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A B S T R A C T 

A key challenge in the search for primordial B -modes is the presence of polarized Galactic foregrounds, especially thermal 
dust emission. Power-spectrum-based analysis methods generally assume the foregrounds to be Gaussian random fields when 

constructing a likelihood and computing the covariance matrix. In this paper, we investigate how non-Gaussianity in the dust field 

instead affects CMB and foreground parameter inference in the context of inflationary B -mode searches, capturing this effect 
via modifications to the dust power-spectrum covariance matrix. For upcoming experiments such as the Simons Observatory, 
we find no dependence of the tensor-to-scalar ratio uncertainty σ ( r) on the degree of dust non-Gaussianity or the nature of the 
dust covariance matrix. We provide an explanation of this result, noting that when frequency decorrelation is negligible, dust in 

mid-frequency channels is cleaned using high-frequency data in a way that is independent of the spatial statistics of dust. We 
show that our results hold also for non-zero levels of frequency decorrelation that are compatible with existing data. We find, 
ho we v er, that ne glecting the impact of dust non-Gaussianity in the co variance matrix can lead to inaccuracies in goodness-of-fit 
metrics. Care must thus be taken when using such metrics to test B -mode spectra and models, although we show that any such 

problems can be mitigated by using only cleaned spectrum combinations when computing goodness-of-fit statistics. 

Key words: methods: data analysis – cosmic background radiation – cosmological parameters – diffuse radiation. 
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 I N T RO D U C T I O N  

he cosmic microwave background (CMB) was emitted when the 
niverse was approximately 380 000 yr old. The temperature and 
olarization fluctuations present in the CMB have informed our 
nderstanding of the origin of the Universe. In particular, in the 
tandard cosmological model these primordial density fluctuations 
ere produced by quantum fluctuations in the inflationary early 
niverse. The simplest inflation models make a key prediction 

hat has not yet been confirmed: the production of a primordial 
ra vitational wa v e background (Starobinsk y 1979 ; Abbott & Wise
984 ). This background would induce a unique B -mode polarization 
attern in the CMB (Kamionko wski, Koso wsky & Stebbins 1997 ;
eljak 1997 ), which is an important signature of primordial tensor
uctuations. The amplitude of these fluctuations is parametrized 
y the tensor-to-scalar ratio r; the tightest constraint to date sets
 < 0 . 032 at 95 per cent confidence (Tristram et al. 2022 ). Although
 could in principle be arbitrarily small, broad classes of well- 
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oti v ated theories (e.g. Starobinsky 1979 ) predict a value for r that
ould be within the observable range of future CMB experiments, 
iven current constraints on the scalar spectral index (see Abazajian 
t al. 2016 ). 

In this context, there are and will be multiple CMB experiments
ursuing the search for the faint primordial B -mode signal, such as
lanck (Planck Collaboration X 2020c ), the BICEP2 and Keck array

elescope (Buder et al. 2014 ), CLASS (Essinger-Hileman et al. 2014 ),
PT-3G (Benson et al. 2014 ), the POLARBEAR-2 and Simons 
rray experiments (Suzuki et al. 2016 ), the Simons Observatory 

SO; Simons Observatory Collaboration et al. 2019 ), the CMB-S4
xperiment (Abitbol et al. 2017 ; Barron et al. 2022 ), and LiteBIRD
Hazumi et al. 2019 ; LiteBIRD Collaboration 2023 ). In particular,
O will deploy a number of Small Aperture Telescopes (SATs) 

argeted at measuring large-scale B -modes to constrain r at a level of
( r = 0) � 0 . 003 (Wolz et al. 2023 ), using a ef fecti v e sk y fraction
 sky ∼ 0 . 1 with a white noise level of around 2 μK -arcmin. 
Unfortunately, the observed B -mode signal is contaminated 

y Galactic foreground emission. Polarized synchrotron emission 
ourced by the motion of charged particles in the Galactic magnetic
eld (GMF) o v erwhelms the B -mode signal at low ( ν � 70 GHz )
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1 As mentioned in Section 1 , when only a fraction of the sky is used, f sky < 1, 
off-diagonal elements in the covariance matrix will also be present due to the 
mask. 
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requencies (see e.g. Page et al. 2007 ). In addition to this, thermal
ust emission from our own Galaxy is dominant at frequencies
� 70 GHz (see e.g. Planck Collaboration X 2016d ). Dust grains,
hich are aligned with the GMF, are heated by interstellar radiation

nd subsequently re-emit partially polarized light that traces the
MF structure (Draine & Fraisse 2009 ). Dust is the most important

oreground at most frequencies rele v ant for B -mode searches. 
As a consequence, exquisite control over the foreground polar-

zation signal is key to measuring primordial B -modes. Several
omponent separation methods have been developed to disentangle
he primordial signal from foreground contamination. They can be
roadly classified into three groups: methods working in harmonic
pace (e.g. Cardoso et al. 2008 ; Dunkley et al. 2013 ; BICEP2/Keck
ollaboration 2015 ; BICEP2 Collaboration 2018 ; Choi et al. 2020 ;
zzoni et al. 2021 ; Mangilli et al. 2021 ; The Keck Array and
ICEP2 Collaborations 2021 ), map-based methods (e.g. Eriksen
t al. 2006 ; Gratton 2008 ; Dunkley et al. 2009 ; Efstathiou, Gratton &
aci 2009 ; Remazeilles, Delabrouille & Cardoso 2011 ; Stompor,
rrard & Poletti 2016 ; Chluba, Hill & Abitbol 2017 ; Hensley &
ull 2018 ; de Belsunce, Gratton & Efstathiou 2022 ; McBride,
ull & Hensley 2023 ; Vacher et al. 2023a ) and hybrid methods

e.g. Fantaye et al. 2011 ; Azzoni et al. 2023 ). They all require B -
ode polarization measurements at a set of different frequencies to

erform the cleaning. 
In this paper, we focus on the impact of Galactic dust non-

aussianity on C � -based methods. These methods perform a like-
ihood analysis of the power-spectrum signal, which includes all BB
uto- and cross-power spectra at a set of frequencies. Crucially, they
equire an estimation of the po wer-spectrum cov ariance matrix. At
his stage, most works usually assume that all sky components can be
escribed by statistically isotropic Gaussian random fields at the map
evel. In the full sky, and assuming statistical isotropy, this would
ive rise to a purely diagonal covariance matrix, directly related
o the power spectrum of the dif ferent components. Of f-diagonal
lements coupling different power-spectrum multipoles would then
nly be caused by masking and filtering of the data (Knox 1997 ;
fstathiou 2004 ). In practice, ho we v er, Galactic fore grounds are both
tatistically anisotropic and exhibit rather non-Gaussian features,
oth in temperature (e.g. Ben-Da vid, v on Hausegger & Jackson 2015 ;
ung, Racine & van Tent 2018 ) and in polarization (e.g. Coulton &
pergel 2019 ; von Hausegger, Gammelgaard Ravnebjerg & Liu
019 ), which inevitably leads to couplings between different scales.
iven the magnetized and turbulent nature of the diffuse interstellar
edium (ISM), which gives rise to highly non-linear motions in

he ISM fluid, these couplings are indeed expected. At the map-
ev el, the y giv e rise to structures such as filaments. At the power-
pectrum lev el, the y introduce couplings between different � -bins in
he po wer-spectrum cov ariance, which itself is no longer completely
etermined by just the multicomponent power spectra. Although the
roblem of foreground non-Gaussianity has been briefly discussed in
he literature (e.g. The Keck Array and BICEP2 Collaborations 2021 ,
ereafter BK18), an in-depth study on how dust non-Gaussianities
ffect the power-spectrum covariance, and the full impact this has on
MB and foreground parameter inference is still outstanding. 
Traditionally, component separation studies have made use of

imulations based on observ ed sk y templates. Most of these templates
ely on polarization measurements that lack sensitivity on small
cales. This issue is usually circumvented by filtering out these scales,
nd filling them in with Gaussian realizations of a given target power
pectrum that follows the trend measured on large scales (see e.g.
erv ́ıas-Caimapo, Bonaldi & Brown 2016 ; Thorne et al. 2017 ). As
 result, works using these models do not account correctly for non-
NRAS 527, 5751–5766 (2024) 
aussianity on small scales. In the last few years, several groups
av e produced fore ground simulations including non-Gaussianities
n small scales. These include magnetohydrodynamic simulations
e.g. Kritsuk, Flauger & Ustyugov 2018 ; Kim, Choi & Flauger 2019 ),
henomenological models based on temperature observations using
 superposition of Galactic dust layers (e.g. Vansyngel et al. 2017 ;
art ́ınez-Solaeche, Karakci & Delabrouille 2018 ), models built from
avelet scattering transform statistics (Allys et al. 2019 ; Regaldo-
aint Blancard et al. 2020 ), dust models based on neutral hydrogen
Clark & Hensley 2019 ), and filament-based ones (Huffenberger,
otti & Collins 2020 ; Herv ́ıas-Caimapo & Huffenberger 2022 ).
imilar studies have also been carried out in the context of Galactic
ynchrotron (e.g. Wang et al. 2020 ; Martire, Barreiro & Mart ́ınez-
onz ́alez 2022 ; Martire et al. 2023 ). BK18 explored some of these
on-Gaussian foreground models. They used single dust realizations
rom Vansyngel et al. ( 2017 ), Kritsuk, Flauger & Ustyugov ( 2018 ),
nd Mart ́ınez-Solaeche, Karakci & Delabrouille ( 2018 ), which they
dded to their modelled signal. Ho we ver, with the analysis of only a
imited number of realizations, it is unclear how reliably and precisely
ne can quantify the effect that foreground non-Gaussianity has on
he C � covariance matrix and on the inference of r . 

The paper is organized as follows. We present the general method-
logy of C � -based analyses in Section 2 , with a particular focus on
ow to incorporate dust non-Gaussianity into the covariance matrix
 2.4 ). In Section 3 , we quantify the impact that dust non-Gaussianity
as on parameter constraints, including in the presence of frequency
ecorrelation. We study the effect on parameter biases and variances,
s well as goodness-of-fit metrics. We summarize our results and
onclude in Section 4 . 

