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Abstract

Pharmacokinetic and pharmacodynamic (PKPD) models can be used to

predict the benefits or toxicity from drugs, such as the neutropaenia,

anaemia and thrombocytopaenia caused by chemo-therapeutic drugs. In

this thesis, I will be exploring the methodology used to make modelling

decisions in these PKPD models, and apply them to a commonly used

model by Friberg et al. [17]. I will use these methods to compare different

ways to model the noise observed in the data and to build a population-

based model. Using Bayesian methods to determine model parameters,

profile likelihoods to ensure identifiability, and Widely Applicable Infor-

mation Criteria (WAIC) for model selection, I found that only multi-

plicative or constant Gaussian noise were fully identifiable and constant

Gaussian noise had the greatest out-of-sample predictive power. These

methods were also utilised to build a mixed-effects population model and

I found that a single mixed-effects parameter had better out-of-sample

predictive power, and including further parameters affected convergence

of the Monte Carlo samplers in Bayesian inference. I also developed a

more computationally efficient method for acquiring Profile likelihoods to

determine practical identifiability. I propose that the methodology out-

lined in this thesis for making modelling decisions should be standard for

a general PKPD case. However, there may need to be further work done

to ensure it is suitable for all modelling needs.
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Chapter 1

Introduction

A common adverse effect of many drugs used in chemotherapy is neutropaenia, dan-

gerously low levels of neutrophils, ∼45.1% of patients) which can lead to severe or

fatal infection [26, 46]. Other common side-effects are, anaemia (∼22.4% of patients),

which leads to severe fatigue, and thrombocytopaenia (∼9.7% of patients), which re-

duces blood clotting and causes bleeding complications [21, 63, 65]. The incidence of

these adverse effects have also increased over the last few decades, due to new, more

effective chemotherapy treatments also having greater myelotoxic effects [47].

When these complications are observed in patients, the most common response is

to delay treatment or reduce the dose until the blood cell count recovers. However,

this leads to a reduced chance of becoming disease-free or surviving [13]. Alternatively,

growth factors are used in approximately 50% of patients to stimulate the regrowth

of blood cells [46], and risk factors, such as baseline level of blood cell count, age or

disease specific factors, can be assessed before chemotherapy begins to ensure that

these treatments are administered in a preventative manner [67, 53]. However, these

treatments are expensive and significantly reduce the quality of life of the individual

[10].

These complications can be partially avoided by utilising pharmacokinetic and

pharmacodynamic (PKPD) models. These mathematical models simulate the re-

lationship between a dosing regimen and an observed effect in two steps. First, a

pharmacokinetic (PK) model predicts the time course of drug concentration in a rel-

evant biological fluid (such as blood plasma) after a given dose. The second step

is to relate this drug concentration to an outcome. Pharmacodynamic (PD) models

achieve this by translating drug concentration (or PK predictions of drug concen-

trations) into a measurable PD effect, such as cell count. This modelling may be

done at the drug development stage, to predict the occurrence of myelotoxicity in a

population for a certain dosing regimen. By predicting outcomes from many different
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adjustments to the dosing regimen, the dose can be optimised to ensure maximum ef-

ficacy while avoiding myelotoxicity, or to compare the toxicity of different anti-cancer

drugs. There is also the potential for PKPD models to be utilised in personalising

treatments by predicting the blood cell count over time given the varying risk factors

of an individual. This prediction is updated regularly throughout treatment, given

the patient’s response to the chemotherapy, and provides insight on how to adapt

treatment over time.

PKPDmodels are becoming more utilised throughout the drug development pipeline,

especially as a way to reduce the cost of drug development and better predict earlier

in the pipeline, which drugs will fail to get to market. The U.S. Food and Drug

Administration and the European Medicines Agency have both encouraged the use

of modelling in drug development [49, 24]. However, there is currently a limit in the

extent to which PKPD models can be used: “The shortage of analysts with train-

ing and experience in this area is one major impediment for the application of the

methodology.” [1] Very large and costly clinical trials are still required in most cases

to show the efficacy and safety of the drug.

These limitations mainly stem from the complexity and variety in the analysis

of these models. There is a wide selection of methods that a modeller might choose

from, and many of these have not been built specifically for PKPD models. This

means a modeller needs to be trained to identify which methods to use and to adapt

those methods for their particular use-case. The chosen methods will also differ from

one modeller to another, making it difficult for others to compare studies, reducing

confidence in the results. I aim to contribute to solving this problem by building

towards a standardised methodology in PKPD model analysis. This standardisation

will lead to clinicians requiring less experience to implement and understand these

methods, and for PKPD model analysis to be partially automated, reducing the bur-

den on specialists. This approach would allow easier comparison between competing

research approaches and increase confidence in the predictions of PKPD models. This

standardisation and automation may also allow modelling to be utilised in the per-

sonalisation of medication by medical practitioners.

In this thesis I will explore a PKPD model of chemotherapy-induced myelotoxicity

developed by Friberg et. al. [17]. I am using this case example to build a standard

approach to PKPD model analysis including how choices in the modelling process can

be made. In Chapter 2, I will start with how PKPD models are built and how initial

modelling choices are made given the known mechanisms involved and the identifiable

behaviours seen in data. In most cases, however the model and parameters that best
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describe the true system are not known, but the resulting time-profile is known (at

certain time points, of a sample of individuals and within some error). This describes

the inverse problem: given a data-set, which model and set of parameters can best

describe the observations. In the rest of the thesis I will be primarily exploring

methods that combat this problem, utilising both simulated and experimental data

which are described in Chapter 4. I have identified that most methods for analysis of

the inverse problem attempt to answer one of these three questions:

• Given some data, what parameter values of a model should be used to best

describe the data?

• How do we ensure that these parameter values can be reasonably identified?

• Given a selection of models, what is the best model to use?

The first question is answered using parameter inference which optimises an ob-

jective function to fit the model output to the data. Parameter inference is commonly

performed in a range of PKPD studies, where comparisons to data are made, such

as cancer modelling [15], cardiac modelling [32] and toxicity modelling [51]. I use

two inference techniques, maximum likelihood estimation in Chapter 5 and Bayesian

inference in Chapter 7 to determine this. The second question is answered using

identifiability analysis, which is concerned with the uniqueness of the model param-

eters, and can be defined in two ways. Structural identifiability analysis assumes

that there is infinite noiseless data, and determines, for any model output, whether

there is a unique vector of parameter values that produces that output. I explore this

in Chapter 3. Practical identifiability analysis is linked to a particular dataset and

determines whether the global optimum, found during parameter inference, is signif-

icantly more optimal than other local optima. This is explored in Chapter 6. These

analyses are less common in the literature but gaining prevalence in new studies [61]

and being used to analyse existing, commonly-used models [29, 30]. I will answer the

third question in Chapter 8 where I will perform methods for comparing models that

penalise over-fitting. This is generally performed where the researcher has proposed

multiple potential models or they are adapting a pre-existing model [23, 5]. This all

builds towards using PKPD to predict outcomes as explored in Chapter 9.
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Chapter 2

Forward models

To model the relationship between a dosing regimen and an observed effect, two

steps need to be taken. First, a PK model needs to be implemented to predict the

time course of drug concentration in a relevant biological fluid (such as blood plasma)

after a given dose. The second step is to relate this drug concentration to an outcome.

PD models achieve this by translating drug concentration or PK predictions of drug

concentrations) into a measurable PD effect, such as cell count. In this section, I

will review the existing forward models from the literature, that are relevant to the

myelotoxicity problem.

2.1 The pharmacokinetic model

The empirical PK model that is most commonly used separates the body into a

number of hypothetical compartments, see Figure 2.1. There is the central compart-

ment, which usually encompasses blood plasma, and a number of peripheral com-

partments. The drug in the central compartment can be transferred to the peripheral

compartments and vice versa, and it is also cleared from the central compartment.

Additionally, depending on the route of dose administration, there may be a dosing

compartment. The n-compartment PK model is given by the following system of

ordinary differential equations (ODEs) [27],

dAd
dt

=− qd

(
Ad (t)

Vd

)
,

dAc
dt

=qd

(
Ad (t)

Vd

)
− qcl

(
Ac (t)

Vc

)
−

n−1∑
i=1

qi

(
Ai (t)

Vi
,
Ac (t)

Vc

)
,

dAi
dt

=qi

(
Ai (t)

Vi
,
Ac (t)

Vc

)
, 1 ≤ i < n,
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where Ad, Ac and Ai are the masses of drug in the dosing, central and i-th peripheral

compartments, respectively, Vd, Vc and Vi are the volumes of the dosing, central and

i-th peripheral compartments, respectively, qi is a function describing the flux of the

drug into the i-th peripheral compartment, qd is a non-negative function describing

the flux of the drug into the central compartment from the dosing compartment,

and qcl is a non-negative function describing the loss of the drug from the central

compartment through clearance. The peripheral compartments have initial conditions

Ai (0) = 0, the dosing compartment has initial condition Ad (0) = d, the dose amount,

or Ad (0) = 0, depending on the method of dose administration. Similarly, the central

compartment has initial condition Ac (0) = 0 or Ac (0) = d depending on the method

of dose administration [41, 42, 44].

Central

Compartment,

A0

Peripheral

Compartment,

A1

Peripheral

Compartment,

A2

Peripheral

Compartment,
An−1

Dosing

Compartment,

Ad

Drug

or

qcl

qd

q1

q2

qn−1

Figure 2.1: Diagram of the general n-compartment PK model. The drug enters
the body either through a dosing compartment, or straight into the blood stream,
represented as the central compartment. It then moves in and out of the different
peripheral compartments, before being cleared from the central compartment.

This empirical PK modelling requires three decisions to be made:

• whether a dosing compartment is required;

• the number of compartments to model;

• the form the rates of transfer and clearance should take;
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Figure 2.2: Simulations of the compartmental PK model with one-compartment (left)
using Equation 2.1, two-compartment (middle) using Equations 2.2-2.3, and three-
compartment (right) using Equations 2.4-2.6. Transfer rates between compartments
are linear and no dosing compartment is included. Parameters, when applicable to
the model, are Vc = 1, Kcl = 2.8, V1 = 4.8, K1 = 2.3, V2 = 0.9 and K2 = 9.2. y-axis
is on a log-scale.

All of which affect the resulting concentration-time curves. To choose whether to

include a dosing compartment simply depends on the form of drug administration that

is being modelled. For example, if the drug is administered intravenously (IV), then

no dosing compartment is required, but if the drug is administered subcutaneously

then the dosing compartment is required. The number of compartments and the form

of the transfer rate are decided based on the expected shape of the concentration-time

curve plotted on a log scale (see Figure 2.2). If one compartment is used, this plot is

a straight line (due to there being a single exponential term in the solution). If two

compartments are used then two linear sections can be seen in the plot (due to two

exponential terms in the solution). And for n-compartments, there can be up to n

linear sections in the plot. These linear sections can be hard to detect for large n,

but in these cases a simpler model is usually sufficient to capture the same dynamics.

For deciding the form of the rates used, the concentration-time profiles for multiple

doses need to be plotted. The simplest form these rates could take is a linear form,
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i.e.

qd

(
Ad
Vd

)
= Kd

Ad
Vd
,

qcl

(
Ac
Vc

)
= Kcl

Ac
Vc
,

qi

(
Ai
Vi
,
Ac
Vc

)
= Ki

(
Ac
Vc

− Ai
Vi

)
,

where Kd > 0 is the rate of transfer from the dosing compartment to the central

compartment, Kcl > 0 is the rate of clearance from the central compartment and

Ki > 0 is the rate of transfer between the central compartment and the i-th peripheral

compartment.

Thus for the linear rates the one, two and three-compartment PK models, assum-

ing no dosing compartment, would produce the following systems of ODEs:

dAc
dt

=−Kcl
Ac
Vc
, (2.1)

for the one-compartment model;

dAc
dt

=−Kcl
Ac
Vc

−K1

(
Ac
Vc

− A1

V1

)
, (2.2)

dA1

dt
=K1

(
Ac
Vc

− A1

V1

)
, (2.3)

for the two-compartment model; and

dAc
dt

=−Kcl
Ac
Vc

−K1

(
Ac
Vc

− A1

V1

)
−K2

(
Ac
Vc

− A2

V2

)
, (2.4)

dA1

dt
=K1

(
Ac
Vc

− A1

V1

)
, (2.5)

dA2

dt
=K2

(
Ac
Vc

− A2

V2

)
, (2.6)

for the three compartment model. The initial conditions for these equations are

A1 (0) = A2 (0) = 0, and Ac (0) = d

If this is the case, then the concentration-time profiles of the different doses would

be parallel. However, if there are non-parallel sections between the doses then at

least one of these rates must be non-linear. This can also be checked by plotting the

dose-normalised (drug concentration/dose amount) curve, where for a linear system,

the curve for each dose would perfectly overlap.

In practice, the model choice comes from the data that is collected. For example,

the data shown in Figure 2.3, from IV bolus of Docetaxel in rats, shows clearly at least
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Figure 2.3: Experimental data of rats given different levels of Docetaxel. Observations
(Docetaxel concentration, ng/mL) have been normalised by dose amount and then
averaged over the rats in each dose group. Y-axis is on a log-scale. This data has
been provided by Roche, see Chapter 4.

two linear sections and the dose-normalised curves overlap for the majority of points.

Thus the most appropriate model for this drug would be a linear two-compartment

model with no dosing compartment.

It is also possible to have a fully physiologically-based pharmacokinetic (PBPK)

model where each organ and tissue is modelled as a compartment, all connected via

the blood compartment [50]. This model can be more informative of the biological

mechanics occurring with PK. However, it leads to a complicated system of non-linear

ODEs with many parameters that are then generally difficult to estimate from data.

2.2 The pharmacodynamic model

To translate the concentration of drug in the central compartment, C0 (t) = V −1
c Ac (t),

into a direct drug effect, Edrug, the PD relation is commonly assumed to be either a

linear relation,

Edrug = SC0 (t) , (2.7)

where S > 0 is the slope of the linear effect; or a non-linear Emax relation of the form

Edrug (t) =
EmaxC0 (t)

C0 (t) + EC50

, (2.8)

where Emax > 0 is the maximum response and EC50 is the concentration of drug at

which the effect is at 50% of Emax. The differences between these relationships are

shown in Figure 2.4.
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Unfortunately, in some cases, the direct drug effect is not observable and an indi-

rect response model, which relates drug effect to drug response, is required. This is

the case for myelotoxicity where the drug effect, the level of inhibition of proliferation,

is not directly measurable but the response, the number of blood cells in circulation,

is measurable. The model presented by Dayneka et al. [11] captures this type of

indirect response. In this paper, the authors present four different models of action a

drug could take on the response variable, R, the variable of interest to the researcher.

In the myelotoxicity case, R represents the concentration of proliferating blood cells

in bone marrow. These models are of a general biological system where the response

variable is produced at a constant rate of Kin > 0 and eliminated at a rate Kout > 0.

The drug could affect either the production or the loss of R; and it is either inhibitory

or stimulatory. For myelotoxicity, the production of blood cells is inhibited by the

drug, and so the ODE for the response variable is

dR

dt
= Kin (1− Edrug (t))−KoutR, (2.9)

where Edrug (t) < 1 is the inhibitory drug effect as defined in Equation 2.7 or 2.8. The

initial condition, R (0) = R0, is such that the system begins at the drug-free steady

state, i.e. Kin = KoutR0. Figure 2.5 shows a diagram of the model and the output of

the model.

However, there are some features seen in myelotoxicity data that this general

model cannot capture, such as a delay between drug administration and the observed

response of a drop in blood cell concentrations, and a peak of blood cell count during

recovery before returning to the base level, as can be seen in Figure 2.6.

The response delay comes from the conversion of proliferating cells into circulating

cells because it takes time for the cells to mature and enter circulation. As the

proliferating cells are affected by the drug but the circulating cells are observed, this

delay is seen in the data. Measuring the response in bone marrow directly in patients

is not possible, thus a more specific model is required to capture this delay. One

such model has been presented by Zamboni et al. [66] who extended the indirect

response model from one to three compartments (see Figure 2.7). One compartment

represents the proliferating cells, P , which the drug affects the production of; another

compartment represents the measurable cell count in circulation around the body, R;

in between these is a transit compartment, T , to produce the time delay. This leads

9
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Figure 2.5: A) General indirect response model, where production of the response
variable is inhibited by the drug. B) The response variable, R, over time from a
simulation of this indirect response model (Equation 2.9, with parameters R0 = 983.1
103/µL and Kout = 0.03 hr−1). The drug effect is linear (Equation 2.7, with S = 20
L/mg) and the two-compartment PK model is used to generate the drug concentration
over time (Equations 2.2-2.3, with parameters Vc = 1, Kcl = 2.8, V1 = 4.8 and
K1 = 2.3).
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base level as the patient recovers. This data has been provided by Roche, see Chapter
4.

to a system of three ODEs:

dP

dt
= Kin (1− Edrug (t))−KtrP, (2.10)

dT

dt
= KtrP −KtrT, (2.11)

dR

dt
= KtrT −KoutR, (2.12)

whereKtr > 0 is the rate of transfer between the compartments. The initial conditions

are such that the system is initially at equilibrium, i.e. P (0) = Kin/Ktr, T (0) =

Kin/Ktr, and C (0) = Kin/Kout = R0.

