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Abstract

We propose a discontinuous Galerkin finite element method (DGFEM) for fully
nonlinear elliptic Hamilton—Jacobi-Bellman (HJB) partial differential equations
(PDE) of second order with Cordes coefficients. Our analysis shows that the
method is both consistent and stable, with arbitrarily high-order convergence
rates for sufficiently regular solutions. Error bounds for solutions with minimal
regularity show that the method is generally convergent under suitable choices
of meshes and polynomial degrees. The method allows for a broad range of
hp-refinement strategies on unstructured meshes with varying element sizes and
orders of approximation, thus permitting up to exponential convergence rates,
even for nonsmooth solutions. Numerical experiments on problems with nons-
mooth solutions and strongly anisotropic diffusion coefficients demonstrate the

significant gains in accuracy and computational efficiency over existing methods.

We then extend the DGFEM for elliptic HIB equations to a space-time DGFEM
for parabolic HJB equations. The resulting method is consistent and uncondi-
tionally stable for varying time-steps, and we obtain error bounds for both rough
and regular solutions, which show that the method is arbitrarily high-order with
optimal convergence rates with respect to the mesh size, time-step size, and
temporal polynomial degree, and possibly suboptimal by an order and a half in
the spatial polynomial degree. Exponential convergence rates under combined
hp- and Tg-refinement are obtained in numerical experiments on problems with

strongly anisotropic diffusion coefficients and early-time singularities.

Finally, we show that the combination of a semismooth Newton method with
nonoverlapping domain decomposition preconditioners leads to efficient solvers
for the discrete nonlinear problems. The semismooth Newton method has a su-
perlinear convergence rate, and performs very effectively in computations. We
analyse the spectral bounds of nonoverlapping domain decomposition precondi-
tioners for a model problem, where we establish sharp bounds that are explicit
in both the mesh sizes and polynomial degrees. We then go beyond the model
problem and show computationally that these algorithms lead to efficient and

competitive solvers in practical applications to fully nonlinear HJB equations.
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Chapter 1

Introduction

We consider the numerical solution of a class of fully nonlinear second-order partial differ-
ential equations (PDE) called Hamilton—Jacobi-Bellman (HJB) equations. These PDE are
named after Sir William Rowan Hamilton (1805-1865), Carl Gustav Jacobi (1804-1851),
and Richard Bellman (1920-1984). HJB equations arise from models for the optimal control
of stochastic processes.

In this chapter, we briefly describe the relation between HJB equations and control
problems, followed by the main PDE-theoretic considerations in section 1.2. In sections 1.3
and 1.4, we review the current state of the art of numerical methods for HJB equations
and highlight some key challenges. We then introduce in section 1.7 our main contributions
that will be detailed in this thesis.

1.1 Optimal control of stochastic processes

Stochastic optimal control problems describe the time evolution of a state vector X : ¢ —
X; € R? subject to a control process a(-): t — a; € A, where A is the set of available
controls. Specifically, the state vector X obeys a given stochastic differential equation,
whose drift and volatility terms are functions of & € A. Note that a denotes an element
of A, whereas a(-) denotes a A-valued function of time. The aim is to determine a control
process that either minimises a given cost functional, or maximises a given utility functional.
Typically, the control problem is terminated at a possibly random time, for instance a
specified final time T, or at the time 7ot of first exit of X; from a bounded domain Q2 C RA.

For example, let f and ¢ be real-valued functions on Q x A, with ¢ > 0, and consider

the stochastic control problem, subject to a stochastic differential equation, given by

(1.1) min J*O(z), JO(z) = IE/TQXit f(Xy) exp (— /t c* (Xs) ds) dt,
0 0

a()ecC
(12) dX; = b (Xt) dt + ot (Xt) dB; fort>0, Xg=u=x,
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where B; denotes a k-dimensional Brownian motion; E denotes the expected value at time
t = 0; the matrix function o takes values in R?**; the function b takes values in R%: and
where C is a given set! of functions a(-): [0,00) — A, with A a given compact metric space.
Here, we use the notational convention of denoting the dependence of functions on o € A
and functionals on a(-) € C through a superscript, e.g. f: (z,a) — f*(x).

The control problem (1.1) leads to an elliptic HIB equation as follows: define the d x d
matrix function a® = o®(c®) ' /2; the function a® is usually referred to as the diffusion
coefficient. The function u: 2 — R defined by

= — inf JO(2), zeq,
(1.3) u(x) Jut (), =

solves the HJB equation

sup [L% — f*] =0 in Q,
(1‘4) a€A
u=0 on 01,

where the nondivergence form elliptic operators L® are defined by
(1.5) L% = a%: D*v +b* - Vo — v, ve H*(Q), a€A.

The derivation of the HJB equation from the stochastic control problem essentially
hinges on Bellman’s dynamic programming principle and Dynkin’s formula [63] for the
infinitesimal generator of the stochastic process. It turns out that this derivation points
to a solution strategy for the control problem: if the solution of the HJB equation is
available, then optimal controls can often be computed as the maximisers of the expression
appearing on the left-hand side of (1.4). The main advantage of this approach is that these
optimisation problems are posed over A rather than C, and can be solved independently for
varying © € 2. Thus, these local optimisation problems are tractable in many cases once
the solution v and its partial derivatives are known.

However, it is clear that the function v and its partial derivatives cannot generally be
computed from (1.3). Therefore, the success of this approach does depend on the availability
and effectiveness of numerical methods for computing the solution of the HJB equation. For
further results concerning the relationship between HJB equations and stochastic control
problems, we refer the reader to [36], which provides a rigorous account of the dynamic

programming principle and more general control problems.

More precisely, the set C is required to be a subset of the set of progressively measurable functions
with respect to the filtration of the Brownian motion, with possible further restrictions determined by the
particular problem being modelled; see [36] for further details.
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1.2 'The notion of solution and its regularity

The equation (1.4) is called uniformly elliptic if there exist positive constants 0 < v < T
such that

(1.6) v|EP <eTa®(z)E<ple]? VEERY, Ve, VaeA.

The regularity theory centered around the celebrated Evans—Krylov Theorem establishes
interior C?#-regularity of the solution of fully nonlinear uniformly elliptic and parabolic
equations with convex nonlinearities, under standard regularity assumptions on the coeffi-
cients a, b, c and f [19, 20, 32, 48, 77]; this applies to HJB equations of the form (1.4). In
this case the solution can be understood to satisfy the equation in a classical sense.

However, if the uniform ellipticity assumption is relaxed and the diffusion is allowed
to become degenerate, with v = 0, then the solution, as defined by (1.3), is typically
Lipschitz continuous at best. The eikonal equation with zero Dirichlet boundary datum is
a representative example of this situation, the solution being the distance function to the
boundary of the domain.

Therefore, in the degenerate case, the solution cannot be understood in the classical
sense. Instead, the appropriate notion of solution is that of a wviscosity solution; for an
introductory exposition to viscosity solutions, see [24]. We note that the notion of a viscosity
solution will not be required for understanding the analysis of this work. However, we recall
several key aspects of viscosity solutions that are important for understanding the current
state of the art in numerical methods for fully nonlinear PDE.

The first consideration is that the definition of viscosity solutions requires a priori only
continuity of the solution, and the well-posedness theory of viscosity solutions is centred
around the maximum principle. The notion of viscosity solution is applicable in both the
degenerate and uniformly elliptic cases, although in the latter case the regularity theory
mentioned above establishes higher regularity of the solution.

The second point is that another important notion of solution of elliptic PDE, namely
that of weak solutions, is not applicable to fully nonlinear PDE such as HJB equations. This
is simply because the second-order derivatives of the unknown solution appear under the
nonlinearity, and thus no integration by parts is possible to pass partial derivatives onto test
functions. Fully nonlinear PDE are therefore very different from linear, semilinear or quasi-
linear equations in divergence form. This explains why the development of Galerkin-type
numerical methods for these problems has been particularly difficult, despite the successes
of these numerical methods for other PDE.

In summary, the regularity of the solution depends on the uniform ellipticity or de-
generacy of the problem appearing through a®, with clearly important consequences at a
computational level. However, for computational purposes, it is also important to consider

the case where the diffusion coefficient a® is strongly anisotropic, a typical example being
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when the diffusion is dominant in certain directions, and the eigenvectors of a® are not
well-aligned with the computational grid. Strongly anisotropic problems can occur in both
the uniformly elliptic or degenerate cases, and often occur as nearly degenerate problems
with v < 7. As we shall see below, anisotropic diffusion leads to substantial challenges for

the practical application of many numerical methods.

1.3 Monotone methods

Some of the earliest computational methods for HJB equations and stochastic control prob-
lems were based on approximating the underlying SDE by a discrete Markov chain [52].
Alongside the advent of the notion of viscosity solution [24], it became apparent that these
Markov chain approximations admit equivalent interpretations as monotone finite difference
methods (FDM) [16, 36], i.e. that satisfy a discrete maximum principle.

Broadly stated, these methods approximate the linear operators L% by linear finite

difference operators L} on a computational grid of grid-size h, and solve the discrete problem

sup [Lhun — f*] () =0
for each grid point z;. The scheme is said to be monotone provided that, for any grid-
function vy, that has a nonnegative local maximum at z; of the grid, one has L§vy(z;) < 0.
This corresponds to requiring that all diagonal entries of the matrix representing L} be
negative, with only nonnegative off-diagonal entries. A classical example of a monotone
scheme is the Kushner—Dupuis method [52, p. 1012], which is only applicable to rather
isotropic problems with diagonally dominant diffusion coefficients a®.

A central reason for the interest in monotone methods is that Barles and Souganidis
provided in [13] a general convergence theory that is applicable to a broad class of possibly
degenerate fully nonlinear elliptic and parabolic PDE. Specifically, provided that the un-
derlying PDE satisfies an appropriate maximum principle and that the FDM is monotone,
consistent, and stable in the sense that the sequence of numerical solutions {uy, }; remains
bounded in the maximum norm, then it can be shown? that |Ju — up||z~ — 0 as h — 0,
without a priori regularity assumptions on the analytical solution w.

However, as we shall see below, the computational practice of monotone schemes has
lagged behind their theoretical development, especially for strongly anisotropic problems.
This is because monotone schemes suffer from significant drawbacks when used in practice.
Indeed, various authors have commented on the necessarily low-order convergence rates

of monotone schemes [28, 62], and on the restrictions imposed on the choice of stencil

2For degenerate problems with Dirichlet boundary conditions, there are some important technicalities
concerning convergence of the numerical solutions at the boundary, which usually need to be analysed by
some independent means, see [13, Remark 2.2]. See also the notion of discontinuous viscosity solutions
in [12].
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FIGURE 1.1: In order to discretise strongly anisotropic diffusion coefficients a®, monotone FDM
require the use of wide stencils, such as the one depicted here that involves five layers of neighbouring
nodes. The characterisation of the set of operators that can be discretised with this stencil is given
in [16, Section 5], where it is shown that it is necessary but not sufficient that |ag;| < 5ag; for all
i # j. See our experiments in section 4.7 for an example where \a%| > 20a$; for some i and j.

necessary to achieve monotonicity of the discretisation [25, 47, 50]. It turns out that for
strongly anisotropic diffusion coefficients a®, compact stencils cannot offer a consistent and
monotone discretisation, as first shown by Motzkin and Wasow [59]. In this case, a larger
stencil is generally needed, as illustrated by Figure 1.1.

It is important to note that contrary to standard finite difference methods, increasing
the stencil size in a monotone scheme cannot increase the order of accuracy. Instead, it
has been pointed out [16] that increased stencil sizes typically increase the truncation error
and thus decrease accuracy. Therefore it is generally desirable to use a minimal stencil that
achieves monotonicity and consistency [16].

Kocan showed in [47] that the minimal stencil width required for monotonicity is ex-
pected to be of order € for d = 2 dimensions, of order £%/2 for d = 3 and of order £2¢~4 for
d > 4, where & = /v is the ellipticity constant. In the degenerate limit, there are examples
of diffusion coefficients where no finite stencil can yield a monotone discretisation [25, 47];
in such a case, the stencil must be continually increased as the mesh is refined. Bonnans
and Zidani examined in [16] the conditions that determine the set of problems that can be
discretised with various stencils: they found that the number of conditions on the diffusion
coefficient grows both with the stencil size and the problem dimension. Their work thus
shows that it is generally nontrivial to determine a priori an appropriate stencil.

In terms of potentially usable methods for strongly anisotropic problems, Kuo and
Trudinger analysed in [49, 50] a class of wide stencil monotone schemes (which were called
therein multistep schemes of positive type) for uniformly elliptic HIB and Bellman-Isaacs

equations. Moreover, they suggested what appears to be the first potentially applicable
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algorithm for constructing the methods in practice®, although no numerical experiments
were presented; to our knowledge, their method has yet to be implemented in practice.
Bonnans et al. proposed in [15] an algorithm for computing monotone discretisations of
two-dimensional problems with finite stencils, with a consistency error depending on the
stencil width. This is achieved by approximating the diffusion coefficient a® by another
coefficient a® for which a monotone discretisation is available on a user-specified stencil.
Convergence is then achieved by increasing the stencil size along with mesh refinement.
Building on the earlier work of Camilli and Falcone [21], Debrabant and Jakobsen [26]
developed a semi-Lagrangian framework in which the stencil width continually increases as

the mesh is refined. Their framework includes generalisations of the approximation

4 To(x + ka®) — 2Zv(z) + Zv(z — ko®
(1.7) a*(a): DPo(o) ~ § 30 AT HROp) 22TV 3 Tule —hoy),

where we recall that a® = o"‘(o"‘)—r /2, k is a mesh-dependent parameter, the operator
7 denotes linear or bilinear interpolation onto the grid, the function v € C?, and where
o, signifies the p-th column of the matrix 0. Typically k is of order V'h, so that the
stencil size is of order 1/ V'h, thereby leading to first-order accuracy in the truncation error.
One advantage of these methods is the guaranteed monotonicity of the discretisation, with
consistency achieved as h — 0.

In [26], Jakobsen and Debrabant treat HJB and Bellman-Isaacs equations specifically
posed on the entire space R? rather than on bounded domains. However, they point to some
of the issues arising from the presence of a boundary in [26, Section 6.1], namely a possible
loss of accuracy or monotonicity near the boundary. In particular, the finite difference
formula (1.7) needs to be modified for points x close to the boundary 9f, possibly by a
one-sided asymmetric formula.

In summary, three principal observations arise from the existing literature on monotone

methods:

1. In order to treat strongly anisotropic or degenerate problems, large stencils are re-

quired to achieve both consistency and monotonicity.

2. Large stencils can have negative consequences for the computational aspects of mono-

tone methods, such as higher truncation errors and increased costs.

3. As a result of these challenges, computational practice of monotone schemes for
strongly anisotropic problems has lagged behind theoretical developments, with many

practical issues remaining to be investigated.

3Tt is important to note Kocan’s comment [47, p. 81] on a mistake in [49], which underestimated the
necessary stencil sizes for problems in more than two dimensions.
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Monotone finite element methods. The reader will readily notice that the literature
described above concerns essentially monotone FDM. This emphasis on FDM stems pri-
marily from the ability to establish monotonicity directly from the definition of the FD
approximation. Also, the existing convergence theory of Barles and Souganidis [13] is re-
stricted to the notion of consistency of finite difference methods.

However, Jensen and this author proposed in [45, 46] a monotone finite element meth-
ods (FEM) for a class of possibly degenerate HJB equations. This method was shown to
converge to the viscosity solution in the L>-norm, as well as in the H'-norm if there is a
nondegenerate subset of the operators LY. The method essentially combines mass lump-
ing of the time derivative with nonstandard numerical approximations to the second order
elliptic operators L“, allowing for general implicit and explicit splittings.

To present the main results of [46], it is helpful to consider an example of a scheme

covered by their analysis. Consider for example the parabolic HJIB equation

(1.8) Ou —sup[L%u — f*] =0 in Qx (0,7)

acl
along with, for example, homogeneous initial time and lateral boundary conditions. In [46],
the operators L® were assumed to be isotropic but possibly degenerate: a® = a®I; where

«

a e =

is a nonnegative scalar function and I is the d x d identity matrix. The case a
is of course allowed. Let 7p be a simplicial conforming mesh on €2 of mesh-size h, and let
V.l denote the standard H}(£2)-conforming piecewise linear finite element space on 7j. For
N = dim V;}, let {z}}}V, denote the set of interior nodes of the mesh, and let éi denote the
L'-normalised hat function associated with the node x%, such that ‘%(th) = 0if £ # m,
and |||l = 1.

The operator L“ is approximated by a numerical operator L} : Vh1 — RY defined by

(Lfon)y = —a® (@) (Von, Vi) + (0% - Vo, — c*on, 6f), €=1,..., N,

where (-,-) denotes the L-inner product, and where the function a® is an approximation
to a®, allowing for averaging, regularisation, and/or the inclusion of artificial diffusion: in

practice, one frequently has |[@® — a®|[r~ < C'h. The numerical scheme is then to find

{uZ}fi%t C V)l for successive timesteps {tn}géft such that
u® SUZ 7un71 SCK R
(o) B ) oy [(ngu), - (. d)] =0 ve=1..N
a€cl

The method is monotone* provided that the operators L} possess the property that when-
ever a function vj, € V! has a nonnegative local maximum at a node , then (L$vy,), < 0.

In practice, this assumption can be guaranteed if, for example in two space dimensions,

4This is referred to as the local monotonicity property in [46], and is closely related to the weak discrete
maximum principle.
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the triangles of the mesh 7}, are strictly acute, and the approximation a® includes artificial
diffusion of order A ||b%|| o +h? ||c%|| 1<, see [46, Section 8] and the references therein for fur-
ther details. The construction of similarly monotone finite element schemes for anisotropic
diffusion coefficients a® appears to be more challenging than for the isotropic case, although
we note the recent work of Nochetto and Zhang [61].

The FEM is therefore monotone in a similar sense to the monotone FDM considered
above, as required by the convergence theory of Barles and Souganidis [13]. However, the
FEM does not satisfy the consistency notion required by [13], namely that in general, if
zf, -z € Qas h — 0 and v € C®(Q), we may have (L{Zyv), /4 L%(z), where Ty, is
the nodal interpolant into Vhl. Indeed, a simple (counter)example can be found for the
Laplace operator on a square subdivided into four regular simplices [46, p. 146]. Therefore,
monotone FEM violate the conditions of the framework of Barles and Souganidis. The
challenge of showing convergence to the viscosity solution for monotone FEM was overcome
in [46] by employing known W1*-norm approximation properties of elliptic projections to

permit a modification of the notion of consistency used in the convergence analysis.

1.4 Existing nonmonotone schemes

As a result of the challenges described above, many authors have proposed various non-
monotone methods for various fully nonlinear PDE in order to avoid the stencil restrictions
and low-order convergence rates of monotone schemes described above. Further motivation
is provided by the success of FEM® for many linear, semilinear and quasilinear PDE, where
a full analysis is often possible without reliance on monotonicity. As we shall see, a key
question here is how to design stable and convergent methods for fully nonlinear equations
that do not rely on monotonicity.

The review paper [33] summarises many of the approaches suggested before 2013. For
example, one approach due to Feng, Neilan and coworkers is the so-called vanishing moment
method, involving fourth-order perturbations to the PDE. In order to solve a fully nonlinear
PDE of the form F(z,u, Vu, D?>u) = 0, where F is a given nonlinear operator, they consider

instead the fourth-order semilinear PDE
eA%u, + F(x,u., Vue, D*u.) =0 in Q,

where A? denotes the biharmonic operator, supplemented by the boundary conditions of
the original problem, as well as artificial boundary conditions, since the problem is now of
fourth order. The advantage of such an approach is that standard FEM discretisations of
fourth-order PDE can be applied to the perturbed problem, although they cannot usually be

expected to be robust as € — 0. Moreover, the question of the convergence u. — v ase — 0

5We include here of course the many variants of classical FEM, such as discontinuous Galerkin FEM
(DGFEM).
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currently remains open in most cases. From the point of view of computations, it is pointed
out in [33] that experiments reveal that the artificial boundary conditions introduced by
the vanishing moment method can lead to the appearance of spurious boundary layers in
the approximate solutions.

The essential conclusion of [33] and the references therein is that none of the non-
monotone methods reviewed there currently offer a satisfactory convergence analysis for
fully nonlinear PDE, thus highlighting the many challenges associated with nonmonotone
methods. Nevertheless, some methods have offered promising computational results in the
absence of theoretical analysis. For instance, Lakkis and Pryer have successfully tested
in [53, 54] a FEM using Hessian reconstructions on a broad range of nonlinear elliptic

problems®.

1.5 The Cordes condition

The primary focus of this work is on the development of nonmonotone methods for elliptic
and parabolic HJB equations that satisfy the Cordes condition. The Cordes condition
is an algebraic assumption on the coefficients appearing in the differential operators L%.
Importantly, it encompasses a large range of possibly strongly anisotropic applications; for
instance, for elliptic problems in two dimensions without lower-order terms, the Cordes
condition is implied by the uniform ellipticity condition (1.6), as shown in the following

example.

Example 1.1. Consider the HJB equation (1.4) and assume that L% = a® : D?v for all

a € A. In this case, the Cordes condition requires that there exists an e € (0, 1] such that

|a”|? =
. Q A
(1.10) (Tras)® Sd—1+e in 2, YaeA,

where |a®| and Tra® denote respectively the Frobenius norm and the trace of a®. In two
space dimensions d = 2, the uniform ellipticity condition (1.6) is sufficient for (1.10). Indeed,
for each o € A, we have v? < deta®, and Tra® < 27. So, for ¢ = v?/ (272 — 1?), we have
(af1)? + 2 (a55)* + (asy)? 207 v? 1

wran? o (aptapt o 27 14e
(afy + a%) (afy + a%)

(1.11)

We note that the Cordes condition stated in (1.10) can be generalised to problems with
lower-order terms, as shown in Chapter 3. The Cordes condition arises from the literature on
nondivergence form PDE. It turns out that the analysis of well-posedness of these problems

is more delicate than that of divergence form equations, even in the linear case [23, 38, 56].

5Tt should be noted that the emphasis of these computations was on Monge-Ampére equations rather
than HJB equations, thus featuring some similarities but also some notable differences.
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For instance, consider the linear problem

Lu=f in (),

(1.12)
u=0 on 0f,

where Lv := a : D?v with the matrix-valued function a satisfying the uniform ellipticity
condition (1.6). In contrast to the study of divergence form equations, it is usually not
possible to define a notion of weak solution to (1.12) when the coefficient a is not sufficiently
regular. In the case of a merely continuous coefficient a € C'(Q)?*?, the Calderon-Zygmund
theory of strong solutions [38] establishes the well-posedness of the problem, provided that
the domain € has a C'! boundary.

However, without additional hypotheses, the well-posedness of (1.12) is generally lost in
the case of discontinuous a € L>(2)%*¢. For instance, there is an example in [38, p. 185] of
a uniformly elliptic linear operator L with discontinuous a that admits at least two linearly
independent strong solutions to the problem Lu = 0 in €2, and u = 0 on 0f2, where ) is the
unit sphere in R?, d > 3. We note that this example does not satisfy (1.10). The benefit of
the Cordes condition is that if the possibly discontinuous coefficient a appearing in (1.12)
satisfies (1.10), then existence and uniqueness of a solution u € H?(Q) N H (), along with
continuous dependence on the data, can be shown provided that Q is convex, see [56]. We
note that the convexity assumption on 2 is natural in the present context, since solutions
of Poisson’s equation may fail to be H%-regular in nonconvex domains [40].

In this work, we introduce the use of the Cordes condition to the analysis and numerical
analysis of fully nonlinear HJB equations. In Chapter 3, we show that, for convex domains,
the Cordes condition leads to existence and uniqueness of a function v € H?(Q2) N H} ()
that solves pointwise almost everywhere the uniformly elliptic HJB equation (1.4). Further
work is currently required to show that this strong solution is also the viscosity solution.

The motivation for studying HJB equations under the Cordes condition stems from the
fact that HJB equations such as (1.4) are naturally related to linear nondivergence form
equations with discontinuous coefficients similar to (1.12). As we now explain, the relation
between these linear and nonlinear problems is that nondivergence form linear operators
can be viewed as linearisations of the fully nonlinear operator. Indeed, there is a famous
iterative algorithm for solving” (1.4), originally due to Bellman and Howard [44, 64]. The
algorithm has been given various names in the literature, such as Howard’s algorithm or
policy iteration, although it has long been understood that it admits an interpretation as a
Newton method for a nonlinear operator equation [64].

The general principle of the algorithm may be understood as follows. Given an approx-
imate solution uy, k € N, to (1.4), one finds for each x € Q an ax(x) € A such that

(1.13) ag(x) € argmax,, [(L%ug — f*)(z)].

"In practice, this algorithm is used once the problem has been discretised.

10



CHAPTER 1. INTRODUCTION 1.6. DGFEM

A new approximation ugy; is sought as the solution of the linear problem

L% upyq = f*%  in Q,
(1.14) k1= f
Ug+1 =0 on 0,

where fo: 2 — fo()(z), and where the coefficients of the linear operator L are similarly
defined. Formally, a solution of (1.4) is a fixed point of this iteration. Since the mapping
x — ag(x) cannot be expected to be continuous in general, the coefficients appearing in
the operator L% are generally discontinuous. Therefore, this establishes the connection

between the Cordes condition and fully nonlinear HJB equations.

1.6 Discontinuous Galerkin finite element methods

As explained in section 1.5 above, the analysis of well-posedness of an elliptic HJB equation
with Cordes coefficients involves the Sobolev space H2(Q2) N H{(£2). Therefore, conforming
finite element discretisations require at least H2-regularity of the approximation, which in
practice amounts to a C'-continuity requirement on the finite element space. Note that the
conformity requirements in the situation of fully nonlinear HJB equations are thus different
to those occuring in the case of linear, semilinear or quasilinear divergence form elliptic
equations; this difference is naturally related to the fact that fully nonlinear HJB equations
do not admit weak formulations.

The demanding implementational aspects of HZ2-conforming finite element spaces on
general meshes therefore motivate the application of nonconforming methods, either through
continuous classical finite element spaces, which are H'-conforming but not H?2-conforming,
or discontinuous finite element spaces. In this work, we study the latter choice, although
we note that the majority of our results carry over to continuous FEM, except for certain
rather technical details in the error bounds for parabolic problems in Chapter 4, and the
nonoverlapping domain decomposition preconditioners studied in Chapter 5.

Discontinuous Galerkin finite element methods (DGFEM) allow the approximation of
the solution to be discontinuous between elements, with the continuity conditions being
enforced only weakly through the discretised problem. These methods have been analysed
and applied to a large range of problems [7, 43, 60]; see also the book [27] by Di Pietro and
Ern for a broader introduction and further references.

The lack of inter-element continuity requirements on the discontinuous finite element
space facilitates the implementation of hp-refinement, where one varies both mesh size and
polynomial degree. Roughly speaking, typical hp-refinement methods use small elements
with low polynomial degrees in regions where the smoothness of the solution is limited,
and use large elements with high polynomial degrees in regions of higher smoothness. In
the context of continuous Galerkin finite element methods and DGFEM, hp-refinement has

been used to obtain exponential convergence rates for problems with nonsmooth solutions,

11
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boundary layers or other localised features that would be difficult to resolve with uniform
mesh or polynomial refinement; see [11, 42, 57, 68, 78| for further theory, examples and
references on Ap-version FEM and DGFEM.

1.7 Contributions

In this thesis, we present the main contributions of our papers [69, 70, 71, 72] concerning
hp-version discontinuous Galerkin finite element methods (DGFEM) for uniformly elliptic
and uniformly parabolic HJB equations with Cordes coefficients. As we shall see below, the
introduction of the Cordes condition has enabled the development of an hp-version DGFEM
that has a complete theoretical analysis in terms of consistency, stability and error bounds.
To our knowledge, this is the first nonmonotone method for fully nonlinear problems that
permits such an extensive analysis, and it is the first method that has been shown to
exhibit exponential convergence rates for fully nonlinear PDE under hp-refinement, even in

the strongly anisotropic setting. The main contributions of our work are as follows.

Analysis of the continuous problem. Although the HJB equation (1.4) does not admit
a weak formulation, it does admit an equivalent formulation as a variational problem of the
form A(u;v) = 0 for all v € H?(2) N H (), with A a nonlinear form detailed in Chapter 3.
The Cordes condition leads to a key stability result in the form of a strong monotonicity

bound®:
(1.15) ||lu — v||§{2(9) < Ausu—v) — A(v;u — o) YVu,v € HA(Q) N H(Q).

As first shown in [71], this enables the application of the theory of strongly monotone
operators, in particular the Browder—Minty theorem [65], to prove existence and uniqueness
of a solution u € H?(Q) N H(Q) of (1.4). The analysis of the elliptic problem (1.4) can

also be extended to the parabolic setting, as shown in Chapter 4.

Stable and consistent discretisation. After defining the discontinuous Galerkin finite
element space V}, p, we construct a discrete analogue Aj, of the nonlinear form A, leading to
the numerical scheme of finding uj € Vj, p such that Ay (up;vp) = 0 for all v, € V), 5. The
method is consistent in the usual sense of Galerkin-type methods, i.e. a sufficiently smooth
solution u of (1.4) also satisfies Ap(u;vy) = 0 for all v, € V. This shows an essential
difference between our method and inconsistent methods such as the vanishing moment
method described in section 1.4.

However, the main challenge in the design of nonmonotone schemes is to achieve stability,

in this case through a discrete analogue of the strong monotonicity bound (1.15). This is

8To avoid confusion between monotone methods and strong monotonicity of nonlinear operators, see
Remark 1.1.
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accomplished by combining the Cordes condition with the original idea of relating the
residual of the equation to additional terms measuring the lack of H?2-conformity of the
numerical solution. In the parabolic setting, we propose a consistent and stable space-time

DGFEM, which permits high-order approximation in both space and time.

Remark 1.1. We wish to emphasize that strong monotonicity of nonlinear operators is
unrelated to the notion of monotone methods discussed in section 1.3. Unfortunately, it is

hard to avoid these terminologies since they are rather settled in the literature.

High-order convergence rates. The stability and consistency properties enable the
derivation of error bounds. In the special case of quasi-uniform meshes of size h and quasi-
uniform polynomial degrees p, provided that the solution has elementwise H®-regularity for

some s > 5/2, the error bound for the elliptic problem is of the form

hmin(s,p+1)72
(1.16) lu —unl S WHUHHS(Q)-

where the norm ||-|| is an H2-type mesh-dependent norm specified later. If instead the

solution has only minimal regularity, then there holds a best approximation property
(1.17) lu— unll S inf {[Ju = 24| : 2 € Vip 0 HA(Q) N HY(Q)},

This bound shows that the method is convergent when the finite element space Vj, p is
sufficiently rich. Importantly, these bounds do not depend on the anisotropy of the problem,
except through the constants appearing in the Cordes condition. Therefore, our method
is able to exploit any available regularity of the solution and yield high-order accuracy
for strongly anisotropic problems, as shown by our numerical experiments in subsequent
chapters. If hp-refinement is employed, it is even possible to achieve convergence rates of

the form
(1.18) lu— un|| S exp(—c VDoF),

where DoF is the number of degrees of freedom, even for low-regularity solutions with

singularities in parts of the domain.

Robust discrete solvers. In practical terms, the implementation and algorithmic as-
pects of the method, such as memory costs, are the same as those of usual DGFEM for
elliptic and parabolic problems. The fast and scalable solution of the discrete nonlinear
problem is obtained by a combination of nonoverlapping domain decomposition precondi-
tioners and the discrete version of the semismooth Newton method that was described in
section 1.5 above. In Chapter 3, we show that the semismooth Newton method converges su-

perlinearly and that in practice it remains robust under mesh refinement. In Chapter 5, we
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consider the nonoverlapping domain decomposition preconditioners studied in [69], where
computations show that they lead to efficient preconditioned GMRES solvers for the linear

systems encountered at each step of the Newton method.

Extension to parabolic problems. The numerical scheme can be extended to the
parabolic setting in a natural way. In [72], we propose a space-time DGFEM allowing
very general meshes, time steps and polynomial degrees, which allows high-order accuracy
in both space and time. Essentially, the space-time DGFEM employs a tensor product space
consisting of standard piecewise polynomials over a spatial mesh and temporal polynomials
of degree g over a time interval of length 7. The resulting method is then consistent and
stable in a discrete L2(H?(Q)) N H'(L?(Q))-type Bochner norm over a time interval (0, T').
For instance, when employing quasi-uniform meshes and uniform polynomial degrees p in
space, and uniform time steps 7 with uniform temporal polynomial degree ¢ in time, the

error bound is of the form

hmin(s,p+1)—2 hmin(@p—‘,—l)
(1.19) flu —upll S ps_—7/2||u”L2(HS(Q)) + THUHHl(Hg(Q))
pmin(s, p+1)—1 ymin(o¢, g¢+1)—14£/2
s 7 O PRES +p Y ey Ul PLIVECE

£€{0,2}

where ||-|| now denotes a discrete L?(H?(Q)) N H(L?(£2))-type norm over (0,7, and where
we assume that s > 5/2,5 >0, § > 3/2, and o, > 1 for £ € {0,2}. The bound (1.19) shows
that the method has optimal convergence rates with respect to h, 7 and ¢, and is possibly
suboptimal in p by three half-orders.

Although other time discretisations could be considered, a key advantage of space-time
DGFEM is that these schemes have the potential for exponential convergence rates, even for
low-regularity solutions. Indeed, a combination of T¢-refinement in time and hp-refinement

in space can lead to a rate

(1.20) ' — up|| < exp(—q \3/D0Fx> + exp(—cm/DoFT),

where DoF, and DoF, are respectively the number of spatial and temporal degrees of
freedom in the finite element space. Exponential convergence rates of this form were first
shown by Schétzau and Schwab in [67] in the context of linear divergence form parabolic
problems. Therefore, we show in the numerical experiment of Chapter 4 that our method

retains this quality.

Strongly anisotropic problems. The focus of this work is on elliptic and parabolic
HJB equations that satisfy the Cordes condition. As shown in Example 1.1 for two space
dimensions, the Cordes condition covers many problems with strongly anisotropic diffusion

coefficients. Although the Cordes condition does not encompass all strongly anisotropic
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problems, we have sought to test our method on such problems whenever possible. Thus the
numerical experiments frequently emphasise the computational performance of our method
on challenging problems with strongly anisotropic diffusion coefficients.

For instance, in Chapter 3, we apply the numerical method to a strongly anisotropic
problem with a solution featuring a sharp boundary layer. Approximating such a solution
is challenging for many of the monotone schemes described in section 1.3, because these
schemes have been mostly developed for uniform or quasi-uniform grids or triangulations of
the domain, which are inefficient at approximating solutions with strongly localised features.
It would be highly desirable for monotone schemes to permit the use of graded meshes that
are more efficient at approximating the solution, yet this would involve further complications
with regards to guaranteeing the monotonicity and consistency of the scheme.

A key advantage of our method for problems of this kind is that it is not restricted
by the inherent limitations of monotone methods that were described in section 1.3. In-
stead, our method can employ rather general meshes with standard compact “stencils” for
strongly anisotropic problems. This added flexibility enables us to obtain greater efficiency
in approximating the solution of the problem by using highly graded meshes combined with
p- and hp-refinement.

The numerical experiments of this work demonstrate the gains in efficiency and perfor-
mance of the method on a range of strongly anisotropic problems that satisfy the Cordes
condition. However, it is clear that not all strongly anisotropic problems are encompassed
by the Cordes condition, especially in high dimensions. Therefore, many interesting open
and challenging problems remain to be solved in the area of numerical analysis for strongly

anisotropic fully nonlinear partial differential equations.
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Chapter 2

Nondivergence form elliptic equations

In Chapter 1, it was seen that fully nonlinear HJB equations are related to nondivergence
form linear equations with discontinuous coefficients. It is therefore natural to first consider
our numerical method in the simpler context of linear nondivergence form elliptic PDE. In
this chapter, which is based on our paper [70], we present many of the key ideas that are
extended to elliptic and parabolic HJB equations in Chapters 3 and 4.

Consider the linear boundary value problem

Lu=f in €,

2.1
1) u=20 on 0,

where f € L?(Q) and L is a second-order elliptic operator in nondivergence form, i.e. the
leading term of L is of the form a : D?u, with coefficients a € L>®(Q)%*¢. To keep the
exposition clear, we focus on operators L without lower-order terms, leaving the extension
to problems with lower-order terms to subsequent chapters. The assumption of a homoge-
neous Dirichlet boundary condition is not essential, and the treatment of nonhomogeneous
boundary conditions is discussed in section 2.7 below.

As stated in the introduction, if the diffusion coefficient a is discontinuous, then well-
posedness of the solution u € H?(2) N H () of (2.1) is known provided that Q is convex
and that a satisfies the Cordes condition, which we recall in (2.5) below. The purpose of this
chapter is to show how this condition plays a central role in the analysis of the numerical
method proposed in this work.

A key question addressed here is that of specifying a stable discretisation scheme for the
boundary value problem (2.1), since the lack of smoothness of a prevents the use of a weak
formulation to exhibit the underlying coercive structure of the differential operator. Instead,
stability of the numerical method is achieved by coupling the residual of the differential
equation to terms measuring the lack of H2-conformity of the numerical solution. We will
see that the choice of bilinear form draws upon a discrete analogue of an identity that is

central to the analysis of well-posedness of elliptic problems on convex domains [40, 56].
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Section 2.1 defines the problem considered and the notation used in this chapter. This
is followed by the definition of the scheme and the analysis of consistency in section 2.3.
Stability and well-posedness of the numerical method are proved in section 2.5, followed
by the a priori error analysis in section 2.6, where it is found that the convergence rates
in a broken H2-type norm are optimal with respect to the mesh size and suboptimal with
respect to the polynomial degree by only half an order. Section 2.7 presents numerical
experiments testing the accuracy and robustness of the scheme: the first experiment verifies
the predicted convergence rates, and the second experiment gives an example of exponential
accuracy under appropriate hp-refinement for a problem featuring both discontinuity of the

coeflicients and nonsmoothness of the solution.

2.1 Analysis of the continuous problem

Let Q be a bounded convex polyhedral domain in R? d > 2. Note that the convexity
assumption implies that 2 has a Lipschitz boundary 0f2; see [40].
Let the bounded operator L: H?(Q)) — L?(2) be defined by

(2.2) Lv:=a:D%, ve H*Q),

where D?v denotes the Hessian of v, and a € L>(Q)9*? is a symmetric matrix. We assume

that L is uniformly elliptic, i.e. there exist constants 0 < v < 7 such that
(2.3) vE? <ela(z)E <7|E)? VEERY ae. zin Q.

We consider the following problem: for a given f € L?(Q2), find a strong solution u €
H?(Q) N HY(Q) of the boundary-value problem

Lu=f inQ,

2.4
24 uw=0 on 0.

In this section, we show under suitable conditions on the coefficient @ in (2.2) that (2.4)
possesses a unique strong solution in the space H?(2) N H} (). Although this result is
already known [56], the formulation of the proof given here is original in order to highlight
the key ingredients required for developing consistent, stable and high-order nonmonotone

numerical methods. As we will see, these ingredients include the following:

e the Cordes condition, which is an algebraic assumption on the coefficients of the

problem, and is therefore preserved at the discrete level;

e the Miranda—Talenti inequality, stated in Theorem 2.2 below. This inequality for
the function space H2(Q2) N H () on convex domains 2 cannot be preserved in the

discrete setting except for H?-conforming discretisations. Therefore, our numerical
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scheme will include additional terms to weakly reproduce this inequality on the finite

element space consisting of discontinuous piecewise polynomial functions.

The Cordes condition. As explained in section 1.5, in the case of discontinuous diffusion
coefficients a € L>(Q)?*?, the uniform ellipticity assumption (2.3) is generally not sufficient
to obtain well-posedness of the problem (2.4). We assume the Cordes condition: there is a
constant e € (0, 1] such that

la(z)[”

(2 (Tra(@)? = d—1+¢

for a.e. x in €2,

where |a(z)| and Tra(z) denote respectively the Frobenius norm and the trace of a(z).
For problems in two dimensions, uniform ellipticity implies the Cordes condition, as shown
in Example 1.1, thus demonstrating that our results are relevant to a very broad class of
problems, including some that require large stencils for monotone FDM; significant further
evidence for this observation is found in the numerical experiments of section 2.7.

Let the function v € L*(€2) be defined by

Tra
2. = —
(2.6) il

The uniform ellipticity assumption on the operator L implies that there is a 79 > 0 such
that v > vy a.e. in ). The Cordes condition implies the following inequality that will be
central to the subsequent analysis. This result is well-known, see for instance [56] for a

proof.