 FORMALI SM  

.1 Parameter inference 

e focus on multifrequency power-spectrum-based analyses. Here,
he data vector is composed of all BB auto- and cross-power spectra
etween all frequency maps. We use Monte Carlo Bayesian analysis,
s implemented in EMCEE (F oreman-Macke y et al. 2013 ) to obtain
osterior distributions of our sky model parameters (Section 2.2 )
iven the mock data vector we generated (Section 2.3 ). This analysis
ipeline has already been used in works such as Azzoni et al. ( 2021 )
nd Wolz et al. ( 2023 ). 

Often, C � -based analyses constraining primordial B -modes as-
ume a Gaussian likelihood within the Bayesian analysis. This
mplicitly assumes that each sky component can be summarized
y its power spectrum and its covariance (ignoring measurement
oise and systematics). While this is certainly the case for the
MB, one also makes these assumptions for the foregrounds because
ach bandpower is an average over approximately �� × (2 � eff + 1)
odes, (neglecting correlations due to, e.g. masking), where � eff is

he ef fecti ve � v alue at each bin of size �� . Thanks to the high number
f modes, the central limit theorem applies and one can assume that
ach C � follows a Gaussian distribution. However, this bandpower
veraging does not remove the impact of non-Gaussian foregrounds,
s the bandpower covariance matrix, with elements Cov ( C � , C � ′ ),
ncludes contributions from the connected trispectrum of the non-
aussian foregrounds. 1 
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Table 1. Priors used in the analysis, based on those 
used in Azzoni et al. ( 2021 ). The power-spectrum 

amplitude for tensor modes r is allowed to be ne gativ e 
to detect possible biases. 

Parameter Prior Bounds 

r Top-hat [ −1 , 1] 
A lens Top-hat [0 , 2] 
A d Top-hat [0 , ∞ ) 
αd Top-hat [ −1 , 0] 
βd Gaussian 1 . 59 ± 0 . 50 
A s Top-hat [0 , ∞ ) 
αs Top-hat [ −1 , 0] 
βs Gaussian −3 . 0 ± 0 . 6 
εds Top-hat [ −1 , 1] 
B d Top-hat [ −10 , 10] 
γd Top-hat [ −6 , −2] 
B s Top-hat [ −10 , 10] 
γs Top-hat [ −6 , −2] 
� d Top-hat [0 . 9 , 1 . 1] 
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We assess the impact of the non-Gaussian dust foreground by 
omparing two separate runs of the parameter inference. For these 
e use two different models for the covariance matrix, keeping the 
ata vector and the sky model fixed. In the first case, we assume
 Gaussian dust foreground. In the second case, we describe the 
nisotropic and non-Gaussian nature of the dust sky by modelling 
he covariance matrix accordingly. We denote these covariances as 
 G and � NG , respectively. In Section 2.4 , we describe how they are

omputed. 
We run our analyses with the Hamimeche & Lewis ( 2008 , HL)

ikelihood. It accounts for the non-Gaussian form of the likelihood 
n large scales, where there are fewer modes to average over. On the
cales we are interested in (30 ≤ � ≤ 300), both the Gaussian and
L likelihoods yield the same results (Wolz et al. 2023 ). We explore

he posterior distribution by Markov chain Monte Carlo sampling 
sing 128 w alk ers and 10 4 steps, and compute the integrated auto-
orrelation time (Goodman & Weare 2010 ) to assess convergence 
nd ensure we have a sufficient number of independent samples. We 
emo v e the initial 25 per cent of the chains (‘burn-in’) to perform
nferences. We present our results in Section 3 . 

.2 Sky model 

o create the mock data vector in this work, we use the same sky
odel described in Abitbol et al. ( 2021 ), which follows the fiducial
ICEP2/K eck model (BK18; BICEP2/K eck Collaboration 2015 ; 
ICEP2 Collaboration 2018 ). We assume three components c for 

he sky signal: dust ( d), synchrotron ( s), and CMB. The foregrounds
 d , s) autospectra are parametrized as a power law: 

� ( � + 1) 

2 π
C 

cc 
� = A c 

(
� 

� 0 

)αc 

, c = { d, s} , (1) 

here A c is the amplitude, αc the tilt, and � 0 = 80 the pivot frequency.
he model also allows for a cross-correlation between dust and 
ynchrotron, 

 

ds 
� = εds 

√ 

C 

dd 
� C 

ss 
� , (2) 

ia a scale-independent parameter εds . The CMB B -mode power 
pectrum is modelled as 

 

CMB 
� = A lens C 

lens 
� + r C 

tens ,r= 1 
� , (3) 

here C 

lens 
� and C 

tens ,r= 1 
� are theoretical predictions obtained with 

AMB (Lewis & Challinor 2011 ) for the B -mode power spectrum
roduced by gravitational lensing and primordial tensor perturbations 
ith r = 1, respectively. Treating A lens as a free parameter allows
s to consider the need to marginalize o v er uncertainties in the
esidual lensing B -modes if delensing is present ( A lens = 1 reco v ers
he case without delensing), which will be of importance to impro v e
 constraints (see e.g. Seljak & Hirata 2004 ; Sherwin & Schmittfull
015 ; Namikawa et al. 2022 ). 
The multifrequency power spectrum is then given by 

 

νν′ 
� = 

∑ 

c ,c ′ 
S νc S 

ν′ 
c ′ C 

c c ′ 
� , (4) 

here S νc is the spectral energy distribution (SED) of component c 
t frequency ν in thermodynamic temperature units. We model the 
EDs in the same manner as Abitbol et al. ( 2021 ): 

(i) CMB. For the CMB, the SED is a constant by definition: 

 

CMB 
ν = 1 . (5) 
(ii) Synchr otr on. We model the synchrotron spectrum as a simple
ower law (see e.g. Planck Collaboration IV 2020b ): 

 

s 
ν = g( x νs 

0 
) 

(
ν

νs 
0 

)βs 

, (6) 

here βs is the synchrotron spectral index and νs 
0 = 23 GHz is the

ivot frequency. g( x ν) is the conversion factor between Rayleigh–
eans brightness temperature units (commonly used for foregrounds) 
nd thermodynamic temperature units (Planck Collaboration IX 

014 ): 

( x ν) = e x 
(

x 

e x − 1 

)2 

, x = 

hν

k
 CMB 
, (7) 

here 
 CMB = 2 . 7255 K is the CMB temperature (Fixsen 2009 ). 
(iii) Dust. Thermal dust emission is characterized by a modified 

lackbody spectrum (see e.g. Planck Collaboration IV 2020b ): 

 

d 
ν = g( x νd 

0 
) 

(
ν

νd 
0 

)βd B ν( 
 d ) 

B νd 
0 
( 
 d ) 

, (8) 

here βd is the dust spectral index, νd 
0 = 353 GHz is the pivot 

requency, and B ν( 
 ) is the Planck blackbody spectrum, which
xpresses the spectral radiance of a blackbody for frequency ν at 
emperature 
 : 

 ν( 
 ) = 

2 hν3 

c 2 

[
exp 

(
hν

k
 

)
− 1 

]−1 

, (9) 

nd where k and h are the Boltzmann and Planck constants,
espectively. The priors for all model parameters presented hereto 
re based on table 1 of Azzoni et al. ( 2021 ), which we reproduce in
able 1 for completeness. 

The simple frequency dependence of equation ( 4 ) assumes that all
omponents are perfectly correlated across frequencies. Ho we ver, 
e expect Galactic foregrounds to present some level of frequency 
ecorrelation, caused by variations in their spectral energy distribu- 
ion across the sky and along the line of sight (see e.g. Pelgrims et al.
021 ; Ritacco et al. 2023 ). To parametrize this decorrelation we will
ake use of a simple scale-independent dust decorrelation parameter, 
 d , quantifying the map-level correlation coefficient between dust at 

53 and 217 GHz (Planck Collaboration XXX 2016a ). Specifically, it
s defined as the ratio of the cross-spectrum between those two maps
MNRAS 527, 5751–5766 (2024) 
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nd the geometric mean of the corresponding autospectra (see equa-
ion 1 in Planck Collaboration L 2017 ). Even though the physically
eaningful range for � d is � d ≤ 1 (BICEP2 Collaboration 2018 ),
e allow for � d values greater than 1 to check for possible biases.
e will also assess the impact of frequency decorrelation through the
inimal moment expansion method of Azzoni et al. ( 2021 ), which

s based on the ‘moments-based’ expansion (Chluba, Hill & Abitbol
017 ) and ef fecti vely generalizes of the simple � d parametrization,
odelling the spatial fluctuations of the foreground spectral indices,

βc , as Gaussian random fields with a power spectrum of the form 

 

βc 

� = B c 

(
� 

� 0 

)γc 

, c = { d, s} , (10) 

nd associated frequency dependence (Azzoni et al. 2021 ) 

˜ 
 

c 
ν ( δβc ) = log 

(
ν

νc 
0 

)
S c ν , c = { d, s} , (11) 

ven though B s , B d correspond to autospectra amplitudes (see e.g.
angilli et al. 2021 ; Vacher et al. 2022 ), we do not enforce positivity

n their priors. This is to a v oid a bias in the marginalized posterior
istribution of r , which is found when data with no spectral index
ariations are analysed with the moments expansion and a positive
rior B c ≥ 0 (Azzoni et al. 2021 ). In summary, our baseline sky
odel has 9 free parameters. The number of parameters is extended

o 10 as we include decorrelation in the dust component, or to 13 for
he moments expansion in both dust and synchrotron. 

