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Abstract

We study complexity and generalization in learning systems. We begin
by framing learning as a dynamical non-equilibrium process, and suggest
that a more complete understanding of machine learning requires meth-
ods beyond statistical description. We point out that machine learning
must be considered both a mathematical and a natural science, since it
requires both a theory of the formal learning system and the environment
it operates within. Our central technical contribution is a dynamical com-
plexity measure based on the theory of Kolmogorov complexity and lossy
compression. We use this measure to demonstrate a complexity phase tran-
sition during learning, in neural networks which suddenly generalize after
initially overfitting their training data. We also explore generalization in
multi-step decision processes, which break common statistical assumptions
underlying generalization. Finally, we explore generalization of learning
systems trained only in simulation to the real world.
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Chapter 1

Introduction

What can machines learn, and when do they generalize? It is no good if our robot

can only navigate scenarios it has previously encountered, or our language system can

only handle questions which we have already provided the answers to. To surpass

the utility of simple lookup tables encoding prior knowledge and experience, learning

systems must go beyond mere memorization. They must generalize.

What can machines learn? Classically, machine learning researchers have been

concerned with questions of model expressivity, which ask whether a given system can

represent a su�ciently rich class of functions. Contemporary machine learning has

focused on neural networks, which enjoy a high degree of representational richness.

According to the universal approximation theorem (UAT) (Hornik, Stinchcombe, and

White, 1989), arbitrary width single hidden-layer networks can approximate any contin-

uous function with arbitrary precision. The relationship between the representational

capacity of a model, or hypothesis classH and its expected generalization performance

is most clearly expressed through the classic �nite hypothesis bound (Shalev-Shwartz

and Ben-David, 2014): LetR̂(h) = 1
n

P n
i =1 `(h(x i ); yi ) be the empirical risk of a

hypothesish 2 H with ` the indicator function, and let R(h) = E(x;y )� D

h
R̂(h)

i
be

the true risk, with train and test samples independently and identically distributed

(iid). With probability at least 1 � � ,

R(h) � R̂(h) +

r
logjHj + log (1=� )

2n
(1.1)

This bound states that the expected generalization error is no more than the average

train error, plus a term which depends on the model's capacity, the desired degree of

certainty, and the number of training samples. The model capacity is expressed as

logjHj here, i.e. the number of bits needed to specify our hypothesis under a uniform

prior over its class. Therefore, the larger and more expressive our model class, the
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looser these bounds become. This reveals a fundamental tension: we want to use

expressive models which can represent a wide variety of functions, but these bounds

suggest that more expressive models are expected to generalize worse.

There are a number of di�erent measures of model expressivity which quantify

a model class's capacity to �t arbitrary labels over their domains, such as the VC

dimension (Vapnik and Chervonenkis, 1971) and Rademacher complexity (Bartlett

and Mendelson, 2003). A limitation of these measures is their inability to distinguish

the generalization capabilities ofparticular models that result from optimization over

the hypothesis class, e.g. through a learning algorithm and training dataset. These

measures cannot distinguish models which over�t from those which generalize, and

cannot be used to track dynamical properties during learning. Hence, while theorems

such as the UAT guarantee the existence of certain solutions, whether they are found

by our optimization procedure in practice cannot be determined from these measures.

When can we expect generalization to occur? Despite the rich representations

a�orded by contemporary deep neural networks, the No Free Lunch theorem (Wolpert

and Macready, 1997) tells us that even the most sophisticated learning algorithms do

no better than blind search or random guessing when averaged on a uniform distribu-

tion over all optimization problems. To outperform naïve approaches, optimization

procedures must take advantage of structure in the datasets they encounter, commonly

dubbed the inductive bias in machine learning (Mitchell, 1980). Because of this, any

theory of learning systems is incomplete without a corresponding theory of their data.

A full account of generalization must therefore address details of both the learning

system and the target environment. While the learning system may be formally speci-

�ed, a complete and computationally tractable formalization of the natural world is not

forthcoming. Indeed, we typically use learning systems when a formal speci�cation of

the environment is unavailable or analytically intractable. We face a chicken-and-egg

problem: generalization requires the use of structure in the environment, but we tend

to use learning systems precisely when the environment is resistant to formalization,

and hence has unknown structure.

1.1 Priors at Equilibrium

Evidently generalization is possible: we observe patterns and regularities, and make

many predictions better than chance. Consider the following sequence:

1; 2; 4; 8; 16::: (1.2)

2



There are in�nitely many possible continuations, yet one in particular stands out as

most likely a priori . Why might this be?

Prior beliefs represent our state of knowledge and uncertainty about a system

before we have made a measurement. A classic prior comes from Laplace's principle

of indi�erence, which says that equal credence should be given to each possibility if

there is no reason to think otherwise (Laplace, 1825). In other words, Laplace claims

that our default prior should be a uniform distribution. Jaynes re�ned and generalized

Laplace's principle in a pioneering series of papers (Jaynes, 1957a; Jaynes, 1957b),

proposing the principle of maximum entropy, along with an information-theoretic

interpretation of statistical mechanics as inference. Jaynes' principle says that our prior

should have maximal entropy, subject to consistency with any relevant information.

