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Abstract. We consider a multicomplex Schrédinger equation with gen-
eral scalar potential, a generalization of both the standard Schrédinger
equation and the bicomplex Schrédinger equation of Rochon and Trem-
blay, for wave functions mapping onto Ci. We determine the equivalent
real-valued system in recursive form, and derive the relevant continuity
equations in order to demonstrate that conservation of probability (a
hallmark of standard quantum mechanics) holds in the multicomplex
generalization. From here, we obtain the real modulus and demonstrate
the generalized multicomplex version of Born’s formula for the proba-
bility densities. We then turn our attention to possible generalizations
of the multicomplex Schrédinger equation, such as the case where the
scalar potential is replaced with a multicomplex-valued potential, or the
case where the potential involves the real modulus of the wave function,
resulting in a multicomplex nonlinear Schrédinger equation. Finally, in
order to demonstrate the solution methods for such equations, we obtain
several particular solutions to the multicomplex Schrédinger equation.
We interpret the generalized results in the context of the standard re-
sults from quantum mechanics.
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1. Introduction

In the present work, we shall be interested in extending certain aspects of
the mathematical formulation of quantum mechanics to the multicomplex
number system. To begin with, note that bicomplex numbers, just like the
quaternions, are a generalization of complex numbers to four real dimensions.
They were introduced by Segre [42], and were created in order to bypass some
of the negative features of quaternions. In particular, bicomplex numbers and
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quaternions differ in two important ways:

(i) quaternions form a division algebra, while bicomplex numbers do not, and
(i) bicomplex numbers are commutative, whereas quaternions are not.

For these reasons, the bicomplex number system has been shown to be more
attractive (compared to the quaternions) for certain applications such as
quantum mechanics [22, 23, 39, 40]. Bicomplex extensions of known functions
have been carried out for the polygamma function [11], the Riemann zeta
function [37], and the Hurwitz zeta function [12, 16]. Although bicomlex
numbers are isomorphic to R*, bicomplex manifolds can also be defined [3],
and this permits one to study a wide range of geometric structures via the
bicomplex number formalism.

The attractive properties of bicomplex numbers are preserved when we
define multicomplex numbers as the unique higher dimensional analogues to
bicomplex numbers [9, 35]. One can extend analytic functions [18] to multi-
complex variables, although one may also attempt to extend more compli-
cated functions, such as those which are meromorphic. Recent theorems along
these lines are given in [45]. For instance, the bicomplex Riemann zeta func-
tion was recently extended to a multicomplex Riemann zeta function [36].
A zeta function for multicomplex Algebras was very recently studied in [41].
Multicomplex variables have also found use in very practical applications,
such as calculation of high order derivatives in computer algebra systems
[21].

In this paper we consider the linear Schrodinger spectral problem

h2
Wy = =5 =Wy + V(2,1) T, (1.1)

where W(xz,t) is assumed continuous in its derivatives. Here, ¥ : R? — Cj
is the multicomplex wave function, Cj is the kth multicomplex space, and
V : R? — R is the scalar potential. A multicomplex wave function ¥ is a
solution to (1.1), and can be written in the form

U(x,t) = exp(p(z,t) + 0(x, t)i;), (1.2)

where p(z,t) and 0(z,t) may be defined recursively. As mentioned above, the
bicomplex linear Schrodinger spectral problem was previously considered in
[39], and we can view this study as an extension of those results to the general
multicomplex number case. Therefore, this will serve as a baseline for results
in multicomplex quantum mechanics.

We first review properties of the multicomplex space Cj and then define
several useful functions, in Section 2. In Section 3 we give the multicomplex
Schrodinger equation and derive the continuity equations related to it for
all possible forms of multicomplex conjugations. Physically, these continuity
equations imply that probability is conserved for multicomplex wave func-
tions. In Section 4, we define the real moduli and prove some theorems on
properties of the wave function solutions to (1.1). As a consequence of these
results, we recover the well-known Born’s formula relating the squared mod-
ulus of the wave function (under principal moduli) to the probability density
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of measuring a particle being detected at a given place. We then extend the
discussion to linear Schrodinger equations with non-scalar potentials V' (x, t).
In particular, complex potentials have been considered in the literature on PT
(Parity-Time) Symmetry (see [1, 4, 14, 17], among others), and one may ac-
tually study multicomplex potentials in the context of the linear Schrédinger
spectral problem. We do so in Section 5, and such equations can be viewed as
generalizations of those considered when studying PT symmetry. This gen-
eralization was previously considered in the bicomplex case - see [2] - and
the relevant harmonic oscillator was solved. In Section 5, we also consider
another extension of the results, to the case where the potential depends on
the wave function modulus. Examples of such equations would be the cubic
nonlinear Schrédinger equation or Gross-Pitaevskii equation [13, 34], which
are applied to the study of Bose-Einstein condensates [7], nonlinear optics
[8, 33], and quantum field theory [44], to name a few areas. In Section 6,
we discuss how one would solve these multicomplex Schrodinger equations
under certain physically relevant assumptions. Finally, in Section 7, we give
concluding remarks.

2. Properties of the space C,;

We begin this section with definitions that will prove useful throughout the
remainder of the paper.

