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Abstract

We propose a discontinuous Galerkin finite element method (DGFEM) for fully
nonlinear elliptic Hamilton–Jacobi–Bellman (HJB) partial di�erential equations
(PDE) of second order with Cordes coe�cients. Our analysis shows that the
method is both consistent and stable, with arbitrarily high-order convergence
rates for su�ciently regular solutions. Error bounds for solutions with minimal
regularity show that the method is generally convergent under suitable choices
of meshes and polynomial degrees. The method allows for a broad range of
hp-refinement strategies on unstructured meshes with varying element sizes and
orders of approximation, thus permitting up to exponential convergence rates,
even for nonsmooth solutions. Numerical experiments on problems with nons-
mooth solutions and strongly anisotropic di�usion coe�cients demonstrate the
significant gains in accuracy and computational e�ciency over existing methods.

We then extend the DGFEM for elliptic HJB equations to a space-time DGFEM
for parabolic HJB equations. The resulting method is consistent and uncondi-
tionally stable for varying time-steps, and we obtain error bounds for both rough
and regular solutions, which show that the method is arbitrarily high-order with
optimal convergence rates with respect to the mesh size, time-step size, and
temporal polynomial degree, and possibly suboptimal by an order and a half in
the spatial polynomial degree. Exponential convergence rates under combined
hp- and ·q-refinement are obtained in numerical experiments on problems with
strongly anisotropic di�usion coe�cients and early-time singularities.

Finally, we show that the combination of a semismooth Newton method with
nonoverlapping domain decomposition preconditioners leads to e�cient solvers
for the discrete nonlinear problems. The semismooth Newton method has a su-
perlinear convergence rate, and performs very e�ectively in computations. We
analyse the spectral bounds of nonoverlapping domain decomposition precondi-
tioners for a model problem, where we establish sharp bounds that are explicit
in both the mesh sizes and polynomial degrees. We then go beyond the model
problem and show computationally that these algorithms lead to e�cient and
competitive solvers in practical applications to fully nonlinear HJB equations.
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Chapter 1

Introduction

We consider the numerical solution of a class of fully nonlinear second-order partial di�er-
ential equations (PDE) called Hamilton–Jacobi–Bellman (HJB) equations. These PDE are
named after Sir William Rowan Hamilton (1805–1865), Carl Gustav Jacobi (1804–1851),
and Richard Bellman (1920–1984). HJB equations arise from models for the optimal control
of stochastic processes.

In this chapter, we briefly describe the relation between HJB equations and control
problems, followed by the main PDE-theoretic considerations in section 1.2. In sections 1.3
and 1.4, we review the current state of the art of numerical methods for HJB equations
and highlight some key challenges. We then introduce in section 1.7 our main contributions
that will be detailed in this thesis.

1.1 Optimal control of stochastic processes

Stochastic optimal control problems describe the time evolution of a state vector X : t ‘æ
Xt œ Rd subject to a control process –(·) : t ‘æ –t œ �, where � is the set of available
controls. Specifically, the state vector X obeys a given stochastic di�erential equation,
whose drift and volatility terms are functions of – œ �. Note that – denotes an element
of �, whereas –(·) denotes a �-valued function of time. The aim is to determine a control
process that either minimises a given cost functional, or maximises a given utility functional.
Typically, the control problem is terminated at a possibly random time, for instance a
specified final time T , or at the time ·

exit

of first exit of Xt from a bounded domain � µ Rd.
For example, let f and c be real-valued functions on � ◊ �, with c Ø 0, and consider

the stochastic control problem, subject to a stochastic di�erential equation, given by

min
–(·)œC

J–(·)(x), J–(·)(x) := E
⁄ ·

exit

0

f–t(Xt) exp
3

≠
⁄ t

0

c–s(Xs) ds

4
dt,(1.1)

dXt = b–t(Xt) dt + ‡–t(Xt) dBt for t > 0, X
0

= x,(1.2)
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CHAPTER 1. INTRODUCTION 1.1. OPTIMAL CONTROL

where Bt denotes a k-dimensional Brownian motion; E denotes the expected value at time
t = 0; the matrix function ‡ takes values in Rd◊k; the function b takes values in Rd; and
where C is a given set1 of functions –(·) : [0, Œ) æ �, with � a given compact metric space.
Here, we use the notational convention of denoting the dependence of functions on – œ �
and functionals on –(·) œ C through a superscript, e.g. f : (x, –) ‘æ f–(x).

The control problem (1.1) leads to an elliptic HJB equation as follows: define the d ◊ d

matrix function a– := ‡–(‡–)€/2; the function a– is usually referred to as the di�usion
coe�cient. The function u : � æ R defined by

(1.3) u(x) := ≠ inf
–(·)œC

J–(·)(x), x œ �,

solves the HJB equation

(1.4)
sup
–œ�

[L–u ≠ f–] = 0 in �,

u = 0 on ˆ�,

where the nondivergence form elliptic operators L– are defined by

(1.5) L–v := a– : D2v + b– · Òv ≠ c– v, v œ H2(�), – œ �.

The derivation of the HJB equation from the stochastic control problem essentially
hinges on Bellman’s dynamic programming principle and Dynkin’s formula [63] for the
infinitesimal generator of the stochastic process. It turns out that this derivation points
to a solution strategy for the control problem: if the solution of the HJB equation is
available, then optimal controls can often be computed as the maximisers of the expression
appearing on the left-hand side of (1.4). The main advantage of this approach is that these
optimisation problems are posed over � rather than C, and can be solved independently for
varying x œ �. Thus, these local optimisation problems are tractable in many cases once
the solution u and its partial derivatives are known.

However, it is clear that the function u and its partial derivatives cannot generally be
computed from (1.3). Therefore, the success of this approach does depend on the availability
and e�ectiveness of numerical methods for computing the solution of the HJB equation. For
further results concerning the relationship between HJB equations and stochastic control
problems, we refer the reader to [36], which provides a rigorous account of the dynamic
programming principle and more general control problems.

1More precisely, the set C is required to be a subset of the set of progressively measurable functions
with respect to the filtration of the Brownian motion, with possible further restrictions determined by the
particular problem being modelled; see [36] for further details.
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CHAPTER 1. INTRODUCTION 1.2. SOLUTION REGULARITY

1.2 The notion of solution and its regularity

The equation (1.4) is called uniformly elliptic if there exist positive constants 0 < ‹ Æ ‹

such that

(1.6) ‹ |›|2 Æ ›€a–(x) › Æ ‹ |›|2 ’ › œ Rd, ’ x œ �, ’ – œ �.

The regularity theory centered around the celebrated Evans–Krylov Theorem establishes
interior C2,—-regularity of the solution of fully nonlinear uniformly elliptic and parabolic
equations with convex nonlinearities, under standard regularity assumptions on the coe�-
cients a, b, c and f [19, 20, 32, 48, 77]; this applies to HJB equations of the form (1.4). In
this case the solution can be understood to satisfy the equation in a classical sense.

However, if the uniform ellipticity assumption is relaxed and the di�usion is allowed
to become degenerate, with ‹ = 0, then the solution, as defined by (1.3), is typically
Lipschitz continuous at best. The eikonal equation with zero Dirichlet boundary datum is
a representative example of this situation, the solution being the distance function to the
boundary of the domain.

Therefore, in the degenerate case, the solution cannot be understood in the classical
sense. Instead, the appropriate notion of solution is that of a viscosity solution; for an
introductory exposition to viscosity solutions, see [24]. We note that the notion of a viscosity
solution will not be required for understanding the analysis of this work. However, we recall
several key aspects of viscosity solutions that are important for understanding the current
state of the art in numerical methods for fully nonlinear PDE.

The first consideration is that the definition of viscosity solutions requires a priori only
continuity of the solution, and the well-posedness theory of viscosity solutions is centred
around the maximum principle. The notion of viscosity solution is applicable in both the
degenerate and uniformly elliptic cases, although in the latter case the regularity theory
mentioned above establishes higher regularity of the solution.

The second point is that another important notion of solution of elliptic PDE, namely
that of weak solutions, is not applicable to fully nonlinear PDE such as HJB equations. This
is simply because the second-order derivatives of the unknown solution appear under the
nonlinearity, and thus no integration by parts is possible to pass partial derivatives onto test
functions. Fully nonlinear PDE are therefore very di�erent from linear, semilinear or quasi-
linear equations in divergence form. This explains why the development of Galerkin-type
numerical methods for these problems has been particularly di�cult, despite the successes
of these numerical methods for other PDE.

In summary, the regularity of the solution depends on the uniform ellipticity or de-
generacy of the problem appearing through a–, with clearly important consequences at a
computational level. However, for computational purposes, it is also important to consider
the case where the di�usion coe�cient a– is strongly anisotropic, a typical example being

3



CHAPTER 1. INTRODUCTION 1.3. MONOTONE METHODS

when the di�usion is dominant in certain directions, and the eigenvectors of a– are not
well-aligned with the computational grid. Strongly anisotropic problems can occur in both
the uniformly elliptic or degenerate cases, and often occur as nearly degenerate problems
with ‹ π ‹. As we shall see below, anisotropic di�usion leads to substantial challenges for
the practical application of many numerical methods.

1.3 Monotone methods

Some of the earliest computational methods for HJB equations and stochastic control prob-
lems were based on approximating the underlying SDE by a discrete Markov chain [52].
Alongside the advent of the notion of viscosity solution [24], it became apparent that these
Markov chain approximations admit equivalent interpretations as monotone finite di�erence
methods (FDM) [16, 36], i.e. that satisfy a discrete maximum principle.

Broadly stated, these methods approximate the linear operators L– by linear finite
di�erence operators L–

h on a computational grid of grid-size h, and solve the discrete problem

sup
–œ�

[L–
huh ≠ f–] (xi) = 0

for each grid point xi. The scheme is said to be monotone provided that, for any grid-
function vh that has a nonnegative local maximum at xi of the grid, one has L–

hvh(xi) Æ 0.
This corresponds to requiring that all diagonal entries of the matrix representing L–

h be
negative, with only nonnegative o�-diagonal entries. A classical example of a monotone
scheme is the Kushner–Dupuis method [52, p. 1012], which is only applicable to rather
isotropic problems with diagonally dominant di�usion coe�cients a–.

A central reason for the interest in monotone methods is that Barles and Souganidis
provided in [13] a general convergence theory that is applicable to a broad class of possibly
degenerate fully nonlinear elliptic and parabolic PDE. Specifically, provided that the un-
derlying PDE satisfies an appropriate maximum principle and that the FDM is monotone,
consistent, and stable in the sense that the sequence of numerical solutions {uh}h remains
bounded in the maximum norm, then it can be shown2 that Îu ≠ uhÎLŒ æ 0 as h æ 0,
without a priori regularity assumptions on the analytical solution u.

However, as we shall see below, the computational practice of monotone schemes has
lagged behind their theoretical development, especially for strongly anisotropic problems.
This is because monotone schemes su�er from significant drawbacks when used in practice.
Indeed, various authors have commented on the necessarily low-order convergence rates
of monotone schemes [28, 62], and on the restrictions imposed on the choice of stencil

2For degenerate problems with Dirichlet boundary conditions, there are some important technicalities
concerning convergence of the numerical solutions at the boundary, which usually need to be analysed by
some independent means, see [13, Remark 2.2]. See also the notion of discontinuous viscosity solutions

in [12].
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CHAPTER 1. INTRODUCTION 1.3. MONOTONE METHODS

Figure 1.1: In order to discretise strongly anisotropic di�usion coe�cients a–, monotone FDM
require the use of wide stencils, such as the one depicted here that involves five layers of neighbouring
nodes. The characterisation of the set of operators that can be discretised with this stencil is given
in [16, Section 5], where it is shown that it is necessary but not su�cient that |a–

ij | Æ 5 a–
ii for all

i ”= j. See our experiments in section 4.7 for an example where |a–
ij | Ø 20 a–

ii for some i and j.

necessary to achieve monotonicity of the discretisation [25, 47, 50]. It turns out that for
strongly anisotropic di�usion coe�cients a–, compact stencils cannot o�er a consistent and
monotone discretisation, as first shown by Motzkin and Wasow [59]. In this case, a larger
stencil is generally needed, as illustrated by Figure 1.1.

It is important to note that contrary to standard finite di�erence methods, increasing
the stencil size in a monotone scheme cannot increase the order of accuracy. Instead, it
has been pointed out [16] that increased stencil sizes typically increase the truncation error
and thus decrease accuracy. Therefore it is generally desirable to use a minimal stencil that
achieves monotonicity and consistency [16].

Kocan showed in [47] that the minimal stencil width required for monotonicity is ex-
pected to be of order E for d = 2 dimensions, of order E5/2 for d = 3 and of order E2d≠4 for
d Ø 4, where E = ‹/‹ is the ellipticity constant. In the degenerate limit, there are examples
of di�usion coe�cients where no finite stencil can yield a monotone discretisation [25, 47];
in such a case, the stencil must be continually increased as the mesh is refined. Bonnans
and Zidani examined in [16] the conditions that determine the set of problems that can be
discretised with various stencils: they found that the number of conditions on the di�usion
coe�cient grows both with the stencil size and the problem dimension. Their work thus
shows that it is generally nontrivial to determine a priori an appropriate stencil.

In terms of potentially usable methods for strongly anisotropic problems, Kuo and
Trudinger analysed in [49, 50] a class of wide stencil monotone schemes (which were called
therein multistep schemes of positive type) for uniformly elliptic HJB and Bellman–Isaacs
equations. Moreover, they suggested what appears to be the first potentially applicable

5



CHAPTER 1. INTRODUCTION 1.3. MONOTONE METHODS

algorithm for constructing the methods in practice3, although no numerical experiments
were presented; to our knowledge, their method has yet to be implemented in practice.
Bonnans et al. proposed in [15] an algorithm for computing monotone discretisations of
two-dimensional problems with finite stencils, with a consistency error depending on the
stencil width. This is achieved by approximating the di�usion coe�cient a– by another
coe�cient ã– for which a monotone discretisation is available on a user-specified stencil.
Convergence is then achieved by increasing the stencil size along with mesh refinement.

Building on the earlier work of Camilli and Falcone [21], Debrabant and Jakobsen [26]
developed a semi-Lagrangian framework in which the stencil width continually increases as
the mesh is refined. Their framework includes generalisations of the approximation

(1.7) a–(x) : D2v(x) ¥ 1
2

dÿ

p=1

Iv(x + k‡–
p ) ≠ 2 Iv(x) + Iv(x ≠ k‡–

p )
k2

,

where we recall that a– = ‡–(‡–)€/2, k is a mesh-dependent parameter, the operator
I denotes linear or bilinear interpolation onto the grid, the function v œ C2, and where
‡–

p signifies the p-th column of the matrix ‡–. Typically k is of order
Ô

h, so that the
stencil size is of order 1/

Ô
h, thereby leading to first-order accuracy in the truncation error.

One advantage of these methods is the guaranteed monotonicity of the discretisation, with
consistency achieved as h æ 0.

In [26], Jakobsen and Debrabant treat HJB and Bellman–Isaacs equations specifically
posed on the entire space Rd rather than on bounded domains. However, they point to some
of the issues arising from the presence of a boundary in [26, Section 6.1], namely a possible
loss of accuracy or monotonicity near the boundary. In particular, the finite di�erence
formula (1.7) needs to be modified for points x close to the boundary ˆ�, possibly by a
one-sided asymmetric formula.

In summary, three principal observations arise from the existing literature on monotone
methods:

1. In order to treat strongly anisotropic or degenerate problems, large stencils are re-
quired to achieve both consistency and monotonicity.

2. Large stencils can have negative consequences for the computational aspects of mono-
tone methods, such as higher truncation errors and increased costs.

3. As a result of these challenges, computational practice of monotone schemes for
strongly anisotropic problems has lagged behind theoretical developments, with many
practical issues remaining to be investigated.

3It is important to note Kocan’s comment [47, p. 81] on a mistake in [49], which underestimated the
necessary stencil sizes for problems in more than two dimensions.
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CHAPTER 1. INTRODUCTION 1.3. MONOTONE METHODS

Monotone finite element methods. The reader will readily notice that the literature
described above concerns essentially monotone FDM. This emphasis on FDM stems pri-
marily from the ability to establish monotonicity directly from the definition of the FD
approximation. Also, the existing convergence theory of Barles and Souganidis [13] is re-
stricted to the notion of consistency of finite di�erence methods.

However, Jensen and this author proposed in [45, 46] a monotone finite element meth-
ods (FEM) for a class of possibly degenerate HJB equations. This method was shown to
converge to the viscosity solution in the LŒ-norm, as well as in the H1-norm if there is a
nondegenerate subset of the operators L–. The method essentially combines mass lump-
ing of the time derivative with nonstandard numerical approximations to the second order
elliptic operators L–, allowing for general implicit and explicit splittings.

To present the main results of [46], it is helpful to consider an example of a scheme
covered by their analysis. Consider for example the parabolic HJB equation

(1.8) ˆtu ≠ sup
–œ�

[L–u ≠ f–] = 0 in � ◊ (0, T )

along with, for example, homogeneous initial time and lateral boundary conditions. In [46],
the operators L– were assumed to be isotropic but possibly degenerate: a– © a– Id where
a– is a nonnegative scalar function and Id is the d ◊ d identity matrix. The case a– © 0
is of course allowed. Let Th be a simplicial conforming mesh on � of mesh-size h, and let
V 1

h denote the standard H1

0

(�)-conforming piecewise linear finite element space on Th. For
N := dim V 1

h , let {x¸
h}N

¸=1

denote the set of interior nodes of the mesh, and let „̂¸
h denote the

L1-normalised hat function associated with the node x¸
h, such that „̂¸

h(xm
h ) = 0 if ¸ ”= m,

and Î„̂¸
hÎL1

(�)

= 1.
The operator L– is approximated by a numerical operator L–

h : V 1

h æ RN defined by

(L–
hvh)¸ := ≠a–(x¸

i)ÈÒvh, Ò„̂¸
hÍ + Èb– · Òvh ≠ c–vh, „̂¸

hÍ, ¸ = 1, . . . , N,

where È·, ·Í denotes the L2-inner product, and where the function a– is an approximation
to a–, allowing for averaging, regularisation, and/or the inclusion of artificial di�usion: in
practice, one frequently has Îa– ≠ aaÎLŒ Æ C h. The numerical scheme is then to find
{un

h}T/�t
n=1

µ V 1

h for successive timesteps {tn}T/�t
n=1

such that

(1.9) un
h(x¸

h) ≠ un≠1

h (x¸
h)

�t
≠ sup

–œ�

Ë
(L–

hun
h)¸ ≠ Èfa, „̂¸

hÍ
È

= 0 ’ ¸ = 1, . . . , N.

The method is monotone4 provided that the operators L–
h possess the property that when-

ever a function vh œ V 1

h has a nonnegative local maximum at a node x¸
h, then (L–

hvh)¸ Æ 0.
In practice, this assumption can be guaranteed if, for example in two space dimensions,

4This is referred to as the local monotonicity property in [46], and is closely related to the weak discrete
maximum principle.
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CHAPTER 1. INTRODUCTION 1.4. EXISTING NONMONOTONE SCHEMES

the triangles of the mesh Th are strictly acute, and the approximation a– includes artificial
di�usion of order h Îb–ÎLŒ +h2 Îc–ÎLŒ , see [46, Section 8] and the references therein for fur-
ther details. The construction of similarly monotone finite element schemes for anisotropic
di�usion coe�cients a– appears to be more challenging than for the isotropic case, although
we note the recent work of Nochetto and Zhang [61].

The FEM is therefore monotone in a similar sense to the monotone FDM considered
above, as required by the convergence theory of Barles and Souganidis [13]. However, the
FEM does not satisfy the consistency notion required by [13], namely that in general, if
x¸

h æ x œ � as h æ 0 and v œ CŒ(�), we may have (L–
hIhv)¸ ”æ L–v(x), where Ih is

the nodal interpolant into V 1

h . Indeed, a simple (counter)example can be found for the
Laplace operator on a square subdivided into four regular simplices [46, p. 146]. Therefore,
monotone FEM violate the conditions of the framework of Barles and Souganidis. The
challenge of showing convergence to the viscosity solution for monotone FEM was overcome
in [46] by employing known W 1,Œ-norm approximation properties of elliptic projections to
permit a modification of the notion of consistency used in the convergence analysis.

1.4 Existing nonmonotone schemes

As a result of the challenges described above, many authors have proposed various non-
monotone methods for various fully nonlinear PDE in order to avoid the stencil restrictions
and low-order convergence rates of monotone schemes described above. Further motivation
is provided by the success of FEM5 for many linear, semilinear and quasilinear PDE, where
a full analysis is often possible without reliance on monotonicity. As we shall see, a key
question here is how to design stable and convergent methods for fully nonlinear equations
that do not rely on monotonicity.

The review paper [33] summarises many of the approaches suggested before 2013. For
example, one approach due to Feng, Neilan and coworkers is the so-called vanishing moment
method, involving fourth-order perturbations to the PDE. In order to solve a fully nonlinear
PDE of the form F (x, u, Òu, D2u) = 0, where F is a given nonlinear operator, they consider
instead the fourth-order semilinear PDE

Á�2uÁ + F (x, uÁ, ÒuÁ, D2uÁ) = 0 in �,

where �2 denotes the biharmonic operator, supplemented by the boundary conditions of
the original problem, as well as artificial boundary conditions, since the problem is now of
fourth order. The advantage of such an approach is that standard FEM discretisations of
fourth-order PDE can be applied to the perturbed problem, although they cannot usually be
expected to be robust as Á æ 0. Moreover, the question of the convergence uÁ æ u as Á æ 0

5We include here of course the many variants of classical FEM, such as discontinuous Galerkin FEM
(DGFEM).
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currently remains open in most cases. From the point of view of computations, it is pointed
out in [33] that experiments reveal that the artificial boundary conditions introduced by
the vanishing moment method can lead to the appearance of spurious boundary layers in
the approximate solutions.

The essential conclusion of [33] and the references therein is that none of the non-
monotone methods reviewed there currently o�er a satisfactory convergence analysis for
fully nonlinear PDE, thus highlighting the many challenges associated with nonmonotone
methods. Nevertheless, some methods have o�ered promising computational results in the
absence of theoretical analysis. For instance, Lakkis and Pryer have successfully tested
in [53, 54] a FEM using Hessian reconstructions on a broad range of nonlinear elliptic
problems6.