In the case of a discrete set of outcomes without any additional data, this reproduces

the results of Laplace's principle. Jaynes emphasizes, however, that his results address

systems at equilibrium:

�We shall be concerned with the prediction of equilibrium thermodynamic

properties, ... which involves only the probabilities assigned to stationary

states. [...] By restricting our attention to the prediction of equilibrium

properties as in the present paper, we are in e�ect deciding at the outset

that the only type of initial information allowed will be values of quantities

which are observed to be constant in time.� Jaynes, 1957a, pp. 621, 624

Is the equilibrium assumption a good one in the context of machine learning? The

second law of thermodynamics states that isolated systems tend towards thermal

equilibrium and maximum entropy. The second law is widely agreed to be the surest

of the known physical laws. Eddington notably remarked:

�If someone points out to you that your pet theory of the universe is

in disagreement with Maxwell's equations�then so much the worse for

Maxwell's equations. If it is found to be contradicted by observation�well,

these experimentalists do bungle things sometimes. But if your theory

is found to be against the second law of thermodynamics I can give you

no hope; there is nothing for it but to collapse in deepest humiliation.�

Eddington, 1928, ch. 14

While the second law tells us that every isolated systemtends to equilibrium,

it is clear that many complex systems of interest are neither isolated, nor close

to equilibrium. Indeed virtually all complex systems, from weather patterns to

3



life itself, require non-equilibrium conditions to function (Schrödinger, 1946). The

thermodynamics of these evolving, non-stationary systems are formalized in non-

equilibrium statistical mechanics (Zwanzig, 2001), where �uctuation theorems quantify

statistical deviations from monotonic entropy increase (Jarzynski, 1997; Crooks, 1999).

Because an entropy gradient is required to drive their dynamics (Groot and Mazur,

1962), we should expect to see regions oflow entropy in the vicinity of complex systems,

in apparent contradiction with Laplace's principle.

Instead of the statistical uniformity we might expect to encounter at equilibrium,

across the sciences we observe that much of the natural world is surprisingly ordered

and simple. In information geometry and machine learning, for example, themanifold

hypothesisposits that �high dimensional data tends to lie in the vicinity of a low

dimensional manifold� (Narayanan and Mitter, 2010). Similarly, Wigner (1960) dis-

cusses the �unreasonable e�ectiveness� of simple mathematical structures in expressing

physical law. These observations �nd their most well known expression in Occam's

Razor.

Also known as the principle of parsimony, Occam's Razor says that one �must not

multiply entities beyond necessity� (Brampton, 1964). We interpret this to say that

absent evidence otherwise, simpler explanations should be preferred. Under Jaynes'

identi�cation of inferential priors with statistical properties of the environment, we can

understand the explanatory success of Occam's Razor as a re�ection of the (perhaps

surprisingly) low complexity of many systems, as captured by e.g. the manifold

hypothesis. It is the principle of parsimony which picks out a particular continuation

for sequence 1.2 as most likely; maximum entropy principles alone provide insu�cient

reason to make any particular inference.

1.2 Complexity and Generalization

While Laplace and Jaynes' principles have a clear statistical interpretation, formalizing

simplicity requires mathematical machinery beyond statistical description. The basic

idea is that simpler objects should have shorter descriptions. Solomono� (1964a)

and Solomono� (1964b) introduced a prior which formalizes Occam's Razor, and

assigns probability to sequences according to their algorithmic complexity. LetU be a

universal pre�x Turing machine, then Solomono�'s prior is:

P(x) =
X

p:U(p)= x

2�j pj (1.3)
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Solomono�'s prior assigns probability to strings according to an exponentially weighted

sum of the length of every program which produces that string. Later, Kolmogorov,

1965 and Chaitin, 1969 independently formalized the same notion of algorithmic

complexity, which is now known as the Kolmogorov complexity:

K (x) = min
p:U(p)= x

jpj (1.4)

While these quantities are uncomputable, their formalization in algorithmic infor-

mation theory (AIT) (Ming Li and Vitányi, 1993) lets us address many questions

which statistical mechanics and classical information theory do not. For example, by

replacing the uniform prior over our hypothesis class in generalization bound 1.1 with

the Solomono� prior, we obtain bounds which meaningfully distinguish individual

hypotheses according to their complexity, as measured by their compressibility.

Shannon's source coding theorem1 identi�es the compressibility of iid sequences

with the entropy of their distribution, while the Kolmogorov complexity accounts for

any recursively enumerable pattern.2 The iid assumption plays a role in information

theory analogous to that of equilibrium in statistical mechanics: both simplify analysis

by assuming the system of interest is stationary, and admits a su�cient characterization

by statistical quantities alone. One bene�t of complexity-theoretic arguments is their

ability to address properties of individual instances, rather than statistical ensembles.

This thesis explores generalization phenomena in learning systems. Our central

contribution is a dynamical complexity measure based on lossy compression that

remedies the issues inherent to traditional capacity measures discussed earlier. We

use this measure to explain a pathological generalization phenomenon in deep neural

networks known as �grokking� in Chapter 2. Our results suggest that, just as physical

systems can transition between distinct thermodynamic phases, learning systems can

also transition between distinct phases which are characterized by their algorithmic

complexity, and which drive generalization. In Chapter 3 we explore generalization in

multi-step decision processes, which introduce dependencies between predictions and

future states that break common iid assumptions underlying generalization. Finally,

in Chapter 4 we explore how generalization challenges manifest when learning systems

trained in simulation are deployed in the real world.

1We assume familiarity with basic notions from information theory. Appendix A provides an
elementary introduction to the relevant concepts.

2If a sequence is truly random, its normalized Kolmogorov complexity tends to the entropy of its
distribution. In this sense, AIT is a consistent �microscopic� information theory which reproduces
Shannon information theory in the ergodic limit.
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Chapter 2

The Complexity Dynamics
of Grokking

When can we expect learned models to generalize well? In this chapter, we investigate

the recently observed �grokking� phenomenon (Power et al., 2022), where neural

networks exhibit a sharp transition from memorization to generalization long after

over�tting their training data. The extended delay between these two phases of

learning provides an ideal setting to study the relationship between complexity and

generalization in learning systems. The study of phase transitions in learning systems

provides a window into fundamental questions about the nature of generalization and

emergence of structure.

