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Abstract

This thesis mainly focuses on the following transversal problem, which is closely related to the ab-
sorption technique in extremal combinatorics: Given a collection of simple graphs G4, . .., G defined
on the same vertex set V', where each graph G; (1 < i < t) satisfies some property P, can we find a
copy of any graph F' of order |V/| with at most ¢ edges in V/, such that the edges of F' are chosen from
different G;’s?

We provide frameworks and techniques for such problems when each G; (1 < i < t) is dense in
V. First, we generalize the traditional absorption technique to graph collections, which allows us
to modify the original absorption structure to obtain a new absorption structure that is helpful for
transversal problems. Second, we establish regularity tools for graph collections. One of the key
lemmas we prove is a blow-up result for transversal structures. This allows us to demonstrate more
complicated results when the absorption technique does not apply.

We will further show two direct applications. One is a new proof of the asymptotic solution to
the transversal Pdsa-Seymour conjecture. The other is a stability result for Ahroni’s conjecture on

transversal Hamilton cycles.
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1| Introduction

In this chapter, we survey the development of the absorption technique and introduce our con-
tribution to its generalization. We also provide a summary of each chapter of the thesis and

introduce the notation and terminology in the final section.

1.1 Graph Embeddings

Given any graph H, one of the main themes in graph theory is to find conditions on G that
ensure GG contains H as a subgraph. For example, when H is fixed, the Turdn problem asks for
the minimum number m such that if | E(G)| > m, then G contains H as a subgraph.

We can also ask for the minimum number m such that if §(G)) > m, then G contains H as a
subgraph, where §(G) denotes the minimum degree of G. Here, H is no longer fixed, and the
problem becomes interesting when H has the same order as G, i.e., H is spanning in GG. This is
a central topic in graph embedding theory.

As an example, we have the following classic Dirac’s theorem:

Theorem 1.1.1. (Dirac, 1952) If n > 3 and G is a graph of order n with 6(G) > n/2, then G
contains a Hamiltonian cycle.

This theorem has many generalizations, for example, the Ore’s theorem (Ore, 1960) and Chvé-
tal’s theorem (Chvdtal, 1972). These two theorems were proved using basic graph theory tech-
niques, which can be found in any standard textbooks. However, proving the analogous Dirac-
type theorems in hypergraphs is much more difficult. First, we need some notation for cycles
in hypergraphs. Given 1 < ¢ < k, a k-graph H is called an /-cycle if its vertices can be ordered
cyclically such that each of its edges consists of k consecutive vertices and every two consecu-
tive edges share exactly ¢ vertices. A (k — 1)-cycle is often called a tight cycle, while a 1-cycle
is often called a loose cycle. We say that a k-graph contains a Hamiltonian /-cycle if it contains
an /-cycle as a spanning subhypergraph. Let H be any k-graph. For any 1 < d < k£ — 1 and any
vertex set S of size d, define d(.5) to be the number of k-edges that contain S. Define d4(#) to
be the minimum d(S) over all d-sets S.

For tight cycles, Rodl, Ruciniski, and Szemerédi showed the following:

Theorem 1.1.2. (Rodl, Szemerédi, & Rucinski, 2008) For every positive integer k > 3 and £ >

0, there exists an ng > 0 such that if n > ny, then every k-graph H with 6,_1(H) > (% + 6) n

1
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contains a tight Hamiltonian cycle.

Their proof uses a powerful technique called the absorption technique, which is also the main
focus of this thesis. We will postpone the discussion of this technique to the next section. Using
a much more involved argument, they further showed:

Theorem 1.1.3. (Rodl, Ruciriski, & Szemerédi, 2011) There exists an ny > 0 such that if n > ny,

then every 3-graph H with 0o(H) > ng contains a tight Hamiltonian cycle.

For k > 4, it is still unknown if the same lower bound L%J holds for Theorem 1.1.2 when n
is sufficiently large. For loose cycles, (Kiihn & Osthus, 2006) proved that every sufficiently
large 3-graph H with 05(H) > % + o(n) contains a loose Hamiltonian cycle. (Czygrinow &
Molla, 2014) further showed that do(H) > 7 is sufficient. For k-graphs (k > 4), (Han & Zhao,
2015) proved that §;_1(H) > 5 is sufficient for loose Hamiltonian cycles in any k-graph
‘H of sufficiently large order. There have been several other results for Hamiltonian /-cycles in
k-graphs H under the d,4(H) condition where 1 < d < k — 1; see the survey (Zhao, 2016).
Given any fixed graph F' and any positive integer n divisible by | F|, let G be any graph of order
n. We say H is an F'-factor of G if H is a spanning subgraph of G, and each component of H
is isomorphic to F'. The following theorem is usually called the Hajnal-Szemerédi theorem:
Theorem 1.1.4. (Hajnal & Szemerédi, 1970) Let r,n € N be two positive integers such that
r|n. Every graph G of order n with 6(G) > (1 — %) n contains a K,-factor.

This theorem has been extended to arbitrary F'-factors; see (Alon & Yuster, 1996), (Komloés,
Sarkozy, & Szemerédi, 2001), and (Kiihn & Osthus, 2009).

Let H be any graph. For any k > 2, the k-th power of H is a graph obtained by adding an edge
between any two vertices in / that have distance at most k. One of the most influential results in
graph embeddings, which generalizes both Dirac’s theorem and the Hajnal-Szemerédi theorem,
is the following Pésa-Seymour conjecture. It was proved by Komlés, Sarkdzy and Szemerédi
for sufficiently large graphs:

Theorem 1.1.5. (Komlos, Sdarkozy, & Szemerédi, 1998b) For each k > 1, there exists an ng > 1
such that if G is a graph of order n > ngy and 6(G) > (1 — k%l) n, then G contains the k-th
power of a Hamiltonian cycle.

When k£ = 1, this is Dirac’s theorem. When k£ = 2, this is Pésa’s conjecture. In general, this

theorem implies the Hajnal-Szemerédi theorem since one can find a K, 1-factor in G under the

same condition when n is divisible by £ + 1. The original proof of the Pésa-Seymour conjec-
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ture used the Regularity Lemma and the Blow-up Lemma, so the ny produced in the proof is
very large, at least of tower-type growth in some parameters. Later, in (Levitt, Sarkozy, & Sze-
merédi, 2010) and (Simao, Asif, & Szemerédi, 2014), the lower bound for ny was substantially
improved. In fact, in (Levitt et al., 2010), the authors used a technique that avoids the use of the
Regularity Lemma, resulting in a much better bound for n(. This technique is now called the
absorption technique. One advantage of the absorption technique is that it typically provides a

much better lower bound for the order of the graphs than proofs using the regularity method.

1.2 Transversal Embeddings

One of the earliest problems in extremal combinatorics is the transversal problem of Latin
squares, originating from Euler’s research in the 18th century. A Latin square is an n X n array
filled with n symbols such that each symbol appears exactly once in every row and column.
A transversal is a collection of n cells of the Latin square that do not share the same row,
column, or symbol. One of the main conjectures about transversals in Latin squares is the
Ryser conjecture (Ryser, 1967) from the 1960s, which asserts that every Latin square of odd size
has a transversal. The Ryser conjecture has many generalizations, and many related problems
have been proposed. For recent progress on these problems, see a comprehensive survey by
Pokrovskiy (Pokrovskiy, 2022).

Let K, , be an edge-colored complete bipartite graph. K, , is properly colored if every two
incident edges are colored distinctly. A rainbow matching M in kK, ,, is a matching such that
every two edges in M are colored distinctly. By identifying the rows and columns as the two
partite sets of the complete bipartite graph K, ,,, and identifying the symbols as colors on the
edges of K, ,, the Ryser conjecture is equivalent to the following form:

Conjecture 1.2.1 ((Ryser, 1967)). Every properly edge-colored K,, ,, using exactly n colors,
where n is odd, contains a perfect rainbow matching.

If we do not require n to be odd, then we have the following Brualdi-Stein Conjecture:
Conjecture 1.2.2 ((Brualdi, Ryser, et al., 1991), (Stein, 1975)). Every properly edge-colored
K, , using exactly n colors contains a rainbow matching of size n — 1.

(Montgomery, 2023) proved that the Brualdi-Stein Conjecture holds for sufficiently large n,

which is a breakthrough in this field. The Ryser conjecture and the Brualdi-Stein conjecture
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motivate the following meta-problem:

Problem 1.2.3. Given a collection of simple graphs G, ..., G, defined on the same vertex set
V, where each graph G; (1 < i < t) satisfies some property P, for any graph F of order |V|
with at most t edges, can we find a copy of ' in V such that the edges of I' are chosen from
different G;’s?

We say such a copy of H is a rainbow copy of H and if t = |E(F")|, we say it is a transver-
sal copy of H. As an example, one of the most famous generalizations of the Brualdi-Stein
Conjecture is the following Aharoni-Berger Conjecture:

Conjecture 1.2.4 ((Aharoni & Berger, 2009)). Given a collection of matchings My, . .., M, on
the same vertex set V., where |M;| > n+ 1 for each 1 < i < n, we can find a rainbow matching
M of size n.

Note that if we identify My, ..., M, as a properly colored multigraph on V', then the Aharoni-
Berger conjecture is equivalent to the existence of a rainbow matching in a properly colored
multigraph where the number of colors is 7 and each color induces a matching of size n + 1.
Thus, the Ryser conjecture is a special case of the Aharoni-Berger conjecture. The Aharoni-
Berger conjecture has been verified asymptotically in (Pokrovskiy, 2018); however, the full
conjecture remains open.

There have been several other types of problems involving the search for rainbow matchings
in properly colored multigraphs. In these problems, it is often required that the graphs in the
collection are sparse, meaning that either each graph is a single matching or its maximum degree
is bounded. But what if the graphs in the collection are dense? For example, if the minimum
degree of each graph is at least some linear fraction of |V/|, and we aim to find more complex
structures.

In this direction, Aharoni proposed the following conjecture:

Conjecture 1.2.5. (Aharoni, DeVos, de la Maza, Montejano, & Sdmal, 2020) Given a collection
of simple graphs G = G, . . ., G,, defined on the same vertex set V, where |V| = n, if §(G;) >
5 for each 1 < i < n, then there exists a transversal Hamiltonian cycle.

Aharoni’s conjecture was verified asymptotically by (Cheng, Wang, & Zhao, 2021), and later
fully proved by (Joos & Kim, 2020). In the same paper, Joos and Kim posed the following

general question for hypergraph families:

Question 1.2.6. Let F' be an m-edge hypergraph with vertex set V, and H be a family of
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hypergraphs. Suppose Hi, ..., H,, is a collection of hypergraphs on the vertex set V', with
H; € H for each i € [m|. What conditions on H guarantee a transversal copy of I in H?
This question has received significant attention, especially when H; (1 < i < m) is k-uniform
and £’ is a spanning structure such as a Hamiltonian cycle or an f-factor, where f is a fixed
hypergraph. In this setting, we are interested in finding the minimum threshold d, » such that
if 04(H;) > 64r|V| for each i, then we can find a transversal copy of F. Here, 0,(H;) denotes
mingcy,si=q |{e | S € e € E(H;)}|.

In (Cheng, Han, Wang, & Wang, 2023), we asymptotically answered this question when F' is
a clique factor in both the graph and directed graph cases. We also determined d; r (1 < d <
k — 1) when F' is a perfect matching in k-uniform hypergraphs. The technique we used is
a variant of the absorption technique for graph collections, first introduced in (Cheng, Wang,
& Zhao, 2021). We will further discuss this technique in the next section. Using a different
absorption technique, (Montgomery, Miiyesser, & Pehova, 2022) determined the asymptotic
threshold for general f-factors and bounded-degree spanning trees in simple graphs. Later,
in (Cheng, Han, Wang, Wang, & Yang, 2021), we generalized the rainbow Hamiltonian cycle
problem from simple graphs to k-uniform hypergraphs by asymptotically determining dy_1 rc»
where HC' is the tight Hamiltonian cycle. In (Cheng, Han, et al., 2021), we also proposed
problems to determine d4 ¢, Where 1 < d < k—1and HC, is a Hamiltonian /-cycle. Recently,
in (Gupta, Hamann, Miiyesser, Parczyk, & Sgueglia, 2023), the authors made progress on our

problem by asymptotically determining most of these thresholds.

1.3 Absorption Technique for Transversals

Given a graph H of order n, let G be any graph of order n under some condition P, where n
is sufficiently large. Suppose that we are going to embed the graph H into GG. The idea of the
standard absorption technique is as follows: first, we find a decomposition of H into H; U Ho,
where |H,| < |Hz|, V(Hy) NV (Hy) = (). Here, |H;| < |Hs| means that the order of H; is
much smaller than that of Hs.

Next, using the probabilistic method, we construct a subgraph H) C G that is a copy of some
subgraph Hy C H; with the properties that | Hy| ~ | H |, and for every vertex set S C G\V (H\)
of size |V (Hy, — Hy)|, H,US contains a copy of H;. Finally, we extend H|, to a copy of HyU H>
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in G, leaving exactly |V (H;— H,)| vertices unused in GG. By absorbing all the remaining vertices
in G, we ultimately obtain a copy of H.

The absorption technique was first introduced in (Rodl et al., 2008), where they proved The-
orem 1.1.2 without using regularity tools. Later, in (Levitt et al., 2010), the authors proved
Theorem 1.1.5 by adapting the absorption technique, which provided a better lower bound for
no than the original proof, as it did not rely on the regularity lemma. Over time, the absorption
technique has been further developed and applied by various researchers, leading to the reso-
lution of many conjectures. For example, (Keevash, 2014) used algebraic absorption to prove
the existence conjecture for designs, which marked a significant breakthrough in design theory.
In (Barber, Kiihn, Lo, & Osthus, 2016) and (Glock, Kiihn, Lo, & Osthus, 2017), the authors
developed iterative absorption, which allowed them to establish numerous new results in graph
decompositions, including a new proof of the existence conjecture. More recent applications
of the absorption technique include the resolution of Ringel’s conjecture (see (Montgomery,
Pokrovskiy, & Sudakov, 2021), and independently (Keevash & Staden, 2020)), and the even
case of the Ryser-Brualdi-Stein conjecture (see (Montgomery, 2023)). For further applications
of the absorption technique beyond those mentioned here, see the surveys (Simonovits & Sze-
merédi, 2019) and (Zhao, 2016).

The absorption technique has many variants, most of them do not fit neatly into the sketch
provided above. However, in general, these variants are all developed to handle the remain-
ing vertices. Specifically, we first embed a large part H; of H into G such that |H,| ~ |H|,
and then absorb or insert the remaining vertices into /7 to complete it into a copy of H. In
this sense, we can broadly say that the absorption technique is concerned with handling the
exceptional vertices once a large part of the base graph has been embedded. It is worth not-
ing that the traditional regularity method combined with the blow-up lemma also fits into this
framework. However, in the literature, the term "absorption technique" is often used to refer
to techniques that are free of regularity methods. In this thesis, we do not differentiate them
rigorously; we will also discuss the regularity method combined with the blow-up lemma and
its generalizations to transversals.

One of the main contributions of this thesis is to develop the absorption technique for transver-
sals. Given a collection of simple graphs G = G4, ..., G,, defined on V under some condition

P, we say that the index set [m] is the color set. Suppose we want to find a transversal copy of
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H where |E(H)| = m. As in the non-transversal case, we first find a decomposition of H into
H, U Hy, where |H,| < |Hs| and V(H;) NV (Hy) = . Next, we find a rainbow copy H|, of
Hy C Hj such that |Hy| ~ |H;|. Denote the color set of Hy by Cjp. The rainbow copy H| is
typically constructed using probabilistic methods such that, for each color set C" C [m] \ Cj
and each vertex set V' C V' \ V(H,), the vertex set V (H/) U V' spans a rainbow copy of H;
using the color set Cy U C’. Finally, we extend H|) to be a rainbow copy of Hy U H, with the
remaining vertex set 1’ and remaining color set C’. In the final step, we absorb V' and C” into
H] to obtain a rainbow copy of H; U H using the color set [m]. This is exactly a transversal

copy of H.

1.4 Regularity theory for Transversals

The regularity method originates from the famous Szemerédi regularity lemma and has been
developed by many authors to solve problems in graph embedding theory over the past several
decades. For example, the original Pésa-Seymour conjecture was solved for large graphs using
regularity theory (Komlds, Sarkozy, & Szemerédi, 1998a). A key lemma frequently used in this
theory is the Blow-up lemma (see (Koml6s, 1999)), which roughly states that we can embed any
sparse graph into a super-regular graph, even when the target area for some vertices is restricted.
To embed a spanning graph H into a large base graph GG under some condition P, we first apply
the regularity lemma to G, thereby obtaining a partition of G. We then define a reduced graph
R according to this regular partition. The reduced graph R usually almost inherits the condition
P, allowing us to find a subgraph M within R as needed. Next, we use the Blow-up lemma to
"blow up" M into a subgraph H' of H such that |H'| ~ |H|. One of the main difficulties in
using the regularity method is handling the remaining vertices in V (H) \ V (H’). This requires
additional techniques, but the key idea is to connect and insert the remaining pieces by using
the restricted area conditions provided by the Blow-up lemma.

In order to characterize stability as well as provide tight bounds for transversal embedding prob-
lems, the author, together with Katherine Staden, developed regularity theory for transversals
in a recent paper (Cheng & Staden, 2023). The main contribution of that paper is a transver-
sal blow-up lemma. The full statement is somewhat involved and will not be introduced here;

instead, it will be presented in full in Chapter 4. However, we provide a simplified bipartite
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version as follows:

We say a graph H with n vertices is u-separable if we can delete a set S of size at most un from
H such that each component in H — S has size at most un. Let ¢ < 4, an (g, d) super-regular
triple C, A, B is a 3-partite 3-uniform hypergraph H defined on (C, A, B) such that (1) for every
X CAY C B, Z C C, the number of 3-edges inside (Z, X,Y) is at least §| X ||Y'|| Z]; (2) for
every vertex v € A(B or C'), the number of 3-edges containing v is at least 0| B||C|(d| A||C| or
d|A||B|). Given a 3-partite 3-uniform hypergraph H on (C, A, B), define Gy to be an edge-
colored multigraph whose vertex sets are (A, B), and an edge e = zy € Gy with color ¢ if and
only if ¢, z,y € E(H).

The bipartite case of our blow-up lemma is as follows:

Theorem 1.4.1. Let 0 < p < € < 6, % < 1, and let H be a 3-partite 3-uniform hypergraph
defined on (C, A, B), where dn < |C| < An, such that H is (g, )-super-regular. Let T be a
graph defined on (A, B) with A(T) < A, |E(T)| < |C|, and T is p-separable. Then, we can
find a rainbow T inside G .

There is no evidence showing that the separable condition in Theorem 1.4.1 is necessary. Thus
the following conjecture for transversal blow-ups should hold:

Conjecture 1.4.2. Let 0 < ¢ < 6, % < 1, and let H be a 3-partite 3-uniform hypergraph
defined on (C, A, B), where dn < |C| < An, such that H is (¢,0)-super-regular. Let T be a
graph defined on (A, B) with A(T) < A and |E(T)| < |C|. Then, we can find a rainbow T
inside Gp.

If true, this conjecture would directly generalize the original blow-up lemma for bipartite graphs.
By using this transversal blow-up lemma, we can adapt the traditional ideas of regularity and
blow-up to dense graph families. First, we identify a graph family G = G,...,G,, as a 3-
uniform hypergraph Hg, where V(Hg) = V(G) and E(Hg) = (4, u,v) | (u,v) € G;. Next,
we adapt the weak regularity lemma to H, thus obtaining a regularity partition of V' (Hg) such
that most triples are either almost empty or super-regular according to certain parameters.
Therefore, as in the common regularity method, whenever we find an appropriate subgraph
inside the reduced graph, we can use the transversal blow-up lemma to "blow it up" and obtain
a large rainbow subgraph. We can then use the restricted conditions to connect and insert
pieces, making it a transversal graph as required. This idea is particularly useful for handling

cases when the graph to be embedded is somewhat complex and the absorption method does
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not work.

1.5 Summary of Results

In Chapter 2, we present a general framework for embedding transversal factors. One of the
main results is the following asymptotic transversal Hajnal-Szemerédi theorem:

Theorem 1.5.1. For any ¢ > 0, there exists an ng such that for n > ng and r|n, if G =
G1, ..., Gy is a family of graphs defined on the same vertex set V where |V| = n, t = (g) .
and 6(G;) > (1 - % + 5) n for 1 <1 <t, then G contains a transversal K,-factor.

In Chapter 3, we develop regularity theory for transversals. One of the key lemmas we prove is
the transversal blow-up lemma. The full statement is long and involved, so we will postpone it
to Chapter 3. To state our second main result, we introduce the following definitions:

A 3-uniform hypergraph H is a 1-expansion of a simple graph G if H is obtained by adding
one vertex vy, to each edge xy € E(G), where v, # ve if e # €. Given d,n > 0, a (single)
graph with a vertex set V' of size n is (d, n)-dense if for all A, B C V, we have ¢(G[A, B]) >
d|A||B| — nn?.

As an application of the transversal blow-up lemma, we prove the following theorem, which
generalizes the k = 3 case of the result in (Lenz, Mubayi, & Mycroft, 2016):

Theorem 1.5.2. For all A,d,« > 0, there exist 0, ;n > 0 and ng € N such that the following
holds for all integers n > ny. Let G be a (d, n)-dense 3-graph on n vertices with dg(v) > an®
forall v € V(G). Then G contains a copy of the 1-expansion of any given ji-separable graph
H with A(H) < Aand |V(H)| + |E(H)| < n.

In Chapter 4, we provide a new proof of the following transversal Pésa-Seymour conjecture.
Our proof is based on the transversal blow-up lemma, which is independent of that in (Gupta et
al., 2023).

Theorem 1.5.3 ((Gupta et al., 2023)). For all integers k > 1 and v > 0, there exists ng such that
the following holds for all integers n > ng. Let G = (G, . .., G(—1),) be a collection of graphs
on a common vertex set of size n. Suppose that §(G;) > (% + 'y) nforl <i< (k—1)n.
Then G contains a transversal copy of C*~1,

In Chapter 5, we prove a stability result for Aharoni’s conjecture (Theorem 1.2.5). The proof

combines the transversal absorption technique with the transversal blow-up lemma. Roughly
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speaking, we show that if the graph collection G, ..., G, defined on the same vertex set V,
where |V| = n and §(G;) > (3 — o(1)) n for each 1 < i < n, does not contain a transversal
Hamilton cycle, then this collection must be close to one of a set of defined collections. The

formal statement is postponed to Chapter 5.

1.6 Notation and Terminology

For reals z, a, b, we write x = a = b if we have a — b < x < a + b. For any two constants
a, € (0,1), we write @ < 3 if there exists a function ag = (/) such that the subsequent
arguments hold for all 0 < o < ap. When we write multiple constants in a hierarchy, we mean
that they are chosen from right to left. For any positive integer a, let [a] := {1,2,...,a}. For
any two positive integers a < b, let [a,b] = {a < x < b:x € Z} and [a] := [1, a]. Given a set
X and a positive integer b, write ()b( ) to denote the set of b-element subsets of X.

Given a graph G, we denote its vertex set by V(&) and its edge set by F(G) and let v(G) :=
[V(G)| and e(G) := |E(G)] be their sizes. Given any vertex v € V(G), let the neighbourhood
N¢(v) of v be the set of vertices that are incident to v and let d(v) := | Ng(v)| be its degree.
For any vertex set U C V(G), let G[U] be the induced graph of G on U, i.e. the graph with
vertex set U and all the edges of G with both endpoints in U. Let G — U := G[V(G) \ U] and
G—v:=G—{v}

Let £ > 2 be an integer and let G = (V, E) be any k-graph, so each edge consists of k
vertices. We use V' (G) := V to denote its vertex set and E(G) := F to denote its edge set.
Let v(G) := |V(G)| and e(G) := |E(G)| be their sizes. For any vertex v € V(G), let Ng(v)
be the neighbourhood of v, that is, the set of (kK — 1)-tuples of v that are incident to v and
let dg(v) := |Ng(v)| be the degree of v. Sometimes we use d(v) for short if G is obvious
from the text. We write §(G) := min,ey(q) dg(v) and A(G) = max,cy(q) dg(v) for the
minimum and maximum degree of G. For each vertex v € V/(G) and subset S C (%), let
Ng(v,S) := Ng(v) NS and dg(v, S) := |Ng(v, S)|. For any vertex set U C V(G), let G[U]
be the induced hypergraph of G on U, i.e. the hypergraph with vertex set U and all the edges
of G with vertices only in U. Let G — U := G[V(G) \ U]. For a subhypergraph H of G, let
G \ H be the graph with vertex set V' (G) and edge set F(G) \ F(H). For any (not necessarily

disjoint) vertex sets Uy, ..., Uy C V(G), we write G[Uy, . . ., Uy for the k-graph with vertex set

10



University of Oxford Wadham

Uy U...UUy and edge set Eg(Uy, . .., Uy), which is the set of edges of G with one vertex in U;
foreachi € [k]. Lete(Uy, . . ., Uy) be the number of k-tuples (z1,...,x;) € Uy X ... x Uy for
which {z1,..., 2} € Eg(Uy, ..., Uy) (note that when these sets are not disjoint, edges may be
counted more than once). When k& = 2 and G is a simple graph. For each vertex v € V(G) and
subset S C V(G), let Ng(v,S) = Ng(v) NS and dg(v, S) = |Ng(v,S)|. Let Eq(X,Y) be
the set of edges with one endpoint in X and another in Y and let e (X,Y) = |Eg(X,Y)|. We
write Fg(X) := Eq(X, X) = E(G[X]).

We say that a statement about a graph on n vertices holds with high probability if it holds with
probability tending to 1 as n — oo. We use script letters (e.g. %) to denote sets of colours
and bold letters (e.g. G) to denote graph collections. It will be convenient to represent a graph
collection in three equivalent ways:

* acollection G = (G. : ¢ € ¥) of graphs on the same vertex set V. We call € the colour
set of G;

* an edge-coloured graph G on vertex set V' with edge set | J ., G, where xy has a multiset
of colours consisting of those ¢ € % for which xy € G.. We say that G is the edge-
coloured graph of G (but rarely use this representation);

« a 3-graph G® on vertex set V U %€ with edges zyc whenever zy € G,.. We say that G®)
is the 3-graph of G.

We can define the collection for hypergraphs similarly.

Given two 2-graphs H and G, a graph homomorphism (from H to G)isamap ¢ : V(H) —
V(G) such that ¢(x)¢(y) € E(G) whenever xy € E(H). An injective graph homomorphism
is an embedding (of H into GG). Given a graph H and a graph collection G = (G. : ¢ € €) on
vertex set V, a transversal embedding (of H into G)is apairT: V(H) — Vando : E(H) —
¢ of injective maps such that 7(2)7(y) € E(Gs(ay)) Whenever xy € E(H).

Given a graph H and a graph collection G = (G. : ¢ € ¥) on vertex set V, a transversal
embedding (of H into G)isapairT : V(H) — V and o : E(H) — % of injective maps such
that 7(2)7(y) € E(Gy(sy)) Whenever zy € E(H).

Given any collection G = (G, : ¢ € %) of graphs on a common vertex set V', we call €
the colour set of G. For any two sets X, Y C V, let Eg(X,Y) be the multiset of edges
of any colour with one endpoint in X and another in Y and eg(X,Y) = |Eg(X,Y)| =

Y cec ea(X,Y). Given any edge-coloured graph H with V(H) C V with edge-colouring

11
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o: E(H) — €, we write col(H) := |, ¢ ) o (e) for the set of colours used on H.

Given a set X and positive integer k, we write

. ()k( ) for the set of all k-subsets of X,
o X for the set of all k-tuples of elements of X,

* (X)), for the set of all k-tuples of distinct elements of X.
We use script letters e.g. €, .o/ to denote sets of colours and bold letters e.g. G, J to denote

graph collections.

12



2| A General Framework for Transversal Factor Prob-

lem

2.1 Introduction

2.1.1 Main results

In this chapter, we study transversal clique-factors under a few different contexts. Our first
result is an asymptotical version of the transversal Hajnal-Szemerédi theorem.

Theorem 2.1.1. For every ¢ > 0 and t € N, there exists ny € N such that the following holds
for all integers n > ng and n € tN. Let m = 2(}) and G = {G4,...,Gp} be an n-vertex
graph collection. If 6(G;) > (1 — 1 + €)n for each i, then G contains a transversal K,-factor.
The minimum degree conditions are asymptotically best possible, as seen by setting all GG; to
be identical and then referring to the optimality of Hajnal-Szemerédi theorem.

In fact, this naive construction serves as a simple lower bound for all “transversal” problems,
certifying that the transversal version is at least “as hard as” the single host graph version (al-
though the aforementioned transversal Mantel’s theorem says that the transversal version can
be strictly “harder”).

It is natural to seek analogues of the Hajnal-Szemerédi theorem in the digraph and oriented
graph settings, where we consider factors of directed cliques, namely, tournaments. We consider
digraphs with no loops and at most one edge in each direction between every pair of vertices.
Let T}, be the transitive tournament on & vertices, where a transitive tournament is an orientation
of a complete graph D with the property that if xy and yz are arcs in D with z # z, then the
arc xz is also in D. The minimum semi-degree 0°(G) of a digraph G is the minimum of its
minimum out-degree 01 (&) and its minimum in-degree 6~ (G).

(Czygrinow, DeBiasio, Kierstead, & Molla, 2015) proved that every digraph GG on n vertices
with 07(G) > (1 — 1/k)n contains a perfect Tj-tiling for integers n, k with &k | n. Let 7 be
the family of all tournaments on & vertices, Treglown (Treglown, 2015) proved that given an
integer k > 3, there exists an ny € N such that the following holds. Suppose T" € Ty, and D is
a digraph on n > ng vertices where k | n. If 6°(D) > (1 — 1/k)n, then there exists a T-factor.

For more results, see (Czygrinow, Kierstead, & Molla, 2014; Treglown, 2015). We prove the

13
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following extensions of Theorem 2.1.1 for digraphs.

Theorem 2.1.2. For every integer k > 3 and real ¢ > 0, there exists ng € N such that the
following holds for all integers n > ng and n € kN. If D = {Dy,...,D,,}, m = %(’;), is a
collection of n-vertex digraphs on the same vertex set such that 67 (D;) > (1 — % +¢)n, then D
contains a transversal Ty.-factor.

Theorem 2.1.3. For every integer k > 3, T € Ty, and real € > 0, there exists ng € N such that
the following holds for all integers n > ngandn € kN. If D = {D;,...,D,,}, m = %(’;), isa
collection of n-vertex digraphs on the same vertex set such that 6°(D;) > (1 — % +¢)n, then D
contains a transversal T'-factor.

Note that each of these theorems implies Theorem 2.1.1 if we give a complete direction to each
graph stated in Theorem 2.1.1.

We next discuss the partite setting. Suppose Vi, ..., Vj, are disjoint vertex sets each of order n,
and G is a k-partite graph on vertex classes Vi, ..., Vj (that is, G is a graph on the vertex set
Vi U --- UV, such that no edge of G has both end vertices in the same class). We define the

partite minimum degree of G, denoted by ¢'(G), to be the largest m such that every vertex has

at least m neighbours in each part other than its own, i.e.

§'(G) :=minmin min |N(v) NV},
i€[k] veV; jelk]\{i}

where N (v) denotes the neighbourhood of v. (Fischer, 1999) conjectured that if ¢'(G) >
(1 — 1/k)n, then G has a Kj-factor. An approximate version of this conjecture assuming the
degree condition ¢'(G) > (1 —1/k+o(1))n was proved independently by (Keevash & Mycroft,
2015a), and by (Lo & Markstrom, 2013) (a corrected exact version was given by (Keevash &
Mycroft, 2015b), in fact, they obtain a more general result for r-partite graphs with » > k). We
extend this approximate version to the transversal setting.

Theorem 2.1.4. For every ¢ > 0 and integer k, there exists ng € N such that the following
holds for all integers n > ny. If G = {G1, .. ., Gn(’;)} is a collection of k-partite graphs with a
common partition V1, . . ., Vi, each of size n such that §'(G;) > (1 — + + &)n, then G contains a
transversal K-factor.

A matching in H is a collection of vertex-disjoint edges of H. A perfect matching in H is a

matching that covers all vertices of H. Given d € [k—1], the minimum d-degree of a k-graph H,

14
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denoted by d,4(H), is defined as the minimum of dy (S) over all d-sets S of V/(H ) where d(.S)
denotes the number of edges containing S. Another main result of this Chapter is to settle the
transversal version of minimum d-degree-type results for perfect matchings in k-graphs for all
d € [k — 1], in a sense that the minimum d-degree condition which forces a perfect matching
in a single k-graph is essentially sufficient to force a transversal perfect matching in a k-graph
collection. Note that (Joos & Kim, 2020) proved that §(G;) > n/2 guarantees a transversal
perfect matching in an n-vertex graph collection.

It is well-known that perfect matchings are closely related to its fractional counterpart. Given a
k-graph H, a fractional matching is a function f : E(H) — [0, 1], subject to the requirement
that ) .. .. f(e) <1, forevery v € V(H). Furthermore, if equality holds for every v € V (H),
then we call the fractional matching perfect. Denote the maximum size of a fractional matching
of H by v*(H) = maxy Xccpm) f(e). Let ¢ q be the minimum d-degree threshold for perfect
fractional matchings in k-graphs, namely, for every ¢ > 0 and sufficiently large n € N, every
n-vertex k-graph H with 6,(H) > (cxa + €) (Z:g) contains a perfect fractional matching. It
is known that (Alon et al., 2012) every n-vertex k-graph H with §4(H) > (max{cxq4,1/2} +
o(1)) (Z:S) has a perfect matching, and this condition is asymptotically best possible. However,
determining the parameter cy, 4 is a major open problem in this field and we refer to (Frankl &
Kupavskii, 2018) for related results and discussions.

Theorem 2.1.5. For every ¢ > 0 and integer d € [k — 1], there exists ng € N, such that
the following holds for all integers n > ng and n € kN. Every n-vertex k-graph collection
G = {Gy,...,Gr} with 64(G;) > (max{crq, 5} + €) (Z:g) for each i contains a transversal

perfect matching.

2.2 A general framework for transversal F'-factors

The naive idea of our proof is to build a rainbow absorption structure and a rainbow almost
F'-factor. Moreover, the rainbow absorption structure must be able to deal with (i.e., absorb) an
arbitrary leftover of vertices, as well as a leftover of colors.

To state our general theorem for transversal F'-factors, we need some general notation that
captures all of our contexts. We shall consider a directed k-graph (Dk-graph) H, with edge set

E(H) C (V(kH )) x {+, —}, that is, each edge consists of k vertices and a direction taken from
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{+, —}. This way a directed (2-)graph can be recognized as a graph with an ordered vertex set,
and edges following (or against) the order of the enumeration are oriented by + (or —).

Given a Dk-graph H = (V, E), for E' C E, we write H|E'] for the subgraph of H with edge
set ' and vertex set U.cpy /. For V! C V, if H' C H contains all edges of H with vertices in
V', then H' is an induced subgraph of H. Denote it by H[V"]. If there is an F-tiling in H whose
vertex set is VV/, then we say that VV/ spans an F-tiling. Given another Dk-graph H; = (V;, E),
weset HUHy := (VUV,, EUE)).

Given a Dk-graph F with b vertices and f edges, a Dk-graph collection G = {G71, .. ., Gn 7} on
vertex V' and a subset V' C V. Let G[V'] = {G1[V'],...,Gn;[V']} be the induced Dk-graph
collection on V’. If |V’| € bN and there exists a rainbow perfect F-tiling inside G[V'’'] whose
color set is C' C [nf/b], then we say that V' spans a rainbow F'-tiling in G with color set C.
Let A; and As be two rainbow Dk-graphs in G with color set C; and (), respectively, we set
A; U A, to be a Dk-graph with vertex set V' (A;) U V(As), edge set E(A;) U E(A3) and color
set C71 U Cy. The following general minimum degree condition captures all of our contexts.
Definition 2.2.1. Let H be a Dk-graph and d € [k — 1], a minimum d-degree 6;(H) corre-
sponding to a certain (implicit) degree rule can be defined as follows. There exists { € N such

that for any d-set S C V(H), let
N*(S) :={E\,...,Ep},

where E; is a set of edges of H that each contains S as a subset. Let deg”(S) := min,cjq ||
and 0%(H) = minsg(\;) deg™(9).
We list all the instances of minimum degrees used in this Chapter.
* When H is a k-graph, we can take ¢/ = 1 and F as all edges containing S, thus deg”(.S) =
|| and &} ( H) represents the standard minimum d-degree of H.
* When H is a k-partite 2-graph, we can take ¢ = k£ — 1 where F; consists of the edges from
S ={v}toV;fori e [k]\{j:v € V;},thusdeg”(S) = min{|E;| : i € [E]\{j : v € V}}}
and 0] (H) represents the minimum partite degree of H.
» When H is a directed graph and S = {v} for a given vertex v, we can take ¢/ = 1 and take
E} as the sets of out(in)-edges, thus, deg”(S) = | F1| and 0] (H ) represents the minimum

out(in)-degree of H.
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* When H is a directed graph and S = {v} for a given vertex v, we can take ¢ = 2
and take Fy, Fs as the sets of in-edges and out-edges respectively, thus, deg*(S) =
min{|E|, |Ez|} and §7(H) represents the minimum semi-degree of H.

Throughout the rest of this Chapter, let F' be a Dk-graph with b vertices and f edges. We first
define an absorber without colors. Given a set B of b vertices, a Dk-graph A° = A9 U AJ is
called an F'-absorber for B if

s V(A% = BUL',

o AYis an F-factor on L and AY is an F-factor on BU L.

Note that [V (A%)| is always a constant. Naturally, we give the definition of rainbow F'-absorber
as follows.

Definition 2.2.2 (Rainbow F-absorber). Let G = {G1,...,Gynsp} be a Dk-graph collection
onV and F be a Dk-graph with b vertices and [ edges. For every b-set B in V' and every f-set
Cinnf/bl, A= Ay U Ay is called a rainbow F-absorber for (B, C') if

s V(A) = BUL,

» A; is a rainbow F-factor on L with color set C and A, is a rainbow F'-factor on B U L
with color set C1 U C.

A rainbow F-absorber for (B, C') works in the following way: A; is a rainbow F-tiling with
color set ('}, thus, if the vertices of B and the colors C' are available, then we can switch to A,
and get a larger rainbow F-tiling. For example, Let G = {G,...,G,} be a graph collection
on n-vertex set V. For any B = {vy, vs,v3} and C' = {i, j, k}, we construct a rainbow triangle-
absorber A for (B, C') where V(A) = BU{vy,...,vi12}. {v4070s, V509010, Vgv11012 } is a family
of rainbow triangles with color set C, which serves as A;. {v1v7vs, UVavgv1g, U3U11V12, VU506 }
is a family of rainbow triangles with color set C; U {1, j, k}, which serves as As.

Now we introduce one of the main parameters cjb;* Roughly speaking, it is the minimum
degree threshold such that all b-sets are contained in many rainbow F’-absorbers.

Definition 2.2.3 (c}’*: Rainbow absorption threshold). Fix an F-absorber A° = A U A3 and
let m be the number of vertex disjoint copies of F in AS. Let cgp 40 € (0,1) be the infimum
of reals ¢ > 0 such that for every ¢ > 0 there exists ¢ > 0 such that the following holds for
sufficiently large n € N where d € [k —1]. Let G = {G\, ..., Gy} be an n-vertex Dk-graph
collection on V. If 53(G;) > (c+€)(}=%) fori € [nf/b), then for every b-set B in V and every

I As usual, AUB denotes the disjoint union of A and B.
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V1 () U3
Uy \\ Vg Vg \\ // V10 V11 V12
J
V4 (% Vg
k

Figure 2.1: A rainbow triangle-absorber A for (B, C)

f-set C in [nf /b] with the form (i — 1) f,if] for some i € [n/b], there are at least €n™~1)(+1)
rainbow F-absorbers A with color set C(A%) U C whose underlying graph is isomorphic to A°
such that C(AY) = [(i1—1)f+ 1,41 f]lU[(ia— 1) f+ 1, da f]U- - -U[(4rn1—1) f+ 1,491 f] where
i; € [n/b] foreach j € [m—1] andi;, # i;, for distinct jy, jo € [m—1]. Let cz}”;’* := inf ¢4 p a0
where the infimum is over all F-absorbers A°.

We next define a threshold parameter for the rainbow almost F'-factor in a similar fashion. We
use the following auxiliary b-graph Hr. Given a Dk-graph F' with b vertices and f edges, and an
n-vertex Dk-graph collection H = {H;, ..., H¢} on V, let Hp be the (undirected) b-graph with
vertex set V (Hp) = V and edge set E(Hp) = {V(F") : F'is a rainbow copy of F' with color set [f]}.
Definition 2.2.4 (c3’.": Rainbow almost F-factor threshold). Lez c;’n" € (0, 1) be the infimum
of reals ¢ > 0 such that for every € > 0, the following holds for sufficiently large n € N. Let
H = {H,,...,H;} be an n-vertex Dk-graph collection. If 6;(H;) > (c + ¢€) (Z:j) for every
i € [f], then the b-graph Hp has a perfect fractional matching.

The property of “having a perfect fractional matching” is required in H», which is a single host
graph. This definition (and our proofs supporting it) establishes a close relation between the
rainbow ['-factor problem and the classical F’-factor problem with no colors.

Now we are ready to state our general result on transversal F'-factors.

Theorem 2.2.5. Let I’ be a Dk-graph with b vertices and f edges. For any ¢ > 0 and integer
d € [k — 1], the following holds for sufficiently large n € bN. Let G = {G1, ..., Gy} be an

18



University of Oxford Wadham

n-vertex Dk-graph collection on V. If 05(G;) > (maX{CZED;’*, Cop t+e€) (1= fori € [nf/b],
then G contains a transversal F-factor.

Theorem 2.2.5 reduces the transversal F'-factor problem to two subproblems, namely, the enu-
meration of rainbow F-absorbers and the study of perfect fractional matchings in Hr. In our
proofs of Theorems 2.1.1-2.1.5, the first subproblem is done by greedy constructions of the
K-absorbers with the minimum degree condition. Note that the second subproblem is trivial
by definition for Theorem 2.1.5. For Theorems 2.1.1-2.1.4, we achieve it by converting the
problem to the setting of complexes (downward-closed hypergraphs) and then applying a result
of (Keevash & Mycroft, 2015a) on perfect fractional matchings, which is a nice application of
the Farkas” Lemma for linear programming.

To conclude, we remark that the main benefit from Theorem 2.2.5 is that both of these two
subproblems only concern finitely many colors. From this aspect, Theorem 2.2.5 irons out
significant difficulties on the transversal spanning structure problem due to an unbound number

of colors.

2.3 Preliminary

For a hypergraph H, the 2-degree of a pair of vertices is the number of edges containing this
pair and A, (H) denotes the maximum 2-degree in H. For reals a, b and ¢, we write a = (1£b)c
for (1 — b)c < a < (1 + b)c. We need the following result which was attributed to (Pippenger
& Spencer, 1989)(see Theorem 4.7.1 in (Alon & Spencer, 2008)), following Frankl and R&dl.
A cover in a hypergraph H is a set of edges such that each vertex of /1 is in at least one edge of
the set.
Lemma 2.3.1 ((Pippenger & Spencer, 1989)). For every integer k > 2, v > 1 and a > 0, there
exist v = y(k,r,a) > 0 and dy = do(d, r,a) such that the following holds for every n € N
and D > dy. Every k-graph H = (V, E) on V of n vertices in which all vertices have positive
degrees and which satisfies the following conditions:

* Forall vertices x € V but at most yn of them, dg(z) = (1 £ ~)D.

* Forallxz € V, dy(z) < rD.

* Ay(H) < vD.

contains a cover of at most (1 + a)(n/k) edges.
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The following well-known concentration results, i.e. Chernoff bounds, can be found in Ap-
pendix A in (Alon & Spencer, 2008) and Theorem 2.8, inequality (2.9) and (2.11) in (Janson,
Luczak, & Rucinski, 2000). Denote a binomial random variable with parameters n and p by
Bi(n,p).

Lemma 2.3.2 (Chernoff Inequality for small deviation). If X = Z?Zl X;where X1,..., X, are
mutually independent random variables, each X; has Bernoulli distribution with expectation p;
and o < 3/2, then

P[|X — E[X]| > oE[X]] < 2¢~% B,

In particular, when X ~ Bi(n,p) and X\ < 3np, then
PIIX — np| > A < e 20w

Lemma 2.3.3 (Chernoff Inequality for large deviation). If X = Y7 | X, where X, ..., X,, are
mutually independent random variables, each random variable X; has Bernoulli distribution

with expectation p; and x > TE[X], then

We also need the Janson’s inequality to provide an exponential upper bound for the lower tail
of a sum of dependent zero-one random variables.

Lemma 2.3.4 (Theorem 8.7.2 in (Alon & Spencer, 2008)). Let I be a finite set and p; € [0, 1] be
arealfori € I'. Let Iy, be a random subset of I' such that the elements are chosen independently
with Pli € I'))| = p; fori € I'. Let M be a family of subsets of I'. For every A; € M, let I, =1
if A; C I'y and O otherwise. Let B; be the event that A; C I',. For A;, A; € M, we write i ~ j
if B; and Bj are not pairwise independent, in other words, A;NA; # (. Define X = ¥ 4,enla,,
A =E[X], A=) P[B; A B, then

i~J

P[X < (1-9)\ < e~ VM 2HA/N)]
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2.4 Transversal Absorption Technique

2.4.1 transversal Absorption Lemma

In this section we prove a transversal version of the absorption lemma via probabilistic method.
The only difference is that we use the following auxiliary hypergraph which makes it applicable
to the transversal setting.

