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Abstract

We study economic dynamics using two representative classes of models with
interacting agents — (i) a microeconomic model of agents repeatedly playing normal-
form games and (ii) a large-scale multi-country macroeconomic model. On the
microeconomic level, we provide novel results on the likelihood of convergence of best-
response dynamics, under which each player selects the pure strategy that maximises
their payoff, given the strategies chosen by others. More generally, we show that
convergence to equilibrium is rare under a range of well-known learning rules (such
as reinforcement learning or fictitious play) when the games’ number of players or
number of actions is large. This implies that the assumption that systems converge
to an equilibrium may be unrealistic. Therefore, turning to the macroeconomic
scale, we employ agent-based models, which, unlike traditional macroeconomic
models (e.g. DSGEs), do not rely on this assumption. Specifically, we develop a
novel framework for constructing and calibrating large-scale, data-driven, agent-
based models of entire economies. Our model incorporates individuals, households,
firms, banks, governments, and central banks across 38 countries, encompassing
markets for goods, labour, credit, and housing. Each agent is initialised using
publicly available microdata by aggregating different data sources of varying levels
of granularity, ensuring realistic heterogeneity. We calibrate the model using state-
of-the-art simulation-based inference techniques: neural posterior estimation and
neural ratio estimation. In both cases, we demonstrate that the calibrated model
outperforms a simple benchmark time series model and the current state-of-the-art
agent-based model in terms of forecasting accuracy. This improvement is rigorously
assessed and confirmed as statistically significant using a Bayes factor approach.
Our findings suggest that agent-based models when calibrated with real-world data
and advanced inference techniques, offer a compelling alternative to traditional
models for understanding and predicting economic dynamics. Our agent-based
model is built within a user-friendly software platform we have developed, making

it easy to create, calibrate, validate, run, and evaluate alternative models.



Declaration

This thesis is submitted to the University of Oxford in support of my application for
the degree of Doctor of Philosophy. It has not been submitted, in whole or in part,
in any previous application for any degree or qualification. The work presented
in this thesis, including the generation and analysis of data, is entirely my own,

except where otherwise acknowledged and explicitly outlined below:

Abstract  The abstract was written by me.
Chapter 1 The introduction of the thesis was written by me.

Chapter 2 The chapter on the dynamics of random games was written by me. The
selection of learning rules was decided jointly with Marco Pangallo and Torsten
Heinrich. Bassel Tarbush proposed the periodic best-response dynamic.

Chapter 3 Section 3.1 was written by me. The theoretical results on the frequency
of convergence in Section 3.2 are joined work with Alex Scott, Bassel Tarbush,
Marco Pangallo, and Yoojin Yang. The simulation-based results of Section
3.3 were performed by me; the writing of that section incorporated feedback
from Marco Pangallo and Bassel Tarbush.

Chapter 4 The chapter on the frequency of games was written by me and
incorporated feedback from Torsten Heinrich.

Chapter 5 The literature chapter on agent-based modelling was written by
me. The selection of agent-based models in Section 5.3.2 was improved
by suggestions from Marco Pangallo. The descriptions of Neural Posterior
Estimation and Neural Ratio Estimation in Sections 5.4.2.1 and 5.4.2.2 were

provided by Joel Dyer.

Chapter 6 The description of the agent-based model was written by me and
improved based on feedback from Doyne Farmer, Ani Calinescu, Jagoda
Kaszowska-Mojsa, Francois Lafond, José Moran, Marco Pangallo, and John
Muellbauer. Marco Pangallo wrote the code for converting COICOP household
consumption weights into ISIC (see Section 6.4.5.1).



Chapter 7 The chapter on economic forecasting using the agent-based model was
written by me, incorporating feedback from Doyne Farmer, Ani Calinescu, José
Moran, Frangois Lafond, and Marco Pangallo. The simulations, calibration,
and forecasting experiments were performed by me; the work on Bayes factor
estimation (Section 7.5) was supervised by Joel Dyer, who also devised the
approach for proving statistical significance (Section 7.6).

Chapter 8 The conclusion was written by me.

The project on macroeconomic agent-based modelling (Part IT of this thesis, spanning
Chapters 5 — 7) was guided by Doyne Farmer and Ani Calinescu. These sections
roughly correspond to the resulting preprint (Wiese et al., 2024) and all benefitted
from suggestions and edits of my coauthors — Jagoda Kaszowska-Mojsa, Joel Dyer,
José Moran, Marco Pangallo, Francois Lafond, John Muellbauer, Ani Calinescu,
and Doyne Farmer. More details on publications are provided in Section 1.4.



List of Figures
List of Tables
List of Algorithms

1 Introduction

1.1 Motivation . . . . . ... .. ... ..
1.2 Random Games . . . . . ... ... .. ......
1.2.1  The Frequency of Convergence . . . . . . .
1.2.2  The Frequency of Games . . . . . . .. ..
1.3 Macroeconomic Agent-based Modelling . . . . . .
1.3.1 The Framework . . . . .. ... ... ...
1.3.2  Calibration . . .. ... ... .. .....
1.3.3 Forecasting . . ... ... ... .. ...
1.4 Publications . . . .. ... ... 0oL
1.5 Structure . . . ... ... L

I Random Games

2 Dynamics on Random Games

2.1 Imtroduction . . . . .. .. ...
2.2 Formalisation . . . . ... ... ...
2.3 Best-Response Dynamics . . . . . ... ... ...
2.3.1 Clockwork Best-Response Dynamics . . .
2.3.2 Random Best-Response Dynamics . . . . .

2.3.3 Simultaneous Best-Response Dynamics

2.3.4  Periodic Best-Response Dynamics . . . . .
2.4 Other Learning Dynamics . . . .. .. .. .. ..
2.4.1 Reinforcement Learning . . . . ... ...
2.4.2  Fictitious Play . . . . ... .. ... ...
2.4.3 Replicator Dynamics . . . . .. ... ...
2.5 Conclusion . . . ... ... .. ... ... .....

VL

Contents

xXVvi

© 00 N = N =



Contents

3 Convergence on Random Games

3.1 Introduction . . . . . . ... ... oL
3.2 Theoretical Results . . . . . ... ... ... ....
3.2.1  Multi-Player Games . . . ... ... .. ..
3.2.2 Two-Player Games . . . .. ... ......
3.2.3 Games on Networks . . . . ... ... .. ..
3.3 Simulation Results . . . . ... ... ... ... ..
3.3.1 Simulation of Best-Response Dynamics . . .
3.3.2  Comparison to Other Learning Rules . . . .

3.4 Conclusion . . . . . . . ...

4 The Frequency of Games

4.1 Introduction . . . . . . .. ...
4.2 The Frequency of Game Ensembles . . . . . .. ..
4.2.1 The Distribution of Nash Equilibria . . . . .
4.2.2 Classes of Games . . . . . .. ... .....
4.2.3 The Structure of the Attractor . . . . . . . .
4.3 The Best-Response n-partite Digraph . . . . . . ..
4.4 The Frequency of Convergent Games . . . . . . ..
4.4.1 Convergent Games with a Unique PNE . . .
4.4.2 Convergent Games with Multiple PNEs . . .

4.5 Conclusion . . . . . . ..o

II Macroeconomic Agent-based Modelling

5 Literature

5.1 Introduction . . . . .. .. ... .. ... .. ...
5.2 Conventional Macroeconomic Modelling . . . . . .
5.2.1 Review of DSGE Modelling . . . ... ...
5.2.2 Limitations of DSGE Models . . . . . ...
5.3 Agent-based Modelling in Macroeconomics . . . . .

5.3.1 Overview . . . . . . . ...

5.3.2 Notable Examples of Macroeconomic ABMs

5.4 Calibrating Agent-Based Models . . . . . . ... ..
5.4.1 Likelihood-based Approaches . . .. .. ..
5.4.2 Simulation-based Inference . . . . . . . . ..

55 Conclusion . . . . . . . ...

()

37
38
40
40
25
62
65
66
71
78

80
81
82
82
83
84
87
88
89
94
96



Contents

6 A Framework for Macroeconomic Agent-based Modelling
6.1 Introduction . . . . . . . ... ... ...
6.2 Model Overview . . . . . . . . . . . ..
6.2.1 Description of Agents . . . . . . ... ... .
6.22 Data . . .. .
6.2.3 Sequence of Events . . . . . ... ... ... ...
6.2.4 Economic Aggregates . . . . . . . ... ...
6.2.5 Expectations . . . ... ... Lo
6.3 Key Differences to the ITASA Model . . . . . ... ... ... ...
6.4 Agents . . . . ..
6.4.1 Banks . .. ... ...
6.4.2 Central Bank . . .. ... ... .. ... ... ...
6.4.3 Firms . . ... . ...
6.4.4 Government . . . . . . . . .. ...
6.4.5 Households . . . . ... .. ... ... L.
6.4.6 Individuals . . ... .. ..o L
6.4.7 Restofthe World . . . . .. ... ... ... ... ......
6.5 Markets . . . . ...
6.5.1 Goods Market . . . . . . ... ...
6.5.2 Labour Market . . . . . . ... ... ... .. ... ...
6.5.3 Credit Market . . . . .. .. ... 0oL
6.5.4 Housing Market . . . . . . . . . ...
6.6 Conclusion . . . . . . . . . ...
7 Economic Forecasting
7.1 Imtroduction . . . . . . .. . ...
7.2 Calibration . . . .. . ... ...
7.2.1 Prior and Posterior Estimation . . . . ... ... ... ...
7.2.2 Estimation Details . . . . ... ... ... . ... ......
7.3 Running the ITASA Model as a Benchmark . . . . . . ... ... ..
7.4 Forecasting Economic Aggregates . . . . . . . .. ... ... ...
7.4.1 Average Forecasting Performance . . . . ... ... ... ..
7.4.2  Country-Level Forecasting Performance . . . . . . . .. . ..
7.5 Bayesian Model Selection . . . . . . .. ... 000
7.5.1 Estimating the Bayes Factor . . . . . . ... ... ... ...
7.5.2 Classification Results . . . . . ... .. ... ... ... ...
7.6 Statistical Significance . . . . . .. ..o oL L
7.7 Conclusion . . . . . ...

8 Conclusion

Bibliography

1

121
122
123
125
126
128
133
137
138
140
140
149
151
166
169
185
189
191
191
192
193
194
195

198
199
200
201
204
205
206
207
207
208
210
211
214
216

219

223



1.1

1.2

2.1

2.2

2.3

2.4

List of Figures

Quarterly GDP growth in constant prices for Germany, France, and
the United States. The French protests of May 1968, the 2007-2008
financial crisis, and the COVID-19 pandemic are clearly visible.

Possible best-response digraphs in 2-player, 3-action games. The
value on the left of each action profile represents the payoff to the
first (row) player, while the value on the right represents the payoff
to the second (column) player. Best responses that are part of Nash
equilibria are highlighted in blue; if they form part of a cycle, they
are shown in red, and those within the attractor of a cycle are marked
in orange. The two leftmost games in the figure exhibit three Nash
equilibria and no cycles. The games in the middle contain a two-cycle
(where each player alternates moves twice), and the games on the
right display a three-cycle. . . . . . . . . ... ... .. ... .. ..

Hlustration of a 3-player, 2-action non-degenerate game (left) and
its associated best-response digraph (right). The axes shown in the
centre states the coordinate system. . . . . . . ... ... ... ..
The digraphs in panels (a)-(c) above are all identical and correspond
to the best-response digraph of the game shown in Figure 2.1. In the
panels, we show the first few elements of paths generated according
to the best-response dynamic for different initial profiles and playing
SEQUENCES. .« o v v v e e e e e e
Example trajectories for the Prisoner’s Dilemma and Rock-Paper-
Scissors under Bush-Mosteller learning. For the Prisoner’s Dilemma,
all trajectories converge to the PNE where both players defect. For
Rock-Paper-Scissors, none of the trajectories converge. . . . . . . .
Example trajectories for the Prisoner’s Dilemma and Rock-Paper-
Scissors under Fictitious Play. For the Prisoner’s Dilemma, all
trajectories converge to the PNE where both players defect. For Rock-
Paper-Scissors, a game with a single mixed Nash equilibrium where
both players play any action with equal probability, all trajectories
converge to that equilibrium. . . . . . .. ... ... 0000,



List of Figures

2.5

3.1

3.2

3.3

3.4

3.5

3.6

Example trajectories for the Prisoner’s Dilemma and Rock-Paper-
Scissors under Replicator Dynamics. For the Prisoner’s Dilemma,
all trajectories converge to the PNE where both players defect. For

Rock-Paper-Scissors, none of the trajectories converge. . . . . . ..

Panels (a) and (b) provide examples of possible best-response di-
graphs for 3-player, 2-action games. Panel (c) illustrates a possible
best-response digraph for a 3-player, 3-action game. PNEs are
denoted by filled black dots. If the path reaches one of the action
profiles illustrated as a red dot, then the path can never escape to

the PNE, regardless of the playing sequence. . . . . . . . ... ...
Mustration of Algorithms 3 (the clockwork random walk) and 4 (the

coupled dynamic). Panel (a) shows the first elements of a possible
path generated according to Algorithm 3, and Panel (b) shows the
corresponding path generated according to Algorithm 4. The table

in Panel (c) provides details, highlighting environments in bold.

[lustration of Algorithms 3 (the clockwork random walk) and 5 (the
coupled dynamic with sink x). Panel (a) shows the first elements of
a possible path generated according to Algorithm 3, and Panel (b)

shows the corresponding path generated according to Algorithm 5. .

[llustration of possible paths for 2-player, m-action games. We
arbitrarily set the initial action profile to be (1,1) in period 0. In
period 1, player 1 either plays action 1 (left branch) or another action
(right branch), which we arbitrarily call action 2. Player 2 then
responds in period 2, and so on. All red leaves are Nash equilibria,

and all blue leaves are profiles that belong to best-response cycles. .

Frequency of convergence of the clockwork sequence best-response
dynamic to 2k-cycles in 2-player games, using the exact formula
from Theorem 3. The vertical black line on the right corresponds
to Formula (3.46), showing that the probability of convergence is
roughly uniform up to 2-/1000. . . . . ... ... ... ...

Frequency of convergence of clockwork best-response dynamics on
4-player games with varying numbers of actions and under different
networks. The frequency of convergence decreases with the number

of actions and with higher network density. . . . . . . . .. ... ..

i

48

52

o8



List of Figures

3.7

3.8

3.9

3.10

3.11

3.12

Frequency of convergence under the clockwork best-response dynamic,
verifying Formula (3.46) for 2-player games (solid black line) by
comparing it to numerical results for 2-, 3-, and 4-player games in the
top panel. We also verify Corollary 1 by showing that the analytical
approximations (dashed black lines) match the numerical results.
In the bottom panel, the horizontal axis is rescaled according to
Corollary 1, showing that the numerical data collapses even for a

small number of players and actions. . . . . .. .. ... ... ...

Frequency of convergence to PNE under clockwork best-response
dynamics. The solid line corresponds to I' = 0, the darker dashed
lines to I' = ”T_l, 2”7_1, ...,(n —1), and the lighter dashed lines to
I' =-0.2,-04,...,—1. The frequency of convergence decreases
with the number of players and the number of actions, but increases

with the level of correlation. . . . . . . . . . .. ... ... ...

Frequency of convergence to pure Nash equilibria under clockwork,
random, and simultaneous best-response dynamics for different num-
bers of players and actions when payoffs are independent. The
frequency of convergence decreases with the number of actions and
players for clockwork and simultaneous updating. The random
sequence best-response dynamic almost always converges to a PNE
in games with a PNE (Amiet et al., 2021). Simultaneous best-
response dynamics are less likely to converge than the other two

across all observed game ensembles. . . . . . . ... ...

Frequency of convergence of clockwork best-response dynamics in
2-action games with uncorrelated payoffs and with varying number
of edges in the network of players. We also highlight the frequency
of convergence for the corresponding regular network. The frequency

of convergence decreases with the number of edges. . . . . . . . ..

Frequency of convergence under the p-periodic best-response dynamic
in 3-player games for 2 actions and 3 actions. The probability of
convergence to a Nash equilibrium for p-periodic playing sequences
Increases in P. . . . . . ..o L
Conditional speed of convergence to a PNE for p-periodic best-
response dynamics in 3-player games. The average number of time

steps required to reach equilibrium increases with p. . . . . . . . ..

Tl



List of Figures

3.13

3.14

3.15

3.16

3.17

Frequency of convergence to PNE under clockwork, random, and
simultaneous best-response dynamics compared to the frequency
of convergence to (mixed and pure) Nash equilibria under Bush-
Mosteller reinforcement learning, fictitious play, and replicator dy-
namics for games with independent payoffs. Except for multi-player
random best-response dynamics, the convergence frequency decreases

with the number of actions. The clockwork best-response dynamic

closely tracks the convergence behaviour of complex learning dynamics. 74

Frequency of convergence to PNE in 5-action games under clockwork,
random, and simultaneous best-response dynamics compared to
the frequency of convergence to (mixed and pure) Nash equilibria
under the Bush-Mosteller reinforcement learning, fictitious play,
and replicator dynamics, with varying levels of correlation I'. The
frequency of convergence increases with higher correlation. Both
the clockwork and random sequence best-response dynamics track
the other learning rules fairly well, the simultaneous best-response
dynamic doesnot. . . . . . ...
Frequency of convergence to PNE under clockwork, random, and
simultaneous best-response dynamics against the frequency of con-
vergence to (mixed or pure) Nash equilibria under Bush-Mosteller
reinforcement learning, fictitious play, and replicator dynamics, for
varying values of n, m, and I'. We show the Pearson correlation for
each combination, finding the clockwork best-response dynamics are
the best predictor for convergence. The identity line is included as a
reference. . . . . .. L
Trajectories of Bush-Mosteller reinforcement learning, fictitious play,
and replicator dynamics imposed on best-response digraphs of dif-
ferent 3-player, 2-action games. Blue trajectories converge to Nash
equilibria (pure or mixed); red trajectories do not. Blue arrows
correspond to pure Nash equilibria, light blue arrows lead there, red
arrows correspond to cycles, and orange arrows lead there. . . . . .
Frequency of convergence of clockwork best-response dynamics com-
pared to Bush-Mosteller reinforcement learning, fictitious play, and
replicator dynamics on 2-action games with varying numbers of play-
ers and different networks of players. The frequency of convergence of
the best-response dynamic stays close to the frequency of convergence

of the other learning rules. . . . . . . . . .. ... ... ... ... .



List of Figures

4.1

4.2

4.3

4.4

4.5

4.6

5.1

6.1

All possible best-response digraphs in 2-player, 3-action games with
three pure Nash equilibria. The value on the left of each action
profile represents the payoff to the first (row) player, while the value
on the right represents the payoff to the second (column) player. All
actions are part of Nash equilibria. . . . . ... ... ... ... ..
All possible best-response realizations in 2-player, 3-action games with
one 3-cycle. The value on the left of each action profile represents the
payoff to the first (row) player, while the value on the right represents
the payoff to the second (column) player. The best responses that
are part of a cycle are shown in red, and those within the attractor
of a cycle are marked in orange. . . . . . ... ... ... ...
A 3-player, 2-action game with one Nash equilibrium and the corre-
sponding 3-partite graph representation under the clockwork playing
sequence. The red arrows correspond to the actions of player 1, the
black arrows to the actions of player 2, and the red arrows to the
actions of player 3. The Nash equilibrium (I-IV-V) is highlighted by
thicker arrows in the digraph. . . . . .. .. ... ... ...
For 3-player, 2-action games the full graph G on the left and the
condensed graph G° on the right. The PNE corresponds to the
environment where every player chooses their first action. . . . . . .
The frequency of randomly drawn games with a unique PNE following
Theorem 8. For comparison, the solid black lines denote frequen-
cies obtained by numerically sampling over 500 randomly created
games with independent payoffs. The frequency of convergent games
decreases with the number of players and the number of actions. . .
The frequency of randomly drawn convergent 2-player games that
have a given number of PNEs following Theorem 10. The frequency of
convergent games decreases with the number of PNEs, and, generally
speaking, with the number of actions. . . . . . . . .. ... ... ..

Estimating the posterior using simulation-based inference. The pro-
cess involves sampling a parameter set 6, from the prior, running the
agent-based model to generate simulation outputs p(x | 61, M), and
using the simulations to estimate the likelihood function p(y | 61, M)
at the observed data y. The illustration follows Dyer (2022). . . . .

The basic structure of the agent-based model with the most important
datasets used to calibrate each agent. These include the inter-country
input-output tables from the OECD, World Bank data, Compustat
microdata for firms and banks, Household Finance and Consumption
Survey data for households and individuals, and policy rates provided
by the Bank for International Settlements. . . . . . . . . ... ...

Tiv

94



List of Figures

6.2

6.3

6.4

7.1

Initial distributions of firm sectors, number of employees, deposits,
and debt for Australia, Austria, and Canada in 2013 at a scale of
1:1000, as obtained from OECD and Compustat data. . . . . . . . .
The maximum number of firms recorded in Compustat from 2013-Q1
to 2017-Q4 by country. . . . . ...
Initial distributions of household income, wealth, and debt for Aus-
tralia, Austria, and Canada in 2013 at a scale of 1:1000, as obtained

from the Household Finance and Consumption Survey. . . . . . ..

Forecasts for real GDP, consumption, and investment for Austria
from 2015-Q1 to 2018-Q1. The green line represents true data, the
yellow line corresponds to an iterated AR(1) multiperiod forecast,
the blue lines indicate the average of 1000 simulation runs of our
model, and the orange line corresponds to the ITASA model. For this
particular country and period of time, our model with NPE performs
exceptionally well in predicting consumption; however, all models

struggle to predict investment accurately. . . . . . . . ... ... ..

Tv



1.1

1.2

3.1

5.1

6.1
6.2

6.3

List of Tables

An overview of our results related to the existing literature on learning
dynamics on random games: BRS19 (Pangallo et al., 2019), PT92
(Opper and Diederich, 1992), EWA13 (Galla and Farmer, 2013),
COR24 (Mimun et al., 2024), EWA18 (Sanders et al., 2018), BRS24
(Heinrich et al., 2023), CG21 (Wiese and Heinrich, 2022), RG21
(Amiet et al., 2021), CON23 (Johnston et al., 2023), EVO10 (Gokhale
and Traulsen, 2010). We are highlighting clockwork, random, periodic
(per.), and simultaneous (sim.) best-response dynamics, as well as
Bush-Mosteller (BM) learning, fictitious play (FP), and replicator
dynamics (RD). . . . . . . .. o oo 6
Comparison of our model to other large macroeconomic agent-based
models in the literature regarding covered countries, sectors, hetero-

geneity, and ability to be calibrated to match time series. . . . . . . 11

The value of the function fiz,)(t) for the first few elements of the
paths generated according to the clockwork playing sequence in Panel
(a) and Panel (b) of Figure 2.2. The path in Panel (a) reached the
PNE in period 3, the path in Panel (b) reached a best-response cycle
inperiod 1. . . . . .. 49

Comparison of 11 macroeconomic agent-based models against the one
we are building Chapter 6 in terms of agents, markets, and relation
to data (calibration, initialisation, stylised facts, and forecasting).
Our model features all types of agents and markets, and is validated

by forecasting economic time series instead of satisfying stylised facts.110

Classification of economic activities NACE Rev. 2 Level 1. . . . . . 125
Data sources used for model initialisation and calibration: from the
OECD, the IMF, the World Bank, the BIS, the ECB, and Compustat
(S&P). o 128
Aggregate variables in the model, in particular related to production,

prices, and credit. . . . . .. ..o 134

TVl



List of Tables )

6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

6.15

6.16

6.17

6.18
6.19

6.20

Key differences of our model to the ITASA Model in terms of scope
and agent behaviour. . . . . .. ... oo 140
Variables and parameters in the model related to banks, in particular
on balance sheets, the supply of credit, interest rate setting, and
regularity requirements. . . . . . ... . L 142
Variables and parameters in the model related to loans, in particular
principal amount, interest rate, and maturity. . . . . ... ... .. 143
Variables and parameters in the model related to the central bank,
in particular for setting the policy rate. . . . . . . . .. .. ... .. 150
Variables and parameters in the model related to firms, in particular
production, demand, inventory and stocks, labour, prices, and balance
sheets. . . . . . L 153
Compustat codes for firms, in particular on the number of firms by
sector, the number of employees of each firm, and each firm’s debt
and deposits. . . . ... Lo 156
Variables and parameters in the model related to the government, in
particular, tax rates, expenditures, deficit, and debt. . . . . . . . .. 167
Variables and parameters in the model related to households, in
particular income, consumption, investment, wealth, debt and housing.171
Household Finance and Consumption Survey codes related to house-
holds, in particular income, assets, liabilities, household, and con-
SUMption. . . ... 175
Variables and parameters in the model related to individuals, in
particular income and labour. . . . . . ... ... 0oL 185
Household Finance and Consumption Survey codes related to indi-
viduals, in particular personal characteristics and income. . . . . . . 186
Matching between the Household Finance and Consumption Survey
codes for the labour status of an individual to the activity status in
themodel. . . . . . . .. 186

Variables in the model related to the rest of the world, in particular
trade and prices. . . . . ... 189
Variables and parameters in the model related to labour market
clearing. . . . . ... 192
Parameters in the model related to credit market clearing. . . . . . 194
Variables in the model related to properties, in particular prices and

rent. . ... 194
Aspects of the agent-based modelling framework that could be
improved in the future, with references to other macroeconomic

agent-based models/frameworks that incorporate them. . . . . . .. 197



List of Tables TV

7.1

7.2

7.3

7.4

7.5

7.6

7.7

The prior and the corresponding posterior moments estimated by
NPE for Austria between 1990-Q1 and 2013-Q1. U({0, 1}) refers
to binary parameters chosen with equal likelihood, U([0, 1]) to the
continuous uniform distribution on the closed interval [0,1]. The
parameters in the prior are related to firm demand predictions, price

setting, and target production. . . . . . . .. ... 202
Datasets used for calibration of the IIASA model (Poledna et al.,
2023a) with corresponding Eurostat and OECD codes. . . . . . . . 206

The first super-column (“AR1 RMSE”) shows the median RMSE
of an AR(1) model predicting five different economic aggregates for
six different forecasting horizons. The median is taken over the full
set of 38 countries, 20 times of initialisation, and 1000 trajectories.
The remaining rows of Table 7.3 compare the performance of the
agent-based models (the IIASA model and our calibrated models)
to the AR(1) by showing the relative improvement in forecasting
error (measured as a median across countries and initialisation times)
compared to the AR(1). Overall, our model performs significantly
better than both the AR(1) and the ITASA model.. . . . . . . . .. 208
Median relative improvements in RMSE of our model’s growth rates
of nominal GDP over the ITASA model (Poledna et al., 2023a). The
values on the left of the ’/” correspond to model calibration using
NPE, and those on the right correspond to NRE. The model was run
for 20 initialisation times between 2013-Q1 and 2017-Q4 in both cases.209

Estimated Bayes factors by the time of initialisation and country,

from 2013 to 2015. . . . . ... 212
Estimated Bayes factors by the time of initialisation and country,
from 2016 to 2017. . . . . . .. 213

Classification of Bayes factor estimates as reported in Jeffreys (1998),
and counts of each Bayes factor class in Tables 7.5 and 7.6. . . . . . 214



NG NV

List of Algorithms

The s-sequence best-response dynamic on g, ,, initiated at a®. . . . 24
The s-sequence best-response dynamic on Gy . . . . . . o . ... 28
The clockwork random walk. . . . . . . ... ... ... ... .... 45

The coupled dynamic, which follows the random walk process until
an environment is encountered by some player for the second time
and becomes deterministic after that. . . . . . . .. ... ... ... 45
The coupled dynamic with sink &, which initialises the directed edges
to point at @ for all players. . . . . . . .. ... ... ... ... .. 51
The process for simplifying D — # .S = N; to obtain A. . . . 92

Tix



Introduction

We study economic dynamics using two representative classes of models
with interacting agents — one on the microeconomic level of agents
repeatedly playing normal-form games and one on the macroeconomic
level of entire countries. This chapter states our research questions,
explains the motivation behind our methods (Section 1.1), and provides
a high-level overview of our key findings on random games (Section
1.2) and agent-based modelling (Section 1.3). For random games, we
examine the probability of convergence under various learning dynamics,
where payoffs are drawn from a continuous distribution, and explore the
likelihood of generating games with specific structural properties. On
the macroeconomic scale, we describe the development and calibration
of a macroeconomic model that simulates 38 countries. Finally, we
summarise related publications (Section 1.4) and provide an outline of
the thesis structure (Section 1.5).
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1.1 Motivation

Economies experience significant fluctuations rather than changing gradually over
time. Figure 1.1 shows quarterly GDP growth in Germany, France, and the United
States between 1960 and 2024. Notable events such as the French protests of
May 1968, the 2007-2008 financial crisis, and the COVID-19 pandemic are clearly
reflected in the data. Other fluctuations are more difficult to explain; their causes
motivates this thesis. In Part I, we employ a simple game-theoretic model to show
that (economic) systems are often unstable and do not tend towards an equilibrium.
However, this is a fundamental assumption in traditional macroeconomic models'.
Therefore, in Part 11, we turn to agent-based modelling as an alternative approach,

which does not rely on this assumption.
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Figure 1.1: Quarterly GDP growth in constant prices for Germany, France, and the
United States. The French protests of May 1968, the 2007-2008 financial crisis, and the
COVID-19 pandemic are clearly visible.

Part I: Random Games as a Null Model There are two different perspectives
on the causes of fluctuations that are not explained by obvious exogenous shocks
(Pangallo, 2025). The first perspective argues that economies operate in stable,
steady states, subject to constant external shocks (Kydland and Prescott, 1982;
Clarida et al., 1999). The properties of these shocks and their transmission through
the economy explain economic fluctuations. The second view argues that such
steady states are inherently unstable (Minsky, 1977; Lorenz, 1993). This thesis
adopts the latter view, supported by a simple game-theoretic model.
Comparing these views on a small scale uses a repeatedly played normal-form

game as a null model. A group of players learn from their mistakes and develop

!The prevalent approach to economic modelling, Dynamic Stochastic General Equilibrium
models (DSGEs), assume that the economy evolves towards a “steady state”. See Section 5.2 for a
review on DSGEs.
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expectations about the future behaviour of the other players. For the family
of studied learning rules (see Chapter 2), the players either converge to a Nash
equilibrium or fail to converge and follow limit cycles or chaos instead.? For a
simple learning dynamic called best-response dynamics where players choose their
optimal action myopically, we derive analytical expressions for the likelihood of
convergence in 2-player games and provide asymptotic bounds for multi-player
games. We then use computer simulations to compare the convergence properties
of best-response dynamics with more sophisticated learning algorithms. This
analysis is extended to games with correlated payoffs. Through similar methods, we
develop analytical results for the likelihood of generating specific classes of games at
random. Our findings indicate that games with a large number of players or a large
number of actions are less likely to converge to a Nash equilibrium under various
dynamics, and that games on which those dynamics converge are rare. Turning to
the macroeconomic scale, we therefore study large-scale, complex economies using

agent-based models, that do not rely on the equilibrium assumption.

Part II: Large-Scale Macroeconomic Agent-based Modelling The economic
upheavals of the past two decades, including the global financial crisis of 2008,
the COVID-19 pandemic, and the energy shock following the Russian invasion of
Ukraine, have highlighted the limitations of traditional macroeconomic models.
Dynamic Stochastic General Equilibrium models (DSGEs), which remain widely
used in academia and policy institutions, failed to predict or capture the complex-
ities and immediate impacts of these events on global economies (Stiglitz, 2018).
These shortcomings have intensified calls from within the economic community
for advancements in modelling techniques. In response, two distinct approaches
have emerged: enhancing existing DSGE models to incorporate agent heterogeneity
through approaches like Heterogeneous Agent New Keynesian models (Kaplan et al.,
2018) or pursuing a more radical departure from traditional methods (Axtell and
Farmer, 2024).% In this latter category, Agent-Based Models (ABMs) emerged as a
compelling alternative, offering a fundamentally different approach to understanding
economic dynamics.

We develop a novel framework for constructing and calibrating large, data-driven
macroeconomic agent-based models. Our framework enables the direct implementa-
tion and comparison of well-established models from the literature, facilitating the

study of how different behavioural rules affect economic outcomes. Specifically, we

2We, therefore, follow the descriptive interpretation of game theory, assuming that the learning
dynamics we employ (see Chapter 2) model human behaviour sufficiently well (Wooldridge, 2012).

3See Section 5.2.1 for an review of DSGE modelling and Section 5.2.2 for limitations of the
approach.
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construct and calibrate an agent-based model representing individuals, households,
firms, banks, governments, and central banks across 38 countries*. The model is
calibrated to public microdata and macrodata using state-of-the-art simulation-
based inference techniques. We validate the model by comparing its time series

forecasting accuracy against benchmark models.

Similarities In both cases — whether in repeatedly played normal-form games
with certain learning dynamics or in macroeconomic agent-based models — agents
continually adjust their behaviour in response to their environment. This generates
agent-level dynamics, while aggregate-level behaviour emerges as a consequence
of these interactions, rather than being explicitly defined (Wooldridge, 2009). In
the literature, agent-based models have been extensively used in game-theoretic
investigations, often incorporating features that are difficult to handle analytically,
such as networks, or features that deviate from traditional specifications, such
as agent memory (Farmer and Axtell, 2022). A significant body of research has
explored the use of ABMs in the prisoner’s dilemma game, for example, where
Nowak and May (1992) fixed agents in a two-dimensional space and let them play
the game with neighbours using parallel updating. This led to the emergence of
dynamic, transient patterns that fostered high levels of cooperation. However,
Huberman and Glance (1993) demonstrated that these results dissipate when
synchronous updating is relaxed. Other studies have examined endogenous group
formation (Aktipis, 2004, 2006), multiple equilibria (Axtell et al., 2000), and
coalition formation (De Vany, 1996).

The remainder of this chapter summarises the key contributions and findings of
the thesis. Regarding random games, we provide detailed results on the frequency
of convergence and the likelihood of generating games with specific structures.
Regarding agent-based modelling, we discuss our framework’s design, calibration
methods, and forecasting capabilities. Tables 1.1 and 1.2 offer a concise overview of

our contributions, situating them within the broader context of the literature.

1.2 Random Games

The best-response dynamic is a widely used iterative game-playing process where,
in each period, players choose pure strategies that are the best responses to the
pure strategies selected by all other players in the previous round. While most
existing research on best-response dynamics identifies sufficient conditions within

“4In this thesis, we present results for the 38 OECD member countries. This choice is due to
data availability and could easily be extended to additional countries.
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a game’s payoff structure to ensure convergence to a Nash equilibrium, we take a
different approach. Instead of focusing on games with specific structural properties,
our investigation centres on the role of the playing sequence — the order in which
players update their (pure) strategies — in determining the convergence properties
of the best-response dynamic.

We study three specific playing sequences: clockwork sequences, random se-
quences, and simultaneous updating. Under the clockwork playing sequence, players
take turns to play one at a time according to a fixed cyclic order. Player 1 goes first,
followed by player 2, up to the last player n; then the sequence returns to player
1. The behaviour of the best-response dynamic under this playing sequence has
received relatively little attention in existing literature.> Under the random playing
sequence, players play one at a time, and the next player to play is chosen uniformly
randomly from among all players. The random sequence is the most well-studied in
the existing literature.® Finally, we consider simultaneous updating by all players
in each period.” It is important to note that many other playing sequences exist.®

To investigate the role of the playing sequence in determining the convergence
properties of the best-response dynamic, we analyse the probability that the best-
response dynamic converges to a pure Nash equilibrium in random n-player games,
where every player chooses among m actions. Specifically, we generate a game
by drawing all payoffs randomly (from atomless distributions to avoid payoff ties)
and determine the probability that the best-response dynamic starting from a
random initial pure strategy profile converges to a pure Nash equilibrium of the
randomly generated game.

Table 1.1 summarises the existing literature on learning dynamics on random
games and relates it to the corresponding section in this thesis. We differentiate
between results for 2-player games and multi-player (n-player) games, as well as
between games with independent payoffs, correlated payoffs, and games on networks.
In terms of dynamics, we present results for clockwork, random, simultaneous,
and periodic best-response dynamics, as well as for more complex learning rules,

such as the Bush-Mosteller reinforcement learning algorithm (Bush and Mosteller,

SBoucher (2017) analyse the clockwork sequence best-response dynamic in potential games.

5The random sequence best-response dynamic has been analysed in anonymous games
(Babichenko, 2013), near-potential games (Candogan et al., 2013), potential games (Christodoulou
et al., 2012; Coucheney et al., 2014; Durand et al., 2019; Durand and Gaujal, 2016; Swenson et al.,
2018), and games on a lattice (Blume and others, 1993). “Sink” equilibria are studied in Goemans
et al. (2005); Mirrokni and Skopalik (2009).

"This case is studied in Quint et al. (1997) for 2-player games and in Kash et al. (2011) for
anonymous games.

8For example, Feldman and Tamir (2012) study the case in which the sequence of play depends
on current payoffs.
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1953), fictitious play (Brown, 1951; Robinson, 1951), and replicator dynamics (May-
nard Smith, 1982).2 Part I of this thesis provides additional results and addresses
gaps in the existing literature, particularly for games with correlated payoffs and

network-based games, which we study using large-scale numerical simulations.

‘ Clockwork  Random Sim. Per. ‘ BM FP RD
2-PL./Ind. BRS19 BRS19 BRS19 BRS19 PT92
Section 3.2.2 EWA13
BRS19
2-P1./Corr. BRS19 BRS19 BRS19 BRS19 BRS19
COR24 COR24 PT92
Section 3.3.2 EWA18
Section 3.3.2
n-P1./Ind. BRS24 BRS24 Section 3.3.2 EVO10
CG21 RG21
Section 3.2.1 CON23
n-P1./Corr. ‘ Section 3.3.2 ‘ Section 3.3.2
Network Section 3.2.3 Section 3.3.2
Section 3.3.1.3
Section 3.3.2

Table 1.1: An overview of our results related to the existing literature on learning
dynamics on random games: BRS19 (Pangallo et al., 2019), PT92 (Opper and Diederich,
1992), EWA13 (Galla and Farmer, 2013), COR24 (Mimun et al., 2024), EWA18 (Sanders
et al., 2018), BRS24 (Heinrich et al., 2023), CG21 (Wiese and Heinrich, 2022), RG21
(Amiet et al., 2021), CON23 (Johnston et al., 2023), EVO10 (Gokhale and Traulsen,
2010). We are highlighting clockwork, random, periodic (per.), and simultaneous (sim.)
best-response dynamics, as well as Bush-Mosteller (BM) learning, fictitious play (FP),
and replicator dynamics (RD).

We also study a related problem, which is the likelihood of drawing games with
certain structural properties when payoffs are drawn randomly. Again, our key
question is whether games on which learning dynamics tend to converge are more
common than games on which they do not. We use a best-response n-partite digraph
to develop an expression for the likelihood of games that are “perfectly predictable”
since they have a unique pure Nash equilibrium. We show that these types of games

become very rare as the number of players or the number of actions increases.

90ur focus on reinforcement learning, fictitious play, and replicator dynamics is driven by
the fact that these learning rules have been used to model human behaviour in game-playing
experiments (Arthur, 1991; Bush and Mosteller, 1953; Cheung and Friedman, 1997; Erev and
Roth, 1998; Friedman, 1996; Sarin and Vahid, 2001; Van Huyck et al., 1995).
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Research Questions of Part I To summarise, our research questions for Part

I of the thesis are the following:

RQ1. How and under which conditions do simple learning rules converge or not

converge?

RQ1.1. What is the role of the playing sequence in the convergence
behaviour of the best-response dynamic?

RQ1.2. Can we predict the convergence behaviour of complex learning
rules using simple best-response dynamics?

RQ1.3. What is the likelihood of generating games with certain structural
properties at random?

Section 1.2.1 summarises our theoretical and numerical results on the frequency
of convergence for different learning dynamics in random games, corresponding
to Chapter 2 and Chapter 3 (RQ1.1, RQ1.2). In a related context, Section 1.2.2
presents our theoretical results on the likelihood of generating games with specific
structural properties at random (RQ1.3), which is discussed in detail in Chapter 4.

1.2.1 The Frequency of Convergence

Our novel theoretical contributions primarily relate to the convergence properties
of the clockwork best-response dynamic in random games, where payoffs are drawn
independently. Our main result shows that the probability of convergence to a pure
Nash equilibrium under the clockwork best-response dynamic is of order 1/ NI
up to a polynomial factor. This finding has two key implications: first, as the
number of players n and the number of actions m becomes large (nm — oo), the
probability of convergence to a pure Nash equilibrium approaches zero. Second, since
the asymptotic convergence probability depends primarily on the quantity m™ 1,
the probability of convergence to a pure Nash equilibrium in n-player, m-action
games is approximately the same as in 2-player, m" !-action games when both n
and m are large. Our simulations confirm that this asymptotic relationship between
n-player, m-action games and 2-player, m" !-action games holds reasonably well,
even for smaller values of n and m.

In the 2-player case, we provide results on game duration and derive an exact
expression for the probability that the best-response dynamic reaches a (best-
response) cycle of a given length at a specific period. As a special case, we determine
the exact probability that the clockwork best-response dynamic converges to a pure
Nash equilibrium in 2-player, m-action games and argue that this probability is the
same for random playing sequences in the 2-player case. Additionally, we show that
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this probability is asymptotically \/7% as m grows large. For intermediate cases
between 2-player and n-player games, we provide analytical results on the frequency
of convergence in network games, focusing on bipartite networks, stars, and rings.

Turning to results obtained from numerical simulations, we find that the clock-
work playing sequence is of particular interest because its frequency of convergence
to equilibrium closely tracks that of three widely studied learning dynamics: Bush-
Mosteller learning, fictitious play, and replicator dynamics. This relationship holds

even for games with correlated payoffs.!”

1.2.2 The Frequency of Games

We then turn to a related question: How likely is it to draw certain classes of
games at random? We mainly build on the existing literature on the likelihood
of games with a certain attractor structure. Consider, for instance, the 2-player,
3-action games depicted in Figure 1.2. Both players can choose from actions 1,
2, and 3. The value on the left of each action profile represents the payoff to the
first (row) player, while the value on the right represents the payoff to the second
(column) player. Best responses that are part of Nash equilibria are highlighted
in blue; if they form part of a cycle, they are shown in red, and those within the
attractor of a cycle are marked in orange. The two leftmost games in Figure 1.2
exhibit three Nash equilibria and no cycles. The games in the middle contain a
two-cycle (where each player alternates moves twice), and the games on the right
display a three-cycle. Suppose we select the action profile (1,1) as the starting
point (where both players initially choose action 1) in the third game from the left
in Figure 1.2, and the column player moves first. Their best response to the row
player choosing action 1 is to switch to action 2. In response, the row player then
chooses action 2, the column player reverts to action 1, and the row player switches
back to action 1, leading back to the original starting position.

Using a novel graph-theoretic approach, we obtain an exact formula for the
probability of generating a multi-player random game with a unique pure Nash
equilibrium. Similar to the frequency of convergence, the likelihood of encountering
such perfectly predictable games approaches zero as the number of players or actions
increases. Moreover, games with a larger number of pure Nash equilibria (PNEs)
are less common than games with fewer PNEs.

Our findings on the frequency of convergence and the frequency of games
support the argument that economic fluctuations are endogenous to the economy,

10See Berg and Weigt (1999); Galla and Farmer (2013); Goldberg et al. (1968); Stanford
(1999); Rinott and Scarsini (2000); Sanders et al. (2018) for work on random games with payoff
correlations.
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1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
11,1 0,0 00| 00 00 11| |10 0,1 00| |1,0 0,1 00| [1,0 00 01| [1,0 0,1 00

2100 1)1 0/0 00 14 00 01 10 10 04 10 10 00 0,1 10 00 10 0,1

30000 000 11| |1yt 00 00| 000 000 01| |00 01 00| [0jt 10 00| |01 00 1)0

Figure 1.2: Possible best-response digraphs in 2-player, 3-action games. The value on
the left of each action profile represents the payoff to the first (row) player, while the
value on the right represents the payoff to the second (column) player. Best responses
that are part of Nash equilibria are highlighted in blue; if they form part of a cycle, they
are shown in red, and those within the attractor of a cycle are marked in orange. The
two leftmost games in the figure exhibit three Nash equilibria and no cycles. The games
in the middle contain a two-cycle (where each player alternates moves twice), and the
games on the right display a three-cycle.

challenging the equilibrium assumption commonly used in standard economic models.
In response to this critique, we construct and calibrate a complex agent-based model
to better understand economic fluctuations in Part II of this thesis. Agent-based
models have emerged as a successful alternative to DSGE models, particularly for

capturing the effects of economic fluctuations.!!

1.3 Macroeconomic Agent-based Modelling

Although macroeconomic ABMs have been around for over two decades (Dawid
and Gatti, 2018), they have primarily succeeded in generating qualitative insights,
particularly regarding policy (Fagiolo and Roventini, 2016). Typical macroeconomic
ABMs are validated by demonstrating their ability to reproduce stylised facts or
summary statistics from real-world data. To achieve this, researchers calibrate the
key parameters of the model, while initialising the state variables of individual
agents randomly. This is because standard macroeconomic ABMs are not designed
to replicate a specific economy at a particular point in time, but rather to simulate
a plausible, generic economy that reproduces key stylised facts.

In recent years, ABMs have become increasingly data-driven, aiming to faithfully
represent specific economies at specific points in time (Pangallo, 2024). This
shift requires not only calibrating aggregate parameters such as consumption
propensities or capital depreciation rates, but also initialising the state variables
of individual agents in a manner consistent with real-world data. The main
advantage of this approach is that data-driven ABMs can track and forecast

empirical time series, allowing for explicit validation as a faithful representation

HFor example, Pichler et al. (2020) predicted the COVID-19-related loss in GDP for the British
economy. See also Section 5.3.1.2.
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of the economy. This increases confidence in the model’s counterfactual analyses
and policy recommendations. Most applications of data-driven ABMs have focused
on specific sectors of the economy, such as housing (Geanakoplos et al., 2012),
labour markets (del Rio-Chanona et al., 2021), and the economic impact of disasters
(Hallegatte, 2008; Pichler et al., 2022). However, data-driven macroeconomic ABMs
also exist (Papadopoulos, 2019; Kaszowska-Mojsa and Pipien, 2020).

A breakthrough in using data-driven ABMs for macroeconomics was achieved
by Poledna et al. (2023a). This model, which we refer to as the ITASA model'*'?
and use as our benchmark, was the first to compare its out-of-sample forecasting
performance to that of statistical and DSGE models. It demonstrated that ABMs
could match, and potentially surpass, the performance of traditional models in
analysing and predicting economic dynamics. The ITASA model quantitatively
replicated the Austrian economy, initialising firm and household variables to be
consistent with national accounts and macroeconomic statistics for a given year.
All parameters in the model are directly derived from data or estimated from time
series, making any parameter calibration unnecessary. However, this approach
suggests that a more flexible model specification and calibration process could
further improve its forecasting performance.

We propose a novel framework for constructing large data-driven macroeconomic
agent-based models. Our model encompasses individuals, households, firms, banks,
governments, and central banks across a given set of countries, along with markets
for goods, labour, credit, and housing. Each agent type is initialised using
microdata, incorporating heterogeneity. As in the ITASA model, we ensure full
stock-flow consistency. Table 5.1 compares our model to several prominent large-
scale macroeconomic models in terms of scope and detail. This comparison includes
the EURACE project, developed respectively at the University of Bielefeld (UNIBI)
and first described in Deissenberg et al. (2008), and at the University of Genoa
(UNIGE), introduced in Cincotti et al. (2012a). Furthermore, we compare our model
to the LAGOM framework (Mandel et al., 2010), the Keynes meets Schumpeter
(K+S) family of ABMs developed at Sant’Anna Pisa (Dosi et al., 2010), the ITASA
model, and its extension by the Bank of Canada, CANVAS (Hommes et al., 2022).1

Unlike the other two models evaluated by their empirical forecasting ability
(ITASA'™ and CANVAS), our implementation is modular and allows for flexibility
in terms of agents, behavioural rules, and datasets. This flexibility enables the

initialisation of a global model with as many countries and sectors as data availability

1275 it was developed at the International Institute for Applied Systems Analysis (ITASA).
13See Section 5.3.2.9 for a detailed description.

14We provide a detailed review of large macroeconomic models in Section 5.3.2.

15For a detailed comparison to the ITASA model, see Section 6.3.
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Model EURACE LAGOM K+S IIASA CANVAS Ours
Section 5.3.2.2 5.3.2.3 5324 5329 53210 Chapter 6
Year 2008 2010 2010 2023 2022 2024
Countries EU-27 1 1 1 1 global
Sectors 2 3 2 62 18 many
Heterog. Firms no no no no no yes
Heterog. Banks no no no no no yes
Heterog. Pop. no no no no yes yes
Forecasting no no no yes yes yes
Code C++ Java C++ Matlab  Matlab Python

Table 1.2: Comparison of our model to other large macroeconomic agent-based models
in the literature regarding covered countries, sectors, heterogeneity, and ability to be
calibrated to match time series.

permits, while also incorporating heterogeneity to the extent allowed by data
and theoretical insights. The entire framework is written in Python, making it

highly readable and adaptable.

Research Questions of Part II To summarize, our research questions for Part

IT of the thesis are the following:

RQ2. Can we build a modular, extensible, and user-friendly framework to create,
calibrate, validate, run, and evaluate large data-driven macroeconomic

agent-based models?

RQ2.1. Can we use the framework to initialise an agent-based model to a

set of countries at a given point in time?
RQ2.2. Can we use modern inference techniques to calibrate the model?

RQ2.3. Can we show that the use of realistic behavioural rules, microdata,
and systematic calibration leads to better out-of-sample forecasting
performance, and can we show that this improvement is statistically
significant?

We describe our framework (RQ2), as well as model initialisation (RQ2.1) in high
detail in Chapter 6, and provide a summary in Section 1.3.1 below. The methods for
simulation-based inference (R()2.2) are introduced in Section 5.4 and summarised
below in Section 1.3.2. Finally, Chapter 7, summarised in Section 1.3.3 below,
concludes with our key result — that the use of more realistic modelling rules,
microdata, and careful calibration leads to statistically significant improvements

in forecasting performance (RQ2.3).
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1.3.1 The Framework

We propose a novel framework for building macroeconomic agent-based models.'6
The framework is designed to be fast, reliable, transparent, and flexible, allowing for
the replacement of behavioural rules of individual agents or datasets as needed.!”
This unified setup for comparing different model architectures and rules makes
development and benchmarking more efficient, as many models share similar
components. Alongside the framework, we provide a dashboard for running
simulations and analysing the simulation output.'®

We use the framework to build a large agent-based model representing the
38 OECD countries. Each country is composed of firms, individuals, households,
central government entities, banks, and a central bank.!” Firms produce goods
using labour, intermediate inputs, and capital, operating in 18 sectors corresponding
to NACE level 1.2° Individuals are classified as employed, unemployed, or not
economically active. Employed individuals supply labour and receive wages, while
unemployed or inactive individuals receive social benefits. Households consist of
one or more individuals, who receive income from wages, social benefits, rent,
and financial assets. They participate in the goods market, with consumption
behaviour that varies according to household composition, wealth, debt, and income.
Households also engage in the housing market, either owning, renting, or investing
in properties, and may apply for mortgages to purchase real estate. Banks provide
loans to firms (short-term and long-term) and households (consumption loans and
mortgages) under realistic credit limits. Banks offer loans and set interest rates
heterogeneously, adjusting rates based on market conditions and a reference rate
set by the central bank. The central bank controls the policy rate. Countries not
explicitly modelled are summarised as a “rest of the world” agent, interacting via
imports and exports. There is an international market for goods and local markets
for labour, credit, and housing. The goods and housing markets feature price
competition, while the credit and labour markets exhibit competition for interest
rates and wages, respectively. More details on the model and agent interactions
can be found in Chapter 6. As we are attempting to achieve a high level of realism
to reflect real-world dynamics, Table 6.20 provides an overview of what we are

explicitly not modelling or what should be improved in the future.

6For existing packages, see Farmer and Axtell (2022).

"For a preliminary taxonomy of some behavioural rules, see Dawid and Gatti (2018).

18The dashboard can be accessed at model . samuelwiese.com with username sam and password
inet.

19See Section 6.2 for a detailed summary, and, in particular, Figure 6.1 for the key interactions
between agents.

20Gee Table 6.1 for the description of sectors.
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1.3.2 Calibration

The model is calibrated by using data from various sources, including inter-country
input-output tables from the OECD, World Bank data, Compustat microdata for
firms and banks, Household Finance and Consumption Survey data for households
and individuals, and policy rates provided by the Bank for International Settle-
ments.?! Most model parameters can be directly estimated from data; some are

selected so that simulated data aligns with real-world observations.

1.3.2.1 Likelihood-based Methods

A natural approach for identifying a set of parameters 8 for which the simulated
data closely matches the observed data y is to use likelihood-based methods. The
likelihood function p(y | @) is combined with prior information about the parameters
through Bayes’ theorem, yielding the posterior distribution as:

pely)="2100) (1)
where p(0 | y) is the posterior distribution of parameters @ given the observed data
y, and p(y | 0) is the likelihood. The term p(@) represents the prior distribution of
the parameters, while p(y) is the marginal likelihood, which normalises the posterior.

