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Evaluation of clinical prediction models (part 2): how to  
undertake an external validation study
Richard D Riley,1,2 Lucinda Archer,1,2 Kym I E Snell,1,2 Joie Ensor,1,2 Paula Dhiman,3  
Glen P Martin,4 Laura J Bonnett,5 Gary S Collins3

External validation studies are an 
important but often neglected part of 
prediction model research. In this 
article, the second in a series on model 
evaluation, Riley and colleagues 
explain what an external validation 
study entails and describe the key 
steps involved, from establishing a 
high quality dataset to evaluating a 
model’s predictive performance and 
clinical usefulness.

A clinical prediction model is used to calculate 
predictions for an individual conditional on their 
characteristics. Such predictions might be of a 
continuous value (eg, blood pressure, fat mass) or the 
probability of a particular event occurring (eg, disease 
recurrence), and are often in the context of a particular 
time point (eg, probability of disease recurrence within 
the next 12 months). Clinical prediction models are 
traditionally based on a regression equation but are 

increasingly derived using artificial intelligence or 
machine learning methods (eg, random forests, neural 
networks). Regardless of the modelling approach, part 
1 in this series emphasises the importance of model 
evaluation, and the role of external validation studies 
to quantify a model’s predictive performance in one 
or more target population(s) for model deployment.1 
Here, in part 2, we describe how to undertake such 
an external validation study and guide researchers 
through the steps involved, with a particular focus 
on the statistical methods and measures required, 
complementing other existing work.2-13 These steps 
form the minimum requirement for external validation 
of any clinical prediction models, including those 
based on artificial intelligence, machine learning or 
regression.

What do we mean by external validation?
External validation is the evaluation of a model’s 
predictive performance in a different (but relevant) 
dataset, which was not used in the development 
process.1 5 7 14-18 It does not involve refitting the model 
to compare how the refitted model equation (or its 
performance) changes compared to the original model. 
Rather, it involves applying a model as originally 
specified and then quantifying the accuracy of the 
predictions made. Five key steps are involved: obtaining 
a suitable dataset, making outcome predictions, 
evaluating predictive performance, assessing clinical 
usefulness, and clearly reporting findings. In this 
article, we outline these steps, using real examples for 
illustration.

Step 1: Obtaining a suitable dataset for external 
validation
The first step of an external validation study is 
obtaining a suitable, high quality dataset.

What quality issues should be considered in an 
external validation dataset?
A high quality dataset is more easily attained when 
initiating a prospective study to collect data for 
external validation, but this approach is potentially 
time consuming and expensive. The use of existing 
datasets (eg, from electronic health records) is 
convenient and often cheaper but is of limited value if 
the quality is low (eg, predictors are missing, outcome 
or predictor measurement methods do not reflect 
actual practice, or time of event is not recorded). Also, 
some existing datasets have a narrower case mix than 
the wider target population owing to specific entry 
criteria; for instance, UK Biobank is a highly selective 
cohort, restricted to individuals aged between 40 and 
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Summary points
External validation is the evaluation of a model’s predictive performance in a 
different (but relevant) dataset, which was not used in the development process
An external validation study involves five key steps: obtaining a suitable dataset, 
making outcome predictions, evaluating predictive performance, assessing 
clinical usefulness, and clearly reporting findings
The validation dataset should represent the target population and setting in 
which the model is planned to be implemented
At a minimum, the validation dataset must contain the information needed to 
apply the model (ie, to make predictions) and make comparisons to observed 
outcomes
A model’s predictive performance should be examined in terms of overall fit, 
calibration, and discrimination, in the overall population and ideally in key 
subgroups (eg, defined by ethnic group), as part of fairness checks
Calibration should be examined across the entire range of predicted values, 
and at each relevant time point for which predictions are being made, using a 
calibration plot including a smoothed flexible calibration curve
Where the goal is for predictions to direct decision making, a prediction model 
should also be evaluated for its clinical usefulness, for example, using net 
benefit and decision curves
Although a well calibrated model is ideal, a miscalibrated model might still have 
clinical usefulness
The TRIPOD (Transparent Reporting of a multivariable prediction model for 
Individual Prognosis Or Diagnosis) statement provides guidance on how to report 
external validation studies
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69—therefore, its use for external validation would 
leave uncertainty about a model’s validity for the wider 
population (including those aged <40 or >69).

To help judge whether an existing dataset is suitable 
for use in an external validation study, we recommend 
using the signalling questions within the Prediction 
model Risk Of Bias ASsessment Tool (PROBAST) 
domains for Participant Selection, Predictors and 
Outcome (box 1).19 20 Fundamentally, the dataset 
should be fit for purpose, such that it represents the 
target population, setting, and implementation of 
the model in clinical practice. For instance, it should 
have patient inclusion and exclusion criteria that 
match those in the target population and setting for 
use (eg, in the UK, prediction models intended for 
use in primary care might consider databases such as 
QResearch, Clinical Practice Research Datalink, Secure 
Anonymised Information Linkage, and The Health 
Improvement Network); measure predictors at or 
before the start point intended for making predictions; 
ensure measurement methods (for predictors and 
outcomes) reflect those to be used in practice; and have 
suitable follow-up information to cover the time points 
of interest for outcome prediction. It should also have 
a suitable sample size to ensure precise estimates of 
predictive performance (see part 3 of our series),21 and 
ideally the amount of missing data should be small 
(see section on dealing with missing data, below).

What population and setting should be used for 
external validation of a prediction model?
Researchers should focus on evaluating a model’s target 
validity,13 such that the validation study represents the 
target population and setting in which the model is 
planned to be implemented (otherwise it will have little 
value). The validation study might include the same 
populations and settings that were used to develop the 
model. However, it could be a deliberate intention to 

evaluate a model’s performance in a different target 
population (eg, country) or setting (eg, secondary care) 
than that used in model development. For this reason, 
multiple external validation studies are conducted 
for the same model, to evaluate performance across 
different populations and settings. For example, the 
predictive performance of the Nottingham Prognostic 
Index has been evaluated in many external validation 
studies.22 The more external validations that confirm 
good performance of a model in different populations 
and settings, the more likely it will be useful in untested 
populations and settings.

Most external validation studies are based on 
data that are convenient (eg, already available from 
a previous study) or easy to collect locally. As such, 
they often only evaluate a model’s performance in 
a specific target setting or (sub)population. To help 
clarify the scope of the external validation, Debray et 
al5 recommend that researchers should quantify the 
relatedness between the development and validation 
datasets, and to make it clear whether the focus 
of the external validation is on reproducibility or 
transportability. Reproducibility relates to when the 
external validation dataset is from a population and 
setting similar to that used for model development. 
Reproducibility is also examined when applying 
internal validation methods (eg, cross validation, 
bootstrapping) to the original development data during 
the model development, as discussed in our first 
paper.1 Conversely, transportability relates to external 
validation in an intended different population or 
setting, for which model performance is often expected 
to change owing to possible differences in predictor 
effects and the participant case mix compared with the 
original development dataset (eg, when moving from a 
primary care to a secondary care setting).

What information needs to be recorded in the 
external validation dataset?
At a minimum, the external validation dataset must 
contain the information needed to apply the model 
(ie, to make predictions) and make comparisons 
to observed outcomes. This required information 
means that, for each participant, the dataset should 
contain the outcome of interest and the values of any 
predictors included in the model. For time-to-event 
outcomes, any censoring times (ie, end of follow-up) 
and the time of any outcome occurrence should also 
be recorded. Fundamentally, the outcome should 
be reliably measured, and the recorded predictor 
information must reflect how, and the moment when, 
the model will be deployed in practice. For example, 
for a model to be used before surgery to predict 28 day 
mortality after surgery, it should use predictors that are 
available before surgery, and not any perioperative or 
postoperative predictors.

