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Abstract—Highly sensitive microelectromechanical system
(MEMS) resonators have been used for extensive applications like
mass sensing. However, these arrays are prone to process varia-
tions and are difficult to characterize due to lack of connections
with each resonator. Coupled array of such sensors can enhance
functionality while reducing interconnections. This scheme allows
a number of sensors to be read out using a single input/output
channel. By perturbing the spring constant of one resonator, two
sets of eigenvalues can be measured to reconstruct the system
matrix of the coupled system. However, perturbation on MEMS
devices can introduce non-linear or physical change. To prevent
such undesired change, this paper proposes a technique to couple
an electrical resonator to an array of MEMS resonators. Two
sets of eigenvalues can therefore be measured by simply con-
necting/disconnecting the electrical resonator. Errors introduced
by frequency noise, array size, coupling strength and damping
have been analysed. The successful coupling between electrical
and mechanical resonators brings huge promise for integrated
MEMS devices that could be used for single input/output multi-
sensor and monitoring variations in MEMS fabrication.

Index Terms—MEMS, coupled sensors, micro/nano resonators,
inverse eigenvalue analysis.

I. INTRODUCTION

ICRO/NANO resonators have been used for numerous
applications including mass sensor [1], [2], accelerom-
eter [3], [4], gyroscope [5], [6], RF filter [7], [8], process
characterisation [9], [10] and material characterisation [11],
[12]. MEMS based mass sensors, for instance, have been used
to detect chemical and biomedical substances by providing a
frequency shift proportional to the mass change of the accreted
molecules [13], [14]. With very small resonators being built
due to advances in nanofabrication, they can provide ultra-high
sensitivity [15]-[17]. These advances have also enabled the
potential of making several sensors on a single substrate and
thereby providing multifunction sensors [18]-[21]. However,
it is difficult to use these due to separate drive and readout
connections required for each resonator, which increase the
number and total size of bond pads. The bond pads do not
shrink at the same rate as the nanofabricated devices and
hence they are consuming increasing percentage of chip area
[22]. Therefore it is very important to reduce their number to
save costly fabrication area. Multi input/output devices also
increase the bandwidth.
One solution to both problems is to use an array of coupled
resonators [23]-[27]. Resonators can be coupled parasitically
[12], mechanically [7] or electrostatically [23]. Such an array
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Fig. 1. An array of n nearest-neighbour coupled resonators with a typical
frequency response showing n peaks.

of n coupled resonators can be modelled by the second order
differential equation:

X+ BnXx+Spyx=F (1)

where x is a column vector of the displacements of all
resonators, F is the applied force and S, denotes the system
matrix of the array. B,, is a normalized damping matrix,
which can be ignored when quality factor () is high enough.
The eigenvalues of this system matrix represent the resonance
frequencies of the system. These can be measured from the
response of any one resonator due to collective behaviour of
the coupled system. When the mass or spring constant of any
of these resonators changes, all eigenvalues change in a unique
way [28]. Monitoring the changes from the response of any
resonator is often enough to identify the changed resonator as
well as the amount of change [24]. Driving/reading from only
one resonator is therefore sufficient to monitor changes in a
large coupled array of resonators. Hence, the system becomes
a single input single output multiplexed array of sensors [29].
Apart from mass sensing, coupled micro/nano resonators have
been investigated by many researchers for applications such
as accelerometer [4], gyroscope [6], process characterisation
[10], filter design [7] and Young’s Modulus determination [12].