.3 Mock data 

e generate mock multifrequency power-spectrum data on which
o run our analysis by e v aluating the baseline model we described
n the Section ( 2.2 ) with the following parameter values. For
he CMB contribution, we assume no primordial B -modes, r = 0,
nd assume no delensing, A lens = 1, in the first instance. For
he foreground power spectra, we use A d = 28 μK 

2 , αd = −0 . 16 ,
 s = 2 . 0 μK 

2 , and αs = −0 . 60 , and assume no dust-synchrotron
orrelation ( εds = 0 ). These values correspond to the best-fitting
mplitudes found in Azzoni et al. ( 2021 ) from a suite of PYSM

Thorne et al. 2017 ) foreground simulations within the SO footprint. 2 

or the SED parameters, we use the best-fitting parameters from
lanck : 
 d = 19 . 6 K , βd = 1 . 59 (Planck Collaboration XXII 2015 )
nd βs = −3 . 00 (Dunkley et al. 2009 ; Planck Collaboration XXV
016e ). 
We take the Simons Observatory experiment, as described in

de et al. ( 2019 ), as our baseline instrument model. We generate
ultifrequency power spectra using the sky model abo v e assuming

ix SO frequency bandpasses, centred around 27 and 39 GHz (low-
requency bands, LF), 93 and 145 GHz (mid-frequency bands, MF),
nd 225 and 280 GHz (ultra-high-frequency bands, UHF). This leads
o a total of 21 unique multifrequency power spectra C 

νν′ 
� . 

To incorporate the contribution from instrumental noise to the
ovariance matrix, we include the noise autospectrum at each
requency, assuming no correlation of the noise between different
requencies. For this we follow Ade et al. ( 2019 ) and model the SO
ATs’ noise spectrum as: 

 

νν′ 
� = δνν′ N 

ν
white 

[ 

1 + 

(
� 

� knee 

)αν
knee 

] 

, (12) 
NRAS 527, 5751–5766 (2024) 

 See, ho we ver, nuances on A d and αd in Section 2.4.2 . 

3

4

a

here the first term accounts for white noise and the second for
ed 1 /f noise, most prominent on large scales, and caused by
tmospheric contributions and timestream filtering. This noise model
s rather simplistic, and does not incorporate features associated with
he specific scanning strategy, such as inhomogeneity or anisotropy.
lthough Wolz et al. ( 2023 ) find that noise inhomogeneity may lead

o an increase in σ ( r) of up to ∼ O( 30 per cent ), this level of precision
s sufficient for the purposes of quantifying the impact of foreground
on-Gaussianity. We use values of N 

ν
white and αν

knee corresponding
o the ‘goal-optimistic’ scenario, specified in tables 1 and 2 of Ade
t al. ( 2019 ). This corresponds to the most optimistic noise model
nvisaged by SO. 

We apply our results to BB -power-spectrum measurements on the
O patch, which we take to be our baseline analysis. We use the SAT
ootprint released in Ade et al. ( 2019 ) as our sky mask. Its edges
re apodized on 5 ◦ scales using the ‘C1’ apodization method (Grain,
ristram & Stompor 2009 ) as implemented in NAMASTER . 3 (Alonso
t al. 2019 ), giving an effective sky fraction of f sky = 0 . 1. We only
se data in the range 30 ≤ � ≤ 300, binned into �� = 30 (9 bins
n total). We choose a somewhat broad � -binning to ensure that the
o variance conv erges giv en the number of dust filament realizations
e have (see Section 2.4.2 ), but we check that our results are robust

gainst a finer �� = 15 binning. 

.4 Dust non-Gaussian co v ariance 

s we describe in Section 2.1 , we capture the effect of the non-
aussian dust foreground in the covariance matrix � NG . This is

hen compared to the results obtained assuming a Gaussian dust
oreground as per � G . We first sketch how we compute the Gaussian
ovariance matrix � G . Detailed calculations of all results obtained
n this section are described in Appendix A . 

We start with a Gaussian field δ( ̂ n ) 4 , which is modulated by the
ky mask w( ̂ n ): 

 G ( ̂ n ) = w( ̂ n ) δ( ̂ n ) , (13) 

nd define the corresponding pseudo- C � , ˜ C 

d G , for which one has 

 ̃

 C 

d G 
� 〉 = 

∑ 

� ′ 
M 

w 
�� ′ C 

δ
� ′ , (14) 

here C 

δ
� is the power spectrum of δ( ̂ n ), and we have defined the

 � -level mode-coupling matrix M 

w 
�� ′ , which can be computed from

he sky mask alone (Hivon et al. 2002 ; Alonso et al. 2019 ). From
quation ( 14 ), one can see that the effect of the sky mask is to couple
ifferent � -modes. 
We calculate the covariance of the power spectrum of the Gaussian

eld via its 4-point function. We assume that the sky mask is smooth,
he mode-coupling coefficients are peaked around � = � ′ and that C 

δ
� 

s slowly varying. The final expression is: 

ov ( C 

δ
� 1 

, C 

δ
� 2 

) = 

2( ̄C 

δ
� 12 

) 2 

〈 w 

2 〉 2 � ( 2 � 2 + 1 ) 
M 

w 2 

� 1 � 2 
, (15) 

here C̄ 

δ
� 12 

denotes the geometric mean of C 

δ
� 1 

and C 

δ
� 2 

, and 〈 · · · 〉 �
enotes sk y av eraging. M 

w 2 

� 1 � 2 
is now the mode-coupling matrix for

he sky mask squared, w 

2 ( ̂ n ), which we compute analytically with
AMASTER (Alonso et al. 2019 ). Under the given approximations,

he 〈 w 

2 〉 � term serves as the conversion factor between ˜ C 

d G and C 

δ .
 https:// github.com/ LSSTDESC/ NaMaster/ 
 In this work, we only work with the B -mode component, which we treat as 
 spin-0 scalar field. 

https://github.com/LSSTDESC/NaMaster/
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Figure 1. Correlation of the dust power spectrum covariance at 280 GHz for different dust models in the SO patch. The � range spans � ∈ (30 , 300), binned with 
�� = 30, and is the same across all panels. The first panel corresponds to the covariance matrix of our initial Gaussian dust field, � G , which already incorporates 
masking ef fects: the cov ariance is essentially diagonal with the exception of small off-diagonal terms close to the diagonal that appear due to the mask. The 
second panel corresponds to a Gaussian dust field modulated by a large-scale template (Section 2.4.1 ). One can see that the large-scale modulation mo v es power 
from the diagonal to the off-diagonal terms, thus further coupling neighbouring � -bins. The third panel corresponds to the covariance of a filamentary small-scale 
dust population obtained from 200 realizations of the DUSTFILAMENTS (Herv ́ıas-Caimapo & Huffenberger 2022 ) model. The net effect of this population is to 
couple small scales to large scales. The last panel refers to the covariance matrix � NG , which contains both large and small scale effects. We use it to capture 
the full anisotropic non-Gaussian nature of the dust field. 
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quation ( 15 ) is essentially the Knox formula (Knox 1995 , 1997 )
odified to properly include mask-coupling effects (Efstathiou 2004 ; 
arc ́ıa-Garc ́ıa, Alonso & Bellini 2019 ). We show in the first panel of
ig. 1 the correlation matrix for the po wer-spectrum cov ariance of a
aussian dust field at 280 GHz computed in this way. The covariance
 G is essentially diagonal with the exception of small coupling terms

lose to the diagonal that appear due to the mask. 
Ho we ver, as we already discussed, the nature of foregrounds is

nisotropic and non-Gaussian, and quantifying the impact of this on 
arameter inference is the main goal of this paper. Previous analyses 
e.g. Azzoni et al. 2023 ) have assumed Gaussian foregrounds or
ave only briefly discussed the question of how non-Gaussian 
oregrounds impact r inference (BK18). Focusing on dust, we 
ompare how the covariance matrix of dust changes as we introduce 
on-Gaussianity to an initially Gaussian isotropic dust field in two 
egimes: 

(i) Large-scale modulation. We introduce non-Gaussianity by 
odulating the Gaussian dust field by a large-scale template, which 
e take to be the Planck 353 GHz temperature map smoothed on

mall scales. This model was already proposed in Mak et al. ( 2017 ).
he net effect of the modulation is to couple neighbouring bins, thus
oving power from the diagonal to the nearby off-diagonal elements 

f the covariance. 
(ii) Small-scale dust filaments. We use dust simulations based 

n filaments ( DUSTFILAMENTS ; Herv ́ıas-Caimapo & Huffenberger 
022 ) to estimate the covariance on small scales. These structures
ffect all scales and therefore introduce dominant off-diagonal 
lements away from the diagonal. 

.4.1 Large-scale modulating template 

s found in Miville-Desch ̂ enes et al. ( 2007 ), the small-scale variance
f the dust emission scales with the square of the large-scale intensity.
his relation moti v ates a simple model to account for the statistically
nisotropic nature of Galactic dust, as proposed in Mak et al. ( 2017 ).
n this model, we modify equation ( 13 ) so that the Gaussian isotropic
ust field δ( ̂ n ) is also modulated by a large-scale intensity field t( ̂ n ): 

 NG ( ̂ n ) = w( ̂ n ) t( ̂ n ) δ( ̂ n ) , (16) 
hich enforces the results found empirically. There are multiple 
ays to estimate the template t( ̂ n ) (Delabrouille et al. 2013 ; Re-
azeilles et al. 2015 ; Herv ́ıas-Caimapo, Bonaldi & Brown 2016 ;
ak et al. 2017 ; Thorne et al. 2017 ). In this work, we take as
odulating template the 353 GHz temperature map from Planck 

Planck Collaboration III 2020a ), smoothed on 0 . 4 ◦ ( � ≈ 400) scales.
his scale is chosen to be well abo v e the map noise limit, which
e estimate using the FFP10 simulations (Planck Collaboration III 
020a ). We run our analysis for different smoothing scale values
n the range 0 . 1 ◦– 40 . 0 ◦ and check that our final results are robust
gainst changes in the smoothing scale. The results we present in
ection 3 correspond to a somewhat aggressive choice of smoothing 
cale (0 . 4 ◦), where the non-Gaussian component is enhanced in com-
arison to the anisotropy that would be present in a map with stronger
moothing. 

