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Abstract

Understanding the relationships between products is an important prob-

lem in industry, where two central concepts are complements and sub-

stitutes. Complementary products are sold separately but used together,

each creating a demand for the other, while substitute products can be

used in place of each other, each taking a demand from the other. Hence,

such two competing product relationships are also essential in further un-

derstanding how the demand change of some products transforms into the

change of the whole range of products.

To start with, we capture the information in the sales transaction data

through a bipartite network representation, then products of the two com-

peting relationships can be characterised as certain roles in the network.

For this reason, the identification of the nature of a relationship between

products is directly related to the more general problem of role extrac-

tion in network science. Targeting at extracting the two specific roles,

we propose a novel customised data-driven role extraction method. With

the product relationships, we can consider unipartite networks only of

products, and then the change of demand can be modelled as dynamics

on top of such networks. Further, the associated decision making can be

formulated as optimisation problems with appropriate objectives. In this

thesis, we consider the one that is closely related to viral marketing, where

we aim to maximise the overall revenue through putting a small range of

products on promotion. We model the dynamic of demand changes as

information propagating through the network, and the overall change as

the influence on each node, thus the problem is then a variant of the in-

fluence maximisation, where our objective is a (price-)weighted sum of

the influence. Accordingly, we propose a novel class of information propa-

gation model for demand dynamics, unifying the mechanisms underlying

the classic models, and a general framework for the associated influence

maximisation problem, from simple networks of a single relation to signed

networks of two competing relations.



Although inspired by the retail industry, the proposed role extraction

method can be applied to other contexts, including trading networks, eco-

logical systems and social networks, where both the identification of co-

operative and competitive relations are of interest. Further, the proposed

information propagation model and influence maximisation framework are

also applicable to more general dynamical processes on either simple or

signed networks, including social networks with trust-distrust relation-

ships and brain networks with positive-negative functional connections.
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Chapter 1

Introduction

1.1 Motivation

There are many fundamental problems in industry that are also of great research

value. With our industrial partner Tesco, we are particularly interested in the retail

industry. This sector is characterised by huge turnover but relatively small margins

which together make the profitability very sensitive to small changes of products. If

a potential customer visits a store and finds that it has a very limited range, they are

likely to shop elsewhere, which leads to the belief that stores should stock the great-

est diversity of products possible. However, stock has to be sourced, distributed, and

handled in stores, which increases costs. In order to find the optimal range of prod-

ucts to stock in a store, one primary problem would be to understand the intrinsic

relationships between products, including complements and substitutes. Complemen-

tary products are sold separately but used together, each creating a demand for the

other, such as hot dog and hot dog bun, while substitute products serve the same

purpose and can be used in place of each other, such as apples of different varieties.

Once such relationships have been estimated, a follow-up problem would be to un-

derstand the interrelated demand changes between products, which directly affects

revenue or profits. After this, retailers could try to make decisions based on such

understandings, e.g. which products should they put on promotion so as to maximise

the overall revenue at the end of the promotional period.

To answer both questions, we resort to a topological structure emphasising the

connection between entities, networks [122]. Networks are mathematical representa-

tions of systems in which entities, called nodes, interact with each other via edges,

typically in a pairwise fashion. Examples of networks range from human brains to
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social networks, from the World Wide Web to Earth’s climate [44,60,129,159]. Specif-

ically, sales transaction data can be modelled as a bipartite product-purchase network,

where transactions (or baskets) are one type of nodes, products are another, and

they are connected if a product appears in a transaction. One advantage of using a

network representation, compared with simply tabular data, is that it considers not

only pairwise relations but also indirect connectivity. Another outstanding advan-

tage of networks is the inherited high-dimensional non-Euclidean information, which

cannot be incorporated by embedding-based machine learning methods. In addition,

in order to analyse demand change between products, it is necessary to extract the

inter-relationships between products from the bipartite network, and to model the

cascading effect of demand changes on the corresponding product networks.

Starting from the bipartite network representation, products of the two competing

relationships can be characterised by product nodes exhibiting specific connectivity

patterns, thus having certain roles in the network. For this reason, the identification

of the nature of a particular relationship between product nodes is directly related to

the more general problem of role extraction in network science [26,80,104,155]. Once

the product relationships have been extracted, the change of demand can be modelled

as dynamics on top of the product networks where the products are connected by

the corresponding relationships, and the associated decision making processes can

be formulated as optimisation problems with appropriate objectives. In this thesis,

we consider a formulation of the problem that is closely related to the one in viral

marketing, specifically to select a small portion of products to put on promotion in

order to maximise overall revenue. Specifically, we consider the dynamic of demand

changes as the propagation of information through the network [85,86,113,125,126],

and the overall change as the influence on each node, thus the problem to maximise

the sales or revenue can be modelled as a variant of the classic influence maximisation

problem [85,86,95,96,142].

1.2 Role extraction

Roles in network science represent node-level connectivity patterns, such as star-

centre nodes, star-edge nodes and bridge nodes. Different roles can also correspond

to different functions in certain contexts, and one of the examples is the role of cities

in air transportation networks [70]. There are many equivalence conditions proposed

in the literature in order to define when two nodes belong to the same role, including

the very first and restrictive one, structural equivalence [104], and later relaxations,
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regular equivalence [155] and stochastic equivalence [80]. Furthermore, there is also

another line of research in structural similarities where, instead of making the binary

decision whether two nodes are in the same role or not, researchers aim to measure

how close the nodes are to being in the same role according to certain equivalence

relations [26]. The latter is relatively more flexible thus more applicable when the

network is constructed from noisy real data, hence is the path we will follow in this

thesis.

Extracting roles in networks cannot only be defined at the node level, where one

aims to determine whether two nodes are in the same role or not, but also at the

mesoscale level, where groups of nodes are considered. Hence, the role extraction

problem generalises the classic problem of community detection [62,63,128], since the

latter specifies the patterns to be densely connected internally but loosely connected

externally or clique-like, while roles could correspond to any connectivity patterns.

Characterising the mesoscale structure of networks, in terms of either roles in general

or communities as a specific example, is an essential part of network science, and

finds applications in various domains [121].

Specifically, numerous efficient algorithms exist for detecting communities, in-

cluding greedy methods, statistical inference, approaches based on dynamics or in-

formation theory, and machine learning algorithms [91,119,127,132,149]. Therefore,

most state-of-the-art methods solve the role extraction problem indirectly by trans-

forming general roles to be communities or clusters. Among them, Browet and Van

Dooren proposed a structural similarity measure based on flow patterns of all pos-

sible lengths [26], while Figueiredo et al. developed a node structural embedding

from the auxiliary context graphs constructed by the similarity between nodes at

different distances [131]. However, the primary focus of such work is on extracting

groups of nodes sharing generally similar connectivity patterns, rather than the spe-

cific ones corresponding to the complementary and substitute relationships. Hence,

as a first contribution, we propose a novel customised role extraction method targeted

at extracting the two competing roles at the mesoscale level. Then, with the sales

transaction data provided by Tesco, we are able to estimate the two competing rela-

tionships between the products, complements or substitutes. Finally, we validate the

extracted product relationships with several external datasets characterising products

from other perspectives.

Although inspired by the retail industry, the proposed method can also be applied

to other contexts. For example, it can in principle be applied to semantic networks

in order to identify synonyms, and also flavour networks, so as to explore ingredients
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that go well with each other or are effectively interchangeable. Furthermore, the prob-

lem can be generalised to extracting the collaborative and competitive relationships

between entities, which commonly exist in trading networks, ecological networks, and

social networks among others.

1.3 Dynamics and optimisation

Understanding how information spreads in social networks is a central theme in so-

cial, behavioural, and economic sciences, with important theoretical and practical

implications, such as the influence maximisation (IM) problem for viral marketing.

Information propagation is thus a vast research domain, attracting expertise from

various fields including mathematics, physics, and biology [113,125,126]. Two widely

adopted models are the independent cascade (IC) model where nodes adopt their

behaviour from each neighbour independently, and the linear threshold (LT) model

where collective effort from the whole neighbourhood is needed to influence a node.

However, both models suffer from certain drawbacks, including a binary state space,

where nodes are either active or not, and absence of feedback, as nodes cannot be

influenced after having been activated. These limits call for more general models for

explaining information propagation, and also particularly for them to be applicable

to describing the dynamic of demand changes. Hence, our first contribution here is to

introduce a non-linear, deterministic model for information propagation which relaxes

the constraints of binary variables while allowing feedback between states, and it also

has the additional advantage of unifying the two classic models, as the IC model and

the LT model after appropriate extensions are recovered by setting the corresponding

model parameters.

For the associated IM problem, it is well-known to have potential applications in

many domains [95, 96, 142]. Given a network and an associated information propa-

gation process, the classic IM problem consists in selecting a small set of nodes to

activate initially with the aim of maximising the overall influence spread, commonly

defined as the number of activated nodes at the end of the process [67, 85, 86, 96].

However, the theoretical performance guarantee of most approximation algorithms

are obtained under certain assumptions on the influence spread function, which could

be strict in practice [101]. Hence, our second contribution here is to propose a gen-

eral framework for the IM problem, where we formulate the problem in terms of a

mixed integer nonlinear programming and adopt derivative-free methods as general
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solutions. Furthermore, we show that the problem can be exactly solved in one spe-

cial case of the proposed information propagation model where the selection criterion

is closely related to the Katz centrality, and then propose a customised algorithm

specifically for the proposed model, with local convergence.

As the first step, we only take into account a single relationship between nodes,

i.e. simple networks with positive edges. However, negative connections can be as sig-

nificant as the positive ones in shaping the dynamics. We also note that our interest in

information propagation and influence maximisation originates from analysing inter-

related demand changes, where both the complementary and substitute relationships

between products are important. Hence in the next step, we incorporate the negative

connections and analyse the dynamics subject to the two competing relationships

simultaneously, via signed networks.

1.4 Signed networks

Using a positive or negative sign to represent two competing types of node inter-

actions, the structure of these systems can be modelled as signed networks. Such

competing types of interactions often play an important part in shaping the system

behaviour, e.g., activatory or inhibitory functions in biological systems, trustworthy

and untrustworthy connections in social or political networks, and cooperative or

antagonistic relationships in the economic world [4, 58, 109]. In contrast to the rich

literature in simple networks, more can be explored in the context of signed networks,

in terms of both structural properties and dynamical implications. Hence, our first

contribution here is to extend the results in characterising either simple networks or

specific types of signed networks to signed networks in general.

For the problem of information propagation and influence maximisation, most

of the existing studies only consider simple networks with positive connections, and

the problem in signed networks is relatively unknown. Among such work, most re-

searchers follow the path to extend the two classic models, the IC model and the LT

model, to signed networks while maintaining the desired properties of the associated

IM problem [38, 77]. However, the expected influence spread in signed networks be-

comes increasingly difficult to estimate, while the classic models suffer from certain

drawbacks as discussed before. Hence as a following contribution, we extend the pre-

viously developed general class of information propagation model to signed networks,

where the model still possesses the classic models as limiting cases, and then analyse

the associated IM problem. We also propose a customised method when there is only
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one choice of initial state for each node, which is closely related to product range

optimisation. Finally, to complete the story of the whole thesis, we demonstrate how

the three main chapters are connected with each other on the one hand, and also

how the proposed methods could be useful in practice on the other hand, through

an illustrative example. Although we use the retail context as a specific example

throughout the thesis, we believe the set of methods we have developed in this the-

sis are generally applicable to the problems of extracting the two competing types

of relationships from networks and also characterising dynamics on simple or signed

networks.

1.5 Organisation of the thesis

The rest of the thesis is organised as follows. In Chapter 2, we discuss in detail the

customised role extraction method to extract the two competing types of roles in

bipartite networks, corresponding to the complementary and substitute relationships

between products. This chapter is accompanied by real data, where we describe the

different data sources we use, how we connect them, and the exact process of valida-

tion. Chapter 2 focuses on the structural properties of networks, while Chapters 3

and 4 emphasise the dynamical patterns. In Chapter 3, we start with simple networks

solely composed of positive connections, and propose a general class of information

propagation model, unifying the widely accepted mechanisms underlying the classic

models, the IC model and the LT model, and a general framework for the IM prob-

lem. Based on the features of the proposed model, we also develop a customised

algorithm for the IM problem, with local convergence. In Chapter 4, we proceed to

signed networks of both positive and negative connections and start by characterising

their structural and dynamical properties. We then extend the general class of infor-

mation propagation model we have proposed for simple networks to signed networks,

and analyse the associated IM problem. More importantly, we demonstrate how the

techniques we have developed in this thesis connect with each other through an illus-

trative example at the end of this chapter. Finally, we summarise the work in this

thesis and suggest a few topics for future research in Chapter 5. In the Appendix,

we further discuss bipartite configuration models, Poisson binomial distribution and

real data from Chapter 2, and explore the time complexity of the proposed method

and stochastic block models from Chapter 3.
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Chapter 2

Extracting two competing roles in

bipartite networks

This chapter is based on the paper Tian, Lautz, Wallis & Lambiotte (2021) [148].

2.1 Introduction

2.1.1 Two competing relationships between products

Understanding the hidden relations existing between products is fundamental in both

economics and marketing research as well as in retail [55]. This question lies at the

core of market structure analysis and finds numerous applications. Retailers must

regularly make decisions taking product relationships into account [108], for instance

to design their product catalogue and to determine the number of products to offer in

each category [87]. Brick-and-mortar retailers seek to identify the best way to arrange

the product layout in aisles and stock their shelves [151], and online retailers also

strive to optimise the grouping of products in their online shops [24]. Furthermore,

they must decide which products to bundle or promote together. These assortment-

related decisions have significant influence on customers’ choices, sales of products,

and finally, profits [25,87,108].

Complements and substitutes are two central concepts to characterise two com-

peting types of relationships between products, with well-established definitions in

economics [124]. Complementary products are sold separately but used together,

each creating a demand for the other, such as hot dogs and hot dog buns. Substitute

products serve the same purpose and can be used in place of one another, such as

Brand A tomatoes and Brand B tomatoes. In the economics literature, the degree
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of complementarity (substitutability) is formally defined through the negative (pos-

itive) cross-price elasticity of demand, where the rise in the demand of one product

is recorded after the price of the other product is reduced (increased) by a unit. The

mechanisms of complements and substitutes are also referred to as the halo effect and

demand transfer, respectively, in the retail context [3].

Despite its practical importance, the algorithmic problem of identifying the rela-

tionships between products in retail is not well known. For a long time, researchers

and practitioners have selected the set of possible complementary or substitute prod-

ucts by means of, for instance, field expertise and simple statistics, and the analysis

has usually been restricted to a fairly small number of products [17,141]. Recent de-

velopment and application of natural language processing and machine learning (ML)

algorithms, especially those based on word embedding, bring in new visions and op-

portunities, which makes it possible to analyse thousands of products [35, 64, 133].

However, the interpretation of the selected features in the related ML algorithms

is difficult, and these methods lack specific criteria to determine whether two prod-

ucts are complements, substitutes, or just independent. Furthermore, these methods

are based on co-purchase patterns, but other valuable information in the sales data

remains unused.

2.1.2 A network perspective: role structure

While there is intrinsic network structure underlying the sales transaction data, net-

work modelling has not yet been considered for understanding the relationships be-

tween products. Hence in this chapter, we propose an alternative to the classic ap-

proach based on cross-price elasticity, and take instead a network perspective in order

to define the two competing relationships between products. As a starting point, we

model the sales data as a bipartite product-purchase network, with both transactions

(or baskets) and products as nodes. Then the analysis can be directly performed on

the network, without having to rely on low-dimensional embeddings which may lead

to uncontrolled loss of information. Specifically, we formulate the problem of identi-

fying the complementary and substitute relationships between products as extracting

product nodes with specific connectivity patterns from this bipartite network, i.e. the

role structure in one part of the nodes, both at the local level in terms of pairwise

relationships and at the mesoscale level in terms of node groups.

Roles correspond to specific connectivity patterns, such as star-centre nodes, star-

edge nodes and bridge nodes. Two nodes belong to the same role if they are equivalent
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according to the predefined equivalence based on their structure. The first such

equivalence is the structural balance introduced by Lorrain and White [104], where

two nodes are structurally equivalent if they have exactly the same neighbours. Many

relaxations have been considered since then, including regular equivalence [155] and

stochastic equivalence [80]. For practical applications, structural similarity measures

have been proposed accordingly to quantify how close two nodes are with respect to

certain equivalence relations [26]. This is the path we will follow in this chapter, but

instead of characterising general equivalent nodes as in most literature, we consider

the specific roles concerning the complementary and substitute relationships between

the nodes in one part of bipartite networks. Specifically, we define null models on

bipartite networks to determine significant relationships between the nodes in one

part, and also propose similarity measures induced by random walks on networks in

order to quantify the intensity of these relationships.

The problem at the local level also lies in the broad family of bipartite network

projection where one projects a bipartite network onto one part of the nodes to

form unipartite ones [161]. Different strategies exist depending on the nature of

the relationship that one wants to infer [94, 99, 115, 116, 118, 161]. A majority of

works look for assortative relations, in the sense that two nodes are connected in

the unipartite network if they tend to share many neighbours in the bipartite one.

However, more general types of projections can be defined, which are associated with

the role played by the nodes in the original bipartite network. Hence, to extract the

two competing relationships can be considered as an extension to the classic bipartite

network projection, and a first step to explore general relationships among nodes.

To extract roles at the mesoscale level is a general version of the community detec-

tion problem, where communities specifically refer to groups of nodes that are densely

connected internally but sparsely connected externally [62, 63, 128]. Various efficient

algorithms exist by virtue of interdisciplinary expertise [91, 119, 127, 132, 149], gener-

ally aiming to optimise a quality function with respect to different partitions of the

network. Therefore, most state-of-the-art methods solve the role extraction problem

indirectly by transforming general roles to be communities. For example, Browet and

Van Dooren proposed structural similarities based on flow patterns of all possible

lengths in [26], while Figueiredo et al. developed a node structural embedding from

the auxiliary context graphs in [131]. However, the aforementioned general methods

are not applicable to extracting the roles of complements versus the roles of substi-

tutes, where they have similar connectivity patterns globally but subtle differences
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locally. Nevertheless, with the previously developed null models and similarity mea-

sures, the problem of extracting the two competing roles can be effectively solved by

community detection algorithms. Hence, the whole framework we propose establishes

a customised approach for this specific role extraction problem at the mesoscale level.

Even though inspired by the competing relationships between products for retail-

ers or general firms with broad product categories, the set of methods we propose

can also be applied to other contexts. For instance, one can consider recipe data,

and extract the ingredients that go well with each other and those that are effectively

substitutes. Furthermore, the problem can also be generalised to the identification

of both cooperative and competitive relations which commonly exist in trading net-

works, ecological systems and social networks among others.

2.2 Data

In this section, we present the different datasets that we use, the sales data in Sec. 2.2.1

to construct the bipartite network for the task of extracting the two competing roles,

the product hierarchy data in Sec. 2.2.2 and the flavour compound and recipe data

in Sec. 2.2.3 to validate the results.

2.2.1 Sales data

We used anonymised grocery sales data from Tesco, the UK’s largest supermarket

chain. The data consists of timestamped transactions of stores, and it has been

anonymised for general research purposes, i.e. each customer’s personal identifiable

information has been removed. For each store, the transaction data comprises a

transaction ID, which gives a unique code to each shopping trip, the date when the

transaction was made, the product IDs, and their purchased quantities; see the top

of Fig. 2.1.

The data used for this chapter is from a generic convenience store in an urban

area, and spans a three-month period avoiding major holidays such as Christmas

and Easter. The time window is chosen to be long enough to be representative of

the underlying customer population’s product purchase patterns, but also sufficiently

short to avoid seasonal effects as well as change of behaviour over time. Furthermore,

to facilitate the interpretation of the results, we restrict the analysis to fresh fruit,

vegetables and salads where we believe complementary and substitute products com-

monly exist. We also exclude products that are purchased less than once a month,
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and those in almost every transaction. These result in the final dataset of 43, 837

transactions and 253 products.

2.2.2 Product hierarchy data

In retail, it is common to organise products in a hierarchy, where similar products

are grouped into increasingly generic categories. Products that are close together

in the hierarchy are typically sold next to each other in a store. At the lowest

hierarchical level, each unique code corresponds to a different product, including

the same products of different sizes or flavours. Overall, we have 4 levels, from L1

to L4 (excluding the product level). The higher a level is, the more generic the

corresponding category. For example, “apple” is a category in the L1 hierarchy,

and “fruit” is a category in the L3 hierarchy. Hence, a natural way to validate the

extracted product relationships and to explore their features would be to compare

them to the corresponding product hierarchy.

2.2.3 Flavour compound and recipe data

Ahn et al. [2] provided a systematic list of 1107 flavour compounds and their natural

occurrences in terms of 1, 525 ingredients overall from Fenaroli’s handbook of flavour

ingredients [27]. They also provided 56, 498 recipes belonging to geographically dis-

tinct cuisines (North American, Western European, Southern European, Latin Amer-

ican and East Asian), which were obtained from epicurious.com, allrecipes.com and

menupan.com; see the bottom of Figure 2.1. Hence, to validate the extracted product

relationships from their features in terms of both flavour compounds and recipes, we

match the products in the sales data to the ingredients that the flavour compound

and recipe data is based on.

To construct the correspondence between the products and the flavour compounds,

we match each product to as many ingredients as possible. For example, “Loose

Peppers” is matched to all possibly equivalent peppers including “bell pepper” and

“green bell pepper”; see the middle left of Fig. 2.1. This results in the relevant

ingredients to be 140, with their corresponding flavour compounds being 865, and

each ingredient is linked to 57 flavour compounds on average. Note that there are

11 products which do not have exactly matched ingredients, hence we match them

to generic ones1. For example, we match the product “Single Pomegranate” to the

ingredient “fruit”. There are also 44 complex products whose ingredients cannot be

1In this data, there are both specific ingredients, e.g. “apple”, and generic ones, e.g. “fruit”.
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directly inferred from their names, thus we match them to their main ingredients

on the website. For example, we match the product “Cheddar Coleslaw” to the

ingredients “cheddar cheese”, “cabbage”, “carrot” and “onion”.

For the recipe data, we match each product to as few and simple ingredients as

possible. For example, “Loose Peppers” is now only matched to “bell pepper”; see the

middle right of Fig. 2.1. We then restrict to the products only corresponding to one

ingredient, and also remove products that are matched to unrepresentative generic

ingredients (e.g. “vegetable”). We take a (generic) ingredient to be unrepresentative,

if it shares less than half of its flavour compounds with the ingredients in the same

category. As an example, if the product “Loose Aubergine” were only matched to the

generic ingredient “vegetable” which shared less than half of its flavour compounds

with all other vegetable ingredients, such as “asparagus”, “lettuce” and “onion”, we

would exclude this product. This further reduces the number of relevant products

and ingredients to be 175 and 69, respectively, with 47, 222 corresponding recipes,

and each recipe being expected to contain 3 such ingredients.

2.3 Two competing roles in bipartite networks

2.3.1 Bipartite product-purchase network

We model the structure in the sales transaction data, after appropriate prepro-

cessing as discussed in Sec. 2.2.1, as an undirected unweighted bipartite network

G = (V,E), where V = {u1, . . . , unt , v1, . . . , vnp} is the node set with the l-th

transaction as node ul and the i-th product as node vi, ∀l ∈ {1, . . . , nt} and i ∈
{1, . . . , np}, nt, np are the numbers of transactions and products, respectively, and

E = {(ul, vi) : the i-th product is purchased in the l-th transaction} is the edge set;

see Figs. 2.1 (top) and 2.2. The network is bipartite because we can find a bipar-

tition V1 = {u1, . . . , unt} consisting of all transaction nodes, and V2 = {v1, . . . , vnp}
consisting of all product nodes, s.t. V1 ∪ V2 = V , V1 ∩ V2 = ∅, and E ⊂ V1× V2 where

× represents Cartesian product. We refer to it as the product-purchase network, and

aim to extract the two competing roles corresponding to the complementary and sub-

stitute relationships between the nodes in the same subset, here V2 of the product

nodes, from this network.

Throughout this chapter, we consider the biadjacency matrix A(b) = (A
(b)
li ) ∈

{0, 1}nt×np for the structure of product-purchase network, where A
(b)
li = 1 if transac-

tion node ul ∈ V1 is connected with product node vi ∈ V2 and 0 otherwise.
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2.1 Sales data

2.3 Flavour compound and recipe data

Figure 2.1: Schematic diagram showing the data structure of the sales data in
Sec. 2.2.1 and the flavour compound and recipe data in Sec. 2.2.3, and their cor-
responding bipartite networks, together with the matching between the products and
the ingredients. The “Matching” step is required because of the different names that
can appear in different datasets.

13



taco seasoning1

taco seasoning2

taco shell2

ramen
coffee

hot dog bun1

hot dog3

Substitutes

Complements

Figure 2.2: Example of a bipartite product-purchase network, where blue squares
are transaction nodes, red circles are products nodes and these two sets of nodes
are connected if the product is purchased in the corresponding transaction. The
underlying sales data contains both complements (e.g. hot dog3 and hot dog bun1)
and substitutes (e.g. taco seasoning1 and taco seasoning2).

2.3.2 Role characteristics

To characterise the two competing roles in bipartite networks, we start from inter-

preting the complementary and substitute relationships between products in terms

of their purchase patterns. Specifically, in the context when prices change frequently,

complements can be identified through sufficient co-purchases [9], while substitutes

have almost no co-purchases. The feature of substitutes that they have similar in-

teractions with other products is commonly used in practice [35, 133], and combined

with the almost-no-co-purchase characteristics, it can be used to determine the sub-

stitute relationship. Note that the formal definition through cross-price elasticity is

expected to emerge from such purchase patterns, where, for example, two products

always purchased together implies that the decrease in one’s price will result in an

increase of the other’s demand2.

We then characterise the complementary and substitute relationships between the

nodes in the same subset, vi, vj ∈ V2, through the number of common neighbours they

share in the product-purchase network, cnij =
∣∣∣{ul : A

(b)
li A

(b)
lj = 1}

∣∣∣, as follows.
(1) Complements are products (vi, vj) that are in the same transactions

(cnij) significantly more frequently than expected.

(2) The degree of complementarity between complements (vi, vj satisfying

(1)) is positively correlated with how frequently they are in the same

2The demand of a product is generally a decreasing function of its own price. This statement is
true for the products analysed here.
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transactions.

(3) Substitutes are products (vi, vj) that share the same complements but

are in the same transactions (cnij) significantly less frequently.

(4) The degree of substitutability between substitutes (vi, vj satisfying

(3)) is positively correlated with how similar their complements are.

In addition, we define noise to be the purchase patterns that are caused by other,

often unknown, factors and cannot be explained by complementarity and substi-

tutability. Hence to capture the intrinsic relationships between the nodes and their

degrees, it is essential to explain and control the noise appropriately. In networks,

local structure usually refers to the information around a node, and global structure

characterises the whole network. For intermediate scales, one often refers to the notion

of mesoscale structure, which is associated to groups of nodes. Within our context,

we consider particularly the community structure, where groups of nodes are densely

connected internally but sparsely connected externally, and we exploit the fact that

the mesoscale structure is much more robust to noise than the local information [53].

Hence, we further propose the following assumptions (5) and (6) to restrict the noise

effect.

(5) Noise will not change the community structure, i.e. groups of nodes

that are mostly complementary or substitute to each other.

(6) Noise can be explained by some random models so that its effect can

be removed accordingly.

With these characteristics, the two competing roles at the mesoscale can be spec-

ified in the product-purchase network as follows. The roles corresponding to the

complementary relationship, referred to as the complement roles, are groups of nodes

that share the particular similar connectivity patterns as described in characteristics

(1) and (2). Similarly, the roles corresponding to the substitute relationship, referred

to as the substitute roles, are groups of nodes that share again similar but another

connectivity patterns as described in characteristics (3) and (4).

2.4 Customised role extraction method

In this section, we propose a customised method for extracting the complement roles

and substitute roles, based on the characteristics in Sec. 2.3.2. Specifically, we propose
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several null models in Sec. 2.4.1 to determine the significant relations, and measures

based on random walks on networks to quantify the degrees in Sec. 2.4.2. Finally,

we discuss how we can extract the two competing types of roles through classic

community detection algorithms in Sec. 2.4.3.

2.4.1 Null models

We propose the following two null models on the bipartite product-purchase network,

to determine the significance of the number of common neighbours, cnij, between each

pair of nodes vi, vj. Then, we can construct two unweighted unipartite networks only

consisting of the nodes in V2: (i) A
(m) = (A

(m)
ij ) ∈ {0, 1}np×np where A

(m)
ij = 1 if and

only if cnij is significantly more than expected; (ii) A(l) = (A
(l)
ij ) ∈ {0, 1}np×np where

A
(l)
ij = 1 if and only if cnij is significantly less than expected. Finally, by characteristics

(1) and (3) in Sec. 2.3.2, we can obtain the networks indicating the existence of the

two competing relationships: (i) A(c) = (A
(c)
ij ) ∈ {0, 1}np×np where A

(c)
ij = 1 if and

only if nodes vi, vj are complementary to each other; (ii) A(s) = (A
(s)
ij ) ∈ {0, 1}np×np

where A
(s)
ij = 1 if and only if nodes vi, vj are substitute to each other.

Variant of Bipartite Erdős-Rényi (ER) Models. The ER model assumes a

fixed probability for each edge to appear, independently of the others [56], while

bipartite ER models only allow edges between the two subsets of nodes.

In our variant, we assign a different connecting probability pi for each node vi ∈ V2.

Then, the probability that a node in V1 is connected with both nodes vi, vj ∈ V2

is pipj; the number of their common neighbours, cnij, is a random variable Xij,

s.t. Xij ∼ B(nt, pipj). We further assume nt is sufficiently large, and approximate

the distribution by the normal distribution N(µij, σ
2
ij), where µij = ntpipj, σ

2
ij =

ntpipj(1 − pipj), from the Central Limit Theorem [68]. Hence, cnij is significantly

more than expected if

cnij > ntpipj + Φ−1(1− αm)
√

ntpipj(1− pipj), (2.1)

and is significantly less than expected if

cnij < ntpipj − Φ−1(1− αl)
√
ntpipj(1− pipj), (2.2)

where αm, αl are the corresponding significance levels, Φ
−1(·) is the inverse cumulative

distribution function of N(0, 1) with Φ−1(x) =
√
2 erf−1(2x− 1) and erf(·) being the
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error function, and the maximum likelihood estimate for each pi is

p̂i =
d
(2)
i

nt

.

where d
(2)
i is the degree of product node i.

Bipartite Configuration Models (BiCMs). The configuration model creates a

network with a given degree sequence {di}, by assigning di half-edges (or stubs) to

each node vi and joining two chosen stubs uniformly at random until no more stubs

are left [120, 123]. The BiCM takes the bipartite features into account, where two

degree sequences are given, dividing the nodes into two subsets, and edges are only

allowed between the two subsets of nodes. Note that multi-edges are allowed here, but

since we assume finite variance in both degree distributions, their portion is negligible

in large networks (see Appendix A.1.1 for details).

We assume a cutoff on the node degree, thus the maximum degree is bounded.

Then the probability of nodes vi, vj ∈ V2 sharing a transaction node l can be approx-

imated by

pilj =
d
(2)
i d

(1)
l d

(2)
j (d

(1)
l − 1)

m2
,

where the superscripts 1, 2 stand for the nodes in V1, V2, respectively, d
(·)
h is the degree

of node uh or vh, and m =
∑nt

l=1 d
(1)
l =

∑np

i=1 d
(2)
i is the number of edges (see Appendix

A.1.1 for details). The variant of bipartite ER models can be seen as an approximation

of this model, where we assume that the degree of each transaction node is constant.

The number of common neighbours between nodes vi, vj ∈ V2, cnij, is the sum of

Bernoulli(pilj) over l, where pilj possibly varies for different transaction node vl ∈ V1.

We assume independence between different transaction nodes to connect with them

both. Hence, cnij is a Poisson binomial random variable, Xij, with the mean value

approximately

µij =
nt∑
l=1

d
(2)
i d

(1)
l d

(2)
j (d

(1)
l − 1)

m2
=

d
(2)
i d

(2)
j

m

⟨d(1)2⟩ − ⟨d(1)⟩
⟨d(1)⟩

,

where ⟨d(1)⟩ = (
∑nt

l=1 d
(1)
l )/nt, and ⟨d(1)2⟩ = (

∑nt

l=1 d
(1)2
l )/nt.

If the composing Bernoulli probabilities, pilj, are sufficiently small, the Poisson

binomial distribution can be well approximated, with an exact error bound, by a
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Poisson distribution with the same mean [13] (see our particular case in Appendix

A.2). Following the Poisson approximation, and suppose Yij ∼ Poisson(µij), we

determine cnij to be significantly more than expected if

1− Fij(cnij) < αm,

and to be significantly less than expected if

Fij(cnij) < αl,

where Fij(y) = e−µij
∑⌊y⌋

k=0 µ
k
ij/k! is the cumulative distribution function of Yij, and

⌊y⌋ gives the largest integer that is no greater than y. Furthermore, if the com-

posing probabilities, pilj, are close to each other for different transaction node vl, or

equivalently, the degree of transaction nodes is approximately constant, the Poisson

binomial distribution can be well approximated by the normal distribution with the

same mean and variance [68]. As we mentioned before, the bipartite configuration

model is close to the bipartite ER model in this case (cf. Eqs. (2.1) and (2.2)).

The two null models are proposed to explain the connections in bipartite networks

purely from noise; with more information about the noise factors, one can propose

more customised null models accordingly. Currently, our null models are only based

on difference in popularity of nodes in V2, and the BiCM also uses the heterogeneity of

nodes in V1: both are sufficiently general to incorporate additional noise factors, but

could possibly not be sufficient in their current form, as hidden factors, e.g. correlated

preference, could cause more common neighbours between nodes in the product-

purchase networks. Hence, by characteristic (5) in section 2.3.2, we accompany these

null models with extra rules of significance-level selection: (i) αm is chosen to be the

smallest value that maintains the same community structure as that obtained from

a baseline significance level, to exclude the above spurious signal; (ii) αl is chosen to

be the largest such value, in order not to accidentally filter out genuine patterns.

Finally, we can obtain the unweighted network of complementary relationship,

A(c), and that of substitute relationship, A(s). By characteristic (1),

A(c) = A(m); (2.3)

by characteristic (3),

A(s) = I{A(m)TA(m)>0} ⊙A(l), (2.4)

18



where I{·} is the element-wise indicator matrix, and⊙ represents element-wise (Hadamard)

matrix product.

2.4.2 Measures

The degree of complementarity and substitutability matters. A significant relation-

ship is not necessarily a strong relationship, and stronger relationships should be given

higher weights to be more dominant in the networks. By feature (2) in Sec. 2.3.2,

the degree of complementarity between each pair of nodes vi, vj ∈ V2 is not directly

correlated with how significant cnij is; by feature (4) in Sec. 2.3.2, neither is the

degree of substitutability, which causes the results in Sec. 2.4.1 not to be applicable

here. Hence, in this section, we further propose measures to quantify both degrees,

in order to convert the unweighted unipartite networks, A(c) and A(s), to weighted

ones, W(c) and W(s), respectively, where W(c),W(s) ∈ [0, 1]np×np .

Measures for complementarity. We propose several measures for the degree

of complementarity by interpreting feature (2): for each pair of nodes vi, vj ∈ V2,

the more similar their neighbours are in the product-purchase network, the more

complementary they are.

We start from an enhanced version of feature (6) in Sec. 2.3.2: the noise factors

change frequently and erratically so that their bias on the relative number of common

neighbours between nodes can be neglected. We then propose the original measure,

motivated by the weighted cosine similarity between random walkers on networks,

simo(i, j) =
nt∑
l=1

A
(b)
li A

(b)
lj

d
(1)
l

√
(
∑nt

h=1

A
(b)
hi

d
(1)
h

)(
∑nt

h=1

A
(b)
hj

d
(1)
h

)

, (2.5)

where A(b) = (A
(b)
li ), {d

(1)
l }

nt
l=1 and nt are the same as before (see Appendix A.3 for

the detailed derivation). Note that we exclude the case when vi or vj or both are

isolated, where the denominator is 0, and set the value to be 0 if so. Hence, each

common neighbour ul ∈ V1 with A
(b)
li A

(b)
lj = 1 between each pair of nodes vi, vj ∈ V2 in

the product-purchase network is discounted by the degree of ul, and this quantity is

further scaled so that each node is at the maximum level of complementarity to itself,

i.e. value 1, in a symmetric manner. A higher value means relatively more common

19



neighbours of lower degrees. We also propose the original directed measure,

simod(i, j) =
nt∑
l=1

A
(b)
li A

(b)
lj

d
(1)
l (
∑nt

h=1

A
(b)
hj

d
(1)
h

)

, (2.6)

where the normalisation is only w.r.t. node vj, and each (i, j) entry measures the

degree of complementarity of node vi to node vj in V2. We maintain the convention

that the value is 0 if the denominator is 0. Compared with those in the literature, the

newly proposed measures are globally comparable, especially that node pairs with no

common node can also be compared.

Remark. The above enhanced version of feature (6) is reasonable for the current

choice of fresh food in the data, since the price has been changed frequently and er-

ratically, as required, during the chosen time period.

The original version of feature (6) provides a relatively more general approach to

remove the noise effect from the proposed measures. However, most literature followed

the direction of filtering out insignificant edges [65, 136], rather than removing noise

from network measures. Hence in this section, we take an initial step in the latter

direction by deducting the mean value from some noise models.

First, we should determine the quantity of interest whose mean value will be

subtracted. If we interpret the original measure as the geometric mean,

simo(i, j) =

√√√√√√
∑nt

l=1

A
(b)
li A

(b)
lj

d
(1)
l∑nt

h=1

A
(b)
hi

d
(1)
h

∑nt

l=1

A
(b)
li A

(b)
lj

d
(1)
l∑nt

h=1

A
(b)
hj

d
(1)
h

=

√√√√√√
∑

l∈Γ(i)∩Γ(j)
A

(b)
li

d
(1)
l∑

h∈Γ(i)
A

(b)
hi

d
(1)
h

∑
l∈Γ(j)∩Γ(i)

A
(b)
lj

d
(1)
l∑

h∈Γ(j)
A

(b)
hj

d
(1)
h

,

where Γ(i) = {l : A(b)
li = 1} is the index set of node vi’s neighbours in the product-

purchase network, then we find a common quantity A
(b)
li /d

(1)
l . Hence, we can propose

the corresponding randomised measure,

simr(i, j) =

√√√√√√√
∑

l∈Γ(i)∩Γ(j)

(
A

(b)
li

d
(1)
l

− E
[
A

(r)
li

d
(r)
l

])
∑

h∈Γ(i)

(
A

(b)
hi

d
(1)
h

− E
[
A

(r)
hi

d
(r)
h

])
∑

l∈Γ(j)∩Γ(i)

(
A

(b)
lj

d
(1)
l

− E
[
A

(r)
lj

d
(r)
l

])
∑

h∈Γ(j)

(
A

(b)
hj

d
(1)
h

− E
[
A

(r)
hj

d
(r)
h

]) , (2.7)

where A(b) = (A
(b)
li ) is still the biadjacency matrix, A(r) = (A

(r)
li ) is the random

biadjacency matrix with each A
(r)
li being a random variable, obtained from some
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random bipartite network, and d
(r)
l =

∑np

i=1A
(r)
li , with the convention that the value

is 0 if the denominator is 0. We also change the normalisation to be only w.r.t. node

vj and propose the randomised directed measure

simrd(i, j) =

∑
l∈Γ(j)∩Γ(i)

(
A

(b)
lj

d
(1)
l

− E
[
A

(r)
lj

d
(r)
l

])
∑

h∈Γ(j)

(
A

(b)
hj

d
(1)
h

− E
[
A

(r)
hj

d
(r)
h

]) , (2.8)

with the same convention when the denominator is 0.

Next, we should determine the noise model. For example, if all nodes are expected

to have their actual degrees, then BiCM (cf. Sec. 2.4.1) could be a natural choice for

the noise model. In this particular case,

E

[
A

(r)
li

d
(r)
l

]
=

d
(2)
i

m
, (2.9)

where d
(2)
i is the degree of node vi ∈ V2, and m is the number of edges in the product-

purchase network. With Eqs. (2.7), (2.8) and (2.9), we accordingly introduce the

randomised configuration measure and the randomised configuration directed measure.

We note that the measures can be computed for any pairs of nodes in V2, but

by characteristic (2), only the pairs that satisfy characteristic (1) can be assigned

positive degrees. Hence, the degree of complementarity between each pair of nodes

in V2, or the weighted adjacency matrix of the unipartite network for complementary

relationship, can be estimated by

W(c) = A(c) ⊙ sim†, (2.10)

where A(c) is the unweighted adjacency matrix in Eq. (2.3), the subscript † can be

o, r, od or rd, and sim† = (sim†(i, j)) ∈ [0, 1]np×np . We refer to the values in W(c)

as the complementarity scores, and determine that a node vi is complementary to

another node vj if W
(c)
ij > 0.

