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Abstract

In this thesis we consider problems of effectivity for zero-bounds, point-

counting, computation, and class numbers.

Using the tameness (in the sense of o-minimality and Khovanskii [48])

of the modular function (j-function) and Weierstrass elliptic functions

on certain complex arcs we prove new zero-bounds for some polynomials

involving these functions. Using the method of mild parameterizations

[67], we prove a new result on the number of algebraic points on a curve

involving the j-function, and give a new proof of the six exponentials

theorem.

We develop new algorithms to invert the j-function without using the el-

liptic curve representation of a j-invariant, to determine the torsion sub-

group of rational elliptic curves in the manner of Doud [28], and to test

an elliptic curve for complex multiplication. All these algorithms either

improve on previous methods, or are of equivalent optimal complexity.

We develop a new algorithm to find numbers satisfying a set of modular

conditions, which is significantly faster than the fastest previous method

[81], with which we find some new Cunningham chains of primes.

Finally we consider Gauss’ conjecture [36] that there are no negative dis-

criminants with one class of binary quadratic forms in each genus which

have at least 32 genera. We apply our algorithm to find numbers sat-

isfying modular conditions to prove a new general lower bound for such

discriminants, adapt the methods of Watkins [86] in his determination of

discriminants with class number ≤ 100 to prove a large lower bound for

discriminants indivisible by 2, 3 or 5, and adapt Baker’s [6] method for

class numbers one and two to prove that such a discriminant cannot have

a particularly large prime factor.
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Chapter 1

Introduction

This thesis consists of loosely connected results around modular and elliptic functions:

we consider problems of effectivity for zero-bounds, point-counting, computation, and

class numbers.

The j-function parameterizes the moduli space of elliptic curves, and has been

studied since the nineteenth century in connection with the theory of complex multi-

plication — the theory of elliptic curves with endomorphism ring larger than Z.

Every elliptic curve admits a uniformization C/Λ, with Λ a lattice in C. Endo-

morphisms of E correspond to complex x ∈ C such that xΛ ⊂ Λ. All elliptic curves

have such endomorphisms by Z, and if x 6∈ Z, then xω1 = nω1 +mω2 with m 6= 0, and

xω2 = n′ω1 +m′ω2 with n′ 6= 0; thus ω2

ω1
is a (non-real) root of mz2 + (n+m′)z + n′,

so is an imaginary quadratic irrational, as is x. The endomorphism ring is then an

order contained in the ring of integers of an imaginary quadratic field. It is readily

shown that j takes algebraic values at quadratic irrationals, and it is further known

by the theory of complex multiplication that j takes algebraic integer values at these

points. These algebraic integer values are called singular moduli. Schneider’s theorem

provides the converse that j is transcendental at other algebraic arguments.

The theory of complex multiplication provides an analogue to the Kronecker–

Weber theorem, which states that every finite abelian extension of Q is contained

in some cyclotomic field. In other words, the maximal abelian extension of Q is

obtained by adjoining the special values of the exponential function, the roots of

unity. The analogous result for abelian extensions of imaginary quadratic fields is as

follows: the maximal unramified abelian extension of an imaginary quadratic field K,

with ring of integers Z[τ ], is obtained by adjoining j(τ) to K, and Hasse proved [39]

that the maximal abelian extension of K is generated over K(j(τ)) by the (suitably

normalized) values of Weierstrass elliptic function ℘(z, τ) evaluated at the division

points of the lattice 〈τ, 1〉.
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Associated to these special values are finiteness problems — there ought to be

“few” special points on varieties except for those coming from “special subvarieties”.

A prototypical example is the question of when a plane curve may contain an infinite

number of points (x, y) both roots of unity, for which we have an effective answer.

Theorem ([11]). Let f = 0 be an algebraic plane curve, and define the cyclotomic

points of C2 to be points (x, y) where x and y are roots of unity. Then f = 0 contains

either at most 22V (f) cyclotomic points, where V (f) is the volume of the Newton

polytope of f , or infinitely many, in which case f has a factor xiyj − ω, for (i, j) 6=
(0, 0).

Here we are considering the exponential function, the special points of which are

roots of unity, and the special subvarieties of which are the factors xiyj − ω.

The Manin–Mumford conjecture, proved by Raynaud [73] [74], is one such “special

point” problem for abelian varieties.

Theorem. Let C be a curve of genus ≥ 2 defined over a number field K, and J be

its Jacobian. Fixing an embedding C → J defined over K, the set C(K) ∩ J(K)tors

is finite.

In relation to the j-function and its analogues for Shimura varieties, we have the

André–Oort conjecture, which concerns the behaviour of analogous special points.

Conjecture. Let S be a Shimura variety, and V be an irreducible closed subvariety

of S. Then V contains only finitely many maximal special subvarieties.

For the special case of products of modular curves,

V ⊂ Y = Y1 × · · · × Yn,

where Yi = Γi\H for congruence subgroups Γi, one may consider Γi = SL2(Z), and

Yi = C. The special subvarieties are here induced by the modular polynomials

ΦN(X, Y ). The case for n = 2 was obtained by André [4], and in this case one

also has effective results of Bilu–Masser–Zannier [13] and Kühne [49]. The general

case of n was proved by Pila [68], who also considered a more general setting of

products of modular curves, elliptic curves, and the multiplicative group of complex

numbers; these in turn correspond to considering the special points of j, Weierstrass

elliptic functions, and the exponential function.

In order to state the main point-counting result used by Pila, we first give a

definition of o-minimality. As we do not make use of o-minimality in this thesis, we

refer the reader to [29] for an introduction to o-minimality and its theory.
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Definition ([90]). A pre-structure S is a sequence Sn, n ≥ 1, where each Sn is a

collection of subsets of Rn. It is called a structure over R if, for all n,m ≥ 1, the

following four conditions are satisfied:

1. Sn is a boolean algebra under the usual set theoretic operations,

2. Sn contains every semi-algebraic subset of Rn,

3. if A ∈ Sn and B ∈ Sm, then A×B ∈ Sn+m,

4. if m ≥ n, A ∈ Sn, then π[A] ∈ Sn, where π : Rm → Rn is projection onto the

first n coordinates.

If, further, the boundary of every set in S1 is finite, then S is called an o-minimal

structure over R.

Some examples, also described in [90], are the structure Ran, where each Sn is the

collection of globally subanalytic subsets of Rn, and Rexp, where Sn is the collection

of sets π(f−1(0)), where f : Rm → R is a real exponential polynomial, and π is

projection onto the first n ≤ m coordinates. The main difficulty in proving that

these structures are o-minimal is their closure under complementation. For Ran, this

is a consequence of Gabrielov’s theorem [33], and for Rexp this was established by

Wilkie [89]. An o-minimal structure in which the j-function is definable is Ran, exp,

the structure generated by Ran and Rexp under the operations implicit in the definition

of o-minimal structures. This structure was proved to be o-minimal by Van den Dries

and Miller [30]. In general, the structure generated by two o-minimal structures

together may not be o-minimal.

For X ⊂ Rn, define Xalg to be the union of connected positive dimensional semi-

algebraic subsets of X, and N(Y,H, d) the number of points (y1, . . . , yn) in Y such

that the degree of each yi is bounded by d and the absolute multiplicative height

(c.f. [16]) of each yi is bounded by H. With these definitions we have the following

theorem of Pila and Wilkie.

Theorem ([70] for rational points, [66] in general). Let X ⊂ Rn be definable in an o-

minimal structure over R, let d ≥ 1 and ε > 0. Then there exists a constant c(X, d, ε)

such that

N(X −Xalg, H, d) ≤ c(X, d, ε)Hε.
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This result is the best possible, as in [64] it is demonstrated that for any function

ε(t)→ 0+ as t→∞, one can construct a transcendental analytic function f on [0, 1]

and a sequence of integers Ti such that on its graph X,

N(X,H, 1) ≥ T
ε(Ti)
i .

However, for some o-minimal structures, one expects polylogarithmic bounds, for

example in the conjecture of Wilkie.

Conjecture ([70]). Let X be definable in Rexp. Then there exist constants c1(X),

c2(X) such that

N(X −Xalg, H, 1) ≤ c1(X)(logH)c2(X).

One expects also that the constants c1(X), c2(X) would depend in a readily com-

putable and reasonable manner on the complexity of defining X.

As the j-function is definable in the structure Ran,exp, returning to our product of

modular curves, the Pila–Wilkie theorem may be applied to the definable set

Z = {(x1, . . . , xn)|(j(x1), . . . , j(xn)) ∈ V },

with Cn considered as a subset of R2n. As the pre-special points are quadratic ir-

rationals, the number of such pre-special points on Z − Zalg is bounded by c(ε)Hε.

The Galois orbits of the special points of X will then provide the contrasting lower

bounds.

The lower bounds in the situation of modular curves are the class numbers of the

discriminants corresponding to the points of X, which may be bounded below by

Siegel’s theorem.

Theorem ([80]). Let χ be a non-principal Dirichlet character of modulus k, and

ε > 0. Then there exists a constant (ineffective) c(ε)> 0 such that

L(1, χ) ≥ c(ε)

kε
.

In particular, by Dirichlet’s class number formula for negative discriminants,

h(−k) ≥ c(ε)

π
k1/2−ε.

This gives an ineffective lower bound for the size of the Galois orbit of j(τ) when τ is

a pre-special (quadratic irrational) point. The discriminant of a quadratic irrational

point grows polynomially with its height — it is shown in [68] that Dτ ≥ H(τ).
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Fixing say ε = 1/4 in Siegel’s theorem, and ε = 1/5 in the Pila–Wilkie theorem,

for sufficiently large height, these upper and lower bounds would contradict if such

a point were not to lie in Zalg, and the proof of Pila’s theorem proceeds by playing

these bounds off against each other.

This thesis then considers problems of effectivity in this circle of problems. For

the upper bounds on the number of algebraic points, we consider two prototypical

situations involving the j-function and Weierstrass elliptic functions — polynomials

in z and j(z) and in z and ℘(z). For a polynomial in z and j(z), we obtain a bound on

its number of zeros in the whole fundamental domain of j. Effective zero-bounds of

this sort are necessary to obtain effective bounds on the number of algebraic points of

bounded height and degree via transcendence type arguments. It is natural to treat

the j-function on the whole of its fundamental domain, and we believe our method

of proof will admit some use in more general problems involving the j-function.

In relation to the lower bounds of Galois orbits, we consider Gauss’ so-called one

class per genus problem — that there are no negative discriminants with one class

of binary quadratic forms in each genus beyond those which we already know. Just

as the class number one problem corresponds to j being an integer, at imaginary

quadratic points of a discriminant with one class of binary quadratic forms in each

genus, j is totally real.

Associated to these problems are computational issues — we consider the problems

of identifying elliptic curves with complex multiplication, or equivalently numbers

which are singular moduli, and if so by what order in what field, and determining

the torsion subgroup of elliptic curves. Most previous algorithms for these problems

are based on the algebraic properties of the associated elliptic curves. This thesis

presents improved algorithms for these two problems which consider the problem

from the “lattice” point of view: detecting CM may be done by determining whether

the lattice Λ = 〈ω1, ω2〉 associated to an elliptic curve has the property that ω1/ω2

is a quadratic irrational; determining the torsion subgroup in a field K of an elliptic

curve may be done by determining if the image of a division point of Λ is in E(K).

This approach is due to Doud [28], which we consider for K = Q.

All of these problems have higher dimensional analogues — for abelian varieties,

the analogue of having an endomorphism ring larger than Z is that EndQ(A), the

tensor product of End(A) with Q, has a commutative subring of dimension twice the

dimension of A. Such abelian varieties are said to be of CM type, and the analogues of

the quadratic imaginary fields are complex quadratic extensions of totally real fields,

which are termed CM-fields. This theory is described in [52].
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The theory of complex multiplication has its generalization in class field theory,

though the problem of explicit generation of the maximal abelian extension is a much

more difficult problem, and in general unsolved. Just as with imaginary quadratic

fields, where one needs more than j and the exponential function, for CM-fields one

needs more than the analogues of j and the Weierstrass elliptic functions.

One extension of André–Oort to higher dimensions is that of Pila–Tsimerman

[69] and Tsimerman [85], who obtained the André–Oort conjecture unconditionally

for the moduli space of principally polarized abelian varieties Ag.
We now describe in more detail the sections of this thesis.

1.1 Chapters in detail

1.1.1 Pfaffian control of polynomials involving j and Weier-
strass elliptic functions

In Chapter 2, we obtain bounds on the number of zeros of polynomials in z and j(z),

and polynomials in z and Weierstrass elliptic functions with rectangular fundamental

domains. On certain complex lines, where j(z) and these ℘(z) are real, the derivatives

of their inverses satisfy a particularly simple set of differential equations — they are

Pfaffian functions, introduced by Khovanskii [48], who proved bounds on the number

of zeros of such functions. This allows us to bound the winding number of j and ℘ in

regions bounded by these complex lines. We obtain an entirely new bound on the zeros

of polynomials P (z, j(z)), polynomial in the degree of P , in the whole fundamental

domain of j. Previous results of Binyamini [14] were restricted to compact subsets of

the fundamental domain, and of a multiply-exponential order. For Weierstrass elliptic

functions, non-uniform bounds c(℘)d2 of Masser [59] are known to hold for the number

of zeros of polynomials P (z, ℘(z)) in a fundamental domain of ℘(z). For Weierstrass

elliptic functions whose associated lattice is rectangular we obtain a uniform bound

of the form cd2. This also improves, in this restricted case, uniform bounds of Jones

and Schmidt [44] derived from their Pfaffian definition of ℘(z), which are of the order

cd11.

1.1.2 Point-counting via mild parameterizations

In Chapter 3 we apply Pila’s [67] method of mild parameterization to bound the

number of algebraic points on graphs relating to the j-function and to give a proof

of the six exponentials theorem. This is a real variable interpolation determinant
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method for bounding the number of algebraic points of bounded height in a number

field on transcendental surfaces in (0, 1)n.

1.1.3 Inverting the j-function and testing complex multipli-
cation

In Chapter 4 we develop an algorithm to invert the j-function in quasilinear time and

apply this to the problem of determining if an elliptic curve has complex multiplica-

tion. There are methods of inverting j via the construction of an elliptic curve with

j-invariant j, and computing its periods, such as that of Cremona and Thongjunthug

[27], or the methods of Dupont [31], but it is considered of interest to study j without

passing through the elliptic curve representation. A previous algorithm of Alwaise

[3] does this by different methods, but does not analyze the running time of their

algorithm. The time complexity of our algorithm is essentially optimal, and of the

same complexity as that of Cremona and Thongjunthug’s and Dupont’s algorithms.

As previously described, our algorithm to determine complex multiplication is

based on the fact that an elliptic curve has complex multiplication if and only if its

the j-invariant is the image under j(z) of a quadratic irrational. In order to use this

fact to show that an elliptic curve in fact does have complex multiplication we make

use of the algebraic properties of both the j-invariant, coming from the data of the

elliptic curve, and the algebraic properties of singular moduli.

Firstly, the discriminant of any potential quadratic irrational τ for which the j-

invariant of E is equal to j(τ) may be bounded in terms of the data of the elliptic

curve. If the inverse of the j-invariant is sufficiently close to a quadratic irrational τ of

discriminant at most this bound, then the j-invariant of E and j(τ) — which are both

algebraic numbers of height and degree bounded in terms of E — will also be close.

Unless they are equal, their difference is bounded below by Liouville’s inequality. This

algorithm has a lower time complexity than previous algorithms (either conditional,

probabilistic, or unconditional).

1.1.4 Calculating rational torsion of elliptic curves

In Chapter 5 we use a recent result on the computation of Jacobi’s theta functions to

determine the torsion subgroup of a rational elliptic curve quasilinear time. Torsion

points of elliptic curves correspond to division points of its associated lattice, and

elliptic curves of the form E : y2 = x3 + Ax + B, with A,B integers, have the

property that all rational torsion points have integer coordinates. This allows us

7



to compute the potential torsion points of E by evaluating the Weierstrass elliptic

function associated to the lattice of E at division points, which corresponds to the x-

coordinate of our potential torsion point. Taking the nearest integer to our computed

value of x, and the corresponding y, we may test whether these points lie on E. If so

we may test whether they are torsion, by the group law of E. We show that one may

use the aforementioned recent result of Labrande [50] on the computation of Jacobi’s

theta functions to reduce the computational complexity of computing the Weierstrass

elliptic function associated to E.

1.1.5 Combining linear congruences

In Chapter 6 we describe an algorithm to combine linear congruences. We wish to find

solutions to sets of linear congruences x mod p ∈ {a1, . . . , ak}, which our algorithm

does by taking some products of primes P = p1 · · · · · pn, Q = q1 · · · · · qm, determining

those a which are admissible modulo P , and b which are admissible modulo Q. By

the Chinese remainder theorem all numbers < PQ which are admissible modulo the

pi and qi are of the form am + bn− PQ[(am + bn)/PQ], which may then be tested,

an idea due to Bernstein [8]. We describe an algorithm which follows this scheme,

our novelty being a method of simultaneously testing many numbers N = am + bn

mod PQ. Instead of directly testing N , we construct a bit-vector of length B which

represents aim + bn mod PQ for 1 ≤ i ≤ B, and special vectors for each prime p,

so that in a single hardware operation (a B-bit OR) we test all aim + bn mod PQ

simultaneously. In testing our algorithm proves to be roughly 50 times faster per-core

than the previous fastest algorithm of Sorenson [81], though we are unable to perform

the comparison on the same hardware. With this algorithm we also find some new

Cunningham chains of primes.

1.1.6 Discriminants with one class of binary quadratic forms
in each genus

Chapter 7 concerns negative discriminants with one class of binary quadratic forms

in each genus.

In Section 7.1 we apply our algorithm to combine linear congruences to give a new

lower bound of 1021 for any further such discriminants. In Section 7.2 we consider

large lower bounds for these discriminants. In a similar manner to Watkins’ [86]

determination of discriminants with class number at most 100, we make use of L-

functions with small zeros to eliminate certain ranges of discriminants. It is known

8



that this method may be used to eliminate the possibility of such discriminants in the

interval 1068 ≤ |d| ≤ 107000, so the problem is to eliminate discriminants 1021 ≤ |d| ≤
1068. To this end we prove, in a computationally assisted manner, a new bound on

the remainder terms of Epstein zeta functions associated to binary quadratic forms of

the form ax2 + axy + cy2 and the character
(−17923

·

)
. By considering separately each

possible number of prime factors of d, we are able, with some further computation,

to obtain large lower bounds for discriminants not divisible by 2, 3, or 5. Further

(incomplete) work indicates that certainly the case 2, 3 - d is obtainable, and we

believe that obtaining the lower bound for odd discriminants is feasible, and perhaps

for all d by reasonable improvements of our methods, and greater computational

resources.

In Section 7.3 we consider discriminants with a particularly large prime factor

P � |d|1/2(log|d|)5 log log|d|. In a similar manner to Baker’s [6] solution of the class

number one problem, again making use of products of L-functions, we show that none

may exist.

1.2 Background

We will now go over some background for the problems considered in this thesis.

1.2.1 Pfaffian functions

Pfaffian functions were introduced by Khovanskii [48] in his theory of so-called “fewno-

mials”. The main idea is that real polynomials with few terms should be geometrically

simple, having few zeros, and provides a way of formally describing the “tameness”

of a function. Given a real domain G ⊂ Rn, a sequence of functions fi : G → R,

1 ≤ i ≤ r is a Pfaffian chain if there exist polynomials Pi,j satisfying the triangular

differential relations

∂fi(x)

∂xj
= Pi,j(x, f1(x), . . . , fi(x)), 1 ≤ i ≤ r, 1 ≤ j ≤ n.

The degree of such a Pfaffian chain is the maximum total degree of the Pi,j, and its

order is r. A Pfaffian function is a function f : G → Rn such that there exists a

Pfaffian chain f1, . . . , fr, such that f = P (x, f1, . . . , fr) for some polynomial P . The

order of a Pfaffian function is r, and its degree is (α, β), where β is the maximum

total degree of P , and α is the degree of the Pfaffian chain f1, . . . , fr.

A version of the main theorem on which this is based is as follows.
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Theorem (§2.3, Theorem 2, [48], c.f. Lemma 2.1, [57]). Let G : Rn+1 → R1 be

a smooth function with nondegenerate level set Mn. Let F : Rn+1 → Rn be a

smooth proper map, and F̃ : Mn → Rn its restriction to Mn. Let, further, Ĵ be

any smooth function on Rn that coincides on Mn with the Jacobian J of the map

(F,G) : Rn+1 → Rn × R1. Under these conditions the following holds: the maxi-

mum number of nondegenerate preimages of any point in the range of of the map

F̃ : Mn → Rn is bounded by that of the map (F, Ĵ) : Rn+1 → Rn × R1.

The definition of Pfaffian functions allow the repeated application of the theorem

to reduce the problem of bounding the number of zeros of a function to that of

a collection of algebraic curves. As an example we consider bounding the number

of zeros of a polynomial in x and an exponential function of the form P (x, ex
2
).

Introducing the variable u = ex
2
, the zeros of P (x, ex

2
) are the solutions to the

system of equations

P (x, u) = 0

u− ex2 = 0,

the Jacobian of which is

J(x, u) = Px(x, u)−
(
u− 2xex

2
)
Py(x, u),

and restricted to u = ex
2
, J(x, u) = Px(x, u) − u(1 − 2x)Py(x, u). The number of

non-degenerate roots of P (x, ex
2
) is then bounded by the number of preimages of any

point in the image of the function

(P (x, u), Px(x, u)− u(1− x)Py(x, u)),

which by Bézout’s theorem is bounded by d(d+ 1), where d is the degree of P . Kho-

vanskii obtained the following general bound on the number of solutions of systems

of Pfaffian functions.

Theorem ([48]). Let f1, . . . , fk be Pfaffian functions on a domain G ⊂ Rk with a

common chain of order r, and degrees (α, βi). Then the number of non-degenerate

zeros of the system f1 = · · · = fk = 0 is bounded by

2r(r−1)/2β1 · · · βk(min{n, r}α + β1 + · · ·+ βk − n+ 1)r.

There are similar bounds for the number of connected components and the multi-

plicity of zeros of systems of Pfaffian functions. Khovanskii’ theory, and this theorem,

suggest that structures constructed from the usual arithmetic operations and Pfaffian

functions are o-minimal, but does not prove it, as one needs closure under projections

and complementation, so o-minimality is a substantial further step.
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1.2.2 Mildness

Pila’s method of mild parameterization [67] is a real-variable interpolation determi-

nant method for counting algebraic points on the transcendental parts of surfaces

X ⊂ (0, 1)n. Fixing a parameterization θ : (0, 1)k → (0, 1)n, the unit box is divided

into cubes of side-length r < 1, and for algebraic points x(i), 1 ≤ i ≤ N , in a given

box, the determinant of the matrix(
θ1(z(i))j1 · · · θn(z(i))jn

)
1≤i≤N

j1+···+jn≤M

is considered, where z(i) is the preimage under θ of x(i). On expanding θ(z(i)) as a

Taylor series to a certain number of terms about the centre z(0) of the box, the lower

order terms cancel out, leaving only terms with large powers of z
(0)
j − z

(i)
j , which is

bounded in absolute value by r/2 for each ordinate. With bounds on the growth of

the derivatives of θi this allows us to bound the determinant above. Lower bounds,

supposing the determinant is non-zero, are furnished by the algebraicity of the points

θ(z(i)) = x(i). In this way it is shown that the determinant is zero, and so the x(i) lie

on a hypersurface of degree ≤ M . To conclude we then need bounds on the number

of points of intersection of X with a hypersurface.

1.2.3 Weierstrass elliptic functions and the j-function

The following may be found in [53]. Weierstrass elliptic functions are meromorphic

functions of the complex plane which are periodic with two periods — given two

periods ω1, ω2, the Weierstrass elliptic function ℘(z, ω1, ω2) may be defined as

℘(z, ω1, ω2) =
1

z2
+

∑
mω1+nω2 6=0

(
1

(z −mω1 − nω2)2
− 1

(mω1 + nω2)2

)
.

Then ℘(z, ω1, ω2) satisfies the differential relation

(℘(z, ω1, ω2)′)2 = 4℘(z, ω1, ω2)− g2℘(z, ω1, ω2)− g3℘(z, ω1, ω2),

where

g2 = g2(ω1, ω2) = 60
∑

mω1+nω2 6=0

1

(mω1 + nω2)4
,

g3 = g3(ω1, ω2) = 140
∑

mω1+nω2 6=0

1

(mω1 + nω2)6
.

This differential equation corresponds to an elliptic curve y2 = 4x3 − g2x − g3, and

(℘(z), ℘′(z)) parameterizes this curve. The discriminant of this curve is g3
2 − 27g2

3.
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If the discriminant is non-zero, then E is a non-singular curve of genus one. Its j-

invariant is defined to be 1728
g32

g32−27g23
, which is invariant under isomorphisms of E.

As ℘(z, ω1, ω2) is homogeneous of degree −2, it is natural to consider such functions

with ω2 = 1. In this case, for τ in the upper half plane, g2(τ) and g3(τ) are scalings

of the weight 4 and weight 6 Eisenstein series respectively. By the homogeneity of g2

and g3, the j-invariant may be viewed as a function of τ = ω1/ω2.

The j-function is a holomorphic function of the upper half plane, invariant under

SL2(Z), that is invariant under transformations of the form

z 7→ az + b

cz + d
, ad− bc = 1, a, b, c, d ∈ Z,

and j(z) generates the field of modular functions. The j-function has a standard

fundamental domain

F =

{
z
∣∣− 1

2
< Re(z) ≤ 1

2
, |z| > 1

}
∪
{
z
∣∣0 ≤ Re(z) ≤ 1

2
, |z| = 1

}
,

and all points in the upper half plane are equivalent under SL2(Z) to some point in

F . Furthermore j has a q-expansion

j(z) = q−1 + 744 + 196844q + 21493706q2 + · · ·

where q = e2πiz, which we will make use of at various points — primarily that j is

dominated by the first terms of this expansion when Im(z) is large. Schneider [78]

proved that at algebraic points of degree ≥ 3, j(z0) is transcendental, and by the

theory of complex multiplication, j is algebraic at points of degree 2. Associated to

the j-function are the modular polynomials, ΦN(Y ), N > 0, the minimal polynomial

of j(Nz) (which, similarly to j for Γ0, generates the field of modular functions for

the congruence subgroup Γ0(N)) over the field C(j). Replacing every instance of j in

the coefficients of ΦN(Y ) by X, we obtain an integer bivariate polynomial ΦN(X, Y )

satisfying ΦN(j(z), j(Nz)) ≡ 0. This polynomial is symmetric for N > 1, and may

be factorized as

ΦN(j(τ), z) = (z − j(Nτ))
∏
ad=N
0≤b<d

(
z − j

(
aτ + b

d

))
.

We make use of the modular polynomial Φ2(X, Y ) in our algorithm to invert j in

order to obtain j(2τ), j
(
τ
2

)
, and j

(
τ+1

2

)
from Φ2(j(τ), z).

12



1.2.4 Discriminants and binary quadratic forms

The following is due to Gauss, and may be found in [36]. The discriminant of a binary

quadratic form f(x, y) = ax2 + bxy+ cy2 is defined to be d = b2−4ac, and two binary

quadratic forms are said to be equivalent if there exists a substitution

f(αx+ βy, γx+ δy) = g(x, y),

where αδ − βγ = 1, α, β, γ, δ ∈ Z. A class of equivalent binary quadratic forms

has a canonical representative — the unique binary quadratic form in the class with

0 < a ≤
√
|d|/3, and −a < b ≤ a ≤ c, and this may be found by an algorithmic

process. Gauss defined the composition of two binary quadratic forms, and showed

that the set of classes of binary quadratic forms of a given discriminant form a group

under this operation. The principal binary quadratic form of a given discriminant is

the unique binary quadratic form with a = 1, and is of the form

x2 − d

4
y2 if d is even,

x2 + xy +
1− d

4
y2 if d is odd.

A binary quadratic form f is defined to be ambiguous if f composed with itself is

equivalent to the principal form of its discriminant, and reduced ambiguous binary

quadratic forms must be of the form

ax2 + cy2,

ax2 + axy + cy2, or

ax2 + bxy + ay2.