1.5 The Cordes condition

The primary focus of this work is on the development of nonmonotone methods for elliptic
and parabolic HJB equations that satisfy the Cordes condition. The Cordes condition
is an algebraic assumption on the coe�cients appearing in the di�erential operators L–.
Importantly, it encompasses a large range of possibly strongly anisotropic applications; for
instance, for elliptic problems in two dimensions without lower-order terms, the Cordes
condition is implied by the uniform ellipticity condition (1.6), as shown in the following
example.

Example 1.1. Consider the HJB equation (1.4) and assume that L–v = a– : D2v for all
– œ �. In this case, the Cordes condition requires that there exists an Á œ (0, 1] such that

(1.10) |a–|2

(Tr a–)2

Æ 1
d ≠ 1 + Á

in �, ’ – œ �,

where |a–| and Tr a– denote respectively the Frobenius norm and the trace of a–. In two
space dimensions d = 2, the uniform ellipticity condition (1.6) is su�cient for (1.10). Indeed,
for each – œ �, we have ‹2 Æ det a–, and Tr a– Æ 2 ‹. So, for Á = ‹2/

!
2 ‹2 ≠ ‹2

"
, we have

(1.11) (a–
11

)2 + 2 (a–
12

)2 + (a–
22

)2

(a–
11

+ a–
22

)2

Æ 1 ≠ 2 ‹2

(a–
11

+ a–
22

)2

Æ 1 ≠ ‹2

2 ‹2

= 1
1 + Á

.

We note that the Cordes condition stated in (1.10) can be generalised to problems with
lower-order terms, as shown in Chapter 3. The Cordes condition arises from the literature on
nondivergence form PDE. It turns out that the analysis of well-posedness of these problems
is more delicate than that of divergence form equations, even in the linear case [23, 38, 56].

6It should be noted that the emphasis of these computations was on Monge–Ampère equations rather
than HJB equations, thus featuring some similarities but also some notable di�erences.
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For instance, consider the linear problem

(1.12)
Lu = f in �,

u = 0 on ˆ�,

where Lv := a : D2v with the matrix-valued function a satisfying the uniform ellipticity
condition (1.6). In contrast to the study of divergence form equations, it is usually not
possible to define a notion of weak solution to (1.12) when the coe�cient a is not su�ciently
regular. In the case of a merely continuous coe�cient a œ C(�)d◊d, the Calderon–Zygmund
theory of strong solutions [38] establishes the well-posedness of the problem, provided that
the domain � has a C1,1 boundary.

However, without additional hypotheses, the well-posedness of (1.12) is generally lost in
the case of discontinuous a œ LŒ(�)d◊d. For instance, there is an example in [38, p. 185] of
a uniformly elliptic linear operator L with discontinuous a that admits at least two linearly
independent strong solutions to the problem Lu = 0 in �, and u = 0 on ˆ�, where � is the
unit sphere in Rd, d Ø 3. We note that this example does not satisfy (1.10). The benefit of
the Cordes condition is that if the possibly discontinuous coe�cient a appearing in (1.12)
satisfies (1.10), then existence and uniqueness of a solution u œ H2(�) fl H1

0

(�), along with
continuous dependence on the data, can be shown provided that � is convex, see [56]. We
note that the convexity assumption on � is natural in the present context, since solutions
of Poisson’s equation may fail to be H2-regular in nonconvex domains [40].

In this work, we introduce the use of the Cordes condition to the analysis and numerical
analysis of fully nonlinear HJB equations. In Chapter 3, we show that, for convex domains,
the Cordes condition leads to existence and uniqueness of a function u œ H2(�) fl H1

0

(�)
that solves pointwise almost everywhere the uniformly elliptic HJB equation (1.4). Further
work is currently required to show that this strong solution is also the viscosity solution.

The motivation for studying HJB equations under the Cordes condition stems from the
fact that HJB equations such as (1.4) are naturally related to linear nondivergence form
equations with discontinuous coe�cients similar to (1.12). As we now explain, the relation
between these linear and nonlinear problems is that nondivergence form linear operators
can be viewed as linearisations of the fully nonlinear operator. Indeed, there is a famous
iterative algorithm for solving7 (1.4), originally due to Bellman and Howard [44, 64]. The
algorithm has been given various names in the literature, such as Howard’s algorithm or
policy iteration, although it has long been understood that it admits an interpretation as a
Newton method for a nonlinear operator equation [64].

The general principle of the algorithm may be understood as follows. Given an approx-
imate solution uk, k œ N, to (1.4), one finds for each x œ � an –k(x) œ � such that

(1.13) –k(x) œ argmax– [(L–uk ≠ f–)(x)] .

7In practice, this algorithm is used once the problem has been discretised.
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A new approximation uk+1

is sought as the solution of the linear problem

(1.14)
L–k uk+1

= f–k in �,

uk+1

= 0 on ˆ�,

where f–k : x ‘æ f–k(x)(x), and where the coe�cients of the linear operator L–k are similarly
defined. Formally, a solution of (1.4) is a fixed point of this iteration. Since the mapping
x ‘æ –k(x) cannot be expected to be continuous in general, the coe�cients appearing in
the operator L–k are generally discontinuous. Therefore, this establishes the connection
between the Cordes condition and fully nonlinear HJB equations.

1.6 Discontinuous Galerkin finite element methods

As explained in section 1.5 above, the analysis of well-posedness of an elliptic HJB equation
with Cordes coe�cients involves the Sobolev space H2(�) fl H1

0

(�). Therefore, conforming
finite element discretisations require at least H2-regularity of the approximation, which in
practice amounts to a C1-continuity requirement on the finite element space. Note that the
conformity requirements in the situation of fully nonlinear HJB equations are thus di�erent
to those occuring in the case of linear, semilinear or quasilinear divergence form elliptic
equations; this di�erence is naturally related to the fact that fully nonlinear HJB equations
do not admit weak formulations.

The demanding implementational aspects of H2-conforming finite element spaces on
general meshes therefore motivate the application of nonconforming methods, either through
continuous classical finite element spaces, which are H1-conforming but not H2-conforming,
or discontinuous finite element spaces. In this work, we study the latter choice, although
we note that the majority of our results carry over to continuous FEM, except for certain
rather technical details in the error bounds for parabolic problems in Chapter 4, and the
nonoverlapping domain decomposition preconditioners studied in Chapter 5.

Discontinuous Galerkin finite element methods (DGFEM) allow the approximation of
the solution to be discontinuous between elements, with the continuity conditions being
enforced only weakly through the discretised problem. These methods have been analysed
and applied to a large range of problems [7, 43, 60]; see also the book [27] by Di Pietro and
Ern for a broader introduction and further references.

The lack of inter-element continuity requirements on the discontinuous finite element
space facilitates the implementation of hp-refinement, where one varies both mesh size and
polynomial degree. Roughly speaking, typical hp-refinement methods use small elements
with low polynomial degrees in regions where the smoothness of the solution is limited,
and use large elements with high polynomial degrees in regions of higher smoothness. In
the context of continuous Galerkin finite element methods and DGFEM, hp-refinement has
been used to obtain exponential convergence rates for problems with nonsmooth solutions,
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boundary layers or other localised features that would be di�cult to resolve with uniform
mesh or polynomial refinement; see [11, 42, 57, 68, 78] for further theory, examples and
references on hp-version FEM and DGFEM.

1.7 Contributions

In this thesis, we present the main contributions of our papers [69, 70, 71, 72] concerning
hp-version discontinuous Galerkin finite element methods (DGFEM) for uniformly elliptic
and uniformly parabolic HJB equations with Cordes coe�cients. As we shall see below, the
introduction of the Cordes condition has enabled the development of an hp-version DGFEM
that has a complete theoretical analysis in terms of consistency, stability and error bounds.
To our knowledge, this is the first nonmonotone method for fully nonlinear problems that
permits such an extensive analysis, and it is the first method that has been shown to
exhibit exponential convergence rates for fully nonlinear PDE under hp-refinement, even in
the strongly anisotropic setting. The main contributions of our work are as follows.

Analysis of the continuous problem. Although the HJB equation (1.4) does not admit
a weak formulation, it does admit an equivalent formulation as a variational problem of the
form A(u; v) = 0 for all v œ H2(�) fl H1

0

(�), with A a nonlinear form detailed in Chapter 3.
The Cordes condition leads to a key stability result in the form of a strong monotonicity
bound8:

(1.15) Îu ≠ vÎ2

H2

(�)

. A(u; u ≠ v) ≠ A(v; u ≠ v) ’ u, v œ H2(�) fl H1

0

(�).

As first shown in [71], this enables the application of the theory of strongly monotone
operators, in particular the Browder–Minty theorem [65], to prove existence and uniqueness
of a solution u œ H2(�) fl H1

0

(�) of (1.4). The analysis of the elliptic problem (1.4) can
also be extended to the parabolic setting, as shown in Chapter 4.

Stable and consistent discretisation. After defining the discontinuous Galerkin finite
element space Vh,p, we construct a discrete analogue Ah of the nonlinear form A, leading to
the numerical scheme of finding uh œ Vh,p such that Ah(uh; vh) = 0 for all vh œ Vh,p. The
method is consistent in the usual sense of Galerkin-type methods, i.e. a su�ciently smooth
solution u of (1.4) also satisfies Ah(u; vh) = 0 for all vh œ Vh,p. This shows an essential
di�erence between our method and inconsistent methods such as the vanishing moment
method described in section 1.4.

However, the main challenge in the design of nonmonotone schemes is to achieve stability,
in this case through a discrete analogue of the strong monotonicity bound (1.15). This is

8To avoid confusion between monotone methods and strong monotonicity of nonlinear operators, see
Remark 1.1.
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accomplished by combining the Cordes condition with the original idea of relating the
residual of the equation to additional terms measuring the lack of H2-conformity of the
numerical solution. In the parabolic setting, we propose a consistent and stable space-time
DGFEM, which permits high-order approximation in both space and time.

Remark 1.1. We wish to emphasize that strong monotonicity of nonlinear operators is
unrelated to the notion of monotone methods discussed in section 1.3. Unfortunately, it is
hard to avoid these terminologies since they are rather settled in the literature.

High-order convergence rates. The stability and consistency properties enable the
derivation of error bounds. In the special case of quasi-uniform meshes of size h and quasi-
uniform polynomial degrees p, provided that the solution has elementwise Hs-regularity for
some s > 5/2, the error bound for the elliptic problem is of the form

(1.16) Îu ≠ uhÎ . hmin(s, p+1)≠2

ps≠5/2

ÎuÎHs
(�)

.

where the norm Î·Î is an H2-type mesh-dependent norm specified later. If instead the
solution has only minimal regularity, then there holds a best approximation property

(1.17) Îu ≠ uhÎ . inf
Ó

Îu ≠ zhÎ : zh œ Vh,p fl H2(�) fl H1

0

(�)
Ô

,

This bound shows that the method is convergent when the finite element space Vh,p is
su�ciently rich. Importantly, these bounds do not depend on the anisotropy of the problem,
except through the constants appearing in the Cordes condition. Therefore, our method
is able to exploit any available regularity of the solution and yield high-order accuracy
for strongly anisotropic problems, as shown by our numerical experiments in subsequent
chapters. If hp-refinement is employed, it is even possible to achieve convergence rates of
the form

(1.18) Îu ≠ uhÎ . exp
1
≠c

3

Ô
DoF

2
,

where DoF is the number of degrees of freedom, even for low-regularity solutions with
singularities in parts of the domain.

Robust discrete solvers. In practical terms, the implementation and algorithmic as-
pects of the method, such as memory costs, are the same as those of usual DGFEM for
elliptic and parabolic problems. The fast and scalable solution of the discrete nonlinear
problem is obtained by a combination of nonoverlapping domain decomposition precondi-
tioners and the discrete version of the semismooth Newton method that was described in
section 1.5 above. In Chapter 3, we show that the semismooth Newton method converges su-
perlinearly and that in practice it remains robust under mesh refinement. In Chapter 5, we
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consider the nonoverlapping domain decomposition preconditioners studied in [69], where
computations show that they lead to e�cient preconditioned GMRES solvers for the linear
systems encountered at each step of the Newton method.

Extension to parabolic problems. The numerical scheme can be extended to the
parabolic setting in a natural way. In [72], we propose a space-time DGFEM allowing
very general meshes, time steps and polynomial degrees, which allows high-order accuracy
in both space and time. Essentially, the space-time DGFEM employs a tensor product space
consisting of standard piecewise polynomials over a spatial mesh and temporal polynomials
of degree q over a time interval of length · . The resulting method is then consistent and
stable in a discrete L2(H2(�)) fl H1(L2(�))-type Bochner norm over a time interval (0, T ).
For instance, when employing quasi-uniform meshes and uniform polynomial degrees p in
space, and uniform time steps · with uniform temporal polynomial degree q in time, the
error bound is of the form

(1.19) Îu ≠ uhÎ . hmin(s, p+1)≠2

ps≠7/2

ÎuÎL2

(Hs
(�))

+ hmin(s̄, p+1)

ps̄
ÎuÎH1

(H s̄
(�))

+ hmin(s̃, p+1)≠1

ps̃≠3/2

Îu(0)ÎH s̃
(�)

+ p3/2

ÿ

¸œ{0,2}

·min(‡¸, q+1)≠1+¸/2

q‡¸≠1+¸/2

ÎuÎH‡¸
(H¸

(�))

,

where Î·Î now denotes a discrete L2(H2(�)) fl H1(L2(�))-type norm over (0, T ), and where
we assume that s > 5/2, s̄ > 0, s̃ > 3/2, and ‡¸ Ø 1 for ¸ œ {0, 2}. The bound (1.19) shows
that the method has optimal convergence rates with respect to h, · and q, and is possibly
suboptimal in p by three half-orders.

Although other time discretisations could be considered, a key advantage of space-time
DGFEM is that these schemes have the potential for exponential convergence rates, even for
low-regularity solutions. Indeed, a combination of ·q-refinement in time and hp-refinement
in space can lead to a rate

(1.20) Îu ≠ uhÎ . exp
1
≠c

1

3


DoFx

2
+ exp

1
≠c

2


DoF·

2
,

where DoFx and DoF· are respectively the number of spatial and temporal degrees of
freedom in the finite element space. Exponential convergence rates of this form were first
shown by Schötzau and Schwab in [67] in the context of linear divergence form parabolic
problems. Therefore, we show in the numerical experiment of Chapter 4 that our method
retains this quality.

Strongly anisotropic problems. The focus of this work is on elliptic and parabolic
HJB equations that satisfy the Cordes condition. As shown in Example 1.1 for two space
dimensions, the Cordes condition covers many problems with strongly anisotropic di�usion
coe�cients. Although the Cordes condition does not encompass all strongly anisotropic
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problems, we have sought to test our method on such problems whenever possible. Thus the
numerical experiments frequently emphasise the computational performance of our method
on challenging problems with strongly anisotropic di�usion coe�cients.

For instance, in Chapter 3, we apply the numerical method to a strongly anisotropic
problem with a solution featuring a sharp boundary layer. Approximating such a solution
is challenging for many of the monotone schemes described in section 1.3, because these
schemes have been mostly developed for uniform or quasi-uniform grids or triangulations of
the domain, which are ine�cient at approximating solutions with strongly localised features.
It would be highly desirable for monotone schemes to permit the use of graded meshes that
are more e�cient at approximating the solution, yet this would involve further complications
with regards to guaranteeing the monotonicity and consistency of the scheme.

A key advantage of our method for problems of this kind is that it is not restricted
by the inherent limitations of monotone methods that were described in section 1.3. In-
stead, our method can employ rather general meshes with standard compact “stencils” for
strongly anisotropic problems. This added flexibility enables us to obtain greater e�ciency
in approximating the solution of the problem by using highly graded meshes combined with
p- and hp-refinement.

The numerical experiments of this work demonstrate the gains in e�ciency and perfor-
mance of the method on a range of strongly anisotropic problems that satisfy the Cordes
condition. However, it is clear that not all strongly anisotropic problems are encompassed
by the Cordes condition, especially in high dimensions. Therefore, many interesting open
and challenging problems remain to be solved in the area of numerical analysis for strongly
anisotropic fully nonlinear partial di�erential equations.
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Chapter 2

Nondivergence form elliptic equations

In Chapter 1, it was seen that fully nonlinear HJB equations are related to nondivergence
form linear equations with discontinuous coe�cients. It is therefore natural to first consider
our numerical method in the simpler context of linear nondivergence form elliptic PDE. In
this chapter, which is based on our paper [70], we present many of the key ideas that are
extended to elliptic and parabolic HJB equations in Chapters 3 and 4.

Consider the linear boundary value problem

Lu = f in �,

u = 0 on ˆ�,
(2.1)

where f œ L2(�) and L is a second-order elliptic operator in nondivergence form, i.e. the
leading term of L is of the form a : D2u, with coe�cients a œ LŒ(�)d◊d. To keep the
exposition clear, we focus on operators L without lower-order terms, leaving the extension
to problems with lower-order terms to subsequent chapters. The assumption of a homoge-
neous Dirichlet boundary condition is not essential, and the treatment of nonhomogeneous
boundary conditions is discussed in section 2.7 below.

As stated in the introduction, if the di�usion coe�cient a is discontinuous, then well-
posedness of the solution u œ H2(�) fl H1

0

(�) of (2.1) is known provided that � is convex
and that a satisfies the Cordes condition, which we recall in (2.5) below. The purpose of this
chapter is to show how this condition plays a central role in the analysis of the numerical
method proposed in this work.

A key question addressed here is that of specifying a stable discretisation scheme for the
boundary value problem (2.1), since the lack of smoothness of a prevents the use of a weak
formulation to exhibit the underlying coercive structure of the di�erential operator. Instead,
stability of the numerical method is achieved by coupling the residual of the di�erential
equation to terms measuring the lack of H2-conformity of the numerical solution. We will
see that the choice of bilinear form draws upon a discrete analogue of an identity that is
central to the analysis of well-posedness of elliptic problems on convex domains [40, 56].
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Section 2.1 defines the problem considered and the notation used in this chapter. This
is followed by the definition of the scheme and the analysis of consistency in section 2.3.
Stability and well-posedness of the numerical method are proved in section 2.5, followed
by the a priori error analysis in section 2.6, where it is found that the convergence rates
in a broken H2-type norm are optimal with respect to the mesh size and suboptimal with
respect to the polynomial degree by only half an order. Section 2.7 presents numerical
experiments testing the accuracy and robustness of the scheme: the first experiment verifies
the predicted convergence rates, and the second experiment gives an example of exponential
accuracy under appropriate hp-refinement for a problem featuring both discontinuity of the
coe�cients and nonsmoothness of the solution.

2.1 Analysis of the continuous problem

Let � be a bounded convex polyhedral domain in Rd, d Ø 2. Note that the convexity
assumption implies that � has a Lipschitz boundary ˆ�; see [40].

Let the bounded operator L : H2(�) æ L2(�) be defined by

(2.2) Lv := a : D2v, v œ H2(�),

where D2v denotes the Hessian of v, and a œ LŒ(�)d◊d is a symmetric matrix. We assume
that L is uniformly elliptic, i.e. there exist constants 0 < ‹ Æ ‹ such that

(2.3) ‹ |›|2 Æ ›€a(x) › Æ ‹ |›|2 ’ › œ Rd, a.e. x in �.

We consider the following problem: for a given f œ L2(�), find a strong solution u œ
H2(�) fl H1

0

(�) of the boundary-value problem

(2.4)
Lu = f in �,

u = 0 on ˆ�.

In this section, we show under suitable conditions on the coe�cient a in (2.2) that (2.4)
possesses a unique strong solution in the space H2(�) fl H1

0

(�). Although this result is
already known [56], the formulation of the proof given here is original in order to highlight
the key ingredients required for developing consistent, stable and high-order nonmonotone
numerical methods. As we will see, these ingredients include the following:

• the Cordes condition, which is an algebraic assumption on the coe�cients of the
problem, and is therefore preserved at the discrete level;

• the Miranda–Talenti inequality, stated in Theorem 2.2 below. This inequality for
the function space H2(�) fl H1

0

(�) on convex domains � cannot be preserved in the
discrete setting except for H2-conforming discretisations. Therefore, our numerical
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scheme will include additional terms to weakly reproduce this inequality on the finite
element space consisting of discontinuous piecewise polynomial functions.

The Cordes condition. As explained in section 1.5, in the case of discontinuous di�usion
coe�cients a œ LŒ(�)d◊d, the uniform ellipticity assumption (2.3) is generally not su�cient
to obtain well-posedness of the problem (2.4). We assume the Cordes condition: there is a
constant Á œ (0, 1] such that

(2.5) |a(x)|2

(Tr a(x))2

Æ 1
d ≠ 1 + Á

for a.e. x in �,

where |a(x)| and Tr a(x) denote respectively the Frobenius norm and the trace of a(x).
For problems in two dimensions, uniform ellipticity implies the Cordes condition, as shown
in Example 1.1, thus demonstrating that our results are relevant to a very broad class of
problems, including some that require large stencils for monotone FDM; significant further
evidence for this observation is found in the numerical experiments of section 2.7.

Let the function “ œ LŒ(�) be defined by

(2.6) “ := Tr a

|a|2 .

The uniform ellipticity assumption on the operator L implies that there is a “
0

> 0 such
that “ Ø “

0

a.e. in �. The Cordes condition implies the following inequality that will be
central to the subsequent analysis. This result is well-known, see for instance [56] for a
proof.

Lemma 2.1. Let the linear operator L defined by (2.2) satisfy the uniform ellipticity con-
dition (2.3) and the Cordes condition (2.5) and let “ œ LŒ(�) be defined by (2.6). Then,
for any open set U µ � and v œ H2(U), we have

(2.7) |“Lv ≠ �v| Æ
Ô

1 ≠ Á |D2v| a.e. in U,

where Á œ (0, 1] is as in (2.5).

