition 41 Let Q C R™ be an open set and let F: Q x RN — [—o00,00] be a Borel
measurable function. Then, F is said to be a normal integrand if and only if & — F(z,€)

1s lower semicontinuous for almost every x € €.

In this definition, we require F' to be Borel measurable to ensure that if u: @ — RY is a
measurable function, then g:  — [—00, 00| defined as g(z) := F(x,u(x)) is measurable.

The most important example of normal integrands is the following.

Definition 42 Let Q C R” be an open set and let F': Q@ x RN — RU{oco}. Then, F is said

to be a Carathéodory function if and only if
(i) &€= F(x,§) is continuous for almost every x € Q and
(ii) =+ F(x,&) is measurable for every € € RN,

We now state the following fundamental result.

Theorem 43 (Fundamental Theorem for Young Measures of Oscillation) Let (f;)
be a measure-tight sequence of measurable functions fj: Q0 — R, Then, there exist a
subsequence (fj,) and a Young Measure (fiz)zcq, so that f;, x, (ttz)zeq- Furthermore,

the following statements are true:

I) If F: Q x RY — [—o0,00] is a normal L™-integrand and (F(-, f;,)”) is equiintegrable,

then

fimin [Fo, fi)do > [ (F(o.), ) de.

Q Q

(IT) Let F': Q x R% — [0,00] be a Carathéodory L™-integrand. Then,

lim [ F(z, fj,)dz = /(F(:U, ), phz) dz < 00

k—o00
Q Q

if and only if (F (-, fj.)) is equiintegrable.

We now state the following result based on Kristensen’s Decomposition Theorem [Kri94], at

which he established that, given a uniformly bounded sequence in W', it has a subsequence
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that we can decompose into two further sequences such that one carries the oscillations and
the other one the concentrations. The decomposition that we present here follows Kristensen’s
proof and provides a technical extension of his result by showing that if a bounded sequence
(uj) in W2 is modified by multiplying each term by a (possibly different) scalar belonging
to the unit interval (0,1) and if the resulting subsequence, say (¢;), is bounded in W'? for
some p > 2, then the respective decompositions in the spaces W2 and W' can be obtained
in such a way that they follow the same linear relations that (u;) and ((;) satisfy.

We remark that Kristensen’s Decomposition Theorem is valid also for the case 1 < p < 2,
that we skip here although the proof remains the same than the one we will perform for the
sequence (u;) in Wh2. In addition, we refer the reader to [GM09, Theorem 8.1], in which
Grabovsky and Mengesha modify the decomposition result from [FMP98] and that motivated
the statement that we present below.

Finally, we emphasize that we require the following version of the Decomposition Theorem
in order to be able to control a sequence in W'? while normalizing it by both its W2 and

its W1P-norms in the proof of Theorem 55, which is the main subject of this chapter.

Theorem 44 (Decomposition Lemma) Let Q C R™ be a bounded Lipschitz domain and
let 2 < p < oo. Let (uj) be a sequence such that u; — u in WH2(Q,RY), assume that (r;) is

a sequence in (0,1) and that (; := rju; is bounded in WP, Then, there ezist a subsequence

(uj,) and sequences (g) C C(L,RY), (br) € WH2(Q,RY) such that
(a) gr — 0 and b, — 0 in WH2(Q,RN);
(b) (|Vgr|?) is equiintegrable;
(¢) Vbr — 0 in measure and
(d) wj, =u+ gk + by

In addition, (gr) and by can be taken so that, for a subsequence (ry,), if si = ri;gx and

ty == 1rj by, then
(a”) s — 0 and t, — 0 in WHP(Q,RN);
(b)) (|VsklP) is equiintegrable and

(¢’) Vitr — 0 in measure.
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In order to establish this result following Kristensen’s proof, we state first the Helmholtz

Decomposition Theorem and an auxiliary lemma.
Theorem 45 (Helmholtz Decomposition Theorem) Let 1 < p < oo and denote

o

Wle = {cp e WP(R") : Vi € LP(R”,R”)}

loc

the homogeneous Sobolev space. Let

E? = {V@:@EWLP}

and

BP :={o € LP(R",R") : dive = 0 in the distributional sense} .

Then, EP and BP are closed subspaces of 1P = LP(R™,R"™) such that EP N BP = {0}.
Furthermore, there exist bounded projections E : EP — LP, B : LP — BP, so that Idpr = E4+B.
In other words, for any v € LP, there exist ¢ € ﬁ/l,p and o € LP with dive = 0, with the
property that

v=Vp+o (2.1)

and where [|[Vo|lLr < Cpllv|lie, ||o]le < Cpllv||Le for some constant C, > 0.
In addition, if v € L2(R",R") N LP(R™,R"), then the decomposition of v in the space

L2(R"™,R") coincides with the decomposition of v in the space LP(R™ R").
The following result follows easily from the definition of p-equiintegrability.

Lemma 46 Let Q C R™ such that L"(Q) < 00, 1 < p < g < o0 and let (f;) € LP(R™,R™)
be bounded in LP. Then, (f;) is p — equiintegrable if and only if, for each € > 0, there exist
a sequence (g;) € LY(R™,R™) and a constant c. > 0 such that, for all j € N, || f;j — gjllir < ¢

and [|gjllLe < ce.

We now proceed with the proof of the Decomposition Lemma.
Proof of Theorem 44. By considering suitable subsequences, that we do not relabel, we
assume without loss of generality that Vu; 5 (vz) and V(; 5 (1)

In addition, we observe that part (c¢’) of the Theorem follows directly from part (c) and

the fact that r; € (0,1).
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Furthermore, we observe (as in [GM09, Theorem 8.1]) that (b’) implies that the sequence
(sk) is bounded in W' and, since ( = 7, u+ sk +tx, then we also have that (t;) is bounded
in WLP, following our initial assumption on (. This, together with (a), means that there
exist subsequences of s, and t;, that we do not relabel, and such that they satisfy condition
(a).

Given this, we are only left with establishing parts (a)-(d) and (b’) of the theorem.

Step 1. Observe that, by working with the sequence u; — u instead of u;, we can assume
that v = 0.
Step 2. Reduction of the problem to (u;) C Wé’Q(Q,RN). We begin by taking a sequence
of smooth subdomains Q; € Qi41 € Q such that (J oy 2% = Q. In addition, we consider
cut-off functions p: @ — [0,1] with pp € CH(Q), 1o, < pr < 1 and |Vpg| < i, where
dy, = dist(Qg, Q).

Now, observe that for any j,k € N, u; = ppu; + (1 — py)u; and

/]V((l — p)uy)| da < / (ywjy + ’Z;’) da. (2.2)
Q

Q-

Since u; — 0 in W1’2(Q,RN), in particular we know that w;— 0 in L2. Hence, we can find a

/ de—)O
dy;
Q-

sequence k; — 0o such that

when j — oo. Furthermore, since (Vu;) is bounded in L2, by adjusting the sequence k;
if necessary, from (2.2) we can also ensure that (1 — py,)u; is bounded in W2 and that
(1 — pr,;)rju; is bounded in WP

In addition, we also infer that (1 — pkj)uj — 0 in L2, The last two facts imply together
that (1 — pg,)u; — 0 in WH2(Q,RY).

What is more, using again that |V((1 — pg,)u;)| < <|(1 — pr;)Vuj| + LZ:J') Lo-gq,,, we
infer that this sequence converges to 0 in measure. Given this, we focus on decomposing
(pr;uj), as we can then incorporate (1 — pg,)u; into the sequence (by).

Step 3. Truncation. We now define, for each k € N, the truncation Tj: RV*" — RN*7 g
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level k& by

z if |z| <k
Ti(2) =

kg if |2 > k.

It is clear that T} is continuous and |Tj(z)| < k for all z € RV*",
Observe that, by the Fundamental Theorem for Young Measures and the Monotone Convergence

Theorem,

lim llim/|Tk Vu;)|* de = hm/ / T (2)]? dvg(2) da

k—00 j—00
Q RNxn

/'/'|d%dx

Q RNxn

We also have that

lim .lim/\Tk(VUj) — Vu,;|dz < lim sup / 2|Vu;|dz = 0.
k—o00 j—00 k—o0 jEN
\Vu]-\>k

Given these, we can now take a subsequence jr — oo such that

klim /|Tk(Vujk)\2dx = /<| 2 v da (2.3)
—00
Q Q
and
lim /]Tk(Vujk) — Vu]‘k | dx = 0. (2.4)
k—o0

Let vy := T}, 0 Vuy, . It follows from equation (2.3) and the Fundamental Theorem for Young
Measures, that (vy) is 2-equiintegrable and, from (2.4) together with Lemma 38, we deduce
that (vy) also generates the Young Measure (v,). Furthermore, observe that using (2.3),
(2.4), Vitali’s Convergence Theorem and de la Vallée Poussin criterion for equiintegrability,
we can also conclude that (Tj o Vu,, — Vuj, ) — 0 strongly in LI(Q, RY*") for ¢ < 2.
Step 4. Helmholtz decomposition. Since u;j, € Wé’z(Q,RN), we can extend uj to R™ by 0
while still having u;, € W L2(R™ RY). We also extend vy,: R® — RN>X" 50 that it is 0 outside
of Q.

Now, we apply row-wise Helmholtz decomposition in L?(R", R™) and we obtain functions

gr € W2 5, € L2(R?, RV*") such that:
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(i) E(vg) = Vi, B(vg) = 71 defined row-wise and, hence, vy = Vg + 0%;
(ii) diveg =0 and

(iii) [gr = 0, which we can achieve by subtracting a constant from gy, if necessary.
Q

We now claim that ¢ — 0 in measure when k — oco. Indeed, since vy — Vug, — 0 in

LI(2, RV*") for every ¢ € (1,2), we get that
1okllLe = B(vr)llLe = [[B(or — Vg, )L < cqllor — Vg [JLa — 0, (2.5)

where ¢, > 0 is a constant depending only on the continuity of B.

We now proceed to prove that Vg is 2-equiintegrable on 2. Observe first that, since
vk is 2-equiintegrable, Lemma 46 implies that, for a given ¢ > 0, we can find a sequence
(wy) € L3(Q,RYN*") such that, for all k € N, ||vp — wi|/r2 < € and |Jwg||ps < c.. On the
other hand, by making v = wy = 0 off €2, we can also apply Helmholtz decomposition to wy
to conclude that

IVgr — E(wi )2 < ellop — willpe < ce

and ||E(wg)||1z < ¢ for every k € N. Since £ > 0 was arbitrary, by using Lemma 46 once
again, we conclude the proof of our claim.

Observe that, since Vg, — Vu;, = v — Vu,, — 65 = (v — Vu;,) — Gk, we have that
Vi — Vu;, — 0 in measure. In addition, (2.3) implies that Vg is bounded in L?(£, RV*™).
Hence, we can assume that Vg, — Vu;, — 0 in L2(Q,RV*") and, therefore, the same holds
for (V).

On the other hand, because [gy = 0, by Poincaré’s inequality and Rellich-Kondrachov
Embedding Theorem we can Con%lude that there is ¢ € W12(Q,RY) such that g, — g in
WH2(Q,RV) and, by the observations above, we further have g — 0 in Wh2(Q, RV).

Now, we consider again the sequence of domains (£2;). Observe that, since g — 0 in

L2(Q,RY), we can find a subsequence €Y, such that, if g;, := p;, i, then

Var = pi, Var + g @ Vpy,
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is 2-equiintegrable. In addition, since Vp;, = 0 in €}, , it follows that, if by := u;, — g, then

Vb = Vuj, — Vi = (Vuj, — i) + (v — prvk) + pi, (v — Var) — 9 @ Vpy,

= (Vugj, —vg) + (1 — pi,) vk + p1,06 — Gk @ Vi,

converges to 0 in measure. Then, gr and by are the desired functions and, since
gk € Wé’z(Q,]RN), we can further assume that (g;) € C°(Q,RY), with which we complete
the proof of parts (a)-(d) of the Theorem.

We now proceed with the proof of part (b’). Arguing exactly as we did in (2.3) from
Step 3 and performing, once again, a slight abuse on the notation by not relabelling the

corresponding subsequence, we can assume that

tim (1296 do = [(1- Pops) (2.6
Q Q

In addition, we observe that, for every x € 2 and with v, = T}, o Vu;, as in Step 3, it holds

that
vk (@)] = [, T 0 Vu (2)] = | Ty k(7 Vg, (2))| < |Tie(rj, Vg, )| = [Te(VGI - (2.7)

We are using here the elementary identity r7%(§) = T,x(r§) and the facts that r; k < k and
k> |T3(€)| is non-decreasing for every & € RVX",

It follows from (2.6) and (2.7) that the sequence (rj, vy) is p-equiintegrable and, in
particular, it is also bounded in LP.

Furthermore, if E(vy) = Vg, then clearly E(rj vi) = 75, Vgr by decomposing both
vg and rj, v, in L2(Q,RY). In addition, since rj,vp € L2(Q,RY) N LP(Q,RY), Helmholtz

Decomposition Theorem enables us to ensure that, for some constant ¢, > 0,
175 VarllLe = [[E(rj,on)llLe < cpllrj, vxllLe-

This inequality, together with the fact that (rj,vg) is bounded in LP(Q2,RY), enables us

to conclude that, for a subsequence that we do not relabel, r;, Vg converges weakly in
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WHP(Q, RY) and, arguing exactly as we did with g, we can further deduce that
ri gk —0 in  WYP(QRY). (2.8)
To conclude the proof of (d’) it is enough to observe that
Vs =1.Vgj. = 75.Pi Vi + 7505 @ Vi,

and use the fact that (73,(V(j,)) is p-equiintegrable, together with (2.7) and (2.8), to proceed
as we did to show that Vg is 2-equiintegrable and construct that way a subsequence of (sg)

such that Vs is p-equiintegrable. [

An important class of Young measures consists of those generated by gradients of Sobolev
functions. We now state this definition precisely, following Kinderlehrer-Pedregal. See [KP91,
KP94].

Definition 47 Let 1 < p < oo and let (vy)zeq be a Young measure. We say that (vy)zeq
is a gradient p- Young measure if and only if there exists a sequence (u;) C WHP(Q,RY)

such that uj — u in WHP if 1 < p < 0o or u; Swif p=oo and Vu; R (Vz)zeq-

One of the key features of the characterization of gradient Young measures by Kinderlehrer
and Pedregal is that gradient Young measures are precisely those satisfying Jensen’s inequality
for all quasiconvex functions under suitable growth conditions. For a precise statement we
refer the reader to [KP94, Theorems 1.1 and 1.2]. The fact that Jensen’s inequality holds
for quasiconvex functions and gradient p-Young measures had already been observed by Ball

and Zhang [BZ90]. Their result is as follows.

Theorem 48 Let 1 < p < oo and let F: RN*" — R be a quasiconvezx function such that
|F(2)] < c1 (1+|2|P) for every z € RN*". If (v,)peq is a gradient p-Young measure, then

for almost every x € Q it holds that

F(m,) < / Fdv,,

RN Xxn
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where U, 1s the centre of mass of the probability measure v, given by

Ty 1= / 2 dva(2).

RN Xn
2.2 Weak versus strong local minimizers

In order to work with mixed boundary conditions, we mention first the following concepts
and conventions regarding the meaning of allowing part of the values that the minimizers
take at the boundary, to be free.

We first remark that we require 2 to be a C!' open and bounded subset of R”. We then
assume that I'p C 0N is a subset of the boundary of € such that the (n — 1)-Hausdorff
measure of the relative interior of I'p is positive (so, in particular, I'p # (). On the other
hand, in order to allow free boundary values, we need to redefine the admissible functions as

follows.

Definition 49 Given p € (1,00),2 we define the set of admissible functions as

A= {ue CHULRN) : u(z) = ug(z) Vz € FD}WLP’

where the closure is taken in WYP(Q,RN) and ug is of class C' on some open set in R"

containing I'p.

It is clear that if v € AN CYQ,RY), then u(z) = ug(w) for all # € Tp. Hence, it is
assumed, without loss of generality, that I'p is the interior of I'p, relative to 9. By defining
I'y := 0Q — I'p, it holds that I'y is a relatively open subset of 9Q and 0 = I'p U T'y.
Indeed, if z € 02—y, then = has an open neighbourhood in 9 that does not intersect I'y.

Therefore, this neighbourhood must belong to the interior of I'p, which is I'p.

Definition 50 We define the space of variations as the set

Var(A) == {p € CHQ,RY) : p(z) = 0¥z e Tp} " 7.

We call Var(A) the space of variations because, for any y1,y2 € A, we have y; —y2 € Var(A).

More generally, given an open set w C R™ such that w N Q # @, we consider the following

2The exponent p will be related, in this case, to the growth condition imposed on the integrand F.
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space of variations defined in w, which is naturally embedded in Var(.A).

Var(w, RN := {p € CL@,RN) : p(z) = 0¥z € (Tp Nw) U (Qwn Q)W'.

Observe that, given ¢ € Var(w, RY), by extending ¢ to Q so that it takes the value of 0 in
Q\w, we can assume that ¢ € Var(A). Furthermore, we remark that, with this notation,
Var(A) = Var(Q,RY).

We now recall the notions of weak and strong local minimizer, the latter being one of the

core concepts of this chapter.

Definition 51 Let u € WHP(Q,RY). We say that u is a weak local F-minimizer if and

only if there is a 6 > 0 such that

éF(Vu) dz < éF(Vu + Vo) dx

for every ¢ in Var(A) with ||Ve|re < 4.

On the other hand, we say that u is a strong local F-minimizer if and only if there

is a 6 > 0 such that

éF(Vu) dz < éF(Vu + Vo) da

for every ¢ in Var(Q,RN) with ||p||L~ < 6.

For 1 < p < oo the notion of strong local minimizer can be generalized by considering the LP
or the WP norm of the variations. In those cases we say, respectively, that u is an LP-local
minimizer or a W!P-local minimizer.

We also emphasize that the notion of extremal needs to be adjusted if we are considering

mixed boundary values. Hence, we need to consider the following.

Definition 52 Let u € WHP(Q,RYN). We say that u is an F-extremal if and only if
/<F’(Vu),Vg0> dz =0
Q

for every ¢ € Var(Q,RY).
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2.3 Quasiconvexity at the free boundary

We now recall that, if we allow free boundary values for a minimizer @, a necessary condition
on the integrand that was presented by Ball and Marsden in [BM84al, is that of quasiconvexity
at the boundary, so called because it is related to Morrey’s notion of quasiconvexity.

For this reason, in addition to conditions (HO0)-(H2), it is necessary to consider that the
integrand F’ is strongly quasiconvex on the free boundary, meaning that, for a constant

¢z > 0 (which can be chosen to be the same from (H2)) it holds that

(H) e / V (V) [2dz < / (F(Vu(zo) + V) — F(Vu(xy))) da

for all ¢ € Vy(4,), where

Viey) i= {gp €0 (% ]RN) - o(z) = 0 on (9B(x0,1)) m?} (2.9)

n(zo)

and n(zp) is the outer unit normal to 9Q at xg € I'y. Here, B (1) Is the half of the ball
B(zo,1) that lies in the half plane {z € R : (z — zp,n) < 0}.

The spirit in which this new condition is shown to be necessary for strong local minima is
the same in which the quasiconvexity at the interior is also proven to hold when in presence
of strong local minimizers. We observe, however, that the quasiconvexity at the boundary
differs from the one in the interior in the sense that it is not anymore a convexity notion. It is
enough to recall, for example, that for a convex integrand F' the quasiconvexity in the interior
can be seen as a straightforward consequence of Jensen’s inequality for probability measures.
However, given zo € I'y and ¢ € V,(,,), we can follow the same ideas if we consider the

probability measure defined on the space of matrices RV*" by

(B, vy 0) = ][ B(Vu(zo) + Ve(z)) da.

Bn_(-ro)

We then observe that the centre of mass of this probability measure is given by

Vpwy = /zdy¢7x0(z):Vu(xo)+ ][ V(x)dz.
B

N Xn
R n(zq)
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Here, f Vo(z)dz #0in general, as ¢ € V(o) and it is not necessarily 0 at the boundary.

n(zq)
On the other hand, by Jensen’s inequality we will have, for a convex integrand F', that

F(@y0,) < / F(2) vy = ][ F(Vu(zo) + V() da.

RN xn B~
n(zq)

This means, in particular, that the notion of quasiconvexity at the free boundary doesn’t
follow from convexity in the same way that quasiconvexity at the interior does.

Following the spirit in which the calculations above are made, we can consider the
following specific example of a convex function that is not quasiconvex at the free boundary.
Let F : R? — R be given by

F(u,v) :=wv

and let Q := B;(O’l)

consider the mixed boundary conditions according to which the admissible test functions are

be the half of the unit ball centred at zero that lies below the z-axis. We

precisely those in the set V() defined in (2.9). It is then clear that the function ¢ : R* = R
defined as

p(z,y) =2° +y* — 1

is such that ¢ € V(). However, the quasiconvexity at the boundary condition is not satisfied
for the convex function F at the point (0, 0), which lies on the free boundary, since this would

imply that, for the particular ¢ that we defined above,

0=F(0,0) < ][F(Vgp(:v,y))d$dy: ][dexdy,

B;(o,l) B;(O,l)

which is a contradiction by definition of Bn(O 1)

Going back to the discussion regarding our interpretation of the notion of quasiconvexity

at the free boundary, we observe that, by differentiating t — [ F(Vu(zo) + tVe(z)) dx

Bn(zo)
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we obtain, from the quasiconvezity at the boundary condition, that it implies

0= / (F'(Vu(zg)), V() dz = <F'(Vu(:co)), / e @n(x) do(:c)>

B, (z0) 9B, (20)

:<F'<Vu<wo>>, / ¢d0($)®n($o)>> (2.10)

6Br7(10)

where the second identity above follows from the Divergence Theorem.

This enables us to give an interpretation of the quasiconvexity at the boundary as a
non-linear variational Neumann condition. Indeed, since (2.10) holds for every ¢ € V5, it
in turn implies the Neumann boundary condition (F'(Vu(xg)),n(zo)) = 0 in RY. However,
as pointed out by Ball and Marsden with an example in [BM84a], the quasiconvexity at the
boundary is still a stronger notion.

We remark here that, as it turns out, the quasiconvexity on the free boundary is one of
the sufficient conditions that are needed to ensure that a C! extremal furnishes an actual

strong local minimizer.

2.4 Spatially-local minimizers: Zhang’s Lemma

In this section we will establish a generalization of a theorem by K. Zhang in [Zha92]. His
result states that smooth extremals are all spatially-local minimizers in a strict and convenient
sense under Dirichlet boundary conditions. The generalization that we present here allows
part of the boundary to take free values. Although the proof remains essentially the same
as his, we state the result in this more general way aiming at using it for the new proof of
Grabovsky-Mengesha’s result.

Furthermore, we remark that the main idea behind Zhang’s Lemma is that, if an extremal
is smooth, in small subsets of its domain it is close enough to an affine function (in an uniform
way). Therefore, we can exploit the strong quasiconvexity assumption on the integrand,
according to which affine functions minimize the integrand under the corresponding affine

boundary conditions, to obtain minimality in a local sense in space.

Theorem 53 Let [': RV*" — R satisfy (H0) — (H2) and (H2') for some 1 < p < oco. If
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u € CHQ,RY) is an F — extremal in the sense that
/<F’(Vu), V) dz =0
Q

for every ¢ € Var(A), then there exists R > 0 such that
(1) for every g € Q

C2

2 [ wEoPds [ FCusve - FE0) A @)

Q(z0,R) Q(z0,R)
1,2 N
whenever ¢ € Wy (Q(zg, R),RY) and
(2) for every wg € Ty, inequality (2.11) holds whenever ¢ € Var(Q(zo, R),RY).

Proof. The main idea behind the proof will be an appropriate use of the quasiconvexity
conditions that we are assuming under (H2) and (H2’). With this aim, we begin by defining

the function G: Q x RV*" 5 R as

G(z,z) = F(Vu(z)+ z) — F(Vu(z)) — (F'(Vu(z)), 2)

= /01(1 — ) F" (Vu(x) + t2)[z, 2] dt.

We claim that, for a given ¢ > 0 and a fixed J € R™*", there is an R = R. > 0 such that, for

every = € Q(xo, R) and every z € RN*" if w = z- J and |J — I,| < R, then
E = |G(z0,w) — G(z, 2)| < Z|V(z)|2. (2.12)

To prove this, observe first that, since v € C'(,R), Vu is uniformly continuous and
bounded in Q.

Motivated by the strategy originated in [AF87, Lemma I1.3], we will establish (2.12) by
considering the following two cases.
Case 1. If |z| < 1 and w = z - J with |J — I,| < R as above, then, because F” is locally
uniformly continuous, we can find a modulus of continuity, say w: [0, c0) — [0, 1], such that it

is increasing, continuous, w(0) = 0 and for which there is a constant ¢ > 0 with the property
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that

|F"(Vu(z) + tz) — F"(Vu(xo) + t2)| < cw(|z — x| + |2 — w))

for all 7,29 € Q,t € [0,1], |2|] <1 and w = z - J with |J — I,,| < R. We can further assume
that c is such that

1+n+|F"(Vu(z) +t2)] < c (2.13)

forall z € Q,t €[0,1] and |z| < 1.

Using this, if we fix 0 < € < 1, we can see that

|G(x0,w) — G(z, 2)| <|G(z9,w) — G(z0, 2)| + |G(x0,2) — G(z, 2)]
1
§/ |F"(Vu(zo) + tw)[w, w] — F"(Vu(xg) + t2)[z, 2]| dt
0
1
—i—/o |(F"(Vu(wo) + tz) — F"(Vu(x) + t2)) [z, 2]| dt
1
S/o (| F"(Vu(zo) + tw)[w, w] — F"(Vu(zo) + tz)[w, w]|) dt
1
—i—/o |F" (Vu(zo) 4 t2)[w, w] — F"(Vu(zo) + t2)[z, 2]| dt
1
—i—/o |(F"(Vu(zo) + tz) — F"(Vu(z) + t2)) [z,2]| dt
1
<callw = =Dl + [ 1F"(Tu(eo) + t)]lw — 2l (fu] + <)) s
0
+cw(|z — o)
<cw(|z|[J = L)) |w]* + |F"(Vu(xo) + t2)|| ]| ] — La|(jw]| + |2])
+cw(| — zo]) |2
<cw(|J = L)z + [F"(Vu(zo) + t2)||J = Ln|(|T] |2 + |2[*)
+ cw(|z — z0])|2]?
<cw(|J = L))V (2))”
+elJ =LV ()P +V(2))
+ew(|z - zo))|V ()]

9
< V()P

where the last inequality is making use of (2.13) and it holds provided that |J —1,,|, w(|J —1,])

and w(|x — xg|) are small enough. Notice that, if that is the case, we can assume |J| < ¢(n)
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for a constant c¢(n) > 0.

Thus, for the case |z| < 1 we have that, if R > 0 is such that cw(R)|J|* < §, then for
every x € Q(zo, R), E < £|V(2)|?, provided also that |J —L,,| < R.
Case 2. For |z| > 1, we will need to make use of the Lipschitz bounds for F' that are derived
from (HO) — (H2) and Proposition 10. Following this, and the fact that F” is also locally

uniformly continuous, we have for z € Q(zg, R) that

|G (@0, w) — G(z,2)| <|G(wo,w) — G(z0, 2)| + |G (20, 2) — G(2, 2))|

<|F(Vu(wo) +w) = F(Vu(wo) + 2)| + |F'(Vu(zo))||w — 2|
+ |[F(Vu(zo) + 2) — F(Vu(z) + 2)| + |F(Vu(zo)) — F(Vu(z))]
+ [F'(Vu(@o)) — F'(Vu(z))]|2]

<é (14 |Vu(zo) + wP™ + [Vu(zo) + 2P~ |w — 2|
+é (14 |Vu(z) 4 2P~ + [Vau(zo) + 2P~ Vu(z) — Vu(zo))
+é (1+ V() P~ + [Vu(zo) [P~ Vu(z) — Vu(zo)|
+ & |Vu(z) — Vu(zo)||2]

<c(1+ |2P)|J =T + C(1 + |2| + |2P)|Vu(z) — Vu(zo)|

<C (| = Ln| + (08cq(uy, ) VW)V (2)[%,

where the last inequality follows from the fact that |z| > 1.

Therefore, if for a given € > 0 we take R > 0 such that

C (|J = L] + (0scqy,r)VU)) < 7,

our claim follows by choosing R = R. > 0 suitable to make E < £|V(z)? RNV*n,

for any z €
We now observe that, following a similar spirit as in the above proof, by considering
separately the two different cases |z| <1 and |z| > 1, it is not difficult to see that there is a

constant Cp independent of z and z such that, for every z € Q and for every z € RV*",

|G(x,2)] < Co|V(2)” (2.14)

On the other hand, observe that since the determinant is a continuous function, for any given
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C,e > 0 there is a § = 6. € (0, min{§, 1}) such that, if |J —I,| < ¢ with J € R"*", we can
then ensure |.J —1I,| + |1 —|det(J)|| < ;5. This technical observation enables us to estimate,

for any z € RN*" and any J € R™" with |J —I,| < § as above, that

c2|[V(z- ) = [V(2)P|det J|| <ca||[V(z- ) = [V(2)]P| + [V(2)P[1 = | det J]|
<SC(VE- DI+ VEDIVE-J=VE

+ C|V(2) 2|1 — | det J||

p—2
4

<OWVEZIT = Lol (142 TP + [2) (2.15)
+ C|V(2)2|1 — | det J||
N
SCOWVEIJI =Tal (1+127) © Iz
+ C|V(2)2|1 — | det J||
=C (| =LV (2)]? +V(2)*[1 = | det J||)
< %]V(Z)P. (2.16)

We remark that inequality (2.15) follows after applying Lemma 128 (i)-(v), together with the
fact that we can assume |J| < C, given that |J —I,| < § < 1. From (2.12), (2.14) and (2.16)
we can infer that, for any € > 0, there are 0 < § = . < 1 and R = R. > 0 such that, for any

J e R™" » € RVX" and any zg, 2 € R™, if |J —1,,| < 6 and = € Q(z0, R), then

|G(xg,2-J) —co|V(z- J)]2 — (G(z, z)|det J| — CQ|V(2)\2|det J))|
<|G(z0,2-J) — Gz, 2)| + |G(x, 2)|1 — | det J|| + c2||[V (2 - J)|* = |V (2)|?| det J]|
€
<z|V(2)]?

<e|V(2)[%| det J|, (2.17)

where the last inequality follows from the local uniform continuity of the determinant and,
once again, from the assumption that |J —1,| < é for 0 <6 < 5.

Having obtained these preliminary estimates, we will now prove the part (2) of the
Theorem and postpone the derivation of (1) until the end of the proof.

Assume that g € T'y. Because Q is a set of class C', we can find an Ry > 0,

which does not depend on zg, such that for every 0 < r < Ry there is a homeomorphism
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D, B;(IO)(O, 1) — (@ N B(0, 1)) What is more, because 0f) is smooth and compact, we
can construct the homeomorphisms @, so that, given a § > 0, we can find an Ry € (0, Rp)

such that for every 0 < r < Ry and for every zy € 012,

|

so that V&, converges to the identity matrix uniformly on B;(xo)(o, 1) and uniformly for

®’I“ - IdB— (0’1)

n(zq)

IV, — Tl s 0.1y ) < O (2.18)

oo - n n(zg)
Lo (B, (0.1).B") 20

xo € 00.3
Having established the above estimates, after fixing ¢ > 0 we obtain § > 0 and R > 0 such
that (2.17) is satisfied and, for such 6 > 0, we take R; so that (2.18) holds. We further
assume that H(I)RlHLOO(B;<IO)(0,1)) < 2. We now let R := 2min{Ro, 1} and observe that,
for any y € B;(xO)(O, 1), we have R®r(y) + zo € Q(zo, R) and, therefore, (2.17) holds with
x = ROR(y) + xo, 2 := Vp(RPR(y) + o) and J := VPr(y), where ¢ is any function in
WLP(Q(z0, R), RY) so that ¢ = 0 on 9(B(xo, R)) N Q.

After making this substitution in (2.17), since the inequality holds for every y € B;(xo) (0,1),

we can integrate over BIT(IO)(O, 1) to obtain that

3See Theorem C.1 in [GMO09] for a careful construction of the homeomorphisms ®,..
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/ C (F(Vulro) + Ve(RBr(y) + 20) - Vr(y)) — F(Vu(zo)) dy

n(wo)(o’l)

_/ (F'(Vu(zo)), Ve(RPR(y) + o) - VOr(y)) dy

a(zg) (01

. / V(V(RDR(y) + 20) - V() dy
B;(%)(O’l)

- /  F(Vu(R®R(y) + 10) + Ve(ROR(y) + 10))| det TBR(y)| dy

n(zg) (0.1)

+ /  F(Vu(R®R(y) + o))| det VOz(y)| dy

n(zq) (0’1)

+ / ) (F'(Vu(R®R(y) + 20)), Vo(RPR(y) + 20)) | det V@ (y)| dy

n(fﬂo)(o’l)

var [V (Te(REa() + ) Pl det VBr(y)]| dy

n(zq) (0.1)

- / G0, Vo(RBR(y) + 20) - VOr(y)) dy
B;(IO)(O,I)

e [ V(TeRR() + o) VER()P dy
(0,1)

n(zq)

- / o) G(RPR(y) + 0, Vo(RPR(y) + 20))| det VOR(y)| dy
B~ (01
n(zg)

va [V (Te(RER() + o) det VBa(y)]|dy

n(zg) (01

<e [V (Vo(ROR(y) + 70))|?| det VO R(y)| dy (2.19)

B;(Io)(o’l)

We are interested in using the quasiconvexity at the boundary condition in order to simplify
the above expression. With this aim, we define ¢: BI:(IO)(O, 1) — RY as
s P(RPR(Y) + x0)

P(y) = 7 :

Observe that, since ¢ = 0 on 9(B(zg, R)) N Q and the homeomorphism @El “flattens” the

boundary of Q;Rmo in B(0,1), then

Q—xo

=0 on ;' |0(B(0,1)N =0(B(0,1))N B, ,(0,1). (2.20)

(20 (

Hence, by approximation, ¢ is a suitable test function for the quasiconvexity at the free
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boundary condition that we have. Since V@(y) = Vo(RPr(y) + z0) - VPr(y), this means

that

0< /  (F(Vulro) + Ve(RBR(y) + 20) - Vr(y)) — F(Vu(zo)) dy

n(zg) (0.1)

e [ V(VERBR() + 50) - VOR() P (2.21)

n(zq) (071)

Moreover, the weak Euler-Lagrange equation associated to the above minimality condition

implies that

[ (Tulen). TelBOR() +a0) - TOR(y)) dy = (2:22)
B2y (0:1)

From the expressions (2.19), (2.21) and (2.22), we deduce that

- /  F(Vu(R®R(y) + 20) + Ve(RER(y) + 0)| det VB (y)] dy

n(zo)(O’l)

4 / F(Vu(ROr(y) + 20))] det VO (y)| dy
By, (0.1)

+ [ (PTuROA() +10)), TR R(y) + 20)) | det VER(y)]| dy

n(zo)(o’l)

+ c2 [V (Vo(RPR(y) + 20)) [*| det VO r(y)| dy

Bn_(.ro) (0’1)

< 5/ o V(Vo(ROR(y) + 20))|?| det VER(y)| dy.
B~ 0,1
n(zg) "’

Applying the change of variables x = R®r(y) + xo, this leads to

- /Q o) (F(Vu(z) + Vo(x)) — F(Vu(z)) + (F'(Vu(z)), Vo(x))) + | V (Vo(x)) |* da

<c / V(Vo(a)? da. (2.23)
Q(zo,R)

Since ¢ = 0 on J(B(zo, R)) N, in particular we have ¢ = 0 on d(B(zo, R)) N B

n(zo)

0,1).