After smoothing, the template is normalized to ensure that both 
he Gaussian dust field and the modulated one have the same power
pectrum (see Appendix A1 ). As a result, the non-Gaussianity only
nters at the level of the power-spectrum covariance. We show the
odulating template on the SO patch in Fig. 2 . 
In Appendix A , we derive how the dust power-spectrum covariance 

hanges as we account for the modulating template. The idea is to
apture the effect of t( ̂ n ) as producing an ef fecti v e sk y mask ˜ w ( ̂ n ) ≡
( ̂ n ) t( ̂ n ) and repeat the procedure used for the masked Gaussian
eld. The template normalization ensures that 〈 w 

2 〉 2 � = 〈 ̃  w 

2 〉 2 �. The
e w ef fecti ve mask introduces ne w couplings between neighbouring
 -bins. This is in turn reflected in the covariance matrix of the dust
eld D( ̂ n ) = t( ̂ n ) δ( ̂ n ): 

ov ( C 

D 

� 1 
, C 

D 

� 2 
) = 

2( ̄C 

δ
� 12 

) 2 

〈 w 

2 〉 2 � ( 2 � 2 + 1 ) 
M 

˜ w 2 

� 1 � 2 
, (17) 

here the mode-coupling matrix now captures both the effect of 
he mask and the template via the ef fecti ve mask squared, ˜ w 

2 ( ̂ n ).
e show how it compares to the Gaussian case in the first two

anels of Fig. 1 . As can be seen in the second panel, the large-scale
odulating template increases the coupling between neighbouring 

ins and introduces a larger variance with respect to the Gaussian
ase (first panel). 
MNRAS 527, 5751–5766 (2024) 
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M

Figur e 2. Lar ge-scale modulating template in normalized arbitrary units 
(a.u.) for the SAT region of the SO experiment. It is the product of a uniform 

SO patch mask (apodized on 5 ◦ scales around the edges) with the large-scale 
field. The large-scale field corresponds to the Planck 353 GHz temperature 
map, smoothed on 0 . 4 ◦ ( � ≈ 400) scales. We take this map to modulate the 
Gaussian dust field, introducing anisotropic features which are reflected as 
couplings between neighbouring � -bins in the power-spectrum covariance. 
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.4.2 Small scales 

he previous model assumes that the small-scale fluctuations are
aussian distributed and modulated by a template. In practice, we
now that this is a poor description for Galactic dust, which, for
nstance, exhibits a filamentary structure that cannot be reproduced
rom random Gaussian statistics. These filaments have been observed
t millimetre wavelengths by Planck (e.g. Planck Collaboration
XXIII XXXVIII 2016b , c ), among others, and also found to be

raced by Galactic neutral hydrogen emission (Clark, Peek & Putman
014 ; Clark et al. 2015 ; Clark & Hensley 2019 ; Halal et al. 2023 ). To
mpro v e the modelling of small-scale fluctuations, we use the dust
lament model DUSTFILAMENTS 5 (Herv ́ıas-Caimapo & Huffenberger
022 ). Filaments and their misalignment with respect to the Galactic
agnetic field can quantitatively reproduce the properties of Galactic

ust as observed by Planck at 353 GHz (Planck Collaboration
XX, XI 2016a , 2020d ), such as the BB/EE power ratio or the
ust BB -po wer-spectra po wer-law slope αd (Huffenberger, Rotti &
ollins 2020 ). Based on this idea, DUSTFILAMENTS constructs a full-

ky simulation of the Galactic dust at millimetre frequencies by
ntegrating the emission of millions of filaments in a pre-defined
olume. 

By construction, the filament population is calibrated to match the
arge Region 71 (LR71) Galactic mask in Planck Collaboration XI
 2020d ), as described in Herv ́ıas-Caimapo & Huffenberger ( 2022 ).
ince the polarization fraction changes depending on the portion
f the sky considered, the DUSTFILAMENTS model would produce a
ifferent amplitude of polarization signal if calculated in a different
egion than LR71, e.g. the SO patch (see section 5 of Herv ́ıas-
aimapo & Huffenberger 2022 , for an extended discussion of this
oint). Consequently, we re-scale the final DUSTFILAMENTS power
pectra to match our chosen value for A d in the SO patch. Moreo v er,
he slope αd in the simulations has the value found for the LR71

ask ( αd = −0 . 54) by default. Our mock data therefore agree with
his value, instead of the number previously quoted in Section 2.3 . 

The raw DUSTFILAMENTS model does not reproduce the large-
cale features in polarization. Before computing the covariance
NRAS 527, 5751–5766 (2024) 

 https:// github.com/ chervias/ DustFilaments 

S
1
W

atrix from a set of 200 realizations, we employ a harmonic high-
ass filter that remo v es the large-scale signal � � 50 from each
ap. The resulting dust power-spectrum covariance matrix on small

cales is shown in the third panel of Fig. 1 . This covariance is
ourced only by the filamentary small-scale dust population, which
nduces important correlations between small and large scales. This
f fecti vely adds of f-diagonal terms to the po wer-spectrum cov ariance
nd also leads to larger small-scale variance than predicted by the
aussian covariance. We also check that the power spectra from
hich the covariance is derived follow a Gaussian distribution once

hey are binned in bandpowers of width �� = 30. For this, we
ake histograms of the distribution of power spectra across the 200

imulations for the lowest and highest bandpower. We check that
hey closely follow a Gaussian distribution with a mean given by the
andpower mean and a standard de viation deri ved from the diagonal
f the covariance matrix. 
Since we have filtered out the large scales, we cannot estimate

he covariance matrix at low � directly from the simulations.
onsequently, we merge the covariance obtained from small scales
ith the one obtained in the previous section for large scales. The
rocedure is described in Appendix A3 . It involves computing power
pectra at every � using the usual anafast HEALPIX 

6 routine
G ́orski et al. 2005 ). We show the resulting correlation coefficient
or the covariance matrix in the last panel of Fig. 1 . This final
ovariance matrix � NG is the one we use to represent the non-
aussian anisotropic dust field. 

 RESULTS  A N D  DI SCUSSI ON  

.1 Baseline analysis 

e show in Fig. 3 the 2D and 1D marginalized posterior distributions
or the 9 theoretical model parameters. We compare the posterior
istributions obtained when the likelihood incorporates the covari-
nce matrix of a Gaussian dust field ( � G , filled solid blue) with
he contours obtained when assuming a non-Gaussian anisotropic
ust field ( � NG , unfilled dashed red). Note that the only difference
etween the two cases lies in the dust contribution to the covariance;
he mock power spectra remain the same in both runs regardless of
he employed covariance, as discussed in Section 2.1 . 

Judging from this plot we can describe how dust non-Gaussianities
mpact C � -based analyses on primordial B -modes. We mark in dotted
rey the values used to generate the mock data, from which one can
ee that we obtain unbiased constraints on all parameters. This is
xpected since non-Gaussian dust only affects the covariance matrix
n our analysis. More importantly, the uncertainties of both rand
 lens are insensitive to the anisotropic and non-Gaussian nature
f the dust covariance matrix. We recover σ ( r) = 1 . 3 × 10 −3 , in
greement with previous forecasts focused on SO that used the
ame noise model (Ade et al. 2019 ; Azzoni et al. 2021 ; Wolz et al.
023 ) 7 We note that this result is also consistent with the BK18 test,
hich also found no effect on their r constraints when using dust

imulations whose amplitude is modulated by degree-scale BB power
easured on the Planck 353 GHz map. Ho we ver, for the dust power-

pectrum parameters A d and αd , we do see a difference in their
O performance, for which they assume a higher white noise level ( σ ( r) = 

 . 7 × 10 −3 , Azzoni et al. 2021 ) or inhomogeneous noise ( σ ( r) = 2 . 1 × 10 −3 ; 
olz et al. 2023 ) 

https://github.com/ chervias/DustFilaments
http://healpix.sf.net
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Figure 3. Comparison between posterior distributions obtained with a Gaussian and non-Gaussian dust covariance matrix (shown in filled solid blue and 
unfilled dashed red, respectively). The key result is that σ ( r) is unaffected , while the spatial dust parameter uncertainties are greater in the non-Gaussian case. 
When we use the covariance matrix capturing the non-Gaussian anisotropic nature of dust, we see an increase in σ ( αd ) and σ ( A d ) by a factor 1.1 and 1.3, 
respectively. Therefore, using a Gaussian covariance to describe the statistics of dust leads to an underestimation of the dust spatial parameter uncertainties. 
True mock data values are shown as grey dotted lines. We recover unbiased parameter constraints in all cases. This is expected since non-Gaussian dust only 
affects the covariance matrix in our analysis. 
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osterior variance depending on the covariance matrix used. In the 
aussian case, we have A d = 28 . 08 ± 0 . 93, αd = −0 . 542 ± 0 . 035,

s opposed to A d = 28 . 1 ± 1 . 2, αd = −0 . 543 ± 0 . 040 in the non-
aussian case; the non-Gaussian uncertainties are larger by a factor 
.3 and 1.1, respectively. Therefore, using a Gaussian covariance to 
escribe the statistics of dust leads to an underestimation of the dust
patial parameter uncertainties. 