Measures for substitutability. We then propose measures for the degree of sub-

stitutability by feature (4), where the more similar their complementary patterns

with other nodes in V2 are, the more substitutable they are. Here, we characterise

each node in V2 by a vector of its complementarity scores with the other nodes in V2,

and use the (unweighted) cosine similarity between these feature vectors to indicate
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the degree of substitutability between pairs of nodes. Specifically, for a pair of nodes

vi, vj ∈ V2,

sims(i, j) =

np∑
k=1

W
(c)
ik W

(c)
jk√

(
∑np

p=1 W
(c)2
ip )(

∑np

p=1 W
(c)2
jp )

, (2.11)

where W(c) = (W
(c)
ij ) is the weight matrix of the unipartite network for complemen-

tary relationship in Eq. (2.10), and np is the number of (product) nodes in V2. The

substitutability measures are named after the complementarity measure applied in

W(c). For example, with the original measure, we have the original substitutability

measure; with the randomised configuration measure, we have the randomised con-

figuration substitutability measure. Naturally, we also propose the directed version,

simsd(i, j) =

np∑
k=1

min(W
(c)
ik ,W

(c)
jk )W

(c)
jk∑np

p=1 W
(c)2
jp

, (2.12)

where each (i, j) entry measures the degree of substitutability of node vi to node vj

in V2, and the minimum function is applied to guarantee that the measure reaches its

maximum value when the complementarity degrees of a node vi to others in V2 are

at least the reference degrees of node vj.

We again note that these measures can be computed for any pairs of nodes in

V2, but by characteristic (4), only the pairs that satisfy characteristic (3) can be

assigned positive degrees. Hence, the degree of substitutability between each pair

of nodes in V2, or the weighted adjacency matrix of the unipartite network for the

substitute relationship, can be estimated by

W(s) = A(s) ⊙ sim†,

where A(s) is the unweighted adjacency matrix in Eq. (2.4), the subscript † stands
for s or sd, and sim† = (sim†(i, j)) ∈ [0, 1]np×np . We refer to the values in W(s) as

the substitutability scores, and define that a node vi is substitute to another node vj

if W
(s)
ij > 0.

Remark. Note the measures of substitutability are based on those of complementarity

and we do not apply extra noise removing strategies here, thus it is critical that the

complementarity measures are thresholded appropriately so that the substitutability

degree is not biased by the nodes of low-complementarity-degree. Hence, by feature
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(5) in Sec. 2.3.2, we accompany these measures with the following rules of threshold

selection in analysing real data: (i) the threshold of the complementarity measures,

θc, is chosen to be the largest value where the weighted unipartite network W(c) af-

ter thresholding can maintain the same community structure as that obtained from

a baseline threshold value; (ii) the threshold of the substitutability measures, θs, is

chosen to be the smallest such value, for general noise removing purposes.

2.4.3 Community detection

With the help of the two unipartite networks only of nodes in V2, one for the com-

plementary relationship with weight matrix W(c) and other other for the substitute

relationship with weight matrix W(s), the problem to extract the two competing

roles in the bipartite product-purchase network, with the particular connectivity pat-

terns described in Sec. 2.3.2, can be effectively transformed to the classic problem

of community detection in the unipartite networks. Specifically, the complement

roles, i.e. groups of nodes (in V2) that are mostly complementary to each other in

the product-purchase network, are now groups of nodes that are densely connected

inside while loosely connected outside in the unipartite network W(c), i.e. communi-

ties. Similarly, the substitute roles are now communities in the unipartite network

W(s). Therefore, various efficient community detection algorithms can be consid-

ered [91,119,127,132,149].

Here, we apply the information-theoretic (hierarchical) map equation [132], which

aims to describe the trajectory of random walkers on the network most efficiently,

and utilises the fact that random walkers will stay in some communities for a long

time if there is certain community structure, thus encoding the community struc-

ture appropriately can lead to the optimal description length of the trajectory. This

method is known for being not affected by a common problem of community detection

algorithms, the resolution limit [84]. Note that we have also applied other methods,

including the Leiden algorithm [149], and the results are similar. Furthermore, from

the detected structure, we will also examine the underlying assumption that the node

groups are clique-like.

Overall, the set of methods we propose establishes an indirect solution to extract-

ing the two competing roles, corresponding to the complementary and substitute

relationships between nodes, in bipartite networks. The whole framework starts from

various effort to transform the specific connectivity patterns characterising the target

roles (in bipartite networks) into direct edges between the nodes (in the corresponding
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unipartite networks), e.g. here the proposed null models to determine the significant

relations and the proposed measures to quantify their degrees. Then the role extrac-

tion problem can be solved with standard community detection tools.

2.4.4 Validation

Since role extraction is part of the broad family of unsupervised learning problems

where the role membership of each node is unknown (see Appendix A.6), it is im-

portant to validate the results with external datasets, in order to see whether the

extracted roles capture some common features of the nodes involved. In this sec-

tion, we consider specifically the complementary and substitute relationships between

products, and then the product hierarchy, flavour compound and recipe datasets for

validation as in Sec. 2.2. For the competing relationships in other contexts, one can

seek the corresponding external datasets capturing similar information to what we

have here.

We start from the product hierarchy information to characterise both complement

roles and substitute roles, and then check if the characteristics are consistent with the

common understanding of complements and substitutes. Specifically, we exclusively

use the L3 product hierarchy, consisting of fruit (F), organic produce (OP), prepared

produce (PP), salad (S), and vegetable (V).

Next, we use the correspondence between flavour compounds and products to

compute the Jaccard index, i.e. the relative number of shared flavour compounds,

rfij, between each pair of product nodes vi and vj,

rfij =
|C(i) ∩ C(j)|
|C(i) ∪ C(j)|

,

where C(i) is the set of all flavour compounds in the i-th product. We then consider

the cases in which rfij = 0 and rfij = 1, and check if the complementary pairs have

a higher probability to share no flavour compounds and if the substitute pairs have a

higher probability to share all their flavour compounds with each other. Furthermore,

we examine the relationship between rfij and W
(c)
ij ,W

(s)
ij , in terms of the Pearson

correlation, as well as the Spearman correlation. We also compute the p-value for

the correlations by assuming that the two list of values are drawn from independent

normal distributions.

Subsequently, we use the recipe data to evaluate the relative number of shared
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recipes, rrij, between each pair of product nodes vi and vj,

rrij =
|R(i) ∩R(j)|
|R(i) ∪R(j)|

,

where R(i) is the set of all recipes including the i-th product, and we set rrij = 0

if product nodes vi and vj are matched to the same ingredient. We then assess

if the complementary pairs and substitute pairs have significantly higher and lower

probabilities to co-appear in relatively more recipes, respectively. This is achieved by

the Mann-Whitney-Wilcoxon (MWW) tests, where the null hypothesis H0 is P (X >

Y ) = P (Y > X), and different versions of the alternative hypothesis H1 exist: (i)

P (X > Y ) ̸= P (Y > X), (ii) P (X > Y ) > P (Y > X), or (iii) P (X > Y ) < P (Y >

X), with X, Y being two independent random variables [61,107]. Specifically, if X is

the relative number of shared recipes from all product pairs {rrij}, and Y is that from

only complementary pairs {rrij : W (c)
ij > 0}, we will apply the alternative hypothesis

(iii) H1 : P (X > Y ) < P (Y > X). While for Y corresponding to the substitute

pairs, we will use (ii) H1 : P (X > Y ) > P (Y > X). Similarly, we also explore the

relationship between rrij and W
(c)
ij ,W

(s)
ij , in terms of the two correlations.

Finally, we apply the whole customised role extraction method to the recipe data,

where we treat recipes as transactions and ingredients as products. This stems from

the hypothesis that customers purchase products to cook dishes following recipes,

thus the recipe data should be a restriction of the sales data. We compare the values

of complementarity scores from the recipe data, the recipe complementarity scores

W(cr) = (W
(cr)
ij ), with those from the sales data, W(c), and similarly, the recipe

substitutability scores W(sr) = (W
(sr)
ij ), with W(s). Note that we set W

(cr)
ij = 0 and

W
(sr)
ij = 1 if product nodes vi and vj are matched to the same ingredient. We finish

the validation stage by comparing the role assignments (of product nodes) from both

datasets, where l complement roles and l1 substitute roles (from the recipe data)

are obtained from applying the community detection algorithm on W(cr) and W(sr),

respectively. We construct extra l0 substitute roles by grouping together products

that are matched to the same ingredients, for reference; see Fig. 2.3.

2.5 Results

In this section, we consider the problem of extracting two competing roles in the

context of product relationships. We first demonstrate the desirable performance of

the customised role extraction method we propose through an illustrative example
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(a) An ingredient-recipe network.

(b) The weighted com-
plement network of in-
gredients.

(c) The weighted sub-
stitute network of in-
gredients.

(d) The matching between ingredi-
ents and products.

(e) W(cr). (f) W(sr).

Figure 2.3: Illustration of the process to compute the roles from the recipe data,
where cyan squares are recipe nodes, orange circles are ingredient nodes, red circles
are product nodes, the line thickness corresponds to how high the corresponding scores
are, and l0 substitute roles, l complement role(s) and l1 substitute roles are shown as
groups of product nodes in the purple dashed circles, green dashed polygon(s) and
blue dashed circles, respectively.

with simulated sales data. We then show the results from the real data as described in

Sec. 2.2.1, in terms of both the pairwise relationships and the roles at the mesoscale.

Finally, the extracted relationships and roles are validated via external datasets, where

the observed features are consistent with products being complements or substitutes.

2.5.1 Illustrative example

Before investigating noisy real data, we first validate our overall framework in a con-

trolled ”ideal world” where the relationship between products is known. Specifically,

we simulate a consumer population characterised by a set of rules in this world, and

ask whether our null models can capture the right relationship between each pair of

products, whether our measures can give the right degree between them, and finally,

whether our complement and substitute roles can provide insights into the groups of

complements, and the groups of substitutes, respectively.

The simulated world is summarised as follows, similar to the one in [133].

• There are 13 different products: coffee, wipes, ramen, candy, hot dog1, hot dog2,
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hot dog3, hot dog bun1, hot dog bun2, taco shell1, taco shell2, taco seasoning1,

taco seasoning2.

• coffee, wipes, ramen, candy are independent products, but are popular with the

customers, so are bought frequently. This corresponds to one possible source of

noise, correlated preference, where the items are preferred by some customers

but purchase decisions are made independently from one another, based on their

features, e.g. price.

• The other products form substitute groups and complementary pairs. Products

of the same names ignoring the number at the end are groups of substitutes;

pairs in {hot dog1, hot dog2, hot dog3}×{hot dog bun1, hot dog bun2} and

{taco shell1, taco shell2}×{taco seasoning1, taco seasoning2} are complemen-

tary pairs. In this world, customers never buy just one item in a complementary

pair, and they always buy at most one of all such pairs.

• Customers are sensitive to price. When the price of a popular product is low,

they buy it with probability 0.8; otherwise, they buy it with probability 0.2.

Each customer purchases each preferred product independently.

Sensitivity to the price of complementary pairs is different, since the probability

to purchase a pair will decrease even if only one item in the pair has a high price.

Hence, each pair is treated as a whole here. When all complementary pairs are

of low price, customers buy one of them evenly; the case when all pairs are of

high price is similar, except that customers have a 0.5 chance not to buy any

of them; when one of the pairs has a lower price than the others, they buy this

one with probability 0.85, and have 0.15 probability to buy others evenly; see

Figure 2.4 for details.

With these specifications, we simulate 1, 000 transactions from this customer popula-

tion. For a single transaction, each independent product has an 80% chance of being

marked up to a high price; there is a 50% chance that all complementary pairs are of

low price, a 10% chance that all are of high price, and accordingly a 40% chance that

some are marked up, where the one of a lower price is chosen uniformly at random.

We provide the complementarity scores, W(c), induced by the original measure,

simo, and by the randomised configuration measure, simr, together with the number
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A customer C 
intends to buy a 

pair in cp1 or cp2

What is the 
price of cps?

C will buy a 
pair

Both low
P = 0.5

One lower
P = 0.4

Will C 
buy a pair?

Both high
P = 0.1

Which 
cp? 

C will buy a pair 
in cp1 uniformly

C will buy a pair 
in cp2 uniformly

C will not buy a 
cp

Which cp is 
cheaper?

Will C 
buy cheaper 

cp?

Will C 
buy cheaper 

cp?cp2
P = 0.5 

cp1
P = 0.5 

Yes
P = 0.85

No
P = 0.15

Yes
P = 0.85

C will buy a pair 
in cp1 uniformlyNo

P = 0.15

cp1
P = 0.5

C will buy a pair 
in cp2 uniformly

cp2
P = 0.5

Yes
P = 0.5

No
P = 0.5

Figure 2.4: Illustration of how each customer chooses a complementary pair (cp),
where cp1 and cp2 correspond to the hot-dog-and-hot-dog-bun and taco-shell -and-
taco-seasoning complementary pairs, respectively.

of co-purchases, (cnij), in Fig. 2.5. We choose the variant of ER model as the under-

lying null model, since it better explains the noise here3. Note that independent prod-

ucts are bought more frequently, and their numbers of co-purchases with other prod-

ucts are fairly similar to those within complementary pairs. However, the extracted

complementary pairs {(vi, vj) : W (c)
ij > 0} successfully retrieve the ground-truth com-

plementary pairs. Accordingly, the extracted substitute pairs {(vi, vj) : W
(s)
ij > 0}

successfully retrieve the ground-truth substitute pairs. Furthermore, the complemen-

tarity scores of the hot-dog-and-hot-dog-bun complementary pairs is between 0.3 and

0.5, and those of the taco-shell -and-taco-seasoning complementary pairs is around 0.5.

These values are approaching the inverse of the number of products in the correspond-

ing substitute groups, which is consistent with the assuming complete substitution.

Finally, the extracted substitute roles exactly agree with the ground-truth substi-

tute groups; see Fig. 2.6. The extracted complement roles reproduce the ground-truth

complementary pairs including their corresponding groups of substitutes. Note that

there are no groups of complements beyond the pairwise relationship.

This example demonstrates the ability of our overall framework to determine

both product relationships and their corresponding degrees, which paves the way for

3Hence, the significance level for the significantly more co-purchases, αc, for the variant of ER
model can be chosen as high as 0.9 with the same results. While for the BiCM, a much lower
significance level (e.g. 10−4 for αc) is needed in order to extract the true product relationships.
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Figure 2.5: Measures on the products, from co-purchases (cnij) whose diagonal shows
the purchase frequency (left), the complementarity scores W(c) induced by the orig-
inal measure (simo(i, j)) (middle) and by the randomised configuration measure
(simr(i, j)) (right), where x-axis, y-axis are products in the same order as being
listed in the simulated world assumptions.

us to continue the analysis on real-world data. From a mesoscale perspective, the

extracted complement roles and substitute roles have much overlap with the groups

of complements and those of substitutes, respectively. Furthermore, the fact that

we already have complement roles involving substitutes indicates that the interaction

between the two relationships is not negligible. For instance, it is entirely possible

that we may find substitute roles including complements in real data.

2.5.2 Sales data

Hereafter, we use the variant of ER model as the underlying null model, since its

assumptions are generally applicable in real-world purchases, and we only show the

results from the original measure, because both have very similar behaviour; see

Appendix A.4 for the parameter calibration and the results from the randomised

measure. We first examine the ranking power of the scores we propose, W(c) and

W(s), by checking the top complementary pairs and substitute pairs for each prod-

uct. This is done by choosing several query products vj at random, and output the

products of the three highest complementarity scores W
(c)
ij and the ones of the three

highest substitutability scores W
(s)
ij ; see Table 2.1 for one run. The substitute pairs

of scores greater than 0.1 largely agree with common sense4. For example in Table

2.1, the top substitute of organic blueberries is blueberries, and the top substitutes of

4Here we refer to the notion that products that are essentially the same are substitutes, for
example, Brand A apples and Brand B apples.
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coffee

wipes
ramen

candy

hot dog1

hot dog2

hot dog3
hot dog bun1

hot dog bun2

taco shell1

taco shell2

taco seasoning1

taco seasoning2

Figure 2.6: The unipartite network in the illustrative example, with product nodes
connected by both the complementarity scores (W

(c)
ij ) (in black) and the substitutabil-

ity scores (W
(s)
ij ) (in orange) induced by the original measure, where the line thickness

corresponds to how high the scores are, and products in the same substitute role are
shown in the same colour.

salad tomatoes are other types of tomatoes. Additionally, the ranking indicates that

common-sense substitutes have high complementarity scores with the same products.

For example salad tomatoes, baby plum tomatoes and tomatoes on the vine are the

top three complements of loose cucumbers. These findings justify the feature (3)

in Sec. 2.3.2. There are also some nontrivial substitutes, of lower score values, from

general understanding, which we will discuss in Sec. 2.6.

Table 2.1: Products of the three highest complementarity scores and substitutability
scores with the query products.

Query product Complement Substitute

Organic
Blueberries

0.14 Organic Raspberries 0.50 Blueberries

0.059 Organic Strawberries 0.13 Green Seedless Grapes

0.048 Organic Cherry Tomatoes 0.070 Tomatoes on the Vine

Loose
Cucumbers

0.098 Salad Tomatoes 0.54 Organic Loose Cucumbers

0.089 Baby Plum Tomatoes 0.21 Courgette Spaghetti

0.079 Tomatoes on the Vine 0.18 Sliced Runner Beans

Salad
Tomatoes

0.098 Loose Cucumbers 0.83 Tomatoes on the Vine

0.063 Iceberg Lettuce 0.79 Baby Plum Tomatoes

0.046 Mixed Peppers 0.74 Cherry Tomatoes

We proceed for the mesoscale structure, i.e. the complement roles and substitute

roles. From an averaged perspective, the complement roles and the substitute roles

constitute classic (assortative) communities in the unipartite networksW(c) andW(s),
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respectively; substitute roles form disassortative communities, where nodes are loosely

connected internally while densely connected externally, in W(c); see Fig. 2.7. The

latter observation also justifies the feature (3). Furthermore, the overlap between the

two roles is not negligible, with the normalised mutual information (NMI [153]) 0.49.

Hence, as mentioned in Sec. 2.5.1, substitutes may appear in the same complement

role by their strong complements, and complements may be assigned to the same

substitute role for their strong substitutes.
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Figure 2.7: Scores averaged over the nodes in the same role, from the complement
roles on the complement unipartite network W(c) (left), and from the substitute
roles on the substitute unipartite network W(s) (middle) and on the complement
unipartite network W(c) (right), where isolated product nodes have been removed.

Finally, we explore the internal structure of complement roles and substitute roles.

Generally, strong complements5 do not tend to form complete graphs in the comple-

ment unipartite network W(c), where there are many products that are complements

of the same products but are not complements of each other. For example, blueberries

(Blueb) and organic blueberries (Or Blueb) in the complement role of berries (3) are

substitutes, but both are complements of raspberries (Raspb), stawberries (Strawb),

etc; see Fig. 2.8. There are also cases in which they constitute some complete graph,

and further exploration indicates that these products are highly likely to be consumed

together. For example, mushroom stir fry (Mushroom SF), vegetable and beansprout

stir fry (V Beansprout SF), and egg noodles form a triangle in the complement role

of stir-fry (9); see the blue polygon in Fig. 2.8.

Strong substitutes are expected to form complete graphs in the substitute unipar-

tite network W(s), and our results are largely consistent with the expectation. For

example, loose Braeburn apples (LB Apples), loose Pink Lady apples (LPL Apples),

and bagged organic Gala apples (BOrG Apples) constitute a triangle in the substitute

5Note we determine two product nodes vi, vj to be complements if W
(c)
ij > 0, and measure their

degree of complementarity (from weak to strong) by the value of W
(c)
ij ; substitutes are treated

similarly.
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Or Raspb Or Blueb

Or Strawb

Or Tomatoes

Figure 2.8: Internal structure of the complement roles of berries (3) (left) and of stir-
fry (9) (right), with product nodes connected by both the complementarity scores

(W
(c)
ij ) (in black) and the substitutability scores (W

(s)
ij ) (in orange), where the line

thickness corresponds to how high the scores are, and products in the same L1 category
are shown in the same colour.

role of apples (23); see the blue polygon in Fig. 2.9. Note this expectation is only

valid if the substitutes are consumed for the same purpose; if this assumption is vi-

olated, seemingly substitute products may end up being complements. For example,

loose brown onions (LBr Onions) and loose red onions (LR Onions) in the substitute

role of onions (4) are both substitutes of products such as bagged red onions (BR

Onions) and bagged organic brown onions (BOrBr Onions), but are complements

of each other; see Fig. 2.9. The difference between their quantities and with their

common substitutes may be the key factor here. Likewise, even with the common

substitute bagged organic Gala apples (BOrG Apples), loose ripe pears (LR Pears)

is a complement of loose Pink Lady apples (LPL Apples), loose Braeburn apples (LB

Apples) and loose Gala apples (LG Apples). The above observations confirm the

complexity of the interaction between complements and substitutes.

2.5.3 Validation

Product hierarchy. The distribution of L3 categories in each complement role is

consistent with products being complements; see Fig. 2.10. Most complement roles

involve more than one category, which could be explained by the complementarity

across categories. For example, the complement role of nuts & fruits (2) contains

both fruit and prepared produce, the complement roles of berries & grapes (3) and of

grapes & oranges (5) consist of both fruit and organic produce, and the complement

role of potatoes, beans & carrots (6) includes both prepared produce and vegetables.

There are also complement roles only involving one category, and the related products
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Figure 2.9: Internal structure of the substitute roles of onions (4) (left) and of ap-
ples (23) (right), with product nodes connected by both the complementarity scores

(W
(c)
ij ) (in black) and the substitutability scores (W

(s)
ij ) (in orange), where the line

thickness corresponds to how high the scores are, and products in the same L1 cate-
gory are shown in the same colour.

are either in fruit or in the prepared produce category. Further, this is in agreement

with the notion that products in prepared produce, for instance prepared vegetables

and vegetable dips, go well together; similar for products in fruit.

The proportion of L3 categories in each substitute role also accords with products

being substitutes; see Fig. 2.10. Some of them only or mostly involve prepared pro-

duce, and some others largely consist of fruit, such as the substitute role of apples

(23). This agrees with the tendency of grouping products into categories based on

shared characteristics. Other substitute roles contain more than one category, with

one of them being prepared produce. For example, the substitute role of grapes (5)

includes both fruit and prepared produce, the substitute role of carrots (13) comprises

both prepared produce and vegetables, the substitute role of peppers (19) involves

prepared produce, salad6 and vegetables, and the substitute role of avocado salad (25)

is composed of fruit, prepared produce and salad. Further investigation shows that

products in prepared produce include fresh-cut fruits, prepared salads and prepared

vegetables, i.e. prepared versions of products in fruit, salad and vegetable categories.

Flavour compounds and recipes. We observe that the substitute pairs have a

significantly higher probability to share all their flavour compounds with each other,

i.e. rfij = 1, than all product pairs, while complementary pairs have a significantly

higher probability to share no flavour compounds with each other, i.e. rfij = 0;

6Here the salad category contains products like cucumber, pepper, lettuce and tomatoes.
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Figure 2.10: Proportion of the products in typical complement roles (left) and typical
substitute roles (right) that fall in each L3 category, fruit (F), organic produce (OP),
prepared produce (PP), salad (S) and vegetable (V).

see Fig. 2.11. These characteristics are consistent with the functional definition of

complements and substitutes: complements are consumed together, thus tend to have

different flavours in order to accompany each other; while substitutes can replace each

other, thus tend to have the same flavours. The distributions of rfij values between

0 and 1 have roughly the same shapes for the three types of pairs.

0.0 0.2 0.4 0.6 0.8 1.0
rfij

0

20
all

0.0 0.2 0.4 0.6 0.8 1.0
rfij

com

0.0 0.2 0.4 0.6 0.8 1.0
rfij

sub

Figure 2.11: Distributions of the relative number of shared flavour compounds of all
product pairs {rfij} (“all”), of complementary pairs {rfij : W (c)

ij > 0} (“com”) and

of substitute pairs {rfij : W
(s)
ij > 0} (“sub”), where probabilities of rfij = 0 and

rfij = 1 are of interest.

Further, we investigate the correlations between the relative number of shared

flavour compounds (rfij) and the score values (W
(c)
ij ), (W

(s)
ij ); see Table 2.2. The

Pearson correlation indicates that the product pairs of higher substitutability scores

have a significant tendency to share larger portions of their flavour compounds, while

the patterns when changing the complementarity scores is more heterogeneous, with

a mild negative correlation between the ranking of the complementarity scores and

that of the relative number of shared flavour compounds.

We then discern that the complementary pairs have higher probability to co-

appear in relatively more recipes, {rrij : W
(c)
ij > 0}, than all product pairs, {rrij},

while the substitute pairs have lower probability to co-appear in relatively more
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recipes, {rrij : W
(s)
ij > 0}; see Fig. 2.12. Both trends are significant by the MWW

test (p-values: 2.8 × 10−123 and 3.1 × 10−4 for the complementary pairs and the

substitute pairs, respectively). These features also accord with the interpretation of

complements or substitutes from the cooking perspective: complements go well with

one another, thus are more likely to appear in the same recipe; while substitutes can

be used in place of each other, thus tend to be cooked together with some others but

not each other.

0.0 0.1 0.2
rrij

0

50

all

0.0 0.1 0.2
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com

0.0 0.1 0.2
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Figure 2.12: Distributions of the relative number of shared recipes of all product pairs
{rrij} (“all”), of complementary pairs {rrij : W

(c)
ij > 0} (“com”) and of substitute

pairs {rrij : W (s)
ij > 0} (“sub”), where the range is chosen for visualisation purpose,

while complementary pairs also have positive probabilities at values greater than 0.2.

Moreover, we examine the correlations between the relative number of shared

recipes (rrij) and the score values; see Table 2.2. The Spearman correlation suggests

that product pairs of higher rankings in the complementarity scores tend to co-appear

in relatively more recipes, which agrees with the Pearson correlation. The trend when

increasing the substitutability ranking of product pairs is a mild propensity towards

co-appearing in relatively less recipes.

Additionally, we also explore the correlations between the complementarity scores

(from the sales data) (W
(c)
ij ) and the recipe complementarity scores (from the recipe

data) (W
(cr)
ij ), and between the substitutability scores (W

(s)
ij ) and the recipe substi-

tutability scores (W
(sr)
ij ); see Table 2.2. The Spearman correlations of both score

pairs indicate significant positive relationships between the scores within each pair,

consistent with the information suggested by the Pearson correlations.

Finally, we compare the complement and substitute role assignments from different

data sources, in particular the sales data versus the recipe data, where we use the

NMI and the adjusted mutual information (AMI [153]) to measure the consistency

between role assignments; see Table 2.3. The substitute roles from the sales data are

very similar to the complete substitution, i.e. l0 substitute roles obtained from the

recipe data. Although the complement roles from the sales data are relatively more in
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Table 2.2: The correlations between the scores from the sales data, (W
(c)
ij ), (W

(s)
ij ),

and the measures from the flavour compound and recipe data, (rfij), (rrij) (where

the superscripts (c) and (s) below denote the values restricted to {(i, j) : W (c)
ij > 0}

and {(i, j) : W (s)
ij > 0}, respectively), (W (cr)

ij ), (W
(sr)
ij ). Note that the p-value is only

for reference since the distributions are not very normal-like.

Score pair Pearson (p-value) Spearman (p-value)

(W
(c)
ij )− (rf

(c)
ij ) 0.085 (4.8× 10−4) −0.019 (4.3× 10−1)

(W
(s)
ij )− (rf

(s)
ij ) 0.50 (2.4× 10−79) 0.030 (3.1× 10−1)

(W
(c)
ij )− (rr

(c)
ij ) 0.16 (7.2× 10−8) 0.24 (1.1× 10−16)

(W
(s)
ij )− (rr

(s)
ij ) −0.040 (2.7× 10−1) −0.062 (8.8× 10−2)

(W
(c)
ij )− (W

(cr)
ij ) 0.16 (3.8× 10−8) 0.23 (2.5× 10−15)

(W
(s)
ij )− (W

(sr)
ij ) 0.60 (4.5× 10−76) 0.23 (2.5× 10−15)

agreement with the l0 substitute roles than the l complement roles by NMI, this may

be caused by the number of l0 substitute roles being larger than that of l complement

roles, since the AMI indicates the opposite. To conclude, the relatively large NMI and

AMI values demonstrate the consistency between the extracted product relationships

from these two different sources, and also provide evidence that customers could buy

products corresponding to ingredients in some recipes.

Table 2.3: NMI and AMI between the partitions by the roles from the sales data
(columns) and those from the recipe data (rows), where “com” and “sub” correspond
to the complement roles and the substitute roles, respectively, where “/” corresponds
to comparing complement roles from one data to the substitute roles from the other,
which is not considered here.

NMI/AMI l0 sub l1 sub l com
com 0.54/0.16 / 0.36/0.28
sub 0.71/0.21 0.54/0.18 /

2.6 Conclusions

Role structure is important in understanding networks, since different roles normally

correspond to different structural and dynamical functions in the networks. In the

literature, most role extraction methods aim to extract groups of nodes sharing gen-

erally similar connectivity patterns, directly or indirectly. However, there could be

roles with specific characteristics that are particularly interesting in certain contexts,
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such as the roles related to the complementary and substitute relationships between

nodes in one part of bipartite networks, as we analysed here. Therefore, it is necessary

to extend the current role extraction methods for the roles with specific connectivity

patterns.

In this chapter, targeting two competing roles in bipartite networks, we propose

a customised role extraction method accordingly. Starting from the characteristics of

the specific roles corresponding to the complementary and substitute relationships be-

tween the nodes in one part of bipartite networks, we first propose several null models

to determine the significant relations between the nodes. We then propose measures

to quantify the degrees of the two competing types of relationships, motivated by ran-

dom walks on networks. Finally, we apply community detection algorithms to obtain

groups of nodes that are mostly complementary or substitute to each other, i.e. the two

competing roles at the mesoscale. The set of methods provides an indirect solution to

both the specific problem of extracting two competing roles in bipartite networks and

also the general problem with respect to roles with predetermined characteristics. We

believe that the general framework we propose, consisting of significance tests with

null models, measures based on random walks and community detection algorithms,

could also provide insights into the role extraction problem in general.

Specifically, the proposed method, together with the characteristic patterns, estab-

lishes a network-based solution to the problem of understanding the hidden relations

existing between products from sales data (see Appendix A.6 for the formulation as

an unsupervised learning problem). It is our belief that a network approach opens up

a promising new angle on this problem due to its flexibility, e.g. in determining sig-

nificant relationships, and the vast network science toolbox. Finally, let us emphasise

that we only use basket data to extract the product relationships, without additional

information such as the customer profile and the price change, information that are

typically required for existing methods and may cause privacy issues [47]. The insights

derived from our methods have applications in assortment-related decision making,

not only for retailers but also general firms with broad product categories.

In the future, it would be interesting to design a method that directly uncovers

the degrees of complementarity and substitutability from bipartite networks, without

any intermediary steps, such as extracting the significant relations in the methods

we propose here, and also to explore more of the directed scores, since our focus

is on the symmetric ones in this chapter. Another direction is to characterise the

nodes by their centrality in the projected networks, for instance by their average

complementarity and substitutability scores with others. For the practical problem of
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understanding the product relationships, one important direction would be to consider

the bipartite network from a temporal perspective, in order to explore further the

connection between structure and cross-elasticity (see Appendix A.5). Moreover, our

current analysis focused on fresh food where prices change frequently throughout the

period. Yet, we did not explicitly include price as a factor, but either ignored its bias

or removed it by some random models [9]. In order to analyse a more general range

of products in the future, it would be necessary to incorporate price information in

the current framework in a meaningful way.
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Chapter 3

Unifying dynamics on networks

and optimisation

This chapter is on the paper Tian & Lambiotte (2021) [147]

3.1 Introduction

3.1.1 Demand change of inter-related products

Understanding how the demand of products changes is an important topic in both eco-

nomics and marketing research, as well as in most businesses, with direct consequences

for the profits. This question is closely related to demand forecasting [71,83,97], and

finds various applications in the further decision making including shelf stocking, dy-

namic pricing, and promotions [42, 52, 150]. For instance, firms need a reasonable

prediction for the demand change of perishable goods, since the freshness of such

products decreases rapidly and they can only be held for at most a few days [83].

Meanwhile, promotions have been widely accepted as one of the most effective mar-

keting instruments in boosting sales, thus it is then interesting to understand the

phenomena from a more quantitative perspective [19].

In demand estimation, there are generally two approaches, based on either the

product space or the characteristic space. The former is relatively more natural, where

consumers have preferences over products, and those preferences lead to demand

at the product level. Classic models include the Rotterdam model [14, 146], the

translog model [41] and the almost ideal demand system [48]. While the latter view

each product as bundles of characteristics, and consumers have preferences over such

characteristics rather than the bundles. The characteristic-space approach normally
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follows the path from utility functions to obtain the probabilities of purchases [35,133].

Both types of methods generally lead to linear, or log-linear, models in explaining the

demand via other factors including the product price. However, few of them consider

the relationships between products, and among the work that does, they only consider

the direct complements or substitutes but not any further [42].

Here, equipped with a data-driven approach to extract the product relationships

developed in Chapter 2, we can consider the network structure underlying the prod-

ucts, where each product is a node and they are connected by both the complementary

and substitute relationships. Then we can analyse the cascading effect of the demand

changes from some products to the whole system through this network. This is the

first work of this type, to the best of our knowledge. Specifically, we model the dy-

namic of demand changes as information propagating through the network, where

linear models are widely adopted [85, 137], consistent with the development of de-

mand estimation. Then the problem of further decision making, e.g. to choose a set

of products to impose the demand change so as to maximise the overall revenue, can

be considered as a variant of the associated influence maximisation problem. Hence,

in the following, we contextualise the problem in social networks, and consider specif-

ically the information propagation and influence maximisation, where we propose a

general class of information propagation model in order to explain more propagation

phenomena including the dynamic of demand changes, and then develop a general

framework for the influence maximisation problem. We start from simple networks

made only of positive edges in this chapter, and will consider the problem on signed

networks with both positive and negative connections, corresponding to the two com-

peting types of relationships between products, in the following chapter.

3.1.2 Information propagation and influence maximisation

The rapid growth of online social networks, such as Facebook and Twitter, allows

hundreds of millions of people worldwide to interact with each other, providing ac-

cess to a vast source of information on an unprecedented scale. The propagation

of information, opinion, innovation, rumour, etc., is a critical component to explain,

e.g., how a piece of information could quickly become pervasive through a network via

“word-of-mouth” [11,33,114]. Accordingly, understanding how information spreads in

social networks is a central theme in social, behavioural, and economic sciences, with

theoretical and practical implications, such as the adoption of political viewpoints
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in presidential elections and the influence maximisation problem for viral market-

ing [23,39,95], attracting expertise from various fields including mathematics, physics,

and biology [113,125,126].

Specifically in the context of influence maximisation, one can distinguish two

main classes of information propagation models: the independent cascade (IC) model,

and the linear threshold (LT) model, where nodes adapt their behaviour from each

neighbour independently, or from the collective influence of the whole neighbourhood,

respectively [85,137]. It is well known that both models, which we refer to as “classic

models”, suffer from limitations. First of all, the state space of both models is binary,

as nodes can only have states either active or not, while various levels of influence

and of confidence could co-exist among agents in real scenarios. Moreover, there is

no feedback in both processes, as nodes can only stay active after being activated,

thus may not influence back nodes that influenced them as would be the case in

real life. These limits have called, and still call for more general models allowing

us to consider dynamics with feedback between states and more heterogeneity in

the agents’ behaviour, which is important to explain more propagation phenomena,

e.g. the dynamic of demand changes we consider here.

In parallel to this line of work, simple and complex contagions have attracted

much research interests in mathematical sociology and physics [34, 69]. Essentially,

complex contagion considers situations when the reinforcement of a signal favours its

future adoption, which can be modelled via deterministic threshold models. However,

their focus is usually on understanding the effects of specific structures, the presence of

shortcuts or the density of triangles for example, and they also tend to consider binary

state variables. For models with continuous variables, more has been done within the

field of opinion dynamics, where linear models build on the heat equation [106], such

as the DeGroot model [50], and non-linear models include the bounded confidence

model for example [49]. A first contribution of this chapter is to introduce a non-

linear, deterministic model for information propagation which relaxes the constraints

of binary variables while allowing feedback between nodes, and also possesses the

classic models after appropriate extensions as limiting cases, thus providing a unifying

framework for information propagation.

As a second contribution, we consider the important problem of influence max-

imisation (IM), known to have potential applications in various domains [95,96,142].

Given a network and an associated information propagation process, the classic IM

problem consists in selecting a small set of nodes to activate initially with the aim of

maximising the overall influence spread, commonly defined as the number of activated
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nodes at the end of the process. Kempe et al. [85] formulated it as a stochastic com-

binatorial optimisation under the classic models, and proposed a greedy algorithm

with theoretical approximation guarantees. The near-optimal asymptotic bounds of

this seminal work have triggered a vast amount of research in this direction, mostly

to further reduce the running time [67, 96]. There are also heuristic solutions, such

as centrality-based methods and genetic algorithms, but without theoretical perfor-

mance guarantees [12].

The aforementioned theoretical guarantees are obtained under certain assumptions

on the influence spread function, which could be strict in practice [101], and even for

the LT model, occur only for specific choice of the thresholds’ distribution. The

IM problem when the thresholds are given by distributions other than the uniform

distribution is relatively unknown. To consider a general information propagation

model, we have thus developed a new framework, where we formulate the IM problem

as a mixed integer nonlinear programming (MINLP). The exact methods for MINLP

are mostly based on relaxing the problem to be linear in an appropriate manner, and

require first-order information [16, 22, 28], which is not generally available in the IM

problem. For this reason, we treat the objective function as a black box and adopt

derivative-free methods [22], with a mesh adaptive direct search method as a general

solution [1]. Furthermore, we propose a customised method with local convergence,

specifically designed for the proposed information propagation model.

3.2 Literature review

We first describe the two classic information propagation models, the IC model and

the LT model, in more detail [85, 137]. In both models, each individual node has

two state values, either 0 for being inactive or 1 for being active, and the primary

focus is on progressive processes, where nodes can switch from being inactive to

being active but not vice versa. Importantly, there is no feedback between nodes,

even on undirected networks, as a node cannot be influenced by another node that

it influenced before. Specifically, in the LT model, a node vj is influenced by each

neighbour vi according to a weight bij s.t.
∑

i bij ≤ 1, where bij = 0 if node vi is not

vj’s neighbour; each node vj chooses a threshold θj uniformly at random from the

range [0, 1], which represents the critical influence weight necessary for node vj to be

activated. Given a random choice of the thresholds, and an initial set of active nodes

A0, the propagation process unfolds deterministically in discrete time steps, where at

time step t > 0, all nodes that are active at t− 1 remain active, and an inactive node
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vj will be activated if the total weight of its active neighbours is at least its threshold

θj, i.e. ∑
vi∈At−1

bij ≥ θj, (3.1)

where set At−1 contains the active nodes in step t−1. However, in the IC model, each

activated node vi has a single chance to activate each currently inactive neighbour vj

when it first becomes active, with success probability pij independently of the history

thus far. If vj is successfully activated, it will have value 1 in the next time step, but

whether or not vi succeeds, it cannot further attempt to activate its neighbours in

the subsequent rounds.

However, nodes do not have to stay active in real systems, since people may

become more convinced of a piece of information if more friends believe it, or less

convinced, even change their minds and become inactive, if there are fewer friends

believing it. More general cascade and (submodular) threshold models have also

been considered [85,113]. In particular, Kempe at al. [85] considered variants of both

models with feedback by constructing a multilayer network with each layer for each

time step, but they required a predetermined depth of the propagation. We refer the

reader to [37] for a comprehensive survey on information propagation.

In the two classic models, the influence spread is defined as the number of active

nodes at the end of the process, and the IM problem is then to maximise it subject to

limited number of nodes that one can activate at the beginning of the process, |A0|.
The IM problem under the two classic models is NP hard, and the key algorithmic

breakthrough lies in the approximation guarantees for the greedy hill-climbing algo-

rithms [85]. Subsequently, several methods have been proposed to further improve

the efficiency of the greedy algorithms, maintaining the same approximation guaran-

tees [67,96], or not exactly [21,40,154]. One vital assumption is that the information

spread is submodular. Specifically, a function f : P (U) → R+ ∪ {0}, where P (U) is

the power set of a finite set U , is submodular, if

f(S ∪ {v})− f(S) ≥ f(T ∪ {v})− f(T ),

for all element v ∈ U and S ⊆ T ⊆ U , i.e., the marginal gain from activating

one more node initially is larger if the original set is smaller. However, this is not

necessarily true when there are certain threshold effects. For the LT model, the

key correspondence lies in the uniform distribution of thresholds, and we can show

that the influence spread under the LT model with deterministic thresholds is not
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submodular. Furthermore, with deterministic thresholds, the IM problem has been

shown to be NP-hard to approximate within certain factor [36,86]. We refer the reader

to [12,101] for more detailed description of the development of the IM problem.

Finally, we note that there are models with continuous variables and feedback

between nodes within the field of opinion dynamics [49, 50], but the associated IM

problem is relatively unknown there. Meanwhile, there are some continuous models

analysed within the context of IM, such as the fully linear models [57], but they do not

have well-established connections with the classic models and their intuitive mecha-

nisms. We also note that there could be variants of the constraint in the IM problem

when nodes take continuous values, e.g. on the sum of initial state values rather than

the number of activated nodes [51]. However in this paper, we are interested in the

case when, e.g., companies have limited resources to convince more people to buy the

products, thus maintain the original constraint.

