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Abstract

High energy density science is central for astrophysical and human-made fusion applications
but is characterised by non-ideal plasma behaviour due to strong particle interactions, quantum
effects, and relativistic corrections. In this thesis, two molecular dynamics (MD) formulations
are presented along with their implementation, which address quantum and relativistic effects,
respectively. First, an extension to wave packet molecular dynamics using anisotropic Gaussian
states is presented, which is designed to model electron dynamics over ionic time scales in
warm dense matter. Long-range interactions are treated with a generalised Ewald summation,
and exchange effects are treated within a pairwise approximation. The MD formulation
has been used to investigate electron dynamic structure factors (DSFs) and x-ray Thomson
scattering, where electron and ion time scale features are extracted from a single computation.
A semi-classical form for the DSF, that corrects for known quantum constraints, is provided.
This method has been tested against explicit computations of the density response function in
MD. The DSF is further discussed within a two-fluid model, parameterised by the equation
of state and transport properties. By comparison with MD results — facilitated by Bayesian
inference — the electron transport properties for a test system of warm dense hydrogen are
extracted.

Second, relativistic corrections are investigated both due to kinematics and interactions.
The velocity-dependent inertia of relativistic particles is seen to reduce diffusive transport for
one-component plasmas, in line with analytical results. However, long-range electromagnetic
interactions are modified due to the finite speed of light. This is accounted for in the MD
model by time-evolving the long-range fields while the highly fluctuating short-range fields are

approximated in a field-less description using either the electrostatic or Darwin approximation.

Keywords: Molecular dynamics, Warm dense matter, Wave packet molecular dynamics,
Dynamic structure factors, X-ray Thomson scattering, Electron transport properties,
Relativistic molecular dynamics
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Chapter 1
High Energy Density Physics and

Non-ideal Plasmas

Abstract: The field of high-energy-density physics is discussed in terms of astrophysical and
technical applications. These plasmas are commonly non-ideal, and their characterisation in
terms of dimensionless parameters is introduced. The creation of high energy density states in

the laboratory and some open questions within the field are discussed.

1.1 High energy density physics

The traditional definition of high-energy-density physics (HEDP) is systems where the energy
density exceeds 101! J/ m®, or equivalently, pressures above 1 Mbar (100 GPa) [1]. This energy
density is comparable to the bulk moduli of solid materials [2] and chemical bonds with binding

energies on the order of 1eV and a bound length of a few Bohr radii (ap):

. 1eV
Energy density ~ @an)? ~ 1 Mbar. (1.1)

ap

As the pressure becomes comparable to the internal energy of chemical systems, the charac-
teristic behaviour changes. Ions and electrons move separately rather than in chemical units.
However, these ionisation processes start at pressures as low as 0.1 Mbar and the original
definition could arguably be revisited [3]. The ionisation equilibrium is described by the Saha
equation [4] and yields substantial ionisation fractions at energy densities below those of atoms
and molecules. This effect is only enhanced in dense systems, where electrostatic interactions
reduce the binding energy through a process called ionisation potential depression [5-8].

To roughly define the high-energy-density region of phase space, consider the (ideal)
pressure relation [9]

P = Ron+Pele+Prada (12)



1.1. HIGH ENERGY DENSITY PHYSICS CHAPTER 1

with contributions from ions (Piy), electrons (Pge) and radiation (P.,q). In the high-

temperature and low-density regime, the radiation pressure [3]

409
3¢

Praq = T (1.3)

dominates. In the above, ogp is the Stefan—Boltzmann constant, ¢ is the speed of light, and T’

is the temperature. A pressure of 1 Mbar is reached at kgl = 400€eV, where the convention of

measuring temperature in energy units is used and kg is the Boltzmann constant.
Comparatively, in the low-temperature and high-density regime, the dominant pressure

contribution is the electron degeneracy pressure [10]
2
Peje & gEFnev (14)

where n. is the electron density, By = h? (37r2n6)2/ 3 /(2me) is the Fermi energy, h is the
reduced Planck constant and m, is the electron mass. The degeneracy pressure exceeds 1 Mbar
at a density of n. ~ 10?3 cm™3, which is comparable to the free-electron density in many
metals [11].

In between these two limits, at intermediate temperatures and densities, both the electrons

and ions are to first approximation an ideal gas with the pressure:
Pon + Pole = (n'L + ne) kT, (15)

where n; is the ion density. For fully ionised hydrogen, the gas pressure is the dominant
contribution at P = 1 Mbar for densities and temperatures above 8 x 10?° cm™ and 2eV,
respectively. A summary of the HEDP region for a hydrogen plasma is shown in Figure 1.1.
High energy density physics covers conditions between condensed matter and classical
plasma physics, requiring consideration of strong electrostatic interactions, quantum effects,
collective dynamics, and an interplay with electromagnetic fields. As a relatively new field —
particularly in the context of generating HED states in the laboratory [3] — it presents many

open questions (see Section 1.4), especially when the physics from the different regimes interact.
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Figure 1.1: The high energy density region for hydrogen. The solid line shows the P = 1 Mbar
condition based on the model in equation (1.2) where the ideal electron pressure has been
computed via Fermi-Dirac integrals. The regions where radiation, gas and Fermi pressure
dominate are marked. Additionally, typical conditions for astrophysical and experimental
methods are shown: Red giant, Exoplanets and Diamond anvil [12]; White dwarf, White
dwarf atm., and Neutron star atm. [13]; ICF [14]; XFEL [15]; Jupiter (adiabat) [16]; Saturn
(adiabat) [17]; Sun [18]; and Hugoniot [19]. Note that most experimental techniques and
astrophysical motivations are not pure hydrogen plasmas, and the marked regions are rather
typical ranges of conditions.

However, HEDP science is not only interesting in its own right, but has many astrophysical
and technical applications, as illustrated in Figure 1.1.

Large gas giants can sustain high pressures and HED conditions in their interiors [16,
20-26] as the pressure is balanced by gravitational attraction in a hydrostatic equilibrium [27].
Notable examples in our solar system are Jupiter [16] and Saturn [17]. However, with the rapid
increase in exoplanet discoveries in the last decade [28] the need for more accurate interior
structure models has only increased [20, 29-31]. During the initial gravitational contraction of
objects with masses below 10% of the solar mass [32, 33], the Fermi degeneracy pressure can
balance the gravitational forces, and the core does not reach the temperatures required for
fusion. This results in the formation of a brown dwarf!, which is almost in its entirety HED

matter [32-34].

"'Whether the object is called a brown dwarf or giant planet depends on how it forms [33].
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In larger stars, hydrogen fuses in the core and the constant flow of energy to the surface
— where radiation is emitted — results in comparatively hot stellar objects (see Figure 1.1)
that sustain their structure primarily by “classical” thermodynamic pressure [32], but the
temperature gradient leads to a non-trivial transport behaviour [18, 35, 36]. Our Sun is a prime
example, where the equation of state (EOS) models must account for electrostatic interactions,
quantum and relativistic effects [18], models which were first tested by helioseismology [37].
Toward the end of the stellar evolution of stars with masses roughly less than twice the
mass of the Sun, a non-fusing degenerate helium core is surrounded by a burning hydrogen
envelope [38], and a red giant star is formed before helium fusion ignites. For larger stars
with masses below eight solar masses, helium fusion commences in a non-degenerate core,
and instead, a Fermi-degenerate carbon and oxygen core is created [38]. Both star types
shed their envelope, resulting in white dwarf stars [38], which are almost in their entirety
Fermi-degenerate [39], and relativistic [32] and interaction effects [32, 40, 41] are crucial for
understanding their structure.

In stars with masses above the Chandrasekhar mass [42], the fully degenerate and relativis-
tic electron pressure cannot prevent a gravitational collapse [32] and even more exotic objects
like neutron stars can be formed, the atmospheres of which sustain the conditions discussed in
this thesis [43-45]. This highlights the need to account for not only electron degeneracy but
also relativistic and interaction effects, even for a cursory understanding of stellar evolution.
However, these effects may also impact the stability of lower-density self-gravitating objects
and the initial part of star formation [46].

In addition to astrophysical motivations, a major driver of HEDP science has been the
quest for controlled thermonuclear fusion as an energy source, in particular inertial confinement
fusion (ICF) [47-49]. The Lawson criteria [50] set a lower bound for the product of density and
energy confinement time for the net energy production from a fusion plasma. Human-made
devices typically aim to increase one of the two factors. Magnetic confinement fusion (MCF)
confines the plasma using magnetic fields, while ICF instead reaches high-density states by

compression of a fuel capsule using lasers. Recently, ground-breaking ICF experiments have
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exceeded the Lawson criteria [51], a result of more than a decade of incremental improvements
to both lasers and capsules, and a better understanding of HED physics.

The original (direct drive) ICF concept [47] was to compress a spherical fuel capsule by
focusing lasers on the surface, from which the ejection of high-velocity particles acts as a
rocket and propels the fuel inward [48, 49]. If the central region of the deuterium-tritium
fuel, often termed the ‘hot-spot’, reaches a temperature of 4.3keV, the heating from fusion
processes? exceeds the bremsstrahlung losses [49]. At this threshold, the plasma is deemed
‘ignited” and a burn wave propagates to the surrounding dense shell [52], where the plasma may
be Fermi degenerate. Hydrodynamic instabilities — particularly Rayleigh-Taylor [53, 54] and
Richtmyer-Meshov [55, 56| instabilities — can result in cold material mixing into the hot-spot
and hampering ignition [49]. Attempts to address the ignition issue include, for example,
indirect drive ICF, where the laser light is converted to a more uniform x-ray driver which
reduces the seed for the instability [48, 49], and fast ignition [57] and shock ignition [58], where

ignition is triggered by either heating from fast particles or launching a spherical shock wave

into the hot-spot.

1.2 Parameters of non-ideal plasmas

Both in the astrophysical and technical applications discussed above, the plasma behaviour is
non-ideal where the long-range electrostatic interaction, quantum non-locality and degeneracy,
and relativistic effects are crucial for a detailed description of the plasma behaviour. The
current uncertainties in the microscopic properties of non-ideal plasmas, such as EOS [59] and
transport properties [60, 61], limit, for example, our understanding of the Jovian interior [62]
and the modelling of ICF implosions [63]. The dimensionless parameters characterising these
effects are discussed in the following, along with the regions of parameter space where their

consideration is warranted.

20nly the energy of the charged a-particles can be reasonably captured in the plasma. Charge
neutral neutrons will escape but should be captured in the surrounding structure for energy production
in a power plant.
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1.2.1 Electrostatic interactions

Consider a classical system of classical point particles with charge ¢; and mass m;, at a density
n; and temperature kgT. The system is immersed in a homogeneous neutralising background,
which makes the system charge neutral and electrostatically stable. The typical Coulomb

interaction energy per particle is on the order ¢?/(4mega;), where

3 1/3
a; = <47rn4) (16)

is the Wigner-Seitz radius or ion-sphere radius which measures a typical distance between

particles. The ratio of potential to kinetic energy® defines the Coulomb coupling constant [64—

66):
a4
" Awega; kpT’

(1.7)
If I';; < 1 the system is considered ideal and interaction effects can be seen as perturbations
or individual collisions. However, due to the long-range nature of the Coulomb interaction —
the interaction does not decay exponentially but rather algebraically with a low exponent [67]
— plasmas have a collective nature dominated by large-scale electrostatic fields [68]. This is the
realm of classical plasma physics. For I';; > 0.1 interactions substantially alter the fundamental
properties of the plasma [65] and systems with coupling constants above unity are called
strongly coupled. In the large coupling limit, I';; > 1, the system instead crystalises into a bcc
lattice [69], the so-called Wigner crystal, at a critical I';; = 172 —174 [70, 71]. In more complete
descriptions of materials, including quantum effects, the high-pressure regime is commonly
not characterised by simple lattice structures, and exotic materials such as incommensurate
structures [72], electrides [73, 74] and potentially even superconductive states [75, 76] are

formed.

In the ideal-plasma regime, the particles act to screen each other and exponentially

3The average kinetic energy is 3kgT /2, but this pre-factor is not included in the classical definition
of I';; and only constitute an order of unity change.
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suppress the electric field on the length scale of the Debye length [68, 77]:

60kBT a;
Ar = 4] — . 1.8
Dy q?ni 3l (1.8)

These collective effects dominate if the number number of particles within the Debye-sphere is

large, which is characterised by a large plasma parameter A; = 47mz-)\%,i >1 [68]4. However,
as A; = FZ-_Z-3/ 2 /+/3, the same condition is satisfied by I';; < 1. For non-negligible T';;, Stanton

and Murillo [78] suggested a modified screening length

)\D,z‘ if Iy <1
)\sﬂ' =1+ 3FiiAD,i — (1.9)

a; if Ty > 1,

which suggests a transition in the screening behaviour at finite coupling, also seen in other
models [79, 80]. However, the change in length scale is more fundamental, as the appropriate
length scale to describe correlations in a plasma changes from Ap; to a; as I';; increases. This
is illustrated in Figure 1.2 where the correlations between the particles and the resulting
electrostatic fields are shown. The above-mentioned transition of the correlation length scale is
the most apparent in the screening behaviour, and for I';; > 1, complex structures are formed
on the length scale of a;.

One of the characteristic time scales in a system of charged particles is given by the plasma

Q2 | kgT
Wp,i = kg V3T | 2= 55 (1.10)
mieo m;a;

the inverse of which W, 21 is the characteristic time scale for long length-scale density fluctuations.

frequency [68]

For non-ideal systems, a second important time scale is the inverse collision frequency v; ' [81]:

123 /3m;(kpT)>? "3\ mya?

Vi

This is the characteristic time for collisions to markedly change the momentum of a particle

4Note that the exact pre-factor varies in the literature.
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Figure 1.2: (a) The relative density of particles at a distance r from another particle
at different coupling constants in a system with a single charge species. This measure of
particle correlations is commonly referred to as the radial distribution function g(r), see
Section 2.3.2. At large coupling, features in g(r) show strong inter-particle correlations. (b)
Average electrostatic potential centred at an ion. The potential has been normalised with the
contribution of an isolated charge to highlight screening. The traditional screening model
exp(—r/As) (screened) is also shown.

and depend on the Coulomb logarithm In A;; which represents the cumulative effect of many
small deflections [82, 83]. However, as the coupling increases, collisions are not independent [64]
and the concept of a Coulomb logarithm breaks down. Many authors have attempted to
generalise the concept of the Coulomb logarithm by interpreting corrections to the classical
results of, for example, electrical conductivity [84, 85|, thermal conductivity [85] and temper-
ature relaxation [80, 86] from strong coupling and quantum theories in terms of a modified
In A;;. Although the generalised Coulomb logarithm now depends on the specific property
investigated [78, 85, 87].

Until now, only equal-sign charges with a repulsive interaction have been considered.
However, in most naturally occurring systems both ions and electrons are present with an
attractive interaction. The above discussion generally applies to both classical electrons and
ions, with some modification to the screening length and characteristic density perturbations
due to the large ion-electron mass ratio, as discussed further in Section 1.2.3. If ¢; is the

ion charge and ¢, is the electron charge, the electron-ion interaction is characterised by the
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coupling constant [88]

lgige] 1 Tyay
eilr) AreogkgTr  Z 1’ (1.12)

where Z = |g;/q.|. Note the dependence on the typical distance r, as the attractive interaction
can result in small separations between opposite signed charges and not necessarily characteristic
separations of r = a.. Non-linear interactions therefore enter at short distances, where the
quantum uncertainty principle becomes important [89]. The introduction of quantum effects

will alter the typical kinetic energies and will revise the coupling constant in equation (1.12).

1.2.2 Quantum plasmas

For dense plasmas, quantum effects enter in two main ways, (i) via the uncertainty principle that
results in quantum diffraction and (ii) the symmetry effects of indistinguishable particles [89].
At the conditions investigated in this thesis, electrons typically need to be treated as fermions,
but the heavier mass of the ions means that they tend to behave like classical particles.

The uncertainty principle requires the charge to be distributed in space, which prevents the
singularity in equation (1.12) and avoids the Coulomb collapse which makes the classical model

unstable. In semi-classical descriptions, the charge is smeared over the thermal de Broglie

[ 2mh2
App = 4 ——— 1.13
th ekBT’ ( )

an effect incorporated into the short-range interactions [89-94] or more formally a two-body

wavelength

scattering problem is solved to the same effect [95-98]. This type of potential is commonly
referred to as a quantum statistical potential or QSP. The diffraction is intrinsically connected to
the kinetic energy, as the curvature in the density distribution is associated with a shape-kinetic
energy [99]. This is most clearly seen in Bohm’s formulation of quantum mechanics [100] or
quantum hydrodynamics [13, 101-103], where this additional kinetic energy enters as a separate
potential.

Furthermore, the Pauli principle prevents two electrons from being in the same state and

requires the wave function to be anti-symmetric under particle exchange [104]. These types of
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considerations will be referred to as exchange, symmetry or Pauli effects/interactions. The
symmetry requires an ideal Fermi gas in thermal equilibrium to populate states with energy e

according to the Fermi-Dirac distribution [10, 104]

1

fFD(€) = m, (1~14)

but the distribution can be modified by interactions [105, 106]. In the above, 37! = kgT and
i is the chemical potential that is set to acquire the correct density [104]. As T' — 0 for free
electrons, u — Er and yields a non-vanishing lower limit of the kinetic energy, in contrast to
classical mechanics. For finite temperature, u decreases and eventually becomes negative in
the classical regime.

Three parameters are commonly used to characterise quantum effects. First, the ratio
between the thermal energy and the Fermi energy [13, 65, 66],

kT

0 =—" 1.1
= (1.15)

where 0 > 1 and 0 < 1 represent the classical and quantum regimes, respectively. Second, the
number of particles inside a cube with side length A, x = n.A3, [13, 65, 66]. However, x
is related to 8 by x = 807%/2/(3/7) ~ 1.5073/2. Lastly, Spu, the sign of which has a direct
interpretation in terms of the distribution function. The crossing point Su = 0 occurs at
0 ~ 0.989 for an ideal system and therefore all three measures are effectively equivalent. In
Figure 1.3, the regions are shown in phase space for fully ionised hydrogen, along with I';;. A
particularly challenging region to model due to both strong interactions and quantum effects
is the region in parameter space where 6 and I';; are order unity, called warm dense matter
(WDM).

Incorporating the modified kinetic energy from the Fermi-Dirac distribution into the

10
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Figure 1.3: The warm dense matter region is shown alongside the coupling parameters. The

extent of the WDM region is roughly taken from Dornheim et al. [15]. Astrophysical and
laboratory conditions as defined in Figure 1.1.

definition of the coupling constants yields [66]

|
ee 47r50aekBT

¢ <F3/2(5H)>_1_>q3 (ks )™ o1 (1.16)

Fl/Q(ﬁ,U/) 471'5()@6

SER? if 0 <1,

where F,(x) is the (complete) Fermi-Dirac integral [104]. Likewise, electron-ion coupling
may be defined as I'¢;(r) = ZIl'¢cae/r. In the low-temperature limit equation (1.16) yields
.= 5(47r_1/9)2/3 rs &~ 1.4rs where ry = a./ap is the Brueckner coupling parameter. Note
that in the classical regime the coupling constant increases with density and decreases with

temperature I'ee o né/ 3 T, yet for degenerate systems the coupling is independent of

1/

temperature and rather decreases with density T'ee o e s, Despite increasing interactions
at higher densities, the kinetic energy of the degenerate Fermi-Dirac distribution grows more
rapidly. This is only true when 6 < 1, which requires lower temperatures as rs increases, but

means that I'¢e never grows too large in the WDM regime, see Figure 1.3.

The inclusion of Fermi-Dirac statistics also modifies the electron screening length A,

11



1.2. PARAMETERS OF NON-IDEAL PLASMAS CHAPTER 1

according to [104, 107]
\-2 @?n F_q,2(Bp)
c coksT Fijo (Bu)’

(1.17)

which interpolates between Debye and Thomas-Fermi screening in their respective limit.

1.2.3 Separation of dynamical time scales

Although not strictly a coupling constant, the small electron-to-ion mass ratio has fundamental
consequences for the systems under investigation. Even for the lightest ion — a single proton —
the mass ratio is

M . 1836.15. (1.18)

Mme
This mass difference is the reason for the classical treatment of ions, as 6 for protons is m,/m.
times larger than for electrons.

The classical Coulomb coupling I';; is a purely statistical property and therefore independent
of mass. However, even on the classical level, the mass difference results in substantially
different time scales for the electron and ion motion, and thus resolving both in explicit
numerical simulations is a challenge. In many scenarios, the electron population more or less
has time to find a quasi-equilibrium for a given ionic configuration, which is the basis for the
Born—Oppenheimer (BO) approximation. In the BO approximation, the ions are treated as an
external potential in which the electron problem is solved. However, these schemes do not fully
account for the energy transfer between species, which is particularly central in thermalisation
processes. The simplest model that employs this time-scale argument to model ion dynamics
is the Yukawa one-component plasma model (see Section 2.4.3), where ion-ion interactions are
implicitly screened by electrons on the length scale of A.. A second approximation originating
from the mass difference is the Chihara decomposition [108, 109] for the interpretation of
scattering data, which will be discussed extensively in Chapter 4.

The different time scales for the electron and ion motion influence the dominant density
perturbations and waves in each species. On the characteristic time scale of electron motion,

the ions do not have time to respond and to first approximation are considered to be a

12
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rigid background. This is akin to the traditional derivation of the plasma frequency [68],
and the electron oscillations indeed have this behaviour for long wavelengths. On ion-time
scales, electrons have time to screen the ions, resulting in an exponentially suppressed effective
interaction between ions. On large length scales compared to the screening length, the ions
therefore behave more like neutral particles and primarily show acoustic modes [110]. An
analogous situation occurs for screening, where for electron time scale phenomena ). is the
relevant screening length, but for ion time scale phenomena a combined screening length is

formed )\;ﬁ? =22+ )\;3 [87], as both species take part in the screening behaviour.

1.2.4 Relativistic corrections

The basic relativistic parameter for electrons is the ratio between the temperature and the
rest-mass energy,
kT

= — 1.19
=25 (1.19)

where c is the speed of light. If € ~ 0.01, average velocities are approximately 0.1 ¢, and
substantive corrections to the dynamics are expected. For relativistic conditions, the inertia of
the particles becomes velocity dependent m. — v(v)m. where v(v) = (1 — v2/02)71/2 is the
Lorentz factor, an effect that has been shown to change the plasma transport properties [111].
Furthermore, interactions are also altered due to the finite speed of light, where magnetic and
retardation effects become substantial [112].

Electrons can simultaneously be relativistic and degenerate, crucial for the structure of
red giants and white dwarf stars [32]. The interplay between these effects can be characterised
by [32, 113]

z =5 (1.20)

MeC

where pp = /2meEr is the (classical) Fermi momentum. The Pauli principle pushes electrons
to higher momentum states, and for x 2 0.1 average velocities exceed 0.1 ¢ for all temperatures.
The Fermi-Dirac distribution still describes the statistics of the ideal relativistic Fermi gas when

the states are populated in (canonical) momentum space using relativistic energies [10, 32],
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Figure 1.4: Phase space diagram for hydrogen illustrating regimes with relativistic corrections.
Above and to the right of Sryg = 0.05 and Srvs = 0.1 moderate and substantive relativistic
corrections are expected. At low temperatures, the relativistic corrections are characterised
by = pr/(mec). The regime where radiation pressure dominates over matter pressure is
shown above the P..q = Puatter line. The conditions for strongly coupled hydrogen I'yy = 1
and carbon I'cc = 1 plasmas are shown. Astrophysical and laboratory references are given in
Figure 1.1.

and statistical properties can be described in terms of relativistic Fermi-Dirac integrals [113].

One form of generalised Fermi-Dirac integrals is

- 1 oo (14 et)I (1 4 et/2)"
),

Y _ 1.21
15k (1, €) T(l+i 1+ exp(t —n) ’ ( )

where I'(z) is the gamma-function. The average square velocity is (v?/c?) = 3eF; /2,-1,3/2(BH, €)
JFy /2,1,1/2(Bi, €) and is shown in Figure 1.4 where multiple astrophysical objects are demon-
strated to be relativistic in both the non-degenerate and degenerate regimes. The chemical
potential 4 is set by the density using Af’hne/Q = FI/QJJ/Q(B,LL, g).

In the regime of relativistic electrons, the electron-electron coupling I'e. is typically not
large, see Figure 1.3. However, ion coupling can be substantial for hydrogen and for slightly
higher Z elements, such as carbon and oxygen, which are commonly found in the cores of
late-stage stars [32]. The strong coupling regimes for pure hydrogen and carbon plasmas are

marked in Figure 1.4.
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At high temperatures, the radiation pressure in equation (1.3) dominates the pressure in
optically thick plasmas [3]. In Figure 1.4 the point where the material pressure and the radiation
pressure are equal is shown, above which the radiation will alter plasma properties such as
the ion-acoustic speed [3, 114]. In particular, at ignition temperatures in ICF applications,
radiative effects are instrumental in the description of the plasma [115]. If radiative effects or
relativistic corrections become substantive first depends on density. At low density, plasmas
become optically thin, such that for pressures below 1 Mbar the radiation might not establish
an equilibrium with the matter before leaving the system, effectively reducing the radiation

pressure and an ideal plasma behaviour is obtained [3].

1.3 Non-ideal plasmas in the laboratory

High energy density states are now routinely created in the laboratory using methods ranging
from static compression, dynamic compression, and isochoric heating, all with different
characteristics and capabilities of reaching complementary parts of the phase space. In the
following, a summary of their characteristics will be given, but for a more complete account,
see Falk [116].

Static compression achieves high pressures at relatively low temperatures by confining
the sample between two surfaces. A diamond anvil cell (DAC) [117] can reach a few Mbar of
pressure [116]. In combination with heating the sample [118, 119] both structural [120] and
transport properties [119] have been measured under planetary conditions.

Dynamic compression on the other hand can reach higher pressure states, although these
states are only short-lived. Historically, compression was achieved using gas guns [121] or
explosives [122], however, since the advent of high-power laser facilities, lasers are commonly
used to drive compression [116]. If a single shock wave is used to compress the material, a
well-defined set of pressure states can be reached — the principle Hugoniot — given by the
Rankine-Hugoniot relation and the initial conditions of the sample [123]. This type of shock
compression is commonly used for EOS measurements [124, 125], reaching conditions relevant

to astrophysics [126]. However, as seen in Figure 1.1 the Hugoniot curve is steep, reaching
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hotter and less dense states, compared to many astrophysical objects. Ramp compression
shapes the drive to avoid the creation of a shock, which limits entropy production and reaches
lower temperature states [116], more similar to those in the interiors of gas giants [127, 128].

High-pressure states outside the principle Hugoniot can be explored by varying the initial
conditions using DACs [129, 130], multiple shocks or ramp compression [127]. However,
isochoric heating of thin samples — either by x-rays or particles — provides an additional
method to reach a complementary part of the phase space with a well-constrained density [131].
X-rays for heating can be provided by conversion of laser light [132-134] or using a free electron
laser (FEL) [135-138]. Particularly in the latter case, a single x-ray pulse is commonly used
to create the plasma and perform the measurement. Thus, there is no time for hydrodynamic
expansion and the result is an out-of-equilibrium electron-ion system. High-energy protons [139,

140], ions [131] and electrons [141] can also be used to heat the sample isochorically.

1.4 Open questions in high-energy density physics

High energy density science has applications for both astrophysical and energy applications,
and can now be investigated in the laboratory. However, a variety of open questions remain.
A selection of open problems related to the content of Chapters 3 — 6 is given below.

The modelling of the interior structure of gas giants is an active field of research, where the
density and pressure profiles of the planets are constructed based on a hydrostatic equilibrium,
balancing gravitational forces and pressure. However, an EOS is needed that introduces a
dependence on the temperature profile, which in turn depends on the transport models [27].
Jupiter and Saturn have a special place within the planetary modelling community, as the space
probes Juno [142] and Cassini [143] have visited them and provided additional constraints for
the models. The detailed structure of Jupiter’s gravitational field has been used to constrain
its interior structure [23, 144, 145]. The low fraction of helium in Saturn’s atmosphere [143]
could be explained by the presence of “helium rain” [146]. However, the condition at which
hydrogen and helium demixes is still discussed [17].

The uncertainties in the EOS [59] and transport coefficients [60, 61] for WDM also affect
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the predictive capabilities of ICF modelling [63, 147, 148]. Furthermore, the influence of
electron-ion collisions and non-adiabatic electron descriptions on transport properties is still
being investigated [149-152]. To model burning ICF capsules, it is crucial to understand the
heating by a-particles or stopping power in dense plasmas. Stopping power calculations are
challenging as they combine non-equilibrium dynamics for both electrons and ions [87], and a
variety of different techniques have been used to investigate the problem highlighting various
aspects [103, 153, 154].

Many methods for modelling non-ideal plasmas rely on the Born-Oppenheimer approxima-
tion (e.g., DFT-MD) or assume a thermal ensemble (e.g., Monte Carlo methods), which is best
suited for modelling equilibrium systems. However, many experimental realisations are often
out-of-equilibrium, where energy is either deposited into the electrons (e.g., using short-pulse
lasers [155]) or ions (e.g., via nuclear reactions [156] or shock waves [86, 157]). The so-called
correlation heating [158] is an example of the intricate dynamics that can occur in moderately
coupled plasmas when the electrons are heated and the ion screening is suddenly changed,
which can result in a substantial increase in the temperature of the ions. As electrons and
ions equilibrate between themselves, the temperature relaxation time between the species is
enhanced by the mass ratio, and a temperature difference between the species can persist for a
comparatively long time. Neither classical Landau-Spitzer relaxation [159] nor its generalisation
to degenerate systems by Brysk [160] can satisfactorily describe the relaxation time seen in
WDM experiments [140, 161-163], something which has invited the development of a large
number of theoretical models, see, e.g., Refs. [80, 86, 87, 164, 165], and numerous numerical
experiments [90, 94, 166, 167]. However, an overall accepted description remains elusive as a
full description requires non-adiabatic electron dynamics over ionic time scales.

X-ray Thomson scattering is a commonly used diagnostic tool in WDM experiments, due
to the ability of x-rays to penetrate dense plasmas [168]. Non-equilibrium contributions both
from the particle distribution [169] as well as from spatial and temporal gradients [170, 171]
will complicate the measurement interpretations. However, even in equilibrium, the scattering

has contributions from both electronic and ionic time scales [108, 109], and the mass ratio
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makes it demanding to model both within a single formulation. First principle computations
still provide new formulations of the different contributions [172-174]. Uncertainties arise as
different models are used to model the separate contributions [172], and there is still a need

for models that treat electrons and ions on an “equal footing”.

1.5 Structure of thesis and author contribution

The content of this thesis is based on derivations, implementations, and analysis that have
been the sole work of the author, except where otherwise listed below. Some of the content
has previously been published elsewhere as described in “List of Publications”. The remainder
of the thesis is structured as follows.

Chapter 2 discusses different modelling techniques for non-ideal plasmas focusing on
atomistic modelling primarily using molecular dynamics and Monte Carlo methods. The
different kinds of models and representations will be discussed. Next in Chapter 3, a derivation
and implementation of an extension to the wave packet description for two-component plasmas
is presented, appropriate for modelling systems with strong ion coupling and moderately
degenerate electrons, utilising a pair-wise approximation for the exchange contribution. The
SOFT computations in this chapter were provided by Ningyi Lyu. This chapter formed the
basis of Paper (A) and the wave packet section of the review paper (B).