Lemma 2.1. Let the linear operator L defined by (2.2) satisfy the uniform ellipticity con-
dition (2.3) and the Cordes condition (2.5) and let v € L*>(QY) be defined by (2.6). Then,
for any open set U C Q and v € H*(U), we have

(2.7) IvLv — Av| < V1 —¢e|D*| a.e. in T,
where € € (0,1] is as in (2.5).
Proof. Let v € H*(U). Then,

Lo — Avl = |(ya — 1) : D*| < pya — 14/ [D%],

where I; denotes the d X d identity matrix. Now, by expanding the square and using the
definition of v from (2.6), we find that

d 2
(Tra)
va—T1a* = Y [yaij — 61> = d - a2 <l-e

ij=1
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Therefore, the Cordes condition (2.5) implies that |ya — Iy| < /1 — &, thereby showing
inequality (2.7). O

Remark 2.1. Lemma 2.1 shows that the Cordes condition requires that, after renormalisation
by the scalar function -, the operator L must be sufficiently close to the Laplacian. In
particular, the fact that the constant appearing in the right-hand side of (2.7) is strictly

less than one will be used in an essential way in the following.

Remark 2.2. Sometimes, a change of coordinates can transform a problem that fails to
satisfy (2.5) into an equivalent problem that does satisfy (2.5). For example, assume that
a € L®(Q)? is any constant uniformly elliptic tensor, not necessarily satisying (2.5).
Then, there exists an affine map F': Q — F(Q) defining a new set of coordinates & = F(x)
such that the PDE in (2.4) becomes Au = f in F(2). The transformed domain F'(Q) is
moreover convex since ) is convex and F' is affine. Therefore, the change of coordinates

defines an equivalent problem that satisfies (2.5) in the new coordinate system.

Example 2.1. In the general case, the Cordes condition becomes increasingly restrictive as

the dimension d increases. For example, consider a tridiagonal diffusion coefficient a with

on-diagonal entries 1 and off-diagonal entries with magnitudes less than or equal to §, with

0 > 0. Then, it can be shown that the Cordes condition is satisfied provided that
d—26(d—1)* d

fSdt+r20-20 “a@-1e

Therefore, asymptotically, the off-diagonal terms § ~ 1/2d.

Miranda—Talenti inequality. We follow [56] in naming the following result the Miranda—
Talenti inequality.

Theorem 2.2 (Miranda-Talenti). Let Q@ C R? be a bounded convex domain. Then, for any
u € H3(Q) N HL(Q),

(2.8a) [ul20) < Ayl 20,
(2.8b) [l g2(0) < CllAu]| 120,
where C' is a constant depending only on d and diam (2.

For a proof of Theorem 2.2, we refer the reader to [40, Chapter 3|, where the result is
proved for convex domains with C! boundaries, and to Appendix A for the generalisation

to nonsmooth convex domains.

Well-posedness. The proof of well-posedness of (2.4) essentially relies on its reformula-
tion as a variational problem of the form A(u,v) = £(v) for all v € H(Q) N H}(Q2), where A
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is a suitably chosen bilinear form and £ is a suitable linear functional. After showing bound-
edness of A, we employ the Cordes condition and the Miranda—Talenti inequality to show
that A is coercive; the well-posedness of (2.4) then follows directly from the Lax—Milgram
theorem [31]. The proof we give here thus differs from the one given in [56], which is based

on contractive mappings and Banach’s fixed point theorem.

Theorem 2.3. Let Q C R? be a bounded conver domain, and let the linear operator L
defined by (2.2) satisfy the uniform ellipticity condition (2.3) and the Cordes condition (2.5).
Then, for any given f € L*(Q), there exists a unique strong solution u € H?(Q) N H(Q)
of (2.4). Moreover, we have |[ul| g2y < C||fllz2(q), where C depends only on d, diam (2,

v, U, and €.

Proof. Let v be defined by (2.6). Define H := H?(Q2) N H}(£2). Theorem 2.2 shows that the
bilinear form (-, )a: H x H = R, (u,v)a = [, AuAvdz, defines an inner product on H,
and it follows that (H,(-,-)a) is a Hilbert space. Let ||-||o denote the norm induced by the
inner product on H. Define the bilinear form A: H x H — R by

(2.9) A(u,v) = / vLuAvdz, wu,ve€ H.
Q

Since a € L>®(Q)??, Theorem 2.2 shows that A is bounded: for all u, v € H, |A(u,v)| <
Cllul|allv||a. We claim that A is coercive on H. Indeed, using (2.7),

Alww) = (u,)a = [ (&= L)uBude 2 Jullk V= elulo el
By Theorem 2.2, we have |u|g2(q) < [lulla, so
(2.10) A(w,u) > (1= VI=¢) ulid,

and hence A is coercive.

Given f € L*(Q), define ¢: H — R by £(v) == [ovfAvdz, for v € H. Then / is a
bounded linear functional on H. The Lax—Milgram theorem shows existence and uniqueness
of u € H such that A(u,v) = {(v) for all v € H. We claim that Lu = f pointwise a.e. in (.
For any g € L?(f), there is v € H such that Av = g. So

/’yLugdx:/’yfgdx Vg€ L*(Q).
Q Q

This implies that yLu = v f a.e. in . Since v > 0 a.e. in €2, we deduce that u is a strong
solution of (2.4). Finally, we have

V] oo ()

ﬁ”ﬂm(m,

where the constant C' from (2.8b) depends only on d and diam (2. O

[ullg2(e) < Cllulla < C
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2.2 Definitions

For real numbers a and b, we shall write a < b to signify that there is a positive constant C
such that a < Cb, where C' is independent of the quantities of interest, such as the element
sizes and polynomial degrees, but possibly dependent on other quantities, such as the mesh
regularity parameters. Furthermore, we write a ~ b if a < b and b < a.

Let Q c R?, d € {2,3}, be a bounded convex polytopal domain. Note that convexity of
2 implies that the boundary 09 of € is Lipschitz [40]. Let {75} be a sequence of shape-
regular meshes on €2, consisting of simplices or parallelepipeds. For each element K € Ty,
let hi = diam K. It is assumed that h = maxgeT;, hx for each mesh 7. Let .7-71 denote
the set of interior faces of the mesh 7} and let ]-',l; denote the set of boundary faces. The
set of all faces of Ty is denoted by fé’b = Fi U .7:,2. Since each element has piecewise flat

boundary, the faces may be chosen to be flat.

Mesh conditions. The meshes are allowed to be irregular, i.e. there may be hanging
nodes. We assume that there is a uniform upper bound on the number of faces composing
the boundary of any given element; in other words, there is a constant cx > 0, independent
of h, such that

(2.11) ax card{F € fi’b: FCOK}<cyr VKeET,,
h

It is also assumed that any two elements sharing a face have commensurate diameters, i.e.

there is a constant ¢y > 1, independent of A, such that
(2.12) max(hK, hK/) < (% min(hK, hK/)

for any K and K’ in T}, that share a face. For each h, let p := (px: K € Tp,) be a vector of
positive integers; note that this requires px > 1 for all K € T,. We make the assumption

that p has local bounded variation: there is a constant ¢p > 1, independent of A, such that

(2.13) max(pr, prr) < cp min(pk, px)

for any K and K’ in 7, that share a face.

Function spaces. For each K € T, let P,, (K) be the space of all real-valued polynomials
in R? with either total or partial degree at most pg. In particular, we allow the combination
of spaces of polynomials of fixed total degree on some parts of the mesh with spaces of
polynomials of fixed partial degree on the remainder. We also allow the use of the space of
polynomials of total degree at most px even when K is a parallelepiped. Throughout this

work, we will use px > 2 in practice.
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The discontinuous finite element space V}, , is defined by
(2.14) Vip = {v € LX(Q): vli € Py (K) VK € T}

Let s == (sg: K € Ty) denote a vector of non-negative real numbers. The broken Sobolev
space HS(Q;Ty,) is defined by

(2.15) H (2 Ty) = {v € L2(Q): v|ic € H*(K) VK € Ty}

For s > 0, we set H*(%;T) = H®(Q;7Tp), where sg = s for all K € T,. The norm
|| zrs(0;7,) and seminorm ||gs(q.7;,) are defined on H*(€2;7y) as

2 X 2 2 . 2
(2.16) HUHHS(Q;Th) = Z HUHHSK(K)v \U’HS(Q;Th) = Z \U’HSK(K)~
KeTy KeThy
For a vy, € V}, p, we shall denote its element-wise broken gradient by Vuy,, even though the

discontinuous function v, need not have weak derivatives on ().

Traces. It will be helpful to briefly review the construction of certain traces [40]. For
each face F' € fg’b, let np € R? denote a fized choice of a unit normal vector to F. Since
I is flat, np is constant over F. Let K be an element of 7; for which F' C 0K; then ng
is either inward or outward pointing with respect to K. Since ng is constant over F', np
extends trivially as a constant vector field over K. Let 71 H*(K) — H*"Y2(F), s > 1/2,
denote the trace operator from K to F. The trace operator 7 is extended componentwise
to vector-valued functions. Then, for v € H*(K), s > 3/2, the normal derivative of v on F’

is defined by

ov

2.1 —
( 7) i an

=1 (Vv-np),

where we use the fact that, after extending ny to a constant vector field on K, the function
Vv -np € H*"1(K) belongs to the domain of 7p.

Jump and average operators. For each face F, define the jump operator [-] and the

average operator {-} by

[6] = 7 (Dlene) — 77 (Dlcne) » {0} = 37F (Blicens) + 37 (Plicr) s if F € T,
[#] = 7F (Pl Kess) > {0} = 77 (Pl Kere) » if F e Fp,

where ¢ is a sufficiently regular scalar- or vector-valued function, and Key and Kiye are
the elements to which F is a face, i.e. F' = 0Kext N OKin. Here, the labelling is chosen
so that ng is outward pointing with respect to Key and inward pointing with respect to

Kiyt, see Figure 2.1. In the case of an interior face, the jump and average are independent
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Kext — Kint

FIGURE 2.1: Diagram for the notation of jump and average operators. For a face F € }"fl, and
a chosen normal vector ng, Ky is the element for which ng is inward pointing, and Koy is the
element for which ng is outward pointing.

of the choice of np. Using this notation, the jump and average of scalar-valued functions,

respectively vector-valued functions, are also scalar-valued, respectively vector-valued.

Tangential differential operators. For F € f,i’b, let H5(F') denote the space of H*-
regular tangential vector fields on F, thus H4%(F) = {v € H*(F): v -nr = 0on F}.
We define the tangential gradient Vp: H*(F) — Hi '(F) and the tangential divergence
divy: H(F) — H*"1(F), where s > 1, following [40]. Let {t;}%=! € R? be an orthonormal
coordinate system on F. Then, for u € H*(F') and v € H3(F) such that v = Zf;ll v; b,
with v; € H*(F) for i = 1,...,d — 1, we define

d—1 ou d—1 v
2.18 = ti—, di = L.
( ) Vrtu ; o, ivpv ; o,

The next lemma implies that traces and tangential differential operators commute.

Lemma 2.4. Let  be a bounded polytopal domain, and let Ty, be a mesh on ) consisting
of simplices or parallelepipeds. Then, for each K € T, and each face F C 0K, the following
identities hold:

0
(2.19) 77 (Vv) = Vo (1pv) + (Tpanv> ng Vve H¥(K), s> %,
F
(2.20) 7F (Av) = divy Vr (TFU)+TF82(VU-nF) Vv e HY(K), s> 5.
F

Proof. First, observe that the terms in (2.19) and (2.20) are independent of the choice
of ng, since a reversal in the sign of ng leaves the right-hand sides of these equations
unchanged. Recall that F is flat, so, after a suitable change of coordinate system, we may
assume without loss of generality that K C R? := {(x,2'): z € R¥"1 2/ < 0} and that
F Cc ORY = {(x,0): x € R¥1}. Since the identities (2.19) and (2.20) are independent of

the choice of unit normal np, we may assume that np =eq; = (0,...,0,1).
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Let s > 3/2; for i € {1,...,d — 1} we have the identity

ov 0

2.21 - - =
( ) T 8%‘2 81‘1

(trv) Vv e H¥(K).

Indeed, this identity is valid for a smooth function v and thus extends to general v € H*(K),

for s > 3/2, by construction of the trace operator. So, v € H*(K) satisfies

d—1
Vv—zgv ed—VTv+(Vv np)np in K,

and we use the linearity of the trace operator with (2.21) to obtain

0
7 (Vv) = Vo (1pv) + (Tpa’r:;) nr,

thus establishing (2.19). Similarly, for v € H**(K), we write

L2y 0%
Av = 5 T 2 =divpVov+np-V(Vv-np) in K,
= Oz  Ox
where the last equality follows from the fact that np is constant over K. Then, (2.20) is
found by applying the trace operator to both sides of the previous identity and repeatedly

applying (2.21) to v and its first tangential derivatives. O

Extensions of the results of this work to meshes with curved elements may make use of

generalisations of Lemma 2.4 found in [40, p. 136].

Mesh-dependent norms. For two matrices A, B € R¥™¢ weset A: B == Z i.j=1 AijBij.-

For an element K, we define the bilinear form (-,-)x by

[xuvdz  ifu,ve L (K),
(2.22) (u, V) =3 [ru-vdr ifu,ve L? (K;]Rd),
Jxu:vde ifu,v€L2<K;RdXd).

The abuse of notation will be resolved by the arguments of the bilinear form. The bilinear
forms (-, )ox and (-, )p, F € fz’b, are defined in a similar way.
For face-dependent positive real numbers pur and np to be specified later, let the jump

stabilisation bilinear form Jj: Vj, p X Vj, p be defined by

Jn(un,vn) = Y pr([Vup - nr], [Von - nel) e
FeF;

+ > [ue(Vrunl, [Vronl) e + ne([usl, [val) £
Fer)?

(2.23)
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We define the jump seminorm |-|; and the mesh-dependent norms |||, 6 € [0,1], by

(2.24) a3 = Ju(vn,vn), lonllfg = > {9|Uh|12ﬁl2(1() +(1— 9)||Avh||%2(f<)] + |vnl3-
KeTh,

It is straightforward to show that [|-||; ¢ defines a norm on Vj,p, for any 6 € [0, 1]; see [70]

for details.

Remark 2.3. In the following analysis, we will frequently use the norms ||-||5 ¢ with the choice
¢ = 1/2 and 6 = 1, denoted respectively by |[|-[|,1/2 and ||-||,1. We wish to emphasise that
these norms should not be confused with the broken Sobolev norms for H'/2(Q;T;) and

H'(Q;T;,), which are denoted respectively by [l 172007,y and ([ 51 :73)-
For each face F' € F i’b, define

~ min(hK,hK/) ifFE./—"i, B max(pK,pK/) ifFEfi,
(2.25) hp = { P

hi if F e F?, DK if F e F?,

where K and K’ are such that F = 0K NOK' if F € Fl or F COK NN if F € F}.
The assumptions on the mesh and the polynomial degrees, in particular (2.12) and
(2.13), show that if F' is a face of an element K, then

(2.26) hg <crhp and pr < cppk.

Lemma 2.5. Let Q C R? be a bounded convex polytopal domain and let {Tp,};, be a shape-
reqular sequence of meshes satisfying (2.11). Then, for any 6 € [0,1], we have

(2.27) ||vhH12L11(Q;7’h) S ||Uh||%,9 Vop € Vi p,
whenever
P P b
(228) 125 2 ~l7 nr 2 ~i7 VE 6‘7:;1’ .
hp hp
Proof. First, it is sufficient to show (2.27) for § = 0 since ||Avp||p2(x) S ”D2vhHL2 y for

any vy, € Vi, p. Now, let vy, € V}, , be arbitrary, and recall the broken Poincaré mequahty

(2.29) lonllZay S D2 IVonlzege + D Fl![[vh]]HL2

K€eTn Fer)®

Note that the convexity assumption on  allows a simple proof of (2.29) by a duality
argument. Therefore, the hypothesis on nr implies that

(2.30) lonlFn @y = 2 lonltngy S D0 IVoRlFagry + lval3-
KeTy, KeTy,
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Integration by parts gives

(2:31) D> IVunllery = Y (n=Avn)e + Y ([on], {Von - nr})r

KeTh KeTy, FeFi?

+ > ({vn}, [Von - e e

FeF}

Hence, the trace and inverse inequalities imply that

2 2
p p

(2:32) llonllinry S D 1217200+ D ;TFH[[V%%F]]H%%F)+ > ﬁl||ﬂvhﬂ||%2(F)-
KeTn rer; F reFit F

Therefore, we have (2.27) whenever up > p%/hr and np > pr/hr for all F € f;’b. O

Remark 2.4. We point out that the assumptions on the stabilisation parameters pr and
nr required by (2.28) are not restrictive in practice, since up and np are user-defined
parameters in the numerical scheme. We refer the reader to the numerical experiments of

section 2.7 for examples of specific choices of these parameters in practice.

The main consequence of Lemma 2.5 is that for appropriately chosen nr and pp, the
norm ||-||n¢ bounds the broken H!'-norm for any 6 € [0, 1], and in the case of § > 0, the
norm ||-||¢ also bounds the broken H?-norm, i.e. we have lvnllz2(s7) S llvnllne for any
6 € (0,1] and any v, € Vj, p.

2.3 Numerical scheme

Section 2.1 shows that the analysis of the continuous problem essentially rests upon the
Cordes condition and the Miranda—Talenti inequality, and it suggests the possibility of
discretising the bilinear form of (2.9). However, the Miranda—-Talenti inequality is not
applicable for discretisation spaces that are not H?-conforming, as is the case for Vip- As
a result, the design of the numerical scheme must resolve the key question of achieving a
discrete analogue of coercivity bound (2.10) to guarantee stability.

Fortunately, the proof of the Miranda—Talenti inequality, as found for instance in [40,
Theorem 3.1.1.1], is based on an integration-by-parts identity for the Laplacian of a suf-
ficiently smooth function. Keeping to the principle that nonconforming methods such as
DGFEM usually achieve stability by weakly enforcing properties of the approximated func-
tion space through stabilisation terms, it is therefore natural to weakly enforce a discrete
version of this identity by adding its residual to the numerical scheme.

First, we establish the relevant discrete identity and its consistency in section 2.4. Then,
we show in section 2.5 that including its residual in the numerical method results in an ap-
propriate discrete coercivity bound. It is in this sense that the method is stable. Section 2.6

then uses the consistency and stability properties of the method for obtaining error bounds.
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To define the numerical scheme, we use the following auxiliary bilinear forms. First, let
By, Vi p X Vip — R be defined by

B (up,vp) =Y (D*up, D*vp) i

KeT,
(2.33) + > [(dive Vofun}, [Von - nel) e + (dive Vo{on}, [Vus - nr]) ]
‘ FeF}
_ Z [<VT{VUh . nF}, [[VT Uh]])F + <VT{th . nF}, [[VT Uh]])F],
FeF®

where wuy, v, will denote functions in Vj, , throughout this work, and D?uy, denotes the
broken Hessian of uy,. For each 6 € [0,1], define the bilinear form By, g: Vi, p X Vi, p — R by

(2.34) Bh’g(uh, ’Uh) =0 Bh,*(uh, Uh) =+ (1 — 0) Z <Auh, Avh>[( + Jh(uh, Uh),
KeTy
where we recall that the bilinear form Jj, is defined in (2.23).
The bilinear form Ay : Vj p x Vj, 5 — R is defined by

(2.35) Ap(up,vp) =Y (yLun, Avp) i + Bp1ja(un,vp) = > (Aup, Avp) k.
KeTy KeTy,

The numerical scheme for approximating the solution of (2.4) is to find uy € V},  such that

(2.36) Ap(up,vp) = Y (v Avp)k Vg € Vap.
KeTy,

We note that the original idea of including the last two terms in (2.35) was first proposed in
our paper [70]. It is also in this respect that our method distinguishes itself from previous
nonmonotone methods.

If p=1,ie pg =1 for all K € T, then all terms in Ap(up,vp) vanish except for
the jump stabilisation terms of Jj(up,vy). In this case, the numerical solution is uj = 0.
This suggests that at least quadratic polynomials ought to be employed. Nevertheless, this
still compares favourably with conforming elements, because, for instance, Argyris elements

require at least polynomials of degree five on simplicial meshes in two dimensions [17].

2.4 Consistency

We turn to the question of consistency of the scheme (2.36) with respect to the original
problem (2.4). It will be seen below that a discrete analogue of the identity of [40, Theorem
3.1.1.1] is central to the analysis of the numerical scheme. The following original result,
first shown in [70], establishes the broken form of this identity.
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Lemma 2.6. Let Q be a bounded Lipschitz polytopal domain, and let Ty, be a simplicial or
parallelepipedal mesh. Let w € H*(Q;Tp) N H2(Q) N HE(Q), with s > 5/2. Then, for every
vy € Vip, we have the identities

(2.37) Bpa(w,vp) = Y (Aw,Avp)g  and  Jy(w,vp) = 0.
KET,,

Proof. Let w satisfy the above assumptions and let vj, € V}, 5. Then the second statement
in (2.37) is trivial. Now, consider an element K € Ty, and let T be the piecewise constant
outward normal on K, momentarily assuming that w € H3(K). Then, for 1 < i,j < d,

integration by parts gives
(2.38) /K Wez; (V) iz, AT = /8K Wy, Ti (V) 2y ds — /K W2, (VR )z; AT

= /me (V) ajz; do — /aK [wmimiﬁj(vh)xj — wmimjﬁi(vh)xj} ds.
Summing (2.38) over i, j and using the fact that 7 is piecewise constant over 0K, we obtain
(2.39) (D*w, D*vp) i + (Aw, Vo, - Mo — (V(Vw - 1), Vup)orx = (Aw, Avp) k.

A density argument shows that (2.39) holds for w € H*(K), s > 5/2. Note that for each
face F C OK, m = +np on F. Also, for each face F' C 0K, identity (2.19) gives

(240) (V(Vw - np), Vo) = /F 0 (V(Vw - np)) - 7 (Vop) ds

= /F V(e (Vw - np)) - Vo (Tpop) + (TFa?lF (Vw - nF)) (TF gs;) ds.

For each face F' C 0K, identity (2.20) gives

(2.41) (Aw, Vvh : 7’LF>F = / TF(Aw) TF(VU}L . TLF) ds
F
. 0 0
= /F <d1VT VT(TFU)) + TF%(VU} . nF)) (Tpa/:::_‘) ds.

Substituting (2.40) and (2.41) into (2.39) and summing over all K € 7, shows that

(2.42) Z (A’LU,A’Uh>K = Z <D2w,D2vh>K
KeTy KeTh

+ Z /F[[(divT Vrw) (Vo -np) = Ve(Vw-np) - Voug] ds.
FeF)?

For an interior face F' € F} and for w € H*(Q; T,) N H?(Q), we use the facts that the trace

operator commutes with tangential differential operators and that [w] = 0 on the interior
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face F' to obtain
[divy VT w] = divy Vr[w] =0 on F.

Furthermore, w € H%(Q) implies [Vw] = 0 on the interior face F; therefore,
[Vr(Vw-np)] = Vr[Vw-nrp] =0 on F.

So, for any interior face F' € F}, it is found that

[[(diVT VT w) (Vvh . np) - VT(VQU . nF) . VT Uh]]
= (diVT VT{w}) [[Vvh . nFﬂ — VT{V’LU . nF} . [[VT ’Uh]].

For a boundary face F' € FP, the trace 7w = 0 on F because w € HE(f2), and thus
divy Vow =0 on F. As a result,

[(divy Vo w) (Vo - np) — Vo(Vw - np) - Vou,] = = Vo (te(Vw - ng)) - Vo (Trup)
= —=Vr{Vw- -nr}-[Vru].

Substituting the above simplifications into (2.42) shows that

(2.43) Z (D*w, D?vp,) i + Z (divy Vo{w}, [Vup - nr]) r
KeTn FeF;

- Z <VT{Vw-nF},[[Vth]]>F = Z <Aw,Avh>K.

peFit KeT,

It follows from the hypotheses on w that [Vw - nr] vanishes on any interior face and that

[V w] vanishes on any face. Therefore,

(2.44) > (dive Ve{op}, [Vw -np]) = Y (Vo {Vu, -np}, [Vow])r =0.
Fer), FeFl?
Identity (2.37) then follows from (2.43) and (2.44). O

Recalling the definition of Bj g in (2.34), it is clear that if a function w satisfies the
hypotheses of Lemma 2.6, then, for any 6 € [0, 1], we have

(2.45) Bhﬁ(wvvh) = Z <AU/, AUh)K Y, € Vh,p'
KeTy,

Therefore, recalling the definition of Aj in (2.35), we obtain the following consistency result

first given in [70].

Corollary 2.7. Let Q be a bounded convex polytopal domain, let T, be a simplicial or
parallelepipedal mesh, and let uw € H*(Q) N HE(Q) be the unique solution of (2.4). If the
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solution uw € H*(Q2;Tr), s > 5/2, then we have

(2.46) Ap(u,op) = Y (vf, Avp)k Vo € Vip.
KeT,

An important implication of the consistency of the proposed method is that it does not
introduce artificial fourth-order perturbations, as opposed to the vanishing moment method

described in section 1.4.

2.5 Stability

In this section, we show that the choice of discrete bilinear form in (2.35) reproduces the
coercivity of the continuous bilinear form of (2.9). This guarantees the stability of the

numerical scheme, including well-posedness of the discrete problem (2.36).

Lemma 2.8. Let 2 be a bounded convex polytopal domain, and let {Tp}n be a shape-reqular
sequence of simplicial or parallelepipedal meshes satisfying (2.11). Then, for each constant

k > 1, there exists a positive constant c,, independent of h, p and 0, such that

0 1
(2.47) Bpp(vn,vn) 2 — D ID?0nlFogry + (1= 60) D [[Avn[l72) + §|Uh|§
KeTy, KeTy

for any v, € Vi, p and any 6 € [0,1], whenever

-9 )
(2.48) W = CM;;—F and np >0 VF € f,ll’b.
F

Proof. Let vy, € Vj p, then we have
2
(249)  Buo(on,vn) =0 D |1 D*onl7ag) + (1= 0) D [ AvnllFage) + val3 + 0D 1,
KeTy, KeTy, i=1

where the quantities I; are defined by

Il =2 Z <diVT VT{Uh}, [[V’Uh . nF]]>F, 12 =2 Z <VT{VU}L . nF}, [[VT Uh]]>F-
FeF;, FeF)?

For some § > 0 to be chosen below, the Cauchy—Schwarz inequality with a parameter gives

Shp .. 1
1Ll<2 | D7 = lldive Ve{und iz | Do - IIVon - nrlllz p

FeFi UF FeF; Ohr
hr, .. 2 P 2
<0 3 Srldive Va{onb T + 32 SNIVon - ne]ll7ae)-
FeF, *F FeF OF
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Since the tangential differential operators commute with the trace operator, for each face
F = 0K NOK', Young’s inequality yields

1 I
ldive Va{vn} | Z2(m) < 5 Idive Ve onlk | Z2(m) + 5 ldive Ve onlier [ 2 )-

Therefore, the trace and inverse inequalities give

h
5 Z ]dlvTVT{vh}HLz <6 > X Z CyCry KHD unlZ2 k)

FeF! FeF! K
eFy eFy FC@K

where Cy is a constant depending only on the dimension d and where C'1y is the constant
of the trace and inverse inequality, which depends on the shape-regularity of 7. Since each

element has at most cr faces by (2.11), a counting argument shows that

> Z ID%vnI22 1) < e7 D Dol T2

Fe}-i FCBK KeTn

We then use the definitions of pr and hp from (2.25) to obtain

~2
(2.50) ’Il‘ S 5Cd CTr CFr Z HD2UhH%2(K) + Z p~F H[[V’Uh . TLF]]”ZLQ(F)
KeT FeF}

A similar analysis shows that

p
(2.51) || <6CiCrcr Y [ID* o)+ Y MF IS
K€7-h Fe fzb

where Cj is a constant depending only on d. Inequalities (2.50) and (2.51) imply that

Bhg(vn,vn) > 0(1 = 26C(d)Crver) Y HDZU}L”%Q(K) +(1-0) > HA’UhH%%K)
KeTy KeTy

+ ( F)H[wh nellae + D ( )H[Wwﬂ”m

FeF] FeFp?

+ Y nellvalliZem

Ferp?

Let £ > 1 be given. Then, since k' < 1, there exists a § > 0 sufficiently small such
that (1 —26C4Ctcr) > k1. Then, we choose Cy = 2671 and pp = Cu ﬁ%/ﬁp Therefore
g — 9]5%/5%1: > up/2 for any 6 € [0, 1], thereby completing the proof of (2.47). O

Lemma 2.8 ensures that it is possible to choose pp and np such that (2.47) holds for

some k < (1 —¢e)~!, because (1 —¢)~! > 1. In this case, it is seen from the proof of
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Lemma 2.8 that § < e and therefore the constant ¢, can be chosen to be of order 1/e.

Theorem 2.9. Under the hypotheses of Lemma 2.8, let up and ng be chosen so that (2.47)
and (2.48) hold with k < (1 —¢)~t. Let the linear operator L defined by (2.2) satisfy
the uniform ellipticity condition (2.3) and the Cordes condition (2.5). Then, the bilinear

form Ay, is coercive on Vi, o, with respect to the norm ||-||p,1. In particular, for any vy, € Vi, p,
there holds

2K

(2.52) thHi,l < mflh(vh,%)-

Therefore, there exists a unique solution up € Vi p of the numerical scheme (2.36). More-

over, uy, satisfies

26 Vd ||V (0
(2.53) iy < —— F(—2) I f1L2(02)-

Proof. Let vy, € V}, p and note that (2.7) implies that

<’yLvh, A’Uh>K — <Avh, A’l)h>K = <(’7L — A) Vh, Avh>K
< (VL = A) vl L2y [1AvR | 2 (k)
< V1 = €| Dol r2() | Avall 125

We use the Cauchy—Schwarz inequality with a parameter, together with the fact that (2.47)
holds with x < (1 — €)1, to get

1 Lo 2 2 Lo
(2.54) An(vn,on) 2 5 > D onllza(x) + 1AV 2 () | + 5lonly

KeTy
_ Z mHDzvhHLz(K)HAvhHLQ(K)-
KeTh

By applying the Cauchy inequality

1—¢ 1
V1= ~”5||D27JhHL2(K)HAWLHL?(K) < B \|D2”h”%2(1() + §”Avh”%2(K)7
we thereby obtain from (2.54)
1-x(l—c¢ 1 1-xk(l—c¢
(255)  An(on o) > 0D S p2g e, o L s A0 e
2K KeT, 2 2K

The previous inequality completes the proof of the coercivity bound (2.52), which in turn

proves that there exists a unique solution uy € Vj, p of (2.36). Then, applying (2.52) to the
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numerical solution uj shows that

2K 2K
Junllf ) € ————=An(un,un) < ————— > [(vf, Aup)k|.
1-k(l—¢) l—m(l—s)KeTh

Since [|Aup| 2k < Vd ||D2uh||L2(K), it is found that (2.53) follows from

2k Vd |||
2 )
unlna < = r(l—c) £l 220 [lunlln1- O

2.6 Error analysis

The above stability results make use of the strict positivity requirement on the jump penalty
terms np, F € fi’b, as given in (2.48). In the following, we require the upper bound
) A
(2.56) < cn%ﬁj VF e Fi,
F
with ¢;, > 0 a fixed constant. As explained in Remark 2.4, this is simply a condition on the
choice of the user-defined parameters ng, and is not restrictive in practice. By combining
(2.28), (2.48) and (2.56), it is seen that these parameters should be chosen to satisfy
= o) 4
(2.57) UE = cu?—F, can—F <nr < cn?—g VFe FP
hp hy;
with ¢, and ¢, user-defined constants to be chosen sufficiently large.

The consistency result of Corollary 2.7 involves a regularity assumption on the solution;
for problems that satisfy this assumption, we shall speak of sufficiently reqular solutions.
In this case, we obtain error bounds that are explicit in the approximation orders in sec-
tion 2.6.1. However, we remark from the onset that this regularity assumption is not
necessary for convergence of the numerical method, as shown in section 2.6.2. Indeed,
the numerical solution guarantees a best approximation property with respect to the H?2-
conforming subspace of Vj, 5. In a nutshell, this property shows that our method is at least
as accurate in H2-type norms as an H?2-conforming method on the same mesh with the
same polynomial degrees. Furthermore, we note that computations for problems that fail
to satisfy the regularity assumption also indicate that the method is generally convergent
under a wide range of choices of meshes and polynomial degrees: see the experiment of

section 3.7.3.

2.6.1 Error bound for solutions with sufficient regularity

Theorem 2.10. Let Q) be a bounded convex polytopal domain, and let the shape-regqular
sequence of simplicial or parallelepipedal meshes {Tp}n satisfy (2.11) and (2.12), with p
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satisfying (2.13) for each h. Let the linear operator L defined by (2.2) satisfy the uniform
ellipticity condition (2.3) and the Cordes condition (2.5). Let u € H?(2) N H}(Q) be the
unique solution of (2.4), and assume that v € H®(2;Ty), with sk > 5/2 for each K € Tp,.
Let pur and ng be chosen as in Theorem 2.9 and as in (2.56) for all F € fé’b. Then, there
exists a constant C > 0, independent of h, p, and u, but depending on maxy sk, such that

2t —4
(2.58) HU_UhH%L,l <C Z %HUH%SK(KM
KeT, Pr

where tx = min(sg, px + 1) for each K € Tp,.

Note that for the special case of quasi-uniform meshes and uniform polynomial degrees,
the error bound (2.58) simplifies to

hmin(s7 p+1)—2
lu —upl g2y < lu—unllpg S ps_—5/2||u||Hs(Q;Th)-

Thus it is seen that the rates are optimal with respect to the mesh size and suboptimal
in the polynomial degree only by half an order. We remark that the standard analysis of
hp-version DGFEM for divergence form elliptic equations leads to a similar suboptimality,
and that optimal rates were recovered in [37] through considerations of regularity of the

solution in augmented Sobolev spaces.

Proof. Theorem C.6 implies' that there exists a 2, € Vh,p, and a constant C, independent
of u, hi, and pg, but dependent on maxy sx, such that, for each K € 7Ty, each nonnegative
integer j < sk, and for each multi-index § with |3| < sx — 1/2, we have

g —j
(2.59) lw—2nllmscry < CpK Ml e ey

SK—J]
K
tr—|Bl-1/2

(2.60) 1D (u — zn)ll 2oy < CWH“”HW(K%
K

Now, set ¥y = z, — up and &, = 2z, — u. Since u satisfies the hypotheses of Corollary 2.7,
it follows that (2.46) holds. So, coercivity of Ay from (2.52) and Corollary 2.7 imply that

[nllny S An(zn, vn) — An(un, ¥p)
(2.61) = An(zn,ton) — Y (0 F An) kg = An(€n, Un).-

KeTy

'The parameter my appearing in Theorem C.6 can be chosen such that mx = sk — 1 for each K € Tj,.
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Therefore, H@Z)hH%,l < 3% | E;, where

Ei= Y (D, D*¢n)kl, Es:= > UVe{V& nr}, [Vrvul)rl,
KeTh FeF®

Byi= ) N(/L = D), An)kl,  Bo = ) |{dive Vo{&}, [Ven - nrl)rl,
KeT;, FeF}

B3= Y (A&, Avn)kl, Br= ) [{dive Voe{yn}, [V - nrl)rl,
Ke'ﬁL FE,/—';.L

Ey = |Jn(&n, ¥n)l, By= ) [Vr{Vin nr}h [Vrél)rl.
FeFp®

It is then deduced that

2t —4
(2.62) E1+E2+E35J S Kl ey Inllna
KeT, Pr

Now, E4 < [&]5|¢n]s < (€1 +e2 + 63)% |t ||n,1, where the quantities e; are defined by

eri= 3 wpllVén - nelliapy, — e2= Y wrllVréilliae,
FeFi Fer,®

€3 = Z 77FH|I§h]]||%2(F)'
FeFp?

Recalling (2.25) and (2.48), we use (2.60) to obtain

~9 2t —4
Py 2 h 2
as Y, 7 > IVEllz20k) < > =5 1l ik (k-
FE]:}%'L F K KeThpK

FCOK

Similarly, we use the hypothesis np < p%/h% from (2.56) to find that

2t —4
2
er+esS Y ——sllullFron i)
KeT, P

Therefore,

h2tK74
B S| Y Bl ) In ],
KeT, Pr
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It is found that

hp
Es + Eg S Z > >
Fery® " oK
thK —4
S Z m” HHSK )|
KeT, PK

It follows from the inverse and trace inequalities that

thK 4

E7r + Eg S Vel + ez |Ynllng S \l > WHUHHSK

KeTy,

The above inequalities imply that

thK —4

lu = znlln1 + llzn = unllng S | D WHUHHSK(K)
KeT, Pk

The triangle inequality and the above inequalities complete the proof of (2.58). ]

2.6.2 Error bound for solutions with minimal regularity

In this paragraph, we provide an error bound that is valid for problems with minimal
regularity [70], namely u € H?(Q2) N H}(2). This result consists of a quasi-optimal ap-
proximation property with respect to the H?(£2) N H{ (Q)-conforming subspace of Vj, . By
restricting the quasi-optimal approximation property to this conforming subspace, we are
able to remove the assumption of u € H*(Q;7y), s > 5/2, required by Theorem 2.10.

Theorem 2.11. Let Q be a bounded convex polytopal domain, and let the shape-reqular
sequences of simplicial or parallelepipedal meshes {Tp}n satisfy (2.11) and (2.12), with p
satisfying (2.13) for each h. Let the linear operator L defined by (2.2) satisfy the uniform
ellipticity condition (2.3) and the Cordes condition (2.5). Let u € H?(2) N HY(Q) be the

unique solution of (2.4), and let pp and np be chosen as in Theorem 2.9. Then,
(2.63) |u —upllp1 S inf{|u — zn|g2Q): 20 € Vip N H*(Q) N HI(Q)}.

Proof. If z, € Vh,pﬂHQ(Q)ﬁH& (), then Lemma 2.6 applies to z,, because zj, is a piecewise
polynomial and thus z, € H*(Q;Tp,) for s > 5/2. Setting ¢, = 21, — up, € Vj, p, coercivity
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of Ay, gives

lzn — unlli g S An(zn — wn,n) = Y (YLzp, An) — Y (vf, Avn) i

KeTy KeTy
= > (vL(zn —u), AYn) ke < |u — 2nlm2()llzn — ualln-
KeT

Thus ||z, — upllny S [u— 2n|p2(q)- Since the functions u and zj, belong to H?(Q) N Hy(€2),
it follows that their jumps in values and gradients vanish on all interior faces, and that
their values and tangential gradients vanish on all boundary faces. Therefore, we have the

identity |[u — zp |1 = |u — 2n|g2(q)- So, the triangle inequality gives

lu—unllna < llu— znllng + 26 — unllng S u — znlm2(0)-

Since zj, was arbitrary, taking the infimum over all z, € Vi, p, N H2(2) N H}(Q) completes
the proof. O

The quasi-optimal approximation property indicates that convergence of the method
can be guaranteed provided that the approximation space V}, , is sufficiently rich, although
computations suggest this assumption is also not strictly necessary. Although the question
of finding the weakest assumptions on V}, ,, that are sufficient for convergence remains open,
we note that a similar issue in the context of divergence form elliptic equations has been
largely resolved by discrete compactness methods; see [27] and the references therein.

A further direct consequence of Theorem 2.11 is that the scheme proposed here is at
least as accurate, up to a constant, as any H?-conforming method on the same mesh with
the same polynomial degrees; this is simply because if u§ € V,, N H2(Q) N H}(Q) is the
numerical approximation of u produced by an arbitrary conforming numerical method, the

bound (2.63) implies that [[u — up|[n1 S |u — uj|g2(q)-

2.7 Numerical experiments

This section presents the numerical experiments from our paper [70]. In the first problem,
we demonstrate the convergence rates predicted by Theorem 2.10 for a solution with limited
global regularity but with sufficient broken regularity, and in the second experiment, we test

the scheme under hp-refinement on a problem with a singular solution.
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101 T T T T ™

10—1 [ /

HU’ - uh||H2(Q;Th)
=
(an)
&
T

——p=2
107° | ——p=3||

——p=4

—o—p=2>5

1077 L | | | I I |
1/64 1/32  1/16 1/8 1/4
Mesh size

FIGURE 2.2: Conwvergence rates for the numerical scheme applied to problem of section 2.7.1. The
error ||u — up || g2(Q;7,,) 95 plotted against mesh size h for various polynomial degrees p. The optimal
convergence rates ||u — up|| g2(s7,,) ~ hP~' are observed.

2.7.1 First experiment
Let Q = (—1,1)2, and consider the problem

d

(1408;) 2 0y, o =f inQ,
(2.64) ”Z: ’ Izl\ | ’

vw=0 on Jf.

Here, f is chosen so that the solution of (2.64) is u(x,y) = (ve'~1*l — z)(ye! =W — y).
Observe that the Cordes condition (2.5) holds with € = 3/5 and that the coefficients of the
differential operator in (2.64) are discontinuous across the set {(z,y) € Q: x =0 or y = 0}.