Proof. Let v œ H2(U). Then,

|“Lv ≠ �v| = |(“a ≠ Id) : D2v| Æ |“a ≠ Id| |D2v|,

where Id denotes the d ◊ d identity matrix. Now, by expanding the square and using the
definition of “ from (2.6), we find that

|“a ≠ Id|2 =
dÿ

i,j=1

|“aij ≠ ”ij |2 = d ≠ (Tr a)2

|a|2 Æ 1 ≠ Á.
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Therefore, the Cordes condition (2.5) implies that |“a ≠ Id| Æ
Ô

1 ≠ Á, thereby showing
inequality (2.7).

Remark 2.1. Lemma 2.1 shows that the Cordes condition requires that, after renormalisation
by the scalar function “, the operator L must be su�ciently close to the Laplacian. In
particular, the fact that the constant appearing in the right-hand side of (2.7) is strictly
less than one will be used in an essential way in the following.

Remark 2.2. Sometimes, a change of coordinates can transform a problem that fails to
satisfy (2.5) into an equivalent problem that does satisfy (2.5). For example, assume that
a œ LŒ(�)d◊d is any constant uniformly elliptic tensor, not necessarily satisying (2.5).
Then, there exists an a�ne map F : � æ F (�) defining a new set of coordinates x̂ = F (x)
such that the PDE in (2.4) becomes �u = f in F (�). The transformed domain F (�) is
moreover convex since � is convex and F is a�ne. Therefore, the change of coordinates
defines an equivalent problem that satisfies (2.5) in the new coordinate system.

Example 2.1. In the general case, the Cordes condition becomes increasingly restrictive as
the dimension d increases. For example, consider a tridiagonal di�usion coe�cient a with
on-diagonal entries 1 and o�-diagonal entries with magnitudes less than or equal to ”, with
” > 0. Then, it can be shown that the Cordes condition is satisfied provided that

Á Æ d ≠ 2 ” (d ≠ 1)2

d (1 + 2 ”) ≠ 2 ”
, ” <

d

2 (d ≠ 1)2

.

Therefore, asymptotically, the o�-diagonal terms ” ≥ 1/2 d.

Miranda–Talenti inequality. We follow [56] in naming the following result the Miranda–
Talenti inequality.

Theorem 2.2 (Miranda–Talenti). Let � µ Rd be a bounded convex domain. Then, for any
u œ H2(�) fl H1

0

(�),

|u|H2

(�)

Æ Î�uÎL2

(�)

,(2.8a)

ÎuÎH2

(�)

Æ CÎ�uÎL2

(�)

,(2.8b)

where C is a constant depending only on d and diam �.

For a proof of Theorem 2.2, we refer the reader to [40, Chapter 3], where the result is
proved for convex domains with C1,1 boundaries, and to Appendix A for the generalisation
to nonsmooth convex domains.

Well-posedness. The proof of well-posedness of (2.4) essentially relies on its reformula-
tion as a variational problem of the form A(u, v) = ¸(v) for all v œ H2(�)flH1

0

(�), where A
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is a suitably chosen bilinear form and ¸ is a suitable linear functional. After showing bound-
edness of A, we employ the Cordes condition and the Miranda–Talenti inequality to show
that A is coercive; the well-posedness of (2.4) then follows directly from the Lax–Milgram
theorem [31]. The proof we give here thus di�ers from the one given in [56], which is based
on contractive mappings and Banach’s fixed point theorem.

Theorem 2.3. Let � µ Rd be a bounded convex domain, and let the linear operator L

defined by (2.2) satisfy the uniform ellipticity condition (2.3) and the Cordes condition (2.5).
Then, for any given f œ L2(�), there exists a unique strong solution u œ H2(�) fl H1

0

(�)
of (2.4). Moreover, we have ÎuÎH2

(�)

Æ CÎfÎL2

(�)

, where C depends only on d, diam �,
‹, ‹, and Á.

Proof. Let “ be defined by (2.6). Define H := H2(�) fl H1

0

(�). Theorem 2.2 shows that the
bilinear form È·, ·Í

�

: H ◊ H æ R, Èu, vÍ
�

:=
s

�

�u �v dx, defines an inner product on H,
and it follows that (H, È·, ·Í

�

) is a Hilbert space. Let Î·Î
�

denote the norm induced by the
inner product on H. Define the bilinear form A : H ◊ H æ R by

(2.9) A(u, v) :=
⁄

�

“Lu �v dx, u, v œ H.

Since a œ LŒ(�)d◊d, Theorem 2.2 shows that A is bounded: for all u, v œ H, |A(u, v)| Æ
CÎuÎ

�

ÎvÎ
�

. We claim that A is coercive on H. Indeed, using (2.7),

A(u, u) = Èu, uÍ
�

≠
⁄

�

(� ≠ “L) u �u dx Ø ÎuÎ2

�

≠
Ô

1 ≠ Á|u|H2

(�)

ÎuÎ
�

.

By Theorem 2.2, we have |u|H2

(�)

Æ ÎuÎ
�

, so

(2.10) A(u, u) Ø
1
1 ≠

Ô
1 ≠ Á

2
ÎuÎ2

�

,

and hence A is coercive.
Given f œ L2(�), define ¸ : H æ R by ¸(v) :=

s
�

“f �v dx, for v œ H. Then ¸ is a
bounded linear functional on H. The Lax–Milgram theorem shows existence and uniqueness
of u œ H such that A(u, v) = ¸(v) for all v œ H. We claim that Lu = f pointwise a.e. in �.
For any g œ L2(�), there is v œ H such that �v = g. So

⁄

�

“Lu g dx =
⁄

�

“f g dx ’ g œ L2(�).

This implies that “Lu = “f a.e. in �. Since “ > 0 a.e. in �, we deduce that u is a strong
solution of (2.4). Finally, we have

ÎuÎH2

(�)

Æ CÎuÎ
�

Æ C
Î“ÎLŒ

(�)

1 ≠
Ô

1 ≠ Á
ÎfÎL2

(�)

,

where the constant C from (2.8b) depends only on d and diam �.
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2.2 Definitions

For real numbers a and b, we shall write a . b to signify that there is a positive constant C

such that a Æ Cb, where C is independent of the quantities of interest, such as the element
sizes and polynomial degrees, but possibly dependent on other quantities, such as the mesh
regularity parameters. Furthermore, we write a ƒ b if a . b and b . a.

Let � µ Rd, d œ {2, 3}, be a bounded convex polytopal domain. Note that convexity of
� implies that the boundary ˆ� of � is Lipschitz [40]. Let {Th}h be a sequence of shape-
regular meshes on �, consisting of simplices or parallelepipeds. For each element K œ Th,
let hK := diam K. It is assumed that h = maxKœTh

hK for each mesh Th. Let F i
h denote

the set of interior faces of the mesh Th and let Fb
h denote the set of boundary faces. The

set of all faces of Th is denoted by F i,b
h := F i

h fi Fb
h. Since each element has piecewise flat

boundary, the faces may be chosen to be flat.

Mesh conditions. The meshes are allowed to be irregular, i.e. there may be hanging
nodes. We assume that there is a uniform upper bound on the number of faces composing
the boundary of any given element; in other words, there is a constant cF > 0, independent
of h, such that

(2.11) max
KœTh

card{F œ F i,b
h : F µ ˆK} Æ cF ’ K œ Th.

It is also assumed that any two elements sharing a face have commensurate diameters, i.e.
there is a constant cT Ø 1, independent of h, such that

(2.12) max(hK , hKÕ) Æ cT min(hK , hKÕ)

for any K and K Õ in Th that share a face. For each h, let p := (pK : K œ Th) be a vector of
positive integers; note that this requires pK Ø 1 for all K œ Th. We make the assumption
that p has local bounded variation: there is a constant cP Ø 1, independent of h, such that

(2.13) max(pK , pKÕ) Æ cP min(pK , pKÕ)

for any K and K Õ in Th that share a face.

Function spaces. For each K œ Th, let PpK (K) be the space of all real-valued polynomials
in Rd with either total or partial degree at most pK . In particular, we allow the combination
of spaces of polynomials of fixed total degree on some parts of the mesh with spaces of
polynomials of fixed partial degree on the remainder. We also allow the use of the space of
polynomials of total degree at most pK even when K is a parallelepiped. Throughout this
work, we will use pK Ø 2 in practice.
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The discontinuous finite element space Vh,p is defined by

(2.14) Vh,p :=
Ó

v œ L2(�) : v|K œ PpK (K) ’ K œ Th

Ô
.

Let s := (sK : K œ Th) denote a vector of non-negative real numbers. The broken Sobolev
space Hs(�; Th) is defined by

(2.15) Hs(�; Th) :=
Ó

v œ L2(�) : v|K œ HsK (K) ’ K œ Th

Ô
.

For s Ø 0, we set Hs(�; Th) := Hs(�; Th), where sK = s for all K œ Th. The norm
Î·ÎHs

(�;Th)

and seminorm |·|Hs
(�;Th)

are defined on Hs(�; Th) as

(2.16) ÎvÎ2

Hs
(�;Th)

:=
ÿ

KœTh

ÎvÎ2

HsK
(K)

, |v|2Hs
(�;Th)

:=
ÿ

KœTh

|v|2HsK
(K)

.

For a vh œ Vh,p, we shall denote its element-wise broken gradient by Òvh, even though the
discontinuous function vh need not have weak derivatives on �.

Traces. It will be helpful to briefly review the construction of certain traces [40]. For
each face F œ F i,b

h , let nF œ Rd denote a fixed choice of a unit normal vector to F . Since
F is flat, nF is constant over F . Let K be an element of Th for which F µ ˆK; then nF

is either inward or outward pointing with respect to K. Since nF is constant over F , nF

extends trivially as a constant vector field over K. Let ·F : Hs(K) æ Hs≠1/2(F ), s > 1/2,
denote the trace operator from K to F . The trace operator ·F is extended componentwise
to vector-valued functions. Then, for v œ Hs(K), s > 3/2, the normal derivative of v on F

is defined by

(2.17) ·F
ˆv

ˆnF
:= ·F (Òv · nF ) ,

where we use the fact that, after extending nF to a constant vector field on K, the function
Òv · nF œ Hs≠1(K) belongs to the domain of ·F .

Jump and average operators. For each face F , define the jump operator J·K and the
average operator {·} by

J„K := ·F („|K
ext

) ≠ ·F („|K
int

) , {„} := 1

2

·F („|K
ext

) + 1

2

·F („|K
int

) , if F œ F i
h,

J„K := ·F („|K
ext

) , {„} := ·F („|K
ext

) , if F œ Fb
h,

where „ is a su�ciently regular scalar- or vector-valued function, and K
ext

and K
int

are
the elements to which F is a face, i.e. F = ˆK

ext

fl ˆK
int

. Here, the labelling is chosen
so that nF is outward pointing with respect to K

ext

and inward pointing with respect to
K

int

, see Figure 2.1. In the case of an interior face, the jump and average are independent
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F nF
K

int

K
ext

Figure 2.1: Diagram for the notation of jump and average operators. For a face F œ F i
h, and

a chosen normal vector nF , K
int

is the element for which nF is inward pointing, and K
ext

is the
element for which nF is outward pointing.

of the choice of nF . Using this notation, the jump and average of scalar-valued functions,
respectively vector-valued functions, are also scalar-valued, respectively vector-valued.

Tangential di�erential operators. For F œ F i,b
h , let Hs

T

(F ) denote the space of Hs-
regular tangential vector fields on F , thus Hs

T

(F ) := {v œ Hs(F )d : v · nF = 0 on F}.
We define the tangential gradient Ò

T

: Hs(F ) æ Hs≠1

T

(F ) and the tangential divergence
div

T

: Hs
T

(F ) æ Hs≠1(F ), where s Ø 1, following [40]. Let {ti}d≠1

i=1

µ Rd be an orthonormal
coordinate system on F . Then, for u œ Hs(F ) and v œ Hs

T

(F ) such that v =
qd≠1

i=1

vi ti,
with vi œ Hs(F ) for i = 1, . . . , d ≠ 1, we define

(2.18) Ò
T

u :=
d≠1ÿ

i=1

ti
ˆu

ˆti
, div

T

v :=
d≠1ÿ

i=1

ˆvi

ˆti
.

The next lemma implies that traces and tangential di�erential operators commute.

Lemma 2.4. Let � be a bounded polytopal domain, and let Th be a mesh on � consisting
of simplices or parallelepipeds. Then, for each K œ Th and each face F µ ˆK, the following
identities hold:

·F (Òv) = Ò
T

(·F v) +
3

·F
ˆv

ˆnF

4
nF ’ v œ Hs(K), s > 3

2

,(2.19)

·F (�v) = div
T

Ò
T

(·F v) + ·F
ˆ

ˆnF
(Òv · nF ) ’ v œ Hs(K), s > 5

2

.(2.20)

Proof. First, observe that the terms in (2.19) and (2.20) are independent of the choice
of nF , since a reversal in the sign of nF leaves the right-hand sides of these equations
unchanged. Recall that F is flat, so, after a suitable change of coordinate system, we may
assume without loss of generality that K µ Rd

≠ := {(x, xÕ) : x œ Rd≠1, xÕ Æ 0} and that
F µ ˆRd

≠ = {(x, 0) : x œ Rd≠1}. Since the identities (2.19) and (2.20) are independent of
the choice of unit normal nF , we may assume that nF = ed = (0, . . . , 0, 1).
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Let s > 3/2; for i œ {1, . . . , d ≠ 1} we have the identity

(2.21) ·F
ˆv

ˆxi
= ˆ

ˆxi
(·F v) ’ v œ Hs(K).

Indeed, this identity is valid for a smooth function v and thus extends to general v œ Hs(K),
for s > 3/2, by construction of the trace operator. So, v œ Hs(K) satisfies

Òv =
d≠1ÿ

i=1

ˆv

ˆxi
ei + ˆv

ˆxd
ed = Ò

T

v + (Òv · nF ) nF in K,

and we use the linearity of the trace operator with (2.21) to obtain

·F (Òv) = Ò
T

(·F v) +
3

·F
ˆv

ˆnF

4
nF ,

thus establishing (2.19). Similarly, for v œ Hs+1(K), we write

�v =
d≠1ÿ

i=1

ˆ2v

ˆx2

i

+ ˆ2v

ˆx2

d

= div
T

Ò
T

v + nF · Ò(Òv · nF ) in K,

where the last equality follows from the fact that nF is constant over K. Then, (2.20) is
found by applying the trace operator to both sides of the previous identity and repeatedly
applying (2.21) to v and its first tangential derivatives.

Extensions of the results of this work to meshes with curved elements may make use of
generalisations of Lemma 2.4 found in [40, p. 136].

Mesh-dependent norms. For two matrices A, B œ Rd◊d, we set A : B :=
qd

i,j=1

AijBij .
For an element K, we define the bilinear form È·, ·ÍK by

(2.22) Èu, vÍK :=

Y
____]

____[

s
K u v dx if u, v œ L2 (K) ,

s
K u · v dx if u, v œ L2

1
K;Rd

2
,

s
K u : v dx if u, v œ L2

1
K;Rd◊d

2
.

The abuse of notation will be resolved by the arguments of the bilinear form. The bilinear
forms È·, ·ÍˆK and È·, ·ÍF , F œ F i,b

h , are defined in a similar way.
For face-dependent positive real numbers µF and ÷F to be specified later, let the jump

stabilisation bilinear form Jh : Vh,p ◊ Vh,p be defined by

Jh(uh, vh) :=
ÿ

F œF i
h

µF ÈJÒuh · nF K, JÒvh · nF KÍF

+
ÿ

F œF i,b
h

#
µF ÈJÒ

T

uhK, JÒ
T

vhKÍF + ÷F ÈJuhK, JvhKÍF

$
.

(2.23)
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We define the jump seminorm |·|
J

and the mesh-dependent norms Î·Îh,◊, ◊ œ [0, 1], by

(2.24) |vh|2
J

:= Jh(vh, vh), ÎvhÎ2

h,◊ :=
ÿ

KœTh

Ë
◊|vh|2H2

(K)

+ (1 ≠ ◊)Î�vhÎ2

L2

(K)

È
+ |vh|2

J

.

It is straightforward to show that Î·Îh,◊ defines a norm on Vh,p for any ◊ œ [0, 1]; see [70]
for details.

Remark 2.3. In the following analysis, we will frequently use the norms Î·Îh,◊ with the choice
◊ = 1/2 and ◊ = 1, denoted respectively by Î·Îh,1/2

and Î·Îh,1. We wish to emphasise that
these norms should not be confused with the broken Sobolev norms for H1/2(�; Th) and
H1(�; Th), which are denoted respectively by Î·ÎH1/2

(�;Th)

and Î·ÎH1

(�;Th)

.

For each face F œ F i,b
h , define

(2.25) h̃F :=

Y
]

[
min(hK , hKÕ) if F œ F i

h,

hK if F œ Fb
h,

p̃F :=

Y
]

[
max(pK , pKÕ) if F œ F i

h,

pK if F œ Fb
h,

where K and K Õ are such that F = ˆK fl ˆK Õ if F œ F i
h or F µ ˆK fl ˆ� if F œ Fb

h.
The assumptions on the mesh and the polynomial degrees, in particular (2.12) and

(2.13), show that if F is a face of an element K, then

(2.26) hK Æ cT h̃F and p̃F Æ cP pK .

Lemma 2.5. Let � µ Rd be a bounded convex polytopal domain and let {Th}h be a shape-
regular sequence of meshes satisfying (2.11). Then, for any ◊ œ [0, 1], we have

(2.27) ÎvhÎ2

H1

(�;Th)

. ÎvhÎ2

h,◊ ’ vh œ Vh,p,

whenever

(2.28) µF & p̃2

F

h̃F

, ÷F & p̃2

F

h̃F

, ’ F œ F i,b
h .

Proof. First, it is su�cient to show (2.27) for ◊ = 0 since Î�vhÎL2

(K)

. ÎD2vhÎL2

(K)

for
any vh œ Vh,p. Now, let vh œ Vh,p be arbitrary, and recall the broken Poincaré inequality

(2.29) ÎvhÎ2

L2

(�)

.
ÿ

KœTh

ÎÒvhÎ2

L2

(K)

+
ÿ

F œF i,b
h

1
h̃F

ÎJvhKÎ2

L2

(F )

.

Note that the convexity assumption on � allows a simple proof of (2.29) by a duality
argument. Therefore, the hypothesis on ÷F implies that

(2.30) ÎvhÎ2

H1

(�;Th)

=
ÿ

KœTh

ÎvhÎ2

H1

(K)

.
ÿ

KœTh

ÎÒvhÎ2

L2

(K)

+ |vh|2
J

.
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Integration by parts gives

(2.31)
ÿ

KœTh

ÎÒvhÎ2

L2

(K)

=
ÿ

KœTh

Èvh, ≠�vhÍK +
ÿ

F œF i,b
h

ÈJvhK, {Òvh · nF }ÍF

+
ÿ

F œF i
h

È{vh}, JÒvh · nF KÍF .

Hence, the trace and inverse inequalities imply that

(2.32) ÎvhÎ2

H1

(�;Th)

.
ÿ

KœTh

Î�vhÎ2

L2

(K)

+
ÿ

F œF i
h

p̃2

F

h̃F

ÎJÒvh ·nF KÎ2

L2

(F )

+
ÿ

F œF i,b
h

p̃2

F

h̃F

ÎJvhKÎ2

L2

(F )

.

Therefore, we have (2.27) whenever µF & p̃2

F /h̃F and ÷F & p̃2

F /h̃F for all F œ F i,b
h .

Remark 2.4. We point out that the assumptions on the stabilisation parameters µF and
÷F required by (2.28) are not restrictive in practice, since µF and ÷F are user-defined
parameters in the numerical scheme. We refer the reader to the numerical experiments of
section 2.7 for examples of specific choices of these parameters in practice.

The main consequence of Lemma 2.5 is that for appropriately chosen ÷F and µF , the
norm Î·Îh,◊ bounds the broken H1-norm for any ◊ œ [0, 1], and in the case of ◊ > 0, the
norm Î·Îh,◊ also bounds the broken H2-norm, i.e. we have ÎvhÎH2

(�;Th)

. ÎvhÎh,◊ for any
◊ œ (0, 1] and any vh œ Vh,p.

2.3 Numerical scheme

Section 2.1 shows that the analysis of the continuous problem essentially rests upon the
Cordes condition and the Miranda–Talenti inequality, and it suggests the possibility of
discretising the bilinear form of (2.9). However, the Miranda–Talenti inequality is not
applicable for discretisation spaces that are not H2-conforming, as is the case for Vh,p. As
a result, the design of the numerical scheme must resolve the key question of achieving a
discrete analogue of coercivity bound (2.10) to guarantee stability.

Fortunately, the proof of the Miranda–Talenti inequality, as found for instance in [40,
Theorem 3.1.1.1], is based on an integration-by-parts identity for the Laplacian of a suf-
ficiently smooth function. Keeping to the principle that nonconforming methods such as
DGFEM usually achieve stability by weakly enforcing properties of the approximated func-
tion space through stabilisation terms, it is therefore natural to weakly enforce a discrete
version of this identity by adding its residual to the numerical scheme.

First, we establish the relevant discrete identity and its consistency in section 2.4. Then,
we show in section 2.5 that including its residual in the numerical method results in an ap-
propriate discrete coercivity bound. It is in this sense that the method is stable. Section 2.6
then uses the consistency and stability properties of the method for obtaining error bounds.
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To define the numerical scheme, we use the following auxiliary bilinear forms. First, let
Bh,ú : Vh,p ◊ Vh,p æ R be defined by

Bh,ú(uh, vh) :=
ÿ

KœTh

ÈD2uh, D2vhÍK

+
ÿ

F œF i
h

#
Èdiv

T

Ò
T

{uh}, JÒvh · nF KÍF + Èdiv
T

Ò
T

{vh}, JÒuh · nF KÍF

$

≠
ÿ

F œF i,b
h

#
ÈÒ

T

{Òuh · nF }, JÒ
T

vhKÍF + ÈÒ
T

{Òvh · nF }, JÒ
T

uhKÍF

$
,

(2.33)

where uh, vh will denote functions in Vh,p throughout this work, and D2uh denotes the
broken Hessian of uh. For each ◊ œ [0, 1], define the bilinear form Bh,◊ : Vh,p ◊ Vh,p æ R by

(2.34) Bh,◊(uh, vh) = ◊ Bh,ú(uh, vh) + (1 ≠ ◊)
ÿ

KœTh

È�uh, �vhÍK + Jh(uh, vh),

where we recall that the bilinear form Jh is defined in (2.23).
The bilinear form Ah : Vh,p ◊ Vh,p æ R is defined by

(2.35) Ah(uh, vh) :=
ÿ

KœTh

È“Luh, �vhÍK + Bh,1/2

(uh, vh) ≠
ÿ

KœTh

È�uh, �vhÍK .