Simplicity has long been recognized as a common feature of good models: Occam's

Razor says that amongst models which explain some data equally well, the simplest

one is expected to generalize best. Drawing inspiration from statistical physics and

algorithmic information theory, we introduce a dynamical measure of the intrinsic

complexity of neural networks based on lossy compression and Kolmogorov complexity.

Our measure can be applied throughout learning, to reveal the complexity dynamics

of the system as optimization is applied. This approach parallels work by Aaronson,

Carroll, and Ouellette, 2014 who study the complexity dynamics of simulated physical

systems. Their key insight is to measure complexity after appropriatecoarse-graining

of the system's state. We formalize their insight using algorithmic rate�distortion

theory, resulting in a principled lossy compression scheme for neural networks which

bounds their complexity.

This framework allows us to track the complexity dynamics of neural networks

throughout training. We �nd that properly regularized networks that successfully

generalize exhibit acomplexity phase transition: complexity �rst rises as the network

6



Figure 2.1: Complexity dynamics for unregularized (blue) and regularized (red)
neural networks in grokking experiments on modular multiplication. Markers denote
when memorization (� ) and generalization (
 ) occur. In the regularized network,
generalization occurs as complexity falls after its peak at memorization, while the
unregularized network never generalizes, and its complexity remains large. Mean over
3 seeds, shading std. error.

memorizes training data, then falls sharply as the network discovers a simpler underly-

ing pattern that generalizes. In contrast, unregularized networks that fail to generalize

remain trapped in a high-complexity memorization phase inde�nitely. We establish

an explicit link between our complexity measure and statistical generalization bounds,

and show how these correspond to the Minimum Description Length Principle.

The Minimum Description Length (MDL) Principle (Rissanen, 1978) attempts to

formalize Occam's Razor in the language of information theory. It says that the best

model is the one which minimizes the total message length of the data. Shannon's

theorem (Shannon, 1948) says that the expected optimal coding rate for samples

drawn from a distribution is equal to the entropy of the distribution. Hence, the

entropy H of some dataD under a modelM , H (DjM ) tells us the expected message

length after encoding the data with the model. However, we must also consider the

information cost of the model itself, which is the model complexityC(M ). MDL says

we should take the model which minimizes thesum of these terms:

M  arg min
M

H (D j M ) + C(M ) (2.1)

Intuitively, it is worth making our model one bit more complex if it lets us reduce

the apparent entropy of the data by more than one bit, since that reduces the overall

message length. Note that if the modelM fully explains some subsetD 0 � D then

the prediction of that data becomes deterministic andH (D 0jM ) = 0 . Consider a
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trivial model which simply memorizes the data in a lookup table. Whilst this reduces

the entropy of the data to zero, the model complexity is exactly equal to the original

entropy of the data. Therefore the total description length has not changed, and no

compression has been achieved by the model.

The insight that simpler models are expected to generalize better is made precise

through statistical generalization bounds of the form:

test error � train error + model complexity (2.2)

which are ubiquitous across a number of �elds of statistical machine learning (Vapnik,

1991; Bartlett and Mendelson, 2003). When the error terms are identi�ed with entropy,

as is frequently the case, these bounds reveal that models which minimize MDL are

precisely those expected to generalize best. This provides the link between compression

and generalization: the model which best compresses the data is the one expected to

generalize best.

To apply the MDL principle, we require a measure of model complexityC(M ).

Traditional complexity measures in machine learning such as Rademacher complexity

(Bartlett and Mendelson, 2003) or VC dimension (Vapnik and Chervonenkis, 1971)

are de�ned relative to speci�c hypothesis classes, and as discussed in the introduction,

cannot distinguish between individual hypotheses realized by our network as it is

learning. We seek a universal measure that applies to any computational model.

Recall that the Kolmogorov complexityK of a string s is equal to the length of the

shortest programp which prints s when executed on a universal Turing machineU:

K (s) = min
p:U(p)= s

jpj (2.3)

To build intuition, consider two strings of length N : The string 1̀11:::1' can be gener-

ated by a short programprint `1' N times , soK (s) � logN . In contrast, a random

string `10110:::' has no pattern to exploit; its shortest description is itself:print

`10110...' , giving K (s) � N . Algorithmically random strings are precisely those

whose Kolmogorov complexity equals their length�they are incompressible because

they contain no exploitable patterns. We expect that networks which implement a

simple pattern should have low complexity,despitehaving many parameters, while

a network memorizing random labels must have high complexity. Unlike capacity

measures that provide loose bounds over whole model classes, Kolmogorov complexity

captures the information content of the individual learned function that results from

optimization.
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Figure 2.2: Complexity and accuracy vs steps for models regularized using our method.
As models memorize, complexity increases. Complexity falls as generalization occurs.
We use Algorithm 2 to coarse-grain models with� = 1. Std. error shaded with six
seeds.
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To implement these ideas, we develop a principled approach to measuring neural

network complexity based on lossy compression. While the Kolmogorov complexity

is uncomputable, compression provides an upper bound: notice that compressed

data plus its decompressor form a program that generates the original data. The

compressed �le-size of the network provides an upper bound on its complexity, with

better compression resulting in tighter upper bounds. However, we cannot apply

naïve lossless compression methods to neural networks and expect precise complexity

estimates, because networks contain noise from initialization and stochastic training.