Therefore, because v is an F-extremal,

/ (F'(Vu(2)), Vo(z)) dz = 0.
Q(z0,R)
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This, together with (2.23), imply for ¢ = % that

/Q( o (F(Vu(x) +Vo(z)) — F(Vu(z)) + <F'(Vu(x)), Vgo(x)>) — |V (Vp(zx)) 1? dx

> -2 V (Vo) [* da, (2:24)
Q(z0,R)

which gives us the desired inequality after adding cs fQ(x& R) |V (V(z)) |2 dz to both sides of
the above expression. This concludes the proof of (2) for zp € I'y.

On the other hand, to prove (1), if o € Q a simpler version of the above proof will work,
since we can then use that the standard quasiconvexity holds in  and take ®x as the identity
homeomorphism in the above proof, given that there is no need, for this case, to flatten the
boundary. All the other calculations follow in the exact same way. This concludes the proof

of the theorem. OJ

Remark 54 Let Qg(zo, R) := QN Q(zo,7), where Q(xo,7) is a cube with sides parallel to
the coordinate axes. It is then easy to see that, if ¢ € Var (QQ (mo, %)), then by assigning
@ the value of 0 in Q(xg, R)\Qq(zo, R), we can assume that ¢ € Var(Q(xg, R)). Therefore,

Theorem 53 remains valid if we exchange Q(xo, R) by Qg(xo, R) in the statement.

2.5 Sufficiency result for strong local minima

We now establish the result related to [GMO09] by Grabovsky and Mengesha. The approach
that we follow here for the sufficiency theorem, consists essentially of appropriately exploiting
the result of K. Zhang [Zha92] that we generalized in the previous section, according to
which smooth solutions of the weak Euler-Lagrange equation minimize the functional in small
subsets of the domain. The idea is then to partition the original domain into sufficiently small
sets where we can apply Zhang’s result and then add up the corresponding local estimates.
This inevitably leads to obtaining an excess, which is non-linear. The purpose is then to
prove that the excess converges to zero and we do that with the help of Young Measures.
We remark that, in the proof of the following result, the assumption that v € C*(€,RY)

is mainly required while using the generalized version of Zhang’s theorem.
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Theorem 55 Let F': RV*" — R such that it satisfies (HO) — (H2) for some p € [2,00). Let
u e C! (ﬁ, RN) be an F-extremal and assume that the second variation at u is strongly

positive, meaning that there is a constant cs > 0 such that

03/|V<p|2dx < /F"(Vu)[V(p, V| dz (2.25)
Q Q

for all p € Var(Q,RN). In addition, if the free portion of the boundary is such that T'n # 0,
suppose that (H2’) holds. In this case, or if p > 2, further assume and that, for some constants

cq,c5 >0,

(H3) C4/|V<p|pd$ _ C5/|V<p|2 dz < / (F(Vu+ Vi) — F(Va) dz
Q Q Q

for every ¢ € Var(Q,RN).4 Then, u is an LP-local F-minimizer.

Remark 56 If the second variation is assumed to be positive in the sense of (2.25) then, by

continuity, the same inequality holds for ¢ in the WY 2-closure of the set Var(€2,RY).

Proof of Theorem 55. We will prove the result arguing by contradiction. Suppose
that the theorem does not hold. Then, we can find a sequence (@) C Var(€2,R™) such that

H(PkHLP(Q,RN) — 0 and

/F(Vu + Vi) dz < /F(Vu) dz (2.26)
Q Q

for all kK € N.

As in the proof of Theorem 53, we use Taylor’s Approximation Theorem and define

G(z,z) = F(Vu(z)+z) - F(Vu(z)) — (F'(Vu(z)), z)

— /1(1 — ) F"(Vu(x) + t2)[z, 2] dt.
0

4We remark that, if Iy = @ and p = 2, the proof that we present here removes this condition from the
original result in [GMO09]. On the other hand, as discussed in [GM09, S.3.2], it can be shown that (H3) also
follows if we assume that F' is pointwise coercive: c4|z|P — ¢ < F(2) for all z € RV*™. However, (H3) is a
more general assumption.
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Note that, since u is an F-extremal, for every k£ € N it holds that

/G x, Vi) dz // O F" (Vu + tVer)[Vor, Vo] dr

_ / (F(Vu+ Vi) = F(Vu) = (F'(Vu), Vi) da
Q

<0. (2.27)

This inequality suggests the underlying idea behind this proof, which is to exploit the
strong positivity of the second variation to obtain a contradiction. By a normalization
argument we can construct a sequence of variations suitable for this purpose. However,
such a sequence will only converge weakly to 0 in W12(, RN ) and, therefore, we will require

the theory of Young Measures to obtain the desired convergence of terms of the form
1
/ / F”(VU + tar V) [V, Vi) dt dz
0

for a suitable sequence («y) that we will define shortly.

Having stated this, we proceed with the first main step of the proof, which consists in
showing that (¢y) is bounded in W1?(Q, RY). For this purpose, we treat differently the two
cases 'y = () and 'y # (), with the aim of providing an argument that does not make use of
the coercivity assumption (H3) for the case of full Dirichlet boundary conditions. We remark,
however, that if p > 2, condition (H3) seems to remain necessary even if I'y = ().

Case 1. If Ty = 0, so that we are in the case of Dirichlet boundary conditions, we will
prove the claim by obtaining a Garding inequality from assumptions (H1) — (H2). These

two, together with Proposition 10 and the fact that ¢ € W(l]’p (2, RY), imply that
o / VeorlP dz < / (F(Ver) — F(0)) da (2.28)
Q
(F(Vu+ Vi) + F(Ver) — F(Vu+ Vo) — F(0)) dz (2.29)

< [ (F(Vu+ Vo) + el + [VerlP~L + |[Vu + VP71 | Vu| — F(0)) dz.

b\b\b

(2.30)
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Observe here that
1
62/ <2p_1]Vu + Vi [P — ]Vu\p> de < C2/|V<Pk’p dx
Q Q

and, on the other hand, by Young’s inequality applied to cac,|Vu + V(pk|p_1c; 1Vu| with an

appropriate choice of the constant ¢, we have that
5/(1 Vel [V VP V| da

<c/(1 [V + VP! + [VaP™) |Vl de
Q

</ (%\Vu—kchk\p+c|Vu]p+c\Vu|) dz.
Q

Therefore,

2
2p—1

) 2
/]Vu + VP de < / (F(Vu + Vi) — F(0) + | Vu| + <c +c2+ ;) \Vu]p> dz
Q Q 2
or, equivalently, there are constants ¢3 > 0 and ¢4 > 0 such that

ég/Wu + Vi|Pda < /F(Vu + Vi) do + 64/(1 + [VulP) dz
Q Q Q

for all k£ € N.

This, together with assumption (2.26) and Poincaré inequality, finally allows us to conclude
that () is bounded in WP,
Case 2. If T, # (), then (ipy,) is bounded in WP (Q, RY) by assumptions (H3) and (2.26). We
remark that, the reason why we cannot proceed, as in Case 1, to obtain a Garding inequality
without this assumption, is that ¢y ¢ Wé’p (2, RY) and, therefore, we cannot obtain (2.30)

from the quasiconvexity condition (H2).

Having established that () is bounded in the previous two cases, we can further conclude
that ¢ — 0 in WhP(Q,RY).

On the other hand, using Theorem 53 and Remark 54 we find an R > 0 such that, if
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Qz,R) = QN Q(z, R),’ then

2 / V (V)2 de < / (F(Vu+ V) — F(Vu)) dz (2.31)
Q(z,R) Q(z,R)
for all ¢ € Var(Q(z, R),RY) and all = € Q.
Now, for a given r € (0, R), we consider a cover for §) consisting of non-overlapping cubes

of side length 2r, so that

Qc Q).

JjeJ
For each j € J and for 7 < s < R, consider cut-off functions p; € C}(Q(z;,s)) with the
property that 1o, ) < pj < 1, and [Vp;| < s%«
Note that the cubes Q(z;,s) have bounded overlap since, when s < 2r, Q(z;,s) will
intersect at most 3" — 1 other such cubes.

In addition, if ¢ € Var(Q,RY), then pjo € Var(Q(z;,s),RY) and so, according to

inequality (2.31),

| (0 ZvEpenE) de s [ FTut o) do.
Q(z;,5) Q(zj,5)

Since u is an F-extremal, we also get that

C2

2 [ WeePars [ 6w V).

Q(x;,5) Q(zj,s)
Then, since p; = 1 on Q(z;,7), we obtain

2

C
2 [ veaper 2 [ e
Qzj,r) Q(z,8)=Q(zj,r)
< / G(x, V) dz + / G(z,V(pjp)) dz.

Q(zj,r) Q(zj,8)—Qzj,7)

Following the proof of the estimate for G in Theorem 53, we can find a constant ¢ > 0

SFor simplicity, we change the notation and assume, only for this proof, that Q(z¢, R) = Q¢(zo, R). See
Remark 54.
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such that, for every x € Q and z € RV*",
|G(z,2)| < c|V(2)]% (2.32)
Using this we obtain, after adding up the previous inequalities over j, that

C C
2 vEara+ 2y [ Vel
Q I Q(a;,8)-Qa; 1)

g/(F(vu+w) —F(Vu)dr+c Y V(V(pse))|? da.
Q jeJQ(:rj,s)fﬂ(xj,r)

Hence,

‘;/quwﬁdx—CE: / <w«vwﬁ+¢v< @ )
Q

- s—r
I€ Q(w;,8)-Q(w;,r)

2
)dx

Q
:/G(x, V) dx (2.33)
Q

< / (F(Vu+ V) — F(Va)) da

for all ¢ € Var(Q,RY), » € (0, R) and s € (r,min{2r, R}).

Now, let 7% := ||V(Vgg)||12. Then, 75 > 0 for all £ € N and (7%) is a bounded sequence
because p > 2. We will now show that v, — 0 as k — oco. Arguing by contradiction,
we assume that there are v > 0 and a subsequence, that we do not relabel, such that
vk — 7. Considering a further subsequence, we may also assume that |V (Veg)[2L" = p in
0 (Q)" =M (Q).

We now take r € (0,R) and the grid so that p (UjeJ(a(Q(:Ej,r)) ﬂﬁ)) = 0. This
is possible because, for a given xg, only a countable amount of cubes can be such that

u(0Q(xg,r)) > 0. To prove this, observe that for any k € NT,

Ay = {r € (0,R): 1 (0Q(z0,7)) > ;}

is a pairwise disjoint collection of subsets of Q(zg, R). Since p is o-additive and pu(Q(zg, R))

is a positive real number, this implies that Aj is finite for every k € N*. Hence, the set of
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real numbers

{r € (0,00) : 1 (8Q(x0,7)) > 0} = | A (2.34)

keN
is at most countable.

Now observe that, for r < s < min{2r, R}, we get from inequality (2.33) applied to

¢ = pk, that

/|vwk paw-ey | (ywwwm\v(ﬂ)f) da

j€s Q(xj,5)—Q(z;,r)
S/(F(VU + Vi) — F(Vu)) da.
Q
Recall that, by assumption, ¢r — 0 in Lp(Q,RN ) and, since p > 2, this implies that
V(gr) — 0in L2(2,RY). Hence,

6—272—cu Qn U (W—Q(fﬁj>r)) <0

2 A
jedJ
and, letting s N\, 7 in the above expression, we get
C2 2

02 2 =<
0<5y:27 —cl QHLEJJ(? (xj,7 <0,
J

which is a contradiction.

Consequently, v, = ||V (Ver) |12 — 0.

Let o = ||Vog| L2 and B = (2|Q|)%7%”v@kHLp. By Lemma 128 we also have that
ap — 0 and B, — 0. This way, we have reduced the problem to the case of W!2-local

minimizers. In addition we recall that, by Hélder’s inequality,

1_1
ar = [Vl < (219Q)2 7 |[VerllLe = Br.

Therefore, 1y, := % < 1 for every k € N.

We now claim that the given sequence of variations (¢y) is such that

ﬁp
0< sup— =A<
keNOék
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for some real number A > 0. Indeed, if p = 2 this is trivially true and, if p > 2, from the

coercivity condition (H3) applied to ¢y it follows, after dividing by az, that for every k € N,

P

a5 < ap? [ (F(Vu+ 9 - F(V0) dr <0,
k
Q

P
This proves that the sequence <§—’5) is bounded and the claim follows.
k

We now define vy, := a; ‘¢ € Var(Q,RN). Hereby, [|V¢;|> = 1 and hence we can
Q

assume, up to a subsequence, that ¢, — ¢ in WH2(Q,RY), |Vep[2L" = i in CJ(Q)* and

that Vib, — (v,). This, together with the the fact that J1re VP = 8,7 [[VerlP = 1 and
Q Q

the Decomposition Lemma, implies that, for a subsequence of (¢;) that we do not relabel,

we can find sequences (gx) C W(l)’z(ﬂ, RY) and (by) C Var(Q, RY) such that:
e g, — 0and b, — 0 in WH2(Q,RM);
o rrgr — 0 and riby — 0 in WHP(Q RV);
e (|Vgr|?) and (|1 Vgi|P) are both equiintegrable;
e Vb, — 0 in measure and
® U =1+ gk + by

Let us call fy := a,fG(az, ar Vi) —oz,?QG(x, a,Vby). Then, by using (2.32) together with
Proposition 10, we get that since p > 2 and G(z, -) is a quasiconvex function (and, therefore,
also rank-one convex), there is a constant ¢ = ¢(p) > 0 such that, for every z,w € RN*" and

for every x € €,
G, 2) — Gz, w)] < e(IVpr(2)] + [Vpa(w)]) |2 — w].
The proof of this inequality relies also on the fact that, for some constant ¢ > 0,

T (el + 12771 < Vpmr(2)] < efz] + 277,
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This implies that, for any € > 0, there exists a constant ¢, such that

[fil < cai (Vo1 (@ Vr)| + (Vo1 (Vi) [V + V|
< ¢ (IVenl + [Voil + o> ([P~ + (Vo)) [V0 + Vg

< & (IVRf + Vbl + 0 Vel + [V0u[?) ) + ez (199 + Vel + o} V9 + Vi)
Consequently, we can observe that, for any set A C R™,

/|fk| de < e + aa/ (\w + Vgil? + ol 7V + ng|p) da. (2.35)
A A

P
Taking into account that ’B—’g is a bounded sequence by (2.5) and that
Ok
2 B
ay | VgrlP = ?Tﬂv%vj,
k

we deduce that (a£_2\ng|p) is equiintegrable and, hence, so is (fx).
Now, let ¢ > 0. Since (Vi) is measure-tight and Vb, — 0 in measure, we can take

me > 0 large enough so that, for every m > mg,

|frldz < e

{1V 2myU{|Vbg|>m}

for all kK € N.

Then, for all m > m,,

fkda:—8</f;€dx.
Q

{IVpi |[<m}n{|Vbg|<m}

We will now use the Fundamental Theorem for Young measures to take the limit inferior in

both sides of the above expression and obtain that
1
2/ / F"(Vu)[z, 2|1 go,m)(2) dvg(z) do < lign inf /fk dz (2.36)
—00
Q Q

for all m > m.. In order to prove this claim, consider the integrand H :  x RV*" — R given
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by
H(z,z) == F"(Vu(x))[z, 2] L p0,m)(2)-

Notice that 1 (g ) (2) is lower semicontinuous because B(0,m) is an open set. Hence, H(z,-)
is lower semicontinuous for every x € Q. By part (I) of the Fundamental Theorem of Young

measures (Theorem 43), this implies that, since Vi, X, Vg,

k—o0

/ / F"(Vu) 2, 2] Lp(om (=) dva() dz < lim in / F/(Va) [V, Vi) dz. (2.37)
Q [Vipr|<m

On the other hand, the sequence of functions
F”(Vu + tag Vby) [ka, ka] 1{|vbk\<m}ﬁ{\vwk|<m}

is bounded in L>*(Q) for all ¢t € [0,1] and, therefore, it is equiintegrable. In addition, this
sequence converges to 0 in measure because Vb, — 0 in measure and F” is continuous. These

two facts imply, by Vitali’s Convergence Theorem, that
F”(VU + tOékak) [ka, ka] 1{|ka\<m}ﬁ{|vwk|<m} —0 (238)

in L'(Q) when k& — oo and for all ¢ € [0, 1].

It is also clear, by the Dominated Convergence Theorem, that since oy — 0,

1
J [ 00=0 (P (Fut 1) = F(90) [V, Tl oot dt da| 0.
Q

(2.39)
Furthermore, given that Vb, — 0 in measure, we have that
/F”(VU) [V, Vo] (Lgwyy<m) — Lol <min{|Ves|<m}) AT
Q
§cm2/]l{v¢k|<m} (1 — H{\ka|<m}) dz — 0. (2.40)
Q

By combining (2.37)-(2.40), we obtain that (2.36) holds for all m > m,, as we wanted to

prove.
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We now claim that
1
2//F”(Vu)[z,z] dvg(z)de — 2 < hmmf/fk dz. (2.41)
Q

Indeed, this follows from the fact that, since v, is a probability measure for every = € (), we

can find m > m. large enough so that

/ / F (V@) 2 L gy () dval2) da| < e

Q RN Xn

By letting € — 0 in (2.41), we conclude that
1
2//F”(Vu)[z,z] dvg(z)de < l1m1nf /fk dz. (2.42)
Q

Next, we take ¢ = aby in inequality (2.33) and we recall that ¢, ' (|£[* + [£]P) < [V(£)]* <
cp(|€]* + [€[P). Using that u is an F-extremal and by € Var(Q,RY), after dividing by o} we
get, for some constant ¢, > 0,

C2Cp

; (|ka|2 + a§*2\ka|P) da

_ by |2 o |blP

S [ (e Y
icJ

I€7Q(as,8)—Qxj,7)

§ak2/(G(az, a,Vby) dz
Q

for every s, r such that <r<s<R.
Notice that
_ By
? (bel? -+ [V0iP) = 2508 (bel? -+ [V0?).
k

Since rpby — 0 in WHP(Q, RY), we use again that (i—é) is bounded according to (2.5) and

k

deduce that, for a subsequence that we do not relabel, it also holds that

p—2

a,? by = PBray Preby =0 in WHP(Q,RY).

N

We can now use this, and the fact that by — 0 in Wh2(Q,RY), to proceed exactly as we did
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to prove that o — 0 and whereby conclude that

0< %hminf/\wky? + ol 72V [P da
2 k—ooo
Q

k—o0

= lim inf 022019/ (\ka|2+a£72|ka|p) dx
Q

- b |* —2_ |bef?
—c) / (ka!2+a$ Qka\erWJraz ZW dr
je‘]Q(:rj,s)fﬂ(a:j,r)
< li]gglf a 2G(z, 0 Vby) da. (2.43)
Q

Using this, together with (2.27) and (2.42), we get

1
//F"(Vu)[z,z] dvg(z)dz < liminf/f;€ dz —|—1iminf/a;2G(:):,akak)dx
2 k—o0 k—o0

Q Q Q

< lim inf /fk dx+/ak2G(x,oszbk) dz
Q

k—o0
Q

= liminf a;QG(x, agy) dz
k—ro0
Q

<0. (2.44)

We now claim that

% / P (Vu(2))[Pa, Pl dz + ¢ / / Iz — 72 duy(2) dar < % / / F/(Vu(@))[z, 2] dva(2) da.
Q Q

Q
(2.45)

Indeed, since by (H2) F' is strongly quasiconvex, by Proposition 19 we know that, for every

x € (), the quadratic function
0 F' (Vu(a))[n,n] — 2¢20n — 7|

is quasiconvex. Hence, by Jensen’s inequality from Theorem 48, we obtain (2.45) after

integrating over ).
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Therefore, since 7, = V(x) and the second variation is strongly positive,5 we obtain

from (2.44) and (2.45) that
3 2 2
2/|V¢| dz + 02//|z — Vo dug(z)de <0 (2.46)
Q Q

and thus, using Poincaré inequality in its version from Theorem 112, we can conclude that
¢ = 0 and v, = d. This implies that Vi, — 0 in L2(Q,R") and, by Lemma 37, we infer
that V¢ — 0 in measure.

On the other hand, taking ¢ = a1y in inequality (2.33), we obtain, after dividing by ai,

that

2 [1vinf s
Q

2 p—2 W}kZ p—2 |¢k’p
—cz / Vil +ap VY|P + ——5 +ap ——— | do

\
, (s —1)2 (s —r)P
I Q(aj,8) - xjr)

caC, -
<22 [ (1vonP + o VunP) da

[¢)
2 P
_ 2, p-2 P Vx| p—2 |kl
CZJ / (IW%I + oy TV TEomE % o dz <0
VS Q(xj,5)—Q(zj,r)

for all £ € N and for all r, s such that g <r < s < R. Observe that
p=2 _2
a,” Y = Bray, "y

Hence, for a subsequence that we do not relabel, we use again (2.5) to further conclude that
p—2

a,” Y —0in WP (Q,RY). Arguing exactly as we did to prove that 7, — 0 and inequality
(2.43), we can now take the limit when k — oo and use the property [|Vig|>dz = 1, to
Q

obtain that

which is a contradiction. This concludes the proof of the theorem. [

As an application of this theorem, in [GMO09, Section 6] Grabovsky & Mengesha constructed

6See Remark 56.
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an interesting class of strong local minimizers that are not global minimizers. Further
examples of this situation can be found in [KS89, Tah05].

On the other hand, considering the partial regularity results available for both global
and local minimizers that we have mentioned so far, it is a natural question whether the
assumption of full regularity of the extremal is really necessary. The following chapter is

motivated by this problem.






Chapter 3

Full interior regularity for a class of Lipschitz extremals

An important feature of minimizers of strongly quasiconvex integral functionals is that they
can be shown to satisfy higher regularity properties. More precisely, we know from the
partial regularity results of Evans [Eva86], Acerbi & Fusco [AF87, AF89b], Evans & Gariepy
[EG92], Fusco & Hutchinson [FH85] and Giaquinta & Modica [GM86], to name a few, that

if u € WhP(Q,RY) is a minimizer of an integral functional
F(u) == /F(Vu) dz,
Q

where F: RV*" 5 R satisfies (H0)-(H2) for some p € (1,00), then there exists an open set
Qo C Q such that |Q\Qp| = 0 and u is of class C1< in Qg for every a € (0,1).

As we mentioned in Chapter 2, Kristensen and Taheri extended the partial regularity
results, before available for global minimizers, to a certain class of local minimizers [KT03].!
Furthermore, based on the breakthrough construction by Miiller & Sverak [MS03], Kristensen
& Taheri constructed Lipschitz extremals of quasiconvex integrands at which the second
variation is positive but such that they are nowhere C! [KT03, Theorem 7.1]. This, together
with the aforementioned regularity result, settled the fact that there are weak local minimizers
that are not strong local minimizers. Furthermore, in Theorem 55 we have given a new

proof for the Grabovsky-Mengesha sufficiency result, according to which C' extremals where

!The precise statement of Kristensen-Taheri regularity result is stated here as Theorem 58.

65
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the second variation is strongly positive are strong local minimizers of quasiconvex integral
functionals.

However, given that both global and strong local minimizers can only be shown to be
partially regular, it is a very interesting and natural question whether we can relax the a
priori regularity condition imposed on the extremal to guarantee strong local minimality.

In this chapter we establish a full interior regularity result for Lipschitz extremals at
which the second variation is positive provided that, in addition, the mean oscillations of the
weak derivative of the extremal converge uniformly to zero.

The idea behind being able to improve the regularity for this class of extremals is to
exploit a certain local minimality property that they satisfy, which is slightly stronger than
the weak local minimality that follows from Taylor’s Theorem. In the first section of this
chapter we specify notation and terminology to finally prove, based on a similar result by
Kristensen & Taheri [KT03, Theorem 6.1], what exactly is this stronger minimality property
that they satisfy. In the second section of this chapter we present the aforementioned full
regularity proof. In order to enunciate the already mentioned result by Kristensen and Taheri,
we must recall a more general notion of local minimizers, that we present in the following

definition.

Definition 57 Let u € W'YP(Q,RY) and ¢ € [l,00]. We say that u is a W'9-local

minimizer if and only if there is a § > 0 such that

éF(Vu) dz < éF(Vu + Vo) dz

for every ¢ in Wé’p(Q,RN) with ||Vel|lLe < 9.

Kristensen-Taheri’s result shows that, under the above conditions, any W4-local minimizer

of class VVI1 29 is partially regular. More precisely, their theorem is as follows.

Theorem 58 Suppose that (HO) — (H2) hold for somep € [2,00). Let q € [1,00] and suppose
that u € Wl’q(Q,RN) NWLP(Q,RY) is @ WY local minimizer. When q = 0o, assume in

loc

addition that

lim sup (ess sup |Vu(y) — (Vu)3($7r)|> <4 (3.1)

r—0t yEB(z,r)

holds locally uniformly in x € Q. Then, there exists an open set Qg C Q of full n-dimensional
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measure such that u € C’llo’CO‘(Q, RYN) for every a € (0,1).

For the case ¢ < p, the result can be established by looking at this as a problem of absolute
minimizers on sets of small measure, so that partial regularity follows from Evans’ result.?
On the other hand, for ¢ > p the proof of their theorem uses strongly the fact that the
minimizer u is itself of class VVZ1 O’Z However, it is still not clear whether this assumption is
really necessary when ¢ < oo. If ¢ = co we are in the case of weak local minimizers. A
consequence of Theorem 7.1 in [KTO03] is that, for this case, assumption (3.1) is actually
necessary, at least in a qualitative sense.

Motivated by Kristensen-Taheri’s result of partial regularity for local minimizers, in this
chapter we will establish that, if the second variation is strictly positive at a given Lipschitz
extremal, and if the derivative of the extremal is such that its mean oscillations become

arbitrarily small in a given uniform sense, then it is (fully) regular on its domain.

3.1 Lipschitz extremals that are BMO-local minimizers

In this section we will establish that Lipschitz solutions to the weak Euler-Lagrange equation
at which the second variation is positive, are slightly more than merely weak local minimizers.
This result is inspired by a very similar one due to Kristensen & Taheri [KT03, Theorem 6.1].

In addition, we remark that we work under the assumption of strong quasiconvexity
(H2), which is not necessary to show that Lipschitz extremals with strongly positive second
variation are weak local minimizers. More precisely, rank one convexity and p-growth are
enough in that case.

We begin by stating the following definitions and conventions.

Notation 59 Given ¢ € LY(Q,RY) and B(x,r) C 2, we use the notation

Oeri= f ¢dx=m [ owa

B(I,'I") B(I,’I“)

Definition 60 Let ¢ € L1(Q,RY*"). We say that ¢ is of bounded mean oscillation if

and only if
sup 16— (@)asldy < .

B(z,r)CQ
(@) B(z,r)

2See Theorem 83.
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In this case, we define the semi-norm?>

[¢]BMo(QRN*n) 1= sup ][ |¢ — (¢)e,r| dr < 00
B(z,r)QQB(:E "

and we set
BMO(Q, RYV*™) := {¢ € L"(Q, RV*™) : [¢]gumo(qrixny < 00}
The main result of this section can now be stated as follows.

Theorem 61 Let F: RVX" — R be a function such that it satisfies (H0) — (H2) for some
1 <p<oo. Letuwe WHY(Q,RYN) be an extremal with strongly positive second variation,

i.e., for some c3 > 0 and all p € C§°(Q,RY),
/<F’(Vu), V) dz =0 (3.2)
Q

and

03/]Vg0]2dx < /F”(Vu)[VLp,Vap] dz. (3.3)
Q Q

Then, there is a § > 0 such that

éF(Vu) dz < éF(Vu + Vo) dz

for every o € C§°(Q,RY) with [Velpmo < 6.

We remark that our statement differs from Theorem 6.1 in [KT03]theirs in that, in their result,
the parameter § that gives the local minimality, depends on a given constant M > 0 for which
the variations ¢ are required to satisfy ||[V¢|[r~ < M. By adapting the truncation technique
from Acerbi & Fusco [AF87], we have been able to remove this additional restriction.

For the proof of Theorem 61 we will require the following definition and the subsequent
lemmata, that generalize the Hardy-Littlewood-Fefferman-Stein maximal inequality to Orlicz

spaces.

Definition 62 Let f: R” — RYX™ be an integrable map. We define the Hardy- Littlewood

3Observe that [Alemo(o,ry) = 0 if and only if ¢ is constant on each connected component of 2.
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maximal function by

F= s ]lrf )/ dy,

where the supremum is taken over all balls B(y,r) C R™ containing z. Similarly, the

Fefferman-Stein mazximal function is given by
FHa)= s ][ 17) = (£l d.

A useful generalization of the Hardy-Littlewood maximal inequality is the following.

Lemma 63 Let ®: [0,00) — [0,00) be a continuously increasing function with ®(0) = 0.
Assume, in addition, that ®(t) = tPA(t) for some p > 1 and some increasing function

A: [0,00) — [0,00). Then, there exists a constant v = y(n,p) such that
Jeuma< o< [eeir)a (3.4)
R" R~ R"
for all f € LY(R™ RV*"),
The proof of the first inequality in this lemma follows from the fact that ® is increasing and
from Lebesgue’s Differentiation Theorem, which implies that |f(z)| < f*(x) for almost every

x € R™. For a proof of the second inequality we refer the reader to [GIM95, Lemma 5.1]. We

can relate both notions of maximal functions in the following way.

Lemma 64 Let ®: [0,00) — [0,00) be a continuously increasing function with ®(0) = 0. Let
>0 and f € LY(R",RVN*"), Then,

/ *)dx </ ( )dx—i—Q 53¢ /@(5”2“+1f*)dx. (3.5)

R

If, in addition, we have that

o(2t
sup 220

< 00,
>0 D(1)

we can further conclude that there is a constant v1 = y1(n) such that

/ (f*)dr < 7 / (f#) dz (3.6)

Rn Rn
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whenever f € LY(R™, RVN*") is such that [ ®(f*)dx < oco.
R’ﬂ

The proof of (3.5) can be found, for example, in [KT03]. Inequality (3.6) follows easily from
(3.5) under the given extra assumptions.
We can now proceed with the proof of the theorem.

Proof of Theorem 61. Let w be a modulus of continuity for F” on the set

{€ e RNV |¢] <14 | V]oo}

As in Appendix D, we extend w to (1 + ||V, 00) so that it has the following properties:

e w:[0,00) = [0,00);

w is continuous and increasing;

e w(0) =0 and w(t) =1 for every t > 1;

sup% < 0o and

t>0

|F" (&) — F"(n)] < cw(]€ —n|) for some constant ¢ = ¢(||Vul|r~) > 0 and for every

&l Il < 1+ |Vl oo
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Now, if ¢ € C5°(Q, RY), then by Taylor’s formula, (3.2) and (3.3), we have
/ (F(Vi + V) — F(VE)) da
Q
:/ (F(Vu+ V) — F(Vu) — (F'(Vu),Vy)) d
Q
1
:/ (F(Vu+ VQO) - F(Vﬂ) — <F/(Vﬂ), V(p> — 5F”(Vﬂ) [V(,O, V(p]> 1{||V<p\>1} dx
Q
1
+ // (1 — t) (F”(VﬂﬁL tVCp) — F”(Vﬂ)) [V(p, VSD]JL{HVLMSI} dtdz
0 0
1
+ 2/F"(Vu) [V, Vel dz
Q
C | T— _
>% (9ol dn—c [ (14 Va1 + VP [T6] + V6] + Vo) Lyopiony da
Q Q
— e [elI9eIVeP L w sy do
Q
C
2% [[9edo — ¢ [ (Vo +196) Lon do - ¢ [wlITeDIVePLwacy dz, (3.7
Q Q Q

where ¢ = ¢(|| V| x,n,p) and the last inequality follows from the fact that ab?~! < aP + bP
for a,b > 0.

We now consider two different cases.

Case 1. If 1 < p <2, it follows from the above chain of inequalities that

/ (F(VT + Vi) — F(VT)) dz
Q

C
Z;/’VW do = C/’V%"|21{||w|>1} do — C/w(lvw\)lvso!211{||w|<1} da
Q Q Q

C
>% 196 da — ¢ [w(ViI VP da. (3.8)
Q Q

Extending ¢ by 0 outside of 2, we see Vi as a map defined on R™.

Then, applying Lemmata 63 and 64 with ®(t) = t?w(t), we find, for a new constant ¢ > 0,
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that

/ (F(Va + Vi) — F(Va)) da
Q

>4 / Vo2 de —c / (cl(Vo)# )| (Vi) ? da.
Q Q

It is easy to observe that

(Vo)# < 2(Vo)*. (3.9)

This, and the Hardy-Littlewood-Wiener maximal inequality, imply that
[150# P as <a (90 Pas < [ 94
R® R® R»

Putting this and (3.8) together, we conclude that

/(F(VU+ V) = F(Vu)) dz > / (% - Cw(C!(Vw)#!D (V) *|* da. (3.10)

Q Q

By taking § > 0 small enough, the right hand side of the above expression will be non-negative

when [Velgmo = [|(Ve)?||lso < 6. This concludes the proof for the case 1 < p < 2.

Case 2. If, on the other hand, 2 < p < oo, from (3.7) we infer that

/ (F(VT + V) — F(VE)) do

Q

C
> / Vel2dr — ¢ / (IVol? + [VgP?) dz — ¢ / (Vo)) Vigl? da
Q

Q
23/|Vg0|2dﬂc — c/w |Vg0] |Vg0\2 + \Vgp|p) dx. (3.11)
Q

We extend ¢ by defining it like 0 outside of 2 and, for a § > 0 still to be specified, we assume
that ||(Ve)™|lsc < 6 < 1. Then, by Lemmata 63 and 64 applied with ®(t) = tPw(ét) and

®(t) = t*w(ct) in both directions, we use again (3.9) to obtain that, for different constants
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¢ =¢é(n),

/ VoPuw(Ve)de <c / (V) Pul (Vo)) da < e / (Vo) #Pw(E(T)t) da
R™ R™ R™

<o / (Vo) * Pu(@(V)#) de < c / (Vo) Pw(@(Ve)") d
R R

< c/]Vg0|2w(E(Vgo)) dz. (3.12)
R"
It is for the third inequality above that we are using the assumption ||(V¢)# | < 6 < 1.