The strength of Bayesian methods lies in their natural ability to quantify
uncertainty via the posterior distribution p(@ | y). They also allow for the
incorporation of prior knowledge through p(@) and provide intuitive probabilistic
interpretations that are helpful for decision-makers, even those without technical
expertise. However, in agent-based models, the likelihood p(y | ) is often intractable
because the states of individual agents are typically unobserved. This renders
traditional Bayesian inference impractical. To overcome this, we turn to likelihood-
free approaches, commonly known as simulation-based inference, where the model
is simulated under different parameter values to identify those parameters @ most
consistent with the observed data y.

1.3.2.2 Simulation-Based Inference

Simulation-based inference is particularly difficult for agent-based models. These
models are typically computationally expensive to simulate and generate high-
dimensional, complex time series data (Wiese et al., 2024). Many existing methods
require a large simulation budget to reduce Monte Carlo error in the approximate
posterior, primarily due to the lack of information sharing between pointwise
estimates of the posterior density (Dyer et al., 2024). Additionally, modelling

21See Table 6.2 for an overview of data sources.
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the data distribution is particularly challenging for high-dimensional data, often
necessitating simplifying assumptions.

Dyer et al. (2024) propose two promising solutions: Neural Posterior Estimation
and Neural Ratio Estimation. These methods, along with other neural network-
based techniques for approximate Bayesian inference in agent-based models (Dyer
et al., 2023), have demonstrated significantly faster and more accurate performance
compared to traditional methods commonly used in the agent-based modelling
literature (Dyer et al., 2024). We introduce these methods briefly in Sections 5.4.2.1
and 5.4.2.2, with detailed training procedures provided in Section 7.2.2.

1.3.3 Forecasting

Even a calibrated agent-based model is not immune to the criticism that, due to
the wide range of possible behavioural rules??, a wide range of simulation output
can be generated. Therefore, evaluating agent-based models by their forecasting
performance instead of their ability to replicate stylised facts provides a stronger
test for validity (Fagiolo and Roventini, 2016). Forecasting has been a key feature
of conventional macroeconomic models, which makes them useful for policymakers.
To assess forecasting performance, we compare our calibrated model against the
ITASA model by measuring forecasting errors for economic aggregates over a 3-year
time horizon.?®> Our calibrated model outperforms the benchmark ITASA model
overall, yielding lower forecasting errors for all considered economic aggregates
in 33 out of 38 countries.

We also estimate a Bayes factor*! (Jeffreys, 1998) to further evaluate the
forecasting abilities, and find that of all estimated Bayes factors, 18% favour
the ITASA model over ours, while the remaining Bayes factors support our model
to varying degrees. Finally, we assess the statistical significance of our model’s
performance improvement over the baseline ITASA model (Section 7.6) and find
that the improvement is statistically significant at the 0.005 significance level under
the hypothesis that the ITASA model performs better than ours.

1.4 Publications

Our work on random games has so far culminated in the following publications:

22Referred to as the “wilderness of bounded rationality” by Sims (1980).
23Gee Section 7.4 for forecasting results.
24Gee Section 7.5 for estimation details and results.
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1. The Frequency of Convergent Games under Best-Response Dynam-
ics. Dynamic Games and Applications, 12: 689-700, 2022. With Torsten
Heinrich.

o Torsten and I jointly developed the n-partite digraph methodology and
co-authored the paper; I formulated and proved the theoretical results

and conducted the simulations.

e The results in this paper correspond to Chapter 4.

2. Best-Response Dynamics, Playing Sequences, and Convergence to
Equilibrium in Random Games. International Journal of Game Theory
52: 703-735, 2023. With Torsten Heinrich, Yoojin Jang, Luca Mungo, Marco
Pangallo, Alex Scott, Bassel Tarbush.

o Torsten, Marco, and I developed the initial concept. Torsten, Yoojin,
Marco, Alex, Bassel and I contributed to the theoretical results, and I
performed the simulations. All authors contributed to the manuscript.

e The literature review of the paper corresponds to parts of the literature
review in Chapter 2. The results contained in the paper correspond to
the theoretical results in Section 3.2 of Chapter 3.

3. Best-Reponse and Learning Dynamics in Multi-Player Network
Games. In preparation. With Marco Pangallo.

e [ conducted the numerical simulations, and Marco and I are co-authoring
the manuscript.

e The literature review corresponds to parts of the literature review in

Chapter 2, and the numerical results are detailed in Section 3.3.

Our work on macroeconomic agent-based modelling (Wiese et al., 2024) has just
been submitted to the Journal of Economic Dynamics and Control as Forecasting
Macroeconomic Dynamics using a Calibrated Data-Driven Agent-based
Model, co-authored with Jagoda Kaszowska-Mojsa, Joel Dyer, José Moran, Marco
Pangallo, Francois Lafond, John Muellbauer, Ani Calinescu, and Doyne Farmer.
This corresponds to Part II of the thesis. All authors worked on modelling; I
developed the initialisation routines, Joel and I developed the calibration procedure
and the forecasting exercises, José and I wrote the Python code of the agent-based
model, and I developed the framework. All authors contributed to the manuscript.
I presented this work at the 15 Macro ABM Workshop at the Institute for Advanced
Systems Analytics (ITASA), at the 27" Annual Workshop on Economics with
Heterogeneous Interacting Agents (WEHIA), at the Conference on Complex Systems
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2024 (CCS), and at the 10" meeting of the German Network for New Economic
Dynamics (GENED) in 2024.

Additional publications, finalised during the first half of the DPhil and not
included in this thesis, are:

1. A Convex Surface with Fractal Curvature. Fractals, 28(4): 20500509,
2020. With Tancu Dima, Rachel Popp, Robert S. Strichartz.

2. Spectrum of the Laplacian on Regular Polyhedra. Communications
on Pure and Applied Analysis, 20(1): 193-214, 2021. With Evan Greif, Daniel
Kaplan, Robert S. Strichartz.

3. Spectrum of the Laplacian on Snowflake Domains and filled-in Julia
sets. FExzperimental Mathematics, 31(3): 1014-1025, 2022. With Robert S.
Strichartz.

1.5 Structure

For the reader’s convenience, each chapter begins with an abstract and an intro-
duction, which summarises the key ideas, methods, results, and the structure of
the chapter. Each chapter also includes a conclusion, which highlights potential
weaknesses, future research, and places the chapter in the wider context of the
thesis. Part I and Part II of this thesis share the same mathematical notation,
respectively, which is introduced at the beginning of each chapter. In both parts,
vector-valued variables are consistently denoted in boldface to distinguish them
from scalar variables.

In Part I, we focus on individual agents repeatedly playing a normal-form
game. We begin with the necessary formalism in Chapter 2, describing the learning
dynamics under study, their parameters, and the tests for convergence. Chapter
3 examines the convergence properties of these dynamics in randomly generated
games, with a particular focus on the best-response dynamic. We find that the order
in which players select their optimal action is crucial for convergence. We present
novel formulas for the convergence frequency in 2-player games and network-based
games. We also provide extensive numerical results, showing how the convergence
properties of simple best-response dynamics relate to more complex learning rules.
Chapter 4 explores the frequency of certain classes of games. In particular, we
introduce a novel method to derive an explicit formula for the frequency games
with a unique pure Nash equilibrium.

In Part II, we shift to the macroeconomic scale by developing a framework for

data-driven macroeconomic agent-based modelling. Chapter 5 reviews the history
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and limitations of traditional macroeconomic models, compares 11 prominent agent-
based models and frameworks, and discusses techniques for model calibration.
Chapter 6 describes our novel data-driven agent-based model in detail, specifying
agent behavioural rules, market interactions, and parameters. Chapter 7 outlines
the calibration of a large-scale, data-driven agent-based model for 38 countries using
simulation-based inference techniques and presents forecasting exercises, with a
focus on demonstrating the statistical significance of the results.

Chapter 8 presents the conclusion, summarising our key findings on random
games and macroeconomic agent-based modelling. We also address potential
limitations of our approach and propose avenues for future research, including
further model comparisons, modular improvements, and the ambitious goal of

developing a global macroeconomic agent-based model.
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Dynamics on Random Games

Part I of the thesis investigates learning dynamics in randomly generated
normal-form games. This chapter introduces the formal framework
for generating such games (Section 2.2) by sampling payoffs from a
continuous distribution. We establish best-response dynamics as a
baseline, where players myopically choose the best response to their
current environment. Four variations of best-response dynamics are
explored based on the order in which players update their strategies:
clockwork, random, simultaneous, and periodic (Section 2.3). These
baseline dynamics are then compared to more advanced learning rules
(Section 2.4). For each dynamic, we define its parameters and con-
vergence criteria, both of which are key to deriving the analytical and
numerical results presented in Chapter 3. Finally, Section 2.5 provides
a conclusion.
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2.1 Introduction

The best-response dynamic is a ubiquitous iterative game-playing process in which,
in each period, players myopically select pure strategies that are the best response
to the pure strategies that all other players last chose. Most of the existing work
on best-response dynamics and learning rules, such as fictitious play, establishes
sufficient conditions on a game’s payoff structure to guarantee convergence to a
Nash equilibrium.! We, however, investigate the convergence properties of the best-
response dynamic, but rather than focusing on games with a particular structure,
our focus is on the role of the playing sequence — the order in which players
update their (pure) strategies.

We study four specific playing sequences: clockwork sequences, random sequences,
periodic sequences, and simultaneous updating. Under the clockwork playing
sequence, players take turns to play one at a time according to a fixed cyclic order.
Player 1 goes first, followed by player 2, up to the last player n; then the sequence
returns to player 1. The behaviour of the best-response dynamic under this playing
sequence has received relatively little attention in existing literature.? Under the
random playing sequence, players take turns to play one at a time, and the next
player to play is chosen uniformly randomly from among all players. This sequence
is the most well-studied in the literature.® Periodic sequencing interpolates between
clockwork and random sequencing, and under simultaneous updating, all players
update their actions at the same time in each period.*

We additionally introduce three more complex learning rules: the Bush-Mosteller
reinforcement learning algorithm (Bush and Mosteller, 1953), fictitious play (Brown,
1951; Robinson, 1951), and replicator dynamics (Smith et al., 1992). These rules
are of particular interest due to their widespread recognition, their encapsulation of
different behavioural assumptions regarding learning in games, and their calibration
to human gameplay in experimental settings (Bush and Mosteller, 1953; Arthur, 1991;
Erev and Roth, 1998; Sarin and Vahid, 2001; Van Huyck et al., 1995; Friedman,
1996; Cheung and Friedman, 1997).

'For example, previous work has shown that the best-response dynamic converges to a Nash
equilibrium in weakly acyclic games (Fabrikant et al., 2013), potential games (Monderer and
Shapley, 1996), and quasi-acyclic games (Friedman and Mezzetti, 2001; Takahashi and Yamamori,
2002).

2Boucher (2017) analyses the clockwork sequence best-response dynamic in potential games.

3The random sequence best-response dynamic has been analysed in anonymous games
(Babichenko, 2013), near-potential games (Candogan et al., 2013), potential games (Christodoulou
et al., 2012; Coucheney et al., 2014; Durand et al., 2019; Durand and Gaujal, 2016; Swenson et al.,
2018), and games on a lattice (Blume and others, 1993). “Sink” equilibria are studied in (Goemans
et al., 2005; Mirrokni and Skopalik, 2009).

4This case is studied in Quint et al. (1997) for 2-player games and in Kash et al. (2011) for
anonymous games.
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Bush-Mosteller reinforcement learning assumes that players repeat actions that
have yielded high payoffs in the past. Variants of reinforcement learning models
have been calibrated to human gameplay in experiments, such as those in Arthur
(1991), Erev and Roth (1998), and Sarin and Vahid (2001). Under Bush-Mosteller
learning, each player selects their action by sampling according to a mixed strategy
vector, which evolves through reinforcement learning in each period. We assess the
convergence of these vectors by checking whether the difference from one period
to the next falls below a threshold and becomes indistinguishable from sampling
noise. By tracking the evolution of mixed strategy vectors instead of just the actions
played, we can assess whether the dynamic converges to mixed Nash equilibria.

Fictitious play requires more sophistication, as it assumes that players construct a
mental model of their opponents. Each player believes that the empirical distribution
of their opponents’ past actions is their mixed strategy and responds optimally to
this belief. Classical experiments with human players have shown that fictitious
play is a helpful model of learning in various settings. Cheung and Friedman
(1997) studied coordination, dominance-solvable, and cyclic 2-player, 2-action games
using this model. To assess convergence, we follow Fudenberg and Levine (1998)
in tracking the convergence of belief vectors rather than the actions themselves,
allowing us to include convergence to mixed equilibria in our analysis.

The replicator equation, commonly used in ecology and population biology, has
also been viewed as a learning algorithm, where each population trait corresponds
to an action.” In our setup, each player samples their actions based on a mixed
strategy vector, which evolves according to the replicator equation. Van Huyck et al.
(1995) studied two tacit bargaining games and found that players’ behaviour was
consistent with replicator dynamics. Similar conclusions were drawn by Friedman
(1996) in a more extensive set of games. As with Bush-Mosteller learning, we track
the convergence of mixed strategy vectors. However, note that the multi-population
replicator dynamic does not converge to mixed equilibria in random games. If
the dynamic converges to an equilibrium, each player’s mixed strategy vector will
assign all the mass to a single action.

As mentioned, previous research has analysed the convergence properties of
best-response dynamics in games with specific payoff structures (e.g., potential
games or aggregate games). In these cases, convergence depends on the game’s
details, the playing sequence, and the initial conditions. Rather than imposing
such restrictions, we assume that the inputs to the game are drawn randomly,
allowing for a broader analysis of the dynamics. We start with the formalism
required to generate such random games.

®We use a multi-population version of the replicator dynamic because our randomly drawn
payoff matrices are generally not symmetric.



2. Dynamics on Random Games 22

2.2 Formalisation

This section introduces the key notation for studying learning dynamics on randomly
generated games. We formalise the core concepts, including games and best-response

structures, and describe the process for generating games at random.

Games A game with n > 2 players and m > 2 actions is a tuple

where [n] := {1,...,n} is the set of players, and each player i € [n] has a set of
actions [m] := {1,...,m} and a payoff function w; : [m]* — R. Games with more

than two players (n > 2) are referred to as multi-player games. We will denote
the set of all games with n players and m actions by G, .

An action profile is a vector of actions a = (ay,...,a,) belonging to the set
[m]™, listing the action taken by each player. An environment for player i is a
vector a_; belonging to the set [m]"~! that lists the actions taken by each player
except 1. A best-response correspondence b; for player i is a mapping from the set of
environments for player ¢ to the set of all non-empty subsets of i’s actions, defined by

bi(a_;) := arg max u;(a;, a_;). (2.2)
a;€[m]

A game is non-degenerate if for each player ¢ and environment a_;, the best-
response action is unique. Games in which there are no ties in payoffs are non-
degenerate.® Throughout this thesis, we focus exclusively on non-degenerate
games, meaning that “game” will always refer to a “non-degenerate game.” Since
best-responses are unique in non-degenerate games, we write a; = b;(a_;) when-
ever a; € bi(a_;).

An action profile @ € [m|" is a pure Nash equilibrium (PNE) if for all i € [n]

and all a; € [m],
UZ<CL) Z ui(ai, a,i). (23)

Equivalently, @ € [m]™ is a PNE if each player ¢ € [n] is playing their best-response
action, i.e. a; = b;(a_;). Denote the set of PNEs of the game g, ,, by PNE(g,.),
and let #PNE(g,,m) denote the number of pure Nash equilibria in the game.

We may also impose an undirected network” of n nodes on a game g, ,, which
determines which players’ actions impact which player’s payoffs. Unless specified
otherwise, we assume the network is fully connected.

6There are no ties in payoffs if for all players i, all environments a_;, and for all a; # a’,
ui(ai, a—;) # ui(aj, a_;).
"For an introduction to the concept of games on networks, see Jackson and Zenou (2015).
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Best-Response Structure The best-response structure of a non-degenerate
game g, ,, can be represented by a best-response digraph D(gy,.m), whose vertex
set is the set of action profiles [m]™. The edges are constructed as follows: for
each ¢ € [n] and each pair of distinct vertices @ = (a;,a—;) and @’ = (a},a_;),
place a directed edge from a to a’ if and only if a is player i’s best-response to
environment a_;, i.e. a; = b;(a_;). Edges exist only between action profiles that
differ in exactly one coordinate. A profile a is a PNE of g, ,, if and only if it is
a sink of the best-response digraph D(gym)-

Figure 2.1 illustrates a 3-player 2-action game (on the left) and its associated
best-response digraph (on the right). Player 1 selects rows (along the depth), player
2 selects columns (along the width), and player 3 selects levels (along height). In
the left-hand panel, the payoffs of players 1, 2, and 3 are listed in that order. The
vertices of the best-response digraph are the action profiles. The unique PNE at
the profile (1,2, 1) is underlined and is a sink of the digraph.

1 1,2)
7 7 7272
Player 2

122

Player 3

1,1,1

(2
(2,2, 1
Figure 2.1: Illustration of a 3-player, 2-action non-degenerate game (left) and its

associated best-response digraph (right). The axes shown in the centre states the
coordinate system.

Creating Random Games We generate random games by drawing all payoffs at
random: for each a € [m|™ and i € [n], the payoff U;(a) is a random number drawn
from an atomless distribution P. These draws are independent across all i € [n] and
a € [m]™. The distribution P ensures that any ties in payoffs have zero measure, so
any resulting game is almost surely non-degenerate. A random n-player m-action
game drawn according to this process is denoted by G, := ([n], [m], {Ui}icp)-
At initialisation, for each pure strategy profile, we draw a vector of payoffs for
each player at random from a multivariate normal distribution with mean zero,
unit variance, and a covariance matrix with 1s on the diagonal and % on the
off-diagonal entries. Here, I' € [—1,n — 1] parametrises the degree to which payoffs
are correlated. If I' = 0, then the payoffs are chosen independently. At one extreme,

I' = n— 1 means that all players receive the same payoff at each action profile, while
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at the other extreme, I' = —1 corresponds to a zero-sum game. More generally,

9

when I' > 0, the game is considered “cooperative,” and when I' < 0, the game
is “competitive” (Rinott and Scarsini, 2000).

Finally, we randomly draw the initial profile A° from all profiles. Since the game
is randomly generated, the choice of initial condition does not affect the results,
making it irrelevant. Randomly selecting the initial profile allows us to drop the

dependence on the initial profile in our description of the best-response dynamic.

2.3 Best-Response Dynamics

We now consider games played over time, with each player myopically best re-
sponding to their current environment. A playing sequence function s : N — [n]
determines whose turn it is to play at each period t € N, where N denotes the set

of positive integers {1,2,...}. A path (4, s) is an infinite sequence of action profiles

0 a',..) and an associated playing sequence function s : N — [n] satisfying

the constraint that only one player changes her action at a time, at_s(t) = at__s%t) for

a=(a

each t € N. In other words, only the action of the player chosen by the sequence
at time ¢ changes, while other players retain their previous actions.

Note that this setup rules out simultaneous updating from our theoretical analysis
because we allow only one player to play in any given period. A more general
framework could allow subsets of players to update their actions simultaneously
in each period — this would extend the playing sequence to non-empty subsets
of [n]. However, we avoid this generality here. For our theoretical results, we will
focus specifically on clockwork and random playing sequences.

The best-response dynamic with playing sequence s : N — [n] on a game gy,
initiated at the action profile a’ generates a path (&, s) according to Algorithm 1.
Namely, set the initial action profile to a® and, in each period t € N, player s(t)

myopically plays the best-response to their current environment at__stt).

Algorithm 1 The s-sequence best-response dynamic on g, ,, initiated at a®.

1. For t € N:

(a) Set i=s(t)
(b) Set a’;

t—1
a_;

—1

(c) Set a!=b;i(a’;') where b;(a";") := argmax,,cpm ui(z;, a'')

Algorithm 1 generates a path by travelling along the edges of the best-response
digraph D(gy,,) in direction s(t) at step t, starting from the initial profile a®. More
precisely, the infinite sequence of actions a is determined as follows: if player s(t) is
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already best responding, then a’~! does not point to any vertex (a;(t), at__s%t)) #a'™!,
and the following profile in the sequence is a’~! itself, i.e. a® = a’~!; otherwise, if
player s(t) is not already playing their best response, then the sequence travels to the
vertex where the player plays their best-response action, i.e. set a’ = (a’s(t), a:,%t))
where (a},),a",)) # @'~ is the unique vertex that a’~! points to.

For any path (&, s) and any set of action profiles A C [m]", define 7z 5 (A) as
the first period ¢t > 1 in which some element of the sequence a is in the set A:

Tas(A) :=inf{t e N:a' € A}, (2.4)

where inf is the infimum operator, and we use the convention that inf ) = oo (i.e.
we take 7z 5 (A) to be infinite if no element of the sequence a is in \A). The path
(&, s) reaches the set A (in period t) if t = 774 (A) and ¢t is finite.®

Definition 1. The s-sequence best-response dynamic on game g, ,,, initiated at a’
converges to a PNE if the path (&, s) generated according to Algorithm 1 reaches
PNE(gn.m)-

There are infinitely many possible playing sequences. However, we will focus
particularly on clockwork (Section 2.3.1), random (Section 2.3.2), simultaneous
(Section 2.3.3), and periodic (Section 2.3.4) best-response dynamics, which we

will discuss in detail below.

2.3.1 Clockwork Best-Response Dynamics

The clockwork playing sequence is defined by
s(t) = sc(t) =14 (t — 1) mod n. (2.5)

In other words, player 1 plays in period 1, followed by player 2, then 3, and so on
until player n, at which point the sequence returns to player 1.

Definition 1 applies to all playing sequences, but when the sequence is clockwork,
we can characterise convergence (and non-convergence) more simply regarding path
properties. We refer to one complete rotation through the clockwork sequence as
a round of play. For example, if a round starts at player ¢, then each player plays
once, and the round is complete when it is again ¢’s turn to play.

For any k € N, define

Tias) (k) = inf {t €N:a'=a" and a' # o'

2.6
for all k' € N such that k' < k} (2:6)

8We also say that the path reaches the set A by period t if it reaches A in period 7 with 7 < ¢,
and the path reaches A before (after) period t if it reaches A in period 7 < t (7 > t).
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to be the first period in which an action profile is repeated k rounds later (and not
in any earlier round). If Tz, (k) is finite, then the path (&, s.) has the property
that from period Ti5 ) (k) onwards, the sequence of nk possibly non-distinct action

profiles a', ..., a* " !

repeats itself forever. We therefore say that the path (&, s.)
reaches a nk-cycle in period Tz s.y(k), or equivalently, that the clockwork sequence
best-response dynamic converges to a nk-cycle.

Notice that if the action profile is @’ in some period ¢ and no one deviates from
this profile in a single round (i.e. @’ = a'*"), then a' must be a PNE. Therefore,
if the path (&, s.) reaches a nk-cycle in period Tiz (k) and k = 1, then we say
that the clockwork sequence best-response dynamic reaches a PNE in that period.
However, if the path (a,s;) reaches a nk-cycle in period Tz (k) and k > 1,
then we say that the clockwork sequence best-response dynamic converges to a
best-response cycle (of length nk).

Because the number of action profiles is finite, Ti5 ., (k) must be finite for some
k, so the clockwork best-response dynamic must always converge either to a PNE or
to a best-response cycle. In dynamical systems language, nk-cycles (including PNE)
are attractors of the clockwork best-response dynamic. Thus, the earliest period

Tia,s.) is the period in which the path reaches a PNE or a best-response cycle.

O ——— > O

VA

(0]

a a—>a o)

14

O<€«<— O

3

N \I

a
O— >0 a a a7—>32 al———— 52
(a) Sequence: clockwork (b) Sequence: clockwork (c) Sequence: 1-2-1--- -
a’=(1,1,2) a’=(1,1,1) a’ = (1,1,2)

Figure 2.2: The digraphs in panels (a)-(c) above are all identical and correspond to
the best-response digraph of the game shown in Figure 2.1. In the panels, we show the
first few elements of paths generated according to the best-response dynamic for different
initial profiles and playing sequences.

Example (Best-Response Dynamics and Convergence). The digraphs in panels
(a)-(c) of Figure 2.2 are all identical and correspond to the best-response digraph of
the game shown in Figure 2.1. Each vertex of a best-response digraph is a point in
[m]™ but, unlike the right-hand panel of Figure 2.1, we no longer show the explicit

coordinate of each vertex in our illustrations to avoid clutter. In panels (a)-(c)
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of Figure 2.2, we show the first few elements of paths generated according to the
best-response dynamic for different initial profiles and playing sequences.

In panel (a), the initial profile is set to a’ = (1,1,2) and the playing sequence
is clockwork. The first few elements of the infinite sequence a are shown in the
figure. The path stays at (1,1, 2) in period one because player 1 does not change
their action. The path then moves to a* = (1,2,2) in period two because player
2 plays action 2. In period 3, player 3 plays action 1, which takes the path to
a® = (1,2,1). Once the path reaches this unique PNE profile, it will remain there
forever. Furthermore, Tz s.y(1) = 3.

In panel (b), the initial profile is set to a® = (1,1,1) and the playing sequence
is clockwork. This time, the path moves to the bottom left corner on the front face
of the cube in period 1. The path then cycles forever among the four profiles on
the front face of the cube. Since period ¢ = 1 is the first period in which a® # a!*™?
but a’ = a'* for some integer k (namely k = 2) we have that Tiz,.(2) = 1. In
other words, the path reaches a best-response cycle in period 1. The path reaches a

6 is repeated

6-cycle in period 1: once reached, the action profile sequence a', ..., a
forever. Not all action profiles in the sequence a!, ..., a® are distinct.
In panel (c), the initial profile is once again set to a® = (1,1, 1), but the playing
sequence is 1-2-1-- - . This time, the path reaches the PNE in period 3. The playing
sequence from period four onwards is irrelevant: once at the PNE, the path will
remain forever, regardless of the playing sequence. The examples in panels (b) and
(¢) illustrate how changes to the playing sequence and the initial profile can affect

convergence to a PNE.

2.3.2 Random Best-Response Dynamics

Another playing sequence that deserves highlighting is the random playing sequence
sy, which is determined as follows: for each ¢ € N, draw s,(¢) uniformly at random
from [n]. So, in each period, the player playing is drawn uniformly at random from
among all players. In what follows, we will take a playing sequence s to be an element
of {s, s:} because we will compare our results concerning the clockwork sequence
against existing analytical results concerning the random playing sequence (Amiet
et al., 2021). In 2-player games, random best-response dynamics are equivalent
to clockwork best-response dynamics.

The best-response dynamic on a random game, playing sequence, and initial
condition is described by Algorithm 2. We randomly draw the game and initial
condition and run Algorithm 1. This process induces a distribution over paths and
PNE sets. Our definitions of convergence, given in Section 2.3, apply here. For

example, we say that the s-sequence best-response dynamic on game G, ,, (and
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initial condition A°) converges to a PNE if the path (A, s) generated according
to Algorithm 2 reaches PNE(G), ).

Algorithm 2 The s-sequence best-response dynamic on G, ,,.

1. For all i € [n] and a € [m|" draw U;(a) at random according to P
2. Draw A’ uniformly at random from [m]"
3. For t € N:

(a) Set i=s(t)

(b) Set A',— A"

—1

(c) Set Al = B;(A"}") where B;(A";") := argmax,,cpn Us(wi, A7)

Step (1) of Algorithm 2 effectively creates a best-response digraph D(G),,,) on
the vertices [m]™ according to the following stochastic process: for each i € [n]
and environment a_;, select an action «; uniformly at random from [m] and then,
for each a; # a), create a directed edge from (a;,a_;) to (a;,a_;). Because the
payoffs are drawn randomly, the probability of ties is zero due to the atomless
distribution, and we can model the probability that a player plays a best-response
action. This follows from how the payoffs are drawn: there is a zero probability of
ties because PP is atomless, and for each ¢ € [n], the probability that action a; € [m]
is a best-response to the environment a_; is given by

Pr Ui(al-,a_i) Z max UZ'(ZEZ',CI,_Z‘) = —. (27)

zi€[m] m

Step (2) selects an initial profile, and step (3) essentially traces a path by
travelling along the edges of the best-response digraph in the direction s(t) at
step t, starting from the initial profile.

Drawing payoffs independently randomly (from atomless distributions) induces
a uniform distribution over the best-response digraphs. Thus, the probability of
convergence to a pure Nash equilibrium reduces to calculating the probability that
the best-response path, initiated at a random vertex, reaches a sink of the randomly
drawn digraph. The main theoretical challenge we face when analysing the best-
response dynamic is that it exhibits path dependence: if a player encounters an
environment they have seen before, they must play the same action they played
initially. We address this by using a coupling argument that links the best-
response dynamic to a (memoryless) random walk through the digraph, which
is easier to analyse.

In large 2-action games, the random sequence best-response dynamic converges
with high probability to a PNE if there is one:
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Proposition 1 (Amiet et al. (2021)).

lim Pr[s,-BRD on G, 2 converges to a PNE | #PNE(G,,») > 1] = 1. (2.8)

n—oo

A generalisation of Proposition 1 to m-action games is non-trivial, and we are
unaware of existing analytical results for m > 2.9 However, we conjecture that the
random sequence best-response dynamic converges to a PNE with high probability
if there is one as mn — oo. Consistent with this conjecture, in the simulations
of Section 3.3, we show that the random sequence best-response dynamic does
converge to a PNE with probability close to 1 — exp (—1) when m or n get large,
provided that n > 2.

2.3.3 Simultaneous Best-Response Dynamics

Under simultaneous best-response dynamics, each player chooses their best response
myopically simultaneously in each period. Due to the complexity introduced by
simultaneous updating, there are no known analytical results regarding convergence
to equilibrium for this dynamic in random games. Obtaining such results is non-
trivial because the path dependence is more intricate compared to clockwork

best-response sequences.

2.3.4 Periodic Best-Response Dynamics

Finally, we introduce an intermediate case between clockwork and random sequences.
A playing sequence is p-periodic if it consists of a sequence of players of length
p > n that is repeated forever, with the constraint that each player appears at

least once in the repeated sequence. In other words,
PR YNNI N U0 SRR SO0 PO SRR S (2.9)

is a p-periodic sequence, where for each i € [n], there is some j € [p] such that
i; = t. We generate p-periodic sequences randomly by constructing a sequence of

When m = 2, the random digraph D(G,, 2) is a random n-cube in which, independently, for
each pair of profiles a and a’ that differ in exactly one coordinate, there is a directed edge from a
to a’ with probability 1/2; otherwise, there is a directed edge from a’ to a with complementary
probability 1/2. For such an n-cube, Amiet et al. (2021) show that when n is large, every pure
Nash equilibrium belongs to the set of vertices that are reachable by some directed path from the
initial action profile a®. This is sufficient to show that, when the number of players is large, the
random sequence best-response dynamic converges with probability 1 to a pure Nash equilibrium if
there is one: indeed, the random playing sequence ensures that some path to equilibrium is played
given sufficient time. The edges in D(Gy, 2) are oriented in one way or the other independently of
each other, but this is no longer true when m > 2. In D(G,, ,,,) with m > 2, if there is a directed
edge from (a;,a_;) to (a},a_;) for some a; # a}, then the graph must also have the directed edges
(a,a_;) to (a},a_;) for all a} # a;. This dependence and the more complex graph structure
renders a generalisation of Proposition 1 to m > 2 non-trivial.
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p — n integers drawn randomly from [n| and appending 1,...,n to this sequence.
This results in a sequence of p integers. We then select a random permutation of
this sequence and repeat it indefinitely. If p = n, we recover clockwork playing
sequences. Moreover, fixing n, we recover random playing sequences as p — 0.
This chapter continues by introducing more advanced learning dynamics, whose
converge behaviour will be compared to best-response dynamics under different
playing sequences. A key contribution is the formalisation of convergence criteria
and the selection of parameters for multi-player games. This was not needed

for best-response dynamics.

2.4 Other Learning Dynamics

In this section, we describe the learning dynamics, the convergence criteria chosen,
and our choice of parameters for three additional learning dynamics: Bush-Mosteller
reinforcement learning (Section 2.4.1), fictitious play (Section 2.4.2), and replicator
dynamics (Section 2.4.3). The convergence properties of these learning algorithms
have been studied theoretically. It is well-known, for instance, that fictitious
play converges to Nash equilibrium in certain games such as potential, zero-sum,
and supermodular games (Fudenberg and Levine, 1998). It is also established
that evolutionarily stable strategies are locally stable fixed points of replicator
dynamics (Hofbauer and Sigmund, 1998). However, there is no general result
concerning the probability of convergence of these learning rules to pure Nash
equilibria in random games. All the dynamics presented here are discrete or have
been converted into discrete time.

There are unavoidable arbitrary choices in the specification of the dynamics,
their parameters, and in the criteria that determine convergence to pure or mixed
Nash equilibria. However, our findings suggest that the overall behaviour is robust

to the specific implementation for all reasonable parameter settings.'®

2.4.1 Reinforcement Learning

We use the Bush-Mosteller learning algorithm as a representative of reinforcement
learning (Bush and Mosteller, 1953), following the specifications in Macy and Flache
(2002) and Galla and Farmer (2013).

Each player has an aspiration level corresponding to a weighted average of
payoffs received during gameplay. Each player then assigns a level of satisfaction to

each action, which is positive if the action’s payoff exceeds the player’s aspiration

0Pangallo et al. (2019) tested this for 2-player games; we performed similar robustness tests in
the multi-player case.
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level and negative otherwise. The probability of playing an action increases if

satisfaction is positive and decreases if it is negative.

2.4.1.1 Formal Description

In each period, player i € [n] chooses an action x € [m] with probability pi(x). The
evolution of the mixed strategy of player i, pt = (pk(1), ..., pt(m)), is governed by
reinforcement learning, as described below. The learning rule defines a mapping
from p' = (pt,....p') to p'ti.

Let R! be the aspiration level of player i in period ¢. It evolves according to:
N = (1 — )R + auy(z, at ), (2.10)

where (z,a’ ;) is the action profile played in period t.
Thus, the aspiration level is a weighted average of the current payoff and the past
aspiration level, with older payoffs discounted by (1 —«). Here, o represents the rate

of memory loss. Player i’s satisfaction with action x € [m] in period ¢ is defined as:

ui(xa ail) — N;ﬁ

MaXyepmj» |ui(y) — N

ol(z) = (2.11)
Note that of(z) is normalised to lie between -1 and 1. Positive satisfaction occurs
if the payoff exceeds the aspiration level.

If player ¢ played action z in period t, the probability of playing z again in
period ¢t 4+ 1 is updated as:

t t t t
pi(x) + Boi(x)(1 = pi(z)) oi(z) =20
p§+1(aj) = t+1 t t t ? (2]‘2)
pi (x) + Poi(x)pi() oi(x) <0
while the probability of choosing a different action y # x is updated as:
pily) — Boi(x)pi(y)  oi(z) =
Pty =9 AR g\ (2.13)
Pi(y) — Bol(x) Zl_pgfx) oi(z) <0

Here, [ represents the learning rate. Positive satisfaction for action x increases the
likelihood of selecting x in the next period, while negative satisfaction decreases
it. Notably, players do not need to track the actions of others — only their own
actions and payoffs. This makes the Bush-Mosteller dynamic a classic example of

reinforcement learning with limited information requirements.
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2.4.1.2 Convergence Criteria

To assess convergence, we check whether p' converges to a fixed point of the mapping
p' +— p'l. This method allows us to capture convergence to mixed Nash equilibria,
which would be missed if we only examined the actions played. Since the evolution of
p! is stochastic, we must account for random noise in our convergence assessment. As

in Pangallo et al. (2019), we adopt the following heuristic for detecting convergence:
1. Consider only the last 20% of time steps to avoid transient effects.

2. Focus on actions with a probability greater than 0.05, averaged over the final

time interval.

3. If the average standard deviation of these selected actions exceeds 0.01, the
simulation is deemed non-convergent; otherwise, it is deemed convergent. A
pure Nash equilibrium is identified if any belief vector p! has a component

greater than 0.98.

2.4.1.3 Parameter Values

We performed the simulations with a = 0.2 and § = 0.5, following Pangallo
et al. (2019). We observed only minor sensitivity to parameter variations within

reasonable ranges in the 2-player and in the multi-player case.

2.4.1.4 Examples

Figure 2.3 shows example trajectories on the Prisoner’s Dilemma game (Flood and
Dresher, 1950) and Rock-Paper-Scissors under Bush-Mosteller learning. For the
Prisoner’s Dilemma, all trajectories converge to the PNE where both players defect.
For Rock-Paper-Scissors, a game with a single mixed Nash equilibrium where both

players play any action with equal probability, none of the trajectories converge.

2.4.2 Fictitious Play

Under fictitious play (Brown, 1951; Robinson, 1951), each player estimates their
opponents’ mixed strategies based on their past actions, calculates the expected
payoff of each action, and selects the action with the highest expected payoff.
Variants include weighted fictitious play, which gives greater weight to recent

actions, and stochastic fictitious play, where actions are selected probabilistically.
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Figure 2.3: Example trajectories for the Prisoner’s Dilemma and Rock-Paper-Scissors
under Bush-Mosteller learning. For the Prisoner’s Dilemma, all trajectories converge to
the PNE where both players defect. For Rock-Paper-Scissors, none of the trajectories
converge.

2.4.2.1 Formal Description
In period ¢t > 0, player j’s belief pﬁ(m) that they will play action x in period ¢ + 1
is given by the fraction of times they chose z in past periods:
1 t
1la 2.14
pir) = g 2l =] (2.14)

where 1[a; = z] is an indicator function equal to 1 if j played action x in period 7
and 0 otherwise. In each period, player ¢ then selects the action with the highest
expected payoff based on their belief p’ . about opponents’ actions:

al' =argmax > wlr,z_;) [] pi(a;). (2.15)
z€lm]  z_;efm]n1 jem\{i}

2.4.2.2 Convergence Criteria

As in Fudenberg and Levine (1998), we assess convergence by tracking the evolution
of beliefs p* = (p!,...,p!). The convergence criteria are similar to those for
reinforcement learning, except that a pure Nash equilibrium is identified if any
belief vector p! has a component larger than 0.99.

2.4.2.3 Parameter Values

Fictitious play does not require parameter tuning.

2.4.2.4 Examples

Figure 2.4 shows example trajectories on the Prisoner’s Dilemma game (Flood and

Dresher, 1950) and Rock-Paper-Scissors under fictitious play. For the Prisoner’s
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Dilemma, all trajectories converge to the PNE where both players defect. For Rock-
Paper-Scissors, a game with a single mixed Nash equilibrium where both players

play any action with equal probability, all trajectories converge to that equilibrium.
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= Q
[ ~
206 = 0.6/
= [al)
= =
'_g 0.41 + 0.41

Q

& 0.2 A, 0.2

0.0 B 10 0.0 100 200 300 100

[terations Iterations

Figure 2.4: Example trajectories for the Prisoner’s Dilemma and Rock-Paper-Scissors
under Fictitious Play. For the Prisoner’s Dilemma, all trajectories converge to the PNE
where both players defect. For Rock-Paper-Scissors, a game with a single mixed Nash
equilibrium where both players play any action with equal probability, all trajectories
converge to that equilibrium.

2.4.3 Replicator Dynamics

Replicator dynamics are one of the most fundamental models in evolutionary game
theory (Maynard Smith, 1982). They describe the evolution of strategies in a
population context, where the fitness of a strategy determines its growth rate.
Following Bérgers and Sarin (1997), we treat replicator dynamics as a learning
algorithm for individual players. Our implementation involves a multi-population
version to account for the general asymmetry of randomly generated payoff matrices
(Taylor and Nowak, 2006; Gokhale and Traulsen, 2010).

2.4.3.1 Formal Description

In each period ¢, player i chooses an action z with probability pi(z), and the
probability vector p! = (pk(1), ..., pt(m)) evolves according to the replicator equation.
When all other players act according to p';, player i’s expected payoff for
action x is given by:
w(r,ply) = Y wilwz) I pie). (2.16)
T_iE€[m]m~! Jem\{i}

The average expected payoff for player 7 is:

ui(p') = Y iz, ply)pi(x). (2.17)

z€[m)]



2. Dynamics on Random Games 35

In our simulation, the continuous replicator equation is discretised as:

1+ ot (x, p';)

P @) = plle) (218)

2.4.3.2 Convergence Criteria

We track the convergence of p* = (pi,...,p%). Simulating replicator dynamics
involves challenges due to machine precision limits, particularly when probabilities

approach zero. We follow Pangallo et al. (2019) and apply the following criteria:

1. For each player, identify the action with the highest probability at the last
time step and verify whether it has been increasing over the last 20% of time

steps.

2. Ensure that the probabilities of all other actions have been decreasing over

the same period.

3. If these conditions hold for all players, the simulation is considered convergent.

2.4.3.3 Parameter Values

Following Pangallo et al. (2019), we choose 6 = 0.1.

2.4.3.4 Examples

Figure 2.5 shows example trajectories on the Prisoner’s Dilemma game (Flood
and Dresher, 1950) and Rock-Paper-Scissors under replicator dynamics. For the
Prisoner’s Dilemma, all trajectories converge to the PNE where both players defect.
For Rock-Paper-Scissors, a game with a single mixed Nash equilibrium where both

players play any action with equal probability, none of the trajectories converge.

2.5 Conclusion

In this chapter, we introduced several learning dynamics; four variations of best-
response dynamics — clockwork, random, simultaneous, and periodic — and
contrasted these with more sophisticated learning models such as Bush-Mosteller
reinforcement learning, fictitious play, and replicator dynamics. This will allow
us to capture a broad spectrum of dynamics in Chapter 3. Of course, numerous
other playing sequences and learning algorithms could be explored. For example,

approaches like regret testing (Foster and Young, 2006; Germano and Lugosi, 2007)
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Figure 2.5: Example trajectories for the Prisoner’s Dilemma and Rock-Paper-Scissors
under Replicator Dynamics. For the Prisoner’s Dilemma, all trajectories converge to
the PNE where both players defect. For Rock-Paper-Scissors, none of the trajectories
converge.

exhibit high-probability convergence to Nash equilibria in general n-player, m-
action games. We leave the exploration of additional best-response dynamics and
alternative learning rules for future research.

We also formalised the process of creating games at random, set the parameters
for the learning dynamics, and defined the corresponding criteria for convergence.
This lays the groundwork for studying the convergence behaviour of the introduced
learning dynamics on random games. The following chapter will present our key
results on the frequency of convergence of these learning dynamics.



Convergence on Random Games

This chapter presents novel results on the convergence behaviour of
various learning dynamics in randomly generated games. In Section
3.2, we derive theoretical results regarding the convergence frequency of
best-response dynamics. One of the central insights is the significant
difference in the probability of convergence between the clockwork and
random sequence best-response dynamics. For 2-player games, we provide
explicit formulas for the convergence frequency under both clockwork
and random sequences. Additionally, we introduce novel findings on the
convergence frequency of games played on network structures. Section 3.3
focuses on numerical simulations, highlighting the convergence properties
of different best-response dynamics, the impact of a network structure
between players, and the speed of convergence. Furthermore, we compare
the convergence properties of basic best-response dynamics with those of
more advanced learning rules, establishing connections between the two.
Finally, Section 3.4 provides a conclusion.
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3.1 Introduction

We demonstrate that the playing sequence — the order in which players update their
actions — is a critical determinant of whether the best-response dynamic converges
to a Nash equilibrium. Specifically, we analyse the probability that the best-response
dynamic converges to a pure Nash equilibrium in random n-player, m-action games
under three distinct playing sequences: clockwork sequences (where players take
turns according to a fixed cyclic order), random sequences, and simultaneous
updating by all players. We provide an analytical characterisation of the convergence
properties of the clockwork sequence best-response dynamic, with our key asymptotic
result showing that this dynamic almost never converges to a pure Nash equilibrium
when n and m are large. By contrast, the random sequence best-response dynamic
almost always converges to a pure Nash equilibrium when one exists and when n
and m are large. The clockwork best-response dynamic deserves special attention:
our simulations show that its convergence properties most closely resemble those
of three popular learning rules calibrated to human gameplay in experiments —
namely, reinforcement learning, fictitious play, and replicator dynamics.

To examine the role of the playing sequence in determining the convergence
properties of the best-response dynamic, we focus on the probability of convergence
to a pure Nash equilibrium in random n-player games, where each player selects
among m pure strategies. In other words, we generate a game by drawing all
payoffs at random (from atomless distributions to avoid payoff ties) and assess the
likelihood that the best-response dynamic, starting from a randomly selected pure
strategy profile, converges to a pure Nash equilibrium of the randomly generated
game. This approach abstracts from any specific game structure, allowing us to
concentrate solely on the role of the playing sequence. Random games are valuable
as null models, representing generic strategic interactions in various settings.

For 2-player games, we provide detailed results on the convergence properties
of best-response dynamics, including the game duration and exact frequency of
convergence under clockwork and random best-response dynamics. In multi-player
games, we show that the probability of convergence under the clockwork best-
response dynamic is up to a polynomial factor of order 1/ vm»=1. This has two
important implications: first, as the number of players n or the number of actions
m increases (nm — o0), the probability of convergence to a pure Nash equilibrium
approaches zero. Second, since the asymptotic convergence probability depends

"=1 we observe that, when n or m is large, the probability

mainly on the term m
of convergence to a pure Nash equilibrium in n-player, m-action games is similar

to that in 2-player, m" !-action games. Our simulations further indicate that this
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asymptotic relationship between n-player, m-action games and 2-player, m™~ !-action

games holds reasonably well even for smaller values of n and m.

Our results for the convergence properties of the best-response dynamic under
random and simultaneous updating are primarily simulation-based. Under a random
sequence, conditional on the game having a pure Nash equilibrium, we demonstrate
that the probability of convergence approaches one as n or m increases.! This sharp
contrast with the clockwork sequence highlights the significant impact of the playing
sequence on the probability of convergence to equilibrium. While most existing
literature on best-response dynamics has concentrated on identifying sufficient
conditions in the game’s payoff structure to guarantee convergence, our findings
suggest that the playing sequence is equally critical. To reinforce this observation,
we show that the playing sequence also influences the probability of convergence
in random games with correlated payoffs.? For example, in 2-player games with
highly positively correlated payoffs, the best-response dynamic under simultaneous
updating is unlikely to converge, while convergence is more likely under clockwork
or random sequences. Across all levels of payoff correlation, the random sequence
best-response dynamic has the highest probability of converging to a pure Nash

equilibrium, while simultaneous updating has the lowest.

Through extensive simulations, we show that the clockwork best-response
dynamic’s convergence frequency closely tracks that of three prominent learning
rules: the Bush-Mosteller reinforcement learning algorithm (Bush and Mosteller,
1953), fictitious play (Brown, 1951; Robinson, 1951), and replicator dynamics
(Smith et al., 1992).> Although these learning algorithms are generally framed with
simultaneous updating, we find that the clockwork sequence best-response dynamic
outperforms both random sequence and simultaneous updating dynamics in most
simulations, particularly when we vary n, m, or the level of payoff correlation.
Moreover, the paths traced by the clockwork sequence in the space of action
profiles most closely resemble those of the three learning algorithms, compared

with random sequence dynamics.

! Amiet et al. (2021) prove this analytically for the case where m = 2 and n — oc.

2See Goldberg et al. (1968); Stanford (1999); Berg and Weigt (1999); Rinott and Scarsini
(2000); Galla and Farmer (2013); Sanders et al. (2018) for previous work on random games with
payoff correlations.

3The convergence properties of these learning algorithms have been well studied (Fudenberg
and Levine, 1998), but there is no general result regarding their probability of convergence to
Nash equilibria in random games.
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3.2 Theoretical Results

In this section, we will provide theoretical results on the frequency of convergence
of clockwork best-response dynamics. We start with a general result contrasting
clockwork and random best-response dynamics (Section 3.2.1). Our key insight is
that the playing sequence determines whether the best-response dynamic converges
to a pure Nash equilibrium. We then continue with 2-player games in Section 3.2.2,
which allow us to provide more granular results on the convergence properties of
the clockwork best-response dynamic. In particular, we provide results on game
duration and derive an exact expression for the probability that the best-response
dynamic reaches a (best-response) cycle of a given length at a particular period.
As a special case, we obtain the exact probability that the clockwork best-response
dynamic converges to a pure Nash equilibrium in 2-player, m-action games (and we
argue that, in the 2-player, m-action case, this probability is the same for random
playing sequences). Furthermore, we show that this probability is asymptotically
\/7r/7m when m is large. Finally, in Section 3.2.3, we derive analytical expressions
for the probability of convergence of clockwork best-response dynamics when players

are connected in star and bipartite networks.

3.2.1 Multi-Player Games

This section shows a striking difference between the probability of convergence to
a PNE of the clockwork sequence vs the random sequence best-response dynamic.
Roughly, while the clockwork sequence best-response dynamic never converges
to a PNE in large games, the random sequence best-response dynamic always
converges in large games (conditional on there being a PNE). Our following example
develops some intuition for this result.

Example (Best-Response Dynamics for the Clockwork vs. Random Playing
Sequence). In the best-response digraph of Figure 2.2, we saw that the clockwork
playing sequence may not converge to the PNE, depending on the initial profile.
By contrast, the random playing sequence best-response dynamic converges to the
PNE at (1,2,1) with probability 1 given sufficient time. The path cannot be stuck
in the best-response cycle on the front face of the cube, for example, because there
is a positive probability that the path will escape to the PNE.

Figure 3.1 provides further examples of best-response digraphs. Panels (a) and
(b) illustrate possible best-response digraphs for 3-player 2-action games. In the
digraph of Panel (a), there are two PNEs, which are represented by black dots on the
profiles (1,1,1) and (2,2,1). In other words, these profiles are the PNE of any game
whose best-response digraph is the one illustrated in Panel (a). While the random
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sequence best-response dynamic converges to one of the PNE with probability 1,
the clockwork sequence best-response dynamic will converge if the initial profile is
one of the four at the bottom of the cube. Since there is no PNE in the Panel (b)
digraph, the best-response dynamic does not converge to a PNE regardless of the
playing sequence. Finally, Panel (c) illustrates a possible best-response digraph for
3-player 3-action games. The unique PNE at (3,3, 1) is represented by a black dot.
Note that there is a directed edge from (3,1,1) to (3,3, 1) as well as a directed edge
from (3,2,1) to (3,3, 1), but these edges overlap in our illustration, so appear as a
single long edge at the bottom of the front face of the cube. This digraph shows us
a situation in which the random sequence best-response dynamic may not converge
to a PNE even if there is one: indeed, if the path reaches one of the action profiles
illustrated as a red dot, then the path can never escape to the PNE regardless of
the playing sequence. As the results below imply, cases like this become vanishingly

rare in large games.

9 o 0 <
) A ) e / A
°
/ A
° o) o
A ¥ 4 4 <
o °
(a) /
o) o) /
¥ Vd
o o
o
v
O O (@)
o 7 o d / A
o)
(b)

(c)

Figure 3.1: Panels (a) and (b) provide examples of possible best-response digraphs
for 3-player, 2-action games. Panel (c) illustrates a possible best-response digraph for a
3-player, 3-action game. PNEs are denoted by filled black dots. If the path reaches one of
the action profiles illustrated as a red dot, then the path can never escape to the PNE,
regardless of the playing sequence.

Next, we present the theoretical results for best-response dynamics in random

games.* In the multi-player case, we find that best-response dynamics behave very

4Note that all the convergence results hold modulo any relabelling of the players. For example,
while we described the clockwork playing sequence as ordering the players according to 1-2-- - --n,
our results would equally hold if the sequence had ordered the players according to n-----2-1 or
any such permutation.
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differently under clockwork vs. random playing sequences. Most of our results on
the probability of convergence to equilibrium are asymptotic.

Our main result for the clockwork sequence best-response dynamic in games
with n > 2 players is given below.

Theorem 1.

mlr%rﬁnoo Pr [s.-best-response dynamic on G, ,, converges to a PNE] =0.  (3.1)

So, with high probability, the clockwork sequence best-response dynamic does
not converge to a PNE as the number of players or actions gets large. This
contrasts sharply with the asymptotic behaviour of the random sequence best-
response dynamic.

Theorem 1 is an immediate consequence of the result below, which gives us

bounds on the probability of convergence to equilibrium:

Theorem 2.

1 1 Py sc-best-response dynamic < n®/%\/logm

- <
Ay/n/mr—1 — on Gy, converges toa PNE | = /-1

Theorem 2 also gives us the following corollary:

(3.2)

Corollary 1. The probability that the clockwork sequence best-response dynamic
converges to a PNE is, up to a polynomial factor, of order 1/v/mn=1.

This result gives us a clear “scaling” law: since the asymptotic convergence
probability depends essentially only on the quantity m” !, we have that when n or
m are large, the probability of convergence to a pure Nash equilibrium in n-player,
m-action games is approximately the same as it is in 2-player m™ !-action games.’
This scaling is reflected in our simulations even for relatively small values of m and n.

We briefly comment on the approach to derive Theorem 2. As the discussion
following Algorithm 2 shows, drawing payoffs independently at random (from
atomless distributions) induces a uniform distribution over best-response digraphs.
So, the probability of convergence to a pure Nash equilibrium can be reduced
to working out the probability that the path generated by Algorithm 2 initiated
at a random vertex reaches a sink of the randomly drawn digraph. The main
theoretical challenge we face when analysing such paths is that they exhibit some
path dependence: if a player encounters an environment they had seen before, they

must play the same action they played when the environment was first encountered.

. 1 _
°Indeed, consider Gy, ;m, and Gy, m, where ng = 2 and mg = my*~". Then, /m3? =

11171
\/ My .
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We tackle this issue by relying on a coupling argument in which the clockwork
best-response dynamic is coupled to a (memoryless) random walk through the
digraph that is easier to analyse.

