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Abstract 

This thesis focuses on fundamental aspects of microfluidic systems and applies 

relevant findings to innovative designs for advanced particle manipulation 

applications. 

Computational Fluid Dynamics (CFD) is adopted for fluid modeling, based on the 

Finite Volume method. The accuracy of the solutions obtained is confirmed by grid 

sensitivity analysis and by comparisons with experimental work. Curved 

microchannel features and the induced Dean flow are studied through a parametric 

space exploration and simulations. The Lagrange-Euler coupling method – Surface 

Marker Point methodology – is applied to simulate large-size particles (of comparable 

size to the channel). Through this simulation approach, all the forces on such particles 

are directly derived through solving the governing equations and the influence of 

these particles on the flow is considered in a fully coupled manner. A new approach – 

the Frozen Flow & Flow Correction Coefficient method – is developed, making trans-

relaxation-time simulations possible and improving computational efficiency 

significantly, for 3D simulations of arbitrary shape and size microparticles in 

complicated microfluidic channels. Detailed comparisons between simulation results 

and experiments involving particle sedimentation and particle equilibrium position 

have been conducted for methodology validation. 

 Mechanisms of hydrodynamic particle manipulation are then studied, including 

hydrodynamic focusing and separation. It is found that the Tubular Pinch effect, Dean 

flow and the Radial Pressure Gradient effect interact to yield two distinct particle 

separation mechanisms. For advanced applications, particle focusing, non-magnetic 

and magnetic separation for neutrally buoyant particles are proposed, based on newly 

gained insight on the above-mentioned mechanisms. Appropriate channel designs 

have been proposed both for particle focusing and size-based particle separation, 

while the vertical-magnetic-Dean separation scheme is highlighted for magnetic 

separation.  

Finally, a new integrated system is proposed, that combines the above novel 

designs into a device-like ensemble. It promises to offer functionality for biomaterial 

separation and detection, including different types of cells, antigens and biomarkers. 
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1. Introduction and Motivation  

 

In this chapter we shall provide some important definitions and terminology 

clarifications and will outline the main objectives behind this research. The 

challenges connected with the utilization of microparticles in medical diagnostics, 

especially regarding their separation and purification using traditional techniques, 

will be summarized and the rationale and structure of the rest of the thesis will be 

described. 
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Microparticles (MPs) are membrane-structured vesicles secreted by cells, with 

sizes ranging from 100 nm to 1000 nm. They are intensely investigated due to their 

physiological meaning and diagnostic potential, since they are very promising as 

biomarkers for physiology and pathology, as well as for diagnosis and treatment 

applications. Purification of microparticles through separation is a necessary step, 

both for microparticle detection and subsequent processing. However, microparticle 

samples are usually complex mixtures containing various other biological materials. 

The traditional techniques for microparticle separation are far from effective or 

efficient, a fact that has become the major obstacle for microparticle counting, 

analysis and practical overall utilization, to date. Therefore, innovative approaches are 

needed, capable of succeeding where traditional approaches fail. Such approaches 

promise to offer solutions not only for the separation of microparticles but also for the 

manipulation of other biomarkers, and thus would be promoting a wider range of 

diagnostic applications. 

Microfluidics is the discipline that explores the mechanisms and devices 

controlling and manipulating small amounts of fluid, in channels with dimensions 

from tens to hundreds of μm. With progress in miniaturization and microfabrication, 

microfluidic technologies have been rigorously investigated and offer many 

advantages in terms of applications: high resolution and sensitivity; low priming 

volumes; low sample consumption; short process and analysis time; small size and 

low cost. Based on this, Lab-on-a-Chip (LOC) (or Micro Total Analysis Systems 

(µTAS)) technology adopts the concept of microfluidics and focuses on the 
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integration of multiple laboratory functions on a sub-millimeter chip, which can 

perform separation, detection and analysis simultaneously. So, microfluidic systems 

are an ideal solution for biomarker manipulation, including mixing, transport, 

separation and reaction/measurement.  

Due to the small dominant characteristic length scale, the flows in microfluidic 

systems are laminar. However distinctive phenomena have been observed in fluids of 

such scales, which make microfluidics an area of substantial research interest. At the 

same time, these phenomena offer ways to manipulate particles, directly through 

emergent flow features. An example for this approach, which we shall describe in 

detail later on is the appearance of vortical structures. The complexity of 

microchannels lies in their curved (occasionally highly curved) 3D geometries: in 

order to utilize the limited space on the microfluidic devices, microchannels have to 

be built in a compact pattern, with considerable curvature. Importantly, as we shall 

show, this curved pattern is of particular relevance to particle manipulation in our 

research. In fact, the flows in curved channels present with very interesting flow 

features, for example pairs of longitudinal vortices, or secondary flow. Dean etc. [1] 

provided insight for such flows in curved pipes, demonstrating the existence of 

vortices, thus this type of flow is called Dean flow. 

 “Complicated three-dimensional geometries, and the possibility that suspended 

particles have dimensions comparable to the microchannels” have been listed among 

“the most important new themes introduced by the small length scales of microfluidic 

devices” [2]. This work precisely focuses on these concepts, individually and 
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integrally, most crucial to the transport phenomena within microfluidics and particle-

related applications. 

Suspended particles, especially when their size is considerable when compared 

with the conduit, have unexpected characteristics in their transport. Although efforts 

have been made to elucidate these mechanisms [3, 4], theoretical investigations on 

large-scale particle movement inside complicated 3D microchannels are very rare. In 

this work, a new numerical approach is developed to address such motion of particles 

whose dimensions are comparable to the channel (these are defined as ‘large-scale’ 

particles in this work). After confirming our results through comparison with 

experiments, this approach is proved to be not only sufficiently accurate but also very 

efficient computationally – of great importance when attempting to utilize simulation 

for practical design and optimization purposes. The ability to simulate these large-

scale particles is extremely important and promising because it benefits our 

understanding and thus results in improved manipulation of pathogenic biomarker 

particles, human cells and industrial particles for various applications.  

It is often found, that for these processes to take place in a repeatable and controlled 

manner and to enable applications, adopting purely hydrodynamic forces to achieve 

manipulation may not lead to adequate performance (for separation of difficultly 

discriminated particles for example – of main interest to our study). That’s why 

external force fields are often considered, to aid and enhance manipulation. 

Based on the type of external forces employed, particle separation techniques can 

be divided into different categories: acoustic, optical, electrical, magnetic, etc. In the 
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current research, the fluidic approach is supplemented using external magnetic fields. 

This approach is simple to implement and preferable for bio-particle manipulation: 

Firstly, it’s been proven that cells with different magnetic properties can be separated 

easily by external magnetic fields without cell damage. Second, state-of-the-art 

magnetic separation technology can dramatically enhance the efficacy and efficiency 

of bio-particle manipulation. 

Magnetic separation (also called immunomagnetic separation) uses biocompatible 

magnetic micro (nano) particles. It is implemented by a two-step process [5]: (1) the 

tagging or labeling of the desired biological entity with magnetic particles; (2) the 

separation of these tagged entities via a fluidic-based magnetic (or sometimes purely 

magnetic) separation device. By using this method, the targeted bioparticles 

(microparticles or biomarkers) can be manipulated and enriched for further analysis. 

By adopting suitable particle detection devices, the level of specific bioparticles or 

biomarkers can be quantified. In our research we shall show how these processes and 

functions can be integrated in a microfluidic substrate with optimal design as a 

medical diagnostic system, which can become an ideal point-of-care (POC) testing 

device. It is accepted that high-specificity microfluidic diagnostic technologies are 

paramount for global public health [6, 7]. In summary, we aspire to combine 

advanced understanding (accessed via validated simulations) of complex flow 

features, together with external magnetic fields (also evaluated using appropriate 

multiphysics simulation techniques) to design, evaluate and optimize a new class of 

microfluidic separation and purification devices.  
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The overview of this research is shown in Fig. 1-1. 

 

Fig. 1-1 Schematic of the elements and logical flow of the research  

presented in this thesis 

Before we close this section with a brief description of the content of the 

subsequent chapters of the thesis, it is important to emphasize a distinction regarding 

development and utilization of appropriate computational techniques; a comment that 

will inform and guide the rest of the thesis. As Fig. 1-2 shows, biological elements, 

candidates for separation, fractionation and purification (to be used primarily for 

diagnostic purposes), span 4-5 orders of magnitude in size. More relevant, 

microparticles present us with sizes in the 0.1-1 µm range, whereas bigger cells are in 

the 5-40 µm range. A successful separation device must be able to handle (either using 

the same, unified, separation technique or different techniques) the entire range of 

particle sizes, since they are all found in, say, blood samples. For Point Of Care 
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microfluidics-based devices, there is strong preference that a single separation 

technique, that is of appropriate scales (i.e., can fit on a lab-on-a-chip device), 

operating either as a single pass or as a series of consecutive separation passes, 

handles the entire spectrum of particle sizes. Therefore, the design objective is to 

avoid any preprocessing (and thus additional cumbersome equipment) and to use a 

separation technique that can process and remove/fractionate in steps all the 

components that span the ranges discussed above, while ultimately purifying the 

target microparticles. 

The main challenge in this thesis has been the development, establishment and 

validation of computational techniques for design, capable of handling the complex 

particle-flow interactions entailed in the diagnostic processes mentioned. As such, and 

as we shall see in the chapters that follow, we have surveyed the literature in order to 

examine whether appropriate techniques for studying the various sized particles are 

available. What this review revealed was that while very small sized particles, at 

relevant volume fractions, exhibit weak if any coupling with the flow, bigger particles 

actually affect the flow very substantially. Thus, whereas a variety of very efficient 

techniques exist for the small particles1 and the weak coupling case (directly 

applicable to the typical microparticle range), substantial challenges were identified in 

retrieving and establishing computationally efficient and accurate techniques capable 

of handling the bigger particles and their strong coupling/interaction with flow.  

Since the overarching objective of this thesis has been the verification and 
 

1 Such techniques, often referred to as spray techniques, assume that very small particles occupy 

negligible volume, and couple with the flow as point momentum sources/sinks. 
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validation of computational techniques for the practical and integrative design of 

microfluidics particle separation, it became apparent early in the process that very 

substantial effort would be dedicated in the front of numerical methods for strongly 

coupled larger particle-flow situations. We cover the easier small particle – flow 

situations as well (see Chapter 4 for relevant discussion and results) but we believe 

that the numerical innovations introduced address first and foremost the case of larger 

particles that interact strongly with the flow: this is where we recognized a gap in 

available computational techniques existed and where a contribution was needed.  

 

Fig. 1-2 Schematic of biologically relevant candidates for separation techniques and 

range of application of computational techniques capable of handling the size ranges 

 

 

 

The rest of this thesis is organized as follows:  

• Chapter 2 reviews the literature regarding microparticles, microfluidics and 
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particle separation, particles in straight channel, particles in curved channels & 

Dean flow, large-scale particle simulation techniques and magnetic separation.  

• Chapter 3 outlines the numerical methods developed and used; - Computational 

Fluid Dynamics (CFD) for fluid modeling (based on the finite volume method), 

the Surface Marker Point method for large-scale particle trajectory evaluation 

as well as our newly developed approaches for efficient fluid-particle coupling.  

• Chapter 4 is dedicated to validation. The accuracy of the numerical methods 

used and/or developed are demonstrated, including grid and time step 

independence, verification through 3 cases of particles’ transport in Dean flow, 

particle rotation and particle sedimentation. Lift force on particles is also 

investigated and the results are compared with a point-particle approximation - 

discrete particle method.  

• In Chapter 5, results of pure fluid-particle transport are presented, including 

hydrodynamic focusing, size-based separation in curved channels, particle 

focusing and particle separation in multi-inlet curved channels.  

• Results regarding external force fields and original designs are presented in 

Chapter 6, including magnetic separation of magnetic particles, the innovative 

Magnetic-Dean flow separation and a new design proposed for diagnostic POC 

system.  

• Conclusions and findings are summarized in Chapter 7. 
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2. Literature Review 

 

Biomarkers are a group of biological indicators of diseases, including molecules, 

vesicles, cells, tissues etc. Recently, much importance and promise has been placed on 

a class of biomarkers called microparticles, of high physiological and pathological 

significance. However, their separation is so challenging that we have to exploit 

state-of-the-art technologies based on microfluidic to benefit from the diagnostic 

potential they offer. To reveal the relevant latest findings and related computer 

modeling techniques, this chapter reviews the literature regarding microparticles, 

microfluidics and particle separation, particle flows in straight channels, particle 

flows in curved channel and Dean flow, as well as large-scale particle simulation and 

magnetic separation. 
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  Microparticles as an important bioparticle group, among others, are in great demand 

for biomedical research, but they are hard to separate directly. Since the human cells 

needing to be precluded (or to be gathered for other purposes) range in the 5-40 µm 

range, mentioned in Chapter 1, and the smaller bioparticles (such as microparticles) 

can be captured by the specially coated beads (magnetic beads or polymer beads) 

which are normally above 1µm, the particle size of 5-40 µm is the focus in this 

research for particle manipulation applications. 

2.1 Microparticles 

Microparticles are cell-derived membrane-structured vesicles. Their size ranges 

from 100 nm to 1000 nm. They are gaining more and more attention for a wide-range 

of applications, of vital diagnostic and prognostic significance. 

Microparticles (MPs) are encapsulated by a phospholipid membrane, equipped with 

certain membrane receptors and proteins. A precise definition of MPs is still lacking – 

however, they are generally regarded as a population of small phospholipid vesicles 

which are released by most cell types during apoptosis and/or activation [8, 9]. 

For a long time, MPs were thought as inert cell debris – the metabolic waste 

released by cells. However, there is increasing evidence that MPs actually have 

sophisticated release mechanisms which have great physiological and 

pathophysiologic research value. They serve as an important species of biomarkers for 

various biological and pathological processes. Moreover, it is demonstrated that MPs 

can interact with neighboring or remote cells, thus build up an intercellular 
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communication system for the whole body [8]. 

MPs are heterogeneous, both in terms of size and origin. They are derived from 

platelets, endothelial cells, blood cells and other cell types. MPs release is connected 

with the membrane-remodeling process in which the asymmetric distribution of 

constitutive phospholipids between the two membrane layers is broken [8]. MPs 

released from cells were demonstrated firstly to be shed from platelets and called 

platelet dust [9]. For the past several decades the term cell membrane microparticles 

is also used, while other terms are also adopted, like endothelial microparticles, or 

microvesicles. Through this document, we utilize the most common term 

microparticles (MPs).  

Fig. 2-1 [10] shows heterogeneous MPs which have different origins as well as 

varying size, shape and density. It is obtained through electron microscopy analysis of 

microparticle preparation obtained from a suspension of washed platelets (free of 

white cells and red cells) after stimulation by thrombin [10], also containing the 

platelet body, organelle and non-membrane structure. 

 

Fig. 2-1 Ultrastructural appearance of MPs [10] 
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Nowadays MPs have gained significant attention within the fields of biology, 

physiology, diagnostics, medicine and beyond. They are of great importance for 

transfusion medicine because MPs are present in both plasma and cellular blood 

products [11], but more importantly, they play a key role in a wide range of 

physiological and pathological activities as a significant biomarker. 

2.1.1 Formation mechanism and composition of MPs 

The exact mechanism of MP formation has not been fully described yet, especially 

when the diversity of MP origins is taken into account. However, there is consensus 

about the characteristics of MPs release, which is not a random process like 

degradation of the plasma membrane of dying cells but a highly controlled process, 

triggered by specific types of cell stimulation. Another kind of smaller vesicles, 

exosomes, are a particular type of microparticles generally ranging between 30-100nm 

[12]. Exosomes have a different origin, which is related to endocytosis and 

exocytosis2. This similarity in both density and morphology leads to profound 

difficulties in distinguishing and separating exosomes from MPs. Fig. 2-2 shows the 

morphology of MPs and exosomes. 

 
 

2 Endocytosis is the process in which cells absorb molecules, like proteins, from outside the cell by 

engulfing them with the cell membrane. Exocytosis is the reverse process in which the secretory 

vesicles are transported out of the cell membrane. 
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Fig. 2-2 Electron micrographs of MPs and Exosomes [13]: (a) Plasma membrane-

derived microvesicles (b) Exosomes 

For MPs, a ‘reverse budding’ is mainly responsible for their formation mechanism. 

Normally, most eukaryotic3 cells have a special asymmetric distribution of plasma 

membrane phospholipics: The constitutive phosphatidylserine (PS) and 

phosphatidylethanolamine (PE) are mainly sequestered in the inner cytoplasmic layer 

of the plasma membrane, while choline sphingomyelin (SM) and phosphatidylcholine 

(PC) are located at the outer layer. This balance is mainly maintained by the 

cooperative function of the enzymes flippase and floppase. This asymmetric 

distribution is known as the barrier keeping ions, proteins and other molecules to 

prevent them from diffusing outside. Also it can pump ions to regulate salt 

concentrations and pH inside the cells. Interestingly, it plays a key role in the MPs 

release. Two particularly relevant factors are involved in this process [14]: the 

increase of intracellular Ca2+ concentration and the reorganization of the cytoskeleton. 

Through cell stimulation, the intracellular Ca2+ increases, inhibiting the function of 

flippase for moving another molecule across the membrane layers. Under the effect of 

a particular flippase, scramblase, the phospholipids are allowed to move randomly 

between membrane layers, leading to the collapse of lipid asymmetry within minutes. 

Thus the PS and PE cannot be transported to the inner side of the membrane, 

displaying large amount of PS on the outer surface of the membrane. This change of 

the shape and mechanical stability may lead to membrane budding. The 

 
3 Almost all species of large organisms are eukaryotes, which have a double lipid bilayer that encloses 

the genetic material-nucleus, including animals, plants and fungi. 

http://en.wikipedia.org/wiki/Ions
http://en.wikipedia.org/wiki/Proteins
http://en.wikipedia.org/wiki/PH
http://en.wikipedia.org/wiki/Species
http://en.wikipedia.org/wiki/Lipid_bilayer
http://en.wikipedia.org/wiki/Animal
http://en.wikipedia.org/wiki/Plant
http://en.wikipedia.org/wiki/Fungus
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reorganization of the cytoskeleton results in the deformation and detachment of the 

plasma membrane for the PS+MPs release. These phenomena are considered the main 

causes of the shedding of MPs into the extracellular environment. 

 
Fig. 2-3 Schematic of the mechanism of MPs formation 

The membrane of the MPs, which is derived from the cell membrane of the 

parental cell, consists of lipids and proteins, displaying the distinct markers of the 

origin. Analysis of blood of healthy donors indicates that phosphatidylcholine 

comprises almost 60% of the lipids [15]. Other lipids as sphingomyelin and 

phosphatidylethanolamine constitute 30% of the lipids. Phosphatidylserine, 

phosphatidylinositol, lysophosphatidylcholine, lysophosphatidylserine, and 

lysophosphatidylethanolamine account for a small proportion. In the blood of healthy 

donors, about 75% of the microparticles are platelet-derived [9, 10]. The membrane 

molecular pattern and the internal content of MPs both vary by different original cell 

types and mechanisms of MPs release[16]. 
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2.1.2 Importance of MPs 

The circulation MPs may be of great importance in many physiological and 

pathological processes, including hemostasis, thrombosis, inflammation, modulation 

of vascular tone, angiogenesis, stem cell engraftment, immunity, cancer metastasis 

etc. [11].  

As an example, we can describe the role MPs play in one of the most important 

biochemical cascades in human physiology; that of thrombosis. Tissue factor (TF) is a 

type of membrane glycoprotein which can act as a trigger of the blood coagulation 

system, while PS is an essential phospholipid for surface thrombin generation [17]. 

MPs can expose both of them as well as bind with other plasma coagulation factors. 

The coagulation system is activated both in disease states and in healthy individuals 

with the effect of MPs [18]. For example, cardiopulmonary bypass (CPB) is an 

important surgical technique that temporarily replaces the function of heart and lungs 

during operations, maintaining the circulation of blood and its oxygen content, 

through the use of an extracorporeal circulation/oxygenation machine (the heart-lung 

machine). It is showed that pericardial blood from cardiopulmonary bypass patients 

has a much higher level of platelet derived MPs (PDMP), monocyte-derived MP 

(MDMP) and other MPs of different origin. These MPs can stimulate severe 

coagulation [19]. It is demonstrated that isolated MPs from pericardial blood of 

cardiac surgery patients and venous blood of healthy individuals were strongly 

procoagulant in rat [20]. There is also evidence that MPs in blood from healthy 

individuals support thrombin generation via some special pathways [21]. 

http://en.wikipedia.org/wiki/Heart
http://en.wikipedia.org/wiki/Lung
http://en.wikipedia.org/wiki/Surgery
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MPs released from human T-lymphocytes [22] and endothelial cells [23] can also 

impair the relaxation and NO production in aortic rings. On the same theme, the 

vasoconstricting effect by platelet MPs has also been demonstrated. It is demonstrated 

that circulating MPs would take part in prothrombotic and proinflammatory activities 

by stimulating platelets, endothelial cells and leukocytes. For example, Platelet MPs 

can  bind, activate and aggregate neutrophils in vitro [24]. Platelet MPs also can 

increase the adhesion of monocytes to endothelial cells in vitro.  