Definition 2.1. We define the multicomplex space Cj, recursively by putting
Cyp =R and C; = C, then defining

Cp = {zl + 290k : 21,20 € Cp_q, 2 = —1, iplg = iglp, for p,q < k}

for every k > 1. We also define ig = 1 and i; = i. We call each iy a principal
multicomplex unit. Products of the form iy, ip, ...%p,, where n < k and 1 <
p1 < p2 < ...<py <k are called composite multicomplex units. Note that
the set of all units of C, forms a basis for C,. We denote this basis by Ij.
We denote by I} the set of all units containing a factor of .

Definition 2.2. For 21, 2o, 23, 24 € Ci_1, we define addition by
(21 + 22ix) + (23 + 241k) = (21 + 23) + (22 + 24)ix
and multiplication by
(21 + 2201 ) (23 + 24ik) = (2123 — 2224) + (2124 + 2223) ik,
in analogy to the arithmetic of complex numbers. By further defining
wy (w2 +w3z) = wiwz + wiw3

for wy,ws, ws € Cy, the space C; becomes an algebra over itself.
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2.1. Expressing multicomplex numbers

It should be noted that a multicomplex number w = z; + 291 € Cp can be
expressed with respect to any unit, and there are many idempotent represen-
tations for multicomplex numbers [43, 45]. By definition, we have

21 + 220k = 211 + 21281 + (221 + 2220k 1)1k
= (211 + 2210) + (212 + 22208 )ik —1-
Proceeding inductively, we have
21 + 220k = 21 + 25ip,
where 1 < p < k and 21, 25 € C;/C(4p). Similarly, we can write
21 4 220K = 21 + 2hip, - ip,

with 1 <n <k and 21,25 € Cx/C(ip, .. .ip, )
2.2. Multicomplex conjugates

Take n < k and let w € Cy, be given by w = 21 + 224,,. Let us also recall that
by t we mean the complex conjugation. That is, for any ¢ = p,.+ip; € C with
prpi € R, ¢ = p, —ip;. We shall extend this conjugation to multicomplex
numbers, as follows.

Definition 2.3. For 1 < p; < ps < ... < pp, < k, we define the multicomplex

conjugate Tp, :=Tp, 1, . p. as follows:
to o tp. .
pr — 21 +22 1p lfpg{phapn} 9 (21)
ta  fas "
21 T 2 lp, lpe{plw"apn}v

where {q1,...,qn-1} ={p1,---,0n} \ {Mm}.
For ease of notation, we will sometimes write {,, := 1, , andf; ,,:=

'i-la-“vzvpnfév--wpn'

2.3. Real and imaginary parts of a multicomplex number

Take w € Cj;, to be given by w = 21 + 220p.

Definition 2.4. The real part of w with respect to the pth principal unit i,,
Re, : Ci, — Ci/C(ip), is defined by

Rep(w) = Rep(21 + 228p) = 21. (2.2)

Definition 2.5. The imaginary part of w with respect to the pth principal
unit 4,, Im,, : C, — C;/C(i,), is defined by

Im, (w) = Imy, (21 + 22ip) = 22. (2.3)
Definition 2.6. More generally, we can define the functions
1
Rp(w) = 3 (w+ wiv), (2.42)
1 i
Ip(w) = = (w —w'r). (2.4b)
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When conjugation in (2.4) is principal (that is, with respect to all prin-
cipal units), these reduce to

Rp(w) = Rep(w),  Ip(w) = Imy(w)ip. (2.5)

2.4. Multicomplex moduli

Let p = p1,p2,...,pn and p’ = p1,p2,...,Pn_1, wheren < k and 1 < p; <
po < ...<pp < k. Take w € Cj, and write w = z1 + 294, for 21,29 € Cp_;.

Definition 2.7. The multicomplex moduli ||, = || are defined by

P1,P25--,Pn
|w\i = ww'e.

This definition gives the explicit formula

wf? — {zni —|zall + 2Rp(2127) i pa £ K,

\Z1|I2,, + \z2|12), - ZIp/(zlz;p ), ifp,=k.

3. The Multicomplex Schrodinger Equation

The Bicomplex Schrédinger equation of Rochon [39, 40] can be generalized
to multicomplex functions by (1.1), where ¥ : R? — Cy, is the multicomplex
wave function and V : R? — R is the scalar potential.

The wave function ¥ = ¥(z,t) can be expressed in hyper-polar coordi-
nates by the formula

U(x,t) = exp(p(x,t) + 0(x, t)ir), (3.1)
where p and @ are functions R? — Cj,/C(i1). Recall that properties of the
function exp : C, — Cj were discussed in Reid and Van Gorder [36]. (In

particular, see Theorems 2,3.4 in [36].) With ¥ expressed under the repre-
sentation (3.1), we calculate

U, = prexp(p + 6i1) + O exp(p + 0i1)iq (3.2)

10y = —0rexp(p + 0i1) + i1pt exp(p + 0i1) , (3.3)

U, = pgexp(p + 0ir) + 0, exp(p + 0ir )iy (3.4)

Uio = (020 + 20002) exp(p + 0i1) + (paw + p2 — 02) exp(p + Oir)iz,  (3.5)
VU =Vexp(p+6i1). (3.6)

)

Placing (3.2)-(3.6) into (1.1), we obtain (after brief algebraic manipulations

B2 ,
<ﬁ9t ~ 2 (P2 = 02 + pua) + V> exp(p + i)
(3.7)

h2
+ <hpt + %(2p101 + GM)) exp(p+0i1)i1 =0.