We start the proof of Theorem 2 by stating two lemmas: Lemma 1 bounds the
probability that the clockwork sequence best-response dynamic converges to a pure
Nash equilibrium or a best-response cycle only after period ¢, Lemma 2 bounds
the probability that the clockwork sequence best-response dynamic converges to

a pure Nash equilibrium by period t.
Lemma 1. Let <A,SC> be generated according to Algorithm 2 (the s-sequence

best-response dynamic). For anyt € N,

Pr (T > t| < exp —w . (3.3)

Recall that Tz ., is the period in which (A, s.) reaches PNE(G,,,,) or a best-
response cycle.

Lemma 2. Let (A, s.) be generated according to Algorithm 2 (the s-sequence
best-response dynamic). For anyt € N,

HJ mi—l (1 - m:_1 (HZ D) < Pr [(A75c> reaches PNE(Grm) by t]

(3.4)
t

mn—1 ’

We now show how Theorem 2 follows from Lemmas 1 and 2. In what remains of

this section, we provide proofs for the lemmas themselves.

Proof of Theorem 2. Let (A, s¢) be generated according to Algorithm 2. The
probability that the sc-best-response dynamic on G, ,, converges to a PNE is equal
to the probability that (A, s.) reaches PNE(G,n). Let us start with the upper
bound. For any t € N,

Pr {(.& Sc) reaches PNE(Gnm)}
=Pr [(A s¢) reaches PNE(G,, ,,,) by ] + Pr {(_&, s¢) reaches PNE(G,,,,) after t}

<Pr [(A, Sc) reaches PNE(Gnm —l— Pr {T@SC) > t]
1))
Smi—l A Zm" p )

(3.5)
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The Inequality (3.5) follows from Lemmas 1 and 2. Now, set

t=n ({\/Zm"—l log(m"—l)-‘ + 1> . (3.6)

Since x < [z] <z +1 and \/Qm”—l log(m»=1) > 1 for m > 2 and n > 2, we obtain

n (\/Zm"1 log(mn=1) + 1) <t
<n (\/Qm”—l log(mn=1) 4+ 2) (3.7)

< 3n\/2m"*1 log(mn—1).

It follows that

t Sn\/Qm”‘l log(m"~1) - 5n3/2\/log m

3.8
mn—1 < mn—1 Vmn—1 (38)
and that )
-1 1 2n3/2\/1
exp —Qn J) < <= e, (3.9)
an—l mn—l \/W

Adding the upper bounds in Inequality (3.8) and Inequality (3.9) yields the desired
result.

Let us now turn to the lower bound. For any ¢t € N,

Pr [(A, sc) reaches PNE(G,, m)}
>Pr [(A, sc) reaches PNE(G,, ) by t

£ 1 (l£]) 2
> —|1- = 1
- {n-‘ mn—1 mr—1 2 (3.10)
Inequality (3.10) follows from Lemma 2. Now, set

{2

Since m > 2 and n > 2, we obtain %\/ﬁ\/m”*1 <t < y/nvmrL Tt follows that

(3.11)

2
n (1) 1
1—77>7 12
mnr—1t 2 T2 (3.12)
and that
m b, bt 1 (3.13)
nlmr=1 = 2/n\/mn-1 '

Multiplying the lower bounds in Inequality (3.12) and Inequality (3.13) together
yields the desired result. O
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We now turn to the proofs of Lemmas 1 and 2. The main challenge posed by paths
generated according to the s-sequence best-response dynamic (Algorithm 2) is that
they have “memory”: whenever player s.(t) encounters an environment that she has
) and sc(t) = sc(u)) then, in period ¢, the
player must play the same action that she played when she previously encountered

encountered before (i.e. At:si(t) = Aqi;l(u
the environment (i.e. Aic(t) = A;‘C(u)). This path dependence complicates the
analysis of the clockwork best-response dynamic. We, therefore, study a simpler
(random walk) process that is “memoryless” to which we couple a dynamic that
induces the same distribution over paths as Algorithm 2. The coupled dynamic
follows the random walk process until an environment is encountered by some player
for the second time and becomes deterministic after that.
The coupled system is described by Algorithms 3 and 4 below.

Algorithm 3 The clockwork random walk.

1. Draw an initial profile X' uniformly at random from [m|"
2. For t € N:

(a) Set i = s.(t)
(b) Set X', — X'

(c) Independently draw X/ uniformly at random from [m)]

Algorithm 4 The coupled dynamic, which follows the random walk process until
an environment is encountered by some player for the second time and becomes
deterministic after that.

1. Set Ri(a_;) =0 for all i € [n] and a_; € [m]"!

2. Set the initial action profile to Y= X"
3. For t € N:
(a) Set i = s.(t)
(b) Set Y! =Y !
() If R, (Y'7') =0: set Y} =X! and R, (Y']') =V}
1t R (Y'7') #£0: set ¥/ =R, (Y

We will use (X, s;) and (Y, s) to denote paths generated according to Algorithms
3 and 4, respectively.
Algorithm 3 is a “clockwork random walk” on the set of action profiles [m]"™. The

walk starts at some randomly drawn initial profile X° and, in each period, ¢t moves
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in direction s.(t) to a profile chosen uniformly at random from among the m profiles
in that direction. A path generated according to this process does not have memory.

Algorithm 4 describes the coupled dynamic. The process starts at the same
initial profile as the clockwork random walk. For each player ¢ and environment
a_;, we set the initial “response” value R;(a_;) to zero. The crucial step to how
the process evolves is (3c): if the response value to the current environment Y';* is
zero, then the environment was never encountered before and, in that case, player
i’s response value is set to X!, the action drawn by the clockwork random walk
in period t. If, on the other hand, the response value to the current environment
Y ! is non-zero (i.e. the environment was encountered before), then this value is
the action that 7 takes in period ¢. In other words, (3?, Sc) has the same memory
property that is characteristic of paths generated according to Algorithm 2.6

Recall that Algorithm 2 essentially draws a best-response digraph, selects an
initial profile, and then traces a path by travelling along the edges of the digraph
starting at the initial profile and moving in direction s.(t) at step ¢. The entire
best-response digraph is drawn upfront under Algorithm 2. In contrast, Algorithm
4 starts with an empty digraph and then generates its edges in an “online” manner.
Nevertheless, the following remark summarises that both algorithms induce the
same distribution over paths.

—

Remark 1. Let (A, s.) and

(Y, sc) be generated according to Algorithms 2 and 4
respectively. Then (A, Se) and (?, sc) have the same distribution.

For any path (a,s.) and for each ¢ € N define
fa,so(t) == min (u <t: aqj;l(u) = atjsi(t) and sc(u) = sc(t)) . (3.14)

SO fias.)(t) is the first period along the path (&, sc) that player s.(t) encounters
the environment ai;i(t). Notice that if s.(t) encounters at__st(t) for the first time
in period ¢ then fig.)(t) = t, and if s¢(t) encountered a'= ;) for the first time in

some period u < t then fz,(t) < t. We also define
Fas = inf (t eN: f<575c)<t) < t) . (3.15)

So Fizs.) is the first period in which some player encounters an environment that
they encountered previously along the path. The value Fiz, is bounded above

by 1 + nm™ ! for any path.

5The pattern of path-dependence is more complex for simultaneous updating than for the
clockwork playing sequence. In the case of simultaneous updating, the choices of the players who
have encountered an environment twice are deterministic. However, the choices of the players who
have never encountered an environment twice remain random. For example, suppose AY = (1,1,1)
and A! = (2,1,1). Then, player 1 must repeat action 2 in period 2, but the actions of players
2 and 3 in period 2 are not deterministic. Keeping track of the evolution of the path under
simultaneous updating is, therefore, complex.
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By construction, the sequences X and Y must agree at least up to (but not
including) the period at which some player encounters an environment for the
second time. In that period, under Algorithm 4, the player must play the action
determined by their response function evaluated at that environment, but under
Algorithm 3, the following action may be any of the available actions for that
player. Remark 2 summarises the key relationship between the clockwork random
walk and the coupled dynamic.

Remark 2.
Figso = Fivs (3.16)

Example (Illustration of Algorithms 3 and 4). Figure 3.2 illustrates the relationship
between <X, Sc) and O?, se) by plotting the first few elements of X and of Y. Panel
(a) shows the first few elements of a possible path generated according to the
clockwork random walk starting at the profile X° = (1,1,1). We represent the
coupled dynamic in Panel (b), starting with an empty digraph and numbering the
directed edges according to the first placed period.

In the clockwork random walk, player 1 chooses action 2 in period 1. This
generates the directed edge from Y to Y'! in period 1 in Panel (b). The paths are
identical up to and including period 6. In period 7, however, player 1 encounters
the same environment she had encountered in period 1 (namely, players 2 and 3,
each choosing action 1). The first time player 1 encountered this environment, she
responded by playing action 2, so she must play action 2 again in period 7. In other
words, the path must follow the edge placed in period 1 and therefore Y7 = (2,1,1).
This is not true for the clockwork random walk. Since the process is memoryless, it
can remain at X7 = (1,1,1) in period 7 and travel to X® = (1,2, 1) in period 8.

The path in Panel (b) will keep cycling among the action profiles on the left-hand
side of the cube forever, whereas the path in Panel (a) is allowed to wander freely.
Note here that F@’SC) = F<?’Sc> =T.

Remark 3. Any path <A,sc> generated according to Algorithm 2 must reach
PNE(Gm) or a best-response cycle before any player encounters an environment
for the second time:

Tg sy < Flasy (3.17)

where T< A5 18 the earliest period in which the path reaches a PNE or a best-response

Sc

cycle (see Equation 2.6).

Example (Illustration of Remark 3). Table 3.1 shows the values of the function
fias) (t) for the first few elements of the paths generated according to the clockwork
sequence best-response dynamic in Panel (a) and Panel (b) of Figure 2.2. Recall



3. Convergence on Random Games 48

Y4, Yie—2 o
X47 X5 ...................... o 4/1
Y3 ......................... le)
X3 .......................... o) 6
YO YO o
: XO, X6,X7 .................. X3 1/ !
Y! V2 Y7 Y8« o
le ), T o ’ ’ ’
(a) (b)
Period Player ‘ X [z (t) ‘ Y fg.50 (1)

N e T N e RO O
D e e e e
o 0NN~

NP =D
e e e e
o =N N =

AN AN AN AN AN N N S
— N e S S S S
0= O Utk W~

O 1 O Ui W N = |
N — W N~ W — |
NN AN N N N N S
S’ N e e e e e e
O — O U W~

Figure 3.2: Illustration of Algorithms 3 (the clockwork random walk) and 4 (the coupled
dynamic). Panel (a) shows the first elements of a possible path generated according
to Algorithm 3, and Panel (b) shows the corresponding path generated according to
Algorithm 4. The table in Panel (c¢) provides details, highlighting environments in bold.

that the path in Panel (a) reaches the pure Nash equilibrium in period 3 and that
the path in Panel (b) reaches a best-response cycle in period 1. Furthermore, from
Table 3.1, we can see that the value of Fiz . is 6 for Panel (a) and 7 for Panel (b).
We therefore conclude that, for Panel (a), Tias) = 3 < 6 = Fiz,), and for Panel
(b), Tias) =1 <7 = Flas.,)-

Lemma 3 below, which concerns paths <X, S.) that are generated by the
clockwork random walk; is useful for proving Lemmas 1 and 2. Under the clockwork
sequence, player ¢ € [n] plays in period h;(k) := i+ (k — 1)n for k£ € N. For
any ¢ € [n] and any period ¢t € N, define

) =1+ V = ZJ (3.18)

which is the largest £ € N such that h;(k) < t. The environments that player
i € [n] encounters on her turns between (and including) periods 1 and ¢ are
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Panel (a) Panel (b)
Period Player a f(g sc) (t) ‘ a f(g 5¢) (t)
- - (1,1,2) - (1,1,1) —
1 1 (1,1,2) 1 (2,1,1) 1
2 2 (1,2,2) 2 (2,2,1) 2
3 3 (1,2,1) 3 (2,2,2) 3
4 1 (1,2,1) 4 (2,2,2) 4
5 2 (1,2,1) 5 (2,1,2) 5)
6 3 (1,2,1) 3 (2,1,1) 6
7 1 (1,2,1) 4 (2,1,1) 1
8 2 (1,2,1) 5} (2,2,1) 2

Table 3.1: The value of the function f(z () for the first few elements of the paths
generated according to the clockwork playing sequence in Panel (a) and Panel (b) of
Figure 2.2. The path in Panel (a) reached the PNE in period 3, the path in Panel (b)
reached a best-response cycle in period 1.

given in the sequence

(X0 XL (319)

—1 —1 —1

Lemma 3 establishes bounds on the probability that these environments are all

distinct.

Lemma 3. For anyi € [n] andt € N,

1- LM <Pr {Xh?(k)fl for k € {1,...,k](t)} areall distinct}
mer N (3.20)
=)

n

< exp Imn—1

Proof of Lemma 3. For any i € [n], the environments

Xhi(l)_lthi(Q)_la Xhi(k;k(t))_1 (32]‘)

—1 —1 ) —1

are independent because they are disjoint subsets of the draws of the clockwork

random walk. Each environment is distributed uniformly on [m]"~!. Therefore,

k(1) -1
(k) — : k
Pr [Xz(k) Yfor ke {1,...kX(t)} are all distinct} = ] <1 — ) . (3.22)

n—1
k=1 m

If kX(t) > 14+ m™!, then the Lemma trivially holds, because Equation (3.22) is
equal to zero, and V%J > m™~ ! which, in turn, implies [ﬂ > m" !, so the lower
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bound in the statement of the lemma is negative and the upper bound is positive.
We will therefore consider the case in which &} (t) < 1+ m" L.

We obtain the following upper bound:

K (t)—1 I K (t)—1 I
) Gy I § R (.
m

k=1

< exp (—W) (3.23)
<o | ([;ﬂ;ﬂ )

The first step follows from exp(z) > 1 + z for all . The final inequality follows

k;-"(t)—lzv_iJzV_HJ:V—lJ. (3.24)

n n

from

We now turn to the lower bound:

A0 (3.25)

mr—1l 2
The first step is to apply the Weierstrass product inequality’. The final inequality
follows from the fact that

k() =1+ V‘iJ <1+ {HJ _ m (3.26)

n n n

]

Proof of Lemma 1. T\ gy >t is the event that (A, s) reaches PNE(G,,,) or a
best-response cycle only after period ¢. Remark 3 implies that F' (K,s0) > - So

Pr|Tiz,, >t <Pr|Fz,, >t|. (3.27)
By Remarks 1 and 2,
Pr|Fig,, >t =Pr|[Fg. >t =Pr[Fg. >1t]. (3.28)

Let us focus on the path <X, se) and on player 1. The environments that player 1

faces between periods 1 and ¢ are given in the sequence

(X0 X X0, 829

"For (ai>i:1...n €[0,1]: H?:1 (1-a;)>1- 2?21 Qs
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The event F' Koy > 1 implies that the environments in this sequence are all distinct.

Hence
Pr [Foi < Pr Xh Yfor ke {1,.... ki (t)} are all distinct}
L— 1 (3.30)
<
exp an 1 ,
where the final step follows from Lemma 3. n

To prove Lemma 2, we introduce Algorithm 5, which describes a dynamic coupled

with the clockwork random walk. We denote a path generated according to
Algorithm 5 by (Z, x, s.).

Algorithm 5 The coupled dynamic with sink @, which initialises the directed edges
to point at @ for all players.

1. Set R;(a_;) =0 for all i € [n] and a_; € [m]"!
2. Set R;(x_;) =x; for all i€ [n]

3. Set the initial action profile to Z° = X°
4. For t € N:

(a) Set i = s.(t)

(b) Set Z',=Z"}!

(c) If Ri(25') =0: set Z'=X! and R, (2"') = 2!
If Ri(25') #0: set Zt=R; (2"}

Algorithm 5 is identical to Algorithm 4 (the coupled dynamic) except that for some
particular profile & the algorithm is initialized with R; (x_;) = z; for all ¢ € [n].
Algorithm 5 therefore initializes the digraph with the directed edges (z},z_;) to
(i, x_;) for all i and 2, # x;, so that the profile @ is a sink. In the remaining steps,
the algorithm selects a random initial profile and starts tracing a path by travelling
along edges that (other than those edges already pointing to @ in the initialisation)
are generated in an online manner. The paths traced by the clockwork random
walk and this coupled dynamic with a sink at & must agree at least up to (but not
including) the period at which either an environment is encountered by a player

for the second time or the environment is x_; for some player i.

Example (Illustration of Algorithms 3 and 5). Figure 3.3 illustrates the relationship
between (X, s.) and (Z, x,s.) by plotting the first few elements of X and of Z.
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Panel (a) shows the first few elements of a possible path generated according to
the clockwork random walk starting at the profile X° = (1,1, 1). In Panel (b), we
represent the corresponding path generated according to Algorithm 5. This time,
rather than starting with an empty digraph, the profile  is made a sink (with
the red edges placed in period 0). The remaining directed edges are numbered
according to the first place period.

The clockwork random walk takes the path Z to Z*4 = (1,1,2) in period 4. While
the random walk can continue wandering through the action profiles according to

the clockwork sequence, the path Z must end up at Z° = x in period 5.

0
XA X0 o 4 Z.4 0 x
/ /!
3.~' Z3 ......... ................ o
X ......... ................ (o) 0
3| o !
: XO,X6 ....................... o 1
Xlg)'i; Ll °
...................... o)
(a) (b)

Figure 3.3: Illustration of Algorithms 3 (the clockwork random walk) and 5 (the coupled
dynamic with sink «). Panel (a) shows the first elements of a possible path generated
according to Algorithm 3, and Panel (b) shows the corresponding path generated according
to Algorithm 5.

Remark 4. Let (A, s.) and (Z, x, s.) be generated according to Algorithms 2 and
5 respectively. Then the distribution of (A, s) conditional on & € PNE(G,,,) is
the same as the distribution of (Z, x, s).

Proof of Lemma 2. For any t € N,

Pr [(A, sc) reaches PNE(G,, ) by t}
=) Pr [(A, sc) reaches {x} by t and x € PNE(Gmm)}

zE[m|”

= Y Pr [(A, Sc) reaches {x} by t ’ x € PNE(Gnym)} Pr[x € PNE(G,,)]
zE[m|”

=) Pr [(Z, x, s.) reaches {x} by t} Pr[x € PNE(G,.m)] (3.31)
zE[m|"

(3.31.1) (3.31.2)
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The first step follows from the definition of reaching a pure Nash equilibrium. The
final step follows from Remark 4; namely, the probability that (A, s.) reaches {a}
by period ¢ conditional on & € PNE(G,, ,,,) is equal to the probability that (Z, T, Sc)
reaches {x} by period . We now analyse the expressions (3.31.1) and (3.31.2).

For (3.31.2), since payoffs are drawn identically and independently according to

the atomless distribution P, we have that

1
Pr [z € PNE(G H Pr ) > max U; (2}, z_;)| = —. (3.32)
mn

We now find upper and lower bounds on (3.31.1) by relating (Z, x, s.) to the
clockwork random walk path (X, S¢). We start with the upper bound. Notice that
(Z,x,s.) cannot reach {x} by period ¢ unless X:Cl(T) = x_, (r) for some 7 < t.

Therefore

t

U {Xzs 1(7-) - w—Sc(T)}]

T=1

Pr {(Z,w, sc) reaches {x} by t} < Pr

t
<Y Pr (Xl =) = e (8:33)
T=1

The final step follows from the fact that X:clm consists of n — 1 independent
random variables, each uniformly distributed on [m].

We now turn to the lower bound. If F(X,sc> > t and X:CI(T) = T_,(r) for some
7 < t then (Z, x, s.) must reach {x} by period ¢. In other words, if no environments
are repeated for any player and the environment is _; for some player ¢ by period

t, then <Z, x, s.) must reach {x} by period t. Therefore,

Pr _(Z,w, Sc) reaches {x} by t}

-1

ZPI‘ se(7) —CE_SC(T)} and F* >>t

— Pr Pr|Fig., >t (3.34)

= m,sc(.,-)} | F(X,sc> >t

To bound the first term in Inequality (3.34), notice that X ﬁll(k)fl = x_; for some
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ke {1,.. k(t)} implies that X! . = x_, , for some 7 < t. Therefore
1 sc(T) (1)

ki (1)

>Pr | J {XB" T =2} 'F@SC) > t]

Pr lU {X:cl(T) = *’”—SC(T)} ‘F<)‘i,sc> > 1

T=1

k=1

F

hi(k)—1

_ m L (3.35)

The first summation follows from the fact that since all the environments for player
1 are distinct, the events in the union are mutually exclusive. The next step

follows from the fact that our process is invariant under symmetry. So for any
ke{l,...k{(t)} and for all _; and y_4,

Pr[xM " =gy | Fg >t =Pr [ XY =y | Fg, >8] (3.36)

which implies that

PriX" W x| Fg >t = (3.37)

mn—1 :

This follows from kj(t) =1+ [=1] = [1].

t
n

To bound the second term in Inequality (3.34), notice that if for each i € [n]

the environments XZ(I)_I, XZ(Q)_l, s Xﬁ(k;(t))_l are all distinct then Fig .\ > ¢.
Therefore
Pr[Fig ., >1>Pr N {Xﬁi-(k)*l for k € {1,...,k](t)} are all distinct}]

i€[n]

=1-Pr| {Xﬁii(k)*1 for k € {1,...,k}(t)} are not all distinct}]
i€[n]
>1- ) Pr {Xﬁii(k)fl for k € {1,...,k](t)} are not all distinct}
1€[n]
n ([31)?
>1- L 3.38
- mn—1 2 ( )

The final step follows from Lemma 3.

Gathering the results in Equation (3.31), Equation (3.32), Inequality (3.33),
Inequality (3.35), and Inequality (3.38) together yields the desired conclusion. [
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3.2.2 Two-Player Games

When there are n = 2 players, we can provide more detailed results on both
game duration and the probability of convergence to equilibrium. In particular,
we obtain the probability that the clockwork best-response dynamic converges
to a pure Nash equilibrium in 2-player, m-action games. Notably, we argue that
in the 2-player, m-action case, this probability is the same for random playing
sequences. Furthermore, we show that this probability is asymptotically \/71'/7771
when m is large (where 7 ~ 3.14).

The following theorem provides an ezact expression for the probability that the
clockwork sequence best-response dynamic converges to a 2k-cycle in period ¢.%

Theorem 3. For any k € {1,....,m} and t € {1,...,2(m — k + 1)}, the probability
that the s.-best-response dynamic on G, converges to a 2k-cycle in period t is

given by
| tH2(k-1)

o e} o

i=1
For any k € {1,...,m}, if £ > 2(m — k + 1) then the probability that the clockwork
sequence best-response dynamic reaches a 2k-cycle is zero.” Setting k = 1 in
Formula (3.39) yields the exact probability that the clockwork sequence best-
response dynamic on Gy, converges to a PNE in period ¢.

Proof of Theorem 3. For a path generated by Algorithm 4 (the coupled dynamic) to
reach neither a pure Nash equilibrium nor a best-response cycle by period ¢ it must
be the case that, by period ¢ + 1 (inclusive), no player encounters an environment
that they have seen before, and the action taken by player s.(¢ + 1) in period ¢ + 1
must not repeat any of the environments encountered by period ¢ by player s.(t).
To put it differently, for each ¢ € {1,2} it must be the case that the environments

(Xﬁi-(l)_l, Xﬁi~(2)_1, . Xﬁ;(kf(ﬂrl))*l) (340)

(2 3

are all distinct, and the action X;*é +1) taken by player s.(t 4+ 1) in period ¢ + 1 is
distinct from each of the environments encountered by period t by player s.(t). It
follows that the probability that the clockwork sequence best-response dynamic

converges to neither a pure Nash equilibrium nor a best-response cycle by period ¢

for t € [2m] is t ‘
1212 on

i=1

8See Pangallo et al. (2019) for an exact formula giving the probability of existence of cycles of
any length in 2-player games.

9Since the number of action profiles is finite, a path cannot reach a 2k-cycle only after 2(m—Fk+1)
periods.
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For the path to reach a pure Nash equilibrium in period ¢, for each i € {1, 2}, it
must be the case that the environments

(Xm0 x B (3.42)

-1 —1

are all distinct, and the action X?(% +1) taken by player s.(t 4+ 1) in period ¢ + 1 is
equal to the environment X t__sj(t) encountered by player s.(t) in period ¢. Therefore,
the probability that the clockwork sequence best-response dynamic converges to a

pure Nash equilibrium in period ¢t € [2m)] is

14 1114

— 1——1=). 3.43

U CE) (343
More generally, for the path to reach a 2k-cycle in period ¢, for each ¢ € {1,2} it
must be the case that the environments

(xhmmt x @ x e (3.44)

1 7

are all distinct, and the action Xﬁ:“(f_’ﬁg,i_l) taken by player s.(t + 2k — 1) in period

t+ 2k — 1 is equal to the environment X t__scl(t) encountered by player s.(t) in period
t. Therefore, the probability that the clockwork sequence best-response dynamic
converges to a 2k-cycle for k € [m] in period t € [2(m — k + 1)] is

| tH2(k-1)

w102l 249

=1

This is precisely Formula (3.39) given in the statement of Theorem 3. Notice that
setting £ = 1 in Formula (3.45) recovers Formula (3.43). O

Example (Illustration of Formula (3.41) to Formula (3.45)). To illustrate our
results, we schematically map out all the possible paths of the clockwork sequence
best-response dynamic in 2-player, m-action games in the tree shown in Figure 3.4.
In period 0, the initial profile is arbitrarily set to (1,1).

To reach neither a pure Nash equilibrium nor a best-response cycle by period 3,
for example, we must travel down the tree along the sequence (1,1), (1,1), (1,2),
(2,2), (2,3) or the sequence (1,1), (2,1), (2,2), (1,2), (1,3). Let us look at the
first sequence more closely. Up to (and including) period 4, the environments
encountered by each player respectively are all distinct. Player 2 must select action
3 in period 4 to ensure that the sequence does not end up revisiting a previously
encountered environment. The probability of traveling along (1,1), (1, 1), (1,2),
(2,2),(2,3) or (1,1), (2,1), (2,2), (1,2), (1,3) is given by Formula (3.41) with ¢ = 3.

Let us consider the probability of reaching a pure Nash equilibrium in period
4. In Figure 3.4, we must travel along the sequence (1,1), (1,1), (1,2), (2,2),
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(2,3), (2,3) or the sequence (1,1), (2,1), (2,2), (1,2), (1,3), (1,3). Let us look at
the first sequence more closely. Up to (and including) period 5, the environments
encountered by each player respectively are all distinct. Player 1 must select action
2 in period 5 (the environment encountered by player 2 in period 4) to ensure
that the pure Nash equilibrium (2, 3) was reached in period 4. The probability of
traveling along (1,1), (1,1), (1,2), (2,2), (2,3), (2,3) or (1,1), (2,1), (2,2), (1,2),
(1,3), (1,3) is given by Formula (3.43) with ¢ = 4.
Let us consider the probability of reaching a 4-cycle in period 2. In Figure 3.4
we must travel down the tree along the sequence (1,1), (1,1), (1,2), (2,2), (2,3),
(1,3) or the sequence (1,1), (2,1), (2,2), (1,2), (1,3), (2,3). Let us look at the first
sequence more closely. The action profile is (1,2) in period 2, and this is the first
action profile of our 4-cycle. A further 2k — 1 period must pass before looping back
o (1,2). Up to (and including) period 5, the environments encountered by each
player respectively are all distinct. To “close” the cycle, player 1 must select action
1 in period 5 (this was the environment encountered by player 2 in period 2). The
probability of traveling along (1, 1), (1,1), (1,2), (2,2), (2,3), (1,3) or (1,1), (2,1),
(2,2), (1,2), (1,3), (2,3) is given by Formula (3.45) with t = k = 2.

As a straightforward corollary of Theorem 3, we can sum Formula (3.39) over

all t € {1,...,2(m — k + 1)} to obtain the exact probability that the clockwork
sequence best—response dynamic converges to a 2k-cycle:

Corollary 2. The probability that the s.-best-response dynamic on Gy, converges
to a 2k-cycle is given by

+1) t+2(k—1) 1

TR L)

172
m t=1 =1

Setting k£ = 1 in Formula (3.46) yields the probability that the clockwork sequence
best-response dynamic on Gg,, converges to a PNE. To better understand the
behaviour of Formula (3.46), we now study the expression when m is large. To

do so, let |z] be the floor operator of z and let ®(-) denote the standard normal

cumulative distribution function:

O(z) = \/_/ exp( 2) dz. (3.47)

The asymptotics of Formula (3.46) are given below.

Proposition 2. If k = o(m??) then, as m — oo, Formula (3.46) is asymptotically'®

2 (-0 (220) o

0 f(n) = o(g(n)) denotes f(n)/g(n) — 0 as n — oc.
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(1;:2) (\2?2)% (2,2)(1,2)
(27171; é2ﬁ2§) (1,1) (1,2>1,3)
(Lij; 5;,3) 13_;?) (2,3) (1,3) (3,3)
(3,1);(3:;2)51(3}1(?:%4) (3,1)€2) >>(3,4)
(174)€4) (3,4) - (174)64) (3,4)

Figure 3.4: Illustration of possible paths for 2-player, m-action games. We arbitrarily
set the initial action profile to be (1,1) in period 0. In period 1, player 1 either plays
action 1 (left branch) or another action (right branch), which we arbitrarily call action 2.
Player 2 then responds in period 2, and so on. All red leaves are Nash equilibria, and all
blue leaves are profiles that belong to best-response cycles.

And if k = o(y/m) then, as m — oo, Formula (3.46) is asymptotically \/m/m.

We provide the proof at the end of this section.

The asymptotics given in Proposition 2 help us better understand the clockwork
sequence’s behaviour in large 2-player games. First, the probability of convergence
to a PNE, corresponding to setting k£ = 1, goes to zero when m — oo. Second, short
cycles all have about the same probability. Indeed, for k& = o(y/m) the probability
is asymptotically \/ﬂ/im Finally, it is very unlikely that the best-response dynamic
converges to a very long cycle: if k/y/m — oo, then the probability that the
dynamic converges to a cycle of length at least 2k tends to 0.

YWhen k = o(y/m), the argument of ®(-) goes to zero. Since ®(0) = 1/2 we have that the
convergence probability goes to \/7/m which is independent of k. If, instead, k/v/m — oo then
the argument of ®(-) grows large and since ®(co0) = 1, the convergence probability goes zero. Our
proof of Proposition 2 allows us to derive the asymptotics only for the range k = 0(m2/ 3), but
this is sufficient to obtain some insight into the behaviour of Formula (3.46).
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Our results are illustrated in Figure 3.5, which shows the probability of conver-
gence to cycles of a given length as calculated from the exact formula in Theorem 3.
The panels on the left and in the centre plot for m = 5 and m = 10 show that the
probability of convergence is lower for long cycles than for short cycles. The Panel
on the right plots Formula (3.46) for m = 1000. Since 31 ~ /1000, we placed a
vertical line at 2k = 62. The probability of convergence is more or less uniform

up to that point, which is consistent with our observations above.

5-Action Games 10-Action Games 1000-Action Games

10~} )

o 1078

107!

2 10734 10-114

8

= 1072

& 10-51 10180

)

=

3 1n-3 —246

S 10 -7 10

) I 6 810 2 I 6810 20 ol 2 103

Cycle Length

Figure 3.5: Frequency of convergence of the clockwork sequence best-response dynamic
to 2k-cycles in 2-player games, using the exact formula from Theorem 3. The vertical
black line on the right corresponds to Formula (3.46), showing that the probability of
convergence is roughly uniform up to 2 - +/1000.

We now compare the behaviour of the clockwork sequence best-response dynamic
in 2-player games with that of the random sequence best-response dynamic in
2-player games. Specifically, we observe that the probability of convergence to a
PNE is the same for both clockwork and random playing sequences in 2-player
games. The reason is that, under the random playing sequence, players’ actions do
not change whenever the sequence asks the same player to play several times in
a row. The profiles that are thus visited along the path are the same under both
playing sequences, which induces the same probability of convergence to equilibrium.
However, the game duration will differ since the random playing sequence introduces

delays. The result below enables us to determine the game duration more precisely.

Theorem 4. The probability that the s.-best-response dynamic on Ga,, does not
converge to a PNE or a best-response cycle before period x+/2m is exp(—x%/2) as

m — OQ.

Proof of Theorem /. Recall the definitions of h;(k) and kf(t) preceding Lemma 3,
see Equation 3.18. On a path <X, sc) generated by Algorithm 3, the environments
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that player ¢ € {1,2} encounters on her turns between (and including) periods 1
and t are given in the sequence
(X0 xM®7 xR, (3.49)
To prove Theorem 4, we now work out the asymptotic behaviour of Equation
(3.41). Note that Equation (3.41) can be written as
mp if ¢ is odd

i1 _ ) (5

;1 (1 ) ;{J) B <m_§) { (ml)” if £ is even (3:50)

! m m—%)!)th

Using Stirling’s formula'?, we obtain that!?

2 t41
(m!) N (m —

m

) _ exp (—(t+1)) (3.51)

and

(m_ ;) i )’ (m— §>Hm exp(—t) (3.52)

m—%)!) mt m

whenever m — t — oo. Taking a logarithm of the last expression,*

1t
—t+{t—-2m)In(l—-—=
* m)n( m2>

1t 1¢ 3

Provided that ¢ = o(m??), the second term goes to zero and therefore Approximation
(3.52) behaves asymptotically like exp (Z—ﬁj) An identical argument shows that,

under the same conditions, Approximation (3.51) is also asymptotically exp (Z—ﬁj)

i:ﬁl <1 N ;”LBD ~eEp (;j) : (3.54)

This completes the proof of Theorem 4. Note that Approximation (3.54) holds
uniformly in the range [1, o(m? 3)} O

Hence,

12As n — 00, n! ~ v/27n - n" exp(—n).
13 f(n) ~ g(n) denotes f(n)/g(n) — 1 as n — oo.
1 f(n) = O(g(n)) if there is M > 0 and N such that |f(n)| < Mg(n) for all n > N.
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This result shows that the clockwork sequence best-response dynamic in 2-player
games will likely converge to a PNE or a best-response cycle within v/2m periods
when m is large. The game duration for the random playing sequence should be
greater than for the clockwork playing sequence by a factor of 2. The reason is
that, under the clockwork playing sequence, the players alternate at the tick of each
period, whereas, under the random playing sequence, the number of periods that it
takes for the playing sequence to turn to the other player is Geometrlc( ). Thus,
the random playing sequence can be considered a slowing down of the clockwork
playing sequence, in which the expected time to play the next step is 2.

We conclude this section with the proof of Proposition 2, which uses Ap-
proximation (3.54).

Proof of Proposition 2. Recall the definitions of h;(k) and k(t) preceding Lemma
3, see Equation 3.18. On a path QE, s¢) generated by Algorithm 3, the environments
that player ¢ € {1,2} encounters on her turns between (and including) periods 1

and t are given in the sequence
(X0 x M@ xR, (3.55)

To prove Proposition 2, we now turn to the asymptotic behaviour of Formula (3.39).
Let T = T(m) satisfy T = o(m?*?3) and k = o(T). We assume that T > D) /3) SO
that T is not too small, and we split the summation in Formula (3.39) into two
ranges: t < T and t > T'. Since the Approximation (3.54) holds uniformly in our

first range, we have

t+2(k—1)

0D e (). oo

i=1 m m

We now approximate the summation on the right-hand side with an integral. Firstly,
note that

/T+1 < t+2$;n 1))2> dt:\/?/TiHZf%_I)GXP<_§> d
Ve
—2f(1— <2k:—1>>

where the first step uses the transformation

exp( 332) dx (3.57)

t+2(k—1)
C Vom

z = (3.58)
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Furthermore,

4dm m

;1/01 exp (_(t + 2(k — 1))2> dt < i, (3.59)

which goes to zero faster than Approximation (3.57). Since

[rwa sy sn< [ rwas [ iwas [ wa @0

for any positive and decreasing function f(+), it follows that

e[S fE o2 oo

We must show that the summation of Formula (3.39) over the second range is

negligible. Since exp(z) > 1+ z and [z] > z — 1 for all z, we obtain the following

t+2(k—1) ;
11 (- 13))

2(m—k+1) T+1+2(k—1)

upper bound:

< 1 (-5k))
M —rp i=1 m L2 (3.62)
] 2m—k+1) | THE2AR-Y)

< — exp | —— ( — 1)
m t;H m ; 2

< ——(T+2k—-1)—2 ) .

< exp (— - (T 20— 1) - 2)

This expression is small compared to the other half of the sum. O]

3.2.3 Games on Networks

Up to this point, we have assumed that, in general, the chosen actions of each player
impact the payoffs of each other player. We now allow this assumption to loosen,
meaning that for all randomly generated games, there is a specific player whose
payoffs do not depend on the behaviour of another specified player. We formalise
this by means of a directed network of players with n nodes, that is imposed on
a game g, ,, and which determines which players’ actions impact which player’s
payoffs. If there is no edge from player p to player ¢, then the payoffs of ¢ do not
depend on the actions of player p. We provide convergence results for clockwork
best-response dynamics on bipartite graphs, which include games on stars, rings
with an even number of vertices, and hypercubes. Our approach is similar to the
proof of Theorem 3, but we will make purely simple combinatorial arguments here.

Our key results are obtained from a recurrence relation:
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Lemma 4. The solution to the recurrence relation

fk+1) = h(k) (k) + g(k)

£ = £ (369
s given by .
ZEM0@+2%EMU) (3.64)
Proof of Lemma 4. We have
f(k+1)  hk)f(k)  g(k)
LR T () T G 369
Define k)
F(k) = =0 (3.66)
then
S FG+) - FG) = FH) - P =3 29 3
j=1 j=1 Hg:l h(z) '

which implies

f(k)
ETO I Z gl (@') (3.68)

from where Equation (3.64) follows. O
We now provide our key result for the frequency of convergence on bipartite networks:

Theorem 5. The probability that the clockwork best-response dynamic converges
on Gym where the underlying network of players is bipartite of two sets A, B of

sizes a and b, n =a+ b, a > b is given by

(mﬁ1h<2)) (1 . mt — mb +mz—:1 g(j]) h@)) (3.69)

b

where h(r) = 7(ma_$L " nd g(r) =L 4+ ™ —mltr

Proof of Theorem 5. Assume, without loss of generality, that the players in set A

move first. Similar to the reasoning for the proof of Theorem 3, convergence is

achieved with probablhty — otherwise ™ Then the players in set B move and

. This continues with the numerators

converge with probablhty 5 other\mse
in the probabilities decreasing by 1 until they vanish.
The probability of convergence is summed up down the playing tree as

1 m¢ —1 1 mb—1 1 me—2 (1 mb — 2
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which can be rewritten as f(m®) where f(r) is given by

1 me—ml4+r /1 r
f(r+1)=a+a(b+b (r))
m m m m
b (3.71)
1 mt—mb+r (ma—m +7”>7‘

=7 matb + f(’f‘)

me ma+b

Solving the recurrence relation yields

a b r—1

)= (TIn0) (Ti MLl

9(j) ;
> T )) (3.72)

where h and g are defined as above. Using the fact that the probability of convergence
is f (mb) yields the desired result. O

In particular, the corollaries below state the probability of convergence under star
networks and bipartite networks of equally-sized sets, which include rings with

an even number of vertices and hypercubes.

Corollary 3. The probability that the s.-best-response dynamic converges on G,

where the underlying network of players is a star, is given by

Gl Ttk

=1 iy h(R)

+ L and h(k) = Em2mth)

1
m m" mmn

where g(j) =

Corollary 4. The probability that the s.-best-response dynamic converges on G,

where the underlying network of players is bipartite of two sets of equal sizes k, is

(m.ljl h(¢)> (Wll,ﬁm__l Hi(j}z (Z,)) (3.74)

mk4r
m2k *

given by

where h(r) = n:—jk and g(r) =

Figure 3.6 summarises the results of this section by showing the convergence rate of
clockwork best-response dynamics for 4-player games under different networks: fully
connected (see Section 3.2.1), fully connected bipartite, and star networks. As shown
earlier, the frequency of convergence decreases with the number of actions, and is
higher on networks with lower density. For numerical results on the frequency of

convergence on random networks with varying numbers of edges, see Section 3.3.1.3.
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Figure 3.6: Frequency of convergence of clockwork best-response dynamics on 4-player
games with varying numbers of actions and under different networks. The frequency of
convergence decreases with the number of actions and with higher network density.

3.3 Simulation Results

This section summarises our results obtained from numerical simulations. We run
the different types of best-response dynamics and compare their behaviour to the
other learning rules: reinforcement learning, fictitious play, and replicator dynamics.

For our theoretical results, we limited ourselves to analysing best-response
dynamics in random games where the payoffs are drawn independently across
players and action profiles. For our simulations, we allow the payoffs to be correlated
across players (Goldberg et al., 1968; Stanford, 1999; Berg and Weigt, 1999; Rinott
and Scarsini, 2000; Galla and Farmer, 2013; Sanders et al., 2018). To do so, at
initialisation, for each action profile @ we draw the vector U(a) = (Ui(a), ..., U,(a))
at random from a multivariate normal distribution with mean zero, unit variance,
and covariance matrix with 1s on the diagonal and % on the other entries. So
I' € [-1,n — 1] parametrises the degree to which payoffs are correlated. If I' = 0,
the payoffs are chosen independently, which recovers the case for which we derived
our theoretical results. At one extreme, if ' = n — 1, then at each action profile,
all players receive the same payoff, and at the other extreme, if [' = —1, we
have a zero-sum game. More generally, when I' > 0 the game is “cooperative”
and when I' < 0 the game is “competitive” (Rinott and Scarsini, 2000). We find
that negatively correlated payoffs make convergence less likely and that positively
correlated payoffs make convergence more likely.

In all simulations, for each combination of n, m, and I', we draw 500 games
and simulate 5000 time steps starting from randomly chosen initial conditions. In
Section 3.3.1, we first simulate the clockwork sequence best-response dynamic in
random n-player, m-action games with independent payoffs (i.e. T' = 0). This
allows us to verify our theoretical results. Then, we compare the behaviour of the
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clockwork sequence best-response dynamic against the best-response dynamic under
random and simultaneous updating for different values of n, m, and I'. In Section
3.3.2, we compare the behaviour of the best-response dynamic (with clockwork,
random, and simultaneous updating) against other learning rules (reinforcement
learning, fictitious play, and replicator dynamics) for different values of n, m, and
I'. We also vary the structure of the network of players, and show by numerical
simulations that the network’s density lowers the convergence probability, similar
to increasing the number of players or actions.

3.3.1 Simulation of Best-Response Dynamics

This section presents the results of our simulations on best-response dynamics.
In Section 3.3.1.1, we focus on clockwork best-response dynamics, numerically
confirming our theoretical results from Section 3.2. Section 3.3.1.2 compares the
observed frequencies of convergence across different types of best-response dynamics
— clockwork, random, and simultaneous. Section 3.3.1.3 presents our findings on
games played on networks (see Section 3.2.3 for our theoretical results), while Section
3.3.1.4 discusses the speed of convergence under various settings, in particular using
the periodic best-response dynamic (see Section 3.2.2 for theoretical results).

3.3.1.1 Clockwork Best-Response Dynamics

We start by simulating the clockwork sequence best-response dynamic in n-player,
m-action games with independent payoffs (I' = 0). We find good agreement with our
main theoretical results. We show that Corollary 1, which states that the asymptotic
probability of convergence to a PNE is, up to a polynomial factor, of order 1/ Vmr1,
is also reflected in our simulations for relatively small values of m and n.

The blue markers in Figure 3.7 show the frequency of convergence to a PNE
in our simulations for different numbers of players n and numbers of actions m.
The error bars correspond to one standard deviation calculated over the average
rate of convergence of 100 sampled games for each ensemble. The frequency of
convergence to a PNE decreases as the number of players or actions increases. The
solid black line in the top panel is the analytical probability of convergence to a
PNE in 2-player games, calculated using Formula (3.46). Up to sampling noise,
our analytical results align perfectly with the numerical simulations.

Additionally, we explore the validity of our asymptotic results in games with
a small number of players and actions. Specifically, Figure 3.7 allows us to verify
Corollary 1; namely, that the frequency of convergence to a PNE in a n-player,
m-action game is roughly the same as in a 2-player, m"~! action game. While in
Section 3.2.1, this result was only proved asymptotically (mn — oo), we investigate
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Figure 3.7: Frequency of convergence under the clockwork best-response dynamic,
verifying Formula (3.46) for 2-player games (solid black line) by comparing it to numerical
results for 2-, 3-, and 4-player games in the top panel. We also verify Corollary 1 by
showing that the analytical approximations (dashed black lines) match the numerical
results. In the bottom panel, the horizontal axis is rescaled according to Corollary 1,
showing that the numerical data collapses even for a small number of players and actions.

the extent to which the result holds for small values of m and n. Using Corollary
1, we approximate the frequency of convergence to a PNE in a n-player, m-action

"=1 which is

game by replacing the number of actions m in Formula (3.46) by m
the equivalent number of actions in the corresponding 2-player game. We plot these
approximate frequencies as dashed lines in the top panel of Figure 3.7. As can be
seen, there is a good match between the approximation and our simulation results,
particularly when the number of actions m is relatively large. The bottom panel of
Figure 3.7 gives us another way to illustrate Corollary 1. Here, we rescale the number
of actions for n-player games to match the number of actions of the equivalent
2-player game. After rescaling, a point corresponding to m actions in an n-player
game is moved on the horizontal axis to several actions given by m”~!. For example,
the point giving the convergence frequency for 4-player 10-action games is translated
to the right to the horizontal coordinate corresponding to 10% actions in a 2-player

game. The rescaled markers all lie relatively close to the black line, corresponding
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to the analytical probability of convergence to a PNE in 2-player, m-action games.

We continue with results on games with correlated payoffs (I' # 0). Figure
3.8 shows the frequency of convergence to a PNE under clockwork best-response
dynamics. The solid line corresponds to I' = 0, the darker dashed lines correspond
to positive correlations, I' = ”T_l, Q"T_l, ...,(n—1), and the lighter dashed lines
correspond to negative correlations, I' = —0.2,—-0.4,...,—1. If the payoffs are
positively correlated, for any value of n and m, convergence tends to be more likely
than for independent payoffs. The reason is that under positively correlated payoffs
(especially if the correlation is very strong) there is a proliferation of pure Nash
equilibria (Goldberg et al., 1968; Stanford, 1999; Berg and Weigt, 1999; Rinott
and Scarsini, 2000). The best-response dynamic is therefore very likely to converge
to one of these equilibria.!® If the payoffs are negatively correlated, for any value
of n and m, convergence to a PNE tends to be less likely than with independent
payoffs. When I" & —1 we essentially generate zero-sum games (Goldberg et al.,
1968; Rinott and Scarsini, 2000). Such games do not have pure Nash equilibria, so

clockwork best-response dynamics can not converge to a Nash equilibrium.'¢
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Figure 3.8: Frequency of convergence to PNE under clockwork best-response dynamics.
The solid line corresponds to I' = 0, the darker dashed lines to I' = ”T_l, 2"T_1, sy (n—1),
and the lighter dashed lines to I' = —0.2,—-0.4, ..., —1. The frequency of convergence
decreases with the number of players and the number of actions, but increases with the
level of correlation.

15This does not occur under 2-player simultaneous best-response dynamics when payoffs are
highly correlated. For instance, consider a 2-player, 2-action coordination game (in which payoffs
are positively correlated). If players start at one of the two action profiles that are not pure Nash
equilibria, they keep bouncing between them forever.

16 And neither can any version of best-response dynamics, see Figure 3.14.
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3.3.1.2 Comparison of Different Best-Response Dynamics

We now turn to compare the convergence frequency of different types of best-
response dynamics (clockwork, random, and simultaneous). Figure 3.9 shows the
frequency of convergence of 2-, 3- and 4-player games and varying numbers of
actions when payoffs are independent. The error bars correspond to one standard
deviation to the mean, calculated over average rates of convergence of 100 games
each. The frequency of convergence to a PNE decreases in n and m for the clockwork
playing sequence and for simultaneous updating. The random playing sequence
is different. When there are only n = 2 players, the random playing sequence
has the same convergence probability as the clockwork playing sequence — as
argued in Section 3.2.2. Amiet et al. (2021) proved that the random sequence
best-response dynamic always converges to a PNE if there is one when m = 2 and
n — oo. As argued in Section 3.2.1, this gives us an unconditional probability of
convergence of 1 — 1/e &~ 63%. Our simulations show that the result of Amiet
et al. (2021) also appears to hold for games with more than two actions provided
n > 2. The random sequence best-response dynamic almost always converges to
a PNE in games with a PNE (even for relatively small values of n and m). The
simultaneous best-response dynamic is less likely to converge than the other two

across all observed game ensembles.
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Figure 3.9: Frequency of convergence to pure Nash equilibria under clockwork, random,
and simultaneous best-response dynamics for different numbers of players and actions
when payoffs are independent. The frequency of convergence decreases with the number
of actions and players for clockwork and simultaneous updating. The random sequence
best-response dynamic almost always converges to a PNE in games with a PNE (Amiet
et al., 2021). Simultaneous best-response dynamics are less likely to converge than the
other two across all observed game ensembles.
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3.3.1.3 Games on Networks

Figure 3.10 illustrates the rate of convergence for the clockwork best-response
dynamics as the underlying network increases in edges, ranging from 1 up to
@. The figure highlights the frequency of convergence across a broad set of
randomly generated connected networks with varying numbers of players and edges,
represented by the solid line. Additionally, we overlay the frequency of convergence
for the corresponding regular network. Our focus on connected networks is due to
the fact that non-connected networks can be treated as a set of smaller, independent
games. Thus, analysing connected networks offers a clearer understanding of how
increasing connectivity affects convergence. We observe that as the number of edges
in the network increases, the frequency of convergence decreases. Moreover, the
convergence frequency curves tend to converge to a common shape, regardless of the
number of players, indicating a robust relationship between network structure

and convergence.
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Figure 3.10: Frequency of convergence of clockwork best-response dynamics in 2-action
games with uncorrelated payoffs and with varying number of edges in the network of
players. We also highlight the frequency of convergence for the corresponding regular
network. The frequency of convergence decreases with the number of edges.

3.3.1.4 The Speed of Convergence

We employ the p-periodic best-response dynamic (see Section 2.3.4) to study the
time it takes to reach convergence. Figure 3.11 plots the frequency of convergence to
a pure Nash equilibrium against the length of the random subsequence (namely p—n)
for p-periodic best-response dynamics in 3-player games with 2 or 3 actions per player.
As expected, the probability of convergence to a Nash equilibrium for p-periodic
playing sequences increases in p. The error bars correspond to one standard deviation

to the mean, calculated over the average convergence frequency of 100 games.



3. Convergence on Random Games 71

0 3-Player, 2-Action Games 3-Player, 3-Action Games
>
]
g 0.81 w
=]
&
L
—, 0.61
<
g 041
g
=
5 0.29
O
0.0 ‘ ; : : : : : ‘ ‘
0 2 4 6 0.0 2.5 5.0 7.5 10.0 12.
Length of the Random Sub-Sequence Length of the Random Sub-Sequence

Figure 3.11: Frequency of convergence under the p-periodic best-response dynamic in
3-player games for 2 actions and 3 actions. The probability of convergence to a Nash
equilibrium for p-periodic playing sequences increases in p.

Figure 3.12 shows, for varying lengths of the random subsequence, the distribution
of the number of time steps required to reach a pure Nash equilibrium, conditional
on converging, for p-periodic best-response dynamics in 3-player games with 2 and 3
actions per player. Notably, given that the system converges to a Nash equilibrium,
the average number of time steps required to reach equilibrium increases with
p. This observation aligns with the findings of Durand and Gaujal (2016), which
indicate that, on average, convergence to equilibrium in potential games is quicker
under the clockwork playing sequence compared to other playing sequences.

In our analysis, we find that the speed of convergence (conditional on reaching
equilibrium) is slower for playing sequences with a higher proportion of random
elements (i.e., a larger p — n) across the game space. This presents an interesting
trade-off between the likelihood of finding equilibria and the speed of convergence

to those equilibria, which may offer fertile ground for future research.

3.3.2 Comparison to Other Learning Rules

In this section, we compare the behaviour of best-response dynamics (under
clockwork, random, and simultaneous updating) with three classic learning rules:
Bush-Mosteller reinforcement learning (Bush and Mosteller, 1953), fictitious play
(Brown, 1951; Robinson, 1951), and replicator dynamics (Smith et al., 1992). The
main takeaway from our simulation results is that, compared to random and
simultaneous updating, the convergence properties of the clockwork best-response
dynamic align most closely with those of the three learning rules. This suggests
that the clockwork dynamic may offer a more accurate model of learning behaviour

in games where these classical learning rules are relevant.
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Figure 3.12: Conditional speed of convergence to a PNE for p-periodic best-response
dynamics in 3-player games. The average number of time steps required to reach
equilibrium increases with p.