Definition 2.4.1. We call a hypergraph H a (1,b)-graph, if V(H) can be partitioned into AU B
and E(H) is a family of (1+0b)-sets each of which contains exactly one vertex in A and b vertices
in B.

For a (1,b)-graph H with partition AUB, a (1,d)-subset D of V(H) is a (d + 1)-tuple where
|IDNA| =1and |[DNB| =d. A(l,b)-graph H with partition classes A, B is balanced if
b|A| = |B|. We say that aset S C V(H) is balanced if b|S N A| = |S N Bj.

Given an n-vertex Dk-graph collection G = {Gy,..., G,y /b} on V, we first construct a se-
quence of hypergraphs Hy. , ..., H }%/b’ each of which is a b-graph with vertex set V/(Hy ) =V
and edge set K(Hy) = {e € (‘g) : e spans a rainbow copy of [’ with color set [; =
(i —1)f + 1,if]}. We define an auxiliary (1, b)-graph Hg of G as follows.

Definition 2.4.2. Let Hg be an auxiliary (1,b)-graph of G with vertex set V' = [n/b] UV and
edge set {{i}Ue:i € [n/b],e € Hy }.

For any edge e € E(Hg), If A C V(Hg) and |A] is divisible by b + 1, then A € ((bt})") is an
absorber for e if e C A, there is a perfect matching in Hg[A] and there is a perfect matching in
Hg[A\ e]. Let L(e) denote the set of absorbers for e in Hg.

Lemma 2.4.3 (transversal Absorption Lemma). Let F' be a Dk-graph with b vertices and f
edges and A° be a rainbow F-absorber. The maximum vertex-disjoint copies of F of A° is
m. For every € > (0, there exist v, and ng such that the following holds for all integers
n > ng. Suppose that G = {Gq,..., G%f} is an n-vertex Dk-graph collection on V and
(G > ( ZTJ*jLe) (Z:j) and Hg is the auxiliary (1, b)-graph of G, then there exists a matching
M in Hg with size at most 2y(m—1)n such that for every balanced set U C ([n/b] UV )\V (M)

of size at most yyn, V(M) U U spans a matching in Hg.

Proof. Let1/n < 71 € o € 7 < ¢’ < e. Note that a matching of size m in Hg corresponds

to a rainbow F'-absorber in G. Choose a family F of matchings of size m — 1 from Hg by
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including each matching of size m — 1 independently at random with probability

Note that | F|, |£(e) N F| are binomial random variables with expectations
E|F| < 4n and

E|L(e) N F| > ~e'n for any e € E(Hg).

The latter inequality holds since for any edge e of Hg, |L£(e)| > &/n(m~D(¢+D) by the minimum
degree assumption and Definition 2.2.3. By Lemma 2.3.2, with probability 1 — o(1), the family
F satisfies the following properties.

i. |F| <2E|F| < 29n,

ii. [L(e)NF|>iE|L(e)NF|> iye'nforany e € E(Hg).

Moreover, we can also bound the expected number of pairs of intersecting members of F by
n(m—l)(b+1) (m . 1)2(b + 1)2n(m—1)(b+1)—1p2 < é/}/g/n'

Thus, by Markov’s inequality, we derive that with probability at least 1/2, F contains at most
%fys’ n pairs of intersecting members of F. Remove one member from each of the intersecting
pairs in F. Thus, the resulting family, say JF’, consists of pairwise disjoint matchings of size
m — 1 that satisfies

i. |F| <2yn,

ii. [L(e)NF|> 3ve'n — ive'n > an forany e € E(Hg).
Therefore, the union of members in F' is a matching in Hg of size at most 27y(m — 1)n and can

(greedily) absorb a balanced set U of size at most ;7 since v, <K a. L

2.4.2 Enumeration of Rainbow Absorbers

In this section, we give two examples of rainbow absorbers. The first one is as follows. Recall

that T}, is the transitive tournament on & vertices.
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2.4.2.1 Rainbow 7}.-absorber

For the proof of Theorem 2.1.2, we show that
Ar <1-4 2.1)

For any k-set S = {u1,us,...,u;} in V and every (5)-set C = [(j — 1)(%) + 1,5(})] where
J € [%], we define a rainbow T}-absorber A for (S, C) as follows.

« Ay =A-S={T}, ..., TF} is arainbow Tj-tiling with C(T}) = [(j; — 1) () + 1, 5:(§)]
where j; € [n/k] fori € [k] and Ay = {T?, T},...,TF} is a rainbow Tj-tiling with
C(TP) = Cand O(T}) = [(j;: — 1) (5) + 1, 5;(5)] where j; € [n/k] fori € [k] .

* We can choose a rainbow 7} that is isomorphic to T} with color set C' such that V (7}) =
{v1,v9,..., v} where v; € V(T}) and V(T7) = V(T)\{vs } U {u;},i € [k].

e c(uz) = c(vr) for each x € V(A \V(T?)), and c(zy) in T} is the same as c(xy) in T}
fori € [k] and z,y € V(A \V(T})).

Tl/ Tk'
k (75} U9 us e U k
. . . .

1 V2 V3 Uk
E &// "
T

Figure 2.2: Illustration of the rainbow absorbers (with directions omitted)

Suppose 6(D;") > (1 —1/k +¢e)n fori € [} (];)] For any k-set S in V' and every (’;)—set
C=1G-1() +1,5()] where j € [2], we denote the family of rainbow 7}-absorbers for
(5,C) by A(S, C).

Claim 2.4.4. For any k-set S = {uy,ua,...,ux} in V and every (g) -set C' = [(j — 1)(];) +
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1,5 (5)] where j € [}, we have |A(S,C)| > e Hn* .

Proof. Fixing a k-set S = {u1,us,...,ux}in Vanda (5)-set C = [(j — 1)(§) + 1,5(%)] for
some j € [%], we construct rainbow absorbers for (S, C'). We choose [(j; — 1) (g) +1,5:(%)]
for ¢ € [k] arbitrarily, there are (% — 1)(% — 2)--- (% — k) > &"n* choices. Next, we choose a
rainbow T,S with color set C'. Due to the minimum out-degree of D;, the number of choices for

TP is at least
(n— k) <(1—%+5)n—(k+1)> (%Jr(k;—l)sn—(%—l)) > chph

Now we fix one such U = {vy,vs,...,v;}. For each i € [k]| and each pair {u;,v;}, suppose
we succeed in choosing a set \S; such that S; is disjoint to W;_; = Ujc;—1)S; U .S U U, then
V(T{) = S;U{u;} spans a rainbow T}, in D with color set [(j; — 1) () + 1, j;(%)] while so does
V(T}) = S; U {u;}.

For the first vertex in S, the number of choices is at least (1 — % + 2¢)n — 2k, for the last vertex
in Sy, the number of choices is in ken — (3k — 1). Since % < ¢, the number of choices for S}

1s at least

((1 - % +2e)n — 2k) oo (ken — (3k — 1)) > Mt

k—lnk—l

Similarly, the minimum out-degree implies that for i € [2, k| there are at least & choices

for S; and in total we obtain £¥* #n**+* rainbow T}-absorbers for S. O

2.4.2.2 Rainbow edge-absorber

For the proof of Theorem 2.1.5, we show that

bs,d S

b . (2.2)

N | —

Given an n-vertex k-graph collection G on V with 64(G;) > (4 +¢)(}2%) fori € [n/k], we first
construct a (1, k)-graph Hg with vertex set [n/k]UV and edge set {{i}Ue : e € H;,i € [n/k]}.
Next, we construct a specific rainbow edge-absorber. For any k-set T = {vy,..., v} in V and
every color ¢; € [n/k|, we give a rainbow absorber A = A; U A, for (T, ¢;) as follows.

o Ay ={M,,..., M} isasetof k — 1 disjoint edges in Hg where ¢; € M;(i € [2, k]).

* There is a vertex u;(i € [2, k]) from each V (M;) such that {us, ..., ux,v1,c1} € E(Hg)
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and (V(MZ)\{uz})U{vﬁ} c E(H(;) fori € [2, kf] Let A2 be {{Ug, .o, Ug, U1, Cl}, (V(MQ)\
{ua}) U{wa}, s (VM) \ {ur}) U {ve )}

For any k-set T'in V' and every color ¢; € [n/k], we denote the family of such rainbow edge-
absorbers for (7', ¢;) by A(T, ¢1).
Claim 2.4.5. |A(T, ¢;)| > e%2pk=1("=1)* /2,

Proof. Fix ¢; € [n/kland T = {vq,...,vx} C V. Choose (ca, ..., c) arbitrarily from [n/k]

and there are at least (% —1)--- (% — (k — 1)) > &"'nF~! choices. Fix such (co,...,cx).
Next, we construct M, ..., M} and note that there are at most (k — 1) (Z:;) < E(::D edges

which contain ¢y, v; and v; for some j € [2, k]. Due to the minimum degree assumption, there

are at least %(Zj) edges containing v, and c; but none of vy, ..., v,. We fix such one edge
{c1,v1,us,...,u} and set Uy = {ug,...,u}. For each i € [2,k] and each pair {u;,v;},

suppose we succeed in choosing a set U; such that Uj; is disjoint with W;_y = Uje—yU; UT
and both U; U {u;, ¢;} and U; U {v;, ¢;} are edges in H, then for a fixed i € [2, k], we call such
a choice U; good.

Note that in each step i € [2, k], there are k + (i — 1)(k — 1) < k? vertices in W;_, thus the

number of edges with color ¢; intersecting u; and at least one other vertex in WW;_; is at most

k? (Z:;) So the minimum degree assumption implies that for each i € [2, k], there are at least
2¢(1-1) —2k*(7—,) > (}—1) choices for U; and in total we obtain £2#~2pk~1 (Zj)k /2 rainbow
absorbers for (T, ). O

2.5 Rainbow Almost Cover

The goal of this section is to prove the following lemma, an important component of the proof
of Theorem 2.2.5.

Lemma 2.5.1 (Rainbow Almost Cover Lemma). Let F' be a Dk-graph with b vertices and f
edges. For every €,¢ > 0 and integer d € [k — 1], the following holds for sufficiently large
n € bN. Suppose that G = {G1, ..., Gy} is an n-vertex Dk-graph collection on'V such that
0;(Gi) > (cgp” +¢) (=9 fori € [nf/b], then G contains a rainbow F-tiling covering all but
at most ¢n vertices.

For a k-graph H, a fractional cover is a function w : V/(H) — [0, 1], subject to the requirement

Y vwee W(v) > 1 forevery e € E(H). Denote the minimum fractional cover size by 7°(H) =
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min, Xyev(mw(v). The conclusion v*(H) = 7*(H) for any hypergraph follows from the LP-
duality. For n-vertex k-graphs we trivially have v*(H) = 7*(H) < 7.

We construct another (1, b)-graph H on [”Tf] UV with edge set E(H) = {{i}Ue : e € H, for
alli € [nf/b]}. A (1,k — 1)-subset S of V(H) contains one vertex in [%] and k — 1 vertices in
V. Letd; 1 (H) := min{deg;(S): Sisa (1, k — 1)-subset of V(H)} where deg(S) denotes
the number of edges in H containing S.

The proof of the following claim is by now a standard argument on fractional matchings and
covers.

Claim 2.5.2. If each H}, contains a perfect fractional matching for i € [}], then the auxiliary

(1,b)-graph Hg of G contains a perfect fractional matching.

Proof. By the duality theorem, we transform the maximum fractional matching problem into

the minimum fractional cover problem. Since 7*(Hg) = v*(Hg) < %, it suffices to show that

7*(Hg) > % to obtain v*(Hg) = 7. Let w be the minimum fractional cover of Hg and take

i1 € [n/b] such that w(iy) := minep, /) w(i). We may assume that w(i;) = 1 — 2 < 1, since

otherwise w([n/b]) > 7 and we are done. By definition we get w(e) > 1 — w(i1) = x for every
w(v)

ec€ H 1/”1'1' We define a new weight function w’ on V' by setting w'(v) = = for every vertex

v € V. Thus, &' is a fractional cover of H};Z_I because for each e € H, . W'(e) = @ > 1.

Recall that [, has a perfect fractional matching, and thus w'(V)) = 7*(Hf, ) > § which

implies that w(V) > &*. Therefore,
wFlUV)> A —-2)3 +F =1
Hence, 7*(Hg) = ¥, i.e. Hg contains a perfect fractional matching. Ol

In this section, given an n-vertex Dk-graph collection G, we shall construct an auxiliary (1,b)-
graph H¢ of G and a sequence of random subgraphs of Hg. Then, we use the properties of them
to get a “near regular” spanning subgraph for the sake of applying Lemma 2.3.1.

The proof is based on a two-round randomization which is already used in (Alon et al., 2012;
Lu, Wang, & Yu, 2023; Lu, Yu, & Yuan, 2021). Since we work with balanced (1, b)-graphs, we
need to make sure that each random graph is balanced. In order to achieve this we modify the
randomization process by fixing an arbitrarily small and balanced set S C V' (Hg). This is done

in Fact 2.5.3.
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Let Hg be the auxiliary (1, b)-graph of G with partition classes A, B and b|A| = |B| where A
is the color setand B = V. Let S C V(Hg) be a set of vertices such that |S N A| = n%% /b and
SN B| = n%%. The desired subgraph H” is obtained by two rounds of randomization. As a
preparation to the first round, we choose every vertex randomly and uniformly with probability
p = n~%9 to get a random subset R of V(Hg). Take n'! independent copies of R and denote
them by R;,, i € [n'?], i.e. each R;; is chosen in the same way as R independently. Define
R, = R;; \ Sforie [n'].
Fact 2.5.3. Letn, Hg, A, B, S and R;_, R, be given as above. Then, with probability 1 —o(1),
there exist subgraphs R;,i € [n'], such that R;_ C R; C Ry, and R; is balanced.
The following two lemmas together construct the desired sparse regular k-graph we need.
Lemma 2.5.4. Given an n-vertex Dk-graph collection G = {G1,..., Gy} on 'V, let Hg
be the auxiliary (1,b)-graph of G. For each X C V(Hg), let Yy := |{i : X C R;,}| and
Yy = |{i : X C R;}|. Let H be with vertex set [%]UV and edge set E(H) = {{i}Ue : e € G;
foralli € [nf/b]}. Then with probability at least 1 — o(1), we have
i |Ri|=(1/b+1+0(1))n’! foralli e [n"!].
ii. Yy = (1+0(1))n2 forve V(Hg) \ S and Yy, < (1+ 0(1))n" forv € S.
iii. Yy < 2forall {u,v} CV(Hg).
. Y. <1foralle € E(Hg).
v. Suppose that V(R;) = C;UV;, we have 517d(ﬁ[Uj€Ci (=D f+1,5fJUV]) > (7w +
) (FLE) — |y 1 B S| (RO > (6 /8) (L),
Lemma 2.5.5. Let n, Hg, S, R;, i € [n'!] be given as in Lemma 2.5.4 such that each Hg[R;| is
a balanced (1, b)-graph and has a perfect fractional matching w;. Then there exists a spanning
subgraph H" of H* = U; Hg|R;] such that
o dyr(v) < (1+0(1))n2 forve S,
o dgn(v) = (14 0(1))n2 forallv € V(Hg) \ S,
o Ap(H") < n%L,
The proofs follow the lines as in (Alon et al., 2012; Lu et al., 2023; Lu, Yu, & Yuan, 2021) and

thus we put them in the last section.

Proof of Lemma 2.5.1. By the definition of cf;}’*, Lemma 2.5.4 (5) and Claim 2.5.2, there exists

a perfect fractional matching w; in every subgraph Hg[R;], i € [n'!]. By Lemma 2.5.5, there is
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a spanning subgraph H” of H* = U; Hg[R;] such that dg~(v) < (1 + o(1))n°? for each v € S,
dgn(v) = (14 0(1))n"2 forall v € V(Hg) \ S and Ay(H") < n°!. Hence, by Lemma 2.3.1

n+n/b
1+b

(by setting D = n%2), H” contains a cover of at most (1 + a) edges which implies that

n+n/b

(1 —a(1+4b—1)), where a is a constant satisfying

H" contains a matching of size at least

0 <a<¢/(1+b—1). Hence Hg contains a matching covering all but at most ¢(n + n/b)

vertices. ]

2.6 The proof of Theorem 2.2.5

Proof. Suppose that % <€ ¢ Ky Ky <K e < e where ¢,7, v are defined in Lemma
2.4.3 and ¢, € in Lemma 2.5.1. Let Hg be the auxiliary (1, b)-graph of G. By Lemma 2.4.3,
we get a matching M in Hg of size at most 2y(m — 1)n such that for every balanced set
U C [n/b]UV \ V(M) of size at most y;n, V(M) U U spans a matching in Hg. Let G' =
{G1, ..., G} be the induced Dk-graph collection of G on V' where V' := V\V(M). Denote
the subsystem of G’ by G} = {G} | i € I = [nf/b]\ U cvanympmy (G — Df + 1,7 f1}. We still
have 04(G}) > (max{cj??’*, cup t (179 for i € I, since 2y(m — )n (32971 < £(279).
Then, we construct the new auxiliary (1, b)-graph Hg, of G).

By Lemma 2.5.1, Hg, contains a matching M, covering all but at most ¢|V'| < ¢(n + n/b)
vertices. Suppose W, = [n/b] UV \ (V(M) U V(M)), hence |W1| < ¢(n + n/b) < yn
and W, is balanced. By Lemma 2.4.3, V(M) U W, spans a matching M, in Hg and therefore

My U M, is a perfect matching in Hg, which yields a transversal F'-factor in G. O
In the next few sections we prove our results in Section 1 (Theorems 2.1.2 — 2.1.5), and by
Theorem 2.2.5, it suffices to specify the 0;; we use and bound the parameters czlii’* and ¢

Note also that we will not present a proof of Theorem 2.1.1, as it follows from either of the two

directed extensions.

2.7 The proofs of Theorems 2.1.2 and 2.1.3

For Theorem 2.1.2, to apply Theorem 2.2.5, we set 0} as the minimum out-degree 6. Given that
67(D;) > (1—++e)nfori € [2(%)], by Theorem 2.2.5, it remains to prove that c?f’jsw:r, Gt <

1
1-1.
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Similarly, for Theorem 2.1.3, we set 6} as the minimum semi-degree 6°. Given T' € Ty, and

0°(D;) > (1— 4 +e)nforie [% (’;)], by Theorem 2.2.5, it remains to prove that C?});,o’ cf%’o <
1

-

abs,+ cov

Since the proofs are similar, we only show that ¢} 77, CLT,+ < 1— 1 for Theorem 2.1.2. Recall

that 7}, is the transitive tournament on k vertices. Note that c?t’Ts;f <1- % is exactly (2.1).

We partition the n-vertex digraph collection D into [n/k] subsystems Dy, ..., D,, ), where D; =

{D ’Di(k)}. Define Hr, ; as the k-graph which consists of rainbow copies of T},

(i—1)(E)+1 -
onD; W(itil color set [(i — 1) (];) +1, z(’;)] We shall show that each Hr, ; has a perfect fractional
matching.

Claim 2.7.1. Fori € [n/k|, Hr, ; has a perfect fractional matching.

A k-complex is a hypergraph .J such that every edge of J has size at most k, ) € J and is
closed under inclusion, i.e. if e € J and ¢ C e then ¢’ € J. We refer to the edges of size r
in J as r-edges of J, and write J, to denote the r-graph on V (/) formed by these edges. We
introduce the following notion of degree in a k-system .J. For any edge e of .J, the degree d(e)
of e is the number of (|e|+1)-edges ¢’ of J which contains e as a subset. (Note that this is not
the standard notion of degree used in k-graphs, in which the degree of a set is the number of
edges containing it.) The minimum r-degree of J, denoted by 0, (J), is the minimum of d(e)

taken over all r-edges e € J. Trivially, do(J) = |V (J)|. So every r-edge of J is contained in at
least 0,.(.J) (r + 1)-edges of J. The degree sequence of J is

6(J) = (00(J), 61(J), - - -, Op—1(J))

Lemma 2.7.2 (Lemma 3.6, (Keevash & Mycroft, 2015a)). If the complex J satisfies §(J) >
(n, %n, %n, ceey %n), then Jy, contains a perfect fractional matching.

To prove Claim 2.7.1 we construct the clique k-complex J* for each D;, i € [n/k], which has
vertex set V' and edge set F(J!) where each edge is a rainbow T, with color set [(i — 1) (g) +
1,(i —1)(%) + (})] for each r € [k] and i € [n/k] . Note that for each i, the top level .J} is

exactly Hr, ;. By the out-degree condition, we get
§(JY) > (n,(1—=1/k+e)n,...,(1/k+¢e)n).

Therefore Claim 2.7.1 follows from Lemma 2.7.2 and we are done.
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For completeness, we include the short proof of Lemma 2.7.2 given in (Keevash & Mycroft,
2015a). Given points Xi,...,%x, € RY we define their positive cone as PC(xXy,...,X,) =
{Zje[s] AjXj 1 A1,...,As > 0}. Recall that V' is the n-vertex set, for any S C V/, the charac-
teristic vector x(S) of S is the binary vector in R"™ such that x(S5); = 1 if and only if i € S.
Given a k-graph H, if H has a perfect fractional matching w, then 1 € PC(x(e) : e € H),
since ) ..y w(e)x(e) = 1. The well-known Farkas” Lemma reads as follows.

Lemma 2.7.3 (Farkas’ Lemma). Suppose v € R"\PC(Y") for some finite set Y C R". Then

there is some a € R" such thata -y > 0 for everyy € Y anda -v < 0.

Proof of Lemma 2.7.2. Suppose that .J;, does not contain a perfect fractional matching, this
means that 1 ¢ PC(x(e) : e € J). Then by Lemma 2.7.3, there is some a € R" such
thata-1 < Oanda- x(e) > O0foreverye € J. Let V = {vy,...,v,} anda = (aq,...,a,)
satisfying aq < as < --- < ayp,.

We first build a k-edge e = {vg,,...,v4,} € Ji such that d; < Z2n + 1,5 € [k] as follows.
Choose d; = 1 and having chosen dy, ..., d;, the choice of d;. is guaranteed by J,(.J) >
(1—j/k)n. Ase € J,, we have a - x(e) > 0. Consider {S; = {vi, Vitn/ky- - Vit (k—1)n/k }
i € [n/k]} which form a partition of V/, thus >, a - x(5;) = a-1 < 0. However, as the
indices of vertices of e precede those of S; one-by-one and a; < as < --- < a,, we have for

eachi,a- x(S;) > a- x(e) > 0, a contradiction. O

2.8 The proof of Theorem 2.1.4

For Theorem 2.1.4, we set d; as the minimum partite-degree &'. Let G = {Gy,... ,Gn(k)}
2
be a collection of k-partite graphs with a common partition Vi,..., V) each of size n such

that &'(G;) > (1 — 1/k +e)n fori € [n(%)]. By Theorem 2.2.5, it remains to prove that

abs,” cov,’ 1
Cl>Kk:’ Clka -

=

The conclusion that c‘fbf{; < 1 — 1 can be similarly derived as (2.1) in Section 2.4.2.1 and thus

omitted. We next show how to obtain ciofv(; <1—+.

Let H be a k-graph and let P be a partition of V' (H ). Then we say a set S C V(H) is k-partite
if it has one vertex in any part of P and that H is k-partite if every edge of H is k-partite. Let
V' be a set of vertices, let P be a partition of V' into k parts V7, ..., V} and let J be a k-partite

k-system on V. For each 0 < j < k — 1 we define the partite minimum j-degree 03(J) as the
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largest m such that any j-edge e has at least m extensions to a (j + 1)-edge in any part not used
by e, i.e.
6;(J) :=min min {v € V;:eU{v} € J}|

e€J; enV;=0
The partite degree sequence is 0*(.J) = (05(J), ..., 05 1(J)).
To obtain c(iOIV(;, we use the following lemma, which is a special case of (Keevash & Mycroft,
2015a, Lemma 7.2). Again we present the short proof of Lemma 2.8.1 given in (Keevash &
Mycroft, 2015a).
Lemma 2.8.1. Let V be a set partitioned into k parts V1, ...,V each of size n and let J be a

k-partite k-system on 'V such that

5(J) > <n (k _kl)”, (k _k””%) |

Then Jy, contains a perfect fractional matching.

Proof. Suppose that J; does not contain a perfect fractional matching, this means that 1 ¢
PC(x(e) : e € Ji). Then by Lemma 2.7.3, there is some a € R*" such thata -1 < 0 and

ax(e) > 0foreverye € Jp. Let V ={v11,..., 010, V21, ,V2ny-v, Vk1,--., Vs and

a= (al,la <o A1, 2155 A2 05 - - -, Q15 - - - 7ak,n>

satisfying that @ G-in ) < <@p<ap <. <a =y for each j € [K].

We first build a k-edge ¢ = {v14,,v24,...,0ka,} € Jp suchthatd; < I2n+ 1,5 € [k]
as follows. Choose d; = 1 and having chosen dy, ..., d;, the choice of d;; is guaranteed by
0;(J) > (1 —j/k)n. As e € Ji, we have a - x(e) > 0. Consider {S; = {v1,, v, ..., Uk} :
i € [n]} which forms a partition of V', thus >, a- x(S5;) = a -1 < 0. However, we have for
eachi,a- x(S;) >a-x(e) >0,as @ G-im 4y <o <ajp,<ajp <. < a; G- for each

J € [k], a contradiction. O

We partition the kn-vertex k-partite graph collection G on V' into n subsystems G, ..., G,
where G; = {G(Fl)(’;)H? ey Gz(’;)} for i € [n]. The clique k-complex J' of a k-partite graph
collection G; is with vertex set V' and edge set E(J!) where each edge is a rainbow K, with
color set [(i — 1) (%) +1,(i — 1)(5) + (;)] for each r € [k] and i € [n]. In G, by the degree

condition, we get for each i € [n],
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§*(JY > (n, (1—%+5>n,...,(%+5)n>.

By Lemma 2.8.1, J; contains a perfect fractional matching. Therefore ciofvﬂl <1-

=

2.9 The proof of Theorem 2.1.5

Note that cjﬁi’d < - is given in (2.2). By Definition 2.2.4, we trivially have cff}’d < ¢g,q Where

1
2

F'is an edge. By Theorem 2.2.5, the proof of Theorem 2.1.5 is completed.

2.10 Proof of Auxiliary Results

Below we restate and prove Fact 2.5.3, Lemma 2.5.4 and Lemma 2.5.5.
Fact 1. Let n, Hg, A, B, S and R;_, R;, be given as above. Then, with probability 1 — o(1),

there exist subgraphs R;, 7 € [n'!], such that R;_ C R; C R;, and R; is balanced.

Proof. Recall that |A| = n/b, |B| =n,|S N A| =n"/band |S N B| = n®%, thus
E[|Ri. N Al =n"!/b,

E[|Ri. N AN S| =n""/b,
E(|Ri. N B|] =n",
E[|Riy N BN S| = n"%,
By Lemma 2.3.2, we have

n0406)

P(|[Ryy N A] = n®!/b] > n®%] < 7000,

P[HRH- NAN S| — n0.09/b| > n0.0S] < e_Q(nO4O7)7
P[HRH— N B| — n0.1| > no,os] < e_Q(no.oe)7

P[HRH— NBN S| — n0.09/b| > no,og} < G_Q(nom)'
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Thus, with probability 1 — o(1), for all i € [n'!],
|Riy NA| € [n®1/b—n"08 nO1 /b 4 n008)

|Riy NANS| = (1+0(1))n"%/b,
Ry N B| € [n%F — 0% 01 4 008]
|Riy N BN S| = (1+0(1))n"%.

Therefore, |b|R; N A| — |[Rix N B|| < (b+ 1)n®® < min{|R;x N AN S|,|Rx N BN S|}
Hence, with probability 1 — o(1), R; can be balanced for i € [n'1]. O

Lemma 5.3. Given an n-vertex Dk-graph collection G = {G,...,GL¢} on V, let Hg be
the auxiliary (1,b)-graph of G. For each X C V(Hg), let Yy := |{i : X C R;;}| and
= |{i: X C R;}|. Let H be with vertex set %L 11UV and edge set E(H) = {{i}Ue : e € G;

forall i € [nf/b]}. Then with probability at least 1 — o(1), we have

i |Ri| = (1/b+1+o0(1))n%! foralli € [n'!].

ii. Y3 = (14 0(1))n°? forv e V(Hg) \ S and Yy,3 < (14 0(1))n%* forv € S.

ili. Yy, < 2forall {u,v} C V(Hg).

iv. Y. < 1foralle € E(Hg).

v. Suppose that V(R;) = C; UV}, we have 0, 4( H Ujec,[G=Df+ 15 fJUVI]) > (7" +

/) (RLE0) — |y 1 B O SI(RLI) 2 (G + /) (REE).

Proof. Note that E[|R;.|] = (1/b+ 1)n®L E[|Ri_|] = ((1/b+ 1)n — (1/b+ 1)n*?)n=09 =
(1/b+ 1)n%t — (1/b + 1)n*%. By Lemma 2.3.2, we have

P[| |Ris| — n®H(1/b+ 1) |> n®9%) < Um0

P[| [Ri_| — ((1/b+ 1)n®! — (1/b + 1)n®") |> n®0%] < o n00%)

Hence, with probability at least 1 — O(nl'l)e_ﬂ(”o‘og), for the given sequence I?; in Fact 2.5.3,
i € [n''1], satisfying R, C R; C R;., we have |R;| = (1/b+ 1 + o(1))n"!.
For each X C V(Hg), let Yy = [{i : X C R;y}| and Yy := |[{i : X C R;}|. Note that the

random variables Y have binomial distributions Bi(n'!, n=%91X!) with expectations n!-1~0-9IX]
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and Yy <Yy . In particular, for each v € V(Hg), E[Y,"

{v}] = n%2, by Lemma 2.3.2, we have

P [V | —n®? 2 n%19] < 700",

Hence, with probability at least 1 — O(n)e=*""), we have Yi,; = (1 + o(1))n®? for v €
V(Hg) \ Sand Yy,y < (1+0(1))n"2 forv e S.

Let Z,, = |X € (V') : Y > . Then,

E[an] S (% + n) <n1~1> (n,O.gpq) S Cnp+1.1q*0.9pq.
p q

Hence, by Markov’s inequality we have
P[Zg,g = 0] =1- P{ZQ?g Z 1} Z 1-— E[ZQ’g] =1- 0(1)7

PlZip2=0=1—-P[Zijp2> 1] >1—-E[Z11p2) =1 —0(1),

i.e. with probability at least 1 — o(1), every pair {u,v} C V(Hg) is contained in at most two
sets R;y, and every edge is contained in at most one set R;,. Thus, the conclusions also hold
for R;.

Fix a (1,d)-subset D C V() and let Np(H) be the neighborhood of D in H. Recall that
R is obtained by choosing every vertex randomly and uniformly with probability p = n=%9,
let DEGp be the number of edges {f|f C R and f € Np(H)}. Therefore DEGp =
> renp (i) Xf» Where Xy = 1if fisin R and 0 otherwise. We have

—d
E[DEGp] = dy(D) x (™" > (¢p" +¢) (Z - d) 1 —0.9(h—d)

RNB|—d
> e (107 =),

For two distinct intersecting edges f;, f; € Np(H) with |f; N f;| = ¢ for ¢ € [k — d — 1], the

probability that both of them are in R is

P(X;, = X, = 1] = pk-
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for any fixed ¢, we have
k—d—1
d\ (k—d n—k
= = <
= D PXp=X,=1]< p* (k d)( 0 )(k—d—f)
fzm.f]?é@ /=1
k—d—1

d—
< Z 2(k—d) EO 2(k—d)— E) :O(n0.1(2(k7d)71)).
=

=

Applying Lemma 2.3.4 with ' = B, I, = RN B and M = Ny (D)(a family of (k — d)-sets) ,

we have
P[DEGp < (1 —¢/12)E[DEGp]] < e UEBIPEGD)?/A) — =0’

Therefore by the union bound, with probability 1 — o(1), for all (1, d)-subsets D C V(H), we
have

DEGp > (1 —¢/12)E[DEGp] > (c73" +¢/4) (‘R n Bl - d).

k—d
Summarizing, with probability 1 — o(1), for the sequence R;,i € [n'!], satisfying R, C R; C
R, , all of the following hold.
i |Ri| = (1/b+ 14 0o(1))n’! foralli € [n'!].
ii. Yy = (14 0(1))n®2 forv e V(Hg) \ S and Yy,3 < (14 o(1))n%* forv € S.
ili. Yy, < 2forall {u,v} C V(Hg).
iv. Y, < 1foralle € E(Hg).
v. DEGY) > > (cgp” + e/4) (MBI~ for all (1, d)-subsets of D C V(H) and i € [n'1].
Thus, by property (5) above, we conclude that suppose V (R;") = C;"UV," and V(R;) = C;UV;,

the following holds.
~ , , cov. RiyNB|—d
snatfil U 16 - 07 + 170Vl = e+ e (2.
ject

After the modification, we still have

|Rit N B |Rit N B

51,d(ﬁ[U (=) f+1, 5 flVVi]]) = (szo;*"‘ /4>< E—d - d)_|Ri+mBﬂS‘( L — d:cli

JEC;

35

)



University of Oxford Wadham

Bl —d
B0 Bl ) n

> (cgp” + 6/8)( g
Lemma 5.4. Let n, Hg, S, R;, i € [n'!] be given as in Lemma 2.5.4 such that each Hg[R;] is
a balanced (1, b)-graph and has a perfect fractional matching w;. Then there exists a spanning
subgraph H” of H* = U; Hg[R;] such that
o dyn(v) < (1+0(1))n®%forv € S,
o dyr(v) = (1+0(1))n"2 forallv € V(Hg) \ S,
o Ay(H") < n%L.

Proof. By the condition that each Hg[R;| has a perfect fractional matching w;, we select a gen-
eralized binomial subgraph H” of H* by independently choosing each edge e with probability
wj, (e) where i, is the index i such that e € Hg[R;|. Recall that property (4) guarantees the
uniqueness of 7.

Forv e V(H"),letl, = {i:v € R}, E, ={e € H* : v € e} and E! = E, N Hg[R], then
E!.i € I, forms a partition of E, and |I,| = Y7,}. Hence, forv € V(H"),

dpr(v) = Z I = Z Z Xe,

ecE, i€ly e€El

where X, is the Bernoulli random variable with X, = 1 if e € F(H"”) and X, = 0 otherwise.

Thus its expectation is w;, (e). Therefore
Eldp ()] =Y > wile)=) 1=V

1€ly e€E} i€ly

Hence, E[dg»(v)] = (1 + o(1))n®? for v € V(Hg) \ S and E[dy~(v)] < (1 4 o(1))n%? for
v € S. Now by Chernoff’s inequality, for v € V(Hg) \ S,

PHdH” (U) . n0.2| Z n0.15] S e—Q(nO.l),

and forv € S,

P[dH// ("U) _ n0.2 Z n0.15] S e—Q(nO.l)

Y

Taking a union bound over all vertices, we conclude that with probability 1 — o(1), dg~(v) =

(1+o0(1))n%2forallv € V(Hg) \ S and dg»(v) < (14 o(1))n2 forv € S.
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Next, note that for distinct u, v € V(Hg),

dH” {U U} Z 1= Z Z Xe7

ecE,NE, 1€l NIy GEEZ ﬁEl

and

[dHN {UU} Z Z wz <|I ﬂ]|<2

i€lyNly ee B NEL

Thus, by Lemma 2.3.3,

0.1

Pldpr({u,v}) = n™] < e,

then by a union bound we have Ay(H") < n°! with probability 1 — o(1). O
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3| Regularity Method and Blow-Up Lemma for Transver-

sals

3.1 Introduction

3.1.1 The regularity-blow-up method for transversals

The so-called ‘regularity-blow-up method’ has been employed to prove many results concerning
the embedding of a given spanning subgraph H in a large graph G. Such proofs typically run
along the following lines. Apply Szemerédi’s regularity lemma (Szemerédi, 1975) to obtain a
constant-size ‘reduced graph’ R of (G, which approximates the structure of G: vertices of R
correspond to disjoint vertex clusters in G, and edges of R correspond to regular pairs of vertex
clusters, which informally means that the edges between them are randomlike and therefore
easy to embed into. There may be a small number of ‘exceptional’ vertices which are not part
of this structure. Next, find a suitable subgraph H’ of R which is simpler than H, and often
consists of many small connected components (whereas H could be connected). Next, embed
small pieces of H which connect the components of H’. At this stage, some vertices may
need to be moved from the structure into the exceptional set to make clusters balanced and
to ensure regular pairs have sufficiently large minimum degree (they are superregular). Then
incorporate the exceptional vertices: for each such vertex v find a component of H' where v has
many suitable neighbours and a few vertices inside the H’-structure which can be used along
with v to embed a small part of /7. Finally apply the blow-up lemma of (Komlds, Sarkozy,
& Szemerédi, 1997) to embed most of H into H' allowing for the restrictions imposed by the
initial embedding. The blow-up lemma states that, for the purposes of embedding a possibly
spanning bounded degree graph, a regular pair behaves the same as a complete bipartite graph.
In this Chapter, we will provide the tools needed to apply the regularity-blow-up method to
obtain transversal embeddings, following the same steps as above. The basic idea is that one
can think of a graph collection G = (G, : ¢ € %) with common vertex set V' as the 3-uniform

hypergraph G with vertex and edge sets

VIGO)Y=VUE and E(GY®) = {zyc:zy e G.}.
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This natural idea has been noticed and used before, for example in (Joos & Kim, 2020), where
it was noted that a result of (Aharoni, Georgakopoulos, & Spriissel, 2009) on matchings in
k-partite k-uniform hypergraphs can be used to find a transversal matching in a bipartite graph
collection; and in (Cheng, Han, et al., 2021), where the weak regularity lemma was applied
to G® to find an almost spanning clique factor. We take the idea further by using this per-
spective to provide the tools one would require to use the regularity-blow-up method for graph
collections. To this end, we

* define regularity, superregularity, reduced graphs and provide a regularity lemma for
graph collections;

* state some of the standard tools for regularity arguments, such as a ‘slicing lemma’ which
states that regularity is inherited in subpairs of regular pairs, degree inheritance in the
reduced graph, and various embedding lemmas with target sets, candidate sets and pre-
scribed colours;

* prove a blow-up lemma for ‘separable graphs’, which we define shortly.

The first item is mainly a convenient reformulation of weak regularity for 3-uniform hyper-
graphs and does not require any new ideas; nonetheless the statements are useful to have.
The third (which builds upon the tools developed in the second item) is our main contribu-
tion, and the proof uses the original blow-up lemma combined with colour absorption ideas
from (Montgomery et al., 2022).

We envisage that our blow-up lemma will be useful in solving various transversal embedding
problems, making it a viable alternative to the commonly used absorption technique. Fur-
thermore, there are cases where the blow-up lemma is a more appropriate tool. For instance,
when attempting to embed a given transversal 2-factor (a spanning 2-regular subgraph) or, more
generally, a graph with low bandwidth, the absorption technique is not as effective. In such sit-
uations, the blow-up lemma can still be employed for successful embedding. For example, our
blow-up lemma can be used to embed powers of Hamilton cycles, providing an alternative proof
of a result in (Gupta et al., 2023). (Abbasi, 1998b), proving a conjecture of (El-Zahar, 1984),
used the original blow-up lemma to obtain the best possible minimum degree bound in a large
graph containing a given 2-factor; our blow-up lemma could be useful in proving a transversal
version of this result. Another notable advantage of the blow-up lemma is its ability to aid in

characterising extremal constructions. This is helpful for determining exact bounds in these
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types of problems, by utilising the stability method commonly employed in non-transversal
graph embeddings. This natural problem was recently raised in (Gupta et al., 2023). We discuss
applications to transversal embedding problems further in Section 3.6.

The transversal blow-up lemma is also useful for embeddings in uniformly dense 3-uniform
hypergraphs. We introduce these ‘randomlike’ hypergraphs, and our results in this direction, in
Section 3.1.4. Indeed, the transversal blow-up lemma can be formulated as a blow-up lemma
for 3-uniform hypergraphs. Consequently, there is also potential to employ this lemma in gener-
alising results such as those of (Kiihn & Osthus, 2006) who studied the problem of embedding
loose Hamiltonian cycles under vertex degree conditions.

All these results apply to separable graphs with bounded maximum degree. Recall that an n-
vertex graph H is p-separable if there is X C V(H) of size at most un such that H — X
consists of components of size at most un. Separable graphs (with suitable small ) include
F-factors for fixed F, trees, 2-regular graphs, powers of a Hamilton cycle, and graphs of small

bandwidth.

3.1.2 Transversals in uniformly dense graph collections

Our first main result concerns transversal embeddings of spanning graphs inside a quasirandom
graph collection. A ‘quasirandom’ condition is one possessed by a random graph of a similar
density. Our condition is that for every linear subset of vertices and linear subset of colours,
the total number of edges in these colours spanned by the subset is large. A graph collection
satisfying this condition is said to be uniformly dense. We also require that the number of
edges of each colour and the total degree of each vertex is Q(n?), where the graph collection
has a common vertex set of size n. This condition cannot be completely removed, since if a
colour is not present or if a vertex is isolated, we certainly cannot find a transversal copy of a
spanning graph H. A graph collection satisfying both conditions is super uniformly dense, in
analogy with regular and superregular. We are interested in the following question: for which
(spanning) graphs H must any super uniformly dense graph collection contain a transversal
copy of H?

Definition 3.1.1 (Uniformly dense graph collection). Given d,n > 0, we say that a graph
collection G = (G, : ¢ € €) with vertex set V of size n is (d,n)-dense if for all A, B C'V and
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&' C €, we have
> " e(G.[A, B)) = d|€"||Al|B| — nn?,

e’
where e(G.[A, B]) denotes the number of pairs (v,y) € AX B forwhich{z,y} is an edge of G...
We informally refer to a graph collection G on n vertices that is (d,n)-dense for parameters
0 < 1/n < n < d < 1 as uniformly dense, and if additionally there is o« >> n for which
Yoeew da.(v) = a|€|n for all v € V and e(G.) > an? for all ¢ € €, then G is super
uniformly dense.
Note that the condition is vacuous unless A, B and ¢’ are of linear size (in the number n
of vertices). We prove that a transversal copy of a separable graph can be found in a super
uniformly dense graph collection.
Theorem 3.1.2. Forall A,d, 6, > 0, there are n, i > 0 and ng € N such
that the following holds for all integers n > ng. Let G = (G, : ¢ € €) be a (d,n)-dense
graph collection on a common vertex set V of size n, where |¢'| > dn, and suppose that for

allv € V we have ) . dg, (v) > o|€¢

n, and for all c € € we have e(G.) > an®. Then G
contains a transversal copy of any given p-separable graph H on n vertices with A(H) < A
and e(H) = ||

This result is a consequence of a more general transversal blow-up lemma, which we state in
the next section. First, we discuss possible extensions to other colour patterns. One can ask
whether a graph collection contains a copy of H with a given colour pattern, extending the
monochromatic case (a copy in a single graph G.) and rainbow case (a copy with one edge
from each G.). For example, the following was shown in (Montgomery et al., 2022). Not
only does the same minimum degree (3 + o(1))3n which guarantees a triangle factor in a large
graph with a vertex set of size 3n in fact guarantee a transversal copy when |€’| = 3n, it also
guarantees a triangle factor where the c-th triangle lies inside G (has colour ¢), when |€’| = n.
Given d,n > 0, a (single) graph with a vertex set V of size n is (d, n)-dense if forall A, B C V,
we have e(G[A, B]) > d|A||B| — nn®. A collection of (d, n)-dense graphs on the same vertex
set is a (d, n)-dense graph collection, but the converse does not hold. It is easy to see that, for
any d > 0, as long as 7 and 1/n are sufficiently small, such a G’ contains Q2(n?) triangles: the
condition applied to A = B = V implies that there are Q2(n) vertices v with dg(v) > dn/2;

each one has Q(n?) edges in its neighbourhood.
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However, there are uniformly dense graph collections with d fairly large which do not contain
any monochromatic triangles, as the following example shows. (The example is essentially
equivalent to one in the setting of uniformly dense hypergraphs — introduced in Section 3.1.4
—of (Reiher, Rodl, & Schacht, 2018b), which itself has its roots in work of (Erd6s & Hajnal,
1972).) Form an auxiliary oriented 2-graph J by letting V, % be disjoint, where, say, |V| =
|¢’| = n is large, and first adding edges between every pair in V, and every pair in (V, %).
Independently for each edge, choose an orientation uniformly at random. Add the pair zy to
G. with z,y € V and ¢ € ¥ precisely when zyc is a cyclic triangle. Then, with probability
tending to 1 as n — oo, G is (3, o(1))-dense. However, for every triple z,y, z of vertices in V/
and every colour ¢ € €, there are at most two edges in G.[{z,y, z}].

This raises the question of which colour patterns of which graphs H one can expect to find in a
(super) uniformly dense graph collection. If d is sufficiently large, then any bounded degree H
with any colour pattern can be found; for those H which are not present when d is an arbitrary
positive constant, how large must d be to guarantee such a copy of H? We will explore a

generalisation of this question in Section 3.1.4.

3.1.3 A transversal blow-up lemma

In this section, we state a simplified version of our blow-up lemma for bipartite graphs. We
defer the complete statement to Theorem 3.1.8 at the end of this section.

Our blow-up lemma has the advantages that its proof, sketched at the beginning of Section 3.4, is
conceptually straightforward, following from the original blow-up lemma and a colour absorp-
tion tool introduced in (Montgomery et al., 2022); and the lemma should be powerful enough
for all of the transversal embedding applications we have in mind. This is since the usual
regularity-blow-up method is almost always successfully applied to ‘non-expanding’ separable
graphs, since one embeds them by using the blow-up lemma on a series of small pieces. The
disadvantage is that there does not seem to be a reason why the separability condition should be
necessary.