The genus of a binary quadratic form f relates to the nature of those numbers

which may be represented by it. Gauss showed that for any odd prime p dividing

d, all numbers represented by f which are not divisible by p agree in that they

are all quadratic residues, or are non-residues, modulo p. This relationship to p is

termed a particular character of f . There may be one or two further particular

characters (relating to the congruence classes of numbers represented by f modulo 8)

depending on the value of d modulo 8. The set of genera is then a subdivision of the

classes of binary quadratic forms of discriminant d into sets which share all particular

characters.

Genera may also be defined in terms of local equivalence: two quadratic forms

are in the same genus if they are equivalent over all Zp and R. For binary quadratic
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forms, this condition then reduces to Gauss’ definition. This provides the natural

extension of the notion of genus to integral quadratic forms of higher dimension.

In his investigations of binary quadratic forms Gauss raised the following questions

(among many others) about the class groups of negative discriminants:

1. Are there finitely many negative discriminants with class number one? If so,

are there any beyond those known?

2. Are there finitely many negative discriminants with one class of binary quadratic

forms in each genus? If so, are there any beyond those known?

Heilbronn [41] proved that there are finitely many negative discriminants with class

number 1, and it was proved that there were no further such discriminants by Heegner

[40], Baker [5], and Stark [83]. It was proved by Chowla [23] that there are finitely

many negative discriminants with one class of binary quadratic forms in each genus,

and it was proved by Weinberger [88] that there is at most one such discriminant

beyond those known.

14



Chapter 2

Pfaffian control of polynomials
involving j and Weierstrass elliptic
functions

In this chapter we obtain some new bounds on the number of zeros of polynomials

in z and j(z), and polynomials in z and ℘(z), where ℘ is a Weierstrass ℘-function

associated to a lattice of the form 〈1, iτ〉, where τ is real. By the argument principle,

the zeros of a holomorphic function in a closed, compact, simply connected region of

the complex plane are controlled by behaviour of the function on its boundary. If

the function is tame on the boundary, then we will obtain control over the number of

zeros within the region. For j and ℘ we use Pfaffian definitions of their inverses on

suitable contours, and results of Khovanskii [48] to bound the zeros.

For polynomials in z and j(z), we obtain the following theorem.

Theorem 2.1. Let P (X, Y ) be a complex polynomial of degree at most d in either

variable. Then P (z, j(z)) has at most 280d10 zeros in the standard fundamental do-

main.

This we believe is a new result, giving a bound on the whole (non-compact)

fundamental domain. It may be compared to Binyamini’s result of a similar nature

for Noetherian functions on relatively compact domains [14]. An application of this

result here would yield a bound which depends on the size of a domain in which the

zeros lie, and the size of |j| on it. We also note that j is o-minimal when restricted

to its standard fundamental domain, which gives an ineffective finiteness result. The

zero-bound depends polynomially on degree, and in that sense is not too far from

the truth, as an obvious lower bound is � d2. It is known that the inverse of j(ix)

is real and Pfaffian on the imaginary axis, a fact which may be deduced from its
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expression in terms of the Gaussian hypergeometric functions, which are themselves

Pfaffian on an interval. This is used in Jones and Schmidt’s [44] Pfaffian definition of

℘ on the whole fundamental domain, and Bianconi’s [12] work on the model theory of

hypergeometric functions. To control the behaviour of the polynomial on our contour,

we make use of a result from Ramanujan’s theory of elliptic functions to alternative

bases to obtain a direct and simple expression for the inverse of j in terms of Gaussian

hypergeometric functions, and near the cusps we use the fact that j is dominated by

the q−1 term in its q-expansion. Though j is a Noetherian function, it is unknown

whether its real and imaginary parts are Pfaffian in the whole fundamental domain

which would directly furnish a zero-bound, so considering a contour containing the

fundamental domain bypasses this.

For the Weierstrass ℘ functions, we restrict our attention to those with rectangular

lattice. In this case ℘ is real on the boundary of any fundamental domain, which

improves the estimates under consideration, and obtain the following theorem.

Theorem 2.2. Suppose that ℘(z) is the Weierstrass ℘ function associated to the

lattice 〈1, iτ〉, where τ > 0 is real, and let P (X, Y ) be a complex polynomial of degree

at most d in either variable. Then P (z, ℘(z)) has at most 8d2 + 14d+ 5 zeros in each

fundamental domain.

This may be compared with the non-uniform bound c(℘)d2 (see for example [59]),

which holds for all ℘. A similar result is that of Jones and Schmidt [44] — they give

a Pfaffian definition of ℘ on the whole fundamental domain, which yields a uniform

bound of cd11, where c is an absolute constant. For non-real invariants, a similar

result by our method of inferior quality could be obtained, as the need to take real

and imaginary parts complicates the Pfaffian definitions involved.

2.1 Preliminaries

We first have two lemmas bounding the winding number related to the argument

principle. We will apply these to segments of a closed contour, the first to estimate

where there is a dominant term, and the second in order to apply bounds on zeros of

real functions. Firstly we define the winding number of a path.

Definition 2.1 (Definition 7.2, [84]). A continuous choice of argument along a path

γ : [0, 1]→ C\{0} is a continuous map θ : [0, 1]→ R such that

eiθ(t) =
γ(t)

|γ(t)|
.
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Definition 2.2 (Definition 7.6, [84]). The winding number of a path γ : [0, 1] →
C\{0} round the origin is

θ(1)− θ(0)

2π

for a continuous choice of argument θ along γ, and this is independent of the particular

continuous choice of argument taken.

For a holomorphic function f and a (not necessarily closed) non-self-intersecting

contour Γ on which f is non-zero, we will denote by (f,Γ) the winding number of

the path f(γ(t)), where γ : [0, 1] → C parameterizes the contour Γ. It is clear

from the definition of a continuous choice of argument along a path that (fg,Γ) =

(f,Γ) + (g,Γ), and that given contours Γ1,Γ2, parameterized by γ1, γ2 such that

γ1(1) = γ2(0), then (f,Γ1 ∪ Γ2) = (f,Γ1) + (f,Γ2). Finally if Γ is a closed non-self-

intersecting contour, then the number of zeros of f within Γ is equal to |(f,Γ)| —

this is the argument principle.

Our first lemma is an analogue of Rouché’s theorem for open paths.

Lemma 2.1. Suppose that |f(z)| > 2|g(z)| on the not necessarily closed contour Γ.

Then

|(f + g,Γ)− (f,Γ)| ≤ 1

6
.

Proof. Firstly, as |f(z)| > 2|g(z)| ≥ 0, f(z) 6= 0 and (f + g)(z) 6= 0 on Γ, so we may

take

(f + g,Γ) =

(
f ·
(

1 +
g

f

)
,Γ

)
= (f,Γ) +

(
1 +

g

f
,Γ

)
,

so that

|(f + g,Γ)− (f,Γ)| =
∣∣∣∣(1 +

g

f
,Γ

)∣∣∣∣ .
Now for any z ∈ Γ, as |g(z)||f(z)| ≤

1
2
, the values taken by the function h(z) := 1+ g(z)

f(z)
lie in

the ball of radius 1
2

about 1, and so its argument is constrained to be ≤ arctan
(

1√
3

)
=

π
6

in absolute value. We may then take θ(t) = arg(h(γ(t))) as a continuous choice

of argument for h, where arg is the principal argument arg(1) = 0. We then have

|θ(t)| ≤ π
6
, so that

|(h,Γ)| =
∣∣∣∣θ(1)− θ(0)

2π

∣∣∣∣ ≤ 1

6
.
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Our second lemma allows us to use zero estimates on the real or imaginary parts

of holomorphic functions to bound their winding numbers on a path.

Lemma 2.2. Let f be a holomorphic function, non-zero on the not necessarily closed

contour Γ. Then

|(f,Γ)| ≤ #{z ∈ Γ|Re(f(z)) = 0}/2 + 1

and

|(f,Γ)| ≤ #{z ∈ Γ|Im(f(z)) = 0}/2 + 1.

Proof. It is clear that progressing through one revolution about the origin, the path

f(γ(t)) must intersect the real axis at least twice, so

#{z ∈ Γ|Im(f(z)) = 0} ≥ 2[|(f,Γ)|],

where [|(f,Γ)|] is the integer part of |(f,Γ)|, and similarly for the real part.

The following definition is less general than that of Pfaffian functions in [48], but

is easier to work with (and restricted to one dimension).

Definition 2.3. Let f1, . . . , fr be a sequence of analytic functions on the interval

(a, b). Then f1, . . . , fr is a Pfaffian chain if, for 1 ≤ i ≤ r and x ∈ (a, b), there exist

polynomials Pi such that

dfi(x)

dx
= Pi(x, f1(x), . . . , fi(x)).

The degree of a Pfaffian chain is the maximum total degree of each Pi, and the order

of a Pfaffian chain is its length. A Pfaffian function of order r and degree (α, β) is

a function P (x, f1(x), . . . , fs(x)) where P is a polynomial of total degree at most β,

and f1(x), . . . , fs(x) are members of a Pfaffian chain of order r and degree α.

We make use of the following bound, due to Khovanskii, on the number of zeros

of a Pfaffian function.

Theorem 2.3 ([48]). Let f be a Pfaffian function of order r and degree (α, β) on the

open interval (a, b). Then the number of zeros of f in (a, b) is at most

2r(r−1)/2β(α + β)r.

In the proofs of our theorems we will bound the winding number of our function on

a contour by decomposing it into paths. The absolute values of the winding numbers

on these paths we bound by Lemma 2.2 together with Theorem 2.3 when we can

make use of a Pfaffian definition, or by Lemma 2.1 when our function is dominated

by a simple term.
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2.2 Polynomials in z and j(z)

Here we make use of an expression for the inverse of j in terms of the Gaussian

hypergeometric function, which is given, for |z| < 1, by

2F1(a, b, c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
,

where (a)n =
∏n−1

k=0(a + k) is the rising factorial, and c not a non-positive integer.

Gauss determined 15 relations between those 2F1 whose parameters differ by integers.

We make use of the following two relations, where we have suppressed the parameters

of the function, and use the notation F (c±) =2F1(a, b, c± 1; z).

Theorem 2.4 (Gauss, [35], Art. 11, Eq. 16; DLMF [1], Eq. 15.5.21).

z
dF

dz
= (c− 1)(F (c−)− F )

= z
(c− a)(c− b)F (c+) + c(a+ b− c)F

c(1− z)
.

Now these allow us to construct a Pfaffian chain which j−1 will be defined over

on the imaginary axis.

Lemma 2.3. The sequence of functions

1

x
,

1

1− x
,

F

F (c+)
, F (c+), F,

1

F

is a Pfaffian chain of order 6 and degree 6 on (0, 1).

Proof. We first note that 1
x
, 1

1−x is a Pfaffian chain of order 2 and degree 2. By Gauss’

contiguous relations, we have

x
dF (c+)

dx
= c(F − F (c+))

dF

dx
=

(c− a)(c− b)F (c+) + c(a+ b− c)F
c(1− x)

.

Consider

d

dx

F

F (c+)
=

(c− a)(c− b)F (c+) + c(a+ b− c)F
c(1− x)F (c+)

− c(F − F (c+))F

xF (c+)2

=
(c− a)(c− b)
c(1− x)

+

(
a+ b− c
c(1− x)

− c− 1

x

)
F

F (c+)
− c

x

(
F

F (c+)

)2

.
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Hence 1
x
, 1

1−x ,
F

F (c+)
is a Pfaffian chain of order 3 and degree 3. Now consider

dF (c+)

dx
=
c(F − F (c+))

x
=
c

x

(
F (c+)

F

F (c+)
− F (c+)

)
,

so 1
x
, 1

1−x ,
F

F (c+)
, F (c+) is a Pfaffian chain of order 4 and degree 3. Taking the derivative

of F = F (c+) F
F (c+)

, we see that 1
x
, 1

1−x ,
F

F (c+)
, F (c+), F is a Pfaffian chain of order 5

and degree 4. Finally taking the derivative of 1/F we see that

1

x
,

1

1− x
,

F

F (c+)
, F (c+), F,

1

F

is a Pfaffian chain of order 6 and degree 6.

We make use of the following consequence, which is clear considering the above

argument for 2F1

(
1
6
, 5

6
, 1; 1

2
+ y

2

)
and 2F1

(
1
6
, 5

6
, 1; 1

2
− y

2

)
.

Lemma 2.4.
2F1( 1

6
, 5
6
,1; 1

2
+ y

2 )
2F1( 1

6
, 5
6
,1; 1

2
− y

2 )
is Pfaffian function of order 9 and degree (6, 2) on (0, 1).

Proof. The argument runs the same, and yields the chain

1

1 + y
,

1

1− y
,

F
(

1
6
, 5

6
, 1; 1

2
+ y

2

)
F
(

1
6
, 5

6
, 2; 1

2
+ y

2

) , F

(
1

6
,
5

6
, 2;

1

2
+
y

2

)
,

F

(
1

6
,
5

6
, 1;

1

2
+
y

2

)
,
F
(

1
6
, 5

6
, 1; 1

2
− y

2

)
F
(

1
6
, 5

6
, 2; 1

2
− y

2

) , F

(
1

6
,
5

6
, 2;

1

2
− y

2

)
, F

(
1

6
,
5

6
, 1;

1

2
− y

2

)
,

1

F
(

1
6
, 5

6
, 1; 1

2
− y

2

) ,
and

2F1( 1
6
, 5
6
,1; 1

2
+ y

2 )
2F1( 1

6
, 5
6
,1; 1

2
− y

2 )
is then the product of the fifth and ninth functions in this chain.

Now we express the inverse of j on the imaginary axis in terms of the Gaussian

hypergeometric functions by way of the following theorem, an inversion formula from

the theory of elliptic functions to alternative bases — in this case the sextic theory.

Theorem 2.5 (Theorem 4.10, r = 1, [25]). Let q be a real number in the interval

0 < q < 1. Then

q = exp

(
−2π

2F1

(
1
6
, 5

6
, 1, 1− x

)
2F1

(
1
6
, 5

6
, 1, x

) )
,

where, letting P,Q,R be Ramanujan’s Eisenstein series,

x(1− x) =
Q(q)3 −R(q)2

4Q(q)3
.

20



Figure 2.1: Our contour for j

Letting q = e2πiτ , and τ be purely imaginary, we take

α =
1

2
− 1

2

√
1− 1728

j(τ)
,

which satisfies

α(1− α) =
1728

4j(τ)
=
Q(q(τ))3 −R(q(τ))2

4Q(q(τ))3
,

so that by Theorem 2.5,

τ = i
2F1

(
1
6
, 5

6
, 1, 1

2
+ 1

2

√
1− 1728

j(τ)

)
2F1

(
1
6
, 5

6
, 1, 1

2
− 1

2

√
1− 1728

j(τ)

) .
So for x ≥ 1728, letting J(x) = j(ix),

J−1(x) =
2F1

(
1
6
, 5

6
, 1, 1

2
+ 1

2

√
1− 1728

x

)
2F1

(
1
6
, 5

6
, 1, 1

2
− 1

2

√
1− 1728

x

) .
Proof of Theorem 1. We apply the argument principle to a truncated fundamen-

tal domain together with its copies or half-copies under SL2(Z) indicated by Fig-

ure 2.1. First consider a contour Γ within the one indicated, containing all zeros
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within the original contour, such that P (z, j(z)) is non-zero on this contour. Let

0 < ε < minz∈Γ|P (z, j(z))|. Then by Rouché’s theorem, the number of zeros of

P (z, j(z)) + εeiθ within Γ is equal to that of P (z, j(z)), for any θ. Choose θ so that

Pε(z, j(z)) := P (z, j(z)) + εeiθ is non-zero on the original contour — this is possible

by the discreteness of zeros of analytic functions.

We now bound the winding number of Pε(z, j(z)) on this boundary. The contour

is chosen to be dominated by the q−1 term of j near the cusps. Let j(it) = J(t). We

will refer to elements of SL2(Z) by g, with entries(
ã b̃

c̃ d̃

)
acting on z by

g(z) =
ãz + b̃

c̃z + d̃
.

The contour is composed of lines or curves near the cusps, and images of the imaginary

axis under the action of some g.

Copies of the imaginary axis iR≥1: Here we have

Im(Pε (g(it), j (g(it)))) = Im

(
Pε

(
ãit+ b̃

c̃it+ d̃
, j (it)

))

= Im

(
Pε

(
(ãit+ b̃)(−c̃it+ d̃)

c̃2t2 + d̃2
, j (it)

))

=

(
1

c̃2t2 + d̃2

)d
Q(t, J(t))

for some real Q, as j(it) is real. Q(X, Y ) is of degree ≤ 2d in X and ≤ d in Y , and

Q(t, J(t)) has the same number of zeros as Im(Pε (g(it), j (g(it)))).

As J(t) is 1–1 from (1,∞) to (1728,∞), letting x = J(t), the number of zeros of

Q(t, J(t)) is equal to that of Q(J−1(x), x) on x > 1728, and as
√

1− 1728
x

is 1–1 on

x > 1728, letting y =
√

1− 1728
x

, the number of zeros of Q(J−1(x), x) is equal to that

of

Q

(
J−1

(
1728

1− y2

)
,

1728

1− y2

)
=

(
1

1− y2

)d
R

(
J−1

(
1728

1− y2

)
, y

)
on (0, 1), where R(X, Y ) is of degree ≤ 2d in X and ≤ 2d in Y . Now using the

expression for J−1 in terms of the hypergeometric series 2F1, we have that the number

of zeros of Im(P (g(it), j(g(it)))) is bounded by that of

R

(
2F1

(
1
6
, 5

6
, 1, 1

2
+ y

2

)
2F1

(
1
6
, 5

6
, 1, 1

2
− y

2

) , y)
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for y ∈ (0, 1). Now by Lemma 2.4, this is a Pfaffian function of order 9 and degree

(6, 6d). By Theorem 2.3, the number of zeros is then bounded by 276d10, so by Lemma

2.2, on this copy of the imaginary axis, we have

|(Pε(z, j(z)),Γ)| ≤ 276d10.

Copies of Im(z) = Y : For these sections of the boundary, we have

Pε(g(x+ iY ), j(g(x+ iY ))) =

(
1

c̃(x+ iY ) + d̃

)d
Q(x+ iY, j(x+ iY )).

For sufficiently large Y , the argument of(
1

c̃(x+ iY ) + d̃

)d
is constrained between −dπ

2
− 0.01 and −dπ

2
+ 0.01, so its contribution to the winding

number of Pε(g(x + iY ), j(g(x + iY ))) is bounded by 0.02. We now consider the

remaining term in Q.

Letting j(z)lh(z) be the term with the largest power of j occurring in Q(z, j(z)),

where h(z) is its coefficient over the polynomials in z, let the degree of h be n. For

sufficiently large Y , j(x+ iY )l(iY )n is the dominant term in Q(x+ iY, j(x+ iY )), i.e.

|j(x + iY )l(iY )n| > 2|Q(x + iY, j(x + iY )) − j(x + iY )l(iY )n|. In the same way the

e−2πi(x+iY ) term in the q-expansion of j dominates j(x+ iY ) when Y is large, and so

as Y →∞, ∣∣Q(x+ iY, j(x+ iY ))− e−2lπi(x+iY )(iY )n
∣∣

|e−2lπi(x+iY )(iY )n|
→ 0.

So taking f(z) = (iY )ne−2lπiz and g(z) = Q(z, j(z)) − f(z), for sufficiently large Y ,

on the contour Γ =
[
−1

2
+ iY, 1

2
+ iY

]
, Lemma 2.1 gives the bound

|(Q(z, j(z)),Γ)| ≤
∣∣((iY )ne−2lπiz,Γ

)∣∣+
1

6

= l +
1

6

≤ d+
1

6
.

We also take Y sufficiently large to ensure all zeros in the fundamental domain (and

its copies) are interior to the contour, which is possible by virtue of the dominating

term in P (z, j(z)) at the various cusps (or by the o-minimality of j implying there are

only finitely many zeros in a fundamental domain). Finally, the total winding number

is bounded in absolute value by 8 · 276d10 + 10d+ 2 ≤ 280d10, as there are 8 copies of

the imaginary axis, and 10 copies or half-copies of the line (−1/2 + iY, 1/2 + iY ).
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2.3 Polynomials in z and Weierstrass elliptic func-

tions

In this section we apply another theorem of Khovanskii to obtain a zero bound. First

we define the following:

Definition 2.4. Let F : Rn → Rm be a smooth function. We say that x ∈ Rn is

non-degenerate if the matrix 
∂F1

∂x1
(x) . . . ∂F1

∂xn
(x)

...
...

∂Fm
∂x1

(x) . . . ∂Fm
∂xn

(x)


has rank m. A non-degenerate level set of a function F : Rn → R is a level set F−1(c)

such that all points x ∈ F−1(c) are non-degenerate.

We now state the theorem of Khovanskii.

Theorem 2.6 (§2.3, Theorem 2, [48], c.f. Lemma 2.1, [57]). Let G : Rn+1 → R1

be a smooth function with nondegenerate level set Mn. Let F : Rn+1 → Rn be

a smooth proper map, and F̃ : Mn → Rn its restriction to Mn. Let, further, Ĵ

be any smooth function on Rn that coincides on Mn with the Jacobian J of the

map (F,G) : Rn+1 → Rn × R1. Under these conditions the following holds: the

maximum number of nondegenerate preimages of any point in the range of of the map

F̃ : Mn → Rn is bounded by that of the map (F, Ĵ) : Rn+1 → Rn × R1.

We apply this to a polynomial in x and ℘−1(x), where ℘ is a Weierstrass ℘-function,

and use the argument principle to bound the zeros of P (z, ℘(z)) in its fundamental

domain. We consider ℘ with lattices of the form 〈1, iτ〉, τ > 0 real. The bound on

the number of zeros follows in a similar way to §2.3 Theorem 1 of [48] — we proceed

in this manner to give a better bound than simply applying Theorem 2.3.

First we have the differential equation satisfied by ℘,

℘′(z)2 = 4℘(z)3 − g2℘(z)− g3,

and ℘̃(x) := ℘(ix) satisfies the equation

℘̃′(x)2 = −4℘̃(z)3 + g2℘̃(z) + g3,
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where g2, g3 are the Weierstrass invariants of ℘, which are real as ℘ is associated to

the lattice 〈1, iτ〉. For the derivatives of the inverses of ℘(x) and ℘̃(x), we have the

expressions

d

dx
℘−1(x) =

1

℘′(℘−1(x))
=

1√
4x3 − g2x− g3

,

d

dx
℘̃−1(x) =

1

℘̃′(℘̃−1(x))
=

1√
−4x3 + g2x+ g3

where the sign of the square root depends on the branch of the inverse of ℘ or ℘̃

which is under consideration. Note that both expressions will be real in the domains

under consideration.

Proposition 2.1. Let ℘ have lattice 〈1, iτ〉, where τ > 0 is real, and P (X, Y ) be a

complex polynomial of degree at most d in either variable. Then the number of zeros

of Im(P (z, ℘(z))) on the open line (β, β + γ), γ ∈ {1, iτ} between two adjacent poles

of ℘ is bounded by 4d2 + 6d+ 1.

Proof. By periodicity, ℘(z) = ℘(z − β), so we may take a transformation of z to

consider the lines (0, 1), and (0, iτ). As ℘ has lattice 〈1, iτ〉, and τ is real, it is real

on these lines, and Im(P (z, ℘(z))) = Q(x, ℘(γx)), γ ∈ {1, i} for some real polynomial

Q(X, Y ) of degree at most d. The argument proceeds identically for either line, so

we consider (0, 1).

Let x0 ∈ (0, 1) be such that ℘′(x0) = 0. Then ℘(x) is 1–1 on the interval (0, x0),

so the number of zeros of Q(x, ℘(x)) is equal to that of Q(℘−1(x), x) on the interval

(℘(x0),∞). W consider the system

Q(u, x) = 0

u− ℘−1(x) = 0.

Letting J be the Jacobian of the system (Q, u−℘−1(x)), by Theorem 2.6, the number

of nondegenerate solutions the system is bounded by an upper bound of the number

of nondegenerate preimages of any point in the range of the system

Q(u, x)

J(u, x).

Letting QX(X, Y ) = ∂
∂X
Q(X, Y ), and similarly for QY (X, Y ), J(x, u) is given by

QX(u, x)√
4x3 − g2x− g3

+QY (u, x).

25



Figure 2.2: Our contour for ℘

Taking some point (a, b) in the range of the system (Q, J), we bound the number of

nondegenerate preimages. If J(x, u) = b, then

J(u, x) =
QX(u, x)√

4x3 − g2x− g3

+QY (u, x) = b,

and this holds iff

QX(u, x) + (QY (u, x)− b)
√

4x3 − g2x− g3 = 0,

and if this holds, then

(QX(u, x) + (QY (u, x)− b)
√

4x3 − g2x− g3)

· (QX(u, x)− (QY (u, x)− b)
√

4x3 − g2x− g3)

= QX(u, x)2 − (QY (u, x)− b)2(4x3 − g2x− g3) = 0

holds, so that the number of preimages of (a, b) is bounded by the number of nonde-

generate solutions of

Q(u, x)− a = 0

QX(u, x)2 − (QY (u, x)− b)2(4x3 − g2x− g3) = 0,

which by Bézout’s theorem is bounded by 2d2 + 3d. The interval (x0, 1) is similar.

Proof of Theorem 2. Let P (z) := P (z, ℘(z)). We first take a box B within the funda-

mental domain such that all zeros of P in the interior of the fundamental domain lie

within B. Next, define ε, θ such that 0 < ε < min∂B|P |, and Pε(z) := P (z) + εeiθ 6= 0

for z ∈ ∂F . By Rouché’s theorem, Pε(z) has the same number of zeros in B counting

multiplicity as P (z).
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We now bound the number of zeros of Pε within the contour Γ given by the

truncations of the lines on the boundary of F united with interior quarter-circles

about the poles of ℘(z), as indicated in Figure 2.2. The common radii of these circles

is taken so that there are no zeros of Pε in a disc of this radius about the poles, and

such that they do not intersect B. The radii will be taken sufficiently small subject

to this. As B lies in the interior of Γ, a bound upon the number of zeros of Pε

within Γ bounds the number within B, and so bounds that of P (z, ℘(z)) within the

fundamental domain.

By the argument principle, the number of zeros of Pε within Γ is equal to

|(Pε(z),Γ)|,

which we now estimate. As ℘(z) is real on the lines of Γ, considering for example the

line z = ix, for x real,

Im(Pε(z)) = Im(P (ix, ℘(ix))) + ε sin(θ) = Q(x, ℘(ix)).

The number of zeros of which is, by Proposition [2.1], bounded by 4d2 + 6d+ 1, and

holds for any radius of quarter-circles. The other lines are similar, and so our bound

for the contribution to the winding number of all four lines is 8d2 +12d+6 by Lemma

2.2.

On the quarter-circles, we may expand Pε into its Laurent series — given a suf-

ficiently small radius δ, the term of smallest power will dominate. We let Γ be the

path p + δeiξ, where ξ ranges over the appropriate interval of length π/2 in [0, 2π],

for the particular pole p, to be the interior quarter-circle. This path has length δπ/2.

Writing

Pε(z) = ak(z − p)k +
∞∑

n=k+1

an(z − p)n,

with ak 6= 0, we have, as the radius δ → 0,

Pε(z)− ak(z − p)k

ak(z − p)k
→ 0.

So for sufficiently small δ, we have, letting f(z) = ak(z−p)k, and g(z) = Pε(z)−f(z),

by Lemma 2.1,

|(Pε(z),Γ)| ≤
∣∣(ak(z − p)k,Γ)∣∣+

1

6

≤ |k|/2 +
1

6

≤ d+
1

6
,
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where the last inequality follows from the fact that ℘ has poles of order 2, so −2d ≤
k ≤ d. As there are 4 quarter-circles about the poles of ℘, and 4 line segments,

the absolute value of the winding number is bounded by 8d2 + 16d + 7, yielding the

theorem.
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Chapter 3

Point-counting via mild
parameterization

In this chapter we give a bound for algebraic points of bounded height in a real

number field on curves of the form (αt, j(it)), where j is the j-function, and a proof

of the real six exponentials theorem, via mild parameterizations, introduced by Pila

in [65]. For α algebraic, the algebraic points on the graph (αt, j(it)) are exactly the

quadratic irrationals, but for α transcendental, this provides a new result. We view

this as a prototypical effective point counting result for the j-function.

Applying a mild parameterization to the j-function on the imaginary axis, and

our zero-bound of the previous chapter, we obtain the following theorem.