The model in Chapter 3 is employed in Chapters 4 and 5, where different aspects of the
electron dynamic structure factor are investigated. Chapter 4 highlights both electron and ion
features in x-ray scattering, considering a wide range of wavelengths. Special attention will be
given to how quantum effects correct the high-frequency electron dynamics. The path integral
Monte Carlo calculations (Section 4.3.3) and the density functional theory molecular dynamics
(Section 4.3.4) in this chapter were carried out by Dr. Tobias Dornheim and Dr. Sam Azadi,
respectively. Dr. Yusuf Aziz ran the impulse computations in Figure 4.7 and Appendix B.4,
based on scripts provided by the author. Paper (C) is largely based on this chapter. Chapter 5
focuses purely on the long wavelength description, where a hydrodynamic model is developed

and matched to the molecular dynamics data, allowing the extraction of electron transport
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properties using Bayesian inference methods. The results were previously described in Paper
(D).

Chapter 6 discusses an MD description of relativistic charged particles within a classical
formulation. The effect of relativistic kinematics on mass diffusion is investigated for plasmas
and Paper (E) which performed a similar investigation for neutral particles is the precursor
for the initial part of Chapter 6. Furthermore, relativistic corrections to the interaction are
discussed in terms of explicitly time-evolving the long-range electromagnetic fields. However,
the highly fluctuating fields on small-length scales are treated at different levels with “field-less”
approximations. An implementation of the model is presented that is used to study the
thermalisation process of the electromagnetic fields and the microscopic structure of strongly
coupled and relativistic plasmas.

Finally, a summary is given in Chapter 7 with an outlook on further development and use

cases of the MD models developed in Chapters 3 and 6.
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Chapter 2
Modelling of Non-ideal Plasmas

Abstract: The atomistic modelling of non-ideal plasmas is discussed, with a focus on molecular
dynamics models. Typical observables and some technical aspects of molecular dynamics are

highlighted before a summary of commonly used atomistic WDM models is provided.

2.1 Atomistic modelling of non-ideal plasmas

Atomistic modelling takes a first-principles microscopic view of a system, where the motion
of individual particles is resolved. This is in contrast to continuum modelling, where coarse-
grained governing equations are used to describe a system, examples of which are kinetic
equations in classical plasma physics and hydrodynamic equations in fluid descriptions. In the
process of coarse-graining, information is inherently lost, but in many scenarios this is necessary
to describe a system. A single mole of atoms represented using double precision floating point
numbers would require ~ 30000 Zettabytes of storage, which is on the order of a few hundred
times the total digital storage in the world currently'. Nevertheless, first-principles modelling
is needed to describe microscopic observables and benchmark continuum models on small
scales.

When interactions are weak, approximate descriptions can be obtained by expanding
around the case of no interactions, with interactions as additive perturbations [82, 83]. A
prime example of this would be the classical Debye screening [68]. The first step to go beyond
weak-coupling approximations is a self-consistent formulation, such as the hypernetted chain
(HNC) approximation [175] or Singwi-Tosi-Land-Sjélander (STLS) approximation [176], but
these models rely on approximate closures. In the opposite limit of strong coupling, matter
commonly forms a lattice and the dynamics can be described as vibrations around lattice
sites, essentially an expansion in I'j; ' kgT. An example would be the Debye-Waller factor
in scattering theory [177].

IEstimates vary in the ballpark of a few tenths to hundred Zettabytes in 2024.
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Table 2.1: Summary of common ensembles and the equivalent MD formulations. The set
of fixed macroscopic quantities in each case is a subset of the number of particles N, volume
V', total energy F, chemical potential u, pressure p and temperature 7'. The probability is
described by the energy of each microscopic realisation . The ensembles are given in Chapter
6 of Landau and Binder [178].

Ensemble MD equivalent Constant Probability
. . 1 itH=F
Microcanonical NVE N,V FE P x
0 else
Canonical NVT N,V,T Pxe "
Grand canonical w V, T P x ¢ BH=pN)
Isothermal-isobaric NpT N,p, T P o e BUHAPY)

At intermediate coupling, neither of the two approaches described above is suitable, as
the system behaves like a liquid, i.e., with correlations but freely moving. Two computational
methods which can treat all levels of coupling are Monte Carlo (MC) and Molecular dynamics
(MD) as they model interactions explicitly in many-body systems. Here, the focus will be on
MD as this is the method employed in Chapters 3 — 6, but first a brief discussion of MC is

given.

2.2 Monte Carlo

Monte Carlo methods are based on a statistical formulation where the thermal average (f)

of a quantity f in an N particle system are evaluated as [10]

N
<f>T:/<Hd3rzd3p2> f(rla"'7rN7p1""7pN) XP(Tla"'7rN1p17"'7pN)a (21)
=1

where r; and p; is the position and (canonical) momentum of particle ¢ and P(---) is the
probability of a given configuration. The probability can be evaluated in different statistical
ensembles, where different macroscopic properties have been fixed. The main ensembles are
summarised in Table 2.1, where the configurations are populated according to the total energy,
the Hamiltonian H.

The evaluation of equation (2.1) depends on the computation of a 6 N-dimensional integral.
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The computational complexity of grid-based integration grows exponentially with IV, as the

number of function evaluations scales as

L 3N Vv 3N
o((x) (&) ) (2.2)
Ax Av
where L (V') is the extent spatially (in velocity space) and Az (Awv) the corresponding required

resolution. Instead Monte Carlo integration considers equation (2.1) as an average and

estimates the result as

1 M
TR DU (Ce O R 10} (23)

n=1

typically a much more efficient way of evaluating high dimensional integrals if samples (v}, p')
of P(---) can be generated [179].

This strategy requires “drawing” samples from P(- - ), for which a variant of the Metropolis-
Hastings algorithm [180, 181] is commonly employed. The algorithms are based on modifying
the state of the system — commonly a local move that changes the properties of a single
particle [178] — and the move is accepted or rejected based on the change in energy. Multiple
variants of this algorithm now exist, such as the affine-invariant sampler by Goodman and

Weare [182] used in Chapter 5.

2.3 Molecular dynamics

Molecular dynamics is widely used in many fields of research, such as fluid theory [175],
material physics [183] and biochemistry [184]. In its simplest form, MD solves Newton’s

equations of motion [185],

dr;  p;

— = 4
dt m; (2.42)
dpi 0

7 —amV(rl, .oy, TN), (2.4b)
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for a large number of particles ¢ = 1,..., N with positions 7;, momentums p;, and masses m;.
The motions of the particles are coupled via the potential energy V(- --) and it follows from

equation (2.4) that the total energy of the system
p;
E:Z%—FV(Tl,...,’I‘N) (2.5)

is conserved. MD is commonly labelled by the conserved quantities during time evolution.
Therefore, the time evolution described by equation (2.4) for a fixed number of particles N in
a fixed volume V is referred to as NV E.

According to the ergodic hypothesis — first introduced by Boltzmann in 1898 [186] — the
trajectories will, over long times, occupy all allowed states with equal probability, forming
an equivalence between the time average in NVE and the microcanonical ensemble in Table
2.1 [10, 187]. Ensembles where conjugate macroscopic properties are instead fixed are modelled
with MD using modified equations of motion, see Section 2.3.7. Ergodicity is distinctly a
property of many-body systems and may be violated in systems with too few bodies [10]. In
some cases, even many-body systems can exhibit non-ergodicity, e.g., path integral molecular
dynamics (PIMD) [188] where the ergodic behaviour often must be imposed [189].

In many applications, the interaction is pairwise and symmetric between particles, V =
> i<j u(|ri — 7)), where u(r) is the pair potential. In simulations with periodic boundary
conditions, the system therefore also conserves the total momentum? M = ", p; and a Galilean
boosts invariance G, and the MD is technically in some NVEM or NVEMG ensemble [190].
Each constraint fixes one degree of freedom and the difference in intensive properties between

NVE and the MD ensembles is O (N ~1), negligible for large enough systems [190, 191].

2.3.1 Lagrangian and Hamiltonian mechanics

The molecular dynamics method is generally applicable to any system with a Lagrangian L or

action integral
o0
s= [ _arc@.an, (2.6
—00

2The total angular momentum is not conserved in a periodic simulation [190].
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described in terms of generalised coordinates q and associated velocities g. Hamilton’s principle

of stationary action, S = 0, yields the Euler-Lagrange equations [185]:

doL oL

St 2.
dt 0q Oq (2.7)

This type of generalised description allows the incorporation of constraints [185], quantum
dynamics [192] and particle-field dynamics [193, 194] in MD. The latter two examples will be
explored in Chapters 3 and 6, respectively.

The equivalent Hamiltonian formulation can be obtained based on the canonical momentum

p = 0L/9q and the Hamiltonian H(q,p) = p-q — L. The equations of motion are [187]

dg M

i~ op (2.8a)
dp  OH

and have a symplectic structure. Under a symplectic flow, phase-space volumes are preserved
and respecting such properties when discretising the problem can markedly improve numerical

performance [187], see the discussion in Section 2.3.4.

2.3.2 Observables: Static correlations

The primary output of an MD simulation is the particle trajectories, that is, the position
ri(t) and the momentum p;(¢) for all particles i = 1,..., N resolved over time ¢. Statistical
properties such as the equation of state and (static) correlations between particles are now
obtained by time averages.

The first measure of structure is the pair correlation functions n®?(r, ') between particles
of species a and 3. In terms of the local densities n®(r) and n®(7') of respective species, the

pair correlation function is [175]

(1) = (n () (r")) (2.9)
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where (-) is the thermal average as described in equation (2.1). For spherical and isotropic
systems, the pair correlation function is commonly normalised by the mean density and

averaged such that only the dependence on r = |’ — | remains [175, 185],

1 0,
_ B N 3. af (3)
9ap(T) 0 /n (r',r+r))dr nang(s (r)

(2.10)

_ 1 3 - daB  <(3)
) g

J

where 7;; is the separation between particle ¢ and j, and the index i (j) runs over all N, (Ng)
particles of type a (f). This is the radial distribution function (RDF), an example of which is
shown in Figure 1.2(a). The RDF measures the density of particles of type 3 at a distance
r from a particle of type a, normalised such that g,s(r) = 1 is the uncorrelated state. As
r — oo correlations decay in systems without long-range order and g,g(r) — 1. In a system
with repulsive interactions, regions with g,g(r) < 1 are seen due to the energetic penalty of
close approaches. However, in systems with stronger coupling, interactions can produce both
under and over-dense regions, as exemplified for I';; = 10 in Figure 1.2(a).

The corresponding quantity to gog(r) in Fourier space is the static structure factor, Soz(k),

which based on the Fourier transformed densities,
ng = / & n(r)e T, (2.11)

is defined as [64, 185, 195]

1
No N3

= bug + /a5 / Pr [gag(r) — 1] e *7.

Saslk) = (ngn” k>T — \/NaNsbg.o

(2.12)

In the small k limit, S,g(k) describes the macroscopic properties of the system [64, 175], while
k — oo describes the single particle behaviour and S,g(k) — 6. The corresponding S,z(k)

for the RDFs in Figure 1.2 are shown in Figure 2.1.
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Figure 2.1: The static structure factor shows the correlations in Fourier space, corresponding
to the data in Figure 1.2(a) for a system with only one type of charge species.

2.3.3 Observables: Dynamic correlations

Molecular dynamics simulations, in contrast to statistical methods, evolve the systems with a
concept of physical time. Whereas the static correlations relate to the equation of state, the
dynamic correlations relate to transport properties. An analogous type of structure will also
appear between total and inelastic Thomson scattering, which is discussed in Chapter 4.

Transport properties describe the transport of mass, momentum, energy, charge, etc., in
the presence of gradients and appear as closures in fluid theories [68, 196, 197]. Non-equilibrium
scenarios with gradients can be set up in MD and full non-linear transport can be measured,
for example, see Donké and Hartmann for thermal conductivity [198] and shear viscosity [199].
However, initialisation and finite size effects must be considered. To linear order, transport
can be measured from equilibrium simulations. As an initial example, consider mass diffusion
described by Fick’s law

dp

5 =V (DVp), (2.13)

where p is the density and D is the diffusion coefficient. The solution of equation (2.13) shows
that the characteristic width of the density fluctuation spreads as v/2¢D in each dimension. The

diffusion coefficient, in terms of particle positions r;(t) and velocities v;(t), is therefore [200]:

r; -7 2 o0
D= lm (Iri(t) ! OF)r _ ;/0 dt (vi(t) - v:(0)), (2.14)
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where vanishing velocity correlation at large time separations was assumed. The integrand in
equation (2.14) is the velocity autocorrelation function (VACF) and shows how time correlations
in microscopic variables can be related to a macroscopic transport property. This type of
integral relation is a type of Green-Kubo relation and may be adapted for different transport
properties depending on the underlying hydrodynamic model.

Generally, dynamic density correlation can be investigated with the intermediate scattering

function

Fuaht) = e (nk (0?4 0)), (2.15)

which correlates the spatially Fourier-transformed densities separated by a time ¢. However,
commonly the correlations are studied in frequency space, where the generalisation of S,s(k)

is the dynamic structure factor (DSF)

n (0) ,
Sk, w) / dt Fop(k, t)ei! 7/ k >Te“”t, (2.16)
VNalNg

which for k # 0 is related to its static counterpart by

Sus(k) = Fag(k,0) = /_ O:Odw S (k,w). (2.17)

The dynamic structure factor describes a rich set of physics, including hydrodynamic
transport (kK — 0) and the single particle behaviour (k — o). First, the long wavelength
limit of a classical fluid — here most applicable to the description of the ions — is obtained by

linearising the fluid equations and yields [196, 201]:

Saakyw) 1-A  xk* A Tk LA gL
Saa(k) T (xk2)? +w? 22 (w—wp)? 2T R 4 (Wt wg)?

(2.18)

The width of the mode at w = 0, the entropy mode, is set by the thermal diffusivity x and
is related to heat conduction. The acoustic modes are characterised by a linear dispersion
relation, that is, wg = cs|k|, with modes propagating at the adiabatic sound speed cs. The

width of the acoustic modes, vk, is set by the thermal diffusivity and the viscosity [196]. The
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adiabatic index v sets the ratio of features, given that A = v~!. The corresponding features in
the time domain are given by an exponential decay, and the sound mode has an oscillating
behaviour on top of this behaviour. Fitting the above functional form to MD data is a common
method to extract ion transport properties [110, 202, 203], which is largely interchangeable
with the Green-Kubo relations [204]. When considering electrons, wy will instead approach the
plasma frequency w, (see Section 1.2.1) for long wavelengths, but a more complete description
of this limit for electron-ion plasmas will be given in Chapter 5 and Appendix C, where the
effect of collisions and screening will be explicitly considered.

In the opposite limit, only the single particle properties will be present in the spectrum,
such as the particle mass m, and the temperature T'. For classical dynamics, thermal motion

results in Gaussian profiles both in time [201]

kBT .2

Foalk,t) = e zma’ (2.19a)

and frequency space [201]

mOA _ Mo w2
Saoe(ki, W) = Hme 2kpTk? . (219b)

For all systems and length scales, the structure factor must adhere to the sum rules,
relating the nth moments of Su5(k,w), (W")s, 4, to the short-time behaviour of Ff,s(k,t). The

first three moments for a classical single component system are [201]:

<w0>S E/ dw  Saa(k,w) = Fua(k,0) = Saa(k), (2.20a)

<w1>Saa = /_ dw w' Saa(k,w) = W‘t:o =0, (2.20b)
> 62Faa kat k T

<w2>saa = L dw w?Spa(k,w) = 8255)‘75:0 = %k? (2.20¢)

All odd moments vanish in classical theory, as F,,(k,t) is even in time due to time translation
invariance. Higher-order even moments depend on the interaction in the system.

A related property is the density response function x,g, which is defined via the density
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response dn, of species «a at (r,t) from an external potential VEXt acting on species 3, given
by [195]

t
e (r,t) = Z/ dt’ /dgr' Xap(r, 7', t — t')VﬁeXt(r',t'). (2.21)
6 —0o0

The density response function is a central object for modelling interactions [88, 205], or the
response to external stimulus, e.g., scattering of light. To linear order in VBeXt the (classical)

fluctuation-dissipation theorem relates x5 to Sqs(k,w) via [195]

kT Im {xap(k, —k,w)}

Sap(k = 2.22
aﬁ( ? w) Tw NaNﬂ ? ( )

where the Fourier transform has been performed as
Xag(k, —k,w) = /dt /d3r d3r/ ei“’t_ik'(r_r,)xag(r,r',t). (2.23)

Causality — the system cannot react before the external potential has acted — requires
Xap(r,7',t) = 0 for ¢ < 0. It follows that Im{xas(w)} and Re{xq.s(w)} are odd and even,

respectively, and adhere to the Kramers-Kronig relations [206]:

1 00 Im {xap(k, —k,w")}
Re{xas(k, ~k,)} = ~P [ d s el (2.24a)
1 00 Re {xas(k, —k,u")}
Im {xos(k, —~k,w)} = =P [ du : 2.24b
m {xXap(k, ~k, )} = 2P [ do ZREE (2.24)

where P represents the principle value integration. Thus, both the real and imaginary parts
of xap(k, —k,w) can be recovered from S,g(k,w). Combining equations (2.22) and (2.24a)

results in the classical relation

T
Sap(k) = —kBiXaﬂ(k, —k,w=0), (2.25)

VNaNjs

where the static structure factor is directly related to the static response function.
Being a central object in many models, the density response is commonly parameterised

in terms of local field corrections (LFCs), Go3(k,w), where the non-ideal response has been
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isolated. Concretely, for a single component system, the LFC is defined as [207]

X (e, w)
1-— ﬁaa(k) [1 - Gaa(ka w)] X&O)(k,w)’

Xaa = (2.26)

where X&O) is the response function for species « in a non-interacting system. The limit of
Gop(k,w) = 0 is the random phase approximation (RPA) that treats the mean field self-
consistently but not higher-order interaction effects [206, 208]. For a two-component system,

Ichimaru et al. [195] write the response functions as

Xaa (B, w) = X0 (k,w) [1 = dgsx§ (k,w) (1 = Ggp(k,w))| /D(k,w), (2.27a)
Xas (k) = Giagx Y (K, w)x§ (K, w) (1 — Gag(k,w)) /D (k,w), (2.27b)

where 8 # «a and the denominator is

D(k,w) = (1 — laa [1 = Gaal X&O)) (1 — tgp [1 = Gpp] X(ﬂo))

— @241 — Gag) [1 - Gal xOXY.

(2.28)

The response of the system therefore involves both interactions within and between species,
highlighted by the presence of G and Gg, respectively. Local field corrections have been
isolated both from approximate theories [64, 176, 209-211] and many-body calculations [207],
which can be used to evaluate the non-ideal response.

Within this section, all quantum effects have been neglected and the A — 0 limit has been
carried out when appropriate. The discussion of the quantum generalisation has been delayed

to Chapter 4.

2.3.4 Numerics: Time integration

To numerically evaluate the MD trajectories, equations (2.4), (2.7) or (2.8) must be discretised
in time. The numerical integrators in MD tend to be some of the simplest there are, as the

emphasis is on the conserved and average properties of the system and not the accuracy of a
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single trajectory [185, 187]. The rapidly varying potential commonly employed in MD results
in a high sensitivity to the initial conditions, and accurate trajectories after many collisions
are unfeasible for any integrator [185]. Furthermore, in MD the initial condition is commonly
unknown — only the initial statistical properties are given — and highly accurate trajectories
lose their purpose.

One of the most prevalent integrators is the Strgmer-Verlet integrator — although Delambre
used it already in 1791 [212] — which performs the time stepping based on the positions of
the two most recent time steps and has a global integration error of O (Atz), where At is the
time discretisation [185]. The wvelocity- Verlet integrator instead operates on the most recent
positions and velocities, by introducing a half-time step. If r]' and p}' are the position and

momentum at time step n, the time stepping proceeds as [187]:

n+1/2 n At 0
A = . 2.29
pl p’L 2 aTiV(,rl’ 7TN) ri:r?a ( a)
n+1/2
2 < R (2.29b)
m
41 _ nt1j2 AL 0O
P =p; Ty 8riv(rl’ o3 TN) pgn 1’ (2.29¢)

1

This is an example of a time-stepping algorithm for a separable Hamiltonian where the
Hamiltonian can be written as a sum of two terms, each only depending on the positions and
momenta, i.e., H(q,p) = T(q) + V(p). For any separable Hamiltonian, a second-order correct

time propagator can be constructed as [187]

Ppry = Paray © ParT © Pagjoy + O (Atg) : (2.30)

where ® ¢ x propagates the system for a time At assuming the Hamiltonian K. For a separable
Hamiltonian, the component propagators in equation (2.30) can be evaluated exactly, and
readily yields equation (2.29) for a classical system. If each of the maps in equation (2.30) is
symplectic, the combined map is as well, and preserving this property has been seen to greatly

improve energy conservation in simulations. This is because the discretised formulation now
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Table 2.2: Example of a Butcher tableau which shows the coefficients used for a Runge-Kutta
integrator. For explicit integrators, the tableau has a lower triangular structure.

C1 ail a12 s a1s
C2 azy a22 cee a2s
Cg Qg1 Qs . CLS’S

by by ... by

solves a related Hamiltonian problem within an exponentially small error, and the difference
between the Hamiltonians is O (At?) [187]. The close connections between the Hamiltonians
limit the energy drift.

In scenarios where the above construction methods cannot readily be applied, the general
Runge-Kutta methods [213, 214] may be used. Runge-Kutta methods solve arbitrary systems
of first-order ordinary differential equations (ODEs). Consider the ODE

where y is a vector of all the model parameters and f is some function. The s stage Runge-Kutta

integrator is then given by

y(t+ At) = y(t) + At Y bik;, (2.32)
i=1
where
ki=f (t + ¢ At, y(t) + Atz aijkj) . (2.33)
j=1

The coefficients a;j, b; and ¢; are specific to the method used. Finding the appropriate
coefficients is a separate task [215] and a variety of suggestions exist in the literature. The
coefficients are commonly represented in a Butcher tableau [216] as shown in Table 2.2.
Generally, equation (2.33) is an implicit equation for k; and highly non-linear for a general
f. However, if the Butcher tableau has a lower triangular structure, i.e. a;; = 0 if ¢ < 7, the
method is called explicit and equation (2.33) is readily evaluated.

Unfortunately, only implicit Runge-Kutta solvers can be symplectic [187] and therefore, in

general, some iterative scheme is needed to solve equation (2.33) in each time step to retain
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the desirable properties of symplectic integrators [187]. Tao proposed [217] a general explicit
and symplectic integration scheme for non-separable Hamiltonians in an extended phase space.
Otherwise, explicit symplectic integrators for non-separable Hamiltonians have only been found
in some instances, e.g., for Vlasov system with static [187, 218] and dynamic [219] external

fields.

2.3.5 Numerics: Short-range interactions

While the time-stepping algorithm is crucial for good long-time stability in MD, the majority of
the computational time is spent evaluating energies and forces. This is why implicit integration
schemes are punishing as multiple force evaluations are needed for each time step.

The naive all pairs algorithm for a system of N pair-interacting particles would require
looping over all N(N — 1)/2 pairs of particles when evaluating the interactions, which quickly
becomes unfeasible even with modern computational resources. Fortunately, for interactions
where beyond some cut-off radius r. the interaction can be neglected, the computational effort
may be reduced to O (N). A schematic of three different algorithms is shown in Figure 2.2
based on the description by Rapaport [185].

Assume that the computational domain is subdivided into rectangular cuboid cells,
where the linear dimension of each cell is larger than r.. For interactions with particle
1, only particles in the cell in which particle 7 is located and neighbouring cells must be
considered [185], see Figure 2.2(b). In general, this reduces the number of pairs considered to
be O (N). The cell subdivision algorithm can be seen to be inefficient based on purely geometric
grounds, where if the particles are uniformly distributed and the cell edges are of length r.,
only 4%r3/(3r.)® ~ 16% of the pairs tested are actually within the cut-off distance [185].
Alternatively, each particle can have an associated list of all particles within a distance r. + r;
form itself, and only particles in this neighbour list must be considered for interactions, see
Figure 2.2(c). This greatly reduced the number of pairs considered and the skin distance r
makes the list valid until some particle has moved more than r,/2. The construction of the

neighbour list is commonly performed with a cell subdivision to make this operation O ().
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Figure 2.2: Schematic of different algorithms for computing short-range interactions. The
central highlighted particle interacts with all green particles, while the algorithm must also
test for an interaction with all blue points. Grey points are not considered for interactions in
this time step. (a) Naive O (N?) algorithm where all particles are tested. (b) Subdivide the
simulation box into cells such that particles in only a few cells must be cheeked. (c) Neighbour
list algorithm where each particle keeps track of particles within the cut-off radius r. (circle)
plus some skin rs (dashed circle). A state is shown where the neighbour list has newly been
updated.

The choice of ry is a balance between reducing the number of pairs considered in each time
step, and the number of time steps that a single neighbour list can be kept before needing
to be updated [185]. The MD implementations within this thesis build on the open-source
MD code Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [220], which

utilises the neighbour list technique for pair interactions.

2.3.6 Numerics: Long-range interactions

The methods described above to accelerate pair interaction evaluations can only be applied if the
interaction can be faithfully neglected beyond some distance. This is a common scenario when
neutral particles interact, but the Coulomb interaction between charged particles typically
decays too slowly with distance for this to be practical. Further considerations are also
warranted when modelling systems with periodic boundary conditions, where a lattice of

simulation boxes is formed. The total energy in a periodic system is, for some pair potential
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uqg(T), given by
V(T‘l,...,’l“N) = = Z Zuag (ri—rj—kLn). (2.34)

The sum over n models interactions with offset cubic simulation boxes with length L = VAT
the extension to rectangular boxes is trivial — and the prime denotes that the term ¢ = j is
removed in the case of n = 0. The labels a and 3 are chosen appropriately based on the type
of particles ¢ and j, respectively. The convergence properties of this lattice sum should be
considered for Coulomb interactions [67].

In 1921, Ewald [221] considered how to treat the sum in equation (2.34) using a combination
of real space and Fourier space evaluation, which is efficient for short-range and smooth
interactions, respectively. The Ewald summation is based on smoothly separating the divergence

and the tail in the Coulomb interaction between two particles with charges ¢; and g; [222],

qiq; qiq; q:q;
= —= — (1 — 2.35
dmegr 47750rf(r) + dmegr (L= £(r)), ( )

where the first term can be neglected beyond some distance and the Fourier transform of the

second term decays quickly with wave number. The classical choice is
f(r) = erfe (gr) (2.36a)

and

1— f(r) =erf(gr), (2.36Db)

where g is the Ewald parameter. The Ewald parameter determines where the transition occurs
between the terms in equation (2.35), as demonstrated in Figure 2.3.
The long-range contribution from the Coulomb potential, gpgg(r) = erf(gr)/(4meor), in

the Ewald sum, can be re-written in terms of interaction charge distributions,

1
VO, rw) = 5 / dard s 0O (|@1 — ) puc(@1) pron (@2)
N (2.37)
—3 3 [ daides (e - @alp@piaa).
i=1
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Figure 2.3: Potentials used in Ewald summation where Coulomb interaction (solid line) is
smoothly separated into a short (dashed line) and long-range (dotted line) contribution. The
inset shows the same data on a logarithmic scale.

where p,. is the charge distribution in the box and p. is the total charge distribution including
periodic images, i.e.,

Ptot(x Z Puc(® — Ln). (2.38)

nezs
The second term in equation (2.34) removes the self-contribution, not included in the original
sum, and p; is the charge density of a single particle i. By repeated use of the Fourier
convolution theorem and Plancherel’s theorem, the total interaction energy for a system of
point particles is [222]
V(ry,...,rn) =& + &+ Es, (2.39)

where

j{: > 24 ?{ﬁi;;;;)} (2.40a)

e K /49) |5 ()2 40b
& = 3 Z 5¢€ |puc( )| ) (2 0 )
L k0 471’60]{1
N 2
g =—L5 4 (2.40¢)

ﬁ =1 471'80

The above definitions use k = 27n /L, the distance r

i = |ri —r; — Ln|, the Fourier transform
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charge density

N
Puc(k) =Y qie” ™™, (2.41)
=1

and charge neutrality p,.(0) = 0 has been assumed. The exponential decay with k in equation
(2.40b) results in a rapid convergence of the sum, and the specific number of k-modes needed
depends on the desired accuracy [223]. A generalisation of this construction will be given
in Chapter 3. Instead of splitting the interaction kernel in equation (2.35), an equivalent
construction can be made by adding and subtracting a charge cloud around each particle
where the interaction naturally separated into the terms in equation (2.40) [224]. This second
approach is more similar to the considerations in Chapter 6.

As the number of required k-modes grows with the box size, the Ewald summation scales as
@ (N 3/ 2) [225]. To further improve computational efficiency, grid-based computations can be
employed, where the fast Fourier transform (FFT) can be utilised and reduced computational
complexity to O (N log V) [222]. Particle-mesh methods are based on approximating the charge
distribution on a grid on which the FFT algorithm can operate. A modified Poisson problem is
solved in reciprocal space so that only the long-range contribution to the interaction is included,
either by using the grid version of p,.(k) in equation (2.39) [226] or using optimised kernels for
the modified Poisson equation [227]. The latter is commonly referred to as the PPPM method.
These grid computations are computationally similar to algorithms used in particle-in-cell
(PIC) methods [228], however, they differ in the interpretation of the particles as in MD a
computational particle represents a single physical particle. Additional methods have been
proposed to accelerate the classical Ewald sum to O (N) using random batch sampling [229,
230], where only a random subset of k-modes are considered in each time step. However, this

introduces additional stochasticity in the interaction and may require smaller time steps.

2.3.7 Ensembles and thermalisation

The preparation of the MD system should be discussed. For an ergodic system, the average
properties are independent of the initial condition [10] and the system should be prepared

to have the desired conserved properties. Sophisticated methods have been developed to
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formally perform MD simulations in other ensembles than NV E, as listed in Table 2.1, via the
introduction of additional global degrees of freedom that modify the equations of motion and
conserved quantities. Notable examples are the Nosé-Hoover thermostat for the NVT [231,
232] and NpT [233] ensembles, commonly applied in chains to improve ergodicity [234]. These
considerations have also been generalised to Fermi-Dirac distribution functions [235]. The
Langevin thermostat [236] adds a drag linear in particle momentum and a stochastic force to
the equations of motion which, on average, balances at the desired temperature.

In this thesis, computations have primarily been performed in NV E to remove any
thermostat dependence on the dynamic properties. To achieve the correct temperature, a
velocity re-scaling algorithm has been used. During the thermalisation phase, velocities are
periodically re-scaled to achieve the desired temperature if the instantaneous temperature falls
outside an acceptable window. This should only be seen as a method of adding an appropriate
amount of energy to the system, because in NV E, T'= T(FE). During thermalisation, no data

used to derive physical observables were collected.

2.4 One-component Plasma Models

Having discussed MD models in general, consider now some specific examples. The models
typically fall within one of two categories, one or two-component models. One-component
models are simplifications in which only a single charge species is explicitly considered, treating
the other as either a polarising or non-polarising background. Two-component models provide
a more complete description of plasmas, treating electrons and ions explicitly. Two-component
models can be challenging, as they typically exhibit two distinct time scales, see Section 1.2.3,
and attractive Coulomb interaction results in strong interaction effects and potentially the

Coulomb collapse.

2.4.1 One-component plasma (OCP)

The model commonly referred to as the one-component plasma or simply OCP, is a system

of classical point charges of a single type in a neutralising background, parametrised by the
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Coulomb coupling constant I';;3. Computations which treat the long-range interactions in
this system have been carried out since the 1960s [237], followed by extensive exploration by
Hansen and co-workers in the 1970s and ’80s, see, e.g., Refs. [69, 238-240], an effort which has
continued to the present day [110, 241-245].