We apply the numerical scheme (2.36) on meshes obtained by regular subdivision of €
into uniform quadrilaterals of side-length h = 2%, 2 < k < 6. It follows that u € H*(; Ty)
for all s > 5/2, but v ¢ H*(?) for any s > 5/2. The finite element spaces V}, ,, are defined
by employing the space of polynomials of fixed total degree p on each element. For the
choice of penalty parameters, we set ¢, = ¢; = 10 and set nr = ¢, ﬁ%/ il:;; Figure 2.2
plots the errors for various polynomial degrees p, with 2 < p < 5. The expected optimal

convergence rates ||u — up| g2(q,7;,) = hP~! are observed, in accordance with Theorem 2.10.

2.7.2 Second experiment

In this example, we demonstrate the robustness of the scheme by illustrating exponential
accuracy for a problem that involves both nonsmoothness of the solution and discontinuity
of the coefficients at a corner of the domain. We also show how to apply the numerical

scheme to problems with inhomogeneous boundary conditions.
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Mesh size p=2 p=3 p=4 p=>5
1/4 2.21 8.60 x 107! 1.18 x 1071 1.17 x 1072
1/8 1.48 (0.58) | 1.89 x 107! (2.18) | 1.42x 1072 (3.05) | 7.30 x 10™*  (4.01)
1/16 7.08x 1071 (1.07) | 431 x 1072 (2.13) | 1.69 x 107> (3.07) | 4.46 x 107>  (4.03)
1/32 2.86 x 107! (1.31) | 1.02x 1072  (2.07) | 2.04 x 10™* (3.05) | 2.74 x 107 (4.02)
1/64 1.20 x 1071 (1.25) | 2.51 x 1073 (2.02) | 249 x 107°  (3.03) | 1.71 x 1077  (4.00)

TABLE 2.3: Errors |[u — un|| g2(q;7;,) for the numerical scheme applied to problem of section 2.7.1.
The estimated orders of convergence between successive mesh refinements are given in parentheses.

It can be verified that for a > 1, u = |z|%, x € Q = (0,1)?, solves

d
XTi T _ ]
(265) Z (61.7 + |;|2J> Ug;z; = Ca‘m|o‘ 2 =: f in Q7

i,j=1

where ¢, is a suitable constant depending only on a. Notice that the term z; x;/|x|? fails
to be continuous at the origin when i # j. This example draws upon the examples in
[38, 56| that illustrate the possibility of ill-posedness of the nondivergence form PDE with
discontinous coefficients when the Cordes condition fails. However, the operator in (2.65)
satisfies the Cordes condition (2.5) with ¢ = 4/5. In the following, we take o = 1.6, so
u € H*%79(Q) for arbitrarily small 4.

In order to extend the numerical scheme (2.36) to problems with nonhomogeneous
boundary conditions, the right-hand side must be suitably modified as follows. Let g be the
restriction of u on 9. Then the numerical scheme for problem (2.65) is to find uj, € V3 p

such that for every vj, € V} p, there holds

(2.66) Ap(up,vn) = > (v, Av)k + > [pe(V1g, Vo) s + nr(g, va)r)
KeTh FeF}

1 .
-5 > [(dive Vo g, Vo, - np)p + (V1 (Vor - np) , Vo g)r].
FeFp

Following [68], we construct a sequence of geometrically refined meshes as shown in see
Figure 2.4. The polynomial degrees associated to the elements of the mesh are increasing
linearly with the distance from the origin. Figure 2.5 plots the errors in the broken H!-
norm and H2%-seminorm against v/DoF, where DoF is the number of degrees of freedom,
and shows that a convergence rate of order exp(—cv/DoF) is achieved.

The optimality of the observed exponential convergence rate can be heuristically ex-
plained as follows: for an analytic function v on an element K, we have infvpeppK |lv —
vplla2 (k) S exp(—cpi), where Py, is the space of polynomials of degree at most pr. The
p-th mesh of the sequence has on the order of p elements, and each element is associated
to a polynomial degree of order p. Therefore, the number of degrees of freedom DoF ~ p3,

and thus the error for analytic v is at best |[v — va | p2(0.7,) S exp(—cp) ~ exp(—c VDoF).
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FIGURE 2.4: Sequence of geometrically graded meshes used for the solution of (2.65) on Q = (0,1)2.
The polynomial degrees are chosen to be linearly increasing away from the origin, starting with
Pr > 2 on the element closest to the origin. The sequence of meshes is continued by refinement of

the element closest to the origin.

FIGURE 2.5: Ezponential accuracy of the numerical scheme for the problem of section 2.7.2 on

geometrically graded meshes. The errors in the broken H'-norm and H?-seminorm are plotted

+
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1072} .
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1075 | lu—unlmim) f
=l —unll i ]
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vDoF

against the cube root of the number of degrees of freedom.

Elements

DOF ||U7uhHL2(Q)

lu = unll 1 (07)

lu — un|m2(0:7,)

4
7
10
13
16
19
22
25
28

36 | 2.349 x 1073
81 4.346 x 10~4
144 | 8.166 x 1075
228 | 1.491 x 1075
336 | 2.743x 1076
471 | 4.954 x 1077
636 | 9.840 x 10~%
834 | 1.949 x 108
1068 | 4.799 x 10~?

2.829 x 1072
9.439 x 10~3
3.132 x 1073
1.036 x 1073
3.426 x 104
1.131 x 10~*
3.737 x 107°
1.233 x 107°
4.072 x 1076

4.799 x 1071
3.176 x 1071
2.096 x 10~1
1.383 x 107!
9.124 x 1072
6.020 x 102
3.972 x 1072
2.620 x 1072
1.729 x 102

TABLE 2.6: Errors of the approximations to the solution of problem (2.65) on geometrically graded
meshes. Exponential convergence rates are observed, with faster rates in lower-order norms.




Chapter 3

Elliptic Hamilton—Jacobi—Bellman

equations

We turn to the study of elliptic Hamilton—Jacobi-Bellman (HJB) equations of the form

(3.1) sup [L%u — f*] =0 in €,
acl
where Q is a convex domain in R%, d > 2, A is a compact metric space, and the differential

operators LY, a € A, are defined by
(3.2) L% = a®: D*v + b~ - Vo — ¢® 0.

This chapter is largely based on our paper [71], which considers uniformly elliptic HIB equa-
tions with lower-order terms; therefore, the Cordes condition presented in earlier chapters
is generalised to allow for the lower-order terms. Importantly, we show in section 3.1 that
the specific structure of the HJB operator as well as the Cordes condition lead to a straight-
forward proof of well-posedness that employs the theory of strongly monotone operators.
Although these tools of nonlinear functional analysis are commonly used for the study of
semilinear or quasilinear equations, to our knowledge this represents their first application
to a fully nonlinear PDE.

Following the analysis of the continuous problem, we propose the numerical scheme in
section 3.2 and show its consistency in section 3.3. Building on the discretisation techniques
developed in Chapter 2, stability of the numerical method is achieved through a discrete
strong monotonicity property that mirrors that of the continuous case. This implies the
well-posedness of the discrete problem, as shown in section 3.4. Therefore, our method over-
comes the challenges typically encountered by nonmonotone methods! that were described
in Chapter 1. The combination of strong monotonicity and consistency of the method leads

to error bounds that are optimal in h, and suboptimal in p by only half an order.

1See Remark 1.1 concerning the difference between monotone methods and strongly monotone operators.
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A further contribution, given in section 3.6, is the proof of semismoothness in func-
tion spaces of the fully nonlinear operator in (3.1) for a general compact metric space A.
Similar results appear to have only been known in more restricted cases such as the finite-
dimensional setting [14]. The semismoothness of the HJB operator implies that the dis-
crete nonlinear problem can be solved with a superlinearly convergent semismooth Newton
method, which is in fact the natural adaptation to the current context of the classical
algorithm described in section 1.5.

The numerical experiments of section 3.7 test the method on problems with nonsmooth
solutions and strongly anisotropic diffusion coefficients, and demonstrate the gains in ac-
curacy and computational efficiency over existing methods. In particular, the exponential
convergence rates obtained by hp-refinement remain robust in the nonlinear setting, thereby
constituting the first examples of exponential convergence rates for fully nonlinear PDE.
We also test the robustness and efficiency of the semismooth Newton method, where we

show that it leads to the fast and accurate solution of the nonlinear discrete problems.

3.1 Analysis of the continuous problem

Let Q be a bounded convex polytopal open set in R? d > 2, and let A be a compact
metric space. It will always be assumed that €2 and A are nonempty. Let the symmetric
R%9valued function a, the R%valued function b, and scalar-valued functions ¢ and f
be continuous on  x A. For each a € A, we consider the function a®: z — a(zx,a),
x € , i.e. the dependence on « is denoted through a superscript. The bounded linear
operators L: H?(Q) — L?(2) are defined by (3.2). Compactness of A and continuity of

the coefficients a, b, ¢ and f imply that the fully nonlinear operator F', defined by

(3.3) F:vw Fv] == sup [LY — %],
acl

is well-defined as a mapping from H2(Q) to L?(2). The problem considered is to find a
function u € H?(Q) N H(Q) that is a strong solution of the HJB equation subject to a

homogeneous Dirichlet boundary condition

Flu] =0 1in Q,

3.4
(384) =0 on .

Well-posedness of (3.4) is established in section 3.1 under the following hypotheses. It is

assumed that there are positive constants 0 < v < 7 such that
(3.5) vEP <eTa®(2) e <ple? VEERY, Ve, Va e A.

The function ¢ is assumed to be nonnegative on Q x A.
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The Cordes condition. For problems with lower-order terms, we assume the Cordes
condition: there exist A > 0 and ¢ € (0, 1] such that, for each a € A,

a4 PP /2A+ (/N 1 =

3.6 in Q
(3.6) (Tra® + c@/\)? T d+e

)

where |-| represents the Euclidean norm for vectors and the Frobenius norm for matrices.
In the special case where b* = 0 and ¢* = 0 for each o € A, instead of assuming (3.6), we

assume that there exists € € (0, 1] such that, for each a € A,

a|2 1 in

la

3.7 <
(3.7) (Traa)Q_dflnLe

To cover this special case in the following analysis, we set A = 0 in all expressions appearing
below if b* =0 and ¢* =0 for all « € A.

Conditions (3.6) and (3.7) are related through the observation that the term ¢®/\ may
be viewed as the (d+1,d+1) entry of a (d+1) x (d+1) matrix with principal d x d sub-matrix
a®, which explains the difference in the right hand sides appearing in (3.6) and (3.7). The
parameter A serves to make the Cordes condition invariant under rescaling the coordinates.

It will be seen below that it is often easy to choose an appropriate value for \.

Example 3.1. We show how the Cordes condition (3.6) arises in practice in an example
based on stochastic control problems [36]. We consider a situation where the controls permit
the choice of orientation and angle between two independent Wiener diffusions. Let Q C R?
and let A = [0, 7/3] x SO(2), where SO(2) is the set of 2 x 2 rotation matrices. The diffusions

act along the directions of and o', where

1 siné

3.8 a._ a SOy . RT
(3-8) o (of 0%) (0 cos 0

), a=(0,R) € A.

In stochastic control problems, we have a® = ¢%(¢®)"/2 and usually ¢® = ¢ > 0 is a
fixed constant [36]. Then, Tra® = 1 and [a®|? = (1 +sin?6)/2 < 7/8; so (3.7) holds with
e = 1/7. Momentarily assuming that b6 = 0, by choosing the value A = %c that minimises
the left-hand side in (3.6), we find that (3.6) also holds with e = 1/7. For non-zero b%, the
Cordes condition holds for e < 1/7 whenever [b%|?/c is sufficiently small, which amounts to

a standard coercivity assumption.

Example 3.1 is considered further in the numerical experiments of section 3.7.1. Observe
that for any choice of Cartesian coordinates on R?, for § = /3 there is an R € SO(2) such
that a® is not diagonally dominant. In this case, the classical monotone Kushner—Dupuis

FDM is therefore not applicable to the resulting HJB equation [16].
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Define the strictly positive function v: Q x A — R+ by

o) Tra®(x) + c*(x)/A .
(39 700 = L + )22+ () )

In the special case b* = 0 and ¢® =0 for all & € A, we take A = 0 and define

Tra®(x)
3.10 Q) = ———
(3.10) wa) =
As above, for each a € A, we define v*: x — v(z, ), x € Q. It follows from the continuity
assumptions on the coefficients and from the uniform ellipticity condition (3.5) that ~ is
continuous over ) x A. Furthermore, nonnegativity of ¢, continuity of the coefficients, and

(3.5) imply that there is a positive constant 7o > 0 such that v > 9 on Q x A.
Define the operator F,: H?(2) — L*(Q) by

(3.11) Fylo] = sup [y (L0 = /).

It will be seen in the proof of Theorem 3.4 below that the HJB equation (3.4) is in fact
equivalent to the problem F,[u] = 0 in 2, u = 0 on 0€2. This implies that it is possible to
renormalise the HJB operator within the nonlinearity.

For X as in (3.6), let the operator Ly be defined by

(3.12) Lyv = Av— v, ve H*Q).

The following inequality generalises Lemma 2.7 [71].

Lemma 3.1. Let Q be a bounded open subset of R® and suppose that (3.5) holds, and
suppose that either (3.6) holds with A > 0, or that (3.7) holds with b* = 0, ¢* = 0 for all
a, and A = 0. Then, for any open set U C Q and u, v € H*(U), w := u — v, the following
inequality holds a.e. in U:

(3.13) |Fy[u] — Fy[v] = Ly(u —v)]| < V1 —¢ \/]DQwP + 2\ Vw|? + A2 |w|?.

Proof. It will be clear how to adapt the following arguments to treat the simpler situation
where b =0, ¢ = 0 and A = 0. So, we consider the case where (3.6) holds with A > 0.
First, set w = u — v. We have the identity

Fyfu] = Ly = sup [ Lu — Lyu =]

Note that |sup, ® — sup, y*| < sup,|z® — y°| for any bounded sets {z%},, {y*}a C R.
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Therefore,

7 [u] = F[o] = Lyw| < suply®Lw — Lyw
ae

< suglvaaa — Lgl| D?w] + [y*[[6%] [ Vw| + [A = ¢ |fw],
aec

where I is the d x d identity matrix. The Cauchy—Schwarz inequality implies that

|Fyfu] = Fyfu] — Lyw| < sup [VOS] (/| D2w]? + 20 Va2 + \2[uwl?,
a€N

where, for each a € A,

e

{o N s Is T 2
(3.14) C* = |y*a® — 1y|” + ) 32

Expanding the square terms in (3.14) gives
c® |ba|2 |Ca|2
C=d+1—-2(Tra® . o2 a2 I i B
+ V(ra —|—)\>+|7|<|a|—|-2)\+)\2

The definition of v in (3.9) and the Cordes condition (3.6) imply that C* <1 —¢ on U for
every a € A, thus completing the proof of (3.13). O

Miranda—Talenti inequality. For A > 0 as above, define the semi-norm ||g2 )\ by
(3.15) [ulFr2 gy x = lulFre(q) + 2M|ulFn ) + A lull72q)-

If A > 0, then this defines a norm on H?(Q2). The following result follows from the Miranda—
Talenti inequality given in Theorem 2.2. Recall that Lyu = Au — Au.

Theorem 3.2. Let Q C R? be a bounded convex domain. Then, for any X > 0 and any
u € H%(Q) N HY(Q), the following inequalities hold:

(3.16a) lulrz)n < ILaull2(),
(3.16D) lull 20y < CllLaullr2(0),

where C' is a positive constant depending only on d and diam ).

Proof. The identity [ouAudzr = — [|Vu|*dz, based on integration by parts, gives
(3.17) ILxull?2(q) = /Q(AU =)’ dz = | Aul| T2 ) + 2\ ulF ) + A ullZ2q)-

The Miranda-Talenti inequality [u|g2q) < [|Aul/z2(q) thus implies (3.16a). The bound
(3.16b) follows from (3.17) and (2.8b). O
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Well-posedness. For a Banach space X, we say that an operator A: X — X* is bounded
if A maps bounded sets in X to bounded sets in X*. We say that A is hemicontinuous
if the mapping [0,1] 2 ¢ — (A(tu+ (1 —t)v),w) is continuous for any u, v and w € X,
where (-,-) denotes the duality pairing between X* and X. Also, we say that A is strongly

monotone if there exists a positive constant ¢ > 0 such that
(3.18) u—v]% < c(A(u) — A(v),u —v) Yu,ve X.

Theorem 3.3 (Browder—-Minty). Let X be a separable reflexive Banach space and let
A: X — X* be a bounded, hemicontinuous, and strongly monotone operator. Then, for
each L € X*, there exists a unique u € X such that A(u) = ¢.

For a proof of Theorem 3.3, see [65, Ch. 10|, where the strong monotonicity assumption
is somewhat relaxed. In fact, the boundedness assumption can also be removed, as shown
in [22, Section 9.14]. The Browder-Minty theorem can be seen as a natural nonlinear gener-
alisation of the Lax—Milgram theorem, with the coercivity assumption of the Lax—Milgram
theorem being replaced by the strong monotonicity condition (3.18). The operators en-
countered in this work are found to be Lipschitz continuous, which is sufficient to guarantee

their boundedness and their hemicontinuity.

Theorem 3.4. Let Q C R¢ be a bounded convex domain, and let A be a compact metric
space. Let the data a, b, c, f be continuous on Q x A and satisfy (3.5) and either (3.6) with
A >0 or (3.7) withc=0,b=0 and A\ = 0. Then, there exists a unique strong solution
u € H?(Q) N HYQ) of the HIB equation (3.4). Moreover, u is also the unique solution of
Fylul =01in Q, u=0 on 0Q.

Proof. First, set H := H?(Q) N H}(Q); then H is a separable Hilbert space. The proof
consists of showing solvability of the equation F,[u] = 0 in H by the method of Browder
and Minty, and establishing its equivalence with the HJB equation (3.4). Let the operator
A: H — H* be defined by

(3.19) (A(u),v) = /QF»Y[U,] Lyvdz, wu,ve H.

We claim that A is Lipschitz continuous and strongly monotone. Indeed, let v, v € H and

set w := u — v. Then, by adding and subtracting |]L>\w||%2(g), we get

(3.20) (A(u) — A(v),u —v) = ”L)\wH%Q(Q) + /Q (Fy[u] — Fy[v] = Lyw) Lyw dx.
Lemma 3.1 and the Cauchy—Schwarz inequality show that

(3.21) (A(u) — A(v),u —v) > HL/\U}HZLQ(Q) — V1 —c|w|g@llLawl L2 )
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We then use (3.16a) to obtain (A(u) — A(v),u —v) > (1 —+/1—¢) HL,\wH%Q(Q), SO
(3.22) lu = vll2(q) S (Alu) = A(v),u — )

as a result of (3.16b), thus showing that A is strongly monotone.
Compactness of A and continuity of the data imply that A is Lipschitz continuous: to
see this, let u, v, z € H. Then, we find that

[(A(u) — A(v), 2)| < ||Fy[u] = Fy[v]ll 2yl Lazllr2@) S v = vlla2@)ll2ll a2 (0)

where the constant depends only on A and on the supremum norms of a, b, ¢ and y on { x A.
Lipschitz continuity and strong monotonicity imply that A is bounded, continuous, coercive
and strongly monotone, so the Browder—Minty theorem shows that there exists a unique
function w € H such that A(u) = 0.

For every g € L?(Q), there is a v € H such that Lyv = g. Therefore A(u) = 0 implies
Jo Fylulgda = 0 for all g € L3(9), thus showing that F,[u] = 0 a.e. in Q. We claim that
F,[u] = 0 if and only if u solves (3.4). Since ¥ is positive, y*(L%u— f*) < 0 for all &« € A is
equivalent to L%u — f* < 0 for all € A; i.e F[u] < 0if and only if F,[u] < 0. Compactness
of A and continuity of a, b, ¢, f and ~ imply that at a.e. point of {2, the suprema in the
definitions of F'[u] and F[u] are attained by an element of A, thereby giving F[u] > 0 if
and only if F,[u] > 0. Therefore, existence and uniqueness of the solution u of F,[u] =0

in € is equivalent to existence and uniqueness of a solution of (3.4). O

3.2 Numerical scheme

In the following, we employ the definitions and the notation defined in section 2.2. In order
to define the numerical scheme, we first extend the definition of By, from (2.33). This

extension enables us to treat problems with lower-order terms. For A > 0 as in (3.6), let

Bh7*(uh, vh) = Z [<D2uh, D2vh>K + 2)\<Vuh, VUh>K + A2 <uh, Uh)K}
KeTy,

+ > [(dive Vaofun}, [Von - nel) e + (dive Vo{op}, [Vus - ne]) ]
FeF;
— Z [<VT{VUh . nF}, [[VT Uh]]>F + <VT{V1)h . TZF}, [[VT Uh]])F]

FeFp®

— A Y [{Vur-np} [oal) e + {Von - nr}, [ua])Fl

FeF)?

— A > [Hun}, [Von - nel)e + ({on}, [Vun - npl)e] .-

FeF;

(3.23)
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We recall that the term Jj, is defined in (2.23), and that the bilinear forms By g, 6 € [0, 1],
are defined in (2.34). The nonlinear form Ay : V}, , X V, , — R is defined by

(3.24) Ap(up;vn) = Y (Fylunl, Lyvn) g + Bpajo(un, vn) — Y (Laup, Lyvp) k-
KeTy, KeTy,

The form Aj is linear in its second argument but nonlinear in its first argument. The

numerical method for approximating the solution of (3.4) is to find uj € V3 p such that
(3.25) Ah(uh; Uh) =0 VYo, € Vh,p'

The choice of nonlinear form in (3.24) is made to mirror the addition-substraction step of
(3.20) in the proof of Theorem 3.4.

3.3 Consistency

As explained in section 2.3, the numerical scheme weakly enforces discrete analogues of the
identities behind the Miranda—Talenti inequality. The next result extends Lemma 2.6 to

include lower-order terms [71].

Lemma 3.5. Let Q be a bounded Lipschitz polytopal domain and let Ty, be a simplicial or
parallelepipedal mesh on Q. Let w € H*(S;T,) NH?(Q) N H (), s > 5/2. Then, for every

vy, € Vi p, we have the identities

(3.26) B« (w,vp) = Z (Lyw, Lyvp)g and  Jp(w,vp) = 0.

KeTy,
Proof. The second part of (3.26) is obvious. We also note that all terms in By, .(w, v;,) that
involve jumps of w or of its first derivates vanish. For the case A = 0, the stated result
reduces to Lemma 2.6, which treats the consistency of the second order terms. So, for

A > 0, the identities of (3.26) are deduced from the previous result and from the identities

(3.27) —A Z (Aw,vh>K =\ Z <VU},V'I}h>K - A Z <{Vw . TLF}, [[’Uh]]>p,

KEeT, KeT, Fer,’
(3.28) - Z (w, Avp) g = A Z (Vw, Vo) g — A Z ({w}, [Vop, - nr])r,
KeTh KeTh FeF}
for all vj, € V}, p, where we have used the fact that w|p = 0 for all F € F? in (3.28). O

If the function w satisfies the hypotheses of Lemma 3.5, then (3.26) implies that

(3.29) Bhg(w,vp) = > (Lyw, Lyvp)k  Vou € Vip, VO €[0,1].
KeTh
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The following consistency result for the scheme follows immediately from Theorem 3.4,
from (3.29), and from the definition of Ay in (3.24).

Corollary 3.6. Let Q C R? be a bounded convex polytopal domain, and let Ty, be a simplicial
or parallelepipedal mesh. Let u € H?(Q) N HL(Q) be the unique solution of (3.4). If the
solution w € H*(S;Ty), s > 5/2, then we have Ap(u;vy) =0 for every vy, € Vi, p.

We remark that the comments from sections 2.4 and 2.6, concerning the regularity
assumptions on the solution, carry over to the current setting. We also refer the reader
to the numerical experiment of section 3.7.3 for an example showing convergence of the

method when this assumption is relaxed.

3.4 Stability

We extend the mesh-dependent norms ||| ¢ defined by (2.24) as follows. For A > 0 as
above, define the seminorms ||g2 (g x, K € Th, and || g2(q.7;,),1 o0 H?(;Ty) by

(3.30) [0lFr2 00 = HD2UHL2 () T 2Vl 2y + N0l 2y
(3.31) |U‘H2 (4Th),A Z |U‘H2 (K),\
KeTy,

For each 0 € [0,1], define the functional ||-||¢: Vi p — R>0 by

(3.32) lonllze = > [e‘vh’%ﬂ([(),)\ +(1— Q)HLAUhH%?(K)] + |on3-
KeT,

For each 0 € [0,1], the functional [-||4 is a norm on Vj . Indeed, homogeneity and the
triangle inequality are clear. If ||vp||lpg = 0, then v, € H3(Q) N H(Q) since [Vup] = 0 for
all F € F}, and [vp] =0 for all F € .7:“) Moreover, Lyv, =0 (if 6 = 1, use [vp|g2(x) =0
VK), so v, =0 as a result of (3.16b).

Lemma 3.7. Let Q be a bounded convex polytopal domain, and let {Ty}n be a shape-regular
sequence of simplicial or parallelepipedal meshes satisfying (2.11). Then, for each constant
k > 1, there exists a positive constant ¢, and c,, independent of h, p and 0, such that, for

any vy, € Vi p and any 0 € [0, 1], we have

1
(333) Bh@(vfwvh) |vh|H2(Q’Th >\+ 1 - Z ||L)\Uh||L2 §|Uh|§
KeTy,
whenever
i P b
(3.34) pp =c,=5 and np > Mey,7E VE € Fp.
hr hr
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The strict inequality in the second part of (3.34) serves to cover the case A\ = 0. See

also (3.41) below for an upper bound restriction on 7p.

Proof. For vy, € V}, p, we have
4
Bhﬂ(vh,vh) =0 |Uh|§{2(9;7’h)7)\ + (1 — 9) Z HLXUhH%z(K) + |Uh|§ + QZL',
KeTy, i=1

where

Il =2 Z <diVT VT{’l)h}, [[Vvh : np]]>p, 13 = —2A Z <{Uh}7 [[vvh ’ nF]]>F7

FeF} FeF}
Iy = -2 Z (Vo{Vu, -np}, [Vrop])r, 1= —2X Z {Vopn -np}, [vn]) F-
FeF? FeF?

Lemma 2.8 shows that there is a constant Cy depending only on d, such that for any ¢ > 0,

2

(3.35) || <6CiCrcr Y | D?onll7z) + Z 57 L |[[Von - ]l 72
KeTh reFl °F
(3.36) | <6CaCnecr Y 1D o2y + D Pr. 1TV T vallZ2(r),
KeT, ', Ohp
FeF:

where C'1y is the combined constant of the trace and inverse inequalities, and cr is given

by (2.11). The inverse and trace inequalities also show that

(5hF p
BI<2 | Y Sl | X 2T el
7 F 0
(3.37) FeF; FeFi
7
<6CiCrcr », Noal7e (K) T Z 6h
KeTy FeFi
Similarly, it is found that
(3.38) L] <6CsCrer Y 2| Vonll3a ) Z
KeTy, Fe ]_-zb
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We may take Cy to be the same constant in each of the above inequalities. So,

Bg(vn, o) > 0 (1= 6 CaCnc cr) |vnlir gy + (1= 0) D [1LavalZo (i
KeT,
20~2 0p%
+ > IIVon - np]lfeg + Y 6h INEEA Y
FeF} FeFp?
€
\0p2
+ Zb< o >||[[Uh]]||L2(F
FeF)

For any given x > 1, there is a § > 0 such that 1 — §CqCmcr > 1/k. Set ¢, = 4/ and
¢y = 1/0, so that (3.33) holds whenever pp and np satisfy (3.34). O

Theorem 3.8. Let ) be a bounded convex polytopal domain, and let {Tp,}r be a shape-regular
sequence of simplicial or parallelepipedal meshes satisfying (2.11). Let A be a compact metric
space and let the data satisfy (3.5) and either (3.6) or (3.7) withb=0, c=0, A =0. Let
nr and pp be chosen so that Lemma 3.7 holds with k < (1 —¢&)~t. Then, for every uj, and
vy € Vip, we have the strong monotonicity inequality

2K
(3.39) Jup — vnllhy < m(Ah(uhQ up — vp) — Ap(vp;up —vp)).

Moreover, Ay, is Lipschitz continuous, i.e. for any up, vy, and z, in Vi p, we have

(3.40) | A (un; zn) — Ap(vn; 2n)| S

Therefore, there exists a unique solution uy, € Vi, p to the numerical scheme (3.25).

Proof. First, note that since ¢ € (0, 1], it is possible to choose the terms pp and np such
that k < (1 — 5)_1. Let up, and vy, belong to Vj, , and set wy, == up, — vy,. Then,

Ap(upiwp) — Ap(vpswi) = Bp1jo(wpwy) + > (Fylus] — Fy[vp] — Lywy, Lywg)
KeTh

Note that Lemma 3.1 gives

> W [un] = Fyon] = Lawp, Lawn) k| < V1 —¢ D walgzgrey sl Dawnll L2 o)
KeTh KeTh
1—
< (QTh))\+ Y ILawnllfzx
2 et

This inequality and Lemma 3.7 show that

1-k(l—¢)
2K

Y

1
Ap(up;wp) — Ap(vn; wp) w3207y 0 + §\wh|§ > [lwnll;1/C,
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where C :=2k/(1 — k(1 —¢)). Since k(1 —¢) < 1, we obtain (3.39).

Now, let z;, € V}, p; using the linearity of By, g and inverse inequalities, we find that there
exists a constant C' depending on the constants appearing in the proof of Lemma 3.7, but
not on h or p, such that |By, 1/o(un — vp, 2n)| < Cllup — vallnallzallp,1- Using Lemma 3.1

and the above inequalities, we deduce that

> Ky Jup] — Fylop] — La(up — vn), Lazn) k| S llun — vallnil
KeT,

2nln1-

It then follows that A is Lipschitz continuous, as stated in (3.40). The Browder-Minty
theorem along with (3.39) and (3.40) imply that there exists a unique up, € Vj p such that
Ap(up;vp) = 0 for all vy, € Vi, p. O

Remark 3.1. In the above stability result, it was required that c, and ¢, be chosen so that
Lemma 3.7 holds for some k < (1 —¢)~1. It can be seen from the proof of Lemma 3.7 that
¢y and ¢, can be chosen to be of order 1/e, and x can be chosen so that the constant in

(3.39) is also of order 1/¢ when ¢ is small.

3.5 Error analysis

In the following, we require that

~4
b i,b
(3.41) nr < cymax(1, ) é VFeF,".

Therefore, the combined requirements on the user-defined parameters pur and ng given by
(2.28), (3.34) and (3.41) imply

77 7 Pt b
(3.42) pr = cu=t, cymax(1,\)=E < np < ¢, max(l,)\)% VF e F”,

hF hF h’F

with ¢, and ¢, user-defined constants to be chosen sufficiently large.

3.5.1 Error bound for solutions with sufficient regularity

The consistency and stability of the method lead to the following error bound [71].

Theorem 3.9. Let ) be a bounded convex polytopal domain, and let the shape-regular
sequence of simplicial or parallelepipedal meshes {Tp}n satisfy (2.11) and (2.12), with p
satisfying (2.13) for each h. Let A be a compact metric space, and let the data satisfy (3.5),
and either (3.6) or (3.7) when b =0, c =0 and A\ = 0. Let u € H?(Q) N HY(Q) be the
unique solution of (3.4), and assume that w € H(2;Ty,), with sg > 5/2 for each K € Tp.
Let pup and np be chosen as in Theorem 3.8, and let np also satisfy (3.41). Then, there
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exists a positive constant C, independent of h, p and u, but depending on maxy sg, such
that

2 g —4
(3.43) Hu_uhHizL,l <C Z ]%HUH%SK(K)’
KeT, Pk

where txg = min(sg,pr + 1) for each K € Ty,

Note that for the special case of quasi-uniform meshes and uniform polynomial degrees,
if u e H*(Q) with s > 5/2, the error bound (3.43) simplifies to

hmin(s,p+1)72
llu — Uh”h,l S WHUHHs(Q)-

Therefore, the convergence rates are optimal with respect to the mesh size and suboptimal

in the polynomial degree by half an order.

Proof. Theorem C.6 implies that there exists a z;, € V}, p, and a constant C, independent
of u, hg and pg, but dependent on maxg sk, such that, for each K € 7}, each nonnegative
integer j < sk, and for each multi-index § with |3] < sk — 1/2, we have

tk—j
(3.44) llw = 2nll iz < CpK lull e (i),

SK—J
K

htK*‘IB|*1/2

(3.45) D% = 20)laare < O gz lullane o
K

Set ¢y, == up—2zp, and &, == u—2z;,. By Corollary 3.6, we have Ap,(u;vp) = 0 for all v, € V3, p.

Strong monotonicity of Ay on Vj, , as shown in Theorem 3.8, yields

(3.46) [l g S An(unin) — Ap(znivn) = Ap(ws ) — An(zn; ¥n).

By applying the Cauchy—Schwarz inequality to the terms appearing on the right-hand side
of (3.46) and applying inverse inequalities to ¢, € V}, p, we eventually obtain

(3.47) Ap(u;thn) — An(zn; ¥n) < \/ﬂ\ld)h

h,1,

53



CHAPTER 3. ELLIPTIC HJB PDE

3.5. ERROR ANALYSIS

where the quantities F; are defined by

By = Z |§h|§12(1<)>\ Ey = Z HLAth%?(K)
KeTy, KeTy,
= SB[~ Bl 320, Ey= Y pp'dive Vo{& 7,
KeT, FeF}
Ey = Z wr||[VEn - nF]]|’%2(F)7 E¢ = Z /~L1;1||VT{V€h ) nF}H%?(F)’
FeF; FeF®
Eri= Y prlllVré&lliz e, Eyi= 3 Nnp'[{Vén - nr}liam),
FeF)? FeF,"
Ey= Y (e +0e)llellzzry,  Bo= Y Npr {7
FeFib FeF}
The inequality in (3.44) shows that
2t —4
(3.48) Ei+E S Y ——llul e i)
KeT, Pr

By compactness of A, continuity of the data and (3.5), F, is Lipschitz continuous, so

(3.49) By S Y llénleg S

KeTy KeTy

h2tK 4
Z 23K 4||u||HSK (K)*

We use (2.11), (2.12), (2.13), (3.34) and (3.45) to obtain

hK h2tK 5
(3.50) Es+EgS Y TWHUHHSK (K)
KeT, YK Pk
2 2t
(3.51) Bs+E S Y L }T ss =g lullirex (0
KeTy Pk

Similarly, we use (3.34) to get

hK thK -3
(3.52) Eg S Z TWHUHHSK(K)
KeT, YK Pk

h2tK —4
= Z WHUHHSK (K)»
KeTy
hth —4

= Z WHUHHSK (K)-

KeTy

h2tK 2
Z QSK 1”“||HSK (K)*

KeTy,

By hypothesis, nr < p3/h3 by (3.41), so (2.12) and (2.13) imply that

zll(h2tK 1
(3.53) Ey < Z 3 e Tllu ull 3k (K) =
Keﬁl KpK
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Finally, (3.45) yields

2t —1 2t
(3.54) Fus Y e = Yl
: 10~ 2 2s—1 IIPIH K (K) 25+ 1 I H K (K)-
ke, P Pk KeT, Pk

The bound (3.43) is then obtained from |ju — uplln1 < |¢¥nlln1 + [€slln,1 and the above

inequalities. O

3.5.2 Error bound for solutions with minimal regularity

The following result generalises Theorem 2.11, showing a quasi-optimal approximation prop-
erty of the method with respect to any H?-conforming approximation on the same mesh
with the same polynomial degrees. Therefore, the comments surrounding Theorem 2.11

carry over to the current nonlinear setting.

Theorem 3.10. Let Q be a bounded convexr polytopal domain, and let the shape-reqular
sequence of simplicial or parallelepipedal meshes {Tp}y satisfy (2.11) and (2.12), with p
satisfying (2.13) for each h. Let A be a compact metric space, and let the data satisfy (3.5),
and either (3.6) or (3.7) when b =0, c =0 and A\ = 0. Let u € H?(Q) N HY(Q) be the

unique solution of (3.4). Let up and np be chosen as in Theorem 3.8. Then, we have

(3.55) llu — up|

1 < inf{]u — Zh’H2(Q),)\: z2p € Vpp N H2(Q) N H&(Q)} .

Proof. Let z;, € Vi, N H 2(Q) N HY(Q); since 2y, is a piecewise polynomial, it follows that
zn, € H?(Q;Tp) for any s > 5/2. Therefore, Theorem 3.8, the numerical scheme (3.25), and
Lemma 3.5, applied to zp, show that

lun = znllh 1 S An(uns 2 — un) — Ap(zns 2n —up) = — Y (Fylzn], La(zn — un)) k-
KeT,

Since u solves (3.4), we find that

Iz —unlig S Y (Fylu] = Fylzn], La(zn — un)) i
KeTy,

SE ] = Fylzn]ll 2 120 — unlm20:7,) 00

which implies that |zp, — uplln1 S [[F5[u] — 2]l 22 ), since [¥n|mzm) 0 < 1¥nlln1 for

Yn = zp — up € Vi p. Using (3.6), it is found that [|[Fy[u] — Fy[zp]lr2(0) S [ — 2nlm2(0) -
This shows that

(3.56) lun = 2nllna < Tw— znlg2(0) 2

Since the functions u and zj, belong to H?(Q) N HE (), it follows that their jumps in values

and gradients vanish on all interior faces, and that their values and tangential gradients
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vanish on all boundary faces. Therefore, we have the identity ||u — 2zx[|n1 = |u — 2n|g2(Q) 2-

So, the triangle inequality and (3.56) imply that

(3.57) lu —unllng < |u—znlg2@)a + 120 = unllng S lu— 20l g20) 2

Since z;, was arbitrary, taking the infimum over all z;, € V,, N H2(Q) N H(Q) in (3.57)
yields (3.55). O

Remark 3.2. The constants appearing in the error bounds of Theorems 3.9 and 3.10 de-
pend on the constant of the stability bound of Theorem 3.8. Therefore, as explained in
Remark 3.1, the behaviour of these constants for problems presenting a small value of € is
typically of order 1/e. It is therefore seen that the parameter € plays here a similar role as
that of the ellipticity constant 7/v in the analysis of standard FEM for diffusion equations.
The performance of the method for problems with very small values of ¢ is studied in the

numerical experiments of section 3.7.

3.6 Semismooth Newton method

We turn to the analysis of an algorithm for solving the discrete problem (3.25), which can
be interpreted as a Newton method for nonsmooth operator equations [64]. After showing
that the algorithm is well-posed, we establish its superlinear convergence as a consequence
of the semismoothness in function spaces of the HJB operator. The semismoothness of
finite-dimensional HJB operators in a different form was studied in [14].

For 1 < r < oo, a function u € W27 (Q;T,) defines a vector-valued function u €
L"(;R™) through u = (u, Vu, DQu), where Vu and D?u denote the broken gradient and
broken Hessian of u, see section 2.2. For a vector u = (z,p, M) € R™, define the function
E,: Q xR™ — R by

(3.58) Py (w,w) = sup [y%(@) (a(z) : M+ 6%(2) - p = (z) 2 = f7())]

ae
For each (z,u) € Q x R™, we define A(z,u) as the set of all & € A such that the supremum
in (3.58) is attained. This defines a set-valued map (x,u) — A(z,u).

Lemma 3.11. Let Q be a bounded open subset of R%, let A be a compact metric space,
let the data a, b, ¢ and f be continuous on Q x A, and suppose that (3.5) holds. Then,
for each (z,u) € Q x R™, A(z,u) is a non-empty closed subset of A. The set-valued map
(z,u) — A(z,u) is upper semicontinuous; that is, for every (zr,u) € Q x R™, and any
open neighbourhood U of A(x,u), there exists an open neighbourhood V' of (x,u) such that
A(y,v) C U for every (y,v) € V.

We remark that the uniform ellipticity condition (3.5) is only used in Lemma 3.11 to
guarantee that v € C(Q x A).
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Proof. For every (x,u) € Q x R™, where u = (z,p, M), compactness of A and continuity of
a, b, ¢, f and v imply the existence of a maximiser in (3.3); so A(z,u) is non-empty. The
set A(z,u) is closed: if « is in the closure of A(z,u), say o; — «, with o; € A(z,u) for

each j € N, then continuity of the data implies that
(3'59) ~ (aa: M +b*p—c — fa)‘x _ jlirgo,.yaj (aOéj: M+b% p—c%z— faj)’m.

Since aj € A(z,u) for each j € N, the right hand side of (3.59) equals F'(z,u), thus giving
a € A(z,u) and showing that A(z,u) is closed.