Fig. 1 shows an array of n nearest-neighbour coupled
resonators. The system matrix S,, of this array is a symmetric
tridiagonal (Jacobian) matrix:
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where, ks ; and m; are the spring constant and mass of the ¢
resonator, respectively. k. ; is the coupling strength between
the i and the (i 4 1)" resonator. The elements of this matrix,
Snp(i,j) fori,j =1,---  n are given by:
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However, these parameters are dependent on manufacturing
conditions often poorly modelled by simulators. Furthermore,
microfabrication is known to introduce variability in manu-
factured devices and hence the parameters of different res-
onators are often different, even when they are made on
the same substrate and with the identical design [30], [31].
Therefore, there is a need to extract the system matrices
from experimental responses before using these coupled arrays
as sensors. Previously proposed techniques to characterize
coupled system use either the inherent non-linearity of the
system or physically change the system [10], [12]. However,
these are often impractical and impossible for a large number
of resonators array.

The objective of this paper is to propose a simple yet ef-
fective technique to readout and characterize coupled sensors,
which can be used for all kinds of resonator based MEMS
applications. The approach avoids unwanted physical pertur-
bation by coupling an additional electrical resonator to the
MEMS array. We also present a different inverse eigenvalue
analysis method to minimize the effect of measurement error.

The paper is organised as follows: section II provides
theoretical analysis of the inverse eigenvalue technique. A
new algorithm to extract the system matrix of the electrical-
mechanical coupled array is introduced. To verify this novel
technique, a series of experiments were performed to char-
acterize two coupled MEMS resonators in section III. Section
IV studies the effect of noise arisen from the output frequency
measurement using Monte Carlo procedure. It also discusses
the effect of damping in practical applications. Section V
provides the conclusion.

II. INVERSE EIGENVALUE ANALYSIS

For an array of n nearest-neighbour coupled MEMS res-
onators, there are 2n — 1 terms in the system matrix, which
are impossible to extract from the n measured resonance
frequencies of the system. Therefore we need a minimum
of 2n — 1 measurements to extract their values. One set of
n eigenvalues p; of the matrix is readily available from the
resonance frequencies f; as

i = (27 fi)? @)

Another set of eigenvalues is hence desired for inverse eigen-
value analysis. To obtain another set of eigenvalues, a small

JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. , NO., 2016

perturbation can be introduced to the system. In previous
approaches, perturbation was performed by removing a section
of one resonator using focused ion beam (FIB) milling [12],
or by applying additional DC voltage to introduce nonlinear
spring softening in electrostatically driven resonators [28]. The
former introduces a permanent damage to the device, while the
later introduces a non-linear change and is only possible with
electrostatically actuated devices.

In this paper, we present an alternative technique to pre-
vent physical or non-linear change by coupling an additional
resonator. One can then use a modified inverse eigenvalue
analysis technique. In practice, physically adding a mechanical
resonator is impossible once the devices have been fabricated.
Nevertheless, an external electrical resonator with similar
resonance frequency can be coupled to the array of MEMS
resonators. Two sets of eigenvalues can then be recorded by
simply connecting and disconnecting the electrical resonator,
without influencing the mechanical array. Coupling an extra
resonator makes inverse eigenvalue analysis applicable to
any array of MEMS resonators, irrespective of the drive or
excitation mechanism.

Coupling a new resonator with similar resonance frequency
to an array of n MEMS resonators forms a new array with n+1
members and therefore produces another set of eigenvalues,
which can be used to find all elements of the system matrix
with the previous n measurements. Coupling an additional
resonator to the last member of the array creates a new n + 1
array with system matrix S, 1. Such a new array has n + 1
eigenvalues \;, which can be recorded from the response of
any one of the MEMS resonators or even simply the external
electrical resonator.

Sy is the left principal submatrix of the Jacobian matrix
Sn+1. Hence, de Boor and Golub’s algorithm based on or-
thogonal polynomials [32] can be applied without extracting
eigenvectors. The algorithm starts by first computing a set of
weights w; from the measured eigenvalues A\ and p:

n

Ai — Ajt1

j=1

w; i=1,--,n+1 (5)

A set of orthogonal polynomials, related to a reflected
version of Sy ;1 are then evaluated, with the first two being
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Since the values of po(A;) and pi();) are known, three-
term recurrence relationships can be written to compute the
elements of the system matrix as well as the subsequent
orthogonal polynomials pgi1(A;) iteratively. If the diago-
nal elements S,11(é,4) are d;, and off-diagonal elements
Snt1(i,i+ 1) = S, 41(i + 1,4) are o;, then
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Fig. 2. (a) SEM image of two coupled MEMS resonators made from

electrostatically driven comb capacitors. (b) The dimensions of each finger
of the comb.