The OCP model is one of the primary benchmarks for strong coupling theory. As a complete
model for physical systems, it most appropriately describes the ions at very high density, where
the high electron Fermi energy makes electron screening negligible and I'.e — 0 [205]. The
OCP description of ions has some peculiarities, for example, its long wavelength description
in terms of hydrodynamics is debated [110, 246] and the density perturbation has a plasmon
dispersion rather than the acoustic modes expected for ions at most conditions (see Section

1.2.3).

2.4.2 Uniform electron gas (UEG)

In some aspects, models that employ a uniform rigid background provide a description more
characteristic of the electrons than the ions. However, to treat the electrons, a quantum
description is needed and the model is referred to as the uniform electron gas (UEG) or
Jellium [15]. The quantum formulation introduces & as a dimensionful parameter in the OCP
Hamiltonian, and two parameters are needed to describe the thermodynamic conditions of
the system, commonly 7, and . For fermions, the spin-polarisation & = |nt —nt|/(nT + n')
describing asymmetry in the density of spin-up n! and spin-down n' electrons enters as a
third and final parameter [15].

The LFC of the UEG is often used to approximate electron properties in two-component
systems [247, 248], for which both analytical models [249] and parameterisations from Monte
Carlo have been used [207, 250]. Interaction effects in the UEG predict non-monotonic plasmon
dispersion, the roton feature, at low temperature [173, 251], and altered electron screening of
ions [88, 252], the latter of which is relevant to the last one-component plasma model which

will be discussed.

3Seen using the appropriate unit system in Appendix D.1.
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2.4.3 Yukawa one-component plasma (YOCP)
The pair potential between ions with charge ¢, in the Yukawa model is

KT

_ daqa €
drey T

Uaa(T) (2.42)

where the electrons are assumed to instantaneously screen the ions. Compared to the OCP,
an additional dimensionless parameter ka; characterises the system, given by the electron
screening length £~ 1. Screening can be seen to effectively reduce the coupling strength [253],
and the crystalline phase at large I';; transitions from bcc to fcc as k increases [70]. The
particular functional form for the interaction is motivated by the static limit w — 0 of the
RPA density response [107] and for small k this type of screening also appears in theories with
a more complete description of interactions [88] (see also Appendix C.1).

The Yukawa model has been well studied with classical MD, see, e.g., Refs. [243, 254-257],
and used as a reference model [258]. On large length scales compared to the screening length
x~1, the behaviour of the Yukawa system is substantially different from the OCP and has
characteristics more similar to those of a neutral fluid [110]. To go beyond a description with

static screening using MD, an explicit two-component model is needed.

2.5 Two-component Plasma Models

Two-component models provide a more complete description of the physics in plasmas, where
electron-ion screening and collisions are modelled explicitly, and quantum aspects regularise
the short-length scale physics. Differing levels of the quantum treatment have resulted in a
variety of different computational models, and a selection of commonly used models for WDM
computations are discussed below. For a more complete overview and comparisons, see the

review by Bonitz et al. [66].
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2.5.1 Path integral Monte Carlo (PIMC)

Ab initio path integral Monte Carlo (PIMC) is based on Feynman’s path integral formulation
of quantum mechanics. For distinguishable particles, thermal averages of an observable O can

be evaluated in coordinate representation R = [r{,...r\]T as

(0), =2 [ #RER (e |R) (] O|R)
A A (2.43)
=z ! /d3R0 -~ d’Ryr (Role ™ |Ry) -~ (Ry 1| e ™ |Rur) (R | O | Ry)

where Z is the normalisation. The factors in the second line correspond to the thermal density
matrix at an increased temperature 771 = MB~! = MEkgT for which a high-temperature
approximation may be used for sufficiently large M [259]. The above integral can be evaluated
with the techniques discussed in Section 2.2 and is, in principle, capable of giving quasi-exact
(i.e. exact within the given statistical error bars) results for a host of observables without the
need for any external input.

For fermions, at warm dense matter conditions, the above formulation must be anti-
symmetrised leading to the notorious fermion sign problem [260, 261], resulting in an expo-
nential increase in the required compute time with respect to system size and towards low
temperatures. To tame the sign problem, the fized-node approzimation [262] can be used at
the cost of an approximation, or averaging over a large number of independent calculations is
performed [263].

The quantum statistical average in equation (2.43) can formally be seen as the classical
thermal average in a system of ring polymers, where the quantum non-locality is encoded
into the spring forces between beads in the polymer [264]. This is the basis for path integral
molecular dynamics [189], which uses MD techniques and ergodicity to evaluate equation

(2.43), however, the dynamics cannot be used to study time correlations directly [265].
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2.5.2 Density functional theory (DFT)

The most widely used method for modelling WDM systems nowadays is an adiabatic method
working within the Born-Oppenheimer approximation where the electrons are treated within
the framework of density functional theory (DFT) and the ions are treated as classical particles
in MD, referred to as DFT-MD. In 1964, Hohenberg and Kohn [266] established the basis for
DFT in ground state systems — later extended to finite temperature by Mermin [267] — which
guarantees the existence of a universal density functional describing the energy of the system.
The equilibrium density profile in any external potential (e.g., ion influence) is the profile that
minimises this functional. However, the functional is unknown. The kinetic contribution to
the functional can be approximated within Thomas-Fermi theory (orbital-free) or based on
the non-interacting orbital formulation by Kohn and Sham [268]. Approximations for the
remaining ezchange-correlation contributions have been extensively investigated at zero [269]
and finite temperatures [270], but the search for improved functionals continues [271].

Both orbital-free [272, 273] or Kohn-Sham [16, 17, 274, 275] DFT has been used to
model WDM systems via DFT-MD, deriving both equations of state and transport properties.
However, the DFT formulation does not capture electron-electron collisions [174, 276], especially
important for conductivities at higher temperatures. The model is adiabatic because the
electronic states are populated at a pre-defined temperature, resulting in the conserved energy
being a combination of the free energy of the electrons and the energy of the ions [277]. Time-
dependent formulations can also be constructed, however, they are restricted to electronic
time scales. Time-dependent DFT (TD-DFT) can either be performed by explicitly evolving
orbitals [278] or by linear response theory [174, 279, 280] where an adiabatic approximation

for exchange and correlation effects is commonly used [281].

2.5.3 Kinetic theory molecular dynamics (KTMD)

Graziani et al. [282] proposed an MD scheme for the ions where the electrons are treated
kinetically using a reduced distribution function formulation, termed kinetic theory molecular

dynamics (KTMD). Some initial attempts to implement the model have been made [283].
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However, no dynamic implementation of the electrons has been carried out and anti-symmetric

closures [284, 285] should be investigated for the treatment of WDM.

2.5.4 Quantum statistical potentials (QSP)

Two influential semi-classical treatments for two-component plasmas and electron-ion inter-
actions were provided by Kelbg et al. [95] and Deutsch et al. [96]. Short-range quantum
behaviour and exchange effects are based on solutions of two-body systems and encoded in pair
potentials. By construction, these potentials have an explicit temperature dependence and
are restricted to regimes where exchange effects may be approximated on the pair-exchange
level. Other interaction models based on Bohmian mechanics have also been put forward [235].
These types of models have a special niche as they allow for the modelling of electron dynamics
over ionic time scales.

An alternative route to achieve an efficient dynamical description of electrons is based
on the time-dependent variational principle, referred to as wave packet molecular dynamics
(WPMD). In the WPMD formulation, the electron wave function is described by a parametrised
functional form, allowing for a fast evaluation of the electron and ion time evolution. In
the following chapter, such descriptions will be discussed and generalised for two-component
plasmas. The wave-packet formulation addresses two concerns with the two-component models
discussed above. First, the ability to model electron dynamics and not be restricted to
equilibrium systems or the Born-Oppenheimer approximation. This opens the possibility
to model non-equilibrium scenarios and describe simultaneously electron and ion-time scale
dynamics and the potential interplay between these. Second, the ability to model systems
with more than 103 particles gives the model access to long wave-length properties of WDM.
These aspects will be investigated in Chapters 4 and 5, where electron scattering and transport

properties are studied, respectively.
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Chapter 3

Quantum Trajectory Molecular Dynamics

Abstract: The restricted functional form for the electron wave function in wave packet
molecular dynamics (WPMD) is generalised to an elongated Gaussian state and adapted
for warm dense matter simulations. Long-range Coulomb interactions are treated with a
generalised Ewald summation, and exchange interactions are approximated on a pair exchange
level, incorporating kinetic and interaction contributions. The model shows good parallel
support and close to linear scaling with particle number. The model is compared to the
traditional isotropic approximation in WPMD for ground state and thermal properties, where
differences occur primarily in the electronic subsystem. The electrical conductivity differs by

15% between the wave packet models in a warm dense hydrogen test system.

3.1 Introduction

Warm dense matter (WDM) is characterised by ion correlations and electron degeneracy.
Two-component modelling is often performed using DFT-MD [24, 272-275], or various Monte
Carlo approaches [15, 19, 26], but also one-component models are used as proxies [64, 110, 202].
However, none of these models treats the ion dynamics and simultaneously evolves the electrons,
evoking either the Born-Oppenheimer approximation or using statistical formulations. Direct
access to electron dynamics would aid investigations of, e.g., x-ray scattering (see Chapter 4),
electron transport (see Chapter 5) and more general non-equilibrium [103, 169] and relaxation
phenomena [94].

The main hindrance for models with dynamic electrons is the electron-ion mass ratio,
which requires a dynamical model to resolve two distinct time scales when both electron
and ion processes are of interest. Some questions remain regarding the interplay between
the two time scales and the effect on ion transport [149-152]. The need for a quantum
treatment of electrons puts further requirements on the computational model. Time-dependent

DFT can evolve electron states within the DFT approximation [172, 278, 286]. However,
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this is not feasible on time scales relevant for ion dynamics due to the computational cost.
Phenomenological hydrodynamics based on DFT functionals [102, 287] has been used to evolve
both electron and ion degrees of freedom [103], but fluid models of electrons lack some kinetic
aspects [288]. For a complete description of the ion dynamics, formulations using quantum
statistical potentials (QSPs) have often been employed [95-98]. Alternatively, formulations
based on Bohm'’s interpretation of quantum mechanics have been used to the same effect [235].

A family of methods that sits between semi-classical MD and time-dependent DFT in
terms of computational cost is wave packet molecular dynamics (WPMD) [289, 290]. These
methods work directly on the electron wave functions which are restricted to a parametrised
functional form allowing for efficient time evolution. The choice of parametrisation is therefore
central to the model and has historically been chosen such that interaction integrals can
be evaluated analytically to speed up computation. In this chapter, an extended functional
form will be introduced and compared to the traditional approximation. The model has been
natively implemented in LAMMPS [220] including long-range electrostatic interactions and a
pair-wise exchange approximation.

The remainder of this chapter is structured as follows. Sections 3.2 and 3.3 outline the
theoretical and numerical development, respectively. In Section 3.4, the model is compared
to other models for ground state and time-dependent properties. In particular, the electrical
conductivity of a warm dense hydrogen test system is compared between the traditional and

extended WPMD models.

3.2 Theoretical Description

Wave packet models were originally introduced in the 1970s by Heller, who recognised that a
Gaussian wave packet remains Gaussian in a quadratic potential and the mass centre follows
classical equations of motion [291], an idea extended to approximate solutions of Schréodinger’s

equation [291, 292]. A derivation of the wave packet formulation for arbitrary functional forms
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Figure 3.1: Schematic representation of dynamics in the Hilbert space starting from a
state |Q(t)). The variational approximation |Q(¢ + 0t)) is constrained to the sub-manifold
M (surface) and for short times the difference between the true solution |¥(¢+ dt)) and
|Q(t + dt)) is orthogonal to the tangent space of M at |Q(t)).

is obtained by varying the action

S:/dt (Q\ih%—ﬁ]@), (3.1)

where H is the system Hamiltonian. The state |Q) = |Q(Qy)) is given by a parametrisation,
and the action is varied with respect to its parameters @,. This is the time-dependent
variational principle (TDVP) [192] where the state is restricted to a sub-manifold M in
Hilbert space. For unrestricted states, the TDVP yields Schrodinger’s equation [289]. For the
state |@) to remain on M, the time derivative d|Q) /dt must be in the tangent space of M,
TigyM, and thus the variational principle projects the true derivative onto 7jg)M in some
manner. The TDVP is therefore closely related to both the Dirac-Frenkel and McLachlan
variational principles and all variational principles are equivalent if 7, M is a complex linear
subspace [293].

The resulting time evolution is schematically shown in Figure 3.1. For short times, §t,
the approximation |Q(t 4 dt)) provides the best approximation on M to the true Schrodinger
evolution | (¢ + 0t)) given |U(t)) = |Q(¢)). Concretely, it can be shown that (A(t, 0t)|A(t, 5t))
is minimised to O(0t3), where |A(t, dt)) = |U(t + 6t)) — |Q(¢ + t)) is the discrepancy between
the true and approximate evolution [289]. This guarantees good approximations for short times,

but over longer times |Q(t 4 6t)) and |V (¢t + dt)) may drift apart. The long-time evolution is
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instead constrained by appropriate conservation laws, most notably energy conservation [294].
The method can therefore, as with classical MD, be characterised by conserved properties.
Following the procedure in Feldmeier and Schnack [289], an unphysical global phase may

be removed, resulting in the Lagrangian

ih
=2y (QM 5, (@)

I

(@) + Qpsr (Q(Q)

0
50 (Qu)>> -H, (32)
where # = (Q| H |Q) is the Hamiltonian function and the states are assumed to be normalised,
i.e. (Q|Q) = 1. The equations of motion now follow from the Euler-Lagrange equations (2.7)

and in general take the quasi-Hamiltonian form [289]

dQ, OH
ch,w o (3.3)
where
_(QIAIQ) _ 4
H= 00 - (H), (3.4a)
and
0? N
Cow = mln (<Q(Qy) (Qu)>) : (3.4b)

Further development requires a specific form for |Q). When modelling electrons and fermions
more generally, the state should adhere to the Pauli principle. Knaup et al. [295] and Jakob

et al. [296, 297] considered anti-symmetric states in the form of a Slater-determinant

Q) = % > (-nF ‘QP(1)> ® IQP(2)> Q- ® "JP(N)>7 (3.5)

" PeSn

where |g;) is a single-particle orbital and P runs over all the permutations in the symmetric
group Sy of N items. However, this approach scales unfavourably with particle number N, so

here a product state

Q) =lq1) ®|g2) ® -~ @ |qn) (3.6)

has been utilised instead and exchange effects are approximated by Pauli potentials of the
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type first introduced by Klakow et al. [298, 299]. The product state simplifies the evaluation
of H, which scales as O (N*) for a Slater-determinant without truncation [289], but also the
structure of C,,, which becomes diagonal in particle blocks. Equation (3.3) may therefore be
inverted sequentially per particle instead of simultaneously for the whole system (formally
non-local), and the orbitals |g;) only couple to each other via the energy H.

Before considering the specific |¢;) and the evaluation of H, some consequences of the
approximation (3.6) can immediately be seen. The Pauli principle and the resulting Fermi-
Dirac statistics, equation (1.14), is valid for any Hamiltonian H and specifically for vanishing
interactions. Therefore, the right-hand side of equation (3.3) is not the source of these effects.
Rather C,,, should act as a metric on M which prevents access to forbidden states. The Pauli
potentials act to suppress states where |g;) = |¢;), but only with a finite energy penalty and
do not formally forbid them. Therefore, this approximation method should only be used for

moderately degenerate systems.

3.2.1 Wave Packets

The shape of the wave packet |¢;) dictates the states that the model can describe. The choice
is generally free and based on intuition — for self-similar wave packets additional constraints
can be imposed between amplitude and phase [300] — but most commonly motivated by
computational ease and efficiency. The traditional form is an isotropic Gaussian [298, 299],

(@lgi) = (2m07) " xexp |- o LRl RO (3.7)

parametrised by the centre of mass position ; and momentum p;, and a width o; with an
associated momentum variable 7;'. In this formulation, the width is a dynamical degree of
freedom, free to adjust based on the local environment of the electron. However, other variants

exist as described by Grabowski [290]:
o Lenglet and Maynard [301] studied strong field interactions and individual collisions

Formally, ; is the conjugate momentum variable to o2 and the presented form therefore slightly
differs from e.g., Grabowski [290], but chosen for consistency below.
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using Hermite-Gauss functions.

o Morozov and Valuev [302]; Grabowski et al. [303]; and Angermeier and White [304]
used split wave packets, i.e., a sum of isotropic Gaussians, for their description when
investigating ground state and collisional dynamics.

o Jakob et al. [296, 297] included a Bloch wave on top of an isotropic Gaussian to formally
treat the lattice of computational boxes in simulations with periodic boundary conditions.

» Ebeling and Militzer [305] used a combination of isotropic Gaussians and (static) 1s-states,
in their ionisation model.

o Ebeling et al. [306] used a harmonic constraint in the functional form to regularise the

width, see also the discussion in Section 3.2.4.

However, one generalisation of equation (3.7) to non-isotropic states is

1
1

(@lgi) = ((27)° det (3,)) 5 .

! X exp [—(ac -r)T ( =t
This functional form is considered here to better account for local gradients on the length
scale of the wave packet. A similar form was used by Ono and Ando [307] when describing
molecular systems. Their formulation will be extended including long-range interactions,
exchange effects, and many-particle dynamics, all needed to describe WDM plasmas. The
wave packet in equation (3.8) is parameterised by 18 degrees of freedom: the position r;,
the momentum p; and two symmetrical 3 x 3 matrices, 3; — describing the elongation and
orientation — and II; the associated momentum to ;.

The equations of motion for the anisotropic wave packet follow from the Lagrangian (3.2)

and have a classical structure. Namely, for the centre of mass degrees of freedom [307]:

i = _ 3.
dt  Op;’ dt or;’ (3.92)
and for internal degrees of freedom:
d OH d OH
—YiaBf = Taf e —iap = —Ta . 3.9b
dt p=T 58Hia/3 dt B K ﬁaziaﬁ ( )
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Above, ¥,0p = (Zi)aﬁ and Inp = (Hi)aﬁ are the components of the symmetric matrices.
The factor 7,4 is unity if o = 8 and a half otherwise, accounting for the symmetric structure
of 3; and II;, where the off-diagonal components in symmetrical positions are treated as
symbolically the same.

For plasma modelling, a system of classical ions and electron wave packets is considered.
Ions are defined by their position Ry, momentum P, charge q7, and mass M. The electrons
with charge ¢. and mass m, are treated quantum mechanically with position &; and momentum

P operators. The Hamiltonian is

Yo QMI
+Z

Z a1q9J
I<J ’RI - Ryl

Z\w —a:]

471'60
(3.10)

22 G- Ry Pt

47['60 47r€0

To perform the time evolution, the state average of the Hamiltonian ought to be evaluated.

The kinetic contribution can be evaluated explicitly as

()2 e Pty e

which includes a classical contribution and two terms from internal degrees of freedom. The
second term in equation (3.11) is the kinetic energy associated with the changing shape of the
wave packet, while the last term is the shape-kinetic energy [99], with the same origin as the
Bohm potential in Section 1.2.2. The shape kinetic energy keeps 33; positive definite and the
wave packet well defined during the time evolution.

For the state average of the interaction terms in the Hamiltonian (3.10), no explicit
formulation convenient for an MD implementation has been found. The remainder of this
section is dedicated to the efficient on-the-fly evaluation of these terms and the introduction

of the exchange approximation.
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3.2.2 Generalised Ewald summation

To perform efficient and scalable N-body computations with electrostatic forces, part of the
interaction is evaluated in real space (truncated at some distance) and in part in Fourier space
(truncated Fourier representation), as discussed in Sections 2.3.5 and 2.3.6. Performing the
separation described in equations (2.35) and (2.36) in the wave packet description requires the

evaluation of state averages on the form

A 1A _ erfC(Ag’iiA—ijD + erf(£}|:ﬁ2j:izj|) . (3‘12)
|Zi — ;] |Zi — & i — &5

The Ewald parameter g will be determined by scanning different g and optimising for per-

formance, where the cut-off radius and the number of k-modes [223] are selected to achieve
the needed accuracy. Below, self-consistent treatments of both terms in equation (3.12) are
presented. To the author’s knowledge, the k-space evaluation has only been mentioned once

for isotropic wave packets [308] and is commonly neglected in wave packet formulations.

Short-range forces

The force evaluation is the most performance-critical part of an MD simulation. Therefore,
explicit formulations for the interactions are crucial. State averages similar to those needed
have previously been approached by Taylor expansion [307] or direct numerical evaluation of the
integral [309]. However, these approaches do not retain a strict notion of energy conservation,
either due to truncation errors or numerical noise. Instead, an approximation will be made
on the functional form of the integrand in equation (3.12), an approximation which can be
successively improved by including more terms. With an appropriate approximation, efficient
evaluation of the interaction can be obtained while simultaneously retaining good energy
conservation properties, because the potential is approximated and not the computation of
the state average.

The state averages of Gaussian interaction kernels, i.e. (exp(—al®; — &;|)) for some «,

can be performed analytically [310, 311]. Therefore, if the interaction kernel is approximated
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as a sum of Gaussian modes — a Gaussian decomposition — the state average can promptly be

evaluated. Therefore, assume

N
6
VO (r) ~ Z cl(f)e_o‘fg’ )7"2, (3.13)
p=1

where V) (1) = erfe(gr)/r and VO (r) = erf(gr)/r, and the coefficients C](;B) and a,(,ﬁ) are
fitting parameters for each mode p. The coefficients are found as the solution to a minimisation
problem and pre-computed for each g.

The state averages of the interaction kernel V?(r) is a volume integration weighted by some
Gaussian profile, and a reasonable definition for the error in the Gaussian mode decomposition

is

0L = /OTmaXdr 2V () — ]%) cl()ﬁ)e_o‘ff’ﬁ)r2 2 =c"Sc — 2cTA + 6L, (3.14)
p=1
where ¢ = [cg’g), .. ,05535)},
5L = /0 a2 VO (), (3.150)
(4), = /0 a2V ) (e, (3.15b)
and
(S),, = /OTmaxdr r2e—(op+ag ), (3.15¢)

No small 7 cut off is needed for the potentials investigated, as all integrals are convergent. For
the short-range interaction, 8 = s, the integrals are convergent, and ry,x = oo was chosen.
Depending on the Ewald parameter, the decomposition required Nés) =5 — 15 modes. The
decomposition of the long-range term, 5 = ¢, will also be necessary for Sections 3.2.2 and 3.2.3
when treating self and exchange-terms, but not for the standard electrostatic contribution. The
exchange contribution is exponentially suppressed by the overlap |(gi|g;) ]2 for large distances,

and therefore the introduction of finite r,x does not constitute a significant limitation. In
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Figure 3.2: The Gaussian mode decomposition of the short-range interaction (a) and the
long-range interaction (b) with an Ewald parameter g = 0.5.

particular, ry.x = 15 ap was used in this case and Ny) < 5 was typically needed.

There is a need for a robust minimisation of 6£ to find cg,ﬁ ) and aéﬁ ). For a fixed set of

az(,ﬂ ), the minimisation is solved by inversion of the linear system of equations 0L/dc, = 0, i.e.,

Sc= A, (3.16)

and the optimal linear coefficients céﬁ ) are given as a function of the set of aéﬁ ). Tnstead of

using a particular set of 04,()5 ) [311], a general minimisation algorithm [312] was used to find

the optimal set of a}(,ﬁ ) given optimal coefficients c](g’B ). For a stable decomposition, the search

was limited to agf) >0and r 2 /2 < ag) < g°

Figure 3.2 demonstrates the final decomposition resulting from this procedure, typical
of the ones used for MD simulations. The singular nature of the short-range interaction is
approximated by a series of modes with successively larger amplitude and shorter range. The

exponential decay of the Gaussian modes does not make it suitable for treating the Coulomb

tail, and the decomposition is not used for treating the long-range interactions discussed next.

Long-range forces

To limit surface effects in a finite-size simulation box, the simulation is periodically repeated

and results in a lattice sum for the interaction, see equation (2.34). Analogous to the case of

93



3.2. THEORETICAL DESCRIPTION CHAPTER 3

point particles, the Ewald sum is written as a sum with a main and a self-contribution &, + &;.
The treatment of the main contribution proceeds as described in Section 2.3.6 if the extent of

the wave packet is accounted for in the charge distribution,

puc Z(Hd(s) 173 _RI "‘Qez‘ w‘% ) (3'17)

but ions are still treated as points. Making explicit use of the functional form of the wave

packet, equation (3.8), the Fourie transformed charge distribution is

Prc(k) =" qre™ ™ 4 g Y e TR ARTER, (3.18)
I i

An additional factor appears for electrons, suppressing the electron contribution for large k.
This charge distribution is used in equation (2.40b) for the Ewald summation and used for
force evaluation.

In any given computation, only a finite number of k-vectors may be used, and the associated
truncation error for classical point particles was described by Kolafa and Perram [223]. It
can be shown that the resulting force from the Ewald summation for distributed particles is
suppressed by factors exp (—0.5kTX;k) x exp (—0.5kTX k) for each k-vector and the Ewald
sum converges more rapidly, an effect of the smoother electron density profile which requires
fewer k-vectors to describe. The classical error bound is therefore used as an upper bound for
the error.

The self-energy contribution & is modified when finite extent particles are introduced.

Incorporating the functional form of the wave packets into the argument in Section 2.3.6 yields:

erf (g|lz1 — x2])
4 = — - d i 2/d3 = i) 2
meok =~ 3 = Sl [l wla [ ates TR (wala)|

NgP (@) (3.19)

~ - ZQI—*Z%Z

i p=l \/det I+4a“)2i)

The integral is exponentially small if 21 % a2 and the Gaussian decomposition of the long-range
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interaction kernel has been utilised. The correct point-particle limit 3; — 0 is obtained if
2op cg) = 2g/+/m, the case if the decomposition retains the correct value at r = 0.

The self-energy term, &, concerns an added interaction in & between a particle and itself.
It is therefore translation invariant and independent of ;. The self-term does not directly
influence the equations of motion for the mass centre, but the dependence on 3; impacts the
dynamics of internal degrees of freedom, which in turn couples to r;. For classical particles or

static envelopes, & is a constant energy shift that does not influence the dynamics.

3.2.3 Pauli interactions

The lack of a properly anti-symmetrised state must be compensated for with an additional
repulsion between electrons. In the wave packet description, the difference in kinetic energy
between a pair-wise anti-symmetrised state and the product state has been used as the source
of this repulsion. Klakow et al. [298, 299] argued for the kinetic contribution to dominate,
although the exchange contribution to the Coulomb interaction can be significant [304]. The
electron force field model (eFF) uses the kinetic energy difference but introduces fitting
parameters in the Pauli interaction, which were tuned to achieve stable bounds for elements
with Z < 6 [313]. The eFF model — with only minor modifications — is the most extensively
used wave packet model in recent years [150, 151, 166, 314-318]. Angermeier and White [304]
considered a correlation potential based on spatially symmetric states between electrons with
opposite spin. However, the model introduces a free parameter which scales this contribution.
This treatment of the Pauli interaction is adapted here to the anisotropic Gaussian state and
is extended to account for the interaction with all surrounding participles.

The Pauli potential is formulated by considering two particles, ¢ and j, with the two-particle
Hamiltonian

A2 ~2 2
. < | p* 1
g, - PP

Vhg (&5, 1) + Vig (25,1 3.20
2me 47T€0 |£IAZZ—£3| T bg (ml’ )+ bg (mﬁ )a ( a)

where Viq(2;,t) is the electrostatic interaction from all other particles acting on particle 1.
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Explicitly, the background is

Vig (1) = / ’“'q’“ |2+Z L (3.20b)
& g 47?50 — x| T dmeg |z — Ry|

where k (I) runs over all other electrons (ions) in the system. For a two-electron system, the
spin and spatial degrees of freedom factorise and the wave function may be characterised as a

singlet or triplet state, with spatially symmetric

ag}) = 75 (19) @) + 1a) © 1a0) (3.21)
or anti-symmetric
067 ) = 5 (1) © la) ~145) © [a) (3.22)

states, respectively. The names refer to the multiplicity in spin degrees of freedom for each
spatial structure.

In the wave packet treatment, individual electrons are assigned either as spin up (|1)) or
spin down (|1)). The Pauli interaction is the difference between the state average of Hy for
445 > (V) or

the latter is accounted for by equation (3.11) and the standard electrostatic interaction. In

either qiq;> (VS ) and the product state |¢;) ® |gj). The contribution from

terms of state averages, the Pauli interaction is

AT T
Vi< = <qij ‘52 ] > — (qig;| H> |giq;)
<Qiq]' Qin> (323)
_ (el Hala;00) = (ai9] Hzlaiay) | (ailay) [
LF (gl ’

which for the localised Gaussian wave functions considered, scale as |(gi|g;)|* for large separa-
tions between particles ¢ and j. Due to the exponential decay of the overlap with respect to
the distance between the particles 7 and j, the Pauli interaction is short-range between these
two particles. However, the background term introduces a long-range contribution in terms

of the background particles, which should be accounted for by another Ewald summation.
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Explicit evaluations for all terms in equation (3.23) are key to employing the model on a large
scale. Analytical expressions for Vi?/ “ have been obtained using the Gaussian decomposition
of the interaction term, the result of which is summarised in Appendix A.1.

Equal spin electrons must interact via Vf; . The choice of ViI; or Vg for a pair of opposite
spin electrons has been considered in two ways. First, along the lines of Angermeier and

White [304], where opposite spin interactions are modelled with VC . scaled by a factor p,

g
Vg — pvg . This method will be used throughout this chapter. For ground-state helium or
molecular hydrogen, the electronic structure is well described by a singlet state and p = 1.
However, for a free electron gas, this overestimates the correlation effects as the appropriate
two-particle state is not simply the singlet state and p < 1 is more suitable [304]. The
appropriate value for p — most likely temperature and density-dependent p = p(n,T) —is a
priori unknown. Second, motivated by the multiplicity of the different spin configurations, half

of the opposite spin interactions are modelled via Vf; and the other half by V¢, in keeping with

R
the spin-dependent QSP interactions, see, e.g., Filinov et al. [98]. To this end, each electron
species was divided into two sub-groups. The latter method is employed in Chapters 4 and 5.

The Pauli potential Vilj- seems divergent as |¢;) — |g;) and the overlap tends to unity.
However, the numerator vanishes as well and results in a finite energy barrier. This is a

particular example of the more general remark at the end of Section 3.2, which limits this

type of construction of Pauli interactions to moderately degenerate systems.

Long-range Pauli interaction

The electrostatic interactions, which are the basis for the background term Vjy, are long-range
with respect to the particles in the background. Performing the same kind of separation into

short and long-range contributions as discussed in equation (3.12) results in
Vobg = Ebgr + Ebg ke + Ebg,s- (3.24)

The real-space evaluation &g, takes the form of a three-body term which may be efficiently

truncated in the background particle due to the short-range interaction kernel. The k-space
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term
erf (glx1 — x2|)

2y — o) (1) prot (z2) (3.25)

1
=— | Bxd’x
gbg’k 4dmeg / ! 2

can once more be written as an interaction between two density fields, i.e., the total charge
Prot and a density related to the overlaps
(£p) g
ple) = =3 g o 2 Re llasle) (ala) (ala)}

22T [aila,
i< LF [ailgs (3.26)

= (Halas) P + | (lay) ) Hailay) ).

The upper and lower sign is chosen for Pauli interactions (+p = +1) and correlation interactions
(+£p = —p), respectively. This contribution can be evaluated in k-space as described in Appendix
A.l.

The corresponding self-energy contribution &g s now takes the form of a pair interaction
term

erf (glx1 — ®2|) (£p) ¢2/(47eq)
20z — o] 1T [{qlgy) 2

(Il 2 + | (2]g;) )

gbg,s = Z /d3w1d3w2

1<j

(3.27)
x [2Re {{g)l2) (@lq;) (gla)} — (1 (@las) I + | {@laj) 17) [ (@lay) P]

and needs to be included to remove the anomalous contribution in equation (3.25). This

completes the current description of exchange contributions.

