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We consider conformal field theories around points of large twist-degeneracy. Examples of this are
theories with weakly broken higher spin symmetry and perturbations around generalised free fields.
At the degenerate point we introduce twist conformal blocks. These are eigenfunctions of certain
quartic operators and encode the contribution, to a given four-point correlator, of the whole tower
of intermediate operators with a given twist. As we perturb around the degenerate point, the twist-
degeneracy is lifted. In many situations this breaking is controlled by inverse powers of the spin.
In such cases the twist conformal blocks can be decomposed into a sequence of functions which

we systematically construct.

Decomposing the four-point correlator in this basis turns crossing

symmetry into an algebraic problem. Our method can be applied to a wide spectrum of conformal
field theories in any number of dimensions and at any order in the breaking parameter. As an
example, we compute the spectrum of various theories around generalised free fields.

INTRODUCTION AND SUMMARY

A conformal field theory (CFT) is characterised by a set
of local primary operators Oa ¢(z) labelled by their scal-
ing dimension A and Lorentz spin . These operators
satisfy an algebra, whose structure constants are denoted
OPE coefficients. The spectrum of scaling dimensions
and OPE coefficients constitute the CFT data.

Many analytic results for the CFT data can be ob-
tained in regimes with small parameters. These compu-
tations are in essence perturbative.The conformal boot-
strap [1, 2] consists in using instead associativity of the
operator algebra to constraint the CFT data. In higher
dimensions this was first implemented in [3], leading to
extensive numerical results for vast families of CFTs.
This also motivated the search for analytic methods us-
ing the same idea. A set of results along these lines in-
volves the large spin sector, first studied in [4] and then
systematically from the bootstrap perspective in [5, 6]
for generic CFT and [7, 8] for weakly coupled CFT [9].
A remarkable conclusion is that the large spin sector of
CFTs is universal and essentially free. Other analytic re-
sults from the bootstrap perspective involve expansions
around small parameters, including large-N gauge theo-
ries [15] and the e—expansion [16].

Our aim is to connect these developments. We consider
a CFT around a point of large, actually infinite, twist-
degeneracy: at the degenerate point we assume the spin
for each twist is unbounded. We then introduce twist
conformal blocks (TCB) b4 (u,v) in which four-point
correlators decompose

GO (u,v) = 3" HO (u,v) (1)

T

As we move from the degenerate point, operators acquire
anomalous dimensions and the twist-degeneracy is lifted.
We then introduce a sequence of functions Hﬁm) (u,v),

where m measures the departure from the degenerate
value such that [12]

Glu,v) = 3 HI™ (u,0) (2)

A great advantage of this decomposition is that the func-
tions Hﬁp)(u,v) have well understood behaviour around
u,v ~ 0. This makes the crossing equations algebraic!
Our method can be applied to vast families of CFTs:
theories with weakly broken HS symmetry, large-IN the-
ories, etc. As an example, we compute the spectrum of
various theories around generalised free fields (GFF).

DEGENERATE POINT

Consider the four-point correlator of identical scalar
operators in a CFT in d—dimensional Minkowski space

G(u,v)
(p(x1)p(z2)p(23)P(14)) = A, 24, (3)
T12 T34
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with u = =323 v = =322 Crossing symmetry implies
T13T24 T13%24
v34G(u,v) = u*G(v, ). (4)
The correlator can be decomposed in conformal blocks
G(u,v) =1+ Z aneu? gr o(u,v) (5)
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with 7 = A — ¢ the twist. This notation makes mani-
fest the small u behaviour of conformal blocks. Assume
the CFT has a small parameter g, such that at g = 0
the spectrum of twists is highly degenerate. Namely for
each twist 7 there is an infinite tower of operators of un-
bounded spin ¢. Consider the functions

> al g, p(u,0) = HO (u,v) (6)
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with agz the squared OPE coefficients at ¢ = 0.

Hﬁo)(u,v) encodes the contribution from a given twist
to the correlator at g = 0. Hence

ZH(O) U, v) (7)

(O)UU

We call these functions twist conformal blocks (TCB).