The orthogonal polynomials can also be iteratively computed
for k=2,--- ,n —1 by using

(i) = (N (®)
It is worth noting that the algorithm starts filling the matrix
from S,1(n + 1,n + 1) towards S,41(1,1). Hence both
diagonal and off-diagonal elements of S,, 1 are derived. Since

S is the left principal submatrix of S,,3, the n MEMS
resonators array can be fully characterized.
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III. EXPERIMENT AND RESULTS

Mathematically, this technique can be applied to a large
number of resonators as long as the eigenfrequencies can be
measured. However, for a rapid verification, we have used the
resonators shown in Fig. 2, where neither the coupling nor the
resonators are optimally designed.

A. MEMS Resonators

To experimentally verify the technique, an array of two
MEMS resonators was tested. Fig. 2 shows the SEM photo-
graph and dimensions of the two resonators. These resonators
are opposing combs arranged in a push-pull configuration,
excited by differential drive/readout circuits. Neighbouring
resonators are coupled together through a weak mechanical
spring. Experiments were taken under low pressure to enable
high quality factor.

Such a system has been previously characterized using
inverse eigenvalue analysis with Lanczos’ algorithm [10].
This however requires introduction of non-linear change in
the system. A change in the spring constant of the MEMS
resonator was provided by using the electrostatic driving force
Fgs. This force is position dependent and will change the
effective spring constant. For a parallel plate with a static
capacitance Cy and initial displacement zg, if it is displaced
by z, then the electrostatically induced stiffness is determined
by:

dF C 3z
Kp= dissz;g(n;w-) Q)
0 0

The electrostatically induced stiffness K g is linearly depen-
dent on the square of applied DC voltage. By changing the
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Fig. 3. Full experiment setup for coupling electrical resonator with MEMS
resonators array.
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Fig. 4. Total frequency shift after coupling an additional electrical resonator
with different resonance frequencies to an array of two MEMS resonators.

applied voltage, two sets of eigenvalues can be derived and
used for inverse eigenvalue analysis, without requiring the
knowledge of the exact value of the spring constant change.
The resonators used in this paper are very similar to those
used in [10] and hence, can be characterized using a change
in spring constant as well. This provides a benchmark to
compare the new technique with the previously reported work.
Hence, the nonlinearity of equation 9 is only used to verify
the technique.

B. Electrical Resonator

The proposed electrical resonator to be coupled to the
MEMS resonators can be a very simple electrical resonator
[33], [34], which is shown inside the dotted box in Fig. 3. The
centre frequency and quality factor of this electrical resonator
can be easily adjusted. The circuit is modelled by

1 I
T R0 T RiRsC2" T RiR,C7

Fe (10
where F is the driving voltage and z. is the output voltage.
The centre frequency

fo=(2n/RiR:C)™! (11)

can be adjusted by changing the resistance values. The circuit
is designed to provide low-damping (¢ > 200) by selecting
suitable passive elements.

This circuit was coupled to the array of MEMS resonators
by converting its output to electrostatic force to drive one
of the MEMS resonators. Conversely, the mechanical output
of the same MEMS resonator was converted to an electrical
signal to feed back to the circuit. Once coupled, readouts
from both the electrical circuit and the mechanical resonators
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Fig. 5. Simulated responses from electrical and mechanical resonators

before/after coupling.

contain n + 1 resonant peaks. These can be measured from
the response of the mechanical resonator or better still, the
electrical resonator.

