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Abstract

This thesis reviews and develops efficient debiased machine-learning estimators for causal

inference and applies the developed methods to empirical research in sociology and de-

mography.

The thesis is composed of five chapters, organized in three parts. Part 1 is the first

chapter, which gives a comprehensive methodological review of causal inference and ef-

ficient debiased estimators. Part 2 discusses doubly robust/debiased machine-learning

techniques for causal inference with survival data; it includes one methodological chap-

ter that develops a twice doubly robust estimator for left-truncated-right-censored survival

data and one empirical chapter that addresses the causal effect of widowhood on mortality.

Part 3 discusses doubly robust/debiased machine-learning techniques for causal media-

tion analysis; it includes one methodological chapter that derives debiased nonparametric

estimators for both static and time-varying marginal structural models and one empirical

chapter that applies these methods to analyze how labor market participation mediates the

wage penalties and premiums associated with parenthood and marriage for both genders.
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Introduction

Social science fundamentally aims to provide comprehensive explanations of complex so-

cial phenomena. With the development in the availability of individual-level survey data

and methodological developments in statistics and econometrics, quantitative empirical

studies applying the rigorous causal inference framework have appeared in sociological pa-

pers since the 1990s. However, for a considerable period, the causal inference estimators

employed by social scientists have relied on regression-based parametric models. Ordi-

nary least squares (OLS) based estimators have the advantages of being unbiased, efficient,

and consistent, but they also have disadvantages: OLS models (or other parametric mod-

els) impose stringent requirements on the distribution of variables, and survey data often

have difficulty meeting these requirements; the OLS models are usually incapable of deal-

ing with the high-dimensional data (while the number of predictors exceeds the number of

observations); further, models lack flexibility which restricts the relationship between the

independent and dependent variables to be linear.

With the use of non-parametric machine learning (ML) techniques in place of paramet-

ric methods, the prediction of counterfactual outcomes replaces the interpretation of coef-

ficients. However, with the greater flexibility of ML models, researchers face the so-called

variance-bias tradeoff between the risk of overfitting the data and the ability to capture

complex relationships. Unbiasedness of the estimator is usually a requirement for predict-
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ing counterfactual outcomes, and, as with parametric models, we would also want the ML

estimators to be consistent and efficient.

This thesis aims to develop Neyman-orthogonal, efficient-influence-function–based es-

timators for causal inference under diverse social-science settings. While semiparametric

efficiency theory and efficient-influence-function-based causal estimators have a long his-

tory (e.g., doubly robust estimators and TMLE), recent Double/Debiased Machine Learning

(DML) formalizes the use of orthogonal scores with modern ML and cross-fitting to obtain
p

n-consistent, asymptotically normal estimators in the presence of high-dimensional nui-

sance functions (Chernozhukov et al. 2018b). When the orthogonal score is chosen to be

the efficient influence function, the resulting DML estimator is semiparametrically efficient;

otherwise, it is still debiased/orthogonal but not necessarily efficient. DML complements

classical GMM and MLE and is increasingly used for treatment effect and other structural

parameters in the social sciences.

Indeed, the DML estimator for causal inference requires some prerequisite knowledge

on the two sides of the statistical literature: on the one hand, researchers should be famil-

iar with the appropriate methods and prerequisite assumptions for causal inference; on the

other hand, researchers should fully understand the efficient estimation theory and how the

efficient-based DML estimator for causal inference is produced (van der Vaart 1998; Tsiatis

2006).

Based on this, the thesis attempts to introduce efficient causal estimation into sociology

and demography, with empirical studies showing how the estimations can be used. The

thesis is composed mainly of three parts: the first part is a thorough review of the two pre-
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requisites mentioned in the above paragraph. I try to make the content easier for readers

with sociological and demographic backgrounds to digest. Next, I will develop the existing

DML framework in two areas. Firstly, I design a twice doubly robust estimation framework

for causal inference with left-truncated-right-censored survival data. Demographers often

encounter this kind of data when analyzing survey data. After implementing the method, I

have a chapter discussing the heterogeneous treatment effect of widowhood on mortality,

to which I will apply the DML estimator for causal effects on survival data. Secondly, I will

combine the doubly robust estimator with the time-varying causal mediation analysis, with

an empirical chapter concerning the classic parenthood and marriage premiums or penal-

ties on wages elaborating on the method. The specific contents for the chapters are below.

I. Part 1: Introduction to Causal Inference under Efficient Theory

This chapter mainly reviews the theoretical and methodological background of causal in-

ference under the efficient estimation theory. I review the basic concepts and assumptions

for causal inference, basic ideas of efficient estimators, and estimation methods for the de-

biased average treatment effect under efficient theory.

II. Part 2: Debiased estimator for heterogeneous treatment effects in
survival data

This part discusses the doubly robust (DR) estimator for the average treatment effect and

conditional average treatment effect (ATE/CATE) for the survival analysis. The methodolog-

ical chapter discusses combining the DR causal inference framework with the DR frame-

work for truncated and censored data and develops the twice doubly robust estimator for
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causal survival analysis. At the same time, the substantive paper applies the DR causal sur-

vival framework, discussing widowhood’s effects on mortality.

In the methodological chapter, I review the estimation for the survival outcome and the

previous deep learning strategy dealing with truncation and censoring. Based on the pre-

vious naïve plug-in augmented inverse probability weighting (AIPW) estimand, I discuss

the DR framework for estimating the survival function with truncation and censoring in ob-

servational data. I then turn to illustrate the estimation of treatment effects from survival

data and again develop the DR estimator for it. Combining the two parts of DR estima-

tion, I introduce the twice doubly robust estimator for causal survival analysis. I compare

its estimation with marginal hazard ratio (MHR) estimation, naïve Cox Proportional hazard

(Cox-PH) estimation, naïve doubly robust survival estimation, and doubly robust Cox-PH

estimation using a simulated dataset.

In the substantive chapter, I discuss how to measure the causal effect of widowhood on

mortality. Demographers and sociologists have discussed whether the correlation between

widowhood and excess death is due to selection or causality and have had various results

on how the causal effects are affected by an individual’s education, race, and wealth strata.

In this chapter, I point out their methodological shortcomings in estimation and apply the

DR causal framework combined with time-varying Cox-PH models to estimate the effects.

III. Part 3: Doubly robust estimator for time-varying causal mediation
analysis

In this part, I reexamine the efficient estimator in causal mediation analysis. Statisticians

and epidemiologists have developed methods to decompose the causal effects into the di-
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rect effects on the outcome and the indirect effects via the mediator on the outcome. More-

over, g -formulas estimate the treatment effects with time-varying treatments, mediators,

and confounders. I first derive the efficient estimator for causal mediation analysis based

on the controlled response function (CRF) and combined with the g -formula, I discuss the

efficient (doubly robust 1) estimation for the mediation effects (interventional direct and

indirect effects; IDE/IIE) for the multiple-period mediation models. I also differentiate the

estimands with assumptions for carryover effects and feedback effects. Finally, I applied the

dataset that Fearon and Laitin (2003) constructed to test whether political instability is the

only mediation path affecting the causal relationship between racial fractionalization and

the onset of civil wars in static and dynamic model settings.

In the substantive paper, I apply the DR estimator for causal mediation to investigate

the marital and parenthood premiums and penalties for men and women. The causal me-

diation framework can also be used to measure how the gaps between the two groups are

reduced. Using the static causal mediation model, I provide an example of the parenthood

and marital effect on young-adult wage ranks between married/not married and between

those with and without children. I also test effect heterogeneity by fertility and marital age

with the dynamic mediation model. Moreover, in this empirical research, I also test the

mediation effect of labor market participation on the marital/parenthood effects. This re-

search provides a different perspective on parenthood and marital inequality, as previous

literature focuses more on the treatment effects for the treated switchers (for individuals

1Although recent studies attempted to yield even the "multiply robust" estimators, in this thesis, I only
discuss the "doubly robust" ones. The difference is not only in the number of nuisance functions: multiple
robust suggests that we have multiple nuisance functions (K > 2), and any of them correctly specified makes
the estimator unbiased, which can be called multiply robust.
An example here is, if we have two distinctive choices, for instance, either the expectation nuisance model
µ correctly specified or all probability nuisance model π correctly specified, then the model is doubly robust
instead of multiply robust.
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before and after the event). Nevertheless, this research focuses on the population-level av-

erage treatment effect, which compares the effect between the groups.
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Chapter 1

Methodological Foundations of Modern
Causal Inference in Social Science
Research

I. Notations, and Fundamental Analytical Framework

This chapter serves as an introduction and literature review on the methods to be discussed

and developed in the thesis. The method concerning the efficient-based debiased machine

learning for causal inference in social science is mainly based on two veins in statistics. On

the causal inference side, it focuses on when and under what conditions a specific value

from a statistical model can be interpreted as causal; and on the debiased machine learning

side, the technique addresses how estimates derived from observational data can be made

unbiased and applied to the statistical model.

We start with the concept of inference, which is the core of statistical analysis. Com-

pared to descriptive analysis of samples, statisticians are more interested in observing a

small part of the individuals in a population. Through appropriate inductive reasoning, we

can gain knowledge about the population. Therefore, they propose hypotheses and design

mathematical models, whether simple or complex, aimed at inferring the characteristics of

the population (Neyman 1990).
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Mathematically, the population is abstracted as a closed set. Some attributes of the

population are measurable. We define measurable sets Z as a set of non-empty, closed

(under complement, countable unions, and countable intersections) subsets of the popu-

lation 1.If we have a set of functions P measuring (assigning numbers to the characteris-

tics of) the measurable set, or mathematically, mapping the measurable set onto the real

numbers (P : Z →R), we call the functions measures, or data-generating process (DGP).In

other words, suppose in a measurable set Z we have two measurable attributes, Z = (X ,Y );

the data-generating process gives out the measurable distributions X and Y (Capiński and

Kopp 2004; Billingsley 1995).

However, the DGP is, at most times, hard to describe. Consider X to represent the

heights and Y to represent the weights of individuals within the British population. It is

hard to decipher the data-generating distribution for heights and weights, even if we could

possibly obtain them from the census data. An intuitive way to describe it is to set specific

statistical target parameters, for instance, the mean and variance of the height and weight

of the British people. The function to map the DGP to the target parameter is called esti-

mator ψ2, and the number of the target parameter ψ(P ) is usually called the (statistical)

estimand (i.e., ψ(P ) = EP (Z )).

A more common condition is that we could never know the true DGP P ; we could only

1which is called σ−algebra. Indeed, suppose the population is D and the measurable sets Z , we define a
measurable space with the pair (D, Z ). Further, with measure P , we define the triple (D, Z ,P ) as the measure
space.

2Rigorously, it should be called "estimandor", and Schuler and van der Laan(2024) do use this term to call
it (as it is the generator for the estimand). However, in most literature, it is called the estimator (which should
be the generator for value derived from the estimates).
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observe the samples Zi = (Xi ,Yi ). Statistical inference is the process by which we use the

samples to speculate on the characteristics of the population. In this thesis, we assume the

samples we used in statistical inference are randomly drawn from the population through

the same process, or in other words, 3 (Morgan and Winship 2015; Imbens and Rubin 2015):

Assumption 1.I.1 (Independent and Identically Distributed) The samples are independent

and identically distributed. 4

With the independent and identically distributed (IID) samples, we have the empirical

measure (distribution) based on the observations Pn (n denotes the sample size). Corre-

spondingly, we have an estimator denoted as ψ̂ and the empirical point estimate ψ(Pn). 5

If ψ(Pn) contains the sample mean, or any linear combination of the sample means, under

the IID assumption, we have the central limit theorem (CLT):

Theorem 1.I.1 Central Limit Theorem (CLT): Suppose µ and σ2 separately denote the expec-

tation and the variance for the IID observations. Ifσ2 is finite, as the sample size n approaches

infinity, difference between the average sample mean ψ̂ and the expectation µ approaches a

3Rigorously, the DGP for random samples Zi are called, in most textbooks, the random variables. Therefore,
the random variable is indeed a function and usually is denoted as Z = Zi .

4For instance, using convenience sampling does not draw IID samples. We cannot identify each sample’s
probability of being sampled from the whole population, and the samples are not connected (consider an
extreme scenario in which we sample the heights from a British professional basketball league that can never
represent the heights of the British population). Nonetheless, samples from non-IID settings may also perform
statistical inference, but I will not address the techniques in this thesis.

5We could understand the estimandor and the estimand separately as the function and the quantity to
be estimated, while the estimator and the estimate separately as the function and the quantity we perform
estimation based on the observed data. However, in most statistical papers and textbooks, estimator and
estimate are interchangeable and rarely rigorously defined, and most researchers assume that the estimator
and the estimandor have the same function ψ. In this thesis, if the notation is clear, I also use ψ to refer to the
estimand ψ(P ) and ψ̂ to refer to the estimator ψ(Pn).
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normal distribution with mean 0 and variance σ2, at the rate of 1/
p

n:

p
n

(
ψ(Pn)−µ)→ N (0,σ2) (1.I.1)

If µ is an unbiased estimator forψ(P ), Equation 1.I.1 describes the asymptotic relationship

between ψ̂ andψ, and the difference between ψ̂ andψ is called statistical error. I will elab-

orate more on the analysis of statistical error in Section III.

Indeed, in some statistical analyses, our ultimate goal is not to estimate the statistical

estimand. Instead, we use statistical estimand to approach the "real" estimand in our prob-

lems. Consider the following common scenarios in sociological or demographic research:

1. Suppose we are interested in the causal relations between a treatment and the out-

come. Assume that our treatment is binary with only two values: treatment and con-

trol. Also, the treatment should be assigned before the outcomes are observed. We

use Y (1) to denote the outcome under treatment, while Y (0) denotes the outcome

under control (in some textbooks, they are denoted as Yt and Yc ). Let A denote the

treatment variable, and X denote the set of covariates. The causal measurable set can

be written as Z∗ = (X , A,Y (1),Y (0)) under the causal DGP P∗. Suppose our target of

interest is the average treatment effect defined as the difference between the expec-

tation of Y (1) and Y (0): ψ∗(P∗) = EP∗
[
E [Y (1)]−E [Y (0)]

]
. In the real world, due to

the fundamental problem in causal inference, we can not observe the outcomes un-

der the treatment and control simultaneously; we could only have the measurable set

Z = (X , A,Y ) under the statistical DGP P and try to use a reasonable statistical esti-

mand to approachψ∗, for instance, the conditional expected outcome given the treat-

ment is assigned versus the control is assigned: ψ(P ) = EP
[
E [Y |A = 1]−E [Y |A = 0]

]
.
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Only under specific assumptions can we conclude that ψ(P ) is equivalent to ψ∗(P∗).

2. Suppose our parameter of interest is the mean survival time for a (sub)population. A

simple measurable data frame is Z∗ = (X ,T ), in which X denotes the covariates and T

denotes the survival time (under specific survival probability), and therefore, the es-

timand is ψ∗(P∗) = E [T ] 6. However, we may encounter the problem that the survival

time is censored, meaning that we cannot directly know the survival time T but know

the censoring time TC . Therefore, the data structure for us is Z = (X ,T,δ,TC ), where

δ signals if we occur censoring and TC denotes the censoring time. A possible (but

uncommon) statistical estimand with the data structure is ψ(P ) = E [T |δ = 0], which

ignores the censoring data. Further assumptions are required to make our statistical

estimand approach the survival estimand. The detailed techniques for survival infer-

ence with truncation and censoring are the main part of Chapter 2 of this thesis.

3. Suppose we are interested in how a mediator interferes with the causal relationship

between the treatment and the outcome, for instance, how much the causal effect

directly goes from the treatment to the outcome (the direct effect) and how much it

goes through the mediator onto the outcome (the indirect effect) (VanderWeele 2015,

Chapter 2). We still assume that our treatment is a binary one A = 1 denotes the treat-

ment, and A = 0 denotes the control. The mediator takes the value of m(1) when

A = 1 and m(0) when A = 0. Thus, there are four combinations of the potential out-

come: Y (1,m(1)),Y (1,m(0)),Y (0,m(1)), and Y (0,m(0)). Our estimands are the two

6Of course, in real life analysis, we usually have a more complex data frame like Z =
(X ,S(t1),S(t2), . . . ,S(tn)), where S(ti ) denotes the survival probability at ti . Thus, we first calculate the
survival time under specific survival probability (for instance, half-life survival time, in which S(tm) = 0.5)
with S−1, and average the survival time to get E [T ].
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components of the total average treatment effect E [Y (1,m(1))]−E [Y (0,m(0))]: the

direct effect, defined as the average effect of treatment in the absence of the media-

tor E [Y (1,m(0))]−E [Y (0,m(0))]; and the indirect effect, defined as the difference be-

tween the causal effects with and without the mediator E [Y (1,m(1))]−E [Y (1,m(0))].

Indeed, the most important parts, as shown in the decomposition, are the conditional

response function: E [Y (a,m)] and we let the target mediation estimator ψ∗(P∗) to

be that. From our statistical model, in which we have the data formed in a tuple:

Z = (X , A, M ,Y ), we could yield the conditional expectation term, ψ(P ) = E [Y |A =
a, M = m]. Similarly, we need specific assumptions that allow us to equalize ψ∗(P∗)

and ψ(P ). The details of the technique are discussed in Chapter 4 of this thesis.

Since the content of causal inference (the first scenario above) runs throughout the the-

sis, we specifically analyze it in this chapter. Causal inference, broadly speaking, is a pro-

cess that determines an independent effect of a particular object (the treatment) on another

(the outcome), and it is usually contained in a larger system. For instance, when Galileo ex-

perimented on the Leaning Tower of Pisa, he isolated the independent effect of the weights

of the two balls, observing that the heavier ball and the lighter ball fell on the ground si-

multaneously, and therefore inferred that the weights (masses) of the balls (the treatment)

have nothing to do with the gravity (the outcome) of the two balls. The strategy to iso-

late the treatment effect is a controlled experiment, in which we are assured that the only

difference between the two is the object we deem the treatment. However, in many scien-

tific disciplines, we can not artificially manipulate and completely isolate the treatment7.

7Indeed, in Galileo’s experiment, the masses could not be the only difference between the two balls, as
either the materials (densities) or the size must be different because the densities and the volumes determine
the masses (in Galileo’s original experiment he ensured the two balls were made of iron). Therefore, further
experiment designs are needed: controlling the size of the two balls and controlling the type of materials of
the two balls.
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Moreover, due to the requirement of repeatability in modern science, we usually observe

the group-level differences between treated and untreated instead of the two individuals

(balls). Based on this, experiment designers need techniques such as randomization or

blind control for treatment assignment 8.

Experiments are becoming increasingly common in social science studies when researchers

are interested in the causal relationship, but most research still relies on observational data

to infer causal relationships. The observational data do not have the RCT design: they do

not randomize the samples to the treatment and control groups. They are not designed to

isolate the effects of the treatment variable. Therefore, researchers need to use statistical

techniques to transfer the observational cases to approximate the RCT process, and there-

fore, causal inference with observational data is a pseudo-RCT. Our thesis mainly addresses

statistical ideas on causal inference with observational data.

In this thesis, causal inference with observational data is the process using the observ-

able estimator from the random samples ψ(Pn) to estimate the causal estimand ψ∗(P∗) via

the statistical estimand ψ(P ). In empirical studies, the estimation functions for the esti-

mand (population distribution) (estimandor) and for the observables (sample distribution)

are always the same (for instance, the expectation ψ(P ) = EP [Z ] and ψ̂(Pn) = EPn [Zi ] have

the same functional form), and the only difference between the two functions here is in the

measurement choice. Thus, below, we will use ψ̂ and ψ(Pn) interchangeably to represent

the estimator from the empirical dataset, we use ψ and ψ(P ) interchangeably to represent

the estimator (estimandor) from the statistical estimand.

Statisticians prefer ψ̂ as an unbiased estimator ofψ∗ and regard the divergence between

the two terms as error terms. Moreover, we can decompose the error term into the statis-

8Randomization and blind control might refer to different techniques. Consider the example of Pavlov’s
classic conditioning experiment with the dog, which is a blind control instead of a randomized control. Ex-
periments with randomized group assignment are commonly called Randomized Controlled Trials (RCT)
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tical error, which is the divergence between the estimator and the statistical estimand, and

the causal error, which is the divergence between the statistical estimand and the causal

estimand:

ψ̂−ψ∗ = (ψ̂−ψ)︸ ︷︷ ︸
statistical error

+ (ψ−ψ∗)︸ ︷︷ ︸
causal error

(1.I.2)

For the statistical error, we could further decompose it into the statistical variance and the

statistical bias:

ψ̂−ψ= (ψ̂−E [ψ̂])︸ ︷︷ ︸
statistical variance

+ (E [ψ̂]−ψ)︸ ︷︷ ︸
statistical bias

(1.I.3)

Analyzing the error terms is the core of the causal analysis, as in substantive work, especially

from observational data, our estimator at most times could not be satisfied as unbiased,

yielding the causal estimand (and even in the RCT, further assumptions may be required).

In Section II, we discuss the causal error, and in Section III, we discuss the statistical error.

II. Analyzing the Causal Error

A. Unbiased estimators and assumptions

The causal error is defined as the divergence between the statistical estimand ψ(P ) (simply

ψ) and the causal estimand ψ∗(P∗) (simply ψ∗). We cannot directly apply the statistical es-

timand as the causal one because of the fundamental problems of causal inference that we

do not observe the outcome under different treatment conditions simultaneously, as each

individual only receives one identifiable treatment. In Neyman-Rubin’s (NR) causal frame-

work (Neyman 1990; Rubin 1990: 1974), the outcomes under different treatment statuses

from the causal DGP (Y (a) are the potential outcomes (Holland 1986). In the statistical data

frame, the existing outcome is conditioned on the assigned value of the treatment (Y |A = a);
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nevertheless, we could not directly obtain the outcomes conditioned on the treatment as-

signed to other values. Therefore, the unobservable outcomes are called counterfactuals.

NR’s counterfactual framework is not the only way to understand the relationship be-

tween the causal and statistical estimands. Computer scientist Judea Pearl (2009) created

a framework called "do-calculus" (DoC)(Heckman and Pinto 2024). From Pearl’s perspec-

tive, the outcome is deterministic if the treatment action has been triggered and the map-

ping rule from the treatment to the outcome is determined: if the treatment is A = a, then

a → Y (a); if A = a∗, then a∗ → Y (a∗)9. Based on the mapping symbol, Pearl developed the

graphical expression for causal analysis called the Directed Acyclic Graphs (DAG), and it is

commonly used in structural equation models and causal mediation analysis.

Indeed, both NR’s counterfactual and Pearl’s DoC framework require additional assump-

tions to make ψ∗
a(P∗) = EP∗[Y (a)] and ψa(P ) = EP [Y |A = a] equivalent 10. In this whole

thesis, we consider the binary treatment. We suppose that the probability of being assigned

to treatment and control is a positive number between 0 and 1:

Assumption 1.II.1 (Positivity Assumption) 11 The probability of being assigned as treatment

and control is a positive number between 0 and 1:

P (A = 1) ∈ (0,1);P (A = 0) ∈ (0,1)

9In most part of this thesis, the treatment is a dichotomous variable with two groups: the treated group
and the control group. In Chapter 5, we demonstrate a multinomial treatment. However, it is worth noting
that the method introduced in this thesis (the efficient-influence-function based doubly robust estimator)
never restricts the distribution of the treatment, the outcome, or any other relevant variables in the model (for
instance, the mediator). This is because we can always model the corresponding nuisance functions for the
specific variables, and how they are distributed.

10In Pearl’s denotation, the conditional probability can be denoted as EP [Y | do(A = a)]. In the whole thesis,
I randomly adopt the denotation and use the conditional expectation denotation for the statistical estimand.

11In some literature, this assumption is also called the overlap assumption (Heckman et al. 1998).
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Where A is the treatment.

And suppose that in the "omniscient" causal data frame Z∗ = (X , A,Y (1),Y (0)), we could

observe the following conditional expectations: E [Y (1)|A = 1], E [Y (1)|A = 0],E [Y (0)|A =
1], E [Y (0)|A = 0], while in the statistical data frame Z = (X , A,Y ) we could only observe

E [Y |A = 1] and E [Y |A = 0]. With the following assumption, we could link between E [Y |A =
1] and E [Y (1)|A = 1], and between E [Y |A = 0] and E [Y (0)|A = 0]:

Assumption 1.II.2 (Consistency Assumption) 12 The potential outcome under treatment re-

ceived is the same as the observed outcome. That is,

Y = Y (A)

where Y is the observed outcome, Y (A) is the potential outcome, and A is the treatment.

Indeed, in the DoC framework, consistency has been implied since the mapping func-

tion from the treatment execution to the outcome is defined. Also, it is worth noting that

when we use observational data to infer the causal estimand, a consistent assumption needs

to be held on the individual level: Yi = Yi (Ai ). Furthermore, since we have Assumption

1.I.1 for the IID samples, we could infer that there’s no interference among individuals: the

treatment assigned to one observational sample does not affect the outcome of the others.

Consistency and no interference assumptions on the individual observational level are col-

lectively known as the Stable Treatment Unit Value Assumption, or SUTVA(Morgan and

Winship 2015; Imbens and Rubin 2015).

If we have established the relationship between the causal and statistical data frames,

that EP [Y |A = a] = EP∗[Y (a)|A = a]. We suppose the proportion assigned to the treatment

12This assumption in some literature is also called the faithfulness assumption.
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group is ρ, and therefore, E [Y (1)] = ρE [Y (1)|A = 1]+ (1−ρ)E [Y (1)|A = 0] and E [Y (0)] =
ρE [Y (0)|A = 1]+ (1−ρ)E [Y (0)|A = 0] We may calculate the difference between the causal

average treatment effect and the statistical average treatment effect with a simple calcula-

tion: (
E [Y (1)|A = 1]−E [Y (0)|A = 0]

)︸ ︷︷ ︸
statistical average treatment effect

− (
E [Y (1)]−E [Y (0)]

)︸ ︷︷ ︸
causal average treatment effect

= (E [Y (1)|A = 1]−E [Y (0)|A = 0])

−
[(
ρE [Y (1)|A = 1]+ (1−ρ)E [Y (1)|A = 0]

)
− (
ρE [Y (0)|A = 1]+ (1−ρ)E [Y (0)|A = 0]

)]
= E [Y (0)|A = 1]−E [Y (0)|A = 0]︸ ︷︷ ︸

difference in baseline

+ (1−ρ)(δ1 −δ0)︸ ︷︷ ︸
heterogeneous treatment effect

(1.II.4)

where

δ1 = E [Y (1)|A = 1]−E [Y (0)|A = 1] and δ0 = E [Y (1)|A = 0]−E [Y (0)|A = 0].

PROOF 1.II.1 Let E [Y (1)|A = 1] =α1, E [Y (1)|A = 0] =α2, E [Y (0)|A = 1] =α3, and E [Y (0)|A =
0] =α4. Therefore, the left side of the equation is:

(α1 −α4)− [
ρα1 + (1−ρ)α2 −ρα3 − (1−ρ)α4

]
.

Simplifying this, we have:

(α1 −α4)− [
ρα1 + (1−ρ)α2 −ρα3 − (1−ρ)α4

]
= (α1 −α4)−ρα1 − (1−ρ)α2 +ρα3 + (1−ρ)α4

=α1 −α4 −ρα1 − (1−ρ)α2 +ρα3 + (1−ρ)α4

= (α3 −α4)︸ ︷︷ ︸
difference in baseline

+(1−ρ) (α1 −α3)− (α2 −α4)︸ ︷︷ ︸
heterogeneous treatment effect

.

Rewriting this back in terms of the original expectations, we have the right side of the equa-

tion.
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Equation 1.II.4 reveals the two origins of bias in causal inference when using the statis-

tical estimator to infer the causal estimand: the baseline difference, or the selection bias,

which is the pre-treatment divergence when grouping individuals to the treatment and

control groups; and the heterogeneous treatment effect between the treatment and con-

trol group, which is the post-treatment divergence between the treatment and the control

group. For example, consider evaluating the impact of a training program on workers’ pro-

ductivity. Initially, we measure their productivity levels before the training. Next, we divide

the workers into two groups: a treatment group that receives the training and a control

group that does not. After a certain period, we measure the change in productivity in both

groups to assess the effect of the training program. The bias in this measurement comes

from two sources: firstly, a pre-training bias, where workers in the treatment group might

have different initial productivity levels compared to those in the control group; and sec-

ondly, a post-training bias, where workers in the treatment group might experience a greater

improvement in productivity than those in the control group, even if they had all received

the training.

Therefore, to eliminate the potential pre- and post-treatment bias, we need further as-

sumptions for identification. Since the pre-treatment selection and post-treatment hetero-

geneity can be attributed to the non-randomization in the treatment assignment, we have

the ignorability/ unconfoundedness assumption:

Assumption 1.II.3 (Ignorability/Unconfoundedness Assumption) The treatment assignment

A is independent of the potential outcomes Y (1) and Y (0):

Y (1),Y (0) ⊥⊥ A13

13The symbol ⊥⊥ denotes statistical independence. Independence implies zero covariance when the rele-
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Since the potential outcomes are independent of the treatment assignment, we can infer

that E [Y (1)|A = 1] = E [Y (1)|A = 0] and E [Y (0)|A = 1] = E [Y (0)|A = 0]. Therefore, under the

unconfoundedness assumption, the average pre-treatment baseline difference is 0. More-

over, the average treatment effect among the treated equals the corresponding effect among

the controls, so δ1 = δ0 and the post-treatment heterogeneity term in Equation 1.II.4 is also

014. In this sense, with Assumptions 1.II.1,1.II.2, and 1.II.3, we could finally conclude that

the statistical average treatment effect is an unbiased estimand on the causal average treat-

ment effect: ψ(P ) =ψ∗(P∗).

In most circumstances, indeed, we may find a set of covariates X in the statistical model

that are correlated with both A and Y , violating the ignorability/unconfoundedness as-

sumption. Thus, we may consider the treatment assignment conditioned on X as a pseudo-

randomization. We update Assumptions 1.II.1 and 1.II.3 to make them include the condi-

tioning on the covariates (the consistency hypothesis remains unchanged):

Assumption 1.II.4 (Causal Inference Assumptions) Suppose a statistical DGP Z = (X , A,Y ),

in which X denotes the covariates, A denotes the treatment, and Y denotes the outcome. To

make the statistical estimand ψ(P ) = E [EX [Y |A = 1, X ]]−E [EX [Y |A = 0, X ]] equivalent to

the causal estimand ψ∗(P∗) = E [Y (1)]−E [Y (0)] from the causal DGP Z∗ = (X , A,Y (1),Y (0))

(where Y (1), Y (0) denote the potential outcomes under treatment and control, respectively),

we need the following hypotheses:

vant moments exist, but zero covariance alone does not imply independence. Mean independence, written
for example as E [a | b] = E [a], is also weaker than full independence.

14This does not mean that individual-level or covariate-defined treatment-effect heterogeneity disappears.
It only means that the between-assignment-group difference in average treatment effects, δ1 −δ0, is removed
under this marginal independence assumption. In causal inference, HTE is usually formalized as a conditional
contrast such as E [Y (1)−Y (0) | X ].
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1. Positivity: the probability to be assigned to treatment and control group conditioned

on the covariates, is a positive number between 0 and 1:

P (A = 1|X ) ∈ (0,1);P (A = 0|X ) ∈ (0,1)

2. Consistency: the potential outcome under the treatment received is the same as the ob-

served outcome:

Y = Y (A)

3. Unconfoundedness: conditional on a set of observed covariates X , the potential out-

comes Y (1) and Y (0) are independent of the treatment assignment A:

{Y (1),Y (0)} ⊥⊥ A|X

Under this framework, Assumption 1.II.4 provides sufficient conditions for the statistical

estimand on the average treatment effect to be equivalent to the causal estimand on the

average treatment effect (Imbens and Rubin 2015; Schuler and van der Laan 2024; Hernán

and Robins 2020; Heckman and Pinto 2024). To simplify, consider our target parameter is

the potential outcomeψ∗
a = E [Y (a)], and our statistical estimand isψa = E [EX [Y |A = a, X ]]

(as EX [Y (a)|X ] = ∫
y fY (a)|X (y |X )d y), we have:

ψ∗
a = E [Y (a)]

= E [EX [Y (a)|X ]] (conditional expectation)

= E [EX [Y (a)|A, X ]] (positivity and unconfoundedness)

= E [EX [Y |A = a, X ]] (consistency)

=ψa

(1.II.5)
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Meanwhile, Equation 1.II.5 can be also written as:

ψ∗
a = E [Y (a)]

= E [E [Y (a)|X ]] (conditional expectation)

= E
[

E [Y (a)|X ]
E [1A|X ]

E [1A|X ]

]
(positivity;1A = 1 if A = a;0 otherwise)

= E
[E [Y (a)1A | X ]

E [1A|X ]

]
(unconfoundedness)

= E
[ E [Y 1A | X ]

P [A = a | X ]

]
(consistency)

= E
[E [Y 1A | X ]

πa(X )

]
(define πa(X ) = P (A = a|X ))

= E
[ Y 1A

πa(X )

]
(reverse conditional expectation)

(1.II.6)

Equations 1.II.5 and 1.II.6 illustrate that we could infer the potential outcomeψ∗
a with either

the conditional expectation ψa or the propensity score function for the treatment π(a) as

the unbiased estimators. The results are the foundation of what we refer to as the doubly

robust/debiased estimation later in this chapter.

B. Methods Addressing Violations on Causal Assumptions

In most social science research scenarios with observational (survey) data, finding an un-

biased causal estimator is challenging, as the three conditions in Assumption 1.II.4 are not

always satisfied, especially the positivity and the unconfoundedness assumptions. In prac-

tical research, violating the positivity assumption is common if our treatment involves pol-

icy/reform/law enforcement that affects all our research objects. For instance, suppose our

target is to measure how the rules on sports gambling may affect suicide risks for the resi-

dents of a state. Since the law affects everyone in the state, it violates the positivity assump-

tion as P (A) = 1 (everyone in the state is grouped as treated).
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Violating the unconfoundedness assumption is another common matter. The uncon-

foundedness assumption states that the outcome (Y (1),Y (0)) is independent of the treat-

ment A given a set of covariates X .In econometrics terms, we call treatment A the endoge-

nous treatment, while covariates X are exogenous covariates. In practical research, social

scientists are concerned that exogenous variables may not be fully captured, and thus, con-

founding variables may affect the relationship between the treatment and the outcome. For

instance, if the treatment of interest is one’s occupational mobility and the outcome is fer-

tility, and we set the exogenous variables to include their age, marital status, pre-treatment

earnings, and tenure, but we omit to include their education. Since education will affect

both occupational attainment and fertility, omitting the variable will lead to the violation of

unconfoundedness as occupational mobility A is still correlated with Y (1) and Y (0) through

education even after conditioning on the exogenous variables X .

Violations of positivity or unconfoundedness break nonparametric identification of E [Y (a)]

from (Y , A, X ). With positivity failures, identification might be recovered for a common-

support subpopulation or impose extrapolation assumptions (model-dependent and frag-

ile). With unconfoundedness failures, functional-form assumptions alone cannot identify

the effect; alternative designs are needed, or we can settle for partial identification and sen-

sitivity analysis.

Below, we introduce some commonly used methods for conducting causal inference

with observational data. The methods can be grouped into three layers: identification de-

signs (assumptions and target estimand), modeling devices (representations that make as-

sumptions plausible), and estimation strategies (algorithms to estimate the identified esti-

mand if violations on the assumptions are known).
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B.1 Identification Designs

Methods concerning identification designs usually make substantive assumptions that en-

able a causal effect to be learned from observational data, and set the target estimand for

the assumptions to identify. We introduce three methods here: the difference in differences

(DID) method, which sets the parallel trends assumption and identifies the average treat-

ment effect for the treated group over time as the causal estimand; the regression disconti-

nuity (RD) design, which set the continuity assumption of potential outcomes at the thresh-

old and identify the causal estimand as the treatment effect at the cutoff point; and the

instrumental variable (IV) method, which relies on the relevance, exogeneity, and mono-

tonicity assumption and identify the causal estimand as the local average treatment effect

for the compliers.

• Difference in Differences

A common technique to address causal inference when standard cross-sectional as-

sumptions of positivity and unconfoundedness are strained is the difference in differ-

ence (DID) method, which leverages time and comparison groups to identify causal

effects (Card and Krueger 1994; Abadie 2005; Angrist and Pischke 2009). When a pol-

icy applies to everyone within a treatment unit (e.g., a state-level law that A = 1 for all

after the reform), cross-sectional positivity fails. DID circumvents the problem and

creates variation by comparing treated units to units that did not adopt the policy,

creating treatment variation across group and time cells. Meanwhile, DID also relaxes

cross-sectional unconfoundedness by permitting selection on time-invariant unob-

servables, which removes treated-control differences by differencing, so that identifi-

cation does not require A ⊥⊥ (Y (1),Y (0)) | X at each time point. Therefore, identifica-
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tion then relies on the parallel-trends restriction, conditioned on observed covariates

X :

Assumption 1.II.5 (Parallel Trends for DiD) In the absence of treatment, the average

outcome change for treated and control groups would be equal:

E
[
Yt1 (0)−Yt0 (0) | D = 1

] = E
[
Yt1 (0)−Yt0 (0) | D = 0

]
,

where D indicates the treated group 15, and t0 and t1 are pre- and post-periods. A con-

ditional version requires equality within X :

E
[
Yt1 (0)−Yt0 (0) | D = 1, X

] = E
[
Yt1 (0)−Yt0 (0) | D = 0, X

]
.

With Assumption 1.II.5 (together with the causal inference assumptions), the causal

estimand, in this regard, should be the two-way difference between the observable

expected post-treatment outcome and the counterfactual post-treatment outcome

(assuming the treatment was not received):

{
E [Yt1 | D = 1]−E [Yt0 | D = 1]

}−{
E [Yt1 | D = 0]−E [Yt0 | D = 0]

}
,

It is worth noting that the causal estimand here is, by default, the average treatment

effect for the treated (ATT) because the parallel assumption is used only to impute

counterfactual Y (0) for the treated group, and we never impute the treated counter-

factual Y (1) for the control group. If we would like to recover the population-level

15Indeed, we use D to label group membership (treated vs. control, which is time-invariant, while A usu-
ally denotes the actual treatment status at a given time (changes over time in DID). So in a two-period DID,
everyone in the treated group is untreated before and treated after. Hence, we could not condition on A: at
t0, A = 1 is for nobody and at t1, A = 0 is true for the control group but not for the treated group. This is why
E [Yt1(0)−Yt0(0) | A = 1] is not defined due to the positivity violation.
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average treatment effect (ATE), further homogeneity assumptions are required.

Further, we can also address the conditioned ATT by averaging group-specific con-

trasts over X . By doing so, we address both cross-sectional positivity and mitigate

unconfoundedness by differencing out time-invariant confounding. However, DID is

still sensitive to time-varying confounders that affect treated and control groups dif-

ferently, which would lead to the violation of Assumption 1.II.5.

DID framework can be extended to the Difference in difference in differences (DDD)(Gruber

1994; Wolfers 2006; Meyer et al. 1995), if some institutional features suggest heteroge-

neous trends across the third dimension. We could apply the DDD framework to net

out group-specific trend heterogeneity. For instance, consider the possible unparal-

leled trends in urban and rural areas, and we might derive the DDD:

δDDD = (
∆Ytreated,urban −∆Ycontrol,urban

)− (
∆Ytreated,rural −∆Ycontrol,rural

)
,

which relaxes reliance on a single parallel assumption.

• Regression Discontinuity

Like DID, Regression Discontinuity (RD) can address violations of both positivity and

unconfoundedness under additional design assumptions. RD exploits a known as-

signment rule based on a running variable with a cutoff, generating quasi-experimental

variation at the threshold (Thistlethwaite and Campbell 1960; Hahn et al. 2001; Im-

bens and Lemieux 2008; Lee and Lemieux 2010). When a policy deterministically

treats everyone above a threshold (so cross-sectional positivity fails), RD recovers
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identification by contrasting outcomes just below and just above the cutoff.

In practice, there are two types of RD design: the first is the sharp RD, which sug-

gests the rule is enforced perfectly at the cutoff. For instance, everyone above the

threshold gets the treatment, while everyone below does not. Meanwhile, we may

also encounter the fuzzy RD, which suggests that the actual treatment is not perfectly

enforced, and it only changes people’s eligibility at the cutoff. For instance, on the

population level, we may see a change in the probability distributions, but not every-

one is strictly treated above the threshold.

Suppose the target of our research is to evaluate how a tax change affects consump-

tion for those with annual income near $100,000. If the policy increases the tax rate

from 25% to 30% for X ≥ 100,000 (with X = income), everyone above the threshold is

assigned to the new regime, violating the positivity assumption. RD uses observations

just below and just above $100,000 to form a local contrast that is as-if randomized at

the cutoff. Hence, we could have the continuity assumption:

Assumption 1.II.6 (Continuity Assumption for Regression Discontinuity) The expected

potential outcomes E [Y (0) | X = x] and E [Y (1) | X = x] are continuous at the threshold

c:

lim
x→c−

E [Y (0) | X = x] = lim
x→c+

E [Y (0) | X = x], lim
x→c−

E [Y (1) | X = x] = lim
x→c+

E [Y (1) | X = x].

Here Y (1) and Y (0) denote potential outcomes under treatment and control, and X is

the running variable.
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Under Assumption 1.II.6 and no manipulation of X at c, the limits of observed out-

comes identify the local potential-outcome means at the cutoff:

lim
x→c−

E [Y | X = x] = lim
x→c

E [Y (0) | X = x], lim
x→c+

E [Y | X = x] = lim
x→c

E [Y (1) | X = x],

Under the sharp RD scenario, the causal estimand can be identified as:

τ = lim
x→c+

E [Y | X = x] − lim
x→c−

E [Y | X = x].

The causal estimand can be viewed as a local average treatment effect at the cutoff c

(see the section below for the details). Moreover, under the fuzzy scenario in which

the cutoff is not strictly enforced, the effect is given by the ratio between the jump in

the outcome and the jump in the treatment probability at the cutoff, which identifies

the local average treatment effect at c for compliers (similar to the IV-identification

below):

τ = limx→c+ E [Y | X = x]− limx→c− E [Y | X = x]

limx→c+ P (A = 1 | X = x)− limx→c− P (A = 1 | X = x)
,

which leverages the discontinuity in treatment probability to address positivity locally

and replaces cross-sectional unconfoundedness with continuity and no-manipulation

at c.

In practice, researchers might choose a bandwidth (e.g., $5,000 around the $100,000

cutoff) and compare average consumption for X ∈ [95,000,100,000) versus X ∈ [100,000,105,000].

The identifying assumptions further require that the density of X and the distribution

of covariates vary smoothly at c (ruling out sorting/bunching at the threshold). Un-

der these conditions, any jump in E [Y | X ] at c is attributed to the treatment, yielding
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a credible local causal effect even when global overlap fails and unobservables differ

across units. 16

• Instrument Variables (IV)

Instrumental variables (IV) methods address violations of causal assumptions by

exploiting exogenous variation to handle endogeneity, identifying the local average

treatment effect (LATE) for compliers under additional exogeneity, exclusion, and

monotonicity assumptions (Imbens and Angrist 1994).

A comprehensive review from the biostatistical and clinical perspective of IV methods

can be found in Baker et al. 2016. Specifically, we illustrate a binary IV scenario for

simplification. In an empirical study, suppose we have assigned individuals to treat-

ment and control groups to measure the post-treatment divergence as the treatment

effect. We have discussed that the main concern in this setting is the action of “as-

signment”—whether it is random. With random assignment, as we have discussed,

ψ̂= E [Yi | Ai = 1]−E [Yi | Ai = 0]

=ψ = E [Y | A = 1]−E [Y | A = 0]

=ψ∗ = E [Y (1)]−E [Y (0)],

as the fundamental link between statistical estimands and causal effects.

Now consider that some “naughty” individuals do not follow the group assignment,

creating noncompliance. Let X denote the binary assignment (instrument), and A

16For fuzzy RD, one also requires a nonzero first stage and monotonicity, which we will discuss later in the
instrumental variable part.
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denote whether they receive treatment. We then have four observed groups: assigned

treatment, received treatment (Xi = 1, Ai = 1); assigned treatment, received control

(Xi = 1, Ai = 0); assigned control, received treatment (Xi = 0, Ai = 1); and assigned

control, received control (Xi = 0, Ai = 0). Covariates may influence the “naughty” de-

cisions, but the instrument must affect the outcome only through treatment.17

Assumption 1.II.7 (Instrumental Variable Assumptions) Let X be the instrument, and

it should satisfy:

(a) Instrument relevance: the instrument is correlated with the treatment,

cov(X , A) ̸= 0.

(b) Instrument exogeneity/independence: the instrument is uncorrelated with the out-

come error term (as-good-as-random with respect to potential outcomes) 18,

cov(X ,ϵ) = 0.

(c) Exclusion restriction: the instrument affects the outcome only through the treatment

(no direct effect of X on Y ).

For each of the four observed cells, we can classify underlying compliance types. In-

dividuals who would take treatment regardless of assignment are always-takers (they

appear in (1,1) and (0,1)); those who would never take treatment are never-takers

17This is not to say the “naughty decisions” are unaffected by other covariates—for instance, past medical
history. What matters for IV is that any effect of assignment X on Y operates only through A (the exclusion
restriction) and that X is otherwise as-good-as-random with respect to the outcome error.

18A common formulation of (b) is that the instrument is independent of potential outcomes (possibly con-
ditional on covariates).
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(they appear in (1,0) and (0,0)); those who follow assignment are compliers (they ap-

pear in (1,1) and (0,0)); and those who do the opposite are defiers (they appear in

(1,0) and (0,1)).

We cannot identify causal effects for always-takers and never-takers with the instru-

ment, because their treatment does not vary with X . Further, we need to assume that

there are no defiers in the experiment, as we need the relationship between the treat-

ment and the instrument to be monotonic:

Assumption 1.II.8 (Monotonicity Assumption) There are no defiers: the instrument

moves treatment in one direction (it never decreases treatment for some while increas-

ing it for others).

Under Assumptions 1.II.7–1.II.8, thus, the treatment effect on the outcome for the

compliers can be reliably estimated using the instrument, provided the exogeneity

and monotonicity assumptions hold. Since adding the instrument meets all the as-

sumptions necessary for causal inference, particularly unconfoundedness, the out-

come is now independent of the treatment given the instrument. The Local Average

Treatment Effect (LATE) for the compliers is determined by dividing the covariance

between the outcome and the instrument by the covariance between the treatment

and the instrument.

LATE = cov(X ,Y )

cov(X , A)
= E [Y | X = 1]−E [Y | X = 0]

E [A | X = 1]−E [A | X = 0]
. (1.II.7)

We refer to the covariance ratio more generally as the IV estimand.19 The pseudo-

randomization is thus achieved via the instrument for the compliers.

19IV first arose in econometrics to address identification in simultaneous equations where outcomes are
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A classic example in social science is the causal effect of military service on future

earnings (Angrist 1990). Because voluntary enlistment is endogenous, individuals

who choose to enlist may differ from those who do not, so a direct comparison of

enlistees and non-enlistees is biased. To address this, Angrist uses the Vietnam War

draft lottery as an instrument: lottery numbers are randomly assigned, and draft el-

igibility shifts the likelihood of military service. Individuals whose service status is

determined by eligibility (serve if eligible, do not if ineligible) are compliers. Among

compliers, the study estimates that military service lowers subsequent earnings, i.e.,

a negative local average treatment effect (LATE).

Does this study have a good research design? First, we need to point out the external

validity of the causality: the analysis focuses on men born 1950–1953 and draft years

1970–1972, so the estimate pertains most directly to that complier population. Sec-

ond, while draft evasion creates noncompliance, IV accommodates this provided the

standard assumptions hold—relevance, independence (exogeneity), exclusion, and

monotonicity (no defiers). Note that exclusion could be threatened if draft eligibility

affects earnings through channels other than military service (e.g., schooling defer-

ments or legal consequences). Under these assumptions, the design identifies the

complier LATE via the Wald estimand, rather than a simple difference between those

equilibria of structural relations. For example, with price P and quantity Q, the reduced forms{
P =π1Xs +π2Xd +νp ,

Q = θ1Xs +θ2Xd +νq ,

are functions of exogenous shifters Xs (supply) and Xd (demand). One can recover structural slopes (e.g., the
demand slope αd = θ2/π2) if valid instruments shift one side but not the other (Haavelmo 1944; Stock and
Trebbi 2003; Pearl 2015). Here, “exogeneity” means that the instruments are uncorrelated with the structural
error.
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drafted-and-served and those not-drafted-and-not-served.

In today’s social science, “finding an appropriate instrument is rather an art than a sci-

ence.” Researchers often exploit naturally random assignments (Angrist and Krueger

2001), geographic/spatial variation (Card 1999), weather (Dell et al. 2009), policy changes

(Angrist and Lavy 1999), economic shocks (Autor et al. 2013), and even demographic,

biological, or health variables (Oreopoulos 2006; Fletcher and Wolfe 2009) as instru-

ments.20

It is worth noting that candidate instruments may be weak (Stock et al. 2002). Accord-

ing to Assumption 1.II.7, a valid instrument must satisfy relevance and exogeneity. A

weak instrument is one with weak relevance, as it barely shifts treatment. The conse-

quence is weak identification: the IV estimand becomes unstable, and conventional

two-stage least squares (2SLS) inference can be severely biased and nonnormal.

To see the intuition, consider the binary-IV (Wald) estimand for the complier effect:

�LATE = E [Y | Z = 1]−E [Y | Z = 0]

E [A | Z = 1]−E [A | Z = 0]
.

When the first-stage difference E [A | Z = 1]−E [A | Z = 0] is near zero, the denomi-

nator is small, so the variance of the ratio explodes, and finite-sample distributions

become highly nonnormal. In linear models with one endogenous regressor, 2SLS

equals the sample analog of βIV = cov(Z ,Y )
cov(Z ,A) , so as cov(Z , A) → 0 the estimator becomes

20When using demographic/biological/health instruments, questions often concern policy effects on so-
cioeconomic outcomes; with policy/economic shocks, questions often concern relationships among socioe-
conomic variables.
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unstable. In finite samples, 2SLS estimates drift toward OLS, and standard t-tests can

over-reject (Bound et al. 1995; Staiger and Stock 1997; Stock and Yogo 2005).

Practically, researchers often (i) report first-stage strength (e.g., first-stage F ); as a rule

of thumb, F > 10 indicates acceptable strength in many single-endogenous-regressor

settings; (ii) use heteroskedasticity-robust diagnostics (e.g., Kleibergen–Paap rk F )

and, when multiple instruments are used, Stock–Yogo critical values; and (iii) rely

on weak-IV-robust inference such as Anderson–Rubin or conditional likelihood ratio

confidence sets, or use less biased estimators such as LIML/Fuller.

Formally, in a linear setup with one endogenous regressor,

Y =βA+u, A =πZ + v,

The IV/2SLS estimator is the Wald ratio we elaborated above. With weak π (small

first-stage), sampling distributions are nonnormal, and the finite-sample bias of 2SLS

toward OLS increases roughly with the inverse of the first-stage F (Bound et al. 1995;

Staiger and Stock 1997; Stock and Yogo 2005). Thus, weak instruments primarily cre-

ate weak identification and distorted inference, rather than reintroducing endogene-

ity.

B.2 Modeling Devices

Methods in this category do not identify effects on their own; rather, they are representa-

tional choices about the data structure that help make identification assumptions more

plausible and reduce misspecification. We therefore discuss fixed-effects (FE) models as

a modeling device: by imposing additive, time-invariant unit effects (and often common

time effects), FE absorbs unobserved heterogeneity that is constant over time. On their
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own, FE models do not identify causal effects; identification requires additional assump-

tions (e.g., strict exogeneity conditional on FE and controls, or a DID-style parallel trends

condition). Unlike instrumental variables (IV), which is an identification strategy based on

relevance and exclusion to handle time-varying unobservables and simultaneity, FE pri-

marily addresses endogeneity arising from time-invariant omitted variables with a para-

metric modeling.

• Fixed Effects (FE)

As discussed above, the essence of IV/LATE is to isolate exogenous variation in the

endogenous treatment and obtain an unbiased, consistent estimator of a causal ef-

fect. Fixed effects (FE) can also help by removing time-invariant confounding through

within-entity variation. Consider the panel-data model

yi j =αi + f (ai j )+ϵi j , ϵi j ∼N (0,σ2
y ),

where i indexes units (individuals) and j indexes time (or repeated observations).

Here, αi is a unit-specific term capturing all time-invariant heterogeneity, f (ai j ) is

the effect of treatment ai j on the outcome yi j , andσ2
y is the outcome variance. We do

not need a distributional assumption for αi under FE; a multilevel (random-effects)

alternative would instead posit

αi ∼N (µ,σ2
α),

cf. (Gelman and Hill 2006, ch. 12, p. 257).21

Under FE, we assume mean independence and serial uncorrelated errors:

E [ϵi j | ai 1, . . . , ai J ,αi ] = 0 and E [ϵi tϵi s] = 0 for t ̸= s.

21In a random-intercept specification, one may write yi j =µ+ f (ai j )+ui +ϵi j with ui ∼N (0,σ2
α) and ϵi j ∼

N (0,σ2
y ). FE does not require a distribution for αi .
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With these assumptions, f (ai j ) is interpreted as a within-unit (over time) causal rela-

tionship under the absence of time-varying confounding. A convenient estimator is

the within (demeaned) transformation:

yi j − ȳi = f (ai j )− f (a)i + ϵi j − ϵ̄i ,

and, if f (a) =βa,

yi j − ȳi = β (ai j − āi ) + (ϵi j − ϵ̄i ),

where ȳi and āi are unit-specific means over j .

As can be seen from the above example, when j indexes time, FE implementations

coincide with difference-in-differences (DID) in the canonical two-period, two-group

setup; more generally, DID can be implemented via FE under a parallel-trends-type

assumption. FE addresses time-invariant unobserved heterogeneity but does not by

itself guarantee positivity, nor does it address time-varying confounding without ad-

ditional structure or controls.

B.3 Estimation Strategies

Compared to the previous methods, researchers apply these methods with a clear idea

of how the unconfoundedness bias could be eliminated with auxiliary variables (covari-

ates). Under Equation 1.II.6, the methods can be categorized as propensity weights based

(propensity-based matching and weighting) or conditional expectation based (outcome re-

gression) (Rubin 1974; Rosenbaum and Rubin 1983).

• Propensity Function based Matching and Weighting

With covariates affecting group assignment known, matching or weighting is the in-

tuitive choice to eliminate the bias due to unconfoundedness. If all confounders X
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are observed and the positivity (overlap) condition holds, then as Equation 1.II.3 in-

dicates, with the nuisance functionπa(X ) = P (A = a | X ) we can identify the causal es-

timand E [Y (a)]. Traditionally, πa(X ) is called the propensity score, as it measures the

likelihood of treatment assignment given covariates X . The expression using the indi-

cator divided by the propensity score, 1(A=a)
πa (X ) , yields the inverse probability weighting

(IPW) estimator (Horvitz and Thompson 1952; Hernán et al. 2002). Therefore, when

unconfoundedness and positivity hold (and regularity conditions apply), IPW delivers

unbiased (and regular, asymptotically linear; see Section III) estimation of the target

effect.

The IPW method achieves pseudo-randomization because reweighting creates a syn-

thetic sample in which treatment is independent of X . A key design requirement is

that X be measured ex ante the treatment assignment in longitudinal settings. Sup-

pose we have a set of variables M that occur ex post treatment and affect the outcome.

Then M should not be conditioned on when the target is the total effect of A on Y ;

including M would block part of the treatment effect. Instead, M can be used to de-

compose the total effect into direct and indirect components, which we discuss in

the mediation section.22

Based on the propensity score function, weighting with inverse probability (propen-

sity) provides a way to manipulate the treatment assignment to attain pseudo-randomization.

22The unconfoundedness assumption (Y (1),Y (0)) ⊥⊥⊥⊥ A | X implies cov(Y , A | X ) = 0 but does not imply
cov(Y , A) = 0, cov(X , A) = 0, or cov(Y , X ) = 0. Indeed, cov(Y , A) ̸= 0 and cov(X , A) ̸= 0 are typical in observa-
tional studies and motivate adjustment. Also, X are confounders, not instrumental variables: an instrument
Z shifts A while affecting Y only through A and is independent of the potential outcomes.
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Similarly, a matching method based on the propensity score function 23 can also achieve

the effect of pseudo-randomization. This is the classic propensity score matching

(PSM) method for causal inference (Rosenbaum and Rubin 1983; Hirano et al. 2003;

Robins 1986; Rubin 1974). Suppose we could match the cases assigned to the treat-

ment group and the control group with exactly the same propensity score and calcu-

late the difference between the matched cases along the propensity score spectrum.

We could then calculate the average, yielding the causal estimand for the average

treatment effect based on the matching method.

It is worth noting that the propensity score method seems plausible theoretically, but

when dealing with real observational data, researchers have to make a tradeoff be-

tween the quality of the matching algorithm and the selection of cases. The real prob-

lem is that we rely on the observational data to generate the estimator π̂a to estimate

πa . We can imagine that when using the observational data to estimate the propen-

sity function, for the individuals in the treatment group, the distribution is likely to be

dense at the end towards 1 (if 1 indicates being assigned to the treatment group) and

relatively sparse at the end towards 0, while for the control group individuals tend to

be distributed more densely on the side of 0 and more sparse on the side of 1. There-

fore, it is infeasible to have a one-on-one match between the individuals from the

treatment group and the control group, with the exact same propensity value, and

get everyone matched (see Figure 1.1 for the illustration). Researchers have to adopt

methods either to allow the divergence (caliper) in propensity scores between the

matched cases, to drop the unmatched cases, or a method that combines the two

23Propensity score function is not a score function that will be introduced in Section III. Therefore, to avoid
confusion, in the following part of this chapter, we only call it “propensity function."
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(for instance, set a threshold for nearest neighborhood matching and drop the cases

beyond the threshold).

The problem of PSM, as King and Nielsen (2019) advocate, is not on the process of

causal inference (from πa to ψ∗
a , as Equation 1.II.3 suggests the unbiased process),

nor on the process of statistical inference π̂k
a to πa (where k denotes the k−th method

for propensity estimation, and all π̂k
a can be an unbiased estimator for πa if causal As-

sumptions 1.II.4 hold), it lies in the choice of π̂k
a , or the problem they call "model de-

pendence": we rely on empirical observational data to simulate the DGP for propen-

sity function, and further use the simulated function to predict the propensities for

individuals from treatment and control groups (the dots in Figure 1.1), leaving cases

unmatched due to uneven densities for the treatment and control groups. The bias, as

King and Nielsen (2019) suggest, is a subjective bias originating from model choices,

and the subjective choice of model somehow increases the imbalance 24, model de-

pendence, and bias for the causal estimation.