Recalling that p,0 € Cy/C(i1), we can separate equation (3.7) in the unit
i1. Doing so, we obtain a decomposition of the multicomplex Schrédinger
equation into two partial differential equations, to wit.,

h2 2 2
ho; — %(px =05+ pua) +V =0, (3.8)
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h2
h — (20,0, + 0,,) = 0. .
P+ Qm( POz + )=0 (3.9)

3.1. The multicomplex continuity equations

Here we derive recursive forms for the multicomplex continuity equations.
We begin by writing the Schrodinger equation under each possible type of
conjugation:

h2
WA+ =Ty — VT =0, (3.10)
m
h2
—i RO 4 5V Vi =, (3.11)
m
hQ
i holP + wle —yute =, (3.12)
2m
h2
i Sl - vt <o, (3.13)

where p;1 > 1 and ¢; > 1.

We shall now show that the wavefunction solutions to the multicomplex
Schrédinger equation conserve probability. That is, under the various con-
jugations (3.10)-(3.13), probability is conserved. The general conservation
equation will take the form

% {probability density} + 62 {probability current} = 0. (3.14)
x

In the multicomplex framework of our paper, “probability density” shall refer
to any multicomplex analogue of the complex modulus YWU', When such
equations are satisfied for all conjugations, we have that the multicomplex
wave function retains the physical meaning of the standard complex wave
function from quantum mechanics. On the other hand, when the right hand
side of equation (3.14) is non-zero, probability is not conserved.

Theorem 3.1. Given a real-valued potential function V(x,t) and a multicom-
plex wave function solution ¥(x,t) to the linear Schridinger equation (1.1),
probability will always be conserved as in (3.14).

Proof. The proof shall have four parts, corresponding to each conjugation
given in (3.10)-(3.13). The first continuity equation: Multiplying (3.10) by
Ui and (3.11) by ¥, we have

h2
iWhU U — v, Ol VI =0, (3.15)
2m
- 2 gt t
— AU 4 U T - VT = 0. (3.16)
m

Subtracting (3.16) from (3.15), we have

h2
AW, U+ U0y + %(@mm — U, 0) =0, (3.17)
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or equivalently,

h
VAR — (U, U — @l @) = 0. 3.18
( )¢ + 2mi1( S8 (3.18)
Define J[¥] := 5 (¥, Uh — Ul ¥). Then,
(TTT), + (31 [9]), = 0. (3.19)

Now, recalling the hyper-polar representation of ¥ given in (3.1), we
have

U = exp(p — 0iy), (3.20a)
U, = (py + 0,01) exp(p + iq), (3.20Db)
Ul = (p, — 0,41) exp(p — 0iy). (3.20¢)
So,
o, — OUi = 20,4, exp(2p), (3.21)
and therefore L
J[v] = Eﬁm exp(2p). (3.22)

The second continuity equation: For the next equation, we first multiply
(3.10) by ¥ia and (3.13) by ¥ to obtain the following equations:

h2
i hWWTa 4+ — 0, Ula - VEPTLa =, (3.23)
2m
. T1,q h? T1,q T _
—i AU W — Ve =0, (3.24)
m
Subtracting (3.24) from (3.23) gives us
h
h (xpt\ph,q n qfllvw) i1+ 5 (xpmqﬁm _ \1111;*\1/) —0, (3.25)
m
or equivalently,
h i
AL o (xymxyh _ \I/m;q\p) —0. 3.26
( @), + iy a (3.26)

Now we define the operator

Tial¥] = g (Wowha — vl w)
= g (e = o) + (04 012) i) exp ((p+ o) + (0. 07 i)
h

= s Zalp) + Ra(0)i1), exp (2 (Ra(p) + Za(0)ir)).
(3.27)

Then from (3.26), we have the second continuity equation:
(UWha), 4 (J1,q[¥])e = 0. (3.28)

The third continuity equation: to find our next continuity equation, we
begin by multiplying (3.12) by ¥ and (3.11) by ¥'e, as such:

h2
inh (Pt + wigwh - veteh — o, (3.29)
m
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h2
—i Rt 4 5 ViU —Vuhul =0, (3.30)
m
Subtracting (3.30) from (3.29), we have
2
h (\IIIP\I/TI + \1111\1/%) i+ —QH (\plwh - xp;;qﬁp) —0. (3.31)
m
or equivalently,
h t
whwle), 4 (wipwh - wlet) =0, 3.32

Defining the operator

h t
Py = —— (20l — whiyhe
— h Jrp 1‘p ; T T )
gt (e ) (o)) () - -0
(3.33)
equation (3.32) gives us our next continuity equation:
(Uhwte), + (IP[W]), =0. (3.34)