Theorem 3.1. Let J(t) = j(it) and α > 0. Then in a given number field F of degree

f , the number of algebraic points of height at most T lying on the curve (αt, J(t)) for

t > 1 is O
(
(f 2 log T )12+o(1)

)
.

For the six exponentials theorem, as indicated in [67], by improving the mildness

estimate for the parameterization eα(1−x−g) of xα on (0, 1), we are able to sufficiently

bound the number of algebraic points on the curve (x, xα), for α irrational, to give a

proof of the fol lowing theorem.

Theorem 3.2 (Lang [51], Ramachandra [72]). Let (x1, x2) and (y1, y2, y3) be tuples

of real numbers linearly independent over Q. Then at least one of exiyj , for i = 1, 2,

j = 1, 2, 3, is transcendental.

We would note that approaching the four exponentials conjecture via mild pa-

rameterizations seems to have the same fundamental obstructions as the usual tran-

scendece methods. The improvement of our mildness estimate of the function xα

also improves Pila’s [67] bound for algebraic points in a given real number field
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F on the exponential-algebraic surface log x log y = log z from O ((log T )44+ε) to

O ((log T )35+ε).

We note that by these methods one may prove bounds for algebraic points on the

graphs of Riemann’s Zeta function and Euler’s Gamma function ofO
(
(f 2 log T )2+o(1)

)
.

Up to the factor O
(
(log T )o(1)

)
, these are of the same order as estimates which may

be obtained by complex analytic methods (c.f. the results of Masser [58] and Besson

[10], which consider restrictions to discs of radius 1). The method of mild parameter-

ization is however restricted to counting points in a fixed field, whereas these results

bound all points of bounded height and degree.

Also of interest are similar results of Boxall–Jones [18] for the restriction of certain

analytic functions to compact disks, giving a bound of, for C effectively computable

from data of the function, C (logH)3+ε algebraic points of degree d and height H.

In the following, the height of an algebraic number shall always be taken as the

absolute multiplicative height H (c.f. [16]), and we note its following properties for

an algebraic number α of degree f :

H(α1 + α2) ≤ 2H(α1)H(α2), H(α−1) = H(α), |α| ≤ H(α)f .

3.1 Mildness

In the following definitions, µ ∈ Nk for some k, µ! =
∏k

i=1 µi!, |µ| =
∑k

i=1 µi, and

∂µθ =
∂|µ|θ

∂xµ11 · · · ∂x
µm
m
.

Definition 3.1. A function θ : (0, 1)k → (0, 1)n is (A,C)-mild if, for each co-ordinate

θi of θ,

sup
x∈(0,1)k

|∂µθi| ≤ µ!(A|µ|C)|µ|.

Definition 3.2. Let X ⊂ (0, 1)n. Then X has a (J,A,C)-mild parameterization if

there exist J (A,C)-mild functions θj : (0, 1)dimX → (0, 1)n such that

X =
⋃

θj
(
(0, 1)dimX

)
.

In all our applications, X will be a curve.

We now define some further quantities. Firstly, for any Y ⊂ Rn, we define Y alg

to be the union of all connected semialgebraic subsets of Y of positive dimension.

Secondly, letting F be a real number field, we define Y (F, T ) to be the set of points
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of F n contained in Y −Y alg where the absolute multiplicative height of each ordinate

is at most T .

The main theorem we use is Pila’s following result on algebraic points on the

transcendental part of a surface.

Theorem 3.3 (Corollary 3.3, [67]). Suppose Y ⊂ (0, 1)n of dimension k has a

(J,A,C)-mild parameterization. Let f be a positive integer, and F ⊂ R a number

field of degree f over Q. Then Y (F, T ) is contained in at most

Jc(k, n)fA(k+1)(1+o(1)) (f log T )C(n(k+1)
n−k )(1+o(1))

intersections of Y with hypersurfaces (possibly reducible) of degree

d =
[
(f log T )

k
n−k

]
,

where “1 + o(1)” is taken as T →∞ with implicit constants depending only on k and

n.

We note that in the proof of Theorem 3.2 of [67], by taking d (in the context

of the proof of Theorem 3.2) to be
[
(f log T )

n
n−k

]
as opposed to

[
(log T )

n
n−k

]
, the

dependence of the above result in f is reduced to

Jc(k, n)A(k+1)(1+o(1))
(
f 2 log T

)C(n(k+1)
n−k )(1+o(1))

intersections with hypersurfaces of degree

d =
[(
f 2 log T

) k
n−k
]
,

and it is in this form we shall apply the theorem. We only apply this to curves in R2,

so in the following, n = 2 and k = 1.

3.2 The j-function on the imaginary axis

In order to bound the number of algebraic points on the curve (αt, j(it)), for α > 0,

t > 1, we first introduce a parameter to bring our curve into the box (0, 1)2. Letting

η =

{
1 if α ≥ 1,([

1
α

]
+ 1
)−1

otherwise,

we will consider points on the curve
(
ηtg

α
, 1
j(it−g)

)
⊂ (0, 1)2, t ∈ (0, 1). The algebraic

points of this curve are, modulo the rational factor of η, the inverses of those on

(αt, j(it)) — an algebraic point (αt0, j(it0)) will be witnessed by the corresponding

algebraic point
(
ηtg1
α
, 1

j(it−g1 )

)
, with t1 = t

−1/g
0 .
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Lemma 3.1. Let J(t) = j(it). Then the function

t 7→ 1

J(t−g)
, t ∈ (0, 1)

is
(

32g, 1 + 1
g

)
-mild.

Proof. We will use some well known identities ([45], pg. 8) — with

L(t) = E2(it), M(t) = E4(it), N(t) = E6(it),

where E2, E4, and E6 are the usual Eisenstein series,

J ′(t)

J(t)
= 2π

N(t)

M(t)
, N ′ =

LN −M
2

, M ′ =
LM −N

3
, L′ =

L2 −M
12

.

We consider the k’th derivative, where we do not collect any terms, of F (t) :=

J (t−g)
−1

,

dkF

dtk
=

m∑
i=1

αi
L (t−g)

aiM (t−g)
bi N (t−g)

ci

tdiJ (t−g)
.

At each successive derivative one term gives rise to at most 8 more terms, as differ-

entiating the L, M , or N factors gives rise to two terms each, and differentiating the

J−1 or t−c factors gives rise to one. By the relations between J , L, M , and N ,

−k ≤ bi ≤ k,

0 ≤ ai, ci ≤ k,

di ≤ (g + 1)k,

|αi| ≤ (2π)k(g + 1)kk!,

m ≤ 8k.

For t ∈ (0, 1), L, M , and N satisfy

0 ≤ L
(
t−g
)
≤ 1,

1 ≤M
(
t−g
)
≤ 2,

0 ≤ N
(
t−g
)
≤ 1.

Now by the q-expansion of J , for t > 1, J(t) ≥ e2πt, so that, combining these bounds,

we have ∣∣∣∣dkF (t)

dtk

∣∣∣∣ ≤ (64π)kgkk!
1

t(g+1)k
e−2πt−g .
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This bound has its maximum at (
2πg

(g + 1)k

) 1
g

,

so, for some A,

sup
x∈(0,1)

∣∣∣∣dkFdtk
∣∣∣∣ ≤ 32kgkk!kk(1+ 1

g ),

hence the map is
(

32g, 1 + 1
g

)
-mild.

Proof of Theorem 3.1. Applying Theorem 3.3 with g = [log log T ], the algebraic points

of height ≤ T are contained in

O
(
g2+o(1)(f 2 log T )4+ 4

g
+o(1)

)
= O

(
(f 2 log T )4+o(1)

)
intersections of

(
ηtg

α
, 1
J(t−g)

)
with hypersurfaces of degree

d = [f 2 log T ].

Now as J(t) 6= 0 for t > 1, for a polynomial P (X, Y ) of degree D1 in X and D2 in Y ,

the zeros of P
(
ηtg

α
, 1
J(t−g)

)
for t ∈ (0, 1) are in 1–1 correspondence with those of

Q(tg, J(t−g)) = J(t−g)D2P

(
ηtg

α
,

1

J(t−g)

)
, t ∈ (0, 1),

and as t 7→ t−1 is bijective from (0, 1) to (1,∞), these are in 1–1 correspondence with

zeros of Q(t−g, J(tg)) for t > 1. As t 7→ tg is bijective for t > 1, these are in 1–1

correspondence with zeros of

R(t, J(t)) = tD1Q(t−1, J(t)), t > 1,

which is of degree ≤ d. By Theorem 2.1 of the previous chapter, there are at most

280(f 2 log T )10 such zeros.

As we have observed, algebraic points on (αt, J(t)), t > 1 give rise to points

on
(
ηtg

α
, 1
J(t−g)

)
, t ∈ (0, 1) of heights bounded by O(T ), and consequently there are

O
(
(f 2 log T )14+o(1)

)
points of height T in a given number field of degree f on the

graph of (αt, J(t)) for t > 1.
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3.3 The six exponentials theorem

For the six exponentials theorem, we first prove our aforementioned improvement of

the mildness estimate for xα, x ∈ (0, 1).

Lemma 3.2. Let α ≥ 1 and g be a positive integer. Then

x 7→ exp
(
α
(
1− x−g

))
, x ∈ (0, 1)

is
(

24αg, 1
g

)
-mild.

Proof. We consider the kth derivative, where we do not collect any terms,

dk

dxk
exp

(
α
(
1− x−g

))
=
∑
i

ai exp (α (1− x−g))
x(g+1)mi+ni

,

where mi is the number of times the exponential factor is differentiated, and ni is the

number of times the 1
x

factor is differentiated. For each k, the greatest power of 1
x

occurring is (g+ 1)k, so the contribution to the coefficient ai from having repeatedly

differentiated the 1
x

factor is

≤ ((g + 1)mi + ni)
ni ,

and the contribution from differentiating the exponential factor is (αg)mi . So we have

|ai| ≤ 2kαkgkkni ,

mi + ni = k.

The maximum of
exp(α(1−x−g))
x(g+1)m+n occurs when

αg

xg+1
− (g + 1)m+ n

x
= 0,

which is when

x =
α

1
g(

1
g
((g + 1)m+ n)

) 1
g

.

So

sup
x∈(0,1)

∣∣∣∣exp (α (1− x−g))
x(g+1)m+n

∣∣∣∣ ≤
(

1
g
((g + 1)m+ n)

) (g+1)m+n
g

α
(g+1)m+n

g

≤ 2kkm+ k
g
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for some A. Finally, as from one term in the sum, taking its derivative produces two

terms, and we are not collecting terms, there are 2k−1 terms, so we have the bound

sup
x∈(0,1)

∣∣∣∣ dkdxk exp
(
α
(
1− x−g

))∣∣∣∣ ≤ 8kαkgkkkk
k
g

≤ 24kαkgkk!k
k
g ,

where we have used kk ≤ 3kk!, hence the map is
(

24αg, 1
g

)
-mild.

This also extends to the function of multiple variables x1, . . . , xn

exp

(
1− xb1 · · ·xbl

xbl+1
· · · xbn

)
,

by considering this a function of the variable y =
xb1 ···xbl
xbl+1

···xbn
, analogously to Lemma

2.7 of [67].

We note that this lemma reduces the estimate for algebraic points of height T in a

given number field on log x log y = log z in [67] from O ((log T )44+ε) to O ((log T )35+ε),

as it is proved there that there are O
(
(log T )9C(1+o(1))+35

)
such points, where (A,C)

is the mildness of exp (1− x−g). We now bound the number of algebraic points on

(x, xα).

Lemma 3.3. Let α be a positive irrational number, and Y ⊂ R2 be the curve given

by (x, xα), x > 0. Then #Y (F, T ) = O
(
(f 2 log T )2+o(1)

)
.

Proof. We first let X = {(x, xα)|x ∈ (0, 1)}. If (x, y) is a point in Y such that

x, y > 1, then this is witnessed by the point
(

1
x
, 1
y

)
∈ X, so up to a factor of two we

need only count the points on X. If α < 1, then we can consider α′ = α + 1, the

algebraic points of which are the same up to a multiple of x in the second coordinate,

which only affects our estimates by a constant. By Lemma 3.2,

x 7→
(
exp

(
1− x−g

)
, exp

(
α
(
1− x−g

)))
is a

(
24αg, 1

g

)
-mild parameterization of X. We let g = [log log T ]. As α is irrational,

Xalg = ∅, so by Theorem 3.3, X(F, T ) is contained in

O
(
g2+o(1)(f 2 log T )

4
g

+o(1)
)

= O
(
(f 2 log T )o(1)

)
intersections of X with hypersurfaces of degree

d =
[
f 2 log T

]
,
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where c is an absolute constant. Parameterizing X by

t 7→
(
e−t, e−αt

)
, t ∈ (0,∞),

as α is irrational, e−t and e−αt are algebraically independent, so by 83.1 of [71], the

number of real zeros of P (e−t, e−αt) is at most d2, so

#X(F, T ) = O
(
(f 2 log T )2+o(1)g2+o(1)

)
.

And as g = [log log T ], we obtain

#X(F, T ) = O
(
(f 2 log T )2+o(1)

)
.

The proof of Theorem 3.2 then proceeds in the usual manner,

Proof of Theorem 3.2. As x1 and x2 are linearly independent over Q, x2 = αx1 for

some real irrational α, which may be taken to be positive without loss of generality.

So x2yi = αx1yi for 1 ≤ i ≤ 3. By the Lindemann–Weierstrass theorem, as y1, y2, y3

are linearly independent over Q, ex1y1 , ex1y2 , ex1y3 are multiplicatively independent,

so the points en1x1y1+n2x1y2+n3x1y3 are all distinct. If these are all algebraic, then up

to height T there are Ω((log T )3) such points. We suppose that ex1y1 , eαx1y1 , ex1y2 ,

eαx1y2 , ex1y3 , eαx1y3 are all algebraic. As the points(
en1x1y1+n2x1y2+n3x1y3 , eα(n1x1y1+n2x1y2+n3x1y3)

)
lie on the curve Y = {(x, xα)|x > 0}, taking

F = Q (ex1y1 , ex1y2 , ex1y3 , ex2y1 , ex2y2 , ex2y3) ,

#Y (F, T ) = Ω ((log T )3). By Lemma 3.3, #Y (F, T ) = O
(
(f 2 log T )2+o(1)

)
, which

is violated by our lower bound for sufficiently large T . Hence at least one of ex1y1 ,

eαx1y1 , ex1y2 , eαx1y2 , ex1y3 , eαx1y3 must be transcendental.

Remark. To prove the four exponentials conjecture in this manner, one would need a

stronger bound of O((log T )2−ε), which does not seem possible by the usual transcen-

dence methods, nor a mildness argument. The methods of interpolation determinants

and Siegel’s lemma type arguments give a bound of O((log T )2), and we note that

one may prove the same by the method of mild parameterization if one adapts Pila’s

proof of Theorem 3.3 to this specific curve.

36



Chapter 4

Inversion of the j-function and
testing complex multiplication

In this chapter we develop an algorithm to invert the j-function in quasilinear time,

and give an application to testing whether an elliptic curve has complex multiplica-

tion.

Previous effective methods of calculating the inverse of j generally pass through

an elliptic curve representation — one can consider for example the elliptic curve

y2 = x3 − 27j

j − 1728
x− 27j

j − 1728
,

which has j-invariant j, and apply an algorithm to determine its two periods. In

the real case, the algorithm of [24], pg. 391 computes the periods via an arithmetic

geometric mean, and in the complex case, there are methods based on the complex

arithmetic-geometric mean of Cremona and Thongjunthug [27], or expressing the

periods as elliptic integrals, which may be computed by the methods of Dupont [31].

However, it is considered of interest to study j without passing through the elliptic

curve representation, for example in the problem of Schneider — to prove directly

that j(α) is transcendental for algebraic α of degree ≥ 3. A previous algorithm of

Alwaise [3] inverts j directly by different methods to ours, but does not analyze the

running time of their algorithm. The time complexity of our algorithm is essentially

optimal, and of the same complexity as that of Cremona and Thongjunthug’s and

Dupont’s algorithms.

Our method is similar to that of Labrande [50] for calculating Jacobi theta func-

tions, which makes use of addition formulae between Jacobi’s theta functions in order

to reduce the argument to a fixed compact set. Here we repeatedly make use of the

37



modular polynomial

Φ2(X, Y ) = X3 + Y 3 −X2Y 2 + 1488X2Y + 1488XY 2 − 162000X2 − 162000Y 2

+40773375XY + 8748000000X + 8748000000Y − 157464000000000,

which has the property that the roots of Φ2(j(τ), z) are j(2τ), j
(
τ
2

)
, and j

(
τ+1

2

)
, to

either compute j(2kτ), the logarithm of which is a close approximation to −2k+1πτ

when 2kτ is sufficiently large, or to manipulate τ into a compact set to which Newton’s

method may be applied.

We define the regulated precision of an approximation α̃ to α to be

|α− α̃|
max{1, |α|}

,

and denote by M(P ) the computational complexity of multiplication of two P -bit

integers, which by a recent result of Harvey and Hoeven [38] may be taken to be

O(P logP ). We obtain the following theorem.

Theorem 4.1. Suppose that j̃ is an approximation to j(τ), τ ∈ F , of regulated

precision 2−P , with P ≥ 400. Let Q = P/6 if |τ − i| ≤ 2−30 or
∣∣∣τ − ±1+i

√
3

2

∣∣∣ ≤ 2−30,

and Q = P − max{11 logP, 100} otherwise. Then we may obtain an approximation

to τ of relative precision 2−Q in time

O(M(P ) logP ).

We note that the j-function has two ramification points in its fundamental domain,

which entail an unavoidable loss of precision in its inversion when j is close to 0 or

1728, and that our algorithm is currently unimplemented.

We apply this algorithm to test for complex multiplication of elliptic curves. Given

an approximation to the j-invariant of an elliptic curve and a bound upon its height

and degree, we may invert it and determine if the inverse is a quadratic irrational,

determining also the discriminant.

Theorem 4.2. Suppose that j is the j-invariant of an elliptic curve E, with j of

degree bounded by d and absolute multiplicative height bounded by H ≥ ee. Then

it may be determined from d, H, and an approximation to j of regulated precision

2−300d2 logH(log d+log logH)2−200 whether E has complex multiplication. If so, the associ-

ated discriminant may be determined in time

O(M(T ) log T ),

where T = d2 logH(log d+ log logH)2.
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Previous methods include that of Achter [2], based on reduction of elliptic curves

at primes, which has an unconditional running time of O(Hcd), and assuming the

Generalized Riemann Hypothesis a running time of O(d2(logH)2). Charles [22] gave

the first unconditional polynomial time algorithm, based on Galois representations

associated to torsion points, with running time O(dc1(logH)c2), with an ineffective

implicit constant. He also gave a probabilistic algorithm, also of polynomial running

time. We note that our algorithm is currently unimplemented.

One may also apply our algorithm for the inversion of j to detecting isogenies

between two elliptic curves. This would have a running time O(N logN log logN),

however the algorithm requires explicit bounds on the coefficients of modular poly-

nomials ΦN(X, Y ), which are currently only available for isogenies of prime degree,

due to Bröker and Sutherland [20].

4.1 Preliminaries

We will denote by F the usual fundamental domain of j(z),

F =

{
z
∣∣− 1

2
< Re(z) ≤ 1

2
, |z| > 1

}
∪
{
z
∣∣0 ≤ Re(z) ≤ 1

2
, |z| = 1

}
,

Throughout we will make use of the following results.

Lemma 4.1 (Lemma 1 of [13]). If τ ∈ F then∣∣j(τ)− e−2πiτ
∣∣ ≤ 2079.

Theorem 4.3 (Kantorovich, [47]). Let F : S(x0, R) ⊂ X → Y have a continuous

Fréchet derivative in S(x0, r). Moreover, let (i) the linear operation Γ0 = [F ′(x0)]−1

exist; (ii) ‖Γ0F (x0)‖ ≤ η; (iii) ‖Γ0F
′′(x)‖ ≤ K (x ∈ S(x0, r)). Now, if

h = Kη ≤ 1

2

and

r ≥ 1−
√

1− 2h

h
η,

then F (x) = 0 will have a solution x∗ to which the Newton method is convergent.

Here,

‖x∗ − x0‖ ≤ r.

Furthermore, if for h < 1
2
,

r < r1 =
1 +
√

1− 2h

h
η,
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or for h = 1
2

r ≤ r1,

the solution x∗ will be unique in the sphere S(x0, r). The speed of convergence is

characterized by the inequality

‖x∗ − xk‖ ≤
1

2k
(2h)2k η

h

for k = 0, 1, 2, . . ..

We note that the condition

r ≥ 1−
√

1− 2h

h
η

may be replaced with

r ≥ 2η.

Finally, we will make use of the fact that in applying Newton’s method, or the se-

cant method, in order to obtain an approximation of precision P bits, from a starting

point which ensures convergence, if the computational complexity of evaluating the

function in question to precision P bits is superlinear, O(f(P )) say, then Newton’s

method, or the secant method, despite requiring O(logP ) steps, may be performed

in time O(f(P )), as opposed to O(f(P ) logP ). This is because at each step we may

evaluate our function to only the precision required for the continuation of Newton’s

method, as opposed to full precision. Indeed, at each step the number we are cal-

culating is a lower precision approximation to the final result. Details of Newton’s

method and this variable-precision approach may be found in [17], section 6.4.

4.2 Inversion of j(z)

Firstly, if |j| ≤ 2−P/2 or |j − 1728| ≤ 2−P/3, we will return τ = 1+i
√

3
2

or τ =

i respectively. Otherwise, we split the fundamental domain of j into 5 sections:

Im(τ) ≥ 3, |τ − i| ≤ 2−31,
∣∣∣τ − 1+

√
3

2

∣∣∣ ≤ 2−31,
∣∣∣τ − −1+

√
3

2

∣∣∣ ≤ 2−31 and the remaining

compact subset of the fundamental domain. We may determine τ with sufficient

precision by taking a low precision inverse via the expression for j−1 in terms of

Gaussian hypergeometric functions, as in Chapter 2. Letting α be a solution to

j(τ) =
1728

4α(1− α)
,
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τ is equal to either

i
2F1

(
1
6
, 5

6
, 1; 1− α

)
2F1

(
1
6
, 5

6
, 1;α

) .

or the negative of its inverse. If j is sufficiently large, or close to 0 or 1728, then we

do not need to evaluate this in order to determine which section of the fundamental

domain τ lies in, so we need only compute the above to a fixed precision in a compact

set. As these points are bounded away from the zeros of 2F1

(
1
6
, 5

6
, 1; z

)
, this takes

only constant time.

4.2.1 Large j

Throughout this section we assume Im(τ) ≥ 3, and will repeatedly make use of the

consequent fact that |j(τ)| ≥ 108. We will make use of the modular polynomial

Φ2(X, Y ) to obtain an approximation to j(2τ), and repeat the process until we have

an approximation to j(2kτ), where k is sufficiently large. At this point taking the

logarithm of j(2kτ) gives a good approximation to −2k+1πτ , owing to the dominating

q−1 term of the q-series of j.

Proposition 4.1. Let j(τ) = j, and suppose that Im(τ) ≥ 3 and j̃ is an approxima-

tion to j of relative precision at least 2−P , with P ≥ 300. Then the largest root, in

absolute value, of Φ2(j̃, z) is an approximation to j(2τ) of relative precision at least

2−P+2.

Proof. Let f(z) = Φ2(j, z) and g(z) = Φ2(j̃, z). We first bound the coefficients of

f(z)− g(z). For the coefficient of z2, we have, with j̃ = j + δ,∣∣−j2 + 1488j − 162000− (−(j + δ)2 + 1488(j + δ)− 162000)
∣∣ = |2δj + δ2 + 1488δ|

≤ 2.1|δ||j|,

as |δ| ≤ 2−300|j| and |j| ≥ 108. For the coefficient of z, we have∣∣1488j2 + 40773375j + 8748000000

− (1488(j + δ)2 + 40773375(j + δ) + 8748000000)
∣∣

= |2976δj + 1488δ2 + 40773375δ|

≤ 3210|δ||j|.

For the constant coefficient, we have∣∣3δj2 + 3δ2j + δ3 − 16200δj − 16200δ2 + 8748000000δ
∣∣

≤ 3.4|δ||j|2.
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We now bound the values of g(j(τ ′)) for τ ′ ∈
{

2τ, τ
2
, τ+1

2

}
. For j(2τ), as |j(2τ)| ≤

1.02|j|2,

|g(j(2τ))| = |g(j(2τ))− f(j(2τ))|

≤ 2.1|δ||j|(1.02|j|2)2 + 3210|δ||j| · 1.02|j|2 + 3.4|δ||j|2

≤ 2.2|δ||j|5.

For g(j(τ ′)), τ ′ ∈
{
τ
2
, τ+1

2

}
, firstly, the absolute values of j

(
τ
2

)
and j

(
τ+1

2

)
are

bounded above and below by e2πIm(τ)/2±2079, and the absolute value of j is bounded

above and below by e2πIm(τ) ± 2079. As Im(τ) ≥ 3, these yield

0.83|j|1/2 ≤
∣∣∣∣j (τ + 1

2

)∣∣∣∣ , ∣∣∣j (τ2)∣∣∣ ≤ 1.17|j|1/2, (4.1)

so

|g(j(τ ′))| = |g(j(τ ′))− f(j(τ ′))|

≤ 2.1|δ||j|(1.17|j|1/2)2 + 3210|δ||j|(1.17|j|1/2) + 3.4|δ||j|2

≤ 20|δ||j|2.

Let β0, β1, β2 be the roots of g(z). Then for βi the closest root of g to j(2τ),

|j(2τ)− βi| ≤
(
2.2|δ||j|5

)1/3 ≤
(
2.2 · 2−300|j|6

)1/3 ≤ 10−29|j|2,

and we let β0 be the closest root of g to j(2τ). As 0.98|j|2 ≤ j(2τ) ≤ 1.02|j|2,

0.97|j|2 ≤ |β0| ≤ 1.03|j|2. For τ ′ = τ
2
, with βi the closest root of g to j(τ ′),

|j(τ ′)− βi| ≤
(
20|δ||j|2

)1/3 ≤
(
20 · 2−300|j|3

)1/3 ≤ 10−29|j|,

and in particular,

|βi| ≤ 10−29|j|+ 1.17|j|1/2 < 0.97|j|2 ≤ |β0|, (4.2)

so βi 6= β0. Let this root of g be β1. Now we may improve the bound on |j(τ ′)− β1|,

|j(τ ′)− β1|2 ≤
20|δ||j|2

|j(τ ′)− β0|
≤ 20|δ||j|2

0.98|j|2 − 1.17|j|1/2
≤ 30 · 2−300|j|,

so

|j(τ ′)− β1| ≤ 10−88|j|1/2,

and consequently

0.82|j|1/2 ≤ |β1| ≤ 1.18|j|1/2.
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We now bound β2. By our bound on the difference between the constant coefficients

of f and g, the constant coefficient −β0β1β2 of g is bounded in absolute value by∣∣∣∣j(2τ)j
(τ

2

)
j

(
τ + 1

2

)∣∣∣∣+ 3.4δ|j|2 ≤ 1.4|j|3 + 0.01|j|3 ≤ 1.5|j|3,

so that

|β2| ≤
1.5|j|3

0.97|j|2 · 0.82|j|1/2
≤ 2|j|1/2.

Returning to g(j(2τ)), we now bound below the terms |j(2τ)−βi| for i = 1, 2 in order

to improve our inequality for |j(2τ)− β0|. We now have, for i = 1, 2,

|j(2τ)− βi| ≥ |j(2τ)| − 2|j|1/2

≥ 0.97|j|2.

This now improves our bound on the difference of β0 to j(2τ),

|j(2τ)− β0| ≤
2.2δ|j|5

|j(2τ)− β1||j(2τ)− β2|

≤ 2.2δ|j|5

(0.97|j|2)2

≤ 2.4δ|j|.

So the relative precision of β0 as an approximation to j(2τ) is bounded by

|j(2τ)− β0|
|j(2τ)|

≤ 2.4|δ||j|
0.97|j|2

≤ 2.5
|δ|
|j|
≤ 2−P+2.

Proposition 4.2. If Im(τ) ≥ 3 and j̃ is an approximation to j(τ) of relative precision

2−P , where P is at least 300, applying Newton’s method to Φ2(j̃, z), with starting point

j̃2 − 2 · 744j̃ − 2 · 196884 + 7442 + 744,

will obtain an approximation to j(2τ) of relative precision 2−P+3 after at most [2 logP ]

steps of Newton iteration.