The estimates obtained in (3.11) and (3.12) lead to

/ (F(Vu+ V) — F(Vu)) de > 623/|Vg0]2 dz — c/w(é|V<p|)|Vg0\2 dz.
Q Q Q
We are now in the same situation as in (3.8) and we can conclude the proof in the same way

that we did for 1 <p < 2. O

3.2 Full interior regularity for Lipschitz extremals with VMO

derivative

In this section we will exploit the local minimality obtained in Theorem 61 to show that
Lipschitz extremals at which the second variation is strongly positive and such that the mean
oscillations of their derivative become arbitrarily small in a uniform way, are smooth in their
domain.

To clarify the terminology we consider a very special subspace of BMO(2, RV*™) which,
in a similar way as with Sobolev spaces, is the one that we obtain if we only consider functions
that vanish at infinity. With this motivation, we establish the following definition regarding

the space that consists of the closure of C§(Q, RY*") in BMO(Q, RV>*").

Definition 65 Let ¢ € BMO(Q,RV*"). We say that ¢ is of vanishing mean oscillation
if and only if
lim sup sup ][ |6 — ($)ar|dy =0

p=0r<p B(z,r)CQ
(z,r)
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and we set

VMO(Q, RV*™) := {¢ € BMO(Q,RN*™) . ¢ is of vanishing mean oscillation}.

Remark 66 VMO(Q,RYX") is, indeed, the closure of C§(Q, RVN*") in BMO(Q, RVN*"). See

[Ste93] for this and further properties of the spaces of bounded and vanishing mean oscillation.

We would like to mention at this point that Moser states in [Mos01] that, if u € WH°(Q, RY)
is an F-extremal of a C2 rank one convex integrand and such that Vu € VMO(Q, RV*"), then
u € CH(Q,RY) for some o > 0. We observe that, by extending this result to the boundary,
it would directly imply that we can substitute the assumption of u € C*(Q, RY) by requesting
that u is Lipschitz and its derivative is of vanishing mean oscillation in Theorem 55. However,
while trying to incorporate these two results together, we found an inconsistency in the proof
of the main result in [Mos01].

Nevertheless, the conjecture that a VMO derivative should allow us to obtain a good decay
for BMO-local minimizers, and then iterate this decay to obtain higher regularity, is still an
important question, specially when motivated by relaxing the a priori regularity assumptions
imposed on the extremal for the sufficiency result given by Theorem 55. Therefore, in this
section we give a positive answer to this problem by proving full regularity in €2 for the class
of extremals that is now under consideration. We remark, however, that it is still a natural
and important question whether the result that we present here can be extended up to the
boundary. This would readily enable us to generalize Theorem 55.

Since the underlying idea for the regularity result that we will now establish is a BMO-local
minimality condition, the proof of the following theorem follows the strategy developed by
Kristensen & Taheri in their proof of Theorem 58. The argument is by contradiction using
a blow-up procedure and, as we shall see, it enables us to conclude a good decay estimate
of the excess, necessary for regularity, using as a starting point a Caccioppoli inequality
of the first kind. This can be obtained just from the local minimality condition that the
extremal satisfies. Furthermore, this is the remarkable difference between the technique used
in [KTO03] to obtain partial regularity of minimizers, and all the partial regularity results that
had previously been obtained for global minimizers. The latter ones make use of a Caccioppoli

inequality of the second kind that is obtained by iterating the one of the first kind. However,
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as we will see in detail in Step 3 of the following proof, this cannot be achieved in the case of
local minimizers (the obstacles appearing in this case of BMO-local minimizers are the same
as those arising in the context of Wh4-local minimizers considered in [KT03]). Hence, the
local minimality, together with the Caccioppoli inequality of the first kind, should suffice to
conclude the proof in this case.

Despite the similarities that the following proof shares with that of Theorem 58, we remark
that the ideas necessary to obtain the Caccioppoli inequality in this case (see (3.24 below)
are not trivial. The main difficulty concerns obtaining suitable variations with small BMO
norm that enable us to use the local minimality of u. Since the comparison maps that we
construct consist, roughly speaking, of the product of a cut-off function with the extremal
u, a careful treatment of the behaviour of the BMO semi-norm with respect to the product
of functions is necessary. The main ideas behind the good estimates that we obtain here are
inspired by the estimates obtained by Stegenga in [Ste76]. The details of this will become
evident in Step 3 of the following proof.

We now proceed with the main result of this chapter.

Theorem 67 Suppose that (HO)-(H2) hold for some 2 < p < co. Let o € (0,1) and assume
that w € WH°(Q,RN) is an F-extremal with strongly positive second variation and such that

Vi € VMO(Q,RY). Then, w e CR%(Q,RY).

loc

Recall that, under the assumptions of this statement, we have shown in Theorem 61 that u
is a BMO-local F-minimizer.? With this in mind, we will now obtain the regularity result by

establishing a suitable decay estimate for the excess
E(z,r) = ][ V (Va — (V) | da.
Q(z,r)

The theorem will be a consequence of the following proposition, that we can then iterate to

obtain full regularity of Vu via Campanato’s characterization of Holder continuity.

Proposition 68 Under the assumptions of Theorem 67 we have that, for every m > 0, there

exists C'= C(m) > 0 with the property that for each T € (0, %), there is an € = e(m,7) > 0

4We don’t require Vi € VMO for Theorem 61.
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such that, for a fized Ry > 0 and every 0 < r < Ry, if |(V)zr| < m and E(x,r) < e, then
E(z,7r) < C(L)T2E(z, 7).

Proof. Suppose that the conclusion of the proposition is false. Then, we can find L > 0
such that, for every C' > 0, there is a corresponding 0 < 7 < % and a sequence of open balls
B(xj,r;) C Q, such that [(Va)y, ;| < L and E(xj,r;) — 0 but E(zj,7r;) > CT2E(x),715).
We proceed in three steps to finally obtain a contradiction for suitably large values of C.

Step 1. The blow up. We change variables and zoom in on the integrand. Let
B :=B(0,1), &:=(VU)g,, and \j:=/E(z;,1;).
In addition, for y € B define

Uj(@/) — ﬂ(xj + ij) - (ﬂ)xj,rj - (va)xjﬂ“jrjy

rj)\j
and, for z € RV*",

_ F(§ +Ajz) — F(&) — N(F'(&), 2)

2
)‘j

Fi(2)

= /1(1 — ) F"(& + thz)[2, 2] da.
0

It is clear that (uj)o,1 =0, (Vuj)o,1 =0,

][ (Vs + X2 9P o =1 (3.13)
B
and
][ (1Y~ (Vug)o o + X290, — (Vuy)o, ) de > O, (3.14)

B(0,7)

Since |¢;| < L, it follows from Lemma 13 and from the fact that
V()] < (|2 +12)

and

Vo-1(2)] < e (2] + [21P7)
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that there exists k = k(L) < oo such that

IFy(2)] <k (12 + 2272 )

-2 —1
Fj(2)] <k (I2]+ X721 (3.15)
In addition, condition (H2) implies that, for all z € RV*™ and ¢ € Wé’p (B,RN),

[ (VP +X2196p) do < [ (B + Vo) - Fy(2) da. (3.16)
B B

Now, write

Iiu] == /FJ(VU) dz.
B

Then, if § > 0 is the one given by Theorem 61, it can be easily verified that I;[u;] < Iu;j+ ]
holds provided that ¢ € W™ (B, RY) is such that IVelsmo@ryy < 65 = )\%.
On the other hand, by equation (3.13) we can assume, after extracting a subsequence, that
for some u € WL2(B,RY) and some & € RV*" 4; — u in W2 (B, RY) and & — &.

Step 2. Regularity of the limit function u. The purpose of this step is to show that

the limit « satisfies

/ F(6.0) [V, Vol dz = 0 (3.17)
B

for all ¢ € Wé’Q(B ,RY). Having this, we can apply the Generalized Weyl’s Lemma® to find

a constant g depending only on n, N and L, such that

][ IVu — (Vu)o,[* dz < yor? (3.18)
B(0,r)

for all r € (O, %] and then, by Campanato-Meyers characterization of Holder continuity
[Cam63], we can conclude that u is locally C''. The proof of (3.17) follows exactly the
same ideas than step 2 of [AF87, pp. 268-269]. We emphasize that it only uses the facts
that F € O? satisfies a strong Legendre-Hadamard condition, |F'(¢)| < ¢1(1 + [€[P71) and
7€ Wh2(Q,RY) is an F-extremal. We reproduce their proof here as follows.

Since @ is an F-extremal, the corresponding change of variables to the weak Euler-Lagrange

5See Theorem 72 for a more general version of it.
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equation implies that, for every ¢ € W(l)’p (Q,RM),
/<FJ{(Vuj),Vg0> dz = 0.
B

This means that u; is an extremal for the functional ;. By expressing this equation in terms

of F', we see that it is equivalent to
1
/\/ ((F(& + Ajuy) = F'(&5)), Vi) da = 0. (3.19)
"B
We now define B;.L = {z € B: \j|Vu;(z)| > 1} and B} := B\B;-“. We claim that \B;r\ <
)\JZ|B |. Indeed, it follows from (3.13) that

‘Bj_| 2 p—2 P 2 p—2 p
32 < [V |"+ X7 V[P de < [ [Vug]® + X[ VuylP do = | B (3.20)
j

+ B
B;

Recalling that F” has (p — 1)-growth, the fact that |{;| < L and (3.13), we obtain that

/ ((F'(& + \jVuy) = F'(&)) , V) da
J

< [ (1416 + 4VuP +IgP ) IVl da
By

SCHVS@‘LOO/ (1 + Lpil + |)\jVuj]p*1) dx

+
BJ'

<c||VellLe /(Agywﬂﬂxjvuﬂp) dz + LP~B]|
B

<c|[VellLes (L+ LP7H) A3|B.
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On the other hand, we can rewrite the term concerning B, as:

)i/ ((F'(& + A Vuy) = F'(&5)) , Vi) da
B

1
:// F"(& + tAjVu, )[Vu,, V] dt do
0
-

1
://0 (F" (& + tAjVuy) — F"(€))) [Vuj,Vgo]dtda:—i—/F"(fj)[Vuj,Vgo]dx. (3.21)

Bj_ B]._

Observe now that, by (3.20), the sequence of functions (1 ;- ) converges to 1p in measure as
J

j — oo. In addition, since
/\Jz][]VujIQ de = E(xj,1)) iz 0,
B
(AjVu;) — 0 in measure. Furthermore, since F” is continuous, this implies that
1
/! /!
o [ |F/(6 4+ 00, V0) - (&) Vil 0 (3:22)

in measure as j — co. Given that this sequence is uniformly bounded, by Vitali’s Convergence

Theorem we can conclude, from (3.21) and (3.22), that

)\1]/ ((F'(& + \jVuj) — F'(&)) , V) dz — /F”(&oo)[Vu, V| dz.
BT B

This, together with (3.19), implies that u satisfies (3.17) or, in other words, that it is F" (£ )-
harmonic. Recalling that F”(£4)[n, 1] — 2¢2|n|? is quasiconvex by Theorem 19, Generalized
Weyl’s Lemma® enables us to conclude that u is C! on B and that (3.18) holds for some
constant g > 0 depending only on n, N and L.

We have shown that the weak limit in W12 of the blown-up sequence (u;) is a smooth
function with good decay properties. This is the core of the contradiction that we shall derive

in the following step.

5See Theorem 72 for a version up to the boundary of this classical result.
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Step 3. Strong convergence. We now prove that, for every o < 1,

/ (|V(uj —u)]? + /\§_2|V(uj - u)]p> dr -0 as j— oo. (3.23)

B(0,0)
For this purpose, fix ¢ € (0,1) and B(zo,7) C B. Let aj : R® — RY be defined by a;(z) :=
(4j)ao,r + (VUj)zor - (& — 20). Then, Va; = (V) and (4 — aj)go,» = 0. Our first main

goal is to show that there exists a constant § < 1 independent of j, B(xg,r) and ¢, such that

[ (195 = (T P+ %7209 = (Vi ) da (3:24)
B(zo,sr)
<6 [ (190 = (ol + X7V = (Vg ) o
B(zo,r)
AP
_J Ny — a.lP
+0/ ( 2|u] a;j|? +(1 g)PrP|u‘7 aﬂ)dx
B(l‘o,
n n . 2 p—2 ) P
+ 0 (1= 6") (10725} 2 + N2 (V1) r ) (3.25)

holds from a certain step j > j(s,7), where j(s,7) < oo is allowed to depend on ¢ and r. This
is a Caccioppoli inequality of the first kind. When % is a global minimizer, the first term
in the right hand side of the inequality can be eliminated by an iteration argument, as in
[EG87]. We also use this method in the direct proof of Theorem 103 of this work. However,
since we are in a situation of local minimizers, j — oo when the parameter ¢ — 1~. Hence,
we cannot perform the iteration, that requires to take values of ¢ that are arbitrarily close to
1.

We start by constructing the perturbations that will enable us to use the minimality of
u; for the corresponding functional I;. Let p : R™ — [0,1] be a Lipschitz cut-off function
between B(wo,cr) and B(zo,r) so that 1y o) < p < Lpgg ) and [[VpllLe < 1/((1 —<)r).
Now, define

;= p(u; —a;) and ;= (1—p)(uj —aj).
Since 1;+a; = u; outside of B(xo,r), it follows from Step 1 that I;[u;] < I;[1); —a;] provided

that || V;llsmo(B,RY) < §;. It is while obtaining sufficient conditions for these inequalities

that we will use that w € WL (Q,RY) and Va € VMO(Q, RV).
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We take § as in Theorem 61. We now wish to prove that there is j = j(s,r) such that,

for j > j(<,7), IVeillsmory) < dj = ,\%-

Since ¢; = 0 off B(z,r), we can restrict our attention to

sup ][ Vi — (Vo))
B(z,s)gB(;co,r)B

dy.

(2,9)

To simplify the notation, let vj := u; — a; and observe that, given B(z,s) C B(xo,r),

][ V; — (Vi)asl dy < ][ 1PV0; — (0V0;)s.al dy + ][ Vo ®v; — (Vo ®vj)as] dy.
B(z,s) B(z,s) B(z,s)

Following the ideas from Stegenga [Ste76], we note that

][ \vaj - (pvvj)a:,s‘ dy — ‘(vvj):c,s’ ][ ‘p - (p)x,s| dy

B(z,s) B(z,s)
< ][ (0705 — (PV01)a8) — (F03)as (0 — (P)as)| dy
B(z,s)
< ][ (V05 — (Vo)) dy + (0)2s(V01) s — (PV07 )
B(z,s)
SHPHL‘X’ ][ ‘ij - (vvj)a:,S‘ dy + |(p)x78(vvj)m,s - (vaj)z,8|‘ (3‘26)
B(z,s)

We can also estimate

1(0)es (V03 )as — (pV0; )] = ][ P(V0;)s dy — ][ pVu; dy

B(x,s) B(z,s)
< ][ 16l[V0; = (T0;)a o] dy
B(z,s)
<llpllie ][ V05 — (Vo) s] dy, (3.27)

B(z,s)
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from which we deduce that

][ V05 — (pV03)as] dy — | (T )as ][ 1= (D)o dy| <2 ][ Y0y — (V0;)eal dy

B(z,s) B(z,s) B(z,s)
=2 ][ [Vuj — (Vug)z,s| dy
B(z,s)
<9 IVl BMO (B2, ) RY)
— )\J )
(3.28)
where the last inequality follows, after a change of variables, from the fact that
B(xj+rjx, srj) C Bwj,r)).
On the other hand,
(Voidas f 0= Phaalds| =1Tophacl | £ |o=  pl)as| dy
B(z,s) B(z,s) B(z,s)
<(Voleal { f Iotw) - o) dzdy
B(z,s)B(x,s)
<|(V05)as] 1Vp525. (3.29)
Now, by the Divergence Theorem, we have that
(Vodal 1925 <2 | w0 =Y i(y)
Vj)z,s Pl|Lee 48 _(1 — oz)r Vj s Yy
0B(x,s)
< ][ ;| dH" L (y) (3.30)
“(1—a)r J yr ’
OB(z,s)

To find an estimate for this term, it is convenient to consider each coordinate function
(uj — a;j)*) separately. Fix 1 < k < N and take T € B(zg,r) and g, € Blxg,r] such

that

(uj — a;)® (@) = ((uj — a;)™)apr = 0 and |(u; — a;)® (7,)| = P |(uj —a;)*|. (3.31)
To,r
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Let [Tk, 7] denote the segment between Tj and 7. Then, for every j € N we have that

][ oy M () <10 e o300.0) 2
OB(z,s)

<l Lo0 (B(wo,r), RN

= sup |u;j — aj]
B(zo,r)

<N mkax

[ Vs -a)®ay
[Tk, Tg]

<N max/ ‘V(uj — aj)(k)’ dy
koS

<c(N)™ ][ 1V (u; — aj)| dy

B(zo,r)
Vu -
<c(N)r" | ”BMO;?( CRENAPY (3.32)
Y
From equations (3.30) and (3.32) we deduce that
2n c(N)r"=1 ||[Vu o
(V0;)a.s] 1Vl 25 < ne(N)rm=t I VaullpyvoB(a;.ry) &Y) (3.33)

(1-5) Aj

uniformly for B(x,s) C B(xzg,r).
Using that Vu € VMO(Q,RY) and equations (3.26)-(3.33), we can conclude that there

are a suitable small Ry > 0 and j(«,r) such that, for j > j(s,r), we have

0

F 1090~ 00yl dy < Y (334

B(z,s)
for every 0 < s <r < Ry.
It is still left to prove that § [Vp®uv; — (Vp®@vj)as|dy < % for every j > j(s,r) and

B(z,s)
uniformly in 0 < s < r.
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Following a procedure analogous to the one above, we find that

][ Vp® v, — (V9 ® 05)esl dy — |05 ][ Vp— (Vp)as| dy

B(x,s) B(z,s)
<2Vl ][ [0 = (75| ly
B(z,s)
<o o @aald
~ (1 —G)T‘ Uj Vj)x,s| AY
B(z,s)
2

< sup [vj — (vj)e,s-
(1 —g)r B(z,s) ! s

Observe that, from the calculations in (3.32), we have

2
sup |vj — (v)a,s] < ——— sup |vj|
(1 - §)7‘ B(z,s) ! e (1 - C)T B(z,s) ’

4
<— ] =S}
Sa—or 1051100 (B(2o,r),RY)

4rm=1 |Vl gro(B(ay ) RN
(1-5) Aj

<
J
<0

where the last inequality holds for j > j(s,r) for 0 < r < Ry.

Finally, noticing that

(V)5 ][ Vo = (Vp)rs| dy < [[vjllLee (Ba,s) 2N IV Al (B(2,5),RN)
B(z,s)

1
<—|Vj]|1,00
—(1 —C)THU]HL (B(z,s),RN)>»

we can follow the ideas from equations (3.32)-(3.33) to conclude that

Y
(@)eal f 190~ (Tphaaldy < %
B(z,s)
for j > j(s,r). This proves that, for 0 < r < Ry with Ry small enough and for j > j(s,r),
IVejlBmoB@m)rY) < 05
Therefore, for j > j(s,r) we have that I;[u;] < Iju; + ¢;].

Using this and (3.15), we will now show that there is 6 € (0,1) such that for ¢ € (0,1),
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inequality (3.24) holds. The proof follows the standard procedure to obtain Caccioppoli
inequalities for minimizers of integrands satisfying (HO)-(H2). For completeness, and for
the sake of the reader, we establish it here following the derivation obtained in the proof of
Proposition 4.2 in [KT03].

First, we observe that by the quasiconvexity condition obtained in (3.16), it follows that

/ (\Vuj — Vaj|2 + A§_2\Vuj — Vaj]p> dz

B(zo,s1)

< [ (el Xl do
B(zo,r)

S / (Fj(va]‘ + VQ,O]') - Fj(va]‘)) dzx.
B(zo,r)

We now estimate the right hand side by using the Lipschitz estimate for F; obtained in (3.15)

and the local minimality of u; to see that, for j > j(s,7),

/ (Fj(Vu; — Vbj) — Fj(Vuy) + F(Vuy) — F;(Vay)) dz

B(zo,r)

< / (Fj(Vu; — Vib;) — Fj(Vuy) + F;(Vy; + Va;) — Fj(Vay)) dz
B(zo,r)

=€ / (191 + [Vu] + N2 (Vg [P~ (9P ) [V 4+ [V 2 4+ A2 V) da,
B(zo,r)
where the constant ¢ = ¢(k,nN,p) > 0.

We now use that ab?~! < aP + bP and triangle inequality to deduce that

[ (195 = (T + 672, = (Vi) d
B(zo,s7)

<c [ (Y (Ve P4 00 = (Ts)ag, ) da
B(zo,r)\B(zo,sT)
—2
1 ) Y
+c / <(1_§)2T2‘U]—Gj‘ +(1_ngzj‘uj—a]’p> dx
B(zo,r)

e (1= <) (1(Vt )02 + N2 (V)0 )

Then, the Caccioppoli inequality of the first kind, namely (3.24), follows after applying
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Widman’s hole-filling trick and with 6 = ¢/(1 + ¢).

The final stage of the proof consists in establishing the strong convergence (up to a
subsequence) of Vu; to Vu on B(0,0). The idea is to see |[Vu;|?L™ as a convergent sequence
of measures on B(0,1) and then prove that the limit measure is actually |Vu|?2£". This
strategy was developed by Kristensen and Taheri [KT03] to overcome the fact that one cannot
obtain a Caccioppoli inequality of the second kind, as in the case of global minimizers, for
local minimizers.

We now reproduce their proof. We begin by defining the affine map
a() = (Wao,r + (VU)o ,r - (2 = T0)-

Since uj; — u in W2 it is clear that a; — a. In addition, there are a subsequence, that for

convenience we do not relabel, and a positive finite Borel measure p, such that
(1Ve 2+ X072 T ) £ 5

in C°(B)*. Furthermore, since A\; — 0 as j — oo, Rellich-Kondrachov Embedding theorem

implies that

|uj — a;[? _2 Juj — ajf? 1 /

s N ) d de——— _al?dz.
[ (e 0 i) 4 s [ e atas
B(zo,r) B(ro)

On the other hand, observe that for every € > 0 there is a constant ¢. > 0 such that
(1 —¢)|Vu;|P —c.|Va,;P < |Vuj — VP < (14 ¢)|VulP + c:|Va;lP. (3.35)

Furthermore, by elementary properties of the convergence of Radon measures (see, for example,

[EG92, Section 1.9]), for any Borel set A C B we have that

w(intA) glgniglf/ (’vuj‘Q +)\§—2’Vuj‘p) dz
A

glimsup/ (|Vuj~\2 + >\§72|Vuj’p) dz
A

Jj—00

<u(A).
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It then follows from (3.24) and the auxiliary inequality (3.35) that

(1 —e)u(B(zo,s7)) + / (IVal* — 2(Va, Vu)) dz
B(zo,s7)

<(1 — &)lim inf / (\Vuj\z + Ag"?\vujv”) da + lim / (IVa, 2 — 2(Va,, Vu,)) dz
j—o00 j—00

. . —2
Sh}gg}lf / (]Vuj — Vaj|2 + )\g |Vuj — Va; |p> dz
B(zo,s7)

<lim sup / (]Vuj — Va;|* + A§_2]Vuj - Vaj|p> dz
Jj—00
B(zo,sT)
<o | @+ Bl + [ (af ~2(Va, V) do
B(zo,r)
/ lu — al® dz + 0|Val|*r™(1 —¢).

B(zo,r)

0

T

Since this holds for any € > 0, it readily implies that

u(Bosr) — [ Vufds
B(zo,sr)

0
S(g ,U,(B[.T(),’f']) — / \Vu]zdx + m / |u—a\2da:
B(zo,r) B(zo,r)

+0|Val?r™(1 — a™) + / \Vu — Val? dz. (3.36)

B(zo,r)

Now, let v := p — |Vu|L". It is then clear that v is a positive, finite Borel measure on B. In
addition, for all but a countable amount of r € (0,1 — |x¢|) we have that v(0B(xo,sr)) > 0.7

Then, from (3.36) we deduce that, for such r € (0,1 — |zo|),

e1(r)

(1—¢)?

v(B|xo,sr]) < 0v(B[zg,r]) + < +ea(r)(1 —<") + 63(T)> r" (3.37)

for every ¢ € (0,1), where

0
ei(r) = e / lu — al? dz, e9(r) := 0|Val?

B(zo,r)

"We can see this by following the same argument that we used in (2.34).
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and

1
es(r) == e / |Vu — Va|* dz.

B(zo,r)
Since u is of class C1, e3(r) — 0 and e3(r) — 0|Vu(xg)|? as r — 07. By Poincaré inequality,
this further implies that £;(r) — 0.

We will now prove that

B
lim inf ZBE0TD _ (3.38)
r—0+ rh
Observe first that, if limsup, g+ % = 0, the claim trivially follows. We therefore

assume that
B
lim sup 2B (3.39)
r—0+ rr
This implies, in particular, that v(B[zg,r]) > 0 for all r > 0 and, therefore, we can rewrite

(3.37) for all but a countable amount of r € (0,1 — |zo|), so that

7,.71

v(Blzo,r])’

v(Blxg,sr]) < <9+< e1(r)

o (Blro. 1)) ESE +52(r)(1—gn)+53(r)>

We can now take the limit superior as » — 0% and deduce that, for ¢ € (0, 1),

imsu 71/(3[3?0’ 7))
S0P Blro. )

<0 + limsup (( e1(r) +e2(r)(1 —<") +53(7")> r”)

r—0+t (1 - C)Q Z/(B[.CL‘(), 7"])
<0+ 0|Vu(zo)*(1 — ¢™limsup—————. 3.40
Vata)1 - < limsup— s (3.40)
We will now show that, if (3.39) holds, then
B
lim sup A B0 D o o (3.41)

r—0+ I/(B[xo,r]) N

v(Blzo,sr])

We proceed by a contradiction argument and observe that, if lim sup o (Blwor])

r—0t

< <™, then we

can take v < 1 and r, > 0 such that

v(Blzo,sr]) <" v(Blzo,7])
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for every r < r,. We can then iterate this and obtain that, for every k € N,
v(B[zo,5"r]) < (v")*v(Blzo, 7).

We now fix a sequence () such that r; — 0" and

lim 71/(3[:%’ £) = lim supiy(B[xo’ TD

Jj—00 ’I“;-L r—0+ rn

Since < € (0,1), we have that (0,7,] = U o[c**17,¢*r,]. Hence, as j — co we have that

kj = sup{ k:rje [ck“'lm,CkTv]} — 0.

On the other hand, since r; < §kjr7 and §kj+1r7 <rj,

v(Bleo.r) _ v(Blao.sm]) 1y v(Blear)
73 (St ST

as j — 0o, which contradicts (3.39).

Thus, from (3.40) and (3.41) we conclude that

" <0+ 0| Vu(xo)|?(1 — ¢Mlimsup—————
Vo) P = R o B, )
for every ¢ € (0,1). We now take the limit as ¢ — 17 and deduce that, since 0 < 6 < 1, it

must hold that
: '
(Bl )~
and, therefore, we have that (3.38) is valid for every zp € B, as we wanted to prove.
To conclude this step, we now fix o € (0, 1) and use Vitali’s covering theorem (see [EG92,

p.35]), as well as (3.38), to obtain for a given € > 0 a countable family of disjoint open balls

{Bi}ier, such that B; C B,

v (B[O,a}\UBz) =0

iel
and

V(Bl) < Eﬁn(BZ)

for every i € I. Then, v(B|0,0]) < eL"(B) and, therefore, vL B = 0. In other words,
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pl B = |Vul|?L"L B, which means that

/ (]Vuj\z + )\?_2]Vuj]p) de — / |Vu|? da
B(0,0’) B(O,U)
for each o € (0,1). This implies, in turn, that Vu; — Vu strongly in L?(B(0, ), RV*") and,
when p > 2, )\f_Z]Vuj\p — 0.

We can now pass to the limit in (3.14) to obtain that

][ \Vu — (Vu)o,|* dz > O12,
B(0,7)

which is a contradiction to (3.18) if we take C' > vy and r = 7. This concludes the proof of
the proposition. [J
To conclude the proof of Theorem 67 we now require to follow a classical iteration argument
performed to the decay estimate that we have obtained from Proposition 68. Using the facts
that w is Lipschitz and that Vu € VMO(Q,RY), it is easy to see that the iteration necessary
to conclude is a particular case to the one presented in Step 5 of the proof of Theorem 76.
We therefore omit it here and we refer the reader to the corresponding proof in Chapter 4
for further details. In addition, we emphasize that the assumption that Vu € VMO is not
required only for the iteration process, but it has also been essential while obtaining the
Caccioppoli inequality (3.24) and, particularly, to derive the estimates of the type of (3.34).
Furthermore, we remark that, contrary to the classical partial regularity results for global
and local minimizers that we have mentioned at the beginning of this chapter, the uniform
decay of the mean oscillations of Vu given by the assumption Vu € VMO enables us to
obtain full regularity in the domain . A natural and interesting extension of this result is,
of course, to extend the obtained regularity up to the boundary of 2 and, for that, a careful

derivation of a Caccioppoli inequality, as in (3.24) should be performed.



Chapter 4

Full regularity up to the boundary of global and local minimizers

The subject of regularity in the Calculus of Variations was highlighted by Hilbert in the 19" of
his twenty three seminal problems from 1900. The works of de Giorgi [DG57], Ladyzenskaya
& Ural’ceva [LU68] and Morrey [Mor66] can be considered as some of the forerunners in the
area. For a long time, most of the proofs concerning regularity of minimizers of functionals

of the form

) = / F(Vu) dz

Q

were approached by dealing directly with the weak Euler-Lagrange equation associated to the
functional. Giaquinta & Giusti [GG78, GG82] and Giaquinta & Modica [GMT79a, GM79b]
provided a new strategy to establish regularity relying essentially on an approximation
argument by quasilinear systems and on the LP-estimates available for solutions to those
systems. Jost and Meier then extended some of Giaquinta & Modica’s results to obtain
regularity up to the boundary [JM83]. A partial regularity result for quasiconvex integrands
was first obtained by Evans [Eva86] and the subsequent improvements that we have already
mentioned in the Introduction of this work. On the other hand, in recent years Grotowski
[Gro02], Duzaar, Grotowski & Kronz [DGKO05], Kronz [Kro05], Kristensen & Mingione [KM10)]
and Beck [Becll] have considerably enriched what is known about regularity up to the
boundary for non-linear elliptic systems and minimizers of variational integrals.

In this chapter we focus on functionals of the type of § with v € WHP(Q,RY) for some

91
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2 < p < oo and where the integrand F: RV*" — R satisfies (HO)-(H2). One of the main
contributions of this work is the full regularity result up to the boundary that we present in
Section 4.2.

The core assumption that we make in order to obtain full (and not only partial) regularity
is that the Dirichlet boundary condition is given by a function whose W norm is sufficiently
small. One of the motivations comes from elasticity theory, in the sense that we should expect
that, if the deformation to which an elastic object is subject to is not very big, no singularities
should arise from it.

We begin this chapter with some preliminary material from regularity theory for quasilinear
systems. We then proceed to the main regularity proof for global minimizers and we conclude
with the analogous result for local minimizers, for which the topology of the domain plays

an important role.

4.1 Preliminaries from classical regularity theory

We now state the following version of Gehring’s Lemma, which is a powerful result that
enables us to improve a given reverse Holder inequality and, in some cases, to obtain higher

integrability too. This result was first established by Gehring in [Geh73, Lemma 3].
Theorem 69 (Gehring’s Lemma) Let 1 <p<oo,0<o <1 and K >0. Let B CR" be
an arbitrary open ball and assume that f,g € LP(B)" satisfy

p

fPde< K[ 4fda| +4g°da (4.1)
/ frae) +f

oB B B
for every B C B. Then, there exists qo = q(n,p, K) > p such that, for every q € [p,qo] and
every r € (0,1),

q

][fqu ;<C(”’”)) ][fpdx ;+ ][qu:v . (4.2)
rB B

n n
ra(l—r)r
B

In particular, if g € LY(B), then f € L] (B) too.

loc

A classical reference for a proof of this theorem is [Gia83, Theorems 1.1-1.2]. A more general

version of it can be found, for example, in [Kril0, Lecture 2.
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In what follows we will consider a domain Q of class C'. In addition, for what remains

of this chapter we shall use the following convention.

Notation 70 If Q C R" is a bounded domain of class CH® for an o € [0,1] and if ¥ is a

defining function for ), we denote, for every x € R",

Recall that v, is an outward normal vector for x € 0). For ease of notation, we also write

v = V.

Finally, we use the following notation to denote the unitary vector of a given v, € R”.

N Vg
Up i = ——
Vel
For functions such that v = 0 on 0f2, the boundary version of Poincaré inequality (see

Theorem 111) can be strengthened in the sense that the integral of v over Q(zg, R) can
actually be estimated by the integral of Vv - 1, which corresponds to the normal derivative

of v in the direction v, .

Proposition 71 Let p > 2. Assume that Q C R" is a bounded C' domain in R™. Then,
there exist constants Rg > 0 and ¢ > 0, depending only on €1, such that for every xg € 0S2,

0 < R < Rq and every v € W'P(Q(z0,2R),RY), if v =0 on B(xo,2R) N IR, it holds that

][ ‘V<R>\2d$30 ][ [V (Vv - i) [ da.

We prove the proposition inspired by [Bec07, Lemma 3.4]. However, we emphasize that the
origins of this result can be traced back to [Cam65, Lemma 5.IV].

Proof. Without loss of generality we assume that zo = 0 and that vy, = |vg,|en, so that
the unit normal vector to zg € 92 is the canonical vector e,.

We let Q(0, R) := (B"1(0, R) x (=R, R)) N be the intersection of 2 with the cilinder whose

!See Section 1.7 for further details on the terminology of smooth domains.
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centre is zo = 0 and its radius is R. We will show that
2
][ ’V (%)’ dz < ¢ ][ [V(Vv-ey)|?dz = ¢ ][ [V (Vo) de,
Q(0,R) Q(0,R) Q(0,R)

from which the desired inequality easily follows.

For z € R™ we use the notation z = (2/,2,) and observe that, by the Implicit Function
Theorem, there exists Rg > 0 such that, for every 0 < R < Rq, (B"7'(0,R) x (—R, R))NdQ
is the graph of a function h: B"~!(0, R) — (=R, R). By the compactness of 99, Rq can be

taken to be independent of 9. Then, we can describe the set Q(0, R) by
Q0O,R)={z €R":|2/| <R and — R <z, <h(z)}.

We now observe that, for v € W'?(Q(0, R),RY), if v = 0 on 99, we can write

v(z) = v(@, z,) —v(@', h(z))) = ' Vav(a',t)dt.
h(z")

Using the auxiliary convex function W, we reach the following estimates.