Twist conformal blocks

Let’s understand the properties of TCB. The small «
behaviour of conformal blocks implies

HO(u,v) ~u™?  at small u (8)

The small v limit of TCB is more subtle, since the sum

over the spin can enhance the divergence of a single con-

formal block. The behaviour can be determined following
[4-7]. The scaling relevant for GFF is

1
(0) ~
HY (u,v) A at small v (9)
As we will briefly comment later, a more general be-
haviour is also possible.

Conformal blocks are eigenfunctions of Casimir opera-
tors [17, 18]
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D, :D+D+(d—2)z_2 (1 —2)0 — (1 - 2)9)10)
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Dy = (;_2) (D - D) <ZZ_ZZ> (D — D)(11)
where u = 22,0 = (1—-2)(1—2) and D = (1—2)220%—220,

with eigenvalues

1
)\22§(€(€+d—2)+(7'+€)(7'+€—d)) (12)
M=Ll+d-2)(t+L-1)(7+L—-d+1) (13)
This allows to construct a quartic eigenoperator of TCB:

HHO (u,v) = NHO (u,v) (14)

with eigenvalue

)\:iT(T—d)(T—d'F?)(T—Qd‘l-Q), (15)

given by a combination of the Casimir operators such
that the spin dependence disappears:

H, =Dy — D3+ (d®> —d(27 +3) + 7> + 27 + 2)D, (16)
In obtaining these properties little information was

needed about the explicit form of conformal blocks, or
OPE coefficients at g = 0. The eigenvalue equation (14),

together with the behaviour at small u,v and some in-
formation about the theory at g = 0 suffices to fix the
TCB. Let’s see this in detail. Around v = 0 we expect

1

HO (u,0) = —= (W) + i (o +---) (1)

Plugging this into (14) we obtain a sequence of second
order differential equations for the functions h) (u). The

equation for hgo)(u) has two independent solutions. Im-
posing the correct behaviour at small u we obtain

RO (u) = ¢o(1 —u)l—*ﬂaﬁuzpw a(u)  (18)

where Fg(u) = oF1(0, 8,20; u) is the standard hyperge-
ometric function. Plugging this into the next equation
we obtain a second-order equation for h(Tl)(u). The cor-
rect small u behaviour leave us with another arbitrary
coefficient, c¢1, and so on. The situation is particularly
simple in d = 2. The eigenvalue equation can be solved
to all orders and the solution takes the factorised form

HO(z,2) = HY(2)25 Fg () (19)

where I_{ﬁo)(z) (1 —2)=2¢ for z ~ 1. To understand

how to fix H )(z, Z) completely, let’s look at a specific
example. Consider GFF [15]:

Ag

GO (u,v) =1+ ud + (%) (20)

The intermediate operators are double-trace operators
om0, - - - 0y, ¢ with twist

Tn = 20g + 2n (21)

The OPE coefficients can be found in [15]. Their explicit
form will not be used here. Let us now consider the
decomposition in TCB

GO ZH ) (u, v) (22)

The functions Hﬁg) (u,v) can be fixed as follows. Consider
them in a small u, v expansion

UA¢+TL (Cglo) + .. .)

vl

,LLA¢+TL (C"(,Ll) + .. )

H7(—O)(U7U) = Ag—1
" v
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As discussed above, the eigenvalue equation fixes all
the coefficients in terms of the leading ones cﬁf”, cﬁﬂ), .-
Focus in the leading term H,,(u,v). The explicit diver-

gence of GO (u,v) as Z — 1 leads to
=1, =P =-=0 (23)

Fixing completely H,,(u,v). This function contains sub-

leading terms in u. Canceling them fixes all cgi), and so



on. In carrying out this procedure it is convenient to
think of A, as arbitrarily large, and then analytically
continue in it. In d = 2 we find the following closed
expression for the TCB:

Z
1-2

HO o) = er )A¢ TRE () (24)

for 7 = 2A4 + 2n and

. = ﬁ22_TF ( ) (A¢ + 2 1) (25)
TOT(A)T ()T (5 + = Ag)
24 contains all terms around z = 0,z = 1 for large

enough Ay. The full expression for the TCB is actu-
ally the sum of two terms (one of which is not divergent
as v — 0) and can be recovered by imposing the symme-
try u — u/v,v — 1/v which corresponds to the exchange
of operators at x1,x3. At any rate, for our purposes it
will suffice to focus in the divergent part of TCBs.