Proof. We first give a rough approximation to β0. Writing

j(τ) = e−2πiτ + 744 + 196884e2πiτ + f(τ),

we have

j(τ)2 − 2 · 744j(τ) + 2 · 19688 + 2 · 7442 + 744

= e−4πiτ + 744 + 1968842e4πiτ

+ 2(196884e2πiτ + e−2πiτ )f(τ) + f(τ)2.
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As Im(τ) ≥ 3, f is maximized when Re(τ) = 0, and f(Im(τ)) is decreasing in Im(τ),

|j(2τ)− (j(τ)2 − 744j(τ) + 19688− 7442 + 744)|

≤ (196884 + 1968842)e−4πIm(τ) + |f(Im(2τ))|

+ 2(196884e2πIm(τ) + e2πIm(τ))|f(Im(τ))|+ |f(Im(τ))|2

≤ 10−7 + |f(6)|+ 106|f(3)|+ |f(3)|2

≤ 0.4

We now let

γ0 = j̃2 − 744j̃ + 19688− 7442 + 744.

This will be our starting point for Newton iteration to find β0. We now bound the

terms appearing in Kantorovich’s theorem. Firstly,

Φ2(j̃, z) = z3 + (−j̃2 + 1488j̃ − 162000)z2

+ (1488j̃2 + 40773375j̃ + 8748000000)z

+ j̃3 − 162000j̃2 + 8748000000j̃ − 157464000000000.

Now it is clear, as |j− j̃| ≤ 2−300|j|, that |γ0− j(2τ)| ≤ 0.4 + |j|2
290

, and so as 0.98|j|2 ≤
|j(2τ)| ≤ 1.02|j|2, we have 0.979|j|2 ≤ |γ0| ≤ 1.021|j|2. We will take the r of

Kantorovich’s theorem to be 0.009|j|2, and give bounds for the disc |γ−γ0| ≤ 0.009|j|2.

For γ in this disc, 0.97|j|2 ≤ |γ| ≤ 1.03|j|2 and in addition |j̃| ≤ 1.01|j|, so for an

upper bound on the first derivative, we have

|Φ′2(j̃, γ)| ≤ 3|γ|2 + 2(|j̃|2 + 1488|j̃|+ 162000)|γ0|

+ (1488|j̃|2 + 40773375|j̃|+ 8748000000)

≤ 3.2|j|4 + 2.2|j|4 + 10−7|j|4

≤ 5.5|j|4,

and for a lower bound, we have

|Φ′2(j̃, γ)| ≥ 3|γ|2 − 2(|j̃|2 + 1488|j̃|+ 162000)|γ0|

− (1488|j̃|2 + 40773375|j̃|+ 8748000000)

≥ 2.82|j|4 − 2.1|j|4 − 10−7|j|4

≥ 0.71|j|4.
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For our upper bound on the function at γ0, as |β1|, |β2| ≤ 2|j|1/2, and as |β0−j(2τ)| ≤
2−298|j|2 we have |γ0 − β0| ≤ 0.4 + 2−298|j|2, so

|Φ2(j̃, γ0)| = |γ0 − β0||γ0 − β1||γ0 − β2|

≤ (0.4 + 2−289|j|2)(1.03|j|2 + 2|j|1/2)2

≤ 2−54|j|6.

For the second derivative, we have for an upper bound

|Φ′′2(j̃, γ)| ≤ 6|γ|+ 2|j̃|2 + 1488|j̃|+ 162000

≤ 8.3|j|2,

and for a lower bound,

|Φ′′2(j̃, γ0)| ≥ 6|γ| − 2|j̃|2 − 1488|j̃| − 162000

≥ 3.8|j|2.

Now, by Theorem 4.3, as

|Φ2(j̃, γ0)||Φ′′2(j̃, γ)|
|Φ′2(j̃, γ)|2

≤ 2−54|j|6 · 8.3|j|2

(0.71|j|4)2
≤ 2−49 <

1

2
,

and

2η = 2
|Φ2(j̃, γ0)|
|Φ′2(j̃, γ0)|

≤ 2−54|j|6

0.71|j|4
≤ 0.001|j|2,

r = 0.009|j|2,

Newton’s method will converge to the root β0, with a rate of convergence

|γk − β0| ≤
1

2k
2−48·2k |Φ′2(j̃, γ0)|

|Φ′′2(j̃, γ0)|
≤ 1

2k
2−48·2k 5.5|j|4

3.8|j|2
≤ 2−48·2k |j|2

for k ≥ 1. In particular, as |β0| ≥ 0.97|j|2, when k ≥ [2 logP ], |γk−β0||β0| ≤ 2−P . Now as,

by Proposition 4.1, β0 is an approximation to j(2τ) of relative precision 2−P+2, after

[2 logP ] steps, γk will be an approximation to j(2τ) of relative precision 2−P+3.

Lemma 4.2. Suppose that |j(τ)| ≥ 2P+12, and j̃ is an approximation to j(τ) of

relative precision at least 2−P . Then

− log j̃

2π

is an approximation to τ of absolute precision 2−P .
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Proof. Let j(τ) + δ = j̃. As

|j(τ)− e−2πiτ | ≤ 2079,

we have

log(j̃) = −2πτ + log

(
1 +

δ + 2079θ

j(τ)

)
,

where |θ| ≤ 1. So as |log(1 + z)| ≤ 1.1|z| when |z| ≤ 0.05,

|log j̃ + 2πτ | ≤ 1.1 · 2−P + 0.6 · 2−P ≤ 1.7 · 2−P .

So that ∣∣∣∣τ − (− log j̃

2π

)∣∣∣∣ ≤ 1.7

2π
2−P ≤ 2−P .

Now the algorithm to invert j when Im(τ) ≥ 3 proceeds as follows: if |j| ≤ 2P+12,

first iteratively compute approximations to j(2kτ) by Newton’s method applied to

Φ2(j̃, z), up to k =
[
2 log

(
P+12
Im(τ)

)]
+ 1. Then calculate the logarithm of j(2kτ) to

relative precision 2−P−2 (note that |τ | ≥ 1), and divide by −2π, where we have

calculated 2π to relative precision 2−P−2. This process entails a loss of precision of at

most 5
[
2 log

(
P+12
Im(τ)

)]
+2, which is bounded by 11 logP when P ≥ 400. The precision

at all applications of Newton’s method is at least 2−300, so our assumptions on the

precision of our approximations in the propositions of this section are satisfied at each

application.

The computational complexity of Newton’s method applied at each step to these

polynomials is O(M(P )), as at each step of Newton’s method one may use only

the required precision to obtain the next approximant, so that only the last step is

performed at full precision.

The computational complexity of the complex logarithm and computing π are

O(M(P ) logP ), so if |j| ≤ 2P+12, the algorithm has time complexity

O

(
M(P )

[
2 log

(
P + 12

Im(τ)

)
+ 1

])
= O (M(P ) logP ) ,

and if |j| ≥ 2P+12, time complexity

O (M(P ) logP ) ,

where the implicit constants are not too large and could be made effective.
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4.2.2 Near 1728 and 0

When τ is close to either i or ±1+i
√

3
2

, we will make use of the modular polyno-

mial Φ2(X, Y ) to obtain an approximation to one of j (2τ), j
(
τ
2

)
, or j

(
τ+1

2

)
. The

SL2(Z)-equivalent elements of F to either 2τ , τ
2
, or τ+1

2
will lie in the aforementioned

compact set, to which we may apply Newton’s method. We carry out the analysis

only for i and 1+i
√

3
2

, as when
∣∣∣τ − −1+i

√
3

2

∣∣∣ ≤ 2−31, the SL2(Z)-equivalent τ+1 satisfies∣∣∣(τ + 1)− 1+i
√

3
2

∣∣∣ ≤ 2−31.

Lemma 4.3. If |δ| ≤ 2−30 then∣∣∣∣j(i+ δ)− 1728− j(2)(i)

2
δ2

∣∣∣∣ ≤ 0.07|δ|2,

and ∣∣∣∣∣∣j
(

1 + i
√

3

2
+ δ

)
−
j(3)
(

1+i
√

3
2

)
3!

δ3

∣∣∣∣∣∣ ≤ 0.07|δ|3.

Proof. We first bound the coefficients of the Taylor series of j at z = i and z = 1+i
√

3
2

.

Firstly, by Theorem 1 of [19], the coefficient of e2πinτ in the q-expansion of j is

bounded by 4e4π
√
n, so the corresponding coefficient of the k’th derivative is bounded

by (2πn)ke4π
√
n. Further, for n ≥ 1, e4π

√
n−
√

3πn ≤ 100e−πn, so we have the following

bound on the derivatives at these two points,

∣∣j(k)(i)
∣∣ , ∣∣∣∣∣j(k)

(
1 + i

√
3

2

)∣∣∣∣∣ ≤ (2π)ke2π + 744 + 400
∞∑
n=1

(2πn)ke−πn.

We now bound the sum in this expression. Firstly, we have the identity

∞∑
n=1

e−πnx =
1

eπx − 1
,

and so consider the derivatives of this function, expressing the derivative as sums of

the form ∑
αi

eaπx

(eπx − 1)b
,

where each term occurring in the expression for the k’th derivative is derived from

taking the derivative of either the numerator or denominator of a term occurring in

the k − 1’th derivative, i.e. there is no collection of terms with (a, b) equal. It is

clear that there are at most 2k terms, and, passing from one derivative to the next,
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|αi| may increase by at most πmax{a, b}, and that a ≤ b ≤ k + 1, and a ≤ k. So

|αi| ≤ πk(k + 1)!, and a bound for the whole expression evaluated at 1 is therefore

2kπk(k + 1)!
ekπ

(eπ − 1)k
≤ 14kk!.

Now we have the bounds

|j(k)(i)|,

∣∣∣∣∣j(k)

(
1 + i

√
3

2

)∣∣∣∣∣ ≤ (2π)ke2π + 744 + 400 · 14kk!

≤ 1700 · 14kk!.

At z = i and z = 1+i
√

3
2

, the Taylor series expansions for j(z) are

j(z) = 1728 +
∞∑
n=2

cn(z − i)n,

j(z) =
∞∑
n=3

c′n

(
z − 1 + i

√
3

2

)n

.

where cn and c′n are bounded in absolute value by 1400 · 14k. We now bound the tails

of the sums of the Taylor series,

∞∑
n=3

|cn||δ|n ≤ |δ|3
∞∑
n=0

1700 · 14n+3|δ|n,

and
∞∑
n=4

|c′n||δ|n ≤ |δ|4
∞∑
n=0

1700 · 14n+4|δ|n.

Now as |δ| ≤ 2−30,

∞∑
n=0

1700 · 14n+4|δ|n =
1700 · 144

1− 14|δ|
≤ 7 · 107,

so that ∣∣∣∣j(i+ δ)− 1728− j(2)(i)

2
δ2

∣∣∣∣ ≤ 2−30 · 7 · 107|δ|2 ≤ 0.07|δ|2,∣∣∣∣∣∣j
(

1 + i
√

3

2
+ δ

)
−
j(3)
(

1+i
√

3
2

)
3!

δ3

∣∣∣∣∣∣ ≤ 2−30 · 7 · 107|δ|3 ≤ 0.07|δ|3.
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Furthermore, we note that

49600 ≤ |j(2)(i)| ≤ 49700,

274000 ≤

∣∣∣∣∣j(3)

(
1 + i

√
3

2

)∣∣∣∣∣ ≤ 275000,

so if |τ − i| ≤ 2−30, by the previous lemma, we have

2.4 · 104|δ|2 ≤ |j − 1728| ≤ 2.5 · 104|δ|,

and if
∣∣∣τ − 1+i

√
3

2

∣∣∣ ≤ 2−30,

4.5 · 104|δ|3 ≤ |j| ≤ 4.6 · 104|δ|3,

from which we deduce the following lemma.

Lemma 4.4. If |τ − i| ≤ 2−30 and P ≥ 300, then:

1. If |j(τ)− 1728| ≤ 2−P , then |τ − i| ≤ 2−P/2−7.

2. If |j(τ)− 1728| ≥ 2−P , then |τ − i| ≥ 2−P/2−8.

If
∣∣∣τ − 1+i

√
3

2

∣∣∣ ≤ 2−30 and P ≥ 300, then:

1. If |j| ≤ 2−P , then
∣∣∣τ − 1+i

√
3

2

∣∣∣ ≤ 2−P/3−5.

2. If |j| ≥ 2−P , then
∣∣∣τ − 1+i

√
3

2

∣∣∣ ≥ 2−P/3−6.

Lemma 4.5. Suppose that |δ| ≤ 2−28. Then

|j (2i+ δ)− j (2i)− j′ (2i) δ| ≤ 0.2|δ|,

and ∣∣∣j (i√3 + δ
)
− j

(
i
√

3
)
− j′

(
i
√

3
)
δ
∣∣∣ ≤ 0.2|δ|.

Proof. We proceed similarly to the previous lemma — as 17e−2πn ≥ e4πn−2
√

3πn,

|j(k)(2i)|, |j(k)(
√

3i)| ≤ (2π)ke4π + 744 + 68
∞∑
n=1

(2πn)ke−2πn,

and a similar analysis to the previous lemma bounds the sum in this inequality by

(2π)ke4π + 744 + 68 · 13kk! ≤ 300000 · 13kk!. (4.3)
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So when |δ| ≤ 2−28,

|j (2i+ δ)− j(2i)− j′ (2i) δ| ≤
∞∑
n=2

300000 · 13nδn

≤ 2−28 · 300000 · 132|δ|
∞∑
n=0

13n2−28n

≤ 0.2|δ|.

and as our bound for the terms of the Taylor series applies to both expansions, we

similarly have ∣∣∣j (i√3 + δ
)
− j

(
i
√

3
)
− j′

(
i
√

3
)
δ
∣∣∣ ≤ 0.2|δ|.

We now give two lemmas on the separation and closeness of the three preimages

of roots of the modular polynomial Φ2(j(τ), z), for τ near i and 1+i
√

3
2

.

Lemma 4.6. Suppose that τ ∈ F . Then, if τ = i+ δ,

|2τ − 2i| ≤ 2|δ|,∣∣∣∣−2

τ
− 2i

∣∣∣∣ ≤ 2|δ|,

and if τ = 1+i
√

3
2

+ δ,

|(2τ − 1)−
√

3i| ≤ 2|δ|,∣∣∣∣(1− 2

τ

)
−
√

3i

∣∣∣∣ ≤ 2|δ|,∣∣∣∣(−1− 2

τ − 1

)
−
√

3i

∣∣∣∣ ≤ 2|δ|.

Proof. First note that as τ ∈ F , |τ | ≥ 1. Let 2τ = 2i+ δ1, and − 2
τ

= 2i+ δ2. For δ1,

|2τ − 2i| = 2|δ|, and for δ2,

|δ2| =
∣∣∣∣−2

τ
− 2i

∣∣∣∣ =

∣∣∣∣−2− 2iτ

τ

∣∣∣∣
=
|2iδ|
|τ |

≤ 2|δ|.

50



If τ = 1+i
√

3
2

+ δ, let 2τ −1 =
√

3i+ δ1,
(
1− 2

τ

)
=
√

3i+ δ2, and
(
1− 2

τ−1

)
=
√

3i+ δ3.

For δ1,

|δ1| =
∣∣∣2τ − 1−

√
3i
∣∣∣ ≤ 2|δ|,

for δ2,

|δ2| =
∣∣∣∣(1− 2

τ

)
−
√

3i

∣∣∣∣ =

∣∣∣∣∣τ − 2−
√

3iτ

τ

∣∣∣∣∣
=

∣∣∣∣∣(1−
√

3i)δ

τ

∣∣∣∣∣
≤ 2|δ|,

and for δ3,

|δ3| =
∣∣∣∣(−1− 2

τ − 1

)
−
√

3i

∣∣∣∣ =

∣∣∣∣∣−τ + 1− 2−
√

3iτ +
√

3i

τ

∣∣∣∣∣
=
|(1 +

√
3i)δ|

|τ − 1|
≤ 2|δ|.

Lemma 4.7. If τ = i + δ, τ ∈ F , with |δ| ≤ 2−30, then the distance between 2τ and

− 2
τ

is at least 3.99|δ|, and the distance between either of these and the point in F
which is SL2(Z)-equivalent to τ+1

2
is at least 0.99 in magnitude. If τ = 1+i

√
3

2
+ δ,

τ ∈ F , then the distance between any pair of the three points lying in F which are

SL2(Z)-equivalent to 2τ , τ
2
, and τ+1

2
is at least 3.46|δ|.

Proof. Firstly, for the distance between τ and − 2
τ
, we have

2τ +
2

τ
=

2(τ 2 + 1)

τ

=
4iδ + 2δ2

τ
.

As |δ| ≤ 2−30, |δ|2 ≤ 2−30|δ|, and |i+ δ| ≤ 1 + 2−30, so∣∣∣∣2τ − (−2

τ

)∣∣∣∣ ≥ 3.99|δ|.
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Now for − 2
τ+1

+ 1, we have

− 2

τ + 1
+ 1− i =

−2 + τ + 1− iτ − i
τ + 1

=
δ − iδ

1 + i+ δ

so that ∣∣∣∣(− 2

τ + 1
+ 1

)
− i
∣∣∣∣ ≤ 2|δ| (4.4)

and so either − 2
τ+1

+ 1 or −
(
− 2
τ+1

+ 1
)−1

is SL2(Z)-equivalent to 1+τ
2

and in F , and

its distance from i is bounded by
∣∣∣1 + 2|δ|

1−2|δ|

∣∣∣ ≤ 2−28. By Lemma 4.6, the distance of

either 2τ or − 2
τ

from 2i is at most 2|δ| ≤ 2 · 2−30, so both of these are separated from

either − 2
τ+1

+ 1 or −
(
− 2
τ+1

+ 1
)−1

by a distance of at least 0.99.

Now for τ = 1+i
√

3
2

+ δ, the SL2(Z)-equivalent points to 2τ , τ
2
, and τ+1

2
are 2τ − 1,

1− 2
τ
, and −1− 2

τ−1
respectively. For their differences, we have,

2τ − 1−
(

1− 2

τ

)
=

2(τ 2 − τ + 1)

τ

=
i2
√

3δ + 2δ2

τ
.

So as |τ | ≤ 1 + 2−30, ∣∣∣∣2τ − 1−
(

1− 2

τ

)∣∣∣∣ ≥ 3.46|δ|

For the first and third points,

2τ − 1−
(
−1− 2

τ − 1

)
=

2(τ 2 − τ + 1)

τ − 1

=
i2
√

3δ + 2δ2

τ − 1
.

As |τ − 1| ≤ 1 + 2−30, we have the lower bound∣∣∣∣2τ − 1−
(
−1− 2

τ − 1

)∣∣∣∣ ≥ 3.46|δ|.

For the second and third points,(
1− 2

τ

)
−
(
−1− 2

τ − 1

)
=

2(τ 2 − τ + 1)

τ(τ − 1)

=
i2
√

3δ + 2δ2

τ(τ − 1)
.

So we obtain the lower bound∣∣∣∣(1− 2

τ

)
−
(
−1− 2

τ − 1

)∣∣∣∣ ≥ 3.46|δ|.
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We now bound above and below the differences between j evaluated at the points

j(2τ), j
(
τ
2

)
, and j

(
τ+1

2

)
.

Lemma 4.8. If τ = i+ δ, with |δ| ≤ 2−30, then

7.18 · 106|δ| ≤
∣∣∣j(2τ)− j

(τ
2

)∣∣∣ ≤ 7.25 · 106|δ|,

and

2.4 · 105 ≤
∣∣∣∣j(2τ)− j

(
τ + 1

2

)∣∣∣∣ , ∣∣∣∣j (τ2)− j
(
τ + 1

2

)∣∣∣∣ ≤ 3.1 · 105,

and if τ = 1+i
√

3
2

+ δ, with |δ| ≤ 2−30, then for τ1, τ2 ∈ {2τ, τ2 ,
τ+1

2
}, τ1 6= τ2,

1.15 · 106|δ| ≤ |j(τ1)− j(τ2)| ≤ 1.34 · 106|δ|.

Proof. We first use the Taylor series expansion of j(z) at 2i. By Lemma 4.6, we may

apply Lemma 4.5, and using also Lemma 4.7, we obtain the lower bound∣∣∣∣j(2τ)− j
(
−2

τ

)∣∣∣∣ ≥ |j(2i) + j′(2i)δ1 − j(2i)− j′(2i)δ2| − 0.4|δ|

= |j′(2i)| |δ1 − δ2| − 0.4|δ|

= |j′(2i)|
∣∣∣∣2τ +

2

τ

∣∣∣∣− 0.4|δ|

≥ 1.8 · 106 · 3.99|δ|−0.4|δ|

≥ 7.18 · 106|δ|.

Similarly we have an upper bound of∣∣∣∣j(2τ)− j
(
−2

τ

)∣∣∣∣ ≤ 1.81 · 106 · 4|δ|+194|δ| ≤ 7.25 · 106|δ|.

By Lemma 4.7, the SL2(Z)-equivalent point in F to τ+1
2

is at most 2|δ| ≤ 2−29 from

i, so ∣∣∣∣j (τ + 1

2

)∣∣∣∣ ≤ e2.01π + 2079 ≤ e7.9,

and as by Lemma 4.6, 2τ,− τ
2

are at most 2−29 from 2i,

|j (2τ)| ,
∣∣∣j (τ

2

)∣∣∣ ≥ e3.99π − 2079 ≥ e12.5,

so that

3.1 · 105 ≥
∣∣∣∣j(2τ)− j

(
τ + 1

2

)∣∣∣∣ , ∣∣∣∣j (−τ2)− j
(
τ + 1

2

)∣∣∣∣ ≥ 2.4 · 105.
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Now using the Taylor series of j(z) at i
√

3, by Lemma 4.6, we may apply Lemma 4.5,

and using also Lemma 4.7, with τ1, τ2 any distinct pair of 2τ (SL2(Z)-equivalent to

2τ − 1), τ
2
, (SL2(Z)-equivalent to 1 − 2

τ
), and τ+1

2
(SL2(Z)-equivalent to −1 − 1

τ−1
),

with τj = i
√

3 + δj, we obtain the following lower bound,

|j(τ1)− j(τ2)| ≥
∣∣∣j(√3i) + j′(

√
3i)δ1 − (j(

√
3i) + j′(

√
3i)δ2)

∣∣∣− 0.4|δ|

= |j′(
√

3i)||τ1 − τ2| − 0.4|δ|

≥ 334500 · 3.46|δ| − 0.4|δ|

≥ 1.15 · 106|δ|.

For an upper bound we obtain

|j(τ1)− j(τ2)| ≤
∣∣∣j(√3i) + j′(

√
3i)δ1 − (j(

√
3i) + j′(

√
3i)δ2)

∣∣∣+ 0.4|δ|

= |j′(
√

3i)||τ1 − τ2|+ 0.4|δ|

≤ 334600 · 4|δ|+ 0.4|δ|

≤ 1.34 · 106|δ|.

4.2.2.1 j near 1728

We now bound the discrepancy between the roots of Φ2(j, z) and Φ2(j̃, z) when |τ −
i| ≤ 2−30 and |j̃ − 1728| ≥ 2−P/3.

Lemma 4.9. Suppose that j̃ is an approximation to j(τ) of relative precision 2−P ,

with P ≥ 300, |τ − i| ≤ 2−30, and
∣∣j̃ − 1728

∣∣ ≥ 2−P/3. Then the relative precision of

any root of Φ2(j̃, z) to the closest root of Φ2(j, z) is at least 2−P/3+10

Proof. Firstly, as in the proof of Lemma 4.1, with f(z) = Φ2(j, z) and g(z) = Φ2(j̃, z),

and j̃ = j + δ, we will bound the size of the coefficients of f − g. We note that

|j| ≥ 1700. For z2, we have

|2jδ + δ2 + 1448δ| ≤ 3|δ||j|,

for z, we have

|2976δj + 1488δ2 + 40773375δ| ≤ 30000|δ||j|,

and for the constant term∣∣3δj2 + 3δ2j + δ3 − 16200δj − 16200δ2 + 8748000000δ
∣∣ ≤ 3100|δ||j|2.
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Now evaluating g at j(2τ), we have, noting that |j(2τ)| ≤ 0.1|j|2,

|g(j(2τ))| = |f(j(2τ))− g(j(2τ))|

≤ 3|δ||j|(0.1|j|2)2 + 30000|δ||j|(0.1|j|2) + 3100|δ||j|2

≤ 0.04|j|5

Letting β0, β1, β2 be the roots of g, where β0 is the closest root of g(z) to j(2τ),

|j(2τ)− β0||j(2τ)− β1||j(2τ)− β2| ≤ 0.04|δ||j|5

|j(2τ)− β0| ≤ 105|δ|1/3

≤ 1.2 · 106 · 2−P/3,

and similarly for the nearest root of g(z) to each of the roots of f(z). As |j̃− 1728| ≥
2−P/3, |j−1728| ≥ 2−P/3−1800 ·2−P ≥ 2−P/3−1, and by Lemma 4.4, |τ−i| ≥ 2−P/6−9,

so that by Lemma 4.8, ∣∣∣j(2τ)− j
(τ

2

)∣∣∣ ≥ 7.18 · 107 · 2−P/6−9.

Now letting βi and βj be the nearest roots to j(2τ) and j
(
τ
2

)
respectively,

|βi − βj| =
∣∣∣(βi − j(2τ))− j(2τ)−

((
βj − j

(τ
2

))
− j

(τ
2

))∣∣∣
≥
∣∣∣j(2τ)− j

(τ
2

)∣∣∣− |j(2τ)− βi| −
∣∣∣j (τ

2

)
− βj

∣∣∣
≥ 7.18 · 107 · 2−P/6−9 − 1.2 · 106 · 2−P/3

≥ 7.18 · 107 · 2−P/6−9 − 0.01 · 2−P/6

≥ 1.4 · 105 · 2−P/6.

In particular, βi and βj are distinct, and given that, by Lemma 4.8,
∣∣j(2τ)− j

(
τ+1

2

)∣∣ ≥
2.4 ·105 ≥ 7.18 ·107 ·2−P/6−9, one may similarly deduce a separation of 2 ·105 between

the closest root to j
(
τ+1

2

)
and either of the other two. So each root ji of Φ2(j, z) has

a unique associated closest root βi of Φ2(j̃, z), which satisfies

|ji − βi| ≤ 1.2 · 106 · 2−P/3.

The relative precision of βi to its closest root is then bounded by

1.2 · 106 · 2−P/3

|j(2τ)|
,
1.2 · 106 · 2−P/3

|j
(
τ
2

)
|

≤ 2−P/3+3

if βi is the root closest to j(2τ) or j
(
τ
2

)
, and

1.2 · 106 · 2−P/3

|j( τ+1
2

)|
≤ 2−P/3+10

for the root closest to j
(
τ+1

2

)
.
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Finally we show that Newton’s method may be used to obtain an approximation

to j(2τ).

Proposition 4.3. Let j = j(τ), where |τ − i| ≤ 2−30, and j̃ be an approximation to

j of relative precision 2−P , P ≥ 300, such that |j̃ − 1728| ≥ 2−P/3. Let

τ0 = i+

√
j̃ − 1728

j(2)(i)
,

where the sign of the square root is chosen arbitrarily. Then Newton’s method applied

to Φ2(j̃, z), with starting point j(2τ0) will converge to either the root of Φ2(j̃, z) closest

to j(2τ), or the root of Φ2(j̃, z) closest to j
(
τ
2

)
, and after [2 logP ] steps will produce

an approximation either j(2τ) or j
(
τ
2

)
of relative precision 2−P/3+11.

Proof. Firstly, we bound the difference between τ and τ0. We let τ = i + δ. By

Lemma 4.3, ∣∣∣∣j(τ)− 1728− j(2)(i)

2
δ2

∣∣∣∣ ≤ 0.07|δ|2,

so that∣∣∣∣∣∣
√

2(j̃ − 1728)

j(2)(i)
− δ

∣∣∣∣∣∣
∣∣∣∣∣∣
√

2(j̃ − 1728)

j(2)(i)
+ δ

∣∣∣∣∣∣ ≤ 388

j(2)(i)
|δ|2 +

2−P+1|j|
j(2)(i)

≤ 3 · 10−6|δ|2.