[ V@RI wse [ WG] e

Q(0,R) Q(0,R)
2
<c / w 1 Vav(z' t) dt dz
) R Jh(ar)
Q(0,R)
N h(z) 2
:c/ W(h(x)R x"][ an(xl,t)dt> dx
O(0,R) o
h(z') / 2
<c / ][ W(h(x) xnvnv(x',t)> dt dz.
on R
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We notice that ‘WT_“ < 2. Then, by Lemma 128 (iv) and since p > 2, we derive from

above that
UANE: h(z!) —azn \2 [P
/ V(%) dx<c/ <(>R) ][x W (Vao(a!, )| dt da
Q(0,R) Q(0,R)

h(z")
/ / $n| /‘ Vav(a, t))‘ dt dz,, da’

h(z")
< [ / Mol [ W (@uta ) at da 0’
B"=1(0,R) — _ SRR
Observe that ”
h(z’
|h(2') — n| h(z)?2 1 h(z))
L) = dn| _ 1 <3
/ R? dan 2R2 +2+ R <3
-R

Therefore, the above chain of inequalities implies that

h(z")
/ v (%))z dz <c / / IV (Vav(a!, )| dt da’
Q(0,R) Bn-1(0,R) —R
=c / |V (Vao(2',t)) ‘2 dz,
Q(0,R)

as we wanted to prove. [

We now state a generalized version of Weyl’s Lemma for A-harmonic functions.
Theorem 72 Let A: RV*" x RN*" 5 R be a symmetric bilinear form such that
(i) Al&,n] < LIE|In| for every & n € RN*™ and
(i) & A[E, €] — 2(¢)? is quasiconvex.

Let g € 9Q and h € WYP(Q(xo, R),RY) an A-harmonic function such that h = 0 on

B(xo, R) N 0. Then, there is a constant ¢ = ¢(n, L,ca) > 0 such that, for every r € (0, R),

][ IV (Vh — (VA)ayr ) dz < c(%)Z ][ V(YA = (Vh)ag.p)|? da.

Q(z0,r) Q(zo,R)

On the other hand, if B(xg, R) € Q, and h € W'P(Q(z, R),RY) is A-harmonic, then for
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every v € (0, R) we have that
2 T2 2
V(Vh = (Vh)ay )P d < () [V(Vh = (Vh)ay ) da.
Q(zo,r) Q(zo,R)

The proof of this classical result relies on the difference quotient method. See [Gro02] and
the references therein.

We also state the following technical but useful iteration theorem.

Theorem 73 (Iteration Theorem) Let 1 < p < oo, R >0 and f: [%,R] — [0,00) be a

bounded function. Assume that, for some constants 6 € (0,1) and A, B > 0, we have that

flr) <0f(s)+

(s—r)P

for every g <r < s < R. Then, there exists a constant 0 < ¢ = c(0) such that

1(5)<e(5+8).

See [Giu03, Lemma 6.1] for a proof of this result.

4.2 The case of global minimizers

In this section we present the main result of this chapter. We establish full regularity up to the
boundary for minimizers of integral functionals such that the integrand satisfies the natural
assumptions (H0)-(H2). The proof of the main theorem is direct and, while it incorporates
many of the techniques developed in regularity theory over the last fifty years, the underlying
idea behind it, based on Gehring’s Lemma, is inspired by the regularity proofs of Giaquinta &
Giusti [GGT78] and Giaquinta & Modica. [GM79b]. See [Giu03, Section 9.6] for more details
about the history of this particular approach to the problem of regularity.

We first establish the following elementary lemma, which is essentially a consequence of

the strong quasiconvexity assumption.

Lemma 74 Let F: RNX" — R be a continuous function satisfying (H1) and (H2). Let
w C R™ be a bounded domain and g € WHP(w,RYN). Assume that T € Wé’p(w,R”) is a

minimizer of (§,w). Then, there is a constant ¢ > 0, depending only on ci,co and p, such
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that

[ a<e [ WP a

w

Proof. Let F: RV*" 5 R be defined by
F(z) := F(z) — F(0) — (F'(0), 2) .

It is easy to verify that @ is also a minimizer for the integrand F. Then, since

u—ge€ W(l)’p(w,]RN), by (H1), (H2) and Lemma 13 applied with z := 0, we have that

62/|V(Vu V)2 da g/ (F(Va - Vg) — F(0) - (F'(0), Vi — Vg)) da

w

_ / (F(va—Vg) ~ F(Vm)) de + / F(Va) da

- {/01 <F’(VH—th),Vg> dz + [F(VU) dz

<c [ (Vper(Va)] + Vr (Vo)) Vgl da + [ F(Tg)da.

w

The last inequality above follows from Lemma 13 and the minimality of w. We now use
Young’s inequality from Lemma 128 (viii) and the fact that F' < ¢|V|? for some 0 < ¢ = ¢(p),

to deduce from above that, for any & > 0 there is a constant c., > 0 such that
02/|V(Vu —Vg)dz < 6’/|V(Vu)2 dz + cE//|V(Vg)|2 dz + C/V(Vg)|2 dz.

It then follows from triangle inequality and the subadditivity of V that, for some constants

/ (Va) de<g/yv (Va) de+c€/yv Vg) de+c/\v Vg)|? dz. (4.3)

By taking &’ % and subtracting the appropriate term from both sides above, we conclude

that, for some ¢ > 0,

/|V(Vu)|2d;v < c/|V(Vg)|2d:c,
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as required. [

The next standard lemma concerns the quasiminimality that the average of a function, over
a given domain, satisfies with respect to the average distance of the function itself and any
other arbitrary vector. A similar property is satisfied if we consider not the average of the
function, but the average of it taken in a particular given direction of the plane.

Lemma 75 Let f: Q — R™ be such that f € LP(Q,RVN*"). Then, there is a constant ¢ > 0,

depending only on p, such that for any w C Q and every & € RV*™,

[ =arase[vi-oF a.

w

In addition, for every n € RN and every vg € R™ such that |vp| = 1,
[V = weew do< e[V -new) do

Proof. The proof of these classical inequalities relies mainly on triangle inequality and the
subadditivity properties of the function V. We adapt the ideas from [Sch08] to prove the
second part of the Lemma, given that the first part is analogous and is found more often in
the literature. See also (16)-(18) in [Kro05].

Let vp € S" ! and 1 € RY arbitrary. Then,

][\V(f— (f - o) ® o)|? dz < c]ZIV(f—n®Vo)!2 dx+c][\v((f'vo)w — ) ® )2 d.

w

Observe that the second term in the right hand side of this inequality is the mean integral of
a constant vector. In addition, we know that, for some constant ¢ > 0, ¢~ HW| < |[V| < ¢|W|,
where W is the convex function defined in Appendix E. Therefore, recalling that |a®b| = |al||b]

and applying Jensen’s inequality, we have that

V((f - v0)w = m) @ o) <V (((f - v0 =)o)
<c|[W(((f-vo—n)))

<cfIW(r - )P s,

On the other hand, since |vy| = 1, we have that n = (v - v9)n = (7 ® 1) - . Therefore, by
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Cauchy-Schwarz and the equivalence between V and W we have that

][]W cvg — )2 dx ][\W vy — (@) - vo)Pda
][yw (n® 10))[2 d

<c][\v (n® v))|2 da.
By bringing together the three chains of inequalities above, we obtain the desired result. [

We are now ready to state the main regularity theorem.

Theorem 76 Let o € (0,1) and let Q@ C R™ be a bounded domain of class C1*.2 Suppose
that (HO) — (H2) hold for some p € [2,00). Then, for every m > 0 there exists € = e(m) > 0

such that, whenever g € C1*(Q, RN*") satisfies

IVallo,a <m and /|V(Vg)]2da: <e, (4.4)
Q
if u € WHP(Q,RN) is a global minimizer of § over the Dirichlet class Wé’p(Q,RN), then

e CH(Q,RY) and [Vuloo < C for some constant C = C(m,n, N,p,Q) > 0.

Proof. Let ¥ € CY%(R") be a defining function for 2 and let Rg > 0 be as in Lemma
22. Take m > 0 and fix g € Q arbitrary. The final goal of this proof will be to find
e > 0 such that, if (4.4) is satisfied, then there exist 0 < C' = C(m,n, N,p, c1, a2, Rq) and

0 < R= R(m,n,N,p,ci,c2, Rq) such that, for every r € (0, R),
E(xo,7) == ][ V (Vg — (Vo) wyr) | dz < Cr,
Q(zo,r)

where the function ug is defined by

Up =71 — g. (4.5)

The result will then follow from Campanato’s characterization of Hoélder continuity and the

fact that, in particular g € C2 (€, RY). We will then be able to use Schauder estimates to

2Observe that we don’t include the case o = 1. See (4.88).
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conclude that, in fact, @ € CH*(Q,RY). We now proceed with the proof, that we split into

five main steps.

Step 1. Preliminary higher integrability. We begin by establishing a higher integrability
result for @g. The purpose of this first step is to show that, for some fixed 0 < R < Rg, some
exponent ¢ > p and a constant ¢ > 0, the last two depending on m,n,p and €2, the following

reverse Holder inequality is satisfied.

B

][ |Vupl?de < ¢ ][ [VuplPde | +¢ ][ (1+1|Vgl|?) dx. (4.6)

Q(0,2) xo,R) 0, R)

The proof of this will rely on first establishing a Caccioppoli inequality and then using

Gehring’s Lemma. With this aim, we take 0 < R, < R < Rq, Bé* <r<s< R, and

B(y,R.) € B(zo, R) arbitrary. Let p: R™ — [0, 1] be a Lipschitz cut-off function so that
Ipyyr < p < lpys and [Vp| < i We now consider the following three cases, the reason
being that we will need to use Poincaré-Sobolev’s inequality to obtain higher integrability
and we shall require different versions of it depending on whether B(y, R.) intersects 0f2 or
not. We remark that this proof covers both cases zg € 2 and xg € 9€2. The overall strategy
of the derivation follows Evans’ proof of the Caccioppoli inequality in [Eva86].

Case 1. B(y,R.) N (R"\ Q) # 0 and B(y,R«) N Q # 0. Notice that, in this case,
H 100N B(y, R.)) > 0. Define

@ = plp; Yi=u—p=(1-p+g.
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Then, ¢ € Wé’p(Q(l'o, 5),RY) and, by (H1) — (H2) and the minimality of 7,

¢ / \ch[pd:vg/ (F(Vy) — F(0)) da

Qy.s) Qy,s)

_ / F(Va)dz + / F(Ve) — F(VE)da — / F0) da

Qy.s) Qy.s) Qy.s)

< / F(V¢)dx+c/ (14 Vol + [VaP) Ve de - /F(O)dac

Qy,s) Q(y.s) Q(y.s)

<o / (14 |VeP) dz + 6 / Vol dz + c; / V[P da
Qy.s) Q(y.s) Qy,s)

+5 / V[P dz + e / V[P dz + ¢ / VglP da. (@7)
Q(y,s) Qy.s) Qy.s)

The last inequality above follows from Young’s and triangle inequalities for any § > 0 and

its corresponding ¢ > 0. By taking § := % and subtracting 6 [ |V[P da from both sides,
Q(y,s)
we can deduce, using that ¢ = g on Q(y, ), that

32

1 /]Vuolpdargc / (14 |Vy|P)dx + cs / |V|P dx

Qy,r) Q(y,s) Q(y,s)

4+ / Vitol? de + 5 / VP de + / VglPdr.  (48)

Q(y,s) Q(y,s) Q(y,s)

After subtracting 6 [ |Vup|? do from both sides, and using that
Q(zo,r)

||

Vo[ < [V + (1= p)[Vao| +

S—7T

to estimate the right hand side of (4.8), we conclude that, for some constant ¢ > 0,

Vo | Tol? [Tol”
o dx <c |VuglP do + ¢ dz
(s—r)p

Q(yrr) Q(yrs)fﬂ(ym) Q(yvs)

+c / (14 |Vgl?) de.
Q(y,s)
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We now use Widman’s hole filling trick to conclude that, for some 6; € (0, 1),

Vo |P To|? _mol”_
0‘ dx Sgl ’VUO| d$+(91 ( dx

s—r)P
Q(y,r) Qy,s) Q(y,s)

o / (1+|Vgl?) da. (4.9)
Q(y,s)

Hence, by Theorem 73 there is a constant ¢ > 0, depending only on 61, such that

(Vap|? da < [ol” 4 P
ol dz <e i T +c (1+1|Vg|?) de.

*

Q(y, 2x) Q(y,R.) Q(y,Rx)

This is a Caccioppoli inequality of the second kind. In addition, since R < Rg, there is a

cq > 0 such that, for every 0 < r < R and for every z € Q,
corw, < |Qx,r)] < r"wp,. (4.10)

Therefore, we can divide by R? in the previous Caccioppoli inequality and, after adjusting

the constants, obtain

V|? dz < [Tol” 4 p
ofP dz <c I r+c (1+1|Vg|P) dx

Q(y,%) Q(va*) Q(va*)
ntp
<c ][ V|77 da +c][ (1+|VglP) da, (4.11)
Q(y,R«) Q(y,R+)

where the second inequality above follows from Poincaré-Sobolev’s inequality as stated in

Theorem 111.

Case 2. B(y,R.) C Q. In this case, we obtain a Caccioppoli inequality by subtracting

from 7o a constant function as follows. Let @ := Ty — a, where a € RY is chosen to be

a:= ][ ug dx.

Q(y,R+)
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Let
1= pu; Yi=u—p=(1-p)(a—a)+g+a. (4.12)
Then, in the same way in which we obtained (4.7), we get that

2 / |Vg0pd:1:§c/(1+lvw\p)dx+5 / [Vo|P dz + cs / VP dz

Q(y,s) Qy,s) Q(y,s) Q(y,s)
+46 / |Vig|P dz + ¢ / |[VylPdz + ¢ / |Vg|P da.
Q(y,s) Q(y,s) Qy,s)

By using that ¢» = g + a on B(y,r), we can also estimate, after taking 6 > 0 small enough
and using Widman’s hole-filling trick as in (4.9), that for 6#; € (0, 1), which can be taken to

be the same as in Case 1,

T — p
/\Vuolpdx<91 / Vo de + 6, / dewl/ (1+|VgP) da.

Qy,r) Q(y,s) Q(y,s) Q(y,s)

We now apply Theorem 73 and use again that R, < Rq to take averages. We then obtain

that, for some constant ¢ > 0,

7 — alP
][ ]Vu0|pdx§c][ |(ug)a|dﬂ§+0][ (1+|Vgl")dz

RE
Q(y, ) Q(y,Rx) Q(y,Rx)
ntp
<c ][ ]Vﬂdﬁ; dz +c ][ (1+1|Vg|?)dz. (4.13)
Q(y7R*) Q(y,R*)

Here, the last inequality follows from the standard version of Poincaré-Sobolev’s inequality

for the interior and the convenient choice that we made for a.

Case 3. B(y,R.) C R™ — Q. In this case, we just observe that the following reverse Holder

inequality trivially holds.

n+p
n

][ VP10 dz < ¢ ][ V|5 10 do —i—c][ (14 |VglP)lode.  (4.14)

C(y,&) B(y,Rx) B(y,Rx)
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We are now in a position to apply Gehring’s Lemma, thanks to which we know that the
higher integrability obtained above can be improved.
We take f := |Vﬂo|"pr 1o and h = (c(1+ |Vg|p))#1? - 1. Using again that R. < Rgq, we

know from (4.11)-(4.14) that, for every B(y, R.) C B(xo, R),

n+p
n

][ fnTﬂ)dmgc ][ fdx + ][ B da. (4.15)

B(y, %) B(y,R+) B(y,R+)

Whereby, Gehring’s Lemma implies that there are o > p with g9 = go(m,n,p,c1,c2) and

0 < ¢ =c¢(m,n,p,ci,c2), such that for every ¢ € [p, qo],

q

p

][ V|7 - 1o de < ][ Vol - 1o do —i—c][ (1+ |Vgl%) - 1g dz,
B(r0.2) B(xo,R) B(z0,R)

which in turn implies (4.6), as we wanted to prove.
Step 2.1. Reverse Holder inequality for balls near the boundary. We now fix
0 < Ry < Rq. Assume that ¢ € RY and ¢ € RV*" are such that |(|,|£] < m. The purpose

of this step is to show that there is a constant ¢ = c¢(m,n,p) > 0 such that, for every o € Q

and every B(y, Ry) C B(xo, R1), it holds that

][ |V(VH_‘S_C®Vm0)‘2dx

n+2
<c ][ IV (VT — € — ¢ ®vg,)|752 da
Q(y,Ro)
to f (R A+ V(T + [V (Vg - ) da
Q(y,Ro)
te f a(Va)|ve - ¢lde (1.16)
Q(y,Ro)

Since our ultimate purpose is to prove regularity up to the boundary, as well as to make use
of the smallness of the boundary condition, we need to obtain higher integrability on balls

intersecting 0f) and, hence, we must obtain a Caccioppoli inequality for this kind of balls too.
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In order to execute this essential key step, we will define an auxiliary minimization problem
associated to an integrand that we define below. For this purpose, let ¢ € RY and ¢ € RV*"

be constant vectors such that |¢],[¢] < m and take zg € Q. Assume, first, that zq € 9Q. Let
wo = € + ¢ @ vy, € RV (4.17)
and define F,,: RN*" — R by

Fuo(2) :==F(z + wo) — F(wo) — (F'(wo), z)

= /1(1 — ) F" (tz + wp) |z, 2] dt.
0

We can then see that F,, has the following properties:

(HO') Fy, € CHRN*™);

(H1") exists k1 = ky(c1,m) > 0 such that, for every z € RV*" |F, (2)| < k1|V (2)|? and
(H2') F,, is strongly quasiconvex.

In order to obtain a Caccioppoli inequality, let 0 < R; < Rq fixed.® Take B(y, Ro) C
B(xp, R1) and % < r < s < Ry. In addition, let p: R" — [0,1] be a Lipschitz cut-off

function so that 1py, ) < p < Ly, and [Vp| < ﬁ

Given that 0Q is not flat, we cannot find an affine function a such that p(u — a) works
as a test function on subdomains of the form B(y, Ro) N Q. In addition, we don’t want to
apply a transformation that enables us to assume that 9€2 is flat, since that would complicate
the way in which we use the smallness assumption on the function g. This causes technical
problems that we overcome by making use of the defining function of 9. This idea was

inspired by Kronz’ work on boundary regularity.*

On the other hand, once we have a Caccioppoli inequality on subdomains of €2 of the form

Q(y, Rp), we will apply Poincaré-Sobolev inequality in order to finally obtain a reverse Holder

3We require Ry < Rq to ensure that we can assume coR" wn < |y, R)| < R"wy, for any 0 < R < Rj.
1See [Kro05].
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inequality and then higher integrability, by Gehring’s Lemma. To do this, we will require a
separate treatment depending on whether B(y, Ry) intersects 02 or not, since only different
versions on Poincaré-Sobolev inequality can be used in each case. With this motivation, we

now consider the following three possible situations.

Case 1. B(y,Ro) N (R® — Q) # 0 and B(y,Ro) N Q # 0. We remark that, in this case,
HY(B(y, Ry) N 0N) > 0.
We now define the function

u(x) :=u—wp - x. (4.18)

Then, @ € WHP(Q, RY). Define also

pi=p—g—17-0); Yvi=u—p=_1-p)u-g-9-Q)+g+3J (—wy-z. (4.19)

Observe that ¢ € Wé’p (Q(y, s),RY) is an admissible test function. Hence, by Lemma 13 we

have, for some 0 < ¢ = ¢(c1,m, p),

& / V(Ve)2de < / (Fuo (V) — Fup(0)) da
Qy,s) Qy,s)

- / Fo, (Vi) dz + / (Fuo (Vi — V) — Fy, (Vi) da
Q(y,s) Q(y,s)
1
_ / Foy (Vit) d — / / (F! (Vi — 1Y), Vo) dt da
0
Q(y,s) Q(y,s)

< [ Fuidete [ (%aVa)]+ Va(Vo)) Vol o (120)
Q(y,s) Q(y,s)

Notice that, since p =1 on B(y,r), on Q(y,r) from the definition of wy we have

Vo=Vi-Vg—(®v; Vi=Vg—E+(® W vm).
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This, together with (4.20) and Lemma 13, implies that

/yV(vu—Vg—g®u)y2dx§c / Fuo (V) dz
Qy.r) Qy,s)
o [ V(DI s (v - vy do
Qy,r)
e [ V()| 1vg -l do
Qy,r)
s / V(C® v —va))2 da
Qy,r)
+c / V(Vg— &> dx
Qy,r)
s / (VYD) + [V(Ve)P) da
Q(y,s)—Qy,r)

— I+ I+ IIT+1V+V+VI, (4.21)

with the obvious labelling. We now estimate each term separately. We begin by observing
that, since v is C%%, the fact that |¢| < m and Ry < R; < Rgq implies that there is a constant

¢ = ¢(m, p) such that

1< e / V1 (Vi) |l = wo|” da < ¢ RS / V1 (Vit)| da (4.22)
Qy,r) Q(y,r)
and
IV < ¢ / V(lz — zo|*)?dz < ¢ / V(R$)? da. (4.23)
Q(y,r) Q(y,r)

To estimate VI, we begin by observing that, by triangle inequality,

VY[ < |Vu-Vg—(@v|+

T—g—1-
N A7

Using this, and that

’va‘S‘VH_VQ_C(@V‘+m‘V_Vx0’+’v.q_£‘a
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we obtain that

_ 2
VI<c / V(Vi— Vg —Cov)>de+ c / ’V(M) da
Q(:‘/?S)*Q(yrr) Q(y,s)fﬂ(yﬂ‘)
+e / V (Vg — )2 da + ¢ / V(v — vey)|2 da
Q(y’s)fﬂ(y’r) Q(y,s)fﬂ(yﬂ‘)
_ 2
<c / V(Vi—Vg—(@v)|*dr+ c- / ’V <M> dz
S—7T
Q(yvs)_ﬂ(yv'r) Q(yvs)_Q(yvr)
ve [ (V(Va- P+ IVEDP) do (4.24)

Q(yus)_Q(y’T)

We will now estimate I. It is in this step that we will use the minimality of .
Assuming that % < r < s < Ry are as before, and using that ) = 4 on 9Q(y, s), we

obtain

I= / (F(Vu) — F(wg) — (F'(wp), Vi) dz

Q(y,s)

< / F(V¢ +wy) — F(wg) — <F’(w0), Vz/1> dx

Q(y,s)
_ / Foy (V1)) da (4.25)
Q(y,s)
Using Lemma 13 leads to conclude that
I <c(m) / V(Vy)|? d. (4.26)
Q(y,s)
Hence, following the same ideas that we used to derive (4.24), we obtain that

I<c / V(Vy)[2de < ¢ / V(Vi—Vg—¢@v)de

Q(yvs) Q(y,s)—Q(y,T)

+e / ‘V(u_j__rﬁ'g)2dx+c/ (V(Vg— &) + [VRDP) de (4.27)

Q(y,s)—Q(y,T’) Q(y78)

for every% <r < s < Rp.

Considering that 0 < R; < Rq and Lemma 128, we can simplify the above expression by
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noticing that, for a different ¢ = c(p, Rq), V(R$)? < ¢ R. From this observation, inequalities

(4.21) -(4.24) and (4.27), we infer that

/ V (Vi = Vg — ¢ @ )2 da

Q(y,r)
u—g-9-¢\|"
<e / V(vu—Vg—c@w)PdHc/ ‘V<s—r> dz
Q(y,s)—Q(y,T’) Q(y,S)
ve [ R+ dos e [ [V(Vg-Pds
Q(y,s) Q(y,s)
e [ 1a(Va)|vy - ¢lds (4.28)
Q(y,s)

We now apply Widman’s hole-filling trick to conclude that, for some 6 € (0, 1), 8 = 0(m, p),

V(Vi—Vg—¢@v)fde

Qy,r)
a—g—9-C\|?
§9/|V(VU—V9—C®V)]2dx+9/ ‘V(;}—r) dz
Q(y,s) Qy,s)

L0 / (RS (1 + |Vpor (VD)) + [V (Vg — €)2) da
Qy,s)

+0 [ W (F0)Vg - €] (4.29)
Q(y,s)

Since this holds for every % < r < s < Ry, we can apply Theorem 73 to obtain the following

Caccioppoli inequality of the second kind.

/ V(Va — Vg —¢@v)*de

T a—1- 2
gc/ ’v<“9R<> dz+ ¢ / (RS (14 |Vp 1 (VA)]) + [V(Vg — €)[2) da
0
Q(y,Ro) Q(y,Ro)
e [ avave - ¢l (4.30)
Q(y»RU)

Before concluding this case, we observe that w—g—19-( = 0 on 02 and, hence, on a subset of

9(Qy, Ry)) of positive H"'-measure. Therefore, we can apply Poincaré-Sobolev’s inequality
Y
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from Theorem 111 to the right hand side of (4.30) and, hence, obtain the following reverse

Holder inequality:

][ V(Vii = Vg — ¢ @ )2 da

(v %)
n+2
<c ][ |V(Vﬂ—Vg—(®y)|n27f2 dz

Q(y,Ro)

bo f (RN V(T + [V (Vg - ) do
Q(y,Ro)

te f a(VD)Ivg - ¢lds (1.31)
Q(y,Ro)

for some ¢ = ¢(m).
Using the Hélder continuity of v once again, as well as the property V(R$)? < ¢ R, we

can make use of the subadditivity of V' and the triangle inequality, to derive from above that

][ V(VE— € — @ )P de

n+2
<c ][ IV (VT — € —C®uy)|7i2 da
Q(y,Ro)
bo f (R AT + V(g - ) da
Q(y,Ro)
+ o Wa(Va)|Vy - ¢ld. (4.32)
Q(y,Ro)

Case 2. B(y, Ry) C . This case is simpler than the previous one, as we can obtain the desired
Caccioppoli inequality by subtracting an affine function from u to construct the appropriate
comparison maps and without having to handle the non-linearity of the function ©J. Taking

wo as in (4.17), we define

u(z) :==u(r) — wo - T — ao, (4.33)
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where ag € RY is a constant vector chosen so that f @=0. We then let
B(y,Ro)

1= pu; Yi=u—p=(1-p. (4.34)

Observe that, since B(y,s) C Q, ¢ € W(l)’p(B(y, 5),RY) C Wé’p(Q,RN). Hence, using again
the integrand £, and following essentially the same ideas than in (4.20)-(4.30) from Case 1,

we can obtain the following Caccioppoli inequality of the second kind.

/ IV (VE — wo)|2dz < ¢ / ‘V <“_“’°x_ao> '2 da. (4.35)

Ry
B(y,%) B(y,Ro)

Furthermore, using the convenient choice that we made for ag, we can now apply Poincaré-
Sobolev’s inequality, in its standard version, to the relevant terms of the right hand side of

(4.35). We then deduce the following, just as we did to obtain (4.32).

nt2
f WEE-g—con Pa<e| § V(Vi-g-coun)
B(%@) B(y,Ro)
ve f RQ+TavD) e
B(vaO)
n+2
<c| f WET-g-Coum)H A
B(yzRO)
bo f (B Va (D) + V(Tg - OF) do
B(vaO)
+ o (VR - €l da. (4.36)
Q(vaO)

Case 3. B(y, Ro) C R™ — (. This is a trivial case, since we can extend % to a function that
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takes the value of 0 outside €2 and observe that, in this case, it trivially holds that,

][ V(VE— € — ¢ @) - Lo de

5()

ni2
<e ][W(vu—g—g@yxo)\ffa.ﬂﬂdx

B(y,Ro)
so f (B GV + V(T - 9F 1) do

B(y,Ro)
+ o Wa(Va)|Vy - ¢ldo (1.37)
Q(y,Ro)
The case in which xg € Q is now much simpler. We take, as before, B(y, Ry) C B(xo, R1).
We then observe that, if B(y, Ry) € Q or B(y, Ry) C R" — Q, the same proof as in the
previous Cases 2 and 3 enables us to conclude that inequality (4.37) is satisfied. On the other
hand, if B(y, Rg) N Q # 0 and B(y, Ry) N (R™ — Q) # 0, we can then find z; € 952 such that
xo € B(z1,2R1) and B(y, Ro) C B(x1,2R;). Therefore, we can repeat all the steps followed

in the Case 1 above to conclude, as in (4.32), that

][ V(VE— €~ Co )P de

(%)

n+2
<c ][ IV (Vi—€&—C @y, )7 do
Q(vaO)
te f (R A+ V(T + [V (Vg - ) da
Q(y,Ro)
v f A Vo (V) Vg — €] de,
Q(yzRO)

Since |rg — z1| < 2R;, we use as it is now standard that v is C%® to conclude, for a
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0 < ¢ =¢(n,m,p), that we also have

][ |V(Vﬂ—§—§®ym0)‘2dx

nt2
<c ][ V (VT =€ — C @) 2 do
Q(y,Ro)
te f (R (V) + [V (Vg — ) da
Q(y,Ro)
te f a(Va)|ve - ¢lde
Q(y,Ro)

We have hence shown that such inequality is satisfied for any x¢ € 2, and for any B(y, Ro) C
B(xo, R1) with 0 < Ry < Rq arbitrary.

We will now obtain a similar result for points that are away from the boundary of €.
Step 2.2. Reverse Holder inequality for interior balls. Fix R; > 0 as in Step 2.1
and assume now that € RV*" is such that || < m. We will show that there is a constant

0 < ¢ = ¢(m,n,p) such that, if B(y, Ry) C B(xg, R1) C €, then
n+2

][ V(VE—n)2dz <c ][ WV (V) de | (4.38)

B(y,%) B(y,Ro)

Given that B(zg, R1) C €, the proof of this is exactly the same as the one we used to obtain

(4.35) and then (4.36) in Case 2 of Step 2.1, but by taking 7 instead of wg and defining
w:=u—mn-x—by (4.39)

with by € RY such that f udx = 0.

B(y,Ro)
Step 3.1 Higher integrability of the mean oscillations near the boundary via
Gehring’s Lemma. We now let ¢ € RY and ¢ € RVX" such that |€], [¢] < m.

Observe that, since v, # 0 for every xz € 0}, without loss of generality we can impose

a further restriction on Rg, namely, that if dist(xz,dQ) < Rgq, then, for some constants
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K1, ko > 0, it holds that

K1 < |vz| < Ka. (4.40)

Under this assumption, that depends exclusively on the domain €2, we now fix 0 < Ry < Rg.
The main outcome of this step will be the existence of an exponent p > 2 such that, for every

xo such that dist(xg, 0Q) < Rq,

][ |V (Vg — (Vuo)%%”ﬁ dx

Q(a?o,%)

<ec ][ V (Vg — (Vo - Dy ) g, Ry @ Vg )|* d

Q(xo,Rl)

[Nt

+ CR;Yza ][ (1 + |Vﬂo — (Vﬂg)xo’Rl |p) dx . (4.41)
Q(zo,R1)
This establishes a reverse Holder inequality, and hence higher integrability, for the mean

oscillations of V.

We proceed with the proof by letting @ € W'?(Q, RY) be as in (4.18) and defining the

functions
2n
f=V(Va)|[r+2 - 1g; (4.42)
s SN 2n_ SN _n_
hi= (BRI (14 1Vt (V0)|752 ) + |V (Vg = 1772 + |Vt (V) 72| Vg — £]752) - 1o,
(4.43)
Then, (4.38) implies that, for every B(y, Ry) C B(xq, R1),
nt2
/ fnT+2 dr < c|Q(y,R0)\_% / fdx +c / B dz, (4.44)
B(y’%> B(y7R0) B(vaO)

where ¢ = ¢(m,n,p). We recall that, for every 0 < t < Rgq, and for every = € Q,

cot™ < |z, t)] < tw,. (4.45)
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Therefore, after dividing by Ry - wp, (4.44) becomes, for some ¢ = ¢(cq, m,p),

n+2
n

][ fnTHdzgc ][ fdz +c ][ B da. (4.46)

B(%%) B(y,Ro) B(y,Ro)

We can now apply Gehring’s Lemma to conclude that there exists q; > "TJFQ, with ¢1 =

n+2

q1(m,n,p), such that for every “= < ¢ < q1 and for every r € (0, 1),

= nLH 1
][ £9dz g;(m’—% ][ |+ ][ he da
B(zo,rR1) re (1 - T) e B(.r(),R1) B(JC(),R1)
(4.47)
By using again (4.45), this means that, for every 2 < p < nz—fZ q1, We can ensure
B
2
][ V(v dr <) ][ V(Va)P da
Q(zo,r Ry ) (L =1) " g, m1)
cim,n,p 22 B D
Bl (RE (14 (VD) 4 V(T - OF ) da
r?(1 —r)n+2 Q0. Rn)
c(m,n, _\\B ?
s D [y @9 - el (4.48)

Q(xo,R1)

On the other hand, using that V is increasing and its subadditivity properties, we can obtain
a higher integrability result for the oscillations of Vg by using the above expression and the

Holder continuity of Vg. We first record that

][ IV (Vo — € © v3y)/7 da

Q(zo,rR1)
<c | W(Va-¢- (o)l
Q(z0,rR1)
+ec ][ V(Vg —&)|Pdz (4.49)
Q(z0,rR1)

for some ¢ = ¢(p).
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Following the same argument, we also have that

NS

[SIsh

V(Vi — € — ¢ @ vg,)[*dz

Q(xo,Rl)
Iz
2
<c ][ V(Vig — ¢ @ vyo)|Pdz | +ec ][ V(Vg —&)|?dx (4.50)
Q(zo,R1) Q(zo,R1)
We now take gg so that (4.6) holds for p < ¢ < go and ¢; as in (4.48). Then, we can fix p so
that
- . 2(]0 2n
2 — .
pE ( 7m1n{ P ,n+2<h}>
V(ﬂfg)'l’zo)xo,Rl and
‘VIOP

Combining the obtained in (4.48), (4.49) and (4.50) for & = Vg(z), ¢ = .
we reach the following higher integrability, after applying Lemma 75 (i).

r = 3
][ ’V (Vﬂo - (Vﬂo)xm%)’ dx
Q(xo,%>
<c ][ [V (Vg — (Vg - Py )wg, Ry @ Vg )P de
Q(xo,%)
P
2

\V(Vﬂo - (VHO : 79900)3:0731 ® ﬁx0)|2 da

ap

(n

NS

Q(zo,R1)
te (14 VA (TDIE) + V(T - alan))?) da
Q(.r(),R1)

IV (Vg — Vg(z0))|* dz

D
2

e W (Va)lE[Vg - Valao) Fdo +c
Q(zo,R1)

Q(zo,R1)

\V(Vﬂo - (VEO : ﬁxo)xo,Rl ® ﬁz0)|2 da

ap

Q(zo,R1)
(A (14 W (T0IE) + V(T — Tafan) ) d

+c
Q(zo,R1)
v o Wa(Va) Vg - Voo do. (4.51)

Q(zo,R1)
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We remark that this holds provided ||, |¢| < ¢ for some constant 0 < ¢ = ¢(m,n, Q). Given

that [¢] = |Vg(zo)| < m and ¢ = (V(ﬂ_fg'yTg)zo’Rl, we recall that k1 < |vg,| < k2 to observe
)

that this holds, in turn, provided we have the following situation.