We prove upper semicontinuity of (z,u) — A(x,u) by contradiction. Suppose that there
exists an (z,u) € Q x R™, a neighbourhood U of A(z,u), and a sequence {(x;,u;)}32;,
u; = (zj,p;, M;), converging to (z,u), together with o; € A(xj,u;) \ U for all j € N.
Because A is compact and A\ U is closed, there exists a subsequence, to which we pass
without change of notation, such that o; - a € A\ U. On the one hand, A(z,u) is
non-empty so there is 3 € A(x,u). Then, by definition of F,,

(3.60) Y (a*: M 4+b*-p—c*z— fY)|s < Fy(z,u).
On the other hand, a; € A(zj, u;) implies that we have, for each j € N,
YO (% My + 6% - pj = Mizj = fO)]y; > 4P (aﬁ: M+ -pj— Pz - fﬁ)\mj-

Taking the limit j — oo in the above inequality shows that equality holds in (3.60) because
B € A(z,u). Hence, a« € A(x,u); however, U is an open neighbourhood of A(z,u) and

a € A\ U, so we have a contradiction. O

The following selection theorem, due to Kuratowski and Ryll-Nardzewski [51], is required

for the analysis of the algorithm for solving (3.25). See Appendix B for a proof of this result.

Theorem 3.12. Let Q C R? be a bounded open set, let A be a compact metric space, and
let (z,u) — A(z,u) be an upper semicontinuous set-valued function from Q x R™ to the
subsets of A, such that A(z,u) is non-empty and closed for every (z,u) € QxR™. Then, for
any Lebesgue measurable function u: @ — R™, there exists a Lebesque measurable selection
a: Q — A such that o(x) € A(z,u(z)) for a.e. x € Q.

For u € W27 (; Ts), let A[u] be the set of all Lebesgue measurable functions a: Q — A
such that a(z) € A(z,u(z)) for a.e. x € Q, where u = (u, Vu, D*u). Lemma 3.11 and
Theorem 3.12 show that Afu] is non-empty for each u € W2"(€;7;,). For measurable
a: Q — A, we define y*: Q — Ry through v*(z) = y(z, a(x)), where v: Q x A — Ry
was defined by (3.9) or (3.10). It follows from uniform continuity of v over © x A that
v € L), with [[v¥]|pec(@) < H'VHC(ﬁxA)' The functions a®, %, ¢* and f® and the
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operator L% are defined in a similar way and are likewise bounded. It is clear that if
a € Afu], then F,[u] =~*(L% — f) a.e. in Q.

3.6.1 Algorithm

We now present the definition of the semismooth Newton method for solving (3.25) and
state the main result concerning its convergence rate. Choose u)) € V}, . Given uﬁ € Vip,

k € N, choose oy, € A[uf]. Then, obtain uﬁ“ € Vj, p satisfying

(3.61) Aﬁ(ui“'l,vh) = Z (Y* f%, Lyvp) g Yop € Vip,
KeTy,

where the bilinear form Aﬁ: Vip X Vip — R is defined by

(3.62)  Af(wp,vn) == Y_ ((Y*L%wy, Lyvp) i + By jo(wn,vn) — > (Lawp, Lyvp) k.
KeTh KeT

The fact that ag: @ — A is measurable ensures that Afl is well-defined. As in the proof of
Theorem 3.8, it is found that the bilinear forms Aﬁ, k € N, are coercive on V}, . In fact,

for each k£ € N, we have

2K

L — . .
S 1(Vh,vn) Yon € Vip

(3.63) lonll?.a
Therefore, the sequence of iterates {uf}° | is well-defined by (3.61) and remains bounded

in Vj p. The main result of this section is the following.

Theorem 3.13. Under the hypotheses of Theorem 3.8, there exists a constant R > 0,
possibly depending on h and p, such that if |up, — ul|[n1 < R, then the sequence {uf}2°,

converges to up with a superlinear convergence rate.

The proof of this theorem will be given in the next section.

Remark 3.3. Tt is known that it is generally not possible to establish mesh-independence of
R for the class of operators considered here as a result of the so-called norm gap [41, 76]; see
also Remark 3.4 below. However, it is seen from the numerical experiments in section 3.7,
in particular in Figures 3.3 and 3.6 below, that in practice, the convergence rates of the

algorithm depend only weakly on the discretisation parameters.

Since the bilinear forms Alﬁ are stable in an H2-type norm, the condition numbers of
the resulting linear systems are typically large, thereby limiting the performance of many
iterative solution algorithms. For common choices of basis {¢;} of V} , it can be shown
that the condition number x(AF) of the matrix A* := (AZ(@, ¢j)) satisfies

3 hd
(3.64) k(AF) S max DI TOEKET TiC
KeTy hye minger;, hf,
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Therefore, there can be significant benefits in using preconditioners when solving these linear
systems with iterative methods such as GMRES. In Chapter 5, based on our work [69], we
develop and analyse a class of nonoverlapping domain decomposition preconditioners to
accelerate the iterative solution of the linear problems (3.61). For computational efficiency,
it is desirable to find a preconditioner that can be assembled once and used for each of
the linear problems encountered in the semismooth Newton method. This requires finding
a preconditioner for the linear problems (3.61) that remains robust for a large range of

coefficients appearing in the definition of the bilinear forms Az in (3.62).

3.6.2 Semismoothness

The proof of Theorem 3.13 rests upon the notion of semismoothness, as defined in [76]. We
recall the definition below. For sets X and Y, we write G: X =2 Y if GG is a set-valued map
that maps X into the subsets of Y.

Definition 3.1. Let X and Y be Banach spaces, and let F: U C X — Y be a map
defined on a non-empty open set U of X. Let DF: U = L(X,Y) be a set-valued map with

non-empty images. For z € U, the map F' is called DF-semismooth at x if

(3.65) sup ||F[z + e] — F[z] — De|ly = 0.

im ——
lellx—0 [lellx pepFlete]

The map F' is called DF'-semismooth on U if F' is DF-semismooth at z, for every z € U.
The set-valued map DF is then called a generalised differential of F' on U.

For 1 < ¢ < r < oo, the map DFy: W2 (; Tp) = L (W2(Q; T), LY(S2)) is defined by
(3.66) DF,[u] = {VO‘LQ =~ (ao‘: D? +b*.V — ca> ta € A[u]} :

Theorem 3.14. Let Q C RY be a bounded open set, let A be a compact metric space, let
the data a, b, ¢ and f be continuous on 0 x A, and suppose that (3.5) holds. Let Ty, be a
mesh on Q. Then, for any 1 < q < r < oo, the operator Fy: W2 (;Tp,) — LU(Y) defined
by Fy[u] = Fy(-,u, Vu, D*u) is DF,-semismooth on W (Q; Ty,).

Proof. Supposing the claim to be false, there exist a function u € W27 (Q;7y,), a constant
p >0, and a sequence {e;}52, C W"(Q; Ty), with [lejlly2r7,) — 0, and a; € Alu + e;]
such that, for each j € N,

1

(3.67) _
lejllw2r .7,

15 [u+ ej] = Fyu] = 4% L% ej| Loy > p-
We will show that there is a subsequence for which (3.67) is violated, and thus obtain a

contradiction. Since |lej|ly2.rq.7;,) — 0, by passing to a subsequence without change of

notation, we may assume that e; and its first and second broken derivatives tend to 0
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pointwise a.e. in 2. The following inequality will help to simplify the argument:
(3.68) Byt ej] = Fylu] =y L%¢;] S Gy (les| + [Ves| + D%y
where G;: €2 — R is defined by

(3.69) G = Inf |y%a® — 4% a%| + [yDY — 0N | + |[y¥ e — 4% M.
a€A(;u()

It can be deduced from Lemma 3.11 that G; is measurable, since it is the composition of a
lower semicontinuous function with a measurable function; compactness of A and continuity
of the data imply that ||G}| e (q) is uniformly bounded for all j € N.

We prove (3.68): since a;; € Alu + €], we have a.e. in

(3.70) Fylu+ej] — Fylu] =y L%ej; =% (L%u — f%) — F,[u] <O0.
Now, for a.e. x € 2, and arbitrary o € A(z,u(z)), we have

0 < Fylu+e] =9 (L%u+¢5) — f)
=% (LYu— f9) = Fylu] + (Y9 LY — L") ¢;
(3.71) = Fylu+ej] — Fy[u] =y L% e + (Y LY —y*L%) e,

where it is understood that the above expressions are evaluated at x. Rearranging (3.70)
and (3.71) gives (Y*L* —y* L% )e; < Fylu+e;] — F,Ju] —v* L%e; <0, so

(3.72) [ By [u 4 e5] = By [u] =% L% ej| < |(y* L% = 4% L) ¢4].

Since (3.72) holds for arbitrary o € A(x,u(z)), we readily obtain (3.68).

We claim that G; — 0 pointwise a.e. in 2. Recall that e; = (e;, Ve;, D%¢;) tends to
zero pointwise a.e. in Q. Let p > 0 and = € Q be such that ej(x) — 0. Then, by continuity
of the data on the compact metric space Q x A, there is a § > 0 such that, for any a, 8 € A
with dist(«, ) < 6,

v*a® — 4PaP| + [42bY — AP0 + [y — AP P < o at x € Q.

Since (z,u) — A(z,u) is upper-semicontinuous by Lemma 3.11, there is an N € N such that
for each j > N, there is an a € A(x,u(z)) with dist(c, oj(x)) < 0. Therefore 0 < Gj(z) < o
for all j > N, and hence G; — 0 pointwise a.e. in (2.

Because 1 < g < r < o0, setting s = r/q > 1 and ¢ such that 1/s+ 1/s' = 1, we have
1 < ¢ < 0o. Inequality (3.68) followed by an application of Holder’s inequality shows that

1

373 00—
lejllw2r i)

[ Fy[u+€j] = Fylu] =y LY e} La) S 1Gjll pas >
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Since Gj — 0 pointwise a.e. and {G;}72, is uniformly bounded in L>°(2), the dominated
convergence theorem implies that [|Gjl| 4 ) — 0. Therefore, (3.73) contradicts (3.67),

and F, is DF,-semismooth at w, thus completing the proof. O

Remark 3.4. The restriction ¢ < r in Theorem 3.14 cannot be relaxed in general, as ev-
idenced by the counter-example in [41] involving a special case of the class of operators

considered here. This is an example of the so-called norm gap described in [41, 76].

Proof of Theorem 3.13. Since ay, € Auf] for each k, we have F,[uf] = v Loyl — ok for

Therefore, (3.61) is equivalent to

(3.74) Af(up™op) = Y7 (Y L%y — Fy[uf], Lavp) k- Vop € Vip.
KeTn

The definition of the numerical scheme (3.25) implies that u;, satisfies

(3.75) Ai(uh,vh) = Z (YR LY%up, — Fylup], Lyvp) g Yop € Vip.
KeTy

After subtracting (3.75) from (3.74), the bound (3.63) then shows that
(3.76) g™ = unllng < CrllFylug] = Fylun) = 92 L (uy, = un)llz2 o),

where the constant C depends only on &, €, 7, and d, but not on k. Fix r > 2; since V},  is
finite-dimensional, there is a constant Cy depending on h and p such that ||vp|[yw2r7;,) <
Cs||lvp ||, for all v, € Vi, p. Theorem 3.14 shows that for each p € (0,1), there is a R, > 0
such that if ||wp, — up||n1 < Ry, then, for any o € Afwy],

P
(3.77) [ F5[wn] = Fy[un] — v*L*(wp — un)|12(0) < @Hwh — up|lw2r@7)-
If |[u) — uplna1 < R, for some p < 1, then we use (3.76) and (3.77) to obtain

o =l < ol — g k20 = tim ok~ unll =0,

The convergence is superlinear since H“E — up|ln,1 < R, is eventually satisfied Vp < 1. O

3.7 Numerical experiments

We provide the results of two tests of the scheme on problems with strongly anisotropic
diffusion coefficients, and an experiment for a solution that does not meet the regularity

assumption of the analysis of section 3.5.1.
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FIGURE 3.1: The errors in approximating the solution of the problem of section 3.7.1 for various

mesh sizes and polynomial degrees. The optimal convergence rates ||u — up| g2(7,) =~ hP~1 are
observed.

Mesh size p=2 p=3 p=4 p=5
1/2 9.31 4.09 1.06 3.19 x 107!
1/4 5.20 (0.84) | 1.07 (1.94) | 1.50 x 107+ (2.82) | 1.91 x 1072  (4.06)
1/8 2.58 (1.01) | 257 x 1071 (2.05) | 1.80 x 1072 (3.06) | 1.16 x 107%  (4.04)
1/16 1.23 (1.07) | 6.25 x 1072 (2.04) | 2.16 x 107%  (3.06) | 7.09 x 107°  (4.04)
1/32 5.94 x 1071 (1.05) | 1.55 x 1072 (2.01) | 2.64 x 10™*  (3.03) | 4.38 x 107°%  (4.02)
1/64 2.92x 107 (1.02) | 3.86 x 1073 (2.00) | 3.28 x 107°  (3.01) | 2.73 x 1077 (4.00)

TABLE 3.2: Errors ||u — un||g2(q;7;,) for the numerical scheme applied to problem of section 3.7.1.
The estimated orders of convergence between successive mesh refinements are given in parentheses.

3.7.1 First experiment

We consider once again Example 3.1 for testing the accuracy of the scheme and the per-
formance of the semismooth Newton method. Recalling that A = [0,7/3] x SO(2) and
a® = 0% (c®) /2, with o® given by (3.8), let Q = (0,1)2, let b* = 0, ¢ = 72 and choose
f® = V/3sin?0/7% + g, g independent of a, so that the exact solution of the HJB equa-
tion (3.4) is u(x,y) = exp(zy) sin(mz) sin(my). These choices are made so that the optimal
controls vary significantly throughout the domain, and to ensure that the corresponding
diffusion coeflicient is not diagonally dominant in parts of 2.

The numerical scheme (3.25) is applied with meshes obtained by regular subdivision
of Q into uniform quadrilateral elements of size h = 27% 1 < k < 6. The finite element
spaces V, , are defined by employing the space of polynomials of fixed total degree p on
each element, with 2 < p < 5. The penalty parameters are set to ¢, = ¢, = 10 and
nE = ¢y ﬁ‘}; / E% Figure 3.1 confirms the optimal convergence rates with respect to mesh
refinement that are predicted by Theorem 3.9. The numerical solutions were obtained by the
semismooth Newton method of section 3.6, for which we use a strict convergence criterion by

requiring a relative residual below 5 x 10712 and a step-increment L2-norm below 1 x 10711
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The initial guess used for each computation was u?l = 0. Figure 3.3 demonstrates the fast

convergence of the algorithm.

1 |
E 1074 N
c
é
<1078 | |—=— h=1/4 8
| —— h=1/8
<
210—12,+h:1/16 N
—~—h=1/32
——h=1/64
Converged 1 ‘ ‘ ‘ & ¥

1 2 3 4 5 6 7

Iteration number k

FicUure 3.3: Convergence histories of the semismooth Newton method applied to the problem of
section 3.7.1 on successively refined meshes, with p = 4. The predicted superlinear convergence rate
is observed, and the number of iterations required for convergence varies little under refinement.

3.7.2 Second experiment

We investigate the robustness of the scheme against a combination of near-degenerate dif-
fusions, nonsmooth solutions and boundary layers. Let = (0,1)2, b* = (0,1), ¢ = 10
and define

20 1
(3.78) a® =o' a, a€A:=S0(2).
1 0.1
For A = 1/2, the Cordes condition (3.6) holds with € &~ 0.0024. We choose f“ so that the

solution of the corresponding HJB equation is
I 1 — ¥/

We choose 6 = 5 x 1073 to be of same order as ¢, thus leading to a sharp boundary layer
in a neighbourhood of {(a:, y)€Q:ry= 1}. As explained in section 1.3, monotone FDM
require very large stencils to discretise this problem. On uniform grids, these low-order
methods would require a fine grid to resolve the boundary layer, whilst the use of locally
refined grids is complicated by the monotonicity requirements.

Our method features no such constraints, so we are free to take advantage of hp-
refinement techniques that are capable of delivering highly accurate approximations for

a smaller computational cost. Following a suggestion in [57], we perform a sequence of com-
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FIGURE 3.4: Mesh on ) used for the approzimation of (3.79). The origin is at the bottom left
corner. The mesh has 8 geometrically refined layers with grading factor 1/2.

10°
1071
1072
1073
10~*

Relative Error

—+— Broken H? norm

—s— Broken H'! norm
I I I I | | |

5 6 7 8 9 10 11
vDoF

FIGURE 3.5: FEzponential convergence in the broken H' and H?-norms of the approrimations to
the solution defined by (3.79). The relative errors ||u — uy||/||ul| are plotted against the cube root of
the number of degrees of freedom, with each data point corresponding to a computation using a total
polynomial degree p = 2,...,10.

putations by increasing the uniform polynomial degrees p from 2 to 10 on a fixed mesh shown
in Figure 3.4. The number of degrees of freedom ranges from 120 to 1320. The following
results were obtained with ¢, = ¢, = 10, as in section 3.7.1. Here, we use np = A ¢, ﬁ%/ﬁ‘}.
Figure 3.5 shows that the error converges with a rate of order exp (— cm), as expected
from the results in [78], which leads to high accuracy with few degrees of freedom.

To study the convergence behaviour of the semismooth Newton method as applied to
this problem, we compute the numerical solution u, to high accuracy and obtain the relative
errors of the successive iterates ufl in the broken H?-norm. The initial guess used for each
computation was u?Z = 0. The results are presented in Figure 3.6, which shows that,
for this example, attaining a relative error of 1071 requires one additional Newton step
per polynomial degree p. This confirms the observation made in Remark 3.3 that mesh-
independence of the superlinear convergence radius cannot be achieved for this class of

operators, although the dependence is not severe.
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FIGURE 3.6: Convergence histories of the semismooth Newton method applied to the problem of
section 3.7.2. One additional Newton step per polynomial degree p is required in order to attain a
relative error below 1071°. The number of iterations required for convergence thus increases slowly

with the polynomial degree p.

3.7.3 Third experiment

We consider the convergence of the scheme when relaxing the assumption on the solution
of broken H?*-regularity for some s > 5/2. We also treat a problem with an inhomogeneous
Dirichlet boundary condition, as explained in section 2.7.2.

Consider a hexagonal domain Q C R? with unit face length, as shown in Figure 3.7.
Laplace’s equation, Au = 0 in €, is a special case of the HJB equation at hand, and the
boundary condition u = g on 9 is chosen such that u = r3/2 sin(26), where r is the distance
to the upper vertex of 1, and 0 is the counter-clockwise angle from the upper left face of
Q. It follows that broken H*-regularity of u fails for s > 5/2.

The first set of computations use uniform h-refinement, whereas the second uses hp-
refinement on geometrically graded meshes with linearly increasing polynomial degrees away
from the singularity of the solution. Figure 3.7 illustrates the respective sequences of meshes.

We use ¢, = ¢, = 10 and np = ¢, ph/h.

FIGURE 3.7: The planar hezagonal domain Q C R? considered in the experiment of section 3.7.3
with uniformly refined and geometrically graded parallelepipedal meshes.
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FIGURE 3.8: Convergence in the broken H?-norm of the approzimations to the singular solution
on the hexagonal domain. We observe approzimate convergence rates of order h'/? for uniform h-
refinement, whilst rates of order exp ( —cv DOF) are obtained under hp-refinement. The number of
degrees of freedom used for the largest computations were 1604 (hp-refinement), 73728 (h-refinement,
p =2) and 258048 (h-refinement, p = 5), thus showing the efficiency of hp-refinement.

Figure 3.8 shows that the method is convergent under both refinement strategies. In
the case of h-refinement, the convergence rate is approximately of order h1/2, irrespective
of the polynomial degree, as may be expected given the limited regularity of the solution.
In the case of hp-refinement, the rate is of order exp ( — cm), where DoF is the number
of degrees of freedom.

These results show that the regularity assumption on the solution used in the analysis
is not a necessary condition for the convergence of the numerical scheme. Furthermore, the

ability to use hp-refinement is a significant advantage for computational efficiency.
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Chapter 4

Parabolic Hamilton—Jacobi—Bellman

equations

In this chapter, we consider the Cauchy—Dirichlet problem for Hamilton—Jacobi-Bellman
(HJB) equations of the form

(4.1) Oyu — sup[L%u — f¢] =0 in Qx1,

aEA
where I = (0,7) is a bounded time interval, and the coefficients of the nondivergence form
elliptic operators L“, as well as f%, are allowed to depend on space and time.

This chapter extends the spatial discretisation of HJB equations from the earlier chapters
by a discontinuous Galerkin (DG) time-stepping scheme [74]. DG time discretisations offer
many advantages over other discretisations, since they possess excellent stability properties
and they allow very general choices of time steps and orders of accuracy [2, 74]. For instance,
they allow arbitrarily high-order approximation without restrictions on the size of the time-
step. Moreover, these methods can yield exponential convergence rates for solutions with
limited early-time regularity, commonly encountered in parabolic problems, through 7¢-
refinement [67].

A key contribution of this chapter concerns the construction of an appropriate DG time-
stepping scheme that addresses a particular difficulty that we now describe. Recall that the
approach based on the Cordes condition involves a renormalisation of the HJB operator, as
shown in Chapter 3. In the present context, we find that (4.1) is equivalent to
(4.2) ;IGlg v (Opu — L%+ f*)] =0 in Q x I,
where % is an appropriate scalar function. It is clear that the nonlinear operator in (4.2)
now includes the time derivative of the solution inside the nonlinearity. Unfortunately,
this implies that the standard DG time-stepping method cannot be used, since the time

derivative cannot be cast onto a test function.
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Keeping to the approach of the earlier chapters, where the choice of discretisation follows
closely the analysis of the continuous problem, we first find an appropriate functional setting
in which the Cauchy—Dirichlet problem associated to (4.1) is well-posed. It turns out that
the Cordes condition leads to well-posedness in a H'(L?) N L?(H?)-type Bochner norm.
Similarly to Chapter 3, the analysis rests upon the reformulation of the problem as a
variational equation involving a strongly monotone operator followed by an application of
the Browder—Minty theorem.

The continuous analysis helps to determine the essential components of the time-stepping
scheme; we present these ideas first in a semidiscrete context in section 4.2 in order to sim-
plify the presentation. The fully discrete method is then given in section 4.3, and is shown to
be consistent in section 4.4. Importantly, we show that in section 4.5 that this nonstandard
DG time-stepping method is stable in a discrete H'(L?) N L?(H?)-type norm, analogous to
the continuous analysis.

The second main contribution of this chapter concerns the error analysis of the pro-
posed method. We note that the techniques of error analysis in the literature on DG
time discretisations of parabolic equations often require sufficient smoothness of the solu-
tion [2, 67], which, in the present setting, would correspond to assuming H'(H?)-regularity.
For instance, employing an approximation result from [67], we show in section 4.6.1 that for
sufficiently smooth solutions, quasi-uniformity of the mesh, time partitions, and polynomial

degrees leads to an error bound of the form

pmin(s, p+1)—2 pmin(s, p+1)
(4.3) u—wunll S ps_—7/2HUHL2(HS) + THUHHl(Hg)
Tmin(crg,q+1)71+€/2 hmin(§,p+1)71
o {z: } qoe—1+4/2 lwll groe ey + p§_—3/2||u(0)||H§a
£€{0,2

where the norm |-|| is a discrete H'(L?) N L?(H?)-type norm, and we assume that s > 5/2,
$>0,8>3/2 and oy > 1 for £ € {0,2}. Note that for ¢ = 2, this requires at least
H'(H?)-regularity. This bound implies that the method has optimal convergence rates in
terms of the mesh size h, time-interval length 7, and temporal polynomial degrees ¢; the
rates in the spatial polynomial degrees p are possibly suboptimal by an order and a half, as
is common for DGFEM that are stable in discrete H2-norms [60], but which is weaker than
our results in Chapters 2 and 3. The reason for this difference lies with additional terms
required for stability, as shown in section 4.5.

A heuristic argument based on parabolic regularity theory shows that assuming H'(H?)-
regularity is comparable to assuming L?(H*)-regularity. Therefore, this appears as rather
more restrictive than the regularity assumptions of the preceding chapters, which in the
present context would amount to assuming L?(H®)-regularity for s > 5/2. Therefore, we
use Clément-type projection operators to obtain bounds assuming only H?(H?)-regularity

for any o > 0.
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To distinguish the different techniques of analysis employed to obtain these results, we
shall therefore refer to such problems as having solutions with low regqularity, as opposed
to the case of reqular solutions when o > 1. In particular, the bounds for low-regularity
solutions cover problems with early-time singularities induced by the initial datum.

In section 4.7.1, we test the numerical scheme on a problem with strongly anisotropic dif-
fusion in order to demonstrate the method’s accuracy and efficiency. Furthermore, we show
in the numerical experiment of section 4.7.2 that our method offers exponential convergence

rates for solutions with low regularity under hp- and 7¢-refinement.

4.1 Analysis of the continuous problem

Let ©Q be a bounded convex polytopal open set in R? d > 2, let A be a compact metric
space, and let I := (0,7, with 7" > 0. It is assumed that  and A are non-empty. Convexity
of Q implies that the boundary 9Q of Q is Lipschitz [40]. Let the symmetric R*?-valued
function a, the R%valued function b, and scalar-valued functions ¢ and f be continuous on
Qx I xA. For each a € A, define the functions a®: (z,t) — a(z,t,a), where (z,t) € Q x I;
the functions b%, ¢* and f are similarly defined.

The operators L®: L?(I; H*(Q)) — L*(I; L*(Q)) are given by

(4.4) L% = a“: D*v +b* - Vv — v, v € L*(I[; H*(Q)), a € A,

where D?v denotes the Hessian matrix of v. Compactness of A and continuity of the

functions a, b, c and f imply that the fully nonlinear operator F', given by

(4.5) F: v~ Flv| = 0w —sup [L% — f*] = inf
acA acl

[0y — L% + f°],

is well-defined as a mapping from the space H(I;Q) into L?(I; L?(R)), where H(I;) is
defined by

(4.6) H(I;Q) == L*(I; H*(Q) N HY(Q)) N HY(I; L*(Q)).

The problem considered is to find a function v € H(I;Q) that is a strong solution of
the parabolic HJB equation subject to Cauchy—-Dirichlet boundary conditions:

Flul=0 inQxI,
(4.7) u=0 ondQxI,
u=uwug on Qx {0},

where ug € Hi (). Note that the lateral condition u = 0 on 9§ x I is incorporated in the
function space H(I;€).
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The PDE is said to be uniformly parabolic if there exist constants 0 < v < 7 such that
(4.8) vIEP <eTaa,t)E<T|E? VEEeRL V(x,t) e xI, VaeA.

Well-posedness of (4.7) is established in section 4.1 under the following hypotheses. We
assume uniform parabolicity, nonnegativity of ¢, and the Cordes condition [70, 71]: there
exist € € (0,1], A > 0 and w > 0 such that

|a®? +1/22 + 1/w?

4.9
(49) (Tra®+1/A+1/w)? ~d+1+¢

inQx1I, Ya€A.

In the special case where b = 0 and ¢ = 0, we set A = 0 and assume that there exist ¢ € (0, 1]
and w > 0 such that

|aa‘2 + 1/w2
(Tra® +1/w)? ~ d+e

(4.10) inQx1I, VaeA.
As explained in previous chapters, the quantities A and w are included to make the Cordes
condition invariant under rescaling of the spatial and temporal domains.

Given (4.9), by considering substitutions for the solution of the form u = e, we can

assume without loss of generality that there exist ¢ € (0,1], A > 0 and w > 0 such that

|a¥|? + |6%2/2X + (c*/A)? + 1/w? <

4.11
(4.11) (Tra® + /A +1/w)? “d+1+¢

inQx1I, Va € A.

The relevance of (4.9) is to show that the Cordes condition is essentially independent of the
lower-order terms b* and ¢®, although it will be simpler to work with (4.11). Define the
strictly positive function y: Q x I x A = Ry by

_ Tra®(z,t) + c* /A + 1/w
(4.12) (.t @) = 0 (z, O + 022 /21 + (/A2 + 1/u?”

In the case of b = 0 and ¢ = 0, the function + is defined by

(4.13) Y(z, t, ) = EZC(L:,(;]?:;/L;

Continuity of the data implies that v € C(2 x I x A), and it follows from (4.8) that there
exists a positive constant 79 > 0 such that v > vp on Q x I x A. For each a € A, define
v (z,t) = y(x,t, ), and define the operator F,: H(I;Q) — L?(I; L?(Q)) by

(4.14) F[v] = lIelg [ (0w — L% + f)].

It is important to observe that the operator F, includes d;u inside the nonlinearity.
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For w and A as in (4.11), we introduce the operators Ly and L, defined by
(4.15) Lyv:=Av— v L,v = wdw — Lyv.

The following result is similar to Lemma 3.1, so the proof is omitted here.

Lemma 4.1. Let Q be a bounded open subset of R, let I = (0,T), and suppose that (4.11)
holds, or that (4.10) holds if b =0 and ¢ = 0. Let U C Q be an open set, let J C I be an
open interval, and let the functions u, v € L*(J; H*(U))NH(J; L2(U)), and set w :== u—v.
Then, the following inequality holds a.e. in U, for a.e. t € J:

(416)  |Byfu] - Fylo] — Low| < VI =2 w20} + [D2w]? + 20 Vuwl? + X2[uwl?,
with A\=0 i b=0 and c = 0.
Gelfand triple. For shorthand, we define the space H by

H = H*(Q) N H}(Q).

Theorem 3.2 shows that H is a Hilbert space when equipped with the inner-product
(u,v)a = (Lxu, Lxv) 2(qy, where Ly is from (4.15) and A > 0 is from (4.11). It is possible
to identify H*, the dual space of H, with L?(f2) through the duality pairing

(4.17) (fo0)paug = /Qf(—Lw) dz, feI2(Q), ve H.

Indeed, we clearly have L?(Q) «— H*, and H?-regularity of solutions of Poisson’s equation
in convex domains [40] shows that this embedding is an isometry: for any f € L?(f), we
have || fllz2() = [[fllz+. To show the surjectivity of this embedding, note that if p € H*,
then the Riesz representation theorem implies that there is a unique w € H such that
(w,v)a = p(v) for all v € H. Then f = —Lyw € L%(Q) satisfies (f,v) 2.4 = ©(v) for all
v € H. It follows from Poincaré’s inequality that the space HE(Q) may be equipped with

the inner-product
(4.18) (u, U>H& = / Vu-Vv+ Auvde,
Q

along with associated norm HHH(%

The relevance of these choices of duality pairing and inner-products is that the spaces
H, H}(Q) and L?*(Q) form a Gelfand triple as a result of the following integration by parts
identity: for any w € H}(Q) and v € H, we have

(4.19) (w,U>szH:/w(—L,\v)dx:/Vw-Vv—i—/\wvdx:(w,wH&.
Q Q
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The general theory of Bochner spaces, see for instance [79], yields the following result.

Lemma 4.2. Let Q C R? be a bounded convex domain and let I = (0,T). Then,
H — H}(Q) — L*(Q)

form a Gelfand triple [79] under the inner product (-, )iy and the duality pairing (., V2% H-
The space H(I;Q) is continuously embedded in C(I; H(SY)), and for every u, v € H(I;Q)
and any t € I, we have

(1200 (ult), o(0) iy = (w0, 0Oy + [ Out ) + (O] s .

0

Define the norm ||| (,0) on H(;€2) by

T
(4.21) 1110 32/0 W00l T2y + [0lF2@ Aty v € H(I;Q).

We will make use of the following solvability result for the Cauchy—Dirichlet problem asso-

ciated to the linear operator L, from (4.15).

Theorem 4.3. Let Q C RY be a bounded convex domain and let I = (0,T). For each
g € L*(I; L3(Q)) and vo € H (), there exists a unique v € H(I;Q) such that

L,wv=g ae in{Q, forae tel,

4.22
(422 v(0) =v9 in Q.

Moreover, the function v satisfies

(4.23) 1ol (i) + @llo M7 < Ngllza 122 () +wlivoll -

In Theorem 4.3, well-posedness of (4.22) is simply an application of the general theory
of Galerkin’s method for parabolic equations, see [79]. The bound (4.23) is obtained by
combining (4.20), integration by parts and the Miranda—Talenti inequality.

Well-posedness. The following result shows that the methods of analysis used in Chap-
ter 3 generalise to the parabolic setting [72].

Theorem 4.4. Let Q C R? be a bounded convex domain, let I = (0,T), and let A be a
compact metric space. Let the data a, b, ¢ and f be continuous on Q x I x A and satisfy
(4.8) and (4.11), or alternatively (4.10) in the case where b = 0 and ¢ = 0. Then, there
exists a unique strong solution u € H(I;Y) of the HIB equation (4.7). Moreover, u is also
the unique solution of Fylu] =0 in Q x I, u=0 on 0Q x I and v = ug on £ x {0}.
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Proof. Let the operator A: H(I;Q2) — H(I;Q)* be defined by

(4.24) (A(u), v) = /I /Q F,[u] Lyv de dt + w{u(0) — ug, v(0)) 3.

Compactness of A and continuity of the data imply that A is Lipschitz continuous. Indeed,
letting u, v and z € H(I;$2), we find that

(4.25)  [(A(u) — A(v), 2)| < [|Fy[u] — Fy[vlll 2102 0)) 1 Lozl L2 (1;2(0))
+ w[[u(0) = v(0) |2 [12(0)]| gy < Cllu = vl o)zl H10),
where the constant C' depends only on the dimension d, w, T, and on the supremum norms

of a, b, cand f and v over Q x I x A. We also claim that A is strongly monotone. Define
w = u — v. Addition and subtraction of [; (L,w, Lyw)r2 dt shows that

(A(w) — Av).w) = [ Zuwl3a(rp2(0y) +llw O]l

(4.26)
+/I/Q(F,y[u]7F,y[U]fwa) Lowdz dt.

Lemma 4.1, the bound (4.23) and the Cauchy—Schwarz inequality show that

1—

1 5
(A(u) — A(v), w) §||wa”%2(I;L2(Q)) + W”w(O)H?{é - THU}H}QLI(I;Q)

v

(4.27) 2 ¢ e 2
2 Sl ey + 5 ey + 5 w0l

The inequalities (4.25) and (4.27) imply that A is a bounded, continuous, coercive and
strongly monotone operator, so the Browder—Minty theorem [65] shows that there exists a
unique u € H(I;) such that A(u) = 0.

Theorem 4.3 shows that for each g € L?(I;L?(f2)), there exists a v € H(I;Q) such
that L,v = g and v(0) = 0. So, A(u) = 0 implies that [; [, Fy[u]gdzdt = 0 for all
g € L*(I; L*(2)), and since F,[u] € L*(I; L*(Q)), we obtain F,[u] = 0. Theorem 4.3 also
shows that (u(O),v)Hé = <u0,v>H& for all v € H(2), hence u(0) = uy.

We claim that v € H(I;) solves Fy[u] = 0, u(0) = wup, if and only if u solves (4.7).
Since v is positive, Y*(Oyu— L*u+ f*) > 0 for all a € A is equivalent to dyu— L*u+ f* > 0
for all & € A, so Fy[u] > 0 is equivalent to F[u] > 0. Compactness of A and continuity
of the data imply that for a.e. t € I, for a.e. point of {2, the extrema in the definitions of
F,[u] and F[u] are attained by some elements of A, thereby giving F,[u] < 0 if and only
if Flu] < 0. Therefore, existence and uniqueness in H(I;€) of a solution of F,[u] = 0 is

equivalent to existence and uniqueness of a solution of (4.7). O

73



CHAPTER 4. PARABOLIC HJB PDE 4.2. SEMI-DISCRETISATION

4.2 Temporal semi-discretisation

In this section, we explore some of the general principles underlying the numerical scheme
for the parabolic problem (4.7). Before presenting the fully discrete scheme in section 4.3, we
briefly consider in this section the temporal semi-discretisation of parabolic HJB equations,
so as to highlight some key ideas in the derivation and analysis of a stable method.

Let {J-}, be a sequence of partitions of (0,7) into half-intervals I,, == (t,—1,tn] € T,
with 1 <n < N = N(7). We say that J, is regular provided that

(4.28) 0,T)= |J L, 0=to<tp1<tya<ty=T, Vn<N,Vr.

1.€Jr
For each interval I,, € J;, let 7, == |t;, — t,—1]. It is assumed that 7 = maxi<,<n 7. For
each 7, let 9 = (¢q1,...,9n) be a vector of positive integers, so ¢, > 1 for all I, € 7.

For a vector space V and I, € J;, let Q. (V) denote the space of V-valued univariate
polynomials of degree at most g,. Recalling that H = H?(2) N H}(Q), we define the

semidiscrete DG finite element space V"9 by
(4.29) vrai={v e LI H) s olp, € Qu,(H) V1o € T, }.

Functions from V™9 are taken to be left-continuous, but are generally discontinuous at the
partition points {tn}iy:}l. We denote the right-limit of v € V™9 at ¢, by v(t}), where
0 <n < N. The jump operators (-),, and average operators (-),, 0 <n < N, are defined by

(V)p = —v(0T), (v),, = v(0%), if n=0,
(4.30) W)y = v(tn) —v(t)), (v), = 3v(t,) + 20(t}), f1<n<N,
W)y = v(T), (v),, =v(T), if n=N.

Define the nonlinear form A;: V7% x V79 — R by

N

r(ur;vr) = Z/ (7 wUT>L2(Q)d
n=1""'n
N

N 1

—1
- W Z UT ns UT H1 + < Z UT na(]UTDn>HO
n=0

n=1

(4.31)

We note that %(v), — (v), = v(t;}) for 1 < n < N. The semidiscrete scheme consists of
finding u, € V™9 such that

(4.32) Ar(ur;vr) = w(uo,vT(Oﬂ)H& Vo, € V79,

Since the solution u € H(I;Q) of (4.7) belongs to C(T; H}(2)), it is clear that A, (u;v,) =

w(up, vT(OJr))Hé for all v, € V™9, so the scheme is consistent.
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By considering test functions v, that have support on successive intervals I,, € J;, it
is easily seen that u,|7, is determined only by the data and by u(t,—1), thus (4.32) is a
time-stepping scheme.

The main ingredients required to show that the above scheme is stable are as follows.
We introduce the bilinear form C: V79 x V79 — R defined by

(4.33) Cr(ur,v,) = Z/ (Lostir, Lovr) 2y dt
N 1
—w Z u’T ns UT Hl + = Z Ur na(]UTDn>HO-

n=1

Integration by parts shows that for any w., v, € V™9, we have

(4.34) Cr(ur,v;) Z/ 8tUT,8tUT>L2(Q) + (Latr, Lyvr) p2(0) dt

N N 1
+ w Z<<U7>n  (vrn) g Z (Qur)n, (]vTDn>H0'
n=1 n=1

Combining (4.33) and (4.34) reveals the stability properties of C» when re-written as

(4.35) Cr(ur,v;) Z/ (Opur, Opvr) 12 + (Laur, Lyvr) 2 + (Lytr, Lyvr) 2 dt
In

L o N1 w Nl
+ 5 2o Murhs(erbdmy = 5 3 s (0 by + 5 X Kb ordid
el n=0 n=1

Indeed, it follows from (4.35) and the Miranda—Talenti inequality that, for any u, € V79,

1 N
(4.36) Cr(ur,ur) 2 5 Z/I |1 Bpull72 0y + [ur Fra gy a + 1 Lwtir[|72(0)dt
n=1""'"

N 1
w
+ 5 (D)l + 5 ||u7(0+)HH1+ > ur)nllZs-

n=1

The key observation here is that the antisymmetric terms in (4.35) cancel in Cr(ur,u,),
and this technique will be used again in section 4.5 for the analysis of stability of the fully
discrete scheme. Stability of the scheme is then obtained as follows: (4.33) implies that

N
Ar(ursvr) = Z/ (Fylur) — Lyur, Lyvr) 2y dt + Cr(ur,vr) Yur, v, € VP9,

which mirrors the addition-subtraction step of the proof of Theorem 4.4.

Then, we use (4.36) to show that A, is strongly monotone: for any u,, v, € V79
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Wy = Uy — Uy, We have

N N
€ w
Ar(urswr) — Ar(vrswy) > ) Z /I W2||atw‘r||2L2(Q) + |w7‘§{2(9)7>\dt + 5 ZH(]wTDnH%{&
n=1""n n=0

Therefore, the well-posedness of the semidiscrete scheme can be shown by an induction
argument, based on the Browder—Minty Theorem, that is similar to the one given in the
proof of Theorem 4.8 below, concerning the well-posedness of the fully discrete scheme.
Instead of pursuing the analysis of the semidiscrete scheme further, we now turn towards
the fully discrete method.

4.2.1 Comparison with the standard DG time-stepping method

The time semi-discretisation presented above introduces a DG time-stepping method that
is different to the standard method. For example, the standard method [2, 74] for solving
the linear problem (4.22) consists of finding v, € V9 such that

N N-1

(4‘37) Z / [w<atv"" wT>L2 + <UT> 1U7'>H5:| dt —w Z <(]U7'Dna <wT>n>L2
n=1v"n =
o N1 N ~
) nZl(GvTDn, (wrbn)r2 = ;/jﬂ@,wap dt +w(ve, w,(07)) 2 Ywe V™,

where V™9 := {v € L*(I; H}(Q)) : v|1, € Qg (H(Q)) VI, € T, }. Notice that the function
spaces V9 and V74 differ substantially.