Because noise is random information, a naïve compression estimate is dominated by

the noise, rather than the algorithmic structure in the network. To compute tight

compression bounds, we develop a coarse-graining procedure inspired by rate-distortion

theory that removes noise while preserving functional behavior, enabling compression

ratios 30-40Ö better than naïve approaches. This sensitivity is crucial for revealing

the underlying complexity dynamics during training, shown in Fig 2.1. Our main

contributions are:

ˆ A theoretical framework connecting neural network complexity to Kolmogorov

complexity through lossy compression, with explicit links to generalization

bounds.

ˆ Empirical demonstration of a complexity phase transition during grokking,

characterized by a rise and fall pattern that distinguishes generalizing from

memorizing solutions.

ˆ A regularization method based on spectral entropy that encourages networks

toward low-complexity representations by penalizing a di�erentiable measure of

their e�ective dimension.

2.1 Related Work

Grokking The grokking phenomenon (Power et al., 2022) occurs when networks

suddenly transition from memorizing to generalizing solutions long after over-�tting

the training data. Liu, Kitouni, et al., 2022 characterize conditions under which

grokking occurs, and categorize learning into four distinct regimes,comprehension,

grokking, memorization, and confusion by examining phase diagrams of learning

performance across di�erent hyperparameters. Liu, Michaud, and Tegmark, 2022

demonstrate grokking on non-algorithmic datasets, and propose a link between a
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Figure 2.3: Complexity and accuracy vs steps for unregularized models. As models
memorize, complexity increases. Without regularization, the models fail to �nd low
complexity solutions, and never generalize. We use Algorithm 2 to coarse-grain models
with � = 1.
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network's parameter norm and grokking. This link is also explored by Varma et al.,

2023, who explain grokking in terms of the �e�ciency� of a network, as measured by

the ratio of the logit to parameter norms. Nanda et al., 2023 propose task-speci�c

loss-based �progress measures� to detect grokking, but note that we �lack a general

notion of criticality that would allow us to predict when the phase transition� occurs.

In this work, we suggest that complexity is the key dynamical metric to understand

grokking (and generalization more broadly), and discuss why proxy measures such as

the L2 norm are insu�cient.

Generalization The connection between model capacity and complexity is

sometimes misunderstood amongst machine learning practitioners: the contemporary

view in deep learning is that �larger models are better� (Nakkiran et al., 2019),

with empirically observed scaling laws across a range of modalities and architectures

(Kaplan et al., 2020; Henighan et al., 2020) which show monotonic improvement

of performance with increasing model scale. This view contrasts with the classical

bias-variance tradeo�, which says that �once we pass a certain threshold, larger models

are worse� (Nakkiran et al., 2019). The latter view is only true assuming model

capacity is equal to model complexity, and would follow from bounds of the form of

Equation 2.2. However, this appearsnot to be the case. Lot� et al., 2024 recently

established the �rst non-vacuous generalization bounds for large language models

by producing highly compressible models trained in a non-linear low-rank subspace,

and bounding their generalization performance under a smoothed entropy loss by the

Kolmogorov complexity. While they focus on explicit generalizationbounds, we focus

on the complexity dynamics of the transition from memorization to generalization to

explain grokking. Goldblum et al., 2023 argue for generalization to be understood

using Kolmogorov complexity, and apply the Solomono� prior,P(h) = 2 � K (h) for

hypothesesh to a �nite hypothesis bound (Langford and Seeger, 2001) to produce a

generic generalization bound based on the Kolmogorov complexity.

Intrinsic Dimension While data may be embedded in a high-dimensional

ambient space, it often lies on a low-dimensional submanifold (Narayanan and Mitter,

2010). The dimension of this low-dimensional manifold, if it exists, is called the

intrinsic dimension of the data manifold, which serves as an alternative complexity

measure. Sharma and Kaplan (2020) show that the intrinsic dimension of the data

manifold can explain the observed power laws which govern scaling in deep neural

networks (Kaplan et al., 2020). A related quantity is the e�ective dimension of a

model, which measures the number of �relevant� parameters in a network based on the

local curvature of the loss landscape. Maddox, Benton, and Wilson (2020) estimate
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the e�ective dimension of deep neural networks by counting the number of eigenvalues

of the Hessian above a cuto�. They �nd that this quantity tracks generalization, and

varies non-monotonically with model scale in double descent experiments. In particular,

despite training networks with up to 107 parameters, the e�ective dimension of the

model never increases above102, suggesting that networks are vastly overparameterized

relative to the intrinsic complexity of the data manifold. One promising avenue for

future research is to more formally connect the intrinsic dimension of the data manifold

with the e�ective dimension of an optimal model for that data.

Coarse-graining Aaronson, Carroll, and Ouellette, 2014 study the complexity

dynamics of a cellular automaton which simulates the mixing of two liquids. They

observe the rise and fall of complexity as entropy increases, and conjecture that this

phenomenon is generic. To approximate the complexity of their automaton, they

propose an �apparent complexity� measure which is the compressed �le size of a

coarse-graineddescription of the state. They informally assert that coarse-graining

removes random information from the state, leaving only �interesting� information

behind. We formalize their intuition using rate�distortion theory, and use the resultant

complexity measure to explain grokking.

