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Abstract

We consider branching processes consisting of particles (individuals) of two types (type L and type S)
in which only particles of type L have offspring, proving estimates for the survival probability and the
(tail of) the distribution of the total number of particles. Such processes are in some sense closer to single-
than to multi-type branching processes. Nonetheless, the second, barren, type complicates the analysis
significantly. The results proved here (about point and survival probabilities) are a key ingredient in the
analysis of bounded-size Achlioptas processes in a recent paper by the last two authors.

1 Introduction

Throughout the paper we consider branching processes in which every particle is of one of two types, called
(for compatibility with the notation in [22]), ‘type L’ and ‘type S’. Particles of type S may be thought of as
barren: they have no children. Each particle of type L will have some random number of children of each
type; as usual, we have independence between the children of different particles, but the numbers Y and Z
of type-L and type-S children of one particle need not be independent. The formal definition is as follows.

Definition 1.1. Let (Y,Z) and (Y°, Z%) be probability distributions on N2. We write X! = X1, for the
Galton-Watson branching process started with a single particle of type L, in which each particle of type L
has Y children of type L and Z of type S. Particles of type S have no children, and the children of different
particles are independent. We write X = Xy, z yo zo for the branching process defined as follows: start in
generation one with Y° particles of type L and Z° of type S. Those of type L have children according
to .'{%/ 2, independently of each other and of the first generation. Those of type S have no children. We
write |X| (]X!]) for the total number particles in X (X1!).

These branching processes are in some sense essentially single-type: one could first generate the tree of
type-L particles as a classical single-type Galton—Watson process, and then consider particles of type S.
However, since the numbers of type-S and type-L children are not necessarily independent, this two-stage
description does not seem particularly easy to work with.

The motivation for considering such processes (and in particular for allowing a different rule for the
first generation) comes from the application to studying the phase transition in Achlioptas processes in [22].
Achlioptas processes are evolving random graph models that have received considerable attention (see, e.g.,
[1; 19; 4; 24; 14; 20; 15; 3; 21] and the references therein). We shall say nothing further about these random
graph processes here, aiming to keep the paper self-contained, and purely about branching processes.

We shall prove two main results. Firstly, in Section 2, we consider an individual branching process of
the type above, giving an asymptotic formula for the point probability py = P(|¥] = N) under certain
conditions on the distributions (Y, Z) and (Y°, Z%). This formula is proved in Sections 2.1-2.3, which are
the heart of the paper. Then, in Section 3, we consider families of processes where the offspring distribution
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varies analytically in an additional parameter ¢t. Roughly speaking, we show that the key quantities in the
formula in Section 2 then vary analytically in ¢. This result (which in particular implies properties of the
near-critical case) is needed in [22]. Finally, in Section 4, we prove corresponding results for the survival
probability P(]X| = oo). Here the barren type plays no role, so the results effectively concern single-type
processes and are much simpler.

Remark 1.2. Although the definition of sesqui-type branching processes is adapted to the application in [22],
the results here are applicable, at least in principle, to a more general class of branching processes. Consider a
finite-type Galton—Watson process in which there is one special type (type L), and all other types are ‘doomed’
(lead to finite trees of descendants a.s.). Such a process may be transformed into a sesqui-type process in a
natural way: for each type-L particle replace its children of all doomed types, and their (necessarily doomed)
descendents, by type-S children (keeping the same total number of particles). For our results to apply to
the transformed process we need further conditions, roughly speaking that the ‘doomed’ subtrees are not too
close to critical; but in outline, all processes with (at most) one type that can potentially survive are covered.
Branching processes of this type (with one doomed type) have been studied by several authors, giving various
results different from ours; see for example [23; 25; 7].

1.1 Some notation and conventions

Throughout we write N :={0,1,2,...} for the non-negative integers.
Given a two-dimensional random variable (Y, Z) taking values in N2, we denote its bivariate probability
generating function by
gv.z(y.2) =By %) = Y P(Y =k, Z =)y, (1.1)
k,l>0

for all complex y and z such that the expectation (or sum) converges absolutely. We will also consider the
bivariate moment generating function

fr.z(y,2) == gy,z(e?, %) = E(e¥V T7). (1.2)

When considering a particular branching process as in Definition 1.1, we often write g = gy,z and f = fy,z
for brevity.

We denote the coefficient of y*2! in a power series G(y, 2) by [y*2!]G(y, 2).

We say that a function f defined on I C C is analytic if for every zg € I there is an r > 0 and a
power series g(z) = > .54 a;(z — x0)’? with radius of convergence at least  such that f and g coincide on
(xo — 7,9 +7)NI. A function f defined on some domain including I is analytic on I if f|; is analytic. The
definitions for functions of several real or complex variables are analogous.

If f is an analytic function of d variables, defined in an open set U C C?, we denote its derivative by Df,
and its mth derivative by D™ f. Note that D™ f is an analytic function from U to the linear space of all
(symmetric) m-linear forms C¢ — C. In particular, for each z € U, Df(z) is a linear form, which can also be
regarded as a vector (the usual gradient); we write D, f := a%ifv so Df(z) = (D1f(2),...,Daf(z)). Similarly,
D? f(z) is a bilinear form, which may be regarded as a d x d matrix with entries D;; f(z), where D;; = D;D;.
We denote its determinant by Det(D?f(2)). (This is known as the Hessian of f.)

For a vector z € C%, let D™ f(z)[x] denote D™ f(2)(x,...,z), where the vector z is repeated m times.
When using coordinates z = (u,v) in the case d = 2, we write [u, v] for [(u,v)], so, regarding D? f as a matrix
and z as a (column) vector, we have

D (o] = (u o) D25 (1). (13)
We denote the usual Euclidean norm of vectors by | - |. For operators and the multilinear forms D™ f we

use || - || for the usual norm (any other norm would do as well).
For real symmetric matrices, A < B means that B — A is positive semi-definite, i.e., that v (B — A)v > 0
for all real vectors v. In particular, if A is a d X d symmetric matrix and ¢ € R, then

A>cl < v"Av > cfv]? for all v € R%. (1.4)



Remark 1.3. We adopt the following notational convention regarding constants. ¢ and C' are used ‘locally’
(within a single proof), while numbered constants ¢1, C; etc retain their meaning throughout the paper. The
constants ¢;, which are numbered in the order they are introduced, obey the inequalities

ci<eg<er<eg<es and cq < e

We write y, z, w for complex variables, and u, v, «, 8 for real variables. All constants ¢;, C; etc are positive.

2 Point probabilities of a single branching process

In this section we study the point probabilities P(|X| = N) of the branching process X = Xy, z yo zo from
Definition 1.1. To formulate our main result we need some further definitions (which encapsulate fairly mild
and natural conditions for the offspring distributions).

Definition 2.1. Suppose that R > 1, M < oo, k1,ks € N and § > 0.
(i) Let K° = K°(R, M, d) be the set of probability distributions v on N? such that if (Y, Z) ~ v, then

ERY < M, (2.1)
EY > 4. 2.2

(ii) Let K' = K'(k1, ko, 8) be the set of probability distributions v = (7; ;) j>0 on N? such that
Thy ks 2 O, Thi+1,ks 2 O Thy ka1 = 0. (2.3)

(111) Let K = ’C(R, M, kl,kg,d) = ICO(R, ]\47 5) ﬂlCl(kl,kg,é).

We write (Y,Z) € K° if the distribution of (Y, Z) is in K%, and similarly for £! and K. The key
condition here is the (uniform) bound (2.1) on the probability generating functions. The condition (2.3) is
needed, roughly speaking, to ensure that (Y, Z) is not essentially supported on a sublattice of N2. Note that
(Y,Z) € K! trivially implies

EZ>P(Z=ky+1) >0, (2.4)

and similarly EY > 4.

The following theorem gives the qualitative behaviour of the size-IN point probabilities of the branching
process X = Xy, zyo zo from Definition 1.1. The statement of Theorem 2.2 is not self contained since the
parameters ¥, ® and z* are defined (in a rather involved way) from the generating functions of (Y, Z) and
(Y2 Z9), see (2.43)—(2.44) and Lemma 2.15 in Section 2.3. A key feature of the result is that the estimates
and error-terms are uniform over all distributions (Y?, Z%) € K% and (Y, Z) € K, i.e., the explicit and implicit
constants depend only on R, M, k1, ks and §. Note that, from (2.8) below, £ = 0 if and only if EY = 1, and
that P(|X] = N) decays exponentially in ©(¢2N) in the near-critical case EY =1 £¢.

Theorem 2.2 (Point probabilities of X). Suppose that R > 1, M < oo, ki,ks € N, and § > 0. Writing
K = KR, M,5) and K = K(R, M, ky,ks,0), there exists a constant ¢c; > 0 such that if (Y°,Z°) € KO,
(Y,Z) e K, and |EY — 1| < ¢1, then for all N > 1 we have

P(|X| = N) = N=3/2e N (g + O(N 1)), (2.5)

where, defining ¥ and ® as in (2.43)—(2.44) and x* as in Lemma 2.15, we have

E=¢yz=—-Y(x") >0, (2.6)
0 = Oyo g0y 7 = /21/| 0" (z*)| ®(z*) = O(1), (2.7)

and
E=0(EY —1}?). (2.8)

Moreover, the implicit constants in (2.5)—(2.8) depend only on R, M, ki, ko and d.



The remainder of this section is devoted to the proof of Theorem 2.2. To this end we fix R > 1, M < oo,
ki,ke € N, and § > 0, and write K = K°(R, M, ) and K = K(R, M, k1, ks,d) to avoid clutter. Let |X*]|
and |X°| denote the total numbers of type-L and type-S particles in X, so |X| = |X*| + |X%], and set

P =PI XL = n, |5 =m). (2.9)

Of course, p,, ,» depends on the distributions of (Y, Z) and (Y°,Z°). In Section 2.1 we establish a simple
integral formula for p,, ,,. Then, in Section 2.2 we use a version of the saddle point method to estimate this
integral asymptotically. Finally, in Section 2.3 we prove (2.5) by summing all p, ,, with n +m = N.