3.2.4 Confining potentials

Many authors have observed an indefinite expansion of the wave packets at sufficiently high
temperatures [150, 295, 306, 308, 319, 320], resulting in a packet that extends over multiple
ions without the ability to localise at multiple sites [303]. If the wave packet spreads too
large, no electron density perturbations can form, and interaction between particles effectively
ceases. This is seen as a flaw of the limited functional form, and multiple proposals have been

presented to counteract this expansion [166, 306, 321]. Currently, an additional confinement
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potential is added,
3
:7“’22 Oia—lw)0(c?, —12), (3.28)

where a o, is the ath eigenvalue of 3; and 6(x) is the Heaviside step function. The parameters
ly and A, set the width of a free particle ofee(lw, Aw) > Ly by balancing the shape-kinetic
energy. This potential is rotationally invariant and acts only on wave packets with a width

larger than l,,. In the limit of [, = 0, the potential reduces to

o= SR ) = 5 Y (@ @), (3:29)

and represent a harmonic potential centred at the particle position. In this specific limit,
the confinement potential has also been used to address the heat capacity in the classical
limit [305].

3.2.5 Temperature measurements

Equipartition defines the system temperature 7', in terms of any degree of freedom (), as

<Qu§gy>T = 6uwkBT), (3.30)

where (-), represent the thermal average in the microcanonical ensemble or NVE. Using either

the centre of mass momentum @, = @, = p;,

2
< + T§V> = 3kpT, (3.31)

or the momentum related to the packet dynamics,
4 5%
— T {ILS I} + ) MiapTpas— ) = 6ksT, (3.32)
m aB 81_[1'5& T

two independent measures of temperature are derived. However, the two formulations result

in the same temperature after thermal averaging. Previously, Ma et al. [166] considered the
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width kinetic energy contribution to the temperature measurement for isotropic wave packets.
In the above, V is the state average interaction, which in the case of Pauli interactions is
momentum dependent. When 0V /011, = 0, equation (3.32) describes the average thermal

energy of wave packet deformation.

3.3 Numerical Realisation

The above-described model has in its entirety been implemented in LAMMPS [220], which is
an open-source MD implementation in C++ utilising MPI to distribute the computation. In
particular, the OpenMPI implementation [322] of the MPI standard has been used. LAMMPS is
structured around domain decomposition, where the spatial domain is divided into regions
treated by separate MPI processes. Each process is responsible for evolving all particles in its
domain. Information regarding particles close to the edge of the regions is communicated as
needed for interactions, and k-vector resolve properties are scattered to all processes. This
structure parallelises the computational load and scales to a large number of processors, but
the structure also improves data locality and cache performance compared to multithreading
on shared memory machines.

The Pauli potentials introduced in Section 3.2.3 result in non-separable Hamiltonians, and
the standard velocity-Verlet integrator [323] cannot be used along the description in Section
2.3.4. Instead, explicit second and fourth-order Runge-Kutta methods [213, 214] have been
applied. A variety of Butcher tableaus were tested, all with similar numerical performance.
Therefore, the classical RK4 algorithm was selected as the default choice and used for the
computations in this chapter and in Chapters 4 and 5. The Butcher tableau of the RK4

algorithm is shown in Table 3.1.
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Table 3.1: The Butcher tableau for the classical RK4 integrator used for the time evolution
of the electron and ion degrees of freedom.

0
1/2 | 1/2
121 0 1/2

10 o 1
| 1/6 1/3 1/3 1/6

3.3.1 Numerical performance

The numerical performance of the implementation is shown in Figure 3.3 with a varying
number of particles and number of processors used. In Figure 3.3(a), the scaling with particle
number is shown at the fixed density ry = 2. Close to linear scaling in particle number is
demonstrated, showing the feasibility of employing this model to large system sizes. The exact
exponent varies in the range of 1.1 — 1.3, depending on the degree of parallelisation, caused
by different limiting factors in the computation. This should be contrasted with DFT-based
methods, which commonly scale as O (N?3).

Figure 3.3(b) shows the speed-up as the computation is distributed over multiple cores
for a fixed system of 2000 protons and 2000 electrons (strong scaling). The optimal scaling
is proportional to 1/(#MPI) as a fixed amount of work is divided between the processes
assuming that there is no incurred cost of parallelisation. The short-range interaction (Pair)
and k-space evaluation (Ewald) involve little or no communication between processes and
therefore scale preferably up to rather few particles per processor. The communication cost
(Comm.) increases with parallelisation, but is small in comparison.

The limiting factor is the synchronisation time (Sync), which is the time different processes
need to wait for each other due to an unbalanced load. This unbalance is due to a fluctuating
number of particles per processor, an effect that grows as fewer particles on average are
allocated to each core. Eventually, this plateaus the speed-up. In the above example, the
synchronisation time becomes significant when, on average, somewhere between 30 and 60
protons are assigned to each region. Note that this plateau moves further out in terms of

processor counts as a larger number of particles are considered. Dynamic load balancing or
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Figure 3.3: Scaling of computational cost for a quasi-neutral system with N protons. The
density is rs = 2 and the temperature equals the Fermi temperature. (a) Scaling with particle
number for different levels of parallelisation, in the range between N'! and N!3. The Ewald
parameter g was optimised to within :|:0.5a§1 for each case. (b) MPI parallelisation of the
computation for a system of N = 2000 ions with a fixed Ewald parameter. Showing the
full computation (Full), pair interaction (Pair), Ewald summation (Ewald), communication
between MPI processes (Comm.), and the synchronisation time different processors need to
wait for each other due to an unbalanced load (Sync). The result is compared to the optimal
scaling based on the single thread performance (Opt.).

multithreading inside the domain decomposition could address this issue.

3.4 Test Systems

3.4.1 Ground state properties

The properties of the extended wave packet formulation and comparisons with the traditional
isotropic model will be explored below in a set of test problems. First, the ground state energy
of diatomic hydrogen (Hj) is investigated. The molecular state of hydrogen is considered as
the ability of the wave packet to stretch is believed to improve the description of molecular
binding [290], and the system naturally breaks rotational symmetry and “activates” the
additional degrees of freedom in the elongated wave packets. Ground state properties are
obtained by evolving an initially random electron state with the inclusion of friction in the

equations of motion which guarantees monotonic energy loss, see Appendix A.2.
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Figure 3.4: Ground state energy of Ho-molecule, F, as a function of nuclear separation ¢,
computed for the full wave packet model (Elongated), the isotropic wave packets (Isotropic)
and the virtually exact result from Angermeier and White [304] (Exact). The ground state
is modelled as a triplet state in the wave packet computations, with p = 1 in the correlation
potential Vi(j . The equilibrium displacement is marked for the two wave packet models (vertical
lines) and the energy of two isolated hydrogen atoms is marked (horizontal lines).

The ground state energy of He within the wave packet model for both elongated and
isotropic Gaussian states are shown in Figure 3.4 for a varying nuclear separation J. The
virtually exact results for the energy scales considered here are also provided for reference [304].
The achieved ground state has either the electron wave packets centred between the two nuclei
or close to each nucleus (atomic configuration). The configuration that minimises energy
depends on the separation ¢, and there is a transition from the centred electron density to
the atomistic configuration as § increases. The transition between the two configurations
occurs at larger separations d ~ 2.8 ag for the elongated packets compared to the isotropic one
6 =~ 1.8 ag. The elongated wave packets are seen to improve the description of the molecular
state when 0 < 2.8 ag. However, an offset is observed to the exact result. In the atomic limit,
this offset is caused by the limited functional form of the Gaussian wave packet, which cannot
reproduce the cusp at the nuclear positions or the comparatively long tail of the density profile
in the true ground state. This energy offset is close to independent of nuclear separations for
0 larger than the equilibrium separation. Suggesting that these effects are the main missing

features also in the molecular regime, and further improvements of the functional form should
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first focus on the description of these aspects in isotropic states.

3.4.2 Binary collisions

As a second test problem, binary collisions between electrons and ions are considered. A
full numerical solution of the Schrodinger equation computed by the SOFT code [324-326] is
used as a benchmark. The centre of mass trajectories for impact parameters in the range
b =10.6 —3.0ap is shown in Figure 3.5, alongside a measure of the extent of the electron state
orthogonal to the collision direction. The centre of mass trajectories agree well between the
two wave packet models and SOFT. A qualitatively different behaviour between the wave packet
and the full numerical solution is the ability of the electron to fragment. In the full numerical
solution, part of the electron density remains bound to the ion, which is not permitted by the
wave packet functional form.

The two wave packet models differ in their internal descriptions. For larger impact
parameters, the elongated model reproduces the extent of the electron state in the SOFT
computation better compared to the isotropic formulation where all directions are averaged
and a too slow expansion is observed in the direction perpendicular to the collision. In the
case of smaller impact parameters, the full numerical solution is close to isotropic but has a
non-Gaussian structure during the close approach between the electron and the ion. Neither
of the wave packet models represents this intermediate state well, impacting the subsequent
evolution to an equal degree.

One of the central quantities in the description of dynamic correlations and relaxation
processes is the energy transfer in collisions. Figure 3.6 shows the energy transfer between an
electron and an ion in a binary collision. The energy transfer is calculated by time evolving
the initially stationary proton, kept fixed in Figure 3.5. Primarily, differences are observed
between the two wave packet models for intermediate impact parameters, as in either limit
the configuration is close to symmetric or approaches the classical limit. Furthermore, the
differences are the most pronounced for smaller wave packets, where the gradients on the

length scale of the packet are more pronounced. The result suggests that there might be an
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Figure 3.5: Electron scattering of a fixed proton with different impact parameters b computed
using an elongated wave packet (Full), an isotropic wave packet (Isotropic) and SOFT. (a) The
centre of mass trajectories where (z) and (y) are the state-averaged positions in the x and y
directions. (b) Extent of the electron wave function along the y-direction, 1/(y?) — (y)2, for
two impact parameters. The initial wave function was isotropic Gaussians with a width of
lap and a classical momentum such that the total classical energy of each trajectory was
%k‘BT and kg1 = 10eV.

appreciable difference in the dynamical properties of the two models.

3.4.3 Transport properties

The two previous tests treated few-body systems, but the strength of the wave packet for-
mulation is the ability to model large collections of particles. In the last example of this
chapter, this is demonstrated by modelling a partially degenerate and spin un-polarised (§ = 0)
hydrogen plasma, with temperature # = 1 and density 7, = 2. Accordingly, a system of 103
protons and 500 spin up and down electron wave packets were evolved for 225 fs in NVE after
an initial thermalisation phase of 75fs with velocity re-scaling (Section 2.3.7) based on the
temperature description in Section 3.2.5. The simulation was repeated five times with different
initial particle configurations for each wave packet model. The treatment of opposite spin
interactions by Angermeier and White [304] with p = 1 was used. The parameters of the
regularising confinement potential were A,, = 3 Ep,/ a2B and [, = lag.

The radial distribution functions are shown in Figure 3.7(a), computed classically without

regard for the extent of the wave packets or the effect of exchange. Exchange contributions —
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Figure 3.6: Transfer of (classical) kinetic energy AFE/FE from the electron to the ion in a
single electron-ion scattering event as a function of impact parameter b. Initial velocity is
set as described in Figure 3.5 with a temperature (a) kg7 = 5€V and (b) kgT = 10eV. The
result is shown for different free particle widths w set by the confining potential in equation
(3.28) by varying l,, with A, = 3 Ej,/a%.
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Figure 3.7: (a) Classical radial distribution function for proton-proton (p-p), electron-electron
(e-e) and proton-electron (p-e) in both wave packet models, elongated (solid) and isotropic
(dashed). Qualitatively similar structures are seen between the two models, where a stronger
electron-electron and ion-electron interaction is observed for isotropic packets. The typical
errors — estimated from the distinct runs — are shown in the shaded area and only noticeable
at small r. (b) The electron current autocorrelation function for the wave packet model
(Elongated) is well described by an exponential decay (fit). The thermodynamic conditions
are described in Section 3.4.3.
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for the RDF calculation itself — set the » = 0 limit for equal spin electrons, and not accounting
for this explains the lack of a decrease in g(r) for small . The ion structure is similar between
the models and the primary differences are seen in the electron structure. The isotropic packets
are seen to interact more strongly both with the ions and between themselves, suggesting a
more localised packet in the isotropic case, as expected from Figure 3.5.

Electrical conductivity is one of the fundamental transport properties strongly influenced
by inter-species interactions — see discussion in Chapter 5 — and is of major interest in the

WDM regime. For atomistic simulations, the Green-Kubo relation for conductivity is [327]

1

W) = TV

/0 ST - TO) g dt, (3.33)

where J is the total electrical current in the simulation. The current is dominated by the

contribution from the N, electrons

Ne
T d. = L5 (p). (3.34)

Me 25

The current-current autocorrelation function is well approximated by an exponential fit, see
Figure 3.7(b), a fit which has been used to evaluate equation (3.33) and limit the influence of
numerical noise [204]. An exponential current-current autocorrelation function results in a

Drude-like conductivity model

oo . ow/A

o = T T T

(3.35)

where oy and X\ are related to the amplitude and time constant of the decaying correlation
function. Physically, o¢ is the DC conductivity while A corresponds to the inverse of the
mean free scattering time. A roughly 15% difference is observed in the predictions of both
oo and )\ between the models. For elongated wave packets o§° = (34300 + 1900) Q 'em™!
and \°° = (1.48 4 0.06) fs~!, while for the isotropic model off® = (29800 + 1200) Q tem™!
and A% = (1.73 4+ 0.06) fs~!. It is no coincidence that the fractional changes in oy and \ are

equal in size but opposite in sign between the models, as for a Drude-like conductivity model
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the product of the parameters is constrained by a sum rule [200]. This method for computing
conductivity directly from the time dynamics of the current is of considerable interest, as
the commonly used Kubo-Greenwood formulation used in DFT-MD does not account for

electron-electron scattering [276].

3.5 Conclusion

In this chapter, an extended ansatz for the functional form of the wave packets in wave packet
molecular dynamics is presented, which allowed for an MD description — treating partially
degenerate electrons and ionic correlations — which bridge the gap in time scale between
electron and ion dynamics. The extended functional form allows the wave packet to respond to
local gradients on the length scale of the packet itself. The new form has been incorporated self-
consistently into LAMMPS with good parallel support, treating long-range Coulomb interactions
via an Ewald summation and purpose-built Pauli interactions to approximate spin interactions
on a pair-exchange level. The computational strategies for an explicit and efficient evaluation
of all interaction terms have been discussed. Together with close to a linear scaling with
particle number, this formulation is an efficient tool for treating systems of many particles in
the WDM regime.

The added flexibility in the wave packet shape improves the description of ground-state
hydrogen molecules and binary electron-ion collisions compared to the traditional wave packet
shape when tested against exact results. Furthermore, differences are seen for the energy
transfer in binary collisions between wave packet models, and the DC electrical conductivity is
seen to increase by 15% for a warm dense hydrogen system as the functional form is extended.

The properties of this new wave packet model will be further explored in Chapters 4 and 5.
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Chapter 4

Dynamic Structure Factors via Explicit

Real Time Electron Dynamics

Abstract: The electron dynamic structure factor (DSF) for warm dense hydrogen is inves-
tigated on the basis of explicit real-time electron dynamics both for electron and ion time
scales, without invoking either the Born-Oppenheimer approximation or the Chihara decom-
position. Two descriptions of the electron DSF are presented based on the wave packet model
in Chapter 3. The first of these is a semi-classical method in which the classical formulation
is corrected based on known quantum constraints. The second is a formulation where the
density-response function is evaluated in molecular dynamics and related to the DSF via the
fluctuation-dissipation theorem. The static and low-frequency ion behaviour is compared to
PIMC and DFT-MD, while the high-frequency behaviour is compared to models for x-ray
Thomson scattering. The inelastic scattering signal acquires the correct limits for small and
large momentum transfer, and a characteristic flattening of the plasmon dispersion due to
interactions is observed in line with analytical models. The models treat electrons and ions on

an equal footing, self-consistently describing screening and collisions.

4.1 Introduction

Many of the primary diagnostics for many-body systems are based on light scattering, where
the change in photon energy and momentum carries information regarding the energy and mo-
mentum states within the sample [206, 328, 329]. The (non-relativistic) interaction Hamiltonian

between charged particles and an electromagnetic field is

I;[int = - Z 71)@ /r] + Z qz A2 TZ (41)
i
where A(x) is the vector potential of the electromagnetic field. The charge and mass of the

particle are ¢; and m;, respectively. To first order, the p - A term in equation (4.1) describes
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absorption and emission processes, while (non-resonant) scattering is described by the A2
term [328, 330]. The scattering is dominated by the electron contribution — due to the mass
ratio — but the ions influence the electron dynamics, and the ion motion can directly be
seen in the scattering of the electrons. The scattering probability is described by Fermi’s
golden rule [331], resulting in a differential cross-section proportional to the electron dynamic

structure factor Se.(k,w) [206],
d’o
dQddw

X See(k,w), (4.2)

for an energy and momentum change of hw and hk, respectively. The quantum formulation
of the dynamic structure factor in equation (2.16) is acquired through the use of Heisenberg
operators for the spatially Fourier-transformed density 7 (¢). The dynamic structure factor
is [206]

LT
00 e

Saslbsw) = o= [ dr — (g1’ (0))

4.3
27 J oo NoNjg ’ (4.3)

where the subscripts/superscripts a and 5 denote the group of particles considered and (-); is
the thermal average. The scattering is therefore related to density fluctuations on the length
and time scales of |[k|~! and w™!, respectively.

In this chapter, the focus is on x-ray Thomson scattering (XRTS), a common diagnostic
for WDM systems, as the high photon energy can penetrate high-density plasmas [168]. The
plasma temperature can be extracted from the scattering spectrum in a model-independent
way via detailed balance [133, 332-335]. However, comparisons with synthetic spectra are
commonly used for analysis [133, 336-338]. On the other hand, the DSF includes a detailed
description of plasma dynamics and can be used to test theoretical models. Therefore, the
need to model x-ray scattering — or equivalently dynamic structure factors — goes both ways,
furthering diagnostic techniques as well as benchmarking theoretical models.

Most XRTS analyses rely on the Chihara decomposition or the Born-Oppenheimer ap-
proximation [116, 168]. The wave packet model presented in the previous chapter can access
dynamical properties without resorting to either of these approximations. However, some of the

quantum aspects of the scattering need to be expanded on. The extraction and interpretation
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of DSF from the wave packet formulation is thus the subject of this chapter, where particular
attention is given to a test system of warm dense hydrogen. The remainder of this chapter
is structured as follows. Section 4.2 discusses commonly used models and approximations
for XRTS. In Section 4.3, the test system is introduced along with computational models
for benchmarking, comparisons of which are shown for statics and ion dynamics in Section
4.4. The classical and quantum aspects of the DSF are discussed in Sections 4.5 and 4.6,
respectively. A semi-classical formulation of the DSF is reached. Instead, a formulation based
on the linear response formulation is discussed in Section 4.7. The results of both models are

compared to the standard models of XRTS in Section 4.8.

4.2 Modelling of XRTS spectrum

4.2.1 Chihara decomposition

The density response for a two-component system — electrons (e) and protons (p) — in equation

(2.27b) can be rewritten as

(0)
Xep Xpe Xe
Xee = Xpp + ) (4'4)
(pr> <pr> S Tee(K)[1 — Gee]Xéo)

where the functional arguments have been omitted for brevity. The first term represents the

proton response scaled by the cross-species response (commonly described symmetric with
respect to the species index [108]), relating to both screening and bound state dynamics. The
second term has the same form as in the UEG, but the local field correction (LFC) G, in
the single-component case has been replaced by Ge. evaluated in the presence of ions [108,
109]. Via the fluctuation-dissipation theorem — see equations (2.22) and (4.19) for classical
and quantum versions, respectively — the density response is directly related to the DSF and
highlights contributions both on the ionic and electronic time scales.

The Chihara decomposition relies on a chemical picture where Zg and Z electrons per ion

are labelled as bound and free, respectively. Neglecting correlations between ion motion and
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internal bound state dynamics, Chihara gives the total electronic structure factor as [108, 109]:
See(k,w) = | f(k) + n(k)[* Sii(k,w) + ZS% (k,w) + Zp Sy (k,w). (4.5)

Each term has a distinct physical interpretation. The ion-ion structure factor S;;(k,w) is scaled
by the form factors of the bound f(k) and screening n(k) electron clouds representing the
adiabatic electron motion following the ions. The free-electron structure factor SY, describes
the density correlations in the free-electron population and is commonly modelled by the
second term in equation (4.4). Last, the bound-free contribution Sys represents fluctuations in
the bound state population. Due to the different time scales and physics related to each term,
separate models are often employed for each term in equation (4.5), which may result in a less
constrained model overall [172]. Furthermore, the separation of the electron population into

bound and free states can be problematic in WDM systems [339)].

4.2.2 XRTS models

The hypernetted chain (HNC) approximation is commonly used to treat the ion-ion correlations
in XRTS analysis [168, 175, 340], which due to its analytical nature allows for exploration of
phase space. Explicit many-body calculations either based on Monte Carlo (MC) or molecular
dynamics (MD) on the other hand, do not rely on any closures and are applicable at arbitrary
large coupling strengths. However, computational cost limits the number of spectra that can
be generated compared to analytical models. Within the particle methods, models range from
one-component models (see Section 2.4) to quantum two-component treatments (see Section
2.5) where the effective interactions are based on, e.g. DFT [272, 274] and PIMC [341, 342].
From MD trajectories, S;;(k,w) may be directly extracted, while MC computations require a
type of analytical continuation to access dynamical properties [343, 344]. However, for many

applications, the ion dynamics occur in a narrow frequency range and

Sii(k,w) = Sii(k)dé(w) (4.6)
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is a common approximation when the ion dynamics are not directly investigated. For particle
methods which explicitly solve for the electron density, the screening cloud n(k) can be
computed self-consistently [345].

The random phase approximation (RPA) [208] is the base model for the free-electron
contribution S%,.. The RPA qualitatively describes both the single-particle (k — oo) and
collective (k — 0) regimes, but electron-ion collisions and electron correlations can shift and
broaden features in the spectrum. Mermin’s formulation of the dielectric functions is commonly
used to incorporate the effect of inter-species collisions [89, 346-349], while approximations
or parametrisations of LFCs G, can be used to model electron correlations [247, 248]. For
atomistic models of S, (k,w), an explicit treatment of the electron dynamics is needed [350]
and, particularly, the time dependence is required for the w-dependence. Time-dependent
DFT (TD-DFT) evolve electronic properties and may access SO (k,w) [172, 286], although
the restricted time scales considered do not permit simultaneous evaluation of Sj;(k,w).
Alternatively, linear response TD-DFT may be utilised for linear response properties, avoiding
explicit time evolution [174, 279, 280]. DFT formulations are commonly performed in the
adiabatic approximation [281]. Statistical methods, such as PIMC, do not rely on the Born-
Oppenheimer approximation [263], but as in the case of ions, the w-dependence cannot be
directly accessed. Instead, reconstructions based on LFCs have been suggested for the warm
dense electron gas [251, 351, 352].

The properties of bound states, f(k) and Sp¢(k,w), are commonly taken from atomic data
and computations [168, 353], as the requirements for modelling these states are substantially
different from the free-electrons. The bound-free term, Syf(k,w), typically contributes at a
larger w and can overlap with the free-electron feature [168, 353-355].

A combined treatment of SO, and S;; within a single MD model requires not only resolving
electron density perturbation over ionic time-scales but also the treatment of large enough
systems to access the collective behaviour. Semi-classical QSP models [89, 91-93, 356, 357]
and wave packet descriptions [358] have previously been used to model the plasmon resonances

for WDM. This chapter extends these discussions by simultaneously resolving the ion features

73



4.3. SIMULATION MODELS CHAPTER 4

and focusing on intrinsically quantum aspects of the scattering.

4.3 Simulation models

4.3.1 System parameters

The discussion will focus on a particular test system of warm dense hydrogen, for which the
description in terms of the wave packet model in Chapter 3 is appropriate. In particular, a
density of 7, = 2 or approximately n; = n. ~ 2 x 102 cm™3, and temperature 7' = 250 kK ~
21.5eV, result in moderately coupled protons I',, ~ 0.63 and partially degenerate electrons
0 =~ 1.72. This level of degeneracy results in substantial quantum corrections to the spectrum,
while the pair-exchange approximation is still satisfactory.

The Saha equation with Debye-Hiickel or ion-sphere ionisation potential depression mod-
els [6] predict full ionisation under these conditions and therefore all electrons are treated as
free, i.e. f(k) =0, Z =1 and Zg = 0. The coupling is far below the Wigner crystallisation
point [70, 71], and the system is homogeneous and isotropic. The computational result is
therefore averaged over equivalent directions and depends only on the magnitude of the wave

vector k = |k|. The Chihara decomposition then simplifies to

See(k,w) = |n(k)[2Si(k,w) + SO (k,w). (4.7)

The screening length, equation (1.17), and plasma frequency, equation (1.10), for the condition

is A\s ~ 1.54ap ~ 0.81 A and hwy, =~ 16.7 eV, respectively.

4.3.2 'Wave packet simulations

For the wave packet computations, the model in Chapter 3 is employed with N, = 2048
protons and an equal number of electrons. The system was initially thermalised using velocity
re-scaling after which data collection occurred in NVE. The presented data have been averaged
over 70 simulations of length 40 fs, interleaved with short thermalisation phases. With a time

step of 4 x 107> fs, the energy drift was below one percent of the ion thermal energy for the
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complete run. The computational details for the impulse computations in Section 4.7 are
discussed separately in Appendix B.4.

For the simulations, Pauli interactions of the second type discussed in Section 3.2.3 were
used and each spin species was subdivided such that a quarter of all electron pairs interacted
through Vi(j . The confinement potential did not have a flat bottom, i.e. I, = 0, and a
confinement strength of A, = 3Ha/a} was used. A full exploration of the dependence on
this regularisation has not been carried out, but in Appendix B.1 an additional confinement
strength is tested. It is established that the ion structure is insensitive to the choice of A,

and only a minor dependence is seen for the electrons.

4.3.3 PIMC simulations

A comparison for the static structure is provided by PIMC simulations, see Section 2.5.1, where
the Fermion sign problem is tackled directly by averaging over independent simulations [263].
This comes with a substantial computational cost and the system size investigated was therefore
limited to N, = 32 protons. However, the results are, in principle, exact within the statistical

errors and for the given size system.

4.3.4 DFT-MD simulations

The ion dynamics were tested against DFT-MD. Specifically, the DFT was performed using
the CP2K package [359] with a mixed Gaussian and plane basis set. The Kohn-Sham orbitals
were expanded in contracted Gaussians, whereas the electronic charge density was represented
using plane waves. The former used an accurate triple basis set with additional sets of
polarisation functions TZV2PX [360], while for the latter a cutoff of 500 Ha was employed.
The exchange-correlation functional was approximated within the local density approximation
(LDA) with a norm-conserving pseudopotential [361]. For the Brillouin zone integration, only
the I'-point was used.

The MD was carried out with IV, = 128 protons and an ionic time step of 0.0725fs was

seen to conserve energy appropriately. Thermalisation was performed using a Nosé-Hoover

75



4.4. STATIC AND IONIC PROPERTIES CHAPTER 4

thermostat with a time constant of 100 fs, after which data was collected in NVE for 1700 fs.

4.4 Static and ionic properties

The PIMC simulations have full access to static properties, while the DFT-MD simulations
model ion structure and dynamics along with electron screening. These properties are used
to benchmark the wave packet model. The static structure factor is the zero time separation
of the intermediate scattering function, i.e. Syg(k) = Fyg(k,0). The classical intermediate

scattering function computed based on mass centres r;(t) (r;(t)) of particles of type a (5) is

Fothr) = ok (e ) o

which is evaluated by a time average (), from the MD trajectories. The static structure factor
for the WPMD and PIMC models is shown in Figure 4.1(a) where the wave packet model is
seen to mostly agree with Monte Carlo results, except for a reduced electron structure at shorter
wavelengths, a consequence of the limited functional form of the wave packets. The finite
extent wave packet softens short-range interactions and does not allow for density fluctuations
below the typical packet size. These effects are especially noticeable for wavelengths below the
average packet sizes.

However, the ion structure factor shows more structure at intermediate k-values suggestive
of suppressed electron-ion screening in WPMD compared to PIMC. This interpretation is
supported by Figure 4.1(b) which shows the average form factors of the electron screening
clouds around the ions in the simulation. The screening cloud is isolated from the cross-species
structure factors, |n(k)| = |Sic(k)/Sii(k)|, similar to how it has previously been defined in
real-space for DFT applications [345]. A suppressed form factor |n(k)| at large k is seen in the
WPMD model, likely due to the functional form not allowing a highly localised electron density
close to the ion core. The ion structure is insensitive to the choice of confinement potential
(see Appendix B.1) and the average packet size, but the restricted form still influences the

screening at intermediate k. The ion structure factor from the DFT-MD agrees well with the
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Figure 4.1: Comparisons of static structure and ion dynamics. Shaded regions correspond to
95% confidence intervals estimated from simulations with different initial conditions. (a) Static
structure factors for electron-electron Se.(k), proton-proton Sp,(k), proton-electron Sy (k)
and free electron-electron SO, (k) = Sec(k) — |n(k)|>S,p(k) compared between WPMD (solid)
and PIMC (dashed). Dots show the static structure computed within the impulse response
formulation, see Section 4.7. (b) The screening form factors n(k) with the WPMD (solid) and
PIMC (dashed) simulations. Statistical errors are estimated from the independent runs and
shown by the shaded areas which are comparable to the line width. (c) Ion acoustic dispersion
within WPMD (circles) and DFT-MD (triangles) is based on a constrained GCM-fit to the
intermediate scattering function [203, 362]. Ion sound speed, ¢, in the wave packet model is
based on a linear fit wion(k) = cs|k| for |k| < 0.5a5".

PIMC results.

The free-electron contribution to the static structure factor can be extracted from WPMD
and PIMC, but this extraction is not directly possible in models that treat the electrons
adiabatically [350]. The free-electron contribution is shown in Figure 4.1(a) and tends to agree
between the models for wavelengths large compared to the packets. The access to free-electron
dynamics allows for the investigation of electron time scale features in Sections 4.5 — 4.8 using
the WPMD model. However, the low-frequency ion dynamics is considered first.

The WPMD and DFT-MD methods can evolve a sufficient number of ions for a time
long enough to model ion acoustic modes, although the required time steps are substantially
different. The wave packet model considers thermal electron motion, whereas the adiabatic
electron treatment in DFT-MD only requires the ion dynamics to be temporally resolved. The
ion-acoustic resonance is obtained by fitting a generalised collective mode (GCM) [203, 362]
constrained by the first three classical sum rules, equation (2.20), to the intermediate scattering

function for protons (« = 8 = p). In the GCM, one diffusive and two oscillating features
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were included, such that three parameters were fitted for each k, namely, the oscillation
frequency wion, and the decay times of the oscillating and diffusive mode. The wjq, for the two
computational models is seen to agree in Figure 4.1(c), both in the regions of linear dispersion
and as the dispersion flattens. The linear regime is indicative of an acoustic mode and the
slope is related to the ion sound speed [110, 175, 202, 203]. A fit to the wave packet data
suggests an ion sound speed of ¢; = 1.46 ag/fs ~ 77.3km/s, while no prediction is made for

the DFT model due to the limited data for the linear dispersion.