Now we will show that, taking some branch of the square root above, we will obtain

a good starting point for Newton’s method. Let ε =
√

2(j̃−1728)

j(2)(i)
, where the branch of

the square root is arbitrary. Firstly, one of |ε− δ| or |ε+ δ| is ≥ |δ|, and so the other

is ≤ 3 · 10−6|δ|. In the first case, |τ0 − τ | ≤ 3 · 10−6|δ|, and in the second case,∣∣∣∣τ0 −
(
−1

τ

)∣∣∣∣ =

∣∣∣∣−1 + iδ + iε+ 1 + δε

τ

∣∣∣∣ ≤ |δ + ε|+ |δε| ≤ 3.1 · 10−6|δ|.

Now as |δ| ≤ 2−30, j′(z) is bounded in absolute value by 1.81 · 106 between 2τ0 and

either of 2τ or − 2
τ
, and the distance from 2τ0 to the closest of these is bounded by

6.2 · 10−6|δ|, so either

|j(2τ0)− j(2τ)| ≤ 12|δ|

or ∣∣∣∣j(2τ0)− j
(
−2

τ

)∣∣∣∣ ≤ 12|δ|.

Now we bound the terms occurring in Kantorovich’s criterion. Let β0, β1, β2 be the

roots of Φ2(j̃, z), with β0 the closest root to j(2τ0), and β1 the other root near j(2i).
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Firstly, as |j| ≥ 2−P/3, by Lemma 4.8, the above, and Lemma 4.9, we have, for 2τ0,

|j(2τ0)− β0| ≤ 12|δ|+ 2−P/3+10 ≤ 12.1|δ|

|j(2τ0)− β1| ≤ 7.25 · 106|δ|+ 2−P/3+10 ≤ 7.26 · 106|δ|

|j(2τ0)− β2| ≤ 3.1 · 105 + 2−P/3+10 ≤ 3.11 · 105

|j(2τ0)− β1| ≥ 7.18 · 106|δ| − 2−P/3+10 ≥ 7.17 · 106|δ|

|j(2τ0)− β2| ≥ 2.4 · 105 − 2−P/3+10 ≥ 2.39 · 105,

and similarly, for any τ ′ satisfying |τ ′ − 2τ | ≤ 35|δ| (which we take to ensure the

condition on r is satisfied), we have, as |j′(z)| ≤ 1.81 · 106 between 2τ0 and τ ′, and as

|δ| ≤ 2−30,

|j(τ ′)− β0| ≤ 6.4 · 107|δ|+ 12|δ| ≤ 0.06,

|j(τ ′)− β1| ≤ 6.4 · 107|δ|+ 7.26 · 106|δ| ≤ 0.06,

|j(τ ′)− β2| ≤ 6.4 · 107|δ|+ 3.11 · 105 ≤ 3.2 · 105.

For our bound on Φ2(j̃, z) evaluated at j(τ ′), we have∣∣Φ2(j̃, j(2τ0))
∣∣ = |j(τ ′)− β0||j(τ ′)− β1||j(τ ′)− β2|

≤ 2.8 · 1013|δ|2.

For the first derivative, we have∣∣Φ′2(j̃, j(2τ0))
∣∣ = (j(τ ′)− β0)(j(τ ′)− β1) + (j(τ ′)− β0)(j(τ ′)− β2)

+ (j(τ ′)− β1)(j(τ ′)− β2)

≥ |j(τ ′)− β1||j(τ ′)− β2| − |j(τ ′)− β0||j(τ ′)− β1|

− |j(τ ′)− β0||j(τ ′)− β2|

≥ 7.17 · 106 · 2.39 · 105|δ| − 12.1 · 7.26 · 106|δ|2

− 12.1 · 3.11 · 105|δ|

≥ 1.7 · 1012|δ|,

and for the second derivative,∣∣Φ′′2(j̃, j(τ ′))
∣∣ ≤ 2|j(τ ′)− β0|+ 2|j(τ ′)− β1|+ 2|j(τ ′)− β2|

≤ 6.5 · 105.

These now give

|Φ2(j̃, j(2τ0))||Φ′′2(j̃, j(τ ′))|
|Φ′2(j̃, j(2τ0))|2

≤ 2.8 · 1013|δ|2 · 6.5 · 105

(1.7 · 1012|δ|)2
≤ 2−17 <

1

2
,
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and for the condition on r, we have

r = 35|δ|,

2η = 2
|Φ2(j̃, j(2τ0))|
|Φ′2(j̃, j(2τ0))|

≤ 2
2.8 · 1013|δ|2

1.7 · 1012|δ|
≤ 34|δ|,

which ensures convergence. For the rate of convergence, we need a lower bound on

the second derivative and an upper bound on the first derivative, which we have as

follows, ∣∣Φ′′2(j̃, j(τ ′))
∣∣ ≥ 2|j(τ ′)− β2| − 2|j(τ ′)− β0| − 2|j(τ ′)− β1|

≥ 4.7 · 105,

and∣∣Φ′2(j̃, j(2τ0))
∣∣ ≤ |j(2τ0)− β1||j(2τ0)− β2|+ |j(2τ0)− β0||j(2τ0)− β1|

+ |j(2τ0)− β0||j(2τ0)− β2|

≤ 7.25 · 106 · 3.11 · 105|δ|+ 12.1 · 7.25 · 106|δ|2 + 12.1 · 3.11 · 105|δ|

≤ 2.3 · 1012|δ|,

which gives a bound on the convergence, for k ≥ 1, of

1

2k
2−17·2k |Φ′2(j̃, j(2τ0))|

|Φ′′2(j̃, j(τ ′))|
≤ 2−17·2k .

So in order to obtain an absolute precision of 2−P , [2 logP ] steps will suffice. By

Lemma 4.9, this approximation to β0 will then be an approximation to either j(2τ)

or j
(
− 2
τ

)
of relative precision 2−P/3+11.

4.2.2.2 j near 0

We now bound the discrepancy between the roots of Φ2(j, z) and Φ2(j̃, z) when∣∣∣τ − 1+i
√

3
2

∣∣∣ ≤ 2−31 and |j̃| ≥ 2−P/2.

Lemma 4.10. Let j = j(τ), where
∣∣∣τ − 1+i

√
3

2

∣∣∣ ≤ 2−31, and suppose that j̃ is an

approximation to j of absolute precision 2−P , with P ≥ 300, and
∣∣j̃∣∣ ≥ 2−P/2. Then

the relative precision of any root of Φ2(j̃, z) to its closest root of Φ2(j, z) is at most

2−P/3+2, and the roots of Φ2(j̃, z) are separated by at least 2−P/6+8.
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Proof. Firstly, as in the proof of the Lemma 4.9, with f(z) = Φ2(j, z) and g(z) =

Φ2(j̃, z), we will bound the size of the coefficients of f − g. Let j̃ = j + δ. For the

coefficient of z2, we have

|2jδ + δ2 + 1448δ| ≤ 1500|δ|,

for the coefficient of z,

|2976δj + 1488δ2 + 40773375δ| ≤ 4.1 · 107|δ|,

and for the constant term∣∣3δj2 + 3δ2j + δ3 − 16200δj − 16200δ2 + 8748000000δ
∣∣ ≤ 8.8 · 109|δ|.

Now evaluating g(z) at j(τ ′), for τ ′ ∈ {2τ, τ
2
, τ+1

2
}, as |j(τ ′)| ≤ 60000, we have

|g(j(2τ))| ≤ 600002 · 1500|δ|+ 60000 · 4.1 · 107|δ|+ 60000 · 8.8 · 109|δ|

≤ 6 · 1014|δ|.

Letting β0, β1, β2 be the roots of g(z), we have, as |j̃| ≥ 2−P/2, which implies |j| ≥
2−P/2−1,

|β0 − j(τi)||β1 − j(τi)||β2 − j(τi)| ≤ 6 · 1014|δ|

≤ 2−P+50

Now for any βi, letting j(τj) be the nearest root of f(z), we have

|βi − j(τj)| ≤ 2−P/3+17.

By Lemma 4.4, as |j| ≥ 2−P/2,∣∣∣∣∣τ − 1 + i
√

3

2

∣∣∣∣∣ ≥ 2−P/6−9,

which yields, by Lemma 4.8, for i 6= j,

|j(τi)− j(τj)| ≥ 2−P/6+9.

Similarly to the previous lemma, we now observe that, with βi the closest root to

j(τi),

|βi − βj| ≥ |j(τi)− j(τj)| − 2 · 2−P/3+17

≥ 2−P/6+9 − 2−P/3+17

≥ 2−P/6+8
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and so βi, βj are distinct. So each root has a unique closest associated root, of relative

precision
2−P/3+17

|j(τj)|
≤ 2−P/3+2.

Proposition 4.4. Let j = j(τ), where
∣∣∣τ − 1+i

√
3

2

∣∣∣ ≤ 2−31, and j̃ be an approximation

to j of relative precision 2−P such that |j̃| ≥ 2−P/2. Let

τ0 =
1 + i

√
3

2
+

3

√
6j̃

j(3)(i)
,

where the branch of the cube root is chosen arbitrarily. Then Newton’s method ap-

plied to Φ2(j̃, z), with starting point j(2τ0) will converge to either the root of Φ2(j̃, z)

closest to j(2τ), the root of Φ2(j̃, z) closest to j
(
τ
2

)
, or the root of Φ2(j̃, z) closest to

j
(
τ+1

2

)
, and after [2 logP ] steps will produce an approximation to either j(2τ), j

(
τ
2

)
,

or j
(
τ+1

2

)
of relative precision 2−P/3+3.

Proof. Let τ = 1+i
√

3
2

+ δ. By Lemma 4.3,∣∣∣∣∣∣j(τ)−
j(3)
(

1+i
√

3
2

)
6

δ3

∣∣∣∣∣∣ ≤ 0.07|δ|3,

so that ∣∣∣∣∣∣ 6j̃

j(3)
(

1+i
√

3
2

) − δ3

∣∣∣∣∣∣ ≤ 1.6 · 10−6|δ|3.

We let ε = 3

√
6j̃

j(3)
(

1+i
√
3

2

) . Considering the geometry of the cube roots of δ3, the

product of the two furthest from ε is at least |δ|2, so letting the closest be δ0, we have

|ε− δ0| ≤ 1.6 · 10−6|δ|.

We now show that any branch of the cube root taken for ε will result 2τ0 − 1 being

very close to one of the SL2(Z)-equivalent elements of F to one of 2τ, τ
2
, τ+1

2
. We have∣∣∣∣∣1 + i

√
3

2
+ ε−

(
−1

τ
+ 1

)∣∣∣∣∣ =

∣∣τ + i
√

3τ + 2 + 2ετ − 2τ
∣∣

2|τ |

=

∣∣(1 + i
√

3)ε− (1− i
√

3)δ + 2εδ
∣∣

|2τ |

≤ |ε− e4iπ/3δ|+ |δε|
2
,
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and ∣∣∣∣∣1 + i
√

3

2
+ ε−

(
− 1

τ − 1

)∣∣∣∣∣ =

∣∣τ − 1 + i
√

3(τ − 1) + 2 + 2ε(τ − 1)
∣∣

2|τ |

=

∣∣(1− i√3)ε− (1 + i
√

3)δ − 2εδ
∣∣

|2τ |

≤ |ε− e2iπ/3δ|+ |δε|
2
.

In particular, the difference between 2τ0 − 1 and the closest of the SL2(Z)-equivalent

elements of F to 2τ, τ
2
, τ+1

2
, which we let be τ1, and the others τ2, τ3, is bounded by

2 |ε− δ0|+ |δε| ≤ 3.3 · 10−6|δ|.

Now as the derivative of j(z) is bounded in absolute value by 3.4 · 105 between τ0 and

τ1, we have

|j(2τ0)− j(τ1)| ≤ 1.2|δ|.

Now by the bound of Lemma 4.10 on the discrepancy of the roots of Φ2(j̃, z) and

Φ2(j, z), and the bounds on the distances between the distinct roots of Lemma 4.8,

letting β0 be the closest root of Φ2(j̃, z) to j(2τ0), and β1, β2 the other two roots, we

collect the relevant bounds for Kantorovich’s criterion,

|j(2τ0)− β0| ≤ 1.2|δ|

|j(2τ0)− β1| , |j(2τ0)− β2| ≤ 1.35 · 106|δ|

|j(2τ0)− β1| , |j(2τ0)− β2| ≥ 1.14 · 106|δ|,

and with r = 4|δ|, for any τ ′ such that |τ ′ − 2τ0| ≤ 4|δ|, we have, as the derivative of

j is bounded in absolute value by 3.4 · 105 here,

|j(τ ′)− β0| ≤ 1.37 · 106|δ|,

|j(τ ′)− β1| , |j(τ ′)− β2| ≤ 2.71 · 106|δ|.

Now we bound the various terms of Kantorovich’s criterion. Firstly,

|Φ2(j̃, j(2τ0))| ≤ 1.2|δ| · (1.35 · 106|δ|)2

≤ 2.2 · 1012|δ|3.

For the first derivative, we have

|Φ′2(j̃, j(2τ0))| ≥ (1.14 · 106|δ|)2 − 2 · 1.2|δ| · 1.35 · 106|δ|

≥ 1.2 · 1012|δ|2,
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and for the second derivative,

|Φ′′2(j̃, j(τ ′))| ≤ 2 · 1.37 · 106|δ|+ 4 · 2.71 · 106|δ|

≤ 1.36 · 107|δ|,

so that we have

|Φ2(j̃, j(2τ0))||Φ′′2(j̃, j(2τ0))|
|Φ′2(j̃, j(2τ0))|2

≤ 2.2 · 1012|δ|3 · 1.36 · 107|δ|
(1.2 · 1012|δ|2)2

≤ 2−15 <
1

2
,

and for the condition on r we have

r = 4|δ|

2η = 2
|Φ2(j̃, j(2τ0))|
|Φ′2(j̃, j(2τ0))|

≤ 3.8|δ|,

ensuring convergence. For the rate of convergence, we have the upper bound on the

first derivative as follows, ∣∣Φ′2(j̃, j(2τ0))
∣∣ ≤ 1.4 · 1012|δ|2.

For the lower bound on the second derivative, we have that

|Φ′′2(j̃, j(τ ′))| = |6j(τ ′)− 2(β0 + β1 + β2)|.

Now the second term in the absolute value is the coefficient of z2 of Φ2(j̃, z), which

is equal to

−j̃2 + 1488j̃ − 162000.

By Lemma 4.3, |j| ≤
( ∣∣∣j( 1+i

√
3

2

)∣∣∣
6

+ 0.07

)
|δ|3, and as |j̃−j| ≤ 2−P ≤ |j|2, |j̃| ≤ 1.01|j|,

so

|−j̃2 + 1488j̃| ≤ 4.13 · 108|δ|3 ≤ 0.1|δ|.

In particular, −(β1 + β2 + β3) = 162000 + θ1, where |θ1| ≤ 0.1|δ|. As |δ| ≤ 2−31,

|τ ′ − 2τ0| ≤ 4|δ|, and |2τ0 − 1− i
√

3| ≤ (2 + 3.3 · 10−6)|δ|,

|τ ′ − 1− i
√

3| ≤ 6.1|δ| ≤ 2−28,

and hence by Lemma 4.5,

|j(τ ′)− j(i
√

3)| ≥ |j′(i
√

3)δ| − 1.3|δ| ≥ 334000|δ|.
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In particular, as j(i
√

3) = 54000, j(2τ0) = 54000 + θ2, where |θ2| ≥ 334000|δ|. Now

combining these bounds, we have

|6j(τ ′)− 2(β0 + β1 + β2)| = |324000 + 6θ2 − 324000 + 2θ1|

≥ 6|θ2| − 2|θ1|

≥ 6 · 334000|δ| − 0.2|δ|

≥ 2 · 106|δ|.

Returning to the convergence, we have

|Φ′2(j̃, j(2τ0))|
|Φ′′2(j̃, j(τ ′))|

≤ 1.4 · 1012|δ|2

2 · 106|δ|
≤ 2−10,

so a bound for the rate of convergence is

2−15·2k .

In particular, to obtain an absolute precision of 2−P , [2 logP ] steps will suffice. The

approximant obtained will then, by Lemma 4.10, be an approximation of one of

j(2τ), j
(
τ
2

)
, or j

(
τ+1

2

)
, of relative precision at least 2−P/3+3.

4.2.2.3 Running time

The time required to obtain an approximation to one of j(2τ), j
(
τ
2

)
, or j

(
τ+1

2

)
is,

as in the first section, by using a variable-precision Newton iteration, O(M(P )),

and the obtained value may then be used as an input to Newton’s method on the

compact set described in the subsequent section. In order to determine which of

j(2τ), j
(
τ
2

)
, j
(
τ+1

2

)
was computed above, after obtaining an inverse τ0, we compute

j(2τ0) and j
(
τ0
2

)
. We may then return the argument corresponding to whichever was

closest to our initial approximation j̃ to j, after applying elements of SL2(Z) to move

it to the fundamental domain (which takes O(M(P )) time). In particular we will

obtain an approximation of precision at least 2−P/3+12.

4.2.3 Newton iteration on the compact set

For τ such that τ ∈ F , Im(τ) ≤ 3.1, |τ − i| ≥ 2−32,
∣∣∣τ − 1+i

√
3

2

∣∣∣ ≥ 2−32, we make use

of an algorithm due to Dupont, [31] for the quasilinear evaluation of j(τ) to relative

precision, in order to invert j(z) by the secant method. As we are considering a

compact set, there is some fixed precision our starting points for the secant method
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may be in order to obtain convergence for any τ . We compute the low precision

inverses of j by the formula

τ0 = i
2F1

(
1
6
, 5

6
, 1, 1

2
+ 1

2

√
1− 1728

j̃

)
2F1

(
1
6
, 5

6
, 1, 1

2
− 1

2

√
1− 1728

j̃

) ,
τ1 = τ0 −

j(τ0)− j
j′(τ0)

,

and we note that as j is bounded (absolutely) away from 0 and 1728, the arguments

of the Gaussian hypergeometric functions are bounded away from the branch points 0

and 1, and j′ is bounded (absolutely) away from 0, so computation of the two points to

a fixed precision takes a fixed amount of time. Upon a failure of convergence (or slow

convergence), we may simply increase the precision of our starting points and repeat

the process — as there is a uniform bound on the required precision, this requires only

constant time. As the secant method converges doubly exponentially (with exponent

−c
(

1+
√

5
2

)k
, as opposed to the Newton method’s −c2k), and the evaluation of j(z)

via the algorithm of [31] takes O(M(P ) logP ) time, the computational complexity of

obtaining an approximation of precision 2−P by a variable-precision iteration requires

time O(M(P ) logP ).

A similar analysis to that of Lemma 4.3 gives a bound of∣∣jk(z0)
∣∣ ≤ 3 · 108 · 14kk!

for z0 in our compact set, so that if z1 = z0 + |δ|, with |δ| ≤ 2−150,

|j(z0) + j′(z0)δ − j(z1)| ≤ 3 · 108

∞∑
n=2

|δ|n14n

≤ 3 · 108 · 142 · 2−150 · |δ|
∞∑
n=0

2−150n14n

≤ 5 · 10−35|δ|.

It may be verified that |j′(z)| ≥ 10−19 in our compact set, so

|j(z0)− j(z1)| ≥ |j′(z0)||δ| − 5 · 10−35|δ| ≥ 10−20|δ|,

and in particular once we have computed by the secant method τ ∗ such that |j̃ −
j(τ ∗)| ≤ 2−P , |j − j(τ ∗)| ≤ 3 · 108 · 2−P , and so, with j(τ) = j, and τ ∗ = τ + δ, we

have

|δ| ≤ 3 · 108 · 1020 · 2−P ≤ 2−P+100.
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4.2.4 j very close to 0 or 1728

Now if |j̃| ≤ 2−P/2, or |j̃ − 1728| ≤ 2−P/3, we simply return 1+i
√

3
2

or i respectively,

and this will, by Lemma 4.4, be an approximation to the inverse of j of absolute, and

as |τ | ≥ 1, relative precision 2−P/6.

4.3 Testing complex multiplication

Our algorithm to test complex multiplication rests on the following facts,

1. If j is a singular modulus, then j = j(τ) for some quadratic irrational τ ;

2. The Mahler measure of j(τ) increases as the discriminant of τ increases;

3. Consequently, from a bound on the height and degree of j, we can bound the

discriminant of any quadratic irrational τ for which it is possible that j = j(τ),

so that our candidate preimages are finite and discrete;

4. By inverting j to z0 with sufficient precision we can determine which quadratic

irrational τ it may be that j = j(τ);

5. Whether or not j = j(τ), both j and j(τ) are algebraic, of bounded height and

degree, so if |j − j(τ)| is sufficiently small, then in fact j = j(τ);

6. If the preimage z0 of j and a quadratic irrational τ are sufficiently close, then j

and j(τ) will be close also.

Firstly, given the input of the j-invariant of an elliptic curve E, the degree d of j,

and a bound on the absolute multiplicative height (c.f. [16]) H ≥ ee of j, we bound

the maximum discriminant D of a quadratic irrational τ for which j may equal j(τ),

if E were to have complex multiplication. Here we will denote by M(—) the Mahler

measure of an algebraic number, and note that by assumption M(j) ≤ Hd. We first

consider τ with |D| ≥ 16.

Fixing a quadratic irrational τ , with minimal polynomial az2 + bz+ c, its discrim-

inant is D = b2− 4ac. Letting τi be the set of quadratic irrationals of discriminant D

in F , by the theory of complex multiplication [26], the minimal polynomial of j(τ) is∏
i

(z − j(τi)).

In particular, considering the quadratic irrational which is the root in H of z2 −D/4
if D is even, and of z2 + z − (D − 1)/4 if D is odd, one of the conjugates of j(τ) is
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j
(
D+
√
D

2

)
, which corresponds to the principal form of discriminant D — we can use

this conjugate to bound below the Mahler measure of j(τ). As |D| ≥ 16, M(j(τ)) ≥
eπ
√
|D| − 2079 ≥ e3.13

√
|D|. In particular, as M(j) ≤ Hd,

|D| ≤ d2(logH)2

9.7
.

We next bound the degree of j(z) at a quadratic irrational of discriminant D.

Lemma 4.11. Let τ be an imaginary quadratic irrational of discriminant D. Then

[Q(j(τ)) : Q] ≤ 1

π

√
|D|(2 + log|D|).

Proof. This is an immediate consequence of Proposition 2.2, [63].

We now bound above the Mahler measure of j(τ) for τ a quadratic irrational.

Lemma 4.12. Let τ be an imaginary quadratic irrational of discriminant D. Then

M(j(τ)) ≤ e5.9π
√
|D|(log|D|)2 .

Proof. By the theory of complex multiplication, the conjugates of j(τ) are

j

(
−b+

√
D

2a

)
,

where ax2 + bxy + cy2 is a reduced binary quadratic form of discriminant D. As

|j(z)| ≤ e2πIm(z) + 2079 ≤ 9.1e2πIm(z), we have the following upper bound,

M(j(τ)) ≤ 9.1h(D) exp

2π
√
|D|

∑
(a,b,c)
reduced

1

a

 .

The number of times each a may occur is bounded by the number of solutions of

b2 ≡ d(2a), which is bounded by twice the number of distinct divisors r(a) of a. By

[7], we have the bound

A(x) :=
∑

1≤a≤x

2r(a) ≤ 2x log x+ 0.4x+ 2x1/2.

By Abel’s summation formula and the above bound,∑
1≤a≤h(D)

2r(a)

a
=
A(h(D))

h(D)
+

∫ h(D)

1

A(y)

y2
dy

≤ (log h(D))2 + 2.4 log(h(D)) + 4.9

≤ 2.6 log|D|2,
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yielding a bound of

M(j(τ)) ≤ 9.1h(D)e5.2π
√
|D|(log|D|)2 ≤ e5.9π

√
|D|(log|D|)2 .

We can now apply this bound to give a lower bound on the difference of j and

any j(τ), where τ is a quadratic irrational of discriminant D, if j 6= j(τ). Firstly, the

length of a polynomial is the sum of the absolute values of its coefficients. We make

use of the following inequality, usually termed Liouville’s inequality.

Proposition (Lemma 3 of [61], for example). Let α1, . . . , αn be algebraic numbers,

of exact degrees di, d = [Q(α1, . . . , αn) : Q]. Let P (X1, . . . , Xn) be a polynomial of

length L and degrees Ni in each variable. Then if P (α1, . . . , αn) 6= 0,

|P (α1, . . . , αn)| ≥ L1−d
n∏
i=1

M(αi)
dNi
di .

In particular, for n = 2,

|P (α1, α2)| ≥ L−d1d2M(α1)d2N1M(α2)d1N2 .

Lemma 4.13. Let j be an algebraic number of degree ≤ d and absolute multiplicative

height ≤ H, with H ≥ ee. Suppose that j 6= j(τ), and τ is an imaginary quadratic

irrational of discriminant D satisfying

16 ≤ |D| ≤ d2(logH)2

9.7
.

Then

|j − j(τ)| ≥ exp
(
−30d2 logH(log d+ log logH)2

)
.

Proof. By Lemmas 4.11, 4.12, and our assumptions on j and τ , we have the following

parameters for Liouville’s inequality, with n = 2,

M(j) ≤ Hd,

M(j(τ)) ≤ e5.9π
√
|D|(log|D|)2 ,

d1 = [Q(j) : Q] ≤ d,

d2 = [Q(j(τ)) : Q] ≤ 1

π

√
|D|(2 + log|D|),

L = 2,

N1, N2 = 1,
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which yields

|j − j(τ)| ≥ 2−
d
π

√
|D|(2+log|D|)H−

d
π

√
|D|(2+log|D|)e5.9πd

√
|D|(log|D|)2 ,

and substituting our bound on |D| of

|D| ≤ d2(logH)2

9.7
,

and collecting terms, we obtain the lower bound

exp
(
−30d2 logH(log d+ log logH)2

)
.

Now we can give our criterion to determine if j is a singular modulus with preimage

τ .

Proposition 4.5. Let j be an algebraic number of degree ≤ d, and absolute multi-

plicative height ≤ H, with H ≥ ee. Then from an approximation j̃ to j of regulated

precision

2−300d2 logH(log d+log logH)2−200,

and an imaginary quadratic irrational τ of discriminant D satisfying

16 ≤ |D| ≤ d2(logH)2

9.7
,

we may determine whether j = j(τ) by inverting j to z0 with our algorithm, and

testing if

|z0 − τ | ≤ exp
(
−31d2 logH(log d+ log logH)2 − 21

)
.

Proof. Letting j = j(z0), where z0 ∈ F , as |j| ≤ Hd and |j(z0)| ≥ e2πIm(z0) − 2079,

we have Im(z0) ≤ d logH
2π

+ 2. By differentiating once the q-expansion of j, and taking

an upper bound, (note that the sum of the absolute values of the terms of the tail is

decreasing in Im(τ)), we have, as d logH ≥ 0,

‖j′‖B(z0,1) ≤ 2πed logH+6π + 800 ≤ ed logH+21,

where B(z0, 1) is the disc of radius 1 with centre z0. So if |z0 − τ | ≤ 1,

|j − j(τ)| ≤ |z0 − τ |ed logH+21.

Combining this with Lemma 4.13, noting that log d+ log logH ≥ 1, if

|z0 − τ | ≤ exp
(
−31d2 logH(log d+ log logH)2 − 21

)
,
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then j = j(τ), and so j is a singular modulus. Our method of inverting j from an

input of regulated precision 2−P obtains its inverse with relative precision at least

2−P/6. As |z0| ≤ d logH
2π

+ 2, in order to obtain the inverse z0 with absolute precision

2−Q, we will need an input of relative precision 2−6Q−2 log(d logH+2). In particular, with

an input of relative precision

2−300d2 logH(log d+log logH)2−200,

our computed approximation z̃0 to z0 will have sufficient precision to determine

whether

|z0 − τ |

is sufficiently small.

All that now remains is to determine which τ we should be testing. In order to

obtain our candidate τ , we develop the continued fractions of the real part and the

square of the imaginary part of our computed inverse z0. As the discriminants under

consideration are bounded by |D|, it may easily be shown by means of Liouville’s in-

equality that the distance between the real parts of any two such quadratic irrationals

is at least

19−1d−4(logH)−4,

and the distance between any two of the squares of the imaginary parts is at least

19−2d−8(logH)−8.