There is evidence suggesting that circulating MPs play a role in angiogenesis 

activities. The lipid component of the PDMP may be a major active factor for a potent 

angiogenic stimulator [25]. A dose-dependent pro-angiogenic effect of PDMP was 

observed in the rat aortic ring model[26]. Some proangiogenic activities of endothelial 

microparticles (EMPs) are also reported. 

MPs containing a type of protein, C-C chemokine receptor type 5 (CCR5), can 

transfer the receptor of human immunodeficiency virus (HIV)-1 [27]. This 

intercellular pathway may lead to exceeding infection of tissues. Furthermore, it is 

suggested that PDMPs may play an important role in tumor progression/metastasis 

and angiogenesis in cancer [28]. 

Experimental data also suggest that the released MPs have other effects in organ 

defense systems. PS can take effect as a sign for identifying injured cells which are 

ready for removal. In reverse, decrease of PS can be a stimulation factor triggering 

cell repair. Thus there is opportunity to find a way for repairing the cells rather than 

inviting phagocytes to remove the cells, a process which when widely adopted is 

http://en.wikipedia.org/wiki/Protein
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detrimental for organ function. There are 2 ways for removing PS [11]: to hide the PS 

back to the inner layer of cell membrane or to release PS+MPs. Clearly there is no 

more need for the metabolic energy required for MP release and also this release 

process could be faster than the translocation of PS back into the cell membrane. 

The discussion above highlights the high relevance of MPs to a multitude of 

diseases such as coronary disease, diabetes, hematologic diseases, antiphospholipid 

syndrome, infectious diseases, pregnancy-related disease, neurologic diseases, 

inflammatory diseases and cancer etc. [11] 

2.1.3 Conventional methods for MPs detection and collection 

Regarding techniques for MPs analysis, several approaches have been proposed 

and tested. However, two of them are most widely used [11]: microplate affinity assay 

and flow cytometry.  There are 2 types of microplate affinity assays. One is the 

enzyme-linked immunosorbent assay (ELISA), which uses antibodies corresponding 

to specific types of MP antigens for detection and enrichment. In ELISA [29], an 

unknown amount of antigen is affixed to a surface. Then a specific antibody, which 

links to an enzyme, is made to come in contact with the surface so that it can bind to 

the antigen. The final step is that the enzyme can be converted to a detectable signal 

by some biochemical substance added in, which is defined as substrate. For example, 

the signal could be fluorescence triggered by fluorescent antigen/antibody complexes. 

The amount of antigen in the sample can be inferred through the magnitude of the 

fluorescence. The whole process is demonstrated schematically in Fig. 2-4. For 
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microparticles, assays use annexin V [11] in the presence of Ca2+ to detect or capture 

PS+MPs. Annexin V is a phospholipids-binding protein which has a high affinity for 

PS with the presence of Ca2+. PS+MPs could be detected using a chromophore-

conjugated annexin V or captured using immobilized annexin V. Microplate affinity 

assay’s main advantage is that it could be suitable and accurate for a wide range of 

MPs types, sizes and other parameters. Also it is comparatively easier to operate and 

cheaper than the alternative, discussed below. However the disadvantages include lack 

of direct quantification of MPs, MP size and a complex non-continuous (batch) 

process, sensitive to a large number of often difficult to control parameters. 

 
Fig. 2-4 Schematic of ELISA 

On the other hand, flow cytometry is the most commonly used and basic method 

for MP analysis. Flow cytometry is a technique for examining and analyzing 

microscopic particles, such as cells, MPs and chromosomes. The technique can be 

briefly outlined as follows: Firstly suspend MPs in a stream of fluid and then let them 

pass through a very narrow nozzle which is surrounded by a concentric larger nozzle. 

A different fluid component is infused into the space between the two nozzles which 

forms the outer fluid layer, called sheath fluid. Sheath fluid has the specific effect of 

http://en.wikipedia.org/wiki/Cell_(biology)
http://en.wikipedia.org/wiki/Chromosome
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focusing the fluid ejected from the inner nozzle by fluid surface forces when the flow 

is laminar. This technique is called hydrodynamic focusing. If the two fluids differ 

enough in their velocity or density, they do not mix but rather form a two-layer stable 

flow. The sample is injected into the middle or central fluid layer which is restricted 

by the outer sheath fluid to a narrow band small enough to just let single particles 

pass, which makes the MPs pass through a detection region one at a time. Then, a 

beam of light (usually laser light) of a single wavelength is directed onto the stream of 

MPs suspension. A number of detectors are fixed around the space where the stream 

passes through the light beam: one in front of the light beam (Forward Scatter or 

FSC), several perpendicular to it (Side Scatter or SSC) and one or more fluorescent 

detectors. 

 Fig. 2-5 shows the schematic structure of a flow cytometry device. Each suspended 

particle passing through the beam scatters the light, and fluorescent biochemicals 

attached to the particle may be excited to emit light at a specific wavelength different 

from the light source. This combination of scattered and fluorescent light is captured 

by the detectors. By analyzing fluctuations in brightness at each detector, various 

types of information about the amount of particles and the structure of each individual 

particle are derived. The simultaneous analysis of the physical and chemical 

characteristics of thousands of particles per second can be achieved using this 

technique. Advantages of flow cytometry involve that large numbers of MPs can be 

analyzed in a single sample continuously. However, the disadvantages are that it’s 

expensive, the process of sample preparation and operation is quite complicated and 

http://en.wikipedia.org/wiki/Fluid_dynamics
http://en.wikipedia.org/wiki/Light
http://en.wikipedia.org/wiki/Laser
http://en.wikipedia.org/wiki/Fluorescent
http://en.wikipedia.org/wiki/Scattering
http://en.wikipedia.org/wiki/Fluorescent
http://en.wikipedia.org/wiki/Chemical
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even today the success of a particular experiment depends on the efficacy and 

experience of the operator. Especially the size of MPs is often at the resolution limit 

of this device. 

 

Fig. 2-5 Schematic of flow cytometry 

Beyond the techniques discussed above, it is of course commonplace to utilize 

centrifugation and ultracentrifugation for suspension clarification. In microbiology 

and cytology these methods are used, for example, to accelerate the sedimentation of 

whole cells or to separate certain organelles from whole cells. In such a process, a 

tissue sample is first homogenised to break the cell membranes and mix up the cell 

contents and then subjected to rapid spinning, i.e., centrifugation. The equilibrium 

sedimentation for separation is achieved according to differences in density. However 

for MP samples, the very small differences in density make this technique impractical. 

It requires considerably high centrifugal acceleration (100,000g), is very time-

consuming (often 24h) and is operated in complex and discontinuous settings by 

trained technicians [30]. Centrifugation also presents with further limitations, in that 
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centrifuges are hardly compatible with in-line systems and incapable of dealing with 

small sample volumes [6]. Finally, filtration, another technique used for separation, 

suffers from blockage of filters, and serious difficulties with such small target particle 

sizes, rendering it unsuitable for this application. 

In summary, there was no generally applicable and adequately robust method 

available for detection of all MPs in blood (or other samples) to get a total MP count 

[11]. The inconsistency of different analyzing methods leads to discrepancies in 

results on the same sample, something that is not acceptable. Many of the difficulties 

lie in the complexity and richness of the blood environment and in differences of 

samples. 

To further emphasize the challenges connected with this type of diagnostic, we can 

mention that MPs of equal size are difficult to distinguish from platelets or other 

aggregates. Different states of health and different types of diseases will lead to 

different composition for the MPs. Thus effective MPs separation techniques can play 

a vital role in their accurate quantification and characterization, which are essential 

for further analysis. Any technique capable of achieving reliable and repeatable 

separation holds great promise for investigating the relationship between the special 

types of MPs and clinical risk factors [31].  

2.2 Microfluidics for particle separation 

2.2.1 Microfluidics 

To manipulate bioparticles at micro or sub-micro scales, microscale channels are 
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emerging as a technique/device of choice. Microfluidics and lab-on-a-chip (LOC) 

devices are intensely investigated and in high demand along with further 

developments of miniaturization and microfabrication. They have shown dramatic 

advantages over more traditional techniques like centrifugation and filtration [6]. 

Firstly their small size renders minimum need for samples or reagents, which means 

microfluidics can perform with high resolution and sensitivity, short analysis times as 

well as low cost. Second, due to the scale down, microchannels operate at laminar 

flow conditions, i.e., without turbulence, which is beneficial in many situations, 

especially for particle and sample manipulation. Thus microfluidic devices are widely 

adopted in molecular analysis [32], biological analysis [33], single cell manipulation 

[34] and drug development [35] etc. They are also adopted in applications of 

multiphase flows control, for example, the generation and manipulation of bubbles 

[36], droplets [37] of dispersed phase in another continuous liquid. 

Among the potential applications, recent techniques of micro-scale particle 

separation through microsystems have gained significant attention in the fields of 

biology [38], chemistry [39], microchemical processing and microsystems 

engineering [40]. Particularly particle separation is recognized as a necessary 

preparation step in most biochemical analysis thus plays a key role in diagnosis, 

because, as mentioned above, separation techniques are vital to biochemical analysis 

because the isolation of cells and particular biomarkers is essential. They can lead to 

versatile applications in biochemical analysis, such as DNA analysis (nucleic acid 

sequence analysis), proteomics analysis (proteins and peptides), clinical analysis 
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(blood tests), immunoassays, toxicity monitoring etc. [41]. One promising application 

comes up with the concept of point-of-care test (POCT), which is highly suitable for 

monitoring patient response to therapy and diagnosing the early stage of diseases [42]. 

Microparticles become a representative example where laboratory measurement of 

biological substances can reflect the activity and/or stage of disease processes, i.e., act 

as biomarkers. By detecting different types of biomarkers, an easy and noninvasive 

way of early diagnostic methods for corresponding diseases is possible. Particularly, 

in order to achieve early detection of the top killers of the world, cardiovascular 

diseases [43] and cancer [44], biomarkers have been intensely investigated. However, 

biomarker detection relies on bioparticle separation from complex samples, like 

whole blood, saliva or urine etc., which increases the difficulty for separation. 

In comparison with microplate affinity assay and flow cytometry, the technology of 

bioparticle separation we intend to pursue is a further application which has a broader 

meaning and broader relevance in therapeutics, but also requires more in-depth study 

as well as more complex integrative approach. In the biomedical field, when the 

isolation of pure cells and/or biomarker types is essential, separation techniques are 

vital to apply. Importantly, separation is also a key activity of diagnostic and analysis 

tools. The separation of specific human T-lymphocytes from whole blood for the HIV 

diagnostic and control is a typical example. Bioparticle separation techniques would 

also bring benefit to the detection of cancer cells or cancer cell communication, as 

discussed above. 
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2.2.2 Particle separation approaches 

According to the different kinds of external forces, microparticle separation can be 

divided into five different categories: fluidic, optical, electrical, magnetic and acoustic 

methods [45].  

In fluidic separation methods, centrifugation and ultracentrifugation are traditional 

procedures in microbiology and cytology, used to separate cells, or certain organelles 

from whole cells. In the process, a tissue sample is first homogenised to break the cell 

membranes and mix up the cell contents and then subjected to centrifugation. The 

equilibrium sedimentation for separation is achieved according to differences in 

density. However for MPs samples, the very small differences in density make this 

technique inappropriate for MPs separation. Field-flow fractionation (FFF), 

introduced by Giddings [46], is a separation technique where a particle suspension is 

driven through a channel, thus particles are separated perpendicular to the direction of 

flow based on different mobilities corresponding to the intrinsic characteristics of 

different components. For instance, based on various diffusion rates, smaller particles 

diffuse more quickly, while larger particles diffuse more slowly; therefore larger 

particles can be enriched and smaller particles diffuse to other region [47]. Split-flow 

thin (SPLITT) fractionation channels have further adopted one inlet and one outlet 

splitter [48]. Typically, separation in SPLITT is carried out in a thin H-shape filter. 

FFF and SPLITT are reviewed and related simulations have been accomplished [49]. 

New approaches, that we shall explore further on, that attempt separation by taking 

advantage of fluid mechanics features and fractionate based on size also fall under 
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this category. Fluidic separation has the advantage of not requiring any external fields. 

 Optical method would use optical tweezers which is a manipulation tool creating a 

focused single laser beam to trap a single particle. This method is very flexible to new 

environments and shows very high specificity. However, it applies to single particles 

only, and in the vast majority of case is interactive (i.e., requires a human user). Also 

the optical data need to be converted to electronic results [50]. Therefore it is 

inappropriate for complex clinical samples. 

The acoustic method [51] applies an ultrasonic standing wave field generating a 

primary radiation force to move particles. Whether the particles move toward or away 

of the pressure nodes depends on the acoustic contrast factor, a function of density 

and compressibility of the particles and the solution. Particles with different acoustic 

properties can move together in a laminar flow and be collected through appropriate 

collector ports. The acoustic method can have very high separation efficiency – to the 

best of our knowledge it has not been used for MP separation to date. 

There are two main types of electric field-based methods: Electrophoresis [52] 

adopts a uniform electric field to transport and separate different kinds of charged 

particles; Dielectrophoresis [53] transports and separates neutral materials caused by 

polarisation effects in a nonuniform electric field. The electric method for bioparticle 

separation is a relatively established technique because electric-field manipulation is 

well-studied and potent at the microscale. Dielectrophoresis has been applied to 

separate cells according to their size or dielectric properties. However, the integration 

of electrodes which is to generate the electric filed in the microsystem often involves 
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complex and challenging manufacturing and needs careful design. 

In the magnetic separation method [54] the particles to be separated have either 

intrinsic magnetic properties or are labeled with magnetic beads. Magnetic fields are 

completely benign to biological entities, even are relatively high field strengths, and 

therefore quite suitable for sorting cells and microparticles. 

Considering which method is to be adopted should be based on the needs of the 

application, including particle physical characteristics, separation criteria, throughput, 

efficiency, physiological effects etc. However, most separation techniques are using 

user-defined mixtures or biological samples, which do not necessarily deliver 

favourable properties. The micro-scale manufacturing and related miniaturization 

challenges are another challenge [55]. Among different kinds of separation methods, 

an external magnetic field is the easiest to set up. Furthermore, magnetic separation 

can use small magnetic particles to attach targeted bioparticles, so the separation 

processes do not depend on bioparticle intrinsic physical or chemical properties, such 

as size, density, surface charges etc., and they are not affected by ambient conditions, 

like fluid pH, ionic concentration, temperature etc [29]. Suitable combinations of 

fluidic-magnetic forces [56] appear to offer great promise for highly specific and 

efficient separation of complex mixtures of microparticles or other biomarkers. Thus, 

in this study, our focus shall be the fluidic and magnetic separation. 

2.2.3 Magnetic separation 

Magnetic separation (immunomagnetic separation, IMS) uses biocompatible 
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magnetic micro- or nano- particles that facilitate the purification and detection of 

biomolecules in a wide range of samples, including nucleic acids, proteins and cells 

[57, 58]. Commercial magnetic particles (MPs) used in magnetic separation are 

normally paramagnetic or superparamagnetic at the micro scale [57]. To make MPs 

biocompatible and to improve surface attachment characteristic, a polymeric layer is 

usually coated on the outside of a MPs core. 

Magnetic separation consists of two steps: (1) labeling or tagging the desired 

biological materials with magnetic particles; (2) separating the tagged entities by 

external magnetic field through a fluid-based separation device [59]. Fig. 2-6 shows 

the procedures of standard methods for magnetic separation: (a) magnet is fixed 

beside the channel and the magnetically labeled bio-entities are attracted to move to 

the side wall while the unlabeled materials can be washed away; (b) strong magnetic 

field gradient set at a region of the channel can capture the magnetically labeled 

targets. 

 

Fig. 2-6 Common methods of magnetic separation adapted from [59] 
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By using such techniques, the targeted bioparticles (microparticles or biomarkers) 

can be manipulated and enriched for further analyzing and diagnostic purpose [60-

62]. The separation and detection procedure of the captured magnetic particles is 

shown in Fig. 2-7 [63]. Through the processes of miniaturization, magnetic separation 

has already been integrated into existing microfluidic systems [64, 65]. 

 

Fig. 2-7 Integrated magnetic separation and detection procedure [63] 

2.3 Towards fluidic separation: Single particle 

dynamics 

Generally, 3 categories of forces are controlling the movement of a particle in a 

fluid: (1) forces through the interface between fluid and particles, (2) forces due to the 

interactions between particles, and (3) forces imposed by external fields [66], e.g. 

electric field or magnetic field. Type (3) forces depend on the external field applied. 

(2) can be ignored here given the evidence that in microchannels, microparticles with 
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dimensions comparable to the channel would follow longitudinal alignment due to 

hydrodynamic repulsion. Such phenomena can be explained as that when two 

particles are moving close to each other, the fluid between them would be extruded 

out of the space, which will in turn impose a force on both of the particles and deter 

further approaching. Especially when the dimension of the particles is comparable to 

that of the channel, the fluid between the particles is more difficult to be squeezed or 

stretched without influencing the overall velocity distribution dramatically. In fact, the 

interparticle spacing of neutrally buoyant suspension has been observed in millimetre 

scale pipe flow as single particle trains aligned in the flow direction [67]. In high or 

low aspect ratio rectangular straight microchannels, two evenly-spaced streams were 

also reported [68, 69]. This effect is also suggested to be related to the particle 

Reynolds number 
2

P
PRe mU d

W




= , where  and  are the fluid density and viscosity, 

mU is the maximum channel velocity, Pd is the particle diameter, W is the channel 

width. When reducing the dimension down to microscales, particles flowing in 

straight or curved microchannels align in the direction of flow with a preferred 

interparticle spacing, which manifests as uniform spacing, when the particle Reynolds 

number is of order 1 [70]. This effect is capable of reducing particle colliding and 

clogging, which is important for flow cytometry applications [71, 72]. Apart from 

this, the separation process is usually pursued at a lower particle concentration (i.e., 

with properly diluted samples), under which circumstances the interactions between 

particles are rare.  
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Thus, the key factor, forces through the interface between fluid and particles, 

should be carefully studied. Firstly is the drag force on the sphere particle, 

2

D d

1

2
F v C A= , where v is the particle speed relative to the flow, 

dC is the drag 

coefficient and A  is the reference area ( 2r  for spheres). In Stokes flow, the drag 

force on a sphere can be shown to be 
D 6F rv= . Apart from the drag force due to 

the relative velocity between the particle and flow, there are also virtual mass effects, 

which relate to inertia added to a object when accelerating or decelerating because the 

object must move some volume of surrounding fluid with it; the Basset force, due to 

the temporary delay in local boundary layer development; the Saffman force 

introduced by the velocity gradient and the force triggered by the pressure gradient; as 

well as the Magnus effect by the force due to rotation of a particle [73]. The Saffman 

force and the Magnus force are both confusingly called “lift force” in various articles, 

for these forces are both perpendicular to the oncoming flow direction and induce a 

lateral migration. Throughout the discussion that follows, we define the lift force as 

equivalent to the Saffman force. Each one of the effects and forces listed above should 

be considered one by one for importance and eventually inclusion in the modelling 

effort. Firstly, the virtual mass effect accounted for a sphere particle is f
vm

2

M dU
F

dt
= , 

where fM  is the mass of fluid displaced by the sphere. It only should be considered 

in bubble flows or when the particle acceleration is the most important [74]. Since in 

most of the processes the particle is traveling at near-settling velocities, we don’t 

undertake effort to analyze virtual mass effects in detail, but we integrated this effect 

into the simulation. For the Basset force, at such a micro scale, the typical time for a 
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particle response in a flow, the Stokes relaxation time (
2

P P
S

18

d



= ), is extremely 

small, so in most studies Basset force is assumed to be small and can be neglected. In 

particularly long and thin microchannels, the force on a sphere due to pressure 

gradient is mainly longitudinal, expressed as
3

P
P

6

dp
F

z


= −


, where 

p

z




is the pressure 

gradient along the direction this force is imposed to. However because in an equal 

cross section channel this gradient is mainly longitudinal, the force due to pressure 

gradient is less important. In very thin microchannels, the main velocity component is 

the one in the axial direction, restricting the particle from rotating. In fact the ratio of 

the Magnus force to the Stokes drag is expressed as
2

P
MSR

24

d 


=  , where  is the 

angular velocity of the particle [66]. The microparticle diameter Pd decreases this ratio 

dramatically, thus the Magnus force can also be neglected. For a 10-μm particle 

rotating at 2 rad/s perpendicular to the flow direction with the relative velocity of 

0.1m/s, the Magnus force is merely 0.25e-12 N. So, there are just 2 forces left to be 

analyzed in detail: drag force and lift force (i.e. Saffman force).  