Fig. 3 describes the experimental setup for coupling and
recording from the electrical and mechanical resonators. The
electrical resonator output x. was amplified and superimposed
on a DC voltage to generate a pair of differential signals. The
differential signals were subsequently applied to the opposing
combs of one MEMS resonator to electrostatically drive it.
The readout circuits for this resonator measured the change
in capacitance producing a current output, which was then
converted into a voltage by a transimpedance amplifier. The
output was then amplified and added to the driving voltage
of the electrical circuit. The gains in the two signal paths,
electrical to MEMS and MEMS to electrical, were carefully
adjusted to be similar.

To find the required resonance frequency of the electrical
resonator, a simulation was undertaken by coupling a resonator
with varying resonance frequencies to an array of two identical
resonators with resonance frequency of 15 KHz. The ratio of
the coupling spring to the principal spring, i.e. the relative cou-
pling strength, was 5 % depicting weak coupling condition. It
was observed from the simulations shown in Fig. 4, that more
measurable total frequency shift for all resonators is achieved
by setting the resonance frequency of the additional circuit
around 15 KHz. This indicates that the centre frequency of the
electrical resonator should approximate that of the mechanical
resonators to enable more obvious shift phenomenon and fewer
readout errors.

C. Frequency Response and System Matrix

Fig. 5 shows four simulated responses with typical values
recorded previously [28]. These include the responses of one
of the two coupled MEMS resonators, an electrical resonator
before and after coupling, respectively.

Experimentally, with the electrical resonator coupling to the
mechanical resonators, a drive voltage F, was applied to the
electrical resonator with a frequency sweep from 15 to 16.5
KHz and a resolution of 1 Hz. The measured response of
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Fig. 6. Experimentally measured responses from electrical and mechanical
resonators after coupling.

both the electrical resonator as well as one of the mechanical
resonators, as presented in Fig. 6, showed three collective
resonance frequencies at (15343,15745,16037) Hz. These
were used to find the three eigenvalues of Sg. The electrical
resonator was then disconnected from the two mechanical
resonators and drive voltage was directly applied to one of the
two coupled MEMS resonators. From the mechanical readout,
two resonant peaks at (15371,16025) Hz were observed.
Using the new technique discussed in the previous section,
the system matrix Sg was extracted to be:

9.9280 —0.3552 0
S =10 x | —0.3552 9.5375  —0.1465 (12)
0 —0.1465 9.7681

It is the diagonal elements of the matrix that contain
the information about individual resonators and hence are
more important. The diagonal elements of Sz suggest that
centre frequency of the electrical resonator is 15730 Hz. A
comparison to the actual resonance frequency of the electrical
resonator (15723 Hz) shows a small relative error of 0.04%.

D. Validation

Two different approaches were used to validate the results.
In the first approach, perturbation analysis was performed in
the conventional way using DC voltage based nonlinearity in
spring, as described in equation 9. The electrical resonator was
disconnected. The MEMS system was perturbed by changing
the applied DC voltage on one of the resonators. The two sets
of resonance frequencies before and after perturbation were
measured to be (15371,16024) Hz and (15388,16031) Hz,
respectively. These two sets of eigenvalues were used to extract
the system matrix

9.9000
—0.3682

—0.3682

_ 9
Sz =107 x 9.5643

13)
As S is the left principal submatrix of Sg, the new technique
produces comparable results. As mentioned before, the non-
linear spring constant change introduced by the conventional
method could affect the accuracy of measurement.
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Fig. 7. Measured responses of electrical resonator and mechanical resonator
before and after perturbation upon the centre frequency of the electrical
resonator.

Hence to further validate the result, a second approach using
perturbation analysis on the complete electrical-mechanical
array was also performed. When the electrical resonator was
coupled to the MEMS array, perturbation was induced by sim-
ply changing the centre frequency of the electrical resonator.
A frequency shift for all three peaks was observed in Fig.
7 to give another three eigenvalues. With these two sets of
eigenvalues before and after perturbation, the system matrix
S3 was once again calculated:

9.9195 —0.3634 0
S3 =10 x | —0.3634 9.5417 —0.1334 (14)
0 —0.1334 9.7726

The diagonal elements of the above system matrix show
excellent agreement with the system matrix in equation 12,
indicating the feasibility and accuracy of the proposed new
technique.