We compare the probability of convergence of best-response dynamics (under
clockwork, random, and simultaneous updating) against each of the three learning
rules. In Figure 3.13, we do this for uncorrelated payoffs so I' = 0, n = 2 and
n = 3 players, and for various numbers of actions m. In Figure 3.14, we allow
I' to vary but fix the number of actions to m = 5. Finally, in Figure 3.15 we
allow n, m, and I'" to all vary. In our comparisons, we distinguish between cases
where Bush-Mosteller learning and fictitious play converge to pure vs. mixed Nash
equilibria (replicator dynamics only converge to pure Nash equilibria). In Figures
3.13 and 3.14, we represent the frequency of convergence to pure equilibria with
a dashed line, while a solid line indicates convergence to any type of equilibrium.
Thus, for any given number of actions, the vertical distance between the dashed
and solid lines represents the frequency of convergence to mixed equilibria only.
As shown in Figure 3.13, the frequency of convergence to a PNE under the
clockwork best-response dynamic closely aligns with the frequency of convergence
to a PNE under the three learning rules. In games with three or more players, the

random sequence best-response dynamic almost always converges to a PNE, provided
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one exists, which explains why the orange line rapidly flattens at 1 — 1/e ~ 0.63. In
contrast, the frequency of convergence to pure (or mixed) Nash equilibria under the
three learning rules declines as the number of actions increases. The best-response
dynamic under simultaneous updating converges to a PNE far less frequently
compared to the three learning rules.!” When considering convergence to mixed Nash
equilibria as well, we observe that the clockwork best-response dynamic converges less
frequently than the three learning rules, particularly in the case of fictitious play with
two players. However, as the number of actions increases, the clockwork dynamic
more closely follows the trend in convergence to mixed or pure Nash equilibria
observed in the learning rules, outperforming the random best-response dynamics
when there are three or more players. Additionally, the frequency of convergence to
equilibrium of the clockwork best-response dynamics is generally closer to that of
the three learning rules than that of the simultaneous best-response dynamic.

In Figure 3.14, we fix the number of actions at m = 5 and vary I".!® Both the
clockwork and random sequence best-response dynamics track the other learning
rules fairly well, though the clockwork sequence appears to outperform the random
sequence. However, it is worth noting that the best-response dynamic under
simultaneous updating converges far less frequently. This observation is consistent
with our earlier finding that, even in the presence of many Nash equilibria (as is
the case under strongly positively correlated payoffs), this version of the dynamic
fails to converge as reliably as the others.

To directly measure the closeness of different types of best-response dynamics
to the complex learning rules, Figure 3.15 presents scatter plots comparing the
frequency of convergence to a PNE for the best-response dynamic (under each
playing sequence) to the frequency of convergence to pure or mixed equilibria for
each of the three learning rules. Each dot represents the convergence frequency
for a specific combination of n, m, and I'.' We show the Pearson correlation for
each combination, finding that while the frequency of convergence to a PNE for
the clockwork sequence best-response dynamic does not perfectly align with the
frequency of convergence to pure or mixed equilibria for the three learning rules
(see Figure 3.13 and Figure 3.14), it generally outperforms the other versions of the

There is a discrepancy between the frequency of convergence to a PNE for the replicator
dynamic and that for the clockwork best-response dynamic. This is primarily due to numerical
limitations: the replicator dynamic has infinite memory, so a trajectory might hit the machine
precision limit without reaching a PNE.

8Note that in the 2-player case with I' = —1, the frequency of convergence to any equilibrium
(pure or mixed) for fictitious play is close to one. This aligns with existing theoretical results on
the convergence of fictitious play in 2-player zero-sum games (Fudenberg and Levine, 1998).

9The 418 combinations of n, m, and I' considered are: n = 2 with m = 2,...,15; n = 3 with
m=2,..,10;n=4withm=2,...,.8,n=5withm=2,....5;n=6withm=2,3;and n =7
with m = 2,3, each for I' = —1,-0.8, ...,0, 221, 2221 (n — 1).
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Figure 3.13: Frequency of convergence to PNE under clockwork, random, and
simultaneous best-response dynamics compared to the frequency of convergence to (mixed
and pure) Nash equilibria under Bush-Mosteller reinforcement learning, fictitious play,
and replicator dynamics for games with independent payoffs. Except for multi-player
random best-response dynamics, the convergence frequency decreases with the number of
actions. The clockwork best-response dynamic closely tracks the convergence behaviour
of complex learning dynamics.

best-response dynamic discussed here. Had we focused exclusively on convergence
to pure equilibria for each of the learning rules only, the clockwork best-response
dynamic would have resembled the outcomes of the three learning rules even more
closely. The identity line is included as a reference.

To develop more intuition for why the clockwork best-response dynamic is a good
predictor for the three complex learning rules in terms of convergence probability
and evolution of play, we turn to qualitatively compare the dynamics instead of

just the convergence probability. Figure 3.16 illustrates a best-response digraph
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Figure 3.14: Frequency of convergence to PNE in 5-action games under clockwork,
random, and simultaneous best-response dynamics compared to the frequency of
convergence to (mixed and pure) Nash equilibria under the Bush-Mosteller reinforcement
learning, fictitious play, and replicator dynamics, with varying levels of correlation I'.
The frequency of convergence increases with higher correlation. Both the clockwork and
random sequence best-response dynamics track the other learning rules fairly well, the
simultaneous best-response dynamic does not.

alongside the trajectories traced by Bush-Mosteller learning, fictitious play, and
the replicator dynamic, starting from various initial conditions.?’ The trajectories
illustrate the evolution of mixed strategy vectors for the learning rules, which
generally follow the directions of the edges in the best-response digraph. These

edges also guide the evolution of play in the clockwork best-response dynamic,

20The underlying game has binary payoffs of zero or one. The patterns exhibited by the learning
algorithms, as noted by Pangallo et al. (2019), are fairly robust across different payoff values in
2-player games. However, altering payoff values would distort the trajectories in the action profile
space.
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Figure 3.15: Frequency of convergence to PNE under clockwork, random, and
simultaneous best-response dynamics against the frequency of convergence to (mixed or
pure) Nash equilibria under Bush-Mosteller reinforcement learning, fictitious play, and
replicator dynamics, for varying values of n, m, and I'. We show the Pearson correlation
for each combination, finding the clockwork best-response dynamics are the best predictor
for convergence. The identity line is included as a reference.

but they do not influence the evolution of play in the random sequence. Over
time, the random sequence best-response dynamic would eventually converge to
the pure Nash equilibrium represented in this digraph. Thus, the paths traced by
the clockwork sequence best-response dynamic tend to more closely resemble the
trajectories followed by the three learning algorithms compared to those traced
by the random sequence best-response dynamic. This similarity holds despite the

fact that the three learning algorithms are typically defined with simultaneous
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updating.?! Our assessment of how “close” the paths of the clockwork and random
sequence best-response dynamics are to those of the learning algorithms is based
on observations across various games.??> Moreover, our findings align with Pangallo
et al. (2019), who found that the prevalence of 2k-cycles serves as a strong indicator
of the frequency of convergence to Nash equilibrium for learning algorithms in
2-player random games. Overall, our results suggest that, to the extent that the
learning algorithms are consistent with human gameplay in randomly generated
games, the clockwork best-response dynamic could serve as a reasonable first-order

approximation for the evolution of play in such settings.

.««(@@ww

e

(a) Bush-Mosteller Learning (b) Fictitious Play (c) Replicator Dynamics

Figure 3.16: Trajectories of Bush-Mosteller reinforcement learning, fictitious play, and
replicator dynamics imposed on best-response digraphs of different 3-player, 2-action
games. Blue trajectories converge to Nash equilibria (pure or mixed); red trajectories do
not. Blue arrows correspond to pure Nash equilibria, light blue arrows lead there, red
arrows correspond to cycles, and orange arrows lead there.

Finally, we turn to games on networks and provide numerical results comparing the
frequency of convergence of best-response dynamics to the frequency of convergence
of the more complex learning rules. Figure 3.17 shows the frequency of convergence of
clockwork best-response dynamics, Bush-Mosteller reinforcement learning, fictitious
play, and replicator dynamics on fully connected networks, stars, rings, and wheels.
We find that the frequency of convergence of the best-response dynamic stays close

to the frequency of convergence of the other learning rules.

21The paths traced by the learning algorithms may exhibit features similar to those of the
best-response dynamic under both clockwork and simultaneous updating. The extent to which
the learning algorithms have “memory” will likely affect how closely the paths resemble the
best-response dynamics under either updating method.

22 Although we have not performed a quantitative analysis of “path closeness”, we expect the
comparison between clockwork and random sequence best-response dynamics to hold, particularly
in large games.



3. Convergence on Random Games 78

—— Fully Conn. BRD —— Star BRD — Ring BRD —— Wheel BRD
------ Fully Conn. Dyn. ------ Star Dyn. ------ Ring Dyn. -----=- Wheel Dyn.

Bush-Mosteller Learning

0.0

Fictitious Play

1.0

Convergence Frequency

0.0

Number of Players

Figure 3.17: Frequency of convergence of clockwork best-response dynamics compared
to Bush-Mosteller reinforcement learning, fictitious play, and replicator dynamics on
2-action games with varying numbers of players and different networks of players. The
frequency of convergence of the best-response dynamic stays close to the frequency of
convergence of the other learning rules.

3.4 Conclusion

This chapter investigated the convergence frequency of various learning dynamics
in randomly generated games. Through a combination of theoretical analysis and
numerical simulations, we demonstrated that the sequence in which players updated
their actions had a significant impact on the likelihood of convergence. Specifically,
we found that the clockwork sequence — where players updated in a fixed cyclic
order — rarely converged to a Nash equilibrium when the number of players n
and actions m was large. In contrast, random sequences almost always led to

convergence when a Nash equilibrium existed. Our simulations further revealed that
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the convergence properties of the clockwork sequence closely resembled those of
popular learning rules, despite these rules typically being framed with simultaneous
updating. Additionally, we presented new results on the impact of payoff correlations
and network structures on convergence, showing that both factors influenced the
probability of reaching an equilibrium. These findings suggest that structural
features of the game, such as player interactions and payoff dependencies, play a
crucial role in determining convergence behaviour.

Future research could explore the theoretical properties of simultaneous and
periodic best-response dynamics; areas where our current methods do not apply.
We also did not attempt to extend our theoretical results to games with correlated
payoff or to games on networks.

In the next chapter, we turn to the related problem of determining the frequency
with which specific game structures arise in randomly generated games. We will
be using similar methods; in particular, digraph game representations and the

clockwork best-response dynamic.



The Frequency of Games

We examine the likelihood of generating random games with specific
structural characteristics. Section 4.2 reviews the existing literature on
the distribution of Nash equilibria, the prevalence of various game classes,
and the likelihood of drawing games with a specific attractor structure
at random. Section 4.3 introduces our main analytical framework for
studying attractor structures in multi-player games: the best-response
n-partite digraph. Using this framework, we present an explicit formula

for the

frequency of a specific class of multi-player games in Section /.4.

Finally, Section 4.5 offers concluding remarks.
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4.1 Introduction

In this chapter, we study the likelihood of drawing games with specific structural
properties at random. As in the previous chapter, we utilise the clockwork best-
response dynamic, where players select their optimal strategy (facing the previous
optimal strategies of their opponents) sequentially — player 1 moves first, followed
by player 2, and so on, until it is player 1’s turn once more. In the 2-player case,
where the clockwork sequence is equivalent to the random playing sequence, it is
possible to provide an explicit formula for the likelihood of games with a specific
attractor structure. This is closely connected to Chapter 3 since the attractor
structure summarises the likelihood of convergence or non-convergence of clockwork
(or random) best-response dynamics on 2-player games. In the multi-player case,
we provide general results on the likelihood of generating games on which the
clockwork best-response dynamic converges. As before, those are games for which,
starting from any initial strategy profile, no player modifies their strategy after
a sufficiently large number of turns.

The frequency of generating games with certain properties at random can provide
valuable insights into the predictability and stability of equilibria in economic
systems. Such properties are often straightforward to observe in scenarios modelled
by low-dimensional games, such as 2-player, 2-action setups. However, in more
complex contexts — such as biological interactions (Gokhale and Traulsen, 2010;
Duong, 2016), bidding behaviour (Cheng et al., 2020), interactions within supply
chains (Babu and Mohan, 2018), trading behaviour in financial markets (Challet
et al., 2005), or social behaviour during crises (e.g., the Covid-19 pandemic) —

predictability and stability are less obvious.

Distinction to Chapter 3 We want to emphasise the distinction between this
chapter, which focuses on the frequency of drawing certain classes of games at
random, and Chapter 3, which discusses the frequency of convergence of different
learning rules. This chapter specifically analyses one particular playing sequence
in n-player games, represented as n-partite networks, and proves some unique
results. In contrast, Chapter 3 considers multiple playing sequences and provides
general results for each. While one playing sequence (clockwork) is analysed in
both chapters, the results presented here remain distinct.

Specifically, in Section 4.4, we will provide an upper bound for the frequency
of drawing a game without cycles if the number of players n and the number

of actions m is finite, that is

K
Sk, (4.1)
k=1
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where K is the maximum number of pure Nash equilibria in n-player m-action games.
This frequency is not equivalent to the frequency of convergence under clockwork
playing. For instance, in the 2-player case, the frequency of games without cycles is

m

2m — k m! 2
Z m2+2(k — 1)! (( )) (4.2)

m—k)!

where m is the number of actions. On the other hand, the frequency of convergence
under a clockwork playing sequence (Equation (3.46) with £ = 1 in Corollary
2) in the 2-player case is

L) a3

The frequency of games without cycles is bounded by the frequency of conver-
gence since games with both cycles and pure Nash equilibria have a convergence
frequency above 0.

We start by reviewing the literature on the frequency of game ensembles,
specifically on the distribution of Nash equilibria and on a subset of well-studied
classes of games. We then turn to the likelihood of drawing games with a specific

attractor structure at random.

4.2 The Frequency of Game Ensembles

This section discusses some key results on the likelihood of drawing games with
specific structures at random. Specifically, Section 4.2.1 summarises asymptotic
results on the distribution of Nash equilibria and Section 4.2.2 reviews popular
classes of games.

4.2.1 The Distribution of Nash Equilibria

We start by noting that in random n-player m-action games, the probability that
there is a pure Nash equilibrium is asymptotically 1 — exp(—1) &~ 0.63 as either
n or m (or both) get large:

Proposition 3 (Rinott and Scarsini, 2000).
lim Pr [#PNE(Gp,m) > 1] =1 —exp(—1). (4.4)

In fact, Rinott and Scarsini (2000) prove a much stronger result: they characterise
the asymptotic distribution of the number of pure Nash equilibria in random games,
showing that #PNE(G,, ,,) is asymptotic Poisson(1) as nm — oco. The probability
that a PNE exists in a random game has been studied by Goldberg et al. (1968) in the
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2-player case and by Dresher (1970) in the n-player case as m — oo. Powers (1990)
and Stanford (1995) noted that the distribution of the number of PNE approaches a
Poisson(1) as m — oco. Building on Arratia et al. (1989), Rinott and Scarsini (2000)
show that the Poisson(1) limit holds as nm — oo (i.e. when m or n get large).
Concerning the use of best-response structures as a tool to study convergence
frequencies, Pangallo et al. (2019) and Pei and Takahashi (2019) both obtained

exact results for the frequency of one or more PNEs in the 2-player case.

4.2.2 Classes of Games

Closely related to the frequency of Nash equilibria, we now turn to the frequency
of games that are a member of a certain well-defined class of games with notable
structural properties. In this section, we introduce constant-sum games (Section
4.2.2.1), dominance-solvable games (Section 4.2.2.2), potential games (Section

4.2.2.3), and coordination games (Section 4.2.2.4).

4.2.2.1 Constant-Sum Games

A game is constant-sum, if the sum of the payoffs of all players is the same

across all action profiles a,
> ui(a) =c (4.5)

where ¢ € R is that sum. In particular, when ¢ = 0, the game is called zero-
sum. Goldman (1957) considered zero-sum 2-player games and showed that the

probability of having a PNE goes to zero as the number of actions grows.

4.2.2.2 Dominance-Solvable Games

An action of a player is strictly dominated by another action of the same player
if the latter action yields a higher payoff in all environments. Rational players
would, therefore, never choose a strictly dominated action. Iterated elimination of
strictly dominated actions is the process of removing all strictly dominated actions.
A game in which this process leaves only one action for each player is called a
dominance-solvable game. The remaining action profile is the game’s unique pure
Nash equilibrium. Alon et al. (2021) studied the frequency of dominance-solvable

games and derived an exact formula for the 2-player case.
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4.2.2.3 Potential Games

A potential game (Monderer and Shapley, 1996) is a game that admits a potential
function v : [m]™ — R, which maps all action profiles a to real numbers. The key
feature of a potential game is that differences in payoffs can be entirely expressed
through the potential function: for all players i € [n], all corresponding actions

a;,a; € [m], and all environments a_;,
ui(ag, a_;) —ui(al, a_;) =v(a;,a_;) —v(a,, a_;). (4.6)

This means any change in a player’s utility from switching actions is mirrored
precisely by a change in the potential function. This property ensures that the
strategic incentives of the players are aligned with the potential function, making the
game more tractable for analysis. Potential games can have multiple Nash equilibria.
Collevecchio et al. (2024) study the distribution of the sizes of the basins of attraction

of PNEs in 2-player potential games as the number of actions goes to infinity.

4.2.2.4 Coordination Games

A game is a coordination game (Foster and Young, 1998) if the players’ actions can
be indexed such that all action profiles where all players select actions with the
same index are strict pure Nash equilibria. This implies that all strategy profiles
along the main diagonal correspond to pure Nash equilibria. In addition to the pure

Nash equilibria, coordination games often exhibit several mixed Nash equilibria.

4.2.3 The Structure of the Attractor

This section provides an overview of previous analyses of the structure of the
attractor of 2-player games, drawing from Pangallo et al. (2019) and our work
in Wiese (2020). We start by introducing the formalism for the structure of the
attractor by Pangallo et al. (2019) and, similar to the section above, provide some
key results on the likelihood of drawing certain games.

In the 2-player case, Pangallo et al. (2019) characterise the set of attractors of

best-response dynamics in a given payoff matrix as the best-response vector
V= (Up,...,01) (4.7)

where v; is the number of fixed points, vy is the number of cycles spanning two
actions, etc. It is important to note that the structure of the attractor can be
exactly described by the best-response vector. For instance, in Figure 1.2, the two

games on the left have the best-response vector v = (0,0, 3), the middle games
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have v = (0,1,0), and the two games on the right have v = (1,0,0). Note that

an attractor described by the best-response vector v takes up

A=> vk <m (4.8)
k=1

of each player’s actions, and the cycles alone take up

C=A- V1. (49)
Then, the quantity
U1
F = 4.10
)= % (1.10)

measures the relative number of actions on attractors that are part of fixed points
versus cycles, which also corresponds to the relative size of the basins of attraction
of fixed points under clockwork best-response dynamics, as averaged over all best-
response digraphs! with the same best-response vector.? For instance, Figure 4.1
shows all possible best-response digraphs corresponding to v = (0,0, 3). Since all
actions are part of pure Nash equilibria, F'(v) = 1. Figure 4.2 shows all possible
best-response digraphs corresponding to v = (1,0,0). All actions of both players
are part of the 3-cycle, so F(v) = 0.

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
1,1 0,0 00| [00 00 1,1| |1,1 0,0 00| 00 1,1 00| |00 1,1 00| |00 00 11

—_

2100 1t 0| |00 1l 00| |00 00 11| |00 0 1| |[1l1 00 0| |1{ 0 00

30000 0 11| |1t 00 00| |oft 1t ojo| |1yt 0l 0P| |ofo oo 11| |op 11 0

Figure 4.1: All possible best-response digraphs in 2-player, 3-action games with three
pure Nash equilibria. The value on the left of each action profile represents the payoff to
the first (row) player, while the value on the right represents the payoff to the second
(column) player. All actions are part of Nash equilibria.

Let p(v) denote the likelihood of drawing a game with the best-response vector v at
random. The key result of Pangallo et al. (2019) is their development of a recursive
expression for p(v), which allows us to write the probability that the clockwork
best-response dynamic converges to a PNE (see Theorem 3 for £k = 1 in Chapter

3) as a weighted sum across all possible best-response vectors,

> p(v)F(v). (4.11)

1See Section 2.2 for an explanation.
2See Section 3.1 in the supplementary material of Pangallo et al. (2019).
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2100 10 0j1 0,0 01 1)0 0 10 00 10 0,1 00 10 0,

[
(e
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—
([an)
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=

3110 01 0)0 10 0j0 0f1 10 00 0f1 0,0 10 0)1 0,0 01 10 0j1 10 0)0

Figure 4.2: All possible best-response realizations in 2-player, 3-action games with one
3-cycle. The value on the left of each action profile represents the payoff to the first
(row) player, while the value on the right represents the payoff to the second (column)
player. The best responses that are part of a cycle are shown in red, and those within the
attractor of a cycle are marked in orange.

Theorem 6 (Pangallo et al. (2019)). The likelihood of drawing a game with the
best-response vector v is given by

gy _ 1 (g (m = S ul = (- Dk K)
(4.12)
X gm (m_ ZUll,O) .
leM
where
i\ 2

(1, k) = <k> kI(k —1)! (4.13)

and ) )
G, d) =m™™ = 3 P, F)gn(i — &, d 4 1) (4.14)

The expression for the frequency of games with a certain best-response vector in

Theorem 6 was improved in Wiese (2020) by not requiring a recursion:

Theorem 7 (Wiese (2020)). The likelihood of drawing a game with the best-response

vector v is given by

- 1 m' ? m—A— 2 2m—A
P () = ((m—A)!> (=) (a-
Uk p (A = X ul = (G — D)k, k)

< 11 11

keEM j=1 J

(4.15)

where

P, k) = (if)zm(k _ ) (4.16)
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denotes the number of ways to choose a k-cycle from m nodes.

Theorems 6 and 7 can only be applied to 2-player games. The remainder of this
chapter will discuss cases for which the frequency of multi-player games with
certain attractor structures can be calculated. Our results employ the best-response
n-partite digraph representation introduced next.

4.3 The Best-Response n-partite Digraph

We introduce an n-partite digraph as an additional representation of the best

=1 nodes

responses for a given fixed sequence of players. There is a total of nm
in n groups, each group corresponding to a player and each node corresponding
to an environment of a player. At each node, a player chooses the best response;
formally the edges are constructed as follows®: for each pair (i, ) of players, where
j moves directly after ¢ in the clockwork sequence, and each environment a_;, place

a directed edge from a_; to another environment a’ ; = (a;,a_;_;), if and only if

As we assume that games are non-degenerate, each node in a graph representing a
game has an out-degree of 1. A PNE corresponds to a cycle of length n. Each player
chooses among m actions at each node; the total number of possible arrangements
is m™™" " each equally likely.

We call the n-partite graph constructed as above but without the Condition

(4.17) the full n-partite graph. Any n-partite graph corresponding to a given game
is a subgraph of the full n-partite graph. We will call a node free if its out-degree is
m, and fized if its out-degree is 1. An example is provided in Figure 4.3, showing
a 3-player, 2-action game with the corresponding 3-partite graph for the playing
sequence 1-2-3. The red arrows correspond to the actions of player 1, the black
arrows to the actions of player 2, and the red arrows to the actions of player 3. The
Nash equilibrium (I-IV-V) is highlighted by thicker arrows in the digraph.
We could have relaxed the assumption of assuming only one specific sequence of
players. However, PNEs are stable under any playing sequence. Introducing random
or other playing sequences would make the digraph more complicated by adding
more arcs without changing the results. Dynamics, where players choose their
actions simultaneously (with simultaneous best-response dynamics being the most
extreme case), can not be represented by an n-partite graph.

For the remainder of this chapter, we will employ the n-partite digraph to
study the likelihood of the class of games that converge under the clockwork
best-response dynamic.

3For the notation, see Section 2.2.
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Pl 3 v VI

I PL2 1I](0,0,0) ] (0,0,1)

Pl 1 IV | (1,1,1) | (0,1,0)
II PL2 II](1,0,1) | (1,1,0)

IV | (0,1,0) | (1,0,1)

Figure 4.3: A 3-player, 2-action game with one Nash equilibrium and the corresponding
3-partite graph representation under the clockwork playing sequence. The red arrows
correspond to the actions of player 1, the black arrows to the actions of player 2, and the
red arrows to the actions of player 3. The Nash equilibrium (I-IV-V) is highlighted by
thicker arrows in the digraph.

4.4 The Frequency of Convergent Games

We now turn to the class of games for which, starting from any initial strategy
profile, no player changes their strategy under the clockwork playing sequence after
a sufficiently large number of turns. We will demonstrate that the frequency of
convergent games with a given number of pure Nash equilibria approaches zero as the
number of players or actions increases. These games include the set of dominance-
solvable games (Section 4.2.2.2) and the set of coordination games (Section 4.2.2.4).

In general, there are three types of games: Type A games, which are convergence
games with a unique PNE; Type B games, which are convergent games with
multiple PNEs; and finally, Type C' games, which are non-convergent games. Type
A games (for instance, the Prisoners’ Dilemma) are straightforward to understand
and perfectly predictable, as they converge to the PNE. Type B games, which
can be thought of as coordination games, allow for multiple possible equilibrium
outcomes. An example of a Type C game is Matching Pennies. Unlike Types A and
B, Type C games have at least one mixed-strategy Nash equilibrium (MSNE). We
will investigate the likelihood of randomly generated games that converge (Type
A and Type B) in the ensemble of games with a given number of players and
varying numbers of actions available to each player. Our findings will illustrate
that Type A and Type B games become increasingly rare as game complexity
increases. Thus, using Type A or Type B games to model intricate scenarios, such
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as climate change or financial market dynamics, could yield misleading results.
Instead, employing Type C games may provide more robust and accurate models
despite the inherent complexity involved.

Using the n-partite graph described in Section 4.3, we obtain the frequency of
randomly generated games with a unique PNE in the ensemble of n-player, m-action
games (Section 4.4.1). We then study convergent games with more than one PNE
under the clockwork best-response dynamics (Section 4.4.2). Our analysis reveals
that convergent games with fewer PNEs are more common than those with a larger
number of PNEs. We provide an exact frequency for convergent 2-player games
with any given number of PNEs. Finally, we highlight that, for 2-player games with
fewer than 10 actions, games with a unique PNE are more common than convergent

games with multiple PNEs; beyond this threshold, the latter become more frequent.

4.4.1 Convergent Games with a Unique PNE

We randomly generate n-player, m-action games by drawing m”™ tuples of payoffs
from a continuous distribution. This ensures that randomly created games are
almost surely non-degenerate. The exact type of distribution does not matter as
long as payoffs are uncorrelated because the game’s structure only depends on
which one in a set of values is the largest. We leave games with correlated payoffs
for future research. However, results from the literature (Pangallo et al., 2019)
and from Chapter 3 suggest that Type A games are less likely when payoffs are
negatively correlated and that Type B games (see below) become overwhelmingly
likely with positive correlations.

Let pﬁ’m denote the frequency of n-player, m-action convergent games with

exactly £ PNEs. Our key contribution is the following theorem:

Theorem 8. The frequency of games with one unique PNE in the ensemble of

n-player, m-action games is given by

-1 n—1
pLo =ty ((T> - 1) (4.18)
’ m—r m

where r := ":,;1 + 1.

Proof of Theorem 8. Consider the full n-partite digraph (see Section 4.3) for an
n-player, m-action game. We order the nodes in the following way: a_; < a_; for
different players ¢ and j, if and only if ¢ < j, and for the same player i, a_; < a’,
under lexicographical ordering. Denote this full n-partite graph by Gf = (Vf, Ef),

where V' is the set of vertices and F is the set of edges.
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The Laplacian matrix of a graph G = (V, F) without multiple edges and self-loops
is defined as the square matrix with side length |V | and

0t(1) ifi=y
(L@), =—1  Hi#) (j)€E (4.19)
0 ifitj(i.j)¢E
where 6% (i) is the out-degree of a node i. For G! described above, the Laplacian

matrix takes the following form:

_D N 0 -+ 0 —
0
L(G)=|: .~ 0 (4.20)
0 N
S 0 - 0 D |
where D, S, Ni,...,N,_; are square matrices with side length m™~! defined as

follows:
o D = diag(m) is a diagonal matrix with m’s on the diagonal

o N, = diag (K,..., K1) is a blockmatrix with blockmatrices K; on the

diagonal, where each K; has side length m™~! and consists of m? diagonal

matrices diag(—1), each with side length m" =1,

e S is more irregular,

(S)is = {—1 if (i mod m"?) = {QJ 421)

0 otherwise.

For instance, in the case of 3-player, 2-action games, the Laplacian matrix corre-

sponding to Figure 4.4 (left) is given by

2 0 0 0]|-1 0 -1 0l0 0 0 0]

2 0 0|0 -1 0 =10 0 0 0

0 0 2 0]-1 0 -1 0l0 0 0 0

O 0 0 20 -1 0 =10 0 0 0

O 0 0 0|2 0 0 0|-1-1 0 0

; o 0 0 0]0 2 0 0/|-1-1 0 0

L(G)_ o 0 0 oO/0 O 2 0|0 0 -1 —1 (4.22)

o 0 0 o]0 0O 0 2l0 0 -1 -1

-1 -1 0 0|0 0 O O0]2 0 0 O

0 0 -1 -1/0 0 0 0|0 2 0 0

-1 -1 0 0|0 0 O O0]0 0 2 0
0 0 -1 -1{/0 0 0 0|0 0 0 2 |
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There are m™ ways to choose the first PNE, each fixing n nodes. Without loss of
generality, we choose the nodes where each player chooses their first action. We
condense these n nodes to a single node representing the PNE; see Figure 4.4. The
PNE node has an in-degree of n(m — 1); we delete all outgoing edges. The resulting
(n + 1)-partite graph consists of nm"~! — (n — 1) nodes and will be denoted by
G° = (V¢ E°), where V¢ is the set of vertices and E° is the set of edges. All nodes
except the PNE node are free.

Figure 4.4: For 3-player, 2-action games the full graph Gf on the left and the condensed
graph G° on the right. The PNE corresponds to the environment where every player
chooses their first action.

We apply Kirchhoft’s theorem to G to get the number of spanning trees. This
guarantees that the game converges under clockwork best-response dynamics.
Kirchhoff’s theorem (applied to our problem) states that the number of spanning
trees is the determinant of the Laplacian matrix of G¢ with the first row and column
deleted, which corresponds to the PNE-node. For a quadratic matrix A with side
length n, we define A as the quadratic matrix with side length (n — 1) obtained
from A by deleting the first row and column.

K= (é g) | (4.23)

provided that A is invertible, we have

For a general block matrix

det K = det (D — CA™'B) det A. (4.24)
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P

Applying this identity iteratively to L (G¢) yields

—~—

det L (G<) = m{m™" =)0 _ gt (D SN || Ni) . (4.25)

mn—l

The matrix S - IL N; is given by

(5°TI%) =m = 1fpso) (120

)
where

§(i) == arg min ( min, (Ji- /{:m”_p_lD> . (4.27)

pe[l,n—1] \kE[L,mP

We simplify the matrix D — # .S H?:’f NZ by elementary row- and column-

operations given in Algorithm 6 to obtain a matrix A.

Algorithm 6 The process for simplifying D — # .S |y N; to obtain A.

1. Forpe[l,...,n—1]

(a) Forie[l,...,m" ' —1]:
i. If i =mP~" or (i) # n — p, continue.
ii. Subtract the m?~"’s row from i.

2. Forkell,....n™ 1 —1]

(a) If for any p € [0,...,n — 1], k|mP, continue.

(b) Add column k to column m™~0*)~1,

The determinant of the matrix A can be written as
det A =m™" """ . det A (4.28)

for a matrix A with side length (n — 1) and given by

ma S -y =

N mn—1 mt
(4), ={7te -2 0>y (4.29)
_nn;zll 1 <J

1
m

Adding the i-th column multiplied by (— ) to the (i + 1)-th column for i =
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n—2,n—3,...,1, we get a matrix of the following form
Dy N 0 --- 0
Ey D
0 . . 0 (4.30)
N
E,,1 0 0 D
where
m—1
m—1
E; = — — -1 4.32
) (1.32)
D=m (4.33)
—1
N=-""2 14 (4.34)
mn

Fi=——="m 4.35
D - (4.35)
to the (i — 1)-th row for i =n — 1,...,2. Then the matrix is lower-triangular, and
the Di-entry is given by
E:D1+F.E2+...+F"_2.En_l
n—3
=D+ Y F* By,
= 0
i+1 m H—l
_D1+§F (m” — 2) ZF
_ 1\ "3 ‘ ' (4.36)
:D1+F<m 2) Z(Fm)z—F(m—l)ZF’
UL i=0
m—1\ ((Fm)"2 -1 Fr2—1
=D+ F —Fm-1—m=
o (m"2>< Fm—1 > (m )< F-1
_ 1 n—2
—m(r—l)—i—m(r”l—r)—?m((?n) —1>—|—1
r—m m
where r :=
det A =m™ 2. D;. (4.37)

Finally, the frequency of games with precisely one PNE is given by

n —_— 1 1 ~ 1/\/
B detL(G9) = ———det A= ——det A= —D;  (4.38)
m m

pn,m = mnmnfl mmn—1,1
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where we have multiplied by the number of possible positions of the PNE and
divided by the total number of possible arrangements; this completes the proof. []

Note that the frequency p}hm — 0 as the number of actions or the number of players

goes to infinity and that p,ll’m is decreasing in both n and m. For instance:
1 3 3 3 1
= (3=t - =+ ) (4.39)

Our result is different from the one in Stanford (1995), where the frequency of
games with one PNE, but possibly also mixed strategy Nash equilibria, converges
to exp(—1) as the number of actions for at least two players goes to infinity.

Figure 4.5 shows the frequency of randomly created games with a unique PNE
following Theorem 8. For comparison, the solid black lines denote frequencies
obtained by numerically sampling over 500 randomly created games with inde-
pendent payoffs.* The frequency of convergent games decreases with the number
of players and the number of actions.

0.8

=
=z 07 2-Player Games
TN
SR (.61 3-Player Games
v O :
% .% 0.51 4-Player Games
OS5 4 5-Player Games
o« .
22 0.3 6-Player Games
§ E 02 Numeric Simulation
g g
= & 01

S 0.0 —

)
e
[
o

10 12 14 16 18 20
Number of Actions

Figure 4.5: The frequency of randomly drawn games with a unique PNE following
Theorem 8. For comparison, the solid black lines denote frequencies obtained by
numerically sampling over 500 randomly created games with independent payoffs. The
frequency of convergent games decreases with the number of players and the number of
actions.

4.4.2 Convergent Games with Multiple PNEs

We can bound the frequency of convergent games with more than one PNE from
above:

4See Section 2.2 for details on creating random games.
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Theorem 9. For ky < ky, we have k', > pk .

Proof of Theorem 9. Consider a full n-partite graph and assign £ PNEs, thereby
fixing the outgoing edges of kn nodes. We show that the number of possible
realisations as a game decreases when adding another PNE.

The number of ways we can add another PNE (which is, in general, very
complicated to compute) is bounded from above by (m"~! —k)m = m" — km,
which is because there are m"~! — k free nodes for each player, each free node has
an out-degree of m, and fixing two nodes of an n-cycle fixes the remaining ones.
However, adding a PNE decreases the number of possible digraph realisations by a
factor of m™ — 1 because the n nodes may not form a cycle.

Induction over the number of added PNEs completes the proof. O

Theorems 8 and 9 imply that for every k, pzm — 0 as the number of actions
or the number of players goes to infinity. We computed for 3-player, 2-action
games that pi, = j0o¢ ~ 48.43%, p3, = S ~ 20.21%, pi, = o5 ~ 1.37%,

Piy = 1o ~ 0.049%.

In 2-player games, we can precisely state the frequency of games with k& PNEs.

Theorem 10. The frequency of 2-player, m-action convergent games with exactly

k PNFEs in the ensemble is given by

2m — k m! 2
k - .
Pom = ok — 1)) ((m - k:)!> ' (4.40)

for k < m, and is otherwise 0.

Proof of Theorem 10. It was shown by Austin (1960) that the number of chromatic
digraphs with m nodes of each type, where each node has an out-degree one, and
with a cycle of length 2k, 1 < k < m, is

(2m — k) (m™ 1) <(’”')l>2 . (4.41)

m—k

Factoring out the number of ways to arrange k vertices on a cycle ((k + 1)!) and

the total number of possible arrangements (m*™), we get

2m — k m)! 2
Ko !
P2m = m2k+2(k —1)! ((m — k)'> ’ (4.42)
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The frequency of drawing a 2-player convergent game (Type A or Type B) is then
given by >, p’im, the frequency of Type B games only is ;" , pg’m. Numerical
evidence shows that Type A games are more common than Type B games for
m = 2,...,9, and less common for m > 10. Figure 4.6 shows the frequency of
randomly drawn convergent 2-player games with a given number of actions and
PNEs following Theorem 10. The frequency of convergent games decreases with
the number of PNEs, and, generally speaking, with the number of actions.

0.8
0.7 —— 2-Action Games
0.61 —— 5-Action Games
0.51 —— 10-Action Games
0.4 —— 20-Action Games
—— 50-Action Games

—— 100-Action Games

0.31
0.21
0.11
0.07

Frequency of Conv. Games

1 2 3 4
Number of Pure Strategy Nash Equilibria

ot

Figure 4.6: The frequency of randomly drawn convergent 2-player games that have
a given number of PNEs following Theorem 10. The frequency of convergent games
decreases with the number of PNEs, and, generally speaking, with the number of actions.

4.5 Conclusion

In this chapter, we examined the frequency of generating games with specific
structures when drawn randomly. By analysing the attractor structures in 2-player
and multi-player games, we provided key insights into how often certain types of
games — such as those with unique pure Nash equilibria (PNEs) — arise within
the broader ensemble of n-player, m-action normal-form games. Our results showed
that games with a unique PNE become increasingly rare as the complexity of the
game (in terms of the number of players or actions) increases, and we derived an
explicit formula for this frequency. We also demonstrated that games with multiple
PNEs are more common than those with a unique PNE as the number of players
or actions grows. Additionally, we extended existing frameworks by introducing
the best-response n-partite digraph as a tool to study attractor structures in
multi-player games, and developed upper bounds for the frequency of games that
converge under the clockwork best-response dynamic. Our findings contribute to
a deeper understanding of the predictability and stability of equilibria in complex
strategic environments. This work highlights the challenges in using simple game
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structures to model intricate real-world scenarios, as convergent games become
rare in more complex setups.

Future research could develop bounds or explicit expressions on the frequency
of generating other classes of games at random. A related open question relates
to classifying attractors in multi-player games and expressing the likelihood of
generating such attractors.

This concludes our exploration of random games, having examined the likelihood
of drawing specific game ensembles and the convergence properties of best-response
dynamics. Our findings on the predictability and frequency of different types of
games contribute to a deeper understanding of strategic interactions in complex
systems. With this foundation laid, we now turn to the second part of this thesis,
which focuses on data-driven macroeconomic agent-based modelling. Since our
findings indicated that complex and competitive games are less likely to converge
to an equilibrium, and that games that converge are rare, we turn to large-scale
macroeconomic agent-based models, which do not rely on the equilibrium assumption.
In the following chapters, we will explore how agent-based models can be initialised,

calibrated, and used for economic forecasting.
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Literature

This chapter surveys the literature on macroeconomic agent-based mod-
elling. To underscore the need for alternative approaches, we begin
by discussing the development and limitations of conventional models
(Section 5.2). In Section 5.3, we conduct a comprehensive review of
agent-based macroeconomic models, comparing 11 prominent models and
frameworks in terms of their scope — covering which agents and markets
are represented — and their relationship to data, including calibration,
initialisation, the ability to match stylised facts, and forecasting ability.
We also contrast these models with the framework introduced in Chapter
6. Section 5.4 outlines the calibration techniques used in Chapter 7,
comparing likelithood-based approaches with simulation-based inference.
In particular, we introduce Neural Posterior Estimation and Neural
Ratio Estimation. Section 5.5 concludes the chapter.
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5.1 Introduction

The economic upheavals of the past two decades, ranging from the global financial
crisis of 2008 to the COVID-19 pandemic and the energy shock triggered by
the Russian invasion of Ukraine, have highlighted the limitations of traditional
macroeconomic models. Dynamic Stochastic General Equilibrium (DSGE) models,
which continue to be widely used in both academia and policy-making institutions,
failed to foresee or adequately capture the complexities and immediate impacts
of these crises on global economies.! These shortcomings have amplified calls
within the economic community for advancements in modelling techniques. This
has given rise to two distinct avenues: either enhancing existing DSGE models to
incorporate agent heterogeneity, such as through the development of Heterogeneous
Agent New Keynesian (HANK) models (Kaplan et al., 2018), or taking a more
radical departure from traditional frameworks. In the latter category, Agent-Based
Models (ABMs) have emerged as a robust and compelling alternative, offering
a fundamentally different approach to analysing and understanding economic
dynamics (Axtell and Farmer, 2024).

Agent-based models consist of computational objects, known as agents, which
interact according to predefined behavioural rules (Miller and Page, 2009), often
situated within space and time (Holland and Miller, 1991; Page, 2008). These
agents can be either homogeneous, sharing identical characteristics, or heteroge-
neous, endowed with distinct attributes (Bankes, 2002). The rules governing their
behaviour may range from simple heuristics, such as backward induction strategies
in an extensive-form game, to more complex mechanisms based on cognitive or
psychological insights (Marchi and Page, 2014). When these individual behaviours
are aggregated, they give rise to system-wide outcomes that are described as
emergent phenomena or generative processes (Cederman, 2005).

One of the earliest agent-based models was Thomas Schelling’s famous “Segre-
gation model” (Schelling, 1969), where he initially only used simple tools like coins
and graph paper to study the degree of racial segregation in cities. He found that
even a slight preference of individuals for living in a specific neighbourhood leads
to significant segregation on the macro level. This demonstrated how aggregate
behaviour could sharply diverge from individual preferences. Since then, ABMs

have been used extensively (Haldane and Turrell, 2018), in diverse fields such

1See Blanchard (2018); Stiglitz (2018) for general critiques, further discussed in Section 5.2.2;
see Smets and Wouters (2007); Benes et al. (2014) for critiques in the context of the global
financial crisis and Guerrieri et al. (2022); Reis (2022) for critiques in the context of the COVID-19
pandemic.
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as biology?, network science®, and finally economics®

, including large economies
and, specifically, business cycles.

Agent-based models allow us to study disequilibrium states, complex interactions
between agents, and leverage large datasets. Although the model can rarely be
explicitly solved, and finding robust mathematical results is often impossible,
this flexibility can offer a broader view of the entire state space. However, their
flexibility is also a reason for their limited adoption: First, calibration of large,
analytically intractable systems is difficult. The outcome can only be simulated
for a specific combination of parameters and initial conditions.” Second, even
though agents often use simple rules-of-thumb for their decisions, there remains an
overwhelming range of decision rules available®, meaning a wide range of simulation
output can be generated. Therefore, we validate our agent-based model (see
Section 6) by assessing its forecasting performance (see Section 7.4), instead of
its ability to replicate stylised facts.

We begin this chapter by reviewing the development and limitations of con-
ventional macroeconomic models, in order to contrast the current prevalent ap-
proach to ABMs.

5.2 Conventional Macroeconomic Modelling

This section briefly discusses the prevalent approach to macroeconomic modelling,
Dynamic Stochastic General Equilibrium (DSGE) models. Before the financial
crisis of 2007-2008, DSGE models were the dominant framework for monetary
policy analysis (Clarida et al., 1999; Woodford, 2011) and for studying business
cycles within a general equilibrium context (Christiano et al., 2018; Eisenbach and
Sannikov, 2013). However, neither the crisis nor the subsequent Great Recession
was predicted by these models at the time (Christiano et al., 2018; Lindé et al.,
2016), which may be attributed to certain problematic assumptions, such as perfect
agent rationality and a lack of heterogeneity among agents.

DSGE models are constructed from macroeconomic foundations. They typically

consist of optimising agents’ forming rational expectations and maximising their

2For the analysis of the spread of epidemics (Situngkir, 2004), population dynamics (Caplat
et al., 2008), or plant-animal interactions (Fedriani et al., 2018).

3Including social network effects (Franchi, 2014) or supply chain optimisation (Okada et al.,
2016).

4For an early economic ABM, see the model by Orcutt (1957); for a later encouragement to
use ABMs in economics, see Farmer and Foley (2009).

5For a potential solution, see Section 5.4.

6Referred to as “the wilderness of bounded rationality” by Sims (1980).

"Not all models feature optimising agents. For example, in Coenen and Straub (2005), a
fraction of households are non-optimising and deplete all their earnings in each period.
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objective functions subject to their respective constraints. Specifically, DSGE
models usually represent households and firms. Households consume goods, supply
labour, and accumulate capital to maximise a specified utility function, which
may be subject to various constraints (e.g., the budget constraint, labour demand
constraint, or Calvo constraints on the frequency of wage adjustments). Firms
produce goods and hire labour, seeking to maximise their stream of profits, subject
to their respective constraints (e.g., demand constraint, Calvo constraint on the
frequency of price adjustments). Additionally, these models often include a central
bank, which utilises a Taylor rule.

A non-exhaustive list of DSGE models includes DSGE models with fully flexible
prices (the subclass of RBC models) or nominal rigidities (the NK models), both of
which are prevalent in central banks for monetary policy analysis. There are also
DSGE models with a representative household or with heterogeneous households
and firms (Khan and Thomas, 2007; Kaplan et al., 2018), as well as DSGE models
with either infinitely lived agents or finitely lived ones (Nishiyama and Smetters,
2014). Additionally, there are DSGE models with complete financial markets or
with financial frictions and incomplete markets (Fernandez-Villaverde et al., 2023),
with rational expectations or with learning (Primiceri, 2006), and featuring either
full rationality or behavioural biases (Gabaix, 2020).

We provide a brief review of the development of these models (Section 5.2.1)
and highlight their strengths and limitations (Section 5.2.2).

5.2.1 Review of DSGE Modelling

This section provides a brief review of the development of DSGE modelling, starting
with Neo-Keynesian models in the 1950s (Section 5.2.1.1) to Real Business Cycle
models (Section 5.2.1.2), to New-Keynesian models (Section 5.2.1.3), until modern
Heterogeneous Agent New Keynesian models (Section 5.2.1.4).8

5.2.1.1 Neo-Keynesian Models

Keynes’s General Theory (Keynes, 1936) sparked the construction of large-scale
macroeconomic models. The Keynesian revolution emphasised the importance of
aggregate demand in determining output and employment, marking a departure from
classical economics. Keynes argued that government intervention was necessary
to stabilise the economy during times of insufficient demand. Keynesian-style
models are systems of equations with ad-hoc decision rules inspired by Keynesian
macroeconomic theory. These models gained popularity in the 1950s”; however,

8This classification mostly follows the review by Slanicay (2014).
9See, for example, Prais (1956).
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in the 1970s, their popularity began to decline due to their failure to explain the
simultaneous increase in inflation and unemployment. This stemmed from their
dependency on the Phillips curve, implying a negative correlation between inflation
and unemployment. Several empirical studies highlighted the weak forecasting
performance of such models, showing that simple statistical extrapolation of time
series provided better predictive accuracy (see, e.g. Nelson (1972)).

Economists became increasingly dissatisfied with the theoretical foundations
of these models, particularly criticising their reliance on disequilibrium conditions
and the absence of microfoundations for assumptions regarding price and wage
rigidities. This criticism led to the emergence of the New Keynesian research
agenda (see Section 5.2.1.3), which sought to provide solid microfoundations for
these rigidities.!” Furthermore, following the influential work of Muth (1961), which
introduced the concept of rational expectations, economists also began to challenge
the ad-hoc use of adaptive expectations in these models.

The most significant criticism of Neo-Keynesian models came from the “Lucas cri-
tique” (Lucas Jr, 1976), which challenged the reliability of large-scale macroeconomic
models built in an ad-hoc manner for forecasting the impact of changes in economic
policy. Lucas argued that because the parameters of Neo-Keynesian models are
not structural (i.e., they depend on policy), they would shift when economic policy
changes. Consequently, predictions could be inaccurate as they are solely based on
relationships observed in historical data. This critique led economists to prioritise
models with microeconomic foundations, where macroeconomic outcomes are driven
by the decisions of individual agents, such as households and firms.

The creation of DSGE models stems from the effort to design models less
vulnerable to the Lucas critique, i.e., models whose parameters remain stable
regardless of changes in economic policy. These “deep parameters” include factors
like the discount rate, the elasticity of substitution between goods, and the elasticity
of labour supply — elements considered unaffected by monetary policy. This
development paved the way for the rise of Real Business Cycle (Section 5.2.1.2)

models, which offered a fresh framework for analysing macroeconomic fluctuations.

5.2.1.2 Real Business Cycle Models

Kydland and Prescott introduced the first DSGE model (Kydland and Prescott,
1982), which laid the foundation for the Real Business Cycle (RBC) theory.
Following their work, numerous RBC models were developed, including those
by Long Jr and Plosser (1983) and Prescott (1986). The central insight of these

models is that economic fluctuations are primarily driven by real, rather than

0For a collection of influential papers, see Mankiw and Romer (1991).
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nominal, shocks, with productivity shocks playing a key role. RBC models view
business cycles as optimal responses to real shocks, with markets continually clearing.
The calibrated RBC models were able to replicate certain unconditional second
moments of key macroeconomic time series, such as relative standard deviations
and correlations (see Long Jr and Plosser (1983); Prescott (1986)).

The assumption that real forces, especially productivity shocks, are the main
causes of business cycles represented a substantial departure from Keynesian models,
which emphasised demand-side shocks and the role of monetary policy. However,
two key predictions of RBC models — positive comovement of output, labour inputs,
and productivity in response to technology shocks, as well as the dominance of
technology shocks as drivers of business cycle fluctuations — have been challenged
(Gali and Rabanal, 2004). Positive technology shocks frequently lead to negative
short-term comovement of output and labour inputs, and the impact of technology
shocks on business cycle fluctuations is relatively minor. Additionally, RBC models
assume that monetary policy has no influence on real variables, which contradicts
the evidence presented by Friedman and Schwartz (2008) and Christiano et al.
(1998). Summers (1986) offers a detailed critique, highlighting that several RBC
model parameters'! are calibrated to implausible values.

Despite these shortcomings, RBC models were instrumental in shaping the
development of DSGE models. They introduced key elements such as dynamic opti-
misation, rational expectations, and general equilibrium, which were subsequently
refined and incorporated into New Keynesian DSGE models. The RBC framework
provided a foundation for future progress, particularly in how macroeconomists

understand the behaviour of economic agents over time.

5.2.1.3 New Keynesian Models

The shortcomings of RBC models prompted the development of New Keynesian (NK)
models. These models retained the methodological framework and core structure
of RBC models, particularly the principle of optimising agents. However, unlike
RBC models, NK models introduced Keynesian elements, such as monopolistic
competition in goods or labour markets and price or wage rigidities. A key innovation
was the incorporation of nominal rigidities through mechanisms like Calvo pricing,
where only a fraction of firms adjust their prices in any given period, leading to price
stickiness. New Keynesian DSGE models also incorporated rational expectations,
addressing criticisms raised by Lucas. By integrating microfoundations with sticky

prices, these models preserved important Keynesian insights while resolving many

HFor instance, the proportion of household time spent on market activities, the average real
interest rate, and the elasticity of labour supply.
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of the theoretical limitations of earlier models. As a result, New Keynesian DSGE
models became central to modern macroeconomic policy analysis and are now

widely used by central banks to assess the impact of monetary policy.

5.2.1.4 Heterogeneous Agent New Keynesian Models

Heterogeneous Agent New Keynesian (HANK) models evolved from the New
Keynesian framework (Kaplan et al., 2018). They can be summarised by three
key aggregate equations: the Phillips curve, which defines the relationship between
inflation and output dynamics; the Taylor rule, which describes how the monetary
authority sets the nominal interest rate; and the Fisher equation, which connects the
real interest rate, policy rate, and expected inflation (Slanicay, 2014). The primary
innovation in HANK models is the replacement of the representative consumer with
a more modern theory of consumption and saving. In HANK models, households
face idiosyncratic risks, such as unemployment or health shocks, which they
mitigate through saving or borrowing. These shocks introduce heterogeneity across
households in terms of income, consumption, and wealth, contrasting with earlier
DSGE models that assumed a representative agent, overlooking the distribution
of income and wealth. As a result, HANK models can produce a realistic cross-
sectional distribution of income, consumption, and wealth.

HANK models represent a major step forward in understanding the effects
of monetary and fiscal policies on different household groups. By incorporating
heterogeneity in income and wealth, these models offer deeper insights into the
distributional impacts of policy interventions, which is crucial for addressing
inequality. Furthermore, the increasing availability of microdata has strengthened
the empirical relevance of HANK models, allowing policymakers to gauge household-
level responses to macroeconomic shocks better.

5.2.2 Limitations of DSGE Models

This section briefly summarises the limitations and shortcomings of DSGE models.
First, DSGEs often include numerous ad-hoc economic mechanisms designed
primarily to fit the persistence properties of data. Second, they require many
unexplained shocks, which are frequently assumed to be highly persistent. Third,
there is substantial evidence that the pure rational expectations assumption is
flawed, as agents encounter aggregate, endogenous uncertainty (Gatti et al., 2010).
Fourth, research on HANK models (see Section 5.2.1.4) has demonstrated that
household and firm heterogeneity significantly impacts macroeconomic aggregates.
However, HANK models still incorporate only a limited degree of heterogeneity
(Fagiolo and Roventini, 2016). Finally, in cases where no microdata is utilised (which
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is common), the information available from macro time series and prior distributions
is limited compared to the number of calibrated variables. For instance, the well-
known DSGE model by Smets and Wouters (2007) is estimated using Bayesian
methods and only incorporates seven quarterly macro time series. As a result,
they struggle to model large-scale phenomena such as regime shifts or significant
fluctuations within this framework.!?