Thus, in the linear case, the standard method (4.37) relies on the weak form of the
operator Ly in the PDE, and is based on the Gelfand triple H}(Q) < L?(Q) — H~1(Q).
One of the reasons for considering an alternative time discretisation method is that the
fully nonlinear HJB equation does not admit a weak formulation, and cannot be formulated
in terms of this Gelfand triple. This helps to explain the unusual choice of Gelfand triple
H — H}(Q) < L?(Q) used in the formulation of our scheme (4.32).

One of the main structural differences between the two DG time-stepping methods is
that our scheme (4.32) will be shown to be both strongly monotone and Lipschitz contin-
uous in the same Bochner norm, whereas it is well-known that the standard scheme (4.37)
fails to yield coercivity and continuity in the same norm as a result of the absence of terms
explicitly controlling the L?(H ~!)-norm of the time derivative [74]. As shown in the follow-
ing analysis, this additional property of the scheme (4.32) facilitates the analysis of stability
and convergence rates, especially with regards to the results of section 4.6.2. Both schemes
remain comparable in terms of computational cost for those problems to which both are

applicable.
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4.3 Numerical scheme

Function spaces. In addition to the spatial finite element space V}, , defined in sec-
tion 2.2, we define the space-time discontinuous Galerkin finite element space VhT ’;‘ over a

regular partition J: by
(4.38) Vidi={v e L2 (I;Vip) 1 v, € Oy, (Vip) VIn € Tr}

As in section 4.2, we consider a function vy, € V, ’I? to be left-continuous. The support of vy,
denoted by supp vy, is a subset of I, and is understood to be the support of vy : I — Vip

i.e. when viewing v, as a mapping from I into V}, .

Bilinear and nonlinear forms. In addition to the bilinear forms By g: Vi p x Vi, p — R

defined in Chapter 3, we define the bilinear form ay: Vi, p X V3, — R by

(4.39) ah(uh, Uh) = Z <Vuh, Vvh>K + A(uh,vh>K — Z <{Vuh . nF}, th]]>p
KETn FeF"

- Y {Von-nrt funl) e+ Y pr(lunl, [va]) p-

Fer;’ Fery?

Observe that the bilinear form aj corresponds precisely to the standard symmetric interior
penalty discretisation of the operator —L), and its symmetry plays an important role in
the subsequent analysis.

Define the bilinear forms C7 and Cj,: Vi ’3 xV, ’;‘ — R by

(4.40) O (o) =w Y. /1 S ([Vun - ng], {Oon})  dt
n=1"""FeF;

N
+WZ/ > [wr(lunl, [0wnl)F — ([unl, {VOn - nr}) Fl dt,

n=1""" peFnt

N
(4.41) C’h(uh,vh) = Z /[ Z <quh, Lth>K dt + C’,f(uh,vh)
n=1

" KTy,
N
+ Z/ Bp1jo(un,vn) — > (Laup, Lyvy) i dt
n=1"In KeTy
N-1 L N-1
—w > an(Qun)n, (vn),) + 5 > an((undn, (vrdn)-
n=0 n=1
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Define the nonlinear form Ap: V," x V'l — R by

N
(442)  Ap(upsop) =Y / S UF, fun), Lovn) ik — (Lustin, Lovn) ] dt + Ci(up, v).
n=1"1In KeTy,

The form Aj is linear in its second argument, but it is nonlinear in its first argument.
Supposing that ug is sufficiently regular, such as ug € H*(€2; T3,), with s > 3/2, the numerical
scheme is to find uy, € VhT’g such that

(4.43) Ap(un;vn) = wap(uo, va(07)) Vo € Vi

If ug fails to be sufficiently regular, then uy can be replaced in the right-hand side of (4.43)
by a suitable projection into V}, ,, at the expense of introducing a consistency error that
vanishes in the limit. By testing with functions v, € V,Z ’I? that are supported on I,, and by
adopting the convention that up(to) := ug, it is found that (4.43) is equivalent to

(4.44) / > (Fy[un], Lovn) k + Bpajo(un, vn) — Y (Laup, Lyvp) g dt

In KeT,, KEeT,
tw [ Y (V- el 0w+ Y e {lunl [Oonl) e ot
In per; FeF
o [ 3 ([ A0 )+ wan(un () on( )
" Ferp?

= wah(uh(tnfl)avh(trt—l)) Vo, € Qqn(Vh,p)~

Therefore, (4.43) defines a time-stepping scheme, and it is (4.44) that is solved in practice.

4.4 Consistency

Lemma 4.5. Let Q be a bounded Lipschitz polytopal domain, let Ty be a simplicial or
parallelepipedal mesh on Q. Let I = (0,T) and let J, = {I,})_, be a reqular partition
of I. Suppose that ug € HE(Q) N H"(Q;Ty,) with r > 3/2. Then, for any w € H(I;Q) N
L2(I; H3(Q;Tr)), with s > 5/2, such that w(0) = ug, we have

N
(4.45) Cr(w,vp) = Z/ Z (Lyw, Lyvp) i dt + w ap (ug, vy (01)) Yo, € VhT,}?'
n=1"In geT;,

Proof. Let the function w be as above, so that w(t) € H2(Q) N H} () N H*(Q; T) for a.e.
t € I. Lemma 3.5 shows that

/ By, 1/2(w, vy,) dt :/ Z (Lyw, Lyvp)g dt VI, € Tr, Yy € V};;l_
I, In Keﬁl
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The spatial regularity of w also implies that [Vw(t) - np] vanishes for all F € F} and a.e.
t € I, whilst [w(t)] and [V w(t)] vanish for all F' € Fi’b and a.e. t € I. Therefore we have
Cf (w,v) = 0 for all v, € V;". Finally, since H(I;Q) < C(I; Hy(Q)) by Lemma 4.2, the
jump (w)), = 0 for each 0 < n < N, and thus ap((w)n,vs) = 0 for all v, € V5, 0 <n < N.
The above identities and the definition of Cj, in (4.41) imply (4.45). O

Lemma 4.5 and the definition of the nonlinear form Ay, in (4.42) immediately imply the

following consistency result for the numerical scheme.

Corollary 4.6. Under the hypotheses of Lemma 4.5, suppose that the solution uw € H(I;$)
of (4.7) belongs to L*(I; H*(Q;Tr)), with s > 5/2. Then, u satisfies

(4.46) Ap(u;vn) = wap(ug, vp(07)) Yoy € VL

4.5 Stability

The quantities ur and np may be chosen as in Lemma 3.7 whilst also guaranteeing the

standard discrete Poincaré inequality for the bilinear form ay:

(4.47) Do lnlFngey + Do pellvallliecr) S an(vn,vn) Vou € Vip.
‘ KeTh FeFit

This implies that the symmetric bilinear form ay, is coercive on V}, ,, and thus defines an
inner-product on V}, ,, with an associated norm defined by ||vh||gh = ap(vn, vy) for vy, € Vi p.
In the subsequent analysis, we shall choose pr and nr to be given by
-9 6 }
(4.48) L =y ]B—F, nr = max(1,\) ¢, ?—g VF e f;l’b,
hr hy,
where ¢, and ¢, are constants chosen so that both (4.47) and Lemma 3.7 hold, for some
k < (1—¢)~!. Note that these orders of penalisation are the strongest that remain consistent
with the discrete H2-type norm appearing in the analysis of this work; see [60] for an
example of a scheme for the biharmonic equation using the same penalisation orders. These
penalisation orders are stronger than those required in the analysis of Chapters 2 and 3;
the reason for this choice will become apparent in this section.
For each 0 € [0, 1], we introduce the functional ||-[[5,6: V; 5} — R defined by

N
(4.49)  lonllf o = Z/z >0 [W2||3tvh||%2(1() + |Uh|%{2(K),)\} + |vp[3 dt
n=1"'" KeT,

N N
D3 IS SUETILREA LI TN

nKeTy,
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To verify that the functional ||||n,¢ defines a norm on V"', suppose that |[vsne = 0 for
some vy, € V}Z ’3. Then, the jumps of vy vanish across the mesh faces and across time
intervals and, therefore, v, € H(I;Q) with v,(0) = 0. The fact that the volume terms in
|on||n,e also vanish shows that L,vy, = 0, so it follows from (4.23) that vy, = 0. Hence, the
functional ||-[|p¢ defines a norm on V;'%.

Recall the definition of the |-|g2(k) 5 for K € T, from (3.30).

Lemma 4.7. Under the hypotheses of Lemma 3.7, let I = (0,T) and {J:}+ be a sequence
of reqular partitions of I. Let up and np satisfy (4.48) for each face F', chosen so that

T?q

Lemma 3.7 holds for a given k > 1. Then, for every vy € Vh’p , we have

e 1
(4.50) Ch(vh,’l)h) > 5 Z/I Z w2H8tUhH%2(K) + E‘vh‘%ﬂu{)’)‘ + ”Uh’%dt
n=1""" KeT,

N N
1 w
£330 [ Mvnlagaydt + 5 S enball,
n=1 n=0

n KeTy

Proof. We begin by showing that, for any up, v, € V| ’g, the bilinear form C}, satisfies the
following identity:

N
(4.51) Ch(uh, ’Uh) = Z / Z w2(8tuh, at?}h>K + Bh71/2(uh, Uh) dt — O}{:(Uh; uh)

n=1"1In KeTy,
N w N-1
+w Y an((up), s (vadn) + 5 > an((un)ns (vadn)-
n=1 n=1

The first step in deriving (4.51) is to show that for any up, vy € VhT’S, we have

N
(4.52) Z /[ Z <w atuh, —L,\Uh>[( + <w at?}h, —L)\uh>K dt
n=1

" KeT,
N N-1
=w Y an((un)y,  (ordn) +w Y an((undns (vn),) — C (un, vn) = C§] (vn, up).
n=1 n=0

Indeed, integration by parts over 7j shows that, for any I, € J, and a.e. t € I,,,

(4.53) Z (w 6tuh, —L)\Uh>K = w Z <V8tuh, vvh>K + A(&tuh, Uh>K
KeTy, KeTy,

—w Z ({Owun}, [Vop, -np])r —w Z ([Ovun], {Vvp, -np})r.

Fer, FeFp®
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Therefore, it is found that, for any I, € 7, and a.e. t € I,

(4.54) Z (w 8tuh, —L)\Uh>K + (w Gtvh, —L,\uh>}(

KeTy,
= w% ah(ﬂh, Uh —w Z HE [([[8tuh]], [[vh]])p + <[[uh]]’ [[atvh]DF]
Fer,’
—w Z [<{atuh}a [[vvh : nF]])F -+ <{3tvh}, [[Vuh . nF]]>F]
FeF}

+w Y (el AVOun - np})p + ([unl, {VOvn - np})pl .
Ferp?

We obtain (4.52) upon integration and summation of (4.54) over all time intervals.
The second step towards (4.51) is to use (4.52) to find that

Z/ (Loup, Lovp) kdt = Z/ w?(Opun, Opvp) i + (Laup, Lyvy) gedt
In ke, In KeTh
N N-1
Z Dn) +w D an((undn, (vn),) = CF (unyvn) = CF (v, up).
n=1 n=0

The proof of (4.51) is then completed by substituting the above identity in the definition
of Cj, from (4.41).
Expanding C}, with both (4.41) and (4.51) shows that

1
(4.55)  Ch(un,vn) 5 Z / > w*(Opun, Opvn) k + Bp1(un, vn) + Jp(un, vp) dt

In ke,
1Y 1 1
+ = Z / Z <quh7 vah>K dt + = C{(uh, Uh) - = C}]L:(’Uh, uh)
2= Jr 2 2
n=1 n K€7—h
o w V- o N1
+ 5 Z ap((up),, , -3 Z ((unDn, (vn),,) + 5 Z an((unDn, (n)n)-
n=1 n=0 n=1
Note that to get (4.55), we have used the identity
1 1 1
By 1/2(un, vp) — 3 > (Laun, Lyvw)x = §Bh,1(uhavh) + §Jh(uha V).
KeTy,

To show (4.50), we substitute up = v, in (4.55) and first observe that the flux terms
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involving C,Z: cancel. Furthermore, the symmetry of the bilinear form a; implies that

N N-1
> an(Wn)y s (Wadn) = Y an((vadns (va),) + ZH vrnlla,
n=0

n=1
N-—1

N
= an(vn(T), vn(T)) + an(r(0%), v (07)) + > 1 (wrdnllz, = D I (wadnllz, -

n=1

Then, we apply Lemma 3.7 for = 1 to get By 1(vp,vp) > k71 ZKeTh‘“h‘%{Z’(K) ,» thereby
yielding (4.50). O

Recall that for a function vy, € V, ’3, the support of vy, is a subset of I, since vy, is viewed

as a mapping from I into V}, 5.

Theorem 4.8. Let ) be a bounded convex polytopal domain and let {Ty}n be a shape-regular
sequence of meshes satisfying (2.11). Let I = (0,T") and let {J:} be a sequence of regular
partitions of I. Let A be a compact metric space and let the data a, b, ¢ and f be continuous
on QxIx A and satisfy (4.8) and (4.11), or alternatively (4.10) in the case where b =0 and
c = 0. Assume that the initial data ug € H}(2) N H*(Q;Tp) with s > 3/2. Let up and np
satisfy (4.48), with ¢, and ¢, chosen so that Lemmas 3.7 and 4.7 hold with k < (1 —e)~ L.
Then, for every zp, vy € VhT”I?, we have

2K

o) (An(zn; 2n — vn) — Ap(vn; 2n — vp)) -

Moreover, Ay, is interval-wise Lipschitz continuous, in the sense that, for any I, € J;,

any up, vy and zp € V}:’S with support contained in I,,, we have

(4.57) | Ap(un; zn) — An(ons 2n)| S

Therefore, there exists a unique solution uy, € VhT’I? of the numerical scheme (4.43).

Proof. We begin by showing strong monotonicity of the nonlinear form Aj,. Let zp, vy, € V}: ’3
and set wy, == 2z, — vp. Then, by (4.42) and Lemma 4.7, we have

An(zn; wn) — Ap(vn;wp) = Cp(wp, wp) +Z/ > (Fylzn] = Fylvn] — Lown, Lows) i dt.
In ke,

Lemma 4.1 and Young’s inequality show that

Z/ > KFy (2] = Fyon] — Lown, Lowp)k|dt < Z/ Y Lwwnll72 gy dt

In KeTy, In KeTy,

Z [, X o + o

nKeT

1—5
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Since 1 < k < (1 —¢)~!, Lemma 4.7 implies that

LN
(4.58)  Ap(zn;wn) — An(vn;wn) 2 5 Z/I Y 0wl Fa(rey + [wnlFra (e At
n=1""'" KTy,

1 w &
33 [ Tenfde+ 5 S wibal,.
2n:1 In 2n=0

where C'=2£k/(1 — k(1 —¢€)) > 2, thus showing (4.56).
To show (4.57), consider up, v, and z, € V,: ’;’ that all have support in I,,, and set
wy, == up, — vy. It then follows from supp vy, C I,, that

[vnll% 1 :/1 > [W2H5tvhH%2(K) + |Uh|%12(K),A} + op| At + wllop (ta) 2, + wllon(tE_)IIZ,
n K€7—h

and similarly for u, and z,. We also have

Ah(uh; Zh) — Ah('Uh; zh) = /] Z <F,y[uh] — Fy[vh], szh>K dt + C{(wh, Zh)
nKeTy

+/I By 2(why zn) — > (Lawp, Lazp) i dt +w ap(wip (8 1), 20 (1))
n KeTy,

Lipschitz continuity of F, implies that

/ > Ky [un] = Fylol, Lozp) | dt S lwpllnallzn
In ke,

Rl

Furthermore, we have |Ci (wy, 23)| < E1 + Ea, where
B ::w/ S ([Vwn - ne], {0z} p| dt,
In :
FeFi

Ey :W/I > wrellwal, [0ezn]) £l + [([wa], {Vrzn - np}) p| dt.
" FeF?

The shape-regularity of the meshes {7}, the mesh assumption (2.11) and the trace and

inverse inequalities show that

)
p
B [ 3 ol |3 FEIVen el
In ke, In pegi MF

_—

Es

N

~6
p
/IZw2‘|8tzhH%2(K)dt / > B ]t

nKeTy I FeFit VF
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Since pp and np satisfy (4.48), we conclude that

(CF (wny 20)| S llwnlln llznlln-

By applying trace and inverse inequalities on the flux terms of the bilinear form B, ,, it is
found that

/ By 1/2(wn, z0)| + > {Lawp, Lazp) | dt S [lup — v
In KeTh,

nt 1 2nlln,1s

thus completing the proof of (4.57). Since the numerical scheme (4.43) is equivalent to
solving (4.44) for each I, € J;, and since Ay, is strongly monotone and Lipschitz contin-
uous on the subspace of VhT’ ’r? of functions with support in I,,, for each I,, € J,, repeated
applications of the Browder—Minty theorem show that there exists a unique uy, € VhT, ’;1 that
solves (4.43). O

It is clear from the proof of Theorem 4.8 that the choice of penalisation orders in (4.48)
was made to treat the term Fs defined above. As we shall see in the following section, this

leads to a suboptimality in p by one order and a half.

4.6 Error analysis

In the first part of this section, we present error bounds for regular solutions, i.e. when the
solution belongs to H 1(In; H) for each I,, € J;. It is found that the method has convergence
orders that are optimal with respect to h, 7 and q, and that are possibly suboptimal with
respect to p by an order and a half. In a second part, we use Clément quasi-interpolants
in Bochner spaces to extend the analysis under weaker regularity assumptions, in order to
cover the case where u ¢ H'(I,; H).

There are two reasons for presenting the error analysis in two parts. First, the error anal-
ysis for regular solutions is simpler and permits the use of known approximation theory from
[67], whereas the case of solutions with lower regularity requires the additional construction
of a Clément quasi-interpolation operator. Second, the Clément operator is generally subop-
timal by one order in 7 when applied to very regular solutions. Thus, the results given here
for regular and solutions with low regularity are complementary to each other. Since error
bounds for solutions with minimal spatial regularity were given in Chapter 3, we choose to
focus here instead on the temporal regularity of the solution. Prioritising the treatment of
temporal regularity is well-justified in the present context since parabolic regularity theory

for model problems shows that H'(H?)-regularity is comparable to L?(H*)-regularity.
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We will present error bounds in the norm ||-||, defined by

N N-1
@59 olf =3 [ 3 [PI0nlae + ol ] + B dt+w X oD,
n=1""" KeTy, n=0

We remark that for vy, € V;/'J, we have ol 1 = llvnll +wllwr) ¥ 2, - Error bounds in the
norm ||-||5,1 can be shown under additional regularity assumptions for the solution at the

final time 7. To simplify the notation in this section, let
(4.60) Xo:=L*Q), X;:=H}(Q), Xo:=H=H*Q)NH}Q).

Similarly to the definition of the broken Sobolev spaces H*(); Ty), for a Hilbert space X,
we define the broken Bochner space H°(I; X; J;) to be the space of functions v € L?(I; X)
with restrictions u|;, € H([,; X) for each I, € J,. We equip H(I; X;J,) with the

obvious norm.

4.6.1 Error bound for regular solutions

If the solution u of (4.7) belongs to H'(I; H,J;), then the error analysis may be based
on the following approximation result, found for instance in [67], albeit presented here in a

form amenable to our purposes.

Theorem 4.9. Let Q C R? be a bounded convex domain, and let {J,}. be a sequence
of regular partitions of I = (0,T). For each T, let 9 = (q1,...,qn) be a vector of positive
integers. Then, for each T, there exists a linear operator 13: H(I; Q)NH(I; H; J;) — V™4
such that the following holds. The operator 112 is an interpolant at the interval endpoints,
i.e. for any u € H(I;Q) N HY(I; H; J,), we have TTu(t,) = Mu(t}) = u(t,) for each
0 <n < N. Forany I, € Jr, any £ € {0,1,2}, any real number o,, > 1 and any
j €40,1}, we have

Qn,l_j
T
(461) e Ml S o llullgmne g, u € HO (L Xo),
qn”

where oy, ¢ = min(o, ¢, g, + 1), and where the constant depends only on o, ¢ and maxT.

The construction of II2 in the proof of Theorem 4.9 involves the truncated Legendre
series of Jyu and the values of u at the partition points. Therefore, the requirement of
HY(I; H; J;) regularity is used to ensure that I1|;, maps into Q,, (H). A different approx-
imation operator is used in section 4.6.2 to perform an analysis under weaker regularity

assumptions.

Theorem 4.10. Let Q C R? be a bounded convex polytopal domain and let {Tp,}1, be a shape-
reqular sequence of simplicial or parallelepipedal meshes satisfying (2.11), (2.12) and (2.13).
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Let I = (0,T) and let {J;}+ be a sequence of regular partitions of I, and, for each T, let
qa=(q1,.-.,9n) be a vector of positive integers. Let A be a compact metric space and let the
data a, b, c and f be continuous on Q x I x A and satisfy (4.8) and (4.11), or alternatively
(4.10) in the case where b = 0 and ¢ = 0. Let up and np satisfy (4.48), with ¢, and ¢,
chosen so that Lemmas 3.7 and 4.7 hold with k < (1 —¢)~ L.

Let w € H(I;Q) be the unique solution of the HJB equation (4.7), and assume that
u € L2(I; H3(S%;Ty)) and Opu € L*(1; HS(Q,Ty)) for each h, with s > 5/2 and 5k > 0 for
each K € Ty. Suppose also that, for each T, each £ € {0,2} and each I,, € J;, the function
ulr, € Ho¢(In; Xy) for some oy > 1. Assume that ug € H(Q)NHS(Q; T) with §x > 3/2
for each K € Ty. Then, we have

thK 4 hth
(162) - wilf S Z 2 Sl + 2 100l
In keT;, PK Pk
2@77,4 2+L 2tK —2
+{?§%pKZ Z 20' - 2+e||“||H ol (I Xe) T Z 2sK 3Hu0||HSK (K)
" n=14e{0,2} In KeT, PK

with a constant independent of u, h, p, T and q, where

tg = min(sg,px + 1), tx = min(Sg, px + 1),

tx = min(3x,px + 1), On,¢ = min(oy, ¢, gn + 1),

for each K € Tp,, each 1 <n < N and each ¢ € {0,2}.

It is seen that the error bound is optimal with respect to h, 7 and q, but is suboptimal
with respect to p by an order and a half. We remark that since Theorem 4.10 assumes
u € H'(I; H), the initial data satisfies ug € H, so we may take 5 > 2 for each K € Tj.

Proof. The approximation theory for hp-version discontinuous Galerkin finite element spaces
shows that there exists a sequence of linear projection operators {II} },,, with I} : L?(Q) —
Vi, p and such that for each K € 7Ty, for each nonnegative real number rx < max(sg, Sk, Sk
and for each nonnegative integer j < rx, and if rx > 1/2, for each multi-index (3 such that
I8 < ri — 1/2, we have

Jymin(ric pic+1) =]

< 'K
" ok + 1
hmm(TK,PKJrl) 1Bl-1/2

(4.63) lJu — T ul| i 1wl e (1 Vue H™(K),

(4.64) D7 (u—TRw)llr2or) S Vu e H™(K),

g?x F1)re—1BI-1/2 el e 20y
where the constant is independent of rx, hx, px but possibly dependent on sg, Sk and
Sxi. The technical form of this approximation result expresses the optimality and stability
of I} for functions in H"* (K), 0 < rg < max(sk,Sk,Sk). In particular, we will use the
fact that II} is elementwise L?-stable, H'-stable and H?2-stable in the analysis below.
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For each h and 7, let z, = II9u € V™9, and let z;, = ngT € V,Z’S. Continuity of
zr implies continuity of zp, so that (zp), = 0 for each 1 < n < N. Furthermore, we
have z-(07) = ug, so z,(07) = MPug. Let &, == u — z), and let ¢, = wj, — zp,, so that
u—up = &, — Y. Recall that |||l < ||¥n]ln,1. Theorem 4.8, the scheme (4.43) and
Corollary 4.6 show that

(4.65) |vnllha < An(un;n) — An(zniton) = An(u;n) — An(zn;n)

N
_ Z/I S™(Fyu) = Fy 20, Loton) i + B jo(ny ) dt
n=1

" KeTy

N
- Z/J D {La&n, Latbn) i At + CF (€n,10n) + w an(En(t]), ¥n(td))-
n=1

nKeTy
Therefore ||¢p|)7 < H¢h||%,1 < Z?zl D;, where the quantities D;, 1 < i < 4, are defined by

N
o Z:1/1 > KFy ] = Fylzn), Lotn) x| 4 [(Laén, Latbn) i |dt,

m KeTy

N
Dy = Z/I By 1/2(&n,n)|dt,  Ds = |CF (&,%n)],  Da = wlan(&,(07),1,(01))].
n=1v"n

Lipschitz continuity of F., implies that Dy < E1 + E2 |[¢n|n,1, where Ey and Ej are
defined by

N N
B=3 [ S 10t B= 3 [ S e

nKeTy, nKeT,

Since the sequence of meshes {7}, is shape-regular and since ¥y|r, € Qq,(Vhp) for

each I, € J;, the use of trace and inverse inequalities on the flux terms appearing in

By, 1/2(&nsn) yields Dy S 4/ ?:2 E; ||Yn]ln,1, where the quantities E;, 3 < i < 5, are
defined by

N
E3 = Z/] > ppt|dive VT{&L}”%Q(F) + Y wp IV {Vén - "F}H%Z(F)dt’
n=1""" FeF} FeF}*®

N
By=Y / > e IV - nrdliem + D2 pe {6} e dt,

n=1"1In FeF® FeF}

N
Es = Z/j Y wellVa nrlteey + Do mellVr&alllFemdt,
n=1

" FeF; FeFp®

N
E¢ = Z/ > nrlllénllZzmydt.

n=1"1n pepib
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Note that dynlr, € Qg—1(Vhp) for each I, € Jr. Thus, similarly to the proof of Theo-
rem 4.8, the use of trace and inverse inequalities leads to D3 < /Ey + Es ||¢p||n.1. It follows
from (4.47) that we have Dy < /Egs + E7 + Es ||{n]|n.1, where the quantities E;, 7 <1i <9,
are defined by

Er =Y |luo — W uol 1 ), By:= 3 prlluo = Tuoliz(m),
KeT, FeF?

Ey = Z ppt IV (uo — 1T} ug) 'nF}H%%F)'
FeF)®

Therefore, (4.65) implies that ||¢p|? < 329 E;. The properties of the operator IT}, namely
its linearity, L2-stability and approximation properties (4.63), together with (4.61), imply
that

S
A
M=

/I S 10 — TPOulZa ey + TR Dy — By |22 eyl

n=1""" KeT,
N
(1.66) S [, X 00— TR + Zuu i 0
n=1"1In KeTy
N hQEK N ngn,O*Z )
K
N / Y el oy dt + Y sz lullfon 1,:x0)-
n=1"1In KeT;, Pk n=1 4n

Since the operator Hz is elementwise H2-stable, it is found that

EQSZ [, 3 o= Rl + IR — 20)

In ke,
(4.67) <y 2 =l dt+zuu A
n=1"1n KeT;,
N thK —4 N Zan
SY [ X et + 3 Tl
n=1"In ke7;, PK n=1 qn

The mesh assumptions (2.11), (2.12) and (2.13), the bound (4.64), and the application of
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trace and inverse inequalities on IT} (u — 2;)|1,, € Qg (Vi p), imply that

nKeT
N hic
2 2
$3 / > (192 = 12) 4 DI = 2o |
In KeT,
(4.68) - e
S [ 5 sl + X I sl
"KGT Pr KeTy
N h2tK —4 N TZQTLQ
S [ el dt + 3 Tl 1,
n=17In gKeT, Pk n=14n
Similarly to E3, we find that
h2tK N 2Qn0
(4.69) E4<Z/ > 23K+1HUHH5K 0t + Y Tl oo, x0)-
In geT,, PR n=14qn

The spatial regularity of 4 and z; imply that

Bs = Z/ S wplllV [ = TRu+ TP (u — 27) — (u — 2,)] - ] [F2 ) dt

In FeF}

+z / S e[V [u— T+ T2 (u = 27) — (1 — 27)] ]2y d.

' FeFhb

Therefore, the mesh assumptions (2.11), (2.12) and (2.13) and (4.64) yield

B S [ 5 B ) 49 [ 5~ B 20 o
n= 11 KETh
thK 4
@) s Z [, 3 sl + X ol =g

In keT;, P KeTy

thK —4 N 2.9712
<Z ), 2 bl ot + g e 3 Szl vy
7L e

Likewise, it follows from the spatial regularity of z,, the mesh assumptions, and the ap-
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proximation bound (4.64) that

BE Y [ T i ) (1 2t

"KeT
2tK —4
(4.71) < Z / S Al + 3 vl sl
”KeTh KeTh
hth —4 N 2@71,2
<Z / S il uodt+ s vk 3 Tl
“KETh

Finally, it is readily shown that

9 thK 2

(4.72) Y E S Z QSK —gee=g 1uollFax (x)-

=7 KeT, P

Since [|€,]|? < 329, Fi, the above bounds and the triangle inequality ||u — up||n < ||€nlln +
||t ||5, complete the proof of (4.62). O

4.6.2 Error bound for solutions with low regularity

The proof of Theorem 4.10 depends on the approximation result from Theorem 4.9, which
requires that the solution u belongs to H!(I; H; J,). In this section, we relax this condition
by using a Clément quasi-interpolation result instead of Theorem 4.9.

For J, a regular partition of (0, T), let {¢, }2¥_, denote the set of hat functions of 7y, i.e.
¢m is the unique piecewise-affine function on 7, such that ¢y, (t,) = dnm for 0 <n,m < N.
For 0 < m < N, let J,,, :== supp ¢, and note that J,,, = I, U I, 1 for 1 < m < N, whilst
Jo =1, and Jy = Iy.

Theorem 4.11. Let @ C RY be a bounded convex domain, and let {J,}. be a sequence

of regular partitions of I = (0,T). For each T, let @ = (q1,...,qn) be a vector of positive

integers. Suppose that there exist positive constants c. and cq such that, for each T, we have
1 Tn—1 1 dn—1

(4.73) <l S <
Cr Tn Cq dn

<cg, 2<n<N.

Let u € L*(I;H) and suppose that ul;,, € Hm(Jm; Xe) for some opyp € Rxq for each
¢ €{0,1,2} and each 0 < m < N. Then, there exists a sequence of functions {z;},, such
that zr € V™9 for each 7, and such that the following properties hold. The functions z,
are continuous on I, i.e. (z)n = 0 for each 1 < n < N. For each ¢ € {0,1,2} and each
I, € J;, we have

(4.74) 22 xy S D ullz2e,.x)s
Ty
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where the constant is independent of all other quantities. For each{ € {0,1,2}, each I,, € J;

and each nonnegative integer j < minj, >z, Ome, we have

Qm,lfj

-
(4.75) |u — Zr||HJ‘(1n;X£) S Z Z—m’z_j HUHH”va(Jm;Xl)v
IJm DI, dn

where p, ¢ = min(oy, ¢, ming, s, gn), and the constant depends only on max o, ,, maxT,

cr and cq.

Proof. For 0 < m < N, define g, :== miny, ., ¢n, and note g,, > 1 for all m since ¢,, > 1 for
all n. Since u € L?(J; X2) for each m, standard approximation theory for Bochner spaces
(see Appendix C) implies that there exist functions v, € Qg,.—1(H), 0 < m < N, with the
following properties. For each £ € {0,1,2}, we have ||vm|lr2(7,.:x,) S lullp2(s,:x,), With a
constant independent of all other quantities. For each ¢ € {0,1,2} and each nonnegative

integer j < o, ¢, we have

< | Ty | @3
(4.76) v = vl s (gixe) S = Nulliomee (1,005

dm
where 0y, ¢ = min(op, ¢, Gm), where |Jy,| is the length of the interval J,,, and where the
constant depends only on max o, ¢ and max 7.

The hypothesis (4.73) and the bound (4.76) imply that, for each I, C .J,,, each ¢ €

{0,1,2} and each nonnegative integer j < oy, s,

Om,0—J
T

(4.77) |u — UmHHJ'(In;Xg) S WHUHH%J(JWXW
o
where the constant depends only on max o, ¢, max 7, ¢, and cq.

Define z, = Z%:o OmUm, Where ¢, is the hat function over the interval .J,,. Note
that we have vy, |1, € Qq,—1(H) for each I, € J; since ¢y, < ¢, for each I,, C Jp,. Since
¢m is piecewise affine, it follows that z-|;, € Q,,(H) for each I, € J,, thereby showing
that z; € V™9, Furthermore, it is clear that z; is continuous on I, i.e. (z.), = 0 for each
1 <n <N —1. The bound (4.74) follows from |[vi|[z2(1,.:x,) S lullz2(1,.;x,) and from the
fact that ||| ze(;y = 1 for each 0 < m < N. Since {¢m})_, forms a partition of unity,
the bound (4.77) implies that, for each I,, € J; and each ¢ € {0, 1,2},

lu—zrllL2(z,,x,) < Z [fm (w = vm)llL2(1,x,)

Jm D 1In
Tﬁm,é
S Z ||U—”mHL2(In;Xg)5 Z WHUHHUmaé(Jm;XZ)v
Jm>In JmDI, In

91



CHAPTER 4. PARABOLIC HJB PDE 4.6. ERROR ANALYSIS

and, for each integer 1 < j <miny, 51, om.e,

lu — ZT’HJ'(In;X[ > Z | (u — \HJ (In;X0)
Jm DI
1 TQmZ J
n
Z lu — Um|HJ'(In;X4) + 7\“ - Um|Hj*1(In;Xg) N Z ﬁHUHH M (J; Xg)*
JmDIn n Jm DI, dn
This completes the proof of (4.75). O

Theorem 4.12. Let Q C R? be a bounded convex polytopal domain and let {Ty}n be a
shape-regqular sequence of simplicial or parallelepipedal meshes satisfying (2.11) and (2.12)
and (2.13). Let I = (0,T) and let {J;}+ be a sequence of reqular partitions of I, and, for
each T, let q be a vector of positive integers such that (4.73) holds. Let A be a compact
metric space and let the data a, b, ¢ and f be continuous on Q x I x A and satisfy (4.8) and
(4.11), or alternatively (4.10) in the case where b = 0 and ¢ = 0. Let pup and np satisfy
(4.48), with ¢, and ¢, chosen so that Lemmas 3.7 and 4.7 hold with k < (1 —¢)~L.

Let w € H(I;Q) be the unique solution of the HJB equation (4.7), and assume that
u € L2(I; H3(;Ty)) and Opu € L2(I; HS(Q,Th)) for each h, with s > 5/2 and 5 > 0
for each K € T;,. Suppose also that, for each T, ¢ € {0,1,2}, and each 0 < m < N, the
function ul|j,, € Hom(Jy; Xy) for some real oy > 0, with oy, 0 > 1 for all m. Assume
that ug € HE () N H3(Q;Ty,) with 5 > 3/2 for each K € Ty,. Then, we have

hth —4 h2tK
(4.78) HU—UhHh Z/ Z 2sK 7HUHHSK K)+ st”atuHHSK(K)dt
In geq;, P Px
2gmg 240 2tK 2
+maXPKZZ Z gamz 2+g||u||H ol (s Xg) T > 23K BHUDHHSK (K)®
n=14=0 Jpn 1, qn KeT, P
with a constant independent of h, p, 7, q, and u, and where txg = min(sg,px + 1),

tx = min(Sk,px + 1), and tx = min(Sx,px + 1) for each K € Tp,, and where gpy =
min (o, ¢, ming, c s, ¢n) for each 0 < m < N and each € {0,1,2}.

Proof. For each h, let II}: L2(Q) — Vh,p denote the approximation operator of the proof
of Theorem 4.10; for each 7, let z; € V™9 denote the approximation of u given by Theo-
rem 4.11; then define zj = HI,zZT € V,: ’3. The fact that z; is continuous on (0,7") implies
that zj is also continuous on (0,7), so (zp), = 0 for 1 < n < N. Let §, = u — z; and
Yp, = up — 2p, so that u — up = &, — ¢p,. As in the proof of Theorem 4.10, it is found that
4nl7 < ||@Z1h||%71 < S| E;, where the quantities F;, 1 <4 < 9, are defined as before. Note
that since o,,0 > 1 for all m, the bound (4.75) is applicable for j = 1 and ¢ = 0. Therefore,

the arguments from the proof of Theorem 4.10 and the approximation properties of z,; from
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Theorem 4.11 imply that

N h2t tQQmO 2
n
ZEDW AP LT @y Y gzl
"KETh n= ljmjfn
N thK 4 2Qm2
E2 ’S Z/ Z 25}( 4Hu||HsK dt+ Z Z 20’ ,2 ||u||H0m2(Jm7X2)
In geT;, P n= ljmjln an
N thK —4 29m2
EEDWADIE = [ Y S Tl
In geT;, P n=1J,, DI, dn
thK 2QmO
By 1> sty e o+ Y g o
n= 11 KeT, P n=1Jm I, ¢
thK —4 TTQLQmQ
Essz WA = A >dt+maxpf<2 Y o i
In geq;, P n= 1ngln dn
thK —4 2Qm2
5D ) Do IRRIEREITS Db wii = -
L Ke’Th n=1 Jp, DI, 4

Using inverse inequalities and H '-stability of Hl,z, we find that

Er+Bs= ) |luo =Rz (0) 300+ Do mp {V (w0 — IRz (07)) - np b Z2 )

KeTn FeFp?
< D lluo = MRuollF ey + luo — 2 (0) |1 )
KeTy,
h2tK 2
N Z %HUOHHSK( KT [Juo — ZT(OJF)H?{l(Q)-
KeTy,

Since zr|1, € Qg (H), we have 2.(0%) € H}(), so

> wellluo = TR 2 (05)] 172 )

FeFp®
> ellfuo — MRug + IO} (uo — 2-(07)) — (uo — 2 (0" )72
(4.79)
FeFy
thK 2 )
S Z WHUOHHW(K) + X pK”UO —2(0 +)HH1(Q)'
KeT, P
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Poincaré’s inequality and (4.75) then show that

1
luo — 2+ (0) 11 () S lw = 2rll 230 lw = 2ol (2y5x0) + p zrlZaix)

20m,2 20m,0—2

1 2 1 2
S D ol i, T ez lullErmo (7,.:x0)
JmoI 41 a4,
T12Qm,1*1 )
+ > o ullfems (,x,0-
Jnoh Q1

Since ||&]|? < Y71 Ei, the combination of the above bounds with the triangle inequality
lu — uplln < |€nlln + ||¥n]ln completes the proof of (4.78). O

4.7 Numerical experiments

In the first experiment, we study the performance of the method on a fully nonlinear problem
with strongly anisotropic diffusion coefficients, and observe optimal convergence rates for
smooth solutions. In the second experiment, we show that the scheme gives exponential
convergence rates when combining hp-refinement and 7¢-refinement, even for problems with

low-regularity solutions.

4.7.1 First experiment

We examine the orders of convergence of the method for a problem with strongly anisotropic
diffusion coefficients and a smooth solution. Let Q = (0,1)2, I = (0,1), let b* =0, c* =
and let the diffusion coefficients a® be defined by

(4.80) a® =« ( ! 1/40> al, aeA:=850(2),

1/40 1/800
where SO(2) is the special orthogonal group of 2 x 2 matrices. For w = 1, A = 0, it is found
that the Cordes condition (4.10) holds with ¢ ~ 1.25 x 1073, We choose f* so that the
exact solution is u = (1 — e™") ™ sin(mz) sin(my).

The numerical scheme (4.43) is applied on a sequence of uniform meshes obtained by
regular subdivision of © into quadrilateral elements of width h = 27% 1 < k < 5. The
corresponding time partitions . are obtained by regular subdivision of the time interval
(0,1) into intervals of length 7 = 27%+1 1 < k < 5. The finite element spaces V}:’S
are defined using polynomials of total degree p in space and degree ¢ = p — 1 in time,
with p € {2,3,4}. We set the penalty parameters ¢, = ¢;, = 5/2 and ¢ = 1 in (4.48).
The semismooth Newton method analysed in section 3.6 is used to compute the numerical
solution at each timestep.

In order to study the accuracy of the method, we measure the error in the norm |||,
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FIGURE 4.1: Relative errors in approrimating the solution of the problem of section 4.7.1 using
uniform meshes and time partitions with T ~ h and p = q+1. It is seen that the optimal convergence
rates ||u — up ||, ~ h?~+7% are achieved. The final time error, as measured in the broken H*-norm,

also converges with the optimal rate ||[u(T) — up(T)|| g1 (os75,) = AP.

defined by

(481) ol = Z [, 2 [10lan + 1ol d

In ke,
Figure 4.1 presents the global relative errors achieved by the method, where it is seen that
the optimal orders of convergence |[|u — upl||, ~ hP~1 + 79 are achieved. The relative end-
time errors, naturally measured in the broken H'-norm, are also presented in Figure 4.1,
which shows the optimal convergence rates ||u(T") —un(T) || g1 (q;7;,) = kP These results show
that the method can deliver high accuracy despite the strong anisotropy of the problem and

the very small value of the constant ¢ appearing in the Cordes condition.