We also find the same qualitative behaviour in a more realistic 
ase that includes delensing at the level expected for SO, A lens = 0 . 3
Namikawa et al. 2022 ). Although the off-diagonal entries of the 
 -mode po wer-spectrum cov ariance will become some what more 

ele v ant after delensing, the lensing B -modes are typically small
ompared to the dust foreground power, so this result is not 
urprising. In this paper, we do not investigate the impact of dust
on-Gaussianity in the delensing tracer itself, as the results will be 
ependent on which tracer is used and the bias arising from non-
aussian dust in delensing has already been investigated in other 
orks (Beck, Errard & Stompor 2020 ; Baleato Lizancos et al. 
022 ). 
We also check that this result holds for larger sky coverages 

 f sky ∼ 0 . 6) in a noise configuration without atmospheric noise
similar to a LiteBIRD -like experiment). In this case, the increase
n sky fraction and decrease in noise lev els impro v es the error on r ,
( r) = 5 . 0 × 10 −4 , for both � G and � NG . Remarkably, we observe

he same behaviour in this configuration even when we make a large
hange to the dust covariance matrix, artificially boosting every off- 
iagonal dust covariance matrix element to a level corresponding to 
 (very large) 10 per cent correlation matrix: the error on r remains
t σ ( r) = 5 . 0 × 10 −4 , whereas now the errors on the spatial dust
arameters A d and αd increase by a factor 2.8 and 1.3, respectively.
e show the corresponding posteriors in Fig. 4 . 
We also explore whether dust non-Gaussianities (incorporated 

ia the power-spectrum covariance matrix) introduce biases in the 
eco v ered parameter values. We generate 10 5 mock power-spectrum 

bservations ˆ C � by performing a multivariate Gaussian sampling of 
he non-Gaussian po wer-spectrum cov ariance matrix � NG . For each
ock observation, we find the best-fitting sky model parameters. 
e find that the histogram of best-fitting values found for r and

he spatial dust parameters are the same regardless of whether we
se � NG or � G when e v aluating the likelihood, and these are centred
round the true model parameter values (Section 2.2 ). We thus expect
MNRAS 527, 5751–5766 (2024) 
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M

Figure 4. Comparison between posterior distributions obtained with a 
Gaussian and non-Gaussian dust covariance matrix (shown in filled solid 
blue and unfilled dashed red, respectively). We only show the most relevant 
parameters included in the sky model. We employ a configuration similar to a 
LiteBIRD -like experiment and artificially boost � NG to a level corresponding 
to a (very large) 10 per cent correlation matrix. We find the same results as 
our baseline analysis: we reco v er the same unbiased parameter constraints in 
both ( � G , � NG ) cases, with the exception of the dust spatial parameters ( A d , 
αd ), whose variance increases. The larger sky fraction and decrease in noise 
lev els impro v es the error on r , σ ( r ) = 5 . 0 × 10 −4 . 
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8 The noise in the high-frequency channel of a SO-like experiment will be at 
most 10 per cent of the dust power-spectrum signal at 30 � � � 150. 
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We thus see that the presence of significant dust non-Gaussianity
oes not seem to affect the final constraints on r , and its impact
s reduced to those parameters describing the spatial distribution of
ust. Understanding this result is the goal of the next section. 

.2 Theoretical model for obser v ed behaviour 

o gain insight into the insensitivity of the constraints on r to dust
on-Gaussianity, we employ a simple Fisher forecast to estimate
arameter constraints analytically. We start by writing down a
imple model (Efstathiou & Gratton 2019 ) for an experiment which
easures only two frequencies: M (mid-frequency band, where the

rimordial CMB signal is present) and H (high-frequency band,
ominated by dust). Ignoring any other foregrounds and lensing for
implicity, we write the data vector at the power-spectrum level as: 


 = 

⎛ ⎜ ⎝ 

C 

MM 

� 

C 

MH 

� 

C 

HH 

� 

⎞ ⎟ ⎠ 

= 

⎛ ⎜ ⎝ 

f 2 C 

dd 
� + N 

M 

� + rC 

BB 
� 

f C 

dd 
� 

C 

dd 
� + N 

H 

� 

⎞ ⎟ ⎠ 

, (18) 

here we have included a noise signal N 

ν
� on each channel, which

aptures other terms we are neglecting, such as the lensing B -
ode power in the mid-frequency channel or the B -mode tensor

ontribution in the high-frequency channel. This is a two-parameter
odel. f controls the ratio of the dust SED between both frequency

hannels, while r is the amplitude of the primordial BB -power
pectrum. As before, we invoke the central limit theorem and write
own a Gaussian likelihood for which the Fisher matrix elements
ake the form (see e.g. Heavens 2016 ): 

 αβ = 
 μT 
,α � 

−1 
 μ,β, (19) 
NRAS 527, 5751–5766 (2024) 
here � is the (diagonal) covariance matrix, μ is the mean of the data
nd where we have denoted partial deri v ati ves with respect to model
arameters as ‘ ,α’. We have also ignored parameter dependencies in
he covariance matrix, as is appropriate (Carron 2013 ). 

Assuming Gaussian fields, we calculate the (diagonal) covariance
sing the Wick’s theorem (see e.g. Allison et al. 2015 ): 

ov ( C 

ν1 ν2 
� , C 

ν3 ν4 
� ) ∝ C 

ν1 ν3 
� C 

ν2 ν4 
� + C 

ν1 ν4 
� C 

ν2 ν3 
� , (20) 

here the proportionality factor includes terms dependent on �
nd f sky . When inverting the covariance matrix, we neglect the
ontribution from tensor modes in the mid-frequency channel. We
nally invert the Fisher matrix to obtain the marginalized errors on
ach parameter (see e.g. Verde 2007 ) – for the full expressions of
hese variances see Appendix B . We now take the limit N 

M 

� � C 

dd 
� ,

s is justified for an experiment such as SO, where the noise
n the mid-frequency channel is at most 1 per cnet of the dust
ower spectrum in the high-frequency channel at 30 � � � 150. The
xpressions for the variance per � simplify to: 

2 
� ( r) ∝ 

2 C 

dd 
� 

(
f 2 N 

H 

� 

)2 (
C 

dd 
� + 2 N 

H 

� 

)[
C 

BB 
� 

(
C 

dd 
� + N 

H 

� 

)]2 , N 

M 

� /C 

dd 
� � 1 , (21) 

2 
� ( f ) ∝ 

f 2 N 

H 

� 

C 

dd 
� 

, N 

M 

� /C 

dd 
� � 1 , (22) 

here the proportionality factor is 1 / 
[
f sky ( 2 � + 1 ) 

]
, as there are

 sky ( 2 � + 1 ) modes per multiple � . In the further limit N 

H 

� /C 

dd 
� �

. 8 , the expression for σ ( r) becomes: 

2 
� ( r) = 

2 f 4 

f sky ( 2 � + 1 ) 

[
N 

H 

� 

C 

BB 
� 

]2 

+ O(( N 

H 

� /C 

dd 
� ) 2 ) . (23) 

 direct e v aluation of this expression for a SO-like configuration
 f sky = 0 . 1, H referring to the 225 GHz ultra-high-frequency chan-
el) gives σ ( r) = 1 . 3 × 10 −3 at � = 80, in agreement with the value
ound in our baseline MCMC analysis. Moreo v er, we e xplicitly
ee from equation ( 23 ) that σ ( r) is independent of the dust power
pectrum up to second order in N 

H 

� /C 

dd 
� . Moreo v er, as N 

H 

� goes to
ero, the error on r gets arbitrarily small thanks to sample variance
ancellation (Schmittfull & Seljak 2018 ). This limit also results in a
mall error in the dust parameter f . Thus, we see that the error on
 is unaffected by the statistical properties of the dust (making only
easonable assumptions about the levels of dust and noise). 

The intuition for these findings is that when measuring the power
pectra in the high-frequency channels, we are measuring the actual
ust fluctuations. This means that one can simply subtract them
ithout knowing the specific statistical realization of the dust,

imply because the fluctuations are the same on both high- and
id-frequency channels (provided negligible levels of frequency

ecorrelation). For this to work, we need an estimate of f that is
ot limited by our knowledge of the dust statistics. This was pro v en
n our forecast, for which the error on f tends to zero as the noise in
he high-frequency channel becomes insignificant. Another way of
nderstanding this result is that, with a good enough estimate of the
ust frequency-scaling f , the MF channel (where the CMB signal is
ost prominent) can be cleaned from dust using the UHF channel

where dust is dominant) by a simple subtraction at the map level.
he power-spectrum residuals in the MF map will scale as σ 2 

� ( f )
equation 22 ) times C 

dd 
� , which is indeed independent of C 

dd 
� itself.

his map-level subtraction holds for whatever the dust realization
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ay be (Gaussian or not). As a result, σ ( r) is not affected. In fact, this
echnique has been implicitly used in most map-based component 
eparation methods (Efstathiou, Gratton & Paci 2009 ; Efstathiou & 

ratton 2019 ; de Belsunce, Gratton & Efstathiou 2022 , 2023 ). We
av e now e xplicitly shown why these methods are immune to the
tatistics of the foreground fields; given this result, it appears that 
his operation at the map level is being ‘implicitly’ performed in the
 � -lik elihood. For the to y model at hand, where all parameters are

inear, one can show that the power-spectrum likelihood indeed yields 
he same results as a map-based likelihood. Although r is unaffected, 
rom equation ( 22 ) we can see that our ability to constrain the dust
eld properties is directly determined by our measurement of the 
ust field itself. Hence, the absence of a reliable method to quantify
he level of foreground non-Gaussianity directly impacts the error 
stimation on the spatial dust parameters A d and αd . 

.3 Impact on goodness of fit 

e have seen that C � -based foreground cleaning constraints on r are
ot impacted by a non-Gaussian, anisotropic dust field. Ho we ver, we
ee that the uncertainties on the dust spatial parameters ( A d , αd ) can
ecome significantly underestimated in the Gaussian approximation. 
e now investigate how this impacts goodness-of-fit χ2 values, 
hich are common way to assess the suitability of the model being
sed in the likelihood (e.g. BK18; Wolz et al. 2023 ) or to search for
ystematic errors in the measurements. 