2.2 Complexity and Generalization

Understanding generalization is of central importance in machine learning. To what

extent can we expect our models to generalize, and can we predict their performance

ahead of time? Lot� et al., 2024 provide a generalization bound which takes advantage

of the Kolmogorov complexity, and quanti�es the expected riskR(h) for a given

hypothesish, with probability 1 � � :

R(h) � R̂(h) +

r
K (h) + 2 log K (h) + log(1=� )

2n
(2.4)

Where K (�) is the Kolmogorov complexity, R̂(h) is the empirical risk, and n the

number of samples. As mentioned in the introduction, the Kolmogorov complexity is

not computable, but can be upper-bounded by compression. Therefore, we can bound

our generalization error by compressing models, with better bounds following from

tighter compression. It is important to keep in mind that some approaches we might

take to compress models, such as reducing the precision of their parameters, can also

result in loss of performance. Hence, while we might decrease the complexity term

by lossily compressing models, this may result in the empirical risk̂R(h) increasing.
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To produce strong generalization guarantees, we must jointly minimize the model

complexity and the empirical risk.

These bounds can also be understood as restating the MDL principle. If the

empirical risk is understood as the entropy of the training data under the model, as

is typically the case, then the joint minimization of the empirical risk and model

complexity is exactly the MDL principle. I.e. the model which generalizes best is the

one which compresses the data best, and is itself most compressible.

Unfortunately, naïvely compressing a model's parameters produces poor complexity

bounds, since the network contains random information left over from initialization,

and from the stochastic training procedure. If we could remove the random information

from a network, then compressing the resulting parameters could provide much tighter

bounds on the network complexity. However, it is undecidable whether information is

random (Ming Li and Vitányi, 1993), so there is no generic method to remove it.

Aaronson, Carroll, and Ouellette, 2014 remove random information by coarse-

graining their automaton's state. They coarse-grain by smoothing and quantizing the

state. The coarse-grained state is then compressed with o�-the-shelf programs such as

bzip2 , with the compressed �le size providing improved complexity estimates. They

dub this metric the �apparent complexity�, since it is not actually a bound on the

original state's complexity, and is arbitrary in the choice and degree of coarse-graining.

We adapt their method and apply it to neural networks based on a central insight:the

loss function induces a coarse-graining , which can be understood as principled

lossy compression of the model.

2.2.1 Lossy Compression

Shannon's theorem provides a lower-bound on coding rates which canlosslessly

compress signals, but more e�cient coding rates are possible if some distortion is

allowed. For example, JPEG compression removes high-frequency details from images

which are perceptually irrelevant to the human eye, incurring some distortion. Similarly,

we want to �nd the least detailed model which produces acceptable performance on

the training data. Since neural networks are initialized randomly and trained via

stochastic optimization, much of the information capacity of their parameters stores

noise. In algorithmic information theory, noise is precisely that which is incompressible,

so if we naïvely compress model weights, the resultant complexity estimate from the

compressed �le size is dominated by the noise stored in the weights. To overcome

this, we develop a lossy compression scheme which lets us formalize the trade-o�

between information capacity in the model and the performance on the training data
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Figure 2.4: Algorithmic rate�distortion curves r � (�̂ ) for all datasets at varying distor-
tion bounds � . The rate is the complexity of the coarse-grained weightŝ� at the end
of training. Mean over six seeds.
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as measured by the loss function. Rate�distortion theory formalizes the trade-o�

between coding rate, induced distortion, and perceptual quality (Blau and Michaeli,

2019), though it is typically de�ned over random variables. Vereshchagin and Vitányi,

2004 generalize the theory of rate distortion to the algorithmic information setting.

They de�ne the algorithmic rate�distortion function r x (y), which is the minimum

number of bits needed to specifyy with distortion relative to x no more than� :

r x (y) = min
y:d(x;y )<�

K (y) (2.5)

Where d is some distortion function. We will take the �input string� x to be the model

parameter vector� , and the �output� y to be the coarse-grained parameter vector̂� .

The choice of distortion functiond is critical. In particular, we are not interested in

the distortion in parameter space,j� � �̂ j2. Instead, we are interested in the distortion

under the loss function. Hence, we set:

d(�; �̂ ) =
�
�
�L (�; D ) � L (�̂; D )

�
�
� (2.6)

Substituting this distortion function into Eqn 2.5, we can see that the optimum can be

interpreted as the least complex set of model weightŝ� which induce distortion under

the loss function no more than� . We control the rate�distortion trade-o� through the

parameter� , which leads to the following distortion criterion to accept a coarse-grained

approximation: �
�
�L (�; D ) � L (�̂; D )

�
�
� < � (2.7)

Note that we could have chosen an alternative distortion function, such as di�erence

in accuracy or any other performance metric of interest. However, the cross-entropy

loss preserves the interpretation of the model as a compressor of the training data. In

fact, the MDL principle implies an optimal distortion bound � , which determines the

best coarse-grained model̂� :

�  arg min
�

H (D j �̂ ) + r � (�̂ ) (2.8)

Intuitively, as we coarse-grain a model it becomes less complex. However, it may also

perform worse. The MDL principle implies that the optimally coarse-grained model is

one which balances the complexity�performance trade-o�, as measured by the model's

ability to compress its training data, which is given by the loss function. In particular,

a lossy modelmight be a better lossless compressorof the data, as measured by the

total description length. We approximate the algorithmic rate�distortion function via

compression upper bounds, and plot curves of best �t in Fig 2.4.
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Figure 2.5: Complexity dynamics under varying distortion bounds� . As the allowed
distortion increases, the estimated model complexity becomes smaller, as expected.
The rise-and-fall pattern is robust under varying distortion bounds.

To obtain models which are optimal compressors, we must regularize them to limit

their complexity. In the next section, we discuss the relationship between complexity,

capacity, and regularization, and propose a regularization method which results in

highly compressible models.