4.7.2 Second experiment

In section 4.6.2, we considered error bounds for solutions with low regularity. The sig-
nificance of these results stems from the fact that the solutions of many parabolic HJB
equations possess limited regularity as a result of early-time singularities induced by the
initial datum.

This difficulty appears even in the simplest special case of the HIB equation (4.7),
namely the heat equation: indeed, consider dyu = Au in Q x (0,T), Q = (0,1)2, with
homogeneous lateral boundary condition u = 0 on 9 x (0,7 and initial datum ug(z,y) =
x (1 — z) sin(my). Then, the solution is

00 )
(4.82) (x,y,t ig Z exp(—(k:2 + 1) 7%t) sin (k) sin(7y).

It can be shown that for sufficiently small ¢ > 0 and nonnegative integers o and ¢ such
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FIGURE 4.2: Geometrically-graded spatial meshes used in conjunction with the geometrically-graded
temporal meshes for the problem of section 4.7.2. From left to right, the meshes are those used for
the first, third and fifth computations. The corresponding number of spatial degrees of freedom DoF,
are respectively 100, 1128, and 3980.

that 20 + ¢ > 3, we have [|0full%, ~ t~(20+=5/2) " with the constants of these lower and
upper bounds both depending on ¢ and /, but not on ¢. Therefore, v ¢ H'(I; H), rather
u € H47(I; L2(Q)) N H*=9(I; H(Q)) N H3*~%(I; H) for arbitrarily small § > 0. Tt
is noted that a linear problem is chosen here so that the solution may be found explicity
through (4.82). Nevertheless, this example exhibits many features that are typical of more
general parabolic problems, so that the following results remain relevant to more general
HJB equations.

Despite the limited regularity of the solution, accurate results can be obtained by using
geometrically-graded time partitions with varying temporal polynomial degrees; see [67]. A

combination of T¢-refinement in time and hp-refinement in space can lead to a rate

(4.83) llw —uplll;, < exp(—ci v/DoF,.) + exp(—c2v/DoF,),

where Dol := dim V}, ,, where Dok, = Zﬁf:l(qn + 1) is the number of degrees of freedom
of the temporal finite element space, and where ¢; and co are positive constants. We give
here an experimental confirmation of these expectations.

The method is applied on a sequence of geometrically-graded partitions {J;}, con-
structed as follows. Let T = 0.05, and let ¢, = o¥""T for n = 1,..., N, for a chosen
o€ (0,1), and N = 2,...,6. As suggested in [67], we choose o = 0.2. The temporal
polynomial degrees are linearly increasing with n, with ¢, := n + 1. We choose T" to be
small, because in practice it is natural to use 7g-refinement on a small initial time segment,
and then apply uniform or spectral refinement on the remaining time interval, see [67].
Starting with a partition of €2 into four quadrilateral elements, for each successive computa-
tion, we refine the meshes geometrically towards the boundary, thereby yielding the meshes
shown in Figure 4.2. The polynomial degrees px > 3 are chosen to be linearly increasing
away from the boundary. Figure 4.3 presents the resulting errors in the norms |||, and
Il L2(7, 11 (02;73,))» Plotted against v/DoF, and v/DoF. It is found that the convergence rates
of (4.83) are attained, with higher accuracies being achieved in lower-order norms. These

results show the efficiency of the method for problems with limited regularity.
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FIGURE 4.3: Exponential convergence rates under hp-tq refinement for the problem of section 4.7.2.
The errors in the norms |||, and ||| 2(r; 1 :75,)) are plotted against /DoF, and /DoF., where
DoF,, is the number of spatial degrees of freedom and DoF, is the number of temporal degrees of
freedom. Exponential convergence rates of the form of (4.83) are confirmed.
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Chapter 5

Nonoverlapping domain decomposition

preconditioners

It was shown in section 3.6 that the discretised HJB equation can be solved efficiently with a
semismooth Newton method. This algorithm defines a sequence of linear problems involving
bilinear forms that are stable in the H2-type norm |-||5.1. As a result, the condition numbers
of the resulting linear systems are typically large, thereby limiting the performance of many
iterative solution algorithms.

The purpose of this chapter, which is based on our paper [69], is to study a class of
preconditioners for accelerating the iterative solution of these discrete linear systems. The
approach we adopt consists of developing preconditioners for the model problem of finding

up, € Vjp such that
(5.1) Bh’l(uh,vh) = Eh(vh) Yo € Vh7p,

where £ : Vj, , — R is a bounded linear functional on V}, ,. Our choice of model problem
essentially relies on the fact that the discrete problems of the semismooth Newton method
are uniformly stable in the norm ||-||;,1 appearing in the bound (3.63), which is equivalent
to the norm induced by By, 1, as shown by Lemma 3.7. Of course, many generalisations are
possible, such as preconditioners based on the bilinear forms By, ¢ for § € [0, 1], for which
we expect similar results. The advantage of this approach is that the preconditioners can
be assembled once, and re-used at each iterative step of the semismooth Newton method.
The class of preconditioners we consider here comprise overlapping and nonoverlapping
domain decomposition methods, which have been successfully developed for a range of
applications of DGFEM by many authors [3, 4, 5, 6, 34, 35, 55]. In order to solve a problem
on a fine mesh 7y, these methods combine a coarse space solver, defined on a coarse mesh
Tr, with local fine mesh solvers, defined on a subdomain decomposition 7g of the domain
Q). The discontinuous nature of the finite element space leads to a significant flexibility in

the choice of the decomposition Tg, which can either be overlapping or nonoverlapping.
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As explained in the above references, these methods possess many advantages in terms
of simplicity and applicability, as they allow very general choices of basis functions, non-
matching meshes and varying element shapes, and are naturally suited for parallelisation.
This flexibility makes this class of methods a natural choice for a first study of precondi-
tioners for the problems at hand. Moreover, it has been pointed out by various authors,
such as Lasser and Toselli in [55, p. 1235], that the nonoverlapping methods feature reduced
inter-subdomain communication burdens, thus representing a key advantage for scalability
in parallel computations.

It is of practical interest for applications to determine the influence of the parameters
of the preconditioner on the spectral bounds. For problems involving H'-type norms,
such as interior penalty methods for diffusion problems, nonoverlapping additive Schwarz
preconditioners for h-version methods [34] lead to condition numbers of order 1+ H/h, and
overlapping methods lead to a condition number of order 14+ H /6§, where H is the coarse mesh
size, and 9 is the size of the overlap of the subdomains. Antonietti and Houston considered
the case of nonoverlapping methods for hp-version DGFEM in [5], and they showed a
bound of order 1+ p2H/h; however, their numerical experiments lead to a conjecture of the
improved bound of 1+ p?H/qh, where q is the coarse space polynomial degree.

For problems involving H?-type norms, earlier results covered only the case of h-version
methods. In [35], Feng and Karakashian considered nonoverlapping preconditioners for h-
version discretizations of the biharmonic equation, which result in condition numbers of
order 1+ H3/h3. We also mention the related work by Brenner and Wang in [18] for C°-
interior penalty methods for fourth order problems, where a bound of order 1+ H3/§3 was
derived for an overlapping additive Schwarz method.

As can be seen from the theoretical analysis in the above references, the effectiveness
of the preconditioner depends in an essential way on the approximation properties between
the coarse and fine spaces. In the analysis of h-version DGFEM, it is sufficient to consider
low-order projection operators from the fine space to the coarse space; for example, coarse
element mean-value projections are employed in [34] and local first-order elliptic projections
are used in [35]. However, low-order projections lead to suboptimal bounds for the condition
number in the case of hp-version DGFEM. Therefore, as we explain below, a key contribution
of this work is an original high-order approximation result between coarse and fine spaces
that is of optimal order in both the mesh sizes and the polynomial degrees; this result thus

represents the main ingredient for the sharp analysis of the condition number bounds.

Summary of contributions. We consider the discontinuous finite element space V}, , of
degree p over a fine mesh 7;, on a convex polytope Q C R?, d € {2,3}, and we equip Vhp
with the H2-type norm |-||p1. where up ~ p?/h and np ~ p®/h3, and where, for simplicity
of exposition, we momentarily assume quasi-uniformity of the mesh sizes and polynomial

degrees; this assumption is relaxed throughout this chapter.
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The central result of this chapter is a sharp bound for the condition number of the
preconditioned system obtained by applying a nonoverlapping domain decomposition pre-

conditioner to the model problem (5.1). The bound that we obtain is

p2H p6 H3

5.2 PB) <1 —
(52) K(PB) S 1+ 20+ B

where B denotes the matrix representing the bilinear form in (5.1), P denotes the matrix of
the preconditioner, and x(PB) denotes the condition number of the preconditioned system.
Importantly, the bound (5.2) is sharp in both the mesh sizes and the polynomial degrees.

The central original result underpinning our analysis is Theorem 5.5 of section 5.1, which
shows that for any vy, € Vj,p, there exists a function v € H?(2) N H () such that

h h?
(5:3) lon = vllz2@) + Jllon = vl S Jzlonlss vll@) S lonlln

Although there does not appear to be any comparable result in the literature, this result
is a natural converse to classical direct approximation theory, since, here, the nonsmooth
function from the discrete space V}  is approximated by a smoother function from an
infinite dimensional space. It can be interpreted as a precise form of the statement that the
norm ||-||n,1 renders Vj p, close to H2(Q) N HL(R).

It follows almost immediately that there exists a function vy in the coarse space Vi g,
of polynomials of degree g on Ty, such that

H2k
(5-4) th - UHHH’“(Q,E) S qgi_kHUhHhJ? ke {07 172}7

thus yielding an approximation result for V;, , by Vi q that is optimal with respect to both
the mesh size and the polynomial degree. The above approximation results are used to
show the bound (5.2).

The first numerical experiment, in section 5.4.1, confirms that (5.2) is sharp with re-
spect to the orders in the polynomial degrees. In the experiment of section 5.4.2, we find
that nonoverlapping methods are efficient and competitive with respect to classical over-
lapping methods. Although the bound (5.2) relates to the model problem (5.1) rather
than the linear systems encountered in the semismooth Newton method, we show in the
experiment of section 5.4.3, that the preconditioners retain their robustness and efficiency
under A-refinement in these more challenging applications to nonsymmetric, fully nonlinear

Hamilton—Jacobi—Bellman equations, thereby yielding effective solvers for these problems.
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5.1 Approximation of discontinuous functions

Using the definitions of section 2.2, it is assumed henceforth that the parameters ur and
nr appearing in (2.23) are given by
) ~6
p p i,b
(5.5) pE = cuT, np = cn% VFeF”,
where ¢, and ¢, are fixed positive constants independent of h and p. Recall Lemmas 2.5

and 3.7, which establish in the present context that for ¢, and ¢, appropriately chosen,

(5.6) lnlFr2 ey + [nl3 = lonllf 1 = Bhi(on,on)  Yon € Vip.

In order to simplify the presentation, we will assume throughout this chapter that the
parameter A = 0 in the definition of By, 1, although this restriction is not essential.

As explained above, an optimal analysis of the spectral bounds for the class of precondi-
tioners to be considered in section 5.2 rests upon the optimality of approximation properties
between coarse and fine spaces. Therefore, in this section, we first determine how closely
a function in Vj , can be approximated by functions in H?(2) N H} (). This leads to an
approximation result for functions in V}, , by functions in Vi 4 that is of optimal order in

both the coarse mesh size and polynomial degree.

Lifting operators. Let V), , denote the space of d-dimensional vector fields with com-
ponents in Vj, 5. Let rp,: LQ(f,i’b) — Vyp and 72 L2(F}) — Vi p be defined by

Z <rh(w),vh>K: Z (w, {Vh-np}>p Vv EV}LJ,,

KETn FeF®
(5.7) g
Z <?”h(?U),Uh>K = Z <’LU, {Uh}>F VUh S Vh,p~
KeTn FeF}

The following result is well-known; for instance, see [5] for a proof.

Lemma 5.1. Let Q be a bounded Lipschitz domain and let {Tp}n be a shape-reqular se-
quence of meshes satisfying (2.11), (2.12) and (2.13). Then, the lifting operators satisfy the

following bounds:

~2
p i,
(5.8a) len(@)life@ S 32 Follwlizm — Ywe LXF),
FeF?
=2
p .
(5.8D) Irn(@) 320 S > Folwlieg — Ywe LA(F).
FeF]
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For vy, € Vj,p and v, € Vy, 5, define G (vp) € Vi p and Dy (vy) € Vi p by

(5.9) Gh(vh) = Vvh — rh([[vh]]), Dh(vh) = div Vp — rh([[vh . nF]])
The following result was first shown in [69].

Lemma 5.2. Let Q be a bounded Lipschitz polytopal domain, and let {7y}, be a shape-
reqular sequence of simplicial or parallelepipedal meshes satisfying (2.11), (2.12) and (2.13).
Let np and pp satisfy (5.5) for all F € Fé’b. Then, for any vy, € Vi, p, we have

4

p
(5.10a) Z hTKHI'h([[Uh]])H%%K) < Jval3,
KeT, 'K
(5.10b) > len(lvnD) ey + D2 prlllen(lonl) - nellize ey < lonl3.
KeTy FeF}

Proof. Define the piecewise constant function p*/h? by p*/h%|x = p}./h% for each element
K € Tp; we can then view the function p*/h%rj,([vn]) as a function in Vj,. So, the

definition of the lifting operator gives

> %Hrh([[vh]])\\%z(m: > (o /p?rn([vn]) - nr}, [onl)

KeT, K FeF)®

iL3 ]58
<Y ﬁ*pﬁ%”m(ﬂ“hﬂ)”%zm [vn -
peFit TEUF

The trace and inverse inequalities then yield

4 1
p b
> T?Hrh([[vh]])H%?(K) 5\1 > T?”rh(ﬂvhﬂ)HQL%K) [Unls,

KeT, 'K KeT, 'K

which implies (5.10a). The bound (5.10b) then follows from (5.10a) as a result of the trace

and inverse inequalities. ]

Corollary 5.3. Under the hypotheses of Lemma 5.2, every vy, € Vi, p satisfies

(5.11) G Fgy + Y wel[Ga(on) - nelllizgry S lonllf qs
KeTy FeF}
(5.12) IDh(Gr(vi))l2) S llvnlln-

Proof. Inequality (5.11) is an easy consequence of the definition of G in (5.9) and of

Lemma 5.2. To show (5.12), we consider
(5.13) Dh(Gh(vh)) = Avh —div rh([[vh]]) — rh([[Vvh . TLF]]) + rh([[rh([[vh]]) . TLF]])
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In view of (5.8b), it is apparent that the L?-norms of the first and third terms on the
right-hand side of (5.13) are bounded by ||vp |51, whilst the bounds on the L?-norms of the
second and fourth terms follow from (5.10b). O

Approximation by H?-regular functions. The first step towards the aforementioned
approximation result consists of the discrete analogue of the orthogonality of Helmholtz

decompositions.

Lemma 5.4. Let Q C R, d € {2,3}, be a bounded Lipschitz polytopal domain, and let
{Th},, be a shape-reqular sequence of simplicial or parallelepipedal meshes satisfying (2.11),
(2.12) and (2.13). If ur and nr satisfy (5.5) for every face F' € f,i’b, then, for any vy, € Vi p
and any ¢ € H'(Q2)??3, we have

hk

+ ‘/vih reurly dz| S max @‘”h‘JHwHHl(Q)-

(5.14) ’/QG(vh) -curl ¢ dz

Proof. 1t follows from (5.10a) that ||V, —Gp(vs)| 12(0) S maxk hic/p%|vn|s, so it is enough
to show that (5.14) is satisfied by Gy (vs). Consider momentarily 1 € H?(Q)2¢=3; then,
integration by parts yields

[ G -cutvde = 30 (ol fewl v nrhr = 3 (on(lond).curl ),

FeF)® KeTn

Therefore, the definitions of the lifting operators ry and 7, imply that

[ G -cutvde = 30 (ol feurl(w = v1) - n))e

FeFp?

— > (ra(val), curl(yy — v)) i

KeTy

for any 1y, € Vi p if d =2, or ¢y € Vyp if d = 3. Thus, if ¢ € H?(Q)%3 it is seen from
the approximation bounds of Appendix C and from the lifting bound (5.10a) that

h2
(5.15) ‘/QG(%) reurlydz) S max ﬁ‘vh‘JHd}HH%Q)'

Now, let v € H'(9)24=3. We apply [1, Thm. 5.33] to the components of 1: for each ¢ > 0,
there exists a ¢. € C*°(R?)2¢=3 such that

(5.16a) |9 = ellz2() + el — Yellar) S el¥la @),
(5.16b) Vel a2y S & bl e,

where, importantly, the constants in (5.16) do not depend on . Define ¢. := 1) — 9, so
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that
/ G(vp) - curlypde = / G(vp,) - curl ¢ do + / G(vp,) - curl ¢ dz.
Q Q Q

The bounds (5.15) and (5.16b) show that

2

B h
S e max —Efonlyl[¢ ]l g)-
K

(5.17) ‘/Q G(vp,) - curl i, dz jnax -

Integration by parts yields

[ o) -curtonde = 3 (Vo xneld)e— 3 (nllon]) curl 6

FeF® KeThn

Lemma 5.2 and (5.16a) imply that

hk
5.18 curl < max K .
(5.18) K;'hKrh([[vhﬂ) curl ) k| S pax s [onl sl (o)

Recall the continuous trace inequality [58]: for an element K and a face F' C 0K,
1 hi P
pellZ2(ry S 10el o llfe L2 ) + h7||¢€||%2(K) S |9l h ) + th||¢s||%z(K).
K P K

Therefore, the fact that ur = c, %/ hp leads to

h2
Z |<[[VUh X nF]]7¢s>F| S \J Z TKMSE %{1(}() + ||¢E||%2(K) |’Uh|J

Fery Kem, P

hk
< (?gﬁ g!@!m(m + H¢6HL2(Q)> |vals,

where we have used the identity |[Vv, X ng]| = |[VTvn]| for each face F', because Vr vy,
is the component of Vuj, that is orthogonal to np. Therefore, we deduce from (5.16a) and
(5.18) that

(5.19) ‘/QG(vh) - curl ¢ dz

hk
S <If(ﬂ§7§ =) + 6) [onl3 |91 1 (@)
Combining (5.17) and (5.19) yields

/ G(vp,) - curl ¢ dz
Q

h2 h
< -1 K K
N <5 KeT, P +Ir?€a7§ P +5> [onls |1 1 (02)-

The bound (5.14) is then obtained by taking e := maxge7;, hK/p?]’(/2. O

The following original approximation result was first shown in [69].
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Theorem 5.5. Let Q C R?, d € {2,3}, be a bounded convex polytopal domain, and let
{Tn},, be a shape-reqular sequence of meshes satisfying (2.11), (2.12) and (2.13). Let pp
and np satisfy (5.5) for every face F € ]:;L’b. For a given vy, € Vi p, let v € H*(Q) N H(Q)

be the unique solution of the boundary-value problem

(5.20a) Av = Dyp(Gr(vg)) in Q,
(5.20b) v=20 on 0.

Then, the approrimation v to vy, satisfies

hi h2
5.21 - DRy — < 0
(5.21a) o — vl L2(@) + jnax lon — vl mv @) S pax e ARE
(5.21b) [vll20) < lvnlln

Remark 5.1. The above result is nearly optimal in the sense that only the jump seminorm
|un|s appears on the right-hand side of the error bound (5.21a), and that the correct orders

of convergence are established.

Proof. Note that convexity of € implies that v is well-defined, see [40], and that (5.21b)
holds as a result of Corollary 5.3. First, we show that for any p € H*(Q)NH}(Q), k € {1,2},

we have

k

hK
(5.22) (v = ) - Vpda] £ s S ol o

Indeed, since v solves (5.20), integration by parts yields

/Q(Vv— Gn(vn)) - Vpdz = > (rn([Ga(vn) - nr]),p) e — Y ([Ga(vn) - nrl, {p}) r-

KeTn FeF]

Then, the definition of the lifting operator gives

(6:23) [ (Vo= Ga(en))- Vpdo= 3 (u(IGh(on) - nel).p = pri
KeTy,

— 3" ([Gn(wn) - nrl {p —pa}) P Vpn € Vip.
FeF}

Recalling that px > 1 for each element K, it is then seen that (5.22) follows from Corol-
lary 5.3 and from the approximation bounds of Appendix C.

The remainder of the proof makes use of Helmholtz decompositions of vector fields [39]:
for any v € L2(Q)¢, there exist p € H}(2) and o € H'(2)??73, such that

(5.24) v=Vp+curly in Q.
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Indeed, p € HE(Q) is defined by
(5.25) / Vp'qux:/v-qux Vg e Hy(Q).
Q Q

Then, v — Vp is divergence free, thus ((v — Vp) - n, 1)sq = 0, where n is the unit outward
normal on 9. Since the convex domain 2 has a connected boundary, it follows from [39,
Thms. 3.1 & 3.4 pp. 37-45] that there exists a ¢ € H'(€2)2?73 such that v = Vp + curl.
Moreover, 1 may be chosen so that ||p|lg1q) + [|[¥[la1@) S IVIL2@@) for some constant
independent of v. This is a consequence of the open mapping theorem and the facts that
V= {v € L*(Q)?: divv = 0} is a closed subspace of L?(Q)¢, and that the mapping
¥+ curl® is a surjective bounded linear mapping from H'(€)2¢=3 to V.

Now, observe that [|[Voy, — Gp(vi)llr2) S maxger, hi /P [vnls by (5.10a), so it is
enough to consider the ||G(vn) — Vvl|r2(q) to bound |vy, — v|g1q.7,)- Let p € H}(Q) and
Y € HY(Q)%3 satisty

(5.26) Vv — Gp(v) = Vp + curl i,

with [[pll 1) + [¥la ) S IV = Gr(vr)llr2)- Then, noting that Vv and curly are
orthogonal, it is deduced that

(5.27) Vv — Gh(vh)H%Q(Q) = /Q (Vv — Gp(vy)) - Vpda — /QGh(Uh) - curl dz.

Inequality (5.22) and the bound [|p[|g1(q) S [Vv — Gr(vn) L2 give

[ (Vo= Guon) - Vpds
Q

hi
< - V-G .
S pax [vnls[Vv = Gr(vn) || 20
The bounds of Lemma 5.4 show that

’/Q Gh(vp) - curly dz

hi
S I%?%i @\UHJ”V’U - Gh(Uh)HL2(Q)-

Therefore, equation (5.27) and the above bounds yield

hi
(5.28) Vv — Gr(vp)llL2@) S max p?\vh\J-

We now consider the error |[vy, — v||p2(q). Since the domain Q is convex, there is a unique
function z € H?(Q) N Hj(Q) that solves —Az = v, — v in ©, with [[z]|g2(q) S lon —vll12(0)-
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Then, it is found that

llvn, — UHQLQ(Q) = /Q (Gr(vp) — Vo) - Vzdx

+ > wa(lnl), V2) e — D ([on] AVz-nr})p.

KeTh Fer;?

Applying the bound (5.22) to z € H2(Q) N H} () gives

’/Q (Gp(vp) — Vo) - Vzdz

h2
< max —& — .
S e [l 3llon — vl L2

Letting zj, be the projection of z into V}, , given by Theorem C.6, it is found that

\ S rn(lon]) Vo — 3 (] (V2 - np )

KETn FeF"
hk
:’ > (en(on]), Viz—20))x— > ([onl, {V(z—2n)nr})F S max —3- |vp|y [[on—vl[L2()-
KeTy, Fe]—‘ivb pK

Thus, we have shown that

2

h
5.29 vp — |20y < max K |5
(5.29) | 220 max p%(\ |

The bounds (5.28) and (5.29) imply (5.21a). O

Approximation by coarse grid functions. Theorem 5.5 leads to the following result

about the approximability of the fine space V}, , with respect to the coarse space Vi q.

Theorem 5.6. Let Q C R, d € {2,3}, be a bounded convex polytopal domain, and let
{Tu}tu and {T,}1, be nested shape-regular sequences of meshes satisfying (2.11), (2.12) and
(2.13). Let pp and np satisfy (5.5) for every face F € fi’b. Then, for any vy, € Vi, p, there
exists a vy € Vi q, such that

HD 2—k
(6300 o= vl S (g T2) 0 ol ke {0.1,2)
HD p2 H3 pG
5.30b 15|t — K4 D K 1
(5.30b) \Ilelh,1N< | kB b T k) R [onll,1

Proof. Let v € H*(Q)NHE(Q) be the approximation to v, considered in Theorem 5.5. Since
gp > 2 for all D € Ty, Theorem C.6 implies that there exists vy € Vi g such that

2—j 3/2—|8]
(531 v —valmm < 22 o 108 — vir) 2oy S 2L o]
3 HIHI(D) ~ ~2—; H2(D)> U = VH)||L2(0D) S q3/2_|5‘ VllH2(D)>
D D
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for each D € Ty, each nonnegative integer j < 2, and each multi-index 8 with |5| < 1.
Therefore, it is seen that (5.30a) follows from the triangle inequality in conjunction with

. an .31). In particular, note that [|[vg || g2(q- V|| g2(0), and since Theorem 5.
5.21b d(5.31). 1 icul h H(Q%)S H2(Q) d si Th 9.9

implies that [|v]|g2(q) S lvalla,1, we obtain [lvg || g2o7,) S
It remains to show (5.30b) by bounding the jump seminorm |vg|; as follows. If the face
F € Fj(D) for D € Ty, then the jumps of vy and its first derivatives vanish because vy is a
polynomial over D. Since v € H2(Q)NH(Q), [vy] = [vy —v] and [Vrvg] = [Vr(vg —v)]
for each face F' € f,i’b(aD), whilst [Vug -np] = [V(vg —v)-ng] for each face F' € F} (dD).
Therefore, it is deduced from the mesh assumptions on 7, and Tz and (5.31) that

Yo nellvlltey < D Y arllon —olllfze
FeF)? DeTh FeFi*(8D)
H},

@ KeTa(D) h%] ol o)

o
< —v < maX
Similar bounds also yield

Y wrlllVroallize + Y prllVor -nelllzee

FeFpt FeF;,
H 2
< max D ax P HUH%{Q(Q)'
DeTu | qp KeTh(D) hi
Since [|v]|g2(q) S l|valln,1, the proof of (5.30b) is complete. O

Previous results on the approximation of fine mesh functions by coarse mesh functions
typically involved lower-order projection operators, which were therefore suboptimal in
terms of ¢ in bounds such as (5.30a). The original result of an approximation with optimal
orders in both H and ¢ of Theorem 5.6 will lead to a sharp analysis of the nonoverlapping

domain decomposition preconditioners in the next section.

5.2 Domain decomposition preconditioners

Throughout this section, we consider the model problem of finding uy € Vj, p such that
(5.32) Bh,l(uhﬂ)h) = fh(vh) Vvh S Vh7p,

where £ : Vj, , — R is a bounded linear functional on V}, . The resulting preconditioners
based on By 1 are applied to HJB equations in the experiments of section 5.4.

The condition number of the linear system of (5.32) depends on the choice of basis for
Vi, p- However, in practice, the basis is often chosen to be either a nodal basis or a mapped

orthonormal basis. For example, let us assume that each basis function ¢; of Vj, , has
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support in only one element, and is mapped from a member of a set of functions that are
L?-orthonormal on a reference element. Then, it can be shown that the #2-norm condition
number x(B) of the matrix B := (B, 1(¢;, ¢;)) satisfies

8 hd
(5.33) K (B) < max DK TOXKET, Ni¢

~ KeT, h minger, hd’

where it is recalled that d is the dimension of the domain 2.

Domain decomposition. Let  be partitioned into a set Tg = {€;}X, of nonover-
lapping Lipschitz polytopal subdomains §2;. The partition 7g is assumed to be conforming.
A coarse simplicial or parallelepipedal mesh 7z is associated to each fine mesh 7,. Let
Hp = diam D for each D € Ty and suppose that H := maxpe7;, Hp. It is required that
the sequence of meshes {7y} satisfy the mesh conditions of section 2.2. Furthermore,
the partitions 7g, 7y and 7T, are assumed to be nested, in the sense that no face of Tg,
respectively Tz, cuts the interior of an element of Tz, respectively T,. Hence, each element
D € Ty satisfies D = |J K, where the union is over all elements K € 7}, such that K C D.

For each mesh Ty, let q :== (qp: D € Ty) be a vector of positive integers; so gp > 1 for
each element D € Ty. Assume that q satisfies the bounded variation property of (2.13),
and that ¢p < mingcp px for all D € Ty. For each D € Ty, define the sets

TuD)={KeTi:KcD},  FD)={FeF :FcDj,

(5'34) i i i,b i,b
Fi(oD)={F e F,: FcoD}, F'0D)={FecF":FcCoD}.

Although the sets 7} (D) and ]:}i’b(D) are not disjoint, the above assumptions on the meshes
imply that F* = Up Fj(D) U F;*(dD) and that Fi = Up, Fi.(D) U F}(dD).

Define the function spaces
(5.35a) Vip = {v € LX) s vlic € Py (K) YK €T K CQf, 1<i<N,
(5.35h) Virg = {v € LAQ) : v|p € Pyp(D) YD € Tur}.
For convenience of notation, let Vf?,p = Vi q. It follows from the above conditions on the
meshes that every function vy € Vi 4 also belongs to Vj, , so let Ip: Vi q — V3 p denote

the natural imbedding map. For 1 <i¢ < N, let I;: V}f’p — Vj, p denote the natural injection
operator defined by

v; on £, ,
(536) Iiv;, = Vv, € V}f7p.
0 on () — Qi,

Then, any function vy, € Vj, , can be decomposed as vy, = SN 1 I; (vp]q,) -
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Let the bilinear forms Bﬁl: Vlf,p X fo,p — R, 0 <i< N, be defined by
(5.37) 32,1(101',%) = Bh,l(Ii ’LLi,Ii ’Ui) Vui,vi € Vfip‘

It is clear that the bilinear forms B,Z'L,1 are symmetric and coercive on V}f’p X fo,p‘ For each
0 <i < N, let B; denote the matrix that corresponds to the bilinear form B}'L1 and let I;
denotes the matrix corresponding to the injection operator I;. Then, we define the additive

Schwarz preconditioner P by

N
(5.38) P=>P;, P;=LB;'I.
=0

The preconditioner P is symmetric, and it can be employed in the preconditioned con-
jugate gradient method [30]. Further preconditioners, such as multiplicative, symmetric

multiplicative and hybrid methods, are presented in [73, 75| and the references therein.

5.3 Spectral bounds

The general theory of Schwarz methods [73, 75] simplifies the analysis of the preconditioners

described above to the verification of three key properties.
Property 5.1. Suppose that there exists a constant cg such that each vy, € Vj, , admits a

decomposition v = Zf\io I; v;, with v; € V,fp, for each 0 < ¢ < N, with

N

(5.39) > Bj, 1 (vi,vi) < co Buy (vn, vp).
=0

Property 5.2. Assume that there exist constants ¢;; € [0, 1], such that

(540) ‘Bh,l(Ii Vi, Ij’Uj)| S 81']' \/Bh,l(Ii Vi, Il UZ') Bh,l(Ij ’Uj, Ij Uj),

for all v; € V,f’p and all v; € V,Zp, 1 <i,j7 < N. Let p(€) denote the spectral radius of the

matrix £ = (g4).

Property 5.3. Suppose that there exists a constant w € (0, 2), such that
(5.41) Bpa(Livi, Iivi) <wBj(vi,v;) Yo € Vi, 0<i < N.

Properties 5.1-5.3 are sometimes referred to respectively as the stable decomposition
property, the strengthened Cauchy—Schwarz inequality, and local stability. The following

theorem from the theory of Schwarz methods is quoted from [75].
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Theorem 5.7. If Properties 5.1-5.3 hold, then the condition number x (PB) satisfies
(5.42) k(PB) <cow(p(&)+1).

Remark 5.2. With the above choices of bilinear forms B,"L1 and with the arguments presented
in [5], it is seen that (5.41) holds in fact with equality for w = 1. Also, in (5.40), we can take
gij = 1if 909;n0Q; # 0, and €;; = 0 otherwise. Therefore, as explained in [5], p (£) < N.+1,
where N, is the maximum number of adjacent subdomains that a given subdomain might

have. Therefore, Properties 5.2 and 5.3 hold, and it remains to verify Property 1.

The following theorem determines a bound on the constant appearing in (5.39), which
can be used in conjunction with Theorem 5.7 to analyse the properties of the precondition-

ers. The proof of this result is given in the next section.

Theorem 5.8. Let Q@ C R?, d € {2,3}, be a bounded convex polytopal domain, and let
Ts, {Tu}u and {Tph}n be successively nested shape-reqular sequences of meshes, with Tg
conforming, and {Tg}y and {Tp}n satisfying (2.11), (2.12) and (2.13). Let pup and np
satisfy (5.5) for each face F, with ¢, and ¢, so that (5.6) holds. Then, each vy, € Vjp
admits a decomposition vy, = Zﬁio L v;, with v; € Vh"’p, 0 <1t <N, such that

N
(5.43) ZB;'LJ(U%UZ') S 50 Bh71<’l)h,7jh),

=0

where the constant ¢y is given by

p2 H?2 pG H4
(5.44) & =1+ max |—— max =% max TD + max |—— max —3K max TD
DeTu | Hp KeT,(D) hx | DETu q7,  DeTu | Hp KeT,(D) hy | DETu qp

It follows from Theorems 5.7 and 5.8 that the condition number of PB satisfies
(5.45) k(PB) < ép (Ne +2),

where ¢y is as above, and N, is the maximum number of adjacent subdomains that a
given subdomain from 7g might have. If the sequence of coarse spaces {Vu q} g satisfy the
assumption that Hp/qp < minper;, Hp/qp for all D € Ty, then the constant & in the
above proposition simplifies to
H 2 H3 6

(5.46) éo~1+ max |—2 max Pk —sD ax p—gK

DeTu | qp KeTu(D) hx  qp KeTn(D) hy
Moreover, if the sequences of meshes {7z} and {7}, are quasiuniform, and if the poly-
nomial degrees are also quasiuniform in the sense that ¢ := maxp qp < qp for all D € Ty

and p := maxg px < pi for all K € Ty, then the condition number of the preconditioned
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matrix PB satisfies the bound

qh * g h3

(5.47) % (PB) < (N, +2) <1 L pH L H3> .
It is well-known that the above bound is optimal in terms of H and h, see [18, 35].

The numerical experiments of section 5.4 show that the bound (5.47) is also sharp in
terms of the orders of p and ¢q. Choosing the coarse space such that H ~ h and ¢ ~ p
implies that x(PB) < p?, which shows that the preconditioner is not robust with respect to
p, yet constitutes nonetheless a significant improvement over the condition number of order

p®/h* for the unpreconditioned matrix.

Stable decomposition property. The following lemma, due to Feng and Karakashian
in [34], provides a trace inequality for the boundaries 9D of elements D € Ty. However,
the inequality is not written there in the form that is required for our purposes. So, we

present again the proof, with some variations from the arguments in [34].

Lemma 5.9. Let {Ty}y and {Th}n be shape-regular sequences of nested simplicial or par-
allelepipedal meshes satisfying the conditions (2.11) and (2.12), and let p satisfy (2.13). Let
v € L*(D) belong to Py, (K) for each K C D. Then, we have

1
(5.48) HUH%Q((?D) S Z |U|H1(K)HU||L2(K) + Hian%Q(D)
KeTn(D) b

=9
p

+ > TF\I[[U]]H%Q(F) vl £2(Dy-

FeFi(D)

Proof. As shown in [34], since each element D € Ty is an affine image of a convex reference
element, it follows that there is a point z¢g € D, such that (x — z¢) - ngp = Hp for each

x € 0D, where ngp is the unit outward normal vector to 0D. Therefore,

1
(5.49) o200 S 77 [, v @ = 0) - mop ds.

Integration by parts shows that

/ [v|? (x — x0) - npp ds = Z / [div (z —x0) ] + 20V - (z — .CU[))} dz
op KeTi (D) K

= > (LA —z0) - nr})p.

FeF} (D)
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Since [v?] = 2[v]{v}, it is found that

| P @=20)-nopds SHp 30 Polmao ol + el
KeTn(D)

=2
Z
+Hp | > o7z ey > 72 H{v}HLz(F-

rFeri(p) T FeFi(D) " F

The inverse and trace inequalities imply that

hr
Yo e ey S lolZz -
Fef;‘L(D)p

Therefore, (5.48) follows from (5.49) and the above bounds. O

Equipped with the approximation result of Theorem 5.6, it is now possible to prove

Theorem 5.8 using a similar approach to [5, 34, 35].

Proof of Theorem 5.8. Let vy be given as in Theorem 5.6, set vg = vy, and denote by
v; € Vif,p the restriction of vy, — vy to ;, 1 <7 < N; hence vy, = Zf\io L;v;. Then, we write

N N
(5.50) Z B h1 'UI, ’UZ Bh71(UH, vir) + BhJ(Uh — VH,Vp — ’UH) — Z BhJ(Iﬂji, Ij’l}j).
i=0 i j=1
i#j

Observe that the constant appearing on the right-hand side of (5.30b) can be bounded in
terms of &, which was defined in (5.44). So, Theorem 5.6 and (5.6) imply

(5.51a) Bhi(ve,vn) ~ lvelli 1 S éllvnllf 1 ~ @ Bhi (v, vn),

(5.51b) Bh(vn —vm,vn —ve) S vl + lvallig S @ B (vn, va).

It remains to bound the last term in (5.50), which concerns the interface flux and jump
terms at the boundaries of the subdomains of 7g. Expanding this term and using the

triangle inequality leads to

N 5

(5.52) Y |Bua(Liv, Ljvg)| < ) By,
i,j=1 k=1
i
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where the quantities Fj are defined by

N
(5.53a) Er=>Y > nel{lvn—va)la,, (on —vm)la,)rl,
i,j=1 FeF:
i Fcogy, maQ

(5.53b) Ey = Z S wr (Vr(on —vr)la,, Vrlon —vr)le,) el
i,j=1  FeFi
i#j FCoQ; maQ

(5.53c) B3 = Z > wr{V(on —vn)le, -, V(ve —vr)lo; - ne)Fl,
t,j=1  FeF}
i FCoQ; nasz

(5.53(1) E4 = Z Z |<diVT VT(Uh — ’UH)|QZ., V(vh — UH)‘Qj . nF>F|,
1,7=1 Fe]-"Z
i FCoQ; maa

(5.53¢) Bs = Z Yo (Vr(V(on—vm)la; - k), Vr(on — vm)la,)Fl.
i,j=1  FeFi
#i peon, o0,
Note that in (5.53), we have made use of the symmetry of the sum over i, j, i # j, and the
fact that any face F' C 9€); N 9€); must be an interior face.
Defining np = maxyer, (p) ph/hk for each D € Ty, the hypotheses (2.12) and (2.13)
and the nestedness of the meshes imply that

E1 < Y npllon —vnlliz@p)-
DeTy

Therefore, using the trace inequality of Lemma 5.9, we find that

Hp 7
S DRIl DEN U AINEE L W O [
T per LD kéT) W reryo) ¥
4p
+t 2 th—UHH%z(K)]'
KeT,(D)

Notice that the jumps [vg] vanish for faces F' € Fi(D). Therefore, the approximation

bound of Theorem 5.6 gives

H H? H h%,
(5.54) E; < nax [nDD] max —thth—i- max |np—2 max £\ |onl3
DeTy gp | D€TH q DeTu 4D FeFj(D) P
+ max |n D} max
DeTy DHD DeTy q
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and thus it follows from (2.12) and (2.13) and (5.6) that

5.55 FE; <
( ) 1~ ek Hp KeT,(D) h% DeTy qD

6 H4
D hax pK] max —Bh 1 (v, vn).

Remark that in going from (5.54) to (5.55), we have used the bounds

H H?, H h? H}
D§QD ax— =L max F<qD aX—D
qp ~ Hp DeTu qf qp FeFi(D) pp ~ Hp DETu qf,
This is done because it is currently not possible to improve the last term in (5.54), as a
consequence of the nonlocal form of the bounds in Theorems 5.5 and Theorem 5.6.