The numerical scheme for approximating the solution of (2.4) is to find uh œ Vh,p such that

(2.36) Ah(uh, vh) =
ÿ

KœTh

È“f, �vhÍK ’ vh œ Vh,p.

We note that the original idea of including the last two terms in (2.35) was first proposed in
our paper [70]. It is also in this respect that our method distinguishes itself from previous
nonmonotone methods.

If p © 1, i.e. pK = 1 for all K œ Th, then all terms in Ah(uh, vh) vanish except for
the jump stabilisation terms of Jh(uh, vh). In this case, the numerical solution is uh © 0.
This suggests that at least quadratic polynomials ought to be employed. Nevertheless, this
still compares favourably with conforming elements, because, for instance, Argyris elements
require at least polynomials of degree five on simplicial meshes in two dimensions [17].

2.4 Consistency

We turn to the question of consistency of the scheme (2.36) with respect to the original
problem (2.4). It will be seen below that a discrete analogue of the identity of [40, Theorem
3.1.1.1] is central to the analysis of the numerical scheme. The following original result,
first shown in [70], establishes the broken form of this identity.
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Lemma 2.6. Let � be a bounded Lipschitz polytopal domain, and let Th be a simplicial or
parallelepipedal mesh. Let w œ Hs(�; Th) fl H2(�) fl H1

0

(�), with s > 5/2. Then, for every
vh œ Vh,p, we have the identities

(2.37) Bh,ú(w, vh) :=
ÿ

KœTh

È�w, �vhÍK and Jh(w, vh) = 0.

Proof. Let w satisfy the above assumptions and let vh œ Vh,p. Then the second statement
in (2.37) is trivial. Now, consider an element K œ Th, and let n be the piecewise constant
outward normal on ˆK, momentarily assuming that w œ H3(K). Then, for 1 Æ i, j Æ d,
integration by parts gives

(2.38)
⁄

K
wxixj (vh)xixj dx =

⁄

ˆK
wxixj ni(vh)xj ds ≠

⁄

K
wxixjxi(vh)xj dx

=
⁄

K
wxixi(vh)xjxj dx ≠

⁄

ˆK

Ë
wxixinj(vh)xj ≠ wxixj ni(vh)xj

È
ds.

Summing (2.38) over i, j and using the fact that n is piecewise constant over ˆK, we obtain

(2.39) ÈD2w, D2vhÍK + È�w, Òvh · nÍˆK ≠ ÈÒ(Òw · n), ÒvhÍˆK = È�w, �vhÍK .

A density argument shows that (2.39) holds for w œ Hs(K), s > 5/2. Note that for each
face F µ ˆK, n = ±nF on F . Also, for each face F µ ˆK, identity (2.19) gives

(2.40) ÈÒ(Òw · nF ), ÒvhÍF =
⁄

F
·F

!
Ò(Òw · nF )

"
· ·F (Òvh) ds

=
⁄

F
Ò

T

!
·F (Òw · nF )

"
· Ò

T

(·F vh) +
3

·F
ˆ

ˆnF
(Òw · nF )

4 3
·F

ˆvh

ˆnF

4
ds.

For each face F µ ˆK, identity (2.20) gives

(2.41) È�w, Òvh · nF ÍF =
⁄

F
·F (�w) ·F (Òvh · nF ) ds

=
⁄

F

3
div

T

Ò
T

(·F w) + ·F
ˆ

ˆnF
(Òw · nF )

4 3
·F

ˆvh

ˆnF

4
ds.

Substituting (2.40) and (2.41) into (2.39) and summing over all K œ Th shows that

(2.42)
ÿ

KœTh

È�w, �vhÍK =
ÿ

KœTh

ÈD2w, D2vhÍK

+
ÿ

F œF i,b
h

⁄

F
J(div

T

Ò
T

w) (Òvh · nF ) ≠ Ò
T

(Òw · nF ) · Ò
T

vhK ds.

For an interior face F œ F i
h and for w œ Hs(�; Th) fl H2(�), we use the facts that the trace

operator commutes with tangential di�erential operators and that JwK = 0 on the interior
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face F to obtain
Jdiv

T

Ò
T

wK = div
T

Ò
T

JwK = 0 on F.

Furthermore, w œ H2(�) implies JÒwK = 0 on the interior face F ; therefore,

JÒ
T

(Òw · nF )K = Ò
T

JÒw · nF K = 0 on F.

So, for any interior face F œ F i
h, it is found that

J(div
T

Ò
T

w) (Òvh · nF ) ≠ Ò
T

(Òw · nF ) · Ò
T

vhK
= (div

T

Ò
T

{w}) JÒvh · nF K ≠ Ò
T

{Òw · nF } · JÒ
T

vhK.

For a boundary face F œ Fb
h, the trace ·F w = 0 on F because w œ H1

0

(�), and thus
div

T

Ò
T

w = 0 on F . As a result,

J(div
T

Ò
T

w) (Òvh · nF ) ≠ Ò
T

(Òw · nF ) · Ò
T

vhK = ≠ Ò
T

!
·F (Òw · nF )

"
· Ò

T

(·F vh)

= ≠ Ò
T

{Òw · nF } · JÒ
T

vhK.

Substituting the above simplifications into (2.42) shows that

(2.43)
ÿ

KœTh

ÈD2w, D2vhÍK +
ÿ

F œF i
h

Èdiv
T

Ò
T

{w}, JÒvh · nF KÍF

≠
ÿ

F œF i,b
h

ÈÒ
T

{Òw · nF }, JÒ
T

vhKÍF =
ÿ

KœTh

È�w, �vhÍK .

It follows from the hypotheses on w that JÒw · nF K vanishes on any interior face and that
JÒ

T

wK vanishes on any face. Therefore,

(2.44)
ÿ

F œF i
h

Èdiv
T

Ò
T

{vh}, JÒw · nF KÍ ≠
ÿ

F œF i,b
h

ÈÒ
T

{Òvh · nF }, JÒ
T

wKÍF = 0.

Identity (2.37) then follows from (2.43) and (2.44).

Recalling the definition of Bh,◊ in (2.34), it is clear that if a function w satisfies the
hypotheses of Lemma 2.6, then, for any ◊ œ [0, 1], we have

(2.45) Bh,◊(w, vh) =
ÿ

KœTh

È�w, �vhÍK ’ vh œ Vh,p.

Therefore, recalling the definition of Ah in (2.35), we obtain the following consistency result
first given in [70].

Corollary 2.7. Let � be a bounded convex polytopal domain, let Th be a simplicial or
parallelepipedal mesh, and let u œ H2(�) fl H1

0

(�) be the unique solution of (2.4). If the
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solution u œ Hs(�; Th), s > 5/2, then we have

(2.46) Ah(u, vh) =
ÿ

KœTh

È“f, �vhÍK ’ vh œ Vh,p.

An important implication of the consistency of the proposed method is that it does not
introduce artificial fourth-order perturbations, as opposed to the vanishing moment method
described in section 1.4.

2.5 Stability

In this section, we show that the choice of discrete bilinear form in (2.35) reproduces the
coercivity of the continuous bilinear form of (2.9). This guarantees the stability of the
numerical scheme, including well-posedness of the discrete problem (2.36).

Lemma 2.8. Let � be a bounded convex polytopal domain, and let {Th}h be a shape-regular
sequence of simplicial or parallelepipedal meshes satisfying (2.11). Then, for each constant
Ÿ > 1, there exists a positive constant cµ, independent of h, p and ◊, such that

(2.47) Bh,◊(vh, vh) Ø ◊

Ÿ

ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+ (1 ≠ ◊)
ÿ

KœTh

Î�vhÎ2

L2

(K)

+ 1
2 |vh|2

J

for any vh œ Vh,p and any ◊ œ [0, 1], whenever

(2.48) µF = cµ
p̃2

F

h̃F

and ÷F > 0 ’ F œ F i,b
h .

Proof. Let vh œ Vh,p, then we have

(2.49) Bh,◊(vh, vh) = ◊
ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+ (1 ≠ ◊)
ÿ

KœTh

Î�vhÎ2

L2

(K)

+ |vh|2
J

+ ◊
2ÿ

i=1

Ii,

where the quantities Ii are defined by

I
1

:= 2
ÿ

F œF i
h

Èdiv
T

Ò
T

{vh}, JÒvh · nF KÍF , I
2

:= 2
ÿ

F œF i,b
h

ÈÒ
T

{Òvh · nF }, JÒ
T

vhKÍF .

For some ” > 0 to be chosen below, the Cauchy–Schwarz inequality with a parameter gives

|I
1

| Æ 2
ı̂ııÙ

ÿ

F œF i
h

”h̃F

p̃2

F

Îdiv
T

Ò
T

{vh}Î2

L2

(F )

ı̂ııÙ
ÿ

F œF i
h

p̃2

F

”h̃F

ÎJÒvh · nF KÎ2

L2

(F )

Æ ”
ÿ

F œF i
h

h̃F

p̃2

F

Îdiv
T

Ò
T

{vh}Î2

L2

(F )

+
ÿ

F œF i
h

p̃2

F

”h̃F

ÎJÒvh · nF KÎ2

L2

(F )

.
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Since the tangential di�erential operators commute with the trace operator, for each face
F = ˆK fl ˆK Õ, Young’s inequality yields

Îdiv
T

Ò
T

{vh}Î2

L2

(F )

Æ 1
2 Îdiv

T

Ò
T

vh|KÎ2

L2

(F )

+ 1
2 Îdiv

T

Ò
T

vh|KÕÎ2

L2

(F )

.

Therefore, the trace and inverse inequalities give

”
ÿ

F œF i
h

h̃F

p̃2

F

Îdiv
T

Ò
T

{vh}Î2

L2

(F )

Æ ”
ÿ

F œF i
h

h̃F

p̃2

F

ÿ

K
F µˆK

Cd C
Tr

p2

K

hK
ÎD2vhÎ2

L2

(K)

,

where Cd is a constant depending only on the dimension d and where C
Tr

is the constant
of the trace and inverse inequality, which depends on the shape-regularity of Th. Since each
element has at most cF faces by (2.11), a counting argument shows that

ÿ

F œF i
h

ÿ

K
F µˆK

ÎD2vhÎ2

L2

(K)

Æ cF
ÿ

KœTh

ÎD2vhÎ2

L2

(K)

.

We then use the definitions of p̃F and h̃F from (2.25) to obtain

(2.50) |I
1

| Æ ” Cd C
Tr

cF
ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+
ÿ

F œF i
h

p̃2

F

”h̃F

ÎJÒvh · nF KÎ2

L2

(F )

.

A similar analysis shows that

|I
2

| Æ ” Cd C
Tr

cF
ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+
ÿ

F œF i,b
h

p̃2

F

”h̃F

ÎJÒ
T

vhKÎ2

L2

(F )

,(2.51)

where Cd is a constant depending only on d. Inequalities (2.50) and (2.51) imply that

Bh,◊(vh, vh) Ø ◊(1 ≠ 2”C(d)C
Tr

cF )
ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+ (1 ≠ ◊)
ÿ

KœTh

Î�vhÎ2

L2

(K)

+
ÿ

F œF i
h

A

µF ≠ ◊p̃2

F

”h̃F

B

ÎJÒvh · nF KÎ2

L2

(F )

+
ÿ

F œF i,b
h

A

µF ≠ ◊p̃2

F

”h̃F

B

ÎJÒ
T

vhKÎ2

L2

(F )

+
ÿ

F œF i,b
h

÷F ÎJvhKÎ2

L2

(F )

Let Ÿ > 1 be given. Then, since Ÿ≠1 < 1, there exists a ” > 0 su�ciently small such
that (1 ≠ 2”CdC

Tr

cF ) > Ÿ≠1. Then, we choose cµ = 2”≠1 and µF = cµ p̃2

F /h̃F . Therefore
µF ≠ ◊ p̃2

F /”h̃F Ø µF /2 for any ◊ œ [0, 1], thereby completing the proof of (2.47).

Lemma 2.8 ensures that it is possible to choose µF and ÷F such that (2.47) holds for
some Ÿ < (1 ≠ Á)≠1, because (1 ≠ Á)≠1 > 1. In this case, it is seen from the proof of
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Lemma 2.8 that ” . Á and therefore the constant cµ can be chosen to be of order 1/Á.

Theorem 2.9. Under the hypotheses of Lemma 2.8, let µF and ÷F be chosen so that (2.47)
and (2.48) hold with Ÿ < (1 ≠ Á)≠1. Let the linear operator L defined by (2.2) satisfy
the uniform ellipticity condition (2.3) and the Cordes condition (2.5). Then, the bilinear
form Ah is coercive on Vh,p with respect to the norm Î·Îh,1. In particular, for any vh œ Vh,p,
there holds

(2.52) ÎvhÎ2

h,1 Æ 2Ÿ

1 ≠ Ÿ (1 ≠ Á)Ah(vh, vh).

Therefore, there exists a unique solution uh œ Vh,p of the numerical scheme (2.36). More-
over, uh satisfies

(2.53) ÎuhÎh,1 Æ
2 Ÿ

Ô
d Î“ÎLŒ

(�)

1 ≠ Ÿ (1 ≠ Á) ÎfÎL2

(�)

.

Proof. Let vh œ Vh,p and note that (2.7) implies that

È“Lvh, �vhÍK ≠ È�vh, �vhÍK = È(“L ≠ �) vh, �vhÍK

Æ Î(“L ≠ �) vhÎL2

(K)

Î�vhÎL2

(K)

Æ
Ô

1 ≠ ÁÎD2vhÎL2

(K)

Î�vhÎL2

(K)

.

We use the Cauchy–Schwarz inequality with a parameter, together with the fact that (2.47)
holds with Ÿ < (1 ≠ Á)≠1, to get

(2.54) Ah(vh, vh) Ø 1
2

ÿ

KœTh

5 1
Ÿ

ÎD2vhÎ2

L2

(K)

+ Î�vhÎ2

L2

(K)

6
+ 1

2 |vh|2
J

≠
ÿ

KœTh

Ô
1 ≠ Á ÎD2vhÎL2

(K)

Î�vhÎL2

(K)

.

By applying the Cauchy inequality

Ô
1 ≠ ÁÎD2vhÎL2

(K)

Î�vhÎL2

(K)

Æ 1 ≠ Á

2 ÎD2vhÎ2

L2

(K)

+ 1
2Î�vhÎ2

L2

(K)

,

we thereby obtain from (2.54)

(2.55) Ah(vh, vh) Ø 1 ≠ Ÿ (1 ≠ Á)
2 Ÿ

ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+ 1
2 |vh|2

J

Ø 1 ≠ Ÿ (1 ≠ Á)
2 Ÿ

ÎvhÎ2

h,1.

The previous inequality completes the proof of the coercivity bound (2.52), which in turn
proves that there exists a unique solution uh œ Vh,p of (2.36). Then, applying (2.52) to the
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numerical solution uh shows that

ÎuhÎ2

h,1 Æ 2 Ÿ

1 ≠ Ÿ (1 ≠ Á)Ah(uh, uh) Æ 2 Ÿ

1 ≠ Ÿ (1 ≠ Á)
ÿ

KœTh

|È“f, �uhÍK |.

Since Î�uhÎL2

(K)

Æ
Ô

d ÎD2uhÎL2

(K)

, it is found that (2.53) follows from

ÎuhÎ2

h,1 Æ
2 Ÿ

Ô
d Î“ÎLŒ

(�)

1 ≠ Ÿ (1 ≠ Á) ÎfÎL2

(�)

ÎuhÎh,1.

2.6 Error analysis

The above stability results make use of the strict positivity requirement on the jump penalty
terms ÷F , F œ F i,b

h , as given in (2.48). In the following, we require the upper bound

(2.56) ÷F Æ c÷
p̃4

F

h̃3

F

’ F œ F i,b
h ,

with c÷ > 0 a fixed constant. As explained in Remark 2.4, this is simply a condition on the
choice of the user-defined parameters ÷F , and is not restrictive in practice. By combining
(2.28), (2.48) and (2.56), it is seen that these parameters should be chosen to satisfy

(2.57) µF = cµ
p̃2

F

h̃F

, c÷
p̃2

F

h̃F

Æ ÷F Æ c÷
p̃4

F

h̃3

F

’ F œ F i,b
h ,

with cµ and c÷ user-defined constants to be chosen su�ciently large.
The consistency result of Corollary 2.7 involves a regularity assumption on the solution;

for problems that satisfy this assumption, we shall speak of su�ciently regular solutions.
In this case, we obtain error bounds that are explicit in the approximation orders in sec-
tion 2.6.1. However, we remark from the onset that this regularity assumption is not
necessary for convergence of the numerical method, as shown in section 2.6.2. Indeed,
the numerical solution guarantees a best approximation property with respect to the H2-
conforming subspace of Vh,p. In a nutshell, this property shows that our method is at least
as accurate in H2-type norms as an H2-conforming method on the same mesh with the
same polynomial degrees. Furthermore, we note that computations for problems that fail
to satisfy the regularity assumption also indicate that the method is generally convergent
under a wide range of choices of meshes and polynomial degrees: see the experiment of
section 3.7.3.

2.6.1 Error bound for solutions with su�cient regularity

Theorem 2.10. Let � be a bounded convex polytopal domain, and let the shape-regular
sequence of simplicial or parallelepipedal meshes {Th}h satisfy (2.11) and (2.12), with p
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satisfying (2.13) for each h. Let the linear operator L defined by (2.2) satisfy the uniform
ellipticity condition (2.3) and the Cordes condition (2.5). Let u œ H2(�) fl H1

0

(�) be the
unique solution of (2.4), and assume that u œ Hs(�; Th), with sK > 5/2 for each K œ Th.
Let µF and ÷F be chosen as in Theorem 2.9 and as in (2.56) for all F œ F i,b

h . Then, there
exists a constant C > 0, independent of h, p, and u, but depending on maxK sK , such that

(2.58) Îu ≠ uhÎ2

h,1 Æ C
ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

,

where tK = min(sK , pK + 1) for each K œ Th.

Note that for the special case of quasi-uniform meshes and uniform polynomial degrees,
the error bound (2.58) simplifies to

|u ≠ uh|H2

(�;Th)

Æ Îu ≠ uhÎh,1 . hmin(s, p+1)≠2

ps≠5/2

ÎuÎHs
(�;Th)

.

Thus it is seen that the rates are optimal with respect to the mesh size and suboptimal
in the polynomial degree only by half an order. We remark that the standard analysis of
hp-version DGFEM for divergence form elliptic equations leads to a similar suboptimality,
and that optimal rates were recovered in [37] through considerations of regularity of the
solution in augmented Sobolev spaces.

Proof. Theorem C.6 implies1 that there exists a zh œ Vh,p, and a constant C, independent
of u, hK , and pK , but dependent on maxK sK , such that, for each K œ Th, each nonnegative
integer j Æ sK , and for each multi-index — with |—| < sK ≠ 1/2, we have

Îu ≠ zhÎHj
(K)

Æ C
htK≠j

K

psK≠j
K

ÎuÎHsK
(K)

,(2.59)

ÎD—(u ≠ zh)ÎL2

(ˆK)

Æ C
h

tK≠|—|≠1/2

K

p
sK≠|—|≠1/2

K

ÎuÎHsK
(K)

.(2.60)

Now, set Âh = zh ≠ uh and ›h = zh ≠ u. Since u satisfies the hypotheses of Corollary 2.7,
it follows that (2.46) holds. So, coercivity of Ah from (2.52) and Corollary 2.7 imply that

(2.61)
ÎÂhÎ2

h,1 . Ah(zh, Âh) ≠ Ah(uh, Âh)

= Ah(zh, Âh) ≠
ÿ

KœTh

È“f, �ÂhÍK = Ah(›h, Âh).

1The parameter mK appearing in Theorem C.6 can be chosen such that mK = sK ≠ 1 for each K œ Th.
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Therefore, ÎÂhÎ2

h,1 . q
8

i=1

Ei, where

E
1

:=
ÿ

KœTh

|ÈD2›h, D2ÂhÍK |, E
5

:=
ÿ

F œF i,b
h

|ÈÒ
T

{Ò›h · nF }, JÒ
T

ÂhKÍF |,

E
2

:=
ÿ

KœTh

|È(“L ≠ �)›h, �ÂhÍK |, E
6

:=
ÿ

F œF i
h

|Èdiv
T

Ò
T

{›h}, JÒÂh · nF KÍF |,

E
3

:=
ÿ

KœTh

|È�›h, �ÂhÍK |, E
7

:=
ÿ

F œF i
h

|Èdiv
T

Ò
T

{Âh}, JÒ›h · nF KÍF |,

E
4

:= |Jh(›h, Âh)|, E
8

:=
ÿ

F œF i,b
h

|ÈÒ
T

{ÒÂh · nF }, JÒ
T

›hKÍF |.

It is then deduced that

(2.62) E
1

+ E
2

+ E
3

.
ı̂ıÙ

ÿ

KœTh

h2tK≠4

K

p2sK≠4

K

ÎuÎ2

HsK
(K)

ÎÂhÎh,1.

Now, E
4

Æ |›h|
J

|Âh|
J

Æ (e
1

+ e
2

+ e
3

)
1

2 ÎÂhÎh,1, where the quantities ei are defined by

e
1

:=
ÿ

F œF i
h

µF ÎJÒ›h · nF KÎ2

L2

(F )

, e
2

:=
ÿ

F œF i,b
h

µF ÎJÒ
T

›hKÎ2

L2

(F )

,

e
3

:=
ÿ

F œF i,b
h

÷F ÎJ›hKÎ2

L2

(F )

.

Recalling (2.25) and (2.48), we use (2.60) to obtain

e
1

.
ÿ

F œF i
h

p̃2

F

h̃F

ÿ

K
F µˆK

ÎÒ›hÎ2

L2

(ˆK)

.
ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

.