2.3 Capacity and Regularization

To control model complexity, practitioners introduce regularizers to the network

training process. Most regularizers work by limiting a model's e�ective capacity, which

may limit its complexity. To see this, we consider a simpli�ed representation of a

model parameter. The information capacityI of a single positive parameter with

�xed precision � , and max size� is given by:

I = log
�
�

(2.9)

Under this simpli�ed model, it is clear that we can limit the information capacity of the

parameters either by controlling their range through� , or by reducing their precision

through � , which can be thought of as an e�ective quantization level. Regularizers such
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as weight decay control the information capacity by limiting� , or proxies of it such

as anLp norm. In particular, weight decay adds an independentL2 penalty for each

parameter to the loss function. Methods which control information capacity through�

include training in reduced precision (Micikevicius et al., 2017), and quantization-aware

training (S. Ma et al., 2024).

However, training with regularization does not guarantee that the resultant model

will be of low complexity. For example, while weight decay ensures parameter norms

are smaller than they otherwise would have been, the network can still store detail in

high-frequency information. Our experiments demonstrate that this indeed occurs

in practice. A key requirement for complexity reduction therefore is a regularization

scheme which explicitly alleviates this issue.

A further complication is information which is spread across multiple parameters.

Networks are typically parameterized by matrices which represent linear transfor-

mations, such that relevant information exists in theirspectrum. Ultimately such

information is accounted for by the total sum of parameter capacities, but it is

helpful to think of information in the spectral representation. We now introduce a

regularization scheme which addresses both of these challenges.

2.3.1 Quantization and Noise

In contrast to methods like weight decay, which regularize the capacity of networks

by controlling their range through e�ective penalties on� , we introduce a simple

modi�cation to the training procedure which has previously been studied by Hinton

and Camp, 1993, amongst many others: One way to set an e�ective lower bound

on the quantization level � from Eqn. 2.9 is to train networks with noisy weights.

The noise prevents the parameters from forming structure below the noise threshold,

limiting the information capacity �from the bottom�. To do this, we construct a set of

noisy weights~� by adding independent Gaussian noise scaled by� to every parameter

at each forward pass:
~� = � + � N (0; 1) (2.10)

We compute the forward pass and gradients with the noisy weights, then apply those

gradients to the original parameters. Note that� in Eqn 2.10 need not be the same as

� from Eqn. 2.9, but applying this training procedure sets an e�ective lower bound on

� from Eqn. 2.9 (the e�ective precision of our parameters) so we use the same symbol.

This implies that we ought to be able to remove all information below the scale set by

� , i.e. that we can quantize the parameters with bin spacing at least� . To do this, we
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introduce a quantization operatorQ̂ which takes a parameter vector� and bin size� ,

and rounds all parameters to the nearest bin value

Q̂(�; �) = b
�
�

e � � (2.11)

We could achieve greater compression by using a separate� for each parameter group,

but for simplicity we use a global value of� . A simple algorithm which estimates

the complexity of a network based on quantization coarse-graining alone is given in

Algorithm 1.

Algorithm 1 Complexity by Quantization
Require: params, epsilon
Ensure: best_complexity

1: best_complexity  compress (params)
2: for bin_sizing from small to large do
3: quantized_params Quantize (params, bin_sizing)
4: if jLoss(quantized_params) � Loss(params)j < � then
5: best_complexity  min(compress (quantized_params),

best_complexity)
6: end if
7: end for
8: return best_complexity

2.3.2 Spectral Entropy

While coarse-graining by quantization is simple and e�ective, it can only address

high-frequency noise. In this section we introduce another coarse-graining procedure

which takes advantage of low-rank approximation to remove random information.

We use this low-rank approximation both as a regularization method to limit model

complexity, and as a coarse-graining method during the compression stage, to produce

tighter complexity estimates throughout training.

Low rank approximation is the problem of �nding an approximating matrix ~M

for a matrix M subject to the constraint that rank( ~M ) � r for somer , typically

r � rank(M ). Low-rank approximation of neural network weight matrices has recently

been used to achieve compute� and parameter�e�cient �netuning of LLMs (Hu et al.,

2021; Dettmers et al., 2023), building on the insight that both the weights and update

gradients live on a low-dimension subspace of the total weight space (C. Li et al., 2018;

Aghajanyan, Zettlemoyer, and Gupta, 2020).
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The mismatch between the apparent and e�ective ranks of the largest models

is another manifestation of the di�erence between the capacity and complexity of

networks. While large capacity may be needed for training dynamics to �nd optimal

solutions, those learned solutions which generalize best tend to be of low e�ective

rank, and therefore low complexity.

It is well-known that the optimal rank k approximation of M under the Frobenius

norm is obtained by computing the singular value decomposition ofM , and removing

all but the k largest singular values. Recall that for anm � n matrix M 2 Rm� n ,

the singular value decomposition isM = USV =
P r

i =1 � i ui v
|
i , where the columns of

U and the rows ofV are the left- and right-singular vectors respectively, andS is

a diagonal matrix S = diag(� i ) with singular values � 1 > � 2 > ::: > � r =min( m;n ) in

decreasing order. Then the optimal rankk approximation is ~M =
P k

i =1 � i ui v
|
i .