2.1 An integral formula for p, ,,

In this section we derive an explicit integral formula for p,, ,,,, see (2.14). We start with a simple condi-
tional version of the classical Otter-Dwass formula (see e.g. Dwass [8]), which hinges on the random walk
representation of a branching process and a well-known random-walk hitting time result.

Lemma 2.3. For all integers n > 1 and m,ng, mg = 0,

(Jx* =n, X% =m | Y° =ng, Z2° = my) nIP’ no + Z Y, =n, mo+ Z Z;j=m (2.10)
1<jsn 1<j<n
Proof. Let (Y;,Z;);>1 be independent with each pair having the same distribution as (Y, Z). Since particles

of type S do not have any children, by exploring the branching process X in the usual way (i.e., revealing the
offspring of the particles of type L one-by-one until none are left to explore), we have

IP’(|.'£L| =n, |%S| =m ’ YO = Ny, ZO = mO)
—P<n0+ nin Z(ijl)>0,no+ Z(ijl):(),moJr ZZj—m>.
1</ 1<5<n 1<5<n

That the right-hand side of the above expression equals (2.10) is surely folklore (by conditioning on >, <j<n Z; =
m — mg this also follows directly from [17, Theorem 7]); we include a short argument. Namely, by a ver-
sion of the well-known Cyclic Lemma (sometimes also called Spitzer’s combinatorial lemma), see, e.g., [13,
Lemma 15.3] or [18, Lemma 6.1], for any sequence (y1, . . .,y,) withy; € {—1,0,1,2,...} and n0+21@<n Yi =

0, there are exactly ng cyclic shifts of (yi,...,y,) for which all corresponding partial sums s; =y1 + -+ y;
of length ¢ < n — 1 satisfy ng + s; > 0. Hence, taking a uniformly random cyclic shift of the n independent
variables (Y; — 1, Z;), the formula (2.10) follows. O

Remark 2.4. This two-type version of the Otter-Dwass formula is a simple variation of the usual one-type
case; this is because one type is barren and can essentially be ignored. For a much more complicated formula
in the general multi-type case, see Chaumont and Liu [5].

The probability on the right-hand side of (2.10) can be expressed using generating functions as
[ynfnoszmo} (g(y7 Z)n) — [ynzm] (yno Zmog(y’ Z)n) . (2.11)
For n > 1 and m > 0, recalling the notation (2.9) and summing (2.10) over all ng, mg, we thus obtain
NPn.m = Z P(Y? = ng, Z° = mo)no[y™2™] (y"“zm"g(y,z)")
’I’Lg,m()ZO (2.12)
= [y"2"(Jo(y, 2)9(y: 2)"),

where

~ D
do(y,2) ==Y PV’ =ng, 2° = mo)noy™ =" = y@!}YO,W(ZJJ)-

ng,mo 20

For later use, we also define

~ 2 0 0, ,70
fo(y,z) = 90(6y7€ ) = a*yfw,zﬂ(y,z) = E(Yoeyy +ez ) (2-13)
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Remark 2.5. Let G(y, 2) := E(y‘x”z'%s') be the bivariate generating function for the size of the branching
process X, and let G'1(y, z) := ]E(y‘xl’L|z|x1’S|) be the corresponding generating function when starting with a
single particle of type L. Then G(y, z) = go(G1(y, 2), z) and G1(y, z) = yg(G1(y, 2), z), and the formula (2.12)
can alternatively be obtained by the Lagrange inversion formula in the Biirmann form, see e.g. [9, A.(14)],
regarding the generating functions as (formal) power series in y with coefficients that are power series in z.
We omit the details.

The extraction of coefficients in (2.12) can be performed by complex integration in the usual way (e.g.,

using Cauchy’s integral formula to evaluate % (go(y, 2)g(y, z)”)| = n!m!np, n as in the textbook

y=2z=0
proof of Cauchy’s estimates), yielding the formula
1 e dy dz
NPnm = W%y{y "z mQO(yvz)g(yvz)"??a

where we integrate (for example) over two circles with centre 0 and radii such that go(y, z) and ¢(y, ) are
defined. In particular, if (Y, Z) and (Y, Z%) are both in K%, then for any «, 8 < log R we can integrate over
ly| = e* and |z| = €, and the standard change of variables y = e®ti%  » = e84V then yields

1 [T ) o
MPnm = 3 /_ ) /_ ) et =m(B+iv) £ (o 4w, B+ iv) f o + iu, B + iv)" dudv. (2.14)

Remark 2.6. Alternatively, (2.14) can be obtained from (2.10) by first considering suitably tilted versions
of the random variables (cf. Cramér [6]), and then passing to characteristic functions and making a Fourier
inversion.

Remark 2.7. It is not hard to write an integral formula for the final probability py =", 4n=nN Pn,m that
we are aiming to estimate. For example, multiplying (2.12) by z"/n and summing we see that p, ,, =
[y z™|H (x,y, z), where H(z,y,z) = —go(y, z) log(1 — zg(y, z)). Thus one can find py by extracting the
coefficient of wt" in H(w,t/w,t). However, the corresponding integral does not obviously lend itself to
asymptotic evaluation by methods such as those used here. Still, a direct estimate of py may perhaps be
possible by appropriate singularity analysis.

2.2 An asymptotic estimate of p, ,,

In this section we estimate the integral (2.14) asymptotically (see Theorem 2.11 below), using parameters
defined in terms of the moment generating function f(y,z) = fy,z(y, z) = E(e?” 7). Whenever f is defined
and non-zero, let

oy, 2) = ov,z(y, 2) = log fv,z(y, z) = log f(y, 2), (2.15)

taking the principal value of the logarithm; we shall only consider ¢ on domains on which |f —1| < 1/2. The
next lemma simply states that in suitable domains, f, ¢ and their (partial) derivatives are all bounded.

Lemma 2.8. There exist constants 0 < co < (logR)/2 and C’{m), m € N, such that if (Y,Z) € K° and
m € N, then the following hold.

(i) If o, B,u,v € R with |al,|8| < ca, then ||D™f(a + iu, B + )| < C\™.
(ii) If, in addition, |u|, |v| < cz, then o(a +iu, f +1iv) is defined, and |D™p(a + iu, 4+ iv)|| < C{m),
(i) 1f lol, 18] < e, then 2 f(a, B) > 6/2.

Proof. (i): When |y|,|z| < R, then |g(y, 2)| = |E(yY 2%)| < E(Jy|Y|2|?) < ERY*+Z, which is at most M by
assumption. Thus |f(y,2)] < M when Re(y) < log R and Re(z) < log R. Recall that R > 1 by assumption,
so log R > 0. For any ¢z < (log R)/2, say, for suitable C’fm) > 0 statement (i) follows by standard Cauchy
estimates

(ii): Let C = C:El) denote the constant from the above proof of (i). Set ¢z := min{(log R)/2,1/(8C)}.
Since f(0,0) = g(1,1) =1, it follows from (i) that if ||, |B8], |ul,|v| < ¢2, then

|f(a+iu, B +iv) — 1| < (la+iul + |8+ iv])C < 4c2C < 1/2, (2.16)



5o ¢(a+iu, f+iv) is defined and bounded. Furthermore, after decreasing co and increasing C%m), if necessary,
the bounds for the derivatives now again follow by Cauchy’s estimates. ~
(iii): Let f = 8%]‘ By our assumption (2.2), f(0,0) = EY > ¢. Furthermore, Df(a, 8) = DD; f(e, 8) =

0(1) for |al,|B] < ¢z by part (i). Consequently, after reducing c; if necessary, we have f(a,s) > 16
for |a|, |B| < ca. O

The next lemma expresses, in a quantitative form, the unsurprising fact that if we evaluate the probability
generating function g(y, 2) = gy.z(y,2) = E(y¥ 2%) at y, z which are not positive real numbers, then there
is significant cancellation, i.e., |g(y, z)| is significantly smaller than g(|y|, |z|). It will be more convenient to
write this in terms of the moment generating function f = fy,z rather than g.

Lemma 2.9. There exists a constant cz > 0 such that if (Y, Z) € K and «, B,u,v € R with ||, |8| < ¢z and
|u|, |v] < 7, then
|f e+ iu, B+ iv)| < f(a, B)e e+, (2.17)

Proof. Let . :=P(Y =k,Z =1). Then

fla+iu,B+1v) = Z Ty, ekt H(B+iv)
k,1>0

and thus f(«, ) > 0. Then

F(@,B) = [flatiu, B+i0)P = 3wy eI (] Relbmmputit=my),

k,l,m,n

Each term on the right-hand side is non-negative, and considering just the cases (k,l, m,n) = (k1, ka, k1+1, k2)
and (k1, k2, k1, ke + 1), recalling (2.3) we obtain

fla,8)? = |f(a+iu, B +iv)|> = §2e@Ritat2kaB (] _ cogy) 4 §2e2Rrat(RaADB(1 _ cogp)
= Q(u? +v?),

since 1 — cosx = Q(z?) for |z| < 7. Moreover, by Lemma 2.8(i), f(a, 3) = O(1). Consequently
1—|f(a+iu, B +1iv)]2/f(a, B)? = 2¢c3(u® + v?)
for some constant ¢z > 0, and thus
(ot iu, §+i0) 2/ f(0, ) < 1= 2ea(u® 4 07) < e 204,
establishing (2.17) since f(a, 3) > 0. O

We next establish that the symmetric bilinear form D?p(a, 3) is positive-definite; a variant of the lower
bound (2.18) could also be proved by first considering D?¢(0,0) and then using continuity. For the interpre-
tation of D% (o, B)[u,v], see (1.3).