3.3 General class of information propagation model

In this section, we propose a novel class of information propagation models, with

continuous state variables while allowing the feedback between nodes. The full de-

scription of the proposed model is in Sec. 3.3.1. We show that it can be reduced to

the IC model and the LT model after the corresponding extensions in Secs. 3.3.2.1

and 3.3.3.1, respectively, as well as its general properties via the differences with the

two classic models in Secs. 3.3.2.2 and 3.3.3.2, respectively. Furthermore, we show

that with the proposed model, both the locally linear-dynamics-like and the locally

linear-threshold-like propagation can co-exist in a single network in Sec. 3.3.4. We

conclude with a discussion of the derivative information in Sec. 3.3.5, which plays an

important role in the IM problem.

3.3.1 Model description

We consider a social network G(V,E) that is connected, weighted, and undirected1,

where V = {v1, v2, . . . , vn} is the node set, and E = {(vi, vj) : vi is connected with vj}
is the edge set. Each edge (vi, vj) is considered as a channel connecting nodes vi and

vj from which the information flows, and can be associated with a weight Wij, for

example, indicating the strength of the interaction or the level of trust between the

1We consider undirected networks in the following, but the results can also be extended to directed
networks.
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Figure 3.1: Illustration of the information propagation in the first few steps following
the GIP model, where yj(t) =

∑
iWijxi(t−1) is the linear product, xj(t) = fj,t(yj(t))

is the state value, the network has uniform weight α, and the bounds are set to be
lj,t = (2α)t, hj,t = 2(2α)t, ∀vj ∈ V , with the node colour indicating the level of
influence at each step.

agents. Here, we consider a continuous variable xj(t) ∈ R to represent the state

value of node vj at each discrete time step t ≥ 0, which can be interpreted as the

influence on node vj at t. By using continuous variables, we assume that the influence

is additive, where, e.g., people could become more convinced of a piece of news if more

friends believe it, or buy more products if more friends make a purchase, either at

each time or over time. We denote the vector consisting of xi(t) by x(t) = (xi(t)).

We now propose a general class of information propagation (GIP) models unifying

the mechanisms underlying the two classic models. (i) Each node vi can independently

attempt to influence its neighbours, proportional to the edge weight and its own state

value xi(t), which is consistent with the IC model. (ii) The actual influence on each

node vj is based on the collective behaviour of the whole neighbourhood, by applying

a non-linear transformation to yj(t) =
∑

i Wijxi(t − 1), in order to capture how the

accumulated attempts from all neighbours transforms into a change for the state of

vj, which is reminiscent of the mechanisms of the LT model, but also of non-linear

models for opinion dynamics [143]. Specifically, we assume that at each t > 0, there

is a lower bound lj,t in the model, corresponding to the critical mass to trigger the

propagation s.t. xj(t) = 0 if yj(t) < lj,t, and also an upper bound hj,t for the saturation

effect s.t. xj(t) = hj,t if yj(t) ≥ hj,t [7, 59] (see Fig. 3.1 for a step-by-step illustration

of the underlying process which we will discuss later). Explicitly, the GIP model is a
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Figure 3.2: Example bound function fj,t of node vj at time step t where hj,t = 4lj,t > 0.

bounded-linear dynamics,

xj(t) = fj,t(
∑
i

Wijxi(t− 1)), ∀t > 0, vj ∈ V, (3.2)

where fj,t(x) =


0, 0 ≤ x < lj,t,

x, lj,t ≤ x < hj,t,

hj,t, x ≥ hj,t,

is the time-dependent bound function of each node vj (see Fig. 3.2 for an example),

W = (Wij) with Wij ≥ 0 is the (weighted) adjacency matrix of the underlying

network, {lj,t} and {hj,t} are the time-dependent lower and upper bounds of each

node vj, respectively, with 0 ≤ lj,t ≤ hj,t. The bound values leaves extra freedom to

characterize the underlying population, and we will show later that the GIP model

can recover the classic models by setting specific bound values. The initial states x(0)

are given, with xj(0) ∈ {0} ∪ [lj,0, hj,0] and lj,0 > 0.

In the GIP model, Eq. (3.2) determines the time evolution of influence at time

step t, and a node vj is influenced, or active, at t if xj(t) > 0. We represent the overall

influence on each node vj as

sj =
∞∑
t=1

(1− γ)txj(t), (3.3)

where γ ∈ [0, 1) is a time-discounting factor which guarantees convergence.

In order to interpret the GIP model and the underlying process more intuitively,

we construct a small undirected social network with seven agents and of a uniform

weight α = 0.4; see Fig. 3.1. For illustrative purposes, we apply the bounds lj,t = 0.8t

and hj,t = 2× 0.8t, ∀t ≥ 0, vj ∈ V , set γ = 0, and activate nodes v1, v2 with value 2
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Figure 3.3: The change of the sum of influence on selected nodes along time t, from
the network in Fig. 3.1 with uniform weight α = 0.4.

and node v3 with value 1 at t = 0. Then at t = 2, v4 can independently influence v1,

consistent with the IC model, as a result of its high state value, while collective effort

is needed to influence v7, consistent with the LT model; see Fig. 3.1. The coexistence

of the features in both models is necessary since, e.g., a social network can have people

with heterogeneous levels of activity, where people of high activity are more likely to

activate others. Moreover, there is a positive feedback among the nodes v2, v4, v5, v6,

as they reinforce their states over time; see Fig. 3.3. This corresponds to the fact

that groups of close friends keep receiving positive feedback from each other, thus

reinforcing the information.

3.3.2 Limiting case I: the linear dynamics

When the upper bounds are effectively infinity and the lower bounds are effectively

0, the GIP model reduces to the linear dynamics of unbounded state variables, where

x(t) = WTx(t− 1), ∀t > 0, (3.4)

where W is the (weighted) adjacency matrix of the network. Here, the following

condition on the time-discounting factor γ and the spectral radius ρ(W) is required

to guarantee the convergence of the overall influence,

γ > 1− 1/ρ(W). (3.5)

The linear dynamics can be considered as an extension to the classic IC model

for continuous state variables in the deterministic case. In the classic probabilistic IC

model, each edge weight Wij corresponds to the probability that node vi can influence

node vj in a Bernoulli trial, thus the expected amount of contribution to the state

value of vj from vi in one time step. Then for the expected or deterministic case, if
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we assume that (i) the expected value is the actual influence on each node at each

time step, and (ii) the state values have the no-memory property where the ability

either to be influenced or to influence others at the current time step t is independent

of its previous states, then xj(t) =
∑

i Wijxi(t − 1), ∀vj ∈ V, t > 0, i.e. it has the

same updating function as the linear dynamics in Eq. (3.4). We refer to this model

as the extended IC model hereafter.

3.3.2.1 Relation between the models

Here, we give the detailed correspondence between the GIP model and the linear

dynamics by specifying “effectively infinity” for the upper bounds and “effectively 0”

for the lower bounds.

Lemma 1. If lj,t ≤ lmin,0w
t ≤ hj,t, ∀t > 0, vj ∈ V , where lmin,0 = minj lj,0 and

w = minij:Wij>0Wij, in the GIP model, then there is no threshold effect from the

lower bounds, i.e. ∀t > 0, vj ∈ V s.t.
∑

i Wijxi(t− 1) > 0,∑
i

Wijxi(t− 1) ≥ lj,t. (3.6)

Proof. When a node vj has
∑

i Wijxi(t− 1) > 0, ∃vi ∈ V s.t. xi(t− 1)Wij > 0. Then∑
i

Wijxi(t− 1) ≥ wx∗(t− 1),

where x∗(t) = min{xj(t) : xj(t) > 0}, ∀t. Hence, we can show that statement (3.6)

is true by proving

wx∗(t− 1) ≥ lmin,0w
t ⇔ x∗(t− 1) ≥ lmin,0w

t−1, ∀t > 0,

by induction. (i) When t = 1, x∗(0) ≥ lmin,0, since xj(0) ∈ {0} ∪ [lj,0, hj,0], ∀vj ∈ V

and x∗(0) = min{xj(0) : xj(0) > 0} ≥ minj lj,0 = lmin,0. (ii) Suppose that x∗(t− 1) ≥
lmin,0w

t−1 is true ∀t ≤ t′. Then when t = t′ + 1, from the updating function of the

GIP model, for each node vj with xj(t
′) > 0,

xj(t
′) = fj,t′(

∑
i

Wijxi(t
′ − 1)) ≥ fj,t′(wx∗(t

′ − 1)) ≥ fj,t′(lmin,0w
t′) = lmin,0w

t′ ,
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where the first inequality is obtained by fj,t′(·) being a non-decreasing function, the

second one is obtained together with the induction hypothesis, and the equality at

the end is because lj,t ≤ lmin,0w
t ≤ hj,t, ∀t > 0, vj ∈ V .

Theorem 2. If lj,t ≤ lmin,0w
t ≤ hT

0W
t
:,j ≤ hj,t, ∀t > 0, vj ∈ V , where we let Wt

:,j

denote the j-th column of matrix Wt, h0 = (hj,0), and lmin,0, w are the same as in

Lemma 1, the GIP model is equivalent to the linear dynamics (3.4).

Proof. We show that given such bounds in the GIP model,

x(t)T = x(0)TWt, ∀t > 0, (3.7)

by induction. By Lemma 1, there is no threshold effect from the current lower bounds,

thus we will only check the saturation effect from the upper bounds in the following.

(i) When t = 1, for each node vj,

x(0)TW:,j ≤ hT
0W:,j ≤ hj,1,

since xi(0) ≤ hj,0 and Wij ≥ 0, ∀i, j. Hence,

xj(1) = fj,1(x(0)
TW:,j) = x(0)TW:,j,

and x(1)T = x(0)TW.

(ii) Suppose x(t)T = x(0)TWt, ∀t ≤ t′. Then, for each node vj

x(t′)TW:,j = x(0)TWt′+1
:,j ≤ hT

0W
t′+1
:,j ≤ hj,t′+1,

where the equality is by the induction hypothesis, and the first inequality is again by

xi(0) ≤ hj,0 and Wij ≥ 0, ∀i, j. Hence,

xj(t
′ + 1) = fj,t′+1(x(0)

TWt′+1
:,j ) = x(0)TWt′+1

:,j ,

and x(t′ + 1)T = x(0)TWt′+1. It is then straightforward to show that the dynamics

characterised by (3.7) has updating function (3.4) of the linear dynamics.

3.3.2.2 Differences between the models

We now illustrate how the general properties of the GIP model differ from those of the

linear dynamics. Specifically, we analyse the imposed threshold effect when increasing
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the lower bounds, where nodes with more overlap in their neighbourhoods of various

distances will be able to achieve a higher influence on all nodes, through the lens

of stochastic block models (SBMs). In Claim 1, we consider specifically a two-block

planted SBM, SBM(pin, pout), where it has two communities, and the probabilities

for an edge to occur inside each community and between the two communities are

pin and pout,, respectively, while allowing self-loops which characterise the tendency

to maintain ones’ states, in contrast to the classical SBMs.

Claim 1. With lj,0 = hj,0 = l0, ∀vj ∈ V , and {hj,t} as in Theorem 2 in the GIP

model, SBM(pin, pout) with two equally sized communities, B1,B2, and uniform edge

weight α, while allowing self-loops, has the following properties at t = 1:

1. when lj,1 ≤ l∗1 = l0α, ∀vj ∈ V , the expected influence E[
∑

j(1 − γ)xj(1)] from

the initially activated node set (i) A0 = {vi1 , vi2} ⊂ B1, is the same as that from

(ii) A0 = {vj1 , vj2} with vj1 ∈ B1, vj2 ∈ B2;

2. when l∗1 < lj,1 ≤ 2l∗1, ∀vj ∈ V 2, if

pin ̸= pout, (3.8)

the expected influence E[
∑

j(1 − γ)xj(1)] from set (i) is larger than that from

set (ii).

Proof. For the SBM, W = αA, where A is the (unweighted) adjacency matrix, and

for each pair of nodes vi, vj, Aij ∼ Bernoulli(pij), with

pij = pinδ(σi, σj) + pout(1− δ(σi, σj)),

where σi ∈ {1, 2} indicates the block membership of each node vi, and δ(i, j) is the

delta function where δ(i, j) = 1 if and only if i = j and 0 otherwise. Further, we

denote the linear part of the state vector by y(t + 1) = WTx(t), then for each node

vj at each time step t > 0,xj(t) = fj,t(yj(t)),

yj(t) =
∑

i Wijxi(t− 1) = α
∑

i Aijxi(t− 1).

2In the specific case here, the upper bound 2l∗1 is equivalent to require that at most two initially
activated neighbours are needed to influence a node at t = 1.
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Then at t = 13,

yj(1) = α
∑
i

Aijxi(0) = αl0
∑
vi∈A0

Aij

= αl0

 ∑
vi∈A0∩Bσj

ξin +
∑

vi∈A0\Bσj

ξout

 = αl0 (ζkσ ,pin + ζk−kσ ,pout) ,

where A0 = {vi : xi(0) > 0} is the (given) set of initially activated nodes, k = |A0|,
ki = |A0 ∩ Bi|, i = 1, 2, ξin ∼ Bernoulli(pin), ξout ∼ Bernoulli(pout), and ζnm,p ∼
Bin(nm, p).

Hence, for set (i),

yj(1) = αl0(ζ2,pinδ(σj, 1) + ζ2,poutδ(σj, 2)),

while for set (ii),

yj(1) = αl0(ζ1,pin + ζ1,pout).

When lj,1 ≤ l∗1, xj(1) = yj(1), ∀vj ∈ V . Then, for set (i),

E

[∑
j

(1− γ)xj(1)

]
= (1− γ)nb × αl0 × (2pin + 2pout),

where nb is the size of each community, and for set (ii),

E

[∑
j

(1− γ)xj(1)

]
= 2(1− γ)nb × αl0 × (pin + pout).

Hence, the expected influence values at t = 1 are the same in the two cases.

However, when αl0 = l∗1 < lj,1 ≤ 2l∗1 = 2αl0, for set (i),

P (yj(1) ≥ lj,1) = P (yj(1) = 2αl0)

= P (ζ2,pinδ(σj, 1) + ζ2,poutδ(σj, 2) = 2)

= p2inδ(σj, 1) + p2outδ(σj, 2),

3Note that in the classical SBM, the expressions of initially activated nodes can be different from
others in the same community, due to the common assumption of no self-edges. However, we allow
self-loops in our analysis, thus also include vj ∈ A0 in the sum for yj(1).

51



thus,

E

[∑
j

(1− γ)xj(1)

]
= (1− γ)

(∑
j

0P (yj(1) < lj,1) + 2αl0P (yj(1) = 2αl0)

)
= (1− γ)nb × 2αl0 × (p2in + p2out).

(3.9)

While, for set (ii),

P (yj(1) ≥ lj,1) = P (yj(1) = 2αl0)

= P (ζ1,pin + ζ1,pout = 2)

= pinpout,

thus,

E

[∑
j

(1− γ)xj(1)

]
= (1− γ)

(∑
j

0P (yi(1) < lj,1) + 2αl0P (yj(1) = 2αl0)

)
= 2(1− γ)nb × 2αl0 × pinpout.

(3.10)

Hence, the expectation from (i) as in (3.9) is larger than the one from (ii) as in (3.10)

by condition (3.8).

3.3.3 Limiting case II: the linear threshold model

With all upper bounds and the corresponding lower bounds equal to some thresholds

that could vary for different nodes or time steps, all the bound functions in the GIP

model only have threshold effect on the linear product, where for each node vj at

each time step t > 0,

xj(t) =

θj,t,
∑

i Wijxi(t− 1) ≥ θj,t,

0, otherwise,
(3.11)

with θj,t being the corresponding threshold, and W being the (weighted) adjacency

matrix of the network.

The GIP model in this case can be treated as an extension to the classic LT model

for continuous variables and deterministic thresholds. Firstly, we maintain the linear

activation strategy as in (3.1), where the linear product of each node’s neighbours’
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state values and the edge weights is computed. Secondly, with continuous variables,

we can set the activated state value to be the threshold value, thus control the source

of nonlinearity to be only the activation. Note that the state values can then change

magnitude along time, thus we impose time-dependent thresholds {θj,t}. Thirdly, we
also assume the no-memory property as in Sec. 3.3.2. These jointly give the updating

function (3.11), with hj,t = lj,t = θj,t, and we refer to this extension as the extended

LT model hereafter.

From another perspective in extending the LT model, we can maintain the mag-

nitude of the state value at each time step, but instead of a single value of 1 for being

active, each node vj can take values in a range [1,mj] depending on how strong the

influence attempts from its neighbours are, i.e.
∑

i Wijxi(t − 1). Specifically, as in

(3.1), a node vj starts to take positive state value if the sum is at least a threshold,

denoted l′j here, but further, the state value increases from 1 to the highest possible

state value mj as the sum increases from l′j to a higher value h′
j. This gives a more

direct extension to the LT model, and we name it the multi-valued linear threshold

(MLT) model. Explicitly, it has the updating function,

xj(t) = fj(
∑
i

Wijxi(t− 1)), ∀t > 0, vj ∈ V, (3.12)

where, fj(x) =


0, x < l′j,

mj−1

h′
j−l′j

(x− l′j) + 1, l′j ≤ x < h′
j,

mj, x ≥ h′
j,

is the time-independent bound function, and xj(0) ∈ {0} ∪ [1, h′
j,0] with h′

j,0 being

the upper bound of node vj’s initial state value. We will show later that the two

extensions to the LT model are equivalent through their relationships with the GIP

model.

3.3.3.1 Relation between the models

To further disentangle the relationship between the GIP model and the threshold

models, we consider the following threshold-type bounds, where for each node vj at

each time step t > 0,

lj,t = (θl,jα)
tlj,0,

hj,t = θh,jθ
t−1
l,j αthj,0,

(3.13)
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α =
∑

(vi,vj)∈E Wij/|E| is the mean weight4, and θl,j, θh,j are the thresholds for the

lower and upper bounds, respectively, with 0 ≤ θl,j ≤ θh,j. With such bounds, the

GIP model reduces to the extended LT model if lj,0 = hj,0 and θl,j = θh,j, ∀vj ∈ V .

Furthermore, we will show that the GIP model also includes the MLT model as a

special case in Theorem 3.

Theorem 3. If the threshold-type bounds have uniform thresholds s.t.

θl,j = θl, θh,j = θh, ∀vj ∈ V (3.14)

the GIP model with such bounds and lj,0 = 1, ∀vj ∈ V , is equivalent to the MLT

model with l′j = θlα, h
′
j = θhαhj,0, mj = (θhhj,0)/θl, and h′

j,0 = hj,0, ∀vj ∈ V , in

terms of the overall influence where if we denote the time-discounting factors for the

GIP model and the MLT model as γ, γ′, respectively, we set γ′ = 1 − (1 − γ)θlα.

Specifically, if we denote the state values from the GIP model as xj(t) and those from

the MLT model as x′
j(t),

xj(t) = (θlα)
tx′

j(t), ∀t ≥ 0, vj ∈ V. (3.15)

Proof. We first note that if (3.15) is true, then for each node vj ∈ V ,

∞∑
t=0

(1− γ)txj(t) =
∞∑
t=0

(1− γ)t(θlα)
tx′

j(t) =
∞∑
t=0

(1− γ′)tx′
j(t),

thus the network has the same overall influence from the two models.

We then show that (3.15) is true by induction on the time step t. (i) At t = 0,

xj(0) = (θlα)
0x′

j(0), since xj(0) = x′
j(0), ∀vj ∈ V . (ii) Suppose xj(t) = (θlα)

tx′
j(t), ∀vj ∈

V , is true for all t ≤ t′, then for each node vj at t = t′ + 1, if we denote yj(t
′ + 1) =∑

iWijxi(t
′),

xj(t
′ + 1) =


0, yj(t

′ + 1) < lj,t′+1,

yj(t
′ + 1), lj,t′+1 ≤ yj(t

′ + 1) < hj,t′+1,

hj,t′+1, yj(t
′ + 1) ≥ hj,t′+1,

(3.16)

4With the threshold-type bounds, the condition
∑

i Wijxi(0) ≥ lj,1 at t = 1 is equivalent to∑
i(Wij/α)(xi(0)/lj,0) ≥ θl,j . Hence, α will not affect the activation so long as the relative weight

Wij/α does not change (e.g., Wij/α = 1 if the network has uniform edge weight).
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where lj,t′+1 = (θlα)
t′+1 and hj,t′+1 = θhθ

t′

l α
t′+1hj,0, by the GIP model. We now

consider the state value x′
j(t

′ + 1) from the MLT model in the three different cases,

and compare it with the state value xj(t
′ + 1) in (3.16). (1) When∑

i

Wijxj(t
′) < lj,t′+1 = (θlα)

t′+1 ⇔
∑
i

Wij(θlα)
t′x′

i(t
′) < (θlα)

t′+1

⇔
∑
i

Wijx
′
j(t

′) < θlα = l′j,

we have (θlα)
t′+1x′

j(t
′ + 1) = 0 = xj(t

′ + 1).

(2) When∑
i

Wijxj(t
′) ≥ hj,t′+1 = θhθ

t′

l α
t′+1hj,0 ⇔

∑
i

Wij(θlα)
t′x′

i(t
′) ≥ θhθ

t′

l α
t′+1hj,0

⇔
∑
i

Wijx
′
j(t

′) ≥ θhαhj,0 = h′
j,

we then have (θlα)
t′+1x′

j(t
′ + 1) = (θlα)

t′+1mj = (θlα)
t′+1(θhhj,0)/θl = hj,t′+1 =

xj(t
′ + 1).

(3) Finally, in the remaining case when

lj,t′+1 ≤
∑
i

Wijxj(t
′) < hj,t′+1 ⇔ l′j ≤

∑
i

Wijx
′
j(t

′) < h′
j,

the state value is in the linear regime where

x′
j(t

′ + 1) =
mj − 1

h′
j − l′j

(
∑
i

Wijx
′
j(t

′)− l′j) + 1

=
(θhhj,0)/θl − 1

θhαhj,0 − θlα
(
∑
i

Wijx
′
j(t

′)− θlα) + 1

=
1

θlα

∑
i

Wijx
′
j(t

′) =
1

θlα

∑
i

Wij
1

(θlα)t
′ xj(t

′)

=
1

(θlα)t
′+1

∑
i

Wijxj(t
′) =

1

(θlα)t
′+1

xj(t
′ + 1).

Hence, we have shown that xj(t
′ + 1) = (θlα)

t′+1x′
j(t

′ + 1),∀vj ∈ V .

Further, if the network has uniform weight α, then setting h′
j = l′j = θlα in the

MLT model is equivalent to requiring θl neighbours to have positive state values for

activations, which is reminiscent of the constant threshold model [12]. The equiva-

lence can pass to the GIP model and the extended LT model. Hence, θl = θh = 1
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corresponds to simple contagions, where a node can be influenced by a single active

neighbour, and θl = θh > 1 corresponds to complex contagions, where collective ef-

fort from the neighbourhood is required to influence a node. For general weighted

networks, we also need to compare the actual edge weights with the mean value α.

Due to the desired correspondence illustrated here, we will consider exclusively the

threshold-type bounds hereafter.

3.3.3.2 Differences between the models

We now proceed to the general properties of the GIP model via the deviation from the

extended LT model. Particularly, we consider the locally linear effect when increasing

the upper bounds through θh in (3.14) for the threshold-type bounds (3.13), where

a single active node can influence its neighbours, while it can scarcely occur when

θh = θl > 1.

Claim 2. With lj,0 = hj,0 = l0, ∀vj ∈ V , and the threshold-type bounds (3.13)

satisfying (3.14) applied in the GIP model, suppose at a particular time t′ ≥ 0, there

is a tree-like structure of the active nodes at t′, At′ = {vi : xi(t
′) > 0}, and some

currently inactive node vj∗ s.t.

∃!vj0 ∈ At′ s.t. Wj0j∗ > 0,

where W is the (weighted) adjacency matrix. Then if the network has uniform weight

α,

1. when θh = θl > 1, node vj∗ can never have positive state value at t = t′ + 1;

2. when θh > θl > 1, node vj∗ can have positive state value at t = t′ + 1 given a

sufficiently large θh.

Proof. Since the underlying network has uniform weight α, W = αA. (1) When

θh = θl > 1, xi(t
′) = (θlα)

t′l0, ∀vi ∈ At′ . Then we have∑
i

Wij∗xi(t
′) = α(θlα)

t′l0 < θlα(θlα)
t′l0 = lj∗,t′+1,

thus node vj∗ cannot have positive state value at t′ + 1.
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(2) When θh > θl > 1, the highest possible value of node j0 at time t′ is θhθ
t′−1
l αt′l0.

Hence, node vj∗ can have positive state value at t′ + 1 if

Wj0j∗θhθ
t′−1
l αt′l0 ≥ lj∗,t′+1 ⇔ αθhθ

t′−1
l αt′l0 ≥ (θlα)

t′+1l0

⇔ θh ≥ θ2l ,

which can be achieved given that θh is sufficiently large.

We can take the two-block planted SBM for example again as in Sec. 3.3.2.2,

and consider the case when increasing θh from 2 to 4 while maintaining θl = 2.

Accordingly, we analyse the performance of the following two sets of four initially

activated nodes: (i) A0 = {vi1 , vi2 , vi3 , vi4} ⊂ B1; (ii) A0 = {vj1 , vj2 , vj3 , vj4} with

vj1 , vj2 ∈ B1, vj3 , and vj4 ∈ B2. We show that the increase in the expected influence

(in one time step) from (i) is more than that from (ii) in Appendix B.2, which is

consistent with Claim 2 since nodes in B1 have a higher probability to reach a higher

or the highest state value in the propagation from (i). This corresponds to the feature

that people with high activity are more likely to influence their friends in social

networks.

3.3.4 Coexistence of regimes

As discussed in the previous sections, an important feature of the GIP model is that

it can be reduced to the linear dynamics at one end and the extended LT model at the

other. Here, we show that both types of propagation can coexist in a single network

given that the underlying propagation process follows the GIP model, which further

illustrates its generality.

Specifically, we construct a network as in Fig. 3.4, where we connect a tree, com-

posed by nodes ∪11i=1,i ̸=7{vi} ∪ {v12, v13, v15, v16, v17, v21}, and part of a regular lattice,

composed by nodes {v6, v7, v8, v13, v14, v15, v18, v19, v20}. Suppose we activate the nodes
in red initially. Then (1) if the underlying propagation is perfectly linear, every node

will have positive state values as soon as possible, while (2) if the propagation follows

the extended LT model (requiring more than one active neighbours), some nodes

in the tree substructure, e.g. leaf nodes v3, v12, v16, v17, v21, will never have positive

state values. However, with the GIP model, we can have both characteristics in the

propagation, where (1) nodes such as v2 and v3 are influenced immediately after they

have active neighbours, while (2) nodes such as v12 and v17 do not take positive state

values when there is certain amount of influence in their neighbourhood for the first

57



time; see Table 3.1. This is true despite the fact that the model is relatively more

restricting than its general formulation since we consider the specific choice of the

bounds (3.13) satisfying (3.14) for the GIP model. We choose θh = 8 to be slightly

larger than θl = 2, and lj,0 = hj,0 = 1, ∀vj ∈ V .

6 7 8

13 14 15 1612

17 18 19 20 21

1

2
3

5

4

9

10

11

Figure 3.4: Example network with both tree substructure and regular-lattice-like
substructure.

Table 3.1: The state values of representative nodes in Fig. 3.4, where the underlying
propagation follows the GIP model with the threshold-type bounds (3.13) satisfying
(3.14), lj,0 = hj,0 = 1, ∀vj ∈ V , and θl = 2, θh = 8, and the initially activated nodes
are in red.

Node 1 2 3 12 13 17 18
t = 1 8α 0 0 0 2α 0 0
t = 2 0 8α2 0 0 0 0 4α2

t = 3 32α3 0 8α3 12α3 32α3 0 0

Although increasing the upper bounds can make the propagation governed by the

GIP model perform as the linear dynamics in some tree structures, another feature

of the GIP model is that this can only happen within a limited number of time steps.

Specifically with the threshold-type bounds (3.13) satisfying (3.14) and lj,0 = hj,0 =

1, ∀vj ∈ V , suppose a node vj0 hits the upper bounds at t = t′ > 0, i.e. xj0(t
′) =

θhθ
t′−1
l αt′ , and it is the only source of influence for the nodes within certain distance

r0. Then the nodes of distance r ≤ r0 can have positive state values if

αr(θhθ
t′−1
l αt′) ≥ lj,t′+r = (θlα)

t′+r

⇔ θh ≥ θr+1
l ,
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given that θh ≥ θl ≥ 15. Hence, for the network in Fig. 3.4, if there are extra nodes

connecting with node v3 only or further tree structures with node v3 as the root

node, they will not have positive state values. In real networks, we can consider the

case where a highly active person is very likely to influence their friends and further

friends, but reinforcement among friends will be required at some point to convince

people even further.

3.3.5 Derivative and backpropagation

Understanding how the overall influence change w.r.t. the initial state values is im-

portant in many applications, e.g. the IM problem we will consider in the following

section. With a functional form for the GIP model at each time step, we can then

analyse the derivative information though backpropagation or chain rule given that

the function encoding the overall influence is differentiable, for this purpose.

Now, we slice the overall influence along the dimension of time, and consider the

influence of all nodes at each time step t,

st(x(0)) =
∑
j

(1− γ)txj(t). (3.17)

Following the GIP model, st(x(0)) can be considered as the output of a neural network,

with t hidden layers, x(0) as the input layer, WT as the weight matrix and {fj,t′} as
the activation functions for nodes {vj} in the layers corresponding to t′ = 1, 2, . . . , t.

The output layer only consists of one node, and is computed by summing over the

elements in the previous layer corresponding to x(t) = (xj(t)).

We first note that st is not always differentiable, and even discontinuous in the

general form, because each bound function fj,r can have a jump discontinuity at lj,r

and be non-differentiable at hj,r at each time step r ≤ t. However, fj,r is always

semi-differentiable, specifically right-differentiable, with the right derivative,

∂+fj,r(x) =

1, lj,r ≤ x < hj,r,

0, x < lj,r, x ≥ hj,r,
(3.18)

thus so is the function st, by the chain rule of semi-differentiability and Wij > 0,

∀i, j. Therefore, we can obtain the right derivative of st with respect to x(0), ∂+st =

5Note that if θl < 1, there is no threshold effect from the lower bounds by Lemma 1, and then
the propagation can continue until the time-discounted state values become negligible
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(∂+st(xj(0))), where if we denote y(r) = WTx(r−1), and ∂+fr = (∂+fj,r(yj(r))), ∀r ≤
t, we have

1

(1− γ)t
∂+s

T
t = ∂+f

T
t

∂y(t)

∂x(t− 1)

t−1∏
r=1

Diag(∂+fr)
∂y(r)

∂x(r − 1)
,

where ∂ is the (bidirectional) derivative, ∂y/∂x = (∂yi/∂xj) with x,y ∈ Rn, and

Diag(·) is the corresponding diagonal matrix. Here, ∂y(t)/∂x(t− 1) = WT , ∀t > 0,

thus the right derivative can be reduced to

1

(1− γ)t
∂+s

T
t = ∂+f

T
t W

T

t−1∏
r=1

Diag(∂+fr)W
T . (3.19)

From Eq. (3.18), ∂+fj,r(·) ∈ {0, 1}, ∀vj ∈ V, r > 0, hence the overall right derivative

in (3.19) is a restricted version of the (bidirectional) derivative in the case of the

corresponding linear dynamics where ∂fj,r(·) = 1, ∀vj ∈ V, r > 0, and

1

(1− γ)t
∂sTt = 1T

(
WT

)t
. (3.20)

Therefore, the right derivative can be useful if the propagation is dominated by

the linear part, but will almost always be 0 if the lower bounds are close to the

upper bounds. Suppose at a particular time step t′, lj,t′ = hj,t′ = lt′ , ∀vj ∈ V , then

fj,t′(x) = lt′H(x− lt′), where H(·) is the Heaviside step function, and

dfj,t′(x)

dx
= lt′

dH(x− lt′)

dx
= lt′δ(x− lt′), (3.21)

where δ(x) is the Dirac delta function with δ(x) = +∞ if x = 0 and 0 otherwise.

Accordingly, the derivative ∂st(xj(0)) for each node vj at any time steps t ≥ t′

can only be 0 or +∞, which is not very informative. We conclude here that the

derivative information generally has limited use in understanding the change of the

overall influence, and accordingly in the IM problem.

3.4 Influence maximisation

Now, we proceed to a key algorithmic problem associated with information propa-

gation, the influence maximisation (IM) problem, i.e. to maximise the overall influ-

ence on the whole network, and here we are interested in the constraint of a limited
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number of initially activated nodes, determined by the budget size, corresponding to

the limited resources, e.g. time and energy to influence more people as discussed in

Sec. 3.2. In this section, we will first introduce a new formulation of the IM problem

in Sec. 3.4.1, and give general solution methods to this task in Sec. 3.4.2. In these two

sections, we focus on the general features that the IM problem could have in practice.

Then we turn to the special cases when the dynamics are governed by the GIP model

in Sec. 3.4.3, and further propose a customised algorithm in Sec. 3.4.4.

3.4.1 Problem formulation

With a given information propagation process, and a given function sj(·) for the over-
all influence on each node vj, the overall influence on the whole network is naturally,

s(x(0)) =
∑
j

sj(x(0)), (3.22)

where x(0) is the initial state vector. For example, the function for individual influence

sj(·) can encode the state of the nodes at the end of the propagation process, and

then the IM problem recovers the one in the literature associated with the classic

models, while sj(·) can also be Eq. (3.3) associated with the GIP model we proposed

in Sec. 3.3. The IM problem is then to maximise s(x(0)) with respect to x(0), subject

to the constraint of limited budget size,

|{vj : xj(0) > 0}| ≤ k, (3.23)

where k ∈ Z+ is the budget size.

With objective (3.22) and constraint (3.23), we then formulate the IM problem as

a mixed-integer (nonlinear) programming (MINLP),

max
x,z

s(x)

s.t. xj ≤ hj,0zj,

xj ≥ lj,0zj,∑
j

zj ≤ k,

xj ∈ R, zj ∈ {0, 1}, ∀j,

(3.24)

where 0 < lj,0 ≤ hj,0 restrict the initial level of influence of node vj, k ∈ Z+ is

the budget size, and the objective function s(·) is the overall influence on the whole
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network as in Eq. (3.22). The continuous variables in vector x correspond to the

initial state values, while the extra binary variables in vector z, of the same dimension,

correspond to whether or not to set positive initial state values, and they are added

to appropriately impose the constraint (3.23).

The difficulty of the optimisation problem lies in the objective function s(x). Take

the GIP model together with the function (3.3) for individual influence as an example.

(i) s(x) is not always smooth and even discontinuous, since each fj,t(x) in (3.2) can

be nonsmooth at hj,t and discontinuous at lj,t. (ii) A closed-form of s(x) cannot be

obtained generally, except when fj,t(x) = x, ∀t > 0, vj ∈ V , in (3.2). (iii) The

derivative information is rarely very useful in finding a maximal point, as discussed

in Sec. 3.3.5. However, even in this case, we can show that the evaluation of the

objective function can be solved efficiently, as in Theorem 4. This is a bonus in the

deterministic setting [105]. Hence, it is necessary to treat the objective function as

an input-output (black-box) system and resort to derivative-free methods (DFMs) for

general solutions, which we will discuss in the following section.

Theorem 4. Given a network G(V,E) with the weight matrix W and an initial state

vector x(0), and with the GIP model governing the information propagation process

and Eq. (3.3) as the function for individual influence, the problem of computing the

objective function s(x(0)) in the MINLP (3.24) (i.e. Eq. (3.22)) can be solved in

O(|E|tϵ) time, where tϵ is the number of time steps required for the convergence of

the underlying process with tolerance ϵ > 0,where

∥∥(1− γ)tx(t)
∥∥
2
< ϵ, ∀t ≥ tϵ.

Proof. The time complexity follows from Alg. 1. In each iteration t, each nonzero

element of the weight matrix W has only one chance to be used to potentially adjust

the state value x(t), and there are overall O(|E|) such elements. Therefore, the time

complexity of each iteration is O(|E|), and the overall evaluation has time complexity

O(|E|tϵ), dependent on the number of steps towards convergence, tϵ.
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Algorithm 1 Influence evaluation.

1: Input: A network G(V,E) with its weight matrixW whereWij > 0 if (vi, vj) ∈ E,
parameters {lj,t}, {hj,t} in the GIP model, time-discounting factor γ, the initial
state x(0) where xj(0) ∈ [lj,0, hj,0] if and only if vj ∈ A0 (0 otherwise), and the
tolerance ϵ.

2: Output: The value of the objective function in the MINLP (3.24), s.
3: Set t← 0, x(0) ← x(0), and s← 0.
4: Mark all the out-neighbours of A0 as potentially activated nodes, N0 ←⋃

vj∈A0
N out(vj).

5: while
∥∥(1− γ)tx(t)

∥∥
2
> ϵ do

6: At+1,Nt+1 ← ∅, and x(t+1) ← 0;
7: for each potentially activated node vj ∈ Nt do

8: x
(t+1)
j = fj,t(

∑
i∈At

Wijx
(t)
i );

9: if x
(t+1)
j > 0 then

10: At+1 ← At+1 ∪ {vj};
11: Nt+1 ← Nt+1 ∪N out(vj);

12: s← s+ (1− γ)t+1x
(t+1)
j ;

13: end if
14: end for
15: t← t+ 1;
16: end while

3.4.2 General solution methods

Since we cannot assume the objective to fall in a simple family, e.g. polynomials,

model-based methods are not appropriate in the current problem. This effectively

limits the choice among algorithm classes for its solution to that of direct-search

methods. Among such algorithms, the mesh adaptive direct search (MADS) method

is one of the few that has local convergence analysis when the objective function is not

necessarily Lipschitz continuous [152]. Therefore, we consider the MADS for mixed

variables (MV) [1] as a general solution to the IM problem, which can be implemented

by the software NOMAD [10,93]. In the following, we provide a brief overview of the

MADS, which paves the way for the customised method we will propose in Sec. 3.4.4.

In the MADS for mixed variables (MV), each vector y is partitioned into its

continuous and discrete components, yc and yd, respectively. For the MINLP (3.24),

yc = x and yd = z. We denote the maximum dimensions of the continuous and

discrete variables by nc and nd, respectively, thus yc ∈ Ωc ⊆ Rnc
and yd ∈ Ωd ⊆ Znd

.
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The general problem under consideration is a minimisation problem,

min
y∈Ω

f(y),

where f : Ω → R ∪ {∞}, and the domain, or the feasible region, is the union of

continuous domain across possible discrete variable values, i.e.

Ω =
⋃

yd∈Ωd

(Ωc(yd)× {yd}),

where Ωc(yd) indicates that the continuous domain can change with different discrete

variable values, and Ω = Ωc if nd = 0. Hence, we need to modify the objective of the

MINLP (3.24) as minx,z−s(x) when applying the algorithm, i.e. to set f = −s. The
constraints are incorporated in the domain, and are treated by the extreme barrier

approach fΩ, where fΩ(y) = f(y) if y ∈ Ω and ∞ otherwise.

The MADS is a local search method, aiming to find a local minimiser, therefore

it is important to define the local neighbourhood and then local optimality. For the

continuous variables, the neighbourhood is well-defined as the open ball, Bϵ(y
c) =

{yc
1 ∈ Rnc

: ∥yc
1 − yc∥2 < ϵ} with ϵ > 0. However, different notions of the discrete

neighbourhood exist. One common choice for integer variables is N (y) = {y1 ∈ Ω :

yc
1 = yc,

∥∥yd
1 − yd

∥∥
1
≤ 1}. With a user-defined discrete neighbourhood, the classical

definition of local optimality can be extended to the domain of mixed variables as

follows.

Definition 1. A point y = (yc;yd) ∈ Ω is said to be a local minimiser of a function

f on Ω with respect to the set of neighbours N (y) ⊂ Ω if there exists an ϵ > 0 such

that f(y) ≤ f(y2) for all y2 in the set

Ω ∩

 ⋃
y1∈N (y)

Bϵ(y
c
1)× yd

1

 ,

where Bϵ(y
c) = {yc

1 ∈ Rnc
: ∥yc

1 − yc∥2 < ϵ} is an open ball, and N (y) is a user-

defined discrete neighbourhood.

The MADS algorithm is characterised by an optional search step, a local poll

step, and an extended poll step, where the objective fΩ is evaluated at specific

points defined on an underlying mesh Mr at each iteration r. The goal of each

iteration is to find a feasible improved mesh point from the current iterate, y ∈ Mr
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s.t. fΩ(y) < fΩ(y
(r)), and the algorithm will output the point it converges to. The

mesh Mr at each iteration r is a central concept in this method, which is formed as

the direct product of Ωd with the union of a finite number of lattices in Ωc,

Mr =

qmax⋃
q=1

M q
r × Ωd, (3.25)

where q = 1, ...qmax indicates each combination of discrete variable values, and the

lattice M q
r is defined through previously evaluated points, the positive spanning di-

rections and the mesh size parameter ∆m
r which dictates its coarseness. In the poll

step, the method evaluates the discrete neighbourhood N (y(r)), and the points whose

continuous parts are close to the current iterate along certain directions, Pr(y
(r)), con-

trolled by ∆m
r and the poll size parameter ∆p

r. The extended poll step is triggered

when the poll step fails to find an improved point. It consists of a finite sequence of

poll steps performed around the points in N (y(r)) whose objective values are suffi-

ciently close to the incumbent value, i.e. fΩ(y
(r)) ≤ fΩ(y) ≤ fΩ(y

(r)) + ξr, for some

user-defined tolerance ξr ≥ ξ (e.g. ξr = max{ξ, 0.05
∣∣f(y(r))

∣∣}), and we denote such

set of nodes by N ξr
r (y(r)). We summarise the main ideas of the MADS in Alg. 2.