When considering a curved channel, a turning frame of reference attached to the 

centre line of the curved channel can be adopted. In such a non-inertial reference 

frame, we have to consider the centrifugal force, which is caused by inertia. It’s also 

an essential factor for the fluid phase to form Dean vortices. 

2.4 Particle in a straight microchannel 

To investigate drag force and lift force effects in straight channels, we begin with 
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the simplest case, straight channels of circular cross-section. As the most idealized 

geometry of a pipe, this topology has been studied intensively. However the principles 

of particles drifting in pipe flow have not been fully understood. In 1960s, Segre and 

Silberberg [75] surprisingly found that neutrally buoyant rigid spheres focus to an 

annulus when drifting in a tube. Namely, the fully developed particle distribution is 

non-uniform, but with maximum concentration at a radial position 0.6 of the pipe 

radius from the centerline. This effect is termed ‘tubular pinch’, because of the tube-

like shape of the annular region to which particles migrate, shown in Fig. 2-8, which 

is an experimental observation [76]. 

  

Fig. 2-8 Tubular pinch effect in a pipe [76] and schematic of ideal velocity and shear 

distribution in Poiseuille flow 

This non-intuitive phenomenon is explained by the fact that particles moving at a 

relative velocity in comparison to the surrounding flow will be subjected to a 

corresponding lift force due to the velocity gradient. Saffman investigated the lift 

effect on a sphere in a slow uniform shear flow [77]. The Saffman force is considered 

to be the key factor leading to the microparticle transverse displacement due to 

velocity gradient. Saffman derived an expression for the lift force acting on the sphere 
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particle moving in a constant shear flow at low particle Reynolds number
PRe 1: 

2

S P P

1 1
(( ) ( ))

4

K
d




= −  


F U U U

U
 

where the constant K  was 6.46 through a numerical integration for creeping flows at 

low shear rates;  is the kinematic viscosity of the fluid; U and pU are respectively the 

velocity vectors of the flow and of the particle. Thus this force depends on particle 

diameter and velocity gradient. In the region where a velocity gradient exists, for 

instance, near a wall or in a high shear region, this lift force would be considerable. 

The ratio of Saffman force to the Stokes drag, 
SSR , is given [66] 

SS PRe
12

K
R


=  

If PRe  equals to 1, SSR  will be 0.17. Saffman force thus is not negligible because this 

value will be in the same order of the ratio of the velocity of secondary flow to the 

mainstream velocity. 

However when applying this approach to the real problem of the tubular pinch 

effect shown in Fig. 2-8, Saffman theory still doesn’t provide satisfactory results 

because when taking account the real parabolic velocity distribution and the wall 

effects in channel flows, the assumptions of Saffman force analysis discussed above 

are not satisfied. If the relative velocity is positive (as the particle A in Fig. 2-8), a 

Saffman force toward the higher velocity region will act on the particle. However the 

Saffman lift model doesn’t explain the drift of particle B, where it should also point to 

the central area while in reality the lift force propels the particle away from central 

zone towards the lower velocity surrounding area of =0.6r R . This is because 
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Saffman’s analysis is based on uniform simple shear flow, and on the assumption that 

both the Reynolds number defined by the relative velocity and the shear Reynolds 

number are much less than unity, and the former is much smaller than the latter: 

r GRe Re , where
2

P
GRe

d du

dy
= . Particle A is in the near-wall region of Poiseuille 

flow where the assumption is easier to be satisfied whereas particle B is in the 

channel-centre region, where the assumption tends to be violated. 

To explain fully the tubular pinch effect, several theoretical efforts have been 

reported. Correct prediction of the equilibrium radial position for a small sphere in a 

Poiseuille flow has been made for channel Reynolds number order of unity [78]. In 

the near-wall area, the flow field can be regarded as Stokes flow and the viscous 

effects are dominant. In the largest portion of the flow field, wall effects can be 

neglected, and the flow past the sphere can be treated as unbounded parabolic shear 

flow. The problem has been solved by addressing the governing equations adopting a 

perturbation method. For the case that the distance of the particle from the wall is 

small compared to the characteristic length, the regular perturbation technique can be 

used. However considering the region where the distance between the particle and the 

wall is of the order of particle dimension, the basic asymptotic parameter relating to 

particle Reynolds number PRe  or channel Reynolds number CRe  cannot be treated as 

a small parameter approaching to zero. It’s a singular perturbation problem in which 

the high order perturbation terms in the problem are not negligible, thus the matched 

asymptotic expansion should be adopted. Briefly, this methodology can be outlined as 
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follows: the whole domain is divided into two subdomains. The first is the wall-bound 

area, where the distance of the particle from the wall is small compared with the 

length scale of the outer region. When the particle is located in this region, 

approximations are made and the problem degrades to be an inner problem. To solve 

the inner problem, the inner solution is approximated by an asymptotic series through 

standard perturbation techniques. By solving the governing equations of Stokes flow, 

the first-order inner solution and the expression of particle lateral velocity could be 

derived. The second subdomain is the area far from the wall, namely the outer region 

in which both viscosity and inertia are important. When the particle lies in this area, 

suitable approximations are also made to form the outer problem. By solving this 

outer problem, an outer solution is derived based on the equations governing the 

disturbance flow past a particle at small particle Reynolds numbers. Then the outer 

and inner solutions are combined through a matching process, in which the inner and 

outer solutions meet at the matching condition, so that an approximate solution for the 

whole domain is obtained. Asmolov [79] and McLaughlin [80, 81] respectively 

extended Saffman’s analysis to a particle moving in a linear shear flow unbounded or 

bounded by a single wall. Corrections of the original Saffman force also have been 

made to allow the relative Reynolds number to exceed the shear Reynolds number. 

The lift force on the particle can be derived through considering the relation between 

the lateral migration velocity and the lateral drag force through Stokes’ law. Following 

a similar routine of combining the inner solution of boundary layer flow and the outer 

solution of far region flow, Asmolov [82] obtained the theoretical solution of lift on 
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both neutrally and non-neutrally buoyant particles in a Poiseuille flow using the 

method of matched asymptotic expansions at small particle Reynolds number. The lift 

force on a neutrally buoyant particle along the radial direction of a tube under 

different 
CRe  is shown in Fig. 2-9. The lift force for neutrally buoyant is expressed as 

2 4

Z nb ZG r c=F e , where G  is the local shear rate; r  the particle radius; Ze  is the radial 

unit vector; nbc  is a non-dimensional lift coefficient that is dependent on radial 

position Z  and the channel Reynolds number
CRe . As nbc  would flip sign from 

positive to negative along the position as the particle changes from the wall to the 

centre of the channel, there is a position where 0Z =F . This reveals the particle 

balance position away from the centre. Along with the decrease of 
CRe , the balance 

position converges to 0.6 of the radius of the channel away from the centre, which is 

exactly consistent with the Segre and Silberberg experiments.  

These analyses offer an improved explanation for the Segre and Silberberg 

observations, because they not only can predict that particles near the wall will be 

repulsed from the wall but also explain why the particles at the central part are 

dispersed from the centre line. It’s suggested that excluding the lift coefficient which 

is the function of particle position, the lift force is proportional to 6r  in the near-wall 

region in comparison to 3r  in the main flow [83]. In contrast, the original Saffman 

force model based on the linear shear flow assumption couldn’t explain this because 

just a single equilibrium position, which is at the centre of the channel, could be 

predicted. This work also found in the thin layers near the walls the lift is close to that 

calculated for linear shear flow bounded by a single wall. With the increase of channel 
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Reynolds number, the equilibrium position is approaching the wall, shown in Fig. 2-9, 

where 
1

2
PR =  is the main asymptotic parameter. The results suggest the curvature 

effect of the velocity profile is significant. The actual lift differs from the values 

corresponding to a linear shear flow bounded by a single wall for which there is no 

equilibrium position, shown in Fig. 2-10, where 
W  is the dimensionless distance 

from the wall. Actually in this situation, the lift is positive for all positions, i.e. the 

particle always migrates away from the wall. Thus there is no equilibrium position for 

a particle in a linear shear flow bounded by a single wall. 

 

Fig. 2-9 Lift on a neutrally buoyant particle for ReC=15, 100, 300, 1000, 3000 (curves 

1-5) [82] 

 

Fig. 2-10 Lift coefficient for a neutrally buoyant particle in a linear shear flow 

bounded by a single wall [82] 
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  The theoretical analyses discussed above hold for a straight pipe (Poiseuille flow), is 

essentially an axisymmetric problem. For more complex geometries, like curved 

channels, the nonaxisymmetric walls may induce distinct phenomena. However 

before we address the problem of a curved channel, it’s important to point out that the 

aforementioned analyses are based on the assumption that the particles are 

considerably smaller than the dimension of the channel, namely the “point-particle” or 

“point-force” approximation [78]. Particles with dimensions comparable to the flow 

length scales can no longer be treated as point particles. This can explain why in a 3-

D rectangular cross-section microchannel, the tubular pinch effect remains but is 

transformed to another form. Di Carlo etc. [70] experimentally demonstrated 4 

balance positions in a straight rectangular channel due to this lift force, shown in Fig. 

2-11. Afterwards the majority of related research has been experimental or semi-

empirical because the complexity of this problem does not lend to theoretical analysis. 

Only few computational approaches have been conducted, more recently. Di Carlo 

etc. [83] conducted steady simulations of particles located at different positions in a 

straight rectangular channel. However this study hasn’t revealed the dynamic 

migration characteristics of microparticles. Lacking a validated lift force model for a 

finite sized particle, and a dynamic multiphase coupling technique, we need to 

develop a direct transient simulation approach solving the real velocity field coupled 

with the particle movement to unveil the effect of the lift force and discover the 

dynamic particle separation mechanism. 
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Fig. 2-11 Four particle balance poisons of a rectangular microchannel [70] 

Particularly in narrow channels with low (or high) aspect ratio, the longer walls are 

taking a role of confinement which will impact much more intensively on the bigger 

particles and are more prominent to confine the bigger particles within two thin layers 

near and parallel to these longer walls [84], which is demonstrated in Fig. 2-12 (the 

widening of the microchannels is to improve visualization). 

 

Fig. 2-12 Particles align along the longer walls in low and high aspect ratio 

microchannels due to the geometry’s impact on the equilibrium position [84] 

2.5 Particle in curved microchannels and Dean flow 

2.5.1 Curved microchannel for particle manipulation 

Curved channels are present in many practical industrial applications and in nature: 

turbomachinery blade passages, heat exchangers, aircraft intakes, meandering rivers, 
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blood vessels etc. Compared to straight channels, curved channels provide 

compactness, high mass and heat transfer efficiency as well as a broader regime for 

laminar flow. In biomedical engineering, curved channels also plays a crucial role, 

especially in blood flow and blood cellular component analysis [85]. Along with the 

development of microfabrication, microfluidics and lab-on-a-chip (LOC) devices are 

in high demand and investigated very intensely. This technology points out a 

promising way for detecting and separating of microparticles. Previous research 

demonstrated that particles could be focused at a single equilibrium outlet position by 

adopting a microchannel system consisting of curved channels, which is evidence for 

the potential first-step application in high-throughput cytometry, and continuous 

bioparticle separation. Although there isn’t convincing theory to explain why the 

particles would focus at the balance positions through a straight rectangular channel, 

further experiments of particles in curved channels have been conducted, which lead 

to more surprising outcomes. It is demonstrated that the symmetric curved channel 

and the asymmetric curved system focus the micro particles into single or double 

equilibrium positions under different particle Reynolds numbers [70], shown in Fig. 

2-13. After flowing through a channel of a particular symmetry, precise ordering of 

initially scattered particles is observed to line longitudinally along the direction of 

flow and focus laterally across the channel, which is shown in Fig. 2-13 a and c. The 

streams of particles will focus to a single position through drifting. For an asymmetric 

curving system, as Dean number4 increases, the particles would firstly focus to a 

 
4 A parameter we shall define and discuss extensively in the sequel. 
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single stream and then again diverge to two, shown in Fig. 2-13 d. 

 

Fig. 2-13 Inertial focusing in rectangular micro channels [86] 

Yoon et al. [87] fabricated a 180o curved rectangular microchannel and showed the 

size-selective separation and sorting of micro beads. The fabricated microchannel is 

shown in Fig. 2-14. Various curved micro-channels have been proposed for particle 

separation [88-90]. 
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Fig. 2-14 SEM image of the fabricated curved rectangular microchannel [87] 

Bhagat et al. [91] adopted a spiral microfluidic design to achieve particle focusing, 

shown in Fig. 2-15 (A) with fluorescent imaging. Other works [92-94] adopted spiral 

microchannels for size-dependant particle separation and showed that different-sized 

micro particles have distinct equilibrium positions, which could be collected in 

separate outputs. 

    

Fig. 2-15 Spiral microchannel for miroparticle focusing [91] 

It is known that the flow inside curved channels is usually characterized by a pair 

of counter-rotating symmetric vortices dominating the secondary flow. Fig. 2-16 (a) 

shows the general form of the secondary flow in curved rectangular channels from 

computational work [95] , where only the lower half section is shown since the 

solution is symmetric. Dean [1] first gave the solution of the flow in curved pipes, 

demonstrating the existence of secondary flow. He also adopted perturbation analysis 

for the viscous Newtonian pressure-driven flow in curved channels [96], with the 

assumption of infinitesimal curvature ratio, 1/r a R= , where a  is the width of the 

channel cross-section and 1R  the radius of inner curved wall. In the same paper, it is 
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demonstrated that if a non-dimensional number, the Dean number, exceeds a specific 

value of 36 for this infinitesimal curvature ratio channel, an instability in the solution 

emerges. This type of threshold value points to a minimum Dean number for 

secondary flow to occur. This kind of instability problem is called Dean instability 

and the flow through a curved channel with secondary flow is called Dean flow. 

Several studies have looked at developed laminar Newtonian flow in curved pipes 

(i.e. conduits with circular cross-section) [97, 98]. Typical results of such studies are 

shown in Fig. 2-16 (b), where the secondary streamlines and contours of axial 

velocity for the curved pipe are evident. In that figure, ‘I’ denotes inner bend, ‘O’ 

refers to outer bend and ‘D’ is Dean number. However, in terms of fabrication 

efficiency and geometry flexibility, curved channels with rectangular cross-section are 

superior – much easier to build and with much better size and precision control. 

Hence this type of geometry constitutes the focus of this work. 

    

(a) rectangular channel [95] 
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(b) circular pipe [98] 

Fig. 2-16 Secondary streamlines and axial-velocity of flows in curved channel.  

Research to date about curved conduits can be mainly divided into 3 categories: 

analytical [96, 99, 100], experimental [101-104] and computational [104-108] studies. 

Before discussing of characteristics of Dean flow and the scientific problems in the 

area, the important definition of Dean number should be introduced. 

2.5.2 Dean number 

There are several different expressions suggested regarding this important quantity, 

that often cause misunderstanding and confusion in interpretation [98]. The original 

definition adopted in Dean’s work [96] is 

1

2

1

( ) Re
a

De
R

= , where a  is the distance 

between the two cylindrical wall sections (the two walls, i.e. the “width” of the 

passage), 
1R  is the radius of inner curved wall and Re denotes the Reynolds number, 

which is an important dimensionless number that represents the ratio of inertial forces 

to viscous forces – Re
VL


= , V  is the mean fluid velocity; L  is the characteristic 

dimension;   is the kinematic viscosity. But since then, numerous works adopted 

variants of this expression. Berger et al. [98] suggested 
1

2
2

( ) ( )
a av

De
R 

= , where a is 

http://en.wikipedia.org/wiki/Dimensionless_number
http://en.wikipedia.org/wiki/Ratio
http://en.wikipedia.org/wiki/Inertial
http://en.wikipedia.org/wiki/Viscous
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the radius of the circular cross-section, R  denotes the radius of the curved pipe’s 

centre line. Other definitions are presented here: 
1

2( ) Re
D

De
R

= , where D  represents 

the inner diameter of the micro-tube and R  is the radius of curvature [103] ; 

0.5( ) Re
2

hD
De

R
= , where hD  is the hydraulic diameter of microchannel with 

rectangular cross-section [92]. 
4

h

A
D

P
= . For a rectangular duct, 

2
h

ab
D

a b
=

+
. In the 

present work, the more generally accepted form [87, 104, 109, 110] of the Dean 

number for rectangular curved channels is adopted, as 0.5( ) Reh

c

D
De

R
= , where cR  is the 

mean curvature radius. Dean number has a significant physical meaning ,which is the 

ratio of square root of the product of inertia and centrifugal forces to viscous forces 

[98]. Because the secondary flow is generated by interaction of centrifugal force and 

viscous force, Dean number is regarded as a measure of magnitude of the secondary 

flow. For a channel with fixed cross-sectional shape (radius for a circular pipe; aspect 

ratio for a rectangular channel), Dean number takes account of both flow velocity and 

the curvature ratio of the channel, thus it offers a more insightful description of the 

curved channel induced flows. 

The threshold Dean number for secondary flow to occur is zero for the curved 

rectangular channel with finite aspect ratio [111], which indicates that inside a curved 

channel of this type, there are always vortices. As the Dean number increases, related 

research has followed three different tracks [98]. For small Dean numbers, the 

perturbation method has been applied and demonstrated to be valid for this problem. 

For intermediate Dean numbers and large Dean numbers, the boundary layer concept 
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is applicable and the assumption is made that the viscous effect is concentrated in thin 

layers and the flow outside the boundary layers is inviscid. These assumptions put 

limits on the validity of such analytical investigation. Along with the improvement in 

the field of computational fluids dynamics (CFD), more numerical solutions for 

developed laminar flow in curved rectangular channels have been conducted and 

predicted the secondary flow and detailed flow field. 

1. The stability problem 

The inertia of the flow and the curvature of the channel induce a centrifugal force 

outward from the inner wall (convex wall) to the outer wall (concave wall). However, 

there is a positive pressure gradient in the same direction, thus the pressure near the 

outer wall is higher than the inner wall. The imbalance between the centrifugal force 

and the pressure gradient becomes the cause of the secondary flow which results in a 

pair of counter-rotating symmetrical vortices. Beyond a critical value of Dean 

number, 
e criticalD −

, another pair of vortices shows up near the outer wall of the channel, 

which is called Dean vortices. The first and second pair of vortices seem similar in the 

terms of their formation with the increase of eD . However, their mechanisms are 

distinct. The first pair of vortices are caused by the imbalance between the centrifugal 

force, pressure gradient and viscous force. They are always near the upper and lower 

end walls. But the Dean vortices are due to the Dean instability mechanism. They 

appear near the centre of the outer wall. The Dean instability is just one kind of 

centrifugal instability, which also includes the instability of Taylor-Couette flow 

[104]. With Dean number increasing, the radial positive pressure gradient and the 
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centrifugal force increase dramatically. The flow system approaches a point where the 

imbalance of the radial pressure gradient and the centrifugal force becomes unstable. 

At that critical point, the second pair of vortices emerges [112]. Fig. 2-17 

demonstrates the development of these structures with increasing Dean number [101].  

 
Fig. 2-17 The generation of Dean vortices in a curved channel with square cross-

section [101] 

Numerous works have demonstrated the second vortex pair and intensively 

investigated the instability problem. Reid [99] took two methods of approximation 

solutions to confirm the critical Dean number (about 36) suggested by Dean [96]. 

Brewster et al. [100] analytically investigated more extended cases. Balis [113], Mori 

et al. [114] and Humphrey et al. [115] gave experimental results of the flow through 

curved square ducts and described the structure of the secondary flow. Hille et al. 

[116] investigated the development of laminar flow in a 180   section of a curved 

square duct by laser-Doppler anemometry (LDA). Ligrani et al. [117] showed the 

results of Dean vortex over a range of Dean number from 40 to 220, using a 

transparent channel with curvature ratio 40. Joseph [118] gave numerical solutions of 
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steady laminar flow in curved channels of square cross section and reported that 

above Dean number of 100, a new secondary flow appears. Thangam et al. [119] 

adopted a finite volume method to study the secondary flow in a curved duct and 

showed ‘roll cells’, namely the Dean vortices. It was suggested that for curved 

channels with high curvature the Dean instability depends on the Dean number and 

the curvature ratio, while for small curvature channels the onset of the Dean 

instability is only decided by the Dean number. Fellouah et al. [104, 109] 

systematically investigated the criterion for onset of the Dean instability in Newtonian 

fluids and provided a criterion based on the radial gradient of the axial velocity which 

was suggested to be more accurate than the visualization criterion. That work also 

showed that other factors, like curvature ratio and aspect ratio of the curved channel, 

play a considerable role on the Dean instability. Targett et al. [120] adopted a 

numerical method for large and infinite aspect ratio with small radius ratio of 0.05. 