Theorem 3.1.3 (Simplified transversal blow-up lemma). Let0 < 1/n < e, u < d,0,1/A < 1.
Let € be a set of at least én colours and let G = (G, : ¢ € €) be a collection of bipartite
graphs with the same vertex partition V1, Va, where n < |Vi| < |Va| < n/d, such that

s forall V! C V,fori=1,2and € C € with |V!| > e|V;| fori = 1,2 and |€¢"| > ¢|¥|,
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we have that

> ea. (Vi V5) = dig' V|| Vs

ce?’
s fori = 1,2 and every v € V; we have ) ., dg.(v) > d|€|n and for every c € €, we
have e(G,) > dn?.

Let H be a u-separable bipartite graph with parts of size |V1|, |Va|, and |€ | edges and maximum

degree A. Then G contains a transversal copy of H.

The theorem requires that the number of vertices and edges of H are comparable, so it does
not apply to very sparse H. If one adds edges to H to obtain a suitable denser graph H’, and
duplicates colours until there are e(H') colours, the copy of H' produced by the theorem will
not necessarily contain a transversal copy of H.

The general version of the theorem, Theorem 3.1.8, applies to a graph collection whose graphs
have common parts Vi, ..., V,, and a graph R with V' (R) = [r] such that the bipartite condition

in the theorem holds between all ij € E(R), and each ij has a dedicated set of colours %;;.

3.1.4 Applications to embedding in uniformly dense hypergraphs

In this section we revisit the hypergraph perspective and discuss the consequences of our work
to embeddings in 3-uniform hypergraphs. ‘Weak regularity’ is the straightforward generalisa-
tion of Szemerédi regularity from (2-uniform hyper)graphs to k-uniform hypergraphs (hereafter
referred to as k-graphs), and the ‘weak regularity lemma’ was proved by (Chung, 2007) in
much the same way as the original (Szemerédi, 1975). However, this lemma is not powerful
enough to prove many of the analogues of graph results which one would like. In particular,
there is no general counting lemma which guarantees that the number of copies of a given small
graph F' in a regularity partition is similar to what one would expect if pairs were replaced by
uniform random hyperedges, with the same density. Thus the ‘strong regularity lemma’ was
developed, which uses, as the name suggests, a more complicated and much stronger notion of
regularity, and does have an associated counting lemma; this lemma is much more applicable
than its weaker counterpart.

It was shown by (Conlon, Han, Person, & Schacht, 2012) and independently (Kohayakawa,
Nagle, Rodl, & Schacht, 2010) that weak regularity is in fact strong enough to give a counting

lemma for linear hypergraphs, which have the property that |e N f| < 1 for all distinct hyper-
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edges e, f. As a transversal copy of a (simple) graph inside a graph collection G is a linear
subhypergraph of the associated 3-graph G, weak regularity is an effective tool for transver-
sal embedding problems. And conversely, the tools developed in this Chapter are useful for
embedding 3-graphs.

We generalise the definition we gave in Section 3.1.2 for graphs.

Definition 3.1.4 (Uniformly dense k-graph). Let d,np > 0 and let k > 2 be an integer. A
k-graph is (d,n)-dense if for all subsets Uy, ..., U, C V, we have

6<U17 ) Uk) > d‘Ul| ce ’Uk| - nnka

where e(Uy, ..., Uy) is the number of k-tuples (x4, . .., xy) € Uy X... XUy for which {x1,...,xx}
is a hyperedge. We informally refer to a k-graph G on n vertices that is (d,n)-dense for pa-
rameters 0 < 1/n < n < d < 1 as uniformly dense. If there is o > 1 for which additionally
dg(v) > ant=! for all v € V(Q), then we say that G is super uniformly dense.

This is a type of quasirandomness, since a random k-graph of density at least d is (d, o(1))-dense
with high probability. Several papers studying uniform density use the term ‘quasirandom’
instead.

Following a suggestion of (Erd6s & Soés, 1982), a systematic treatment of extremal problems
in uniformly dense hypergraphs has been started by Rodl, Reiher and Schacht, in part due to the
great difficulty of such problems in general hypergraphs. In (Reiher, R6dl, & Schacht, 2018a),
they fully answered the zero Turdn density question for uniformly dense 3-graphs, i.e. for which
F is the following true? For all d > 0, there exists > 0 such that every sufficiently large (d, )-
dense 3-graph contains /' as a subhypergraph. They showed that these [ are precisely those
with the following property. There is an ordering vy, . .., v, of V(F') and a colouring of the set
of pairs of vertices contained in edges by red, blue and green, so that whenever v;v,v, € E(F)
with ¢ < j < k, we have that v;v; is red, v;v, is blue and v;v;, is green. This set of I’ includes
linear /' and 3-partite £’ ( (ErdSs, 1964a) proved that a k-graph F' has Turdn density 0 if and
only if F'is k-partite), but is much richer than this: for example, the hypergraph obtained by
removing one edge from the tight cycle on 5 vertices is such a hypergraph.

The simple argument given in Section 3.1.2 shows that for £ = 2 and A > 0, a sufficiently

large uniformly dense 2-graph contains a copy (in fact many copies) of K. In contrast, for
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k > 3 there are very simple k-graphs F' which require a fairly large density d to appear in
any uniformly dense k-graph. Indeed, there is a (3, 0(1))-dense 3-graph in which K f’)_, the
(unique) 3-graph with 4 vertices and 3 edges, does not appear. (The example is closely related
to the one given in Section 3.1.2.)

We are interested in which spanning hypergraphs appear in any super uniformly dense hy-
pergraph. Note that we cannot remove ‘super’ since uniform density does not preclude the
existence of isolated vertices.

Problem 3.1.5. Let H = (H, : ¢ € N) be a collection of k-graphs where |V (H,)| =: ny — oc.
For which H is the following true? For all d,« > 0, there exist 1 > 0 and {y € N such that
for all integers { > {y, every (d,n)-dense k-graph G on ny vertices with dg(v) > anf~! for all
v € V(G) contains Hy as a subhypergraph.

For & = 2, the blow-up lemma of (Komlés et al., 1997) implies that every uniformly dense
graph contains as a subgraph any given spanning graph H with bounded degree and sublinear
bandwidth (as observed by Glock and Joos, see Theorem 9.3 in (Staden & Treglown, 2020)).
For general uniformities k£, (Lenz & Mubayi, 2016) proved that uniformly dense k-graphs
contain an F'-factor for any given fixed size linear F'. In fact they found non-linear F' for which
uniform density is sufficient, and ‘almost-linear’ F' for which it is not. (Ding, Han, Sun, Wang,
& Zhou, 2022) completed this work for £ = 3 by characterising those F' for which uniform
density guarantees an F'-factor, and for general k they also obtained a characterisation for k-
partite . (Lenz et al., 2016) showed that uniform density guarantees a loose cycle. To the best
of our knowledge, there are no further results on embedding spanning F' in uniformly dense
hypergraphs of arbitrarily small positive density.

Our next main result generalises the result of (Lenz et al., 2016) for £ = 3 by providing a
new family of spanning H which can be found in super uniformly dense 3-graphs. An ex-
panded graph is obtained from a 2-graph by replacing every edge e = xy by some 3-edges
xyes, ..., xyc,, where all the new vertices ¢y, ..., ¢, are distinct, and the number ¢. of new
edges/vertices for the edge e depends on e. If every . is equal to ¢ then we call this a ¢-
expansion. For example, a loose 3-uniform cycle is an expanded cycle where each edge 1s
replaced by one expanded edge, that is, a 1-expansion of a cycle. The 1-expansion of a (simple)
graph H is linear and has |V (H)| + |E(H)| vertices.

Theorem 3.1.6. For all A,d,a > 0 there are n,n > 0 and ny € N such that the following
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holds for all integers n > ny. Let G be a (d,n)-dense 3-graph on n vertices with dg(v) > an?
forallv € V(G). Then G contains a copy of the 1-expansion of any given ji-separable graph
H with A(H) < Aand |V(H)| + |E(H)| < n.
Since a large 2-regular graph (a union of vertex-disjoint cycles) is o(1)-separable, the theorem
implies that any super uniformly dense 3-graph GG contains as a subhypergraph any 3-graph
consisting of vertex-disjoint loose cycles.
Next, we reformulate Theorem 3.1.3 as a blow-up lemma for 3-graphs, which may be of inde-
pendent interest.
Theorem 3.1.7 (Simplified weak hypergraph blow-up lemma). For all A,;d,6 > 0 there are
e, b > 0 and ng € N such that the following holds for all integers n > ny. Let G be a 3-partite
3-graph with parts Vi, Vo, V3 where every |V;| =: n;and n < ny < ny < n/d andnsz > on such
that G is a weakly (e, d)-half-superregular triple, that is,
(i) foralli € [3] and V] C V; with |V]| > |V,
(ii) dg(v) > dn? forallv € V(G).

, we have eq(V{, V3, V5) > d|V/||V5]||V5

>

Let H be a ypi-separable bipartite 2-graph with parts of size ny, ny, with ng edges and maximum
degree A. Then G contains a copy of the 1-expansion of H, where the images of the new vertices
lie in V3.

Weak superregularity and uniform density of 3-graphs and graph collections are closely con-
nected. Observe that if G is (d + /7, 7)-dense, where ) > ¢, 6, and V3, V5, V3 is any partition
with sizes as in the theorem, then the 3-partite subhypergraph G’ of GG induced on these parts
satisfies (i). If dg(v) > an? for all v € V, and in addition the vertex partition is uniformly
random, then with probability tending to 1 as n — oo, G’ is weakly (&, min{d, a/2})-half-
superregular, say. Furthermore, if one takes any partition V(G) = V U % into parts which are
not too small, then the graph collection G consisting of graphs G, for c € € with V(G,.) =V
and E(G.) = {zy : z,y € Vandxyc € E(GQ)} is (d,n)-dense. Again, if dg(v) > an?, a
random such partition gives rise to a super uniformly dense graph collection.

As an example, any 3-graph G satisfying the hypotheses of the theorem with n; = ns and
ng = n1+n9 contains a copy of a loose Hamilton cycle. The full statement of a 3-graph version
of our transversal blow-up lemma (Theorem 3.1.8) is stated in Theorem 3.6.1.

A much more general hypergraph blow-up lemma was established by (Keevash, 2011) which

applies to k-graphs satisfying a strong regularity property, which is designed to be used with the
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strong regularity lemma; this blow-up lemma applies to embed any bounded degree k-graph H.
Nevertheless, it would be interesting to determine which graphs can be embedded into a weakly

superregular triple. We discuss this further in Section 3.6.

3.1.5 The statement of our main result

The full statement of our transversal blow-up lemma is as follows. Its proof will follow from
Theorem 3.3.5 which is a very similar statement written in the notation defined in Section 4.2.
Theorem 3.1.8 (Transversal blow-up lemma). Forallv,d,d, A,r > 0 where r > 2 is an integer,
there exist €, ju, « > 0 and mg € N such that the following holds for all integers m > my.
Suppose that G = (G.. : ¢ € €) is a graph collection with the following properties.
* There is a graph R with vertex set [r| and a partition € = ¢ p(p) Cc where |G| > om
foralle € E(R);
* forallij € E(R) and ¢ € 6;;, G. is bipartite with parts V;,V;, and V' is a vertex set of
size n with partition V.=V, U ... UV,, where m < |V;| < m/d for eachi € [r];
* forallij € E(R),
— for all Vi, C Vj, for h = i,j and €; C €i; with \Vi| > e|Vi| for h = i,j and
€351 = €|

, we have that

> e (VL V) = dig)l|VIIV]

cet!, ’
— for h = i,j and every v € Vj, we have Zce% dg,(v) > d|6;;|m and for every
c € 6ij, we have e(G.) > dm?.

Suppose that H is a graph with the following properties.

« A(H) < A;

* H is u-separable;

* H has vertex partition A; U ... U A, such that |A;| = |V;| for all i € [r] and for every
vy € E(H) there is ij € E(R) such thatx € A; andy € Aj;
e(H[A;, Aj)) = €] for all ij € E(R);

* foreachi € [r|, there is a set U; C A; with |U;| < am and for each x € U, asetT,, C'V;

with |T,| > vm.

47



University of Oxford Wadham

Then there is a transversal embedding of H inside G such that for every i € [r], every x € U,
is embedded inside T,

3.2 The regularity-blow-up method for transversals

3.2.1 Regularity

Our notion of regularity for a graph collection G is essentially weak regularity for the 3-graph
G®) of G. We now define several related notions of weak regularity for k-graphs, which we
will use for £ = 2, 3. We usually omit weak and weakly since we will not use any stronger type
of regularity.

Let GG be a k-partite k-graph with classes Vi, ..., V}, which we also denote as (V1,..., Vi)g.
We define the density of GG to be

e(G@
de(Vi, ..., Vi) == ﬁ

Given ¢ > 0, we say that (V;,...,Vi)g is
* (weakly) e-regular if for every subhypergraph (V/,...,V/)g with V/ C V; and |V/| >

e|V;| for all ¢ € [k] we have
lde(V],..., V) —da(Va,..., V)| < &

* (weakly) (e, d)-regular if additionally dg(V1, ..., Vi) > d;

* (weakly) (e, d)-superregular if it is (weakly) (e, d)-regular and additionally dg(z) >
d(\Vi| ... |Vk|)/|Vi| for all i € [k] and = € V;

* (weakly) (e, d)-half-superregular if for every subhypergraph (V/, ..., V/)c with V/ C V;
and |V/| > ¢|V;| foralli € [k] wehave dg(V/,...,V]) > dand dg(z) > d(|VA| ... |Vi|)/|Vil
foralli € [k] and z € V;.

Our main results will use ‘half-superregular’ given its close connection to uniform density.
The 2-graph blow-up lemma (Komlés et al., 1998b) uses a similar notion, but nowadays ‘su-
perregular’ is generally used instead. This makes little material difference: by definition, an

(¢, d)-superregular hypergraph is (¢, d — ¢)-half-superregular, and as shown by Rodl and Ru-
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cinski in the course of their alternative proof of the blow-up lemma (R6dl & Rucinski, 1999), a
half-superregular 2-graph contains a spanning superregular subgraph, with weaker parameters.
This proof generalises easily to k-graphs, and therefore we postpone it to the appendix.
Lemma 3.2.1. Let 0 < 1/n < ¢ € & < d,0,1/k < 1 where k > 2 is an integer. Suppose
that G is a k-partite k-graph with parts Vi, ..., Vi, where on < |V;| < n/d forall i € [k]. If
G is (e, d)-half-superregular, then G contains a spanning subhypergraph G’ that is (¢, d*/2)-
superregular.
Regularity for a bipartite graph collection G is defined in terms of the 3-graph G® of G.
Definition 3.2.2 (Regularity, semi- and half-superregularity, superregularity). Suppose that G
is a graph collection with colour set €, where each G. is bipartite with parts Vi, V,. Let G©®)
be the 3-graph of G. We say that

» G is (g,d)-regular if G is (¢, d)-regular. That is, for all V; C V; with |V}| > e|V;| for

i=1,2and ¢ C € with |€'| > ¢|€

, we have

Zce(ﬁ’ €G. (‘/1/7 ‘/2/) ZCE% €a. (‘/17 ‘/2)

[ [[ViT[V] hans

* Gis (e, d)-semi-superregular if it is (¢, d)-regular and dg) (v) = ) oy da. (v) = d|V3_4||€|
foralli € [2] andv € V.

» G is (g, d)-superregular if G® is (¢, d)-superregular. That is, it is (¢, d)-semi-superregular
and des)(c) = e(G.) > d|V1||Va| forall c € €.

s G is (g,d)-half-superregular if G is (£, d)-half-superregular. That is, for all V! C V;
with |V| > €|V;| fori = 1,2and €' C € with |¢"'| > ¢|€|, we have ) .. e, (V{,V5) >
d|¢" V||V and Y .o da.(v) > d|V5_||€] forall i = 1,2 and v € V;, and e(G.) >
d|\Vi||Va| forall c € €.

Note that, if every G. with ¢ € ¥ is the same, then G is (e, d)-regular if and only if G. is (¢, d)-
regular; and G is (g, d)-superregular if and only if G. is (e, d)-superregular. The superregularity
of GG does not imply a minimum degree condition for any graph G in the collection, and indeed
they could all have isolated vertices.

The following simple lemma shows that, in an (e, d)-regular graph collection, most vertices
— typical vertices — have large total degree (the sum of degrees over all colours) and typical

colours have many edges.
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Lemma 3.2.3 (Typical vertices and colours). Let 0 < ¢ < d < 1, and let G be an (¢,d)-
regular graph collection with colour set €, where each G, is bipartite with parts Vi, Vs. Then
the following hold:
(i) for every i € [2] and all but at most |V;| vertices v € V; we have ) . dg (v) >
(d —e)|Va—il €
(ii) for all but at most €|€| colours ¢ € € we have e(G,.) > (d — ¢)|V1]|Val.

Proof. For (i), let V] be the set of vertices in V; without this property and suppose for a contra-
diction that |V]| > ¢|V;|. Then (e, d)-regularity implies that d) (V{, Vo, €) > d — ¢, but the
definition of V} implies that ) (V/, V2, €) < |V]|(d—¢)|V2||%€| and hence dgs) (VY Vo, €) <

d — €, a contradiction. By symmetry, the rest of (i) and (ii) are identical. O]

The following lemma is a standard tool, written in our graph collection notation.
Lemma 3.2.4 (Slicing lemma). Let 0 < 1/n < ¢ € ¢/ < o« < d < 1, and let G be a graph
collection with colour set €, where each G, is bipartite with parts Vi, Vs each of size at least
n, and let V! CV,fori € 2] and €' C €. Let G' = (G.[V], V3] : c € €").
(i) Suppose that G is (¢, d)-regular. Suppose |V/| > «o|V;| for i € [2] and |€’'| > «|€|. Then
G'is (e/a,d/2)-regular.
(ii) Suppose that G is (e,d)-superregular. Suppose |V!| > (1 — «)|V;| for i € [2] and
|€"| > (1 — «)|€|. Then G’ is (2e,d/2)-superregular.

Of

V! C V, is a uniform random subset of size n; for each i = 1,2 and ¢’ C € is a uniform

(iii) Suppose that G is (¢, d)-superregular. Given ny > «a|Vi|,ny > a|Va| and h > o|€

random subset of size h, then with high probability, G' is (¢/«, d* /16)-superregular.
Proof. For (i), firstly we have dge) (V], V5, €") > d — ¢ > d/2. Secondly, given any subset
V! C V! with |V| > ¢|V/|/a > €|V;| where i = 1,2 and any subset ¢ C %" with |¢"| >
e|€'|/a > e|€

, by regularity we have

|dG(3) (‘/1”7 ‘/2”7 cg//) - dG(3) (‘/1,7 ‘/2/7 cg/)|
< |dG(3)<V1”7 ‘/2//7 (5//) —dae) (V17 Va, cg)‘ + |dG(3)<Vl7 Va, %) - dG<3>(V1I7 ng cg/)l <2< E/Oé.

For (ii), note that G” is (¢/(1 — «), d/2)-regular and thus (2¢, d/2)-regular by (i). Let G, :=
G.[V{,V;] for each ¢ € €. Foreachi = 1,2 and v € V/, we also have ) .. dg (v) >
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d|Vs_i||E|=2a|Vs_i|[€] = d|V5_;||6"| /2. Combining this with e(G7) = d|VA[[Va|—2a|VA[[Va| =
d|Vi||V3|/2 for each ¢ € €, we get that G is (2¢, d/2)-superregular.

For (iii), similarly, we always have that G’ is (¢/«, d/2)-regular by (i). Let G, := G.[V/,V}]
for all ¢ € €. We only need to show that with high probability, for each i = 1,2 and v € V/,
we have Y .., der (v) > d?|V4_,||¢"|/16 and for each ¢ € €, we have e(G.,) > d?|V;||V5|/16.
Suppose that 4" has been chosen. Since G is (g, d)-superregular, for each ¢ € %’, we have
e(G.) > dW||Va|. Let Vi := {v € Vi : dg.(v) > d|Va|/2}. Then we get d|V;||Va| <
\VEVa| + (V] — |V])d|Va] /2 and thus |V > d|Vi]/(2 — d) > d|V1]/2. A Chernoff bound
implies that, with probability 1 — e~*) we have |V} N V| > dn,/4 and |V4 N Ng, (v)| >
dns /4 for each v € V. Therefore, by a union bound, with high probability, we have e(G’,) >
d*niny /16 for each ¢ € . Similarly, with high probability, for each i = 1,2 and v € V/, we
have Y, der (v) > d*ns_;h/16. It follows that G’ is (¢/«, d*/16)-superregular with high
probability. ]

3.2.2 The regularity lemma for graph collections

We use the following version of the regularity lemma for graph collections, which is obtained
by applying the degree version of the weak regularity lemma (Lemma 3.7.2) to the 3-graph G
of G and cleaning up the clusters so that vertex clusters and colour clusters are separate. We
postpone the derivation to the appendix.
Lemma 3.2.5 (Regularity lemma for graph collections). For all integers Ly > 1 and every
e,0 > 0, there is an ng = no(e, 9, Lo) such that for every d € [0, 1) and every graph collection
G = (G.: c € F)onvertex set V of size n > ng with dn < |€'| < n/d, there exists a partition
of Vinto Vo, Vi, ..., VL, of € into 6y, 6, . .., 6 and a spanning subgraph G', of G.. for each
¢ € € such that the following properties hold:
(i) Lo < L,M < ngand|Vo| + || < en;
(ii) \Vi|=...=|Vi| =G| =...=|Cu| = m;
(iii) Y e dar (V) > D ey da.(v) — (3d/6* + e)n? for all v € V and e(G)) > e(G.) —
(3d/6* + e)n? forall c € €;
(iv) if, for c € €, the graph G', has an edge with both vertices in a single cluster V; for some
i € [L), then ¢ € 6y,

(v) forall triples ({h,i},j) € ([L}) X [M], we have that either G|V}, Vi] = 0 for all ¢ € €},

2
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or G

hij = (G Vi, Vi] 1 ¢ € ;) is (e, d)-regular.
The sets V; are called vertex clusters and the sets € are called colour clusters, while V;, and ¢
are the exceptional vertex and colours sets respectively.
Definition 3.2.6 (Reduced graph collection). Given a graph collection G = (G, : ¢ € €) on
V and parameters ¢ > 0,d € [0,1) and Ly > 1, the reduced graph collection R = R(e, d, L),
reduced 3-graph R®) = R(e,d, Ly) and the reduced edge-coloured graph R = R(e,d, L)
of G are defined as follows. Apply Lemma 4.2.1 to G with parameters ¢,d, Ly to obtain G’
and a partition Vi, ...,V of V and 6y, ..., 6y of € where V,y, 6, are the exceptional sets
and Vi, ...,V are the vertex clusters and 6., ...,%\ are the colour clusters. Then R =
(R1,...,Ry) is a graph collection of M graphs each on the same vertex set [L|, where, for
({h,i},7) € ([?) x [M], we have hi € R;j whenever G}, ; is (¢, d)-regular.
Also, R®) is the 3-graph of R and R is the reduced edge-coloured graph.
The next lemma (related to Lemma 5.5 in (Kiihn, Osthus, & Townsend, 2014)) states that clus-
ters inherit a minimum degree bound in the reduced graph from G.
Lemma 3.2.7 (Degree inheritance). Supposep >0, Ly > 1and 0 < 1/n < e < d <K d,7,p <
1. Let G = (G. : ¢ € €) be a graph collection on a vertex set V of size n with 6(G.) > (p+v)n
forallc € € and on < |€| < n/d. Let R = R(e,d, Ly) be the reduced graph collection of G
on L vertices with M graphs. Then

(i) for every i € [L] there are at least (1 — d'/*)M colours j € [M] for which dg,(i) >

(P+7/2)L;
(i) for every j € [M)] there are at least (1 — d*/*)L vertices i € [L] for which dg, (i) >
(p+7/2)L.

Proof. To prove (i), note that for all v € V' \ V[ we have

Y dav(v) = de,(v) = (348 + e)n® — €| €)s = Y de, (v) — 4dn’ /5.

cE€ ceE€ cEC

Let 2, be the collection of colours ¢ in € \ % for which de: v, (v) > dg.(v) — V/dn. Then

> dayvi(v) < D de(v) = |€\ |V

cE? ceE?

and therefore |€'\ 2,| < 4dn?/(6*V/dn) < d/*n/2by d < 8,50 |D,| > |€|—d"/*n/2—en >
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|€'| — d*/*n. We have mM < |€| < mM + en and mL < n < mL + en. Thus the number of

clusters ¢; containing at least one colour of &, is at least
|Zul/m = M —d"PPnjm > M —d"PL/(1 —¢) > M —2d"°M/6 > (1 —d"*)M.

Now let i € [L] and v € V;. For each cluster ¢; as above, choose an arbitrary colour ¢; €

¢; N D,. Then the number of clusters V}, containing some v € N¢» (v) is at least
J

da,, (v) = Vdn _ (p+~ - V)

m m

> (p+~/2)L.

But then Lemma 4.2.1(v) implies that i is adjacent to each such V}, in R;. So for every i € [L],
dg, (i) > (p+~/2)L for at least (1 — d"/*) M colours j. The proof of (ii) is similar and we omit
it. ]

3.2.3 Templates

We define the notion of a ‘template’, which is essentially a reduced graph in the transversal
setting. We will use these as templates for embedding, in the same way that reduced graphs are
used for embedding into a single graph.

Definition 3.2.8 (Templates). Let 0 < 1/m < ¢ < d,0 < 1 be parameters and let r € N.
Suppose that

* R is an r-vertex graph, with vertex set |r| unless otherwise specified,

oV ={Vi,...,V.} is a set of r disjoint vertex sets with m < |V;| < m/§ forall j € [r],
whose union we denote by V,

* ¢ =U.cp(r) € is a colour set where |'6.| > dm for all e € E(R),

* G is a graph collection with colour set € where for each ¢ € €, the graph G, is the
union of bipartite graphs G where G¢ has parts V;, V;, over all e = ij for which ¢ € €..
Foreache € E(R), let G° = (GS : c € 6,).

We say that F = (V, ¢, G) is an R-template with parameters (m, €, d, d) if for every e € E(R),
G is (e, d)-regular. If we replace regular with semi-superregular, it is a semi-super R-template;
if we replace regular with superregular, it is a super R-template; if we replace regular with half-

superregular, it is a half-super R-template. If ¢ = |J, . B(R) €. is a partition, we say that the
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template is rainbow.

A transversal embedding of a graph H inside F is a copy of H with vertices in V' such that
for every edge e there is a distinct ¢ € € such that e € G,.. That is, there exist injections
7:V(H) = Vando: E(H) — € where 7(x)7(y) € Go(ay) forall vy € E(H).

Note that the partition € = [, E(R) %. is suppressed in the notation. Given a template F,
we explicitly use the notation in the definition unless otherwise specified. Observe that for an

R-template (V, ¢, G) with parameters (m, ¢, d,d) and v(R) = r,
rm < |V| < rm/é.

Given parameters (5,¢’,d',0' > 0with f < 1,&’ > ¢,d < dand ¢’ < 39, any (m,e,d, ) tem-
plate is also a (Sm, &', d’, 0") template. We will often take subtemplates of templates, meaning
that the new vertex clusters, colour clusters and graphs G. are subsets/subgraphs of the origi-
nals. Some convenient notation for this is as follows: if 7 = (V, %, G) is a template, 6" C €
and V' = {V/,..., V/} where V] C Vj forall j € [r], we say that 7' = (V', 6", G") is the sub-
template of F induced by V', 6" when each 6] = 6. N¢", and (G'): := G.[V/,V]] is defined
for each ¢ € €. We also say that F' is obtained by deleting € \ ¢’ and V' \ V.
The following straightforward lemma shows that removing a small fraction of colours and ver-
tices from a template produces a subtemplate with slightly weaker parameters, which remains
super if the original template was super.
Lemma 3.2.9 (Template slicing). Let 0 < 1/m <€ ¢ € ¢ € a < d,0,1/r,1/k < 1 where
r > 2 is an integer. Let R be an r-vertex graph and let F = (V, €, G) be an R-template with
parameters (m,e,d, o). Let €' C €, V! C V, foralli € [r] andlet F' = (V',¢",G') be the
subtemplate of F induced by V', €.
(i) Ifevery |6!] = al .| /k and a|Vi| < |V}| < ka|V;
(am,e/a,d/2,/k).
(ii) If every |6, \ €.| < am and |V; \ V/| < am, then F' is a template with parameters
(m/2,2¢,d/2,5/2). Moreover, if F is super, then F' is super.
(iii) Given o|V;| < n; < kal|V;| for all i € [r] and h. > «o|%.|/k for all e € E(R), if V!

, then F' is a template with parameters

is a uniform random subset of V; of size n; and €. is a uniform random subset of €, of

size h. and F is super, then with high probability, F' is a super template with parameters
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(am,e/a,d?/16,0/k).
(iv) Suppose F is half-super. For all ¢ € €, there is G, C G. such that, defining G' := (G, :
c € C), the template (V, ¢, G') is super with parameters (m, ', d*/2,9).

Proof. For (i), we have am < |V/| < am/(d/k) and |€.| > adm/k. Also, by Lemma 3.2.4(i),
for each e € E(R), (G')° is (¢/a,d/2)-regular. Thus F' is a template with parameters
(am,e/a,d/2,0/k).

For (ii), showing that 7' is a template with the given parameters is similar to (i). Note that if F
is super, then (G') is (2¢, d/2)-superregular for each e € E(R) by Lemma 3.2.4(ii) and thus
F'is a super R-template with parameters (m/2,2¢,d/2,5/2).

For (iii), if F is super, then G° is (e, d)-superregular for each e € E(R). Thus by Lemma
3.2.4(iii), with high probability, (G')¢ is (¢/a, d* /16)-superregular for each e € E(R). There-
fore, by (i), 7 is a super template with parameters (am, /o, d* /16, 6 /k) with high probability.

Part (iv) follows immediately from Lemma 3.2.1. ]

Edges which lie in many graphs G, are particularly useful for embedding and thus we define
the (simple, uncoloured) thick graph consisting of all such edges.

Definition 3.2.10 (Thick graph of a template). Given A > 0 and an R-template F = (V, €, G),
let T2 be the simple 2-graph with vertex set V such that xy € E(T7) whenever xy € G, for at
least \| ;| colours c € 6;j where x € V;, y € V; and ij € E(R). We call T the \-thick graph
of F.

The following proposition states that the thick graph of a bipartite semi-super template has a
spanning half-superregular subgraph. This is very useful for embedding as one can use the
usual blow-up lemma to embed a bounded degree graph into the thick graph, and then greedily
assign colours.

Proposition 3.2.11. Let 0 < 1/m < ¢ K A < d,6,1/r < 1 wherer > 2 is an integer. Let R
be a graph on r vertices and let F = (V, €, G) be a semi-super R-template with parameters

(m,e,d,0). Then forall ij € E(R), TA[V;, V] is (¢, d/2)-half-superregular.

Proof. Let ij € E(R) and let U; C V; and U; C V; be any two subsets such that |U;| >
elV;| and |U;| > €|Vj|. Let 4;; := e(T2[U;, U;]). By regularity we have |dge) (Us, Uj, 6i5) —
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dae (Vi, Vj, 6;5)| < € and thus we get
(d = e)|Uil|U;|635] < eqe (Ui, Uy, €i5) < Lij|€ig| + M|Uil| U] — £5)6351.-

Therefore, we have (;; /(|U;||U;|) > (d —e — X)/(1 — X\) > d/2. Similarly, for any z € V;, let
Uy := dp(x,V;). By semi-superregularity, we have Zcea@- dg,(x) > d|V;]|€;;|. Then we get

d\Vj||i| < L] €] + A(|V;] = )€

and thus ¢, /|V;| > (d — X\)/(1 — A) > d/2. The half-superregularity then follows. O

3.3 Embedding lemmas

In this section we state a series of embedding lemmas which we will combine to prove our
transversal blow-up lemma, stated at the end of the section. These lemmas are also useful in
their own right in applications.

Each lemma is of the following type: we are given an R-template and a bounded degree graph
H whose partition matches the template. For a small number of vertices y in H we are given
large target sets T, where y must be embedded. The output of the lemma is a transversal
embedding of A, which consists of an embedding 7 of vertices and an embedding o of colours,
s0 T(2)7(y) € Goay) for all zy € E(H), and such that 7(y) € T, whenever there is a target
set.

The first such lemma applies to embed a small graph H into a template. In fact we only embed
some of H while finding large candidate sets for the rest of H. This means that we set aside
some colours so that, for each unembedded vertex y and each of its embedded neighbours =z,
there is a distinct colour o(zy), and a large vertex set so that if the image of y is chosen in
this set, then we can extend our embedding to a transversal embedding that uses the specified
colours. That is, for every z in this set we have 7(x)z € G4(y). The proof embeds vertices one
by one, at each step fixing the colours that will be used to future neighbours, and is similar to
the ‘partial embedding lemma’, an uncoloured version, in (Bottcher, Schacht, & Taraz, 2008).
Lemma 3.3.1 (Embedding lemma with target and candidate sets). Let 0 < 1/m < ¢,7 <

V< v, d, 0, 1/A1/r < 1 wherer > 2 is an integer.
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* Let R be a graph on vertex set [r] such that F = (V, ¢, G) is an R-template with param-
eters (m,e,d,)).
* Let H be a graph with A(H) < A for which there is a graph homomorphism ¢ : V(H) —
V(R) such that |¢=*(j)| < ym for all j € [r], and suppose there is a partition V(H) =
X UY where E(H[Y]) = 0.
* Forevery w € V(H), suppose there is a set T,, C Vi) with |T,,| > vm.
Then there are injective maps 7 : X — V and o : E(H) — € such that
(i) 7(z) € T, forall x € X;
(ii) o(xy) € Cpwow) for all vy € E(H), and if v’ € E(H[X]), then T(x)1(z") €
E(Go(aar));
(iii) forally €'Y there exists Cy C Vi) \ 7(X) such that Cy C (e n,y ynx NGoy (T(2)) N
T, and |Cy| > v'm.

Proof. Fix an ordering of V(H) where all vertices of X come before any vertex of Y, and for

each x € X, let N<(x) be the set of neighbours of  in H which appear before x in the ordering,

and N~ (z) the set of those which appear after. At step (x) (with z € X)), we will choose 7(x)

and o(zy) for all y € N~ (z). Initially, define candidate sets C,, := T, for all w € V(H) and

Cry = Cy(a)(y) for all zy € E(H). The following comprises step (x), which we perform for

each z € X in order.

(z,1) For all y € N~ (z), delete all vertices v € C, with >° . [Ng.(v) N Cy| < (d —
Silemten)

(x,2) Choose 7(x) € C,.

(x,3) Forall u € V(H), delete 7(x) from C,,.

(x,4) For eachy € N~ (x) in order:

(x,y,4.1) delete all colours ¢ € C,, with [Ng (7(z)) N Cy| < d|C,|/2,

(2,y,4.2) choose o(zy) € Cyy,

(z,y,4.3) foralluv € E(H), delete o(xy) from C,,,

(z,y,4.4) delete all vertices v € Cy withv ¢ Ng,_, (7(2)).
We claim that, at the end of the process, |C,|, |Cyy| > v'm forall x € V(H) and zy € E(H).
First, let us see why the claim implies the lemma. Since candidate sets are never empty and

every edge in H is incidentto X, 7: X — V and o : E(H) — ¥ are defined, and by step (3)
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and (4.3), they are both injections. For (i), we choose 7(x) from C, which is always a (non-
empty) subset of 77,.. For (ii), we choose o (zy) from C,, which is always a (non-empty) subset
of Cy(2)e(y). If v’ € E(H) where 2’ appears after  in the ordering, then we choose 7(z') from
Cy and by step (z,z',4.4) we have 7(2') € Ng, ., (7(z)). For (iii), given the claim and the fact
that Y comes after X in the ordering, it suffices to show that, forall y € Y and x € N<(y), we
have C,, C Ne, i) (7(z)). Noting that x € X, this is a consequence of step (z,y,4.4).

It remains to prove the claim. We suppose that it is true up until step (x). The vertex candidate
set C,, can only shrink at steps (z,1), (3) and at step (u,z,4.4) for u € N<(z). Proposition 3.2.3
and the fact that, currently, |C,| > v'm > €|V, |, imply that at step (z,1), at most Ae|C,|
vertices are deleted. At step (3), at most | X | vertices are deleted. At step (u,x,4.4), the colour
o(ux) was chosen from C,, which has |[Ng,_ ., (7(v)) N C;| > d|C;|/2 due to step (u,r,4.1).

Thus C, shrinks by a factor of at most d/2 at this step. Therefore
1CL] > ((d/2)2 — Ae)|T,| — | X| > ((d/2)* — Ae)v — ry)m > v(d/3) m > v'm.

The colour candidate set C

»y» With x before y in the ordering, can only shrink at steps (x,y,4.1)

and (4.3). At most e(H ) colours are lost at step (4.3). At step (z,y,4.1), we chose 7(z) from
C, which, immediately after (z,1), satisfies Zceczy |Ne.(1(x)) N Cy| > (d — €)|Cyyl|Cyl.
Writing A C C,,, for the subset of colours which are not deleted at step (x,y,4.1), we have
(d—2)|Cay|Cy| < [AlCy[ + (d/2)(|Coy| — |A])|Cy| and thus [A] = (d/2 —€)|Cy,y|. Therefore

|Coy| > (d/2 — €)|Cpwypy)| — e(H) > (d/2 — )dm — Arym > 6dm/3 > v'm.

This completes the proof of the claim, and hence of the lemma. ]

The next ingredient is a version of the above lemma where we are embedding a small graph [/
such that a small fraction of its vertices have target sets, but additionally we now have a very
small set of colours which must be used in the embedding (together with any other colours).
These prescribed colours will be used on an induced matching M in H. This matching, together
with its neighbours, will be embedded greedily and then Lemma 3.3.1 will apply to extend the
embedding to the whole of H.

Lemma 3.3.2 (Embedding lemma with targets and prescribed colours). Ler 0 < 1/m < ¢ <
a,y K A, A L 1v,d, 6, 1/A1/r < 1 wherer > 2 is an integer.
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» Let R be a graph on vertex set [r] and let (V,€, G) be an R-template with parameters
(m,e,d,9).

* Let H be a graph with A(H) < A for which there is a graph homomorphism ¢ : V(H) —
V(R) such that |¢~*(j)| < \im forall j € [r] and e(H[¢p~ (i), 61 (j)]) > Aam for all
ij € E(R).

* Suppose there is a set W C V(H) with |W| < am, such that for all w € W there is a
set Ty C Vi) with |T,| > vm.

* Foreache € E(R), let 7. C ¢, be a set of at most ym colours and let 9 = U p(py Ze,
and suppose that e(G.[V;, V;]) > d|Vi||V;| forall c € ;5 andij € E(R), and |6.\ 2| >
d|€.| forall e € E(R).

Then there are injective maps 7 : V(H) — V and o : E(H) — € such that
(i) 7(x) € Vi forall x € V(H);
(ii) T(w) € Ty, forallw € W,
(iii) forall xa' € E(H) we have T(2)7(2") € E(Go(gar));
(iv) 9 C o(E(H)).

Proof. Letey,. .., e, be an arbitrary ordering of E(R). Let 7. := e, \ (Ze, U ... U Z,_,)
for all ¢ € [s], so that the Z. over e € E(R) are pairwise disjoint, and their union equals 2.
We claim that for each e; = jj' € E(R), we can choose a matching M;; C H[¢~ (), ¢ (5)]
such that, writing M := J ¢ gy Me, we have

o V(M)NW = () and M is an induced matching in H such that foreveryy € V(H)\V (M),

there is w2’ € E(M) such that Ny (y, V(M)) C {z,2'};

e |M,| =|2!| foreach e € E(R).
We can do this greedily, as follows. Suppose we have found M, , ..., M., , with the required
properties, for some ¢ > 1. We show how to find M., where we write e; := jj'. Vizing’s
theorem states that every graph J with maximum degree A can be properly edge-coloured with
at most A + 1 colours. Thus .J contains a matching of size [e(.J)/(A + 1)]|. Thus H[V}, Vj/|
contains a matching of size [Aam/(A + 1)]. Now, from this matching, delete ' and any
vertex at distance at most two to any vertex in a previously found matching. There are at most
r — 1 neighbours h of j in R for which we have defined Mj;, and for each one we delete at
most (1 + A + A?)v(M;;) < 4A%*ym such vertices. The total number of deleted vertices is

at most |W| + 8rA%ym, which leaves a matching M’ of size at least Ao /(4A). Now we
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will greedily choose a suitable submatching. Suppose we have chosen a subset F(M9) :=
{ry1, .. w1y} © E(M') where 1 < g < |7}, and the distance in H \ M between any
pair of vertices in V(A7) is at least three. To choose z,y,, we delete all vertices in V' (M’) at
distance in H \ M at most two. The number of deleted vertices is at most (1 + A + A?)2q <
4A%ym < Agm/(4A). Thus we can always choose z,y, from the remaining vertices of M’.
We claim that M7t := M7 U {z,y,} is a suitable extension of M?. Indeed, x,, y, have no
neighbours in M7 so M? is induced, and if , shared a neighbour z with some other y € M4,
then it would be at distance two from y, a contradiction. Thus we can obtain )., and hence
M., ..., M., satisfying both required properties.

Let X := V(M) and Y := Ny(X) \ X. We will embed M into the template first, defining
injections 7 : X — Vando : E(M)UE(H[X,Y]) — Zsothato(M,) = Z. foralle € E(R).
We want to choose good images for the vertices x € X so that there are many choices for each
neighbour y € Ny(z) \ X.

Now we will embed A greedily, using the fact that e(G.) > d|V;||V}| forall c € Z;;, and v <
d. Foreachp < e(M),leti < sbesuchthate(M,,)+...e(M.,_,) <p < e(M,)+...+e(M.,).
Let M, :== M, U...UM

€i—1

U M/ where e(M,) = p and we have fixed an ordering of

i

E(M,,) and M is the (possibly empty) matching which consists of an initial segment. Let

X, := V(M,) and Y, := Ny(X,) \ X,. Suppose we have found injections 7 : X, — V and

o: E(M,) UE(H[X,,Y,]) = % such that
o 7(x) € Vi forall z € X5
* 7(2)7(y) € Go(ay) forall zy € E(Mp);
* 0(E(M.,)) = 2., forall h <iand o(E(M)) C 2. ;
« for all y € Y, there exists C;, C Vi, such that C, C

’Oy| > d|v¢(y)|/6-

N )Xy NGy (7(x)), and
We want to extend 7 and o by embedding an edge zz’ in M., \ M with a colour ¢* € &/ and
choosing colours and candidate sets for its unembedded neighbours. So fix any such c¢* and let
o(xx') := c¢*. Let N(x), N(2') be the set of neighbours of x, 2’ respectively in H \ M. The first
property of M implies that N (x), N(y), V(M) are pairwise disjoint for all y € V(M) \ {z, z'},
and similarly for 2. However, we could have N (z) N N(z') # () (for example if H is a union
of vertex-disjoint triangles).

First, we will define 7(z) and colours and candidate sets for every vertex in N (z). Write e; =
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jj and Uy, := V, \ X, for h = j, j'. We have e(G.+[U;, Uj]) > d|V;||Vir| = 2ym(|V;]| +|Vi|) >
AV IVl /2. Let
Z(z) ={veU;:dg.(v,Uy) >dlUj|/4}.

A simple counting argument implies that | Z(z)| > d|U,|/4. We will choose 7(x) € Z(z) and
candidate sets C,, for each y € N(x), as follows. Order N (x) as y1, ...,y where £ < A, and
let ay, ..., a, be such that ¢(y;) = a;, so a; € [r]. Suppose we have found, for i > 0,
* ¢; € Cjq, such that c*, ¢y, . . ., ¢; are all distinct and disjoint from U(E(]\/\I/p)) and
 aset Zi(x) C Z(x) with |Zi(z)| > (d/6)'|Z(z)| and dg,, (2, Va,) > d|Va,|/6 for all
h € il and z € Z;(z).
Now, G7“+1[Z,(x),V,

aj+1

] is (1/e, d/2)-regular by Lemma 3.2.4(i) (the slicing lemma), so Lemma 3.2.3(ii)
with e(G.[Z;(x), Va,.,]) >

y Vaitl

implies there are at least (1 — /€)|%jq,,,| colours ¢ € €, ,
(d/2 — /)| Zi(@)||Vas | = d|Zi(2)||Va,,,]/3. Let ;41 be any such colour which does not
lie in the set {¢*,c1,...,¢;} Uo(FE (J\%)), which exists since the number of available colours
is at least |€q,,, \ 2| — 1 — A > d|¥]

the number of vertices z € Z;(z) with de.,,, (2, Va,,,) = d|Va,,,|/6 is at least d| Z;(x)| /6, and

ai11]/2 = dom/2. By a simple counting argument,
we let the set of these vertices be Z;,1(x). Thus we can complete the iteration and find Z,(z).
Now let 7(x) be an arbitrary vertex of Z,(x), and for each i € [{], define the candidate set
Cy, == Ng,, (1(2), Va,) and o (2y;) := ¢;.
Next, we will define 7(z’) and colours and candidate sets for every vertex in N(z). For each
y € N(x) N N(a2), the candidate set for y will be a subset of C,. For this, let Z(z') :=
Ng..(1(x),Uj), so | Z(2")| > d|Uj/|/4 since 7(z) € Z(x). Write N(z') = {w1,...,w;} and
let by, ..., b be such that ¢(w;) = b;. For each w; € N(x), we already defined C,,; for the
other w;, let C,,, := Vj,. Using the fact that GZ'%[Z(x'), C,,] is (\/€, d/2)-regular, exactly the
same argument for N (z’) as for N (x) implies that we can find
» foreachi € [k], ¢, € €, which are distinct and disjoint from {c*, ¢4, . . . ,cz}Ucr(E(]\Aip))
and
« Zi(a') C Z(2) with |Zy(2')| > (d/6)*|Z(2')| and dg, (z,C,) > d|C.y,|/6 for all
i € [k] and z € Zy (). Z
We let 7(2') be an arbitrary vertex of Z(z') and for each i € [k], let T, := Ng , (7(2'), C,)
and o(2'w;) := ¢,. Note that 7(2') € Z(2') C Ng_.(7(z)) so 7(z)7(2") € G :ZGU(m/). For

y; € N(x)\ N(2'), C,, has not changed since it was first defined, and we let T}, := C,,. We
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have |T,| > d?|Vy(,|/36 > d*m/36 forall y € N(x) U N(z').