The Cauchy—Schwarz inequality with a parameter and the symmetry of the sum over i,

j, j # i, imply that

5 N
- 2
(5:56) > Ex S Y. Y pp ID*(on—vm)lalZary + 1V on = vm)la; 7z
k=2 i,j=1 FeF

#] Fconnon,
Since Tg is conforming, each face F' may appear at most twice in the above sum, and thus

the trace and inverse inequalities imply that

(5.57) Z Yo wp Do —vm)lelliery S D lon —vallFeg) S @ Bhai(vn,vn).
i,j=1  FeFi =

%] FCoq; maQ

Defining pp == maxgeT, (p) p% /hi, we apply Lemma 5.9 componentwise to the gradient of
vy, — vy to find that

N
(5:58) > > wrlV(on— vl iy S Y #olV(ve —ve)lliz2@p

i,j=1  FeF! DeTy
7 pPCog; mag

Hp 7
S D> wp > o —vnlhegy +—— Y *EF 1TV oRd 122
DeTH q KeTn(D) b reFi(p) "F

4ap Z
+H ’/Uh_/UH|%’II(K) :
D
KeT, (D)

It is important to observe that only terms involving interior faces of the mesh 7 appear on

the right-hand side of the above inequality, so that

19032y = 1197 o3y + IIV0n - nEl 32y ¥ F € Fi(D).
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So, we deduce that

Hp
Y ol V(on —vu)l72op) S max [MD} lon = vullFr2 9.7
DeTy DeTu 4D "

+ max MDH— \vh!J+maX 102 Yo, — v |30
DETH qp DETH Hp HH (5 Tn)

and thus Theorem 5.6 and (5.6) show that

2 2

4aD Pk
5.99 V(v — < — - —Lp ,
(5.59) D;H oV (vn = va)lli2op) S S pax lHD K e | P 2 0,1 (VR VR)-
Therefore, the inequalities (5.56), (5.57) and (5.59) show that

Pk b

5.60 E — DB
(5.60) Z b gg%z HD Kg%fD) hx DTy @ a% it (Vs U)-

In summary, combining the inequalities (5.51), (5.55) and (5.60) implies that

N 5
(5.61) Z B;L,l(liviv Iﬂ),’) S Co Bh’l(vh, Uh) + Z E; 5 Co Bh,l(vhy Uh),
i=0 k=1
which completes the proof of the stable decomposition property of Theorem 5.8. O

The proof of Theorem 5.8 completes the verification of Properties 5.1-5.3, and thus gives
the bound (5.45) for the condition number of the preconditioned system.

5.4 Numerical experiments

In this section, we confirm the sharpness of the spectral bounds of section 5.2 and we inves-
tigate the performance and competitiveness of the preconditioners in practical applications.
The implementation of the numerical experiments below employed direct factorisations to

construct the coarse mesh and local solvers.

5.4.1 First experiment

Since the bound (5.45) is the first to be explicit in both coarse and fine mesh polynomial
degrees, it is important to ascertain its sharpness.

Let Q = (0,1)2, and let the fixed meshes Tz = Tg be obtained by a uniform subdivision
of ) into 4 squares, and let 7T, be obtained by uniform subdivision of € into 16 squares.
We consider the sequence of spaces V}, , of piecewise polynomials on 7; with total degree

p, where p = 2,...,12, and the coarse spaces Vi q of piecewise polynomials on Ty with
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k(PB) q=2 q=3 qg=4 qg=>5 q==6 q rate
p=2 | 2.16 x 10!

p=3 | 3.34x10%> 6.71 x 10!

p=4 | 1.94x 10> 3.16 x 10> 1.35 x 10>

p=>5 | 7.22x10° 1.43x10° 4.11x10% 2.10 x 102

p==6 | 212 x10* 4.40x10° 1.31x10® 6.44 x 10> 3.03 x 10? | 3.60
p=7 | 531 x10* 1.10x10* 3.50x 10% 1.70 x 10> 8.97 x 10? | 3.35
p=28 | 1.18 x 10° 246 x 10* 7.91 x 103 4.27 x 10> 2.10 x 10®> | 3.25
p=9 | 238x10° 4.88x10* 1.61 x10* 8.68 x 10> 4.55 x 10% | 3.10
p=10 | 4.48 x 105 9.17 x 10* 3.00 x 10* 1.64 x 10* 8.86 x 10% | 3.00
p=111{7.92x10° 1.61 x10° 5.29 x 10* 2.90 x 10* 1.58 x 10* | 2.97
p=12 | 1.33 x 10° 2.71 x 10> 8.89 x 10* 4.87 x 10* 2.66 x 10* | 2.97
p rate 5.97 5.94 5.96 5.97 6.03

TABLE 5.1: The dependence of the condition number k (PB) on the coarse and fine mesh polynomial
degrees for experiment of section 5.4.1. The asymptotic rates are computed by regression on the last
three entries of each column for p and each row for q. It is found that k (PB) is of order 1+ p%/q?,
as predicted in section 5.2.

total degree ¢, where ¢ = 2,...,6. We apply the additive Schwarz preconditioner defined
in section 5.2 to the bilinear form By, 1, with ¢, = ¢, = 10.

These choices are made to ensure that the resulting number of degrees of freedom is
small, being at most equal to 1456 in the case of p = 12, thereby facilitating the accu-
rate computation of the condition numbers x(PB) of the preconditioned matrix PB. The
resulting condition numbers are given in Table 5.1 and represented in Figure 5.2, which
show that x(PB) is of order 1+ p%/¢3, in agreement with the results of section 5.2 and in
particular with the bound (5.47). This confirms that the predicted rates with respect to

the polynomial degrees are optimal.

F I I T T B F I I I

1%} E 100 g

10° | i ]

) al S I |
=) 1074 1 A& 100} E
<103 1 * i ]
10% | I 1

B § 10% £ E

10! \ Lo S \ \ \ =

2 4 6 8 1012 2 3 4 5 6
Polynomial degree p Polynomial degree ¢

FIGURE 5.2: The dependence of the condition number k (PB) on the coarse and fine mesh poly-
nomial degrees for experiment of section 5.4.1. The condition numbers of Table 5.1 are plotted for
representative degrees p and q, showing the predicted rates k (PB) ~ 1 + p%/¢3.
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o= =

1
2

FIGURE 5.3: Ouerlapping and nonoverlapping decompositions of Q = (0,1)? used in the experiment
of section 5.4.2. Four subdomains are used for both the overlapping and nonoverlapping methods,
with the overlap size § defined as the length shown above.

5.4.2 Second experiment

In this section, we compare the efficiency of nonoverlapping methods with the closely related
overlapping methods. It is found that the methods achieve similar performances in terms
of iteration counts, although nonoverlapping methods are often faster as a result of lower
computational costs.

Let Q := (0,1)2, and let 75 be obtained by uniform subdivision of Q into squares of
size h = 27% k =3,...,8 Let Vi,p consist of the space of polynomials of fixed partial
degree p = 2 on each element K € 7T;. Consider the model problem (5.32), where the
linear functional ¢}, is chosen so that the solution u; of (5.32) approximates the function

u(x,y) = e sin(wx) sin(my); specifically, we define

gh(vh) = Z <Au,Avh>K Yy € Vh,p.
KeT,,

Using the results of [70], it can then be shown that |[u — up||g2.7;,) S hP~1. The penalty

parameters ¢, and ¢, are chosen so that up = 10/hr and np = 10/h%.

Overlapping domain decomposition. Let 6 € (0,1) and let 2 be divided into overlap-
ping subdomains Tg = {€;}%_;, as shown in the left-hand side diagram of Figure 5.3. This
yields an overlapping decomposition of € with overlap §; here, we use § € {1/4,1/8,1/16}.
Let Ty be a coarse mesh consisting of a uniform subdivision of € into 4 squares, thus
yielding the ratios H/d € {2,4,8}, and let Vi q consist of the space of polynomials of fixed
partial degree ¢ = 2 on each element D € Ty. The local spaces V}f’p with associated solvers
B;ul’ 1 <4 < 4, are defined analogously to the nonoverlapping case, described in section 5.2.

The additive Schwarz preconditioner is also defined analogously to section 5.2.
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Nonoverlapping domain decomposition. The domain 2 is partitioned into four sub-
domains Tg = {€;}1;, as shown in the right-hand side diagram of Figure 5.3. We consider
three sequences of coarse meshes Ty, also obtained by uniform subdivision of €2 into squares
of size H=2""m =1,...,k — 1, so that H/h € {2,4,8}. The nonoverlapping additive

Schwarz preconditioner is defined as in section 5.2.

Results. The implementations of the overlapping and nonoverlapping methods were the
same, except for the required difference in handling the subdomains. Since the parallelisa-
tions of overlapping and nonoverlapping methods differ, our implementation was in serial
in order to permit a more straightforward comparison.

Table 5.4 gives the number of iterations required to reduce the Euclidean norm of the
residual by a factor of 107%. The results for both methods are comparable to those in the
literature: see for instance [3, 5, 18, 55]. Table 5.4 also presents a representative sample of
the CPU times required for the assembly of the preconditioner and the application of the
preconditioned conjugate gradient (PCG) method. The assembly timing strictly includes
the time spent on assembling and factorising the coarse and local mesh solvers, whereas the
solver time strictly includes the time spent on applying the PCG method. These timings
are meant to provide a relative comparison of the methods, with better absolute timings
achievable by parallelisation.

For the same iteration count, the nonoverlapping methods are generally faster in both
assembly and solution. This advantage in efficiency is essentially the result of the smaller
dimension of the subdomain solvers. The nonoverlapping method is also generally cheaper
in terms of memory costs. Observe also that the method yielding the lowest iteration count
is not necessarily the fastest: in this example the nonoverlapping method with H = 4h
offers the fastest total solution time. Remarkably, the cheapest nonoverlapping method
with H = 8h is slightly faster than the most expensive overlapping method with H = 29,
even if it requires more than twice the total number of iterations. Overall, our results show
that both methods are efficient, with low iteration counts that remain bounded as H/§ or
H/h is held fixed.

5.4.3 Third experiment

We will now consider applications of the preconditioning methods to problems of practical
interest, namely fully nonlinear HJB equations. This introduces several challenges, such as
nonsymmetric linear systems that appear in the semismooth Newton method. Nevertheless,
it is found that nonoverlapping methods in particular remain robust and lead to efficient

solvers for these problems. This example is closely related to the experiment of section 3.7.1.
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PCG TIteration count
Overlapping Nonoverlapping
DoF h H=2 H=46 H=8)| H=2h H=4h H =8h
144 1/4 20
576 1/8 18 22 29
2304 1/16 18 24 22 30 43
9216 1/32 18 25 37 20 32 52
36864 1/64 18 25 41 18 30 50
147456  1/128 18 26 41 17 27 48
589824  1/256 18 26 42 17 25 40
Timing
Overlapping Nonoverlapping
h=1/128 H=20 H=40 H=8 |H=2h H=4h H=28h
Assembly time 18.6s 14.5s 13.0s 14.0s 11.9s 11.6s
Solver time 8.39s 9.56s 13.3s 6.51s 8.62s 14.4s

TABLE 5.4:  Number of preconditioned conjugate gradient (PCG) iterations required to reduce the
residual norm by a factor of 107 for overlapping and nonoverlapping methods, in the experiment
of section 5.4.2, along with sample timings for assembly and timings of the PCG algorithm. The
methods yield similar iteration counts for similar ratios of H/d or H/h, but the nonoverlapping
method is faster to assemble and apply, as a result of the smaller number of degrees of freedom in
the local solvers. In practice, the best choice of preconditioner involves a tradeoff between iteration
counts and computational costs.

Consider the boundary-value problem

sup [L%u — €]
a€A

=0 in Q,

(5.62)
u=0 on 01,

where = (0,1)2, A := [0,7/3] x SO(2), and where L%v := a®: D?v, with

1+sin26 sinf cos6

sin @ cos 6

1

(5.63) a® =R ( ) R", a=(0,R) € A.

cosZ 6

The source terms f*, a € A, are chosen so that the solution is u(x, y) = ¥ sin(nz) sin(7y),
whilst yielding large variations in the values of « that attain the supremum in (5.62).

The numerical scheme (3.25) is applied on a sequence of fine meshes 7Tj obtained by
uniform subdivision of  into squares of size h = 2% k=3,...,7. Let Vh,p consist of the
space of polynomials of fixed partial degree p = 2 on each element K € T,. To solve the
nonlinear problem (3.25), we use the semismooth Newton method detailed in section 3.6.
Each iteration of the semismooth Newton method leads to a nonsymmetric but positive
definite linear system [71], which we solve using the left-preconditioned GMRES method,
with the current approximate solution used as the starting guess. The preconditioners

employed are the nonoverlapping and overlapping preconditioners from the experiment of
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Average GMRES iterations (Newton steps)
Overlapping Nonoverlapping
DoF h H=25 H=46 H=8) | H=2h H=4h H=28h
144 1/4 18.3 (5)
576 1/8 | 21.2 (5) 19.0 (5) 23.2 (5)
2304 1/16 | 24.0 (5) 25.4 (5) 18.2 (5) 24.0 (5) 31.0 (5)
9216 1/32 | 285 (6) 29.7 (6) 38.2(6) | 19.0 (6) 24.5(6) 35.2(6)
36864 1/64 | 32.2 (6) 33.3(6) 44.5(6) | 19.7 (6) 23.7(6) 31.8 (6)
147456 1/128 | 34.2 (6) 35.3 (6) 48.7 (6) | 20.0 (6) 23.2 (6) 29.8 (6)

TABLE 5.5: Average number of left-preconditioned GMRES iterations per Newton step required
to reduce the (preconditioned) residual by a factor of 1075, with total number of Newton steps in
parentheses, for the problem of section 5.4.3. The iteration counts for the nonoverlapping methods
remain low and bounded for fized values of H/h.

section 5.4.2, and we emphasize that they are based on preconditioning the bilinear form
By, 1, implying that no additional factorisations are required between Newton steps, thus
constituting a significant advantage in terms of efficiency.

As explained in section 3.7.1, a key challenge in this example is that the diffusion
coefficient a® is highly anisotropic for 6 near /3, and the rotation matrices R may lead
to large variations in the resulting diffusions across the domain and between Newton steps.
As a result, we may expect significant anisotropic variations in the resulting linearisations
encountered in the application of the semismooth Newton method. It is thus of interest to
determine if the above preconditioners remain robust in this context, even though they are
built from the isotropic bilinear form By, ;.

Table 5.5 gives the average number of GMRES iterations per Newton step required to
reduce the Euclidean norm of the (preconditioned) residual by a factor of 1079, along with
the total number of Newton steps required to achieve convergence, defined here as a step-
increment L?-norm below 1075, As in the case of section 5.4.2, the nonoverlapping methods
are generally faster than the overlapping methods in terms of assembly and application.

These results show that nonoverlapping methods remain robust in face of the anisotropy,
lack of symmetry and nonlinearity of the problem. We comment that right-preconditioning
in the GMRES method yields similar results when used with an appropriate scaling of the
unpreconditioned residual Euclidean norm. We thereby conclude that these preconditioning

methods lead to effective solvers for these challenging problems.
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Conclusion

In this thesis, we have proposed the first arbitrarily high-order numerical method for a
broad class of fully nonlinear HJB PDE that is supported by a complete analysis in terms
of consistency, stability and error bounds. Our approach, based on the Cordes condition,
overcomes many long-standing difficulties in the analysis of high-order numerical methods
for fully nonlinear PDE. The Cordes condition also encompasses a broad range of HJB
PDE with strongly anisotropic diffusion coefficients that present a considerable challenge
to existing monotone schemes.

Our numerical experiments on challenging problems with strongly anisotropic diffusion
coefficients, nonsmooth solutions, boundary layers and early-time singularities demonstrate
the robustness, flexibility and accuracy of the numerical method. In particular, we have
provided the first examples of exponential convergence rates under hp- and 7¢-refinement
for fully nonlinear PDE.

We have shown that the semismooth Newton method combined with nonoverlapping
domain decomposition preconditioners enables the fast and robust iterative solution of the
discretised problems. Using original approximation results for discontinuous finite element
spaces, we obtained sharp spectral bounds for these preconditioners applied to a symmetric
model problem, thus constituting the first result for this class of preconditioners that is
explicit in all discretisation parameters. Applications of these preconditioners to fully non-
linear HJB equations demonstrate the robustness and competitiveness of these algorithms
in computations.

The approach to HJIB PDE introduced in this thesis opens up the possibility of exploit-
ing many advanced computational techniques that improve the accuracy and efficiency of
computations. For instance, since strongly anisotropic problems may feature solutions with
highly localised features, it is of significant interest to develop adaptive algorithms that
automatically adapt the mesh and polynomial degrees to the problem at hand. However,
the numerical examples given in this thesis consisted of meshes and polynomial degrees that
were chosen a priori. Nevertheless, the flexibility in mesh-choice and polynomial degrees of
our method lends itself well to adaptive mesh refinement algorithms driven by a posteriori
error analysis. Therefore, an interesting direction for further work involves developing a

posteriori error bounds and adaptive algorithms for these equations.
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CONCLUSION

An additional goal for further research is to improve on the preconditioning results of
Chapter 5, since it was seen there that these preconditioners are not robust with respect to
the polynomial degree. However, there exists a significant literature on preconditioning p-
and hp-version FEM, mostly in the context of H'-type norms. Therefore, it is of interest to
consider the possibility of extending these results to the current context of H2-type norms.
Moreover, there is the interesting question of extending the current two-level preconditioners
to more general multilevel algorithms in order to decrease the computational cost of the

coarse mesh and subdomain solvers.
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Appendix A

Miranda—Talenti inequality

The purpose of the following appendices is to provide the proofs of several key results used
in this thesis. Although the results given here are for the most part already well-known,
we have chosen to include original proofs for several reasons. In some cases, the proofs are
hard to find in the literature, or they are given in forms seemingly different to those used in
this work; in some cases, the proofs in the literature contain significant gaps. Thus, our aim
is to present these results as completely as possible in the form most suited to our needs.
In all cases, we attempt to indicate as clearly as possible which parts of the proofs are our
own work, and which parts follow the literature.

In this first appendix, we establish a result similar to [40, Lemma 3.2.2.1], concerning
the approximation of the convex domain Q by domains with at least C1'! boundaries. This
result represents a key ingredient in the proof of the Miranda—Talenti inequality. Our ap-
proximation result is slightly weaker than [40, Lemma 3.2.2.1], which was claimed without
proof; the difference is that we show approximation by domains with C*! boundaries rather
than C? boundaries. Although it is stated in [40] that [40, Lemma 3.2.2.1] “follows easily
from the results” in [29], it is found that [29] treats approximation of convex sets by “regular
convex sets” signifying therein approximation by a convex set such that the set intersects
each of its supporting hyperplanes in at most one point and such that each of its bound-
ary points lies on only one supporting hyperplane; this notion of regularity is therefore
insufficient for C"!-boundary regularity required here, as shown by counterexamples.

The distance between two subsets A and B of R? is defined by

Al dist(A, B) := sup inf |z — y| + sup inf |z — y|.
(A1) (4,) = sup inflx — |+ sup int o )

Here we choose |-| to denote specifically the Euclidean norm on RY.

Theorem A.1. Let Q C R? be a bounded open convex set. Then, for each e > 0, there exist
open conver sets U and V. with CY' boundaries such that dist(Q, U.) < ¢, dist(Q, V) < e
and U. C Q C V..
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The proof of Theorem A.l is split into two lemmas: in Lemma A.2, we show that
convex sets can be approximated from the outside by convex sets with C! boundaries, and
in Lemma A.3, we show how to construct inner approximations by translation and rescaling

of outer approximations.

Lemma A.2. Let Q C R¢ be a bounded open convex set. Then, for each § > 0, there exists
an open convex set Q5 with CY' boundary such that Q C Qs and dist(Q, Qs) = 6.

Proof. Define
Qs = U B(z,9),

€
where B(z,0) is the open Euclidean ball around x of radius §. Clearly, Q C Qs and Q; is
open. It is also straightforward to check that s is convex and that dist(€2, Qs) = 9.

We begin by noting the fact that {25 satisfies the uniform interior sphere condition with
radius 0: for every x € 0€);, there exists y € Q such that B(y,d) C Qs and |z —y| = §. To
see this, suppose that € 9Qs. Then we must have infycq|r —y| > J for otherwise z would
belong to Qs. Now let {z,}>2; C Qs be a sequence converging to x; there is a sequence
{yn}re, C Q such that |z, —y,| < J for all n € N. Since Q is precompact, there exists
a subsequence of {y,}2%, to which we pass without change of notation, and y € Q, such
that y, — y. Therefore |x — y| = lim,,—o0|Zn, — yn| < § and hence |z — y| = 6. We must
have B(y,d) C Qs since for any point & € B(y,d), we use y € ) to see that there is § €
such that |Z — g| < 4, thus & € Q5. This shows that 25 satisfies the uniform interior sphere
condition with radius 9.

We claim that Qs has a C1'! boundary in the sense of [40, Definition 1.2.1.1]. Let
o € 0fs and let V' be a neighbourhood of zy such that under a new orthonormal coordinate
system, V. ={(y1,...,yq) : —a; <y < aj, 1 <i<d}Let V' ={(y1,.--,¥a-1): —a; < y; <
a;, 1 <i<d-—1} and let ¢: V' — R be such that |¢(y)| < aq/2 for each /' € V' and such
that Qs NV ={(v,yq) € V: p(¥/) <wya} and 02NV ={(v,yn) €V : ©(¢) = yqa}. With
these definitions, ¢ is a convex function. Moreover, by [40, Corollary 1.2.2.3], which states
that Qs has a Lipschitz boundary, it follows that ¢ € C%(V"), after possibly shrinking V.

Since V' has Lipschitz boundary, if we show that ¢ € W2°°(V"), then it will follow that
p el (V’) and the proof will be complete. Following the arguments in [19, Section 1.2],
to prove that ¢ € W2°°(V') it is enough to show that there exists a constant C' > 0 such

that, for each compact subset K CC V’ and each unit vector v € R4, we have

/ ’r _ /
(A.2) Jim sup lp(y + hv) +s0(y2 hv) — 2¢(y')| <c
h—=0 ek h

It follows from the interior sphere condition and the supporting hyperplane theorem
that for each point y € 9€s NV, there exists a unique inward-pointing unit normal vector
to 0€s. This defines a vector field v: V! — R? of inward-pointing unit normal vectors, and

we also define v/ := (v1,--- ,v4_1). Since p € C*H(V'), we have v4 > 0 for each y' € V.
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It follows from geometry that for any 3’ € V', any unit vector v € R%"!, and any h

sufficiently small,

hov-v

(A.3) o(y) < +hw) <o)+ dvg — \/52V§ —h?+25hv -V,

Vd

where we omit the dependence of v on ¢ for simplicity of notation. Therefore, it is found

that ¢ is differentiable at y’, for every ¢y € V', and that Dy = —v' /v, or equivalently

(*9011 (y/)’ s TP (y/)7 1) )

(A4) YW= ERPELE

Therefore, we have

(A.5)

) 62
/ !
y +hv) <oely)+ —\/ — h2+4+26hv- .
P ) < oW+ Do\ T D) P

It follows from (A.5) and convexity of ¢ that
(A.6) 0< oy +hv)+ oy —hv) = 20()

2 2
0 d 2—h2+205hv-1/.

< _ -z
~ V14 [De(y)? (,G{ZM} 1+ [De(y)]

The bound (A.2) with C = C’(d, el o, 5) is then obtained from (A.6), thus showing
that ¢ € CHL (V7). O

Lemma A.3. Let Q C R be a bounded open convex set. For every e > 0, there exists
d >0, such that if V' is an open set containing 2 with dist(Q2, V') < 0, then there is an open
set U C Q such that U is similar to V' and dist(Q2,U) < €. In particular, the boundary of U

is of the same class as the boundary of V. and U is convex if and only if V' is also convez.

Proof. By hypothesis, () is a bounded open convex set, and without loss of generality we

may assume that 0 € Q. Let go: R? — R denote the gauge functional of Q, defined by
(A.7) go(x) =inf{t > 0:x/t € Q}.
It is well-known that gq is a sublinear functional on R?, and that
Q={zecR?: go(z) < 1}.
Since € is open and bounded, there exist positive constants r and R such that

rlz| < go(r) < Rlz| Vo e R
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Also, by boundedness of €2, there is K > 0 sufficiently large such that  is contained in
the ball of radius K about the origin. Let € > 0 be fixed; without loss of generality we
may assume that ¢ < K. Now suppose that V' is an open set containing 2 such that
dist(2, V) < § and

1—-¢/K)1-1
i :

(A.8) 5 <

Since gq is sublinear, it follows that go(z) < 14 R for all x € V. Indeed, if z € V, then
there exists a y € €2 such that |x — y| < J. Therefore,

go(z) < ga(y) + ga(z —y) <1+ Ro.

Now let A € (0,1) and define
U={Az:xzeV}

If A < (1+R6)7!, then go(z) < 1 for all z € U by sublinearity of go; hence U C Q. In this
case, dist(€2,U) = sup,cq dist(z, U), which we estimate as follows. Let x € Q C V. Then
Az € U, and thus dist(z,U) < (1-X)|z| < (1-X)K. Sodist(2,U) < (1-N)K < ¢ provided
that A > 1 — e/K. It is then clear from (A.8) that the interval (1 —e/K,(1+ RJ)™!) is

non-empty, thereby allowing A to be chosen so that U satisfies the claims stated above. [

Proof of Theorem A.1. Let € > 0 be given, and let § > 0 be as in Lemma A.3. Without
loss of generality, assume that § < . Then let the open convex set Q5 with C*! boundary
be as in Lemma A.2, so that Q C Qg and dist(€2, Qs) = 0 < . Lemma A.3 shows that there
exists an open convex set U. C €, such that dist(2,U.) < ¢ and U, has a C'! boundary.
Then U, and V; := Qg satisfy the claim of Theorem A.1. ]

Lemma A.4. Let Q be a bounded open convex set in R% and suppose that {Uc}e is a
sequence of open convex subsets of Q0 such that dist(Q,U;) < ¢ for every € > 0. Then, for
any compact set K C ), there exists an g > 0 such that K C U. for all € < gg.

Proof. Since K is a compact subset of the open set €2, there exists a 6 > 0 such that for every
x € K, B(x,0) C Q. Set g9 < ¢, and assume that there is an € < g such that K ¢ U, i.e.
there is an = € K \ U.. Since U is an open convex set, the supporting hyperplane theorem
shows that there exists a bounded linear functional £ on RY such that £(x) > £(y) for every
y € U.. This implies that ||¢|| > 0, and hence after renormalising, we may assume that
14| = 1. Moreover, there is a unit vector v € R? such that £(v) = 1. Then, set z =z +cv
and note that z € Q since € < §. Furthermore, the hypothesis on U, implies that there is a
point y € U, such that |z — y| < e. Therefore,

Uy)=Lly—z2)+lx+ev)=Ly—2)+ec+l(z)>—|y—z|+e+lx) > {(z).
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However, this contradicts ¢(z) > £(y) for all y € Ug, therefore K C Uk,. O

For completeness, we now show how Theorem A.1 is used in the proof of the Miranda—
Talenti inequality for a general convex domain ) with possibly nonsmooth boundary. The

proof given here follows closely [40] and [56].

Theorem A.5 (Miranda-Talenti). Let Q C RY be a bounded convexr domain. Then, for
any v € H?(Q) N HL(Q),

(A.9a) [ulp20) < |Aul|L2(q),
(A.9b) ull 2y < CllAul| 20y,

where C' is a constant depending only on d and diam 2.

Proof. The results of [38, 40, 56] imply that, for any convex domain © with C*! boundary
and for any u € H?(Q) N H (), there holds

[ul 2 () < [[Aul|2(q)-

The generalisation to nonsmooth convex domains is largely based on the proof of H?-
regularity of solutions of Poisson’s equation on convex domains [40, Theorem 3.2.1.2]. Let
Q be a convex domain, with possibly nonsmooth boundary; Theorem A.l shows that for
any € > 0, there is an open convex subset U, C € such that U. has a C"! boundary I,
and such that dist(U., Q) < €. Select a sequence of such sets U, with ¢ — 0.

For a function u € H%(Q) N H} (), set f = Au € L*(Q). Then, define u. € H*(U:) N
H}(U.) as the strong solution of

Au, = in U,
(A.10) ==/ :
us =0 on ..

Since T. is of class C1'!, existence and uniqueness of u. € H2(U.) N HE (Ue) is shown in [38].
The extensions by zero of u., also denoted u., belong to H}(f2) for all € > 0, and there
exists a constant C' depending only on diam 2 such that |Juc||g1q) < C|[f[lL2q); thus ue
is uniformly bounded in H{(£2). Additionally, since the Miranda-Talenti estimate holds for
domains of class C1!, it is found that |uc| g2,y < [[Aullg2(q) for all e. Let vf; denote the
zero-extension of (ue)y,.; onto (2. We claim that there is a subsequence, to which we pass
without change of notation, such that u. — w in Hj(Q), with vf; = tg,s; in L*(Q), where
Ug;z; 18 the ij-th weak derivative of u on ). These results are shown by the arguments in
[40], yet a proof is given here for completeness.

First, from the bounds |[uc|| g1 (o) < C|fllz2) and ||vf;l12) < [[Aul[z2q) for all e,
there is a subsequence, to which we pass without change of notation, such that u. — @ in
H(Q) for some @& € HE (), and such that v5; = v in L%(Q) for some functions v;; € L%(12),
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1 <14,j < d. First, we show that u = . The hypothesis that v € H?(2) and the definition

of weak derivatives implies that, for any ¢ € C§°(Q2), we have

/QVU-ngdm:—/QAugbdx:—/ﬂfqbdx.

Since ¢ is compactly supported in 2 and since U, is convex, Lemma A.4 shows that there
is an g9 > 0 such that supp ¢ C U for all € < gy. Since u. € H?(U.) N H{ (U.) solves (A.10)

and u. — @ in H'(), we get
/ Vi -Veodr = lim/ Vue - Vodar = lim/ Vue - Vo dx
Q e—=0JQ e—=0Jy,

e—0

= lim — U5f¢dw——/Qf¢>dx.

Since ¢ € C§°(R) is arbitrary and C§°(€2) is dense in Hi (), the equality u = @ follows
from the fact that u, @ € H}(Q) satisfy

/Vu'Vvdx:/Vﬂ-Vvda: Vo € H}(Q).
Q Q

Then, since u. — u as € — 0 and since vj; — v;j, we find that, for any ¢ € C§°(Q2),

‘/ngi)xixj dz = gl_% /UE Ue beixj dz = gl_r}% /UE (ua)xixj ¢dx

=lim [ vj;¢dr = / v o d.
Q Q

e—0

S0 vij = Ugq; is the ij-th weak derivative of u on 1, as claimed. Finally, lower semi-
continuity of the L?-norm with respect to weak convergence implies that
d d
2 2 s 2 L 2 2
ulfe@) = D lvijl72gq) < lin nf Yo vilze) = lim influe |72,y < || Aullz2(g)-
S

t,5=1 4,J=

This proves inequality (A.9a). Using the hypothesis that u € H?(Q)NHE(Q) to approximate

the function u by an H!-convergent sequence of functions of class C§°(2), we find that

(A.11) ulFr gy < l[ull 2ol Aull 20

Indeed, since u € H}(£2), there exists a sequence {u,},~0 C C§°(f2) such that u, — u in
H(Q) as p — 0. Then, since u € H?(§2), the definition of weak derivatives implies that

: = 1i : = _ 1 <
/QVu Vudz gli%/QVu Vu,dx ll)g%/QAuupdx_ | Aull 20y llull L2

where we have used the fact that [lup|[z2) — ||ullz2(q) as p — 0. Then, inequality (A.9b)
is obtained from Poincaré’s inequality together with inequality (A.11). O
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Kuratowski—Ryll-Nardzewski theorem

In this appendix, we provide a proof of Theorem 3.12 that was used in the construction
and analysis of the semismooth Newton method of section 3.6. The proof essentially relies
on the application of a general measurable selection theorem due to Kuratowski and Ryll-
Nardzewski [51], for which a readily available source is [8, p. 90]. We give in Theorem B.1
below a statement and proof of this key result; there are two main reasons for its inclusion
here. The first reason is that the result given in [8] is restricted to the case where the
topological space X appearing below is a subinterval of R, whereas for our purposes it
is necessary to consider a more general setting. The second reason is that the selection
in [8] is shown to be Lebesgue measurable, whereas we show and make essential use of its
Borel-measurability.

For a set-valued function F': X = Y and a subset U C Y, where X and Y are sets, the
preimage of U under F is defined as F~Y(U) = {z € X : F(z)NU # (}. For a metric
space Y and U C Y, we denote B(U,¢) := UcyB(z,¢), where B(z,e) denotes the open

ball of radius € in the metric of Y.

Theorem B.1. Let X be a topological space and let B denote the Borel o-algebra of X. Let
A be a compact metric space, and let F: X = A be a set-valued function, such that F(x)
is mon-empty and closed in A for all x € X, and F~Y(U) € B for every open set U C A.
Then, there exists a Borel measurable selection a: X — A from F, i.e. a(x) € F(x) for all
z €A and oY (U) € B for every open set U C A.

Proof. Since A is a compact metric space, it is complete, separable and has finite diameter
strictly less than some number M < co. Let C' = {¢;};2, be a countable dense subset of A.
For k € N, define ¢, := M/2*. We construct a sequence of mappings ay: X — A, k € N,
that satisfy the following properties:

Property B.1. The map «y is Borel measurable for each k € N.
Property B.2. For every x € X and k € N, ai(z) € B (F(x),ex).
Property B.3. For every x € X and k > 1, ai(z) € B (ag—1(z),k—1).
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Define ag(z) = ¢g for every x € X. We check that Property B.1 and Property B.2 hold.
For any open set U C A, either ¢o € U and o '(U) = X, or ¢g ¢ U and ay ' (U) = §. Either
way, ozal(U) is a Borel set of X and hence Property B.1 holds. For any = € X, F(x) is non-
empty and A has diameter less than M = ¢, therefore we see that dist (ag(x), F(z)) < M,
so Property B.2 holds. Property B.3 holds by definition for k£ = 0.

Now, assume that for a given k > 1, ap_1 has been defined and satisfies the above

properties. Define
(B.1) A; = F7V (Blej,e0) Nagy (Blej 1)

Set By := Ag and E; = A; — Uj<i E; for each 7 € N; note that E; is a Borel set for each
i € N as a consequence of Property B.1 for a;_; and the hypothesis that the preimages
under I’ of open sets are Borel sets.

We claim that X = 72, E;. Let x € X be arbitrary. Since ay_; satisfies Property B.2
and F'(z) is non-empty, there is a 5 € F(x) such that

(B.2) p = dist(ap—1(z), B) < €p_1.
By density of C, there is a ¢; € C such that dist(f,¢;) < min(eg, ex—1 — p). Recalling that
F~'(B(cj,er)) = {y € X : F(y) N B(cj,ex) # 0},

we see that # € F~!'(B(cj,er)). Additionally, dist(a_;(x),cj) < er—1, showing that
x € o', (B(cj,ex—1)). This shows that € Aj, and thus by construction of {E;}°,
x € E; for some i < j. Therefore, X = [J;2, E; as claimed.

Because {E;};2 is a collection of mutually disjoint Borel subsets of X, we may define
ai: X — Aby ag(z) = ¢ if x € E;. The map «y is well-defined, and satisfies Properties B.2
and B.3 because for any x € X, there is an ¢ € N for which « € F; C A;. Furthermore, the
map ay is Borel measurable, because for any open set U C A, the set {c;; 2o =UncC
is a countable subset of C, and ay(z) € U if and only if ay(z) € {c;;}32). Therefore, we
have a; ' (U) = 720 Ei;, which shows that a1 (U) is a countable union of Borel sets, and
is thus a Borel set: this proves that oy satisfies Property B.1.

By induction, the sequence {oy},-, is well-defined, and oy, satisfies properties B.1, B.2,
and B.3 for all £ > 0. Now, Property B.3 implies that for every x € X, {ai(x)}32, is
a Cauchy sequence in A, since dist (apy,(2), ar(z)) < M/281 for all n and k € N. By
completeness of A, there exists a(z) = limg_,o, ag(z) for all x € X. The hypothesis that
F(z) is closed implies that a(x) € F(z), for otherwise there would exist a k such that
a(x) ¢ B(F(x),er). Finally, the function av: X — A is Borel measurable, because it is the

pointwise everywhere! limit of Borel measurable functions mapping into a metric space. [

Tt is important to note that pointwise everywhere convergence is crucial here, as otherwise the function o
may fail to be Borel measurable: see the remarks in [66, Section 18].

131



APPENDIX B. KURATOWSKI-RYLL-NARDZEWSKI THEOREM

Lemma B.2. Let X be a topological space, let A be a metric space, and let F': X = A be
an upper semicontinuous set-valued function. Then the preimages under F of closed sets

are closed sets and the preimages under F of open sets are Borel sets.

Proof. Let A C A be closed. Recall that F~Y(A) = {r € X : F(x)NA # 0}. Ifz ¢ F~1(A),
then A€ is an open neighbourhood of F'(x). Since F' is upper-semicontinuous, there is a
neighbourhood V' of z such that F(y) C A€ for all y € V, or equivalently V C F~1(A)S;
thus F~1(A)C is open and F~!(A) is closed. Let U C A be open: since A is a metric space,
U is a countable union of closed sets. It follows that F~!(U) is also a countable union of

closed sets and so is a Borel set. O

Lemma B.3. Let Q C R? be a bounded open set, let A be a compact metric space and let
the set-valued function (x,u) — A(z,u), defined on Q@ x R™, be upper semicontinuous. Let
X C Q and let the function u: X — R™ be continuous with respect to the inherited topology

on X. Then, the set-valued function x — A (x,u(zx)) is upper semicontinuous on X .

Proof. Let x € X and let U be an open neighbourhood of A (z,u(z)). Then, by upper
semicontinuity of (x,u) — A(z,u), there are open neighbourhoods V, C ©Q and V,, C R™,
respectively of x and u(z), such that A(y,v) C U forally € V,, v € V,,. Since u: X — R™ is
continuous with respect to the inherited topology of X, there is a set V' C X, open relative
to X, such that u(y) € V,, for all y € V. Hence for ally € VNV, C X, A(y,u(y)) C U. We
finally note that V' NV, is open relative to X, thus showing that  — A (z,u(z)) is upper

semicontinuous. O

Proof of Theorem 3.12. Let u = (uq,...,uy) be as above—after excising a set of measure
zero, u may be taken to be finite everywhere in 2. For each € > 0, by Lusin’s theorem,
there exist measurable sets E C Q, i = 1,2,...,m, such that u;: E* — R is continuous
and meas (2 — EY) < ¢/k. Setting E. = E! n---N E™, we have u € C(E;;R™) and
meas (2 — E.) < ¢.

Define Ag == Q — Upen E1/n, A1 = E1 and A; == Ey); — Uge; Ag- Then, {A;}72, is a
collection of disjoint measurable sets, u € C' (A4;,R™) for each i > 1 and meas(Ag) = 0. For
each ¢ > 1, it follows from Lemma B.3 that the set-valued map F;: A; = A, x — A(z,u(z))
is upper semicontinuous, and hence by Lemma B.2, the preimages under F; of open sets in A
are Borel sets of A;, with respect to the inherited topology of A;. Therefore, F; satisfies the
assumptions of Theorem B.1, so we deduce that there exists a Borel measurable function
a;: Aj — A with o;(x) € Fi(x) = Alz,u(x)) for all z € A;. Since the sets A; are disjoint
and Q = U2, 4;, we may define a: Q@ — A by a(z) = a;(z) if x € A;, i > 1, and a(z) =
if x € Ay, for some fixed § € A. Because Aj has measure zero, a(z) € A(z,u(x)) for almost
every = € ). Note that each A; is Lebesgue measurable, therefore the Borel subsets of the
topological subspace A; are also Lebesgue measurable as subsets of R%. Thus, for any open
set U C A, we have o (U) = U2y o; '(U), so a~(U) is Lebesgue measurable. O
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Approximation theory

In this appendix, we establish the approximation theory for discontinuous finite element
spaces that is used throughout this work. In particular, we show how to construct the
approximation operators for Sobolev and Bochner spaces that satisfy the specific stability

properties that were employed in Chapter 4.
/

)

elementwise on the mesh. Then, we construct approximation operators for Sobolev spaces

We begin by showing a trace theorem for the Besov space B; * that may be employed
that are L2-stable and that present optimal convergence rates in both the mesh size and
the polynomial degree. Our approach is largely based on ideas due to Babuska and Suri
in [9, 10], although our construction features modifications required to correct a significant
gap contained in [9, Lemma 4.1]. The trace theorem for Besov spaces is then used to obtain
optimal convergence rates for the traces of the approximation operators. Finally, we show
how to extend the approximation operators from Sobolev spaces to Bochner spaces, whilst

retaining the required stability properties.

Trace theorem for Besov spaces

We will show that, for a suitable domain K C R? functions in the Besov space 3217/12(K )

have traces in L?(0K). Recall the discrete form of the J-method of interpolation of function

spaces [1]: a function v € L?(K) belongs to B;{f(K ) if and only if there exists a sequence

{u;}icz C HY(K), such that u = Y_,., u;, where the series converges absolutely in L?(K),
and such that the sequence {27%/2.J(2%,u;) }icz € £, where

(C.1) J(t,v) = max [||vll 2k, toll g x)]-

Moreover, we may define a norm on B;/f (K) by

(C.2) el gy 3= imf {27202 wiezlle tu=">"_ wi w; € H(K)},
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Also, for any such sequence, we have

1/2
(C.3) lim ||u Z‘ 1<m wil| BY2 (k) < lim Z 272 J (2, u;) = 0.