Algorithm 2 Mesh adaptive direct search for mixed variables (MADS-MV).

1: Initialisation: Set ξ > 0 and ξ0 ≥ ξ. Let y(0) ∈ Ω such that fΩ(y
(0)) < ∞, set

∆p
0 ≥ ∆m

0 > 0. Set iteration r = 0.
2: SEARCH step (optional): Evaluate fΩ on a finite set of trial points on the mesh Mr

(3.25). If an improved mesh point is found, the SEARCH step may terminate, skip
the next POLL step and go directly to step 5.

3: POLL step: Evaluate fΩ on the set Pr(y
(r)) ∪ N (y(r)) ⊂ Mr (i.e. close to the

current iterate), until an improved mesh point is found, or until all points have
been exhausted. If an improved mesh point is found, go to step 5.

4: EXTENDED POLL step: Perform a finite sequence of poll step starting from each
point y ∈ N ξr

r (y(r)) ⊆ N (y(r)) with fΩ(y
(r)) ≤ fΩ(y) ≤ fΩ(y

(r)) + ξr, until an
improved mesh point is found or until all points have been exhausted.

5: Parameter update: Coarsen ∆m
r+1 and ∆p

r+1 when an improved mesh point is
found and refine them otherwise. Update ξr ≥ ξ, increment r ← r+ 1, and go to
step 2.

As mentioned before, the MADS is among the few algorithms that can relax the

assumptions for convergence analysis to include discontinuous functions. To conclude

the analysis, we mention that there are many heuristic algorithms in derivative-free

methods [90], but without theoretical performance guarantees. We refer the reader
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to the work of Boukouvala et al. [22] for a thorough review of DFMs in conjunction

with MINLP problems.

3.4.3 Special cases

In the previous sections, we have analysed the highly general features of the IM prob-

lem, and given general solution methods accordingly. Hereafter, we turn our attention

to the IM problem with the GIP model governing the information propagation process

and Eq. (3.3) as the function for individual influence. In this section, we consider two

special cases of the GIP model, in order to shed light on other more general scenarios.

The first special case is when the lower bounds, {lj,t}, are sufficiently small in the

GIP model, where we can show that the objective function is continuous and concave

with respect to the continuous variables x as in Theorem 5. In this case, any local

maximum is a global maximum, therefore the direct search algorithms can have global

convergence, though it is only w.r.t. the continuous variables since the optimality of

the integer part is still local, from Definition 1.

Theorem 5. If {lj,t}, {hj,t} are as in Lemma 1, then the objective function s(·) in

the MINLP (3.24) is continuous and concave w.r.t. the continuous variables x.

Proof. By Lemma 1, the lower bounds are effectively 0. Therefore, in the GIP model

(3.2), fj,t(x) = 0 if and only if x = 0, ∀vj ∈ V, t > 0. Hence, fj,t(x) is equivalent to

another bound function f̃j,t(x) associated with the same upper bound h̃j,t = hj,t but

a different lower bound l̃j,t = 0.

We first note that if fj,t(x) is continuous for all vj ∈ V and t > 0, then by

the properties of composite continuous functions, the objective function s(·) is also

continuous. Now, we focus on fj,t(x), and show that it is continuous by proving

the continuity of f̃j,t(x). (1) There are two parts of the function that are always

continuous, i.e. when l̃j,t < x < h̃j,t and x > h̃j,t. (2) We can show that the function

is also continuous at the boundary points, where

lim
x→h̃−

j,t

f̃j,t(x) = h̃j,t = f̃i,t(h̃j,t) = lim
x→h̃+

j,t

f̃j,t(x),

and

lim
x→l̃+j,t

f̃j,t(x) = 0 = f̃j,t(l̃j,t).
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Hence, f̃j,t(x) is continuous for all x ≥ 0.

Then for the concavity, we note that if fj,t(x) is concave for all vj ∈ V and t > 0,

then since it is also nondecreasing (and the linear function h(x) = WTx is also

concave and nondecreasing), the objective function s(·) is concave by the properties

of composite concave functions. Now, we consider specifically fj,t(x), and show that

it is concave by the concavity of f̃j,t(x), i.e. ∀x, y ≥ 0 and β ∈ [0, 1],

f̃j,t((1− β)x+ βy) ≥ (1− β)f̃j,t(x) + βf̃j,t(y). (3.26)

(1) When 0 = l̃j,t ≤ x, y < h̃j,t or x, y ≥ h̃j,t, (3.26) is true by the concavity of linear

functions and constant functions, respectively.

(2) When l̃j,t ≤ x < h̃j,t ≤ y, f̃j,t(x) = x < h̃j,t and f̃j,t(y) = h̃j,t ≤ y. Then, if

(1− β)x+ βy ≥ h̃j,t,

f̃j,t((1− β)x+ βy) = h̃j,t = (1− β)h̃j,t + βf̃j,t(y) ≥ (1− β)f̃j,t(x) + αf̃j,t(y);

otherwise (1− β)x+ βy < h̃j,t,

f̃t((1− β)x+ βy) = (1− β)x+ βy = (1− β)f̃j,t(x) + βy ≥ (1− β)f̃j,t(x) + βf̃j,t(y).

(3) When l̃j,t ≤ y < h̃j,t ≤ x, (3.26) is true by exchanging x, y in case (2). Hence,

f̃j,t(x) is concave for all x ≥ 0.

Furthermore, we can also show that the objective function is Lipschitz continuous

by noting that 0 ≤ fj,t(x) ≤ x, ∀t > 0, vj ∈ V and potential value x. In this case,

there are methods with global convergence, for example the new derivative-free line-

search type algorithms [66]. Meanwhile, the condition of the lower bounds could be

looser in practice, since the propagation does not necessarily go through the edge(s)

of the smallest weight in every step. Therefore, we can have a larger region of the

parameters where the objective function is (Lipschitz) continuous and concave.

The other special case is when not only {lj,t} are sufficiently small but {hj,t} are
sufficiently large in the GIP model, i.e. the linear-dynamics extreme as analysed in

Sec. 3.3.2. Hence,

x(t) = WTx(t− 1) =
(
WT

)t
x(0),
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and the objective function is then,

s(x(0)) =
∑
j

∞∑
t=1

(1− γ)txj(t) =
∞∑
t=1

1T
(
(1− γ)WT

)t
x(0)

= 1T
((

I− (1− γ)WT
)−1 − I

)
x(0) = cTx(0),

(3.27)

where c = ((I − (1 − γ)W)−1 − I)1 is the Katz centrality with factor (1 − γ), I is

the identity matrix, and the penultimate equation is obtained given that condition

(3.5) is true in the linear-dynamics extreme. Hence, the objective function is linear,

thus (Lipschitz) continuous, concave and smooth. The exact solution(s) in this case

is achievable as in Theorem 6.

Theorem 6. When {lj,t}, {hj,t} are as in Theorem 2, then the exact solution(s) to

the MINLP (3.24) is

x∗
j =

hj,0, if j ∈ A,

0, otherwise,
z∗j =

1, if j ∈ A,

0, otherwise,
(3.28)

where A = {j1, ..., jk} s.t. hi,0ci ≤ hj,0cj, ∀i /∈ A, j ∈ A, c = ((I− (1− γ)W)−1− I)1

is the Katz centrality with factor (1− γ), and the uniqueness of the solution depends

on the uniqueness of set A.

Proof. By Theorem 2, the GIP model reaches the linear-dynamics extreme. Then as

in (3.27), the objective function s(·) is linear in x,

s(x) = cTx,

where c = ((I − (1 − γ)W)−1 − I)1. For illustrative purposes, we split the proof

into two parts. (1) We first analyse the MINLP (3.24) solely w.r.t. x while fixing

the integer variables z. The problem can then be decomposed into n sub-problems,

where for each vj ∈ V ,

max
xj

s̃j(xj) := cjxj

s.t. xj ≤ hj,0zj,

xj ≥ lj,0zj,

xj ∈ R.

(3.29)
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Because cj, zj ≥ 0, ∀vj ∈ V , we can show that the optimal solution to each sub-

problem (3.29) is x∗
j = hj,0zi, and the optimal value is s̃∗j = cjhj,0zj. (2) Then we

consider the MINLP (3.24) w.r.t. z when x is at its optimal value, where

max
z

∑
j

s̃∗j =
∑
j

cjhj,0zj

s.t.
∑
j

zj ≤ k,

zj ∈ {0, 1},∀j.

We can show that the optimal solution is to set zj = 1 if node j is ranked among

the top k according to its coefficient in the objective, cihj,0. This gives the solution

(3.28), and the uniqueness of the solution depends on the uniqueness of the top k

nodes.

Hence, the exact solution(s) when the GIP model is in the linear-dynamics extreme

is to activate the k nodes of the highest product of their Katz centrality and their

maximum initial values. This relates the IM problem to a well-studied centrality

measure in networks, the Katz centrality. Furthermore, this solution can also serve

as a warm start in the search algorithms for the MINLP (3.24), as what we will do

in the following section, where the number of steps required to find a good solution

is potentially proportional to how far the underlying propagation is from being the

linear dynamics.

3.4.4 Customised direct search method

Here, we exploit one feature of the objective that s(x(0)) is non-decreasing in x(0),

which is inherited in the proof of Theorem 6. Accordingly, we propose a customised

method for the MINLP (3.24).

To see why s(x(0)) is non-decreasing in x(0), we first show that x(t) is non-

decreasing in x(0), ∀t > 0. This can be proven by induction: (i) x(1) is non-decreasing

in x(0), since each fj,1(·) and each linear function hj(x) =
∑

i Wijxi in the GIP model

are non-decreasing; (ii) suppose x(t) is non-decreasing in x(0), ∀t ≤ t′, then we can

show that x(t′ + 1) is non-decreasing in x(0), since x(t′ + 1) is non-decreasing in

x(t′) by the same logic as (i) and x(t′) is non-decreasing in x(0) by the induction

hypothesis. Hence, s(x(0)) =
∑

j

∑∞
t=0(1− γ)txj(t) is non-decreasing in x(0).

Therefore, maximising the objective s(x) with respect to x and z in the MINLP

(3.24) is equivalent to the maximisation with x and z reaching their highest possible
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values, particularly xj = hj,0zj and
∑

j zj = k. Hence, the problem is effectively

reduced to the following problem only w.r.t. the binary vector z,

max
z

s(h0 ⊙ z)

s.t.
∑
j

zj = k,

zj ∈ {0, 1},∀j,

(3.30)

where h0 = (hj,0), and ⊙ denotes the element-wise (Hadamard) product. Then, the

domain Ωd is a natural mesh to search at each iteration r,

Mr = Ωd = {z ∈ {0, 1}n :
∑
j

zj = k}. (3.31)

The constraints are incorporated in the domain, and are treated by the extreme

barrier approach sΩd , where sΩd(z) = s(h0 ⊙ z) if z ∈ Ωd and −∞ otherwise. We

define the neighbourhood function of binary variables z to be,

N (z) = {y ∈ {0, 1}n : ∥y − z∥1 ≤ d}, (3.32)

where d ∈ Z+\{1}, since ∥y − z∥1 ≥ 2 if y ̸= z and y, z ∈ Ωd, where the shortest

distance of 2 occurs when exchanging only one element of value 1 with another of

value 0.

We then propose the following customised direct search (CDS) algorithm for the

revised problem (3.30). In this algorithm, we start from the exact solution (in Theo-

rem 6) when the GIP model is at the linear-dynamics extreme. Then at each iteration

r, in the poll step, we search the local neighbourhood of the current candidate z(r),

until a point with sufficient improvement in the objective value has been found or

all points have been exhausted. In the termination check, if an improved point has

been found, the algorithm will go back to the optional search step, but will decrease

the required improvement if a sufficiently improved point has not been found; if no

improvement has been found, the algorithm outputs the current iterate and termi-

nates; see Alg. 3 for more details. The default parameter values are set to be ζ = 0.1,

δ = 0.5 and d = 2.
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Algorithm 3 Customised direct search (CDS).

1: Initialisation: Set 0 < ζ, δ < 1. Let z(0) ∈ Ωd such that z
(0)
j = 1 if node j ∈ A =

{j1, ..., jk} where hi,0ci ≤ hj,0cj, ∀i /∈ A, j ∈ A, and c = (I− (1− γ)W)−11 is the
Katz centrality. Set iteration r = 0.

2: SEARCH step (optional): Evaluate sΩd on a finite subset of trial points on the mesh
Mr (3.31), until a sufficiently improved mesh point z is found, where sΩd(z) >
(1+ ζ)sΩd(z(r)), or all points have been exhausted. If an improved point is found,
then the SEARCH step may terminate, skip the next POLL step and go directly to
step 4.

3: POLL step: Evaluate sΩd on the set Ωd ∩ N (z(r)) ⊂ Mr as in (3.32), until a
sufficiently improved mesh point z is found, where sΩd(z) > (1 + ζ)sΩd(z(r)), or
all points have been exhausted.

4: Termination check: If an improvement is found, set z(r+1) as the improved so-
lution, while decreasing ζ ← δζ if a sufficient improvement has not been found,
increment r ← r + 1, and go to step 2. Otherwise, output the solution z(r).

Therefore, local convergence is guaranteed in the termination step, by Definition

1. Global convergence could possibly be obtained with a sophisticatedly developed

search step and a better understanding of the landscape of the objective function,

in order not to be trapped in bad local optima. However, the downside of a global

method is its time complexity, thus we leave the search step optional. Instead,

the CDS method incorporates the problem’s features and circumvents the worst-case

complexity by initialising the search process with the exact solution when the GIP

model reaches the linear-dynamics extreme, and we postulate that the local optima

near this special solution are sufficiently good. We leave the detailed discussion of

the time complexity to Appendix B.1.

From the current CDS method, there are two dimensions to further improve the

quality of the output. We note that the current problem is equivalent to selecting a set

of nodes to give value 1 (and others 0). Accordingly, there are two known methods

of global convergence: (i) brute-force, where all node sets of size k are evaluated

in order to choose an optimal one; (ii) random sampling, where randomly chosen

node sets are evaluated, and this method has global convergence asymptotically if

it samples densely enough. The two dimensions of improvement are motivated by

these two global methods. On the one hand, we can enlarge the distance in defining

the neighbourhood, which necessarily searches more points in the domain. Further,

if the neighbourhood is as large as the whole domain, it reduces to the brute-force

method. On the other hand, we can restart the searching process, i.e. steps 2,3,4 in

Alg. 3, from other unexplored points randomly, which works in the same logic as the
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search step. This strategy will give global convergence asymptotically, similar to the

random sampling method.

3.5 Numerical experiments

In this section, we experimentally illustrate the rich behaviour of the GIP model,

and evaluate the performance of the CDS method for the IM problem in both small

and large, both synthetic and real networks. Throughout the section, lj,0 = hj,0 =

1, ∀vj ∈ V , γ = 0, and we apply exclusively the threshold-type bounds (3.13) with

condition (3.14), thus the lower bounds vary according to the lower bound threshold

θl and the upper bounds also change with the upper bound threshold θh.

3.5.1 The proposed model for information propagation

We start from the general features of the GIP model. In accordance with Sec. 3.3,

we show that the GIP model can have both the threshold effect and the locally linear

effect via tuning the lower and upper bounds, respectively. Such effects cannot happen

simultaneously in either the linear dynamics or the (extended) LT model, but may

co-exist in real systems.

Stochastic block models. We start from simple networks generated from the

two-block planted SBM(0.9, 0.1), where an edge is placed between the nodes in the

same community with probability pin = 0.9 and in the different communities with

pout = 0.1. We choose these values to construct networks of assortative communities,

and also to have a large difference between node sets in the same community and

those not, for visualising purposes6. The networks have size n = 50 and nc = 2

communities, where we label the nodes in communities one and two as 0 to 24 and

25 to 49, respectively; see Fig. 3.5 for one realisation. We assign a uniform weight

α = 0.1, to account for moderate level of trust among agents. Therefore, θl = 1

corresponds to the critical lower bounds for the linear-dynamics extreme, where any

θl > 1 cannot always result in linear dynamics. The difference in the propagation

behaviour will be quantified by the time-dependent influence of all nodes,

s(t) =
∑
j

t∑
t′=0

(1− γ)t
′
xj(t

′), (3.33)

6Note that as long as the probabilities satisfy pin > pout, similar phenomena will occur.
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Figure 3.5: One realisation of the two-block SBM(0.9, 0.1), where the lighter the
colour of a node is, the higher the degree of the node is.

where x(t′) = (xj(t
′)) is the state vector at time step t′ with the updating function

(3.2) and a given initial state vector x(0) = (xj(0)). Note that limt→∞ s(t)−
∑

j xj(0)

is the objective in the IM problem.

We first show the threshold effect imposed on top of the linear dynamics, by tuning

the lower bounds of the GIP model to gradually deviate it from the linear-dynamics

extreme, as in Sec. 3.3.2.2. Specifically, we consider the following two initially ac-

tivated node sets as in Claim 1: (i) {0, 1} from the same community; (ii) {0, 25}
from the different communities. The results numerically verify such effect, since the

time-dependent influence from the two node sets are similar when θl = 1, while set (i)

triggers a propagation with higher influence as θl slightly increases; see Fig. 3.6. We

note that the performance of set (ii) has larger variance, and this is because it largely

depends on the inter-community edges whose existence has much smaller probability.

Here, the results from set (ii) are concentrated at the values slightly above the mean

(not as high as set (i)), while they also contain values substantially lower than the

mean.
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Figure 3.6: The time-dependent influence, from two different initially activated node
sets, with θl = 1 (left, the critical value for the linear-dynamics extreme) and
θh = 2 (right, a larger value) while θh being large (here 9000), on 1000 samples
of SBM(0.9, 0.1).
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We then illustrate the locally linear effect added on top of the extended LT model,

by tuning the upper bounds of the GIP model to differentiate it from the LT extreme.

Here, we fix θl = 2, the smallest integer for the threshold effect to take place, while in-

creasing θh from 2 to a higher value, as in Sec. 3.3.3.2. We then consider the following

two larger initially activated node sets: (i) {0, 1, 2, 3} from the same community; (ii)

{0, 1, 25, 26} evenly distributed in the two communities. The numerical results justify

such effect, because the time-dependent influence from set (i) has larger increase than

the other when the upper bound threshold θh increases; see Fig. 3.7. We also observe

that the propagation triggered by set (ii) has consistently higher influence than the

other.
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Figure 3.7: The time-dependent influence, from two different initially activated node
sets, with θl = 2 while θh = 2 (left, the linear-threshold extreme) and θh = 8 (right,
a larger value), on 1000 samples of SBM(0.9, 0.1).

Finally, we integrate the two aspects and provide a whole picture of these general

features of the GIP model, by changing the upper and lower bounds simultaneously.

Here, we consider both node-set pairs, {0, 1} versus {0, 25} and {0, 1, 2, 3} versus

{0, 1, 25, 26}, and quantify the their relative behaviour by the ratio δ of the overall

influence (3.3) following the GIP model. We observe consistent patterns of the pre-

viously analysed features: (i) the node sets in the same community have consistently

higher influence as θl exceeds the critical value for the other set, 1 for {0, 25} and 2

for {0, 1, 25, 26} (which are equal to the numbers of nodes distributed in each com-

munity); (ii) the overall influences from the node sets in each pair are increasingly

similar as θh increases in general; see Fig. 3.8. We also notice that there is a regime

where increasing the upper bounds will enlarge the (relative) difference between the

node sets in each pair, which emphasises the nonlinearity in the GIP model.

Composite networks. Furthermore, we investigate the feature discussed in Sec. 3.3.4

numerically. Specifically, we construct a network by connecting two very different
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Figure 3.8: The ratios δ of the overall influence from two pairs of initially acti-
vated node sets, {0, 1} to {0, 25} (left) and {0, 1, 2, 3} to {0, 1, 25, 26} (right), with
changing upper (x-axis) and lower bound (y-axis) thresholds, on 1000 samples of
SBM(0.9, 0.1).

structures, an Erdős Rényi (ER) random graph and a regular lattice, which we refer

to as composite network, and explore the difference between the propagation processes

from the GIP model at the LT extreme (i.e. the extended LT model) and that with

other parameters, or in a general case.

The composite network is composed of the following: (i) a regular lattice of size no

with mean degree do, (ii) an ER random graph of the same size no and with connecting

probability per = do/no, and (iii) edges randomly placed between the two parts with a

small probability po. Here, we choose do = 4, no = 25, po = 0.01, thus the network is

of the same size as the previous SBM with n = 50. We label the nodes in the regular

lattice as 0 to 24 and in the random part as 25 to 49; see Fig. 3.9 for one realisation.

We assign a uniform weight α = 0.1, and set the following parameters for the two
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Figure 3.9: One realisation of the composite graph, where nodes 0 to 24 are from a
regular lattice and nodes 25 to 49 are from a ER random graph, and the lighter the
colour of a node is, the higher the degree of the node is.

cases of the GIP model: (i) θl = θh = 2 for the LT extreme, and (ii) θl = 2, θh = 16

for the general case for comparison. To emphasise the differences in the propagation

spread, we consider the number of nodes that have positive influence up to time step
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t,

na(t) =
∑
j

I{∑t
t′=0(1−γ)t′xj(t′)>0},

where I{·} is the indicator function, and limt→∞ sj(t) − xj(0) is the overall influence

on each node as in Eq. (3.3) with sj(t) :=
∑t

t′=0(1− γ)t
′
xj(t

′).
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Figure 3.10: The number of nodes of positive influence up to increasing time steps
(x-axis), from the GIP model at the LT extreme (θl = θh = 2) and in the general case
(θl = 2, θh = 16), with the initially activated nodes in the regular lattice (left) and
the ER random part (right), where “eg” corresponds to the results on the composite
network in Fig. 3.9 and others are from the results on 1000 samples of the random
composite network.

We observe that, particularly clearly in the composite network in Fig. 3.9, the

set from either part of the network can eventually influence the whole network when

the GIP model is in the general case, while only certain parts of the network can be

reached when the GIP model is at the LT extreme; see Fig. 3.10. The two propagation

processes initially proceed similarly in terms of the number of nodes with positive in-

fluence, while after this “initial preparation” phase, the general case gradually reaches

more nodes and finally the whole network. The results are generally consistent with

those obtained from the 1000 samples of the random composite network. Since the

randomness is mostly from the ER model part, the results have more variance when

the initially activated nodes are from this part.

3.5.2 The proposed method for influence maximisation

We now proceed to the proposed CDS method for the IM problem (with the GIP

model governing the information propagation process and Eq. (3.3) as the function

for individual influence). In the following, we first explore the constraint of limited
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budget size for the IM problem in Sec. 3.5.2.1. We then compare the performance of

the proposed CDS method with the global optima in Sec. 3.5.2.2, through networks

of a relatively small scale. We finally examine its performance on relatively large

networks in Sec. 3.5.2.3, both real and synthetic, by comparison with other state-of-

the-art approaches.

3.5.2.1 Budget size

In this section, we consider the IM problem formulation, and particularly the con-

straint of limited budget size by exploring the dependence of the optimal objective

value on the budget size k. We consider exclusively small networks here, because

algorithms with global convergence, such as the brute-force method, require O(nk)

evaluations of the objective, which prohibits their application to large networks.

Specifically, we consider a network of n = 20 nodes, generated from a two-block

SBM with connecting probability p1 = 0.5 in one community, p2 = 0.25 in the

other, and p12 = 0.05 between the two communities. The probabilities in the two

communities are set to be different in order to separate the nodes in each community.

We again assign uniform weight α = 0.1. We compare optimal objective values

s∗ obtained with different budget sizes through the relative optimal objective value,

s∗/s∗max, where s
∗
max is the optimal value from k = n = 20, i.e. the maximum objective

value with respect to all possible k.
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Figure 3.11: The change of relative optimal objective value s∗/s∗max with respect to
the budget size k (x-axis) on the SBM, when the GIP model has varying upper bound
threshold θh while the lower bound threshold θl = 1 (left) and θl = 2 (right).

We observe that the optimal objective value reaches its maximum level at a smaller

budget size k, as the upper bounds decrease; see Fig. 3.11. When θl = θh = 2, only

activating k = 11 nodes initially can achieve the maximum level of influence on

the network, and for θl = θh = 1, only k = 6 nodes are needed. This property

of saturation also illustrates the rationality for the IM problem, where one aims to
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Figure 3.12: The change of relative optimal objective value s∗/s∗max with respect to
the budget size k (x-axis) from the SBM, when the GIP model has varying lower
bound threshold θl while the upper bound threshold θh = 7 (left) and θh = 8 (right).

influence a large portion of the network from a small set of initially activated nodes:

it is not only because of limited resources, but also because activating more nodes

does not necessarily benefit the optimisation substantially.

Interestingly, when increasing the lower bounds, the early-saturation characteristic

is not significant, but the step effect is increasingly explicit; see Fig. 3.12. When

θl = θh, the optimal objective function changes as a step function w.r.t. the budget

size k, and when θl = 1, it is closer to being linear. When θl lies in between these

two extreme cases, the optimal objective function interpolates these two shapes, with

both linear-like increase and step effect, consistent with the GIP model capturing

features both from the linear dynamics and the extended LT model.

3.5.2.2 Comparison with global optima

We now proceed to the proposed CDS method. From Sec. 3.4.4, we know that the

CDS method is a local algorithm, thus it is important to explore how good the output

is with respect to the global optima. However, as discussed in the previous section, it

is practically hard for global algorithms like brute-force to obtain an optimal solution

in large networks. Hence, we exclusively consider networks of a relatively small scale

in this section.

In order to measure the goodness of the output from the CDS method, we consider

the following two measures: accuracy and rank. The accuracy is defined as the relative

value to a global optimum,

τ(s; s∗) = s/s∗,

where s is an output from the proposed algorithm, and s∗ is a global optimum.

τ(·) ∈ [0, 1] and a higher accuracy implies a better solution. Since the current problem
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is purely combinatorial in terms of the initially activated node set, we also consider

the output’s rank,

ϕ(A0;V, k) =
|{A ⊂ V : |A| = k, s(h0 ⊙ zA) > s(h0 ⊙ zA0)}|+ 1

|{A ⊂ V : |A| = k}|
,

where G(V,E) is the underlying network, k is the budget size, A0 is the set of ini-

tially activated nodes corresponding to the output, zA is the binary vector whose

jth element is 1 if and only if vj ∈ A, and s(h0 ⊙ z) is the objective function of

the revised problem (3.30). ϕ(·) ∈ (0, 1], and a lower rank implies a better solution.

Hence, in order to obtain the parameters in the measures, we select the brute-force

as the reference global algorithm.

Specifically, we consider the two cases: (i) differentiating θl and θh while main-

taining k, and (ii) varying k while fixing θl and θh. In case (ii), we also evaluate the

performance of the initial point of the CDS method, i.e. selecting nodes by their Katz

centrality (since hj,0 = 1, ∀vj ∈ V ). As representative examples, we show results

from the following networks: the classic karate club network, two-block SBMs, and

the composite network as in Fig. 3.9.

Karate club network. The karate club network is a social network of a university

karate club [159]. It captures n = 34 members of the club, and has |E| = 78 edges

indicating pairs of members who interact outside the club. This real network is

extensively used in network analysis for various purposes, and is relatively small,

thus is suitable here.

When k = 3, the CDS method can successfully find an optimal solution in all

different choices of the upper and lower bounds; see Fig. 3.13. When θl ≤ 1, the

algorithm returns the top 3 nodes of the highest Katz centrality (i.e., nodes 0, 32, 33)

when θh is large, while return those that are relatively far from each other when θh

is small (i.e., nodes 0, 31, 33). As θl increases to 2, the algorithm generally provides

node sets of smaller Katz centrality but with more overlap of their neighbourhoods

(e.g., 8, 32, 33). Since different combinations of upper and lower bounds correspond

to various properties of the underlying propagation process as discussed in Sec. 3.3,

these demonstrate that the proposed method can capture the general properties of

the IM problem. Furthermore, the time consumed by the CDS method is always less

than 5% of the brute-force’s which is between 1s and 4s, thus the CDS method is also

much more efficient.
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Figure 3.13: Performance of the CDS method on the karate club network in terms
of the output’s accuracy (left) and the rank (%, right), subject to changing upper
(x-axis) and lower (y-axis) bound thresholds of the GIP model, θh and θl, respectively,
when k = 3.
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Figure 3.14: Performance of the CDS method on the Karate club network in terms of
the output’s accuracy, subject to changing budget size k (x-axis) when θl = 2, θh = 16
(left) and θl = θh = 2 (right), where the results from selecting nodes by the Katz
centrality (“Katz”) are shown to understand the change of performance of the initial
points of the CDS method.

We then change the budget size k in two different cases of bounds: (i) θl =

2, θh = 16, and (ii) θl = 2 = θh, corresponding to the extended LT model. We

observe that the CDS method can always find a global optimal solution in case (i),

while the performance drops slightly as k increases but is still close-to-optimal in case

(ii); see Fig. 3.14. Moreover, the time consumption of the CDS method increases

approximately linearly as k rises, while for the brute-force, it changes exponentially,

which makes it practically hard to obtain a global optimum under larger budget sizes.

Stochastic block models. The SBM considered here has the same size and weights

as in Sec. 3.5.1, but different probabilities in the two communities, p1 = 0.3 in one and

p2 = 0.12 in the other, in order to distinguish nodes in different communities. The

connecting probability between the communities is set to be a smaller value p12 = 0.01

here.

When k = 4, the CDS method can find a solution either globally optimal or

fairly close to optimal with all different combinations of the upper and lower bound
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thresholds; see Fig. 3.15. There are only 5 cases when the CDS method cannot find

a globally optimal solution. However, in such worst-case scenarios, the solutions still

have accuracy over 0.95 and rank less than 0.001% in overall 230, 300 possibly initially

activated sets, i.e. the CDS method can still output a top 2 set.
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Figure 3.15: Performance of the CDS method on the SBM in terms of the output’s
accuracy (left) and rank (right), subject to changing upper (x-axis) and lower (y-axis)
bound thresholds of the GIP model, θh and θl, respectively, when k = 4.

We further explore the performance of the CDS method when increasing the bud-

get size k and θl = 2, θh = 2, one of the pairs with worst-case performance when

k = 4. We observe that the outputs from the CDS method generally have high accu-

racy (greater than 0.9), and consistently low rank; see Fig. 3.16. There is a drop in

accuracy when k becomes larger. Apart from the drop in performance of the initial

point, it is also partially because the fixed neighbourhood size, i.e. 2 here, becomes

increasingly restrictive. The former is because the current dynamics are far from the

linear dynamics. The latter is inherited in the CDS method being local, since one

needs to define the radius of local neighbourhood.
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Figure 3.16: Performance of the CDS method on the SBM in terms of the output’s
accuracy (left) and rank (right), subject to changing budget size k (x-axis) when
θl = 2, θh = 2.

Composite network. The composite network here particularly refers to the one in

Fig. 3.9, constructed by connecting a regular lattice of size no = 25 and mean degree

do = 4, and a ER random graph of the same size no and probability per = do/n, with

81



1 2 4 6 810 20 30 40 50 60 70 80 90 100

h

0.01.0

2.0

3.0

l

Accuracy

0.80

0.85

0.90

0.95

1.00

1 2 4 6 810 20 30 40 50 60 70 80 90 100

h

0.01.0

2.0

3.0

l

Rank (%)

10 3

10 2

1 2 4 6 810 20 30 40 50 60 70 80 90 100

h

0.01.0

2.0

3.0

l

Accuracy

0.80

0.85

0.90

0.95

1.00

1 2 4 6 810 20 30 40 50 60 70 80 90 100

h

0.01.0

2.0

3.0

l

Rank (%)

10 3

10 2

Figure 3.17: Performance of the CDS method (top) and that with community restart
(bottom) on the composite network in terms of the output’s accuracy (left) and
the rank (%, right), subject to changing upper (x-axis) and lower (y-axis) bound
thresholds of the GIP model, θh and θl, respectively, when k = 4.

edges randomly placed between the two parts with a small probability po = 0.01. As

discussed in Sec. 3.5.1, there is noticeable difference in performance when the GIP

model is at the LT extreme versus in the general case in this network. It is then

interesting to explore the performance of the CDS method for the corresponding IM

task, on this particular structure.

When k = 4, the CDS method can again find an optimal or close-to-optimal so-

lution with different choices of the upper and lower bound thresholds: see Fig. 3.17.

There are only 4 cases where the CDS method cannot output a globally optimal solu-

tion, and the worst-case scenario occurs when θl = 1.4 and θh = 2, where the accuracy

is about 0.85 and the rank is slightly below 0.009% in overall 230, 300 candidate node

sets, i.e. the CDS method can still output a top 20 set in this case.

Since there are certain cases where a global optimum cannot be reached by the

(plain) CDS method, we explore one improvement strategy here: to restart the search

process, i.e. steps 2,3,4 in Alg. 3, from other unexplored points. We achieve this by

its noticeable community structure. Specifically, we propose the following community

restart strategy : (i) construct a set containing different splits of k into the two com-

munities, S := {(k1, k2) : k1+k2 = k, k1, k2 ∈ N}; (ii) construct the set of initial points
corresponding to activating k1 and k2 nodes of the highest values of hj,0cj where cj

is the Katz centrality of node vj, in communities 1 and 2, respectively, ∀(k1, k2) ∈ S;
(iii) restart the search process from each point in (ii) if it has not been explored yet.

We observe that the community restart strategy can assist the CDS method to find

a global optimum when the lower bound threshold θl < 2; see Fig. 3.15. Now, the

worse-case scenario has accuracy 0.98 and rank 0.001%, i.e. it can now output a top 2
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Figure 3.18: Performance of the CDS method (“CDS”) and that with community
restart (“CDS-com”) on the composite network in terms of the output’s accuracy (left)
and rank (right), subject to changing budget size k (x-axis) when θl = 1.4, θh = 2.

set. We refer the reader to [135] for more theoretical results on the interplay between

the community structure and complex contagions.

We then explore the performance of the CDS method, together with the commu-

nity restart strategy, when varying the budget size k and θl = 1.4, θh = 2, the pair

with worst-case performance when k = 4. The performance of the CDS method can

be further improved by the community restart strategy, particularly when k is large,

which also verifies the valuable information in the community structure; see Fig. 3.18.

We also observe that the performance of the CDS method is generally good, with ac-

curacy greater than 0.8 and consistently low rank, thus we will only examine the CDS

method in the following.

3.5.2.3 Comparison with state-of-the-art

In the following, we explore the performance of the CDS method on both synthetic

and real networks on a relatively large scale, by comparing them with the state-of-

the-art methods. Hereafter, we denote the set of initially activated nodes, A0, as the

seed set. We note that the vast majority of greedy algorithms following the work

of Kempe et al. [85] are not applicable here, because every node sets that are not

large enough7 will return an objective value 0, and then these algorithms lack an

appropriate approach to select the first few nodes, which has significant consequences

in their following steps. We instead compare the CDS method with the following

ones.

(i) Random sampling (“Random”). Randomly selecting k nodes of the network,

and return them as the seed set. We repeat the process ns times, and output

7It corresponds to the node sets of sizes less than θl in networks with uniform weights, while in
weighted networks, we also need to incorporate the exact weights around each node compared to
the mean weight α.
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the one with the highest objective value.

(ii) Degree-centrality method (“Degree”). Centrality is an important measure

which quantifies the significance of nodes in networks [12]. The degree-centrality

method is to select the k nodes of the highest degree (centrality) in the network

as the seed set.

(iii) Katz-centrality method (“Katz”). Finding the k nodes of the highest Katz

centrality in the network as the seed set.

Since method (i) has random components, we will repeat the methods nr times and

analyse their averaged performance. In this section, we compare the performance of

different methods directly through the overall influence s, i.e. the objective value in

the IM problem (3.24) (or equivalently (3.30)).

The networks under consideration are composed of a large two-block SBM, and

a real collaboration network. On the one hand, SBMs are considered here because

community structure is a common feature in many real networks, and also to extend

the previous analysis in Sec. 3.5.2.2 to a larger scale. Collaboration networks, on

the other hand, are extensively used in IM experiments, because researchers believe

that such networks capture key features of social networks [117]. The specific one we

select also has ground-truth communities as metadata. In the following experiments,

we choose ns = 100 and nr = 10.

Stochastic block model (SBM). Consider a relatively large network of size

n = 1000, generated by a two-block SBM with different probabilities in the two

communities, p1 = 0.015 and p2 = 0.006, and the connecting probability between the

two being p12 = 0.0005. These values are chosen to maintain roughly the same mean

degree as the SBM in Sec. 3.5.2.2, and we assign the same uniform weight α = 0.1. We

observe that the CDS method outperforms all the reference algorithms in all possible

budget sizes; see Fig. 3.19. Further from the results, the performance of the degree

centrality is similar to the Katz centrality, and we then prove that it is theoretically

expected in Appendix B.2.

Collaboration network. The collaboration network is constructed by a compre-

hensive list of research papers in computer science provided by the DBLP computer

science bibliography, where two authors are connected if they publish at least one pa-

per together [158]. There are intrinsic communities defined by the publication venue,

e.g. journals or conferences. Here, we randomly select two such venues (no. 6035 and
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Figure 3.19: Overall influence s from different node selection algorithms applied to the
SBM, subject to changing budget size (x-axis), when the GIP model has θl = θh = 4
(left) and θl = 4, θh = 200 (right).

6335) whose sizes are over 500 and the related authors are relatively densely con-

nected so that the reinforcement within groups is more likely to happen. The result-

ing network is unweighted and connected, containing n = 1016 nodes and |E| = 3469

edges. Here, we maintain a uniform weight α = 0.1. Since the collaboration net-

work contains several nodes of much higher degrees than others, the performance of

the linear dynamics is largely dominated by these nodes. Accordingly, we observe

that both degree-centrality and Katz-centrality methods perform competitively to

the CDS method when θh is relatively far from θl. However, the CDS method still

outperforms others, and the distance is relatively larger as θh becomes smaller; see

Fig. 3.20.

8 10 12 14 16 18 20
k

30

40

50

60

s

l = 5, h = 5
Degree
Katz
CDS

8 10 12 14 16 18 20
k

80

100

120

140

160

s

l = 5, h = 10
Degree
Katz
CDS

Figure 3.20: Overall influence from different node selection algorithms applied to the
collaboration network, subject to changing budget size (x-axis), when the GIP model
has θl = θh = 5 (left) and θl = 5, θh = 10 (right), where the results from random
sampling is ignored because they are close to 0.
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3.6 Conclusions

To understand how information propagates through social networks has many prac-

tical implications. Among the vast amount of work in this field, the IC model and

the LT model are among the most popular choices of models. However, their char-

acteristics, such as the binary state variables and no feedback mechanism, although

simplifying their analysis, neglect important features of information propagation in

real systems, e.g. higher influence from people of higher activity and reinforcement

within close-contact groups. Therefore, we propose a novel class of information prop-

agation model, the GIP model, which unifies the mechanisms underlying the classic

models on the one hand, while extending them to address the aforementioned issues

on the other hand. More importantly, the GIP model has features that each single

model does not possess but may occur in real systems, as discussed in Sec. 3.3. We

leave the investigation on real social networks to future work.

The general features of the GIP model necessarily lead to the IM problem with

more general properties, such as the objective not being submodular. However, break-

ing the boundary of such restrictive properties is necessary for the IM problem to em-

brace a wider family of information propagation models in practice [72, 101]. There-

fore, we introduce MINLP to the IM problem, and provide derivative-free methods

as general solution methods. Furthermore, we propose the CDS method particularly

suited for the IM problem when the information propagation is governed by the GIP

model, and numerically demonstrate its close-to-optimal performance in various sce-

narios through experiments. One can also consider fine tuning each step of the CDS

method as possible extensions to further improve the performance.

In summary, we have unified the mechanisms underlying the IC model and the

LT model into a novel class of information propagation model, and propose a gen-

eral framework for the IM problem that is applicable to a broad range of functions

describing the overall influence in this chapter. As the two classic models are widely

accepted for information propagation, we believe that the GIP model has the poten-

tial to explain more propagation phenomena on, but not restricted to, social networks.

Meanwhile, the proposed IM framework provides a systematic approach to handle the

case when the objective does not have restrictive properties, which provides insights

into solving the IM problem in more realistic scenarios.
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Chapter 4

Dynamics on signed networks and

optimisation

4.1 Introduction

Dynamics on simple networks where there is only one single type of connection have

been studied extensively. However, two competing types of node interactions of-

ten play an important part in shaping the system behaviour, e.g., activatory or in-

hibitory functions in biological systems, trustful and mistrustful connections in social

or political networks, and cooperative or antagonistic relationships in the economic

world [4, 58, 109]. Therefore, signed networks, where each connection can be either

positive or negative, and the notion of balance, have become important ingredients of

models and tools for many research fields over recent years. The concepts were moti-

vated and suggested by problems in social psychology [32,74] and have stimulated new

methods for analysing social networks [88, 145, 156], biological networks [144] and so

on. Signed networks also play an important role in various branches of mathematics,

such as group theory, topology and physics [18, 20, 29–31]. However, most existing

results are based on unweighted signed networks. Hence, the first contribution of this

chapter is to extend the results in characterising the structure of signed networks to

their weighted version, and also to show consistent patterns of two classic but distinct

dynamics on signed networks.