Thus we can complete the iteration and embed the whole of M. This completes the required
extension of 7 and o, so we have obtained 7 : X — Vando : E(M)U E(H[X,Y]) — €,
with o (E(M)) = 2.

Finally, we extend the embedding to the whole of H by applying Lemma 3.3.1. Indeed, let F’
be the subtemplate of F induced by V', ¢”, where V' = {V/,...,V/} and V! := V; \ 7(X),
and ¢! := €.\ (0(E(M) U E(H[X,Y])). Lemma 3.2.9(ii) implies that 7' is a template
with parameters (m /2, 2,d/2,6/2). Foreach y € Y, we have [T, N V| > d? |V |/36 —
67 (¢(y))| = d*m/36 — \ym > d*m /37. Similarly for each w € W, we have |T,, N V{,\| >
(v — A1)m > vm/2. For all vertices y of H for which T}, is not defined, let T, := V). Thus
we can apply Lemma 3.3.1 with parameters m/2, 2¢, 2\, min{v, d?/37},d/2, /2 playing the
roles of m,e,v,v,d, 0, target sets T, and Y = () (so no candidate sets), to find the desired
embedding. Most of the required properties are immediate but we justify why (iii) holds. If
xa’ € E(M) then we already showed that 7(2)7(2") € Gpay. If zy € E(H) \ E(M) where
x € X, we have y € Y, and then the choice of M guaranteed that Ny (y, X) C {z, 2’} where
zz' € E(M) and, if this neighbourhood equals {z}, we chose 7(y) € T, C Ng, ,  (7(2)),
sy (T(@)). 1E
xy € E(H) — X, then this follows from Lemma 3.3.1. []

while if it equals {x, 2"} we chose 7(y) € T, and T,, C Ng_,, (7(x)) N Ng

Next we state the usual blow-up lemma, which we will use in the proof of our transversal
blow-up lemma. Note that the lemma is usually stated in terms of the stronger ‘superregular’
condition rather than ‘half-superregular’, but the same proof applies. Alternatively, one can
apply Lemma 3.2.1.

Theorem 3.3.3 (Blow-up lemma (Komlés et al., 1998b)). Let0 < 1/m < e, a < v,d, 5, 1/A, 1/r <
1.

Let R be a graph on vertex set [r]|.

Let G be a graph with vertex classes Vi, ..., V, where m < |V;| < m/d forall i € [r],
such that G[V;, V| is (e, d)-half-superregular whenever ij € E(R).

Let H be a graph with A(H) < A for which there is a graph homomorphism ¢ : V(H) —
V(R) such that |¢p~*(5)| < |V;| forall j € [r].

For each i € [r], let U; C ¢~ (i) with |U;| < am and suppose there is a set T,, C V; with

T| > vm forall x € U,.
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Then there is an embedding of H inside G such that for every i € [r], every x € U, is embedded
inside T,
The final embedding lemma that we prove in this section applies to embed a spanning graph
H which consists of small components and such that a small fraction of its vertices have target
sets. The template F is required to be semi-super (every vertex has large total degree) and
rainbow, since H could have many edges in every pair, and additionally / must contain many
more colours than required for a transversal embedding.
Lemma 3.3.4 (Embedding lemma with extra colours). Let 0 < 1/m < ¢,pu,a0 € f <
v,d,0,1/A;1/r < 1/2 where r is an integer.
 Let R be an r-vertex graph and let F = (V, €, G) be a semi-super rainbow R-template
with parameters (m, €, d, J).
o Letn := |V| and suppose that H is an n-vertex graph with A(H) < A which is the union
of vertex-disjoint components of size at most jn, and there is a graph homomorphism ¢ of
H into R such that |¢p~ ()| = |V;| forall j € [r] and e(H[¢ (i), o7 (5)]) < || — Bm
forallij € E(R).
e Foreachi € [r], let U; C ¢~ (i) with |U;| < am and suppose there is a set T,, C V; with
|T| > vm for each x € U;.
Then there is a transversal embedding of H inside F such that for every i € [r|, every xz € U,
is embedded inside T,.

Proof. Choose new parameters /', 7y, (, A satisfying e, p, o < v < i/ < ( < A < (. Note

that n and m are similar in size, since

rm <n <rm/d, (3.1

so in particular on/r < m < |V;| <m/é < n/(rd) for all j € [r]. We begin by partitioning H
into parts which will later be embedded sequentially.

We claim that there is a partition V (H) = ByU By U. ..U B; such that every edge of H is inside
some H|B;], and, forall 0 < i < sand j € [r], writing B;; := B; N ¢~ '(j) and b;; := |B;;|, we
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have

8 p'm < by < 3r?p'm/§  forall j € [r], (3.2)
bij <3rp'm/é foralli € [s]and j € [r], (3.3)
s <1/u. (3.4)

To see this, first note that our assumption is that H is the vertex-disjoint union of connected
components H,..., H; each of size at most un. Whenever we have distinct ¢, 7 such that
\V(H;)|,|V(H;)| < w'n, we merge them together into a larger subgraph of H. This process
terminates when each subgraph has order at most 2u/'n, and at most one subgraph has order at
most 4/n. If such a small subgraph exists, we merge it with another. Let Bj,..., Bl be the

vertex sets of these subgraphs, so
wn < |Bi| <3u'n forallie€ [¢] (3.5)

and there are no edges of H between B; and B} when i # j.

Suppose for a contradiction that there exists jo € [r] such that |B; N ¢~ (jo)| < 6*u'm for all
i € [s']. Note that $~(jo) is covered by the B! and thus we obtain s’ > |¢~'(jo)|/(621/'m) >
1/(6%y'). Then

)

(1) N =1 (35 1o / (3.1) 1o
n/6 > (r=1)m/6> Y Vil =) |B\¢ (o)l = &' (Wn—06"'m) > s'u'n/2>n/(25%),

J€lrN\jo} i€ls’]

which is a contradiction since § < 1/2.

Thus, for each j € [r], there exists ¢ € [¢] such that |B, N ¢~ (5)| > 6°n/'m. Letiy,... i,
be such that |B] N ¢~'(j)] > 0*'m for all j € [r] and take By := Uje;)B;, and relabel
the remaining B; as By, ..., Bs. Now (3.2) and (3.3) follow by construction, (3.1) and (3.5).
Finally, (3.4) follows from (3.5). This completes the proof of the claim.

In the next part of the proof, we will embed H[B], ..., H[B;| in turn. For this, we first partition
each Vj into sets for each stage of the embedding, and find a buffer set of colours which will be
used in the final part of the embedding. Given an edge xy of G, write c(zy) := {c € € : zy €
G.}. Foreach jj' € E(R) and x € V}, define M, (x) := {y € Vs : |c(zy)| > d|E;|/2}. We
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claim that each such set satisfies
| Mjjr ()] = d|Vy| /2.
Indeed, semi-superregularity implies that

V|G| < > de(z, Vi) =Y le(ay)| < (M ()| | + [Virld| €] /2.

CE%jj/ yGVj/

as required.
For each j € [r], let V) U V}' U... UV} be a random partition of V; into parts of size by; —
sym, byj + ym, ..., bs; + ym respectively. For every i € [s], j € [r] and x € B;;, we will
embed z into V', which has size slightly larger than necessary. For each e € E(R), let € be a
uniform random subset of €, of size ¢|%,| and let €, := €, \ €?.
We have by; — sym > (6% — sy)m > §2u'm/2 by (3.2). Thus all parts are sufficiently large
for a Chernoff bound to allow us to assume that the following hold:
(C1) forall jj' € E(R), x € V;and y € M (x), we have |c(xy) NG| > d|E))]/4;
(C2) forall jj' € E(R) and = € V; we have | M (x) N V7| > d|V)]/4;
(C3) forall0 <i < sandz € V(B;) where T, is defined, we have || > 1/|V(;(x)|/2, where
T, :=T,N Vdf(x)'
Indeed, each of these lower bounds is at most half the expectation of the quantity in question.
We iteratively construct the transversal embedding of H[B; U ... U By]. Suppose that we have
obtained an embedding g;_; for some ¢ > 1, such that
(i) g;—1 is a transversal embedding of H[W,;_;|, where W;_; := By U ... U B;_1;
(i) gi_1(z) € Vj"' forevery x € By; C W;_q;
(iii) forevery jj' € E(R) and every embedded pair x, y of vertices where zy € E(H[V;, V;]),
the colour of zy is in %?;j/ and these colours are distinct over the embedding; and

(iv) if z € U; N W,_4, then g;_y(x) € T, for every j € [r].
That is, g;—; consists of injections 7 : W,y — V and ¢ : E(H[W;_1]) — % such that
7(2)7(y) € Go(uy), With the stated properties.
Now we will extend g;_; to a transversal embedding g; of W, := W, _; U B; with the analogous

properties for i. First observe that the vertices we are about to embed, that is, B; = W; \ W;_4,
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have no previously embedded neighbours since every edge of H lies inside some B;. Therefore
it suffices to find a transversal embedding of B; when B;; is embedded into V;Z for each j € [r]
which uses unused colours.

Obtain ¢ from CK; by deleting any colour we have used in the embedding g; ;. Every colour

cluster in the original template contains extra colours, so for every jj' € E(R) , we have

iyl = €5l = Y e(H[By, Bey]) = (|50 = (1= Q€| — e(H[B]) = Bm/2. (3.6)

1<0<i—1

For each j € [r] and j’ € Ng(j), let
Vi = {v e Vi Peew, da (v, Vi) < 2d|V}||€5/3}.

Lemma 3.2.4(i) implies that G%;, := (G.[V},V}] : ¢ € €};,) is (/€, d/2)-regular and thus, by
Lemma 3.2.3(i) and (3.3), we have that \Vf’j/’bad\ < VE|V}| < *m. For each i € [s] and
j € [r], obtain a subset Y} of V' by removing ‘/ji’j/’bad for each j' € Ng(j) so that |Y]| >
bij +ym — ret3m > b;; + ym/2. We further have Y7 < bij +ym < 4p'rm/6 by (3.3).
So cluster sizes differ by a factor of at most (ym/2)/(4p'rm/6) = ~6/(8u'r) < (/7. Let
Yo={Y),.... Y andlet 6" := U c ) €.

We claim that the subtemplate F; := (), 4", G") of F induced by )¢, €" is a semi-super
rainbow R-template with parameters (ym/2,/c,d/2, /7). That vertex clusters have suitable
sizes follows from (3.3), and that colour clusters have suitable sizes follows from (3.6). We
have seen that G, is (v/2, d/2)-regular. Moreover, for all jj' € E(R) and v € Y], since

b
v ¢ Vj”’ %% we have

> de.(v,Y]) = 2d|Vi|€]/3 = €Pm| g > dIViIIE /2,

ce%?,
i

so G, is (v/¢, d/2)-semi-superregular. This completes the proof of the claim.

Therefore, for each j;' € E(R), we can apply Proposition 3.2.11 to see that the A-thick graph
Tz, is such that T, := Ty [Y}, Y]] is (\/€, d/4)-half-superregular for all jj' € E(R). Apply

Theorem 3.3.3 (the blow-up lemma) with target sets 7, and parameters ym/2, /¢, v/a,v/2,d /4

playing the roles of m, ¢, , v, d to embed H[B'] into T, such that for every j € [r], every
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x € U; N B; is mapped to 7, C Vji, which is possible since, by (C3), |77| > vym/2 and

\U; N B;| < am. Since for each edge of T;j,, the number of unused colour graphs it lies in is

NG| Y Agmy2 > 3prtmajs > A by > e(HIB)),
J€lr]

we can greedily assign colours to the embedding. This completes the construction of g; which
satisfies (1)—(iv).

Thus we can obtain g, with the required properties. At the end of this process, the unembedded
part of H is H|[By], and the set of vertices of V; which are not an image of any embedded vertex
of H is precisely Z; := V) U U, (V}' \ 95(Bi;)), which has size by;. We will use the colours
in¢" =/
We claim that the subtemplate Fy := (Z,%°, Gy) of F induced by Z := (Z; : j € [r]),€"

cen(r) €. to embed each By; into Z;.

is a semi-super rainbow template with parameters (6%u'm, /€, d?/16, (). Indeed, (3.2) implies

that vertex clusters have sizes satisfying 6*u'm < by; = |Z;| < (6*u/'m) - 31 /63 < (6*u/'m) /.

Colour clusters have size |€7;,| = (|| > (dm > ((6°/3r*)m. Lemma 3.2.4(i) implies that
0o ._ 0 1707 . 0y ; . .

G, = (G[V), V)] : c € €) is (e, d/2)-regular for every jj' € E(R). Additionally, for

allz € Z; C 'V,

(C1),(C2)
S dae,Zi) = S lelw) nEY = S ) NGyl = dVI/A- /e

0 0 0
ce‘fj]./ erj, yeij/(:p)ﬂVj,

= PVREY1/16,

so the template is semi-super.

As before, we can apply Proposition 3.2.11 to see that the A-thick graph T]’E-O 1s such that Tjoj/ =
T2[2), Z)] is (1/€,d/4)-half-superregular for each jj' € E(R). We have am < \/a|Z,],
and (C3) implies that 7| > y[Vf(z)\/Q > v|Zywl/3 for all x € V(B,) with a target set.
Thus we can apply Theorem 3.3.3 (the blow-up lemma) with target sets 7 and parameters
f'm, \/e, /o, v/3,d /4 playing the roles of m, ¢, o, v, d to embed H|B] into T};, such that for

every j € [r], every x € Uj is mapped to T, C V, which is possible by (C3). The number of
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colours on each edge of TJQ]-, is at least

NG| = M[Gpr| > Mom > BAr*p'm/6 > A " by; > e(H[By)).
jelr]
Thus we can again greedily assign colours of ‘Kj%, to obtain a transversal embedding of H[B,|

using colours untouched by the previous embedding, which completes the transversal embed-

ding of H. ]

Finally we state a transversal blow-up lemma, which we prove in the next section by combining
the embedding lemmas of this section. Its statement is slightly stronger than Theorem 3.1.8
since the template is super rather than half-super, but the proof of Theorem 3.1.8 is a simple
matter of applying Lemma 3.2.9(iv) (essentially Lemma 3.2.1) first. The details can be found
at the end of the next section.
Theorem 3.3.5 (Transversal blow-up lemma). Let 0 < 1/m < e, pu, o0 < v,d,6,1/A 1/r <
1/2 where r is an integer.
» Let R be a simple graph with vertex set [r] and let F = (V, €, G) be a rainbow super
R-template with parameters (m, e,d, 0).
* Suppose that H is a p-separable graph with A(H) < A and there is a graph homomor-
phism ¢ of H into R such that |¢~(j)| = |V;| forall j € [r] and e(H [ (i), o7 (j)]) =
|€i;| for allij € E(R).
e Foreachi € [r], let U; C ¢~ (i) with |U;| < am and suppose there is a set T, C V; with
|T| > vm for each x € U;.
Then there is a transversal embedding of H inside F such that for every i € [r|, every z € U,
is embedded inside T,.

3.4 Proof of the transversal blow-up lemma

3.4.1 Sketch of the proof

The proof is a combination of the usual blow-up lemma applied to the thick graph, together
with the rainbow partial embedding lemmas in the previous section and the colour absorbing

approach pioneered by Montgomery, Miiyesser and Pehova in (Montgomery et al., 2022).
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We begin by outlining the steps of the proof in (Montgomery et al., 2022), which is a common
sequence of steps for embeddings using absorption, and which we shall also use. The transversal
bandwidth theorem in (Chakraborti, Im, Kim, & Liu, 2023) also follows this general outline, as
well as using the (usual) blow-up lemma as a key tool. Let H = Heon U Haps U Hopp U Heol U Hox
be a suitable partition, which will be carefully chosen. These parts will be embedded in turn,
each time using new colours to extend the transversal embedding.
Step 0. Embed a small ‘connecting graph’. Embed H ., whose vertex set, as guaranteed by sepa-
rability, is such that its removal disconnects H into very small components (Lemma 3.3.1).
Step 1. Find a colour absorber. Embed H,. into the edge-coloured graph G of G, and find
disjoint sets .7, 8 C € of colours such that, given any e(H,ps) — |<7| colours in A, we
can choose the colours of the edges of H,;,¢ using exactly those colours and the colours
in 7.
Step 2. Use most of the colours outside </ U 8. Embed H,,;, using most of the colours outside
o/ U A (Lemma 3.3.4).
Step 3. Use the remaining colours outside </ U 8. Embed H., using every unused colour in
% \ (o U A) as well as some colours of # (Lemma 3.3.2).
Step 4. Embed the remaining vertices of H using colours in 8. Embed H,, using colours of %
(Lemma 3.3.4).
Step 5. Use the colour absorber. The colours for H,,s will consist of .27 along with the unused
colours in A.
For Step 1, we use the following lemma from (Montgomery et al., 2022) which is their key tool
for colour absorption. Here we present a slightly weaker version with modified parameters for
simplicity.
Lemma 3.4.1 ((Montgomery et al., 2022)). Let 0 < \; < Ay < A3 < 1 and let {,m,n be
integers with { = \ym and 1 < m < M\2n/8. Suppose that G = (U, %) is a bipartite graph
with |U| = m and |€| = n such that d(v,€) > Asn for each v € U. Then there exist disjoint
subsets o/ , B C € with || = m — { and || = \an such that, for every subset B° of P with
size {, we can find a perfect matching between U and </ U $°.
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3.4.2 Proof of Theorem 3.3.5

Proof of Theorem 3.3.5. Without loss of generality, we may assume that ¢ < pu < a. We

further define constants A1, paps, Peol, Pyvx, A3, V' SO that altogether
0< 1/m<<€ <<,U<<Oé<< )\1 <<pabs <<pcol <<pvx <K )\3 < I// < I/,d,(s,l/A,l/T S 1/2

Let papp := 1 — (Pyx + Pabs + Peol)- Let R be a graph on vertex set [r], F = (V, ¢, G) a rainbow
super template with parameters (m, e, d,d) and H a graph as in the statement. Let n := |V/| be

the number of vertices in the template, which equals v(H ). Note that

rm <n<rm/j, and
m < |¢7'(@)| = |Vi| <m/6 foralli € [r], and ém < |%.| <Am/§ foralle € E(R),
(3.7)

where the final assertion follows from the fact that every |€;;| = e(H[¢p'(i),¢ ' (j)]) <
Alg~H(i)] < Am/o.

Preparation of /1. First we will choose a partition H = H o, UH apsUH 0, UH U H o such that
each part H, has roughly a given number p,n of vertices, and moreover e( H,[¢ (i), o1 (5)]) ~
poe(H[d7 (i), o~ 1(j)]) forall ij € E(R) and o € {abs, app, vx, col}. Since H is y-separable,
there is a set X of size at most pun such that A — X consists of disjoint components H, . .., H;,
each of size at most yn. Forall £ € [t] and ij € E(R), let H[; := Hy[¢"(i), ¢~ '(j)] and let
nf = |V(Hy) N¢~'(j)| and hf; := e(H};). Let Heon := H[X]. Note that

| X| = |V (Heon)| < pn < rum/5 < \/pm. (3-8)

Independently, for each ¢ € [t], add H' := Uije B(R) Hfj to H, with probability p, for o €
{abs, app, vx, col}. Then, for all i € [r] we have E(|V(H,) N ¢~ 1(i)]) = po|Vi| £ |X]| >
(Po — y/It)m, and for all ij € E(R) we have

E(e(Holo™ (1), 0~ ()]) = po Y _ hi; = poe(H[67" (i), 67 ()]) £ AIX] = po| Gyl £ Ay/im

Le(t]

> (pd — AyR)m.
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Now, t > (1 — p)/p > 1/(2p) and e(H;) < Anf < Apn forall ¢ € [t] and ij € E(R), and
each of these expectations is at least dp.,sm /2, so a Chernoff bound implies that these values

are within a multiplicative factor of (1 + %) of their expectations with probability at least

r _(5pabsm/2)2/9 2 —pib554 1
— >1— _Zabst ) >
1-4 (T + <2>) exp ( ﬁ(Alm)Z >1—4r°exp Tsrip ) = 2

Thus we may assume that, for all o € {abs, app, vx, col},

ng = |V(Ho) N ¢~ ' (i)] = (1 £ 3)ps|Vi| € [pom/2,3pom/(26)] foralli € V(R); (3.9)
hij = e(Ha[071 (1), 7 (j)]) = (1 £ 3)po|€5] € [padm/2,3Apem/(26)]  forallij € E(R).
(3.10)

We write Hy; := Ho[¢~'(i), ¢~ "(j)] for all ij € E(R). Every vertex x € V(H) \ V(Heon)
lies in some H, where o € {abs, app, vx, col}, and z can only have neighbours inside H, or
V(Heon). Note here that for each o € {abs, app, col, vx}, H, is the union of vertex-disjoint
components of size at most pin < (2u/p.) |V (Ho)| < \/1|V (H,)|, by (3.9).

To find a transversal embedding of H, we need to define two injective maps 7 : V(H) — V
and 0 : E(H) — € where 7(2)7(y) € Go(ay) forall zy € E(H). For this, we will define 7(x)
for every vertex in H,,, followed by every vertex in H,ys, Happ, Heol, Hyx. When defining 7
for vertices in H,, we simultaneously define o for all future incident edges except for o = abs,
for which colours are defined at the end. Whenever we define 7(y) for some y we always

choose 7(y) € Vi, and if y has a target set T}, we ensure 7(y) € T,,. We also always choose

o(zy) € Cy(x)p(y)-

Step 0. We first embed H,,, into F by applying Lemma 3.3.1, as follows. Recall that X =
V(Hcon), and define Y := Ny (X) \ X. Let H.__ be the graph with vertex set X U Y and edge

con

set E(H[X UY])\ E(H[Y]). Then (3.8) implies that

(3.8)
V(H, )| < (A+1)|V(Hen)| < 2A/mm  andhence e(H. ) < p'Pm.  (3.11)

con

For each w € V(H_,,) where T,, is not defined, let T, := V(). Lemma 3.3.1 applied with

con

2A,/p playing the role of 7y (and the other parameters the same) implies that there are injective
maps 7 : X — Vando : E(H.,,) = € with 7(2)7(2") € Gypey for all za’ € E(Hgoy), and

con
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so that 7(x) € T, for all x € X, and so that there are candidate sets C), for each y € Y where
Cy C Vi) \ 7(X) such that Cy € (e, ()nx V6o (T(2) NTy and |Cy| > v/'m.

We update the target sets, by defining Ty1 = C, C T, fory € Y where this set is defined, and

T =T,ify ¢ V( and this set is defined. This updates target sets Ty1 for all unembedded

COH)
vertices y, and all target sets have size at least v/m. Note that for all y € Y, if we choose
7(y) € T, then 7(2)7(y) € Go(ay) forall z € Ny (y) N X, so the colour o(zy) will be used as

desired. For each i € [r], let U} be the set of vertices y in ¢~ (i) with a target set T,,. We have
UM < Uil + Y] < am + 2A/um < 2am. (3.12)

This set will only shrink during the rest of the proof as vertices with target sets are embedded.
Some target sets of vertices in U} will also shrink, but will remain large enough.

Let ny™ = |V(Heon) N ¢ '(7)| for all i € [r] and A" = e(H,,[¢~" (i), ¢~ (4)]) for all
ij € E(R). We have

Vi = nS® 4+ n2™ + PP ¥ 4+ nfl foralli € [r] and

63| = e(H[p ' (i), 071 (5)]) = his™ + h;;bs + hif? + hi + h;?;.ﬂ forallij € E(R). (3.13)

Let 7/ = (V',¢’, G’) be the subtemplate of F obtained by deleting the vertices 7(.X') and the
colours o(E(H/,,)) from F, so, defining for all i € [r] and e € E(R)

con

V/:V\T(X> (g Cg\ ( ( con))

7),(3.1
wehave (1 — 1/4)\% < y<gg|5

13) habs+happ+hcol+hvx

By Lemma 3.2.9(ii), F' is a rainbow super R-template with parameters (m/2,2¢,d/2,6/2).

Step 1. Next we embed (the vertices but not the colours of) H,,s into F'. For each i € [r], let
V2bs C V! be a uniform random subset of size n". Lemma 3.2.9(iii) applied with F’, p,p,s/3, 6
playing the roles of F,a, k implies that the subtemplate F,p,s of ' induced by (V2" : i €
[]) is a rainbow super R-template with parameters (papsm /3, v/€,d?/64,6/6). Furthermore,
a Chernoff bound implies that we may assume |7, N V| > 20/n3 /3 > v/[V;2*] /3 for all

y € V(Haps) with a target set T}
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Let V/" := V! \ V2>, We have

(3.9)
V'] > Vi = 2A/m — ni™ > (1 = 2paps) [Vi] > m/2. (3.14)

Lemma 3.2.9(i1) applied with F, 2p,;, playing the roles of F, « implies that the subtemplate
F" induced by V/” is a rainbow super R-template with parameters (m/2,2¢,d/2,6/2), and a

Chernoff bound implies that we may assume
T, NVl = 2('m —ni™) /3 > v'm/2 (3.15)

for all y with a target set T, .

We will embed H.;,, into the A\3-thick graph T}:bs. By Proposition 3.2.11, for every ij € E(R),
T3 [Vibs, Vabs]is (/g d?/128)-half-superregular. Apply Theorem 3.3.3 (the blow-up lemma)
with target sets 7, N V% and parameters /¢, \/a, V', d? /128 playing the roles of ¢, a, v, d
to find an embedding 7 of H,,s into T]);:bs such that 7(x) € Vi, for all z € V(H,s) and
7(y) € T, for every y € U} with i € [r]. Note that we haven’t yet defined o(e) for any
e € E(H,s). However, by our definition, for every such e = xy we have 7(z)7(y) € E(G.)
for at least \3|%”| colours ¢ € €. For each e € E(R), let G . be the auxiliary bipartite graph
with vertex classes Z, := {7(z)7(y) : xy € E(HS.,)} and €., where {7(x)7(y), c} is an edge
whenever 7(z)7(y) € E(G.). Then (3.10) implies that | Z,| = h2*® < 3paps|6.|/2 < 2pans| €7,
and by construction, every 7(z)7(y) in Z. has degree at least A3|%"| in Gaps.. For each e €

E(R), define constants /. and p, via

le = Mh™ and (3.16)
pe‘%ell = (1 _pabS)Fge/’ - (hibs - ge) - hgpp = hEX + hZOl - pabS|(ge/| + )‘lhzbs
3.10
CLY (1 & DR € [pul€71/3, 3pu| B (3.17)

Thus for each e € E(R) we can apply Lemma 3.4.1 with Gaps e, Ze, 6., A1, De, A3 playing the
roles of G, U, €', A\, A2, A3 to obtain disjoint sets .27,, . C %, such that

Q) ] = 2 — 0, < 2panl

(Q2) [%.| = pe|¢.
(Q3) for any set B° C B, of size (., there exists a colouring using colours from <7, U % that

’
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makes the embedding 7 of H2> rainbow. That is, there is a bijection o, : F(H>) —

. U B2 such that 7(2)7(y) € G, (ay) for all zy € E(H™).

Preparation for Steps 2—4. Recall that the template 7’ = (V" %', G") has vertex clus-
ters V' = (V" = V! \ V2 : 4 € [r]), colour clusters (¢! : e € E(R)) and graphs
(G")7 = (G[V", V] : ¢ € €];), and F" is a rainbow super R-template with parameters
(m/2,2e,d/2,8/2). Let nS°¥* := n¢°! 4 n¥* for each i € [r] and let peolyx := Peol + Pux. During
the rest of the proof, for each ¢ € {app, colvx} we will identify pairwise disjoint vertex sets V;°

in the vertex clusters V;”, i € [r], so that
Vel =mng, and V=V PPUVOY™  where V°:={V,...,V?°} Vo € {app, colvx}.

We will choose 7(z) € V71 for all v € V(Hapy) and 7(z) € Vdf(ozl;x forall v € V(He) U

V' (H,x). We will identify pairwise disjoint colour sets ™°, so that

e

€° = U €2 Vo € {app, col,vx}, € = U ¢°
e€E(R) o€{app,col,vx}

and for each xy € FE(H,), we will ensure o(zy) € G. for some ¢ € (ﬁ(g(m)(b(y). Given such
sets of vertices and colours for o € {app, col, vx}, we define F, := (V°',€°, G°) to be the
subtemplate of F” induced by V°', €°, where app’ = app and vx’ = col’ = colvx. Note that
these templates are always rainbow R-templates with pairwise disjoint sets of colours, but F
and £, share the same vertex clusters.
We will now define the vertex sets V;° for o € {app, colvx}, but colour sets will be defined
sequentially, given the colours used in each step. For each i € [r], do the following. For each
J € Ng(i), recall that (G [V, V]'] : ¢ € €;) is (2¢,d/2)-superregular. By (3.16) and (Q2),
we have |Z;;| > puw|€];]/2, so by Lemma 3.2.4(i), (G [V]", V'] : ¢ € By;) is (4e/pyx, d/4)-
regular and hence (1/z/r, d/4)-regular. By Lemma 3.2.3(i), there is a set Vz C V/ with ]Vﬂ <
Ve|V/"| /r such that

3" de.(v) > d|V}|| %] /5 forallv e V' \ V. (3.18)

CE%’U’

79

Let Vi == Ujen,e V7, s0 [Vi| < /Z|V/], and let VM be a uniform random subset of
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V! \ V; of size ng®™, and let V;*™ = V" \ VoM™, So [V = ni™. Let T2 = T} N V¥
forall y € Ul and i € [r] (i.e. those y for which T}, has been defined), where o'(y) = app if
y € V(Happ) and o' (y) = colvx if y € V(Heo) UV (Hyx).

Forall c € €/

1;» the superregularity of our graph collections implies that

E(e(Ge[ VM, Vo)) = (™ / V) (5 [V D (e(Gel Vi, V') — VeIV IV]])

(3.9)
Z dngolvxn§olvx/3 Z dp3X52m2/12

For all i € [r] and y € U} we have

) o W) e . , iy (3:9),(3.15),(3.14) )
E(IZ,]) = (n ™ /IVI'DT, 0 V| = VelV]) > PoryV'm/5.

Further, for all ij € E(R) and v € V", since v ¢ V7 we have
1 1 " " " (3.18) 1
E (e, do. (0, Vi) = 05/ V1) X, (dos, (0, V) =VEIV) 2 dns™( /11,

By Chernoff bounds, we may assume that each of the above quantities are close to their expec-
tations, SO

(C1) |T7| > poryyv'm/6 forall y € U} and i € [r] (i.e. all those y which have a target set);
(C2) e(G Ve, V}COIVX]) > dn;?"lvxnj‘)lvx /13 forallij € E(R) and c € €};
(C3) X e, da.(v, Vo) > dn$o*| %50 /12 for all ij € E(R) and v € VO™,

Let m' := p,xm/8. Now (3.12) and (C1) imply that, for all ¢ € [r], the number |U}| of vertices

y € ¢~'(i) with a target set T}, satisfy
U} < 2am < Vam/, and |T7| > pur/m/6 > v'm'. (3.19)

For all i € [r] we have |V;©%| = ngolvx = ngl + n¥* so

)

(3.14) (3.9) (3.9) (3.14)
Pl VI'1/3 < pulVil/2 < IVEM < 2pnVil < 3pnd VYL (3.20)

We claim that the following properties about templates ., with colour sets % for o € {app, col, vx}

hold.
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(F1) Let
CPP =6\ (A URB,) forall e € E(R).

Then F,,,, with vertex clusters (V;* : ¢ € [r]), is a rainbow super R-template with
parameters (m/4,4e,d/4,5/4).
(F2) Suppose
€ = B. U 9D, where 9, C €*P forall e € E(R).

Then F,1, with vertex clusters (V"% : i € [r]), is a rainbow R-template with parameters
(m',/2,d/4,5/24) with the property that e(G [V, VOM]) > d|Veo|[V o] /22
forall c € Z, and ij € E(R).
(F3) Suppose
€ C B and | B, \ €| < 2pcal|€.| forall e € E(R).

Then F,,, with colour clusters (V" : i € [r]), is a rainbow super R-template with
parameters (m’,\/e,d/13,5/24).
These properties follow from Lemma 3.2.9 applied to F, as a subtemplate of 7" = (V",¢", G")
(which has parameters (m/2,2e,d/2,5/2)), as follows. First, (F1) holds by Lemma 3.2.9(ii)
since F,p,p, is a small perturbation of F”. Indeed, (Q1) and (Q2) implies that € \ € *P| <
(2 +3p) 6] < Apl2] < w2, and [V V] = [Vl < 3p| V| < /a2
by (3.20), so we can apply the lemma with 2¢, |/p.x, d/2 playing the roles of €, a, d to ob-
tain (F1).
For (F2), (Q2) and (3.16) imply that |6°'| > | %B.| = p.| €| > pu|%.|/4. Together with (3.20),
this means that we can apply Lemma 3.2.9(1) with parameters m /2,2, p./4,d/2,6/2,12
playing the roles of m, e, «, d, d, k to see that F., is a rainbow R-template with parameters
(m/,\/e,d/4,§/24). The second property follows from (C2) since Z. C €°P* C €.
For property (F3), we have | €| > | B.|—2pcai|€.| > pux| .| /4 by (3.16). Together with (3.20),
this means we can apply Lemma 3.2.9(i) with the same parameters as previously to see that

F.x 18 a rainbow R-template with the given parameters. For superregularity, we have for all
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e=1j € E(R)and v € V™ that

colvx colvx / " (3.7),(3,18),(C3) colvx 2 /52
> de (0, VE) = Y de, (0, VE) = 2pea| €|V > dn™|Bij| /12 — 2pea Am~ /0

Ce%ﬂi\;‘x Cegij

Z dn;olvx ’cgl\;x|/137

and e(G [V, Vo) > dngonset /13 for all ¢ € €% by (C2). Thus (F1)-(F3) all hold.
Now it is a matter of embedding each H, into its corresponding template, using suitable (un-
used) colours at each step. The image of V' (H,y) in each V; will be the remaining vertices of

VfOIVX after embedding H.;, which is most of this set since H, is much smaller than H.

Step 2. We embed H,,;, into F,,, using Lemma 3.3.4 (embedding lemma with extra colours)
with parameters m/4, 4e, \/t, \/a, 2pansd, V' /7, d/4, 0 /4 playing the roles of m, €, u, o, 5, v, d, 6.

For this, we recall that H,, is the union of components of size at most /z1|V (H,pp)|, and there

is a graph homomorphism from H,,, into R. By (C1) and (F1), it now suffices to check that

colour clusters have a suitable size to apply the lemma. Indeed, for all e € E(R) we have

(F1)

e R R L R e R A

(Sé(j) pabs’(gé’ € [pabsdm/za pabsAm/5]' (321)

Thus we can apply Lemma 3.3.4 to obtain 7(V (H*?)) and o(E(H®*?)) where each y with a
target set Ty2 is embedded inside it.

For each e € E(R), let . := € \ 0(E(H,pp)) and let 6! := %, U ..

Step 3. We embed H,, into F, by applying Lemma 3.3.2 (embedding lemma with target

sets and prescribed colours) with m/, /2, v/, \/Pabs, /Peol; Peol; V> /4, § /24 playing the roles
of m,e,a,7, A\, \a, v,d, 0. To see that this is possible, we have |V (H.) N ¢~ 1(i)| = ne! <
2pcorm /0 < /P’ We also have

(3.10)
6<Hcol[¢_1(i)7 gb_l(.])]) = h%)l Z pcol&n/2 Z pcolm,~

Equation (3.19) implies that the number of vertices with target sets and the size of these target
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sets are suitable. By (3.21), for every e € F(R) we have
|Ze| = 12| = he™ < pabsAm/6 < /Pansm’. (3.22)

By (F2), it remains to check that | \ 2| > d|€°°!|/4. Since the original template was
rainbow, 6\ 9 = €'\ . = %.. Equation (3.22) implies that | Z,| > €| — \/Papsmt’ >
|6 /2 > d|€<°!|/4, as required. Thus we can apply Lemma 3.3.2 to obtain 7(V (H,)) and
0(E(Heco1)) where each y with a target set 777 (i.e. those in U(;(y)) is embedded inside it.

Let €% := B, \ 0(E(Hco)) and VY := VOV 7(V(H,y)), so V¥ = nyx,

Step 4. Let F._ be the subtemplate of F induced by (V;'* : i € [r]). It is a small perturbation:
[Veolvx \ yvx| = peol < 29 1m/§ < poem/, so Lemma 3.2.9(i) with m/, \/2, pyx, d/13, 6 /24
playing the roles of m, ¢, v, d, § implies that F,_ is a rainbow super template with parameters
(m'/2,2v/2,d/26,0/48). Let T; := T2 N V™ forall i € [r] and y € VO™ N U},

We embed H,, into F, by applying Lemma 3.3.4 with parameters \//z, /o, A7, /3 playing
the roles of 1, «, 5, v (and template parameters as above). For this, we recall that H,, is the
union of vertex disjoint components of size at most /jz|V (H)| and there is a graph homomor-
phism from H,, into k. By (3.19), there are suitably few vertices with target sets T;’, and all

target sets are suitably large. By (F3), it now suffices to check that every | €| — hY* is large.
We have

G| = Y = | B — h = b 2 |G — | — B — B — B = B || = £,

= A A2 > N papsdm/2 > Nim/ /2.

Thus we can apply Lemma 3.3.4 to obtain 7(V (H,y)) and o(FE(H,y)) where each y with a

target set Ty2 is embedded inside it.

Let €27 .= o7, U (€7 \ o(E(H.y))).

Step 5. Since € = €*PP U € U 6¥* U €2 is a disjoint union, and <7, C 2> C o/, U .,

the set €2 N %, must have exactly the right size:
(€2 N Be| = |6 = 1™ — he™ = B — || = | €] = (1] — ™) — || = L.

Thus, by (Q3), for each ¢ € E(R) we can find o, with image 0.(E(H,,s)) = €. Extending
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o by all of these 0. completes the transversal embedding. L

3.4.3 Proof of Theorem 3.1.8

Proof of Theorem 3.1.8. We may assume without loss of generality that 1/m < e, pu,a <
v,d,0,1/A,1/r < 1/2. Choose an additional constant £’ with ¢ < &’ < v,d,d,1/A,1/r such
that the conclusion of Lemma 3.2.1 holds with ¢, &', d, 9, 3 playing the roles of , ¢, d, 6, k. We
may further assume that the conclusion of Theorem 3.3.5 holds with &/, d?/2 playing the roles
of ¢, d and the other parameters unchanged.

LetG,%¢,R,V := (Vi,...,V,) be as in the statement of Theorem 3.1.8. Let ¢ : V(H) — V(R)
be such that ¢(x) = j whenever z € A;. So ¢ is a graph homomorphism. Our hypoth-
esis is that F = (V, %, G) is a rainbow half-super R-template with parameters (m, e, d, d).
Lemma 3.2.9(iv) implies that for all ¢ € ¥ there is G, C G.. such that, writing G’ := (G, : ¢ €
%), the template ' = (V, ¢, G') is super with parameters (m, €', d*/2, ).

Apply Theorem 3.3.5 to F' to obtain the required embedding. L

3.5 Proof of Theorems 3.1.2 and 3.1.6

In this section we prove two applications of our transversal blow-up lemma, to super uniformly
dense graph collections (Theorem 3.1.2) and super uniformly dense 3-graphs (Theorem 3.1.6).

The latter is an easy consequence of the former.

Proof of Theorem 3.1.2. Let A, d,d,a > 0 be given and let r := A + 1. Choose additional

constants such that
0<1/n0<<77,u<<6<<51<<(52<<...<<5(;)+1<<V'<<oz<<5,d,1/A,

where we are assuming without loss of generality that o« < §,d/1/A, and so that the conclusion
of Lemma 3.2.1 holds with 3,74 ¢,a?/6 playing the roles of k,e,¢’,d, and Lemma 3.3.1
holds with ng/r, e,/01, a*/72 playing the roles of m,¢,~,d and Theorem 3.3.5 holds with
62n0/2, V€, 241, 51/3, V', a®, §/2 playing the roles of m, €, i1, v, v, d, 8. Let n > ng be an integer
and let G = (G. : ¢ € €) be a graph collection on a vertex set V' of size n and H a graph on n

vertices satisfying the conditions of the theorem.
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By assumption, dn < e(H) = |%| < An. Let m := |[n/r]|. The Hajnal-Szemerédi theorem
implies that there is a partition V (H) = A; U ... U A, into parts of size m and m + 1 such that
all edges go between different parts. Let V' = V; U ... UV, be a random partition of V' with
\Vi] = |A;| forall ¢ € [r], and let V := {V},..., V. }. We claim that with high probability, the
following hold for any ij € E(K,) = ([Q]):

(i) for all V;/ C Vj, with |V}/| > n*/4|V}| for h = i,j and € C € with |€"| > /4|, we

have 3 o e (V) V}) = dI€"||V/IV]]/2;
(i) for each labelling {g,h} = {¢,5} and v € Vj, we have > . de. (v, Vi) > o2|V4||€/6;
(iii) e(G.) > a?|V;||V;|/6 forall c € €.

For (i), we have
m? < (d)2) - en? /(2r)? < di?tonm? /2 < d(n*)’|€||Vil| Vil /2 < dIE|[V] |V /2.

The statement then follows directly from the definition of (d, n)-dense. To prove (ii), for each
vertex v € V, there are at least «|%’|/2 colours ¢ € % for which dg. (v) > an/2, and a
Chernoff-type bound implies that, with high probability de (v,V;) > «|V;|/3. Part (iii) is
proved similarly by swapping colour and vertex.

Parts (i)—(iii) imply that the 3-graph G4 of GV = (G.[V;,V}] : ¢ € €) is (n'/*,a?/6)-
half-superregular. Lemma 3.2.1 and our choice of parameters implies that every G®>/ contains
a spanning subhypergraph J®)>¥ which is (¢, a*/72)-superregular. Thus F := (V, ¥, J) is a
super K,-template with parameters (m, e, a?/72,5), where J% is the graph collection whose
3-graph is J©®)¥ and €; = € forall ij € E(K,).

Let d;j := e(H[A;, Aj])/n forall ij € E(K,). Wehave ), d;; = e(H)/n > 4. Thus there is
at least one 77 such that d;; > ¢ (5)+1° By the pigeonhole principle, there is ¢ € [(;)] such that
for all ij, either d;; < &, or di; > 0py1. Let P< = {ij € ([;]) : d;; < 0;}. We will embed those
sparse H[A;, A;], with indices ij in P<, using Lemma 3.3.1 (Embedding lemma with target
and candidate sets), while the remaining (dense) pairs will be embedded using Theorem 3.3.5
(Transversal blow-up lemma) with target sets from the initial embedding of sparse pairs.

Let X be the union of non-isolated vertices in H[A;, A;] overall ij € P<,letY := Ny (X)\ X,
andlet H< := H[XUY|\ H[Y], whose edge set is precisely those edges of H incident to X. We
have v(H<) < 2(})d,n < v/;m. Apply Lemma 3.3.1 to F with m, ,v/0g, v/, 1,04 /72,6, A, r
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playing the roles of m,e,v,v/,v,d,0,A,r,and T,, :== V, forallw € V(H<)N A; and i € [r],
to find injective maps 7 : X — V and 0 : E(H<) — % such that 7(x)7(2') € Jy(zar) for all
xa' € E(H[X]), forall i € [r] we have 7(x) € V; forall z € A;, and forall y € Y N A; there
exists C, C V; \ 7(X) such that C;, C ﬂxeNde)mX Ne, ., (T(x)) and [Cy| > v'm.

Let ' := ¢ \ o(E(H<))and let V' :={V/,... , V/} where V/ := V; \ 7(X) for each i € [r].
By Lemma 3.2.9(ii) applied with a = A+/d,, the template (V', %", J’) induced by V', ¢ is
super with parameters (m/2, 2¢,a*/144,5/2). Let H> := H — X. Note that H> (with respect
to its slightly smaller vertex set) is 2u-separable. Now we randomly partition ¢” into (’") (some
perhaps empty) parts ¢ = U, cpx,) €;; such that [€77| = e(H~ [V, V]]) for all ij € ([g}).
This is possible since |¢”| = |€| —e(H<) = e(H) —e(H<) = e(H”). Let 7" := (V',¢", J'),
where each 7} is as above (so ¢ = ¢”). Each colour set is either large or empty, indeed, if

ij € P<,then €} = (), but otherwise we have
|€7;] > e(H[A;, Aj]) — e(H) > dp1n — A\/(S_gm > §an/2 > 0p41|C"|/(2A) > 67,11

Lemma 3.2.9(iii) applied with 47, , 1 playing the roles of cv, k implies that 7" is a rainbow super
template with parameters (07, ,m/2, /2, a”,8/2). Apply Theorem 3.3.5 (transversal blow-up
lemma) with target sets C, of size at least v/m for the at most Vorm < 51/ 352 1M/ 2 vertices
y € Y, and parameters 07, ,m/2, /€, 2, (51/ v, a® §/2 playing the roles of m, e, i, a, v, d, 8
to obtain a transversal embedding of H~ inside F” such that every y € Y is embedded inside

C,,. Together with the embedding of H <, this gives a transversal embedding of H. L

Proof of Theorem 3.1.6. Let A, d,a > 0 be given. Without loss of generality, we may assume
that « < d,1/A. Choose constants 7', 1, ng > 0 such that the conclusion of Theorem 3.1.2
holds, applied with A, d, 1/5, o playing the roles of A, d, d, a. Let n := 1/ /(24).