4.5 Classical dynamic structure factors

The classical formulation of time correlations in equation (4.8) has been applied to electrons
previously for semi-classical MD [89, 93, 356, 357] and WPMD [358]. However, the classical
formulation neglects inherently quantum aspects, some of which will be discussed in Section
4.6. Nevertheless, the classical treatment can demonstrate the interplay between electron and
ion dynamics.

The electron density correlations over time are shown in Figure 4.2(a), which reveals
two distinct time scales. The longer time scale features represent the correlations between
adiabatic screening clouds around the ions. This is explicitly demonstrated by subtracting the

screening contribution,

Feoe(k:vT) = Fee(k,7) — ‘n(k)PFPP(va)? (4'9)

which is seen to isolate the high-frequency signal to a high degree. This is observed computa-
tionally before Fy,(k,T) has converged if all contributions in equation (4.9) are taken from
the same simulation, as the electrons will quasi-instantaneous equilibrate to a specific ion
configuration.

The free-electron contribution S, in the Chihara decomposition, is described by the high-
frequency signal FO, (k, 7). Figure 4.2(b) shows the free-electron term resolved in frequency

space, where a clear plasmon resonance close to the plasma frequency w, is demonstrated.

78



4.6. QUANTUM ASPECTS OF DYNAMIC STRUCTURE FACTORS CHAPTER 4

=N
(=

t [fs] hw [eV]

Figure 4.2: (a) Classical intermediate scattering functions F(k, t) at k = 0.31 ag" for electrons
(e” —e™), protons (pT — pT) and the isolated free-electron contribution (Free: e~ —e™). The
ion screening and the plasma oscillations are shown. (b) The dynamic structure factor for
free-electrons with a clear plasmon feature in the collective regime ((Ask)~! > 1) which is
broadened as the non-collective regime is approached.

On length scales large compared to the screening length, (Ask)~! > 1, collective dynamics
dominate and a narrow feature is seen, only broadened by collisional interactions. On smaller
length scales, the plasmon feature is widened and a single particle mode appears at w = 0
within the classical formulation. Being a particle method, WPMD treats both the collective
and single particle regimes, where collisions and screening are self-consistently accounted for.

The use of the Chihara decomposition above has only been to interpret and isolate different
physical processes. The WPMD formulation does not rely on the Chihara decomposition as
electron and ion dynamics are treated on an equal footing. A combined spectrum showing
both ion-acoustic and plasmon modes is demonstrated in Figure 4.8 after quantum corrections

have been applied.

4.6 Quantum aspects of dynamic structure factors

Up to this point, the discussion has been classical and the explicit time dependence of the
Heisenberg operators in equation (4.3) has been neglected. The classical treatment does not
adhere to known constraints such as the f-sum rule and detailed balance [177, 363, 364]. The

f-sum rule refers specifically to the second sum rule. In a quantum treatment, the first three
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sum rules in equation (2.20) are modified to [201]

() / do  See(k,w) = Foo(k,0) = Seel(k), (4.10a)
OF..(k,t) 1k
1 _ 1 _ ee 9 —
<w 5. —/ dw w* See(k,w) = 5 ‘t:O T (4.10b)
02F,.(k,t) kT
2 ee 2 2
(w?) . / dw w2Se(k, w) = TL_O kO (7)), (4.10¢)

where an an asymmetry between positive and negative w is needed. Another aspect of this

asymmetry is detailed balance,
Sk, —w) = e P S(—k,w), (4.11)

which is required for any structure factor S(k,w) and a consequence of the occupation of states
in the statistical formulation [363, 364]. Classical formulations are time inversion symmetric,
Fos(k,7) = Fop(k,—7), in equilibrium and directly contradict detailed balance. However,
accounting for the operator algebra only requires Fng(k,7) = F a*ﬁ(k7 —7), and in quantum
formulations, F,s(k, 7) is necessarily complex-valued.

For typical ion dynamics in the WDM regime, fhw < 1, and the ions can largely be
treated classically. The electrons on the other hand have plasma frequencies where Shw, 2 1
and O (h) modifications are substantial. For the test system under consideration Shw, =~ 0.8.

Consider the intermediate scattering function in the Schrodinger picture

Faa(k,7) (t+ 1) Age lHT/ﬁAa,cyqf(t)>>

t (4.12)

t

N, L
Z< t + 7_ zk:.fie—iﬁr/hez‘k-f'j |\I/(t)>> ’
.3

SDZ‘HQ =

where |U(t)) is the simulation state at some time t. Note the additional time propagator, not

acting on the simulation state but rather the modified state

[W/(1)) = ™75 [ (1)) . (4.13)
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—— |Vt + 7)) —— [V(t+ 7))

[W(t)) > (W(t+ 7))

Figure 4.3: Schematic of the scattering mechanics which is implicit in the definition of
the dynamic structure factor. Equation (4.12) is a sum over terms (¥ (7)|0” (7)) where the
absorption and emission are performed by different orbitals.

The modified state has gained the momentum Ak compared to the thermal state. Methods
which can represent and propagate |¥’) in time can evaluate equation (4.12) without additional
assumptions — an idea which extends to two-time correlations more generally [365] — but
equilibrium methods typically only treat the thermal state |¥(¢)). Equation (4.12) can be
interpreted as the overlap between unperturbed dynamics |¥(¢)) and a state |U” (¢ 4+ 7)) that
experiences a type of scattering. The scattering in question is depicted in Figure 4.3, where
the original state |¥(¢)) absorbs some momentum hk (|¥’(t))), is propagated for some time 7
(|9'(t + 7))) and emits the same momentum (|¥”(¢ 4+ 7))). The particle that introduces the
momentum hk is arbitrary, as the DSF is related to multiple types of scattering [206], but can
be thought of as a photon. The classical approximation therefore amounts to neglecting the
influence of the momentum shift on the dynamics.

The effect of this momentum shift is clear in a non-interacting system, describing the large
k limit in interacting systems. The dominant contribution to Fi(k, 7) is the self-contribution,
i = j, which if written in terms of plane waves |p) is

Faa(k, ) = 3~ (P10 (0)) (WO)[p) 7 x (/| =7 T )

pp (4.14)

=3 ([w(O)lp) ), e (rmen),

and hw, = p*/(2m,) is the energy of the plane-wave state |p). The pre-factor represents the
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probability of each plane wave state in the thermal ensemble, and the exponential describes a
sort of interference between the unmodified and modified states. The exponent expands to
Wpihk —wp = (p - k)/m + wr. The (p - k)/mq term is the translation of the unmodified state
for non-interacting systems, an equivalent of which is found in the classical formulation. The
second term is the recoil energy hwp = h%k?/(2m,), which is the energy associated with the
momentum kick fik. Assuming a classical thermal distribution of the momentum states |p),

the resulting dynamic structure factor is

;n";fz o it (wmwn)? (4.15)
T

Soa(k,w) =

This spectrum incorporates the Compton shift, satisfies the f-sum rule and detailed balance.
The same result can be derived using operator notation and commutators; see, e.g., Scopigno
et al. [201].

In quantum kinetic formulations, the quantum recoil is commonly added by shifting the
resonance by wgr [366]. Single particle modes are shifted as in equation (4.15), while collective

plasma oscillations with frequency wp are modified as [348, 367]

wWE = Wi+ wh. (4.16)

Traditional, classical results have been corrected to comply with detailed balance via [201,

368, 369]
Bhw
1 — exp (—fhw)

S(k,w) = Sk, w), (4.17)

where the superscript “cl” has been added to denote the classical structure factor. Ortner
et al. [356] motivated this correction by assuming that the MD simulation is described by
the classical fluctuation-dissipation theorem, equation (2.22), and the dielectric response is
adequately captured. However, the same corrections are found when considering the relaxation
function formulation [370]. The above correction satisfies the f-sum rule if the classical result
obeys the classical third sum rule as (w)g = BA{w?) ga1 /2.

The traditional correction cannot be applied to the single particle limit as S(k) > S (k),
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and S(k) - 1 for k — oco. Furthermore, expanding the single-particle limit in equation (4.15)
gives

S(k,w) = ¢ 7 @wr/D gel (), (4.18)

which is remarkably different from equation (4.17) for Shw = 1. Therefore, an interpolation
between the two cases is proposed, whereby isolating the single-particle and collective modes,
each contribution is corrected appropriately. The single particle mode is corrected according to
equation (4.18) and the collective modes are shifted according to equation (4.16) and weighted
according to equation (4.17). The different components of the spectrum are isolated by fitting a
sum of a GCM (one diffusive and one collective mode) and a weighted single-particle spectrum
to the classical results. The total functional form is constrained by three sum rules, equation
(2.20). Further details are given in Appendix B.2.

Before proceeding to discuss alternative methods for computing See(k, w) via the fluctuation-
dissipation theorem, it is worth pointing out the benefit of deriving the electron dynamics
from equations (4.12) and (4.13). The fluctuation-dissipation theorem relies on an equilibrium
assumption, but in many experimental realisations gradients and non-thermal distribution
functions may alter the XRTS signal [169-171, 371-373]. Equations (4.12) and (4.13) could
add to this discussion of these effects. However, the wave-packet approximation and espe-
cially the confinement potential strongly influence the result in this case. As seen in the
non-interacting case of equation (4.14) the confinement potential would add a suppression
factor when the modified (V(7)|#; |¥(7)) and unmodified (¥'(7)|7; |¥’(7)) trajectories have a
separation comparable to the size of the wave packet. The wave packet formulation is thus not

suited for this type of description.

4.7 Density response and dynamic structure factors

Time-dependent DFT methods have considered the density response function Xee(r,r',t —t')
and its relation to Se.(k,w) via the fluctuation-dissipation theorem [172], instead of directly

treating the two-time correlation functions. For finite A, the fluctuation-dissipation theorem
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reads [195, 206]:
h Im {xee(k, —k,w)}

See(le,w) = 1 —exp (—fhw) 7N, ’

(4.19)

which satisfies detailed balance as Im{xe.} is odd in w. The relation between Se.(k,w)
and Im{xce} imposes an equivalent f-sum rule for Im{y.e}, which is i-independent and a
consequence of mass conservation, see Giuliani and Vignale [363]. Therefore, even classical
models satisfy this f-sum rule. In Appendix B.3 an equivalent of the f-sum rule for the
wave packets is derived and some nuances are discussed when the wavelength of the external
perturbation is comparable to the size of the wave packet.

For the computation of the density-response functions directly in MD, the methodology of
Sakko et al. [374] was used. Accordingly, an impulse of strength Iy acts as an external stimulus
Vext(p t) = Ind(t) exp (ik - 7) dqe, giving the electrons a momentum kick with spatial structure.
This particular structure of external perturbations relates the spatial Fourier transform of the

density response to the response function via
na(k,t) = IO/dgrdgrlefik'(’“*"/)xae(r,r’,t), (4.20)

and the Fourier transform in time yields the density response function in equation (4.19). In
practice, real-valued impulses must be applied in the MD. The real and imaginary parts of
the impulses are simulated separately, and the density perturbations are added appropriately
within linear theory. The impulse is implemented as an instantaneous change in the momentum
variables, as described in Appendix B.3.

The density response was averaged over multiple starting configurations taken from thermal
simulations to account for statistical variations in ion configurations and the thermal electron
population. Further details on the impulse computations are given in Appendix B.4. After
proper thermal averaging, the response without an external potential must vanish, although
for any given initial configuration some thermal fluctuations will be measured. Unperturbed
trajectories were also recorded and the thermal fluctuation was subtracted from the response to

accelerate convergence when performing parameter scans. However, this acceleration technique
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Figure 4.4: Fourier transform density response resolved in time for the electrons dn.
(perturbed species) and the protons dn, at k = 0.31 k‘gl. The proton response is scaled
with a screening factor s(k) to match long-time electron response. The dominant signal is
the high-frequency plasma oscillations on top of a smaller amplitude proton response over
longer time scales (as shown in the inset). Subtraction of the scaled proton signal isolates the
high-frequency dynamics analogously to Figure 4.2. Shaded areas are 95% confidence intervals,
estimated from variations between impulse simulations.

was not used for the final density response seen in Figure 4.4.

After the external perturbation of the electron population, the electron density response
in Figure 4.4 is a damped oscillation in time, representing a plasma oscillation damped by
collisions. The inset of Figure 4.4 shows the density response of the ions related to the
cross-species response function xp. and not xy, appearing in the Chihara decomposition. The
ion response is weak but is proportional to the long-time signal for electrons, suggesting a
screening relation between the two responses. This method for determining Se.(k,w) via xee is
primarily used to model the high-frequency electron dynamics — which limits the time window
of xee needed to be converged — and the screening contribution is subtracted analogously to
Section 4.5. The classical thermal simulation data are then used to substitute the screening

contribution.

4.7.1 Linear response

The magnitude of the density response is determined by Iy. A large density response is
beneficial for improving the signal-to-noise ratio for measuring x.., but the response must

remain in the linear response regime for the fluctuation-dissipation theorem to be valid. Figure
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Figure 4.5: The linearity of the impulse response tested for (Ask)™! = 2.1 (a) and (\sk) ™! =
1.1 (b) with respect to impulse strength 5. Shaded areas represent an estimate of the 95%
confidence interval assuming all the simulation results are Gaussian distributed around the
response function. All simulations agree within the error estimates.

4.5 shows the density response normalised by Iy, which in the linear regime is independent of
the impulse strength. The change in momentum for any particle due to the impulse is limited
by

|Ap;| < Io|kl, (4.21)

as given by equation (B.10a) in Appendix B. A first estimate for the upper bound of the
impulse strength is given by limiting the associated change in energy to 1% of kgT. In Figure
4.5 the response due at two different wavelengths is shown, for which the estimate for I is
Iy £0.01Ha fs and Iy < 0.005Ha fs in the long and short wavelength case, respectively. The
linearity of the density response around this level of impulse strength is seen when comparing
substantially different impulses in Figure 4.5. All the results shown are within the 95%
confidence interval from each other. The statistical uncertainty becomes more severe for longer
time differences after the impulse as the signal decays, especially for weaker impulses. For the
shorter wavelength case in Figure 4.5(a), non-linear effects were observed for Iy = 0.1 Hafs. In

the following comparisons, the impulse strength is Iy = 0.01 Ha fs.
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Figure 4.6: (a) Position and (b) width of the largest feature in the free-electron DSF. Widths
are given as FWHM of a Gaussian fit to the feature. The models compared are the semi-
classical formulation based on WPMD, the random phase approximation (RPA), with local
field correction for UEG [207] (sLFC) and extended Mermin formulation (sLFC + BMA) [247,
248] with collision frequencies within the Born approximation [348] using ion structure from
the wave packet simulation. The position of the features are compared to the analytical model
by Thiele et al. [348] labelled wipr and the recoil frequency wg in the small and large k-limits,
respectively. The long wavelength limit of the width is compared with the Drude limit of
the Mermin formulation with collisions in the BMA model and to classical Landau damping
rates [288]. For large k-vectors the single-particle limit (SP limit) describes the width of the
feature.

4.8 Dynamic structure factor: Comparison and predictions

The results of the two computational techniques for the electron DSF are compared to the
commonly used models for XRTS analysis discussed in Section 4.2.2. The position and width
of the largest feature in the free-electron structure factor are shown in Figures 4.6(a) and
4.6(b), respectively. The dominant feature in the collective regime is a plasmon resonance,
whereas the Compton feature dominates in the single-particle limit. For |k| < 0.5ag"', the
position of the plasmon is well represented by the analytical model by Thiele et al. [348],
however, for k-vectors in the range A\s|k| = 1 — 3, the dispersion is flattened in both the
wave packet model and the RPA. The flattening is especially pronounced for models which
incorporate interaction effects. The plateau is shifted downwards as electron correlations
and electron ion collisions are accounted for, using static LFC (sLFC) parameterised for the

UEG by Dornheim et al. [207] and the first Born approximation [348] using the extended
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Mermin formulation [247, 248] (sSLFC+BMA), respectively. The downshift of the plasmon
resonance due to electron correlations is arguably related to the roton feature discussed for
hydrogen at lower temperatures [173, 251, 375] and the shift due to collisions is related to an
imaginary component of the dynamic collision frequency [248]. The wave packet model and
the SLFC+BMA model predict a similar dispersion, with a slightly larger downshift within the
MD model. For non-collective dynamics, |k| > 3A\; !, all computational models converge to the
Compton shift wg, but the RPA model does so substantially slower than the other models.

When comparing the widths of the plasmon features in Figure 4.6(b), two distinct groups
of models appear. The WPMD and sLFC+BMA, and the RPA and sLFC models, characterised
by either including electron-ion collisions or not. When collisions between the species are
accounted for, the electron density wave can efficiently lose momentum, and a finite width
of the plasmon feature is approached for long wavelengths. This behaviour is obtained by
the Drude limit of the Born-Mermin ansatz [248]. The prediction of similar widths between
the WPMD and sLFC+BMA models is therefore indicative of similar electron-ion coupling
within the models. For electron only models, the dominant damping mechanism is Landau
damping, as is demonstrated by comparison with the classical Landau damping rate [288] in
Figure 4.6(b). For intermediate k, models with and without cross-species collisions result in
similar widths, suggesting that kinetic effects are dominant. All models agree in the single
particle limit.

Two spectra are shown in Figure 4.7 where the impulse response computations are compared
with the models in Figure 4.6. For the conditions under consideration, the effect of detailed
balance is apparent in the spectrum. A high level of agreement is demonstrated between the
semi-classical equilibrium formulation and the impulse response computations, suggesting that
the corrections applied to the classical formulation are the dominant ones. Some differences in
the integrals of the spectrum — the static structure factor — are shown in Figure 4.1(a), where
a reduction is observed when k! is comparable to the size of the wave packet. This is once
more attributed to the restricted functional form of the wave packet which does not allow the

impulse to stimulate density perturbations smaller than the wave packet. Overall, the spectral
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Figure 4.7: Comparisons of free-electron dynamic structure factors in the collective regime
(a) (\sk)™! = 2.1 and (b) (Ask)~! = 1.1. The models are given in Figure 4.6 with the addition
of the impulse response results (WPMD:IR) as described in Section 4.7. A fit of Im{x.} for
small w was used to regularise the effect of noise when applying the fluctuation-dissipation
theorem. The impulse response computations agree well with the semi-classical corrections for

the WPMD (WPMD:EQ).

shapes of all the models are very similar, where the primary differences are the shift of the
peak and the peak width, the trends of which were described above.

Lastly, the ability of the WPMD model to incorporate both the electron and the ion time
scale features is demonstrated in Figure 4.8. The complete electron structure factor shows
the free-electron feature with a comparatively narrow and large amplitude ion feature around
w = 0. When the ion feature is resolved, clear ion acoustic modes are observed. The ion
spectrum also includes an entropy mode at w = 0, which is wide enough to meagre with the
ion-acoustic modes which prevents a clear graphic separation. However, the entropy mode
constitutes roughly 52% of the total integral of the ion feature. The ion feature is corrected
based on equation (4.17), but the introduced asymmetry is minor due to the limited frequency

range of the ion density perturbations.

4.9 Conclusion

The ability of x-rays to penetrate dense plasmas and the wealth of physical information encoded
in the scattering spectrum have resulted in a-ray Thomson scattering (XRTS) being one of the

primary diagnostics for warm dense matter experiments. In particular, the spectrum describes
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Figure 4.8: The complete electron structure factor at k = 0.31ag ! incorporating the scaled
ion dynamics and the plasmon feature. The ion time scale feature is extracted based on
GCM fit (see Section 4.5) and scaled by the screening factor |n(k)|?. A minor asymmetry
is introduced in the ion component by the traditional detailed balance correction, equation
(4.17). The electron feature — visible in the inset — is given by the semi-classical correction
formulation.

both ion and electron time-scale phenomena, where a quantum treatment is needed for the
inelastic scattering. In this chapter, the wave packet model was used to simultaneously describe
both time scales without invoking either the Born-Oppenheimer or the Chihara decomposition.
The static properties of the model have been benchmarked against PIMC, where some effects
of the wave packet restriction are seen for length scales on the order of and below the typical
wave packet size. Comparison of the ion dynamics with DFT-MD shows good agreement for
the ion-acoustic dispersion over a wide range of length scales.

The quantum aspects of the scattering have been discussed from the perspective of
real-time evolution. The classical formulations are seen as the limit where the effect of the
quantum recoil on the dynamics is neglected. Ultimately, two approaches for computing
dynamic structure factors within the wave packet formulation have been suggested. First,
a semi-classical approach where the classical computations are corrected based on known
quantum constraints, where the collective and single particle behaviour is treated separately.
Second, via the fluctuation-dissipation theorem and explicit evaluation of the density response
function in MD by introducing external impulse in the simulation. Both formulations agree

well, validating the semi-classical approach and suggesting that the corrections applied account
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for the dominant quantum effects.

Comparing the inelastic scattering with commonly used models for XRTS, the wave
packet models show broadly the same spectral shapes as RPA-based models when approximate
treatments of electron correlations and electron-ion collisions are incorporated. In particular,
the characteristic flattening of the plasmon dispersion in interacting models is observed, and
a similar level of collisional broadening of the plasma feature is seen as in the first Born
approximation.

The equal treatment of the electron and ion degrees of freedom results in a combined
spectrum of excitations, where a narrow ion feature close to w = 0 is seen on top of a
broader electron feature. The only missing contribution to the XRTS spectrum in the wave
packet model is now the contribution from bound states. Bound states are not appropriately
modelled in the current wave packet model with the Gaussian functional form and the pairwise
exchange approximation. In the following chapter, the long wavelength limit of the free-electron

scattering is further considered and modelled within a hydrodynamic description.
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Chapter 5

Electron Transport Properties via Explicit Real

Time Electron Dynamics

Abstract: Electron transport properties are extracted from simulations of the atomistic
two-component model presented in Chapter 3, by mapping the long wavelength behaviour of
the dynamic structure factors to a two-fluid model. The mapping procedure is performed by
fitting simultaneously in wavelength and frequency space, a process performed via Markov
Chain Monte Carlo sampling. The free-electron dynamic structure factor and its properties
within a hydrodynamic formulation are investigated, justifying its application to warm dense
matter. Specifically, the model is applied to the test system in Chapter 4 and the inferred
electron transport properties agree with various reference calculations. The exception is the

electron viscosity, where a substantial decrease is observed compared to the classical models.

5.1 Introduction

The properties of dense and highly non-ideal plasmas remain uncertain [59], due to an interplay
of complicating factors during experimental realisations using lasers [116, 128, 137, 376-378],
for example, the transient nature of the state and a mixture of thermodynamic conditions
present simultaneously within the sample. Transport properties are especially unconstrained,
where two recent workshops [60, 61] have demonstrated discrepancies between models that
range over orders of magnitude. These discrepancies are most noticeable when comparing
first-principle models and analytical models commonly employed in hydrodynamic simulations,
a discrepancy that influences the predictive capabilities of hydrodynamic simulations [63, 148,
379, 380].

Atomistic first-principle models based on MD or MC can fully account for interactions and
correlations, but are limited to smaller system sizes as discussed in the introduction to Chapter

2. Extracting hydrodynamic constituent relations based on first-principle computations is an
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efficient way to incorporate non-ideal effects when describing phenomena on longer length
scales. Two prime examples are the widely used SESAME [381] and FPEOS [26] tables,
parameterising the equation of state. In this chapter, the transport properties of the electrons
within the two-component model are extracted by mapping the long wavelength behaviour of
the dynamic structure factors from MD to a hydrodynamic model. The mapping is facilitated
by Bayesian parameter estimation [382], allowing for validation of the hydrodynamic model in
question, and estimation of uncertainty and correlations between the inferred properties. The
methodology is general and may be applied to any modelling technique or even experimental
data with access to the electron dynamic structure factor at sufficiently long wavelengths. In
this chapter, the methodology is applied to the wave packet model described in Chapter 3.
The remainder of the chapter is structured as follows. Section 5.2 describes the two-
fluid model used and derives the structure factor within this model. The requirements for
appropriately comparing the hydrodynamic model with MD data are discussed in Section 5.3.
The details of the Bayesian inference model are given in Section 5.4, followed by its application

to MD data in Section 5.5.

5.2 Hydrodynamic model

Electron plasma waves are caused by electrostatic forces attempting to restore local charge
neutrality, and a two-fluid model is the minimal theoretical description. The two-fluid model
is valid for long enough wavelengths that kinetic effects are negligible. It was demonstrated
in Chapter 4 that collisional interaction with the ions is the primary damping mechanism
for electron plasma waves, at sufficiently long wavelengths. Schmidt et al. [383] considered
a quantum hydrodynamic formulation for electrons in a single fluid treatment. However,
their formulation lacks the correct limiting behaviour of the plasmon feature, as collisional
exchange of momentum and energy between electrons and ions is neglected. Their formulation
is extended in this section for a classical hydrodynamic model, a choice which is further
motivated in Section 5.3.

Specifically, the fluid equations of interest are for electrons (u = e, i = i) and ions (u = 1,
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[ = e), respectively:

Dp
Dt“+pMV v, =0, (5.1a)
Dy, _ _ )

Pu— i +V.P, puV o — Ruj (pp, vy — vp), (5.1b)

my

De,,

Py E+P,: Vo, +V.q,= “p#v,L-V¢—g(TM—Tﬁ), (5.1c)

my

which in convective form describe the conservation of mass, momentum, and energy. In the
above, my, qu, pu, Yy, and €, are the particle mass, particle charge, mass density, (fluid)

velocity, and internal energy (per unit mass). Furthermore,

D 0

is the material derivative.
The constitutive relations for the pressure tensor P, and the heat flux g, are chosen as in
classical hydrodynamics. The pressure tensor is described by the Navier—Stokes form [175,

196, 197,

2n
P, = pI- @L “MVmem4wm+WwﬂL (5.3)
where p,, is the (thermodynamic) pressure, 7, is the shear viscosity and ¢, is the bulk viscosity.
The heat flux is described by Fourier’s law [175, 196, 197]

qu = —ku VT, (5.4)

where ,, is the thermal conductivity.
A memory function formulation is used to represent the momentum transfer between
species,

RMAMMAM::/jfhpATﬁW@ﬂAv@—T% (5.5)

where momentum conservation is satisfied if pere; = pirie. The Fourier transform of 7,5 (7)

is the dynamic collision frequency v,;(w). The coupling 7,5 has a causal structure and the
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dynamic collision frequency must satisfy the Kramers—Kronig relations in equation (2.24). The
motivation for this exact form will be apparent in Section 5.2.3. The energy exchange between
electrons and ions is a slower process than the momentum transfer, and the corresponding
collision frequency is typically suppressed by the mass ratio [165]. Energy exchange is therefore
described by a relatively simple two-temperature model with a temperature relaxation rate of
g [61, 94]. This type of energy transfer is commonly used in combination with Fourier heat
flow [384-386] and is a special case of a more general heat transport model [387].

The fluid equations (5.1a) — (5.1c) are closed by Poisson’s equation for the electrostatic
potential ¢:

V2 = — (ghpi + qepe> . (5.6)
m; m

e

The inclusion of electrostatic interactions on this form is well-motivated for collisional sys-
tems [246].
Using thermodynamic relations [196, 388], the energy conservation equation (5.1c) may
be reformulated purely in terms of a local temperature 7},
DT, 2n
p“CV’“Tt” =—-V.q,+ (Cu — 3“> (V- 'Uu)2 + 1, [Vo, + (Vo,)T] : Vo,
(5.7)

Y — 1
— puCvp Z

q
Vv, — —p,-Vo—g(T,—Tp),
N my

where Cy,, is the specific heat a constant volume, v, is the adiabatic index and a7, is the
coefficient of thermal expansion. Furthermore, the pressure may be eliminated from the system

through the application of [196, 388]:

2

e
Vo, = 7“ (Vou+ puar,VT,), (5.8)
m

which introduces 2, u = (Opu/0py)s,, the adiabatic sound speed for classical fluids.

The hydrodynamic equations (5.1a), (5.1b), and (5.7) closed with equations (5.3), (5.4),
(5.5), (5.6), and (5.8) form the bases for the hydrodynamic analysis in this chapter. The
transport coefficients will be extracted from atomistic simulations in Section 5.5 and are for

now unspecified. This results in a rather general formulation, although the hydrodynamic
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description is limited to small wave numbers k and low frequencies w. Theories that generalise
to finite k and w, the so-called viscoelastic theories [175, 196, 370], introduce additional a
priori unknown coefficients to be inferred and the comparison with MD data is thus restricted

to the hydrodynamic regime.

5.2.1 Linearised hydrodynamic equations

The density-density correlation spectrum from small amplitude fluctuations is investigated by
linearising the hydrodynamic equations around a static and homogeneous equilibrium. Due
to the large mass ratio between ions and electrons, dynamics develops on two well-separated
time scales. The comparatively slow ion dynamics and the corresponding electron screening,

and the fast plasma oscillations. Specifically, perturbations on the form

Pe = Po,e + 0pe +0pe,  pi = poi + 0pio,
Ve = Ve + 00, v; = 0v;, (5.9)

Te = TO,e + 6Te + 5T€7 ,Tz = TO,i + 5i7

are considered. The index 0 and the “bar” represents the equilibrium and slow time scale
perturbations, respectively. All remaining perturbations are fast. The heavy ions only exhibit
slow perturbations. Charge neutrality requires gipoi/m; = —gepo,e/Me, and temperature
equilibrium is assumed Tp; = Tp.. The separation into slow and fast electron dynamics
corresponds to the screening cloud and free electron term in the Chihara decomposition [108,
109], as explicitly shown in Section 4.5. In this chapter, only the free electron dynamics
(fast perturbations) are considered, but for completeness the slow dynamics is described in
Appendix C.1.

The slow dynamics are isolated by time averaging the electron equations over time scales
long compared to both the inverse (electron) plasma frequency w, ! and the time scale of
thermal electron motion. In linear perturbation theory, fast fluctuations average to zero.

Isolated equations for the fast perturbations are obtained by subtracting the time-averaged
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equations from the original electron equations which, to linear order, yields

dpe
aa,: = — p0.eV - G, (5.10a)
0dv, C? e 2
Poe g =~ = (Vépe + po,careVTe) + 1. V=00 + (e +1e/3) VV - b,
— %po,ev&;s — Re; (po.e, ve) (5.10b)
90T, -1
P0.eCve o = — p0..Cye =V - S, + £, V25T, — goT,, (5.10c)
) 8t ) ) O[T7e
V23%5p = — L 5p., (5.10d)
Mmeco

and the transport coefficients are constants to first order. In a higher order treatment — an
equivalent of Zakharov’s equations [389] — the slow and fast dynamics couple together, however,
such treatment is beyond the current scope.

The density and temperature fields in equations (5.10a) and (5.10c), do not couple to the
full velocity field perturbation dv., but rather only with the divergence V - dv,.. Therefore, two
velocity degrees of freedom — the shear modes — decouple from the density fluctuations [196]
and three modes will appear in the spectrum of density correlations. In the following, these

modes will be identified as one entropy and two plasmon modes.