Our interest in signed networks originates from the work in extracting two compet-

ing roles in Chapter 2. We should note that both the complementary and substitute

relationships between products could affect how the demand changes of some products

propagate to the whole system, and it is then important to consider them simultane-
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ously. Therefore, signed networks are appropriate models to understand the dynamic

of demand changes of the interrelated products, and then the following decision mak-

ing. As in Chapter 3, we still contextualise the problem in social networks, and

consider it from the perspective of information propagation and influence maximisa-

tion, which is a central topic in social, behavioural, and economic sciences and has

been extensively studied over the last two decades [11,23,33,39,95,113,114,125,126].

However, most of the existing studies in information propagation and influence

maximisation consider simple networks exclusively with positive connections, and the

problem in signed networks is relatively unknown. Among such work, the mainstream

is to extend the two classic information propagation models in simple networks, the

independent cascade (IC) model and linear threshold (LT) model, to signed networks

while maintaining the desired properties of the associated influence maximisation

(IM) problem [38, 103]. Nevertheless, the expected influence spread for a given ini-

tially activated node set becomes increasingly difficult to estimate in signed networks,

and the classic models also suffer from certain drawbacks as discussed in Chapter 3.

Hence, as a second contribution, we extend the general class of information propa-

gation model proposed in Chapter 3 to signed networks, where the extended model

maintains the desired properties discussed before, such as possessing the mechanisms

underlying the classic models. We also consider the associated IM problem, where we

can still formulate it as a mixed integer nonlinear programming (MINLP), and refer

to derivative-free methods as general solutions. Then we consider a particular case

where each node only has one choice of initial state value, which could correspond

to product range optimisation with the aim of finding the optimal range of products

to stock in a store, and propose a customised method accordingly, with local con-

vergence. As the last part in the main body of the thesis, we also show how the

work in different chapters can collectively contribute to a better understanding of the

business through an illustrative example. Last but not least, even though we refer to

the retail industry as a practical example, we believe that the proposed methods are

generally applicable to various scenarios when two competing types of relationships

are important in shaping the dynamics.
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4.2 Literature review

4.2.1 Structure of signed networks

Let G = (V,E,W) be an undirected signed network, where V = {v1, v2, . . . , vn} is

the node set, an edge (vi, vj) ∈ E is an unordered pair of two distinct nodes in the set

V , and the signed (weighted) adjacency matrix W ∈ Rn×n describes the nonzero edge

weights. Each edge in E is associated with a sign, positive or negative, characterising

G as a signed network. Specifically, if there is no edge between nodes vi, vj, we set

Wij = 0; otherwise, Wij > 0 denotes a positive edge, while Wij < 0 denotes a negative

edge. The degree of a node vi is defined as

di =
∑
j

|Wij|, (4.1)

and motivated by graph drawing [89], the signed Laplacian matrix in the literature

is normally defined as

L = D−W, (4.2)

where the signed degree matrixD is the diagonal matrix with d = (di) on its diagonal.

Accordingly the signed random walk Laplacian is

Lrw = I−D−1W, (4.3)

where I is the identity matrix. We say the network is unweighted if |Wij| ≡ 1, ∀(vi, vj) ∈
E, and has uniform weights if |Wij| ≡ c, ∀(vi, vj) ∈ E, for some constant c. Most work

in the literature is based on unweighted signed networks, hence in this section, we

assume G to be unweighted unless otherwise mentioned, i.e. W = A where A = (Aij)

is the (unweighted) adjacency matrix with

Aij =

sign(Wij), if Wij ̸= 0;

0, otherwise,
(4.4)

and function sign(·) indicates the sign of a value.

Introduced in 1940s [78] and primarily motivated by social and economic networks,

a fundamental notion in the study of signed networks is the so-called structural balance

[32]. A signed graph is structurally balanced if there is no cycle with an odd number
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of negative edges. The following structure theorem was proved in [74].

Theorem 7 (Structure Theorem for Balance [74]). A signed graph G is structurally

balanced if and only if there is a bipartition of the node set into V = V1 ∪ V2 with V1

and V2 being mutually disjoint and one of them being nonempty, s.t. any edge between

the two node subsets is negative while any edge within each node subset is positive.

From another aspect, Harary [75] defined a signed graph G to be antibalanced if

the graph negating the edge sign is balanced. Thus, G is antibalanced if and only if

there is no cycle with an odd number of positive edges. By reversing the edge sign,

Harary gave the following antithetical dual result for antibalance [75].

Theorem 8 (Structure Theorem for Antibalance [75]). A signed graph G is struc-

turally antibalanced if and only if there is a bipartition of the node set into V = V1∪V2

with V1 and V2 being mutually disjoint and one of them being nonempty, s.t. any edge

between the two node subsets is positive while any edge within each node subset is

negative.

There is a further line of research in the weakened version of structural balance,

where a graph is weakly balanced if and only if no cycle has exactly one negative edge

in G [46,54]. But due to its lack of dynamical interpretation, we focus on the original

version of structural balance in this chapter.

The properties of being balanced or antibalanced can be characterised by the

eigenvalues of both the signed Laplacian matrix (4.2) and the signed random walk

Laplacian (4.3). Specifically, Kunegis et al. showed that, as in the case of the unsigned

Laplacian, the signed Laplacian matrix is still positive semi-definite, and it is positive

definite if and only if the underlying signed network does not have a balanced con-

nected component [89]. Similarly, the smallest eigenvalue of the signed random walk

Laplacian vanishes if and only if the network has a balanced connected component.

Meanwhile, it is also known that a signed network has an antibalanced connected

component if and only if the largest eigenvalue of the signed random walk Laplacian

equals 2 [98]. The counterpart for the signed Laplacian has also been explored, and

we refer the reader to [82,160] for more details in the results of the spectral properties

of signed networks.

However, the literature in analysing the properties of the signed networks that

are neither balanced nor antibalanced is limited. Among them, Atay and Liu charac-

terised such signed networks through the idea of Cheeger inequality [8]. They defined

the signed Cheeger constant through how far the network is from having a balanced
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connected component, and managed to estimate the smallest eigenvalue of the Lapla-

cian matrices from below and above with it. They obtained similar results concerning

antibalance and the spectral gap between 2 and the largest eigenvalue via an anti-

thetical dual signed Cheeger constant. We refer the reader to [15, 81] for more work

on this aspect.

4.2.2 Dynamics and optimisation

There are various research directions in analysing the dynamics over signed networks,

following the dynamical relationship specified along the positive and negative connec-

tions. For example, different consensus algorithms with positive and negative edges

have been proposed and investigated [5, 79, 102, 111, 112, 139, 140, 157]. There exist

two basic types of interactions along the negative edges: the “opposing negative dy-

namics” [5] where nodes are attracted by the opposite values of the neighbours, and

the “repelling negative dynamics” [139] where nodes tend to be repulsive of the rel-

ative value of the states with respect to the neighbours instead of being attractive.

Shi et al. [138] provide a recent review on dynamics on signed networks, where they

integrate the work in this field through extending the classic DeGroot model with

the two aforementioned rules on negative edges and provide a systematic approach

to analyse the steady-state behaviour of the dynamics on signed networks. There is

another line of research to explore the evolution of edge weights in signed networks

and their interactions with the balanced structure, but since it is out of scope of our

current analysis, we refer the reader to [109] and references therein.

The problem of information propagation and influence maximisation on networks

only with positive connections has been studied extensively in the literature, but rela-

tively less has been explored in the context of signed networks. Among such work, Li

et al. [100] extended the voter model to signed networks with the “opposing negative

dynamics”. They provided systematic characterisation of both short-term and long-

term behaviour of the model, through the balanced structure of the underlying signed

networks. Then they considered the IM problem, where they defined the objective

function based on subtracting the number of negatively influenced nodes from that

of positively influenced nodes on either time scale, and proposed methods making

use of its special property as a linear set function. There is also a stream of research

in extending the classic information propagation models to signed networks while

maintaining the desirable properties in the IM problem, e.g., the objective function

being monotonic and submodular, so that the related greedy algorithms can maintain
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the theoretical approximation guarantee for the IM problem [38, 103]. However, the

objective function, commonly defined as the number of positively influenced nodes at

the end of the process, becomes increasingly difficult to estimate in signed networks,

where many simulations are necessary. Meanwhile, as discussed in Chapter 3, the

binary state space could be limited in practice and the feedback between nodes is

also an important feature to incorporate in the model. Hence, we will tackle the

problem in terms of the GIP model we have developed in Chapter 3. Specifically, we

will extend it to signed networks and analyse the associated IM problem.

4.3 Signed networks

In this section, we illustrate the interesting properties of signed networks that are

significant to further understand the problem of information propagation and influ-

ence maximisation. Specifically, we will show how a signed network connects and

differentiates from its unsigned counterpart from both the structural and the dy-

namical perspectives, and how the separate behaviour interacts with the structure

balance. Throughout the section, we consider connected, undirected, weighted signed

networks1 G = (V,E,W) where W is the signed (weighted) adjacency matrix, and

the corresponding networks ignoring the edge sign Ḡ = (V,E,W̄) where W̄ is the

unsigned (weighted) adjacency matrix with W̄ij = |Wij|, ∀i, j.

4.3.1 Structural properties

We first specify our definitions of structural balance. We define a signed graph to

be balanced as in Theorem 7, and antibalanced as in Theorem 8. Finally, we define

all the remaining signed graphs to be strictly unbalanced in Definition 2. Since we

focus on the structural properties here, we use the terms “network” and “graph”

interchangeably.

Definition 2 (Strict Unbalance). A signed graph G is strictly unbalanced if G is

neither balanced nor antibalanced.

With the definitions, we should note that balanced graphs and antibalanced

graphs are not always mutually exclusive. For example, a four-node path with

edge sign (−,+,−) is both balanced and antibalanced, and so is a four-node cy-

cle with edge sign (−,+,−,+). We then show that the intersection between balanced

1For disconnected networks, we can consider each of its connected components. We allow self-
loops in the networks, but multiple edges are not present.
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graphs and antibalanced graphs only contains signed trees in Proposition 9, and (bal-

anced/antibalanced) bipartite graphs as in Proposition 10. As in the literature, we

define a path, walk, or cycle to be positive if it contains an even number of negative

edges, and negative otherwise.

Proposition 9. Every signed tree is both balanced and antibalanced.

Proof. We consider an arbitrary signed tree graph, T = (V,E,W). We first show

that T is balanced. For a node vi ∈ V , there is only one path from vi to other nodes

in V . Hence, we can partition each node vj ∈ V \{vi} according to the sign of the

path from vi to vj, where V1 contains vi and the nodes of positive paths, while V2

contains the nodes of negative paths.

We can show that V1, V2 is the partition corresponding to the balanced structure.

Suppose there is an edge (vh, vl) in V1, then there are two paths of positive sign from

vi to vh and vl, and one of them does not go through edge (vh, vl). WLOG, the path

to vh, denoted Ph, does not go through (vh, vl). Then Ph + (vh, vl) is a path from vi

to vl, then it is positive. Hence, edge (vh, vl) is positive. Similarly, we can show that

each edge in V2 is positive, while each edge between S and S̄ is negative. Hence, each

signed tree is balanced.

We now show that T is also antibalanced. We first construct another tree by

negating the edge sign, T ′ = (V,E,−W), and then following the above procedure,

we can show that T ′ is balanced. Hence, T is antibalanced.

Proposition 10. A non-tree signed graph G which is both balanced and antibalanced

has to be bipartite.

Proof. The balanced graphs can be equivalently defined as that all cycles have even

number of negative edges, and the antibalanced graphs can be equivalently defined as

that all cycles have even number of positive edges. Hence, a non-tree signed graph G

is both balanced and antibalanced if and only if every cycle has both an even number

of positive edges and an even number of negative edges. This can only happen when

there is no odd cycle, thus G is bipartite, given that it is not a tree.

Now, with a better understanding of the structural balance, we characterise signed

networks through the spectral properties. Specifically, we show that the eigenvalues

and eigenvectors of a signed graph G are closely related to those of its unsigned

counterpart Ḡ in Theorem 11, and further characterise the leading eigenvalue and

eigenvector in Proposition 12. Similar results have been obtained in the literature

but on unweighted graphs or other matrices, e.g. the signed Laplacian [89].

93



Theorem 11 (Spectral Theorem of Balance and Antibalance). Let W = UΛUT and

W̄ = ŪΛ̄ŪT be the unitary eigendecomposition of W and W̄, respectively, where

UUT = I and ŪŪT = I. Let V1, V2 denote the corresponding bipartition for either

balanced or antibalanced graphs, and I1 denote the diagonal matrix whose (i, i) element

is 1 if i ∈ V1 and −1 otherwise.

1. If G is balanced,

Λ = Λ̄, U = I1Ū.

2. If G is antibalanced,

Λ = −Λ̄, U = I1Ū.

Proof. If G is balanced, W = I1W̄I1 by definition. Then,

W = I1W̄I1 = I1ŪΛ̄Ū−1I1 = (I1Ū)Λ̄(I1Ū)−1,

where the second equality is by I1I1 = I. It is the eignedecomposition of W by the

uniqueness. Hence, Λ = Λ̄, U = I1Ū.

While, if G is antibalanced, W = −I1W̄I1 by definition. Then,

W = −I1W̄I1 = −I1ŪΛ̄Ū−1I1 = (I1Ū)(−Λ̄)(I1Ū)−1,

where the second equality is by I1I1 = I. It is the eignedecomposition of W by the

uniqueness. Hence, Λ = −Λ̄, U = I1Ū.

Remark. For directed signed graphs, we can show that (i) the relationships between

the eigenvalues still hold, and (ii) the general eigenvectors of the two matrices have

the same correspondence as the eigenvectors in Theorem 11, where the proof follows

similarly but in terms of their Jordan canonical forms.

Proposition 12. Suppose Ḡ is not bipartite, thus aperiodic. Let λ1 ≥ λ2 ≥ · · · ≥ λn

denote the eigenvalues of W with the associated eigenvectors u1,u2, . . . ,un, λ̄1 ≥ λ̄2 ≥
· · · ≥ λ̄n denote the eigenvalues of W̄ with the associated eigenvectors ū1, ū2, . . . , ūn,

and ρ(·) denotes the spectral radius. Let V1, V2 denote the corresponding bipartition

for either balanced or antibalanced graphs.
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1. If G is balanced, λ1 = ρ(W) > 0, and this eigenvalue is simple and the only

one of the largest magnitude, where |λi| < λ1, ∀i ̸= 1.

2. If G is antibalanced, λn = −ρ(W) < 0, and this eigenvalue is simple and the

only one of the largest magnitude, where |λi| < −λn, ∀i ̸= n.

Meanwhile, the associated eigenvector, u1 for balanced graphs and un for antibalanced

graphs, is the only one of the following pattern: it has positive values in one node

subset in the bipartition (e.g. V1) and negative values in the other (e.g. V2).

Proof. Since W̄ is an non-negative matrix, and Ḡ is irreducible and aperiodic, then

by Perron-Frobenius theorem, (i) ρ(W̄) is real positive and an eigenvalue of W̄,

i.e. λ̄1 = ρ(W̄), (ii) this eigenvalue is simple s.t. the associated eigenspace is one-

dimensional, (iii) the associated eigenvector, i.e. ū1, has all positive entries and is the

only one of this pattern, and (iv) W̄ has only 1 eigenvalue of the magnitude ρ(W̄).

Then, if G is balanced, from Theorem 11, (i) W and W̄ share the same spectrum,

and (ii) U = I1Ū, where U = [u1,u2, . . . ,un] and Ū = [ū1, ū2, . . . , ūn] containing all

the eigenvectors, and I1 is the diagonal matrix whose (i, i) element is 1 if i ∈ V1 and

−1 otherwise. Hence, λ1 = λ̄1 = ρ(W̄) = ρ(W), and this eigenvalue is simple and

the only one of the largest magnitude. Meanwhile, u1 = I1ū1, thus it has the pattern

as described and is the only one of this pattern. The results of antibalanced graphs

follow similarly.

Remark. For a bipartite undirected graph G, if it is balanced, it will also be antibal-

anced, by Proposition 10. Then we can show that (i) the relationship of the spectral

radius in Proposition 12 holds and the corresponding eigenvalues are still simple,

but each is not the only one of the largest magnitude, since both λ1 = ρ(W) and

λn = −ρ(W) if G is balanced or antibalanced, and (ii) the patterns of u1,un in

Proposition 12 still hold, and correspond to the bipartitions for the balanced structure

and the antibalanced structure, respectively.

Finally, we consider strictly unbalanced graphs. It is a relatively unexplored area,

and the existing results are mostly with regard to the signed Laplacian matrices [8,89].

Here, we show a general property in terms of the (weighted) adjacency matrix that its

spectral radius is smaller than the unsigned counterpart given that the signed network

is neither balanced nor antibalanced. Together with Theorem 11, this is the only case

when the contraction of the spectral radius occurs. Hence, if we consider dynamics
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given by the signed (weighted) adjacency matrix, the corresponding state values ob-

tained from strictly unbalanced graphs will have smaller magnitude compared with

those obtained from either balanced or antibalanced graphs.

Lemma 13. If G is strictly unbalanced, then ∃vi, vj ∈ V and l ∈ Z+ s.t. there are

two walks of length l between nodes vi, vj of different signs.

Proof. We construct a directed signed graphG′ by making each edge inG bidirectional

in G′ while maintaining the same sign in both directions. We note that G is strictly

unbalanced if and only if G′ is strictly unbalanced, and also that the statement, i.e.,

∃vi, vj ∈ V and l ∈ Z+ s.t. there are two walks of length l between nodes vi, vj of

different signs, is true in G if and only if it is true in G′. Hence, we prove the lemma

through G′.

By construction, G′ contains cycles of length 2. (i) If G′ is periodic, then G′ is

bipartite, because of the presence of length-2 cycle(s). Suppose the statement is not

true, i.e. all walks of the same length between each pair of nodes vh, vl ∈ V have the

same sign, then all cycles are positive, noting that the edges connecting the same pair

of nodes have the same sign, thus G′ is balanced, which leads to contradiction. (ii)

Otherwise, G′ is aperiodic, then the statement is true by Proposition 3.5 in [100].

Theorem 14. G is strictly unbalanced if and only if ρ(W) < ρ(W̄).

Proof. We first note that if ρ(W) < ρ(W̄), then G is strictly unbalanced, since the

spectral radius will be the same if G is balanced or antibalanced by Theorem 11.

For the other direction, if G is strictly unbalanced, by Lemma 13, ∃vi, vj ∈ V and

l1 ∈ Z+ s.t. there are two walks of length l1 between nodes vi, vj of different signs.

Then

∣∣(Wl1)ij
∣∣ < (W̄l1)ij,

where (W)ij indicates the (i, j) element of a matrix W. Hence, for sufficiently large

l2, the walks between each pair of nodes will be able to go through the two walks of

different signs between nodes vi, vj, thus ∀vh, vk ∈ V ,

∣∣(Wl2)hk
∣∣ < (W̄l2)hk.
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Then for each vector x = (xh) ∈ Rn and ∥x∥2 = 1, we can find x̄ = (|xh|) s.t. ∥x̄∥2 = 1

and

∣∣(Wl2x)h
∣∣ = ∣∣∣∣∣∑

k

(Wl2)hkxk

∣∣∣∣∣ ≤∑
k

∣∣(Wl2)hkxk

∣∣ <∑
k

(W̄l2)hk|xk| = (W̄l2x̄)h,

where (x)h indicates the h-th element of an vector x. Therefore,
∥∥Wl2x

∥∥
2
<
∥∥W̄l2x̄

∥∥
2
.

Hence, by definition,

∥∥Wl2
∥∥
2
= max

∥x∥2=1

∥∥Wl2x
∥∥
2
< max

∥y∥2=1

∥∥W̄l2y
∥∥
2
=
∥∥W̄l2

∥∥
2
,

then ρ(W)l2 = ρ(Wl2) < ρ(W̄l2) = ρ(W̄)l2 , and finally ρ(W) < ρ(W̄).

4.3.2 Dynamical properties

We now characterise the dynamics on signed networks. Specifically, we consider the

following dynamics which are closely related to the information propagation: (i) the

linear dynamics and (ii) the extended LT model, which we will specify in Secs. 4.3.2.1

and 4.3.2.2, respectively. Throughout this section, we use xi(t) ∈ R to represent

the state value of node vi, and x(t) = (xi(t)) denotes the vector consisting of xi(t).

In analysing the dynamics, we are interested in the following properties: (i) the

asymptotic behaviour,

xj(∞) = lim
t→∞

xj(t),

and (ii) the weighted sum of state values,

sj =
∞∑
t=1

(1− γ)txj(t),

where γ is a time-discounting factor that guarantees convergence. This quantity will

be interpreted as the overall influence on each node vj later in this chapter.

4.3.2.1 The linear dynamics

Starting from an initial vector x(0), the linear dynamics evolves as follows,

x(t) = WTx(t− 1), ∀t > 0, (4.5)
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where W is the signed (weighted) adjacency matrix. In unsigned networks, every

edge represents the potential to spread the information or influence others, thus at

each time step t, the linear dynamics sum all possible walks from a node to another

of length t via W̄t in Eq. (3.4). However, in signed networks, there are also edges

of the negative sign, which means there is potential to reinforce the information flow

in the opposite direction. The way the linear dynamics incorporate this feature is to

add a negative sign if the corresponding walk is negative via Wt in Eq. (4.5).

Hence, the state vector at each time step t > 0 is

x(t)T = x(0)TWt,

and the vector containing the overall influence on each node is

sT =
∞∑
t=1

(1− γ)tx(t)T = x(0)T
∞∑
t=1

(1− γ)tWt = x(0)TS,

where S :=
∑∞

t=1(1 − γ)tWt, and each entry Sij indicates the overall influence from

node vi onto node vj if xi(0) = 1. The following condition on the factor γ and the

spectral radius ρ(W) is required to guarantee convergence,

γ > 1− 1/ρ(W). (4.6)

Hence, for the asymptotic state values, we analyse the evolution of Wt over time,

and for the overall influence, we explore the properties of S.

Starting from the unitary decomposition, W = UΛUT =
∑n

i=1 λiuiu
T
i , where

λ1 ≥ λ2 ≥ · · · ≥ λn are the eigenvalues of W and u1,u2, . . . ,un are the associated

eigenvectors, we have

Wt =
n∑

i=1

λt
iuiu

T
i , (4.7)

and

S =
∞∑
t=1

(1− γ)tWt =
n∑

i=1

(
∞∑
t=1

(1− γ)tλt
i

)
uiu

T
i =

n∑
i=1

(1− γ)λi

1− (1− γ)λi

uiu
T
i . (4.8)

Hence, the behaviour of Wt is dominated by the eigenvectors associated with the

eigenvalues significantly different from 0, and for sufficiently large t, the behaviour

can be approximated by the leading eigenvector and leading eigenvalue. Similarly,

98



the behaviour of S is dominated by the eigenvectors associated with the eigenvalues

whose infinite sum (1−γ)λi/(1−(1−γ)λi) is sufficiently far from 0. Furthermore, we

note that when the leading eigenvalue is positive, its infinite sum will definitely have

the largest magnitude, but it is not necessarily the case when the leading eigenvalue is

negative. Consider the function f(x) := x/(1−x) with x ∈ (−1, 1). f(x) is increasing
in x, has positive value when x ∈ (0, 1) and negative value when x ∈ (−1, 0), and
|f(x)| > |f(−x)| where x > 0. Then the largest magnitude a negative value could

approach is limx→−1 |f(x)| = 1/2, while f(x) ≥ 1/2 when x ≥ 1/3 and f(x) goes

to infinity as x approaches 1. Therefore, positive eigenvalues are more important,

and specifically, if (1 − γ)λ1 ≥ 1/3, the corresponding infinite sum has the largest

magnitude and could potentially dominate the behaviour of S.

In the following, we consider specific balanced structures in signed networks,

specifically balance, antibalance and strict unbalance. We denote the eigenvalues

of the (weighted) adjacency matrix ignoring the edge sign W̄ by λ̄1 ≥ λ̄2 ≥ · · · ≥ λ̄n,

with the associated eigenvectors ū1, ū2, . . . , ūn, thus W̄ =
∑n

i=1 λ̄iūiū
T
i . We denote

the partition corresponding to the balanced or antibalanced structure by V1, V2, and

the diagonal matrix corresponding to the partition by I1 which is a diagonal matrix

with its (i, i) element being 1 if vi ∈ V1 and −1 otherwise.

Balanced networks. If the network is balanced with partition V1, V2, then from

Theorem 11, we have

Wt = I1

(
n∑

i=1

λ̄t
iūiū

T
i

)
I1 = I1W̄

tI1, (4.9)

thus the magnitude of the elements in Wt evolves as in the simple network ignoring

the edge sign (i.e. W̄t), and the difference is in the sign pattern: the (i, j) element is

positive if nodes vi, vj ∈ V1 or vi, vj ∈ V2 and negative otherwise. This means that

at each time step t, the influence on a node from the nodes in the same partition

is positive, while the influence from the nodes in the other partition is negative.

Further, if the network is irreducible and aperiodic, then from Proposition 12, when

t is sufficiently large,

Wt ≈ λ̄t
1I1ū1ū

T
1 I1,

the asymptotic behaviour can be approximated by the term associated with the lead-

ing eigenvalue and the associated eigenvector, which has the same sign pattern.
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For the overall influence, we have

S =
∞∑
t=1

(1− γ)tWt = I1

(
∞∑
t=1

(1− γ)tW̄t

)
I1, (4.10)

thus similarly, the elements in S have the same magnitude as in the simple network

ignoring the edge sign, but only the elements corresponding to the node pairs in

the same partition are positive (negative otherwise). Both are expected since Wt

maintains the same magnitude as W̄t and the same sign pattern for each time step t.

For this reason, if one aims to maximise the overall influence on a signed network, a

reasonable start is to activate nodes in the partition that are more closely connected

with each other (than the other partition). Further, if the network is irreducible and

aperiodic, then from Proposition 12 and the property of f(x) = x/(1−x) (x ∈ (1, 1)),

we can approximate S by

(1− γ)λ̄1

1− (1− γ)λ̄1

I1ū1ū
T
1 I1,

and the accuracy depends on how far the leading eigenvalue is from the remaining

ones in terms of the magnitude (of the function value f(·)).

Antibalanced networks. If the network is antibalanced with partition V1, V2, then

from Theorem 11, we have

Wt = I1

(
n∑

i=1

(−λ̄i)
tūiū

T
i

)
I1 = (−1)tI1W̄tI1, (4.11)

thus again, the magnitude of the elements in Wt evolves as in the simple network

ignoring the edge sign, but here the sign pattern alternates over time: when t is odd,

the (i, j) element is negative if nodes vi, vj ∈ V1 or vi, vj ∈ V2 and positive otherwise;

while t is even in the following step, the (i, j) element becomes positive if nodes

vi, vj ∈ V1 or vi, vj ∈ V2 and negative otherwise. Hence, the antibalanced structure

is highly unstable. Further, if the network is irreducible and aperiodic, then from

Proposition 12, when t is sufficiently large,

Wt ≈ (−λ̄1)
tI1ū1ū

T
1 I1,

the asymptotic behaviour can be approximated by the term associated with the lead-

ing eigenvalue and the associated eigenvector, where the sign pattern is the same as
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Eq. (4.11).

Then for the overall influence, we have

S =
∞∑
t=1

(1− γ)tWt = I1

(
∞∑
t=1

(−1)t(1− γ)tW̄t

)
I1. (4.12)

Hence here, the elements in S have smaller magnitude than those in the simple net-

work ignoring the edge sign, which is expected from the alternating sign pattern of

Wt over time. Also, the sign pattern of S depends on the specific sign and magnitude

of edge weights: for each element (i, j), if nodes vi, vj ∈ V1 or vi, vj ∈ V2, the value

will be negative if there are more weighted walks of odd length than those of even

length connecting them, and positive otherwise, while if nodes are in different parts,

the value will be positive if there are more weighted walks of odd length than those

of even length connecting them, and negative otherwise.

Remark. As an extreme example, we can consider a bipartite network where there

are only edges between V1 and V2 and all edges are positive. Then the network is

antibalanced with the partition V1, V2. Also, there are only walks of even length con-

necting the node pairs in the same parts, while walks of odd lengths connecting node

pairs in different parts. Hence by the above, all elements in S is positive. As vali-

dation, this is true because all edges are positive, and the initial state values are also

positive.

Strictly unbalanced networks. In all the remaining networks, neither are they

like balanced networks where all walks of length t + 1 have the same sign as the

walks of length t connecting each pair of nodes vi, vj for each t > 0, nor are they like

antibalanced graphs where all walks of length t+1 have the opposite sign as the walks

of length t connecting each pair of nodes vi, vj for each t > 0. Hence to characterise

its performance, we propose the following measures to quantify how far a network is

from being balanced or antibalanced. Motivated by the signed Cheeger inequality [8],

we measure the distance from being balanced by

db(G) = λmin(Lrw(G)), (4.13)

and the distance from being antibalanced by

da(G) = 2− λmax(Lrw(G)), (4.14)
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where Lrw(G) is the random walk Laplacian of the signed network G as in Eq. (4.3),

and λmin(·), λmax(·) return the smallest and the largest eigenvalues, respectively. We

note that in simple networks, the smallest eigenvalue of the random walk Laplacian is

trivially 0 (corresponding to the transition matrix has a trivial largest eigenvalue 1)

and the smallest nontrivial one is important from many aspects, including the relax-

ation time of random walks [110], while in signed networks, the smallest eigenvalue

is nontrivial.

Therefore, depending on how far the signed network is from being balanced or

antibalanced, it can have performance closer to that of balanced or antibalanced

networks.

(i) If db(G) < da(G), we expect G to be closer to being balanced. Then ∀vi, vj ∈
V, t > 0, we expect that most walks of length t+1 connecting nodes vi, vj have

the same sign as most walks of length t, thus Wt tends to maintain the same

sign pattern over time.

(ii) If db(G) > da(G), we expect G to be closer to being antibalanced. Then ∀vi, vj ∈
V, t > 0, we expect that most walks of length t+1 connecting nodes vi, vj have

the opposite sign as most walks of length t, thus Wt tends to alternate the sign

pattern over time.

From Theorem 14, ρ(W) < ρ(W̄) where ρ(·) is the spectral radius or the eigenvalue

of the largest magnitude, thus when t is sufficiently large, elements in Wt will have

smaller magnitude than those in W̄t. Meanwhile, (1 − γ)tWt converges to 0 in a

shorter time steps than the cases when the signed network is balanced or antibalanced,

thus fewer summands are significant for the overall influence in S. However, this does

not necessarily mean that the elements in S will be smaller than the other two cases.

4.3.2.2 The linear threshold model

Starting from an initial vector x(0), the extended LT model evolves as follows on

signed networks, where ∀vj ∈ V, t > 0,

xj(t) =


θj,t,

∑
iWijxi(t) ≥ θj,t,

−θj,t,
∑

iWijxi(t) ≤ −θj,t,

0, otherwise,

(4.15)
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where θj,t is the threshold to trigger the propagation, either positively or negatively,

and W is the signed (weighted) adjacency matrix. The model is an extension of

(3.11) to signed networks, where a node cannot only take a positive state value when

the sum of its neighbours’ state values is sufficiently positive, but also a negative state

value if the sum is sufficiently negative, corresponding to the “opposing rule”. Hence,

the dynamics only have threshold effect on the linear product, and we still refer to it

as the extended LT model in this section2.

A theoretical understanding of threshold models on simple networks is still an

active area of research, and here we consider the even more challenging case of signed

networks. Hence, we start from a specific network structure, regular (ring) lattices

with uniform magnitude of the edge weight, α, and analyse the behaviour of the ex-

tended LT model when the whole neighbourhood of a node (including itself), referred

to as the central node, is activated. Specifically, we denote the degree of nodes in the

regular lattices as d̄, and apply the following geometric series (cf. the threshold-type

bounds (3.13) in Chapter 3) for the threshold values

θj,t = (θlα)
tl0,

where θl > 0 is the uniform threshold (for all nodes), and l0 > 0 is the magnitude

of the initially activated state value with xj(0) = ±l0 if node vj is activated initially

and 0 otherwise. Then the updating function (4.15) is now

xj(t) =


(θlα)

tl0,
∑

vi∈At−1
Aij ≥ θl,

−(θlα)tl0,
∑

vi∈At−1
Aij ≤ −θl,

0, otherwise,

(4.16)

where A is the signed adjacency matrix as in Eq. (4.4), and At = {vi : xi(t) ̸=
0}. Hence, θl here is the threshold on the number of neighbours that are positively

activated over those that are negatively activated (in the previous time step). For

the overall influence on each node, we set γ = 0 for simplicity.

We start from analysing the extended LT model on simple regular lattices (ignoring

the edge sign), and then proceed to signed regular lattices through their balanced

structures. In simple regular lattices, xi(t) ≥ 0, ∀vi ∈ V, t ≥ 0, hence the whole

neighbourhood of the central node that are activated initially have positive state

2Note that we modify the name to be the extended signed LT model later in this chapter to
emphasise the incorporation of negative edges
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values. We find that when

θl ≤ θ∗l = d̄/2, (4.17)

∃vi ∈ V, t > 0, s.t. xi(t) > 0, i.e. some node has positive state value, or is successfully

influenced, at certain time step other than the initial start3, and the condition is the

same as the one in [34]. Specifically, at each t > 0:

(i) xj(t) = (θlα)
tl0 if vj ∈ At−1;

(ii) d̄ − 2(⌈θl⌉ − 1) more nodes that are closest to At−1 will be activated with the

same state value (θlα)
tl0, if there is any.

Therefore, xi(t) > 0, ∀vi ∈ V , for sufficiently large t. For the sum of individual

influence or the overall influence on the whole network, suppose the regular lattice is

infinitely large, then

s =
∑
j

sj =
∞∑
t=1

(
(1 + d̄) + (d̄− 2(⌈θl⌉ − 1))t

)
(θlα)

tl0

=
θlαl0

1− θlα

(
(1 + d̄) + (d̄− 2(⌈θl⌉ − 1))

1

1− θlα

)
. (4.18)

In the following, we will specify the behaviour of the extended LT model on signed

regular lattices that are balanced, antibalanced or strictly unbalanced. Here, xi(t) < 0

is possible for each node vi at each time step t ≥ 0, and particularly we will specify

whether to positively or negatively activate a node initially.

Balanced regular lattices. We consider the activations that are consistent with

the balanced partition, where we positively activate the central node vi, and for each

of its neighbours vj, we positively activate it with xj(0) = l0 if Wij > 0 and negatively

activate it with xj(0) = −l0 otherwise; see Fig. 4.1 for example.

Similarly, we find that when condition (4.17) is true, ∃vi ∈ V, t > 0, s.t. xi(t) ̸=
0, i.e. some node has nonzero state value, or is successfully influenced, at certain

time step other than the initial start, and we refer to this phenomenon as “certain

propagation” on the signed networks. However, with the edge sign, there are more

interesting patterns, where at each t > 0:

3In this specific case, under the same condition, (i) every nodes will have positive state values at
some time step, and (ii) only d/2+ 1 consecutive nodes are needed to be activated initially in order
to trigger the propagation with feature (i).
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Figure 4.1: Example of signed regular lattices of degree 4 with different structurally
balanced configurations, where positive edges are in black, negative edges are dashed
in orange, and the whole neighbourhood of node v0 is in different colour(s) from the
others (in grey), with the ones that are positively activated in red and the others that
are negatively activated in green.

(i)

xj(t) =

(θlα)
tl0, if vj ∈ A+

t−1,

−(θlα)tl0, if vj ∈ A−
t−1,

where At = A+
t ∪ A−

t with A+
t = {vj : xj(t) > 0} and A−

t = {vj : xj(t) < 0};

(ii) d̄− 2(⌈θl⌉ − 1) more nodes that are closest to At−1 will be activated if there is

any, where

xj(t) =

(θlα)
tl0, if ∃vi1 ∈ A+

t−1 or vi2 ∈ A−
t−1 s.t. Ai1j > 0 or Ai2j < 0,

−(θlα)tl0, if ∃vi1 ∈ A+
t−1 or vi2 ∈ A−

t−1 s.t. Ai1j < 0 or Ai2j > 0.

Hence, each xj(t) has the same magnitude as the state value on the corresponding

simple regular lattice. For the sign pattern, A+
t−1 ⊂ A+

t and A−
t−1 ⊂ A−

t , ∀t > 0,

i.e. the nodes, once activated, remain active and maintain the sign of their state

values over time, which is similar to the evolution of Wt in linear dynamics when the

underlying signed network is balanced.

For the overall influence, we consider the following two distinct cases of the specific

distribution of the edge sign, where we assume the network is infinitely large.

(a) There are only a few negative edges: if we label the nodes symmetrically with

regard to node v0 as in the left of Fig. 4.1, only edges between the nodes of

label less than or equal to d̄+ t0(d̄−2(⌈θl⌉−1)), for some t0 ∈ N+, and those of
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higher values are negative. Hence, we allow the balanced partition which does

not include node v0 to have infinitely large size.

(b) There are many negative edges if we label the nodes anticlockwise (on the ring),

then nodes of labels (d̄/2+1)i up to (d̄/2+1)i+ d̄/2 have positive edges within

them but negative edges outside, for each i ∈ N, as in the right of Fig. 4.1. The

network has size (d̄ + 2)j with j ∈ N+ sufficiently large. Hence, we allow both

balanced partitions to have infinitely large sizes.

In both cases, we treat v0 as the central node, and activate its whole neighbourhood

as before; see Fig. 4.1 for examples.

In case (a), A−
t = ∅, ∀t ≤ t0, and A+

t = A+
t0 , ∀t > t0. Hence, the overall influence

on the whole network is

s =

t0∑
t=1

(
(1 + d̄) + (d̄− 2(⌈θl⌉ − 1))t

)
(θlα)

tl0

+
∞∑

t=t0+1

(
(1 + d̄) + (d̄− 2(⌈θl⌉ − 1))(t0 − (t− t0))

)
(θlα)

tl0

=
θlαl0

1− θlα

(
(1 + d̄) + (d̄− 2(⌈θl⌉ − 1))

1− 2(θlα)
t0

1− θlα

)
.

It is very close to (and smaller than) the result in the corresponding simple regular

lattice in (4.18), and is positive for most choices of parameters, d̄, θl, α, t0, although

it can also be negative in some special cases. For example, when t0 = 0,

s =
θlαl0

(1− θlα)2
(
2 ⌈θl⌉ − 1− θlα(1 + d̄)

)
,

and it can be negative if α is sufficiently large (note 2 ⌈θl⌉ ≤ d̄), e.g., when the level

of trust/distrust among agents is fairly high.

While in case (b), there are certain periodic patterns in every (d̄+ 2) time steps,

and one can obtain the overall influence by specifying the behaviour in the first (d̄+2)

time steps. Take ⌈θl⌉ = d̄/2 for example, and let the net value denote the difference

from the number of nodes that start to have positive state values minus those that

start to have negative ones, then ∀i ∈ N,

(i) at t = (d̄+ 2)i+ 1, the net value is −2;

(ii) when (d̄+ 2)i+ 1 < t ≤ (d̄+ 2)i+ 1 + d̄/2 , the net value is 0;
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(iii) at t = (d̄+ 2)i+ 2 + d̄/2, the net value is 2;

(iv) when (d̄+ 2)i+ 2 + d̄/2 < t ≤ (d̄+ 2)(i+ 1) , the net value is 0.

Recall that the nodes, once activated, remain activated and the same sign over time.

Hence, the overall influence from the nodes in Ad̄+2\A0 is

s(p) = −2
∞∑
t=1

(θlα)
tl0 + 2

∞∑
t=d̄/2+2

(θlα)
tl0

= −2 θlαl0
1− θlα

(
1− (θlα)

d̄/2+1
)
.

Hence, the overall influence from the nodes in A(d̄+2)(i+1)\A(d̄+2)i is (θlα)
(d̄+2)is(p),

∀i ∈ N. Note that the net value is 1 at t = 0. Hence the overall influence on the

whole network is

s =
∞∑
t=1

(θlα)
tl0 +

∞∑
i=0

(θlα)
(d̄+2)is(p) =

θlαl0
1− θlα

+
s(p)

1− (θlα)d̄+2

=
θlαl0

1− θlα

(
1− 2

1 + (θlα)d̄/2+1

)
< 0.

Furthermore, we find that the alternating occurrence of the net values −2 and 2 in

the periodic pattern is a general feature for all possible θl. Hence, s(p) < 0, ∀θl,
and then the overall influence s is more likely to be negative in this case. For finite

lattices, we need to specify whether the number of nodes is odd or even, and whether

it is a multiple of the period (d̄ + 2), which may affect the results, although we do

not expect the effect to be substantial if the network is sufficiently large.

The results in cases (a) and (b) imply that not only the balanced structure but

also the actual portion of positive/negative edges have impact on the overall influence.

Specifically, we observe that when there are more positive edges, the overall influence

tends to be positive, while it tends to be negative when there are more negative edges.

We should also notice that the observed phenomenology is due to the specific choice of

model parameters, and a possible variation of the model in which the bounds depend

on the proportion of negative links and positive links of nodes might display another

phenomenology.