The delay in response can be altered by adjusting the number of transit compart-

ments used such that the equations become

dP

dt
= Kin (1− Edrug (t))−KtrP, (2.13)

dT1
dt

= KtrP −KtrT1, (2.14)

dTi
dt

= KtrTi−1 −KtrTi, 2 ≤ i ≤ nT (2.15)

dR

dt
= KtrTnT

−KoutR, (2.16)

for nT transit compartments, Ti. Even when the mean transit time,

MTT = (nT + 1) /Ktr,
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over time from a simulation of the Zamboni model (Equations 2.10 - 2.12). The PK
model, drug effect model and parameters used for this graph were the same as in
Figure 2.5, with MTT = 2/Ktr = 85.26 hr.

is kept constant and nT is altered the resulting plots show significant differences, as

seen in Figure 2.8.

In the investigation by Friberg et al. [17], it was found that the inclusion of three

transit compartments best captured the response delay in myelotoxicity. Another

characteristic, often seen in the data, that Friberg et al. sought to capture in their

model was a rebound in blood cells causing a peak above the baseline blood cell

count. The above models cannot capture this characteristic as after the initial drop

in blood cells count, the variable R monotonically increases until at steady state. A

potential biological explanation of this rebound effect is the presence of a negative

feedback loop, where the system adjusts proliferation given the current level of circu-

lating blood cells [52]. This feedback, coupled with the delay in response, causes the

blood cell concentration to oscillate towards the steady state, instead of a monotonic

convergence, producing additional peaks and troughs. Friberg et al. took the above

model and adapted it to include negative feedback [17] (see Figure 2.9). The model
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Figure 2.8: The circulating blood cell concentration over time from simulations of the
Zamboni model (Equations 2.13-2.16) with varying number of transit compartments,
nT , and constant MTT . The PK model, drug effect model and parameters used for
this graph were the same as in Figure 2.5, with MTT = (nT + 1) /Ktr = 85.26 hr

is specified as the following system of ODEs:

dP

dt
= Kprol (1− Edrug (t))

(
R0

R

)γ
P −KtrP, (2.17)

dT1
dt

= KtrP −KtrT1, (2.18)

dT2
dt

= KtrT1 −KtrT2, (2.19)

dT3
dt

= KtrT2 −KtrT3, (2.20)

dR

dt
= KtrT3 −KoutR, (2.21)

where R0 > 0 is the base level of circulating blood cells,
(
R0

R

)γ
with γ > 0 is the

negative feedback term, and P (0) = Ti (0) = R (0) = R0 for i ∈ {1, 2, 3}.
As this negative feedback acts directly on the proliferation, another change made

to the Zamboni model is to move from a constant influx, Kin of proliferating cells

(representing general maintenance of cell population from proliferation, stem cells

and quiescent cells), to a proliferation term, KprolP . This specific form of feedback

loop can pose difficulties as R → 0 which leads the rate of proliferation tending to

infinity. According to the friberg paper, the feedback loop takes this form “because

it is known that the proliferation rate can be affected by endogenous growth factors

and cytokines and that circulating neutrophil counts and the growth factor G-CSF

levels are inversely related.” [17] In the data we are using (as discussed in Chapter

13



4), the levels of blood cells remains mostly within 250 to 1750 103/µL, and thus I do

not expect R to get too close to 0.

To ensure a non-trivial steady state in the absence of drug, Kprol = Ktr. Friberg

et al. also set Kout = Ktr which ensures the steady state for all variables to be R0

and reduces the model parameters.
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Figure 2.9: A) The Friberg model of myelotoxicity, where proliferating cells go through
three transit stages before entering into circulation, proliferation is inhibited by the
drug and there is negative feedback from circulating cells. B) The circulating blood
cell concentration over time from a simulation of the Friberg model (Equations 2.17-
2.21). The PK model, drug effect model and parameters used for this graph were the
same as in Figure 2.5, with MTT = 4/Ktr = 85.26 hr and γ = 0.44

2.3 The noise model

In experiments, due to inaccuracies in measurement and stochastic fluctuations in

drug concentration and blood cell counts, the observation of the variable will differ

from the simulated deterministic model. This noise, ν (tj), can be incorporated into

14



a model by letting

xobsj = xsim (tj) + ν (tj) , (2.22)

where xobsj ∈ Xobs is the observation at time tj and x
sim is the output of the forward

model. This noise is assumed to take one of multiple potential forms. The most

commonly used is constant Gaussian noise where

ν (tj)
i.i.d.∼ N

(
0, σ2

c

)
, (2.23)

for σc ∈ R+. An alternative noise is multiplicative Gaussian noise,

ν (tj) = σmx
sim (tj)

η ϵj, (2.24)

for some σm, η ∈ R+ with ϵj
i.i.d.∼ N (0, 1). For some systems, neither of these noise

models fully capture the noise seen, instead a combination of these models is used by

setting

ν (tj) =
(
σc + σmx

sim (tj)
η) ϵj, (2.25)

where ϵj
i.i.d.∼ N (0, 1). The spread of these noise models on PK and PD observations

can be seen in Figure 2.10.

2.4 The population model

There are three approaches to inferring parameters of a system that describes multiple

individuals. The first is the naive pooled (or fixed-effects) model. In this approach

there is one set of parameters for the model which is assumed to describe every

individual. Any deviation from the deterministic model with these parameters is in-

corporated into the noise and is independent of the individual. In reality, a biological

response is likely to vary between individuals. A no-pooling (or two-stage) model

tackles this by allowing each individual to have a different independent set of pa-

rameters to describe their response. This assumes that each individual’s parameters

can be determined by the observations of that individual and no information can

be gained from the observations from other individuals. Parameters describing the

whole population are then derived from these. However, in pharmaceutical settings

it is common to only have a few observations per individual, meaning there is not

sufficient information from a single individual to determine the parameters of the

system. Also, the individual-level parameters are likely to not be fully independent

of each other and useful information can be gained from the the whole population.

These approaches can be combined into a mixed-effects (also known as partial-pooled
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Figure 2.10: The simulation outputs of the two-compartment linear PK model (top)
from Equations 2.2-2.3, and the Friberg PD model (bottom), from Equation 2.17-
2.21. The parameters for these models are the same ones used in Figures 2.2 and 2.9.
The shaded region signifies the area within one standard deviation of the simulated
result when using constant Gaussian noise, Equation 2.23 (left) with σPK,c = 0.096,
σPD,c = 167.7; multiplicative Gaussian noise, Equation 2.24 (middle) with σPK,m =
0.5, σPD,m = 0.17, η = 1; or combined Gaussian noise, Equation 2.25 (right) with
σPK,c = 0.048, σPD,c = 83.9, σPK,m = 0.25, σPD,m = 0.087, η = 1.
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or hierarchical) model. These models assume that each individual has an individual

set of parameters determined from a population distribution of parameters. This

population distribution is further described by hyper-parameters. When parameter

inference is performed on a mixed-effects model, the hyper-parameters are inferred

alongside the individual-level parameters. [16]

To extend a deterministic model with parameters θ ∈ Θ into a mixed-effects model,

the parameters to vary, ψ ⊆ θ, need to be determined. It may not be appropriate to

allow all parameters to vary as this introduces many additional parameters and can

lead to over-fitting. We then let θi = (ψi, θ−ψ) ∈ Θ be the parameter set for individual

i ∈ [1, nind]. Here, θ−ψ are the fixed-effects parameters, and ψi = f (ψtyp, ηi) are the

mixed-effects parameters with fixed effect (or typical value) ψtyp and random effect

ηi. The random effect is determined by a probability distribution, ηi ∼ Z (Ω), for

inter-individual variability parameters Ω. The hyper parameters of this model are

{ψtyp, θ−ψ,Ω}, in addition to the individual-level parameters. Most papers which

have mixed-effects models start with the a complicated population model where ψ

encompasses most or all of θ. They then drop one parameter, θk at a time from ψ. If

the fit with θk as a fixed-effects parameter is not significantly worse, then ψ is updated

with θk excluded [7, 17]. Alternatively, analysis could start with the simple case, ψ

is a single parameter, and slowly increase complexity by adding one parameter at a

time to ψ until no parameters can significantly improve the fit.

Commonly in PKPD models, a log-normal distribution is used for the distribution

of individual-level parameters, i.e.

ψi = ψtyp · exp (ηi) ,

where ψtyp is the population typical value, ψi is the individual parameter value, and

ηi ∼ N (0,Ω) are the random effects. This model ensures the individual parameter

values stays above zero as is required for all parameters of the models outlined in this

thesis. For simplicity, the covariance matrix Ω is often restricted to a diagonal matrix

with values Ωk,k = ω2
ψk
, the inter-individual variance of parameter ψk. [7, 33, 17]

2.5 Conclusion

In order to build PKPD models, information about the system is needed which de-

pends on the structure of the data. For the PK model, a complex model such as the

physiologically-based or general n-compartment PK model is simplified down to the

mechanism could be supported by the data. For our case this is the two-compartment
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PK model, as will be seen in section 4. For the PD part of the model, the opposite

approach has been taken, the simple indirect response model has been further built

upon to include additional dynamics commonly observed in the data. For this case

study, this has lead to the the Friberg PD model. In many PKPD modelling stud-

ies, the noise model and the population model are not explored as thoroughly but

are equally as important to the overall model. Thus, in this thesis I concentrate

on comparing these aspects of the model while building the methodology of model

analysis. I will be using both the fixed-effects population model, as a simple model

to test our methodology on, as well as the mixed-effects population model, which is

the most commonly used population model in PKPD modelling. I will analyse all 3

noise models for the fixed-effects population model. This analysis will then inform

my choice of noise model for the mixed-effects model analysis. I will start the mixed-

effects modelling with ψ = [Vc] and iteratively add a single parameter at a time. This

will hopefully prioritise simplicity in the model and be easier to analyse. I will use a

log-normal distribution for ψi with diagonal covariance matrix.
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Chapter 3

Parameter identifiablity

As seen in Chapter 2, the statement of the forward problem comes naturally: given

a model and a set of parameters, θ = (Kcl, Vc, Ktr, s, . . .), what is the resulting time-

profile of the variable, R. However, in our case, we have the inverse problem: given

a data-set, which model and set of parameters can best describe the observations.

Our first step in solving the inverse problem is to ensure it can be solved, i.e. given a

model and data, can the parameters of the model be determined. This is known as the

identifiabilty of the model, and there are two different non-identifiabilities that might

be present which can affect the results of parameter inference. The first is structural

non-identifiablity, where the model is defined in such a way that different parameters

can produce the same output. The other is practical non-identifiability, where differ-

ent parameter values cannot be discerned in parameter inference due to the sparsity

and noisiness of data. Practical identifiability will be analysed in Chapter 6. In this

chapter, before any data is introduced, the structural identifiability of the model can

be determined. I will formally define structural identifiability, discuss methods of

determining the identifiability for both fixed-effects and mixed-effects models, and

run identifiability analysis on the fixed-effects model. In the fixed effects case, we are

concerned with whether the deterministic parameters are identifiable when given infi-

nite noiseless data, i.e. a continuous output curve. However mixed-effects models are

more complicated, as for these models we are concerned with whether the population

parameters are identifiable when given infinite patients with infinite noiseless data,

i.e. a probability distribution of the output that changes over time. As this popu-

lation based modelling is not as common as systems of ODEs, there is no software

available to perform structural identifiability analysis. Thus I could not perform the

analysis for the full PKPD mixed-effects model.
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3.1 Structural identifiability

The structural identifiabilty problem assumes that there is infinite noiseless data, and

the output of the system is fully known. A fixed-effects model is structurally locally

identifiable if for all θ ∈ Θ, there exists a neighbourhood Nθ ⊂ Θ of θ such that, if

θ̄ ∈ N satisfies

y (θ, t) = y
(
θ̄, t
)
∀t,

where y (θ, t) then

θ = θ̄.

If additionally Nθ = Θ ∀θ then the model is globally identifiable. Otherwise, the the

model is unidentifiable [29]. One method to determine the structural identifiability

is performed by taking the Taylor expansion of the output (if it exists) around t = 0

[31],

y (θ, t) = y (θ, t) + y(1) (θ, 0) t+ y(2) (θ, 0)
t2

2!
+ . . . .

The equality y (θ, t) = y
(
θ̄, t
)
is then equivalent to y(k) (θ, 0) = y(k)

(
θ̄, 0
)
for k =

0, 1, . . .. For a linear system of ODEs, such as the linear PK models defined in section

2.1, it is sufficient to check the equations up to k = 2nstates − 1, where nstates is the

number of states in the system of ODEs.

Taking the two-compartment PK model (Equations 2.2-2.3) with parameters θ =

(Vc, Kcl, V1, K1), the output is y (θ, t) =
Ac(t)
Vc

and the initial values are Ac (0) = d, the

known dose amount, and A1 (0) = 0.

Now, let θ, θ̄ ∈ Θ be such that y (θ, t) = y
(
θ̄, t
)
∀t ≥ 0. Then the first term of the

Taylor’s series gives

y (θ, 0) = y
(
θ̄, 0
)

=⇒ Ac (0)

Vc
=
Ac (0)

V̄c

=⇒ d

Vc
=

d

V̄c
=⇒ Vc = V̄c if d ̸= 0.
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Looking at the second term of the series,

y(1) (θ, 0) = y(1)
(
θ̄, 0
)

=⇒ d

dt

∣∣∣∣
t=0

(
Ac (t)

Vc

)
=

d

dt

∣∣∣∣
t=0

(
Ac (t)

V̄c

)
=⇒ 1

Vc

(
−Kcl

Ac (0)

Vc
−K1

(
Ac (0)

Vc
− A1 (0)

V1

))
=

1

V̄c

(
−K̄cl

Ac (0)

V̄c
− K̄1

(
Ac (0)

V̄c
− A1 (0)

V̄1

))
=⇒ − d

V 2
c

(Kcl +K1) = − d

V̄ 2
c

(
K̄cl + K̄1

)
=⇒ Kcl +K1 = K̄cl + K̄1, as Vc = V̄c.

The final two terms we need to examine (as it is sufficient to check up to k =

2nstates − 1 = 3) are

y(2) (θ, 0) = y(2)
(
θ̄, 0
)

=⇒ d (Kc +K1)
2

V 3
c

+
dK2

1

V 2
c V1

=
d
(
K̄c + K̄1

)2
V̄ 3
c

+
dK̄2

1

V̄ 2
c V̄1

=⇒ K2
1

V1
=
K̄2

1

V̄1
, as Vc = V̄c and Kcl +K1 = K̄cl + K̄1,

and

y(3) (θ, 0) = y(3)
(
θ̄, 0
)

=⇒ d (Kc +K1)
3

V 4
c

+
2d (Kc +K1)K

2
1

V 3
c V1

+
dK3

1

V 2
c V

2
1

=
d
(
K̄c + K̄1

)3
V̄ 4
c

+
2d
(
K̄c + K̄1

)
K̄2

1

V̄ 3
c V̄1

+
dK̄3

1

V̄ 2
c V̄

2
1

=⇒ K1

V1
=
K̄1

V̄1
, as Vc = V̄c, Kcl +K1 = K̄cl + K̄1 and

K2
1

V1
=
K̄2

1

V̄1
.

θ = θ̄ is the only solution to the above equations, which means this model is globally

structurally identifiable.

For the Friberg PD model, I have utilised STRIKEGOLDD, a toolbox for MAT-

LAB that has implemented a variety of methods that determines structural iden-

tifiability. This is more efficient than doing the above steps by hand or using the

symbolic solver in MATLAB, especially for larger and more complicated systems of

ODEs. This software has determined that the Friberg model is identifiable.
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3.2 Structural identifiability of Mixed-Effects Models

In the mixed-effects model, structural identifiability is determined when infinite indi-

viduals are sampled from the population distribution, and infinite observations taken

from each individual. The output in this case is a probability distribution that changes

over time. Thus to formally define structural identifiability of the model, we let the

probability distributions Y ({ψtyp, θ−ψ,Ω}, t) and Y
(
{ψ̄typ, θ̄−ψ, Ω̄}, t

)
be the same,

i.e.

E
[
Y ({ψtyp, θ−ψ,Ω}, 0)j

]
= E

[
Y
(
{ψ̄typ, θ̄−ψ, Ω̄}, 0

)j]
, ∀j ∈ N

and

Cov (Y ({ψtyp, θ−ψ,Ω}, 0)) = Cov (Y ({ψtyp, θ−ψ,Ω}, 0)) .

If this implies

{ψtyp, θ−ψ,Ω} = {ψ̄typ, θ̄−ψ, Ω̄}

for {ψ̄typ, θ̄−ψ, Ω̄} ∈ N , a neighbourhood N ⊂ Θ of {ψtyp, θ−ψ,Ω}, then the model

is locally identifiable. If additionally N = Θ then the model is globally identifiable.

Otherwise, the the model is unidentifiable [29].

The taylor expansion can be used again in this case [31], thus the above equality

is true if and only if

E
[
Y (k) ({ψtyp, θ−ψ,Ω}, 0)j

]
= E

[
Y (k)

(
{ψ̄typ, θ̄−ψ, Ω̄}, 0

)j]
and

Cov
(
Y (k) ({ψtyp, θ−ψ,Ω}, 0)

)
= Cov

(
Y (k) ({ψtyp, θ−ψ,Ω}, 0)

)
, ∀j ∈ N, k ∈ N0.