So we develop the continued fractions of the real part of z0 and the square of the

imaginary part of z0 until their difference from the convergents is less than

19−3d−8(logH)−8.

Once this holds of the convergents, they will form the only possible quadratic irra-

tional inverse of j. If the height of the real convergent cr is greater than d2(logH)2

9.7
,

or the height of the square of the imaginary convergent ci is greater than d4(logH)4

90
,

or the square root of ci is a rational number, then we may conclude that j is not a

singular modulus. Otherwise, letting τ = cr + i
√
ci, we may test if |z0 − τ | satisfies

our condition for j = j(τ). If so, then j is a singular modulus, and otherwise j is not

a singular modulus for τ of discriminant |D| ≥ 16. It is clear that the computational
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complexity of the calculation of the convergents and other operations in this algo-

rithm is dominated by that of inverting j, so letting T = d2 logH(log d+ log logH)2

we obtain a running time of

O(M(T ) log T ).

For testing discriminants with |D| ≤ 16, we may simply take the list of all τ of

discriminant ≤ 16, and test whether j is equal to j(τ). The degrees of j(τ) for such

τ are bounded by 2, and their Mahler measures are bounded by 3 · 106, so if j 6= j(τ),

|j − j(τ)| ≥ 2−2dH−2d
(
3 · 106

)−d ≥ exp(−2d(33 + logH)).

So with an approximation j̃ to j of absolute precision 2−4d(33+logH)−2, we will be able

to establish whether j = j(τ). By the algorithm to compute j of [31], which requires

time O(M(P ) logP ) for a relative precision of P bits, as |j(τ)| ≤ 3 · 106, computing

j(τ) for each of the τ to the required absolute precision is possible in time

O(M(d logH)(log d+ log logH)),

which again is O (M(T ) log T ).
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Chapter 5

Analytically computing the
rational torsion of an elliptic curve
in quasilinear time

In this chapter we present an algorithm to compute the rational torsion subgroup of

an elliptic curve

E : y2 = 4x3 + Ax+B, A,B ∈ Z

based on the evaluation of its corresponding Weierstrass elliptic function at division

points of the lattice of E.

The algorithm is based on that of Doud [28], which computed values of Weierstrass

elliptic functions by a q-series which converges linearly. Here we replace this with a

computation based on Jacobi’s theta functions,

℘(z, τ) = π2θ00(0; τ)2θ10(0; τ)2 θ01(z; τ)2

θ11(z; τ)2
− π2

3

(
θ00(0; τ)4 + θ01(0; τ)4

)
. (5.1)

By a recent result Labrande [50], these functions may be computed to an absolute

precision of P bits in O(M(P ) logP ) time. It is noted there that their algorithm

may be used to compute Weierstrass elliptic functions, but as it computes these to

absolute precision, and the expression for ℘ we make use of involves a division by

θ11(z; τ), it must be bounded away from zero in order to compute its reciprocal to

a given precision. As we are computing ℘ at rational torsion points, we are able to

furnish such a bound, and obtain the following theorem.

Theorem 5.1. Let E : y2 = 4x2 + Ax + B be a rational elliptic curve, with A,B

integers. Letting C = max{|A|, |B|}, the torsion subgroup of E(Q) may be determined

in time

O (M(logC) log logC) ,
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where M(P ) is the time complexity of multiplication of numbers P bits in length.

It was recently shown by Harvey and Hoeven [38] that the time complexity of

multiplication of two P -bit numbers is O(P logP ), so this may be taken to be

O(logC(log logC)2). In comparison to our result, the algorithm of Doud [28] has

a time complexity of O (M(logC) logC). The Nagell-Lutz theorem yields an al-

gorithm dependent on the complexity of factorizing of ∆, which is expected to be

subexponential in C. The method of division polynomials, which uses the fact that

the torsion points of particular orders are all roots of certain explicit polynomials, has

time complexity O((logC)2), and there is a more recent algorithm of Garćıa-Selfa,

Olalla, and Tornero [34] based on the fact that rational elliptic curves with torsion

points of particular orders lie in certain one-parameter families of curves, the so-called

Tate normal form, which also has a time complexity of O((logC)2).

We will denote by F the standard fundamental domain of j,

F =

{
z
∣∣− 1

2
< Re(z) ≤ 1

2
, |z| > 1

}
∪
{
z
∣∣0 ≤ Re(z) ≤ 1

2
, |z| = 1

}
.

Given ω1, ω2, we will evaluate ℘(z, ω1, ω2) via the following transformation: finding

g ∈ SL2(Z) such that τ := gω1/ω2 ∈ F , we have

℘ (z, ω1, ω2) =
℘
(

z
cω1+dω2

, gτ, 1
)

(cω1 + dω2)2
. (5.2)

5.1 Proof of the theorem

Jacobi’s four theta functions (c.f. [21]) may be defined as follows:

θ00(z; τ) =
∞∑

n=−∞

exp(πin2τ + 2πinz),

θ01(z; τ) = θ00

(
z +

1

2
; τ

)
,

θ10(z; τ) = exp

(
πiτ

4
+ πiz

)
θ00

(
z +

τ

2
; τ
)
,

θ11(z; τ) = exp

(
πiτ

4
+ πi

(
z +

1

2

))
θ00

(
z +

τ

2
+

1

2
; τ

)
.

We also make use of the following relation:

θ00(z + bτ ; τ) = exp
(
−πib2τ − 2πibz

)
θ00(z; τ). (5.3)

The following lemma follows directly from the q-series for the Jacobi theta functions.
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Lemma 5.1. For τ ∈ F ,

0.8 ≤ |θ00(0; τ)| ≤ 1.2,

0.8 ≤ |θ01(0; τ)| ≤ 1.2,

exp

(
−πIm(τ)

4

)
≤ |θ10(0; τ)| ≤ 1.1,

and for z in the Euclidean parallelogram defined by 0, τ
2
, 1, 1 + τ

2
,

|θ01(z; τ)| ≤ 3.4.

We now give our first lemma to bound |θ11(z; τ)| below.

Lemma 5.2. If τ ∈ F , and z lies in the Euclidean parallelogram with vertices 0, τ
2
,

1, 1 + τ
2
, at least one of θ01(z; τ) or θ11(z; τ) is bounded below in absolute value by

0.47.

Proof. Firstly, if − Im(τ)
4
≤ Im(z) ≤ Im(τ)

4
, then

|θ00(z; τ)|, |θ01(z; τ)| ≥ 1− 2
∞∑
n=1

exp
(
−πn2Im(τ) + 2πnIm(z)

)
≥ 1− 2

∞∑
n=1

exp

(
−πn

2

2
Im(τ)

)

≥ 1− 2
∞∑
n=1

exp

(
−πn

2
√

3

4

)
≥ 0.47.

If Im(τ)
4
≤ Im(z) ≤ Im(τ)

2
, then as

θ11(z; τ) = exp

(
πiτ

4
+ πi

(
z +

1

2

))
θ00

(
z +

τ

2
+

1

2
; τ

)
= exp

(
πiτ

4
− πiz − πi

2

)
θ00

(
z − τ

2
+

1

2
; τ

)
,

where the second line follows from equation 5.3, we have the lower bound

|θ11(z; τ)| ≥ 0.47.
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As in [28], pg. 467, letting x = ℘(z0, ω1, ω2), if (x, y) is a rational torsion point of

E, then (4x, 4y) is a rational torsion point of the isomorphic elliptic curve

y2 = x3 + 4Ax+ 16B.

By the Nagell–Lutz theorem, 16y2 divides its discriminant, so y2 ≤ |162(A3 + 27B2)|.
As x is a root of the equation 4x3 + Ax+B − y2 = 0,

|℘(z0, ω1, ω2)| ≤ max{|A|, |B|+ 162(|A3 + 27B2|)},

and we will only consider those with ℘(z0, ω1, ω2) 6= 0, as determining the torsion

points (0, y) is elementary in time O(M(|B|) log|B|). We let C = max{|A|3, 28|B|2},
so that torsion points are bounded by 162C, and the absolute value of the discriminant

of E is ≤ 2C. The j-invariant of E is 1728A3

∆
, which is bounded in absolute value by

1728C. By Lemma 1 of [13],

|j(τ)− e−2πiτ | ≤ 2079,

we obtain a bound in the imaginary part of τ ,

Im(τ) ≤ logC + 8.1,

with which we may prove the following lemma.

Lemma 5.3. cω1 + dω2 is bounded in absolute value below by

exp (−0.61 logC − 4.9) ,

and above by 6.

Proof. Letting ∆ be the discriminant of E and noting that

∆ = ∆(ω1, ω2) = ∆(cω1 + dω2, aω1 + bω2)

(as g ∈ SL2(Z)), by [21], pg. 69, we have the following expression for (cω1 + dω2)3:

(cω1 + dω2)3 =
2π3

∆1/4
θ00(0; τ)2θ01(0; τ)2θ10(0; τ)2.

Substituting in the bounds |∆| ≥ 1 and |θij(0; τ)| ≤ 1.2, we obtain the upper bound

6, and as in [28] pg. 468, we have the lower bound

|cω1 + dω2| ≥
π

2|∆|1/12
e−πIm(τ)/6

≥ exp (−0.61 logC − 4.9) .
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We now bound |θ11(z; τ)| below at rational torsion points.

Lemma 5.4. Let (℘(z1, ω1, ω2), y) be a rational torsion point of E, and z0 an element

in the fundamental domain of ℘(z, τ) equivalent to z1
cω1+dω2

modulo the lattice 〈τ, 1〉
and negation, which satisfies −1/2 ≤ Re(z0) ≤ 1/2 and 0 ≤ Im(z0) ≤ Im(τ)/2. Then

|θ11(z0; τ)| ≥ exp (−1.9 logC − 18) .

Proof. Firstly, by the relations ℘(z± τ) = ℘(z± 1) = ℘(−z) = ℘(z), ℘(z0, τ) is equal

to ℘
(

z1
cω1+dω2

, τ
)

. By Lemma 5.2 either there is a lower bound on |θ11(z0; τ)| of 0.47,

in which case we are done, or we have a lower bound on |θ01(z0, τ)| of 0.47, from

which we may deduce, by equations 5.1 and 5.2, and the bounds of Lemma 5.1 and

Lemma 5.3,

|θ11(z0; τ)|2 ≥ π2|θ00(0; τ)|2|θ10(0; τ)|2

162C|cω1 + dω2|2 + π2

3
(|θ00(0; τ)|4 + |θ01(0; τ)|4)

· 0.472

≥ exp (−3.8 logC − 34.6) ,

which yields the lemma.

These various bounds now allow us to calculate ℘(z1, ω1, ω2) to the required pre-

cision — one may calculate the following result.

Proposition 5.1. Let z0 be the element in the fundamental domain of ℘(z, τ) equiv-

alent to z1
cω1+dω2

with 0 ≤ Im(z) ≤ Im(τ)
2

modulo the lattice generated by 1 and τ , and

the relation ℘(−z) = ℘(z). Suppose that

|θ11(z0; τ)| ≥ exp (−1.9 logC − 18) .

Then calculating approximations to π, θ00(0; τ), θ10(0; τ), θ01(z0; τ), θ11(z0; τ), and

cω1 + dω2 of absolute precision

exp(−30 logC − 300)

allows the calculation of ℘(z1, ω1, ω2) to absolute precision 1/8 via the expression

℘(z1, ω1, ω2) =
1

(cω1 + dω2)2

(
π2θ00(0; τ)2θ10(0; τ)2 θ01(z0; τ)2

θ11(z0; τ)2

− π2

3

(
θ00(0; τ)4 + θ01(0; τ)4

))
.
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Proof of the theorem. We first calculate the various parameters ω1, ω2, τ, c, d, and π,

from which we may calculate z0, and thence ℘(z1, ω1, ω2).

The calculation of π to the required precision may be performed in time

O(M(logC) log logC) by the Gauss–Legendre algorithm. Likewise the required ap-

proximations to ω1 and ω2 may be performed in time O(M(logC) log logC) by Algo-

rithm 7.4.7 of [24], pg. 391.

For the calculation of g and τ , as the ω1, ω2 computed satisfy Re(ω1/ω2) = 0 or

1/2, if it is equal to zero, and does not already lie in the fundamental domain, then

we may take −ω2/ω1 as our τ , and otherwise, if Im(ω1/ω2) ≥ 1/2, then ω1/ω2 lies in

one of four copies of F under SL2(Z), and finding g takes time O(M(logC)). Letting

τ0 = ω1/ω2, the process of taking the negative of the inverse of τ0 if |Re(τ0)| ≤ 1/2, and

otherwise replacing τ0 with τ0−[Re(τ0)+1/2], and then updating g as appropriate will

find g such that gτ0 ∈ F . On inverting τ0 when Im(τ) ≤ 1/2, Im(−1/τ0) ≥ 2Im(τ0),

so the required number of steps is O(− log Im(τ0)). The modular discriminant ∆(τ)

decays exponentially as τ0 moves towards the cusp at 1/2, and by Proposition 5.2 of

[68] the entries of g grow only polynomially. So − log Im(τ0) = O(log logC), and the

time required for finding g is then O(M(logC) log logC). We note that if a τ0 we

calculate is sufficiently close to the boundary of the fundamental domain (within the

precision), we will not be able to decide whether τ0 is within the standard fundamental

domain — at this point we would output τ and g corresponding to τ0. However, such

a τ would be sufficiently close to the fundamental domain that this will not affect our

computations.

In order to calculate z0, we first compute z1
cω1+dω2

. By the relations

℘(z0 ± 1, τ) = ℘(z0 ± τ, τ) = ℘(z0, τ),

℘(−z0, τ) = ℘(z0, τ),

we may then compute z0 satisfying the conditions of [50]. We now consider the

running time of these calculations. Firstly, z1 is bounded in absolute value by |ω1+ω2|.
Algorithm 7.4.7 of [24] computes ω1 and ω2 as a constant divided by AGM(α, β) (the

arithmetic-geometric mean), where α and β are positive, and bounded below in terms

of the root separation of our elliptic curve. For example, in the disconnected case,

letting e1 > e2 > e3 be the (real) roots of 4x3 + Ax+B,

ω2 =
2πi

AGM(
√
e1 − e3,

√
e2 − e3)

.

The absolute value of this is then bounded by exp(c logC) by standard root separation

results (one could even use Liouville’s inequality). The absolute value of ω1 is bounded
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similarly, as are ω1, ω2 in the connected case. Furthermore, by Lemma 5.3, cω1 +

dω2 is bounded below in absolute value by exp(−0.61 logC − 4.9), so
∣∣∣ z1
cω1+dω2

∣∣∣ ≤
exp(c′ logC). We may therefore calculate z0 to the required absolute precision in

time O(M(logC)).

The algorithm of [50] computes θij(z; τ), for τ ∈ F , |Re(z)| ≤ 1/2, and 0 ≤
Im(z) ≤ Im(τ)

2
, to an absolute precision of P bits in time O(M(P ) logP ). We note

that if |θ11(z0; τ)| is smaller than the bound of the hypothesis of Proposition 5.1, then

by Lemma 5.4, the point is not one of rational torsion, and may be rejected, and that

the calculation of the theta terms may be done in time O(M(logC) log logC).

By the isomorphism of E : y2 = 4x3 + Ax+ B with E ′ : y2 = x3 + 4Ax+ 16B, if

(x, y) is a torsion point of E, then (4x, 4y) is a torsion point of E ′, and so has integer

coordinates, so a precision of 1/8 is sufficient to determine the unique candidate

torsion point. Having calculated the x-coordinate, and rejecting the point if |x| ≥
162C, the potential y-coordinate may be computed to precision 1/8 by the extraction

of the square root of 4x3+Ax+B, in time O(M(logC) log logC). If the corresponding

integer point (4x, 4y) lies on E ′, we then may test whether the point is of finite order,

for which we need only test up to order 12, by Mazur’s theorem [60], and reject the

point if it is not of finite order. This takes time O(M(logC)).

As in [28], the basis obtained by the algorithm of [24], pg. 391 has the property

that multiples of ω1 correspond to the infinite component of E, and translates of these

by ω2/2 correspond to the bounded component of E, if it exists. So we determine

whether the division points ω1/n, ω1/n + ω2/2, n ≤ 12 indeed correspond to points

of rational torsion, and a finite computation will yield the group structure (including

here the points (0, y)), and this requires a constant number of steps of time complexity

O(M(logC) log logC).
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Chapter 6

An algorithm to combine linear
congruences

In this chapter we describe an improvement to algorithms for determining numbers

satisfying congruence conditions modulo primes. The first automatic method to com-

bine linear congruences was a mechanical device built by D.H. Lehmer, described in

[55], made of a common axle turned by a motor, with bike chains with coprime num-

bers of links hanging from the axle, with each link carrying a pin or not depending on

the congruence conditions modulo the length of its chain. The pin actuates a circuit

breaker when it reaches the top of the common axle, and if all of the links at the top

have pins, then the circuit powering the motor is cut, and the number satisfying the

congruence conditions can be retrieved. There were further mechanical devices made,

and when electronic computers became available, algorithms commonly split the do-

main under consideration into congruence classes. For example if the modular tests

are
(
n
p

)
= 1 for p prime and ≥ 3, then numbers may be tested by considering sepa-

rately the two congruence classes 1 + 15n and 4 + 15n, speeding up the computation

15/2 times.

Bernstein [8] introduced a new method, doubly-focused enumeration, which makes

use of the Chinese remainder theorem to pre-sieve by many primes. In order to test

n < H, we take two products of primes P1, P2, P1P2 ≥ H, where this product

is taken much larger than H. Then the numbers a1 modulo P1 which satisfy the

modular conditions modulo each prime dividing P1 are precomputed, and similarly

for P2. By the Chinese remainder theorem, every number up to P1P2 which satisfies

the modular conditions will be equal to a1n1 +a2n2 mod P1P2 for some precomputed

a1, a2, and n1, n2 associated to the Chinese remainder theorem for P1 and P2. This

allows for a much greater speedup than separating into congruence classes — indeed

it is testing, as opposed to many numbers in various congruence classes, one number
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in each admissible congruence class modulo P1P2 which is < H. As an example, if

the modular tests are again
(
n
p

)
= 1 for primes p ≥ 3, and we wish to test numbers

up to 1011, we can take P1 to be the product 3 · 5 · 7 · 11 · 13 · 17 · 19, and P2 the

product 23 · 29 · 31 · 37 · 41 · 43 · 47, then 3 · 1017 ≈ P1P2 > 1011, and the number of

numbers which remain to be tested is roughly 1011 ·
∏14

i=2
pi−1
2pi
≈ 1.1 · 106, a speedup

of roughly 60000 times. Our algorithm is based on the doubly-focused enumeration

algorithm of Sorenson [81].

Our novelty is to test, as opposed to each number individually, a bit-vector C

corresponding to many numbers at once: letting ab correspond to the b’th bit of C, if

vi,j is a bit-vector where the b’th bit is 1 if
(
j−a0+ab

pi

)
6= 1, and zero otherwise, then

bitwise-ORing C with vi,a0 mod pi will simultaneously test all ab, and each test with a pi

will eliminate (by setting its corresponding bit to 1) roughly 1/2 of the remaining ab in

one hardware operation. With for example 512 bits, this will require roughly 12 tests

to eliminate 512 numbers, as opposed to the average of roughly two tests to eliminate

any particular number tested directly with
(
n
pi

)
— a speedup of around 42 times,

however practical concerns do limit this to a certain extent. We test our algorithm

against that of Sorenson [81], and achieve a roughly 50 times speedup with B = 512 on

an Intel Xeon Gold 6140 (2017) compared to an AMD Opteron 8354 (2007). As their

code is private, we are not able to perform this comparison on the same hardware,

so some of this improvement is due to increased per-core performance. Benchmark

comparisons between these two processors indicate a roughly 50% improvement in

performance per thread for the Intel Xeon Gold 6140 over the AMD Opteron 8354.

Unfortunately our algorithm only allows for a small amount of “double focusing”.

The product P1P2 may be taken up to around 100 times larger than the size of the

search window before this starts to become counterproductive. As such our algorithm

is closer to a very efficient singly focused algorithm than Bernstein’s doubly focused

algorithm. It would be interesting to try to improve the amount of double focusing

possible with our algorithm.

We will apply this algorithm in the subsequent chapter to give a new bound for

negative discriminants with one class of binary quadratic forms in each genus.

We note the following application to finding pries in patterns, specifically Cun-

ningham chains, recently obtained from a variation of this algorithm. Cunningham

chains of the first kind are chains of primes pi such that pi+1 = 2pi + 1, and Cunning-

ham chains of the second kind are chains of primes pi such that pi+1 = 2pi − 1.
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Theorem 6.1. The smallest Cunningham chain of the first kind of length 18 begins

at

p = 776208125345634679522109.

the smallest Cunningham chain of the second kind of length 17 begins at

p = 8058978143544782179441.

The smallest and second smallest Cunningham chains of the second kind of length 18

begin at

p = 773377687199227745520601

and

p = 868594057941691288178401

respectively.

Our Cunningham chain of the first kind of length 18 is the first to be found, and

our chains of the second kind of lengths 17 and 18 are not the first to be found of this

length and type, but are the smallest. We note that finding the smallest chain of a

given length is harder than finding any chain of that length, for example the previous

smallest known Cunningham chain of the second kind of length 18 began at

117302256313688977973793781,

found by Jaroslaw Wroblewski, which is a 27 digit number, as opposed to our chains,

which begin with numbers of 24 digits. This type of algorithm is highly effective

at exhaustively finding chains, as long chains yield dense modular conditions (for

example, this approach has little value for finding primes in arithmetic progression,

as the common difference of length k chains must be divisible by
∏

p<k p, which yields

only one inadmissible value for the first value of such a chain for primes < k). In

comparison to the method of Sorenson and Webster [82] (which also implements a

bit-packing method of a different type), our algorithm is roughly 1000 times faster.

6.1 The algorithm

Let T (a, pα) hold if and only if a lies in a particular set of congruence classes modulo

pα, and T (a,Q) =
∧
pα‖Q T (a, pα). We fix B to be a number corresponding to the

bit-length of some hardware variable which may be readily bitwise-ORed. Further let

H1 < H2 be the two positive numbers between which we wish to test our modular

conditions.
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1. We first take coprime products of prime powers P1, . . . , Pk, and for each 1 ≤
i ≤ k, determine and list those 0 ≤ n < Pi such that T (n, Pi) holds, and let

P =
∏k

i=1 Pi.

2. Compute the parameters of the Chinese remainder theorem Mi such that if

a ≡ ni mod Pi, then a ≡
∑k

i=1 niMi
P
Pi

mod P . These Mi satisfy, for some

mi, Mi
P
Pi

+ miPi = 1. In particular, if a satisfies T (a, Pi), then as the Pj are

coprime, a ≡ niMi
P
Pi
≡ ni mod Pi, so if a satisfies

∧k
i=1 T (a, Pi), the values of

a mod Pi must be among our previously computed admissible values mod each

Pi, so every 0 ≤ a < P satisfying
∧k
i=1 T (a, Pi) is equal to

∑k
i=1 niMi

P
Pi

mod P ,

for some ni, 1 ≤ i ≤ k which are elements of our precomputed admissible values

modulo Pi.

3. Compute, for each Pi, njMi, and sort these into an increasing list Li, letting

the length of each be li. We denote the jth entry of the ith list by ri,j, indexed

from j = 0. For L1, append to this list copies of r1,l1 so that l1 is divisible by

B.

4. For two further sets of k′, k′′ coprime products of prime powers Q1, . . . , Qk′ ,

R1, . . . , Rk′′ , we compute the 0 ≤ n < Qi such that T (n,Qi) holds, and similarly

for Ri — we will use these to test the remaining values mod P . The Qi are

distinguished from the Ri as we will perform some precomputation to speed up

the testing by Qi.

5. Compute, for each 1 ≤ i ≤ k and 0 ≤ j < li, and each Qm, 1 ≤ m ≤ k′, the

number a such that 0 ≤ a < Qm and a ≡ ri,j mod Qm, and set Qm(ri,j) = a.

Also compute Qm(P ) similarly.

6. Begin loop over 0 ≤ n1 < l1/B.

7. Now we implement the key novelty of this algorithm. For each Qi we compute,

for each 0 ≤ j < Qi, a special bit-vector vi,j of length B, initialized to 0, as

follows: for each 0 ≤ b < B, we compute the modular value of j + r1,Bn1+b −
r1,Bn1 , and if T (j+r1,Bn1+b−r1,Bn1 , Qi) does not hold, we set the bth bit of vi,j to

be 1, and similarly with Ri, denoting the corresponding bit-vectors wi,j. As this

is done in the outer loop of our algorithm, it does not contribute significantly

to the running time.

8. Begin loop over 0 ≤ n2 < l2,. . . , 0 ≤ nk−1 < lk−1.
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9. Compute r1,Bn1 +
∑k−1

i=2 ri,ni modulo each Qj — let these be qj.

10. Compute A1 = r1,Bn1 +
∑k−1

i=2 ri,ni and A2 = r1,Bn1+B−1 +
∑k−1

i=2 ri,ni , and then

compute ε = max{m|A1−mP ≥ 0}. Then compute three ranges [e1, e2], [f1, f2],

and [g, lk] such that:

(a) e1 is minimal such that A2 + rk,e1 ≥ εP +H1, and e2 is maximal such that

A1 + rk,e2 ≤ εP +H2;

(b) f1 is minimal such that A2 + rk,f1 ≥ (ε+ 1)P +H1, and f2 is maximal such

that A1 + rk,f2 ≤ (ε+ 1)P +H2;

(c) g is minimal such that A2 + rk,g ≥ (ε+ 2)P +H1 if such a g exists (usually

there is no such g).

11. For e1 ≤ nk ≤ e2: let C be a bit-vector initialized to 0. We denote the bit-vector

of length B with all entries 1 by 1.

(a) For each Qi, calculate ai ≡ qi+Qi(rnk)−εQi(P ) mod Qi, and bitwise-OR

vi,ai with C, and if C = 1, restart the loop with nk + 1.

(b) Calculate A = r1,Bn1 +
∑k

i=2 ri,ni . We note that our precomputation of the

qi avoided the necessity of computing A and its values modulo each Qi to

test with Qi.

(c) For each Ri, calculate ai ≡ A − εP mod Ri, and bitwise-OR wi,ai with

C, and if C = 1, restart the loop with nk + 1. We note that owing the

generally large number of Ri we wish to test with, and the large sizes of

the lists Lj, it is infeasible memory-wise to precompute the values of rj,j′

mod Ri in order to speed up this step by avoiding the modulus operation

applied to the large number A− εP .

(d) If we have reached this step, then C 6= 1, so there are some rn1B+b +∑k
i=2 ri,ni − εP which have survived all testing. For 0 ≤ b < B, we test if

the b’th bit of C is equal to zero — this corresponds to a number which

has survived testing. We then compute a = rn1B+b +
∑k

i=2 ri,ni − εP — if

a ≤ H1 or a ≥ H2, then it is an extraneous value and may be discarded.

Otherwise, if a satisfies all further tests we wish to perform, we output

a as a number which has survived testing, and store it in an array to be

saved to disk.
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12. For f1 ≤ nk ≤ f2: Perform the steps of the loop over e1 ≤ nk ≤ e2 with ε

replaced by ε+ 1.

13. For g ≤ nk ≤ lk: Perform the steps of the loop over e1 ≤ nk ≤ e2 with ε replaced

by ε+ 2, if g exists.

Demonstration of validity. Suppose that 0 ≤ H1 ≤ a ≤ H2 < P and T (a, P ) holds.