To coarse-grain, we search for the smallest rank decomposition of each layer that

satis�es the � �bound of Eqn. 2.7. Note that di�erent layers may admit di�erent

degrees of rank decomposition, so using a global value ofk across all layers of the

network would be suboptimal. Instead, we search for optimal per-layer low-rank

approximations by normalizing the singular values

�� i =
� iP
j � j

(2.12)

so that
P

i �� i = 1. Next we de�ne a parameter� 2 (0; 1) which sets an approximation

threshold, so that the sum of the normalized singular values is no less than� . Intuitively,

� is a parameter which allows for convenient control of the approximation quality

of the low-rank decomposition. For example, a matrix with only one large singular

value, and many other negligibly small singular values has an e�ective rank of 1,

so we will probably be able to satisfy the� �bound with a rank 1 approximation of

that matrix, whereas for a matrix with many singular values of similar magnitude,

our approximation must be close to full rank. To represent each layer with as few

parameters as possible, we de�ne a per-layer truncation thresholdk(� ):

k(� ) = min f k :
kX

i =1

�� i � � g (2.13)

where the same threshold� is used across all weight matrices. This lets us de�ne a

low-rank approximation operator ~R(�; � ) which returns the truncated singular value

decomposition with e�ective rank controlled by� . Note that if the e�ective rank of

the matrix is large, there is no compression bene�t to the spectral representation. An

m � n matrix M normally requiresmn parameters for representation, and the SVD
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of rank k usesk(m + n) parameters, so the low-rank approximation is only useful if

k(� ) < mn
m+ n .

~R(� j ; � ) =

( �
� j

i :k(� ) ; uj
i :k(� ) ; vj

i :k(� )

�
if k(� ) < mn

m+ n

� j otherwise
(2.14)

Where � j is the network parameter group of layerj , and (� j
i :k(� ) ; uj

i :k(� ) ; vj
i :k(� )) are

the corresponding low-rank matrices of rankk(� ). Note that we can interpret the

normalized singular values as a probability distribution. Then, de�ne thespectral

entropy of a matrix Hsvd,

Hsvd = �
X

i

�� i log �� i (2.15)

Intuitively, Hsvd tells us about the e�ective rank of the matrix by measuring the spread

of the singular values. To see that, note that if all singular values are equal,Hsvd is

maximized, and if all but one of the singular values are zero,Hsvd is minimized. Roy

and Vetterli (2007) formalize this by proving that Hsvd computes the e�ective rank

of a matrix, ranke� (M ) = exp(Hsvd(M )), which measures the intrinsic dimension of

the transformation parameterized byM . The spectral entropy not only provides a

means of measuring the e�ective dimension of networks as training progresses�we

can also explicitly penalize this quantity to encourage the network to learn simple,

low-rank representations. In experiments, we show that our regularization method

causes grokking, and produces the lowest-rank and most compressible networks of the

methods we study.

Our full coarse-graining procedure is to perform a Bayesian optimization for the

values of� and � which produce the most compressed description, while satisfying

the � �bound. When the low-rank description is more compressible, we quantize the

decomposedmatrices. The full procedure is given in Algorithm 2. We emphasize that

the low-rank decomposition is used for two separate purposes: 1) the spectral entropy

penalty is used as a regularizer, and 2) the low-rank decomposition is used to obtain

compressed descriptions of the model at the coarse-graining stage.

The regularizer we study in experiments adds the spectral entropy penalty scaled

by � to the loss,

L reg(� ) = �H svd(� ) (2.16)

along with the noisy gradients described in section 2.3.1, plus weight decay via the

AdamW optimizer.
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Algorithm 2 Bayesian Optimization for Compression by Coarse-Graining
Require: Neural network parameters� , number of optimization stepsN , error

tolerance�
Ensure: Optimal compressed size

1: Initialize Bayesian Optimizer BO
2: best_compressed_size 1
3: for i = 1 to N do
4: � i ; � i  BO:SuggestParameters ()
5: � R  R(�; � i ) . Low-rank approximation
6: � RQ  Q(� R ; � i ) . Quantization
7: if jLoss(� RQ ) � Loss(� )j < � then
8: compressed_size compress (� RQ )
9: if compressed_size< best_compressed_sizethen

10: best_compressed_size compressed_size
11: end if
12: BO:UpdateModel (� i ; � i ; compressed_size)
13: else
14: BO:UpdateModel (� i ; � i ; 1 ) . Penalize invalid solutions
15: end if
16: end for
17: return best_compressed_size

2.4 Experiments

To study the complexity dynamics of networks transitioning from memorizing to

generalizing solutions, we adopt the �grokking� tasks �rst reported in Power et al.,

2022. These are a set of modular arithmetic tasks which networks easily over-�t, quickly

achieving zero training error while test error remains large, suggesting memorization of

the training examples. After many further steps of gradient descent after over-�tting,

networks suddenly generalize and achieve perfect test accuracy. Although grokking is

a sign of improperly regularized training, the extended delay between memorization

and generalization is convenient for understanding complexity dynamics, and their

relationship with generalization.

We demonstrate a regularizer,L reg on the grokking tasks and show that 1) it

causes grokking 2) it results in lower complexity networks than weight decay alone,

the most widely-used regularization method, as measured by our complexity metric.

We reproduce a subset of the grokking experiments �rst reported in Power et al.,

2022. Our training tasks all consist of learning a binary operation mod a prime number

p = 113. For each binary operation we construct a dataset of equations of the form

hxihopihyih= ihx � yi , wherehai stands for the token corresponding to elementa. We
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train standard decoder-only transformers with a single layer for mod addition and

multiplication, and two layers for mod subtraction and division. Further training

details can be found in the appendix. We use Algorithm 2 to compute complexity

upper-bounds on the coarse-grained models. The �nal compression step is performed

by bzip2 , an o�-the-shelf compression utility.