Step 2: Making predictions from the model
Once the external validation dataset is finalised (ready 
for analysis), the next step is to apply the existing 
prediction model to derive predicted values for each 

Box 1: Signalling questions within the first three domains of PROBAST (Prediction 
model Risk Of Bias ASsessment Tool)19 20 that are important to consider when 
ensuring a dataset for external validation is fit for purpose

Domain 1: participant selection
•	Were appropriate data sources used—for example, cohort or randomised trial 

for prognostic prediction model research, or cross sectional study for diagnostic 
prediction model research?

•	Were all inclusions and exclusions of participants appropriate?
Domain 2: predictors
•	Were predictors defined and assessed in a similar way for all participants?
•	Were predictor assessments made without knowledge of outcome data?
•	Are all predictors available at the time the model is intended to be used?
Domain 3: outcome
•	Was the outcome determined appropriately?
•	Was a prespecified or standard outcome definition used?
•	Were predictors excluded from the outcome definition?
•	Was the outcome defined and determined in a similar way for all participants?
•	Was the outcome determined without knowledge of predictor information?
•	Was the time interval between predictor assessment and outcome determination 

appropriate?

by copyright.
 on 25 January 2024 at B

odleian Libraries of the U
niversity of O

xford. P
rotected

http://w
w

w
.bm

j.com
/

B
M

J: first published as 10.1136/bm
j-2023-074820 on 15 January 2024. D

ow
nloaded from

 

http://www.bmj.com/


Research Methods and Reporting

the bmj | BMJ 2024;384:e074820 | doi: 10.1136/bmj-2023-074820� 3

participant in the external validation dataset. This step 
should not be done manually, but rather done by using 
appropriate (statistical) code that can be programmed 
to apply the model to each participant in the external 
validation dataset and compute predicted outcome 
values based on their multiple predictor values. For 
some models, typically those based on black box 
artificial intelligence or machine learning methods, 
by design they can only be made directly available 
(by the model developers) as a software object, or 
accessible via a specific system or server. Figure 1 
illustrates the general format of using regression based 
prediction models to estimate outcome values or event 
probabilities (risks), and figure 2 and figure 3 provide 
two case studies.

Figure 2 shows a prediction model developed 
using the US West subset of the GUSTO-I data (2188 
individuals, 135 events), which estimates the 
probability of 30 day mortality after an acute myocardial 
infarction.23 The logistic regression model includes 
eight predictors (with 10 predictor parameters, since 
an additional two parameters are required to capture 
the categorical Killip classification). For illustration of 
externally validating this model, we use the remaining 
data from the GUSTO-I dataset (with thanks to Duke 
Clinical Research Institute),23 which contains all 
eight predictor variables and outcome information for 
38 642 individuals.

Figure 3 shows a prediction model for calculating the 
five year probability of a recurrence in patients with a 
diagnosis of primary breast cancer. This survival model 
was developed for illustrative purposes in 1546 (node 
positive) participants (974 events) from the Rotterdam 
breast cancer study,18 24 including eight predictors with 
10 predictor parameters. External validation is carried 
out using data from the German Breast Cancer Study 
Group, which contains all eight predictor variables 

and outcome information for 686 patients (with 299 
events).18 25-27

Once the predictions have been calculated for each 
participant, it is good practice to summarise their 
observed distribution, for example, as a histogram, 
with summary statistics such as the mean and standard 
deviation. This presentation is illustrated for the two 
examples in figure 2 and figure 3, separately for those 
individuals with and without the outcome event.

Step 3: Quantifying a model’s predictive performance
The third step is to quantify a model’s predictive 
performance in terms of overall fit, calibration, and 
discrimination. This step requires suitable statistical 
software, which is discussed in supplementary 
material S1,28-32 and example code is provided at www.
prognosisresearch.com/software. 

Overall fit
Overall performance of a prediction model for a 
continuous outcome is quantified by R2, the proportion 
of the total variance of outcome values that is explained 
by the model, with values closer to 1 preferred. Often 
this value is multiplied by 100, to give the percentage of 
variation explained. Generalisations of R2 for binary or 
time-to-event outcomes have also been proposed, such 
as the Cox-Snell R2 (this has a maximum value below 
1),33 Nagelkerke’s R2 (a scaled version of the Cox-Snell 
R2, which has a maximum value of 1),34 O’Quigley’s 
R2,35 Royston’s R2,36 and Royston and Sauerbrei’s R2

D.37 
We particularly recommend reporting the Cox-Snell R2 
value, as it is needed in sample size calculations for 
future model development studies.38

Another overall measure of fit is the mean squared 
error of predictions, which for continuous outcomes 
can be obtained on external validation by calculating 
the mean of the squared difference between 

Continuous outcome example: If the existing model is provided in the format of a linear regression equation (to 
predict a continuous outcome value) containing an intercept (β

0
) and three predictor effects (β

1
,β

2
,β

3
)

corresponding to three predictors (X
1
,X

2
,X

3
), then predictions for each individual participant (i) of the continuous 

outcome (Y
i
) would be calculated using equation 1.

Y
i
 = β

0
 + β

1
X

1i
 + β

2
X

2i
 + β

3
X

3i
                  Equation 1

Binary outcome example: For binary outcomes (event: yes or no), the model is used to estimate the probability 
(p

i
) of the outcome event for each individual (i). For example, if the existing model is provided as a logistic 

regression model containing an intercept and three predictors, then the estimated probability (risk) of the 
outcome event can be calculated for each individual by equation 2.

p
i
 =                                                                                      Equation 2

Time-to-event outcome example: For a time-to-event outcome, the model is also used to estimate the 
probability (p

i
) of the outcome event for each individual (i). Many time-to-event prediction models are presented in 

the format of a proportional hazards (Cox) regression model, together with the baseline survival (event-free) 
probability (S

0
(t)) by time t (where “baseline” usually refers to individuals whose predictor values are all zero). This 

process allows an individual’s outcome event probability (F
i
(t)) by a chosen time t to be estimated. For example, 

assuming three predictors (X
1
,X

2
,X

3
) were included in the Cox model, an individual’s estimated probability of the 

outcome event occurring by time t can be calculated using equation 3.
 
F

i
(t) = 1 – S

i
(t) = 1 – S

0
(t)                           Equation 3

where S
i
(t) is the individual’s estimated survival (event-free) probability by time t. Note that if S

0
(t) cannot be 

obtained from the original development paper, it is not possible to calculate the event probability and so the 
existing model cannot be used to estimate risks directly. 
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Fig 1 | Application of an existing prediction model to derive predicted values for each participant in the external validation dataset
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participants’ observed outcomes and their estimated 
(from the model) outcomes. An extension of the mean 
square error for binary or time-to-event outcomes is the 
Brier score,39 40 which compares observed outcomes 
and estimated probabilities. Overall fit performance 
estimates are shown for the two examples in table 1.

Calibration plots
Calibration refers to the assessment of whether 
observed and predicted values agree.41 For example, 
whether observed event probabilities agree with a 
model’s estimated event probabilities (risks). Although 
an individual’s event probability cannot be observed 
(we only know if they had the outcome event or not), we 
can still examine calibration of predicted and observed 
probabilities by deriving smoothed calibration curves 
fitted using all the individuals’ observed outcomes 
and the model’s estimated event probabilities (fig 4 
and fig 5). At external validation, some miscalibration 
between the predicted and observed values should be 
anticipated. The more different the validation dataset is 
compared with the development dataset (eg, in terms of 

population case mix, outcome event proportion, timing 
and measurement of predictors, outcome definition), 
the greater the potential for miscalibration. Similarly, 
models developed using low quality approaches (eg, 
small datasets, unrepresentative samples, unpenalised 
rather than penalised regression) have greater potential 
for miscalibration on external validation.