We take the 10 5 mock power-spectrum observations ˆ C � generated 
y performing a multi v ariate Gaussian sampling of � NG . We study
wo cases. In the first case, we directly compute the χ2 value, defined
s: 

2 = ( ̂  C � − C 

model 
� ) T � 

−1 ( ̂  C � − C 

model 
� ) , (24) 

here C 

model 
� refers to our initial data vector (Section 2.3 ) that we

enerated with the sky model presented in Section 2.2 . The χ2 value
s computed twice, for both � = � G and � = � NG . In the second
ase, we first refit the mock observations and obtain best-fitting values 
 

bf 
� . The χ2 value is then computed for the mock data vector with

espect to (w.r.t.) the best-fitting model: 

2 
bf = ( ̂  C � − C 

bf 
� ) 

T � 

−1 ( ̂  C � − C 

bf 
� ) , (25) 

or both � = � G , � NG . Finally, we obtain the probability to exceed
PTE) of the observed χ2 value for each simulation. In order to 
onvert from a χ2 value to a PTE, we assume the numbers of degrees
f freedom (d.o.f.) to be the same as the number of data points in the
rst case, and the number of data points minus the number of model
arameters in the second case. 
We show the PTE histograms in the form of a probability density

unction (PDF) in Fig. 5 . The top panel corresponds to the first case
equation 24 ), and the bottom panel corresponds to the second case
equation ( 25 ), where the χ2 is calculated with respect to each best-
tting model). The dashed line represents the analysis using � NG , 
or which we obtain a uniform distribution since the χ2 is computed 
ith the same covariance that generated the data. On the other hand,

he solid black line represents the PTEs obtained with � G . This PTE
istribution is skewed towards low values, meaning that there is a 
ubstantial number of simulations where the χ2 are very high and 
ignificantly differ from the expected value for the data: 8 per cent of
imulations have PTE < 0 . 05 (6 per cent if compared to the best fit)
s opposed to the expected 5 per cent value. This would be interpreted 
s the model being unable to provide a good description of the data,
hereas the actual problem is a mis-estimation of the data vector
ncertainties. 
Similar results were found in Azzoni et al. ( 2023 ), where the

uthors assumed a Gaussian covariance when analysing simulated 
ata in which the dust component, generated using the model of
ansyngel et al. ( 2017 ), was significantly non-Gaussian. They found

hat, while the theoretical model used to describe the power spectra
as able to obtain unbiased constraints on r , the best-fitting χ2 values
ere consistently high. 
We further calculate the PTE distributions corresponding to 

pecific frequency channels (LF, MF, and UHF). When comparing 
o the best-fitting model, the d.o.f. to use is unclear a priori because
he best fit was found including all frequency channels. We therefore
esort to the distributions obtained with � NG . For each band, we
nd the ef fecti ve d.o.f. that produces a uniform distribution. This is

hen used for the equi v alent calculation using � G . The results are
ncluded as differently colour coded solid lines in Fig. 5 . We are
nly able to reco v er the true distribution for the LF channels. This
s because they barely contain any dust. As a result, a non-Gaussian
ust covariance has a negligible effect on them. The strongest effect is
een for the UHF channels, which are dust dominated. Even though
omparing to the best fit alleviates the differences, neglecting the 
mpact of dust non-Gaussianity in the covariance matrix still leads 
o poor goodness-of-fit metrics. 
MNRAS 527, 5751–5766 (2024) 
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.3.1 Recovering good PTEs with cleaned maps 

he reason for the degradation in the χ2 PTE described in the
revious section is our inability to fully describe the statistical
ncertainties of the dust power spectrum. However, as we have shown
n Section 3.1 , and justified in Section 3.2 , this mostly affects the final
onstraints on parameters related to the dust power spectrum, and
oes not impact the cosmological and spectral parameters. It should
herefore be possible to select a sector of the data vector where
he effects of dust non-Gaussianity are minimized, and for which
tandard goodness-of-fit metrics can be used as a reliable diagnostic
f model suitability. This can be achieved by extracting a ‘cleaned’
MB power spectrum. A similar approach at the map-based level
as developed by de Belsunce, Gratton & Efstathiou ( 2022 ) and

pplied to Planck polarization maps. 
Consider the harmonic coefficients of maps observed at N ν

ifferent frequencies, and let us model them as arising from a
inear combination of components with spectra S νc and instrumental
oise: 

 ν,�m 

= 

N ν∑ 

c= 1 

S νc A 

c 
�m 

+ n ν,�m 

, (26) 

here A 

c 
�m 

are the harmonic coefficients of component c, and n ν,�m 

s the noise contribution. Assuming we know the spectra of all
omponents, the maximum-likelihood estimator for the component
mplitudes is 


 
 �m 

= 

(
S T  N 

−1 
� S 

)−1 
S T  N 

−1 
� 
 m �m 

, (27) 

here the matrix S , of size N c × N ν , contains the SEDs of all
omponents, N � is the N ν × N ν noise power spectrum matrix, and
e have promoted m ν and A 

c to vectors of sizes N ν and N c ,
espectively. If we are only interested in the CMB amplitude, we
an express it as a linear combination of the input maps: 

 

CMB 
�m 

= 

∑ 

ν

Q ν,� m ν,�m 

, (28) 

here 

 ν,� ≡
∑ 

c 

(
S T  N 

−1 
� S 

)−1 

CMB ,c 

(
S T  N 

−1 
� 

)c 

ν
. (29) 

hen, the power spectrum of the cleaned CMB map is 

 

CMB 
� = 

∑ 

ν,ν′ 
Q ν,� Q ν′ ,� C 

νν′ 
� , (30) 

nd its covariance is related to the full multifrequency covariance
ia 

ov ( C 

CMB 
� , C 

CMB 
� ′ ) = 

∑ 

ν1 ,ν2 , 
ν3 ,ν4 

Q ν1 ,� Q ν2 ,� Q ν3 ,� 
′ Q ν4 ,� 

′ 

× Cov ( C 

ν1 ν2 
� , C 

ν3 ν4 
� ′ ) , (31) 

hich is the same expression derived in Azzoni et al. ( 2023 )
ithin the context of residual covariances in component separation
ethods. 
We take our 10 5 mock po wer-spectrum observ ations. With their

est-fitting values for the SED parameters, we compute the elements
 ν , specific to the SO frequency channels and noise spectra. We then

lean the mock observations and the best-fitting signal estimates C 

bf 
� 

ith equation ( 30 ), and obtain the clean covariance matrix (equation
1 ). This is performed twice, once for the best fit and covariance
NRAS 527, 5751–5766 (2024) 
erived from � G and once for the corresponding quantities using
 NG . We compute the corresponding χ2 

bf values for each cleaned
ock observation. In order to convert these to PTE values, we

roceed as in the previous section and compute the effective number
f d.o.f. that return a uniform PTE distribution in the � NG case, which
s the non-Gaussian covariance from which the mock observations
ere generated. 
We show the corresponding PTE distributions in Fig. 6 . The

istribution we reco v er for � G (solid red line) exactly matches that of
 NG (blue dashed line), in contrast with the previous disagreement

ound when no cleaning was performed (Section 3.3 ) and which
e o v erplot as a solid grey line for comparison. This highlights the

uitability of the procedure to null the non-Gaussian foregrounds.
t can therefore be used to quantify the ability of the model to
escribe the data when considering only the sources whose statistical
istrib ution we ha ve more under control (the CMB, in this case). It
s another goodness-of-fit metric that should be explored in addition
o the standard χ2 , to ward off issues with non-Gaussianities. 

.4 For egr ound extensions 

erhaps the most important challenge for component separation is
ore ground frequenc y decorrelation, which may arise from inaccurate
odelling of the foreground SEDs, as well as through the spatial

ariation of these SEDs. This has been noted in the context of
ap-based techniques (e.g. Armitage-Caplan et al. 2012 ; Kogut &
ixsen 2016 ; McBride, Bull & Hensley 2023 ), as well as in C � -based
ethods (BICEP2/Keck Collaboration 2015 ; Planck Collaboration
 2017 ). It can be addressed by extending the foreground model
sed in component separation, to directly account for these spatial
ariations at the map level (Eriksen et al. 2004 , 2008 ; Alonso
t al. 2017 ; Errard & Stompor 2019 ) or by forward-modelling the
mpact of this contamination on to the multifrequency power spectra,
ither through a moment expansion (Chluba, Hill & Abitbol 2017 ;
zzoni et al. 2021 ; Mangilli et al. 2021 ; Remazeilles, Rotti &
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Figure 7. Similar to Fig. 3 , we show the comparison between posterior distributions obtained with a Gaussian and non-Gaussian dust covariance matrix (shown 
in filled solid blue and unfilled dashed red, respectively). In this case, the data have been analysed with the minimal moments expansion method of Azzoni et al. 
( 2021 ) to assess the impact of frequency decorrelation. This adds 4 more parameters to our model (see equation 10 ), although we only show a reduced data set 
for clarity. The amplitude of the spectral index power-spectrum fluctuations ( B d , B s ) is consistent with zero. As a result, we ignore the prior volume effects that 
appear on the corresponding γd , γs . We also find the same results as our baseline analysis: we reco v er the same unbiased parameter constraints in both ( � G , 
� NG ) cases, with the exception of the dust spatial parameters ( A d , αd ), whose variance increases. Due to the complexity of this model, the error on r increases 
by more than 50 per cent, σ ( r) = 2 . 0 × 10 −3 , with respect to the baseline analysis. 
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hluba 2021 ; Rotti & Chluba 2021 ; Sponseller & Kogut 2022 ;
acher et al. 2022 , 2023b ), or through an ef fecti ve description of

requency decorrelation (BICEP2/Keck Collaboration 2015 ). We 
ere investigate whether the presence of decorrelation would affect 
ur results, since the qualitative explanation in Section 3.2 relies 
n the assumption of 100 per cent correlation between frequency 
hannels. 

To do this, we first repeat our analysis using an extended fore-
round model, through the so-called minimal moment expansion 
ethod of Azzoni et al. ( 2021 ). The model allows for spatially vary-

ng spectral indices for both dust and synchtrotron, and parametrizes 
hose variations as uncorrelated Gaussian random fields with power- 
aw-like power spectra. Since we are only interested in the changes 
hat foreground non-Gaussianities introduce at the level of the power- 
pectrum covariance, we analyse data without any spectral index 
 ariations. This is equi v alent to e v aluating the parameters of the
inimal moment expansion model at B c , B d , γd , γc = 0. The results

btained using this model for component separation are presented in 
ig. 7 . We find the same results as our baseline analysis: we reco v er
 l
he same unbiased parameter constraints in both ( � G , � NG ) cases,
ith the exception of the dust spatial parameters αd and A d whose
ariance increases a factor 1.2 and 1.3, respectively. We obtain null
mplitudes for the spectral index power-spectrum fluctuations ( B s , 
 d ). Due to the complexity of this model 9 , the error on r increases in
oth cases by more than 50 per cent, σ ( r) = 2 . 0 × 10 −3 , with respect
o the baseline analysis where no moments method was used. This
grees with the increase found in Azzoni et al. ( 2021 ). 