Lemma 2.10. If (Y, Z) € K and o, 8 € R with |al, |8| < ca, then D*p(a, B) = 31, i.e.,
D2p(a, B)[u,v] = cz(u® +v?), u,v € R. (2.18)
In particular, Det(D?*¢(a, B)) > 3.
Proof. We first consider only |u/, [v| < ¢2, so Lemma 2.8(ii) applies. Then the estimate (2.17) can be written
Re p(a + iu, B+ iv) < ¢(a, B) — c3(u? + v?). (2.19)
A Taylor expansion yields

pla+iu, B+ 1v) = p(a, B) + iDp(a, Alu, o] — $D%p(c, B)lu v] + O((fu] + [v])?).



Since ¢(a, ) is real for real a and B, all derivatives D™p(«, ) are real. Hence, when taking the real part,
the linear term vanishes, and (2.19) implies

%D%p(a,ﬂ)[u,v] > c3(u® + %) + O((|u| + \v|)3)

Exploiting bilinearity, by replacing (u,v) with (tu, tv) and letting t — 0, we now obtain (2.18) for all u,v € R,
with room to spare.

Finally, by (1.4), note that (2.18) can be written D?p(a,3) > c3I. This says that both eigenvalues
are > c3, and thus the determinant is > cg. O

For |a, |B]| < c2, define

IZ)(OG 5) = 90(0475) - CMD1<p(CM, 5) - BDQSQ(OZ,B) (220)

We are now ready to estimate the integral (2.14) for p,, ,, using a (two-dimensional) version of the saddle point
method (see, e.g., [9, Chapter VIII]). We defer the problem of finding suitable («, ) satisfying equation (2.21)
to Section 2.3. Recall that fy(y,2) = %fyoyzo (y,2) = ]E(YoeyYO“ZO), see (2.13).

Theorem 2.11. Suppose that (Y°,Z°) € K° and (Y, Z) € K. Suppose further that n > 1, m > 0 are integers
and that a, B are real numbers with ||, |8| < ca such that

De(a, B) = (1,m/n). (2.21)

Then 2 np(af) 1 9 —1/2
Pnom =N "€ ’ ((27T) fO(aaB)Det(D (P(O(,ﬁ))

where the implicit constant depends only on the parameters R, M, ki, ks, 6 of K° and K.

+ O(nfl)), (2.22)

Proof. We write (2.14) as

1
P = e f BT, (2.23)
where o ) ) n
I ::/ / eI f (o 4 fu, B+ iv) (W) du dw. (2.24)

Using assumption (2.21) we have ¢¥(«, 8) = ¢(a, ) — a — fm/n, so

efnafmﬁf(a,ﬁ)n — efnozmeJran(oz,B) — enw(a,ﬁ)' (225)

We shall estimate (2.24) using Laplace’s method (in two dimensions), cf. e.g. [9, Appendix B.6]. Roughly
speaking, the idea is as follows. We view the integrand as a product of a term independent of n with a term
that is exponential in n. As we shall see, the condition (2.21) ensures that the exponent has a stationary
point, in fact a maximum, at v = v = 0. It turns out that the main contribution is near to this point, and
here the exponent may be approximated by a quadratic, leading to a (two-dimensional) Gaussian integral.

Applying Lemma 2.8(i) to (Y, Z°) shows that fo(e,3) = O(1). Since Det(D%*p(a,8)) = Q(1) by
Lemma 2.10, and ¢ («a, 8) = O(1) by (2.20) and Lemma 2.8(ii), the conclusion (2.22) holds for any fixed n
simply by taking the implicit constant large enough. Thus we may assume that n is at least any given
constant ng, and in particular that n=%% < ¢s.

Applying Lemma 2.8(i) to (Y°, Z%) also shows that fo(a + iu, § + iv) = O(1). Hence, if |u| > n=%* or
|v] = n~9%4 then by Lemma 2.9 the integrand in (2.24) is O(e*CB"'”fo‘S) = 0(6*03"0’2) =0(n™%). On the
other hand, if |ul, |v] < n=°* then, since n=%* < ¢y, Lemma 2.8(ii) shows that ¢(a + iu, 8 + iv) is defined
and we obtain

L =0(n") + L, (2.26)

with
n—0.4 n—0.4
Iy = / / fola+ iu, B + iv)en(wlotinptiv)—glaf)—inu=—imv g, gy (2.27)
_pn—04J_p-04



Considering a Taylor expansion of ¢ around (¢, 8), and noting that the linear terms cancel by our assump-
tion (2.21), we have

n(e(a+iu, f + iv) — p(a, 8)) — inu — imw
= —nlD%p(a, B)lu,0] - niDPp(a, Alu, o] + Ofn(lul + o)), (2.28)
where we used Lemma 2.8(ii) to bound the error term. For |ul, [v] < n~%4, note that Lemma 2.8(ii) implies
nD*¢(a, B)[u,v] = O(n(lu| + [v])?) = O(n="?) = O(1), and O(n(Ju| + [v])*) = O(n~"°) = O(1). Hence,
writing for brevity
Q = DQ(p(aaB)7

the exponential factor in (2.27) is

e‘%"Q[“’“] exp<_n%D3@(a,ﬁ)[u,U] +0(n(|ul + |U|)4))

= ¢ 2nRlul (1 —niD%p(a, B)[u,v] + O(n(u* +v")) + O(n*(u® + vﬁ))). (2.29)
Recalling fo = a% fyo,zo, using Lemma 2.8(i) we also have the Taylor expansion

fola+iu, B +iw) = fola, B) + 1D fola, B)[u, v] + O((Jul + [v])*). (2.30)
Multiplying together (2.29) and (2.30), the integrand in (2.27) is thus

e*%"Q[“’”] (fo(mﬁ) + ino(a,B)[u,v] - nfo(a,ﬂ)%Dsgp(a,ﬂ)[u,v]
+0(u? +02) + O(n(u' + %) + O(n2(u +0%))). (2.31)

When we integrate, the terms with D fo and D3y are odd functions of (u,v) so their integrals vanish. Hence,
n70,4 n70.4 1
I, = / / e 2Rl (fo(a,ﬁ) +O0(u® +v*) + O(n(u* +v*)) + O(n?(u® —1—1)6))) dudv.
—p-04 J_p-0.4

Recalling that @ = D?p(a, 3), by Lemma 2.10 we have Q[u,v] = Q(u? + v?). Since for k € {1,2,3} we have
[ Jze e=a(+0%) (2 4 p2)k dy dv = O(a~*+D) it follows that

~ n70.4 n70A4 7l Q[ ] )
Ingo(a,ﬂ)/ _04/ L€ 2" dudo + O(n™7).

Since Q@ = D?¢(a, ) is symmetric and positive-definite by Lemma 2.10, we have the following standard
Gaussian integral over R?:

// e "RY2 qudy = nt - 27(Det(Q)) 2. (2.32)
R2
Since Q[u,v] = Q(u? +v?), the contribution of the range max{|ul, |v|} > n~%* to the above integral (2.32) is
again exponentially small. Hence

I = fole, B) - n~ 127w (Det(Q)) Y2 + O(n~2). (2.33)
The result follows by combining (2.23), (2.25), (2.26) and (2.33). O

We next estimate the exponent in (2.22), without assuming that equation (2.21) holds.

Lemma 2.12. There exists a constant 0 < ¢4 < c2 such that if (Y,Z) € K and o, € R with ||, |B] < ca,
then

Pla, B) < —fes(a® + B7). (2.34)
Moreover, 1(0,0) = 0, D(0,0) = 0 and D?(0,0) < —c3!.



Proof. We have 1(0,0) = ¢(0,0) = 0. Furthermore, differentiating (2.20) yields

Dﬂ/J(Oé»B) = —CYD11<P(0476) - 6D12§0(O[75),
Dayp(a, B) = —aDiap(a, B) — BD22¢p(a, B),
and thus Dv(0,0) = (0,0). Differentiating again shows that D;;1(0,0) = —D;;¢(0,0) for all 7,5 € {1,2}.

Hence, using Lemma 2.10,
D%(0,0) = —D?*p(0,0) < —c3l.

Moreover, it follows from Lemma 2.8(ii) that ||D3(«, 8)|| = O(1) for |al,|B| < co. Consequently, a Taylor
expansion yields (2.34) for ¢4 sufficiently small. O

2.3 Summing p, ,,: proof of Theorem 2.2

In this section we prove Theorem 2.2 by summing several different estimates of the point probabilities in

P(|x| = anzv n- (2.35)

Throughout we consider, as in (2.22), only real inputs «, S for the various functions f, ¢ etc. Thus, all
relevant functions are treated as mapping from (subdomains in) R™ to R™ for suitable n, m.

An individual of type L has on average EY children of type L and E Z children of type S. So, in the
near-critical case EY & 1, we expect that the overall fraction of type L individuals in X should be close to

XTo = 1/(1+EZ)

This suggests that the contribution from terms in (2.35) with n/N far from xg will be negligible, and we shall
later confirm this by standard Chernoff-like estimates. Below our main focus is thus on the terms where n/N
is close to xg. Here the plan is to rewrite the asymptotic estimate (2.22) for p, y_, using the following
version of the inverse function theorem, where we explicitly state uniformity for a set of functions. We define

Bl :={zeR%:|z| <7} and B,:=B:={zcR*:|z| <1}

Lemma 2.13 (Inverse function theorem). Let d > 1 be an integer and r > 0 a real number. For every 0 <
A < 00, there exist ¢ > 0 and 0 < ry < r, both depending only on A,r, such that if F : B¢ — R? is twice
continuously differentiable and satisfies

(i) F(0) =0,

(i) DF(0) is invertible and |DF(0)~}|| < A, and

(iii) ||D?F(x)| < A for all x € BY,

then there exists a twice continuously differentiable function G : B¢ — B¢ with G(0) = 0 and F(G(y)) =y
for y € B, Furthermore, for each y € BY, x = G(y) is the unique x € R? with |z| < ry such that F(z) = y.
Moreover, |DG(y)|| = O(1) and ||[D*G(y)|| = O(1), uniformly for y € B¢ and all such F, and if F is
infinitely differentiable or (real) analytic, then so is G.