5.2.2 Hydrodynamic fluctuations and dynamic structure factors

The spectrum of density-density correlations is examined through a spatial Fourier transform
in combination with a temporal Laplace transform, following the well-established methodology

in Refs. [175, 196, 239, 370, 383, 388, 390]. The notation

6k (s) :/0 dte*St/d:Sre*ik'r(Swu(r,t) (5.11)

is used to describe the desired transform of any vector quantity dz,. The linearised system in

equation (5.10) may be written as

[sT+De(k)] 095 (s) = 0yi(0) (5.12)
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for the combined perturbation variable
55 (5) = [504(5). ipo ke - 6T (5), po o T (5)] (5.13)
and initial condition
0y, (0) = [@0%(0)7 ipouk - 0vg(0) + ik - Rox/s, Po,u‘STIQL(O)}T- (5.14)

Variables without a “tilde” are evaluated in the time domain and represent the initial condition
at t = 0. Ry} describes the contribution to the momentum memory function from ¢ < 0. The

linearised dynamics are completely determined by the hydrodynamic matrix

0 1 0
De(k) = | = (w2 + 712 k) v K2 —ar oyl k2 (5.15)
P Ve Cs,e Vei + VL,e aT7€76 Cs,e
0 are (Ve —1) Ve (ge + Xxck?)

and the eigenvalues of D, (k) describe the modes present in the system. The hydrodynamic
matrix is defined in terms of the plasma frequency wg = poyqu /(mZ2ep), the longitudinal
(kinematic) viscosity vr . = (4ne/3 4+ (¢) /po,e, the thermal diffusivity x. = Ke/(p0,e7eCvie)
and the normalised heat transfer g = ge/(p0,e7Cvie)-

In terms of the perturbation variables, the (classical) electron DSF in equation (2.16) for
a system of N, electrons, is

1 00 eiwt
0 _ e ex
SEk.w) = 5o [ S 0003 O (5.16)

where (), is the thermal average. Using transformed variables, the DSF is evaluated as [175,

196]:
iy (9PR(E — iw)0pi(0))7
e=0 (0pg(0)dpg(0))

The DSF is normalised by its integral — the static structure factor — relating to the initial

(5.17)

S (kyw) 1
S0 (k) nRe[

density perturbations, as the hydrodynamic description evolves the perturbations but does
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not specify their initial amplitudes, although the fluctuation-dissipation theorem can set the
normalisation, see Section 5.2.4.

Thermally averaging equation (5.12) with the initial density perturbations yields

[sT + De(k)] (095 (5)dpk (0))7 = (05 (0)dpi"(0)) 7, (5.18)

which under the common equilibrium assumption that initial perturbations in density, velocity
and temperature are statistically independent [196, 370, 383, 388, 390] only one component on

the right-hand side is non-vanishing and

(655(5)3p5 (0))7 = (sI+ De(k))1) (9p5(0)5p5" (0)) 7. (5.19)

Evaluation of the inverse result in the final explicit expression for the dynamic structure factor

TS0, (k,w) 5?2+ A(k)s + B(k)
L) | ARSI+ Ck)s+ DR) | (5.20)
where
A(k) = Ue(kv"u) + 'Ye[]e(k)a (5.21&)
B(k) = L_lcae’@ + Yebe (k) ve(k, w), (5.21b)
C(k) = wy + 2 k* + yebe(k) ve(k,w), (5.21c)
D(k) = (7o} + 2. k?) he(k), (5.21d)

with v, (k,w) = [va(w) + v, k?] and b, (k) = [g, + xuk?]. The structure factor is indepen-
dent of the thermal expansion coefficient oy, which therefore cannot be inferred from the
dynamic structure factor. Figure 5.1 shows schematically the dependence on the remaining
coefficients ¢, ¢, he, and v.. The position and width of the plasmon feature are determined
mainly by ¢s . and Re{v.}, respectively. The imaginary component of v, may also shift the

position. The entropy feature at w = 0 is primarily determined by b, however, all coefficients
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Figure 5.1: Schematic dependence on the coefficients (a) ¢, (b) he and (c) Re{v.} on the
hydrodynamic dynamic structure factor in equation (5.20). Arrows indicate the change as
each variable is increased.

modify multiple parts of the spectrum to some degree.

The functional form in equation (5.20) is not written in terms of three Lorentzians, which
is common for hydrodynamic theories. These forms are obtained by an expansion in small
k [391]. However, for non-zero v; and g, the collisional terms are dominant for sufficiently
long wavelengths, which prevents a straightforward analogous computation. The more general

form in equation (5.20) will be used here.

5.2.3 Limiting behaviours of the hydrodynamic formulation

When dissipative effects via inter-species collisions, viscous drag and heat conduction are
small, i.e., he < wy and v, < w), the dispersion relation |sI 4+ D.(k)| = 0 can be evaluated

analytically:

2

2 2 2

ws + ¢ k

S0 = — <M> % Be, (5.22a)
“aQ
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2 1.2
c v.(k,
s12 = Fiwg — (Ye — 1)—=5—be el jF“’Q), (5.22b)
ZwQ 2
where s = —v — iw describes the resonance frequency w and the damping rate v. Equations

(5.22a) and (5.22b) show an entropy mode at w = 0 which is damped by heat transfer and

two plasma modes at w ~ Fwg which follow Bohm-Gross dispersion
wé = wﬁ + cg,ek? (5.23)

The plasma modes are primarily damped by the momentum loss v, and not the energy loss
be because the plasma mode is fast w, > ¢, .k, as previously illustrated in Figure 5.1. This
differs from standard hydrodynamics, where heat conduction dampens the acoustic mode [196].
This was previously noted by Vieillefosse and Hansen [239].

By comparing the generalised Bohm-Gross dispersion [392] and equation (5.23), one

identifies the ideal dispersion relation as

3kpTo,.e/me kT > Ep
A~ () = : (5.24)

v% kT < Ex

Tl

where (v2)7 is the averaged square electron velocity, v is the Fermi-speed and Er the Fermi-
energy. In the absence of inter-species collisions, the damping rates are proportional to k2
and likewise the width of the resonance features in S, (k,w). This is the behaviour predicted
by Schmidt et al. [383]. Therefore, inter-species collisions are needed for the appropriate
long-wavelength behaviour for two-component systems, which typically have a finite width
plasmon feature [133, 248, 393].

The effect of collisional momentum transfer between electrons and ions is isolated if &k — 0

and g = 0. Equation (5.20) in this limit takes the form

mSee(k,w) _ Re{vei} wy (5.25)

Sge(k) <w2 — w% — Im{l/ei}w)Q + (Re{yei}w)Z’
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where the real value of the dynamic collision frequency Re{v;} primarily gives the width of
the feature and the imaginary component Im{v,;} shifts the resonance. This limit agrees with
the Drude-like limit of Mermin’s relaxation time approximation [248], motivating the choice of
momentum coupling between the electron and ion fluids.

Lastly, one-component systems have been extensively studied through LFCs G, (k,w) [207,
249, 250], which in turn can be related to the viscosity of the electron fluid [394, 395]. In
the long wavelength limit G.. approaches zero, specifically G..(k,w) oc k? [248]. Therefore,
for the one-component case, the hydrodynamic limit of S, is the RPA [248]. This limit is

reflected in the hydrodynamic model when v, — 0 and h, — 0.

5.2.4 Electron electrical conductivity

The electron electrical conductivity is a central property of the electron fluid which does not
directly enter into the current hydrodynamic description. However, the conductivity relates to
the system response under an external potential d¢ext, which can be modelled. Introducing a

small external potential through ¢ — ¢ + Jdext, a driving term

N - T
d= |0, LPeOp255ext (5.26)
m

e

is added to the right-hand side of equation (5.12). On thermal averaging of equation (5.12),

the initial perturbations vanish and the response to the driving field is described by
[sT+ D (k)] (055(5))7 = d, (5.27)
which gives the density response function

Xee(k, —k,w) = &;k’Q (sI+ De(k))1_21

mg S=—1w

(5.28)

The dielectric response relates to the off-diagonal component of the hydrodynamic ma-
trix, as the density field (row 1) responds to a source in the momentum equation (col-

umn 2). The density response relates to the dielectric function e(k,w), where e(k,w)™! =
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1+ ¢2/(c0k?)Xee(k, —k,w) [206], which in turn results in the macroscopic conductivity model
o(w) [112]. Within the hydrodynamic formulation, the conductivity model has a Drude-like

form,
Ri el 2
o(w) =¢p lim wIm{e(k,w)} = © Refveije, 79 (5.29)
k—0 Re{l/ei}Q + (w — Im{Vei})

with a DC value of opc = eows/ Re{vei(w = 0)}. Electron-electron collisions do not appear
explicitly as they adhere to the conservation relations in equation (5.1). However, electron-
electron collisions can still alter the distribution function which affects conductivity [82, 83], and
within a hydrodynamic formulation, these effects are accounted for in the effective momentum
transfer between electrons and ions ve; [396].

Equation (5.28) constitutes a separate derivation of the dynamic structure factor given by
the (classical) fluctuation-dissipation theorem in equation (2.22). This alternative derivation

is consistent with equation (5.20) given the static structure factor

kgT  Kk?

0 _
See(k) - mew;g 1 + )\ng (530)

and \;? = 'yewf) / cie. This static structure agrees with the RPA approximation [195] for a
general screening length A, and recovers the Debye and Thomas-Fermi screening lengths [107]

in their corresponding limits, see Appendix C.3.1.

5.3 Test system and model requirements

The transport coefficients in the hydrodynamic model have remained unspecified up to this
point and will be extracted by comparison with a molecular dynamics simulation which,
due to its atomistic nature, does not require any closure in terms of transport coefficients.
Specifically, the wave packet model in Chapter 3 is employed for a test system with the same
thermodynamic conditions as in Chapter 4.

Before attempting to describe the MD data using the hydrodynamic description, an upper
limit for k must be established, beyond which kinetic effects are substantial. Landau damping

is one such purely kinetic effect acting to broaden the resonance. Figure 5.2 compares the
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Figure 5.2: Width of the plasmon feature (FWHM) from classical Landau damping [288]
and the k — 0 limit [248] of the Born-Mermin approximation [346]. The electron-ion collision
frequency is given in the first Born approximation [348] using the ion structure from Figure
4.1(a). A tenth of the collisional width is shown for comparison.

classical Landau damping [288] with the expected broadening due to electron-ion collisions
in the first Born approximation [348] and the Mermin relaxation-time approximation [346].
Requiring the collisional broadening to be an order of magnitude larger than Landau damping
restricts the domain of validity to k < 0.19ag L

The required system size to model in the MD is set by the number of spectra needed
within the regime of validity of the hydrodynamic model. MD simulations performed in a
periodic cubic box with side length of length L can only represent a discrete set of k-vectors
given by:

27

where nn € Z3. Furthermore, for isotropic systems, only k-vectors with different magnitudes will
yield new information. Requiring access to at least three distinct spectra with |k| < 0.19 a L
at least N, ~ 5600 protons need to be simulated. In combination with the necessity to resolve
the electron dynamics, a method like WPMD is therefore preferable compared to other ab
initio approaches. In this chapter, simulations with IV, = 5628 are used.

Quantum hydrodynamics (QHD) is often put forward as a generalisation of classical
hydrodynamics, where an additional Bohm-like contribution is added to the momentum [13,

102, 288, 397] and potentially higher order fluid equations [288, 383]. Classical hydrodynamic

descriptions can still capture some quantum effects by modifying the equation of state and
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transport coefficients, but they cannot capture the non-local Bohm contribution. Quantum
hydrodynamics adds (in quadrature) a quantum recoil wp = hk?/(2m.) to the plasmon
dispersion [288, 397]. Comparing the shift in the dispersion due to the quantum recoil and

pressure contribution for the test system,
w
—LB_~0.1 % (apk)?, (5.32)

it is clear that for the k-vectors considered here the recoil is negligible. The high-temperature
approximation for 0376 was assumed in the above estimate. Care must be taken for the Bohm
contribution to have the desired effect in many-body systems [287], partially amended by
the introduction of an additional pre-factor for the Bohm potential [101] which might be
time and length-scale dependent [102]. Furthermore, the Bohm pressure tensor is necessarily
anisotropic in the presence of perturbations, preventing a straightforward isotropic second-order
closure [288], i.e., closing the hydrodynamic hierarchy in terms of a single temperature as
in Section 5.2 is not appropriate. This results in an erroneous recoil term if not properly
accounted for [398]. Moreover, closing the equations on the level of the momentum equation

would miss the entropy mode at w = 0 [196, 364].

5.4 Fitting model, degeneracy and error estimation

It has been common practice to fit hydrodynamic expressions to ion dynamic structure factors
from MD to extract transport properties [110, 202, 203], closely mimicking how it can be
done experimentally [399, 400]. The transport coefficients typically relate to the widths of
features and multiple k-vectors (angles) are commonly needed for a reliable extraction. What
is proposed here is practically similar but for electrons instead.

A two-stage fitting procedure is commonly employed for ion transport properties [110,
202, 203]. A hydrodynamic functional form is first fitted to each spectra for each different k
separately, followed by fitting the resulting parameters to the appropriate hydrodynamic scaling

to obtain the transport coefficients. A similar procedure using equation (5.20) could also be
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implemented. However, the limited number of k-vectors compared to many one-component
investigations incentivises a careful error estimation. It is therefore desirable to have a single
combined fit where uncertainties are systematically propagated.

For this purpose, Bayesian inference was used [382], a technique which is now commonly
applied to experimental scattering data from warm dense matter samples [338, 401-403]. The

fitting model is based on Bayes’ theorem

P(ylz) P (x)

) (5.33)

P(zly) =

for a set of parameters  and observables y. The parameters are the transport coefficients
and error parameters & = [Csc, Xes Re{Vei }, VL e, ks s Sky» - - -+ Okyy s Sk, | T, While the “observations”

are the normalised structure factors from MD

Yy = [S(kl,wkl)/S(kﬁl), . ,S(kn,wkn)/S(k)]T = [yl(wkl), - .,yn(wkn)]T, (534)

where S(k,w) = S% (k,w). The effect of the finite time window used for the FFT of the MD
data was investigated in terms of window functions [404] and had a negligible effect. P (z|y)
is the resulting distribution of transport properties (and error parameters) given the data. The
likelihood function P (y|x) is a model choice constructed as follows. Spectra for different k
were considered independent and each frequency point was modelled with a Gaussian error
around the hydrodynamic model yZHD. Therefore, the likelihood function employed in the

analysis was:

oi(w;x)

In P (y|lx) = Zn: Z {ln [2%0 w; m)} +%

2
i) = Y (w ,w>] } (5.35)

The error was modelled as a floored relative error,
o;i(w; @) = min [Si, byt (w; m)} , (5.36)

where s; and b; were allowed to be different for each k-vector and were inferred from the data.

106



5.5. INFERENCE: TRANSPORT PROPERTIES CHAPTER 5

The prior distribution P (x) for transport properties is assumed to be constant for positive
values, constituting the minimum reasonable assumption. For the scale parameters s; and b;,
Jefferys’s prior was adopted [382] which makes the problem invariant under scaling of s; and b;.
The prior was evaluated using Fisher’s information matrix of a multivariate Gaussian [405]. The
likelihood for the observation P (y) is not needed for parameter estimation [382]. The resulting
distribution, P(x|y), will be sampled numerically in the following section, using a Markov
Chain Monte Carlo (MCMC) algorithm [180, 181]. For this, the emcee implementation [406]
of the affine-invariant ensemble sampler by Goodman and Weare [182] was employed.

The time scale for energy relaxation g, ! is long compared to the damping of the plasma
oscillation due to momentum dissipation. Typically g./ve; & m./m; [165] and therefore the
free-electron spectrum is not particularly sensitive to g. which was therefore omitted from the
fitting. To further constrain the fitting procedure, the adiabatic index is assumed to be v, = 3
— common practice for fluid models of fast plasma oscillations [407] — and a parameterisation

for the dynamic collision frequency was introduced:

v A (w)

veilw) = Redveiln)} X g oy mim g, 3y

(5.37)

BMA

where Re{ve;(wp)} was sampled and v,

(w) is the collision frequency in the Born-Mermin
approximation evaluated as described by Thiele et al. [348] using the ion structure from Figure
4.1(a).

The use of Green-Kubo relations [60, 61, 175, 196] provides an alternative route for the
computation of transport properties. However, they are derived from solutions of equations
similar to equation (5.12) and for ionic systems, good agreement has been found between
the Green-Kubo and the hydrodynamic approach [204]. The methods are therefore largely
interchangeable, but an advantage of the hydrodynamic method is the validation of the model

via inspection of the fits and its direct applicability to experimental data.
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Figure 5.3: (Lower left) Marginalised posterior distributions of transport parameters as given
by the MCMC sampling using the three smallest k-modes in the WPMD simulations. The
collision frequency is to be understood as evaluated at w = w,. All parameters are given in
dimensionless units, see equation (5.38), and the quoted numerical values are the median and
the 16th and 84th percentiles. Figure generated using corner.py [408]. (Upper right) Sample
fits (Samples) from the MCMC sampling along with the MD data (WPMD). Each row of
figures corresponds to different k-vectors as indicated. The right column shows the fitting of
the plasma feature while the left columns focus on the entropy feature.
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5.5 Inference: Transport properties

The Bayesian inference model was used to simultaneously sample SO (k,w) for the three
smallest k-vectors in the MD simulation. The resulting posterior distributions for the transport
parameters as well as sample fits are shown in Figure 5.3. Transport parameters are normalised

according to:

m 2
ES _ e * meae
Cs e — CE,S vV, — Vei
’ k‘BTe,O e kBTe,O “ (5 38)
s .
Xe e X Ve = e L
e e Lie K3
angTe,o angTe,

where a. = rsag. The sample fits in Figure 5.3 demonstrate the ability of the hydrodynamic
model to fit both the dominant plasmon feature and the weaker entropy feature at w = 0,
for multiple k-vectors simultaneously. This strengthens the confidence in the hydrodynamic
description of the long wavelength electron DSF for frequencies up to the plasma frequency.
The inferred posterior distributions in Figure 5.3 show correlations between the inferred
values of the transport coefficients. Particularly strong correlations are observed between the
collision frequency Re{vei(wp)} and the viscosity vy, ., which is natural since both parameters
relate to the width of the plasmon feature and are combined in v.(k,w). The momentum-
dissipation mechanisms are distinguished from each other by considering multiple k-vectors.
However, the inferred distribution for the viscosity coefficient does not show a clear peak away
from the boundary vy, . = 0, and the viscosity dependence with its k?-scaling is challenging
to measure for the small k-vectors required for the validity of the hydrodynamic description.
Other correlation functions rather than the density-density correlation function considered
here, e.g., the transverse current auto-correlation function describing shear modes [204], might
be preferable to further probe the viscosity. Furthermore, correlations between the estimated
cs,e and vg; represent the uncertainty between the width of the plasmon feature and its exact
position in the MD data resolved over a discrete set of frequency points. The position of the
plasmon feature also couples to ve; via the imaginary part and equation (5.25). The correlations

between the estimates of ¢, and x. demonstrate the sensitivity of the comparatively small
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entropy feature to the “wings” of the plasmon feature.

Table 5.1 summarises the inferred electron transport coefficients and error estimates from
Figure 5.3, along with an analogous sampling in which only the two spectra are fitted (not
shown). Using a smaller number of spectra yields transport coefficients within the error bands
of the original fits, although with larger uncertainty. This indicates that the MD simulations
have reached a length scale well described by the hydrodynamic formulation. The incorporation
of additional spectra is shown in Appendix C.2 and substantial changes in inferred parameters
are seen if spectra with k 2 0.24 agl are included in the fit. A prominent feature is that
plasmon broadening due to Landau damping is erroneously attributed to viscous damping at
length scales consistent with the estimates presented in Section 5.3.

Along with the inferred values of the transport coefficients from the WPMD simulations
in Table 5.1, the transport properties from a set of reference models are shown. The reference
models vary in complexity, some are analytical and others are parameterisations of MD
results. However, none of the models are a direct match to the WPMD description due to
either neglecting quantum effects or the presence of ions to some extent. Further details
of the reference calculations are provided in Appendix C.3. The estimated value of ¢, is
approximately 3% higher than the ideal value given by equation (5.24). This discrepancy
might be attributed to quantum corrections as no strong deviations due to Coulomb coupling
are seen in the one-component plasma reference calculation. The dispersion based on the
k — 0 limit of the RPA is in line with the inferred values, but based on the estimated errors
the models cannot be conclusively distinguished.

Thermal diffusivity is the ratio between thermal conductivity and heat capacity. In
comparison with classical kinetic models and MD data for a one-component plasma, the
WPMD fit suggests a 35% lower thermal diffusivity. A quantum two-component calculation
using DFT-MD instead suggests a 75% higher value than the WPMD fits, although this
reference model uses an ideal heat capacity and the inclusion of interactions would reduce
the thermal diffusivity. The collision frequency for momentum loss at the plasma frequency

Re{v};(wp)} is comparable to the values given by the first Born approximation, albeit slightly
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Table 5.1: Extracted and reference transport properties for the electron fluid. Values are
given in dimensionless form described by equations (5.38) and (5.39). The inferred values
for the transport coefficients are based on the fitting procedure discussed in Section 5.4 for
the two (not shown) and three (see Figure 5.3) smallest k-vectors in the molecular dynamics
simulation. Values are the median and the errors are computed from the 16th and 84th
percentiles. Reference calculations are discussed in Appendix C.3.

WPMD & MCMC Reference calculations
Property | #k =2 #k =3 | Value Comment Section

V3 Bohm—Gross' disp‘ersion in hi‘gh temperature C.3.1
approximation, equation (5.24).
Memory function and parameterisation of
c;e 1.74J_r8:8j11 1.78f8:8§ 1.69 Monte Carlo simulations for the C.3.3
one component plasma.
Modified Bohm-Gross dispersion based on
1.78 the k — 0 limit of RPA for C.34
moderately degeneracy.

Classical kinetic SMT model with effective
2.3 Boltzmann formulation for collisions C.3.2
and ideal heat capacity.
Parameterisation of (classical) MD and
X 1.6f8:% 1.6f8j% 2.5 Monte Carlo simulations for C.3.3
one component plasma.
Parameterisation of Coulomb log for
2.8 thermal conductivity by C.3.5
DFT-MD and ideal heat capacity.

Dynamic collision frequency at w = w),

% +0.01 +0.01 1
Re{rgi(wp)}]0-10%0,01 0-10%001 | 0.16 in first Born approximation.

C.34

75 Classical kinetic SMT model with effective 32

Boltzmann formulation for collisions.

P terisati f (classical) MD
Vi 0'071_8:82 0-061—8:8471 16 _ Parameterisation o (classical) 33
simulations for one component plasma.
8. 7%10-3 T = 0 parametrisation fo‘r 2'1 h().mogeneous C3.6
quantum Fermi liquid.
Classical kinetic SMT model with effective
12.0 . .. C.3.2
16 4 Boltzmann formulation for collisions.
hHe 16.17775 16.7177 Based on dynamic collision frequency at
10.4! w = 0 in first Born approximation C.34

and the conductivity model of Eq. (5.29).

IThe collision frequency and conductivity are different representations of the same property within the
hydrodynamic model, and therefore the same models are used for comparison evaluated at the
appropriate w.
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lower. This is possibly related to the restricted form of the electron wave packets which, with
its distributed nature, reduced the strength of collisions.

The previously discussed properties are largely in alignment with classical models. However,
the inferred electron viscosity is markedly lower than that of its classical counterparts. All
reference calculations for the longitudinal viscosity vy, . have neglected the contribution from
the bulk viscosity (., which both in a quantum zero temperature [394, 395] and classical [239]
one-component plasmas is negligible compared to the shear viscosity n.. Due to the distribution
of longitudinal viscosities in the MCMC sampling, a concrete estimate for vy . cannot be given.
Nevertheless, the inference suggests an order of magnitude reduction compared to the classical

model. The predicted mean value is still above the T' = 0 limit.

5.5.1 Electrical conductivity

Given the inference for Re{ve;(wp)} and the conductivity model in Section 5.2.4, the conduc-

tivity of the test system is evaluated in Figure 5.4. The conductivity is normalised by

2
meQ
* = " . 5.39

The Drude-like conductivity model has an additional suppression for large w due to the
frequency dependence of the collision frequency. The inferred collision frequency is sensitive
to the spectrum close to w ~ wp, and the high-frequency behaviour is extrapolated based on
the model of dynamic collision frequencies. Similar extrapolation is performed for the DC
conductivity — shown in the inset of Figure 5.4 — but in this case, the static and w = w),
collision frequencies differ by 15%. Recently, Hentschel et al. [409] discussed the sensitivity
of extrapolating a measurement of the dynamic collision frequency at w ~ w, to the DC
conductivity, where the inference becomes uncertain as more free parameters are included in
the model for the dynamic collision frequency. The comparison of DC conductivities in Table

5.1 supports the general conclusion for the collision frequency.
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Figure 5.4: The conductivity model was evaluated based on samples of the transport
coeflicients from the MCMC. The model is seen with a Drude-like character where the high-
frequency behaviour decays as w™2. In the insert, the distribution of DC conductivities, oHes
is shown. Quoted values are the median and the 16th and 84th percentiles.

5.6 Conclusion

The long-wavelength behaviour of the electron dynamic structure factor of atomistic two-
component simulations within the warm dense regime was compared to a phenomenological
two-fluid model. The two-fluid description couples the electron and ion fluids via (mean-field)
electrostatic interactions and collisional terms, and describes the ion motion with the associated
electron screening as well as the free electron oscillations. From the latter, a model for the
free-electron dynamic structure factor was derived using linear perturbation theory. The
model incorporates one entropy and two plasmon modes and agrees with the Born-Mermin
approximation in the long-wavelength limit. It is therefore argued to be an appropriate
description of electron dynamics on long-length scales.

The dynamic structure factor is parameterised using transport parameters and by mapping
the structure factors to the results of atomistic simulations via Markov Chain Monte Carlo
(MCMC) sampling, transport properties have been extracted. The sampling was performed over
multiple spectra simultaneously, to consistently treat the error estimation. This methodology is
general and can be applied to any simulation of two-component plasmas in which the electron
dynamics is probed.

In this chapter, the methodology was applied to the test system in Chapter 4 and simulated
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using the model in Chapter 3. Most of the inferred transport properties are in line with
reference calculations, and the inferred errors are fractionally small. Discrepancies are within
expectations because no reference calculation is a direct match to the WPMD system, either
due to being limited to small coupling or because it neglects quantum effects and the presence
of ions to some degree. The exception is the inferred value of the electron viscosity, which is
predicted to be at least an order of magnitude smaller than classical models. This discrepancy
is likely due to quantum effects in the electron-electron interaction or the presence of ions,

which is not accounted for in the classical one-component reference calculations.
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Chapter 6

Relativistic Molecular Dynamics

Abstract: Relativistic corrections to classical molecular dynamics of one-component plasmas
are investigated through two effects. First, relativistic kinematics with velocity-dependent
inertia is shown to yield the Maxwell-Jiittner velocity distribution and reduce mass diffusion
compared to the classical limit. Second, corrections due to electromagnetic interaction are
discussed and a formulation separating the short and long-range behaviour of the fields is
presented. Large-scale fields are treated as dynamic variables and coupled to smooth source
terms. The force on the particles from the highly fluctuating fields on small length scales
is approximated by particle-particle pair interactions — either by an electrostatic or Darwin
approximation — and these forces have a limited range, as they originate from screened source

terms.

6.1 Introduction

Particles experience relativistic corrections when travelling at an appreciable fraction of
the speed of light ¢, occurring in a variety of human-made applications, e.g., particle ac-
celerators [410], the undulator of FELs [411], laser-plasma interactions [412] and magnetic
confinement fusion [413], and astrophysics, e.g., jets [414] and cosmic rays [415]. Systems can
also be thermally relativistic, where the thermal motion of particles experiences relativistic
corrections. The existence of such conditions on a broad range of astrophysical objects was
discussed in Section 1.2.4. A prominent example is the Sun, where relativistic corrections
are needed to model the internal structure and interpret helioseismology measurements [18].
Thermally relativistic electrons are found in non-degenerate and degenerate systems, often
along with moderately or strongly coupled ions [32]. A (classical) relativistic MD treatment
which handles both relativistic effects as well as strong interactions is therefore sought after
and developed in this chapter.

Relativistic MD is used in nuclear physics applications, where the Ur@QMD model [416]
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is a prevalent example, similar in construction to the wave packet model in Chapter 3 using
a relativistic Lagrangian. Nuclear physics models are commonly Lorentz invariant with pair
interactions [417, 418], but do not treat electromagnetic fields explicitly. Additionally, to
account for creation and annihilation processes, the nuclear physics models let the MD particles
combine and decay based on supplied cross-sections [416, 419, 420]. However, here no nuclear
reactions are considered and all particles will remain a single type.

In the relativistic regime, the electrostatic approximation commonly employed in MD
breaks down. Magnetic interactions and the finite speed at which electromagnetic waves
propagate become significant in this regime to describe interactions [112]. A microscopic
formulation which treats electromagnetic fields and is scalable to a large number of particles
would be well suited to benchmark collisional modules in particle-in-cell (PIC) simulations [421-
423]. The effect of such collisions on instability growth is still discussed for conditions relevant
to fast ignition [424]. Highly scalable MD — using 10® particles — has demonstrated turbulent
behaviours [425] and Rayleigh-Taylor instability growth [426] from an atomistic formulation in
the fluid regime. If similar simulations could be performed for plasmas where magnetic fields
are modelled, they could see a glimpse of the turbulent dynamo [427].

Focusing on the development of a new relativistic molecular dynamics formulation, this
chapter will consider classical one-component plasmas. The purely kinematic effect of rel-
ativistic inertia is studied in Section 6.2, where the velocity distribution and the diffusion
coefficient are computed. Section 6.3 introduces a length scale separation in the treatment of
the electromagnetic fields. The long-range interactions are treated with time-evolving fields,
and a set of approximations for the short-range fields are discussed. The implementation of

the model and an example of static structure are given in Sections 6.4 and 6.5, respectively.

6.2 Relativistic kinematics

In special relativity, the classical inertia m; — the mass of particle ¢ — is replaced with ~v(v;)m;,
where  is the Lorentz factor. The inertia is therefore velocity-dependent and grows with

particle speed to reduce the acceleration. In the relativistic limit |v;| — ¢, v(v;) diverges
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and limits the speed of massive particles to below c¢. Furthermore, the relativistic expression
for the kinetic energy alters the equilibrium distribution of velocities to a Maxwell-Jiittner
distribution [428].

The relativistic Lagrangian for N particles with an instantaneous and pair-wise interaction

N 2
V-
LRel. = — Zmicz\/; — Y uap(ri), (6.1)
i=1

1<j

Ugg is [112, 429]

where the label « (8) is chosen based on the type of particle ¢ (j), and r;; = 7; — r; is the
separation between particles. The corresponding canonical momentum is p; = m;7y;v; and the

Lorentz factor is v; = /1 + p?/(m;c)2. Therefore, the Hamiltonian of the system is

N 2
Hrel = »_mic®([1+ Pi 5+ D uas(Tij), (6.2)
i=1 (mic)? =

and the time evolution follows from equation (2.8). Similar models have previously been

incorporated into MD [111, 430-432], as a first approximation to relativistic effects.

An OCP model in the form of equation (6.2) with Coulomb interactions will be investigated
with MD below — henceforth referred to as the REL-OCP model — to characterise the influence of
relativistic kinematics on velocity distribution and mass diffusion. In Appendix D.1, it is shown
by using an appropriate unit system that the REL-OCP model is completely parametrised
by I'' and ¢ defined in equations (1.7) and (1.19), respectively. Systems with long-range
Coulomb interactions most likely have substantial post-Newtonian corrections even under
mildly relativistic conditions [433]. However, this system is chosen as it is an intermediate

step to the model in Section 6.3.

6.2.1 Velocity distributions

The statistics of the REL-OCP system are given by the Hamiltonian (6.2) and the ergodic
principle applies to the occupation of states in (7;, p;)-space [10]. In the canonical ensemble,
the occupation of a state is proportional to exp(—SHRgel.) and due to the separability of Hpel.