None of these criticisms imply that DSGE models are not useful for analysing
and estimating aggregate economic behaviour in a meaningful way.!® Unlike time
series models (such as VARs), DSGE models impose budget constraints, provide
a consistent narrative for agent behaviour, and offer a coherent framework for

handling expectations.

5.3 Agent-based Modelling in Macroeconomics

We now turn to agent-based modelling as an alternative approach to conventional
macroeconomic modelling. This section provides an overview of the field (Section
5.3.1), outlining its key principles and applications, and compares several popular
models and frameworks (Section 5.3.2), which have been instrumental in shaping

the modelling approaches adopted in Chapter 6.

5.3.1 Overview

The aim of this section is to summarise why agent-based models could complement
the DSGE approach in the future. Farmer and Axtell (2022) recently provided
a direct comparison by listing essential features of economic agent-based models
and corresponding standard neoclassical abstractions, highlighting which of these
idealisations have been relaxed in the economics literature. However, unlike
conventional economic models, the agent-based framework allows us to realistically
model particular interactions between agents.®

We briefly explore the development of agent-based models in macroeconomics
(Section 5.3.1.1), highlight a recent success story (Section 5.3.1.2), and specifi-
cally review the latest progress in constructing data-driven agent-based models
(Section 5.3.1.3).

12For more comprehensive critiques of DSGE models, see Blanchard (2018); Canova and Sala
(2009); Colander et al. (2009); Kirman (2010); Krugman (2011); Mankiw (2006); Romer (2016);
Solow (2010); Stiglitz (2011). For an overview of theoretical, empirical, and political-economy
issues associated with DSGE modelling, see Fagiolo and Roventini (2016).

13See Christiano et al. (2018) for a recent defence of DSGEs.

HFor example, price formation should be a consequence of transactions, not a precondition for
them (Kirman, 2006; Gaffeo et al., 2007, 2008).
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5.3.1.1 Development

Early work on macroeconomic agent-based models includes the study by Allen
and Carroll (2001), who introduce an agent-based model of individuals attempting
to learn effective consumption-saving behaviour without performing the type of
optimisation found in DSGE models. Their trial-and-error approach takes far
too long for a single person’s lifetime, pointing to the potential role of social
learning, where individuals learn from others’ experiences. Similarly, Bullard and
Duffy (2001) modelled how agents learn about macro volatility. All models at the
time faced constraints due to limited computing power. However, around fifteen
years ago, the idea of using high-performance computing to simulate large-scale
agent models in macroeconomics emerged. The EURACE model (Deissenberg
et al. (2008); Teglio et al. (2010), Section 5.3.2.2) was the first major example
of this endeavour, yielding a complex representation of the European economy,
incorporating thousands of agents (households, individuals, banks, central banks,
and governments). Simultaneously, in the aftermath of the Great Financial Crisis,
the CRISIS (Complexity Research Initiative for Systemic Instabilities) project!®
aimed to develop agent-based models for understanding the events surrounding
the crisis. Specifically, it produced several interesting ABMs for understanding
system-wide risks, feedback loops within the financial system, and studying different
regulatory policies (Poledna and Thurner, 2016).

Over the past decade, agent-based models have made considerable advances,
both in terms of the economic and financial processes they simulate, and their
empirical foundations (Farmer and Axtell, 2022). Dawid and Gatti (2018) provides
a comparison of the scope, structure, and modelling assumptions of 7 “families”
of macroeconomic ABMs. We build upon their work and review a larger set of
modern macroeconomic agent-based models in terms of scope and relation to

data in Section 5.3.2.

5.3.1.2 A Recent Success Story

Recently, Pichler et al. (2020) analysed several scenarios for the phased reopening
of the British economy after COVID-19 by explicitly modelling production network
effects. At one extreme, they found that reopening only a minimal number of
industries could create supply chain miscoordination issues that might reduce
aggregate output. Conversely, reopening all industries without implementing extra
precautionary measures would increase the infection rate above one and could
lead to a second wave of the epidemic. Their results suggested that a reasonable

compromise exists, which would produce a relatively small rise in epidemic spread

15See https://cendef.uva.nl/projects/crisis-eu-fp7/crisis.html.
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while substantially boosting economic output. Crucially, their model uniquely
addressed the specific features of the crisis, simultaneously handling both supply
and demand shocks, along with sluggish consumption recovery, and included sectoral
inventory buffers. The core of the model was an industrial production network that
distinguished between critical and non-critical inputs.'® The model was calibrated
to the UK economy and initialised with first-order supply and demand shocks
derived by del Rio-Chanona et al. (2020). Validation exercises demonstrated that
the model aligned with recent estimates by the Office for National Statistics and
was consistent with US sectoral unemployment data. Their predicted conditional
forecast for a GDP loss of 21.5% in the second quarter of 2020 was remarkably
close to the observed loss of 22.1%.

5.3.1.3 Data-Driven Modelling

In general, ABMs have become increasingly data-driven in recent years, aiming to
reflect a specific economy more accurately at a particular point in time (Pangallo,
2024). To achieve this, it is insufficient to merely calibrate a few parameters; it
is also essential to initialise the state variables of individual agents in a manner
that aligns with real-world data. The main advantage of this approach is that
data-driven ABMs can track and forecast empirical time series, thereby explicitly
demonstrating their ability to faithfully represent the economy and increasing
confidence in counterfactual analyses and policy recommendations. Most data-
driven ABM applications have focused on specific sectors of the economy, such as
housing (Geanakoplos et al., 2012) and labour markets (del Rio-Chanona et al.,
2021), as well as on assessing the economic impact of disasters (Hallegatte, 2008;
Pichler et al., 2022). Nevertheless, data-driven macroeconomic ABMs have also
been developed (Papadopoulos, 2019; Kaszowska-Mojsa and Pipien, 2020).

We will explicitly distinguish between model initialisation (estimating initial
conditions for agent-level attributes) and model calibration (estimating fixed model
parameters). In recent years, the initialisation of agent-based models has shifted
from randomly setting variables at the start of a simulation to more methodological
approaches utilising microdata and macrodata.!” Calibration, on the other hand,
involves estimating model parameters, which can often be directly obtained from
data or expert knowledge. However, when this is not feasible, all existing calibration
methods require sampling from the parameter space (in the simplest case, uniformly
at random) and selecting the parameters based on a chosen criterion and summary
statistic (such as moments of aggregate quantities). The framework we introduce

16To determine which inputs were critical, they conducted a survey with IHS Markit sector
analysts, asking, “Can production continue in sector X if input Y is unavailable for two months?”.
Y"E.g. Iterative Proportional Fitting (Kruithof, 1937).
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in Chapter 6 first employs initialisation directly from microdata and then applies
Bayesian calibration to a subset of parameters (see Section 5.4 below).!®
Additionally, to ensure that the agent-based model output tracks empirical time
series over time, it may be necessary to continuously estimate the latent (not directly
observable) variables of the model. For an example of data assimilation applied to
a macroeconomic agent-based model, see Papadopoulos (2019). However, we do
not discuss data assimilation further here as it is not utilised in the macroeconomic

model presented in Chapter 6.

5.3.2 Notable Examples of Macroeconomic ABMs

We continue by summarising some of the most notable large macroeconomic agent-
based models, ranging from simple toy models to complex models that attempt to
incorporate many real-world features. Our selection is based on models that had
the most significant impact on the literature and were developed relatively recently
or feature unusual behavioural choices. We primarily follow Dawid and Gatti (2018)
in selecting the models we compare and the dimensions we consider. Specifically,
we examine the types of agents (banks, firms, households, etc.) and the markets in
which they interact (goods, labour, credit, and housing). Additionally, we introduce
another particularly relevant dimension: how models relate to data (Pangallo, 2024).
We first consider which parts of the ABM are derived from data, including the
calibration of parameters and the initialisation of individual agents’ state variables.
We also assess what aspect of the data is targeted, that is, whether the models aim
at reproducing summary statistics or stylised facts, or whether they attempt to
forecast empirical time series. Our comparison is summarised in Table 5.1.

We consider eleven models or families of models. First, we examine the so-
called CATS model, whose baseline version is described in the book by Delli Gatti
et al. (2011). Additionally, we include the extended version of the CATS model
that incorporates capital goods (Assenza et al., 2015), as it has been calibrated
(Delli Gatti and Grazzini, 2020; Glielmo et al., 2023) and used as the foundation for
Poledna et al. (2023a). We also consider a simplified version of the CATS model,
called Mark-0 (Gualdi et al., 2015b), which has been the subject of rich theoretical
studies. These studies demonstrate that contrary to the common critique of ABMs,
a deep mathematical understanding of their behaviour is possible (Gualdi et al.,
2015a), and that advanced numerical techniques can facilitate efficient exploration
of their parameter space (Naumann-Woleske et al., 2021). Next, we include the
two descendants of the EURACE project, developed at the University of Bielefeld
(UNIBI) and initially described by Deissenberg et al. (2008), and at the University of

18Platt (2020) finds that Bayesian models outperform when applied to simple models.
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CATS 2005 | x X X X X X X
K+S 2006 x x x X X X X X X X
EURACE UNIBI 2008 x x X X X X X |X X X X X
EURACE UNIGE 2008 x x X X X X X |X X X X X
Lagom GeneriC 2010 X X X X X X X X
Lengnick Model 2013 | x b X X X X X

CC-MABM 2015| x x x X X X X X X X

Mark-0 2015 | x X X X X X

Ashraf Model 2017 x x x X X X X X X X X

CANVAS Model 2022 x X X X X X X X X X X

ITASA Model 2023 x x X X X X X X X X X

Our Model 2024 x X X X X X X|X X X X|X X X

Table 5.1: Comparison of 11 macroeconomic agent-based models against the one we
are building Chapter 6 in terms of agents, markets, and relation to data (calibration,
initialisation, stylised facts, and forecasting). Our model features all types of agents and
markets, and is validated by forecasting economic time series instead of satisfying stylised
facts.

Genoa (UNIGE), first introduced by Cincotti et al. (2012a). Furthermore, we include
the family of Keynes meets Schumpeter (K+S) ABMs developed at Sant’Anna Pisa
(see, for instance, Dosi et al. (2010, 2015)), the framework developed by Ashraf et al.
(2016, 2017), and the baseline macroeconomic ABM by Lengnick (2013). Finally,
we consider the main baseline for the framework developed in Chapter 6, namely
the ITASA model (Poledna et al., 2023a),' along with its extension by the Bank of
Canada, CANVAS (Hommes et al., 2022). These models are compared with the
large agent-based model we are introducing in Chapter 6 and employ in Chapter 7.

In terms of types of agents, all models feature one or more banks, firms, and
households, at least in some versions.?’ Among the models we consider, only the
EURACE models (Deissenberg et al., 2008; Cincotti et al., 2012a) and our model
explicitly distinguish between households and individuals. Every model features
markets for goods, labour, and credit; however, only the EURACE models and
ours include a housing market.

19For a more detailed comparison, see Section 6.3.
20For instance, Dosi et al. (2010) do not include banks, but Dosi et al. (2015) do.
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In terms of their relation to real-world data, most models aim to replicate
stylised facts by calibrating parameters. The majority of papers calibrate parameters
heuristically, either by setting reasonable values or by adopting values from previous
studies. A formal parameter calibration procedure is only followed in the CC-
MABM (Delli Gatti and Grazzini, 2020; Glielmo et al., 2023), the K+S model
(Martinoli et al., 2022), Ashraf et al. (2017), and in our model. Even without a
formal calibration procedure, most models succeed in replicating stylised facts.?!. As
discussed in the introduction, only the ITASA model, the CANVAS model, and our
model initialise the variables of individual agents to be compatible with real-world
data, which enables them to perform out-of-sample forecasting.??

As highlighted in Table 5.1, our model distinguishes itself by its comprehensive
scope. It covers more economic sectors than other models, making it broader in scope,
and introduces robust Bayesian calibration for empirical validation, enhancing the
benchmarks set by Poledna et al. (2023a) and Hommes et al. (2022). Furthermore,
we are applying this model to a large set of countries — 38 — increasing the
statistical validity of our approach. These innovations position our model as a
significant advancement in the field of macroeconomic ABMs.

For the remainder of this section, we discuss the mentioned models in more detail.

5.3.2.1 The CATS Framework

The CATS Framework (Complex Adaptive Trivial Systems), first introduced by
Gatti et al. (2005) and further developed by Russo et al. (2007), employs an agent-
based model of firms and banks. Firms raise funds in the credit market based
on their investment expenditures, which are linked to banks’ interest rates. The
model produces a right-skewed firm size distribution that follows a Zipf power law
probability density function (Axtell, 2001; Gaffeo et al., 2003).

5.3.2.2 The EURACE Models

The EURACE project was funded by the European Commission to develop an
agent-based simulation platform suitable for macroeconomic analysis and for

studying the effects of different policy measures. The initial model is a complex

21Such stylised facts are typically related to comovements between aggregates (e.g. gross
output is positively correlated with firm intermediate consumption, gross fixed capital formation,
household consumption, government consumption, and exports; inflation is negatively correlated
with the unemployment rate), moments (e.g. gross fixed capital formation is more volatile than
gross output), and microdistributions (e.g. fat-tailed distributions in aggregate growth rates
(Castaldi and Dosi, 2009; Fagiolo et al., 2008); only a relatively small subset of firms are exporters,
and those firms tend to be larger and more productive than non-exporters (Dosi et al., 2010,
2019)).

228ee also Delli Gatti and Grazzini (2020) for an approach to forecasting with ABMs that relies
on a kind of Bayesian surrogate model.
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representation of the European economy (Deissenberg et al., 2008), incorporating
households, individuals, banks, central banks, and governments. Each iteration
in the model corresponds to a business day, although not all economic activities
occur daily. Agents are linked by networks representing supply chains, employment,
and the supply of loans, which form based on matching processes in five markets:
consumption goods, investment goods, labour, credit, and financial assets. Except
for the investment goods market and the market for financial assets, these markets
are cleared separately within each NUTS-2 region. The project’s developed agenda
and model versions can be found in Holcombe et al. (2013); Cincotti et al. (2012a).
After the project’s conclusion, the EURACE framework was further developed at
the University of Bielefeld and the University of Genoa. An extensive description
of the Bielefeld version is provided in Dawid et al. (2016). For an application to
firm dynamics, see Dawid and Harting (2012). For an analysis of fiscal policies,
see Harting (2015), and for the integration and analysis of social networks, see
Dawid et al. (2014). The continuation at the University of Genoa incorporates
different specifications and framework scales. For analyses of monetary policy,
see Raberto et al. (2008); for studies on the effects of financial regulation, see
Cincotti et al. (2010); Teglio et al. (2010, 2012); Cincotti et al. (2012b); Raberto
et al. (2012, 2017); and for fiscal policy and sovereign debt analysis, see Raberto
et al. (2014); Teglio et al. (2019). For applications to the housing market, see
Erlingsson et al. (2013, 2014); Ozel et al. (2019). A multi-country version of the
model is presented in Petrovic et al. (2017).

5.3.2.3 The Lagom GeneriC Model

In the Lagom framework (Mandel et al., 2010), households and firms apply genetic
evolution to setting consumption technology, production, wages, and prices. See
also Wolf et al. (2013) or the simpler model in Gintis (2007), which do not include
capital accumulation, inter-sectoral trade, or life-saving behaviour.

The core economic cycle of the original model by Mandel et al. (2010) consists
of goods production, consumption, and trading. Each firm produces the maximum
possible quantity, given its stock of intermediate, capital, and labour inputs,
according to a Leontief production function. Intermediate inputs are used up,
and capital inputs depreciate. Household demand is based on total wealth and
observed prices, assuming unitary elasticity. Households receive income from wages,
unemployment benefits, and firm dividends. The government taxes income at the
rate necessary to pay precisely for total unemployment benefits. Households have
reservation wages and actively look for higher-paying jobs. The target employment

of each firm is determined by the workforce it can put to work, given its current
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stock of capital inputs. Interest rates are set based on a Taylor rule, which defines

a natural interest rate, target inflation, and a target unemployment rate.

5.3.2.4 The K+S Model

The Keynes-meeting-Schumpeter (K+S) model (Dosi et al., 2010) is part of the
“Keynes meeting Schumpeter” framework, which also includes the earlier models
by Dosi et al. (2006) and Dosi et al. (2009). For an analysis of labour market
issues, see Napoletano et al. (2012), and for an application to the study of climate
change, see Lamperti et al. (2018).

The basic model by Dosi et al. (2010) consists of firms producing consumption
goods, firms producing capital goods, households acting as consumers and workers,
and a central government paying unemployment benefits and collecting taxes on
firm profits. Firms producing capital goods invest in research and development
and produce heterogeneous capital inputs using labour. Consumption-good firms
produce goods for household consumption using capital inputs and labour. Capital-
good firms set prices with a fixed markup on production costs (labour), and
consumption-good firms set prices based on a dynamic markup on costs, which
reflects the previous change in market share. A new firm replaces firms with either a
close-to-zero market share or negative net assets, and its stocks of intermediate and
capital inputs are set to an average across incumbent firms. The authors validate
the model against various stylised facts, including the lead/lag correlation structure

in output, growth rate distributions, and firm size distributions.

5.3.2.5 The Model by Lengnick (2013)

The model by Lengnick (2013) is a simple model of households and firms interacting
in goods and labour markets. Households are characterised by two properties:
their wealth and their reservation wage. In each iteration, their wealth increases
through labour income and decreases through spending on consumption goods. The
rate of consumption expenditure increases with wealth but at a decreasing rate.
Households are employed by firms, which set wage rates based on their success in
attracting workers during the previous period. Firms similarly set prices based
on their success in selling goods. Production in firms follows a linear production
function that depends solely on labour. Firms maintain trading relationships with
other firms. These trading networks are fixed in the short term but can evolve
over time. A key aspect of the model is that actions can occur at different time
intervals (e.g. monthly or daily), allowing coordination problems to emerge. The
model replicates several stylised facts, such as an endogenous business cycle, a

Phillips curve, and a Beveridge curve.
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The model shares similarities with those in Dosi et al. (2009) and Gaffeo et al.
(2008), particularly in its use of adaptive rules for pricing and wage-setting. However,
the models mentioned focus more on growth driven by research and development
(R&D). For further developments of the original Lengnick model, see Lengnick and
Wohltmann (2013) and Lengnick and Wohltmann (2016).

5.3.2.6 The CC-MABM Model

The CC-MABM model (Assenza et al., 2015) focuses on the systemic risk and crises
arising from the financial sector. The model describes an economy consisting of
households, firms, and banks. In this framework, the household sector is divided into
workers and firm investors (“capitalists”, with one investor per firm). Workers supply
labour and purchase consumption goods, while firm investors receive dividends.
Both groups accumulate wealth in the form of bank deposits. The corporate sector
comprises firms producing both consumption and capital goods. Consumption goods
firms demand labour and capital goods to produce and sell goods to households,
while capital goods firms require only labour to produce and sell capital goods to
the consumption goods firms. On the other hand, banks serve as intermediaries
by receiving deposits from households and extending credit to firms. Each bank
determines both the interest rate and the amount of credit to provide to a firm.
All agents — households, firms, and banks — follow simple adaptive behavioural
rules. Economic transactions occur within goods, labour, and credit markets, all
of which are cleared through random search-and-matching processes. The model
generates time series for key economic indicators such as GDP, consumption, invest-
ment, and unemployment, which are comparable to real-world data, particularly

in terms of standard deviation and first-lag autocorrelation.

5.3.2.7 The Mark-0 Model

The Mark-0 model (Gualdi et al., 2015b) is a simplified version of the Mark-1
model, developed by Gaffeo et al. (2008); Gatti et al. (2008, 2011). Both Mark-0
and Mark-1 include firms, households, firm owners, and banks. Firms produce
a single, non-durable good in proportion to the number of employees. When
firms are unable to meet wage payments, they apply for loans, and the bank
sets interest rates based on the firms’ financial fragility. Firm owners supply the
workforce in exchange for a salary and allocate a fixed fraction of their savings
to consumption. Firms follow simple heuristic rules to update production and
prices in response to observed demand.

The Mark-0 model is amenable to analytical treatment and extends Mark-1

by introducing dynamic wage-setting and variable spending propensities. Both
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models display a tipping point — a discontinuous shift — between high and low

employment levels, which is influenced by the baseline interest rate.

5.3.2.8 The Model by Ashraf et al. (2017)

The model introduced by Ashraf et al. (2017) consists of households, firms, a
central government, banks, and a central bank. The goods market is cleared by
randomly matching households with at most one firm, while firms also trade with
each other. The government is responsible for fiscal policy, monetary policy, and
bank regulation: it collects taxes, sets interest rates, lends to banks, enforces capital
adequacy requirements, and insures bank deposits. Additionally, the government
issues money and bonds.

Banks finance new and existing firms, invest in government bonds, and provide
fully collateralised commercial loans. The central bank follows a Taylor rule for
setting interest rates. The authors’ main finding is that while the model typically
tracks full capacity utilisation, it may become unstable due to firm turnover. During
such periods of instability, the economy performs better when banks are lightly
regulated (i.e., higher loan-to-value ratios or lower capital requirements). The model
successfully replicates key macroeconomic relationships, including the Phillips curve,
the Beveridge curve, and Okun’s law. For an extension of this model to monetary

and macro-prudential analysis, see Popoyan et al. (2017).

5.3.2.9 The ITASA Model

Poledna et al. (2023a) introduce a macroeconomic agent-based model (which we refer
to as the ITASA model) of an open European country that uses (mostly**) public
macroeconomic data from national sector accounts, input-output tables, government
statistics, and census data for initialisation. The model is based on Assenza et al.
(2015) and incorporates households, firms, a central government, government entities,
a bank, and a central bank. Gill et al. (2021) present a case study of implementing
the model on a high-performance computing cluster, while Magnuszewski et al.
(2023) and Poledna et al. (2023b) apply it to migration policy. Additionally, Bachner
et al. (2023) use the model to study flood risk in Austria. The version of Hommes
and Poledna (2023) extends the original model to the whole Euro area and applies
it directly to the Financial crisis of 2007/2008, the subsequent Great Recession, the
European sovereign debt crisis, and the COVID-19 recession. The modelling rules
are mostly unchanged, except for a minor adjustment for existing inventory when

planning future production and a rule for accounting for liquidity shortages.

23except data on household investment
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Firms produce goods using labour, intermediate inputs, and capital inputs.
They operate in 62 industries, corresponding to NACE-level 2. Unlike some
other models, there is no explicit distinction between households and individuals.
Households are either employed, unemployed, or not economically active. Employed
households supply labour and receive wages, while unemployed or not economically
active households receive social benefits. They operate on the goods market; their
consumption is homogeneous and depends solely on household income. A single
bank grants loans to firms, and the interest rate is set as a markup on the policy
rate, which is determined by a simple Taylor rule set by the central bank. To
close the model, countries not explicitly modelled are represented by a “rest of
the world” agent, interacting via imports and exports. There is an international
market for goods and local markets for labour and credit. The goods and housing
markets create competition for prices, the credit market for interest rates, and
the labour market for wages.

The model’s strengths lie in its careful consideration of stock flows and its ability
to be initialised using Eurostat macro data alone. However, some of the behavioural
assumptions in the model appear unconventional. First, inflation and future growth
are estimated using an AR(1)-process. It seems unusual that every firm employs the
same forecast, and this growth estimate should ideally be sector-specific. Second,
even though there are 62 distinct types of goods/sectors, they are all assumed to
be perfect substitutes in production, and the current stock of finalised goods is not
considered, which artificially inflates prices and demand. Third, firms set prices
by adding a markup to their per-unit production costs without considering supply
or demand factors. Fourth, the goods market is cleared by a random search-and-
matching process, where the probability of selecting a particular seller is based
on the seller’s size and price. The model prescribes a Boltzmann probability for
prices with an inverse temperature of 2, and the probability for size is based on
the firm’s share of total output. The seller’s probability is the average of the

probabilities corresponding to size and price. This setup allows a large firm to

1
27

unrealistic. Finally, every household spends the same fixed fraction of income on

set excessively high prices yet still be chosen with a probability of =, which is

consumption and investment, which is unrealistic. We compare the IIASA model

and our model (see Chapter 6) in Section 6.3.

5.3.2.10 The CANVAS Model

The “Canadian Behavioral Agent-Based Model” (CANVAS) (Hommes et al., 2022)
is being developed at the Bank of Canada, with a focus on evaluating the effects

of multiple macroeconomic policies. It shares much of the structural foundation



5. Literature 117

with the model developed at ITASA (Section 5.3.2.9) but incorporates Canadian
microdata to create heterogeneous households. Additionally, CANVAS introduces
depreciation of finalised goods, firm-specific growth rates based on previously
observed demand, and more nuanced price-setting mechanisms driven by cost-push
and demand-pull inflation. The rule for price setting is examined in more detail
by Grazzini et al. (2023), particularly in the context of post-pandemic inflation
dynamics in Canada. The Bank of Canada runs CANVAS at a scale of 1:100
to inform their understanding of inflation targeting, making it one of the first

agent-based models actively used within a central bank (Hommes et al., 2024).

When it comes to calibration, of the surveyed models, parameters of the K+S
model (Section 5.3.2.4) and the CC-MABM model (Section 5.3.2.6) are chosen
ad-hoc, and parameters of the model by Ashraf et al. (2017) can be directly taken
from public US data.?* In Chapter 6, we will introduce a large macroeconomic
agent-based model, whose parameters are mostly calibrated directly from data;
however, we also perform Bayesian calibration on a small subset of parameters.
The following section reviews the literature on calibrating agent-based models,

including the methods we will employ in Chapter 7.

5.4 Calibrating Agent-Based Models

Calibrating agent-based models involves estimating the fixed parameters that govern
agent behaviour. Often, these parameters cannot be directly observed or derived
from empirical data, necessitating the use of calibration techniques. Calibration aims
to identify parameter sets that minimise the model’s error, ensuring that simulated
data aligns with real-world observations. This is critical for making the model both
predictive and analytically useful. In Chapter 7, we will use Bayesian calibration to
find parameters that ensure the simulated data matches observed real-world data.

Calibrating agent-based models is challenging for the following reasons: First,
running agent-based models can be computationally expensive, and the calibration
procedure may require a large number of model runs. This is particularly true
in our case — in Chapter 7, we calibrate a large, stochastic representation of
entire countries, which is expensive and may require millions of runs, depending
on the calibrated parameters. Second, agent-based models often generate complex,

high-dimensional data, which leads to the need to simplify assumptions in the

241t is noteworthy, that the model by Ashraf et al. (2017) was the first macroeconomic agent-based
models which had all of its parameters fit to real-world data.
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calibration procedure. Finally, agent-based models are only simplifications of real-
world systems, so there will inevitably be a gap between the model’s predictions
and the actual data (McCulloch et al., 2022).

In the following sections, M denotes the model containing free parameters 6.
Real-world data is denoted by y and simulation output by @. The inference aims

to obtain a posterior density m(0 | y, M) for 8 given y.

5.4.1 Likelihood-based Approaches

Exact Bayesian inference proceeds by specifying a prior distribution 7(6 | M) for
0, which is updated with the observed data y using Bayes’ theorem to form

a posterior distribution:

_pylo. M)
w01y, M) =5 I (O] M), (5.1)
where
miy | M) = [ ply |6, M)(6 | M)do (5:2)

is the marginal likelihood of the model. This allows the posterior distribution to
reflect the uncertainty in the parameters @ given the observed data y (Robert
et al., 2007). However, agent-based models typically have an intractable likelihood
function, making it impossible to evaluate the posterior density directly via Bayes’s
theorem. In contrast, simulation-based Bayesian inference procedures approximate

the posterior density using only our ability to simulate the model.

5.4.2 Simulation-based Inference

Simulation-based inference (SBI) generates simulated data under various parameter
values and compares it to the observed data (Rubin, 1984). More specifically, the
process typically involves sampling a parameter set 6; from the prior, running
the agent-based model to generate simulation outputs p(x | 61, M), and using
the simulations to estimate the likelihood function p(y | 61, M) at the observed
data y. These steps are repeated for many parameter values to build up an
approximation of the posterior distribution.

However, SBI is particularly challenging for ABMs because these models can be
computationally expensive and often generate complex, high-dimensional data.
Many approaches to SBI require a large number of simulations to achieve a small
Monte Carlo error, which increases computational costs. Moreover, modelling the
data distribution is difficult when dealing with high-dimensional data, often leading
to the need for simplifying assumptions.
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Figure 5.1: Estimating the posterior using simulation-based inference. The process
involves sampling a parameter set 61 from the prior, running the agent-based model to
generate simulation outputs p(x | 61, M), and using the simulations to estimate the
likelihood function p(y | 81, M) at the observed data y. The illustration follows Dyer
(2022).

In this thesis, we will employ two modern methods (Dyer et al., 2024) that address
these challenges: Neural Posterior Estimation (Section 5.4.2.1) and Neural Ratio
Estimation (Section 5.4.2.2). Both methods use neural networks to approximate
the posterior distribution efficiently, allowing for faster calibration compared to
traditional approaches such as Approzimate Bayesian Computation (Tavaré et al.,
1997; Pritchard et al., 1999; Beaumont et al., 2002).

5.4.2.1 Neural Posterior Estimation

Neural Posterior Estimation (NPE) models the posterior density =(6 | y, M)
directly using a neural network g4, where ¢ are the weights of the network
(Papamakarios and Murray, 2016; Lueckmann et al., 2017; Greenberg et al., 2019).
The trained weights q{3 are obtained by minimising the Kullback-Leibler divergence

between the joint density over parameters and data, i.e., by minimising

. o 22 16 M)7(8 | M)
OO P8 448 [, M) m(a | M) (53)
= Ey(al0, M) n(010) [— 108 ¢5(0 | &, M)] + constants in ¢.

This motivates the loss function

L(P) = Epalo, m)ro10m) [~ 10g g (0 | , M)], (5.4)

which is, in practice, estimated using a finite Monte Carlo sample of N data-
parameter pairs (2, 0N, ~ p(x | 8, M) 7(0 | M) simulated from the prior and
the ABM. The posterior 7(6 | y, M) is then approximated as ¢;(6 | y, M). For
our calibrating exercise in Chapter 7, we take ¢4 to be a normalising flow (Tabak
and Vanden-Eijnden, 2010); further details on the neural network architecture and
training procedure are provided in Section 7.2.2.
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5.4.2.2 Neural Ratio Estimation

Neural Ratio Estimation (NRE) is an alternative approach that also uses neural
networks (Hermans et al., 2020; Thomas et al., 2022; Dyer et al., 2022). Here,
a neural network r, with parameters ¢ is trained to approximate the log ratio
of the likelihood to the marginal likelihood for the model. While this can be
achieved in various ways, we do so here by finding neural network weights ¢

that minimise the loss function

B exp (1,(x®), )
c<¢>=—;;1og( b [rg(e?,6%) ) (5.5)

exp (ry(2®,00)) + SE | exp (r,(z®, 00:4)))

where a batch of B > 1 data-parameter pairs are drawn from the true joint
density, z®, 8® ~ p(x | , M) 7(0 | M), and each of the &%) ~ (6 | M),
K > 1. Durkan et al. (2020) showed that this induces the neural network to
approximate, up to some additive constant c¢(x), the log-ratio of the likelihood
and marginal likelihood at x, i.e.,

p(fB ’ 0, M)

re(x, 0) ~ log mi(w | M)

+ c(x). (5.6)
This can then be used to recover approximate posterior samples for y, for example,
by Markov chain Monte Carlo procedures. Further details on the training procedure

are provided in Section 7.2.2.

5.5 Conclusion

This chapter extensively reviews a range of influential macroeconomic agent-based
models in terms of scope and relation to data. We contrast them to conventional
Dynamic Stochastic General Equilibrium models (DSGEs), for which we discuss their
development and limitations. Agent-based models offer a promising alternative,
allowing for great flexibility in modelling agent heterogeneity, interaction, and
non-equilibrium dynamics. However, they also pose new challenges, particularly
regarding calibration and validation. We introduced modern calibration techniques
that are particularly suitable for agent-based models, which we will apply to
the model detailed in Chapter 6. We will detail the calibration and validation
of the model in Chapter 7.



A Framework for Macroeconomic
Agent-based Modelling

This chapter presents a novel framework for constructing large, data-
driven, agent-based macroeconomic models. The framework is modular,
allowing for the flexible replacement and comparison of behavioural
rules and datasets. Section 6.2 provides an overview of the agents,
their interactions, the data used for initialization, and the sequence
of events. We significantly diverge from the benchmark IIASA model
regarding implementation, scope, and mechanisms (Section 6.3), with
key innovations such as modelling 38 countries, a detailed credit market,
a housing market, and more realistic behavioural rules. Section 6.4
outlines the modelling choices regarding the agents, which include firms,
households, individuals, a central government, government entities,
banks, and a central bank. Section 6.5 describes the goods, labour, credit,
and housing markets. The modelling specifications are based on standard
theory, common choices from the literature on macroeconomic agent-
based modelling, and discussions with experts. Section 6.6 concludes the
chapter, particularly highlighting future development on the framework.
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6.1 Introduction

Although macroeconomic ABMs have been around for twenty years (Dawid and
Gatti, 2018), they have predominantly been successful at generating qualitative
insights, particularly regarding policy (Fagiolo and Roventini, 2016). Typical
macroeconomic ABMs are validated by demonstrating their ability to reproduce
stylised facts or summary statistics from real-world data. In recent years, ABMs
have become more data-driven, striving to faithfully represent a specific economy
at a specific point in time (Pangallo, 2024)." A breakthrough in using data-driven
ABMs for macroeconomics was achieved by Poledna et al. (2023a), and we will
use their ITASA model® as a benchmark.

This chapter introduces a novel framework for building data-driven agent-based
models. Our framework allows for modelling a set of countries, each comprising
firms, individuals, households, a central government, government entities, banks,
and a central bank. Agents interact in markets for goods, labour, credit, and housing.
We depart from the IIASA model in several key specifications designed to enhance
realism and scope. The modelling specifications are based on standard theory,
common choices from the literature on macroeconomic agent-based modelling, and

discussions with experts. Our main innovations include:

e Housing Market: Households buy, sell, let, and rent properties. Because
houses represent a substantial fraction of household wealth, slowdowns in the

housing market can have ripple effects throughout the economy.

o Credit Market: Banks make loans to firms and households, considering
realistic supply-side loan requirements and setting interest rates using a
statistical model employed by private sector banks. Our more detailed
modelling of the credit market improves our model’s suitability for studying

macroprudential policy.

o Using Microdata: Individuals are grouped into households and differ by
several socio-economic characteristics, including age, income, wealth, and
occupational status. In general, the additional heterogeneity that accurately
matches the demographic and economic characteristics of the simulated
countries allows us to better capture the economic conditions and the diverse

behaviours of the agents within the model.

e Enhanced Behavioural Rules and Market Mechanisms: We have
integrated more realistic behavioural rules and mechanisms that are absent

1See Section 5.3.1.3.
2See Section 5.3.2.9.
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in the ITASA model. For instance, in the IITASA model, firms set production
targets limited by past resource constraints, which significantly restricts
their expansion capacity and constrains aggregate growth. In contrast, we
allow firms to set production targets that only partly consider past resource
constraints, enabling them to establish more ambitious targets.

An important property of our framework is its modularity, allowing for easy
replacement of agents, behavioural rules, and datasets. This modularity enables us
to reproduce the rules laid out in other models, such as the ITASA or the CANVAS?
models, as well as new ones like ours. The specification of agents, rules, and
inputs that we present below is only one possible realisation intended to highlight
the breadth of the model and showcase its performance in forecasting economic
aggregates in Chapter 7. However, we also summarise alternative approaches for

each agent and behavioural rule.

Notation We use the following notation for this chapter: By overlines T, we
denote values predicted by agents, and with hats Z, we denote target values. If
not otherwise specified, values are in nominal terms. We write [z]T = max(0, z),
[]7 = —min(0,x), and Az(t) = x(t) — z(t — 1).

We begin by providing a thorough overview of the model, describing the agents
and their interactions, the data used, and the sequence of events.

6.2 Model Overview

Our model enables the simulation of multiple countries simultaneously, providing a
closed framework in which the entire world economy is portrayed. The modeller
has the option to model specific countries explicitly, while all others are aggregated
into a collective entity we call the “rest of the world” (ROW). For example, one
could simulate Germany and the United States. The simulation would then be
organised into three main blocks: one for Germany, one for the United States, and
one for the rest of the world. In this work, however, we restrict ourselves to a simple
configuration where we run only one country at a time, paired with the ROW. This
systematic approach will subsequently be applied to 38 countries.

Our model is calibrated to represent the economic structure of countries at a given
point in time. Within each country, different economic agents — firms, individuals,
households, banks, a central bank, and the government — play distinct roles and

interact with each other. Each country is initialised with 18 sectors*. To manage

3See Section 5.3.2.10.
4See Table 6.1.
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computational complexity, we apply a scale factor: one agent (firms, households,
etc.) in the simulation represents 1000 real agents.”% Every agent is calibrated using
microdata, allowing for heterogeneity. As in the IIASA model, we ensure full stock-

flow consistency. Figure 6.1 schematises the basic structure of the agent-based model.

Country A
ICIO

Government - Benefits *| Individuals Good Country B
OECD/WB |- Taxes —  HFCS 00ds (...)
X T I Goods
oy Taxes ——— —— Grouped into ST
= Country C | ©
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Figure 6.1: The basic structure of the agent-based model with the most important
datasets used to calibrate each agent. These include the inter-country input-output tables
from the OECD, World Bank data, Compustat microdata for firms and banks, Household
Finance and Consumption Survey data for households and individuals, and policy rates
provided by the Bank for International Settlements.

The firm sector comprises 18 industry sectors according to the NACE-2 classification,
as shown in Table 6.1.

Section 6.2.1 briefly describes the agents in the model along with their key inter-
actions, and Section 6.2.2 summarises the datasets used. Section 6.2.3 provides the
sequence of events in a single iteration of the model, while Section 6.2.4 summarises

economic aggregates, and Section 6.2.5 summarises the expectation setting.

SThere are no general results on the optimal number of agents in (macroeconomic) agent-based
models. Too few agents may prohibit desired emergent behaviour, while running simulations
becomes too expensive if the number of agents is too large. Many empirical quantities in economic
data are distributed with heavy tails, such as Pareto-distributed wealth, firm sizes, and city sizes.
These distributions are so skewed that it is difficult to assess the characteristics that arise from
small numbers of agents. Di Domenico and Riccetti (2023) discuss the impact of scaling the
ITASA model and find no qualitative or quantitative differences between models of different scales.
Hosszu et al. (2024) study the effect of scaling down the 1-1 model described in Méré et al. (2023).
They find that with fewer agents, the variance of key variables increases, making calibration less
efficient, and forecasting performance (goodness of fit of key variables) deteriorates.

5The increasing availability of large-scale computing power represents an opportunity for
agent-based modellers — for instance, Gill et al. (2021) describes running the model in (Poledna
et al., 2023a) on a large-scale computing cluster, and the authors of Gleiser et al. (2024) describe
running the model in Kaszowska-Mojsa and Pipieni (2020) on Amazon cloud infrastructure.
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Description NACE Rev. 2
Agriculture, forestry and fishing A
Mining and quarrying B
Manufacturing C
Electricity, gas, steam and air conditioning supply D
Water supply; sewerage; waste management, and remediation  E
Construction F
Wholesale and retail trade; repair of motor vehicles G
Transporting and storage H
Accommodation and food service activities I
Information and communication J
Financial and insurance activities K
Real estate activities L
Professional, scientific and technical activities M
Administrative and support service activities N
Public administration and defence; compulsory social security O
Education P
Human health and social work activities Q
Arts, entertainment and recreation + Other services activities R + S

Table 6.1: Classification of economic activities NACE Rev. 2 Level 1.

6.2.1 Description of Agents

This section briefly describes the agents in the model and their key interactions,

as illustrated in Figure 6.1.

6.2.1.1 Individuals and Households

Individuals in the model represent the inhabitants of a country, with demographic
characteristics such as age reflecting the real population distribution. These
individuals are grouped into households. Each household’s income and wealth
are derived from the economic activities of its members, shaping their consumption
habits and decisions. Households participate in the housing market, where they
can rent, let, or buy homes; in the credit market, where they can apply for loans;
and in the goods market, where they purchase what they consume. Individuals

can also be hired and fired in the labour market.

6.2.1.2 Firms

Firms are categorised by sector and serve as the primary production units in

the economy. They interact by purchasing inputs from local and international
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markets and transforming them into goods and services. Firms hire workers

and apply for loans.

6.2.1.3 Banks and the Central Bank

Banks play a crucial role by providing credit to agents and holding their deposits.
They operate within the credit market, where loans are issued with varying maturities
and interest rates that are contingent on the type of loan and on the agent to
whom it is given — for example, consumption loans or mortgages for households, or
investment loans for firms. The borrower’s financial health and the broader economic
context influence these terms, particularly the interest rate. The interest rate charged

by banks is typically a markup over the policy rate, which is set by the central bank.

6.2.1.4 The Government

The government is responsible for a wide range of activities. It collects taxes
from individuals and firms, which constitutes its primary source of revenue, and
has the authority to set fiscal policy. These funds are used to purchase goods
in the goods market, fuelling public investment. The government also provides
individuals with benefits based on specific criteria, such as income, employment

status, or other demographic characteristics.

6.2.1.5 The Rest of the World

This agent, external to all countries, models the global economy’s non-explicit
components. It interacts with domestic economies exclusively via the goods
market, encapsulating import/export activities. This allows for a mathemati-

cally closed model.

6.2.2 Data

At its core, our simulation is structured around the detailed description of the agents’
balance sheets and income statements described above. These balance sheets and
their relationships are initialised using a comprehensive array of data sources that
are crucial for accurately representing a country’s characteristics. Most importantly,
the Inter-Country Input-Output Tables (ICIO) from the OECD? clearly describe the
input dependencies of sectors within and across national economies. We perform a

few simple steps to allow the raw ICIO tables to be used in our model:

"See https://data-explorer.oecd.org.
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Handling Input-Output Tables The Inter-Country Input-Output Tables of
the OECD?® consist of the intermediate-use matrix Z, a taxes less subsidies on
intermediate and final products row TLS, a value-added row VA, the output
row X, the household final consumption expenditure column HFCE, the non-
profit institutions serving households column NPISH, the general government final
consumption column GGFC, the gross fixed capital formation column GFCF, the
changes in inventories and valuables column INVNT, and direct purchases abroad
by residents DPABR. The row-sum of a country/sector pair i satisfies

Z Z;. + HFCE; + NPISH, + GGFC, + GFCF; + INVNT; + DPABR, = X; (6.1)

and the column-sum of a country/sector pair ¢ satisfies

> Zy,; 4+ TLS; + VA; = X,. (6.2)

We include consumption by non-profit institutions serving households in final
consumption by households, denoted as HFCE. For simplicity, we set the changes
in the inventories and valuables column INVNT to 0 and include that (small)
offset in the gross fixed capital formation column GFCF. We also set the direct
purchases abroad by residents column DPABR to 0 and include that offset in
household final consumption HFCE. We split the value-added row VA into an

employee compensation row LAB? and a capital compensation row CAP, so that
VA; = LAB; + CAP; (6.3)

for all country /sector pairs i. We also split'" the gross fixed capital formation column
GFCF by sector into investment by firms FGFCF, by households HGFCF, and
by the general government GGFCF, so that

GFCF; = FGFCF; + HGFCF,; + GGFCF; (6.4)

for all country/sector pairs i.

Additional data for initialising the model comes from the IMF!!, the World
Bank'?, Compustat'®, the European Central Bank (ECB)™, and the Bank for
International Settlements (BIS)'”. Table 6.2 summarises these data sources.

8OECD: Inter-country input-output tables (Code: ICIO).
9YOECD Data Archive (Code: F_DP LIVE). This is consistent with the socio-economic
accounts of the World Input-Output Database (Timmer et al., 2015).
YOECD: Annual investment by asset and institutional sector (Code: DSD_NASEC10 @
DF _TABLE14_GFCF).
1See https://www.imf.org/en/Data.
128ee https://data.worldbank.org/.
13See https://www.lseg.com/en/data-analytics/financial-data/company-data/
fundamentals-data/standardized-fundamentals/sp-compustat-database.
14See https://www.ecb.europa.eu/stats/ecb_surveys/hfcs/html/index.en.html.
15See https://data.bis.org/.
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https://data.worldbank.org/
https://www.lseg.com/en/data-analytics/financial-data/company-data/fundamentals-data/standardized-fundamentals/sp-compustat-database
https://www.lseg.com/en/data-analytics/financial-data/company-data/fundamentals-data/standardized-fundamentals/sp-compustat-database
https://www.ecb.europa.eu/stats/ecb_surveys/hfcs/html/index.en.html
https://data.bis.org/
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Dataset ‘ Usage

OECD Input-Output tables, balance sheets, business demography
IMF Quarterly time series of economic aggregates

World Bank | Taxes, government spending, government revenue

BIS Policy rates

ECB Microdata on households and individuals

Compustat | Microdata on firms and banks

Table 6.2: Data sources used for model initialisation and calibration: from the OECD,
the IMF, the World Bank, the BIS, the ECB, and Compustat (S&P).

Running the agent-based model consists of updating agent-level information sequen-
tially. Each iteration represents a discrete step in the evolution of our economic
system. The following section describes the various steps involved in each of
these iterations, outlining how agent decisions and interactions drive the system

forward over time.

6.2.3 Sequence of Events

The timeframe corresponding to each iteration is one quarter, reflecting the frequency
of the macroeconomic data utilised in the model. During these periods, agents
make decisions based on partial information and use heuristic “rules of thumb”.
The type of heuristics includes, for example, those used by firms to determine
their target production levels by considering factors such as inflation, historical
demand or input costs. These rules are formulated into functions that translate
market conditions and agent-specific information into decisions, such as production
targets or hiring strategies. Similarly, market mechanisms, like those governing
the labour or goods markets, are modelled through matching functions that aim
to align supply and demand but typically do not result in a perfect match. These
functions are flexible enough to be adapted or replaced, depending on the context.
We outline the different intermediate steps of each iteration below. Overall, the
steps described are similar to those in Poledna et al. (2023a).' The full model

description is provided in Section 6.4 and Section 6.5.

6.2.3.1 Estimation Phase

This step lays the foundation for each iteration of our simulations. In this phase,
agents generate forecasts based on historical data and predictive models, which

inform their decisions in the upcoming quarter. By the end of this phase, all agents

16We outline the key differences between our model and the IIASA model in Section 6.3.
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have expectations about future economic conditions, which guide their choices in
the Target Setting Phase (Section 6.2.3.2).

Central Economic Forecasts This step constitutes the core of this phase,
as it includes forecasts for various economic conditions, such as inflation across
different markets (consumer prices, producer prices, and housing prices) and overall
economic growth rates. These forecasts are based on historical data and are
designed to provide a common set of expectations about the future state of the
economy. This centralised forecast provides a shared baseline that agents can
build upon or deviate from when forming their own individual projections. For

detailed explanations, see Section 6.2.5.

Firm-Specific Forecasts Following the establishment of central economic fore-
casts, individual firms create their own expectations about the economy’s future.
Each firm takes into account the history of supply availability, demand for its
products, and price movements to project its own future growth (Equation (6.60)),
forecast future demand for its products (Equation (6.61)), and forecast future
profits (Equation (6.62)).

6.2.3.2 Target Setting Phase

During this phase, agents make strategic decisions based on earlier forecasts.
This phase lays the groundwork for future market interactions. It determines
a considerable portion of the demand that will influence transactions in the Goods

Market and sets the stage for the subsequent Labour Market Phase.

Firm Decisions Firms begin by setting their production level objective (Equation
(6.63)). They consider several key factors, including the future market conditions
forecasted in the Estimation Phase and, more specifically, their projections of future
demand and their current finished goods inventory. Each firm also evaluates its
financial health, including debt levels and equity, which helps determine its capacity
for expansion. After establishing the production target, firms set objectives for
labour market activities (Equation (6.69)), defining their hiring strategies and
wage offers. Firms also assess their procurement needs based on their current

stock of intermediate inputs.

Individual Decisions Individuals in the economy set their reservation wages
— the minimum wage they are willing to accept from a potential employer. This

decision is informed by their personal wage history and employment conditions.
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6.2.3.3 Labour Market Phase

This phase serves as a clearinghouse where the supply of labour from individuals
is matched with the demand for labour from firms, considering both offered
wages and individual reservation wages. At the same time, firms may lay off
employees if necessary to meet their objectives, and individuals may also leave their
jobs voluntarily, based on a certain probability. Once these changes occur, the
states of both firms and individuals are updated to reflect the new employment
conditions, with firms’ employee rosters and individuals’ employment statuses
and incomes adjusting accordingly. This process is vital in determining firms’
production capacities, which are linked to their workforce size, and the incomes
available to households. The detailed functioning of the labour market is explained
in Section 6.5.2.

6.2.3.4 Planning Metrics Phase

In this phase, agents revise their expectations and set further targets in response
to changes in unemployment. This section is, therefore, crucial for preparing the

housing, goods, and credit markets.

Government Decisions The government updates its social welfare expenditures
in response to changes in unemployment and inflation expectations (Equation (6.97)
and Equation (6.98)). The government also sets its target level of consumption for
goods and services depending on economic conditions, forecasts, and its historical

spending trajectory.!”

Central Bank Decisions The Central Bank sets its policy rate based on current
inflation trends (Equation (6.46)).

Household Decisions Households update their information about their current
income based on changes in their employment status and changes in social benefits.
With updated income estimates, they can determine their spending capacity and
adjust their demand for housing and goods and services (Equation (6.107) and
Equation (6.136)).

I"Note, however, that in our implementation, this last step is done in the Goods Market Phase
without impacting the ordering of the steps described here.
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Firm Production Knowing their output capacity, which is determined by their
workforce, their stock of intermediate inputs, and their capital stock, and guided by
the target level described above, firms carry out their production (Equation (6.73)).
They set their selling price (Equation (6.74)) depending on inflation forecasts and
previous market conditions. This sets the available supply of each good.

6.2.3.5 Housing Market Phase

This phase involves matching sellers and buyers of housing and matching renters
with landlords. The housing market is detailed in Section 6.5.4. It is essentially a
reimplementation of the model described by Geanakoplos et al. (2012) and Carro
et al. (2023), and it consists of two distinct phases:

Preparation Phase First, the valuation of each property is adjusted depending
on market conditions. Households also update their priors on the amount they
are willing to pay to buy or rent property and decide whether they want to own
or rent. Landlords also decide whether to update the rent on their property

depending on inflation.

Clearing Phase With the volume and prices set for both supply and demand
in the housing market, the market is cleared by matching properties up for sale
with prospective buyers and properties up for rent with renters. The wealth and
housing expenses of households are updated accordingly. Note that a household
attempting to buy a property may need to obtain a mortgage in the next phase
for the transaction to happen.

6.2.3.6 Credit Market Phase

The credit market is detailed in Section 6.5.4. This phase also consists of two steps:

Preparation Phase Firms and households set their credit targets by studying
their financial health and economic forecasts. Banks set the interest rates they
offer on different loan types (mortgages and consumption loans to households, loans
for firms) as a markup on the current Central Bank rate. This markup may also

depend on the borrower’s financial health.

Clearing Phase The demand for loans from households and firms is matched
with the loans offered by banks. The transactions of households that apply for and
obtain mortgages are executed, and the corresponding real estate is updated to be
in their name. If mortgages are not approved, no transaction is registered.



6. A Framework for Macroeconomic Agent-based Modelling 152

6.2.3.7 Goods Market Phase

In contrast to the phases described above, which all happen within a country, this
phase involves the global economy and matches the global supply and demand
of goods. The goods market is described in Section 6.5.1; the phase again

involves two steps:

Preparation Phase The supply and demand of agents is aggregated into an
order book in USD, requiring demand in local currencies to be converted to demand

for goods in USD using the current exchange rates.

Clearing Phase The order book defined above is cleared by matching buyers
and sellers. Note that the degree to which agents prefer to buy goods domestically
rather than in the international market is a parameter that can be adjusted.
We use international trade data to match flows of goods and services in global

markets realistically.

6.2.3.8 Realised Metrics Phase

Here, agents update the actual outcomes of their operations and financial activities
over the past quarter. This phase is crucial for comparing predicted and realised

outcomes and making the necessary updates for future planning.

Firm Decisions After subtracting the amounts sold, firms update their records
to reflect their inventory levels (Equation (6.86)). They also register the realised
demand (Equation (6.89)), which will be used to predict demand for the next
quarter. Firms also review their financial health (Equation (6.90)) and analyse
their solvency after updating their financial data with the proceeds from their
sales. The financial records of firms and their bank accounts are also updated.

Firms under stress may file for bankruptcy.

Bank Decisions Banks compute their profits (Equation (6.41)), liabilities (Equa-
tion (6.43)), and reserves (Equation (6.44)) after all the operations described
above, including the consequences of possible borrowers’ defaults. Banks under

stress may also go bankrupt.

Household Decisions Households update their income (Equation (6.108)),
wealth (Equation (6.129)) and debt (Equation (6.130)) after operations in the
goods and credit market.
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Government Decisions The government updates its revenue (Equation (6.99)),
deficit (Equation (6.100)), and debt (Equation (6.101)).

6.2.4 Economic Aggregates

In this section, we provide an overview of the economic aggregates in the model, all
resulting from the endogenous behaviour of agents. Table 6.3 provides a summary;
the aggregates related to production (Section 6.2.4.1), prices (Section 6.2.4.2),
housing (Section 6.2.4.3), and credit (Section 6.2.4.4) are summarised below. Finally,
we provide a full GDP identity in Section 6.2.4.5.