Proof. This follows by a standard proof of the inverse function theorem; we give some details for completeness.

First, let 1 := £ min{r, A=2}. If |z| < r1, then by the mean-value theorem ||DF(x) — DF(0)|| < Alz| <
Ari. Hence, |[DF(0)"'DF(z) — I|| < A?ry < 1, and thus DF(0) ' DF(z) is invertible and its inverse has
norm at most 2 (e.g., by the von Neumann series representation of the inverse). Consequently, DF(x) is
invertible and

IDF (@)~ < IDFO)~| - [(DF(0)'DF(2))7'|| <24 for |z <71 (2.36)
Next, let o :=r1/(2A). If |y| < o, define inductively zo := 0 and x,11 := '(x,), where
[(z) :=z+ DF(0)"*(y — F(2)).



Using |[DF(0)7!| < A and that |DI'(z)|| = ||[I — DF(0)"!DF(z)| < % if |z| < rq, it is easy to show by

induction that |z,| < (1 —27")r; and |21 — 2p| < 27"A0 < 2777 1 . Hence z,, is defined for all n > 0,
and converges to some z with |z| < r; < r. Furthermore, y — F(x,) = DF(O)(mnH —x,) = 0as n— oo,
and thus by continuity F(z) = y. Define G(y) := x.

This shows that the inverse function G exists in BY. The uniqueness statement is immediate, since
any x € R satisfying F(x) = y is a fixed point of I'(x), which is a contraction for |z| < r;. Differentiability
(and analyticity when F' is analytic) follows in the usual way (or by appealing to a standard version of the
inverse function theorem, locally at G(y)). Finally, DG(y) = DF(x)~!, and thus ||DG(y)| < 24 by (2.36).
Another differentiation (using the chain rule) then yields || D?G(y)|| = O(1). O

Our next aim is to construct an (implicit) solution (a, 8) = h(n/N) to equation (2.21) when N =n+m
and n/N is close to zg = 1/(1 + EZ). We start by applying Lemma 2.13 to the function F : B., — R?
defined by

F(a,pB) := (EY — Dip(a, B), m — xo). (2.37)

Note that Dap(a, 5) = Daf(a, 8)/f(a, 5) = 0, and thus F(«, 3) is well-defined. Furthermore, Dp(0,0) =
(EY,E Z), and thus F(0,0) = (0,0). Moreover, using matrix form (where the first column is 6% of the vector
valued function F' and the second is %)7 we have

DF = (_01 a4 ODW)2> D?¢. (2.38)

It follows from Lemma 2.10 that ||(D?*¢(a, 8)) || = O(1), and then (2.38) together with Lemma 2.8 yields
IDF(a, 8)~| = O(1). (2.39)

Lemma 2.8 also implies ||D?F(a, 8)|| = O(1). Consequently, Lemma 2.13 applies (with d = 2) and yields a
constant o = ¢5 > 0 and a function G : B., — B,, such that

F(Gy) =y for y € Be,. (2.40)

Recall that 2o = 1/(1 4+ E Z). Since EZ = D5f(0,0) = O(1) by Lemma 2.8 and EZ > § > 0 by (2.4), there
exists a constant ¢ > 0 such that ¢ < zg <1 —c. Let

6 := 3 minf{cs, c}.
Suppose that |EY — 1| < ¢g. If also |z — z¢| < cg, then (]EY -1,z — xo) € B.,; we then define
h(z) =GEY — 1,2 — x9) € B,. (2.41)

Furthermore, |z — o] < ¢g < %c < %xo implies = > %xo > cg and 1 —x > cg. Now suppose that 0 <n < N
and that |n/N — x| < cg, and let m := N —n and («, 8) := h(n/N). Then, by (2.41) and (2.40),

n 1
Fla, :(IEY—L—— ):(EY—l,i— ) 2.42
(o 8) N~ 1+m/n o (242)
Definition (2.37) shows that (2.21) holds. Hence, by Theorem 2.11, (2.22) holds. For |z — z¢| < ¢g define

U(z) := 2 (h(z)), (2.43)
B(x) = (27) a2 fo(h(x)) Det (Do (h(x))) >, (2.44)
Recall that h(z) € B., C Bc,, and note that Lemma 2.10 implies Det(D?p(h(z))) > c3; thus ¥(z) and ®(x)
are well-defined. Then, still assuming |EY —1| < ¢4, |n/N —z¢| < ¢g and (a, 3) := h(n/N), we see that (2.22)

can be written

PoN_—n = N72NVM/N) (®(n/N)+O(N™h)). (2.45)

(Here, we use |n/N — x| < cg < 20/2 to bound n > ¢gN, so an O(n~!) error term is O(N~1).)
We next show that, in the relevant domains, the functions ®, ¥ and their (partial) derivatives are all
bounded.
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Lemma 2.14. For each m > 0, there exists a constant Cz(m) such that if |[EY — 1| < ¢g and |x — zo| < cg,

then | D™®(z)|| < C{™ and | D™ (z)| < CS™.

Proof. We saw in the proof of Lemma 2.13 that DG(y) = (DF(G(y))_l, which is bounded for y € B,
by (2.36). By further differentiations, using the chain rule, Lemma 2.8(ii) and induction, it follows that for
each m > 0,

ID"GEY — 1,2 — )| = O(1) (2.46)
when |EY — 1| < ¢ and |z — zo| < cg. Hence the definition (2.41) yields |[D™h(z)] = O(1), and the result
follows by (2.43)—(2.44) together with the chain rule and Lemmas 2.8 and 2.10. O

Note for later than since G(0) = 0 and |DG(y)| = O(1) in B,,, we have
|G(w, 2 —z0)| = O(|(w, 2 = 20)]) (2.47)

if (w,x — x9) € Beg-

We now analyze the exponential term e of the formula (2.45) for p, ny_n, which is valid for
[n/N — xo| < c¢. The next result in particular implies that ¥(z) < 0 is a concave function with a unique
maximizer z* close to xo. As we shall see, this essentially means that the dominant contribution to the sum
of the p,, n—p comes from the terms with n/N close to z*, which is in turn close to .

N¥(n/N)

Lemma 2.15. There exist constants c7,cg > 0 with cg < ¢7 < %06 such that if |EY — 1| < cs, then the
following hold.

(i) If x € R with |x — xo| < 3¢z, then

U(z)=-Q(EY — 1 + [z — zo[?). (2.48)

(ii) There exists x* € R with |2* —zo| = O(|EY —1|) and |x* — zo| < ¢7 such that ¥'(z*) = 0.
(iii) ¥’ (z) = —Q(1) for every x with |z — xzo| < 3cr.
(iv) ®(z*) = Q(1).
As a consequence, x* is the unique maximum point of x — ¥ (x) in [zg — 3c7, 2o + 3¢7].
Proof. For |w|, |z — x| < cg, let R
U(w,x) := 2 (G(w, z — x9)), (2.49)

o~

so that ¥(z) = U(EY — 1,2). In the proofs below we assume that ¢; and cg are positive constants, chosen
later, with cg < ¢7 < %06, and that |w| < ¢g and |z — z9] < 3¢7.
(i): Since |w| + |z — zg| < 4er < 2¢6 < ¢5, and G maps B, into B.,, we have

|G(w, x — x0)| < ca. (2.50)

Since F'(0) =0 and ||DF(y)|| = O(1) in Be,, using (w, z —x¢) = F(G(w,z —x¢)) we also have |(w,z —xz¢)| =
O(|G(w, x — xp)|). This and Lemma 2.12 imply

»(G(w,z — 20)) = ~Q(G(w, 2 = 2)*) = ~Q(|(w, z — x0)*).

Furthermore, as remarked above, |z — zg| < 3¢7 < ¢g implies x > cg. Hence, recalling (2.49),

~

U(w,z) = —Q|(w, 2 — 20)[*) = —Q(w? + (z — 20)?), (2.51)

~

which yields (2.48) since ¥(z) = V(EY — 1,2).
(iii): Using G(0) = 0, which is shorthand for G(0,0) = (0,0), we have

~

W(0,z0) = 209(G(0,0)) = w01p(0,0) = 0. (2.52)
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Together with (2.51), it follows that, for some constant ¢ > 0,

DU(0, z) =0, (2.53)
DU (0,z0) < —cI (2.54)

The same proof as for Lemma 2.14 shows that
D™U(w,z) = O(1) (2.55)

for every fixed m > 0. Using (2.55) with m = 3 and (2.54), we see that if ¢; and hence c¢g < ¢7 is small
enough, then

DQ{I\I(w,J;) < —£7

2
when |w| < ¢s and |z — 2| < 3¢7. In particular, recalling ¥(z) = W(EY — 1, ), by taking w =EY — 1 we
have

¥ (z) < —5. (2.56)

(ii): Similarly, (2.53) and (2.55) with m = 2 imply that DU (w,z) = O(|w| + |z — x¢|). In particular,

V' (zg) = DQ\/I}(EY_l, zo) = O(|EY —1]). Hence we may choose cg sufficiently small such that |EY —1] < ¢g

implies |¥'(z0)| < ccr/3. Then the mean value theorem and (2.56) imply ¥'(z¢—c7) > 0 and ¥'(zp+c7) < 0,

so W' (z*) = 0 for some x* € (x9— ¢7, 9 + 7). Moreover, by the mean value theorem and (2.56) we also have
|z* — 20| < 2|W/(20)], so (i) holds.