The fourth continuity equation: we multiply (3.12) by ¥fi.a and (3.13)
by Ufe to obtain the following respective equations:

h2

i P Ota 2—\1/};\1/% — Ve ¥iia =0, (3.35)
m
rotragte + P giiagt tra gt
—inh] Wl 4 St — vt (. (3.36)
m
Subtracting (3.36) from (3.35), we have
h2
B(wirwhe £ wftawte) i+ o (WiEwhe —witwt ) (3.37)
m
or equivalently
(Whowha) ¢ I (wlzwhia — witeut). (3.38)
t 2miy - ’
Define
JP 0] = L (q,ip\ph,q _ \I,ll,qqﬂrp>
' 2mi1

h
= - ((pl" - pf‘) + (913" + 91«“) il)
2miq

X exp ((pr + p’rq) =+ (ng _ 9Tq) i)
= mi“ {Zo(p) — Za(p) + (Zp(0) + Rq(0)) i1},
x exp {2 (Zp(p) — Rq(p) + (Zp(0) + Zq(0)) 1)} -
(3.39)
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Then (3.38) becomes the fourth continuity equation:
(Ulewlia) + (J7,[0]) =0. (3.40)
This concludes the proof. ([

It should be noted that this fourth continuity equation encompasses the
other three equations. In particular, when p = q, we have

h o
o} _ 3 T
JT ¥ = S, (291 21) exp (2p'r) 5.1

_ E o T
= mﬁm exp (2p )

Thus, (3.40) reduces to (3.19) with ¥'e replacing .

4. Real moduli and the derivation of Born’s formula

In this section, we shall define the real moduli for the wave function, and
then obtain some relevant results. One such result is that Born’s formula
holds under principal moduli for any complex wave function.

4.1. Real moduli

Take w € Cj, and define the family of operators Z,, by

w, ifn=0,
Enlw] = H wierrn | if1<n<k. (4.1)
1<p1<...<pn<k
Note that
E1w] = whw . wh, (4.2a)
Eolw] = whzwlvs | whkwlzswlza | pfe-1k (4.2b)
and so on.

Definition 4.1. The real modulus |||, : C, — R is defined by

Lemma 4.2. Consider a multicomplex-valued function of the form

exp (Z uee> , (4.4)

ecly

where pe € C/C, with e € Iy,. Then

tp
exp (Z uee> exp <Z ,uee> =exp | 2 Z te€ | . (4.5)

e€lg e€lly e€lx\I}
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Proof. We have

o
exp (Z uee> exp (Z uee> =exp | Y peet Y fice

e€ll, e€ly e€lp\I} ecl?
Tp
cexp [ X et 3 e
e€l\I}, ecl}
= exp Z He€ + Z He€ (46)
eE]Ik\]Ii ee]li
o | T e 3 e
e€lp\I} eE]IfC’
=exp | 2 Z He€ |
EG]I)C\HQ
which completes the proof. ([

Definition 4.3. For a multicomplex-valued function
tions

cel,, Me€; we define func-

Vo = p1,
V1= Wiy i, (4.7)
Vo = [yl + fhiyiyiia,

and in general for n < k, we define v, to be the sum of all terms from

Zeeh tee involving the unit 4,, but no terms involving units i,, for m < n.
Then

k
Z fhe€ = Z Vp,- (4.8)
n=0

ecly

Definition 4.4. Let 7, denote the partial sum

P
Tp=3 Un. (4.9)
n=0

Theorem 4.5. For all p = 1,...,k, we have the reduction |exp(vy)l|, =

lexp@p-)ll,_, -
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Proof. Using Lemma 4.2, along with Definition 4.4 of 7, and Definition 4.1
of the real modulus ||-||, we have

P
lexp@p)ll, = | | ][ Ei lexp@p(x,1))]
7=0
p—1 p—1 f
=" E; [exp(7p)] Ej [exp(7p)]
§=0 §=0
2 (4.10)
p—1
=7 Ej lexp(Tp-1)]
§=0
p—1
=" Ej lexp(@p-1)]
§=0
= llexp(p-1)ll,_;
which completes the proof. ([

Theorem 4.6. Fiz k > 1 and let ¥ be a multicomplex-valued function with

the representation
U = exp <Z ,uee> . (4.11)

e€ly
Then |[9]], = exp(un)-

Proof. We proceed by induction on k. When k = 1, we have
W]l = V/Eo[¥]Z1[Y]
AAVARY

exp(p1 + iy i1) exp(p + i, i) (4.12)

= Vexp(u + payin) exp(pn — iy i)
exp(2p1)
= exp(p).
Now suppose that k£ > 1. Using Theorem 4.5, we have
1 = llexp (k)
= llexp (Zk-1)ll5—1 (4.13)
= exp (p1)

where the last equality follows from our induction hypothesis. Thus, ||¥||, =
exp(uq) for any k& > 1.
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Corollary 4.7. Let the wave function ¥ be defined as in Theorem 4.6. Then,
||\I/||i = exp(2u1). This is exactly the standard Born formula.

We have shown that Born’s formula holds under principal moduli. For
non-principal moduli (resulting from non-principal conjugation), this relation
need not hold. Indeed, is was shown in the bicomplex case [39] that when using
non-principal conjugation, one obtains a sort of hyperbolic perturbation to
Born’s formula, suggesting that principal conjugation is needed for physically
relevant extensions to the multicomplex case.