IV. ERROR ANALYSIS
A. Noise Effect

Experimental results show that the derived natural resonance
frequencies vary from the designed values, which are caused
by the process variations widely seen in microelectronics
industry. However, the effectiveness of the proposed inverse
eigenvalue analysis is dependent on the accuracy of the
measured data. Better data give better eigenvalues that can be
used to accurately reconstruct the system matrix. Measurement
errors, which are caused by random temporal noise or envi-
ronment factors, have a significant impact on the accuracy of
inverse eigenvalue analysis. Hence, it is important to analyse
the effect of noise with numerical experiment.

Monte Carlo procedure has been used to study Gaussian
random noise. Electronic circuit noise is an example of
Gaussian random noise. For coupled resonators system, the
effect of noise and error can be modelled by superimposing a
Gaussian distributed frequency noise on the actual resonance
frequencies of the system. Such Gaussian noise has a mean
value of zero and a particular standard deviation depending
on the quality of readout channel. Numerical experiments
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Fig. 8. Monte Carlo analysis of the spread in the extracted Ss(1,1) when
an 1 Hz standard deviation Gaussian noise was added to measurement.

were conducted by several Monte Carlo runs to simulate the
influence of measurement error on the finally derived system
matrix. In each Monte Carlo run, two sets of eigenvalues
corrupted by Gaussian random noise were simulated. These
two sets of eigenvalues could then be used to reconstruct the
system matrix of the array using inverse eigenvalue analysis. A
numerical experiment with et run produces k varied system
matrices.

A chain of three nearest-neighbour coupled resonators were
simulated, each with a natural resonance frequency of 15
KHz and a relative coupling strength of 5%. Another 15 KHz
resonator was coupled to these three resonators. Fig. 8 shows
the first element of extracted system matrix using Monte Carlo
procedure considering the existence of the measurement noise.
The simulated noise is Gaussian distributed with a mean value
of zero and a standard deviation of 1 Hz. These lead to a
Gaussian error in extracted system matrix elements. For further
investigation, a metric is needed to characterize the effect of
noise. The percentage spread of one matrix element S, (%, j)
could be represented by the ratio of its standard deviation and
mean for the k runs:

Std[sn,l (Za ])a Tty Sn,k(iv .7)}
mean[sn,l(ivj)v R Sn,k(lvj)]
As only the diagonal elements of the system matrix are related
to the characteristic of each resonator, a simple metric defined

by the root mean square deviation of the diagonal elements
can be used as an error metric:

R0 31y (X

=
n

E.(i,j) = x 100%

5)

(16)

With increase in the number of elements, noise of each ele-
ment accumulates. In addition, the measurement noise, which
is caused by the sum of readout circuit, temperature variation
as well as numerical error, also limits the performance of
inverse eigenvalue analysis. The accuracy of the proposed
technique has been studied considering these two factors.
The percentage errors represented by the root mean square
deviation of the percentage spread of the diagonal elements
were analysed, as shown in Fig. 9, where we compare the noise
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Fig. 9. Percentage error of system matrix with different noise levels for three,
five and ten resonators (before correction).

performance of systems with three, five and ten resonators.
The percentage error increases with the number of resonators
and the standard deviation of noise. It is worth noting that,
for a large number of resonators and high noise level, the
technique becomes extremely unstable with sharp increase
and wild fluctuation. For example, the technique works well
under 15 Hz noise level for a three-resonator system, with
percentage error predictable and well-controlled. However, as
the noise further increases, the error fluctuates wildly and
increases above 1%. For five resonators, the error becomes
very high just after 5 Hz noise. For ten resonators, percentage
error increases dramatically for even small amount of noise.
In large array applications like mass sensors, such error can
easily deteriorate the accuracy of sensing and hence needs to
be avoided. However, these errors can be reduced by a very
simple correction mechanism.