!The subscript has been dropped for the one-component system investigated.
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the momentum distribution is independent of the interaction. To acquire the distribution of
normalised velocities, §; = |v;|/c, the following phase space measure must be taken into account:
pidp; = (mic)3y? B2dpB;. The resulting velocity distribution function is the Maxwell-Jiittner
distribution function [428§]

v} 87

f(Bi) dB; = 6K2(€71)

exp (—571%) dpi, (6.3)

where the appropriate normalisation is given by the modified Bessel function of the second
kind Kg(z). Compared to the classical Maxwell-Boltzmann distribution, the tail of the
Maxwell-Jiittner distribution is suppressed, pushing particles into lower velocity states. In
the relativistic limit, the kinetic energy (canonical momenta) is unbounded, but velocities are
caped. Therefore, an increase in energy is not associated with a substantial increase in spatial
translation.

In Figure 6.1, the resulting distribution function obtained from an MD simulation is
shown after an equilibration period. The results show that the MD indeed acquires the
Maxwell-Jiuttner distribution, as previously observed [111, 430-432]. This suggests that the
Maxwell-Jiittner distribution is the appropriate equilibrium distribution function and not one
of its suggested alternatives, see the discussion by Nakamura [434]. For separable Hamiltonians
modelled by MD, the velocity distribution is purely set by the functional form of the kinetic
energy and the canonical momentum. This should be contrasted against PIC models, where
the collisional module must be made relativistic invariant to acquire the desired distribution

function [422].

6.2.2 Mass diffusion

Purely kinematic considerations alter the transport behaviour of relativistic particle systems.
An example is mass diffusion, related to particle displacements as described in Section 2.3.3.
Random walk estimates for the diffusion coefficient yield a scaling, D vth, where vy,
is the thermal velocity and 7 is the time it takes for a particle to change its momentum

substantially [435]. These two properties have competing effects as relativistic kinematics
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Figure 6.1: Velocity distribution function f(/3) for normalised velocities 8 = v /¢, computed in
the REL-OCP model (MD) for a system with I' = 1 and € = 0.1. The particles were initialised
in a Gaussian distribution in p (non-equilibrium), and are seen to reach the Maxwell-Jiittner
distribution after a period of equilibration. The classical Maxwell-Boltzmann distribution
(¢ — 0) is shown for comparison.

is introduced. With a finite ¢, the momentum grows and larger interactions are required
to substantially alter the particle trajectories compared to the classical case, increasing .
However, the particle speed is also capped at ¢ which reduces vy, in the relativistic regime.
In Figure 6.2(a) the velocity auto-correlation function is shown within the REL-OCP model
at a fixed I' = 1. As predicted, the average velocities in units of \/kgT/m; are seen to decrease
with increasing e, while the typical decay time for the correlations increases. The linear
behaviour on the linear-logarithmic scale in Figure 6.2(a) describes a hydrodynamic behaviour,
and the departure from this trend at short times represents the inability of hydrodynamic
models to describe the short-time dynamics [204]. In Figure 6.2(b), D is observed to decrease
as ¢ increases and the reduction in vfh is larger than the increase in 7. When the relativistic
parameter exceeds roughly € = 0.05 the predicted diffusion coefficient is seen to differ from the
OCP limit by more than 5%. Corrections on this level are in line with the findings in Paper (E),
where a similar system was modelled using a Lennard-Jones interaction. Kremer [436] derived
an analytic expression for the relativistic diffusion coefficient within a theory approaching
a hard-sphere gas in the classical limit, which was adapted for comparison in Paper (E).
The analytical results depend on an unknown cross-section that for comparison was set to

match the MD prediction at ¢ = 1. Kremer’s results show qualitative agreement with the
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Figure 6.2: (a) Velocity auto-correlation function and (b) diffusion coefficient in REL-OCP
model at I' = 1 and varying relativistic parameter €. The models are compared to the OCP
limit € — 0 and the shaded area shows values within 5% of this limit. Furthermore, the
diffusion is compared with the model by Kremer [436] scaled to match the MD predictions at
e =1. A system of N = 32000 particles has been used.

MD predictions and describe the transition from the non-relativistic to the relativistic regime.
Only minor changes to the interactions are seen for a wide range of ¢.

Before continuing to consider electromagnetic interactions, a comment on relativistic
hydrodynamics is warranted, as this is the theory within which the diffusion coefficient would
be used. As shown by Kostéadt and Liu [437], the diffusion equation (2.13) is incompatible with
causality, and several alternative models have been proposed to amend this issue [438-440)].
Florkowski et al. [441] notes that the breakdown of the classical diffusion equation is primarily
on short wavelengths beyond the validity of the hydrodynamic formulation. The classical
hydrodynamic formulation is therefore still useful for the description of long-length scales. For

a more complete overview of the topic, see Dunkel and Hénggi [442].

6.3 Relativistic interactions

It is well known that the electromagnetic action is Lorentz invariant and Maxwell equations
transform appropriately under a Lorentz boost [429]. Electromagnetic interactions adhere to
causality constraints and electromagnetic wave propagates at the speed of light. Therefore,

the resulting interaction between two particles is retarded, an effect which grows with particle
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separation. The particle interactions cannot therefore be described purely in terms of a
single separation, and the description in Section 6.2 must be generalised [433]. Furthermore,
electromagnetic interaction adds additional degrees of freedom — transverse field modes
accounting for radiation — to the description [112, 429].

The electromagnetic action integral is [112, 429]:

St — / dt (LB + Lhy) (6.4)
where
p Al 2 v}
Loy = — ;mic 1- L (6.5a)
and

CE, = /d3 <€0E2 BQ+J A—ngb) (6.5b)

The action is defined in terms of positions r; and velocities v; of the particles, and the scalar
¢ and vector A potentials of the electromagnetic field. The electric and magnetic fields are
E=-V¢—0;Aand B =V X A, respectively. The particles couple to the fields through

the charge density

N 1 X
n(x) = ZQiSi(w —ri) — v Z% (6.6a)
=1 =1
and current density
= i qviSi(x — ;) — L i\’: qivi, (6.6b)
i=1 Vi3

where ¢; is the charge of particle i. The function S;(x) is the density envelope of a particle
and relates to microscopic density smearing. In a classical one-component model, particles
are treated as points and S;(z) = (3 (x). For the treatment of two-component plasmas, a
smearing with quantum origin on the length scale of the de Broglie wavelength Ay, must be
incorporated (see Section 1.2.2). In equations (6.6a) and (6.6b), a background subtraction

has been included since the simulations discussed will be performed using periodic boundary
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conditions [443]. The background must be included for charge and current neutrality, as
the current is not proportional to the conserved momentum and will fluctuate in relativistic
systems.

From the action integral, the equations of motion for both particles and potentials can be
derived [429]. PIC simulations typically solve a similar set of equations [444]. However, in
PIC each computational particle represents a large number of physical particles — a macro
particle — and has an extent in terms of a shape function. The shape function allows for grid
computation of the field and is numerical in nature. Formally, this can be seen as a softening
of the numerical collisions [228] and the effect of microscopic particle collisions is typically
added via a Monte Carlo treatment [421, 422]. Therefore, care should be taken when treating
microscopic physics in PIC formulations [445].

Alternative routes for evaluating the dynamics in field-less formulations are based on the
Liénard-Wiechert potentials [446], where the effect of the fields is captured in terms of the
history of particle degrees of freedom. The extension of this formulation is the non-instantaneous
action-at-a-distance principles [194, 447-449] and Fokker’s action principle [450], where the
action integrals are written in terms of a double integral in time to incorporate the history of
the particles. This type of action can be derived by formally solving the equations of motion
for the field in terms of particle properties, e.g., A(x,t) = A(x;r1(t), v1(t),...,rN(t),vN (1)),
and inserting the solution into the original Lagrangian [451]. In practice, simulation methods
based on non-instantaneous action principles require solving for the historical time point where
each pair of particles is causally connected and storing particle histories [115]. Below, a model

is discussed that relates to both the field-less and field descriptions on different length scales.

6.3.1 Length-scale separation of electromagnetic interactions

The basic observation is that Maxwell’s equations are linear and superpositions of solutions

which solve for a subset of the charge and current distributions may be used to form the

122



6.3. RELATIVISTIC INTERACTIONS CHAPTER 6

\/+/\

Point Screened Smooth
+ charge charge + bg.
bg. J
Approximation Fields

Figure 6.3: Schematic for the separation in equations (6.7) and (6.8). S; is depicted as a
narrow charge (Point) and ¢ as a Gaussian shape function.

general solution. Therefore, consider the screened distributions:

W) = o (Sie—r) -0 (T2 (6.7a)

a

() N _3 T —7r; 1 X
n(x) = Z qio "¢ . v Zqi, (6.8a)

i=0 i=1

. (0) N _3 T —7r; 1 N
3 () = Z quvio " | — i Z 4ivi, (6.8b)

1=0 i=1

which sum to the original distributions, i.e., n = n®) +n® and 7 = j©) 4§ and satisfies
their own continuity equations. The separation is constructed by adding and subtracting a
normalised shape function with scale length o, analogous to Woodcock and Singer’s [224]
treatment of the classical Ewald summation. The construction is illustrated in Figure 6.3. The
screened charges encapsulate the small length scale density fluctuations, primarily resulting
in short-range interactions well suited for MD formulations. Magnetic interactions are not
screened in the same way as electric interactions, but the formulation still reduces their range.
The smooth charges have a finite extent and are amendable to grid computations where

long-range interactions can be handled by a field solver.
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The two charge distributions cannot be treated fully separately, as both depend on the
same particle positions and velocities. Introduce an offset into the description of the potentials,

d =0 + o0 and A=A + A where ¥ and A® are the new dynamic variables and

G,
2 (s) A = (9
Vo' + 5 (V A ) = —n'¥ /ey, (6.9a)
192406 o () . 1 OVS® s
T op VAT 5 — =i, (6.9b)

defines ¢*) and A(®) which are offsets chosen based on the screened charges. Equation (6.9) is
Maxwell’s equations with sources n(®) and (). By repeated integration by parts and assuming

all boundary terms vanish, the action integral in equation (6.4) is rewritten as

Seat = / dt (Lo + L8y + L8 + L5 (6.10)
where
O _ [ B (50 (B0 — L (O L 50 40 _ 040
EEM—/dac(2 (EY) 2uo<B ) 450 AD — g ) (6.11a)
L6 — / B (;j(sy A ;n<s>¢<s>>7 (6.11b)
£60 - / Pz (50 AC) —nOg0). (6.11¢)

The particle kinetic term EEM is unchanged and Egl)\/[ has the form of a standard electromagnetic

field interacting with finite-size particles. The interaction between screened charges are
described by L’SK/I, and the cross term ESESRZK) describes an interaction between the screened
fields and the smooth charges. Note that this last term does not involve ¢ or A and can be
interpreted as a particle-particle interaction with a limited range. The origin of the cross-term

Egl\za can be understood by considering the energy associated with the scalar potential ¢ in
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the Coulomb gauge. The energy is quadratic in the density field and proportional to

/d3 /d3 n(zyn — /dSmln (x1 /d3ccg (@2)
xy — | —5132! |1 — X2
+ /d3m1n (x1 /d3 nl* /d?’mln (x1 /d3 w
|w1—$2| ey — 20|’

where the first and second term on the right-hand side corresponds to the scalar field con-

(6.12)

tribution in 51(3813/[ and El(asl\zz), respectively, as the inner integral gives the potential. When
comparing the last term and Cglz/[, the field contribution from E® must be considered.
Formally, equation (6.10) does not pose any simplification to equation (6.4), since equation

)

(6.9) requires solving another system of Maxwell’s equations and if ESK/I and ES\Z are written
explicitly they have the form of a Fokker action. However, below it is argued that ¢(*) and A(®)
can be more efficiently approximated than the full fields. Another type of split of transverse

and longitudinal fields was discussed by Tanaka and Murakami [452].

6.3.2 Short-range interactions

On the atomic scale, the electromagnetic fields are highly fluctuating, especially when con-
sidering localised charges. It is therefore challenging to efficiently represent the field on this
length scale, both using grid and k-space methods. The motivation for the above construction
is to isolate the highly fluctuating field components in ¢(®) and A®). Four treatments of the
short-range interactions will be discussed, even if the remainder of the chapter limits itself
to considering only the first two approximations. To be explicit, a system of point charges is

considered, S;(x) = ® (z), and the shape function ¢(x) = exp(—x2/2)/(27)%/? is a Gaussian.

Electrostatics

The simplest approximation of ¢(*) and A®) is the electrostatic one, akin to the Coulomb
treatment widely used in MD. This not only neglect retardation and treats interactions as
instantaneous, but also magnetic interactions are disregarded. Neglecting retardation is less

severe for the screened short-range interaction compared to the equivalent approximation for
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the full long-range interaction. In the Coulomb gauge, the potential is

1 XN 'erfc (|a: —rﬂ/x/ﬁ)

¢(8)(m) = qi

N 47T€0 =1

, 6.13
| — 7] (6.13)
and A®) = 0. The screened nature of the interaction, erfc (s/\/i) o exp (—s%/2) for s > 1,
makes it suitable for a real space treatment in MD, see Section 2.3.5. Furthermore, the

resulting Hamiltonian is separable, which is beneficial for the time-stepping algorithms, see

Section 2.3.4.

Darwin approximation

The lowest order correction to the Coulomb interaction is the Darwin approximation? [453]
and is the unique and gauge-invariant correction of order O (vZ/c?) [451]. In the quantum
mechanical literature, it commonly goes under the name Breit interaction [454]. In the
Coulomb gauge, the approximation can be derived by neglecting the time dependence of the
vector potential [112] and the magnetic interaction is based on instantaneous positions and
velocities. However, using other gauge choices, the retardation must be accounted for, see,
e.g., Landau and Lifshitz [429].

For the screened charges, the traditional formulation in the Coulomb gauge [112] can be
convolved with the charge distribution, resulting in the scalar potential in equation (6.13) and

the vector potential

A () = 47:50 ﬁ; 262‘51'_ H@ = v, (6.14)
where _
H(z) = (n1 (|2)) + no (2)) )1+ (7 (2]) = ns <\wr>)“’;"j§, (6.15)
and

ni(z)=1- w/d?’yga(\y—kxﬂﬁt) = erfc (m/\/ﬁ) , (6.16a)

o3 [yl

2Named after Sir Charles Galton Darwin, grandson to the famous naturalist.
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43 2
v [y e(ly +a2]/o) . o 0

ny(zr)= - 5 | 53 m (6.16b)
Py o(ly +z2|/o
ny(z) =1- x/a?)w cos? 0, (6.16¢)

given in terms of the angle cos = y - 2/|y| and a unit vector 2 in any direction. Note the
velocity dependence of A®) which makes the Lagrangian non-separable and it is non-trivial to
invert the canonical momentum, i.e. v; = v;(r1,p1,...,7~,PnN), and find the Hamiltonian [455]
unless the magnetic interaction is assumed to be a perturbation [429]. This is because the
field degrees of freedom are formally “attached” to the particles. For time evolution, the
Lagrangian equations of motion are therefore solved and the details of the method are described
in Appendix D.2. In many accounts of the Darwin Lagrangian [112, 429], the kinetic term EEM
is expanded in powers of |v;|/c to match the O (v?/c?) treatment of the interactions. However,

here the full relativistic expression is retained, as it results in a marginal computational cost.

Exact Darwin approximation

The approximation some authors have referred to as the exact Darwin Lagrangian [456],
accounts for some degree of retardation without the need to store particle histories. The
approximation can be derived either by assuming the particles travel in straight lines with the
current velocities for the purpose of evaluating interactions [456] or by neglecting acceleration
and higher order time derivative of the position in an expanded Lagrangian formulation [455].
Straight-line motion and non-accelerated particles do not emit any radiation, which therefore
is neglected in this approximation. The benefit compared to a fully retarded solution is the
trivial computation to find the causally connected points, and there is no need to store the

trajectories.

Full retarded interaction

The full solution of equations (6.9a) and (6.9b) in a field-less manner would be the complete
description. The current treatment of short and long-range physics could still be beneficial for

this case, as it suppresses the source terms in equation (6.9) on long-length scales and could
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reduce the length of the time history needed to be stored for each particle. In the author’s
view, this would be the way to consistently include radiation originating from the smallest

length scales.

6.3.3 Long-range interactions

The Lagrangian for the long-range fields and field-particle interactions, Egg/l, has the standard
form for finite-size particles. This could be treated using grid methods like in PIC simulations.
However, the discussion here will be along the lines of an Ewald summation as discussed in
Chapters 2 and 3. Working with periodic boundary conditions and the Coulomb gauge, the

Lagrangian in Fourier transformed variables is

(€ (€)
o 1 eolk|? L 0A;° 0AZ, 1 0 L
Lrm = Vv zk: (b ¢ T o 2110 Ap A
(6.17)
+5 ALY — 00,

where fi is the spatial Fourier transform of any field f(x), and k is defined as in Section
2.3.6. Given that the fields are real-valued f_p = f; and only half of the k-vectors need to be

explicitly considered. The equations of motion for the field directly follow:

k2l = e5'nl") (6.18a)
040

o =y (6.18b)
81‘[(5) k 2 .

. :—‘M')A@LH(_Q, (6.18¢)

where Hg) is related to the canonical momentum of Agf) and defined via equation (6.18b). In
the Coulomb gauge, the scalar potential is set by the current charge distribution, and only the
vector potential with two independent polarisations per k-mode is time-propagated.

Due to the background contribution in (9 and | the source term vanished in equation
(6.18) at k = 0 and the corresponding field modes are assumed to be zero as well. Furthermore,

given the smooth shape function ¢, the source terms also vanish when o|k| > 1 and the field
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equations decouple from the particles. This motivates truncating the number of k-modes in a
numerical evaluation, and without a smooth ¢ the number of k-modes quickly grows unfeasible

large [115].

Heat capacity

The introduction of transverse electric and magnetic fields adds additional degrees of freedom
to the model, which can store energy. Namely, as given in Appendix D.2, the energy of the

transverse electric and magnetic fields per k-mode and polarisation € are

B = 2;]1/ (- €®) (Y, - ), (6.19a)
and
Elmee) — 2'/1"0'?/ (4 - e?) (A €D, (6.19b)

respectively. In particular, Hg) has a quadratic energy contribution where equipartition gives
an average energy of %kBT per mode and polarisation. There is no fundamental smallest
wavelength in the model and the number of k-modes is unlimited, despite being truncated in
an actual computation. Therefore, the transverse field has a divergent heat capacity, and this
is the ultraviolet catastrophe which Planck resolved by quantising the field [457].

For weakly coupled plasmas, fields with wavelengths shorter than the skin depth are
suppressed, and a further suppression appears for models with finite-size particles. Dawson

gives the average magnetic energy as [228]

(g _ 1 keT
<Ek >T T 214 A2, k2e’R (6.20)

where A\gp = \/W Ap is the skin depth with the relativistic correction [366, 458]. The
average y-function is given in terms of the generalised Fermi-Dirac integrals in Section 1.2.4 as
(Y)r = F1/272,1/2(77, 5)/?1/2’1,1/2(17, e) where 7 is a large negative value in the classical regime.
The spectrum in equation (6.20) does not account for any short-range contributions, as the

particles are fundamentally considered to have a finite size.
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Figure 6.4: Energy stored in transverse electric ((a) and (b)) and magnetic ((c) and (d))
fields for snapshots of two simulations started without any transverse fields. Dashed lines are
the spectrum given by equation (6.20) for the magnetic case and equipartition in the electric
case. For I' = 0.001 ((a) and (c)) and I' =1 ((b) and (d)), system sizes of N = 32000 and
N = 1000 were used, respectively. Both systems have ¢ = 2a; and € = 0.1. The simulations
used the electrostatic approximation for the short-range fields. Particles were initialised with a
Maxwell-Jiittner velocity distribution and a few steps of energy minimisation were performed
on the initial random particle positions to avoid overexciting long-wavelength modes [228]. For
the strong coupling case, the system was thermostated as described in Section 2.3.7.

The simulation results for the energy content of the transverse field modes in Figure 6.4
show two distinct behaviours in the weak and strong coupling regimes. Equation (6.20) is
seen to describe the magnetic energy for the case of I' = 0.001 in Figure 6.4(a), and the
equilibrium spectrum is reached in less than an inverse plasma frequency and stable after
this point. Furthermore, the energy of the electric field, as seen in Figure 6.4(c), is also
strongly suppressed. For I' = 1, the electric field energy is seen to approach a value close to
equipartition with time, but the process is slow when the wavelength of the modes is smaller
than the size of the smoothed particles. To maintain a stable temperature, the strong coupling

case is thermostated by the method described in Section 2.3.7 as a considerable amount of
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energy is transferred from the particles to the field. Therefore, the number of k-modes retained
in the simulation will impact the average energy of the fields in this case. The interaction
time with the particles is long enough that stable measurements of particle properties can be
made after a period of thermalisation. This behaviour is expected for a classical treatment of
the fields, and Monte Carlo treatments of detailed balance have been used to regularise the

high-frequency modes [115].

6.4 Numerical realisation

The formulation in Section 6.3 has been implemented in LAMMPS, with short-range interactions
given by the electrostatic and Darwin approximations, and field dynamics based on an Ewald-
like description. The equations of motion are given in Appendix D.2 for the particles and in
equation (6.18) for fields. As described in Section 3.3, LAMMPS is structured around a domain
decomposition, and each processor treats the particles in a given region. Fourier transformed
variables and the field modes are global properties that all processors have access to at each
time step. The dominant computational cost is the evaluation of interactions that can be
parallelised as the computation of ng) and j,(f) can be calculated for each region and then
summed between processors. Evaluation of the force due to field modes (see Appendix D.2) is
a local operation if the field degrees of freedom are scattered to all processors. Short-range
interactions are tabulated using the method of Wolff and Rudd [459] for the spatial dependence.
The velocity-dependent potentials in the Darwin approximation have a polynomial velocity
dependence multiplied by a tabulated spatial structure.

The Lagrangian in equation (6.11) is non-separable when using the Darwin approximation
and Runge-Kutta methods [213, 214] have been used for time evolution. Multiple explicit
Butcher tableaus have been tested with similar performance. The results below have been
computed using the classical RK4 algorithm given in Section 3.3. The velocity-dependent
interaction results in the need to invert a (3NN) x (3V)-matrix in each time step, see Appendix
D.2. Fortunately, the matrix is sparse if the short-range interactions can be efficiently truncated.

The parallel solution of the matrix equation is performed using an iterative Krylov subspace

131



6.4. NUMERICAL REALISATION CHAPTER 6

10t . 10t ¢

— 1 (b)

2D 1= 100k

o 10 1o i

Q B <]

7 o1 1 21071

[«] E ) r

= ERU

=5 1072 ) =

2, g . 21073

2 109) =101} -

= )= = 10 — Total —m— Pair

= - = .5 —e— Kspace =4~ Comm.

= 107 = 10 —4— PETSc —v— Sync
10-5 ! ! ! ! 1076 ! ! O\the\r T ‘Opt‘

20 22 24 26 28 20 22 24 26 28 210
Cores Cores

Figure 6.5: Scaling of computational time for relativistic MD implementation at I' = 0.1 and
e = 0.1. The length scale of the shape function is 0 = 1.5a;. (a) Strong scaling for N = 32000
particles. (b) Weak scaling with N/#Cores = 1000. Labels are as given in the main text.

method implemented by the PETSc library [460-462], which has been incorporated into LAMMPS.

The number of k-modes used for the computation is given by Kolafa and Perram [223], by
noting that the electrostatic interaction from <;3§f) is equivalent to the classical Ewald summation
given the Ewald parameter g = 1/ (20)3. This estimate does not consider transverse fields,
which should instead be tested by a convergence analysis.

The numerical performance of the implementation is demonstrated in Figure 6.5, where
the time spent in different parts of the implementation is shown. In particular, the dominant
computational costs are evaluating the short-range interactions (Pair), long-range interaction
(Kspace) and inverting the equations of motion (PETSc). The time spent communicating
particle properties (Comm.), synchronisation between processors (Sync), time evolution —
which includes the communication of field degrees of freedom — and all other aspects of the
computation (Other) are typically minor except for the largest systems. Figure 6.5(a) shows the
strong scaling for a fixed number of particles N = 32000 and o = 1.5 a;, where the interaction
computation demonstrates a close to perfect scaling. The matrix inversion scales well up to a

28 cores where the processors primarily communicate rather than perform computations, due

3This is not evident from equation (6.13), as the final real-space interaction includes contributions
from both £8; and £45,7.
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to the small domain treated by each processor.
The weak scaling is shown in Figure 6.5(b) with on average 1000 particles per processor.
Both the computation of pair interactions as well as the matrix inversion show close to optimal

210 cores and more than 10° particles. The challenging contribution is the

behaviour up to
long-range interaction in which the algorithm does not scale linearly with particle number N.
The classical Ewald summation scale as O (N 3/ 2) by allowing the Ewald parameter g to vary.
However, the corresponding parameter here o is tied to the approximations and is preferably
kept fixed. With fix o, the required spatial resolution Ax is constant, while the edge length of

the simulation box L scales with the particle number N. Therefore, the number of k-modes

needed is proportional to N,

HK o <AL$)3 ~ N, (6.21)

and as all N particles interact with all k-modes the overall computational cost is O (N?). Grid-
based algorithms similar to the PPPM method [227] could reduce the scaling to O (/N log N') and
would be desirable for future implementations. For the largest systems, the synchronisation time
due to an unbalanced load between processors is substantial. The computational cost associated
with each particle in the Ewald summation is O (N) and the impact of particle fluctuations

therefore grows with size, but this would also be amended by grid-based computations.

6.5 Test and comparison

To test the implementation, the static structure is shown in Figure 6.6 for a system with I' = 1
and € = 0.1. The classical OCP result is shown for comparison, and all the different levels
of the relativistic treatment agree well with the classical case. First, consider the separable
REL-OCP Hamiltonian. Conversely to the argument regarding the velocity distribution in
Section 6.2.1, the static structure is independent of the kinetic term and must agree with the
classical limit. Second, a model where the vector potential is neglected, A(x) = 0, is shown,
equivalent to the REL-OCP model, but computed using the full numerical implementation as

if dynamic fields were included. Third, two cases with dynamical transverse fields and varying
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Figure 6.6: Static structure for an OCP system with different levels of relativistic approxima-
tions at I' =1 and € = 0.1. The classical OCP model is compared to models with relativistic
kinetic energy, using classical interactions (REL-OCP), computation in the Coulomb gauge
neglecting the vector potential A(x) (No field + Static), and full electromagnetic computation
for long-range fields with electrostatic (Field + Static) and Darwin (Field + Darwin) approxi-
mation, respectively, for the short-range interactions.

o are shown in which the electrostatic approximation for short-range fields is employed. As
discussed in Appendix D.2, the static structure is again expected to be the same as for an
OCP and demonstrates the independence of the results to o, which is purely a computational
parameter. Last, the Darwin approximation is used for the short-range fields. The Darwin
correction is small when the velocities are close to uncorrelated, and this approximation also
agrees with the OCP limit within the numerical noise. The Darwin correction would in general

be expected to increase in significance if particle velocities are correlated.

6.6 Conclusion

A formulation of relativistic molecular dynamics of charged point-particles is presented which
accounts for both the kinetic and interaction terms. The effect of a relativistic formulation for
the kinetic energy term was previously investigated in Paper (E) with neutral-neutral particle
interactions. This treatment was extended to ionised systems where it is demonstrated that
the correct Maxwell-Jiittner velocity distribution is obtained and the diffusion coefficient is
seen to be suppressed compared to the non-relativistic limit. The spatial particle transport for

strongly coupled plasmas is reduced as velocities are limited to below the speed of light, an
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effect that results in corrections larger than 5% to the diffusion coefficient as kgT = 0.05mc>.

Treating ionised systems is the more relevant model for thermally relativistic systems, but
the long-range Coulomb interactions inevitably lead to a discussion of retarded interactions
and electromagnetic effects. To address this issue, a dynamic Ewald summation was developed,
where the long-length scale electromagnetic field modes evolve in time based on Maxwell’s
equations. The number of field modes can be truncated as they couple to the particles via
smoothed density and current profiles. The microscopic fields missing in the field formulation are
accounted for in a field-less formulation using either the electrostatic or Darwin approximation.
The model has been implemented in LAMMPS and benchmarked for static structure. The
implementation demonstrates good parallel scaling up to 2” processors even for moderate-size
systems. However, the Ewald summation does not scale linearly with particle number N,
something desirable to amend in future implementations using grid-based methods.

The implementation has been used to investigate the energy content of the electromagnetic
field modes, where a distinct difference is seen between weakly coupled and strongly coupled
plasmas. Collective dynamics and the finite size of the smooth particles suppress short
wavelength modes for the weakly coupled case. However, for the strongly coupled system, the
field modes acquire an energy close to the equipartition value which suggests an infinite heat

capacity of the field unless a quantum truncation of the spectrum is imposed.
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Chapter 7

Conclusion and Outlook

7.1 Summary

The main effort in this thesis has been to extend molecular dynamics (MD) — which accurately
treats strong interactions and many-body correlations — to incorporate various quantum and
relativistic effects, and derive dynamic and transport properties from such MD schemes. This
has resulted in two separate MD implementations, both built on the scalable open-source code
LAMMPS. Tailored time integrators, interactions, and particle/field descriptions are provided
for the modelling of elongated electron wave packets and relativistic particle-field dynamics,
respectively. Both directions taken in this work are motivated by high-energy-density physics,
applicable in different parts of phase space, but joined in a common methodology. Unifying
the methods would extend the applicable range to model large stellar objects late in their
evolution.

Chapter 1 introduces the field of high-energy-density physics with a focus on dimensionless
parameters characterising the strength of interaction, quantum degeneracy and relativistic
corrections. With this motivation, Chapter 2 discusses atomistic modelling for non-ideal
plasmas with a particular emphasis on the technical aspects of MD.

In Chapter 3 an extension of the wave packet formulation using elongated Gaussian states
is presented and implemented. The implementation consistently treats long-range Coulomb
interactions and approximate exchange properties on a pair-exchange level and has been applied
for the modelling of warm dense hydrogen using thousands of particles. The model’s ability to
resolve electron motion over time scales relevant to the description of ion dynamics is a close to
unique feature of wave packet models. This ability is used in Chapters 4 and 5 to investigate
the electron dynamic structure factor (DSF) on time scales characteristic of electron and ion
motion. The electron DSF is directly related to x-ray Thomson scattering and in Chapter 4 it
is demonstrated how the method can extract both electron and ion time scale feature from

a single computation. Particular attention is given to the inherent quantum characteristics
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of the DSF for which a semi-classical formulation is constructed incorporating known limits
and constraints. The semi-classical formulation is explicitly tested by the computation of the
density response function using the wave packet model. The long wavelength limit of the DSF
is explored in Chapter 5, where a comparison between MD results and a two-fluid formulation
allows for the extraction of electron transport properties. The extraction is facilitated by
Bayesian inference, and the inferred transport properties are in line with a set of reference
calculations. The exception is viscosity, which is shown to be markedly lower in the wave
packet model compared to classical point particle models.

Chapter 6 addresses relativistic corrections in high-density plasmas based on altered
kinematics and electromagnetic interactions. This leads to an MD model where the long-
range interactions are treated using dynamically evolving fields, while the short-length scale
fields are approximated within a field-less methodology. The particle-field description shares
computational similarities with particle-in-cell (PIC) simulations, but treats microscopic
dynamics and collisions using MD-style pair interactions. In addition to investigating transport
properties in the relativistic regime, the model opens the possibility of benchmark collisional

models in lower-density applications.

7.2 Outlook: Wave packet molecular dynamics

Wave packet formulations allow for the modelling of electron and ion dynamics on an equal
footing. However, this comes at the cost of a reduced description of the electron wave function,
generalisations of which are natural extensions. The tests in Chapter 3 suggest that a more
flexible functional form which can better describe atomic states while retaining a similar ability
to stretch as the elongated Gaussians, would improve ground state properties. In Paper (F),
separate descriptions for the bound and free electrons are used, the proportions of which are
self-consistently obtained from molecular dynamics. An extension of the scheme is currently
being implemented — by Daniel Plummer — where the free electrons are described using the
wave packet model from Chapter 3 and would therefore alleviate the requirements of modelling

bound states with the same functional form as the free electrons. Furthermore, to extend
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the scheme to lower temperatures, a more complete anti-symmetrisation scheme should be
employed. Especially, the influence of the metric term on the manifold of anti-symmetric
states should be investigated, see Section 3.2.