5. Extensions of the linear Schrodinger spectral problem

Now that we have understood general properties obeyed by multicomplex
wave function solutions to the linear Schrédinger spectral problem, we con-
sider two extensions. First, we shall generalize the potential function V (z,t)
so that it, too, is multicomplex-valued. This is in analogue to the complex po-
tentials one sometimes encounters when working with Schrédinger equations
in applications such as PT-Symmetry [1, 4, 14, 17]. The second generaliza-
tion we consider will be to the case where V depends also on the modulus of
the wave function solutions. This is encountered when working with nonlin-
ear Schrédinger equations, which are encountered when studying nonlinear
waves, Bose-Einstein condensates, nonlinear optics, and so on.

5.1. Multicomplex-valued potentials V'
Consider equation (1.1) with V' =V : R? — Cy, i.e. with V(z,¢) a multicomplex-
valued function. This is in analogue to complex-valued potentials considered
in the literature.

We will not recreate our calculations, but we can note that V'(x,t) can
also be written in multicomplex polar form, as was done with the wave func-
tion in (3.1). However, for our purposes, it will be simpler to directly write

V(a,t) = Vi(z,t) + Vo(a, t)in, (5.1)

where V; and V; are functions R? — Cj/C(i1). Taking (3.1) and (5.1), we
then obtain a decomposition of the multicomplex Schrédinger equation (1.1)
into two differential equations as:

h2
hoy — %(Pi — 02+ pug) + V1 =0, (5.2)
52
— (2 — = (. .
ﬁpt + 2m( pweaj + exm) Vg 0 (5 3)

Therefore, the potential will now directly enter into the time-evolution equa-
tion for the amplitude term in the ¢; unit, in addition to the equation for
the time-evolution of the phase term in the iy unit. While this seems rather
innocuous, as it suggests that the solution method will be only slightly more
involved, let us now consider the continuity equations. As discussed in Section
3, it suffices to consider the single continuity equation (3.41). If we recreate
the computations used in the proof of Theorem 3.1 (multiplying the relevant
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modification of (3.12) by ¥'ra and the relevant modification of (3.13) by
U'e), we find that (3.40) is replaced with the continuity equation
(Ulewlia) + (I7 [0]) = (Vie — Vi) Olewhia, (5.4)

As the quantity Ve — Via is non-zero for arbitrary p and q, the right
hand side of equation (5.4) is non-zero. Hence, for multicomplex-valued po-
tentials, probability is not, in general, conserved. This does not necessarily
mean that the resulting equation is useless. Indeed, Schrodinger equations
with generalized potentials are used in various areas, although for applica-
tions outside of quantum theory, and hence the lack of conserved probability
is not a serious issue as the interpretation of equation (5.4) will be different.

Note that this framework might be useful for studying systems of equa-
tions, such as systems of linear Schrédinger equations with real-valued poten-
tials, which are then transformed into a single multicomplex linear Schrédinger
equation.

5.2. Real-valued potentials V' which are dependent on the wave function
modulus

Let us now consider the case where V' is a real-valued function of z, ¢, as well
as of the real modulus of the wave function, ||¥|[,. (One can similarly define
V to depend on some other modulus, but this will perhaps be less physically
relevant.) Then, we write V = U(z, ¢, ||¥(z,t)||,) : R®* = R, and we have the
nonlinear Schrodinger equation

h2
11h¥, = ,%\pm +U(z,t, || (x,t)|,)¥, (5.5)

In the case where U(x,t,||¥(z,t)|,) = 17||\I/||i (where 7 is a real-valued
constant), (5.5) becomes the cubic nonlinear Schrddinger equation. When
Uz, t, |[¥(x,t)|l,) = Uo(z,t) +n ||\Il||z, for a real-valued function Uj of x and
t, (5.5) becomes the Gross-Pitaevskii equation [13, 34]. These equations find
application in areas such as Bose-Einstein condensation [7], nonlinear optics
[8, 33], and quantum field theory [44].

Although the equation (5.5) is much more complicated to solve in gen-
eral, since U is real-valued and hence invariant under multicomplex conjuga-
tions, the results of Sections 3 and 4 remain valid.

Note that it is also possible to define U as a multicomplex function, so
that (5.5) is a nonlinear Schrodinger equation with multicomplex potential.
However, this case will still present the physical difficulties (lack of conser-
vation) in addition to the complications inherent in the solution method due
to the nonlinearity.

6. Stationary solutions for the multicomplex wave functions

In the present section, we obtain several particular solutions, in order to com-
pare and contrast the solution procedure for the multicomplex wave functions
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with those of the complex-valued wave functions from standard quantum the-
ory. We focus on stationary solutions (solutions which are stationary under
the real modulus), as the solution method is more tractible yet the solutions
are still physically useful. We shall of course not be exhaustive, focusing on
particular solutions that illustrate the solution procedure for the multicom-
plex case.