(iv): Since |z* — x9] < ¢7 < ¢, by (2.50) and the definition (2.41) of h we have |h(z*)| < ¢4 < ¢2, s0

Lemma 2.8(iii) applied to (Y°,2°) gives fo(h(z*)) > 16. The other factors in (2.44) are bounded below,

using ¢* < zo+c¢7 < 14+¢7 and Hadamard’s inequality together with Lemma 2.8(ii), and thus (iv) follows. O

The following technical lemma will be useful for expanding the sum of the p, y_, estimates (2.45)
around n/N ~ z* (it is easy to give a much more precise formula for T5;, but we do not need this).

Lemma 2.16. Fora >0, y € R and an integer j > 0, let

i —a(n—y)?
Ty =Tj(a,y) = > (n—y)e*""v)". (2.57)
neZ

Then, uniformly for all0 < a <1 andy € R,

Ty = f+ O(a=12em /%), (2.58)
a
and for every fized integer i > 0,
Ty = O(a™""1/2), (2.59)
Tyir1 = O(a™i73/2e /2). (2.60)

Proof. We first consider Ty = ), ., e—a(n=y)’, Applying the well-known Poisson summation formula [26,

I1.13.4) or (I1.13.14)] and then using the Gaussian integral e~ (@@ +bzte) g — [T eb?/(4a)=c 5 ghort
g g — 0 a ’
standard calculation yields the identity

Ty = Z/ efa(:pfy)Ze—Q‘n'ina: do = \/?Z 67772n2/a—27riny, (261)
nez” ~® ¢ e

which for a < 1, say, implies (2.58). (In fact, (2.61) is equivalent to a well-known identity for the theta
function 63, see [16, (20.7.32)].)
Moreover, taking the partial derivative of (2.57) with respect to y we obtain

0 .
%Tj(a,y) = *]1}'_1 + 2&Tj+1. (262)
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In particular, 2477 = 8%Tg, and termwise differentiation of the right-hand side in (2.61) (noting that the
main term, n = 0, is constant) yields

T, = O(a—3/2e—ﬂ—2/a).
Repeated differentiation of (2.62) and induction now yield (2.59) and (2.60). O

We also have to estimate the sum of the p, y_, in (2.35) where n/N is far from z,. Based on simple
Chernoft-type arguments, the next result shows that their contribution is negligible.

Lemma 2.17. If |n/N — x| > c7, then pn—n < eV,
Proof. For any u,v > 0, from (2.12) we have
NPnm < u” "0 " Go(u,v)g(u,v)". (2.63)
Take v = 1 and v = ¢, with |t| <log R, and define
A1) = e tBZg(1, et) = EHZ-E2),
For any 0 < n < N, (2.63) yields
npp.n—n < e MTNIHMEZG (1 ety (1), (2.64)

Note that y(0) = 1 and 4/(0) = 0. Since g(1,¢e') = f(0,t) and EZ = D5f(0,0), by Lemma 2.8(i) there is a
constant Cs > 0 such that 7 (¢) < C3 whenever |t]| < co, and so

() <1+ Cst? < et (2.65)
By assumption, |n — Nxg| = ¢;N. Recalling that o = 1/(1+ EZ) and EZ > 0, it follows that
lttn = N+nEZ)| =|t|- [n(QA+EZ) = N| > t| czNA+EZ) > cr]t|N. (2.66)

We now choose t = £c where ¢ := min{}c7/Cs, c2}, and the sign is such that t(n — N + nE Z) < 0. Using
(2.64)—(2.66) and n < N, we infer

2
npn,an g go(l,et) . e—C7It‘N+C3t N < O(].) . 6_6701\[/2,

completing the proof for n > 1.
Finally, in the remaining case n = 0 we have |X°| = Z°, since |X%| = 0 if and only if Y° = 0. Hence

pon =P(Y?=0,2° = N) < gyo zo(1,R)- RN =0(1)- RV,
completing the proof (since R > 1). O
We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. We suppose throughout that ¢; < ¢g and that |[EY — 1| < ¢4
We start by considering the quantities £ and 6 defined in (2.6) and (2.7). By Lemma 2.15, ¥(z) has a
local maximum point z* € (xg — ¢7,29 + ¢7). As in (2.6) and (2.7), let

&= —U(z") and 0 := /27| V" (z*)| O(x
By Lemmas 2.14 and 2.15(iii), ¥”(z*) = —©O(1). By (2.48) we have £ = —¥(z*) = Q(|EY — 1]?). Recalling
that ¥(z*) = U(EY — 1,2%), see (2.49), by combining (2.52), (2.53) and (2.55) (with m = 2) together with
Lemma 2.15(ii), it follows that
E=|U(EY - 1,2%)|=O(|EY — 1]* + |2* — z0|*) = O(|EY — 1]?). (2.67)

v
Hence £ = O(|EY — 1J?), as claimed. That § = ©(1) follows from the bound [¥”(z*)| = ©(1) above and
Lemmas 2.14 and 2.15(iv), which give ®(z*) = O(1).
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Since ¢ and 6, which do not depend on N, are both O(1), for any fixed N, (2.5) holds trivially simply by
taking the implicit constant large enough. Thus we may assume throughout that N =94 < ¢;.
We have P(|X| = N) = ZT]:]:O DPn.N—n. We estimate this sum by Laplace’s method, similarly to the
argument in the proof of Theorem 2.11, but now for a sum instead of a two-dimensional integral.
We consider first n such that [n/N — 2*| < N~%4 which includes the main terms in the sum. Suppose
that |x — 2*| < N~%4, Using Lemma 2.14, a Taylor expansion then yields, cf. (2.28),
NU(z)+ N¢ = NU(z) — NU(2*) = N3O (2%)(z — 2%)* + N2 (%) (2 — %) + O(N|z — z*[*),

which by exponentiation and a Taylor expansion of ®(x) yields, cf. (2.31),
NV@) P () = e—N{-i—N%\II”(J;*)(x—g;*)Z(‘I)(x*) + () (@ — 27) + NO(a*) 10" (2% (& — 2*)?
+O(Jz —2** + Njz — 2*|* + N?|z — :1:*|6)).
Similar, but simpler, reasoning also shows that if |z — 2*| < N=%4 then
NU() -1 67N£+N%\Il”(a;*)(zfa:*)2 LO(N7Y),
Consequently, since U”(2*) < 0, if we define

n J T *\2
S; = (— fx*) eIV @)l(n=Na")"/N (2.68)

then (2.45) yields

Y punoa=NTZe N (cp(z*)so + ¥ (27)S) + NB(2*) 20" (27) Sy
|n/N—z*|<N—0-4

+0(Sz + NSy + N2S5) + O(N7150)). (2.69)

(The odd sums S; and S3 do not vanish as the corresponding integrals in the proof of Theorem 2.11 do, but
we shall see that they are exponentially small.) Recall (from the start of the proof) that U”(z*) = —0(1).
It follows that if we extend the summation in the definition (2.68) to all n € Z, and denote the result by S7,

then S; — S is O(e‘Q(NM)) for each fixed j. Let a = [¥”(2*)[/2N. In the notation of Lemma 2.16, S} =

N=ITj(a, Nz*). The error terms of the form O(a’o(l)e”r2/“) in the conclusion of Lemma 2.16 are e~©(Y)
and so negligible. Thus, from Lemma 2.16 and (2.69), recalling the definitions (2.6) and (2.7) of £ and 6, we
find
> PnN—n = N2 NE(NY29 4 O(N~V/2)). (2.70)
[n/N—a*|<N—04
Next, consider n such that N=%4 < |n/N —z*| < 2¢7, and recall that 3c; < cg. If N0 < |z — 2| < 2¢7,
then Lemma 2.15 implies that |z — x9| < 3¢; and ¥(z) < ¥(z*) — Q((x — 2*)?) < V(z*) — QN708) =
—& — Q(N798). Hence, by (2.45) and Lemma 2.14, if N=%4 < |n/N — 2*| < 2¢7, then Lemma 2.15 implies
that o
Pn,N—n = N_Ze_Nf_Q(N . 0(1)

The sum over such n is easily absorbed into the error term we are aiming for: we have, say,
> PoN-n = O(NT2). e~ N¢, (2.71)
N-04|n/N—x*|<2c7

Finally, since |z* — 29| < ¢7 by Lemma 2.15(ii) and 0 < n < N, using Lemma 2.17 there exists a
constant ¢ > 0 such that, say,

Z Pn,N—n < Z Pn,N—n < O(N) : 6_2CN = O(N_5/2) . C_CN. (272)
In/N—x*|>2c7 In/N—xzo|>cr

Recalling that |EY — 1| < ¢1, by (2.67) we may choose ¢; < cg sufficiently small so that £ < ¢, and then (2.5)
follows from (2.70), (2.71) and (2.72). O
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3 Application to branching process families

In this section we apply the main result of Section 2 (Theorem 2.2) to a family of branching processes. The
goal is to prove Theorem 3.4 below, giving estimates for the point probabilities P(|X| = N) in a form suitable
for the application to Achlioptas processes in [22].

3.1 Properties of general parameterized families

By a branching process family (Xy, Z,,Y0,20 Juer we simply mean a family of branching processes of the type
in Definition 1.1, one for each u in some interval I C R. Given such a family, we write
0 0
9u(y:2) = gv,.z. (0, 2) =E(y™27)  and  g0(y,2) == gyo 20 (y,z) = E(y v z7)
for the corresponding probability generating functions. Note that the branching process family is fully
specified by the interval I and the functions g, and g2.

The following auxiliary result shows that the associated parameters &, = &y, z, and 0, = Oy, 7, yo zo
defined as in Theorem 2.2 vary smoothly in u. This will later allow us to compare the parameters &y, z
and 0y, 7 yo_zo resulting from different probability distributions (Y°, Z%) € K° and (Y, Z) € K (by integrating
linear mixtures that interpolate between them); here the extra |EY, — 1| = O(1) factor in (3.2) is crucial.