The results showed that for infinite aspect ratio channels, the critical Dean number is 

37.31, above which pairs of counter rotating vortices would occur. For large but finite 

aspect ratios a weak secondary motion is found to occur below the critical Dean 

number. 

For the criterion of detection of the onset of Dean instability, most published papers 

use the visualization of the second pair of vortices which is a qualitative criterion. The 

visualization technique depends strongly on the accuracy and sensitivity of the 

equipment in the experimental investigation; also, as far as numerical work is 

concerned, it relates considerably to the grid density or the iso-value contour lines 
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selected. Fellouah et al. [104, 109] suggested a quantitative criterion of measuring the 

radial gradient of the axial velocity which is claimed to be more accurate and reliable. 

The method is firstly locating the centre of the Dean vortices for a Dean number large 

enough and then decreasing the Dean number gradually until the Dean vortices 

disappear. It is found that for low Dean numbers (only with the first pair of corner 

vortices) a double-peak of the radial gradient of the axial velocity occurs, namely the 

slope of the gradient turns three times; for high Dean numbers (with the Dean vortices 

appearing) a triple-peak radial gradient of the axial velocity shows up, where the slope 

turns five times. The radial gradient of the axial velocity is shown in Fig. 2-18 [104]. 

Other measurements, like the shear stress on the concave wall, are limited for the 

stress could only be detectable when the Dean vortices have developed sufficiently. 

 
Fig. 2-18 Radial gradient of axial velocity along the centres of Dean vortices [104] 

  At the early state of the research on Dean flow, the Dean number was regarded as the 

primary control parameter. But this hypothesis is not necessarily valid. More and 

more studies suggested there are several factors influencing the Dean instability, in 
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which the important ones are curvature ratio, aspect ratio and the characteristics of the 

fluids, etc. They are discussed as follows. 

(1) Curvature ratio 

Although the curvature effects are contained in the Dean number, with the 

increasing of the channel curvature, it is found that the instability in channels with 

high curvature is controlled by the Dean number as well as the curvature ratio itself 

[104, 109, 119]. The results of these studies are summarized in Fig. 2-19 (a) [104]. 

Here, the curvature ratio is 
c h/r R D= , where hD  is the hydraulic diameter and cR  

indicates the mean curvature radius. With the curvature ratio increasing to about 10, 

the critical Dean number decreases dramatically and then approaches a constant value. 

In other words, if we increase the curvature of the channel, the critical Dean number 

will increase, indicating that the instability is more difficult to emerge in highly-

bending channels. The explanation for this is that the axial curved length is shorter at 

the same axial angular position for the channels with higher curvature than that of 

channels with lower curvature. For the smaller axial curved length, a higher 

centrifugal force is needed to form Dean vortices. The secondary velocity component 

profile is also reported, showing with the curvature of the channel increasing, both the 

maximum peak value of the secondary velocity component and the width of peak 

increases, as in Fig. 2-19 (b) [104]. This indicates that the increasing of the curvature 

of the curved channel will lead to strengthening and enlargement of the span of the 

corner vortices. 
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Fig. 2-19 (a) Effect of curvature ratio of curved channel with different aspect ratio on 

the Dean instability [104] 

    

(b) Effect of curvature ratio on secondary velocity component distribution on mid-

curve plane [104] 

(2) Aspect ratio 

For a curved channel with infinite aspect ratio and gap-to-inner radius ratio of 0.05, 

Targett et al. [120] found the threshold Dean number for vortices to appear is 37.31, 

under which no obvious secondary motion was shown. For large but finite aspect 

ratios, they also reported critical Dean numbers for different aspect ratios. In a more 

general framework, both experimental work [101] and numerical work [104, 109] 

have summarized the effect of aspect ratio on the Dean instability, which is shown in 

Fig. 2-20 (a). There is a local minimum of the critical Dean number at about aspect 

ratio / 1n b a= = , where b  is the channel height and a  is the channel width, namely 

the square cross section. In a general view, for n  ranging from 1 to 4, the critical 
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Dean number increases to a local maximum. Beyond 4n = , the critical Dean number 

decreases and reaches a constant value at around 8n = . These results could be 

explained by the interaction between the secondary flow strength and the channel 

confinement effect. Increasing the aspect ratio will decrease the relative transverse 

flow length, which makes the Dean instability harder to appear. But increasing the 

aspect ratio will also decrease the vertical confinement effect because the Dean 

vortices have more space and find it easier to expand. These two opposite sides lead 

to a behaviour where the critical Dean number vs aspect ratio is not monotonical for 

the same channel. For the shallow channel ( 1n  ), the confinement effect dominates 

hence the secondary flow is harder to appear, leading to the increasing of the critical 

number. For the intermediate channel (1 8n  ), both effects are working: for 

1 4n   the secondary flow effects dominates thus the critical Dean number 

increases with aspect ratio; for 4 8n  , the confinement effects dominate hence the 

critical Dean number decreases. For the deep channel ( 8n  ), the influence of the 

upper and lower walls is relatively small, so the critical Dean number decreases 

smoothly and approaches a constant, which indicates that it does not dependent on 

aspect ratio any more [104].  



Microfluidics and Particles: Simulation - Devices - Applications 

 

C. Wang 54 

 

    

Fig. 2-20 (a) Effect of aspect ratio on Dean instability [104] 

 

(b) Effect of aspect ratio on axial velocity profiles on the horizontal mid plane [104] 

Fig. 2-20 (b) shows the different axial velocity profiles on the horizontal mid-plane 

at the exit of a 180   curved channel with 55eD = . It shows that with the aspect ratio 

increasing, the peak of the axial velocity is moving from the position near the outer 

wall to the vertical centre line of channel cross section. In the meanwhile the 

maximum velocity is decreasing, which clearly demonstrates the confinement effect. 

(3) Fluid properties 
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The fluid characteristics are also reported to have a considerable influence on Dean 

flow [107, 109]. Fellouah [109] presented the numerical solutions of the Dean flow 

for a power-law fluid and for a Bingham fluid. It shows that the critical Dean number 

decreases with increasing of power-law index, while the critical Dean number 

increases with the increasing of Bingham number. The results are shown in Fig. 2-21 

(a) and (b).  

    

(a)                      (b) 

Fig. 2-21 (a) Effect of power-law index on the onset of instability [109] (b) Effect of 

Bingham number on the onset of instability [109] 

A power-law fluid is a type of non-Newtonian fluid of which the shear stress is 

given by ( )nu
K

y



=


, where K  is the flow consistency index, 

u

y




 is the shear rate or 

the velocity gradient perpendicular to the plane of shear, and n  is the flow behaviour 

index which is dimensionless. A Bingham fluid has the characteristic of Bingham 

plastic which behaves as a solid body at low stresses but flows as a viscous fluid at 

high stress and the Bingham number denotes the ratio of yield stress to viscous stress. 

(4)  Angular position 

  Along with the angular position downstream the centerline, the Dean flow develops 

http://en.wikipedia.org/wiki/Fluid
http://en.wikipedia.org/wiki/Dimensionless_quantity#cite_note-berkley-4
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gradually to reach the criterion of instability [104]. The trend is shown in Fig. 2-22. 

 

Fig. 2-22 The angular position on the detection of critical Dean number [104] 

With Reynolds number further increasing, the Dean flow could become time-

dependent and two distinct types of travelling wave flows arise: undulating and 

twisting Dean vortex flow [121], which are unstable and non-symmetric, shown in the 

Fig. 2-23 (a) and Fig. 2-23 (b). We would focus on steady state flows in this study, 

therefore we shall not expand as far as time-dependent flows are concerned. 

   

(a) Undulating Dean vortices 
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  (b) Twisting Dean vortices 

Fig. 2-23 Travelling wave flows [121] 

2.5.3 The flow field and velocity distribution in Dean flow 

The Dean instability problem presents the Dean vortices structure which is 

necessary for us to understand the whole flow field and the velocity distribution. 

Generally, the flow field of the Dean flow depends on several factors: the Dean 

number, the curvature ratio, the aspect ratio, the fluid characteristics as well as the 

velocity profile at the inlet boundary. Among them, the Dean number is the 

characteristic number, playing a key role in controlling the flow field. Fig. 2-24 (a) 

and Fig. 2-24 (b) represent the axial velocity profile on the horizontal mid-plane and 

the vertical mid-plane of curved square channels for the Dean number ranging from 0-

100 and 60-350 respectively [104, 111]. With the increase of Dean number, the peak 

of the axial velocity profile firstly moves toward the outer wall, namely the concave 

wall, indicating a transfer of axial momentum from the centre of the channel to the 

concave wall, which is shown in Fig. 2-24 (a). Thus the centrifugal force takes the 

effect of shifting the location of the maximum axial velocity toward the outer wall and 
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decreasing the maximum value, as the Dean number increases. As the transfer 

becomes stronger, the imbalance of the centrifugal force and the pressure gradient 

causes the Dean instability, inducing the formation of the Dean vortices. The Dean 

vortices transport fluid from the inner wall to the outer wall which will obviously lead 

to a shift of the velocity peak value from the convex wall to the concave wall, until 

300De = , which is demonstrated in Fig. 2-24. However the peak value of the axial 

velocity is continuously decreasing, indicating that the mainstream is transferring 

more and more momentum of fluid to the secondary flow. The axial velocity profile 

on a vertical line is turning from parabolic to double-peak type, which corresponds to 

formation of the first pair of vortices. The two peaks correspond to the centres of the 

two corner vortices and move toward the upper or lower walls. For 300De  , the 

peak shifts to the inner wall again since the appearance of the second pair of vortices 

push the first pair away from the outer wall. The vertical velocity profile becomes 

three-peak and then decreases to be flat, indicating the formation of the second pair of 

vortices and its mixing with the rest flow, shown in Fig. 2-24 (b). Here, 300De =  is 

not a critical number but case-dependent. 

   
(a) [111] 
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(b) [104] 

Fig. 2-24 Axial velocity profile on the horizontal mid-plane and the vertical mid-plane 

of a square cross section channel  

Fig. 2-25 shows the secondary velocity components on the vertical mid-plane with 

Dean number increasing for a square cross section channel [104]. For the Dean 

number from 60 to 100, the two peaks move towards the flat walls indicating the 

centres of the corner vortices move apart from the centre of the channel. In the same 

range of Dean number, the horizontal velocity component only has one positive peak. 

When 150eD   two additional peaks appear in the vertical velocity profile and the 

number of positive peaks increase to two due to the onset of the Dean instability. 

 
Fig. 2-25 The secondary velocity components on vertical mid-plane in a square -

section channel [104], v is vertical component, u is horizontal component 
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  The location of the centre of circulation along with De  increasing is also studied in 

the interest of investigating the secondary flow pattern [111]. Fig. 2-26 (a) shows that 

the centre of circulation moves from the centre to the outer wall firstly and then 

moves back to the centre line of the channel in the horizontal direction. The centre of 

circulation in the vertical direction moves toward the upper or lower wall 

continuously indicating that the Dean vortices compress and “crush” the corner 

vortices to the flat walls and increase the intensity of secondary flow near the upper or 

lower walls. This is in good agreement with Fig. 2-24. 

  It should be noticed that the aspect ratio also plays a key role for the Dean flow 

velocity distribution. Fig. 2-26 (b) shows a different axial velocity distribution for the 

aspect ratio / 8n b a= =  when comparing to Fig. 2-24 (a) and (b) where 1n = . The 

peak of the profile is firstly moving toward the inner wall gradually but then shifted to 

the outer wall at higher Dean number. 

    

(a) 
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(b) 

Fig. 2-26 (a) Distribution of secondary velocity components in two directions at the 

centre of vortex in a square cross section channel [111] 

(b) Axial velocity profile on the horizontal mid-plane of a square cross section 

channel with the aspect ratio b/a=8 [104] 

  To summarize, both the flow pattern and the flow velocity distribution of the Dean 

flow vary evidently with different Dean numbers, the curvature ratio and aspect ratio. 

As discussed before, we intend to use these emergent fluidic patterns to induce and 

control separation of particles, via particle size-dependent loading, originating from 

local shear. This complexity offers significant potential for control and design options, 

but also poses substantial problems and grounds for research. 

2.6 Simulation of particle-flow coupling 

Due to the small dominant characteristic length scale, the flows in microfluidic 

systems are mostly laminar. However distinctive phenomena have been observed in 

fluids of such scales, which make microfluidics an area of great importance for 

research. Complicated three-dimensional geometries and large particles with 
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dimensions comparable to those of the microchannels are the most important issues of 

microfluidic devices [2]. 

With Computational Fluid Dynamics (CFD), the flows in various microchannels 

can be solved numerically. However further research is needed for movement of 

large-scale particles inside such microchannels. Generally, 2 categories of forces are 

controlling the movement of a particle in a fluid: (1) forces through the interface 

between fluid and particles, e.g. drag force, pressure force, lift force etc.; (2) forces 

imposed by external fields, e.g. gravity, electric field or magnetic field. 

To study numerically particle-fluid interactions, there are two major approaches: 

the two fluid (Eulerian) approach [122] and the trajectory (Lagrangian) approach [73]. 

The two fluid [123] approach is suitable for problems in which the particle phase is 

evenly distributed, and the particles are numerous and very small. In our case, particle 

sizes can – in certain cases – be comparable to the channel dimension (see discussion 

in Chapter 1) so obviously the particles phase is not evenly distributed. On the other 

hand, traditional trajectory approach [124] is based on the point-particle 

approximation, including: volume-averaged models [125] and discrete element 

methods (or discrete particle methods) [126]. However for big particles, point-particle 

models cannot take the volume or shape of large-scale particle into account. In recent 

years, for large-scale particle simulations multi-domain and single domain methods 

have been proposed. In the multi-domain method, also called overset mesh or chimera 

method [127, 128], a sub-mesh domain is built covering an individual particle and the 

grid of background domain is overlapping with the particle mesh domain. The 
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information is exchanged between these two sets of meshes, shown in Fig. 2-27. 

However when the particles migrate close to each other or to the boundary walls, the 

overset mesh scheme is fraught with problems. Single domain methods, including 

body fitted methods, fictitious domain methods and Immersed Boundary methods 

etc., have shown potential for simulation of large-scale particle-fluid coupling. In 

body fitted methods, Hu et al. [129] developed the arbitrary Lagrangian–Eulerian 

(ALE) moving unstructured finite-element mesh technique for direct simulations of 

fluid-solid systems. Unstructured meshes are easier to generate to conform to complex 

geometries, but it has to be generated iteratively and involve the 

projection/interpolation of information from the previous grid to the new grid, which 

can have adverse effects on computational robustness and cost. The grid quality 

cannot be guaranteed as well with the increasing complexity of geometries. Fictitious 

domain methods [130] and the immersed boundary methods [131, 132] can both 

adopt structured grids. However, particular extra treatments are needed in these 

approaches. The fictitious domain method requires substantial mathematical efforts to 

convert the domain to a simple one, while in immersed boundary methods a forcing 

function that represent the effect of the solid particle to the flow is adopted. Other 

techniques involve adopting body-force terms to implement constraints acting on the 

fluid, such as the Eulerian-Lagrangian method [133] and the force coupling method 

[134]. 
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Fig. 2-27 Chimera method [135] 

It is decided not to describe, to any extend, the numerous computational methods 

that form the background of any particle-flow coupling technique, i.e. the core 

methodologies for solving the governing equations of continuous transport 

phenomena (momentum, mass, species and energy), since this literature is now very 

mature and there are numerous excellent volumes that outline both the various 

techniques, but also describe specific techniques to a great detail. The reader is 

referred to [136] for a description that is of substantial breadth, but also presents the 

control volume approach specifics utilized in this study. The next chapter is dedicated 

to a description of the methodology used, together with a detailed presentation of the 

new contributions this study has made to challenging numerical facets of the particle-

flow coupling aspects of the method. 
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3. Numerical methods 

 

To investigate particle movement and separation mechanisms in microfluidic 

channels, the computational simulation approach offers cost and turnaround time 

benefits, since it allows to explore and possibly eliminate numerous preliminary 

designs. In result, the manufacturing and testing of a host of competing microchannels 

or processes can be partially replaced with modeling. Moreover, the detail and 

specificity that simulation offers can help explore complicated physical mechanisms 

and reveal features of scientific and practical interest. We pursue an approach which, 

beyond known point-particle coupling approximations, allows us to probe the physics 

and interaction dynamics of this system to a very high degree of specificity, accuracy 

and resolution. This chapter introduces the numerical method - CFD (based on the 

finite volume method), Surface Marker Point method and our approaches for fluid-

particle coupling. 
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3.1 Governing Equations 

After experimental and theoretical fluid dynamics, Computational Fluid Dynamics 

(CFD) emerged as the ‘third approach’ in the study and research of the whole 

discipline of fluid mechanics [137]. With the development of high-speed computers as 

well as advances in numerical algorithms, CFD turns out to be a new mighty tool for 

solving problems involving fluid flow. From oceanography to aeronautics, from 

modern vehicle design to turbomachinery, a wide range of disciplines and engineering 

applications are promoted by CFD to a degree that it is nowadays regarded as an 

equal to pure theory and pure experiment in the solution and analysis of fluid dynamic 

problems. In fact, CFD is playing an ever-increasing role as a research and design 

tool, as well as helping to interpret and understand the results of theory and 

experiment, and vice versa. 

  In comparison with the experimental approach, CFD could break through the 

limitation of reality, saving huge amount of resources, like the wind tunnels for 

aerospace research, the models for turbomachinery experiments, etc. Comparing with 

the theoretical approach, it overcomes the well-known issue of lack of analytical 

solutions for many (most) practical interest cases, which are often too complex 

geometrically. CFD also gives us more detailed features of the flow field, in a more 

direct way. For the present work, to investigate the complex Dean flow, which is 

dependent on the Dean number, the curvature ratio and aspect ratio, CFD is no doubt 

a valuable tool, providing a systematic view without the need to manufacture endless 

experimental apparatuses. Moreover, given that the target of this study is to 
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investigate separation of particles in microchannels, an additional strength of 

computational investigation is brought forward for complex systems, since 

miniaturization gives rise to numerous problems as far as experimental investigation 

is concerned (resolution, manipulation, field of view etc.). Small scale computational 

models can be set-up with no more difficulty than macroscopic ones and can provide 

detail of information that is difficult, if not impossible, to match in an experiment. 

However, to work with CFD, a solid background in both fluid mechanics and 

numerical analysis is needed [138]. Similar to the theoretical approach, CFD analysis 

firstly represents the fluid flow problems by physical models. Then these physical 

models should be interpreted as mathematical models by establishing the governing 

equations as well as the boundary and initial conditions. To analyze these equations is 

to deliver the solutions of the independent variables, like the velocity components and 

the pressure throughout the flow field. Different from theoretical analysis, to obtain an 

approximate solution numerically, CFD adopts a discretization method which 

substitutes the differential governing equations by a series of algebraic equations 

which can be then solved on the computer. In general, for mesh-based methods, the 

discretization process divides the whole domain into small sub-domains in space and 

time, so the solution derived above is actually a numerical solution which applies to 

discrete locations [138]. The accuracy of the solution thus is dependent on the quality 

and fineness of discretization, amongst other things. 

The fundamental equations of fluid flow are derived from the basic physical 

principles: 
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a. Mass is conserved 

b. Newton’s second law: m=F a which implies that momentum is conserved 

c. Energy is conserved 

Thus the system of equations includes continuity, momentum and energy equations 

respectively. 

3.1.1 The Continuity Equation 

Continuity follows the physical principle of mass conversation. The derivation of 

this equation considers the mass flowing into and out of a control volume (CV) 

element. In Cartesian coordinate system, the equation is expressed as: 

( ) ( ) ( )
0

u v w

t x y z

      
+ + + =

   
 (3.1) 

where   is the local density; u , v , w  are the velocity components. 

For steady flow, the solution should be independent of time, which means 0
t


=


. 

Thus the equation for steady flow is expressed as: 

( ) ( ) ( )
0

u v w

x y z

    
+ + =

  
  (3.2) 

For incompressible fluid,  =constant, which means 

 0
d

u v w
dt t x y z

       
= + + + =
   

. So we can derive the simplified continuity 

equation for incompressible liquid: 

0
u v w

x y z

  
+ + =

  
 (3.3) 
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3.1.2 The Momentum Equation 

Another fundamental physical principle involves the conservation of momentum 

and Newton’s second law, m=F a . 