However, the current software for determining structural identifiability is designed

for systems of ODEs, not for probability distributions. Attempting by hand takes a

long time and thus these computational methods need to be updated for mixed-effects

models. For this thesis, I will observe that if a fixed-effects model is identifiable then

the individual-level parameters, θi, of the mixed-effects model is identifiable. As there

are infinite individuals, the full distribution of each parameter is known and thus if

the distribution is well defined, the population is identifiable.

3.3 Conclusion

In conclusion we can confirm that the mechanistic PKPD models are globally struc-

turally identifiable. However, these models are commonly used in the literature and
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thus would be expected to be identifiable. In this thesis, I am specifically exploring

the noise models and population models. The noise model cannot be determined to

be structurally identifiable given that structural identifiability requires noiseless data.

With the population model, I have found that it can be difficult to analyse a mixed-

effects model when there is a lot of complexity in the mechanistic model. However,

with a well-defined mixed-effects model and an identifiable mechanistic model, the

mixed-effects model would also be identifiable. Additionally, as will be seen in Chap-

ter 6, methods that assess practical identifiability can also identify local structural

identifiability.
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Chapter 4

Data

As discussed in Chapter 2, many decisions made in mathematical modelling are a

result of observations made, in addition to the purpose of the model. As will be seen

in subsequent sections, observations are required to analyse and refine the models, in

order to produce reliable predictions. In this thesis, I will be using both simulated

data, to test and refine the methods used throughout, and experimental data provided

by my colleague at Roche. In this section I will describe these datasets and explain

how the experimental data has lead to the choices made in the deterministic model.

4.1 Experimental data

The experimental data used in this report is from a preclinical study on rats. The

single-dose study involves dosing rats with five different anti-tumour drugs at differ-

ing dose levels. Observations on drug concentrations in the blood stream and nine

different blood cell counts are provided in the data. In this report I consider the drug

Docetaxel and the concentration of platelets in the blood. The raw PK and platelet

data gathered for Docetaxel can be seen in Figure 4.1.

This data informs the choice of model to use to simulate these results. I have

chosen a two-compartment linear PK model,

dAc
dt

=−Kcl
Ac
Vc

−K1

(
Ac
Vc

− A1

V1

)
, (4.1)

dA1

dt
=K1

(
Ac
Vc

− A1

V1

)
, (4.2)

as Figure 2.3 shows clearly at least two linear sections and the dose-normalised curves
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Figure 4.1: Overview of data for Docetaxel. A) PK data of the concentration of
Docetaxel in the blood over time, plotted on a log scale. B) PD data of the time
course of platelet concentration in each individual rat. C) PD data of the platelet
concentration averaged over individuals in each dose group. Docetaxel or saline so-
lution was administered at time t=0.
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overlap for the majority of points. I have also selected the Friberg PD model,

dP

dt
= Kprol (1− Edrug (t))

(
R0

R

)γ
P −KtrP, (4.3)

dT1
dt

= KtrP −KtrT1, (4.4)

dT2
dt

= KtrT1 −KtrT2, (4.5)

dT3
dt

= KtrT2 −KtrT3, (4.6)

dR

dt
= KtrT3 −KoutR, (4.7)

as it is the model that can exhibit both the rebound effect and the delayed drug

response that can be seen in this data. I have used a linear drug effect model,

Edrug = SC0 (t) to keep the model relatively simple. I assume the PK data can be

captured with a multiplicative noise model, as is commonly used in PK modelling,

and I will compare the different noise models for the PD data when analysing the

fixed-effects population model. The best noise model from this analysis will then be

used in the mixed-effects population model.

The data provided has time courses for each individual and thus some normali-

sation could occur such as dividing through by the initial measurement. This may

improve the accuracy of determining the drug effect and feedback, as the differences

between any two points will not be affected by the different starting points. How-

ever, elimination of blood cells relies on the concentration rather than the ratio with

the base level. This means, for the fixed effects model, simulations will need to be

performed for each individual rather than for each dose and this increases the time

taken to analyse. Additionally, there is some error in the first observation which is

not known and thus it cannot be assumed that it is equivalent to R0. This may

complicate the analysis performed. The range in initial points can be captured by a

mixed-effects model for R0 and I explore this in Chapter 7. Thus, in keeping with

the approach that Friberg et. al. have taken, I have decided not to alter the data in

this manner.

4.2 Simulated data

I will also test and explore the methods of analysis used in this report on simulated

data sets. These data-sets will be generated from one of the following:

26



A

B

0 2 4
0.01

0.1

1

Time, hours

C

D

B
lo
o
d
C
el
l
C
o
u
n
t,

1
0
3
/
µ
L

0 144 288 432 576

500

1000

1500

2000

0 144 288 432 576 0 144 288 432 576 0 144 288 432 576

Time, hours Time, hours Time, hours Time, hours

Dose, mg=0.0 Dose, mg=1.0 Dose, mg=2.0 Dose, mg=3.0

D
ru
g
co
n
ce
n
tr
a
ti
o
n
,

m
g
/
L

σm,PkVc, L Kcl, L/hr V1, L K1, L/hr σm,PK

0.68 2.8 4.9 2.3 0.091

MTT, hrR0, 10
3/µL γ S, L/mg

983.1 85.26 0.44 20.0

42.43 1.0 0.13

σm,PDησc,PD

Dose, mg
0.0
1.0
2.0
3.0 Noise

Simulated
data

Noiseless
simulation
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1. Fixed-effects two-compartment linear PK model (Equations 2.2-2.3) with multi-

plicative noise, and the Friberg PD model (Equations 2.17-2.21) with combined

multiplicative and constant noise (Equation 2.25). The observed variables in

the data are the concentration of drug in the central compartment and the

concentration of circulating blood cells. One data-set is generated with 15 indi-

viduals per dose, under 3 doses and a control, at time points that match those

in the experimental data. Figure 4.2 shows this data and the parameters used

to simulate it.

2. Mixed-effects Two-compartment linear PK model (Equations 2.2-2.3) with mul-

tiplicative noise, and the Friberg PD model (Equations 2.17-2.21) with constant

noise (Equation 2.23). The mixed-effects parameters are ψ = [Vc]. The observed

variables in the data are the concentration of drug in the central compartment

and the concentration of circulating blood cells. One data-set is generated with

15 individuals per dose, under 3 doses, with 50 observations per individual.

Figure 4.3 shows this data and the parameters used to simulate it.

3. Mixed-effects one-compartment linear PK model (Equation 2.1) with multi-

plicative noise. The observed variable in the data is the concentration of drug

in the central compartment. Eight data-sets are generated. The mixed-effects

parameters are ψ = [Vc] for the first four data-sets and ψ = [Vc, Kcl] for the last

four data-sets. Figure 4.4 shows two of these data-sets and the parameters used

to simulate it.

The noise model for the data-set in category 1 was chosen as it is initially assumed

by Friberg et. al. when performing the analysis. However, the analysis in Chapter 6

shows practical identifiability problems and thus, for the data-set in category 2, was

reduced to a constant noise model. The parameters used to produce the simulated

data in category 1 and 2 are similar to those from the parameter inference of the

experimental data (see Chapter 5) to ensure it has similar properties to the data.

The third category initially had Vc and Kcl equal to the same values as in category

two. However, this created dynamics that were difficult to solve numerically, as

the drug concentration decreased incredibly quickly into values that would not be

experimentally detectable. This difference in scales between the two models is likely

due to the difference in total volumes that the drug is distributed between, being

more than halved with the removal of the peripheral compartment. To combat this

I instead set Vc in the one-compartment model to the sum of Vc and V1 from the

two-compartment model.
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Figure 4.3: A) Graph showing the probability distribution of individual parameter,
Vc,i, of the population. This is the Log-normal distribution with Vc,typ = 0.68, shown
by the black dashed line and ωVc = 0.3. The coloured lines show the values for each
individual in our sample used to generate the data. B) The simulated data generated
from these values. The shaded region signifies the 5-th to 95-th percentile expected
from the population model. Tables of the C) PK and D) PD parameters used in
simulating the data. Drug or placebo was administered at time t = 0.
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Figure 4.4: Simulated PK data-sets 1 and 5 (one and two mixed-effects parameters
respectively). Table of the parameters used to generate the data and graph of the drug
concentration over time. Shaded region shows the 5-th to 95-th percentile expected
from the population model. Y-axis is on a log scale.
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The data within category 3 (Figure 4.4), shows the differences in the spread of

the data caused by the introduction of different parameters as mixed-effects, on a log

scale. The spread is increased at the start and the end of the simulation when Vc has

variability. Introducing variability to the parameter Kcl further increases the spread,

with increasing effect at later times.

4.3 Conclusion

I have generated three different categories of data-sets, with which I will be testing

my methods and analysing, alongside the experimental data. This simulated data is

generated such that it is similar to the experimental data. However, with the last

two data categories, I increased the number of data-points, so that when testing the

mixed-effects analysis, results could be more reliable. The last data category was also

generated as the simplest PK model, to test the efficiency and reliability of methods

with fewer parameters. This ensures that multiple runs of the same method do not

take an incredibly long time to compute.
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Chapter 5

Maximum likelihood estimation

Given appropriate data and identifiable models, the inverse problem, as described in

Chapter 1, can be solved by parameter inference and model selection. Then, after

the inverse problem has been solved, I can explore the forward problem to make

predictions on the effects of differing doses in Chapter 9. In this chapter I will

be using maximum likelihood estimation and maximum-a-posteriori estimation to

perform parameter inference. I will explain these methods and use them to perform

parameter inference on the data-sets described in Chapter 4. I will also compare these

to Monolix, a software used for parameter inference in mixed-effects PKPD models.

A common approach to parameter inference is to maximise the probability that the

data, Xobs, was generated by the model with parameters, θ ∈ Θ, over the parameter

space Θ. This likelihood, P
(
Xobs|θ

)
can be calculated as the product of point-wise

likelihoods,

P
(
Xobs|θ

)
=

∏
xobsj ∈Xobs

P
(
xobsj |θ

)
.

Alternatively, a computationally easier but equivalent optimisation is the log-likelihood,

log
(
P
(
Xobs|θ

))
=

∑
xobsj ∈Xobs

log
(
P
(
xobsj |θ

))
.

As all of the noise models explored in this report are Gaussian, each of these

observations are expected to be normally distributed around the simulation, i.e.

xobsj ∼ N
(
xsim (tj) , σ

2
j

)
where σj is the standard deviation of the observation at time

t = tj. Thus the point-wise likelihood can be formulated as a Gaussian distribution,

P
(
xobsj |θ

)
= P

(
xobsj |xsim (tj) = xθ (tj) , σj

)
=

1√
2πσ2

j

e−
1
2(xobsj −xθ(tj))

2
σ−2
j ,
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where xθ is the simulated dynamical model under parameters θ. The point-wise

log-likelihood would then be

log
(
P
(
xobsj |θ

))
= −1

2
log (2π)− log (σj)−

1

2

(
xobsj − xθ (tj)

σj

)2

,

However, σj differs depending on the noise model. If a constant noise is assumed,

σj = σc and the log-likelihood is

log
(
P
(
xobsj |θ

))
=

∑
xobsj ∈Xobs

−1

2
log (2π)− log (σc)−

1

2

(
xobsj − xθ (tj)

σc

)2
 .

For multiplicative noise, σj = σmx
sim (tj)

η and the log-likelihood is

log
(
P
(
xobsj |θ

))
=

∑
xobsj ∈Xobs

−1

2
log (2π)− log

(
σmx

sim (tj)
η)− 1

2

(
xobsj − xθ (tj)

σmxsim (tj)
η

)2
 .

And in the case of combined multiplicative and constant noise, σj = σc + σmx
θ (tj)

η

and the log-likelihood is

log
(
P
(
xobsj |θ

))
=∑

xobsj ∈Xobs

−1

2
log (2π)− log

(
σc + σmx

sim (tj)
η)− 1

2

(
xobsj − xθ (tj)

σc + σmxθ (tj)
η

)2
 .

Maximising the likelihood with the constant Gaussian noise model, is equivalent

to minimising the sum of squares error,

f (θ) =
∑
j

(
xθ (tj)− xobsj

)2
,

as

log
(
P
(
Xobs|θ

))
= A−Bf (θ) ,

for constants A = nobs (−0.5 log 2π − log σc) and B = 0.5σ−2
c , where nobs is the num-

ber of observations. However, f (θ) is only concerned with the deterministic model

parameters and minimising this function does not provide σc.

To find the optimum of these likelihoods I used the CMA-ES (Covariance Ma-

trix Adaptation Evolution Strategy) algorithm to search the parameter space, imple-

mented by the PINTS package for Python [8]. This searching algorithm works by

having a population of points, Y (g) ⊂ Θ, and iteratively generating new populations
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based on the output of the objective function, the function to optimise, at the points

in the previous population. This new population, Y (g+1), is selected using a normal

distribution based on the covariance matrix:

θ
(g+1)
k = m(g) + h(g)νk, ∀θ(g+1)

k ∈ Y (g+1),

where νk ∼ N
(
0, C(g)

)
andm(g) =

∑
θx∈B(g) wxθx, a weighted average over the subset

B(g) ⊂ Y (g) of the best points in the sample according to our objective function. The

weights are such that the points in the population are weighted more highly; h(g)

is the step size that is adapted at each iteration; and C(g) is an estimation of the

covariance matrix using the gth and (g − 1)th population [22].

There are 12 parameters to estimate in the fixed-effects Friberg PKPD model:

Kcl, K1, Vc, V1, σm, R0, MTT, γ, s, σc,PD, σm,PD and ηPD. This means there is

a 12-dimensional parameter space to search. However to speed up the searching,

I have split the parameter inference into two problems, the PK problem and the

PD problem. The PK problem optimises the likelihood P
(
Xobs

PK |θPK, σc
)
, over the

five-dimensional parameter space ΘPK, with θPK = (Kc, K1, Vc, V1, σm) ∈ ΘPK and

given the drug concentration over time data, Xobs
PK . The PD problem optimises the

likelihood P
(
Xobs

PD |θPD, σc
)
, over the seven-dimensional parameter space ΘPD, with

θPD = (Ccell, 0,MTT, γ, s, σc,PD, σm,PD, ηPD) ∈ ΘPD and given the blood cell concen-

tration over time data, Xobs
PD . The PK problem can be decoupled from the PD problem

as the PK output, the drug concentration in the central compartment, Cc(t), is not

affected by the PD output, the circulating blood cells, R(t), or the PD parameters,

θPD. However, The PD output is affected by the PK output and parameters, θPK,

but if the PK problem is already solved, θPK can be fixed to that solution during

the PD analysis. Thus the maximum likelihood estimate is found initially for the

PK parameters and data. Then the PD parameter inference is done on the PD data

using the drug concentration over time simulated from the PK model with optimum

parameters.

Figure 5.1 shows the results of maximum likelihood estimation on category 1 simu-

lated PD data. The choice of noise model seemed to have little impact on the inferred

deterministic parameters, (R0,MTT, γ, s). However, the true noise parameters were

not recovered in the inference. When combined noise was assumed, the maximum

likelihood estimate for σc,PD was 0.001, the lower bound for this parameter, and the

maximum likelihood estimate for σm,PD was 0.900403, close to the upper bound for

this parameter. It seems, to compensate for this large value of σm,PD, η was inferred

much lower than its actual value.
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Figure 5.1: Results from the maximum likelihood estimation of the Friberg PD model
(Equations 2.17-2.21) on simulated data. A) Table of PD parameters and the values
acquired in optimisation when different noise models were assumed compared with
the actual values used to create the simulated data. B) Comparison of the blood
cell concentration observed in the simulated data, the actual curve used to create
the data, and the curve produced using the parameters inferred when using different
noise models.
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I also inferred the parameters of the experimental data, assuming a fixed-effects

two-compartment linear PK model (Equations 2.2-2.3) and the PD Friberg model

(Equations 2.17-2.21) with linear drug effect. For the PK problem, a multiplicative

noise was assumed, and for the PD problem constant, multiplicative and combined

noise (Equations 2.23-2.25) were compared. The results can be see in Figure 5.2. All

optimisations produced traces that fit well with data and found similar PD model

parameters. Combined noise minimised the effect of the multiplicative part in the

noise and inferred a similar value of σc,PD to the constant noise model, opposite of

what happened in the simulated case. The multiplicative noise inferred the maximum

value of σm,PD, similar to the behaviour in the simulated case. This initially gives

the impression that constant noise may be the most appropriate noise and that there

may be identifiability issues in the multiplicative noise.
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Figure 5.2: Results from the maximum likelihood estimation of the PKPD model pa-
rameters on experimental data. A) Table of PK parameters and the values acquired in
optimisation. B) Prediction of Docetaxel concentration using the two-compartment
linear PK model (Equations 2.2-2.3) and parameters shown in A) compared with the
observed data. C) Table of PD parameters and the values acquired in optimisation
when different noise models were assumed. D) Comparison of the platelet concen-
tration observed in the experimental data, and the predictions produced using the
Friberg model (Equations 2.17-2.21) and parameters shown in C).
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5.1 Maximum-a-posteriori Estimation

An alternative parameter inference method is to find the maximum-a-posteriori esti-

mate. This method maximises the probability distribution P
(
θ|Xobs

)
, the probability

that the parameter, θ, could produce this data-set, for all parameters θ ∈ Θ. This

probability distribution is defined as the posterior and is more directly the probability

of interest to maximise, but is difficult to directly calculate. However, this posterior

probability can be defined, using Bayes rule, in relation to the likelihood,

P
(
θ|Xobs

)
=
P
(
Xobs|θ

)
P (θ)

P (Xobs)
, (5.1)

where P
(
Xobs|θ

)
is the likelihood, as defined in Chapter 5; P (θ) is the prior, the

probability that the parameters, θ, can accurately represent this model before any

data was collected; and P
(
Xobs

)
is the marginal likelihood, the probability of the

data, regardless of what parameters were used.