Calibration should be examined across the entire 
range of predicted values (eg, probabilities between 
0 to 1), and at each relevant time point for which 
predictions are being made. Van Calster et al outline 
a hierarchy of calibration checks,42 ranging from the 
overall mean to subgroups defined by patterns of 
predictor values. Fundamentally, calibration should 
be visualised graphically using a calibration plot 
that compares observed and predicted values in 
the external validation dataset, and the plot must 
include a smoothed flexible calibration curve (with 
a confidence interval) as fitted in the individual data 
using a smoother or splines.42 43

Many researchers, however, do not report a 
calibration plot,44 and those that do tend to only report 

Binary outcome example: probability of mortality at 30 days aer acute myocardial infarction
For illustrative purposes, we consider validation of the following model that calculates the probability of 30 day 
mortality in patients with an acute myocardial infarction:
 
                                                    Probability (p) of 30 day mortality = exp(LP)/(1+exp(LP))
where
 
LP = - 4.365084 - 0.3280145 (HTN) + 0.5443634 (SEX) + 0.007297 ((AGE/10)3 - 221.10694) + 0.692547
(if KILLIP=2) + 2.746477 (if KILLIP=3) + 2.808144 (if KILLIP=4) + 1.386137 (HYP) + 0.6522851 (HRT) + 0.6847723 
(PMI) + 0.215318 (STE - 3.99954)

Predictors are defined as:

HTN = hypertension (0=no, 1=yes); SEX = sex (0=male, 1=female); AGE = age (years); KILLIP 2/3/4 = Killip class (1-4, 
measure for le ventricular function); HYP = hypotension (0=no, 1=yes); HRT = tachycardia (0=no, 1=yes); PMI = 
previous myocardial infarction (0=no, 1=yes); STE = ST elevation on electrocardiogram (number of leads). The 
terms for age and ST elevation on ECG were mean centred based on the means in the development data.

We will externally validate this model using 38 642 individuals from the GUSTO-I dataset, which is a subsample of 
the original GUSTO randomised controlled trial comparing 30 day mortality of two treatment groups in individuals 
who had had an acute myocardial infarction. The dataset is freely available, for which we kindly acknowledge Duke 
Clinical Research Institute. It can be installed in R by typing: load(url('https://hbiostat.org/data/gusto.rda')). In the 
dataset, 2716 participants (7.0%) died by 30 days.

Distributions of the linear predictor (LP) values in the external validation sample are shown below, for all patients 
combined (le panel), and separately for patients who died and those who did not (right panel) within 30 days of 
acute myocardial infarction.

Linear predictor value
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Linear predictor value

-10 -5 0 5 10

No death within 30 days

Mean = -3.52
Median = -3.73
SD = 1.48
IQR = -4.59 to -2.67

No death:
Mean = -3.65
Median = -3.83
SD = 1.36
IQR = -4.65 to -2.84

Death:
Mean = -1.74
Median = -1.94
SD = 1.79
IQR = -2.96 to -0.69

Death within 30 days

Fig 2 | Example of a binary outcome prediction model to be externally validated in new data. SD=standard deviation; IQR=interquartile range
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grouped points rather than a calibration curve across 
the entire range. Grouping can be gamed (eg, by altering 
the number of groups), only reveals calibration in the 
ill defined groups themselves, and caps the calibration 
assessment at the average predicted value in the 
lowest and highest group. Hence, grouping enables 
researchers to (deliberately) obfuscate any meaningful 
assessment of miscalibration in particular ranges 
of predicted values (an example is shown below). A 
calibration curve provides a more complete picture. 
For continuous outcomes, the calibration plot and 
smoothed curve can be supplemented by presenting 
the pair of observed (y axis) against predicted (x axis) 
values for all participants. For binary or time-to-event 
outcomes, observed (y axis) event probabilities against 
the model’s estimated event probabilities (x axis) can 
be added for groups defined by, for example, 10ths or 
20ths of the model’s predictions—again, to supplement 
(not replace) a smoothed calibration curve.43

The calibration plot should be presented in a square 
format, and the axes should not be distorted (eg, by 
changing the scale of one of the axes, or having uneven 
spacing across the range of values) as this could hide 
miscalibration in particular regions. Researchers 

should also add the distribution of the predicted values 
underneath the calibration plot, to show the spread of 
predictions in the validation dataset, perhaps even for 
each of the event and non-event groups separately.

If censoring occurs before the time point of interest 
in the validation dataset, then the true outcome event 
status is unknown for the censored individuals, which 
makes it difficult to directly plot the calibration of model 
predictions at the time point of interest. A common 
approach is to create groups (eg, 10 groups defined by 
tenths of the model’s estimated event probabilities), 
and to plot the model’s average estimated probability 
against the observed (1–Kaplan-Meier) event 
probability for each group. However, this approach 
is unsatisfactory, because the number of groups and 
the thresholds used to define them are arbitrary; 
hence, it only provides information on subjectively 
chosen groups of participants and does not provide 
granular information on calibration or miscalibration 
at specified values or ranges of predicted values. To 
manage this problem, a smoothed calibration curve 
can be plotted that examines calibration across the 
entire range of predicted values (analogous to the 
calibration plot for binary outcomes) at a particular 

Time-to-event outcome: probability of recurrence by five years aer a diagnosis of primary breast cancer 
For illustrative purposes, we consider validation of the following model to calculate a patient’s probability of breast 
cancer recurrence within five years aer diagnosis of a primary breast cancer:

Probability (p) of recurrence by 5 years = 1 – (0.507exp(LP))

where LP = - 0.02385232 ((age/10)3 - 175.38) + 0.01084208 (((age/10)3 x ln(age/10)) – 302.07) + 0.26165013 
(meno) + 0.19223593 (if size=2) + 0.42103043 (if size=3) + 0.25388468 (if grade=3) + 0.40846418 (ln(nodes/10) + 
0.648) - 0.00032374 (er – 165.08) - 0.41367145 (hormone) - 0.48596475 (chemo)

Predictors are defined as:

Age = age at surgery (years); meno = menopausal status (0=pre-menopausal, 1=post-menopausal); size 2 = tumour 
size >20-50 mm; size 3 = tumour size >50 mm; grade 3 = differentiation grade 3 (0=no, 1=yes); nodes = number of 
positive nodes; er = ER (fmol/L); hormone = hormonal therapy (0=no, 1=yes); chemo = chemotherapy (0=no, 
1=yes)
 
We will externally validate this model using a trial of primary breast cancer from the German Breast Cancer Study 
Group, including 686 patients (with 299 events) with primary node positive and a maximum follow-up time of five 
years. The dataset is freely available in Stata (type: webuse brcancer) and R (https://hbiostat.org/data/), and has 
been used in previous books and articles. At five years, the cumulative incidence of recurrence is 51%.

Distributions of the linear predictor (LP) values in the external validation data are shown below, for all patients 
combined (le panel), and separately for patients with and without a recurrence (right panel) by five years.

Linear predictor value
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SD = 0.48
IQR = -0.82 to -0.16

Recurrence:
Mean = -0.17
Median = -0.15
SD = 0.52
IQR = -0.57 to 0.22

Recurrence
within 5 years

Fig 3 | Example of a time-to-event outcome prediction model to be externally validated in new data. SD=standard deviation; IQR=interquartile range
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time point. This approach can be achieved using 
pseudo-observations (or pseudo-values),45-48 or 
flexible adaptive hazard regression or a Cox model 
using restricted cubic splines.49 More details are 
provided in supplementary material S2.

Calibration plots and curves for the two examples 
are shown in figure 4 and figure 5. The calibration 
plot for the binary outcome example (fig 4) shows 

good calibration for event probabilities between 0 and 
0.15. For calculated event probabilities beyond 0.2, 
the model overestimates the probability of mortality, 
as revealed by the smoothed calibration curve lying 
below the diagonal line. Had only grouped points 
been included (and not a smoothed curve across 
individuals), the extent of the miscalibration in the 
range of model predictions above 0.2 would be hidden. 