By considering the relation between the forces (body forces and surface forces) and 

the acceleration of the fluid element, the equations are derived as: 

P

x


−


( )
yxxx zx

x

u u u u
f u v w

x y z t x y z

 
 

     
+ + + + = + + +

      
 (3.4a) 

( )
xy yy zy

y

P v v v v
f u v w

y x y z t x y z

  
 

      
− + + + + = + + +
       

 (3.4b) 

( )
yzxz zz

z

P w w w w
f u v w

z x y z t x y z

 
 

     
− + + + + = + + +
       

 (3.4c) 

where xf , yf  and 
zf  denote the 3 components of body force per unit mass acting on 

the fluid element, when they are present; P is the pressure and ij  ( i j ) is the shear 

stress in a fluid element relating to the time rate of change of the deformation of the 

fluid element; whereas the normal stress ii  (when i j= ) relates to the time rate of 

change of volume of the fluid element. 

( ) 2xx

u

x
  


=  +


V   (3.5a) 

( ) 2yy

v

y
  


=  +


V  (3.5b) 

( ) 2zz

w

z
  


=  +


V  (3.5c) 

( )xy yx

v u

x y
  

 
= = +

 
 (3.5d) 

( )xz zx

w u

x z
  

 
= = +

 
 (3.5e) 
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( )yz zy

w v

y z
  

 
= = +

 
 (3.5f) 

where   is the molecular viscosity coefficient and   is the second (or bulk) viscosity 

coefficient, u v w= + +V i j k  is the velocity vector. 

Stokes made the hypothesis: 

2

3
 = −  (3.6) 

Substituting the equations 3.5 (a-f) and 3.6 into 3.4(a-c), we can obtain the well-

known Navier-Stokes (N-S) equations: 

( ) ( )2( ) ( ) uv uwu u

t x y z

     
+ + + =

   
 

2
( 2 ) ( ) ( )

3
x

P u v u w u
f

x x x y x y z x z
   

            
− + −  + + + + + +                

V  (3.7a) 

( ) ( )
2

( ) ( ) v vwv uv

t x y z

     
+ + + =
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2
( ) ( 2 ) ( )

3
y

P v u v w v
f

y x x y y y z y z
   
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− + + + −  + + + +     
             

V  (3.7b) 

( ) ( )2

( ) ( ) wvww uw

t x y z

   
+ + + =
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2
( ) ( ) ( 2 )

3
z

P w u w v w
f
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   

            
− + + + + + −  + +                

V  (3.7c) 

They are called the Navier-Stokes equations in honour of two men, M. Navier and 

G. Stokes, who independently obtained the equations in the first half of the nineteenth 

century [137]. 

It is essential we simplify the complete Navier-Stokes equations according to the 

problems we are solving. In many applications the fluid density could be assumed as 
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constant. The compressibility is generally neglected even for gases when the Mach 

number is below 0.3. For such incompressible flows (or flows with constant density) 

the equations are expressed as: 

2 2 2

2 2 2
( ) ( ) x

u u u u u u u
u v w u v w f

t x y z x x y z


  
       

+ + + = − + + + +
       

 (3.8a) 

2 2 2

2 2 2
( ) ( ) y

v v v v P v v v
u v w u v w f

t x y z y x y z
  
       

+ + + = − + + + +
       

 (3.8b) 

2 2 2

2 2 2
( ) ( ) z

w w w w P w w w
u v w u v w f

t x y z z x y z
  
       

+ + + = − + + + +
       

 (3.8c) 

Furthermore, they can be simplified in form by adopting vector operators: 

 2( ) p
t

  


+  = − +  +


V
V V V f  (3.9) 

The left of the equation is demonstrating the inertial change per volume of fluid 

while the right is the sum of the forces acting on the fluid (i.e. Newton’s second law). 

The first term on the left is unsteady acceleration, relating to the acceleration at a 

fixed location; the second term is convective acceleration, namely the effect of time 

independent acceleration of a fluid element with respect to space. On the right, the 

first term is the pressure gradient; the second term is viscosity interpreted as diffusion 

of momentum or as shear stress; the third term is body force, usually gravity, 

centrifugal forces, electromagnetic forces etc. 

3.2 Discretization Approaches 

A suitable discretization method must be chosen for the differential equations to be 

substituted by a series of algebraic equations to deliver the solutions at the selected 

discrete locations in space and time. The 3 most important and commonplace 
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approaches are: finite difference (FD), finite volume (FV) and finite element (FE) 

methods. Other methods exist, such as boundary element methods and particle 

methods, but the prevalence of the first three in CFD is such that we shall briefly 

present those and then focus on the finite volume method, which is the technique used 

in this study. 

3.2.1 Finite Difference Methods 

This is the oldest method for solving partial differential equations (PDEs). It is 

applied on the domain of interest after it has been covered, or discretized, by a grid. 

The differential equation is approximated by replacing the partial derivatives by 

difference quotients of the nodal values. For doing this, Taylor series expansion is 

normally used to obtain the approximation of the first, second or higher order 

derivatives at the desired degree of accuracy. Eventually the PDEs are replaced by a 

system of algebraic equations per grid node. Fig. 3-1 shows an exemplar for a 2D grid 

which FD methods adopt. 

 

Fig. 3-1 2D Cartesian grid for FD methods 

By ignoring the higher order terms in Taylor series expansion, the approximation of 

the first derivative can be expressed as: 
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  +

+

− 
= 

 − 
  (3.10a) 

, 1,

, , 1,

i j i j

i j i j i jx x x

  −

−

− 
= 

 − 
  (3.10b) 

1, 1,

, 1, 1,

i j i j

i j i j i jx x x

  + −

+ −

− 
= 

 − 
  (3.10c) 

where   is the local generic quantity, x  is the coordinate. 

These are the forward difference, backward difference and central difference 

schemes respectively. In fact, in these equations we have deleted the higher order 

terms which constitute the truncation errors on the right hand side. This indicates the 

accuracy of the approximation.  

The numerical solution is influenced by two sources of error: 

1. Discretization error: This is the difference between the exact analytical 

solution of the partial differential equation and the exact solution of the corresponding 

difference equation. The discretization error equals to the truncation error plus any 

errors introduced by the numerical treatment of the boundary conditions. It is related 

to the fineness of the grid applied as well as the chosen discretization scheme. 

2. Round-off error: Round-off error arises for calculations can only be performed 

to a finite number of significant figures on the computer. 

In the FD method, the stability behaviour of the numerical solutions must also be 

raised. If the numerical solution is converging consistently to the exact solution, the 

numerical approach is stable. If the numerical error is amplified from one step to the 

next, the calculation will be unstable. Thus the stability should be discussed before 
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any numerical error analysis. 

On simple grids topologies, the FD method is simple and effective. The 

disadvantage of FD methods is the basic conservation laws are not identically 

satisfied, unless special treatment is taken [138]. 

3.2.2 Finite element Method 

The FE method is mostly popular for structural analysis of solids but it is also used 

for fluids problems. It is similar to the FV methods to some extent for the domain is 

also broken into a set of discrete volumes or finite elements. However FE method 

adopts a weight function and then integrates the governing equations over the entire 

domain. Then the flow variables within each element can be calculated, given applied 

restrictions on the continuity of functions over element interfaces [138]. 

The advantage of FE method is it can deal with varied geometries, the grids are 

conveniently refined and the element could be adaptably divided. It is significantly 

more involved in implementing than the other methodologies however. 

3.2.3 Finite Volume Method 

The FV method adopts the integral form of the conservation equations on a finite 

number of contiguous control volumes which are divided from and define the domain. 

Consider the generic conservation equation for a quantity  : 

( )
( ) ( ) S

t



  


+ =   +


V  (3.11) 

where   is the diffusion coefficient, S  is the source term for  .  
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The four terms in the above equation are the unsteady term, the convection term, the 

diffusion term and the source term. To illustrate the FV method, we just simplify the 

equation by assuming it is one dimensional steady non-convective problem. Thus it 

could be denoted as: 

0D S
x x



  
+ = 

  
 (3.12) 

where D is set to be a constant diffusion coefficient. 

Fig. 3-2 shows the one-dimensional local domain. P, E and W are the neighboring 

nodes. The control volume is between e and w5. 

 
Fig. 3-2 One dimensional domain for FV method 

A finite integration is applied over the control volume: 

0

e e

w w

D dx S dx
x x



  
+ = 

  
    (3.13) 

By applying the grad theorem, we can rewrite the first term: 

0

e

e w w

D D S dx
x x



     
− + =   

    
   (3.14) 

For the derivatives we can apply the difference quotient approach using the nodal 

variable value.  For the source term, the simplest approximation for integration is 
 

5 Traditionally, in control volume analyses, the symbols e,w,n,s,u,d are used to indicate nodes or 

elements “east” (to the right), “west” (to the left) etc. of the central node/element p. Smallcase indicates 

interfaces, capital case indicates nodes. 
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finding the average value S , satisfying 
e

w

S x S dx  =   . 

Thus the equation could be rewritten as: 

( ) ( )

( ) ( )
0e E P w P W

e w

D D
S x

x x


   

 

− −
− +  =   (3.15) 

By rearranging the terms, we can cast this equation in a common (and amenable to 

matrix manipulation) “pseudo”-linear system form: 

P P E E W Wa a a b  = + +   (3.16) 

where 
( )

e
E

e

D
a

x
= ; 

( )
w

W

w

D
a

x
= ; 

P E Wa a a= + ; b S x=   

The FV method is capable of utilizing any type of discretisation and thus any type of 

grid: it is suitable for complex geometries. Moreover, this method is inherently 

conservative, since the equations of conservation are satisfied, through the integration 

process mentioned above even for coarse resolutions. Also the terms needed to be 

approximated have clear physical meaning - fluxes. 

In the more general case, of multidimensional arbitrary meshes, consider a 2D 

control volume as shown in Fig. 3-3. For the convection term ( )  V  in generic 

conservation equation, in the finite volume method it is discretized by integrating as:  

( ) e e

eA

d dA C


     =  = V V nÑ  (3.17) 

 

Fig. 3-3 2D cell for finite volume discretization adapted from [139] 
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Hence, detailed discretization techniques should be applied because generally all 

dependent variables and material properties are stored at the cell centre P but the 

expression includes the variables at the cell face which need to be interpolated. There 

are several schemes employed for this step: first-order upwind scheme, central 

difference scheme, second-order upwind scheme etc. In the first-order scheme, e  is 

taken to be the value of   at the upstream cell centre: 

, 0

, 0

n

UP P e

e n

E e

if V

if V






 
= 


  (3.18) 

This scheme has first-order accuracy and is one of the most stable schemes. 

  In the central difference scheme,  

(1 )CD

e e P e E    = + −   (3.19) 

where 
e  is the geometrical weighting function at face e . It is known that 

conventional central difference scheme may give rise to non-physical oscillations in 

the numerical solution. Thus central difference scheme with damping is sometimes 

used: 

(1 )UP CD

e e e   = + −   (3.20) 

where   is the blending factor. This scheme has an order of accuracy between 1 and 

2. 

  In the second-order upwind scheme: 

( )
( )

3 , , 0

, , 0

n

C P eSUD

e n

EE E e

f if V

g if V

 


 

 
= 



  (3.21) 

where 3C and EE  represent the value at the positions noted in Fig. 3-3. We utilize 

exclusively 2nd order central differencing in this study, with a negligible amount of 
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artificial damping, resulting to a scheme that is almost purely second order in space. 

Iterative solvers for the discretized equations are more economical because they 

have less memory requirements than direct solvers. Here we introduce the Conjugate 

Gradient Squared (CGS) approach and the Algebraic MultiGrid (AMG) approach 

[139]. The conjugate gradient method is one of the most effective methods for the 

solution of symmetric, positive definite matrices. However, the matrices from 

discretization of the Navier-Stokes equation are asymmetric and so the CGS method 

is adopted by converting the asymmetric problem to a symmetric one. AMG method 

applies a multi-grid approach. The basic idea of a multi-grid solution is to use 

different grids for the same domain, from fine to coarse, to solve a set of equations. It 

firstly operates on the original grid to obtain the residual, then iterates on the coarse 

grid to get corrections taking the previous original grid residual as a source term, 

finally interpolates the corrections to the original grid and updates the original grid 

solution. By repeating the entire procedure the residual is reduced to the desired level. 

This method is effective because one grid can remove the errors of characteristic mesh 

spacing for the other. Further AMG offers two major advantages over other iterative 

methods including the CGS solvers: (a) the CPU time only increases in proportion to 

the number of variables in the equations; (b) faster convergence particularly for fully-

unstructured meshes. Thus we adopt the AMG solver. 

Pressure correction describes a series of methods in computational fluid dynamics 

for solving the Navier-Stokes equations for incompressible flows. They address the 

issue that in segregated solvers (i.e., solvers where the individual direction 

http://en.wikipedia.org/wiki/Navier-Stokes_equations
http://en.wikipedia.org/wiki/Incompressible_flow
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momentum equations and continuity are solved individually, and then iterated) 

continuity does not involve pressure as a variable. The general idea is firstly to 

compute the provisional velocity field by solving the momentum equations with the 

current pressure (the estimate from the previous iteration). Then, the pressure-

correction equation, which is derived from continuity, should be solved to gain a 

pressure-correcting value. The next step is to obtain the velocity correcting values 

through the relation between the velocity and pressure corrections. The new pressure 

and velocity value could be obtained by adding the correction to the starting pressure 

and velocities respectively. Then the new pressure will be the starting pressure for the 

next iteration. According to the different techniques for pressure correction proposed, 

different approaches can be found in the literature: SIMPLE, SIMPLER, SIMPLEC 

and PISO being the most well-known ones. 

In this study we utilize the SIMPLEC method, which stands for Semi-Implicit 

Method for Pressure-Linked Equations Consistent. Cast on FVs as demonstrated in 

section 3.2.3, the incompressible fluid momentum equation 3-9 is discretized. After a 

transformation for simplification, the equation can take a form: 

P P nb nb e e xe
nb e

a u a u S P A n=  + −  (3-22) 

where nb  refers to neighboring nodes; S  is momentum source term; e  denotes one of 

the faces of the cell.  

To solve this equation to get velocity components, the pressure field should be 

known. However, at the start of iteration the pressure field is unknown. Thus a 

pressure which should be evaluated for the initial value *P  is adopted to derive by 
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equation: 

* * *

P P nb nb e e xe
nb e

a u a u S P A n=  + −  (3-23) 

We assume u  and P  stand for the corrections, where *

Pu u u= + ; *P P P= + . 

Subtract equation 3-23 from equation 3-22 and merge items: 

P e xe P
e

u P A n D =   (3-24) 

where 
1

P

P nb
nb

D
a a

−
=

−
.  

Considering mass conservation equation: 

0e e e
e

v A =  (3-25) 

It can be formulated as: 

*( ) 0 ( )e e e e e e m
e e

V
v A v A S

t


 


+ = − =

V
 (3-26) 

where mS  is defined as mass correction (deficit). Thus the pressure correction 

equation is cast as: 

P P nb nb m
nb

a P a P S =  +  (3-27) 

To summarize, firstly from the evaluated pressure *P , *

Pu  is obtained through 

equation 3-23. Then the mass correction mS  can be calculated by equation 3-26, 

which is followed by solving for pressure correction 
PP   in equation 3-27. In this way 

velocity correction Pu  can also be computed using equation 3-24. By assigning 

*

Pu u u= +  and *P P P= +  to be the new evaluated velocities and pressure, a 

convergent solution can be obtained through iteration. 

CFD ACE, developed by ESI Group, Paris France, is a set of computer codes and 

applications for computational fluid flow analysis. Among a number of commercial 

CFD packages, ACE is chosen for the transparency of its calculations [140]. It adopts 
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the finite-volume discretization approach and SIMPLEC pressure correction method. 

 

3.3 Macro Particle and Surface Marker Point Approach 

Multiphase flows are encountered in a variety of scientific and engineering fields as 

well as application areas such as biotechnology, microfluidics, chemical processing, 

environmental research, etc. The present work involves particles flowing in 

microchannels, which is a multiphase flow problem. We shall describe here a 

technique – the Surface Marker Point approach – capable of modeling arbitrary size 

and shape particles in fluids, especially relevant when the particle dimensions become 

comparable to the flow length scales. In this case, the particles can no longer be 

treated as point particles, mainly because the influence of particles on the surrounding 

fluid is not negligible and must be accounted for. 

In this method, an individual particle is represented by a centre of mass location 

and a number of marker points (distributed on the particle’s surface), indicating its 

extent. The solution for the trajectory of the particle follows a Lagrangian-Eulerian 

route. The particle holds tangential no-slip and zero normal flux boundary conditions. 

The accuracy of this approach depends on the resolution of the particle, which in turn 

depends on the computational grids being used in the simulations. Thus the grids for 

the flow domains should not be much larger than the particle. Fig. 3-4 shows the grids 

in the domain and the marker points on the surface of the particle in this method. 
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Fig. 3-4 Surface Marker Point Approach 

For the fluid flow around the particle, the incompressible governing equations are 

presented: 

0c =V  (3.22) 

c c
c c c c c cP

t

 
     


+  = −  + +



V
V V τ f   (3.23) 

They are comparable to the standard conservation equations except for the presence 

of 
c , which is the local fluid volume fraction. τ  is the fluid stresses; f  indicates any 

body force. 

For the whole particle, the basic governing equations are the 6 degrees of freedom 

equations of motion in classical mechanics: 

d
m

dt
=

V
F   (3.24) 

d

dt
=

h
M   (3.25) 

where h  is the angular momentum; M  is the moment vector about the particle 

centroid. 

The forces acting on the particle include hydrodynamic and other body forces. 

Hydrodynamic forces on the particle can be computed at the surface: 



Microfluidics and Particles: Simulation - Devices - Applications 

 

C. Wang 83 

 

1

( )
N

Hyd k k k k k

k

p S
=

= − +  F n τ n   (3.26) 

where N  denotes the total number of marker points; 
kp  is the pressure imposed on 

the marker point k ; kτ  is the stress tensor at the marker point k ; kn  is the outward 

normal vector at the marker point k ; 
kS  is the surface area attached to marker point 

k . 

The moment vector M  could be calculated by the similar way of summing up the 

product of single moment vectors and the surface area attached to the each marker 

point. 

Thus, the movement of the particle, including translation and rotation, is explicitly 

computed. The blockage of the fluid domain by the particle and the corresponding 

transfer of momentum from one to the other are directly taken into account, thus the 

fluid moves the particle but it is also affected by its presence and its motion. For 

diluted samples focused on in this research, interactions between particles are rare, 

while lubrication effects also add barriers. Thus inter-particle collisions are not 

considered in this research, though both hard collision and soft collision approaches 

have been developed and can be conveniently integrated into current platform. 

Time integration of this coupled system is achieved by time marching techniques.  

Traditional time marching however results in certain challenges that we outline and 

address here. Time and space coordinates have a major difference: direction of 

influence [136], since force at a position can influence the flow anywhere while 

change at a moment can only influence the future. Thus error can also accumulate in 
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the coupled problem of flow-particle trajectory, which is sensitive to the initial 

conditions and time step. An obvious approach to address this is to reduce the time 

step, resulting in reducing the error, but it’s also not possible to decrease time step 

infinitely due to computational affordability. The time independence of the simulation 

results should at least meet two conditions. The first is a Courant–Friedrichs–Lewy 

(CFL) condition 1
u T

x





. In our cases grid length x  is normally at μm scale – 10-

6m, while for a particle with the velocity of 0.001m/s for example, thus the simulation 

time step should be 0.001T  s. This condition is easy to implement. However, the 

other condition is the simulation time step should be much smaller than the particle 

relaxation time to allow particles in simulation to have enough time to sense and 

respond to the changes of local flows. For a microparticle with diameter of, say, 10 

μm, its relaxation time is 5.610-6 s; relaxation time for a 20 μm particle is 2.210-5 s; 

for a 40 μm particle it’s 8.910-5 s. The simulation time step should be at least a 

couple of orders smaller than these values, rendering the simulations very costly: the 

main cost stems from the fact that although integrating the particles paths is 

economical (even for very fine time steps), the coupled particle-flow solution implies 

that the flow field, in its entirety, has to be recomputed for every particle time step. In 

effect, for fine resolution 3D flows, this implies a need to solve for the flow field 

billions or trillions of times, whereas it is only hundreds or thousands of times that 

such a solution is possible. This raises the necessity to make the computation not only 

reliable but also efficient, for which a novel approach is developed. 
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3.4 Frozen Flow and Flow Correction Coefficient (FCC) 

approach 

Firstly the concept of ‘Frozen Flow’ is described. We define two different time 

stepping cycles: the external where the flow is advanced in time and the internal 

where the particle motion is integrated. The proposed technique assumes that during 

each simulation time step, the flow field around the particle is in a quasi-steady 

situation. Inside the external time step, an internal sub-time-step Subt  is introduced to 

compute the particle trajectory based on the equivalent surrounding flow velocity and 

its induced equivalent drag force. According to Stokes’ law, D 6F rv=  for a 3D 

sphere or D 12F v=  (of unit length) for a 2D infinitely long cylinder. For more 

general situations, there are corrections of this drag force form which lead to 

3 p p

D

c

d V
F

C


= .  