\ |>m

Hence H'(K) is dense in B /Q(K).

It is sometimes problematic to work with the infinite series representation of a function
in the Besov space B217/12(K ), as a result of questions concerning convergence of the series
in appropriate norms. The following lemma shows that it is possible to work with repre-
sentations by finite sums of functions in the dense subspace H'(K). This result is a key
ingredient of our proof of the trace theorem, and it was obtained independently; to the best

of our knowledge, it appears to be original to this work.

Lemma C.1. Let K C R? be a domain. Then, for each u € H'(K), there exists a positive
integer m and a finite set {u;}j; <, C H'(K), such that

(C.4) w= 37w 30 27T ) < (24 VE) full e

[i|<m li|<m

Proof. Since the case u = 0 is trivial, we assume that u # 0. Since H'(K) is embedded in
the space Bé{f(K), there exists a sequence {v;};ez C H'(K) such that u = 3 ;o vi, and
such that

{2720 il = 322772 72 w0) < VE [l

1€EL

The series ;e v; converges absolutely to u in L?(K), since

S llvill pegrey < D27 U2 (2% ;) <\f||u|| e

€L €L

)

are strictly positive.

Let m > 1 be the smallest integer such that |[ul| g1z < om/2 HuHBl/z(K ; note that m exists
2,1
since u # 0, which implies that ||ul| (k) and [lul| , vz
It is then found that

1 (K)

(C5) ||u — Z|z|<m 'UZ'HLQ(K) < Z HUZ‘HLQ(K) < 2—m/2 Z 2—i/2.](2i’vi),
[Z|>m [i|>m
(C.6) ST vill gy < 202N 22 oy ey < 202N 272 g (20 ).
li|<m li]<m li|<m

Now, define u; :== v; for |i| < m, and u_, = u — >_Ji|<m Wi, Whilst u; = 0 otherwise. By
hypothesis, u € H'(K), so u_, € H'(K), and we have u = i <m Wi-
It follows from (C.5) that

m/2 m/2
(C.7) 22| || p2(rey = 27 |Ju — Zm@l il L2 (k) < \/§HUHB;,/12(K)-
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Moreover, the choice of the integer m and (C.6) imply that
—m/2 —m/2
2 i < 2772 (el + 3 il ) < 2l gy

Therefore, 2™/2J(27™ u_,,) < 2 HUHBl/2(K), and we find that
2,1

—i/2 i m/2 —m —i/2 Ly
(C.8) Emz J(2,ui) < 272 (2 ’um)+;<:m2 T2 00) < (24 V2) ul gy ey

Therefore, (C.4) holds, and thus the sequence {u;};<p, fulfills all of the above claims. [

A significant aspect of Lemma C.1 is that the constant appearing in the inequality

of (C.4) is entirely independent of all other quantities, including u, m, and K.

Theorem C.2. Let Q C R? be a bounded Lipschitz polytopal domain, and let {Tn}n be a
shape-reqular sequence of simplicial or parallelepipedal meshes on Q. Then, for each T; and
each K € T, the trace operator v: HY(K) — L*(OK) has a unique extension to a bounded

linear operator on B;,/IQ(K), and there holds
~1/2 1/2
(©9) Irulzzom S Tulgys ey + bic Aellzgg Vo€ BYR(E).

Proof. For an element K € T, let v: H'(K) — L?(0K) denote the trace operator. First,

we claim that
—1/2
(C.10) Iyullzzqom) S Nl gyage + b Pllullizaey W € H(K).

For a given u € H'(K), Lemma C.1 shows that there exists a finite set {u;}};j<, C H(K)
such that (C.4) holds. Since {7}, is a shape-regular sequence of simplicial or paral-
lelepipedal meshes, we have the multiplicative trace inequality (c.f. [27, 58])

_ 1/2
(C.11) el zz@m) S (lulm + i lullzg) el Yue HY(EK),

where the constant depends only the dimension d and the shape-regularity of {75},. We
remark that the multiplicative trace inequality was proven for the case of triangles in two
dimensions in [58], and can be extended to simplices and parallelepipeds in R, see [27].

Let % denote the mean-value of u over K, and note that |[u — Ul|z2(x) S hrc|ulp (k)
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Then, u — % = 37} /<p (wi — W), and (C.11) implies that

_ _ _ 1/2 _n1/2
(=) r20m) S D (!Uz’\Hl(K)+hK1||Ui—uz'HL2(K)) Hui_ui||L/2(K)
li|<m
1/2 1/2
S 3 Tl e el ey
(C.12) filsm |

<N 2wz ey + 22wl e
jil<m

S, Z Q*i/QJ(Qi,ui) g HuHBé/f(K)'
li|<m '

It is also easily found that ||vallp29k) S hl_(l/2Hu||L2(K). Therefore, the bound (C.10)
follows from the above bounds and the triangle inequality. Thus, the trace operator -y is
uniformly bounded in the norm of B217/12 (K) over the space H'(K). Since H'(K) is densely
embedded in B;flz(K ), it follows that - has a unique extension to a bounded linear operator

v: By P(K) — L2(9K), and that (C.9) holds. 0

In the following, we will often omit any explicit reference to the trace operator . For

example, we shall write ||ul|z2(5x) rather than [|yul| 2ok

Polynomial approximation in Sobolev spaces

For a positive integer d and a nonnegative integer p, let P, denote the space of real valued
polynomials on R? with either partial or total degree at most p. The following result is

well-known, although we include it for completeness.

Lemma C.3. For a nonnegative integer p and p € Rg, a function u: (—p,p) — R is an
algebraic polynomial of degree at most p if and only if the function V: & — u(psiné) is a

trigonometric polynomial of degree at most p.

Proof. Suppose that u is an algebraic polynomial of degree at most p. Then it is easily found
that V is a trigonometric polynomial of degree at most p. To show the converse, suppose
that V' is a trigonometric polynomial of degree at most p. Observe that V is necessarily

symmetric about +7/2, and thus we have, for any k > 0,
(C.13) / V(€) sin(2k€) dé = 0, / V() cos((2k + 1) €) dé = 0.

Indeed, the first identity in (C.13) is found by writing

™

| viesin@re) e = [ ((©) = V(-¢))sin(2ke) dg
(C.14) o °

/2
— (—1)* /_W/Q (V(5 +6) — V(=3 +9)) sin(2kd) dd,
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and by noting that the right-hand side of (C.14) is the integral of an odd function over an
interval centred about 6 = 0, as a result of the symmetry of V. The proof of the second
identity in (C.13) is analogous.

Since V' is a trigonometric polynomial of degree at most p, it follows from (C.13) that

V)= Y apsin((2k+1)&)+ > bycos(2kE).
1<2k+1<p 0<2k<p
For x € (—p,p) and k > 0, define Pyiiq(z) = sin((2k + 1) arcsin(z/p)) and Qox(z) =
cos(2k arcsin(z/p)). So, for example, Qo(z) = 1, Pi(z) = z, and Qa(x) = 1—222. Therefore,
u may be written as u(x) = 321 <opy1<p W Port1(2) + Zo<or<p bk Q2r(x). The recurrence
relations Poyy1(x) = Pop_1(x) + 22 Qox(z) and Qogyo(z) = 2Q2(x) Qax(x) — Qor—2(x), for
all £ > 1, allow us to deduce that Po;i1 € Popy1 and that Qox € Poy, for each k > 0, where
Pp denotes here the space of univariate polynomials of degree at most p. It then follows
that u € Pp. O

Theorem C.4. Let Q C [—1,1]% be either the unit hypercube or the unit simplex in R?,
d > 1. For each integer p > 0, there exists a linear operator 1IP: L?(Q) — Pp, with the

following properties. There is a constant C, independent of p, such that
(C.15) [Pull2q) < Cllullizg) Vo€ LX(Q).

For nonnegative integers j < s, there is a constant C, independent of p but dependent on
s, such that

(C.16) = TPul g1 gy < Clp+ 1) ull o) Y € H(Q).

Although the proof of Theorem C.4 is similar to the proof of [10, Lemma 3.1], we
include it here in order to highlight a surprising property: we show below that generally
u # ITPu, even if u € P,, contrary to what is claimed in [9, Lemma 4.1]. This implies that
the approximation operator of [9, 10] does not preserve polynomials, and thus cannot be
employed in conjunction with the Bramble—Hilbert lemma to obtain optimal error bounds

for hp-version finite element spaces.

Proof. First, we momentarily assume that P, denotes the space of polynomials of partial
degree at most p. Since @ is a Lipschitz domain, the Stein extension theorem [1] shows
that there exists a linear total extension operator E: L?(Q) — L%*(R?), such that, for each
nonnegative integer s, || Eullysgay S |ull () for all u € H*(Q).

For p € Ryg, let Q(p) == [—p, p|*. Without loss of generality, we may assume that
supp Eu C Q(3/2) for every u € L?*(Q). Let ® be the diffeomorphism from Q(7/2) to Q(2)
defined by ®(¢) := (2sin&y, ..., 2sin&y). Foru € L2(Q), let V(£) i= Eu(®(€)) for £ € RY. Tt

follows that V' is a 2m-periodic function that is symmetric about each hyperplane & = +m/2,
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i.e. for any ¢ € R? such that & = £7/2 and any 6 € R, we have V(¢ +d¢;) = V(€ — S e;),
where e; is the i-th unit vector. Since supp Fu C Q(3/2), we may use the symmetry of V'
to show that, for any integer s > 0 and any u € H*(Q), we have

IV @iy = 27 IV s (@ery2y) = 22 IV s (@1 (0(3/2))) -

Therefore, we deduce that ||V gs(q(r)) S [[ullgs(q) for all u € H*(Q) and all integers s > 0.
Since the function V € L?(Q(r)), it admits the Fourier expansion

(C.17) V(€)=Y ape™ forae ¢ €Q(n),

kezd

where the coefficients aj, € C satisfy a5 = a_g, for each k € Z%, because V is real-valued.
For an integer p > 0, define the trigonometric polynomial V,, by V,(§) = 35 <p @k el ke,

The relation a; = a_j shows that

V(@) =ao+ Y. 3(ax+ag)(eF+e ) + Lay —ag) (et —e T,
keN4\{0}
[kloo<p

thus implying that V), is real-valued. For any integers j < s, and any u € H%(Q),

V—Viliiamy S D Kl < (0 + )72 37 k[E far?
(C.18) |kloo>p kezd

S+ DNV oy S 0+ D72l g).

where the constants are independent of u and p.
Define the linear map IIP: L?(Q) — L% .(Q(2)) by ITPu := V,, 0 ®~1. Since the mapping

O: Q(m/2) — Q(2) is a diffeomorphism, and since @ is compactly contained in Q(2), we
find that, for any u € L?(Q),

ITPull 2 () S IVpllz2@er/2)) < IVIz2@@e)) S lullzz@),

where the constants are independent of v and p, thus giving (C.15). Likewise, (C.16) follows
from (C.18) and from |[u — IPul[ g5 (@) < IV — Vol ms (Q(m))-

In order to show that ITPu is a polynomial of partial degree at most p, it is enough to
show that the univariate functions x; — ITPu(z1,...,z;,...,z4) are polynomials of degree at
most p, for each = € Q(2). However, this follows from Lemma C.3 because the trigonometric
polynomial V,, = IIPu o ® has partial degree at most p. This completes the proof for the
case where P, denotes the space of polynomials of partial degree at most p.

The above results extend to the case where P, denotes the space of polynomials of
total degree p, since the space of polynomials of partial degree at most k is contained

in the space of polynomials of total degree at most p whenever k < p/d. So, we may
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choose k < p/d < k + 1, and we find that the projector IT* defined above has the required
properties. O

We now show that II? is ineract when applied to polynomials: in general, u # IIPu is
possible for u € P,. To show this, consider the special case where d = 1 and v = 1. Since
Eu is compactly supported on Q(3/2) and is not identically zero, Eu is necessarily not a
polynomial of finite degree on Q(2). Since V(£) = Eu(2sin§), Lemma C.3 shows that V'
is not a trigonometric polynomial of finite degree, and we also have ||V — 1| z2(g(x)) > 0.
By convergence of Fourier series, there exists a pg > 0 such that for all p > pg, we have
IV = Vil < 31V = 1llz2(omy» S0 that

(C.19) Vo = 2@y > 31V = Ulz2igery)

Since nonzero trigonometric polynomials have at most finitely many roots, V,, cannot be
identically equal to 1 on any open subset of Q(7), because otherwise V,, would have to be
identically equal to 1 on Q(), thereby contradicting (C.19). Therefore, V, # 1 = V on
®~1(Q), and thus u # ITPu on Q.

We note that the polynomial inexactness of the Babuska—Suri projector, as defined in
[9, 10], is independent of the choice of the extension operator, since it results from the
requirement that the extended functions have compact support. This requirement is not

easily avoided, since it is used to obtain the bound ||V sy S lullms(q)

Lemma C.5. Let QQ C [-1, l]d be either the unit hypercube or the unit simplex in R%, d > 1.
For each pair of nonnegative integers p and m, there exists a linear operator [P : L?(Q) —
Py, the space of polynomials with partial degree at most p, such that II"P has the following
properties. If u is a polynomial of total degree at most min(m,p), then II"Pu = u. There

exists a constant C, independent of p and m, such that
(C.20) I Pull ) < Cllullzgy Vo€ LX(@).

For any nonnegative integer s, there is a constant C', independent of p but dependent on s

and m, such that for each nonnegative integer j < s,
(C21) Hu—Hm’puHH]( Q) <Cp+1 (s=7) Z‘U|Hr VUGHS(Q),

where t :=min(s,p+ 1,m + 1).

Proof. For nonnegative integers m and p, let II? be the Babuska—Suri projector as given
by Theorem C.4, and let Hzlzm(m’p ). L*(Q) — Prin(m,p) denote the L? projection into the

space of polynomials of total degree at most min(m, p). Then, define

(C.22) " Py = lel;n(m’p)u + 117 (u - ?Qin(m’p)u) . u € LAQ).
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It follows that TI"™P is a well-defined linear operator mapping L?(Q) into P,. Since II? is
a linear operator, we see that II""? is exact on the space of polynomials of total degree at

most min(m,p). To show (C.20), we use the triangle inequality

min(m

(C.23)  I™Pul| o) < TSP ull 2y + TP 220y 22 1t — TP 12

and we note that, by (C.15), [|IIP[[12(g)—~r2(q) < C, with C independent of p, and that
||H?§n(m’p)||L2(Q)%L2(Q) < 1. Now, let j < s be nonnegative integers, and apply (C.16) to

obtain
(C.24) = TP ) < Clp+ 1)~ flu— TP ul| o) Vu € HY(Q),

where C' is independent of p and m but dependent on s. Since () is the unit simplex or unit
hypercube, the Bramble-Hilbert lemma [17] shows that

(C.25) lu = TP o) < C Y lulgrgy Vu € HY(Q),
r=t
where ¢ := min(s, min(m,p) + 1) and C' depends on s, min(m,p) and on . Moreover,

by considering separately the cases p < m and p > m, it is seen that we may choose the
constant in (C.25) to depend only on m, and not on p. We thus obtain (C.21) by combining
(C.24) and (C.25), and noting that the constant may be chosen to be independent of p. [

Definition of fractional order Sobolev spaces. For a domain K and a real number
s > 0 such that s € (r,7 + 1) for a nonnegative integer r, we define

(C.26) HY(K) = (H'(K), H"(K)) .

s—r,2;J

Here, we use the standard norm on H"(K) when r is an integer. It follows from the
equivalence theorem [1] that H*(K) = (H"(K), H"*}(K)),_, ,.;c, where the constant in the
equivalence of norms depends only on s. Also, in view of the reiteration theorem, we note
that

(C.27) (HT’(K), H7"+1(K)) < HY(K) < (H’”(K), H’"*l(K))

)
s—r,1;J s—r,00; K

where the embedding constants depend only on s, see [1, Thm. 7.16, Cor. 7.20]. We remark

that it is important in the following that these constants are independent of the domain K.

Theorem C.6. Let Q C R? be a bounded Lipschitz polytopal domain, and let {Tp}y be a
shape-reqular sequence of simplicial or parallelepipedal meshes on ). For each mesh Tp,
suppose that h = maxgeT;, hx, where hx = diam K for all K € Ty. For each mesh Ty,
let m = (mg; K € Tp) and p = (pr; K € Tp) be vectors of nonnegative integers. Then,
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there exists a sequence of linear operators {II"F}y,, such that TP : L2(Q) — Vi, p, with
IPul g = ulk if u|k is a polynomial of total degree at most min(mp,pk), and such that,
for each K € Tp,

(C.28) I Pull ey S lullpey  Yu € LA(K).

Also, for each K € Ty, sk € R>q, each nonnegative integer j < sk and, if s > 1/2, for
each multi-index 3, with |B| < sg — 1/2, we have

htK*J'
_ m,p ) < K s S
(C.29) [l — I ul g sy S o+ )T lull o (1) Vue H*(K),
e lB1-1/2

(CBO) ||‘DB(/u - H;Ln’pu)”LQ(aK) 5 (pK fl)sK_m‘_l/Q ||uHHSK(K)

Vue H(K),

where tg = min(sg,prx + 1,mg + 1).

Proof. Since the meshes {7} consist of simplices or parallelepipeds, each element K is
affine-equivalent to the unit simplex or unit hypercube, with a corresponding affine mapping
Fi: K — Q. For each K € Ty, define @ = uo Fie' and I"Pu|x = (ITMKPKG) o Fe € Py,
where [1"%PK ig the operator given by Lemma C.5. The stability bound (C.28) then follows
from the shape-regularity of the mesh and from the bound (C.20) of Lemma C.5.

Also, for any nonnegative integers j < sk, we have

tx—J
hK

C.31 — P K S —
( ) lu — 1T, UIIHJ<K)N(pK+1)SK,j

lullgzos ey W € HS (),
where tx = min(sg,px + 1,mg + 1) and where the constant depends only on sg, mg,
on max h the maximum mesh size over all meshes, on the reference element and on the
shape-regularity of {7,}. We remark that the additional dependence on max h stems from
the fact that we use the bound h}?_i < max b/~ h%{_j, i < j, to obtain (C.31). The exact
interpolation theorem [1] shows that (C.31) extends to each nonnegative integer j and each
nonnegative real number sx such that j < sk, thus giving (C.29).

We now show (C.30). Let sx > 1/2 and (8 be a multi-index with || < sxg — 1/2.
First, consider the case where |5| < sg — 1. Then, (C.30) follows from (C.29) and from
the multiplicative trace inequality (C.11). Now, consider the case where s — || € (3,1).
Theorem C.2 shows that, for any u € H*5(K),

—-1/2

|DP (u = BP0 2 (orc) S 1D° (u — TP - h = I g1 ).

”BQ,/E(K)

Given (C.29) for the case j = ||, we can obtain (C.30) provided that we can show that,
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for any v € H*% (K),

htK*‘IB|71/2
|| 1/2 S.; K —18]—1 2||U’HHSK(K)
Byy (K) ™ (pg + 1)sx—18I=1/

(C.32) | DP (u — TIPu)

The exact interpolation theorem and (C.31) show that |lu — I Pull gsx () S llull x5
for any u € H*¥(K). The reiteration theorem [1] shows that

By (K) = (L2(K), H (K)o

where )\ := m, and where the constant in the equivalence of norms depends only on
sk — |B]. Therefore, for any u € H%% (K), there holds

; N
_ m,p < Y « S s .

Since tx < sk, we have (tx — |B])(1 = A) > tx — |B| — 1/2, and therefore we deduce (C.32)
and (C.30). O

Polynomial approximation in Bochner spaces

To simplify the notation in the following approximation results, let the spaces {X,}2_, be
defined by

Xo:=L*9Q), Xi:=Hj(Q), Xy:=H=HQ)nHQ).

The approximation theory for Sobolev spaces can be extended to Bochner spaces as follows.

Lemma C.7. Let I be an open interval and let Q C R% be a bounded convex domain. Let
{r}22, C H == H?*(Q) N H(Q) be an orthonormal basis of L*(Q), such that {¢p}5, is
also an orthogonal basis of H}(Q)) and of H, which satisfies

[ nsde = o, [ TonVoydo=hoy, [ Avedv;do= At
where A\, > 0 for eack k € N. Then, for any £ € {0,1,2}, and any u € L*(I; X;), we have

w = Y% up P, where ug(t) = (u(t), Yr) r2(0), and where the series converges in L*(I; Xy).
For any integer s > 0, any u € H*(I; Xy), we have the generalised Parseval identity

(C.33) [ulfre(rixg) = D Ak [unlirs -
k=1

Proof. Let £ € {0,1,2} and let the function u € L?(I; X;). Then, uy, defined above is a

measurable real-valued function, and ||ug(t)|[z2(r) < [Jul|r2(r;x,) for each k& € N. For each
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m € N, define the function v, € L?(I; X2) by vy, == Y7 ur . Then, orthogonality of
the {¢;}72, in X, implies the Bessel inequality

(C.34) >N lurll7z(ry = llomlZeerx, < lullZzx,)-
k=1

It can then be shown that {v,,}°_; is a Cauchy sequence in L?(I; X/,), with the limit
denoted by v. Moreover, there exists a subsequence of {v,,}5°_; which converges to v in X/
pointwise almost everywhere on I. Thus, it follows from the definition of the functions v,
that (v(t), Vr) r2() = ur(t) = (u(t), Yr) r2(q) for each k € N, for a.e. t € I, which shows that
v = u, since {1}, is an orthonormal basis of L?(Q). This proves that u = Y32 u ¥y
and shows Parseval’s identity (C.33) for the case s = 0.

Now, let s > 1 be an integer, and suppose u € H*(I; Xy) for some ¢ € {0,1,2}. Let
¢ € C§°(I), and compute

(C.35) /Iuk dipdt = /I<uvaf(¢¢k)>p(n) dt = (—1)8/1@5%1#1@&2(9) ¢ dt.

Therefore, the weak derivative djuy, exists in L2(I) and Ofuyp = (Ofu, V) r2(0)- So, the
generalised Parseval identity (C.33) for integer s > 1 is found by applying (C.33) for s =0
to the function 0} u. O

Recall that for a Banach space X and a nonnegative integer ¢, the space of univariate

X-valued polynomials of degree at most ¢ is denoted by Qq(X).

Lemma C.8. Let Q C R? be a bounded convex domain, let I be an open interval of length Ty,
and let r and q be nonnegative integers. Then, for each open interval J C I of length T < 19,
there exists a linear operator I defined on L?*(J; L*(Q)) with the following properties.
The operator TI79: L2(J; Xy) — Qu(Xy) for each ¢ € {0,1,2}, with 1% = u if u €
Omin(r,q)(X¢). Furthermore,

(C.36) T 2 ixyy S lullzzix,) Vo € L2(T; Xo),

where the constant is independent of all quantities. For any real ¢ > 0 and any nonnegative

integer j < o,

7-97] -
(C.37) lu — Il gicr,x,) S WHU”HU(J;XZ) Vue H(J; Xy),
where ¢ == min(o,r + 1,q+ 1), and where the constant depends only on 9, o and r.

Proof. Let u € L*(J; L*()) and define uy, k € N, as in Lemma C.7. Let I denote the
affine mapping from the reference element (—1,1) to J. Then, for each k € N, define

the univariate real-valued polynomial I1"%uy = (II"94;) o F~!, where @y, := ug o F, and
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where II"? is the approximation operator on the reference element given by Lemma C.5
for d = 1. For each k € N, II”%u; has degree at most ¢. It follows from Lemma C.5
that [|[II2%ukl 27y < llukllp2(s), where the constant is independent of all other quantities.
Therefore, Lemma C.7 implies that TI"%u := >3 | [I"%uy, 1y, is well-defined in L?(J, L*(Q)).
Furthermore, if u € L?(J; X;) for some ¢ € {0,1,2}, then Lemma C.7 shows that

e¢]
¢
||H:’q““%2(J;X) = Z >\k||H;’quk||%2(J) S ||UH%2(J;X@)»
k=1

where the constant is independent of all quantities, thereby showing (C.36). This also
implies that TI29: L?(J; X,) — Q,(Xy) for each £ € {0,1,2}. Moreover, if u € Qmin(rg) (Xe),
then II>%uy, = uy, for each £ € N by Lemma C.5, which implies that II’>9u = « by Lemma C.7.

Let j < o be nonnegative integers and let u € H?(J; Xy) for some ¢ € {0,1,2}. Then,
Lemmas C.5 and C.7 imply that

(C-38) fu— T ulfys (gx) = D2 Ml — T il )
k=1

j —Jj 2(c—0)
a F2(v—j) o0 72(e=J) max (1,70 ) o
<SS ST N gy S , 2
~ = (g + 1)) kz::l ksl < (q + 1)2@=9) ;@‘“‘H (5X0)

where the constant depends only on ¢ and r, thereby giving the bound (C.37) for the case
where o is an integer. Therefore, the bound (C.37) for general o € R>( follows from (C.38)

and the theory of interpolation of function spaces. O

144



References

1]

[2]

[3]

[4]

[5]

[10]

R. A. Apams AND J. F. FOURNIER, Sobolev spaces, vol. 140 of Pure Appl. Math.,
Elsevier, second ed., 2003.

G. AKRrIvis AND C. MAKRIDAKIS, Galerkin time-stepping methods for nonlinear
parabolic equations, M2AN Math. Model. Numer. Anal., 38 (2004), pp. 261-289.

P. F. ANTONIETTI AND B. AvYUSO, Schwarz domain decomposition preconditioners

for discontinuous Galerkin approximations of elliptic problems: non-overlapping case,
M2AN Math. Model. Numer. Anal., 41 (2007), pp. 21-54.

—, Multiplicative Schwarz methods for discontinuous Galerkin approximations of
elliptic problems, M2AN Math. Model. Numer. Anal., 42 (2008), pp. 443-469.

P. F. ANTONIETTI AND P. HOUSTON, A class of domain decomposition precondition-
ers for hp-discontinuous Galerkin finite element methods, J. Sci. Comput., 46 (2011),
pp. 124-149.

P. F. ANTONIETTI AND E. SULI, Domain decomposition preconditioning for discon-
tinuous Galerkin approrimations of convection-diffusion problems, in Domain decom-
position methods in science and engineering XVIII, vol. 70 of Lect. Notes Comput. Sci.
Eng., Springer, 2009, pp. 259-266.

D. N. ArNoLD, F. Brezzl, B. COCKBURN, AND L. D. MARINI, Unified analysis
of discontinuous Galerkin methods for elliptic problems, STAM J. Numer. Anal., 39
(2001), pp. 1749-1779.

J.-P. AUBIN AND A. CELLINA, Differential inclusions, vol. 264 of Grundlehren Math.
Wiss., Springer-Verlag, 1984.

I. BABUSKA AND M. SURI, The h-p version of the finite element method with quasi-
uniform meshes, RAIRO Modél. Math. Anal. Numér., 21 (1987), pp. 199-238.

—, The optimal convergence rate of the p-version of the finite element method, SIAM
J. Numer. Anal., 24 (1987), pp. 750-776.

145



REFERENCES

[11]

[16]

[19]

[20]

[21]

22]

I. BABUSKA AND M. SURI, The p and h-p versions of the finite element method, basic
principles and properties, SIAM Rev., 36 (1994), pp. 578-632.

G. BARLES, Solutions de viscosité des équations de Hamilton—Jacobi, vol. 17 of Math.
Appl., Springer-Verlag, 1994.

G. BARLES AND P. SoOUGANIDIS, Convergence of approximation schemes for fully
nonlinear second-order equations, Asymptotic Anal., 4 (1991), pp. 271-283.

O. BOKANOWSKI, S. MAROSO, AND H. ZIDANI, Some convergence results for Howard’s
algorithm, STAM J. Numer. Anal., 47 (2009), pp. 3001-3026.

J. F. BONNANS, E. OTTENWAELTER, AND H. ZIDANI, A fast algorithm for the two
dimensional HJB equation of stochastic control, M2AN Math. Model. Numer. Anal.,
38 (2004), pp. 723-735.

J. F. BONNANS AND H. ZipaN1, Consistency of generalized finite difference schemes
for the stochastic HIB equation, SIAM J. Numer. Anal., 41 (2003), pp. 1008-1021.

S. C. BRENNER AND L. R. ScoTT, The mathematical theory of finite element methods,
vol. 15 of Texts Appl. Math., Springer, third ed., 2008.

S. C. BRENNER AND K. WANG, Two-level additive Schwarz preconditioners for C©
interior penalty methods, Numer. Math., 102 (2005), pp. 231-255.

L. A. CAFFARELLI AND X. CABRE, Fully nonlinear elliptic equations, vol. 43 of Amer.
Math. Soc. Colloq. Publ., American Mathematical Society, 1995.

L. A. CAFFARELLI AND L. SILVESTRE, On the Evans—Krylov Theorem, Proc. Amer.
Math. Soc., 138 (2009), pp. 263-265.

F. CaMILLI AND M. FALCONE, An approximation scheme for the optimal control of
diffusion processes., RAIRO Modél. Math. Anal. Numér. 29 (1995), pp. 97-122.

P. G. CIARLET, Linear and nonlinear functional analysis with applications, Society
for Industrial and Applied Mathematics, 2013.

H. O. CorbpEs, Uber die erste Randwertaufgabe bei quasilinearen Differentialgleichun-
gen zweiter Ordnung in mehr als zwei Variablen, Math. Ann., 131 (1956), pp. 278-312.

M. G. CrRANDALL, H. IsHil, AND P.-L. LIONS, User’s guide to viscosity solutions of
second-order partial differential equations, Bull. Amer. Math. Soc., 27 (1992), pp. 1-67.

M. G. CRANDALL AND P.-L. LioNs, Convergent difference schemes for nonlinear

parabolic equations and mean curvature motion, Numer. Math., 75 (1996), pp. 17-41.

146



REFERENCES

[26]

[32]

[33]

K. DEBRABANT AND E. R. JAKOBSEN, Semi-Lagrangian schemes for linear and fully
nonlinear diffusion equations, Math. Comp., 82 (2013), pp. 1433-1462.

D. A. D1 PIETRO AND A. ERN, Mathematical aspects of discontinuous Galerkin meth-
ods, vol. 69 of Math. Appl., Springer, 2012.

H. DonG AND N. V. KryLoOv, The rate of convergence of finite-difference approrima-

tions for parabolic Bellman equations with Lipschitz coefficients in cylindrical domains,
Appl. Math. Optim., 56 (2007), pp. 37-66.

H. G. EGGLESTON, Conwvezity, vol. 47 of Camb. Tracts Math. Phys., Cambridge Uni-
versity Press, 1958.

H. C. ELMAN, D. J. SILVESTER, AND A. J. WATHEN, Finite elements and fast
iterative solvers, Numer. Math. Sci. Comput., Oxford University Press, 2005.

L. C. EvANs, Partial differential equations, vol. 19 of Grad. Stud. Math., American
Mathematical Society, 1998.

L. C. Evans, Classical solutions of the Hamilton—Jacobi—-Bellman equation for uni-
formly elliptic operators, Trans. Amer. Math. Soc., 275 (2008), pp. 245-255.

X. FENG, R. GLOWINSKI, AND M. NEILAN, Recent developments in numerical methods
for fully nonlinear second order partial differential equations, SIAM Rev., 55 (2013),
pp. 205-267.

X. FENG AND O. A. KARAKASHIAN, Two-level additive Schwarz methods for a dis-

continuous Galerkin approxzimation of second order elliptic problems, STAM J. Numer.
Anal., 39 (2001), pp. 1343-1365.

—, Two-level non-overlapping Schwarz preconditioners for a discontinuous Galerkin
approximation of the biharmonic equation, J. Sci. Comput., 22/23 (2005), pp. 289-314.

W. H. FLEMING AND H. M. SONER, Controlled Markov processes and viscosity solu-
tions, vol. 25 of Stoch. Model. Appl. Probab., Springer, second ed., 2006.

E. H. GEORGOULIS AND E. SULI, Optimal error estimates for the hp-version interior
penalty discontinuous galerkin finite element method, IMA J. Numer. Anal., 25 (2005),
pp- 205-220.

D. GILBARG AND N. S. TRUDINGER, Elliptic partial differential equations of second
order, Classics Math., Springer-Verlag, 2001.

V. GIRAULT AND P.-A. RAVIART, Finite element methods for Navier-Stokes equations,
vol. 5 of Springer Ser. Comput. Math., Springer-Verlag, 1986.

147



REFERENCES

[40]

[41]

[42]

[43]

[46]

[47]

[50]

[51]

[52]

[53]

[54]

P. GRISVARD, Elliptic problems in nonsmooth domains, vol. 69 of Classics Appl. Math.,
Society of Industrial and Applied Mathematics, 2011.

M. HINTERMULLER, K. ITO, AND K. KUNISCH, The primal-dual active set strategy
as a semismooth Newton method, SIAM J. Optim., 13 (2002), p. 865.

P. HousToN, D. ScHOTZAU, AND T. P. WIHLER, Energy norm a posteriori error

estimation for mized discontinuous galerkin approximations of the stokes problem, J.
Sci. Comput., 22/23 (2005), pp. 347-370.

P. HoustoNn, C. SCHWAB, AND E. SULI, Discontinuous hp-finite element methods
for advection-diffusion-reaction problems, STAM J. Numer. Anal., 39 (2002), pp. 2133~
2163.

R. A. HOWARD, Dynamic programming and Markov processes, The Technology Press
of M.I.T., 1960.

M. JENSEN AND I. SMEARS, Finite element methods with artificial diffusion for
Hamilton—Jacobi—Bellman equations, in Numerical Mathematics and Advanced Ap-
plications 2011, Springer, 2013, pp. 267-274.

— On the convergence of finite element methods for Hamilton—Jacobi-Bellman equa-
tions, SIAM J. Numer. Anal., 51 (2013), pp. 137-162.

M. KOCAN, Approximation of viscosity solutions of elliptic partial differential equations
on minimal grids, Numer. Math., 72 (1995), pp. 73-92.

N. V. KryLoV, Boundedly inhomogeneous elliptic and parabolic equations, Izv. Akad.
Nauk SSSR Ser. Mat., 46 (1982), pp. 487-523, 670.

H. J. Kuo AND N. S. TRUDINGER, Linear elliptic difference inequalities with random
coefficients, Math. Comp., 55 (1990), pp. 37-53.

— Discrete methods for fully nonlinear elliptic equations, STAM J. Numer. Anal.,
29 (1992), pp. 123-135.

K. KURATOWSKI AND C. RYLL-NARDZEWSKI, A general theorem on selectors, Bull.
Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys., 13 (1965), pp. 397-403.

H. J. KUSHNER, Numerical methods for stochastic control problems in continuous time,
STAM J. Control Optim., 28 (1990), pp. 999-1048.

O. Lakkis AND T. PRYER, A finite element method for second order nonvariational
elliptic problems, STAM J. Sci. Comput., 33 (2011), pp. 786-801.

— A finite element method for nonlinear elliptic problems, SIAM J. Sci. Comput.,
35 (2013), pp. A2025-A2045.

148



REFERENCES

[55]

[60]

[68]

C. LAssSER AND A. TOSELLI, An overlapping domain decomposition preconditioner
for a class of discontinuous Galerkin approximations of advection-diffusion problems,
Math. Comp., 72 (2003), pp. 1215-1238.

A. MAUGERI, D. K. PALAGACHEV, AND L. G. SOFTOVA, Flliptic and parabolic equa-
tions with discontinuous coefficients, vol. 109 of Math. Res., Wiley-VCH Verlag, 2000.

J. M. MELENK, hp-finite element methods for singular perturbations, vol. 1796 of
Lecture Notes in Mathematics, Springer-Verlag, 2002.

P. MonNK AND E. SULL, The adaptive computation of far-field patterns by a posteriori
error estimation of linear functionals, STAM J. Numer. Anal., 36 (1999), pp. 251-274.

T. S. MoTzKIN AND W. Wasow, On the approximation of linear elliptic differential
equations by difference equations with positive coefficients, J. Math. Physics, 31 (1953),
pp. 253-259.

I. MozoLEVSKI, E. SULI, AND P. R. BOSING, hp-version a priori error analysis of in-
terior penalty discontinuous Galerkin finite element approximations to the biharmonic
equation, J. Sci. Comput., 30 (2007), pp. 465-491.

R. H. NOCHETTO AND W. ZHANG, Discrete ABP estimate and convergence rates for

linear elliptic equations in nondivergence form, ArXiv e-prints, (2014).

A. M. OBERMAN, Convergent difference schemes for degenerate elliptic and parabolic
equations: Hamilton—Jacobi equations and free boundary problems, STAM J. Numer.
Anal., 44 (2006), pp. 879-895.

B. OKSENDAL, Stochastic differential equations, Universitext, Springer-Verlag,
sixth ed., 2003.

M. L. PUTERMAN AND S. L. BRUMELLE, On the convergence of policy iteration in
stationary dynamic programming, Math. Oper. Res., 4 (1979), pp. 60-69.

M. RENARDY AND R. C. ROGERS, An introduction to partial differential equations,
vol. 13 of Texts Appl. Math., Springer-Verlag, second ed., 2004.

H. ROYDEN AND P. FITZPATRICK, Real Analysis, Prentice Hall, fourth ed., 2010.

D. ScuOTZAU AND C. SCHWAB, Time discretization of parabolic problems by the hp-

version of the discontinuous Galerkin finite element method, STAM J. Numer. Anal.,

38 (2000), pp. 837-875.

C. SCHWAB, p- and hp-finite element methods, Numer. Math. Sci. Comput., Oxford
University Press, 1998.

149



REFERENCES

[69]

[70]

[71]

[72]

(78]

[79]

[. SMEARS, Nonoverlapping domain decomposition preconditioners for discontinuous

Galerkin finite element methods in H?-type norms, ArXiv e-prints, (2014).

I. SMEARS AND E. SULI, Discontinuous Galerkin finite element approximation of non-
divergence form elliptic equations with Cordes coefficients, STAM J. Numer. Anal., 51
(2013), pp. 2088-2106.

I. SMEARS AND E. SULI, Discontinuous Galerkin finite element approximation of
Hamilton—Jacobi—Bellman equations with Cordes coefficients, STAM J. Numer. Anal.,
52 (2014), pp. 993-1016.

I. SMEARS AND E. SULI, Discontinuous Galerkin finite element methods for time-

dependent Hamilton—Jacobi—Bellman equations with Cordes coefficients, to appear in
Numerische Mathematik, (2015).

B. F. SmitH, P. E. BJgrRsTAD, AND W. D. GROPP, Domain decomposition, Cam-
bridge University Press, 1996.

V. THOMEE, Galerkin finite element methods for parabolic problems, vol. 25 of Springer
Ser. Comp. Math., Springer-Verlag, second ed., 2006.

A. ToseLLl AND O. WIDLUND, Domain decomposition methods, vol. 34 of Springer
Ser. Comp. Math., Springer-Verlag, 2005.

M. ULBRICH, Semismooth Newton methods for operator equations in function spaces,
STAM J. Optim., 13 (2002), pp. 805-842 (2003).

L. WANG, On the regularity theory of fully nonlinear parabolic equations. I, Comm.
Pure Appl. Math., 45 (1992), pp. 27-76.

T. P. WIHLER, P. FRAUENFELDER, AND C. SCHWAB, Fxponential convergence of the
hp-DGFEM for diffusion problems, Comput. Math. Appl., 46 (2003), pp. 183-205.

J. WLOKA, Partial differential equations, Cambridge University Press, 1987.

150



	Introduction
	Optimal control of stochastic processes
	The notion of solution and its regularity
	Monotone methods
	Existing nonmonotone schemes
	The Cordes condition
	Discontinuous Galerkin finite element methods
	Contributions

	Nondivergence form elliptic equations
	Analysis of the continuous problem
	Definitions
	Numerical scheme
	Consistency
	Stability
	Error analysis
	Error bound for solutions with sufficient regularity
	Error bound for solutions with minimal regularity

	Numerical experiments
	First experiment
	Second experiment


	Elliptic Hamilton–Jacobi–Bellman equations
	Analysis of the continuous problem
	Numerical scheme
	Consistency
	Stability
	Error analysis
	Error bound for solutions with sufficient regularity
	Error bound for solutions with minimal regularity

	Semismooth Newton method
	Algorithm
	Semismoothness

	Numerical experiments
	First experiment
	Second experiment
	Third experiment


	Parabolic Hamilton–Jacobi–Bellman equations
	Analysis of the continuous problem
	Temporal semi-discretisation
	Comparison with the standard DG time-stepping method

	Numerical scheme
	Consistency
	Stability
	Error analysis
	Error bound for regular solutions
	Error bound for solutions with low regularity

	Numerical experiments
	First experiment
	Second experiment


	Nonoverlapping domain decomposition preconditioners
	Approximation of discontinuous functions
	Domain decomposition preconditioners
	Spectral bounds
	Numerical experiments
	First experiment
	Second experiment
	Third experiment


	Conclusion
	Miranda–Talenti inequality
	Kuratowski–Ryll-Nardzewski theorem
	Approximation theory
	References