Table 1 | Predictive performance of example models when examined in the external validation population. Data are 
estimates (95% confidence intervals). AUROC=area under the receiver operating characteristic curve

Performance measure
Binary outcome model: probability of 30 day 
mortality after an acute myocardial infarction

Time-to-event outcome model: probability of five 
year recurrence after a diagnosis of primary breast 
cancer

Overall fit 
R2 Nagelkerke 0.077 (0.070 to 0.085) —
R2 Cox-Snell 0.19 (0.18 to 0.21) —
Royston R2D — 0.17 (0.12 to 0.23)
Brier score 0.059 (0.057 to 0.061) 0.22 (0.19 to 0.24)
Calibration
Calibration-in-the-large 0.019 (−0.026 to 0.064) —
Observed/expected 1.01 (1.01 to 1.02) 1.27 (1.22 to 1.32)
Calibration slope 0.72 (0.70 to 0.75) 1.10 (0.88 to 1.33)
Integrated calibration index 0.017 (0.017 to 0.018) 0.109 (0.107 to 0.112)
Discrimination 
C statistic (AUROC) 0.81 (0.80 to 0.82) —
Harrell’s C index — 0.67 (0.64 to 0.70)
Time dependent AUROC at 
five years

— 0.71 (0.65 to 0.76)
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Fig 4 | Calibration plots for binary outcome prediction model on external validation. Example shows probability of 30 day mortality after an acute 
myocardial infarction. Area below the dashed line=where the model’s risk estimates are too high; area above the dashed line=where the model’s 
risk estimates are too low; 10 circles=10 groups defined by tenths of the distribution of estimated risks; histograms at the bottom of graphs show 
the distribution of risk estimates for each outcome group
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For example, consider if the calibration had been 
checked for 10 groups based on tenths of predicted 
values (see 10 circles in fig 4). Because most of the 
data involve patients with model predictions less than 
0.2, nine of the 10 groups fall below predictions of 
0.2. Further, the model’s estimated probabilities in the 
upper group have a mean of about 0.4, and information 
above this value is completely lost, incidentally where 
the miscalibration is most pronounced based on the 
smoothed curve across all individuals. Therefore, figure 
4 demonstrates our earlier point that categorising 
into groups loses and hides information, and that 
the calibration curve is essential to show information 
across the whole range of predictions, including values 
close to 1.

Although a well calibrated model is ideal, a 
miscalibrated model might still have clinical 
usefulness. For example, in figure 4, miscalibration 
is most pronounced in regions where the model’s 
estimated mortality risks are very high (eg, >0.3), 
with actual observed risks about 0.05 to 0.3 lower. 
However, in this setting, whether a patient is deemed 
to have high or very high mortality risks is unlikely to 
change clinical decisions for that patient. By contrast, 
in regions where clinical risk thresholds are more 
relevant (eg, predictions ranging from 0.05 to 0.1), 
calibration is very good and so the model might still be 

useful in clinical practice despite the miscalibration at 
higher risks (see step 4).

The calibration plot for the time-to-event outcome 
example shows that the predictions are systematically 
lower than the observed event risk at five years (fig 
5), with most of the calibration curve lying above 
the diagonal. In particular, for predictions between 
0.1 and 0.8, the model appears to systematically 
underestimate the probability of recurrence within five 
years of a breast cancer diagnosis.

The calibration curve’s confidence interval is 
important to reveal the precision of the calibration 
assessment. It also quantifies the uncertainty of the 
actual risk in a group of individuals defined by a 
particular predicted value. For example, for the group 
of individuals with an estimated risk of 0.8 in figure 5, 
the 95% confidence interval around the curve suggests 
that this group’s actual risk is likely between 0.78 to 1.

Quantifying calibration performance
Calibration plots with calibration curves should 
also be supplemented with statistical measures that 
summarise the calibration performance observed in 
the plot.50 Calibration should not be assessed using the 
Hosmer-Lemeshow test, or related ones like the Nam-
D’Agostino test or Gronnesby-Borgan test, because 
these require arbitrary grouping of participants that, 
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Fig 5 | Calibration plots for time-to-event prediction model on external validation. Example shows time-to-event outcome: probability of five year 
recurrence after a diagnosis of primary breast cancer. Area below the dashed line=where the model’s risk estimates are too high; area above the 
dashed line=where the model’s risk estimates are too low; 10 circles=10 groups defined by tenths of the distribution of estimated risks; histograms 
at the bottom of graphs show the distribution of risk estimates for each outcome group
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along with sample size, can influence the calculated 
P value, and does not quantify the actual magnitude 
or direction of any miscalibration. Rather, calibration 
should be quantified by the calibration slope (ideal 
value of 1), calibration-in-the-large (ideal value of 
0) and—for binary or time-to-event outcomes—the 
observed/expected (O/E) ratio (ideal value of 1) or 
conversely the E/O ratio. A detailed explanation for each 
of these measures is given in supplementary material 
S3. Estimates of these measures should be reported 
alongside confidence intervals, and derived for the 
dataset as a whole and, ideally, also for key subgroups 
(eg, different ethnic groups, regions). To quantify 
overall miscalibration based on the calibration curve, 
the estimated or integrated calibration index can be 
used, which respectively measure an average of the 
squared or absolute differences between the estimated 
calibration curve and the 45 degree (diagonal) line of 
ideal calibration.51 52

Calibration measures are summarised in table 
1 for the two examples, which confirm the visual 
findings in the calibration plots. For example, the 
binary outcome prediction model has a calibration 
slope of 0.72 (95% confidence interval 0.70 to 0.75), 
suggesting that predictions are too extreme; this is 
driven by the overprediction in those with estimated 
event probabilities above 0.2 (fig 4). The time-to-event 
prediction model has an O/E ratio of 1.27, suggesting 
that the observed event probabilities are systematically 
higher than the model’s estimated values, which is 
seen by the smoothed calibration curve lying mainly 
above the diagonal line (fig 5). Such situations could 
motivate model updating to improve calibration 
performance.53

The results also emphasise how one calibration 
measure alone does not provide a full picture. For 
example, the calibration slope is close to 1 for 
the time-to-event prediction model (1.10, 95% 
confidence interval 0.88 to 1.33), but there is clear 
miscalibration owing to the O/E ratio of 1.27 (1.22 to 

1.32). Conversely, O/E ratio is 1.01 (1.01 to 1.02) in 
the binary outcome example, suggesting good overall 
agreement, but the calibration slope is 0.72 (0.70 to 
0.75) owing to the overestimation of high risks (fig 4). 
Hence, all measures of calibration should be reported 
together and—fundamentally—alongside a calibration 
plot with a smoothed calibration curve.

Quantifying discrimination performance
Discrimination refers to how well a model’s predictions 
separate between two groups of participants: those 
who have (or develop) the outcome and those who do 
not have (or do not develop) the outcome. Therefore, 
discrimination is only relevant for prediction models 
of binary and time-to-event outcomes, and not 
continuous outcomes.

Discrimination is quantified by the concordance 
(c) statistic (index),11 54 and a value of 1 indicates the 
model has perfect discrimination, while a value of 
0.5 indicates the model discriminates no better than 
chance. For binary outcomes, it is equivalent to the 
area under the receiver operating characteristic curve 
(AUROC) curve. It gives the probability that for any 
randomly selected pair of participants, one with and 
one without the outcome, the model assigns a higher 
probability to the participant with the outcome. What 
constitutes a high c statistic is context specific; in 
some fields where strong predictors exist, a c statistic 
of 0.8 might be considered high, but in others where 
prediction is more difficult, values of 0.6 might be 
deemed high. The c statistic also depends on the case 
mix distribution. Presenting an ROC curve over and 
above the c statistic (AUROC) has very little, if any, 
benefit.55 56 Similarly, providing traditional measures 
of test accuracy such as sensitivity and specificity 
are not as relevant for prediction models, because 
the focus should be on the overall performance of 
the model’s predictions without forcing thresholds to 
define so-called high and low groups. If thresholds are 
important for clinical decision making, then clinical 
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Fig 6 | Decision curves showing net benefit for binary outcome prediction model across a range of threshold probabilities that define when 
some clinical action (eg, treatment) is warranted. Example shows probability of 30 day mortality after an acute myocardial infarction. Threshold 
probability=risk needed to initiate a particular treatment or clinical action; positive values of net benefit indicate clinical utility; treat all=strategy 
of initiating the particular treatment (or clinical action) for all patients regardless of their estimated risk; treat none=strategy of not initiating 
the treatment (or clinical action) for any patient; treat per model=strategy of initiating the treatment (or clinical action) for those patients whose 
estimated risk is at or above the threshold probability. An interactive version of this graphic is available at: https://public.flourish.studio/
visualisation/15175981/
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utility should be assessed at those thresholds, for 
example, using net benefit and decision curves (see 
step 4).