The first correction is shape factor  . For sphere  =1, where  >1 when the 

object is non-spherical. There is another correction for when the particle-flow no-slip 

condition cannot met at high Knudsen numbers, Kn
L


=  (where   is the liquid 

molecule mean free path; L  is characteristic length), Cunningham correction factor 

CC  would be introduced as C 1 2.52C
d


= + . However the mean free path for a water 

molecule is at angstrom scale (10−10 m), which is much smaller than the particle 

diameter. Thus it can still be regarded as continuum fluid without slip and CC  

converges to 1. 

In reality, flows of interest are different from Stokes flow with finite velocity, thus 
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the drag is actually gained from the drag equation 2

D d

1

2
F v C A= , which is a practical 

formula considering the above factors. 

By doing so, all the surface forces on the particle are summarized as the equivalent 

drag force. The schematic of this approach is shown in Fig. 3-5. 

 

Fig. 3-5 Schematic of Frozen Flow approach  

where F  is the force during large (external) intervals T  computed directly using the 

Surface Marker Point approach, as (GFX, GFY, GFZ),  f  is the drag force, 2A r=  

is reference area, 
DC is the drag coefficient which depends on local Reynolds number 

P
Re

U v d



−
= ,  is the density of fluid, U is the velocity of the local flow, v is the 

velocity of particle. 

In our case, 
P

Re 2 1
U v d



−
=   . In this transitional drag scheme, 

DC  cannot 

be treated as a constant, but a function of Re , where we choose 

0.687

D

24
(1 0.15Re )

Re
C = +  [141]. So far, during T  intervals only local flow velocity 

U  is unknown, therefore U  can be computed. In the implementation of the 

algorithm, the particle velocity v  can be iteratively computed through time marching. 

Higher order schemes, like Verlet integration etc. can be applied on the sub-time-step 

Subt . Verlet integration is a method for calculating the movement of objects, 
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frequently used in Molecular Dynamics. The position of the object at the next time 

step is projected as 
2( ) 2 ( ) ( ) ( )t t t t t t t+  = − − + x x x a , while its velocity at the next 

time step is computed as 
( ) ( )

( )
2

t t t t
t t

t

+ − −
+ =



x x
v , where a  represents 

acceleration. 

However U  cannot be used explicitly because during the external time step T , 

the particle is continuously accelerated by flow and in the meanwhile the flow is 

gradually decelerated by the particle, rendering U v→ . Thus we introduce the Flow 

Correction Coefficient (FCC) to measure the real influence of the changing flow field 

upon the particles. The purpose of FCC is to take the time average (which evaluates 

hydrodynamic forces due to the real flow) and space average (which is equivalent to 

virtual mass) effect into account. 

Consider a particle (initial particle velocity is P0v ) which is purely accelerated by 

fluid (local flow velocity fv ), its velocity develops as S

P P0 (1 )

t

fv v v e


−

= + − , where t  

denotes time, 
2

P P
S

18

d



=  is particle relaxation time. 

 

Fig. 3-6 Schematic of FCC approach 

To measure the real flow effect, two weighting steps of the relative flow velocity, 
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time-average and space-average, are considered. The first one is time-averaging: 

S0 0 S

( )

(1 )

t t

tf p

f

Udt v v dt

U v e
t t t



 


−

 −

 = = = −
  

 
. However this can underestimate the real flow 

when 
St  . Thus we take another form which has the same magnitude and trend 

when 0t →  and is a constant when 
St   . According to L'Hôpital's rule, 

S

S SS

0

S

(1 ) '
lim (1 )

( ) '

t
t t

t

e
e e

tt


 




−

 
− −

 →

−
− = =


. When 

St   , the constant should be S

S

t

t

e





−

 =

 to 

guarantee this function is continuous. Thus FCC should take the form FCCTime=

S 1

S Sif ; if

t

e t e t
  


−

−   　  (3.27) 

From another perspective, S

t

fU v e



−

 = , and beyond the relaxation time, this equivalent 

relative flow velocity will have a fixed value due to the particle having fully 

responded to the flow influence and the system approaching an equilibrium state. 

The second one is space-averaging. Similar to a trapezoid rule, a weighting 

coefficient 0.5 is adopted. The particle acceleration due to flow of current time step 

has a weighing coefficient of 0.5, while the next time step also takes another half to 

account for its influence. In the physical perspective, forces due to the particle 

acceleration, virtual mass effect (virtual mass of a sphere is 32

3
v fm r = ; for a 

neutrally buoyant particle, the virtual mass is equivalent to half of its own mass

P

1

2
vm m= ) and Basset force (normally neglected if the particle relaxation time is 

much smaller than the acceleration time), should be considered by introducing this 

coefficient. Otherwise, it can cause unstable solutions [142]. So FCCSpace=0.5. 
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Thus 
S

S

Time Space

1

S

1
,
2FCC  FCC FCC
1

,
2

t

t e

t e






−

−


 


= = 
  


. The effective particle-flow velocity 

difference is accounted as 

*U ( ,t t t+  )= U ( t ) FCC (3.28) 

Rotation is a secondary factor for the cases of particle drifting in microfluidics. 

This is because the ratio of the Magnus force, caused by rotation, to drag force is 

2

P
MSR

24

d 


=   [143], where  is the angular velocity of the particle. This ratio becomes 

very small at microscales, especially in microfluidics where particles normally are 

aligned by and do not collide with walls. However, for the purpose of direct 

simulation, particle rotation is still considered. Similarly, a concept of rotational 

FCCRotation is introduced. Considering a spherical particle rotated by its surrounding 

flow with an equivalent rotational speed 
RFv , the particle rotational speed should 

follow: 
RfI rF = , where I  is the moment of inertia,   is the angular acceleration, 

RfF  is the equivalent flow force perpendicular to the particle radius. For a sphere, 

22

5
I mr= ; Rp Rf Rp R

( )dv d v v d vd

dt rdt rdt rdt




− 
= = = − = − . It is assumed that the tangential force 

RfF  agrees with the form of drag force 2

Rf R D

1

2
F v C A=  . In this way the relative 

rotational speed is derived as 

Rf
R Rf Rf

Rf
D Rf D RfD

1 1
( ) FCC

15 1515
1 11

16 1616

v
v v v t

v
C t C tC t

r
 

 = = =

+ ++

 (3.29) 

Thus rotation FCC and effective particle-flow angular velocity difference are: 

Rotation

D Rf

FCC
FCC

15
1

16
C t

=

+

 (3.30) 

and 
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* ( ,t t t+  )=  ( t )  FCCRotation (3.31) 

 The techniques described above have been implemented in the CFD-ACE 

(ESI Group, Paris, France) mutliphysics suite, with the use of user subroutines. These 

in-house implemented algorithms are first tested for self-consistency and resolution 

dependence, and are subsequently validated against available theoretical and mainly 

experimental data – this work is presented in the next chapter. 
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4. Method validation 

 

As we have discussed in the last chapter, the computational simulation platform that 

we intend to use should be cross-checked and shown to allow interrogating the salient 

features of flow-particle interaction with accuracy, specificity and resolution. To 

achieve this, validation is demonstrated in this chapter, including grid- and time step-

independence verification, along with comparison with available experimental data. 

The results show that our simulation platform performs with high accuracy and 

efficiency and it is capable of replicating and elucidating phenomena observed in 

experiments. 
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4.1 Grid independence 

Under the same discretization scheme, a significant portion of computational error, 

the discretization error, is related to the fineness of the grid applied. If the grid is fine 

enough so that the solution cannot be improved markedly by refining the grid any 

more, the solution is said to achieve grid independence. To guarantee that the 

computational solution is reliable and invariant to refinement of the grid, a grid 

independence study is conducted. The schematic of the model used for this study is 

shown in Fig. 4-1. The height (third dimension, Z) of the channel is 75 μm . Thus the 

channel aspect ratio is 
75

/
150

b a = =0.5; curvature ratio is 
c

150
/ 0.75

200
a R = = . This 

channel is one of the actual microchannel geometries to be explored in the next 

chapter and thus conducting a grid independence analysis for this design has an 

application value. The complex Dean flow features can also be revealed and 

compared with previous findings. 

 

Fig. 4-1 Schematic of the investigated microchannel 

Detailed grid independence analysis has been conducted to verify that the meshes 

utilized accurately resolve the flow. In this study, 3 sets of structured grids with multi-

block are established and tested, shown in Fig. 4-2. 
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 (a) The first set of grids. Nodes: 121200, Cells: 107520 

 

(b) The second set of grids. Nodes: 846600, Cells: 797326 

 

(c) The third set of grids. Nodes: 1690050, Cells: 1611794 

Fig. 4-2 Three sets of structured multiblock grids 

The first and second sets of grids are solved on a single core (Intel Core2 Quad) 

PC. Due to memory and speed limitations, the third set is computed on a multi-core 

platform in parallel. 

To check the solutions, 6 lines at representative positions are defined, shown in Fig. 

4-3. The velocity sampling direction is from bottom to top and from outer wall to 

inner wall. 
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Fig. 4-3 The positions of the probe lines 

The solutions of flow field are calculated for the 3 sets of grids with the same inlet 

velocities U =1 m/s, 5 m/s and 10 m/s. The velocity components U, V and W on the 6 

probe lines have been shown in Fig. 4-4. In the figure, ‘coarse’ stands for the first set 

of grid; ‘medium’ refers to the second set; ‘fine’ represents the third one. 100hD =  

µm; Re 100[ ]m h
m

U D
U


= = ; 0.5( ) Re 70.7[ ]h

m

c

D
De U

R
= = ; [ ]mU  is the relevant 

dimensionless number as a function of the mean velocity. Thus, when v 1m / s= , 

Re 100= , 70.7De = ; when v 5m / s= , Re 500= , 353.5De = ; when v 10m / s= , 

Re 1000= , 707De = . 

Through the results, it can be observed that the second (medium) and third (fine) 

sets of grids lead to practically identical results and thus confirm grid independence 

for the solution. The only cases where these two meshes do not produce near-identical 

results correspond to velocity values that are very close to zero (cross-flow 

components sampled on regions of parallel-only flow) and thus represent only noise. 
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v=1m/s 

 

v=5m/s 

 

v=10m/s 

(a) Line 1, comparison of velocity components U, V 
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v=1m/s  

 

v=5m/s  

 

v=10m/s  

(b) Line 2, comparison of velocity components U, V  

  



Microfluidics and Particles: Simulation - Devices - Applications 

 

C. Wang 97 

 

 

 

 

v=1m/s  

 

v=5m/s  

 

v=10m/s  

(c) Line 3, comparison of velocity components U, V, W  

 

 
v=1m/s  
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v=5m/s  

 

v=10m/s  

(d) Line 4, comparison of velocity components U, V, W 

 

v=1m/s  

 

v=5m/s  

 

v=10m/s  

(e) Line 5, comparison of velocity components U, V, W 
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v=1m/s  

 

v=5m/s  

 

v=10m/s  

(f) Line 6, comparison of velocity components U, V, W 

Fig. 4-4 Flow velocity components on 6 probe lines with different inlet velocities 

We can see that these two sets of grids produce reliable and meaningful solutions, 

while the coarse grid leads to discrepancies which make the solution distinct from the 

real Dean flow pattern. This can be proved in many aspects when comparing to the 

experimental data. For example, the real axial velocity profiles measured by 

experiments on probe line 5 and 6 in curved channels have been shown in chapter 

2.5.3 (see Fig. 2-24). Firstly, on the horizontal line 5, the peak of axial velocity profile 

should be closer to the outer wall within that range of Dean number studied. The 

medium and fine grids are consistent with this, however, the results of coarse grid 
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show the opposite trend when U =1 m/s and 5 m/s (see Fig. 4-4 (e)). Secondly, on the 

vertical line 6, with the increase of inlet velocity the axial velocity profile should 

develop to a depression (or double peak) from a plateau and then the depression 

should become more flat in the middle area due to the vortices’ evolution, effects that 

are observed in the experiment. Again, the medium and fine grids depict this 

phenomenon precisely but results for the coarse grid fail to capture this effect. 

Considering computing efficiency at the same time, the second set of grids is 

obviously the one that should be adopted, guaranteeing an acceptable accuracy of the 

solution with manageable resources. All subsequent computations are also verified for 

grid independence, but we shall not present further evidence on this for brevity. 

We must reiterate that in Fig. 4-4 (a), (b), (c) and (e) the agreement between the two 

finer grids appears to be sub-optimal and moreover there appears to be quite a bit of 

irregular noise. This is an artifact that does not compromise the accuracy of the 

solution and the claim of grid independence: invariably, where such behaviour is 

observed, the velocity involved is of markedly low value (usually close to zero or 

exactly zero). Such low velocities, when coexisting in a flow field with substantially 

higher values (as is the case here) suffer from signal-to-noise problems (different in 

origin but with the same end-result as any experimental technique) and are of low 

quality. Nevertheless the error in those (when normalized using the bulk inflow 

velocity) is always under 1%. 

The cross-flow velocity vector field on the middle section (at the middle plane of 

the bending part, namely the 90o cross section, containing line 3 and line 4) is 
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reported in Fig. 4-5. 

 

(1) course grids         (2) medium grids         (3) fine grids 

(a) Velocity vectors on the middle section for v=1m/s 

  

(1) course grids         (2) medium grids         (3) fine grids 

(b) Velocity vectors on middle section for v=5m/s 

 

(1) course grids         (2) medium grids         (3) fine grids 

(c) Velocity vectors on middle section for v=10m/s 

Fig. 4-5 Velocity vector field on the middle section for different inlet velocities 

The same message, i.e. that the coarse mesh is of inadequate resolution whereas the 

medium and fine ones capture essentially the same features is evident from this figure 

too. 
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As stated before, both the flow pattern and the flow velocity distribution of the 

Dean flow vary significantly at different Dean numbers, the curvature ratio and aspect 

ratio. Previous research efforts have not provided enough evidence to demonstrate the 

overall decisive factors influencing a Dean flow, nor given a substantial database to 

illuminate the relation between Dean flow patterns and a desirable range of Dean 

number. To investigate and present these clearly, a parametric study would be 

necessary which eventually could contribute to a parametric space map. 

We employed dimensional analysis to get the minimum number of variables on 

which related phenomena depend. The base dimensions, namely mass, length and 

time are represented by M, L and T respectively. For the physical process of flow in 

the curved channel, the 6 variables should be considered: 
c( , , , , , ) 0U a b R   = , 

where   denotes the density of fluid,   the viscosity, U  the inlet velocity, a  the 

channel width, b  the channel height, cR  the mean curvature radius. According to 

Buckingham’s Pi Theorem, the number of independent dimensionless group k  is 

decided by N , the number of decisive variables shown up in the case and R , the 

number of dimensions the process contains. The relationship is –k N R= . In the 

current study, 6N = , 3R =  (without temperature), thus 3k = . These 3 dimensionless 

groups could be figured out by dealing with the equation groups set up by the 

relationship of the dimensions: 
1 2 3

c c c

,
a b

R R UR




 =  =  =， . Through an 

equivalent transformation, we get the final independent dimensional groups: 

c
1 2 3' ' , '

h

Rb
De

a D
 =  =  =， . This result exactly contains Dean number, aspect ratio 



Microfluidics and Particles: Simulation - Devices - Applications 

 

C. Wang 103 

 

and curvature ratio, which can explain why the Dean flow pattern changes along these 

3 numbers. Here, again, for a rectangular channel with fixed aspect ratio, the Dean 

number is chosen instead of the Reynolds number, because the Dean number shows 

more meaningful characteristics of flows induced by curved channels. For example, in 

the wide range of curvature ratio of a curved channel, the flow structure is only 

dependent on the Dean number (critical Dean number approaches to a constant). 

In order to present how Dean flow is dependent on these 3 dimensionless numbers, 

a parametric space exploration is carried out. By filling the spatial points representing 

previous research and the current study in the three-dimensional space consisting by 

the 3 coordinates denoting the 3 dimensionless groups respectively, a comprehensive 

perspective can be depicted in Fig. 4-6. This study of Dean number is an important 

supplement to the parameter space review [144] regarding other dimensionless 

numbers for microfluidics. 

 

Fig. 4-6 Parametric space for Dean flow 
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To find the critical Dean number for this particular channel, over 10 cases of 

different Dean number have been computed. By checking velocity vectors on the 

middle section, we found that the second pair of vortices, namely the Dean vortices, 

appears when the inlet velocity ranges between 12.5 m/s v  15 m/s, which implies 

the critical Dean number exists between 883 1060De  . 

 

 (a) v=12.5m/s, De=883          (b) v=15 m/s, De=1060 

Fig. 4-7 The emergence of the Dean vortices for the channel under investigation 

Assuming that the grid independence conclusion regarding the overall underlying 

mesh is now established, the other spatial resolution independence parameter, the 

Surface Marker Point density independence is satisfied by setting the marker points at 

inter-marker distances of the same magnitude as the flow domain grid spacing. 

Because the grid density ultimately determines the resolution, it is not necessary to 

make the surface marker point spacing much finer than the grid spacing. In this case 

the grid spacing is 2.5 μm, while the investigated particle sizes range between 10-50 

micrometers. The surface marker point spacing can be set around 2.5 μm, hence the 

particle shape resolution can be guaranteed. 

Thus, grid independence should be checked before further investigation in two 

aspects: 1. grid is fine enough based on which the correct flow field solution can be 

solved, especially for complex Dean flows; 2. surface marker point density, which 

Velocity – m/s Velocity – m/s 
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depends on grid ultimately, is fine enough to accurately describe the particle 

dimension and shape. 

4.2 Time step independence 

To further consider particle movement in a channel flow, the problem develops to 

be transient, which means the fourth dimension - time should be taken into account. 

The aforementioned Frozen Flow and Flow Correction Coefficient (FCC) approach 

are integrated and implemented with the internal sub-time-step of 10E-8s, if not 

explicitly specified differently. The validation of the numerical approach is achieved 

through several cases, including particle in curved channel, particle rotation, particle 

sedimentation and lift force on particles. 

4.2.1 Particle in curved channel 

In this part, an examination of the consistency of the time-stepping adopted, i.e. the 

Frozen Flow and FCC approaches, is demonstrated by simulating particle movement 

in curved channels. Without our Frozen Flow and FCC approach, most of the 

situations we shall present results for either require unrealistically long computing 

times to achieve, or actually fail, by leading to unphysical solutions (revealing the 

problems with time step selection we outlined above). Because the initial drag force is 

tremendously large, given the initial velocity difference of particle and flow, particles 

are normally ejected out of the boundaries when time step is not substantially finer 

than particle relaxation time – these computations lead to outright collapse. Even for 
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the limited number of cases where simulations can proceed, it is shown that 

unphysical results are obtained when the FF-FCC approach is not activated. 

Firstly, a 2D channel with 150 μm width, 90o bend and average curvature radius of 

200 μm is tested. A particle is released at the starting point of the bent centerline. 

Without activating FF-FCC, the particle movement only couples with ambient flow at 

external time step, thus the particle cannot sense the flow influence sufficiently and 

collides with the outer wall, shown in Fig. 4-8 (a), obeying thus a crude ballistic 

trajectory that numerous experimental results demonstrate to be unphysical. On the 

contrary, the FF-FCC approach results in a realistic trajectory, with the particle 

turning smoothly which is transported by the centrifugal flow. 

 

(a) Without Frozen Flow approach 

 

(b) With Frozen Flow approach 

Fig. 4-8 Particle in 2D channel with 90o bend 

Another 2D channel with 150 μm width, 180o bend and average curvature radius of 
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200 μm is tested. The same conclusion can be obtained, based on the results shown in 

Fig. 4-9. 

 

(a) Without Frozen Flow approach 

 

(b) With Frozen Flow approach 

Fig. 4-9 Particle in 2D channel with 180o bend 

A 3D curved channel with average curvature radius of 200 μm is then tested, with 

the dimensions shown in Fig. 4-10. 

 

Fig. 4-10 Schematic of curved channel 
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Inlet flow velocity is 0.1 m/s; diameter of particle is 20 μm; particle Reynolds 

number thus is 2. Particle is released at the starting point of the bent centerline. 

 

(a) Without FF and FCC approach 

 

(b) With FF-FCC, time step ∆t=1E-4 s 

 

(c) With FF-FCC approach, time step ∆t=1E-5 s 

Fig. 4-11 Particle in 3D channel with 180o bend 

However even if time steps are small enough, across a wide range of particles 

velocity oscillations occur according to further investigations, which are shown 

below. This is why a time-adaptive FCC is indispensable. Since different forms of 

FCC make tremendous difference, the right form cannot be chosen randomly. 
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Through the comparison of 6 FCC implementations, the optimal form is verified. 