Similarly, we use the hypothesis ÷F . p̃4

F /h̃3

F from (2.56) to find that

e
2

+ e
3

.
ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

.

Therefore,

E
4

.
ı̂ıÙ

ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

H2sK(K)

ÎÂhÎh,1.
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It is found that

E
5

+ E
6

.
ı̂ııÙ

ÿ

F œF i,b
h

h̃F

p̃2

F

ÿ

K
F µˆK

ÎD2›hÎ2

L2

(ˆK)

ÎÂhÎh,1

.
ı̂ıÙ

ÿ

KœTh

h2tK≠4

K

p2sK≠3

K

ÎuÎ2

HsK
(K)

ÎÂhÎh,1.

It follows from the inverse and trace inequalities that

E
7

+ E
8

.
Ô

e
1

+ e
2

ÎÂhÎh,1 .
ı̂ıÙ

ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

ÎÂhÎh,1.

The above inequalities imply that

Îu ≠ zhÎh,1 + Îzh ≠ uhÎh,1 .
ı̂ıÙ

ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

.

The triangle inequality and the above inequalities complete the proof of (2.58).

2.6.2 Error bound for solutions with minimal regularity

In this paragraph, we provide an error bound that is valid for problems with minimal
regularity [70], namely u œ H2(�) fl H1

0

(�). This result consists of a quasi-optimal ap-
proximation property with respect to the H2(�) fl H1

0

(�)-conforming subspace of Vh,p. By
restricting the quasi-optimal approximation property to this conforming subspace, we are
able to remove the assumption of u œ Hs(�; Th), s > 5/2, required by Theorem 2.10.

Theorem 2.11. Let � be a bounded convex polytopal domain, and let the shape-regular
sequences of simplicial or parallelepipedal meshes {Th}h satisfy (2.11) and (2.12), with p
satisfying (2.13) for each h. Let the linear operator L defined by (2.2) satisfy the uniform
ellipticity condition (2.3) and the Cordes condition (2.5). Let u œ H2(�) fl H1

0

(�) be the
unique solution of (2.4), and let µF and ÷F be chosen as in Theorem 2.9. Then,

(2.63) Îu ≠ uhÎh,1 . inf{|u ≠ zh|H2

(�)

: zh œ Vh,p fl H2(�) fl H1

0

(�)}.

Proof. If zh œ Vh,pflH2(�)flH1

0

(�), then Lemma 2.6 applies to zh, because zh is a piecewise
polynomial and thus zh œ Hs(�; Th) for s > 5/2. Setting Âh = zh ≠ uh œ Vh,p, coercivity
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of Ah gives

Îzh ≠ uhÎ2

h,1 . Ah(zh ≠ uh, Âh) =
ÿ

KœTh

È“Lzh, �ÂhÍK ≠
ÿ

KœTh

È“f, �ÂhÍK

=
ÿ

KœTh

È“L(zh ≠ u), �ÂhÍK . |u ≠ zh|H2

(�)

Îzh ≠ uhÎh,1.

Thus Îzh ≠ uhÎh,1 . |u ≠ zh|H2

(�)

. Since the functions u and zh belong to H2(�) fl H1

0

(�),
it follows that their jumps in values and gradients vanish on all interior faces, and that
their values and tangential gradients vanish on all boundary faces. Therefore, we have the
identity Îu ≠ zhÎh,1 = |u ≠ zh|H2

(�)

. So, the triangle inequality gives

Îu ≠ uhÎh,1 Æ Îu ≠ zhÎh,1 + Îzh ≠ uhÎh,1 . |u ≠ zh|H2

(�)

.

Since zh was arbitrary, taking the infimum over all zh œ Vh,p fl H2(�) fl H1

0

(�) completes
the proof.

The quasi-optimal approximation property indicates that convergence of the method
can be guaranteed provided that the approximation space Vh,p is su�ciently rich, although
computations suggest this assumption is also not strictly necessary. Although the question
of finding the weakest assumptions on Vh,p that are su�cient for convergence remains open,
we note that a similar issue in the context of divergence form elliptic equations has been
largely resolved by discrete compactness methods; see [27] and the references therein.

A further direct consequence of Theorem 2.11 is that the scheme proposed here is at
least as accurate, up to a constant, as any H2-conforming method on the same mesh with
the same polynomial degrees; this is simply because if uc

h œ Vh,p fl H2(�) fl H1

0

(�) is the
numerical approximation of u produced by an arbitrary conforming numerical method, the
bound (2.63) implies that Îu ≠ uhÎh,1 . |u ≠ uc

h|H2

(�)

.

2.7 Numerical experiments

This section presents the numerical experiments from our paper [70]. In the first problem,
we demonstrate the convergence rates predicted by Theorem 2.10 for a solution with limited
global regularity but with su�cient broken regularity, and in the second experiment, we test
the scheme under hp-refinement on a problem with a singular solution.
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Figure 2.2: Convergence rates for the numerical scheme applied to problem of section 2.7.1. The
error Îu ≠ uhÎH2

(�;Th)

is plotted against mesh size h for various polynomial degrees p. The optimal
convergence rates Îu ≠ uhÎH2

(�;Th)

ƒ hp≠1 are observed.

2.7.1 First experiment

Let � = (≠1, 1)2, and consider the problem

(2.64)

dÿ

i,j=1

(1 + ”ij) xi

|xi|
xj

|xj | uxixj = f in �,

u = 0 on ˆ�.

Here, f is chosen so that the solution of (2.64) is u(x, y) =
!
x e1≠|x| ≠ x

"!
y e1≠|y| ≠ y

"
.

Observe that the Cordes condition (2.5) holds with Á = 3/5 and that the coe�cients of the
di�erential operator in (2.64) are discontinuous across the set {(x, y) œ � : x = 0 or y = 0}.

We apply the numerical scheme (2.36) on meshes obtained by regular subdivision of �
into uniform quadrilaterals of side-length h = 2≠k, 2 Æ k Æ 6. It follows that u œ Hs(�; Th)
for all s > 5/2, but u /œ Hs(�) for any s > 5/2. The finite element spaces Vh,p are defined
by employing the space of polynomials of fixed total degree p on each element. For the
choice of penalty parameters, we set cµ = c÷ = 10 and set ÷F = c÷ p̃4

F /h̃3

F . Figure 2.2
plots the errors for various polynomial degrees p, with 2 Æ p Æ 5. The expected optimal
convergence rates Îu ≠ uhÎH2

(�;Th)

ƒ hp≠1 are observed, in accordance with Theorem 2.10.

2.7.2 Second experiment

In this example, we demonstrate the robustness of the scheme by illustrating exponential
accuracy for a problem that involves both nonsmoothness of the solution and discontinuity
of the coe�cients at a corner of the domain. We also show how to apply the numerical
scheme to problems with inhomogeneous boundary conditions.

38



CHAPTER 2. LINEAR ELLIPTIC PDE 2.7. NUMERICAL EXPERIMENTS

Mesh size p = 2 p = 3 p = 4 p = 5
1/4 2.21 8.60 ◊ 10≠1 1.18 ◊ 10≠1 1.17 ◊ 10≠2

1/8 1.48 (0.58) 1.89 ◊ 10≠1 (2.18) 1.42 ◊ 10≠2 (3.05) 7.30 ◊ 10≠4 (4.01)
1/16 7.08 ◊ 10≠1 (1.07) 4.31 ◊ 10≠2 (2.13) 1.69 ◊ 10≠3 (3.07) 4.46 ◊ 10≠5 (4.03)
1/32 2.86 ◊ 10≠1 (1.31) 1.02 ◊ 10≠2 (2.07) 2.04 ◊ 10≠4 (3.05) 2.74 ◊ 10≠6 (4.02)
1/64 1.20 ◊ 10≠1 (1.25) 2.51 ◊ 10≠3 (2.02) 2.49 ◊ 10≠5 (3.03) 1.71 ◊ 10≠7 (4.00)

Table 2.3: Errors Îu ≠ uhÎH2
(�;Th)

for the numerical scheme applied to problem of section 2.7.1.
The estimated orders of convergence between successive mesh refinements are given in parentheses.

It can be verified that for – > 1, u = |x|–, x œ � = (0, 1)2, solves

dÿ

i,j=1

3
”ij + xi xj

|x|2
4

uxixj = c–|x|–≠2 =: f in �,(2.65)

where c– is a suitable constant depending only on –. Notice that the term xi xj/|x|2 fails
to be continuous at the origin when i ”= j. This example draws upon the examples in
[38, 56] that illustrate the possibility of ill-posedness of the nondivergence form PDE with
discontinous coe�cients when the Cordes condition fails. However, the operator in (2.65)
satisfies the Cordes condition (2.5) with Á = 4/5. In the following, we take – = 1.6, so
u œ H2.6≠”(�) for arbitrarily small ”.

In order to extend the numerical scheme (2.36) to problems with nonhomogeneous
boundary conditions, the right-hand side must be suitably modified as follows. Let g be the
restriction of u on ˆ�. Then the numerical scheme for problem (2.65) is to find uh œ Vh,p
such that for every vh œ Vh,p, there holds

(2.66) Ah(uh, vh) =
ÿ

KœTh

È“ f, �vhÍK +
ÿ

F œFb
h

#
µF ÈÒ

T

g, Ò
T

vhÍF + ÷F Èg, vhÍF

$

≠ 1
2

ÿ

F œFb
h

#
Èdiv

T

Ò
T

g, Òvh · nF ÍF + ÈÒ
T

(Òvh · nF ) , Ò
T

gÍF

$
.

Following [68], we construct a sequence of geometrically refined meshes as shown in see
Figure 2.4. The polynomial degrees associated to the elements of the mesh are increasing
linearly with the distance from the origin. Figure 2.5 plots the errors in the broken H1-
norm and H2-seminorm against 3

Ô
DoF, where DoF is the number of degrees of freedom,

and shows that a convergence rate of order exp(≠c 3

Ô
DoF) is achieved.

The optimality of the observed exponential convergence rate can be heuristically ex-
plained as follows: for an analytic function v on an element K, we have infvpœPpK

Îv ≠
vpÎH2

(K)

. exp(≠c pK), where PpK is the space of polynomials of degree at most pK . The
p-th mesh of the sequence has on the order of p elements, and each element is associated
to a polynomial degree of order p. Therefore, the number of degrees of freedom DoF ƒ p3,
and thus the error for analytic v is at best Îv ≠ vhÎH2

(�;Th)

. exp(≠c p) ƒ exp(≠c 3

Ô
DoF).
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Figure 2.4: Sequence of geometrically graded meshes used for the solution of (2.65) on � = (0, 1)2.
The polynomial degrees are chosen to be linearly increasing away from the origin, starting with
pK Ø 2 on the element closest to the origin. The sequence of meshes is continued by refinement of
the element closest to the origin.
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Figure 2.5: Exponential accuracy of the numerical scheme for the problem of section 2.7.2 on
geometrically graded meshes. The errors in the broken H1-norm and H2-seminorm are plotted
against the cube root of the number of degrees of freedom.

Elements DoF Îu ≠ uhÎL2
(�)

Îu ≠ uhÎH1
(�;Th)

|u ≠ uh|H2
(�;Th)

4 36 2.349 ◊ 10≠3 2.829 ◊ 10≠2 4.799 ◊ 10≠1

7 81 4.346 ◊ 10≠4 9.439 ◊ 10≠3 3.176 ◊ 10≠1

10 144 8.166 ◊ 10≠5 3.132 ◊ 10≠3 2.096 ◊ 10≠1

13 228 1.491 ◊ 10≠5 1.036 ◊ 10≠3 1.383 ◊ 10≠1

16 336 2.743 ◊ 10≠6 3.426 ◊ 10≠4 9.124 ◊ 10≠2

19 471 4.954 ◊ 10≠7 1.131 ◊ 10≠4 6.020 ◊ 10≠2

22 636 9.840 ◊ 10≠8 3.737 ◊ 10≠5 3.972 ◊ 10≠2

25 834 1.949 ◊ 10≠8 1.233 ◊ 10≠5 2.620 ◊ 10≠2

28 1068 4.799 ◊ 10≠9 4.072 ◊ 10≠6 1.729 ◊ 10≠2

Table 2.6: Errors of the approximations to the solution of problem (2.65) on geometrically graded
meshes. Exponential convergence rates are observed, with faster rates in lower-order norms.
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Chapter 3

Elliptic Hamilton–Jacobi–Bellman
equations

We turn to the study of elliptic Hamilton–Jacobi–Bellman (HJB) equations of the form

(3.1) sup
–œ�

[L–u ≠ f–] = 0 in �,

where � is a convex domain in Rd, d Ø 2, � is a compact metric space, and the di�erential
operators L–, – œ �, are defined by

(3.2) L–v := a– : D2v + b– · Òv ≠ c– v.

This chapter is largely based on our paper [71], which considers uniformly elliptic HJB equa-
tions with lower-order terms; therefore, the Cordes condition presented in earlier chapters
is generalised to allow for the lower-order terms. Importantly, we show in section 3.1 that
the specific structure of the HJB operator as well as the Cordes condition lead to a straight-
forward proof of well-posedness that employs the theory of strongly monotone operators.
Although these tools of nonlinear functional analysis are commonly used for the study of
semilinear or quasilinear equations, to our knowledge this represents their first application
to a fully nonlinear PDE.

Following the analysis of the continuous problem, we propose the numerical scheme in
section 3.2 and show its consistency in section 3.3. Building on the discretisation techniques
developed in Chapter 2, stability of the numerical method is achieved through a discrete
strong monotonicity property that mirrors that of the continuous case. This implies the
well-posedness of the discrete problem, as shown in section 3.4. Therefore, our method over-
comes the challenges typically encountered by nonmonotone methods1 that were described
in Chapter 1. The combination of strong monotonicity and consistency of the method leads
to error bounds that are optimal in h, and suboptimal in p by only half an order.

1See Remark 1.1 concerning the di�erence between monotone methods and strongly monotone operators.
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A further contribution, given in section 3.6, is the proof of semismoothness in func-
tion spaces of the fully nonlinear operator in (3.1) for a general compact metric space �.
Similar results appear to have only been known in more restricted cases such as the finite-
dimensional setting [14]. The semismoothness of the HJB operator implies that the dis-
crete nonlinear problem can be solved with a superlinearly convergent semismooth Newton
method, which is in fact the natural adaptation to the current context of the classical
algorithm described in section 1.5.

The numerical experiments of section 3.7 test the method on problems with nonsmooth
solutions and strongly anisotropic di�usion coe�cients, and demonstrate the gains in ac-
curacy and computational e�ciency over existing methods. In particular, the exponential
convergence rates obtained by hp-refinement remain robust in the nonlinear setting, thereby
constituting the first examples of exponential convergence rates for fully nonlinear PDE.
We also test the robustness and e�ciency of the semismooth Newton method, where we
show that it leads to the fast and accurate solution of the nonlinear discrete problems.

3.1 Analysis of the continuous problem

Let � be a bounded convex polytopal open set in Rd, d Ø 2, and let � be a compact
metric space. It will always be assumed that � and � are nonempty. Let the symmetric
Rd◊d-valued function a, the Rd-valued function b, and scalar-valued functions c and f

be continuous on � ◊ �. For each – œ �, we consider the function a– : x ‘æ a(x, –),
x œ �, i.e. the dependence on – is denoted through a superscript. The bounded linear
operators L– : H2(�) æ L2(�) are defined by (3.2). Compactness of � and continuity of
the coe�cients a, b, c and f imply that the fully nonlinear operator F , defined by

(3.3) F : v ‘æ F [v] := sup
–œ�

[L–v ≠ f–] ,

is well-defined as a mapping from H2(�) to L2(�). The problem considered is to find a
function u œ H2(�) fl H1

0

(�) that is a strong solution of the HJB equation subject to a
homogeneous Dirichlet boundary condition

F [u] = 0 in �,

u = 0 on ˆ�.
(3.4)

Well-posedness of (3.4) is established in section 3.1 under the following hypotheses. It is
assumed that there are positive constants 0 < ‹ Æ ‹ such that

(3.5) ‹ |›|2 Æ ›€a–(x) › Æ ‹ |›|2 ’ › œ Rd, ’ x œ �, ’ – œ �.

The function c is assumed to be nonnegative on � ◊ �.
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The Cordes condition. For problems with lower-order terms, we assume the Cordes
condition: there exist ⁄ > 0 and Á œ (0, 1] such that, for each – œ �,

(3.6) |a–|2 + |b–|2/2⁄ + (c–/⁄)2

(Tr a– + c–/⁄)2

Æ 1
d + Á

in �,

where |·| represents the Euclidean norm for vectors and the Frobenius norm for matrices.
In the special case where b– © 0 and c– © 0 for each – œ �, instead of assuming (3.6), we
assume that there exists Á œ (0, 1] such that, for each – œ �,

(3.7) |a–|2

(Tr a–)2

Æ 1
d ≠ 1 + Á

in �.

To cover this special case in the following analysis, we set ⁄ = 0 in all expressions appearing
below if b– © 0 and c– © 0 for all – œ �.

Conditions (3.6) and (3.7) are related through the observation that the term c–/⁄ may
be viewed as the (d+1, d+1) entry of a (d+1)◊(d+1) matrix with principal d◊d sub-matrix
a–, which explains the di�erence in the right hand sides appearing in (3.6) and (3.7). The
parameter ⁄ serves to make the Cordes condition invariant under rescaling the coordinates.
It will be seen below that it is often easy to choose an appropriate value for ⁄.

Example 3.1. We show how the Cordes condition (3.6) arises in practice in an example
based on stochastic control problems [36]. We consider a situation where the controls permit
the choice of orientation and angle between two independent Wiener di�usions. Let � µ R2

and let � = [0, fi/3]◊SO(2), where SO(2) is the set of 2◊2 rotation matrices. The di�usions
act along the directions ‡–

1

and ‡–
2

, where

(3.8) ‡– := (‡–
1

‡–
2

) := R€
A

1 sin ◊

0 cos ◊

B

, – = (◊, R) œ �.

In stochastic control problems, we have a– := ‡–(‡–)€/2 and usually c– © c > 0 is a
fixed constant [36]. Then, Tr a– = 1 and |a–|2 = (1 + sin2 ◊)/2 Æ 7/8; so (3.7) holds with
Á = 1/7. Momentarily assuming that b– © 0, by choosing the value ⁄ = 8

7

c that minimises
the left-hand side in (3.6), we find that (3.6) also holds with Á = 1/7. For non-zero b–, the
Cordes condition holds for Á < 1/7 whenever |b–|2/c is su�ciently small, which amounts to
a standard coercivity assumption.

Example 3.1 is considered further in the numerical experiments of section 3.7.1. Observe
that for any choice of Cartesian coordinates on R2, for ◊ = fi/3 there is an R œ SO(2) such
that a– is not diagonally dominant. In this case, the classical monotone Kushner–Dupuis
FDM is therefore not applicable to the resulting HJB equation [16].
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Define the strictly positive function “ : � ◊ � æ R>0

by

(3.9) “(x, –) := Tr a–(x) + c–(x)/⁄

|a–(x)|2 + |b–(x)|2/2⁄ + (c–(x)/⁄)2

.

In the special case b– © 0 and c– © 0 for all – œ �, we take ⁄ = 0 and define

(3.10) “(x, –) := Tr a–(x)
|a–(x)|2 .

As above, for each – œ �, we define “– : x ‘æ “(x, –), x œ �. It follows from the continuity
assumptions on the coe�cients and from the uniform ellipticity condition (3.5) that “ is
continuous over � ◊ �. Furthermore, nonnegativity of c, continuity of the coe�cients, and
(3.5) imply that there is a positive constant “

0

> 0 such that “ Ø “
0

on � ◊ �.
Define the operator F“ : H2(�) æ L2(�) by

(3.11) F“ [v] := sup
–œ�

[“– (L–v ≠ f–)] .

It will be seen in the proof of Theorem 3.4 below that the HJB equation (3.4) is in fact
equivalent to the problem F“ [u] = 0 in �, u = 0 on ˆ�. This implies that it is possible to
renormalise the HJB operator within the nonlinearity.

For ⁄ as in (3.6), let the operator L⁄ be defined by

(3.12) L⁄v := �v ≠ ⁄v, v œ H2(�).

The following inequality generalises Lemma 2.7 [71].

Lemma 3.1. Let � be a bounded open subset of Rd and suppose that (3.5) holds, and
suppose that either (3.6) holds with ⁄ > 0, or that (3.7) holds with b– © 0, c– © 0 for all
–, and ⁄ = 0. Then, for any open set U µ � and u, v œ H2(U), w := u ≠ v, the following
inequality holds a.e. in U :

(3.13) |F“ [u] ≠ F“ [v] ≠ L⁄(u ≠ v)| Æ
Ô

1 ≠ Á
Ò

|D2w|2 + 2⁄|Òw|2 + ⁄2|w|2.

Proof. It will be clear how to adapt the following arguments to treat the simpler situation
where b– © 0, c– © 0 and ⁄ = 0. So, we consider the case where (3.6) holds with ⁄ > 0.
First, set w := u ≠ v. We have the identity

F“ [u] ≠ L⁄u = sup
–œ�

[“–L–u ≠ L⁄u ≠ “–f–] .

Note that |sup– x– ≠ sup– y–| Æ sup–|x– ≠ y–| for any bounded sets {x–}–, {y–}– µ R.
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Therefore,

|F“ [u] ≠ F“ [v] ≠ L⁄w| Æ sup
–œ�

|“–L–w ≠ L⁄w|

Æ sup
–œ�

|“–a– ≠ Id||D2w| + |“–||b–||Òw| + |⁄ ≠ c–“–||w|,

where Id is the d ◊ d identity matrix. The Cauchy–Schwarz inequality implies that

|F“ [u] ≠ F“ [v] ≠ L⁄w| Æ sup
–œ�

ËÔ
C–

È Ò
|D2w|2 + 2⁄|Òw|2 + ⁄2|w|2,

where, for each – œ �,

(3.14) C– := |“–a– ≠ Id|2 + |“–|2 |b–|2

2⁄
+ |⁄ ≠ c–“–|2

⁄2

.

Expanding the square terms in (3.14) gives

C– = d + 1 ≠ 2“–
3

Tr a– + c–

⁄

4
+ |“–|2

A

|a–|2 + |b–|2

2⁄
+ |c–|2

⁄2

B

.