Generalisations of the c statistic have been proposed 
for time-to-event models, most notably Harrell’s 
C index, but many other variants are available, 
including Efron’s estimator, Uno’s estimator, Göner 
and Heller’s estimator, and case mix adjusted 
estimates.54 57 Royston’s D statistic is another measure 
of discrimination,37 interpreted as the log hazard 
ratio comparing two equally sized groups defined by 
dichotomising the (assumed normally distributed) 
linear predictor from the developed model at the 
median value. Higher values for the D statistic indicate 
greater discrimination.

Harrell’s C index and Royston’s D statistic measure 
discrimination over all time points up to a particular 
time point (or end of follow-up). However, usually an 
external validation study aims to examine a model’s 
predictive performance at a particular time point, 
and so time dependent discrimination measures are 
more informative, such as an inverse probability of 
censoring weighted estimate of the time dependent 
area under the ROC curve for the time point of interest 
(t).58

Discrimination performance for the two examples is 
shown in table 1, and show promising discrimination 
in both cases. For the binary outcome example, the 
model correctly identifies 80.8% concordant pairs (c 
statistic 0.81, 95% confidence interval 0.80 to 0.82). 
The time-to-event example has a Harrell’s C index of 
0.67 (0.64 to 0.70) and a time dependent AUROC curve 
of 0.71 (0.65 to 0.76), suggesting that the model’s 
discrimination at five years is slightly higher than the 
discrimination performance averaged across all time 
points.

Step 4: Quantifying clinical utility
Where the goal is for predictions to direct decision 
making, a prediction model should also be evaluated 
for its overall benefit on participant and healthcare 

outcomes; also known as its clinical utility.16 59 60 
For example, if a model estimates a patient’s event 
probability above a certain threshold value (eg, >0.1), 
then the patient and their healthcare professionals 
could decide on some clinical action (eg, above current 
clinical care), such as use of a particular treatment, 
monitoring strategy, or lifestyle change. When 
externally validating the model, the clinical utility of 
this approach can be quantified by the net benefit, 
a measure that weighs the benefits (eg, improved 
patient outcomes) against the harms (eg, worse 
patient outcomes, additional costs).61 62 It requires the 
researchers to choose a probability (risk) threshold, 
at or above which there will be a clinical action. The 
threshold should be chosen before a clinical utility 
analysis, based on discussion with clinical experts 
and patient focus groups, and indeed there might 
be a range of thresholds of interest, because a single 
threshold is unlikely to be acceptable for all clinical 
settings and individuals. Then, a decision curve can 
be used to display a model’s net benefit across the 
range of chosen threshold values, and compared with 
other decision making strategies (eg, other models, 
or options such as treat all and treat none). Further 
explanation is provided in supplementary material S4, 
and more detailed guidance is provided in previous 
tutorials.61-63

We apply this clinical utility step to the two 
examples in figure 6 and figure 7, and show results 
across the entire 0 to 1 probability range for 
illustration, although in practice a narrower range 
would be predetermined by clinical and patient 
groups, as mentioned. Figure 6 shows that the binary 
outcome model has a positive net benefit for all 
thresholds below 0.44, where clinical thresholds are 
likely to fall in this clinical setting, with greater net 
benefit than the treat all strategy at all thresholds. 
Figure 7 time-to-event outcome model has a positive 
net benefit for thresholds up to 0.79, but does not 
provide added benefit over the treat all strategy if key 
thresholds fall below 0.38.
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Fig 7 | Decision curves showing net benefit for time-to-event prediction model across a range of threshold probabilities that define when some 
clinical action (eg, treatment) is warranted. Example shows probability of five year recurrence after a diagnosis of primary breast cancer. Threshold 
probability=risk needed to initiate a particular treatment or clinical action; positive values of net benefit indicate clinical utility; treat all=strategy 
of initiating the particular treatment (or clinical action) for all patients regardless of their estimated risk; treat none=strategy of not initiating 
the treatment (or clinical action) for any patient; treat per model=strategy of initiating the treatment (or clinical action) for those patients whose 
estimated risk is at or above the threshold probability. An interactive version of this graphic is available at: https://public.flourish.studio/
visualisation/15162451/
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Step 5: Clear and transparent reporting
The Transparent Reporting of a multivariable model 
for Individual Prognosis Or Diagnosis (TRIPOD) 
statement provides guidance on how to report studies 
validating a multivariable prediction model.50 64 For 
example, the guidance recommends specifying all 
measures calculated to evaluate model performance 
and, at a minimum, to report calibration (graphically 
and quantified) and discrimination, along with 
corresponding confidence intervals. With the 
introduction of new sample size criteria for both 
developing and validating prediction models,21  38  65-71 
we also recommend reporting either the Cox-Snell 
or Nagelkerke R2, and the distribution of the linear 
predictor (eg, histograms for those with and without 
the outcome event, as shown in fig 2 and fig 3, and 
at the base of the plots in fig 4 and fig 5). These 
additional reporting recommendations not only 
provide information on the performance of the model 
but also provide researchers with key information 
needed to estimate sample sizes for further external 
validation, model updating, or when developing new 
models.38 65 66 68

Special topics
Dealing with missing data
The external validation dataset might contain missing 
data in some of the predictor variables or the outcome. 
A variety of methods are available to deal with missing 
data, including analysis of complete cases, single 
imputation (eg, mean or regression imputation), and 
multiple imputation. Handling of missing data during 
external validation is an unresolved topic and an 
area of active research.72-74 Occasionally the model 
developers will specify how to deal with missing 
predictor values during model deployment; in that 
situation, the external validation should primarily 
assess that recommended strategy. However, most 
existing models do not specify or even consider how 
to deal with missing predictor values at deployment, 
and an external validation might then need to examine 
a range of plausible options, such as single or multiple 
imputation.

Checking subgroups and algorithmic fairness
An important part of external validation is to check 
a model’s predictive performance in key clusters (eg, 
countries, regions) and subgroups (eg, defined by 
sex, ethnic group), for example, as part of examining 
algorithm fairness. This is discussed in more detail in 
paper 1 of our series.1

Multiple external validation studies and individual 
participant data meta-analyses
Where interest lies in a model’s transportability to 
multiple populations and settings, multiple external 
validation studies are often needed.5 75-77 Then, not only 
is the overall (average) model performance of interest, 
but also the heterogeneity in performance across the 
different settings and populations.5 Heterogeneity can 
be examined through data sharing initiatives and by 

using individual participant data meta-analyses, as 
described elsewhere.4 78

Competing events
Sometimes competing events can occur that prevent 
a main event of interest from being observed, such 
as death before a second hip replacement. In this 
situation, if a model’s predictions are to be evaluated in 
the context of the real world (ie, where the competing 
event will reduce the probability of the main event from 
occurring), then the predictive performance estimates 
must account for the competing event in the statistical 
analysis (eg, when deriving calibration curves). This 
topic is covered in a related paper in The BMJ on 
validation of models in competing risks settings.9

Conclusions
External validation studies should be highly valued by 
the research community. A model is never completely 
validated,3 79 because its predictive performance 
could change across target settings, populations, and 
subgroups, and might deteriorate over time owing to 
improvements in care (leading to calibration drift). 
Thus, external validation studies should be viewed as 
a necessary and continual part of evaluating a model’s 
performance. In the next article in this series, we 
describe how to calculate the sample size required for 
such studies.21