Then a = r1,Bn1+b +
∑k

i=2 ri,ni − ε′P for some b, ε′, and (n1, . . . nk). Let A1 =

r1,Bn1 +
∑k−1

i=2 ri,ni and A2 = r1,Bn1+B−1 +
∑k−1

i=2 ri,ni , and ε = max{m|A1−mP > 0}.
As rk,nk ≤ P and |r1,Bn1 − r1,Bn1+b| ≤ P , ε ≤ ε′ ≤ ε + 2. If ε′ = ε, as the ri,j are

increasing in j,

H1 + εP ≤ a+ εP ≤ A2 + rk,nk , and

A1 + rk,nk ≤ a+ εP ≤ H2 + εP,

so e1 ≤ nk ≤ e2. If ε′ = ε+ 1, then

H1 + (ε+ 1)P ≤ a+ (ε+ 1)P ≤ A2 + rk,nk , and

A1 + rk,nk ≤ a+ (ε+ 1)P ≤ H2 + (ε+ 1)P,

so f1 ≤ nk ≤ f2. If ε′ = ε+ 2, then

H1 + (ε+ 2)P ≤ a+ (ε+ 2)P ≤ A2 + rk,nk ,

so g ≤ nk ≤ lk. We now show that the iteration of loops (n1, . . . nk) does indeed

test a in a valid manner. Supposing ε′ = ε, for step (a), the ai calculated is ai =

A1 + rk,nk − εP mod Qi, so as a = A1 − r1,Bn1 + r1,Bn1+b + rk,nk − εP , letting j = ai,

the value of a mod Qi is ai − rBn + rBn+b, so (by step 7) the b’th bit of vi,j is 1 if

T (a,Qi) does not hold, and 0 if it does hold. So if a fails the test mod Qi, the b’th

bit is set to one, and as all operations on C are bitwise-ORs, it will remain 1 through

the remainder of step (a) and through step (c) — then in step (d), the b’th bit of C

is one, so a is not computed, nor is it output as a survivor. If a passes all tests mod

the Qi, the b’th bit of C will remain 0 through step (a). Step (c) is similar, as are

the cases ε′ = ε + 1 and ε′ = ε + 2. Step (d) computes a itself if the b’th bit of C

has remained 0, and performs any remaining tests, so a is output if it passes all tests,

and not output if it fails any of the further tests, or tests modulo the Qi or Ri.

Remark. Each bitwise OR simultaneously tests B candidate numbers 0 ≤ a < P , and

on average will eliminate a candidate with the probability

#{T (a,Qi) does not hold |0 ≤ a < Qi}
Qi

,
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and similarly for the Ri. For example, in the case of pseudosquares (the mth pseu-

dosquare problem is to find the minimal non-square N such that N ≡ 1 mod 8 and(
N
pi

)
= 1 for 2 ≤ i ≤ m), each test will eliminate roughly half of the candidates

surviving up to that point, so in order to eliminate all B candidates, we require

O(logB) tests on average. However using a larger B does increase the size of the in-

tervals [e1, e2], [f1, f2], and [g, lk]. Tests on the pseudosquare problem show a roughly

33–50% speedup using B = 64 as opposed to B = 32, and a speedup of around 4

times using B = 512 over B = 64, making use of the 512-bit vector units available on

modern processors, however these speedups seem sensitive to the parameters of the

problem.

Remark. Increasing the sizes of the Pi will reduce the number of numbers which must

be tested in proportion to P , (for pseudosquares by roughly 1/2 for each prime used),

but when H2−H1 is too small compared to P , each iteration of the loops will test very

few numbers, so the overhead of precomputations will increase, and the size of the

ranges [e1, e2], [f1, f2], and [g, lk] do not decrease in exact proportion with H2 −H1.

To test the speed of this algorithm, we compare it to that of [81], which tested

the range [5 · 1024, 1025], making use of doubly-focused enumeration to determine the

largest currently known minimal pseudosquares. We take the following parameters:

H1 = 5 · 1024, H2 = 1025, B = 512,

P1 = 23 · 3 · 11 · 19 · 31 · 43 · 59 · 71, P2 = 5 · 13 · 23 · 37 · 47 · 61,

P3 = 7 · 17 · 29 · 41 · 53 · 67, Q1 = 73 · 79,

Q2 = 83 · 89, Q3 = 97 · 101,

Q4 = 103 · 107, Q5 = 109 · 113,

Ri−30 = pi,

where pi is the i’th prime, for i = 31 . . . 73. Modulo P1, there are 14387625 admissible

modular values, and performing 20 parallelized iterations of the loop in n1 takes an

average of around 2200 seconds per iteration, so that as the full algorithm requires

[14387625/512] + 1 = 28101 iterations of the outer loop, we estimate that the full

computation would take roughly 2 core-years, in comparison to that of [81], which

took, in 2009, roughly a core-century.
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Chapter 7

Discriminants with one class of
binary quadratic forms in each
genus

A discriminant d has one class of binary quadratic forms in each genus if and only if

each class of binary quadratic forms of discriminant d is ambiguous — its square in

the class group is the principal form. In particular, such a d has no binary quadratic

forms ax2 + bxy + cy2, with 0 < b < a and a coprime to d, for then ax2 + bxy + cy2

and ax2 − bxy + cy2 are inequivalent binary quadratic forms of discriminant d lying

in the same genus, as the number a is properly represented by both forms, and so the

values of the generic characters at numbers represented by the forms are the same.

Gauss’ principal genus theorem states that a discriminant d has 2ω(d)−1 genera, so in

the case of one class per genus, the class number of d is 2ω(d)−1.

Discriminants with one class of binary quadratic forms in each genus are connected

to Euler’s idoneal numbers. These are numbers n such that if m is an odd number

properly and uniquely represented by the binary quadratic form x2 + ny2, and m is

coprime to n, then m is prime. Euler used these forms to produce large primes, and

found 65 such numbers n, conjecturing that his list is complete, the largest being

1848.

By Gauss’ theory of genera, those even negative discriminants −4n which have

one class of binary quadratic form in each genus yield idoneal numbers n, and the

opposite implication was established by Grube [37]. Euler’s form x2 + ny2 is then

the principal form of the discriminant −4n. Gauss conjectured that if a negative

discriminant has one class of binary quadratic forms in each genus, it has at most 32

genera, i.e. it has at most 6 distinct prime factors and its class number is at most

32. By Watkins’ [86] determination of all discriminants of class number ≤ 100, this
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conjecture is equivalent to −7392 being the largest discriminant with one class of

binary quadratic forms in each genus. We note that Euler’s conjecture that 1848 is

the largest idoneal number corresponds to −7392 being the largest even discriminant

with one class of binary quadratic forms in each genus. Their finiteness was proved

by Chowla [23], and Weinberger [88] proved by means of Tatuzawa’s theorem that

only one further such fundamental discriminant may exist, and that no further exist

under the Generalized Riemann Hypothesis. It is further known that if 23 ‖ d, and

d is a fundamental discriminant with one class per genus, then 4d will be a non-

fundamental discriminant with one class per genus, and this is the only situation a

further non-fundamental discriminant could have one class of binary quadratic forms

in each genus. A useful survey with a historical overview may be found in [46].

Applying our algorithm to combine linear congruences yields the following theorem.

Theorem 7.1. There are no negative fundamental discriminants d with one class of

binary quadratic forms in each genus satisfying 7392 < |d| ≤ 1021.

Subsequently we consider two conditions on the prime factors of d, and prove the

following two theorems.

Theorem 7.2. There are no negative fundamental discriminants d such that 2, 3, 5 - d
with one class of binary quadratic forms in each genus satisfying 7392 < |d| ≤ 105500.

Theorem 7.3. Suppose that d is a negative fundamental discriminant and |d| > 7392,

and let P be its largest prime factor. Then d has at least two classes of binary

quadratic forms in each genus if

P ≥ 5 · 1015|d|1/2(log|d|)5 log log|d|.

We note that extending Theorem 7.2 to the weaker condition of 2, 3 - d is certainly

feasible, and we believe that with further work (and computational resources) this

approach seems likely to be able to provide large general lower bounds, with no

divisibility criteria, for the one class per genus problem.

7.1 Sieving small discriminants

Firstly, if
(
d
p

)
= 1 for an odd prime p, then 0 6≡ d ≡ a2

1 ≡ a2
2 mod p for some

a1 ≡ −a2 mod p. If d ≡ 1 mod 4, if a1 is odd, then d − a2
1 ≡ 0 mod 4 and

d − a2
1 ≡ 0 mod p, and if a1 is even, then as p is odd, then a2 = −a1 + p is odd,

so d − a2
2 ≡ 0 mod 4 and d − a2

2 ≡ 0 mod p. If d ≡ 0 mod 4, then as one of
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a1, a2 is even, d − a2
i ≡ 0 mod 4 and d − a2

i ≡ 0 mod p for the even ai. Thus in

either case there exists k such that d = a2 − 4kp, so there exists a binary quadratic

form (p, a, k) of discriminant d, and if p ≤
√
|d|/3, then this form is reduced. If d

has only one class of binary quadratic forms in each genus, the only reduced binary

quadratic forms of discriminant d are of the form (a, a, c), (a, b, a), or (a, 0, c). As

0 < a < p, unless p = k, d has at least two binary quadratic forms in each genus. If

p = k, then |d| ≤ 4p2. So to eliminate possible fundamental discriminants d with one

class of binary quadratic forms in each genus, we apply our algorithm with the tests(
d
pi

)
6= 1 for 2 ≤ i ≤ 169. Then if |d| ≥ 4.1 · 107 > 4p2

169 and d fails a test, there

will exist a non-ambiguous binary quadratic form of discriminant d. We apply our

algorithm to combine linear congruences with the following parameters:

B = 64, H1 = 0, H2 = 1021,

P1 = 3 · 11 · 19 · 31 · 43 · 59, P2 = 5 · 13 · 23 · 37 · 47, P3 = 7 · 17 · 29 · 41 · 53,

Q1 = 61 · 67, Q2 = 71 · 73, Q3 = 79 · 83,

Q4 = 89 · 97, Q5 = 101 · 103, Ri−27 = pi,

where pi is the i’th prime, for i = 28, . . . , 169. No such discriminants were found,

this computation taking about six core-months. The range 7392 < |d| ≤ 4.1 · 107

may be tested directly, and none were found. This yields Theorem 7.1. We note that

compared to the pseudosquare problem, as we are testing
(
d
p

)
6= 1, as opposed to(

d
p

)
= 1 in the case of pseudosquares, there are roughly 8

∏n
i=2

pi+1
pi−1
≈ 100 times more

admissible values of d modulo p1 · · · · · pn.

7.2 Discriminants indivisible by 2, 3, or 5

We consider here odd fundamental discriminants d with one class of binary quadratic

forms in each genus, so d ≡ 1(4), and the possible forms occurring are as follows:

No Forms (a, a, a): −3a2 = d, so as d is fundamental and odd, d = −3.

No forms (a, 0, c): −4ac = d, but d is odd.

Forms (a, a, c): a2−4ac = d, so a|d. Suppose a|d, then as a· d
a
≡ 1(4), a−d/a ≡ 0(4),

so letting c = (a − d/a)/4 when a ≤ c gives a reduced form. In particular we have

such a form if a ≤
√
|d|/3.
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Forms (a, b, a): b2 − 4a2 = d. Suppose x|d,
√
|d|/3 < x <

√
|d|. d ≡ 1(4), so

d/x + x ≡ 0(4). So a = (|d|/x + x)/4, b = (|d|/x − x)/2 satisfy b2 − 4a2 = d and

(|d|/x − x)/2 < (|d|/x + x)/4 iff |d| < 3x2. However, we note that a form (a, b, a) is

equivalent to the form (2a− b, 2a− b, a) under the transformation f(x+ y,−x), and

that this form satisfies 2a− b = |d|/x+x
2
− |d|/x−x

2
= x ≤

√
|d|.

In particular, taking the forms (a, a, c), where a runs over the divisors of d which

are ≤
√
|d|, we obtain 2ω(d)−1 (not necessarily reduced) forms from distinct classes of

discriminant d, i.e. all of them.

7.2.1 The main inequality

Here we follow Section 3 of [86]. Let χk be a real primitive character modulo |k|, with

(d, k) = 1. Then we have(
|k||d| 12

2π

)s− 1
2

Γ(s)L(s, χk)L(s, χdk) = T (s) + T (1− s) + U(s)

where, denoting by Qd a set of binary quadratic forms of discriminant d, with one

element from each class, Q its elements, and a the coefficient of x2 in Q,

T (s) = Γ(s)ζ(2s)Pk(s)A(s)

(
|k||d| 12

2π

)s− 1
2

,

U(s) = 4π
1
2 |k|−1

∑
Q∈Qd

a−
1
2

∞∑
n=1

Ks− 1
2

(
πn|d| 12
a|k|

)
ns−

1
2

·
∑
y|n

y1−2sRe

 |k|∑
j=1

χk(Q(j, y))e

(
jn

|k|y

)
e

(
bn

2a|k|

) ,

Pk(s) =
∏
p|k

(1− p−2s),

A(s) =
∑
Q∈Qd

χk(a)a−s.

So noting that T
(

1
2

+ ix
)

= T
(

1
2
− ix

)
, evaluating the expression at a zero s = 1

2
+ it

of L(s, χk) gives
T
(

1
2

+ it
)

T
(

1
2

+ it
) = −1−

U
(

1
2

+ it
)

T
(

1
2

+ it
) ,

yielding the inequality

2|cos θ| =
√

(sin 2θ)2 + (−1− cos 2θ)2 ≤
∣∣U (1

2
+ it

)∣∣∣∣T (1
2

+ it
)∣∣ ,
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where θ = arg
(
T
(

1
2

+ it
))

. Letting

ϕ = arg

(
iζ(1 + 2it)Γ(1/2 + it)Pk(1/2 + it)

(
|k|
2π

)it)
,

F = |ζ(1 + 2it)Γ(1/2 + it)Pk(1/2 + it)| ,

which are quantities we may compute, the above inequality gives∣∣∣∣sin( t2 log|d|+ arg(A(1/2 + it)) + ϕ

)∣∣∣∣ ≤ |U(1/2 + it)|
2|A(1/2 + it)|F

. (7.1)

This inequality excludes ranges of d. We will establish upper bounds on |U(s)| and

|arg(A(1/2 + it))|, and a lower bound on |A(1/2+it)| in order to apply this inequality.

We define the important auxiliary quantity

B(s) =
∏
p|d

(
1 + χk(p)p

−s) ,
which will be used as an approximation to A(s).

Lemma 7.1. The term

A

(
1

2
+ it

)
=
∑
Q∈Qd

χk(a)a−1/2−it

is bounded below by

|B(1/2 + it)| − 2ω(d)−1

|d|1/4
.

Proof. Firstly, we have the two expressions

A(s) =
∑

pi1 ···pik≤
√
|d|

pij |d distinct

l≤ω(d)

χk(pi1) · · ·χk(pil)(pi1 · · · pil)−s,

B(s) =
∑

pij |d distinct

l≤ω(d)

χk(pi1) · · ·χk(pil)(pi1 · · · pil)−s,

so that the difference between this and B(s) at s = 1/2 + it is bounded by

∑
pi1 ···pil≥

√
|d|

(pi1 · · · pil)−1/2 ≤ 2ω(d)−1

|d|1/4
.
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Now to bound arg(A(1/2 + it)), we have the following lemma.

Lemma 7.2. Let

R1 =
2ω(d)−1

|d|1/4
,

R2 =
2ω(d)−2 log|d|
|d|1/4

,

C(s) = −
∑
p|d

χ(p)(log p)p−s

1 + χ(p)p−s
.

Then arg(A(1/2 + it)) is bounded in absolute value by

t

 sup
τ∈[ 12 ,

1
2

+it]

∣∣∣∣C (1

2
+ iτ

)∣∣∣∣+
R2

infτ∈[ 12 ,
1
2

+it]

∣∣B (1
2

+ iτ
)∣∣


·

(
1− R1

infτ∈[ 12 ,
1
2

+it]

∣∣B (1
2

+ iτ
)∣∣
)−1

.

Proof. We first bound the derivative of A(s),

A′(s) = −
∑
Q∈Qd

(log a)χ(a)a−s

in terms of

B′(s) = −
∑

pi1 ···pik |d

(log pi1 · · · pik)χ(pi1 · · · pik)pi1 · · · p−sik .

Similarly to the previous lemma, their difference is bounded, at s = 1
2

+ it, by

2ω(d)−2 log|d|
d1/4

.

Now to bound A′/A, we first have, by the above, |A′| ≤ |B′| + R2, and by Lemma

7.1, |A| ≥ |B| −R1, so that when |B| ≥ R1,∣∣∣∣A′A
∣∣∣∣ ≤ |B′|+R2

|B| −R1

=
|B′|
|B|
· |B|
|B| −R1

+
R2

|B| −R1

=

(∣∣∣∣B′B
∣∣∣∣+

R2

|B|

)(
1− R1

|B|

)−1

.

We now give our expression for B′

B
,

−
∑

q|d(log q)χk(q)q
−s∏

p|d,p 6=q(1 + χk(p)p
−s)∏

p|d(1 + χk(p)p−s)
= −

∑
p|d

χk(p)(log p)p−s

1 + χk(p)p−s
=: C(s).
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As the argument of A
(

1
2

)
is 0, the argument of A

(
1
2

+ it
)

is bounded by∫ t

0

∣∣∣∣A′(1/2 + iy)

A(1/2 + iy)

∣∣∣∣ dy.
Over this interval, we may bound

∣∣∣A′(1/2+iy)
A(1/2+iy)

∣∣∣ by sup
τ∈[ 12 ,

1
2

+it]

∣∣∣∣C (1

2
+ iτ

)∣∣∣∣+
R2

infτ∈[ 12 ,
1
2

+it]

∣∣B (1
2

+ iτ
)∣∣


·

(
1− R1

infτ∈[ 12 ,
1
2

+it]

∣∣B (1
2

+ iτ
)∣∣
)−1

,

and the lemma follows.

7.2.1.1 Computation of bounds on A and its argument

To give a lower bound for B(1/2 + it), we take first a list of the absolute values of(
1 + χk(p)p

−1/2+it
)
, for the first ω(d) primes under consideration (i.e. starting from

7). For subsequent primes pi we compare the largest absolute value in the list with

that of
(

1 + χk(pi)p
−1/2+it
i

)
, and if

(
1 + χk(pi)p

−1/2+it
i

)
is smaller, it replaces the

largest value in the list. This process is continued until the largest value in the list is

smaller than
(

1− p−1/2
i+1

)
, as this is a lower bound for all subsequent primes, at which

point we have a lower bound for B(1/2 + it).

In order to give an upper bound for |B
′|
|B| , we take a list of values of∣∣∣∣ (log p)p−1/2−iτ∗

1 + χ(p)p−1/2−iτ∗

∣∣∣∣ ,
where τ ∗ = 0 if χk(p) = −1, and τ ∗ = it if χk(p) = 1 — as t log p ≤ π this maximizes

the term over the interval τ ∗ ∈ [0, t]. Similarly to before, we replace the smallest

element of our list by ∣∣∣∣∣ (log pi)p
−1/2−iτ∗
i

1 + χ(pi)p
−1/2−iτ∗
i

∣∣∣∣∣
if the expression in pi is larger, until all elements of the list are larger than∣∣∣∣∣(log pi+1)p

−1/2
i+1

1− p−1/2
i+1

∣∣∣∣∣ ,
as this is an upper bound for all subsequent primes.

The bounds for A(1/2 + it) and its argument then follow from Lemma 7.1 and

Lemma 7.2.
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7.2.2 A computational bound on U(1/2 + it) for k = −17923

Here we consider the expression

UQ(s) := 4
√
π|k|−1a−1/2

∞∑
n=1

Ks−1/2

(
πn|d|1/2

a|k|

)
ns−1/2

·
∑
y|n

y1−2sRe


|k|∑
j=1

χ(Q(j, y))e

(
jn

|k|y

)
e

(
bn

2ak

) ,

where k = −17923, and

Kv(x) =

∫ ∞
1

e−
x
2

(u+u−1)(u−v−1 + uv−1)du

is the modified Bessel function of the second kind.

All computations of this section were performed by programs written using func-

tions from Arb [43], an arbitrary-precision ball arithmetic library.

We note that for x > 0 and Re(v) = 0, it is easily shown by that

|Kv(x)| ≤ |K0(x)| ≤
√

π

2x
e−x.

We let α =

√
|d|
a

, and split the above sum into four parts,

UQ(s) = UQ,L(s) + UQ,M(s) + UQ,H(s) + UQ,S(s),

where:

1. UQ,L(s) is the sum up to n = 2|k|,

2. UQ,M(s) is the sum from n = 2|k|+ 1 to 2 · 106 excluding n divisible by k2,

3. UQ,H(s) is the sum from n = 2 · 106 + 1 to infinity excluding n divisible by k2,

4. UQ,S(s) is the sum over n divisible by k2.

The value of t is given by

0.0309857994985 + θ · 10−13,

where |θ| ≤ 1.

We will now bound these four terms for our forms (a, a, c), a ≤
√
|d|.
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Lemma 7.3. With the above definitions, and k = −17923, it may be computed that

|UQ,L(1/2 + it)| ≤


230|d|−1/4 if α ≥ 1

107|d|−1/4 if α ≥ 100

32|d|−1/4 if α ≥ 1000

Proof. We first precompute the values of

|k|∑
j=1

χ(j2 + c′)e

(
jm

|k|

)
for all m, c′ 6≡ 0(|k|). As our binary quadratic forms are of the form (a, a, c), the

expression
|k|∑
j=1

χ(Q(j, y))e

(
jn

|k|y

)
may be put in this form by completion of the square and substitution assuming

a−1c 6≡ 4−1(|k|) and a 6≡ 0(|k|) — as we have assumed (d, k) = 1, and d = a2 − 4ac,

neither of these cases occur.

We then compute the sum up to 2|k| for each c′ 6≡ 0(|k|), and take their maximum.

This will be done for various values of α =
√
d/a. As

|k|∑
j=1

χ(aj2 + ajy + cy2)e

(
jn

|k|y

)
=

|k|∑
j=1

χ(a(j + 2−1y)2 + (c− 2−2)y2)e

(
jn

|k|y

)

= χ(a)

|k|∑
i=1

χ(i2 + c′y2)e

(
in

|k|y

)
e

(
−2−1yn

|k|y

)
,

we have, as 2−1 ≡ 8962(|k|),

UQ,L

(
1

2
+ it

)
=

4
√
πχ(a)α1/2

|k||d|−1/4

2k∑
n=1

Kit

(
απn

|k|

)
nit

·
∑
y|n

y−2itRe

e
(
−8962n

|k|

)
e

(
n

2|k|

) |k|∑
j=1

χ(j2 + c′y2)e

(
jn

|k|y

) .

We note that the final character sum in this expression is real. We will bound this

expression by computing the maximum value over c′ of

C(α) :=

2|k|∑
n=1

Kit

(
απn

|k|

)
nit
∑
y|n

y−2it

·

(
Re

{
e

(
−8962n

|k|

)
e

(
n

2|k|

)} k∑
j=1

χ(j2 + c′y2)e

(
jn

|k|y

))
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for a sufficient number of values of α, by computing its absolute value at various

gridpoints, and using a bound on its derivative between these gridpoints. A first

bound on the absolute value of the derivative with respect to α of this expression is

as follows:

D(α) := 2
√
|k|

∞∑
n=1

d(n)
πn

|k|

∣∣∣∣K ′it(απn|k|
)∣∣∣∣ ,

where d(n) is the number of divisors function. One may deduce this by taking the

absolute value of the derivative, and using the bound of 2
√
|k| of Lemma 6 of [88] for

the expression ∣∣∣∣∣∣
|k|∑
j=1

χ(Q(j, y))e

(
jm

|k|

)∣∣∣∣∣∣ ,
when (y,m, |k|) = 1, which holds in all cases here as n ≤ 2|k|.

Using the differential relation

2eπiνK ′ν(x) = eπi(ν+1)Kν+1(x) + eπi(ν−1)Kν−1(x),

we have the following expression for D(α),

D(α) =
π√
|k|

2|k|∑
n=1

nd(n)

∣∣∣∣Kit+1

(
απn

|k|

)
+Kit−1

(
απn

|k|

)∣∣∣∣ .
Now using the integral expression of the modified Bessel function Kν ,

Kν(x) =

∫ ∞
1

e
x
2

(u+u−1)(uν−1 + u−ν−1)du,

the sum |Kit+1(x) +Kit−1(x)| is bounded as follows:∣∣∣∣ ∫ ∞
1

e
x
2

(u+u−1)(uit + u−it−2)du+

∫ ∞
1

e
x
2

(u+u−1)(uit−2 + u−it)du

∣∣∣∣
= 2

∣∣∣∣ ∫ ∞
1

e
x
2

(u+u−1) cos(t log u)(u+ u−2)du

∣∣∣∣
≤ 2

∫ ∞
1

e
x
2

(u+u−1)(u+ u−2)du

= 2K1(x).

We now have a bound for |D(α)| of

|D(α)| ≤ 2π√
|k|

2|k|∑
n=1

nd(n)K1

(
απn

|k|

)
=: E(α),
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Which serves as our bound on the derivative of C(α). We note that this is decreasing

in α, so that for h > 0,

|C(α + h)| ≤ |C(α)|+ hE(α).

We aim for a bound of 580000α−1/2 on C(α) for α ∈ [1, 100], of 280000α−1/2 for α ∈
[100, 1000], and of 80000α−1/2 for α ∈ [1000,∞). So, with α0 = 1, upon calculation

of C(αi) and E(αi), we take αi+1 to be greatest number such that

|C(αi)|+ (αi+1 − αi)E(αi) ≤ cα
−1/2
i+1 ,

where c is 580000, 280000, or 80000 depending on whether αi+1 is in the range [1, 100],

[100, 1000], or [1000,∞), and repeat the calculations for αi+1. We perform these

calculations up to αi+1 = 109, and verify the bounds of cα−1/2 on C(α). For α ≥ 109,

letting

g(x) = x−1e−x(1 + log(1 + x−1)),

the second to last equation in the proof of Lemma 9 [62] gives the bound of

|UQ(1/2 + it)| ≤ 4

(
π

|k|

)1/2
∏

p|k

(2 + 3p−3/2)

 a−1/2g

(
π|d|1/2

2a|k|

)

≤ 3000
a1/2

|d|1/2

≤ 3000α−1/2|d|−1/4

≤ 0.1|d|1/4,

which yields ∣∣∣∣4πk−1 α
1/2

|d|1/4
C(α)

∣∣∣∣ ≤ 0.1|d|−1/4

for α ≥ 109. Now multiplying each of 580000, 280000, and 80000 by 4
√
π|k|−1 yields

the lemma.

We now computationally bound the sum over 2|k| ≤ n ≤ 2 · 106.

Lemma 7.4.

|UQ,M(1/2 + it)| ≤ 7|d|−1/4.
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Proof. By Lemma 6 of [88], the expression∣∣∣∣∣∣
|k|∑
j=1

χ(Q(j, y))e

(
jn

|k|y

)∣∣∣∣∣∣
is bounded in absolute value by 2

√
|k| if (y, n/y, |k|) = 1, and by |k| if (y, n/y, |k|) =

|k|, so as k2 - n, as we have excluded these terms from the sum in UQ,M , we take the

bound 2
√
|k|, giving∣∣∣∣∣a−1/2

2·106∑
n=2|k|
k2-n

Kit

(
πn|d|1/2

a|k|

)
nit
∑
y|n

y−2tRe


|k|∑
j=1

χ(Q(j, y))e

(
jn

|k|y

)
e

(
n

2|k|

)
∣∣∣∣∣

≤ 2
√
|k|a−1/2

2·106∑
n=2|k|

d(n)K0

(
πn|d|1/2

a|k|

)
. (7.2)

We compute the following bound on the first term when α = |d|1/2
a

= 1:

2·106∑
n=2p

d(n)K0

(
πn

|k|

)
< 58.

As may easily be shown,
√
αK0(ατ) is decreasing in α for τ ≥ π and α ≥ 1, so this

serves as a bound regardless of the ratio α =
√
|d|/a. So as a−1/2 =

√
α|d|−1/4, we

obtain

2
√
|k|a−1/2

2·106∑
n=2|k|

d(n)K0

(
πnα

|k|

)
< 15530|d|−1/4,

and multiplying by 4
√
π|k|−1 yields the lemma.

We now bound the sum for terms n ≥ 2 · 106, k2 - n.

Lemma 7.5.

|UQ,H(1/2 + it)| ≤ 0.001|d|−1/4

Proof. We note again that
√
αK0(ατ)

is decreasing in α for τ ≥ π and α ≥ 1, and 0 < K0(x) ≤
√

π
2x
e−x. Substituting this

into equation 7.2 of the previous lemma, we have the bound

a−1/2 · 2
√
|k|

∞∑
n=2·106

d(n)K0

(nπα
k

)
≤
√
π|d|−1/4 · 8

√
|k|

∞∑
n=2·106

√
|k|d(n)√

2πn
e−πn/k

≤ |d|−1/4 · 6|k|
∞∑

n=2·106

√
ne−πn/k

≤ 0.001|d|−1/4,
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and multiplying by 4
√
π|k|−1 yields the lemma.