BREAKING THE TWIST-DEGENERACY

As we turn on g the spectrum and OPE coefficients
acquire a small correction. To deal with this problem we
introduce a shifted Casimir C:

1
Cr =Dy + 17(2d —7-2) (26)

Conformal blocks are eigenfunctions of this operator,
with the conformal spin
1
J2, = 1@+ +T-2), (27)

as eigenvalue. We will assume corrections to the spec-
trum admit the following expansion around large spin £

TE_T+2gZ (28)
(M)

In this letter we will be interested in corrections to the
spectrum. OPE coeflicients can be treated in similar way.
The precise range of p will be dictated by crossing and
will be fixed later.

The crossing condition becomes algebraic after defin-
ing:
T/2
Za“” gl v) = H (wv)  (29)

(72:)

Hgo)(um) coincides with the TCB introduced above,
while m "measures” the departure from the degenerate
point. The functions Hﬁm)(u, v) satisty the recursion re-
lations

CHO™ D (u,0) = HO (u,0), m=0,1,  (30)

Namely, the operator C move us along the sequence of
functions H{™ (u,v). Furthermore, we have the following
behaviour for small u, v

H‘/(-m)(uvv) ~ U%, H(m)(ua 'U) ~

T

(31)

UA¢—m

For Ay —m an integer, a log? v behaviour can also arise.
As we turn on the coupling, the four-point function be-
comes

G(u,v) = GO (u,v) + gGM (u,v) + - - - (32)

with

g“ (u,v)

ZBT ,H®

7 runs over the twist-spectrum at g = 0 while p turns out
to run over the twist-spectrum plus integers. To compute
corrections to the spectrum only the piece proportional
to logwu in a small u expansion will be relevant. Now we
make the following powerful observation. The functions
HY (u, v) have a well understood/computable expansion
around u,v = 0. The form of this expansion is such that
crossing symmetry can be solved order by order, becom-
ing an algebraic problem! Let’s analyse some examples
in detail.

(u,v)logu+--- (33)

Example

Consider GFF in d = 2. For large enough A4 and to
all orders in (1 — z) the 2d-TCB are

Ag
) ZT/QF% (2) (34)

H©) =c,
O

Plugging this into (30) results in a factorised form also
for H™ (u, v):

H™ (u,v) = ¢, H™(2)27/2Fz (2) (35)

with

_ Ay
DH™(z) = A™ (z), HWY(z) = (1 z ) (36)

—Zz

together with A (2) ~ (1 — 2)=(2+=m) this allows to
find A" )( Z) as an expansion in (1 — z). For the first few
cases this expansion can be re-summed. Note that in (36)
the dependence on the twist 7 has completely dropped
out. As a result, the functions H\™ (2, %) in 2d have the
following factorised form

H™ (2,2) = e ™ (2)27/2F (2) (37)



Integer Ay

A nice structure arises for integer but not necessarily
large Ay . As before, the divergent part of the TCB is
captured by

z
1-2

H(z,2) = ¢, ( >A¢ Z2F () (38)

where 7 = 2A4 + 2n. Let us construct explicitly the

functions Hﬁm)(z, Z). In doing so we will keep only the
pieces with enhanced divergence, as z — 1, with respect
to a single conformal block, or which become divergent
upon applying the Casimir C a finite number of times.
Examples are negative powers of (1—%) or (1—2)? log?(1—
z) for any p. The factorised form of Hﬁm)(z,f) in 2d
allows to only deal with H(™)(z). From (36), we can
compute the sequence of functions H(™)(z) for different
values of Ay. For instance