One of the major unknowns in the wave packet model is the confinement potential, needed
to make the state localised and amendable to an MD treatment. The requirements of a
confining potential is an artefact of the limited functional form of the wave packets, and
further robustness tests with respect to confinement strength are desirable for a larger set
of observables and thermodynamic conditions. Full anti-symmetrisation could potentially
reduce the need for a confinement potential, especially for highly degenerate matter [296].
In density functional theory computations at warm dense matter conditions, plane waves
are commonly used to represent the orbitals, suggesting that a more delocalised structure
might be preferable. Wave packet MD using plane waves has only found limited use as they
are computationally highly challenging and do not scale linearly with system size [463]. An
adaptively splitting wave packet is a potential path forward, retaining some aspects of the
traditional wave packet while encoding some delocalisation, but it is not certain such schemes
would necessarily converge in the number of subdivisions of each particle and some intricate
details appear as particles are subdivided (see the discussion in Paper (G)).

The heat capacity of wave packet models is commonly believed not to be the most
accurate [152] due to the way the internal degrees of freedom thermalise. This thermalisation
furthermore couples to the confinement potential [305]. However, the heat capacity problem
is not specific to wave packet models, but a more general feature of time-dependent mixed
quantum and classical simulations [464]. A systematic study of wave packet heat capacity
is desirable and would give confidence in applying the model to the highly non-equilibrium
and experimentally relevant electron-ion thermalisation process, which in a few instances has

already been investigated with wave packet models [152, 166].
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7.3 Outlook: Relativistic molecular dynamics

Only a few applications of the relativistic formulation are presented in this thesis, and the
possible extensions and applications are numerous. First, further improvements of short-range
interactions were listed in Section 6.3.2 where a simulation with fully retarded fields would act
as a benchmark for the approximate models and allow for the treatment of ultra-relativistic
systems. This would permit the investigation of interaction effects on transport properties
throughout the full relativistic regime. Second, a grid-based implementation for the particle-
field interactions that scales close to linearly with particle number is highly desirable. Such an
implementation would allow for the modelling of weakly coupled systems — which requires the
treatment of a larger number of particles — and would open the possibility of comparing the
MD formulation to PIC-based simulations. Good initial phenomena for comparison would
be a process with a quick time evolution and where collisions play a non-trivial role, e.g., a
two-stream or Weibel instability [465].

Relativistic and plasma corrections to Bremsstrahlung emissions were discussed in detail
with regard to the solar opacity and the solar neutrinos deficit! [466, 467]. Recent work [468],
has tested models from Bremsstrahlung emission at high electrostatic coupling. However,
it would also be desirable to benchmark the relativistic corrections now possible with the

relativistic MD implementation provided.

7.4 Outlook: Relativistic quantum molecular dynamics

A first approximation for a combined quantum and relativistic MD would be to unite the
formulations in Chapters 3 and 6, where the density envelope S; in Chapter 6 would take a
finite extent. This would be a generalisation of the formulation used in nuclear physics [416]
with dynamical fields. The appropriate action integral should be constructed, where the first
step would be a Klein-Gordon or some scalar electrodynamics action [469]. However, a proper

treatment of fermions requires solutions to the Dirac equation [469).

!The solar neutrino problem was resolved instead by an improved understanding of neutrino physics.
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Appendix A

Quantum Trajectory Molecular Dynamics

Abstract: Chapter 3 introduced a quantum trajectory method based on the wave packet
described by equation (3.8). In the following, additional details of the Pauli interaction and

how to acquire ground-state properties are provided.

A.1 Explicit expressions for the Pauli interactions

The evaluation of the overlap integrals and state averages used for the Pauli interactions with
the functional form in equation (3.8), only requires standard analytical techniques and the
Gaussian mode decomposition described in Section 3.2.2. However, for completeness, the
result will be summarised here. First, the overlap integral is

exp (—(Zij + Cszi_jlcij — %k;M;lkw + % (p;rj — pg’l’}') + ZAL’%])

(gjlqi) = 1/4 A
8det (M;;) (det (X;) det (X))

where
kij _ Di ;p]’
1 i cij = Myri + Mjr;,
12;1 - %Hi,? 1 (A2)
Aij = M;] Cz’j~
M;; = M, + M;,

M, =

The total Pauli interaction from summing equation (3.23) over relevant particle pairs is
Vp = Vp,kin + Vp,Coul +V, ,bg» (AS)

where the terms describe the kinetic, interaction and background contribution, respectively.

The kinetic contribution is

Vpkin = — Z(j:p)

2 1 2i
n” Tr {Mj - 2-1} + th}-deij (A4)
oy Me

e 8/
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where the sum is limited to electrons. The upper sign is chosen for pairs ¢ and j interacting

through the Pauli potential (£p = +1) and the lower sign is chosen when the correlation

potential is employed (+p = —p). Furthermore, the vector and matrix properties have been
defined: .
d;; = <Qi|(wi_rj)|Qj> :;ZM%-_lki'—i-A*-—’l“
J <Qi’%’> 2 1] J 1) J
(A.6)
N, = @l @ =)@ r)Te) e g
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An initial step in evaluating the Coulomb contribution is the state average

exp ( 2Refai;} + 2Re{ } Re{M;;}"~ Re{cw} QSTMijS - H;'rjs)
8(2m)3/2 \/det ) det () det (Re{M;; })

(qiq;] 6P (s—&12) gjqi) = ,
(A7)
where 19 = &1 — &2 and

Mij = Re{M;} + Im{M;} Re{M;;} ' Im{M; },

(A.8)
Kij = ki]’ + 21H1{Cij} — QIID{MU} Re{Mij}il Re{cij}.

Using the Gaussian decomposition and equation (A.7), the state average of a Gaussian kernel

is

exp ( 2Re{ai;} +2 Re{ }Re{M”} Re{ci;j} — ém{j (Mi; + 201) ™" nij)

A2
(qigjl e *"12 |qjqi) =

8/det (%) det (3;) det (Re{M;} (M;; + 201))
(A.9)

The Coulomb contribution to the Pauli interaction follows as

(s)

N,
Vocon = =3 (ip)62[ic( aigil e % |gi0) — (@il e * aigy) | (ailgy) P
,Coul =
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(s) 4
where (g;q;| e~*? @1 |¢ig;) is evaluated as in Appendix A in Ono and Ando [307].
The background contribution is split into three terms as described in Section 3.2.3,
Vpbg = Ebg,r + Eng ke + Ebg,s, which correspond to the real-space, Fourier space, and self-energy

terms in an Ewald summation, respectively. The real-space (three-body) term is

Epgr = — Z(ip) Qz’% Z Z Cp Qer

i<j 1:F‘ QZ|QJ |2 k p=1 47T80
k#i,j

2Re{ (gjarl e oo |giqy) (ailay) } ~laa
4iqk| €
| (gilay) |7 z

O‘P w12 O‘p w12

lgiqr) — (gjar e lgjar) |

(A.11)

where

Re{(‘]ij’ e~ %tz |giqp,) (qz'\qJ‘>} B
| (aila;) |2
Re{exp (—(5611‘]‘7@ + (5((31\/[*10)2.].7() _ %5(kM71k)ij,a + i(S(Ak)ij,a)} (A.12)

)

\/det (1+2a%) det (T+ aM,;! (I +2a3%) ")

and
(5@2‘]‘7& = Qjj,a0 — Qiy, Qij.00 = Aij + ozr,z (I + QCMZk)il Tk,
O(eM ' )ija = ;oM Cija — chMijleij,  Cijo = cij +a (L+20%5) 1y, (A.13)
S(kM™'K)ij o0 = kLML kij — kLM, kg, Mijo = Mij +ar] (T+2a%;)7",
§(AK)ija = AT} Jkij — AL kij, Ajjo =M cija
The k-space evaluation is
47T _k2 (4
gbg,k 47T80L3 Z /(4% uc(k)u(k)v (A14)

k;«éO

k) — — + qe| {ailg;) ? (ke (k) — e 3k Sik—ikTr; _ ,—5kTS;k—ikTr; A1l
/’L( )_ Z( p)l:F’<Q|q> ‘2 /J'Zj( )+sz( ) e 2 e 2 ; ( . 5)
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A.2. GENERALISED FRICTION APPENDIX A

and

1 —1 -1 .
i (k) = o1 (KTM k2K, M7 k) —iAT k- (A.16)
Lastly, the explicit form for the self interaction is given by

2Re{ (gyanl e~ 2 |gian) (ailay) |
\/det (T+ 20§72 )| {aila;) 2
1
1 ) 2exp( () ar (I+2a1(,)(2 + 3 )) rij>

: \/det (T+40733)

N

o LF Hailas) P =7 &
(A.17)

\/det (T+ 207 (% + %))

This completes the description of the Pauli interactions.

A.2 Generalised friction

To study ground state properties in Section 3.4.1, a friction term is included in the equations

of motion. Specifically, the governing equations are modified according to:

= _ I’ d
dt o, T an it 0%,

dp; OH dﬂmg oH (Fn>a5 7 (A.18)

where the resulting energy loss,

d P
TLAREDY (r + 3 an,a/g( ", ) (A.19)

can be guaranteed to be monotonic with the choice:

Y =mmy g;i (rh),, = ngvn; ((Eil)a7 Tvﬂai?;ﬁ + mala_lﬁ (Eil)w> . (A20)

iory

In a description of point particles without velocity-dependent interactions, this choice reduces

to the traditional linear drag model.
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Appendix B

Dynamic Structure Factors via

Explicit Real Time Electron Dynamics

Abstract: Chapter 4 discussed the computation of the electron dynamic structure factor,
where both electron and ion time scale features were resolved and quantum corrections discussed.
Some additional details regarding the dependence on the confining potential, the derivation of
the equivalent to the f-sum rule for impulse computations, and the numerical details of the

impulse computations are provided below.

B.1 Confinement potential for wave packets

The choice of confinement potential is an unknown in the wave packet formulation, and the
effect of this regularisation should be tested. Here, the structure factors for two substantially
different A,, have been computed to explore this sensitivity. The static ion structure is seen to
be rather insensitive to the choice of A,, in Figure B.1(a). Larger variations are seen in the
electron subsystem, where a reduced electron screening of ions and weaker electron-electron
correlations are observed, two features consistent with larger electron envelopes. Although,
overall even the electron dependence on A, is minor.

Figure B.1(b) shows the classical free-electron dynamic structure factors, where the spectral
shapes are seen to be largely independent of A,,. In the collective regime, the less confined wave
packets have a narrower plasmon feature, interpreted as a reduced electron-ion collisionality.
The reduced collision frequency is consistent with larger extent wave packets, as the distributed
packets result in smoother electrostatic fields. Morozov and Valuev [320] have previously
observed a dependence in the effective collision frequency on the confinement strength. In
conclusion, varying the confinement strength does not alter the qualitative features of the
dynamic structure factors, but some smaller variations in screening and collision frequency are

seen.
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B.2. DYNAMIC STRUCTURE FACTOR CALCULATIONS APPENDIX B

Spp(k)

— A, = 3Ha/d%
Ay =2Ha/a%

0 T T T
0 0.5 1 1.5 2 2.5

k| lag']

Figure B.1: The dependence on the strength of the confinement potential A, for two
substantively different values. (a) Static structure corresponding to Figure 4.1(a). The ionic
structure is insensitive to A, and only moderate changes are seen in the electron subsystem.
(b) Classical free-electron structure factors are to be compared with Figure 4.2(b). The lesser
confinement case is seen to experience weaker collisional damping, otherwise yielding similar
spectra. The stronger confinement case has been averaged over 70 data runs while the lower
confinement case has been averaged over 25, notable in the error estimation (shaded areas).
Errors are 95% confidence intervals estimated from the independent runs.

B.2 Details on dynamic structure factor calculations

The smooth interpolation between the appropriate quantum corrections from the collective to
single-particle regime, discussed in Section 4.6, is facilitated by a fit including the expected
features in the long and short wavelength limit. Specifically, the sum of a GCM [362] —

incorporating a diffusive and two propagating modes — and a single particle term is used

Sk, w) = SECM(E, w) + CS*P(k,w), (B.1)
where B B
278 (I, w) = 2By —g g +
a?+w? P2+ (wotw)? Y2+ (wo —w)
(B.2)
Ba(wo + w) Ba(wo — w)
V4 (wotw)? 97+ (wo —w)?
and

SSp(k,w) =4/ 257:262 e_ikl;WZ, (B3)
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B.3. F-SUM RULE FOR DENSITY RESPONSE FUNCTIONS APPENDIX B

The fitting form is characterised by four fitting coefficients o, wp,y and C, and the remaining
parameters are constrained by the three first classical sum-rules in equation (2.20). The

explicit constraints are given by:

S(k)(y* +wp) — (W

_ ( c
By — . L (B.4a)
_ S(k)ala—29) + (@G
B et (B.4b)
B, — _S)al? — 0y —wh) + (@)(a = 7) (B.4c)

wo [( —7)% + wi]

where S(k) = S(k)—C and (w?)§ = (1—C)k?kpT/m.. This is an extension of the formulation
by Wax and Bryk [362] when incorporating a single particle term. The classical structure
factors based on the centre of mass positions were used for the fitting, as incorporating the
dynamics of the width was seen to introduce additional modes due to the confinement potential.

The semi-classical correction formula was implemented by shifting the resonance wy
according to equation (4.16) (amplitudes in equation (B.4) were re-evaluated) and the two
contributions SSM and S*P are corrected according to equations (4.17) and (4.18), respectively.
This automatically satisfies the f-sum rule, directly seen for the single particle term and

enforced by equations (B.4) and (4.17) for the collective contribution.

B.3 f-sum rule for density response functions

The fluctuation-dissipation theorem relates Sec(k,w) and Im{xec}, and there is an equivalent
f-sum rule for the imaginary part of the response function. Given the fluctuation-dissipation

theorem (4.19) and noting that Im{x..} is odd in w, the f-sum rule reads:

21w N,
— w
A R,

/_O:Odw wTm{ o (b, —k, w)} = (B.5)
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B.3. F-SUM RULE FOR DENSITY RESPONSE FUNCTIONS APPENDIX B

where the h dependence is seen to cancel. Making the connection to the real-time formulation,

the causal structure of the response function is accounted for by
Xaa(k, —k,t) = O(t)Xau(k, —k,t), (B.6)

where ©(t) is the step function and Xaa(k, —k,t) is an odd function in ¢. The relation between

the time and frequency domain is
Coalk, =k, 1) = i/ deo e~ T {xa (s =k, )}, (B.7)
T J—00

and the f-sum rule is

d k2
2 Yok, —k, )|i—0 = —Ngy—. B.8
G ¥aa(k, —k )0 = ~Noo (5.3)

The mass m, is the mass of the particles in question.

Considering the wave packet description and the impulse response calculations in particular.
The wave packets are described by classical positions and momenta, and some internal degrees
of freedom o; with associated momentum variables ;. The density envelope of a single orbital
has a shape p;, i.e.,

|i(x)|* = pi(x — 13304). (B.9)

The external impulse V' (x) = I)d(t) exp(ik - )dae, incurs a change in the momentum

variables given by

Ap; = —ilpe*Ti0;(k)k, (B.10a)
ikr; 00 (K)

A, = — ek B.10b

™ 0e 90, (B.10b)

where the Fourier transform of the density envelope
0;(k;0;) = /d?’ar: pi(x; o) ek T, (B.11)

accounts for the distributed nature of the state. Assuming the impulse brings upon a small

147



B.4. IMPULSE SIMULATIONS APPENDIX B

momentum change, the dynamics shortly after the impulse is

rlo(t) = ri(t) + ipit +0(#), (B.12a)
olo(t) = oy(t) + i’”t +0 (tz) , (B.12b)

where r;(t) and o;(t) are the unperturbed trajectories. Therefore, the density response to
O (t) is

1 _
Yook, —k, 1) = W - <Z 0 (—k; a{O)e—Zk'rf°> : (B.13)
1 T

and in particular

%icaa(k, —k,t)]1—0 = —n]lva <k2 (6:(k)[*), + <\agﬁ") \2>T) . (B.14)

The unperturbed motion has been assumed to be uncorrelated. Equation (B.14) agrees with
the f-sum rule for point particles 6;(k) = 1, but the distributed nature of the particle reduced
the strength of the impulse for large k, as the functional form of the wave packets prevents

density perturbations at length scales much smaller than the wave packet size.

B.4 Impulse simulations

The explicit computations of the density response function by the introduction of an external
impulse — as discussed in Section 4.7 — were based on a thermal simulation, snapshots of
which were taken 20 fs apart resulting in 24 different starting configurations. The process was
repeated for five different initial seeds, resulting in 120 initial configurations. The resulting
momentum shifts from the impulse in equation (B.10) were applied to each configuration. For
the k-vectors considered, three symmetry directions exist and the impulse computation was
performed separately in each direction. High-resolution data were also acquired without any
impulse, and for varying impulse strengths to confirm the simulation was performed in the
linear regime. All impulse simulations are summarised in Table B.1 where a total of 1080

impulse simulations were performed in addition to the thermal simulations.
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B.4. IMPULSE SIMULATIONS APPENDIX B

Table B.1: Summary of impulse simulations shown for the two wavelengths considered. A
variety of impulse strengths Iy has been tested for a subset of the 360 starting configurations
to estimate non-linear effects. The required simulation time ¢, for the shorter wavelength is
reduced.

k [ag'] Io [Enfs] | Start config. Simulations tpay [fs]
10~* 30 90 2
0.31 103 30 90 2
1072 120 360 4
5% 1073 60 180 4
0.61 102 120 360 2
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Appendix C

Electron Transport Properties via Explicit Real

Time Electron Dynamics

Abstract: Chapter 5 introduced a methodology where the electron dynamic structure factor
from a two-fluid model is mapped to the results of atomistic simulations. The focus was
particularly on the fast electron dynamics, but for completeness the ion time scale dynamics
are given below. Furthermore, some additional details of the inference and reference models

used in Chapter 5 are given.

C.1 Ion time scale dynamics

The electron dynamics on ion time scales is obtained by time averaging the hydrodynamic
equations over characteristic electron time scales, as described in Section 5.2.1. The electron

dynamics on these time scales are given by:

8t = — p[)’eV . (5’567 (C.la)

Ve Che (oo _ oo _

P gy == (Vope + pocare VOTL) + 1eV260. + (G + 1e/3) V'V - 60,
- %Po,eV&Z—? - Rei (p0,67 5’56 - 567,) ) (Clb)

Te e 1 _ — — —
0 oy 20T 00eCy e LN - 56, + Kk V2T, — g (5Te - 6E) , (C.1c)
Ve o Ve e
n 1 e c— T oo —
Vi3g=— — <q5pe . qm) . (C.1d)
0 e 7

On slow time scales, the inertia and collisional terms are small. Under these assumptions, the

electron density is set by the screening of the ions, and in Fourier space the density is

0pf, _ —4i/qe 0P, _ gz
me ~ TraekEm - MR ©2)
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C.1. ION TIME SCALE DYNAMICS APPENDIX C

where 69, ~ 0 and 67, ~ 0 have been assumed. The screening length ). is defined in Section
5.2.4. The screening cloud form factor |n(k)| is equivalent to the long wavelength limit of
the corresponding form factor in the Chihara decomposition, discussed in Chapter 4. This
screening contribution has been subtracted from the MD electron dynamics structure factors
used in Chapter 5 to isolate the free-electron contribution even if this contribution typically
falls outside the fitting window in Section 5.5.

Using the adiabatic screening cloud, |n(k)|, in the linearised hydrodynamic equations for
ions, the mean-field electrostatic term becomes akin to a pressure term on length scales much
longer than A.. Specifically, after performing the same type of transform as in Section 5.2.2,
the equations for the ions take the same structure as equation (5.12). The hydrodynamic

matrix for the ions is

0 1 0
2k2

Di(k) = |- f(k)k? vi(k) —OCT,Z‘CS’VZ. ; (C.3)

0 api(vi—1)  bi(k)

where

2 27,2
Cs 1AW 9 9 v — 1 )\ek
k) =212 — 2 - -4
f(k) % + (CS,IAW Cs,z) ( " 1+ 22k2 ) (C.4)

and ciIAW = cii — 212 .qime/(gem;) is the ion acoustic sound speed. On this scale, the
collision frequency takes the low-frequency value. The dispersion in case of small dissipative

effects, as in Section 5.2.3, is given by:

2 IAW — 3
=—1(1 i — 1 % Siu i(k), C5
S0 ( + (7 )Cg,IAW — Cg’i)\gk2> b ( ) ( a‘)
. - 1 (1 - N2k?)c2;
s12 =+ s aw kI Z(k) — 5 ( (6 = 1) i)+ i) | (C.5D)
Cs,IAW — Cs,i)‘ek

which describes one entropy mode and two ion-acoustic modes. The latter has a linear
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C.2. EXTENT OF HYDRODYNAMIC REGIME OF ELECTRON LIQUIDAPPENDIX C
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Figure C.1: Dependence of inferred transport coefficients based on the number of spectra
used in the fitting procedure. The dependence on each transport coefficient is shown in figures
(a)-(e) respectively. Values are the mean and errors are the 16th and 84th percentiles. In figures
(d) and (e), the single spectrum fitting is not shown due to complete degeneracy between v;
and vy ..

dispersion for small k which is flattened for finite k by the factor

2 2
- Cs 1AW — Cs,i A2k?
E(k)=,1——= : _ C.6

(k) J C?,IAW 1+ A2k2’ (C6)

a feature commonly seen, see, e.g., Mithen et al. [110] or Salin [470].

C.2 Extent of hydrodynamic regime of electron liquid

To explore the failure of the hydrodynamic model to fit DSFs at larger k, additional spectra
were successively added to the MCMC sampling procedure. The resulting parameter estimation
is shown in Figure C.1. Most parameters show drifts within the error bars as additional spectra
are incorporated, but a distinct change is shown for k > 0.22 ag Uin particular for the viscosity
estimate. This is the length scale where broadening due to Landau damping is expected to
become comparable to the broadening by collisions. The effect of Landau damping, which is
not included in the hydrodynamic description, is therefore erroneously attributed to viscosity if
too large k-vectors are included in the fit. The resulting fits for k ~ 0.24ag L are also visually

unsatisfactory (not shown).

152



C.3. REFERENCE TRANSPORT PROPERTIES APPENDIX C

C.3 Reference transport properties

C.3.1 1Ideal treatment

The ideal sound speed is given by the generalised Bohm-Gross dispersion [392] in equation
(5.24), but is also related to the ideal equation of state. Namely, the ideal pressure at constant

temperature is p. = pe <v2>T /3 and relates to the sound speed by [196]

Cg e = e ape . (C?)
’ Ipe |,

e

For the two descriptions to coincide, 7. = 3 or 7. = 9/5 is needed in the high and low-
temperature limits, respectively. This differs from the thermodynamics for an ideal system
with 7. = 5/3 [10], because the adiabatic index must be modelled as time scale dependent
for fast electron dynamics [407]. The heat capacity, Cy,., within the ideal high-temperature

approximation, kg1 > EF, is given by pg Cv.e = 3kppeo/(2me).

C.3.2 Stanton and Murillo (2016)

The Stanton and Murillo transport (SMT) model is a classical kinetic treatment in which
collision integrals are evaluated based on effective Yukawa interactions [78]. The model was
originally developed for ions, but has recently been applied to electron transport properties [87].
Opposite charges are not treated, and electrons are effectively handled as positrons. Therefore,
the model does not adhere to the Barkas effect [471, 472]. Despite this and limited quantum
treatment, the model captures the general trend for a variety of transport properties [61, 87].

The SMT model has been used for the computation of a variety of transport properties.
For viscosity and thermal conductivity, the single-component formulation has been used [78],
while the presence of ions is still included in the screening. The two-component formulation

was employed for the computation of electrical conductivity [87].
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C.3.3 Omne-component plasma

The one-component plasma model is well-studied numerically. Hansen investigated the
dispersion relation via a memory function formalism [240] that was later tested by MD [473].
For the dispersion comparison, Hansen’s dispersion relation was evaluated using the excess
energy from Monte Carlo simulations [241, 242] parameterised by Plummer et al. [245].
Scheiner and Baalrud [244] parameterised the thermal conductivity from MD simulations,
which in combination with the heat capacity of Hansen [238] and the parameterisation of
excess energy [245], has been used to evaluate thermal diffusivity. Similarly, Daligault et
al. [243] provided a parameterisation of the shear viscosity valid for the gas and fluid regime,

which is also taken for comparison.

C.3.4 RPA and first Born approximation

Within the long wavelength limit of the RPA approximation, Thiele et al. [348] obtained a
correction to the ideal dispersion for moderately degenerate plasmas. Using the notation in

Chapter 5, the correction increases the ideal cs . by a factor

A3
J1+ 0.088%, (C.8)

where A, is the thermal de Broglie wavelength in equation (1.13).

The model for the dynamic collision frequency in equation (5.37) is compared to the first
Born approximation [348] given the ionic structure from Figure 4.1(a). Evaluation of the
collision frequency at w = w;, and w = 0 provides an estimate of both the collision frequency

and the DC conductivity using equation (5.29).

C.3.5 DFT — Molecular dynamics

Hu et al. used DFT-MD simulations to parameterise the electron thermal conductivity of
deuterium via a dedicated Coulomb logarithm [148]. The simulations were performed at higher

densities than those discussed in Chapter 5, where the lowest density considered was rs &~ 1.75.
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However, lacking an appropriate heat capacity, the ideal heat capacity is used for comparison,

which overestimates the thermal diffusivity.

C.3.6 Conti and Vignale (1999)

Conti and Vignale [395] provided a zero-temperature parameterisation of shear viscosity for a
homogeneous quantum Fermi liquid. However, their result is almost three orders of magnitude
lower than the classical kinetic results, suggesting that finite temperature effects are dominant

at the studied conditions.
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Appendix D
Relativistic Molecular Dynamics

Abstract: To supplement the discussion in Chapter 6, additional details are provided
regarding the parameterisation of the relativistic one-component plasma, and equations of
motion for particles with velocity-dependent pair interactions and particle-field coupling are

given explicitly.

D.1 OCP unit systems

Consider a system of relativistic charge particles, all with the same mass m; = m and charge
q¢; = q. The system can be parameterised by two parameters, namely I" and €. This is seen by
measuring mass, length, time and charge in units of m, a;, \/ma?/(kgT), and g, respectively.

Explicitly, consider the following normalisation of the physical degrees of freedom:

v = i, n() = ga;*n(€), Afx) = V2 Afg),

ri = iz, i) = a0y 250, Ble) = "2re(e) (D.1)
kT

vy o) = e, Bla) = V2 B(E).

The Lagrangians in equation (6.5) then becomes

(kgT)~! (EEM + Ly + 'C£:M> e Z V1 —en}
t e (gi‘m) Je A,

which only depend on the parameters I' and €. Taking the electrostatic limit, the Lagrangian

(D.2)

for the REL-OCP model is obtained in normalised units as

(ksT)~'Lrer-ocp = —& ! Z V1—en? — |£ E . (D.3)
#J '
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D.2. LAGRANGIAN TIME EVOLUTION APPENDIX D

It is clear from the above Lagrangian that I' scales the interaction, while € only appears in
the kinetic term when magnetic contributions have been neglected. By subtracting the rest
mass contribution and taking the limit € — 0, the classical OCP Lagrangian is obtained in

normalised units.

D.2 Lagrangian time evolution

Based on an arbitrary Lagrangian £ = £(q,,q,) without explicit time dependence and
independent on particle histories, the Euler-Lagrange equations (2.7) yields the following

equations of motion:

0*L 0*L oL
— Q@+ Gy = 7. D.4
94,04, " 4udq, " Oy (B4
The first term corresponds to a mass matrix and the last term is the force F), = —0H /0qy|p, =

0L/0qu|4,- The remaining term vanishes for a separable Lagrangian, but the magnetic
interaction between particles can be captured by this term.

Assume the degrees of freedom are particle positions and field components, namely

¢ 4 T . 4 T .
Gy = [r{, Ce TN, gb;cl),A;ﬂ)T, .. ] and ¢, = {v{, .. vN,gZ)kl ECI)T, .. } , and the Lagrangian

have the form

N
L= ZL’Kin(vZ - Z V (ri,v5,75,v5) + E ({rz,vl}l 15 {gb Y A(é (Z)}k) , (D.5)
=1 1753

which is a reformulation of the Lagrangian in equation (6.10). The kinetic term Lj, is related
to EEM, V(---) represents particle-particle interactions that may be velocity dependent and
(s)

originate from Ly, and .Cl(;l\ze) , and Eglz/[ describe long-range interactions and field dynamics.

The equations of motion for the particles follow from equation (D.4) and is given by

ZMZJUJ mlcro) + &+ F(ﬁeld)
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where
0?Lin al oV (ry,vi,rj,v;)
Mi; = dv;ov] ]z:l Ov;0v] ’ (D-7a)
OV (1, vi, 15, v;)
Mi‘ — 1y Y1y P g0 Yy D
J 81)1-611} ’ (D.7b)
N
(micro) oV (ri, vi, 15, v;)
F - _ .
7 Z_: ari ) (D 7C)
7j=1
N 2 2
_ 8 V(ri,vi,rj,'uj) 8 V('ri,vi,'rj,vj)
B ; [ ov;0r] vt dv;0r] vl (D-7d)
gy _ 1 an(fL A AL Sl R SO S (D79
‘ Vv k ov; Ot ov;or] or; '

= e (ko) + g T, i )AL (o AD)E) . (D7D
k-0

The summations in equation (D.7) do not include the i = j term and in equation (D.7f) the
Gaussian shape function in Section 6.3.2 has been used. The velocity-dependent interactions
add a coupling between different particles in M;;, which have to be inverted for each time
step. The equations of motion for the field are given in equation (6.18).

The canonical momentum in the formulation is

) 8£K1n
Pi = ov; 81}1
J#l

Jj N A(E) in in e
e & et = p ™ ™ 4 pY, (D.8)

>

k;ﬁO

which has distinct contributions from the kinetic, interaction and field terms. Based on the

canonical momentum, the energy of the system is £ = F(y,) + Efpot) + Efpot) + El(ficld), Where

Ein) = Z {ngm) "V — EKin(’vz‘)] , (D.9a)
s int
Blpory = 2P - v, (D.9b)
1
Ef)pot) = W —k(bk +5 Z V T’u Vi, Ty, vj) (D.QC)
k#0 Z#J
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and

1
E(fe1q) = v >
k40

1 ? ) ‘k‘Q

P AO A0 D.9d
— 2,[1,0 k —k ( )

(field)

Note that the contribution from p; has been cancelled with the current source term, as

the magnetic interactions do not have an energy contribution. A non-classical interaction

contribution Ep , appears due to velocity-dependent interactions, which for potentials V(- --)

P

(pot)’ typically the case of simple models for the

linear in v; cancels with contributions in F
magnetic interactions.

In the special case where V(- --) is independent of velocity, e.g., the electrostatic approx-

(int)

imation for short-range fields, the Hamiltonian can be explicitly derived as p; "~ = 0. The
Hamiltonian in this case is % = H (kin) + Efpot) + E(gela), where
N (field) | 2
H _ch2 1+M (D.10)
(kin) — pa i (miC)Q . .

All the dependence on r; can be separated into a term independent of velocities and fields.

Therefore, the static structure is expected to be the same as in the traditional OCP model.
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