Author affiliations
1Institute of Applied Health Research, College of Medical and Dental 
Sciences, University of Birmingham, Birmingham B15 2TT, UK
2National Institute for Health and Care Research (NIHR) Birmingham 
Biomedical Research Centre, Birmingham, UK
3Centre for Statistics in Medicine, Nuffield Department of 
Orthopaedics, Rheumatology and Musculoskeletal Sciences, 
University of Oxford, Oxford, UK
4Division of Informatics, Imaging and Data Science, Faculty of 
Biology, Medicine and Health, University of Manchester, Manchester 
Academic Health Science Centre, Manchester, UK
5Department of Biostatistics, University of Liverpool, Liverpool, UK
Contributors: RDR and GSC conceived the paper and produced the 
first draft. LA provided the examples. All authors provided comments 
and suggested changes, which were then addressed by RDR and 
GSC. RDR revised the article, with feedback from GSC and then all 
authors. RDR is guarantor. The corresponding author attests that all 
listed authors meet authorship criteria and that no others meeting the 
criteria have been omitted.
Funding: This paper presents independent research supported 
(for RDR, LA, KIES, JE, PD, and GSC) by an Engineering and Physical 
Sciences Research Council (EPSRC) grant for “Artificial intelligence 
innovation to accelerate health research” (EP/Y018516/1); a National 
Institute for Health and Care Research (NIHR)-Medical Research 
Council (MRC) Better Methods Better Research grant (for RDR, LA, 
KIES, JE, and GSC) (MR/V038168/1), and the NIHR Birmingham 
Biomedical Research Centre at the University Hospitals Birmingham 
NHS Foundation Trust and the University of Birmingham (for RDR, 
LA, JE, and KIES). The views expressed are those of the author(s) 
and not necessarily those of the NHS, NIHR, or UK Department of 
Health and Social Care. GSC was also supported by Cancer Research 
UK (programme grant C49297/A27294). The funders had no 
role in considering the study design or in the collection, analysis, 
interpretation of data, writing of the report, or decision to submit the 
article for publication.
Competing interests: All authors have completed the ICMJE uniform 
disclosure form at www.icmje.org/disclosure-of-interest/ and declare: 
funding from the EPSRC, NIHR-MRC, NIHR Birmingham Biomedical 
Research Centre, and Cancer Research UK for the submitted work; 
no financial relationships with any organisations that might have an 
interest in the submitted work in the previous three years; no other 

by copyright.
 on 25 January 2024 at B

odleian Libraries of the U
niversity of O

xford. P
rotected

http://w
w

w
.bm

j.com
/

B
M

J: first published as 10.1136/bm
j-2023-074820 on 15 January 2024. D

ow
nloaded from

 

http://www.icmje.org/disclosure-of-interest/
http://www.bmj.com/


Research Methods and Reporting

the bmj | BMJ 2024;384:e074820 | doi: 10.1136/bmj-2023-074820� 11

relationships or activities that could appear to have influenced the 
submitted work.
Data sharing: The GUSTO-I dataset is freely available, for which 
we kindly acknowledge Duke Clinical Research Institute. It can be 
installed in R by typing: load(url(‘https://hbiostat.org/data/gusto.
rda’)).
Patient and public involvement: Patients or the public were not 
involved in the design, or conduct, or reporting, or dissemination of 
our research.
Provenance and peer review: Not commissioned; externally peer 
reviewed.
This is an Open Access article distributed in accordance with the 
terms of the Creative Commons Attribution (CC BY 4.0) license, which 
permits others to distribute, remix, adapt and build upon this work, 
for commercial use, provided the original work is properly cited. See: 
http://creativecommons.org/licenses/by/4.0/.

1 	 Collins GS, Dhiman P, Ma J, et al. Evaluation of clinical prediction 
models (part 1): from development to external validation. 
BMJ 2023;383:e074819. doi:10.1136/bmj-2023-074819

2 	 McLernon DJ, Giardiello D, Van Calster B, et al, topic groups 6 
and 8 of the STRATOS Initiative. Assessing Performance and 
Clinical Usefulness in Prediction Models With Survival Outcomes: 
Practical Guidance for Cox Proportional Hazards Models. Ann Intern 
Med 2023;176:105-14.

3 	 Sperrin M, Riley RD, Collins GS, Martin GP. Targeted validation: 
validating clinical prediction models in their intended population and 
setting. Diagn Progn Res 2022;6:24. doi:10.1186/s41512-022-
00136-8 

4 	 Riley RD, Ensor J, Snell KI, et al. External validation of clinical 
prediction models using big datasets from e-health records or IPD 
meta-analysis: opportunities and challenges. BMJ 2016;353:i3140. 
doi:10.1136/bmj.i3140 

5 	 Debray TP, Vergouwe Y, Koffijberg H, Nieboer D, Steyerberg EW, 
Moons KG. A new framework to enhance the interpretation of 
external validation studies of clinical prediction models. J Clin 
Epidemiol 2015;68:279-89. doi:10.1016/j.jclinepi.2014.06.018 

6 	 Moons KG, Kengne AP, Grobbee DE, et al. Risk prediction models: 
II. External validation, model updating, and impact assessment. 
Heart 2012;98:691-8. doi:10.1136/heartjnl-2011-301247 

7 	 Bleeker SE, Moll HA, Steyerberg EW, et al. External validation 
is necessary in prediction research: a clinical example. J Clin 
Epidemiol 2003;56:826-32. doi:10.1016/S0895-4356(03) 
00207-5 

8 	 Steyerberg EW, Harrell FEJr. Prediction models need appropriate 
internal, internal-external, and external validation. J Clin 
Epidemiol 2016;69:245-7. doi:10.1016/j.jclinepi.2015.04.005 

9 	 van Geloven N, Giardiello D, Bonneville EF, et al, STRATOS initiative. 
Validation of prediction models in the presence of competing 
risks: a guide through modern methods. BMJ 2022;377:e069249. 
doi:10.1136/bmj-2021-069249 

10 	 Riley RD, van der Windt D, Croft P, Moons KGM, eds. 
Prognosis Research in Healthcare: Concepts, Methods 
and Impact. Oxford University Press, 2019. doi:10.1093/
med/9780198796619.001.0001.

11 	 Harrell FEJr. Regression Modeling Strategies: With Applications 
to Linear Models, Logistic and Ordinal Regression, and Survival 
Analysis. 2nd ed. Springer, 2015. doi:10.1007/978-3-319- 
19425-7.

12 	 Steyerberg EW, Vergouwe Y. Towards better clinical prediction 
models: seven steps for development and an ABCD for validation. Eur 
Heart J 2014;35:1925-31. doi:10.1093/eurheartj/ehu207 

13 	 Steyerberg EW. Clinical prediction models: a practical approach to 
development, validation, and updating. 2nd ed. Springer, 2019. 
doi:10.1007/978-3-030-16399-0.