Let n > ng be an integer and let G be a (d, n)-dense 3-graph on n vertices with dg(v) > an?
forallv € V(G).

Let H be a p-separable graph with A(H) < A and v(H) + e(H) < n. First, if H is small,
we will enlarge it, as follows. If e(H) > n/4 — 1, let H' := H. Otherwise, obtain H' from H
by successively adding an edge between isolated vertices until e(H) > n/4 — 1. Let H' be the
obtained graph restricted to non-isolated vertices. We have e(H’) < n/4, which implies that

v(H") +e(H') <4e(H') < n.
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In both cases, we have A(H') < A, and H' is u-separable; e(H') > n/4 — 1 and v(H') >
3e(H")/A > 3(n—4)/(4A) > n/(2A); and v(H') + e(H') < n.

Let V, ¢ be disjoint subsets of V(&) chosen uniformly at random subject to
V| =v(H") >n/(2A) and |€|=e(H')>n/4—1.
Standard Chernoff-type bounds imply that, with high probability, for every v € V' we have

e(G[{v}, V,€)) > *|V||€|/6 > a*n?/(49A) > o’n® forallv € V

H{ayc € E(G) : x,y € VY| > o®|V|?/12 > o*n?/(48A%) > o’n® forallc € €.

For each ¢ € €, let G, be the 2-graph with vertex set V' and edge set {zy : z,y € V and zyc €
E(G)},andlet G := (G, : ¢ € €). Thus 3 dc.(v,V) = e(G[{v},V,€]) > o’n?, and
for every ¢ € € we have e(G,.) > a*n?. Since G is (d,n)-dense and |V| > n/(2A), we have
that G is (d, n')-dense. Theorem 3.1.2 applied with A, d, 1/5, a3 playing the roles of A, d, §,
implies that G contains a transversal copy of H’ and thus a transversal copy of H, that is, there
are injective maps 7 : V(H) — V and o : E(H) — € so that 7(2)7(y) € Go(ay) for every
xy € E(H). Define p : V(H)U E(H) — V(G) by setting p(x) := 7(x) for x € V(H) and
p(e) :=o(e) fore € E(H). Then p is injective and p(z)p(y)p(zy) € E(G) forall zy € E(H);

that is, p defines a copy of the 1-expansion of H in G, as required. [l

3.6 Concluding remarks

We have proved a transversal blow-up lemma that embeds separable graphs into graph col-
lections, which can be used to apply the regularity-blow-up method to transversal embedding

problems. We conclude with some remarks on future directions.

Separability. In our proof of the transversal blow-up lemma, the separability condition is nec-
essary because we need to divide the graph into linear-sized pieces and then use the blow-up
lemma to embed them piece by piece. For this embedding process to work, the number of edges
between different pieces should not be too large. We wonder if our transversal blow-up lemma
can be generalised to embed any graph with bounded maximum degree. If such a version can be

proven, it would directly generalise the original blow-up lemma for graphs (since a collection
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of identical superregular pairs is a superregular collection).

Applications to hypergraph embedding. We state the full 3-graph version of our transversal
blow-up lemma.
Theorem 3.6.1 (weak 3-graph blow-up lemma). Let 0 < 1/m < e, p,a < v,d,0,1/A, 1/r <
1.
* Let R be a 2-graph with vertex set [r].
* Let G be a 3-graph with parts V1, ..., V, and V;; for ij € E(R) where m < |V;| < m/§
forall i € [r], and |Vi;| > dm for all ij € [r|. Suppose that G|V;,V;,Vi;] is weakly
(¢, d)-(half-)superregular for all ij € E(R).
* Let H be a p-separable 2-graph with A(H) < A for which there is a graph homomor-
phism ¢ : V(H) — V(R) with |¢(i)| = |V;| for all i € [r] and e(H[¢™ (i), ¢ ()]) =
\Vij| for allij € E(R).
* Suppose that for each i € [r] there is a set U; C ¢~ (i) with |U;| < am and T, C Vi)
with |T,| > vm for all x € U,.
Then G contains a copy of the 1-expansion of H, where each vertex x € V(H) is mapped to
Vig(z) and the new vertex for xy € E(H) is mapped to V)4, and moreover, for every i € [r]
every x € U; is mapped to T,.
This is a reformulation of Theorem 3.1.8 since for each ij € E(R), the 3-graph Gg’) of (G. :
¢ € ¢;;) in Theorem 3.1.8 is weakly half-superregular, so we simply take V;; := %;;. It would
be interesting to extend Theorem 3.1.6 on embeddings in uniformly dense 3-graphs beyond 1-
expansions of separable 2-graphs. It is not clear which 3-graphs one should expect to be able
to embed in a weakly superregular triple (or in a uniformly dense 3-graph). Even the case of
3-partite 3-graphs seems difficult; that is, to extend Theorem 3.1.7 (simplified weak hypergraph
blow-up lemma).
Problem 3.6.2. Given 0 < 1/n < ¢ < d < 0 < 1, which J are subhypergraphs of any weakly
(¢, d)-superregular triple G|V, Vs, V3], where én < |Vi|, |Va|, |V3] <n/6?
A 3-partite 3-graph J is equivalent to an edge-coloured bipartite 2-graph 7 (where each edge
can receive multiple colours) using our usual identification of one part with a set of colours. If .J
has A(J) < A, then A(J) < A and the colouring is A-bounded. (If J is linear, then the edge-
colouring is proper.) Thus we would like to extend Theorem 3.1.3 (simplified weak transversal

blow-up lemma). to find an embedding of 7 with a given edge-colouring up to permutation
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of colours. If every colour only appears on a single edge, that is, J is an expansion of some
2-graph H where the 2-edge e is replaced by some bounded number ¢, > 1 of 3-edges (which
is not linear if some ¢, > 1), it seems plausible that our techniques would work. However, the
colour absorption we use from (Montgomery et al., 2022) does not seem to be able to deal with
colours playing multiple roles.
Let F' be a 3-partite 3-graph of fixed size. Recall that an old result of Erdés (Erd6s, 1964a)
implies that any large 3-graph of positive density contains a copy of F. However, the results
of (Ding et al., 2022) imply that any large uniformly dense 3-graph G (whose number of vertices
is a multiple of v(F") and where every vertex sees a positive fraction of pairs) contains an F'-
factor if and only if there is a vertex v* € V/(F') such that for any two edges e, ¢’ where e
contains v* and €’ does not, e and ¢’ share at most one vertex. Probably, the characterisation for
weakly superregular triples with balanced classes is the same.
Another instructive case is the tight Hamilton cycle (whose number of vertices is divisible by
6). As a graph collection problem, this corresponds to finding a (2-graph) Hamilton cycle on
4n vertices with 2n colours, where, cyclically labelling the edges e, ..., e4,, the consecutive
edges es._1, €a., €2011 are all in G, for each ¢ € [2n] where indices are taken modulo 4n.
A construction in (Lenz & Mubayi, 2016) (see also (Lenz et al., 2016)) shows that a weakly
superregular triple need not contain a tight Hamilton cycle, even if its density is close to %.
Example 3.6.3. Let V' be a vertex set of size 6n, and let V- = V1 UV, U V3 be a partition, where
Vi, Va, V3 have equal size 2n, and let X C 'V where | X N V1| is odd. Independently for each
distinct i, j € (3] add uniform random edges between parts V;, V; with probability %, to obtain
a 3-partite 2-graph J. Now form a 3-partite 3-graph G by, for each triple abc € A x B x C, as
follows:

* add abc to G if [{a,b,c} N X| is even and {a, b, c} spans a triangle in J.

* add abc to G if [{a,b,c} N X| is odd and {a,b, c} spans an independent set in J.

Suppose vivlvl . v 33" is a tight cycle H in J, where without loss of generality, v/ € V;

forall j. Forany1 < j < 2n, Since v]viv}, viviv]™ are edges of H, we have that |{v], v}, v}

X|, {vl™, v}, v]} N X| are both odd or both even. This implies that vl,v" are either both
in X or neither in X. By considering the disjoint pairs vivi,vdv}, ... v2" ¥, this is a
contradiction to | X N Vy| odd.

It can easily be checked using Chernoff bounds (see (Lenz & Mubayi, 2016)) that, if every
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| X NV;| has size about n, then with high probability G is weakly (5, 0(1))-superregular.

3.7 Appendix

3.7.1 Weak hypergraph regularity lemmas

We first introduce the following special form of the weak hypergraph regularity lemma for £-
partite k-graphs. Its proof follows easily from the original lemma of Chung (Chung, 2007),
which is very similar to the 2-graph regularity lemma of Szemerédi (Szemerédi, 1975).
Lemma 3.7.1. For every Lo,k > 1 and every €, > 0, there is an ng > 0 such that for every
k-partite k-graph G on n > nq vertices with parts Vi, ..., Vi where dn < |V;| < n/d, there
exists a refined partition V; = Uzzl Vi j for each i € [k| such that the following properties hold:
(i) Lo<t:=t+ ...+t <ng
(ii) [|Vijl = [Vl < 1foranyi,i € [k, j € [t:] and j' € [ty];
(iii) all but at most et* k-tuples (V1 j,, ..., Vi) are e-regular.
The following weak hypergraph regularity lemma (Kiihn et al., 2014) is proved in the same way
as the original degree form of the regularity lemma (see (Townsend, 2016)), which in turn can
be derived from the standard regularity lemma via some cleaning.
Theorem 3.7.2 (Degree form of the weak hypergraph regularity lemma). For all integers Ly >
1 and every € > 0, there is an ng = ng(e, Lg) such that for every d € [0,1) and for every
3-graph G = (V, E') on n > ny vertices there exists a partition of V into Vo, Vi, ...,V and a
spanning subhypergraph G' of G such that the following properties hold:
(i) Lo < L <ngand|Vy| <en;
(ii) \Vi|=...=|VL|=m;
(iii) dg/(v) > dg(v) — (d+ e)n® forallv € V;
(iv) every edge of G' with more than one vertex in a single cluster V; for some i € [L] has at
least one vertex in Vy,
(v) foralltriples {h,i,j} € ([é]), we have that (V},, Vi, V;) e is either empty or (e, d)-regular.
The proof of Lemma 4.2.1 (the regularity lemma for graph collections) is a routine but tedious

consequence of this theorem applied to the 3-graph G'®) of a graph collection G.

Proof of Lemma 4.2.1. By increasing Ly and decreasing ¢, ¢ as necessary, we may assume with-
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out loss of generality that 0 < 1/Ly < ¢ < § < 1. Let Lj, := 2L/d. Choose new constants
¢’, o, which we may assume satisfy 0 < 1/Lj < ¢/ < a < ¢. Let n(, be obtained from Theo-
rem 3.7.2 applied with parameters ', L;. We may assume that 1/ny < 1/Lj by increasing ny.
Altogether,

0<l/ni<g /i< <agegik].

Let ng := 2ny/a. Let n > ny be an integer and suppose that G is a graph collection on a vertex
set V of size n and with colour set €, where on < || < n/é. Letd € [0,1) and let G be
the 3-graph of G with vertex set U := V' U %. Theorem 3.7.2 implies that there is a partition
U, Ui, ..., Uk of U and a spanning subhypergraph G of G®) such that

(a) Ly < K <n{and |Uy| <€|U|;

(®) |Uy| =...=|Uk| =:m/;

(©) dgy (u) > dee (u) — (2d + €)|U|? for all u € U;

(d) every edge of G with more than one vertex in a single cluster U; has at least one vertex

in Up;
(e) for all triples {h,i,j} € ([13{])’ we have that (Uy, U;, U;) 5y 1s either empty or (¢/, 2d)-

regular.

Partition each cluster U;, i € [K], into 1/« subclusters of size at most m so that all but at most
two subclusters of U; have size exactly m and the property that they lie entirely within V', or
within €. If a subcluster does not have this property, add it to Uy. The new exceptional set has
size at most |Uy| + 2am’K, and we let V; be its intersection with V', and % its intersection
with €. Relabel the subclusters so that those which are subsets of V" are V7, ..., V], and those
which are subsets of € are €,...,%). Let G/, be the graph with vertex set V' and edge set
{zy : zyc € G®)'} for all ¢ € €. We claim that the properties of the lemma are satisfied.

For (i), we have m' K < |U| so
(a)
Vol + 60| < |Us| + 2am’K < (¢' +2a)|U| < (' +2a)(n +n/d) < en.

Also, Ly < Ly < Ly/a < K/a < L+ M < 2K/a < 2n{/a = ng, proving the required upper
bound for both L and M. Furthermore, m(L + M) < n + |€| so

o=l (= WD+ M)
- m n+ ||

(n — Vo)L
n+n/é

!/
> 0 >6L,/2 =Ly
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and similarly for M. Part (ii) follows by construction.

For (iii), we have ) . dar (v) = dgey (v) forall v € V, and e(G),) = dgey (c) forall c € €,
and similarly for G.. Further, (2d + ¢')(n + |€])* < (2d + €)(1 + 1/6§)*n* < (3d/6* +
2¢'/6%)n* < (3d/6% + €)n?. Thus (c) implies the required.

For (iv), if G/, has an edge xy with 2,y € V; for some i € [L], then z,y € Uy for the cluster Uy
containing V;. Since zyc € E(G(?’)/), (d) implies that ¢ € Uy. Thus ¢ € %y, as required.

For (v), suppose that ({h,i},j) € ([g]) x M and G, ; is non-empty. Let 7', ', j € [K] be such
that V, C Uy, V; C Uy and 6; C Uy Since G/hi,j is non-empty, we have that (U, Uy, Uj/) g3y
is non-empty. So A/, 4’, j" are distinct by (d). Part (e) implies that (U, Uy, Uj/) qey is (€7, 2d)-
regular. Therefore, for each ¢ € Uy, letting J, be the bipartite graph with partition (Uy,, Uy)
and edge set {vy : © € Up,y € Up,ayc € GO}, we have that J := (J. : ¢ € Uy) is
(¢',2d)-regular. Lemma 3.2.4(i) (the slicing lemma) implies that G, ; is (¢'/«, d)-regular and

thus (e, d)-regular. This completes the proof. O

We conclude the appendix with a proof of Lemma 3.2.1, which states that a half-superregular
(k-graph) k-tuple contains a spanning superregular subhypergraph. The proof is the same as the

one in (Rodl & Rucinski, 1999) for k = 2.

Proof of Lemma 3.2.1. Choose a new parameter £” such that 0 < ¢ < ¢” < &’. Apply Lemma
3.7.1 to G with parameters Lo := 1,£”,0 to obtain ny > 0. Increasing ng, n and decreasing &
if necessary, we may assume that 1/n < ¢ < 1/ng < ¢”. Now let G = (V4,...,Vi)q be an
(¢, d)-half-superregular k-graph with dn < |V;| < n/d foralli € [k]. Lemma 3.7.1 implies that
there is a refinement V; = U§;1 V;j foreach i € [k| such that t := t; + ... + ¢, < ng, every
pair of subparts differ in size by at most one, and all but at most £”t* k-tuples (V4 j,, ..., Vi)
are ”-regular.
Obtain a spanning subhypergraph G’ of G by, for each £”-regular triple (X, ..., X}) of sub-
parts, removing every k-edge in (X7, ..., X}) independently at random with probability 1 —
d/d', where d' is the density of (X1,..., X}). (Note that by | X;| > |V;|/ng > ¢|V;| for each
i € [k], we have d’ > d due to half-superregularity.) We claim that, with high probability,

o dor(v) > d*(|Vi| ... [Vi|)/(2|Vi]) forany i € [k] and v € V,

* any £”-regular k-tuple (of subparts) in G is 2¢”-regular in G,

* any ¢”-regular k-tuple (of subparts) in G has density d + 2¢” in G'.
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This follows from Chernoff bounds.

Now we claim that, given that the above hold, G’ is (&', d?/2)-superregular. We only need
to check that G’ is (&', d?/2)-regular. Let (Ay,..., Ax) be any k-tuple where A; C V; and
|A;| > £'|V;| for all i € [k]. For each i € [k|, we have partition A; = U;izl(Ai NV;;). Wesay a
part A; ; == A; NV, is bigif |A; NV, ;| > £"|V, ;| and otherwise it is small. Note that in total
we have at most £”(|Vy| + ... + |Vi|) < £”kn/é vertices in small parts. Also note that we have

at most £”t* non-regular k-tuples that contain in total at most ”(n/§)* edges. Thus

eq/(Ar, ..., Ag) = Z ecr(Avjy, ..oy Arg) £ (28"kn /5 - (n)8)* ' + " (n/8)F).
(A1,j17...,Ak,,]-k) all big and
(V1,41 Va5, ) €”-regular

For every summand index (j, . .., ji), wehave eqr (Ay j,, . . ., Ak ;) = (d£2")| A1 |- - - | Ak |

by 2¢”-regularity. Thus
ear(Ar, ..., Ap) = (d£2")| Ay .. |Ag| £ 3" kn" /6% = (d £ )| AL ... | ALl

This implies that G’ is (¢/, d?/2)-superregular and thus we finish the proof. O
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4| New Proof of the Asymptotic Transversal Pésa-

Seymour Conjecture

4.1 Introduction

4.1.1 Transversal embedding of spanning graphs

To state the main results in this Chapter, we define the parameters d5 and 61%})1, where
* 0y is the minimum ¢ such that for all & > 0, any sufficiently large n-vertex graph G' with
d(G) > (6 + a)n contains a copy of H; and
* 02! is the minimum § such that for all o > 0, any collection Gi, . . ., G¢(p) of sufficiently
large n-vertex graphs with 6(G;) > (J + a)n contains a transversal copy of H.
Given a graph F with v(F')|n, an n-vertex F'-factor H is a spanning graph consisting of vertex-
disjoint copies of F'. Hajnal and Szemerédi proved that 5 = (k — 1) /k when F' = K}, which
was generalised by (Kiihn & Osthus, 2009) to arbitrary F'. The author together with Han, Wang
and Wang (Cheng et al., 2023) and independently, (Montgomery et al., 2022), showed that the
Hajnal-Szemerédi theorem is approximately colour-blind. This is the main part of Chapter 2.
The authors of (Montgomery et al., 2022) further determined 0$¢' for H an F-factor, for any
given small F'. Their result implies that the theorem of Kiihn and Osthus is not approximately
colour-blind: for example, when F' is the disjoint union Ky 3 U Cy, we have oy = g while
o5l = % They also investigated transversal spanning trees, showing that a well-known result of
(Komlés, Sarkozy, & Szemerédi, 2001) is colour-blind.

(Gupta et al., 2023) showed that the Pésa-Seymour conjecture on the minimum degree needed
to guarantee a given power of a Hamilton cycle is approximately colour-blind. In this Chapter,
we will give a new proof of this theorem.

A far-reaching (approximate) generalisation of all the results in this section was obtained by
(Chakraborti, Im, et al., 2023): a transversal ‘bandwidth theorem’ which states that the ‘band-
width theorem’ is colour-blind. A graph H has bandwidth b is there is an ordering vy, ..., vy,
of its vertices so that |¢ — j| < b whenever v;u; € E(H). So a graph with small bandwidth does
not ‘expand’ very much; and F'-factors and powers of Hamilton cycles have small bandwidth.

Answering a question of Bollobas and Komloés, it was shown by (Bottcher, Schacht, & Taraz,
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2009) that when H is a k-chromatic graph of bounded maximum degree and sublinear band-
width, we have i = (k — 1) /k. The transversal generalisation obtained in (Chakraborti, Im, et
al., 2023) is as follows.

Theorem 4.1.1 (Transversal bandwidth theorem (Chakraborti, Im, et al., 2023)). Forall k, A €
N and v > 0, there exist constants 3 > 0 and ng € N such that for every n > ny, the following
holds. Let H be a k-chromatic graph on n vertices with A(H) < A and with bandwidth at
most 3n. Let G = (G, ..., Gemy) be a graph collection on a common vertex set of size n, with
IG) > (% + ”y) n. Then G contains a transversal copy of H.

As we have seen, this minimum degree bound is sometimes tight, but not always, as we would
expect for such a general result. Thus, despite the power of this theorem, there are many inter-
esting cases where the threshold is unknown, and one purpose of this Chapter is to demonstrate

a method that provides some hope in finding it.

4.1.2 Powers of Hamilton cycles

Given k > 2, the (k — 1)-th power H*~! of a graph H is a graph with vertex set V(H) in
which two vertices are adjacent if and only if their distance in H is less than k. For a long
time, a major open problem was the Pésa-Seymour conjecture (Erd6s, 1964b; Seymour, 1974),
which states that §(G) > %n guarantees a copy of C*~1 in an n-vertex graph G (and this is
best possible). The conjecture was eventually proved for large n by (Koml6s et al., 1998b),
who used their newly-developed blow-up lemma. As mentioned in Chapter 1, there are later
proofs (Chau, DeBiasio, & Kierstead, 2011; Levitt et al., 2010) using the absorbing method
which do not require such a large n.

An approximate transversal version of this theorem was recently proved by (Gupta et al., 2023),
in a paper about finding transversal copies of graphs and hypergraphs H with a ‘cyclic’ struc-
ture. Their main theorem guarantees a transversal copy of such an H given that three properties
hold, two of which are uncoloured Connecting and Absorbing properties. That these two prop-
erties hold is implied by existing results in the literature, in particular (Pavez-Signé, Sanhueza-
Matamala, & Stein, 2021). Note that C*~1 is 2(k — 1)-regular, so e(C*~1) = (k — 1)n.
Theorem 4.1.2 ((Gupta et al., 2023)). For all integers k > 1 and vy > 0, there exists ny such that
the following holds for all integers n > ng. Let G = (G, ..., Gy_1)n) be a graph collection

on a common vertex set of size n. Suppose that 6(G) > (% + fy) n. Then G contains a
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transversal copy of C* 1.

We recall that Theorem 4.1.1, the transversal bandwidth theorem, was obtained by Chakraborti,
Im, Kim and Liu in (Chakraborti, Im, et al., 2023), and implies this result and e.g. the result on
F-factors from (Montgomery et al., 2022).

In this Chapter, we apply our regularity-blow-up method for transversals to give a new proof of
Theorem 4.1.2. Our focus is on the use of the method rather than the end result — since this is
not new — and the goal is to demonstrate an application of the method so that it may be used for
further applications, in particular to obtain generalisations of classical embedding results where
the regularity-blow-up method has been applied. The ideal situation is that in such a proof, any
regularity-blow-up tools can be swapped out for our transversal versions. As discussed above,
the proof of Theorem 4.1.1 in (Chakraborti, Im, et al., 2023) uses the classical regularity-blow-
up method, in a rather different way, and this is another approach that could yield further results

which we think are amenable to the methods we use here.

4.1.3 Probabilistic tools

A random variable Y is (y1, C')-dominated if there are constants fiy, . . .., ptm With 37, i < p
and we can write Y = . Y; such that [Y;| < C for all i € [m] and conditional on any
given values of Y; for j < 4, we have E|Y;| < y;. The following inequality is a consequence of
Freedman’s inequality.

Lemma 4.1.3. IfY is (1, C)-dominated, then P(|Y| > 2u) < 2e=#/(6¢),

4.1.4 Sketch of the proof

At a high level, the proof follows the same structure as the uncoloured proof of (Komlés et
al., 1998a), which states that, given any integer & > 2, a large n-vertex graph G with §(G) >

(% + 7)” contains a copy of 07(1143—1).

However, there are technical complications arising
from colours to be overcome, and these require new ideas. We begin by sketching the proof
in (Komlés et al., 1998a). Given a graph F', an F'-tiling is a collection of vertex-disjoint copies

of F.

Step 1. Apply the regularity lemma and find an almost perfect K-tiling in the reduced graph.

The reduced graph inherits the minimum degree of Gz, so the Hajnal-Szemerédi theorem implies
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it has as large a K -tiling as possible. In each copy of K in the reduced graph, after removing a
small fraction of bad vertices, one can apply the blow-up lemma to find a spanning copy of the
(k—1)-th power P%~1 of a path. Since these copies of K} cover most of the graph, it remains to
connect up these copies and incorporate any uncovered vertices. We wait to apply the blow-up
lemma until this has been achieved.

Step 2. Connect consecutive k-cliques in the template.

Since the reduced graph inherits the minimum degree from G, it is fairly straightforward to
show that given any pair A, B of K}s in the reduced graph, one can find a sequence of clusters
where the first k£ form A, the last & form B, and every k consecutive clusters span a clique. That
is, a (k — 1)-path where repeated vertices are allowed. The embedding lemma now applies to
find a copy of P*~1 which uses this sequence as a guide and connects A with B. Moreover, this
can be done in a robust way so that there are many choices for the ends of these paths.

Step 3. Incorporate exceptional vertices.

After possibly removing a few more vertices to ensure that clusters have equal size, the remain-
ing task is to incorporate the small fraction of vertices outside our structure. Since each one
v has large degree, there are many copies of K}, in the tiling where v has many neighbours in
all of its clusters. Thus these exceptional v can be allocated to such a cluster so that no cluster
receives too many. Each such v can be slotted into a path.

Step 4. Apply the blow-up lemma.

Finally we apply the blow-up lemma to find a copy of P*~! in each K}, in the tiling, including
the restrictions that the ends of the path must lie in the large sets we found earlier for connecting,
and various other vertices must be embedded in given large sets so that exceptional v can be

added between them.

The idealised plan is to follow these same steps, but replace the regularity lemma, embedding
lemma and blow-up lemma with our transversal versions Lemmas 4.2.1 and 3.3.1 and Theo-
rem 3.3.5 from (Cheng & Staden, 2023). We now describe where this fails and how we proceed
instead.

The first major obstacle is in Step 1. Now, the reduced graph only inherits the minimum degree
of the graphs in GG in a weaker sense: every vertex cluster has large degree in most colour clus-
ters, and every colour cluster has many edges incident to most vertex clusters (Lemma 3.2.7).

Here, ‘most’ means a 1 — d'/* fraction where d >> ¢ and ¢ is the parameter governing the reg-
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ularity and d the minimum density in a regular pair. It would be easy to obtain a Kj-tiling in
R covering 1 — O(d'/*) fraction of clusters (using e.g. (Montgomery et al., 2022)), but this is
not good enough for Step 3 since it will leave a O(d'/*) fraction of exceptional vertices, which
1s too many to be ‘absorbed’ by clusters when applying the blow-up lemma in Step 4 (it should
be ( fraction where ( < d). Thus we need to work harder in Step 1, and we instead find a
“fractional’ Kj-tiling covering a 1 — ( fraction, which suffices (Lemma 4.4.1).

The other major obstacle is in Step 3. Now we have both exceptional vertices and exceptional
colours, with £ —1 times as many colours. Each time we incorporate an exceptional vertex into a
K, we need to use 2k —2 new (exceptional) colours on the edges incident to it, but when we add
it we remove k — 1 existing edges to get a path. Thus we need to remove k£ — 1 suitable colours
from the K and add those to the exceptional set. Moreover, we need 2k — 1 colours to choose
from to guarantee that there are 2k —2 colours which can be used to incorporate any given vertex.
Therefore we can always allocate an exceptional vertex when there are 2k — 1 exceptional
colours available. So in this way we can incorporate all but two exceptional vertices! This
issue complicates the proof significantly. We need an additional step after Step 1, where we
build an absorber for two given vertices v}, v;, which, for a given small family of sets Z; of
k — 1 colours, can incorporate vj, v5 and %; into the structure. These #; are potential newly-
exceptional colours created by the incorporation of the final exceptional vertex, before vy, v3.
To ensure that there are only a small number of options for this set of colours, we first ‘swap

out’” exceptional colours for pre-specified good ones that we are able to absorb.

4.2 A regularity lemma for graph collections

We will use the following regularity lemma for graph collections, which is just a convenient re-
formulation of the weak regularity lemma for hypergraphs applied to the 3-graph representation
G® of G (see Lemma 3.7.2) .

Lemma 4.2.1 (Regularity lemma for graph collections (Cheng & Staden, 2023)). For all inte-
gers Ly > 1 and every €,6 > 0, there is an ng = ny(e, 9, Lo) such that for every d € [0,1) and
every graph collection G = (G, : ¢ € €) on vertex set V of size n > ng with dn < |€| < n/s,
there exists a partition of V into Vo, Vi, ..., Vi, of € into 6,61, . . ., €\ and a spanning sub-

graph G', of G.. for each ¢ € € such that the following properties hold:
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(i) Lo < L, M < ngand |Vy| + |6o| < en;

(ii) Vil = ... = [Vi| = [G] = ... = || = m;

(iii) Y peqp dar (V) > Do da.(v) — (3d/6* + e)n® for all v € V and e(G.) > e(G.) —
(3d/6% + e)n? forall c € €;

(iv) if, for ¢ € €, the graph G, has an edge with both vertices in a single cluster V; for some
i € [L], then ¢ € 6o,

(v) forall triples ({h,i},j) € ([?) X [M], we have that either G|V}, V;] = 0 for all c € €,
or Gy, ;= (G [Vi, Vi] : ¢ € €}) is (e, d)-regular.

The sets V; are called vertex clusters and the sets € are called colour clusters, while V;, and ¢

are the exceptional vertex and colour sets respectively.

4.3 Tools for absorbing and connecting

4.3.1 Named graphs

We now fix an integer £ > 2 and will seek the (k — 1)-th power of a Hamilton cycle. We
henceforth use path as shorthand for (k — 1)-path and cycle as shorthand for (k — 1)-cycle. The
named graphs we will need are as follows (see also Figure 4.1).
* P, is the path containing a vertices, which has vertices 1, ..., z, and edges z;x; when-
ever ij € ([‘21]) satisty | — j| < k — 1.
» (, is the cycle containing a vertices, which has vertices x4, . . ., z, and edges z;z; when-

b =11) satisfy |i — j| < k — 1, where 244 := a, for € € [k —1].

ever i € (

* (), is the midpath obtained from P, by removing all edges between the first k vertices,
and between the last k vertices (each of these sets of vertices form a clique in F,).

o A,({(v1,%41),..., (v, 4;)}) is obtained from ), by adding a vertex v; which is adjacent to
Ti, k42, .-, Ti 41 for each j € [t]. The vertices v; are not necessarily distinct. Write
Agpo(v) := Ag—2({v, 2k — 1}).

o Fu(i1,...,4) is an {iy,...,4;}-missing path if it is obtained from P, = z;...xz, by
removing Ty 12¢_pi forall £ € {iy,... i;} and h € [k — 1].

In using the last two definitions, if |i; — i;| > 2k and k < i; < a — k, then all of the

added/removed edges are distinct. Each of the graphs P,, Q,, F,(i1, . .., %) has a natural order-

ing of vertices and we often write, say, (), = 71 . ..z, for this ordering.

94



University of Oxford Wadham

P Ve Va VeV P Ve N NN
Py Fiy(5)

T OSSNSO N P Ve NN SN\
Qu - . Py

Ap({v,5}) - TS S N0 N . v

N\

v

Figure 4.1: Named graphs in the case k = 3.

Note that

e(Puy) + ..+ e(P,) +7(5) = e(Carrora,) and e(Qo) = e(Pacai) +2(5). @D

Observation 4.3.1.

(i) If we concatenate copies of paths and midpaths as P,, ()., P,, where all vertices are
distinct except the last k-tuple of P,, is the first k-tuple of (., and the last k-tuple of Q),,
is the first k-tuple of P,,, we obtain a copy of P, +ay+as-

(ii) Let F' = Fo(iy, ..., i) = @1 ...%, where every index pair satisfies |i; — ;| > 2k and

every index satisfies k < i; < ka — k. Then
H{zpx, € E(F):p={andr ={ mod k}|

2 — 1 ifl— 0] £ 1
20— 1—t+|{jelt]:i;=0+1} ift—0=1

Let yy,...,y, be new vertices then add the edges x;,_n11Ye, ..., ZTi,—n+kYe for all { €
{i1,...,i¢}. The graph obtained is a path Py, s = x1 ... Tiy Y1 Tiy11 - - - Ti,YtTip41 - - - Tha
(See the bottom right of Figure 4.1.)

(iii) An edge-coloured copy A of As,—_2(v) where all colours on edges not containing v are
distinct, the colours incident to v are distinct and every colour used on xop,_px3;_1_p for
h € [k — 1] is also used by some xv has the property that A — v is a rainbow copy of
Qux_2 and A contains a spanning rainbow copy of Qup_1 = X1 ...Tog_1UTo) ... Tap_2

and they have the same start and end k-tuple.
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4.3.2 Connecting and absorbing

We will use the following connecting lemma of Komlés, Sarkdzy and Szemerédi.

Lemma 4.3.2 (Connecting lemma (Koml6s et al., 1998a)). Let 0 < 1/N < ~v,1/k < 1/2. Let
A, B be copies of Ky, in a kN-vertex graph G with 6(G) > (k—1+~) N. Let {x1,...,x}
be a labelling of V (A) and let {y,, ...,y } be a labelling of V(B). Then there exist t < 5k*
and a graph homomorphism 1 : V(Py) — V(G) such that the initial k-tuple is mapped to
(21, ..., 2k) and the final k-tuple is mapped to (y1, . . . , Yx)-

The next two lemmas in this section will assume the following setting, which, after some initial
steps, is the setting we find ourselves in during the proof of Theorem 4.1.2.

Setting 4.3.3. Let 0 < 1/n < I/ N K e K n < d,d < v,6,1/k < 1/2. Let L := kN and

M := (k — 1) L. Suppose that
e G = (G. : ¢ € F) is a graph collection on a common vertex set V of size n with
0(G) = ("5t + )

R = (R, : x € [M]) is a graph collection on a common vertex set [L] and

— for all i € [L] we have dg (i) > (52 + v/2)L for all but at most d'M colours
X € [M], and
— for all x € [M] we have dp (i) > (52 + ~/2)L for all but at most d'L vertices
i€ [L]
hi € R, whenever (G[V,,,Vi] : ¢ € €y) is (e, d)-regular, where G!, C G;
e there is a partition V = VyUViU. . .UVy, where {U} - j € [N],h € [k]} = {V; :i € [L]}

is a labelling such that U | . . .. Ug span a clique in UXe[M] R, foreach j € [L];
* there is a partition € = 6o U6, U ... U G

Vol + |%0| < en and the other vertex classes all have the same size m, and the other
colour classes all have the same size m' with om < m/ < m/J.
The first lemma will be used to build absorbers and connecting paths.
Lemma 4.3.4. Suppose that we are in Setting 4.3.3. Let X, ..., X, be such that X; C V; with
| X;| > nm foreach j € [{| andlet xy,...,x, € V, where h+{ < k. Let W CV and W C €
with |W |, |#] < en.

(i) Letby,... b, € 6. Thereexistsx € V\W and X} C X and distinct ay, . ..,a; € €\ W
with | X}| > d|X;|/5 such that X € Ng, (x)forall j € 4], and xz; € Gy, foralli € [h].
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(ii) There are g € [L] and X C V, and distinct by, ..., by, € € \ # with | X| > dm/5 and
X € [M] such that gj € E(R,) forall j € [{] and X C Ng, (z;) foralli € [h].

Proof. We prove (i). There are at most \/eM colour indices ¢ € [M] for which |# N ;| >
v/em. By our assumption on R, of the remaining indices, there is a y € [M] (in fact we can take
almost any x) such that dg, (j) > (%% + ~/2)L for every j € [¢]. Without loss of generality,
we may suppose y = 1. Let N be the common neighbourhood of [¢] in R;. Thus

N> (% +7/2> L—({—-1)L=(1—-{/k+(y/2)L.

Given j € [(] and i € N, since ij € Ry, the collection (GL[V;,V;] : ¢ € €1) is (¢, d)-regular.
e, e (z, X5) < d|X;|m' /4. Lemma 3.2.4(i)
implies that (G,[V;, X;] : ¢ € €1) is (y/€, d/2)-regular. By Lemma 3.2.3(i), |B}| < \/em. Let

Let B]i. be the set of vertices z in V; with >

Ul > (1= tVE)mN| = (1 = 6v/e) (L = (/k + y/2)mL > (1 = '°)(1 — L/k)n,

where we used the fact that mL > (1 —e)n. Now let U" := U N (", Na,, (x:). Then

U > (U] + (h (%ﬂ)n—(h_mn) > (1—h—+’y/2>n27n/2.

Choose any x € U’ \ W which is possible since 7 > . Then zv; € G, for all i € [h], as
required. We will choose the a; greedily and set X} := Ng,_ (, X;). Indeed, for some j € [€],
suppose we have chosen distinct ay,...,a;1 € € \ # such that |X},| > d|X;|/5 for all
j' € [j—1]. Since x € U, we have ) .. da(x, X;) > d|X;|m'/4. Since |[# NE1| < \/em,
colours in # U{ay, ..., a;_1} contribute at most (v/em + (j —1))m < 24/em? to this sum. By
averaging, there is some colour a; € % distinct from these such that dg: } (z, X;) > d|X;|/5.
Thus we can choose ay, .. ., ay as required. This completes the proof.

The proof of part (ii) is similar so we give a sketch only. Again there is a colour index in
[M], say 1, for which every cluster Vi, ...,V has high degree. We let A/ be their common
neighbourhood in Ry, and let U be the set of vertices x in clusters indexed by N for which
zv; € Gy, forall i € [h]. Then U has size at least yn/2, so we can find a cluster V; whose

intersection with U is at least ym/3 > dm/5, even after deleting 1. We can then choose
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by, ..., b, € 6 greedily as before. [

Lemma 4.3.5 (Connecting and absorbing lemma). Suppose that we are in Setting 4.3.3. Let
Q = {(HS,vy) : ¢ € Q} where each .7, € (lfl) and v, € V and |Q| < €’n/N, and let
W CVand W C € satisfy |W|, |#'| < en/2. Let j,j' € [N] be distinct. Then the following
hold.

(i) There is

o avertex set X C V \ W of size at most 10k3|Q
e a colour set B C\ W,

’

o vertex sets T C Ul and 53 C U with |TV|,|S7'| > nm for all h € [k]
such that the following holds.

For any qi,...,q € Q where .S, ..., 7, are pairwise disjoint and v, ...,v, are
distinct, and any vy, € T}{ and z, € S,J: with h € [k|, there is a transversal midpath from
(Y1, uk) to (21, ..., zx) withvertex set {y1, ...,y }U{z1, ..., 2 JUX U{vg,, ..., 04}
and colour set U 7, U ... UL, ;

(ii) there are X, A, T,{, T,{, as in (i) with | X| < 10k? such that for any vy, € T,{ and zj, € Si:

with h € [k], there is a transversal midpath from (y1, ..., yx) to (21, ..., z) with vertex

set {y1, ...,y U{z1, ..., 2z} U X and colour set B.

Proof. We prove (i) by first finding small, flexible vertex-disjoint absorbers for each (.7, v,),
before connecting them via short paths with new colours. The individual absorbers are found in

the following claim.

Claim 4.3.6. For every q € Q, there is
e avertex set X, CV \ (WU {v,:q € Q}) of size 2k — 2;
* a colour set B, C €\ (W UU,co -Ty) of size at most k?;

qeQ < 4
* tuples i, i} € [L]*, each one spanning a k-clique in UXe[M} R,;
* vertex sets T,fq - V;f with \Thiq| > nm for iflt = (iF, ... ,zf)’.

such that X,, X, are disjoint and %, B, are disjoint for any q # ¢, and for any y,f € T}fq
with h € [k|, there is a transversal midpath from (yi, ...,y ) to (yi,...,yi) with vertex set
X,U{v,} and colour set B,U.%,, and a transversal midpath from (y; ,...,y; ) to (yi ..., y)

with vertex set X, and colour set %,
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is

; T2—-,q T3—7q
IN N N
Vir Vig Vig

Yq

Figure 4.2: An illustration of Claim 4.3.6 for one ¢ € (), where ., = {red, blue}.
The colour set <7, which appears in the proof is {green, yellow}.

Proof. We will use Lemma 4.3.4 to prove the claim. We will show how to find the required
objects for a single ¢ whenever there is some set W’ of at most 2en forbidden vertices and %"
of at most 2en forbidden colours. This will suffice to find objects for all ¢ with the required
disjointness properties since in total we use O(k?)|Q| < en vertices and colours.

For this, fix ¢ € (). Note that in A = Ay;_»(v,) (see the definition at the beginning of Sec-

tion 4.3.1) if we take the natural order A — v, = x; ...z, and then reorder the vertices as

Vgqs L2k—15 L2ks - + -y Lak—2, L2k—2, L2k—35 - - -, L1,
then each vertex has at most £ previous neighbours (see Figure 4.1). Write v, ..., y4x_2 for
this ordering. Define ry, ..., 742 by setting y; = x,,, where zg := v, (so 79 = 0). For each

i €[4k — 2], let

Seet={je0,4k—2]:j<iandr; € [k]U[3k — 1,4k — 2] and y;u; € E(A)} and

S :={jel0,4k —2]:j <iandr; € [k+ 1,3k — 2] and y;y; € E(A)}.

So S5 are the indices j before 7 in the natural order which correspond to required vertex sets
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T, }fq and S}* are the indices j before ¢ corresponding to a required vertex z; € X,. We have
S5 + 15| < .

Initialise by setting X, := () and %, := (). We apply Lemma 4.3.4 to greedily find a vertex or set
of vertices for each z = ¥, ..., yar_o in this order. Foreach i € [4k —2],if r; € [k + 1,3k —2],
we find a single vertex and add it to X, whereas if r; € [k] U [3k — 1,4k — 2] we need a set T,
of at least nn vertices inside a single vertex cluster. Choose a set of k — 1 colours .« which is

disjoint from .7, and %" and distinct from each other, doubly labelled as

JZ/q = {Ck+1,2k = C0,k+1) Ck+2,2k+1 = C0k+2y - -+, C2%k—13k—2 = Co,zk—1}
and write yq = {0072]9, e 7CO,3k—2}-
Now, let zy := yo = v, and suppose we have found 7}, ..., T, , for some i € [4k — 2] such

that

* T, = {2} for j € [k + 1,3k — 2] and the union of these sets is X,

By ={cgj  xgr; € E(A{y1,...,vi—1}]),1 < g < j} and the ¢, ; outside of <7, are
distinct from each other and disjoint with ., U o7, U %/,

|T,,| > (d/5)"'mfor j € [k] U [3k — 1,4k — 2] and there is i; such that 7, C V; , and,
for each j < j' < i, we have i;i; € Ux R, whenever j' < korj > 3k —1,

e forevery z; € T,,, we have that v , 21, ..., 2,1 play the roles of yo, y1,. .., y;—1 respec-
tively in a copy of A[{yo, ..., ¥i—1}], in which every z,2; with 0 < g < j < i is coloured
with ¢g ;.

We will find 7}, which extends these ‘robust’ partial copies of A. It sufficesto find 7}, , ..., T,,, ,,

since, by Observation 4.3.1(iii) (see also Figure 4.2), vertices in these sets yield suitable copies
of Qa9 and Quy,_1, with B, = {c,; : x,x; € E(A —v,)} and (d/5)*~2 > .

We apply Lemma 4.3.4 to find T,,. Here, {7, : j € S;*'} plays the role of { X1, ..., X/}, while
{y; : j € Sy*} plays the role of {z1, ...,z }. We therefore have ¢ + h = |S}*| + |S:| < k.
If r; € [k+1,3k—2], we apply (i). For the colours {0} : j € S7*} C ¢, weletd’ := ¢, ,,. Thus
Lemma 4.3.4 implies there is z; € V' \ W' and T, C T, for all j € S;** and distinct colours
{aj:j € S} C &€\ W' with |T, | > d|T,,|/5 such that T C Ng ,(z;) for all j € S5 and
2izj € Gb;; forall j € Si*. Set T}, := {z;} and replace T}, by T} forjall J € S5 while T, is

unchanged for other j < i. Set ¢, , := a’ for each j € S;°* and add these colours to %,.
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If r; € [k] U [3k — 1,4k — 2], we apply (ii) to find ¢g; € [L] and T;, C V,, and distinct colours
{bi - j €S} € €\ W' with |T, | > dm/5and x; € L] such that g;j € R,, forall j € S5

and T, C Ng,, (v;) forall j € Si*. Setc,, ,, := b, for each j € S;* and add these colours to

B,

This completes the proof of the claim. [
For (i), let r := |@] and let ¢y, . . ., g, be an arbitrary ordering of (). It suffices to find vertex-
disjoint transversal copies P;o", ..., Pjo" of Py, ..., P, respectively, where each a; < 5k3,

none of them use vertices in any X, or v, or W, none of them share colours or use colours in

any %, or .7, or ¥, such that

» for each i € [r — 1], P;™ is between some (y;',...,y}) € [[;cq 7}, and some

(yl_’ T 7yk’_) S HhE[k] Tf:qi+1’

« there are 7/ C U} with |TJ/| > nn for each h € [k] such that for any y, € T7,
Y1 .. yrPy" is a transversal path with new colours 7;, ending at some (v, ... yf) €
Hhe hq1

* there are S,Jl C U,{l with |S;’;| > nn for each h € [k] such that for any z, € S{:,

Pz ...z, is a transversal path with new colours %, starting at some (y; ,...,y, ) €

Hhe h G
Indeed, we let X be the union of the X, together with the vertices of P;o", ..., P°", so | X| <
(5K + 2k — 2)|Q] < 10k3|Q| < en/2, and 2 be the union of the %, together with the colours
on Pyt ..., PP°" and &; and 9. Then, given any ¢;, Claim 4.3.6 furnishes us with a midpath
with vertex set X, U {v,} whose first & vertices match with the last £ of P;°" and whose last
k vertices match with the first £ of P;fn, and for all other ¢/, the midpath with vertex set X,
with suitable matching vertices; we interleave these midpaths with the P75, ..., P;°" to obtain

a single midpath (see Observation 4.3.1(1)) which is as required.