To maximise the posterior, assumptions about the form of the prior must be

made. This can be a benefit to the modelling process as it allows the incorporation

of information into the model outside of the data. For example if a parameter has

particular bounds it must stay within, then this can be incorporated into the prior by

setting P (θ) = 0 outside these bounds. Other known information about a parameter,

such as literature values, could also be incorporated by choosing a prior that has

higher probability around these values. A relatively non-informative prior would be

a uniform distribution where the boundaries are selected to ensure parameters stay

within feasible values [48]. With non-informative priors, the maximum-likelihood

and maximum-a-posteriori estimates should be the same, assuming the maximum-

likelihood is within the set bounds.

Alternatively, information from a previous study on the same model, such as

studies from previous phases of clinical trials for the same drug, can be used as a

prior for the current study. This highly informative prior has the risk of dominating

the posterior if there is similar or greater confidence in the parameters from the

previous study than the current study. However confidence in parameters generally

increases as size of the data set increases, and so larger studies have less risk of this.

Alternatively, if using the model to predict the response in a single patient, it is useful

to build a prior from a previous large clinical trial and for it to have an impact on

the posterior, reducing the effect of noise in the single patient’s observations.
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The marginal likelihood, P
(
Xobs

)
, is not known but can be deduced from the fact

that it is constant over θ and that the posterior is a probability distribution, thus∫
Θ

P
(
θ|Xobs

)
dθ = 1. (5.2)

Continuing on from Bayes rule∫
Θ
P
(
Xobs|θ

)
P (θ) dθ

P (Xobs)
= 1,∫

Θ

P
(
Xobs|θ

)
P (θ) dθ = P

(
Xobs

)
.

However, when there are multiple parameters, the integral becomes difficult to cal-

culate. On the other hand, as the marginal likelihood is constant, P
(
θ|Xobs

)
∝

P
(
Xobs|θ

)
P (θ) and the maximum of the posterior is the same as the maximum of

P
(
Xobs|θ

)
P (θ).

5.2 Transformation

To increase efficiency of the optimisation algorithms, and avoid complications with

impossible parameter values being proposed and rejected, the parameter space can be

transformed. This transformation, q = T (θ), will need to be such that T−1 (q) = Θ

for all q ∈ Rnp , where np is the number of parameters of the system. This can be

easily done by setting

T (θ) =
(
f1 (θ1) , . . . , fn

(
θnp

))
,

fk (θk) =


log (θk − ak)− log (bk − θk) , if a1 < θk < b1

log (θk − ak) , if ak < θk

θk, if θk ∈ R

where θ =
(
θ1, . . . , θnp

)
. In our model, all parameters are bounded below by zero

thus the log transformation, fk (θk) = log (θk), would be most appropriate.

To incorporate this into the maximum likelihood method, instead of maximising

LL (θ) for θ ∈ Θ, LL (T−1 (q)) is maximised for q ∈ Rnp . Then when the optimum q

is returned, the MLE is T−1 (q).
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5.3 Inference of Mixed-effects models

In a mixed-effects model the parameters are hierarchical which alters how the poste-

rior is defined. In these types of models the posterior is

P
(
θ1, . . . , θni

, θtyp,Ω|Xobs
1 , . . . , Xobs

ni

)
∝ P (θtyp,Ω) · P (θ1, . . . , θni

, |θtyp,Ω) · P
(
Xobs

1 , . . . , Xobs
ni

|θ1, . . . , θni

)
,

where

P
(
Xobs

1 , . . . , Xobs
ni

|θ1, . . . , θni

)
=

ni∏
i=1

P
(
Xobs
i |θi

)
is the likelihood,

P (θ1, . . . , θni
|θtyp,Ω) =

ni∏
i=1

P (θi|θtyp,Ω)

is the prior, and P (θtyp,Ω) is the hyperprior [28]. The log of this posterior,

logP
(
θ1, . . . , θni

, θtyp,Ω|Xobs
1 , . . . , Xobs

ni

)
= logP (θtyp,Ω) +

ni∑
i=1

(LLi (θi) + logP (θi|θtyp,Ω)),

is then optimised over for maximum-a-posteriori estimation, where LLi = logP
(
Xobs
i |θi

)
is the individual log-likelihood for individual i.

In our model ψ is Log-normal with diagonal covariance, and thus the Log Prior

for the individual-level parameters becomes

logP (ψi, |ψtyp,Ω) =
∑
θk∈ψ

logP
(
θk,i, |θk, typ, ω2

k

)
=
∑
θk∈ψ

log

(
1

θk,i

1√
2πωk

exp

{(
−(log θk,i − log θk,typ)

2

2ω2
k

)})

=
∑
θk∈ψ

(
− log θk,i − log

(√
2πωk

)
− (log θk,i − log θk,typ)

2

2ω2
k

)

I have also set the hyper prior for all parameters, {ψtyp, θ−ψ, ω}, as a log normal prior

to ensure the lower bound of zero.

For the PKPD case with mixed-effects parameters ψ, the individual Log-likelihood

is

LLi (θi) = LLi (ψi, θ−ψ) =
∑
j

PLLi,j (ψi, θ−ψ)
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The Friberg PKPD model with mixed-effects parameters ψ would have two outputs.

The first is the PK observation of the drug concentration in the central compartment

for all individuals, i, Xobs
PK = {Cc,i (tj1) + ϵi,j1 |tj1 ∈ TPK , 1 ≤ i ≤ n}, where ϵi,j1 is the

observational error and, TPK is the set of times that the drug concentration is observed

at. The second is the PD observation of circulating blood cells for all individuals, i,

Xobs
PD = {Ri (tj2) + ϵi,j2|tj2 ∈ TPD, 1 ≤ i ≤ n}, where ϵi,j2 is the observational error

and, TPD is the set of times that the blood cell count is observed at. In the PD mixed-

effects model I am assuming a constant Gaussian noise model, and so the individual

log-likelihoods are defined by

log
(
P
(
Xobs

i |θi
))

=
∑

xobsi,j1
∈Xobs

i,PK

log
(
P
(
xobsi,j1

|θi
))

+
∑

xobsi,j2
∈Xobs

i,PD

log
(
P
(
xobsi,j2

|θi
))

=
∑

xobsi,j1
∈Xobs

i,PK

− log (2π)

2
− log (σPKCc,i (tj1 , θi))−

1

2

(
xobsi,j1

− Cc,i (tj1 , θi)

σPKxsim (tj1 , θi)

)2


+
∑

xobsi,j2
∈Xobs

i,PD

− log (2π)

2
− log (σPD)−

1

2

(
xobsi,j2

−Ri (tj2 , θi)

σPD

)2
 .

where θi = [ψi, θ−ψ]. I have initially set just the parameter Vc to vary between

individuals, and then expanded the model to allow other parameters to vary.

Using the Chi package [4] for defining the mixed-effects model and Pints package

[8] for optimisation and sampling algorithms, I performed parameter inference of

the model with the simulated data. In this case performing maximum likelihood

estimation would only provide estimates for individual-level parameters. However,

estimating the population parameters and letting individual estimates be affected by

the population values in the optimisation is important. Thus instead of optimising

over the likelihood, I have determined the maximum-a-posteriori (MAP) estimate. It

is easier in CHI to perform inference on the full PKPD problem, and thus for the

mixed-effects inference I did not separate this into the PK and PD problems. The

priors and transformations used for each parameter is listed in Table 5.1.

I ran the CMAES algorithm 10 times to determine the MAP with the results

shown in Figure 5.3. The starting point of population-level parameters for run 1 was

estimated using Non-compartmental Analysis (NCA) [18] on the pooled results, all

other starting points were sampled from the prior. Some of the sampled starting

points produced non-finite posterior scores, and for these runs the starting point was

resampled until it had a finite posterior.
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Parameter Prior Transformation
Kcl Lognormal(Kcl,≈, 0.75

2) T (Kcl) = log (Kcl)
K1 Lognormal(Kcl,≈, 3

2) T (K1) = log (K1)
Vc Vc,i Lognormal(Vc,typ, ω

2
Vc
) T (Vc,i) = log (Vc,i)

log (Vc,typ) N(log (Vc,≈), 0.3
2) None

ωVc Lognormal(0.3, 0.42) T (ωVc) = log (ωVc)
V1 Lognormal(Vc,≈, 0.6

2) T (V1) = log (V1)
σPK Lognormal(0.1, 0.42) T (σPK) = log (σPK)
R0 Lognormal(R0,≈, 0.5

2) T (R0) = log (R0)
MTT Lognormal(MTT≈, 0.5

2) T (MTT) = log (MTT)
γ Lognormal(0.5, 1.22) T (γ) = log (γ)
s Lognormal(s≈, 0.5

2) T (s) = log (s)
σPD Lognormal(0.1R0,≈, 2.1

2) T (σPD) = log (σPD)

Table 5.1: Table of the priors and transformation used for each parameter. Ap-
proximations of some parameters, θk, have been initially approximated using Non-
compartmental analysis [18], and these are denoted as θk,≈. In the python package
CHI, the log-normal mixed-effects model is parameterised by log (θtyp) rather than
θtyp and so Vc,typ has been pre-transformed during this analysis.

Using CMAES, the algorithm failed to find the maximum posterior value for two of

the runs. As CMAES is a population based global optimiser, there is a possibility the

population of points will not find the correct local maxima, and thus it is important

to do multiple runs to check convergence. If no convergence occurs, it could be a sign

that there is practical identifiability problems (see section 6).

To fully assess the performance of PINTS and CHI with potentially mismatched

mixed-effects models, I initiated 10 maximum-a-posteriori runs each for four different

assumptions and for each category 3 simulated data-set. These assumptions on the

model were that:

• All parameters, excluding the noise parameter, are mixed-effects parameters.

(True for the latter four data-sets)

• Vc is the only mixed-effects parameter. (True for the first four data-sets)

• Kcl is the only mixed-effects parameter.

• There are no mixed-effects parameters.

I used the CMAES optimiser and the starting points were generated in the same

manner as above.

Results of the convergence of the optimisers on the eight simulated data-sets is

shown in Figure 5.4. CMAES converged for all data-sets with only one mixed-effects
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parameter. It did not easily converge when the data was generated with both mixed-

effects parameters but only Vc was assumed to be mixed-effects. We would usually

expect CMAES to perform better with a simpler model than the more complicated

model, however the cause of this difficulty in convergence is explored more in Chapter

6.1.

Dataset All params M-E Vc M-E Kcl M-E F-E

1 (1 M-E param) 10 10 10 10

2 (1 M-E param) 10 10 10 10

3 (1 M-E param) 10 10 10 10

4 (1 M-E param) 10 10 10 10

5 (2 M-E params) 10 10 10 10

6 (2 M-E params) 10 6, 3, 1 10 10

7 (2 M-E params) 10 1, 8, 1 10 10

8 (2 M-E params) 10 10 10 10

Assumptions

Figure 5.4: Number of runs, out of ten, that produced the similar log-likelihood score
(within 1.98 of each other). Where multiple values are provided, these values are the
number of runs that produced the highest, 2nd highest and 3rd highest log-likelihood
scores respectively. This was performed on eight different data-sets generated with
either one or two mixed-effect (M-E) parameters, and four different assumptions on
the model (where F-E indicates the fixed-effects model).

5.4 Monolix

Monolix [39] is an application that determines individual and population parameters

of PKPD models given some data and is a common tool used in current PKPD

modelling. I ran Monolix on the one-compartment PK datasets as a comparison to

the CHI-based workflow.

In monolix, population parameters are divided into three categories, fixed effects

parameters (θtyp), random effect parameters (ω) and residual error parameters. The

model parameters are automatically set to be mixed effects (with both random and

fixed effect parts) but can be changed to be fixed effect or fixed to a particular value.

The mixed effect parameter distributions can also be chosen between normal, log-

normal and logit-normal. Error models are chosen between constant, proportional

and 2 variations of combined noise. Initial values of these parameters are all de-

faulted to the value one but can be changed by the user. Additionally, Monolix can
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automatically find initial values for the fixed effects parameters. To do this, it uses a

subset of the individuals, and optimises on the pooled data of these individuals. The

optimisation is done by a ”custom optimization method” and no other details on the

algorithm is provided.

The first task that Monolix performs is to estimate the parameters using the

SAEM (Stochastic Approximation Expectation-Maximization) algorithm. To use this

algorithm, our problem needs to be redefined as a missing data problem. Let g (θ|Y )

be the incomplete data likelihood, i.e. the likelihood of the parameters θ given the ob-

served data, Y . And let f (Z, θ|Y ) be the complete data likelihood, i.e. the likelihood

of the parameters θ given all the data, X = (Y, Z) where Z, the missing data, are the

individual-level parameters, θtyp + ωηi, ηi ∼ N (0, 1). Additionally, define p (Z|Y, θ)
as the posterior distribution of the missing data given the the observed data Y (also

known as the predictive distribution).

Expectation-Maximization (EM) is achieved through multiple iterations of max-

imising

Q (θ|θ′) =
∫
Rl

log f (Z, θ|Y ) p (Z|Y, θ′)µdz,

where µ is a σ-finite positive Borel measure on Rl instead of directly maximising the

log-likelihood [12]. I.e. at iteration g, θg+1 is the value of θ that maximises Q (θ|θg).
In SAEM, Q (θ|θ′) is approximated and each iteration is broken down into simpler

steps:

1. Simulation Step - Generate m (g) realisations Zg (j) for j = 1, . . . ,m (g) of the

missing data under posterior density p (Z|Y, θk).

2. Stochastic approximation step - Let

Q̂g (θ) = Q̂g−1 (θ) + γg

m (G)−1

m(g)∑
j=1

log f (Zg (j) , θ)− Q̂g (θ)


where γgg≥1 is a sequence of step sizes.

3. Maximisation step - Let θg+1 be the value of θ that maximises Q̂g (θ).

In this algorithm there are two optimisation parameters at each iteration, the stepsize,

γg, and the number of simulations, m (g), which need to be chosen. Monolix sets

γg = 1 for 1 ≤ k ≤ G and γg =
1

g−G for g > G and m (g) = L, where G = 500 and

L = 3 by default.
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In Non-linear mixed effects problems, there are additional difficulties in the simu-

lation step as the posterior distribution cannot be directly sampled from. In Monolix,

the Hastings-Metropolis MCMC algorithm is used to sample from this distribution

with L chains. Monolix also utilises simulated annealing to keep the area of explo-

ration wide at the start and discourage chains getting stuck in local minima. This is

achieved by limiting the decrease in ω to 5%.

SAEM does not work for fixed-effects parameters that do not have variability

as there is no posterior density, p (Z|Y, θk) to sample from in the simulation step.

By default the Nelder-Mead simplex algorithm is used to optimise these parameters.

Optionally, artificial variability could be added for these parameters, allowing SAEM

to be used instead, and then the variance is progressively reduced until it reaches

1e-5.

Once the population parameters are acquired, the individual-level parameters can

be estimated using Empirical Bayes Estimates (EBEs). The EBEs are the mode of

the conditional parameter distribution, p
(
Zi|Yi, θ̂

)
where Zi are the individual-level

parameters of individual i, Yi is the observed data of individual i, and θ̂ are the opti-

mised population parameters from the previous step. This problem is redefined using

Bayes law and the maxima of the distribution, p
(
Yi|Zi, θ̂

)
p
(
Zi|θ̂

)
is found using

the Nelder-Mead Simplex algorithm. Optionally, the full conditional distribution can

also be obtained using MCMC sampling.

I compared the results produced by CHI on the category 3 data to results gathered

from Monolix. I intiated 4 SAEM runs each for the four different assumptions and

for each simulated data-set. The starting point for run 1 was the same as used in

run 1 for CMAES (see section 5.3). The starting points for runs 2 and 3 were auto-

generated using Monolix’s auto-initialise tool. And the starting point for run 4 was

set to the default when creating a new model.

Monolix had difficulty converging to a reasonable result, when any fixed-effects

parameters were not allowed inter-individual variability during the optimisation (i.e.

Nelder-Mead simplex was used instead of SAEM). Monolix produced the error that

the optimiser failed to meet the convergence criteria, unless all parameters were set

to fixed-effects. In this latter case the optimiser met the convergence criteria very

quickly and returned parameter values between 1.5 and 2 times the data-generating

values. I moved to using SAEM with variability during the exploratory phase that is

forcibly reduced towards zero and then Nelder-Mead simplex during the final stage.

In this case the convergence error occurred for the fully fixed-effects model but did

not for the other models.
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A Monolix run was quicker than a CHI/PINTS run. However only one run was

able to be initialised at a time and setting up each run manually significantly slowed

down the process. Additionally, it was not easy to compare results between different

runs within the application.