Lemma 3.1. Suppose that R > 1, M < oo, ki,ks € N, and 6 > 0. Set K® = K°(R, M,d) and K =
K(R, M, k1, k2,0). Let (Xu)uer = (Xy,,z,,v0,20)uer be a branching process family such that, for every u € I,
we have (Y2, 7°) € K°, (Yy,Z,) € K, and |EY, — 1| < ¢, where ¢; > 0 is the constant appearing in
Theorem 2.2. Suppose that g, (y, z) and g2 (y, z) are analytic as functions of (u,y, 2) in the domain

Drr:=1x{(y,2) €C: |y|,|2|] < R} € RxC?

and that for some X,

)

(2|} <2 (31)

maux{‘aﬁwqu(y7 2)

for all (u,y,2) € Dy r. Let
§u =8z, and Oy =0y, 7, v0.2

be defined as in Theorem 2.2. Then &, and 0, are (real) analytic as functions of w € I. Furthermore,

d

6 =O0(\EY, ~1]), (3.2)
d
-0, = O, (3.3)

where the implicit constants in (3.2) and (3.3) depend only on R, M, ky, ko, 0.

Proof. By assumption, the conditions of Theorem 2.2 hold for each w € I. For any of the quantities or
functions defined in previous sections for a single branching process, we use a subscript u to denote the
corresponding quantity or function associated to X,. As in previous sections, a and 3 always denote real
numbers.

The idea of the proof is as follows. For a given u, the functions defined in the previous sections are
defined, either explicitly or implicitly, in terms of g, and g (or their reparameterizations f, and f2). Roughly
speaking, since g, and g0 vary analytically in u by assumption (and with u-derivative O())), it follows that
the same is true for the derived quantities. There are various steps where we must be slightly careful; for
example, when taking logs (there is no problem as we stick to the domain |z — 1| < %), or dividing by the
square root of a certain determinant (there is no problem since this determinant is (1) by Lemma 2.10).
We must also be careful with the implicit definitions of G,, and «}; the hardest part of the argument is to
establish (3.2) with O(A\|EY,, — 1|) instead of O()\).

Turning to the details, from (3.1) and standard Cauchy estimates we see that for each fixed m we have
=0O(\ d Dmé v
—o) and [D"gly.2)

[P g5, 2) oW (3.4
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whenever |y|, |z| < R'/2, say. (Here and below, D does not include derivatives with respect to u.) Since ¢; <
c2 < (log R)/2, the same estimates hold for the derivatives of f,(y,z) = gu(e?,e?) and f2(y, 2) = g2 (e¥, e*)
in the domain B., C R?; from now on we work over the reals. Recalling the definition (2.37) and ¢, = log f.,
from (3.4) it follows that ||%Fu(a,ﬁ)|| = O(]) for (o, B) € Be,.

From the definition (2.37), the function F,(«, () is a (real) analytic function of (u,a,3) € I x Be,.
For each u € I, by (2.40) we have an inverse G, : B., — B, of the 2-variable function F,. Applying
a standard version of the implicit function theorem locally, we see that G, («, ) is analytic as a function
of (u,a, B) € I X Be,.!

Noting EY,, = %gu(y7z)‘y:z:1’ by definition (2.41) and |EY, — 1] < ¢ it follows that h,(z) is an
analytic function of u, x for u € I and |x — x| < c6; we consider in the sequel only such v and . Inspecting
the definitions (2.43) and (2.44), using Lemma 2.10 (to ensure that the determinant is not degenerate), we
see that ¥, (x) and ®,(z) are well-defined compositions of analytic functions, and thus analytic as functions
of u, z.

Since F, ( «(y)) = y is independent of w, writing * = G,(y) and differentiating yields %Fu(x) +
DF,(z)(£Gu(y)) = 0 and thus, recalling (2.39), for y € B,

|5zcuw] < PR |- |70 = 00 ®5)

Recalling the definition (2.41), note that (3.5) implies H%hu(x)ﬂ = O(\). Since 1, is defined in terms of
oy, = log f, =log fy, z, and its derivatives, see (2.20), using (Y, Z,,) € K it follows that || D, (c, 8)| = O(1)

Furthermore, since estimates analogous to (3.4) also hold for f, = fy, z,, we have %wu(y) = O(\). Hence,
recalling (2.43) and writing y = hy(x), we have

seu(a) = () + D) () ) = OOV (36)

Recalling the definitions (2.43) and (2.44), and the estimates in Section 2.3, we similarly deduce %Cbu (x) =
O\), £V (z) =O0(A) and ZV/(z) = O(\).

Since 7 is defined by ¥/ (z}) = 0, we have (%\II;L)(:UZ) + \I/Z(zZ)%:rj; = 0. It follows, using the lower
bound ¥/ (zr) = —Q(1) from Lemma 2.15(iii) and the implicit function theorem, that z is an analytic
function of u, and that

d ,  —(2v)@E)
W gy oW (37)

As (3.5) implies || 2k, ()] = O(N), and ||, (2)[| = O(1) by (2.46), it follows that
[qurate] < G ] + o] - [gyz:] = o0 (38)

Similarly, from the definitions (2.6) and (2.7), using (3.7) and the bounds above on 8%\1’“7 aau U and a —d,
it follows that &, and 6, are analytic functions of u, with %fu = O(\) and %HU = O(A). It remains only to
establish (3.2).

For this final step, recalling (2.20) and ¢, (e, 8) = log fu(a, B) = log gu(e®, e?), note that ||D-Z 1, (z)| =
O() follows from (3.4). Since 21,,(0) = 0, we thus have 2, (z) = O(A|z|). Similarly, as a consequence of
Lemma 2.12, ¢, (z) = O(|z]) and ||Dyy(x)|| = O(|z|). Writing y;; for hy(z}), it follows from the definition
(2.43) and (3.7)—(3.8) that

d d d
— e = 3 Yule) = - (@lvu(yl)

du
= (ghet) o) + 2t (oo + Do) (sl ) = OO,

IFix up and yo = (ap, Bo) in the relevant domain. By (2.36), DF, is invertible at xg = Gu, (yo), so there is an analytic func-

tion Ga, (y) defined in a neighbourhood of (uo, yo) such that Fu(au (y)) = y. By local uniqueness, Gy (y) = Gu (y) near (uo,yo),
so G is indeed analytic at this point.
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Since y): = hy,(z}), from the definition (2.41) of h,, the bound (2.47), and, for the final step, Lemma 2.15(ii),

it follows that 4

du
completing the proof of the lemma. O

£, = O()\(\]EYU 1+ 2 —xo,u|)) —O(\EY, —1]),

3.2 A specific result suitable for application to Achlioptas processes

In this section we use Theorem 2.2 and Lemma 3.1 to prove the case pg = 1, K = 0 of Theorem A.10
of [22], used there for the analysis of Achlioptas processes. To formulate this main application, i.e., our point
probability result for certain (perturbed) branching process families, we need some some further definitions.

Definition 3.2. Let ty < t. < t; be real numbers. The branching process family (X;);e(to,¢,) = (%H,Zt,YtD,ZE)te(to,tl)
is te-critical if the following hold:

(i) There exist 6 > 0 and R > 1 with (t. — 0,¢c + &) C (to,t1) such that the probability generating functions

0 0
91(y,2) == gv,.z,(y, 2) = E(yY‘zzt) and g?(y, z) = 9y 0,2 (y,2) = ]E(yyt zZt) (3.9)
are defined and analytic on the domain

{(t,y,2) ERxC?: |t —t.| < d and |y|,|2| < R}.

(ii) We have

d
EY;, =1, EY2>0 and G EY > 0. (3.10)
t=tc
(iii) There exists some kg € N such that
min{]P’(th = ko, Zi. = ko), P(Yy. = ko + 1, Zy. = ko), P(Yy, = ko, Zy. = ko + 1)} 0. (3.11)

Definition 3.3. Let (X{):c(t,,+,) be a tc-critical branching process family, and let §, R and ko be as in
Definition 3.2. Given t,n > 0 with |t — .| < ¢, we say that the branching process Xy 7 yo zo is of type (t,n)
(with respect to (%), d, R, and ko) if the following hold:

(i) Writing N := {(y, 2) € C?: |y|,|z| < R}, the expectations

~ ~ 0 0
9(y:2) = gvz(y,2) =E(y"27)  and  §°(y,2) = gyo zo(y.2) =E(y" z7) (3.12)
are defined (i.e., the expectations converge absolutely) for all (y, z) € N.

(ii) For all (y,z) € N we have
9(v,2) —ge(y.2)| <n and g%y, 2) — g} (v, 2)| <. (3.13)

Note that X; = Xy, z, yo, zo is itself of type (¢,7) for any > 0. The following result relates the point
probabilities from X; with those from branching processes X of type (¢,1). A key feature is the form of the
uniform O(n|t —t.|+n?) error term in (3.15). In (3.14) and (3.15) below, we have &y, 7z, = ¥(t) = O((t —t.)?)
and Oy, z, yo zo = 0(t) = ©(1) for X = X; (using n = 0), and &y,z ~ ¥(t) and Oy, zyo zo ~ 0(t) for any
branching process X of type (t,7n) with n < |t —t.| < €. In the near-critical case t = t. +¢, the size-N point
probabilities of X; and X thus both decay exponentially in ©(s2N).