6.2.4.1 Production

The total/sectoral real gross output of domestically producing firms is set to

Y(t)= Y v() (6.5)

ferF

Yi(t) = Y Y;(t) (6.6)

feFs

where F denotes the set of firms, F, the set of firms operating in sector s, and

Y(t) real production of firm f.

6.2.4.2 Price

The producer price index PYTY(t) and the consumer price index P°TY(t) are updated

aSlS

PPPI(f) — Yrer Pr(t)(Yy(t) + Syt — 1)) + IMPY(2)
Srer (Yp(t) + Sp(t — 1)) + IMP(t)
POPI(t) = Do P(t) (6.8)

(6.7)

where F is the set of firms, Py(t) is the price set by firm f, Y;(¢) is real output of
firm f, S¢(t — 1) are real finished goods inventories of firm f, IMPN(¢) / IMP®(¢)

CPI
bs

are total imports in nominal / real terms, are aggregate household consumption

weights, and Ps(t) denotes the price index for goods produced in sector s,

Put) = Yrer Prt)(Yy(t) + S5t — 1)) + IMP{ ()
) Srer, (Yr(t) + Sp(t — 1)) + IMPE(2)

(6.9)

where IMPY(#) are imports of sector s in real terms and IMPY(¢) are imports

of sector s in nominal terms.

18From looking at Equations (6.7)—(6.8), PPP1(t) and P°FI(¢) look more like weighted price
averages than price indexes. However, as explained in Section 6.4.3.2, we set all initial prices to 1,
so PPPL(¢) and PCFL(t) can be correctly interpreted as price indexes.
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Category Description Notation
Sets Sectors )
Production Total real production Y (t)
Predicted total real production Y(t)
Sectoral real production Yi(t)
Predicted sectoral real production Y. (t)
Price Sectoral price index Py(t)
Producer price index PYPL(t)
Predicted producer price index ﬁPPI(t)
Consumer price index PCPL(t)
Predicted consumer price FCPI(t)
House price index PHPL(})
Predicted house price index P
Rental price index PRPL(1)
Predicted rental price index ﬁRPI(t)
Producer price index inflation 7PPL(¢)
Predicted producer price index inflation TEPL(t)
Consumer price index inflation 7FL(t)
Predicted consumer price index inflation 7FL(t)
House price index inflation mHPL(1)
Predicted house price index inflation 7HPL(¢)
Rental price index inflation TRPL(E)
Predicted rental price index inflation mRPL(¢)
Credit Total debt L(t)
Total debt of firms operating in sector s LY(t)
Total household debt in consumption loans LC(t)
Total mortgage debt LM(t)
Ratio of nonperforming firm loans in sector s vE(t

Ratio of nonperforming household consumption loans v
Ratio of nonperforming mortgages v

Table 6.3: Aggregate variables in the model, in particular related to production, prices,
and credit.

6.2.4.3 Housing

The house price index is updated according to

ZpEP Vp(t>

PHPI t —
0= 7,0

(6.10)
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where P is the set of properties and V,(t) is the value of property p at time t.
The rental price index is updated according to

RP1(py _ 2pep Tp(t)
o= > per Tp(0) (6.11)

where P is the set of properties and r,(¢) is the (imputed) rent of property p at time ¢.

6.2.4.4 Credit

The total amount of loans granted is computed as

L(t) =Y Ly(t) (6.12)
beB
where B is the set of banks, and L(t) is the total amount of loans granted by bank
b. The total amount of loans granted to firms of sector s is given by

Li(t) = > Ly(t) (6.13)
JeFs
where F; is the set of firms operating in sector s, and L¢(t) the debt of firm f.
The total amount of household consumption loans is given by

1 = Y L§() (6.14)
heH
where H is the set of households and L{(t) the debt of household A in consumption
loans. The total amount of mortgage debt is given by

DY) = Y L (1) (6.15)
heH
where L}(t) the mortgage debt of household h.
The ratio of Non-Performing Loans (NPL) to firms in sector s is given by

_ Xgerym Li(t)

v () = =71k

(6.16)
where F/(t) is the set of firms operating in sector s that become insolvent at time

t. The ratio of non-performing household consumption loans is given by

_ Sheny Li (1)

VOt D)

(6.17)

where H'(t) is the set of insolvent households. Similarly, the ratio of non-performing

mortgages is given by

) LhM(t).

o (6.18)

VM(t) _ Zhe?;/’l\(/z[f
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6.2.4.5 GDP Identity

Nominal gross domestic product in the model can be calculated via the output

approach, the expenditure approach, and the income approach:

STTPROP N Pr)Yr(t) + AT DT Cu(t) + 7 Y Ky (t) + THPEXP (1)
seS fEFs heH heH

Taxes on Products

IR DIFVIOIFOEDIDY

S Pt)

seS feFs s€S s'eS M feFs
Production Intermediate inputs
= > 1+ am+ Y G+ (1+ ) EXP(Y)
heH g€g
N—— Exports
Household consumption Government consumption
—IMP(t) + (1+79) 3 Ki(t) + 3. - Pt K1)
m heH SES fEFs

Gross fixed capital formation

LY S PAS () + S Pt (AMfsl(t)—

SES | fEF, s'es M

1

v;)

Changes in stocks and inventories

= Y RO ST Pr(t)Yp(t) + VAT DT Cu(t) + 7 D Ki(t) + TP EXP(1)
s€S JEFs heH heH

Taxes on Products

+3°(1=ROP) S Pyt = Y wil(t) =D Y D Pult)

s€8 fEFs i€TE(t) s€S feFs s'eS My's

Yi(t))

Gross operating surplus and mixed income

1€TE(L)
————
Compensation of employees

(6.19)
where F; is the set of firms operating in sector s, H is the set of households, G
is the set of government entities, and Z%(¢) is the set of employed individuals at

PROD

time ¢. In addition, 7. are tax rates on production in sector s, 7VAT is the

value-added tax rate on household consumption C}(t), 7CF is the tax rate on capital
formation K},(t) of households, and 75%¥ is the tax rate on exports EXP(¢). Finally,
Py(t) is the price set by firm f, Y;(¢) is the real production of firm f, K(¢) is
the real capital investment of firm f, IMP(¢) are total imports, Ps(t) are average
sectoral prices, ASf(t) changes in real inventories of firm f, AM;4(t) changes in
real intermediate inputs of sector s, my, denotes the real amount of intermediate
inputs of sector s’ necessary to produce one real unit of output of sector s, and

w;(t) is the wage paid to individual 7.
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6.2.5 Expectations

We conclude the overview of our model by explaining the role of expectations. Section
6.2.5.1 summarizes the general approach, which is applied to obtain forecasts for

growth expectations (Section 6.2.5.2) and inflation (Section 6.2.5.3).

6.2.5.1 Modeling Expectations

The standard approach to modelling expectations in DSGE models is to use rational,
or model-consistent, expectations, where the expectation operator coincides with
the realised future value of the variables, leading to a fixed point dynamical equation
that, in most cases, must be log-linearised around the steady state to be solved.
In ABMs, we cannot analytically aggregate the expectations of heterogeneous
interacting agents.!®

When deciding which expectation rules we should consider, we are faced with a
choice between simple and more complicated decision rules. Simple decision rules
that are less likely to lead to overfitting are often optimal (Artinger et al., 2022),
and we employ a deterministic autoregressive process with lag one for expectation
formation. Hence, output stochasticity for our model results from the random
search-and-matching processes on the goods, labour, credit, and housing markets.
This distinguishes our model from the IIASA model (Poledna et al., 2023a), which
assumes an autoregressive model with lag one (AR(1)) process for expectation
formation.?’ The autoregressive coefficient is recalibrated at every timestep using a
mix of real-world data (from 2000-Q1 up to the initialisation time) and simulation
output (from the initialisation time until the previous timestep) for the relevant
variable. Therefore, the length of the time series used for calibration increases with

every timestep. The following details the data we use to inform expectation setting.

6.2.5.2 Expectations on Growth

Forecasts for total real gross output Y () and total real sectoral gross output Y (t) are
used by every agent in updating their decisions. Realised real gross output and total

real sectoral gross output enter the autoregressive process in log levels.?! Predicted

19Rational expectations are also challenging for DSGE models that incorporate heterogeneity,
such as Heterogeneous Agent New Keynesian (HANK) models. See, for instance, Moll (2024).

20Most ABMs in the literature employ linear forecasts. Other approaches are discussed in
Brayton et al. (1997).

2LOECD: Quarterly GDP and Components - Output Approach (Code: DSD__NAMAIN1 @
DF_QNA_BY_ACTIVITY_OUTPUT).
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growth in real gross output and predicted sectoral real gross output growth are set as

y(t) = log Y(}zj(?l) (6.20)
7s(t) = log Y}(ft(f)l) (6.21)

where Y (t — 1) is the previous realised total gross output and Y;(t — 1) is the

previous realised total gross output of sector s.

6.2.5.3 Expectations on Inflation

Similarly to growth, every agent uses global PPI / CPI / HPI / RPI forecasts to
update their decisions.?? These forecasts are again obtained using autoregressive
models given previous PPI?®, CPI**, HPI/RPI?°. Then, predicted inflation is set as

—PPI

ZPPL) = Tog prl(t(?l) (6.22)
7FL(t) = log m (6.23)
7 PL(t) = log lﬂi::(j)l) (6.24)
7 L(t) = log m (6.25)

where P (t) is predicted PPI, PPPI(¢ — 1) is previous PPI, P°' () is predicted
CPI, PPL(t — 1) is previous CPI, ?HPI(t) is predicted HPI, PHPL(¢ — 1) is previous
HPI, FRPI(t) is predicted RPI, PRPI(¢t — 1) is previous RPL

6.3 Key Differences to the IIASA Model

The key differences between the IIASA model (Poledna et al., 2023a) and our
model are summarized in Table 6.4. While there are many similarities in terms of
agents and structure, the main differences are that our model can be calibrated to

many countries, features a housing market?®, and explicitly distinguishes between

220ne reason for using global forecasts is that it is unclear whether forecasting inflation improves
when considering individual components (Roma et al., 2004).

Z3IMF: International Financial Statistics (Code: PPPI_IX).

Z4IMF: International Financial Statistics (Code: PCPI_IX).

25OECD: Analytical House Prices Indicators (Code: DSD AN HOUSE PRICES @
DF _HOUSE_PRICES)

26GQee Section 6.5.4.
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households and individuals. The detailed breakdown of household income, wealth,
and debt leads to heterogeneous consumption.

Both models employ a Leontief production function in labour, intermediate, and
capital inputs, but we do not assume perfect substitutability between intermediate
and capital inputs. Instead, we have a Leontief production function for all inputs.
Firms take liquidity shortages into account when setting production and purchasing
targets. They dynamically adjust wages based on labour market tightness.

Instead of a single bank, our model features multiple, heterogeneous banks with
different risk and credit supply profiles. Banks employ realistic credit conditions
and grant four types of loans to firms and households instead of just one type of

loan to firms. Banks may fall into bankruptcy and will be bailed in.

Category ‘ ITASA Model Our Model
Scope Coverage ‘ One country Multiple countries
Markets Goods, Labour, Goods, Labour, Credit,
Credit Housing
Ind. & Hhs. Matching One-to-one Multiple individuals living
in the same household
Income Wages, benefits, div- Wages, benefits, rental in-
idends come, investment profits
Wealth Deposits, properties Deposits, properties, other
real assets, other financial
assets
Debt Overdrafts Consumption loans, mort-
gages, overdrafts
Consumption | Fixed fraction of in- Heterogeneous  fraction
come of income, consumption
smoothing, minimal
consumption
Reservation | No Yes
Wage
Firms Production Nested Leontief that Nested Leontief
allows substitution
between intermedi-
ate goods and cap-
ital goods
Target Only buffer Active management
setting
Wages ‘ Static Dynamic




6. A Framework for Macroeconomic Agent-based Modelling 140

Banks Number of | 1 Multiple
banks
Loans recipi- | Firms, households Firms, households (over-
ents (only overdrafts) drafts, consumption loans,

mortgages)

Bankruptcy ‘ Cannot fail Bail-in mechanism
Supply- Capital requirement Capital requirement and
side loan risk diversification
requirements
Demand- Loan-to-value Loan-to-value, return on
side loan equity /assets (firms), loan-
requirements to-income/debt-service-to-

income (households)

Interest rates | Fixed markup on Statistical model that con-
the central bank pol- siders pass-through from
icy rate the central bank, inflation

and non-performing loans

Gov. Benefits Unemployment ben- Countercyclical unemploy-
efits grow with the ment benefits
economy

Table 6.4: Key differences of our model to the ITASA Model in terms of scope and agent
behaviour.

6.4 Agents

We now turn to an in-depth description of the agents in the model, providing
details on initial conditions, parameters, behavioural rules, and data. Specifically,
of a given country, we describe banks (Section 6.4.1), the central bank (Section
6.4.2), firms (Section 6.4.3), the government and government entities (Section 6.4.4),
households (Section 6.4.5), individuals (Section 6.4.6), and the “rest of the world”
(Section 6.4.7). For each agent, we also state the alternative modelling choices in

the literature, including the models reviewed in Chapter 5.

6.4.1 Banks

In our model, banks set interest rates, hold central bank reserves, household and

firm deposits, and grant loans to firms (long-term and short-term) and households
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(consumption loans and mortgages).?” When firms or households they lent to
go bankrupt, they take losses. For simplicity, we do not explicitly model people
employed by banks. We also assume that banks do not have investment strategies in
derivatives and real assets. Banks may fail and will be bailed in by their creditors.?®
Table 6.5 lists variables and parameters related to banks, and Table 6.6 lists

variables and parameters related to loans granted by banks.

6.4.1.1 Initial Conditions

In this section, we briefly summarize the initial conditions for banks.

Drawing Banks from Compustat Data Banks are sampled with replacement
from Compustat data?’ so that the total number of banks matches IMF aggregates®.
This includes total deposits (Code: dptcq) and total liabilities (Code: [ltq). The
maximum number of banks recorded in Compustat from 2013-Q1 to 2017-Q4 is 3
for Australia, 7 for Canada, 3 for Chile, 2 for Columbia, 1 for Denmark, 2 for France,
1 for Germany, 1 for Greece, 2 for Ireland, 1 for Italy, 3 for Japan, 3 for Korea, 2
for Spain, 1 for Sweden, 7 for the UK, and 467 for the United States. For countries
that are not included in the Compustat data for banks, we follow the approach in

Poledna et al. (2023a) and create a single bank which is calibrated to aggregates.

Initial Profits Initial profits of bank b (see Equation (6.41)) are set according to

L,0)= > nVi(0) +rp20) Y [Dg(0)] +757°(0) > [Da(0)]
leLy(0) fEFH(0) heH(0)
Interest received on loans Interest received on overdrafts
+ () [Ry(0))  —r(0) ( > DO+ > [Dh(O)V)
— feF heH,

Interest received on reserves

Interest paid on deposits
—  7(0) [Re(0)]
N————

Interest paid on reserves

(6.26)
which is the interest on loans granted to firms or households, plus the interest

received on overdrafts, plus the interest received on reserves (if positive), minus

2TDifferent models mainly vary in terms of lending conditions. In some models, all credit
demands are satisfied (Seppecher, 2012; Mandel et al., 2010), others introduce probabilities of loan
approvals (Ashraf et al., 2016; Assenza et al., 2015), or assume (regulatory) upper bounds on the
volume of credit a bank can grant (Dawid et al., 2014; Dosi et al., 2010; Poledna et al., 2023a).

28In Assenza et al. (2015); Ashraf et al. (2016), banks will always be bailed out by the central
government, in Dawid et al. (2014) by the central bank. In Seppecher (2012), the single bank’s
bankruptcy ends the simulation.

29CRSP/Compustat Merged Database - Bank Quarterly (Code: crsp_a_ cem).

30IMF: Financial Access Survey (Code: FAS).
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Category Description Notation
Sets Set of banks B
Set of insolvent banks B'(t)
Loans provided Ly(t)
Firms with deposits at the bank F(t)
Households with deposits at the bank Hy(t)
Assets Reserves Ry(t)
Total loans granted to firms of sector s VE(t)
Total consumption loans granted to households V,E(t)
Total mortgages granted to households VM(t)
Liabilities Liability Ly(t)
Equity Ey(t)
P&L Account  Profits 1T, (%)
Credit Supply Maximum credit willing to grant %ma" t)
Supply of credit to firms of sector s %I:(t)
Supply of credit to households for consumption %C(t)
Supply of mortgage credit to households VM(t)
Influence of the NPL ratio when allocating credit »°S
Interest Rates Interest rate on firm deposit overdrafts riO(t)
Interest rate on household deposit overdrafts riO(t)
Regulatory Bank capital adequacy ratio pCAR
Requirements Solvency ratio between equity and assets PSR
Firm loan debt-to-equity ratio pPE
Firm loan return-on-equity ratio pROE
Firm loan return-on-assets ratio ploA
Household consumption loan-to-income ratio plTEC
Mortgage loan-to-value ratio PtV
Mortgage loan-to-income ratio pHM
Mortgage debt-service-to-income ratio pPST
Equity injections for other insolvent banks Iy(t)

Table 6.5: Variables and parameters in the model related to banks, in particular on
balance sheets, the supply of credit, interest rate setting, and regularity requirements.

the interest paid on deposits or reserves (if negative). In the equation above, r; is
the interest rate on loan [, V; its amount, ri-°(0) / 7i-9(0) are the initial overdraft

rates on firm/household deposits, and r(0) is the initial central bank policy rate.
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Agent Category  Description Notation

Loan [ Attributes Principal amount Vi(t)
Interest rate Ty
Maturity my

Table 6.6: Variables and parameters in the model related to loans, in particular principal
amount, interest rate, and maturity.

Initial Reserves Initial central bank reserves (see Equation (6.44)) of bank
b are set according to

= > Di0)+ > Du0) + E(0) — Y V(0 (6.27)

\\,—/
FER(0) heH,(0) Bank equity [0

Firm deposits Household deposits Loans granted

which is the total amount of firm and household deposits held at the bank, plus
the bank’s equity, minus the total value of loans granted to firms or households.
Here, F,(0)/H,(0) denote the initial set of firms/households with deposits at bank
b, and L,(0) represents the total initial set of loans granted by the bank.

Initial Equity Initial bank equity (see Equation 6.42) is set proportionally to the
total amount of loans granted and then rescaled so that the sum of the equity of
all banks matches the OECD aggregates.®’ The rescaling ensures that the overall
equity in the model aligns with the real-world financial data reported by the OECD.

Initial Matching with Firms Banks are initially matched with firms by solving
a linear sum assignment problem. This minimises the sum of the differences between
the total firm deposits and debt, and the total bank deposits and debt in short-term
and long-term firm loans. In other words, at each model initialisation, we construct
a bipartite graph between banks and firms to ensure that their respective initial
financial states are as closely matched as possible.

Initial Matching with Households Similarly, banks are initially matched
with households by solving a linear sum assignment problem. This minimises
the sum of the differences between the total household deposits and debt, and
the total bank deposits and debt in household consumption loans and mortgages.
This ensures that household financial states are aligned with the banks’ initial

conditions at the start of the model.

3LOECD: Quarterly Financial Balance Sheets (Code: DSD_NASEC20 @ DF_T720R_Q),
non-consolidated equity (Code: F5) and financial net worth (Code: BF'90) of monetary financial
institutions other than the central bank (Code: S127T).
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6.4.1.2 Parameters

Bank parameters include regulatory requirements, loan maturities, and credit

supply parameters.

Regulatory Requirements We assume each bank’s capital adequacy ratio to be
pCAR = 0.08, corresponding to Basel III, and a solvency ratio between equity and
assets to be pS® = 0.1.32 For firm loans, we assume the firm loan debt-to-equity ratio
to be pP'E = 1.0, the firm loan return-on-equity ratio to be p°F = 0.15, and the firm
loan return-on-assets ratio to be p°4 = 0.05. For household consumption loans, we
assume the household consumption loan to income ratio to be p*T¢ = (0.36. For
mortgages (p"TV, pTHM | pDSTD) 'wwe follow the Overview of national macroprudential
measures® compiled by the European Systemic Risk Board (ESRB). Alternatively,
Muellbauer and Kaszowska-Mojsa (2023) compiled regulatory requirements over

time for the 28 EU countries.

Loan Maturities Firm short-term loans are assumed to mature in one quarter,
long-term loans in two years, household consumption loans in one quarter, and
mortgages in 25 years. This follows standard maturity limits set by central banks
and compiled by the ESRB.

Credit Supply The influence of the ratio of nonperforming loans (NPL) when
allocating credit supply ¢“® is set to be 2.0, see Equation (6.37). This leads
banks to optimise their credit supply away from sectors that are in crisis and

towards sectors with less risk.

6.4.1.3 Rules
In this section, we discuss the behavioural rules for each bank, most notably the

supply of credit, setting interest rates, and lending requirements.

Interest Rates Setting Bank interest rates are set using a single equation

error correction model derived from an Autoregressive Distributed Lags (ARDL)

32Compustat does not provide microdata on regulatory requirements of individual banks; see
Section 6.4.1.1. Therefore, we assume the same capital adequacy ratio for each bank. Future work
could use Moody’s BankFocus.

33https://www.esrb.europa.eu/national_policy/html/index.en.html
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model >3 We estimate a time-series model specified as

Ar(t) = ¢"° (rl(t —1)— ¢LRr(t)) +§: a; Ary(t — 7) +qZ BiAr(t — j)

Error correction mechanism

Lagged interest rate Lagged policy rate (6 28)
r—1 s—1 )
PPI . .
+ > AT = §) + D6 Av(E— §) -+ e
Jj=0 Jj=0
Lagged inflation Lagged NPL ratio

for each type of loan I. The first term is the error correction mechanism, ¢™“*
is the long-run pass-through between the central bank policy rate r(¢)*¢ and the
interest rate r;(t)%7, ¢¥C is the error-correction term. We additionally consider
PPI inflation®® and the ratio of non-performing loans® (v,(t) for loans to firms in
sector s, ¥(t) for household consumption loans, v™(t) for mortgages), o, 3;, v,
0, are coefficients, and the choice of lag structure p, ¢, r, s is based on Akaike’s
Information Criterion. These parameters are estimated using historic real data
at model initialisation for each country.

We further assume that the interest rate on firm or household deposits is equal
to the policy rate, that the household deposits overdraft rate ri=C(t) is equal to the
interest rate on household consumption loans, and that the firm deposits overdraft

rate 7 O(t) is equal to the interest rate on short-term firm loans.

Firm Loans Lending Requirements For short- or long-term firm loans, banks

consider three ratios limiting the maximum amount of a new loan:

1. Debt to Equity: The credit provided to a firm f cannot exceed
Vi(t) <p”" " Po(t)Kps(t) — Ly(t — 1)+ [Dy(t = 1))

seS

Loans Overdrafts

Capital stock value

+ry, (1) [Dp(t = 1)) = Z( )Tsz(t)

(6.29)

Interest payments

34For more extensive models, see Leroy and Lucotte (2016).

35The models in Poledna et al. (2023a) and Hommes et al. (2022) assume fixed markups on the
policy rate. In Assenza et al. (2015), the interest rate increases with the borrower’s leverage; in
Seppecher (2012), the interest rate is fixed. In Olmez et al. (2024), the mortgage rate is set by a
reinforcement learner attempting to keep the housing market “healthy” with a low median house
price to income ratio and stable house prices.

36Obtained from the BIS central bank policy rates dataset.

3TECB: Corporates’ total loans (Code: MIR.M.U2.B.A2A.A.R.A.2240.EUR.N), Household
loans for consumption (Code: MIR.M.U2.B.A2B.A.R.A.2250.EUR.N), Household loans for house
purchase (Code: MIR.M.U2.B.A2C.A.R.A.2250.EUR.N).

38IMF: International Financial Statistics (Code: PPPI_IX).

39World Bank Data: bank non-performing loans to gross loans (Code: GFDD.SI.02).
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where pP*F is a parameter, 3, cs Ps(t) K t4(t) is the current value of the capital
stock of firm f, L(t) is the current debt of the firm, Dy(t) are firm deposits
at its bank, r{ ©(t) are firm overdraft rates, £(t) is the set of loans of firm f,

7, is the interest rate of loan [, and Vj(t) is the amount of loan [.

2. Return on Equity: The credit provided to a firm f cannot exceed

11, (t)

RoE

Vi(t) < 3 Pt Kpa(t) + Dyt —1) = Ly(t = 1) -

seS

(6.30)

Firm deposits Firm debt

Capital stock value

where pR°F is a parameter and I1;(¢) are predicted quarterly profits of firm f.

3. Return on Assets: Credit is only provided to a firm f if

I1;(t) RoA
Lf(t—l)iEf(t—n 2P (6.31)

where pR°A is a parameter.

Household Consumption Loans Lending Requirement Banks perform a
household risk assessment based on their average income over the last six months
(corresponding to the previous two timesteps). The credit provided to a household

h cannot exceed

Vi) <o CRE-2) 4Vt —1) — Lt—1)  (632)

—_——
Household debt

Average income over the last 6 months

LTI-C

where p is a parameter.

Mortgage Lending Requirements Each bank has its own policies for extending

mortgages to households. Generally, banks consider three ratios:

1. Loan-to-Value: Bank b sets a maximum value for the principal the household
can borrow. Since the down payment is the household’s full financial wealth,

the maximum loan value is restricted by

PLTV FA
W< m W (6.33)

Wealth in financial assets

where p"TV is a parameter.
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2. Loan-to-Income: The maximum loan value is restricted by

Vi(t) < ptttM ;(Yh(t —2)+Yu(t—1)) — Lp(t—1) (6.34)

————
Household debt

Average income over the last 6 months

LTI-M

where p is a parameter.

3. Debt-Service-to-Income: The maximum loan value is restricted by

1— (14m)™

1
Vi(t) < pPH 3 (Ya(t —2) + Ya(t — 1)) (6.35)
T
Average income over the last 6 months
where pP5TT is a parameter, r; is the mortgage rate offered by the bank, and

my is the maturity of the mortgage.

Supply-Side Credit Constraints Each bank b also has supply-side constraints.
The bank cannot grant loans above
max Eb(t — 1)
Vi) = g — > Vil (6.36)
p 1€LH(t)
—_———

Loans granted

CAR ig a capital adequacy ratio. Each

where Ey(t — 1) is previous bank equity, and p
bank distributes the total amount of loans they're willing to grant among firm loans,
household consumption loans, and mortgages based on the corresponding ratios of
previous non-performing loans. This means that there are no specialised banks that
only grant a specific type of loan, but instead, banks optimise their credit supply

profile to shift away from sectors hit by crises.?’ Specifically,

1) oc Vi (0) exp (—¢“Sul (1 — 1))
)

(6.37)

where VE(0), V,€(0), V;M(0) are the initial amounts of credit granted by bank
b to firms of sector s,

Vie(0)= > Lp(0), (6.38)
fE]:b(O)m]:S

40Compustat does not provide microdata on credit supply profiles of individual banks; see
Section 6.4.1.1.
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where L,(0) are initial loans from bank b to firm f; households for consumption,

Vi(0)= > Li(0), (6.39)
heH(0)
where L% (0) are initial consumption loans from bank b to household h; and mort-
gages

Vi 0) = > L 0). (6.40)
heHy,(0)

where LM (0) are initial mortgage loans from bank b to household h. The parameter
»“® governs the influence of the ratio of non-performing ratios in allocating the
total supply of credit.

Profits Profits of bank b are updated according to

IL(t) = >oonVi 400 Y D] +n ) Y [Da®)]”

leLy(t) fE]'—b(t) heH(t)
| —
Interest received on loans Interest received on overdrafts
+ W [R@)]T =) ( PIRHGINESDY [Dh(t)]+)
— feF heHy

Interest received on reserves

Interest paid on deposits
— ) R®)] - L)
—_—— — N

Interest paid on reserves  Equity injection

(6.41)
which is the interest on granted loans to firms or households plus the interest
received on overdrafts plus the interest received on reserves (if positive) minus
the interest paid on deposits or reserves (if negative). In the equation above, r;
is the interest rate on loan I, V; its amount, rf °(t)/rf%(t) are the overdraft rates
on firm/household deposits, and r(t) is the central bank policy rate. The equity

injection I(t) is for bailing in other insolvent banks.

Equity The equity of bank b is updated according to

Et)= Et-1) + ILE#) - 79 [,6)]"
—_—— —— | S —
Previous bank equity = Bank profits =~ Corporate Income Taxes

+ 2 Di)- Z)Lfb(tH > WM = X Lw(®)

FEF,(HONF' (1) feF(t heHy (H)NH' (t) heH! (t)

Write-off of bad debt

(6.42)
where F'(t) / H'(t) is the set of insolvent firms / households, Lz (t) / Lyy(t) are
loans granted by bank b to firm f / household h, D¢(t) are deposits of firm f,
and WP (t) are current household deposits. Whenever a firm or a household goes
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bankrupt, its bank appropriates what is left as a deposit but loses all the loan

(i.e., it cannot resell the firm assets).

Liabilities The liabilities of bank b are updated as

Lt)= E(t) + > DO+ > | —[Ry(t—1)]"  (6.43)
Bank equity FERL() heH, (¢ ) Reserves
Deposits

where F;,(t)/Hy(t) is the set of firms/households that have their deposits at bank b.

Reserves The reserves of bank b at the central bank are obtained by

> D)+ Y Dut)+ E(t) — > Vit (6.44)

\V_/
fEFL(L) heH(t) Bank equity leLp(t)

Deposits Loans granted

where F;(t)/Hs(t) is the set of firms/households that have their deposits at bank b.

Insolvency If a bank has a low solvency ratio, it goes bankrupt. Specifically, if

its ratio of equity to assets falls below a certain threshold

Ey(t) SR (6.45)

then the bank is bailed-in by all other non-insolvent banks cancelling a fixed
fraction of their debt until the equity of the insolvent bank is equal to the average

equity of non-insolvent banks.

6.4.2 Central Bank

The central bank provides liquidity to banks and sets the central bank interest

rate*!.*2 Table 6.7 lists variables and parameters related to the central bank.

6.4.2.1 Parameters

We assume target CPI inflation to be 7#* = 0.02.

41This is typically done using different variations of the Taylor rule, as originally proposed in
Taylor (1993). For instance, in the models by Mandel et al. (2010) and Ashraf et al. (2016), the
central bank sets the interest rate using a Taylor rule based on inflation and unemployment gaps.
Meanwhile, in Poledna et al. (2023a), the central bank employs a version of the Taylor rule that
follows Blattner and Margaritov (2010), which does not consider the output gap.

42In contrast, in the model by Dawid et al. (2014), the central bank may engage in quantitative
easing.
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Category Description Notation
Policy Rate Policy Rate r(t)
Target CPI inflation ™
Autoregressive parameter P
Real equilibrium interest rate r*
Weight on inflation targeting &r
Weight on economic growth &

Table 6.7: Variables and parameters in the model related to the central bank, in
particular for setting the policy rate.

6.4.2.2 Rules

The central bank sets the policy rate.

Policy Rate Following Poledna et al. (2023a), a Taylor rule models the policy

rate according to

F(t) = [prt = )+ (1= p) (r + 7 + P =) +7(0)] " (6.46)

where p is a measure for gradual adjustment of the policy rate, r* is the real
equilibrium interest rate, 7* is the inflation target by the central bank, &7 is
the weight on inflation targeting, and &” the weight on economic growth. The
parameters used in the Taylor rule are estimated at model initialisation using the
central bank policy rate r(¢)*3, CPI inflation 7#“FI(¢)* and total growth rates

v(t)*. The OLS regression is given by
r(t) =+ pr(t — 1) + B (7F(t) — ) + B (t) + & (6.47)

where « is the intercept, p, 8. and (3, are coefficients to be estimated and ¢; is

an error term. From the Taylor rule equation, we obtain

«

r* = [ — 7" (6.48)
DB

&= (6.49)
_ B

&= (6.50)

43Obtained from the BIS central bank policy rates dataset.
44IMF: International Financial Statistics (Code: PCPI_IX).
45IMF: International Financial Statistics (Code: NGDP_SA_XDC).
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6.4.3 Firms

Macroeconomic agent-based models typically distinguish between consumption
good firms, which use labour and capital to sell to households, and capital good
firms, which use labour and sell to consumption good firms.*® In our model, we
do not impose such a formal distinction. Firms set the quantity and the price of
the goods they produce by utilising labour, intermediate inputs, and capital inputs.
Production quantities are set using standard inventory planning, and prices are
determined as a dynamic markup on production costs. Firms also set the wages they
pay to employees. Wages depend on whether a firm is able to fill all its vacancies
or not.*” Firms may face a financing gap and will seek short-term or long-term
loans from banks to cover this deficit. Firms can go bankrupt and exit the market;
for simplicity, a new firm immediately replaces the bankrupt one.*8

Table 6.8 lists variables and parameters related to firms.

Category Description Notation

Sets Set of firms F
Set of insolvent firms F'(t)
Set of firms operating in sector s Fs
Set of insolvent firms operating in sector s FL(t)
Individuals employed by the firm Ze(t)
Loans taken out by the firm L(t)

Production Real production Yy (t)
Target real production f/f(t)
Real production limited by labour inputs H(t)
Real production limited by intermediate inputs Mq(t)
Real production limited by capital inputs K¢(t)
Predicted growth 74 (t)
Target inventory to production fraction oY

Influence of labour inputs in limiting target production yx
Influence of interm. inputs in limiting target production yx

Influence of capital inputs in limiting target production x®
Demand Real demand Qr(t)
Real demand Q(t)

46Exceptions include the models in Ashraf et al. (2016); Poledna et al. (2023a), where firms
produce different types of goods but do not distinguish between consumption goods and capital,
and the models in Seppecher (2012); Lengnick (2013), where there is only one type of (consumption
good) firm that uses labour only.

4"In Lengnick (2013), wages follow a stochastic process, while in several other models (Poledna
et al., 2023a; Dawid et al., 2014; Dosi et al., 2010; Mandel et al., 2010), wages are also adjusted
according to the evolution of labour productivity.

48The model in Ashraf et al. (2016) explicitly describes market entry and associated decisions a
firm needs to make.
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Predicted real demand Q;(t)
Demand adjustment speed on firm growth ¢2
Inventory  Real inventory Sr(t)
and stocks  Sectoral depreciation rates of inventory s
Real stock of intermediate inputs Miyq(t)
Intermediate inputs utilisation rate wM
Target real intermediate inputs before financial frictions MJFSF (t)
Influence of the fin. situation on target interm. inputs @™
Target real intermediate inputs My(t)
Realised real intermediate inputs My ()
Influence of existing stock on target interm. inputs oM
Real stock of capital inputs Kyq(t)
Capital inputs utilisation rate w¥
Target real capital inputs before financial frictions K 0!
Influence of the fin. situation on target capital inputs  ¢'¥
Target real capital inputs I:( s(%)
Realised real capital inputs Kyq(t)
Influence of existing stock in setting target capital inputs ¢
Delay in capital acquisition TKD
Labour Labour inputs H(t)
Target labour inputs H £(t)
Labour productivity factor hy(t)
Maximum increase in work effort hmax
Total wages paid we(t)
Markup factor on new employee wages ,u}VN
Adjustment of the average wage for new employees PN
Time window for wage markups TWN
Price Price Py(t)
Unit costs Uy(t)
Demand-pull inflation T (t
Cost-push inflation T (1)
Influence of demand-pull inflation when setting prices ~ ¢°F
Influence of cost-push inflation when setting prices ¢CF
Financials  Deposits Dy(t)
Predicted change in deposits ﬁ?‘(t)
Profits IT,(t
Predicted profits ng
Production costs Cy(t
Equity E(t
Debt t

~ o o~
N N

N N TN TN~~~
~ ‘o~

M — N



6. A Framework for Macroeconomic Agent-based Modelling 153

Acquired long-term loans Li(t)
Total loans from bank b L (t)
Weights Interm. inputs of s’ required to produce one unit of s My

Capital inputs of s’ required to produce one unit of s kg,
Depreciation of capital goods of s’ for production of s  dg/
Labour productivity individuals employed in sector s hs

Table 6.8: Variables and parameters in the model related to firms, in particular
production, demand, inventory and stocks, labour, prices, and balance sheets.

6.4.3.1 Parameters

This section summarizes firm parameters.

Sector-specific Weights We are assuming that initial sectoral prices are set
to 1. The matrix m,y denotes the real amount of intermediate inputs of sector
s required to produce one real unit of sector s’. It is computed by dividing
each column of the intermediate-use matrix of the input-output table?® by the
corresponding sectoral gross output.

To obtain a matrix for capital inputs depreciation, we assume that at initialisa-
tion, only depreciated capital inputs are replaced. The matrix dss, which denotes
the real amount of capital inputs of sector s that depreciate for one real unit of
produced output of sector ¢, is calculated by dividing each column of a matrix
for sectoral capital compensation by corresponding gross sectoral production. The
matrix for sectoral capital compensation is obtained from the capital compensation
row of the input-output table so that the column-sums of the matrix are equal to
the total capital compensation row and so that the row-sums are proportional to
the gross fixed capital formation column attributed to firms.

We make a similar argument to find a matrix ksy, which denotes the necessary
real capital inputs of sector s to produce one real unit of sector s’. We create a
matrix of sectoral net fixed assets from aggregate sectoral net fixed assets® so that
the column-sums of the matrix are equal to the total amount of net fixed assets and
so that the row sums are proportional to the gross fixed capital formation column
attributed to firms. Then, ks is obtained by dividing the columns of the matrix
of net fixed assets by the corresponding sectoral gross output.

The average sectoral labour productivity (hs) is calculated by dividing total

sectoral gross output by the number of people employed in that sector.

490OECD: Inter-country input-output tables (Code: ICIO).
S00ECD: Annual fixed assets by economic activity and by asset (Code: DSD__NAMAIN10 @
DF_TABLE9A).
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Inventories (Finished Goods) In our modelling framework, we assume that
firms decide on production also considering a target level of finished goods inventories
(see 6.61). Since we are running the model over short time horizons, we assume

inventory depreciation s = 0 for all sectors s (see Equation (6.86)).

Stocks (Materials and Supplies) After a sensitivity analysis concluded that
the initial intermediate inputs and capital goods utilisation rates do not affect
simulation output in a range of w™, Wk € [0.5,0.9], we follow Poledna et al. (2023a)
and set wM = WX = 0.85. For simplicity, we set the sector-specific delay between
the purchase of capital and being able to use that capital in production to be
TEP = 1 for all sectors s. We also assume that firms attempt to keep their

fraction of intermediate inputs and capital goods to production constant, assuming
oM = ¢F =1 (see Equation 6.79 and Equation 6.80).

Wage Adjustments The discussion of heterogeneity in individual labour pro-
ductivity is out of the scope of this thesis. Therefore, we assume no wage mark-ups

when firms fail to meet the labour targets, ¢"~ = 0 (see Equation 6.71).%!

Maximum Increase in Work Effort Following Poledna et al. (2023a), the

maximum increase in work effort is assumed to be A™** = 1.5, see Equation 6.67.

Target Setting The study of the effect of firm liquidity shortages on target
production is left for future research ¢'™ = ¢ = 0, see Equation 6.84 and
Equation 6.85).

6.4.3.2 Initial Conditions

This section discusses setting the initial conditions for firms. Figure 6.2 shows an
example for initial distributions of firm sectors, number of employees, deposits, and
debt for Australia, Austria, and Canada in 2013 at a scale of 1:1000.

Drawing Firms from Compustat Data Firms are sampled with replacement
from Compustat data® so that the number of firms by sector (Code: gsector)

matches OECD aggregates®. This includes the total number of employees (Code:

51Tf the model were to be used to study business cycles or unemployment dynamics, this
assumption should be revisited.

52Compustat Global - Fundamentals Annual/Quarterly (Code: comp_ global _daily).

S30QECD: Structural Business Statistics by Size Class and Economic Activity (Code:
DSD_SDBSBSC _ISIC4 @ DF_SDBS _ISICY).
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Figure 6.2: Initial distributions of firm sectors, number of employees, deposits, and debt
for Australia, Austria, and Canada in 2013 at a scale of 1:1000, as obtained from OECD
and Compustat data.

emp) which is rescaled to match OECD aggregates®, total debt (Code: dlttq)
which is rescaled to match OECD aggregates®, total deposits (Code: dptbq) which
is rescaled to match OECD aggregates®®. Table 6.9 summarized the Compustat

codes used to initialize firms.

The maximum number of firms recorded in Compustat from 2013-Q1 to 2017-Q4
is shown in Figure 6.3. For countries that are not included in the Compustat data for

firms, we follow the approach in Poledna et al. (2023a) and create homogeneous firms.

S1OECD: Quarterly Employment by Economic activity (Code: DSD_NAMAIN1 @
DF_QNA_BY_ACTIVITY_EMPDC).

550QECD: Quarterly Financial Balance Sheets (Code: DSD NASEC20 @ DF _T710R_ Q), loans
(Code: F4) of non-financial corporations (Code: S11).

S6QECD: Quarterly Financial Balance Sheets (Code: DSD_NASEC20 @ DF _T710R_Q),
non-consolidated deposits (Code: F2) held by non-financial corporations (Code: S11).
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Description Compustat Code
Number of firms by sector gsector

Number of employees emp

Total debt dlttq

Total deposits dptbq

Table 6.9: Compustat codes for firms, in particular on the number of firms by sector,
the number of employees of each firm, and each firm’s debt and deposits.
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Figure 6.3: The maximum number of firms recorded in Compustat from 2013-Q1 to
2017-Q4 by country.

Initial Total Wages The initial total wages paid by a firm f are proportional
to its number of employees |Z;(0)],

_ IZ(0)
Z.(0)]

we(0) ws(0), (6.51)

where wg(0) is the initial total labour compensation of sector s obtained from

socio-economic accounts and Zy(0) is the set of individuals employed in sector s.

Initial Production For each sector s, the initial production of the firms operating
in the sector is set proportional to each firm’s initial number of employees. For

each sector s and each firm f € Fj,

_1Z(0)
Z.(0)]

where Y;(0) is the total sectoral output and Z4(0) is the set of individuals em-

Y;(0) Y,(0) (6.52)

ployed in sector s.
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Initial Prices Initial prices are set at 1. For each firm f,

P(0) = 1. (6.53)

Initial Demand The initial demand each firm faces is set to be equal to initial

production. For each firm f,
Qr(0) = Y5(0). (6.54)
Initial Inventory The initial inventory of firm f is set according to
$;(0) = ¢, (0) (6.55)

where Y;(0) is initial production and ¢ is the target inventory to production frac-

tion.

Initial Stock of Intermediate Inputs The initial stock of intermediate inputs

of firm f operating in sector s is given by

My (0) = ———¥7(0) (6.56)

wM Mg

where my, denotes the real amount of intermediate inputs of sector s’ required
to produce one real unit of sector s and wM is the initial utilisation rate of

intermediate inputs.

Initial Stock of Capital Inputs The initial stock of capital inputs of firm

f operating in sector s is given by

K10(0) = — Y7 (0) (6.57)

w¥ ks’s

where ko, denotes the real amount of capital inputs of sector s’ required to produce
one real unit of sector s and w¥ is the initial utilisation rate of capital inputs.

Initial Matching with Employees Firms are initially matched with employees
by solving a linear sum assignment problem so that the sum of the differences between
total firm wages and the sum of received wages before taxes by employees is minimal.

Initial Matching with Banks Firms are initially matched with banks by solving
a linear sum assignment problem so that the sum of the differences between total

firm deposits plus debt to total bank deposits and debt is minimal.
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Initial Profits Total initial production costs of firm f operating in sector s

with deposits at bank b are computed as

Cf(o) = w + Z ms’sps/(O)Yf(O) + Z ds/sps’(())Yf(O)

s'eS s'eS
Labour costs

Intermediate inputs bought Capital inputs bought

+ 7 ROP PL(0)Y1(0) + 7, 0(0) [Dy(0)] = 7(0) [D(O)] T+ > mVi(0),

Taxes on production Interest paid on deposits leLs(0)
Interest on loans
(6.58)
where w;(0) are total initial wages paid by firm f, P;(0) = 1 are average initial
F-O

sectoral prices, r;, ?(0) is the initial overdraft rate on firm deposits, r(0) is the
initial central bank policy rate, and L£(0) is the initial set of loans that firm took
out. The matrix dy4 denotes depreciation rates of capital goods of sector s’ for
firms producing goods of sector s. We assume that at initialisation, the firm buys
as many real units of intermediate inputs as used for production and that the
depreciated capital is exactly replaced.

Initial firm profits are then computed as

I1;(0) = Pr(0)Y;(0) = Cy(0). (6.59)
Output Production costs

6.4.3.3 Rules

Firms estimate demand and set production targets. They also decide on the
wages they pay employees, target credit when they face liquidity shortages, and
may go bankrupt.

Predicted Idiosyncratic Growth Firms also make idiosyncratic estimates for

future growth. Predicted growth of firm f is set as

_ Qs(t—1)
Yt — 1)+ St —2)

5, (t) (6.60)
if there is either (real) excess demand (Y(t — 1) + S;(t —2) < Q¢(t — 1)) and the
firms’ price is above the market average (Pr(t — 1) > Ps(t — 1)) or if there is (real)
excess supply (Yy(t — 1)+ Sy(t —2) > Q(t — 1)) and the firms’ price is below the
market average (P(t —1) > Py(t —1)); otherwise 7, = 0. In the equation, Q(t —1)
is previous real demand, Y;(¢t — 1) is previous real production, and S¢(t — 2) is real

inventory previously offered on the goods market alongside newly produced goods.
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Predicted Demand The real demand for firm f’s goods is set based on predicted

sectoral growth and predicted idiosyncratic firm growth,

Q= (1+7,0) x (1+6#7,0)  x Qt—-1)  (6.61)

Predicted sectoral growth Previous demand

Predicted idiosyncratic growth

where ¢% € [0,1] is a parameter that controls the extent to which predicted

firm-specific growth determines predicted demand.

Predicted Profits Predicted profits of firm f operating in sector s are set accord-

ing to

()= (1+77(1) x (1+7;) x TIp(t—1) (6.62)

—_————— -
Predicted PPI inflation  Predicted idiosyncratic growth ~ Previous profits

where II;(t — 1) are realised previous profits.

Target Production A firm’s real target production is set based on predicted
real demand @f(t), current real inventory, and the current financial situation of the
firm. It may also be limited by the firm’s current workforce, stock of intermediate

inputs, and stock of capital inputs. Specifically,

¥5(t) = min ( Qp(0) + 63V (0 — 1) = Syl — 1), Q) + X7 (H,(0) — Q).

Predicted demand given current inventory Labour inputs

@f@ +xM (Mf(t) - @f(t))v @f(t) + x5 (Kf<t) - @f(t)) )

Intermediate inputs Capital inputs

(6.63)

%Y is the target inventory to production fraction and S;(t — 1) are real

where
inventories kept from the previous timestep. Target production (as in production,
see Equation (6.73)) is additionally constrained by the firm’s labour inputs H(t),
intermediate inputs My(t) and capital inputs K;(t) (assets used in production).
Parameters x%, x™M, x¥ € [0, 1] determine the influence of these limiting factors
on target production; for instance, if x!' = 0, firms would ignore their level of
labour inputs in determining target production and if Y = 1, they would fully
consider labour input constraints. Target production determines the firm’s demand
for labour, intermediate inputs, and capital.

The maximum production allowed given the stock of intermediate inputs

My(t) and the maximum permitted production given the stock of capital inputs
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K¢(t) is set as

My(t) = min (W) (6.64)
K¢ (t) = glelgl (W) : (6.65)

These functional forms are substantially different from those of the ITASA model,
which aggregates all intermediate inputs into a single intermediate composite and
all capital inputs into a single capital composite, essentially assuming a linear
production function in each intermediate and capital input. Here, we take a stricter
approach regarding substitution possibilities in the economy and assume a Leontief
production function for each input instead. However, our framework also allows
for incorporating less restrictive production functions. One example is the partially
binding Leontief production function (Pichler et al., 2022), which is a Leontief
production function that, for each sector, only considers certain inputs to be critical

for production, as evaluated in a survey of sector analysts.

Labour Inputs The labour inputs of firm f are given by
Hit) =hs(t) Y Hb), (6.66)
iGIf(t)
Labour supply from employees

where Z;(t) is the set of individuals employed by firm f, H;(¢) are labour inputs

from individual ¢, and hy(t) is a firm-specific factor denoting work effort, set as

min (M;(t), K;(t))
" hp(0) Yiez, o) Hilt)
Additional production factor

hy () = VEhy (0). (6.69)

¢WE hmax

= min

(6.67)

Maximum factor

This follows the approach in the ITASA model, where ¢"Y¥ > 1.0 corresponds to
overtime work allowed by the availability of intermediate inputs M((t) and capital
inputs K;(t). The parameter h™** is the maximum increase in work effort. Similarly,
dWE < 1.0 corresponds to part-time employment. The term min (M(t), K;(t))
denotes the maximum possible production given the level of intermediate inputs
and capital inputs; the term hz(0) 3icz, ) Hi(t) denotes the maximum possible
production given the firm’s labour inputs.

The target labour inputs of firms are set based on target production,

H(t) = Yy(t). (6.69)
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Wages The wages paid by firm f to its currently employed individuals ¢ € Z;(t)
are set according to

wit)= (1+771) x  (1+p)  x @E x wi(t—1)  (6.70)

N -~ -
Predicted PPI inflation = Labour market tightness Work effort  Previous wage

where ¢"VE denotes the level of work effort defined in Equation (6.67) above, w;(t—1)
is the previous wage paid to employee i, and u?]N is a firm-specific markup on
the average salary paid to improve the chances of keeping the current or hiring

new employees.”” It is set to be

¢WN 1= ]:-’f(t_t,)_Hf(t_tl) ’

3

pra] He(t —t)

Relative failure in hiring labour

pyp™ = (6.71)

where ¢"N is a parameter, and TWYN is the timeframe firms consider when raising
prices after failing to meet their labour targets Hy(t — t') — Hy(t — t'). The offered

wage to a prospective employee i that contributes labour inputs H;(t) is given by

Zi'ezf(t—l) wy(t — 1)

wit) = (1+pf)  x oV Hi(t)
( d ) Work effort Zi/ezf (t-1) Hi/ (t) P tive lab i t
OrkK error rospective lapour imputs

Labour market tightness
Average wage by labour inputs

(6.72)

Production Firms produce goods of the sector they operate in according to a
Leontief production function using labour inputs H(t), intermediate inputs M (¢),
and capital inputs K(¢).”® Firm f’s production is given by

Y(t) = min \Yi@ , Ef,@ . Mg(t—1) ,Kpt—1)|. (6.73)

Target production Labour supply Intermediate inputs Capital inputs

Production by firm f may not be equal to target production f/f(t), and it has to
scale down activity if the available labour supply, intermediate inputs, or capital
inputs limit it. This approach is consistent with the data and in line with similar
large models (Poledna et al., 2023a; Hommes et al., 2022).

5"The functional form (6.70) does not include wage stickiness. This should be improved in
further iterations, as this is an important driver for inflation.

58In most models, there are two types of firms: consumption goods firms that require capital and
labour, and capital goods firms that only require labour. There is a vast variety of used production
technologies in different models, for instance, a Leontief production function in Assenza et al.
(2015); Hommes et al. (2022), Cobb-Douglas in Dawid and Gatti (2018), or a CRS technology in
Gaffeo et al. (2008).
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Prices Firms set prices based on their expectations for inflation. The price set

by firm f operating in sector s is given by

Prt)y= (1+771) x (1+ "7 (1) x (14 ¢ 7)) x Pr(t—1)

N —
Predicted PPI inflation =~ Demand-pull inflation Cost-push inflation Previous price
(6.74)
where ¢PY € [0, 1] and ¢°F € [0, 1] are parameters, demand-pull inflation is defined
" Qs(t—1)
—DP A
Tp () = -1 (6.75)

Yt — 1)+ St —2)

if the total good real supply offered by the firm Y (t —1)+4 Sy (t —2) exceeds previous
real demand Q¢(t — 1) and the firm had a price Pf(t — 1) that was higher than
the average sector price Ps(t — 1), or if total good supply is lower than previous
demand, and firm prices are lower than the average sector price, otherwise

700 (t) = 0. (6.76)

On the other hand, cost-push inflation is defined as

Ut -1)

T (t) = =T 1 (6.77)

where Uy(t — 1) are previous unit costs, computed as

wr(t
Us(t) = wr(t) + 3 myPa(t —1) + Y dgsPo(t — 1) + 7PROP Pyt — 1)
Yf (t) s'€S s'eS }
N—— Taxes on production
Labour costs  Intermediate inputs used Depreciation
(6.78)
where the first term 1;;—((:)) denotes total wages paid by real units of output. For

the predicted PPI inflation see Section 6.2.4.2.

Demand for Goods before Financial Frictions Each firm needs intermediate
inputs for production. Each firm holds a real stock of intermediate inputs M s4(t)
that is depleted in each production step. Target intermediate inputs before financial
frictions of sector s’ of firm f operating in sector s are based on the chosen target
production f/f(t) and current stocks and given by

.
VIO = | i) =0 (Mgole — 1) = o010 ) (6.79)

Targetted amount

Existing stock

where the parameter ¢™ governs how much the current stock of intermediate

inputs is considered.
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Similarly, each firm needs capital inputs for production. Each firm holds a real
stock of capital inputs K4(t) that depreciates when used for production. Target
capital inputs before financial frictions are set as

K75t = | deYy(t) —oF (Kfs/@—l)—Kfs/(mm) (6.80)

Targetted amount

Existing stock

where the parameter ¢ governs how much the current stock of capital inputs is con-
sidered.