Ay =2 Ay, =3
_ 2 _ _ 3
HOz) = () O = ()
HO(z) = 11 HO(z) = 155
H(Q)(Z) 1 log (1-2) FI@)(E) = 4(11_2) 1 log2(1 Z)

The general structure is as follows. H(™)(Z) contains
power-law divergent terms for m = 0,---,Ay — 1.
H(™) (%) contains log?(1 — ) terms for m > 1, and for
m > Ay it is of the form H™(Z) = g,,,(2)log?(1 — 2)
with () ~ (1 — 2",

What are the consequences of this for the spectrum of
the theory at order g7 First assume we have only double-
trace operators in the OPE ¢ x ¢. At order g

Write the crossing equation as

A _ A
<1Z) ¢g(1>(z,2)_( Z> ¢g(1>(1_5,1—z),

z 1-2
(40)
where crossing takes z <+ 1 — Z. We now make the fol-
lowing observation. Since all intermediate operators have
twist 7 = 2A4 + 2n, all terms on the r.h.s. behave as
(1 —2)"2¢(1 —2)?+*" as z — 1. Hence the r.h.s. does
not have power law divergences at z = 1. Given the
behaviour of H(™) (%) around z = 1 we see that all func-
tions H(™)(2) with m = 0,1,--- , Ay — 1 are forbidden.
Otherwise they would produce a divergence not present
on the r.h.s. Functions with higher m are also forbidden,
since they would lead to terms containing log?(1—Z%), also
not present on the r.h.s. at one loop. We arrive to the
following remarkable conclusion: at first order in g only
solutions with finite support in the spin (or which decay
faster than any power!) are allowed. A similar argument
can be carried out also in d = 4, with the same con-
clusions. This justifies, for instance, some of the claims
made in [15].
Consider now a more interesting situation. Imagine ¢
itself is present in the OPE ¢ x ¢ at order g. In this case
G (2, 2) contains the following piece:

g(l)(z,é) D a¢(z2)A‘*’/2gA¢,o(z,2) (41)

where a4 is the (squared)OPE coefficient with which ¢
appears. This term acts as a source in the crossing equa-
tions. Now

(%)A(b ZT,p B‘r,pH‘gp)(Zv 2) div -

agzte (%) Fa,(1=2)Fa,(1—-2)
2 2

(42)

log z

—Zz

The sum on the Lh.s. of (42) has to reproduce the di-
vergence on the r.h.s. This implies the sum over p starts
at p = Ay/2 and is such that the precise power law di-
vergence is reproduced for all values of z. Moreover also
terms containing log2(1 —Zz) should be absent. To extract
the log z piece on the r.h.s use

'(Ay)

Ay Ay
o178 =T, gy 21

1T 1;2)logz (43)

GW(z, z) Z B, ,H")(z,2)log 2% + - (39)  up to an holomorphic function at z = 0. This leads to
TP ‘
7)As '(Ay) Ay A
B, e, H®)(2)27/2F, = (22) S S Fa,p(1=2) o155 S5 44
2 Broer HO (D)2 Frya(e) = a0 iy mara Taa, jay Foer2(1 = 2) 2P ) (44)

TP

The crossing equation has become completely algebraic
as both sides can be expanded around z = 0,z = 1! Let

(

us solve (44) in some examples.



Case Ay =2

In this case (44) becomes

a¢22

3 B 1O (27, o) =~

T.p

(45)

The sum over twists runs over 7 = 4 + 2n. To reproduce
the divergence on the r.h.s. the sum over p should start
at p = 1. Not to produce log?(1 — %) the sum over p
should stop also at p = 1. Hence the expansion of the
anomalous dimensions in inverse powers of the conformal
spin has exactly one term! This result is valid to all orders
in inverse powers of the spin, for all values of the twist.
Setting p = 1 we obtain

/2 a¢22
ZBT,lcTZ FT/Q(Z) = 7@ (46)

Which implies
Baag+2n1 = —ag (47)

leading to the following anomalous dimensions for
double-trace operators at first order in g and to all orders
in1/¢

2a¢
= — 48
Tt T Ut 2)(Ctn+ 1) (48)

This result is obtained in [22] by more standard methods.