Intrinsically, the problem with PSM, if any, arises from the failure of the specific propen-

sity function to satisfy the unconfoundedness assumption. Suppose the unconfound-

edness assumption holds, which specifies the independence between the outcome

and the treatment under the covariates. In that case, we can imagine that the expected

outcomes for the treated and the control should have a constant distance along the

propensity score (the slope does not necessarily have to be zero though). Thus, as

long as we have a balanced match along the propensity score, the choices of π̂k
a would

24Imbalance refers to the deviations from the exact match.
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be the same and an unbiased estimator for πa (see the illustration of the middle and

lower panel of Figure 1.1). However, as in empirical studies, there are remaining co-

variates which still influence the distribution of outcomes for treatment and control

groups based on the propensity scores (the unconfoundedness assumption is not sat-

isfied, for example, in the lower panel of Figure 1.1, we have different slopes for treat-

ment and control groups along the x-axis), hence, the matching based on propensity

scores results in bias.

In summary, weighting and matching methods achieve causal inference by identify-

ing the propensity function: πa(X ) = P [A = a|X ] and expect the estimated π̂a(X ) to be

an unbiased estimator for πa(X ). In other words, the propensity function only mat-

ters for X and A25, and it is almost unavoidable that we have statistical error between

the estimated propensity score and the true value (similar to the omitted variable bias

in regression analysis).

Thus, different models that researchers adopt will unavoidably generate different sam-

ple estimators. So, how do researchers claim that the causal effect they captured

makes sense by adopting a specific weighting or matching method? We believe two

things researchers need to claim before they describe their causal findings: one is the

preconditions the models rely on: for instance, what covariates they have included

and how they contribute to address or reduce the bias from confounding effects; the

other is the theoretical guidance for them to choose the preconditions: the choice

of the specific causal identification with variables included would be better theory-

25Strictly speaking, the unconfoundedness assumption in the propensity function based method turns to:
the outcome is independent to the treatment conditioned on the propensity score, (Y (1),Y (0)) ⊥⊥ A |πa(X ).
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driven than pure data-driven.

Methods based on propensity functions with weighting and matching have multi-

ple variant forms other than IPW and PSM. For instance, researchers could adopt

an evolutionary search algorithm (Diamond and Sekhon 2013) or a Hungarian al-

gorithm (Rosenbaum 1989) to optimize the matching process, or stratify the sam-

ples and match within different stratification (Rosenbaum and Rubin 1984), or match

cases based on Mahalanobis distance (MDM, see Rubin 1980; King and Nielsen 2019).

• Outcome Regression

Like propensity-based approaches, researchers use outcome regression to obtain coun-

terfactual means and average treatment effects when all confounders X are observed

and the standard identification conditions (consistency/SUTVA, unconfoundedness

given X , and positivity) hold. Outcome regression estimates the conditional out-

come function and then averages predicted outcomes over the covariate distribution

to obtain the counterfactual mean. With the nuisance function m(a, x) = E [Y | A =
a, X = x], the causal estimand is identified via the law of iterated expectations as

E [Y (a)] = EX {m(a, X )}.

Therefore, for outcome regression, researchers first fit the model between the out-

come, the treatment and covariates, then manipulate the treatment into the treated

and control values and substitute it into the fitted model to predict the counterfactual

outcomes based on the manipulated treatment. With the counterfactual outcomes
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under treated and control, the treatment effect can be yield.

In some literature, outcome regression is also called g -computation (VanderWeele

et al. 2014), reflecting this integration over X to identify E [Y (a)]. As we elaborate later,

the outcome-regression term and the IPW term are the two canonical components

that compose doubly robust estimators.

III. Analyzing the Statistical Error

In the section above, we discussed methods that address causal error, in other words, how

a statistical estimand approximates a causal estimand, ψ∗−ψ. We now turn to how to esti-

mate the statistical estimand from sample data, yielding the statistical error ψ̂−ψ26.

According to Equation 1.I.3, it is standard to analyze statistical error via its mean squared

error (MSE), which decomposes into a variance term and a squared-bias term:

MSE(ψ̂) = Var(ψ̂)+{
E [ψ̂]−ψ}2.

In the machine-learning literature this motivates the bias–variance trade-off (James et al.

2013; Hastie et al. 2009)27. Although biased estimators can sometimes achieve lower MSE28,

26Some procedures described earlier (e.g., in the section of estimation strategies) also act to reduce statistical
error.

27A quick derivation: MSE(ψ̂) = E
[
(ψ̂−ψ)2

]= E
[
(ψ̂−E [ψ̂])2

]+ (
E [ψ̂]−ψ)2 = Var(ψ̂)+Bias(ψ̂)2.

28A standard example is the maximum-likelihood estimator (MLE) of the variance in a normal model with
unknown mean:

S2 = 1

n −1

n∑
i=1

(Xi − X̄ )2 is unbiased with E [S2] =σ2,

whereas

σ̂2
MLE = 1

n

n∑
i=1

(Xi − X̄ )2

is biased, with E [σ̂2
MLE] = n−1

n σ2, yet can have smaller MSE due to reduced variance (useful in some industrial
settings).
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in the causal-inference methods used throughout this thesis we require estimators to be

unbiased for the statistical estimand (at least asymptotically), i.e. E [ψ̂] =ψ.29

Our target in this chapter is to derive the efficient-influence-function based debiased

machine learning estimator for causal inference. To obtain such estimators, we rely on

asymptotic analysis (van der Vaart 1998). We view ψ̂ = ψ(Pn) as a functional of the em-

pirical distribution Pn for the true law P , and study smooth perturbations along a regu-

lar parametric submodel {Pε : ε ∈ R} with P0 = P . Two objects organize this analysis: the

score (which gives the local direction of departure of Pε from P ) and the influence func-

tion (which quantifies the first-order effect of that departure on ψ(Pε)). As we will show,

the optimal (semiparametric) efficient estimator within the class of regular, asymptotically

linear estimators is asymptotically unbiased and attains the smallest possible asymptotic

variance (the efficiency bound). Moreover, its estimating equation is Neyman-orthogonal

to first-order perturbations in the nuisance parameters, providing robustness to small mis-

specification.

Because these ideas may be unfamiliar, this section proceeds as follows. We first intro-

duce regular and asymptotically linear estimators, then develop the concepts of score and

influence function and their connection to efficiency. Then we derive the efficient influ-

ence function for the average treatment effect. Finally, we discuss how efficient influence

functions can lead to the efficient doubly robust/debiased machine learning estimators. In

subsequent chapters, we reuse this machinery to construct efficient estimators tailored to a

range of social-science and demographic applications.

29In causal inference the target ψ∗ is defined by a hypothetical intervention. Once identification assump-
tions equateψ∗ with a statistical targetψ, we want E [ψ̂] =ψ so the estimator is centered at the true effect. Esti-
mators derived from unbiased estimating equations (mean-zero influence functions) are regular and asymp-
totically linear, enabling valid Wald inference and efficiency comparisons. Persistent bias can be indistin-
guishable from a true effect and risks misleading conclusions; therefore we prioritize (asymptotic) unbiased-
ness and then pursue variance reduction.
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A. Introduction to RAL Estimators

For all the regular and asymptotically linear (RAL) estimators (Newey 1990: 1994)30, it

would be best to find the one with the lowest variance so that the MSE for the estimator

with respect to the statistical estimand would be lowest. In regular parametric models, the

Cramer-Rao bound provides a benchmark lower bound for the variance of unbiased esti-

mators (Greene 2012):

Lemma 1.III.1 (Cramer-Rao Bound) The Cramer-Rao Bound (CRB) states that for an unbi-

ased estimator ψ̂ =ψ(Pn) of ψ =ψ(P ), the variance of ψ̂ is at least as large as the inverse of

the Fisher information:

Var(ψ̂) ≥ 1

I (ψ)

where I (ψ) is the Fisher information given by:

I (ψ) = E

[(
∂

∂ψ
log f (Z ;ψ)

)2]
30Not all unbiased estimators are RAL. For instance, consider the median estimator for all symmetric distri-

butions. It is an unbiased estimator for the population median, but it is not asymptotically linear as φ(ψ; Z )
for the median is not a smooth function. Another classic example here is the Hodges’ estimator (van der Vaart
1998): in the normal mean model with known variance, define

θ̂H =
{

0, if |X̄n | ≤ n−1/4,

X̄n , otherwise,

where X̄n is the sample mean. At θ0 = 0 it is super-efficient so its asymptotic variance at the
p

n scale is
0. But this gain is non-uniform: in n−1/4-neighborhoods of 0 the risk inflates and the estimator fails to be
regular: under local alternatives θn = h/

p
n it does not have a stable

p
n-normal limit. Consequently, there is

no influence function φ such that

p
n(θ̂H −θ) = 1p

n

n∑
i=1

φ(Zi )+op (1)

uniformly over a neighborhood of Pθ0 . Hodges’ estimator is therefore not regular asymptotically linear (RAL).
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The proof will be given in Appendix A.3. In simple terms, the Cramer–Rao Bound is a

fundamental result that says: no unbiased estimator can have a variance smaller than a cer-

tain threshold determined by the information in the data (Bickel et al. 1993; van der Vaart

1998).

The threshold, as Lemma 1.III.1 suggested, is the reciprocal of the Fisher information

of the estimand ψ. Fisher information is a measure of how much information the data dis-

tribution carries about the quantity we are estimating. Intuitively, if the data are very sensi-

tive to changes in the parameter (for example, a slight change in the parameter makes the

probability of observations change a lot), then the Fisher information is high. With high

information, we can estimate the parameter more precisely.

In this parametric setting, if an unbiased estimator attains the CRB, we call it an efficient

estimator (Kay 1993; Lehmann and Casella 1998; Rao 1973), because it uses the information

in the data as efficiently as possible for the parameter of interest. However, deriving an effi-

cient estimator is often challenging, especially in complex models, because it requires care-

fully using the data without waste. The concepts of regularity, asymptotic linearity, score

functions, and influence functions introduced below are the tools that help us move to-

wards the goal of efficient estimation. With all these concepts introduced, they provide a

framework for developing estimators that are not only unbiased, but also have variance as

low as possible and follow convenient large-sample behavior. Before delving into those con-

cepts, it’s important to note that we usually restrict our attention to estimators that behave

well as the sample size grows.
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In practice, to apply the above efficiency theory, we firstly require our estimator to sat-

isfy certain regularity conditions. Regularity means that as the sample size increases, the

estimator’s behavior stabilizes in a nice, smooth way. In other words, a regular estimator is

one that doesn’t react erratically to tiny changes in the underlying data-generating process

when we have lots of data. Instead, its distribution settles down and converges to something

well-behaved as n (the sample size) becomes large.

One way to express regularity formally is through a convergence condition. Generally

speaking, an estimator ψ̂n for a parameter ψ is regular if, when we scale its error by
p

n, it

converges in distribution to a fixed distribution as n →∞. In notation, this is often written

as:
p

n
(
ψ(Pn)−ψ(P )

) P
⇝D, (1.III.8)

Where P denotes an empirical measure which we will discuss shortly, and D denotes a fixed

distribution 31. This condition means that the fluctuations of the estimator around the true

value shrink at the rate 1/
p

n and eventually follow a stable distribution. The 1/
p

n rate is

the classic parametric convergence rate, as it’s the same rate at which the sample mean con-

verges to the true mean by the Central Limit Theorem. Converging in distribution to some

D means that the shape of the estimator’s probability distribution approaches the shape of

D as we get more data. Essentially, regularity rules out estimators that behave irregularly

31In this thesis, the denotation on the convergence uses the expressions in van der Vaart (1998). In short,

convergence in distribution (weak convergence) Xn
D−→ X ⇐⇒ Xn ⇝ X suggests that a sequence of ran-

dom variables {Xn} converges in distribution to a random variable X if for all points t at which FX (t ) is
continuous:limn→∞ FXn (t ) = FX (t ), where FXn (t ) and FX (t ) are the cumulative distribution functions of Xn

and X ; convergence in probability Xn
P−→ X (or Xn

pr ob.−−−−→ X , to differentiate with the measure P ) suggests
the relationship between Xn and X , for every ϵ > 0, is: limn→∞ P (|Xn − X | ≥ ϵ) = 0. Almost sure conver-

gence Xn
a.s.−−→ X suggests Xn almost surely converges to X : P (limn→∞ Xn = X ) = 1 (we sometimes also write

it as a.s.). Meanwhile, we also use big-O probability and small-o probability to denote convergence: big
Op : Xn =Op (an) indicates that the sequence of random variable Xn is bounded by an in probability: for every
ϵ> 0, there exist constants M > 0 and N > 0 such thatP (|Xn | ≤ M an) ≥ 1− ϵ for all n ≥ N . Small op suggests
that Xn is asymptotically smaller than an as n increases, or the difference between Xn and an is negligible: for
every ϵ> 0 and δ> 0,P (|Xn | ≥ δan) → 0 as n →∞.
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(e.g. jumpy or discontinuous estimators) which might not settle into a clear pattern as the

sample size grows. In summary, regularity essentially guarantees the stability and smooth-

ness of the estimand: with more data, the distribution change of the estimand should be in

a controlled, smooth manner (often around the true value). With the smoothness of conver-

gence, we may use score function to identify the directions of local change so that regularity

lets us differentiate along the directions.

While regularity cares about the estimator’s overall convergence behavior, asymptotic

linearity suggests how the estimator’s error can be represented when the sample is large.

An estimator is asymptotically linear if, for large n, the difference between the estimator

and the true parameter can be well-approximated by a linear term which is the average of

some function of the individual observations, plus a smaller remainder term. Suppose the

function is φ(ψ;P ; Zi ), for the estimator ψ, measure P and dataset Zi = (Xi ,Yi )32,therefore,

p
n

(
(ψ(Pn)−ψ(P ))− 1

n

n∑
i=1

φ(ψ;Pn ; Zi )
) pr ob.−−−−→ 0, (1.III.9)

We call φ(ψ;Pn ; Zi ) as the influence function for the empirical data Zi with respect to the

empirical measure Pn (Schuler and van der Laan 2024; Kennedy 2016; Ichimura and Newey

2022). As we will show later in this chapter, the influence function of an estimator tells us

how each individual data point influences the estimator’s value and thus it breaks down the

estimator’s error into contributions from each observation. A more rigorous way to write

Equation 1.III.9 is: (
ψ(Pn)−ψ(P )

)− 1

n

n∑
i=1

φ(ψ;Pn ; Zi ) = op (n−1/2) (1.III.10)

32The influence function has three entries, φ refers to the estimation functional form, P refers to the mea-
sure. Zi refers to the measurable set (dataset). Due to our assumptions in Section I that the estimation func-
tion and the measure (DGP) will not change simultaneously, thus, if we specify the influence function for an
estimator, we omit the measure and the dataset. We use Zi for discrete elements in the measurable set and z
if the elements are continuous.
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which suggests that the difference between the estimator and the true value equals the

average influence 1
n

∑
(ψ;Pn ; Zi ) plus a remainder term that is negligible compared to n−1/2

in probability. The op (n−1/2) term means that when you multiply the remainder by
p

n,

it goes to zero in probability as n → ∞. By the Central Limit Theorem (Theorem 1.I.1),

we know that the average 1
n

∑
(ψ;Pn ; Zi ) will be approximately normal for large n. Thus,

asymptotic linearity could also be expressed as:

p
n(ψ(Pn)−ψ(P ))

d−→ N (0,σ2). (1.III.11)

where σ2 = Var(φ(ψ;Pn ; Zi )) and we call it the asymptotic variance. While regularity

describes the convergence of a distribution, asymptotic linearity gives us asymptotic nor-

mality and thus the ability to do inference using familiar Gaussian approximations. More

importantly, it provides a blueprint for how to improve an estimator: if we know the in-

fluence function, we can often reduce bias or adjust the estimator by subtracting out the

average influence. For the details of regularity and the score function, asymptotic linearity,

and the influence function, we will discuss them in the following sections.

B. Regularity and Score Function

As mentioned above, regular estimators correspond to functionals P that change smoothly

when P is perturbed, and the score function is the tool that identifies the direction of per-

turbation. The score function acts like a directional derivative or a compass pointing in the

direction of a small change in the distribution or model.

Suppose the true data-generating process is described by some probability distribution

P over the data Z = (A, X ,Y ). Now imagine a slightly perturbed version of that distribution,

call it P̃ , which is “close” to P . We can consider a smooth path of distributions from P to P̃ ,
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indexed by a small parameter ϵ ∈ [0,1]. At ϵ= 0 we’re at the original distribution (Pϵ=0 = P ),

and at ϵ = 1 we’re at the new distribution (Pϵ=1 = P̃ ). One convenient way to form such a

path is by mixing the two distributions: Pϵ = (1−ϵ)P +ϵP̃ . This defines a smooth trajectory

in the space of possible distributions.

The score function s(z) associated with this path is defined as the rate of change of the

log-likelihood (the log of the probability density) at ϵ = 0, in the direction of the new dis-

tribution. In simpler terms, s(z) tells us how the log probability of observing a data point z

would change if we nudge the distribution from P toward P̃ at an infinitesimal rate (Bickel

et al. 1993; Kennedy 2016; Schuler and van der Laan 2024). We can write:

sϵ0 (z) = ∂log p̃ϵ(z)

∂ϵ

∣∣∣
ϵ=ϵ0

(1.III.12)

where pϵ(z) is the density of Pϵ. This derivative essentially compares the new density

p̃(z) to the original p(z). In fact, if we do the calculus (see Appendix A.1), it turns out:

s(z) = p̃(z)

p(z)
−1 (1.III.13)

when evaluated at ϵ = 0. This formula says the score function is, at first order, propor-

tional to the fractional change in the probability of z under the perturbation. Another way

to write it is p̃(z) = (1+ϵs(z))p(z) for small ϵ. So, s(z) indicates in which direction the proba-

bility of each point z is being pulled by the new distribution relative to the old one and how

strongly it is.

An important characteristic of the score function is that the score function at the original

distribution has mean zero:

EP [s(Z )] = 0

Because P̃ is just a reweighting of P , at ϵ= 0 there is no change, so the expected score should

be zero. Intuitively, scores form a family of “compasses,” each pointing to a distinct local
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perturbation direction of the data-generating process around P . We can imagine these di-

rections spanning a space 33. The collection of these scores is called the tangent space of

the model; it consists of all directions along which we can locally perturb the distribution

while remaining within the model. 34:

T (PZ ) =
{∑

i
αi sηi : αi ∈R, sηi are scores of smooth submodels through PZ

}
.

If the tangent space contains all the mean-zero functions, the model that specifies the

DGP is a saturated model (Schuler and van der Laan 2024). For saturated models, the tan-

gent space exists for all directions, meaning that if we move towards any direction, we are

still in the model. Suppose our models are fully nonparametric; then, our model is satu-

rated since no restrictions impede us. Otherwise, the model is not saturated. For instance,

a general causal model is saturated, but an RCT causal model is not because the propensity

in the randomized trial is fixed.

The mean-zero property of the tangent space yields a useful decomposition in practice:

suppose we have a joint distribution: P (X ,Y ), we can decompose any joint score functions

as:

sX ,Y (x, y) = sX (x)+ sY |X (x, y) with E
[
sY |X (X ,Y ) | X

]= 0,E [sX (X )] = 0,

and any pathwise derivative along the joint score can also be split into marginal and condi-

tional components:

∇sX ,Y ψ=∇sY |Xψ+∇sXψ

33Strictly speaking, they are mean-zero, square integrable functions. Since the score functions are defined
on the L0

2 space, we could define the tangent space as the set of the square-integrable functions with respect
to P (Z ) whose means are 0:

T (P (Z )) = {
h ∈ L2(P (Z )) : EP (Z )h(x) = 0

}
.

34In a fully nonparametric/saturated model, that tangent space coincides with all mean-zero, square-
integrable functions; in restricted models, it’s a proper subset.
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As we noted above, the score function is the tool to identify the direction of perturba-

tion, and we use it to calculate how an estimand ψ(P ) would change if the distribution P is

moved in a certain direction. Hence, the pathwise derivative of an estimand along a score

direction ∇s leads us to the influence function, which we will discuss next.

In the above steps, we are actually factorizing the score function (Lehmann and Casella

1998; Cox and Hinkley 1974). Moreover, since any score function belonging to the tangent

space of the specific measure can be used during factorization, therefore, we are actually

factorizing the tangent space. In the above bivariate example, we could write the factor-

ization as: TX ,Y = TY |X ⊕TX , where TY |X is defined as the tangent space associated with

the conditional distribution P (Y |X ): TY |X = {
hY |X (x, y) : E [hY |X (x, y) | X = x] = 0 for all x

}
.

Correspondingly, T (X ) denotes the tangent space associated with the marginal distribution

P (X ): T (X ) = {hX (x) : E [hX (X )] = 0 for all x}. The symbol ⊕ denotes the direct sum, indicat-

ing that these spaces are orthogonal.

An advantage of factorization is that, after our appropriate factorization, if the estimator

is perturbed only on one dimension, we need only consider the change in the score function

on that dimension and keep the others unchanged. The proof of the factorization transfor-

mations can be seen in Appendix A.1. We will use this advantage when we yield the efficient

estimator later.

Finally, we may also notice the relationship between the score function and Fisher in-

formation: the denominator in the Fisher information is the average of the squared score

function, and this reveals the importance of the score function in the Cramer-Rao bound.

In regular parametric models, an estimator that attains the Cramer-Rao bound has fluctu-
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ations that align with the score function s(Z ;ψ) that captures information about ψ. This

intuition carries into the influence-function framework below, where efficiency is charac-

terized by the efficient influence function and the corresponding efficiency bound. We will

once again discuss this when we reach the efficient influence functions.

C. Asymptotic Linearity and the Influence Function

As we introduced above, asymptotic linearity cares about how the estimator’s error can be

represented when the sample size is large. For large n, an estimator would be asymptotically

linear if the difference between the estimator and the true parameter can be approximated

by a linear term, which is an average of some functional form of the individual observa-

tions and a smaller remainder term. The “some functional form", as we elaborated before,

is called the influence function (Kennedy 2016).

Based on the definition, the influence function of an estimator shows how each individ-

ual data point influences the estimator’s value. Indeed, the influence function can also be

regarded as the (Gateaux) pathwise derivative of the estimated functional, the pathwise gra-

dient, the first-order term of the Taylor expansion of the estimand around the true distribu-

tion, and the Neyman orthogonal score (Chernozhukov et al. 2018b). Due to the importance

of the influence function, we will demonstrate the equivalence.

C.1 Influence Function as Individual Contribution to Estimation Error

Firstly, the influence function can serve as the description of the contribution of each data

point to the estimation error, which we can infer directly from the asymptotic linear repre-

sentation. As

ψ̂n −ψ(P ) ≈ 1

n

∑
i
φ(ψ;Pn ; Zi )
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So we can say φ(ψ;Pn ; Zi ) is the contribution of the i -th observation to the estimation er-

ror. For an unbiased estimator, we have mean-zero error terms (the positive and negative

influences cancel out on average), suggesting that if an estimator is unbiased, a small ran-

dom change in data should raise the estimate in some cases and lower it in others, with no

systematic bias. The influence function formalizes this idea.

C.2 Influence function as Gateaux/ Pathwise Derivative of the Estimand Functional

In the second definition, the influence function is essentially the Gateaux derivative of the

functional ψ(P ) in the direction of a point mass at z.

To understand the above statement, we need to define what the Gateaux derivative is.

In the discussion of the score functions, we have illustrated the process of the distribution

P nudging toward P̃ . The Gateaux derivative is the slope for the target estimandψ(P ) under

that nudge, or in other words, how fast ψ would change per unit of that reweighting in that

direction. 35.

Here, we use the point mass at a specific data point z to replace P̃ , so the nudge be-

comes the increase of a very tiny weight (an infinitesimal bit of probability) on a single point

z and the removal of the same tiny weight from the rest accordingly. It is exactly the same

as the contribution of the single point z to the estimation error: The influence function

φ(ψ;Pn ; Zi ) is defined so thatψ(P̃ ) ≈ψ(P )+ϵ,φ(ψ;Pn ; Zi ) for a small perturbation that adds

35Mathematical definition: Let P be a class of probability measures on a measurable space (Z , A), and let
ψ : P → R be a (possibly nonlinear) functional. For P ∈ P and any signed finite measure P̃ with total mass
P̃ (Z ) = 0 (a direction), define the path Pϵ := P +ϵP̃ for small ϵ such that Pε ∈ P . The Gateaux derivative of ψ at
P in the direction P̃ is

Dψ(P ; P̃ ) := lim
ϵ→0

ψ(P +ϵP̃ )−ψ(P )

ϵ
,

Whenever the limit exists. Equivalently, for any P̃ ∈ P one may use the mixture path Pϵ = (1− ϵ)P + ϵP̃ and
write Dψ(P ; P̃ −P ).
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an ϵ amount of probability at z. Intuitively, it’s answering: “if we tweak the distribution to

include a little more of point z, how does my target quantity ψ change to first order?” If

φ(ψ;Pn ; Zi ) is large, it means that point z has a big impact on the estimator; if φ(ψ;Pn ; Zi )

is small or zero, z doesn’t influence the estimator much (in the first-order term).

The fact that the influence function can be regarded as a kind of derivative is an impor-

tant and widely used property because, in practical computations, all rules of differentiation

can apply to the influence function, and the most useful one is the chain rule for differenti-

ation, as we will show below in the derivation of the efficient influence function.

C.3 Influence Function as Pathwise Gradient

Now, following the Gateaux derivative definition, recall that the score function describes

the direction of the moves. So all the tiny, smooth moves we can move away from the true

DGP have a direction described by a mean-zero score function s(Z ) and the path Pϵ = (1+
ϵs)P (Equation 1.III.13). The pathwise derivative is just the slope of ψ(P ) along such a tiny

move. Indeed, under linearity and certain (Riesz) representation, this slope equals an inner

product:

∇sψ(P ) = d

dϵ
ψ(Pϵ)

∣∣∣∣
ϵ=0

= E
[
φ(ψ;Pn ; Zi ) s(Z )

]
. (1.III.14)

Equation 1.III.14 is called the central identity for influence functions and we append its

proof in Appendix A.2 for interested readers (Schuler and van der Laan 2024; Tsiatis 2006;

Bickel et al. 1993; Ichimura and Newey 2022). So the influence function φ is the object that,

for any chosen direction s, gives the correct directional rate of change of ψ by this simple

average. That’s why we callφ the pathwise gradient: it plays the same role as a gradient does

in ordinary calculus, but now for small changes of the whole distribution.
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The central identity for influence functions also reveals the relationship between the

influence function and the score function: the direction of the gradient is aligned with the

interaction between the influence function and the score function (as the expectation of

the score and the influence functions under RAL are both zero). This equation is the most

helpful tool for extracting the influence function or validating if the influence function is

correct, especially for efficient influence functions for the saturated models. We will give a

specific example later in this chapter.

C.4 Influence Function as the First-Order (Bias Correction) Term

As the influence function serves as the Gateaux derivative and pathwise gradient, it is also

the first-order term (the linear part) of the functional/ Taylor expansion of the target ψ

around the true distribution P . Recall Equation 1.III.10, when we nudge along path Pϵ =
(1−ϵ)P +ϵP̃ , as the influence function can be expressed as the Gateaux derivative (let Dψ(.)

denote the derivative), we have

ψ(Pϵ) =ψ(P )+ϵDψ(P ; P̃ −P )+o(ϵ) =ψ(P )+ϵ
∫
φ(ψ;Pn ; Zi )d(P̃ −P )(z)+o(ϵ).

As the influence function is also the pathwise gradient, for the point-mass direction P̃ = δz ,

ψ
(
(1−ϵ)P +ϵδz

)=ψ(P )+ϵφ(ψ;Pn ; Zi )+o(ϵ),

The Taylor expansion of a function can be written as:

f (X0) ≈ f (X1)+∇ f (X1)(X0 −X1)+ 1

2
(X0 −X1)∇2 f (X1)(X0 −X1)T + . . . (1.III.15)

or,

f (X0) ≈ f (X1)+ ∂ f (x)

∂x

∣∣
x=X1

(X0 −X1)+ 1

2

∂2 f (x)

∂x2

∣∣
x=X1

(X0 −X1)2 + . . .
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Thus, for the function ψ(Pϵ) in the domain ϵ ∈ [0,1], we have 36:

ψ(Pϵ) =ψ(P ) + ϵ
∂

∂ϵ
ψ(Pϵ)

∣∣∣∣
ϵ=0︸ ︷︷ ︸

first-order bias correction

+ ϵ2

2

∂2

∂ϵ2
ψ(Pϵ)

∣∣∣∣
ϵ=0︸ ︷︷ ︸

second-order remainder

+ o(ϵ2). (1.III.16)

The first-order “bias correction" (we will revisit it later) term is exactly the pathwise gradient

expression of the influence function (Fisher and Kennedy 2021). To visualize the idea, we

illustrate the ideas in Figure 1.2, which shows how to use results of ψ(P ) to approach ψ(Pϵ).

C.5 Influence Function as Neyman Orthogonal Score

In semiparametric models, we separate the target (ψ) and the nuisance parts that we don’t

care about (η). A Neyman Orthogonal score is a mean-zero target (moment) whose first-

order sensitivity to the nuisance part is zero at the truth. In other words, small errors in η

do not move the moment to first order. As the influence function can be seen as the first-

order (bias correction) term, has zero-mean, and is orthogonal to all nuisance functions (the

score functions), due to the central identity of the influence function E [φ(ψ;Pn ; Zi )sη(z)] = 0

(Chernozhukov et al. 2018b), thus, building an estimation equation from the influence func-

tion yields moments that are insensitive to small misspecification of nuisance parts, en-

abling valid inference with flexible machine learning techniques for nuisance functions.

This is the mechanism behind the debiased/ doubly robust machine learning estimators

we discuss throughout the thesis.

In summary, we derive the four expressions of the influence function, which can serve as

the individual contribution to estimation error, Gateaux derivative to the estimand, path-

wise gradient, first-order bias correction term, and Neyman orthogonal score. As we dis-

36This is also called "von Mier Expansion" in some literature.
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cussed the necessity of asymptotic linearity, it gives us asymptotic normality and thus the

ability to do inference and provide a method to improve the estimator: if we know the in-

fluence function, we can reduce bias with the idea of a one-step estimator, which precisely

takes an initial (possibly biased) estimator and then adds the average influence function to

correct it. By doing so, we cancel out the first-order bias and often dramatically improve ac-

curacy. This is how we construct the efficient estimators, with the derivation of the efficient

influence functions (EIF).

D. Efficient Influence Functions

We have introduced the basic concepts of regularity, score functions, asymptotic linearity,

and influence functions. These concepts are a necessary toolbox to identify and construct

efficient estimators, which attain the relevant parametric or semiparametric efficiency bound

under the corresponding regularity conditions.

In large samples, according to Equation 1.III.11, the variance of an estimator is given by

the asymptotic variance, which is the variance of the influence function. Therefore, to min-

imize the variance is the same as finding the influence function with the smallest possible

variance. The optimal influence function is called the efficient influence function for the

estimand. And if the efficient influence function derives an estimator, we call the estimator

an efficient estimator.

So the target to derive an efficient estimator is intrinsically the same as finding the effi-

cient influence function (EIF) first and constructing the estimator whose influence function

is that EIF. An intuitive idea is to consider the set of all influence functions for all regular,
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asymptotically linear estimators of ψ, and then pick the one with the smallest variance.

We know that the tangent space is spanned by the score functions—that is, the set of all

directions the model lets us move the data-generating distribution. Therefore, if we want

the target estimand to change in a well-defined, first-order way, the push direction must

lie in the tangent space; conversely, any component pointing outside these allowable direc-

tions cannot change ψ(P ) to first order and is just noise.

We can split a candidate influence function into two orthogonal parts: a target-of-interest

part, which lies in the tangent space and moves ψ; and a nuisance part, which also lies in

the tangent space but is tied to features that do not identify ψ. Any remaining component

outside the tangent space is discarded. We then project within the tangent space to remove

the nuisance part, keeping only the part that legitimately moves the estimand. This pro-

jection yields the smallest-variance valid choice, which is exactly how the EIF is defined.

Hence, the influence function should lie on the tangent space to be efficient (Schuler and

van der Laan 2024; Newey 1994; Bickel et al. 1993). The detailed mathematical proof can be

seen in Appendix A.3.

The necessary condition that the EIF lies in the tangent space reveals the relationship

between the score function and the EIF: the EIF is always aligned with the score function

for the target parameter. In classical parametric models, the score function for ψ and the

EIF are proportional to each other. Intuitively, this means the estimator is nudging in the

same direction as the true parameter itself.

From the relationship between the EIF and the tangent space, we can derive an impor-

tant corollary: for fully nonparametric saturated models, the efficient influence function is
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unique. This is somehow obvious: because the tangent space for the saturated model is the

whole space, meaning all directions of the small nudge to the distribution are allowed. The

influence functions are the first-order change of ψ for every such nudge. And if two can-

didates both worked, then their difference would have zero correlation with every allowed

nudge. The only function that’s uncorrelated with all nudges is the zero function, so the two

candidates must be the same and the EIF is unique 37.

In non-saturated models (with constraints, for instance, semiparametric models with nui-

sance parameters), the efficient influence function still exists but must lie within the al-

lowed tangent space of that model.

Below, we provide an example of how we derive the EIF for the average treatment ef-

fect (ATE), which enables us to yield the efficient doubly robust/debiased machine learning

estimator for the ATE, the main target of this thesis.

D.1 Deriving EIF for the ATE in the Saturated Model

We start with the saturated model: the ATE in the observational study, where there is no

restriction on the statistical estimand to infer the causal estimand, and there’s only one in-

fluence function, which is the EIF for the estimator. Similar to the operation in Equation

1.II.5, we use ψa = E [EX [Y |A = a, X ]] from the observational study to infer ψ∗
a = E [Y (a)]

(therefore, the ATE is ψ1 −ψ0). From the perspective of the efficient theory, the estima-

tors we applied in Section II, for instance, the IPW estimator, as we have shown, is a RAL

estimator but not the efficient one, as it is only the "naive plug-in estimator" part in the

Taylor distributional expansion decomposition (Equation 1.III.16). Our goal is the efficient

37Mathematically, we can write: suppose we have two influence functions φ1 and φ2, based on the central
identity of the influence functions we have: E [φ1s] = E [φ2s] = E [(φ1 −φ2)s] = 0, then obviously φ1 =φ2.
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estimator for ψa :

ψa = E [EX [Y |A = a, X ]] =∑
x

E [Y |A = a, X ]︸ ︷︷ ︸
:=µa (X )

p(x) =∑
x
µa(x)p(x)

As we discussed above, to derive the efficient estimator, we first capture the EIF and then

derive the efficient estimator based on the EIF. Based on the chain rule,

φ(ψa) =∑
φ(µa(x)p(x)) =∑(

φ(µa(x))p(x)+µa(x)φ(p(x))
)
. (1.III.17)

As the equation shows, we need the EIFs for the expectationφ(E [X ]) (to yieldφ(p(x)))and

the conditional expectation φ(E [Y |X = x]) (to yield φ(µa(x)).

EIF for Unconditional Expectation Because of space limitations, we relegate the step-

by-step derivations to the Appendix A.3 for interested readers. We first derive the EIF for

ψ(P ) = EP [X ] = ∫
xdP (x). From the Gateaux derivative definition of the influence function,

its expression for the unconditional mean φ(ψ= EP [X ];P, x) is (Kennedy 2023):

φ(EP [X ]) = ∂

∂ϵ
ψ(P̃ϵ)

∣∣
ϵ=0 = x −ψ(P ) = x −EP [X ] (1.III.18)

EIF for Conditional Expectation We then derive the EIF forψ(P ) = EP [Y |X = x] = ∫
y ydP (y |x).

Still, P̃ϵ = (1−ϵ)P +ϵδy |x . Recall the Bayesian rule P (y |x) = P (y,x)
P (x) . Therefore, we can get:

φ(ψ= EP [Y |A = a, X = x],PX (y, a, x)) = 1(a,x)

p[A = a, x]

[
y −EP [Y |A = a, X ]

]
(1.III.19)

Equation 1.III.19 is the EIF for the conditional expectation.

EIF for ψa With Equations 1.III.18 and 1.III.19, we have the EIF for φ(ψa) = E [EX [Y |A =
a, X ]]. Based on the chain rule in Equation 1.III.17, we have:

φ(ψa) =∑
x

[( 1a,x

p(a, x)
[y −µa(x)]p(x)

)+ (
µa(x)(1x −p(x))

)]
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= 1(a)

πa(x)
[y −µa(x)]+µa(x)−ψa

= 1(A = a)

p(A = a|X )
(Y −E [Y |A = a, X ])+E [Y |A = a, X ]−E [Y |A = a]

Thus, the EIF for ψa with discrete measurable elements φ(ψa) is:

φ(ψa) = Ai

πa(Xi )
[(Yi −µa(Xi )]+µa(Xi )−ψa (1.III.20)

In other words,

φ(ψ1) = 1(Ai = 1)

π1(Xi )
(Yi −µ1(Xi ))+µ1(Xi )−ψ1

and

φ(ψ0) = 1(Ai = 0)

π0(Xi )
(Yi −µ0(Xi ))+µ0(Xi )−ψ0

The central identity of the influence function for the EIFs from the saturated models can

validate the correctness of the EIFs. We provide the validation in Appendix A.3 for interested

readers.

D.2 Deriving EIF for the ATE in the Non-Saturated Model

Further, we consider the non-saturated model scenario. The average treatment effect un-

der the randomized controlled trial setting is a non-saturated model since we have placed

restrictions on the treatment and control cases. Therefore, unlike the saturated models, we

cannot derive the efficient influence function with an arbitrary score function, as the influ-

ence function may not be efficient. However, we could start with a known RAL estimator

and derive its influence function through the definition of asymptotic linearity, and then

project it (find its minimized square error) onto the tangent space. As elaborated before,

the EIF should be the projection of any influence functions on the tangent space. However,

it might be hard to find the projection on the tangent space directly if the underlying esti-

mator is complex. If so, we could still use the factorization technique that first projects the
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influence function onto tangent subspaces and then sums the factorized influence func-

tions together.

For the ATE under the RCT setting, we start with the IPW estimator. Obviously, as shown

in Equation 1.II.6, the IPW estimator is a regular and asymptotically linear one. Due to the

symmetry in expressions for ψ0 and ψ1
38, to reduce the space in this thesis, we use the

estimation on the EIF for ψ0 as an example below:

ψ̂I PW
0 = E

[
1(Ai = 0)

π0(Xi )
Yi

]
= 1

n

n∑
i=1

[
1(Ai = 0)

π0(Xi )
Yi

]
.

Therefore, based on Equation 1.III.9, we could derive the influence function as:

φI PW
0 = 1(Ai = 0)

π0(Xi )
Yi −ψ0.

Then we project the influence function from the IPW estimator into the tangent subspace

of TY |A,X , TA|X , and TX in which sY |A,X , sA|X , and sX forms (and TY ,A,X = TY |A,X ⊕ TA|X ⊕TX ).

Again, we will not show the detailed projection derivations here; the step-by-step processes

are in Appendix A.3 for interested readers.

Project the Influence Function on TX First, we try to project the influence function of the

IPW estimator on the tangent space TX . The projection function is defined to find the score

function on the tangent space for which its mean squared error with the influence function

from the IPW is minimal39; therefore, the projection of the influence function for the IPW

estimator on the tangent space TX as its conditional expectation on the X axis:

φ†
0〈TX 〉 = E [Yi |Ai = 0, X ]−ψ0 =µ0(Xi )−ψ0

38The derivation is also applicable when the treatment is multinomial, or even continuous.
39We have a sketch Figure A.1 illustrating the projection process for the readers’ reference for understanding

the algebraic process here.
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Project the Influence Function on TA0|X Now we derive the projection of the influence

function to the tangent space TA|X . Indeed, the parameter ψ0 = E {µ0(X )} does not depend

on the treatment mechanism P (A | X ); hence the canonical gradient has no TA|X compo-

nent:

φ†
0〈TA|X 〉 = 0.

Project the Influence Function on TY |A,X . For the projection of φI PW
0 onto the tangent

space TY |A0,X , we have:

φ†
0〈TY |A0,X 〉 = E [φI PW

0 |Y , A0, X ]−E [φI PW
0 |A0, X ]

=
(
1(Ai = 0)

π0(Xi )
Yi −ψ0

)
−

(
1(Ai ) = 0

π0(Xi )
µ0(Xi )−ψ0

)
Sum up the three sub-EIFs on the three tangent subspaces and we can get the EIF forψ0

under the RCT settings:

φ†(ψ̂I PW
0 )

=φ†
0〈TX 〉+φ†

0〈TA0|X 〉+φ†
0〈TY |A0,X 〉

= (
µ0(Xi )−ψ0

)+0+
(
1(Ai = 0)

π0(Xi )
Yi −ψ0

)
−

(
1(Ai ) = 0

π0(Xi )
µ0(Xi )−ψ0

)
= 1(Ai = 0)

π0(Xi )
(Yi −µ0(Xi ))+µ0(Xi )−ψ0

Which is, unsurprisingly, exactly the EIF forψ0 we obtained from the saturated model. Sim-

ilarly, the EIF for ψ1 from the non-saturated model of the RCT will also be the same as the

EIF from the saturated model of the observational study.
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E. Efficient Estimators

E.1 One-step Estimator

With the EIF in hand, we can build the efficient estimator with the approach called one-

step estimator. The one-step estimator is actually what Equation 1.III.10 and the first-order

bias-correction definition for the influence function describe: we start with the consistent

estimator ψ(Pn) from the sample, then add the correction term based on the EIF to nudge

the consistent estimator towards efficiency (Fisher and Kennedy 2021):

ψ̂1-step ≈ ψ̂(Pn)+
n∑

i=1
φ(ψ̂;Pn ; Zi ) (1.III.21)

We call ψ̂(Pn) the naive plug-in estimator, and φ(ψ̂;Pn ; Zi ) is the EIF evaluated at each

observation in Pn . Under regularity conditions, this one-step updated estimator ψ̂1-step will

be consistent and asymptotically efficient, and thus it is the efficient estimator.

With the EIFs for ψ1 and ψ0, we can get the EIF for the ATE:

φ(ψ) =φ(ψ1)−φ(ψ0)

=
[
1(Ai = 1)

π1(Xi )
(Yi −µ1(Xi ))+µ1(Xi )−ψ1

]
−

[
1(Ai = 0)

π0(Xi )
(Yi −µ0(Xi ))+µ0(Xi )−ψ0

]
= 1(Ai = 1)

π(Xi )

(
Yi −µ1(Xi )

)− 1−1(Ai = 1)

1−π(Xi )

(
Yi −µ0(Xi )

)+ (
µ1(Xi )−µ0(Xi )

)−ψ
(1.III.22)

As we let π(Xi ) =π1(Xi ) = P (Ai = 1|Xi ) and ψ1 −ψ0 =ψ. With Equation 1.III.9 at the start of

this section, we could derive the efficient estimator for the average treatment effect:

ψ̂= 1

n

n∑
i=1

[
1(Ai = 1)

π̂(Xi )

(
Yi − µ̂1(Xi )

)−1−1(Ai = 1)

1− π̂(Xi )

(
Yi − µ̂0(Xi )

)+(
µ̂1(Xi )− µ̂0(Xi )

)]
(1.III.23)

Equation 1.III.23 is the core equation in the whole thesis. The estimator in Equation 1.III.23

has several different names in different literature. It is, as we elaborated, the efficient causal
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estimator, and it is also the doubly robust (DR) causal estimator since the estimator will be

consistent if either our specification of π(Xi ) or our specification of µa(Xi ) is correct (Cher-

nozhukov et al. 2018b). Further, it is also called the debiased machine learning (DML) esti-

mator as it eliminates the bias between the estimator and the true estimand with the double

robustness details below. Meanwhile, some literature also calls this estimator the Neyman-

orthogonal estimator of the ATE, as the EIF satisfies Neyman orthogonality, yielding this

result. Finally, it is also an augmented inverse probability weighting (AIPW) estimator

for the ATE: it starts with an outcome regression estimate (plug-in) and adds a correction

term involving inverse propensity weights and outcome residuals. That correction term is

precisely derived from the EIF for the treatment effect. We would like to call it EIF-based

doubly robust/debiased machine learning (DML) estimator, showing that we derive the

DML estimator from the EIF derivation.

E.2 Cross-fitting/ Sample-splitting for Nuisance Components

In practice, researchers use cross-fitting or sample-splitting techniques with one-step es-

timators 40to help ensure the one-step estimator converges no slower than 1/
p

n rate with

asymptotic normality so that the second-order and higher-order terms are negligible, espe-

cially when using complex ML models for nuisance components. With sample-splitting in-

volved, the method is also called double machine learning. In other words, sample splitting

helps maintain regularity and asymptotic linearity even when using flexible, high-dimensional

40Indeed, we use sample-splitting to ensure the convergence rate is no slower than 1/
p

n. A replacement
for the sample splitting technique is that we could assume that the empirical influence function falls into the
Donsker class. A class of functions Φ is a Donsker class if the empirical process indexed by Φ converges in
distribution to a Gaussian process: Gn(Φ) =p

n(Pn −eP )Φ, as Pn denotes the empirical measure and eP is the
true underlying probability measure. The Donsker class has the property Gn ⇝ G, converging to a Gaussian
Process. In some ways, we could rewrite the empirical process as

p
n(Pn − eP )(Φ̂−Φ), if we regard the con-

vergence of the empirical measure Pn and the convergence of the influence function Φ̂ together at the rate of
1/
p

n. Obviously, the Donsker class property ensures that the empirical process converges uniformly and at a
controlled rate. When the influence function of an estimator belongs to a Donsker class, this guarantees that
the empirical process does not exhibit erratic behavior and converges smoothly.
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models for the nuisance parts. The doubly robust estimators with sample-splitting are a

practical way to construct efficient estimators in complex settings, and they inherently rely

on the theory of influence functions. Once again, we put the theoretical proof of how sam-

ple splitting achieved negligible higher-order terms in Appendix A.4 for interested readers.

Now we turn to focus on why Equation 1.III.23 yields the doubly robust estimator for

the ATE. We know that if either the propensity score function or the conditional expectation

function is correctly specified, the estimator will be consistent. When the propensity score

function π(Xi ) is correctly specified, we have:

E

[
Ai

π(Xi )
(Yi −µ1(Xi )) | Xi

]
= 0

and

E

[
1− Ai

1−π(Xi )
(Yi −µ0(Xi )) | Xi

]
= 0.

Therefore, the first two terms of the influence function become mean-zero conditional

on X , leaving:

ψ̂DR = 1

n

n∑
i=1

[
µ1(Xi )−µ0(Xi )

]
.

So even if µ1(Xi ) and µ0(Xi ) are misspecified, the terms involving the propensity score cor-

rect the bias introduced by the misspecified outcome models, resulting in a consistent esti-

mator for the ATE.

Similarly, if the outcome regression models µ1(X ) and µ0(X ) are correctly specified, we

have:

E [Yi | Ai = 1, Xi ] =µ1(Xi ) and E [Yi | Ai = 0, Xi ] =µ0(Xi ).
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In this case, the terms Yi −µ1(Xi ) and Yi −µ0(Xi ) are mean-zero conditional on Ai and

Xi . Thus, the first two terms of the influence function average out to zero:

ψ̂DR = 1

n

n∑
i=1

[
Ai

π(Xi )
(Yi −µ1(Xi ))− 1− Ai

1−π(Xi )
(Yi −µ0(Xi ))+µ1(Xi )−µ0(Xi )

]
.

Here, even if π(Xi ) is misspecified, the correctly specified outcome regression models

ensure that the estimator is consistent for the ATE.

We also prove that with sample-splitting, the second and higher-order remainders are

negligible in Appendix A.4.

F. Summary

The foregoing narrative outlines the full workflow for deriving and validating an EIF-based

DML estimator for the ATE. In Chapter 2, we apply the same method to the ATE with sur-

vival data. In Chapter 4, we extend it to several estimands in causal mediation analysis that

are widely used in social science applications. To make the approach portable, we conclude

with a practical, step-by-step summary so that interested social scientists can derive EIF-

based DML estimators tailored to their own research questions.

The target of our workflow is to derive the most efficient estimator, with the require-

ments of unbiasedness and as low variance as possible. Under regularity conditions, the

efficient estimator reaches the relevant efficiency bound and is a regular and asymptoti-

cally linear estimator.

Regularity means that the estimator nudges smoothly as data grows, and under regular-

ity, we define score functions to describe directions of change in the distribution.
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With the restrictions of regularity, we look for asymptotic linearity so that we can cap-

ture the asymptotic variance with the expression of the influence function. We express the

estimator’s error as an average of influence functions, and the influence function tells us

the impact of each observation. We also demonstrated that the influence function can be

regarded as the derivative, the gradient, the first-order term, and the Neyman orthogonal

scores.

We focus most on the influence function because we would like the most efficient in-

fluence function (EIF), which minimizes the variance. The efficient influence function is

aligned with the score and resides in the allowed space of perturbations. We elaborated on

the process of deriving the EIF in both saturated and non-saturated models and gave the

EIF for the ATE.

With the EIF, we can construct an efficient estimator with one-step estimation and sam-

ple splitting to achieve the goals of robustness and efficiency. We demonstrated how the ef-

ficient estimator for the ATE is constructed, and we refer to it as the EIF-based double/debiased

machine learning (DML) estimator for the ATE, which is our initial target.

Practically, we have the algorithm deriving the EIF-based DR causal estimator:

1. Set up Input:

• Dataset {(Xi , Ai ,Yi )}n
i=1, where Xi represents covariates, Ai represents treatment

assignment (0 or 1), and Yi represents outcomes.

• Number of folds for cross-validation k.

2. Split Dataset for Cross-Validation
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• Randomly split the dataset into k approximately equal-sized folds. Each fold will

be used as an estimation sample while the remaining k −1 folds will be used for

training.

• Label these folds as {D1,D2, . . . ,Dk }.

3. Cross-Validation Loop

• Initialize lists to store the fold-specific estimates of ψ̂1 and ψ̂0.

• For each fold j (from 1 to k):

– Training Set: Combine all folds except D j to create the training set {(Xi , Ai ,Yi )}i∈Training.

– estimation samples: Use fold D j as the estimation samples {(Xi , Ai ,Yi )}i∈Estimation.

4. Estimate Propensity Scores in the Training Set

• Fit a propensity score model π̂(X ) using the training set.

• Calculate the estimated propensity scores π̂(Xi ) for all i in the estimation sam-

ples.

5. Estimate Outcome Regressions in the Training Set

• Fit outcome regression models µ̂0(X ) and µ̂1(X ) using the training set.

• Calculate the predicted outcomes µ̂0(Xi ) and µ̂1(Xi ) for all i in the estimation

samples.

6. Calculate the Doubly Robust Estimator in the estimation samples

• Initialize two variables to accumulate the contributions from the treated and

control groups in the estimation samples: ψ̂ j
1 and ψ̂ j

0.
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• For each observation i in the estimation samples:

– Compute the contribution for the treated group:

ψ̂1i = Ai

π̂(Xi )

(
Yi − µ̂1(Xi )

)+ µ̂1(Xi )

– Compute the contribution for the control group:

ψ̂0i = 1− Ai

1− π̂(Xi )

(
Yi − µ̂0(Xi )

)+ µ̂0(Xi )

– Accumulate the contributions:

ψ̂
j
1 ← ψ̂

j
1 + ψ̂1i

ψ̂
j
0 ← ψ̂

j
0 + ψ̂0i

• Calculate the averages for the estimation samples:

ψ̂
j
1 =

1

n j

∑
i∈estimation

ψ̂1i

ψ̂
j
0 =

1

n j

∑
i∈estimations

ψ̂0i

• Store the fold-specific estimates.

7. Aggregate Results Across Folds

• Calculate the overall estimates by averaging the fold-specific estimates:

ψ̂1 = 1

k

k∑
j=1

ψ̂
j
1

ψ̂0 = 1

k

k∑
j=1

ψ̂
j
0

8. Compute the Average Treatment Effect (ATE)
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• Estimate the ATE:

ψ̂= ψ̂1 − ψ̂0

9. Output

• The doubly robust estimator of the average treatment effect ψ̂.

G. Further Discussions: Comparisons with MLE and GMM

So far, we have given out the process and algorithms for deriving the EIF-based, doubly

robust machine learning estimator for causal inference. To make social scientists under-

stand more about the advantages and disadvantages of the estimand, we here compare the

method with two other very commonly used methods: the maximum likelihood estimation

(MLE) and the Generalized Methods of Moments (GMM), so that researchers could under-

stand the benefits and limitations of the doubly robust estimators.

Maximum likelihood estimation (MLE) is the most commonly used approach for esti-

mation in social science due to its merits in interpretability: it has a specified model for

the data and, based on maximizing the likelihood function, it yields the estimated param-

eters, which intuitively present the size of effects. However, it has the highest requirement

(assumption) among the three methods: the model it fits must be correctly specified. If

the model is correctly specified, the MLE model is consistent, asymptotically unbiased, and

asymptotically efficient among regular parametric estimators. As for validity, MLE’s validity

is only good as the model and robust (sandwich) standard errors can fix some variance mis-

specification, but not bias from a wrong mean structure.
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Generalized Method of Moments (GMM) is comparatively more flexible than the MLE

model: it does not require a fully specified probability distribution of the data (the full

model); instead, it focuses on the moment condition: the population expectations that

equal zero at the true parameter. If the moment conditions are correct and the parameters

are identified, GMM is consistent and asymptotically normal. However, GMM is usually

less statistically efficient than MLE if the MLE assumptions are correct because GMM uses

less information, but within the class of moment-based estimators, an optimally weighted

GMM is the most efficient. As for validity, GMM relies on the credibility of the moments and

often uses the sandwich covariance estimator. Due to the difference in efficiency, GMM es-

timates often have larger standard errors than MLE for the same problem. In practice, most

studies using the GMM estimator (especially in causal inference) have the instrumental

variable identification designs, as the moment condition can be regarded as instrumental

exogeneity conditions, and researchers could obtain a consistent treatment effect without

specifying the distribution of the outcome. If the instrument is valid, or if the endogeneity

or likelihood functions are complex, under a large sample size, the GMM works better than

the MLE. However, with weak instruments, finite-sample bias and size distortions can be

severe, and even asymptotically problematic, so diagnostics and stronger instruments are

essential.

The EIF-based double robust (DR) machine learning estimator, which we introduce in

this thesis, "hedges" the modeling risk from the MLE and the GMM estimators by combin-

ing the nuisance function through the influence function updates: if one nuisance func-

tion (the propensity model or the outcome model) is mis-specified but the other is well

specified, the target estimate remains consistent. However, the correct identification of the

DR methods in causal inference relies on the causal inference assumptions (consistency,
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positivity, and unconfoundedness), and DR methods cannot circumvent the assumptions.

Because the DR estimators are all EIF-based in this thesis, they are regular and asymptoti-

cally linear (RAL) estimators, and when both models are correctly specified, the DR estima-

tors are efficient for the target parameter. As for validity, compared to the MLE estimator,

which purely relies on the probability distribution, the DR estimator protects against mis-

specifying the form of one of the models. Hence, its tolerance to the risk of model misspec-

ification is relatively higher than that of the MLE and GMM models, as consistency can still

be achieved if one model performs well. So if one (propensity/outcome) model is wrong,

DR estimation will still give the unbiased estimates, and if both are correct, DR estimation

will give near-MLE level efficiency for the causal parameters– and its ability to balance ro-

bustness and efficiency is the crucial merit adopted by many researchers.

IV. Conclusion

In this chapter, we introduce the basic ideas and mathematical tools to perform the causal

inference in an efficient/doubly robust way from the observational/ survey data in social

science. Intrinsically, to correctly identify the causal estimand from the observational data

(via the statistical estimand), for all the methods, no matter whether it is a parametric (re-

gression) model, a nonparametric (machine learning) model, or a semi-parametric (bias

reduction) model, the key is the same: to correctly specify/identify the two models: the

propensity score model which allocates cases into the treatment and control group and the

outcome result model which specifies the factual or counterfactual outcomes.

The doubly robust estimator provides a toolbox that, compared to the previous mod-

els which does not have the correct specification of both the propensity score model and
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the outcome result model, we only need to correctly specify one of them. This makes so-

cial science research, especially under theoretical-driven studies, much more convenient in

yielding an unbiased and efficient estimator for the treatment effect. In empirical studies,

researchers are always afraid of omitted variable bias when specifying the outcome model,

but if the researchers’ theories and hypothesis could make the propensities allocating to

the treatment and control groups deterministic, then the results are robust (this is pretty

like the idea behind the local average treatment effect estimation).

In the chapters below, we will again use asymptotic analysis methods (with the score and

influence function) to yield efficient estimators under different data structures and model

settings. In this chapter, we just give readers from social science backgrounds a preliminary

introduction (with necessary mathematical transforms) to this area. The method for semi-

parametric doubly robust target double machine learning (Kennedy 2022a) is definitely one

of the fastest developing areas in statistics, econometrics, data science, and relevant disci-

pline’s methodological discussions. Like other disciplines, social scientists and demogra-

phers need the toolbox to have better causal estimations of their research interests.
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Figure 1.1: Illustrations on propensity score matching
Note: The upper panel shows the ideal scenario for propensity score matching, where for each
individual in the treatment group, we could find a corresponding individual in the control group
with the same propensity value and achieve one-on-one matching. However, as the lower two
panels show, with observational data to train and predict the propensity function, the distributions
of the treatment and control individuals are unequal along the propensity score, making the
one-on-one ideal matching infeasible. But if for the treatment group and for the control group, the
outcome is irrelevant to the propensity scores (the middle panel), using any method to get π̂a yields
the same unbiased estimation for πa . Otherwise, as the lowest panel indicates, the choice of π̂a

yields bias.
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Figure 1.2: Illustration on Distributional Taylor Expansion
Note: This is a simplified illustration of the Distributional Taylor expansion. Indeed, Pϵ and P are
two measures, but we simplify them as two values. If so, the direction of the score function should
be horizontal, and the direction of the gradient of the score function on the estimator should be the
tangent line of ψ at ψ(P ), which has the same direction as the influence function. Thus, the angle of
the score and the influence function points in the same direction as the gradient.
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Chapter 2

Estimating Heterogeneous Treatment
Effects for Survival Data with Twice
Doubly Robust Estimator

I. Causal Inference for Survival Data

In Chapter 1, we discussed the general concepts of causal inference and the efficient (dou-

bly robust) estimator for the average treatment effect (ATE). In this chapter, we turn to a very

specific extension of the framework to analyze the application of the efficient/debiased/doubly

robust causal estimator in survival analysis.

Causal inference for survival outcomes is ubiquitous in public health and medical re-

search, as researchers are interested in how the trial changes patients’ potential longevity or

disease progression. It is also applicable in social science areas like demography and public

policy when studies are interested in how a social variable may change the length of time

spent in the initial state before transitioning to another state (for instance, from unemploy-

ment to employment).