The definition of “ in (3.9) and the Cordes condition (3.6) imply that C– Æ 1 ≠ Á on U for
every – œ �, thus completing the proof of (3.13).

Miranda–Talenti inequality. For ⁄ Ø 0 as above, define the semi-norm |·|H2

(�),⁄ by

(3.15) |u|2H2

(�),⁄ := |u|2H2

(�)

+ 2⁄|u|2H1

(�)

+ ⁄2ÎuÎ2

L2

(�)

.

If ⁄ > 0, then this defines a norm on H2(�). The following result follows from the Miranda–
Talenti inequality given in Theorem 2.2. Recall that L⁄u = �u ≠ ⁄u.

Theorem 3.2. Let � µ Rd be a bounded convex domain. Then, for any ⁄ Ø 0 and any
u œ H2(�) fl H1

0

(�), the following inequalities hold:

|u|H2

(�),⁄ Æ ÎL⁄uÎL2

(�)

,(3.16a)

ÎuÎH2

(�)

Æ CÎL⁄uÎL2

(�)

,(3.16b)

where C is a positive constant depending only on d and diam �.

Proof. The identity
s

�

u �u dx = ≠
s

�

|Òu|2dx, based on integration by parts, gives

(3.17) ÎL⁄uÎ2

L2

(�)

=
⁄

�

(�u ≠ ⁄u)2 dx = Î�uÎ2

L2

(�)

+ 2⁄|u|2H1

(�)

+ ⁄2ÎuÎ2

L2

(�)

.

The Miranda–Talenti inequality |u|H2

(�)

Æ Î�uÎL2

(�)

thus implies (3.16a). The bound
(3.16b) follows from (3.17) and (2.8b).

45



CHAPTER 3. ELLIPTIC HJB PDE 3.1. ANALYSIS

Well-posedness. For a Banach space X, we say that an operator A : X æ Xú is bounded
if A maps bounded sets in X to bounded sets in Xú. We say that A is hemicontinuous
if the mapping [0, 1] – t ‘æ ÈA (t u + (1 ≠ t) v) , wÍ is continuous for any u, v and w œ X,
where È·, ·Í denotes the duality pairing between Xú and X. Also, we say that A is strongly
monotone if there exists a positive constant c > 0 such that

(3.18) Îu ≠ vÎ2

X Æ c ÈA(u) ≠ A(v), u ≠ vÍ ’ u, v œ X.

Theorem 3.3 (Browder–Minty). Let X be a separable reflexive Banach space and let
A : X æ Xú be a bounded, hemicontinuous, and strongly monotone operator. Then, for
each ¸ œ Xú, there exists a unique u œ X such that A(u) = ¸.

For a proof of Theorem 3.3, see [65, Ch. 10], where the strong monotonicity assumption
is somewhat relaxed. In fact, the boundedness assumption can also be removed, as shown
in [22, Section 9.14]. The Browder–Minty theorem can be seen as a natural nonlinear gener-
alisation of the Lax–Milgram theorem, with the coercivity assumption of the Lax–Milgram
theorem being replaced by the strong monotonicity condition (3.18). The operators en-
countered in this work are found to be Lipschitz continuous, which is su�cient to guarantee
their boundedness and their hemicontinuity.

Theorem 3.4. Let � µ Rd be a bounded convex domain, and let � be a compact metric
space. Let the data a, b, c, f be continuous on � ◊ � and satisfy (3.5) and either (3.6) with
⁄ > 0 or (3.7) with c © 0, b © 0 and ⁄ = 0. Then, there exists a unique strong solution
u œ H2(�) fl H1

0

(�) of the HJB equation (3.4). Moreover, u is also the unique solution of
F“ [u] = 0 in �, u = 0 on ˆ�.

Proof. First, set H := H2(�) fl H1

0

(�); then H is a separable Hilbert space. The proof
consists of showing solvability of the equation F“ [u] = 0 in H by the method of Browder
and Minty, and establishing its equivalence with the HJB equation (3.4). Let the operator
A : H æ Hú be defined by

(3.19) ÈA(u), vÍ :=
⁄

�

F“ [u] L⁄v dx, u, v œ H.

We claim that A is Lipschitz continuous and strongly monotone. Indeed, let u, v œ H and
set w := u ≠ v. Then, by adding and subtracting ÎL⁄wÎ2

L2

(�)

, we get

(3.20) ÈA(u) ≠ A(v), u ≠ vÍ = ÎL⁄wÎ2

L2

(�)

+
⁄

�

(F“ [u] ≠ F“ [v] ≠ L⁄w) L⁄w dx.

Lemma 3.1 and the Cauchy–Schwarz inequality show that

(3.21) ÈA(u) ≠ A(v), u ≠ vÍ Ø ÎL⁄wÎ2

L2

(�)

≠
Ô

1 ≠ Á |w|H2

(�),⁄ÎL⁄wÎL2

(�)

.
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We then use (3.16a) to obtain ÈA(u) ≠ A(v), u ≠ vÍ Ø
!
1 ≠

Ô
1 ≠ Á

"
ÎL⁄wÎ2

L2

(�)

, so

(3.22) Îu ≠ vÎ2

H2

(�)

. ÈA(u) ≠ A(v), u ≠ vÍ

as a result of (3.16b), thus showing that A is strongly monotone.
Compactness of � and continuity of the data imply that A is Lipschitz continuous: to

see this, let u, v, z œ H. Then, we find that

|ÈA(u) ≠ A(v), zÍ| Æ ÎF“ [u] ≠ F“ [v]ÎL2

(�)

ÎL⁄zÎL2

(�)

. Îu ≠ vÎH2

(�)

ÎzÎH2

(�)

,

where the constant depends only on ⁄ and on the supremum norms of a, b, c and “ on �◊�.
Lipschitz continuity and strong monotonicity imply that A is bounded, continuous, coercive
and strongly monotone, so the Browder–Minty theorem shows that there exists a unique
function u œ H such that A(u) = 0.

For every g œ L2(�), there is a v œ H such that L⁄v = g. Therefore A(u) = 0 implies
s

�

F“ [u] g dx = 0 for all g œ L2(�), thus showing that F“ [u] = 0 a.e. in �. We claim that
F“ [u] = 0 if and only if u solves (3.4). Since “– is positive, “–(L–u≠f–) Æ 0 for all – œ � is
equivalent to L–u≠f– Æ 0 for all – œ �; i.e F [u] Æ 0 if and only if F“ [u] Æ 0. Compactness
of � and continuity of a, b, c, f and “ imply that at a.e. point of �, the suprema in the
definitions of F [u] and F“ [u] are attained by an element of �, thereby giving F [u] Ø 0 if
and only if F“ [u] Ø 0. Therefore, existence and uniqueness of the solution u of F“ [u] = 0
in � is equivalent to existence and uniqueness of a solution of (3.4).

3.2 Numerical scheme

In the following, we employ the definitions and the notation defined in section 2.2. In order
to define the numerical scheme, we first extend the definition of Bh,ú from (2.33). This
extension enables us to treat problems with lower-order terms. For ⁄ Ø 0 as in (3.6), let

Bh,ú(uh, vh) :=
ÿ

KœTh

Ë
ÈD2uh, D2vhÍK + 2⁄ÈÒuh, ÒvhÍK + ⁄2Èuh, vhÍK

È

+
ÿ

F œF i
h

#
Èdiv

T

Ò
T

{uh}, JÒvh · nF KÍF + Èdiv
T

Ò
T

{vh}, JÒuh · nF KÍF

$

≠
ÿ

F œF i,b
h

#
ÈÒ

T

{Òuh · nF }, JÒ
T

vhKÍF + ÈÒ
T

{Òvh · nF }, JÒ
T

uhKÍF

$

≠ ⁄
ÿ

F œF i,b
h

[È{Òuh · nF }, JvhKÍF + È{Òvh · nF }, JuhKÍF ]

≠ ⁄
ÿ

F œF i
h

[È{uh}, JÒvh · nF KÍF + È{vh}, JÒuh · nF KÍF ] .

(3.23)
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We recall that the term Jh is defined in (2.23), and that the bilinear forms Bh,◊, ◊ œ [0, 1],
are defined in (2.34). The nonlinear form Ah : Vh,p ◊ Vh,p æ R is defined by

(3.24) Ah(uh; vh) :=
ÿ

KœTh

ÈF“ [uh], L⁄vhÍK + Bh,1/2

(uh, vh) ≠
ÿ

KœTh

ÈL⁄uh, L⁄vhÍK .

The form Ah is linear in its second argument but nonlinear in its first argument. The
numerical method for approximating the solution of (3.4) is to find uh œ Vh,p such that

(3.25) Ah(uh; vh) = 0 ’ vh œ Vh,p.

The choice of nonlinear form in (3.24) is made to mirror the addition–substraction step of
(3.20) in the proof of Theorem 3.4.

3.3 Consistency

As explained in section 2.3, the numerical scheme weakly enforces discrete analogues of the
identities behind the Miranda–Talenti inequality. The next result extends Lemma 2.6 to
include lower-order terms [71].

Lemma 3.5. Let � be a bounded Lipschitz polytopal domain and let Th be a simplicial or
parallelepipedal mesh on �. Let w œ Hs(�; Th) fl H2(�) fl H1

0

(�), s > 5/2. Then, for every
vh œ Vh,p, we have the identities

(3.26) Bh,ú(w, vh) =
ÿ

KœTh

ÈL⁄w, L⁄vhÍK and Jh(w, vh) = 0.

Proof. The second part of (3.26) is obvious. We also note that all terms in Bh,ú(w, vh) that
involve jumps of w or of its first derivates vanish. For the case ⁄ = 0, the stated result
reduces to Lemma 2.6, which treats the consistency of the second order terms. So, for
⁄ > 0, the identities of (3.26) are deduced from the previous result and from the identities

≠⁄
ÿ

KœTh

È�w, vhÍK = ⁄
ÿ

KœTh

ÈÒw, ÒvhÍK ≠ ⁄
ÿ

F œF i,b
h

È{Òw · nF }, JvhKÍF ,(3.27)

≠⁄
ÿ

KœTh

Èw, �vhÍK = ⁄
ÿ

KœTh

ÈÒw, ÒvhÍK ≠ ⁄
ÿ

F œF i
h

È{w}, JÒvh · nF KÍF ,(3.28)

for all vh œ Vh,p, where we have used the fact that w|F = 0 for all F œ Fb
h in (3.28).

If the function w satisfies the hypotheses of Lemma 3.5, then (3.26) implies that

(3.29) Bh,◊(w, vh) =
ÿ

KœTh

ÈL⁄w, L⁄vhÍK ’ vh œ Vh,p, ’ ◊ œ [0, 1].
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The following consistency result for the scheme follows immediately from Theorem 3.4,
from (3.29), and from the definition of Ah in (3.24).

Corollary 3.6. Let � µ Rd be a bounded convex polytopal domain, and let Th be a simplicial
or parallelepipedal mesh. Let u œ H2(�) fl H1

0

(�) be the unique solution of (3.4). If the
solution u œ Hs(�; Th), s > 5/2, then we have Ah(u; vh) = 0 for every vh œ Vh,p.

We remark that the comments from sections 2.4 and 2.6, concerning the regularity
assumptions on the solution, carry over to the current setting. We also refer the reader
to the numerical experiment of section 3.7.3 for an example showing convergence of the
method when this assumption is relaxed.

3.4 Stability

We extend the mesh-dependent norms Î·Îh,◊ defined by (2.24) as follows. For ⁄ Ø 0 as
above, define the seminorms |·|H2

(K),⁄, K œ Th, and |·|H2

(�;Th),⁄ on H2(�; Th) by

|v|2H2

(K),⁄ := ÎD2vÎ2

L2

(K)

+ 2⁄ÎÒvÎ2

L2

(K)

+ ⁄2ÎvÎ2

L2

(K)

,(3.30)

|v|2H2

(�;Th),⁄ :=
ÿ

KœTh

|v|2H2

(K),⁄.(3.31)

For each ◊ œ [0, 1], define the functional Î·Îh,◊ : Vh,p æ RØ0

by

(3.32) ÎvhÎ2

h,◊ :=
ÿ

KœTh

Ë
◊|vh|2H2

(K),⁄ + (1 ≠ ◊)ÎL⁄vhÎ2

L2

(K)

È
+ |vh|2

J

.

For each ◊ œ [0, 1], the functional Î·Îh,◊ is a norm on Vh,p. Indeed, homogeneity and the
triangle inequality are clear. If ÎvhÎh,◊ = 0, then vh œ H2(�) fl H1

0

(�) since JÒvhK = 0 for
all F œ F i

h, and JvhK = 0 for all F œ F i,b
h . Moreover, L⁄vh © 0 (if ◊ = 1, use |vh|H2

(K),⁄ = 0
’ K), so vh © 0 as a result of (3.16b).

Lemma 3.7. Let � be a bounded convex polytopal domain, and let {Th}h be a shape-regular
sequence of simplicial or parallelepipedal meshes satisfying (2.11). Then, for each constant
Ÿ > 1, there exists a positive constant cµ and c÷, independent of h, p and ◊, such that, for
any vh œ Vh,p and any ◊ œ [0, 1], we have

(3.33) Bh,◊(vh, vh) Ø ◊

Ÿ
|vh|2H2

(�;Th),⁄ + (1 ≠ ◊)
ÿ

KœTh

ÎL⁄vhÎ2

L2

(K)

+ 1
2 |vh|2

J

whenever

(3.34) µF = cµ
p̃2

F

h̃F

and ÷F > ⁄ c÷
p̃2

F

h̃F

’ F œ F i,b
h .
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The strict inequality in the second part of (3.34) serves to cover the case ⁄ = 0. See
also (3.41) below for an upper bound restriction on ÷F .

Proof. For vh œ Vh,p, we have

Bh,◊(vh, vh) = ◊ |vh|2H2

(�;Th),⁄ + (1 ≠ ◊)
ÿ

KœTh

ÎL⁄vhÎ2

L2

(K)

+ |vh|2
J

+ ◊
4ÿ

i=1

Ii,

where

I
1

:= 2
ÿ

F œF i
h

Èdiv
T

Ò
T

{vh}, JÒvh · nF KÍF , I
3

:= ≠2⁄
ÿ

F œF i
h

È{vh}, JÒvh · nF KÍF ,

I
2

:= ≠2
ÿ

F œF i,b
h

ÈÒ
T

{Òvh · nF }, JÒ
T

vhKÍF , I
4

:= ≠2⁄
ÿ

F œF i,b
h

È{Òvh · nF }, JvhKÍF .

Lemma 2.8 shows that there is a constant Cd depending only on d, such that for any ” > 0,

|I
1

| Æ ” Cd C
Tr

cF
ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+
ÿ

F œF i
h

p̃2

F

”h̃F

ÎJÒvh · nF KÎ2

L2

(F )

,(3.35)

|I
2

| Æ ” Cd C
Tr

cF
ÿ

KœTh

ÎD2vhÎ2

L2

(K)

+
ÿ

F œF i,b
h

p̃2

F

”h̃F

ÎJÒ
T

vhKÎ2

L2

(F )

,(3.36)

where C
Tr

is the combined constant of the trace and inverse inequalities, and cF is given
by (2.11). The inverse and trace inequalities also show that

(3.37)

|I
3

| Æ 2⁄

ı̂ııÙ
ÿ

F œF i
h

”h̃F

p̃2

F

Î{vh}Î2

L2

(F )

ı̂ııÙ
ÿ

F œF i
h

p̃2

F

”h̃F

ÎJÒvh · nF KÎ2

L2

(F )

Æ ” Cd C
Tr

cF
ÿ

KœTh

⁄2ÎvhÎ2

L2

(K)

+
ÿ

F œF i
h

p̃2

F

”h̃F

ÎJÒvh · nF KÎ2

L2

(F )

.

Similarly, it is found that

(3.38) |I
4

| Æ ” Cd C
Tr

cF
ÿ

KœTh

2⁄ÎÒvhÎ2

L2

(K)

+
ÿ

F œF i,b
h

⁄p̃2

F

2”h̃F

ÎJvhKÎ2

L2

(F )

.

50



CHAPTER 3. ELLIPTIC HJB PDE 3.4. STABILITY

We may take Cd to be the same constant in each of the above inequalities. So,

Bh,◊(vh, vh) Ø ◊ (1 ≠ ” Cd C
Tr

cF ) |vh|2H2

(�;Th),⁄ + (1 ≠ ◊)
ÿ

KœTh

ÎL⁄vhÎ2

L2

(K)

+
ÿ

F œF i
h

A

µF ≠ 2◊p̃2

F

”h̃F

B

ÎJÒvh · nF KÎ2

L2

(F )

+
ÿ

F œF i,b
h

A

µF ≠ ◊p̃2

F

”h̃F

B

ÎJÒ
T

vhKÎ2

L2

(F )

+
ÿ

F œF i,b
h

A

÷F ≠ ⁄◊p̃2

F

2”h̃F

B

ÎJvhKÎ2

L2

(F )

.

For any given Ÿ > 1, there is a ” > 0 such that 1 ≠ ” Cd C
Tr

cF > 1/Ÿ. Set cµ = 4/” and
c÷ = 1/”, so that (3.33) holds whenever µF and ÷F satisfy (3.34).

Theorem 3.8. Let � be a bounded convex polytopal domain, and let {Th}h be a shape-regular
sequence of simplicial or parallelepipedal meshes satisfying (2.11). Let � be a compact metric
space and let the data satisfy (3.5) and either (3.6) or (3.7) with b © 0, c © 0, ⁄ = 0. Let
÷F and µF be chosen so that Lemma 3.7 holds with Ÿ < (1 ≠ Á)≠1. Then, for every uh and
vh œ Vh,p, we have the strong monotonicity inequality

(3.39) Îuh ≠ vhÎ2

h,1 Æ 2 Ÿ

1 ≠ Ÿ (1 ≠ Á)
!
Ah(uh; uh ≠ vh) ≠ Ah(vh; uh ≠ vh)

"
.

Moreover, Ah is Lipschitz continuous, i.e. for any uh, vh and zh in Vh,p, we have

(3.40) |Ah(uh; zh) ≠ Ah(vh; zh)| . Îuh ≠ vhÎh,1ÎzhÎh,1.

Therefore, there exists a unique solution uh œ Vh,p to the numerical scheme (3.25).

Proof. First, note that since Á œ (0, 1], it is possible to choose the terms µF and ÷F such
that Ÿ < (1 ≠ Á)≠1. Let uh and vh belong to Vh,p and set wh := uh ≠ vh. Then,

Ah(uh; wh) ≠ Ah(vh; wh) = Bh,1/2

(wh, wh) +
ÿ

KœTh

ÈF“ [uh] ≠ F“ [vh] ≠ L⁄wh, L⁄whÍK .

Note that Lemma 3.1 gives

ÿ

KœTh

|ÈF“ [uh] ≠ F“ [vh] ≠ L⁄wh, L⁄whÍK | Æ
Ô

1 ≠ Á
ÿ

KœTh

|wh|H2

(K),⁄ÎL⁄whÎL2

(K)

Æ 1 ≠ Á

2 |wh|2H2

(�;Th),⁄ + 1
2

ÿ

KœTh

ÎL⁄whÎ2

L2

(K)

.

This inequality and Lemma 3.7 show that

Ah(uh; wh) ≠ Ah(vh; wh) Ø 1 ≠ Ÿ (1 ≠ Á)
2 Ÿ

|wh|2H2

(�;Th),⁄ + 1
2 |wh|2

J

Ø ÎwhÎ2

h,1/C,
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where C := 2 Ÿ/ (1 ≠ Ÿ (1 ≠ Á)). Since Ÿ (1 ≠ Á) < 1, we obtain (3.39).
Now, let zh œ Vh,p; using the linearity of Bh,◊ and inverse inequalities, we find that there

exists a constant C depending on the constants appearing in the proof of Lemma 3.7, but
not on h or p, such that |Bh,1/2

(uh ≠ vh, zh)| Æ CÎuh ≠ vhÎh,1ÎzhÎh,1. Using Lemma 3.1
and the above inequalities, we deduce that

ÿ

KœTh

|ÈF“ [uh] ≠ F“ [vh] ≠ L⁄(uh ≠ vh), L⁄zhÍK | . Îuh ≠ vhÎh,1ÎzhÎh,1.

It then follows that Ah is Lipschitz continuous, as stated in (3.40). The Browder–Minty
theorem along with (3.39) and (3.40) imply that there exists a unique uh œ Vh,p such that
Ah(uh; vh) = 0 for all vh œ Vh,p.

Remark 3.1. In the above stability result, it was required that cµ and c÷ be chosen so that
Lemma 3.7 holds for some Ÿ < (1 ≠ Á)≠1. It can be seen from the proof of Lemma 3.7 that
cµ and c÷ can be chosen to be of order 1/Á, and Ÿ can be chosen so that the constant in
(3.39) is also of order 1/Á when Á is small.

3.5 Error analysis

In the following, we require that

(3.41) ÷F Æ c÷ max(1, ⁄) p̃4

F

h̃3

F

’ F œ F i,b
h .

Therefore, the combined requirements on the user-defined parameters µF and ÷F given by
(2.28), (3.34) and (3.41) imply

(3.42) µF = cµ
p̃2

F

h̃F

, c÷ max(1, ⁄) p̃2

F

h̃F

< ÷F Æ c÷ max(1, ⁄) p̃4

F

h̃3

F

’ F œ F i,b
h ,

with cµ and c÷ user-defined constants to be chosen su�ciently large.

3.5.1 Error bound for solutions with su�cient regularity

The consistency and stability of the method lead to the following error bound [71].

Theorem 3.9. Let � be a bounded convex polytopal domain, and let the shape-regular
sequence of simplicial or parallelepipedal meshes {Th}h satisfy (2.11) and (2.12), with p
satisfying (2.13) for each h. Let � be a compact metric space, and let the data satisfy (3.5),
and either (3.6) or (3.7) when b © 0, c © 0 and ⁄ = 0. Let u œ H2(�) fl H1

0

(�) be the
unique solution of (3.4), and assume that u œ Hs(�; Th), with sK > 5/2 for each K œ Th.
Let µF and ÷F be chosen as in Theorem 3.8, and let ÷F also satisfy (3.41). Then, there
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exists a positive constant C, independent of h, p and u, but depending on maxK sK , such
that

(3.43) Îu ≠ uhÎ2

h,1 Æ C
ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

,

where tK = min(sK , pK + 1) for each K œ Th.