6.1. Particular solutions for real-valued potential V/

We first consider stationary solutions in the case where the potential V' is
real-valued. In the bicomplex case, the bicomplex harmonic oscillator was
previously considered in an additional work [2, 10]. Aside from this, we know
of no other bicomplex or multicomplex wave function solutions to the linear
Schrédinger equation.

Consider a stationary solution for the wave function solution to (1.1)
which takes the form

U(z,t) = A(z) exp(iyw(t)) , (6.1)

where A, w € C;,/C(i1) are twice differentiable functions which must be de-
termined. Let us assume an additively separable potential

V(x,t) =Vi(z)+ Va(t), (6.2)

where both V; and V5 are integrable functions of their respective arguments.
This separable assumption still permits many of the interesting physical po-
tentials. In fact, for most cases, one will have V' = Vj, as potentials which
vary in time are more rare. If we then separate variables through a spec-
tral parameter A € Ci/C(i1) (in contrast to a real-valued spectral parameter
used in the standard quantum theory), we obtain from (1.1) the system of
ordinary differential equations

dw
~he = Va(t) + A, (6.3)
h? d?A

As V5 is assumed integrable, the solution to equation (6.3) can always be
written in the form

w(t) = —% ()\t + /Ot Vg(s)ds) . (6.5)

Meanwhile, the solution to equation (6.4) will depend strongly on the choice
of V7 and hence there is no general solution to this differential equation for
arbitrary V7. In the case where V; is periodic, we recover Hill’s differential
equation, for which there is no exact, closed-form solution [15]. Fourier series
are often used to describe the solutions to such problems in terms of infinite
series. The difficulty in solving such equations in general leads us to consider
several examples.
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Ezample. Consider the constant potential in space, V;(x) = Vi, where Vi is
a real-valued constant. Note that, as a special case when V; = 0 and V5 = 0,
we recover the free particle potential [20]. The solution to (6.4) then reads

om(\ — Vi)

A(z) = Ag cos 3

P (6.6)

Here, cos is the extension of the cosine function to the multicomplex space Cy,
(as defined in Definition 1 of [36]), while Ay, ¢g € Cj/C(i1) are multicomplex
constants. Therefore, when we take the scalar potential V' to have the form
V(z,t) = Vi + Va(t), we obtain particular wave function solutions to (1.1) of
the form

2m()\ — Vl) il t
U(z,t) = Agcos S — + ¢o | exp (h ()\t +/ Vg(S)dS)) ,
0

(6.7)
which is multicomplex valued due to our taking the constants A, Ay, ¢g €
Ck/C(i1). Otherwise, this solution is qualitatively the same as would have
been found in the standard case for a complex-valued wave function.
Ezample. Consider the inverse square potential in space, Vj(z) = % (see [5]
for a discussion on inverse square law potentials and their regularization),

where V; is a real-valued constant and z > 0. The (bounded) solution to

(6.4) then reads
A(z) = Aoz, (?m) ,

where J, is the extension of the Bessel function of the first kind to the
multicomplex space Cy, (which is well-defined, since J,; is analytic), the index
K is given by Kk = 5=V 8mVi + h2, and Ay € Ci/C(iy) is a multicomplex
constant. Therefore, when we take the scalar potential V' to have the form

(6.8)

V(z,t) = % + V(t), we obtain particular wave function solutions to (1.1) of
the form

U(a,t) = Aoy (@% exp (2 <)\t+ /0 th(s)ds)) (6.9)

for x > 0, which is multicomplex valued due to our taking the constants
A Ap € Ci/C(i1). Again, this solution is qualitatively the same as would
have been found in the standard case for a complex-valued wave function.

Ezample. Consider the triangular potential in space, Vi (z) = Viz (see, for
example, [25]), where V; is a real-valued constant and x > 0. The (bounded)
solution to (6.4) then reads

1/
A(z) = ApAi ((2}?) ’ V(e — /\)) , (6.10)



16 K. A. Theaker and R. A. Van Gorder

where Ai is the extension of the Airy Ai function to the multicomplex space
Cj, (which is well-defined, since Ai is analytic) and Ay € Ci/C(i1) is a mul-
ticomplex constant. Therefore, when we take the scalar potential V' to have
the form V (x,t) = Viz + Va(t), we obtain particular wave function solutions
o (1.1) of the form

U(x,t) = AgAi <(2h”;> v V2 (Ve — A)) exp (—’; (At + /Ot Vz(s)ds>>

(6.11)
for > 0, which is multicomplex valued due to our taking the constants
A, Ag € Ci/C(i1). Again, this solution is qualitatively the same as would have
been found in the standard case for a complex-valued wave function. Note
that the Airy functions serve as a WKB approximation in the multicomplex
context.