For the proposed inverse eigenvalue analysis aforemen-
tioned in Section II, it is important to ensure that the shifts in
the individual eigenfrequencies are larger than the frequency
noise during measurement. Shifts in eigenfrequencies should
not break the interweaving property of the eigenvalues:

)\1</~L1<)\2<N2<"‘<)\n<ﬂn<)\n+1 (17

After applying the above condition to the numerical experi-
ment and discarding outliers, the corrected percentage errors
for three, five and ten resonators were studied again, as
presented in Fig. 10. The phenomenon of sharp increase
and unstable fluctuation disappeared after correction. Without
these outliers, the percentage error could be easily controlled
within 0.6%, regardless of the number of resonators and noise
level. This demonstrates the feasibility of the proposed inverse
eigenvalue analysis technique for large array applications.

B. Effect of Coupling

Parasitic coupling is a weak coupling effect widely seen in
fabricated MEMS devices. This is often undesired as it can
introduce crosstalk between neighbouring array elements and
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Fig. 10. Percentage error of system matrix with different noise levels for
three, five and ten resonators (after correction).

degrade sensor performance. For these applications, sensors
would typically be made far apart, hence wasting precious
nanofabrication area. The technique proposed in this paper,
however, is immune to this. Coupling is needed and welcomed
to strengthen the collective behaviour of the system. Hence,
the proposed technique is immune to parasitic coupling.

Coupling strength is another concern for MEMS designers
[4]. Weak coupling strength is typically used to study the
collective behaviour of coupled system. However, the effect of
different coupling strengths has not yet been fully analysed. It
is very important to maintain the precision of inverse eigen-
value analysis, therefore further investigation into the optimal
coupling strength values are desired to improve the design of
coupled MEMS devices. An array of three and five coupled
resonators were simulated to study the effect of coupling
strength, as shown in Fig. 11. The superimposed frequency
noise had a standard deviation of 1 Hz and 2 Hz. As the
number of resonators increases, the error in extracted system
elements increases. However, this can be reduced by increasing
the coupling strength. Similarly, the uncertainty in results
due to noise can also be reduced by increasing the coupling
strength. For large array of coupled resonators, increasing the
coupling strength separates the eigenvalues further apart from
each other, therefore the interweaving condition in equation 17
can be more easily satisfied. This shows that coupling strength
design is another way of limiting the effect of noise, as long
as the collective behaviour can be correctly recorded.

C. Damping Effect

Experiments in section III were undertaken in low pressure,
which enabled low damping, or high quality factor. However,
for practical sensing applications, the air/liquid media may
lower the quality factor and hence the damping in equation 1
needs to be considered. Furthermore, damping also broadens
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Fig. 11. Percentage error of system matrix under different coupling strengths
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Fig. 12. Percentage error of system matrix under different quality factors
for arrays with different number of resonators, each with a natural resonance
frequency of 15 KHz and a relative coupling strength of 5%.

the resonance peaks of the system and could lead to overlap-
ping peaks, which makes it difficult to identify the resonance
frequencies.

Damping is known to introduce small shifts in the resonance
frequencies of the system and hence the measured resonance
frequencies no longer represent the eigenvalues of S,,. If these
resonance frequencies are still used as eigenfrequencies to
perform inverse eigenvalue analysis, a different system matrix
S} is obtained, hence introducing error to the system. The
damping error can be represented by the root mean square
deviation of the relative error between the diagonal elements
of S} and Sy:

n S (4,1)— Sy (i,
L Vi (IR < 100%)2

n

(18)

An array of three, five and ten resonators were simulated
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Fig. 13. Amplitude response of an array of three coupled resonators under
different quality factors and coupling strengths.