To find the P;°", recall that, for each ¢ € [r], we have T}fqt C V+ where it = (if,..., )

spans a clique in (J, R,.
Now, fix any ¢ € [0, r]. First, choose a set of colour indices C; in [M] as follows. Add a colour

index x to C; such that dp (i) > (%1 +~/2)L for every entry i in i, and i, , whichis easy to

qt+1°

do as at most 2kd’ M colours are excluded. Add to C; the at most 2 (2) colours such that z;; and

t,,., span a clique using these colours as above. Let Reop 1= Uxect R,. By our assumptions in

Setting 4.3.3, dg,,, (i) > (k—14~/3)L for atleast L —d'L vertices i € [L], and by construction,
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/

. . . -+ .
these vertices include all those in ¢, and ¢ . Let R,

be the subgraph of R.., induced on
these vertices. So §(R. ) > (k—1+~/4)|V(R.,,)|- Apply Lemma 4.3.2 (connecting lemma)

in the graph R/, to find a graph homomorphism v, : V(P,,) — V(R.,,) such that the initial k-
tuple of F,, is mapped to 7/ and the final k-tuple to tg,.,» Where a; < 5k3. Apply Lemma 3.3.1
(Embedding lemma with target and candidate sets), with the template induced on the clusters
in the image of ¢;, with any previously used vertices and colours removed, and Y = (), to find
the required path P;°". Indeed, the template has parameters (m/2, 2/c, d/4,1/2) since at most
em vertices and colours are removed. This completes the proof of (i).

The proof of (ii) is almost identical except we connect (U7, ..., U}) with (U] LU g/) using
Lemma 4.3.2 and then use this as a guide to find a transversal path of length at most 5k with

Lemma 3.3.1. There are Oy (1) excluded vertices and colours to ensure that the paths are

disjoint from the ones we have already found. We omit the details. [

The next ingredient, Lemma 4.3.7, is for finding good coloured neighbourhoods for vertices.
Part (ii) will be used for incorporating exceptional vertices into a template, while part (i) will
be used in the covering step to find a large K -tiling in the reduced graph.
Part (i) is essentially same as the uncoloured version which is used in (Komlés et al., 1998a) to
incorporate exceptional vertices: given a single graph G with dg(v, V) > (1 4+ v)(k — 1)Nm
and V = eN]ielH] Uij a partition into clusters of size m, it finds many indices j such that
dg(v,U?) > ém for all i € [k], which follows immediately by counting. This can be applied to
an exceptional vertex v to insert it ‘anywhere’ in a (k — 1)-path that uses the clusters U7, i € [k]
cyclically. A little more effort is required for part (ii), when one wishes to insert v using 2k — 2
prescribed colours for edges to its neighbours. We would like to find some ¢ € [k] such that
we can insert v between a vertex in U} and its successor in Uth. However, this is not possible,
as it could be that for every j, the sets Uf yoo U ,g only see 2k — 3 colours. However, we can
guarantee in part (ii) that among 2k — 1 colours, we can use 2k — 2 as described.
Lemma 4.3.7 (Exceptional vertices). Let 0 < 1/N < v,1/k. Let V = {z! : j € [N],i € [k]},
let of be a set of colours and let (G, : ¢ € o) be graphs and v a vertex such that d¢_ (v, V) >
(14+v)(k —1)N forall c € /. Then the following hold:

(i) if || = k, then there exist YN values of j € [N] such that for each one there is a

labelling cy, . . ., ¢, of o such that lv € G, for all i € [k];
(ii) if |97 | = 2k — 1, then there exist YN values j € [N] such that for each one there is t € [k]
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and B C of with |B| = 2k—2 and partition B = </, U. . .U, where || = | 1] = 1

and all other <7; have size 2, and v € G, for all i € [k] and c € .

Proof. Let col(zv) be the set of colours in <7 on the edge xv, for x € V. We have

Y. > leol(@lv)] =Y de,(v) = ||(1+7)(k = 1)N.

JEIN] i€[k] ced
Averaging, there are at least 7N/2 values j € [N] for which >, lcol(zZv)| > [(1 +~)(k —
1)|</|]. We will show that, for every such j, we can find colours as specified. Fix such a j and
write U; := col(z)v) forall i € [k], so |Uy| + ...+ |Ux| > [(1 +7)(k — 1)|<7]].
For (i), when |</| = k, we have |U;| + ... + |Ux| > k(k — 1) + 1. We can order the sets
U; for i € [k] in increasing order of size, and then pick an arbitrary colour that has not been
chosen before from each set. At step ¢, suppose we are considering the set U;, so we have |U;|
colours to choose from, and have forbidden at most £ — 1 colours in this set due to previous
steps. If the algorithm fails here, then |U;| < ¢ — 1 and therefore the sum of the sizes is at most
-1+ (k—0k =k —(k+1—20)0¢ < k(k—1), attained when ¢ € {1,k}. This is a
contradiction, and hence the algorithm can be completed.
For (ii), when |.o7| = 2k — 1, we have |Uy| + ... + |Ux| > (2k — 1)(k — 1) 4+ 1. We need to
show that there is a t € [k]| and pairwise disjoint sets %7, ..., %, C € with |6;| = |611| = 1
and |%;| = 2 fori € [k] \ {t,t + 1}, and €; C U;, where %}, := %;. For this, let o be the

permutation of & such that U,y < ... < Uy

, breaking ties arbitrarily. We will choose
t == o(1). Let2 < s < k be such that o(s) = ¢t + 1, where we write k + 1 for 1. We try
to choose the ¢ in the order i = o(1),...,0(k): choose an arbitrary colour in U,y to be the
single required element of &, (1), then for each 2 < ¢ < s choose two new colours from U; if
possible, choose one new element of s, then for s < i < k choose two new colours from
U;. Suppose this algorithm fails at step 4. Note that i > 2 since |U,(1)| > 1 by the pigeonhole
principle. We have

20—2 1f1<1<s—1
\Us| <

21—-3 ifs<i<k.
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Suppose ¢ < s — 1, so in particular ¢ < k — 1. We have

2%—1)(k—1)+1 < ) < (2i—2)i+(2k—1)(k—i) so 2i%—(2k+1)i+2k—2 > 0.
k—1)(k Uaiy) k—1)(k 2 (2k k

JjElk]
Therefore ¢ < g }1—%\/ % +2o0ri > "% —i— —i——\/ k‘— 242,500 < +———(k;——):
lori> 3% + + 5 (k — 5) = k — 5, and we are done. Suppose instead ¢ > s. Then the bound

is stronger and so again¢ < lore > k — 5. So the only case to check is ¢ = k. In this case we

have, since s < k, that (2k — 1)(k — 1) + 1 < (2k — 3)k, which is a contradiction. O

4.4 Covering via fractional tilings

A t-rainbow copy of a graph H in a graph collection G = (G, : ¢ € %) is such that for each
e € E(H), the image of ¢ lies in G, ..., G, and the colours {c! : i € [t],e € E(H)} C ¥
are distinct.
The following lemma shows that one can find an almost perfect ‘fractional’ ¢-rainbow clique
tiling (defined below) in a graph collection with sufficiently high minimum degree. There is
a version of this lemma in (Montgomery et al., 2022) for ¢ = 1 and a perfect rainbow clique
tiling (a rainbow K;-factor) when there are slightly more colours than required, which proceeds
by randomly partitioning V' and then successively finding a clique factor in each part, in which
every edge appears in many unused colours. This can be easily generalised to larger t. However,
we need a version where

* every vertex v has high minimum degree in at least 1 — p proportion of colours (not all)

* every colour c has many edges incident to at least 1 — p proportion of vertices (not all)

* the required size of the tiling is (1 — (), where ( < p.
The method of (Montgomery et al., 2022) is not sufficient for this, since when p fraction of
vertices (and thus g fraction of colours) are left, it could be that none of these vertices have any
edges in any of these colours.
It suffices for us to find a ‘fractional’ tiling, which we now define. Fractional ideas were also
used for transversal embedding in (Cheng et al., 2023). Let K;(G) be the collection of edge-
coloured copies of K}, in G. More precisely, K;(G) is the set of all K := {z;xc;; : ij € ([’2“])}

where the vertices x4, ...,z € V are distinct and z;z; € G%, while the colours ¢;; € € are
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not necessarily distinct, and we write V(K) = {z; : ¢ € [k]} and define the multiset ¢ (K) :=
{cij i € ("))}, Write #v(K) for the number of times v € V' appears in K and #c(K) for
the number of times ¢ € € appears in K. So #v(K) € {0,1} while #c¢(K) € {0,..., (5)}.
A fractional t-rainbow Ky-tiling in G is a function ¢ : K;(G) — Rx( with ¢(v) < ¢ for all
v € Vand ¢(c) < 1forall c € €, where

Z #a(K)p(K) foralla e VUFE.

KeKy, G)

This second property implies that ¢(K) € [0, 1] for all K € K (G). By definition,

Dvev @(0)/k <tn/k
KeKp(G) Zce% ¢(C)/(g) < |c5‘/(’2€)

Note that for ¢t = 1, the special case where each ¢(K) equals 0 or 1 corresponds to a t-rainbow
Kj-tiling. However, for larger ¢, it corresponds to a rainbow collection of Kjs where each
vertex lies in at most ¢ copies, which do not necessarily have common vertex sets.

The following lemma is our key tool and guarantees a sufficiently large fractional ¢-rainbow
K-tiling as described above, in which every K, receives a weight in 0,1/p,2/p, ..., 1 for
some integer p which is not too large. The important consequence of this is that no weight is
too small, which will allow us to use a fractional tiling in a reduced graph collection to give an
integral tiling in the graph collection from whence it came, via Lemma 3.2.4. (If weights were
as small as the regularity parameter ¢, this would not be possible.) A similar requirement is
present in the work of (Haxell & Rodl, 2001) on integer and fractional packings in graphs.
Lemma 4.4.1 (Fractional rainbow clique tiling with some small degrees). Let 0 < 1/n < ( <
u << v, 1/D;1/k, 1/t < 1 where k > 2 is an integer and let G = (G, : ¢ € €) be a graph
collection on a vertex set V' of size n with |€| = t(g) n/k. Let B = (V,€) be a bipartite graph
with dg(x) > (1 — p)|€| for all x € V and dg(c) > (1 — p)n for all ¢ € €. Suppose that
de,(z) > (52 + 7)|V| whenever xc € B. Then there exists a fractional t-rainbow K-tiling ¢
in G with ¢(G) > (1 — ()tn/k, where there is a positive integer p < (=P such that for all
K € Ki(G), we have pp(K) € N.

Proof. Let 1/n < p < ¢ where pn/k € N. Let ¢ := |[1/p|and V = U; U...U U, be a
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random partition subject to |U;| = pn for all j < ¢ (the last part may be slightly larger). Then,
by a Chernoff bound, we may assume that for all z € V and ¢ € ¢, we have d¢ (z,U;) >
pde, (x) — n¥* for all j € [{]. Given J C [(], write U; := |J;c,U;. Given a function
f:A— Ry defined onaset Aand A’ C A, write f(A') := >, f(a) and f :=1 — f (that
is, 7(a) = 1 - f(a)).

The proof will follow by iterating the next two claims. The first is a fractional version of the
argument in (Montgomery et al., 2022) and allows us to fractionally tile any U; as long as [ is

not too large, using colours with some ‘capacity’ already used up.

Claim 4.4.2. Let p € Nwithp < v,1/p, let i* < i/ < \/jandlet Cap : € — {0, %, %, .., 1h
Let I C [{] where Cap(¥¢) > \/pn and t(§)|[|pn/k‘ < (1 =24 /v)Cap(€). Suppose that
Cap(%€ \ Np(v)) < (/Cap(€) for all v € Uy. Then G contains a fractional t-rainbow Kj-
tiling ¢ such that

(i) po(K) € Nforall K € Ki(G),

(ii) ¢(v) =tl(v e Up) forallv eV,

(iii) ¢(c) < Cap(c) forall c € €.

Observe that (ii) implies ¢(G) = > . ¢(v)/k = t|U;|/k. The next claim is the novel part
of the proof which says one can modify a given fractional tiling so that vertices are used in the
same way, but for no vertex v are there too many bad colours for v (i.e. not in Ng(v)) with a

large amount of remaining capacity.

Claim 4.4.3. Suppose that there is a fractional t-rainbow Ky-tiling ¢ in G with (1— g&-)tn/k <
o(G) < (1 = p)tn/k and pp(K) € N for all K € Ki(G). Then G contains a fractional t-
rainbow K-tiling 1) such that
(i) pk(k —1)¢(K) € Nforall K € Ki(G),
(ii) Y (v) = ¢(v) forallv €'V,
(iii) ¥(% \ Np(v)) < (141/7)(€) forall v € V.

~—

Now we will iterate the two claims to prove the lemma. The idea is that the modified tiling
from Claim 4.4.3 can be extended to new vertices using Claim 4.4.2 since no vertex is bad with
respect to it.

To begin, let Cap(c) := 1 for all c € ¥ and I; = [(1 — 2u/7)/p], where we assume that this

number is an integer, which does not affect the proof. Then the hypotheses of Claim 4.4.2 hold
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with p; := 1 and i/ := p, so G contains a fractional t-rainbow Kj-tiling ¢, with ¢;(K) € N for
all K € Ki(G) and ¢;(v) = tl(v € Up,) forallv € V and ¢1(G) = t|Up|/k = tpn|L1|/k =
(1 —2u/7)tn/k. Thus we can apply Claim 4.4.3 to ¢, to obtain v; which satisfies (i)—(iii).

To iterate, for each 7 € N, let

pio= (k= 1)), = (28“2)i, = [1 - “Z} ,

7 p

where again we assume (1 — ;) /p is an integer, which does not affect the proof. Suppose we
have a fractional ¢-rainbow Kj-tiling ¢; in G' with

* pi(K) € Nforall K € Ki(G),

e ;(v) =tl(v e Uy) forallv € V, and

* (€ \ Np(v)) < (144 /7*)¢;(€) forall v € V,
and suppose that yi;11 > /p. Then ¢,(%) = || — ())vi(G) = |€| —t(§)|L|pn/k = | €.
Let [ := I;;1 \ I;. Then

(5 )om i = 0§ ) s = s = (0 2§ Juf b = (1= 250 90,

Since f1;41 > /p implies that y;t(5) /k > /p, the conditions of Claim 4.4.2 hold with Cap :=
1; and gt/ := 1442 /~2. Thus there is a fractional ¢-rainbow K-tiling ¢ such that p;)(K) € N
for all K € K(G), ¢¥(v) = tl(v € Uy) forallv € V, and ¥(c) < v,(c) forall ¢ € €. Let
¢ir1 := ¥; +1. Then ¢; is a fractional t-rainbow Kj-tiling in G since ¢;11(v) = 1;(v)1(v €
Ur) + (o) 1(v € Uy) = 110 € Uy,,,), and i () = wi(c) + (c) < ti(c) + Pi(c) = 1 for
allce @.
We have ¢;1(G) = t|Uy,,, |/k, whichis atleast t|U |/k > t(1—-2u/v)n/k > (1—v/(6k))tn/k,
and at most t(1 — p;1)n/k < (1 — p)tn/k by our assumption on ;1. Thus we can apply
Claim 4.4.3 to find ;1 with

o pik(k — D);1(K) = piiti1(K) € Nforall K € Ki(G),

* Yip1(v) = ¢ip1(v) = tl(v € Uy, ) forallv € V, and

* i1 (€ N\ Np(v)) < (147 /7)1, (€) forallv € V.
We have shown that, as long as y;11 > /p, we can find 1;, 1. Let m be the smallest integer
with g, = (28u%/7*)™ < (. So ¢ > p*™ and p,, > /p since p < (. Thus we can obtain
¢ = V.
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Now, |Ur, | = (1 — )1 > (1 — {)n, so ¢p(v) = ¢ for at least (1 — {)n vertices v, so ¢(G)
(1 = O)tn/k. Also, p,,¢(K) € N forall K. Since ¢ > p®™, we have p,, = (k(k — 1))™
¢loglk(k=1))/Blog 1) < ¢=1/P gince 1/D > log(k(k —1))/(31log(1/u)) which follows from z <

v

IN

1/D, 1/k. This completes the proof of the lemma given the claims.

Proof of Claim 4.4.2. Let p < A < 1/p. Write I = {iy,...,4}. Let j < |I] be the largest
integer for which G[U;, U U, U ... U U] contains a fractional ¢-rainbow K-tiling ¢; with
¢j(v) = t1(U;; WU, U ... UUy) forall v € V and pp;(K) € N for all K € K;(G) and
¢j(c) < Cap(c) for all ¢ € €. We may assume j < |I| or we are done. Let Cap,(c) :=
Cap(c) — ¢j(c) > 0 forall c € €. We have

Cop,() 2 Can(#) — (1) ,(@) 2 Cap(s) — 1} ) o/ = 20 ) Cap()
and hence, forallv € V,
Cap, (% \ No(v)) < Cap(#'\ Np(v)) < /Cap(#) < (/2)Cap,(¥).  (42)

Let T" be the graph with vertex set U, where apairzyin U;,,, isanedgeif Y q.,,cq. Cap;(c) >

ACap,(€). Then, for all v € U;,_,, we have
N (k-1 iy (42) k—1 3/4
. )= - < r- —
Cap, (%) (1 2) ( ? +7 )pn Z Cap;(c) 2 +y|pn—n
CENB( )
< Z Cap;(c)dg,(v,Us,,,) = Z Z Cap,(c) < pn - XCap,(€) + dr(v)Cap,(¢).
CcEL uel; c€EC:uveG.

J+1

So dr(v) > (k—;l + 7v/3)pn, where we used \,p < ~. Thus the Hajnal-Szemerédi theo-
rem implies that 7" has a Kj-factor (a perfect Kj-tiling). Since, using p < p, A, we have
ACap;(%) > X+ (24 /7)/pn > t(5) pn/k, the total capacity on each edge of T is at least the
capacity required to cover the whole factor, so we can assign colours using the following greedy
algorithm. For each copy of K} in the factor in turn, with vertices x4, . . ., T, say, for each edge

& with ;2 € G, h and with non-zero capacity Cap;(c};) and set

;x5 choose colours cjj, . . ., ¢}

d(zizycly ij € (W) = ; for each /€ [pt]. Subtract  from each Cap;(c}};) and continue to

the next clique in 7'. The required properties follow by construction, completing the proof. [
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Proof of Claim 4.4.3. Given o/ € (f) and v € V, we say that K € K;(G) is
o @/-good if ¢(K) # 0and V(K) C (.., Na(c);
* (v,97)-good if $(K') # 0 and there is a labelling ¢y, ..., ¢, of & and xq, ...,z of V(K)
such that vz; € G, forall i € [k].
These are both properties of V' (K) (that is, they do not depend on %’(K)). Recall that each v

has total ¢-weight ¢(v) at most ¢. Thus

S Ze@) - Y 6w) 2 0(G) — thun = (1— L) tn/k — thyn
K i of o v#Necr Na ()

> tn/(2k). 4.3)
We claim that, whenever v is in an ./'-good clique K, we have

> $(K) = tn/3. (4.4)
KeKi(G):
K is (v,o)-good

To see this, let JV = (J? : ¢ € ¥) be the auxiliary graph collection where for each z € V, we
replace = by p¢(z) clones and add va’ to J¥ whenever 2’ is a clone of z with zv € G.. For
each K € Ki(G), obtain pp(K) disjoint clones K’ of K by choosing p¢(K) distinct copies
of each y € V(K) which have not been chosen before and assigning the i-th vertex to the
i-th copy of K. This process is possible by the definition of ¢(x): for each z € V, we have
> Keky(G)aev (i) PO(I) = pd(x) so we can always choose an unused clone 2’ of z. The total

number of vertices in these cliques is pk¢(G) < ptn. For all ¢ € Ng(v), we have

)= 3 poa) > ptde.(v) —p 3t — o)) > pi (%w)n—p%

z€Ng, (v) yev

Whenever v is in an 2/-good clique K and ¢ € 7, this degree bound applies. Therefore,
Lemma 4.3.7(i) implies that, there are (v/2)pk¢(G) > ~ptn/3 copies of cloned cliques K’ in
J? for which there is a labelling ¢y, ..., ¢, of & and 2/, ..., z} of V(K") such that vz} € G.,

for all 7 € [k]. Each clique in G was cloned at most p¢(K) < p times. Thus (4.4) holds.
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Since (%) = |%| — (5)#(G), we have
ptn < ¢(€) < ~tn /6. (4.5)

Now let @7, . .., <, be elements in (f) such that every colour ¢ € % appears in exactly pk(1 —
¢(c)) elements of the <7;. So kr = _ ., pk(1 — ¢(c)) and hence

r/p=¢(€). (4.6)

Initially, let ¢’ = ¢. Foreachi = 1,...,r, do the following to construct an edge-coloured graph
L;. (We only use ¢’ in the construction of the L;.)
1. Among all «7;-good K, choose one, K, randomly with probability proportional to ¢’ (K ).
Add (the coloured edges of) K to L; and subtract 1/p from ¢'(K}).

2. For each v € V(K7) in turn, do the following.

Among all (v, #)-good J, choose one, J;,, randomly with probability proportional
to ¢/(J;,). Let the corresponding labelling be V' (J;,) = {z},,...,zF,}. Add J;,
to L; along with the edges vxiv € GC]., where ¢; is the j-th colour of .27, labelled
according to (v, & )-goodness. Subtract 1/p from ¢'(J},).

This completes the construction of L;.

Since every ¢(K) is an integer multiple of 1/p and K is chosen with non-zero probability only
if (K) > 0, we have that ¢/(K) is always non-negative. By (4.3) and (4.4), the sum of the
¢'(K) from among the good K we are choosing is always at least vtn/3 — r/p > ~in/6, so
this construction is possible.

We can now use the L; to define ).

* Foreachi € [r],

= let (K7 := ¢(K}) =~
— foreachv € V(K;)and j € [k],let K7, := L;[{v}UV (J;,)\{z] }] and (K7,) :=
pk(li—l);
— foreachv € V(K7), let ¥(J;,) == ¢(J},) — #.
* For all other K € K;(G), let Y(K) := ¢(K).

We will show that ¢ satisfies (i)—(iii). First, note that (i) holds since every ¢(K) is a multiple of
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1/p.
For (ii), fix x € V. Whenever i € [r] is such that z € V(K), we also have x € V(fo) for all

J € [k], so the contribution to ¢)(x) for each such i is

VT + 30 0(KL) = 6(H) = s + 3 s = 0K,
’ J€[k]
Whenever i € [r] is such that = € V(J;,) for some v € V(K}), we have x = va for some
j € [k],and so x € V(Kf;) for all j' € [k] \ {7}. Thus the contribution to ¢)(x) for each such i
1s

v o\ . 1 * 1 *
jle%{j}w&,v)wuw)—<k DorTy OV — o = 9L

For all other ¢ € [r], the contribution to 1) for this i is the same as for ¢. Thus ¢(z) = ¢(z),

proving (ii). This implies in particular that
U(E) = (%) 4.7

It remains to show that colour weights ¢(c) are all at most one (which will complete the proof
that ¢ is a fractional ¢-rainbow K;-tiling), and to prove (iii). A very similar argument to the one

for vertices shows that for each ¢ € ¥, we have

00 =00 = gy S el + S helUL) = iy (k= DI € o€ ah]
zE[r

where for the last term, each colour ¢ in .7 appears on all of the K ZJ , €xcept the one where
¢ = ¢;. Thus, since each colour appears in pk(1 — ¢(c)) of the 7, the last term equals 1 — ¢(c).
Thus

U(e) =1—=1(c) Z# (K7) Z#c > (4.8)

16[7"]
S0, in particular, this finishes the proof that ) is a fractional ¢-rainbow K-tiling.
For (iii), we need to appeal to the randomness of the construction, which will imply that, with
high probability, in any large set Z of colours, # does not contribute a lot more than the
average to ¢)(%’). More precisely, we will show that, with high probability, /(%) = O, (1) -

| B| - v4)(€)/|€|. Here, the factor y~! arises since in Step 2 of the algorithm, we may be

111



University of Oxford Wadham

choosing cliques from only a ~y-proportion of all cliques. This will imply that, for each vertex
v, most of the (weighted) remaining colours are good for v.

To analyse the random process, note that it is equivalent to making p¢(K') copies of each K
and choosing one of these uniformly at random from among all available choices, without
replacement. For uniform treatment, suppose A is the set of cliques from which we are choosing
at a given step of the algorithm (choosing some K7, or some J;,), so we choose K € A
randomly proportional to ¢'(K), in other words, with probability ¢'(K)/ > . 4 ¢'(K). Let
¢ € €. Then, writing E and P for the conditional expectation and probability, conditioned on

any history before some given step, we have

_ c 925/— . O(K) (4.6) 6(c)
_’;#( 2prea (K Kze;# S oK) —1lp = 6(A) = (@)

In particular, for any colour set 4 C %, we have the following by linearity of expectation.

Setting A to be the set of .o7;-good cliques, we have

) o) (43)(45) | B 3k|A|
; < <
E (Z ek )> - tn/(2k) —ytn/6 — tn

and, given = € V(K7), and setting A to be the set of (x, <7 )-good cliques, we have

(4.4),(4.5) |B| 6|2
E' - < = .
(Z #C(Jw)> ~  A4tn/3—~Atn/6  ~yin

ceER

Let v := 7r/(vytkpn) and C := 1/(p(k — 1)) and suppose that |%,| > p>n. We have, noting
that (%) = (%) due to (ii),

3k 1 6 1 v|B| _ r|B| _ plB] _ p'n
)< d > > > . 49
(tn plk—1) * ytn pk) =voan 6C — ~atn — vk T Ak > Vn. (49)

Given v € V, write 8, := ¢ \ Np(v). Suppose first that |%,| < 14up*tn/~. Then, by (4.5),
we have (%,) < |%B,| < 14u/v - ¥(%), as required. Thus we may assume that |%,| >
14pp*tn/vy > p*n.

By (4.8) and (4.9), we have >, E'(¢(c)) < v|%,|. We can now apply Lemma 4.1.3
with v|%,|, C playing the roles of i, C' respectively to complete the proof. Indeed, we have
P((B,) > 2v|B,|) < 2e7VI#1/(6C) < ¢=vP By a union bound, with high probability, for
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every v € V with | %,| > p*n, we have

T(#,) < 2w\, < i) - 2 = W)t o WnG)o(®)  14u(6)

ytkpn — ~tk2pn k2 - vy
so (iii) holds (and thus there exists a v satisfying all properties). ]
Having completed the proof of both claims, the lemma follows. L

4.5 Proof of Theorem 4.1.2

Now we can put the tools from Sections 4.3 and 4.4 together with our blow-up lemma to prove

Theorem 4.1.2.

Proof of Theorem 4.1.2. Let k > 2 be an integer and let v > 0. Choose additional constants
Lo,e,(,n,dsuchthat 0 < 1/Ly < e € ( < n <K d < v,1/k. Apply Lemma 4.2.1 (the
regularity lemma for graph collections) with parameters Ly, € to obtain ny. By increasing ng if
necessary we may assume that 1/ny < 1/Ly. Now let n > ng be an integer and let G be a
graph collection on n vertices satisfying the conditions of the theorem. Write % for the colours
of G, s0 || = (k — 1)n.

Step 1. Apply the regularity lemma and find a 2-rainbow K-factor template.

Lemma4.2.1 applied with parameters L, €, d implies that there is a partition of V" into 170, R
and of ¥ into %%, . ,fﬁ and a spanning subgraph G, of G. for each ¢ € € such that (i)—(v)
hold, where 77 is the common size of clusters. Let R = R(e, d, Ly) be the reduced graph col-
lection of G. By Lemma 3.2.7, for each ¢ € [Z], there are at least (1 — d*/ 4)]\7 colour cluster
indices y € [M] for which dg (i) > (%5 +7/2) L. We also have L + |Vy| = |[V| = n and
M+ |%o| = |€] = (k — 1)n and |Vo| + |%o| < en, so

= (k= 1D)[Vo| - %]+ 7

M= (k—1)L+ 7 L>(1—2)(k—1)L.

Apply Lemma 4.4.1 to R with ¢, d"4 v/2,2, Z, 1 playing the roles of (, i, v, t,n, D to obtain
a fractional 2-rainbow K -tiling ¢ of R such that ¢(R) > (1 — ¢)2L/k and there is p € N with

p < 1/( such that, for all K € K;(R), we have pp(K) € N.
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Partition each V; into 2p clusters XN/ij and each ‘% into 2p clusters (5:] of equal size m := m/(2p),
where j € [2p]. Let R = (R} : i € [L],j € [2p]) be the graph collection obtained from R
as follows. Each R has vertex set [L] x [2p]. Whenever (' € E(R;), add (¢, h)(¢', 1) to
R? for all h,h' € [2p] and j € [2p]. Lemma 3.2.4(i) implies that for every (¢, h)(¢',}) €
R!, we have (G.[V/}, 175’7'] Dc € ‘J?) is (¢/(2p),d/2)- and hence (/z, d)-regular, using the
important bounds ¢ < ¢ < 1/p. Next, for each K € K,(R) and s € [pp(K)] in turn,

for each i € V(K), choose (i,¢s) with {5 € [2p], that has not been chosen before, and for

V(K)

) ) writing ;v € []\7 | for the colour index such that y;; is the colour on

each i’ € (
i’ in K, choose two distinct (Xiirs Usn), (Xiir, Us2) with €51, s o € [2p] that have not been used
before, and take the 2-rainbow k-clique K, consisting of pairs of vertices (i, £,)(i', ;) with i’ €
(V(f )) coloured with the two colours (i, {s1), (Xii, s2). This process is possible since ¢ is a

fractional 2-rainbow K-tiling: for each i € [L] = V(R), we have 3 Rek(Ryicv(R) pd(K) =

po(i) < p so we can always choose an unused (i, (), and for each y € [M] = ¢(R), we
have 23z i, (&) #x(K)po(K) = 2pd(x) < 2p so we can always choose two distinct unused
(X, ls1), (X, ls2). Now J := U{K, : K € Ki(R),s € [pp(K)]} is a 2-rainbow K-tiling in
R.

We relabel all objects, as follows. Write Vi, ...,V for the vertex clusters and %7, . .., €, for
the colours clusters used in ./, and let N be the number of copies of K} in J. Thus from now
on we write N x K for J. Remove any unused vertex cluster or colour cluster. Corresponding

to the relabelling, the vertex set of R is [L] and its colour indices are [M]. So
N = pd(R) > p(1 = ()2L/k
and L = kN and M = (k — 1)L. The number of vertices covered is
Nkm > kin/(2p) - p(1 — O2E/k = (1 — QfE > (1— On — [T > (1-20n  (4.10)

and hence M = N(g) -2m > (1 —2¢)(k — 1)n. Let 1 be the set of unused vertices and %, the
set of unused colours. We have |Vy| + |65| < 2¢n(1 + k — 1) = 2k(n. We can also assume,

by adding further to the exceptional sets, that, without changing any of the above estimates,
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IVol, |%0| > en, say. For future reference,
N=L/keN, M= (k-1)L, en<|Vl|,|%]|<|Vo|+|%]| <2k(n and |6| = (k—1)|V|.

Write a{, e ai for the vertex set of the j-th copy A; of K}, (some }N(j/) in N x K}, and let Ug
be its {-th vertex (some Vij ). Foreache € E (J), let €, be the union of the two colour clusters
%2{5, %Z{ specified in N x K}, and let €}, = %a;'u;l,' So {a] : j € [N],h € [k]} = [L] and
{1,...,Cu} = Uje[N],M’e(“;]) %J,. Note that F = (V,€",G") is an (N x K;)-template with
parameters (m, \/,d/2,1) where V = (V; : i € [L]), ¢" = €\ ¢ = U.cpnxr,) Ce> and
G' = (G, : c € ¢"), and each |V;| = m while each |€7,,| = 2m.

Using the property of R from Lemma 3.2.7, for all vertex clusters Vi, i € [L], there are at least
(1= d"4)M - 2p — 2¢n/m > (1 — 2d*/*)M colour cluster indices x € [M] for which

dg, (i) > (% + 7/2) L-2p> (% + 7/3) L= (k—1+v/3)N.

We say that any such x is good for i.
We are in Setting 4.3.3 with /2, 2d'/*, \/z,d/2,1/2 playing the roles of vy, d’, ¢, d, 6.

Step 2. Construct the absorber and connect N — 1 of the k-cliques in the template.
Let .7 consist of s := 40k* N? distinct colours from each ‘5&, and let {.#, : p € P} be the set
of all (2k — 2)-subsets of . where P is some index set with |P| = (52]\;(752)) < N, For each
p € P,let &, = 4,1 U %, be an arbitrary equipartition. Let v}, v; € 1} be arbitrary (recall
that it is non-empty).
Apply Lemma 4.3.5 successively as follows. Apply (i) with (j,j') = (N — 1, N) and
Q ={(Si,vi):i€[2andp € P}

with W consisting of all vertices in a pair of Q and % consisting of all colours in a pair of Q.
Then, for each j = 1,2,..., N — 2, apply (ii) with (j, j') = (j,7 + 1) and W consisting of all
vertices in a pair of Q and all vertices used in previous steps, and 7 consisting of all colours in
a pair of Q and all colours used in previous steps. We obtain

e pairwise disjoint vertex sets X1,..., Xy_1 C V' \ {v},v}} of size at most 20k3| P|,

* pairwise disjoint colour sets %, ..., By_1 C € \ .7,
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« vertex sets 7/ C U} and S} C UJ™" with |[T7|,1S]™"| > nm for all h € [k] and
jeN—1]
such that the following holds. For all j € [N — 2],

P(j) for any y, € T} and z, € S}*' with b € [k], there is a transversal midpath from
(Y1, .-, Yk) to (21,...,2) with vertex set {y1,...,yx} U {21,..., 2} UX; and colour
set %;; and

P(N—1) Forany p € P and any y, € T;' ' and 2, € SY with h € [k], there is a transversal
midpath from (y;,...,yx) to (21, ..., zx) with vertex set {y1,...,yx} U {z1,..., 2} U
Xn-1U{vf,v3} and colour set By_; U .7,

After removing vertices X and colours & from the template F, we have a rainbow (N x K})-

template 7' with parameters (m/2,2/c,d/2,1/2).

Step 3. Make classes near-equal and ensure |Vy| = (k — 1)|%p|.
Now we remove as few elements as possible from vertex and colour clusters so that they have
the correct sizes. By Lemma 3.2.3, the following hold for any j € [N] and distinct ¢, ¢’ € [k]:

« the number of vertices v € U} with dg, (v, U},) < dm/5 for at least dm /5 colours ¢ € €,

is at most 2+/em;

« the number of colours ¢ € €, with (G [U7,U}]) < dm/5 is at most 2v/zm.
Move all these bad vertices and colours into the exceptional sets V), 6. For each j € [N], let
m' be the largest integer such that |U7| > m/ and |€7,| > 2m’ — 1 for all distinct £, ' € [k].
Move arbitrary vertices from vertex clusters into V; so that every |U}| € {m/ — 1,m'} and
arbitrary colours from colour clusters into %, so that every |€7,| € {2m’ — 2,2m’ — 1} and

|%0| = (k — 1)|Vb|. We have the disjoint unions

V= <Uje[N} Uee[k] Ug) UXUVp and ¢ = (Uje[N] Uezlg([g]) Cgéjz/> U % U %
and .7 is a subset of the first double union in ¢. Then m — m’ < |X| < 20k3N < em, so
4.10)

) (
U/l > (1 —¢e)m and |Vo| <n—|X|—Nk(m'—1) < 3k(n.

We claim that, for each j € [N], the subtemplate F; of 7' induced by the new {U} : ¢ € [k]}
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and {6}, : (0" € (U;])} is a super Kj-template with parameters (m’ — 1,2 d/8,1). Indeed,
we just have to check that {G[U7,U}] : ¢ € €}, } is (¢!/3,d/8)-superregular. Before removing
vertices and colours, this collection was (21/¢,d/4)-regular. Lemma 3.2.4(i) implies that it
is now (£!/3,d/8)-regular. Superregularity now follows since we removed any vertices and

colours with small degree.

Step 4. Incorporate exceptional vertices and all but 2k — 2 exceptional colours.

We apply the following algorithm to greedily incorporate exceptional vertices and colours into
the template. We will argue that the algorithm can run until there are 2k — 2 exceptional colours
remaining.

Initialise sets Z/ = () for j € [N] and i € [k]; here Z/ will be the set of exceptional vertices to
be incorporated into the j-th k-clique A; between a vertex in Uij and a vertex in Uijﬂ. For each
v € Vo \ {v],vs}, whenever |6y| > 2k — 1, choose a set 6, C 6, of 2k — 1 exceptional colours.
Let B. be the graph with vertex set {v} U {(j,¢) : 7 € [N],¢ € [k]} where v(j, /) is an edge
whenever dg, (v, U}) > nm'. Then (52 +7/2)n < dg, (v) — [Vo| = |X| < dp,(v)m/ + Nk-nm'
and so dp, (v) > (52 4+ ~/3)n/m’ > (1 4+ +?)(k — 1)N. Thus we can apply Lemma 4.3.7 to
find, for each v € V;, ¥2N/2 indices j, € [N] and t, € [k], a subset € of &, of size 2k — 2,
and a partition ¢, = 6,1 U ... U %, where |6, ,| = |6,+,+1| = 1 and all other %,,, have size
two, and dg, (v, U}*) > nm’ forall £ € [k] and ¢ € G, .

Choose one of these j, for which | J;c, ZJ'| < /Cm'. Remove v from V; and add it to 7.
Let ¢t k42,.-.,C,+x—1 be any ordering of € so that i = i mod k when ¢; € %/, and for
eachi € {—k+2,...,k—1},let %" := Ng, (v, U7 be target sets for the neighbours of v,
so [T > nm'. For each ¢/’ € {{t, —h+1,t, —h+k} : h € [k — 1]}, choose a colour
ce ‘KZZ \ .7, remove it, and add it to %y. Remove & from %.

At each step we assign one exceptional vertex by using 2k — 2 exceptional colours from a
selection of 2k — 1, and we create £ — 1 new exceptional colours. Thus after each step we have
|%0| = (k — 1)|Vy]. In particular, if Vj \ {v], v5} # 0, then |%,| > 3k — 3 > 2k — 1. Thus we
may always apply Lemma 4.3.7, and since initially |Vy| < 3k(n < 4k*¢ Nm/, at most 4k*\/CN
of the Uie[k] Zij have size at least \/(m/ at any step, so since 7y >> (, we may always choose 7.

Thus the algorithm terminates, with Vj = {v},v3} and 6 := 6 satisfying || = 2k — 2. Let

Zi=Uiew %4, Z:=Ujem% and € :=U,,C, so [€%=(2k-2)|Z].
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Each %7, has reduced in size by 0 if |¢ — (/| # 1, and by D iclk
(=1 =

[k\{€+1} |sz| = ‘Zj| - |Zg+1| if

Step 5. Absorb remaining 2k — 2 exceptional colours and make the final connection.

We now incorporate the colours of 4 into the structure, by applying Lemma 4.3.5(i) to find
a midpath that absorbs them. However the vertices and colours used will have to be removed
from the structure, which unbalances it slightly.

Apply Lemma 4.3.5(i) as follows. Let v1,v9 € V' \ {v,v3} be distinct, let €5 = €, U 67
be an equipartition and let Q = {(6y,v1), (6}, v2)}, and let (5, j') = (N, 1). By defining W/
and # in the obvious way, we obtain Xy C V \ (X U {v},v}} U Z) of size at most 20%3,

By CE\ (BUSL UE™), vertex sets T} C UYN and S} C U} with [TV, |SE| > nm for all
h € [k] such that the following holds.

P(N) for any y, € T} and z, € S} with h € [k], there is a transversal midpath from

(Y1, yk) to (21,...,2;) with vertex set {y1,...,yx} U{z1,..., 2k} U Xn U{v1, 09}
and colour set Ay U 6.

By counting edges/colours in the midpaths guaranteed by P(1)-P(/N), we have

|B| +4k -4 = Z e(Qartix;|) + Z e(Qary|x;+2) +
JEIN-2] JjE[N—-1,N]
2 Y @)+ > (P pe) +2(5)
JEIN-2] JEIN—1,N]

' e(Clxa) + N () = (k= D(X]+4) + N(5),

s0 8| = (k= 1)|X|+ N(3).

Step 6. Repeat Steps 3 and 4, now only making colours in . exceptional.

In this step, we will fix the unbalancedness created in Step 5, by equalising classes again (i.e. re-
peating Step 3), but this time only removing colours from .. In this way, we will end up with
Vo = {v}, v5} and each of the 2k — 2 exceptional colours will lie in .~

Initially, V5 := {v},v5} and €, := (). Remove vy, v, from their clusters. Remove X from the
template and add it to X, and remove %y from the template and add it to . Now remove as

few arbitrary elements as possible from vertex clusters into V{y; and remove arbitrary elements
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of . from colour clusters into % until every

| | o — 1 if]0— 0] £1

o2m” —1—|Z;| + 12}, ife—0=1

for m” as large as possible. Recall that, at the end of Step 5, cluster sizes differed from these by
at most one, where m/’ played the role of m”. Each midpath guaranteed by P(N) has |X | +
2k + 2 vertices, and each such vertex has degree at most 2k — 2 in the midpath. Thus | Zy| <
(203 + 2k 4 2)(2k — 2) < 50k* < |.% N €}, |, so there are enough colours in . available for
this removal to work. We have %, C .& and {v}, v} C V{. The same arguments as in Step 3
show that |U7| = m” > (1 — 2¢)m and |Vy| < kN + (5)N + | Xn|kN < 30k N2,

Now, >~ iciny 2oeem (1251 — |Zg+1|) = (k —1)|Z|. Since ¥ is the disjoint union of the €7,,, %,
€%, 6§ and 6, we have

o] = €] = N(5)(2m"” = 1) + (k = 1)|Z| - | 2] — €| — (2k — 2)
= (k=1D(n—|X| = Nkm" — 2] = 2) = (k = 1)|[Vy|.

The final equality holds since V' is the disjoint union of the U, J , X, Z, {v1,v5} and V4.

Next, repeat Step 4, to incorporate exceptional vertices in V; \ {v], v5} by adding them to Z
except that now whenever we choose a colour ¢ € ‘@]Z to remove into %, we ensure that this
colour is in .. Each time we incorporate a vertex, we use at most one colour from each C@jé,, SO
in total we require at most |Vp| < 30k*N? colours in . in each colour cluster. This is possible
since |7 NG| > s — 50k* > 30k*N?2. The algorithm terminates, with V, = {v},v5} and
|%0| = 2k — 2 and, crucially, ¢, C . so 6y = .7, for some p* € P. Cluster sizes still

satisfy (4.11) (with respect to the enlarged Z). We have the disjoint unions

V =Ujem (Uze[k} U UX;U Zj) U {1, v2} U {07, 03}

and € = Uje[N} (Uéz’e([’;]) %ﬂe, U %j> U&= U cgo* U yp*,

Moreover, for each j € [N], the subtemplate 7} of F; induced by the new {U 7.0 € [k]} and
{€), - 0" € ()} is a super Kj-template with parameters (m”, 2c'/3,d/16, 1).
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Step 7. Apply the transversal blow-up lemma to complete the transversal embedding.
It suffices to find a transversal copy H; of the {i, : v € Z;}-missing path ' = Fj,,,» (i, : v €
Z;) = X1 ... Ty Where

*i,=t, mod kand k < i, < km" — kforall v € Z;, and |i, — i,,| > 2k for all distinct

u,v € Zj;

« the vertex playing the role of z; lies in U, where i’ =4 mod k for every i € [km”];

* ;74 uses a colour in %7, where i’ =i and ¢ = ¢ mod k, for all distinct i, ¢ € [km”"].

o zi4n €T forallh € {—k+2,....,k—1}andv € Z;; and z;, € Si and Ty pin €

T for all h € [k].