Note that for the special case of quasi-uniform meshes and uniform polynomial degrees,
if u œ Hs(�) with s > 5/2, the error bound (3.43) simplifies to

Îu ≠ uhÎh,1 . hmin(s, p+1)≠2

ps≠5/2

ÎuÎHs
(�)

.

Therefore, the convergence rates are optimal with respect to the mesh size and suboptimal
in the polynomial degree by half an order.

Proof. Theorem C.6 implies that there exists a zh œ Vh,p, and a constant C, independent
of u, hK and pK , but dependent on maxK sK , such that, for each K œ Th, each nonnegative
integer j Æ sK , and for each multi-index — with |—| < sK ≠ 1/2, we have

Îu ≠ zhÎHj
(K)

Æ C
htK≠j

K

psK≠j
K

ÎuÎHsK
(K)

,(3.44)

ÎD—(u ≠ zh)ÎL2

(ˆK)

Æ C
h

tK≠|—|≠1/2

K

p
sK≠|—|≠1/2

K

ÎuÎHsK
(K)

.(3.45)

Set Âh := uh ≠zh and ›h := u≠zh. By Corollary 3.6, we have Ah(u; vh) = 0 for all vh œ Vh,p.
Strong monotonicity of Ah on Vh,p, as shown in Theorem 3.8, yields

(3.46) ÎÂhÎ2

h,1 . Ah(uh; Âh) ≠ Ah(zh; Âh) = Ah(u; Âh) ≠ Ah(zh; Âh).

By applying the Cauchy–Schwarz inequality to the terms appearing on the right-hand side
of (3.46) and applying inverse inequalities to Âh œ Vh,p, we eventually obtain

(3.47) Ah(u; Âh) ≠ Ah(zh; Âh) Æ
Òq

10

i=1

Ei ÎÂhÎh,1,
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where the quantities Ei are defined by

E
1

:=
ÿ

KœTh

|›h|2H2

(K),⁄, E
2

:=
ÿ

KœTh

ÎL⁄›hÎ2

L2

(K)

,

E
3

:=
ÿ

KœTh

ÎF“ [u] ≠ F“ [zh]Î2

L2

(K)

, E
4

:=
ÿ

F œF i
h

µ≠1

F Îdiv
T

Ò
T

{›h}Î2

L2

(F )

,

E
5

:=
ÿ

F œF i
h

µF ÎJÒ›h · nF KÎ2

L2

(F )

, E
6

:=
ÿ

F œF i,b
h

µ≠1

F ÎÒ
T

{Ò›h · nF }Î2

L2

(F )

,

E
7

:=
ÿ

F œF i,b
h

µF ÎJÒ
T

›hKÎ2

L2

(F )

, E
8

:=
ÿ

F œF i,b
h

⁄2÷≠1

F Î{Ò›h · nF }Î2

L2

(F )

,

E
9

:=
ÿ

F œF i,b
h

(⁄µF + ÷F )ÎJ›hKÎ2

L2

(F )

, E
10

:=
ÿ

F œF i
h

⁄2µ≠1

F Î{›h}Î2

L2

(F )

.

The inequality in (3.44) shows that

(3.48) E
1

+ E
2

.
ÿ

KœTh

h2tK≠4

K

p2sK≠4

K

ÎuÎ2

HsK
(K)

.

By compactness of �, continuity of the data and (3.5), F“ is Lipschitz continuous, so

(3.49) E
3

.
ÿ

KœTh

Î›hÎ2

H2

(K)

.
ÿ

KœTh

h2tK≠4

K

p2sK≠4

K

ÎuÎ2

HsK
(K)

.

We use (2.11), (2.12), (2.13), (3.34) and (3.45) to obtain

E
4

+ E
6

.
ÿ

KœTh

hK

p2

K

h2tK≠5

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

=
ÿ

KœTh

h2tK≠4

K

p2sK≠3

K

ÎuÎ2

HsK
(K)

,(3.50)

E
5

+ E
7

.
ÿ

KœTh

p2

K

hK

h2tK≠3

K

p2sK≠3

K

ÎuÎ2

HsK
(K)

=
ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

.(3.51)

Similarly, we use (3.34) to get

(3.52) E
8

.
ÿ

KœTh

hK

p2

K

h2tK≠3

K

p2sK≠3

K

ÎuÎ2

HsK
(K)

=
ÿ

KœTh

h2tK≠2

K

p2sK≠1

K

ÎuÎ2

HsK
(K)

.

By hypothesis, ÷F . p̃4

F /h̃3

F by (3.41), so (2.12) and (2.13) imply that

(3.53) E
9

.
ÿ

KœTh

p4

K

h3

K

h2tK≠1

K

p2sK≠1

K

ÎuÎ2

HsK
(K)

=
ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

.
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Finally, (3.45) yields

(3.54) E
10

.
ÿ

KœTh

hK

p2

K

h2tK≠1

K

p2sK≠1

K

ÎuÎ2

HsK
(K)

=
ÿ

KœTh

h2tK
K

p2sK+1

K

ÎuÎ2

HsK
(K)

.

The bound (3.43) is then obtained from Îu ≠ uhÎh,1 Æ ÎÂhÎh,1 + Î›hÎh,1 and the above
inequalities.

3.5.2 Error bound for solutions with minimal regularity

The following result generalises Theorem 2.11, showing a quasi-optimal approximation prop-
erty of the method with respect to any H2-conforming approximation on the same mesh
with the same polynomial degrees. Therefore, the comments surrounding Theorem 2.11
carry over to the current nonlinear setting.

Theorem 3.10. Let � be a bounded convex polytopal domain, and let the shape-regular
sequence of simplicial or parallelepipedal meshes {Th}h satisfy (2.11) and (2.12), with p
satisfying (2.13) for each h. Let � be a compact metric space, and let the data satisfy (3.5),
and either (3.6) or (3.7) when b © 0, c © 0 and ⁄ = 0. Let u œ H2(�) fl H1

0

(�) be the
unique solution of (3.4). Let µF and ÷F be chosen as in Theorem 3.8. Then, we have

(3.55) Îu ≠ uhÎh,1 . inf
Ó

|u ≠ zh|H2

(�),⁄ : zh œ Vh,p fl H2(�) fl H1

0

(�)
Ô

.

Proof. Let zh œ Vh,p fl H2(�) fl H1

0

(�); since zh is a piecewise polynomial, it follows that
zh œ Hs(�; Th) for any s > 5/2. Therefore, Theorem 3.8, the numerical scheme (3.25), and
Lemma 3.5, applied to zh, show that

Îuh ≠ zhÎ2

h,1 . Ah(uh; zh ≠ uh) ≠ Ah(zh; zh ≠ uh) = ≠
ÿ

KœTh

ÈF“ [zh], L⁄(zh ≠ uh)ÍK .

Since u solves (3.4), we find that

Îzh ≠ uhÎ2

h,1 .
ÿ

KœTh

ÈF“ [u] ≠ F“ [zh], L⁄(zh ≠ uh)ÍK

. ÎF“ [u] ≠ F“ [zh]ÎL2

(�)

|zh ≠ uh|H2

(�;Th),⁄,

which implies that Îzh ≠ uhÎh,1 . ÎF“ [u] ≠ F“ [zh]ÎL2

(�)

, since |Âh|H2

(�;Th),⁄ Æ ÎÂhÎh,1 for
Âh := zh ≠ uh œ Vh,p. Using (3.6), it is found that ÎF“ [u] ≠ F“ [zh]ÎL2

(�)

. |u ≠ zh|H2

(�),⁄.
This shows that

(3.56) Îuh ≠ zhÎh,1 . |u ≠ zh|H2

(�),⁄.

Since the functions u and zh belong to H2(�) fl H1

0

(�), it follows that their jumps in values
and gradients vanish on all interior faces, and that their values and tangential gradients
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vanish on all boundary faces. Therefore, we have the identity Îu ≠ zhÎh,1 = |u ≠ zh|H2

(�),⁄.
So, the triangle inequality and (3.56) imply that

(3.57) Îu ≠ uhÎh,1 Æ |u ≠ zh|H2

(�),⁄ + Îzh ≠ uhÎh,1 . |u ≠ zh|H2

(�),⁄.

Since zh was arbitrary, taking the infimum over all zh œ Vh,p fl H2(�) fl H1

0

(�) in (3.57)
yields (3.55).

Remark 3.2. The constants appearing in the error bounds of Theorems 3.9 and 3.10 de-
pend on the constant of the stability bound of Theorem 3.8. Therefore, as explained in
Remark 3.1, the behaviour of these constants for problems presenting a small value of Á is
typically of order 1/Á. It is therefore seen that the parameter Á plays here a similar role as
that of the ellipticity constant ‹/‹ in the analysis of standard FEM for di�usion equations.
The performance of the method for problems with very small values of Á is studied in the
numerical experiments of section 3.7.

3.6 Semismooth Newton method

We turn to the analysis of an algorithm for solving the discrete problem (3.25), which can
be interpreted as a Newton method for nonsmooth operator equations [64]. After showing
that the algorithm is well-posed, we establish its superlinear convergence as a consequence
of the semismoothness in function spaces of the HJB operator. The semismoothness of
finite-dimensional HJB operators in a di�erent form was studied in [14].

For 1 Æ r Æ Œ, a function u œ W 2,r(�; Th) defines a vector-valued function u œ
Lr(�;Rm) through u =

!
u, Òu, D2u

"
, where Òu and D2u denote the broken gradient and

broken Hessian of u, see section 2.2. For a vector u = (z, p, M) œ Rm, define the function
F“ : � ◊ Rm æ R by

(3.58) F“(x, u) := sup
–œ�

[“–(x) (a–(x) : M + b–(x) · p ≠ c–(x) z ≠ f–(x))] .

For each (x, u) œ � ◊Rm, we define �(x, u) as the set of all – œ � such that the supremum
in (3.58) is attained. This defines a set-valued map (x, u) ‘æ �(x, u).

Lemma 3.11. Let � be a bounded open subset of Rd, let � be a compact metric space,
let the data a, b, c and f be continuous on � ◊ �, and suppose that (3.5) holds. Then,
for each (x, u) œ � ◊ Rm, �(x, u) is a non-empty closed subset of �. The set-valued map
(x, u) ‘æ �(x, u) is upper semicontinuous; that is, for every (x, u) œ � ◊ Rm, and any
open neighbourhood U of �(x, u), there exists an open neighbourhood V of (x, u) such that
�(y, v) µ U for every (y, v) œ V .

We remark that the uniform ellipticity condition (3.5) is only used in Lemma 3.11 to
guarantee that “ œ C(� ◊ �).
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Proof. For every (x, u) œ � ◊Rm, where u = (z, p, M), compactness of � and continuity of
a, b, c, f and “ imply the existence of a maximiser in (3.3); so �(x, u) is non-empty. The
set �(x, u) is closed: if – is in the closure of �(x, u), say –j æ –, with –j œ �(x, u) for
each j œ N, then continuity of the data implies that

(3.59) “– (a– : M + b– · p ≠ c–z ≠ f–)|x = lim
jæŒ

“–j (a–j : M + b–j · p ≠ c–j z ≠ f–j )|x.

Since –j œ �(x, u) for each j œ N, the right hand side of (3.59) equals F (x, u), thus giving
– œ �(x, u) and showing that �(x, u) is closed.

We prove upper semicontinuity of (x, u) ‘æ �(x, u) by contradiction. Suppose that there
exists an (x, u) œ � ◊ Rm, a neighbourhood U of �(x, u), and a sequence {(xj , uj)}Œ

j=1

,
uj = (zj , pj , Mj), converging to (x, u), together with –j œ �(xj , uj) \ U for all j œ N.
Because � is compact and � \ U is closed, there exists a subsequence, to which we pass
without change of notation, such that –j æ – œ � \ U . On the one hand, �(x, u) is
non-empty so there is — œ �(x, u). Then, by definition of F“ ,

(3.60) “– (a– : M + b– · p ≠ c–z ≠ f–)|x Æ F“(x, u).

On the other hand, –j œ �(xj , uj) implies that we have, for each j œ N,

“–j (a–j : Mj + b–j · pj ≠ c–j zj ≠ f–j )|xj Ø “—
1
a— : Mj + b— · pj ≠ c—zj ≠ f—

2
|xj .

Taking the limit j æ Œ in the above inequality shows that equality holds in (3.60) because
— œ �(x, u). Hence, – œ �(x, u); however, U is an open neighbourhood of �(x, u) and
– œ � \ U , so we have a contradiction.

The following selection theorem, due to Kuratowski and Ryll-Nardzewski [51], is required
for the analysis of the algorithm for solving (3.25). See Appendix B for a proof of this result.

Theorem 3.12. Let � µ Rd be a bounded open set, let � be a compact metric space, and
let (x, u) ‘æ �(x, u) be an upper semicontinuous set-valued function from � ◊ Rm to the
subsets of �, such that �(x, u) is non-empty and closed for every (x, u) œ �◊Rm. Then, for
any Lebesgue measurable function u : � æ Rm, there exists a Lebesgue measurable selection
– : � æ � such that –(x) œ �

!
x, u(x)

"
for a.e. x œ �.

For u œ W 2,r(�; Th), let �[u] be the set of all Lebesgue measurable functions – : � æ �
such that –(x) œ �(x, u(x)) for a.e. x œ �, where u =

!
u, Òu, D2u

"
. Lemma 3.11 and

Theorem 3.12 show that �[u] is non-empty for each u œ W 2,r(�; Th). For measurable
– : � æ �, we define “– : � æ R>0

through “–(x) = “(x, –(x)), where “ : � ◊ � æ R>0

was defined by (3.9) or (3.10). It follows from uniform continuity of “ over � ◊ � that
“– œ LŒ(�), with Î“–ÎLŒ

(�)

Æ Î“ÎC(�◊�)

. The functions a–, b–, c– and f– and the
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operator L– are defined in a similar way and are likewise bounded. It is clear that if
– œ �[u], then F“ [u] = “–(L–u ≠ f–) a.e. in �.

3.6.1 Algorithm

We now present the definition of the semismooth Newton method for solving (3.25) and
state the main result concerning its convergence rate. Choose u0

h œ Vh,p. Given uk
h œ Vh,p,

k œ N, choose –k œ �[uk
h]. Then, obtain uk+1

h œ Vh,p satisfying

(3.61) Ak
h(uk+1

h , vh) =
ÿ

KœTh

È“–kf–k , L⁄vhÍK ’ vh œ Vh,p,

where the bilinear form Ak
h : Vh,p ◊ Vh,p æ R is defined by

(3.62) Ak
h(wh, vh) :=

ÿ

KœTh

È(“–kL–kwh, L⁄vhÍK + Bh,1/2

(wh, vh) ≠
ÿ

KœTh

ÈL⁄wh, L⁄vhÍK .

The fact that –k : � æ � is measurable ensures that Ak
h is well-defined. As in the proof of

Theorem 3.8, it is found that the bilinear forms Ak
h, k œ N, are coercive on Vh,p. In fact,

for each k œ N, we have

(3.63) ÎvhÎ2

h,1 Æ 2 Ÿ

1 ≠ Ÿ (1 ≠ Á)Ak
h(vh, vh) ’ vh œ Vh,p.

Therefore, the sequence of iterates {uk
h}Œ

k=1

is well-defined by (3.61) and remains bounded
in Vh,p. The main result of this section is the following.

Theorem 3.13. Under the hypotheses of Theorem 3.8, there exists a constant R > 0,
possibly depending on h and p, such that if Îuh ≠ u0

hÎh,1 < R, then the sequence {uk
h}Œ

k=1

converges to uh with a superlinear convergence rate.

The proof of this theorem will be given in the next section.

Remark 3.3. It is known that it is generally not possible to establish mesh-independence of
R for the class of operators considered here as a result of the so-called norm gap [41, 76]; see
also Remark 3.4 below. However, it is seen from the numerical experiments in section 3.7,
in particular in Figures 3.3 and 3.6 below, that in practice, the convergence rates of the
algorithm depend only weakly on the discretisation parameters.

Since the bilinear forms Ak
h are stable in an H2-type norm, the condition numbers of

the resulting linear systems are typically large, thereby limiting the performance of many
iterative solution algorithms. For common choices of basis {„i} of Vh,p, it can be shown
that the condition number Ÿ

!
Ak

"
of the matrix Ak :=

1
Ak

h(„i, „j)
2

satisfies

(3.64) Ÿ
!
Ak" . max

KœTh

p8

K

h4

K

maxKœTh
hd

K

minKœTh
hd

K

.
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Therefore, there can be significant benefits in using preconditioners when solving these linear
systems with iterative methods such as GMRES. In Chapter 5, based on our work [69], we
develop and analyse a class of nonoverlapping domain decomposition preconditioners to
accelerate the iterative solution of the linear problems (3.61). For computational e�ciency,
it is desirable to find a preconditioner that can be assembled once and used for each of
the linear problems encountered in the semismooth Newton method. This requires finding
a preconditioner for the linear problems (3.61) that remains robust for a large range of
coe�cients appearing in the definition of the bilinear forms Ak

h in (3.62).

3.6.2 Semismoothness

The proof of Theorem 3.13 rests upon the notion of semismoothness, as defined in [76]. We
recall the definition below. For sets X and Y , we write G : X ◆ Y if G is a set-valued map
that maps X into the subsets of Y .

Definition 3.1. Let X and Y be Banach spaces, and let F : U µ X æ Y be a map
defined on a non-empty open set U of X. Let DF : U ◆ L(X, Y ) be a set-valued map with
non-empty images. For x œ U , the map F is called DF -semismooth at x if

(3.65) lim
ÎeÎXæ0

1
ÎeÎX

sup
DœDF [x+e]

ÎF [x + e] ≠ F [x] ≠ DeÎY = 0.

The map F is called DF -semismooth on U if F is DF -semismooth at x, for every x œ U .
The set-valued map DF is then called a generalised di�erential of F on U .

For 1 Æ q < r Æ Œ, the map DF“ : W 2,r(�; Th) ◆ L
!
W 2,r(�; Th), Lq(�)

"
is defined by

(3.66) DF“ [u] :=
Ó

“–L– := “–
1
a– : D2 + b– · Ò ≠ c–

2
: – œ �[u]

Ô
.

Theorem 3.14. Let � µ Rd be a bounded open set, let � be a compact metric space, let
the data a, b, c and f be continuous on � ◊ �, and suppose that (3.5) holds. Let Th be a
mesh on �. Then, for any 1 Æ q < r Æ Œ, the operator F“ : W 2,r(�; Th) æ Lq(�) defined
by F“ [u] = F“(·, u, Òu, D2u) is DF“-semismooth on W 2,r(�; Th).

Proof. Supposing the claim to be false, there exist a function u œ W 2,r(�; Th), a constant
fl > 0, and a sequence {ej}Œ

j=0

µ W 2,r(�; Th), with ÎejÎW 2,r
(�;Th)

æ 0, and –j œ �[u + ej ]
such that, for each j œ N,

(3.67) 1
ÎejÎW 2,r

(�;Th)

ÎF“ [u + ej ] ≠ F“ [u] ≠ “–j L–j ejÎLq
(�)

> fl.

We will show that there is a subsequence for which (3.67) is violated, and thus obtain a
contradiction. Since ÎejÎW 2,r

(�;Th)

æ 0, by passing to a subsequence without change of
notation, we may assume that ej and its first and second broken derivatives tend to 0
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pointwise a.e. in �. The following inequality will help to simplify the argument:

(3.68) |F“ [u + ej ] ≠ F“ [u] ≠ “–j L–j ej | . Gj

1
|ej | + |Òej | + |D2ej |

2
,

where Gj : � æ RØ0

is defined by

(3.69) Gj := inf
–œ�(·,u(·))

|“–a– ≠ “–j a–j | + |“–b– ≠ “–j b–j | + |“–c– ≠ “–j c–j |.

It can be deduced from Lemma 3.11 that Gj is measurable, since it is the composition of a
lower semicontinuous function with a measurable function; compactness of � and continuity
of the data imply that ÎGjÎLŒ

(�)

is uniformly bounded for all j œ N.
We prove (3.68): since –j œ �[u + ej ], we have a.e. in �:

(3.70) F“ [u + ej ] ≠ F“ [u] ≠ “–j L–j ej = “–j (L–j u ≠ f–j ) ≠ F“ [u] Æ 0.

Now, for a.e. x œ �, and arbitrary – œ �(x, u(x)), we have

0 Æ F“ [u + ej ] ≠ “– (L–(u + ej) ≠ f–)

= “–j (L–j u ≠ f–j ) ≠ F“ [u] + (“–j L–j ≠ “–L–) ej

= F“ [u + ej ] ≠ F“ [u] ≠ “–j L–j ej + (“–j L–j ≠ “–L–) ej ,(3.71)

where it is understood that the above expressions are evaluated at x. Rearranging (3.70)
and (3.71) gives (“–L– ≠ “–j L–j ) ej Æ F“ [u + ej ] ≠ F“ [u] ≠ “–j L–j ej Æ 0, so

(3.72) |F“ [u + ej ] ≠ F“ [u] ≠ “–j L–j ej | Æ |(“–L– ≠ “–j L–j ) ej |.

Since (3.72) holds for arbitrary – œ �(x, u(x)), we readily obtain (3.68).
We claim that Gj æ 0 pointwise a.e. in �. Recall that ej := (ej , Òej , D2ej) tends to

zero pointwise a.e. in �. Let Í > 0 and x œ � be such that ej(x) æ 0. Then, by continuity
of the data on the compact metric space � ◊ �, there is a ” > 0 such that, for any –, — œ �
with dist(–, —) < ”,

|“–a– ≠ “—a—| + |“–b– ≠ “—b—| + |“–c– ≠ “—c—| < Í at x œ �.