In medical studies, researchers may have fully observed data with randomized con-

trolled trials (RCT). For example, they test the effectiveness of a drug on the survival of
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mice. Under such a scenario, researchers implement the treatment for one of the two ran-

domized groups (making the other group without implementation the control), set the time

of the implementation as t = T0, and record the time interval between the start of T0 and

the demise time for both the treatment and control groups. Then, researchers could com-

pare the expectation of the survival time between the treatment and control groups, using

statistical methods to make inferences from the sample parameters to the population and

derive the causal estimand for the drug.

Sometimes, the data structure that the researchers encounter is more complex. On the

one hand, researchers often use observational data for causal inference, which does not

specify the assignment of treatment and control with randomization. We have discussed

the techniques of causal inference with observational data in Chapter 11. Specifically for

the observational survival data, researchers can encounter the missing data scenarios re-

spectively called truncation and censoring. Truncation is a sampling/inclusion restriction:

some units never enter the dataset because their event time may not be included in our ob-

servational window. Specifically, we have left-truncation, in which some of the subjects are

not observed because their events occurred before our observational window started. Cen-

soring refers to partial observation: we can observe the subject, but the exact event time is

not in our observational window. Specifically, we have the case for right-censoring, in which

some of the subjects are in our observation window but their exact event time is after our

observation ends. We will give a detailed definition of truncation and censoring in Section

II. In short, in the above example exploring the drug’s treatment effect on the mice, for ob-

servational data, we may observe that for some mice the treatment had been implemented

1Also, as we have discussed in the introductory chapter, the efficient estimators for the average treatment
effect given by the difference between the treatment and control expectations are the same for the RCT and
the observational data.
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before we started our observation window and they enter the dataset if they survived up to

our entry time (left truncation), and for some mice, they remain alive at the end of follow-up

and thus their exact demise times are unknown (right censoring).

Therefore, like the missing counterfactuals in causal inferences, for the survival data

containing truncation and censoring, we need an unbiased estimator to estimate the sur-

vival time (van der Laan and Robins 2003). This is the twice doubly robust estimator for the

causal inference on the truncated and censored survival data we introduced in this chap-

ter: we apply a first doubly robust estimation on the causal effect estimation and a second

doubly robust estimation on the survival curve estimation.

The organization of this chapter is as follows. Section II reviews the assumptions we

mentioned in the introduction chapter for causal inference and the efficient causal infer-

ence estimator. Section III reviews the notations, basic concepts, and basic assumptions

for survival data analysis and machine learning methods. We will elaborate on the deriva-

tion of the mean survival time and the loss function based on different parametric and non-

parametric survival models. Section IV derives the efficient/doubly-robust estimator for the

survival analysis. Section V summarises the algorithm to apply the twice doubly robust es-

timator to infer the average treatment effects and heterogeneous treatment effects with the

survival outcomes. In Section VI, we run simulations comparing our doubly robust estima-

tion model with other model settings.

II. Assumptions and Doubly Robust Estimator for Causal Inference

This part serves as a very simplified review of Chapter 1. From that chapter, we have known

that the causal inference with observational data indeed uses the observational estimator
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for a specific treatment status E [Yi |Ai = a, Xi ] as the unbiased estimator for the statisti-

cal estimand E [Y |A = a, X ] and makes inference on the causal estimand of the treatment

status E [Y (a)] (notations here: the observational dataset: Zi = (Xi , Ai ,Yi ), and the statisti-

cal measurable set: Z = (Y , A, X ); Y denotes the dependent variable/ predictor/ outcome,

X denotes the covariates/independent variable/features, and A denotes the treatment as-

signment status), solving the fundamental problem in causal inference that we could not

observe Y (1) and Y (0) (as the treatment is dichotomous) simultaneously. To make the sta-

tistical estimand inferable on the causal estimand, we have the assumptions for causal in-

ference, which we elaborated as Assumption 1.II.4 in our last chapter:

Assumption 2.II.1 (Causal Inference Assumptions) Suppose a statistical DGP Z = (X , A,Y ),

in which X denotes the covariates, A denotes the treatment, and Y denotes the outcome. To

make the statistical estimand ψ(P) = E [EX [Y |A = 1, X ]]−E [EX [Y |A = 0, X ]] equivalent to

the causal estimand ψ∗(P∗) = E [Y (1)]−E [Y (0)] from the causal DGP Z∗ = (X , A,Y (1),Y (0))

(where Y (1), Y (0) denote the potential outcomes under treatment and control, respectively),

we need the following hypotheses:

1. Positivity: the probability to be assigned to treatment and control group conditioned

on the covariates, is a positive number between 0 and 1:

P (A = 1|X ) ∈ (0,1) P (A = 0|X ) ∈ (0,1)

2. Consistency: the potential outcome under the treatment received is the same as the ob-

served outcome:

Y = Y (A)
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3. Unconfoundedness: conditional on a set of observed covariates X , the potential out-

comes Y (1) and Y (0) are independent of the treatment assignment A:

{Y (1),Y (0)} ⊥⊥ A|X

Meanwhile, we use the estimator from the observational data to yield an unbiased estima-

tion on the statistical estimand. Under regularity and asymptotic linearity conditions, an

efficient estimator attains the relevant efficiency bound within the class of regular asymp-

totically linear estimators. The EIF-based estimator for the average treatment effect (ATE)

is also doubly robust, debiased, and Neyman-orthogonal:

ψ̂DR = 1

n

n∑
i=1

[
Ai

π(Xi )
(Yi −µ1(Xi ))− 1− Ai

1−π(Xi )
(Yi −µ0(Xi ))+µ1(Xi )−µ0(Xi )

]
. (2.II.1)

The nuisance functions are π(Xi ) = P (A = 1|X ) and µa(Xi ) = E [Yi |Xi , Ai = a]. Equation

2.II.1 estimates the causal estimand for the ATE (E [Y (1)−Y (0)]) via the statistical estimand

(E [Y |A = 1, X ]−E [Y |A = 0, X ]). Suppose the outcome variable Yi in the observational data

indicates the survival (time-to-event) of the individual; this is the data structure we are dis-

cussing in this chapter.

III. Notations and Basic Concepts of Survival Data Analysis

A. Discrete and Continuous Survival Outcomes

Survival analysis deals with the time-to-event outcome: the death of an animal/ species,

the survival time of an unstable atom, and the failure time of a system/ a machine are all

time-to-event outcomes. Observing the process of the survival event and making statistical

inferences about the population is the key to survival analysis. Hence, there are two ways to

observe the survival outcome: for the first method, and usually for the short-life objectives,

we could calculate the accurate failure time, in which case we treat the survival outcome
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as the continuous survival outcome; or we could observe whether the event has occurred

within specific intervals like hours, days, weeks, and years. We have a dichotomous indica-

tor on whether the object failed, and another indicator showing the number of the interval.

We call this the discrete survival outcome (Allison 1982; Willett and Singer 1995; Jenkins

1995; Singer and Willett 1993).

For discrete survival outcomes, the outcome Y in the statistical estimand can be inferred

as the probability of survival grouped by the specific time interval using the frequencies of

survived cases in the dataset. Hence, for causal inference, we can identify the causal esti-

mand as E [Yt (1)−Yt (0)] (where t ∈ [0,+∞) and t ∈ Z+; thus t stands for the specific time

interval), which is the difference in the probability of survival for the treatment and control

groups (can also be denoted as Pt (1)−Pt (0), where P is the probability of failure or survival).

Therefore, for every time interval, we may have a doubly robust/efficient estimator on the

ATE, and the ATE will change with the change in the time interval. Social scientists applied

this data structure to conduct policy analysis (Andersen et al. 1993; Box-Steffensmeier and

Jones 2004). For instance, in Wolfers (2006), he initially used a fixed-effect discrete-year set-

ting to study the change of divorce laws on the change in divorce rates. Indeed, the paper

measured the probability difference of not being divorced at each time interval between the

policy-affected and not-affected groups.

Sometimes, in social science, even when the survey is conducted at fixed intervals, and

we observe discrete survival outcomes, we treat the survival outcomes as continuous and

use continuous survival models (Allison 2014; Singer and Willett 2003; Box-Steffensmeier

and Jones 2004; Kalbfleisch and Prentice 2002). This usually requires further assumptions

on the data distribution. In the following chapter, we mainly discuss the estimator for the
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continuous survival outcomes. The survival outcome, under the continuous scenario, can

be written as a function of t . Suppose T stands for the time the event of research interest

occurs, and we can define the survival function S(t ) on the domain t ∈ [0,T ] and t ∈R simply

as the survival probability (rate) at time t :

Definition 2.III.1 (Survival Function)

S(t ) = P (T ≥ t )

For the conditional survival function, we have:

S(t |X ) = P (T ≥ t | X )

Since the cumulative distribution function (CDF) for the random variable T is defined as:

F (t | X ) = P (T ≤ t | X ), we could rewrite the conditional survival function S(t |X ) as:

S(t |X ) = 1−F (t |X ) = 1−
∫

f (t |X )d t 2.

The term f (t ) refers to the probability density function of t , which has a relationship with

the survival function, deriving from the equation above:

f (t ) =−dS(t )

d t
. (2.III.2)

Estimating the survival function to yield the ATE that satisfies the theoretical require-

ments of the data-generating process is the key to the causal inference with survival out-

comes (Klein and Moeschberger 2003). Obviously, like the discrete survival outcomes, we

2As the mathematical transformation of the survival functions is irrelevant with the covariates X , thus,
if we are not estimating specific parameters with the covariates, we only discuss the unconditional survival
function S(t ), the CDF F (t ), the PDF f (t ), the mean survival time E [T ], and the hazard function h(t ). When
we are estimating parameters from the covariates, for instance, when we need the covariates X to estimate the
rate parameter λ in the exponential distribution, we will give the conditional expression, for example, the PDF
f (t | X ).
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could still set a specific time point t = T and compare the survival probability for the treat-

ment group S1(T ) and the control group S0(T ) for the ATE 3. For instance, Wu and Wen

(2022) also examined the change of divorce laws on the longevity of marriage. They con-

struct the continuous survival function based on the Cox-Proportional Hazard Assumption

(see below), set the observational year as the end of year seven, and applied the difference-

in-difference (DID) framework to measure the causal effect 4.

Our goal for survival analysis with observational data is to have the survival function es-

timated from the observational data Ŝ(t | A = a, X ) to be the estimator for the true survival

function with specific treatment status S A=a(t ). For the independent and identically dis-

tributed (IID) samples, the group-level survival function (for either the treatment or the

control group) is the product of all the single survival curves for the individuals in that

group, namely,

Ŝ(t |A = a, X ) = ∏
i :Ai=a

Ŝi (t |Xi )

In statistics (and machine learning), we use the loss function to quantify the discrepancy

between the observational data and the predictions on the survival function, which takes

the form of the negative log-likelihood of the survival function:

L :=−∑
i=1

logL(θ) =−∑
i=1

log( f (t ;θ)).

In which θ refers to the parameters we estimate. Below, we will introduce several com-

mon parametric and nonparametric methods for estimating the survival function using ob-

3For the efficient estimators for the ATE in Equation 2.II.1, indeed, we are using the estimated Ŝ0(T |Xi ) and
Ŝ1(T |Xi ) to simply be µ̂0(Xi ) and µ̂1(Xi ) for the estimations. We here put the indicator for treatment status
A = a in superscript to differentiate S0(T ) as the survival function for the control group at time T and S0(T )
which is the baseline survival function S0(T ) = exp(−H0(T )).

4As mentioned in the Chapter 1, the DID framework solves the violation of the positivity assumption: in
the states where the divorce laws were enforced, there were no counterfactual cases in the control group, and
the cases in the neighborhood states have to be included in the research as the control.
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servational data.

B. Estimating the Complete-Case Loss and Mean Survival Time

Besides comparing the difference in survival rates, we could also construct the mean sur-

vival time separately for the treatment and control groups 5. Usually, for parametric and

nonparametric models, without any transformation, they are defined on the domain of

(−∞,+∞) (for instance, if the outcome is defined on [0,1], we will use sigmoid (logistic)

or probit models to transform the original predicted value from the covariates). The time-

to-event data (survival time T ) are defined on the domain of [0,+∞). Therefore, we need

appropriate model specifications for the non-negative nature of the survival time and de-

rive the mean (expected) survival time. According to the definition of the expectation, we

could derive the relationship between the mean survival time and the survival function as:

E [T ] =
∫ ∞

0
t f (t )d t =

∫ ∞

0
t

(
−dS(t )

d t

)
d t =

∫ ∞

0
S(t )d t . (2.III.3)

Thus 6, Ê [T |X ] = ∫ ∞
0 Ŝ(t | X )d t .

B.1 Parametric Models and the Hazard Function

If we apply a parametric model to model the survival data, a prerequisite assumption is that

the survival data follow specific types of distribution:

5In many studies, researchers traditionally estimate the median survival time (Mao et al. 2018), or the half-
life during the survival process to represent the survival function. According to the definition, the half-life time
is Tm : S(Tm) = 1/2, which is more intuitive and more revealing of the central tendency than the expectation (as
the survival time data are usually right-skewed: some cases have longer survival time). However, when we use
the median survival time to capture the treatment effect, we could still have the individual treatment effect
(ITE) for individuals, but on the group level (the divergence between the treatment group and the control
group), we are capturing the survival median treatment effect (see Hu et al. 2021). This is still feasible as long
as we can yield the doubly robust/efficient estimator for the median treatment effect (for instance, we could
use the heuristic method mentioned in the introduction chapter to accomplish this). However, this is beyond
our discussion here as we focus on the treatment effect based on the expectation.

6Because
∫ ∞

0 t
(
−dS(t )

d t

)
d t = ∫ ∞

0 −tdS(t ) =−[tS(t ) |∞0 −∫ ∞
0 S(t )d t ] = ∫ ∞

0 S(t )d t .
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Assumption 2.III.1 (Parametric Modeling Assumption) If we choose to model survival data

with the parametric models, we assume that the survival data follow a particular (known)

distribution.

We introduce three common parametric models for survival data: log-normal (Meeker

1998), exponential (Klein and Moeschberger 2003), and Weibull (Lawless 2003). The log-

normal distribution is somewhat like the probit modeling for the data on [0,1]: which orig-

inally spreads over the entire real number line to map it onto a different range. Specifically,

for the log-normal distribution, the transformation shifts the range to [0,+∞). Therefore,

the log-normal distribution suggests

log(T | X ) ∼N (µ(X ),σ2(X )).

This model setting is similar to the logistic transformation when the outcome is distributed

in [0,1]. If logT | X is normally distributed, the mean survival time is

E[T | X ] = exp

(
E[logT | X ]+ 1

2
σ2(X )

)
= exp

(
µ(X )+ σ2(X )

2

)
.

If we assume that the time-to-event data is distributed log-normally, we thus have the

survival function as:

S(t |X ) = P (T > t |X ) = 1−Φ
(

log(t )−µ(X )

σ(X )

)
in whichΦ refers to the CDF for the standard normal distribution. Thus, the PDF is:

f (t ;µ,σ) = 1

tσ
p

2π
e− (log(t )−µ)2

2σ2

The loss function, therefore, is the negative log-likelihood:

L=−L(µ,σ) = n log(σ)+ 1

2σ2

n∑
i=1

(log(ti )−µ)2 + n

2
log(2π)
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Also, in some literature, T | X can be approximated as the exponential distribution with

scale parameter λ: T | X ∼ Exponential(λ(X )), where λ(X ) is usually the exponential of the

linear combination of the covariates µ(X ) (Klein and Moeschberger 2003). The exponential

distribution clearly is defined on the domain of [0,+∞) and could also address the skewed

cases with adjustments on the scale parameter λ. According to the definition of the expo-

nential distribution, the survival function is expressed as S(t |X ) = exp(−λ(X )t ) 7, and the

mean for exponential distribution is the inverse of λ(X ):

E [T |X ] = 1

λ(X )
= 1

exp(µ(X ))
8

The third parametric model for the survival time usually takes the survival time T as a

Weibull distribution. The Weibull distribution is an extension of the exponential distribu-

tion. In the Weibull distribution, we have the scale parameter λ and the shape parameter

κ, which controls the change of probability of event occurrence over time. The survival

function for the Weibull distribution is: S(t |X ) = exp

(
−

(
t

λ(X )

)κ(X )
)
. Thus, an exponential

distribution is a special Weibull whose κ = 1 and λ is the inverse of the scale parameter in

the Weibull. To make it more clear why including parameter κ is crucial, we first introduce

the concept of the hazard function.

7The probability density function for the exponential distribution is

f (t ) =λexp(−λt ); t ≥ 0

Therefore, f (t |X ) = λ(X )exp(−λ(X )t ). With the relationship between the PDF and the survival function, we
have f (t |X ) =−dS(t |X )

d t , thus,

S(t |X ) =
∫ ∞

0
f (t |X )d t =

∫ ∞

0
λ(X )exp(−λ(X )t )d t = exp(−λ(X )t ).

8Because S(t |X ) = exp(−µ(X )t ),

E [T |X ] =
∫ ∞

0
S(t |X )d t =

∫ ∞

0
exp(−λ(X )t )d t =

[
− 1

λ(X )
exp(−λ(X )t )

]∞
0

= 1

λ(X )
.
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As the name indicates, the hazard function indicates the instantaneous possibility (rate)

at which the event occurs at time t (of course, with the condition that the case has survived

until time t ). Therefore, the hazard function is defined as a derivative (Box-Steffensmeier

and Jones 2004):

Definition 2.III.2 (Hazard Function) The hazard function is defined as the limit of the prob-

ability that an event occurs in a small time interval, divided by the length of that interval,

given that the event has not occurred before time t :

h(t ) = lim
∆t→0

P (t ≤ T < t +∆t | T ≥ t )

∆t

Based on the definition of the hazard function, we can also derive the relationship between

it and the survival function. According to the rule of conditional probability, the numerator

of h(t ) can be transformed as: P (t ≤ T < t +∆t | T ≥ t ) = P (t≤T<t+∆t )
P (T≥t ) = f (t )∆t

S(t ) . Therefore,

h(t ) = lim
∆t→0

f (t )∆t
S(t )

∆t
= f (t )

S(t )
. (2.III.4)

We can regard that the survival probability is the opposite cumulative hazard, or regard

the hazard as the derivative of the demise (opposite of survival), as the hazard function

describes the instantaneous case of demise at the specific time. This can be also shown

from the mathematical transformation, combining Equations 2.III.2 and 2.III.4,

h(t ) = f (t )

S(t )
= −dS(t )

d t

S(t )
=−dS(t )

S(t )

1

d t
=−d logS(t )

d t
; (2.III.5)

S(t ) = exp

(
−

∫ t

0
h(u)du

)
= exp(−H(t )) . (2.III.6)

With the relationship between the survival and the hazard function, we now can illus-

trate that for the Weibull distribution, if κ = 1, we indeed assume a constant hazard: the
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hazard function does not change over time for the exponential distribution since h(t |X ) =
−d logS(t )

d t =−d��log��exp(− t
λ(X ) )

d t = 1
λ(X ) (constant over time). Correspondingly, κ> 1 indicates that

the hazard increases over time, and hence, the event is more likely to occur as time pro-

gresses, while κ< 1 suggests that the hazard decreases over time. The mean survival time is

9:

E [T |X ] =λ(X )Γ

(
1+ 1

κ(X )

)
.

in which Γ(·) denotes the Gamma function. Usually, we use two sets of functions to fit λ(X )

and κ(X ) separately. For example, we use the exponential transformation of the two sets of

linear combinations of X : λ(X ) = 1/exp(Xβ) and κ(X ) = exp(Xγ), or nonparametric ma-

chine learning models to obtain the results.

For the Weibull-class distribution (including exponential), the loss for the survival func-

tion is:

L=−∑
i=1

log( f (ti ;λ,κ))

and as the survival function for the Weibull distribution is S(t |X ) = P (T > t |X ) = e
−

(
t

λ(X )

)κ(X )

,

we have its PDF as:

f (t |X ) = κ(X )

λ(X )

(
t

λ(X )

)κ(X )−1

e
−

(
t

λ(X )

)κ(X )

Thus, the empirical loss is given as follows:

L=−L(λ,κ) = n log(λ)+n log(κ)+ (κ−1)
n∑

i=1
log(ti )+

n∑
i=1

(
ti

λ

)κ
.

9Since E [T | X ] = ∫ ∞
0 S(t | X )d t = ∫ ∞

0 exp(−( t
λ(X ) )κ(X ))d t . Let u = ( t

λ(X ) )κ(X ), thus, t = λ(X )u1/κ(X )

and d t = λ(X )
κ(X ) u(1/κ(X ))−1du. Substituting the terms in the integral term, we have E [T | X ] = ∫ ∞

0 exp(−u) ·
λ(X )
κ(X ) u(1/κ(X ))−1du. The Gamma function Γ(·) is defined as: Γ(x) = ∫ ∞

0 ux−1e−udu. Therefore, we have:

E [T | X ] = λ(X )

κ(X )
Γ

(
1

κ(X )
+1

)
=λ(X )Γ

(
1+ 1

κ(X )

)
.
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B.2 Nonparametric and Semiparametric Model Specifications

Usually, researchers cannot approximate the distribution of the survival data into any known

distribution, or the parametric methods are not applicable. A very common non-parametric

modeling for the survival data is called the Kaplan-Meier method, which is quite similar

to the discrete method but yields the survival function. Even though many studies on sur-

vival data do not apply the Kaplan-Meier method, researchers often draw the Kaplan-Meier

curve to show the trend of the survival probability over time Kaplan and Meier (1958). The

idea for the Kaplan-Meier method is quite simple: it just counts, stepwise, the number of

cases at risk (meaning that they have survived up to the observation time)n j and the num-

ber of cases the event occurs d j at time t j . So, the survival function from the Kaplan-Meier

method is:

S(t ) = ∏
t j≤t

(
1− d j

n j

)
With the condition that the survival at each time point t j is independent. Since we observe

the conditions of survival at every t j , the mean survival time can be approximated by the

sum of the survival probability at t j times the interval length from the last observation point

t j−1 to t j :

E [T ] =
Tmax∑

T0

S(t j )(t j − t j−1)

Geometrically, the mean survival time is represented by the area under the survival curve.

This applies equally to both parametric models and the Kaplan-Meier model (Efron 1988).

However, the Kaplan-Meier method does not involve a loss function, unlike the parametric

models or the semiparametric Cox Proportional Hazard model to be mentioned below, but

there are several loss function analogies with the Kaplan-Meier method to compare the pre-

dicted outcome and the true statistical estimand. For instance, we can use the concordance

index or the log-rank tests for nonparametric models to analyze the divergence between the
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Kaplan-Meier estimates and the true statistical estimand.

We may also assume some flexible model that does not specify the distribution of the

survival data but has some restrictions that could incorporate the covariates, and even bet-

ter, it can estimate the effect of a specific covariate on the survival data. This is the most-

used model in survival analysis: the Cox Proportional-Hazard (Cox-PH) method(Cox 1972:

1997), which is, a semiparametric model as it specifies parameters partially in the model. As

the name suggests, although it does not assume any distributions for the survival and haz-

ard functions, it restricts the hazard function to be proportional over time across covariates:

Assumption 2.III.2 (Proportional Hazard Assumption for Cox-PH Model) Cox Proportional

Hazard models assume the effect of a covariate on the hazard function is multiplicative and

does not change with time. Mathematically, the baseline hazard form, h0(t ) and the condi-

tional hazard h(t | X ), both at t , have the following relationship:

h(t | X ) = h0(t )exp(Xβ)

and the term exp(Xβ), the risk score, is constant over time.

For instance, suppose we want to analyze how gender affects survival time. We could

derive the hazard ratio between men and women. The assumption here is that the hazard

ratio between men and women is constant at any time or interval. For instance, if we sup-

pose men have higher risks than women with the hazard ratio of 2 : 1, then at any given

time, the hazard ratio between men and women is 2 : 1.

A very convenient way to capture the causal effect of survival data in the previous so-

ciological and demographic studies is to yield the hazard ratio between the treatment and
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the control group. The estimator is the marginal hazard ratio (MHR). However, most of the

time, MHR is a biased estimator for causal estimations as it violates the assumption of un-

confoundedness (the treatment variable without restricting exogeneity is not independent

of the observed outcomes).

A method to circumvent this is similar to the Inverse Probability Weighting (IPW) or

two-step regression: we first predict the propensity for the treatment given the exogenous

covariates and use the predicted propensity for the treatment from the first step in the Cox-

PH model to yield the coefficient β. If the unconfoundedness assumption holds, this will

yield an unbiased causal estimand, as the IPW estimator itself is unbiased. However, this

method has two shortcomings: first, as we noted in the introduction chapter, the IPW esti-

mator is not an efficient/doubly robust estimator. Thus, the standard error of the estimator

will be larger than the most efficient one. More importantly, the causal effect derived from

this method is quite hard to interpret. The coefficient suggests the ratio between the hazard

functions, which is a relative risk. If we want to show the direction of the treatment (in-

creases or decreases the risks), we could use the estimation of the hazard ratio; however, if

we need to interpret quantitatively how much difference the treatment changes for survival,

the hazard ratio is not enough.

However, the Cox-PH model could be the foundation for us to calculate the survival

function S A=a(t |X ) and mean survival time E A=a[T |X ]. Cox-PH method provides a toolbox

to capture the hazard function h(t | X , and using Equation 2.III.6, we could get the hazard

function for S(t | X ), and with Equation 2.III.3 we can get the estimated mean survival time.

Compared to the estimation of the hazard ratio, if the survival function is required, we need

to figure out the baseline hazard h0(t ). Here, we use the Breslow method (Breslow 1975)
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for the estimation on ĥ0(t ) with the observational data. In short, the Breslow estimator

suggests that the estimated cumulative baseline hazard Ĥ0(t ) is the sum of the inverse of

the risk scores for cases at risk at the particular time t j . Mathematically, it is expressed as :

Ĥ0(t ) = ∑
t j≤t

1∑
i∈R j

Ri

In which Ri denotes the risk score for individual i . As previously mentioned, if with linear

estimation, the risk score is the exponentiated linear predictor exp(Xi β̂). Therefore, the

baseline hazard function at t j is estimated as:

ĥ0(t j ) = Ĥ0(t j )− Ĥ0(t j−1)

Thus, the estimated survival function is:

Ŝ(t | Xi ) = Ŝ0(t )exp(Xi β̂) = exp
(−Ĥ0(t )

)exp(Xi β̂)
.

For Cox-PH models, we usually derive the loss for the hazard function. Since h(t | X ) =
h0(t )exp(Xβ), we may derive the partial likelihood function (ignoring the baseline hazard)

to yield the estimation on β̂:

β̂= argmax
β

L(β) = argmax
β

[∏
t

exp(Xiβ)∑
j∈R(ti ) exp(X jβ)

]
Here R(ti ) is the risk set at ti (individuals who are still at risk of experiencing the event before

ti
10. Thus, the log-likelihood is:

L(β) =
n∑

i=1
log

(
exp(Xiβ)∑

j∈R(ti ) exp(X jβ)

)
=

n∑
i=1

[
βT Xi − log

( ∑
j∈R(ti )

exp(βT X j )

)]
As the loss function is the negative log-likelihood, it is:

L=− logL(β) =−
n∑

i=1

[
βT Xi − log

( ∑
j∈R(ti )

exp(βT X j )

)]
10Cox(1997) gives the calculation for partial survival function and its corresponding Hessian matrix for read-

ers who are interested as a reference.

86



An advantage of the Kaplan-Meier and Cox-PH methods is they are convenient to use

with censoring data (see below). For these two models, they calculate the survival func-

tion stepwise at each time point, and therefore, for any given time t j , we can capture the

restricted mean survival time, which accumulates the survival from the start point:

RMST(t j ) =
∫ t j

0
S(t )d t .

C. Machine Learning Framework for Survival Outcomes

As we derive the loss functions for the survival outcome from both the parametric models

(log-normal and Weibull) and the semiparametric Cox-PH model, we can implement the

loss in a machine learning algorithm to better reduce the divergence between the predicted

survival outcome and the true value. In the twice doubly robust estimator for the time-to-

event data, we use the architecture of the neural network to minimize the loss. For readers

who are unfamiliar with the neural network, we briefly introduce its architecture here.

In general, the neural network architecture transforms the input data through a series

of interconnected layers consisting of multiple neurons applying specific transformations

(linear combinations). A basic neural network has three layers: the input layer, which puts

the covariates predicting the survival outcome (the features) into the model11; the hidden

layer, which executes specific transformations for the input; and the output layer, which

outputs the predicted value and compares it with the observational data.

11In some literature, the input features are not counted as a layer as they will directly be involved in the
mathematical calculations of the hidden layers. Therefore, the first K −1 layers are all hidden layers.

87



Suppose our neural network has K ≥ 3 layers. We start with the input layer. In this layer,

every covariate is regarded as a node and takes the form of a vector. The input nodes are

transferred into the K − 2 hidden layers, and mathematical transformations are executed

here. There are two forms of transformations in each layer. The first is a linear transforma-

tion. We set Γk as the weight/slope parameter of the layer k and ρk as the bias/intercept

parameter. The linear transformation is thus XΓk +ρk . The second transformation is the

activation transformation. In order to learn more complex patterns, non-linear functions

are applied. For instance, we may use the rectified linear unit (ReLU) function to achieve

non-linearity: fηk:2≤k≤K−1 = max(XΓk +ρk ,0) (ηk = (ΓT
k ,ρk )T on the k−th layer). Therefore,

after the ReLU transformation, the results are in the range of [0,+∞). In sum, the hidden

layer transformation is indeed F̂ (Xi ) = ∏K
k=1 fηk (η = (ηT

1 , . . . ,ηT
K )T ). Finally, we feed our re-

sult from the hidden layer F̂ (Xi ) into the output layer and with some transformation to

compare it with the target outcome to capture the empirical loss. The target outcome could

be the hazard or survival rate without functional form, the mean survival time, or the pa-

rameters set in our parametric or semiparametric models. In other words, we could directly

use neural networks to predict the survival time T̂ and compare it with observed survival

time Ti , or we could predict the parameters of the Cox-PH model with the neural network

β̂, optimize it and use the Cox-PH transformation discussed in the last subsection to gen-

erate the mean survival time. In this part, researchers need to pay attention to the domain

of the data. For instance, for the parameters in the Cox-PH model β, as it can be valued in

the whole real number set, we directly use linear activation in the output layer, and it could

produce any real number. Likewise, if our outcome is the survival rate in the range of [0,1],

we may use a sigmoid transformation in the output layer. If the outcome is the hazard func-

tion and the survival time is defined on [0,+∞), we can use the exponential transformation

so that our predicted outcome is in that range.
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The process described above (from the input through the hidden layer to the output

layer) is called forward propagation. After calculating the empirical loss between the pre-

dicted outcomes from the output layer and the target outcome, we further perform the

backward propagation to update every parameter in the model ηk in order to get the min-

imized loss (Rumelhart et al. 1986). To achieve this, we compute the gradient of the loss

function with respect to each parameter using the chain rule:

Γk ← Γk − ι
∂L

∂Γk
; ρk ← ρk − ι

∂L

∂ρk
;

We set parameter ι as the learning rate. With multiple training iterations, the neural net-

work could minimize the loss and adjust the parameters to predict the outcome better. Op-

timization algorithms like stochastic gradient descent (SGD) or Adam are deployed in this

process.

As mentioned above, we could set the outcome in the loss function directly for the sur-

vival time, or the parameters in our parametric and semiparametric models. If we directly

set the survival time as the outcome, we call the model a deep survival learning model or

simply a neural network (NN) model for survival outcome (Faraggi and Simon 1995; Stein-

grimsson and Morrison 2020). If our predictors are the parameters for a log-normal survival

distribution, we call the model the NN-log-normal model. Correspondingly, we have the

NN-Exponential, NN-Weibull, and NN-Cox-PH models for the predicted outcomes, respec-

tively, as the parameters for the exponential, Weibull distributions, and Cox-PH models.

After obtaining the corresponding survival or hazard function, we could transfer them to

capture the mean survival time and apply it to our doubly robust/efficient estimator for the
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ATE to get the ATE for the survival outcomes.

However, in social science and medical research, the observed survival outcome usually

contains missing data, and thus, we cannot have the complete loss function in our mod-

eling. Dealing with the missing data for the survival outcome is a crucial subject in our

method.

D. Truncation and Censoring

In general, survival data are missing because the time-to-event is not in our observation

window. In some cases, if they are excluded from the analysis because of the occurrence

of the event relative to our observational window, this type of missing is called truncation.

In some cases, we could only observe their survival status partially, but the time they ex-

perience the event is beyond our observation window, and this missingness is censoring.

More specifically, if individuals who experience the event before the initial time point are

never included in the dataset (for example, we start observing one year after treatment,

and individuals who died in the first year are not in our sample at all), we say the data are

left truncated. Conversely, if individuals are included only when their event occurs before

a fixed upper time point (for example, a retrospective study that samples only those who

have already experienced the event before the study start), the data are right-truncated.

Similarly, for censoring, if an individual would experience the event after our observation

period ends (so we only know that the event time is greater than their last follow-up time),

this is right censoring. If an individual has already experienced the event before the start

of our observation, but the exact event time is unknown (we only know it occurred before

the first observation), this is left censoring. Furthermore, if we observe subjects at discrete

time points and only know that the event occurs within a certain interval between two ob-
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servation times, we call this interval censoring (van der Laan and Robins 2003; Kalbfleisch

and Prentice 2002).

For data in social science and demography, as we use coarsened data, we do not con-

sider the issue of interval censoring as if the event occurs in our observational window; by

default, we will approximate its survival time as we first observe the event. We are mainly

concerned with the missing left truncation and right censoring. For left truncation, if we

conduct observations after a period of time following the start of the experiment, it means

that the group-level survival rate at our observation start time is lower than 1 (in contrast,

without left-truncation, the start survival rate for both the treatment and the control groups

are 1). For right-censoring, as we are unaware of when the real time-to-event is, our esti-

mation based on the complete survival data will doubtlessly be biased. The method in this

paper mainly deals with the left-truncated-right-censored (LTRC) survival data (Klein and

Moeschberger 1992). LTRC data are common in social science research. For instance, the

empirical case in the next chapter aims to explore how widowhood affects the survival out-

come of mortality (as a survival outcome, life expectancy) among the elderly. We start our

observation age at 50 so that individuals widowed before 45 are left-truncated, and individ-

uals who are still alive in our last survey (observation) are right-censored.

As in other analyses of missing data, assumptions are required about the missing data

patterns. In this paper, for the LTRC data, we assume that truncation is missing at random

(MAR), and censoring is also MAR, after controlling the covariates:

Assumption 2.III.3 (Assumption for Truncation and Censoring) Suppose τ> 0 denotes the

time of truncation, Ci > 0 denotes the censoring time, Ti is the failure/survival time, δ is the
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indicator for censoring: δi = 1 ⇐⇒ Ti < Ci (δ = 0 means censoring and δ = 1 means ob-

served), we assume the following conditions are satisfied:

• The truncation time is independent of the survival time:

τ⊥⊥ Ti ⇐⇒ P (τ> t | Ti ) = P (τ> t )

• The censoring time is independent of the survival time, given the observed covariates:

Ci ⊥⊥ Ti | Xi ⇐⇒ P (Ci > t | Ti , Xi ) = P (Ci > t | Xi )

• The truncation and censoring mechanisms are conditionally independent of each other

given the covariates:

Ci ⊥⊥ τ ⇐⇒ P (τ,Ci | Ti , Xi ) = P (τ) ·P (Ci | Xi )

With the independence of truncation and censoring, we may further denote δi (τ) = 1 ⇐⇒
(Ti > τ)∨ (Ti < Ci )12, which is the complete observed cases. Obviously, the set δi (τ) = 1 is

a subset for δi = 1. Like for the survival function S(t | Xi ) = P (Ti > t | Xi ) for the predic-

tion of the survival time, we have the censoring function G(t | Xi ) = P (Ci > t | Xi ) to predict

the time for censoring. Correspondingly, we could have the hazard function for censoring,

denoted as hG (t | Xi ) = P (Ci = t | Ci ≥ t ,Ti ≥ t , Xi ) = d logG(t |X )
d t and the cumulative hazard

HG (t | X ) =− logG(t | X ) Based on Assumption 2.III.3, the survival function and the censor-

ing function are independent.

Due to the missing values on time-to-event, the loss function used in the models is

no longer obvious, as we couldn’t obtain the likelihood function directly from the dataset.

12We could further infer that Ti <Ci ⇐⇒ δi Ti ≤ τ.
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Therefore, we must apply efficient/doubly robust estimation techniques to the empirical

loss so that we can yield the estimator for the mean survival time and apply it once again to

the efficient/doubly robust estimator for the treatment effect. In the process, we used the

technique of an efficient/doubly robust estimator twice, once for the loss function estima-

tion of the survival outcome and once for the causal effect estimation. Therefore, we call

our method a twice doubly robust estimator.

IV. Doubly Robust Loss for the LTRC Survival Outcomes

In this section, we will elaborate on how we derive the doubly robust/efficient loss for the

LTRC survival outcome. Since truncation and censoring are independent processes, and

truncation does not affect the relative distribution for survival time, we start with the sce-

nario that only contains the censoring case.

As we did in Chapter 1 for the efficient estimator on non-saturated models, we begin our

estimation from a regular and asymptotically linear (RAL) estimator. The IPW estimator of

the survival loss is an RAL estimator, with the form of the inverse of the censoring prob-

ability. Let T̃i denote the observed time T̃i = mi n(Ti ,Ci ) and L(F̂ (Xi ),θ) denotes the loss

obtained from the complete data for the neural network in Subsection C between the pre-

dicted value F̂ (Xi ) for the target θ (as noted above, could be the survival time, the survival

function, the hazard function, etc.), we have:

LI PW = 1

n

n∑
i=1

δi

Ĝ(T̃i | Xi )
L(F̂ (Xi ),θ) (2.IV.7)

As by definition G(T̃i | Xi ) > 0. Since censoring is MAR given the covariates, the estima-

tor from Equation 2.IV.7 should have the same expectation as 1
n

∑N
i=1L(F̂ (Xi ),θ).
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In the introductory chapter, we have shown the efficient influence function (EIF) for the

unconditioned expectation ψ = E [Y ] is φ† = Y −E [Y ], and the EIF for conditional expec-

tation ψ = E [Y |X = x] is φ† = 1(X=x)
P (X=x) (Y −E [Y | X ])+ (E [Y | X ]−E [Y ]). Therefore, for the

fully-observed data (without censoring and truncation), the EIF for the loss function on θ

is:

φ†
Full-data =L(F̂ (Xi ),θ)−E [L(F̂ (Xi ),θ)]

Now, we take censoring into consideration. Notice Equation 2.IV.7 has almost the same

structure as we derive the EIF for the conditioned treatment effectφ†(ψ(a)) =φ†(E [EX [Y |A =
a, X ]] = 1(A=a)

P (A=a|X ) [Y −E [Y | A = a, X ]]+ (E [Y | A = a, X ]−E [Y | A = a]) in our causal analysis

(Equation III.23 in the introduction chapter), Thus, we could similarly derive the EIF and

the efficient estimator for the loss as (Steingrimsson and Morrison 2020):

φ†
Censoring =

δ

G(T̃ | X )

(
L(F̂ (X ),θ)−E [L(F̂ (X ),θ) | T̃ ≥ t ]

)+E [L(F̂ (X ),θ) | T̃ ≥ t ]−E [L(F̂ (X ),θ)];

(2.IV.8)

LDR
Censoring =

1

n

n∑
i=1

[
δi

Ĝ(T̃i | Xi )

(
L(F̂ (Xi ),θ)− Ê [L(F̂ (X ),θ) | T̃ ≥ t ]

)+ Ê [L(F̂ (X ),θ) | T̃ ≥ t ]

]

(2.IV.9)

= 1

n

n∑
i=1

δiL(F̂ (Xi ),θ)

Ĝ(T̃i | Xi )︸ ︷︷ ︸
:a

+
(
1− δi

Ĝ(T̃i | Xi )

)
Ê [L(F̂ (X ),θ) | T̃ ≥ t ]︸ ︷︷ ︸

:b


In survival analysis literature, Equation 2.IV.9 is usually called the augmented inverse prob-

ability weighted complete-case (AIPWCC) estimator (Tsiatis 2006, chapter 9, pp. 199-220),

as part a is the IPW for the complete case loss and part b is the augmented term which more

efficiently uses information from the censoring individuals (Steingrimsson et al. 2016). Let
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Û (Xi , t ) = Ê [L(F̂ (Xi ),θ) | T̃ ≥ t ], the estimation will be doubly robust if we correctly speci-

fied either Ĝ(t | Xi ) or Û (Xi , t ).

However, Equation 2.IV.9 is uncommonly seen in the survival literature 13. In most liter-

ature, they will simplify part b as:(
1− δi

Ĝ(T̃i | Xi )

)
Û (Xi , t ) =

∫ ∞

0

Û (Xi , t )

Ĝ(t | Xi )
d MG (t | Xi )

As function MG (t | X ) is the censoring martingale at t given the covariates X . To understand

this, we first introduce the definition of the martingale:

Definition 2.IV.1 Martingale is a process describing the difference between a counting pro-

cess (N (t )) and the "compensator" generated by the intensity function (Λ(t ) = ∫ t
0 h(u)du):

M(t ) = N (t )−
∫ t

0
h(u)du

Let’s say we have counted the number of items censoring at time t : N (t ) = 1δ=0,T̃≤t (the

actual number of case censoring from the observational data). Besides, we could also cal-

culate the predicted counts for censoring from the model relevant to censoring, for exam-

ple, with the censoring hazard function: Λ(t ) = ∫ t
0 1T̃≥uhG (u | X ). Therefore, the censoring

martingale represents the cumulative excessive amount of censoring from time 0 to t :

MG (t | X ) =1δ=0,T̃≤t −
∫ t

0
1T̃≥uhG (u | X )

With the definition, we may infer that (Strawderman 2000; Robins and Rotnitzky 1992):

1− δi

G(T̃ | X )
=

∫ ∞

0

d MG (t | X )

G(t | X )

13This is because the way we derive the doubly robust estimator for the survival loss is not strictly math-
ematical derivation. Instead, for readers with social science and demographic backgrounds, we simplified
the derivation of the doubly robust estimator by analogy with deriving the conditioned treatment effect, and
then we will prove that the derived doubly robust estimator for the survival loss is intrinsically the same as the
results from the survival analysis literature. For the rigorous proof, see textbooks like Bickel et al.(1993) and
Tsiatis (2006).
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Simply because
∫ ∞

0 d MG (t | X ) = (1−δi )− (1−G(T̃ | X )) = G(T̃ | X )−δi . Therefore, we

may rewrite Equation 2.IV.9 into the form with the martingale:

LDR = 1

n

n∑
i=1

[
δiL(F̂ (Xi ),θ)

Ĝ(T̃i | Xi )
+

∫ ∞

0

Û (Xi , t )

Ĝ(t | Xi )
d MG (t | Xi )

]
(2.IV.10)

= 1

n

n∑
i=1

[
δiL(F̂ (Xi ),θ)

Ĝ(T̃i | Xi )
+

(
(1−δi )Û (T̃i , Xi )

Ĝ(T̃i , Xi )
−

∫ T̃i

0

Û (t , Xi )

Ĝ(t | Xi )
d HG (t | Xi )

)]
(2.IV.11)

While Equation 2.IV.11 just expands Equation 2.IV.10 with the definition of martingale.

Finally, we consider the restrictions of left truncation. Since the truncation process is in-

dependent of the censoring process, we may just rewrite the expressions in Equation 2.IV.10

and Equation 2.IV.11, changing δi into δi (τ) and T̃i into T̃i (τ) (indicating that we only ob-

serve those who survive beyond the truncation time, τ):

L̂DR
LTRC = 1

n

n∑
i=1

[
δi (τ)L(F̂ (Xi ),θ)

Ĝ(T̃i (τ) | Xi )
+

(
1− δi (τ)

Ĝ(T̃i (τ) | Xi )

)
Û

(
Xi , T̃i (τ)

)]
(2.IV.12)

= 1

n

n∑
i=1

[δi (τ)L(F̂ (Xi ),θ)

Ĝ(T̃i (τ) | Xi )
+

∫ ∞

0

Û (t , Xi )

Ĝ(t | Xi )
d M̂G (t | Xi )

]
(2.IV.13)

= 1

n

n∑
i=1

[δi (τ)L(F̂ (Xi ),θ)

Ĝ(T̃i (τ) | Xi )
+

{ (1−δi (τ))Û
(
T̃i (τ), Xi

)
Ĝ(T̃i (τ) | Xi )

−
∫ T̃i (τ)

0

Û (t , Xi )

Ĝ(t | Xi )
d HG (t | Xi )

}]
(2.IV.14)

In summary, the procedures to apply the doubly robust estimator for the LTRC sur-

vival outcomes are as follows: first, based on the observations, we estimate the survival

of censoring Ĝ(T̃i (τ) | Xi ), and construct the architecture of the neural network for the com-

plete case to yield the loss function of the target (survival function, hazard function, mean

survival time, log-normal/exponential/Weibull/Cox-PH model parameters) under T (τ) ≥ t :

Û (Xi , T̃ (τ)); then we use the doubly robust characteristics for the loss function in either

Equation 2.IV.12, 2.IV.13, or 2.IV.14 to solve the parameters (θ = argminθL
DR
LT RC ); and finally,

based on the model we trained, we predict the mean survival time and apply it to our causal
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inference framework.

Sometimes, researchers might find it hard to solve θ = argminθL
DR
LT RC even with itera-

tions. In such cases, approximate methods may be required. Optimal restriction assump-

tions may be further needed. For the technical details, see Tsiatis (2006: Chapter 12).

V. Twice doubly Robust Estimation Algorithm

In sum, based on the two doubly robust estimators in Section II and IV, we develop a twice

doubly robust estimator to capture the average treatment effects and the heterogeneous

treatment effect in left-truncated-right-censored survival outcome: we use the first dou-

bly robust estimator to estimate the loss function for the survival outcome and yield the

estimation for mean survival time; we then apply a doubly robust estimator to have the ef-

ficient/doubly robust estimator for the causal outcome.

Beyond that, we can capture the heterogeneous treatment effect (HTE) by conditioning

the treatment effect on particular covariate values. This quantity is the conditional average

treatment effect (CATE):

CATE(x) = E [Y (1)−Y (0) | X = x] = E [Y (1) | X = x]−E [Y (0) | X = x]

Therefore, we can have the procedure to estimate the CATE with survival outcomes as

follows:

• First, identify our measurable set Di = {Xi ,Ti , Zi , Ai ,Ci ,Ri ,τ,δi }. In the dataset, Xi

denotes the covariate for the CATE, Ti denotes the observable survival time, Zi are

the covariates controlling randomization, and Ri are the covariates controlling cen-

soring, Ai is the treatment assignment, Ci denotes the censoring time, τ denotes the
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restriction horizon, and δi is the event indicator. Further, based on the variables that

appeared in the dataset, we can generate T̃i = min{Ti ,Ci }, T̃i (τ) = min{T̃i ,τ}, and

δi (τ) = δi1(T̃i ≤ τ)+1(T̃i > τ). Then, we divide the dataset D into three subsets D1,D2,

and D3.

• We use D1 to fit the nuisance parameter π in causal inference. Namely, we have π̂(Z1):

π̂(Z1) = P (A1i = 1|Z1i ) from D1.

• We use D2 to fit the nuisance parameter µa in causal inference. As we noted above, in

our study, µa is the mean survival time under the treatment status A = a.

• Regress the pseudo-outcome using the third dataset and yield the doubly robust esti-

mation for the conditional average treatment effects: àC AT E
DR = E

[[ A3i−π̂(Z3i )
π̂(Z3i )(1−π̂(Z3i )) (Y3i−

µ̂A3i (X3i ))+ (µ̂1(X3i )− µ̂0(X3i ))
] | X = X3i

]
.

• Rotate the three datasets in the previous steps for cross-validation. In other words,

separately use D2 and D3 to fit the nuisance function for propensity; use D3 and D1

to fit the nuisance function for survival function, and use D1 and D2 to generate the

doubly robust estimation for the CATE. Finally, average the three results.

The algorithm is indeed exactly the same as the algorithm for the efficient/doubly ro-

bust/debiased ATE/CATE. The specific part that needs to be addressed is in Step 3, in which

we generate the mean survival time with neural networks with the doubly robust loss:

• Split D2 into M subsets: D (1)
2 , . . . ,D (M)

2 .

• For each subset D (m)
2 , decide the target parameter for the loss function. The target

parameter can be the survival rate, instantaneous or cumulative hazard, mean sur-

vival time, and log-normal/exponential/Weibull/Cox-PH model parameters. Calcu-
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late the loss function from the complete case L(F̂ (Ri ),θ) and its conditional expecta-

tion Û (Ri , T̃i (τ)) = E [L(F̂ (Ri ),θ) | T̃i (τ),Ri ]. Calculate the survival function for censor-

ing Ĝ(t | Ri ) = P (Ci ≥ t | Ri ).

• Derive the empirical average estimated loss function based on either Equation 2.IV.12,

2.IV.13, or 2.IV.14. Predict the parameter θ =∑M
m=1ηm1R∈D(m)

2
.

• Based on the optimized parameter from the last step, correspondingly derive the cor-

rect estimation for the mean survival time.

VI. Simulation Work

A. Model Settings

This section uses a simulation to illustrate our method. In total, we examine the estima-

tion from five models: first, we estimate the ATE and the CATE without an RCT framework;

we use the effects via the marginal hazard ratio (MHR) directly from the Cox Proportional

Hazard Model with specific baseline settings. Then we turn to the RCT settings. We ini-

tially use the separated Cox-PH models to fit the survival functions for the treatment and

the control, and then predict the expected outcome under the treatment and control for

the whole dataset with the treatment and control survival functions. Then we use a neu-

ral network with a doubly robust loss function to fit the treatment and survival function

and to calculate the average and heterogeneous treatment effects in the same way as the

Cox-PH models. Since the two models give out naïve plug-in estimations for the treatment

effects (for both the ATE and the HTE), we call the naïve Cox-PH model and the naïve “NN-

DR loss” models separately. Finally, we apply the Cox-PH and NN-DR loss models under

the doubly robust/debiased treatment effects framework. We refer to them as the debiased

Cox-PH and debiased NN-DR loss models, respectively. The debiased NN-DR loss model
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yields a twice-doubly robust estimator for the average and heterogeneous treatment effects

in survival data. For the naïve NN-DR loss model, the debiased Cox-PH model, and the

twice-doubly robust model (debiased NN-DR loss model), we further execute cross-fitting

due to the requirements of doubly robust estimation.

The settings of our simulated data are as follows. We generate N = 1,800 indepen-

dent units with covariates (Z1, Z2) ∼ N (0,1) that drive treatment assignment and (X1, X2) ∼
N (0,1) that drive survival. We assign the treatment via a logistic propensity model:

Pr(A = 1 | Z1, Z2) = logit−1{−0.3+1.0 Z1 +1.2 Z2 +0.6 Z1Z2
}
,

which induces broad overlap and meaningful heterogeneity along the propensity score. We

set failure times to follow a Weibull law with arm-specific parameters: shape k1 = 1.8 and

baseline scaleλ1 = 2.6 for the treated, and shape k0 = 1.2 and baseline scaleλ0 = 1.1 for con-

trols. To induce outcome heterogeneity and confounding, the individual scale is modulated

as

λ(a | Z2, X1, X2) =λa exp
{−0.35 Z2 +0.25 X1 +0.10 X2

}
, a ∈ {0,1}.

We set the event times sampled as T = λ(A | Z2, X1, X2) (− logU )1/kA with U ∼ Unif(0,1).

Further, We introduce left truncation by an entry time U entry ∼ Unif(0,0.5) and retain only

subjects with Y = min(T,C ) > U entry. Right censoring is generated as C ∼ Exp{ρ(Z1, X2)}

with

ρ(Z1, X2) = 0.25 exp
(
0.15 Z1 −0.15 X2

)
,

yielding covariate-dependent censoring. Because treatment alters both shape and scale,

hazards are not strictly proportional, resulting in genuine heterogeneous treatment effects

(larger benefits at lower propensities). We summarize performance using the restricted
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mean survival time (RMST) up to the horizon τ= 5.

Under one simulation replicate with these settings, 1,547 subjects remain after left trun-

cation (out of 1,800 generated; 253 truncated), with 708 treated and 839 controls; 437 obser-

vations are right-censored. The mean observed time is 1.634 in the treated arm and 1.200

in the control arm (difference = 0.434). Propensity scores are estimated by logistic regres-

sion in (Z1, Z2, Z1Z2). We report Kaplan–Meier curves in Figure 2.1. The overlap of estimated

propensities by treatment group, and the heterogeneous treatment effect (RMST difference)

across ten propensity-score bins or deciles, visualize effect variation with treatment likeli-

hood. The propensity score overlap for the treatment and control groups can be seen in

Figure 2.2. The simulation truth has an average treatment effect on restricted mean survival

of approximately 0.86 time units, with heterogeneous treatment effects across propensity

strata.

Figure 2.1: Kaplan–Meier survival curves for treated and control groups with left truncation
(delayed entry) accounted for.
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Figure 2.2: Overlap of estimated propensity scores by treatment group. Histograms (or den-
sity estimates) of π̂(X ) for treated and control units show common support across [0,1].

B. Results from Simulation

Table 2.1: Table 1: Simulation performance (RMST estimand at τ= 5). RMSE =p
MSE.

Estimator Bias Variance MSE RMSE

MHR -0.4892 0.0088 0.2465 0.4965
Naïve Cox plug-in 0.0404 0.0315 0.0269 0.1640
debiased (DR) Cox-PH -0.6297 0.0081 0.4020 0.6340
naïve NN-DR loss -0.4979 0.0042 0.2513 0.5013
twice doubly robust -0.2199 0.0304 0.0713 0.2670

In Table 2.1, we present the simulation results for the five estimators: Marginal Hazard

Ratio (MHR), a naïve Cox-PH plug-in estimator, a DR (debiased) Cox-PH model, a naïve

neural network doubly robust loss model (naïve NN-DR loss), and the proposed twice dou-

bly robust estimator in terms of their bias, variance, mean squared error (MSE), and root

MSE (RMSE).
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As expected, the results of the MHR are heavily biased: fitting a single Cox-PH on the

full sample without accounting for confounding underestimates the average treatment ef-

fect (ATE) (ATE ≈ 0.63 vs. true = 0.86 in one simulation), and it misleadingly suggests a

declining treatment benefit for higher-propensity patients. The bias arises as MHR estima-

tors violate the unconfoundedness assumption and fail to adjust for the selective treatment

assignment. Therefore, the MHR has a high MSE despite its moderate variance.

We also report the HTE results for the MHR model in Figure 2.3. The MHR estimator

produces an HTE curve that is flat across propensity bins (mean RMST difference is approx-

imately 0.70 with comparable uncertainty in each bin). Indeed, the trend is by construction:

as the A-only Cox model imposes a single proportional-hazards effect for all subjects, it can-

not express heterogeneity by covariates or propensity. Thus, MHR’s HTE display is stable

but uninformative about effect modification and biased at every bin. Therefore, we could

not use the MHR model to detect any heterogeneous effect.

We then turn to the results on the Naïve Cox-PH plug-in model. The naïve Cox plug-in

(separate Cox models for treated and control to predict counterfactual outcomes) reduces

bias substantially: its ATE estimate is closer to the truth (e.g., approximately 0.73 in one

run) and its variance is low (bootstrapped SD is 0.21), yielding a surprisingly small MSE.

In fact, the naïve Cox has the lowest RMSE in our simulation despite a slight residual bias.

However, this strong performance should be interpreted cautiously: the arm-specific Cox

plug-in model approximates the simulated survival curves well in this setting, but the data-

generating process includes non-proportional hazards and heterogeneous RMST effects. In

empirical studies, when the underlying distribution of the survival outcome is unknown, we

should be more cautious in the model selection.
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Figure 2.3: HTE across 10 propensity-score bins (mean ± 1 SD over R=100, N=1200, τ=5):
MHR (A-only Cox).

Figure 2.4: HTE across 10 propensity-score bins (mean ± 1 SD over R=100, N=1200, τ=5):
Naive Cox plug-in.
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The HTE graph for the naive Cox-PH model can be seen in Figure 2.4. As can be inferred

from the graph, it has the narrowest uncertainty, and the trend is downward. Because it fits

separate Cox models by treatment arm with covariates and then performs g-computation

for counterfactual RMST, it removes most confounding while retaining high stability. Again,

as we warned above, this performance depends on how well the working Cox specification

approximates the survival process; if the Cox model is materially mis-specified, for instance,

with stronger non-PH hazards or nonlinear covariate effects, the bias will be large.

We then discuss the three models involving the doubly-robust techniques. First, we look

at the results from the DR (debiased) Cox-PH estimator. In fact, as shown in Table 2.1, its

variance is most affected by weight noise in the sample (with the largest bias and the largest

RMSE among the models). We have the HTE graph for the DR (debiased) Cox-PH estimator

in Figure 2.5. The HTE function is broadly flat across propensity score bins, with larger un-

certainty (and occasional non-monotonic fluctuations) at the extremes. This is because the

AIPW correction introduces treatment and censoring weights, and when overlap is limited

on the very low and high propensity score ends, those weights become variable, inflating

bin-level variance and producing the jagged appearance. In summary, the debiased Cox-

PH models will give more noise from weighting, which is consistent with their high RMSE.

The next model is the naive NN-DR loss model. As shown in Table 2.1, the model is also

biased downwards (-0.498) with moderate variance. The HTE graph (Figure 2.6) shows a

clear downward slope, with larger effects in lower propensity-score bins and smaller effects

in the higher bins. Broadly speaking, the shape of the HTE graph for the naive NN-DR loss

model is quite similar to that of the naive Cox-PH model, and this is because the naive NN

plug-in actually inherits a Cox-like inductive bias under the DGP and does not contain the
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Figure 2.5: HTE across 10 propensity-score bins (mean ± 1 SD over R=100, N=1200, τ=5):
debiased Cox-PH.

augmentation part for variance augmentation, so the shapes are quite similar, while the

magnitude of the slope and uncertainty are different.

Finally, we visit the results from our proposed twice doubly robust model. Theoretically,

the estimator is consistent if the required nuisance components are correctly specified in

the doubly robust sense, and it can approach the efficiency bound when the EIF compo-

nents are well estimated under the regularity conditions. In practice, it is still the best model

behind the naive Cox-PH model in terms of RMSE, confirming that it substantially reduces

bias. However, its variance is larger than that of most competing models. As the MSE is the

sum of squared bias and the variance, since the model has a smaller bias, its MSE and RMSE

are smaller compared to other doubly robust models.