Indeed, if we can find such an H; for all 7, inserting each v € Z; after ¢, gives rise to a rainbow
copy J;j Of Ppyy|z; using colours J,, (%) CKZJL,, U Upe Z, ¢, (see Observation 4.3.1(ii)). The
start- and endtuple of J; are the same as H;. Thus they lie in the given target sets S; at the
start and T} at the end, and P(1)-P(N) guarantee short midpaths between the endtuple of J;
and the starttuple of J;; for all j € [N], where Jy; := J; and the midpath from the endtuple
of Jy to the starttuple of ./; which in addition to start- and endtuples use precisely the vertices
XiU...UXyU{v, v} U{v], v}, and use precisely the colours %, U ... U By UG5 U .S
We thus obtain a transversal cycle using all vertices V' and colours % .
To find the H;, note that the function ¢; which maps z; to ' € [k] where ¢ = i mod k is a
graph homomorphism of F into K, when V (K}) = [k], and every |¢, ' (i)] = m”. To see that
e(Fl¢;1(0), 651 (0)]) = |€}y| for every €0 € (¥1), we have 67, | = 2m” — 1 — |Z;| + | Z},, |,
which, by Observation 4.3.1(ii), is precisely what is required. The number of target sets is
2k+Z;] < 2y/Cm”, which, crucially, is much smaller than §m”, and each one has size at least
nm' /2. Thus we can apply Theorem 3.3.5 to the template J7 to find a transversal copy of F’

and hence the required cycle. [
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5| Stability of Transversal Hamilton Cycles

5.1 Introduction

5.1.1 Transversal embedding of Hamilton cycles

Following Joos and Kim’s transversal generalisation of Dirac’s theorem, there has been much
progress on further questions related to the Hamiltonian case of Question 1.2.6 for graph collec-
tions on n vertices. (Cheng, Wang, & Zhao, 2021) also showed that minimum degree (n+1)/2
is sufficient to guarantee a rainbow cycle of every length 3,...,n—1. (Bradshaw, 2020) proved
analogues of the results of Joos and Kim in bipartite graph collections. (Chakraborti, Kim,
Lee, & Seo, 2023) studied the problem of finding transversal Hamilton cycles in tournaments
(a tournament is a complete oriented graph). (Li, Li, & Li, 2023) and (Zhang & van Dam,
2024) imposed Ore-type conditions rather than a minimum degree condition to find transversal
Hamilton paths and cycles. (Bradshaw, Halasz, & Stacho, 2022) showed that minimum degree
at least n/2 guarantees not just one transversal Hamilton cycles as per (Joos & Kim, 2020), but
exponentially many.

Transversal Hamilton cycles have also been well studied in hypergraphs. Extending a result
of (Rd&dl, Rucinski, & Szemerédi, 2006; Rodl et al., 2008), (Tang, Wang, Wang, & Yan,
2023) proved an asymptotically optimal bound on the minimum codegree guaranteeing a tight
Hamilton cycle in a uniform hypergraph. The main result in (Gupta et al., 2023) implies asymp-
totically optimal results for other types of Hamilton cycles in uniform hypergraphs, for various
degree conditions. Answering a question left open here, the notable case of vertex degree for
tight 3-uniform Hamilton cycles was obtained by (Tang et al., 2023).

The problem of finding a Hamilton cycle with a given colouring in a graph collection (rather
than a transversal Hamilton cycle which is some rainbow cycle) was studied by (Bowtell,
Morris, Pehova, & Staden, 2023). It turns out that minimum degree (3 + o(1))n is enough to
guarantee such a cycle, but at least [n/2]| + 1 is required. (Ferber, Han, & Mao, 2022) and
(Anastos & Chakraborti, 2023) studied robustness of transversal Hamiltonicity. In (Anastos &
Chakraborti, 2023) the threshold at which a graph collection consisting of random subgraphs of
graphs satisfying Dirac’s condition contains a transversal Hamilton cycle is determined. This

generalises a result of (Krivelevich, Lee, & Sudakov, 2014).
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5.1.2 Stability for transversal Hamilton cycles and paths

In this Chapter, we are interested in the stability phenomenon for Hamilton paths and cycles,
and will show that graph collections which do not contain a Hamilton cycle, but whose graphs
all have minimum degree slightly smaller than that needed to guarantee one, in fact have a
special structure.
We define two extremal graphs ¢ and 8 of order n as follows:

» the n-vertex graph ¢ is the union of two disjoint cliques of size as equal as possible;

* the n-vertex graph B is a complete bipartite graph whose two parts have size as equal as

possible.

Since Dirac’s theorem shows that a Hamilton cycle is guaranteed in any n-vertex graph G with
minimum degree 6(G) > n/2, graphs satisfying this minimum degree condition are called
Dirac graphs. As mentioned in the previous section, (Joos & Kim, 2020) showed that any
collection of n Dirac graphs contains a transversal Hamilton cycle.
Dirac’s theorem is tight: the graph ¢ does not contain a Hamilton cycle, and when n is even it
has minimum degree n/2 — 1 = [n/2] — 1. The graph B does not contain a Hamilton cycle
when 7 is odd, in which case it has minimum degree (n — 1)/2 = [n/2] — 1 and contains no
Hamilton cycle. In fact, when n is odd, we can add arbitrary edges into the smaller part of 8
without creating a Hamilton cycle. For any n, we can perturb either of these examples slightly,
at the expense of slightly reducing the minimum degree, to get a non-Hamiltonian graph.
In fact, it is well-known that these are the only examples. Given x > 0, we say that two graphs
G, G’ on the same vertex set of size n are x-close if one can add and remove at most xkn? edges
of G to obtain G'.
Theorem 5.1.1 (Stability for Dirac’s theorem, folklore). For all k > 0, there exist 1 > 0 and
ng such that the following holds for all integers n > ny. Let G be an n-vertex graph with
6(G) > (& — p)n. If G contains no Hamilton cycle, then either G is r-close to 8 with arbitrary
edges added inside one part; or G is k-close to e.
Given a graph collection G, we write 0(G) := mingeg 0(G) for its minimum degree. Now
suppose that a graph collection G = (Gy,...,G,) on a common vertex set of size n with
6(G) > (3 — p)n has no transversal Hamilton cycle (we say G is non-Hamiltonian). Of course,

one can take G; = (G where (G is non-Hamiltonian; that is, we can take G to be a collection of
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identical copies of one of the graphs in Theorem 5.1.1. On the other hand, taking copies of o
and 8 with, say, uniformly random partitions will give a graph collection which is Hamiltonian
with high probability. However, one can combine these graphs to get further collections without
a transversal Hamilton cycle.

Definition 5.1.2 (H?, half-split graph collection). Given integers a,b > 0, let H® be the graph
collection on a common vertex set of size n obtained by taking a copies of & and b copies of 8
where they are defined on the same equitable partition A U B.

We say that a graph collection J on a common vertex set V' of size n is half-split if there is
A CV with |A] = [n/2| + 1 such that J[A] = 0 and J[A,V \ A] is complete for all J € J.
Note that §( H?) = |n/2] — 1(a > 0). Note that H? is non-Hamiltonian since @ is, and when n
is odd, H{ is also non-Hamiltonian since 8is. We claim that when b is odd and @ + b = n, the
collection H? is non-Hamiltonian. Suppose not, and let C be a transversal Hamilton cycle and
cyclically direct its edges. We say an edge of C is of 1-type if it comes from an & copy and of
2-type if it comes from an 8 copy. Note that the number of 2-type edges directed from A to B
is equal to the number of 2-type edges directed from B to A. Hence, the total number of 2-type
edges in C' is even, which implies that b is even, a contradiction.

A half-split graph collection J on n vertices has 6(J) = [n/2| — 1. Further, J is non-
Hamiltonian since if it contained any Hamilton cycle C' (with any colours), then between each

pair of vertices in A on C' there is at least one vertex of '\ A, so |[V'\ A] > |A

, a contradiction.
Given x > 0, we say that two graph collections G, G’ on the same common vertex set of size
n are r-close if one can add and remove at most xn> edges of graphs in G' to obtain G’. Our
first result shows that any non-Hamiltonian collection of n almost-Dirac graphs on n vertices is
close to one of these two families.

Theorem 5.1.3. For all k > 0, there exist > 0 and ng such that the following holds for all
integers n > ng. Let G = (G, ...,Gy,) be a graph collection on a common vertex set V' of
size n, with §(G) > (3 — p)n. If G contains no transversal Hamilton cycle, then either G is
k-close to H? for some a € [n] where b = n — a is odd; or G is k-close to a half-split graph
collection.

In contrast to the Hamilton cycle case, our second result demonstrates that half-split graph col-

lections and H?_, are the only extremal constructions (in an approximate sense) for transversal

Hamilton paths. Clearly HY | does not contain a transversal Hamilton path, while if we in-
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crease the size of A by one when n is odd, a half-split collection of n — 1 graphs does not
contain a transversal Hamilton path either.

Theorem 5.1.4. For all k > 0, there exist ;n > 0 and ny such that the following holds for all
integers n. > ng. Let G = (G4,...,G,_1) be a graph collection on a common vertex set V' of
size n, with §(G) > (3 — p)n. If G does not contain a transversal Hamilton path, then G is
either r-close to HY | or G is k-close to a half-split graph collection.

We prove these theorems in a unified manner, combining the regularity-blow-up method from
Chapter 3 and the absorption method for transversals, which uses ideas from the papers (Cheng

et al., 2023; Cheng, Han, et al., 2021; Cheng, Wang, & Zhao, 2021) of the author. We give a

sketch of the proofs in Section 5.1.3.

5.1.3 Sketch of the proof of Theorems 5.1.3 and 5.1.4

We will define two kinds of stability for a graph family G = (Gy,...,G,,) with minimum
degree at least (3 — o(1))n (see Definition 5.2.5). We will say that
* G is strongly stable if G contains many graphs which are not close to containing either o
or 8, while
o G is weakly stable if almost all graphs in G are close to containing either & or 8, but the
vertex partitions associated with these subgraphs are not similar.
We say that GG is stable if it is either strongly stable or weakly stable. Thus if GG is not stable,
most graphs in G are close to containing either @ or 8 and their associated vertex partitions are
almost the same. The first part of the proof is to show that if G is stable, then G contains a

transversal Hamilton cycle. We then deal with the extremal case, where G is not stable.

Step 1. Build the absorbing cycle when G is stable. (Section 5.3)
We build an ‘absorbing cycle’ C' for G with the property that C' is very small and there is a set
A consisting of some colour-vertex pairs (c,v) and colour-vertex-vertex triples (c, u,v) such
that whenever A, C A is sufficiently small compared to |C|, C' can absorb all of its elements
(see Definition 5.3.2). This property implies
* we can add any (c,v) € Ay to the cycle C', which means there is a new cycle C’ with
colour set col(C") = col(C) U {c} and vertex set V (C') = V(C) U {v}; and,

e for any (c,u,v) € Ay, whenever P is a transversal path with endpoints u, v, we can add
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P into C' using only the new colour c.
In fact, when G is strongly stable, A contains all pairs and triples. But in general, we need to
construct an additional auxiliary set to absorb those colours and vertices which C' cannot. After
C'is constructed, we delete C' and its colour set from G.
Step 2. Use the regularity-blow-up method for transversals to cover with long paths.
We apply the regularity lemma for graph collections (Lemma 4.2.1) to GG and thus get a reduced
graph collection R that inherits the minimum degree condition of G. By randomly partitioning
its colour set, we obtain two families R! and R?, each using about half of the colour clus-
ters. Since R' and R? inherit the original degree condition, we are able to find two almost
perfect transversal matchings M;, M, from R' and R? (see Lemma 5.2.7). The union of these
matchings is ‘locally’ like a Hamilton cycle. We apply the transversal blow-up lemma (Theo-
rem 3.3.5) to obtain almost spanning disjoint transversal paths inside each edge of M; U Mo,
which cover almost all the vertices outside C'.
Step 3. Connect the paths and cover remaining vertices via the absorbing cycle.
The last step is to use the absorbing property of C' as well as the auxiliary set to connect all the
paths to a transversal Hamilton cycle.
Step 4. The extremal case. (Section 5.5)
The remaining case is when G is not stable and thus most graphs in G are close to containing
either @ or 8 and their vertex partitions are almost the same partition V' = A U B. To prove
Theorem 5.1.3, we need to show that if GG is not close to a half-split graph collection or close
to H? for some a € [n] where b = n — a is odd, then G' contains a transversal Hamilton
cycle. For this, we first find a short path that covers atypical vertices and colours, and in some
cases, balances the two sides of the partition. Next, we find partitions A = A% U A® U A and
B = B°U B U B" whose sizes depend on the exact number of graphs that are close to @ and to
8. The transversal blow-up lemma guarantees that there are spanning transversal paths in each
of G[A%, BY], G[A", AY], G[B"™, B'!] with disjoint colour sets and endpoints in any given
large subsets. The structure of G allows us to find such paths which can be concatenated into
a transversal Hamilton cycle, proving Theorem 5.1.3. The proof of Theorem 5.1.4 differs only
at the end: we use the fact that given a collection G of n — 1 graphs on a common vertex set
of size n, the n-graph collection obtained from adding a complete graph to G has a Hamilton

cycle if and only if G has a Hamilton path.
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5.2 Extremality and stability

5.2.1 Extremal and stable graphs

In this section, we define extremality for a single graph. A graph G is not extremal if any two
half-sized sets have many edges between them.
Definition 5.2.1 (nice, extremal). Let G' be a graph on a vertex set V' of size n and let € > 0.
We say that
* G ise-nice if for any two sets A, B C V of size at least (5 —¢)n, we have (A, B) > en’.
* G is e-extremal if it is not £3-nice.
Note that whenever ¢/ > ¢ > 0, an &'-nice graph is e-nice and hence an e-extremal graph is
¢’-extremal.
The following is a version of a well-known fact about the structure of almost Dirac graphs which
forms the basis of our extremal case distinction (for example, see (Krivelevich et al., 2014)).
Lemma 5.2.2. Suppose that 0 < 1/n < d < € < 1. Let G be a graph on a vertex set V of size
nwith de(x) > (3 — €*)n for all but at most dn vertices x € V which is e-extremal. Then there
is a characteristic partition (A, B, C') of G such that
(i) A, B,C partition V;
(i) |Al = |B] = (5 —e)n;
(iii) one of the following holds:
e dg(a,A) > (3 — 2¢)n forall a € A and de(b, B) > (3 — 2¢)n for allb € B and
ec(A, B) < en?; here we say that G is (g, 8)-extremal;
e dg(a,B) > (2 —2e)n foralla € Aand dg(b, A) > (3 — 2¢)nforall b € B, and

either eq(A) < en? or eq(B) < en?; here we say that G is (¢, 8)-extremal.

Proof. By adding vertices with small degree to C, it suffices to prove that if G has 6(G) >
(3 — €*)n, then the conclusion holds with £/2 in place of e. Let y1 := £°. Since G is e-extremal,
there are X, Y C V each of size at least (3 — p)n such that e¢(X,Y) < un® Let U := X NY
and D :=V '\ (X UY"). We divide the proof into two cases based on the size of U.

Case 1. |U| > 2\/un. Let Uy := {u € U : dg(u,D) < (5 — 3/p)n}. If |Us| > /un,
then since dg(v, X UY) > 2,/un for each v € Uy, we have eq(X,Y) > eq(U, X UY) >
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% -2y/fn - \/pn = pn?, a contradiction. Thus we have |Uy| < /zin and hence |U \ Up| > \/pin.
In particular, U \ Uy # () and thus |D| > (3 — 3\/zt)n, so | X UY| < (5 + 3\/z)n. We have

U\ Vol = [X[+ Y] = [XUY] = |Uo] = 2(5 — p)n — (5 + 3y — V/iin = (3 = 5y/)n.

Each vertex in U\ U, has at least (3 —3,/%)n neighbours in V\U. Since di:(v, D) > (1 —3/z1)n
forall v € U \ Uy, we have eq(U \ Uy, D) > (5 — 5y/)(5 — 3y/1)n? and hence Dy := {z €
D :de(z,U\ Up) < (3 — 3y/m)n} has size | Do| < 6y/pn. So |D\ Do| > (3 — 9y/1)n.

Now choose any A C U\ Uy and B C D \ D, with |[A| = |B| = (5 — ¢/2)n, and let
C =V \ (AU B). Then A and B are disjoint, and we have dg(a, B) > dg(a, D \ D) —
(e/2+ 5y/m)n > (3 —e)nforall a € A and similarly for di (b, A) for all b € B. Finally,

2
ea(A) < eq(U) < eq(X,Y) < un? < en?/2. Thus G is (g/2,8)-extremal.

Case 2. |U| < 2,/pn. This case is very similar so we only sketch the proof. It is easy to see
that for all but most 2,/zin vertices v in X we have dg(v,Y) < \/un. Similarly, for all but
most 2,//in vertices v in Y we have dg (v, X) < /un. We delete these exceptional vertices
from X and from Y. Let X; := X \ Y and Y] := Y \ X. Note that these sets are disjoint
and each has size at least (% — 5y/i)n. Now it follows that for each vertex v € X, we have
de(v, X1) > (3 — 8y/p)n and for each vertex v € Y}, we have dg(v, Y1) > (5 — 8/1)n. We
choose A C X, and B C Y] of the correct sizes, and note that eg(4, B) < eg(X,Y) < un?.
Thus G is (¢/2,8)-extremal. O

5.2.2 Stable graph collections

We now move on to consider stability for graph collections. Lemma 5.2.2 implies that given
a positive integer n and 0 < 1/n < ¢ < 1 and a graph collection G = (G4,...,G,) on a

common vertex set V' of size n, whenever G, is e-extremal, we can fix a
characteristic partition (A;, B;, C;) of G;.

We say that a vertex v € V is i-good if either G; is not e-extremal (that is, G; is 3-nice) or G
is e-extremal and v € A; U B;. Extremality of a graph collection depends on where graphs are

in relation to one another, hence we make the following definitions.
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Definition 5.2.3 (crossing, similar, cross graph). Let 0 < 1/n,e,0 < 1 where n € N and let
G = (Gy,...,G,) be a graph collection on a common vertex set V of size n. Given i,j € [n]
such that G; and G are both c-extremal, we say that they are §-crossing if |A; \ A;| > on and
|A; \ B;| > 6n. We define the cross graph CS’ to be the graph with vertex set [n] where i is
adjacent to j if and only if G;, G; are both e-extremal and -crossing.

Observation 5.2.4. Suppose that 0 < ¢ < 0/8. If G; and G are d-crossing, then | X; NY;| >
on/4 whenever X, Y € {A, B}.

Proof. Since |A; A\ B;| > én and |A;| = |B;| we get |A; \ B;j| > on/2. Thus |A; N A4;| =
|A; \ (B; UC;)| > dn/2 — 2en > dn/4. The other assertions hold by symmetry. O

We can now define stability for graph collections.
Definition 5.2.5 (strongly stable, weakly stable, stable,nice). Letn € Nand 0 < p,y,a,¢€,0 <
1 be parameters. Suppose that G = (G, ..., G,,) is a graph collection on a common vertex set
V' of size n. We say that

* G is (v, a)-strongly stable if G; is a-nice for at least yn colours i € [n];

G is (¢, 6)-weakly stable if e(CS’) > on?;

G is (v, a,e,0)-stable if it is either (v, a)-strongly stable or (e, §)-weakly stable (or both).
G is p-nice if for every A C 'V of size |n/2] we have eg(A) > un® and eq(A,V \ A) >

uns.

When the parameters are clear from the text, we simply say G is strongly stable, weakly stable,
stable or nice.

Note that whenever v/ > v > 0 and @/ > «a > 0, a (7/, o)-strongly stable collection is (7, )-
strongly stable, and whenever 0 < &’ <eand ¢’ > § > 0, an (&', 0')-weakly stable collection is
(¢, 6)-weakly stable.

Lemma 5.2.6. Suppose that 0 < 1/n < u < v,a,e,0 < 1. Let G = (G, ..., G,,) be a graph

collection on a common vertex set V of size n. If G is (7, a, €, 0)-stable, then G is p-nice.

Proof. Suppose that there is A C V of size |n/2] such that eq(A) < un®. Therefore, for all
but at most /zn colours i € [n], we have eg, (A) < \/un?, and hence G; is not ,/yi-nice. This
implies that G is not (1 — /Jz, 1 /Jt)-strongly stable and hence not (y, av)-stable. Without loss of
generality, suppose that for each i € [(1 — /jt)n], G; is e-extremal with characteristic partition

(A;, B;, C;). Let B := V \ A. It follows that, after possibly relabelling A; and B;, we have
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|IAA Al < é*nand |B A B;| < §*n for all but at most 6°n colours i € [(1 — \/i)n], otherwise
we have at least §n3/2 > un?® edges of G inside A by i < 4, a contradiction. Delete such
colours from [(1 — ,/z)n] and let € be the remaining colour set. Thus for every i,j € €, the
graphs G; and G are not 6>-crossing. Therefore e(Cg’) < VER? + 6%n* < dn? by p < 6.
Thus G is not (g, §)-weakly stable, a contradiction.

The proof of the other case is similar and we omit it. ]

The next key lemma guarantees that a nice graph collection in which all vertices have degree at
least (% — p)n in almost all colours contains a transversal copy of a graph H which locally looks
like a Hamilton cycle: almost all degrees equal two. We choose H to be a union of two almost
perfect matchings. It is vital that here, ‘almost all’ means a 1 — # proportion where 6 < p. If we
were allowed to take, say, # = 3, then the very first part of the argument of Joos and Kim on
the transversal minimum degree threshold for matchings (Joos & Kim, 2020) would give a very
short proof even without assuming the graph collection is stable. Instead, we need to analyse
the structure of maximal matchings in a collection of almost Dirac graphs.

This lemma will be applied in a reduced graph, which is why we only assume a weaker de-
gree condition, and then the transversal blow-up lemma will be applied to obtain a transversal
collection of long paths covering almost the whole of V.

Lemma 5.2.7. Let 0 < 1/n < d < p,0 < v,a,¢,0 < 1. Suppose that G = (G, ...,Gy,) is
a graph collection defined on a common vertex set V of size n and for each vertex v € V, we
have dg,(v) > (3 — p)n for all but at most dn colours i € [n]. If G is (v, a, €, 6)-stable, then G
contains two edge-disjoint transversal matchings My and My in G such that e(M;) > (3 —0)n
for £ = 1,2 and col(M;) N col(My) = (.

The lemma is an easy consequence of the next lemma which guarantees an almost spanning
transversal matching in a nice graph collection containing about n/2 graphs.

Lemma 5.2.8. Let 0 < 1/n < d < p,0 < 1. Suppose that G = (G, . .., G(%_9/4)n) is a
graph collection defined on a common vertex set V' of size n and for each vertex v € V, we have

de,(v) > (3 — p)n for all but at most dn colours i € [n). If G is 100p-nice, then G contains a

transversal matching M with e(M) > (3 — 6)n.

Proof of Lemma 5.2.7 given Lemma 5.2.8. Let 6] be a random set obtained by selecting each

colour in [n] randomly and independently with probability 1, and let €5 := [n] \ 4.
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Claim 5.2.9. With high probability, for { = 1,2 we have |€;| = n/2 &+ n** and the graph

collection G* .= (G; : i € €,) is p-nice.

Proof of Claim. The first statement follows from Chernoff’s inequality.

Suppose first that G is (7, «)-strongly stable. Then o7 := {i € [n]| : G, is a-nice} satisfies
|./| > ~yn. By Chernoff’s inequality, with high probability, we have |.<Z N %;| > yn/3 and thus
G'is (/2, a)-strongly stable for ¢ = 1, 2.

Suppose instead that G is (e, §)-weakly stable. Let &7 := {i € [n] : G, is e-extremal }. We have
e(C5’) > dn?, so in particular, |.7| > 0n. Let H := C&’ and B := {i € of : dy(i, /) > on}.
It follows that | #| > on. Let B := {Ng(v, &) : v € A}. By Chernoff’s inequality, with high
probability, we have |2 N %;| > on/3 and |N N%,| > on/3 foreach N € Band ¢ = 1,2. Thus
with high probability, we have e( H[%;]) > §?n?/18 and thus G* is (¢, §2/18)-weakly stable for
(=12,

In both cases, Lemma 5.2.6 implies that G* is p-nice for £ = 1, 2. [l

Fix such %, and %>. Apply Lemma 5.2.8 to G to obtain a transversal matching M; with
e(My) > (3 — 6)n and colours from ;. Remove any zy € E(M,) from G? for each i € 6.
Every vertex degree in every graph reduces by at most one, so G? is still 2y-nice. Apply
Lemma 5.2.8 to G to obtain a transversal matching M, with e(M;) > (3 — 6)n and colours

from %5. O

Proof of Lemma 5.2.8. Let M be a maximal transversal matching in G and suppose for a con-
tradiction that e(M) < (3 — )n. Let vy, v, ¢ V(M) and ¢y, ¢5 ¢ col(M) be distinct such that
Ny = Ng,, (vg) satisfies |[Ny| > (3 — p)n for £ = 1,2. Let U := V' \ (V(M) U {v1, v5}) and
¢ = [(3 —0/4)n] \ (col(M) U {c1,c2}). Given z € V (M), we write 2™ to denote the unique
neighbour of = in M and given A C V(M), we write AT := {2z : z € A}. Given A C V, we
write A 1=V \ A.

Claim 5.2.10. We have N, C V(M) and (5 — p1)n < |N,| < (54 3p)n for £ = 1,2 and exactly
one of the following holds:
o [Ny A Na| < 6un, and writing M, := M[N,] and X, := V (M,) for { = 1,2, we have
e(My) > (5 —2u)n and X1 N Xy = 0 and e(G.[X1, Xo]) = 0 forall c € €;
o [Ny A Ny| < 6un, and there is X € Ny U Ny NV (M) with X+t C Ny N Ny such that
N1 U Ny \ X, [(N1 N No) \ XF| < 6pnand | X| > (5 — 3u)n and e(M[XT]) = 0 and
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e(G.[X])=0forallc e E.

Proof of Claim. If there is y ¢ V(M) with v,y € G, for some ¢ = 1,2 then we can add v,y to
M to get a larger matching. Thus N, C V(M) for ¢ = 1,2. Moreover, we have N, N N3_, = ()
since otherwise we get a 3-path vs_,ww™ v, with col(vs_w) = ¢34, col(vw®) = ¢, and
wwt € E(M). Replacing ww™ by v3_,w and w v, gives a transversal matching that is larger
than M, a contradiction. Let Sy := E(M[N,]) and Ty := E(M[N,,V —N,|) and write s, := | S|

and ¢, := |T}|. Note that, since N,” N N3_, = ), we have
S1NSy=5NT,=TNS5=10. (5.1)

Since Ny C V(M) we have
250+t = |Ng| > (3 — p)n.

Case 1. t; + 15 < 2un. We will show that the first alternative holds. We have x € N, only if
T & Niso |[NINNy| < ty+ty < 2un, and [N] U Ny| < n—2(s1+55) < 2un+t;+ty < 4un.
So [Nt ANo| < 6un. Also [No| < |Ni| + 2un < (3 + 3p)n so by symmetry we have
(3 — p)n < |N| < (3 +3p)n for £ =1,2. Next, e(My) = s¢ > S(INo| —t0) > (3 — 2u)n. We
have X, = V(S,) and since S; is a matching, S; N Sy = () implies that X; N X, = ().

Finally, suppose E(G.[X1, Xs]) # () for some ¢ € €. Then there are wow, € E(M,) for
¢ = 1,2 with wiwy € G.. Thus there is a transversal path vyw;w; wywy vy using ¢y, co, ¢ and
two colours from M. Hence we can replace wyw;” and wowy by vywy, wi ws, vawy to obtain a

larger transversal matching, a contradiction.

Case 2. t1 4+t > 2un. We will show that the second alternative holds. Now (5.1) implies that

|T1ﬂT2|:t1+t2—|T1UT2| Zt1+t2—(€(M>—81—82)
. t1+t2 251+t1 282+t2
T Tt

> pn + (5 — p)n — (5 — 0)n > on.

—e(M)

Since N, N N3_;, = (), we can choose an edge vzvy € Ty N T, where v € N; N N, and
v3 € N1 U Ny. Choose any colour ¢z € ¢ such that dg,, (v3) > (% — p)n. Let N3 := Ng,, (v3).

Suppose N3 N N, # ) for ¢ € [2]. Thus there exists ww™ € E(M) such that col(vyw™) = ¢,
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col(vsw) = c3 and hence Ug’LUJrU}UgU;_ v3_y is a transversal path with v,w™, wos, U;_ v3_p coloured
by ¢, 3, c3_¢. By replacing vsvy , ww™ in M by vivs_g, vow™, wvs, we get a larger transversal
matching, a contradiction. Thus N3 N N,” = ). Also, N3 C V(M): if not, there is w ¢ V(M)
such that we can replace vgv; in M with vsw, u; v1 using colours c3, ¢;. We have shown that

N3, Nit U N, are pairwise disjoint subsets of V()M ). By definition, we have the partition
NFUNS = V(S)UV(S;)UY  where Y :={z":2 € Nj,zat € T1}U{a" : 2 € Ny, za™ € Tp}.

Whenever z € Y we have 27 ¢ Y. So |Y| > |17 U Ty| and hence |V(M)| > |N3| + 2s1 +
282 + ’Tl U TQ’ Therefore

T NTy| =i+t — [TVUT > Y (2s0+t0) +|Ns| = [V(M)| = 3(3 —p)n—n > (3 —3p)n.
=12

Let X := {2 € NJUN, : 2zt € Ty NTy}. So X C N; U N, and X+ C N; N N, are disjoint,
s0 | X| = |XT| > [T1NTy|. Thus also [N, U No\ X |, [(NiNN)\XT| < n—|X|—|XF| < 6un.
Since N1 U N, and X are disjoint, we have | Ny| < |N;UN,| < (% +3u)n for £ = 1,2. We have
[Ny A Nao| = [Ny U Ns| — [Ny N No| <n—|XT|—|X| < 6un. The definition of X implies
that E(M[X*]) = 0.

Finally, suppose e(G.[X]) # 0 for some ¢ € €. Then as before we obtain a contradiction by
adding such an edge zy along with v1z™, voy™ (of colours ¢, ¢, ¢3) and removing zz ™, y*y.

This completes the proof of the claim. L

By Claim 5.2.10, we have N, C V(M) and (5 — p1)n < |N,| < (5 +3p)n for £ = 1,2 and one

of the following cases:

Case 1: |Ny \ Ns| < 6un, and writing M, := M[N,] and X, := V(M,) for £ = 1,2, we have
e(M;) > (3 —2p)nand X; N Xy = 0 and e(G.[X,, Xo]) = 0 forall c € €.

It suffices to show that for all colours ¢ € col(M;UM,), we have e, (X1, Xo) < 13un?. Indeed,
there are at least 2(3 —2u)n = (3 —4p)n such colours so eq(X1, Xa) < 13un’+4un® = 17un.
Also X1, X are disjoint sets of size at least (3 — 44¢)n, so there is a set Y of size n/2 such that
eq(Y,Y) < 30un?, and therefore G is not 30p-stable.

Now let ¢ € col(M; U M,). Without loss of generality, there is ww™ € E(M;) such that

col(ww™) = ¢. Choose a colour ¢3 € € so that N3 := Ng,_ (w) satisfies [Ns| > (5 — p)n. So
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N3N Xy = (0. Now let M’ := M — ww™' + vjw™ be the transversal matching with col(M’) =
(col(M) \ {c}) U {c1} and consider new vertex pair (w, v2) and colour pair (c3, co). We have
{c,ca,c3} Ncol(M') = (. The matching M’ is maximal, otherwise the maximality of M is
contradicted. So Claim 5.2.10 applies to M.

Now, N3N Xy = 050 [NsNNo| < | Na|—|Xs| < (5+3p)n—(5—4p)n = 7un and in particular
the second alternative cannot hold. Thus |[N3 A Ny| < 6un, and writing M, := M'[N,] and
X} = V(M;) for £ = 2,3, we have e(M]) > (3 —2p)n and XjN X, = 0 and E(G.[X}, X}]) =
0. We have |[N; A Ns| < [Ny A No| +| Ny A N3| < 12un. Since M, M’ differ by two edges we
therefore have | X; A X5| + | Xo A X3 < 13un. Thus eg, (X1, Xo) < e, (X}, X3) < 13un?,

as required.

Case 2: [Ny \ N»| < 6un, and there is X C N, U N, NV (M) with X+ C N; N N, such that
N7 UN, \ X[, [(N: N Na) \ XF| < 6pn such that [ X| > (3 — 3p)n and e(M[XT]) = 0 and
e(G.[X])=0forallc € ¥.

It suffices to show that eg, (X) < 24un? for all ¢ € col(M[X, XT]). Indeed, there are | X| >
(3 — 3p)n such colours, so eq(X) < 24un® + 3un® = 27un®. Since (3 — 3u)n < |X| <
n — | Xt < (5 + 3p)n, there is a set Y of size n/2 with eg(Y) < 40pn®. Thus G is not
40u-stable.

Let ¢ € col(M[X, X*]). Let w € X be such that col(ww™) = ¢. Choose a colour c3 from
% such that N3 := N, (w) satisfies [N3| > (5 — p)n. So N3N X = . Now let M’ :=
M —ww*t4v,w™ be the transversal matching with col(M’) = (col(M\{c})U{c;1} and consider
new vertex pair (w, vy) and colour pair (c3, ¢a). So {c, ¢2, c3} Ncol(M’) = (). The matching M’
is maximal, otherwise the maximality of M is contradicted. So Claim 5.2.10 applies to M'. We
have N3UN, C X s0 [N3NNa| > [N3|+|No| = (n—|X]) > 2( —p)n—n+|X| > (1 —5u)n,
so in particular the first alternative cannot hold.

So |[N3 A Na| < 6un, and there is X’ C N3 U N, with [N3U N, \ X’| < 6un such that
| X'| > (3 — 3u)nand e(M[(X’)*]) = 0 and e(G.[X']) = 0. Now,

X'AX| <X AN UN|+[NsUN, AN UN| + [N UN; A X| < 120m + [N3 [\ V|

< 12pm + N3 [\ No| + [No \ Nu| < 24pn.

Thus eg (X) < 24un?, as required.
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This completes the proof of Lemma 5.2.8. L

5.3 Absorbing

Recall that (1), denotes the set of all k-tuples of distinct elements of V. A pair H = (V, E)
where V' is a set and £ C (V) is called a directed k-graph, while if we allow E to be a
multiset, it is a directed multi-k-graph. We use the same notation for directed k-graphs as for
graphs. The following lemma is the key tool that we will use to build an absorbing structure.
Similar ideas have already been used in the papers (Cheng et al., 2023; Cheng, Han, et al., 2021;
Cheng, Wang, & Zhao, 2021).

Lemma 5.3.1. Let k,C,n € N suppose that 0 < 1/n < 7 < ¢ < 1/k,1/C < 1 and let
m € [n®] and t := yn. Let H = (H,, ..., H;) be a collection of directed k-graphs and let
Z = (Zy,...,%y) be a collection of directed multi-k-graphs all defined on a common vertex
set V of size n. Suppose that e(H;) > en® for all i € [t] and for each j € |[m], we have
|E(Z;) N E(H;)| > en” for at least et indices i € [t]. Then there is a transversal matching M
in H of size at least (1 — £*/4)t and |E(Z;) N E(M)| > £%*t/4 for each j € [m).

Proof. Let W = {ey,...,e;} be obtained by independently picking e; from E(H;), i € [t],
uniformly at random. For each i € [t] and j € [m], let x;; = 1(e; € Z;). By definition, we
have e(H;) < n* for each i € [t] and thus E(y;;) = P(e; € Z;) = |E(Z;) N E(H;)|/|E(H;)| >
en®/n* = e whenever |E(Z;) N E(H;)| > en”. Therefore E(|W N E(H,)|) = E(X e Xis) =
> icin E(xiy) = g2t for each j € [m]. Chernoff’s inequality and a union bound imply that with
probability at least 1 — e™V", we have |W N E(H,)| > /2 for all j € [m].

Let Y be the number of intersecting pairs of edges in W. So Y < Zu" &) Y, where Y;;; =
1(V(e;) N V(ey) # 0). Let I be the number of intersecting pairs of edges {a;, a;} with
a, € E(Hy) for h = i,4'. So |I;»] < kn®*~". Hence, for every i7’ € (1), we have

| Liir| kn2k—1 k

E(Yir) = < = —
(¥i) e(H;)e(Hy) — e*n?  en

IN

t\ k k 2t
andso E(Y) < Z E(Yi) < (2)% < 2—82’7271 %-

Markov’s inequality implies that P(Y < £2¢/4) > 1/2. Thus a union bound implies that there
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(% v u
L]

o/ :

U1 V2 V3 Vg V1 V2 VU3 Vg

Figure 5.1: A c-absorbing path of (v, v) and a c-absorbing path of (v, u) for v # w.

exists W with |[W| = t, |[W N E(Z;)| > %t/2 for all j € [m] and there are at most £2¢/4
pairs of intersecting edges in WW. The required M is obtained by deleting one edge from each

intersecting pair of . U

Let G = (Gy,...,G,) be a graph collection on a common vertex set V' of size n. For every
pair z,y of distinct vertices in V, we define L(xy) := {i € [n| : zy € E(G;)} to be the
set of colours appearing on zy. Let ¢ > 0 and suppose that §(G) > (3 — €®)n. Recall from
Lemma 5.2.2 and Section 5.2.2 that each G, is either £>-nice or we have defined a characteristic
partition (A;, B;, C;) of G;. Thus for every i € [n] and v € V, either v is G;-good, or not.
Definition 5.3.2 (absorbing path, absorbing cycle). Given any two not necessarily distinct ver-
tices u,v € V, a transversal path P = v vyv3vg with u,v ¢ V(P) is called a c-absorbing path
of (v,u) if ¢ € L(vyv) and col(vyvs) € L(vsu) (see Figure 5.1).
Given ,0',v,v > 0, a transversal cycle C' = viv, . . . v; is an absorbing cycle with parameters
(0,0",7v,7") if t < yn and there exists a colour set € of size at least on such that

(i) given any colour ¢ € € and any G .-good vertex v, for all but at most 'n vertices u € V,

there are at least v'n disjoint c-absorbing paths of (v, u) inside C;
(ii) given any colour c € €, for all but at most 0'n G.-good vertices v, there are at least 'n
disjoint c-absorbing paths of (v,v) inside C.

It is easy to see that if C' is a transversal cycle containing a c-absorbing path of (v, v) where v ¢
V(C) and ¢ ¢ col(C), then there exists a transversal cycle C’ such that V(C') = V(C) U {v}
and col(C") = col(C') U {c} (insert v between v, and v3). Similarly, if C' is a transversal cycle
containing a c-absorbing path of (v,u) where u, v are the endpoints of a transversal path P,
V(P)NV(C) =0 and col(P),{c}, col(C) are pairwise disjoint, then there exists a transversal
cycle C” such that V(C") = V(C) U V(P) and col(C’) = col(C) U col(P) U {c} (insert P
between vy and v3).

Using Lemma 5.3.1 it is quite straightforward to find an absorbing cycle when G is strongly

stable, using the many nice graphs (G; guaranteed by strong stability.
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Lemma 5.3.3. Let 0 < 1/n < A\ u < 7, < 1 and suppose that G = (G1,...,G,) is a
graph collection defined on a common vertex set V' of size n with 6(G) > (% —wn. If G is
).

(7, «)-stable, then there exists an absorbing cycle with parameters (1,0, X, \?

Proof. Without loss of generality, we assume that Gy, . . ., G, are a-nice and 6|\n. We divide
the colour set [An/2] into consecutive sets {1,2,3},{4,5,6},...,{\n/2 —2,An/2 — 1, \n/2}

of three. For each i € I := [2], we define
Fi = {(vi,v2,v3,v4) € (V)4 :3(i — 1) + £ € L(vpvey1) VL € [3]}.

Our minimum degree condition implies that ¢(F;) > n((3 — x)n)® > n*/9. Now we fix a
colour ¢ € [n] and two not necessarily distinct vertices v, v" € V' (which are not required to be
G.-good). We let Z;(c,vv') be the collection of (vy, ve, vs,v4) € F; for which P = v1v9030,4
with the given colours is a c-absorbing path of (v, v’). Since the graph G3;. 2 is a-nice, there
are at least an? ways to choose vov3 With vy € N, (v),v3 € Ng,,,,(v) and vavg € E(Gsi12).
When v, v3 are fixed, there are at least (3 — 1)?n? ways to choose v; and vy. Thus | Z;(c, vv')| >
(5 — p)*nan® > an'/5.

We can apply Lemma 5.3.1 with H := (F; :i € I), Z := (Z(c,v’) := U,c; Zi(c, V') : c €
[n],vv" € V?), where this is a multiset union, and parameters |/| = ¢ and a/5 = ¢, to obtain
a transversal matching M in H of size at least (1 — a?/100)An/6 such that |E(Z(c,vv')) N
E(M)| > a*An/600 for all ¢ € [n| and v’ € V2 That is, there is I’ C I with |I'| >
(1 — a?/100)An/6 such that for each i € I’ there is a transversal path P, = viviviv} with
3(i — 1) 4+ ¢ € L(vjv},,) for all £ € [3], and for every ¢ € [n] and vv’ € V2, there are at least
a*\n /600 paths P, which are c-absorbing of (v,v’).

Relabel indices so that I’ = [s] where s := (1 — «?/100)\n/6. We will connect the paths
Py, ..., P; one by one into a transversal cycle C'. We first connect P, and P, into a single
transversal path PyxyP,. For this, choose distinct unused colours ¢1,¢co € [An + 1,n] and
¢z € [M/2+ 1, n]. Let U =V \ V(U,gq V(P)). Note that dg,, (vs,U),dg,, (vi,U) >
(3 —p—A)n > (3 — a)n. Since ¢3 € [A\n/2 + 1, An], the graph G, is a-nice, so there are at
least an® c3-coloured edges between Ng,, (vy,U) and Ng, (v7,U). Thus we can choose a c3-

coloured edge =y between Ng, (vj,U) and Ng,, (v, U) such that C' = PizyP, is a transversal

path with colour set col(P;) U col(Py) U {¢y, 2, c3}-
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We repeat the process above for each pair (P;, P, 1) for i € [s|, where P,,; := Py. Each time
we use two unused colours from [An + 1, n] and one unused colour from [An/2 + 1, An]. This
is possible since 2s < An/3. The number of used vertices at each step is at most 6s < An
so we have the same bounds on degrees into the set of used vertices. By construction, C' is an
absorbing cycle with parameters (1,0, 6s/n, @*A/600) and hence with parameters (1,0, A, \?)
since A < o []

To complete this section, we find an absorbing cycle when G is weakly stable. This is much
more involved than the strongly stable case. Again we use Lemma 5.3.1 to construct the cycle,
using the many pairs of extremal graphs which are all highly crossing, as guaranteed by weak
stability.

Lemma 5.34. Let 0 < 1/n < A\, pu,e <€ § < 1. Suppose that G = (G, ...,G,,) is a graph
collection defined on a common vertex set V where |V| = n and 6(G) > (3 — p)n. If G is

(¢,8)-weakly stable, then there exists an absorbing cycle C with parameters (§/3, /€, A, \?).

Proof. For each j < n/3, define the following family.
Fi; = {(v1,v2,03,0v4) € (V)4 :3(j — 1) + ¢ € L(vpvesr) VL € [3]}.

We first prove the following claim, which requires only the minimum degree condition on G.

Claim 5.3.5. Letij € E(CZ’) where j + 1 < 3n and let u be a Gj-good vertex and v be a G-
good vertex. Let Z;(i, vu) be the collection of (v1,va,v3,vs) € F(j41)/3 Where P = v105v30y is

an i-absorbing path of (v,u). Then |Z;(i,vu)| > 277§%n™

Proof of Claim. Fix any such ¢, j, u,v. By the definition of characteristic partition, we have
de, (v, A;) > (3 — 2¢)nor dg, (v, B;) > (3 — 2¢)n. Without loss of generality, we assume that
the former case holds since the latter case can be proved similarly. Since the graphs G; and G
are d-crossing, we have |A4; N A;| > on/4 and |A; N B;| > 0n/4 by Observation 5.2.4. Since
de, (v, A;) > (5 — 2¢)n, we have dg, (v, Aj) > |A; N Aj| — (JAi] — dg, (v, A;)) > dn/4—en >
dn/5 by ¢ < 4. Similarly, we have dg, (v, Bj) > én/5. Since u is Gj-good, u € A; U B;. We

divide the proof into the following cases:

Case I: u € A; and Gj is (¢,9)-extremal. In this case, in the graph G, every vertex in

A, is adjacent to all but at most en vertices in A;. Thus J := G;[Ng, (v, A;)] is an almost
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complete graph of order at least dn/5 in the sense that each vertex in it is adjacent to all but
at most en vertices. Any choice of # € V(J), y € Ng,(u) N Ny(v), 2 € Ng,_,(z) and
Yy € Ng,,,(y) yields an i-absorbing path z'xyy’" of (v,u) in F;j;1)/3 (so its colours are, in
order, j — 1,7,j+ 1,and i € L(xv) and j € L(yu)). The number of such paths is therefore at
least on/5 - (0n/5 — 2en) - (3 — p)*n? > 2776%n™.

Case 2: u € A; and G; is (¢,8)-extremal. In this case, in the graph G, every vertex in A; is
adjacent to all but at most en vertices in B; and every vertex in ; is adjacent to all but at most
en vertices in A;. Thus J := G;[Ng, (v, A;), Ng,(u, By)] is a bipartite graph with each part
of order at least n/5 which is almost complete in the sense that each vertex is adjacent to all
but at most en vertices from other side. Any choice of x € V(J) N A, y € Ng,(u) N Ny(z),
1" € Ng,_,(z) and y' € Ng,,,(y) yields an i-absorbing path z'zyy’ of (v,u) in F;;1)/3. The

same lower bound from the previous case applies to the number of such choices.

The remaining cases when u € B; are identical, so we omit them. O]

For any vertex v, recall Definition 5.2.3 and let
4, :={i € [n] : vis G;-good}.

Since 6(025) > on?, there is a subgraph H of 025 such that §(H) > 0n, so in particular,
\V(H)| > dn. Foreach i € V(H), define the set T; := {u € V : [Ny (i) \ %.| > dn/2}. Note
that since |C;| = 2en for each i where G is e-extremal, we have |T;[6n/2 < 3 |[n] \ %.| =
> i |Gl < 2en? and thus [T < den/d < \/en/2 since € < 4. Let T; := V \ T;. For each
i € V(H)and u € T;, we have |T;| > (1 — v/2/2)n and |4, N Ny (i)| > 6n/2.
Now we independently and randomly select vertices from V' (H ) with probability x := \/14 to
obtain a set % of colours. A Chernoff bound implies that, with high probability,

() w[V(H)|/2 <t:=|%]<2x|V(H)|;

(ii) forevery i € V(H) and u € T, we have |4, N\ Ny (i, % )| > dxn /4.
Fix such a % . By relabelling colours, we assume that % = {3j — 1 : j € [t]}. Let Z :=
VH)N[3t+1,n]. So% N% = () and |%| > én/2 and §(H[%]) > 6n/2 since A < 4.
For each colour j € [t], let I; be the collection of (i,vu) € [n] x V2 withi € %, u € T},
J €%, N Ny(i,%) and v a G;-good vertex.