Lemma 7.6.

|UQ,S(1/2 + s)| ≤ 0.001|d|−1/4.

Proof. The term ∣∣∣∣∣∣
|k|∑
j=1

χ(Q(j, y))e

(
jn

|k|y

)∣∣∣∣∣∣
is bounded by |k|, as (n, n/y, k) = |k|, so similarly to the previous two lemmas,

|d|−1/4|k|
∞∑
n=1

d(|k|2n)K0(|k|πn) ≤ |d|−1/4|k|5/2
∞∑
n=1

√
ne−|k|πn

≤ 0.001|d|−1/4,

and again multiplying by 4
√
π|k|−1, we obtain the lemma.

From these lemmas we conclude the following.

Proposition 7.1. Let d be an odd negative fundamental discriminant having one

class of binary quadratic forms in each genus such that (d, 17923) = 1, let Q be a

binary quadratic form (a, a, c) of discriminant d, and let α =

√
|d|
a

. Then

∣∣∣∣UQ(1

2
+ it

)∣∣∣∣ ≤


238d−1/4 if α ≥ 1,

115d−1/4 if α ≥ 100,

40d−1/4 if α ≥ 1000.

We note that the equivalent bound of Montgomery and Weinberger [88] is roughly

8994|d|−1/4, and of Watkins [86] is roughly 672|d|−1/4, for α ≥
√

3.

7.2.3 Preliminary bounds on |d|

Here we apply the inequality 7.1 to d such that 2, 3, 5 - d, separating into various

numbers of prime factors of d, using the bounds of Lemma 7.1, Lemma 7.2, and

Proposition 7.1. The bounds obtained are listed in Table 7.1. We will now exclude

any other possibility of number of factors of d for |d| ≤ 1060. Using Robin’s [75]

bound on the number of distinct prime factors of d,

ω(d) ≤ log|d|
log log|d|

+ 1.45743
log|d|

(log log|d|)2
,

and applying the inequality 7.1, again together with Lemma 7.1, Lemma 7.2, and

Proposition 7.1, yields that there are no d such that 1046.8 ≤ |d| ≤ 1060. As the
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Table 7.1: |d| ≤ 10x for various ω(d)
ω(d) Bound ω(d) Bound

8 16.5 19 31.5
9 18.0 20 32.8
10 19.4 21 34.1
11 20.8 22 35.5
12 22.1 23 36.8
13 23.6 24 38.1
14 24.8 25 39.6
15 26.1 26 41.0
16 27.4 27 42.5
17 28.8 28 44.0
18 30.1 29 45.5

product of the smallest 29 primes starting from 7 is ≥ 1049, we need only consider d

with fewer than 29 prime factors, and we already have the lower bound of Theorem

7.1, |d| ≥ 1021, so we need only test for discriminants with between 12 and 28 prime

factors. The products of primes starting from 7 of lengths 23–28 are greater than

their respective bounds in Table 7.1, so we do not need to test these. We will use

an algorithm to eliminate the possibility of d having a particular number of prime

factors, after we improve these bounds in a subsequent section. In particular, we have

so far shown the following exclusion.

Proposition 7.2. If d is a negative fundamental discriminant with one class of binary

quadratic forms in each genus such that 2, 3, 5 - d and |d| ≤ 1060, d has at least 12

and at most 22 prime factors.

7.2.4 An application of the Berry–Esseen inequality

Here we bound the number of positive divisors of d close to
√
|d| in order to make use

of Proposition 7.1. We make use of an explicit version of a quantitative central limit

theorem due independently to Berry [9] and Esseen [32]. Their result bounds the

difference between the cumulative distribution functions of the normal distribution

and of a sum of n independent variates.

We consider d in the following manner: its prime divisors correspond to our vari-

ates, and its divisors correspond to sums of these variates. As our d has a relatively

large number of prime factors, we will have large number of variates — enough to

yield a useful bound on the distribution of divisors. These divisors, and hence the
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associated binary quadratic forms, will be distributed somewhat similarly to the nor-

mal distribution. This then will allow us to make use of our previous bounds on Q

which depend on α.

We first define the variates ξp, for each p dividing d, by

P
(
ξp =

log p

2σ

)
= 1/2,

P
(
ξp = − log p

2σ

)
= 1/2,

where

σ =

√√√√∑
p|d

(log p)2

4
.

These have means 0, variances (log p)2

4σ2 , sum of variances 1, and absolute third mo-

ments (log p)3

8σ3 . We let N (x) be the cumulative distribution function of the normal

distribution, and F (x) the cumulative distribution function of
∑

p|d ξp.

We now apply our explicit Berry–Esseen theorem, due to Shevstova: by Theorem

1 of [79],

sup
0≤x≤1

|F (x)−N (x)| ≤ 0.56

∑
p|d

(log p)3

8σ3

 =: R.

Now R is maximized when p are chosen so that p1, . . . pω(d)−1 are the first primes

starting from 7, and pω(d) is the largest prime such that p1 · · · · · pω(d) is bounded

by our bound Bn on d with n divisors. In particular, we simply take Bn
7·····qn+2

in our

calculation, where qi is the i’th prime, as this is an upper bound on pω(d). Now a

particular value taken by the sum of these variates corresponds to a divisor of d as

follows: ∑
p|d

ξp +
log|d|

2σ
=

log
(∏

p|d,ξp>0 p
)

σ
,

and so a divisor bounded by
√
|d|/α corresponds to a sum of the ξp bounded by

− logα/σ. Our lower bound is then given by

P

∑
p|d

ξp ≤
− logα

σ

 ≥ N (− logα

σ

)
−R,

from which we deduce an upper bound for the number of divisors between
√
|d|/α

and
√
|d|. Taking α = 10, 100, 1000, we may apply the estimates for |UQ(s)| of
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Table 7.2: |d| ≤ 10x for various ω(d)
ω(d) Bound ω(d) Bound
12 22.0 18 29.7
13 23.4 19 31.0
14 24.7 20 32.1
15 26.0 21 33.4
16 27.2 22 34.7
17 28.5 — —

Proposition 7.1, as these divisors correspond to binary quadratic forms (a, a, c) with

particular ratios

√
|d|
α

.

The remainder terms involved in the estimation of A(1/2+it) and arg(A(1/2+it))

are also improved. As an example, for Lemma 7.1, if there are ≥ 0.2 · 2ω(d)−1 divisors

≤
√
|d|

10
, then there are also ≥ 0.2 · 2ω(d)−1 divisors ≥ 10

√
|d|, which then contribute

≤ 0.2·2ω(d)−1
√

10|d|1/4 to the difference between A(1/2 + it) and B(1/2 + it), giving the bound

|A(1/2 + it)−B(1/2 + it)| ≤ 0.8 · 2ω(d)−1

|d|1/4
+

0.2 · 2ω(d)−1

√
10|d|1/4

≤ 0.87
2ω(d)−1

|d|1/4
,

and there is a similar improvement for Lemma 7.2. The new bounds derived from

equation 7.1 after our application of the Berry–Esseen inequality are listed in Table

7.2.

7.2.5 The algorithm

Our algorithm to deal with these cases is straightforward — we simply take a suffi-

ciently large list of primes, and then, for a particular number of prime factors, say n,

have n loops, where each loop runs over primes starting from the prime succeeding

that of the previous loop, and at each step of the inner loop, we test whether the

product −pi1 · · · · · pin is a non-zero quadratic residue modulo test primes q. A partic-

ular iteration of the loop is exited when the product of primes taken is larger than our

bound on |d| for the particular number of factors. As an example, at the beginning

of the algorithm, we test −p1 · · · · ·pn−2 ·pn−1 ·pn, then −p1 · · · · ·pn−2 ·pn−1 ·pn+1, and

so on until this product exceeds our bound, at which point we have finished the inner

loop. The penultimate loop then increments, and we repeat the inner loop starting

from −p1 · · · · · pn−2 · pn · pn+1. Running this with the bounds of Table 7.2 eliminated

all possible discriminants in roughly 1000 core-hours.

Together with Proposition 7.2, this yields the following exclusion.
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Proposition 7.3. There are no negative fundamental discriminants d, 2, 3, 5 - d with

one class of binary quadratic forms satisfying 7392 < |d| ≤ 1060.

Remark. This algorithm is of course quite basic, and some improvements can be made.

Firstly, as the algorithm is running, and it iterates through primes, we know some of

the primes which divide d, and this allows us to dynamically calculate the bounds on

|A| and arg(A) in order to obtain better upper bounds via equation 7.1 to which we

must test. We tested this in the case of 12 prime factors, recalculating upper bounds

at each iteration of the loop corresponding to the 8th prime divisor, and this provided

a roughly 6 times speedup.

A further improvement is to the handling of the last loop. We precompute the

Jacobi symbols of all the primes under consideration with respect to 30 or so primes,

and before the final loop begins, compute
(
q1····qn−1

p

)
for these 30 test primes p, and

using a bit-packing method similar to our algorithm to combine linear congruences

can simultaneously test many qn.

In testing, these improvements together speed up our algorithm by roughly 150

times, and we were able to eliminate the possibility of d having 12 prime factors and

being indivisible by 2 or 3, so we believe that with not too much further work the

above result may be extended fully to d indivisible by 2 or 3.

We have also since developed an improved manner of parallelization for this algo-

rithm.

Indeed we expect that these speedups will be greater as the divisibility criteria

on d are relaxed, and hope that these improvements, perhaps together with dynami-

cally applying the improvements obtained from the Berry–Esseen theorem, and more

computational resources, should allow us to completely eliminate the possibility of

small discriminants with no divisibility conditions. We very roughly estimate that

with the above described algorithmic improvements the necessary computations for

the general case (with no divisibility criteria) would require 100–1000 core-years.

7.2.6 An application of Watkins’ inequality

Here, in order to obtain a larger range of exclusion, we apply Watkins’ [86] general

bounds for U(s). However, as this applies only to expansions of L(s, χd) in terms

of reduced binary quadratic forms, we must consider forms (a, b, a) in addition to

forms (a, a, c). We derive the new appropriate bounds on A(s) and argA(s) for

A(s) =
∑

Q∈Qd χk(a)a−s.
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Lemma 7.7. The term

A(1/2 + it) =
∑

χk(a)a−1/2+it

is bounded below in absolute value by

|B(1/2 + it)| − 2ω(d)+1

|d|1/4
.

Proof. Letting G(s) be the sum
∑
χk(a)a−s, where a ranges over the minima of re-

duced binary quadratic forms of the form (a, b, a), and recalling that these correspond

to divisors of d which lie between
√
|d|/3 and

√
|d|, we have the expressions

A(s) =
∑

pi1 ···pil≤
√
|d|/3

pij |d distinct

l≤ω(d)

χk(pi1) · · ·χk(pil)(pi1 · · · pil)−s +G(1/2 + it)

and

B(s) =
∑

pij |d distinct

l≤ω(d)

χk(pi1) · · ·χk(pil)(pi1 · · · pil)−s.

Their difference is bounded in absolute value by∑
pi1 ···pil≥

√
|d|

pij |d distinct

l≤ω(d)

(pi1 · · · pil)−1/2 +
∑

√
|d|≥pi1 ···pil≥

√
|d|/3

pij |d distinct

l≤ω(d)

(pi1 · · · pil)−1/2 + |G(1/2 + it)|.

For reduced binary quadratic forms of the form (a, b, a), as d = b2−4a2, a is bounded

below by
√
|d|/2. This gives an upper bound on the terms in G(1/2 + it) of 21/2

|d|1/4 , so

the difference is bounded by

2ω(d)−1 + 31/42ω(d)−1 + 21/22ω(d)−1

|d|1/4
≤ 2ω(d)+1

|d|1/4
.

Lemma 7.8. Let

R1 =
2ω(d)+1

|d|1/4
,

R2 =
2ω(d) log|d|
|d|1/4

,

C(s) = −
∑
p|d

χ(p)(log p)p−s

1 + χ(p)p−s
.
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Then arg(A(1/2 + it)) is bounded in absolute value by

t

 sup
τ∈[ 12 ,

1
2

+it]

∣∣∣∣C (1

2
+ iτ

)∣∣∣∣+
R2

infτ∈[ 12 ,
1
2

+it]

∣∣B (1
2

+ iτ
)∣∣


·

(
1− R1

infτ∈[ 12 ,
1
2

+it]

∣∣B (1
2

+ iτ
)∣∣
)−1

.

Proof. We first bound the derivative of A(s),

A′(s) = −
∑
a

(log a)χ(a)a−s

in terms of

B′(s) = −
∑

pi1 ···pik |d

(log pi1 · · · pik)χ(pi1 · · · pik)pi1 · · · p−sik .

Similarly to the previous lemma, their difference is bounded, at s = 1
2

+ it, by

2ω(d) log|d|
|d|1/4

.

Now to bound A′/A and thence |arg(A(1/2 + it))|, the remainder of the lemma pro-

ceeds as in Lemma 7.2.

We now make use of Lemma 10 and Lemma 12 of [86], which allow for k not

coprime to d. With (|k|, |d|) = g, this inequality gives

2|sin θ| ≤

(
W + 2ω(d)−1 2

√
2π|k|

√
g|d|1/4

e−πg/|k|

)
|T (1/2 + it)|−1, (7.3)

where

θ = arg
(
g1/2−sT (1/2 + it)

)
,

T (s) = Γ(s)ζ(2s)Pk(s)A(s)

(
|k||d| 12

2π

)s− 1
2

,

and, letting AUB be an upper bound for A(s) on the line Re(s) = 1/4,

W = 11

(
2πg

|k|
√
|d|

)1/4

AUB
∏
p|k

(
1 + p−1/2

)
.

We now bound AUB.
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Lemma 7.9. For all y real,

|A(1/4 + iy)| ≤
∏
i≤ω(d)

(1 + p
−1/4
i ) +

2ω(d)+1

|d|1/8
,

where pi is the ith prime.

Proof. By the same argument as Lemma 7.7, |A(1/4 + iy)| ≤ |B(1/4 + iy)|+ 2ω(d)+1

|d|1/8 ,

and

|B(1/4 + iy)| ≤
∏
p|d

(
1 + p−1/4

)
≤
∏
i≤ω(d)

(
1 + p

−1/4
i

)
.

Lastly, we make use of the following bound on ω(d) of Robin [75]:

ω(d) ≤ log|d|
log log|d|

+ 1.45743
log|d|

(log log|d|)2
,

from which we may bound |B(1/2 + it)|,
∣∣∣B′(1/2+it)
B(1/2+it)

∣∣∣, and
∏

i≤ω(d)

(
1 + p−1/4

)
.

We now apply these bounds in combination with Watkins’ inequality 7.3, for

k = −115147, with each of (|k|, |d|) = g = 1, 113, 1019, 115147, which eliminates the

range 1054 to 10770 for 2, 3, 5 - d, and similarly with k = −175990483 = −19·1427·6491

for each possibility of (|k|, |d|), which eliminates the range 1070 to 105500, and obtain

the following exclusion.

Proposition 7.4. There are no negative fundamental discriminants d, 2, 3, 5 - d with

one class of binary quadratic forms in each genus satisfying 1054 ≤ |d| ≤ 105500.

This combined with Proposition 7.3 yields Theorem 7.2.

7.2.7 Small gaps between zeros of Riemann’s zeta function

We note that from the (expected) existence of particularly small gaps between zeros

of Riemann’s zeta function, lower bounds for class numbers may be deduced by a

similar method to the above by evaluating the relation

ζ(s)L(s, χ) =
∑
Q

ζQ(s)

at 1/2+iγ1 and 1/2+iγ2. A possibility for further work would be to make use of a large

set of zeros, such as those of LMFDB [56], or to compute new zeros by for example the

methods of Bober–Hiary [15], and obtain ranges of exclusion from explicit zero-gaps.
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For example, a small gap of size 2π
1000 log T

, with γ1, γ2 around T = 1030 (indicated by

Bober–Hiari as a feasible area to compute ζ(z)) would exclude discriminants roughly

from 10150 to 10105 . Many such small gaps, the sizes of which do not lie in a close

harmonic ratio, can then be combined to give larger ranges of exclusion, likely up to

10106 and beyond.

We further note that, if we supposed that there existed θ, ε, and δε such that for any

T , there exist zeros of Riemann’s zeta function 1/2 + iγ1, 1/2 + iγ2, γ1, γ2 ∈ [T, T 1+δ],

such that
θ − ε
log T

≤ |γ2 − γ1| ≤
θ + ε

log T
,

then if ε and δ are sufficiently (absolutely) small, one could deduce both an “analytic”

proof of the class number one problem, and also an effective upper bound for negative

discriminants with one class of binary quadratic forms in each genus. In particular,

it would be interesting to attempt to prove, assuming the Riemann Hypothesis, that

there is always a gap sufficiently close to the average gap of 2π
log T

, or perhaps other

combinations of zeros. This seems as though it would be easier to obtain than proving

the existence of small gaps, which even assuming the Riemann Hypothesis seems

currently out of reach.

7.3 Discriminants with a large prime factor

We consider here a special case of the one class per genus problem, where the discrim-

inants under consideration have a large prime factor. The main argument proceeds in

a similar manner to Baker’s solutions of the class number one and two problems (see

for example [6]). We consider an expansion in terms of the Epstein zeta functions

associated to binary quadratic forms of products of L-functions, and reduce this to

a linear form in logarithms. In our case, the height of the coefficients in the linear

form in logarithms remains small as the minima of the binary quadratic forms are

all divisors of the discriminant. The large prime factor ensures that the minima are

small in comparison to the discriminant, which ensures that the “remainder” terms

of the Epstein zeta functions are sufficiently small. Watkins [87] indicates that the

spectral methods employed for his proof of the class number one problem would yield

the impossibility of a prime factor P � |d|1−α, for some positive α, though these

methods too are restricted to the situation of small minima.
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7.3.1 The main equality

This follows from [6]. Let k > 0, and d < 0 be the discriminants of the fields Q(
√
k),

Q(
√
d) respectively, and χ, χ′ be the Kronecker symbols

(
k
·

)
,
(
d
·

)
respectively. Then

assuming (k, d) = 1, we have the following,

L(1, χ)L(1, χχ′) =
1

2

∑
Q

π2

3

χ(a)

a

∏
p|k

(
1− 1

p2

)
+

∞∑
r=−∞

Ar,Qe
πirb/(ka)

 ,

where the sum over Q runs over the set of inequivalent reduced binary quadratic

forms of discriminant d, and where a and b are the first and second coefficients of Q.

The following hold,

|Ar,Q| ≤
4π√
|d|
|r|e−π|r|

√
|d|/(ka)

for r 6= 0, and

A0,Q =

{
− 4π

k
√
|d|
χ(a) log p k a prime power,

0 otherwise.

By the Dirichlet class number formula,

L(1, χ) =
2h(k) log ε√

k
, L(1, χχ′) =

h(kd)π√
k|d|

,

where ε is the fundamental unit of Q(
√
k), and h(k), h(kd) are the class numbers of

the fields Q(
√
k) and Q(

√
kd) respectively.

7.3.2 Estimates for some quantities

We computed in Section 7.1 that there are no further discriminants with one class

per genus such that |d| ≤ 1021. We use this fact implicitly to simplify the expres-

sions in subsequent bounds, for example replacing a bound of log log|d| by 0.09 log|d|.
Regarding the forms, for a reduced form (a, b, a), |d| = 4a2 − b2, with 0 ≤ b ≤ a.

Consequently a ≥
√
|d|/4, and (2a− b)|d, so that d has a factor between

√
|d|/4 and√

|d|. However P > 2|d|1/2, so all factors of |d| are either <
√
|d|/2 or > 2

√
|d|. So

all forms are of the form (a, 0, c) or (a, a, c), and so all occurring minima divide d.

In order to bound ω(d), we apply Robin’s bound (Theorem 12, [75]) on the number

of prime factors of a number:

ω(n) ≤ log n

log log n
+ 1.45743

log n

(log log n)2
.
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As |d|/P ≤
√
|d|, we have, for |d| ≥ 1021,

ω(d) ≤
log
√
|d|

log log
√
|d|

+ 1.45743
log
√
|d|

(log log
√
|d|)2

+ 1 ≤ log|d|
log log|d|

.

We will make use of this bound throughout the subsequent analysis.

7.3.2.1 The auxiliary factors

Here we define the parameter k which will be of importance to our analysis.

Lemma 7.10. Let k = q1q2, where q1, q2 are the first two primes which do not divide

d, and satisfy q1q2 ≡ 1(4). Then

1. k ≤ 1.62(log|d|)2,

2. The class number of Q(
√
k) is bounded by 0.64 log|d|,

3. The regulator of Q(
√
k) is bounded by 1.69 log|d| log log|d|,

4. The class number of Q(
√
kd) is bounded by 1.01

√
|d| log|d|,

5. The height of Q :=
∏

p|k

(
1− 1

p2

)
is bounded by 2.16(log|d|)4.

Proof. 1. Firstly, we have q1, q2 ≤ pω(d)+4, as taking the first three odd primes not

dividing d, two of them will be equal modulo 4, so that their product is congruent to

1 modulo 4, and hence k = q1q2 is the discriminant of the real quadratic field Q(
√
k).

By results of Rosser and Schonfeld (see Corollary to Theorem 3, [77]), for n ≥ 6,

pn ≤ n(log n+ log log n),

where pn is the n’th prime. So the qi are bounded by

qi ≤ pω(d)+4 ≤ (ω(d) + 4)(log(ω(d) + 4) + log log(ω(d) + 4)) ≤ 1.27 log|d|,

and so k is bounded by k ≤ 1.62(log|d|)2.

2. By a result of Le (Theorem (a), [54]), as k is square-free and ≡ 1(4), the class

number of the real quadratic field Q(
√
k) is bounded by

√
k/2 ≤ 0.64 log|d|.

3. Let ε be the fundamental unit of Q(
√
k). By a result of Hua, [42], p.329,

log ε ≤
√
k

(
1

2
log(k) + 1

)
,
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which yields a bound of

√
k

(
1

2
log(k) + 1

)
≤ 1.27 log|d|(log(1.27 log|d|) + 1)

≤ 1.69 log|d| log log|d|.

4. By a result of Paulin (Proposition 2.2, [63]), If D < 0 is a integer congruent to

0 or 1 modulo 4, then

h(D) <
1

π

√
|D|(2 + log|D|).

As k ≡ 1(4) and d ≡ 0 or 1(4), kd ≡ 0 or 1(4) and kd < 0, so

h(kd) ≤ 2
√
k|d|(2 + log 2k|d|)/π

≤ 2.54 log|d|
√
|d|(2 + log(3.24(log|d|)2|d|))/π

≤ 1.01
√
|d|(log|d|)2.

5. For the term Q =
∏

p|k

(
1− 1

p2

)
, expanding this into a fraction gives

∏
p|k

(
1− 1

p2

)
=

(q2
1 − 1)(q2

2 − 1)

q2
1q

2
2

,

and we have H(Q) ≤ 2.61(log|d|)4 by our previous bounds on qi.

Lemma 7.11. The quantity ∑
Q

χ(a)

a
=:

C

d

is bounded in height by 1.84|d| log log|d|.

Proof. There are no forms (a, b, a), so the sum χ(a)/a runs over the smaller half of

the divisors of d, so ∑
Q

χ(a)

a
=
C

d
,

where C is an integer. By a result of Robin [76], for n ≥ 3,

σ(n)

n
≤ eγ log log n+

0.649

log log n
,

so that |C| ≤ σ(d) ≤ 1.84|d| log log|d|.
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7.3.2.2 Bound on the remainder

The minima a are bounded by |d|/P , and combined with the previous bound on k,

this gives

|Ar,Q| ≤
4π√
|d|
|r|e−π|r|

√
|d|/(ka)

≤ 4π√
|d|
|r|e−π|r|P/(

√
|d|1.24(log|d|)2).

So we have∣∣∣∣∣∣∣
∑
Q

∞∑
r=−∞
r 6=0

Ar,Qe
πirb/(ka)

∣∣∣∣∣∣∣ ≤
∞∑

r=−∞
r 6=0

∑
Q

|Ar,Q|

≤ 4πh(d)√
|d|

∞∑
r=−∞
r 6=0

|r|e−π|r|P/(
√
|d|1.69(log|d|)2)

=
8πh(d)√
|d|

e−πP/(
√
|d|1.69(log|d|)2)

· (1− e−πP/(
√
|d|1.69(log|d|)2))−2

≤ 27.5h(d)√
|d|

e−πP/(
√
|d|1.69(log|d|)2),

where the last line follows as P ≥ 1.69
√
|d|(log|d|)2, which yields the bound

(1− e−πP/(
√
|d|1.69(log|d|)2) ≥ (1− e−π).

7.3.3 The linear form in logarithms

Putting this together, we have

2h(k) log ε√
k

· h(kd)π√
k|d|

=
π2CQ

3d
+
∑
Q

∞∑
r=−∞
r 6=0

Ar,Qe
πirb/(ka),

which yields a linear form in logarithms:∣∣∣∣∣
√
|d|6h(k)h(kd)

kCQ
log ε+ π

∣∣∣∣∣ =

∣∣∣∣∣
√
|d|6h(k)h(kd)

kCQ
log ε− 2i log i

∣∣∣∣∣
=

∣∣∣∣∣3
√
dh(k)h(kd)

kCQ
log ε+ log i

∣∣∣∣∣
≤

27.5 · 3
√
|d|h(d)

π|C|Q
e−πP/(

√
|d|1.69(log|d|)2)

≤ 52.6|d|e−πP/(
√
|d|1.69(log|d|)2),
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where the last line follows from h(d) <
√
|d|, |C| ≥ 1, |Q| ≥ 1/2. We now recollect the

bounds on the heights of the appearing terms, letting Q1 and Q2 be the denominator

and numerator of Q respectively:

H(k) ≤ 1.69(log|d|)2,

H(h(k)) ≤ 0.64 log|d|,

H(
√
d) =

√
|d|,

H(h(kd)) ≤ 1.01
√
|d|(log|d|)2,

H(C) ≤ 1.84|d| log log|d|,

H(Q1), H(Q2) ≤ 2.61(log|d|)4,

H(ε) ≤ exp(1.69 log|d| log log|d|) =: A1,

H(i) = 1 =: A2.

The height of the coefficient β =
√
d3h(k)h(kd)Q1

kCQ2
is bounded by

H(β) ≤ H(
√
d)H

(
3h(k)h(kd)Q1

kCQ2

)
≤
√
|d|1.69(log|d|)21.84|d| log log|d|2.61(log|d|)4

≤ 8.12|d|3/2(log|d|)6 log log|d| =: B.

We will apply the following lower bound of Waldschmidt and Mignotte to this linear

form in two logarithms.

Theorem 7.4 (Theorem, [61]). Let β, α1, α2 be three non-zero algebraic numbers of

exact degrees D0, D1, D2. Let D be the degree of the field Q(β, α1, α2) over Q. For

j = 1, 2, let logαj be any determination of the logarithm of αj, and let Aj be an upper

bound for the height of αj and exp|logαj|; further define

S0 = D0 + logB, Sj = Dj + logAj,

and assume

Λ = β logα1 − logα2 6= 0.

Let

T = 4 +
S0

D0

+ log

(
D2 · S1

D1

· S2

D2

)
,

then

|Λ| > exp

(
−5 · 108D4 · S1

D1

· S2

D2

· T 2

)
.
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Proof of Theorem 7.3. By the Gelfond–Schneider theorem, log ε and log i are linearly

independent over Q, so Λ 6= 0. Applying the theorem to our linear form in logarithms,

we have

D0 = D1 = D2 = 2, D = [Q(β, ε, i) : Q] = 8, S0 = 2 +B,

S1 = 2 + logA1, S2 = 2, T = 5 +
logB

2
+ log(32S1).

Now Waldschmidt’s result concludes

|Λ| ≥ exp

(
−5 · 108 · 84(1 + logA1)

(
5 +

logB

2
+ log(64 + 32 logA1)

)2
)
.

Simplifying and using our lower bound |d| ≥ 1021, we obtain the lower bound

|Λ| ≥ exp
(
−1.2 · 1016(log|d|)3 log log|d|

)
.

We have the upper bound

exp
(
−πC(log|d|)3/1.24 + log|d|+ log 50.4

)
,

and combining it with our lower bound gives

C(log|d|)3 log log|d| ≤ 4.8 · 1015(log|d|)3 log log|d|+ 1.24 log 51.6 + 1.24 log|d|,

and taking C = 5 · 1015 violates this inequality, yielding the theorem.
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