Assumption 1 There exists a constant 0 < ¢ = c¢(m,n, Q) such that

(Vo). | < e

Then, we indeed have the following for a possibly different constant ¢ > 0.

|(Vﬂ0 : V:EO)IEO,R1 | |(va0)960,R1 ’

‘onP N Vo

<ec. (4.52)

ap ~
Even more, since by assumption ||Vgl|lo.. < m and because R;> < R{”, we can simplify the

right hand side above and obtain

][ (V (vm) - (Vﬂo)xo%> ‘,, da

NS

<e ][ V (Vi — (Vo - Fng ey ty) @ Dy )|?

Q(xo,R1)
+e ][ B (14 Vo (Vi) f) do (4.53)
Q(zo,R1)
In addition, we remark that, since |V,—1(§)| = ‘VE')'Q, recalling the elementary property

a? < 1+aP for every 1 < ¢ < p, and using that p > 2, this implies that |V,—1(§)| < c(1+|£[P).

Therefore, |V},,1(VU)|§ < e(l+ |Vﬂ|%) and hence, by our choice of p, we can apply (4.6).
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This, together with the fact that ||Vg||lL~ < m, enables us to derive

][ [V (Vg — (VHO)IO,%))\’; dx

Q(mo,%>

(SISt

<c ][ |V (Vuy — (Vﬂo'ﬁxo)xoﬂl)@ﬁxo)\zdx ny ][ R?‘ﬁ (1+|Vﬁ0\%ﬁ> "
o) Q(z0,R1)

(SISt
NS

<e ][ WV (Vo — (Vg - Dag )og.ty) ® Pag)dae | + ¢ ROP ][ (1+ |V P) do
Q(zo,R1) Q(zo0,R1)
(4.54)

This and Assumption 1 together, further imply that (4.41) holds, as we wanted to show.
Observe that the constant ¢ above is such that ¢ = ¢(m,n,p) and does not depend on ¢ in

any way.

Step 3.2. Higher integrability of the mean oscillations in the interior. We now
consider, separately, the special case in which B(xo, R1) C Q. Here, if n € RV*" is such
that |n| < m and we take @ as in (4.39), we can repeat the way in which we have applied
Gehring’s Lemma in Step 3.1, but now using (4.38), from Step 2.2, instead of (4.16). We can

then conclude that, for 7 := (V@) r,, |7 < ¢ by Assumption 1 and so, for p as above,

SIS

p
][ vV (Vo - (Vi) » )| do <e ][ IV (Vg — (Vo) o0 da

B<x0,%> B(zo,R1)

+ RS, (4.55)
with ¢ = ¢(m,n,p).

Step 4. Linearization of the problem. This part of the proof consists in considering
the second order Taylor polynomial of the translated integrand F(- + Vg(x)). This way, by
minimizing such polynomial and making use of the good estimates that we have for minimizers
of linear elliptic problems, we will be able to transfer such good behaviour to the minimizer

w. With this in mind, let zo € RYX" be such that |zg| < A for some constant A > 0 with
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A = A(m,n, ). Denote

vo := Vg(x0)
and let P be the second order Taylor polynomial of the translated integrand F'(- 4 vp) about
the point zy. That is,
1
P(2) := F(z0 + vo) + (F'(20 + v0), 2 — 20) + §F”(zo + v0)[z — 20,2 — 20] (4.56)

for every z € RV*". We note that, for every z,z; € RNX",

P(z) — P(z1) — (P'(z1),2 — z1) = %F”(zo +vo)[z — 21,2 — z1]. (4.57)

Let w: [0,00) — [0,00) be a modulus of continuity for F”(- 4+ vg) on the compact set
{ze RV 2] <14 AL

We extend w to (1 + A, 00) so that it has the following properties:
e w:|[0,00) = [0,00);
e w is concave, continuous and non-decreasing;
e w(0) =0, w(t) =1 for every t > 1 and

o [F"(z+wvy)— F"(w+vg)| < cw(|z —w|) for some ¢ = ¢(m) > 0 and for every |z, |w| <

1+ A

We claim that there is a constant 0 < ¢ = ¢(m) such that, for every z € RV*" and every
To € ﬁ,

[F'(2 +v0) — P(2)| < cw(|z — 20])|V (2 — 20)|2. (4.58)

In order to prove this claim, we consider the following two cases.
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Case 1. If |z — z9| < 14 A then, from Taylor’s Approximation Theorem we have that

1
|F(z + vog) — P(z)] §/ (1 —t)|F" (20 +vo + t(z — 20)) — F" (20 + vo)| dt|z — zo|2
0

<w(|z = 20])|2 — 20|?

<c(m)w(|z — 2|)|V (2 = 20) [,

where the last inequality follows from Lemma 128.

Case 2. If |z — 2| > 1+ X > 1, we use (H1) and Acerbi-Fusco’s strategy from [AF87]

to estimate

|F'(z 4+ vog) — P(2)]

1
=|F(z+v) — F(z0 4+ vo) — (F'(20 +v0), 2 — 20) — §F”(z0 + v9)[z — 20,2 — 20]

§|F(Z+UO)—F(ZO+UO)|+\F’(ZO+UO)||Z—ZO|+%|F"(ZO+UO)HZ—ZO|2
<c (1 + ]zo|p71 + |z|p71) |z — 20| + |z — 2:0|2

<c(1+]z—20P7") |2 — 20| + |z — 20|

<c(]z = 2P + |z — 20/?)

cw(|z — 20]) (|2 — 20|* + |2 — 20[")

with ¢ = ¢(c1, m). Notice that the last two inequalities follow from the fact that, in particular,
|z — 29| > 1. Since 2 < p, |z — 202 + |z — 20|P < ¢|V (2 — 20)|? and the claim follows. In
addition, we have also used that |vg| < [|[Vg|lLe < m.

We further record that, by (H2) via Proposition 19, for every ¢ € C§°(€2, RY)

202/]ch|2 de < /F"(zo +v0) [V, V| dz. (4.59)
Q Q

In particular, the quadratic form F” (2o + vg) satisfies a strong ellipticity condition in the

sense of Legendre-Hadamard.®

To make use of the Taylor approximation, we now let 0 < R < Rq (we shall impose further

conditions on R later) and take h € W%’f(Q(xo,R),RN ) to be P-minimizing. Then, from

5See [Giu03].
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Lemma 74 we infer that, for some constant ¢ > 0 depending only on ¢1, co and p, and for
every zg € RVX™,
IVh — 2| dz < ¢ / Vg — 20|? da. (4.60)
Q(z0,R) Q(mo,R)

We now make use of the LP-estimates for A-harmonic functions® to obtain that, for our fixed

p > 2, there is a constant K1 > 0, K7 = (c2, m,n,p) such that

/ |Vh — z|P dz < K / Vg — 2P da. (4.61)

Q(z0,R) Q(zo,R)
The next aim is to obtain a suitable “approximation rate” between Vugy and Vh. The core
idea behind this will be using Taylor’s approximation via the following estimate, which makes

use of the quasiconvexity of F' and the P-minimality of h. In particular, we use that h satisfies

6See [Giu03, Section 10.4] and [Mor66].
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the corresponding weak Euler-Lagrange equation.

][ |V (Vg — Vh)[*dz
Q(zo,R)
< (P~ T+ 20 b0~ P+ ) o
Q(zo,R)

= ][ (F(Vﬂo —Vh+2zy+ Uo) - P(Vﬂo —Vh+ Zo) + <F,(Z() + ’Uo), Vg — Vh>) dx
Q(zo,R)

1
+ ][ §FH(Z() + Uo)[Vﬂo — Vh,Vuy — Vh] dx

Q(zo,R)

= ][ (F(Vﬂo—Vh—i—Zo—i—’Uo)—P(Vﬂo—Vh—i—Zo)) dx
Q(zo,R)

1
+ ][ §FH(Z() + vo)[Vug — Vh, Vuy — Vh]dz
Q(zo,R)

_ f)(FWMO—Vh+zm+m)—Pﬁmo—Vh+z@+J%V%)—Pﬁm»dx
Q(zo,R)
_ ]l (P'(Vh), Vaip — V) de
Q(zo,R)

= ][ (F(Vﬂo—Vh—i—Zo—i—Uo)—P(Vﬂo—Vh—i—Zo)) dx

Q(zo,R)
+ ]l (P(Vﬂo) — F(Vﬂo + 7)0)) dz
Q(zo,R)
+ ]Z (F(Vug 4+ v) — F(Vu)) dz + ][ (F(Vu) — F(Vh+Vyg)) dz
Q(zo,R) Q(z0,R)
+ ][ (F(Vh+Vg) — F(Vh+v)) de + ][ (F(Vh+wv9) — P(Vh)) dx
Q(zo,R) Q(zo,R)
=I+IT+ 11T+ IV+V+VI (4.62)

with the obvious labelling.
We begin estimating (4.62) by observing that, since @ € (h+ g) + WP (Q(z0, R), RY) and
u is an F-minimizer, then

IV < 0. (4.63)

It is to estimate I11 + V that we need, for this step, to consider the translated integrand



4.2. THE CASE OF GLOBAL MINIMIZERS 123

F(-+ Vg(x0)) instead of simply F. The idea is that, this way, the gradient of the minimizer
w can be suitably approximated by the function Vg 4+ vg while h = 0 on 02 and, hence,
Theorem 72 can be applied.

With this in mind, we observe that the assumption ||Vg|lo,o < m gives us

117 < ]l \F(VE - Vg + Vg(a0)) — F(VE)| de

Q(zo,R)
<c f (e Ivar e VP ) [V - V(e do
Q(zo,R)
<cR” ][ (14 |V (Vg — 20) |*) da. (4.64)
Q(zo,R)

For the last inequality we are using, once again, that [|[Vgllo.a < m, [2[P7! < ¢(1 + |2|P) and
|z0] < m.
Using similar ideas, and then the LP-estimates from (4.60) and (4.61), we derive the

following.

V< ][ \F(Vh — Vg) — F(Vh + Vg(z0))| da

Q(zo,R)

<cR" ][ (L+|V (Vh—2)|?) dz

Q(zo,R)

<cR" ][ (L+|V (Vag — 20) [*) da. (4.65)
Q(zo,R)

On the other hand, using (4.58) we obtain, for some ¢ = ¢(m) > 0, that
I<c ][ w(Vig — Vh)|V(Viy — Vi) dz. (4.66)
Q(xo,R)

Then, by taking p > 2 as in Steps 3.1-3.2 we obtain, by Hoélder’s inequality and concavity of
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w<1,
=2 2
P p
I<c ][ w3 (Vg — Vh) dz ][ V (Vg — Vh)|P dz
Q(z0,R) Q(zo,R)
=2 2
D P
<w ][ |Viy — Vh|da ][ V (Vi — Vh)[P d.
Q(zo,R) Qzo,R)
<w ][ |Vt — Vh|? da ][ |V (Vg — Vh)[Pdz | . (4.67)
Q(z0,R) Q(z0,R)

On the other hand, we use (4.60) to estimate

][ |V — Vh|?dz <c ][ Vo — 20> dz + ][ |Vh — z)* dx

Q(z0,R) Q(zo,R) Q(zo,R)
<c ][ |V — 20| dx
Q(z0,R)
<c ][ IV (Vg — 202 da (4.68)
Q(z0,R)

and, since p > 2, by (4.61) we also have

][ |V (Vg — Vh)[Pdz <c ][ |V (Vg — 20)|P dz + ][ |V (Vh — 20)|P dz
Q(z0,R) Q(zo,R) Q(zo,R)

<c ][ IV (Vito — 20)|7 da. (4.69)
Q(z0,R)

It follows from (4.67)-(4.69) that, for a possibly different modulus of continuity holding the

same properties as w, we have

p—2

[SIE
it
SIS

I <uw ][ IV (Vo — 20)|? de ][ V(Vao— 20)fPdz | . (470)
Q(zo,R) Q(zo,R)

Then, in an analogous way as we did in (4.67), we apply Holder’s inequality to each of the
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estimates for I/ and VI, to derive that
[14VI<e ][ @IV — 20)|V (Vo — 20)|? + w(Vh — 20)|V(Vh — 20)2) da
Q(zo,R)
1 ﬁ;—Q 2
2\ ? 5
<cw ][ Vg — 20| dx ][ V (Vg — 2)|P dx (4.71)
Q(mo,R) Q(QC(),R)
We finally deduce from (4.62)-(4.65), (4.70) and (4.71), that
|V (Vg — Vh)|* da
Q(zo,R)
<ew ][ IV (Vo — 20)|? do ][ IV (Vito — 2)P de
Q(z0,R) Q(z0,R)
R ][ (14 [V(Vito — 20)|?) da. (4.72)

Q(z0,R)

We now wish to use the reverse Holder inequality derived in (4.41). To set ourselves in that

context, we take

20 = (VEO)mO,R

(4.73)

above. This imposes a further condition on R, since all the above calculations are only valid

under the following assumption.

Assumption 2

|Zo’ = ][ Vugdx| < A

Q(zo,R)

We recall that, for x¢ near the boundary of €2, the higher integrability estimates from Step

3.1 are given in terms of the mean oscillations with respect to the normal derivative of ug.

Given that we wish to estimate the left hand side of (4.72) with the mean oscillations of Vg

with respect to the whole derivative, we need to obtain those estimates handling the following

three cases separately.
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Case 1. Consider first xg € 9. We let

E(:Co, R) = ][ ‘V(VHO - (VHO)QCO,R)’2 dz
Q(xo,R)

and we take R; := 2R in (4.41). Then, we can combine it with (4.72) to further obtain the

following estimate.

][ |V (Vi — Vh)|? da

Q(z0,R)
%
P
< cw(B(zo, R)3) 5 ][ WV (Vi — (Vo) ug. )| dz
Q(zo,R)
+ cR® ][ (1 + ’V(Vﬂo — (VEO)xo,R)F) dz
Q(CC(),R)

2

Scw(E(xo,R)%)i

][ IV (Vo — (Vo - Dag )ag a5 ® by )| dat

2
+ cw(B(zo, R)}) 5 2 ][ (1+ [Vio — (Vig)ag 25l") da
Q(z0,2R)

+cR® ][ (1+ [V (Vo — (Vto)zo,r)|?) da. (4.74)
Q(z0,R)

We use that R = % < 1 to rewrite this as follows.

][ |V (Vg — Vh)|? dz
Q(zo,R)

p—2

< cw(Bzo, DT ][ IV (Vo — (Vo - 9y )ag 2 @ 9|2 da
Q(z0,2R)

+ cw(B(zo, R)2) 7 R*E(z0,4R) + cR® ][ (14 |V (Vo — (Viig)ao,r)[?) dz.  (4.75)
Q(z0,R)

We now need to establish a suitable equivalence between the mean oscillations of Vg from

its mean value in the direction v,,, as we have above, and from its mean oscillations from its

mean value, so that we can obtain a decay rate of such oscillations that we can finally iterate.

While it is clear that (V). 2r is a quasiminimizer for n —  f |V(Vuy — n)|*dz and
Q(z0,2R)
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that (Vo - Dsg) 2o, 2R ® Vs, satisfies a similar property according to Lemma 75, it is not obvious
how to make use of this in a way that we can go back to E’(xo, 2R) on the right hand side
of the estimates. It turns out that this is the case if we consider increasing domains. We

establish this by adapting some of the ideas from Remark 5.2 in [Becl1].

Since xy € OS2, we are able to use the Caccioppoli inequality that we obtained in (4.30)

with y = x¢p and Ry := 4R. Hence, by Lemma 75 (ii), we have

][ IV (Vo — (Vo - 0y )eg 28 @ i) dit

Q(z0,2R)
<c ][ \V (Vg — @ D) [> da
Q(z0,2R)
. 2 . 2
<c ][ V| Vay — ¢ @uv|| de+ec V ¢ ® WV —vg) || dz
|Vag | |Vag
Q(z0,2R) Q(z0,2R)
. 2
<c ][ V(Vuo—‘f‘@w) dx + cR®
(20,2R) 0
2
o — 0 o
<c ][ v || e ][ RO (1+ |V, (VD)) da. (4.76)
Q(x0,4R) Q(x0,4R)

I¢

|VI0|

where ¢ = ¢(m, p) and we are using that v = V4 is Hélder continuous, R < Rq and

<c
for some constant ¢ > 0 depending on the usual parameters. We now let ¢ := (Vg - Uy )z0,8R-
Applying a similar treatment to the one we used in Assumption 1, we observe that this control

over || will hold provided we have the following.

Assumption 3 There is a constant 0 < ¢ = ¢(m,n, Q) such that

(Vo) 8r| < c.

In addition, we are taking R; = 4R in the derivation of (4.30) for this case. Notice that we
can do this because (4.30) holds after choosing any arbitrary 0 < Ry < Rq and % will satisfy
such a condition.

We now invoke Proposition 71, related to the boundary version of Poincaré’s inequality, and
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apply it to the right hand side of (4.76). Then, we obtain that

]l V (Vo — (Vg - Dy )ay 2 @ )2

Q(z0,2R)
- 2
<c ][ V(V (uo—ﬁ-h/ioo -ﬁx0>| dz + ¢ ][ R* (1+ |Vp—1(Va)|) do
Q(z0,8R) Q(z0,8R)
- 2
<c ][ V(Vug-ﬁzo—<|Vi0’®y>-ﬁzo>| dz + ¢ ][ R* (1+ |Vul|P) dz
Q(z0,8R) Q(z0,8R)
w5\ [ o _
=c ][ Vv <Vu0 Vg — | §> dz + ¢ ][ R* (14 |VulP) dz.
Q(20,8R) Q(z0,8R)

Exploiting the Holder continuity of v once again, and the facts that || < ¢(m) and |vg,| > k1,

this enables us to conclude the following.

][ V (Vo — (Vo - 1y )ag 22 @ )2

Q(x0,2R)
-\ |2
<c ][ ‘V(vgo.ﬁxo _C)‘ dz + ¢ ][ R (1 + |VulP) da.
Q(z0,8R) Q(z0,8R)

Recalling the definition of ¢, this is easily seen to imply, by Cauchy-Schwarz inequality for
the first term and triangle inequality together with Assumption 3 and ||Vg||L~ < m for the

second term, that

[V (Vg — (Vo - Pag ) 2R @ Dy )|* A

Q(z0,2R)
<c ][ |V (Vﬁo — (Vﬂo)xng)’Q dx + ¢ ][ R” (1 + |V(Vﬂ0 — (Vﬂo)x(),gR)‘Q) dz.
Q(z0,8R) Q(z0,8R)

(4.77)

We now use (4.75) and (4.77) to conclude that

][ V (Vg — Vh)[2de < cw(B(zo, R)})F ][ R (14 |V(Vtg — (Vo)aosr)|*) dz
Q(zo,R) Q(z0,8R)
+ cR® ][ (14 |V(Vig — (Vo)ao,sr)[?) dz. (4.78)

Q(z0,8R)
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Case 2. xog € Q and B(zg,4R) N (0) # 0. The key idea in this case is the same as the one
we used for xg € 02, with the only difference being that we need to estimate the right hand
side of (4.76) by approximating xy with a point on the boundary of €.

We first notice that, in the derivation of (4.30), it is not used that z¢ € 92, but only that
B(y, Ro) intersects both  and R™\§2. With y = z, we can infer that (4.30) also holds in this
case. We further notice that (4.54) also holds for the xp which is now under consideration
provided 4R < Rgq, because then we ensure that dist(zg, ) < Rq. These two facts imply

that (4.76) is also valid, so that

][ V (Vo — (Vo - 1y Vg 2 @ )2

Q(z0,2R)
P\ (2
77 ¢
ug — g - il
<c ][ Vv le(" dz + ¢ ][ R* (1 + |V,—1(Va)|) da. (4.79)
Q(x0,4R) Q(z0,4R)

We now take z; € 9Q N B(xg,4R). It is then clear that
B(zo,4R) C B(xg,8R) C B(xo,20R).

We also impose the following.
Assumption 4 20R < Rg.

Then, we can estimate the right hand side of (4.79) by approximating it with the average value
of the same expression over ((z§, 8R), where we can apply Proposition 71, and then go back
to an average value over §(zg,20R). In other words, by taking now ¢ = (Vo - V) z,20R,

we have that

|V(Vﬂ0 - (Vﬂo . ﬁxo)xo,QR & ﬁx0)|2 dx

Q(z0,2R)
. 2
uy — '19 . w o -
Q(z0,4R) Q(z0,4R)
2
ug — 'l9 . W N -
<c Vv R dz + ¢ R* (14 |V,—1(Va)|) dx. (4.80)
Q(zf,8R) Q(z0,4R)

Then, by the same argument that we used to obtain (4.77), but applied this time to zj, we
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infer from above that

][ IV (Vo — (Vo - 2y )ag 28 @ 0ny )2 dit

Q(z0,2R)
=€ ][ |V (Vtio — (Vaio)agasr) |* do + ¢ ][ R® (1 + |V(Vitg — (Viip)ao168)[?) da
Q(z},16R) Qe 16R)
<c f Vi~ (Viohan) do
Q(z0,20R)
te ][ R (1 + |V (Vo — (Vto)zo20r)|?) da. (4.81)
Q(z0,20R)

Hereby, in the same way as we did in Case 1, we use (4.72) to conclude that

IV (Vg — Vh) 2 dw < cw(E(zo, R)2) 7 ][ R (1 + |V(Vig — (Vo) 20r)|?) da
Q(zo,R) Q(z0,20R)

+eR” ][ (14 [V(Vo — (VTo)xo,20r)[7) da. (4.82)
Q(20,20R)

Notice that, in the derivation of (4.81), we are implicitly assuming that || < ¢ for some
constant ¢ = ¢(m,n,2) > 0. In a similar way as we concluded the need of Assumption 1, we
can ensure this by imposing the following condition, that we finally state explicitly in terms

of m.

Assumption 5 R > 0 is such that

’(VHO)xO,QOR‘ < m.

Case 3. xg € Q and B(zo,4R) C Q. This case is simpler, since we can use Step 3.2 to estimate
Vu—Vh in terms of the mean oscillations of Vu— Vg without invoking the normal derivative.

From (4.72) and the reverse Holder inequality (4.55), it is straightforward to conclude that
~ p—2
V (Vi — Vh)[2dz < cw(E(z0, R)2) 7 ][ R* (1 + |V(Vp — (Vig)zg 20r)|*) da
Q(zo,R) Q(z0,20R)

+eR” ][ (14 [V(Vio — (VT0)xy,20r)[*) da. (4.83)
Q(20,20R)
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We remark that (4.78), (4.82) and (4.83) establish that the same estimate is valid for every
zog € Q. Therefore, it is now possible to derive the decay rate that we were looking for.
Indeed, the subadditivity of V' and the Generalized Weyl’s Lemma from Theorem 72 imply

that, for some ¢ = ¢(m,n,p, Rq),

E(wo,r) = ][ V(Yo — (Vai)ay,)|? da
Q(zo,r)

<c ][ WV (Vo — (Vh)ag )2 da

Q(z0,r)
R\" — 2 r\? — — 2
<c (r) ][ V(Vag — VR)Pde + ¢ <E) ][ WV (Vg — (Vio)ay.1)|? dz
Q(zo,R) Q(zo,R)
<c (f) ][ V(Vag — VR)Pde + ¢ (%)2 ][ WV (Vo — (Vio)ag 208)|? da.
Q(z0,R) Q(20,20R)

(4.84)

The last inequality above follows after applying, first, the quasiminimality of (Vyg)gy, r for
the function n — f |V(Vap — n)[*dz and, then, by increasing the support and using
|Q(x0,20R)| < 20"]%(79‘2?2 cq |2(zo,20R)| because 20R < Rq.
We conclude this step by using (4.78) and (4.84) to obtain the decay rate that we were looking
for. That is,

p=2

E(zo,r) <c (f)n <w(E’(x0, R)%) 7 (Ra + E(xo, 203)) + R*(1 + E(ao, R))>

+c (%)2 E(:Eo, 20R)
<e (f)n (w(c B, 20R)H 5 (R + E(x0,20R) ) + R*(1 + E(0,20R))

+ e (%)2 E(x0,20R).

We further simplify the above to obtain, for a different modulus of continuity w, that

Bzo,7) <c (f)n ROE (9, 20R) + ¢ <W(E(x0, 20R)) (f)n + (;)2> B(20,20R) (4.85)

for every 0 < r < R < Rg. We remark that this is valid provided Assumptions 1-5 hold.

Whereby, we now compile all these assumptions into a single one, which is the setting over
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which we will iterate estimate (4.85) in the next final step. In order to do this, we impose a

smallness assumption on F (x0,20R) that we will later specify more precisely.

Assumption 6 There exists 0 < §; < 1, depending on m, such that

][ |V (Vg — (Vip) ey ,20r)| do < 1.
Q(z0,20R)

Then, (4.85) implies

Bzo,7) <c <f)n R (0, 20R) + ¢ <w(E(a:0, 20R)) <f)n + (;)2> B(z0,20R). (4.86)

Furthermore, by triangle and Jensen’s inequalities, together with Assumptions 5 and 6, we

have that

((VE0)ay 1l < ][ Vo — (Vo) 20m] A + (Vo) sy 208
Q(z0,R)

<c ][ Vg — (Vig)eg,20r] dz + [(Vo) 2o,20R]
Q(20,20R)

<c+m
for some constant 0 < ¢ = ¢(n, ). In a completely analogous way we obtain that
‘(VEO)xO,QR‘ <c+m and ’(Vﬂo)ggoAR’ <c+m.

Hereby, Assumptions 1-6 will all be satisfied provided Assumptions 4-6 hold.

Step 5. Iteration. We will now iterate a refined version of the estimate that we concluded
from Step 4. This will enable us to obtain the excess decay, from which regularity for ugy will
follow using Campanato-Meyers characterization of Hélder continuity. Since g € C1(Q, RY),
this will in turn imply regularity for u.

We first rescale and rewrite (4.86) by making 7 = % so that, for 0 < 7 < o, we have

E(x0,7R) < |er™™R* + ¢ (72 + @(E (o, R))T—n)] E(zo, R). (4.87)
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Now, take 7 fixed so that

1
cr? = —7%° (4.88)
2
ie.,
T = (20)_ﬁ. (4.89)

We note that it is for this step that we require o € (0,1). In addition, since
¢ = c¢(m,n,N,p,c1,c2,Q), we can assume that c is large enough so that we have 7 =
T(m,n, N, p,c1,c2,Q) and 7 € (O, %)

We claim that there exist 0 < e < 1 and R € (0, Rq), R = R(e) such that, if

/ VglP dz < e, (4.90)
Q
then for every j € N,
j—1
E(z0, 7 R) < 1** E(x0, R) + o (7_]—1R)a ZTZO‘. (4.91)
i=0

Observe first that, since @ = Wy, is increasing and @(t) — 0 as t — 0, we can take 0 < 01 < 1
so that, for every d € (0, 1],

1
cw(0)T™ " < 5720‘. (4.92)

We now let

co=cr " (4.93)

Notice that under assumptions (4.88) and (4.92), (4.87) will imply that
E(x0,7R) < coR™ + 72“E(x0, R), (4.94)

provided 0 < R < Rq, |(VTo)z.r| < m — 1, and E(xo, R) < 61 < 1. Our goal is now to
show that, if Vg is small enough in LP, we can find an R > 0 such that these properties are
satisfied for every 7FR, with k € NT. This will then enable us to iterate the inequality for
the decay.

The main tool that we will use for this is the quasiconvexity of F' via Lemma 74, thanks to

which we will be able to measure the mean oscillations of Vg in terms of || Vg||L». Indeed,



134 CHAPTER 4. FULL REGULARITY UP TO THE BOUNDARY OF GLOBAL AND LOCAL MINIMIZERS

since we know that for some ¢ > 0,

/W(vuo)y?dx gc/yV(vu)Fdx + c/|V(Vg)]2dx < c/\V(Vg)|2d:n,
Q Q Q Q

there are constants 0 < k1 = k1(n,p) and ko = ka(n,p) so that, if 0 < R < Rq,

2
_ K1 _ )
][ Vi dx ngn/W(vuo)de < R2n/|V(Vg)\2d1:. (4.95)
Q(zo,R) Q Q

Even more, we can chose k9 so that

2
K2
][ Vgda gRQn/W(vg)de. (4.96)
Q(CC(),R) Q

In addition, we take k1 and k9 so that it also holds

F vV - (Vg wlde < ok [V(Va)P e < 12 [1V(T9)P s
Q(z0,R) o 0

< /|V(Vg)|2dm. (4.97)

We now choose 7 as in (4.88) and §; so that (4.92) is satisfied. We further assume, without

loss of generality, that

51 < min {(m_21)2 52} . (4.98)

Define
_1)\2 a L g
5::51(ml)min{R?{L, <M> } (4.99)

4/4;2 200

Observe that 0 < ¢ = e(m,n, N,p,c1,c2,2). We can now impose the smallness condition
that we require for Vg in order to perform the iteration that leads to conclude full regularity

of Vu. We assume

/IV(Vg)!2 dz < e. (4.100)
Q
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2
m2)

2n
2k 1 . 741 —7%)01\ «
2 2 2 - 2n
H2/|V(Vg)] dzr < S —1)2 1)2/\V(Vg)| dz < 5 mln{RQ , ( 20 > }
Q

Q

Since 61 < this implies that

Therefore, there exists a number R > 0 such that

2n
2% 1 . T —7%)01 @
2 2 2 1 2n
/@2/\V(Vg)| dz <51(m = 1)2/|V(Vg)| dz < 5 mln{RQ , < 2 > }
Q Q

2n
(] — 7§ o
<R?™ < min {Rgn, (7(2007)1> } . (4.101)

It derives from (4.95), (4.97) and (4.101) that R satisfies the following properties

0<R< Rq<1; (4.102)
2
][ Vigdr| < g;n/W(Vg)\Qdm < (m—1)% (4.103)
Q(zo0,R) Q
b
} V- (Vo nfds < 2 Vgl de < (4.104)
Q(z0,R) Q

and )

_ a(] — ro «
R<R= (TUIT (4.105)

We will now prove assertion (4.91) for this choice of R. We proceed by induction on j € N.
To prove the claim for j = 1 observe that, by (4.104), E(zo, R) < &,. Therefore, (4.87) and
(4.92) imply that

E(x0,7R) < coR™ 4+ 72*E(x0, R). (4.106)

We now assume that (4.91) holds for every j € N such that 1 < j < k. We will prove that
the claim is true for j := k 4+ 1. The idea will be to iterate the process and use (4.87) with

7% R instead of R. For this purpose, we first need to estimate F(zq, 7*R) and |(V0) o 5 R
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Applying the strong induction hypothesis and (4.104) we have that, for every 1 < j <k,

j—1
E(:L‘o, TjR) < TQajE(xo, R) + ¢ (Tj_lR)a Z T
i=0
2aj5 ) 1
T 1 -1
< 9 + ¢o (Tj R)am
<67, (4.107)
with the last inequality following from the fact that w < %1, which is, in turn, a

consequence of (4.105). Since 0 < 7 < 1, we conclude from above, with j = k, that
E(xo,7"R) < 4. (4.108)

We will now estimate ‘(Vﬂ)xoﬁkﬂ. It follows from (4.103) and (4.104) that

k—1
(V)7 1| < 1(VT0)ao, 2l + Y | (V) rir = (V) gy, ri+1 |
=0
k—1
<m—1+) ][ Vg — (Vo) sy 1o 5| dz
7=0 Q(zo,77+1R)
co k—1
<m-1+ n Z ][ |Vuy — (VHO)xQ,TjR’2 dx . (4.109)

J=0 Q(z0,77 R)

Here, we have also used that 7/ R < Rg and Hélder’s inequality. It follows from (4.107) and

(4.109) that

k—1
cQ, ~ S
|(VT0) 4y rip| < — 1+ Tnp E(x9, 7 R)2
j=0
! k—1
512 CQ,p aj
<m-1+ s Z T2
j=0
1
2
<m — 1 + 61 CQ:p
™(1—712)

(4.110)
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It is then clear that, under this assumption,
(Vo)

worbr| < M- (4.111)

Having established (4.108) and (4.111), we can apply estimate (4.94) with 7% R instead of R,

followed by the induction hypothesis for j = k, to obtain that

E(wo, Tk'HR) <cg (TkR)a + TQQE(JJO, TkR)

k—1

<co(TPR)™ + 77 | 7% E(20, R) + co(F I R)* Y 1
j=0

. k-1 )
<72 B(zo, R) + co(T"R)* + co(TFR)™ Y 7 (4.112)
j=0
<722 E (20, R) + co(rFR)* Y 7. (4.113)
§=0

This concludes the induction. We remark that it is to obtain (4.112) that it is important to

2a

keep as a factor the term 7, and not just 7¢ in the second term of (4.94).

We have then shown that, with the choices (4.99) and (4.110), conditions (4.102)-(4.105)
are satisfied and, furthermore, claim (4.91) is valid for every j € N. This implies that, for
every j € N,

j—1
E(zo,7R) <179 E(x9, R) + (7 'R)® Z T
i=0

(' R)"
1—7@

YR Ro
=79 (E — = ).
’ (““M+%wu_w0

<7Y9E (20, R) + o

We now take r € (0, R) arbitrary.

If » € (0,7R], we find j € N such that r € [7/*'R,7/R) and, hence,

- . _ Ro
E(Z'Q,T]R) < 0797_04] E(:Eo,R)—i-Coi
Tn n T7o(1 — 79)
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On the other hand, if r € [TR, R], E(xo,r) < C—E(xo, R). Hence, we have established that

B(zo,r) <C (%)a (4.114)
holds for every r € (0, R], with
= o = R“
C = Tn+oéE(.’1:(), R) + COCQW.

Furthermore, our choice of R in (4.101) is such that R is also bounded below by a constant
depending exclusively on m,n, N,p,c1,co and €. Therefore, we can even find a constant

C > 0, depending only on these parameters, such that

E(xg,r) <Cr®.

In addition, since we also have that g € Cl’%(ﬁ, RY), we obtain, for a possibly different

C > 0 with the same properties as the one above, that

][ ]V(Vu—(Vu)$O7r)|2d3:§c][ [V (Vg — (Vo) ayr) | da
Q(z0,r) Q(z0,7)

e ][ V (Vg — (Vg)eor)? do
Q(zo,7)

<Cre. (4.115)

Given that this holds for any zy € €, we have shown that Vu € CO’%(ﬁ, RN>™) " by
Campanato-Meyers integral characterization of Holder continuity.