Given i and u, the number of choices of j is at least 0xn /4 by (ii). Since 7, j € V(H) and u is
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G j-good, Claim 5.3.5 implies that there are at least 2776%n* i-absorbing paths of (v, u) whose
ordered vertex set is in F(;,1)/3. We can apply Lemma 5.3.1 with H := {F; : j € [t]} and the

directed multi-4-graph collection
Z = (Z(i,vu) == Ujequnny o) Zi(t,vu) 10 € U ,u €Ty, vis Gi-good)

and with 27742 playing the role of e. Now, e(F;) > n*/9 for all j € [t] and H contains
kdn/2 <t < 2kn graphs by (i), so t/n < 277§2. For each (i, vu) for which Z(i,vu) € Z and
every fixed j € ¢, N Ny(i,% ), we have (j + 1)/3 € [t] and |E(Z(i,vu)) N E(Fjt1)3)| >
2775?n*. The number of such j is at least 6kn/4 > 0t/8 by (ii). Thus there is a transversal
matching M in H of size at least (1 — 27196*)¢ such that |F(Z(i,vu)) N E(M)| > 275§% for
all Z(i,vu) € Z. That is, there is I C [t] with [I| > (1 — 2716§*)¢ such that for each j € I
there is a path P; = v{vgvgvi in F(;41)/3 and for every ¢ € % ,u € T; and v which is G;-good,
there are at least 27 '95%¢ paths P; which are i-absorbing of (v, u).

Relabel indices so that I = [s] where s := (1 — 27'6§%)¢. It remains to connect the P, ..., P;
into an absorbing cycle C. Recall that no colour in % appears on any P;,. We first connect P,
and P; into a single transversal path Plvixzyv%Pg. For this, we first choose distinct colours
C1,Ca,C3, ¢4 € U wWhere cicy; € E(H). There are at least |%| > dn/2 choices for ¢, and given
this at least §(H[%]) > dn/2 for c,, and at least |%| — 3 > én/3 choices for each of cs, cy.
Next we choose unused vertices x, y such that z € Ng,, (v}) is G.,-good and y € Ng, (v]) is
Ge,-good. There are at least (3 — p)n — 4e(M) — 2en choices for each of these. Finally, we
choose 2z € Ng,, (7) N Ng,, (y). We claim that there are at least 6n/5 choices for z.

To prove the claim, since cico € E(H) C E(CZ:‘S), both G, and G, are e-extremal, so
x € A, UB., andy € A., U B,,, and G, and G, are j-crossing. By Observation 5.2.4, we
have | X, NY,,| > dn/4 whenever X,Y € {A, B}. By the definition of characteristic partition,
there are Z, W € {A, B} such that dg, (v, Z.,) > |Z,,| — en and dg,, (y, We,) > [We,| — en.
Thus [Ng,, (v) N Ne,, (v)| > [Ne,, (7, Ze,) "N, (Y, We, )| = [Ze, N We,| —2en > dn/5. This
completes the proof of the claim.

Thus there are at least 9n/5 choices for each of ¢y, co, c3, ¢4, x, y, z given any previous choices.
So we can obtain the desired P, xyz P,. We can further repeat the process for each pair (P, Pj1)

for j € [s| where P;,; := Py. Each time we use four unused colours in % and three unused ver-
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tices, so for each choice of colour at most 4s < 4t < 8xn < dn /10 colours are forbidden and
3s < dn /10 vertices are forbidden. Thus we obtain a cycle C' of length 7s which contains every
P; with j € [s] as a segment. By construction, for every colour ¢ € 7 and any G;-good vertex
v, for every vertex u € T, there are at least 27'9§% > 27'7x4°n disjoint i-absorbing paths of
(v,u) inside C'. Moreover, since at most 2en vertices are G;-bad, the number of vertices in T';
which are G;-good is at least |T;| — 2en > (1 — \/e/2)n — 2en > (1 — \/e)n. Thus C is an
absorbing cycle with parameters (§/3, 1/, 14k, 27'7k5%) and hence with (§/3, /g, A\, \?). [

5.4 The stable case

In this section we combine the results of the previous sections and use the regularity-blow-up
method to find a transversal Hamilton cycle when G is stable. First, we show that the reduced
graph inherits stability.

Lemma 5.4.1. Suppose that 0 < 1/n < 1/Ly < gg € d < p,a K 7,6 € 0 < 1. Let G =
(G, ...,Gy) be a graph collection on a common vertex set V of size n. Let R = R(eo, 1, Ly)
be the reduced graph collection of G. If G is (v, «,¢,0)-stable, then R is (/2,0 ¢,0/2)-

stable.

Proof. We may assume that 1/n < 1/no where ng = ng(e, 1, L) is the constant from Lemma 4.2. 1
(the regularity lemma for graph collections). Write [L] for the common vertex set of R and [M]
for the set of colour clusters where Lo < L, M < ng. Thus there is a partition V;,..., V]
of V and %, ...,%y of [n| and a graph collection G’ satisfying (i)—(v) of Lemma 4.2.1
and for ({h,i},j) € (%]) x [M], we have hi € R; whenever G, ; is (g, d)-regular, where
Gl = (GL[Vi,Vi] : ¢ € €;). We have Lm < n < Mm + gon and Mm < n < Lm + gon
so |L — M| < eon/m < goL/(1 — gp). Thus we may assume that M/ = L at the expense of
assuming the slightly worse bound |Vp| + |65 < 3gon. Given X C V(R) = [L], we write

X = U,ex Vj- So [X| = m|X].

Claim 5.4.2. Let o/ > d. Suppose that i € [L| and there are sets A, B C V(R) = [L] of size at
least (3 — o)L such that eg,(A, B) < o/ L2 Then, for all but at most 2v/a'm colours c € €,
we have €GC<A\, é) < van?

Proof of Claim. Let t be the number of colours ¢ € %, such that e, (A, B) > van?. Since
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e(G.) — e(G.) < (3d + gg)n? for all ¢ € [n], we have

Vot <3 eq (A, B) <Y (eqi(A, B) + (3d + eo)n?) < |€iler, (A, Bym® + €| (3d + o)n?
CEE; CcEEG;

< o' L*m? + 4dmn® < 2a/mn?.

This implies t < 2v/a’m. O

Case I: G is (v, a)-strongly stable. We claim that R is (/2, o?)-strongly stable. Suppose for a
contradiction that there exists a subset / C [L] with |I| > (1—+/2)L such that R; is not a*-nice
for any i € I. The claim applied with o’ = a2 implies that there are at least (1 — 2a))m colours
¢ € 6, such that G, is not a-nice, since |ﬁ|7 |§| > (3 — a?)Lm > (3 — a)n. Thus the number
of colours ¢ € [n] for which G, is not a-nice is at least (1 — 2a)m(1 —~/2)L > (1 — v)n since
« < . This contradicts the (-, a)-strong stability of G.

Case 2: G'is (g, §)-weakly stable. Suppose that R is not (v/2, a?)-strongly stable. It suffices to
show that R is (e, d/2)-weakly stable. There is I C [L] with |I| > (1 — ~/2) L such that for all
i € I, R; is not o?-nice. Thus R; is o’*/3-extremal, and hence e-extremal. Lemma 3.2.7 implies
that dg, (j) > (1 — 2u)L for all but at most d'/*L vertices j € [L]. Lemma 5.2.2 now implies
that R; has a characteristic partition (A}, B, C!). Furthermore, there are Z, W € {A, B} such
that e, (Z,W/) < o?3L* (and Z # W if R; is (o?/3,8)-extremal, while Z = W if R; is
(/3 8)-extremal). We have |17V\Z/| = |Z’| = |Z{lm = (3 — a*3)Lm > (1 — 20*/*)n. By
Claim 5.4.2 applied with (W/, Z!) and o/ := «'/3, there is %; C €, with |6, \ %i| < 2a'*m
such that for all ¢ € %,, we have eGC(M//\Z-’, Z’) < a'3n2. Tt follows that every such G. is
2a'/3-extremal. Thus, recalling that (A., B., C.) is the characteristic partition of G, there are
Z,Y,W € {A, B} with {Z,Y} = {A, B} such that eg,(Z., W.) < a/*n? and eg, (Yo, W.) >
(1 — a'/*)n?. But then we must have Z' N Z),|Y! \Y.| < enor |Z/AY.|, [Y] AN Z| < en.
So either |:4\;AAC], |/B\Z’A B.| < enor \;EA B.|, |/B\Z’AAC| < en. That is, for all ¢ € 4, the
characteristic partition of GG, is almost the same as the union of clusters corresponding to the
characteristic partition of R;.

Suppose now that ¢, ¢’ € [n] are such that G.. and G are e-extremal and j-crossing and ¢ € %;
and ¢ € %; for some i, j € [L]. We must have 7 # j. Then, if \ZEAAC], \Z{ZAAC/\ < en, we
have | A} A Ajlm = [AL A AS| > A, A Ao| = [A] A Ao| = |A] A Au| > 00— 2en > 6n/2 >
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dmL/2. The other cases are almost identical. Thus R; and R; are J/2-crossing. Since G is
(¢, 0)-weakly stable, we have e(C5’) > dn?. The number of pairs 7, j € [L] with ¢, ¢ as above
is therefore at least n2/m? > 6L2/2. Thus e(C3’/?) > §L2/2, and hence R is (¢, §/2)-weakly
stable. []

Lemma 5.4.3. Let 0 < 1/n < p € a < 7,6 € § < 1. Suppose that G = (G4,...,G,)
is a graph collection on a common vertex set V of size n and 6(G) > (3 — p)n. If G is

(v, a, €, 0)-stable, then G contains a transversal Hamilton cycle.

Proof. Choose additional parameters ny, Lo, €9, d, 0, 5, A where ny = ng(e, 1, L) is obtained

from Lemma 4.2.1 and so that
0<1l/n<l/ng<Kl/Lij K Kd<K p<KlKfKIKaky,ekKiLl,

where the previous lemmas in this section hold with suitable parameters. For any colour c
and two vertices (z,y) € V2, we say the triple (c,z,y) is absorbable if there are at least \’n
disjoint c-absorbing paths of (z,y) inside C. Similarly, we say the pair (c, x) is absorbable
if there are at least \?>n disjoint c-absorbing paths of (z,z) inside C. Let ¢, € [n] be two
colours and x,y € V be two vertices. We say (¢, ¢, z,y) is totally absorbable if (¢, x), (¢, y)
and (¢, z,y) are all absorbable. By Lemma 5.3.3 and Lemma 5.3.4, G has an absorbing cycle
C with parameters (6/3, /2, A\, \?). By definition, C' has length at most An, and there exists a
colour set ¢ C [n] with € N col(C') = ) of size at least én/3 such that

(i) given any colour ¢ € ¥ and any G.-good vertex v, the triple (¢, v, u) is absorbable for all

but at most /en vertices u.
(ii) given any colour ¢ € %, for all but at most \/en G.-good vertices v, the pair (c,v) is

absorbable.

Claim 5.4.4. There is (2 — 27%)8n < r < 28n and for each i € [r], disjoint vertex pairs
(v, v}) € (V)q and disjoint colour pairs (c;, ¢;) € (€)2 such that the family Q = {(c;, ¢, v;, v}) :
i € [r]} has the following properties:

(a) (c;, ¢, v;,00) is totally absorbable for all i € [r|;

(b) for every pair (uy,us) € V* and c € [n), there are at least 27° fn values i € [r] such that

¢ € L(uyv;) and ¢; € L(ugvy).
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Proof of Claim. Forevery (by,by) € (€)2, every (uy,us) € VZandc € €, Let S(by, by, uy, us, ¢)
be the multiset of pairs (v, v) € (V)2 such that ¢ € L(ujvy), by € L(ugvy) and (by, ba, vy, v9)
is totally absorbable. We will show that |S(by, ba, u1, us, c)| > 27n?.

For this, we first count the number of choices for v;. Note that we have d¢, (u1) > (3 —p)n and

the number of vertices v; such that vy is not Gy, -good or (b1, v;) is not absorbable is at most
2en + +/en. Thus we have at least n/4 choices of v; such that v; € Ng, (uq), vy is Gy, -good
and (b1, v;) is absorbable. Now we fix v;. Let Ny := {z € Ng,, (uz) : zis Gy,-good}. So
|No| > (2 — pi)n — 2en. By (i), for all but at most v/zn vertices v € V/, the pair (vy, vo) has at
least \?>n b;-absorbing paths inside C'. Thus, we can delete at most \/en + 1 vertices from N,
and obtain a set N} such that |N}| > n/4, and for each vy, € N, vg # vy and (by, by, vq,v3) is
totally absorbable. Therefore, the total number of choices for (vy,v5) is at least 274n?.

Let {¢;,c; : i € [28n]} C ¥ be a collection of distinct colours. Set H := (F; := {(v1,v2) €
(V)2 : (¢, ¢, v1,v9) is totally absorbable} : i € [24n]) and define the collection Z := {S(uy, us,¢) :=
Uicasn S(cis ¢y ur, uz, ¢) « (ur,uz) € V2, c € [n]} of multi-2-graphs. Forevery S = S(uy,us,c) €
Z and every index i € [2n], we have |E(S) N E(F;)| > 27*n?. Lemma 5.3.1 applied with
23n, 27 playing the roles of ¢, ¢, implies that there is a transversal matching M in H of size at

least (2 — 271%)n (and at most 24n) and |E(S) N E(M)| > 27°Bn forall S € Z. O

For the remainder of the proof, we will cover most of the unused vertices and colours by a
small number of long paths. This step will use the regularity-blow-up method for transversals.
Finally, we will use the absorbing cycle C' and family Q to absorb the remaining colours and

vertices and connect the long paths.

Let

‘/;ibs = U {Ui7 02}7 Cgabs = U {Ci7 C;}; (grem = [TL] \ (C01<C) U Cgabs)y
] ]

i€lr i€lr

U:=V\(V(C)U V) and J = (J;:i € Crem) where J; := G;[U].

So [[n] \ Grem| = [V \U| < An +20n < 2\n.
Since A < v, a, €, 0, it is easy to see that since G is (7, «, €, §)-stable, J is (v/2, /2, 2¢,0/2)-
stable, and 6(.J;) > (3 —p—2\)n > (3 —3\)nfori € Cem. Apply Lemma 4.2.1 (the regularity

lemma for graph collections) to J with parameters (o, 1, d, Ly). Let R be the reduced graph
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of J. Write [L] for the common vertex set of R where Ly < L < ny, and [M] for the set of
colour clusters. Thus there is a partition V;, ...,V of V and %, ..., %) of [n| and a graph
collection J’ satisfying (i)—(v) of Lemma 4.2.1. Therefore, for ({h,i},j) € ([é’]) x [M], we
have hi € R; whenever J},; ; is (co, d)-regular, where Jj; ; := (Ji[V4, Vi] : ¢ € €;). We have
Lm <n < Mm-+emand Mm <n < Lm+eonso|L—M| <eyn/m < eyL/(1—¢p). Thus
we may assume that M = L at the expense of assuming the slightly worse bound |Vy| + |%5| <
3eon. Lemma 3.2.7 implies that for each vertex i € [L], there are at least (1 — d'/4)L colours
j € [L] such that dg,(i) > (3 — 4\)L. By Lemma 5.4.1, R is (v/4,a?/4,2¢,/4)-stable.
Lemma 5.2.7 implies that there exist two edge-disjoint transversal matchings M; and M, in R
such that e(M;) > (5 — )L for £ = 1,2 and col(M;) N col(Mz) = 0.

Now for each vertex i € [L], let V; = V. U V2 be an arbitrary equipartition. Lemma 3.2.4(i)
implies that whenever hi € E(R;) where j € [L], we have that Jj, . = (J/[V}{, V] : c € €}) is
(2e9, d/2)-regular for both ¢ = 1,2. By Lemma 3.2.3, for each / = 1,2 and hi € E(M,), we
can remove at most 2ym vertices in V,f and at most 2om colours ¢ € ¢, where j is the colour
of hi in My, so that the remaining graph collection is (4, d/4)-superregular.

Apply Theorem 3.3.5 (the transversal blow-up lemma) to obtain a transversal path F,; ; with
2min{|V/|, |V/f|} vertices using colours from %;. (Note that we could have avoided using the
blow-up lemma and instead used a tool for embedding an almost spanning structure inside a
regular pair (as opposed to superregular), but it was convenient to follow the above approach.)
The collection of P, ; over hi € E(M;) U E(M;) (where hi has colour j in its matching)
is vertex-disjoint, since the subcluster V;* is used dj;,(h) < 1 times, and transversal since
M, U M is transversal. The number of vertices not in any P, ; is at most 4egmL + 3eon +
2(L — e(M;) — e(Mz))m < 36n. Thus the number of colours not in any P, ; is at most
360n + e(M;) + e(Mz) < 46n. We consider each vertex in U but not in any F; ; to be a path
(of length 0).

Now relabel so that the paths are Py, ..., Ps, so s < e(M;) + e(Ms) + 30n < 40n, and let
x;, y; be the startvertex and endvertex of P, for each i € [s] (so z; = y; if P, has length 0). The
paths P, ..., P are transversal and pairwise vertex-disjoint, and cover U. Thus the number of
colours in 6., Which are not used on any P, is precisely s.

Do the following for each i = 1,..., s in turn. Let a; be an arbitrary unused colour, in G ep,.

Choose an unused 4-tuple Q; = (cj,, ¢}, v;,v}) € Q where j; € [r], a; € L(zv;,) and
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¢ € L(yv},). This is possible since Claim 5.4.4 implies there are at least 2~ n choices for
(i, of which at most s < 46n have been used. Now, (c;,, c;i, Vj, s Uéz) is totally absorbable, so
there are at least \*n disjoint c¢;,-absorbing paths of (vj,, v} ) inside C'. So we can choose one
of them, S; := x!z}zix}, whose vertices have not been previously chosen since s/n < A, and
whose colours are, in order, b}, b, bs.

At the end of this process, there remains I C [r] such that the (c;, ¢}, v;,v}) € Q with j € 1
are precisely the 4-tuples which were not chosen to be some ();. For each one, there are at least
A?n disjoint ¢;-absorbing paths of (v;, v;) and disjoint ¢;-absorbing paths of (v}, v}) inside C'.

So, since 3 < A, we can choose one such path 73, T} for each of (v}, ¢;) and (v}, ), which are

30
vertex-disjoint and whose vertices have not previously been chosen.
At the end of this process, we have a collection {S; : i € [s]},{T; : i € I},{T] : i € I}
of vertex-disjoint paths in C' where, for each i € [s], S; is a c;;-absorbing path of (v;,, v’ );
for each ¢ € I, T; is a ¢;-absorbing path of (v;,v;) and 7} is a c,-absorbing path of (v}, v}).
For each i € [s], we replace S; by @ zhv;,z; Pyy;v) ahxy with colours b, ¢;,, a;, followed by the
colours inherited from P, followed by ¢/, bi, b. That is, we have replaced S; by a path with the
same endpoints, vertices V'(.S;) UV (F;) U{v;,, v, } and colours col(S;) Ucol(F;) U{c;,, ¢}, a; }.
For each i € I, we replace T; = yiybyiy, by yiybv;yiy: where colours are inherited except
col(ysv;) = ¢; and col(v;yh) = col(ysyi). We do a similar replacement of 77, using new vertex
v; and new colour ¢;. So we have replaced 7; by a path with the same endpoints, vertices
V(T;) U {v;} and colours col(7;) U {¢;}, and T by a path with the same endpoints, vertices
V(T!) U{v.} and colours col(7}) U {c,}. Thus we have obtained a cycle using vertices V' (C') U
Uicg V (£)U{vi, v; i € [r]} = [n] and colours col(C) U, col(F)U{ci, ¢} i € [r]} = [n]
where each colour is used at most once (and hence exactly once). That is, we have constructed

a transversal Hamilton cycle. ]

5.5 The extremal case

This section concerns the remaining case when G is not stable; so most graphs in the collection
are close to containing one of the two extremal graphs ¢ or 8, and moreover their characteristic

partitions are similar. Throughout, we assume the following hypothesis:
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(t) Suppose that
I<l/nKe<gignKl.

Letm = (1—3d)n. Let G = (G4, ..., G,) be a graph collection on a common vertex set

V of size n and §(G) > (3 — p)n. Suppose that for each i € [m], G, is e-extremal with

characteristic partition (A;, B;, C;) and |A; A\ A;|, |B1 A Bi| < on.

We also use the following notation:

C(H):={i €[m]:Gyis (¢, H)-extremal} and G(H):=(G;:i€ ¢ (H)) for H € {38},
Voad := C1 U VA UVE, where ViZ, :={x e Z :x ¢ Z forat least V/én colours i € [m]},

cgbad = [m + 1,71]
[Viad| < 2en + 2/dm < 3von.

It is a consequence of Lemma 5.2.2 that ¢'(8) N €'(8) = . The first result in this section is an
application of the transversal blow-up lemma for embedding transversal Hamilton paths inside
very dense bipartite graph collections. We note that this application is more for convenience
than necessity.

Lemma 5.5.1. Suppose that (1) holds. Let W, Z € {A, B}. Let W* C Wy \ Viaq and Z* C
Zy \ Vioaa where |[W*| | Z*| > qmmand W*NZ* = D and |W*| — | Z*| =1t € {0,1}. Let T := Z
ift=0andT = W ift = 1. Let € C [n] satisfy |€| = |W*| +|Z*| — 1, where € C €(8)
fW=2Zand¢ CE€E6)if W # Z. Let W= C W*and T+ C T* with |W~|,|T*| > nn.
Then there is a transversal Hamilton path in {G;,[W*, Z*| . i € €} starting in W~ and ending

inTT.

Proof. Choose a new constant £ with 7 < & < 1. We will show that {G,;[W*, Z*| : i € €} is
(&,1 — &)-superregular.

Suppose that W # Z, so {W*, Z*} = {A*, B*} and € C € (B). For every i € ¢, we have
eq,(Wi, Z;) > |W;||Z;] — en® and hence e, (W*, Z*) > (1 —&)|W*||Z*|. Now let z € W* and
¢ C € with |€'| > £|€|and Z' C Z* with |Z'| > £|Z*|. Then & ¢ Viaa, so x € W, for all but

at most v/dn colours in i € [m]. For each such i we have dg, (2, Z;) > (4 —2e)n = |Z;| —en by
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Lemma 5.2.2. Thus dg,(x, Z") > |Z'| —en—|Zy A Zi| > |Z'| —26n. Thus ), .. dg,(x, Z') >
(|€"] — 2von)(|Z'] — 26n) > (1 — €)|€"||Z'|. An analogous statement holds for vertices
in Z*. Thus ), . dg,(z,Z%) > (1 = §)|€||Z*| forall z € W* and ), da,(y, W*) >
(1 =[&|[W*[forally € 2" and (1 = &)[F"[[W'[|Z"] < X i e, (W', Z") < [€7[|W]| Z7].
Thus (G;[W*,Z*] :i € €) is (£, 1 — &)-superregular.

Suppose instead that W = Z, so ¢ C %'(s). A very similar argument shows that, since every
G;[Z*] and hence G;[W*, Z*] is almost complete, the same conclusion holds here.

Let s := |W*| + |Z*|. Since |[W*| — |Z*| =t € {0,1}, there is an s-vertex path P; which is
bipartite with parts Ay, Az of size |IW*|,|Z*| respectively, with |¢'| = |W*| + |Z*| — 1 edges
and whose first vertex lies in Ay, and whose last lies in A7. Thus we can apply Theorem 3.3.5
(the transversal blow-up lemma) with target sets WW~, T for the first and last vertex of P,

respectively to obtain the required transversal Hamilton path. L

The next lemma shows that whenever there are many (e, 8)-extremal graphs, we can find a short
transversal path which covers bad vertices and colours.
Lemma 5.5.2. Suppose that (1) holds, and |€'(8)| > nn. Given any # C [n] with |.F| < 1,
there is a transversal path P in G with endpoints x,y such that the following holds:
(i) Viaa C V(P) and Giaq \ F C col(P);
(ii) |V (P)| < 19v/on;
(iii) x,y & Viaq and there are distinct c,¢ € €(8) \ col(P) such that x € A, N A, and
y € Bo N By;
(iv) Z N (col(P)U{c, }) =0.

Proof. Since |Viag| < 3v/on and |6haa| < 30n, by adding vertices to V},,q if necessary we may
assume that |Ghaq| < 7 := [Vhaa| < 3Von. Let A := A, \ Vhaa and B := By \ Viaa.
We will find a transversal family P = {y;z;y} : i € [r|} of vertex-disjoint 3-vertex paths, with

colour set {¢;,c, : i € [r]} D Ghaq Where Vg = {z1, ...,z } and {y}, 9} : i € [r]} C AU B.

i

For this, let # € Viaq and let ¢, € [m] be distinct colours. Since dg, (z) > (3 — p)n,

there are Z, Z' € {A, B} such that |Ng (z) N Z| > n/8 and Ng_,(z) N Z'| > n/8. Choose
y € Ng (z)NZandy' € Ng,(x) N Z'. This gives the path yxy’ using the given colours c, c'.
We find such paths for every x € V4,4, €ach time using unused vertices, which is possible since

there are at least n/8 choices for each vertex and only 2r < 6+/0n are used in total, and using
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all of the 3dn colours of %},,q among the 2 colours used in total.

Next, we connect the paths of P into a single short transversal path P. We start with two
arbitrary paths P;, P, in P, with endpoints y1, y; and ys, y5 respectively. Note that each of these
endpoints is not in V},,q and is therefore G;-good for at least |€'(8)| — v/én — 2rr > nn/2 unused
colours i € ¢'(8). Thus we can choose distinct unused colours j;, jo € %'(8) such that 3/} is

Gj,-good and s is Gj,-good. Without loss of generality, we have the following two cases:

Case 1: y € Ag,, and ys € Ag,,. Choose a common neighbour y € Ng;, () N Ng,, (y2) N B
that avoids Py, P». There are at least n/3 choices for y since y] is missing at most en neighbours
in Bj, in the graph G}, and |B;, \ B| < [Viaa| + |Bj, A Bi| < 4v/6n, and similarly for y, and
Gj,. Let Pio := Py yy» P> with colour set col(P) = col(P;) U {j1, j2} U col(Pz).

Case 2: y; € Ag,, and y, € Bg, . Choose an unused colour j; € €' (8), for which there are at
least 7yn /2 choices. Choose a vertex y € Ng, (y;) N Bg,, that avoids Py, P»; there are at least
n/3 choices. Choose a common neighbour z € Ng, (y) N Ng,, (y2) N A that is distinct from
y; and avoids P, Py; there are at least n/3 choices. Let Pis := Pyyjyzys P, with colour set

col(P) = col(P1) U {j1, ja, j3} U col(P,).

By considering P;5, P3 and so on, we can find a transversal path P, _,. that includes every path
in P. For this, we need to argue that we can always choose unused vertices and colours; this is
indeed true since in the first step there are at least /3 choices for any vertex and at least nn /2
choices for any colour, and at most 3 < nn/4 vertices and colours are used in total. We have
\V(Pra.r)| < 6r.

Using very similar arguments, we can extend the path by at most one vertex and colour in %'(8)
so that its endpoints are in A and B. Since they do not lie in V},,4, there are many choices of
unused colour for ¢, ¢ to satisfy (iii). The final path has length at most 6r + 1 < 19v/6n. To
achieve (iv), we simply remove .% from %,,q and choose not to use .% at any step, which does

not affect any of the above estimates. ]

The next lemma shows that some additional assumptions guarantee a short transversal path that
not only covers bad vertices and colours, but also balances A; and B;. These assumptions are
that almost every graph is (¢, 8)-extremal, and moreover both parts A;, B; contain many internal

edges from these graphs.
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Lemma 5.5.3. Suppose that (1) holds, and

|€(@)| <nn and eG(S)(Al) > 30nn®  and eG(B)(Bl) > 30mn®.

Then G contains a transversal path P with endpoints x,y such that the following holds:
(i) Viaa C V(P) and 6iaq U € (8) C col(P);
(ii) |V(P)| < 4yn;
(iti) [A\V(P)| = [BL\ V(P)
(iv) 2,y & Viaa and there are distinct ¢, € €(8) \ col(P) such that v € A. N A, and

)

Yy < Bc/ ﬂBl.

Proof. We have that |[€(8)] = m — |€(8)| > (1 — 2n)n. Thus Lemma 5.5.2 applied with
Z := () implies that G contains a transversal path P with endpoints 7, § such that Vi,,q C V(ﬁ),
Goad C col(P), |V(P)| < 19v6én, and 7,7 ¢ Viwq and T € A, and § € By N B, for some
ce € ®)\ col(P).

Without loss of generality, suppose that |A; \ V(P)| — | By \ V(P)| := 7 > 0. Next we greedily
extend P to a path whose colour set contains %(8). Write {ai,...,a,} for the collection of
unused colours in %’(8) and let ag, a,; be distinct unused colours in ¢'(8), for which 7 € A,,,
of which there are at least nn/2 choices because T ¢ V},q4. Choose an unused vertex yo €
Ne,, (2, By N By, ). There are at least n/3 choices since |B,, A(B1 N By, )| < 26n by () and
da,, (T, Bay) = (3 — 26)n = |Bg,| — en because ag € €'(8) and T € A,,. Now, given i € [r]
and y,_1 € B,,, we can choose an unused vertex y; € NG% (y, By N By, +1); again there are
at least n/3 choices since {a;,a,41} € [m] and (1) implies |B,, A(B1 N B,,,,)| < 26n, and
a; € €(8) implies dg, (y, Ba,) > (5 — 2¢)n = | B,,| — en. Thus we can obtain the transversal
path Zyoy; . . . y, using colours ag, ai, . .., a,, and with y, € By N B, ;.
Let P, = ﬂlgfyoylyl ...y be the final transversal path obtained by concatenation with P and let
A=A \V(P) and B := B, \V(P,). It satisfies (i) and has |V (P,)| < |V(P)|+|€()| +1 <
2nn, and also ||A| — |B|| < 2nn. It has endpoints y € By N B. and z := y, € B, where
b:=a,1 € €0). Also, |4, \ V(P)| — |B; \V(P)| :=t >t +1 > 1. After removing used

colours, we have 3. 8 eq,(A) > 20nn® and D 8 eg,(B) > 20mn3 since we consumed

)
at most 2nn vertices from A; U B; and at most 2nn colours from %'(8) in building P,. For each
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vertex pair uv € (‘2/), define
c(w) = {i € €8) :uwv € B(G;)} and D := {uv:u,v € Aandc(uv) > 10nn}.

Then we have 20nn® < |D|n + n? - 10nn and thus |D| > 10nn?. It follows that D contains a
subgraph D’ with minimum degree at least 10mn.

Let 2 € Ng,(Z,V(D')) be an unused vertex. Such a z exists since b € €' (8) and 7 € By, imply
that dg, (2, Ap) > (3 —2¢)nand |V(D')NA,| > [V(D')|—|A A As| > 10nn—2nn—dn > Tnn
which is larger than the 2nn vertices used so far. Greedily construct a path of unused vertices
inside D’ starting at z, ending at some w € B N By where ¢’ € €(8) is unused, and consisting
of ¢ vertices. Greedily assign unused colours from the lists guaranteed by the definition of D.
The path P obtained by concatenating this transversal path with P; has endpoints 7/, w and has

all of the required properties. ]

The final lemma of this section combines the previous ones to find a transversal Hamilton cycle
in three cases. The proof proceeds by using Lemma 5.5.2 or 5.5.3 to find a short transversal
path covering bad vertices and colours, and then covering the remaining vertices with three long

paths guaranteed by Lemma 5.5.1.

Lemma 5.5.4. Suppose that (1) holds, along with one of the following:

either (i) |€(8)] <nmn and min {eG(B)(Al),eG(B)(Bl)} > 30mn?;
or (1) |€@)| >nn and max{eG(B)(Al),eG(B)(Bl)} > 30mn?;

or (iii) |€@)|>mm and |€B)>nn and G, 2 K,.

Then G contains a transversal Hamilton cycle.

Proof. Suppose that (i) holds. By Lemma 5.5.3, there is a transversal path P with endpoints
x € A.andy € B where ¢, ¢ € €(8)\col(P) are distinct, & := [n]\ (col(P)U{c,c'}) C €(8)
and |A| = |B| > (3 — 4n)n where Z := Z, \ V(P) for Z € {A, B}. So

|| =n — |col(P)| — 2 = |A| + |B| + |V(P)| — |col(P)| —2 = |A| + |B| — 1.

Let A~ := Ng_(y,A) and BY := Ng (v, B). By Lemma 5.5.1 there is a transversal path P’
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Figure 5.2: Finding a transversal Hamilton cycle in Lemma 5.5.4(ii) and (iii). Here, |A'"%] —
|AY| = 1and | B'°|—|B"| = 0. On the left, | A°| —| B°| = 0, while on the right, | A°|—|B°| = 1.

with colour set < starting at some 2’ € A~ and ending at some 3y’ € BT. Concatenating this
with P using the connecting edges yx’ of colour ¢ and y'z of colour ¢, we obtain a transversal
Hamilton cycle, proving Case (i).

Thus it remains to consider Cases (ii) and (iii). In Case (ii), set .# := () and in Case (iii),
set . := {n}. In both cases, we have |¢'(8)] > nn. Thus we can apply Lemma 5.5.2 with
Z to obtain a transversal path P with endpoints x,y ¢ Vj.q such that Vi,,q C V(P) and
Graa \ -F C col(P) and |V (P)| < 19v/6n, and .Z N (col(P) U {c¢, ¢} = 0, and z € A; N A,
and y € By N B, for some colours ¢, ¢ € ¢ (8). Let Z := Z, \ V(P) for Z € {A, B}.

In the next step, we proceed differently in each case. In Case (ii), by symmetry, we assume that
60(8)(A1> > 30mn3. Let D := {uv : u,v € Aand c(uv) > 10nn} as defined in the proof of
Lemma 5.5.3 where c(uv) := {i € €(8) : wv € E(G;)}. There is a subgraph D’ of D with
minimum degree at least 10nn. In Case (iii), let D’ be an arbitrary clique of size 10nn inside A.

We resume a unified approach for both cases. Let ¢;, ¢, € €'(8) be distinct unused colours. Let

A (H) =€ (H)\ (col(P)U{c,c,e1,cp}) for H € {8,8}. We have
[Al+[B] =3 =n—[V(P)| = 3=n—[col(P)] — 4 = | (3)| + |/ (8)]

and ||A| — | B|| < 50n. Choose partitions A = A°U A' and A' = AU A", and B = B°UB!
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and B! = B'Y U B such that

0<|A =B <1, |&@®)=|A"+|B°—1 and &(D'[V(D)NA")>nn,
and a partition .27 (8) = €4 U €5 with
0 < [A®|=[AR][BY|=[BY <1, [€a] = |AV+|AY -1 and [€5] = [B"|+[B"|-1.

The only non-trivial part of this is the assertion about D’ which holds since |A°| > |€'(8)|/3 >

nn/3, and we could take e.g. a random partition and appeal to a Chernoff bound. Let
G’ = (Gi]A°, B" :ic &/(B)) and G?=(G;[Z",Z"]:i€€,) forZ c{A, B}.

Lemma 5.5.1 with W = Z implies that there is a transversal path P, inside G* with colour
set ¢4 and transversal path Pg inside GP with colour set ¢ such that P, starts at some
ya € Ng_,(y) N A" and ends at some ¢/, € A, N A", and Py starts at some yz € N, (z) N B
and ends at some y; € B., N B'. (For example, to find P4, we take (WW*, Z*) = (A0, A1),
To complete the proof, it suffices to find a transversal path P’ in G° with colour set .« (8),
with startpoint u; € B® where ¢; € L(uyy)), and endpoint uy € A° where c; € L(ugyl).
Then x PyyaPay'yui P'usy’y Peypx with colours col(P), c, col(Py), c1, col(P’), ¢, col(Pp),
is a transversal Hamilton cycle in G.

Suppose first that |.<7 (8)| is odd. Then |A°| = | B°| and Lemma 5.5.1 with (W*, Z*) = (B°, A?),
t=0,W~ = Ng, (y4) N B°and T* = Ng,, (y3) N A immediately implies the existence of
the required path between u; € W~ and uy € T (see the left-hand side of Figure 5.2).
Suppose secondly that |7 (8)] is even. So |A°| = |B°| + 1. Choose a colour c3 € «7(8) and
vy € A, N A? which is a vertex of D'. Then choose u; € Ng,, (y3) N A” which is a neighbour
of vy in D'. These choices are both possible since there are at least ?n such neighbours in D’
of which at most 20n are forbidden due to the GG, neighbourhood condition. In Case (ii), assign
an unused colour ¢4 € &7 (8) to usv9 using the large guaranteed colour lists. In Case (iii), assign
the colour ¢4 := n to uyv,. In both cases, usvy € G,.

Now let G*" = (G;[A°\ {ug,v2}, BY] : i € o7/ (8)\ {c3,c4}). By Lemma 5.5.1 with (W*, Z*) =

(B°, A%\ {uy,v,}) and t = 1, there is a transversal path P” inside G*' with startpoint u; €
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Ng. () N B and endpoint v; € Ng,, (v2) N B° using colour set <7 (8) \ {cs,cs}. We set
P’ := w3 P"vyvyus, using col(P"), c3, ¢4 in that order (see the right-hand side of Figure 5.2).

This completes the proof. []

5.6 Proofs of Theorems 5.1.3 and 5.1.4

Finally, we can put all the ingredients together to prove our two main theorems on stability for

transversal Hamilton cycles and paths.

Proof of Theorems 5.1.3 and 5.1.4. Let k > 0 and assume that x < 1 or the theorems are both

vacuous. Choose additional parameters n, i, o, 7, €, 6, n such that n € N and
O<l/nKpaLyeKik<n<K k<l

such that the conclusions of Lemma 5.2.2 and Lemmas 5.4.3-5.5.4 hold. Let n’ € {n — 1,n}

and let G = (G1,...,G,) be a graph collection on a common vertex set V' of size n with
5(G) > (5 — .

Ifn' =n—1,1letG, == K,and J := (Gy,...,G,). If n’ = n,let J := G. Suppose that J does
not contain a transversal Hamilton cycle. Then Lemma 5.4.3 implies that J is not (7, o, €, )-
stable. Thus, without loss of generality, for every colour i € [(1 — 7)n], the graph G; is not
a-nice and hence is e-extremal with characteristic partition (A;, B;, C;), and e(C5°) < n?.
We may further assume that 1 is the colour of minimum degree in the cross graph C%°, and
(1 —7)n]\ NC?a(l) = [m]. Let Ghaa := [m + 1,n] be the set of excluded colours and thus

|Ghad| < yn + 20n < 36n. It follows from Lemma 5.2.2 that e e (Ay, By) < en®. For

= J(:)<
every i € [m], G; and G are not J-crossing and hence we can swap the labels of A; and B;
if necessary to get that |A; A A;|, |B1 A Bi| < on. That is, J satisfies (). We use the same

notation defined after (7).
Suppose that one of the following hold.
(i) |€(8)| < nn and either €J(8)(A1) < 30mn3 or eJ(8)<Bl) < 30mn?; or
. o) 3.
(ii) |€(e)| > nn and eJ(S)(Al) + eJ(B)(Bl) < 60nn’; or
(iii) G, = K, and |€(8)| < nn < |€(9)].

We claim that in these cases, J is x-close to, respectively,
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(1) a half-split graph collection;

(ii) H? where a = |¢'(3)| and b = |€'(8)| & 1 is odd,;

(iii) HY.
Indeed, for (i), we can remove at most 30nn® edges so that some Z; € {A;, B} has no J (8)—
edges, and delete all edges in graphs in J(8) U %},.q by removing at most nn® + 30n3 edges.
Finally, edit at most 26n® edges to increase | Z; | by less than en so it has size |n/2] 41 and make
(Z1, Z,) complete in every graph in J (8). The resulting graph collection is half-split and in total
we have made 31nn® + 50n® < kn? edits. For (ii), we can edit at most 3dn3 + en® + 60nn?
edges so that for every i € %}.q the graph G; becomes a copy of @ whose parts contain Ay, By;
eq, (A1, By) = 0 forall G; € J(2); and eJ(B)(Al) + eJ(8)<B1) = 0. A further at most dn? edits
will make J isomorphic to H? where a = |%¢'(e)| and b = |€(8)| & 1 is odd. Thus we make at
most 61n® < knn? edits in total. For (iii), we can make at most 2nn? + 26n3 < xn? edits to
make J isomorphic to H?. This proves the claim.
Now we prove Theorem 5.1.3. Here, J = G. Lemma 5.5.4 implies that, if |£'(8)| < nn, then (i)
holds, while if |€’(8)| > nn, then (ii) holds. This completes the proof of the theorem.
Finally, we prove Theorem 5.1.4. Here, ”’ = n — 1 and J = G U {K,}, so G does not
have a transversal Hamilton path if and only if J does not have a transversal Hamilton cycle.
Lemma 5.5.4 implies that, if |%°(8)| < nn, then (i) holds, while if |4 (8)| > nn, then (iii) holds

(and (ii) also holds in this case). This completes the proof of the theorem. O]
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6| Open Problems and Discussions

It is conjectured that a tight threshold for the clique factors actually holds(see (Cheng et al.,

2023)):

Conjecture 6.0.1. (Transversal Hajnal-Szemerédi) Let G = {G1,Ga, ..., G’%(;)} be a graph
family defined on V where |V| = n and t|n, if §(G;) > (1 — })n fori € 2(3), then G contains
a rainbow K,.-factor.

A similar problem whose asymptotical threshold is determined in (Montgomery et al., 2022) is
as follows:

Conjecture 6.0.2. Let G = {G1, Gy, ..., Gn } be a graph family defined on V where |V| = n
n, if 6(G;) > (1 — 1)n fori € 2, then G contains a K,-factor {Fy, ..., F\,;;} such that

F,CGifor1 <i<?Z.

and t

Even for the case when r = 3, there is no solution for the above two conjectures. Similarly,
for Hamiltonian /-cycles, we can also ask the same question. Currently, the only known tight
bounds for these type of problems are Hamiltonian cycles in simple graphs and 0;_; s in k-
uniform hypergraphs where M is a perfect matching(see (Lu, Wang, & Yu, 2021)). No other
tight bounds are known.

In (Gupta et al., 2023), the authors asked about characterizing the stability of all such kinds of
transversal embedding problems. In particular, they were asking about if the following tight
threshold also holds as in the graph case (the asymptotic version has been proved in their paper,
an independent proof was presented in Chapter 4):

Conjecture 6.0.3. (Transversal Posa-Seymour) Let G = {G1, G, ..., G(—1)n } be a graph fam-
ily defined on V where |V| = n, if 6(G;) > (1—1)nfori € (k—1)n, then G contains a rainbow
(r — 1) power of Hamiltonian cycle.

As mentioned in previous Chapters, a transversal bandwidth theorem (Theorem 4.1.1) was
proved in (Chakraborti, Im, et al., 2023), which gives an asymptotically tight minimum de-
gree bound (x(H) — 1)/x(H) guaranteeing the existence of a transversal copy of H for many
graphs H. On the other hand, there are many graphs where this threshold is not tight. For exam-
ple, when H is a 2-factor — a spanning 2-regular graph — (El-Zahar, 1984) conjectured that the
minimum degree threshold should equal (n + 7)/2 where r is the number of odd cycles. Note

that if H consists only of even cycles, then (x(H) —1)/x(H) = 4, while otherwise it equals 2.
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A proof of El-Zahar’s conjecture was announced by Abbasi for large n (Abbasi, 1998a). The
following problem asks whether the transversal generalisation is true.

Problem 6.0.4 (Transversal El-Zahar). Let n be a sufficiently large integer and let H be a 2-
factor on n vertices in which r cycles are odd. Let G = (G4, . .., G,) be a graph collection on
a common vertex set of size n. Suppose that 6(G) > (n +r)/2. Does G contain a transversal
copyof H?

Abbasi’s proof uses the regularity-blow-up method. Later, a proof avoiding this method was
found by Khan (Khan, 2011), although the broad structure of the proof is similar.

An even harder problem is a transversal version of the Bollobés-Eldridge-Catlin Conjecture (see
(Bollobas & Eldridge, 1978), (Catlin, 1976)).

Problem 6.0.5 (Transversal Bollobas-Eldridge-Catlin). Let n be a sufficiently large integer and
let H be an n vertex graph with A(H) < r. Let G = (G1, Gy, . .., Ge(my) be a graph collection
on a common vertex set of size n. Suppose that §(G) > % Does G contain a transversal
copy of H?

If true, this would generalise Conjecture 6.0.1 and Conjecture 6.0.3. Problem 6.0.5 is likely
very difficult, although Kun reported an asymptotic solution to the classical problem around
2006. However, it may be amenable in some special cases. For example, it is known when
r < 3, and the proof for e.g. r = 3 by (Csaba, Shokoufandeh, & Szemerédi, 2003) uses the
regularity lemma, and arguments closed related to the proof of the blow-up lemma.

We believe the methods developed in this thesis will be useful for the open problems listed here.
Especially, it is hopeful to prove a stable version of Conjecture 6.0.1 and Conjecture 6.0.3 and

thus give hope for the full solution of them.
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