5.5 Conclusion

In this chapter I used the data as described in Chapter 4 to find parameters for

the models described in Chapter 2 by optimising an objective function. This ob-

jective function was either the Likelihood function, P
(
Xobs|θ

)
, to find the maxi-

mum likelihood estimate (MLE) or the posterior function, P
(
θ|Xobs

)
, to find the

Maximum-a-posteriori (MAP) estimate. In conclusion, the MLE could not identify

the data-generating parameters of the noise model for the fixed-effects simulated data,

which could indicate identifiability issues with these parameters. Running multiple

runs of the MAP estimation in mixed-effects models shows that the optimiser does

not always find the optimum, thus it is important to do multiple runs and check

convergence of MAP estimates. Doing a similar analysis in the program Monolix can

be difficult, as it is generally designed towards the method of starting with the most

complex population model rather than the least. Additionally, Monolix is not set up

to do multiple runs with different start points. However, the MLE of the fixed effects

model and the MAP of the mixed-effects model has been found. With these we can

do further analysis to identify the potential cause of these problems. Overall these

methods are quick but they do not provide any information on the uncertainty in

these parameter estimates.
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Chapter 6

Practical identifiability

As seen in section 5, a model that is structurally identifiable can still pose difficulties

for parameter inference. This may be due to practically non-identifiable parame-

ters. Practical non-identifiability occurs when different parameter values cannot be

discerned from noisy data. If a model is structurally non-identifiable then it is prac-

tically non-identifiable. In this section I will do a review of the methods currently

available for profile likelihoods, analyse the PKPD model and data using Profile like-

lihoods, and increase the efficiency of these methods.

To determine the practical identifiability, the confidence in parameter estimates

must be quantified. One way of performing this to use the Fisher Information matrix

(FIM),

I
(
θ̂
)
= − ∂2

∂θ2
log (LY (θ)) ,

where LY (θ) is the log-likelihood of the parameter θ, given data Y , to determine the

standard errors of the parameters. The inverse of this matrix, C
(
θ̂
)
= I−1

(
θ̂
)
, is an

approximation to the covariance matrix of the parameters. Thus the square root of

the diagonals of this matrix give the standard errors, s.e
(
θ̂k

)
=

√
Ckk

(
θ̂
)
and the

correlation between parameters is determined as corr (θk1 , θk2) =
Ck1k2

s.e(θk1)s.e(θk2)
. The

confidence intervals are then determined from these standard errors. This method

is commonly used to determine identifiability especially for PKPD models [54, 56]

and can be calculated via the Monolix program. However, this method assumes the

log-likelihood is exactly quadratic and is inaccurate when the parameters are not

[43], and, in non-linear PKPD models it is unlikely for all parameters to be exactly

quadratic.

An alternative method to determining the practical identifiability of a model, that

is starting to be used more regularly, is the profile-likelihood method [55, 14]. In this
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method, each parameter is varied around the MLE value, and the log-likelihood for

the other parameters re-optimised, i.e.,

PLLk (θk) = max
θ−k

(
log
(
P
(
Xobs|θk, θ−k

)))
, (6.1)

for each parameter θk, where θ−k are all parameters excluding θk. The confidence

interval is then determined from this profile likelihood. The interval is the range of

θk that

PLLk (θk) > LL
(
θ(MLE)

)
− q1 (1− α)

2
,

where LL
(
θ(MLE)

)
is the log-likelihood of the maximum likelihood estimate, and

q1 (1− α) is the (1− α)th quantile of the χ2 distribution with 1 degree of freedom. For

a 95% confidence interval, q1 (1− α) = 3.841. This method produces more accurate

confidence intervals, is invariant under transformations of the parameters and can be

asymmetric around the MLE, unlike the FIM derived confidence intervals. [64]

In some papers, a parameter is considered unidentifiable if these confidence inter-

vals are wide. This determination is then subject to the researchers choice in what

wide constitutes [55]. In Raue et. al.’s paper on identifiability [45], they more for-

mally defined this requirement. If the confidence intervals from the profile likelihood,

PLLk (θk), is infinite then θk is practically unidentifiable. Also, if there exists no

value of α at which the confidence interval is finite then θk is also locally structurally

non-identifiable, where even with infinite noiseless data the confidence interval will

always be infinite [64]. This formal definition cannot apply to the FIM confidence

intervals as they are always finite and an unidentifiable parameter as per Raue et.

al.’s definition will be poorly estimated by the FIM, except in the case that the profile

likelihood is completely flat.

The profile likelihood can also be extended into higher dimensions. For example,

a bivariate profile likelihood would be the surface defined by the equation,

PLLk1,k2 (θk1 , θk2) = max
θ−k1,−k2

(
log
(
P
(
Xobs|θk1 , θk2 , θ−k1,−k2

)))
,

for each pair of parameters, θk1 , θk2 . As well as an indication of identifiability this

provides information of parameter interdependence. [6]

If parameters are unidentifiable then there are several ways to change the problem

such that it is identifiable. If there are only practical identifiablity problems, i.e there

would be no identifiablity problem for infinite, noiseless data, then gathering more

data may help. These new experiments can be designed using the model, in order

to maximise identifiabilty and minimise confidence intervals [37, 38, 20]. If it is not
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feasible to do this or there are structural identifiability issues, then a change to the

model can be made to reduce the parameter space by reparamatisation, keeping the

unidentifiable parameter at a fixed value, or introducing an equation to relate two

unidentifiable parameters, as informed by the bivariate profile likelihoods [64, 6].

The calculation for profile-likelihoods can be difficult. The brute force option

to find the confidence interval is to choose values of θk at regular intervals in some

interval I ⊂ Θk, optimising Equation 6.1 at each value of θk. This method can

take a long time depending on how quickly the optimisation can be done and how

many points are selected along the interval but provides the shape of the profile

likelihood. Another method proposed by Venzon and Moolgavkar [60] is to use a

modified Newton-Raphson algorithm to solve the system of equations

LL (θ)− LL
(
θ̂
)
+
q1 (1− α)

2
= 0, (6.2)

∂L

∂θκ
(θ) = 0, ∀κ ̸= k, (6.3)

for θk ∈ θ where θ̂ is the MLE. This is an equivalent problem as the first part provides

the end points of the C-I, and the second part ensures the optimum in the profile

likelihood. This modified Newton-Raphson method utilises a quadratic approxima-

tion to LL (θ) to inform the step size, however calculating the partial derivatives is

still costly.

To acquire the profile likelihhods, I have decided initially to use the brute force

method, but utilising a quick local optimiser instead of a global optimiser. To ensure

accuracy and efficiency in the optimiser, I will start at the MLE and work out. At

each step I will use the previously optimised values as the start point for the local

optimiser.

Acquiring the profile likelihoods for the fixed-effects simulated data (category 1)

confirms that the non-identifiability of this model stems from the noise parameters.

This can be seen in Figure 6.1 where the profile likelihoods of the PD model parame-

ters all have clear intersections with the horizontal line at LL
(
θ̂
)
+ q1(1−α)

2
, whereas

the only noise parameter that is identifiable is η. There is also a shelf to the left of

the maximum and this may affect the MLE results, however, this shelf is likely to be

an artefact of the imperfect optimisation as it is not smooth. The bivariate profile

likelihoods of these parameters also show the inter-parameter interactions.

Performing the same analysis on the Experimental data, I acquired the profile

likelihoods of the PD parameters when combined noise is assumed. These results are

shown in Figure 6.2. The profile likelihoods show that the PD model parameters,
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Figure 6.1: Profile Likelihoods of the PD parameters on category 1 simulated data,
assuming combined noise and fixed-effects model. Red confidence line is at q1(0.95)

2
=

1.92 below the log-likelihood of the maximum likelihood estimate, and black dashed
line shows the parameter values used to simulate the data. (A) The profile likelihood
of the Friberg model parameters. All these parameters show identifiability. (B)
The profile likelihoods and bivariate profile likelihoods of the combined noise model
parameters.
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(R0, MTT, s and γ), are identifiable, with combined noise. However, σc,PD is the only

noise parameter that is identifiable. I further investigated the identifiability of the

noise model by fixing various parameters to determine the conditions under which

the parameters are identifiable. The results from this are shown in Figure 6.3A.

Fixing σc,PD to zero (i.e. converting the noise to multiplicative noise) ensures that

η is identifiable but σm,PD is against the edge of the parameter space. Fixing η to 1

means that σc,PD is identifiable but σm,PD is still not identifiable. Fixing σm,PD to zero

(i.e. converting the noise to constant noise) ensures that σm,PD is identifiable but η is

structurally unidentifiable as the noise from the multiplicative part, σmx
sim (tj)

η ϵj, is

always zero. I also fixed pairs of parameters as shown in Figure 6.3B. Initially, σm,PD

was fixed to zero and η fixed to 1 which produced the same results for σc,PD as when

just σm,PD was fixed. I could not set both σc,PD and σm,PD to zero so instead I fixed

σc,PD to 193.08 (the point where maximum likelihood occurred) and σm,PD to 0.01 to

acquire the profile likelihood of η. This did not produce an identifiable η. Finally I

set both σc,PD to zero and η to 1 and this did produce an identifiable σm,PD.

In these graphs there seem to be some discontinuities. These are likely due to

inaccuracies in the numerical calculations rather than the profile likelihood, which

tends to be smooth. This potentially comes from either the ODE solver or the op-

timiser. In the ODE solver, as the parameters and solution changes, the solver can

choose a different set of time points to solve the the ODE at and interpolate between

[9]. This can cause a discontinuous change in the numerical solution of the ODEs and

thus the log-likelihood . In this case any jumps in the solution should be small as the

errors in calculating the ODE should be limited by the solver. With the optimiser,

to maintain efficiency, I have used a local optimiser. I would expect the maximising

parameters, θ−k, to follow along a path through the parameter space and thus the

local optimiser, starting at the previous point, would be able to find this parameter.

However, if there are multiple local optima, then our algorithm may only follow the

path of one local optimum whose log-likelihood decreases at a quicker rate than an-

other optimum. This second local optimum could then become the global optimum.

If then, the current local maximum merges into the global maximum, this would be

seen in these graphs as a sudden jump upwards. This latter scenario may be the

explanation of the separated shelves seen in Figure 6.1B for η and 6.2A for σc,PD with

fixed η. In either case, the effect on the identifiablity results, and confidence intervals

are not affected.
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Figure 6.2: Profile likelihoods of the PD parameters on experimental data, assuming
combined noise and fixed-effects model. Red line is at 1.92 below the maximum of
the log-likelihood. (A) The profile likelihood of the Friberg model parameters. All
these parameters show identifiability. (B) The profile likelihoods and bivariate profile
likelihoods of the combined noise model parameters.
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Single parameters fixed. From top to bottom: σc,PD is fixed to zero, η is fixed to one,
and σm,PD is fixed to zero. B) Two parameters are fixed. From top to bottom: σm,PD
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Acquiring the profile-likelihood for mixed-effects models is more complicated. The

likelihood as defined by

P
(
Xobs

1 , . . . , Xobs
ni

|θ1, . . . , θni

)
=

ni∏
i=1

P
(
Xobs
i |θi

)
does not incorporate the hyper-parameters. However, you could consider the like-

lihood of the hyper-parameters to be the posterior without the hyper-prior term,

i.e,

LL (θtyp,Ω) =P
(
θ1, . . . , θni

, Xobs
1 , . . . , Xobs

ni
|θtyp,Ω

)
=P (θ1, . . . , θni

, |θtyp,Ω) · P
(
Xobs

1 , . . . , Xobs
ni

|θ1, . . . , θni

)
,

for individual-level parameters θ1, . . . , θni
∈ Θ. This is a similar approach to how

Monolix finds the MLE. To find the profile likelihood of parameter θk ∈ {ψtyp, θ−ψ,Ω},
this likelihood is optimised over the individual-level parameters and other hyper-

parameters.

The second issue with acquiring the profile likelihoods on mixed effects problems is

the time efficiency. For the fixed effects problem, it took several hours to find the single

and bivariate profile likelihoods for all parameters in one model. With multiple models

that have at least 46 (45 individuals and a variability parameter for each mixed-effects

parameter) extra parameters, the computational expense grows dramatically. As I

am more concerned with population dynamics in this case study, I can exclude the

profile likelihoods of individual-level parameters from the analysis. However, these

parameters are still optimised over and thus will slow down the optimisation in the

analysis of the hyper-parameters.

In order to create a more efficient process of finding the profile likelihoods, I ac-

quired the profile likelihood curves for the simple one compartment PK mixed-effect

model as it has the fewest parameters and thus should be easy to repeat analysis

on. The profile likelihood for each simulated data-set in category 3 and assumption

as detailed in Chapter 5.3 was calculated. The profile likelihood curves for the pa-

rameters Kcl and ωKcl
are shown in figure 6.4. ωKcl

is unidentifiable for data-sets

1-4 (generated with ψ = [Vc]), under the modelling assumption that ψ = [Vc, Kcl] .

In this case, the profile log-likelihood increases as the parameter tends towards zero.

This behaviour is expected, as these data-sets were generated with ωKcl
= 0, and the

behaviour disappears for data-sets 5-8, where ωKcl
̸= 0. The Monolix runs estimated

values close to zero, however, the MAP estimate was greater as the hyper-prior had

zero probability at ωKcl
= 0. This behaviour also disappears when onlyKcl is assumed
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to be mixed-effects in the modelling. In this case, although the data-generating value

of ωKcl
is zero, some variability in Kcl is optimised to compensate for the lack of

variability in Vc.

When Vc only is allowed to vary there is a lack of smoothness in the profile

log-likelihood of Kcl for all data-sets. In these cases it still leads to a single finite

confidence interval, and thus is identifiable by definition. However the multi-modal

nature of this does not lead to a single maximum likelihood estimate within the

confidence interval and may be the cause of the failure to converge in the above cases,

if it is not an artefact of the optimisation problem.

The profile likelihood curves for the parameters Vc and ωVc are shown in figure

6.5. In these graphs the jaggedness are present again, but only when Kcl is allowed to

vary and not Vc. The jaggedness also leads to practically unidentifiable parameters

for some of the data-sets, where the profile likelihood curve intersects the confidence

interval line multiple times. It also seems that, although converged to the same

answer, both PINTS and Monolix optimised to the lower local optimum rather than

the global optimum for data-sets 1 to 4.

6.1 Investigating methodology on Mixed-Effects models

To further investigate the cause of these discontinuities I acquired further detail for

data-set 5. I looked at the individual contributions to the overall likelihood in the

likelihood profile curve,

logL
(
θi, θ−k,typ, θk,Ω|Xobs

i

)
= LLi (θi) + logP (θi, |θ−k,typ, θk,Ω),

where LLi (θi) is the individual Log-Likelihood and (θi, θ−k,typ,Ω) are the optimised

parameter values as θk is varied. I also investigated how the individual-level param-

eters, θi, change as θk varies. The results are shown in Figure 6.6A.

As can be seen from the graphs, the optimised θi and θ−k,typ values are not smooth.

They stay stationary for a while and then suddenly all change at the same point, in

a step-like function. These step changes correspond to small jumps in the individ-

ual contribution curves which sum up into the larger jumps in the overall profile

likelihood.

This problem may be related to the Nelder-Mead simplex algorithm, implemented

by PINTS, and it’s failure to optimise. Thus I compared this with how well CMA-

ES performs as the optimiser (instead of Nelder-Mead) when obtaining the profile

likelihood, as shown in Figure 6.6B. When CMA-ES is used, the parameters are
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Figure 6.4: Profile likelihood curves for Kcl, and ωKcl
(when included in the model),

under the four assumptions. A) Both parameters Vc andKcl are assumed to be mixed-
effects, B) Only parameter Vc is mixed-effects, C) Only parameterKcl is mixed-effects,
D) No parameters are mixed-effects. The top graphs in each assumption is for Data-
sets 1 to 4, where only Vc was mixed-effects in generating the data. The bottom graphs
in each assumption is for Data-sets 5 to 8, where both parameters were mixed-effects
when generating the data. Graphs have been normalised such that the maximum
log-likelihood is at zero. Vertical solid lines show where each run of the PINTS
implemented CMA-ES method optimised to. Vertical dashed lines show where each
run of the Monolix implemented SAEM method optimised to. Black vertical line is
the data-generating values. Horizontal dashed line is 1.92 below the maximum and
shows the confidence intervals.
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Figure 6.5: Profile likelihood curves for Vc, and ωVc (when included in the model),
under the four assumptions. A) Both parameters Vc andKcl are assumed to be mixed-
effects, B) Only parameterKcl is mixed-effects, C) Only parameter Vc is mixed-effects,
D) No parameters are mixed-effects. The top graphs in each assumption is for Data-
sets 1 to 4, where only Vc was mixed-effects in generating the data. The bottom graphs
in each assumption is for Data-sets 5 to 8, where both parameters were mixed-effects
when generating the data. Graphs have been normalised such that the maximum
log-likelihood is at zero. Vertical solid lines show where each run of the PINTS
implemented CMA-ES method optimised to. Vertical dashed lines show where each
run of the Monolix implemented SAEM method optimised to. Black vertical line is
the data-generating values. Horizontal dashed line is 1.92 below the maximum and
shows the confidence intervals.
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with the MLE. These were produced for parameter Kcl with Data-set 5 (two mixed
effects parameters) under the assumption that Vc only is mixed effects. A comparison
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continuously optimised which results in a smoother curve excluding a single point

where the optimiser found an optimum further away from the initial point. The

problem, however, with using CMA-ES in this fashion is speed. Nelder-mead took

13 minutes to produce one of the graphs from Figure 6.6, whereas CMA-ES took

approximately 5 hours to produce the same graph. This makes it unreasonable to

use when wanting multiple profile likelihoods, including bivariate profiles, on a more

complicated system.