Antibalanced regular lattices. Corresponding to the analysis in balanced reg-

ular lattices, we consider the activations that are consistent with the antibalanced
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partition, where we positively activate the central node vi, and for each of its neigh-

bour vj, we positively activate it with xj(0) = l0 if Wij < 0 and negatively activate it

otherwise; see Fig. 4.2 for example.
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Figure 4.2: Example of signed regular lattices of degree 4 with different structurally
antibalanced configurations, where positive edges are in black, negative edges are
dashed in orange, and the whole neighbourhood of node v0 are in different colour(s)
from the others (in grey), with the ones that are positively activated in red and the
others that are negatively activated in green.

Again, we find that when condition (4.17) is true, there is certain propagation on

the structurally antibalanced regular lattice, but an alternating sign pattern, where

at each t > 0:

(i)

xj(t) =

−(θlα)tl0, if vj ∈ A+
t−1,

(θlα)
tl0, if vj ∈ A−

t−1,

where At = A+
t ∪ A−

t with A+
t = {vj : xj(t) > 0} and A−

t = {vj : xj(t) < 0};

(ii) d̄− 2(⌈θl⌉ − 1) more nodes that are closest to At−1 will be activated if there is

any, where

xj(t) =

−(θlα)tl0, if ∃vi1 ∈ A+
t−1 or vi2 ∈ A−

t−1 s.t. Ai1j > 0 or Ai2j < 0,

(θlα)
tl0, if ∃vi1 ∈ A+

t−1 or vi2 ∈ A−
t−1 s.t. Ai1j < 0 or Ai2j > 0.

Hence again, each xj(t) has the same magnitude as the state value on the correspond-

ing simple regular lattice. However, for the sign pattern, A+
t−1 ⊂ A−

t and A−
t−1 ⊂ A+

t ,

i.e. the nodes, once activated, remain active but alternate the sign of their state
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values in every time step, which is similar to the evolution of Wt in linear dynamics

when the underlying signed network is antibalanced.

For the overall influence and also in response to the analysis in balanced networks,

we consider the following two distinct cases of the distribution of edge sign, where we

assume the network is infinitely large.

(a) There are only a few positive edges: if we label nodes symmetrically with regard

to node v0 as in the left of Fig. 4.2, only edges between nodes of label less than

or equal to d̄+ t0(d̄− 2(⌈θl⌉ − 1)), for some t0 ∈ N+, and those of higher values

are positive. Hence, we allow the antibalanced partition which does not include

node v0 to have infinitely large size.

(b) There are many positive edges: if we label the nodes anticlockwise (on the ring),

then nodes of labels (d̄/2+1)i up to (d̄/2+1)i+d/2 have negative edges within

them but positive edges outside, for each i ∈ N, as in the right of Fig. 4.2. The

network has size (d̄ + 2)j with j ∈ N+ sufficiently large. Hence, we allow both

antibalanced partitions to have infinitely large sizes.

Again in both cases, we activate the whole neighbourhood of node v0; see Fig. 4.2 for

example.

From the evolution of state values in balanced and antibalanced regular lattices,

we find that the results of an antibalanced regular lattice can be obtained by replacing

α by −α in the results of the balanced one constructed by negating the edge sign.

We can then obtain the overall influence through the same technique. Hence, in case

(a), the overall influence on the whole network is

s = − θlαl0
1 + θlα

(
(1 + d̄) + (d̄− 2(⌈θl⌉ − 1))

1− 2(−θlα)t0
1 + θlα

)
≤ − θlαl0

1 + θlα

(
(1 + d̄)− (d̄− 2(⌈θl⌉ − 1))

1

1 + θlα

)
< 0.

While in case (b), the overall influence on the whole network when ⌈θl⌉ = d̄/2 is

s =
θlαl0

1 + θlα

(
−1 + 2

1 + (−θlα)d̄/2+1

)
> 0.

Now, the “net value” is defined as the number of nodes that start to have state value

(−θlα)tl0 over those that start to have state value −(−θlα)tl0, and its alternating

occurrence of −2 and 2 in the periodic pattern is still a general feature for all possible

θl. But to determine the sign of the overall influence here, we should also take into
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account whether the occurrence is in odd or even time steps. However, since we find

that the “net value” is always −2 at the odd time steps t = (d̄ + 2)i + 1, ∀i ∈ N,
causing the sum of influence on the corresponding nodes to be positive, and these

nodes also have larger magnitude of the overall influence than all nodes that start to

have nonzero state values in later time steps (d̄+ 2)i+ 1 < t ≤ (d̄+ 2)(i+ 1) (within

a period), the overall influence s is very likely to be positive in this case.

Therefore, we observe consistent patterns in the overall influence between balanced

and antibalanced regular lattices, where it will very likely be negative if there are more

negative edges, while it will potentially be positive if there are more positive edges.

Still, the portion of positive edges versus that of negative edges matters.

Strictly unbalanced regular lattices. In all the remaining configurations, neither

are they balanced where the nodes, once activated, remain active and maintain the

sign of their state values over time, nor are they antibalanced where the nodes, once

activated, remain active but alternate the sign of their state values in every time step.

There could be conflicts in the sign of a node’s neighbours’ state values multiplying

the edge weights, hence it is more likely for the sum to be less than the threshold, and

for these nodes to have state value 0 accordingly. Hence, the propagation in strictly

unbalanced lattices generally terminates within less number of time steps.

We can still find the same condition (4.17) on θl to trigger certain propagation on

the strictly unbalanced regular lattice, but generally not all nodes will have nonzero

state values in the propagation process. For the overall influence, depending on how

far it is from being balanced by (4.13) or antibalanced by (4.14) plus the distribution

of negative edges as analysed before, we can estimate it by the corresponding cases

in balanced or antibalanced regular lattices.

General signed networks. In this section, we have analysed the behaviour of the

extended LT model on signed regular lattices, from the perspective of the balanced

structure. For general signed networks, we can consider the performance of extended

LT model as follows. (i) We interpolate the signed network locally by signed regular

lattices of different degrees, or signed trees where complex contagions (e.g., θl > 1 on

the signed networks with uniform magnitude of the edge weight) can hardly proceed.

(ii) Then we can estimate the behaviour of the extended LT model on the whole

network by interpolating that on the corresponding signed regular lattices.
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4.4 General class of information propagation model

In this section, we extend the GIP model proposed in Sec. 3.3, with continuous

state variables while allowing the feedback between nodes, to signed networks. The

full description of the model is in Sec. 4.4.1. We then show that it maintains the

properties that it can be reduced to the IC model for one end, and the LT model for

another, both of which have been further extended for signed networks in Secs. 4.4.2

and 4.4.3, respectively, as well as its general features via the corresponding differences

from the two classic models.

4.4.1 Model description

We consider a signed social network G(V,E,W) that is connected, weighted and

undirected4. Each edge (vi, vj) can be considered as a channel connecting nodes

vi and vj from which the information flows, and the magnitude of the associated

weight Wij can indicate, for example, the tendency to agree (when Wij > 0) or

disagree (when Wij < 0) with each other. Correspondingly, we suppose that there

are also two opposite directions of the influence on each node, and we refer to the

one in the positive direction as positive influence, e.g. agreeing on an argument or

buying more products, while the other in the negative direction as negative influence,

e.g. disagreeing on the argument or buying fewer products. Hence, the influence on

each node can be positive or negative. We maintain xi(t) to represent the state value

of node vj at each discrete time step t ≥ 0, but now xi(t) ∈ R which can be negative.

x(t) = (xi(t)) again denotes the vector consisting of xi(t).

To extend the GIP model for signed networks, the main problems are (i) how to

incorporate negative edges in the mode and (ii) when the nodes should take negative

state values. For the former, we apply the “opposing rule” (cf. Sec. 4.2.2) where a

negative connection will tune the state value towards the opposite direction, while for

the latter, we allow a node to take negative state value if the the accumulated attempts

from all its neighbours satisfies the same requirements as the positive counterpart but

in the opposite direction. Hence, the general class of signed information propagation

4The analysis can be extended to directed networks, but corresponding to the analysis of signed
networks in Sec. 4.3, we consider undirected networks here.
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Figure 4.3: Example bound function fj,t of node vj at time step t where hj,t = 4lj,t > 0.

(GSIP) model we propose here is still a bounded-linear dynamics,

xj(t) = fj,t(
∑
i

Wijxi(t− 1)), ∀t > 0, vj ∈ V, (4.19)

where fj,t(x) =


0, |x| < lj,t,

x, lj,t ≤ |x| < hj,t,

sign(x)hj,t, |x| ≥ hj,t,

is the time-dependent bound function, which is odd or rotational symmetric where

f(−x) = −f(x) for all possible x, of each node vj (see Fig. 3.2 for an example),

sign(·) : R→ {−1, 0, 1} is the function indicating the sign, W = (Wij) with Wij ∈ R
is the signed (weighted) adjacency matrix of the underlying signed network, {lj,t} and
{hj,t} are the time-dependent lower and upper bounds of each node vj, respectively,

with 0 ≤ lj,t ≤ hj,t. The initial states x(0) are given, with xj(0) ∈ [−hj,0,−lj,0] ∪
{0} ∪ [lj,0, hj,0] and lj,0 > 0.

In the GSIP model, Eq. (4.19) determines the time evolution of influence at each

time step, and a node vj is influenced, or active, at time step t if xj(t) ̸= 0. In signed

networks, we specify the following two cases, where a node vj is positively influenced

at t if xj(t) > 0 while negatively influenced at t if xj(t) < 0. We represent the overall

influence on each node vj as

sj =
∞∑
t=1

(1− γ)txj(t), (4.20)

where γ ∈ [0, 1) is a time-discounting factor which guarantees convergence.

In order to interpret the GSIP model (4.19) and the underlying process more

intuitively, we construct a small undirected signed social network that is structurally

balanced, with seven agents and a uniform weight α = 0.4; see Fig. 4.4. For illustrative
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Figure 4.4: Illustration of the information propagation in the first few steps following
the GSIP model on a signed network, where positive edges are solid in black and
negative edges are dashed in orange, yj(t) =

∑
iWijxi(t − 1) is the linear product,

xj(t) = fj,t(yj(t)) is the state value, the network has weights of uniform magnitude
α, and the bounds are set to be lj,t = (2α)t, hj,t = 2(2α)t, ∀vj ∈ V , with the node
colour indicating the level of influence at each step.
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Figure 4.5: The change of the sum of influence on selected nodes along time t, from
the network in Fig. 4.4 with uniform weight α = 0.4.

purposes, we still apply the bounds lj,t = 0.8t and hj,t = 2× 0.8t, ∀t ≥ 0, vj ∈ V , set

γ = 0, and activate nodes v1, v2 with value 2 and node v3 with value 1 at t = 0, the

same as Sec. 3.4.1. Then at t = 2, v4 can still independently influence v1, consistent

with the IC model, while collective effort is needed to influence v7, consistent with

the LT model; see Fig. 4.4. The coexistence of the mechanisms underlying both

classic models is an outstanding feature of the GIP model which we developed for

simple networks, and the current extension for signed networks is able to maintain

it. Further at t = 2, nodes v4 and v5 can collectively influence node v6 but negatively

since they are both negatively connected with v6. This indicates the collective effort

required by the LT model but in the opposite direction. Moreover, there is still

reinforcement of states among nodes v2, v4, v5, v6, since the state values of v2, v4, v5

become more and more positive over time while that of v6 becomes more and more

negative; see Fig. 4.5. The corresponds to the phenomena where groups of close

friends keep receiving positive feedback from each other, while their common enemies

keep receiving negative feedback thus going in the opposite direction.
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4.4.2 Limiting case I: the linear dynamics

When the upper bounds are effectively infinity and the lower bounds are effectively

0, the GSIP model reduces to the linear dynamics of unbounded state variables, as

analysed in Sec. 4.3.2.1. Hence, condition (4.6) on the time discounting factor γ

and the spectral radius ρ(W) is required to guarantee the convergence of the overall

influence.

The linear dynamics can be considered as an extension to the classic IC model

for continuous state variables and deterministic processes in signed networks. In the

classic probabilistic IC model, each edge weight Wij > 0 indicates the probability

that node vi can influence node vj in Bernoulli(Wij), thus the expected amount of

contribution to the state value of vj from vi in one time step. Then for signed networks,

we assume that a negative edge weight Wij < 0 corresponds to the probability that

node vi can negatively influence node vj in −Bernoulli(−Wij), thus still the expected

amount of contribution to the state value of vj from vi in one time step. Then for

the expected or deterministic case, if we assume that (i) the expected value is the

actualinfluence on each node at each time step, and (ii) the state values have the no-

memory property where the ability either to be influenced or influence others at the

current time step t is independent of its previous states, then xj(t) =
∑

i Wijxi(t −
1), ∀vj ∈ V , i.e. it has the same updating function as the linear dynamics in Eq. (4.5).

We refer to this model as the extended signed independent cascade (SIC) model

hereafter.

Relation between the models. We now give the detailed correspondence between

the GSIP model and the linear dynamics by specifying “effectively infinity” for the

upper bounds and “effectively 0” for the lower bounds.

Theorem 15. If lj,t = 0 ≤ h0|Wt|:,j ≤ hj,t, ∀t > 0, vj ∈ V , where h0 = (hj,0), and

we let |Wt|:,j denote the j-th column of the absolute values in Wt, the GSIP model

is equivalent to the linear dynamics (4.5).

Proof. We show that given such bounds in the GSIP model,

x(t)T = x(0)TWt, ∀t > 0, (4.21)

by induction.
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When lj,t = 0, ∀t > 0, vj ∈ V , there is no threshold effect from the current lower

bounds, i.e. ∀t > 0, vj ∈ V s.t. |
∑

i Wijxi(t− 1)| > 0,∣∣∣∣∣∑
i

Wijxi(t− 1)

∣∣∣∣∣ ≥ lj,t.

We now check the saturation effect from the upper bounds. (i) When t = 1, for

each node vj, ∣∣x(0)TW:,j

∣∣ ≤∑
i

|Wij||xi(0)| ≤
∑
i

|Wij|hi,0 ≤ hj,1,

since |xi(0)| ≤ hi,0, ∀i. Hence,

xj(1) = fj,1(x(0)
TW:,j) = x(0)TW:,j,

and x(1)T = x(0)TW.

(ii) Suppose x(t)T = x(0)TWt, ∀t ≤ t′. Then, for each node vj∣∣x(t′)TW:,j

∣∣ = ∣∣∣x(0)TWt′+1
:,j

∣∣∣ ≤∑
i

∣∣∣W t′+1
ij

∣∣∣|xi(0)| ≤
∑
i

∣∣∣W t′+1
ij

∣∣∣hi,0 ≤ hj,t′+1,

where the equality is by the induction hypothesis, and the second inequality is again

by |xi(0)| ≤ hi,0, ∀i. Hence,

xj(t
′ + 1) = fj,t′+1(x(0)

TWt′+1
:,j ) = x(0)TWt′+1

:,j ,

and x(t′ + 1)T = x(0)TWt′+1. As in Sec. 4.3.2.1, (4.21) characterises the linear

dynamics.

We notice that the requirement on the lower bounds is much stricter in signed

networks (cf. Theorem 2 in simple networks), since the existence of negative edges

could cause the state values to be arbitrarily small at some time steps. Meanwhile,

we note that when the network has weights of uniform magnitude α and the initial

state values are also uniform with lj,0 = hj,0 = l0, ∀vj ∈ V , then the requirement of

the lower bounds can be relaxed to lj,t ≤ l0α
t, ∀t > 0, vj ∈ V .

Differences between the models. We then consider how the general properties

of the GSIP model differ from those of the linear dynamics. Specifically, we analyse

the imposed signed threshold effect when increasing the lower bounds, where nodes
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with more overlap in their positive neighbourhoods of various distances will be able

to achieve a higher influence on all nodes, through the signed stochastic block model

(SSBM) which is slightly modified from the version in [45]. The SSBM considered

here is constructed by the following components: (i) a planted SBM, SBM(pin, pout),

where the probabilities of an edge to occur inside each community and between the

two communities being pin and pout, respectively; (ii) an initial balanced configuration,

where edges inside each community being positive while those between the two com-

munities are negative; (iii) a probability η ∈ [0, 1]5 to flip the edge sign. We denote

this planted SSBM by SSBM(pin, pout, η) and also allow self-loops that characterise

the likelihood to maintain ones’ states.

Claim 3. With lj,0 = hj,0 = l0, ∀vj ∈ V , and {hj,t} as in Theorem 2 in the GSIP

model, SSBM(pin, pout, η) with two equally sized communities, B1,B2, and weights of

uniform magnitude α, while allowing self-loops, has the following properties at t = 1:

1. when lj,1 ≤ l∗1 = l0α, ∀vj ∈ V (the linear-dynamics case), the expected in-

fluence E[
∑

j(1 − γ)xj(1)] from the initially positively activated node set (i)

A0 = {vi1 , vi2} ⊂ B1 is the same as that from (ii) A0 = {vj1 , vj2} with vj1 ∈
B1, vj2 ∈ B2, and is positive if

(pin − pout)(1− 2η) > 0; (4.22)

2. when l∗1 < lj,1 ≤ 2l∗1, ∀vj ∈ V 6, the expected influence E[
∑

j(1 − γ)xj(1)] from

set (ii) is 0, and that from set (i) is positive under the same condition (4.22).

Proof. For the SSBM, W = αA, where A is the signed (unweighted) adjacency

matrix, and for each pair of nodes vi, vj, Aij ∼ Cat(pijrij, pij(1− rij), 1− pij), where

Cat denotes the categorical distribution, the three probabilities in the distribution

correspond to values 1,−1, 0, and

pij = pinδ(σi, σj) + pout(1− δ(σi, σj)),

rij = (1− η)δ(σi, σj) + η(1− δ(σi, σj)),

5The original range is [0, 1/2) in [45] to obtain perturbations from (at least) weakly balanced
networks. Here we extend it to be the whole range because networks close to being antibalanced (in
the two-block case) could also be interesting.

6In the specific case here, the upper bound 2l∗1 is equivalent to requiring that at most two initially
activated neighbours are needed to influence a node at t = 1.
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with σi ∈ {1, 2} indicating the block membership of each node vi, and δ(i, j) being

the delta function where δ(i, j) = 1 if and only if i = j and 0 otherwise. Further, we

denote the linear part of the state vector by y(t + 1) = WTx(t), then for each node

vj at each time step t > 0,xj(t) = fj,t(yj(t)),

yj(t) =
∑

i Wijxi(t− 1) = α
∑

i Aijxi(t− 1).

Then at t = 17, yj(1) is then

α
∑
i

Aijxi(0) = αl0
∑
vi∈A0

Aij

= αl0

 ∑
vi∈A0∩Bσj

ξin +
∑

vi∈A0\Bσj

ξout


= αl0

(
ζkσj ,pin(1−η),pinη,1−pin + ζk−kσj ,poutη,pout(1−η),1−pout

)
,

where A0 = {vi : xi(0) ̸= 0} is the (given) set of initially (here positively) acti-

vated nodes, k = |A0|, ki = |A0 ∩ Bi|, i = 1, 2, ξin ∼ Cat(pin(1 − η), pinη, 1 −
pin), ξout ∼ Cat(poutη, pout(1 − η), 1 − pout), ζnm,p1,p2,p3 ∼ Multin(nm, p1, p2, p3), and

Multin(nm, p1, p2, p3) denotes the multinomial distribution with the three probabili-

ties corresponding to values 1,−1, 0.
Hence, for set (i),

yj(1) = αl0
(
ζ2,pin(1−η),pinη,1−pinδ(σj, 1) + ζ2,poutη,pout(1−η),1−poutδ(σj, 2)

)
,

while for set (ii),

yj(1) = αl0
(
ζ1,pin(1−η),pinη,1−pin + ζ1,poutη,pout(1−η),1−pout

)
.

When lj,1 ≤ l∗1 = l0α, xj(1) = yj(1), ∀vj ∈ V . Then for set (i),

E

[∑
j

(1− γ)xj(1)

]
= (1− γ)nb × αl0 × (2pin(1− η)− 2pinη + 2poutη − 2pout(1− η))

= 2(1− γ)nbαl0(pin − pout)(1− 2η),

7Note that in the classical SBM, the expressions of initially activated nodes can be different from
others in the same community, due to the common assumption of no self-edges. However, we allow
self-loops in our analysis, thus also include vj ∈ A0 in the sum for yj(1).
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where nb is the size of each community, and for set (ii),

E

[∑
j

(1− γ)xj(1)

]
= 2(1− γ)nb × αl0 × (pin(1− η)− pinη + poutη − pout(1− η))

= 2(1− γ)nbαl0(pin − pout)(1− 2η).

Hence, the expected influence values at t = 1 are the same in the two cases, and is

positive if condition (4.22) holds true.

However, when αl0 = l∗1 < lj,1 ≤ 2l∗1 = 2αl0, for set (ii),

P (yj(1) = 2αl0) = pin(1− η)poutη = P (yj(1) = −2αl0).

Hence,

E[xj(1)] = 2αl0P (yj(1) = 2αl0)− 2αl0P (yj(1) = −2αl0) = 0,

and the overall influence at t = 1 is 0. While for set (i),

P (yj(1) = 2αl0) = p2in(1− η)2δ(σj, 1) + p2outη
2δ(σj, 2),

and

P (yj(1) = −2αl0) = p2inη
2δ(σj, 1) + p2out(1− η)2δ(σj, 2).

Hence,

E

[∑
j

(1− γ)xj(1)

]
= (1− γ)nb × 2αl0

(
p2in(1− η)2 + p2outη

2 − p2inη
2 − p2out(1− η)2

)
= 2(1− γ)nbαl0(p

2
in − p2out)(1− 2η),

which is positive if condition (4.22) holds true.

If condition (4.22) holds true, then either pin is large while η is small, or pout is

large while η is large. Both of the two cases contribute to the fact that (a) node sets

in the same community have more shared positive neighbours (of various distances)

than the ones distributed in the two, and (b) there are more positive edges in the

network (cf. Sec. 4.3.2). Further from Claim 3, we find that even though the nodes

are positively activated initially, the overall influence could be negative if there are
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more negative edges in the network, and particularly for set (ii) in case 2, the overall

influence could also be zero even when the probability to activate a node is nonzero.

Both of the features cannot exist in simple networks.

4.4.3 Limiting case II: the linear threshold model

With all upper bounds and the corresponding lower bounds equal to some thresholds

that could change for different nodes or time steps, all the bound functions in the GSIP

model only have threshold effect on the linear product, as explored in Sec. 4.3.2.2.

The GSIP model in this case can be treated as an extension to the classic LT

model for continuous state variables and deterministic parameters in signed networks.

Firstly, we maintain the linear activation strategy as in (3.1), but both when the

weighted sum of active neighbours’ state values is sufficiently positive (to give value

1) and sufficiently negative (to give value −1). Secondly, with continuous variables,

we set the activated state value to be the threshold value, thus control the source

of nonlinearity to be only the activation. Note that the state values can change

magnitude over time, thus we allow time-dependent thresholds {θj,t}. Thirdly, we

also assume the no-memory property as in Sec. 4.4.2. These jointly give the updating

function (4.15), and we refer to this extension as the extended signed linear threshold

(SLT) model hereafter.

From another perspective in extending the classic LT model, we can maintain the

magnitude of the state value at each time step, but instead of a single value of 1 or

−1 for being positively and negatively influenced, respectively, each node vj can take

values in a range [−mj,−1∪ [1,mj] depending on how strong the positive or negative

influence attempts from its neighbours are, i.e.
∑

i Wijxi(t − 1). Specifically, as in

(4.19), a node vj starts to take nonzero state value if the magnitude of the sum is

at least a threshold, denoted l′j here, but further, the magnitude of the state value

increases from 1 to the highest level mj, as the magnitude of the sum increases from

l′j to a higher value h′
j. This gives a more direct extension to the LT model (on signed

networks), and we name it the multi-valued signed linear threshold (MSLT) model.
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Explicitly, it has the updating function,

xj(t) = fj(
∑
i

Wijxi(t− 1)), ∀t > 0, vj ∈ V, (4.23)

where, fj(x) =


0, |x| < l′j,

mj−1

h′
j−l′j

(x− sign(x)l′j) + sign(x), l′j ≤ |x| < h′
j,

sign(x)mj, |x| ≥ h′
j,

is the time-independent bound function that is odd or rotational symmetric, sign(·) :
R → {−1, 0, 1} is the function indicating the sign, and xj(0) ∈ [−h′

j,0,−1] ∪ {0} ∪
[1, h′

j,0] with h′
j,0 being the highest magnitude that node vj’s initial state value can

take. We will show later that the two extensions to the LT model are equivalent

through their equivalences with the GSIP model.

Relation between the models. To further disentangle the relationship between

the GSIP model and the threshold models, we consider the followingmodified threshold-

type bounds, where for each node vj at each time step t > 0,

lj,t = (θl,jα)
tlj,0,

hj,t = θhh,jθ
t−1
hl,jα

thj,0,
(4.24)

α =
∑

(vi,vj)∈E |Wij|/|E| is the mean magnitude of weights8, θl,j is the threshold for

the lower bounds, and θhh,j, θhl,j are the higher and lower thresholds for the upper

bounds, respectively, with 0 ≤ θl,j ≤ θhl,j ≤ θhh,j. It is called the modified version

to separate the one we proposed on simple networks (3.13), where the difference is

that the common ratio in the upper bounds (i.e. θhl,jα) can be different from that

in the lower bounds (i.e. θl,jα). The modification is necessary in general weighted

signed networks, since for the GSIP model to reach the linear-dynamics extreme, the

latter is 0 while sufficiently large upper bounds are required in Theorem 15. With

such bounds, the GSIP model reduces to the extended SLT model if lj,0 = hj,0 and

θl,j = θhl,j = θhh,j, ∀vj ∈ V . Furthermore, we will also show that the GSIP model

can also be equivalent to the MSLT model in Theorem 16.

8With the threshold-type bounds, the condition |
∑

i Wijxi(0)| ≥ lj,1 at t = 1 is equivalent to
|
∑

i(Wij/α)(xi(0)/lj,0)| ≥ θl,j . Hence, α will not affect the activation so long as the relative weight
Wij/α does not change (e.g., Wij/α = 1 if the network has uniform edge weight).
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Theorem 16. If the modified threshold-type bounds have uniform thresholds s.t.

θl,j = θl, θhl,j = θhl, θhh,j = θhh, ∀vj ∈ V (4.25)

the GSIP model with such bounds plus θhl = θl and lj,0 = 1, ∀vj ∈ V , is equivalent to

the MSLT model with l′j = θlα, h
′
j = θhhαhj,0, mj = (θhhhj,0)/θl, and h′

j,0 = hj,0, ∀vj ∈
V , in terms of the overall influence where if we denote the time-discounting factors for

the GSIP model and the MSLT model as γ, γ′, respectively, we set γ′ = 1− (1−γ)θlα.

Specifically, if we denote the state values from the GSIP model as xj(t) and those

from the MSLT model as x′
j(t),

xj(t) = (θlα)
tx′

j(t), ∀t ≥ 0, vj ∈ V. (4.26)

Proof. We first note that if (4.26) is true, then for each node vj ∈ V ,

∞∑
t=0

(1− γ)txj(t) =
∞∑
t=0

(1− γ)t(θlα)
tx′

j(t) =
∞∑
t=0

(1− γ′)tx′
j(t),

thus the network has the same overall influence from the two models.

We then show that (4.26) is true by induction on the time step t. (i) At t = 0,

xj(0) = (θlα)
0x′

j(0), since xj(0) = x′
j(0), ∀vj ∈ V . (ii) Suppose xj(t) = (θlα)

tx′
j(t), ∀vj ∈

V , is true for all t ≤ t′, then for each node vj at t = t′ + 1, if we denote yj(t
′ + 1) =∑

i Wijxi(t
′),

xj(t
′ + 1) =


0, |yj(t′ + 1)| < lj,t′+1,

yj(t
′ + 1), lj,t′+1 ≤ |yj(t′ + 1)| < hj,t′+1,

sign(yj(t
′ + 1))hj,t′+1, |yj(t′ + 1)| ≥ hj,t′+1,

(4.27)

where lj,t′+1 = (θlα)
t′+1 and hj,t′+1 = θhhθ

t′

l α
t′+1hj,0, by the GSIP model. We now

consider the state value x′
j(t

′ + 1) from the MSLT model in the three different cases,

and compare it with the state value xj(t
′ + 1) in (4.27). (1) When∣∣∣∣∣∑

i

Wijxj(t
′)

∣∣∣∣∣ < lj,t′+1 = (θlα)
t′+1 ⇔

∣∣∣∣∣∑
i

Wij(θlα)
t′x′

i(t
′)

∣∣∣∣∣ < (θlα)
t′+1

⇔

∣∣∣∣∣∑
i

Wijx
′
j(t

′)

∣∣∣∣∣ < θlα = l′j,
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we have (θlα)
t′+1x′

j(t
′ + 1) = 0 = xj(t

′ + 1).

(2) When∣∣∣∣∣∑
i

Wijxj(t
′)

∣∣∣∣∣ ≥ hj,t′+1 = θhhθ
t′

l α
t′+1hj,0 ⇔

∣∣∣∣∣∑
i

Wij(θlα)
t′x′

i(t
′)

∣∣∣∣∣ ≥ θhhθ
t′

l α
t′+1hj,0

⇔

∣∣∣∣∣∑
i

Wijx
′
j(t

′)

∣∣∣∣∣ ≥ θhhαhj,0 = h′
j,

we then have

(θlα)
t′+1x′

j(t
′ + 1) = (θlα)

t′+1sign(
∑
i

Wijx
′
i(t

′))mj

= sign(
∑
i

Wijxi(t
′)/(θlα)

t)(θlα)
t′+1(θhhhj,0)/θl

= sign(
∑
i

Wijxi(t
′))hj,t′+1 = xj(t

′ + 1).

(3) Finally, in the remaining case when

lj,t′+1 ≤

∣∣∣∣∣∑
i

Wijxj(t
′)

∣∣∣∣∣ < hj,t′+1 ⇔ l′j ≤

∣∣∣∣∣∑
i

Wijx
′
j(t

′)

∣∣∣∣∣ < h′
j,

the state value is in the linear regime where

x′
j(t

′ + 1) =
mj − 1

h′
j − l′j

(
∑
i

Wijx
′
j(t

′)− sign(
∑
i

Wijx
′
i(t

′))l′j) + sign(
∑
i

Wijx
′
i(t

′))

=
(θhhhj,0)/θl − 1

θhhαhj,0 − θlα
(
∑
i

Wijx
′
j(t

′)− sign(
∑
i

Wijx
′
i(t

′))θlα) + sign(
∑
i

Wijx
′
i(t

′))

=
1

θlα

∑
i

Wijx
′
j(t

′) =
1

θlα

∑
i

Wij
1

(θlα)t
′ xj(t

′)

=
1

(θlα)t
′+1

∑
i

Wijxj(t
′) =

1

(θlα)t
′+1

xj(t
′ + 1).

Hence, we have shown that xj(t
′ + 1) = (θlα)

t′+1x′
j(t

′ + 1),∀vj ∈ V .

Further, if the network has weights of uniform magnitude α, then setting h′
j =

l′j = θlα in the MSLT model is equivalent to requiring that for each node vj, it can

be positively (negatively) influenced at t > 0 if there are at least θl more neighbours

of positive (negative) linear products between their state values and the edge weights

in the previous step, i.e. Wijxi(t − 1) than those of negative (positive) ones. This is
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reminiscent of the constant threshold model [12], but extended to signed networks.

The equivalence can pass to the GSIP model and the extended SLT model. Hence,

θl = θhl = θhh = 1 corresponds to simple contagions, and θl = θhl = θhh > 1 cor-

responds to complex contagions, but both have been extended to signed networks

where the difference between the positive and negative influence attempts is consid-

ered, rather than the number of active neighbours as in simple networks. For general

weighted networks, it is also necessary to take into account the actual edge weights

surrounding a node. Due to the desired correspondence demonstrated here, we will

consider exclusively the modified threshold-type bounds hereafter.

Differences between the models. We then how the general properties of the

GSIP model deviate from those of the extended SLT model. Specifically, we consider

the locally signed linear effect when increasing the upper bounds through θhh in (4.25)

for the modified threshold-type bounds (4.24), where one more positively/negatively

active node (than those that are negatively/positively active) can influence its neigh-

bours, which cannot happen when θhh = θhl = θl > 1.

Claim 4. With lj,0 = hj,0 = l0, ∀vj ∈ V , and the modified threshold-type bounds

(4.24) satisfying (4.25) applied in the GSIP model, suppose at a particular time t′ ≥ 0,

there is a currently inactive node vj∗ s.t.∑
i

Aij∗sign(xi(t
′)) = ±1,

where A is the signed (unweighted) adjacency matrix and the set At′ = {vi : xi(t
′) ̸=

0} contains the active nodes at t′. Then if the network has weights of uniform mag-

nitude α,

1. when θhh = θhl = θl > 1, node vj∗ can never have nonzero state value at

t = t′ + 1;

2. when θhh > θhl = θl > 1, node vj∗ can have nonzero state value at t = t′ + 1

given a sufficiently large θhh.

Proof. Since the underlying network has weight of uniform magnitude α, W = αA.

(1) When θhh = θhl = θl > 1, xi(t
′) = sign(xi(t

′))(θlα)
t′l0, ∀vi ∈ At′ . Then we have∣∣∣∣∣∑

i

Wij∗xi(t
′)

∣∣∣∣∣ = α(θlα)
t′l0 < θlα(θlα)

t′l0 = lj∗,t′+1,
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thus node vj∗ cannot have positive state value at t′ + 1.

(2) When θhh > θhl = θl > 1, then nodes can have different state values at each

time step, and the highest possible magnitude the state of one node can have at time

t′ is θhhθ
t′−1
l αt′l0. Suppose there is only one node in At′ that is node vj’s neighbour,

which we denote by vj0 , then node vj∗ can have positive state value at t′ + 1 if∣∣∣Wj0j∗θhhθ
t′−1
l αt′l0

∣∣∣ ≥ lj∗,t′+1 ⇔ αθhhθ
t′−1
l αt′l0 ≥ (θlα)

t′+1l0

⇔ θhh ≥ θ2l ,

which can be achieved given that θhh is sufficiently large. Note that in other cases

when there are more nodes in At′ that are also vj’s neighbours, the weighted sum,∑
i Wijxi(t

′), could have higher magnitude.

We can take the two-block planted SSBM for example again as in Sec. 4.4.2, and

consider the case when increasing θhh from 2 to 4 while maintaining θl = θhl = 2.

Accordingly, we analyse the performance of the following two sets of four initially

positively activated nodes: (i) A0 = {vi1 , vi2 , vi3 , vi4} ⊂ B1; (ii) A0 = {vj1 , vj2 , vj3 , vj4}
with vj1 , vj2 ∈ B1 and vj3 , vj4 ∈ B2. We numerically verify that the increase in

the expected influence (in one time step) from (i) is more than that from (ii) if

condition (4.22) holds true, and the decrease is more otherwise in Sec. 4.6.1. This

is consistent with Claim 3 because nodes in B1 have a higher probability to reach

a higher or the highest magnitude of the state value in the propagation from (i),

thus they have a higher chance to influence their neighbours, either positively or

negatively. Furthermore, in signed networks, we can also see that it is the difference

of the influence attempt in one direction (e.g., positive) over the other (e.g., negative)

that matters, hence not only connections are important, but also the sign of the

connections and the sign of the state values.

4.5 Influence maximisation

Now, we proceed to the key algorithmic problem of influence maximisation (IM),

where the objective is to maximise the overall influence on all nodes at the end of the

propagation process. Here, we maintain the constraint corresponding to the case of

limited resources to activate a node, thus the number of nodes people can influence

at the beginning of the process is determined by the budget size. In this section, we

first introduce the formulations of the IM problem, corresponding to different cases,
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and also discuss the complexity of the problem in Sec. 4.5.1. Then we analyse the

special cases when the dynamics is governed by the GSIP model (4.19) in Sec. 4.5.2,

and then extend the customised direct search method for the IM problem on signed

networks in Sec. 4.5.3.

4.5.1 Problem formulation

With a given information propagation process, and a given function sj(·) for the over-
all influence on each node vj, the overall influence on the whole network is naturally,

s(x(0)) =
∑
j

sj(x(0)), (4.28)

where x(0) is the initial state vector. For example, the function sj(·) can count the

number of nodes of positive state values at the end of the propagation process, and

then the IM problem recovers one of the most common formulation in the literature,

associated with the classic models extended for signed networks. While, we can also

consider Eq.(4.20) associated with the GSIP model we proposed in Sec. 4.4 for sj(·).
The IM problem is then to maximise s(x(0)) with respect to the x(0), subject to the

constraint of limited budget size,

|{vj : xj(0) ̸= 0}| ≤ k, (4.29)

where k ∈ Z+ is the budget size.

With objective (4.28) and constraint (4.29), we then formulate the IM problem as

a mixed-integer (nonlinear) programming (MINLP),

max
x,y,z

s(x)

s.t. xj ≤ hj,0zj,

xj ≥ −hj,0zj,

xj + C(1− yj) ≥ lj,0zj

− xj + Cyj ≥ lj,0zj∑
j

zj ≤ k,

xj ∈ R, yj, zj ∈ {0, 1}, ∀j,

(4.30)

where C is a sufficiently large constant, 0 < lj,0 ≤ hj,0 restrict the initial magnitude
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of influence of each node vj, k ∈ Z+ is the budget size, and the objective function s(·)
is the overall influence on the whole network as in Eq. (4.28). The variables in vector

x correspond to the initial states, while the extra binary variables in vector y, z, of

the same dimension, are added to appropriately impose the constraint (4.29), where

each variable zj corresponds to whether or not to activate node vj and each variable

yj corresponds to whether or not to positively activate node vj.

From Sec. 3.4.1, the IM problem in simple networks where the only activation

option for each node is to positively activate it, is already difficult. Hence, we further

assume that the optimal solution restricted to the case when only positive initial

activation is considered is sufficiently good, and then consider a reduced version of

the MINLP (4.30), where

max
x,z

s(x)

s.t. xj ≤ hj,0zj,

xj ≥ lj,0zj∑
j

zj ≤ k,

xj ∈ R, zj ∈ {0, 1}, ∀j,

(4.31)

where we remove the binary vector y, since here once a node is activated initially, it

will have positive state value, where xj > 0.

The difficulty of the current optimisation problem (4.31) (and also (4.30)) still

lies in the objective function s(x). Take the GSIP model together with the function

(4.20) for individual influence as an example. (i) s(x) is not always smooth and even

discontinuous, since each fj,t(x) in (4.19) can be nonsmooth at±hj,t and discontinuous

at ±lj,t. (ii) A closed-form of s(x) cannot be obtained generally, except when fj,t(x) =

x, ∀t > 0, vj ∈ V , in (4.19). (iii) Now both left and right derivatives do not generally

exist. However, we can still show that the evaluation of the objective function can

be solved efficiently, as in Proposition 17. Hence, it is then necessary to treat the

objective function as an input-output (black-box) system, and resort to derivative-free

methods (DFMs) for general solutions.

Proposition 17. Given a signed network G(V,E,W) with the signed weight ma-

trix W and an initial state x(0), with the GSIP model governing the information

propagation process and Eq. (4.20) as the function for individual influence, the prob-

lem of computing the objective function s(x(0)) in the MINLP (4.31) (i.e. Eq. 4.28)
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can be solved in O(|E|tϵ) time, where tϵ is the number of time steps required for the

convergence of the underlying process with tolerance ϵ > 0, where

∥∥(1− γ)tx(t)
∥∥
2
< ϵ, ∀t ≥ tϵ.

Proof. The time complexity follows from Alg. 4. In each iteration t, each nonzero

element of the weight matrix W has only one chance to be used to potentially adjust

the state value x(t), and there are overall O(|E|) such elements. Therefore, the time

complexity of each iteration is O(|E|), and the overall evaluation has time complexity

O(|E|tϵ), depending on the number of steps towards convergence, tϵ.

Algorithm 4 Influence evaluation on signed networks.

1: Input: A signed network G(V,E,W) with its weight matrix W where Wij ̸= 0 if
(vi, vj) ∈ E, parameters {lj,t}, {hj,t} in the GSIP model, time-discounting factor
γ, the initial state x(0) where xj(0) ∈ [−hj,0,−lj,0]∪[lj,0, hj,0] if and only if vj ∈ A0

(0 otherwise), and the tolerance ϵ.
2: Output: The value of the objective function in the MINLP (4.31), s.
3: Set t← 0, x(0) ← x(0), and s← 0.
4: Mark all the neighbours, both positive and negative, ofA0 as potentially activated

nodes, N0 ←
⋃

vj∈A0
N (vj).

5: while
∥∥(1− γ)tx(t)

∥∥
2
> ϵ do

6: At+1,Nt+1 ← ∅, and x(t+1) ← 0;
7: for each potentially activated node vj ∈ Nt do

8: x
(t+1)
j = fj,t(

∑
i∈At

Wijx
(t)
i );

9: if x
(t+1)
j ̸= 0 then

10: At+1 ← At+1 ∪ {vj};
11: Nt+1 ← Nt+1 ∪N (vj);

12: s← s+ (1− γ)t+1x
(t+1)
j ;

13: end if
14: end for
15: t← t+ 1;
16: end while

Since we cannot assume the objective to fall in a simple family, e.g. polynomials,

model-based methods may not fit the current problem, either. This again limits

the choice among algorithm classes for its solution to that of direct-search methods.