We then turn to the HTE graph for the twice doubly robust model, and the results are
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Figure 2.6: HTE across 10 propensity-score bins (mean ± 1 SD over R=100, N=1200, τ=5):
naive NN-DR loss.

in Figure 2.7. As can be seen from the graph, the estimated CATE pattern is less dominated

by a single plug-in model specification, but it carries more variance, especially when the

propensity is sparse at the lowest end. This illustrates the strengths and weaknesses of the

twice doubly robust estimator: on the positive side, it is robust to some nuisance-model

misspecification and well-targeted for estimating HTEs, and it controls bias as long as the

required nuisance components are correctly specified in the doubly robust sense. However,

because of the requirements on the nuisance functions, it requires more tuning than sim-

ple plug-in models. Additionally, in practice, larger samples and careful stabilization are

essential for the estimator to achieve the theoretical efficiency.

VII. Conclusion and Further Discussions

In this chapter, we introduce a twice doubly robust estimator to estimate the average and

heterogeneous treatment effects for the left-truncated-right-censored survival data: we con-
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Figure 2.7: HTE across 10 propensity-score bins (mean ± 1 SD over R=100, N=1200, τ=5):
twice doubly robust.

duct doubly robust estimation both for the causal estimand and for the survival functions

and combine them. It is a regular, asymptotically linear, and efficient estimator used to

identify causal effects.

Some readers may have noticed that in this chapter, we assume that the treatment is

an instantaneous variable and do not discuss the scenario of the time-varying treatment.

In fact, we believe that for time-varying treatment, calculation on the average and hetero-

geneous treatment effect is not a statistical/methodological problem; instead, it is a theo-

retical problem as we need to use a theoretical framework to identify what the "treatment

effect" stands for. Hence, for time-varying treatments, the main challenge may not be sta-

tistical but definitional: researchers may better specify the causal estimand, not only what

the intervention is, but also its timing and duration.

For instance, with treatment history Āt = (A0, . . . , At ) and information history Ht , ef-
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fects are indexed by a static regimen ā or a dynamic rule d(Ht ), so the relevant targets are

E [Y ā] or E [Y d ], not a single undifferentiated “ATE.” Week-specific contrasts (e.g., initiating

therapy at week t given no prior use; continuing vs. stopping at week t ; sustaining therapy

through week T ) condition on different histories and populations, so computing ATEs at

weeks −1,0,1,2, . . . and averaging them generally fails to define the overall effect. Once the

substantive question fixes the intervention, we can use standard longitudinal methods like

the g-formula, marginal structural models, or structural nested models to estimate E [Y ā]

or E [Y d ] and their heterogeneity. We will see a very similar problem in Chapter 3 when we

apply the model to empirical studies of the causal effect of widowhood on mortality.
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Chapter 3

Widowhood and Mortality: Delineating
Heterogeneous Effects Using Doubly
Robust Estimation

I. Introduction

The widowhood effect, or the increased mortality due to bereavement, has been well doc-

umented in sociological and demographic literature. In earlier studies, researchers have

noticed that bereaved people have higher mortality rates than married couples and have

found some causal mechanisms between widowhood and death (Hu and Goldman 1990;

Lillard and Waite 1995; Subramanian et al. 2008; Liu et al. 2020).

Recent research on the widowhood effect has shifted the focus to its causal interpreta-

tions. Widowhood may have a causal effect on the increase in mortality; however, it could

also result from the similarities between the couples or the couple’s environmental expo-

sures. With ingenious designs, some research responds to the question without sophisti-

cated statistical techniques. For example, Elwert and Christakis (2008a) compare the wid-

owhood effects of the current spouse and ex-spouses on widowed individuals’ mortality.

They found no widowhood effects of the ex-spouses, indicating that the widowhood effect
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of the current spouse is a causal mechanism for the mortality increase among widowed in-

dividuals.

Meanwhile, recent research on the widowhood effect also draws attention to heteroge-

neous treatment effects (HTE) on two dimensions: first, the heterogeneous effect of pre-loss

preparedness on the post-loss mortality outcome: Prior evidence shows that low prepared-

ness and unexpected bereavement are associated with poorer post-loss outcomes and ele-

vated risks among surviving spouses (Hebert et al. 2006; Treml et al. 2021; Tang et al. 2021;

Wen et al. 2021; Shah et al. 2013; Hauksdóttir et al. 2010). Second, different characteris-

tics/ social attributes moderate the heterogeneous treatment effect at different treatment

levels. Studies have analyzed effects by educational levels, marital types (homogamy vs.

heterogamy), and asset levels, and found that the magnitude of the widowhood effect cor-

relates with socioeconomic status across subgroups. Substantively, we therefore estimate

HTE across preparedness strata (and their intersections with education and income) and

assess whether the socioeconomic factors lead to differences in the heterogeneous treat-

ment effect of preparedness on mortality after widowhood.

Although studies have elaborated on the importance of the causal effects of widowhood

on mortality and their varieties among subgroups, sociologists need to be more explicit in

addressing the sociological meaning of widowhood for widowed individuals’ lives and be

more specific in acknowledging the causal mechanisms of the widowhood effect. In so-

ciological literature, it is crucial to understand why social relationships may affect the life

chances of individuals (House et al. 1988). Based on statistical analyses, researchers estab-

lished the causal relationship between widowhood and health status (Stroebe et al. 2007)

and between widowhood and death (Elwert and Christakis 2008b), and we may assume that
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widowhood increases the risks of mortality by exacerbating widowed individuals’ health

status. We still need to understand how the variations in the widowhood effects among dif-

ferent subgroups formed.

On the methodological side, although researchers could circumvent the problem of causal

identification with innovative research designs, the “causal estimand” identified in the pre-

vious studies differs from the “treatment effect” of widowhood in rigorous statistical terms

because the treatment variable of widowhood is not randomly assigned. Previous literature

applied a survival model and compared the hazard ratio between the widowed and non-

widowed based on the coefficients (see Shor et al. 2012 for the review). However, they fail

to randomize the “treatment” of widowhood by controlling the confounders that affect its

likelihood. Therefore, the effects might be overstated due to the endogeneity of widowhood

itself.

This paper examines the varying impact of widowhood on mortality rates in the United

States, utilizing a doubly robust causal estimator for the analysis. Substantively, we define

a latent variable–preparedness for widowhood–to analyze the causally heterogeneous wid-

owhood effect. In confronting the experience of widowhood, we posit that elderly individu-

als exhibit varying degrees of preparedness for the loss, influenced by their lifelong familiar-

ity with their spouse. This leads to differing levels of grief experienced among them. Indeed,

previous studies acknowledged that unexpected widowhood is likely to bring a higher mor-

tality risk (Kristensen et al. 2012; Shah et al. 2013), and widowhood due to acute conditions

leads to higher hazard ratios than chronic diseases (Elwert and Christakis 2008b). Further-

more, the preparedness for widowhood could also interfere with different socioeconomic

traits, mainly education and wealth. In other words, we elaborate on the results that even

112



for people with the same level of preparedness for losing their spouse and the same level of

grief, the causal effect of widowhood still varies among different social groups.

Methodologically, this paper applies the doubly robust estimator in causal inference to

analyze the treatment effect of widowhood. Constructing baseline preparedness for wid-

owhood from propensity scores, we establish the counterfactual mean survival time (life

expectancy) based on time-varying Cox Proportional Hazard (Cox-PH) models for the wid-

owed and non-widowed groups and apply the doubly robust analytical framework to es-

timate the average treatment effects (ATE) and the heterogeneous treatment effects (HTE)

among different preparedness levels.

In this paper, using longitudinal data from the US Health and Retirement Study (HRS)

between 1998 and 2018, we aim to illustrate how widowhood for elders causally contributes

to their mortality and how the causal effects vary across different preparedness levels and

educational and wealth levels. This paper is structured as follows: Section II reviews the

previous literature concerning the causal identification of widowhood and heterogeneous

effects among different social traits, including education and wealth. Section III reviews

the prior literature’s analytical strategy and introduces our analytical framework under Ru-

bin’s causal model. Section IV describes the dataset we use, the measurements we adopt,

and the descriptive statistics for the variables. The results are presented in Section V. Sec-

tion VI concludes the contribution of this paper and discusses the possible methodological

advance based on the insufficiency of the current version.
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II. Literature Review

A. Causal Widowhood Effect

A classic sociological vein is understanding how social relationships affect an individual’s

life chances since Durkheim’s analysis of suicide (Durkheim 1951). Demographers noticed

the relationship between marital status and mortality in the early years. In Farr’s (1858)

short essay on the marital effects on the mortality of the French people, he documented

the positive correlation between widowhood and mortality among widowed people. Later

studies applied survival analysis methods on census or survey data and confirmed that the

higher risks of mortality for the widowed group (with reference group as the married or

the general population) existed ubiquitously in the US (Shurtleff 1955: 1956; Goldman et al.

1995; Lillard and Panis 1996; Espinosa and Evans 2008), the UK (Parkes et al. 1969; Jones and

Goldblatt 1987; Hart et al. 2007), Europe (Grundy and Kravdal 2008; Joung et al. 1996; Kolip

2005; Kravdal 2003; Malyutina et al. 2004; Manor et al. 1999; Samuelsson and Dehlin 1993;

Shkolnikov et al. 2007; Thierry 2000), and Asian countries (Goldman and Hu 1993; Iwasaki

et al. 2002; Rahman et al. 1992).

Specifically, recent studies focused on the relationship between widowhood and mor-

tality seek to substantiate the "widowhood effect." This theory posits that the experience

of widowhood has a causal impact on the increased likelihood of death for the surviving

spouse (Lillard and Waite 1995; Lillard and Panis 1996; Elwert and Christakis 2006: 2008b).

The causal mechanisms underpinning the widowhood effect are intuitively understand-

able: The onset of widowhood can precipitate a cascade of adverse psychological and phys-

iological responses in the surviving spouse. These may encompass amplified emotional

distress, such as heightened feelings of grief and sorrow, increased health-related anxieties,
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and an intensified sense of isolation owing to the absence of intimate companionship. Al-

though several studies point out the negative correlation between widowhood experience

and health status, it is hard to justify the pathways with quantitative methods, as the level of

grief, vexation, and loneliness may change rapidly, so finding valid measures of these vari-

ables is difficult.

On the other hand, a body of research posits that the observed positive correlation be-

tween widowhood and increased mortality risk should not be automatically equated with

a causal relationship. They indicate that the similarities between a couple’s deaths are due

to a selection process instead of the causal mechanism (Sullivan and Fenelon 2014). The

homogamy assumption suggests that they may have similar lifespans due to the similar-

ities from assortative mating (Kalmijn 1998). The family resources assumption suggests

that couples living together share socioeconomic resources that directly and indirectly (via

healthcare conditions) affect their healthcare outcomes (Boyle et al. 2011). The environ-

mental exposure assumption suggests their common exposure to similar environmental

variables leads to the related death between a couple (Schaefer et al. 1995). In summary,

some scholars believe that the selection process is the reason for the spurious relationship

between widowhood time and death time.

To determine whether widowhood has a causal effect on mortality or if they are corre-

lated because of selection, Elwert and Christakis (2008a) had an ingenious research design:

they compared the widowhood effects of losing the current spouse and ex-spouse. An ex-

spouse may also exhibit homogamy, share access to family resources, and be subject to the

same environmental factors as the widower. Researchers found that the ex-spouse’s death

does not lead to a significant increase in mortality, while they observed the increased ef-
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fect of the death of the current spouse. Therefore, the authors concluded that the effect of

widowhood on mortality is causal. However, rigorously speaking, their paper had limita-

tions in its conclusions: a possible alternative explanation for the result might be that the

divorce effect offsets the spurious relationship between widowhood and mortality due to

selection. Further, when the widower lives with the ex-spouse, they may experience differ-

ent resource restraints and environmental exposures compared to when the widower lives

with the current partner. Intrinsically, the researchers couldn’t trace and compare the inter-

actions between the widower and their spouse/ex-spouse, and thus could not decipher the

specific social meaning of the widowhood event on the widower.

From the statistical point of view, even if we observe that the current spouse’s death sig-

nificantly increases mortality among widowed individuals, the effect cannot be identified as

causal. In the context of causal inference, the assumption is that a randomly assigned treat-

ment will have a significantly different impact on the group that receives the treatment than

on the group that does not. In this case, widowhood should be a random event; given this

prerequisite, the statistically significant difference in mortality risks between widowed and

non-widowed individuals can be regarded as causal. For widowed individuals, the spouse’s

death is not a random event, not only because they have similarities and share the resource

restraints and environmental exposures, but also because the widowed individual may have

expectations of their spouse’s death before the event. Therefore, to address the causal wid-

owhood effects, relying on simple survival analysis and using the hazard ratio for widow-

hood is insufficient.

Assumption 3.II.1 Widowhood causes widowed individuals to have higher mortality risks.
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B. Heterogeneous Effects among Preparedness for Widowhood

In fact, a large number of studies have noticed that preparedness for a loved one’s death be-

fore the actual loss can affect post-loss outcomes. Widowed and non-widowed individuals

may differ in their preparedness level before the widowhood event occurs. 1 Research from

Vable et al. (2015) found that the worsening of widowed individuals’ health condition began

before the actual death of the spouse. In this paper, we want to elaborate that the pre-loss

preparedness level not only has a causal effect on mortality, but also the effect is heteroge-

neous. If widowed individuals have better preparedness for the loss of their partners, they

suffer lower risks.

Indeed, previous literature has introduced the concept of preparedness (for loved one’s

death) and documented the case of widowhood (Wortman et al. 1993; Treml et al. 2021;

Sullivan and Fenelon 2014; Shah et al. 2013). As Kristensen et al. (2012) reviewed, sudden

and violent losses of significant others dramatically increase mental health risks, which is a

crucial channel linking the widowhood effect on mortality. Barry et al. (2002) pointed out

that preparedness for death mediates mental health risks, but they measure the prepared-

ness after the loss. Moreover, Shah et al. (2013) further used a UK dataset and found that

the mortality risk after the first year of bereavement between unexpected bereavement and

bereavement preceded by chronic diseases is significantly higher than 1, suggesting that a

higher level of preparedness could protect widowed individuals’ health.

1For the non-widowed group, widowhood events are a little trickier: the treatment never occurs in the
observational period. As widowhood is a time-varying treatment, we can only assume that the occurrence
time is when an individual who “cloned” all traits from an original individual assigned to the control group is
assigned to the treatment group (i.e., being widowed). When the “cloned” experienced the event, we assume it
is the comparable treatment time for the original individual in the control group. We apply the manipulation
imputation method described in the analytical strategy section.
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Research tracing the spouse’s cause of death reaffirms the role of preparedness in the

widowhood effect. Elwert and Christakis (2008b) reported that a spouse’s death due to acute

conditions (infections/sepsis/ influenza/accidents/severe fractures) raises the risks of mor-

tality for widowed individuals, while bereavement due to chronic diseases (diabetes/Alzheimer/Parkinson)

has more minor or no increase in risks for them2. On the contrary, Boyle et al. (2011) used

Scottish data. They found little evidence supporting that the hazard ratios vary for bereave-

ment causes, while the interactions between the causes and preexisting risks for widowed

individuals are significant. Indeed, they differentiated the causes into informative, avoid-

able, and risky causes, which are not intuitive when directly classifying by the causes of

diseases.

In summary, preparedness can be constructed by the health status (preexisting diseases

of the spouse) and the socioeconomic status of the couple. Moreover, if the causal widow-

hood effect exists, we could capture the significant difference in mortality risks after balanc-

ing the preparedness for the widowed and non-widowed groups. Given the construction of

the preparedness, we presume that the causal widowhood effect is heterogeneous along the

preparedness:

Assumption 3.II.2 Widowed individuals with better preparedness for bereavement have lower

mortality risks than less-prepared widowed individuals 3.
2However, an exception among the causes of bereavement is chronic obstructive pulmonary disease

(COPD), which is a chronic disease but significantly raises the risks for mortality.
3Here I take preparedness as a pre-loss attribute that moderates the effect of widowhood, not as a differ-

ent “version” of the treatment. Under this interpretation, SUTVA’s no-interference part is unchanged, and
consistency holds in the usual way: for someone who is widowed (or not) the observed outcome equals the
corresponding potential outcome, with preparedness simply indexing strata of heterogeneity.
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C. Heterogeneous Effects Among Socioeconomic Statuses

So far, we have discussed the role of preparedness before the widowhood event, namely

the spouse’s death, in a heterogeneous way. Social welfare and public policy literature also

pointed out that interventions after widowhood could reduce the mortality hazard. For in-

stance, high-quality informal care and the coordination between formal and informal care

reduced the widowhood effect on mortality risks (Leggett et al. 2020; Jin and Christakis

2009). As social science researchers, we focus more on how social traits heterogeneously

affect the widowhood effect (Elwert and Christakis 2006) and how they differentiate the re-

sults for widowed individuals with various preparedness levels after bereavement.

In general, two competing theories on social traits and the widowhood effect are the

protective theory and the compensation theory. According to the protective theory, hav-

ing a high socioeconomic status (SES) can act as a buffer, mitigating the damages associ-

ated with widowhood and reducing the negative impacts traditionally observed in the wid-

owhood effect. On the other hand, the compensation theory posits that losing a high-SES

partner results in higher compensatory costs, thus making individuals with higher SES more

susceptible to the adverse effects of widowhood, thereby associating a high SES with a more

significant widowhood penalty. The dichotomy between these theories presents a nuanced

examination of how social stratification can differentially influence individuals’ experiences

of widowhood and its subsequent effects on their well-being. To dialogue with previous lit-

erature, we consider educational levels and wealth.
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C.1 Protective Effects

As discussed above, ideas from protective theory suggest that socioeconomic status is a

buffer for the effect of widowhood on mortality risk. The idea is intuitive from the discus-

sions of the positive relationship between socioeconomic status and health: People with

higher socioeconomic status maintain better health status because they have better access

to healthcare services (Braveman et al. 2011), health insurance (Adler and Newman 2002),

and health-related information (Berkman et al. 2011); furthermore, they usually live in bet-

ter environments, have more nutritional food, and adopt healthier behaviors (Stringhini

et al. 2010). Since health status is highly correlated with mortality risks, we expect lower

mortality risks for widowed individuals with higher socioeconomic status.

On the dimension of education, usually, individuals with higher educational levels are

healthier than their less-educated counterparts (Kitagawa and Hauser 1973; Montez et al.

2011; Sasson 2016). Similarly, researchers expect an “educational gradient” in mortality:

less-educated people will likely have higher mortality risks (Fan and Qian 2019). Thus, the

widowhood effect on mortality will also follow the gradient: less-educated people suffer

higher penalties because they have limited resources to help them recover from grief, com-

pared to the more educated. For instance, highly educated people are better at health liter-

acy, enabling them to make better-informed health decisions after the trauma.

Assumption 3.II.3 (Education Protective Assumption) Under the protective theory, more

highly educated people suffer less from the widowhood penalty on mortality than the less

educated.

Another dimension concerning education and the widowhood effect is educational ho-

mogamy. Previous literature has indicated that educational homogamous families have
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better health conditions (Brown et al. 2014; Monden et al. 2003) since couples with sim-

ilar educational backgrounds have economic stability, which positively impacts access to

healthcare and environments (Schwartz and Mare 2005), share comparable health behav-

iors (Makela et al. 1997), social support (Kiecolt-Glaser and Wilson 2017), and reduce stressed

situations better (Luo and Klohnen 2005). Ostergren et al. (2022) reported that educa-

tional homogamy level attenuates the mortality risks with Swedish data. Therefore, if the

protective theory holds, we expect educationally homogamous widowed individuals to suf-

fer lower widowhood penalties on mortality risks than heterogamous widowed individuals,

whether upward or downward married.

Assumption 3.II.4 (Educational Assortative Mating Protective Assumption) Under the pro-

tective theory, educationally homogamous widowed individuals suffer less from the widow-

hood penalty on mortality than upward and downward heterogamous widowed individuals.

Finally, the family’s financial condition is widely regarded as a protective mechanism

against health and mortality risks (Kitagawa and Hauser 1973; Christenson and Johnson

1995; Elo 2009). Wealthy individuals could better afford high-quality caretaking services for

their spouses and themselves (Sullivan and Fenelon 2014), especially for lengthy and costly

illnesses (Sullivan and Fenelon 2014), contributing to a lower mortality rate (Jin and Chris-

takis 2009). Therefore, we expect widowed individuals with higher family assets to have

lower widowhood effects on mortality rates.

Assumption 3.II.5 (Family Asset Protective Assumption) Under the protective theory, wid-

owed individuals with more family assets suffer less from widowhood penalty on mortality.
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However, some previous empirical studies have found evidence contradictory to the pre-

dictions from the protective theory. Although higher socioeconomic status may protect

individuals from higher mortality rates, it may not protect against mortality directly from

losing a spouse.

C.2 Compensation Effects

Compensation and specialization theory suggests that the heterogeneity in socioeconomic

status for widowhood affects mortality differently from the mechanism by which socioe-

conomic status contributes to health status and mortality risks. Instead, they focus on the

meaning of losing a spouse. For the compensation or specialization theory, they suggest

that people in higher socioeconomic status families are associated with more specialized

gender roles in marriage. Thus, if they lose their spouse, the compensation cost is higher,

exposing them to higher mortality risks (Manor and Eisenbach 2003).

For education levels, several empirical results suggest that mortality risks increased as

widowed individuals’ education levels improved. Lusyne et al. (2001) used the dataset

from Belgium in 1991 – 1996 and found that higher educational levels, although they gen-

erally alleviate mortality risks, increase the number of excess deaths shortly after bereave-

ment. Meanwhile, Ostergren et al. (2022) used Swedish register data from 2007 – 2016 and

reached the same conclusion that the relative risk of mortality for losing a spouse is higher

for higher-educated individuals.

Assumption 3.II.6 (Education Compensation Assumption) Under the compensation the-

ory, more highly educated people suffer more from the widowhood penalty on mortality than

the less educated.
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Indeed, there are two limitations of the literature above: first, almost all studies sup-

porting the compensation theories were conducted in high-income European welfare states

(besides the studies mentioned above in Belgium and Sweden, similar results are shown in

Scotland (Boyle et al. 2011), Israel (Manor and Eisenbach 2003), and Finland (Martikainen

and Valkonen 1998)), while the educational system (especially secondary and tertiary edu-

cation) in the US is slightly different. The compensation cost of losing one’s spouse might

be higher in these countries than in the US context. Secondly, the studies above measure

the widowhood effects on mortality with short-term excess deaths after bereavement, and

in our studies, we mainly focus on longevity instead of the short-term impact.

Compensation theory also explains the relationship between educational homogamy

and widowhood effects on mortality. The compensation cost would rise as the spouse’s

educational level increases; meanwhile, we expect that if the spouse’s educational level is

higher than the widowed individual’s, then the compensation cost would be higher, and the

widowhood penalty should be more significant. This corresponds to the conclusions from

Fan and Qian (2019), who documented that educational homogamy has little contribution

to widowhood effects. With compensation theory, the mortality risk associated with widow-

hood should be higher in cases of upward educational matching, followed by educational

homogamy, and is lowest in scenarios of downward matching.

Assumption 3.II.7 (Educational Assortative Mating Compensation Assumption) Under com-

pensation theory, widowhood effects on mortality risks should be higher in educational up-

ward matching cases, followed by educational homogamy, and lowest in scenarios of down-

ward matching.
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Finally, we discuss family assets. Literature with specialization and compensation the-

ory has documented that wealthy people may be more vulnerable to grief and depression

from losing their spouse (Bowling 1987: 1989; Martikainen and Valkonen 1998). Wealthier

couples may have a higher degree of role specialization, where each partner takes on dis-

tinct roles. In addition, more affluent individuals might incur higher compensatory costs

following the loss of a spouse due to a lifestyle built around a higher level of financial re-

sources. This lifestyle becomes unsustainable or emotionally taxing in the absence of their

partner. Consequently, losing a spouse can disrupt this balance, potentially leading to a

heightened experience of grief and depression as the surviving spouse grapples with new-

found responsibilities or a sense of loss concerning their partner’s unique contributions to

their shared life.

Assumption 3.II.8 (Family Asset Compensation Assumption) Under compensation theory,

widowed individuals with higher family assets suffer more widowhood penalty on mortality

than widowed individuals with lower family assets.

III. Analytical Strategy

A. Marginal Hazard Ratios

To our knowledge, most recent literature analyzes the widowhood effect with the parametric

discrete-time hazard models, which treat the survival time (mortality time) as outcomes ob-

served in discrete periods, or the semiparametric continuous-time Cox Proportional Haz-

ard (Cox-PH) models, which assume the survival time follows a continuous distribution.

Therefore, suppose the occurrence of death is S j at time j : S j = 1 if alive, S j = 0 other-

wise. D denotes the dummies for periods, A j indicates whether widowhood occurred at
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j , P j means the preparedness score, C j represents the time-varying covariates, and X de-

notes the time-invariant confounders. α,β,γ,δ,η,ζ are all parameters to be solved. If we

use the logit function as the linking function for the discrete-time survival model (Suresh

et al. 2022), it is:

log i t (S j = 1) = log

(
S j

1−S j

)
=α+β

J∑
j=1

D j +γA j +δP j +ηC j +ζX

Meanwhile, we need to specify the proportional hazard assumption for the continuous-

time Cox-PH model: variables on the right side of the equation only change the failure

chance but not the timing. Suppose h(t ) denotes the hazard for individuals at time t , h0(t ) is

the reference baseline hazard, based on the proportional hazard assumption, for any given

time t , we have (Cox 1972; Therneau and Grambsch 2000):

log

(
h(t )

h0(t )

)
= γA(t )+δP (t )+ηC (t )+ζX

This model above is an extended Cox-PH model because A,P, and C are time-varying vari-

ables. To make it more intuitive, we assume their covariatesγ,δ andη are consistent through

time (for technical details, see Thomas and Reyes 2014, Therneau and Grambsch 2000,Zhang

et al., 2018). For both models, we can directly calculate the hazard ratio between widowed

and nonwidowed by calculating eγ. The estimand is called the marginal hazard ratio (MHR)

(Hernán 2010; Aalen et al. 2015). However, the eγ obtained from a standard (extended) Cox

model is an associational hazard ratio; it is not, by itself, a causal estimand in the Rubin–

Neyman potential–outcomes framework 4 because it is not defined as a contrast of coun-

4Formally, a causal hazard-ratio estimand would specify ha(·)(t ), the hazard under intervention (or regime)
a(·)—e.g., a path that sets widowhood vs. nonwidowhood—and contrast ha(·)(t )/ha′(·)(t ). Identification re-
quires consistency, positivity, and (sequential) exchangeability. With time-varying confounders affected by
prior exposure, standard Cox adjustment can be biased, whereas a marginal structural Cox model can identify
the marginal causal hazard ratio under those assumptions (Hernán 2010; Aalen et al. 2015). Hazard ratios are
also non-collapsible, so conditional and marginal HRs generally differ even without unmeasured confound-
ing.
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terfactual hazards under a well-specified intervention on widowhood (Mao et al. 2018). 5.

B. Average Treatment Effect Estimation

B.1 Mean Survival Time Differences

In Rubin’s causal framework, under unconfoundedness, positivity, and consistency assump-

tions, the average treatment effect (ATE) refers to the difference in outcome between the

treated and the control groups, and the conditional average treatment effect (CATE) refers

to the difference between treated and control outcomes conditional on covariates. In our

analysis above, the heterogeneous treatment effect (HTE) is intrinsically the CATE evaluated

at fixed levels of preparedness. If the outcome is a survival variable, we may generate the

estimand of the ATE by measuring the treatment and control group difference in probability

of survival before a specific time, or we could compare the average survival time difference

between the treatment and the control group (Mao et al. 2018):∫ ∞

0
S A=1,C ,X (t )d t −

∫ ∞

0
S A=0,C ,X (t )d t

Where S(t ) is defined as the survival function S(t ) = P (T ≥ t ) = exp(−∫ t
0 h(u)du) (Therneau

and Grambsch 2000). In most cases, we could not observe the entire survival curve in the

empirical analysis due to right censoring. Therefore, we rely on the model assumption to

yield the mean survival time. For instance, in this paper, as we use the Cox-PH model,

we first use the Breslow method (Breslow 1975) to calculate the baseline hazard and sur-

vival function at t : ĥ0(t ) and Ŝ0(t ) = exp(−∫ t
0 ĥ0(u)du). We then calculate the individual

survival function as Ŝi (t ) = Ŝ0(t )exp(γ̂Ai (t )+δ̂Pi (t )+η̂Ci (t )+ζ̂Xi ). For a counterfactual group-level

survival curve under A = a, we average individual counterfactual survival curves, Ŝ A=a(t ) =
5To compare the quality of the data we cleaned with previous studies, we reported our results with the

MHRs from the continuous-time Cox-PH models for men and women, and the results could be referred to in
Appendix B.1 for interested readers.
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n−1 ∑
i Ŝi (t | Ai (t ) = a), rather than multiplying the individual survival functions. Finally, we

integrate the survival function to get the (restricted) mean survival time:
∫ T̃

0 Ŝ A=a,C ,X (t )d t

(in which T̃ refers to the latest observation time). It is worth noting that unlike most treat-

ment variables in survival analysis, which are assigned before the observation time starts,

the treatment (widowhood) in this research is a time-dependent variable that occurs during

our observation time; we use the extended Cox-PH model discussed above to predict ĥ(t ).

We will discuss the technical details of the hazard function estimation in Appendix B.2 for

interested readers.

B.2 Nuisance Function for Propensity Scores and Preparedness Scores

We calculate the propensity score of the treatment effect (widowhood). Let π represent the

propensity score. In general, π is a function of a set of covariates predicting the probability

of widowhood. We use Z to denote the set of covariates here, and hence,

π(Z ) = P (A = 1 | Z = z)

Which is in the range between 0 and 1 and π̂(Z ) is our target. In the main paper, we

present the predictions on the propensity score from the logistic regression.

It is worth noting that we also use the same set of covariates to construct a baseline

“preparedness” measure, denoted S = g (Z ), which we treat as an effect modifier. We con-

sider the operationalization on expectedness-as-risk: where S ≡ π̂(Z ). π̂(Z ) is used for con-

founding adjustment (via weighting, matching, or stratification), while S enters the out-

come/MSM stage as the moderator. We then estimate preparedness-specific effects

CATE(s) = E [Y (1)−Y (0) | S = s] ,
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under the usual identification conditions (consistency, positivity, and conditional exchange-

ability given Z ). When S ≡ π̂(Z ), heterogeneity is interpreted as variation by baseline risk of

widowhood 6.

C. Doubly Robust Estimator for Treatment Effect

Finally, we will employ the doubly robust method to debias the ATE and HTE estimations.

The pure-imputation or IPW estimands are naïve plug-in estimators: with asymptotic anal-

ysis, we know they will yield plug-in bias in estimation (Tsiatis 2006; Kennedy 2022b). We

adopt the sample splitting and cross-fitting method and construct the doubly-robust learner

(DR-Learner) estimator to make our ATE and HTE estimators regular and asymptotically ef-

ficient under the stated regularity and nuisance-estimation conditions (van der Laan and

Robins 2003). We split the dataset into two subsets, D1 and D2, let µ̂1 = ∫
Ŝ(t | A = 1)d t

and µ̂0 =
∫

Ŝ(t | A = 0)d t , Y denotes the observed survival/censoring time. For the general

model and every socioeconomic trait (education, marital type, and asset levels), the steps

are as follows:

• Use D1 to estimate the nuisance functions for the propensity score π̂, the mean sur-

vival time for the treatment group µ̂1 and for the control group µ̂0.

• Construct the pseudo-outcome based on the efficient influence function (EIF) of Ru-

bin’s ATE:

λ̂i = 1(Ai = 1)

π̂(Zi )

[
Yi − µ̂1(Xi )

]− 1−1(Ai = 1)

1− π̂(Zi )

[
Yi − µ̂0(Xi )

]+ (
µ̂1(Xi )− µ̂0(Xi )

)
6Using the same covariates Z for both π(Z ) and S = g (Z ) does not make the two quantities identical. To

avoid redundancy, we estimate π̂(Z ) from Z and then include S only as the effect modifier in the outcome
stage (not alongside Z inside the propensity model). We also assess overlap within S strata and, if necessary,
trim extreme weights.
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• Regress λ̂i on the preparedness scores S in D2 to yield the doubly robust estimator

for the heterogeneous treatment effect (the conditional average treatment effect on

preparedness scores).

• Swap D1 and D2 and repeat the previous steps for cross-validation and use the average

outcome as the final doubly robust estimator.

IV. Data and Measurement of Variables

The data used in this research are from the Health and Retirement Study (HRS) 1998 – 2018

waves. HRS is a biennial longitudinal household survey designed to understand aspects of

population ageing in the US. Although the HRS began before 1998, our analytic sample uses

the 1998 wave as the baseline for this study. There are, in total, 40,957 individuals included

in the study. In our analysis, as we mainly investigate the widowhood effect among older

adults, we select respondents over 50 and married in their first interview, and set the first

interview year as the start time (27,913 cases dropped). If the respondents exited the inter-

view in the following waves or their deaths were not observed until the 2018 survey, we treat

them as right-censored cases. Moreover, we drop the cases who were same-sex married or

experienced remarriage after widowhood (232 cases) as we believe the patterns between

widowhood and mortality for them could differ from those of heterosexuals who only expe-

rienced bereavement. Thus, we have 12,812 individuals. We establish models separately for

men and women, with 6,667 men and 6,145 women in our study. Table 3.1 describes their

distributions stratified by education and wealth. Because of the time-varying covariates, we

transfer the wide data (person) into the long form (person-year) for analysis.

The treatment variable is whether the respondent experienced widowhood. We use a set

of time-varying and time-constant variables to predict the propensity of widowhood, which
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Table 3.1: Sample Size By Gender (HRS 1998 - 2018)

Characteristics Total %
Not

Widowed
Dead

Not
Widowed

Alive

Widowed
Dead

Widowed
Alive

Men (N = 6,667)

Lower than College 3917 58.75% 1983 1276 369 289

College and above 2750 41.25% 1112 1300 166 172

Husband College,
Wife College

1713 25.69% 643 871 99 100

Husband College,
Wife Non-college

1004 15.06% 464 404 66 70

Husband Non-college,
Wife College

799 11.98% 385 301 61 52

Husband Non-college,
Wife Non-college*

3151 47.26% 1603 1000 309 239

Lowest Strata Asset 2250 33.70% 1151 721 209 169

Middle Strata Asset 2221 33.26% 1031 889 162 139

Upper Strata Asset 2206 33.04% 913 966 174 153

Women (N = 6,145)

Lower than College 3888 63.27% 1012 1197 717 962

College and above 2257 36.73% 444 995 287 531

Wife College,
Husband College

1506 24.51% 282 713 172 339

Wife College,
Husband Non-college

730 11.88% 161 270 113 186

Wife Non-college,
Husband College

930 15.13% 212 346 134 238

Wife Non-college,
Husband Non-college*

2979 48.48% 801 863 585 730

Lowest Strata Asset 2022 32.90% 548 566 388 520

Middle Strata Asset 2062 33.56% 460 770 340 492

Upper Strata Asset 2061 33.54% 448 856 276 481
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is also the individual’s preparedness score for losing a spouse. Sociodemographic variables

include the spouse’s birth year (age), educational years, age difference with the partner, race,

religion, migration status, number of shared children (in the current household), and num-

ber of living children. The socioeconomic variables include the household’s past-three-year

average log assets, spouse’s past-three-year average log income (pension), retirement sta-

tus, years since retirement, and years since children died, if ever. Spouse’s health conditions

are a set of variables measuring the mean or maximum values in the last three years: the

average number of drinking days and quantity, average hospital time per year, average BMI,

average CESD scores, the maximum time visiting the hospital per year, the mean spouse’s

medical expenditures, whether the spouse was living in the nursing home, and whether

the spouse was diagnosed with high blood pressure, diabetes, any cancer, lung diseases,

heart diseases, stroke, and psychological illness (with each diagnosis as a dummy). Once

the spouse dies, the propensity of widowhood for the individual in the following waves re-

mains the same as the propensity score predicted in the last alive wave until the individual’s

death or censoring.

The model predicting the survival time for the widower has a similar structure to pre-

dicting the propensity of widowhood, except we replace the spouse’s traits with her own

characteristics. Moreover, we include the predicted propensity from the last stage and years

since widowhood into the model. The detailed descriptive statistics are listed in Table 3.2.
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Table 3.2: Descriptive Table for Variables (HRS 1998-2018)

Value for
Respondent

Value before
Death

Value for Spouse
Value before
Widowhood

Men, widowed (N = 996)
Observed Death 0.53 (0.50)
Death Age 85.81 (7.74) 79.01 (8.46)
Years between Death and Widowhood 5.17 (3.92)
Years between Death and Retirement 23.10 (8.67) 20.16 (11.48)
Number of Symptoms[b] 2.24 (1.24) 2.16 (1.23) 2.19 (1.29) 2.20 (1.28)
Mean Household Log Asset 10.17 (2.18) 10.87 (2.73)
Mean Log Income 8.21 (1.71) 9.13 (1.97) 5.73 (1.77) 7.99 (1.98)

Men, not widowed (N = 5,671)
Observed Death 0.55 (0.50)
Death Age 79.13 (8.72)
Years between Death and Retirement 18.15 (8.53)
Number of Symptoms[b] 2.04 (1.28) 1.99 (1.24) 1.38 (1.14)
Mean Household Log Asset 9.55 (2.50) 10.65 (3.09)
Mean Log Income 7.21 (2.27) 8.47 (2.74) 6.23 (2.12)

Women, widowed (N = 2,497)
Observed Death 0.39 (0.49)
Death Age 84.93 (8.00) 76.33 (8.38)
Years between Death and Widowhood 6.18 (4.11)
Years between Death and Retirement 25.93 (12.39) 19.03 (8.31)
Number of Symptoms[b] 1.97 (1.21) 1.92 (1.18) 2.28 (1.30) 2.29 (1.28)
Mean Household Log Asset 10.46 (2.09) 10.71 (2.73)
Mean Log Income 7.76 (1.59) 8.86 (1.94) 6.36 (1.96) 9.03 (1.77)

Women, not widowed (N = 3,648)
Observed Death 0.40 (0.49)
Death Age 77.21 (8.87)
Years between Death and Retirement 20.16 (12.01)
Number of Symptoms[b] 1.74 (1.25) 1.79 (1.21) 1.75 (1.21)
Mean Household Log Asset 9.88 (2.55) 10.39 (3.33)
Mean Log Income 6.49 (2.15) 7.46 (2.78) 7.42 (2.33)

Note: [a] Standard deviation is in parentheses. [b] We include six symptoms: high blood
pressure, diabetes, cancer, lung problems, heart problems, and stroke. In models, we

separate the six symptoms into six dummies, adding them as covariates. Source: Author’s
calculation based on the HRS data, 1998—2018.

V. Results

In this section, we present the ATE and the HTE results for widowhood effects on mortality

for men and women. As noted above, we compare the difference in mean life expectancy

between the widowed and non-widowed groups.
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A. General Results

Figure 3.1 demonstrates the general results of the widowhood effects for men and women

under different levels of preparedness. Results from Figure 3.1 validate Assumptions 3.II.1

and 3.II.2. For both genders, we verify the causal effect of widowhood on mortality from

the HRS dataset, while the widowhood effect is more prominent for men than for women.

For men, widowed individuals are, on average, 2.6 years shorter in life expectancy than non-

widowed individuals, while for women, widowed individuals live 0.4 years shorter than non-

widowed peers.

Moreover, as seen in Figure 3.1, for both men and women, the worst-prepared indi-

viduals bear a higher widowhood penalty than those well-prepared for their spouse’s pass-

ing. The worst-prepared men suffer a widowhood penalty for 1.5 more years than the best-

prepared men, while the gap between the worst-prepared women and best-prepared women

is only 0.10 years.

B. College Education and Educational Homogamy

We then discuss the heterogeneity in educational levels and educational homogamy pat-

terns for widowhood effects. Figure 3.2 demonstrates the average and heterogeneous treat-

ment effects for widowhood effects separately for college-educated and non-college-educated

men and women.

We first look at the difference between college-educated men and non-college-educated

men. As the upper panel of Figure 3.2 shows, on average, men with college degrees and

above have an average of 0.6 years shorter life expectancy if they ever experience widow-

hood. In comparison, men without college degrees average 4.3 years shorter if ever wid-
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Figure 3.1: Average Treatment Effect and Heterogeneous Treatment Effect of Widowhood
Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.

owed. The results suggest that a college degree reduces the widowhood penalty for men.

However, the average widowhood effect for college-and-above and non-college women is

almost the same. Widowhood reduces college-and-above women’s life expectancy by an

average of 0.45 years, while non-college women’s life expectancy by an average of 0.35 years.

We then discuss the heterogeneity in the widowhood effect. The upward slopes in the

four graphs show that the best-prepared widowers suffer less than the worst-prepared wid-

owers in life expectancy reductions, although the magnitudes differ. For college-and-above-

educated men, although the average treatment effect indicates that widowhood in gen-

eral still negatively affects life expectancy, the heterogeneous analysis shows that at the

well-prepared end, widowed men survive longer than the non-widowed men for 0.3 years,

though the effect is not significant. For non-college-educated men, we find that the in-

crease in preparedness level reduces the difference in life expectancy gap between wid-
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Figure 3.2: College Education and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.

owed and non-widowed most rapidly, with 4.3 years fewer for the widowed group at the

worst-prepared end but three years fewer at the best-prepared end. For both college-and-

above-educated and non-college-educated women, preparedness could only reduce the life

expectancy gap between the widowed and non-widowed by 0.1 years. The effect for non-

college-educated women is not significantly different from the average treatment effect.

Then, we turn to the heterogeneity in the widowhood effect for homogamy status. We

regard college–college and non-college–non-college matches as homogamous marriages,
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while college–non-college matches are considered heterogamous. The results are shown in

Figure 3.3. The results show that homogamy reduces the widowhood penalty on mortality

for women but not for men. The average treatment effect of widowhood shortens educa-

tional homogamous men’s life expectancy by 2.5 years, while shortening educational het-

erogamous men’s life expectancy by 1.8 years. However, heterogamous women, on average,

suffer one year less in life expectancy if they experience widowhood, while homogamous

women, on average, only suffer 0.1 years less in life expectancy if widowed. The results

indicate that homogamous men suffer more grief from losing their partners than heterog-

amous men. In contrast, homogamous women cope with losing their partner better than

heterogamous women.

We then discuss the impact of preparedness on widowhood for homogamous and het-

erogamous groups. The results also show a gender disparity. For men, the increase in pre-

paredness significantly reduces the widowhood penalties. The widowhood penalty shrinks

from -2.5 years to -1.5 years for homogamous men and from -1.9 years to -0.1 years for het-

erogamous men. Also, at the best-prepared end, the difference in life expectancy between

the widowed and non-widowed men is not statistically significant. On the women’s side,

there’s almost no difference between the widowed and non-widowed for the best-prepared

homogamous women, while on the worst-prepared end, the widowed have a 0.1-year gap

in life expectancy with the non-widowed. For heterogamous women, there’s almost no dif-

ference between the best and the worst-prepared ends.

In summary, as for education, we find that higher education reduces the widowhood

penalty, but the reduction only exists for men. Furthermore, we find educational homogamy

asymmetrically impacts the widowhood effect for men and women: educational homoga-

mous men suffer a larger widowhood penalty than heterogamous men. In contrast, the
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Figure 3.3: Educational Homogamy and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.

heterogamous women suffer more. We believe that the results indicate different sociolog-

ical meanings for education and educational homogamy for men and women before Gen-

eration X (the research population in this study) and reflect the educational gradient in the

widowhood effect. Before Generation X, a large proportion of women (both college and

non-college) in those generations worked as housewives. Therefore, education does not

stratify the effect of their husband’s death. In this regard, education has a protective effect,

but only for men. Besides, since most college entrants were men (though the gap reduced

and flipped in the later decades), the heterogamous men are mostly married downward

(college men with non-college women) while the heterogamous women are more likely
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to be upwardly matched. If we bring in the compensation and specialization theory, we

may expect that the compensation cost for widowhood is highest for upward matching and

lowest for downward matching. Thus, educational heterogamy augmented the widowhood

penalty for women while alleviating it for men.

C. Wealth

Finally, we discuss how widowhood effects differ among different asset groups for men and

women. Since assets may change dramatically due to medical expenditures, when we clas-

sify the families into the three terciles, we use their family assets around the age of 50 (the

start of the observation time). The results are shown in Figure 3.4. Intuitively, we could find

that all graphs indicating better preparedness scores reduce widowhood penalties. How-

ever, only men at the lowest tercile, men at the highest tercile, and women at the highest

tercile show statistically significant improvement. The detailed description of the figure is

as follows.

We start with the ATE for men. The average widowhood penalties in life expectancy for

men at the lowest, middle, and highest terciles are 2.0 years, 0.5 years, and 2.0 years, respec-

tively. The results indicate that men at the lowest and the highest terciles suffer almost the

same widowhood penalties in life expectancy. In contrast, the middle tercile men suffer a

much smaller effect than the other groups. We may attribute the results to the existence

of both the protection effect and the compensation effect: the lowest tercile men are more

vulnerable to widowhood than the middle tercile men because their assets cannot protect

them from the grief; meanwhile, the highest tercile men are also more vulnerable because

of the more specialized gender roles within the family and higher compensation costs.

On the women’s side, widowed women in the lowest asset terciles have an average of
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Figure 3.4: Wealth and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.

0.4 years longer in life expectancy than non-widowed women. For the middle terciles, the

effect turns to a widowhood penalty for widowed women with a shorter life expectancy of

0.42 years, and the penalty increases for the highest tercile at an average of 0.83 years. The

result shows that the widowhood penalty increases with family assets for women. There-

fore, for women, the effect of widowhood is mainly on the compensation side; they suffer

higher risks in high SES families when they lose their valuable spouse.

We then look at the heterogeneous treatment effects along with the preparedness scores

for widowhood. For men at the lowest tercile, the increase in preparedness scores miti-

gates the widowhood penalties from 2.1 years to 0.6 years for widowers compared to non-

widowers. For the middle tercile men, the widowhood penalties mitigate the worst-prepared
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0.8 years gap between widowers and non-widowers to almost no gap. However, the hetero-

geneous effect is not statistically significant compared to the average effect. Finally, for the

men with the highest tercile assets, the increase in preparedness scores reduces the widow-

hood penalty for the widowers from nearly 2 years to 1 year at the best-prepared end.

For women, better preparedness scores do not reduce the widowhood penalties on life

expectancy, as the bottom panel of Figure 3.4 shows. For women with the lowest tercile, bet-

ter preparedness enlarges widowed women’s lead in longevity over non-widowed women

from 0.39 years to 0.47 years, while for the middle tercile and the highest tercile women,

better preparedness respectively shrinks the penalty of widowhood from 0.43 years to 0.38

years, and from 0.83 years to 0.72 years. The results indicate that for women, the increase in

preparedness scores has little impact on the causal effects of widowhood.

In summary, our analysis of both average and heterogeneous treatment effects reveals

distinct gender-based mechanisms through which assets affect the impact of widowhood

on mortality for American elders before Generation X. For men, we find that both compen-

sation and protection effects coexist, rendering the middle tercile the most resilient group

against the adverse consequences of widowhood on mortality. Conversely, higher asset lev-

els are associated with a magnified widowhood effect for women, implying that the rela-

tionship between assets and the widowhood effect is best understood through the lens of

compensation cost effects. Moreover, we discover that preparedness scores can more ef-

fectively mitigate the negative impact of widowhood among vulnerable groups, specifically

men in the lowest and highest asset terciles and women in the highest asset tercile, com-

pared to other segments.
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D. Further Discussions

In the HRS data, since most respondents are white, we further restrict our sample to white

men and women to test the robustness of the results. We present the results in Appendix

B.3. The results show that, except for white women in the lowest strata of assets, patterns in

other subgroups are consistent with the results presented in the main paper. We suspect the

abnormal results in the lowest strata for white women are due to the reduced sample size,

as white women are more likely to be included in the middle and higher asset strata than

minorities. Thus, we believe our results are generally robust to this subsample restriction.

VI. Conclusion and Further Discussions

This study uses the HRS data to present the heterogeneous treatment effect of widowhood

on mortality in the US. Empirically, under the stated identification assumptions, we find

evidence consistent with a causal widowhood effect on longevity for both men and women

born before Generation X, although the impact is more significant for men than women.

The empirical results also support our assumptions on the heterogeneous effects of pre-

paredness. For both the general population and sub-populations filtered by different so-

cioeconomic strata, we find that better preparedness will improve widowed individuals’

mean life expectancy compared with people on the side of lower preparedness scores.

We also analyzed the heterogeneous treatment effects of education and family wealth.

We find that men and women have different mechanisms for the effects of widowhood. For

men, higher socioeconomic status, on the one hand, protects them from the widowhood

penalty while, on the other hand, increases their compensation cost. For women, we only
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find evidence supporting the compensation theory from the analysis of both education and

wealth. We believe the result is caused by gender segregation in education and the labor

market before Generation X in the US, as women in that generation socioeconomically rely

more on their husbands than the later generations. Men, as household heads, could find

social resources based on their socioeconomic traits, while on the other hand, relying on

a specialized gendered role of the wife in domestic work. Therefore, the meaning of wid-

owhood differs for widowed men and women. With later cohort data available, it would be

intriguing to analyze whether the patterns continue or change when more women receive

higher education, participate in the labor market, and become more independent.

Methodologically, this paper adopts the doubly robust estimation to estimate the het-

erogeneous treatment effect of widowhood on mortality. Compared to the previous stud-

ies, we tried our best to set the pseudo-randomized scenario for widowhood treatment and

then test the causal effects. We estimate the mean life expectancy based on time-varying

Cox Proportional Hazard (Cox-PH) models to grab the average and heterogeneous treat-

ment effects. The results should be more intuitive than previously presented with hazard

ratios.

However, a shortcoming in our model is that for the covariates we selected for fitting

the likelihood of widowhood and mortality, we still could not avoid the endogenous selec-

tion problem: unobserved dyad- or household-level factors (e.g., shared lifestyle, caregiving

burden, genetic risk, financial shocks) may jointly increase the partner’s death risk and the

respondent’s mortality. If these variables really affect the conditional unconfoundedness

assumptions, our ATE and HTE estimates can only be interpreted as the associational con-

trasts conditional on the covariates, not fully identified causal effects. Indeed, we use the
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traits of the spouse to model widowhood and the traits of the respondents to model mor-

tality, and future research may use stronger identification designs to reduce confounding.

For instance, researchers could seek quasi-exogenous variation in partner mortality risk to

construct instruments and identify local effects.

Another shortcoming of the methodological side is that we still apply a Cox-PH model

to estimate the survival function. The Cox-PH model is biased if the proportional hazard

assumption is violated. However, in our research, our primary interest is the treatment of

widowhood, and thus, in both the full-population model and the sub-population models on

education and wealth, we add the interactive term between the treatment and years since

widowhood into the models so the problem is addressed 7. Ideally, we feel it would be best

if our model could be doubly robust in estimating the causal effects (dealing with the miss-

ing counterfactuals in the treatment or control group) and also doubly robust in estimating

the survival function (dealing with the missing counterfactual for censoring data). Future

methodological improvements could overcome the shortcomings and deepen our under-

standing of the sociological meaning of bereavement.

7Meanwhile, we also test the proportional hazard assumptions with the Schoenfeld test. The results are
presented in Appendix B.5.
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Chapter 4

Doubly Robust Estimation for Static and
Dynamic Causal Mediation Analysis

I. Introduction

In this chapter, we continue discussing the efficient/doubly robust causal estimator in the

context of causal mediation. Previously, researchers commonly used mediation analysis

in social science and epidemiology to understand the mechanism of causality and the for-

mation of post-treatment heterogeneity. The treatment effect can be decomposed into the

direct treatment effect on the outcome and the indirect treatment effect on the outcome

via the mediator. In summary, this chapter aims to explain the efficient/doubly robust esti-

mand for the decomposed terms 1.

Previous literature analyzing the causal mediation effect used Pearl’s (2009) "do-calculus"

(DoC) framework (see Chapter 1), which treats the treatment variable and the mediator vari-

1In this chapter, we only cover doubly robust estimators, although some relevant literature has mentioned
the "multiply robust" estimators in causal mediation analysis (for instance, see Zhou 2021). In general, it is
not the number of nuisance functions that determines if the estimator is doubly robust or multiply robust.
Instead, if and only if we have multiple nuisance functions, and any one of them is correctly specified, that
makes the estimator unbiased, we can call the estimator multiply robust. As we will elaborate in the chapter,
the estimators given here are all doubly robust. Although we have multiple nuisance functions, only one of
the two conditions is satisfied, and we can still yield unbiased estimation, which is clearly the doubly robust
estimator.
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able as actions and derives the flow chart called the directed acyclic graph (DAG) to assist

the analysis. VanderWeele’s (2015) book gives the basic concepts and analytical framework

for causal mediation, which is the starting point of the discussions in this chapter.

Recently, terms and analytical frameworks in causal mediation have been further ap-

plied to the causal disparities between groups. In epidemiological and demographic re-

search, researchers put variables that could not be regarded as treatments in the DoC frame-

work (for instance, gender, race, birthplace, etc.) into groups and measure how contex-

tual variables amplify or alleviate the gaps between the groups. The analytical framework

is called the "reduced disparities" in epidemiology (Jackson and VanderWeele 2018) and

"gap-closing estimand" (Lundberg 2024) in demography and social science.

Furthermore, researchers may apply the causal mediation analytical framework to the

time-varying models, as they may encounter time-varying treatments, mediators, and con-

founders in their empirical research. For instance, they may try to decompose the total

treatment effects into direct and indirect effects through the time-varying mediators; they

may assume heterogeneity in treatment effects if the treatments occurred at different times,

or they may differentiate the short-term causal and mediation impact from the long-term

ones. We call the models with time-varying confounders the "dynamic models" (to distin-

guish them from the static models assuming no time-varying effects). G−formula is the

common toolbox to address the time-varying confounding (Robins 1986: 1994). In this pa-

per, we give an efficient influence function (EIF) based doubly robust estimator of the com-

ponents in dynamic/time-varying causal mediation models.
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In this chapter, we will present the EIF-based DR estimator for the natural, controlled,

and interventional direct and indirect effects for the static and dynamic causal mediation

analysis. The sections in this chapter are as follows: in SectionII, we will review the DoC

framework for causal inference and the terms and assumptions for causal mediation anal-

ysis; Section III gives a review of the efficient/doubly robust estimation for causal/treatment

effects (which has been covered in the introduction chapter); Section IV gives the efficient/doubly

robust estimation for the components in static causal mediation models. In Section V, we

turn to the concepts and the assumptions for the dynamic model. Then, in Section VI, we

derive the doubly robust/efficient estimator for the components in the dynamic causal me-

diation model. Finally, in Section VII, we set out our proposed algorithm in the empirical

research: we replicate classic causal mediation analysis—Fearon and Laitin’s (2003) analy-

sis of the mediation effects of political instability on the causal mechanisms between racial

fractionalization and civil wars—with our new estimators.

II. DoC Framework and Static Causal Mediation Model Assumptions

A. Mutual Causality, Confounders, Colliders, and Mediators

The causal inference we discussed in the previous chapters is based on the Neyman-Rubin

(NR) framework (Neyman 1990; Rubin 1974), in which we assume the existence of the coun-

terfactual status of the outcome. We aim to apply statistical methods to quantitatively iden-

tify the value of the counterfactual status. By comparing the observed/factual status values,

we could evaluate the effects of the treatment on the outcome.

The Do-Calculus (DoC) framework, developed by Judea Pearl (Pearl 2009), tells an-

other story. Due to the self-evident message conveyed in the causal relationship that the

cause precedes the effect, we can use a unidirectional arrow to represent the relationship
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between the treatment A2 and the outcome Y : A → Y . In the dyadic relationship be-

tween A and Y , the status of Y will not change unless we manipulate the status of A (for

instance, manipulate A = 1 to A = 0 in the binary treatment-control setting). The manipu-

lation, in Pearl’s (2009) term, is a do. The right arrow denotes the causal effect of A on Y ,

and statistical models aim to identify the value of the causal effect, in the DoC notations,

E [Y | do(A = 1)]−E [Y | do(A = 0)].

Based on the dyadic relationship between A and Y : A → Y , consider a third variable

M interfering in the effect of A on Y . With the unidirectional arrow notation, the way M

could intervene A → Y can only fall into four types: A ← M ← Y ; A ← M → Y ; A → M ← Y ;

and A → M → Y . In the introduction chapter, we have discussed the two sources of bias for

causal effect estimation: the pre-treatment selection and the post-treatment heterogeneity.

Here, we discuss how the four diagrams contribute to the bias in causal identification.

We start with the notation A ← M ← Y . Obviously, if we simultaneously have the rela-

tionships A → Y and A ← M ← Y , then A and Y are in a bidirectional relationship/ feedback

loop, and we call A and Y mutually causal as we cannot identify the order in which A and

Y occur. Thus, there’s no causal effect between A and Y if A ← M ← Y holds 3.

Then we simultaneously have A → Y and A ← M → Y . In this case, M can be regarded

as a confounder, which affects both the pre-treatment selection and the post-treatment

heterogeneity. In this case, the order of occurrence is first the confounders M , then A, and

2In many DoC framework and causal mediation literature, the treatment is also called the exposure.
3In Pearl’s notation, circulation is actually not permitted because the graphs are "directed acyclic graphs".

However, in this part, we just introduce the scenarios for the relationships among A, M , and Y and hence we
include the scenario for mutual causality here.
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finally Y . To make a valid causal inference of A on Y , we must ensure the outcome is inde-

pendent of the treatment conditioned on the confounders, which is the unconfoundedness

assumption for causal inference we have discussed. In this chapter, we use C to denote the

confounders affecting both the treatment and the outcome.

Next, if A → M ← Y and A → Y are simultaneously satisfied, then the M variable here is

called a collider. The collider will not affect our identification on A → Y , as in the triangle

relationship Y precedes M , so the order of occurrence is first A, then Y , and finally M . How-

ever, some researchers may encounter collider bias if they over-complicate the identifica-

tion of the causal relationship between A and Y by stratifying on the levels of M or manually

fixing M at specific values. To illustrate this, consider a prevalent scenario in social science

where we set A as the education level, Y as the income, and M (the collider) here as the

job performance. We assume the colliding structure, which implies that theoretically, we

assume that people with higher educational levels will have better job performances, and

people with higher income will perform better in their jobs as they have greater access to re-

sources and experiences. However, if we select our samples from specific job performance

groups, we may find within the performance level, the correlation between education and

income may be negative, leading to biased causal estimation between education and in-

come. Hence, the collider bias is also a form of pre-treatment selection.

The final type of the triangle relationship is we simultaneously have A → Y and A →
M → Y . In this situation, M stands for the mediator. The time order of occurrence is first A,

then M , and finally Y . Therefore, adding the mediator M is indeed decomposing the causal

effect estimation into two parts: the direct effect A → Y and the indirect effect A → M → Y .

If the mediator is omitted, the estimation of the total causal effect of A on Y is still un-
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biased, but we overestimate the direct effect (the specific path A → Y ) as we ignore the

indirect paths between the treatment and the outcome.