The results obtained so far have been reco v ered from a data
ector which itself contained no frequency decorrelation (even if 
he moment expansion model allows for it). To test if the presence
f significant decorrelation in the data would change our results, 
e generate mock data that include decorrelation via the scale- 

ndependent decorrelation parameter � d presented in Section 2.2 . It 
s worth noting that the moment expansion model is a generalization 
MNRAS 527, 5751–5766 (2024) 

ation, and thus expect the additional uncertainty to leak into r . 
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M

Figure 8. Similar to Fig. 3 , we show the comparison between posterior 
distributions obtained with a Gaussian and non-Gaussian dust covariance 
matrix (shown in filled solid blue and unfilled dashed red, respectively) 
for the most rele v ant parameters included in the sky model with simple 
� d decorrelation. The scale-independent parameter � d characterizes the 
level of decorrelation between the two UHF channels. In this case, the dust 
power-spectrum signal itself contains 2 per cent decorrelation, although this 
level is small enough not to be captured in the covariance. We also find 
the same results as our baseline analysis: we reco v er the same unbiased 
parameter constraints in both ( � G , � NG ) cases, with the exception of the 
dust spatial parameters ( A d , αd ), whose variance increases. The complexity 
of decorrelation increases the error on r by 30 per cent, σ ( r) = 1 . 7 × 10 −3 . 
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10 In practice, ho we ver, this v alue for σ ( r) is not reliable. This model would 
never be used to analyse the data set as the PTE goodness-of-fit metric is less 
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f this simple constant-decorrelation model, the latter corresponding
o the limit in which spectral index variations are uncorrelated
etween pixels (Vansyngel et al. 2017 ; Azzoni et al. 2023 ). The
mount of decorrelation present in data is still highly disputed.
heehy & Slosar ( 2018 ) found negligible levels of decorrelation
etween the 217 and 353 GHz Planck channels, a result also found
ndependently in Planck Collaboration XI ( 2020d ). No significant
vidence of decorrelation was found in the in the BICEP/Keck
egion either (BK18), a result that was further supported in an
nalysis including correlations with neutral hydrogen (Ade et al.
023 ). Nevertheless, decorrelation between the foreground emission
pectral laws at different frequencies can be detected on individual
ines of sight, as noted by Pelgrims et al. ( 2021 ), and hence it is worth
xploring the potential impact of its presence on our conclusions. 

We choose to generate data with 2 per cent decorrelation between
he 217 and 353 GHz channels for the SO SAT re gion. This lev el of
ecorrelation is compatible with existing data (Planck Collaboration
I 2020d ; Pelgrims et al. 2021 ). While the power-spectrum values

hange, this small level of decorrelation allows us to use the same
ovariance matrix as in all previous tests. This incurs a 2 per cent error
n the cross-frequency correlations and is expected to be irrele v ant
hen computing the covariance matrix. 
We run the MCMC inference with both data and model now

ncluding scale-independent decorrelation in the dust component.
e show our posteriors in Fig. 8 . While the uncertainty on r has

ow increased by 30 per cent, σ ( r) = 1 . 7 × 10 −3 , we reco v er the
ame behaviour observed in the baseline analysis (Fig. 3 ). First, we
btain unbiased constraints for all parameters. Secondly, we find that
NRAS 527, 5751–5766 (2024) 
he constraint on σ ( r) is unaffected by the non-Gaussian statistics
f dust at this level of decorrelation. Finally, we see a 1.1 and 1.2
actor increase in the errors of the spatial dust parameters αd and A d ,
espectively, when the data are analysed with � NG . Thus, as long as
t is included in the modelling, this level of decorrelation does not
amper our ability to employ dust maps at one frequency to constrain
he dust emission at another one. 

If decorrelation is not taken into account within the model, we
ee an increase in σ ( r). In particular, when we analyse data contain-
ng � d = 0 . 98 with our baseline model (which does not include
ecorrelation), we obtain σ ( r) = 3 . 5 × 10 −3 (which corresponds
o a factor of 2 increase). 10 This illustrates how the interpretation
btained with our simple toy model (equation 18 ) only applies when
ll frequency channels are perfectly correlated. If a significant level of
ecorrelation is present, a potential solution would be to break up the
ky into different patches, within which the spectral index is constant
nd the implicit map-level subtraction can be performed (provided
he patches are signal dominated and the spectral fluctuations are
lo wly v arying). 

 C O N C L U S I O N S  

 detection of the primordial gra vitational wa ve background is of
aramount importance: it would provide a conclusive test of inflation
nd open a whole ne w windo w to probe physics at the highest energies
nd earliest times. Ho we v er, e xquisite control o v er the polarized
oreground signal is key for a reliable detection of primordial
 -modes. In this paper, we addressed the standard assumption
ade in C � -based cleaning methods, namely that foregrounds can

e approximated as Gaussian (e.g. BK18). Focusing on dust, its
ovariance matrix is modified to include the effects of the anisotropic
nd non-Gaussian nature of this field. Both effects lead to additional
ouplings between different � bins, as well as modifying the power-
pectrum uncertainties. 

We studied two regimes of non-Gaussianity, introduced by (1)
 large-scale modulating field, and (2) small-scale filamentary dust
tructures. In (1), the large-scale template, which we took to be
he Planck 353 GHz temperature map smoothed on small scales,
ntroduces couplings between neighbouring � bins close to the dust
ovariance matrix diagonal. In (2), we obtained the covariance on
mall-scales using 200 realizations of the DUSTFILAMENTS model
Herv ́ıas-Caimapo & Huffenberger 2022 ). These filamentary struc-
ures couple large and small scales, and also modify the diagonal
lements of the covariance matrix. 

We compared the CMB and dust parameter inference obtained
ith a dust covariance matrix that captures these non-Gaussianities

gainst one assuming Gaussian foregrounds. We selected noise levels
nd sky coverage such that we replicate the SO experiment, although
e checked that our results are robust against other configurations
ore similar to a LiteBIRD -like experiment. We found that the final

onstraints on r are not affected by non-Gaussian dust foregrounds,
lthough the error on the spatial dust parameters increases by a
actor ∼ 1 . 2 on average. This reflects how their uncertainties can
e significantly underestimated in the Gaussian approximation. We
elieve these results hold in general, as we reco v ered the same
ehaviour for r when we artificially set all off-diagonal covariance
atrix elements to have different, very large values. 
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11 Planck ( https:// www.esa.int/ Planck) is an ESA science mission with instru- 
ments and contributions directly funded by ESA Member States, NASA, and 
Canada. 
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We explained these results by arguing that C � -based constraints 
n r are nearly immune to the statistics of the dust field, as one can
l w ays clean the CMB signal from dust by a simple subtraction of
he particular realization of dust on the sky using a dust-dominated 
igh-frequency channel. We checked this conclusion using a simple 
nalytical Fisher forecast that assumes 100 per cent correlation 
etween frequency channels, although we found the same behaviour 
umerically for data that include decorrelation using an MCMC 

nalysis. We also expect map-based component separation methods 
o be immune to the statistics of the foreground fields, given 
hat similar arguments about removing the exact realization of the 
oreground field, without requiring knowledge of its statistics, apply 
o map-based cleaning methods. 

We note, ho we ver, that e ven though r constraints are not af fected,
ust non-Gaussianity noticeably impacts goodness-of-fit analyses. 
his behaviour was also found by de la Hoz et al. ( 2022 ) in the
ontext of determining polarization angles in CMB experiments. 
he χ2 values computed with a covariance representing Gaussian 

oregrounds are degraded not because our model is unable to provide 
 good description of the data, but because we are unable to
ully describe the statistical fluctuations of the dust power-spectrum 

hrough the Gaussian covariance matrix. We explored how this can be 
itigated by using only foreground-cleaned spectrum combinations 
hen computing goodness-of-fit statistics. 
In this paper, we have considered non-Gaussianity in the fore- 

round amplitudes, but not in the spectral index variations. The latter 
ould add additional contributions to the non-Gaussian covariance 
hat produce a non-trivial frequency structure. Without better data to 

odel these SED variations, it is difficult to construct a well-educated 
odel, so we leave this task for future work. 
The arguments presented in this work should also apply to non- 

aussianities present in the synchrotron background, although we 
eave such a study to future w ork. In addition, our w ork highlights
he importance of taking into account non-Gaussianities in any 
ind of Galactic science study. Although the work presented here 
ocused on the Simons Observatory, its results will be relevant for
n y e xperiment that interprets B -mode constraints on the tensor-to-
calar ratio in the absence of a reliable method to quantify the level
f foreground non-Gaussianity. 
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PPEN D IX  A :  N O N - G AU S S I A N  ANISOTROPIC  

UST  C OVA R I A N C E S  

1 Large-scale modulating field 

s discussed in the main text (Section 2.4 ), we write down a dust
odel where the Gaussian isotropic dust field δ( ̂ n ) is modulated by
 large-scale intensity field t( ̂ n ) (Mak et al. 2017 ): 

 NG ( ̂ n ) = w( ̂ n ) t( ̂ n ) δ( ̂ n ) , (A1) 

here w( ̂ n ) is the sky mask. This model ensures that small-scale
ariance of the dust emission scales with the square of the large-
cale intensity, as found empirically (Miville-Desch ̂ enes et al. 2007 ). 