14 	 Altman DG, Vergouwe Y, Royston P, Moons KG. Prognosis 
and prognostic research: validating a prognostic model. 
BMJ 2009;338:b605. doi:10.1136/bmj.b605 

15 	 Justice AC, Covinsky KE, Berlin JA. Assessing the generalizability 
of prognostic information. Ann Intern Med 1999;130:515-24. 
doi:10.7326/0003-4819-130-6-199903160-00016 

16 	 Reilly BM, Evans AT. Translating clinical research into clinical 
practice: impact of using prediction rules to make decisions. Ann 
Intern Med 2006;144:201-9. doi:10.7326/0003-4819-144-3-
200602070-00009 

17 	 Toll DB, Janssen KJ, Vergouwe Y, Moons KG. Validation, 
updating and impact of clinical prediction rules: a review. 
J Clin Epidemiol 2008;61:1085-94. doi:10.1016/j.
jclinepi.2008.04.008 

18 	 Royston P, Altman DG. External validation of a Cox prognostic model: 
principles and methods. BMC Med Res Methodol 2013;13:33. 
doi:10.1186/1471-2288-13-33 

19 	 Wolff RF, Moons KGM, Riley RD, et al, PROBAST Group†. PROBAST: A 
Tool to Assess the Risk of Bias and Applicability of Prediction Model 
Studies. Ann Intern Med 2019;170:51-8. doi:10.7326/M18-1376 

20 	 Moons KGM, Wolff RF, Riley RD, et al. PROBAST: A Tool to Assess Risk 
of Bias and Applicability of Prediction Model Studies: Explanation 
and Elaboration. Ann Intern Med 2019;170:W1-33. doi:10.7326/
M18-1377 

21 	 Riley RD, Snell KIE, Archer L, et al. Evaluation of clinical prediction 
models (part 3): calculating the sample size required for an external 
validation study. BMJ 2023;383:e074821. doi:10.1136/bmj-2023-
074821

22 	 Altman DG. Prognostic models: a methodological framework and 
review of models for breast cancer. Cancer Invest 2009;27:235-43. 
doi:10.1080/07357900802572110 

23 	 GUSTO investigators. An international randomized trial comparing 
four thrombolytic strategies for acute myocardial infarction. N Engl J 
Med 1993;329:673-82. doi:10.1056/NEJM199309023291001 

24 	 Foekens JA, Peters HA, Look MP, et al. The urokinase system of 
plasminogen activation and prognosis in 2780 breast cancer 
patients. Cancer Res 2000;60:636-43.

25 	 Schumacher M, Bastert G, Bojar H, et al, German Breast Cancer Study 
Group. Randomized 2 x 2 trial evaluating hormonal treatment and the 
duration of chemotherapy in node-positive breast cancer patients. J 
Clin Oncol 1994;12:2086-93. doi:10.1200/JCO.1994.12.10.2086 

26 	 Royston P, Sauerbrei W. Multivariable Model-Building - A 
pragmatic approach to regression analysis based on fractional 
polynomials for modelling continuous variables. Wiley, 2008. 
doi:10.1002/9780470770771.

27 	 Royston P, Lambert PC. Flexible Parametric Survival Analysis Using 
Stata: Beyond the Cox Model. CRC Press, 2011.

28 	 Harrell FE Jr. rms: Regression Modeling Strategies. R package version 
6.7-0. https://CRAN.R-project.org/package=rms2023.

29 	 Gerds T, Ohlendorff J, Ozenne B. riskRegression: Risk Regression 
Models and Prediction Scores for Survival Analysis with Competing 
Risks. R package version 2023.03.22. https://CRAN.R-project.org/
package=riskRegression2023.

30 	 Gerds TA. pec: Prediction Error Curves for Risk Prediction Models in 
Survival Analysis. R package version 2023.04.12. https://CRAN.R-
project.org/package=pec2023.

31 	 Ensor J, Snell KIE, Martin EC. PMCALPLOT: Stata module to produce 
calibration plot of prediction model performance. Statistical Software 
Components S458486. Boston College Department of Economics, 
2020.

32 	 Gerds TA, Andersen PK, Kattan MW. Calibration plots for risk 
prediction models in the presence of competing risks. Stat 
Med 2014;33:3191-203. doi:10.1002/sim.6152 

33 	 Cox DR, Snell EJ. The Analysis of Binary Data. 2nd ed. Chapman and 
Hall, 1989.

34 	 Nagelkerke N. A note on a general definition of the coefficient 
of determination. Biometrika 1991;78:691-2. doi:10.1093/
biomet/78.3.691.

35 	 O’Quigley J, Xu R, Stare J. Explained randomness in proportional 
hazards models. Stat Med 2005;24:479-89. doi:10.1002/sim.1946 

36 	 Royston P. Explained variation for survival models. Stata J 2006;6:83-
96. doi:10.1177/1536867X0600600105.

37 	 Royston P, Sauerbrei W. A new measure of prognostic separation in 
survival data. Stat Med 2004;23:723-48. doi:10.1002/sim.1621 

38 	 Riley RD, Ensor J, Snell KIE, et al. Calculating the sample size required 
for developing a clinical prediction model. BMJ 2020;368:m441. 
doi:10.1136/bmj.m441 

39 	 Brier GW. Verification of forecasts expressed in terms of 
probability. Mon Weather Rev 1950;78:1-3. doi:10.1175/1520-
0493(1950)078<0001:VOFEIT>2.0.CO;2.

40 	 Gerds TA, Schumacher M. Consistent estimation of the expected Brier 
score in general survival models with right-censored event times. 
Biom J 2006;48:1029-40. doi:10.1002/bimj.200610301 

41 	 Van Calster B, McLernon DJ, van Smeden M, Wynants L, Steyerberg 
EW, Topic Group ‘Evaluating diagnostic tests and prediction models’ 
of the STRATOS initiative. Calibration: the Achilles heel of predictive 
analytics. BMC Med 2019;17:230. doi:10.1186/s12916-019-
1466-7 

42 	 Van Calster B, Nieboer D, Vergouwe Y, De Cock B, Pencina MJ, 
Steyerberg EW. A calibration hierarchy for risk models was defined: 
from utopia to empirical data. J Clin Epidemiol 2016;74:167-76. 
doi:10.1016/j.jclinepi.2015.12.005 

43 	 Altman DG, Vergouwe Y, Royston P, Moons KGM. Prognosis 
and prognostic research: validating a prognostic model. 
BMJ 2009;338:b605. doi:10.1136/bmj.b605 

44 	 Collins GS, Ogundimu EO, Altman DG. Sample size considerations 
for the external validation of a multivariable prognostic model: 
a resampling study. Stat Med 2016;35:214-26. doi:10.1002/
sim.6787 

45 	 Parner ET, Andersen PK. Regression analysis of censored 
data using pseudo-observations. Stata J 2010;10:408-22. 
doi:10.1177/1536867X1001000308.

by copyright.
 on 25 January 2024 at B

odleian Libraries of the U
niversity of O

xford. P
rotected

http://w
w

w
.bm

j.com
/

B
M

J: first published as 10.1136/bm
j-2023-074820 on 15 January 2024. D

ow
nloaded from

 

https://hbiostat.org/data/gusto.rda&apos;
https://hbiostat.org/data/gusto.rda&apos;
http://creativecommons.org/licenses/by/4.0/
https://CRAN.R-project.org/package=rms2023
https://CRAN.R-project.org/package=riskRegression2023
https://CRAN.R-project.org/package=riskRegression2023
https://CRAN.R-project.org/package=pec2023
https://CRAN.R-project.org/package=pec2023
http://www.bmj.com/


Research Methods and Reporting

12� doi: 10.1136/bmj-2023-074820 | BMJ 2024;384:e074820 | the bmj

46 	 Andersen PK, Perme MP. Pseudo-observations in survival analysis. Stat 
Methods Med Res 2010;19:71-99. doi:10.1177/0962280209105020 

47 	 Royston P. Tools for Checking Calibration of a Cox Model in External 
Validation: Approach Based on Individual Event Probabilities. Stata 
J 2014;14:738-55. doi:10.1177/1536867X1401400403.