Among them, the mesh adaptive direct search (MADS) method is still the one of the

few that has local convergence analysis when the objective function is not necessarily
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Lipschitz continuous [152], and accordingly, we refer to the MADS for mixed variables

(MV) [1] as a general solution to the IM problem (4.31) (and also (4.30)), with

implementation in NOMAD [10,93]. We refer the reader to Sec. 3.4.2 for more details.

4.5.2 Special cases

In the previous section, we have analysed the highly general features of the IM prob-

lem, and given general solution methods accordingly. Hereafter, we turn our attention

to the IM problem with the GSIP model governing the information propagation pro-

cess and Eq. 4.20 as the function for individual influence. In this section, we consider

two special cases of the GSIP model, with the aim of understanding the general

scenarios better.

The first special case is when the lower bounds are sufficiently low in the GSIP

model, specifically lj,t = 0, ∀vj ∈ V . We can show that in this case, the objective

function is continuous with respect to the continuous variables x as in Proposition

18.

Proposition 18. If lj,t = 0, ∀vj ∈ V , then the objective function s(·) in the MINLP

(4.31) (and (4.30)) is continuous w.r.t. the continuous variables x.

Proof. We first note that if fj,t(x) is continuous for all vj ∈ V and t > 0, then by

the properties of composite continuous functions, the objective function s(·) is also

continuous. Now, we show the continuity of each fj,t(x). (1) We first note that when

lj,t = 0, the regime |x| < lj,t vanishes, and fj,t(x) = x when |x| < hj,t. (2) There are

then three parts of the function that are always continuous, i.e. when −hj,t < x < hj,t,

x > hj,t and x < −hj,t. (3) We can show that the function is also continuous at the

boundary points, where

lim
x→h−

j,t

fj,t(x) = hj,t = fi,t(hj,t) = lim
x→h+

j,t

fj,t(x),

and

lim
x→−h+

j,t

fj,t(x) = −hj,t = fj,t(−hj,t) = lim
x→−h−

j,t

fj,t(x).

Hence, fj,t(x) is continuous for all possible x ∈ R.

Furthermore, we can also show that the objective function is Lipschitz continuous

by noting that 0 ≤ |fj,t(x)| ≤ |x|, ∀t > 0, vj ∈ V and potential value x. In this
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case, the problem is open to methods with global convergence, for example the new

derivative-free line-search type algorithms [66]. Meanwhile, the condition of the lower

bounds could be looser in practice, where for example, if the signed network has

weights of uniform magnitude α and the initial state values are uniform with lj,0 =

hj,0 = l0, ∀vj ∈ V , then the requirement of the lower bounds can be relaxed to

lj,t ≤ l0α
t, ∀t > 0, vj ∈ V , as discussed in Sec. 4.4.2.

The other special case is when not only {lj,t} are sufficiently small but {hj,t} are
sufficiently large in the GSIP model, i.e. the linear-dynamics extreme as analysed in

Sec. 4.4.2. Hence,

x(t) = WTx(t− 1) =
(
WT

)t
x(0),

and the objective function is then,

s(x(0)) =
∑
j

∞∑
t=1

(1− γ)txj(t) =
∞∑
t=1

1T
(
(1− γ)WT

)t
x(0)

= 1T
((

I− (1− γ)WT
)−1 − I

)
x(0) = cTx(0),

(4.32)

as analysed in Sec. 4.3.2.1, where c = ((I − (1 − γ)W)−1 − I)1 is the signed Katz

centrality with factor (1−γ), I is the identity matrix, and the penultimate equation is

obtained given that condition (4.6) is true in the linear-dynamics extreme. Hence, the

objective function is linear, thus (Lipschitz) continuous, concave and smooth. The

exact solution(s) in this case is achievable as in Theorem 19.

Theorem 19. When {lj,t}, {hj,t} are as in Theorem 15, then the exact solution(s)

to the MINLP (4.31) is

x∗
j =

hj,0, if j ∈ A,

0, otherwise,
z∗j =

1, if j ∈ A,

0, otherwise,
(4.33)

where A = {j1, ..., jnk
} s.t. cj > 0 and hi,0ci ≤ hj,0cj, ∀i /∈ A, j ∈ A, nk =

min{k, |{cj : cj > 0}|}, c = ((I − (1 − γ)W)−1 − I)1 is the signed Katz centrality

with factor (1− γ), and the uniqueness of the solution depends on the uniqueness of

set A.

Proof. By Theorem 15, the GSIP model reaches the linear-dynamics extreme. Then
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as in (4.32), the objective function s(·) is linear in x,

s(x) = cTx,

where c = ((I − (1 − γ)W)−1 − I)1. For illustrative purposes, we split the proof

into two parts. (1) We first analyse the MINLP (4.31) solely w.r.t. x while fixing

the integer variables z. The problem can then be decomposed into n sub-problems,

where for each vj ∈ V ,

max
xj

s̃j(xj) := cjxj

s.t. xj ≤ hj,0zj,

xj ≥ lj,0zj,

xj ∈ R.

(4.34)

Hence, for vj with cj > 0, the optimal solution is x∗
j = hj,0zi, while for those with

cj < 0, the optimal solution is x∗
j = lj,0zi. (2) Then we consider the MINLP (4.31)

w.r.t. z when x is at the optimal value, where

max
z

∑
j

s̃∗j =
∑
j:cj>0

cjhj,0zi +
∑
j:cj<0

cjlj,0zi

s.t.
∑
j

zj ≤ k,

zj ∈ {0, 1},∀j.

We can show that the optimal solution is to set zj = 1 if node vj has cj > 0 and is also

ranked among the top k according to its coefficient in the objective, cihj,0. This gives

the solution in (4.33), and the uniqueness of the solution depends on the uniqueness

of the top k nodes.

Hence the exact solution(s) when the GSIP model is in the linear-dynamics ex-

treme is to first restrict to nodes of positive signed Katz centrality, and then choose

the top k nodes, if there are any, of the highest product of their signed Katz central-

ity and their maximum initial values. This relates the IM problem to a well-studied

centrality measure, the Katz centrality, although now extended to signed networks.

Furthermore, this solution can serve as a warm start in the search algorithms for the

MINLP (4.31) in general, where the number of steps required to find a good solution

is potentially proportional to how far the underlying propagation is from being the

linear dynamics.
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4.5.3 Customised methods

Here, the objective function s(x(0)) is not necessarily non-decreasing in the initial

state value x(0), as a result of negative connections in opposing the states or the

influence of the corresponding neighbours. Hence, the problem (4.31) is not reducible,

and both the continuous variables in x and the binary variables in z need to be

determined9. To incorporate the features explored in Sec. 4.5.2, we can utilise the

exact solution in the linear-dynamics extreme as a warm start in the MADS method,

with the assumption that the local optima near this solution are sufficiently good.

In real cases, it is highly likely that people only have several choices of initial

state of a node, or only one choice. For example, in product range optimisation, each

product can only be available or not, which could correspond to a single choice of the

initially activated value. In this case, lj,0 = hj,0, ∀vj ∈ V , then xj = lj,0zj = hj,0zj,

thus the MINLP (4.31) is equivalent to the following problem,

max
z

s(h0 ⊙ z)

s.t.
∑
j

zj ≤ k,

zj ∈ {0, 1}, ∀j,

(4.35)

where h0 = (hj,0), and ⊙ denotes the element-wise (Hadamard) product. Note the

difference with the revised problem (3.30) on simple networks is that the number of

initially activated nodes is not necessarily the budget size k in the optimal solution(s).

Now, the domain Ωd is a natural mesh to search at each iteration r,

Mr = Ωd = {z ∈ {0, 1}n :
∑
j

zj ≤ k}. (4.36)

The constraints are incorporated in the domain, and are treated by the extreme

barrier approach sΩd , where sΩd(z) = s(h0 ⊙ z) if z ∈ Ωd and −∞ otherwise. We

define the neighbourhood function of binary variables z to be,

N (z) = {y ∈ {0, 1}n : ∥y − z∥1 ≤ d}, (4.37)

where d ∈ Z+\{1}, and 2 is the shortest distance to allow exchanging one element of

value 1 with another of value 0.

9In the implementation of the MADS method, we need to enlarge the discrete neighbourhood
size to be at least 2 for the current problem.
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We then propose the following customised direct search (CDS) method by mod-

ifying the one proposed in Sec. 3.4.4 for the problem (4.35). Specifically, we update

(i) the domain and the mesh to be (4.36), (ii) the initial start to be the solution when

the GSIP model reaches the linear-dynamics extreme as in Theorem 15, and (iii) the

rule for sufficient improvement to incorporate negative objective values,

sΩd(z) > (1 + ζ)
∣∣sΩd(z(r))

∣∣,
where z(r) is the maximal point in iteration r. Since the termination criteria remain

unchanged, the local convergence of the algorithm is maintained. We refer the reader

to Sec. 3.4.4 for more details.

4.6 Experiments

In this section, we experimentally illustrate the rich behaviour of the GSIP model

on signed networks, and also evaluate the performance of the CDS method for the

IM problem (4.35) in both small and large, both synthetic and real signed networks.

More importantly, we will demonstrate how the proposed framework of information

propagation and influence maximisation is connected with extracting two competing

roles in Chapter 2, and also how this work can be useful in practice, through the

example in Sec. 2.5.1. Throughout this section, lj,0 = hj,0 = 1, ∀vj ∈ V , and we

apply exclusively the modified threshold-type bounds in (4.24) with condition (4.25)

and θl = θhl (unless mentioned otherwise), thus the lower bounds vary according to

the lower bound threshold θl while the upper bounds are also affected by the higher

upper bound threshold θhh.

4.6.1 The proposed model for information propagation

We start from the general features of the GSIP model. In accordance with Sec. 4.4,

we show that the GSIP model can have both the threshold effect and the locally lin-

ear effect by tuning the lower and upper bounds, respectively. Specifically in signed

networks, both effects can have two opposite directions, corresponding to propagating

the positive and negative information, which will cause extra complexity to the asso-

ciated IM problem. Similar to the case of simple networks, these two effects cannot

happen simultaneously in either the linear dynamics or the (extended) LT model, but

may co-exist in real systems.
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Corresponding to the dynamical analysis in Sec. 4.3.2, we consider the following

two types of signed networks: (i) one close to being balanced, generated from the two-

block planted SSBM(0.9, 0.1, 0.05), and (ii) the other close to being antibalanced,

generated from the two-block planted SSBM(0.9, 0.1, 0.95). For the former, an edge

is placed between the nodes in the same community with probability pin = 0.9 and in

the different communities with pout = 0.1, where for each edge inside the communities,

it has probability η = 0.05 to have negative sign (positive otherwise), while for each

edge between the communities, it has probability η = 0.05 to have positive sign

(negative otherwise). The latter is constructed in the same way except that η = 0.95.

The signed networks have size n = 50 and nc = 2 communities, where we label the

nodes in communities one and two as 0 to 24 and 25 to 49, respectively; see Fig. 4.6 for

one realisation. We assign a uniform magnitude α = 0.1 to the edge weights and set

the time-discounting factor as γ = 0.6, to account for moderate level of trust/distrust

among agents. Therefore, θl = 1 corresponds to the critical lower bounds for the

linear-dynamics extreme, where any θl > 1 cannot always result in linear dynamics.

The difference in the propagation behaviour will be quantified by the time-dependent
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Figure 4.6: One realisation of the two-block SSBM(0.9, 0.1, 0.05) (left) and
SSBM(0.9, 0.1, 0.95) (right) where positive edges are in black while negative edges
are in orange (dashed), and the lighter the colour of a node is, the higher the degree
(4.1) of the node is.

influence of all nodes,

s(t) =
∑
j

t∑
t′=0

(1− γ)t
′
xj(t

′), (4.38)

where x(t′) = (xj(t
′)) is the state vector at time step t′ with the updating function

(4.19) and a given initial state vector x(0) = (xj(0)). Note that limt→∞ s(t)−
∑

j xj(0)

is the objective in the IM problem.

We first show the imposed threshold effect on top of the linear dynamics, by tuning

the lower bounds of the GSIP model to gradually deviate it from the linear-dynamics
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extreme, as in Sec. 4.4.2. Specifically, we consider the following two initially activated

node sets as in Claim 3: (i) {0, 1} from the same community; (ii) {0, 25} from the

different communities. Firstly, when θl = 1, which approaches the linear-dynamics

extreme, we observe that the time-dependent influence from the two node sets are

similar; see Fig. 4.7. Specifically, in the signed networks close to being balanced,

the overall influence keeps increasing until convergence, while in the networks close

to being antibalanced, the overall influence alternates the direction of change, which

indicates that the influence at each time step keeps changing signs. These observa-

tions verify the analysis of linear dynamics on balanced and antibalanced networks in

Sec. 4.3.2.1. Secondly, as θl increases, set (i) is expected to trigger a propagation with

higher overall influence when the network is close to being balanced, while it trig-

gers one with lower overall influence when the network is close to being antibalanced.

These imply the two opposite directions in the threshold effect: one corresponds to

thresholding the not-positive-enough influence attempts to be 0, which decreases the

overall influence, while the other corresponds to suppressing the not-negative-enough

influence attempts to be 0, which increases the overall influence. Hence, it is im-

portant to understand the balanced structure of signed networks. Finally, when θl

exceeds the critical value of 1, the overall influence from set (ii) is always 0. This is due

to the coexistence of both positive and negative influence on the nodes, and here we

have a special case where they are of the same level. As analysed in Sec. 4.4.2, both

the coexistence of positive and negative influence, and the possibility to have zero

overall influence while nonzero individual influence, are unique in signed networks.

We then illustrate the locally linear effect added on top of the extended SLT

model, by changing the upper bounds of the GSIP model to differentiate it from the

LT extreme. Here, we fix θl = 2, the smallest integer for the threshold effect to take

place, while increasing θhh from 2 to a higher value, as mentioned in Sec. 4.4.3. We

then consider the following two larger initially activated node sets: (i) {0, 1, 2, 3} from
the same community; (ii) {0, 1, 25, 26} evenly distributed in the two communities.

Firstly, when θl = θhh = 2, i.e. in the LT extreme, set (ii) is expected to trigger

a propagation with relatively higher overall influence when the underlying signed

networks are close to being balanced, while it tends to trigger one with relatively

lower overall influence when the signed networks are close to being antibalanced; see

Fig. 4.8. This again indicates the two directions of the threshold effect. Furthermore,

we observe that while increasing until convergence in the close-to-balanced networks,

the overall influence alternates the direction of change in the close-to-antibalanced

networks, which leads the difference between the two node sets to be smaller. These
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Figure 4.7: The time-dependent influence, from two different initially activated node
sets, with θl = 1 (left, the critical value for the linear-dynamics extreme) and
θl = 2 (right, a larger value) while θhh being large (here 9000), on 1000 samples
of SSBM(0.9, 0.1, 0.05) (top) and SSBM(0.9, 0.1, 0.95) (bottom).

observations supplement the analysis of the extended SLT model on signed regular

lattices in Sec. 4.3.2.2. Secondly, as θhh becomes larger, the increase in the overall

influence of set (i) is larger than that of set (ii) in the signed networks close to being

balanced, while the decrease of the overall influence of set (i) is larger than that of

set (ii) in the signed networks close to being antibalanced. These then imply the two

opposite directions in the locally linear effect: one corresponds to nodes of higher state

values to positively influence others, which increases the overall influence, and the

other corresponds to nodes of higher state values to negatively influence others, which

decreases the overall influence. Hence, the balanced structure of signed networks again

plays a key role in characterising the behaviour of the dynamics. Thirdly, we observe

that the overall influence (ignoring the initial state values) is positive in the signed

networks close to being balanced where they have more positive edges, while it is

negative in the ones close to being antibalanced with more negative edges, which also

supplements to the analysis of the overall influence in Sec. 4.3.2.2.

Finally, we integrate the two aspects and provide a whole picture of the general

features of the GSIP model, by changing the upper and lower bounds simultaneously.

Here, we consider both pairs of node sets, {0, 1} versus {0, 25} and {0, 1, 2, 3} ver-
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Figure 4.8: The time-dependent influence, from two different initially activated node
sets, with θl = 2 while θhh = 2 (left, the LT extreme) and θhh = 8 (right, a larger
value), on 1000 samples of SSBM(0.9, 0.1, 0.05) (top) and SSBM(0.9, 0.1, 0.95) (bot-
tom).

sus {0, 1, 25, 26}, and quantify the change of behaviour through the ratio δ of the

time-dependent influence of all nodes as t goes to infinity, i.e. limt→∞ s(t).10 We

observe consistent patterns of the previously analysed features: (i) in the signed net-

works close to being balanced, the node sets in the same community have consistently

higher influence as θl exceeds the critical value for the other set, 1 for {0, 25} and 2

for {0, 1, 25, 26} (which are equal to the numbers of nodes distributed in each commu-

nity), while in the signed networks close to being antibalanced, the node sets evenly

distributed in the two communities have consistently better performance under the

same condition; (ii) the node sets in each pair have generally more similar performance

as the upper bounds become larger, although there is more complexity in between;

see Fig. 4.9. However, the differences in the two types of signed networks are also

clear. The ratios δ in the signed networks close to being balanced are similar to the

results obtained in simple networks as in Fig. 3.8. This is expected, to some extent,

since balanced networks share the same spectrum as the corresponding unsigned ones

ignoring the edge sign, by Theorem 11. While in the signed networks close to being

antibalanced, the node sets distributed in the two communities generally have better

10This quantity is considered to avoid negative values.
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performance than the ones in the same community, except in limited cases, e.g., when

θl ≤ 1 and θhh no greater than the critical value mentioned before. This is because

here most edges are negative and within communities, and then nodes in the same

communities have a higher probability to negatively activate others. These separating

characteristics imply the importance of understanding their balanced structure.
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Figure 4.9: The ratios of limt→∞ s(t) in Eq. (4.38) from two pairs of initially acti-
vated node sets, {0, 1} to {0, 25} (left) and {0, 1, 2, 3} to {0, 1, 25, 26} (right), with
changing upper bound (x-axis) and lower bound (y-axis) thresholds, on 1000 samples
of SSBM(0.9, 0.1, 0.05) (top) and SSBM(0.9, 0.1, 0.95) (bottom).

4.6.2 The proposed method for influence maximisation

We now proceed to the proposed CDS method for the IM problem (4.35). In the fol-

lowing, we first test the accuracy of the CDS method on relatively small networks. We

then examine its performance on relatively large networks through comparison with

other state-of-the-art approaches adapted for signed networks. Similar to Sec. 4.6.1,

we also incorporate the balanced structure of signed networks through considering

both the ones that are close to being balanced and those that are close to being

antibalanced.

4.6.2.1 Comparison with global optima

From Sec. 4.5.3, we know that the CDS method is a local algorithm, thus it is impor-

tant to explore how good the output is with respect to the global optima. However,

algorithms with global convergence, such as the brute-force method, now require

O(nk2) evaluations of the objective function, which prohibits their application to

large networks. Hence in this section, we consider exclusively signed networks of a

relatively small scale.
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In order to measure the goodness of the output, we consider the following two

dimensions again, accuracy and rank, but both are extended to signed networks.

The accuracy is now defined as one minus the relative error with respect to a global

optimum,

τ(s; s∗) = 1− |(s∗ − s)/s∗|,

where s is an output from the proposed algorithm, and s∗ is a global optimum, with

the convention that τ = 0 if s∗ − s > |s∗|. It is different from the one defined in

Sec. 3.5.2.2 because s < 0 is possible in signed networks. Still, τ(·) ∈ [0, 1] and a

higher accuracy implies a better solution. For the rank of the output, we now need

to compare it with all sets of sizes no greater than k,

ϕ(A0;V, k) =
|{A ⊂ V : |A| = k, s(h0 ⊙ zA) > s(h0 ⊙ zA0)}|+ 1

|{A ⊂ V : |A| ≤ k}|
, (4.39)

where V is the node set, k is the budget size, A0 is the set of initially activated nodes

corresponding to the output, zA is the binary vector whose jth element is 1 if and

only if vj ∈ A, and s(h0 ⊙ z) is the objective function of the problem (4.35). Still,

ϕ(·) ∈ (0, 1] and a lower rank implies a better solution. Hence, in order to obtain

the parameters in both measures, we select the brute-force as the reference global

algorithm.

Specifically, we separate the two cases: (i) differentiating θl and θhh while main-

taining the same k, and (ii) varying k while fixing θl and θhh. For the underlying

signed networks, we consider both synthetic ones from signed stochastic block mod-

els, and a classic example of real signed networks, the Highland tribes network.

Signed stochastic block model. The SSBM considered here has the same size and

weights as in Sec. 4.6.1, but different probabilities in the two communities, p1 = 0.3 in

one and p2 = 0.15 in the other, in order to distinguish nodes in the two communities.

The connecting probability between the communities is set to be a smaller value

p12 = 0.0511. We also consider the following cases of the flipping probability, η = 0.05

and η = 0.95, corresponding to the cases when the underlying signed network is close

to being balanced and antibalanced, respectively. In both cases, we assign a uniform

magnitude α = 0.1 to the edge weights, and set the time-discounting factor as γ = 0.

11Here we set the probability between the two communities to be larger than the one analysed in
Sec. 3.5.2.2 to allow more edges of negative sign.
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When k = 4, the CDS method can find a solution either globally optimal or fairly

close to optimal when θl ≤ 2 in the signed network close to being balanced, while for

the one close to being antibalanced, it happens when θl > 1.4 or θl ≤ 1; see Fig. 4.10.

For the close-to-balanced network, the performance of the CDS method drops when

θl becomes larger, or closer to the budget size k, and in the worse-case scenario, the

output has accuracy around 0.73 with rank 0.005% in overall 251, 175 sets (of sizes

no greater than k as in (4.39)), thus the CDS method can still output a top 13 set.

While for the close-to-antibalanced network, the CDS method cannot find a global

optimal solution in some cases when θl is around 1.3, and in the worst-case scenario,

the accuracy of the output is 0.75 with rank 0.002%, i.e. the CDS method can still

output a top 7 set.
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Figure 4.10: Performance of the CDS method on the SSBM with η = 0.05 (top) and
η = 0.95 (bottom) in terms of the output’s accuracy (left) and rank (right), subject
to changing upper (x-axis) and lower (y-axis) bound thresholds of the GSIP model,
θhh and θl, respectively, when k = 4.

We further explore the performance of the CDS method when increasing the bud-

get size k. Specifically, for the signed network close to being balanced, we con-

sider θl = 3, θhh = 6, while for the one close to being antibalanced, we choose

θl = 1.4, θhh = 10. These combinations correspond to the cases where the CDS

method cannot find a globally optimal solution when k = 4. We observe better per-

formance of the CDS method as the budget size k becomes larger, in both networks

of very different balanced structures; see Fig. 4.11. Note that we do not explore

the cases when k is greater than 6 because there are already over 10 million sets to

evaluate in the brute force when k = 6.

Highland tribes network. We now consider a classic example of real signed net-

works, the Highland tribes network. The network contains n = 16 tribes as nodes,
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Figure 4.11: Performance of the CDS method in terms of the output’s accuracy (left)
and rank (right), subject to changing budget size k (x-axis) when θl = 3, θhh = 6 on
the SSBM with η = 0.05 (top) and θl = 1.4, θhh = 10 on the SSBM with η = 0.95
(bottom).

and a positive edge indicates friendship while a negative edge indicates enmity. Hage

and Harary [73] used the Gahuku-Gama system of the Eastern Central Highlands of

New Guinea, described by Read [130], to illustrate a clusterable signed network. This

network is weakly balanced, where the enemy of an enemy can be either a friend or

an enemy, thus is neither balanced nor antibalanced; see Fig. 4.12. This is consistent

with the distance db(G) = 0.155 from being balanced and da(G) = 0.529 from being

antibalanced. We assign a uniform magnitude α = 0.1 to the edge weights, and set

the time-discounting factor as γ = 0.
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Figure 4.12: Highland tribes network, where positive edges are in black while negative
edges are in orange (dashed), and the lighter the colour of a node is, the higher the
degree (4.1) of the node is.

When k = 5, the CDS method can successfully find either a globally optimal

or close-to-optimal solution with different choices of upper and lower bounds in this
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signed network; see Fig. 4.13. When θh < 4, an optimal set could contain less than k

nodes. When θl ≤ 1, the nodes returns by the algorithm are ranked among the top

k+1 by the signed Katz centrality (i.e., in 2, 3, 5, 6, 7, 11) when θhh is large, while are

relatively far from each other when θhh is small (e.g., 2, 3, 6, 7, 12). As θl increases to

3, the algorithm generally provides node sets of smaller signed Katz centrality but

with more overlap of their positive neighbourhoods (e.g., 2, 5, 6, 7, 10). There are only

5 cases when the CDS method cannot find a global optimum, where the upper bounds

are close to the lower bounds. However, even in these worst-case scenarios, the CDS

method can still output the sets with accuracy greater than 0.93 and rank in the top

0.03% in overall 7, 000 node sets, i.e. it can still output a top 2 set.
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Figure 4.13: Performance of the CDS method on the Highland tribes network in
terms of the output’s accuracy (left) and the rank (%, right), subject to changing
upper (x-axis) and lower (y-axis) bound thresholds of the GSIP model, θhh and θl,
respectively, when k = 5.

We then change the budget size k in one of the worst-case scenarios when θl = 2

and θhh = 2. We observe that the accuracy of the output from the CDS method

maintains at a relatively high level (greater than 0.9) while increasing the budget

size k, with consistently low rank; see Fig. 4.14. We note that the signed network

has a significant portion of negative edges, and here exactly half of all edges have

negative sign, hence it is very possible that the optimal set which maximises the

overall influence does not take the whole budget, i.e.
∣∣{vj : x∗

j(0)! = 0}
∣∣ < k where

x∗(0) is a true optimal solution (obtained by the brute force). We verify that it is the

case in the highland tribes networks, where a set of size 4 can maintain the optimality

when further increasing the budget size to be greater than 4 in the experiments.

4.6.2.2 Comparison with the state-of-the-art

In the following, we examine the performance of the CDS method on both synthetic

and real networks on a relatively large scale, where we compare them with the state-

of-the-art methods extended for signed networks. Hereafter, we denote the set of

initially activated nodes, A0, as the seed set. We note that the vast majority of
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Figure 4.14: Performance of the CDS method on the Highland tribes network in terms
of the output’s accuracy in terms of the output’s accuracy (left) and the rank (%,
right), subject to changing budget size k (x-axis) when θl = 2, θhh = 2.

greedy algorithms following the work of Kempe et al. [85] are not applicable here,

because node sets that are not large enough12 will return an overall influence 0 and

then these algorithms lack an appropriate approach to select the first few nodes, which

has significant consequences in their following steps. We instead compare the CDS

method with the following ones.

(i) Random sampling (“Random”). Randomly selecting an integer kr between 1

and k inclusively, then randomly selecting kr nodes of the signed network, and

returning them as the seed set. We repeat the process ns times, and output the

one with the highest objective value.

(ii) Degree-centrality method (“Degree”). We define the signed degree here as

d
(s)
i =

∑
j

Wij, ∀vi ∈ V,

where W is the signed (weighted) adjacency matrix. Hence, the signed degree

of a node can take negative values. The degree-centrality method is then to

select the k nodes of the highest positive degree in the network as the seed set

if possible; otherwise return all nodes of positive degree.

(iii) Katz-centrality method (“Katz”). Finding the k nodes of the highest posi-

tive signed Katz centrality (as in Sec. 4.5.2) in the signed network as the seed

set if possible; otherwise return all nodes of positive Katz centrality.

Since method (i) has random components, we will repeat the method nr times and

analyse their averaged performance. In this section, we compare the performance of

12It corresponds to the node sets of sizes less than θl in networks with weights of uniform magni-
tude, while in weighted networks, we also need to incorporate the exact weights around each node
compared to the mean absolute weight.
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different methods directly through the overall influence s, i.e. the objective value in

the IM problem (4.35) (or equivalently (4.28)).

The signed networks under consideration are composed of two large SSBM, one

close to being balanced and the other closed to being antibalanced, and a real signed

network among philosophers. On the one hand, SSBMs are considered here because

community structure is a common feature in real networks, and also to extend the

previous analysis in Sec. 4.6.2.1 to a larger scale. On the other hand, the Philosophers’

network is a classic example in signed networks of a relatively large scale, where each

edge indicates relatively strong interactions between philosophers.

Signed stochastic block model. Consider a relatively large signed network of

size n = 500, generated by two-block SSBMs with different probabilities in the two

communities, p1 = 0.03 and p2 = 0.015, and the connecting probability between

the two being p12 = 0.005. These values are chosen to maintain roughly the same

mean degree as the SSBMs in Sec. 4.6.2.1. We also consider the following cases of

the flipping probability: (i) η = 0.05 for the signed network close to being balanced,

and (ii) η = 0.95 for the signed network close to being antibalanced. We assign the

same uniform magnitude α = 0.1 for the edge weights and the time-discounting factor

γ = 0. We then observe that, in both cases, the CDS method outperforms all the

reference algorithms in all possible budget sizes; see Fig. 4.15. Furthermore, there is

a drop in performance of the CDS method when increasing the budget size k from

18 to 20 in the close-to-antibalanced network and when θhh > θl, which is possible

since the current search processes are independent of each other when the budget size

is different. A potential extension when the solution can be obtained in a sequential

manner is to (re-)start the search process from the optimal set corresponding to a

smaller budget size.

Philosophers’ network The Philosophers’ network describes two types of relation-

ships, master-pupil and acquaintance, between philosophers from different schools of

thoughts, recorded by Collins [43]. Collins studies various types of philosophical

thoughts in ancient Greece, China, Japan, India, the medieval Islamic and Jewish

world, medieval Christendom, and modern Europe, and his book represents division

and conflicts among philosophers based on the relationships. Here, we apply the flat-

tened version of this network in [6], and select the largest connected component. The

resulting network has size n = 218 and |E| = 259. In the experiments, we maintain
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Figure 4.15: Overall influence s from different node selection algorithms applied to
the SSBM with η = 0.05 (top) and η = 0.95 (bottom), subject to changing budget
size (x-axis), when the GSIP model has θl = θhl = θhh = 2 (left) and θl = θhl = 2,
θhh = 8 (right).

a uniform magnitude α = 0.1 for the edge weight and the time-discounting factor

γ = 0.

We observe that the CDS method outperforms all the other reference methods,

and its distance with others becomes larger as the higher upper bound threshold

θhh becomes closer to the lower bound threshold θl, i.e. the GSIP model approaches

the LT extreme; see Fig. 4.16. We also find that the performance of both centrality

methods is close to the random sampling in the LT extreme. Meanwhile, the Katz-

centrality method performs better when the upper bounds become larger, which is

expected from the fact that it is closely related to the exact solution when the GSIP

model reaches the linear-dynamics extreme, i.e. when both bounds are sufficiently

loose.

4.6.3 An illustrative example for real applications

In this section, we illustrate how the information propagation model and the influence

maximisation framework we have developed are connected with extracting two com-

peting roles in networks discussed in Chapter 2, and also how these studies together

can be useful in retail, through the example in Sec. 2.5.1.

144



4 6 8 10 12 14 16 18
k

0

2

4

6
s

l = 2, hh = 2
Random
Degree
Katz
CDS

4 6 8 10 12 14 16 18
k

0

2

4

6

8

s

l = 2, hh = 8
Random
Degree
Katz
CDS

Figure 4.16: Overall influence s from different node selection algorithms applied to
the signed Philosophers’ network, subject to changing budget size (x-axis), when the
proposed model has θl = θhl = θhh = 2 (left) and θl = θhl = 2, θhh = 8 (right).

From Chapter 2, we can estimate the degree of complementarity and substitutabil-

ity between products through the complementarity scores (W
(c)
ij ) and substitutability

scores (W
(s)
ij ), respectively. Then we can build a signed network of product nodes

out of them: (i) since the complementarity scores are directly obtained from the

purchase incidence, we can define the unit of a product as its typical sales quantity

(in one basket or shopping trip) for the following analysis in sales changes, and then

use (W
(c)
ij ) directly; (ii) while the substitutability scores are obtained from the char-

acteristics related to complements, hence to connect the scores with sales changes,

we further assume that the substitution is one-to-one13, and use (W
(s)
ij P

(s)
ij ) instead,

where P
(s)
ij = W

(s)
ij /(

∑
l W

(s)
il ). We give some examples showing the rationale behind

applying the transformed scores to construct the signed network in Fig. 4.17.

Hence, the signed (weighted) adjacency matrix we construct for further analysing

the dynamic of the sales changes is

Wcs = W(c) −W(s) ⊙P(s), (4.40)

where W(c),W(s) are the complementarity and substitutability scores, respectively,

⊙ represents element-wise (Hadamard) matrix product, and P(s) = D(s)−1W(s) with

D(s) = Diag(d(s)) and each element being d
(s)
i =

∑
l W

(s)
il . Note that (1) the signed

(weighted) adjacency matrix Wcs in (4.40) is generally asymmetric, although it is still

symmetric in the illustrative example here, and (2) the signed network characterised

byWcs is antibalanced. Furthermore, to estimate the co-purchase from random noise,

we also add a weight matrix generated from ER random graphs to the constructed

13That is to say, decreasing the sales of a product by one unit will increase the sales of its
substitutes by at most one unit overall.
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Figure 4.17: Example networks showing the substitutability scores ((W
(s)
ij ), top), and

the transformed scores to construct the signed network ((W
(s)
ij P

(s)
ij ), bottom), where

we show how the transformed score can separate the left from the middle where the
structures are the same, and also from the right where the score values are the same.

signed network,

W = Wcs + αerAer, (4.41)

where factor αer controls the level of influence from random noise and Aer is the

adjacency matrix from the ER random graph with the connecting probability between

nodes being per. Here, we choose αer = 0.05 and per = 0.05. Then the mean absolute

weight is approximately α = 0.25. We set the time discounting factor in computing

the influence (4.20) as γ = 0.6.

0: coffee

1: wipes 2: ramen

3: candy

4: hot dog1

5: hot dog2

6: hot dog3
7: hot dog bun1

8: hot dog bun2

9: taco shell1

10: taco shell2

11: taco seasoning1

12: taco seasoning2

Figure 4.18: One realisation of the signed product network with weight matrix W as
defined in (4.41).

We start from understanding the influence from increasing the sales of specific set

of products on the whole system. We understand that there could be certain level of
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critical mass to trigger the sales change of a product, and also limits on how much

the sales can change, e.g. due to limited stock, hence we assume that the dynamic

of the sales changes follow the GSIP model (4.19), and then the sales change of

each product can be considered as an increasing function of the influence (4.20) on

each node. Specifically, we are interested in increasing the sales of the following two

pairs of complements, (i) hot dog2 and hot dog bun2, and (ii) taco shell2 and taco

seasoning2, i.e. (i) {5, 8} and (ii) {10, 12} as in Fig. 4.18, since normally retailers do

not reduce the price of substitutes to boost their sales simultaneously. We consider

the following two scenarios: (a) when the GSIP model reaches the linear-dynamics

extreme and another when it slightly deviates from the extreme by increasing the

lower bound threshold θl, and (b) when the GSIP model reaches the LT extreme and

another when it slightly deviates from the extreme by increasing the higher upper

bound threshold θhh.

When the GSIP model is at the linear-dynamics extreme, the two node sets have

similar performance, although set (ii) is expected to trigger a propagation of a slightly

higher overall influence than set (i); see Fig. 4.19. However, when the lower bounds

increase slightly, set (i) can then trigger a propagation of a higher overall influence.

Hence, if the sales of each product increase as long as its complements are bought

more or its substitutes are bought less, and there is no limit on how much the sales

can change, then increasing the sales of the two pairs of complements will have sim-

ilar results in terms of the sales changes of all products. However, if there is an

extra requirement on the sales changes of a product’s complements and substitutes

to trigger the propagation, then increasing the sales of hot dog2 and hot dog bun2 is

recommended.
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Figure 4.19: The time-dependent influence, from two different initially activated node
sets, with θl = 0 (left, the critical value for the linear-dynamics extreme) and θl = 1
(right, a larger value) while θhl = 2 and θhh being large (here 9000), on 1000 samples
of ER random graphs in the signed product network.

147



When the GSIP model is at the LT extreme, set (i) can trigger a propagation

of nonzero overall influence, while set (i) cannot achieve it; see Fig. 4.20. However,

when the upper bounds increase slightly, the two node sets have similar performance

in terms of the overall influence. In other words, if the sales of each product only

change a certain amount given that the difference between the sales changes of its

complements and those of its substitutes is sufficiently large, then increasing the sales

of hot dog2 and hot dog bun2 is expected to trigger a higher increase in the overall

sales. However, if the sales can change more in each propagation step, then increasing

the sales of both pairs will have similar results in terms of the sales changes of all

products.
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Figure 4.20: The time-dependent influence, from two different initially activated node
sets, with θl = θhl = 1 while θhh = 1 (left, the LT extreme) and θhh = 4 (right, a
larger value), on 1000 samples of ER random graphs in the signed product network.

Finally, we tune the lower bound threshold θl and the higher upper bound thresh-

old θhh simultaneously, to further explore the performance of the two node sets.

Specifically, we consider the two cases of θhl: (a) θhl = 2, fixed at a relatively high

value, which results in higher upper bounds by the definition of the modifed threshold-

type bounds (4.24); (b) θhl = θl, which pushes the GSIP model to the LT extreme

when θhh = θl. We find consistent patterns in the two cases: if θl ≤ 1, the two node

sets have similar performance, although set (ii) is expected to trigger a propagation

of a slightly higher overall influence; if θl is around 1, set (i) is expected to have better

performance in terms of the overall influence, while the difference becomes smaller

as θhh increases; if θl is around 2, set (i) is again expected to have higher overall

influence; see Fig. 4.21.

We now move on to the scenario when retailers can freely choose the set of products

so as to maximise the overall sales increase, which corresponds to the IM problem

on the signed product network. Following the previous analysis, we set k = 2, and

corresponding to different characteristics of the underlying population, we consider
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Figure 4.21: The ratios of limt→∞ s(t) in (4.38) from the initially activated node sets,
{5, 8} to {10, 12}, with changing θhh (x-axis) and θl (y-axis) while θhl = 2 (left) and
θhl = θl (right), on 1000 samples of ER random graphs in the signed product network.

different combinations of upper and lower bounds. We first analyse the true optimal

set, in order to understand the nature of the problem more. We observe that when

θhh is low, the node sets that span the two complementary pairs tend to have larger

overall influence, and when θl is high, the node sets inside each complementary pair

are preferred in terms of the overall influence; see Fig. 4.22. Hence, if the underlying

population has a relatively strict bound on how much more one can buy, then it is

recommended that retailers do not choose the product in the same complementary

pair to boost their sales; while if the underlying population has a relatively higher

threshold to buy more products, then boosting the sales of the products in the same

complementary pair(s) is preferred.
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Figure 4.22: The optimal set(s) of products that maximise the overall influence on
the signed product network in Fig. 4.18, subject to changing θhh (x-axis) and θl (y-
axis) while θhl = θl of the GSIP model and k = 2, where “bun-seas” corresponds
to node pairs “7-11,7-12,8-11,8-12” and “bun-taco” corresponds to node pairs “7-9,7-
10,7-11,7-12,8-9,8-10,8-11,8-12”.

We then examine the performance of the CDS method. We find that the CDS

method can still find a globally optimal or close-to-optimal solution in most cases;

see Fig. 4.23. The worse-case scenarios occur when the upper bounds are relatively

low while the lower bounds are relatively high. There is one output of accuracy 0.25

with rank 9% in overall 91 node sets, and there are overall 23 cases when the output

has accuracy less than 0.5, although they are still at least top 8 in all possible sets.

These demonstrate the complexity in the problem, and some heuristics, such as the
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community restart strategy we propose in Sec. 3.5.2.2, can be considered to further

improve the performance.
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Figure 4.23: Performance of the CDS method on the signed product network in
Fig. 4.18 in terms of the output’s accuracy (left) and the rank (%, right), subject to
changing θhh (x-axis) and θl (y-axis) while θhl = θl of the GSIP model and k = 2.

Up to now, we have considered the optimisation problem in terms of the overall

sales changes in the system. However, it can also be extended for more sophisticated

optimisation problems. Take the problem to maximise the overall revenue or profit as

an example. To achieve this end, we could include the price or the profit of products

as coefficient in computing the overall influence (4.20), where

sj = pj

∞∑
t=1

(1− γ)txj(t), (4.42)

and pj indicates the relative importance of node vj. Then the problem follows simi-

larly, and the proposed framework still works.

4.7 Conclusions

Signed networks have gained more and more popularity over recent years, due to

their extensive applications in various domains. However, most results are obtained

for unweighted signed networks. Therefore, in this chapter, we first analyse gen-

eral weighted signed networks in terms of the structural and dynamical properties.

We classify signed networks into balanced, antibalanced and strictly unbalanced net-

works by the distribution of their negative edges, and then characterise the spectral

properties of the (weighted) adjacency matrix in each type. We then focus on two

classic dynamics that are closely related to information propagation and influence

maximisation, the linear dynamics and the extended LT model on signed networks.

Considering the problem from the angle of the balanced structure, we are able to

show that both dynamics have separating behaviour when the underlying signed net-

works have different balanced structures, and more importantly, there are consistent
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patterns in the two dynamics when they have the same balanced structure, such as

the evolution of the sign of state values.

Equipped with the fundamental understanding of signed networks, we then move

on to the important problem of information propagation and influence maximisation.