We will now use Schauder estimates, and the fact that we already know Vu to be
continuous, to improve the Holder continuity that we have obtained and derive that, actually,
Vu € C%. In order to do this, we will obtain better estimates for { |V(Vu — Vh)|dz
than the ones obtained in (4.78), (4.82) and (4.83). For this purposef)(vf/gz&)fﬂl use that Vu is
bounded, and hence @ is Lipschitz, instead of using only that Vu is merely higher integrable.

We denote
M = HVHHLoo(Q,RN). (4.116)

As we will establish in Proposition 100, M is bounded above by some constant that only
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depends on m > 0, therefore, we can assume that M; > 0 is such that, without depending
on g or u in any way,

|ﬂ($1) —ﬂ(x2)| < M1|x1 — X2|.

for every 1,z € Q.7

Now, let 2o € Q arbitrary for fixed. For zp := (V@) g, let P be the second order Taylor
polynomial of the integrand F' about the point zg. Furthermore, let h € W%’p (Q,RYN) be
P-minimizing. Then, just as in equation (4.62), but with vg = 0 and with @ instead of uy,

we have that

|V(V@ — Vh)|? dz
Q(zo,R)
< ]l (F(VEi — Vh + 20) — P(Vii — Vh + 2) + P(V) — P(Vh)) da

Q(zo,R)

- ][ (P'(Vh),Va — Vh) dz

Q(z0,R)
< ]l (F(Vii— Vh + 20) — P(Vi — Vh + 2)) do + ][ (P(VE) — F(Va)) da
Q(zo,R) Q(z0,R)
4 ][ (F(V) — F(VR)) dz + ][ (F(Vh) — P(Vh)) da
Q(z0,R) Q(zo,R)
I+ II4 I+ 1V. (4.117)

As in (4.62), we know that II] < 0 because u is an F-minimizer. In addition, by global
Schauder estimates for solutions to linear elliptic systems, since uw € Cl’%(Q(a:O,R),]RN ),

then h € CY2 (Q(z0, R), RN) as well and there is a constant ¢ > 0 such that
[Vh]o,%;Q(IO,R) < C[VE]O,%;Q(IO,R) < CMl‘ (4118)

For a general and extensive treatment of the theory of Schauder estimates we refer the
reader to [Sim97, Theorem 1] and [GT01, Section 6.2]. In addition, we note that the domain
Q(xo, R) = QN B(zo, R) is only Lipschitz, while it should also be of class C%® in order to

apply the theory of Schauder estimates. However, we can proceed as in [KM10] and, via a

"We remark that, since we are using here Proposition 100, such result will be proven using the uniform
@

5-Holder continuity, and not the optimal uniform a-Holder continuity that we will obtain as a result of this
final step in the proof of Theorem 76.
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regularizing procedure, obtain a set A(xq, R) of class C® such that
Q(.CU(], R) - A(.’L‘(), R) - Q(an 2R)
and for which
0A(xg, R) N OQ(z0,2R) = B(zp, R) NS

We can therefore assume that Q(zg, R) is C1, as we need, and proceed with the calculations
as we have done. Furthermore, (4.58) implies, as in Step 4 but recalling that we are now

taking vg = 0, that

I<c ][ w(|V@ — Vh|)|V(Va — Vh)|* dz
Q(mo,R)

<e ][ (VT = Vh — (VI = Vh)y gDV (VT = Vh — (VT = Vh)gy.p)2dz.  (4.119)
Q(CC(),R)

We observe that, for every = € Q(zg, R),

Va(e) — (V) 1l < ][ Va(y) — Va(z)| dy < cRS.
Q(:Bo,R)

Similarly, using (4.118), we have that
\Vh(z) = (Vh)ee.rl < cMiR5.

Observe that cM; can be taken to be depending exclusively on m,n and p. We now combine

these estimates with (4.119) and infer that, for some constant ¢ = ¢(m, p) > 0,

I < cw(cMiRS) ][ (IV(VE — (VD) ay)I? + [V(Vh — (Vh)apr)?) dz.  (4.120)
Q(zo,R)
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We use again (4.58) to obtain, in a similar way than for (4.120), that

IT41V <e ][ @IV — 20))[V(Va - 20) + w([Vh — 2)[V(Vh — 20)[?) de
Q(zo,R)

<c f (leRHIV(TE ~ (Ta)a )’ + MRV (T~ (Th)y0)) d.
Q(zo,R)
(4.121)

Since h € W%’p (2, RY) is P-minimizing, analogous inequalities to those in (4.60) and (4.61)
hold by replacing @y by @, p by p and using LP-estimates. Therefore, (4.117), (4.120) and

(4.121) brought together imply that

\V(Va — Vh)[>dz < cw(cMR?) ][ \V (VT — (V)zo,r) | dz.

Q(a;o,R) Q(.r(),R)
Now, we proceed as in (4.84) to get that, for every 0 < r < R, if
B(zo,r) == ][ V(Y — (V)0 ? da,
Q(zo,r)

then
E n
r

2 7?2
E(zo,7) <c IV (Vi — VA2 dz + ¢ (§> E(zo, R)

Q(zo.R)
< (cw (chR%> (f)n +c (;>2> E(zo, R).

We now write r = 7R for 0 < 7 < 1, so that

E(z0,7R) < <cw (chR%> L CTQ) E(x0, R)

<7 (cw (chR%> T 07_2(1704)> E(xo, R).

Now, let 7 € (0,1) be fixed by

cT =
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and take Ry € (0, Rq) such that

cw (CM1R1%> <

N | —

Then we have that, for every R € (0, R;] and every 7 € (0, 1),
E(xo,7TR) < TQaE(xO,R).
Therefore, for every k € N we have that
E(J}(],TkR) < T2akE(J?0,R).
We now fix 0 < R < R; and observe that, for any given r € (0, R), we can take k € N so that
IR <r<7*R
and hence obtain

2a
E(z0,7) < 7 "E(w0, T°R) < E(zo, R)7 "2 <%) _

Observe that, since the constant cM; > 0 depends exclusively on m,n and p, we can further
assume that % < R < R and, therefore, we have found a constant C; = Cy(m,n,p) > 0
such that

E(xo,7) < Cyr%®. (4.122)

This implies that @ € C»*(Q,RY), by Campanato-Meyers characterization of Hélder
continuity. [J

We emphasize that [Vﬂ]o,% is bounded above by C > 0, as we derived in (4.115). Therefore,
[Vﬂ]og is bounded by a constant that, although depending on m, does not depend specifically
on the boundary condition g. We also remark that, to prove this, we did not make use
of Proposition 100. This fact is a key ingredient in showing that, given m > 0 and the
corresponding € > 0 provided by Theorem 76, the set of minimizers satisfying small boundary
conditions in the WP sense, is compact. This, in turn, is essential to show that, given a

suitable boundary condition g, there is actually one and only one minimizer in the Sobolev
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class W},’p (Q,RN), which is the subject that Chapter 5 is devoted to.

4.3 The case of W!'P-local minimizers

The regularity result in the previous section concerns global minimizers with smooth and
sufficiently small boundary conditions in WP, A natural question is to ask whether something
similar can be obtained for local minimizers, specially in the context of the sufficiency theorem
in Chapter 2, where C'! regularity is assumed to ensure that certain extremals actually furnish
strong local minimizers (more precisely, with the LP-strong topology).

Throughout the proof of Theorem 76 we have emphasized that the minimality of @ was
essentially used, first, for the energy estimates from Lemma 74. This is the key idea required
to ensure the smallness condition that allows us to iterate the decay of the excess. On the
other hand, we used the minimality of w for the estimates leading to higher integrability
in Steps 1-2.2. Finally, we exploited the fact that @ is a minimizer to compare its energy
with that of the A-harmonic function A in Step 4. We remark that the rest of the proof of
Theorem 76 does not use other properties of @ other than the fact that it satisfies the weak

Euler-Lagrange equation and it is already in WP (€, RV).

4.3.1 Energy estimates

In order to obtain a full regularity result for local minimizers, we need to find a suitable
alternative way of obtaining each one of the energy estimates mentioned above, even if @ is
only a local minimizer. The first step will be to obtain a result similar to Lemma 74. Taheri
shows in [Tah03] that, if §2 is star-shaped, smooth local minimizers with affine boundary
conditions are affine and hence, by strong quasiconvexity, they are unique. Motivated by his
proof of this statement, we have been able to establish that an estimate similar to the one
from Lemma 74 also holds for local minimizers in star-shaped domains. Before proceeding

with our result, we state the following definition.

Definition 77 Let w C R" an open set. We say that w is star-shaped with respect to 0

if and only if, for every x € W, the line segment

{Az:0<A<1}
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1 a subset of w. Similarly, we say that w is star-shaped with respect to xg € w if and only if

w — xg s star-shaped with respect to 0.

In what remains of this chapter, whenever we talk about a star-shaped domain, we shall
always assume, without loss of generality, that it is centred at 0. Let w be a star-shaped
domain such that Ow is of class C'. Then, we can assume that there exists a strictly positive

function d: S*~! — R of class C! such that

Ow = {yeR” |yl :d<é|>}. (4.123)

It is then clear that w = {0} U {y € R™\{0} : |y| < d(0)}, where 6§ = |ZT In addition, we can

then see that the unit outer normal to the boundary at a point y € dw is the vector

v(y) = a~1(0) <9 —(I-0® e)Vd‘(lx)) : (4.124)

with

NI

a(0) =d(0)7" (d(9)* + |Vd()|* — (8- Vd(0))?) (4.125)

We also observe that, for any 7 > 0, if d; := 7d and w, := 7w, then

By = {yER":Ly]:dT <y>}
|yl

In the context of integrable functions defined on star-shaped domains, it will be very useful
to consider the following representation result, which can be shown by using the co-area

formula. See also [Tah03] for an alternative proof.

Proposition 78 Let w C R™ be a star-shaped domain and let f € L'(w,RYN). Then,
bordo)
fy)dy =/ / fpy)p™ =t dH™ " (y) dp.
Zu  [a@ (v)

We continue with the following definition.

Definition 79 Given a star-shaped bounded domain w and a map v € Wl’p(aw,RN), we

define its degree-one homogeneous extension v": R™ — RN as the mapping given by

_ lul
o (y) = @vwd(ﬁ)), (4.126)
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Y

where 6 :=
ly]

Figure 4.1: Smooth star-shaped domain.

Notice that we have defined v on the whole space R", and not only on w, as in [Tah03]. Tt
can then be easily checked that

v(0d(6))

Vol'(y) = Vo(0d(9)) + < a00)

- vv(ed(e))9> ® (9 _(I-9s e)vclc(lg?)) @2

We now establish the following lemma, that illustrates the behaviour of degree-one homogeneous

extensions with respect to their integrals over dilatations of the domain.

Lemma 80 Let f: RVX" — R be a measurable function such that it satisfies (H1). In
addition, let w C R™ be a star-shaped domain and v € WHP (0w, RN). Let v be its degree-one

homogeneous extension. Then, for every T > 0 it holds that
/f(Vvh) dy = T"/f(Vvh) dy. (4.128)

Proof. The proof will rely on Proposition 78. Indeed, we observe that if d: S"~! — R is

Ow = {yeR” : ly] :d<‘z|>}, (4.129)

such that

then, as before, we have that

O, = {y ER": |y| = rd (ﬁ;‘) } . (4.130)
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By Proposition 78, we can write

_ ! Td(e) n— n—1
w/f(wh)dy— /0 a/ T e ap

_ ! Td(@) Uh n—1 n—1
- a/ iy (T e dp,

where the last identity follows from the fact that Vu"(py) = Vo'(y) for every y € R".
Therefore, after applying a change of variables and the corresponding invariance under

dilatations of Vo again, we conclude from above that

T [ o) .
/ 17y == [ S8 peeot ) e

Owr
_T[dO) oo n—1
-z a/ SO T

By applying this formula for 7 > 0 arbitrary and 7 = 1, we conclude that

/f(Vvh) dy = T”/f(Vvh)dy, (4.131)

w

as we wanted to prove. [
We conclude this introduction by recalling that if F': RVX"® — R is a O rank-one convex

function, then for every A € RY and every p € R™ it holds that
FE+A@p) > F&)+ (F'(€), @ p). (4.132)

Given that quasiconvex functions are rank-one convex, the above inequality holds in particular

for the class of integrands that we have now under consideration.

We are now ready to enunciate the following result.

Proposition 81 Let F': RV*" — R satisfy (HO) — (H2) for some p € [2,00). Assume that

Q is a star-shaped domain and let u € W;’p(Q,RN) be a WYP-local minimizer of §. Then,
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there is a constant ¢ > 0, depending exclusively on n, such that
Jivniay <e [vegh?a, (4.133)
Q Q

where g" is the one-degree homogeneous extension of g: 99 — RN,

The idea is to exploit Ali Taheri’s proof on the energy estimates that can be obtained for a
stationary point in terms of its degree-one homogeneous extension.

We now recall the following definition.

Definition 82 Let F': RV*" — R be of class C' and satisfying the p-growth condition (H2).
Assume, in addition, that |F'(2)| < c¢(1 + |z[P~Y) for some ¢ > 0 and every z € RN*". Let
Q C R™ be an open bounded set and let u € WHP(Q,RN). We say that u is a stationary

point of the functional § if and only if

%3(”67 Q) le=0= / (F(VU)<IN><na Vi) — <VUT ) F/(Vu)a VQD>) dy=0
Q

for every ¢ € Cg°(R™,R™) with supp ¢ C Q and where u:(y) = u(y + cp(y)).

Stationary points are those for which the variation in the functional vanishes when one
introduces small variations in the domain.
Taheri shows that if = € W'P(Q,RY) is a stationary point of (-, ), then for £!-almost
every t € (0,1],
F(w, Q) < F(@y, ), (4.134)

where 7} is the homogeneous degree-one extension map corresponding to @ [90,.° In the
context of local minimizers, we wish to obtain similar energy estimates for the particular case
t = 1. However, we cannot adapt Taheri’s proof to deduce such control on the energy of the
minimizer, even under smooth boundary conditions. This is so because, for (4.134) to hold,
one needs V! to be continuous on 9. This will certainly be true for almost every ¢ € (0, 1].
However, even though we know that @ = g on 02, we cannot ensure that Vu doesn’t oscillate

too much in the direction normal to 0f2.

8See [Tah03].
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On the other hand, Taheri observes in [Tah03] that, if u € Wé;/p (Q,RY) is a WhP-local

minimizer of F(-, ), then there is a 7 > 1 such that the map

U in )

&y in Q\Q

is a WlP-local minimizer of §(-, Q).

By definition of v, we know that this new local minimizer is of class C'!' in a neighbourhood
of 0Q,. This is exactly what we need to ensure that (4.134) holds for ¢ = 1 with domain
Q). instead of 2. The proof of our Proposition is inspired by this idea and it will rely on
considering two cases: that in which we can ensure that an extension of the local minimizer
w is also a local minimizer on a slightly dilated domain €2, and the case in which this is not
necessarily true. We will see in the proof below that in both situations it is possible to obtain
the estimate (4.133), from which Proposition 81 follows.

Proof. For 1 < 7 < 2 we define the map v, € WHP(Q,,RV) by

u in

g"  in Q\Q

As we have already mentioned, the proof will be split into the two following cases.
Case 1. For every 7 € (1,2), the function v, is not a WP-local minimizer of F(-,(2,).
Then, there exists a monotonically decreasing sequence 7; — 1 and a sequence

(vj) C W;;?(QTJ,RN), with v; — v in WH(Q, RY), such that

/F(ij)dy < /F(Vv) dy. (4.135)
Q, Q.

We now define u;:  — RY by

uj(y) == ijlvj(ij).
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We note that, since v; € W;f(QTj,RN), uj € W;;f)(Q,]RN) = W;’p(Q,RN) for every j € N.

We claim that u; — u in WHP(Q, RY). Indeed, we observe that

/ Vi (y) — Vu(y) P dy = / IVj(7i) — Vu@)P dy
Q Q

:Tj"/ ‘ij (y) — Vu (Tj*ly) ‘p dy

Qr
-n p -n -1 p
<7; /!Wj(y)—Vv(y)\ dy +7; /’W(y)—w (Tj y)‘ dy
Qr

Qr.
J

—r / Vo (y) — Vo(y)P dy + 7 / ‘Vu(y) — Vo <Tj 1y>‘ dy.
Q.

Qr,

When j — oo, the first term above goes to zero because v; — v in WP and 7; — 1. The
second term goes to zero by the continuity of dilatations, which follows in turn by the density
of the space of continuous functions in WhP(€2,,,R™). Given that u is a W'P-local minimizer,

this implies that, for J € N large enough,

3 [FCvm) dy <o [F(Tus)ay
Q Q

[ Fvenay

Q-

</F(Vv) dy
Qr,

:/F(Vu) dy + / F(Vg") dy.
Q Q-,\Q

These calculations are based in Taheri’s proof that W!'P-local minimizers, with affine
boundary conditions, can be extended into a dilatation of its domain, so that the extension
furnishes a local minimizer of the corresponding integral functional. We now proceed in a
slightly different, but still analogous, way as in [Tah03]. We conclude from the above chain

of inequalities that

(73— 1) / F(Va)dy < / F(Vg") dy = (7 — 1) / F(V4") dy.
Q 0.\ Q
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The last identity above follows from Lemma 80. We can therefore conclude that

/F(Vu) dy < /F(Vgh)dy. (4.136)
Q Q
We now use that u — g € W(l)’p (2, RY) to deduce from (4.136), using the quasiconvexity of

F', that for some ¢ > 0,

/ V(Va)Pdy < c / V(v dy, (4.137)
Q Q

just as we wanted to prove. It remains to show that such an inequality holds in the following

scenario.

Case 2. There exists 7 € (1,2) such that v, is a WP-local minimizer for F(-,€,). The
proof in this case will be essentially the same as in [Tah03], incorporating here the fact that,
under this assumption, we know that Vo, is of class C'! in a neighbourhood of 92;.

For the sake of simplicity of the notation we call v := v,. We aim at showing that

/F(VU) dy < /F(Vvh) dy. (4.138)
Q, Q-
We begin the proof by recalling that, since v is a local minimizer, it will satisfy the weak
Euler-Lagrange equation, meaning that, for every ¢ € Wé’p (Q,,RY),
d /
d—gg(v +ep,Qr) le=o= [ (F'(Vv),Vy)dy = 0. (4.139)
Q,
In addition, it is not difficult to verify that v satisfies the following stationarity condition,
meaning that the variation of the functional under variations in the domain, also vanishes.

More specifically, it holds that, if ¢ € C§°(R",R") with suppy C Q. and we consider

e : R™ — R™ given by 9. (y) := y + ep(y) then, by setting v, := v 0 1), it follows that

%g(%,m) o= / (F(V0) (I, V) — (VT - F/(V0), V) dy = 0. (4.140)
0,
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We now observe that, for every y € 92, since v € W;f(QT, RM),

__lyl _ _lyl
V() =gy 0 0md®) = e (6rd(®))

:d’gj,‘)gwd(e)) — d"(y).

This means that v" = g" on Q.. On the other hand, using (4.127), (4.132) and Proposition

78, we can write

[nF @ @) ay
Q,
_ dT(G) v U(y) o v B B qu-(e) -
58 (0 (o) 150
d-(6) -
> [ )
L / v v _ B VdT(Q) -
+6£ o0 <F (Vou(y)),v(y) @ <9 (I-60®0) 6 >> A" (y)
d-(0) / vd, () .
_aé u <F (w(y»,wy)e@(e—u_e@e) L >>dH .

We now proceed by taking the particular choice ¢.(y) := 72 (dl%)) y in (4.140) for € > 0,

where

1 if0<s<1—¢

1-02 i e <5<

We then have that

Ve =T (d%)) Ol (d%)) ve (9 —U-fe 9>Vd‘fzé?) '
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Substituting this in (4.140), we obtain that

Using again Proposition 78, we note that

: : 1 ! n d’f’(e) n—1
if%l_ig%guﬁ_gp,/‘aw)P%VUQW»(N{ (y) dp. (4.143)
o0
We now observe that, since 7 > 1, % < dTy(f) for every y € Q.. Hence, for every y € 0,
andevery0<5<1—%,
d(f 1 d-(0
Q:f<1—€<1: ()
lyl 7 [yl

Therefore, if p € (1 — ¢, 1), it follows from above that, for y € 0,

d(8) < ply| < d(0)

or, equivalently, py € Q,\Qif 1 —e < p < 1.

From here, the definition of v = v, and (4.143), we deduce that

lim T = I 1/1 ”/dT(e)F(V M py)) dH () d
i I=lim = | 2" ) gy TV oy y) dp.
o0

T

We now use that Vg” is continuous to deduce, using Lebesgue’s Differentiation Theorem and

the fact that every point is a Lebesgue point for a continuous function, that the limit above
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exists and, even more,

F(Vg"(y))dH" ' (y)

S8
N
—~~

>
~

F(Vu(y)) dH" (). (4.144)

We emphasize that, for the last identity above, we are using that v = g" in a neighbourhood

of €. Using an analogous argument for 11, we obtain that the limit as ¢ — 0 exists and

lim 117 = — / ‘Z((:)) <F/(vv(y)), Vo(y)f @ <9 (-0 e)vd‘(lgj)» dH™ 1 (y). (4.145)

-

We will now use the weak Euler Lagrange Equation to compute lin% I1I. With this purpose,
e—

we now define

Pe 1= Te ( d%)) v(y). (4.146)

We observe first that, if y € 0Q, ¥:(y) = r- (dl%)) v(y) = r-(1)v(y) = 0. This implies that

Ve € W(l)’p(QT, RM). We now compute, for y € Q,,

o= (30 g () (e (1040

Given that the weak Euler-Lagrange equation holds for v, as well as (4.124) and (4.125), we

infer that

1 ’ ‘y| ’
* / RO (dT(Q)) (F'(Vo(y)),v(y) © a@)v(y)) dy. (4.147)
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Using this, and rewriting the second term above with the help of Proposition 78, we can

follow the same argument that we used to obtain (4.144) to deduce that

g 11 ==y [ 57t (38 ) P 700010 001t}
Q

T

_ / (F'(Vo(y), v(y) ® v(y)) dH". (4.148)
o0

We now observe that r. (%) — 1lg_ pointwise in €2 so that, by Lebesgue’s Dominated

Convergence Theorem together with (H1)-(H2), we can pass to the limit in (4.142) and, in
conjunction with (4.144), (4.145) and (4.148), we deduce that

/ nF(Vo(y)) dy

Q,

_ / ) p(woiw) ar () + / (F/(Vow)),v(y) @ v(y)) dH""
o0N

a(f)
o

— / Cij((g)) <F’(Vu(y)),Vv(y)9 ® <9 —(I-60® G)Vd(géa;)>> dH" " (y).

T

Comparing this to the right hand side of (4.141), we finally conclude that

/F(Vv) dy < /F(Vvh)dy = /F(Vgh)dy.

QT Q‘r Qq—

Since v — ¢" € Wé’p(QT,]RN), we proceed as in Case 1 to further conclude that, for some

constant 0 < ¢ = ¢(n),

Jvoray < [vevopay<e [WVgEay=c [1v(ve)Fa.

Q Q‘f‘ QT Q
The last identity above follows from Lemma 80. Since 7 < 2 by assumption, this leads to
the desired conclusion, with a constant ¢ > 0 depending exclusively on n. This concludes the

proof. [
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4.3.2 Full regularity of W!?-local minimizers

In order to obtain the estimates leading to higher integrability for the case of W!P-local
minimizers, the key idea will be to reduce the problem to the case of global minimizers.
Kristensen and Taheri showed in [KT03, Proposition 2.1] that W'P-local minimizers are
spatially-locally global minimizers for a class of integrands satisfying a coercivity condition.
We recall that Zhang’s Theorem establishes that smooth extremals are spatially-locally
minimizing.” We can then relate Zhang’s Theorem to the main result of this section,
in the sense that we are dispensing with the regularity assumption by strengthening the
F-extremality hypothesis to W!P-local minimality. We now establish the following theorem
based in the ideas from [Krill, Lecture 5]. We remark that the result presented here differs

from that in [KT03] in that no coercivity assumption is made on the integrand in this case.

Theorem 83 Let F: RV*" — R be continuous and such that it satisfies (H1) — (H2) for
some p € (1,00). Assume that u € WP(Q,RY) is a W'P-local F-minimizer. Then, there

exists 1 > 0, depending on w, such that

é F(Va)de < é F(Va+ Vo) dz

for every ¢ € Wé’p(Q,RN) such that |{z € Q:¢(x) # 0} < n. In particular, T is spatially

locally F'-minimizing.

Proof. The first step is to obtain a Garding inequality from conditions (H1) — (H2). We

define, as usual, the auxiliary integrand
F(2) := F(z) — F(0) — (F'(0), z)
and we let ¢ € WHP(Q, RY). Denote

A:={zx € Q:p(x)#0}.

9See Theorem 53.
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By (H1) — (H2) and Lemma 13, we have that

co [ [V(Ve)|?dx < (F(V(p) — F(Vu + Vo)) dz + F(V + V) dz
otz /

:_//01 <F’((1—t)Vﬂ+vcp),Vﬂ> dtdx+/F(Vu+Vso)dx
A A

gc/qvp_l(vm+yvp_1(w)y)yvu\ dx—i—/F(Vu—i—Vgo)dx. (4.149)
A A

We use this, and the subadditivity of V, to observe that for some constant ¢ = ¢(p, c2) > 0,

5/|V(w + Vva) 2 dz < (;2/|V(w)\2 dz + /]V(Vu)|2 dx
A A A

< c/ (Vour (V)| + [Vy1 (Vo + V) ) V] d + /F(w+ Vo) d.
A A

(4.150)

Therefore, by Young’s inequality from Lemma 128 (viii) we infer that, for some other constant

¢ > 0, also depending on p (and on ¢),

E/]V(V(er Vi) de < g/V(w 4+ V)2 da +c/|V(Vu)2dx + /F(w+ Vo) da.
A A A A

Subtracting first % [V (V¢+Vu)|? dz from both sides and using afterwards the subadditivity
A

of V, this implies that, for some constant ¢ = ¢(p) > 0,

;/IV(W)F dr < c/\V(Vgo +va)2ds + c/|V(Vu)\2 do
A A A

12 _
gcl\V(Vuﬂ dz + ZF(VU—F V) dz. (4.151)

We now observe that, if

/F(Vu—i— Vp)dz < /F(Vu) dz,
Q Q
then we also have that

K F(Va+ Vo) dz < 4 F(VT) da.
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Therefore, in this case, (4.151) implies that, for some constants cs, ¢ > 0, both depending on
p=2,

Pdz ¢ 2dz < ¢ w)|? u)) dz. .
C3[|W| az < 2{|v<w> e < {(IV(V )2+ F(Va)) d (4152)

Recall that, since @ is a WP-local minimizer, there is a § > 0, which depends on %, such

that if [|[Vel|r» < §, then

/F(Vu) dz < /F(Vu+ V) dz. (4.153)
Q Q
We now observe that, since {|V(Vu)|?> + F(Vau)} is equiintegrable as a unitary subset of
L' (Q,RN), then there exists > 0, depending on § > 0 and p > 2, such that for every set
B C Q satisfying |B| < n, it holds that

C

< / (V(Va)P + F(Va)) de| <.
1B
Therefore, whenever A is taken such that |A| < 7, we will have that ||V|L» < § by (4.152)

and, therefore,

éF(Vu) dz < éF(Vu + Vo) dz,

as we wanted to prove. [J

We remark that the constant 1 depends on § and on the minimizer @w. The latter dependence
arises from the p-equiintegrability of the set {Vu}. This could be avoided if we had, for
example, that the set of all local minimizers in W;’p is equiintegrable. However, in connection
with de la Vallé Poussin criterion for equiintegrability,'? we can see that this question is closely
related to the problem of higher integrability for local minimizers. This is the core difficulty
in all the regularity results concerning local minimizers that have been developed so far. We
recall here that the first partial regularity proof for local minimizers of quasiconvex integrands
was developed in [KT03, Theorem 4.1] by obtaining the convergence of the blown-up sequence,
without making use of any higher integrability results, as in Evans’ partial regularity proof

[Eva86]. This is also related to the full regularity proof that we presented in Theorem 67.

10Gee Theorem 24
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Having established Proposition 81 and Theorem 83, it is now easy to obtain the
corresponding full regularity theorem for W'P-local minimizers if Q C R is a star-shaped

and smooth domain. We state the result as follows.

Theorem 84 Let o € (0,1) and let Q C R™ be a bounded star-shaped domain of class C1<.
Suppose that (HO) — (H2) hold for some p € [2,00). Then, for every m > 0 there exists an

e = e(m) > 0 such that, whenever g € CH*(Q, RN*") satisfies

IVglloo <m and /V(Vgh)Ide <e, (4.154)
Q

ifu € WHP(Q,RY) is a WYP-local minimizer of § over the Dirichlet class W;’p(Q, RYN), then

€ Ch(Q,RY).

Proof. Without loss of generality we assume that €2 is star-shaped with respect to 0 € 2.
The whole idea behind the proof is to reduce the problem to the case of global minimizers
by using Theorem 83, so that we can apply all the estimates obtained in Steps 1-4 that we
established in the proof of Theorem 76. In addition, we observe that the smallness condition
[V (Vg)||* < e was only used in Step 5 of Theorem 76 and, thanks to Proposition 81, all the

calculations there will remain valid under the new assumption

IVgllow <m and /|V(Vgh)|2dx <e. (4.155)

Q
We remark that, since we assume ||Vg|loo < m, all the estimates and assumptions made in
Step 5 can be written in terms of @, instead of Wy. This involves, in particular, assuming
that |(V)zo.r| < 2m — 1 and E(zg, R) + ¢(m)R?* < &; instead of |(Vg)zy.r| < m — 1 and

E(zg, R) < 41, in order to obtain
E(x9,TR) < coR™ 4+ 7**E(20, R)

instead of the estimate (4.94). Having this, we can proceed with the same iteration process
performed in Step 5 of the proof of Theorem 76, by observing that (4.95)-(4.97) will now be

in terms of @ and ¢" instead of 7y and g, respectively.
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It only remains to observe that Steps 1-4 in the proof of Theorem 76 can also be performed

in this case if we assume that, for 1 as in Theorem 83, the following conditions are satisfied:
1. |Q(y, s)| < n in equation (4.7);
2. |Q(y, s)| < n in equation (4.25);
3. |Q(z0, R)| < n in equation (4.63).

This is so because those were the only steps in which we used the minimality of w. Since, by
assumption, s < R in (4.7) and (4.25), these conditions will hold provided ¢R™ < 7 for some
constant ¢ = ¢(n) > 0. This proves that, for such R > 0 (which depends on %) we can obtain

the excess decay,
,

E(:J;o,r) <C (E>a

that we obtained in (4.114). We remark that, in this case, R > 0 is not bounded below by
any constant and, in addition, C' also depends on 1. Therefore, C also depends on 7 and, in

particular, on the constant 6 > 0 from (4.153).

We now observe that we can repeat steps (4.116)-(4.122) from the regularity proof for global
minimizers. Then, by taking c¢R} € (0,n) for a suitable constant ¢ > 0, we can also improve
the Holder continuity of @ in this case and conclude that Va € C%®. We remark, however,
that there will be no longer a uniform bound for [V#]g o, because we do not have the analogous

to Proposition 100 for the set of local minimizers. This concludes the proof. [J

In the next chapter we will establish a uniqueness result for global minimizers satisfying
small boundary conditions in the same spirit as in Theorem 76. The full regularity of
such global minimizers will play a key role in proving uniqueness, given that it will provide
compactness for the set of minimizers that we are interested in. We remark here that such
compactness follows from the uniform continuity that we derived in Theorem 76 for the set of
global minimizers. Given the lack of uniform bounds for [V#]g o that we have obtained from
Theorem 84, no such compactness can be obtained for the corresponding class of WP-local
minimizers and, therefore, no uniqueness result can be obtained following the same method

that we will use in Theorem 103.






Chapter 5

Uniqueness of global minimizers

With respect to uniqueness of global minimizers, Knops & Stuart [KS84], and more recently
Taheri [Tah03], had established elegant results of uniqueness of minimizers for the case where
the boundary displacement is linear and 2 is a star-shaped domain. Some years later,
Spadaro [Spa09] gave a negative answer to the core problem of uniqueness of minimizers
posed by Ball [Bal02]. He gave several examples of strictly polyconvex (and therefore
quasiconvex) integrands that admit multiple minimizers, and such that they are analytic up to
the boundary on domains homeomorphic to the ball and with analytic boundary conditions.
However, considering the full regularity obtained in Theorem 76, it results very interesting
to bring back the question of uniqueness in this particular context, thinking of the small
boundary condition as a perturbation of the problem of finding a minimizer that takes the
value of zero at the boundary, for which the only possible solution is the function identically
zero on ().

In this chapter we establish a uniqueness result for global minimizers under the restriction
that the gradients of their Dirichlet boundary conditions are small enough in the L? sense. The
core of the proof relies, via a compactness argument, on the result concerning full regularity
up to the boundary that we obtained for this class of minimizers in the previous chapter. In
addition, a key ingredient to establish uniqueness is the use of a class of Fredholm operators
that arises naturally from the fact that minimizers satisfy the weak Euler-Lagrange equations

and from the strong quasiconvexity condition.

161
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In the following section we give a brief overview of Spadaro’s non-uniqueness result. We
then proceed with a preliminary review of the theory of Fredholm operators and, in the
following section, we state and establish our contribution to this subject with a positive
uniqueness result for global minimizers of quasiconvex integrands. Finally, we conclude this
chapter with a brief section regarding the non-uniqueness of minimizers of non-homogeneous

integrands, even under the previously favourable small boundary conditions.

5.1 Spadaro’s example of non-uniqueness

Spadaro constructed in [Spa09] an example of a strictly polyconvex integrand that admits
at least two analytic global minimizers under analytic boundary conditions. This provided a
negative answer to the problem posed by Ball regarding the uniqueness of sufficiently smooth
solutions to pure displacement boundary problems for strictly polyconvex stored-energy
functions, at least for the case u : © — R? where Q@ C R? is a planar domain. However,
in the context of elasticity theory, it is still a significant problem the case in which  C R3
represents an elastic body in the space. See [Bal02, Problem 8] and [Bal82].

For completeness purposes we now state Spadaro’s theorem for the case u :  — R2.
The more general case that he proves in [Spa09, Theorem 1.1°] relies in a modification of the

following result.

Theorem 85 Let Q := B(0,1) C R? and let A be the area functional,

A(u) = /\/1 + |Vu|? + | det Vu|? dz,
Q

where u € WH2(Q,R?). Then, there exist a convex C* function g: R — R and a real analytic

mapping ug: 0 — R2, such that
W(u) := A(u) + /g(]VuDdx
Q

18 a strictly polyconver functional that has at least two absolute minimizers, both analytic up

to the boundary, in the class W (€2, R2).