Theorem 3.4 (Point probabilities of X of type (¢,71)). Let (X¢)ic(o,t,) be a te-critical branching process
family. Then there exist constants €g,m9 > 0 and analytic functions 0, 1 on the interval I = [te — 9, te + €0)
such that

P(|X| = N) = (1+ O(1/N))N~320y 5 yo g0 e=V2N (3.14)
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uniformly over all N > 1,t € I, 0 < n < 1o and all branching processes X = Xy, z yo zo of type (t,n) (with
respect to (X)), where the parameters {y,z and Oy, z yo zo, which depend on the distributions of (Y,Z) and
of (Y0, Z9), satisfy

Ev,z = Y(t) + Ot — t| +1°) and Oy zyo zo = 0(t) + O(n). (3.15)
Moreover, 6(t) > 0, ¥(t) >0, ¥(t.) = ¥'(t.) =0, and ¢’ (t.) > 0.

Proof. Fix a tc-critical branching process family (Xt);e(to,t,), and let 6 > 0 and R > 1 be as in the definitions
above. We pick 0 < g9 < ¢, and decrease R slightly, keeping R > 1. Then g¢(t,y,2) = ¢:(y,2) and
d°(t,y,2) = gY(y, z) are continuous on the compact domain |t — t.| < €o, |y],|2] < R and so bounded, say
by M;. Let M = M; + 1. Then, provided |t — t.| < &9, by (3.13) any X of type (t,n) with n < 1 satisfies

max{[3(y, )], [ 2)|} <M whenever |y],]2| < R

For any integers k, £, we have

1 okt

PY, =k, Z =1) = o Wgt(%z)

y=2=0

Since ¢:(y, z) is analytic in t¢,y, z, this probability varies continuously in ¢t. Moreover, since P(Y =k, Z = ()
can analogously be written as a derivative of § evaluated at (0, 0), using standard Cauchy estimates and (3.13)
we infer

P(Y =k, Z=10)-P(Y; =k, Z = ()| = O(n).

A similar argument shows that EY; = a% gt (y, z)| is continuous in ¢, and that Cauchy’s estimates imply

y=z=1
EY; —EY|=O(n). (3.16)

Analogous reasoning applies to EY,? and EY?.

By definition of a t.-critical branching process family, there is some § > 0 such that for t = ¢, all of EY,?,
P(Y; = ko, Zt = ko), P(Ys = ko + 1, Z; = ko) and P(Y; = ko, Z; = ko + 1) are at least 20, say. Furthermore,
at t = t. we have EY; = 1. From the argument above these quantities all vary continuously in ¢, and change
by O(n) when we move from X; to some X of type (¢,7). It follows that there is a constant ng > 0 such
that, after reducing ¢ if necessary, whenever |t — t.| < g9 and n < 79, then any X of type (t,7n) satisfies the
conditions of Theorem 2.2, namely that (Y°,2%) € K°, (Y, Z) € K and |EY — 1| < ¢1.

Now, applying Theorem 2.2 to each branching process in the family (X¢)ief, —co,t.+20], and Lemma 3.1 to
the family itself, establishes the = 0 case of Theorem 3.4 with 6(t) = 6; and ¢ (t) = &. Indeed, Theorem 2.2
gives that § = ©(1), so we do have 6(t) > 0, while (2.8) gives ¥(t) = & = O(|EY; — 1]?), which is O(|t — t.|*)
since (3.10) implies, after reducing e if necessary, that

IEY; — 1| = O(|t — t.|). (3.17)

It follows that ¥ (t.) = ¥’ (t.) = 0 and ¥"(t.) > 0.

To complete the proof, assume now that X = Xy zyo zo is of type (t,n), with 0 < n < no and |t —
tc| < €. As noted above, Theorem 2.2 applies to X, giving (3.14); it remains to establish (3.15). We do
this by interpolating between X and X;, and applying Lemma 3.1. Consider the branching process family

(Yus Z4, Y2, Z3) uepo,1) defined by the mixtures

Guly.2) = (1= w)ge(y.2) +ugly,2)  and  gy(y,2) == (1 —u)gi(y,2) + ug’(y, 2). (3.18)

(As noted earlier, the probability generating functions g,, g% and the interval I = [0,1] fully specify the
family.) Since the assumptions of Theorem 2.2 are preserved by taking mixtures, every branching process
in this family satisfies these assumptions. (In fact, they are all clearly of type (¢,1) too.) Moreover, the
assumption (3.13) implies that (3.1) holds with A\ = 7, and since EY,, = %gu(y, z)’yzz:1 we have

IEY, —1|<|EY, — 1|+ u|EY —EY;| = O(|t — t.| +n) (3.19)
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by (3.16) and (3.17). Thus we may apply Lemma 3.1, and, by integrating (3.2) with £, = {y, z , we infer

£ =& =¢&v,.2, — &v0.20 = O(nlt —te| +17°). (3.20)
Finally, § — 6; = O(n) follows similarly by integrating (3.3). O

Theorem 3.4 immediately implies the key case pg = 1, K = 0 of Theorem A.10 of [22] with any positive
value of the constant c. Indeed, after reducing ey if necessary, the assumption 1 < c|t — t.| in the latter
theorem implies the assumption 1 < 79 of Theorem 3.4. Moreover, the same assumption n < c|t — t.|
together with (3.15) implies the bound &y, z = ¥(t) + O(n|t — t|) in Theorem A.10 of [22].

4 The survival probability

In this section we study the survival probability of the branching process X = Xy, z yo zo from Definition 1.1
and the branching process family (X, ),er from Section 3. The goal is to prove Theorem 4.5 below, i.e., to
give estimates for P(|X| = oo) suitable for the application to Achlioptas processes in [22].

Our strategy mimics the general approach used in Sections 2-3 for point probabilities, though the technical
details are much simpler. In Section 4.1 we first prove a technical result for the survival probability P(|X| = co)
of a single branching process (Lemma 4.2). Then we show that in a branching process family (X,,),es certain
parameters related to the survival probability vary smoothly in u (Lemma 4.4). Finally, in Section 4.2 we
combine these two auxiliary results to prove Theorem 4.5.

4.1 Properties of a single process and general parameterized families

As far as the survival of Xy zyo zo is concerned, particles of type S are irrelevant and may be ignored, so
we may consider a standard single-type Galton—Watson branching process with offspring distribution Y and
initial distribution Y, which we henceforth denote by Xy,yo. Thus

]P)(|fy7z7yovzo| = OO) = ]P)(|XY,y0| = OO) =Py, yo. (41)
Writing —as shorthand for the distribution with constant value one, it similarly follows that
P(|Xy | = 00) = B(1Xy, | = 00) =t py. (42)

Throughout this section, we shall work with the univariate probability generating functions gy (y) := Ey¥ =
gv,z(y,1) and gyo(y) := gyo zo(y,1). By standard branching process arguments (see, e.g., [10, Theo-
rem 5.4.5]), we have

1= pyyo = gyo(l = py), (4.3)
where the extinction probability 1 — py is the smallest non-negative solution to
1= py =gy(1—py). (4.4)

Fix R > 1, M, ki, ko and § > 0. We henceforth assume that (Y, Z) € K = K(R, M, ki, k2,6) and (Y°, Z9) €
K° = K°(R,M,6). Since (Y,Z) € K, by (2.1) the function gy (y) is analytic in {y € C : |y| < R},
with gy (1) = 1. A Taylor expansion of gy (y) at y = 1 yields, for |z| < R —1,

gy(1—z)=E(1 —2)¥ = i(—l)"E (Z)ﬂ =1-EYz+E (§>$2 -k (§>x3—|— ) (4.5)

n=0

Define

hy (z) = lfgyf(l*x), (4.6)

removing the removable singularity at x = 0. Then hy is analytic in {z € C : |2| < R — 1}, and

hy (z) = i(fl)"]E (ni 1>x” =EY —E (};)xwLIE <§>x2 4o (4.7)
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Observe that if py > 0, then (4.4) is equivalent to hy (py) = 1. Furthermore,

0 =EY =g 1), -n0) =k} ) = S (48)

We next derive bounds on the derivatives of hy valid for small x.

Lemma 4.1. Suppose that R > 1, M < oo, ki,kos € N, and § > 0. There exist constants 0 < ¢g <
min{R — 1,1}/3 and Cim) such that if (Y,Z) € K= K(R, M, k1,k2,9), then the following hold.

(i) If m € N and |z| < co, then |D™hy (z)] < CI™.
(ii) IfEY > 11—, then h4-(0) < —=§ and P(Y > 2) > 0.
(i) IfEY >1—90 and |z| < cg, then Wi (x) < —0/2.

Proof. (i): By (4.6) and (2.1), h(z) = O(1) if |z| = (R — 1)/2, say. Hence the result, with ¢y := min{R —
1,1}/3, say, follows by Cauchy’s estimates.
(ii): If (2.3) holds with k1 > 1, then P(Y > 2) > P(Y = k1+1) > T, 41,4, = 0, and thus E(Y (Y —1)) > 26.
If instead (2.3) holds with k1 = 0, then P(Y = 0) > 7, ky + Thy ko1 = 20. Since EY > 1—0, thenY € N
implies E( (y>2;(Y —1)) =E(Y — 1)+ P(Y =0) > 4, and thus E(Y(Y — 1)) > 2E( (y>23(Y — 1)) > 26.
In both cases, hy-(0) < —0 follows by (4.8), and P(Y > 2) > 0 holds, too.

(iii): Follows by (ii) and (i) (with m = 2), replacing ¢9 by min{cy, 6/20&2)}. O
We next characterize the survival probability py in terms of the (unique) solution to hy (p) = 1.

Lemma 4.2. Suppose that R > 1, M < oo, ki,ko € N, and § > 0. There exists a constant 0 < c1p < 0
such that the following holds. If (Y,Z) € K(R, M, k1,k2,8) and |EY — 1| < c19, then there is a unique
p=py €{r eR:|z| <cy} such that

hy (p) = 1.
Furthermore, py = max{p, 0}, sign(p) =sign(EY — 1), and |p| = O(|EY — 1|), where the implicit constants
depend only on R, M, k1, ks and d.