(1) Without FCC (FCC=1) 

 

(a) Inlet velocity=1.0 m/s; time step ∆t =10E-6s 

 

(b) Inlet velocity=0.1 m/s; time step ∆t =10E-5s 

 

(c) Inlet velocity=0.01 m/s; time step ∆t =10E-4s 

 

(d) Inlet velocity=0.001 m/s; time step ∆t =10E-3s 

Fig. 4-12 Trajectories and velocity without FCC approach (FCC=1) 
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The simulations just adopting Frozen Flow approach show evident velocity 

oscillations. When the external time step increases to 10E-4s, it leads to artificial 

trajectory oscillations, while when external time step is reduced to 10E-5s, the particle 

velocity is still with constant oscillation. This is due to the over-exerted local flow 

impact when the particle is accelerated, shown in Fig. 4-12. 

To derive other FCC formula forms with physical meaning, the situation is 

considered in which a particle with initial velocity P0v  is accelerated merely by fluid 

with a constant local flow velocity fv . Its velocity develops with time as 

S

P P0 (1 )

t

fv v v e


−

= + − , where 
2

P P
S

18

d



=  is particle relaxation time. According to the 

Galilean invariance, the particle velocity in the reference frame moving with the 

velocity of P0v  has the expression S

P (1 )

t

fv v e


−

 = − . Thus we have: 

(2) FCC= S(1 )

t

e



−

−   

  This form stems directly from the particle velocity expression S

P (1 )

t

fv v e


−

 = − . 

However through excessive testing, it’s demonstrated to be incapable of dealing with 

low flow velocity because the flow correction is too rigid for large time steps, thus 

huge oscillations emerge. The results are shown in Fig. 4-13. 

 

(a) Inlet velocity=1.0 m/s; Time step=10E-6s 
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(b) Inlet velocity=0.1 m/s; Time step=10E-5s  

 

(c) Inlet velocity=0.01 m/s; Time step=10E-4s 

 

(d) Inlet velocity=0.001 m/s; Time step=10E-3s 

Fig. 4-13 Trajectories and velocity with FCC-(2) 

(3) FCC= SS1
(1 )

2

t

e
t




−

−


 

To account for and quantify the time-average effect of local flow velocity: 

S0 0 S

( )

(1 )

t t

tf p

f

Udt v v dt

U v e
t t t



 


−

 −

 = = = −
  

 
. At the same time we consider the space-

average effect of local flow, by multiplying by a coefficient of 
1

2
 which is to linearly 
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take the midpoint value of two instants in time: FCC= SS1
(1 )

2

t

e
t




−

−


. However, 

although this FCC form shows improved results in terms of eliminating oscillations, it 

is still incapable of dealing with low flow velocity because the flow influence 

becomes too weak for large time step this time, which makes the particle 

unresponsive to crossflow, which would result to a change in direction, shown in Fig. 

4-14 (d). 

(4) FCC= SS1
(1 )

2

t

e
t




−

−


 

To address the problem incurred by FCC form (3), this square root correction is 

to strengthen the flow influence when it comes to low flow velocity (large time step). 

However, instead it turns out to be incapable of dealing with high flow velocity (small 

time step) since flow correction turns out to be underestimated, which makes the 

particle collide with the outer wall, which is shown in Fig. 4-15 (a). 

(5) FCC= 1e−
=0.3679 

A constant value-type of FCC form has also been tested. As expected, this form 

is incapable of dealing with high flow velocity because the flow correction is too 

inflexible for the small time step case, resulting in (mild) oscillations, shown in Fig. 

4-16 (a). 
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(a) Inlet velocity=1.0 m/s; Time step=10E-6s 

 

(b) Inlet velocity=0.1 m/s; Time step=10E-5s 

 

(c) Inlet velocity=0.01 m/s; Time step=10E-4s 

 
(d) Inlet velocity=0.001 m/s; Time step=10E-3s 

Fig. 4-14 Trajectories and velocity with FCC-(3)  
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(a) Inlet velocity=1.0 m/s; Time step=10E-6s 

 

(b) Inlet velocity=0.1 m/s; Time step=10E-5s 

 

(c) Inlet velocity=0.01 m/s; Time step=10E-4s 

 

(d) Inlet velocity=0.001 m/s; Time step=10E-3s 

Fig. 4-15 Trajectories and velocity with FCC (4) 
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(a) Inlet velocity=0.1 m/s; Time step=10E-5s, dP=10 μm 

 

(b) Inlet velocity=0.1 m/s; Time step=10E-5s 

 

(c) Inlet velocity=0.01 m/s; Time step=10E-4s 

Fig. 4-16 Trajectories and velocity with FCC-(5) 

(6) FCC= 11

2
e− =0.1839 

To improve the FCC form (5), a coefficient 
1

2
 is multiplied. However this causes 

problems under high flow velocity condition. The flow correction becomes too 

relaxed this time at the small time step, which causes particles to collide with the 

outer wall, shown in Fig. 4-17. 
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(a) Inlet velocity=1.0 m/s; Time step=10E-6s 

 

(b) Inlet velocity=0.1 m/s; Time step=10E-5s 

 

(c) Inlet velocity=0.001 m/s; Time step=10E-3s 

Fig. 4-17 Trajectories and velocity with FCC-(6)  

By so far, different FCC forms have been tested. The results above demonstrate 

that, although there is promise in the technique, since it allows for computations that 

are realistic and feasible in terms of cost, the results are not of general enough 

validity. Constant coefficients are proved to be unsuitable, while relaxation-based 

formulations lead to over-applied or under-applied flow influence on the particle. 

Thus a continuous piecewise function is proposed and tested: 
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(7) FCC=

S

S

1

S

1
,

2

1
,

2

t

e t

e t

 




−

−


 


  


  

This form works very well through a wide range of flow conditions, as 

demonstrated in Fig. 4-18. By comparison, this form of FCC can capture the particle 

movement accurately (without collisions with channel walls) and smoothly (without 

artificial oscillation) in a wide range of flow velocities and time steps (1 - 0.001m/s; 

10E-6 - 10E-3s). Thus for all subsequent work, this particular FCC scheme is adopted. 

After this preliminary confirmation regarding initial plausibility of the results 

obtained, within a practical computational cost framework, we shall proceed to 

validate the method by comparing our results with experimental measurements. 
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(a) Inlet velocity=1.0 m/s; Time step=10E-6s 

 

(b) Inlet velocity=0.1 m/s; Time step=10E-5s 

 

(c) Inlet velocity=0.01 m/s; Time step=10E-4s 

 

(d) Inlet velocity=0.001 m/s; Time step=10E-3s 

Fig. 4-18 Trajectories and velocity with FCC-(7) 
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4.2.2 Particle rotation 

When particle rotation is computed, without adopting the developed rationale 

FCCRotation, the computations often collapse or diverge. By using FCCRotation derived in 

chapter 3, simulations can be run successfully.  The results show that without 

considering particle rotation, the particle trajectories are normally the same as the 

cases considering rotation, since the trajectories are nearly overlapping. This is 

attributed to the fact that the spherical particles we are examining, in the 

microchannels we are testing, do not undergo significant rotational motions. However, 

there’s a special situation when particles approach to the channel walls, the near-wall 

shear is very substantial and even particle-wall collision may be involved to increase 

the particle rotational speed. In such cases the particle rotational speed increases 

dramatically to induce a significant Magnus force. Fig. 4-19 shows the simulation 

results of a 40 μm particle drifted in a curved channel with inlet velocity of 1m/s. The 

blue trajectory represents a path without rotation computation, while the red trajectory 

denotes the result considering rotation and adopting FCCRotation. With rotation, when 

the particle gets closer to the wall, its angular velocity   (3 components for 3D, 

however only the one in the direction perpendicular to the plane and pointing out is 

shown here) increases dramatically several times as it is at the middle of channel, 

because the shear gradient near the wall is much higher than at the central area. 

Magnus force is in the direction of v , where v  is the particle velocity relative to 

the flow, which is negative in the flow direction. Thus Magnus force should point to 

the inner wall, which agrees with this simulation result. In this case, the ratio of 
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Magnus force to drag force 
2

P
MSR

24

d 


=   can reach 2, while normally this ratio is far 

less than 1 without particle-wall collision. After bouncing back, the angular velocity 

of the particle decreases, because it’s moving away from the wall again where the 

shear drops. 

 

Fig. 4-19 Rotation influence on particle trajectory and angular velocity 

Because the timescale is short in the above situation (total time for the whole 

process is 5E-4 s), even 1 rotation of the particle leads to huge angular velocity.  

 

Fig. 4-20 Cap-cylinder particle rotation in rectangular channel 

Another example of a 3D cap-cylinder with maximum span of 1μm drifting in a 

straight channel illustrates this effect: the angular velocity can even reach 300,000 

rad/s. Flow enters in the left side with uniform inlet flow velocity of 1 m/s and 

develops a paraboloid velocity distribution. This case also demonstrates capacity of 
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the methodology to simulate arbitrary shaped particles, shown in Fig. 4-20. Time 

interval between adjacent snapshots is 1E-6 s and the whole timescale is about 6E-6 s. 

4.2.3 Validation via sedimentation studies 

There is a substantial volume of experimental work examining particle 

sedimentation and terminal velocity of particles falling in a liquid in the influence of 

gravity. Such experiments offer excellent ground for validating our computational 

method, since they represent many, if not all of the aspects of the flows involved and 

the measurements are detailed, cross-checked and thus accurate.  

Terminal settling velocity doesn’t depend on the initial velocity of a settling 

particle, thus particle initial velocity is set to be zero. We firstly test 50 μm glass 

particle with density of 2488 kg/m3. Due to the fact that the Reynolds number is at 

most 0.1 in this case, terminal settling velocity can be roughly calculated by Stokes’ 

law, 
2

P
S

2 ( )

9

g r
v

 



−
= , which is 3

S 2.03 10v −=  m/s. Different time integration 

schemes have been adopted, including forward Euler and Verlet. It’s found that Verlet 

integration with sub-time-step two orders of magnitude smaller than the external 

timestep can achieve excellent accuracy, comparable to a direct computation with 100 

times smaller timestep –leading to a roughly hundred-fold speedup for the same 

result. Fig. 4-21 shows the comparison of settling velocity development between 

Stokes’ law and numerical simulations by our approach. Terminal settling velocity for 

this 50 μm glass particle settling in 20 C  water is 32.05 10−  m/s by our simulation 

which adopts sub-time-step 10E-10s. This value just has an error of 1.46% in 
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comparison to the theoretical value 
3

S 2.02 10v −=   m/s predicted by Stokes’ law. The 

experimental work [145] shows that the exact same particle has a terminal settling 

velocity of 31.98 10−  m/s in 20 C  water, which is slightly smaller than our result 

with an error of 3.41%. The slight error can be due to a small uncertainty regarding 

the shape of glass microparticles; as the authors of that study report, such particles are 

never perfect spheres. Shape correction would make a difference in drag force: 

3D p pF d V =  , where   is shape correction coefficient, which is a measure for 

roundness of the sphere. When the ideal particle is perfectly spherical, 1 = , while 

when the shape of the particle is not perfect sphere 1   which implies the incurred 

increase of drag force. In this way the terminal settling velocity of a real non-sphere 

particle 
2

P
S

2 ( )

9

g r
v

 

 

−
=  would be smaller than the theoretical value for a perfect 

sphere. 

Size effect on settling velocities has also been investigated. Though the terminal 

velocities agree with Stokes’ law, particles tend to accelerate more slowly in our 

simulation for our method also considers added mass effect intrinsically. Relaxation 

time for 50 μm  

2

P P
S

18

d



=  is 41.4 10− s, while 5 μm and 500 μm particles have 

respectively 100 times lower and higher value. For the 500 μm particle, the terminal 

velocity reaches 
1

S 2.03 10v −=  m/s, which makes the Reynolds number approach 250. 

In this region, the flow pattern obviously deviates from Stokes flow. Settling velocity 

of the simulation result is smaller than that predicted by Stokes’ law at the beginning, 

which is shown in Fig. 4-21 (d). This indicates the real drag coefficient is larger than 
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24

Re
, which demonstrates that a correction for the inertial term should be added to 

Stokes’ law, such as the Oseen’s approximation [146]. Afterwards the settling velocity 

develops and exceeds the theoretical value, possibly because the kinetic energy of this 

large particle influences directly the entire volume of fluid inside the vertical channel 

(see Fig. 4-22) leading to a non-zero downward average velocity. Due to higher order 

accuracy of the Verlet integration scheme, it is adopted for all cases. 

 

 (a) 50 μm, Forward Euler ∆tSub=1E-10s     (b) 50 μm, Verlet ∆tSub =1E-8s 

   

(c) 5 μm, Verlet ∆tSub =1E-8s              (d) 500 μm, Verlet ∆tSub =1E-8s 

Fig. 4-21 Theoretical and simulation results of micro particle settling velocity 

Another experiment work [147] adopting particle image velocimetry (PIV) 

investigated the bottom wall confinement effect on a settling sphere. A nylon particle 

with diameter Pd =15 mm and density p =1120 kg/m3 was released in a depthwidth
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height=100100160 mm container filled with silicone oil (
f =970 kg/m3, 

dynamic viscosity if 0.373 Pa s ). The initial position of the sphere is 120 mm from 

the bottom of the tank. Fig. 4-22 shows different time (t=0.01s, 1s, 2s, 3s) snapshots 

of particle settling, highlighting its impact on flow field and pressure distribution on 

the walls. A pair of symmetric vortices triggered by the settling particle, predicted by 

our results, is verified convincingly by the PIV measurement in the experiment, which 

is shown in Fig. 4-23. Fig. 4-24 shows the comparison of particle trajectory changing 

with time between the experiment and our simulation. Fig. 4-25 shows the 

comparison of particle settling velocity. Here, it is pointed out again that our 

simulation result for terminal settling velocity is slightly larger than the experimental 

value, which is probably due to shape correction, the same reason as for the last case. 

To verify this, particles with slightly different sizes have been tested, trying to 

replicate the inevitable slight dispersion of sizes that an experimental measurement 

would entail. These particles are respectively Pd =14.5, 14.85, 15.15 and 15.5 mm, 

covering a range of  3.33% deviation from the standard 15 mm particle. Their 

settling distance and velocity over time are shown in Fig. 4-26. Especially, when there 

is a -3.33% error in size( Pd =14.5), the results agree with the experiment well.  
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(a) t=0.01s                         (b) t=1s 

 

(c) t=2s                         (d) t=3s 

Fig. 4-22 Snapshots of particle settling, its impact on flow field and pressure 

distribution on the walls 

 

(a) PIV measurement [147]          (b) Simulation 

Fig. 4-23 Comparison of PIV measurement and simulation for flow field on vertical 

cross section in the vicinity of particle approaching the bottom wall 
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(a) Experiment [147]                        (b) Simulation 

Fig. 4-24 Particle trajectory over time 

 

(a) Experiment [147]                        (b) Simulation 

Fig. 4-25 Particle settling velocity over time 

 

Fig. 4-26 Result sensitivity about particle size 

Based on the above, we conclude that the Surface Marker Point method, combined 
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with the Frozen Flow and Flow Correction Coefficient approach can capture the 

particle-fluid coupling and evidently depict the 3D particle trajectories influenced by 

ambient flow (self-induced in this case) and external forces (gravity in this case). 

A more complex case is examined next, where 5 particles with diameter of 500 μm 

and density of 3000 kg/m3 are released in a vertical channel and driven by gravity. 

External time step is set to 10-4s. Two particles vertically arranged at lower positions 

are approaching to each other when falling, which is shown in Fig. 4-27.  

 

(a) 100th time step 

     

(b) 500th time step 

Fig. 4-27 Five particle settling from different initial positions 
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These two particles induce symmetric vortices in their lateral vicinity. With the 

distance between them decreasing, two pairs of vortices merge to a single pair, which 

reveals the mechanism of two particles “kissing” [148]. 

In summary, we have shown that spatial resolution of complex flows is guaranteed 

by the grid independence study. Particle-flow coupling as implemented by the Surface 

Marker Point approach lead to time integration constraints regarding particle motion 

that we have addressed via the Frozen Flow and Flow Correction Coefficient 

approach, which largely enhance the simulation time step limit. Time step 

independence is also assured by verification of both external time step and sub-time-

step. 

4.3 Comparison with point-particle approximation 

As mentioned in chapter 2, conventional particle simulation approaches are based 

on the point-particle approximation. However, for large-scale particles whose 

dimensions are comparable with those of the microfluidic channels, this 

approximation is invalid due to lack of accounting for the volume blockage and the 

specific shape of particles. Moreover, point particles cannot deal with particle 

rotation. In this part, the discrete particle method is investigated as a typical and 

widely adopted point-particle approximation approach, through cases of lift force 

influencing particle movement. The results are further compared with the simulations 

adopting our approaches. 

In discrete particle method, discrete parcels are tracked by solving Newton’s 
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equation of motion in a Lagrangian approach: 

P D P L B

dv
m F F F F

dt
= + + +  

where drag force 2

D d

1

2
F v C A= ; pressure gradient force 3

P P
6

F d P


= −  . 
BF  is body 

force, which can refer to gravity or other external forces. It is important to note that 

for point particle methods, all forces, including drag force, must be accounted for 

explicitly through “external” relationships, since the particle on its own, being of zero 

volume experiences not intrinsic loading from the flow.  

For lift force, which is related to velocity gradient, without taking the real particle 

volume and shape into account, the local velocity gradient cannot be derived properly. 

Even if the point-particle approximation is accepted, the lift force formula currently 

derived by Saffman is 2

L S P P

1 1
(( ) ( ))

4

K
d




= = −  


F F U U U

U
, is only valid under the 

assumption of spherical particle moving in a constant shear flow at low particle 

Reynolds number 
PRe 1. Although other derivations of the Saffman force formula 

have been made, there is not one for arbitrary velocity gradient in complex flow 

reported. 

Also, virtual mass effect can only be taken into account by adopting complicated 

empirical formula in discrete particle method, while the method developed in Chapter 

3 intrinsically addresses all the forces directly. 

According to the analysis above, point-particle approximation doesn’t suit large-

scale particle simulations. In comparison, the approaches adopted in this research are 

conducting a direct simulation, which solves the particle-flow coupling and derives 
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the surface forces by surface integral. Thus by our approaches, all of the drag force, 

pressure gradient force and lift force have been computed directly in the presence of 

the particle. The following shows the comparison of simulation results of lift force on 

particles between using point-particle approximation and adopting the approaches we 

developed. 

Firstly, a 2D problem is investigated. A long 2D channel with width of 100 μm 

( 2H R= ) is adopted, with inlet flow velocity of 0.1m/s. A particle with diameter Pd

=20 μm is released at a position of 35 μm above the channel centre line, above the 

‘tubular pinch’ equilibrium position (around 0.6 of the pipe radius from the centerline, 

eqy

R
=0.6), which is 30 μm above the centre line. This position is also away from the 

channel inlet to avoid inlet effects. The discrete particle method and our method have 

both been implemented. Results show that the particle in discrete particle method is 

constantly approaching to the wall (in the end it collides with the upper wall). On the 

contrary, our simulation successfully predicted the particle equilibrium position, 

which agrees well with the experimental observations of tubular pinch effect, shown 

in Fig. 4-28 and Fig. 4-29. Furthermore, experiments [83] show with the ratio of 

particle diameter to channel dimension increasing, the equilibrium position will be 

continuously pushed back toward the central line due to the wall effect. For Pd
R

=0.2, eqy

R
 should be slightly under 0.6. In fact by our simulation eqy

R
= 0.590, 

which agrees with this finding very well. 
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Fig. 4-28 Influence of lift force on particle trajectory in 2D channel 

 

Fig. 4-29 20 µm particle radial migration under lift force 

To further prove this, a 10 μm particle is tested. According to the theory mentioned 

above, its equilibrium position should be closer to the wall, namely eqy

R
 value 

should be closer to 0.6. Actually the result by our method shows the equilibrium 

position for the 10 μm particle is eqy

R
=0.596, shown in Fig. 4-30. This means the 

equilibrium position for smaller particle predicted by our simulation is closer to 

equilibrium position eqy

R
=0.6, which is exactly consistent with the experiments. 

However, the discrete particle method predicts, incorrectly, the opposite trend. 
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Fig. 4-30 10 µm particle radial migration under lift force 

A 3D problem is also investigated. The curved 3D channel shown in chapter 4.2.1 

is examined in this case. A 20 μm particle is released at the same position when the 

flow inlet velocity is 1 m/s and 0.1 m/s. 