In the DoC framework, unidirectional arrows are crucial as the fairness rule of A → Y is

"do A, then Y": fixing A = a, then we have Y (a) (Recall this is called the consistency assump-

tion in the NR framework). If, in the diagram, we select any variable as the starting point and

follow any unidirectional arrows and will not return to the starting variable, we call the dia-

gram a directed acyclic graph (DAG), and we can infer the causal relationship between any

variables in a DAG. In the four types above, since we can turn back to A if we start at A in the

mutual causality graph (A → Y → M → A), we cannot infer any causal relationship among

the variables. On the other hand, for the confounding, colliding, and mediation graphs,

we can all infer the causal relationship between any of the two variables. The essence of

confounding, colliding, and mediation is almost identical, with only the time sequence of

variables exchanged. Therefore, in this chapter, we will only discuss the mediation relation.

B. G-formula, and Sequential Ignorability Assumption

In the mediation analysis, as the fairness rule suggests, due to the two paths A → M and

A → M → Y , we should have the potential mediators M(a) when we do the treatment A = a

if the treatment is the only intervention, and the potential outcomes Y (a,m) when we do

A = a, M = m if the treatment and the mediator are the only interventions. Like in the intro-

ductory chapter, we still assume that we have a binary treatment: A = 1 or A = 0. Now we

discuss what assumptions are required for the statistical estimand (conditional expectation)

to estimate the potential outcomes for the mediator M(a) from the conditional expectation
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of the observational data. 4

Under the DoC framework, E [M(a)] is equivalent to E [M | do(A = a)] if the treatment

is the only intervention without any back-door paths. In social science research with ob-

servational survey data, the condition is too ideal because researchers could not artificially

manipulate the treatment; however, theoretical framework may guide researchers to set a

group of covariates C AM which blocks all back-door paths from A to M and contains no

descendant of A (C AM is ignorable). In potential outcome terms, as we discussed in the

introduction chapter, this corresponds to the familiar assumptions: consistency (fairness),

positivity (overlap), and unconfoundedness (ignorability) assumptions. The consistency

assumption is satisfied if the fairness rule holds; the positivity assumption says that the

probability of the treatment should be between (0,1) for any treatment value; and the un-

confoundedness assumption requires that all the confounding variables are controlled be-

tween the mediator and the treatment. In the DoC framework, the unconfoundedness as-

sumption is equivalent to suggesting that there is no (backdoor) path between the treatment

and the mediator (conditional ignorability of A for M given C AM ). Formally, we have:

Assumption 4.II.1 (Assumptions for Mediator Fairness) To identify E [M(a)] from E [M | A]

5, we have the following assumptions:

• Consistency: the observed mediator is the same as the potential mediator under the

4Following the terms in the introduction chapter, we still call the function/expression from the statistical
models to the potential outcomes the estimand, and the function from the observational/empirical data to
estimate the statistical function the estimator.

5In the following two chapters, we use E [Y | do(A = a)] to denote the artificial manipulation of the treat-
ment in the do-calculus term, E [Y (a)] to denote the potential outcomes, and use E [Y | A = a] to denote the
conditional expectation with the observational data. As we explained above, in social science research with
observational survey data, we rarely have the pure do manipulation, and thus our focus is still on how to use
the observational conditional expectation to identify the potential outcomes.
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treatment:

M = M(a) if A = a;

• Positivity: the probability for the mediator to be assigned to treatment and control

group should be a positive number between 0 and 1, for every covariates c in the sup-

port of the back-door path C AM :

P (A = a |C AM = c) ∈ (0,1); a = {0;1}, f (c) > 0;

• Unconfoundedness: conditioned on our controlled treatment-mediator confounders

C AM , the potential outcomes for the mediator is independent of the treatment assign-

ment A:

M(a) ⊥⊥ A |C AM .

With the assumptions held, we have :

E [M(a)] = E [EC AM [M(a) |C AM ]] (conditional expectation)

= E [EC AM [M(a) | A,C AM ]] (positivity and unconfoundedness)

= E [EC AM [M | A = a,C AM ]] (consistency)

=
∫

cAM

E [M | A = a,cAM ] fC AM dC AM (4.II.1)

The DAG for Assumption 4.II.1 is quite straightforward:

Similarly, if we only consider the binary relationship between A and Y and would like

to use E [Y | A = a] to infer E [Y (a)], with observational data and in the DoC terms, we re-

quire a set of covariates C AY to separate all back-door paths from A to Y and contains no

descendants of A (to make the effects ignorable). As we discussed in Chapter 1, in potential
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Figure 4.1: Directed acyclic graph (DAG) for Assumption 4.II.1.

outcome terms, this aligns with the trio of assumptions– consistency, positivity, and uncon-

foundedness (ignorability) 6:

Assumption 4.II.2 (Assumptions for Outcome Fairness) To identify E [Y (a)] from observed

data, it suffices that:

• Consistency: the observed outcome equals the potential outcome under the realized

treatment:

Y = Y (a) if A = a.

• Positivity: for every c in the support of C AY , treatment assignment has nonzero proba-

bility:

P (A = a |C AY = c) ∈ (0,1), a ∈ {0,1}; f (c) > 0

• Unconfoundedness: given C AY , the potential outcome is independent of treatment as-

signment:

Y (a) ⊥⊥ A |C AY .
6See also in Chapter 1 Assumption 1.II.4.
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Under Assumption 4.II.2, the standardization (the g -formula) identifies the interventional

mean:

E [Y (a)] = E {E [Y (a) |C AY ]}

= E {E [Y (a) | A,C AY ]} (by exchangeability and positivity)

= E {E [Y | A = a,C AY ]} (by consistency)

=
∫

E [Y | A = a,C AY = c] fC AY (c)dc (4.II.2)

The transition in Equation 4.II.2 is called the g−formula (which is a more common term

in mediation analysis), as "g " stands for the generalized (Robins 1986; Hernán and Robins

2020; Naimi et al. 2017; Taubman et al. 2009; Snowden et al. 2011):

Definition 4.II.1 (g−formula) The g−formula, or the generalized formula, states the rela-

tionship between the causal estimand and the statistical estimand. Specifically, if we have

the treatment A, the outcome Y , and the covariates C which suffice for ignorability, un-

der the consistency, positivity, unconfoundedness assumptions (Y (a) ⊥⊥ A | C ), we have the

g−formula linking the causal estimand to a function of the observed data:

E [Y (a)] = E {E [Y | A = a,C ]} =
∫

E [Y | A = a,C = c] fC (c)dc.

where fC is the density of C when it exists and FC is the distribution function of C .

In words, the g -formula standardizes the conditional outcome regression E [Y | A = a,C ]

over the marginal distribution of C , thereby identifying E [Y | A = a] = E [Y (a)] under the

stated assumptions. Similarly, if we consider identifying the binary relationship between

M and Y for E [Y (m)] with the observed data, we need a set of covariates CMY that blocks

the back-door path between M and Y and contains no descendants of M , with the trio

assumptions of consistency, positivity, and unconfoundedness. The DAGs for identifying
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E [Y (a)] and E [Y (m)] are illustrated in 4.2:

(a) DAG for identifying E [Y (a)]: C AY

blocks all back-door paths from A to Y
and contains no descendants of A.

(b) DAG for identifying E [Y (m)]: CMY

blocks all back-door paths from M to Y
and contains no descendants of M .

Figure 4.2: Directed acyclic graphs (DAGs) for identifying E [Y (a)] and E [Y (m)]. Panel
(a) illustrates the treatment–outcome relation with C AY ; panel (b) illustrates the media-
tor–outcome relation with CMY .

In causal mediation analysis, we focus on the trio relationship among A, M and Y and

as we illustrated above, we have a sequential order: the occurrence of events is first the

treatment A then the mediator M and finally the outcome Y . As the target of causal medi-

ation analysis is always to explain how much the mediator enhances or mitigates the total

treatment effect, i.e., the divergence between the potential/interventional outcomes un-

der treated E [Y (1)] and under control E [Y (0)]. As the potential outcomes are intervened

sequentially by the treatment A and the mediator M , the target outcome can be denoted

as Y (a,m) when we set A = a and M = m. The assumption of sequential ignorability is

needed to identify the controlled potential outcome Y (a,m) in observed data (and Y (a,m)

in some literature is also called the controlled response function (CRF), see Zhou 2021) be-
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cause identification proceeds stage by stage along the temporal order from A to M to Y , and

at each stage we need to replace the interventional quantity with an observed conditional.

The DAG for the identification can be seen in 4.3:

Figure 4.3: DAG for identification of the controlled response function Y (a,m) under se-
quential ignorability.

Figure 4.3 can be seen as the combination of Figures 4.1 and 4.2, and we add the possible

path that A might affect CMY and further affect the outcome Y (we may also have a stronger

assumption that A and CMY are independent, which is called the cross-world assumption

we will discuss in the following subsection). Like what we did previously, we set a group of

covariates C AL to block the back-door path and assume that the covariates C AL contain no

descendants of A. Since covariates C AM , C AL , and C AY all do not contain descendants of

the treatment, we use C to denote them as the pre-treatment covariates. Covariates CMY

contain no descendants of M but are subsequent to A, we use L to denote them later in this

thesis and call them post-treatment covariates.
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As identification is the process to replace the interventional quantity with the observed

conditional, we start with the observed baseline covariates C . Using the g−formula, we

have:

E [Y (a,m)] =
∫

E [Y (a,m) |C = c] fC (c)dc

As the density function for fC (c) is observable under the pre-treatment positivity condi-

tions, there’s no problem with the transformation. However, the conditional expectation on

the right side E [Y (a,m) |C = c], also based on the g− formula, if we take the post-treatment

covariates L into consideration, we further have:

E [Y (a,m) |C = c] =
∫

l
E [Y (a,m) | L(a) = l ,C = c] f (L(a) |C = c)dl (4.II.3)

Notice this time on the right side of the equation, both E [Y (a,m) | L(a),C ] and f (L(a) |
C = c) contain expressions for potential outcomes. Hence, we need the first stage (the treat-

ment stage) ignorability/ unconfoundedness so that with both positivity and consistency

assumptions for the treatment, we could have:

f (L(a) = l |C = c) = f (L(a) = l | A = a,C = c) = f (L = l , A = a,C = c)

and

E [Y (a,m) | L(a) = l ,C = c] = E [Y (a,m) | A = a,L(a) = l ,C = c] = E [Y (a,m) | A = a,L = l ,C = c]

And hence the first/treatment-stage ignorability is:

{L(a), M(a),Y (a,m)} ⊥⊥ A |C

Now that the right side of Equation 4.II.3 becomes
∫

E [Y (a,m) | A = a,L = l ,C = c] f (L |
A = a,C = c)dl . As f (L | A = a,C = c) is now an observed conditional distribution of L

among those with A = a which we can estimate from observational data (with the positivity
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assumption on L holds: for every L: f (L = l | A = a,C = c) > 0), the only term that con-

tains the potential outcome expression is the conditional expectation. We hence need the

second/mediator stage of sequential ignorability:

Y (a,m) ⊥⊥ M | A,L,C

so that combining with the positivity and consistency assumption for the mediator:

E [Y (a,m) | A = a,L = l ,C = c] = E [Y (a,m) | A = a, M = m,L = l ,C = c] = E [Y | A = a, M = m,L = l ,C = c].

Combining the transformation process above, we have:

E [Y (a,m)] =
∫ ∫

E [Y | A = a, M = m,L = l ,C = c] f (l | A = a,C = c) f (C )dldc

Which is the extended g− formula for identifying E [Y (a,m)]. We now summarize the pro-

cess of identification and the corresponding consistency, positivity, and ignorability (un-

confoundedness) assumptions:

Assumption 4.II.3 (Causal Mediation Assumptions) Suppose a statistical measurable set Z =
(A, M ,Y ,L,C ), in which A denotes the treatment, M denotes the mediator, Y denotes the out-

come, C denotes the pre-treatment covariates, and L denotes the post-treatment covariates. To

make the statistical conditional expectation ψ(P) = EC EL|C E [Y | A = a, M = m,L,C ] equiva-

lent to the controlled response functionψ′(P′) = E [Y (a,m)] from the hypothetical measurable

set Z ′ = (A,Y (a,m), M(a),L(a),C (where Y (a,m) denotes the potential/interventional out-

comes under the treatment A = a and M = m, respectively; M(a) and L(a) respectively denote

the potential mediator and the potential post-treatment covariates fixing A = a. Suppose the

treatment and the mediator are both discrete variables; we need the following assumptions:
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1. Positivity: The probability density functions for the pre-treatment covariates and the

post-treatment covariates should be positive (distributions are observable):

f (c) > 0; f (l | A = a,C = c) > 0

the probability for the treatment defined in [0,1] should be positive:

P (A = a |C = c) > 0;

And the probability for the mediator given the treatment and the covariates defined on

the mediator domain should be positive 7:

P (M = m | A = a,L = l ,C = c) > 0

2. Consistency: the potential outcome under the treatment and mediator received is the

same as the observed outcome:

Y = Y (a,m) if A = a, M = m

The potential mediator and post-treatment covariates under the treatment received are

the same as the observed mediator:

M = M(a) if A = a;L = L(a) if A = a

3. Unconfoundedness: treatment-stage ignorability/ unconfoundedness: conditioned on

a set of pre-treatment covariates C , the treatment A should be independent of the po-

tential values of the outcome Y (a,m), the mediator M(a), and the post-treatment co-

variates L(a)

{Y (a,m), M(a),L(a)} ⊥⊥ A|C
7Here we only consider discrete treatment and mediators; indeed, if the treatment and mediator are con-

tinuous, we should have the probability density functions f A|C=c (a) > 0 so that for some neighborhood
Na we can have positive probability: P (A ∈ Na | C = c) > 0; correspondingly, for the mediator, we have
fM |A=a,L=l ,C=c (m) > 0 so that P (A = a, M ∈ Nm | L = l ,C = c) > 0.
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Mediator-stage ignorability/unconfoundedness: conditioned on the pre-treatment co-

variates C , the treatment A, and the post-treatment covariates L, the mediator M should

be independent to the potential outcome Y (a,m):

Y (a,m) ⊥⊥ M | A,L,C .

Under Assumption 4.II.3, the four estimands on Y (a,m) (Equations 4.II.4, 4.II.6,4.II.7, and

4.II.8) could be rewritten as:

E [Y (a,m)] =
∫ ∫

E [Y | A = a, M = m,L = l ,C = c] f (l | A = a,C = c) f (C )dldc (extended g-formula)

(4.II.4)

= EC
{
EL|A=a,C [E [Y | A = a, M = m,C ,L]

}
(pure-imputing) (4.II.5)

= E

[
Y 1(A = a)1(M = m)

P (A = a |C )P (M = m | A,C ,L)

]
(pure-weighting) (4.II.6)

= E

[
E [Y | A = a, M ,L,C ]

1(A = a)

P (A = a |C )

1(M = m)

P (M = m | A,C ,L)

]
(imputing-then-weighting)

(4.II.7)

= E

[
1(A = a)

P (A = a |C )
E [Y | M = m, A,C ,L]

]
(weighting-then-imputing) (4.II.8)

Among the expressions, line 1 is the extended g−formula as we derived above (Equation

4.II.4); line 2 (Equation 4.II.5) simply changes the integral into the expression of expecta-

tion (which is the definition of expectation); line 3 (Equation 4.II.6) is the inverse probability

weighting (IPW) expression when we have a discrete mediator M . This is simply because

of the change-of-measure identity: E [Y 1(A=a)
P (A=a|C )] ] = EC [E [Y | A = a,C ]] and we applied the

expression twice for A and M , with consistency for the outcome and the mediator holding;

line 4 (Equation 4.II.7) is the expansion of the IPW expression, as we first impute the out-

come fixing the treatment then use the change-of-measure identity for the mediator; line

5 (Equation 4.II.8) is the reverse of line 4, as we use the change-of-measure identity for the
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treatment and then fit the conditional expectation with a fixed mediator.

With observable data to identify the interventional/potential outcome Y (a,m), we can

further construct the causal mediation estimators based on the theoretical framing and re-

search interests. For example, in policy-controllable studies, some researchers might be

interested in the treatment effect, but with the policy intensity at a specific level. Under

these circumstances, researchers may identify the controlled direct effect (CDE), fixing the

mediator M at specific levels m and estimating the divergence in outcome between the

treatment and the control (Robins and Rotnitzky 1992; Pearl 2009; VanderWeele 2015):

Definition 4.II.2 (Controlled Direct Effects) The controlled direct effect measures the differ-

ence between the outcome of the treatment A = 1) and the control groups (A = 0), fixing the

mediator at a given level m:

C DE(m) = E [Y (A = 1,m)−Y (A = 0,m)] (4.II.9)

To make the CDE identifiable, only some of the assumptions in Assumption 4.II.3 will be

relaxed: as M is fixed at the manipulated level, for the treatment-stage ignorability, we only

need {Y (a,m),L(a)} ⊥⊥ A | C and for the consistency assumption we do not have the re-

quirements on the potential mediators. Except for those two, all other assumptions remain

the same. With these assumptions, Equations 4.II.5, 4.II.6,4.II.7, and 4.II.8 provide four

equivalent identifying functionals for E [Y (a,m)], each of which can be used as the basis

for constructing unbiased, regular, and asymptotically linear (RAL) estimators.

In other research settings, researchers might be more interested in how to decompose

the total average treatment effect (TATE) Y (1)−Y (0) into the direct effect of the treatment

on the outcome and the indirect effect of the treatment on the outcome via the mediator.
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However, based on different specifications and assumptions, there are different ways of de-

composition. In the following subsection, we will elaborate on the decomposition of the

total average treatment effect, based on different "world scenarios."

C. Within-World and Cross-World Scenario

In the subsection above, we discussed the assumptions necessary to identify the controlled

response function Y (a,m). As mentioned above, the mediation analysis intrinsically de-

composes the total average treatment effect Y (1)−Y (0) into the direct effect of the treat-

ment on the outcome and the indirect effect of the treatment on the outcome via the medi-

ator. Hence, the total average treatment effect, if the mediator is included, is:

E [Y (1)−Y (0)] = E [Y (1)]−E [Y (0)] = E [Y (1, M(1))]−E [Y (0, M(0))] (4.II.10)

where M(1) and M(0) denote the estimand for the mediator when A = 1 and A = 0. When

the expression with all subsequent variables after A are from the same treatment value,

they are called in the same A world. So the TATE actually compares the mean outcome in

the A = 1 world to that in the A = 0 world, and it is purely a within-world expression: each

expectation keeps A and its corresponding mediator from the same world.

Now that we would like to decompose the TATE into the direct effect, which is the direct

impact of the treatment on the outcome without going through the mediator, and the indi-

rect effect, which is the part of the treatment’s impact on the outcome that goes through the

mediator, we may have several theoretical constructions on the estimate: we can compare

the outcome under the treatment and control while keeping the mediator at the hypothet-

ical level it would have been under the other exposure (treatment or control); we can also

compare the outcome under the treatment and control while randomizing the mediator to

follow the distribution it has under a specific exposure (treatment or control). For the first
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one, as we take the mediator at the "natural" levels of the treatment, we decompose the to-

tal effects into natural direct and indirect effects (Robins and Rotnitzky 1992; Pearl 2001);

for the second one, as we intervene on the mediator to follow the distribution it has under a

specific exposure, we call the decomposed terms interventional direct and indirect effects.

For the natural direct and indirect effects, the decomposition of the TATE can be ex-

pressed as:

T AT E = E [Y (1)]−E [Y (0)] = E [Y (1, M(1))]−E [Y (0, M(0))]

= E [Y (1, M(1))]−E [Y (1, M(0))]︸ ︷︷ ︸
N I E

+E [Y (1, M(0))]−E [Y (0, M(0))]︸ ︷︷ ︸
N DE

Where NIE stands for the natural indirect effect and NDE stands for the natural direct effect.

since we construct the counterfactual outcome under one treatment level and the mediator

under another treatment level (for instance, Y(1, M(0))), the subsequent variables M and Y

after the treatment A do no longer exist within one world; rather, the potential outcome is in

a cross-world in which it contains the treatment from the "treated" world and the mediator

from the "control" world. Decomposing the TATE into the natural direct and indirect effects,

hence falls in the cross-world scenario (Pearl 2012; Richardson and Robins 2013).

For the interventional direct and indirect effects, we intervene on the mediator using a

stochastic policy rather than setting it to its unit-specific counterfactual value. Let G(a)(· | ·)
denote a stochastic intervention that draws M from the distribution it would have under

A = a (typically conditional on baseline covariates). We use Y (a,G(a⋆)) to denote the po-

tential outcome when treatment is set to a and the mediator is generated from the policy

G(a⋆).
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Under this notation, the interventional indirect effect (IIE) and interventional direct ef-

fect (IDE) decompose the contrast

E [Y (1,G(1))]−E [Y (0,G(0))] ,

which VanderWeele (2015) refers to as the overall effect to distinguish it from the average

treatment effect (ATE/TATE). Specifically,

OE := E [Y (1,G(1))]−E [Y (0,G(0))]

= E [Y (1,G(1))]−E [Y (1,G(0))]︸ ︷︷ ︸
I I E

+ E [Y (1,G(0))]−E [Y (0,G(0))]︸ ︷︷ ︸
I DE

.

These interventional effects remain in the within-world/single-world scenario because

they only involve potential outcomes indexed by a single treatment level at a time (with the

mediator generated by a policy), rather than cross-world counterfactuals such as Y (1, M(0))

(Andrews and Didelez 2021).

Importantly, in general Y (a) ̸= Y (a,G(a)) and hence E [Y (1)]−E [Y (0)] (the ATE/TATE)

need not equal OE 8. The ATE/TATE remains defined as E [Y (1, M(1))]−E [Y (0, M(0))], whereas

I I E + I DE equals E [Y (1,G(1))] − E [Y (0,G(0))]. We re-write Assumption 4.II.3 under the

cross-world scenario as follows:

Assumption 4.II.4 (Cross-World Assumptions) The following assumptions are required to

identify the natural direct and indirect effects

1. Within-world assumptions:

8The difference between the natural and interventional effects is that identifying natural direct and indirect
effects involves cross-world counterfactuals (e.g., Y (1, M(0))), which typically requires stronger, cross-world
independence assumptions. In settings with post-treatment covariates L that are affected by A and confound
the mediator–outcome relationship, natural effects are generally not identified without additional strong as-
sumptions; one sufficient (but restrictive) simplification is to rule out such intermediate confounding (e.g., by
assuming A does not affect L).
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(a) Positivity: The probability density functions for the covariates should be positive

(distributions are observable):

f (c) > 0; f (l |C = c) > 0

the probability for the treatment defined in [0,1] should be positive:

P (A = a |C = c) > 0;

And the probability for the mediator given the treatment and the covariates de-

fined on the mediator domain should be positive:

P (M = m | A = a,L = l ,C = c) > 0;P (M = m | A = a⋆.C = c) > 0

(b) Consistency: the potential outcome under the treatment and mediator received is

the same as the observed outcome:

Y = Y (a,m) if A = a, M = m

The potential mediators under the treatment received are the same as the observed

mediators:

M = M(a) if A = a;

Covariates L are not affected by the treatment 9:

L(a) = L(a⋆) = L

(c) Unconfoundedness: treatment-stage ignorability/ unconfoundedness: conditioned

on a set of pre-treatment covariates C , the treatment A should be independent of

the potential values of the outcome Y (a,m) and the mediator M(a)

{Y (a,m), M(a)} ⊥⊥ A|C
9We here do not call L as the post-treatment covariates because L is not affected by A and thus can be

treated as the baseline covariates.
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Mediator-stage ignorability/unconfoundedness: conditioned on the covariates C

and L, the treatment A, the mediator M should be independent to the potential

outcome Y (a,m):

Y (a,m) ⊥⊥ M | A,L,C .

2. Cross-world assumption: conditioned on the pre-treatment covariates C , the potential

mediator in the cross-world M(a⋆) should be independent to the potential outcome

Y (a,m):

Y (a,m) ⊥⊥ M(a⋆) |C

For the interventional effects, Assumption 4.II.3 satisfies the requirements. We can also

show the differences in the DAG for the cross-world and within-world scenarios in Figure 4.4

(VanderWeele 2015). With the assumptions being stated, we obtain the following observa-

Figure 4.4: Two Scenarios for Unconfoundedness Assumption between the Treatment and
the Mediator-Outcome Covariates
Note: Panel a shows the situation in which Assumption 4.II.4 holds (the cross-world scenario); thus,
the NDE and the NIE can be yielded. Panel b shows the situation in which Assumption 4.II.3 holds
(the within-world scenario), in which we allow the post-treatment covariates L affected by the
treatment A, and we can only yield the interventional direct and indirect effects.

tional identifying functions for the NDE and NIE (via the extended g−formula or Equation
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4.II.5) 10:

NDE = EC EL|C [E [Y | A = 1, M(0),L,C ]]−EC EL|C [E [Y | A = 0, M(0),L,C ]]

=
∫ ∫ ∑

m

{
E [Y | A = 1, M = m,C = c,L = l ]−E [Y | A = 0, M = m,C = c,L = l ]

}
× fM |A,C ,L(m | 0,c, l ) fL|C (l | c) fC (c) dl dc, (4.II.11)

NIE = EC EL|C [E [Y (1, M(1)) | L,C ]]−EC EL|C [E [Y (1, M(0)) | L,C ]] (4.II.12)

=
∫ ∫ ∑

m
E [Y | A = 1, M = m,C = c,L = l ]

{
fM |A,C ,L(m | 1,c, l )− fM |A,C ,L(m | 0,c, l )

}
× fL|C (l | c) fC (c) dl dc. (4.II.13)

Similarly, for the interventional effects, we define them as:

IDE = E [Y (1,G(0))]−E [Y (0,G(0))] (4.II.14)

=
∫ ∫ ∑

m

[
E [Y | A = 1, M = m,L = l ,C = c] fM |A,L,C (m | 0, l ,c) fL|A,C (l | 1,c)

−E [Y | A = 0, M = m,L = l ,C = c] fM |A,L,C (m | 0, l ,c) fL|A,C (l | 0,c)
]

fC (c) dl dc.

IIE = E [Y (1,G(1))]−E [Y (1,G(0))] (4.II.15)

=
∫ ∫ ∑

m
E [Y | A = 1, M = m,L = l ,C = c]

[
fM |A,L,C (m | 1, l ,c)− fM |A,L,C (m | 0, l ,c)

]
(4.II.16)

fL|A,C (l | 1,c) fC (c) dl dc.

It is worth noting that the decompositions we illustrated above may not be the only

ways to capture the causal mediation effects. For instance, for the NDE and the NIE, we

may also consider the cross-world potential as E [Y (0, M(1))] and thus have the NDE as

10As M is set to be discrete; if M is continuous, then we just change
∑

m in the following equations into
∫

m
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E [Y (1, M(1))]−E [Y (0, M(1))] as the mediator fixed at the level of M(1) and change the treat-

ment and the NIE as E [Y (0, M(1))]−E [Y (0, M(0))], which is the treatment effect going through

the mediator.

Under the within-world scenario, as the post-treatment covariates L are affected by the

treatment A, we may also consider a three-way decomposition: the direct treatment effect

that does not go through M and L (A → Y ); the indirect effect that goes through M given L

(A → M → Y ; and the indirect effect that goes through L only A → L → Y . The proposed de-

composition framework is quite similar to that which we have multiple mediators (Vanstee-

landt and Daniel 2017). Let G a
L (l | c) = fL|A,C (l | a,c) and G a

M (m | l ,c) := fM |A,L,C (m | a, l ,c),

we define:

θ(a; aL , aM ) =
∫ ∫ ∑

m
E [Y | A = a, M = m,L = l ,C = c]G aM

M (m | l ,c) G aL
L (l | c) fC (c) dl dc.

We can have the following three-way decomposition:

TATE = E [Y (1)]−E [Y (0)] = θ(1;0,0)−θ(0;0,0)︸ ︷︷ ︸
IDE (not via L or M);ψA→Y

+θ(1;1,0)−θ(1;0,0)︸ ︷︷ ︸
Indirect via L;ψA→L→Y

+ θ(1;1,1)−θ(1;1,0)︸ ︷︷ ︸
Indirect via M given L;ψA→M→Y |L

.

In which we can have:

ψA→Y =
∫ ∫ ∑

m

[
E [Y | A = 1, M = m,L = l ,C = c] fM |A,L,C (m | 0, l ,c) fL|A,C (l | 0,c)

−E [Y | A = 0, M = m,L = l ,C = c] fM |A,L,C (m | 0, l ,c) fL|A,C (l | 0,c)
]

fC (c) dl dc,

ψA→L→Y =
∫ ∫ ∑

m
E [Y | A = 1, M = m,L = l ,C = c] fM |A,L,C (m | 0, l ,c)

×
[

fL|A,C (l | 1,c)− fL|A,C (l | 0,c)
]

fC (c) dl dc,

ψA→M→Y |L =
∫ ∫ ∑

m
E [Y | A = 1, M = m,L = l ,C = c]

[
fM |A,L,C (m | 1, l ,c)− fM |A,L,C (m | 0, l ,c)

]
× fL|A,C (l | 1,c) fC (c) dl dc.
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According to our derivation above, we can see that in the decompositions, the estimand

for the CRF: Y (a,m) and Y (a, l ,m) is at the core of all causal mediation decomposition and

analysis. Let ψ′
am = Y (a,m) and the statistical estimand ψam = E [Y | A = a, M = m,L,C ];

ψ′
al m = Y (a, l ,m) and the statistical estimandψal m = E [Y | A = a, M = m,L = l ,C ]. Our next

goal is to derive an efficient/doubly robust estimator with the observational data for ψam

and ψal m .

III. Review on the Efficient Estimator

Before directly jumping into the estimators for ψam and ψal m , we will shortly review how

we derive the efficient estimator for ψa = EC E [Y | A = a,C ]. If the readers have walked

through the Chapter 1 or are familiar with the techniques, just skip this section and turn

to Section IV. In summary, we get ψ̂a,DR = 1
n

∑n
i=1

[
µ̂a(Ci )+ 1(Ai=a)

π̂(Ci )

(
Yi − µ̂a(Ci )

)]
(where

µa(Ci ) = E [Y | Ai = a,Ci ] and π(Ci ) = P (Ai = a | Ci )) in two ways: for the saturated model

(the observational data without restrictions on the treatment assignment), we use algebraic

transformation; for the non-saturated model in which we use the example of the (pseudo-

)randomized control trial (RCT), we start with a regular and asymptotically linear (RAL) esti-

mator (but not the efficient one) and project it into sub-tangent spaces to yield the efficient

influences on the subspaces and sum them up. We will not give the details but just give a

simple outline, as they will later be used for us to find the efficient estimators for ψam and

ψal m .

A. Saturated Model with Algebraic Transformation

The method for algebraic transformation is quite easy. Because

ψa = EC [E [Y | A = a,C ]] =
∫

C
E [Y | A = a,C ]P (C )dc =

∫
C
µa(c)P (C )dc =∑

c
µa(c)p(c),
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the efficient influence function φ(ψa) is (using the gradient algebra):

φ(ψa) =∑
c
φ
(
µa(c)p(c)

)=∑
c

(
φ(µa(c)) p(c)+µa(c)φ(p(c))

)
. (4.III.17)

We know that:

φ
(
µa(c)

)= 1(C = c)

p(c)
· 1(A = a)

P (A = a |C = c)

(
Y −µa(c)

)
,

φ
(
p(c)

)=1(C = c)−p(c).

Substituting these into the expression for φ(ψa), we obtain:

φ(ψa) =∑
c

(
1(C = c)

1(A = a)

P (A = a |C = c)

(
Y −µa(c)

)+µa(c)
(
1(C = c)−p(c)

))
.

Simplifying the terms and noting that
∑

c p(c) = 1, the expression reduces to:

φ(ψa) = 1(A = a)

P (A = a |C )

(
Y −µa(C )

)+µa(C )−ψa .

Therefore, the efficient influence function is:

φ(ψa) = 1(A = a)

P (A = a |C )

(
Y −µa(C )

)+µa(C )−ψa .

And we have the efficient/doubly robust estimator for ψa
11 :

ψ̂a,DR = 1

n

n∑
i=1

(
1(Ai = a)

π̂(Ci )

(
Yi − µ̂a(Ci )

)+ µ̂a(Ci )

)
(4.III.18)

B. Non-Saturated Model with Tangent Subspaces Projections

In the saturated model, as there are no restrictions on the data-generating process, the tan-

gent space is the whole L2 space so that we could calculate any influence function for our

11If the readers remember what we discussed in our chapter of the efficient/doubly robust loss function for
the truncated-censoring survival data (Chapter 2), the estimator is also called the augmented inverse prob-
ability (AIPW) estimator, as it is based on the IPW estimator adding the augmented term of the conditional
expectation, weighted by 1− I PW .
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target parameter ψ and regard it as the efficient influence function. However, in the non-

saturated model, since there are restrictions on the data-generating process, for example,

under the (pseudo-)RCT, the proportion of cases to be assigned to the treatment group is

fixed, and thus, not all the influence functions are the efficient influence function, and not

all the RAL estimators are the efficient estimators. Indeed, we could start with an RAL es-

timator, derive its influence function, and project the influence function onto the tangent

space to get the efficient influence function. If the tangent space is complex and the projec-

tion is hard to derive, we could use orthogonal decomposition for the tangent space, split it

into several orthogonal tangent subspaces, derive the efficient influence function on each

of the tangent spaces, and then sum them up.

For ψa = E [Y | A = a,C ], we start with the RAL estimator of the inverse-probability

weighting estimator:

ψ̂a,I PW = 1

n

n∑
i=1

1(Ai = a)

π̂(Ci )
Yi .

Thus, the influence function of the IPW estimator is:

φI PW
a = 1(Ai = a)

π(Ci )
Yi −ψa . (4.III.19)

The tangent space for the joint distribution of Y , A = a,C can be orthogonally decom-

posed into :

TY ,A=a,C = TY |A=a,C ⊕ TA=a ⊕TC .

Projecting Equation 4.III.19 on to TC , we have:

φ†
a〈TC 〉 = E [φI PW

a |C ] = E

[(
1(Ai = a)

π(Ci )
Yi −ψa

) ∣∣∣ C

]
= E [Y | A = a,C ]−ψa =µa(C )−ψa .
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Projecting Equation 4.III.19 onto the tangent space TA=a , the efficient influence function

will be zero because the tangent space is orthogonal to φI PW
a :

φ†
a〈TA=a〉 = 0,

Finally, projecting Equation 4.III.19 onto the tangent space TY |A=a,C we get:

φ†
a〈TY |A=a,C 〉 = E [φI PW

a | Y , A = a,C ]−E [φI PW
a | A = a,C ]

=
(
1(Ai = a)

π(Ci )
Yi −ψa

)
−

(
1(Ai = a)

π(Ci )
µa(Ci )−ψa

)
.

Sum the efficient influence functions in the tangent subspaces up, we have:

φ†(ψa) =φ†
a〈TC 〉+φ

†
a〈TA=a〉+φ

†
a〈TY |A=a,C 〉

= [
µa(Ci )−ψa

]+0+
[(
1(Ai = a)

π(Ci )
Yi −ψa

)
−

(
1(Ai = a)

π(Ci )
µa(Ci )−ψa

)]
= 1(Ai = a)

P (Ai = a |Ci )

(
Yi −µa(Ci )

)+µa(Ci )−ψa .

Hence, the efficient estimator for the parameter ψa = EC E [Y | A = a,C ] is:

ψ̂a,DR = 1

n

n∑
i=1

(
1(Ai = a)

π̂(Ci )

(
Yi − µ̂a(Ci )

)+ µ̂a(Ci )

)
.

Which is exactly the same as the result we derive from the saturated model.

IV. Doubly Robust Estimator for Static Causal Mediation Analysis

A. Controlled Response Functions

A.1 ψam

Now, we derive the efficient estimator for the CRF ψam = EC EL|A=a,C [E [Y | A = a, M =
m,L,C ]]. With the observational data, we can regard what we are doing as deriving the ef-

ficient estimator for the saturated model. Thus, we first show the algebraic transformation

for the estimator. Notice the pure-imputation expression for ψam :
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ψam = EC EL|A=a,C [E {Y | A = a, M = m,L,C }]

=
∫ {∫

E [Y | A = a, M = m, l ,c] dP (L = l | A = a,C = c)

}
dP (C = c)

=∑
c

P (C = c)
∑

l
E [Y | A = a, M = m, l ,c] P (L = l | A = a,C = c) .

The expression above is purely within-world: it uses the observed-law factorization EC EL|A=a,C E [Y |
A = a, M = m,L,C ]. 12 To make the paper tidier, we define the following notations:

µam(L,C ) := E [Y | A = a, M = m,L,C ] ,

πa(C ) := P (A = a |C ),

πm(a,L,C ) := P (M = m | A = a,L,C ),

ηa(C ) := EL|A=a,C
[
µam(L,C )

]
.

With the nuisance functions, we can consider applying Equation 4.III.18 twice to yield

the efficient influence function for φ(ψam). For the first time, we take the inner-layer to

apply Equation 4.III.18, we have:

1(A = a)1(M = m)

πa(C )πm(a,L,C )

{
Y −µam(L,C )

}
︸ ︷︷ ︸

outcome-residual AIPW term

+
(
µam(L,C )−EC EL|C [µam(L,C )]

)
︸ ︷︷ ︸

remainder to be handled next

.

The first term is the outcome piece (the outcome-residual augmented inverse probability

weighting (AIPW) term, which uses the IPW to correct the outcome regression via the resid-

ual. The second term is a remainder that will be transported to the correct law of (L | A,C ).

For the remainder, we take it as a whole entity and substitute it into the Equation 4.III.18

(applying twice):

1(A = a)

πa(C )

{
µam(L,C )−ηa(C )

}
︸ ︷︷ ︸

L | A,C transport

+ ηa(C )−ψam︸ ︷︷ ︸
centering over C

.

12No cross-world assumption is needed to defineψam as a statistical estimand; cross-world conditions (e.g.,
to identify E {Y (a,m)}) are only required if one wishes to interpret ψam causally as E [Y (a,m)].
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In the above equation, the first part transports the fitted value µ̂am(L,C ) to the distribu-

tion of L | A,C ; while the second term centers the expression over C , yielding the mean-zero

result. Adding the results together, we can have the efficient influence function for φ(ψam):

φ(ψam) = 1(A = a)1(M = m)

πa(C )πm(a,L,C )

{
Y −µam(L,C )

} + 1(A = a)

πa(C )

{
µam(L,C )−ηa(C )

} + ηa(C )−ψam .

Using this influence function, we can construct the efficient/doubly robust estimator

for ψam :

ψ̂am,DR = 1

n

n∑
i=1

[
1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )

{
Yi − µ̂am(Li ,Ci )

}+ 1(Ai = a)

π̂a(Ci )

{
µ̂am(Li ,Ci )− η̂a(Ci )

}+ η̂a(Ci )

]
,

In the expression above, the doubly robust characteristic is satisfied as either our speci-

fications of the two weighting nuisance functions (π̂a(C ) and π̂m(A,L,C )) or the imputation

function µ̂am(L,C ) is correctly specified, the estimator will be unbiased.

Now we suppose our causal mediation data are from the (pseudo-)RCT setting. We first

derive the RAL estimator for ψam (the IPW estimation) and derive its influence function,

then project the influence function onto the tangent space T〈Y ,A=a,M=m,L,C〉 = T〈Y |A=a,M=m,L,C〉⊕
T〈M=m,A=a|L,C〉⊕T〈L,C〉.

The IPW estimator is:

ψ̂am,IPW = 1

n

n∑
i=1

1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )
Yi

Thus, the influence function of the IPW estimator for ψam is:

φIPW
am = 1(A = a)1(M = m)

πa(C )πm(a,L,C )
Y −ψam .
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We start projecting φI PW
am onto each component of the tangent space TY ,A=a,M=m,L,C ,

which is decomposed as:

T〈Y ,A,M ,L,C〉 = T〈Y |A,M ,L,C〉⊕T〈M |A,L,C〉⊕T〈L|A,C 〉⊕T〈A|C〉⊕T〈C〉.

Since projecting onto T〈A|C〉 and T〈M |A,L,C〉 is unnecessary – the EIF is orthogonal to nui-

sance directions that don’t change ψam , therefore, we first project φIPW
am onto T〈C〉:

φ†
am〈T〈C〉〉 = E

[
φIPW

am |C
]= ηa(C )−ψam .

We next project φIPW
am onto T〈L|A,C 〉:

φ†
am〈T〈L|A,C 〉〉 = E

[
φIPW

am | A,L,C
]−E

[
φIPW

am | A,C
]= 1(A = a)

πa(C )

{
µam(L,C )−ηa(C )

}
.

Finally, we project φIPW
am onto T〈Y |A,M ,L,C〉:

φ†
am〈T〈Y |A,M ,L,C〉〉 =

1(A = a)1(M = m)

πa(C )πm(a,L,C )

(
Y −µam(L,C )

)
.

Summing the projected components, we obtain

φ†(ψam) =φ†
am〈T〈C〉〉+φ

†
am〈T〈L|A,C 〉〉+φ

†
am〈T〈Y |A,M ,L,C〉〉

= {
ηa(C )−ψam

}+ 1(A = a)

πa(C )

{
µam(L,C )−ηa(C )

}+ 1(A = a)1(M = m)

πa(C )πm(a,L,C )

{
Y −µam(L,C )

}
.

Hence, the efficient influence function for ψam is:

φ†(ψam) = 1(A = a)1(M = m)

πa(C )πm(a,L,C )

(
Y −µam(L,C )

)+1(A = a)

πa(C )

{
µam(L,C )−ηa(C )

}+ηa(C )−ψam .

And therefore, based on the efficient influence function, the efficient estimator for ψam is

given by:

ψ̂am,DR = 1

n

n∑
i=1

[
1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )

{
Yi − µ̂am(Li ,Ci )

}+ 1(Ai = a)

π̂a(Ci )

{
µ̂am(Li ,Ci )− η̂a(Ci )

}+ η̂a(Ci )

]
.

(4.IV.20)
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Again, this result is exactly the same as the estimator in the saturated model. The estima-

tor is consistent and asymptotically normal if either (i) both propensity models πa ,πm are

correctly specified, or (ii) the outcome regression µam and the mechanism used to compute

ηa(C ) = EL|A=a,C {µam(L,C )} are correctly specified. Hence, this is a doubly robust estimator.

For the special case under the cross-world assumptions, when there is no effect of A on

L, we do not have the η terms in our final expression, and the DR estimator should be (Zhou

2021):

ψ̂am,DR = 1

n

n∑
i=1

[
1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )

{
Yi − µ̂am(Li ,Ci )

}+ µ̂am(Li ,Ci )

]
. (4.IV.21)

As either the weighting models πa ,πm are correctly specified or the outcome regression µ is

correctly specified, the estimator is unbiased and efficient 13.

In the remainder of this chapter, we will present only the derivations of the efficient/doubly

robust estimators for the saturated model, as in social science, we mainly deal with infer-

ence with observational data.

A.2 ψal m

The efficient/doubly robust estimator derivation for ψal m is quite similar to that for ψam

under the Assumption 4.II.3, because ψal m = Ec [E [Y | A = a, M = m,L = l ,C ]], we have the

efficient influence function for ψal m :

φ(ψal m) =φ (Ec [E [Y | A = a, M = m,L = l ,C ]]) =
∑

c
φ(µal m(c)p(c))

13In earlier studies like Zhou 2021, Farbmacher et al., 2022, and Tchetgen Tchetgen and Shpitser 2012, they
gave rigorous proof on the expression of the CRF ψam with Neyman orthogonality, and readers who are inter-
ested in the proof may refer to their work (but they did not explicitly give out the expressions for the direct and
indirect effects as what we do in this chapter).
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=∑
c

(
φ(µal m(c))p(c)+µal m(c)φ(p(c))

)
Where µal m(C ) = E [Y | A = a, M = m,L = l ,C ]. By expanding the terms similarly to the

ψam case, we obtain:

φ(ψal m) = 1(A = a)1(L = l )1(M = m)

P (A = a |C )P (L = l | A,C )P (M = m | A,L,C )

{
Y −µal m(C )

} + µal m(C ) − ψal m .

Using this influence function, we can construct the efficient/doubly robust estimator

for ψal m :

ψ̂al m,DR = 1

n

n∑
i=1

(
1(Ai = a, Mi = m,Li = l )

π̂a(Ci )π̂m(Ai ,Li ,Ci )π̂l (Ai ,Ci )

(
Yi − µ̂al m(Ci )

)+ µ̂al m(Ci )

)
.

where πl (A,C ) = P (L = l | A,C ).

Notice here we define the DR estimator for ψal m , which is not the DR estimator for

θ(a; aL , aM ) because for the latter term we restrict L = L(aL) (the post-treatment covariates

obtain the value under A = aL) and M = am (drawing the mediator from its distribution

under A = aM given L. Thus, for µ(a; aL , aM ), the target parameter is the nested counterfac-

tual:

ψa; aL ,aM ≡ E
[

Y
(
a, M(aM ,L(aL)), L(aL)

)]
.

Hence, if we set the nuisance functions:

rl (aL ,C ) ≡ P (L = l | A = aL ,C ),

qm(aM , l ,C ) ≡ P (M = m | A = aM ,L = l ,C ),

µaml (C ) ≡ E [Y | A = a, M = m,L = l ,C ] .

we have:

ψ(a; aL , aM ) = EC

[∑
l

∑
m
µaml (C ) rl (aL ,C ) qm(aM , l ,C )

]
.
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We can apply Equation 4.III.18 to the above DR estimator for ψal m and derive the DR/

efficient estimator for ψ(a; aL , aM ):

ψ̂DR
a; aL ,aM

= 1

n

n∑
i=1

[
1(Ai = a)

π̂a(Ci )

{
1

π̂l (a,Ci )

(∑
m

q̂m(aM ,Li ,Ci )
[
1(Mi = m)

π̂m(a,Li ,Ci )

{
Yi − µ̂amLi (Ci )

}+ µ̂amLi (Ci )
]

−∑
m

q̂m(aM ,Li ,Ci ) µ̂amLi (Ci )

)
+∑

m
q̂m(aM ,Li ,Ci ) µ̂amLi (Ci )

−∑
l

∑
m

r̂l (aL ,Ci ) q̂m(aM , l ,Ci ) µ̂aml (Ci )

}
+∑

l

∑
m

r̂l (aL ,Ci ) q̂m(aM , l ,Ci ) µ̂aml (Ci )

]
.

(4.IV.22)

B. Doubly Robust Estimator for the Direct and Indirect Effects

With the derivation of the doubly robust estimator for the CRF ψam , we may obtain the

efficient/doubly robust estimator for the direct and indirect effects. Namely, as the NDE

and the NIE rely on the cross-world assumption (Assumption 4.II.4), we may derive their

DR/ efficient estimators based on Equation 4.IV.21; for the CDE, the IDE, and the IIE, as they

rely on the within-world assumption (Assumption 4.II.3), we can derive their DR/efficient

estimator based on Equation 4.IV.20.

B.1 Doubly Robust Estimator for the Natural Direct and Indirect Effects

As we derived in Equation 4.II.11, the natural direct effect comparing a = 1 to a = 0 is:

NDE = EC EL|C [E [Y | A = 1, M(0),L,C ]]−EC EL|C [E [Y | A = 0, M(0),L,C ]]

=
∫ ∫ ∑

m

{
E [Y | A = 1, M = m,C = c,L = l ]−E [Y | A = 0, M = m,C = c,L = l ]

}
× fM |A,C ,L(m | 0,c, l ) fL|C (l | c) fC (c) dl dc,

which we may rewrite as:

NDE = EC EL|C
[∑

m
µ1m(L,C )qm(0,L,C )

]−EC EL|C
[∑

m
µ0m(L,C )qm(0,L,C )

]
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Obviously, the main structure that is important to derive the DR/efficient estimator for the

NDE is:

θa,t = EC EL|C
[∑

m
µam(L,C )qm(t ,L,C )

]
and thus we can get the DR estimator for the NDE and NIE: NDE = θ1,0−θ0,0 and NIE = θ1,1−
θ1,0.. We can understand the expression as using q(.) to reweight the original probability

distribution of the mediator for the regression outcome residuals, plus the centering term.

According to the Equation 4.IV.21, the original doubly robust estimator for CRF ψam is:

ψ̂am,DR = 1

n

n∑
i=1

[
1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )

{
Yi − µ̂am(Li ,Ci )

}+ µ̂am(Li ,Ci )

]
. (4.IV.23)

Thus, when we have the mediator, which is manipulated at the level of mediator when A = t ,

we need to reweight/transport the estimator to the distribution. Hence, the DR estimator

for θa,t is (note t is the value of the treatment for the manipulated mediator):

θ̂DR
a,t = 1

n

n∑
i=1

[∑
m
µ̂am(Li ,Ci ) q̂m(t ,Li ,Ci )︸ ︷︷ ︸

plug-in

+ 1(Ai = a)

π̂a(Ci )

∑
m

1(Mi = m)

π̂m(a,Li ,Ci )
q̂m(t ,Li ,Ci )

{
Yi − µ̂am(Li ,Ci )

}
︸ ︷︷ ︸

(i) outcome-residual correction

+ 1(Ai = t )

π̂t (Ci )

[∑
m

{
1(Mi = m)

π̂m(t ,Li ,Ci )
−1

}
µ̂am(Li ,Ci )

]
︸ ︷︷ ︸

(ii) transport correction to the (A=t ) world

]
.

The plug-in term here is the basic g− computation; the outcome-residual correction uses

only people who actually have A = a, and the transport correction term uses only people

who actually have A = t . Thus,

�NDEDR = θ̂DR
1,0 − θ̂DR

0,0

= 1

n

n∑
i=1

∑
m

{[
µ̂1m(Li ,Ci )− µ̂0m(Li ,Ci )

]
q̂m(0,Li ,Ci )
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+ 1(Ai = 1)

π̂1(Ci )

1(Mi = m)

π̂m(1,Li ,Ci )
q̂m(0,Li ,Ci )

{
Yi − µ̂1m(Li ,Ci )

}
− 1(Ai = 0)

π̂0(Ci )

1(Mi = m)

π̂m(0,Li ,Ci )
q̂m(0,Li ,Ci )

{
Yi − µ̂0m(Li ,Ci )

}
+ 1(Ai = 0)

π̂0(Ci )

(
1(Mi = m)

π̂m(0,Li ,Ci )
−1

)[
µ̂1m(Li ,Ci )− µ̂0m(Li ,Ci )

]}
.

N̂IEDR = θ̂DR
1,1 − θ̂DR

1,0

= 1

n

n∑
i=1

∑
m

{
µ̂1m(Li ,Ci )

[
q̂m(1,Li ,Ci )− q̂m(0,Li ,Ci )

]
+ 1(Ai = 1)

π̂1(Ci )

1(Mi = m)

π̂m(1,Li ,Ci )

[
q̂m(1,Li ,Ci )− q̂m(0,Li ,Ci )

]{
Yi − µ̂1m(Li ,Ci )

}
+ 1(Ai = 1)

π̂1(Ci )

(
1(Mi = m)

π̂m(1,Li ,Ci )
−1

)
µ̂1m(Li ,Ci )− 1(Ai = 0)

π̂0(Ci )

(
1(Mi = m)

π̂m(0,Li ,Ci )
−1

)
µ̂1m(Li ,Ci )

}
.

B.2 Doubly Robust Estimator for the Controlled Direct Effects

For the CDE(m) = E [Y (1,m)]−E [Y (0,m)] and our denotation ψam = E [Y (a,m)] , since in

the observable data the post-treatment covariates L may be affected by A, we can simply

use Equation 4.IV.20 to derive ψ̂0m,DR and ψ̂1m,DR :

�CDEDR (m) = ψ̂1m,DR − ψ̂0m,DR

= 1

n

n∑
i=1

[
1(Ai = 1)1(Mi = m)

π̂1(Ci ) π̂m(1,Li ,Ci )

{
Yi − µ̂1m(Li ,Ci )

}+ 1(Ai = 1)

π̂1(Ci )

{
µ̂1m(Li ,Ci )− η̂1(Ci )

}+ η̂1(Ci )

]
− 1

n

n∑
i=1

[
1(Ai = 0)1(Mi = m)

π̂0(Ci ) π̂m(0,Li ,Ci )

{
Yi − µ̂0m(Li ,Ci )

}+ 1(Ai = 0)

π̂0(Ci )

{
µ̂0m(Li ,Ci )− η̂0(Ci )

}+ η̂0(Ci )

]
Specifically, if Assumption 4.II.4 holds, simply substituting the expression for ψ̂am,DR using

Equation 4.IV.21:

�CDEDR (m) = 1

n

n∑
i=1

[
1(Ai = 1)1(Mi = m)

π̂1(Ci )π̂m(Ai ,Li ,Ci )

(
Yi − µ̂1m(Li ,Ci )

)+ µ̂1m(Li ,Ci )

]
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− 1

n

n∑
i=1

[
1(Ai = 0)1(Mi = m)

π̂0(Ci )π̂m(Ai ,Li ,Ci )

(
Yi − µ̂0m(Li ,Ci )

)+ µ̂0m(Li ,Ci )

]

B.3 Doubly Robust Estimator for the Interventional Direct and Indirect Effects

For the interventional direct and indirect effects, there are two distinct ways to yield the

DR/efficient estimators: similar to the way we derive the DR/efficient estimator for the CDE,

as the interventional effects are also based on the same within-world assumptions, we can

directly derive the DR estimator using Equation 4.IV.20: like what we did for the NDE/ NIE,

we can understand the expression as the hypothetical distribution of the mediator (q(.)) to

reweight the original probability distribution of the mediator; besides, we may also regard

the IDE and the IIE as operations of θ(a; aL , aM ) in our derivation of ψal m : for the IDE, we

can write it as θ(1,1,0)−θ(0,0,0) and for the IIE we can express it as θ(1,1,1)−θ(1,1,0) so

that we can use Equation 4.IV.22 to derive the results.

We start with the derivation based on Equation 4.IV.20. Let Equation 4.IV.20 be the core

expression, and we have the core expression to be divided into the following three parts:

ψ̂am,DR = 1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )
{Yi − µ̂am(Li ,Ci )}︸ ︷︷ ︸

(i )

+ 1(Ai = a)

π̂a(Ci )
{µ̂am(Li ,Ci )− η̂a(Ci )}︸ ︷︷ ︸

(i i )

+ η̂a(Ci )︸ ︷︷ ︸
(i i i )

,

As we discussed when deriving the equation, part (i) is the outcome-residual AIPW term,

part (ii) is the term for the distribution (L | A,C ) transport, and part (iii) is the centering

term. Then we reweight the term with qm(t ,L,C ):

θ̂a,t ,DR = 1

n

n∑
i=1

[∑
m

1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )

{
Yi − µ̂am(Li ,Ci )

}
q̂m(t ,Li ,Ci )

+ 1(Ai = a)

π̂a(Ci )

{∑
m
µ̂am(Li ,Ci ) q̂m(t ,Li ,Ci )− ÊL|A=a,C=Ci

[∑
m
µ̂am(L,Ci ) q̂m(t ,L,Ci )

]}
+ ÊL|A=a,C=Ci

[∑
m
µ̂am(L,Ci ) q̂m(t ,L,Ci )

]]
. (4.IV.24)
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We can understand the above DR estimator, compared to the DR estimator for ψam in the

natural effects, a term of transport to the distribution of L | A,C is added. We can directly

derive the DR estimator for the IDE is:

ÎDEDR = θ̂1,0,DR − θ̂0,0,DR

= 1

n

n∑
i=1

[∑
m

1(Ai = 1)1(Mi = m)

π̂1(Ci ) π̂m(1,Li ,Ci )

{
Yi − µ̂1m(Li ,Ci )

}
q̂m(0,Li ,Ci )

+ 1(Ai = 1)

π̂1(Ci )

{∑
m
µ̂1m(Li ,Ci ) q̂m(0,Li ,Ci )− ÊL|A=1,C=Ci

[∑
m
µ̂1m(L,Ci ) q̂m(0,L,Ci )

]}
+ ÊL|A=1,C=Ci

[∑
m
µ̂1m(L,Ci ) q̂m(0,L,Ci )

]]
− 1

n

n∑
i=1

[∑
m

1(Ai = 0)1(Mi = m)

π̂0(Ci ) π̂m(0,Li ,Ci )

{
Yi − µ̂0m(Li ,Ci )

}
q̂m(0,Li ,Ci )

+ 1(Ai = 0)

π̂0(Ci )

{∑
m
µ̂0m(Li ,Ci ) q̂m(0,Li ,Ci )− ÊL|A=0,C=Ci

[∑
m
µ̂0m(L,Ci ) q̂m(0,L,Ci )

]}
+ ÊL|A=0,C=Ci

[∑
m
µ̂0m(L,Ci ) q̂m(0,L,Ci )

]]

and for the IIE is:

ÎIEDR = θ̂1,1,DR − θ̂1,0,DR

= 1

n

n∑
i=1

[∑
m

1(Ai = 1)1(Mi = m)

π̂1(Ci ) π̂m(1,Li ,Ci )

{
Yi − µ̂1m(Li ,Ci )

}
q̂m(1,Li ,Ci )

+ 1(Ai = 1)

π̂1(Ci )

{∑
m
µ̂1m(Li ,Ci ) q̂m(1,Li ,Ci )− ÊL|A=1,C=Ci

[∑
m
µ̂1m(L,Ci ) q̂m(1,L,Ci )

]}
+ ÊL|A=1,C=Ci

[∑
m
µ̂1m(L,Ci ) q̂m(1,L,Ci )

]]
− 1

n

n∑
i=1

[∑
m

1(Ai = 1)1(Mi = m)

π̂1(Ci ) π̂m(1,Li ,Ci )

{
Yi − µ̂1m(Li ,Ci )

}
q̂m(0,Li ,Ci )

+ 1(Ai = 1)

π̂1(Ci )

{∑
m
µ̂1m(Li ,Ci ) q̂m(0,Li ,Ci )− ÊL|A=1,C=Ci

[∑
m
µ̂1m(L,Ci ) q̂m(0,L,Ci )

]}
+ ÊL|A=1,C=Ci

[∑
m
µ̂1m(L,Ci ) q̂m(0,L,Ci )

]]
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If we derive the DR/efficient estimator from Equation 4.IV.22, as aL = a and aM = t , Equa-

tion 4.IV.22 is intrinsically the same as Equation 4.IV.24. This is because, when aL = a we

average over the same law of L in both formulas:

∑
l

r̂l (a,C ) g (l ,C ) = Ê
[
g (L,C ) | A = a, C

]
.

So both estimators integrate the same quantity over the same L-distribution and are there-

fore equivalent in expectation. We provide the rigorous derivation in Appendix C for readers

who are interested in the mathematical details.

B.4 Summary

In this section, we derive the DR/efficient estimator for the common estimators in causal

mediation analysis in static settings. Based on different research scenarios, social scientists

may choose different effects for analysis: when the mediator can be directly set to a policy-

relevant level, the controlled direct effect is the natural choice; while the goal in research

is to decompose the total causal effects into different pathways, researchers may consider

using the natural direct/indirect effects (NDE/NIE) or the interventional direct/indirect ef-

fects (IDE/IIE).