There is also the possibility that Nelder-Mead is having difficulty due to the strong

correlation between Vc,i and Vc,typ for 1 ≤ i ≤ ni. If the system is in the case where

individual-level parameters are in an optimal position in relation to the prior (which

is where the optimiser starts off at), i.e. logP (Vc,i, |Vc,typ, ωVc) is maximised for a

set {Vc,i|1 ≤ i ≤ ni}, then any change to Vc,typ will reduce the profile likelihood. If

instead only one Vc,i is changed, then the individual prior will reduce but LLi (θi) may

increase, thus the overall likelihood will only improve if the individual likelihood is a

great enough improvement (which can be seen as the jumps in the profile likelihood).

If a step is made in the right direction (Vc,typ increases along with all the Vc,i) then

convergence could be found. Nelder-Mead does not have enough information to make

this choice, but a gradient-based optimiser would. Unfortunately, the gradient for this

system is expensive to calculate. Another solution is to transform the optimisation

space, such that ηi is optimised instead of Vc,i, where Vc,i = Vc,type
ωVcηi , ηi ∼ N (0, 1).

The results from optimising over ηi is shown in Figure 6.6C. This shows that the

method works for this example. However, it still fails to provide a smooth curve for

all data-sets as shown in Figure 6.7A.

This implies that Nelder-Mead may not be an appropriate optimiser to use for

profile likelihoods. I then investigated a selection of local optimisers provided by

Scipy (which has a larger collection of local optimisers than PINTS). I ran these

optimisers against each other and timed them. The most efficient optimiser was

the Powell method which took approximately 10 minutes to calculate the profile

likelihood for Kcl. It was slightly quicker than the PINTS implementation of Nelder-

Mead and produced a smoother curve. The Nelder-Mead implementation in Scipy

also produced a smoother curve but at a much greater cost of time. This is likely due

to the termination criteria allowing Scipy to run more iterations.

The Powell method is a conjugate direction method. This method optimises the

objective function by optimising along Np search vectors,
{
s1, . . . , sNp

}
, si ∈ Θ,

sequentially. This changes the optimisation problem from an Np-dimensional problem
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to Np 1-dimensional problems. If the optimum of each problem, 1 ≤ i ≤ Np, is

θ(g) +
∑i

ι=1 αιsι for some scalars αι ∈ R, then the new point is selected as

θ(g+1) = min
ᾱ

(
θ(g) + ᾱ

Np∑
ι=1

αιsι

)
,

for ᾱ ∈ R. The search vectors are then updated such that the most successful vector

(the vector that resulted in the largest step in objective function) is removed and∑Np

ι=1 αιsι is appended to the list. [34]

Although Powell is a quick and reliable method, it takes 10 minutes to run for

a single parameter in this simple mixed-effects model. However, it can be seen in

Figure 6.6, when using CMAES, that the optimised parameters lie on a curved line.

My current methodology starts at the MLE, then takes small fixed steps in θk towards

the edges of the parameter space. At each step, g, the remaining parameters, θ
(g)
−k, are

optimised using θ
(g−1)
−k as a starting point. This could be considered a zeroth order

extrapolation at each step. If the starting point was closer to the optimum value then

less steps would be taken in optimisation, and a first order (linear) or second order

(quadratic) extrapolation could lead to a closer starting point. I have tested both

the Powell and Nelder-mead methods under these extrapolations, shown in Figure

6.8A. There is no improvement in the error of the results, and there is only slight

improvement in the time taken for the analysis when using the Powell optimiser.

This analysis has lead me to develop an alternative method to find the profile

likelihood, replacing the brute force method.

6.2 New methodology

Our aim is to determine practical identifiability using the profile likelihood method,

in an efficient manner. It is not essential to have precise results but what is important

information is the maximum of the curve, the confidence intervals and the shape of

the curve.

We assume the maximum of the curve has already been found using maximum

likelihood estimation. Next is to find the confidence intervals (C-I) of each parameter.

This is equivalent to solving the equation

PLLk (β)− LL
(
θ̂
)
+
q1 (1− α)

2
= 0 (6.4)

for β to acquire the end points of the C-I of θk. I propose a method based off of

the method proposed by Venzon and Moolgavkar [60] but utilising the efficient local

optimiser, Powell, as well as the quadratic approximation of the parameter space.
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6.2.1 Algorithm

Initially, only one point of reference is known in the parameter space, θ̂, and thus we

cannot approximate the shape of PLLk. For the first step we assume that there is

no correlation between θk and any other parameters, i.e. if θ−k satisfies equation 6.1

for some θk = β then θ−k = θ̂−k, the value of θ−k at the MLE.

First Step. Solve

LL
(
[β(0), θ̂−k]

)
− LL

(
θ̂
)
+
q1 (1− α)

2
= 0

for β(0). Let β
(0)
L be the lower solution to this and β

(0)
U be the upper solution. Nu-

merically solving this problem is much easier as there is no need for optimisation or

differentiation.

Now we optimise equation 6.1 to find PLLk
(
β(0)
)
and θ

(0)
−k. If the no correlation

assumption is correct, then θ
(0)
−k = θ̂−k, β

(0) satisfies equation 6.4 and no further

iterations are required. If our assumption is incorrect, then we have acquired a point

between θ̂ and the C-I end point where PLLk (β)− LL
(
θ̂
)
+ q1(1−α)

2
> 0.

Iterative Steps. With three points, a quadratic approximation to the profile

log-likelihood and the optimised parameter space can be made. We iteratively find

the roots of the equation

˜PLL
(
[β(g−1)]

)
− LL

(
θ̂
)
+
q1 (1− α)

2
= 0

where ˜PLL
(
[β(g−1)]

)
is the quadratic which goes through the points

(
β
(g−1)
L , PLLk

(
β
(g−1)
L

))
,(

θ̂k, LL
(
θ̂
))

and
(
β
(g−1)
U , PLLk

(
β
(g−1)
U

))
. At these approximate C-I points, opti-

mise equation 6.1, starting at the point θ̃
(g−1)
−k , the quadratic approximation of θ

(g)
−k

from the points
(
β
(g−1)
L , θ

(g−1)
−k,L

)
, θ̂ and

(
β
(g−1)
U , θ

(g−1)
−k,U

)
. This gives PLLk

(
β(g)
)
and

θ
(g)
−k.

Termination. There are three criteria for termination of this algorithm that can

happen separately on the lower and upper C-I. The first is the Identifiable criterion,

where the confidence interval was successfully found, i.e.

|PLLk
(
β(f)

)
− LL

(
θ̂
)
+
q1 (1− α)

2
| ≤ TI

for the final iteration f and some threshold TI . The second criterion is the uniden-

tifiable criterion, where the confidence interval has not been found and the Profile

log-likelihood is stationary or increasing away from the confidence interval. This can
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be tested as either a small or negative gradient when below the found MLE, or a

small or positive gradient above the MLE, i.e.

T∞ ≥


PLLk

(
β
(g−1)
L

)
−PLLk

(
β
(g)
L

)
β
(g−1)
L −β(g)

L

for the lower C-I

−
PLLk

(
β
(g−1)
U

)
−PLLk

(
β
(g)
U

)
β
(g−1)
U −β(g)

U

for the upper C-I

for all f −m∞ < g ≤ f , some threshold, T∞, and some number of diverging itera-

tions, m∞. This inequality ensures a strictly positive gradient below the MLE and a

strictly negative gradient above. The final criterion is the maximum iteration crite-

rion, where f = mmax. For this criterion there is not enough information to determine

identifiability and the shape of the profile log-likelihood should be examined.

Shape. With the confidence intervals calculated, we can approximate the shape

of the profile log-likelihood as a quadratic. However, as with the FIM, this is likely to

not be accurate in every case, especially where there was unidentifiable termination.

To determine the shape, Nshape points, β
(f+s) for 1 ≤ s ≤ Nshape, are chosen. Equation

6.1 is optimised, starting at the points θ̃
(f+s)
−k . A spline is then used to draw the profile

likelihood through these points.

Inaccuracies. As the Powell optimisation method is a local optimiser, it can

sometimes find vastly incorrect solutions. To solve this issue, during the iterative

steps, if the optimised parameter has diverted far away from the expected parameter

then a Global optimiser is used to confirm the optimised value. The iterations, g

where this occurs is when

1

Nθ − 1

∑
κ̸=k

θ
(g)
κ − θ̃

(g−1)
κ

θ̃
(g−1)
κ

< 3

where Nθ is the number of parameters of the model. The cutoff value of 3 was chosen

as I had observed the above equation mostly lying between 0.5 and 2.

6.2.2 Testing Efficiency

I have tested this method on two model categories, logistic growth models and mixed-

effects pharmacokinetic (PK) models.

The logistic growth models are of the form
dC

dt
= rCf(C), where C (t) is the

population density at time, t, r > 0 is the growth rate and f(C) is a capacity

limiting function. This ODE has initial condition C (0) = C0 These models were

chosen as they are simple models but, depending on the form of f(C) have known

identifiability problems. There are three model forms that have been previously

analysed by Simpson et. al. [55]:
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• A standard logistic growth model, with f(C) =
(
1− C

K

)
, for a carrying capacity

K > 0.

• The Gompertz growth model, with f(C) = log
(
C
K

)
.

• The Richards growth model, with f(C) =
(
1− C

K

)α
for some α > 0

The previous paper uses Profile Likelihood methods to determine the identifiability

of the parameters. The standard logistic growth model was found to be identifiable,

however C0 is unidentifiable in the Gompertz model and K is the only identifiable

parameter in the Richards’ model. I have used the MLE parameters found in the

Simpson et. al. paper [55] to generate a synthetic data-set for each of the models,

and used two different methods to calculate the profile log-likelihoods from these

data-sets: the new Quick Profile Log-Likelihood (QPLL) method, and the previous

brute force method. This is to determine whether the results can be reproduced and

whether there is any speed increase with the QPLL method.

When performing the two methods on the growth models, the time differences

are not consistent, as can be seen in Fig 6.9. For all except one of the identifiable

curves, QPLL was more efficient than sequential calculation. However, C0 in the

standard model was identifiable, and thus the algorithm was terminated before the

maximum number of iterations were reached, but this did not improve the time taken

to calculate. One thing that did occur was the global optimisation of one of the shape

points which may have been a significant slowing factor. For the other Profile Log-

likelihoods, where the identifiabilty could not be determined or was unidentifiable,

there was mostly a decrease in efficiency. For r and C0 in the Richards’ model, the

algorithm didn’t terminate. The curve is very steep below the MLE, as it approaches

zero and is very flat above the MLE but still decreasing, thus not satisfying the

unidentifiable termination criterion. In these cases the quadratic curve does not

adequately describe the profile Log-likelihood. Points below zero would be suggested

for the lower confidence interval which would have to be adjusted to above zero

for the analysis, this then may have a value below the C-I line. As the quadratic

approximation does not take into account the degree of steepness around this point,

the next proposed point would be a position further away from the zero point. For the

upper confidence interval the slope may be better described by a linear or exponential

decay than a quadratic. The quadratic approximation fitted through the very steep

lower confidence interval, causes much smaller proposed steps than appropriate for

the likelihood. These are shown in Figure 6.10.
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Figure 6.9: (A) Table showing the algorithm’s determined identifiability and the
time difference of the Quick Profile Log-likelihood method when compared with the
sequential calculation of the Profile Log-Likelihood, for each parameter in the three
models. The lower or upper confidence interval (C-I) is identifiable or unidentifiable
if the algorithm was terminated by the identifiable or unidentifiable criterion resp.,
and is unknown otherwise. (B) Profile Log-likelihood curves, normalised by L∗ =

LL
(
θ̂
)
− 1.92. Dashed curve shows the result from the sequential calculation, solid

curve is the result from QPLL and diamonds are the points the QPLL algorithm
optimised at to find the confidence intervals. Where found, the QPLL confidence
intervals are shown by a vertical dashed line and the MLE a solid vertical line.
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To combat this I implemented two updates to the algorithm. The first is a de-

tection of this slow convergence. When several small steps have been taken, defined

by

|PLLk
(
β(g)
)
− PLLk

(
β(g−1)

)
| ≤ |PLLk

(
β(g)
)
− LL

(
θ̂
)
+
q1 (1− α)

2
|,

for either lower or upper β then the algorithm changes for the lower or upper half

respectively. This new algorithm uses a second order extrapolation from the previous

iterations, which is solved to find the crossing point of LL
(
θ̂
)
− q1(1−α)

2
. If only

the upper half has moved to this new method then the lower half ignores βU in its

quadratic approximation and assumes the MLE is the maximum of the quadratic, and

vice versa. The second update to the method simply ensures that if the algorithm

returns a proposed point β(g) that is further from θ̂k than a previous iteration β(λ),

λ < g where PLLk
(
β(λ)

)
−LL

(
θ̂
)
+ q1(1−α)

2
< 0 then the proposed point is adjusted

such that it lies between β(λmax) and β(λmin) where λmax, λmin < g are the iterations

at which

β(λmax) =max
λ∈Λ−

(
β(λ)

)
,

β(λmin) = min
λ∈Λ+

(
β(λ)

)
,
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where,

Λ− ={λ|PLLk
(
β(λ)

)
− LL

(
θ̂
)
+
q1 (1− α)

2
< 0},

and Λ+ ={λ|PLLk
(
β(λ)

)
− LL

(
θ̂
)
+
q1 (1− α)

2
> 0}.

Implementing these changes did not improve the time efficiency but the adaptive

algorithm did successfully find the C-I where they existed and returned unidentifiable

otherwise.

The other model which these models have been tested on is a one-compartment

linear PK model (Equation 2.1) with VC set as a mixed-effects parameter using data-

set 5 from the category 3 data. The results from this is shown in Figure 6.11. This

shows a significant improvement in efficiency with only a slight reduction in accuracy

when shape points are included.

6.3 Conclusion

I have applied profile likelihoods to determine the practical identifiability of our

models. However the brute force method to acquire the profile likelihood is incredibly

inefficient, thus I explored techniques to improve this efficiency. Changing the opti-

miser to Powell from Nelder-Mead, and using extrapolation to determine the starting

point for the optimiser, both had a slight improvement in the time taken to complete

the analysis. However, for a greater improvement, I also developed a new method,

the QPLL method, to acquire the profile likelihood. For models with a small number

of parameters, where there may be a majority unidentifiable parameters, the QPLL

method is significantly slower than the brute force method, which was already per-

forming sufficiently fast. However, the adaptive QPLL can explore a large range of

parameter values to find if the profile likelihood is unidentifiable or eventually crosses

the confidence line. The brute force method only checks in the user defined win-

dow which may not be sufficient. For, highly complex models, such as mixed-effects

models, where there are a large number of parameters to optimise, but the majority

of parameters would be expected to be identifiable, because, for example, the sim-

pler fixed-effects model is identifiable, then the QPLL method is the most efficient

method. Using the profile likelihood, I have identified that the combined noise model

and the multiplicative model are unidentifiable. Going foward I will not be using the

combined noise model and fixing η to one in the multiplicative model when analysing

the experimental data. As explained in Chapter 4, this discovery is what lead to me

using the constant noise model in generating the mixed-effects data-sets.
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Chapter 7

Bayesian inference

The identifiabilty of the models have been confirmed in Chapter 6 and in Chapter

5 the maximum likelihood estimate and maximum-a-posteriori estimate produced

information on the most likely set of parameters, and thus the most likely drug

response. However, as there is noise in the system, we cannot be sure this is the true

parameter set, and redoing the experiment will lead to a different set of parameters.

To provide full information on the uncertainty in these estimates, a Bayesian approach

to parameter inference can be used. This approach finds the uncertainty by recovering

the full posterior, P
(
θ|Xobs

)
, instead of maximising it. In this section I will explain

how Monte Carlo sampling can be used to recover the posterior and then perform

this sampling on the fixed-effects and mixed-effects PKPD models.

To recover the posterior distribution, we return to the numerator of Bayes rule,

P
(
θ|Xobs

)
∝ P

(
Xobs|θ

)
P (θ). The posterior probability distribution can then be

estimated using Markov chain Monte Carlo (MCMC) sampling over P
(
Xobs|θ

)
P (θ).

This method is implemented by iteratively selecting a point, θ(g), in the parameter

space such that the collection of points S = {θ(g)|n∗ ≤ g ≤ nt} approximates inde-

pendent sampling from the posterior probability distribution. The selection of this

new point depends on the particular MCMC sampling algorithm. An example of this

is shown in Algorithm 1.

In this algorithm, an initial point, θ(0), the covariance matrix, C, and initial

warm-up period, n∗, needs to be chosen. While performing Bayesian inference on

PKPD models, I have chosen the initial point to be the maximum likelihood estimate.

This point is already in the high probability region of the posterior so the algorithm

should require a smaller initial warm-up period. The choice of covariance matrix, C,

can affect the effectiveness of the MCMC algorithm, where in most cases, the best

results occur when C matches the covariance of the posterior distribution. When

this posterior covariance is unknown, an adaptive covariance Markov chain (ACMC)
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Algorithm 1 Metropolis Random Walk MCMC

for 1 ≤ g ≤ nt do
θ̂ ∼ N

(
θ(g−1), C

)
▷ Propose a potential point to include into our samples

r =
P(Xobs|θ̂)P(θ̂)

P(Xobs|θ(g−1))P(θ(g−1))
▷ Compare the posteriors of θ̂ and the last sample

u ∼ U (0, 1)
if r > u then ▷ There is a probability of min (r, 1) that θ̂ is accepted as a

sample
θ(g) = θ̂

else
θ(g) = θ(g−1)

end if
end for
return S = {θ(g)|n∗ ≤ g ≤ nt} ▷ Return the collection of samples, ignoring the
initial i samples

can be used instead of the Metropolis Random walk. These algorithms differ as the

covariance matrix C(g) is calculated at each step from the previous samples acquired.