Proof. We apply the inverse function theorem, Lemma 2.13, with d = 1, r = ¢9 and
F(z):=hy(z) - EY,

using (4.8) and Lemma 4.1 to verify the assumptions; we shall ensure that ¢1p < d, so |[EY —1| < ¢19 implies
EY > 1-6. Writing B, = B! = {z € R : |z| < r} to avoid clutter (as before), Lemma 2.13 shows the
existence of a constant c;g > 0, which we may assume to be at most J, and an inverse function G : B.,, = B,
with F(G(x)) = « and G(0) = 0. We define

€10

p=G(1-EY),

so that hy (p) = F(p)+EY = 1. Since ||DG(y)|| = O(1) in B.,, by Lemma 2.13 and ||DF(x)|| = O(1) in B,
by Lemma 4.1(i), using G(0) = F(0) = 0 we have [p| = |G(1—-EY)|=O(|EY —1|) and |EY — 1| = |F(p)| =
O(p), establishing |p| = O(|EY — 1]).

We relate p and py by a variant of the usual fixed point analysis of gy () = x in [0, R]. Since P(Y > 2) > 0
by Lemma 4.1(ii), gy is strictly convex on [0, R], which implies that gy () = 2 has at most two solutions
in this interval, and exactly one solution if EY = 1, since gy (1) = 1 and ¢4 (1) = EY. Now z = 1
and x = 1 — py € [0,1] are solutions. Since hy(p) = 1, x = 1 — p is also a solution (see (4.6)); since
|p| < cg < min{R — 1,1}, we have 1 — p € (0, R).

If >0, then 1—p € (0,1) and 1 are two distinct solutions; thus 1 — py =1 — 5, and g4 (1) > 1 by strict
convexity. Similarly, if p < 0, then 1 — 4 € (1, R) and thus 1 — py = 1, and ¢4-(1) < 1 by strict convexity.
Finally, if p = 0, then EY = hy (0) = hy(p) = 1 by (4.8), so that 1 — py = 1 (since then z = 1 is the only
solution to gy (z) = z in [0, R]). Hence py = max{p,0} in all cases. It follows also that p is unique, and
that p has the same sign as EY — 1 = g4, (1) — 1. O
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Remark 4.3. Since F'(0) = h{-(0) = —E(Y (Y —1))/2, when EY > 1 it follows easily that py = %-&-

O(|EY — 1/?). In particular py ~ % as EY N\ 1, assuming, as always here, that (Y, Z) € K. This
holds under much weaker conditions on Y, see [12] and [2] for precise conditions; see also [11, Section 3].

We next consider a branching process family (X.)uer = (Xy, z,,v0,20)uer as in Section 3; as there we
indicate the parameter u by subscripts. Thus, for example, p,, = py, is defined as in Lemma 4.2, with (Y, Z)
replaced by (Y, Z,). Furthermore, in analogy to (4.3), we also define

1= py, yvo = gvo(l — pu). (4.9)

Thus, by combining (4.3) with Lemma 4.2, when EY,, > 1 we have p,, = py, and py, yo = py, yo. Mimicking
Lemma 3.1, the following auxiliary result shows that p,, and py, yo both vary smoothly in w.

Lemma 4.4. Suppose that R > 1, M < oo, ki,ks € N, and 6 > 0. Set K = K°(R, M,d) and K =
K(R, M, k1, k2,0). Let (Xu)uer = (Xy,,z,,v0,20)uer be a branching process family satisfying the assumptions
of Lemma 3.1, with |EY, —1| < ¢1 replaced by |EY, —1| < c19. Let p, and Py, yo be defined as in Lemma 4.2
and (4.9). Then p, and py, yo are analytic functions of u € I. Furthermore,

d . d _
@pu = O()‘)v @pYu,YS - O()‘)’ (410)

where the implicit constants depend only on R, M, k1, ks and 6.

Proof. Let hy(xz) = hy,(z) := (1 — gu(1 — ))/x be the equivalent of (4.6) for X,, again removing the
removable singularity at x = 0. Then h,(z) is an analytic function of (u,z) € I x {x € C: |z] < R — 1}.
Note that (3.1) implies | & h,(z)| = O(N) if |z| = (R —1)/3, say. Since cg < (R — 1)/3, by the maximum
modulus principle (applied with u fixed) it follows that

‘%hu(x)’ <CA (4.11)

for all w € T and |z| < cy.
By Lemma 4.2, for every u € I there is a unique 4, € R with |p,| < ¢g such that

hu(pu) = 1. (4.12)

Since |h,(pu)] = 0/2 by Lemma 4.1(iii) and | EY,,—1| < ¢19 < §, the implicit function theorem shows that p,, is
an analytic function of u € I. That py, yo is analytic then follows from (4.9) and the assumption that g9 (y, z)
is analytic. By differentiating (4.12) we obtain %(ﬁu) + h,(pu) - Lp, = 0. So, using |kl (p,)] > 6/2
and (4.11),

= (o)™ 25 = 0(1) - O(N) = O, (4.13)

Finally, g{-0(1 — p.) = O(1) follows from (2.1) and Cauchy’s estimates (recall that |p,| < co < (R—1)/3).
By differentiating (4.9) and then using (3.1) and (4.13), we obtain

d . d

— a A ! ) D, — ==
@Pyu,yg = —<%9Y3)(1 — pu) + gyg(l — pu) - @Pu =0\ +0(1)-0(\) =0(N),

completing the proof. O

4.2 A specific result suitable for application to Achlioptas processes

We are now ready to prove our main result, concerning the t-dependence of the survival probability of
X: when (X;)ter is a te-critical branching process family, as well as the survival probability of branching
processes X = Xy, z yo zo of type (t,7); see Section 3.2 for the relevant definitions. Two key features are the
convergent power series expansion (4.14), and the uniform O(n) error term in (4.15). In particular, we have
p ~ p(te +¢) = O(e) for any branching process X of type (t. + €,1) with n < € < 9. In the supercritical
case t = t. + €, the survival probabilities of X; and X thus both grow linearly in €.
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Theorem 4.5 (Survival probabilities). Let (Xi)ie(to,t:) = (Xy,,2,,v0,20)te(to,tr) b€ @ te-critical branching
process family. Then there exist constants e9,c > 0 with the following properties. Firstly, the survival
probability p(t) :==P(|%X,] = 00) is zero fort. —eo <t < t, and is positive for t. <t < t.+eg. Secondly, p(t)
is analytic on [te,te + €9]. More precisely, there are constants a; with a1 > 0 such that

p(te +¢) = Z a;e’ (4.14)
i=1

for 0 < e < eo. Thirdly, for any t, n with |t — t.| < €9 and n < c|t — te|, and any branching process
X =Xy zyo z0 of type (t,n) (with respect to (X)), the survival probability p := P(|X| = oo) is zero if t < t,
and is positive and satisfies

p=p(t)+O(n) (4.15)

if t > t., where the implicit constant depends only on the family (X;), not on t or X. Moreover, analogous
statements hold for the survival probabilities py(t) := P(|1Xy, 4| = 00) and p1 := P(|Xy, 4| = 00).

Proof. We argue as in the proof of Theorem 3.4. In particular, we may assume that (Y, Z) € K and
(Y Z%) € KO for some R, M, ki, ko, 5. We shall also assume that ¢ < 1.

We consider only ¢ with |t —t.| < £0; we may assume that ¢ is small enough that this implies t € (¢, 1),
and, by (3.10), that EY,? > 0, and that

sign(EY; — 1) = sign(t — t.) and |[EY: — 1] = O(|t — tc|) < c1o. (4.16)

By (4.2) and Lemma 4.2 and it follows that p;(t) = py, is zero for t. — g < t < t., and positive for t. <
t < t.+ego. Since P(Y? > 1) > 0, now (4.1) and (4.3) imply an analogous statement for p(t) = PY,, Y0
Lemmas 4.2 and 4.4 also imply that

p1(t) = py, and p(t) = by, yo (4.17)

are both analytic for t. <t < t. + &g. Hence (4.14) holds if g¢ is sufficiently small.

Next, for a branching process of type (¢,7n), by (3.16) we have |EY; —EY| = O(n). Since n < c|t —t.|, it
follows from (4.16) that if ¢ is small enough, then sign(EY — 1) = sign(t — ¢.). Moreover, since n < ¢|t —t.| <
|t —te| < €0, using (4.16) we also have |EY — 1] < ¢19 if €¢ is small enough. Mimicking the above reasoning
for pi(t) and p(t), using (4.1)-(4.3) and Lemma 4.2 it follows for n < c|t — t.| that p1 = py and p = py yo
satisfy p1 = p=01if t. —ep <t < te, and p1,p > 0 if t. <t < te + &g; furthermore,

p1=py and p = Py,yo (4.18)

for t. <t <t.+ep and n < cft — tc).

Finally, we consider the interpolating branching process family (Yy, Zy, Y, Z0)ue0,1] defined by (3.18),
for which, as noted in Section 3.2, (3.1) holds with A = n and I = [0, 1]. Note that (3.19) and n < [t —t.| < 9
imply |EY,, — 1| < c1p provided ¢ is small enough. Integrating (4.10) of Lemma 4.4 over u € [0, 1] similarly
to (3.20) in the proof of Theorem 3.4, using the identities (4.17)-(4.18) we infer p; — p1(t) = py — py, = O(n)
and p — p(t) = py,yo — Py, yo = O(n) for t. <t <tc+eo and n < cft — te|, completing the proof. O

Theorem 4.5 immediately implies the key case pr = 1, K = 0 of Theorem A.11 of [22], used there for the
analysis of Achlioptas processes.

Acknowledgement. The last two authors are grateful to Christina Goldschmidt for useful pointers to
the local limit theorem literature, which were helpful for the developing parts of the slightly more involved
(large deviation based) point probability analysis contained in an earlier version of [22].
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