The proof of this theorem uses an elegant non-uniqueness result for the area functional A

given by Lawson and Osserman in [LO77]. However, while the area functional comes from
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a polyconvex integrand, this is not strongly polyconvex and hence, to obtain a non-uniqueness
result for these class of functionals, Spadaro modified Lawson-Osserman’s example by including
the perturbation given by the convex function z +— g¢(|z|). Once an appropriate function
g has been constructed, the non-uniqueness of Theorem 85 can be derived easily from
Lawson-Osserman’s result. The core idea behind the non-uniqueness of minimizers for the
area functional A is to consider, first, an analytic dumb-bell shaped curve in R? denoted by
9. Then, the boundary condition ug is constructed as a double-tracing parametrization of
the dilated curve v = R~y for some R > 0. Assuming uniqueness of the minimizer umiy,
Spadaro exploits the fact that its graph must be then invariant under some symmetries in

R? to obtain a function u € We;2 (Q, RN) such that, if R > 0 is large enough, then
A(u) < A(Umin),

leading to the desired contradiction.

A
T O

Figure 5.1: Boundary value uyg.

Uo Yo

We remark that, in this example, the largeness of the boundary constraint is essential to
establish the theorem above. Hereby, any uniqueness result should eliminate the possibility of
arbitrarily large boundary conditions. This is in compliance with Theorem 103, that appears
at the end of this chapter. See also Section 5.4.

In addition, given that an important motivation for the problem of uniqueness comes
from elasticity theory, Spadaro also establishes that the example from Theorem 85 can be
modified to construct a strictly polyconvex function F: RS — R and an analytic injective

boundary condition ug: 9Q — R3, where Q = B(0,1) C R2, such that the functional

§(u) = / F(Vu) da

Q

has at least two minimizers, analytic up to the boundary, with boundary value ug. However,
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we emphasize that the underlying idea to build this significant modification to his example,
relies on the same argument of enlarging enough the boundary condition that we have already

described.

5.2 Fredholm Operators

We devote this section to compile some relevant results concerning Fredholm operators, which
will be our primary tool to establish the main result of this chapter concerning uniqueness of
global minimizers. Fredholm operators are named after the Swedish mathematician Erik Ivar
Fredholm. Their great importance in the study of differential equations comes from the fact
that they are linear isomorphisms up to a finite dimensional space in their domain, where
they are not injective, and a finite dimensional space in their image, which is all they lack to
be surjective.

Throughout this section, we will assume that we are working with real vector spaces, since
we do not require to consider complex spaces for what remains of this chapter.

Furthermore, we refer the reader to Appendix C for a brief compilation of the general
theory of linear operators, where we recall the corresponding results that we often use in this
chapter and where we specify the definitions and notation that we choose to follow here.

In order to rigorously establish the definition of Fredholm operators, we first recall the

following notion.

Definition 86 Let X andY be Banach spaces and letT € Z(X,Y). We define the cokernel
of T as the vector space

Coker(T) :=Y/TX
and we call the codimension of TX in'Y the (possibly infinite) value dim (Y/TX).

With this, we can now define the core concept of this section.

Definition 87 Let X and Y be Banach spaces. We say that T € £ (X,Y) is a Fredholm
operator if and only if nullity(T) := dim(Ker(T')) is finite and TX has finite codimension in
Y.

We remark that, from this definition, it follows that every Fredholm operator has closed

range. More generally, we have the following result.
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Proposition 88 Let T € Z(X,Y). If the range TX has finite codimension in Y, then TX

1is closed.

One of the feature properties of Banach spaces that is needed to characterize Fredholm

operators is the following, in which the necessity is a classical result established by by F. Riesz.

Lemma 89 The unit ball in a Banach space X 1is compact if and only if X is finite

dimensional.

We will now use this result to establish the following proposition. For this, we follow the

proof that appears in [Hér07, Chapter XIX].
Proposition 90 Let T € £ (X,Y). Then, the following two statements are equivalent:

(1) nullity(T") < co and T'X is closed in'Y .

(ii) Every bounded sequence (xp) C X such that Tx; is convergent, has a convergent

subsequence.

Proof. We first assume that (ii) holds. This implies that the unit ball of the subspace
Ker(T') is compact. By Lemma 89, we can infer that Ker(7') is finite dimensional. We claim
that there is a subspace Xy < X such that Xy is closed and X = Ker(T) @ Xy. Indeed, if
€1, ..., € 1S a basis of the space Ker(T') then, by Hahn-Banach’s Theorem, we can ensure that

there are fi,..., fr € X* such that
fi(e;) =0;; forevery 1<i,j<k.

We now let p: X — X € Z(X) to be defined by

It is then clear that p(X) = Ker(7'). In addition,
k k k k
p’(z) = ij (Z fi(v’C)@i) e = ZZfi(x)fj(ei)ej = p(z).

i=1 i—=1

j=1 j i=1

Therefore, p is a projection of X onto Ker(T') and, hereby, if X := p~1({0}), Xj is a closed

1

subspace of X with the required properties. We now claim that there exists C' > 0 such

n this case, X is said to be the topological supplement of Ker(T). See [RR80].
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that, for every z € X,
zllx < Cl|Tz|y. (5.1)

If this was not the case, we would be able to find a sequence (z;) C Xy with ||z;||x =1
such that [|T'z;|| < % By condition (ii), and using that Xy is closed, we would then find
x € Xo and a subsequence, that we do not relabel, such that x; — x as j — oo. Then,
|z||lx =1 and Tx =0, ie., ||z||x =1 and z € Ker(T) N Xy, which is a contradiction. Now,
since T' [x,: Xo — T X is a linear bijection and (5.1) implies that its inverse is continuous,
it follows from Banach’s Bounded Inverse Theorem that T'X = T X is a closed subspace of
Y. We have therefore shown that (ii) implies (i).

Conversely, if we assume (i), just as above we know that there is Xy < X closed and
such that X = Ker(T') + Xj. Condition (i), together with Banach’s Open Mapping Theorem,
implies that T' | Xy is a top-linear isomorphism between Xy and T'Xy. Therefore, (5.1) still
holds in this case for some C' > 0. Let (x;) be a bounded sequence in X such that (Tz;)
is convergent. We can then write z; = y; + 2z; with y; € Ker(T') and z; € Xo. By (5.1)
we can ensure that (z;) is also bounded and, therefore, (y;) is bounded too. Furthermore,
(5.1) tells us that z; is a Cauchy sequence and, therefore, it is convergent. In addition, the
bounded sequence (y;) in the finite dimensional space Ker(T") has a convergent subsequence.

This settles that (i) implies (ii). O

If X and Y are finite dimensional vector spaces over R (or C) and T: X — Y is a linear

transformation, the elementary Rank-Nullity theorem states that
dim(X) — nullity(7") = dim(Y") — dim (Y/TX) .
This means that
nullity (7) — dim (Y/TX) = dim(X) — dim(Y')

is independent of T'. This motivates the stability properties of the left hand side of this
identity in the infinite dimensional case, that we will establish after stating the following

definition.

Definition 91 LetT € £ (X,Y) such that nullity(T) < co and T X is closed. We define the
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mdex of T to be
ind(7) := nullity(7") — dim(Coker(7)).

The index has remarkable stability properties, some of the most important ones being

summarized in the next result.

Theorem 92 Let T € £ (X,Y) be such that nullity(T') < co and TX is closed. Then, there
exists 0 > 0 such that, for every S € L(X,Y), if ||S] #x,y) < 0, then nullity(T + S) <
nullity(7"), T + S has closed range and ind(T + S) = ind(T).

Proof. We first assume that 7T is bijective. It is then a top-linear isomorphism by the Open

Mapping Theorem and, therefore,
T+S=TI+T7'5) (5.2)

is bijective if |T71||||S]| < 1 because, in this case, I + T~1S can be inverted by the Neumann
series. Hence the result holds in this case.

Assume now that 7" is only injective. Then, (5.1) still holds and it implies that

lzllx < ClTx|ly < CI(T + S)zlly + ClSll=]x- (5-3)

Hence, ||z x < C||(T + S)z|ly if C||S|| < 1. This means that, in this case, 7'+ S is injective
and, together with Proposition 90, this also implies that T+ S has closed range.
In order to prove the stability of the index in this case, we consider the two following

scenarios.

Case 1. If dim(Coker(T')) < oo, we can then choose a finite dimensional supplementary
space W of T'X. Indeed, if we let {y; +TX,...,yx + T X} be a basis for Y/TX and if W <Y
is the vector space generated by {y1,...,yx}, then Y = W & TX. We now let Q: Y — Y/W
be the natural map defined by

Qy:=y+ W (5.4)

Then, QT is bijective and hence, just as before, QT + QS is bijective if ||S|| is small enough.
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Therefore, in this case,

{0} = Ker(QT + QS) = {x € X : (T + )z € W}.

This, together with the fact that 7'+ S is injective, implies that

(T + S)X N W = {o}. (5.5)

On the other hand, given that QT + QS is onto Y/W, for every y € Y we can find z € X
such that

y+W =(QT+QS)x=(T+S)x+W. (5.6)

This implies, in turn, that for every y € Y there are z € X and w € W such that y =

(T'+ S)z +w. We have then shown that

Y =(T+9)XaW.

As a consequence of this, we have that the linear transformation ®: W — Y/(T' + S)X given
by
O(w) :=w+ (T + 95X,

which is clearly well defined, is a linear homeomorphism between W and Y/(T + S)X. The
injectivity is indeed a consequence of (5.5) and the surjectivity follows from (5.6). Given this,

we can then deduce that, since T and T+ S are injective,

ind(T+S) = —-dim(Y/(T+ 5)X) = —dim(W) = —dim (Y/T'X) = ind(T).

The result follows then in this case.

Case 2. If we just know that dim(Coker(T")) > v, we can choose, in a similar way as in
Case 1, a subspace W <Y of dimension v + 1 such that W NTX = {0}. This means that,
ifQ:Y — Y/W, then QT: X — Y/W is injective. In addition, since T'X is closed in Y by
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assumption, we also have that
Q)X ={Tz+W:z e W}

is closed in Y/W. Therefore, by an analogous calculation as the one in (5.3), we deduce that,

if ||S|| is small enough, then QT + @S is injective too. Hence, in this case,
(T+S)XNW ={0}.

We now define ®: W — Y/(T + S)X by ®w := w+ (T + S)X and we claim that ® is also
injective. Indeed, if dw = 0in Y/(T'+5)X, this means that w € (T+.S)XNW and, therefore,

w = 0. Given that ® is a linear transformation between Banach spaces, this implies that
v+1=dim(W) <dim (Y/(T + S)X).
Whereby,
ind (T4 S) = nullity(T'+ S) —dim (Y/(T'+ S)X) > —(v+ 1) > —v.

Applying respectively what we did in Cases 1 and 2, but considering T + S instead of T as

the injective linear operator with closed range, we see that the sets

{5 € L(X,Y): C||S| < % and ind(T + §) = —y} and

1
{s € Z(X.Y): C|S| < § and ind(T + ) < _,,}

are both open for every v > 0. Given that {S € Z(X,Y): C||S|| < 3} is connected, it then
follows that ind(7"+ S) must in fact be constant.

We conclude this proof by considering the general situation in which T is not necessarily
injective. Assume that N := Ker(T') # {0}. Since N is finite dimensional we can choose,
exactly as in the proof of Proposition 90, a topological supplement of IV, i.e., a closed subspace
Xo C X such that

X = Xo& N. (5.7)
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It then follows, from what we have already shown, that if ||.S|| is small enough, then (7+5) [x,

is injective with closed range and that

dim (Y/(T + 8)Xo) = dim (Y/TX) = dim (Y/TX).

In addition, if N’ := Ker(T + S), then N' N Xy = Ker ((T'+ 5) [x,) = {0}. This, together
with (5.7) means that the linear mapping ¥: X — X /X given by Wz := x + X is such that

U [y is a linear isomorphism and W [~ is an injective linear transformation. Therefore,

nullity(T + S) = dim(N’) < dim (X/X,) = dim(N) = nullity(T). (5.8)

Furthermore, this implies that X = N’ & V & X for some finite dimensional space V.
In addition, if we let a and S be bases of the vector spaces V and X respectively, since
(T+5S) v and (T'+ S) |x, are both injective, we have that (T'+ S)« is a basis of the vector
space (T 4+ S)V and (T 4 S)5 is a basis of the vector space (T + S)Xy. We now extend the
linearly independent set (T'+ S)a U (T' + S)B to a basis, say I', of Y. It is then easy to see
that

{y+(T+ SV (T+95)Xe:ye\(T+S)au(T+5)B)}

is a basis of Y/((T 4+ S)V & (T + 5)Xo),

{y+(T+S)Va(T+S5)Xo:ye\(T+95)8)}

is a basis of Y/(T + S) Xy and, clearly, (T'+ S)« is a basis of (T'+ S)V, which is isomorphic
to V via the bijective linear transformation (7'+ S) [v: V — (T'+ S)V. These three facts

together imply that

dim (Y/(T + 8)X) = dim (Y/((T + S)V & (T + S)Xo)) = dim (Y/TX) — dim(V).

Therefore,

ind(T + S) =dim(N’) + dim(V) — dim (Y/TX)

=dim(N) — dim (Y/TX) = ind(7T).
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This concludes the proof. [J
We now state a straightforward consequence of this result. We remark that this corollary
plays a central role in the uniqueness result of global minimizers that is the main purpose of

this chapter.

Corollary 93 The set of Fredholm operators in £ (X,Y) is open, nullity(T) is upper

semicontinuous and ind(T") is constant in each component.

Given the behaviour of the index in finite dimensional spaces, we can expect the following

result, which will follow at once from the above corollary.

Theorem 94 IfT: X =Y and S: Y — Z are Fredholm operators, then so is ST: X — Z
and

ind(ST) = ind(T) + ind(S).

Proof. We first observe that 7' maps Ker(ST) into Ker(S) and that Ker(7') C Ker(ST).
This implies that the mapping 7: Ker(ST)/Ker(T) — Ker(S) given by

T (x+ Ker(T)) :=Tx

is a well defined injective linear operator. Therefore, nullity (ST') < nullity(7) + nullity(S).
In a similar way we can prove that dim(Coker)(ST") < dim(Coker)(T") +dim(Coker)(S). This
shows that ST is a Fredholm operator. Furthermore, if Iy is the identity operator on Y, it

follows from this, in block matrix notation, that

Iy O Iy cost Iysint T 0

0 S —Iy sint Iy cost 0 Iy

is, for every t € R, a Fredholm operator from X x Y into Y x Z. When ¢ = 0, this is the
direct sum of the operators 7' and S, whose index is clearly ind(7") + ind(S), whereas when
t = =F, this is the operator (z,y) — (—y, STx), whose index is ind(ST'). Using Corollary 93
and the continuity with respect to the parameter ¢ for this family of operators, we conclude
the proof of this result. [

We state a further consequence of Theorem 92, that will also play a central role in the main

uniqueness result of this chapter.
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Corollary 95 If T € £ (X,Y) is a Fredholm operator and K € £(X,Y) is compact, then
T + K is a Fredholm operator and ind(T + K) = ind(T).

Proof. If (z;) is a bounded sequence in X such that (T"+ K)x; is convergent, then the
compactness of K allows us to choose a subsequence (xj, ) such that Kuz;, is convergent.
Thus T'z;, is convergent and, from condition (ii) in Proposition 90, we infer that (z;,) has a
convergent subsequence. Therefore, by applying Proposition 90 once again, but this time to
T + K, we obtain that T'+ K has finite dimensional kernel and closed range. We now apply
Theorem 92 to deduce from here that the index of T' 4 tK is a locally constant function of
t € R and, hence, it is independent of ¢. Therefore, T+ tK is always a Fredholm operator
with index equal to ind(T"). O

Despite the many further properties of Fredholm operators that can be discussed, we refer the
reader to [H6r07] for a more thorough review of the subject and we move on to the following
definition. This aims at establishing a particular stability result that will constitute the heart
of the aforementioned uniqueness theorem. The reason for this is that it will enable us to
establish that a special class of integral operators that is of interest to us, consists purely of

Fredholm operators.

Definition 96 We say that a linear operator T: X — X* is positive and bounded below if

there is a constant ¢ > 0 such that, for every r € X,

(Tz,z) > cl|z||%-

We can now establish the following result, which we can easily relate to the celebrated lemma
of Lax and Milgram, given that every bounded linear operator T: X — X* gives rise to a

bounded bilinear form on X by defining ®(z,y) := (T'z,y). See [LM54].

Lemma 97 If the bounded linear operator T: X — X* is positive and bounded below, then

it has a bounded inverse T—1: X* — X.

The proof of this result can be found in [McL00, Lemma 2.32], but we include it here for the
convenience of the reader.

Proof. Since c||z|% < [(Tx,z)| < ||Tz| x+||z| x, we have an estimate of the form

2]l x < Ol T x-
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for z € X. This implies that Ker(T') = {0} and, by Corollary 116, we further deduce that
Im(T) is closed. Likewise, Ker(T") = {0} so, in fact, Im(T") = X* by Theorem 120. [J

A straightforward consequence of this result, together with Corollary 95, is the following.

Theorem 98 Let X be a Banach space and let T: X — X* be a positive and bounded
below bounded linear operator. In addition, let K: X — X* be a compact operator. Then,

S : =T+ K is a Fredholm operator with zero index.

This theorem is a classical result in the theory of Fredholm operators and it will play a central

role in the proof of uniqueness of minimizers in the following section.

5.3 Uniqueness of global minimizers

In this section we will establish one of the most important results of this work concerning
the uniqueness of global minimizers under the assumption of small boundary conditions in
the WP sense.

We begin with the following auxiliary compactness result, that we will later use to prove

that the set of minimizers that are now under consideration, is compact.

Lemma 99 Let o € (0,1), p > 2 and m,e > 0 be arbitrary but fived. Then,
By = {9 € CY*(ALRY) : lgllia <m and |[V(Vg)ll2 < e}

is a compact subset of C*(Q,RY).

Proof. The proof of this result will essentially rely on Arzela-Ascoli’s Theorem. It is clear,
from the definition of By, ¢, the continuity of the norms ||-[/1,o and |- ||1,2, and of the function
V, that this is a closed subset of C*(Q,RY).

We now claim that the set By, . is relatively compact in C' (W) Indeed, by definition,
it is clearly a bounded set in the space of continuous functions. In addition, it is also
equicontinuous because, in particular, for every g € By we have that |Vl oqryy < m.
The claim then follows by Arzela-Ascoli’s Theorem.

The next step is to observe that, since |Vgl|lo,o < m for every g € By, ., by applying

Arzela-Ascoli’s Theorem once again, we deduce that the set

VBme :={Vg:g€ Bn,}
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is also relatively compact in C(€Q, RV).

To conclude the proof of the lemma, we now let (gix)ren be a bounded sequence in
By with respect to the Cl-norm. Since B, . is relatively compact in C(W), there
exists a subsequence, say (g, ), such that it is Cauchy in the space of continuous functions.
Furthermore, since (Vgy,) is a bounded sequence in VB, ., which is also relatively compact,

there exists a further subsequence of (gx), say (g, ), such that (Vgy, ) is Cauchy in C(Q, RV).

It is then clear that this new subsequence is Cauchy in C'!(Q, RV) by construction. This shows

that By, is relatively compact, with which we conclude the proof of the lemma. OJ

We can now proceed with the aforementioned result related to the compactness of the set
of minimizers satisfying certain small boundary conditions. We emphasize that, in the proof
of the following proposition, it is essential to use the fact that the Holder coefficient of the

gradient of the minimizer given by Theorem 76 is independent of the minimizer itself.

Proposition 100 Let F: R¥*" — R and assume that (HO) — (H2) are satisfied for some
p € [2,00). Then, for every m > 0 there is an ¢ = £(m) € (0,1) such that the family of
functions

u is a minimizer of § over WP Q,RN) for some
M= uec WP RY): o )

g € CY(QRY) with |lgl1.e < m and [V(Vg)|z < e.

is a compact subset of C1(Q,RY).

Proof. The proof of this result will follow the same spirit than that of Lemma 99. However,
since we do not have a priori estimates for the L°-norms of the minimizers in M, we must
show directly that this is a bounded subset of C'(Q,RY) and, more generally, relatively
compact.

With this aim, let m > 0 be fixed and take ¢ = ¢(m) > 0 as it is given by Theorem
76. Assume that ¢ € CH*(Q,RY) is such that ||g]1a < m and ||[V(Vg)|2 < e. Let
u € Wé’p(Q,RN) be a minimizer of §. By Theorem 76 we know that v € C"% and,

furthermore, that for some constant L > 0 depending only on m,n, F" and ,

[Vu(z) = Vu(y)| < L]z —y|* (5.9)
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for every z,y € Q.2
We will use this uniform bound in the a-Holder seminorm of the minimizers to deduce

that M is indeed relatively compact in C1(Q, RY). The initial step is to show that the set
VM :={Vu:ue M}

is bounded in C'(Q,RY). Arguing by contradiction, we assume that, for every k € N, there
are zp € (O, gy satisfying [|gkllcre < m and [|[V(Vgr)|i2 < e, as well as up € M with

up, € WP (2, RY), such that

Vg (zg)| > k.

Therefore, for any = € () we obtain, by (5.9), that
k <|Vug(zr) — Vug(x)| + |Vug(z)| < Llzg — 2| + |Vug(z)| < mdiam(Q2)® + |Vug(z)|.

This means that the sequence (|Vug|) — oo pointwise in Q. Therefore, by Fatou’s Lemma

and Lemma 74, we infer that

o0 < liminf/]V(Vuk)\de < cnminf/w(vgk)\?dx <cé?
k—o0 k—o0
Q Q

which is a contradiction. We can then deduce that V.M is uniformly bounded in C(2, RY)

and we choose A = A(m) > 0 such that, for every u € M,
IVul| e < A. (5.10)

Furthermore, by the uniform control over the Holder seminorms that we have stated in
(5.9), it is clear that VM is an uniformly continuous family of functions. Whereby, by
Arzela-Ascoli’s Theorem we deduce that V.M is relatively compact in C(€Q,RY).

We now claim that M is also relatively compact in C(€Q,RY). Indeed, that M is
equicontinuous follows from (5.10) and the fact that every u € M is Lipschitz with Lipschitz

constant || Vul|so < A.

*In Theorem 76 we actually proved that u € C*® and that there is a uniform bound for [V]o,«. However,
in showing the latter uniform Holder continuity we used Proposition 100. Hence, we should only make use of
the uniform Z-Hélder continuity in this proof.
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To show that M is uniformly bounded, let g € 9 and take x € Q arbitrary. We then
have that, if u € M satisfies u € Wé’p (2, RY), since 99 is of class C»* and u is continuous

in Q, u = g on 99. Therefore,
lu(z)] < |u(z) — u(zo)| + |u(zo)| < [|Vul|Le|z — zo] 4 |g(w0)| < A diam(€2) + m.

Applying Arzela-Ascoli’s Theorem once again, we can conclude that M is relatively compact
in C(Q,RYN).

We can now proceed as in the proof of Lemma 99 to further deduce that M is relatively
compact in C*(Q, RN).

It only remains to show that this family is closed in C*(€, RN ). With this purpose, let
(ug) € M and assume that wuy "2 win CHQ,RY). Since (ug) € M, there is a sequence
(9r) € B e such that, for every k € N, uy, € W;LP(Q,RN).

Since By, is compact, there exists g € By, such that, for a subsequence (gy,), g, i2ep g

in C1(Q,RY). Therefore, uy, — g oy ¢ uniformly in C' and, in particular, in WP,

l
Hence, given that Wé’p is closed, u — g € W(l)’p .
Finally, the fact that uj is a minimizer of § for every k € N implies that, for every

p € Wy (Q,RN),

/F(Vuk) dz < /F(Vuk + V) dx. (5.11)
Q Q

By uniform convergence and the continuity of F, this clearly implies that u is a minimizer of
§ over ng,’p (2, RY). Therefore, u € M and M is closed. This concludes the proof that M

is compact in C*. O

We are now ready to establish the important link between the theory of Fredholm operators
and the class of minimizers that constitute the main characters of this chapter. The idea is
to exploit the compactness of the set M, to construct a compact class of Fredholm operators
defined on the space of variations. We do this with the help of the linearized integrand and
its quasiconvexity properties. Furthermore, we use the upper semicontinuity that the nullity
of Fredholm operators satisfies, to obtain full control over the dimension of the kernels of the

set of operators that we propose here.
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Theorem 101 Let F: RV*" — R satisfy (HO) — (H2) for some p € [2,00) and let m > 0
arbitrary. Take e = e(m) > 0 as it is given by Theorem 76. In addition, assume that u,v € M

are such that ¢ :=u—v € Wém(Q, RN). Then, the linear operator
Ty Wy (Q,RY) — Wy (Q,RY)*
given by

1
(Thv,w) == — //0 (divF"(Vu +tVg) - Vv) - wdtdz
Q

1
:// F"(Vu+tV¢)|[Vv, Vw] dt dz (5.12)
0
Q

1s a Fredholm operator of zero index. Furthermore, there is a constant K > 0, depending
exclusively on m, such that

nullity (7)) < K.
Proof. Step 1. Weak coercivity. We begin the proof by recalling from (4.59) that, by

H2), for any zy € RV*" and any w € w2 Q,RN),
0

QCQ/Vw|2dx < /F”(zo)[Vw,Vw] dz. (5.13)
Q Q

We now note that this holds, in particular, for any zg = Vu(zg) + tVo(zg), where 2o € €,
u,u+ ¢ € M, ¢p=0o0n 0 andt € [0,1].

On the other hand, having fixed m > 0, we know by Proposition 100 that, if ¢ = ¢(m) is
the positive constant given by Theorem 76, then there are A > 0, 5 € (0,1) and L > 0 such

that, for every u € M and x, g € Q,
Vu(z)] <A and |Vu(z) — Vu(zo)| < Llz — zo|°. (5.14)
Let w: [0,00) — [0,00) be a non-decreasing modulus of continuity for F” on the compact set

{z e RN*™ ;|2 < 3A}.
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Then, for any x, 79 € Q, u,u + ¢ € M with ¢ = 0 on 9Q and any t € [0, 1], we have that
|F"(Vu(z) + tVo(x)) — F"(Vu(xo) + tVé(20))| < w(3L|z — x0|?). (5.15)

We now denote A;(z) := F"(Vu(z) + tVe(x)). By (5.13) and (5.15) we know that, for such
Ay, the hypotheses of Theorem 18 are satisfied and, therefore, for some Mg, Ay > 0 that do not
depend on t € [0,1], we deduce that the associated bilinear form on Wé’2(Q,RN ) is weakly

coercive, i.e., that for every w € Wé’z(Q,RN),

/F”(vu +tV¢)[Vw, Vw] dx > AO/waF dzr — Al/\w|2 dz.
Q Q Q

By Ll-integrating with respect to t € (0, 1), we further obtain that

1
// F"(Vu+ tV¢)[Vw, Vw] dt dz > Ao/\Vw|2dx— )\1/|w2d:1:. (5.16)
0
Q Q Q

We now define the bounded linear operator K : Wé’Q(Q, RN) — <W(1)’2(Q, ]RN))* by
(Kv,w) := /v cwdz.
Q

It is clear, from Holder’s inequality, that K is bounded. Furthermore, it follows from (5.16)
that the bounded linear operator S : Wé’2(Q, RYN) — (Wé’Z(Q,RN)) defined by

Sy =Ty + MK

is positive and bounded below.
We now claim that K is a compact linear operator. To verify that it is compact, let (vg)
be a bounded sequence in Wé’Q(Q, R™). By the Sobolev Embedding Theorem, we know that

there are a subsequence (vj, ) and v € Wé’Z(Q, R™) such that

vj, v as k—oo in L2



5.3. UNIQUENESS OF GLOBAL MINIMIZERS 179

This implies that

lwlly,2=1 lwll1,2=1

<{ flos = oPas

Q

| Kvj, — KUH(Wé,g)* = sup [(K(vj, —v),w)| < sup /‘Ujk —vl|lw|dx
Q

2

The last inequality above follows from the definition of the norm in W2 and Hélder’s
inequality. Since the right hand side of this chain of inequalities converges to 0 when k — oo,
we can conclude that K is in fact a compact operator. Therefore, by Theorem 98, we
know that Tg = SZ; — A K is a Fredholm operator with zero index and, in particular, that

nullity (73) € No.

Step 2. Existence of the constant K. In order to conclude the proof, we only need
to show that we can find a constant K such that, for our fixed m > 0, every g € By, .(m), and

every pair of minimizers ug,vg € M N ng,’p of §, if ¢g := ug — vg, then
nullity (7)) < K. (5.17)

We prove this claim by a contradiction argument. Assuming that the assertion is false, we can
then find a sequence (gx) C By, o(m) and two sequences of minimizers (uy), (v,) € MN Wy,
such that, for ¢, := u, — vn,

nullity (73") — oc.

On the other hand, we know by Proposition 100 that M is a compact subset of C'*(€, RN ).

1
Therefore, there are subsequences (uy, ) and (vy, ), as well as ug, v9 € M, such that uy, <, UuQ
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1
and vy, <, vg. Then, if ¢g := ug — vg we have that

Ung _ pug
”T%k T¢0 Hz(w(l),Q’(Wé,Q)*>
_ Uny, uo
e [
lofli,2 <1
lwll1,2 <1

1
~ suwp / / (F"(Vun, +1Vn,) — F" (Vg + tV0)) [V, Vo] dt dz|
oz <1 |7 70
lwlli,2 <1
Since F” is continuous, the right hand side of the above expression converges to 0 as

k — oo by Lebesgue’s Dominated Convergence Theorem. We now recall that, by Corollary

93, the dimension of the kernel is upper-semicontinous on the space of Fredholm operators

in ¢ (Wé’Q, (Wé’2>*). Whereby,

oo = lim sup nullity (T;::) < nullity (Tg{?) . (5.18)

k—o0

This contradicts the fact that ng is a Fredholm operator, which holds by the first part of
this proof. Then, there is a constant K > 0, that depends only on m, such that (5.17) holds
for every pair of minimizers u,u + ¢ € M. O

Having compactness for the set of operators that we constructed above has enabled us to
find an upper bound for the dimension of their kernels, which lie in the space of admissible
variations. This is the core idea behind the uniqueness result that this chapter is devoted to.
Before proceeding with it, we will establish the following technical lemma, in which we find
precise constants that determine the equivalence between two of the possible norms that we

can assign to particular subspaces of the aforementioned (finite dimensional) kernels.

Lemma 102 Let m € N* and let W be an m-dimensional subspace of Wé’oo(Q, RN). Then,

there are constants v1,7v2 > 0 such that, for every ¢ € W,

4 2

%
" /wdx < /|W|4da: < yym} /de
Q Q Q

We remark that, in this lemma, we have a quantitative estimate exhibiting the role of the

dimension of the space under consideration. Although we know that all norms are equivalent
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in a finite dimensional space, the proof of this fact does not usually provide full control over
the constants that arise between the equivalent norms. However, for the uniqueness result
that will follow, we require to know how precisely the behaviour between the norm inherited
from W(l]’2 and the one inherited from VV(I]’4 is. With this motivation, we now proceed with

the proof of Lemma 102.

Proof. The first inequality of the lemma is clear and comes from Hélder’s inequality
by taking v, = ]Q\_%.
We will now establish the existence of y2. We first claim that there is a basis (¢;)72; of

the space W, such that for every 1 < j < m,

1= /!Vg@ﬁdx and /\Vgoj]4 dz < 2. (5.19)
Q Q
To prove this claim, observe that the mapping ¢ — [ |Vip|* dz is continuous in W (under
Q

any norm that we assign to this finite dimensional space). This implies that the set
C:= <p€W:/|V<,0|4dw<2
Q

is open in W. Notice that this set is clearly non-empty.

In addition, we observe that we can endow W C W(l)’oo(Q, RY) with the norm ¢ — || Vl|12
and with the corresponding inner product, which make of W a Hilbert space.?

Having established this, it is now clear that we can find an orthonormal basis of W, with
respect to the inner product (p, 1) := ngo - Vi dzx, in the open set C. We denote this basis
by (¢;)7L; and observe that, therefore,Q(5.19) is satisfied.

We will now use this basis to define the constant 2. Observe first that, given arbitrary

© € W, there are scalars ay,...,a,;,; € R such that ¢ = Z;nzl ajp; and, in this case, (5.19)

implies that

4 m
/|V¢|4dm <Y ayl /|wj|4dx <2
Q Jj=1 Q

(NI

N

m 1 1 m
> lajl <2imz | Y ai[*] . (5.20)
j=1 j=1

3That this is a norm follows from Poincaré inequality.
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On the other hand, it also follows from (5.19) and from the fact that (y;) is orthonormal,

that

1
2 2

1
m m 2

g ]aj\Q = E aj\2/|Vg0j|2d:B = /|Vg0|2dx ) (5.21)
j=1 j=1 Q Q

Combining (5.20) and (5.21), we can conclude the proof of the lemma by setting v, := 21,
U

We now proceed with the main result of this chapter regarding the uniqueness of
minimizers. The idea of the proof will be to show that, if v and v are both minimizers
of ¥ satisfying the same W'2-small boundary condition, and if we have full control over the
(finite) dimension of the space where u — v is, the strong quasiconvexity of F' enables us to

conclude that u —v = 0.
Theorem 103 Lef F: RVX" — R and assume that (HO) — (H2) are satisfied for some

p € [2,00). Then, for every m > 0 there is an & = £(m) > 0 such that, if g € CH*(Q,RN)

La <m and |[V(Vg)|l2 < &, then there exists a unique u € WyP(Q,RN) such

satisfies ||g

that u is a minimizer of §.

Proof. Let m > 0 and take ¢ > 0 as it is given by Theorem 76. For an £ € (0,¢)
fixed, but still to be specified, assume that g € C1*(Q,RY) is such that [Vglp, < m and
IV (Vg)l2 < é. In addition, suppose that u,v € ng’p(Q,RN) are global minimizers of §.

Our aim is to show that v = v on . We denote
¢ :=u—0.

We further assume that w: [0,00) — [0, 1] is an increasing and concave modulus of continuity
for F such that

[F"(2) = F'(w)] < cw(]z —w])

for some constant 0 < ¢ = ¢(c1, A, F”') and every z,w € B(0,A).* Here, A > 0 is such that,
for every u € M, ||[Vulloo < A. Such A exists thanks to Proposition 100 and it only depends

on m. Then, since ¢ € VVO1 P(Q,RY) and u satisfies the weak Euler-Lagrange equation, we

4See Appendix D for a detailed construction of a modulus of continuity with the required properties.
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have that

o
Il

D ~—— O ——

(F(Vu+ V¢) — F(Vu) — (F'(Vu),V¢)) dz
= / 1(1 —t)F"(tV$)[Vo, Vo] dt dx
0
- / / 1(1 —t) (F"(Vu+tVe) — F"(tV¢)) [Vé, Vo] dt da
0
:/ (F(V¢) — F(0) — (F'(0),V¢)) dz
Q

1
+ / / (1—t) (F"(Vu+tVe) — F"(tV¢)) [V, Vo] dt dx
0

> [ Vo2 da — S [ w(Vu)|V|? da
[l

Q
>CQ/\V¢|2dx - % /(w(Vu))2 dz /|v¢y4dx (5.22)
Q
>cy [ |Ve|*da — fw ( Vudx) ( V¢4da:) (5.23)
/ fa) (f
>co [ |[Vo|*da — = |VulP do Vo|tdx | . (5.24)
froas=o (] /

In this chain of inequalities, (5.22) follows from the quasiconvexity of F' and Holder’s inequality,
(5.23) is a consequence of w < 1 being concave and (5.24) is derived by using that w is
increasing. In addition, we remark that all the integrals above are well defined because u and
¢ are of class C1® if V(Vg) is chosen to be suitably small in L2.