Demand for Loans The predicted change in deposits without new loans and
without taking the purchase of new inputs into account is given by

—A — —+
Dy(t) = PrOYs(t) = wi(t) — 79 [T (1))
———— ——
Production Total wages paid  predicted corporate taxes

— 1y C() [Dy(t = )] —r(t) [Dp(t = D" = > ()
Interest paid on deposits leLy () (6.81)

Interest on loans

2R0p yy, -y 0

lec, ity M

Taxes on production

_
Debt installment

where w;(t) are total wages paid by firm f, II;(t) are predicted firm profits, rf ©(t)
is the overdraft rate on firm deposits, r(t) is the central bank policy rate, and
Lf(t) is the set of loans that firm took out.

The firms’ financing needs determine the demand for credit. If the operating
costs exceed the internal funds, the firm has that difference as a financing gap
and will apply for a bank loan. Firms apply for short-term and long-term loans.
Each firm applies for short-term loans to cover any financing gap due to wages or
intermediate inputs purchasing costs by applying for loans to the value of

E5(t) = |Ds(t = 1)+ DY (6) = 3 Pult — DNEE(1) (6.82)

s'eS

Predicted deposits

Costs of intermediate inputs
where Py (t — 1) is the previous average price of goods from sector s. Each firm may
also apply for long-term loans to finance the purchase of capital inputs,

LY(t) = |Dy(t — 1)+ ADy(t) = > Pu(t — K5 (@)| (6.83)

s'eS

Predicted deposits

Costs of capital inputs
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Constrained Demand for Goods Firms purchase fewer intermediate inputs
and capital goods if they fail to acquire the loans they applied for. Specifically,
target intermediate inputs are set as

L3(0) — L5(1) ) (6.84)

Mpo(t)= Mpi(t) — —¢™ ((HWPPI@))Ps(t—l)

Demand before frictions

Credit gap

where [Ajfc(t) — L5(t) is the difference between requested and granted short-term

loans, and ¢'™ is a parameter. Target capital inputs are set as

Kfs’(t) = kFg(t) —¢' (<1 _'_Z;T];(lfl)(t_))[;:]);((i)_ 1)) ; (6.85)

Demand before frictions

Credit gap

where f)?(t) — L7(t) is the difference between requested and granted long-term

loans, and ¢'¥ is a parameter.

Inventory and Stocks The inventory of finalised goods of firm f operating
in sector s is updated according to

Se(t) =max |0, (1 —6,)Se(t — 1)+ Yi(t) — Qf(t) (6.86)
—— ——
Previous inventory Production  Units sold

where ¢, is sector-specific depreciation of finalised goods Sy(¢) in the inventory of
firm f. There is no direct distinction between goods bought as intermediate inputs
and goods bought as capital inputs in the goods market. Firms prioritize bought
goods to satisfy their demand for intermediate inputs first; the remainder goes into
their capital stock. The updated stock of intermediate inputs is

J’_

My (t) = [ Mg (t — 1) —mg Yy(t) 4+  Mya(t) (6.87)
————
Previous stock Used stock Newly bought stock
and the new stock of capital inputs is
+
Krolt) = |[Kpalt = 1) = du¥s(t) + Kplt—TP) (6.58)
—_—— ——— —_——

Previous stock Depreciated stock  Newly bought stock

where T% is a sector-specific delay between purchasing capital and using that

capital in production.
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Demand Firms face demand for goods from other firms, households, government
entities, and the rest of the world. The real demand a firm faces is how much
that firm managed to sell to buyers plus what they could have sold additionally.
Specifically, firm f’s real demand is given by

Qrt)= Qft) + Y1) (6.89)
——
Amount sold  Excess demand

where Qf(t) is how much firm f sold on the goods market and fffE(t) is how much
firm f could have sold additionally if it had more supply. To calculate excess
demand, firms get allocated a share of the total real amount potential buyers would
have purchased at the offered price if the random search-and-matching process of
the goods market had continued after firms ran out of supply. The share the firm
receives is based on the firms’ characteristics; see Section 6.5.1.

Profits Total production costs of firm f operating in sector s with deposits
at bank b are computed as

Cf@) = w + Z P Mfs ) MfS’(t - 1) + mS’sz<t))

s'eS
Total wages paid

Intermediate inputs bought

+ D Py(t) (Kpo(t) — Kpo(t — 1) + dys Yy (1))

SES
Capital inputs bought (6.90)
+ry O [Dp(t = 1)) —r() [Dyt =D+ > nV;
Interest paid on deposits LeL;®)
Interest on loans
+ 7 ROP P ()Y (1),

Taxes on production

where wy(t) are total wages paid by firm f, P;(t) is the avetage sectoral price of good

s, 757O(t) is the overdraft rate on firm deposits, 7(¢) is the central bank policy rate,

and L¢(t) is the set of loans that firm took out. Firm profits are then computed as

[;(t) = Pr(t)Qy(t) + Py ()AS,(t) = Cy(t). (6.91)
Sales Inventory change  Production costs

Deposits Deposits of firm f that has its deposits with bank b and is operating
in sector s are updated as

Dy(t) = Dy(t—1) +Pp(t)Q(t) — w — OO I, (1))

Previous deposits Units sold Production costs Corporate taxes
Vi(t) 6.92
- 2 + AL(t). (6.92)
lec,) M T~

New credit

——
Debt installment
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Debt The debt of firm f is updated as

L= Lit-1) -y A

+ AL (2). (6.93)
lec,(ty MU —

Previous debt New credit

N
Debt installment

Equity Equity of firm f evolves according to

Ey(t) = Dy(t) + Pr(t)Sp(t) + D> Pol(t) (Mo (t) + Ky () — Ly(t).  (6.94)
Deposits Inventory ses Debt
Stock

Bankruptcy If a firm f is cash-flow insolvent (D;(¢) < 0) and balance-sheet
insolvent (E(t) < 0), it goes bankrupt. A bankrupt firm is replaced by a new firm
that enters the same sector. That new firm keeps the same stock and inventory

as the bankrupt firm and is initialised with

Dp(t+1)=L(t+1) =0. (6.95)

Deposits Debt

As described in Equation (6.42), the losses are borne by the bank b that gave
credit to firm f.

6.4.4 Government

The government consumes according to predefined fractions, collects taxes, and
pays social benefits to individuals and households. Variables and parameters related
to the government are listed in Table 6.10.

6.4.4.1 Initial Conditions

This section summarizes the government’s initial conditions on consumption, social
benefits, and initial debt.

Number of Entities Following Poledna et al. (2023a), the number of government
entities in each country (agents operating on the goods market) is set to be 25%

of the number of domestically producing firms.

Initial Consumption Initial total consumption C°%(0) = CCG(O) and govern-
CG

“G are matched to input-output tables®®; see Equation

ment consumption weights ¢

(6.96). Consumption is distributed evenly among all government entities.

S9OECD: Inter-country input-output tables (Code: ICIO).
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Category Description Notation
Sets Set of government entities g
Revenue Revenue YCG(t)

Sectoral taxes on production 7PROD
Income tax rate 7INC
Corporate tax rate 7CORP
Value-added tax rate TVAT
Capital formation tax rate TCF
Social insurance tax rate (employers) 7S
Social insurance tax rate (employees) TSIW
Exports tax rate TEXP
Expenditures Consumption CCC (1)
Target consumption CC (1)
Government consumption weights o
Per-capita real unemployment benefits wY(t)
Total real other social benefits shO(t)
Deficit Deficit I1CC (1)
Debt Debt LOG(t)

Table 6.10: Variables and parameters in the model related to the government, in
particular, tax rates, expenditures, deficit, and debt.

Initial Social Benefits Initial social benefits are matched with OECD aggre-
gates® and distributed according to Household Finance and Consumption Survey

microdata, see Equation (6.97) and Equation (6.98).

Initial Debt Initial government debt LY“(0) is initialised using World Bank
data®, see Equation (6.101).

6.4.4.2 Parameters

Sectoral taxes on production 77ROP are taken from input-output tables®2. The

S

income tax rate, corporate tax rate, export taxes, value-added tax rate, and social

insurance rates are taken directly from the OECD database.%

600ECD: Social Expenditure Aggregates (Code: DSD_SOCX_AGG @ DF_SOCX_AGG).

61World Bank Data: Government debt (Code: GC.DOD.TOTL.GD.ZS)

620ECD: Inter-country input-output tables (Code: ICIO).

630ECD: Annual Government Taxes and Social Contributions Receipts (Code: DSD_NASEC10
@ DF_TABLE10) with income taxes (Code: D51A), corporate taxes (Code: D51B), export taxes
(Code: D214K), value-added taxes (Code: D211), employees’ contributions to social insurance
(Code: D613CE), employers’ contribution to social insurance (Code: D611).
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6.4.4.3 Rules

The government consumes and pays social benefits, based on which we update
revenue, deficits, and debt.

Consumption Government entities update their total real target consumption
CCC(t) based on an AR(1) model on historical data. Nominal sectoral target

consumption is then given by

CoOt) = 9 x (1+7M(@1) x  PE-1)  x CCG (1)
~—~ ——— ——
Weights  predicted PPI inflation  Frevious average price  Total target consumption

(6.96)
which is then distributed evenly among each government entity g € G.

Social Benefits The government pays unemployment benefits to unemployed
individuals and other social benefits to households based on household composi-
tion and individual characteristics (income, wealth, and debt). Per-capita real
unemployment benefits are increased when agents predict that the economy will

enter a recession (see Section 6.2.5.2),

wV(t) = max (1, H’Y@)) wY(t —1) (6.97)

Inverse predicted growth

Total real other benefits grow according to

sbO(t) = (1 +7(t)) sbO(t—1). (6.98)

—_———
Predicted growth

SIF SIW

Revenue The government collects social contributions (7> employers’, 7

employees’) and taxes according to fixed rates on labour income (7N¢), corporate

7CORP) (7VAT), household capital formation (7¢F), net taxes

EXP)

, value-added

on production (7FROP) and exports (7

YG<t) _ PCPI<t) (TSIW + FINC (1 _ TSIW)) Z wi(t) 4+ 7INC Z Z rp(t)

1ETE(t) heH pePR(t)

income (

Social security contributions and labour income taxes Rental income taxes

+ 7O (Z RAEOINEDY [Hb(t)V) +7V Y Calt)

fer beB heH

Corporate income taxes Value added taxes

+ TSR X nOP Y Pr(t)Y(t) + TPVEXP(t)

heH s€S feFs Export taxes

Taxes on capital formation Taxes on Production

(6.99)
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where we assume that taxes are indexed to consumer price index inflation P¢FI(¢).
Furthermore, Z%(t) is the set of employed individuals, w;(t) is the wage paid by the
employer of individual i, P (¢) is the set of properties owned by household h that
are rented-out to other households, r,(t) is the rent paid for living in property p,
I1;(t) / IL,(t) are profits of firm f / bank b, Cj(¢) is consumption of household h,
Ky (t) is investment of household h, and EXP(t) are total nominal exports.

Deficit /Surplus Government deficits [T1°C(¢) are updated according to

MG (t) = PEPL(E) (sbO(t) + 2V ()| wV (1)) + CO(t) +r(8) LOC(t — 1) = YOO (t).
—_— —  — —
Spending Interest payments Revenue
(6.100)
where sb(t) are total real other social benefits and ’IU(t)’ wY(t) are total real un-

employment benefits. We are assuming that social housing revenue is equal to costs.

Social benefits

Debt Government debt is updated according to

LYC(t) = LG (t — 1) +T19C(¢). (6.101)
—_——— N——
Previous debt Deficit

6.4.5 Households

Households are groups of individuals. As economic units, households are the relevant

entities in the goods, credit, and housing markets. They may own housing, live

in rented properties, or reside in social housing, and can apply for consumption

loans or mortgages. Household income is composed of the sum of income from their

individuals, along with additional social benefits, income from financial assets, and

rental income. They hold wealth in the form of both real and financial assets.
Table 6.11 lists variables and parameters related to households.

Category Description Notation

Sets Set of households H
Set of insolvent households H'(t)
Set of corresponding individuals Tn(t)
Set of loans L(t)
Set of owned properties Pr(t)
Set of rented-out properties PR(t)

Income Income Yi(t)
Predicted income Yiu(t)
Rent ru(t)
Other social benefits sbP (1)

Income from financial assets coefficient P
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Variance of the Gaussian noise impacting income o™
Consumption  Consumption Ch(t)
Target consumption éhs(t)
Aggregate consumption weights cCPL(t)
Saving rate SR(t)
Consumption smoothing fraction »°0
Time frame for consumption smoothing AR
Investment Investment K (t)
Target investment Kps(t)
Investment weights ks
Investment rate oR
Wealth Wealth Wi (t)
Wealth in properties Wr(t)
Wealth in other real assets WPRA(t)
Wealth in real assets WEA(t)
Wealth in deposits WP(t)
Wealth in other financial assets WPFA(¢)
Wealth in financial assets WEA(L)
Net Wealth WH(t)
Rate of depreciation of real assets dRA
Debt Total debt Ly(t)
Debt to bank b Lpp(t)
Debt in consumptions loans LY(t)
Debt in consumptions loans to bank b LS, ()
Debt in mortgages LM(t)
Debt in mortgages to bank b LN (1)
Demand for consumption loans LE(t)
Demand for mortgages LM(t)
Newly granted consumption loans LAC()
Newly granted mortgages ﬁhAM(t)
Housing as Probability of not changing housing when renting  p?®
a tenant Maximum price for buying a property Py(t)
Factor for setting the maximum price oHr
Exponent for setting the maximum price pHP
Mean of the Gaussian noise impacting the price ptt?
Var. of the Gaussian noise impacting the price otP
Psychological pressure of renting uts
Influence of costs in deciding whether to buy/rent  ¢®
Factor for setting the maximum rent R
Exponent for setting the maximum rent BHR
Probability of buying over renting pE(t)
Housing as an  Probability of not changing housing when owning ~ p©°

owner-occupier
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PM
p
PM

Probability of price reduction
Mean of the Gaussian noise reducing the price 1

Variance of the Gaussian noise reducing the price o™
Housing as Probability of rent reduction piM
an investor Mean of the Gaussian noise reducing the rent ptM
Variance of the Gaussian noise reducing the rent oM
Partial indexation for setting rent pFIR
Lag for setting rent TPR

Table 6.11: Variables and parameters in the model related to households, in particular
income, consumption, investment, wealth, debt and housing.

6.4.5.1 Calculating Household Consumption Weights

This section explains our approach for obtaining household consumption weights
by income quintile. Our treatment of household saving rates and household
consumption weights (Section 6.4.5.2) allows for consumption heterogeneity that
remains as close as possible to real data. Our method implicitly creates the
three types of households typically found in standard macroeconomic models —
hand-to-mouth households (low liquidity, high propensity to consume, deriving
income from wages and government transfers), middle class (strong precautionary
savings, income from wages), and high net-worth individuals (low propensity to
consume, income from capital).

We match consumption weights by income quintile to agent behaviour using the
OECD’s dataset on distributional information on household income, consumption,
and saving. The dataset presents experimental distributional results for a range
of OECD countries and results from the work of the Ezpert Group on Distribu-
tional Information on Household Income, Consumption, and Saving (EG DNA),
which defined an internationally comparable methodology to produce measures
of disparities consistent with national accounts concepts and totals using existing
microdata sources. These results have been provided by countries participating
in the EG DNA and Eurostat (for a selection of items) for EU countries not
participating in the exercise (or did not provide results for a specific reference
year). Here, we focus on consumption data in the Classification of Individual
Consumption by Purpose (COICOP).

Our approach starts from OECD EGDNA data, which are vectors of consumption
of 12 COICOP products by the five income quintiles. These vectors are given in
purchaser prices and must be mapped to OECD ICIO domestic final consumption,
which is given in NACE and basic prices. The first step maps the consumption
vectors to ISIC notation; the second step converts them from purchaser prices
to basic prices.
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Conversion from COICOP to ISIC Consumption data in COICOP must be
converted into ISIC using contingency or bridge matrices. The European Union
national statistical offices build these bridge tables to compile national accounts,
but they are not always published due to various considerations. Only eight EU
countries make them available, so Cazcarro et al. (2022) suggest a systematic
procedure to estimate bridge matrices for the other 20 countries. This procedure
combines information from official contingency matrices with the consumption
vector in the Classification of Products by Activity (CPA) and in the COICOP
classification from Eurostat. Note that CPA refers to products, and ISIC refers
to sectors. However, each product is described by the sector that produces it, so
the categories in the two classification systems are the same. In principle, one
should transform these matrices when working with sector-to-sector input-output
tables, but here, for simplicity, we consider CPA and ISIC as interchangeable.
The contingency tables are matrices with dimensions of 64 (CPA products) x
47 (COICOP categories). Each matrix element represents the total quantity of
a product used. We normalize the concordance tables so that each column sums
to one and then multiply each row of the matrix by each of the five consumption
vectors. The result is the set of consumption vectors in CPA by the five income
quintiles, which is still given in purchaser prices.

At this step, we verify that the OECD EGDNA data are consistent with national
accounts. In principle, the OECD started the EGDNA project precisely to make
consumption surveys consistent with national accounts. Still, it was not clear to
us if, for instance, imputed rents had been added. To check this, we verify if the
OECD EGDNA data used as input are consistent with the data used in Cazcarro
et al. (2022) to build the concordance tables. Cazcarro et al. (2022) start from
the European Union Household Budget Survey (EU HBS), which is a harmonized
survey that collects data on household expenditures and income across EU member
states and then adjusts the data, for instance, adding imputed rents. We find
that the two datasets are highly correlated, and in particular, consumption of
housing services (top right in the panel), which includes imputed rents, is very
similar in the two datasets. This suggests that, indeed, OECD EGDNA data are
compatible with national accounts and represent a reasonable starting point for
distinguishing consumption habits by income groups.

Conversion from Purchaser Prices to Basic Prices COICOP data are
given in purchaser prices, while data in input-output tables are in basic prices.
Basic and purchaser prices are two different ways of measuring the value of goods
and services. Basic prices refer to the price received by the producer, excluding
any taxes on the product, while purchaser prices include any taxes paid by the
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consumer, such as value-added tax (VAT). Moreover, basic prices exclude trade
and transport margins, whereas purchaser prices include them. For instance, when
measuring the consumption of manufacturing products in COICOP, purchases are
only allocated to the manufacturing sector, without allocating part of the cost
to the transport and trade sectors.

We still need to attribute the trade and transport margins and consider VAT.
To do so, we follow the procedure in Cazcarro et al. (2022), which was itself based
on Mongelli et al. (2010). For each country and product, the authors compute the
positive or negative percentage of trade and transport margins TTM, as well as taxes
less subsidies TLS, and then compute basic prices BP from purchaser prices PP as

BP; = PP, — TTM, — TLS; (6.102)

for all country/product pairs 7. This data is available for 65 CPA products, as the
authors break down the real estate sector (L) into two sub-sectors, distinguishing
imputed rents and the rest of the sector. We aggregate these back into one
sector (as this is the level of aggregation of the concordance tables) and aggregate
into the desired level of aggregation. We find a high correlation between the CPA-
converted OECD EGDNA data and the Household Final Consumption Expenditures
HFCE column from the OECD ICIO data. The only exceptions are Trade and
Manufacturing, respectively, which were underestimated and overestimated in the
EGDNA data. This is precisely because the trade margins of manufacturing
consumption have not been allocated yet. After the allocation, the quantities in
EGDNA and ICIO match more closely.

Ideally, we would like to match private households’ total final domestic con-
sumption (the same as HFCE) exactly to the quantities in the ICIO tables. After
adding TTM and TLS, the two quantities come closer but are not identical. This
is due, in part, to different concepts used in the EGDNA data compared to the
HBS data that Cazcarro et al. (2022) use. Thus, the final step is to increase
or decrease the consumption of each product by multiplying the consumption of
each income quintile by aggregate multiplying factors that ensure that the total
consumption of the five income groups matches that in input-output tables. Finally,
we normalize the consumption vectors so that they sum to one. This makes it
easier to adapt them to new vintages of input-output tables simply by multiplying
them by the total household consumption.

6.4.5.2 Initial Conditions

This section describes setting the initial conditions of households. Figure 6.4
shows an example of initial distributions of household income, wealth, and debt
for Australia, Austria, and Canada in 2013 at a scale of 1:1000.
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Australia Austria Canada
10°
10% 1 102
10
. |
0.0 2.5 5.0 1 2 0.0 0.5 10
Income (AUD) x108 Income (EUR) x10° Income (CAD) x10°
10°
10% 1 102
10
0 1 2 0 1 2 0 1 P
Wealth (AUD) x10' Wealth (EUR) x10' Wealth (CAD) x10"
10°
10% 1 102
10
0 1 2 0 5 0 1 P
Debt (AUD)  x10° Debt (EUR)  x10° Debt (CAD)  x10”

Figure 6.4: Initial distributions of household income, wealth, and debt for Australia,
Austria, and Canada in 2013 at a scale of 1:1000, as obtained from the Household Finance
and Consumption Survey.

Drawing Households from HFCS Data Households are sampled® from House-
hold Finance and Consumption Survey (HFCS) data to match OECD aggregates®®
according to the given weights (Code: HW0010).° The data includes microdata
for the fields described in Table 6.12.

Initial Income Initial household income (see Equation (6.108)) from real estate
and initial income from financial assets is matched to HFCS data. Other social
benefits paid to households are set proportional to regular social transfers and
rescaled to match OECD aggregates®”. Income after rent Y;*(0) is set as the

difference between total income (Code: DI2000) and rent paid (Code: HB2300).

64See Network (2023) for details on the sampling procedure and Harland et al. (2012) for an
overview of alternative approaches.

65QECD: Infra-annual Labour Statistics (Code: DSD_NASEC20 @ DF _T720R_Q).

66The HFCS is published in four waves: 2010, 2014, 2017, and 2021. For each time of initialisation,
we use the most recent HFCS wave. The survey covers the 19 euro area countries, as well as the
Czech Republic, Croatia and Hungary. Households of OECD-countries not included are generated
homogeneously as in Poledna et al. (2023a).

STOECD: Social Expenditure Aggregates (Code: DSD_SOCX AGG @ DF_SOCX_AGG).



6. A Framework for Macroeconomic Agent-based Modelling 175

Category Description Code
Attributes Type DHHTYPE
Country SA0100
Income Rental income from real estate DI11300
Income from financial assets DI1400
Income from regular social transfers DI11620
Income DI2000
Assets Value of the MHR DA1110
Value of other properties DA1120
Value of vehicles DA1130
Value of valuables DA1131
Wealth in deposits DA2101
Mutual funds DA2102
Bonds DA2103
Value of private businesses DA210/
Shares DA2105
Managed accounts DA2106
Money owed DA2107
Other assets DA2108
Voluntary Pension DA2109

Liabilities Outstanding balance of mortgages on the MHR DL1110
Outstanding balance of mortgages on others DL1120

Outstanding balance of credit line DL1210

Outstanding balance of credit card debt DL1220

Outstanding balance of other loans DL1250
Housing Tenure status of the MHR HB0300

Rent paid HB2300

Number of properties other than MHR HB2410
Consumption Income share spent on consumption DOCOGOODP

Table 6.12: Household Finance and Consumption Survey codes related to households,
in particular income, assets, liabilities, household, and consumption.

Initial Wealth Total household wealth (see Equation (6.129)) W},(0), wealth
in properties W} (0), and wealth in deposits WP (0) is matched to HFCS data.
The initial wealth in other real assets W RA(0) is set to be the sum of the values

of vehicles (Code: DA1130) and of other valuables (Code: DA1131). Wealth in
other financial assets W™ | since not explicitly modelled, are assumed to be the
sum of mutual funds (Code: DA2102), bonds (Code: 2103), shares (Code: 2105),
managed accounts (Code: 2106), money owed (Code: DA2107), other assets (Code:

2108), and voluntary pensions (Code: DA2109).
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Initial Debt Total household mortgage debt L} (0) is set to be the sum of
outstanding balances of mortgages on household main residences (Code: DL1110)
and outstanding balances of mortgages on other properties (Code: DL1120). Total
household debt in consumption loans L$/(0) is set to be the sum of outstanding
balances of lines of credit (Code: DL1210), credit card debt (Code: DL1220),
and other non-mortgage loans (Code: DLI1230).

Initial Consumption The initial household saving rate ¢3%(0) is set to be
proportional to 1 — the household income share spent on consumer goods and
services (Code: DOCOGOODP), and rescaled so that initial household consumption

C1a(0) = —r (1= G570)) SV (1) (6.103)

matches the aggregate input-output tables®® household final consumption expen-
diture column. The value-added tax rate is denoted by 7VAT. The consumption

weights cSTT of household h are set to match input-output tables and shared among
households in the same income quintile.®” Letting ¢ ... ¢SF1 denote the raw

OECD consumption weights by income quintile, we find the model consumption
weights by income quintile ¢ ... ¢SF! by finding the roots of

POEEDY TleT (1= 3%(0)) cSFV3(0) = C4(0) for s € S

q€{1,....5} heH,(0)

flo)y=¢> os—1S| (6.104)
sES
S et —1forqe{l,...,5}
sES
where
P = 1, (S ) (6.105)

for all quintiles ¢ € {1,...,5} and for all sectors s € S. We interpolate between the
aggregate consumption weights across all quintiles and the consumption weights
by income quintile using Equation (6.105). Our starting estimate is o, = 1 for
all s € §. In Equation (6.104), C,(0) is the initial total household consumption
in sector s obtained from input-output tables. The first term in Equation (6.104)
guarantees that the total household consumption at initialisation time matches the
aggregate in the input-output table. The second term guarantees that we stay close
to the consumption weights by income quintiles and not just revert to the aggregate

cSP1. The third term guarantees that the consumption weights are normalized.

68 OECD: Inter-country input-output tables (Code: ICIO).
59Household consumption weights by income are taken from OECD data (Code:
EGDNA_PUBLIC;, only available in the old data portal: https://stats.oecd.org/).


https://stats.oecd.org/
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Initial Investment The investment rate ¢'® is assumed to be homogenous
among households™ and set so that initial household investment (residential

fixed investment)

Kiul0) = 0™ kY3 (1) (6.106)

matches the input-output table. The investment weights ks are set to match

CF are taxes on capital formation.

input-output tables, and 7
Initial Matching with Banks Households are initially matched with banks
by solving a linear sum assignment problem so that the sum of the differences
between total household deposits plus debt to total bank deposits and debt from
households is minimal.

Initial Matching with Properties Households are initially matched with
properties by solving a linear sum assignment problem so that the sum of the
differences between property values and the households’ total wealth in real assets
is minimal. Properties themselves are generated based on the tenure status of the
main residence (Codes: HB0300, DA1110) of each household and their additional
number of properties owned (Code: HB2410, DA1120).

6.4.5.3 Parameters

This section summarizes setting household initial conditions.

Coefficient for Income from Financial Assets The coefficient for household
income from financial assets ¢'™ is obtained as the slope of the linear regression
of household income from financial assets on household wealth in other financial

assets. We assume o™ = 0 for simplicity; see Equation (6.108).™

Consumption Smoothing Timeframe The timeframe for consumption smooth-

ing is assumed to be T9C = 12, see Equation (6.109).

Depreciation of Other Real Assets We are assuming a depreciation rate
of d®* = 5%, see Equation (6.126).

"0This simplifying assumption is due to data availability. In reality, poor households do not
invest and rich households invest in large fractions. Further work focussing on inequality should
highlight this difference.

"IThis assumption should be revisited in the future. The variations of the return on financial
investments are a principal driver of recessions.
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Housing as a Tenant We are taking the estimated values for household param-
eters related to housing as a tenant from Carro et al. (2023). Specifically, when
setting the maximum purchasing price in Equation (6.111), we assume ¢'f = 42.90,
S = 0.79, pf'f = —0.018, and ¢''F = 0.17. The psychological pressure of renting
is set as uFS = 0.4, and the influence of costs in deciding whether to buy or rent
is ® = 0.001. When setting the desired rental price in Equation (6.115), the
factor is "R = 17.22 and the exponent is SHF = 0.35. We are assuming that the
average period for which tenants hold their property is 2 years so that the quarterly
probability of not changing housing is given by p&5 = 7/s.

Housing as an Owner-Occupier We are taking the values for household
parameters related to housing as an owner-occupier from Carro et al. (2023).
Specifically, the probability of quarterly price reduction for properties not yet sold
is given by p"™ = 0.1964, so that "™ = 1.4531 and o™ = 0.4889 in Equation
(6.117). We are assuming that the average period for which owner-occupiers
hold their houses is 20 years so that the quarterly probability of not changing
housing is given by p®S = 7/s0.

Housing as a Buy-to-Let Investor We are taking the values for household
parameters related to housing as a buy-to-let investor from Carro et al. (2023).
Specifically, the probability of quarterly rent reduction for properties not yet rented
out is given by p®™M = 0.2848, so that ™™ = 1.6559 and ¢™™ = (0.7855 in Equation
(6.119). For simplicity, we assume that rents are fully indexed with CPI, ¢"® =1

with a lag of one quarter, 7W® = 1.

6.4.5.4 Rules

Households receive income, and based on their income, they choose their target
consumption. They operate on the housing market, apply for consumption loans

and mortgages, and update their wealth. Households can go bankrupt.

Predicted Income The predicted income of household h is the sum of the
predicted incomes of its individuals, predicted other social transfers to the household
that depend on household properties (household type and wealth), rental income,
and predicted income from financial assets,

- = —CPI
Yu(t) = Yo Yilt)  + PU(sbR(t) + Y m(t)
i€Tn() Predicted social transfers pepfl}(t)
Predicted individual incomes Rental income (6107)

+ o gt

Predicted income from financial assets
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where Z,(t) is the set of individuals corresponding to household h, PCPI( t) is

the predicted consumer price index, sbf () are real other social transfers to the
household, P}PL‘( ) is the set of properties the household has rented out, ¢™ is a

parameter™, and W2¥(t) are other financial assets of the household.

Income The income of household A is the sum of the incomes of its individuals,
other social transfers to the household that depend on household properties

(household type and wealth), rental income, and income from financial assets,

Vi)=Y Yit) +PC)sbt)+ D rp(t) + (1 4¢e) WO — 1)
%,_/

i€Zn(t) PEP(t)

Social transfers Income from financial assets

Individual incomes Rental income

(6.108)
where Z;,(t) is the set of individuals corresponding to household h, PFI(t) is the
consumer price index, shy(t) are other social transfers to the household, Pf(t) is
the set of properties the household has rented out, € ~ N (0, 0™) is noise, ¢™ is a

parameter, and W2RA(¢) are other financial assets of the household.

Consumption Households participate in the goods market. Target consumption

of household h is determined given a minimum consumption amount, an average

over previous consumption levels, and a fraction of predicted income™,

CPI
Chs(t) = S@max((l— SR () P wl (), (1— o) Vi) |

1 4 7VAT
Minimal consumption Fraction of predicted income
CO T7CO
TG Y Cult—t ))
t'=1

Consumption smoothing

(6.109)
where ¢SF1(t) are consumption weights, ¢?%(¢) are saving rates of household h,
P (t) is the predicted consumer price index, wV(t) are unemployment benefits,
¢“° and TCC determine consumption smoothing, Cj,(¢) is total consumption, and

Y, (t) is predicted income. Saving rates ¢3%(¢) are updated using a linear model

"There is a minimalistic stock market in Dawid et al. (2014), where only an index containing
all firms in the economy is traded.

"3Most generally, the consumption budget is a linear combination of human and financial wealth,
e.g. Dawid and Gatti (2018). In Dosi et al. (2010), the household’s consumption budget is precisely
its income; in Mandel et al. (2010), the consumption budget is a linear function of real money
balances, in Lengnick (2013) it is an increasing concave function of real money balances, and in
Assenza et al. (2015); Ashraf et al. (2016), it is a function of past incomes and financial wealth.
A more complicated implementation in Seppecher (2012) incorporates consumer sentiment and
opinion dynamics.
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estimated at model initialisation using the Household Finance and Consumption
Survey (HFCS) data on household income, wealth, and debt.

Investment Households also purchase investment goods in the goods market.
The target investment of household A is set as
ks

Kis(t) = 1+ 7CF

ST (1) (6.110)
Fraction of predicted income

where k, are fixed sectoral investment weights, 7" are taxes on capital formation,

I} is the investment rate, and Y7(t) is predicted income of household h.™

Housing The household may live in social housing, rent, or own its main residence.
It may also own additional properties rented out to other households. The

household’s decisions depend on its current financial situation.

e Households in Social Housing: Households in social housing first decide on
a desired purchase price based on their predicted income, then predict the
maximum housing value they can afford with the purchase price, and then
compare the costs of buying with the cost of renting a house of the same value.
The household is willing to pay up to

Pu(t) = o™V, (1) exp (¢) (6.111)

where ¢!'F and Y are parameters, and ¢ ~ N ('t o). Households then
estimate the value V* of housing they can afford by regressing the value of
previously sold properties on corresponding prices. They then compare the
annual costs of renting a property of value V* to the cost of purchasing a
property of that value. The perceived annual cost of renting is given by

C(t) =4 (14 5™) Ty (t) (6.112)

where S represents the psychological pressure of having to rent and 7y (t)
is the predicted rent of a property of value V*, also regressed on previously
previous sales. The annual cost of purchasing the house is given by

Pult) = WED) | (Pu(t) = WA (1))

Bt)y=14
CV (> my 1-— (1—|—T’*)ml

Annual mortgage repayment (6 1 13)
4
_ ((1 +77 (1) - 1) v

Predicted house appreciation/depreciation

" Future research should improve the functional form for household investment in Equation
6.110. For instance, it should be pro-cyclical.
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where WFA(t) is the financial wealth of household h, m; is the maturity of
the potential new mortgage, r* is the average mortgage interest rate observed
in the previous timestep, and ¥ (¢) is predicted house price index growth.
The first term of the annual mortgage repayment above corresponds to paying
back the principal, and the second term corresponds to interest. We assume

that the mortgage is fixed-rate and that there is no remortgaging.
Then, the probability of buying over renting is given by

1

Pt = o (0 (CF. (0 — CB.)))

(6.114)

where ¢® determines the influence of the difference in predicted costs. If a
household buys the property and its financial wealth WFA(t) is greater than
the price of the property P, (t), it will pay for the property using its existing
financial wealth (other financial assets first, then deposits). Otherwise, it will
apply for a mortgage. If deciding to rent, the rent the household is willing to
pay depends on its income and is given by

,BHR‘

ru(t) < "RV (1) (6.115)

where ¢"? and AHR are parameters.

o Households Currently Renting: Households renting attempt to move with
a probability 1 — p®S. Otherwise, they follow the same decision process as
households in social housing above.

o Households Currently Owning: Households currently owning do not attempt
to move with a probability p©>. Otherwise, based on their income, households
currently decide whether to move into a rented property or buy a different
property in the same way as presently renting households. If a household
finds a property they would like to rent, they will put their current property
p on the market at a price of

Py(t) = (1+7(@1)  V,(), (6.116)

——
Markup Property value

where V,(¢) is the value of the property and 77" (¢) is the predicted house
price index inflation. Each timestep they do not manage to sell the property,
the household will reduce the price with a probability of p©™ by some random
fraction

P,(t)= (1 —expe) P,(t—1) (6.117)

| S ——
Random reduction
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where ¢ ~ N ("™ ") until they manage to sell it.

If the household decides to buy a new home for themselves, they will put their
current home on the market and take out a mortgage to buy a new home
with the price as before. They will choose their full wealth in financial assets

as a down payment.

e Households as Buy-to-Let Investors: Buy-to-let investors rent-out their vacant
properties. A property p of value V* is put on the rental market at a rent

) = (1+7%0) () (6.118)
Markup Average property rent

where 7TF1(¢) is the predicted RPI inflation, ry«(t) is the average rent of a

property of value V*, obtained by regressing the value of previously newly
rented-out properties on corresponding rents.

Each quarter, a property remains on the rental market, the offered rent is
reduced according to
rp(t) = (1 —expe) rp(t—1) (6.119)

—_——
Random reduction

with probability p*™, where ¢ ~ N (uRM oBM),

If a property p is rented out, the rent set by the owner of the house is partially
indexed with lagged CPI inflation,

rp(t) = (1+ " Ra I — TPR)) ry( — 1) (6.120)
Lagged partially indexed inflation
where ¢! is the partial indexation and TF™® is a lag.”™

Demand for Credit Households apply for consumption loans to cover liquidity
shortages and mortgages for purchasing properties.

If target consumption Cy,(t) is above disposable income Y;*(t), the household
needs to use a fraction of its wealth to make up for the difference. Households use
their financial assets (first other financial assets, then deposits) to accommodate
additional consumption. If that is not sufficient, the household applies for a
consumption loan to cover the gap

+

LE(t) = Cht) - V) —WRAe-1)| . (6.121)
Target consumption  Disposable income  Financial wealth,

"5In reality, rents are sticky. This assumption should be revisited when studying inflation.
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Households may additionally have decided to buy a property for themselves or
for renting it out. If the price of the property P,(t) is above the household
financial wealth minus additional necessary spending for consumption, the household

will apply for a mortgage of

_l’_
A A —r +
Ley=| Pt) —[Wrt—1) - (Cult) = YVr0)] (6.122)
Property price Down-payment

where we assume that the household’s desired down payment is their full wealth

and financial assets.”®

Wealth Households”™ hold wealth in real assets,

Wity = Wy(t)  + WORA(t) (6.123)
S—— —
Wealth in properties =~ Wealth in other real assets

and in financial assets,

W@t = WP+ WPOFA (). (6.124)

—— —_———
Wealth in deposits =~ Wealth in other financial assets

If the total growth of wealth in the current period Y;*(¢) — Cp(t) is positive, that
difference is shared among deposits and other financial assets in fixed fractions
depending on current household income, wealth, and debt. If Y;"(¢) — Ci(t) is
negative, a portion of financial household wealth is used up, first other financial
assets WPOFA(t) and then deposits WP(¢). If that is not sufficient, the household
applies for a consumption loan to cover the gap ig(t)

The wealth in properties of the household is updated as

UADEED S A0 (6:125)
PEPH(Y) Value of the property

where P, () is the set of properties owned by the household and V,,(¢) is the value
of property p. The value of other real assets depreciates

WORAE) = (1= d™ ) WOR e - 1)+ Ku(t) (6.126)

Depreciated current wealth New other real assets

"6When using the model to study macroprudential policy, this assumption should be revisited.

"In Dosi et al. (2010); Assenza et al. (2015); Seppecher (2012); Mandel et al. (2010) households’
wealth consists only of deposits, whereas in Lengnick (2013), households’ wealth consists of only
cash. In Dawid et al. (2014), households hold deposits at banks, a portfolio of shares, and
government bonds.
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where d® is the rate of depreciation. The deposits of the household are updated as

Vi(t
WP = W= + awP — > B pac) vy
P N ety
revious deposits  New deposits

Granted loans
—_————
Debt installment

() [WR—-1)] =W [Wre-1)] - le%;(t) rii(t) (6.127)

| S —
Interest paid on debt

Interest on deposits

TCF Z Kh(t)

heH

Taxes on capital formation

where L£,(t) is the set of household loans, L£C(t) are newly granted consumption
loans, LyM(t) are newly granted mortgages, r(t) is the policy rate, 717©(¢) is the
overdraft rate on deposits, V(t) is the amount of loan [, m,; is the maturity of

loan [, r; is the interest rate of loan [, 7¢F

is the tax rate on capital formation,
and K(t) is new household investment.

The value of other financial assets is updated as

OFA _ OFA OFA
WOFA() =  WORAt—1) & AWOFA(1) (6.128)
—_————
Wealth in other financial assets =~ Change in other financial assets

and total wealth as

Wh(t) = WE(t) + WORA ) + WP (t) + WPFA(1). (6.129)

Real assets Financial assets

Debt Household debt is set according to

Lyt)= Lyt —1) — Y Vilt) + L2C(t) + LaM(t) (6.130)

lec,) M

Previous debt Granted loans

~———
Debt installment

where L,(t) is the set of current loans the household pays instalments on, L{¢(t)

are newly granted household consumption loans, and LsM(t) are newly granted mort-

gages.

Net Wealth Household net wealth is set to be

W (t) = Wi(t) — Li(t) . (6.131)
—— =
Wealth Debt
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Bankruptcy If a household  is insolvent, Wi (¢) < 0 (negative net wealth) and
WP(t) < 0 (negative deposits), it goes bankrupt. The banks receive all of the
households’ financial wealth, as well as its other owned properties PX(t). The
remaining debt and deposit overdrafts are written off. If the household is in the
process of paying off a mortgage for its current residence, the bank takes the

residence, and the household will seek to rent or buy in the next iteration.

6.4.6 Individuals

Individuals are part of households. They may be employed, unemployed, or not
economically active. If employed, they supply firms with labour and receive a wage.
If they are unemployed, they receive social benefits from the government.

Table 6.13 shows variables and parameters related to individuals.

Category Description Notation
Sets Set of individuals z
Set of employed individuals T5(t)
Set of unemployed individuals TY(t)
Set of not-economically-active individuals A
Income  Income Yi(t)
Predicted income Yi(t)
Wage w;(t)
Reservation wage wiW (1)
Time period for reservation wages TRW
Labour Labour inputs contributed per timestep H;(t)
Increase in the quality of labour for employed individuals A"
Decrease in the quality of labour for unemployed ind. hY

Table 6.13: Variables and parameters in the model related to individuals, in particular
income and labour.

6.4.6.1 Parameters

We are running the model on relatively short time scales so that we will assume no
change in the quality of labour provided by individuals, AV = h* = 0. The period

for reservation wages is set to be T"W = 8, see Equation (6.135).

6.4.6.2 Initial Conditions

This section describes setting initial conditions for individuals.
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Drawing Individuals from HFCS Data FEach of the randomly drawn house-
holds in Section 6.4.5.2 is linked to corresponding individuals (Code: 4id). The data

on individuals includes microdata for the fields described in Table 6.14.

Category  Description Code

Attributes Gender RA0200
Age RA0300
Labour status PE0100
Education level PA0200
Employment sector PE0400

Income Employment income PGO110
Self-employment income PG0210
Income from unemployment benefits PG0510

Table 6.14: Household Finance and Consumption Survey codes related to individuals,
in particular personal characteristics and income.

Initial Labour Status The initial labour status of an individual is matched to
HFCS data using the mapping described in Table 6.15.

Description HFCS Code Activity Status in the Model
Regular work 1 Employed

On leave 2 Unemployed

Unemployed 3 Unemployed

Student 4 Not economically active
Retiree D Not economically active
Disabled 6 Not economically active
Military social service 7 Employed

Domestic tasks 8 Unemployed

Other not for pay 9 Unemployed

Table 6.15: Matching between the Household Finance and Consumption Survey codes
for the labour status of an individual to the activity status in the model.

The labour status is then adjusted to match the unemployment rate™ and

the vacancy rate™.

World Bank Data: Unemployment rate (Code: API_SL.UEM.TOTL.ZS _DS2).
OECD: Infra-annual Registered Unemployment and Job Vacancies (Code: DSD_OLAB @
DF_OIALAB_INDIC).
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Initial Employment Sector The initial employment sector of an individual is
matched to HFCS data. It is adjusted to match sectoral aggregates® if necessary,

by changing the employment sector of randomly chosen individuals.

Initial Labour Inputs FEach individual’s initial labour inputs are assumed

to be one: for each i € H,

H;(0) = 1. (6.132)

Initial Wages Initial wages w;(0) of employed individuals are assumed to be the
sum of HFCS employment income (Code: PG0110) plus HFCS self-employment
income (Code: PG0210), since self-employment is not explicitly modelled. Initial

wages of unemployed- or non-economically-active- individuals are assumed to be zero.

Initial Income The initial labour income of employed individuals is assumed to
be just wages. Initial income of unemployed individuals is proportional to their
income from unemployment benefits taken from HFCS data (Code: PG0510) and
rescaled to match aggregate social benefits®'. Not-economically active individuals
do not directly receive income, but their corresponding household receives social
benefits (e.g., for retirement).

Initial Matching with Firms Employed individuals are initially matched
with firms by solving a linear sum assignment problem so that the sum of the
differences between total firm wages and the sum of received wages before taxes
by employees is minimal.

6.4.6.3 Rules

Individuals update their labour supply based on their employment status, choose
their reservation wage, and update their predicted income and realized income.

Labour Supply Every individual supplies labour inputs H;(t) to the firm it em-
ploys. Not economically active individuals can not supply labour. The (hypothetical)
labour inputs of currently unemployed individuals decrease according to

1
M =1

——
Markup

Hi(t—1) (6.133)

800ECD: Quarterly Employment by Economic Activity (Code: DSD_NAMAIN1 @
DF _QNA_BY ACTIVITY EMPDCQC).
81OECD: Social Expenditure Aggregates (Code: DSD_SOCX AGG @ DF_SOCX_AGG).
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and the labour inputs of currently employed individuals increase according to

Hi(t) = (1+ h®) Hi(t - 1) (6.134)

—_——
Markup

where hY is a parameter that determines the fall in the quality of labour of
unemployed individuals and A" is a parameter that determines the rise in the
quality of labour of employed individuals.

Reservation Wages The reservation wage of an unemployed individual i is
set as the mean of previously received wages and at least what they get from
unemployment benefits,

- 1 TRW
wit) =max | POwU(t) e S wi(t — 1) (6.135)
_— " TRV &~

Unemployment benefits

Average previous wages

where Pcpl(t) is the predicted consumer price index, wV(t) are real per-capita

TRW

unemployment benefits, and is the time-span over which an individual is

considering its average wage.

Predicted Income The predicted income of an employed individual is

Yi(t) = P twi(t) (1 — 75 — 7O (1 - 7SI (6.136)

Taxes

where ﬁcpl(t) is the predicted consumer price index, 75W

contributions and 7™N¢ is the income tax rate. Each unemployed individual receives

unemployment benefits, Y; () = ?Cpl(t)wU(t), not-economically-active individuals

are employees’ social
estimate their income as part of the other social benefits received by their household,
which depends on the household type (see Section 6.4.5.4).

Income The income of an employed individual is

Yit) = PP (t)uwi(t) (1 — 5 — 71NC (1 - 75V (6.137)

Taxes

where PCFL(t) is the consumer price index, 75V

are employees’ social contributions
and 7™VC is the income tax rate. Each unemployed individual receives unemployment
benefits, Y;(t) = P°F1(t)wY(t), not-economically-active individuals receive income
as part of the other social benefits received by their household, which depends

on the household type (see Section 6.4.5.4).
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6.4.7 Rest of the World

The “rest of the world” (ROW) models every country we do not specifically simulate.
It operates on the global goods market through imports and exports. Corresponding

variables are listed in Table 6.16.

Category Description Notation

Trade Total real exports Y ROW (¢)
Total real target exports YROW (1)
Export weights cROW
Total imports CROW(¢)
Total target imports CROW ()
Import weights yROW
Adjustment speed®? HROW
Net exports NXROW (¢)

Prices Sectoral price PROW ()

Table 6.16: Variables in the model related to the rest of the world, in particular trade
and prices.

6.4.7.1 Parameters

ROW

S

ROW

s are matched to input-output

The export weights c and the import weights y
tables®. Since we are only simulating a single country interacting with the rest

of the world, the adjustment speed is assumed to be ¢R°W = 1.0.

6.4.7.2 Initial Conditions

Initial conditions of the rest of the world are the initial exports YROW(0) and
imports CROW(0) of every country not explicitly modelled. These are obtained
from input-output tables. Initial prices set by the rest of the world are assumed

to be PROW(0) = 1 for all sectors s.

S

6.4.7.3 Rules

The rest of the world determines target imports and exports to the modelled

countries and prices.

830ECD: Inter-country input-output tables (Code: ICIO).
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Prices The aggregate price index of all modelled countries is given by

P(t) = S rer Pr)(Yy(t) + Syt — 1))
> rer (Vp(t) + Sp(t — 1))

where F is the set of all firms of all countries, Y;(t) is output of firm f, Sy(t) is

(6.138)

the level of inventories of firm f, and Pf(t) is price of goods produced by firm
f. The prices for goods bought from the rest of the world are indexed with the

aggregate price index of each modelled country,
+

PEOV(#) = | (14 ¢"OW (P(t) — 1)) x PFOY(0) (6.139)

Initial prices

Price index

where ¢ROW € [0, 1] is a parameter denoting the effect that price changes in the
modelled country have on prices in the rest of the world.

Exports Target exports of the rest of the world are indexed by an aggregate
production index.

- = Y(t
Y (t) = Efo() (6.140)
Zfef Yf(o)
where F is the set of all firms of all countries. Total real target exports are then set as
+
YEOW() = | (14 65OV (V(t) — 1)) x YEOW(0) (6.141)

Production index Initial exports

with weights yROW.

Imports Target imports into the rest of the world are indexed with both the
aggregate domestic price index and the aggregate production index,

+
CROV(t) = | (14 6"V (P(t) — 1)) x (14 6"V (Y (1) — 1)) x CFOW(0)
Price index Production index Initial imports
(6.142)

with weights ROV,

Accounting The cumulative net exports of the rest of the world evolve according
to

NXFOW(@R) = NXFOW(t—1) + 3 PROW(HYROW (1) — CROW(t)  (6.143)
\—\/—’ SGS \_V_'/
Previous cumulative NX Imports
Exports

where S is the set of sectors.
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6.5 Markets

We model four markets®: a market for goods (Section 6.5.1) matching buyers (firms,
households, government entities, the rest of the world) with sellers (firms, the rest
of the world), a market for labour (Section 6.5.2) matching firms with individuals,
a market for credit (Section 6.5.3) matching firms and households with banks, and
a market for housing (Section 6.5.4) matching households with properties. Below,

we provide a detailed description of behavioural rules and parameter calibration.

6.5.1 Goods Market

Firms of all modelled countries sell goods and set prices. Firms also buy goods for
use as intermediate and capital inputs. Households and government entities buy
goods. The rest of the world sells goods, sets prices, and buys goods. Our random
search-and-matching process® preserves realistic export- and import ratios while

also allowing us to prioritise agents, for instance, when they offer better prices.5¢

6.5.1.1 Parameters

We assume ¢&M

prices they offer; see Equation (6.144). This follows Poledna et al. (2023a).

= 2, which controls the likelihood of choosing a seller based on the

6.5.1.2 Rules

This section summarizes the modelling rules for clearing the goods market.

Exchange Rates For simplicity, we are assuming that exchange rates between

countries are constant.

84We do not explicitly model a stock market. For instance, the agents in EURACE (Deissenberg
et al., 2008) can purchase an index bond.

85A1l models we reviewed choose buyers and sellers one at a time based on offered prices. In
Poledna et al. (2023a), households consider the size of a firm when deciding which firm to buy
from.

86Some models, such as CATS (Assenza et al., 2015) or EURACE (Deissenberg et al., 2008),
differentiate between consumption goods markets and capital goods markets, while others, like
Poledna et al. (2023a), do not. In Ashraf et al. (2017), CATS (Assenza et al., 2015), EURACE
(Deissenberg et al., 2008), JAMEL (Seppecher, 2012), and LAGOM (Wolf et al., 2013), buyers
in the consumption goods market observe a random subset of sellers and choose based on the
best-offered prices. The model described in Lengnick and Wohltmann (2013) explicitly models
a supply chain, whereas the KS model (Dosi et al., 2010) does not model interactions explicitly.
There is no market for capital goods in Ashraf et al. (2017) and Lengnick (2013).
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Clearing Supply and demand are allocated among firms, households, government
entities, and the rest of the world proportional to their total supply or demand.
Individual agents are matched using a random search-and-matching process. Firms
are always prioritised as buyers and as sellers if they are larger or offer a better

price ranked by

exp(—¢“MPy(t)) y V(1)
S per ) XP(—=¢MPp (1)) Xpera Yir(t)

Relative prices Relative production

(6.144)

where ¢“M is a parameter that governs the influence of the better price in prior-
itizing sellers. Equation (6.144) specifies the supply chain formation between

agents and countries.

Excess Demand If demand is left after matching buyers and sellers, it is
distributed among sellers as if the allocation process continues. This can be
interpreted as if producers were to send out queries to buyers, asking how much

they would additionally purchase at a given price if more supply was available.

6.5.2 Labour Market

The labour market randomly matches firms with potential employees in each
country separately. Each firm compares its target labour inputs f[}(t) to its current
labour inputs Hy(t — 1). Firms with higher target production attempt to hire
more individuals, and firms with current labour inputs higher than the target fire
individuals. All firms fire first, and then the remaining firms hire.%”

Table 6.17 lists variables and parameters related to the labour market.

Category Description Notation
Clearing  Number of fired individuals Ny (t)
Number of hired individuals N(t)

Firing speed of firms

~F
Hiring speed of firms AH

Table 6.17: Variables and parameters in the model related to labour market clearing.

8"The model in Ashraf et al. (2017) considers wages in the search-and-matching processes, in
CATS (Assenza et al., 2015) unemployed workers visit a subset of firms and choose the first open
vacancy, EURACE (Deissenberg et al., 2008) considers the skill-level of workers, and workers
in JAMEL (Seppecher, 2012), LAGOM (Wolf et al., 2013), and the model in Lengnick and
Wohltmann (2013) consider reservation wages.
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6.5.2.1 Parameters

We assume v = 4 = 1 to simplify the calibration exercise; see Equation (6.145)
and Equation (6.146).

6.5.2.2 Rules

This section summarizes the rules for clearing the labour market.