First, we establish that grokking occurs in all regularized models, and does not

occur in unregularized models in Figure 2.8. Next, we plot accuracy and complexity

together for the regularized models in Fig 2.2, which shows our main result: as expected

from Occam's Razor, complexity is maximized during memorization and falls during

generalization, demonstrating a clear complexity phase transition. In contrast, Fig 2.3

demonstrates that without regularization, models tend to stay in the high-complexity

memorization regime inde�nitely. Next, we plot algorithmic rate�distortion curves of

best �t in Fig 2.4. We �t curves of the form y = a log(x) + b, and displayR2 values in

the legend. These curves show how lossymodel compression trades o� with lossless

data compression for the converged models at varying distortion bounds. Fig 2.5

shows how the complexity dynamics change under varying distortion levels� : we see

that as the distortion bound is loosened (larger� ), the corresponding complexity falls

for the same model, as expected from the theory of rate�distortion.

Plotting the generalization bound from Eqn. 2.4, we see in Fig 2.7 the models

trained with our regularizer come closest to a non-trivial generalization bound: they

achieve the least sum of data entropy and model complexity. Fig B.3 plots the total

description length of the dataset under each model, which mirrors the generalization

bound. While our method reveals a clear complexity phase transition in these models,

the empirical performance of this method could be improved. Heuristics such as the

e�ective dimension (Maddox, Benton, and Wilson, 2020) demonstrate that even models

with parameter counts in excess of107 should admit compression down to e�ective

parameter counts of only around102, even in tasks such as image classi�cation which

are presumably more complex than the modular arithmetic tasks we study here. Lot�

et al. (2024) demonstrate that non-vacuous generalization bounds for LLMs of order

108 parameters can be achieved by pre-training in a compressed subspace with LoRA

(Hu et al., 2021). One bene�t of the approach we present is that it can be applied to

already-trained models, unlike subspace LoRA methods whose compressibility relies

on keeping the initialization seed and training only in the subspace. If normally

trained models still admit a low-rank decomposition, one promising future approach

to achieve strong generalization bounds is to discover the projection down to the

learned low-dimensional subspace, e.g. with the use of2nd order estimators such as
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the Hessian, without requiring that training is restricted to that subspace from the

outset.

2.5 Conclusion

Just as physical systems can transition between distinct phases of matter, we show

that learning systems can transition between distinct algorithmic phases, which are

characterized by their intrinsic complexity. We have demonstrated that a complexity

phase transition is the central mechanism driving the grokking phenomenon; this

contrasts with prior works, which focus on more speci�c signatures such as weight

norms (Varma et al., 2023) or linear structure (Liu, Kitouni, et al., 2022). We

justify our analysis on theoretical grounds by linking our lossy compression metric

to generalization bounds based on the Solomono� prior (Lot� et al., 2024). From

the algorithmic complexity perspective, we can see that small weight norms or linear

structure are di�erent ways for complexity to manifest in networks, but these metrics

alone are insu�cient explanations since complexity can emerge through any number

of mechanisms. For example, we showed how the e�ective rank of the network is

one means by which complexity can emerge, which we penalize through the spectral

entropy measure we introduced in Section 2.3.2.

The distinctive separation between the memorizing and generalizing phases makes

the grokking phenomenon an ideal model system to initiate the study of complexity

phase transitions in learning systems. A related pathological phenomenon observed

in learning systems isdouble descent(Nakkiran et al., 2019), in which test error

�rst falls, then rises, then falls again as a function of model size, with training steps

�xed. Maddox, Benton, and Wilson (2020) study the e�ective dimension of networks

throughout double descent. They �nd that the e�ective dimension is greatest as

the models memorize and over�t the training data, suggesting a strong similarity

to grokking. A uni�ed theory of complexity and generalization should predict when

and under which conditions such training dynamics occur, and may suggest avenues

for further progress in the theory of machine learning. Generalizing our results to

account for arbitrary learning systems could lead to a deeper understanding of the

interplay between optimization dynamics, the loss landscape, data, model capacity,

and complexity.

Equipped with such a theory, practitioners could predict the performance of

machine learning systems before running costly experiments, and insights gained from

a more complete theory of machine learning could enable new breakthroughs in our
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understanding of complex systems more broadly. The emerging �eld of algorithmic

thermodynamics (Ebtekar and Hutter, 2025; Baez and Stay, 2012; Kolchinsky and

Wolpert, 2020) provides a promising mathematical and computational framework with

which to analyze these systems. The rise and fall of complexity we report in this work is

conjectured to be a generic property of certain complex dynamical systems (Aaronson,

Carroll, and Ouellette, 2014). Understanding the origin of this phenomenon in greater

detail could help explain not only the emergence of abstraction and generalization

in learning systems, but the nature of the algorithmic structure we observe in the

natural world more broadly.

The grokking phenomenon lends itself to careful scienti�c study due to its simplicity.

In the next chapters, we study richer problems of greater complexity, ultimately

addressing problems of generalization to the real world.

25



Figure 2.6: Complexity estimates using quantization coarse-graining alone, according
to Algorithm 1. Detecting the complexity dynamics requires relatively tight complexity
bounds. While we see a similar rise and fall pattern in the regularized models of the
top row, this method fails to distinguish these dynamics in the weight decayed models
for subtraction and division. Note that the complexity bounds are about two times
worse than those achieved by the spectral method in Fig 2.2.
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Figure 2.7: We plot the generalization bound on the expected risk according to Eqn.
2.4. While no models achieve low enough complexity to give non-vacuous bounds, our
regularization method achieves the best bounds in all cases. It is not surprising that
we can only achieve a vacuous bound, since the models are vastly over-parameterized,
and the dataset small. Complexity estimates could be improved by using separate
per-layer quantization bin sizes� .
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