While all identifications here rely on consistency, positivity, and unconfoundedness for rel-

evant relationships, natural effects additionally require cross-world independence condi-

tions and the assumption that the post-treatment covariates are irrelevant to the treatment.

In many research settings for static models, researchers often assume the A−L relation to be

negligible. However, for the dynamic models, as we will show in the next section, the corre-

lation between treatment and post-treatment covariates cannot be assumed to be zero due
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to the intrinsic treatment-covariates feedback mechanisms; therefore, we can only identify

the interventional effects.

V. Dynamic Causal Mediation Models

We extend the causal mediation framework into a time-varying treatment and time-varying

mediation setting. In section II, we have discussed the condition under which we can only

have the within-world assumptions (Assumption 4.II.3). Under such a scenario, based on

VanderWeele et al. 2014, we give two methods to decompose the total average treatment ef-

fect (TATE) into the direct and indirect effect of the treatment: in the first method, we count

the variability of the mediator-outcome L into the consideration of the CRF: Y (a, l ,m) and

we could isolate the path specific effect. The effect on the path A → Y is the direct effect,

and the effect through the paths A → L → Y and A → M → Y | L is the indirect effect. A

second method is to manipulate the mediator m by drawing the value from a defined dis-

tribution spanned by the treatment and the covariates (confounders). Unlike in the natural

direct and indirect effects, in which M is defined by the latent generator M(a), we have a

randomly selected mediation level from the distribution, and based on the intervention, we

can capture the interventional direct and indirect effects.

Now, suppose the mediator-treatment covariates are also included in the covariates C ,

and L is a mediator which precedes the mediator M . We separately denote the two me-

diators L, M as M1, M2. This becomes the basic time-varying model with multiple medi-

ators. Suppose the models satisfy the conditions of the treatment-outcome unconfound-

edness and mediator-outcome confoundedness with appropriate covariate specification.

In that case, we can call the models the marginal structural models (MSM)(Robins et al.
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2000; Robins 2003)14, for which the effects can be correctly identified via the inverse prob-

ability weighting method or conditional expectation method, as we have elaborated above.

In time-varying model settings, we use the overline notation to represent a sequence of

variables, so here we can denote M = (M1, M2) as the sequence of mediators (and we use

m = (M1 = m, M2 = m) denoting the same value m for the sequence of mediators).

With the increase in sequence length, using interventional decomposition methods to

capture both direct and indirect effects becomes more convenient. This is simply because

if we have a sequence of mediators, and if we use the first method, adding all the sequence

of mediators in the CRF: Y (a,m) = Y (a,m1,m2, . . . ,mt ), the terms in the indirect effect will

increase vastly, which is hard to calculate (let alone the scenarios where we have sequences

of treatments and outcomes). The expressions on the IDE and the IIE will also become com-

plex, but we can derive a general solution to the effects; hence, it will be convenient for us

to obtain an efficient/doubly robust/debiased estimator for the effects. Similar to what we

did in the static models, this section aims to derive efficient /RAL influence-function repre-

sentations and corresponding estimators for the IDE and IIE under different time-varying

modeling settings. To simplify the derivation, we begin with models that cover two periods.

A. A Two-Period Model

We illustrate the DAG for the two-period model in Figure 4.5. We denote A = (A1, A2),

M = (M1, M2), and Y = (Y1,Y2). Further, we set A = a as treated while a⋆ denotes the con-

14The term of marginal structural model, although covers all the models in our discussions on causal medi-
ation analysis in this and Chapter 5, it appears more commonly in the time-varying causal mediation model
settings.
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Figure 4.5: Directed Acyclic Graph for Two-period Causal Mediation Analysis

trol 15. We use G a to denote the sequential mediator law under a 16. It specifies the dis-

tribution from which M is randomly drawn when the treatment history is fixed at a. Here,

we can analogize that the time-varying history variables M1,Y1, and A2 (the mediator and

the outcome in the first wave and the treatment in the second round) play the same role as

L in the static model. Now suppose our target is the potential outcome for Y2(a,m), if we

still hold the within-world assumption (obviously, the cross-world assumption will never

be satisfied in the dynamic models). Recall in Section II, the CRF for Y (a,m) if Assump-

tion 4.II.4 does not hold is given by EL∼L|A=a,C ,C E [Y | A = a, M = m,L,C ] = ∫
C

∫
L E [Y | A =

a, M = m, l ,C ]dP (L = l | A = a,dP (C ) (in which C denotes both the time-constant and time-

varying covariates). Thus, the observational identifying functional for the mean potential

outcome E {Y2(a,m)} under the intervention (A, M) = (a,m) can be written as

ψa m := E
{
Y2(a,m)

}
(4.V.25)

=
∫

dP (C = c)
∫

E
[

Y2 | A = a, M = m, Y1 = y1, C = c
]

dP
(
Y1 = y1 | A1 = a1, M1 = m1, C = c

)
.

Equation 4.V.25 is an extended g -formula expression for E {Y2(a,m)}, which is identified

under the sequential causal mediation assumptions. These assumptions are obtained by

extending Assumption 4.II.3 to the time-varying setting, and they are not restricted to the

two-period model.We can derive the assumption by extending Assumption 4.II.3 into the

time-varying conditions (and the assumptions are not restricted to the two-period model)

(VanderWeele et al. 2014):

15We choose not to use A = a = 1 and A = a⋆ = 0 here simply to avoid confusion in the following content.
16The Sequential G(.) is the multi-period equivalent of G(.) as defined in the within-world scenario as the

stochastic policy that draws the mediator from the specific distribution for M .
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Assumption 4.V.1 (Sequential Causal Mediation Assumptions) Let t = 1, . . . ,T . Denote cu-

mulative histories At = (A1, . . . , At ), M t = (M1, . . . , Mt ), Y t = (Y1, . . . ,Yt ), and define Ht =
(At−1, M t−1, Y t−1, C ). Let the target be the potential final outcome YT (a,m). The marginal

structural models will be correctly defined if:

1. Sequential Positivity: For any history Ht in the support and all admissible at ,mt , the

probability of the treatment and the mediator 17 should be positive given the history

variables.

P (At = at | Ht ) > 0 and P
(
Mt = mt | At , Ht

)
> 0,

with probability one on the support of (At−1, M t−1,Y t−1,C ).

2. Sequential Consistency: the potential outcome under the treatment and mediator re-

ceived is the same as the observed outcome:

Yt = Yt (at ,mt )

and the potential mediator under the treatment and previous mediators is the same as

the observed mediator:

Mt = Mt (at ,mt−1).

3. Sequential Unconfoundedness: we need the following unconfoundedness assumptions

to hold, conditioned on the observed time-varying and time-invariant covariates:

(a) the treatment-outcome unconfoundedness at wave t : YT (a,m) ⊥⊥ At | Ht ;

(b) the mediator-outcome unconfoundedness at wave t : YT (a,m) ⊥⊥ Mt | At , Ht ;
17We here still assume discrete mediators. If the mediators are continuous, its probability density function

should be positive, given the history variables and the treatment.
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With Assumption 4.V.1, we can identify Equation 4.V.25. Moreover, if we need to construct

the stochastic mediator law G a , a further treatment-mediator unconfoundedness assump-

tion is required, so that we can derive the expressions of the IDE and the IIE 18:

Assumption 4.V.2 (Additional condition only when constructing the mediator law G a) •

The treatment-mediator unconfoundedness at wave t :

Mt (at ) ⊥ At | Ht

which identifies the causal mediator distribution under a via the observed law f (Mt |
At , Ht ).

With the assumptions held, as the IDE and the IIE can be separately expressed as:

IDE = ψa Ga⋆
−ψa⋆Ga⋆

, IIE = ψa Ga
−ψa Ga⋆

.

Therefore, we can have the IDE and the IIE:

IDE =
∫ ∑

m1,m2

[∫
E

[
Y2 | A = a, M = (m1,m2), Y1 = y1, C = c

]
dP

(
Y1 = y1 | A1 = a1, M1 = m1, C = c

)
−

∫
E

[
Y2 | A = a⋆, M = (m1,m2), Y1 = y1, C = c

]
dP

(
Y1 = y1 | A1 = a′

1, M1 = m1, C = c
)]

× fGa⋆
(m1,m2 |C = c)dP (C = c).

IIE =ψa Ga
−ψa Ga⋆

=
∫ ∑

m1,m2

{∫
E

[
Y2 | A = a, M = (m1,m2), Y1 = y1, C = c

]
dP

(
Y1 = y1 | A1 = a1, M1 = m1, C = c

)}
×

(
fGa

(m1,m2 |C = c)− fGa⋆
(m1,m2 |C = c)

)
dP (C = c).

18The additional assumption is not needed to identify Equation 4.V.25 simply because in that equation we
fix M = m.
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B. Carryover, Feedback, and Full Effects

Now we move to multiple periods. In the two-period model (Figure 4.5), we assume that

at each period t = 1,2, At , Mt , and Yt are sequential, and variables that occurred earlier in

time had an effect on all subsequent variables (for instance, A1 affects M1,Y1, A2, M2,Y2; M1

affects Y1, A2, M2,Y2. In substantive studies, researchers may focus more on the carryover

effects or the feedback effects over the other, and ignore one side in their MSM construction.

In the models involving multiple periods, we consider the scenarios of how the vari-

ables in the two waves may interact. Figure 4.6 left two panels illustrate the example of

the carryover effects and the feedback effects. The carryover effects mean that researchers

assume that earlier treatments and mediators have direct effects on later mediators and

outcomes, while the feedback effects stress how the mediator and outcome at the earlier

stage will directly affect the later treatments and mediators. Of course, if a model includes

both the carryover effects and the feedback effects (like the two-period model denoted in

Figure 4.5), then it is a full model. In other words, carryover-only models allow arrows

(As , Ms) → (Mt ,Yt ) for s < t but exclude arrows Ȳt−1 → (At , Mt ). Feedback-only models al-

low arrows (Ys , Ms) → (At , Mt ) for s < t but exclude direct lagged arrows (As , Ms) → Yt once

At , Mt are included. The full model admits both19.

For the carryover effect and the feedback effect, notably, the compositions of the condi-

tional expectations for the outcome are different, and thus specifications on the estimand

for the potential outcome, (ψam), the IDE (ψaGa′
−ψa′Ga′

), and the IIE (ψaGa
−ψaGa′

) are

different.
19In the simplified DAG, we just omit the covariates at each wave t
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Figure 4.6: carryover and Feedback effects for time-varying causal mediation models
Note: The left panel indicates the model we assume has only carryover effects, the middle panel
indicates the model we assume has only feedback effects, and the right panel shows the model for
both carryover and feedback effects. We assume the time-varying covariates C affect all waves and
have been omitted in the graphs (not in the equations).

For the carryover-only effects, the outcomes are influenced by the previous treatments

and mediators, while the mediators are only influenced by the previous treatment but are

independent of the previous outcomes. Under Assumption 4.V.1, we have the CRF formula:

ψā m̄ = E {Yt (āt ,m̄t )}

=
∫

p(c)dc E
[

Yt (āt ,m̄t )
∣∣ C = c

]
=

∫
p(c)dc

∫
ȳt−1

E
[

Yt (āt ,m̄t )
∣∣ Ȳt−1 = ȳt−1, C = c

]
p(ȳt−1 | āt−1,m̄t−1,c)d ȳt−1

=
∫

p(c)dc
∫

ȳt−1

E
[

Yt | Āt = āt , M̄t = m̄t , Ȳt−1 = ȳt−1, C = c
]

p(ȳt−1 | āt−1,m̄t−1,c)d ȳt−1

=
∫

p(c)dc
∫

ȳt−1

µt (āt ,m̄t , ȳt−1,c) p(ȳt−1 | āt−1,m̄t−1,c)d ȳt−1

=
∫

p(c)dc
∫

ȳt−1

µt (āt ,m̄t , ȳt−1,c)
t−1∏
i=1

p
(
yi | āi , m̄i , ȳi−1, c

)
d ȳt−1,

When we set M = G ā⋆ with probability mass functions (PMFs) gi (mi | ā⋆i ,m̄i−1,c ) (no de-

pendence on ȳi−1 in carryover-only),

ψā,G ā⋆
=

∫
p(c)dc

∑
m̄

{∫
ȳt−1

E
[
Yt | āt ,m̄t , ȳt−1,c

] t−1∏
i=1

p
(
yi | āi ,m̄i , ȳi−1,c

)
d ȳt−1

} t∏
i=1

gi
(
mi | ā⋆i ,m̄i−1,c

)
.
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We first define the notations:

A1(ā,m̄,c) :=
∫

ȳt−1

E
[
Yt | āt ,m̄t , ȳt−1,c

] t−1∏
i=1

p
(
yi | āi ,m̄i , ȳi−1,c

)
d ȳt−1,

B1(ā⋆;m̄,c) :=
t∏

i=1
gi

(
mi | ā⋆i ,m̄i−1,c

)
.

Then, the IDE and the IIE are respectively:

IDE =ψā,G ā⋆
−ψā⋆,G ā⋆

=
∫

p(c)dc
∑
m̄

[
A1(ā,m̄,c)− A1(ā⋆,m̄,c)

]
B1(ā⋆;m̄,c),

IIE =ψā,G ā
−ψā,G ā⋆

=
∫

p(c)dc
∑
m̄

A1(ā,m̄,c)
[
B1(ā;m̄,c)−B1(ā⋆;m̄,c)

]
.

In the feedback-only effects model, the outcomes are independent of the previous treat-

ments and mediators. Thus, we have the formula for (ψam): The CRF becomes

ψā m̄ =
∫

p(c)dc
∫

ȳt−1

E
[

Yt
∣∣ At = at , Mt = mt , Ȳt−1 = ȳt−1, C = c

] t−1∏
i=1

p
(
yi | ai , mi , ȳi−1, c

)
d ȳt−1.

Now mediators depend on past outcomes, so for G ā⋆ ,

gi
(
mi | ā⋆i , m̄i−1, ȳi−1, c

)
, dG ā⋆(m̄ | ȳt−1,c) ⇝

∑
m̄

t∏
i=1

gi
(
mi | ā⋆i ,m̄i−1, ȳi−1,c

)
.

Thus,

ψā,G ā⋆
=

∫
p(c)dc

∫
ȳt−1

∑
m̄

E
[
Yt | at ,mt , ȳt−1,c

] t−1∏
i=1

p
(
yi | ai ,mi , ȳi−1,c

)
t∏

i=1
gi

(
mi | ā⋆i ,m̄i−1, ȳi−1,c

)
d ȳt−1.

Similarly, we define the short-hand notations:

A2(at ,mt , ā,m̄,c; ȳt−1) := E
[
Yt | at ,mt , ȳt−1,c

] t−1∏
i=1

p
(
yi | ai ,mi , ȳi−1,c

)
,

B2(ā⋆;m̄, ȳt−1,c) :=
t∏

i=1
gi

(
mi | ā⋆i ,m̄i−1, ȳi−1,c

)
.
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Then we have:

IDE =ψā,G ā⋆
−ψā⋆,G ā⋆

=
∫

p(c)dc
∫

ȳt−1

∑
m̄

[
A2(at ,mt , ā,m̄,c; ȳt−1)− A2(a′

t ,mt , ā⋆,m̄,c; ȳt−1)
]

B2(ā⋆;m̄, ȳt−1,c)d ȳt−1,

IIE =ψā,G ā
−ψā,G ā⋆

=
∫

p(c)dc
∫

ȳt−1

∑
m̄

A2(at ,mt , ā,m̄,c; ȳt−1)
[
B2(ā;m̄, ȳt−1,c)−B2(ā⋆;m̄, ȳt−1,c)

]
d ȳt−1.

Compared to the carryover-only effects, for the feedback-only effects, because gi (·) de-

pends on ȳi−1 (feedback), the mediator measure dG ā⋆(m̄ | ȳt−1,c) cannot be pulled outside

the Ȳ -integral.Therefore, we cannot simply use the factorization of
∫

M̄[A(·)]B(·)dm̄ as we

did in the carryover-only effects model.

Combining the model settings in the carryover and the feedback effects, we could have

the identification for the full model. Again, the CRF is:

ψā m̄ =
∫

p(c)dc
∫

ȳt−1

E
[

Yt
∣∣ Āt = āt , M̄t = m̄t , Ȳt−1 = ȳt−1, C = c

] t−1∏
i=1

p
(
yi | āi , m̄i , ȳi−1, c

)
d ȳt−1.

With feedback in M ,

ψā,G ā⋆
=

∫
p(c)dc

∫
ȳt−1

∑
m̄

E
[
Yt | āt ,m̄t , ȳt−1,c

] t−1∏
i=1

p
(
yi | āi ,m̄i , ȳi−1,c

)
t∏

i=1
gi

(
mi | ā⋆i ,m̄i−1, ȳi−1,c

)
d ȳt−1.

For the short-hand denotations:

A3(ā,m̄,c; ȳt−1) := E
[
Yt | āt ,m̄t , ȳt−1,c

] t−1∏
i=1

p
(
yi | āi ,m̄i , ȳi−1,c

)
,

B3(ā⋆;m̄, ȳt−1,c) :=
t∏

i=1
gi

(
mi | ā⋆i ,m̄i−1, ȳi−1,c

)
.

and the IDE and the IIE are therefore,

IDE =ψā,G ā⋆
−ψā⋆,G ā⋆
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=
∫

p(c)dc
∫

ȳt−1

∑
m̄

[
A3(ā,m̄,c; ȳt−1)− A3(ā⋆,m̄,c; ȳt−1)

]
B3(ā⋆;m̄, ȳt−1,c)d ȳt−1,

(4.V.26)

IIE =ψā,G ā
−ψā,G ā⋆

=
∫

p(c)dc
∫

ȳt−1

∑
m̄

A3(ā,m̄,c; ȳt−1)
[
B3(ā;m̄, ȳt−1,c)−B3(ā⋆;m̄, ȳt−1,c)

]
d ȳt−1.

(4.V.27)

We call the Equations 4.V.26 and 4.V.27 the general expressions of the IDE and the IIE, as

they are the most precise expressions of the IDE and the IIE. Estimating all the parameters

A, M ,Y from all the waves in these models is never optimal in terms of time and computa-

tional resources, and it is never reasonable to believe that variables in the previous waves

have the same weights of probability as the nearer waves. Hence, usually in empirical stud-

ies, we assume a semi-Markov process, in which we restrict the interactions of the variables

in the nearest wave, as Figure 4.6 demonstrates. Specifically, the IDE and the IIE for the two-

wave full model are:

IDE =ψā,G ā⋆
−ψā⋆,G ā⋆

=
∫

p(c)dc
∫

d y1
∑
m1

∑
m2

{
µ2(a1, a2,m1,m2, y1,c) p(y1 | a1,m1,c)

− µ2(a⋆1 , a⋆2 ,m1,m2, y1,c) p(y1 | a⋆1 ,m1,c)
}

× g1(m1 | a⋆1 ,c) g2(m2 | a⋆2 ,m1, y1,c).

IIE =ψā,G ā
−ψā,G ā⋆

=
∫

p(c)dc
∫

d y1
∑
m1

∑
m2

µ2(a1, a2,m1,m2, y1,c) p(y1 | a1,m1,c)

×
[

g1(m1 | a1,c) g2(m2 | a2,m1, y1,c) − g1(m1 | a⋆1 ,c) g2(m2 | a⋆2 ,m1, y1,c)
]

.

Based on the general expressions of the IDE and the IIE, we may derive the doubly ro-

bust/efficient estimators for them.
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VI. Doubly Robust Estimator for the IDE and the IIE in Time-Varying
Full Models

For the static models, we have demonstrated the DR/efficient estimator for the IDE/ IIE in

Section IV. Now we discuss the DR/efficient estimator for the dynamic models. Due to the

complexity of the IDE and the IIE expressions in multi-period models, it is hard to give a pre-

cise expression on the efficient estimator for the effects. However, based on our derivation

of the IDE and the IIE in the static model, we indeed could have the DR/efficient expres-

sion of the IDE/IIE with three parts: the outcome-residual part, the transport part, and the

centering part. We first set the nuisance functions:

Hi = (C , Āi , M̄i , Ȳi−1),

H A
i = (C , Āi−1, M̄i−1, Ȳi−1),

H M
i = (C , Āi , M̄i−1, Ȳi−1),

πA
i (ai | H A

i ) = P (Ai = ai | H A
i ),

πM
i (mi | H M

i ) = P (Mi = mi | H M
i ).

The mediator intervention is given by known (or modeled) kernels g ā⋆

i (mi | a⋆i ,m̄i−1, ȳi−1,c).

Firstly, we define the outcome regression function:

µi (ai ,mi , ȳi−1,c) := E
[
Yi | Ai = ai , Mi = mi , Ȳi−1 = ȳi−1,C = c

]
.

Hence, we could set the sequential regression as:

Q̄ ā,ā⋆

t (Ht ) :=µt (at , Mt , Ȳt−1,C ),

and for k = t , . . . ,1 define recursively

Q̄ ā,ā⋆

k−1 (Hk−1) :=
∫

E
[
Q̄ ā,ā⋆

k (Hk ) | Ak = ak , Mk = mk , Hk−1

]
g ā⋆

k

(
mk | a⋆k , M̄k−1, Ȳk−1,C

)
dmk .
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Recall this part should be re-weighted by the counterfactual/interventional distribution

of the mediator; thus, we define the IPW weight as:

Wk (ā, ā⋆) :=
k∏

i=1

1(Ai = ai )

πA
i (ai | H A

i )
· g ā⋆

i

(
Mi | a⋆i , M̄i−1, Ȳi−1,C

)
πM

i

(
Mi | H M

i

) .

for k = 1, . . . , t . Secondly, we need to identify the transport term (from stage k back to k −1).

Define the transport of a function f (Hk ) through the mediator intervention:

T ā,ā⋆

k f (Hk−1) :=
∫

E
[

f (Hk ) | Ak = ak , Mk = mk , Hk−1
]

g ā⋆

k

(
mk | a⋆k , M̄k−1, Ȳk−1,C

)
dmk .

Then the sequential regressions satisfy

̂̄Q ā,ā⋆

t (Ht ) = µ̂t (at , Mt , Ȳt−1,C ), ̂̄Q ā,ā⋆

k−1 = T ā,ā⋆

k
̂̄Q ā,ā⋆

k , k = t , . . . ,1.

Finally, the centering part is the repeated transport of the stage-t regression:

Q̄ ā,ā⋆

0 (C ) = (
T ā,ā⋆

1 ◦T ā,ā⋆

2 ◦ · · · ◦T ā,ā⋆

t

)
µt (·).

Therefore, we have the DR estimator for ψaGa∗
:

ψ̂DR
ā,Ḡ ā⋆

= 1

n

n∑
r=1

[
t∑

k=1
Ŵk,r

{̂̄Qk (Hk,r )− (
T̂k

̂̄Qk
)
(Hk−1,r )

}
+ (

T̂1 ◦ · · · ◦ T̂t
)
µ̂t (Cr )

]
,

Since (T̂k
̂̄Qk ) = ̂̄Qk−1 by definition, we could simplify the expression as:

ψ̂DR
ā,Ḡ ā⋆

= 1

n

n∑
r=1

[
t∑

k=1
Ŵk,r (ā, ā⋆)

{̂̄Q ā,ā⋆

k (Hk,r )−̂̄Q ā,ā⋆

k−1 (Hk−1,r )
}
+ ̂̄Q ā,ā⋆

0 (Cr )

]
.

The double robustness here holds if either the weights or the regression and transport terms

are correct. For the IDE and the IIE, therefore,

ÎDEDR = ψ̂DR
ā,Ḡ ā⋆

− ψ̂DR
ā⋆,Ḡ ā⋆

,

ÎIEDR = ψ̂DR
ā,Ḡ ā

− ψ̂DR
ā,Ḡ ā⋆

.
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Specifically, for the carryover-only effects, in both W (·) and Q(·) we rewrite the mediator

policy as g ā⋆

i

(
Mi | a⋆i , M̄i−1,C

)
(since Mi is not affected by Yi−1), and useπM

i

(
Mi | Ai , M̄i−1,C

)
together withπA

i

(
ai |C , Āi−1

)
. For the feedback-only effects, we set g ā⋆

i

(
Mi | a⋆i , M̄i−1, Ȳi−1,C

)
,

πM
i

(
Mi | Ai , M̄i−1, Ȳi−1,C

)
, andπA

i

(
ai |C , Āi−1, M̄i−1, Ȳi−1

)
, while Yi has no direct dependence

on (Ai−1, Mi−1) once (Ai , Mi ,Yi−1,C ) are included. Since M is discrete in this context, all

integrals over mi in Q(·) and T (·) are replaced by finite (or countable) sums. On the semi-

Markov settings, as we only concentrate on the relationships between the two waves, the

above derivation still remains the same.

In summary, the algorithms for the doubly robust estimators in causal mediation analy-

sis:

• Identify the target estimand. Based on the substantive or data-driven assumptions,

identify the model describing the relationships among the treatment, the mediator,

and the outcome (usually with the DAGs); and identify the estimand and its functional

form (the CRF, the CDE, the NDE/IDE, or the NIE/IIE).

• Based on the estimand, find the relevant CRF and intermediate terms.

• Derive the nuisance functions, and construct the four nuisance functions from the

empirical data using K -fold cross-fitting: split the sample into K folds; on each train-

ing fold, fit/tune the nuisance models via cross-validation; generate out-of-fold pre-

dictions for every observation so that all nuisance estimates are cross-fitted.

• Calculate the relevant efficient influence function for the desired estimand using the

cross-fitted nuisance estimates, and based on the efficient influence function, derive

the efficient (doubly robust) estimator.
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VII. Empirical Studies

This section applies our method to replicate a classic causal mediation analysis in political

science: the racial fractionalization theory. In a highly-cited American Political Science Re-

view (APSR) paper, Fearon and Laitin (2003) analyzed the post-Second World War civil con-

flict data. They concluded that racial fractionalization/diversification does not significantly

increase the likelihood of civil violence. They argue that conditions that favor insurgencies,

like political instability, large populations, and poverty, create the opportunity for rebels to

recruit and thus increase civil violence. In other words, the conditions like political instabil-

ity, large populations, and poverty, from their views, are the mediators impacting the causal

effects between racial fractionalization (the treatment) and the onset of civil wars (adding

the mediators, the direct causal effects vanished).

Based on the conclusion drawn in Fearon and Laitin’s (2003)paper, Acharya et al.(2016)

used the traditional linear model method and further examined if political instability, rather

than other variables, is the only mediator that alleviates the direct causal effect of racial

fractionalization on the onset of civil wars. However, they rejected their hypothesis and

concluded that putting political instability alone at the position of the mediator could not

fully explain the causal effect of racial fractionalization on the onset of civil wars. We first

replicate their results under our doubly robust/debiased causal mediation framework in

our methodological illustration. Then, we turn this model into a dynamic one, examining

the carryover and the feedback effects of political instability mediating the impact of racial

fractionalization on civil wars.
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A. Static Models

For static models, we aim to test whether political instability is the only mediator of the

causal effect of racial fractionalization on the onset of civil wars in post-Second World War

countries. Therefore, the outcome variable is a dichotomous measurement of whether a

civil war starts in a specific year, and the treatment is the level of racial fractionalization

measured by Fearon and Laitin (2003). To simplify our analysis, we transformed the contin-

uous measurement into a dichotomous one, assuming that racial fractionalization is high

when the original fractionalization score surpasses 0.5. The mediation variable, political

instability, is a dichotomous variable capturing whether the country had a three-or-greater

change in the Polity IV Index between t −2 and t −1, given that the outcome is measured at

t . There are 14 missing cases on the mediator (N = 6596), and we drop these cases.

Moreover, we include several pre- and post-treatment confounders. The pre-treatment

confounders are the variables that may affect racial fractionalization before the observation

year, including the estimated percentage of mountainous terrain in the country, whether

the country is a non-contiguous state, whether the country relies on fuel exportation (de-

fined by one-third of the export revenue coming from fuels), and the degree of religious

fractionalization of the country. The post-treatment confounders, on the other hand, in-

clude the variables that affect the political stability and the onset of civil wars in the country,

including whether an ongoing war in the previous year, the country’s GDP per capita in the

previous year, the logarithm of population, whether the regime is a new one (measured by

whether in its first two years of its existence), and the previous year’s Polity IV index score.

The DAG for the static model can be seen in Figure 4.7:

We begin our modeling with a null linear probability model (LPM), with only racial frac-
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Figure 4.7: Directed Acyclic Graph for the Replication on Fearon and Laitin’s Paper

tionalization and political instability as the independent variables. The coefficient of racial

fractionalization (shown in the leftmost column in Figure 4.8) suggests the unbalanced

treatment effect E [Y | A = 1]−E [Y | A = 0], and it appears that if we do not consider the

confounders between the treatment and the outcome, racial fractionalization does signifi-

cantly increase the probability of the onset of a civil war, controlling the degree of political

instability. We then use the nested model method, adding the confounders into the LPM,

as Fearon and Laitin (2003) originally designed, and we call this model the baseline model.

The second column in Figure 4.8 shows the results for the baseline model. Although our

measurements differ from those in the original paper, the results are the same. After adding

all confounders, we couldn’t reject the hypothesis that racial fractionalization does not sig-

nificantly directly affect the probability of the onset of civil wars.

We then test the hypothesis on whether political instability is the only mediator of the

direct effect of racial fractionalization on the onset of civil wars. To test this hypothesis,

Acharya et al. (2016) adopted the controlled direct effect (CDE) framework: if political in-
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Figure 4.8: Estimation for racial fractionalization on the onset of civil wars (static models)
Note: For the null and baseline models, the standard errors derive directly from the regression
models; for the linear CDE, naive plug-in CDE, and doubly robust CDE models, the standard errors
are bootstrapped with 100 loops. The basic machine learning model is an XGBoost model (Chen
and Guestrin 2016) (with 1000 estimators for each naive estimator).
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stability is the only mediator, the direct effect of racial fractionalization on the onset of civil

wars should be zero given all countries were politically unstable. In mathematical expres-

sions, our null hypothesis is C DE(m = 1) = ψ1,1 −ψ0,1 = 0. Like their study, we initially

attempted to fit the CDE using a linear parametric model, and the results are presented in

the third column of Figure 4.8. The parametric model result indicates a significant direct

effect, so our null hypothesis is rejected. Therefore, we infer that mechanisms other than

political instability also mediate the causal relationship between racial fractionalization and

the onset of civil wars.

We further test the hypothesis by establishing a naïve plug-in nonparametric estimator

for the CDE. We use a machine learning model to predict the controlled response functions

(CRFs) forψ1,1 andψ0,1 and subtract them. The result is shown in the fourth column of Fig-

ure 4.8. The estimation from naïve plug-in models is slightly smaller than from the linear

model. However, it still illustrates that political instability alone could not mediate all direct

effects of racial fractionalization on the onset of civil wars.

The linear parametric model and the naïve plug-in nonparametric models only rely on

the pure imputation estimation for Ê [Y |A = a, M = m,L,C ], and the result is biased if the

imputed expectation is biased. Therefore, we use the aforementioned doubly robust ma-

chine learning method to re-estimate. The result is unbiased if either the pure imputation

estimator or the pure weighting estimator is unbiased. The result is shown in the rightmost

column in Figure 4.8. Similar to the linear estimator and the naïve plug-in estimator results,

the doubly robust CDE estimator clearly rejects the null hypothesis.
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However, we can infer from Figure 4.8 that the direct treatment effect estimated by the

doubly robust model is slightly higher than the effects estimated from the naïve plug-in

nonparametric model results, with smaller confidence intervals. This clearly reveals the ad-

vantage of the DML estimator in nonparametric marginal structural models over the naive

plug-in estimators. Based on the definition of the DML estimator, it is an estimator based

on the naive plug-in result, adding a first-order correction term that considers the perturba-

tion of the individuals. Moreover, when the score is the efficient influence function and reg-

ularity and nuisance-estimation conditions hold, the DML estimator attains the semipara-

metric efficiency bound within the class of regular asymptotically linear estimators. The

estimation from the linear parametric model, if the model specification is correct, should

also be unbiased and efficient in the corresponding parametric model. However, compared

to the nonparametric models, the lack of flexibility in the relationship between the outcome

and the features (the treatment and the mediator) could be a disadvantage in some studies.

B. Dynamic Models

Next, we extend our discussion towards a dynamic mediation model. The static models

could be regarded as the instant mediation effect, and we reject the hypothesis that politi-

cal instability alone could mediate all direct effects of racial fractionalization on the onset

of civil wars. We would further like to test whether the long-lasting political instability alone

may explain the dynamic relationship between racial fractionalization and civil wars. To

test the assumption, we still adopt the CDE framework.

In the dynamic model, we focus on the cumulative effect. Thus, we change the outcome

we measure from the dichotomous measurement on the onset of a civil war to the number

of wars in progress in the country at the observation year. Besides the outcome, the mea-
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surements of the other variables remain the same in the dynamic models. We take their

values in the observation year and the previous years into the models for the treatment, the

mediator, and the outcome. To simplify our analysis, we only consider a two-period dy-

namic model.

We apply two MSM settings: the carryover and feedback effect models. In the dynamic

models, besides the identifications in the static models among the treatment, the mediator,

and the outcome, we also assume that the previous racial fractionalization, political insta-

bility, and the number of wars affect the corresponding variables in the observation year.

Besides, for the carryover effect model, we also assume that racial fractionalization and po-

litical instability in the previous year affect the political instability and the number of wars in

the observation year. For the feedback effect model, on the other hand, we assume that the

previous mediator and outcome affect the treatment and the mediator in the next round.

We only elaborate on the results from the doubly robust estimator for the carryover and

feedback effects models. Figure 4.9 shows the results. As can be seen, the estimations from

both models reject the hypothesis and suggest that political instability alone could not elim-

inate all the direct effects of racial fractionalization and the number of civil wars. However,

after controlling the mediation effect of political instability, the direct effect of racial frac-

tionalization on civil conflict is larger in the feedback models, suggesting that controlling

the carryover effects of the previous racial fractionalization and political instability on the

war status in the next round explains more of the indirect effect than controlling the feed-

back effects of the previous mediator and treatment on the treatment and mediator in the

next round. However, it is also worth noting that the feedback model’s estimates are much

less precisely estimated, with wider confidence intervals and correspondingly weaker sta-

tistical significance.
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Figure 4.9: Estimation for racial fractionalization on civil war processes (Dynamic models)
Note:Standard errors are bootstrapped with 100 loops. The basic machine learning model is an
XGBoost model (with 1000 estimators for each naive estimator).

VIII. Conclusion

In this chapter, we discuss the efficient/doubly robust estimations for the causal mediation

analysis. We first discussed the "do-calculus" (DoC) framework for causal inference, which

is different but has a tight connection with the Neyman-Rubin causal framework we dis-

cussed in the previous chapters. Based on the background knowledge of efficient/doubly

robust estimators from the introductory chapter, we derive the efficient/doubly robust es-

timators for the controlled response function (CRF); and use the CRF as the starting point

to derive the efficient/doubly robust estimators for the controlled direct effect, the natural

direct and indirect effect, and the interventional direct and indirect effects.

The core question researchers aim to tackle with the causal mediation analysis is how
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much the mediator plays a role in mediating the causal relationship between the treatment

and the outcome. Specifically, the questions include: 1) how much of the total causal effect

is accounted for by the causal effect through the mediating variable (by the decomposi-

tion of the direct and indirect effects); 2) how the causal effects, measured by the potential

outcome under treatment minus under control, would change under different mediation

levels; 3) what the direct and the indirect effect would be if we intervene on the distribution

of the mediators. Different statistical indicators are required to answer different questions,

and the indicators are based on different sets of model specifications and, most importantly,

causal identification assumptions. Among all the causal assumptions, the assumption of

unconfoundedness is the most crucial. For the first question, the natural direct and indirect

effects are required, and they have the most strict unconfoundedness assumption settings:

they not only require the unconfoundedness between the treatment and the outcome, the

treatment and the mediator, the mediator and the outcome, but also require no association

between the treatment and the post-treatment confounders (the mediator-outcome con-

trolled covariates). For the second question, the controlled direct effect (CDE) will be most

commonly applied, but the assumption requirements are the weakest: as we fix the level of

the mediators, we only need no confoundedness between the fixed mediator and the out-

come, and between the treatment and the outcome. For the third question, we typically

use the interventional direct and indirect effects. The assumptions for interventional ef-

fects require the unconfoundedness between the treatment and the outcome, between the

treatment and the mediator, and between the mediator and the outcome.

In many cases, researchers seek to apply the causal mediation framework to the time-

varying treatments and time-varying mediators settings. We derive the algorithm for the

doubly robust CRF for time-varying models from the g−formula in parametric MSMs. We

204



differentiate the carryover and feedback effects based on different confounding assump-

tions for the time-varying treatment, mediator, and outcome: in the carryover effect, the

previous treatment and mediator restrict the mediator and outcome in the next period,

while in the feedback effect, the previous mediator and outcome affect the treatment and

mediator in the next period. The CRF is based on cumulative treatment and mediator in the

time-varying settings. Moreover, because the previous outcomes are affected by the treat-

ment, and they influence the outcomes in later periods, the unconfounding assumption

between the treatment and the post-treatment covariates is violated. We could only exam-

ine the interventional direct and indirect effects in the time-varying settings.

Indeed, decomposing the total treatment effect into the direct and indirect effects is

only a straightforward way to isolate the effects of the mediator on the treatment effects,

as we also have shown the effect of ψal m when there are confounding effects between the

post-treatment covariates and the treatment and we derived the efficient/doubly robust

estimator for the CRF. Moreover, we may also adopt a three-way decomposition method to

decompose the total effect into the direct effect, the indirect effect, and the interactional

effect, allowing the intersection between the treatment and the mediator:

AT E =ψ1,m(1) −ψ0,m(0) (4.VIII.28)

= (ψ1,0 −ψ0,0)︸ ︷︷ ︸
(:a)

+ (ψ1,m(1) −ψ1,m(0))︸ ︷︷ ︸
(:b)

+P (m(0))
[

(ψ1,1 −ψ0,1)− (ψ1,0 −ψ0,0)
]

︸ ︷︷ ︸
(:c)

+Cov
(
P (m(0)), (ψ1,1 −ψ0,1)− (ψ1,0 −ψ0,0)

)
The framework for causal mediation analysis has recently been applied to calculating

the reduced disparities or gap-closing effects of the outcome between two subgroups (Jack-

son and VanderWeele 2018; Lundberg 2024). In Pearl’s (2009) causal analysis framework, we
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have to be able to manipulate the levels of the treatment and the mediators to derive the po-

tential outcomes based on the manipulation. In social science, we are sometimes interested

in how an action (for instance, the execution of a policy) intervenes in the existing gaps be-

tween different social groups. The causal mediation framework could also be applied to

these studies. For example, our previous study (Zhou and Pan 2023) discusses how college

graduation shrinks the earnings gap for Black and White college attendees. Therefore, we

set A as the race, M as the college graduation, and the outcome Y represents their earn-

ings. We applied and transformed the decomposition framework illustrated in Equation

4.VIII.28 and decomposed the total earnings gap into the earnings gap between attendees,

the proportional gap in completion (P (M(1)), and the earnings gap between completion

(C DE(1)−C DE(0)), and the covariance between the completion proportion and earnings

gap (we have no part (b) in Equation 4.VIII.28 simply because our analytical subjects are all

college attendees).

The causal mediation analysis framework applies to the conditions where researchers

are more interested in the causal effects on the group level (the “global” effects) rather than

on the individual level (the “local” effects, for instance, measuring the change in a person’s

life course). In Chapter 5, we will apply the model we developed here in an empirical study

to examine the marriage and parenthood penalties and premiums in earnings and discuss

how the earnings gaps between groups are mediated by the time devoted to the labor mar-

ket for both genders.

206



Chapter 5

From Static Models to Dynamic Models:
Reconsidering Carryover and Feedback
Effects in Marriage and Parenthood
Penalties and Premiums

I. Introduction

Marriage and parenthood have divergent causal effects on men’s and women’s wages (Eng-

land 2005; Waldfogel 1998; Gough and Noonan 2013; Angelov et al. 2016). Previous litera-

ture suggested that becoming a wife and becoming a mother negatively affect heterosex-

ual women’s wages (Glauber 2007; Waldfogel 1997; Budig and England 2001; Crittenden

2001; England et al. 2016; Correll et al. 2007; Cheng 2016) while becoming husbands or fa-

thers gave wage premiums to heterosexual men (Korenman and Neumark 1991; Dougherty

2006; Killewald 2013; Killewald and Gough 2013a; Killewald and Lundberg 2017; Ludwig

and Brüderl 2018; Loughran and Zissimopoulos 2009; Lundberg and Rose 2000; Glauber

2018: 2008; Lundberg and Rose 2002; Hodges and Budig 2010). According to the literature,

women’s marital and motherhood penalty and men’s marital and fatherhood premiums are

the primary causes of the gender wage gap in the labor market.
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Being married and becoming parents will doubtlessly impact the time arrangements for

domestic work and labor market participation, especially for women. Compared with men,

women tend to have less time in the labor market and switch their attention to domes-

tic work after becoming mothers and getting married due to the interruption of childbirth

(Becker 1981; Anderson et al. 2002: 2003; Waldfogel 1997; Grimshaw and Rubery 2015), the

specialization arrangement within the couples(Chun and Lee 2001; Killewald and Gough

2013a), and institutional stereotypes and discrimination in the labor market (Correll et al.

2007; Glauber 2018; Yu and Kuo 2017; Yu and Hara 2021; Luhr 2020). For men, however,

marriage and childbirth do not impede them from labor market work; nevertheless, due

to specialization arrangements and the need to make up wives’ labor market loss, they will

devote more time to their professional work (Glauber 2008; Lundberg and Rose 2000: 2002;

Killewald 2013; Hersch and Stratton 2000). In this regard, we can preliminarily understand

that labor market participation is a crucial mediator in the causal relationship between mar-

riage, parenthood, and wage returns.

Most previous work has noticed the causal effects of marriage and parenthood on wages

for men and women and has pointed out the mediation effect of labor market participation:

they rely on linear fixed-effect (LN-FE) models to compare the wage and labor market time

losses/gains before and after the event of marriage and childbirth to estimate penalties and

premiums Budig and England (2001); Killewald and Gough (2013a); Cheng (2016); Ludwig

and Brüderl (2018). However, the LN-FE models measure the average treatment effects for

the treated (ATT), which is the effect of marriage and childbirth on the wage for individuals

who experienced marriage and childbearing, and people without marriage or childbearing

experiences (the never-takers) were excluded from identifying the treatment effects (Gough

and Noonan 2013; Blau and Kahn 2017; Ludwig and Brüderl 2018; Vagni and Breen 2021).

208



For distributional and inequality questions, the estimand of interest is the average treat-

ment effects (ATE) over all labor market participants, not only the switchers.

A second limitation is dynamic: standard fixed-effects specifications ignore heterogene-

ity in the time and persistence of treatment, mediator, and outcome, and assume time-

invariant unobserved factors absorb all confounding (Kim and Imai 2019; Zhou and Wodtke

2020). With the model assumptions, researchers do not allow (i)carryover of past treatment

into current outcomes or mediators, nor (ii) treatment-confounder feedback in which prior

outcomes or mediators influence subsequent treatment. However, previous research on

the timing of first births and marriages indicates that individuals’ labor market experiences

and positions could influence the age at which they have children and get married. In ad-

dition, several recent studies on marital and parenthood premiums and penalties suggest

that marriage and childbearing continuously influence an individual’s trajectory in the la-

bor market several years after the event. Hence, designs that accommodate dynamic treat-

ment and mediators that allow carryover and feedback effects are required to capture the

mechanisms of how prior marriage/parenthood affects current labor market participation

and wages, and how prior participation and wages in turn shape future family decisions.

In this paper, we take a causal-inference approach using nonparametric marginal struc-

tural models (NPMSM, Robins et al. 2000) to estimate the causal effects of marriage and par-

enthood on wages for American men and women, with labor market participation treated as

a mediator. To situate these effects in a labor market perspective and inequality framework,

we adopt the gap-closing estimand (Jackson and VanderWeele 2018; Lundberg 2024) quan-

tifying how wage disparities would change under hypothetical interventions on marital sta-

tus (married vs. unmarried) and parental status (with children vs. childless). For mediation,
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we follow VanderWeele’s (2015) and estimate controlled direct effects (CDE) by fixing labor

market participation at specified levels, revealing how the marriage/parenthood effect on

wages varies when participation is held constant. We also decompose the total (average)

treatment effect (TATE) into direct and indirect components attributable to labor market

participation.

We analyze both static and dynamic specifications. Firstly, we establish the static mod-

els to compare with the results from the LN-FE models, treating effects as time-invariant.

We then turn to the dynamic models that accommodate (i) carryover effects of prior mar-

ital/parental status on current participation and wages, and (ii) feedback effects of prior

participation and wages on subsequent marriage and fertility decisions. This dynamic for-

mulation directly addresses treatment-mediator-outcome dependencies that static LN-FE

models rule out.

Our contributions are twofold. Substantively, we provide dynamic estimates that incor-

porate carryover and feedback effects between family status, labor-market participation,

and wages, extending a literature that has primarily relied on static LN-FE designs. Method-

ologically, we pair NPMSMs with debiased/double machine learning (DML; Chernozhukov

et al., 2018a) to flexibly learn high-dimensional nuisance functions and deliver orthogonal-

ized, robust estimation of causal and mediation parameters, complementing the develop-

ments in Chapter 4.

II. Literature Review

A. Marriage and Parenthood, Premium and Penalty

Parenthood and marriage are central drivers of gender inequality in wages (Waldfogel 1998;

Kleven et al. 2019; Gough and Noonan 2013; Vagni and Breen 2021; Grimshaw and Rubery
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2015; Glauber 2007). The literature documents “motherhood penalties” and women’s mar-

ital wage penalties, alongside evidence of “fatherhood” and male marital premiums. In

U.S. data, linear fixed-effects (LN-FE) studies consistently find motherhood penalties—on

the order of 6% per additional child in many settings (Budig and England 2001; Glauber

2007; Anderson et al. 2002: 2003; Budig and Hodges 2010; Crittenden 2001; Gangl and Ziefle

2009)—while estimates for women’s marriage effects are mixed, ranging from null or neg-

ative (Anderson et al. 2003; Loughran and Zissimopoulos 2009; Van der Klaauw 1996) to

positive once fertility is controlled (Budig and England 2001; Glauber 2007; Taniguchi 1999;

Waldfogel 1997; Killewald and Gough 2013a). For men, several studies report non-negative

fatherhood effects and frequently a premium (Glauber 2008; Hersch and Stratton 2000;

Lundberg and Rose 2000: 2002; Killewald 2013); LN-FE estimates often attribute 5–7% higher

wages to marriage (Cornwell and Rupert 1997; Dougherty 2006; Killewald 2013; Killewald

and Gough 2013a), with life-course analyses pointing to larger late-career gains (Dougherty

2006; Cheng 2016). Yet more recent FE specifications (e.g., linear splines or FE individual

slopes) attenuate or eliminate men’s marital premia (Killewald and Lundberg 2017; Ludwig

and Brüderl 2018).

Crucially, the LN-FE designs identify the average treatment effects on the treated (ATT)

among switchers who change marital or parental status within the panel. Individuals who

never marry or never become parents do not identify the treatment coefficient (although

they can inform time effects), which raises interpretive concerns if ATT is interpreted as a

population-wide average treatment effect (ATE) (Gough and Noonan 2013; Blau and Kahn

2017; Vagni and Breen 2021). Recently, extensions like FE individual slopes (FEIS) (Ludwig

and Brüderl 2018) or synthetic control studies (Vagni and Breen 2021) mitigate some se-

lection and trend-heterogeneity, but the estimand remains the effect for individuals who
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transition (an ATT among switchers), rather than a population ATE. 1.

By contrast, some studies also adopt experimental or audit designs and compare out-

comes between groups (married vs. unmarried; parents vs. non-parents) under random-

ized or quasi-randomized signals and thus estimate average treatment effects (ATE) at the

population level (Correll et al. 2007; Pedulla 2016; Duguet et al. 2005; Petit 2007; Neumark

2018). For example, Correll et al. (2007) randomized parental-status cues on matched ré-

sumés and found sizable motherhood penalties (and some fatherhood premia), directly ad-

dressing group disparities.

Studies report that the ATT and the ATE have distinct sociological implications. Stud-

ies that report the ATT estimated from within-person changes before and after marriage or

parenthood among those who actually transition, indeed speak to life-course and family-

process questions: the opportunity cost or gain an individual experiences upon entering

these roles. Studies with the ATE as the estimand, on the other hand, address population-

level labor market differentiation and discrimination by comparing outcomes between par-

ents and non-parents and between married and unmarried under hypothetical interven-

tions. Because we work with observational longitudinal data, we employ nonparametric

marginal structural models (NPMSMs; Robins et al. 2000), a class of g -methods that reweight

observed treatment/mediator histories to address time-varying confounding, accommo-

date carryover and feedback between family status, labor-market participation, and wages,

and thus align the estimand with the population question. In tandem with a gap-closing es-

1For the FEIS models, they add a person-specific time trend so switchers are compared to their own pre-
trend. This reduces bias from differential trends, but the treatment coefficient is still identified only by people
who change status; never-takers don’t identify it. For the synthetic control studies, they build a synthetic
counterfactual for each treated unit from donors matched on pre-trends. The effect is computed for treated
units and then averaged across them, which is still an ATT for those who receive treatment, not an ATE.
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timand (Jackson and VanderWeele 2018; Lundberg 2024), this framework asks how between-

group wage gaps would change under hypothetical interventions on marital or parental

status. However, we have a clear trade-off: relative to LN-FE’s strength in life-trajectory

questions, NPMSMs have stricter requirements for unconfoundedness and positivity.

B. Gap Closing Estimand for Marriage and Parenthood Effects

Since our focus is on group disparities (the ATE), which refers to how population-level wage

gaps would change under hypothetical interventions, we use the gap-closing estimand in

conjunction with nonparametric marginal structural models (NPMSMs) (Jackson and Van-

derWeele 2018; Lundberg 2024; Robins et al. 2000). The gap-closing perspective asks a con-

crete counterfactual: how much would the observed wage gap between two groups shrink

or enlarge if we intervened on a manipulable factor? Indeed, this framing connects directly

to labor market inequality and potential labor market discrimination.

A crucial step in the gap-closing framework is to specify which gap and which inter-

vention. For prior studies that estimate ATT among those who transition, they usually put

within-person variables in the model as controls and implicitly hold person-fixed character-

istics constant. In our setting, the gap-closing estimand requires us to define the between-

group comparison (parents vs. non-parents; married vs. unmarried) and the manipulable

factor we will intervene on. We define the groups as the attribute whose disparity we seek to

explain, and the manipulable factor as the policy lever we intervene on; we then compare

between-group wage gaps under fixed intervention regimes, yielding controlled disparities

for parenthood and for marriage. In this sense, we actually use the controlled direct effect

(CDE) (VanderWeele 2015) for the gap-closing estimand.
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Due to our research question on the causal impact of parenthood and marriage on

wages, we analyze each gender separately and report two complementary gap-closing con-

trasts. For the parenthood effect, we compare the wage gaps among parents with different

numbers of children, with marital status fixed. The estimator isolates the parenthood effect

when marriage is held constant, aiming to answer how different numbers of children af-

fect individual wages for the married and unmarried subgroups. Secondly, for the marriage

effect, we fix the number of children and compare the wage gap between the married and

unmarried. This isolates the marriage effect net of parity, aligning questions about the labor

market’s perception of marital status.

We use controlled disparities to echo the intuition of LN-FE while targeting a population-

level ATE. In LN-FE estimates of the parenthood effect, marital status is typically included

as a time-varying covariate (and, conversely, parity is included when estimating a marriage

effect). These specifications identify an ATT among individuals who change status and con-

dition on the other family status at its observed values. To provide an analogous contrast at

the population level, our gap-closing analysis defines explicit intervention regimes: we fix

marital status and compare parents with non-parents within the same gender (a controlled

parenthood contrast), and we fix parity and compare married individuals with unmarried

individuals within the same gender (a controlled marriage contrast). This retains the “max-

imally comparable” intuition while shifting from within-person conditioning to interven-

tional, ATE-level contrasts. Whereas LN-FE controls can induce post-treatment bias when

marriage and parenthood interact, our approach addresses this issue by design, aligning

the estimand with our inequality question.

As the gap-closing estimand is explicitly interventional, we use nonparametric marginal
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structural models (NPMSMs) (Robins et al. 2000; Pearl 2009) to address how the between-

group wage disparities would change under a specified fix. NPMSMs operationalize coun-

terfactual policies using observational panels by reweighting observed histories; hence, this

framework enables the implementation of controlled disparities central to our research de-

sign and delivers population-level ATE contrasts that directly address inequality. We will go

over the details of the gap-closing estimand in the Analytical Strategy section.

C. Mediation Effects of Labor Market Participation

Previously, LN-FE analyses have argued that differences in labor market participation me-

diate much of the observed wage "premiums" and "penalties" associated with parenthood

and marriage for men and women (Gough and Noonan 2013; Grimshaw and Rubery 2015;

Killewald and Gough 2013a). Relying on human capital (Mincer and Polachek 1974; Wald-

fogel 1997), household specialization (Killewald 2013; Hodges and Budig 2010), and labor

market discrimination frameworks (Musick et al. 2020; Correll et al. 2007; Rivera 2017), this

literature links the reallocation of time between domestic work and market work following

marriage and childbirth to subsequent wage changes.

Human capital theory (Becker 1981) tries to explain the divergent effects of parenthood

on wages for men and women. According to the human capital theory, women experience

the motherhood penalty after giving birth to a child because childbearing interrupts their

work time, thereby reducing their human capital in the labor market (Anderson et al. 2002:

2003; Mincer and Polachek 1974; Waldfogel 1997; Davies and Pierre 2005; Meurs et al. 2010).

Angelov et al. (2016) report a sharp decline in women’s wages soon after childbearing.

Meanwhile, several studies have noted that after returning to the labor market, women’s

wages often fail to return to their pre-pregnancy levels (Angelov et al. 2016; Musick et al.
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2020). The long-term motherhood penalty suggests that the effect of the interruption of la-

bor market participation is not limited to the time of childbearing; instead, women increas-

ingly withdraw from the labor market over time after having a child (Hakim 2002; Munas-

inghe et al. 2008). Women would rather switch to less productive, more time-flexible, and

more "mother-friendly" jobs to satisfy their childcare needs (Petersen and Morgan 1995;

Budig and England 2001; Korenman and Neumark 1992; Staff and Mortimer 2012). For men,

since childbearing does not interrupt their time in the labor market, becoming a father does

not penalize their wages. On the contrary, due to the sacrifices made by mothers, in married

couple families, fathers can spend more time in the labor market, leading to a fatherhood

premium (Glauber 2007; Hersch and Stratton 2000; Lundberg and Rose 2000: 2002; Kille-

wald 2013).

Specialization theory discusses why marriage may affect the wages of men and women

differently. For a married couple, specialization in labor division is considered a "ratio-

nal choice" to maximize the total income for the family. The traditional gender role model

stereotypes women with better housework abilities and men with better performance in

the labor market; hence, married women invest and specialize in home production, while

married men put their effort into labor market activities (Gupta 1999; Hersch and Stratton

2000). Since these labor division arrangements could only be feasible for married couples

while unmarried men and women could not specialize, married men and women may have

different labor market outcomes than their unmarried counterparts (Killewald and Gough

2013a). Due to their specialization in the labor market, married men will have a wage pre-

mium from marriage over unmarried men (Glauber 2008; Chun and Lee 2001; Hodges and

Budig 2010). On the contrary, due to their specialization in housework and less time in the

labor market, married women have a marital wage penalty compared to unmarried women
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(Waldfogel 1997; Noonan 2001).

Finally, a complementary line of evidence suggests that hiring, promotion, and pay are

unequally treated based on marital and parental status (Correll et al. 2007; Rivera 2017;

Duguet et al. 2005; Petit 2007; Pedulla 2016). Discrimination is usually against women and

sets the invisible “glass ceilings" for their career choices. Women always suffer wage penal-

ties for motherhood and marriage across different firms (Yu and Hara 2021), sectors (Luhr

2020), and occupational characteristics (Yu and Kuo 2017). In more market-oriented sec-

tors, women face greater penalties, while men tend to receive more premiums. Moreover,

women are discriminated against not only by their current marriage and parenthood sta-

tuses but also by their potential time cost of childcare, even for those who are unmarried or

without children (Duguet et al. 2005; Petit 2007).

Due to the impact of marriage and parenthood on labor market participation and wages,

individuals may deliberately postpone marriage (Glick and Landau 1950) and childbearing

Goisis and Sigle-Rushton (2014); Testa and Toulemon (2006); Loughran and Zissimopou-

los (2009) to balance their career and family better. Indeed, individuals may make their

marriage and childbearing decisions with consideration of the consequences for future la-

bor market participation and wages, and the information from their previous labor mar-

ket experience and wages. Thus, the impact of marriage and childbearing on wages is

not only about whether the decision is made, but also when/at what age the decision is

made. Motivated by this evidence, we extend mediation analyses of the wage effects of

marriage/parenthood from a static to a dynamic perspective, allowing for carryover and

feedback between family status, labor-market participation, and wages.
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D. From Static Models to Dynamic Models

In linear fixed-effects (LN-FE) models, researchers identify the causal relationship between

marriage/parenthood and wage and the mediation effect of labor market participation with-

out differentiating the heterogeneity in the treatment effects among marital/parenthood

ages. Furthermore, the LN-FE models assume that the unobserved covariates on the indi-

vidual level will not bias the estimation (Arkhangelsky and Imbens 2018; Wooldridge 2005).

However, as mentioned above, we presume that the causal identification assumption needs

to be revised because the relationships among the variables are hardly time-independent.

First, marriage and parenthood decisions at a specific time (the treatment variables) are af-

fected by the previous labor market participation status (the mediator) and previous wage

status (the outcome variable). In addition, the current marital and parenthood status may

affect future labor market participation and wages. If the treatment and the mediator are af-

fected by the mediator and the outcome from the previous rounds, we call the effects in the

dynamic models the “feedback effects"; oppositely, if the earlier treatment and mediators

affect the mediator and outcomes in the later rounds, we call the dynamic model contains

the “carryover effects" (Kim and Imai 2019; Zhou and Wodtke 2020).

From the theoretical perspective, we believe that the dynamic models could more ap-

propriately describe the formation of premiums and penalties separately from marriage

and parenthood for men and women (Oppenheimer 1997; Killewald and Gough 2013b; Juhn

and McCue 2017). Consider the specialization theory in a dynamic process (see Figure 5.1).