As discussed in Chapter 3, the GIP model we propose is able to capture extra fea-

tures that may occur in real systems, such as the reinforcement among close friends,

hence we still consider this model here in this chapter. Specifically, we propose the

GSIP model by extending the GIP model from simple networks to signed networks

with the “opposing rule”, and further show that the GSIP model can still recover

the classic dynamics, the extended SIC model on the one hand and the extended

SLT model on the other, both of which have been extended to incorporate negative

connections. For the associated IM problem, we can still formulate it as a MINLP,

and refer to DFMs as general solution methods. We have shown that the exact solu-

tion in the linear-dynamics extreme is still closely related to the Katz centrality but

extended to signed networks. We have then considered a specific case when there is

only one choice of initially activated state value for each node, and provided another

CDS method through appropriately modifying the one that we have developed in

Sec. 3.4.4 for signed networks, with local convergence. Finally, we numerically illus-

trate the interesting features of the GSIP model, where both the threshold effect and

the locally linear effect can have two opposite directions, and also the close-to-optimal

performance of the CDS method.

Even though contextualised in social networks, our work can be generalised to

other domains including the retail industry. Specifically, we have shown how our work

in the three chapters are closely connected with each other through the illustrative

example in Chapter 2. We first construct a signed network from the complementarity

and substitutability scores developed in Chapter 2. We then show how the GSIP

model that we have developed in this chapter can help retailers compare the overall

sales changes of all products from imposing some changes on different pairs of comple-

mentary products, subject to different characteristics of the underlying population.

Finally, we apply the CDS method to automatically find a pair of products with the

maximal change of sales of all products, where the performance is close-to-optimal in

most cases. Hence, the whole thesis forms a data-driven approach for sales related

decisions, e.g. promotions, on a range of products, from the easily accessible sales

transaction data. We believe the whole framework can be useful not only to retail-

ers, or companies with broad product catalogue, but also in other contexts, such as
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trading networks, ecological systems and social networks, where the combination of

cooperative and competitive relations shapes the dynamical behaviour of the systems.
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Chapter 5

Conclusions and future work

As I have discovered during my thesis, industrial problems may inspire fascinating

mathematical research questions. With our industrial partner, Tesco, in retail, we

have considered the two closely related questions:

(i) to understand the intrinsic relationships between products, including

complements and substitutes;

(ii) to analyse the interrelated demand changes between products to-

gether with the following decision making.

To answer both questions, we resort to a topological structure emphasising the con-

nection between entities, networks. Specifically, we formulate question (i) in terms

of bipartite product-purchase networks, where we characterise the two competing

product relationships as two different connectivity patterns between product nodes

and then formulate the problem as to extract the two competing roles from bipartite

networks. We then formulate question (ii) in the projected networks of products con-

nected by the two competing types of relationships, where we connect the problem

with information propagation and influence maximisation on signed networks.

Inspired by a very specific problem, the methods developed in this thesis are actu-

ally part of a broader picture. For instance, in the answer to question (i), the notion

of role is an important mesoscale organisation principle, which finds applications in

multiple networks. In the literature, most role extraction methods contribute to the

problem in terms of groups of nodes sharing generally similar connectivity patterns,

directly or indirectly. However, there could be roles of specified characteristics and

subtle differences from each other that are particularly interesting in certain contexts,

such as the roles corresponding to the complementary and substitute relationships be-

tween products. Therefore, it is necessary and important to extend the current role
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extraction methods for the roles with predetermined connectivity patterns. A similar

statement could be made for backbone extraction methods, aiming at finding signifi-

cant connections in the projection of bipartite networks. Our method clearly relates

to this field of research, but it is tailored to the problem considered in our industrial

context.

In Chapter 2, we have developed a customised role extraction method for the two

competing roles in bipartite networks. Starting from the characteristics of the spe-

cific roles corresponding to the complementary and substitute relationships between

products, we first propose several null models to determine the significant relations

between the nodes. We then propose measures to quantify the degrees of the two com-

peting types of relationships, motivated by random walks on networks. Finally, we

apply community detection algorithms to obtain groups of nodes that are mostly com-

plementary or substitute to each other, i.e. the two competing roles at the mesoscale

level. These methods as a whole provide an indirect solution to the specific problem

of extracting two competing roles in bipartite networks on the one hand, and also

the general problem with respect to roles with specific characteristics on the other

hand. We believe that the overall framework we propose, consisting of significance

tests with null models, measures based on random walks and community detection

algorithms, could also provide insights into the role extraction problem in general.

There are also several directions to explore in the future. Firstly, with the hope

to capture more valuable information in networks, it could be interesting to develop

a method that directly uncover the degrees of complementarity and substitutability

from bipartite networks, without any intermediate steps as it is done here. Secondly,

for the practical problem of understanding the product relationships, one could also

incorporate the temporal perspective and further explore the connection between the

network structure and the cross-elasticity. Finally, the assumption regarding the effect

of price could be restrictive for some products, thus it is important to consider price

in a meaningful way for future research.

For question (ii), we first consider the answer on networks solely composed of posi-

tive connections. To understand how information propagates through social networks

is a central theme in social, behavioural, and economic sciences, with important the-

oretical and practical implications, such as the influence maximisation (IM) problem

for viral marketing. Among the vast amount of work in this field, the independent

cascade (IC) model and the linear threshold (LT) model are two widely adopted

choices of models. However, they have drawbacks in explaining certain features of

the information propagation in real systems, e.g. people of influence are more likely
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to influence others and there could also be reinforcement within close-contact groups.

These limits call for more general models for explaining information propagation, and

also more general framework for the associated IM problem.

In Chapter 3, we have proposed a novel class of information propagation model,

the GIP model, which unifies the mechanisms underlying the classic models on the one

hand, while extending them to address their drawbacks on the other hand. More im-

portantly, we have shown that the GIP model can have features that each single model

does not possess but are necessary for real systems. Furthermore, we have introduced

mixed integer nonlinear programming (MINLP) to the IM problem, and provided

derivative-free methods (DFMs) as general solutions. We have also proposed the cus-

tomised direct search (CDS) method particularly suited to the IM problem with the

GIP model governing the underlying information propagation process, and shown its

close-to-optimal performance in various scenarios through experiments. Since the two

classic models contain widely accepted mechanisms for information propagation from

different perspectives, we believe that the GIP model has the potential to explain

more propagation phenomena on, but not restricted to, social networks. Meanwhile,

the proposed IM framework provides a systematic approach to handle the case when

the objective does not have desired properties, which provides insights into solving

the IM problem in more realistic scenarios. For future directions, one could consider

investigating the GIP model on real systems, and also fine tuning each step in the

CDS method to further improve its performance.

In Chapter 4, we proceed to signed networks with both positive and negative

connections, corresponding to the two competing relationships between products.

Signed networks have become popular models and tools for many research fields over

recent years, since two competing types of node interactions generally co-exist in real

systems and they play an equally important role in characterising the behaviour.

However, the current development of signed networks is limited from either a struc-

tural or a dynamical perspective. Specifically for the information propagation and

influence maximisation, most of the work focuses on extending the two classic mod-

els to signed networks while maintaining the desired properties in the associated IM

problem. However, the expected influence spread is fairly difficult to estimate, and

the classic models also suffer from certain drawbacks as discussed before.

Hence, we first characterise general weighted signed networks in terms of both the

structural and the dynamical properties. Specifically, we consider the signed networks

from the angle of the balanced structure, where we classify them into being balanced,

antibalanced or strictly unbalanced. We then distinguish the spectral properties of the
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signed (weighted) adjacency matrix in each type, and also show consistent patterns

of two interesting dynamics, the linear dynamics and the extended LT model on

signed networks. Furthermore, for the information propagation, we propose the GSIP

model by extending the GIP model from simple networks to signed networks with the

“opposing rule”, while maintaining its desired properties as discussed before. For the

associated IM problem, we still formulate it as a MINLP and refer to DFMs as general

solution methods. We also modify CDS method for the current IM problem when the

GSIP model governs the information propagation process, in a specific case when there

is only one choice of initially activated value for each node, which could correspond

to the practical problem of product range optimisation. We finally demonstrate the

interesting feature of the GSIP model and the close-to-optimal performance of the

CDS method.

The whole thesis ends with an illustrative example which connects our work in

different chapters of the thesis. In this example, we first utilise the method in Chapter

2 to estimate the two competing relationships between products from the simulated

sales transaction data. Then a signed network of products connected by both the

complementary and the substitute relationships is constructed to further perform

the analysis regarding the sales changes, from the work that we have developed in

Chapters 3 and 4. Specifically, the GSIP model can be applied to understand the

potential consequences in activating, or imposing sales changes on, given node sets,

while the IM method can be used to choose an optimal set which will lead to the

maximal change of sales or revenue.

As one can notice throughout the thesis, the work is inspired by the retail context,

and has several constraints in terms of the type of data we use and the specific prob-

lems we consider. However, such constraints have fuelled up our creativity, and led to

new insights into more general problems that had been considered in the literature,

such as the bipartite backbone extraction, role extraction, information propagation

and influence maximisation. Hence, we emphasise at the end that the proposed set

of methods contribute to not only general businesses, but also the aforementioned

theoretical problems.
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Appendix A

Extracting two competing roles in

bipartite networks

A.1 Bipartite Configuration Models (BiCMs)

The configuration model creates a network with a given degree sequence {di}, by
assigning di half-edges (or stubs) to each node vi ∈ V and joining two chosen stubs

uniformly at random until no more stubs are left [120, 123]. The BiCM takes the

bipartite features into account, where two degree sequences are given, dividing the

nodes into two subsets, V1 = {u1, u2, . . . , un1}, V2 = {v1, v2, . . . , vn2}, s.t. V1∪V2 = V ,

V1 ∩ V2 = ∅, and edges are only allowed between V1 and V2. We denote the two given

degree sequences {d(1)l } for V1 and {d(2)i } for V2. Hence,
∑n1

l=1 d
(1)
l =

∑n2

i=1 d
(2)
i = m,

where m is the number of edges, and n1, n2 are the numbers of nodes in V1 and V2,

respectively.

A.1.1 Probability of edge (ul, vi)

Consider one stub of node ul ∈ V1, the probability to connect to one of the d
(2)
i

stubs of node vi among all m stubs in V2 is d
(2)
i /m. Since there are d

(1)
l stubs of ul,

if we approximate the connecting process as d
(1)
l independent Bernoulli trials with

probability d
(2)
i /m1, then the probability of nodes ul and vi to be connected, i.e. edge

1Note the actual probability depends on how many stubs in V2 are left, and also how many stubs
from node vi remain.
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(ul, vi), is,

pli = 1−

(
1− d

(2)
i

m

)d
(1)
l

≈ 1−

(
1− d

(1)
l

d
(2)
i

m

)
=

d
(1)
l d

(2)
i

m
,

where m≫ 1, and we assume a cutoff of the node degree, thus the maximum degree

is bounded. We will use the approximation in the following analysis since it is appro-

priate in large networks. Then we note that the probability of an edge between two

nodes only depends on their degrees if they are in different subsets (0 otherwise).

Since BiCMs do not exclude multi-edges, it is then important to know how prob-

able it is to obtain a multi-edge. Suppose node ul ∈ V1 and vi ∈ V2 are already

connected, the probability of getting another edge between them is then the proba-

bility of an edge between a node of degree d
(1)
l − 1 and another of degree d

(2)
i − 1.

Hence, the probability of obtaining at least two edges between ul and vi is approx-

imately d
(1)
l d

(2)
i (d

(1)
l − 1)(d

(2)
i − 1)/m2. Suppose the processes to form multi-edges

between every pairs of nodes are independent Bernoulli trials with possibly different

probabilities, then the expected number of pairs with multi-edges is approximately

n1∑
l=1

n2∑
i=1

d
(1)
l d

(2)
i (d

(1)
l − 1)(d

(2)
i − 1)

m2
=

(
⟨d(1)2⟩ − ⟨d(1)⟩
⟨d(1)⟩

)(
⟨d(2)2⟩ − ⟨d(2)⟩
⟨d(2)⟩

)
,

where ⟨d(z)q⟩ =
∑nz

i=1 d
(z)q
i /nz, z ∈ {1, 2}, is the q-th moment of the degree sequence

{d(z)i }. Hence the number of pairs having multi-edges approximately stays constant

as long as the moments are constant and finite, and will be negligible if the network

is sufficiently large.

A.1.2 Common neighbours

The common-neighbour pattern is important in characterising nodes in bipartite net-

works, hence we now consider the number of common neighbours between nodes vi

and vj in V2, cn
(2)
ij , and that between nodes uh and ul in V1, cn

(1)
hl , follows naturally.

For a node ul ∈ V1, we know the probabilities of the edges (ul, vj) and (ul, vi),

but if ul is already connected with vj, the probability to also connect with vi will be

approximately (d
(1)
l − 1)d

(2)
i /m. Hence, the probability of vi, vj sharing a common

neighbour ul is then approximately

p
(2)
ilj =

d
(1)
l d

(2)
j (d

(1)
l − 1)d

(2)
i

m2
,
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Since vi, vj can have any node in V1 as their common neighbour, if we consider the

whole process as n2 independent Bernoulli trials with possibly different probabilities,

cn
(2)
ij is then a Poisson binomial random variable, with the expected value approxi-

mately

µ
(2)
ij =

n1∑
l=1

d
(1)
l d

(2)
j (d

(1)
l − 1)d

(2)
i

m2
=

d
(2)
i d

(2)
j

m

⟨d(1)2⟩ − ⟨d(1)⟩
⟨d(1)⟩

.

Similarly for uh, ul in V1, cn
(1)
hl is a Poisson binomial random variable with the mean

value approximately

µ
(1)
hl =

n2∑
i=1

d
(1)
h d

(2)
i d

(1)
l (d

(2)
i − 1)

m2
=

d
(1)
h d

(1)
l

m

⟨d(2)2⟩ − ⟨d(2)⟩
⟨d(2)⟩

.

Hence the expected number of common neighbours is dependent on the degrees of both

nodes, and the moments of the degree sequence of the other subset, approximately.

A.2 Poisson approximation

The Poisson binomial distribution is the discrete probability distribution of a sum

of independent Bernoulli random variables that are not necessarily identically dis-

tributed, i.e. with parameters p1, p2, ..., pn that are possibly different.

Since a Poisson binomial random variable is the sum of n independent Bernoulli

distributed variables, its mean and variance are simply the sums of the means and

the variances of the corresponding Bernoulli distributions, respectively, i.e. µ =∑n
i=1 pi, σ2 =

∑n
i=1 pi(1− pi).

The distribution of a Poisson binomial random variable X can be approximated

by that of a Poisson random variable, Pois(λ), with the same mean value λ = µ,

where Barbour et al. [13] showed that

dTV (L(X), Pois(µ)) ≤ min(1, µ−1)
n∑

i=1

p2i (A.1)

where dTV (·, ·) is the total variation distance between two distributions, X =
∑n

i Xi

is the Poisson binomial random variable with Xi ∼ Bernoulli(pi), and L(X) is the

distribution of X.

In our case, the composing probability is pilj, the likelihood for each pair of prod-

uct nodes vi and vj to both connect with transaction node ul in the BiCM, and is
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approximately

pilj =
d
(2)
i d

(1)
l d

(2)
j (d

(1)
l − 1)

m2
,

where d
(2)
i is the degree of product node vi, d

(1)
l is the degree of transaction node ul,

and m is the number of edges in the bipartite network. We can then evaluate the

error bounds to determine whether the Poisson approximation is appropriate. For

the sales data, we consider ωij = min(1, µ−1)
∑

l p
2
ilj, i.e., the error bound in (A.1),

and find that the maximum value of ωijs is around 0.09, with more than 99.5% pairs

of ωij ≤ 0.01, 98.6% pairs of ωij ≤ 0.005 and more than 89.3% pairs of ωij ≤ 0.001,

thus the Poisson approximation is guaranteed to perform well. Hence, we apply the

Poisson approximation in the corresponding experiments.

A.3 Measures

The original measure (2.5) is derived from the weighted cosine similarity between

random walkers starting from each pair of nodes after one step. Specifically, for each

node vi ∈ V2, suppose that an impulse yi(0) = ei ∈ {0, 1}np , with value 1 only in

its i-th element, is injected on the V2 side at time t = 0. We record the response of

the system after a one-step random walk yi(1) = PTyi(0), where P = D(2)−1A(b)T ,

A(b) = (A
(b)
li ) is the biadjacency matrix, and D(2) = Diag(d

(2)
i ) is the diagonal matrix

with the degrees of nodes in V2 on its diagonal [134]. We set the relative importance

of each node vl ∈ V1 as the inverse of its degree d
(1)
l , hence the weighted cosine

similarity between the responses yi(1) and yj(1) corresponding to nodes vi, vj ∈ V2,
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respectively, is

simo(i, j) =
yi(1)

TWcosyj(1)

||yi(1)||Wcos ||yj(1)||Wcos

=
nt∑
l=1

A
(b)
li∑nt

k=1 A
(b)
ki

1

d
(1)
l

A
(b)
lj∑nt

k=1 A
(b)
kj√

(
∑nt

h=1

A
(b)
hi∑nt

k=1 A
(b)
ki

1

d
(1)
h

A
(b)
hi∑nt

k=1 A
(b)
ki

)(
∑nt

h=1

A
(b)
hj∑nt

k=1 A
(b)
kj

1

d
(1)
h

A
(b)
hj∑nt

k=1 A
(b)
kj

)

=
nt∑
l=1

A
(b)
li A

(b)
lj

d
(2)
i d

(1)
l d

(2)
j

√
(
∑nt

h=1

A
(b)
hi

d
(2)2
i d

(1)
h

)(
∑nt

h=1

A
(b)
hj

d
(2)2
j d

(1)
h

)

=
nt∑
l=1

A
(b)
li A

(b)
lj

d
(1)
l

√
(
∑nt

h=1

A
(b)
hi

d
(1)
h

)(
∑nt

h=1

A
(b)
hj

d
(1)
h

)

,

whereWcos = Diag(1/d
(1)
l ) is the weight matrix for the cosine similarity, and ||y||W =√

yTWy = ||W1/2y||2 with W (symmetric) positive-definite.

A.4 Sales data

We now give details of how to calibrate the parameters, including the significance

levels, αm and αl, and the thresholds, θc for W
(c) and θs for W

(s). We interpret the

criterion of maintaining the same community structure as the NMI between the two

underlying partitions being greater than 0.8, and use the map equation to detect the

communities [132]. This value is chosen for sufficient consistency but limited freedom

of variance between partitions [92]. Note the variant of bipartite ER models is used

as the underlying null model, and we choose 0.05 as the baseline significance level

in both cases. We select the thresholds θc, θs by the quantiles of the nonzero values,

qc, qs, and use 0, 0.7 as the baseline threshold quantiles for W(c),W(s), respectively.

Thus by applying the extra rules of significance-level and threshold selection, we

obtain αm = 0.01, αl = 0.2, qc = 0.35 with θc = 0.011 and qs = 0, for the scores

induced by the original measure; see Fig. A.1. The results for the scores induced by

the randomised configuration measure are exactly the same as the above ones, (which

can be inferred from the score values being very close to each other, as in Table A.1)

thus is omitted here. We clarify here that the complementarity scores W(c), and the

substitutability scores W(s), only refer to the scores after thresholding.
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Figure A.1: Pairwise NMI between the partitions of W(c) varying αm (leftmost) and
varying the threshold quantile qc with αm = 0.01 (middle-left), and of W(s) varying
αl with αm = 0.01, qc = 0.35 (middle-right) and varying the threshold quantile qs
with αm = 0.01, qc = 0.35, αl = 0.2 (right-most), where the original measure is used,
and both x- and y-axis labels are shown in the corresponding titles.

We then show the pairwise rankings from the scores induced by the randomised

configuration measure. Comparing with Table 2.1, we find that the results from the

randomised configuration measure agree with those from the original measure. Plus,

the score values induced by both measures are very close to each other, which is why

they have exactly the same community structure in the parameter calibration phase,

as mentioned before.

Table A.1: Products of the three highest complementarity scores and substitutability
scores with the query products, where the scores are induced by the randomised
configuration measure.

Query product Complement Substitute

Organic
Blueberries

0.14 Organic Raspberries 0.50 Blueberries

0.058 Organic Strawberries 0.13 Green Seedless Grapes

0.047 Organic Cherry Tomatoes 0.070 Tomatoes on the Vine

Loose
Cucumbers

0.095 Salad Tomatoes 0.54 Organic Loose Cucumbers

0.085 Baby Plum Tomatoes 0.21 Courgette Spaghetti

0.077 Tomatoes on the Vine 0.18 Sliced Runner Beans

Salad
Tomatoes

0.095 Loose Cucumbers 0.83 Tomatoes on the Vine

0.062 Iceberg Lettuce 0.79 Baby Plum Tomatoes

0.045 Mixed Peppers 0.73 Cherry Tomatoes

A.5 Robustness

The set of methods we have developed in Chapter 2 for extracting the product rela-

tionships from sales transaction data is robust to temporal shifts, on the condition
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that the underlying customers maintain their purchase habits during different time

periods, i.e. they keep treating certain products as complements or substitutes. It is

not necessarily true for every time period, and from our industrial collaborators, cus-

tomers do change behaviours over time. Hence, it is a promising direction to further

incorporate the temporal features of the proposed complementarity/substitutability

scores, e.g. how the scores change over time, as mentioned in Sec. 2.6.

For our current methods, it is also interesting to explore how the proposed scores

change within the three-month period we have chosen. Hence, (i) we split the

three-month sales transaction dataset into two one-month-and-a-half sales transac-

tion datasets; (ii) we then compare the results from the two datasets, in terms of the

score values and the extracted role structures. Note that we now have a shorter time

period, thus noise will play a relatively larger role in the analysis. Hence, we further

filter out the products that are sold less frequently than once a week, which brings

our analysis down to 169 products, and 19, 498 and 19, 670 transactions in splits 1

and 2, respectively. As in Sec. 2.5.2, we use the variant of ER model as the underlying

null model, and compare the results from the original measure, with the same choice

of reference significance level (0.05 in both cases) and reference threshold quantiles

(0, 0.7 for the degrees of complementarity and substituteability, respectively).

Split αm qc (θc) αl qs
1 0.01 0.35 (0.016) 0.25 0
2 0.01 0.30 (0.014) 0.25 0

Table A.2: Parameters chosen for the customised role extraction method on splits 1
and 2.

In general, it is true in both complementarity and substitutability scores that if

the values are larger than 0 in both splits of the data, they are close to each other,

see Fig. A.2 where points {(x, y) : x > 0, y > 0} approach the identity line. However,

there are also many points have x = 0, y > 0, or y = 0, x > 0, i.e. the relationship

is significant in one split but not in the other. Since the same significance levels are

chosen for both splits (see Table A.2), the insignificance from the other split stems

from the change in customer behaviour. Note that the substitutability scores are

computed through the complementarity scores, thus there is also part of the points

lying in either x = 0 or y = 0 obtained from sharing no complements2, which further

caused by the changing behaviour of customers.

2There are 59.2% of points {(x, y) : x = 0, y > 0} and 49.1% of points {(x, y) : x > 0, y = 0} fall
in this category.
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Figure A.2: Scatter plots of the complementarity scores (left) and the substitutability
scores (right) from split 1 (x-axis) and 2 (y-axis), where the identity line y = x is
shown in black for reference.

Further to quantify how far the score values in one split are from the other, we

define the relative distance D between the scores {X(1)
ij } in split 1 and {X(2)

ij } in split

2 to be,

D =
1

np(np − 1)

∑
i ̸=j

Dij, where Dij =

∣∣∣X(1)
ij −X

(2)
ij

∣∣∣
mean(X

(1)
ij , X

(2)
ij )

,

and np is the number of product nodes. Here, we use the arithmetic mean,mean(x, y) =

(x + y)/2. The resulting relative distance of the complementarity and the substi-

tutability scores are 0.13 and 0.17, respectively, thus both are relatively small.

Finally, we compare the roles extracted from both splits. The complement roles

from the two splits have NMI 0.74 and AMI 0.62, which indicates that the complement

role structures from the two datasets largely agree with each other. While for the

substitute roles obtained from the two sources, they have NMI 0.58 but AMI 0.16,

where the difference between the two values is from the relatively large number of

roles. Hence, there is slightly more change in the substitute role structures, which is

expected since it also carries the changes from the complementary relationship.

To conclude, in our chosen period, the temporal shifts will cause a certain amount

of change in the complementary and substitutability score values, but will not cause

dramatic change in the mesoscale role structure. Hence, as we mentioned in the very

beginning, analysing the temporal change of the scores an interesting topic to explore

in the future.
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A.6 Formulation as unsupervised learning

The sales data can be seen as nt observations (x1,x2, . . . ,xnt) of a random np-

dimensional vector X = (X1, X2, . . . , Xnp) having joint density P(X). The goal of

unsupervised learning is to directly infer the properties of this probability density

without the help of labels or degree-of-error for each observation [76]. Our goal here

is specifically to find (i) (complements) the item set J (c)
i ⊂ {1, 2, ..., np} for each

product i, s.t. ∀j ∈ J (c)
i ,

P(Xj = 1|Xi = 1), (A.2)

is significantly large; (ii) (substitutes) the item set J (s)
i ⊂ {1, 2, ..., np} for each prod-

uct i, s.t. ∀j ∈ J (s)
i , ∃j′ ∈ J (c)

i ,

P(Xj = 1|Xi = 0, Xj′ = 1), (A.3)

is significantly large.

Instead of approximating the probabilities (A.2) and (A.3) by the fractions of the

corresponding observations in the data, which is not straightforward for the latter,

we take a network perspective. In the product-purchase network, for an upcoming

transaction node ul′ ,

P(Xj = 1|Xi = 1) = P(A(b)
l′j = 1|A(b)

l′i = 1) =
P(A(b)

l′j = 1, A
(b)
l′i = 1)

P(A(b)
l′i = 1)

,

and similarly,

P(Xj = 1|Xi = 0,Xj′ = 1) = P(A(b)
l′j = 1|A(b)

l′i = 0, A
(b)
l′j′ = 1)

=
P(A(b)

l′j = 1, A
(b)
l′j′ = 1)− P(A(b)

l′j = 1, A
(b)
l′i = 1, A

(b)
l′j′ = 1)

P(A(b)
l′i = 0, A

(b)
l′j′ = 1)

.

Then, to find the corresponding sets, we restrict set J (c)
i to search values in

I(c)i = {j : P(A(b)
l′j = 1, A

(b)
l′i = 1) > αm},

i.e. products i and j are bought together significantly more frequently with significance

165



level αm (feature (1) in Sec. 2.3.2); we also restrict set J (s)
i to take values in

I(s)i = {j : P(A(b)
l′j = 1, A

(b)
l′i = 1) < αl, P(A(b)

l′j = 1, A
(b)
l′j′ = 1) > αm, ∃j′ ∈ I(c)i },

i.e. products i and j are bought together significantly less frequently with significance

level αl, but more frequently with some products in I(c)i (feature (3) in Sec. 2.3.2).

Next, we propose the measures to estimate the conditional probabilities. Based

on random walks on networks, the estimated value of (A.2) is taken to be the original

directed measure (2.6), where ∀j ∈ I(c)i ,

P̂(A(b)
l′j = 1|A(b)

l′i = 1) = simod(j, i) =

∑nt

l=1

A
(b)
lj A

(b)
li

d
(1)
l∑nt

h=1

A
(b)
hi

d
(1)
h

. (A.4)

We also modify the conditional probability to provide a symmetric version

Pm(j, i) =
P(A(b)

l′j = 1, A
(b)
l′i = 1)√

P(A(b)
l′i = 1)P(A(b)

l′j = 1)
,

and approximate it by the original measure (2.5), where

P̂m(j, i) = simo(j, i) =

∑nt

l=1

A
(b)
lj A

(b)
li

d
(1)
l√

(
∑nt

h=1

A
(b)
hi

d
(1)
h

)(
∑nt

h=1

A
(b)
hj

d
(1)
h

)

. (A.5)

We also propose their randomised versions in order to remove specific noise effects

from our estimates; see Eqs. (2.8) and (2.7) for examples.

The step to restrict the set of possible items is particularly important for esti-

mating conditional probability (A.3), since we will remove the condition Xi = 0, and

instead approximate P(A(b)
lj = 1|A(b)

lj′ = 1), ∀j′ ∈ I(c)i , in an integrated way. The

measure we propose directly for this purpose is the directed substitutability measure,

where ∀j ∈ I(s)i ,

simsd(j, i) = (A.6)∑
j′∈I(c)

j ∩I(c)
i

min(P̂(A(b)
l′j = 1|A(b)

l′j′ = 1), P̂(A(b)
l′i = 1|A(b)

l′j′ = 1))P̂(A(b)
l′i = 1|A(b)

l′j′ = 1)∑
p∈I(c)

i
P̂(A(b)

l′i = 1|A(b)
l′p = 1)2

.
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Note the P̂(·|·) in Eq. (A.6) is an estimate of the probability in (A.2), and we can

consider, for example, estimates (A.4) and (A.5). We also modify the normalisation

method to propose a symmetric version – the substitutability measure, where

sims(j, i) =

∑
j′∈I(c)

j ∩I(c)
i

P̂(A(b)
l′j = 1|A(b)

l′j′ = 1)P̂(A(b)
l′i = 1|A(b)

l′j′ = 1)√
(
∑

p∈I(c)
i

P̂(A(b)
l′i = 1|A(b)

l′p = 1)2)(
∑

p∈I(c)
j

P̂(A(b)
l′j = 1|A(b)

l′p = 1)2)

. (A.7)

Now with the item sets and the corresponding estimates, we can output J (c)
i and

J (s)
i for each product i, with any threshold/lower bound of the estimated probabilities.

From our analysis of the sales data, 0.01, 0.2 are reasonable values of αm and αl,

respectively, and 0.01, 0 are sensible thresholds for the estimations (A.5) and (A.7),

respectively. Following the path of network analysis, we can treat this process as a

bipartite projection, and further analyse the community structure of the relationships

determined by these probabilities, i.e. complements and substitutes, as in Sec. 2.5.2.
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Appendix B

Unifying dynamics on networks

and optimisation

B.1 Time complexity of the proposed method

In this section, we discuss the time complexity of the CDS method that we proposed

in Sec. 3.4.4, through decomposing it into two parts: (I) the evaluation of the objec-

tive function, and (II) the number of evaluations required until convergence. From

Theorem 4, for a given network, O(|E|) is fixed, and then the worst-case scenario

of (I) corresponds to the highest possible value tϵ could take. We know that the

state values from the GIP model cannot exceed those obtained from the linear dy-

namics, thus the linear dynamics correspond to an achievable upper bound for tϵ.

Hence, the CDS method circumvents the worst-case complexity by starting from the

solution associated with the linear dynamics. For (II), we further decompose it into

the product of (i) the size of discrete neighbourhood that is feasible, and roughly,

(iia) the number of steps towards convergence, or more precisely, (iib) the number of

evaluations divided by the neighbourhood size. (i) is k(n − k), by Eqs. (3.31) and

(3.32) with the choice of d = 2, and is equivalently O(n) since k is normally assumed

to be O(1). The only remaining part for a full description of the time complexity is

(iia) or (iib), both are related to the rate of convergence which is difficult to provide

a theoretical guarantee given the general properties of the objective function of the

MINLP (3.24). Instead, we conjecture that the complexity of (iib) does not increase

significantly when varying the network size n, i.e. approximately O(1), given the same

mean degree of nodes, and verify it empirically through experiments on ER random

graphs.
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Specifically, we construct ER random graphs of the same expected node degree,

< d >= (n−1)p where n is the network size and p is the connecting probability in ER

random graphs, but of increasing size n. We then apply the CDS method to the IM

problem on this series of networks to explore the dependence of its time complexity

on the network size n. The experiments are performed with different combinations of

parameters in order to take into account their effects, including the upper bounds, the

lower bounds, and the budget size k. Here, we assign a uniform edge weight α = 0.1

to all the networks, set lj,0 = hj,0 = 1, ∀vj ∈ V , γ = 0, and apply exclusively the

threshold-type bounds in (3.13) with condition (3.14), as in Sec. 3.5.
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Figure B.1: Time consumption of the CDS method on ER random graphs of increasing
sizes (x-axis) when k = 3, where we consider different combinations of parameters
(θl, θh) while maintaining the same mean degree 5 (blue) and 10 (orange), and the
results are obtained from 50 samples of the ER graphs of each size, with dots showing
the mean value and shades indicating the standard deviation.

Overall, the time increases linearly when the network is small, and once the net-

work size reaches a critical value, the increase slows down; see Fig. B.1 for k = 3

and Fig. B.2 for k = 5, with different combinations of parameters (θl, θh). Having

different mean degree, upper bounds, lower bounds, or budget sizes normally causes

shifts in the trends but not the overall shape.

We now integrate the experiment results with the theoretical understanding. For

(I), we know from Alg. 1 that only neighbours of currently active nodes are considered
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Figure B.2: Time consumption of the CDS method on ER random graphs of increasing
sizes (x-axis) when k = 5, where we consider different combinations of parameters
(θl, θh) while maintaining the same mean degree 5 (blue) and 10 (orange), and the
results are obtained from on 50 samples of the ER graphs of each size, with dots
showing the mean value and shades indicating the standard deviation.
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when calculating the state value in the next step. Since we maintain the same mean

degree in our setting, the difference in time lies in tϵ which is at least O(1). For

(iia), the size of the feasible discrete neighbourhood k(n− k) increases linearly in n,

and we also note that when θl > 1, to include nodes that share common neighbours

with other initially activated nodes is the only way to improve the overall influence

(on networks with uniform edge weights), which is also applied in the algorithm (in

refining the mesh at each time step) to reduce the complexity to be lower than O(n).

From the experiments, we observe linear increase, and also that the increase slows

down significantly after certain critical value of n. Therefore, it is reasonable to

conjecture that (iib), the number of evaluations required by the CDS method divided

by the feasible neighbourhood size, is approximately O(1) in the IM problem in real

networks.

These all together result in the value of (II) to be approximately O(n). To mea-

sure the goodness of this complexity value, we compare it with a global algorithm,

the brute-force method, where each node set will be evaluated. Then, overall
(
n
k

)
evaluations are needed, which is proportional to O(nk) since again k = O(1). There-

fore, O(nk−1) more multiples of evaluations are needed in the global algorithm than

the CDS method.

The time complexity of the CDS method can be further improved by parallel

programming, although it is described in Alg. 3 and currently performed serially.

For instance, the tasks to evaluate the objective function of different candidates in

a discrete neighbourhood can run in parallel. There are also other optimisation

techniques to further reduce the complexity, e.g. coarse evaluation of the objective

function with a higher tolerance at early stage. All these can be included in the future

work.

B.2 Stochastic block models (SBMs)

In this section, we discuss the properties of SBMs mentioned in the Chapter 3 in more

detail. We first show that when increasing the upper bounds in the GIP model, the

increase in the expected influence (in one time step) from the node set in one commu-

nity is higher than that from the other evenly distributed in the two communities, as

in Sec. 3.3.3.2, and then prove that a node is expected to have higher Katz centrality

if it has higher degree centrality than others, as in Sec. 3.5.2.3.
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Claim 5. With lj,0 = hj,0 = l0, and lj,1 = 2αl0, ∀vj ∈ V in the GIP model, if

SBM(pin, pout) of two equally-sized 1 communities, B1,B2, and uniform edge weight

α, while allowing self-loops, satisfies

pin > pout, (1− pin) > pout, (B.1)

or

pout > pin, (1− pout) > pin, (B.2)

then the increase in the expected influence, E[
∑

j(1 − γ)xj(1)], from the initially

activated node set (i) A0 = {vi1 , vi2 , vi3 , vi4} ⊂ B1, is larger than that from (ii) A0 =

{vj1 , vj2 , vj3 , vj4} with vj1 , vj2 ∈ B1, vj3 and vj4 ∈ B2, when hj,1 rises from hj,1 = lj,1 =

2αl0 to hj,1 = 2lj,1 = 4αl0, ∀vj ∈ V .

Proof. For the SBM, W = αA, where A is the (unweighted) adjacency matrix. We

maintain the same notations for the block membership of each node vi, σi ∈ {1, 2},
the linear part of the state vector, y(t + 1) = WTx(t), the size of each community

nb, and the binomial random variable ζnm,p ∼ Bin(nm, p), as in the proof of Claim 1.

In case (i),

yj(1) = αl0(ζ4,pinδ(σj, 1) + ζ4,poutδ(σj, 2)),

while in case (ii),

yj(1) = αl0(ζ2,pin + ζ2,pout).

When hj,1 = lj,1 = 2αl0, ∀vj ∈ V ,

E

[∑
j

xj(1)

]
=
∑
j

0P (yj(1) < lj,1) + 2αl0P (yj(1) ≥ 2αl0). (B.3)

1Note the same results can be obtained with arbitrary community sizes, but extra conditions on
both the community sizes and the probabilities are required.
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When hj,1 = 4αl0, ∀vj ∈ V ,

E

[∑
j

xj(1)

]
=
∑
j

(0P (yj(1) < lj,1) + 2αl0P (yj(1) = 2αl0)

+ 3αl0P (yj(1) = 3αl0) + 4αl0P (yj(1) = 4αl0)) .

(B.4)

Hence, the increase in the expected influence, ignoring the factor 1−γ, is the difference
between the two equations (B.4) and (B.3), i.e.

∆ =
∑
j

αl0P (yj(1) = 3αl0) + 2αl0P (yj(1) = 4αl0).

In case (i),

∆(i) =
∑
j

αl0

((
4

3

)
p3in(1− pin)δ(σj, 1) +

(
4

3

)
p3out(1− pout)δ(σj, 2)

)
+ 2αl0

(
p4inδ(σj, 1) + p4outδ(σj, 2)

)
= nb × αl0 × 2

(
2p3in(1− pin) + 2p3out(1− pout) + p4in + p4out

)
.

While in case (ii),

∆(ii) =
∑
j

αl0

((
2

1

)
pin(1− pin)p

2
out + p2in

(
2

1

)
pout(1− pout)

)
+ 2αl0

(
p2inp

2
out

)
= 2nb × αl0 ×

(
2p2inpout(1− pout) + 2p2outpin(1− pin) + 2p2inp

2
out

)
.

Hence,

∆(i) −∆(ii) = 2nbαl0

(
2
(
p2in − p2out

)
(pin(1− pin)− pout(1− pout)) +

(
p2in − p2out

)2)
,

which is positive given conditions (B.1) or (B.2).

Theorem 20. In a two-block SBM with the connecting probabilities in the two com-

munities, B1,B2, being p1, p2, respectively, and between the two being p12, while allow-

ing self-loops, if a node vi has higher expected degree centrality than another node vj,

where

E

[∑
r

Air

]
> E

[∑
r

Ajr

]
, (B.5)
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and A = (Aij) is the (unweighted) adjacency matrix, then node vi has higher expected

Katz centrality than node vj, where

E

[
∞∑
t=1

αt
katz

∑
r

At
ri

]
> E

[
∞∑
t=1

αt
katz

∑
r

At
rj

]
, (B.6)

and αkatz is the discounting factor.

Proof. In such SBM, for each pair of nodes vi, vj, Aij is an independently distributed

Bernoulli random variable, with success probability p1 if vi, vj ∈ B1, p2 if vi, vj ∈ B2,
and p12 otherwise. Hence, nodes in the same communities are equivalent, and there

are only two distinct expected values in both centralities, one for each community.

For the degree centrality2,

E

[∑
r

Air

]
=

n1p1 + n2p12, vi ∈ B1,

n1p12 + n2p2, vi ∈ B2,

where n1, n2 are the sizes of communities B1,B2, respectively. Hence, condition (B.5)

can only happen when nodes vi and vj are in different communities.

Without loss of generality, we assume vi ∈ B1, and then vj ∈ B2. We show that

(B.6) holds true by proving the following stronger relationship where for each t > 0,

E

[∑
r

At
ri

]
> E

[∑
r

At
rj

]
. (B.7)

We show it by induction on t. (i) When t = 1,

E

[∑
r

Ari

]
= n1p1 + n2p12 > n1p12 + n2p2 = E

[∑
r

Arj

]
,

where the inequality is true by condition (B.5). (ii) Suppose (B.7) is true for all t ≤ t′.

2Note that in the classical SBM, the expressions can be slightly different, due to the common
assumption of no self-edges. However, we allow self-loops in our analysis, thus also include vi in
computing the expected degree of node vi
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Then when t = t′ + 1,

E

[∑
r

At′+1
ri

]
= E

[∑
r

∑
q

At′

rqAqi

]
=
∑
vq∈B1

E

[∑
r

At′

rq

]
p1 +

∑
vq∈B2

E

[∑
r

At′

rq

]
p12

= E

[∑
r

At′

ri

]
n1p1 + E

[∑
r

At′

rj

]
n2p12, (B.8)

where the second equality is by independence, and the last equality is by equivalence

among nodes in the same communities. Similarly,

E

[∑
r

At′+1
rj

]
= E

[∑
r

At′

ri

]
n1p12 + E

[∑
r

At′

rj

]
n2p2. (B.9)

Hence, the difference (B.8) - (B.9) is

E

[∑
r

At′

ri

]
n1(p1 − p12) + E

[∑
r

At′

rj

]
n2(p12 − p2)

> E

[∑
r

At′

rj

]
(n1(p1 − p12) + n2(p12 − p2)) > 0,

where the first inequality is by induction hypothesis, and the last inequality is by

condition (B.5).
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