The initial n∗ points from the sample are excluded as the MCMC algorithm is still

travelling to the posterior distribution during this initial phase. To determine this

initial phase, multiple MCMC chains are started at different points in parameter

space, checking at each iteration whether the chains have converged into the same

space. This is done through the r̂ convergence measure [19]. The closer this measure is

to one, the closer the chains are to convergence. The MCMC algorithm incorporating

these is described in Algorithm 2.

I used the Haario-Bardenet MCMC algorithm as implemented in the Python pack-

age PINTS. The results on category 1 simulated PD data are shown in Figure 7.1. As

can been seen, the posterior distribution for the PD model parameters approximately

follows a Gaussian shape. However the noise parameters, σc,PD and σm,PD, do not

follow the same shape and have much wider probability distributions. This supports

the results found in section 6, that these parameters are not identifiable.

For the experimental data, I performed Bayesian inference on the fixed-effects

PKPD with either a constant noise model (Equation 2.23) or a multiplicative noise

model (Equation 2.24) with η fixed to one. The combined noise model was excluded

and η has been fixed as, from section 6, it was found that these noise models were

unidentifiable. The results are shown in Figure 7.2. They both produced similar

results and found a correlation between MTT , and γ. A slight correlation between

S and MTT or γ was found when using the constant noise model but this was not

seen when multiplicative noise was assumed.
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Algorithm 2 Haario-Bardenet Adaptive covariance MCMC with stopping criterion

for 0 ≤ c ≤ nchains do
θ
(0)
c = θopt + ϵc ▷ Choose initial points around the optimised parameters
nt = na ▷ The length of the non-adaptive stage before Adaptive covariance

begins
C = C(0) ▷ Initial estimation of the Covariance
Do Algorithm 1 ▷ Perform non-adaptive covariance MCMC

end for
while r̂ > 1.01 do ▷ Start the adaptive phase

for 0 ≤ c ≤ nchains do
g = g + 1

C = sdCov
(
θ
(0)
c , θ

(1)
c , . . . , θ

(g−1)
c

)
+ sdϵcovId ▷ Adapt the covariance for the

proposed point

θ̂ ∼ N
(
θ
(g−1)
c , C

)
▷ Propose a potential point to include into our samples

r =
P(Xobs|θ̂)P(θ̂)

P
(
Xobs|θ(g−1)

c

)
P
(
θ
(g−1)
c

) ▷ Compare the posteriors of θ̂ and the last sample

u ∼ U (0, 1)
if r > u then ▷ There is a probability of min (r, 1) that θ̂ is accepted as a

sample
θ
(g)
c = θ̂

else
θ
(g)
c = θ

(g−1)
c

end if
Xc,1 = {θ(ĝ)c |g − ns ≤ ĝ ≤ g − ns

2
} ▷ Split the chain into half chains

Xc,2 = {θ(ĝ)c |g − ns

2
≤ ĝ ≤ g} ▷ Where ns is the desired number of final

samples
end for
ˆvar = ns−2

ns
Ws+

2
ns
Bs ▷ Where Ws is the mean of the variance within each Xc,j

r̂ =
√

ˆvar
Ws

▷ and Bs is the mean of the variance between Xc,j

end while
return S = {θ(g)c |nt − ns ≤ g ≤ nt, 0 ≤ c ≤ nchains} ▷ Return the last ns number
of samples
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Figure 7.1: Results from the MCMC sampling as in Algorithm 2 on the PD model
with simulated data when combined constant and multiplicative noise is assumed.
The diagonal shows a histogram of the values for each parameter from the accepted
samples. Below the diagonal are pairwise heat maps of parameter values from the
samples. Next to these are traces of the different MCMC chains through the parame-
ter space. Starting points for the chain are the Maximum likelihood estimate (MLE),
the geometric mean of the MLE and upper bound, and the geometric mean of the
MLE and lower bound.
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Figure 7.2: Results from the MCMC sampling using Algorithm 2 on the PD model
with experimental data when either constant noise (A & C) or multiplicative noise
(B & D) is assumed. A & B) Table of results with the mean value, the standard
deviation, final value of r̂ and effective sample size for each parameter from the
accepted samples. C & D) The diagonal shows a histogram of the values for each
parameter from the accepted samples. Below the diagonal are pairwise heat maps of
parameter values from the samples.
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7.1 Mixed-Effects

In the mixed-effects case, the posterior as defined in Chapter 5.3 can also be sam-

pled from using Monte Carlo algorithms. In this case, I will use the NUTS (No

U-Turn sampling) algorithm to sample from the posterior of the hyper-parameters

and individual-level parameters simultaneously. The NUTS is a form of Hamiltonian

Monte Carlo algorithm where instead of choosing a proposal point given a probability

distribution, it simulates the sampler as a particle travelling with velocity upon the

hyper-surface of the negative log-likelihood. This particle is then subject to Hamilto-

nian mechanics and proposal points are taken along it’s path of travel. This particle

naturally moves towards areas of high log-likelihood, meaning the acceptance rate of

proposed points is high and convergence to the area of interest is quick [25]. This is

incredibly useful for systems with a large number parameters and heavy correlation,

such as mixed-effects models. However, each iteration of the NUTS algorithm takes

much longer than Haario-Bardenet MCMC and not as many samples are able to be

acquired in the same amount of time. A preliminary run of both algorithms on the

PD mixed-effects model, using category 2 data, found that Haario-Bardenet MCMC

did not converge, and had r̂ values above 10 where NUTS had r̂ values mostly be-

tween 2 and 4 for each parameter, in approximately 10% of the number of iterations.

However this run with NUTS still took longer than the Haario-Bardenet run.

These r̂ values show that, although better than Haario-Bardenet, NUTS was still

under-performing. From the maximum-a-posteriori (MAP) (see Figure 5.3), values

were inferred close to the data-generating parameters. However the NUTS chains do

not sufficiently explore the parameter space. In order to solve this issue I altered the

methods in two ways. The first was to use the runs of MAP, that had converged to the

maximum, as the starting points of the different chains. As our aim in sampling is to

examine the variability in our parameter estimates, this alteration ensures our chains

start in, and sample from, the region of interest of the parameter space. As CMAES

is also an efficient method for finding the optimum, it is likely to speed up the process

of converging to the region of interest. Secondly, I decided to reduce the parameter

space by fixing some of the PK parameters to the values found from running MAP

on the two-compartment PK model only. I started with fixing σPK then fixed V1, K1

and KCl, one after the other, in that order. The number of CMAES runs, out of ten,

that converged to the optimum (a run with posterior value less than 1% away from

the maximum posterior value found) are

• seven for the full set of parameters,
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• six with σPK fixed,

• eight with σPK and V1 fixed,

• nine with σPK , V1 and K1 fixed,

• nine with σPK , V1, K1 and KCl fixed.

To perform the posterior sampling, I then chose to keep σPK and V1 fixed and use

the eight converged MAPs as starting points for the sampler. These chains still had

problems mixing. When additionally fixing K1 and using the nine MAPs that were

acquired in that respective estimation, the sampling chains did converge.

While keeping K1, σPK and V1 fixed, the number of mixed-effects parameters can

be increased. I have chosen R0 to be the next parameter to introduce as mixed-

effects, thus ψ = [Vc, R0]. Running the maximum-a-posteriori on this model with the

Category 2 data, with the same method used in the ψ = [Vc] case, the 10 runs did not

end with a log-posterior score of within 1.92 of each other. However, 8 of these runs

still produced reasonable looking fits. Expanding the requirement of convergence

to be within
qnp (0.95)

2
= 62.73 of the maximum, where qnp (1− α) is the (1− α)th

quantile of the χ2 distribution with np degrees of freedom and np = 101 is the total

number of parameters of the system, allows these 8 to be considered converged.

I then ran 5 chains of the NUTS sampler on the log-posterior of this model, as

shown in Figure 7.4. The chains converged well for R0,typ, ωR0 and R0,i, for individual

0 < i ≤ ni, and correctly predicted small ωR0 , but with the prior stopping the value

becoming zero. However, the sampler converged poorly for Vc,typ, ωVc and Vc,i and

there is some but not complete convergence in the fixed-effects parameters. This

shows the importance of starting with a simpler model and incrementally adding

complexity.

7.2 Conclusion

Using Monte Carlo Markov chains or the Hamiltonian-based sampler, NUTS, to sam-

ple from the posterior distribution, has produced a sample of probable parameter

sets for each model, which, as well as being able to view the probability distributions

of these parameters, will lead into making model choices in Chapter 8, and mak-

ing predictions in Chapter 9. However, for the mixed-effects model there have been

some convergence issues in the chains which required a simplification of parameter

space and an adaption of the method to solve. This method of parameter inference
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Figure 7.3: Sampling results comparing between no fixed parameters and random
start (A & B) and, starting at the MPEs while fixing σPK , V1 and K1 (C & D).
Shows the distribution of samples (A & C) and the trajectory of the samplers (B &
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Figure 7.4: Sampling results when two parameters, Vc (A) and R0 (B), are modelled
as mixed-effects, and the rest (C) as fixed-effects. Shows the distribution of samples
(left) and the trajectory of the samplers (right) for each parameter. Each line rep-
resents a different sampler and each colour in the Vc,i and R0,i plots represents an
individual.

78



can take longer than the maximum likelihood estimation seen in Chapter 5 and the

QPLL method from Chapter 6 but provides useful information about the parameter

space which is utilised in further analysis.
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Chapter 8

Model selection

The final step to the inverse problem is to select the most probable model that can

best describe the drug response. We have refined each model and inferred parameters

that optimised the probability that this model describes the data in Chapters 5 and 7.

However this is under the assumption that the chosen model can sufficiently represent

the system and is the best model at predicting different scenarios. In this section I

will outline different ways to compare models, and explain how to quantify out-of-

sample predictive power. I will then use this predictive power to assess which of the

noise models is best and to build a mixed-effects population model.

When making model choices, it is important that the model is improved as these

models become more complicated and include greater numbers of parameters. Com-

monly, a likelihood ratio test is used to determine between two nested models that

differ in a single parameter. This was the method that Friberg et. al. used to make

choices in the myelotoxicity model.

The likelihood ratio is defined as

λLR = −2

(
sup
θ0∈Θ0

(LL (θ0))− sup
θ∈Θ

(LL (θ))

)
,

where Θ is the parameter space of the proposed model (the mixed-effects model

in this case) and Θ0 is the parameter space of the null hypothesis (e.g. ωVc = 0

when comparing a mixed-effects model to a fixed-effects model, or σm,PD = 0 when

comparing a constant noise model to a combined model).

The likelihood ratio test is based on Wilks’ theorem which states that when the

null hypothesis, H0, is true then

T = − 2log
L
(
µ0, θ̂0

)
L
(
µ̂, θ̂
)
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converges to a χ2 distribution. This is only true under certain conditions [3].

Conditions required by the Likelihood ratio test are

• Asymptotic - Sufficient data are collected. However, PKPD trials often have

quite sparse data.

• Interior - Only values of the parameters of interest, e.g. [ωVc ], and nuisance

parameters, e.g. [Vc,typ, θ−Vc ], that are not on the boundaries of their parameter

space are admitted. However, in this case, our null model ωVc = 0 and σm,PD =

0, are at the boundary.

• Identifiable - Different values of the parameters specify distinct models. The

structural identifiabilty has been confirmed in this case.

• Nested - The null hypothesis H0 is a limiting case of the general case hypothesis

H1, for example, with some parameter constrained to a subrange of the entire

parameter space. This is true when comparing mixed-effects models where there

is a single parameter changed between mixed and fixed-effects or when reducing

a noise model. However, this is not necessarily true between any population or

noise model.

• Correct - The true model is specified either under H0 or under H1. This is

unknown.

For the above reasons it would not be best practice to use the likelihood ratio

test for this. It would be better to use an alternative test. Preferably, this test will

be an indicator of whether the model can predict circumstances outside of the data

provided, such as the drug-response in a patient that is not in our sample. Gathering

more real-life data to test model predictions is expensive and time-consuming. Thus

other methods that can estimate out-of-sample predictive power without extra data

are valuable. Leave-One-Out (LOO) cross validation is one. For this method, a

single point, xj ∈ Xobs, is excluded, then the model is fitted to each set Xobs
−j ={

xobsζ ∈ Xobs|ζ ̸= j
}
, using MCMC sampling to provide the posterior distribution,

P
(
θ|Xobs

−j
)
. The closeness of the excluded point, xj, to the fitted curve is assessed,

providing the probability, P (xj|X−j). This is repeated for each xj ∈ Xobs, and the

expected log point-wise predictive density (elpd)[58] is calculated as

elpdloo =

nobs∑
j=1

logP (xj|X−j) . (8.1)
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The model with the highest elpd score is the model with the greatest predictive power.

This method can be very computationally taxing and may not be feasible to perform.

There are other methods that can estimate this score and are quicker to compute.

K-fold cross validation is similar to LOO cross validation, however a set Xobs
k ⊂ Xobs

of size K is excluded instead of a point. Similarly, the model is fitted to each set

Xobs
−k =

{
xobsζ ∈ Xobs|xobsζ /∈ Xobs

k

}
, and the elpd is calculated as

elpdk-fold =
∑
k

∑
x∈Xobs

k

log
1

|S−k|
∑

θs∈S−k

P (x|θs) , (8.2)

where S−k is the set of parameters, {θ(g)c |nt − ns ≤ g ≤ nt, 0 ≤ c ≤ nchains}, ac-
quired from performing MCMC sampling on the subset of data Xobs

−k [58]. Less fitting

is needed for this method and thus it is quicker to compute. LOO could also be

approximated from a single MCMC run by using importance sampling, with

P (xj|X−j) ≈ |S|

(∑
θs∈S

1

P (xj|θs)

)−1

,

where S is the set of parameters, {θ(g)c |nt − ns ≤ g ≤ nt, 0 ≤ c ≤ nchains}, acquired
from the MCMC sampling performed in Chapter 7. However the tails of the posterior

from the parameter inference, P
(
θ|Xobs

)
, are mismatched with the tails from the

LOO posterior, P
(
θ|Xobs

−j
)
, due to a difference in data size. Unfortunately, this

can induce instability. This can be mitigated by using Pareto smoothed importance

sampling (PSIS-LOO) which adjusts the shape of the tail to fit more with the LOO

posterior [59]. Alternatively, the elpd can be approximated by the Widely Applicable

Information Criteria (WAIC) which balances predictive accuracy and effective number

of parameters,

elpdwaic =
∑

x∈Xobs

log

(
1

|S|
∑
θs∈S

P (x|θs)

)
− pwaic,

where pwaic is the estimated effective number of parameters [62]. Similarly to PSIS-

LOO, the only inputs required are the samples, S, from MCMC sampling during

parameter inference and no further MCMC sampling is required.

Both PSIS-LOO and WAIC can encounter problems. If the posterior variance of

the log predictive densities in WAIC is too large (commonly larger than 0.4) then

WAIC becomes unreliable. In PSIS-LOO, if the estimated shape parameter k of

the generalised Pareto distribution is greater than 0.7 then the variance of the PSIS

estimate is finite but may be large, leading to poor performance. To check the results
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of one of these methods, the other method can be used. However if both methods

encounter these problems, then it would be beneficial to check the results using K-fold

cross validation.

8.1 Noise model

The samples acquired from the MCMC sampling were analysed using the Arviz pack-

age to determine the PSIS-LOO and WAIC elpd estimations on the fixed-effects

Friberg model (Equations 2.17-2.21) when using category 1 simulated data, and com-

pared the elpd for different noise models (Equations 2.23-2.25). The multiplicative

Gaussian noise model had the greatest elpd score at -3131.3. This was not signifi-

cantly different from the combined noise model, which had an elpd score of -3131.7.

Both the PSIS-LOO and WAIC estimations found the same elpd score. The constant

noise model had a significantly worse PSIS-LOO elpd of -14196.5 (and WAIC elpd

of -16677.8). Thus it can be concluded that for the simulated data case either a

multiplicative or combined noise model would be best used for future predictions. As

it was shown in Chapter 6 that some parameters were unidentifiable when combined

noise was assumed, it would be best to use the multiplicative noise model.

In the experimental data, the WAIC elpd for constant noise was higher by 11.909

(at a p-value of 0.08) compared to multiplicative noise. However, in the calculation

of WAIC the posterior variance of the log predictive densities exceeded 0.4 which

could be an indication of the WAIC estimation deviating from the true elpd. These

results are supported by the LOO-PSIS estimation which had similar elpd values

and standard error for constant and multiplicative noise. Thus in comparing the

noise models, constant noise seems the most appropriate for our data, with fully

identifiable parameters and a better WAIC score than multiplicative noise although

only to a p-value of 0.08. This analysis is why constant noise was chosen for generating

the mixed-effects models and used for analysis in the mixed-effects models.