 
(a) Inlet velocity 1 m/s 

 

(b) Inlet velocity 0.1 m/s 

Fig. 4-31 20 µm particle in curved 3D channel, compared with the discrete particle 

approach 
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Fig. 4-31 (a) shows that the discrete particle method predicts a particle trajectory 

with artificial scattering and collision with the outer wall. Fig. 4-31 (b) demonstrates 

that in the influence of the Dean flow vortices, the actual particle trajectory has an 

inward offset due to particle vertical span exposed to the inward secondary flow, 

which is predicted by our approach. 

In this case the influence of the initial release position is studied. With the same 

flow inlet velocity 0.1m/s, 10 μm particles are respectively released at initial positions 

5 μm (point A) and 10 μm (point B) above the horizontal mid-plane. Firstly the results 

by discrete particle method indicate that this approach fails to capture the particle 

equilibrium position, which is shown in Fig. 4-32. 

 
(a) 5 µm above the mid-plane 

 

(b) 10 μm above the mid-plane 

Fig. 4-32 10 µm particle released above the mid-plane by discrete particle method 

In comparison, the trajectories of both 10 μm (termed as ‘D10’) and 20 μm 

particles (termed as ‘D20’) are investigated by our method. They are also released at 

initial positions 5 and 10 μm above the mid-plane. 
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(a) 5 µm above  

 

 (b) 10 µm above 

Fig. 4-33 Trajectories of D10 and D20  

From the side view shown in Fig. 4-34, both of the particles move upward to find 

their equilibrium position, driven by the lift force. This trend lasts until the particles 

leave this channel. 

 

(a) 5 µm above 

 

 (b) 10 µm above 

Fig. 4-34 Trajectories of particles with releasing point 5 μm above the mid-plane 
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The horizontal coordinates Y of the particles have been recorded, shown in Fig. 

4-35 (a) and (b). They show slight deviation of the two particles’ trajectories, where 

the larger 20 μm particle D20 tends to move inside under a critical velocity, which 

agrees with the experimental observations. The distance between the two curves 

originating from the same point develops and increases, which highlights the origin of 

the mechanism for size-based particle lateral separation, that we shall discuss in detail 

in the next chapter. This displacement will increase with the length of channel. 

 

(a) 5 µm above     (b) 10 µm above 

Fig. 4-35 Coordinates Y of the particles D10 and D20 

Fig. 4-36 clearly shows the particles are moving upwards driven by lift force. More 

convincingly, the D20 are moving faster vertically, which is consistent with the notion 

that larger particles will be experiencing larger lift forces (proportional to 4r ). It is 

also noticed that the vertical migration velocity is approaching a constant, which 

indicates this lateral terminal velocity is the outcome of the balance of lift force and 

vertical drag force, i.e. L D 6F F rv⊥ ⊥= = , where v⊥  is the particle vertical migration 

velocity. Because this velocity is much smaller than the mainstream velocity, the 
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Stokes law can be applied. This provides a method to measure the lift force exerted on 

a particle. The terminal settling velocity of D10 released from A is 
3

A10 0.37 10v −

⊥ = 

m/s. Similarly, 
3

A20 0.67 10v −

⊥ =  m/s, 
3

B10 0.46 10v −

⊥ =   m/s, 
3

B20 0.48 10v −

⊥ =  m/s. 

Particles released from A end up with bigger vertical offset distance, because D20, 

when released from B, is influenced by the wall-induced lift and decelerated, which is 

demonstrated in Fig. 4-36 (b), where the line representing its vertical movement is 

actually a curve gradually approaching to the equilibrium position. 

 

(a) 5 µm above     (b) 10 µm above 

Fig. 4-36 Z Coordinates of the particles D10 and D20 



Microfluidics and Particles: Simulation - Devices - Applications 

 

C. Wang 137 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Fluidic particle manipulation 

 

In this chapter, particle manipulation based on microfluidic channels has been 

investigated, adopting our developed simulation platform. First, hydrodynamic 

focusing is achieved in straight channels with buffer flows. Second, under a wide 

range of flow velocities, curved channels, including 180o bends and spiral geometries 

have been designed and tested. Third, to enhance particle focusing and separation 

efficiency, novel designs of multi-inlet curved channels are introduced and tested. 

 

  



Microfluidics and Particles: Simulation - Devices - Applications 

 

C. Wang 138 

 

5.1 Hydrodynamic focusing 

Hydrodynamic focusing [149] describes in general a technique where multiple inlet 

branches (central plus two side branches in 2D or 2D-like flows, core-and-annular-

sheath inlets in 3D flow, or variants of these) guide or force the middle sample flow to 

predefined regions of the channel, usually within a narrow streak. Hydrodynamic 

focusing is a useful tool for manipulation of samples, as a pretreatment for flow 

cytometry and Coulter counter detection. Two streams of flows are introduced to two 

side inlet branches, which is termed as buffer flow or sheath flow. Sample fluids, 

containing particles, can be focused so that inside the channel, they only occupy and 

propagate along the middle section – with the option to make that passage so narrow 

as to lead to an alignment of the carried particles – then only a single particle passes at 

a time. This technique is beneficial for biochemical mixing (fast mixing) and cell 

analysis (flow cytometry). Velocities can differ substantially between the buffer flow 

and sample flow – many of the test cases we have examined involved 0.5inlet bufferv − =  

m/s; 0.1inlet samplev − =  m/s. In our tests, we start by releasing particles from 3 initial 

positions with adjacent distances of 55 μm.  
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Trajectories can be simulated either with all particles present (see previous chapter, 

where multiple settling particles interacted with each other) to test both particle-flow 

and particle-particle interactions, or independently to avoid mutual particle influence. 

We focus here in the latter case. The channel schematic is shown in Fig. 5-1. 

 

Fig. 5-1 Schematic of hydrodynamic focusing straight channel 

Fig. 5-2 demonstrates the hydrodynamic focusing effect on different-sized particles. 

After focusing, the average distance between the 10 μm particles at outlet exiting the 

channel 10s =22.19 μm; while for 20 μm particles 20s =19.66μm; further for 40 μm 

particles 40s =18.31 μm. Thus for larger particles, hydrodynamic focusing effect is 

revealed to be marginally more effective. The equally spaced trace lines at inlet are 

also calculated which demonstrates the middle sample flow is squeezed into a much 

thinner layer. The flow velocity within this sample flow exhibits an inverted triangle 

velocity distribution, shown in Fig. 5-2 (a). This is expected, as the shear-driven 

Couette-type contribution of the rapidly moving sheath flow dominates the core flow. 
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 (a) 10 μm particles 

  

 (b) 20 μm particles 

 

 (c) 40 μm particles 

Fig. 5-2 Hydrodynamic focusing in straight channel 
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5.2 Curved channel for size-based particle separation 

A 3D low aspect ratio 180o curved channel is adopted, with width 150 μm, height 

50 μm and curvature radius 200 μm. A straight section is added, connecting to its inlet 

to make the channel flow at the bend fully developed. 

5.2.1 Curved channel 

Particles of 3 different sizes (10 μm, 20 μm and 40 μm) are released at the same 

starting point. Cases with a wide range of inlet velocity have been studied. Some 

indicative results are shown in Fig. 5-3. 

 

(a) Inlet velocity=0.001 m/s;     (b) Inlet velocity=0.01 m/s; 

Time step=10E-3s                     Time step=10E-4s 

 
(c) Inlet velocity=0.1 m/s;                (d) Inlet velocity=1 m/s; 

Time step=10E-5s                     Time step=10E-6s 

Fig. 5-3 Particles of different sizes under various inlet velocities 
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With high flow velocity, the larger particles tend to move to the outer wall of the 

channel while the smaller one tends to move to the inner wall. With flow velocity 

decreasing, the trajectories of different-sized particles converge to one lateral position 

across the channel. This resonates with the fact that smaller Stokes number 0Stk

c

U

d


=  

indicates better tracing accuracy, where 

2

P P

18

d



=  is particle relaxation time. Thus 

the smaller particles have smaller Stokes number, moving closer to the streamlines of 

flow, while the bigger particles can evidently deviate from the streamlines. 

This also sheds light on the separation principle: for particles whose sizes are fixed, 

the Stokes number difference of at least one particle group must be over a threshold 

for separation. There are two approaches to achieve this: one is to increase the flow 

velocity while the other is to decrease the dimension of the channel. Thus only by 

microfluidics microparticle separation can be achieved with high specificity under 

normal velocity conditions.  

It is important to explain and discuss now the mechanisms through which particle 

separation under different flow inlet velocities actually takes place: 

1. Dean-lift separation at low flow velocity 

In the first case, 3 groups of particles respectively with diameter of 10, 20 and 40 

μm have been tested. They are released at the centre of the channel straight section. 

The inlet velocity is set to be 0.001 m/s. The external time step for the micro particle 

trajectory integration (and consequently for the flow equations integration) is 0.001s, 
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a value that satisfies the CFL condition 1
u t

x





. Combined with our Frozen Flow and 

Flow Correction Coefficient approach, time independence of simulation is confirmed. 

The internal time-step is set at Subt =10-8s. Fig. 5-4 shows flow field velocity and 

pressure contours at the same time step (100th time step, equivalent to 0.1s), as well as 

the positions of three particles in the channel. As 2 2 2

D

1

2 2
d dF v C A v C r


 = = , the 

particle acceleration D 1F
a

m r
=  , which explains why the smaller particle migrates 

faster than the bigger ones. The peak of velocity magnitude appears near the inner 

wall in this channel. The pressure has an axial gradient, while the radial pressure 

gradient is small. 

 

Fig. 5-4 Velocity, pressure contour at the mid-plane and the particle positions at 0.1s 

Fig. 5-5 shows the positions of all the three particles when they pass through the 60o 

(from upstream to downstream) cross section. Only the 40 μm particle is drifting 

towards the upper wall. This is because the lift force grows proportionally to 4r , 

according to Asmolov’s analysis [82]. When the particle dimension is comparable to 

the channel, the lift force can play a key role in determining the particle trajectory. 

Cutoff diameter is defined as Cutoff / 0.07d L = , where L  is the characteristic length 
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[84]. Taking particle migration distance into account, we adopt half of the channel 

length, 414 μm, thus the cutoff diameter for lift force would be 
Cutoff 0.07d L= =29.0 

μm. Thus both the 10 μm and 20 μm particles can’t be forced by the lift and thus stay 

close to the mid-plane. This conclusion is valid through the whole process, which is 

shown in the side view, Fig. 5-6. To make it clear, through this research unless 

otherwise noted, different sized particles and their trajectories are denoted by distinct 

colors, red for 10 μm, green for 20 μm and blue for 40 μm particle. 

 

 Fig. 5-5 Velocity contour and particles at the 60o cross section 

 
Fig. 5-6 Side view of particle trajectories and vertical positions 

Fig. 5-7 shows the particle trajectories at the time when the 20 μm particle goes 

through the 90o cross section and the flow field on the 90o cross section. They closely 

follow the streamline which originates from the releasing point. The axial distance 

between the 40 μm particle and the smaller ones increases over time. This reveals the 

mechanism of size-based particle streamwise separation by migration speed 

difference. The flow field demonstrates typical Dean vortices and indicates the larger 

particles will expose a larger area to the effects of the upper and lower backward 

flows. 
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Fig. 5-7 Particle trajectories and flow field on the middle cross section 

 

Fig. 5-8 Whole particle trajectories for vinlet=0.001 m/s 

In summary, for smaller particles (size is below the cutoff value / 0.07hd D  ), 

with the lift force decreasing dramatically, drag force becomes dominant leading them 

to be carried by Dean vortices to fill the whole channel, which is demonstrated in Fig. 

5-9 (a). Above the cutoff diameter, the large particles are transported towards 

equilibrium positions by the lift force, as shown in Fig. 5-9 (b). Further, if two 

particles are both above the cutoff size, in comparison to the smaller particle, the 

larger particle is more likely to be forced by the backward flow near the upper or 

lower walls (from the outer to the inner wall) because it exposes more surface area to 

the backward flow. Also, the larger particle moves vertically more quickly due to the 

lift force. So the larger particle will be located at an inner position while the smaller 
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particle is located more towards the outer position. Because the geometry is 

symmetric with respect to the mid-plane, the particles can similarly move downwards 

to the lower half. The lift force is proportional to 4r  while the Dean-direction drag is

2 2 1

PD m hF U d D R r −   [144]. Thus larger particles are more reluctant to be moved 

by the secondary flow, while smaller particles are more inclined to move with the 

Dean vortices to the outer wall. If the channel has enough curvature length eventually 

the smaller particle would circle in a loop and move inwards near the upper or lower 

walls. So the particles above certain dimension tend to focus to a lateral equilibrium 

positions near the inner wall, which provides a mechanism for size-based particle 

separation. 

 

Fig. 5-9 Size-based particle lateral migration 

The above analysis didn’t bring particle centrifugal force and radial pressure 

gradient effects into account because the flow velocity is low. Pressure difference 

between the inner and outer walls not only forces the flow to turn with the curved 

channel to drag the particle, but also imposes a radial pressure gradient across the 

channel to influence the particle. When the flow velocity increases, centrifugal force 

caused by the particle inertia 
2 2

3

C

4

3

mv v
F r

R R

 = =  can be much larger than the 

radial pressure gradient force 
3

P P
6

F d P


= −  , namely C PF F , resulting in inertia 
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dominating the particle motion. Thus the particles with circumferential speed v >

1

8

R
P


−   would move towards the outer wall. 

2. Radial pressure gradient separation at high flow velocity 

In the second case, the inlet velocity is increased to 1 m/s (since this value 

demonstrates the effect well). The time step was 10-6s. Fig. 5-10 shows flow velocity 

field and pressure contour at the same time step (100th time step, equivalent to 10-4s), 

as well as the positions of three particles in the channel. The pressure distribution 

develops to such a pattern that on the same axial cross section, the pressure near the 

outer wall is higher than the pressure near the inner wall, suggesting the pressure 

gradient is not purely axial when the flow velocity increases. This radial pressure 

gradient is triggered by the increase of Dean number. 

 

Fig. 5-10 Velocity and pressure contours at the mid-plane and particle positions at 

0.001s 

Fig. 5-11 shows the positions of all the three particles when they pass through the 

60o (from upstream to downstream) cross section. Only the 40 μm particle is 

substantially affected by the lift force obviously, for the same reason as the last case. 

But in this case it migrates to the lower wall, indicating the problem is symmetric 
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about the middle horizontal cross section. 

 

Fig. 5-11 Velocity contour and particles at the 60o cross section 

 

Fig. 5-12 Side view of particle trajectories and vertical positions 

Fig. 5-13 shows the particle positions at the time when the 20 μm particle goes 

through 90o cross section and the flow field on the 90o cross section. The particle axial 

sequence is the same, but the larger particles present the trend to go to the outer wall, 

away from the streamline. The drag force 2 2

D d

1

2
F v C r = . With the same 

circumferential speed v  and centrifugal force 
2

3

C

4

3

v
F r

R

= , if the particle size is 

over a limit to satisfy C DF F , i.e. 2

d

3
( )

8

v
r C R

v
 , this particle will obviously deviate 

from the streamline and go to the outer position. Because the flow drag is streamwise 

in a curved pattern, which is caused by radial pressure gradient induced by 

confinement of the walls, this separation scheme is termed as radial pressure gradient 

separation. 
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Fig. 5-13 Particle positions and flow field on the middle cross section 

Fig. 5-14 shows the entire particle trajectories. Clearly the largest 40 μm particle 

deviates from the streamline and migrates outward. From another perspective of view, 

larger particles induce higher Stokes number S 0Stk

U

L


= , where S  is the particle 

relaxation time, 0U  is the fluid velocity, L  is the characteristic length (in this case it 

should be the channel hydraulic diameter
hD = 75 μm). Stokes numbers represent 

tracing accuracy of particles on the flow. Only for S 1tk
, can particles follow fluid 

streamlines closely. Taking the inlet velocity 1m/s, for the 40 μm particle, S 0Stk

U

L


=

=1.19. This also explains why at high velocities particles with dimension comparable 

to the channel diverge substantially from the streamline. 

 

Fig. 5-14 Whole particle trajectories for vinlet=1 m/s 
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To verify the above findings and to eliminate the inlet/outlet effects, another 3D 

channel (adopted in chapter 4.1) with extended inlet and outlet branches has been 

investigated. In the same wide range of velocities (0.001 – 1 m/s), particles of 

different sizes (10 μm, 20 μm and 40 μm) are released at the same origin, 200 μm 

away from the inlet. Firstly the results prove that within the normal velocity range for 

microfluidic channels, particle rotation effect is secondary comparing to translational 

movement on trajectories. The comparison between the simulation results of the cases 

with and without rotation is shown in Fig. 4-19. The results also agree with the two 

separation mechanisms stated previously - Dean-lift separation at low flow velocity 

and radial pressure gradient separation at high flow velocity. When in the Dean-lift 

separation scheme (see Fig. 5-15 (a)), with increasing of particle size, larger particles 

tend to move inward laterally. When in radial pressure gradient separation scheme 

(see Fig. 5-15 (b) and (d)), with increasing of particle size, larger particles move 

outward laterally. The resolution of the radial pressure gradient separation scheme can 

be adjusted to be significantly larger than the Dean-lift separation. Although the 

trajectory difference seems not substantial for Dean-lift separation, when the channel 

path is elongated, this resolution could be effectively enhanced. 
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(a) vinlet=0.001 m/s, time step=10E-3s 

 

(b) vinlet=0.01 m/s, time step=10E-4s 

 

(c) vinlet=0.1 m/s, time step=10E-5s 
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(d) vinlet=1 m/s, time step=10E-6s 

Fig. 5-15 Particle trajectories of different sizes under various inlet velocity: left - 

with particle rotation; right – without particle rotation 

  It is further found that with increasing size, the influence of particle presence on the 

flow field is more substantial, as expected, sometimes changing the flow patterns 

profoundly, as shown in Fig. 5-16. Actually, in Fig. 5-16 (a), the smallest particle (10 

μm in diameter) does not change the flow field in a discernible manner. However, in 

Fig. 5-16 (c), the largest particle with 40 μm diameter alters the flow field by cutting 

off the peak velocity area. Another finding is that with the increase of flow velocity, 

the same particle tends to influence the flow field more dramatically, which can be 

seen in Fig. 5-16 (a) and (b). All these results are presented for the same 300th time 

step. These also prove, again, that when particle dimensions are comparable to that of 

the microfluidic channel, our direct simulation approach is competent, while the 

point-particle approximation would evidently be inappropriate. 
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(a) 10 μm particle 

 

 

(b) 20 μm particle 
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(c) 40 μm particle 

Fig. 5-16 Particle-flow coupling for different particle sizes and flow velocities 

5.2.2 Spiral channel 

As a preliminary excursion into more complex geometries, with more intense 

curvature features, a 2D spiral channel has been designed and tested. Inlet velocity is 

set to be 0.2 m/s. 10 μm and 7 μm particles are adopted. Geometry design and 

simulation results of particle trajectories are shown in Fig. 5-17, which is consistent 

with the experimental findings that in a long spiral channel, the larger 10 μm particle 

will focus to an inner lateral position while smaller 7 μm particles move to outer 

position, shown in Fig. 5-18 [69], where lateral displacement refers to the radial 

distance between the particle streams. The flow field and pressure contour are shown 

in Fig. 5-19. 
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Fig. 5-17 7 μm (green) and 10 μm (red) particles in 2D spiral channel 

 

Fig. 5-18 Lateral displacement of different-sized particles [69] 

 
Fig. 5-19 Flow field and pressure contour of 2D spiral channel 

  The natural extension to a 3D spiral channel is then pursued. With the same planar 

configuration, the channel height is given as 20 μm to demonstrate 3D effects. This 

time the inlet velocity is raised to 2 m/s, which is comparable to the experiment 
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parameter [69]. Fig. 5-20 shows the results of trajectory separation by particle size in 

the 3D spiral channel within a wide range of velocities. The velocity and total 

pressure contours are also computed. We demonstrate that in spiral channels, both at 

low velocity (0.02 m/s) and high velocity (2 m/s), 7 μm and 10 μm particles can be 

separated and the larger particle moves towards the inner lateral position, shown in 

Fig. 5-20 (a) and (c). Clearly in these two cases the Dean-lift particle separation 

mechanism is dominant, and the flow velocity threshold transition from Dean-lift 

separation to radial pressure gradient separation is much higher than that in the 

previous 180o curved channel. This demonstrates that spiral channels, with elongated 

axial length, can further increase the impact of the Dean-lift effect over the influence 

of the inertia effect because wall effect increases with migration length. 

  

 

(a) vinlet=0.02 m/s, time step=10E-4s 
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(b) vinlet=0.2 m/s, time step=10E-5s 

 

 

(c) vinlet=2 m/s, time step=10E-6s 

Fig. 5-20 7 μm (green) and 10 μm (red) particles in the 3D spiral channel
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