Ezample. Consider the Morse potential in space, Vi () = V4 (1 — exp(—2))?,
where V; is a real-valued constant (see [32]). One linearly independent solu-
tion to (6.4) then reads

Alz) = A0x1/2+\/2m(f/17/\)/h
Vem(Vi =) —Vemy VemVi v2mv
x M W +—-,1+2 ;2 W ex

2’ h

p(—x)

(6.12)
for z > —1, where M is the extension of Kummer’s confluent hypergeometric
function M to the multicomplex space Cj, (which is well-defined for parame-
ters where M is analytic) and Ag € Ci/C(é1) is a multicomplex constant. The
exponentiation of the factor x is well-defined for any multicomplex A, which
follows from the results in [36]. Therefore, when we take the scalar potential
V to have the form V (x,t) = Vi (1 — exp(—x))” + Va(t), we obtain particular
wave function solutions to (1.1) of the form

U(z,t) = A0x1/2+\/27n(\71 —\)/h

\ 27”(V1 —A) =V 2mVl 1 LV 2mV1 vV 2mf/1
x M +-,1+2 ;2 exp(—x)
h 2 h h
i i
X exp (— ()\t +/ VQ(S)dS))
h 0
(6.13)

for z > —1, which is multicomplex valued due to our taking the constants
A, Ag € Ci/C(iy1). This solution is qualitatively the same as would have been
found in the standard case for a complex-valued wave function, although in
this case we must be cautious of the fact that M need not be analytic for all
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parameters. At such parameter values, the extension of M to the multicom-
plex numbers is then a more delicate matter, since it involves the extension of
meromorphic, rather than analytic, functions to the multicomplex numbers.

These particular solutions demonstrate that stationary solutions to the
multicomplex linear Schrédinger equation (1.1) keep the qualitative proper-
ties of their complex linear Schrodinger equation counterparts from quantum
mechanics. In many cases, the solutions should simply be complexified ver-
sions of the standard solutions from quantum mechanics.

6.2. Particular solutions for multicomplex-valued V'

Let us now consider the case where the potential is multicomplex valued, as
n (5.1). Additionally, let us assume that the potential is additive separable,
so that

V(x,t) =V(x,t) = Vi1(x) + Via(t) + Var(x) + Vao(t))is - (6.14)
Using the formulation given in (5.2)-(5.3), we also assume that
0(z,t) = 01(z) + 62(¢) (6.15)
and

p(x,t) = p1(x) + pa(t), (6.16)

where 61,02, p1, p2 € C./C(i1) are sufficiently differentiable functions of their
arguments. Placing these into the system (5.2)-(5.3), we have that the multi-
complex Schrodinger equation with multicomplex-valued potential is equiva-
lent to the system

de
FLLT: +Vi2(t) — A1 =0, (6.17)
B (dp\?  (do\? | dPp
0 ) =22 = 1
o << dl‘) (dx) + d? +Vii(z)+ X1 =0, (6.18)
B2y dn 0Ny ) a =0 (6.19)
2m \  dz dx = dz? Al S '
dp2 B

where A1, A2 € Cj/C(71) are the multicomplex separation parameters. Clearly,
we should find

02(t) = % ()\115 — /Ot V12(S)d8> (6.21)
and

pa(t) = % <)\2t + /075 Vzg(s)ds> . (6.22)
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Solving the remaining two equations (6.18)-(6.19) will be more involved. We
can solve (6.19) for 6;(z) in terms of p;(z), obtaining

01() = Ko + K1 / " exp(—2p1(9)dy
(6.23)

+ % /0 z A y<V21(z) — X2) exp(2(p1(2) — p1(y)))dzdy .

Here Ky, K, € Ci/C(i1) are constants. For simplicity, take Ko = 0.
Substituting (6.23) into the remaining equation (6.18), we finally have
an equation for only one unknown function:

d*p1 dp1
Q" (m

2
) - K12 exp(—4p1)
4m

A K exp(-20) / " (Var () — Ao) exp(201 (4))dy

o , (6.24)
m

e ([ om) = ra)evtma)

= 2577? ()\1 + Vll(l')) .
Equation (6.24) is a nonlinear integro-differential equation, which is non-
autonomous. Therefore, it is impossible to solve in closed-form in all but
the simplest special cases. Therefore, it must be solved numerically. Still, it
provides us with an idea of how much more involved it is to solve the linear
Schrédinger equation with multicomplex-valued potential.

6.3. Particular solutions for nonlinear equations

We shall not give a very detailed overview of solutions to the multicomplex
nonlinear Schrodinger equation, as even in the standard case there has been
innumerable work in this area (see, for instance, the recent papers [29, 30],
and the many references therein). However, we will give one solution, to
demonstrate that we recover the famous bright and dark soliton solutions
for the one-dimensional spatial domain. For a more thorough summary of
solutions to one-dimensional cubic nonlinear Schrodinger equations, see ref-
erences [27, 28].
We consider equation (5.5) with the real-valued potential U(x, t, [|[¥(x,)||,) =

7 || @|7. That is,

. 2 )

iy = — Wy + 1|0} 0, (6.25)

Here, n # 0 is a real-valued parameter. When n > 0, (5.5) is repulsive (see
[27] and references therein) while when n < 0, (5.5) is attractive (see [28] and
references therein). It makes sense to consider a stationary solution of the
form

U(x,t) = RoR(z) exp(i1At) , (6.26)
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where A € Ci/C(41) is a multicomplex spectral parameter, Ry € Cj/C(i1) is
a multicomplex parameter, and R € Cj/C(i1) is a multicomplex function of
space alone.