Case Ay =4

This case is more interesting and, to our knowledge,
the results unknown. (44) becomes

> By e  HP)(2)27/°F, jo(2) (49)
_ 624(1 + 2) 13
T —2)p <(1—z)2 1—z>

The factorisation into holomorphic and anti-holomorphic
functions allows to solve the problem in two steps. More
precisely B , factorises into a function of 7 times a func-
tion of p. First focus in the p dependence. To repro-
duce the correct divergence around z = 1 the sum over
p should include p = 2 and p = 3. This in turn will
produce a term proportional to log?(1 — Z). In order to
cancel this term we must include p > 4 with

o _12)2 -1 f - = > a,H)(2) (50)

the coefficients a,, can be found recursively by applying
D repeatedly to both sides of the equation.[19] Note that

to carry out this procedure we don’t need to know the ex-
plicit form of the functions H(¥)(Z). A similar procedure
works in higher dimensions. One finds

a, =2°"2(5 x 3F —9) (51)

To fix the dependence on n we need to solve the following
problem

624(1
Z BTchZT/2F7—/2(Z) = _G¢M7 (52)
’ (1—2)°
T=2A4+2n
solved by
3a¢ 2
BQA¢+2n7p = —T(TL + 7n + 8), (53)
which leads to
9 J? -1
Yn,e = —Hdag(n® + Tn +8) (54)

J2(J2 = 2)(J2 —6)

where J2 = ({+4+n)(¢+3+n). This prediction is valid
to all orders in 1/¢.

OUTLOOK

We have proposed a new method to study CFT around
points of large twist-degeneracy. This method transforms
the crossing equations into an algebraic problem and al-
lows to solve the theory perturbatively around large spin.
The method does not rely on a Lagrangian description
and has a wide range of applicability. As an example
we computed the anomalous dimensions for scalar mod-
els around GFF in 2d. For Ay = 2 our method offers
a simple explanation of why the expansions in inverse
powers of the conformal spin truncate after a single term
at order g. Although we have shown how this works in
d = 2, this result generalises to higher dimensions and
indeed this truncation also holds for the O(N) model in
d =4—¢, see e.g. [20, 21]. Our method explains the
reason!

We have got some milage by assuming (9). This as-
sumption was motivated by GFF but is not always true.
For other cases the correct behaviour can be inferred once
we select a specific CFT. Then it is straightforward to
apply the machinery developed here.

Although features of the method have been shown in
simple examples, the range of applicability is much wider.
In general g can be any small parameter: a coupling or
1/N or e. Some possible applications are:

CFT in various dimensions. We have shown how to
systematically construct (as series expansions) the func-
tions H™(u,v) in any number of dimensions. Further-
more, the behaviour around u,v ~ 0 is universal and



defined by the theory at g = 0, so that the method can
be readily applied to CFT in general dimensions.

Higher orders in g. At higher orders the correlator
will contain terms proportional to log® v, - - -, which can
be computed from the CFT-data at previous orders. Re-
producing these divergences will again fix the CFT-data
as an expansion in 1/£. This is used in [22] to compute
1/N* corrections to anomalous dimensions in large N
CFTs. Even in the non-perturbative regime, the method
proposed here generalises [14] to arbitrary twist (v, as
opposed to Yo ¢).

Weakly coupled conformal gauge theories. These
contain single-trace operators whose anomalous dimen-
sion grows logarithmically with the spin. Logarithmic in-
sertions in our set-up can be studied by inserting 1/J2™,
analytically continuing in m and then taking derivatives
with respect to this parameter. Again we will obtain al-
gebraic equations. The approach of this letter offers a
gauge invariant on-shell method to study weakly coupled
gauge theories.
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