Firing Each firm fires employees at random until firing any other employee brings
its current labour inputs below its target labour inputs or until the labour inputs

lost due to firing employees exceeds

i x (Hy(t—1) = Hy(t)) (6.145)

Firing speed

Excess labour supply

where ¥ € [0, 1] is the speed at which workers can be fired, and H(t — 1) — H(t)

is the difference between current and target labour inputs.

Hiring We iterate over each firm with hiring needs at random. Firms hire
individuals seeking jobs in random order until their target labour inputs fall below

their given labour inputs or until their labour inputs gained due to new hires exceeds

P (V) = Hy(t - 1) (6.146)

Hiring speed

Missing labour supply

where 1 € [0,1] is the speed at which workers can be hired and H(t) — Hy(t — 1)
is the difference target labour inputs and current labour inputs. Individuals only

accept a job offer if the offered wage is at least at the level of their reservation wage.

6.5.3 Credit Market

The credit market randomly matches firms and households looking for loans to
banks willing to provide loans. The market for short-term firm loans is cleared first,
then long-term firm loans, then household consumption loans, and finally mortgages.
In each case, firms/households are drawn at random, select a random subset of n™

/ n*! banks, visit them in order of their offered interest rates, and succeed or fail
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to obtain loans based on the credit conditions of the corresponding bank.®®

Table 6.18 lists parameters related to the credit market.

Category Description Notation
Clearing The maximum number of banks each firm visits n
The maximum number of banks each household visits ntH

Table 6.18: Parameters in the model related to credit market clearing.

6.5.4 Housing Market

The housing market module randomly matches buyers and sellers of properties
and households looking to rent with households offering rental properties. There
are separate markets for buying and renting properties. The market for buying
properties is cleared first.?® We follow the double-auction process proposed in

Carro et al. (2023).

Table 6.19 lists variables and parameters related to properties.

Category Description Notation

Price Price P,(t)
Predicted annual price of renting FR(t)
Predicted annual price of buying ?%(t)
Property value V,(t)
Rent T

(2)
Predicted rental yield Y, (%)

Table 6.19: Variables in the model related to properties, in particular prices and rent.

88There are various implementations of a credit market in the literature. In Ashraf et al. (2017),
there is only one bank per sector, and firms can only approach banks in their sector. In EURACE
(Deissenberg et al., 2008), firms contact a random set of banks and choose the bank with the
lowest offered interest rate. In CATS (Assenza et al., 2015), JAMEL (Seppecher, 2012), and KS
(Dosi et al., 2010), there is only a single bank. The models LAGOM (Wolf et al., 2013) and the
model in Lengnick and Wohltmann (2013) do not model banks explicitly. See Seppecher (2012);
Mandel et al. (2010) for models without any restrictions on credit demands, Dawid et al. (2014);
Dosi et al. (2010); Poledna et al. (2023a) for models with certain regulatory requirements, or
Ashraf et al. (2016) for a model that allows lenders to seize a collateral.

89The most prominent examples of agent-based models for the housing market include Carro
et al. (2023); Bardoscia et al. (2024); Gamal et al. (2024) for the United Kingdom, Carro (2023)
for Spain, and Méré et al. (2023) for Hungary. In all cases, the market for sales is cleared before
the market for rentals by matching bids and offers in several rounds until no more matches are
possible.
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Clearing Households looking to buy or rent are drawn at random. They visit the
property whose price or rent is closest to what they hope to spend. The purchase of a

new property does not go ahead if the household fails to obtain a mortgage if required.

6.6 Conclusion

This chapter introduced a modular framework for constructing large, data-driven,
agent-based macroeconomic models that simulate interactions across multiple
countries. The framework models interactions between various agents — firms,
households, individuals, governments, banks, and central banks — across multiple
markets, including goods, labour, credit, and housing. Its modular structure allows
for the easy replacement of agents and behavioural rules, enabling comparison with
other ABM approaches and providing flexibility for various simulations. Our model
is calibrated using real-world data from 38 countries and captures sectoral diversity
through 18 NACE-2 economic sectors. Integrating richer market mechanisms and
more sophisticated behavioural rules enhances the model’s suitability for forecasting
and policy analysis. A key feature of this framework is the use of microdata to create
heterogeneous agents. The model maintains stock-flow consistency and employs
a scale factor to manage computational complexity.

The improvements highlighted here only represent a small exploration of the
capabilities of our model. In future work, we intend to explore our model’s
capabilities further, making the individual behavioural rules more realistic and
using more granular and extensive datasets. In the long term, we will run all 38
countries in parallel, capturing all the relevant feedback loops of international trade.

At the moment, our framework does not support any form of spatiality, sea-
sonality, an explicit stock market, household demography (and, e.g. bequests),
entrepreneurship, mergers & acquisitions, an explicit construction sector, floating
rate mortgages, or labour unions. When it comes to specific potential improvements,
future work should revisit the pure Leontief production function, which does not
permit any substitutions and support of marginal tax rates. The labour market
is currently underdeveloped: most critical is that wages do not affect firm labour
demand and that there is no nominal wage rigidity. Additionally, the assumption
that workers can freely move between sectors should be revisited; the fact that
the labour supply decisions of workers do not depend on wealth, on the interest
rate, or on income taxes is problematic; and firms should consider their own
market power when setting wages. Table 6.20 summarises these points and provides
references to (stylised) models in the literature that in some form incorporate

what we are potentially missing.
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The next chapter will focus on calibrating the agent-based models developed
within this framework, and comparing its forecasting performance against a bench-
mark time series model and another agent-based model.
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Aspect

Description

Spatiality

Seasonality

We have no spatiality at the moment, which is crucial for
realistically modelling supply chains and the housing market.
June (Aylett-Bullock et al., 2021) is a spatial macro-epidemic
model of the UK. For an overview, see Heppenstall and Crooks
(2019).

We do not explicitly consider seasonality. Kimmich et al. (2024)
presents a case study using the ITASA model on how prolonged
heat affects labour productivity

Firms

Households

Government

The current pure Leontief production function does not permit
any substitution. A more realistic function is discussed in
Pichler et al. (2020).

We currently do not model household demography (e.g. the
SimPaths framework (Richiardi et al., 2023)). We also do
not explicitly model the level of education of individuals,
Kaszowska-Mojsa and Pipien (2020) does.

We are not aware of a macroeconomic agent-based model that
features realistic marginal tax rates.

Labour Market

Credit Market

Housing Market

Stock Market

Market Entry

Wages do not affect firm labour demand and there is no nominal
wage rigidity. Additionally, the assumption that workers can
freely move between sectors should be revisited (see e.g. del
Rio-Chanona et al. (2021)); the fact that the labour supply
decisions of workers do not depend on wealth, on the interest
rate, or on income taxes is problematic; and firms should
consider their own market power when setting wages. Our
model does not include labour unions. The model by Dosi
et al. (2021) does.

Our framework does not currently support floating-rate mort-
gages. The model for the Hungarian housing market (Méré
et al., 2023) does. We do not include specialised banks that
only grant a single type of loan, risk-weighting of assets, and
capital buffers (see Bardoscia et al. (2024)).

Residential fixed investment is not pro-cyclical. The model for
the Hungarian housing market (Mér6 et al., 2023) features an
explicit construction sector.

The agents in EURACE (Deissenberg et al., 2008) can purchase
firm equity and an index bond. The model by Paulin et al.
(2019) explicitly models banks, funds, assets, and traders.
There is no entrepreneurship (e.g. AMOEBA (Pablo-Marti
et al., 2013)), mergers, acquisitions, or other corporate actions
(e.g. Kaszowska-Mojsa and Pipien (2020) features all).

Table 6.20: Aspects of the agent-based modelling framework that could be improved in
the future, with references to other macroeconomic agent-based models/frameworks that

incorporate them.
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This chapter presents both the calibration and forecasting experiments of
a large-scale data-driven agent-based model. We outline the selection of
priors and the training process (Section 7.2). Our model’s performance
is compared to the ITASA model, which we calibrate for 38 countries
(Section 7.3). Section 7.4 highlights the out-of-sample forecasting results
for key economic aggregates. To further evaluate our model’s predictive
capabilities, we estimate a Bayes factor in comparison to the benchmark
model (Section 7.5). Finally, we assess the statistical significance of our
improvements (Section 7.6), concluding that our model shows statistically
significant improvements at the 0.005 significance level under the specified
hypothesis test. Section 7.7 concludes the chapter.

Contents
7.1 Imntroduction . ... ... ..... ... .. 0. 199
7.2 Calibration .. ... ... ... . 0000 e e e 200
7.2.1 Prior and Posterior Estimation . . . ... ... ... .. 201
7.2.2 Estimation Details . . . . . ... ... ... ... ..., 204
7.3 Running the ITASA Model as a Benchmark ... ... 205
7.4 Forecasting Economic Aggregates. . . . ... ... ... 206
7.4.1 Average Forecasting Performance . . . . . . .. ... .. 207
7.4.2 Country-Level Forecasting Performance . . . ... ... 207
7.5 Bayesian Model Selection . . ... ............ 208
7.5.1 Estimating the Bayes Factor . . .. ... ... ... .. 210
7.5.2 Classification Results. . . . . ... ... ... ... ... 211
7.6 Statistical Significance . .................. 214
7.7 Conclusion . . ... ... ... 216

198



7. Economic Forecasting 199

7.1 Introduction

The release of the ITASA model (Poledna et al., 2023a) marked a breakthrough in us-
ing data-driven agent-based models for macroeconomics: the authors demonstrated
that agent-based models could match or exceed the performance of traditional
models’ in both analysing and predicting economic dynamics. The ITASA model
was initially calibrated only to Austria, and later expanded to Canada (Hommes
et al., 2022) and Italy (Di Domenico and Riccetti, 2023).2

This chapter seeks to convince the reader that more realistic modelling rules, the
use of comprehensive microdata, and careful calibration lead to substantially better
forecasting performance.® Specifically, we focus on measuring the improvement in
root mean squared error (RMSE) compared to the IIASA model and a baseline
AR(1) as a simple time series model. Compared to the literature (Hommes et al.,
2022; Poledna et al., 2023a), our validation is more robust by performing Bayes
factor estimation and encompassing multiple (38) countries with individual Monte
Carlo trajectories. Section 7.4 discusses the forecasting performance of different
components of GDP and inflation, and Section 7.5 discusses the methodology
of Bayes factor estimation.

Figure 7.1 shows a forecast spanning from 2015-Q1 to 2018-Q1 for real GDP, real
consumption, and real investment for Austria. The green line represents true data,
and the yellow line corresponds to an iterated AR(1) multiperiod forecast, fitted
on quarterly first differences of the log nominal gross domestic product between
1990-Q1 and 2015-Q1. The blue lines indicate the average of 1000 simulation
runs of our model, sampled from the posterior predictive distribution associated
with the estimated posterior. The solid line corresponds to NPE, and the dashed
line corresponds to NRE, each targeting moments of economic aggregates between
1990-Q1 and 2010-Q1. The orange line corresponds to the ITASA model and shows
the average of 1000 simulation runs.* For this particular country and period of
time, our model with NPE performs exceptionally well in predicting consumption;
however, all models struggle to predict investment accurately. This may be due

to not modelling residential fixed investment (see Table 6.20).

1See Section 5.2.

2We calibrate the IIASA model to the 38 OECD countries, see Section 7.3.

3We use the OECD Quarterly National Accounts (Code: DSD_NAMAINI@DF (QNA) as the
ground truth dataset. This includes the Gross Domestic Product (Code: BI__GE), Government
Consumption (Code: P3513), Household Consumption (Code: P31514_S15), and Gross Fixed
Capital Formation (Code: P51G).

4We run the ITIASA model for all 38 OECD member countries; see Section 7.3.
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Figure 7.1: Forecasts for real GDP, consumption, and investment for Austria from
2015-Q1 to 2018-Q1. The green line represents true data, the yellow line corresponds to an
iterated AR(1) multiperiod forecast, the blue lines indicate the average of 1000 simulation
runs of our model, and the orange line corresponds to the ITASA model. For this particular
country and period of time, our model with NPE performs exceptionally well in predicting
consumption; however, all models struggle to predict investment accurately.

7.2 Calibration

Beyond initialisation, the comprehensive data sources® we integrate into our model
help establish specific fixed parameters. For instance, the tax rates applied within
the model are directly derived from World Bank data. However, it is essential to
distinguish these from the “free” parameters of the model, which are not directly
observable and therefore require careful calibration. Free parameters typically
include behavioural factors that govern how agents extrapolate past data to predict
future conditions and make decisions. Since these parameters fundamentally
influence the model’s dynamics, they must be inferred by systematically comparing
the model’s time series output against actual economic data. This process forms
the core of the calibration task. We discuss the subset of free parameters subject
to systematic calibration in Section 7.2.1.

In this work, we employ two advanced Bayesian simulation-based inference
procedures: Neural Posterior Estimation (NPE) and Neural Ratio Estimation
(NRE), which have been shown (Dyer et al., 2024) to be both faster and more
accurate than other methods commonly employed in the agent-based modelling
literature.® These methods were introduced in Section 5.4.2.1 and Section 5.4.2.2;

we detail the estimation process itself in Section 7.2.2.

5See Section 6.2.2 for an overview of the data sources.
6For example, the approaches discussed in Grazzini et al. (2017).
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7.2.1 Prior and Posterior Estimation

We choose seven parameters among the full set of free model parameters’ for
estimation. This choice was made using observational experiments — the chosen
parameters appear to have the strongest positive influence on forecasting perfor-
mance®. Table 7.1 summarises the priors and estimated posteriors using NPE for
Austria, which serves as a representative example, as it is the country the ITASA
model is initially calibrated to. We calibrate these parameters to match the first
moment of growth rates of five time series between 1990-Q1 and 2013-Q1: real
gross domestic product, inflation, household consumption, government consumption,
and investment. In Table 7.1, U({0,1}) refers to binary parameters chosen with
equal likelihood, while U([0, 1]) refers to a continuous uniform distribution on
the closed interval [0,1].

The first three rows in Table 7.1 are not calibrated using approximate Bayesian
inference methods. Instead, for each of the 8 possible combinations, corresponding to
((ﬁg, »PF, ngCP) = (+1,+1,+1), we ran the calibration procedure using 10° samples
and a uniform prior for the remaining four rows of the table. For these rows, we
show the first two moments of the estimated posterior corresponding to ¢% = PP =
»“" = 0, which is the configuration that minimises the forecasting error’ to the
true nominal gross domestic product growth rates between 1990-Q1 and 2013-Q1.

Table 7.1 shows summary statistics describing the estimated posterior for Austria.
In the following discussion, we explain the meaning and significance of the parameters
chosen for estimation. We provided a thorough explanation of the behavioural rules
of all agents in Chapter 6, but for the benefit of the reader, we repeat the explanation

of the behavioural rules related to firm demand, prices, and target production below.

7.2.1.1 Predicted Firm Demand

In our model, growth is driven by expectations. Specifically, firms set target
production based on their expectation of future demand. The predicted future

demand of a firm f operating in sector s is set as a markup on previously observed
demand Qf(t — 1),

Q)= (A+7,0)  x  (1+627,00)  x Qt—1). (1)

Predicted sectoral growth Previous demand

S
Predicted idiosyncratic growth

"For the full model description, including parameters, see Chapter 6.

8 Our chosen metric is described in Section 7.4. While we could employ various alternative
model selection rules, such as selecting the maximum a posteriori model through a procedure
mirroring the Bayes factor computations presented below, we opt for model selection based on
this RMSE metric for simplicity.

9See the previous footnote 8.
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Posterior
Descripti Not. Pri
escription 0 Hor | Var
Demand adjustment speed on firm growth “ 1 U({o,1}) 0 -
Influence of demand-pull inflation on prices #PY | U{0,1}) 0 -
Influence of cost-push inflation on prices oY | U({0,1}) 0 -
Target inventory to production fraction o5 | U([0,1]) | 0.10 0.00
Influence of labour inputs on target production ™ | U([0,1]) | 0.53  0.02
Influence of interm. inputs on target production x™ | U([0,1]) | 0.03  0.00
Influence of capital inputs on target production ¥ | U([0,1]) | 0.18 0.03

Table 7.1: The prior and the corresponding posterior moments estimated by NPE for
Austria between 1990-Q1 and 2013-Q1. U({0,1}) refers to binary parameters chosen with
equal likelihood, U(]0,1]) to the continuous uniform distribution on the closed interval
[0,1]. The parameters in the prior are related to firm demand predictions, price setting,
and target production.

The first term in Equation (7.1) represents the global sectoral growth forecast 7,(t),
while the second term reflects the firm-specific idiosyncratic growth forecast Wf(t)lo.
A parameter gzﬁg governs the extent to which the idiosyncratic forecast is considered
in predicting future demand. For both NPE and NRE methods, we set ¢§2 =0 for
all 38 countries, thereby excluding firm-specific growth forecasts.

7.2.1.2 Firm Prices

Firms set prices Py(t) as a markup on previous prices Py(t — 1),

Pty = (1+771) x (14”70 0) x (146770 (1))
Predicted PPI inflation Demand-pull inflation Cost-push inflation (7 2)

x P f (t — 1)
————
Previous price

The first term in Equation (7.2) represents a global forecast for producer price
index (PPI) inflation 7#°F1(¢). The second term captures firm-specific demand-pull
inflation 777" (¢), which is driven by observed demand, with its effect controlled by the
parameter ¢P¥. The third term accounts for firm-specific cost-push inflation 77" (),
determined by observed unit costs, and governed by the parameter ¢°*. These firm-
specific inflation terms enable the model to account for variations in pricing behaviour
across different firms.!! For NPE and NRE, ¢P¥ = ¢“F = 0 for all 38 countries,

0The firm-specific growth forecast was introduced in the CANVAS model (Hommes et al.,
2022). It is influenced by demand-pull and cost-push inflation, as described in Equation (6.60).

UThe firm-specific inflation drivers were introduced in the CANVAS model (Hommes et al.,
2022), see Equation (6.75) and Equation (6.77).
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effectively removing the influence of firm-specific inflation in price-setting decisions.

7.2.1.3 Firm Target Production

Firm target production Y;(t) is set based on predicted demand Q(t), current
inventory, and considers the current financial situation of the firm. It may also be
limited by the firm’s current workforce, stock of intermediate inputs, and stock
of capital inputs. Specifically,

¥5(t) = min ( Q) + 63Vt — 1) = Syl — 1), Qo) + X7 (B, — (1)),

Predicted demand given current inventory Labour inputs

Qf(ﬂ +xM (Mf(t) - @f(t))v @f(t) + x5 (Kf<t) - @f(t)) ),

Intermediate inputs Capital inputs

(7.3)
where Y;(t — 1) is real output of firm f in the previous time step, ¢5*¥ is the target
inventory to production fraction and S¢(¢ —1) are inventories kept from the previous
time step. For NPE, we obtain a mean of ¢5*Y = 0.06 across all 38 countries; for
NRE, we find ¢°Y = 0.04, implying that the role of inventories in setting target
production is small. Moreover, Hy(t), M;(t) and K;(t) denote maximum production
given the firm’s labour, intermediate, and capital inputs, respectively.

The firms’ labour inputs H(t) are set as

Hy(t) = hg(t) > Hi(t) (7.4)

Work effort €Ly (t)

Labour supply

where Z¢(t) is the set of individuals employed by firm f, H;(t) are labour inputs
from individual ¢, and hf(t) is a firm-specific factor denoting work effort. This
factor follows Poledna et al. (2023a) and corresponds to increased or decreased work
effort due to overtime or part-time employment (see Equation (6.67)).

The firm’s production is also limited by its level of intermediate and capi-
tal inputs, set as

My(t) = min (anit—l)) (7.5)
o) =y (P21 (76)

where S is the set of sectors, My,(t — 1) is the firms’ previous stock of intermediate
inputs, and Ks(t — 1) is the firms’ previous stock of capital inputs of sector s. The
matrix mgs denotes the real amount of intermediate inputs of sector s’ necessary to
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produce one real unit of output of sector s. The matrix kg, denotes the real amount
of capital inputs of sector s’ necessary to produce one real unit of output of sector
s. These functional forms differ significantly from Poledna et al. (2023a). Indeed,
Poledna et al. (2023a) aggregates all intermediate inputs into a single intermediate
composite and all capital inputs into a single capital composite, essentially assuming
a linear production function in each intermediate and capital input. Here, we
are stricter about substitution possibilities in the economy and assume a Leontief
production function for each input instead.!?

The parameters x2, ™, ¥ € [0,1], determining the influence of resource
constraints on target production, are another key innovation in our framework.
We think it unreasonable to assume that firms limit target production from the
constraints on labour, intermediate and capital inputs. Instead, it is likely that
firms have imperfect knowledge of these constraints and wish to produce more
than they could — although they would naturally fail to produce as much as
planned if such constraints bind.

Thus, for instance, if Y = 0, firms would ignore labour inputs in determining
target production, while if Y = 1, they would fully consider labour input constraints.
Target production directly determines the firm’s demand for labour, intermediate
inputs, and capital, and so it is clear that limiting it ex-ante creates substantial
problems for macroeconomic dynamics. Across all 38 countries, and for both NPE
and NRE, the role of intermediate inputs (determined by x™) is small, suggesting
that firms would substantially expand production if the constraints were not binding.
Labour inputs and capital inputs are partially binding (averaged across all 38
countries, ! = 0.54 and x¥ = 0.56 for NPE, ! = 0.45 and ¥ = 0.55 for NRE),

and taken into account by firms when setting their production targets.

7.2.2 Estimation Details

We estimate the posterior on the parameters described above using two different
methods: Neural Posterior Estimation (NPE, see Section 5.4.2.1) and Neural
Ratio Estimation (NRE, see Section 5.4.2.2). Here we provide details on the
training procedure.

To estimate the posterior using NPE, we employ a Masked Autoregressive Flow
(MAF, Papamakarios et al. (2017)) as a density estimator. The MAF comprises
five stacked Masked Autoencoders for Distribution Estimation (MADE, Germain
et al. (2015)), each containing two blocks and fifty hidden features. The density
estimator is trained using the Adam optimiser (Kingma and Ba, 2014) with a

12However, for reasons of data availability, we only run our model with 18 sectors (NACE Rev.
2 Level 1). The ITASA model (Poledna et al., 2023a) and the CANVAS model (Hommes et al.,
2022) are ran with 62 sectors (NACE Rev. 2 Level 1).
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learning rate of 5 x 1074, We allocate 90% of the data for training, reserving the
remaining 10% as a hold-out validation set. Training ceases after twenty epochs
have elapsed without improvement in performance on the validation set, thereby
mitigating the risk of overfitting.

To estimate the posterior using NRE, we utilise a residual neural network
(ResNet, He et al. (2016)) with two layers, each containing fifty hidden features,
as a classifier to learn the density ratio. Once again, we employ 90% of the data
for training, with the remaining 10% set aside as a validation set. We optimise
using the Adam algorithm (Kingma and Ba, 2014) with a learning rate of 5 x 107
Training is halted after twenty successive epochs show no improvement in validation

set performance, to prevent overfitting.

7.3 Running the ITASA Model as a Benchmark

We compare our calibrated model to the IIASA model, which is the state-of-the-
art macroeconomic agent-based model used for economic forecasting. While it is
possible to implement the ITASA model in our flexible framework described in
Chapter 6, in order to be absolutely certain we represent their model accurately, we
simply run their code!®. The ITASA model was initially calibrated only to Austria
(Poledna et al., 2023a), but recently expanded to Canada (Hommes et al., 2022)
and Italy (Di Domenico and Riccetti, 2023). We calibrate the ITASA model to
the 38 OECD countries by adjusting their routine for setting initial conditions
and parameters. This is possible by using OECD data'* instead of Eurostat
data'®. The OECD datasets used are summarised in Table 7.2 below. This table
presents the Eurostat codes from Table 1 in Poledna et al. (2023a) along with
the corresponding OECD codes.

As in Poledna et al. (2023a); Hommes et al. (2022); Di Domenico and Riccetti
(2023), we are running their model on a scale of 1:10000, but, for reasons of data
availability, only run their model for 18 sectors (as our framework, see Table 6.1). In
the ITASA model, the policy rate is set using a Taylor rule, which is calibrated to Euro
area economic growth and inflation. For running non-Euro area countries, we instead

calibrate the Taylor rule to the domestic level of economic growth and inflation.

13See https://github.com/iiasa/abm.
14See https://data-explorer.oecd.org.
15See https://ec.europa.eu/eurostat/data/database.
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Description Eurostat Code OECD Code
Population by cens 1lan_ 12 DSD LFS

current activity @DF TALFS INDIC
status

Business demog- bd_9ac 1 form_ r2 DSD_SDBSBSC_ ISIC4
raphy by legal @DF_SDBS_ ISIC4
form

Symmetric input- naio_10_cp1700 ICIO Tables
output table

Cross- nama 10 nfa st DSD NAMAIN10
classification @DF TABLE9A

of fixed assets

Government rev- gov_ 10a_ main DSD NASEC10

enue and main @DF TABLE12 REV
aggregates

Government gov_10a_exp DSD NASEC10
expenditure by @QDF_TABLE11
function

Government gov_ 10q_ggnfa DSD NASEC1
non-financial QDF_QSA_TRANSACTIONS C/D
accounts

Government debt gov_ 10q_ggdebt DSD_NASEC20
@DF_T7PSD_Q

Financial nasq 10 f bs DSD NASEC20

balance sheets @QDF T710R_Q

Non-financial nasq_10_nf tr DSD_NASEC1

transactions @QDF QSA TRANSACTIONS C
GDP and main namq 10 gdp DSD_NAMAIN1

components @QDF_QNA

Money market in- irt_st_q DSD_STES

terest rates @DF FINMARK

Table 7.2: Datasets used for calibration of the ITASA model (Poledna et al., 2023a) with
corresponding Eurostat and OECD codes.

7.4 Forecasting Economic Aggregates

We can now use our calibrated agent-based model for forecasting economic aggregates
and compare its performance against the ITASA model across 38 countries. We
measure the forecasting performance for different economic aggregates of a chosen
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country and a selected time of initialisation 7} by calculating the median of the

root mean squared error (RMSE) across 1000 Monte Carlo trajectories:

1 T1+1+h R 9
RMSE = median | t:%jﬂ (Xi(t) = X(1)) (7.7)

where h is the length of the forecasting window, X;(¢) is the simulation output of
the i-th Monte Carlo run, and X (t) is the corresponding true data at time t. For
each time 77 and each country for which we can initialise the model, we calculate
the median of the quantity in Equation (7.7). Specifically, we compute the median
across 38 OECD member countries and 20 times of initialisation between 2013-Q1
and 2017-Q4. We have chosen the median in the previous steps because it is a robust
metric that is not swayed by outliers. We compare the performance of our model to a
benchmark AR(1) iterated multiperiod forecast, fitted on the first differences of the
log, and to the ITASA model by examining its relative improvement in median RMSE.

For the remainder of this section, we present results on the average forecasting
performance across the full set of 38 countries in Section 7.4.1, and on the results

by country in Section 7.4.2.

7.4.1 Average Forecasting Performance

The first super-column of Table 7.3 (“AR1 RMSE”) shows the median RMSE
of an AR(1) model predicting five different economic aggregates for six different
forecasting horizons. As described above, we take the median over the complete set
of 38 countries, 20 initialisation times, and 1000 trajectories. The remaining rows
of Table 7.3 compare the performance of the agent-based models (the IIASA model
and our calibrated models) to the AR(1) by showing the relative improvement'® in
forecasting error (measured as a median across countries and initialisation times)
compared to the AR(1). Overall, our model performs significantly better than
both the AR(1) and the ITASA model. At the country level (see 7.4.2), our
model outperforms the ITASA model across all initialisation times and economic

aggregates for 33 out of 38 countries.

7.4.2 Country-Level Forecasting Performance

Table 7.4 shows the median relative improvement in forecasting performance of
nominal gross domestic product on a country-level of our model over the ITASA
model (Poledna et al., 2023a). The values on the left of the ’/’ correspond to

16Measured by subtracting the median RMSE of the agent-based model from the median RMSE
of the AR(1), and then dividing that difference by the median RMSE of the AR(1).
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Ageregate Horizon
1Q 20Q) 3Q) 8% 2y 3y
| GDP 7.10%  9.107% 10-10"% 10-103 10-1073 11.1073
Z | Inflation 8.107% 10-10"3 12-107% 12-1073 12.10 12.1073
7| Hh Cons. | 7-107* 10-10=® 10-10® 11-1073 11-1073 12.1073
= | Gov. Cons. | 8-107% 10-107% 11-10=* 12-10% 12-1073 13-10~°
< | Inv. 98-10"3 39-103 41-10~% 43-1073 45.1073 49.1073
GDP -3% 5% 8% 9% 12% 10%
< | Inflation 2% 0% 0% 2% 4% 2%
Z | Hh. Cons. | -12% 15% “16% -19% -19% -29%
= | Gov. Cons. 1% 0% -1% -1% 2% 0%
Tnv. 30% 30% 28% 28% 31% 31%
GDP 41% 43% 38% 43% 63% 62%
.y | Inflation 44% 55% 49% 50% 59% 63%
A | Hh. Cons. | 60% 55% 35% 38% 47% 44%
“| Gov. Cons. | 73% 1% 67% 59% 48% 45%
Tnv. 62% 53% 51% 57% 61% 58%
GDP 49% 48% 38% 44% 50% 50%
| Inflation 44% 55% 52% 53% 61% 66%
= | Hh. Cons. | 63% 62% 47% 43% 44% 40%
“| Gov. Cons. |  66% 75% 69% 59% 48% 37%
Tnv. 56% 58% 53% 59% 62% 56%

Table 7.3: The first super-column (“AR1 RMSE”) shows the median RMSE of an AR(1)
model predicting five different economic aggregates for six different forecasting horizons.
The median is taken over the full set of 38 countries, 20 times of initialisation, and 1000
trajectories. The remaining rows of Table 7.3 compare the performance of the agent-based
models (the ITASA model and our calibrated models) to the AR(1) by showing the relative
improvement in forecasting error (measured as a median across countries and initialisation
times) compared to the AR(1). Overall, our model performs significantly better than
both the AR(1) and the ITASA model.

model calibration using NPE, and those on the right correspond to NRE. We
highlight country/horizon combinations for which the ITASA model performs better

than our model in red.

7.5 Bayesian Model Selection

To further test the forecasting capabilities of our model relative to the benchmark
ABM (Poledna et al., 2023a), we estimate a Bayes factor for each country and
initialisation time. Section 7.5.1 introduces the approach and details the training

procedure, and Section 7.5.2 summarises the results.
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Horizon
1Q 2Q 3Q 1Y 2Y 3Y

AUS 154 /113 103 /57 80/ 76 41 / 92 30 /8 39/111
AUT 30 /38 37 /51 31 /40 36 / 44 46 / 46 56 / 44
BEL 25 / 60 28 / 35 34 / 42 41 / 50 37 /39 38 /47
CAN 93 /107 38 /38 55 / 51 43 / 50 66 /70 77 /101
CHE 82 / 89 79 / 85 62 / 60 96 /93 102 /102 82/83
CHL 59 / 38 94 /79 76 /71 87 /70 88 / 74 84 /79
COL 101 /104 130 /101 103 /93 90 /91 75 / 83 91 /83
CRI 108 / 211 150 /206 179 /166 174 /163 141 /143 152 /132
CZE 1/-22 -14 / -8 4/0 8/3 19 /8 32/6
DEU 29 / 56 21 /-5 -7/ 2 -10 /-8 21/-16 20 /-7
DNK 107 /109 104 / 109 106 / 103 103 /103 85 /97 73 /77
ESP 40 / 39 -29 /20 -36 /30 -32 /47 0/77 15 / 92
EST 77/ 78 56 / 56 73/ 74 78 / 80 89 / 90 99 /98
FIN 98 /111 49/ 50 51 / 47 72 /70 94 /97 92 /92
FRA -3 /-19 -38/2 -33/-14 -35/-28 -34/-48 -27/-44
GBR 200 /174 135 /70 99 / 62 44 / 66 72 / 55 73 / 66
GRC 0/0 36 / 53 48 | 77 58 / 60 71 /97 65 / 83
HUN 53 / 25 37 /29 33 /20 47 / 33 47 / 35 66 / 43
IRL 2/3 12 /13 29 / 28 39 / 40 25 /25 25 / 26
ISL 82 /85 42 / 39 32 / 40 56 / 57 62 / 60 67 / 66
ISR 117 /112 94 / 91 84 / 82 88 / 87 98 / 98 87 / 87
ITA 13/1 -87/-718 -8 /-74 -84 /-72 -77/-58 -73/-51
JPN 66 / 87 32/-1 18 /-7 0/-26 -14/-90 -83/-92
KOR 88 /110 83 /143 74 /161 56 /162 99 /230 149 / 225
LTU 188 / 188 217 /198 216 /208 176 /204 149 / 146 152 / 130
LUX 164 /149 197 /181 163 /172 155/ 150 198 / 197 206 / 213
LVA 184 /185 205 /259 215 /229 235 /259 269 /249 277 / 263
MEX 24 /24 81 /79 85 / 78 106 /95 112 /103 111 /109
NLD 4/3 13 /13 32/ 32 35/ 35 38 /38 36 / 36
NOR 47 / 48 41 / 41 46 / 46 52 / 53 37 /39 27 / 28
NZL 2/7 21 / 22 32 /37 54 / 58 91 /95 78 /79
POL 189 / 35 182 /0 157 /9 163 /24 135 /50 110/ 72
PRT -9 /-18 -14 /-9 -8/-5 10 / 13 28 / 22 29 / 21
SVK 116 / 149 136 / 173 134 /149 132 /162 140 / 141 164 / 188
SVN 32/2 47 / 6 30/ 0 63 / 36 65 / 59 52 /21
SWE 14 / 68 13 / 67 27 ) 57 29 / 44 24 /35 32/ 44
TUR 88 / 87 75 /75 39 / 42 -17 /21 3/13 9/19
USA 75 /84 146 /159 136 / 172 121 /129 106 / 122 103 / 109

Table 7.4: Median relative improvements in RMSE of our model’s growth rates of
nominal GDP over the ITASA model (Poledna et al., 2023a). The values on the left of
the ’/’ correspond to model calibration using NPE, and those on the right correspond
to NRE. The model was run for 20 initialisation times between 2013-Q1 and 2017-Q4 in

both cases.
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7.5.1 Estimating the Bayes Factor

The Bayes factor B(M, M',y) (Jeffreys, 1998) for our model M against the IIASA
model M’ and for data y is the ratio of the two models’ marginal likelihood functions:
m(y | M)
BM, M y) = ———=. 7.8
MM =T M) e
For our model, the marginal likelihood function is the likelihood function at data y
integrated over the prior distribution over the model’s free parameters, 6:

miy | M) = [ ply |6, M)=(0 | M) do. (7.9

In contrast, the IIASA benchmark M’ has no free parameters; m(y | M’) is,
therefore, simply the distribution over model output resulting from the model’s
use of pseudorandom numbers internally.

Given the use of the prior (rather than a posterior) density in Equation 7.9,
Bayes factors assess the relative predictive performance of the two models M and
M’ treating all data as out-of-sample. That is, Bayes factors can be interpreted as
the predictive probability (density) for the data before it becomes available for use
in parameter estimation tasks, and a summary of the evidence provided by unseen
data in favour of one probabilistic model over another (Kass and Raftery, 1995).
Further, Bayes factors naturally penalise a model for any increased complexity
introduced by the appearance of additional model parameters, due to the fact that
they integrate the model’s likelihood function over the prior. Finally, in contrast
to alternative approaches to model comparison (e.g., non-Bayesian likelihood ratio
tests), Bayes factors do not require the models being compared to be nested!”.
Therefore, Bayes factors provide a suitable vehicle for comparing the predictive
performance of our more highly parameterised model against the IIASA baseline.

In our Bayes factor computations, we choose a uniform parameter prior (0 | M)
over the (bounded) support of the parameters for our model'®. Given that the
models’ likelihood functions (and therefore marginal likelihood functions) are difficult
to derive, given the complexity of M and M’, we estimate Bayes factors using
density ratio estimation: we train a real-valued neural network by to minimise

(Monte Carlo estimates of) the loss function

?

exp(bg (T
£() = ~Baning |log o200 ]_Emfwmcw) [log

1 + exp(be(x)) 1+ exp(bg(x'))

(7.10)

1"Model A is nested within model B with parameterisation ¢ = (a, 3) (with a and 3 scalars or
vectors) if model A is attained from model B when 8 = fy for some Sy.

18We discuss in Section 7.6 that this prior is not entirely suitable, and is likely to lead to Bayes
factors that are less favourable for our model than other more sensible priors.
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which induces the network to learn the log-ratio of the marginal likelihoods

(Gutmann and Hyvérinen, 2012), i.e.,

m(x | M)

mia | M) = log BIM, M’ x) (7.11)

x) = log

for any given data @, where (i) are the trained neural network weights. We then
estimate B(M, M’ y) as exp(bg(y)).

We estimate the Bayes factors using neural networks. We take this neural
network to be a 2-layer gated recurrent unit (GRU, Cho et al. (2014)) followed
by a feedforward neural network with hidden sizes 32, 32, 32, 16, which produces
as output a single real value estimating the log of the Bayes factor. Each hidden
layer uses ReLU activations. The GRU’s input layer size corresponds to the number
of observed time series'’, and the size of the hidden layer is 32. The FF neural
network takes 32 input dimensions and has two 32-dimensional hidden layers, with
each layer using ReLLU activations. As input features, we use the mean of real
GDP, GDP deflator, real household consumption, real government consumption,
and real gross fixed capital formation, resulting in 5 input features. We train using
AdamW (Loshchilov and Hutter, 2019) and a learning rate of 1073, using 80% of
the data for training and the remaining 20% as validation. To avoid overfitting,
we train for a maximum of 500 epochs, with early stopping if the validation set

performance does not improve for 50 consecutive epochs.

7.5.2 Classification Results

We estimate Bayes factors for the 38 OECD countries at 20 times of initialisation
between 2013-Q1 and 2017-Q4. Each ratio estimator is trained using 1000 Monte
Carlo samples for three years. In particular, the ratio estimators are trained
on summary statistics derived from five macroeconomic aggregates® simulated
over these three-year periods. Of all estimated Bayes factors, approximately
35% support the ITASA model, and the remaining Bayes factors support our
model to a varying degree.

Tables 7.5 and 7.6 show the classification of the Bayes factors are estimated
by country and time of initialisation, using the classification scheme from Jeffreys
(1998), summarised in Table 7.7 below. Overall Bayes factors are computed for
each initialisation period using the fact that each country is simulated separately
and shares no parameters; thus, the overall Bayes factors are then products of the
country-wise Bayes factors within each initialisation period.

19We use six time series: Real GDP, GDP deflator, real gross output, real household consumption,
real government consumption, real gross fixed capital formation.
20Gee Table 7.3.
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Table 7.5: Estimated Bayes factors by the time of initialisation and country, from 2013

to 2015.
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Range ‘ Interpretation ‘ Count
[0,1) Negative (N) 282
[1,10Y2) | Barely Worth Mentioning (B) 24
[10'/2,10) | Substantial (Su) 33
[10,10%/2) | Strong (St) 47
[10%/2,10%) | Very Strong (VSt) 42

> 102 Decisive (D) 332

Table 7.7: Classification of Bayes factor estimates as reported in Jeffreys (1998), and
counts of each Bayes factor class in Tables 7.5 and 7.6.

7.6 Statistical Significance

In this section, we detail our calculations for assessing the statistical significance of
the improvements in model performance over the baseline IIASA model.

Let n be the number of countries on which we test the performance of our
model and the performance of the ITASA model. Let X;, ¢ = 1,...,n be an
indicator variable which takes value 1 if our model outperforms the ITASA model
according to some metric (e.g., Bayes factor, RMSE forecasting error, etc.) on
country 4, and 0 otherwise. We assume that the X; are independent and identically
distributed Bernoulli random variables, each with a common success probability

p.2! Then, the number of successes

T =3 X, ~ Bin(: | 1,5) = gup), (712)

i=1
where Bin(- | n, p) denotes the Binomial distribution with n trials and success proba-
bility p.

We consider the following composite hypothesis test, in which we test

Hy:p€®©y=1[0,1/2] vs. Hy:peO =(1/21], (7.13)

with © := ©g U ©;. The null hypothesis Hy corresponds to the case in which
the ITASA model outperforms our model, while the alternative corresponds to our
own model outperforming the ITASA baseline.

A common test statistic for composite null-composite alternative hypothesis

tests is the generalised likelihood ratio,

SUPpeo, 9np(T)

A T) = —2log .
cir(T) SDy0 Inpl(T)

(7.14)

21This is a common assumption. If the random variables are independent and identically
distributed Bernoulli random variables, then if all the T binary outcomes are divided into %
groups of N subsets of binary outcomes, then the total number of successes within each group

should resemble a Binomial distribution. This is the case.
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The maximum likelihood estimate pyig for p is

. T
PMLE = argsup ¢, ,(1) = —. (7.15)
pEO n
Thus, we have that
SUP,co, Jnp(1)
Aair(T) = —2log —==° 7.16
LR( ) gn’%(T) ( )
From the formula for the Binomial distribution, we have that
T/n if T <n/2
arg sup gn,(1') = - 717
8 sup Gl T) {1/2 it T>n/2, (7.17)
since p — gn (1) is strictly concave in p on [0, 1], which gives
0 it T <n/2
Aarr(T) = (7.18)

T T

2 (nlogZ +Tlog— + (n—T)log (1 _ >) it T >n/2.
n n

Further, for a given p, we have that

0 with prob. 312 g (k)
k
2<nlog2 + klog —
n

)

For this test to have a significance level of a, we seek a A such that

A T =
air(T) | p with prob. g, ,(k), k> n/2.

(7.19)

sup P ()\GLR(T) > )| p) < a. (7.20)
PEOQ
That is, we seek the value A € (0,00) such that values for the test statistic that
are more extreme than A occur no more than (1000)% of the time under the
null hypothesis. Since Aqrr (k) is non-decreasing in k, the probability with which
Aarr (k) > \ is the probability with which k& > k for some k corresponding to
A. It is therefore sufficient to find & such that

supP(k >k |p) <« (7.21)

jSSN

for our chosen significance level . We also have that P(k > F | 5) > P(k > k| p)
for any 0 < p < 1/2, so in particular it is sufficient to find a k such that

;) <a (7.22)
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For n = 38 countries, we can easily obtain numerically the fact that the lowest

such k is k = 25, giving
1
P (k > 25 ‘ 2) ~ 0.036 < 0.05. (7.23)

Thus, a significance level of o = 0.05 corresponds to succeeding in outperforming
a baseline model in 25 of the 38 countries, and a significance level of o = 0.005
corresponds to 28 out of 38 countries. Similarly, treating all 760 entries of Tables
7.5 & 7.6 and all 228 entries of Table 7.4 as independent, we require that our model
outperforms the baseline on, respectively, 402 and 126 entries for a significance level
of 0.05, or 415 and 133 entries for a significance level of 0.005.

From the results presented in Table 7.4 of Section 7.4.2, as well as Tables 7.5
& 7.6 of Section 7.5.2, we see that our improvement in predictive performance is
statistically significant at the 0.005 significance level under this hypothesis test
across all prediction horizons when the model is calibrated with either NPE or NRE.
In particular, for the Bayes factor computations, it is noteworthy that our chosen
uniform prior is not entirely suitable, given that a uniform prior places equal weight
on regions of the parameter space that produce economic collapse in our model,
which we reasonably believe to be implausible behaviour. It is, therefore, likely that
adjusting the prior place greater weight on more sensible economic outcomes than

economic collapse will result in even more favourable Bayes factors for our model.

7.7 Conclusion

This chapter demonstrates the effectiveness of calibrating a large-scale data-driven
agent-based model to multiple countries, highlighting its utility in economic fore-
casting. By employing advanced Bayesian simulation-based inference techniques,
we significantly improved the model’s predictive performance compared to the
benchmark model. The inclusion of more realistic behavioural rules, calibrated
across the 38 OECD countries, underscores the robustness of our model in forecasting
key economic aggregates such as GDP, inflation, and consumption. The detailed
comparison with the IIASA model, conducted via out-of-sample forecasts and
Bayes factor estimation, provides strong evidence that our model outperforms the
benchmark in both forecasting accuracy and predictive robustness. The results
suggest a statistically significant improvement at the 0.005 level. Moreover, our
methodological advances, such as incorporating microdata and applying more
flexible behavioural rules, have proven pivotal in achieving these performance

gains. The ability of our model to outperform simpler time series models and
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established agent-based models underscores the importance of careful calibration
and comprehensive data integration.

Since our focus for this chapter was on the benefits that come from careful
calibration, additional data, and improved behavioural rules, we compared our
agent-based model against another agent-based model. Future work could compare
the performance of a calibrated agent-based model against conventional economic
models (such as HANK] see Section 5.2.1.4), or against more advanced time series
models (e.g. Bayesian VARs). Additionally, future research can explore further
refinements in the model’s structural assumptions, including expanding the scope
of behavioural rules by removing some of the simplifying assumptions made to
lower computational complexity and improving the prior selection process for
Bayesian inference. These refinements could further enhance the model’s predictive
accuracy, solidifying its role as a valuable tool for macroeconomic analysis and
policy evaluation alongside conventional models.



Conclusion

218



Conclusion

In this thesis, we have studied economic dynamics and forecasting using two
complementary approaches — (i) a microeconomic model of agents repeatedly
playing normal-form games and (ii) a large-scale multi-country macroeconomic
model. This chapter summarises our key contributions and highlights the limitations

and potential future directions of this work.

Part I: Random Games as a Null Model At the microeconomic scale on
the level of individual agents, we investigated the dynamics of various learning
processes on randomly generated normal-form games. Our baseline is the best-
response dynamic, under which players myopically choose the best responses to

their current environment.

Results on the Convergence Frequency and Likelihood of Games
Our key result is that the sequence of players selecting their optimal strategies is
crucial for convergence. Specifically, we showed that the clockwork best-response
dynamic does not converge to a pure Nash equilibrium as the number of players
or actions increases (Theorem 1), which contrasts sharply with the convergent
asymptotic behaviour of the random sequence best-response dynamics (Proposition
1). Additionally, we provided new expressions for the frequency of convergence
in the 2-player case (Theorem 3) and for the convergence frequency of network
games (Theorem 5). We also studied the likelihood of generating games with a
specific structure at random and found explicit expressions for games with certain
attractor structures (Theorem 8). Using computer simulations, we compared the

convergence properties of best-response dynamics to more complex learning rules
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(such as reinforcement learning, fictitious play, and replicator dynamics). We
showed that the frequency of convergence of these learning rules, which are defined
under simultaneous updating, is most closely tracked by clockwork best-response
dynamics, which have not received significant attention in the literature (Section
3.3.2). Additionally, we generalised the basic model to games with correlated payoffs,
and found that games with a large number of players or a large number of actions
are unlikely to converge to a Nash equilibrium (Section 3.3.1.1).

Future Work on Dynamics on Random Games For our theoretical results,
we had to impose the assumption that payoffs are drawn independently. Recently,
Mimun et al. (2024) show that the best-response dynamic converges asymptotically
with the number of actions in 2-player games with correlated payoffs if a pure Nash
equilibrium exists. Future research could extend this result to the multi-player case
and to games on networks. Other potential theoretical extensions could aim at
finding explicit expressions for the frequency of convergence in multi-player games
(improving Theorem 2) or generalising the likelihood of certain attractor structures
beyond games with a unique pure Nash equilibrium (extending Theorem 8). Finally,
we did not analytically investigate why specifically the clockwork best-response
dynamic predicts the convergence of complex learning rules so well (e.g. Figure
3.15). To do so, future research could study the convergence frequency of the
complex learning rules by calculating the sizes of the basins of attraction of those
learning rules on simple Boolean games (such as those presented in Figure 3.16).

Part II: Large-Scale Macroeconomic Agent-based Modelling At the
macroeconomic scale, our novel agent-based model continues the recently established
stream of macroeconomic ABMs capable of out-of-sample forecasting (see Section
5.3.2). Their ability to track empirical time series, rather than just reproducing sum-
mary statistics, allows agent-based models to be directly compared to conventional

economic models by their forecasting performance.

Main Contributions to the ABM Literature We improved the benchmark
model (Poledna et al., 2023a) in several key specifications, most notably by
modelling the credit market (Section 6.5.3) and the housing market (Section 6.5.4)
in greater detail, and by adding enhanced behavioural rules and market mechanisms.
Importantly, our model can be calibrated to any set of countries, in particular to
the 38 OECD member states, for which we described the calibration procedure (see
Section 6.2.2 for an overview of the data sources used). This represents a significant
improvement over the current state-of-the-art in macroeconomic agent-based models
for forecasting, which have only been calibrated to a single country each (Austria
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(Poledna et al., 2023a), Canada (Hommes et al., 2022), Italy (Di Domenico and
Riccetti, 2023)). Additionally, unlike those ABMs, every agent in our model is
initialised using agent-level microdata, which provides heterogeneity and defines
behavioural rules that are not crucial to the model, thereby reducing the number
of arbitrary assumptions. We demonstrated its calibration using approximate
Bayesian estimation methods, which allowed us to question some of the assumptions
typically made in the literature (Section 7.2). We performed forecasting exercises
across 38 countries and 20 initialisation times, showing that our calibrated model
outperforms both a benchmark time series model and the benchmark agent-based
model (Poledna et al., 2023a) (Section 7.4). Specifically, our model provides a lower
forecasting error for all considered economic aggregates in 33 out of 38 countries
(Table 7.4). Additionally, we estimated a Bayes factor for each time of initialisation
and country. Of all estimated Bayes factors, 18% support the ITASA model over
our model; the remaining Bayes factors support our model to varying degrees. We
show that both the improvement in forecasting performance of the calibrated model
and the fraction of Bayes factors supporting our model are statistically significant
(Section 7.6). We argue that this improvement comes from more realistic modelling
assumptions, the use of microdata, and careful calibration.

For the remainder of this chapter, we discuss the limitations of our approach
and highlight two streams of future work — one on the use of agent-based
models for policymaking and one on the task of building a global macroeconomic

agent-based model.!

Limitations of the Modelling Approach We have suggested a list of
additions and improvements to the model in Section 6.6. These include regionalising
the model, modelling seasonality, improving the production function of firms
(Section 6.4.3.3), as well as the household consumption and investment functions
(Section 6.4.5.4), and modelling the labour market more realistically (Section 6.5.2).
Additionally, we are currently using S&P Compustat microdata to initialise firms
and banks, which has poor coverage (see Sections 6.4.1.1 and 6.4.3.2) for non-US
countries. This issue could be addressed by switching to Moody’s Orbis data for
firms and BankFocus data for banks.? Finally, we currently utilise similar modelling

rules across all OECD countries, even though there are significant institutional

IThere are many additional applications of the agent-based model. For instance, future work
could use the calibrated agent-based model to study the green transition. By disaggregating certain
sectors, e.g. breaking down B: Mining and quarrying, energy-producing sectors into petroleum
extraction, coal mining, natural gas, etc., one could study the macroeconomic consequences of
shifting from unsustainable practices to more sustainable ones.

2Which, however, are not nearly as widely available to universities and other institutions as
Compustat — Orbis Academics costs about 60k GBP for all countries, BankFocus 17k GBP.
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differences. To address those issues, we have built the model to be entirely modular,
allowing for easy replacement of entire agents, behavioural rules or datasets. In
this sense, we have not built a single model because our framework allows the
implementation and comparison of a multitude of models. This allows institutional
detail to be included for different countries by working with subject-matter experts.

Use of our Agent-based Model for Policymaking When it comes to
the use of agent-based modelling for policymaking, the authors of Hommes et al.
(2024) discuss the use of CANVAS (Hommes et al. (2022), Section 5.3.2.10) for
policymaking at the Bank of Canada, in particular regarding inflation expectations.?
At the current stage, the model presented here is not sufficiently developed for
studying macroprudential policy. For instance, in order to implement Basel III
(Basel Committee on Banking Supervision, 2010), we would have to model the
risk-weighting of assets and include capital buffers (as e.g. in Bardoscia et al.
(2024)). As mentioned above, Moody’s BankFocus data would provide detailed
balance sheets, income statements, and key regulatory ratios along with regulatory
metrics such as CAR and Basel III compliance.® Additionally, the model is currently
built as a short-term model and is meant to produce forecasts for up to 3 years. For
longer time horizons that are often interesting to central banks, the model would
need to be adapted to include structural change and equipped with the ability to
produce business cycles and credit cycles. However, the agent-based model we have
presented in Chapter 6 is discussed in a report (Muellbauer and Kaszowska-Mojsa,
2023) for Finansinspektionen, the financial supervisory authority of Sweden, and
by Muellbauer and Aron (2024) in a review on analytical frameworks used for
policy analysis for the Czech National Bank.

Towards a Global Macroeconomic Agent-based Model Instead of
building an agent-based model for a specific country in great detail (like Kaszowska-
Mojsa and Pipien (2020) for Poland), we focussed on calibrating a large number
of countries. This represents an important step towards the long-term goal of
developing a global macroeconomic agent-based model, as we provide a foundation
for researchers in each country to incorporate institutional detail. The work
presented in this thesis only included the 38 OECD member states, covering
about 40% of global GDP in 2023. We hope to convince groups at other institutions
to adopt our approach and improve future model-building efforts.

3The report by central bankers at the Banks of Hungary, Spain, Italy, England, and Poland
(Borsos et al., 2024) summarises the research on agent-based models conducted at 24 different
central banks and 7 related institutions.

4Our approach presents a starting point by modelling realistic regulatory requirements following
data by the Furopean Systemic Risk Board (Section 6.4.1.2).
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