For the repulsive regime, the standard cubic nonlinear Schrodinger equa-
tion have a solution of the form

R(z) = tanh (2) : (6.27)

where £ is a parameter. This corresponds to a dark soliton. If we make such
an assumption, we find that (6.25) gives the two algebraic conditions
2
IRZE =2 and a2 =L (6.28)
m m

These conditions are interesting, in that they imply that A must be real-
valued in order for such a solution to exist. Therefore, only the basis element
along the i; coordinate can enter into the complex exponential to act as a
phase; the remaining terms must all enter the amplitude term. Solving for
A and &, we find that the dark soliton for the multicomplex cubic nonlinear
Schrodinger equation is given by

R — 2
U(x,t) = Rotanh (”O”%nmx) exp <i1 an;’“t) . (6.29)

From this solution representation, we see that the multicomplex amplitude
is a free parameter, and will strongly influence the shape of this dark soliton.
Note that if other moduli were used in (6.25), then the solution structure
would be more complicated. However, the real modulus is the closes analogue
to what is standard in the study of, say, Bose-Einstein condensates.

For the attractive regime, we assume that

R(z) = sech (g) , (6.30)

where again £ is a parameter. This assumption corresponds to a bright soliton.
From (6.25), we obtain the two algebraic conditions

9 o h? 9 h
Il [ Roll, € = poe and  AL" = - (6.31)
Solving for A and £, we find that the bright soliton for the multicomplex cubic
nonlinear Schrodinger equation is again determined by the free multicomplex

parameter Ry, and is given by

i 2
U(z,t) = Ry sech <”R0”k|n|mx> exp (z’lM”RO”kt> . (6.32)

h h

While we have obtained dark and bright soliton solutions to the mul-
ticomplex analogue of the cubic nonlinear Schrodinger equation, of course
other more complicated solutions are possible, and the solution of such equa-
tions would be a treatise in and of itself. Still, these results demonstrate that
we are able to recover some very fundamental solutions arising in the study
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of Bose-Einstein condensates. This suggests that one might consider a theory
of Bose-Einstein condensation in the multicomplex framework. Of course, a
more involved study would be required in order to determine the utility and
potential drawbacks of such an approach.

7. Conclusions

In summary, we have considered various attributes of a class of Schrédinger
equations with multicomplex-valued wave function solutions. We derived the
continuity equations for the multicomplex Schrédinger equation, which are
then used to imply that probability is conserved for multicomplex wave func-
tions, in analogy to the corresponding result from standard quantum me-
chanics. We then defined the real moduli, and were able to obtain the mul-
ticomplex analogue of Born’s formula relating the squared modulus of the
wave function to the probability density of measuring a particle being de-
tected at a given place. We also considered two natural extensions of the
multicomplex Schrodinger equations, namely linear Schrodinger equations
with multicomplex-valued potentials V(z,¢) and then multicomplex nonlin-
ear Schrodinger equations. We concluded our work by considering some sta-
tionary solutions to the multicomplex Schrodinger equations, in order to il-
lustrate the similarities and differences between multicomplex wave function
solutions and standard complex wave functions. For many cases, we found
that the multicomplex wave functions retained many properties and qualita-
tive features of the complex wave functions they generalize.

While the physical relevance of a multicomplex wave function may not
be immediately clear, note that one can encode a vector of standard complex
wave functions into a single multicomplex wave function. Then, instead of
working with a system of complex Schrédinger equations, one can study a
single multicomplex Schrodinger equation. In the linear case, we have seen
that several particular solutions to the complex Schrédinger equation carry
over the the multicomplex case. Therefore, when relevant, it may be more
efficiency to solve a single multicomplex equation than a large number of
complex equations.

We have considered the multicomplex wave function for the Schrédinger
equation on the spatial domain R, that is ¥(x,t) : R? — Cj,. The extension
of these results to the Schrédinger equation on the spatial domain R™, n > 2,
that is W(x,t) : R"Tt — Cy, is straightforward for the linear case, yet much
more cumbersome in terms of notation. Note that one might also extend our
results to Schrodinger equations defined over multicomplex domains, that is
U(x,t): C, xR — Cy, (for n > 1 not necessarily equal to k > 1). That would
involve the study of the Laplacian on multicomplex numbers, and would
continue work studying the behavior of Schrodinger equations on manifolds.
Work along these lines has already been considered by Rochon [38], who
extended the study of Schriodinger equations to the case where the wave
functions were defined over bicomplex numbers. This would be one possible
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extension of the Schrédinger equation to manifold domains. For recent work
along these lines, see [6, 47, 48] and references therein. Furthermore, the
Laplacian on bicomplex numbers was recently studied in [26]. Also relevant
to this goal, recent work on first-order differential equations defined over
multicomplex spaces was given in [43].

In some of the particular solutions discussed in Section 6, we discovered
that multicomplex spectral parameters were possible. There is a rich area of
research on the relation between spectral parameter values and whether a
wave is orbitally stable or unstable [19, 31, 46, 49]. It would be interesting
to consider what effect the multicomplex property of the spectral parameters
might have on stability of waves, particularly the stability of nonlinear wave
solutions to various kinds of multicomplex nonlinear Schrédinger equations
of the form (5.5). This would be an interesting area for future work.
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