Suppose a married couple with children makes a specialization arrangement (the wife tends

to devote more time to domestic work while the husband puts more time into the labor

market). As a result of the differing time commitments to the labor market, the wife tends
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to reduce her time on the labor market compared with an unmarried, childless woman,

while the husband tends to participate more in the labor market as he needs to make up for

the wife’s loss in the labor market. Due to the time difference devoted to the labor market,

the husband is more likely to earn a higher position in the labor market (compared to an

unmarried, childless man), while the wife is less likely to do so. Consequently, the husband

receives the wage premium (compared to the unmarried man), while the wife experiences

the penalty. The wage changes further stimulate the wife to devote more time to domestic

work and push the husband to invest more in the labor market, reinforcing a specialization

cycle and its effects.

Figure 5.1: Dynamic Process of Specialization in Domestic and Labor Market Work
Note: + and – are compared with individuals with no children or unmarried.

Consistent with our gap-closing analysis, we continue to use NPMSMs to estimate both

static and dynamic contrasts with observational panel data. NPMSMs explicitly accommo-

date the carryover and feedback effects. Identification rests on sequential unconfounded-

ness and positivity given rich observed histories; in practice, we therefore construct high-
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dimensional, time-indexed covariate sets, monitor overlap and weight stability, and use de-

biased/double machine learning (Chernozhukov et al. 2018a; Semenova and Chernozhukov

2020) for nuisance estimation to mitigate regularization bias and support valid inference.

This strategy aligns the estimand with our population-level inequality question and ad-

dresses the dynamic confounding that static LN-FE designs leave unresolved.

III. Analytical Strategy

In the previous sections, we have made it clear that we will apply the NPMSMs to analyze

the population-level ATE for parenthood and marriage effects, and the mediation effects

of labor market participation on wages. In this section, we focus on the detailed analyti-

cal strategies with these NPMSMs settings. Specifically, we will demonstrate the multivari-

ate causal mediation relationships with the directed acyclic graphs (DAG) to help the read-

ers understand our presumed relationships among the treatment, mediation, and outcome

variables (Pearl 1995: 2009; VanderWeele 2015; Kim and Imai 2019).

A. Static Models

A.1 Gap-Closing Models for the Treatment Effects

We use a gap-closing estimand to ask how between-group wage gaps would change under

explicit interventions on a manipulable factor (Jackson and VanderWeele 2018; Lundberg

2024). Figure 5.2a denotes the DAG for this model. In Figure 5.2a, G represents the groups,

A represents the variables to be fixed (the manipulable factor), and Y denotes the outcome

variable (the divergence). For legibility, measured confounders C are omitted in the dia-

gram, but identification requires consistency, positivity, and no unmeasured confounding
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for the relevant treatment–outcome and group–outcome relations.

We estimate two complementary contrasts within each gender in this paper. First, we

analyze the gap-closing effects of marriage. As previously noted, we set parity A to a level a

for everyone and compare the expected wage of married vs. unmarried. This gives the dis-

parity between marriage groups if everyone had the same parity a. Figure 5.2b illustrates

the process. Second, we analyze the parenthood effect. In this study, we set marital status

A to a for everyone and compare the expected wage across parity levels g = (0,1,2,3+). The

process is illustrated in Figure 5.2c.

We use nonparametric marginal structural models with doubly robust, cross-fitted learn-

ers, implemented within gender strata and using out-of-fold predictions. For any policy “set

A = a,” the target causal mean is

µ(a, g ) := E
[

Y (a) |G = g
]

,

with estimator µ̂(a, g ). For binary G (the marital gap), the post-intervention gap is

∆(a) :=µ(a, g=1)−µ(a, g=0), ∆̂(a) := µ̂(a,1)− µ̂(a,0).

When G has multiple categories (the parity gap), we report µ̂(a, g ) for each g and pre-

specified contrasts ∆̂(a; g , g ′) = µ̂(a, g ) − µ̂(a, g ′): specifically, the contrasts between zero

and one child, between one and two children, and between two and three or more children.

To obtain µ̂(.) from observational data, we first fit the nuisance functions:

µ
g
a(c) := E

[
Y | A = a, C = c, G = g

]
, π

g
a(c) := P

(
A = a |C = c, G = g

)
.

We use cross-fitting techniques to fit µ̂g
a(·) and π̂

g
a(·). Specifically, we partition the data

into K folds, stratified by G and A. For each fold k, fit µg
a(·) and π

g
a(·) on the K−1 comple-
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mentary folds and predict µ̂g
a(Ci ) and π̂

g
a(Ci ) on held-out units i in fold k. After cycling,

every observation has out-of-fold predictions. We then have the doubly robust estimator

for the causal mean µ(a, g ) as:

µ̂(a, g ) = 1

ng

∑
i :Gi=g

{
µ̂

g
a(Ci )+ 1(Ai = a)

π̂
g
a(Ci )

(
Yi − µ̂g

a(Ci )
)}

.

where ng = ∑n
i=11(Gi = g ). The estimator µ̂(a, g ) is consistent if either µg

a(·) is correctly

specified or πg
a(·) is correctly specified and hence it is a doubly robust one. The process

illustrated here is exactly the semiparametric modeling we described in Chapter 4.

A.2 Mediation Model Among Treatment, Mediation, and Outcome Variables

We then turn to the causal mediation models in which labor market participation is seen as

the mediator. Instead of asking how much a pre-intervention gap would change, we exam-

ine how the intervention’s effect is transmitted. We decompose the total (treatment) effect

into a direct component not mediated by labor-market participation and an indirect com-

ponent that is mediated by it.

In the static models, we assume a cross-world mediation setup for both the marriage

and parenthood analyses, with labor market participation M as the mediator and A as the

intervention (treatment). The DAG for the static models is illustrated in Figure 5.3. When

we set up the cross-world scenario, we can identify the natural direct and indirect effects

(NDE and NIE), with the following assumptions (VanderWeele 2015):

Assumption 5.III.1 (Assumptions to Identify the Natural Direct and Indirect Effects) •

Consistency for the mediator and outcome: if A = a and M = m, then Y = Y (a,m) and

M = M(a).
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(a) General Framework

(b) Model for Marital Differences (Fixing Parenthood)

(c) Model for Parenthood Differences (Fixing Marital Status)

Figure 5.2: Directed Acyclic Graph for Gap-Closing Static Model between Treatment and
Outcome (Confounders Omitted)

• Positivity for the treatment and mediator: 0 < P (A = a |C ) < 1 and 0 < P (M = m | A =
a,C ) < 1 for all relevant (a,m,C ).
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(a) General Framework

Figure 5.3: Directed Acyclic Graph for Static Mediation Model

• No unmeasured confounding for the treatment and mediator:

{Y (a,m), M(a)} ⊥⊥ A |C and Y (a,m) ⊥⊥ M | A = a,C .

• Cross-world implication: under consistency, positivity, and unconfoundedness, the cross-

world counterfactual Y
(
a, M(a′)

)
is well-defined and identified from the observed data.

When we decompose the mediation of labor-market participation on marriage effect, as the

treatment (marital status) is binary (married vs. unmarried), the total average treatment

effect (TATE) from the treatment to the control decomposes into:

TATE(a, a′) = E {Y (a)}−E {Y (a′)}

=
(
E {Y (a, M(a))}−E {Y (a, M(a′))}

)
︸ ︷︷ ︸

NIE(a,a′): change in Y due to A’s effect on M

+
(
E {Y (a, M(a′))}−E {Y (a′, M(a′))}

)
︸ ︷︷ ︸

NDE(a,a′): change in Y not through M

.

The NIE is the part of the marriage effect that works through participation: we hold marital

status conceptually fixed and then change only participation from the level it would take if

a person were unmarried to the level it would take if the same person were married. Hence,
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the change in expected wage is the proportion transmitted along the path “marriage → par-

ticipation → wages.” The NDE is the part that does not operate through participation: we

hold participation fixed at the level it would take if the person were unmarried, and then

switch the marital status from unmarried to married; the change in expected wages cap-

tures pathways other than participation. The total effect of marriage on wages equals the

sum of these two components.

For parity effects, since the treatment has multiple levels, we can calculate the pairwise

natural effects using the same cross-world formulas. Namely, A = {0,1,2,3+}, and for any

two levels a, a′ ∈ A, we have:

NDE(a, a′) = E {Y (a, M(a′))}−E {Y (a′, M(a′))},

NIE(a, a′) = E {Y (a, M(a))}−E {Y (a, M(a′))},

TATE(a, a′) = E {Y (a)}−E {Y (a′)} = NDE(a, a′)+NIE(a, a′).

In our analysis, we report the mediation decomposition results for the adjacent/marginal

contrasts: we report NDE(m+1,m), NIE(m+1,m), and TATE(m+1,m) for m ∈ {0,1,2}.

Given the expressions of the NDE and the NIE, we could yield their DR estimator. As we

elaborated in Chapter 4, let

θa,t := EC

[∫
µa(m,C ) ft (m |C )dm

]
,

where

µa(m,C ) := E [Y | A = a, M = m, C ] , ft (m |C ) := fM |A=t ,C (m |C ).

Suppose we have the nuisance functions:

µa(m,C ) := E [Y | A = a, M = m,C ] , πa(C ) := P (A = a |C ) , fa(m |C ) := fM |A=a,C (m |C ).
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Define the conditional density ratio:

rt ,a(m,C ) := ft (m |C )

fa(m |C )
, ηa,t (C ) :=

∫
µa(m,C ) ft (m |C )dm.

Similar to what we derived in Chapter 4, with cross-fitted µ̂a , π̂a , f̂a (and r̂t ,a), and η̂a,t , the

DR estimator for θa,t is (notice both a and t are the possible values for the treatment):

θ̂DR
a,t = 1

n

n∑
i=1

[
η̂a,t (Ci ) + 1(Ai = a)

π̂a(Ci )
r̂t ,a(Mi ,Ci )

{
Yi−µ̂a(Mi ,Ci )

}+ 1(Ai = t )

π̂t (Ci )

{
µ̂a(Mi ,Ci )−η̂a,t (Ci )

}]
.

The DR estimator is very similar to what we derived in Chapter 4, with the only differ-

ence here being that we have a continuous mediator and a possible multinomial treatment

(in the case of parenthood effect; in the case of marital effect, the treatment is still dichoto-

mous). Like what we introduced in Chapter 4,the first part of the estimator is the plug-

in estimator, the second part is the outcome-residual correction, and the third part is the

transport correction in the (A = t ) world. The DR estimators for the NDE and the NIE, are:

�NDEDR = θ̂DR
a,a′ − θ̂DR

a′,a′ ,

N̂IEDR = θ̂DR
a,a − θ̂DR

a,a′ .

This estimator is doubly robust: if either (i) µa and ηa,t are correctly specified (e.g.,

through correct µa and ft ), or (ii) πa ,πt and the density ratio rt ,a (equivalently fa and ft )

are correctly specified.

For the multi-valued treatment case of the parenthood effect, we set πa(C ) as a multi-

nomial distribution, and let a, t be the two adjacent parity contrasts.

B. Dynamic Models

We then turn to the dynamic models to analyze the causal relations first. Our dynamic mod-

els assume that the causal and mediation effects are heterogeneous at different marital and
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childbearing ages. Therefore, we set the cutoff age at 21, 25, 29, and 33 and established

the models separately for 22− 25,26− 29, and 30− 33 groups (So for the 22-25 age group

model, their t −1 statuses refer to their statuses during age 18-21). Let At = (A1, A2, . . . , At )

and Mt = (M1, M2, . . . , Mt ) denote the history of treatment and mediator up through time t .

To make our analysis more convenient, we make a semi-Markov assumption that only the

latest statuses impact the statuses at the next time point. As mentioned above, due to the

advantages of the NPMSM, we adopt this method to construct our dynamic models. Due to

the difficulty in interpreting coefficients, if we still set up multinomial adjacent contrasts for

parenthood effects, in the dynamic models, we regard both marital effects and parenthood

effects as binary.

B.1 Gap-Closing Models

We start with the gap-closing models. Similar to the gap-closing models for the static model,

we fix the effect of parenthood, explore the disparities between different marital groups, and

fix the effect of marriage to show the divergence in parenthood. However, in the dynamic

models, we allow the variables to be fixed across two rounds. The general idea of the gap-

closing estimand is presented in Figure 5.4a, in which G denotes the groups, A is the variable

to be fixed, and Y is the between-group disparity (the outcome). As can be seen from Fig-

ure 5.4a, we use the blue line to denote the carryover effect, allowing the value of the fixed

term in the previous round t0 to have an effect on our outcome in t1 (the time-invariant

covariates and time-varying covariates in both t0 and t1 were omitted from the DAG as a

visual illustration). Likewise, we use Figure 5.4b and Figure 5.4c to illustrate the dynamic

gap-closing estimand in our specific scenarios for men (for women, the analytical strategy

is exactly the same). As shown in Figure 5.4b, we first group men in the specific age range
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(a) General Framework

(b) Dynamic Model for Marital Differences (Fixing Parenthood)

(c) Both Carryover and Feedback Effects (Full Model)

Figure 5.4: Directed Acyclic Graph for Gap-Closing Dynamic Model between Treatment and
Outcome (Confounders Omitted)

(18-21, 22-25, 26-29, and 30-33) altogether, fitting a double machine learning (DML) model

for their wages with the time-invariant variables, time-varying variables at both t0 and t1,

and most importantly, the parenthood status at t1 and t0. With the fitted model, we then

manipulate the parenthood status for the three scenarios: in the first line of Figure 5.4b,

we set at t0 and t1 both as childless for men, which gives the difference in wages between
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married and unmarried men under the circumstance of no children. In the second line, we

manipulate the parenthood status, setting t0 as childless and t1 as having children, estimat-

ing the wage gap between married and unmarried men shortly after becoming a father (the

instant effect). The third line shows the gap where men are parents at both t0 and t1, and

hence, compared to the settings in the first line, this scenario shows the wage gap between

married and unmarried when the individual has been a parent for at least four years.

Similarly, in Figure 5.4c, we aim to capture the gap between individuals who are childless

and those who have children, fixing the marital status. In Figure 5.4c, the first line indicates

we fix the marriage status as not married (neither married four years ago nor married at the

observation time), and the second line denotes the newly married (just married in the past

four years), and finally, in the third line, we have the long-time married (married at least for

four years).

Since only two waves are taken into our consideration, we can define the group-specific

post-intervention mean at t1 as:

ψg (ā) := E
[

Y1
(

A0 = a0, A1 = a1
) ∣∣ G = g

]
,

Hence, the dynamic gap-closing estimand (target mean gap) is the difference

∆(ā) := ψg1 (ā) − ψg0 (ā),

for any two comparison groups g1, g0 (e.g., married vs. unmarried, or childless vs. with

children). As we denoted in Figures 5.4b and 5.4c, we have three typical value sets for a:

(0,0): fixed “no" (not married/no children) at both waves; (0,1): switch on between t0 and

t1; and (1,1): fixed “yes" (married; with children) at both waves. Suppose:

H0i := (C0i , Gi ), H1i := (C0i , Gi , A0i , C1i ),
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where C0 are baseline confounders and C1 are time-varying confounders measured before

A1 and Y1. Under the following identification assumptions:

Assumption 5.III.2 (Identification Assumptions for Dynamic Gap-Closing Models) The fol-

lowing assumptions are required to identify the gap-closing estimand in the dynamic models:

1. Consistency: if A0i = a0 and A1i = a1, Y1i = Y1i (A0 = a0, A1 = a1); if A0i = a0, C1i =
C1i (A0 = a0).

2. Positivity: π0(a0 | H0) > 0 and π1(a1 | H1) > 0 on the relevant support.

3. Sequential ignorability (unconfoundedness):

Y1
(

A0 = a0, A1 = a1
) ⊥⊥ A1

∣∣ H1, Y1
(

A0 = a0, A1 = a1
) ⊥⊥ A0

∣∣ H0,

We can set

ψg (ā) = E
[
µā

0 (H0)
∣∣ G = g

]
,

where

µā
0 (H0) := E

[
µ

a1
1 (H1)

∣∣ A0 = a0, H0
]

, µ
a1
1 (H1) := E

[
Y1

∣∣ A1 = a1, H1
]

.

We can have the nuisance functions for the treatment models

π0(a0 | H0) = P (A0 = a0 | H0), π1(a1 | H1) = P (A1 = a1 | H1),

and the outcome regressions

µ
a1
1 (H1) = E [Y1 | A1 = a1, H1] µā

0 (H0) = E [µa1
1 (H1) | A0 = a0, H0]

for t ∈ {0,1}. With cross-fitted estimates π̂0, π̂1, µ̂a1
1 , µ̂ā

0 , we have:

ψ̂DR
g (ā) = 1

ng

n∑
i=1

1(Gi = g )

[
µ̂ā

0 (H0i )+ 1(A0i = a0)

π̂0(a0 | H0i )

{
µ̂

a1
1 (H1i )− µ̂ā

0 (H0i )+ 1(A1i = a1)

π̂1(a1 | H1i )

(
Y1i − µ̂a1

1 (H1i )
)}]

.
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The estimator is consistent if either (i) both outcome regressions µa1
1 ,µā

0 are correctly spec-

ified, or (ii) both treatment models π0,π1 are correctly specified. Hence, the dynamic gap-

closing estimand is:

∆̂DR(ā) = ψ̂DR
g1

(ā) − ψ̂DR
g0

(ā).

B.2 Dynamic Causal Mediation Models, Carryover, Feedback, and Full Effects

At last, we discuss the dynamic models for the mediation effect of labor market participation

on the causal relationship between marriage/parenthood and wage. In this regard, we still

decompose the marriage/parenthood effect on wages into the indirect effect, which goes

through labor market participation, and the direct effect, which does not go through the

mediator. However, in dynamic models, we cannot assume the natural effect, as the post-

treatment variables (i.e., outcomes in the same wave, treatments, and mediators in subse-

quent waves) will be affected by the first-wave treatment. But we can still make assumptions

based on the “one-world" scenario under the sequential consistency, positivity, and uncon-

foundedness assumptions and identify the interventional direct and indirect effects. The

interventional direct effects (IDE) capture how marriage/parenthood changes wages, hold-

ing the entire time-path distribution of participation fixed to that under a reference path,

and it reflects mechanisms not operating through participation. The interventional indirect

effects (IIE), on the other hand, attribute wage changes specifically to the pre-specified (hy-

pothetical) intervention on the participation trajectories while keeping treatment exposure

fixed.

We set up different dynamic models so that the variables in the two waves will have

different paths/mechanisms affecting each other. Namely, we aim to compare which one

of the following three scenarios best describes the mediation of labor market participation
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on the relationship between marriage/parenthood and wage: 1) carryover-only effects, 2)

feedback-only effects, and 3)both carryover and feedback effects. Figure 5.5 presents the

Directed Acyclic Graphs (DAGs) for the three scenarios with different assumptions.

In Figure 5.5a, we only consider the carryover-only effects: the treatment at t −1 affects

the mediator and the outcome at t , and the mediator at t −1 affects the outcome at t . In

Figure 5.5b, we only consider the feedback-only effects of the previous mediator and the

outcome of the current treatment. Finally, Figure 5.5c denotes the most complex circum-

stance in which both carryover and feedback effects are included (the full model). As we

(a) Only Carryover Effects (b) Only Feedback Effects

(c) Dynamic Model for Par-
enthood Differences (Fixing
Marital Status)

Figure 5.5: Directed Acyclic Graph for Dynamic Mediation Model

take a semi-Markovian approach, we only consider the interaction between the adjacent

two waves in the dynamic model. Hence, in the two-wave models, we consider the baseline

variables (A0, M0,Y0,C ) and end-of-horizon outcome Y1. Let ā = (a0, a1) denote the treat-

ment path and Γa⋆1
the mediator policy (intervention) at wave 1 2. The mediator variables

2Γ(.) is the G(.) function denoted in Chapter 4. However, in this chapter, as we denote groups as G , we use

232



M0, M1 are continuous, and therefore, all mediator terms below are densities. Like in the

dynamic gap-closing estimands, we denote histories:

H0 := (C , A0, M0,Y0), H1 := (H0, A1, M1).

For wave-1 treatment propensity, based on the DAGs, we have:

πA,co
1 (a1 |C , A0), πA,fb

1 (a1 |C , A0, M0,Y0), πA,full
1 (a1 |C , A0, M0,Y0).

separately for the carryover-only, feedback-only, and full models.

When modeling the carryover-only effects, the target parameter is ψco
ā,Γa⋆1

:= E

[
Y

ā,Γa⋆1
1

]
,

with γco
1 (m1 | a⋆1 , M0,C ) as the wave-1 intervention kernels to define the counterfactual. The

identification assumptions include:

Assumption 5.III.3 (Assumptions for Carryover-only Dynamic Causal Mediation Models)

We need the following assumptions to identify ψco
ā,Γa⋆1

:

(i) Consistency/ SUTVA: Y1 = Y1(Ā, M̄), M1 = M1(A1, M0)

(ii) Positivity: πA,co
1 (a1 |C , A0) > 0, πM ,co

1 (m1 | a1, M0,C ) > 0 wheneverγco
1 (m1 | a⋆1 , M0,C ) >

0.

(iii) Sequential unconfoundedness/ignorability for A1: A1 ⊥⊥ Y
ā,Γa⋆1

1 | (C , A0).

(iv) No unmeasured confounding for M1 → Y1: M1 ⊥⊥ Y
ā,Γa⋆1

1 | (A1, M0, A0,Y0,C ), and γco
1

excludes Y0.

We set up a set of nuisance functions:

µco
1 (a1,m1; A0, M0,Y0,C ) := E [Y1 | A1 = a1, M1 = m1, A0, M0,Y0,C ] ,

Γ(.) for the intervention function on the mediator and the kernel is denoted as γ(.).
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πA,co
1 (a1 |C , A0) := P (A1 = a1 |C , A0),

πM ,co
1 (m1 | a1, M0,C ) := fM1|A1,M0,C (m1 | a1, M0,C ),

γco
1 (m1 | a⋆1 , M0,C ),

Qco
0 (H0; a1, a⋆1 ) :=

∫
µco

1 (a1,m1; A0, M0,Y0,C )γco
1 (m1 | a⋆1 , M0,C )dm1.

Based on our derivation in Chapter 4, the DR estimator for ψco
ā,Γa⋆1

is:

ψ̂DR,co
ā,Γa⋆1

= 1

n

n∑
i=1

[
1(A1i = a1)

π̂A,co
1 (a1 |Ci , A0i )

· γ̂co
1 (M1i | a⋆1 , M0i ,Ci )

π̂M ,co
1 (M1i | a1, M0i ,Ci )︸ ︷︷ ︸

Ŵ co
1i{

µ̂co
1 (a1, M1i ; A0i , M0i ,Y0i ,Ci )−Q̂co

0 (H0i ; a1, a⋆1 )
}
+ Q̂co

0 (H0i ; a1, a⋆1 )

]
.

and the IDE, the IIE are:

ÎDE
co
DR = ψ̂DR,co

(a0,a1),Γa′1
− ψ̂DR,co

(a′
0,a′

1),Γa′1
, ÎIE

co
DR = ψ̂DR,co

(a0,a1),Γa1
− ψ̂DR,co

(a0,a1),Γa′1
.

For the target in feedback-only effect models ψfb
ā,Γa⋆1

:= E

[
Y

ā,Γa⋆1
1

]
, the interventional

mediator kernel is γfb
1 (m1 | a⋆1 , M0,Y0,C ) (which includes Y0). Identification assumptions

are:

Assumption 5.III.4 (Assumptions for Feedback-only Dynamic Causal Mediation Models)

The following assumptions are needed to identify ψfb
ā,Γa⋆1

:

(i) Consistency/SUTVA: Y1 = Y1(Ā, M̄), M1 = M1(A1,Y0)

(ii) Positivity: πA,fb
1 (a1 | C , A0, M0,Y0) > 0, πM ,fb

1 (m1 | a1, M0,Y0,C ) > 0 whenever γfb
1 (m1 |

a⋆1 ,Y0,C ) > 0.

(iii) Sequential unconfoundedness/ignorability for A1: A1 ⊥⊥ Y
ā,Γa⋆1

1 | (C , A0, M0,Y0).
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(iv) No unmeasured confounding for M1 → Y1: M1 ⊥⊥ Y
ā,Γa⋆1

1 | (A1, M0,Y0,C ), and γfb
1 ex-

cludes M0.

The nuisance functions are:

µfb
1 (a1,m1;Y0,C ) := E [Y1 | A1 = a1, M1 = m1, Y0,C ] ,

πA,fb
1 (a1 |C , A0, M0,Y0) := P (A1 = a1 |C , A0, M0,Y0),

πM ,fb
1 (m1 | a1, M0,Y0,C ) := fM1|A1,M0,Y0,C (m1 | ·),

γfb
1 (m1 | a⋆1 , M0,Y0,C ),

Q fb
0 (H0; a1, a⋆1 ) :=

∫
µfb

1 (a1,m1;Y0,C )γfb
1 (m1 | a⋆1 , M0,Y0,C )dm1.

and the DR estimator is:

ψ̂DR,fb
ā,Γa⋆1

= 1

n

n∑
i=1

[
1(A1i = a1)

π̂A,fb
1 (a1 |Ci , A0i , M0i ,Y0i )

· γ̂fb
1 (M1i | a⋆1 , M0i ,Y0i ,Ci )

π̂M ,fb
1 (M1i | a1, M0i ,Y0i ,Ci )︸ ︷︷ ︸

Ŵ fb
1i{

µ̂fb
1 (a1, M1i ;Y0i ,Ci )−Q̂ fb

0 (H0i ; a1, a⋆1 )
}
+Q̂ fb

0 (H0i ; a1, a⋆1 )

]
.

and the IDE and the IIE are:

ÎDE
fb
DR = ψ̂DR,fb

(a0,a1),Γa′1
− ψ̂DR,fb

(a′
0,a′

1),Γa′1
, ÎIE

fb
DR = ψ̂DR,fb

(a0,a1),Γa1
− ψ̂DR,fb

(a0,a1),Γa′1
.

Finally, we have the full model, which is the combination of the set-ups for the carryover-

only effect models and the feedback-only effect models. γfull
1 should take the same format as

in the feedback-only effect model, and the identification assumptions are the combination

of the carryover-only and the feedback-only assumptions:

Assumption 5.III.5 (Assumptions for Full Dynamic Causal Mediation Models) The follow-

ing assumptions are needed to identify ψfull
ā,Γa⋆1

:

235



(i) Consistency/SUTVA: Y1 = Y1(Ā, M̄), M1 = M1(A1, M0,Y0)

(ii) Positivity: πA,full
1 (a1 |C , A0, M0,Y0) > 0, πM ,full

1 (m1 | a1, A0, M0,Y0,C ) > 0 wheneverγfull
1 (m1 |

a⋆1 , A0, M0,Y0,C ) > 0.

(iii) Sequential unconfoundedness/ignorability for A1: A1 ⊥⊥ Y
ā,Γa⋆1

1 | (C , A0, M0,Y0).

(iv) No unmeasured confounding for M1 → Y1: M1 ⊥⊥ Y
ā,Γa⋆1

1 | (A1, A0, M0,Y0,C ).

Nuisance functions are:

µfull
1 (a1,m1; A0, M0,Y0,C ) := E [Y1 | A1 = a1, M1 = m1, A0, M0,Y0,C ] ,

πA,full
1 (a1 |C , A0, M0,Y0) := P (A1 = a1 |C , A0, M0,Y0),

πM ,full
1 (m1 | a1, A0, M0,Y0,C ) := fM1|A1,A0,M0,Y0,C (m1 | ·),

γfull
1 (m1 | a⋆1 , M0,Y0,C ),

Q full
0 (H0; a1, a⋆1 ) :=

∫
µfull

1 (a1,m1; A0, M0,Y0,C )γfull
1 (m1 | a⋆1 , M0,Y0,C )dm1.

And the DR estimator is:

ψ̂DR,full
ā,Γa⋆1

= 1

n

n∑
i=1

[
1(A1i = a1)

π̂A,full
1 (a1 |Ci , A0i , M0i ,Y0i )

· γ̂full
1 (M1i | a⋆1 , M0i ,Y0i ,Ci )

π̂M ,full
1 (M1i | a1, A0i , M0i ,Y0i ,Ci )︸ ︷︷ ︸

Ŵ full
1i{

µ̂full
1 (a1, M1i ; A0i , M0i ,Y0i ,Ci )−Q̂ full

0 (H0i ; a1, a⋆1 )
}
+Q̂ full

0 (H0i ; a1, a⋆1 )

]
.

We have the expressions for the IDE and the IIE:

ÎDE
full
DR = ψ̂DR,full

(a0,a1),Γa′1
− ψ̂DR,full

(a′
0,a′

1),Γa′1
, ÎIE

full
DR = ψ̂DR,full

(a0,a1),Γa1
− ψ̂DR,full

(a0,a1),Γa′1
.
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IV. Data and Variables

A. Data

The data source for this study comes from the National Longitudinal Survey of Youth, 1979

(NLSY79). The NLSY79 is a nationally representative longitudinal survey that follows the

American youth born between 1957 and 1964. In the base wave of 1979, the study inter-

viewed 12,686 individuals (6,403 men and 6,283 women) when the respondents were 15

to 22 years old. Between 1980 and 1993, the study returned to interview the respondents

annually, and since 1994, researchers have conducted the survey biennially. Due to our re-

search interests, we extracted the respondents’ information from the ages of 16 to 35. For

our analysis, except for the dynamic model, we reshaped the data to long-form (one record

represents one individual in one year). We then drop missing values in any of the variables

in our analysis. We have 4,538 male respondents with 57,201 records and 4,858 female re-

spondents with 59,078 records, with the data restriction process. As many previous papers

also adopt the NLSY79 data (Budig and England 2001; Killewald and Gough 2013b; Kille-

wald and Lundberg 2017; Ludwig and Brüderl 2018; Cheng 2016), after data cleaning, we

compare the descriptive statistics with the ones reported in the previous research and find

there are few differences between ours and the previously reported results.

The variables in our analysis include the outcome variable, the treatment variables, the

mediation variables, the time-constant covariates, and the time-varying covariates. The

time-constant variables have the same value for a person throughout the period, while the

time-varying variables are different at different time points. However, we do not differenti-

ate the two types of covariates in the static models.
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Outcome Variable – The outcome variable in this research is the rank of the respondent’s

hourly wage from his/her primary job. Previous research often uses the logarithm of the

absolute wage. The main difference between the absolute measurement (log wage) and the

relative measurement (wage rank) is the way to deal with the zero values – for log wage,

researchers always add a small amount (for instance, add one) so that the individuals with

zero wage would not be excluded during the log transformation. However, the operation

might be quite different for different researchers— for instance, different researchers might

choose different “small amounts" to add on, and some might first calculate the CPI inflation

and then add the small amount and take the log transformation, while others might first log-

transform the data and then take the CPI inflation into account. Therefore, it might not be a

huge problem if there are not many zero values in the dataset. However, as our research has

to include many individuals who only take part-time or freelance jobs after marriage and

childbearing and even devote all their time to domestic work, we could not simply drop the

zero values, and such insufficiency might lead to a biased estimation of the causal effect.

If we take wage rank as the outcome, the causal effect we estimate tells us how much an

individual’s marriage/parenthood affects his/her position in the wage distribution of the

population 3, and we would not misspecify the zero values.

Treatment variables — we have two treatment variables: marital status and parenthood

status. We only consider whether the specific individual is married or not at the specific

year for marital status. The NLSY79 provides the synthesis variable of one’s marital status

at the specific year, and we also mark the individual as married if one of his/her marriages

3Using wage rank as the dependent variable is compatible with SUTVA under the measurement conven-
tion used here: ranks are calculated relative to the observed empirical wage distribution in each year, and the
hypothetical intervention changes an individual’s potential wage rank relative to that fixed reference distri-
bution. If ranks were instead recomputed after a population-wide intervention that changed the whole wage
distribution, this would require an additional equilibrium or interference assumption. The same convention
applies to the working-hours-rank mediator. Similar discussions could be seen in Lundberg (2024).
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started before that year and ended after it. For parenthood status, we measure how many

coresident children an individual has in a specific year. To clean the data, we turn to the

household records and calculate the number of children. Following the operation in the

previous research, in the static models, we treat the parenthood status as an ordered vari-

able with four levels: zero children, one child, two children, and three or more children;

while in the dynamic models, as there will be too many results to present, we only consider

the comparison between the with children and childless groups 4.

Mediation Variable – Our mediator variable is the rank of total hours worked for the

individual. The number of total hours devoted to the job could symbolize whether the re-

spondent takes a full-time or part-time job and how he/she balance the time devoted to

domestic work and work in the market. The ranks of the working hours are more skewed

in distribution compared with the original data, and thus we measure the time in the labor

market on a 1 to 100 scale.

Covariates— Covariates include the time-varying covariates and time-constant covari-

ates. The time-varying covariates include additional information concerning labor market

status and one’s educational status at a particular year. We have the total tenure weeks in

the primary job, potential years of work experience, and the primary job sector (private vs.

public) as the additional variables to measure labor market status. Moreover, we include a

dummy of whether the individual was a full-time student and dummies (not graduate from

high school, high school graduation, college non-graduates, college graduates and post-

college graduates) for the highest level of education ever achieved at the specific year as

4The NLSY79 also provides the childbirth year information for us to calculate the number of children: we
could compare the childbirth year with the current year and calculate the number. The distributions with
these two measurements are pretty analogous. However, considering coresidence might be the main effect of
domestic labor devotion, we still adopt the measurement from the household record.
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the indicators for educational status. On the other side, demographic variables, parental

status, cognitive and self-control abilities scales, and several expectation variables of the

individuals are set as the time-constant covariates in our analysis. The demographic vari-

ables include race (dummies for black and Hispanic), number of siblings, and region (a

dummy for south vs. north and a dummy for urban vs. rural). Variables on the respon-

dents’ parents include whether the father was absent and whether the mother was absent

in childhood, parental earnings rank when the respondent was 18-20 years old, and the

highest education grade completed by parents (mainly the mother’s education completion,

if the mother’s information is missing, we impute with the father’s). The variable measuring

cognitive ability is the AFQT score measured in the 1981 wave and the Rotter score (the abil-

ity to control one’s own life) measured in the 1979 wave. Finally, the self-expectation on the

highest grade to complete measured in the wave 1979 and the respondent’s self-expectation

on the number of children in the future measured in the 1979 wave are the expectation vari-

ables included in the analysis.

Table 5.1 summarizes the descriptive statistics.

V. Results

A. Results for Static Models

A.1 Results for Static Gap-Closing Estimand

We first present the results from the static models. Table 5.2 shows the results for the gap-

closing estimand on marriage by comparing the difference between the married and not-

married stratified by the number of children (illustrated in Figure 5.2b). Thus, for each gen-

der, we compare the difference between the upper and lower rows. As can be inferred from

the table, for men with zero, one, two, and three and more children, marriage provides them
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Table 5.1: Descriptive Table for the Variables (NLSY79)

Variable Men Women
Mean Standard Deviation Mean Standard Deviation

Person
Ever Married 0.79 0.15 0.85 0.20
Age at first marriage 25.40 5.34 23.70 5.29
Ever Parent 0.72 0.14 0.78 0.15
Age at entry to parenthood 27.12 6.05 25.22 5.18

Person-Year
Dependent Variable
Rank of hourly pay 49.41 22.92 39.72 23.12
Mediation Variable
Rank of hours worked 61.72 25.79 49.30 27.18
Exposure Variable
Married 0.46 0.50 0.40 0.49
Number of children 1.58 0.89 1.74 0.95
Number of children: zero 0.64 0.48 0.55 0.50
Number of children: one 0.18 0.38 0.22 0.42
Number of children: two 0.13 0.34 0.16 0.37
Number of children: three and more 0.05 0.22 0.06 0.24

Time-Varying Covariates
Tenure weeks 147.28 156.71 136.46 147.47
potential years of experience 6.51 4.11 6.11 4.03
Private sectors 0.84 0.36 0.82 0.39
Highest education grade completed 13.09 2.44 13.87 2.41
Highest education level: primary 0.17 0.37 0.08 0.27
Highest education level: junior high 0.48 0.50 0.46 0.50
Highest education level: senior high 0.20 0.40 0.26 0.44
Highest education level: college 0.16 0.37 0.20 0.40
Dummy for full-time student 0.02 0.13 0.02 0.13

Time-Constant Covariates
Race: black 0.21 0.41 0.22 0.42
Race: Hispanic 0.17 0.38 0.18 0.38
Number of siblings 3.59 2.50 3.62 2.48
Region: south 0.34 0.47 0.36 0.48
Region: Urban 0.75 0.43 0.77 0.42
Age at first interview 17.25 2.12 17.14 2.06
Mother absent 0.10 0.31 0.11 0.31
Father absent 0.21 0.41 0.22 0.42
Highest education grade for parents 10.92 3.15 10.89 3.09
Parental income rank (18-20) 45.33 28.99 44.67 28.85
Rotter score 8.61 2.35 8.74 2.33
AFQT score 0.45 0.29 0.47 0.27
Expected highest education grade 13.71 2.37 14.19 2.14
Expected number of children 1.66 0.93 1.49 0.74
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with a wage rank premium of 3.80, 4.41, 12.05, and 3.56 points, respectively. Therefore, mar-

riage always brings men a wage premium, and the premium is at the highest value when

they have two children. For women, however, marriage does not always give them a penalty

in wages. For women with no child or one child, marriage decreases their wage rank by 1.98

and 2.17 points; however, if they raise more children, marriage still provides them with a

premium: for women with two children, the wage premium in rank is 3.24, and for women

with three or more children, the value for the premium is 6.10.

Table 5.2: Gap-Closing Estimand Controlling Number of Children (NLSY79)

Marital Status/ Number of Children

Gender Zero One Two Three and More

Men
Married 52.96 53.33 54.55 50.77

(52.83, 53.08) (53.23, 53.42) (54.38, 54.71) (50.31, 51.44)
Not Married 49.16 48.92 42.50 47.21

(49.15, 49.17) (48.44, 49.46) (41.81, 43.25) (45.97, 48.45)
Difference 3.80 4.41 12.05 3.56

Women
Married 42.16 39.77 36.98 36.75

(41.83, 42.41) (39.64, 39.91) (36.62, 37.32) (35.83, 37.72)
Not Married 44.14 41.94 33.74 30.65

(44.11, 44.17) (41.66, 42.22) (33.36, 34.10) (30.23, 30.96)
Difference -1.98 -2.17 3.24 6.10

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 500-times bootstrapping.

We then turn to discuss the effect of parenthood when fixing marital status. Table 5.3

presents the empirical results for the model illustrated in Figure 5.2c. To measure the im-

pact of parenthood, we should compare the difference between the two adjacent columns

in the table. As inferred from the table, there’s no parenthood penalty for them if they have

one child. Married men will only suffer a disadvantage in wage rank for fatherhood after
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they have three or more children, and unmarried men start to suffer the parenthood penalty

of 6 points per child, starting at two children. The case is totally different for women. As the

lower panel of Table 5.3 shows, married and unmarried women suffer motherhood penal-

ties from their first child. For married women, the first, second, and third child bring their

motherhood penalty to 6.4, 5.2, and 4.3 points in their wage ranks; unmarried women have

7.0, 3.1, and 4.1 points. The results showed almost no fatherhood premium for men. Still,

they verified the motherhood penalty for women and suggested that women suffer the high-

est motherhood penalty at the birth of their first child.

Table 5.3: Gap-Closing Estimands Fixing Marital Status (NLSY79)

Marital Status/ Number of Children

Gender Zero One Two Three and More

Men
Married 53.41 53.35 54.00 49.91

(53.26, 53.61) (53.33, 53.38) (53.98, 54.01) (49.63, 50.16)
Not Married 49.88 50.60 44.86 38.92

(49.79, 49.95) (50.07, 51.06) (44.11, 45.81) (37.50, 40.92)

Women
Married 44.95 37.35 32.14 27.76

(44.83, 45.07) (37.28, 37.41) (32.02, 32.38) (27.56, 27.91)
Not Married 46.59 39.63 36.48 32.35

(46.43, 46.80) (39.47, 39.81) (36.27, 36.66) (32.14, 32.67)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 500-times bootstrapping.

A.2 Results for Static Causal Mediation Analysis

We then examine how labor market working hours mediate the marital and parenthood

effects. Table 5.4 presents the results for men. In summary, if we do not fix the marginal

distribution for marriage and parenthood when analyzing the other, both marriage (shown

in the first line) and parenting (the 2nd to 4th lines) give men a wage premium. For the anal-

ysis of marriage, the NDE makes up 76% of the ATE/total effects, indicating that a quarter
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of the wage difference between married and unmarried men can be attributed to a change

in working hours (if we change the working hours from the distribution of the unmarried

to the married). For the mediation impact on the fatherhood premium, the NDE makes up

around 90% for every increased child in the family, suggesting that men’s labor market time

change due to the increased number of children could only explain 10% of the total effect

of the parenthood premium. Therefore, we may conclude that having more children does

bring a fatherhood premium if marital status is not controlled. Still, the premium is subtle

due to the changes in the amount of time fathers participate in the labor market.

Table 5.4: Natural Direct Effect and Natural Indirect Effect of Working Hours on Wage Re-
turns for Men

Treatment Control E [θ̂a,a] E [θ̂a,a′] E [θ̂a′,a′] NDE NIE ATE
NDE

Percentage
NIE

Percentage

Married Not Married 49.75 49.63 49.24 0.39 0.12 0.51 76.99% 23.01%
(48.95, 50.56) (48.82, 50.53) (48.46, 50.42) (-0.57, 1.25) (-0.36, 0.55) (-0.51, 1.38)

One Kid Zero Kid 49.53 49.49 49.15 0.34 0.04 0.38 90.10% 9.90%
(48.00, 50.83) (47.99, 50.71) (48.57, 49.71) (-1.02, 1.16) (-0.31, 0.55) (-1.08, 1.39)

Two Kids One Kid 49.80 49.76 49.42 0.34 0.04 0.38 89.11% 10.89%
(48.44, 51.83) (48.78, 51.74) (47.99, 50.71) (-0.49, 2.74) (-0.76, 0.48) (-0.80, 2.54)

Three Kids and More Two Kids 50.40 50.36 49.96 0.40 0.04 0.44 91.02% 8.98%
(48.17, 52.53) (48.37, 52.65) (48.93, 51.44) (-1.95, 2.40) (-0.85, 0.50) (-2.21, 2.27)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 100-times bootstrapping.

Finally, we discuss how labor market time mediates the wage penalties faced by women

in marriage and motherhood. Table 5.5 elaborates on the results. Still, if we do not restrict

the marginal distributions for marriage when analyzing motherhood effects, nor fix moth-

erhood when studying marriage effects, we could see women suffer wage penalties both

due to having more children, while the effects of marriage are not statistically significant

(and the total effects are smaller than in the previous gap-closing models). For the analysis

of marriage, as shown in the first line of Table 5.5, the NDE accounts for 86% of the ATE,

indicating that around 14% of the wage penalty can be attributed to the change in women’s

labor market time after marriage. For motherhood penalties, as could be seen from the
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third and the fourth line, the NDEs for the second child compared to the first and the third

compared to the first make up 90% of the total effects, meaning that from the first to the

second and from the second to the third, change in labor market time also attributes to a

subtle effect of the corresponding motherhood penalties. However, it is worth noting that

for the birth of the first child, the NDE accounts for only 68%, meaning that almost a third

of the motherhood penalty in wages for the first child can be attributed to the difference in

labor market time for mothers.

Table 5.5: Natural Direct Effect and Natural Indirect Effect of Working Hours on Wage Re-
turns for Women

Treatment Control E [θ̂a,a] E [θ̂a,a′] E [θ̂a′,a′] NDE NIE ATE
NDE

Percentage
NIE

Percentage

Married Not Married 36.51 36.68 37.73 -1.05 -0.17 -1.22 86.07% 13.93%
(35.80, 38.37) (35.79, 38.53) (36.58, 38.73) (-1.64, 0.63) (-0.47, 0.22) (-1.70, 0.66)

One Kid Zero Kid 37.35 37.53 37.93 -0.40 -0.18 -0.58 68.79% 31.21%
(36.06, 38.56) (36.27, 39.10) (36.56, 38.94) (-1.09, 0.86) (-1.15, 0.17) (-1.98, 0.72)

Two Kids One Kid 36.56 36.67 37.78 -1.11 -0.11 -1.22 90.99% 9.01%
(35.50, 37.53) (35.62, 37.73) (36.27, 39.10) (-2.56, 0.61) (-0.64, 0.33) (-2.71, 0.45)

Three Kids and More Two Kids 35.59 35.75 37.11 -1.36 -0.16 -1.52 89.56% 10.44%
(33.29, 37.86) (33.64, 37.92) (36.17, 38.31) (-3.35, 0.73) (-0.94, 0.43) (-4.15, 0.63)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 100-times bootstrapping.

B. Results for Dynamic Models

B.1 Results for Dynamic Gap-Closing Estimand

Now, we turn to the results for the dynamic models. We first elaborate on the results for

the gap-closing estimand, fixing the parenthood status. Hence, we may examine how, in

different gender, age, and parenthood status groups, marriage affects the wage rank. A first

glance at the table shows the expected result that with the increase in age between 21 and

33, the wage rank for both men and women is increasing, and obviously, there is a gender

gap in wages in the labor market.
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Table 5.6: Gap-Closing Estimands Fixing Parenthood Status (NLSY79)

Parenthood Status Male, Mean Wage Rank 21-25 Female, Mean Wage Rank 21-25

Not Married Married Not Married Married

Childless 21, Childless 25 48 50.1 41 40.3
(46.6,49.2) (48.4,52.0) (39.6,42.3) (38.3,41.8)

Childless 21, With Children 25 49 51.2 38.9 38.3
(47.0,50.0) (49.1,52.3) (37.2,40.3) (36.5,40.1)

With Children 25, With Children 29 49.5 51.7 37.9 37.4
(47.9,51.3) (50.1,53.9) (36.1,39.5) (35.6,39.3)

Parenthood Status Male, Mean Wage Rank 26-29 Female, Mean Wage Rank 26-29

Childless 25, Childless 29 59.8 59.8 55.2 52.2
(58.3,60.9) (57.9,61.7) (53.2,57.1) (50.0,54.3)

Childless 25, With Children 29 61 60.8 53.6 50.9
(59.8,62.3) (59.0,62.3) (51.4,55.5) (48.8,53.0)

With Children 25, With Children 29 60.9 60.7 50.2 47.6
(59.3,62.6) (58.5,61.6) (47.7,53.1) (45.4,49.7)

Parenthood Status Male, Mean Wage Rank 30-33 Female, Mean Wage Rank 30-33

Childless 29, Childless 33 64 63.2 60.6 56.4
(62.5,65.2) (61.5,64.8) (58.7,62.6) (54.5,58.5)

Childless 29, With Children 33 64.9 64.1 61 56.6
(63.6,65.9) (62.2,65.7) (51.4,55.5) (48.8,53.0)

With Children 29, With Children 33 65.2 64.4 56 52
(53.8,66.3) (62.8,65.8) (54.2,57.8) (49.6,53.9)

We then delve into the marriage effects for both men and women. For men, as indicated

by the left two columns of Table 5.6, after accounting for crossover parenthood effects, only

those who marry before age 25 experience an insignificant wage rank premium of about

2.2 percentiles. However, for those marrying at ages 29 and 33, marriage does not result in

any wage premium. These findings are consistent across childless individuals, those who

had their first child within four years, and those who have raised at least one child for over

four years. For women who marry before age 25, marriage does not impose a penalty on

their earnings. However, the penalty increases with age: if a woman remains unmarried

until ages 29 or 33, she enjoys a 3 and 4-percentile advantage in wage rank, respectively,

compared to those who married at those ages. Therefore, for men, early marriage offers a

slight wage rank benefit, while for women, delaying marriage and motherhood reduces la-
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bor market penalties.

Table 5.7: Gap-Closing Estimands Fixing Marital Status (NLSY79)

Marital Status Male, Mean Wage Rank 21-25 Female, Mean Wage Rank 21-25

No Children With Children No Children With Children

Unmarried 21, Unmarried
25

48.2 50.3 44 35

(47.0, 49.3) (48.6, 52.1) (42.8, 45.4) (33.5, 36.5)

Unmarried 21, Married 25 48.5 50.7 44.1 35.2

(47.0, 50.0) (49.1, 52.3) (42.8, 45.6) (33.7, 37.0)

Married 21, Married 25 48.9 51 44 35.2

(47.3, 50.8) (49.2, 52.6) (42.0, 45.4) (33.8, 37.0)

Marital Status Male, Mean Wage Rank 26-29 Female, Mean Wage Rank 26-29

Unmarried 25, Unmarried
29

60.7 60 59.7 45.8

(59.2, 61.9) (58.4, 61.2) (58.1, 61.7) (44.2, 47.5)

Unmarried 25, Married 29 60.7 60.1 60.6 46.7

(59.2, 62.2) (58.8, 61.7) (58.5, 62.3) (45.2, 48.2)

Married 25, Married 29 60.7 60 60.6 46.9

(59.3, 62.6) (58.5, 61.6) (58.6, 62.4) (45.4, 48.3)

Marital Status Male, Mean Wage Rank 30-33 Female, Mean Wage Rank 30-33

Unmarried 29, Unmarried
33

64.2 64.6 64.8 52.5

(62.6, 65.9) (63.0, 65.7) (62.7, 67.0) (51.1, 54.0)

Unmarried 29, Married 33 64.3 64.6 64.9 52.6

(62.7, 66.1) (63.0, 65.8) (62.7, 66.9) (51.1, 54.2)

Married 29, Married 33 64.2 64.6 65 52.6

(62.8, 65.8) (63.2, 65.7) (63.0, 67.0) (51.2, 54.2)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 100-times bootstrapping.
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Next, we control for marital status and examine the differences between men and women

who have children before a specific age versus those who do not. The results are presented

in Table 5.7. The results reveal that for relatively young (under 25) men, for all marital cat-

egories, having children will bring a 2.1-2.2 percentile premium on wages for them if they

become fathers. For men at age 29 or 33, for all fixed marital groups (instant marriage and

accumulative marriage), there’s no significant divergence in wages if they have or do not

have a child. Furthermore, the wage rank will be slightly higher for earlier married men,

while there’s no distinct difference in the age 29 and age 33 groups.

For women, we find substantial motherhood penalties for all age groups with all marital

statuses. Women with children suffer 8.8-9 percentile in wage penalties at 25, 13.7-13.9 per-

centile at 29, and 12.3-12.4 percentile at 33, indicating that women between 25 and 29 suffer

the most penalties from motherhood for the NLSY 79 cohort (in the 1980s). The penalties

were reduced slightly when they were observed at age 33.

Hence, we could summarize that while motherhood penalties ubiquitously exist for

women ages 25 to 33, a fatherhood premium for men only exists for men younger than

25.

B.2 Results for Dynamic Causal Mediation Analysis

We then present the results for dynamic causal mediation models. As we discussed in Sec-

tion III, we present the results assuming the carryover effects (assuming the treatment and

the mediator in the previous round will affect the mediator and the outcome in the next

round), the feedback effects (assuming the mediator and the outcome in the previous round

will affect the values of the treatment and the mediator in the second round), and the full
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model settings. Again, the total effects in the tables are just the sum of the IDE and the IIE;

it is not the unbiased estimation of the causal effect of parenthood/marriage on wage rank

(the total average treatment effects, TATE). If the effect of the IDE and the IIE go in the same

direction (which means they separately make a partial contribution to the total effect), we

will show their representative percentages in the total effect. However, if the IDE and the

IIE have the opposite effect (meaning the path A → Y and A → M → Y offset the effect of

each other), we will omit the percentage and dig further into the meaning of the positive or

negative effects.

Table 5.8 shows the results for the causal mediation results for working hours mediat-

ing the causal effect of marriage on wages (treatment group married vs. the control group

unmarried). Although the total effects are not an accurate estimation of the TATE, we can

still see that the marital premium for men can only be observed at 25 (from the results in

the total effect column in Table 5.8), and the premium shrinks (to statistically insignificant)

as men age. In both the 22-25 and 26-29 age ranges, the direct and indirect effects are pos-

itive, suggesting that the direct effect from marriage and the indirect effect from marriage

through labor market participation both increase men’s wages, whereas the percentage of

the indirect effect increases at age 29 compared to its proportion in age 25 under the full

model. Comparing the carryover, the feedback, and the full model in the three age stages,

it is clear that the feedback effects count more in the total effects. In contrast, the carry-

over effects (without specifying the previous round’s mediator and the outcome’s effect on

the treatment and mediators) overestimate the direct effect. Thus, for modeling the causal

effect of men’s marital status on wages via labor market participation, we need to take the

feedback effects into consideration. Finally, in the model for the age 33 group, we can see

that the direct effect is negative, although the indirect effect is still positive, although they
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are not statistically significant, indicating that the direct effect of marriage will not bring

men premiums in their wages.

Table 5.8: Dynamic Interventional Direct and Indirect Effects of Working Hours on the Mar-
ital Causal Effects for Men

Group Model
Type

E [θ̂a,a] E [θ̂a,a′] E [θ̂a′,a′] Total Effect Direct Effect Indirect
Effect

IDE Per-
centage

IIE Per-
centage

Age 25 carryover 51.9 51.82 50.21 1.68 1.61 0.08 95.53% 4.47%
(50.25, 53.51) (50.06, 53.47) (49.17, 51.49) (0.30, 3.16) (0.22, 3.06) (-0.24, 0.43)

feedback 51.79 51.61 50.5 1.29 1.11 0.17 86.54% 13.46%
(50.34, 53.42) (50.27, 53.07) (49.58, 51.78) (0.13, 2.70) (0.14, 2.35) (-0.53, 0.86)

full 52.07 51.88 50.47 1.6 1.41 0.19 88.32% 11.68%
(50.49, 54.00) (50.33, 53.57) (49.41, 51.69) (0.12, 3.30) (0.07, 2.87) (-0.47, 0.86)

Age 29 carryover 62.74 62.71 61.41 1.33 1.30 0.03 97.82% 2.18%
(61.52, 63.99) (61.46, 64.00) (60.29, 62.47) (-0.22, 2.91) (-0.20, 2.87) (-0.26, 0.33)

feedback 63.13 62.36 61.57 1.56 0.79 0.77 50.69% 49.31%
(62.01, 64.10) (61.12, 63.38) (60.49, 62.52) (0.42, 2.66) (-0.03, 1.82) (0.02, 1.51)

full 63.18 62.35 61.69 1.49 0.65 0.83 43.90% 56.10%
(61.83, 64.33) (61.28, 63.55) (60.54, 62.72) (0.30, 2.60) (-0.46, 1.70) (0.15, 1.68)

Age 33 carryover 66.25 66.31 65.74 0.51 0.57 -0.06 n.a. n.a.
(64.92, 67.48) (65.05, 67.52) (64.47, 67.07) (-0.68, 1.55) (-0.46, 1.69) (-0.33, 0.29)

feedback 66.46 65.74 65.89 0.57 -0.15 0.72 n.a. n.a.
(65.14, 67.62) (64.51, 67.02) (64.65, 66.93) (-0.53, 1.62) (-0.97, 0.36) (-0.16, 1.75)

full 66.40 65.71 65.84 0.56 -0.14 0.70 n.a. n.a.
(65.12, 67.60) (64.44, 67.14) (64.64, 67.01) (-0.54, 1.61) (-0.89, 0.48) (-0.25, 1.57)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 100-times bootstrapping. n.a.: Percentage decomposition is omitted because the IDE

and IIE have opposite signs; one percentage would be negative while the other would
exceed 100%.

We then discuss if there’s a fatherhood premium for men and if the working hours in

the labor market mediate the effect. The results are presented in Table 5.9. Similarly, if we

compare the three models, we could easily conclude that omitting the feedback effects will

overestimate the direct effects of fatherhood on earnings. So, we make our inferences based

on the feedback and full models. The results suggest that for men becoming fathers be-

fore age 25, there’s a direct fatherhood premium on their wages (as the confidence interval

of the direct effect is higher than 0). In contrast, for the age group 29 to 33, the direct ef-

fects are reduced to insignificance, while the indirect effect via labor market participation is

prominent (makes around 83% of the total effect in age 29 to 33). This is consistent with the
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speculations from the specialization theory, at least for men at 29 and 33, that the wage pre-

miums they enjoy from fatherhood are because they devote more time to the labor market

even after becoming fathers. Then, we turn to discuss the causal mediation effect of labor

Table 5.9: Dynamic Interventional Direct and Indirect Effects of Working Hours on the Par-
enthood Causal Effects for Men

Group Model
Type

E [θ̂a,a] E [θ̂a,a′] E [θ̂a′,a′] Total Effect Direct Effect Indirect
Effect

IDE Per-
centage

IIE Per-
centage

Age 25 carryover 53.04 52.76 49.7 3.34 3.06 0.28 91.61% 8.39%
(51.21, 55.02) (50.94, 54.73) (48.55, 50.98) (1.34, 5.86) (1.17, 5.44) (-0.22, 0.78)

feedback 52.7 51.49 50.23 2.48 1.27 1.21 51.12% 48.88%
(51.44, 54.61) (50.41, 53.02) (48.92, 51.32) (0.94, 4.30) (0.28, 2.57) (0.25, 2.22)

full 53.29 51.98 50.2 3.09 1.77 1.32 57.35% 42.65%
(51.64, 55.41) (50.38, 53.92) (49.02, 51.45) (1.02, 5.30) (0.23, 3.41) (0.28, 2.59)

Age 29 carryover 63.06 62.88 60.5 2.56 2.38 0.18 92.97% 7.03%
(61.95, 64.28) (61.81, 64.02) (59.30, 61.47) (1.10, 3.88) (1.01, 3.64) (-0.20, 0.62)

feedback 63.55 61.91 61.18 2.37 0.74 1.63 31.05% 68.95%
(62.44, 64.66) (60.95, 62.95) (59.96, 62.21) (1.37, 3.56) (-0.06, 1.65) (0.95, 2.59)

full 63.29 61.67 61.35 1.94 0.32 1.63 16.28% 83.72%
(62.01, 64.52) (60.63, 62.79) (60.06, 62.33) (0.66, 3.52) (-0.88, 1.50) (0.85, 2.58)

Age 33 carryover 66.64 66.52 64.49 2.16 2.04 0.12 94.42% 5.58%
(65.70, 67.98) (65.32, 68.02) (62.93, 66.13) (1.03, 3.88) (0.82, 3.52) (-0.27, 0.54)

feedback 66.89 65.42 65.12 1.78 0.30 1.48 16.69% 83.31%
(65.86, 68.18) (63.98, 66.84) (63.72, 66.55) (0.58, 2.81) (-0.34, 1.02) (0.64, 2.52)

full 66.83 65.39 65.08 1.75 0.31 1.45 17.43% 82.57%
(65.76, 67.99) (63.89, 66.83) (63.52, 66.48) (0.48, 2.87) (-0.49, 1.08) (0.67, 2.40)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 100-times bootstrapping.

market participation for women. Table 5.10 presents the results. As can be seen from the

table, in all age ranges for all (carryover, feedback, full) models, the effects of both the direct

effect of marriage on wages and the indirect impact of marriage via labor market partici-

pation on wages are negligible (only in the full model in the age 33 group, the direct effect

shows some negative causation of marriage which is close to the significant level). The re-

sults are consistent with our previous findings in both the static causal mediation model

and the dynamic gap-closing estimands, which state that marriage is, at least, not the most

crucial factor contributing to women’s disadvantaged earnings in the labor market.