8.2 Population model

With the samples acquired from the MCMC sampling I again used the Arviz pack-

age to determine the PSIS-LOO and WAIC elpd estimations on the Friberg model

(Equations 2.17-2.21) with constant noise, (Equation 2.23) when using category 2

simulated data, and compared the elpd for three different mixed-effects models,

ψ ∈ {[], [Vc], [Vc, R0]}. In the case that matches the data, ψ = [Vc], the elpd score was
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significantly better than the other cases. The fixed-effects problem, ψ = [], performed

the worst, with ELPD difference of ∆elpdloo = 1690.6 compared with the ψ = [Vc]

case and standard error SEδ = 150.4, showing that the mixed-effects model can be

recovered. The model with extra mixed-effects parameters, ψ = [Vc, R0], did worse

than the ψ = [Vc] case with ∆elpdloo = 153.5, SEδ = 5.89 but was significantly

better than the fixed-effects case. This shows that, in this case, the removal of re-

quired parameters has a greater effect on the score than the addition of unnecessary

parameters. The WAIC metric also confirms these results, however in both cases the

calculation encountered potential unreliability errors.

8.3 Conclusion

In conclusion, likelihood scores is not a suitable comparative measure for these models

as it can lead to over-fitting. However, using the posterior samples acquired from

Chapter 7, more meaningful comparative tools can be used to determine the most

suitable model. The LOO-PSIS score estimates leave-one-out testing from the pos-

terior samples without requiring multiple runs of the analysis on the data-sets with

missing data. The WAIC score analyses the parameter samples and balances the fit

to data while penalising the number of parameters of the model. From running these

analyses I have found that the constant noise model outperforms the multiplicative

noise in the experimental data. When analysing the population model on synthetic

data I showed the true model is the most appropriate model but there were some

warnings raised by the algorithm which indicate potential inaccuracies in the scores.
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Chapter 9

Predictions

Now that the inverse problem has been addressed, we can return to the forward

problem and simulate drug response under different scenarios. In this section, I

will run simulations of the PKPD model in the experimental conditions, in order

to compare with the observed data. Then, I will simulate the drug response under

different dose amounts in order to determine at what dosage would the drug be

considered toxic.

To determine whether a final model that has been settled on after doing all the

above analysis, can adequately predict the data, the goodness of fit of this model can

be assessed from the plot in Figure 9.1A. Plotting the observed platelet count ver-

sus the predicted platelet count using the maximum likelihood estimated parameters,

shows the extent to which simulated predictions deviate from the data. Ideally, this

would be equally distributed above and below the identity, predicted = observed.

Plotting the local regression line using Locally WEighted Scatterplot Smoothing

(LOWESS) shows that for my case, the fixed-effects model with constant noise is

fitting well close to the baseline platelet count but under-predicts as it deviates away

from this value. When the correct model is used, as in Figure 9.1C, where the cate-

gory 2 simulated data is compared with simulations from the generating model with

MAP parameter estimates, the regression line fits very closely with the identity.

The overall aim of PKPD modelling is to use it to support clinical decisions.

PKPD models along with the inferred parameters can be used to determine the nadir

(the lowest blood cell count) for each dose which is seen in Figure 9.1B. Thrombo-

cytopeania is categorised into different grades depending on severity. Grade 1 is a

platelet count in the range of (150, 000/µL, 75, 000/µL]; Grade 2 is a platelet count

in the range of (75000/µL, 50000/µL]; Grade 3 is a platelet count in the range of

(50000/µL, 25000/µL]; Grade 4 is a platelet count < 25000/µL. Using our maximum

likelihood estimate leads to a prediction that Grade 1 thrombocytopeania will occur
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at 66.9 mg/Kg of Docetaxel. This value seems unusually high, probably due to the

different physiology of rats and humans. Kesteren et. al., who performed a similar

analysis with data from humans [57], found a baseline platelet count of 282,000/µL,

much lower than found in this study. Using the ratio between these numbers to scale

the ranges, a prediction of thrombocytopeania at dose 19.1 mg/Kg can be made.

However, this does not incorporate the uncertainty we have in our parameter esti-

mates. Simulating from 10% of the MCMC samples, leads us to determine that 11.5

mg/Kg is a safer dose and would avoid thrombocytopeania for those sample parame-

ters. With more data, such as the category 2 simulated data, we can be more certain

in our results and as such determine that 13.45 mg/Kg is still safe, as shown in Figure

9.1D.
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Figure 9.1: A & C) Goodness of fit graph comparing the predicted platelet counts
from the maximum likelihood estimate to the observed platelet counts. Black line
shows the local regression line using LOWESS regression with smoothing parameter of
0.6666 (the fraction of the total number of data points that are used in each local fit).
Dashed line is the identity. B & D) Prediction of occurrence of thrombocytopeania.
Shows the simulated platelet count at the Nadir when different levels of dose are
administered and compares the simulation from 3674 MCMC parameter samples (10%
of the fixed-effects samples), the mean of the parameter samples and the maximum
likelihood estimation. Includes the point at which the minimum nadir of the samples
would be considered Grades 1 to 4 thrombocytopeania. A & B) Predictions of the
fixed-effects PKPD model, (Equations 2.2-2.3 and 2.17-2.21). with constant noise,
(Equation 2.23). when analysis is performed on the experimental data. C & D)
Predictions of the same model with mixed-effects parameters, ψ = [Vc], when analysis
is performed on category 2 simulated data.
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Chapter 10

Conclusion and Discussion

My goal with this thesis is to outline a standard procedure for PKPD analysis and to

test various methods for this purpose. Maximum likelihood estimation or maximum-

a-posteriori estimation is an easy way to infer the parameters of a system and was

the fastest to compute. However, it does not provide important information such as

the uncertainty in these parameter estimates, or the degree of parameter identifiabil-

ity, which can affect our conclusion. It can give an indication of goodness of fit for

model comparison using the maximum likelihood scores of each model. However, as

discussed in section 8 these methods are not appropriate for most PKPD analyses.

This estimate does serve as a good starting point for both acquiring the profile like-

lihoods and MCMC sampling, to speed up those methods. It can also give an initial

indication of potential difficulties in optimisation and sampling if the fitted curve or

parameter values are not as expected. In our case the fact that σm,PD is at the upper

bound for multiplicative noise and that combined noise reduced σm,PD to almost zero

indicated that σm,PD was potentially not appropriate for this data.

The use of profile likelihoods to explore parameter identifiability provides a way

to view the parameter space and give an indication on how unidentifiable parame-

ters could be resolved. It also provides a view on the relation between parameters.

However, the disadvantage to this method is the time it takes to compute. With the

new algorithm for determining profile likelihoods, this time is significantly reduced for

larger complicated systems, allowing it to be used more regularly. However, further

development of this method can still be done to increase efficiency, especially in the

case of non-identifiable parameters and unusually shaped profile likelihood curves.

Using Bayesian inference and MCMC sampling, the uncertainty in parameter

estimates are identified. This allows the variability of parameters to be included in

any predictions made from the models. Correlated parameters can also be seen in

the pairwise plots of samples. This method does take more time than the maximum
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likelihood estimate but for the fixed-effects model completed in a reasonable amount

of time. Convergence with mixed-effects parameters takes much longer or does not

occur at all, due to the increased complexity of the system. The samples acquired

from Bayesian inference can be used in both model selection and in predicting drug

response while incorporating the uncertainty of how well the sample represents the

population.

Using both PSIS-LOO and WAIC to select the best model is easy to implement

and quick to compute if the point-wise log-posterior probability, log
(
P
(
xj|θ(s)

))
, for

each xj ∈ Xobs and θ(s) ∈ S were acquired during posterior sampling. Currently,

it is not common for Bayesian inference software to record these values during the

algorithm, so it does take some time to calculate afterwards.

10.1 Selecting the Noise Model

Using the methods outlined in this thesis, constant noise model was found to be the

best identifiable model to describe the data. However, this is specific to the data that

was analysed in this thesis and this may differ depending on the data acquired in

each use case. The noise in the model is simply assumed to be measurement error,

however there may be other factors that contributes to this noise term, ν (tj). The

inter-individual variability may bias the pooled results, but this was not considered

when comparing noise models. Analysing each noise model for each mixed-effects

parameter added, however, would have taken a much longer time to analyse. Thus

I decided to select the best noise model before adding any mixed-effects parameters,

which ensures an identifiable and the simplest sufficient model when doing the mixed-

effects analysis. A further study could be done as to whether selecting the best noise

model before or after the mixed-effects model significantly affects the results. There

may also be environmental factors, such as an unrelated illness, which could affect

blood cell levels on a day to day basis. This would require more complexity in the

model to incorporate and may be indistinguishable from observation noise when there

is a large number of blood cells. This error could also come from imprecision in the

sampling or dosing time. It is unlikely that blood samples were acquired at exactly 48

hours after a dose for every rat. Instead, it would be expected that the true sample

time for an individual, tij would be randomly distributed around the recorded sample

time tj.

The results we have obtained for the experimental data differ to the results ac-

quired by Friberg et. al. [17] where they determined that combined noise (where η
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was one) was the most appropriate. However there were several differences between

that study and this work. First the paper does not describe in any detail how the

choice of noise model was made. If simply the likelihood score was used then even

that would not agree with my results which found constant noise had the greatest log-

likelihood. Additionally I found that combined noise had identifiability issues, even

in the synthetic data, which was not discussed in the previous study. The previous

study, however, had much different data to the data I am using. It uses a much larger

population of human participants, and observes and models Neutrophil rather than

platelet count. A more comparable study would be the paper by Kobuchi et. al. [35],

which uses a similar model to analyse platelet count in rats. The paper uses Akaike’s

Information Criteria (AIC) [2] model selection for their assumptions on noise, but

does not state which model was selected. It would be expected that the physiological

non-drug related PD parameters, R0, MTT and γ, would be similar with those found

in the Kobuchi paper as both our studies model the same system in rats. However

there were some discrepancies between these two works. They found MTT as 101.76

hours (CV% 21.4) which is close to my value of 87.65 hours. However my inferred

values for R0 and γ deviate from theirs (R0: 719 103/µL with CV% of 4.51. γ: 0.78

with CV% of 19.3).

10.2 Selecting the population model

Selecting the mixed-effects population model is a much more difficult problem due to

the greater number of parameters that are added with each decision made. Friberg

et. al. [17] set ψ = [R0,MTT, s] with population PK parameters acquired from pre-

vious studies. Whereas we started to see convergence problems with two population

parameters. It may be beneficial to again separate PK and PD to simplify the pa-

rameter search space. However, in the current software tool for performing Bayesian

inference on mixed-effects models, CHI, fixing individual parameter values is not as

easy as fixing fixed-effects parameter values. Kobuchi et. al. [35] used a fixed-effects

population model in their study, as a potential basis for further study into population

dynamics within humans.

10.3 Future work

This work provides a good basis for future work. The methods outlined above provide

a good standardised structure upon which processes can be refined, further analyses
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and modelling incorporated, and adaptions to more specific cases be made. I have

already mentioned analysis needs to be done on how to chose the order in which

to introduce certain features into the model. Also, more development on increasing

profile likelihood efficiency can be made. There are other avenues that the above

methodology does not cover, which I have outlined below, with suggestions on how

they can be incorporated into the analysis.

10.3.1 Further Experimentation

In this report I used only one experimental data-set provided by Roche. The clinical

trial however recorded results for four different anti-tumour drugs administered and

observations on eight types of blood cell. The analysis on multiple datasets like

this can be incorporated in one of two ways. The first would be to assume the

drugs have no relation to each other and to fit the model to each drug and cell

count separately. The second would be to assume that the drug does not affect

system-related parameters (such as (R0,MTT, γ, σPD) for the Friberg model) and

these parameters would be the same across all data for a particular blood cell count.

Similarly, the blood cell observations would not affect the PK model parameters. This

second approach would allow the use of a greater amount of data in determining these

system parameters.

One way to improve practical identifiabilty of a model is to reduce the complex-

ity of the model as I have done in this report by using a noise model with a single

parameter. An alternative solution is to gather more data until these parameters

become identifiable, which is also useful in decreasing the uncertainty of our parame-

ters. As clinical trials and preclinical experiments are expensive especially compared

to modelling, it would be beneficial to optimally design experiments such that each

new measurement contains the maximum amount of information. Additionally, when

analysing the posterior in new trials, previous results can be incorporated into the

prior, meaning the data from multiple previous studies can help provide a clearer

result. This does require transparency, and open publication of all, even negative,

results, to ensure no biases are being introduced using this method.

10.3.2 Alternative deterministic models

The form of the noise is not the only assumption made when building the model.

For example, the direct drug effect model, was assumed to be linear in this report
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represented by Equation 2.7. However, this may not be the case and a non-linear

model such as in Equation 2.8 might be better.
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Figure 10.1: A) Minami model of myelotoxicity. A two-compartment model similar
to the Dayneka model, however instead of Edrug being defined by the current drug
concentration, it is defined by the amount of time the proliferating cells would be
exposed to the drug. B) Krzyzanski model of myelotoxicity. A three-compartment
model similar to the Zamboni model, however there are no rates of transfer between
compartments, instead each cell spends TP , TM , and TR amount of time in each state.
C) Three different models of myelotoxicity proposed by Henrich et al, all extensions
of the Friberg Model. The top model introduces different potential drug actions, the
middle assumes a pool of slower proliferating stem cells that can balance stabilise
the population of faster proliferating cells, and the bottom assumes a population of
inactive quiescent cells which can also stabilise the population of faster proliferating
cells

Alternatively comparisons with other models of the blood cell life cycle could

also be done. In Chapter 2, I described many different models and how they built

upon each other to represent the features seen in the data. However, there were other

approaches to incorporate these same features such as modelling the drug effect based

on the time of exposure to the drug of the proliferating cells. In Minami et al.’s paper

[40], they take the general PD model proposed by Dayneka et. al. [11] and change

Edrug (t) to be based on the concentration of drug over the preceding Ts hours, where
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Ts is the amount of time that the proliferating cell is sensitive to the drug (see Figure

10.1A). This means

Edrug (t) =
AUC (t)

AUC (t) + EC50

,

where

AUC (t) =

{∫ t
0
C0 (z) dz, if t < Ts∫ t

t−Ts C0 (z) dz, if t ≥ Ts
, (10.1)

EC50 is the value of AUC where there is 50% inhibition, and C0 (t) = V −1
c Ac (t)

is the concentration of drug in the central compartment. Minami et al. also use a

two-compartment model to represent the transfer of cells from the bone marrow into

circulation, giving the following system of ODEs,

dP

dt
= Kin (1− Edrug (t))−KtrP,

dR

dt
= KtrP −KoutR,

where Kin > 0 is the production rate of proliferating cells, P , Ktr > 0 is the rate of

transfer from proliferating cells to circulating cells, R, and Kout > 0 is the elimination

rate of circulating cells.

In Krzyzanski and Jusko’s paper, the authors used a cell lifespan model [36].

They separate the life cycle of blood cells into three stages, proliferating, maturing

and circulating (see Figure 10.1B) where a cell would spend exactly TP , TM and TR

hours in each state, respectively. Edrug in this case does not inhibit proliferation but

kills proliferating cells. This produces the system of ODEs,

dP

dt
= Kin −Kin exp

(
−
∫ t

t−TP
Edrug (z) dz

)
− Edrug (t)P,

dM

dt
= Kin exp

(
−
∫ t

t−TP
Edrug (z) dz

)
−Kin exp

(
−
∫ t−TP

t−TP−TM
Edrug (z) dz

)
,

dR

dt
= Kin exp

(
−
∫ t−TP

t−TP−TM
Edrug (z) dz

)
−Kin exp

(
−
∫ t−TP−TR

t−TP−TM−TR
Edrug (z) dz

)
where Edrug can take either the linear or Emax form as shown in Equations 2.7 and

2.8.

These differing model approaches should be compared with each other using the

model selection methods described in Chapter 8, to determine whether one particular

model approach describes the data better. It may also be beneficial to extend these

models to include a negative feedback loop to ensure the rebound seen in the data is

sufficiently captured by the model.
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The paper by Henrich et. al. [23] also extended the Friberg model [17] to include

the long term effect of chemotherapy. When a patient receives multiple cycles of

chemotherapy the myelotoxic effects become worse and the nadir gets lower at each

cycle. The Friberg model or any other model currently explored in this report does

not account for this. In these models the circulating blood cells return to base level

between cycles with no “memory” of previous cycles. Henrich et. al. model several

potential systems, as shown in Figure 10.1C that could contribute to the long term

“memory” of previous chemotherapy cycles. However, the experimental data that I

have access to, and is common in the earlier stages of drug development, does not

contain any long-term data. Thus only at a later stage in drug development would

it be useful to incorporate and test these additional modelling of long-term effects.

However, as it is an extension of the Friberg model, earlier analyses of the Friberg

model and previous clinical trials, can be incorporated via the prior into the analysis

of the Heinrich models.
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Appendix A

Software

Most of the above work was developed in jupyter notebooks, these notebooks can be

found on GitHub at https://github.com/Rebecca-Rumney/Myleotoxicity-PKPD.git.

Both Scipy ODE solvers and Myokit have been used for solving the systems of ODEs.

Structural identifiability was determined using Matlab, both using it to help analyt-

ically solve equations and using the toolbox STRIKEGOLDD. I have heavily used

the PINTS and CHI python packages throughout this thesis for parameter inference,

population modelling and optimisation while acquiring the profile likelihood. I have

also used optimisers from Scipy and NLOpt for the profile likelihood. For analysing

results from Bayesian parameter inference and doing model comparison, I have used

the python package Arviz. Graphs have been developed using Plotly or Matplotlib

and edited in inkscape.
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