48 	 Perme MP, Andersen PK. Checking hazard regression models using 
pseudo-observations. Stat Med 2008;27:5309-28. doi:10.1002/
sim.3401 

49 	 Austin PC, Harrell FEJr, van Klaveren D. Graphical calibration curves 
and the integrated calibration index (ICI) for survival models. Stat 
Med 2020;39:2714-42. doi:10.1002/sim.8570 

50 	 Moons KG, Altman DG, Reitsma JB, et al. Transparent Reporting 
of a multivariable prediction model for Individual Prognosis or 
Diagnosis (TRIPOD): explanation and elaboration. Ann Intern 
Med 2015;162:W1-73. doi:10.7326/M14-0698 

51 	 Van Hoorde K, Van Huffel S, Timmerman D, Bourne T, Van Calster B. A 
spline-based tool to assess and visualize the calibration of multiclass 
risk predictions. J Biomed Inform 2015;54:283-93. doi:10.1016/j.
jbi.2014.12.016 

52 	 Austin PC, Steyerberg EW. The Integrated Calibration Index (ICI) and 
related metrics for quantifying the calibration of logistic regression 
models. Stat Med 2019;38:4051-65. doi:10.1002/sim.8281 

53 	 Binuya MAE, Engelhardt EG, Schats W, Schmidt MK, Steyerberg 
EW. Methodological guidance for the evaluation and updating 
of clinical prediction models: a systematic review. BMC Med Res 
Methodol 2022;22:316. doi:10.1186/s12874-022-01801-8 

54 	 Harrell FEJr, Lee KL, Mark DB. Multivariable prognostic models: 
issues in developing models, evaluating assumptions and adequacy, 
and measuring and reducing errors. Stat Med 1996;15:361-87. 
doi:10.1002/(SICI)1097-0258(19960229)15:4<361::AID-
SIM168>3.0.CO;2-4 

55 	 Verbakel JY, Steyerberg EW, Uno H, et al. ROC curves for clinical 
prediction models part 1. ROC plots showed no added value above 
the AUC when evaluating the performance of clinical prediction 
models. J Clin Epidemiol 2020;126:207-16. doi:10.1016/j.
jclinepi.2020.01.028 

56 	 Van Calster B, Wynants L, Collins GS, Verbakel JY, Steyerberg EW. 
ROC curves for clinical prediction models part 3. The ROC plot: a 
picture that needs a 1000 words. J Clin Epidemiol 2020;126:220-3. 
doi:10.1016/j.jclinepi.2020.05.037 

57 	 Brentnall AR, Cuzick J. Use of the concordance index for predictors of 
censored survival data. Stat Methods Med Res 2018;27:2359-73. 
doi:10.1177/0962280216680245 

58 	 Blanche P, Kattan MW, Gerds TA. The c-index is not proper for the 
evaluation of $t$-year predicted risks. Biostatistics 2019;20:347-
57. doi:10.1093/biostatistics/kxy006 

59 	 Localio AR, Goodman S. Beyond the usual prediction accuracy 
metrics: reporting results for clinical decision making. Ann Intern 
Med 2012;157:294-5. doi:10.7326/0003-4819-157-4-
201208210-00014 

60 	 Moons KG, Altman DG, Vergouwe Y, Royston P. Prognosis and 
prognostic research: application and impact of prognostic models in 
clinical practice. BMJ 2009;338:b606. doi:10.1136/bmj.b606 

61 	 Vickers AJ, Van Calster B, Steyerberg EW. Net benefit approaches 
to the evaluation of prediction models, molecular markers, and 
diagnostic tests. BMJ 2016;352:i6. doi:10.1136/bmj.i6 

62 	 Vickers AJ, Elkin EB. Decision curve analysis: a novel method for 
evaluating prediction models. Med Decis Making 2006;26:565-74. 
doi:10.1177/0272989X06295361 

63 	 Vickers AJ, Cronin AM, Elkin EB, Gonen M. Extensions to decision 
curve analysis, a novel method for evaluating diagnostic tests, 
prediction models and molecular markers. BMC Med Inform Decis 
Mak 2008;8:53. doi:10.1186/1472-6947-8-53 

64 	 Collins GS, Reitsma JB, Altman DG, Moons KGM. Transparent 
Reporting of a multivariable prediction model for Individual 
Prognosis or Diagnosis (TRIPOD): the TRIPOD statement. Ann Intern 
Med 2015;162:55-63. doi:10.7326/M14-0697 

65 	 Riley RD, Debray TPA, Collins GS, et al. Minimum sample size for 
external validation of a clinical prediction model with a binary 
outcome. Stat Med 2021;40:4230-51. doi:10.1002/sim.9025 

66 	 Riley RD, Collins GS, Ensor J, et al. Minimum sample size calculations 
for external validation of a clinical prediction model with a time-
to-event outcome. Stat Med 2022;41:1280-95. doi:10.1002/
sim.9275 

67 	 Snell KIE, Archer L, Ensor J, et al. External validation of clinical 
prediction models: simulation-based sample size calculations were 
more reliable than rules-of-thumb. J Clin Epidemiol 2021;135:79-89. 
doi:10.1016/j.jclinepi.2021.02.011 

68 	 Archer L, Snell KIE, Ensor J, Hudda MT, Collins GS, Riley RD. Minimum 
sample size for external validation of a clinical prediction model with 
a continuous outcome. Stat Med 2021;40:133-46. doi:10.1002/
sim.8766 

69 	 Riley RD, Van Calster B, Collins GS. A note on estimating the 
Cox-Snell R2 from a reported C statistic (AUROC) to inform sample 
size calculations for developing a prediction model with a binary 
outcome. Stat Med 2021;40:859-64. doi:10.1002/sim.8806 

70 	 Riley RD, Snell KI, Ensor J, et al. Minimum sample size for 
developing a multivariable prediction model: PART II - binary 
and time-to-event outcomes. Stat Med 2019;38:1276-96. 
doi:10.1002/sim.7992 

71 	 Riley RD, Snell KIE, Ensor J, et al. Minimum sample size for developing 
a multivariable prediction model: Part I - Continuous outcomes. Stat 
Med 2019;38:1262-75. doi:10.1002/sim.7993 

72 	 Tsvetanova A, Sperrin M, Peek N, Buchan I, Hyland S, Martin GP. 
Missing data was handled inconsistently in UK prediction models: 
a review of method used. J Clin Epidemiol 2021;140:149-58. 
doi:10.1016/j.jclinepi.2021.09.008 

73 	 Sperrin M, Martin GP, Sisk R, Peek N. Missing data should be 
handled differently for prediction than for description or causal 
explanation. J Clin Epidemiol 2020;125:183-7. doi:10.1016/j.
jclinepi.2020.03.028 

74 	 van Smeden M, Groenwold RHH, Moons KG. A cautionary note 
on the use of the missing indicator method for handling missing 
data in prediction research. J Clin Epidemiol 2020;125:188-90. 
doi:10.1016/j.jclinepi.2020.06.007 

75 	 Pennells L, Kaptoge S, White IR, Thompson SG, Wood AM, Emerging 
Risk Factors Collaboration. Assessing risk prediction models 
using individual participant data from multiple studies. Am J 
Epidemiol 2014;179:621-32. doi:10.1093/aje/kwt298 

76 	 Royston P, Parmar MKB, Sylvester R. Construction and validation of 
a prognostic model across several studies, with an application in 
superficial bladder cancer. Stat Med 2004;23:907-26. doi:10.1002/
sim.1691 

77 	 Vergouwe Y, Moons KG, Steyerberg EW. External validity of risk 
models: Use of benchmark values to disentangle a case-mix effect 
from incorrect coefficients. Am J Epidemiol 2010;172:971-80. 
doi:10.1093/aje/kwq223 

78 	 Riley RD, Tierney JF, Stewart LA, eds. Individual Participant Data 
Meta-Analysis: A Handbook for Healthcare Research. Wiley, 2021. 
doi:10.1002/9781119333784.

79 	 Van Calster B, Steyerberg EW, Wynants L, van Smeden M. There is no 
such thing as a validated prediction model. BMC Med 2023;21:70. 
doi:10.1186/s12916-023-02779-w 

Web appendix: Supplementary material

by copyright.
 on 25 January 2024 at B

odleian Libraries of the U
niversity of O

xford. P
rotected

http://w
w

w
.bm

j.com
/

B
M

J: first published as 10.1136/bm
j-2023-074820 on 15 January 2024. D

ow
nloaded from

 

http://www.bmj.com/