Finally, we present the results of the mediation effects on the motherhood penalty for

women in the dynamic model in Table 5.11. Like the findings in the previous models, we

clearly find evidence of the motherhood penalty for women in all age groups. With the
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Table 5.10: Dynamic Interventional Direct and Indirect Effects of Working Hours on the
Marital Causal Effects for Women

Group Model
Type

E [θ̂a,a] E [θ̂a,a′] E [θ̂a′,a′] Total Effect Direct Effect Indirect
Effect

IDE Per-
centage

IIE Per-
centage

Age 25 carryover 39.98 40.02 40.21 -0.24 -0.19 -0.05 79.84% 20.16%
(38.64, 41.51) (38.75, 41.57) (39.19, 41.22) (-1.49, 1.01) (-1.33, 1.01) (-0.44, 0.29)

feedback 40.20 40.45 40.18 0.02 0.28 -0.25 n.a. n.a.
(38.96, 41.52) (39.08, 41.53) (39.10, 41.09) (-1.09, 1.24) (-0.58, 1.38) (-0.93, 0.25)

full 40.04 40.24 40.19 -0.15 0.05 -0.20 n.a. n.a.
(38.58, 41.45) (38.92, 41.73) (39.11, 41.32) (-1.55, 1.30) (-1.04, 1.30) (-0.87, 0.41)

Age 29 carryover 53.61 53.53 52.43 1.18 1.10 0.09 92.73% 7.27%
(51.80, 54.94) (51.59, 54.80) (50.92, 53.89) (-0.49, 2.72) (-0.50, 2.55) (-0.26, 0.43)

feedback 52.91 52.82 52.44 0.47 0.38 0.09 80.34% 19.66%
(51.39, 54.26) (51.27, 54.21) (50.90, 53.79) (-0.56, 1.66) (-0.75, 1.52) (-0.59, 0.77)

full 53.10 52.94 52.77 0.32 0.17 0.16 51.56% 48.44%
(51.49, 54.56) (51.27, 54.33) (51.18, 54.19) (-1.09, 1.48) (-1.06, 1.16) (-0.57, 0.85)

Age 33 carryover 57.76 57.62 57.81 -0.05 -0.20 0.15 n.a. n.a.
(56.28, 59.20) (56.01, 58.98) (56.43, 59.18) (-1.19, 0.98) (-1.26, 0.87) (-0.22, 0.60)

feedback 57.76 57.09 57.75 0.01 -0.66 0.67 n.a. n.a.
(56.19, 59.43) (55.66, 58.53) (56.15, 59.24) (-1.33, 1.39) (-1.59, 0.17) (-0.32, 1.61)

full 57.70 56.99 57.91 -0.21 -0.92 0.71 n.a. n.a.
(56.38, 59.33) (55.69, 58.68) (56.26, 59.41) (-1.78, 1.09) (-1.92, 0.01) (-0.37, 1.60)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 100-times bootstrapping. n.a.: Percentage decomposition is omitted because the IDE

and IIE have opposite signs; one percentage would be negative while the other would
exceed 100%.

results of decomposition from the full models, we find that the proportion of the indirect

effect (the motherhood penalty via women’s reduced labor market participation) increases

as the observational age increases (from 23.5% at the age of 25 to around 40% at the age of

29 and to around 60% at the age of 33). The results are once again consistent with the par-

enthood specialization theory: as the time of motherhood increases, women withdraw their

energy from the labor market and devote it to domestic jobs, leading to their wage penal-

ties in the labor market, and then the process is reinforced, women devote less time to the

labor market but more time to domestic work, and their lack of labor market participation

gradually becomes the main component in their motherhood penalty. On the other hand,

as we explained in Table 5.9, after childbearing, men increase their time in the labor mar-

ket, making the indirect effect of labor market participation the main component in their

fatherhood premium (the proportions for the IIE in the TE for men at 25, 29, and 33 are
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respectively 42%, 84%, and 83%).

Table 5.11: Dynamic Interventional Direct and Indirect Effects of Working Hours on the
Parenthood Causal Effects for Women

Group Model
Type

E [θ̂a,a] E [θ̂a,a′] E [θ̂a′,a′] Total Effect Direct Effect Indirect
Effect

IDE Per-
centage

IIE Per-
centage

Age 25 carryover 37.7 37.99 41.49 -3.8 -3.5 -0.3 92.21% 7.79%
(36.12, 39.36) (36.49, 39.56) (40.32, 42.46) (-5.80, -2.12) (-5.27, -1.93) (-0.67, 0.03)

feedback 37.97 38.85 41.55 -3.57 -2.7 -0.87 75.56% 24.44%
(36.58, 39.55) (37.46, 40.35) (40.31, 42.77) (-5.21, -1.88) (-4.25, -1.15) (-1.58, -0.05)

full 37.62 38.54 41.54 -3.92 -3 -0.92 76.50% 23.50%
(35.96, 39.16) (37.14, 40.35) (40.47, 42.56) (-5.72, -2.28) (-4.51, -1.49) (-1.87, -0.09)

Age 29 carryover 49.67 50.32 54.84 -5.16 -4.52 -0.64 87.52% 12.48%
(47.45, 51.53) (48.16, 52.25) (53.12, 56.28) (-7.66, -3.24) (-7.06, -2.39) (-1.42, -0.21)

feedback 50.32 52.3 54.28 -3.96 -1.98 -1.98 50.00% 50.00%
(48.20, 51.81) (50.63, 53.69) (52.54, 55.48) (-5.81, -2.52) (-3.36, -0.83) (-3.24, -0.98)

full 49.71 51.67 54.71 -4.99 -3.04 -1.96 60.78% 39.22%
(47.72, 51.55) (49.77, 53.42) (52.79, 56.15) (-6.92, -3.26) (-4.89, -1.85) (-3.23, -0.91)

Age 33 carryover 55.48 55.75 60.10 -4.62 -4.35 -0.27 94.14% 5.86%
(53.82, 57.27) (53.97, 57.43) (58.47, 61.83) (-6.77, -2.71) (-6.37, -2.40) (-0.85, 0.19)

feedback 55.93 58.99 59.93 -4.01 -0.94 -3.07 23.44% 76.56%
(54.38, 57.52) (57.41, 60.60) (58.20, 61.57) (-5.73, -2.26) (-2.30, -0.09) (-4.33, -1.63)

full 55.42 58.45 60.44 -5.02 -1.99 -3.02 39.74% 60.26%
(53.85, 56.87) (56.79, 60.20) (58.78, 62.05) (-6.91, -2.96) (-3.40, -0.75) (-4.46, -1.81)

Note: The numbers in parentheses indicate the 2.5% and 97.5% values of the estimation
with 100-times bootstrapping.

VI. Conclusions and Further Discussions

In this study, we present a novel research design investigating the classic topic in family

sociology: the causal effects of parenthood and marital status on wages for both men and

women. Using the same dataset as most previous studies did for this topic, we introduce

an innovative approach; whereas previous analyses have primarily focused on the ATT for

the switchers (which compares the effect of marriage and parenthood for individuals), our

approach utilizes the ATE to offer a more comprehensive understanding of these dynamics

between different subpopulation groups. Our main findings provide evidence consistent

with the motherhood penalty, showing that women often experience a wage decrease after

having children. The effects of marriage on earnings are smaller and less persistent than the

static estimates alone might suggest, especially after accounting for dynamic carryover and
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feedback processes. However, we observe a fatherhood premium exclusively among young

men under 25, with this premium being the highest within this group. Conversely, the wage

penalty is lowest for women who are unmarried and without children after the age of 33,

suggesting age and parental status are critical factors influencing women’s earnings.

Substantively, our research contributes to the existing literature by highlighting the global

causal effects of parenthood on wages and the significant role of labor market participation.

Our study is based on the labor market perspective (instead of the individual’s life trajec-

tory, as previous studies capture the ATT), which avoids the selection problem in previous

studies. From our perspective, this approach is more suitable if the researchers aim to un-

derstand the effects of a specific demographic event on the supply and demand in the labor

market. Meanwhile, we introduce a dynamic analytical framework to our research, and our

findings are consistent with the specialization theory in parenthood: men tend to allocate

more time to the labor market and less to domestic work after childbearing, resulting in a

wage premium. Women, in contrast, often reduce their labor market participation to ac-

commodate increased domestic responsibilities, leading to a wage penalty. This divergence

emphasizes how traditional gender roles continue to influence economic outcomes in the

context of parenthood.

Methodologically, we advance the field by employing Non-Parametric Marginal Struc-

tural Models (NPMSM) and Double Machine Learning (DML) techniques for gap-closing

estimands and time-varying causal mediation analysis. This is an example of applying the

framework of the efficient estimator in the causal mediation analysis, as we discussed in the

previous chapter. The idea of controlled disparity was first introduced in epidemiological

research (Jackson and VanderWeele 2018) and further adopted by sociologists (Lundberg
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2024) as the gap-closing estimand which aims to tackle the causal effects for variables that

could not be treated as “treatments" (in Pearl’s [2009] term, in which he views all treatment

as a “do"). In this paper, we further extend the idea of “fixing the group" in a time-varying

setting and discuss the application in a dynamic model. The time-varying causal mediation

framework is also a mature area (VanderWeele and Tchetgen Tchetgen 2017), and we here

combine it with the efficient/doubly robust/Neyman-orthogonal estimator and apply it to

the empirical research. We believe our approach, compared to the methods in the previous

literature, better addresses the dynamic process in the production of inequality.
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Conclusion

In this thesis, we discussed the debiased machine learning/doubly robust/efficient estima-

tor used for causal inference and showed how it could be applied in social science. We first

reviewed the literature concerning the foundations in the areas of causal inference and de-

biased machine learning/efficient estimation theory, giving a comprehensive and relatively

easy-to-understand derivation for the estimation. We focus on applying the estimation to

the observational (survey) data and pseudo-randomized controlled trial settings—areas of

significant interest to social scientists. Next, we focus on two specific areas: survival analy-

sis and mediation analysis. In particular, we developed debiased machine learning (doubly

robust/efficient) estimators for causal inference in survival data and causal mediation anal-

ysis.

For the DML with the left-truncated-right-censored (LTRC) survival data, we developed

the twice doubly robust estimator, which directly constructs the counterfactual survival

curves and estimates the average and heterogeneous treatment effect on the mean sur-

vival time for observational/survey data. In this estimator, one doubly robust estimation

is used for the causal effect identification, and another doubly robust estimator is used to

tackle the survival function estimation. We compared the advantages of estimation over the

methods adopted in social science, especially the method of marginal hazard ratio (MHR),

and showed its robustness in estimating the heterogeneous treatment effects for the sur-
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vival outcomes simulations.

We elaborate on the DML estimator for survival data in an empirical study concerning

the average and heterogeneous causal effect of widowhood on mortality for US elders. Ap-

plying the DML method for causal identification, we find evidence consistent with a causal

effect of widowhood in reducing the surviving spouse’s life expectancy under the stated

identification assumptions. Meanwhile, we show that such a causal effect has heterogene-

ity: 1) individuals who are less prepared for their spouse’s death experience a more pro-

nounced impact on their life expectancy; 2) men and women under different educational

and family wealth statuses suffer differently from losing their spouse.

In the second part, we turn to derive the DML estimator for causal mediation analysis.

We reviewed the differences between mediators, colliders, and confounders and the clas-

sic decomposition methods to measure the direct causal effects on the outcome and the

indirect causal effects from the treatment via the mediator on the outcome. Based on the

prerequisite knowledge of the causal mediation analysis, we derive the DML/efficient es-

timators for the direct and indirect effects in both the static and the dynamic models and

further apply our method to a classic social science research issue analyzing how political

instability mediates the causal effect of racial fractionalization on the onset of wars.

The last chapter in this thesis applies the DML framework in causal mediation analysis

to reanalyze the causal effects of parenthood and marriage on wages for men and women

and how labor market participation mediates the effects. Unlike the previous research fo-

cusing on the local causal effects of marriage and childbearing on individuals, we apply the

nonparametric marginal structural models (NPMSM) aiming to tackle the global treatment
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effects– the divergences between different groups in the labor market. In this study, we use

the "gap-closing estimand" and the traditional causal mediation analysis framework and

find substantial evidence on the motherhood penalty, while the other marital and parent-

hood effects on wages for men and women are less clear. Furthermore, to verify the special-

ization assumption on gender labor division, we designed the time-varying model to reveal

the dynamic process of childbearing, marriage, and labor market participation, leading to

gender wage inequality in the labor market.

Intrinsically, we deploy the DML/efficient estimator method to tackle the missing data

problem in social science. In causal inference, the missing part is the counterfactual out-

come, and in survival analysis, the missing part is the survival function for the truncated and

censored individuals. To predict or impute the missing data, we always need to keep in mind

that it is infeasible if we do not have assumptions about the underlying data-generating

process (without assumptions, no inferences). The assumptions define the scope of valid-

ity/generalizability of our conclusions. Even though all methods discussed in this thesis are

based on the principle of unbiasedness, the model will still produce incorrect conclusions

if the assumptions do not align with reality.

For many quantitative social researchers, Occam’s razor is a principle that should al-

ways be remembered: “entia non sunt multiplicanda sine necessitate” (entities must not be

multiplied beyond necessity). A more complex model usually requires better data quality,

further assumptions on the relationships among variables, and the feasibility of the mod-

els’ algorithms. Indeed, an unbiased, consistent, and efficient estimator is a better measure

than a biased, non-convergent, and more error-prone one. However, adding unnecessary

conditions and complicating the original problem to achieve such metrics can be counter-
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productive.

Finally, we want to point out that although this thesis focuses on developing the method-

ological side of sociology, methodology should remain subordinate to sociological theory

and substantive explanation in social science studies. This does not mean that we can forgo

a rigorous and careful examination when applying statistical methods; rather, as Otis Dun-

can once said, "the application of statistical models and methods should be strictly subor-

dinate to the central scientific task" (Duncan and Stenbeck 1988). Specifically, the validity of

the estimator can never be ensured without theory-driven identification. The causal effects

we pursue in the empirical studies in this thesis have practical significance and academic

value only when they can be interpreted through, and contribute back to, debates in social

demography, political sociology, family sociology, and social stratification and mobility. In

this sense, as Duncan and Stenbeck said, the rhetorical strategy for methodological studies

is to engender skepticism about statistical models, as they still fall short of providing a com-

prehensive scientific explanation on their own; future research should therefore combine

stronger identification, better data, and richer theory.
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Appendix A

Appendix to Chapter 1

A.1. Appendix I: Proof on Regularity and Score Functions

Score Function Transformations Suppose we have two (σ−finite) measures P (Z ) and

P̃ (Z ) where P (Z ) dominates P̃ (Z ) (or P̃ (Z ) is absolutely continuous with respect to P (Z )).

Now imagine we have a differentiable path starting from P (Z ) and ending at P̃ (Z ). The

most convenient method to define it is linear interpolation: let P̃ϵ(Z ) = ϵP̃ (Z )+(1−ϵ)P (Z )(ϵ ∈
[0,1]). Therefore, suppose the probability density function for P (Z ) and P̃ (Z ) are respec-

tively p(z) and p̃(z), then the density function for p̃ϵ(z) = ϵp̃(z)+ (1−ϵ)p(z).

PROOF A.A.1.1 We have the definition of a probability density function p(z) for a measure

P such that for any measurable set Z :

P (Z ) =
∫

Z
p(z)d z

Thus,

P̃ϵ(Z ) = ϵ
∫

Z
p̃(z)d z + (1−ϵ)

∫
Z

p(z)d z =
∫

Z

(
ϵp̃(z)+ (1−ϵ)p(z)

)
d z

And therefore,

p̃ϵ(z) = ϵp̃(z)+ (1−ϵ)p(z).
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With the differentiable path, we define the score function corresponding to the path

from P (Z ) towards P̃ (Z ) as the rate change of the log-likelihood at the starting point P (Z )

(the gradient of the log-likelihood function):

sϵ0 (z) = ∂log p̃ϵ(z)

∂ϵ

∣∣∣
ϵ=ϵ0

(A.A.1.1)

Usually, in our discussion, we set ϵ0 = 0. According to Equation 1.III.121, we may rewrite

P̃ϵ(Z ) and p̃ϵ(z) as: P̃ϵ(Z ) = ∫
Z (1+ϵs(z))dP (Z ) and p̃ϵ(z) = (1+ϵs(z))p.

PROOF A.A.1.2 We first prove that the definition of s(z) = ∂log p̃ϵ(z)
∂ϵ

∣∣∣
ϵ=0

can be rewritten as:

s(z) = p̃(z)

p(z)
−1 (A.A.1.2)

Using the chain rule to differentiate:

∂log p̃ϵ(z)

∂ϵ

∣∣∣
ϵ=0

= ∂log p̃ϵ(z)

∂p̃ϵ(z)
· ∂p̃ϵ(z)

∂ϵ

∣∣∣
ϵ=0

= 1

p̃ϵ(z)
· ∂
∂ϵ

(ϵp̃(z)+ (1−ϵ)p(z))
∣∣∣
ϵ=0

= 1

p(z)
(p̃(z)−p(z)) = p̃(z)

p(z)
−1

Therefore, p̃(z) = (s(z)+1)p(z).

We could rewrite p̃ϵ(z) as p̃ϵ(z) = (1−ϵ)p(z)+ϵ(s(z)+1)p(z). Simplifying the expression:

p̃ϵ(z) = (1−ϵ+ϵs(z)+ϵ) p(z) = (1+ϵs(z)) p(z) (A.A.1.3)

Further, to prove that P̃ϵ(Z ) = ∫
Z (1+ϵs(z))dP (Z ), we need the Radon-Nikodym theorem:

Theorem A.A.1.1 (Radon-Nikodym Theorem) Let (Ω,F,P ) be a probability space, and let P̃ϵ

be another probability measure on (Ω,F ) such that measure P̃ϵ is absolutely continuous with

1Generally, if ϵ0 = 0, we simplify the score functionsϵ(z) as s(z), or further, s.
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respect to measure P. Then there exists a P-integrable function f : Ω→ [0,∞) such that for

every A ∈ F ,

P̃ϵ(A) =
∫

A
f dP.

The function f is called the Radon-Nikodym derivative and is often denoted by dP̃ϵ
dP .

The theorem gives us a toolbox to "rescale" the measure P̃ϵ with the measure P and the

Radon-Nikodym derivative function f . From Equation A.A.1.3, the scale is indeed (1+ϵs(z),

and thus,

P̃ϵ(Z ) =
∫

Z
(1+ϵs(z)) p(z)d z =

∫
Z

(1+ϵs(z))dP (Z ). (A.A.1.4)

The definition and Equation A.A.1.3 indeed reveal that the essence of the score function

is a "direction pointer" (or compass). We could use the score function to specifically point

the direction of the difference between the empirical estimator and the true statistical es-

timand. Suppose we have the estimand as ψ(P ), the pathway derivative, or the gradient of

the estimand in the direction of the score function2, can be defined as:

lim
ϵ→0

ψ(P̃ϵ)−ψ(P )

ϵ
=∇sψ(P ) (A.A.1.5)

Where we could regard ψ(P̃ϵ) as a perturbed version of the true estimand ψ(P ), adjusted by

a small amount of ϵ in the direction of some perturbation.

Factorization Suppose we have a bivariate joint distribution P (Y , X ), clearly, we have the

Bayesian rule P (Y , X ) = P (Y | X )P (X ). We define the score function for P (Y | X ) and P (X )

separately as sY |X (x, y) and sX (x). The score functions satisfy E [sY |X (x, y) | X ] = 0 and

2The gradient here is defined on the direction of the score function for the estimator. Indeed, the score

function is also a gradient, but the gradient on the measurable set Z : s(z) = ∂ log p̃ϵ(z)
∂ϵ

∣∣
ϵ=0 =∇z log p(z).
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E [sX (x)] = 0. Therefore, sY |X (x, y) ⊥ sX (x).

PROOF A.A.1.3 The target is to prove the expectation E [sY |X (x, y)sX (x)] = 0. Rewrite the ex-

pectation with the law of conditional expectation:

E [sY |X (x, y)sX (x)] = E [E [sY |X (x, y)sX (x) | X ]]

= E [sX (x)E [sY |X (x, y) | X ]] = E [sX (x) ·0] = 0.

With the orthogonal relationship between sY |X (x, y) and sX (x), we could have sX ,Y (x, y) =
sY |X (x, y)+sX (x) and ∇sX ,Y ψ=∇sY |Xψ+∇sXψ. Therefore, we could calculate the score func-

tion for the marginal distribution P (X ) and the conditional distribution P (Y |X ) and sum

them separately to get the score function for the joint distribution if the score function for

the joint distribution is hard to capture.

PROOF A.A.1.4 The joint distribution P (Y , X ) can be expressed using the chain rule of prob-

ability:

pX ,Y (x, y) = pY |X (y |x)pX (x) ⇐⇒ log pX ,Y (x, y) = log pY |X (y |x)+ log pX (x)

Applying the definition of the score function, we differentiate both sides with respect to ϵ

and evaluate at ϵ= 0:

sX ,Y (x, y) = ∂ log p̃X ,Y ,ϵ(x, y)

∂ϵ

∣∣∣
ϵ=0

= ∂ log p̃Y |X ,ϵ(y |x)

∂ϵ

∣∣∣
ϵ=0

+ ∂ log p̃X ,ϵ(x)

∂ϵ

∣∣∣
ϵ=0

Thus:

sX ,Y (x, y) = sY |X (x, y)+ sX (x) (A.A.1.6)
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By the definition of the gradient in the direction of the score function, we have:

∇sX ,Y ψ= lim
ϵ→0

ψ(P̃ϵ(X ,Y ))−ψ(P (X ,Y ))

ϵ

Since pX ,Y (x, y) = pY |X (x, y)pX (x), we have:

∇sX ,Y ψ= lim
ϵ→0

ψ(P̃ϵ(X ,Y )P̃ϵ(X ))−ψ(P (Y |X )P (X ))

ϵ

Given that ψ is influenced by the score functions sY |X and sX independently, we have:

∇sX ,Y ψ= lim
ϵ→0

ψ(P̃ϵ(Y |X ))−ψ(P (Y |X )

ϵ
+ lim
ϵ→0

ψ(P̃ϵ(X ))−ψ(P (X ))

ϵ

Thus, we get:

∇sX ,Y ψ=∇sY |Xψ+∇sXψ (A.A.1.7)

A.2. Appendix II: Proof on Asymptotic Linearity and Influence
Functions

Central Identity for Influence Functions Recall our definition of the gradient in the direc-

tion of the score function on the estimator, we have:

∇sψ(P ) = lim
ϵ→0

ψ(P̃ϵ)−ψ(P )

ϵ
= ∂

∂ϵ
ψ(P̃ϵ)

∣∣∣
ϵ=0

Similarly, using distributional Taylor expansion, we have:

ψ(P̃ϵ)
∣∣∣
ϵ=0

≈ψ(P )+ϵ ∂ψ
∂ϵ

∣∣∣∣
ϵ=0

+O(ϵ)

And use the chain rule to analyze the first-order term :

∂ψ

∂ϵ

∣∣∣∣
ϵ=0

=
∫

δψ

δp(z)

∂p̃ϵ(z)

∂ϵ

∣∣∣∣
ϵ=0

d z.
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Based on Equation A.A.1.3 describing the relationship between p(z) and p̃ϵ(z):p̃ϵ(z) =
(1+ϵs(z)) p(z), we have:

∂p̃ϵ(z)

∂ϵ

∣∣∣∣
ϵ=0

= ∂

∂ϵ
(1+ϵs(z)) p(z)

∣∣∣
ϵ=0

= s(z)p(z).

Therefore,

dψ

dϵ

∣∣∣∣
ϵ=0

=
∫

δψ

δp(z)
s(z)p(z)d z.

Note the right side of the expression can be expressed as the form of expectation under the

original distribution p(z): ∫
δψ

δp(z)
s(z)p(z)d z = EP

[
δψ

δp(z)
s(z)

]
.

As we mentioned, the form δψ(P )
δp(z) can be regarded as the continuous form of the influ-

ence function φ(ψ;P ; z)3. Therefore, we finally obtain:

∇sψ(P ) = EP
[
φ(ψ;P ; z)s(z)

]
. (A.A.2.8)

A.3. Appendix III: Proof during Efficient Influence Function Derivation

Proof Sketch on the Cramer-Rao Bound

PROOF A.A.3.1 (Proof sketch on the Cramer-Rao Bound) Consider a regular one-dimensional

parametric model {Pψ} with score sψ(Z ) = ∂ log pψ(Z )/∂ψ and Fisher information I (ψ) =
Eψ[sψ(Z )2]. If ψ̂ is unbiased for ψ, then Eψ[ψ̂] = ψ. Differentiating this identity with re-

spect to ψ and using the regularity conditions that justify interchanging differentiation and

integration gives

1 = ∂

∂ψ
Eψ[ψ̂] = Eψ

[
(ψ̂−ψ)sψ(Z )

]
.

3In some literature, the definition of the influence function with the expectation expression is the score-
based definition of the influence function, and the score function can also be regarded as s0(z) = ∂

∂ϵ log[p(z)+
ϵ(p̃ϵ(z)−p(z))]

∣∣
ϵ=0 =

p̃ϵ(z)−p(z)
p(z) , which is the same as the definition in Equation 1.III.13.
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By the Cauchy-Schwarz inequality,

12 ≤ Eψ[(ψ̂−ψ)2]Eψ[sψ(Z )2] = Varψ(ψ̂)I (ψ).

Therefore,

Varψ(ψ̂) ≥ 1

I (ψ)
.

Proof on EIF on Tangent Space A crucial property for the EIFφ† is that it lies in the tangent

space. This is because only the influence function in the tangent space obtains the lowest

variance: φ† ⊥ h⊥, where h⊥ stands for the lines orthogonal to any element in the tangent

space h ∈ T .

PROOF A.A.3.2 We suppose we could decompose the influence function into two orthogonal

parts: one is the projection on the tangent space h, and one is orthogonal to the tangent

space, φ−h. For any score function s on the tangent space, according to the definition, we

have: E [(φ−h)s] = 0 4. Thus, for the variance of the influence function:

V ar (φ) =V ar (h + (φ−h)) =V ar (h)+V ar (φ−h) (orthogonality, no covariance)

= E [h2]− (E [h])2 +E [(φ−h)2]+ (E [φ−h)])2

= E [h2]+E [(φ−h)2]

Since h is constant (as it is the projection of the influence functions onto the tangent space),

the target function φ† = argminφ(φ−h)2 ⇒φ† = h. Therefore, the influence function should

lie on the tangent space to be efficient.

Therefore, EIF can also be called as the "canonical gradient ".

4The influence function and the score function are both Hilbert space (since they are both L0
2 space as

we mentioned before, and we could also use the inner product of Hilbert space to represent it, 〈φ−h, s〉 =
0,∀s ∈ T (P ). The orthogonal decomposition is justified by the Riesz Representation Theorem, which states
that for every continuous linear functional F on the Hilbert space H , there is always an element h ∈ H such
that F ( f ,h) = 〈 f ,h〉 ∀ f ∈ H .
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EIF for Unconditional Mean We first derive the EIF for ψ(P ) = EP [X ] = ∫
xdP (x). We start

with the Gateaux derivative definition of the influence function. The perturbed distribution

is set as:

P̃ϵ = (1−ϵ)P +ϵδx

Therefore, we construct ψ(P̃ϵ):

ψ(P̃ϵ) =
∫

xdP̃ϵ =
∫

xd
(
(1−ϵ)P +ϵδx

)
= (1−ϵ)

∫
xdP +ϵ

∫
xdδx

= (1−ϵ)ψ(P )+ϵx

=ψ(P )+ϵ(x −ψ(P ))

Since
∫

dδx = 1. Thus, we have the influence function φ(ψ= EP [X ];P, x) :

φ(EP [X ]) = ∂

∂ϵ
ψ(P̃ϵ)

∣∣
ϵ=0 = x −ψ(P ) = x −EP [X ] (A.A.3.9)

EIF for Conditional Expectation We then derive the EIF forψ(P ) = EP [Y |X = x] = ∫
y ydP (y |x).

Still, P̃ϵ = (1−ϵ)P +ϵδy |x . The hard part we need to derive here is P (y |x). We may recall the

Bayesian rule P (y |x) = P (y,x)
P (x) . Therefore,

P̃ϵ(y |x) = P̃ϵ(y, x)

P̃ϵ(x)
= (1−ϵ)P (y, x)+ϵδy,x

(1−ϵ)P (x)+ϵδx

given by the equation above. Since the influence function defined as ∂ψ(P̃ϵ)
∂ϵ

∣∣
ϵ=0 is a gradient,

we first deal with the part to be integrated (dP̃ϵ(y |x)), which we have transformed with the

above equation. Recall the gradient chain rule for division: for two functions u and v ,
(u

v

)′ =
u′v−uv ′

v2 . Therefore,

P̃ϵ(y |x)
∣∣
ϵ=0 =

[(1−ϵ)P (y, x)+ϵδy,x]′[(1−ϵ)P (x)+ϵδx]− [(1−ϵ)P (y, x)+ϵδy,x][(1−ϵ)P (x)+ϵδx]′

[(1−ϵ)P (x)+ϵδx]2
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= [δy,x −P (y, x)][(1−ϵ)P (x)+δx]− [δx −P (x)][(1−ϵ)P (y, x)+δy,x]

[(1−ϵ)P (x)+ϵδx]2

= P (y, x)δx −δy,xP (x)

P (x)2
(since ϵ= 0)

Therefore, The EIF is:

∂P̃ϵ

∂ϵ

∣∣
ϵ=0 =

∫
yd

[P (y, x)δx −δy,xP (x)

P (x)2

]
= δx

p(x)

[∫
yd

δy,x

δx
−

∫
yd

P (y, x)

P (x)

]
= 1x

p(x)

[∫
ydδy |x −

∫
ydP (y |x)

]
(Since

P (y, x)

P (x)
= P (y |x);

∫
dδ=1)

= 1x

p(x)
[y −EP [Y |X = x]]

We get:

φ(ψ= EP [Y |A = a, X = x],PX (y, a, x)) = 1(a,x)

p[A = a, x]

[
y −EP [Y |A = a, X ]

]
(A.A.3.10)

Equation 1.III.19 is the EIF for the conditional expectation.

Validation on the EIF for the ATE with Central Identity We could use the central identity

for the influence function (Equation 1.III.14) to verify if our EIF is correct.

PROOF A.A.3.3 Suppose we are verifying the EIF for ψ0. Using the factorizing of the tangent

space technique, we could decompose the gradient of the estimator in any direction into:

∇sψ0 =∇sY |A,Xψ0 +∇sA|Xψ0 +∇sXψ0

Similarly, for the expectation of the influence and the score function, we could also decompose

it through the algebra of expectations:

E [φs] = E [φsY |A,X ]+E [φsA|X ]+E [φsX ]
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Therefore, we need to prove that ∇sY |A,Xψ0 = E [φsY |A,X ], ∇sA|Xψ0 = E [φsA|X ], and ∇sXψ0 =
E [φsX ], correspondingly. We begin with ∇sXψ0 = E [φsX ].

∇sXψ0 = ∂

∂ϵ

∫
x

∫
y

p̃ϵ(y |0, x)d y p̃ϵ(x)d x =
∫

x

∫
y

p(y |0, x)d y
∂

∂ϵ
(1+ϵs)p(x)d x

=
∫

x

∫
y

p(y |0, x)d y sX p(x)d x =
∫

x
µ0(x)sX p(x)d x

And,

E [φsX ] = E

[(
1(A = 0)

π0(x)
[y −µ0(x)]+µ0(x)

)
sX

]
=

∫
x

∫
y

[(
1(A = 0)

π0(x)
[y −µ0(x)]+µ0(x)

)
sX

]
p(y |x, a)d y p(x)d x

=
∫

x
sX

[∫
y

1(A = 0)

π0(x)
[y −µ0(x)]p(y |x, a)d y +µ0(x)

∫
y

p(y |x, a)d y

]
p(x)d x

Notice that
∫

y p(y |x, a)d y = 1 and
∫

y [y −µ0(x)]p(y |x, a)d y = E [y −µ0(x)|x,0] = 0, thus,

E [φsX ] =
∫

x
sXµ0(x)p(x)d x =∇sXψ0

Similarly,

∇sA|Xψ0 =
∫

x

∫
y

p(y | 0, x)d y
∂

∂ϵ
(1+ϵsA|X )p(x)d(x)

=
∫

x
µ0sA|X p(x)d x = 0

E [φsA|X ] =
∫

x

∫
a
φsA|X (a|x)p(a|x)p(x)d ad x

=
∫

x
φ

(∫
a

sA|X (a|x)p(a|x)d a
)

︸ ︷︷ ︸
=0

p(x)d x

= 0 =∇sA|Xψ0

At last,

∇sY |A,Xψ0 =
∫

x

∫
y

p(y |x,0)sY |A,X d y p(x)d x
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=
∫

x
p(x)

(∫
y

p0(y |x)sY |A,X d y
)
d x

=
∫

x
(y |A = 0)sY |A,X d x

E [φsY |A,X ] =
∫

x

∫
y

[(
1(A = 0)

π0(x)
[y −µ0(x)]+µ0(x)

)
sY |A,X

]
p(y |x, a)d y p(x)d x

=
∫

x

[
1(A = 0)

π0(x)
y sY |A,X

]
p(x)d x

=
∫

x
(y |A = 0)sY |A,X p(x)d x =∇sY |A,Xψ0.

Therefore, E [φs] =∇sψ and our derivation on the EIF is correct.

project the influence function on TX First, we try to project the influence function of the

IPW estimator on the tangent space TX . The projection function is defined to find the score

function on the tangent space for which its mean square error with the influence function

from the IPW is minimal5. For any influence function,

Pr o jTX (φ) = arg min
h(X )∈TX

E [(φ−h(X ))2].

Let h†(X ) = argminh(X )∈TX E [(φ−h(x)2], therefore, the residual φ−h†(X ) should be or-

thogonal to functions on TX :

E [(φ−h†(X ))h(X )] = 0, ∀h(X ) ∈ TX .

Since h†(X ) satisfies the orthogonality condition, it should be the conditional expectation

of φ given X :

h†(X ) = E [φ|X ].

5We have a sketch Figure A.1 illustrating the projection process for the readers’ reference for understanding
the algebraic process here.
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Figure A.1: Illustrations on projections of influence functions
Note: The yellow plane denotes the tangent space. The figure shows projecting the (inefficient)
influence function (not on the tangent space) towards the joint distribution of (X ,Y ) and the
marginal distribution of (Y |X = 0).

Therefore, we have the projection of the influence function for the IPW estimator on the

tangent space TX as its conditional expectation on the X axis:

φ†
0〈TX 〉 = E [φI PW

0 | X ] = E

[(
1(Ai = 0)

π0(Xi )
Yi −ψ0

)
| X

]
= E

[
E

[
1(Ai = 0)

π0(Xi )
Yi | Ai , X

]
| X

]
−ψ0

= E

[
E

[
Yi

π0(Xi )
| Ai = 0, X

]
1(Ai = 0) | X

]
−ψ0

= E [Yi |Ai = 0, X ]−ψ0 =µ0(Xi )−ψ0
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A.4. Appendix IV: Proof on Second and higher Order Term Convergence

Proof on Multidimensional CLT We first have the lemma on the multidimensional central

limit theorem (CLT): proving the multidimensional CLT requires prior knowledge of char-

acteristic functions, Levy’s Continuity Theorem, and the Cramer-Wold device. The charac-

teristic function of the real-valued random variable defines the probability distribution– in

other words, two distinct distributions with the same characteristic function are identically

the same distribution. Levy’s continuity theorem states that if the characteristic functions

of a sequence of random variables pointwise converge towards the characteristic function

of a limiting random variable, then the sequence of random variables converges in distri-

bution towards the limiting random variable. Cramer-Wold device states that a sequence

of random variables converging to a limiting random variable is equivalent to the scalar of

the sequence of random variables converging to the scalar of the limiting random variable.

With these backgrounds, we have the proof:

We first define the normalized sample mean vector: given that X̄n = 1
n

∑n
i=1 Xi , where Xi

are i.i.d. random variables with mean µ = E [Xi ] and covariance matrix Σ= E [(Xi −µ)(Xi −
µ)T ], let Zn =p

n(X̄n −µ). Then we find the characteristic function of Zn :

ϕZn (t ) = E
[

e i t T Zn
]
= E

[
e i t T pn(X̄n−µ)

]
= E

[
e i t T pn

( 1
n

∑n
i=1 Xi−µ

)]
Using the Taylor expansion of the exponential function e i x ≈ 1+ i x − x2

2 , we get:

E

[
e

i t T Xi −µp
n

]
≈ 1+ i t T E [Yi ]p

n
− 1

2
t T E [(Xi −µ)(Xi −µ)T ]

n
t

Since E [Xi −µ] = 0 and E [(Xi −µ)(Xi −µ)T ] =Σ, this simplifies to:

E

[
e

i t T Xi −µp
n

]
≈ 1− 1

2
t T Σ

n
t
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Therefore,

ϕZn (t ) ≈
(
1− 1

2
t T Σ

n
t

)n

→ e− 1
2 t TΣt as n →∞

By Levy’s Continuity Theorem, this implies that Zn converges in distribution to a multi-

variate normal distribution:

Zn
d−→ N (0,Σ)

Therefore, we have proved the multidimensional Central Limit Theorem:

p
n(X̄n −µ)

d−→ N (0,Σ)

For the specific details, see van der Vaart 1998: Ch.2, pp.12-16.

Empirical Process Convergence We can prove the effect of sample splitting on control-

ling the convergence rate of the empirical influence function towards the influence func-

tion from the estimand with the multidimensional CLT. To make the case simple, consider

splitting the dataset (Z1, . . . , Zn) only into two subsets: S1 = {Z1, Z2, . . . , Zn1 } be the first sub-

set, and S2 = {Zn1+1, Zn1+2, . . . , Zn} be the second subset.

We first use S1 to construct an initial estimator ψ̂0 of the parameter ψ, which, presum-

ably, is the consistent estimator of the estimand ψ̂. We may write the one-step estimator

with sample splitting as:

ψ̂1-step = ψ̂0 + 1

n2

∑
i∈S2

φ(ψ̂0,Pn2 , Zi )
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Notice that for the naive estimator, we use the result from S1, while for the first-order bias

correction term, we use estimators from S2 (as n2 is the size of the split S2, and Pn2 =
1

n2

∑
i∈S2 δZi is the empirical measure based on S2). Obviously, the one-step estimator is con-

sistent, as the law of large numbers indicates ψ̂0
pr ob.−−−−→ψ and the correction term 1

n2

∑
i∈S2 φ(ψ̂0,Pn2 , Zi )

will converge in probability to zero if φ(ψ,Pn , Zi ) is well-defined. Meanwhile, since the

naive estimator and the first-order bias correction term come from independent datasets,

the construction of ψ̂0 is irrelevant to the data used to make the correction.

Now we turn to the asymptotic normality. Due to the CLT, we have:

1p
n2

∑
i∈S2

φ(ψ,Pn2 , Zi )
d−→ N(0,σ2)

Since ψ̂0
pr ob.−−−−→ψ and φ(ψ̂0,Pn2 , Zi ) ≈φ(ψ,Pn2 , Zi ), we have:

1p
n2

∑
i∈S2

φ(ψ̂0,Pn2 , Zi )
d−→ N(0,σ2) (Slutsky’s Theorem)

Therefore, the one-step estimator with the sample splitting method is asymptotically nor-

mal with mean ψ and variance σ2/n2, and the control on the convergence rate at 1/
p

n is

accomplished.

In summary, when the second (and higher) order remainders and the empirical process

become insignificant under the large sample size scenario, we can use the one-step estima-

tor: the empirical naive estimator plus the first-order bias correction term to robustly and

efficiently infer the true estimand.
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Proof on Convergence for DR Estimator on the ATE From the perspective of the conver-

gence rate, we will find that the estimator also satisfies double robustness with its higher-

order Distributional Taylor Expansion. According to Equation 1.III.16, We can derive the

second-order remainder of the estimator ψa :

R2 =ψ(P̃ϵ)−ψ(P )+ ∂

∂ϵ
ψ(P̃ϵ)

∣∣
ϵ=1

=ψ(P̃ϵ)−ψ(P )+ 1

n

n∑
i=1

φ(ψ(P̃ϵ))

= ψ̂a −E [µa(Xi )]+E

[
1(Ai = a)

π̂a(Xi )
(Yi − µ̂a(Xi ))+ µ̂a(Xi )

]
−E

[
ψ̂(a)

]
= E

[
πa(Xi )

π̂a(Xi )
µa(Xi )−µa(Xi )

]
+E

[
µ̂a(Xi )− πa(Xi )

π̂a(Xi )
µ̂a(Xi )

]
= E

[
1

π̂a(Xi )
(πa(Xi )− π̂a(Xi ))

(
µa(Xi )− µ̂a(X )

)]
≤ ||πa(Xi )− π̂a(Xi )|| ||µa(Xi )− µ̂a(Xi )|| (Cauchy-Schwarz Inequality)

As R2 denotes the second-order remainder. We could see from this formation that when ei-

ther πa(Xi ) = π̂a(Xi ) or µa(Xi )−µ̂a(Xi ), the second-order remainder will be zero. Therefore,

when either π̂a(Xi ) or µ̂a(Xi ) is correctly specified, our estimator is unbiased.

Further, this inequality also suggests the convergence rate of the doubly robust esti-

mator. Since we require the second-order remainder to converge at the rate of op (n−1/2),

we could require both ||πa(Xi )− π̂a(Xi )|| and ||µa(Xi )− µ̂a(Xi )|| to converge at the rate of

op (n−1/4). Regularized machine learning methods and cross-validation need to be used for

both the propensity score model π̂a(Xi ) and the outcome model µ̂a(Xi ). For instance, we

could choose gradient boosting machines or random forests to predict the propensity and

generalized additive models (GAM) or random forests to predict the outcome6, and then

6A pretty useful programming package for model choice is called super-learner(Polley et al. 2023), which
could be convenient for social scientists choose the appropriate machine learning models for model fitting.
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use regularized techniques like lasso, ridge, or elastic nets to control the complexity of the

models.
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Appendix B

Appendix to Chapter 3

B.1. Appendix V: Results from Marginal Hazard Ratio Models

Figure B.1: Heterogeneous Treatment Effect Using Marginal Hazard Models
Note: The red line indicates the hazard ratio equals one, while the blue ribbon indicates the
confidence interval for the heterogeneous treatment effect of widowhood.

According to Figure B.1, in the HRS data we use, the average hazard ratio of mortality

for widowed against non-widowed for men is around 1.6, and for women is around 1.2, in-

dicating that although both widowed men and widowed women suffer widowhood penalty

in mortality risks, men on average suffer more than women, which is in agreement with re-

sults from the previous literature and our findings in the main paper. We also find that for
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women with the highest preparedness scores, the marginal hazard ratio between widowed

and non-widowed approaches one, indicating that the widowhood penalty at this end is

eliminated. The result also verifies our findings in the main paper.
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B.2. Appendix VI: Technical Details for Survival Function Estimation

For Cox Proportional Hazard (Cox-PH) models, we first suppose the covariates do not change

with time; in general, at time t , the functional parametric model is written as:

h(t | X )

h0(t )
= exp(Xβ) (B.B.2.1)

On the left side of Equation B.B.2.1, h(t | X ) indicates the conditional hazard function at

time t conditioned on covariates X . According to the definition, the hazard function repre-

sents the instantaneous rate of failure at a given time, while the survival function represents

the probability of surviving beyond a given time S(t ) = P (T > t ). Thus, we have the relation-

ship between h(t ) and S(t ):

h(t ) = f (t )

S(t )
= −dS(t )

d t

S(t )
=−dS(t )

S(t )

1

d t
=−d logS(t )

d t
; (B.B.2.2)

On the right side of Equation B.B.2.1, β represents the coefficients for the covariates.

Therefore, to obtain Ŝ(t | X ), we need three steps:

The first step is to estimate exp(X β̂). As X is known, the target here is β̂.To do so, con-

sider the maximum likelihood estimation to yield β̂ as:

β̂= argmax
β

L(β) = argmax
β

∏
i∈D

exp(Xβ)∑
j∈Ri

exp(X jβ)

In the expression above, D denotes the set of individuals who experienced the event, i , j

refers to two different individuals, Ri is the risk set at the time of the event for individual i .

By maximizing the likelihood function, we find the estimates of parameters β (simply, we

could try with Newton-Raphson algorithm).
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Then, we consider the estimation on ĥ0(t ), which is the baseline hazard at time t . A

simple way to do so is with the Breslow estimator (Breslow 1975). Suppose the cumulative

baseline function H0(t ) = ∫ t
0 h0(u)du. The Breslow estimator assumes that Ĥ0(t ) is given

by:

Ĥ0(t ) = ∑
ti≤t

di

ni

In the equation above, di denotes the number of events at time ti while ni represents the

number at risk just before time ti . Then we could have ĥ0(t ) = d Ĥ0(t )
d t .

The final step is to transfer ĥ(t ) to Ŝ(t ). According to Equation B.B.2.2, we have:

Ŝ(t ) = exp

(
−

∫ t

0
ĥ(u)du

)
.

Now, we consider the covariates in the model to be time-varying. Therefore, the para-

metric model for the hazard function should be:

h(t | X (t ))

h0(t )
= exp(X (t )β(t ))

And the likelihood function for β(t ) is:

ˆβ(t ) = argmax
β

L(β(t )) = argmax
β

∏
i∈D

exp(X (t )iβ(t ))∑
j∈Ri

exp(X (t ) jβ(t ))
.

In our analysis, we take the fixed-β assumption, assuming that the coefficients β do not

change over time. The simplification can still handle some time dependence, but it still

requires that the effect of the covariates on the hazard is constant. After estimating β̂(t ), the

second and third steps are the same as in the time-constant models (see Appendix B.5 for

the tests).
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B.3. Appendix VII: Results from White Subsample

Since in the HRS sample, most respondents (86.73% of men and 86.75% of women, see the

descriptive table in Appendix B.4) are white, in order to examine the robustness of the re-

sults in the main paper, we present the results from the white subsample. As mentioned in

the main paper, except for white women in the lowest strata of assets, patterns in other sub-

groups are consistent with the results presented in the main paper. We suspect the abnor-

mality of women in the lowest strata is caused by the limited sample size for white women

in the lowest strata.

Figure B.2: Average Treatment Effect and Heterogeneous Treatment Effect of Widowhood
Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.
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Figure B.3: College Education and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.
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Figure B.4: Educational Homogamy and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.
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Figure B.5: Wealth and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE,
while the black dash indicates the horizontal line of difference is 0. The blue ribbon denotes the
95% confidence interval for the HTE estimation from 100 bootstraps.
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B.4. Appendix VIII: Heterogeneous Results for Race and Racial
Homogamy

In this section, we present the results for race and racial homogamy. Since in our analyti-

cal sample of the HRS data, non-white samples only make up 14%, the results may not be

stable, so we just put them in the Appendix, and we hope the results could encourage more

researchers to dig into the patterns of heterogamous widowhood effects on race.

Like the divergent results on education and the widowhood effects, results for the wid-

owhood effect and race are still inconsistent. If we only compare the widowhood effect

between the black and the white, different papers with different datasets and various model

settings yield opposite conclusions. Elwert and Christakis (2006) used several longitudinal

datasets from the 1990s with continuous-time Cox Proportional Hazard (Cox-PH) models.

Men reported that white men suffer significantly higher widowhood effects on mortality,

while the hazard ratios between widowed and non-widowed black men are insignificant.

Women reported that only white women who lose their white partners suffer significantly

higher mortality risks, while the widowhood effects on black women are negligible. On the

contrary, Liu et al. (2020) used the Health and Retirement Study (HRS) 1992 – 2016 data

and applied the discrete-time (logistic) hazard models. For men, they witnessed significant

increases in hazard ratios of death for both black and white widowers, although the two ef-

fects are not differentiable. For women, they also reported a significant increase in risks for

both black and white widows, but they concluded that black women suffer more from the

widowhood effect than white women.

In summary, while Liu et al. (2020) suggested that minorities 1 suffer the widowhood

1In Liu et al. (2020) paper, they also reported the results from the Hispanic group. Indeed, they captured
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effects more than white people, Elwert and Christakis (2006) implied that white men and

women are more vulnerable to the spouse’s death while black men and women are unaf-

fected. Interestingly, because of their divergent results, they have disparate explanations of

the racial difference in the widowhood effects: Liu et al. (2020) applied a Karlson-Holm-

Breen (KHB) decomposition after the comparison and suggested that more considerable

financial constraints after widowhood for minorities expose them to higher risks of mor-

tality. Meanwhile, Elwert and Christakis (2006) attributed the resilience to the widowhood

effects for the black to marital cultural and marital contextual differences between the black

and white subgroups.

Table B.1 presents the descriptive statistics for race and racial homogamy in our sample.

Results in Figure B.6 summarise the average and heterogeneous treatment effect of wid-

owhood on mortality for different gender and racial groups. The figure intuitively elaborates

that for both white men and women, better preparedness has a positive impact on shrink-

ing the widowhood penalty, although for white women, the effect is not significant; to our

surprise, the more non-white men and women prepared for the spouse’s loss, the widowed

has lower life expectancy compared to the non-widowed.

We first take a closer look at the average treatment effect. For white men, life expectancy

is 3.1 years lower for widowed men than non-widowed men. However, we observed that for

non-white men, those who experienced widowhood had an average of 2.7 years longer in

life expectancy than those who were not widowed. For women, both white and non-white

widows have shorter life expectancies than non-widows: for whites, the average widowhood

the highest and most significant (different from white) widowhood effects for Hispanic men and women.
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Table B.1: Sample Size By Gender and Race (HRS 1998 - 2018)

Characteristics Total %
Not Widowed

Dead
Not Widowed

Alive

Widowed
Dead

Widowed
Alive

Men (N = 6,667)

White 5782 86.73% 2687 2238 465 392

Non-White 885 13.27% 408 338 70 69

Husband White, Wife White 5637 84.42% 2632 2167 459 379

Husband White, Wife
Non-White

145 2.17% 55 71 6 13

Husband Non-White, Wife
White

111 1.66% 45 54 6 6

Husband Non-White, Wife
Non-White

774 11.59% 363 284 64 63

Women (N = 6,145)

White 5331 86.75% 1256 1923 880 1272

Non-White 814 13.25% 200 269 124 221

Wife White, Husband White 5205 84.70% 1235 1857 869 1244

Wife White, Husband
Non-White

126 2.05% 21 66 11 28

Wife Non-White, Husband
White

85 1.38% 18 30 9 28

Wife Non-White, Husband
Non-White

729 11.86% 182 239 115 193

effect is 0.44 years, while for non-whites, it is 0.18 years.

We then turn to the heterogeneous treatment effect. For white men, while the worst-

prepared widowers have 3.2 years shorter life expectancy than the non-widowers, the best-

prepared widowers have around 1.8 years shorter life expectancy, suggesting that prepared-

ness improves widowers’ life expectancy by 1.4 years. For white women, better prepared-

ness only mitigates the widowhood effect from -0.45 years to -0.38 years, and the effect is
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Figure B.6: Race and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE. The
blue ribbon denotes the 95% confidence interval for the HTE estimation from 100 bootstraps.

not statistically different from the ATE. For non-white men, the worst-prepared widowers

surpass the non-widowers in life expectancy by an average of 3.7 years, and the gap is re-

duced to 2.2 years. However, the shrinkage in the gap is still not significantly different from

the ATE. Finally, for non-white women, widowed women have around 0.1 years shorter life

expectancy at the worst-prepared end than non-widowed women, but the gap enlarges to

0.7 years on the best-prepared end.

Next, we discuss the heterogeneity in racial homogamy. Since the cases of racial het-

erogamy and the cases of other racial homogamy (i.e., black-black, Hispanic-Hispanic, Asian-

Asian) in our sample are insufficient, we only compare the white-white homogamy with
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Figure B.7: Racial Homogamy and Widowhood Effects
Note: Red and blue lines separately indicate the linear approximation of the ATE and the HTE. The
blue ribbon denotes the 95% confidence interval for the HTE estimation from 100 bootstraps.

other groups. Figure B.7 shows the results. As can be seen from the graph at first glance,

except for the non-white-homogamy men, the patterns in all other groups meet our ex-

pectation that better preparedness scores indicate more minor widowhood penalties. We

describe the patterns in detail as follows.

First, we present the results for the average treatment effect. On the men’s side, the

white-white homogamous widowers suffer an average penalty of 3.1 years of life expectancy.

However, widowed men have an average of 2.2 years longer in life expectancy for other

racial marriage groups than non-widowed men, based on our counterfactual estimations.
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For women, the widowhood penalty for the white homogamy group is 0.44 years of life ex-

pectancy. It is 0.24 years for other groups, suggesting that white-white homogamy women

suffer a larger widowhood penalty than the other groups.

Next, we analyze the effect of heterogeneous treatment on the racial homogamous and

heterogamous groups. For homogamous men, the increase in preparedness scores for wid-

owhood mitigates the widowhood effect in life expectancy difference from 3.1 years shorter

than the non-widowers to 1.8 years shorter. For the non-white-homogamous men, the

widowhood effect ranges from 2.3 years longer life expectancy than the non-widowers to

1.8 years longer, although it is not statistically different from the ATE. For white homoga-

mous women, better preparedness scores reduce the widowhood penalty from 0.44 years

of life expectancy to 0.41 years, and it is not significantly different from the ATE. For the

other women, the worst-prepared widows have widowhood penalties of 0.25 years in life

expectancy compared to non-widows, while at the best-preparedness end, widows have a

longer life expectancy of 0.3 years than non-widows.

Our comparative analysis of the widowhood effect across diverse racial groups reveals

nuanced patterns. For white men and women, better preparedness appears to mitigate the

negative impact of widowhood on life expectancy. However, the opposite trend emerges

among non-white individuals. We hypothesize that these differences may arise from vary-

ing cultural interpretations of widowhood across racial communities. Furthermore, our

heterogeneity analysis focusing on racial homogamy shows that improved preparedness

significantly extends life expectancy for widowed white men in homogamous relationships

and non-white women in similar circumstances. These findings challenge previous re-

search by indicating that the effects of widowhood on life expectancy are not uniform but
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vary based on a combination of gender and race factors.
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B.5. Appendix IX: Schoenfeld Tests for Proportional Hazard
Assumptions

The proportional hazard assumption is crucial for using the survival function with the Cox-

PH model. Thus, we need to test the assumption to ensure the validity of the model. We

mainly check if the preparedness variable violates the assumption.

Figure B.8: Schoenfeld Test Results for Cox Proportional Hazard Model

As can be seen from the test results, we find no strong evidence against the proportional

hazard assumption in these models.
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Figure B.9: Schoenfeld Test for Proportional Hazard Assumption, by Treatment
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Appendix C

Appendix to Chapter 4

C.1. Appendix X: Equivalence in Expectation of Equations 4.IV.24 and
4.IV.22 when AL = a

We start with Equation 4.IV.22:

ψ̂DR
a; a,aM

= 1

n

n∑
i=1

[
1(Ai = a)

π̂a(Ci )

{
1

π̂Li (a,Ci )

(∑
m

q̂m(t ,Li ,Ci )
[ 1(Mi = m)

π̂m(a,Li ,Ci )
{Yi − µ̂am(Li ,Ci )}+ µ̂am(Li ,Ci )

]
−∑

m
q̂m(t ,Li ,Ci )µ̂am(Li ,Ci )

)
+∑

m
q̂m(t ,Li ,Ci )µ̂am(Li ,Ci )−∑

l

∑
m
π̂l (a,Ci )q̂m(t , l ,Ci )µ̂aml (Ci )

}
+∑

l

∑
m
π̂l (a,Ci )q̂m(t , l ,Ci )µ̂aml (Ci )

]
.

1

π̂Li (a,Ci )

(∑
m

q̂m(t ,Li ,Ci )µ̂am(Li ,Ci )−∑
m

q̂m(t ,Li ,Ci )µ̂am(Li ,Ci )
)
= 0.

Hence the inner parentheses reduce to

1

π̂Li (a,Ci )

∑
m

q̂m(t ,Li ,Ci )
1(Mi = m)

π̂m(a,Li ,Ci )
{Yi − µ̂am(Li ,Ci )}︸ ︷︷ ︸

=: ζ̂i

.

Thus,

ψ̂DR
a; a,t =

1

n

n∑
i=1

[
1(Ai = a)

π̂a(Ci )

{ 1

π̂Li (a,Ci )
ζ̂i + φ̂(Li ,Ci )− ÊL|A=a,C=Ci

[
φ̂(L,Ci )

]}+ ÊL|A=a,C=Ci

[
φ̂(L,Ci )

]]
,
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where

φ̂(L,C ) :=∑
m
µ̂am(L,C ) q̂m(t ,L,C ), ζ̂i :=∑

m
q̂m(t ,Li ,Ci )

1(Mi = m)

π̂m(a,Li ,Ci )
{Yi − µ̂am(Li ,Ci )}.

If we compare with Equation 4.IV.24:

θ̂a,t ,DR = 1

n

n∑
i=1

[∑
m

1(Ai = a)1(Mi = m)

π̂a(Ci ) π̂m(a,Li ,Ci )

{
Yi − µ̂am(Li ,Ci )

}
q̂m(t ,Li ,Ci )

+ 1(Ai = a)

π̂a(Ci )

{
φ̂(Li ,Ci )− ÊL|A=a,C=Ci[φ̂(L,Ci )]

}
+ ÊL|A=a,C=Ci[φ̂(L,Ci )]

]
.

Define the difference of the two influence terms:

∆i := 1(Ai = a)

π̂a(Ci )

[
1

π̂Li (a,Ci )
ζ̂i −

∑
m

1(Mi = m)

π̂m(a,Li ,Ci )
{Yi − µ̂am(Li ,Ci )} q̂m(t ,Li ,Ci )

]
.

By the law of iterated expectations and the usual IPW residual identity,

E

[
1(M = m)

πm(a,L,C )
{Y −µam(L,C )}

∣∣∣∣ A = a, L, C

]
= 0,

thus also

E
[
ζ̂i

∣∣ Ai = a, Li , Ci
]= 0.

Therefore,

E [∆i | Ai = a, Li , Ci ] = 0 =⇒ E [∆i ] = 0.

Consequently,

ψ̂DR
a; a,t = θ̂a,t ,DR + 1

n

n∑
i=1

∆i , E [∆i ] = 0,

This is to say, the two estimators are equivalent in expectation up to a conditionally mean-

zero augmentation.
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