respectively under different quality factors to characterize the
errors introduced by damping. As shown in Fig. 12, to keep
the errors comparable to the numerical error, a minimum
of around 100, 200 and 300 is required for three, five and ten
resonators respectively. Hence, a system with more elements
requires lower damping. If @) falls below the minimum value
required, the percentage error sharply increases. As quality
factor further drops, damping effect makes it very difficult to
record the resonance frequencies due to flattening or overlap-
ping peaks. The experiments in this paper coupled an electrical
resonator with ) > 200 to two mechanical resonators with
@ > 1000 and hence allowed the technique to work well with
very low damping error.

Fig. 13 shows the effect of damping in the frequency
response of three-resonator system. As @) drops from 100 to
50, the resonance frequencies shift, thereby introducing small
errors in the inverse eigenvalue analysis. When () drops further
to 20, the three peaks broaden widely and start overlapping,
making the resonance frequencies unrecognisable. One solu-
tion to overcome this overlapping phenomenon is to increase
the coupling strength. Increasing the relative coupling strength
from 5% to 10% avoids overlapping, therefore enabling more
accurate peak detection.

Hence, damping causes two major errors: one is the shift
between the measured resonance frequency and actual eigen-
frequency, another is the peak broadening effect which makes
it difficult to accurately track the centre frequency. Under high
damping conditions, the resonance peaks become overlapping
and unidentifiable. However, this can be improved by increas-
ing the coupling strength.

V. CONCLUSION

Inverse eigenvalue analysis has been used to characterize
large array of coupled MEMS devices. For an array of n
coupled resonators, the coupling effect makes it possible to
monitor n resonance frequencies by driving and measuring
from only one member. These n resonance frequencies corre-
spond to n eigenvalues of the system matrix of the coupled



resonators. To inversely reconstruct the system matrix, another
set of eigenvalues needs to be measured by exerting change
to the system. A new technique involving the coupling of an
additional electrical resonator has been proposed to facilitate
such change. Rather than perturbing the spring constant of the
MEMS array, a second set of eigenvalues can be measured by
coupling an external electrical resonator.

The new technique was experimentally verified with two
coupled MEMS resonators. First, two sets of resonance fre-
quencies were recorded before and after disconnecting the
additional electrical resonator to reconstruct the system ma-
trix. Second, after disconnecting the electrical resonator, one
MEMS resonator was perturbed by applying an electrostatic
force to change its effective spring constant. Through this
change our previous method was used to derive the system
matrix of these two MEMS devices. For further validation,
perturbation analysis was once again performed towards the
hybrid electrical-mechanical array. This was achieved by sim-
ply tweaking the centre frequency of the electrical circuit. The
above three steps produce three system matrices of the same
system, with good consistency between any two of these.

Effect of noise has been studied numerically. Monte Carlo
procedure simulated different Gaussian noise levels from the
frequency measurement. As the number of resonators or noise
level increase, the derived system matrix becomes noisy and
inaccurate. The major error arises from the algorithm failure
when the frequency noise exceeds the frequency shift. This
failure can be corrected by eliminating outliers which did
not agree with the conditions. With the condition satisfied,
the proposed technique demonstrates excellent accuracy and
flexibility. Damping is another source of error as it adds
additional shift to resonance frequencies and broadens the
peaks.

Coupling an additional electrical resonator to MEMS res-
onators array is practical to implement and avoids non-
linear change or even damage to the mechanical system.
Inverse eigenvalue analysis has advantages of reduced pads
and connections, wider bandwidth and lower cost. It can be
applied to prevent the change in manufacturing processes, test
MEMS devices as well as actuating large array of sensors. In
conclusion, this paper demonstrates the feasibility of the cou-
pling between electrical and MEMS resonators. Large array
of single input/output multiplexed sensors will be fabricated
in the future to further validate this technique. In addition,
further analysis will be carried out to fully understand the
effect of damping and coupling to design optimised systems
for sensing.
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