This model is compared against one where no modulation is 
resent: 

 G ( ̂ n ) = w( ̂ n ) δ( ̂ n ) . (A2) 

ne can understand the effect of t( ̂ n ) as producing an ef fecti ve
ky mask ˜ w ( ̂ n ) ≡ w( ̂ n ) t( ̂ n ). For both cases, we can define the
orresponding pseudo- C � , whose ensemble average can be expressed 
s 

 ̃

 C 

d G 
� 〉 = 

∑ 

� ′ 
M 

w 
�� ′ C 

δ
� ′ , (A3) 

 ̃

 C 

d NG 
� 〉 = 

∑ 

� ′ 
M 

˜ w 
�� ′ C 

δ
� ′ , (A4) 

here C 

δ
� is the power spectrum of δ( ̂ n ), and we have defined the

 � -level mode-coupling matrices M 

x 
�� ′ , which depend on the mask 

( ̂ n ) field alone and can be computed analytically with NAMASTER 

Alonso et al. 2019 ). One property of M ̃

 w 
�� ′ is that ∑ 

� ′ 
M 

˜ w 
�� ′ = 

∫ 
d ̂  n 

4 π
˜ w 

2 ( ̂ n ) ≡ 〈 ̃  w 

2 〉 �, (A5) 

here 〈 · · · 〉 � denotes sky averaging. If C 

δ
� is smooth, it can be pulled

ut of the sums in equations ( A3 ) and ( A4 ) to yield: 

 ̃

 C 

d NG 
� 〉 = C 

δ
� 〈 ̃  w 

2 〉 �. (A6) 

ith this approximation, 〈 ̃  w 

2 〉 � serves as the conversion factor 
etween the two power spectra, without the need to invert the mode-
oupling matrix (see e.g. Nicola et al. 2021 ). 

We want to reflect the presence of the anisotropic correlating 
emplate at the covariance level, but not at the power-spectrum level. 
s a result, we need to normalize the initial large-scale template t 0 ( ̂ n )

which in our case we take to be the Planck 353 GHz map smoothed
 v er 0 . 4 ◦ scales) with the following operation: 

( ̂ n ) = t 0 ( ̂ n ) 

√ 

〈 w 

2 〉 �
〈 w 

2 t 2 0 〉 �
. (A7) 

his then guarantees 〈 ̃  C 

d NG 
� 〉 = 〈 ̃  C 

d G 
� 〉 = 〈 w 

2 〉 � C 

δ
� . 
2 Co v ariance of lar ge-scale modulated dust field 

e start by considering the harmonic coefficients of both d G and
 NG : 

 G ,�m 

= 

∑ 

� ′ m 

′ 
W 

w 
�m,� ′ m 

′ δ� ′ m 

′ , (A8) 

 NG ,�m 

= 

∑ 

� ′ m 

′ 
W 

˜ w 
�m,� ′ m 

′ δ� ′ m 

′ , (A9) 

here W 

x 
�m,� ′ m 

′ are the map-level mode-coupling coefficients for x = 

, ˜ w . They are such that if x is slo wing v arying, then W 

x 
�m,� ′ m 

′ will
ave a narrow peak around � = � ′ , m = m 

′ . They are also directly
elated to the C � -level mode-coupling matrix: 

 

x 
�� ′ ≡

1 

2 � + 1 

∑ 

mm 

′ 
| W 

x 
�m,� ′ m 

′ | 2 . (A10) 

We calculate the covariance of ˜ C 

d NG 
� via computing the 4-point 

unction of d NG ( ̂ n ), 〈| d NG ,� 1 m 1 | 2 | d NG ,� 2 m 2 | 2 〉 using the decomposition
 A9 ). We use Wick’s theorem, assuming δ( ̂ n ) to be Gaussian,
o transform the 〈 δ� ′ 1 m 

′ 
1 
δ∗
� ′′ 1 m 

′′ 
1 
δ� ′ 2 m 

′ 
2 
δ∗
� ′′ 2 m 

′′ 
2 
〉 term into different C 

δ
� C 

δ
� ′ 

ontributions. From the 4-point function we can derive the covariance 
f ˜ C 

d NG , Cov ( ̃  C 

d NG 
� 1 

, ˜ C 

d NG 
� 2 

), which for a given pair of � values involves
ums o v er all other � and corresponding m values. We use the
roperty that for a smooth ˜ w , the mode-coupling coefficients are 
eaked around the diagonal and also assume that the C 

δ
� coefficients

re slowly varying. As a result, we approximately pull them out of

he sums in the form C̄ 

δ
� 12 

= 

√ 

C 

δ
� 1 

C 

δ
� 2 

12 This, in turn, allows us to

roup the remaining terms into the mode-coupling matrix definition 
 A10 ). The final covariance reads: 

ov ( ̃  C 

d NG 
� 1 

, ˜ C 

d NG 
� 2 

) = 

2( ̄C 

δ
� 12 

) 2 

2 � 2 + 1 
M 

˜ w 2 

� 1 � 2 
, (A11) 

here M ̃

 w 2 is the mode-coupling matrix for the mask ˜ w 

2 ( ̂ n ) =
˜  ( ̂ n ) ̃  w ( ̂ n ). In the case of d G , the deri v ation is analogous, with the
nly difference arising from the updated sky mask, which no longer
ontains the modulating template t( ̂ n ): 

ov ( ̃  C 

d G 
� 1 

, ˜ C 

d G 
� 2 

) = 

2( ̄C 

δ
� 12 

) 2 

2 � 2 + 1 
M 

w 2 

� 1 � 2 
. (A12) 

We generalize these expressions to the case of multi-frequency 
ower spectra with the transformation: 

( ̄C 

δ
� 12 

) 2 → C̄ 

ν1 ν3 
� 12 

C̄ 

ν2 ν4 
� 12 

+ C̄ 

ν1 ν4 
� 12 

C̄ 

ν2 ν3 
� 12 

. (A13) 

Finally, we correct equation ( A11 ) to obtain the covariance of
he dust field itself, D( ̂ n ) = t( ̂ n ) δ( ̂ n ). Since the normalization we
erform on t( ̂ n ) ( A7 ) ensures that C 

δ
� = C 

D 

� , we can also write 

 ̃

 C 

d NG 
� 〉 = C 

D 

� 〈 w 

2 〉 �. (A14) 

ith this relation, the final covariance for the modulated dust field
eads: 

ov ( C 

D 

� 1 
, C 

D 

� 2 
) = 

Cov ( ̃  C 

d NG 
� 1 

, ˜ C 

d NG 
� 2 

) 

〈 w 

2 〉 2 �
. (A15) 

3 Large-scale covariance for DUSTFILAMENTS simulations 

s discussed in the main text, the DUSTFILAMENTS (Herv ́ıas- 
aimapo & Huffenberger 2022 ) simulations do not reproduce the 
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matrices at the last step. Therefore, in order to obtain 〈 ̄C 

SS 
� 12 

〉 at each � , 
we follow the method described in Nicola et al. ( 2021 ): we compute 
the power spectra at every � with the usual anafast HEALPIX 

routine (G ́orski et al. 2005 ) on the masked maps, and then divide this 
quantity by 〈 w 

2 〉 �. We verified that the covariance matrices estimated 
with this method were both symmetric and positive-definite in all 
cases. 

APPENDI X  B:  TOY  M O D E L  A N D  FISHER  

FORECAST  

In Section 3.2 , we devised a simple model ( 18 ) to gain insight into the 
observed behaviour for the posterior distributions (Fig. 3 ). The model 
has two parameters: r , the amplitude of the primordial BB signal and 
f , the dust emission ratio between the mid- and high-frequency 
channels. We assume Gaussian fields and compute the covariance 
matrix using the Knox formula (Knox 1995 ). The full marginalized 
errors on each parameter, obtained from the Fisher forecast are: 

σ 2 ( f ) = 

f 2 N 

H 

� C 

dd 
� + A � (

C 

dd 
� 

)2 , (B1) 

σ 2 ( r) = 

2 
(
f 2 N 

H 

� C 

dd 
� + A � 

) [
f 2 N 

H 

� 

(
C 

dd 
� + 2 N 

H 

� 

) + A � 

][
C 

BB 
� 

(
C 

dd 
� + N 

H 

� 

)]2 , (B2) 

where A � = 

(
C 

dd 
� + N 

H 

� 

)
N 

M 

� . Taking into account that there are 
f sky (2 � + 1) modes per multiple � , one can check that these expres- 
sions simplify to equations ( 21 ) and ( 22 ) in the limit N 

M 

� � C 

dd 
� . 

This approximation holds for an experiment such as SO, where the 
noise in the mid-frequency channel is at most 10 per cent of the dust 
power spectrum in the high-frequency channel. 
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arge-scale polarization features and cannot be used to estimate the
ovariance matrix at low � . We now describe how to add a large-
cale covariance (derived in the previous section) to the covariance
omputed from these simulations (which provides accurate answers
t small scales). 

Our final dust map can be split into 2 components: 

 T = m L + m S , (A16) 

here m L is a fixed large-scale template and m S describes the
mall-scale component, obtained by filtering out the large scales in
he DUSTFILAMENTS realization. We measure the covariance arising
rom the small scales, Cov ( C 

SS 
� , C 

SS 
� ′ ), from a set of DUSTFILAMENTS

imulations. 
We can approximate the covariance of the total map as: 

ov ( C 

T T 
� , C 

T T 
� ′ ) = 

̂ Cov ( C 

T T 
� , C 

T T 
� ′ ) 

− ̂ Cov ( C 

SS 
� , C 

SS 
� ′ ) + Cov ( C 

SS 
� , C 

SS 
� ′ ) , (A17) 

here ̂  Cov ( C 

T T 
� 1 

, C 

T T 
� 2 

) is the covariance of the large-scale modulated
ust field, 

̂ ov ( C 

T T 
� 1 

, C 

T T 
� 2 

) = 

2 〈 ̄C 

T T 
� 12 

〉 2 
2 � 2 + 1 

M 

˜ w 2 

� 1 � 2 
, (A18) 

or which 〈 ̄C 

T T 
� 12 

〉 is simply the analytical power-spectra used in
his work (Section 2.3 ). This ensures that non-Gaussianities are
ntroduced only at the level of the power-spectrum covariance. The
erm 

̂ Cov ( C 

SS 
� 1 

, C 

SS 
� 2 

) is the Gaussian contribution from the small
cales, 

̂ ov ( C 

SS 
� 1 

, C 

SS 
� 2 

) = 

2 〈 ̄C 

SS 
� 12 

〉 2 
2 � 2 + 1 

M 

w 2 

� 1 � 2 
, (A19) 

or which 〈 ̄C 

SS 
� 12 

〉 is the average power spectra, computed o v er simu-
ation ensembles of m S maps. We only bin the resulting covariance
NRAS 527, 5751–5766 (2024) 
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