The core part of the proof will consist on showing that ¢ satisfies a reverse Holder

inequality, so that, for some A > 0 independent of g, u and ¢,

(/w“m) < )\/|V¢>|2dx. (5.25)
Q

Q
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Assuming this for the moment, we see that (5.24) and (5.25) together imply that

)\ P
0> |c— %w /\Vu|p dz /|V¢2dx. (5.26)

Q Q

On the other hand, since w is continuous and w(0) = 0, we know that there isa d; = d1(m) > 0

such that, for every 0 <t < 4y,
403

w(t) < -

(5.27)

In addition, we know from Lemma 74 and Lemma 128 that there is a constant 0 < ¢ = ¢(n, p)

such that )
P

/]Vu\pdx <e /\V(Vg)\zdx
Q Q

Therefore, if for such ¢ > 0 we define

R 02 AL
5.—2m1n . , €

and demand that [|V(Vg)|?dz < &, we can make use of (5.27) to conclude that
Q

A
cy — A /|Vu]p dz > 0. (5.28)

This will in turn imply that V¢ = 0 and hence, by Poincaré inequality, that ¢ = 0, with
which we will have established uniqueness of minimizers for this class of boundary conditions.

We are hence left to prove (5.25). The key idea behind the proof of this reverse Holder
inequality is to show that ¢ lies in a finite dimensional subspace of W(l)’2. More precisely,
we prove that it is in the kernel of a Fredholm operator from some compact set of Fredholm
operators that only depends on the data entering the definition of B,, ..

Motivated by Theorem 101, we now aim at showing that ¢ € Ker(T}), where for
u,u+ ¢ € MnN W;p, the linear operator T7': Wé’Q(Q,RN) — (Wé’Q(Q,RN)>* is defined as
in (5.12). We then take w € Wé’Q(Q,RN ) arbitrary and observe that, by the Fundamental

Theorem of Calculus and the fact that both v and u+ ¢ = v satisfy the weak Euler-Lagrange
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equation,

//1 F"(Vu+tVe¢) Ve, Vw]dtdo = /<F’(Vu + Vo), Vuw) dz — / (F'(Vu), Vw) dz = 0.
Q 0 Q Q
(5.29)

This shows that Tj'¢ = 0 and, therefore, ¢ € Ker(T(;j), as we wanted to prove. Whereby,
given that Ker(T}) inherits the norms w — [[Vw||ps and w +— [[Vw]|rz from Wé’4 and V\/(l)’2
respectively,® and since all the norms defined on a finite dimensional space are equivalent, we
can ensure that (5.25) indeed holds for some constant A > 0 depending only on nullity(T}).

Furthermore, since by Theorem 101 we also know that there exists 0 < K = K(m) such that
nullity (7)) < K, (5.30)

Lemma 102 enables us to ensure that A can even be taken to be independent of nullity(T;j),
and depending only on K, which in turn can be completely determined by m.

Given this, the smallness restriction imposed on ¢ in terms of € is well defined. Whereby,
we can infer from (5.24), (5.25) and (5.28) that, for some constant ¢ > 0, that depends only

on m,

0> c/]Vqﬁ\Qdac > 0. (5.31)
Q

Therefore, using that ¢ € W(1)7p (Q, RN ) and the corresponding Poincaré inequality, we conclude
that u — v = ¢ = 0 or, in other words, that if [|V(Vg)|?dz < &, then there is a unique
minimizer v € Wg?(Q,RN). O )

With this, we have established a uniqueness result for global minimizers under certain small
boundary conditions. A key ingredient to establish such uniqueness, was the fact that the
set of minimizers that satisfy such suitable boundary conditions is compact in C*(Q,RY).
We established this in Proposition 100 by means of Arzela-Ascoli’s Theorem and, for that,
it was essential to make use of the uniform bound that we had for [Va]g, over this class of
minimizers. This bound was provided by the regularity result from Theorem 76. We have
emphasized that, in contrast, we do not have such compactness for the corresponding class

of WhP_local minimizers.

5We recall that these are both norms on the corresponding Sobolev spaces thanks to Poincaré’s inequality.
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However, it is also worth remarking that, in the above proof, the assumption that u
and v are minimizers was mainly used to invoke the compactness of the Fredholm operators
constructed in Theorem 101 and to ensure that they satisfy the weak Euler-Lagrange equation.
This suggests the possibility of applying a similar strategy to obtain further, more general,

uniqueness results.

5.4 Non-uniqueness for non-homogeneous integrands

In this section we establish that, in connection with the previous theorem, it is not possible
to obtain uniqueness for minimizers if the integrand depends explicitly on x € €2, even under
null boundary conditions. This can be obtained as a straightforward consequence of Theorem

85. Indeed, if we let A: R* — R be given by

A(2) == /14 |2]2 + | det 2|2,
then, with the notation of Theorem 85, we have that
A(u) = /A(u) dz.
Q
We now define H: B(0,1) x R* — R by
F(z,z) = A(z + Vug(z)), (5.32)

where wug is the analytic boundary condition given by Theorem 85. Then, exploiting the

non-uniqueness given by this result, it is clear that the functional

F(u) = /F(x, Vu(z))dz (5.33)

Q

admits at least two minimizers in the Sobolev class W(l)’Z(Q, RM), so that we cannot expect a

uniqueness statement similar to Theorem 103 for these type of integrands.



Appendix A

Notation

We devote this appendix to establish some of the standard notation that is used throughout

the thesis. Other conventions that are used less frequently are defined within the text in the

particular context in which they are required.

For given x € R™ and r > 0, we use the following notation:
B(xz,r) is the open ball with centre x and radius r.

B[z, r] denotes the closure of B(x,r).

B := B(0,1) denotes the unit ball in R™.

Q(z,r) is the open cube with centre x and radius r.

Q@ := Q(0,1) denotes the unitary cube in R".

Qz,r) := QN B(z,r) for a given set Q@ C R™.

If Q CR” and f: Q — RY is an integrable function, we write

For a given set A C R", we write

|A| = L"(A) to refer to the Lebesgue measure in R™ of the set A. Throughout the text we

make use of both notations depending on the context. In addition, we write

HF*(A) to refer to the k-dimensional Hausdorff measure of A.

187
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Given N x n matrices Z, W € RV*" and vectors z,y € R,

(Z,x) is the vector in RV that results from applying Z to the vector z;

(Z, W) = tr(ZW);

(x,y) is the inner product in R™ between the two vectors = and y.

Finally, for m € Nt we use the symbol I,,, to denote the identity matrix in R and we write
e; € R™ to denote the canonical vector in R™ whose i-th entry is 1 and the remaining m — 1

entries are 0.



Appendix B

Spaces of functions

To fix the notation that is used in this text, we begin by establishing the following conventions.
Notation 104 Let Q C R" be an open set. We use the following notation.
(i) COUQ,RYN) = C(Q,RY) is the set of continuous functions u:  — R.

(i) C°(Q,RN) = C(Q,RY) is the set of continuous functions u : Q@ — RN that can be

continuously extended to Q. If Q is bounded, the norm over C(,RY) is given by

[ullco := suplu(z)|.
e

(iii) The support of a function u: Q — RY is defined as

suppu = {z € Q: u(z) # 0}.

(iv) We use Co(S,RN) to denote the space of continuous functions in Q such that
supp(Q2) C Q is a compact set.

Regarding spaces that involve derivatives, we proceed as follows.

(v) Let m € NT be a positive natural number. An element of the set

Am = a = (ab'"?a’ﬂ) S Nn : Zaj =m (Bl)
j=1

189
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s called a multi-index of order m. We also write for such elements
n
la] = Zaj =m. (B.2)
j=1

Then, the set of functions u : Q — RY such that all its partial derivatives D®u are

continuous for every a € Ay, and every 0 < k < m, is denoted by C™(Q, RN).

(vi) C™(Q,RYN) is the set of functions in C™(Q,RY) whose derivatives up to the order m
can be extended continuously to Q. If Q0 is bounded, it is equipped with the following
norm

lullcm = max sup |D%u(x)|.

0<lal<m ;e

We also consider
(vii) C{)”(Q,]RN) = Cm(Q,RN) N CO(Q,]RN).
(viii) C®(Q,RN) := N2_, C™(Q,RY) and C=(Q,RY) := N%_,C™(Q,RY).

(ix) C°(Q,RN) := C(Q,RN) N Co(Q,RY).

(x) Finally, when dealing with maps u: Q@ — R, we omit the codomain from the notations

defined above and write simply C(§2), C™ () and Cg*(Q2) for 0 < m < co.

B.1 Holder spaces

In this section we compile the basic conventions regarding functions that are Hélder continuous.
In addition, we state Campanato-Meyers characterization of Holder continuity, since it is one
of the pillars of the regularity theory in the Calculus of Variations.

We begin by establishing the following notation.

Definition 105 Let D C R™, 29 € D, u: D — RN and 0 < o < 1. We say that u is

a-Hélder continuous with exponent o at xg if the quantity

]y = SUD {Mw)—u(ww}

€D |:C - 370’&

is finite. In this case, we call [u]q,q, the a-Hélder coefficient of u at xo with respect to D.

Stmilarly, we say that u is uniformly Holder continuous with exponent o in D if and only if
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the quantity

[Wap = sup {m—@l}

z,y€Day |z — y|
s finite. In addition, we say that u is locally Holder continuous with exponent o in D if u is

uniformly Hélder continuous with exponent o in compact subsets of D.

We observe that, for « = 1, the notion of a-Hdélder continuity coincides with that of Lipschitz
continuity. As discussed in [GT01, Section 4.1], Hélder continuity is a quantitative measure of
continuity particularly suitable for the study of partial differential equations and it can also be
seen as a fractional differentiability notion. With this motivation, we define the Holder spaces
CFe(Q,RN) (or O (Q,RN)) as the subspaces of C*(Q,RY) (or C*(Q,RY)) consisting of
functions whose k-th order derivatives are uniformly Hoélder continuous, or locally Holder

continuous, with exponent «. We then set the following conventions.

Notation 106 Let k € N and 0 < a < 1. Assume that Q C R"™ is an open bounded set. We
denote

[U]k,0,0 = [Vku}a,gz = |81‘1p [VBU]Q’Q.
Bl=k

With these seminorms, we can define the related norms on the space C**(Q,RN) by

[ullk,a = llullcroryy + I;Tpk[vﬁu]a,g-

We remark that C%(Q,RY) equipped with the norm || - ||y is a Banach space. By abuse
of notation, we also write C*(Q,RYN) = C*0(Q,RY) or, in other words, we identify the
set of continuous functions with the set of Holder continuous functions with exponent 0.

Considering this, we observe that if 0 < a < 8 < 1, then
CHH(Q,RY) C OO, RY) € CRF(Q,RY) € CF*(Q,RY) C CH(Q,RY).

B.1.1 Campanato-Meyers integral characterization of Holder continuity

We now state the following classical theorem that gives a necessary and sufficient condition,
in terms of integral averages, for a function to be Holder continuous. This outstanding result
finds its origins in the works by S. Campanato in [Cam63] regarding Campanato spaces.

Almost simultaneously, N.G. Meyers also published an equivalent characterization of Holder
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continuity in [Mey64]. This way of expressing the Holder continuity in terms of integral
values has proven to be very useful in the study of regularity of solutions to partial differential

equations. We now state the result in the way that we use it in this text.

Theorem 107 Let Q C R"™ be a domain with the uniform cone property. Let p € [1,00) and
f:Q = RN be such that, for some constant ¢ > 0, every xg € Q and every r € (0, R) with

R > 0 fized, it holds that
/ ‘f - (f)xo,r’p dx < crnera

Q(zo,r)

for some o € (0,1]. Then, f is Hélder continuous in Q with exponent c.

For a proof of this result we refer the reader to [GM12, Theorem 5.5] and the original

references that we have already mentioned.

B.2 Sobolev spaces

Given the nature of the variational problems considered in this work, which are in terms
of the derivative of the admissible functions (or deformations), some of the main characters
that come into play are the Sobolev spaces, introduced by S.L. Sobolev in 1938.1. To fix the
terminology and notation, we recall that, for 1 < p < oo and for an open set 2 C R™, the

Sobolev space WP (€, RY) is defined as

WLP(Q,RY) ;= u: @ — RY : Vu exists and /(\u|p + |[VulP) dz < 0o p if 1 < p < o0
Q

Whe(Q,RY) = {u: Q — RY : Vu exists and 1wl oo (@ rny + [Vl (@ ryy < oo} ,

where Vu stands for the weak derivative of uw. A natural way to establish a norm for
WLP(Q,RV) is by defining ullwreryy = llullLr@ryy + I VullLe@ryy. With this structure,
WHP(Q, RY) is a Banach space. What is more, similarly to what happens for the L? spaces,
WP (Q, RY) is reflexive for 1 < p < co and therefore, by the Banach-Alaoglu Theorem, we can

assure that if (u;) is a bounded sequence in WP (Q, RY), then there exist u € WHP(Q, RY)

1See [Sob38]
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and a subsequence of (u;), that we do not relabel, such that
Uj — U.

Here, u; — u refers to the weak convergence in WhP(Q, RYV) and it is equivalent to the weak
convergence, in L?, of u; and Vu; to v and Vu respectively.

For the case p = 0o, we make use of the properties of the weak™ convergence in L*° and say,
for a sequence u; € W1°°(Q, RY), that it converges weakly* to a function u € WH(Q, RY)

if and only if
uj Ay and Vu,; A Vu

in L. In this case, we write u; A ouin WH(Q,RY). Observe that, as before, it is a
consequence of the Banach-Alaoglu theorem (for L™ seen as the dual space of L) that every
bounded sequence in W (€2, R") has a weakly* convergent subsequence.?

Of particular importance are the Sobolev functions that are restricted to take certain

values at the boundary of €2 in the distributional sense. In this spirit, we now consider the

following definition.

Definition 108 Let 1 < p < oco. We then set
1p Ny ._ (oo N
WP (2, RY) := C5°(Q, RY),

where the closure is taken in WP (Q,RY).

If p = o0, we let
W(l]’OO(Q,RN) = {u e Whe(Q,RY) : 3(pr) C C°(Q,RY) s.t. @ — u and Ve, — Vu} .

Finally, if ug € WHP(Q,RYN) for some 1 < p < oo, we say that u € W}L’g)(Q,RN) if and only

if u—ug € Wé’p(Q,RN).

We remark that, in the definition of Wé’oo(Q,RN ), it is important to consider the weak*

closure of C§°(€2,RY) and not the strong closure because, if we only consider the strong

2See [FLO7] for further details.
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closure given by the uniform topology, we would only obtain a subspace of C’&(Q,RN ). In
addition, we also note that, if 1 < p < oo, then the weak and strong closures of C§°(€2, RN )
in WP(Q, RY) coincide by Mazur’s Lemma. We now state the following consequence of

Rellich-Kondrachov Embedding Theorem, that we constantly use in this work.

Theorem 109 Let & C R™ be a bounded open set with a Lipschitz boundary and let

1 < p < oco. Then, the embedding of WHP(Q, RYN) in LP(Q,RY) is compact.
To conclude this section, we state the following standard density result.

Theorem 110 Let @ C R™ be a bounded open set and 1 < p < oo. Then, the space
C®(Q,RN) N WHP(Q,RY) is dense in WHP(Q,RYN).  Moreover, if Q0 is Lipschitz, then
C>®(Q,RYN) is also dense in WHP(Q, RY).

For a proof of these two results and for further details regarding Sobolev spaces we refer the

reader to [GTO01, Chapter 7).

B.3 Poincaré inequalities

We conclude this appendix with a compilation of the Poincaré-type inequalities that we use
along this work and the precise form in which we use them. We begin by stating a local

Poincaré-Sobolev inequality that can be applied near the boundary.

Theorem 111 Let p > 2. Assume that Q C R™ is a bounded Lipschitz domain in R™. Then,
there exist constants Ry > 0 and ¢ > 0 such that, for every xg € 90, 0 < R < Ry and every

v € WEP(Q(a, R),RN), if v=0 on B(zo, R) N 0L, it holds that

n+2

Firle] <o § veaa

Q(zo,R) Q(zo,R)

We refer the reader to [Kro05, Lemma 1] for a proof of this result. In connection with this,
we also state the following Poincaré inequality, that can be applied to functions vanishing on

a subset of the boundary of positive #"~! measure.

Theorem 112 Let 1 < p < oo and let u € WHP(Q,RN). Assume that Q C R™ is a Lipschitz
bounded domain and define

N :={z € 0Q:u(x) =0}. (B.3)
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If H""Y(N) > 0, then there is a constant C' > 0, depending exclusively on H" '(N) and p,

such that

[ullie @ ryy < ClIVUlle @Y

The proof of this result is a consequence of [EG92, Section 5.6.3] and [Zie89, Corollary
4.5.3]. We remark that this is just a particular case of a more general class of Poincaré-type
inequalities and we refer the reader to [Zie89] for a deep analysis of this subject.

We also state here the following version of the Poincaré-Sobolev inequality for interior balls.

Theorem 113 Let p > 2. Assume that Q C R"™ is a Lipschitz domain. Then, there exists a

constant ¢ > 0 such that, for every B(xg, R) C Q and every v € WYP(Q(zo, R),RY), it holds

][ ‘V(W) dr | < ][ V (V) da

B(zo,R) B(zo,R)

that
n+2
2n

2

The proof of this classical result can be found, for example, in [Giu03, Theorem 3.17]. We
further remark that, for all the results in this section, the assumption that €2 is a Lipschitz
domain can be relaxed to assume that € has the cone property or, more generally, that it is

an extension domain in the terminology of [Zie89, Remark 2.5.2].






Appendix C

Review on theory of Linear Operators

Definition 114 Let X and Y be real (or complex) vector spaces and let T: X — Y be a

linear transformation. We define the kernel of T' as the subspace of X defined by

Ker(T) :={z € X : Tz = 0}.

Likewise, we define the image of T like the vector space

Im(T)={yeY :y=Tz for somexz € X}.

In addition, when X and Y are normed spaces, we say that T is bounded if and only if there

s a constant C' > 0 such that, for every r € X,

[Tzlly < Cllzx-

Finally, we denote

ZL(X,Y):={T: X - Y :T is a bounded linear transformation} .

197
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We recall that, if Y is a Banach space, then .Z(X,Y") equipped with the norm

Tx Y
ITlogyy = sup Izl
|lz||=1 |2l x

is also a Banach space.
We further recall that if V is a subspace of X, we can naturally define the quotient

space as the set of cosets

X/ Vi={z+V:zeX} (C.1)

This is a vector space with the linear operations defined by
Mz +V):=0z)+V and (+V)+w+V)=(x+y) +V.

It then follows from the definitions that every linear transformation T: X — Y induces an

isomorphism ®7: X/Ker(T) — Im(T") given by
Or(z+ Ker(T)) :=Tu.

Regarding quotient spaces we know that, if V is closed in X, we can assign a norm to the

vector space X/V by defining
+V := inf ||z + .
|2 ”X/V ulev”:C vl x

Furthermore, if X is a Banach space, X/V is also a Banach space with the above norm.

On the other hand, it is easy to see that, if T € Z(X,Y), then Ker(T) = T-1{0} is
closed and the induced isomorphism is bounded. In order to establish when is the inverse of
the induced isomorphism CID;l a bounded linear transformation, we need to make use of the

Open Mapping Theorem, that we state as follows.

Theorem 115 Let X andY be Banach spaces and suppose that T € £ (X,Y). IfIm(T) =Y,

)

then T is an open mapping, i.e., the image of each open subset of X under T is an open subset

of Y.

The proof of this classical result relies in the Baire Category Theorem and can be found,

for example, in [Rud91, Theorem 2.11]. The next corollary follows straight from the Open
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Mapping Theorem after recalling that every closed subspace of a Banach space is again a

Banach space.

Corollary 116 Let X and Y be Banach spaces and let T € £(X,Y). Then, the following

conditions are equivalent
(i) The subspace Im(T") is closed in Y.
(ii) The induced map ®p: X/Ker(A) — Im(T') has a bounded inverse.

(iii) There is a constant C' > 0 such that ||z + Ker(A)| x/ker(a) < Cl|Tx|ly for every z € X.

C.1 Dual spaces

Given a normed vector space X, we define its dual space to be the space of all bounded
linear functionals g: X — R endowed with the natural pointwise vector space operations and

we denote it by X*. In addition, we write

We endow X* with the standard norm for the space .Z/(X,R) and we remark that then X*
is Banach space even if X is not complete. A fundamental result in the study of dual spaces

is the Hahn-Banach Theorem, that we state here as follows.

Theorem 117 Let V a subspace of a normed space X. Then, every functional in V* can be

extended to a functional in X* having the same norm.

Despite the many outstanding applications of this result, we move forward in this brief review

of Operator Theory to define the following concept, that we will refer to later.

Definition 118 Let T: X — Y be a linear transformation. We define the transpose of T

as the linear map Tt: Y* — X* such that

(T'y*,z) == (y*, Tx).

It can then be shown, using Hahn-Banach’s Theorem, that 7% is bounded if and only if T is

bounded. For a proof of this statement we refer the reader to [McL00, p.22]. While studying
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solutions of equations of the type Tx = y, it is helpful to consider the transposed equation
Tty* — $*
for a given x* € X* and an unknown y* € Y*. In order to describe the relationship between

the two equations, we use the following terminology.

Definition 119 Let V C X. The annthilator V® is the closed subspace of X* defined by

V@i={z" € X" : (z%,2) =0 for every x € V'}.

In a dual way, given W C X* we define the annihilator W as the closed subspace of X
given by
W={x e X:(z"x)=0 for every z* € W}.

It is a straightforward consequence of this definition that, for any linear transformation
T: X =Y,
Ker(T) = “(Im(T"))  and  Ker(T%) = (Im(T))*.

Having established the previous concepts, we are now ready to state the main result of this
section. The main point is that if the image of T is closed, then the equation Tx = y has
a solution if and only if the right hand side y is annihilated by every solution y* of the

transposed equation T%y* = 0.

Theorem 120 Let X andY be Banach spaces. If T € £(X,Y), then the following conditions

are equivalent.

(i) Im(T) is closed in Y.
(i) Tm(T") is closed in X*.
(iii) Im(T) = (Ker(T%)).
(iv) Tm(T") (Ker(T))".

Furthermore, if these conditions hold, there are isometric isomorphisms

(Y/Im(T))* = Ker(T")  and  X*/Im(T") = (Ker(T))*.
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The proof of this Theorem can be found in [McL00, p.25].

C.2 Compactness

In this section we compile some outstanding notions and results regarding compactness of
subsets of metric spaces. We recall that, if (X,d) is a metric space and W C X, an open
cover of W is a family of open subsets of X whose union contains W. Then, we say that
W C X is compact if every open cover of W has a finite subcover. It is then easy to verify
that every compact set is closed and bounded. In addition, if the closure of W, W is compact,
we say that W is relatively compact.

We also recall that, given € > 0 and a (possibly infinite) set of indices I, an e-net is a
subset {w;};c; € W with the property that, for each w € W, there is an i € I such that
d(w,w;) < e. If W has a finite e-net for every € > 0, we say that W is totally bounded. It
is then clear that every totally bounded set is bounded.

The relevance of these concepts relies on the following result.

Theorem 121 Let (X,d) be a metric space and let W C X. The following three statements

are then equivalent.

(1) W is relatively compact.
(ii) Ewvery sequence in W has a subsequence that converges in X.

(iii) The subset W is totally bounded.

For a proof of this statement we refer the reader to [Jos05, Theorem 7.40].
If we now assume that the metric space X is compact and Y is a Banach space, then the

set C'(X,Y) of all continuous functions f: X — Y is a Banach space with the uniform norm

Ifllocxy) = 1 lleo = max| f(2)ly-

A fundamental concept to characterize compact subsets of C(X,Y) is the following.

Definition 122 Let H C C(X,Y) be a family of continuous functions. We say that H is
equicontinuous at xg € X if, for every e > 0, there is 0 < § = 6(xo,&) such that, whenever
|z — zoll <6,

I f(z) = f(xo)lly <e for all f € H.
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We say that H is equicontinuous if it is so at every xg € X.
We can now state the following result due to Cesare Arzeld and Giulio Ascoli.

Theorem 123 Let X and Y be metric spaces such that X is compact and Y is a Banach
space. A subset H C C(X,Y) is relatively compact in C(X,Y) if and only if it is

equicontinuous and bounded in C(X,Y).

For a proof of this result see [Jos05, p.56].
If we now let X and Y to be normed spaces, we can generalize the notion of compactness

to linear operators in the following way.

Definition 124 Let X and Y be normed spaces and let K: X — Y be a linear operator. We
say that K is compact if it maps every bounded subset of X onto a relatively compact subset

of Y.

It follows that every compact operator is bounded and, furthermore, every linear operator
whose image is a finite dimensional space is compact because, in finite dimensional normed
spaces, every totally bounded set is bounded. In addition, from Theorem 121 we infer that
K: X —Y is compact if and only if every bounded sequence (u;) C X has a subsequence
(uj,,) such that (K (uj,)) converges in Y.

On the other hand, Arzeléd-Ascoli’s Theorem suggests that, if @ C R™ is a bounded domain
and K: C(Q) — C(Q) is a compact operator, then we can expect Ku to be smoother than
u. Therefore, it is not surprising that many integral operators turn out to be compact.

A class of operators of particular interest in the study of differential equations are those
of the form I + K: X — X, where [ is the identity map and K is a compact operator. More
precisely, they play an important role in establishing the properties of Fredholm operators.
Fredholm developed the first general theory of equations of the form v + Ku = f, with K
a concrete compact operator. His method of Fredholm determinants used only techniques
arising in classical analysis. A brief description of it can be found in the book on functional
analysis by Riesz and Sz.-Nagy.

In order to establish the main result of this section concerning operators of the form I+ K,

we first prove the following lemma, in which we think of a vector u € X as almost orthogonal

to a subspace W, even though the norm might not be induced by an inner product. Here,

1See Chapter 5.
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and in what remains of this section, we simplify the notation by writing || - || = || - || x, since

no other norms are involved.

Lemma 125 Let X be a normed vector space and let W C X be a closed subspace. If

W # X, then for each € > 0 there exists u € X such that |ul| =1 and dist(u, W) > 1 —e.

Proof. Choose v € X\W arbitrary and let d := dist(v,W). Note that d > 0 because
W is closed. Given € > 0, select w. € W such that d < ||v — w,|| < %E. Then, set
u = ||v—we|| 7 (v —we). Tt is then clear that ||u|| = 1 and, for all w € W, there exists @ € W
such that

Hv_wsn(u_w):U_ws_HU_wus:U_w'

This means that ||[v —w,||||u—w]|| > dist(v, W) = d and, therefore, ||u—w]|| > —%— > 1—¢,

lo—wel =

as we wanted to prove. [

We are now ready to state the main theorem concerning operators of the form I + K.

Theorem 126 Let X be a normed space and assume that K: X — X is compact. Define

A: X - X by A:=1+ K. We then have that the following statements are true.
(i) For each m > 0, the subspace V,, := Ker(A™) is finite dimensional.
(ii) For each m > 0, the subspace Wy, := Im(A™) is closed.

(iii) There is a finite number r € N such that, for every k € N,
{0} =W CW - CV, =V

and

(iv) X =V, ® W,.

Proof.  We first prove part (i) of the theorem. The case m = 0 is trivial because then
A = I. We proceed by contradiction for the case m = 1. Assume then that V7 is not finite

dimensional. Using Lemma 125, we can recursively construct a sequence (u;) C V; such that

1 .
lusll =1 and fuy =] > 5 for j £k
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Since K is compact, there is a subsequence (uj ) and a vector ¢ € X such that
Kuj, — ¢. However, u; + Ku; = Auj; = 0. Hence, u;, = —Ku;, — ¢ when k — oo.
This is a contradiction, because (u;, ) is not a Cauchy sequence. This proves that V; is finite

dimensional. The proof of (i) follows in turn from this fact, since

m
A" =T+L with L =" " K (C.2)
j=1

J
and L is easily seen to be compact.
We now prove (ii) and we begin by establishing that W is closed. Let f; := Au; — f in
X. Define d; := dist(u;, Ker(A)) and choose vy, € Ker(A) such that

dj < |luj — vl < (1 +571)d;. (C.3)

If the sequence (d;) is bounded, then so is (w;) where w; := u; — vj. Therefore, there is a
subsequence wj, such that Kw;, — ¢ for some ¢ € X. Since Aw; = Au; = f;, it follows
that wj, = fj, — Kw;, — f — ¢ and thus f = kh—>nolofjk =A(f —¢) € Wi.

Otherwise, if (d;) is not bounded, by possibly considering a subsequence, that we do
not relabel, we can assume that d; — oo and d; > 0 for every j € N. We then define
w; = |Ju; —v;]| 7 (uj — v;) so that |lw;]| = 1 and Kw;, — ¢ for some subsequence (wj, ) and
some ¢ € X. Since ||Aw;|| = |luj —v;|| 7 A(uj — vj)]| < dj_lﬂfjH, we have that ||f;]| — 0 and
wj, = Aw;, — Kwj, — —¢. In addition, A¢p = —len;kojk =0, so ¢ € Ker(A4). Consider

now ; := w; + ¢. We then have
luj = vjllv5 = uj — vj + lluj = vjlld = uj — ¢

for some ¢ € Ker(A). The definition of d; then gives that ||u; — v;||||%;] > d; and, hence,

sl > i 4> by (C.3). This contradicts the fact that 1; — 0 as j — oo and,

1
luj—v;ll = 14571
therefore, we can infer that (d;) is bounded, so that W is closed. Part (ii) then follows from
(C.2), just as we did with part (i).

For a proof of statements (iii) and (iv) we refer the reader to [McL00, p.31]. OJ



Appendix D

Modulus of continuity

In this appendix we construct a modulus of continuity satisfying the precise properties that
we required from it in the proof of Theorem 76.

The precise statement that we prove here is as follows.

Theorem 127 Let G: R™ — RF be a continuous function and take m > 0 arbitrary. Then,
there is a function w: [0,00) — [0,1], that we call modulus of continuity of G, such that
w is increasing, concave, w(t) = 1 for every t > 1, limy_,ow(t) = 0 and, for a constant

k = k(m) > 0 and for every &, n satisfying |&|,|n| < m+ 1, it holds that

1G(&) = G(n)| < kw(l§ — ).

The existence of a modulus of continuity with the properties stated in this theorem is well
known. See, for example, [GM12, Theorem 9.2]. We include a proof here for the convenience
of the reader.

Proof. We let

k:=1+ sup |G(§)]
|§l<m+1

and define @: [0,00) — [0, 1] by

w(t) := ;%SHP{IG(S) =G| :[§—nl < tand [¢],|n] <m+1}.
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It is then easy to see, using that G is uniformly continuous on the compact set B(0,m), that
lim;_,o w(t) = 0 and that

G(€) = G(n)| < 2kw(|€ = nl)

for every &€, € B(0,m + 1).

We now let 7: [0,00) — [0, 1] be given by

7(t) := max {@(t), min{¢,1}} .

Then, 7 still has all the properties of @ and, in addition, it is clear that 7 is well defined in
the sense that 7(¢) < 1 for every ¢t € [0,0).
Therefore, to conclude the proof it is enough to let w be the concave envelope of 7 in

[0,00). More precisely, we define

w(t) :==1nf {f(¢) : f]0,00) — [0,00), f is concave and f(t) > 7(¢) for every ¢t € [0,00)} .

The function w satisfies all the required properties with k := 2k. O



Appendix E

The auxiliary function V' and its properties

In what follows, we summarize some elementary properties of the class of functions Vz. We

recall that, for 8 > 0 arbitrary and for k € N*, we define the function Vjs: RF — RF by

Va(e) = (1+[€2) 7 €.

In addition, to simplify the notation we write V = V% and recall that, when p € [2,00), |V|?
is proportional, up to a constant, to the function |- [? + | - |P.

Finally, we remark that in this appendix, and in the rest of this text, we make no
distinction in the notation to distinguish between different dimensions of the domain in
which the function Vj is defined. An example of this is statement (ii) in the following lemma.
Furthermore, we use the same syntaxes for the function Vj in statement (i), which is valid
for Vg: R — R, and in the rest of the properties that we now enunciate, which are valid for

Vs: R¥ — R¥ for any k € N*t,

Lemma 128 Let 5> 0,2 <p < oo and M > 0. Then, there is a constant ¢ > 0, depending

only on f3, such that for every £,n € R* and every t >0,
(i) Va(t) is non-decreasing in [0, 00);
(i) [Vs(&)] = Va(l€]);

(iil) [Va(€ +m)| < c(Va(©I +[Vs(n));
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(iv) [V(£&)] < max{t, 5}V ()];

(v) e(p)|¢ — | < OV < o (p, k)¢ —n);
(A+[E[2+[n|?) 1

(vi) (L+[€2+PR)% < c(1L+ VR + VP);

(vii) [Vo1 (&)l < VO + [V (n)]*;

(viil) Young’s inequality is satisfied in the sense that, for every e > 0, there exists cc > 0

such that [Vy—1(&)|ln] < eV (O + e[V ()%
(ix) max{[¢],|¢[F} < |V(€)] < 2T max{l¢]. ¢]%};

L(ER+ Igl7) < VO < 2" (ig? + Iep);
() [V(E=n)]| < c@)V(E) - Vn)l;

(xi) V(&) = V()| < c(k, p, M)|V(§ = )|, provided |n| < M.

With the exception of (ix)-(xi), all the above properties also hold if 1 < p < 2.
The proof of this lemma requires essentially elementary computations and consider
separately the cases |£],|n| < 1 and [[,|n| > 1, with all the combinations that arise from

these possibilities. We refer the reader to [AF89b], [CFM98, Lemma 2.1] and [Becl1, Lemma
2.1] for further details.

Another property of the function V is that it can be estimated above and below by
multiple scalars of the convex function that we define below. This is particularly useful when

it comes to applying Jensen’s inequality. See [Sch08, Lemma 6.2]. We let
Ws(€) = (1+[¢)""¢.

We observe that W3 is convex and that, for some constant ¢ > 0 depending only on 3,
¢ HWs| < V| < c|[Wpl.

Just as we did with the function V, we relax the notation by writing W = Wg .
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