Since (x, u) ‘æ �(x, u) is upper-semicontinuous by Lemma 3.11, there is an N œ N such that
for each j Ø N , there is an – œ �(x, u(x)) with dist(–, –j(x)) < ”. Therefore 0 Æ Gj(x) < Í

for all j Ø N , and hence Gj æ 0 pointwise a.e. in �.
Because 1 Æ q < r Æ Œ, setting s = r/q > 1 and sÕ such that 1/s + 1/sÕ = 1, we have

1 Æ sÕ < Œ. Inequality (3.68) followed by an application of Hölder’s inequality shows that

(3.73) 1
ÎejÎW 2,r

(�;Th)

ÎF“ [u + ej ] ≠ F“ [u] ≠ “–j L–j ejÎLq
(�)

. ÎGjÎLqsÕ
(�)

,
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Since Gj æ 0 pointwise a.e. and {Gj}Œ
j=0

is uniformly bounded in LŒ(�), the dominated
convergence theorem implies that ÎGjÎLqsÕ

(�)

æ 0. Therefore, (3.73) contradicts (3.67),
and F“ is DF“-semismooth at u, thus completing the proof.

Remark 3.4. The restriction q < r in Theorem 3.14 cannot be relaxed in general, as ev-
idenced by the counter-example in [41] involving a special case of the class of operators
considered here. This is an example of the so-called norm gap described in [41, 76].

Proof of Theorem 3.13. Since –k œ �[uk
h] for each k, we have F“ [uk

h] = “–kL–kuk
h ≠ “–kf–k .

Therefore, (3.61) is equivalent to

(3.74) Ak
h(uk+1

h , vh) =
ÿ

KœTh

È“–kL–kuk
h ≠ F“ [uk

h], L⁄vhÍK ’ vh œ Vh,p.

The definition of the numerical scheme (3.25) implies that uh satisfies

(3.75) Ak
h(uh, vh) =

ÿ

KœTh

È“–kL–kuh ≠ F“ [uh], L⁄vhÍK ’ vh œ Vh,p.

After subtracting (3.75) from (3.74), the bound (3.63) then shows that

(3.76) Îuk+1

h ≠ uhÎh,1 Æ C
1

ÎF“ [uk
h] ≠ F“ [uh] ≠ “–

k L–
k (uk

h ≠ uh)ÎL2

(�)

,

where the constant C
1

depends only on Ÿ, Á, “, and d, but not on k. Fix r > 2; since Vh,p is
finite-dimensional, there is a constant C

2

depending on h and p such that ÎvhÎW 2,r
(�;Th)

Æ
C

2

ÎvhÎh,1 for all vh œ Vh,p. Theorem 3.14 shows that for each fl œ (0, 1), there is a Rfl > 0
such that if Îwh ≠ uhÎh,1 < Rfl, then, for any – œ �[wh],

(3.77) ÎF“ [wh] ≠ F“ [uh] ≠ “–L–(wh ≠ uh)ÎL2

(�)

Æ fl

C
1

C
2

Îwh ≠ uhÎW 2,r
(�;Th)

.

If Îu0

h ≠ uhÎh,1 < Rfl for some fl < 1, then we use (3.76) and (3.77) to obtain

Îuk+1

h ≠ uhÎh,1 Æ flÎuk
h ≠ uhÎh,1 ’ k Ø 0 =∆ lim

kæŒ
Îuk

h ≠ uhÎh,1 = 0.

The convergence is superlinear since Îuk
h ≠ uhÎh,1 < Rfl is eventually satisfied ’ fl < 1.

3.7 Numerical experiments

We provide the results of two tests of the scheme on problems with strongly anisotropic
di�usion coe�cients, and an experiment for a solution that does not meet the regularity
assumption of the analysis of section 3.5.1.
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Figure 3.1: The errors in approximating the solution of the problem of section 3.7.1 for various
mesh sizes and polynomial degrees. The optimal convergence rates Îu ≠ uhÎH2

(�;Th)

ƒ hp≠1 are
observed.

Mesh size p = 2 p = 3 p = 4 p = 5
1/2 9.31 4.09 1.06 3.19 ◊ 10≠1

1/4 5.20 (0.84) 1.07 (1.94) 1.50 ◊ 10≠1 (2.82) 1.91 ◊ 10≠2 (4.06)
1/8 2.58 (1.01) 2.57 ◊ 10≠1 (2.05) 1.80 ◊ 10≠2 (3.06) 1.16 ◊ 10≠3 (4.04)
1/16 1.23 (1.07) 6.25 ◊ 10≠2 (2.04) 2.16 ◊ 10≠3 (3.06) 7.09 ◊ 10≠5 (4.04)
1/32 5.94 ◊ 10≠1 (1.05) 1.55 ◊ 10≠2 (2.01) 2.64 ◊ 10≠4 (3.03) 4.38 ◊ 10≠6 (4.02)
1/64 2.92 ◊ 10≠1 (1.02) 3.86 ◊ 10≠3 (2.00) 3.28 ◊ 10≠5 (3.01) 2.73 ◊ 10≠7 (4.00)

Table 3.2: Errors Îu ≠ uhÎH2
(�;Th)

for the numerical scheme applied to problem of section 3.7.1.
The estimated orders of convergence between successive mesh refinements are given in parentheses.

3.7.1 First experiment

We consider once again Example 3.1 for testing the accuracy of the scheme and the per-
formance of the semismooth Newton method. Recalling that � = [0, fi/3] ◊ SO(2) and
a– = ‡–(‡–)€/2, with ‡– given by (3.8), let � = (0, 1)2, let b– © 0, c– © fi2 and choose
f– ©

Ô
3 sin2 ◊/fi2 + g, g independent of –, so that the exact solution of the HJB equa-

tion (3.4) is u(x, y) = exp(xy) sin(fix) sin(fiy). These choices are made so that the optimal
controls vary significantly throughout the domain, and to ensure that the corresponding
di�usion coe�cient is not diagonally dominant in parts of �.

The numerical scheme (3.25) is applied with meshes obtained by regular subdivision
of � into uniform quadrilateral elements of size h = 2≠k, 1 Æ k Æ 6. The finite element
spaces Vh,p are defined by employing the space of polynomials of fixed total degree p on
each element, with 2 Æ p Æ 5. The penalty parameters are set to cµ = c÷ = 10 and
÷F = c÷ p̃4

F /h̃3

F . Figure 3.1 confirms the optimal convergence rates with respect to mesh
refinement that are predicted by Theorem 3.9. The numerical solutions were obtained by the
semismooth Newton method of section 3.6, for which we use a strict convergence criterion by
requiring a relative residual below 5◊10≠12 and a step-increment L2-norm below 1◊10≠11.
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The initial guess used for each computation was u0

h © 0. Figure 3.3 demonstrates the fast
convergence of the algorithm.

1 2 3 4 5 6 7
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h
�
u
k h
k H

2
(
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;
T h

)

h = 1/4

h = 1/8

h = 1/16

h = 1/32

h = 1/64

Figure 3.3: Convergence histories of the semismooth Newton method applied to the problem of
section 3.7.1 on successively refined meshes, with p = 4. The predicted superlinear convergence rate
is observed, and the number of iterations required for convergence varies little under refinement.

3.7.2 Second experiment

We investigate the robustness of the scheme against a combination of near-degenerate dif-
fusions, nonsmooth solutions and boundary layers. Let � = (0, 1)2, b– © (0, 1), c– © 10
and define

(3.78) a– := –€
A

20 1
1 0.1

B

–, – œ � := SO(2).

For ⁄ = 1/2, the Cordes condition (3.6) holds with Á ¥ 0.0024. We choose f– so that the
solution of the corresponding HJB equation is

(3.79) u(x, y) = (2x ≠ 1)
1
e1≠|2x≠1| ≠ 1

2 A

y + 1 ≠ ey/”

e1/” ≠ 1

B

, ” > 0.

We choose ” = 5 ◊ 10≠3 to be of same order as Á, thus leading to a sharp boundary layer
in a neighbourhood of

Ó
(x, y) œ � : y = 1

Ô
. As explained in section 1.3, monotone FDM

require very large stencils to discretise this problem. On uniform grids, these low-order
methods would require a fine grid to resolve the boundary layer, whilst the use of locally
refined grids is complicated by the monotonicity requirements.

Our method features no such constraints, so we are free to take advantage of hp-
refinement techniques that are capable of delivering highly accurate approximations for
a smaller computational cost. Following a suggestion in [57], we perform a sequence of com-
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Figure 3.4: Mesh on � used for the approximation of (3.79). The origin is at the bottom left
corner. The mesh has 8 geometrically refined layers with grading factor 1/2.
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Figure 3.5: Exponential convergence in the broken H1 and H2-norms of the approximations to
the solution defined by (3.79). The relative errors Îu ≠ uhÎ/ÎuÎ are plotted against the cube root of
the number of degrees of freedom, with each data point corresponding to a computation using a total
polynomial degree p = 2, . . . , 10.

putations by increasing the uniform polynomial degrees p from 2 to 10 on a fixed mesh shown
in Figure 3.4. The number of degrees of freedom ranges from 120 to 1320. The following
results were obtained with cµ = c÷ = 10, as in section 3.7.1. Here, we use ÷F = ⁄ c÷ p̃4

F /h̃3

F .
Figure 3.5 shows that the error converges with a rate of order exp

!
≠ c 3

Ô
DoF

"
, as expected

from the results in [78], which leads to high accuracy with few degrees of freedom.
To study the convergence behaviour of the semismooth Newton method as applied to

this problem, we compute the numerical solution uh to high accuracy and obtain the relative
errors of the successive iterates uk

h in the broken H2-norm. The initial guess used for each
computation was u0

h © 0. The results are presented in Figure 3.6, which shows that,
for this example, attaining a relative error of 10≠10 requires one additional Newton step
per polynomial degree p. This confirms the observation made in Remark 3.3 that mesh-
independence of the superlinear convergence radius cannot be achieved for this class of
operators, although the dependence is not severe.
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Figure 3.6: Convergence histories of the semismooth Newton method applied to the problem of
section 3.7.2. One additional Newton step per polynomial degree p is required in order to attain a
relative error below 10≠10. The number of iterations required for convergence thus increases slowly
with the polynomial degree p.

3.7.3 Third experiment

We consider the convergence of the scheme when relaxing the assumption on the solution
of broken Hs-regularity for some s > 5/2. We also treat a problem with an inhomogeneous
Dirichlet boundary condition, as explained in section 2.7.2.

Consider a hexagonal domain � µ R2 with unit face length, as shown in Figure 3.7.
Laplace’s equation, �u = 0 in �, is a special case of the HJB equation at hand, and the
boundary condition u = g on ˆ� is chosen such that u = r3/2 sin(3

2

◊), where r is the distance
to the upper vertex of �, and ◊ is the counter-clockwise angle from the upper left face of
�. It follows that broken Hs-regularity of u fails for s Ø 5/2.

The first set of computations use uniform h-refinement, whereas the second uses hp-
refinement on geometrically graded meshes with linearly increasing polynomial degrees away
from the singularity of the solution. Figure 3.7 illustrates the respective sequences of meshes.
We use cµ = c÷ = 10 and ÷F = c÷ p̃4

F /h̃3

F .

Figure 3.7: The planar hexagonal domain � µ R2 considered in the experiment of section 3.7.3
with uniformly refined and geometrically graded parallelepipedal meshes.
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Figure 3.8: Convergence in the broken H2-norm of the approximations to the singular solution
on the hexagonal domain. We observe approximate convergence rates of order h1/2 for uniform h-
refinement, whilst rates of order exp

!
≠ c 3ÔDoF

"
are obtained under hp-refinement. The number of

degrees of freedom used for the largest computations were 1604 (hp-refinement), 73728 (h-refinement,
p = 2) and 258048 (h-refinement, p = 5), thus showing the e�ciency of hp-refinement.

Figure 3.8 shows that the method is convergent under both refinement strategies. In
the case of h-refinement, the convergence rate is approximately of order h1/2, irrespective
of the polynomial degree, as may be expected given the limited regularity of the solution.
In the case of hp-refinement, the rate is of order exp

!
≠ c 3

Ô
DoF

"
, where DoF is the number

of degrees of freedom.
These results show that the regularity assumption on the solution used in the analysis

is not a necessary condition for the convergence of the numerical scheme. Furthermore, the
ability to use hp-refinement is a significant advantage for computational e�ciency.
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Chapter 4

Parabolic Hamilton–Jacobi–Bellman
equations

In this chapter, we consider the Cauchy–Dirichlet problem for Hamilton–Jacobi–Bellman
(HJB) equations of the form

(4.1) ˆtu ≠ sup
–œ�

[L–u ≠ f–] = 0 in � ◊ I,

where I = (0, T ) is a bounded time interval, and the coe�cients of the nondivergence form
elliptic operators L–, as well as f–, are allowed to depend on space and time.

This chapter extends the spatial discretisation of HJB equations from the earlier chapters
by a discontinuous Galerkin (DG) time-stepping scheme [74]. DG time discretisations o�er
many advantages over other discretisations, since they possess excellent stability properties
and they allow very general choices of time steps and orders of accuracy [2, 74]. For instance,
they allow arbitrarily high-order approximation without restrictions on the size of the time-
step. Moreover, these methods can yield exponential convergence rates for solutions with
limited early-time regularity, commonly encountered in parabolic problems, through ·q-
refinement [67].

A key contribution of this chapter concerns the construction of an appropriate DG time-
stepping scheme that addresses a particular di�culty that we now describe. Recall that the
approach based on the Cordes condition involves a renormalisation of the HJB operator, as
shown in Chapter 3. In the present context, we find that (4.1) is equivalent to

(4.2) inf
–œ�

[“– (ˆtu ≠ L–u + f–)] = 0 in � ◊ I,

where “– is an appropriate scalar function. It is clear that the nonlinear operator in (4.2)
now includes the time derivative of the solution inside the nonlinearity. Unfortunately,
this implies that the standard DG time-stepping method cannot be used, since the time
derivative cannot be cast onto a test function.
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Keeping to the approach of the earlier chapters, where the choice of discretisation follows
closely the analysis of the continuous problem, we first find an appropriate functional setting
in which the Cauchy–Dirichlet problem associated to (4.1) is well-posed. It turns out that
the Cordes condition leads to well-posedness in a H1(L2) fl L2(H2)-type Bochner norm.
Similarly to Chapter 3, the analysis rests upon the reformulation of the problem as a
variational equation involving a strongly monotone operator followed by an application of
the Browder–Minty theorem.

The continuous analysis helps to determine the essential components of the time-stepping
scheme; we present these ideas first in a semidiscrete context in section 4.2 in order to sim-
plify the presentation. The fully discrete method is then given in section 4.3, and is shown to
be consistent in section 4.4. Importantly, we show that in section 4.5 that this nonstandard
DG time-stepping method is stable in a discrete H1(L2) fl L2(H2)-type norm, analogous to
the continuous analysis.

The second main contribution of this chapter concerns the error analysis of the pro-
posed method. We note that the techniques of error analysis in the literature on DG
time discretisations of parabolic equations often require su�cient smoothness of the solu-
tion [2, 67], which, in the present setting, would correspond to assuming H1(H2)-regularity.
For instance, employing an approximation result from [67], we show in section 4.6.1 that for
su�ciently smooth solutions, quasi-uniformity of the mesh, time partitions, and polynomial
degrees leads to an error bound of the form

(4.3) Îu ≠ uhÎ . hmin(s, p+1)≠2

ps≠7/2

ÎuÎL2

(Hs
)

+ hmin(s̄, p+1)

ps̄
ÎuÎH1

(H s̄
)

+ p3/2

ÿ

¸œ{0,2}

·min(‡¸, q+1)≠1+¸/2

q‡¸≠1+¸/2

ÎuÎH‡¸
(H¸

)

+ hmin(s̃, p+1)≠1

ps̃≠3/2

Îu(0)ÎH s̃ ,

where the norm Î·Î is a discrete H1(L2) fl L2(H2)-type norm, and we assume that s > 5/2,
s̄ > 0, s̃ > 3/2, and ‡¸ Ø 1 for ¸ œ {0, 2}. Note that for ¸ = 2, this requires at least
H1(H2)-regularity. This bound implies that the method has optimal convergence rates in
terms of the mesh size h, time-interval length · , and temporal polynomial degrees q; the
rates in the spatial polynomial degrees p are possibly suboptimal by an order and a half, as
is common for DGFEM that are stable in discrete H2-norms [60], but which is weaker than
our results in Chapters 2 and 3. The reason for this di�erence lies with additional terms
required for stability, as shown in section 4.5.

A heuristic argument based on parabolic regularity theory shows that assuming H1(H2)-
regularity is comparable to assuming L2(H4)-regularity. Therefore, this appears as rather
more restrictive than the regularity assumptions of the preceding chapters, which in the
present context would amount to assuming L2(Hs)-regularity for s > 5/2. Therefore, we
use Clément-type projection operators to obtain bounds assuming only H‡(H2)-regularity
for any ‡ Ø 0.
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To distinguish the di�erent techniques of analysis employed to obtain these results, we
shall therefore refer to such problems as having solutions with low regularity, as opposed
to the case of regular solutions when ‡ Ø 1. In particular, the bounds for low-regularity
solutions cover problems with early-time singularities induced by the initial datum.

In section 4.7.1, we test the numerical scheme on a problem with strongly anisotropic dif-
fusion in order to demonstrate the method’s accuracy and e�ciency. Furthermore, we show
in the numerical experiment of section 4.7.2 that our method o�ers exponential convergence
rates for solutions with low regularity under hp- and ·q-refinement.

4.1 Analysis of the continuous problem

Let � be a bounded convex polytopal open set in Rd, d Ø 2, let � be a compact metric
space, and let I := (0, T ), with T > 0. It is assumed that � and � are non-empty. Convexity
of � implies that the boundary ˆ� of � is Lipschitz [40]. Let the symmetric Rd◊d-valued
function a, the Rd-valued function b, and scalar-valued functions c and f be continuous on
� ◊ I ◊ �. For each – œ �, define the functions a– : (x, t) ‘æ a(x, t, –), where (x, t) œ � ◊ I;
the functions b–, c– and f– are similarly defined.

The operators L– : L2(I; H2(�)) æ L2(I; L2(�)) are given by

(4.4) L–v := a– : D2v + b– · Òv ≠ c–v, v œ L2(I; H2(�)), – œ �,

where D2v denotes the Hessian matrix of v. Compactness of � and continuity of the
functions a, b, c and f imply that the fully nonlinear operator F , given by

(4.5) F : v ‘æ F [v] := ˆtv ≠ sup
–œ�

[L–v ≠ f–] = inf
–œ�

[ˆtv ≠ L–v + f–] ,

is well-defined as a mapping from the space H(I; �) into L2(I; L2(�)), where H(I; �) is
defined by

(4.6) H(I; �) := L2(I; H2(�) fl H1

0

(�)) fl H1(I; L2(�)).

The problem considered is to find a function u œ H(I; �) that is a strong solution of
the parabolic HJB equation subject to Cauchy–Dirichlet boundary conditions:

(4.7)
F [u] = 0 in � ◊ I,

u = 0 on ˆ� ◊ I,

u = u
0

on � ◊ {0},

where u
0

œ H1

0

(�). Note that the lateral condition u = 0 on ˆ� ◊ I is incorporated in the
function space H(I; �).

69



CHAPTER 4. PARABOLIC HJB PDE 4.1. ANALYSIS

The PDE is said to be uniformly parabolic if there exist constants 0 < ‹ Æ ‹ such that

(4.8) ‹ |›|2 Æ ›€a–(x, t) › Æ ‹ |›|2 ’ › œ Rd, ’ (x, t) œ � ◊ I, ’ – œ �.

Well-posedness of (4.7) is established in section 4.1 under the following hypotheses. We
assume uniform parabolicity, nonnegativity of c, and the Cordes condition [70, 71]: there
exist Á œ (0, 1], ⁄ > 0 and Ê > 0 such that

(4.9) |a–|2 + 1/⁄2 + 1/Ê2

(Tr a– + 1/⁄ + 1/Ê)2

Æ 1
d + 1 + Á

in � ◊ I, ’ – œ �.

In the special case where b © 0 and c © 0, we set ⁄ = 0 and assume that there exist Á œ (0, 1]
and Ê > 0 such that

(4.10) |a–|2 + 1/Ê2

(Tr a– + 1/Ê)2

Æ 1
d + Á

in � ◊ I, ’ – œ �.

As explained in previous chapters, the quantities ⁄ and Ê are included to make the Cordes
condition invariant under rescaling of the spatial and temporal domains.

Given (4.9), by considering substitutions for the solution of the form u = eµtũ, we can
assume without loss of generality that there exist Á œ (0, 1], ⁄ > 0 and Ê > 0 such that

(4.11) |a–|2 + |b–|2/2⁄ + (c–/⁄)2 + 1/Ê2

(Tr a– + c–/⁄ + 1/Ê)2

Æ 1
d + 1 + Á

in � ◊ I, ’ – œ �.

The relevance of (4.9) is to show that the Cordes condition is essentially independent of the
lower-order terms b– and c–, although it will be simpler to work with (4.11). Define the
strictly positive function “ : � ◊ I ◊ � æ R>0

by

(4.12) “(x, t, –) := Tr a–(x, t) + c–/⁄ + 1/Ê

|a–(x, t)|2 + |b–|2/2⁄ + (c–/⁄)2 + 1/Ê2

.

In the case of b © 0 and c © 0, the function “ is defined by

(4.13) “(x, t, –) := Tr a–(x, t) + 1/Ê

|a–(x, t)|2 + 1/Ê2

.

Continuity of the data implies that “ œ C(� ◊ I ◊ �), and it follows from (4.8) that there
exists a positive constant “

0

> 0 such that “ Ø “
0

on � ◊ I ◊ �. For each – œ �, define
“– : (x, t) ‘æ “(x, t, –), and define the operator F“ : H(I; �) æ L2(I; L2(�)) by

(4.14) F“ [v] := inf
–œ�

[“– (ˆtv ≠ L–v + f–)] .

It is important to observe that the operator F“ includes ˆtu inside the nonlinearity.
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For Ê and ⁄ as in (4.11), we introduce the operators L⁄ and LÊ defined by

L⁄v := �v ≠ ⁄v LÊv := Ê ˆtv ≠ L⁄v.(4.15)

The following result is similar to Lemma 3.1, so the proof is omitted here.

Lemma 4.1. Let � be a bounded open subset of Rd, let I = (0, T ), and suppose that (4.11)
holds, or that (4.10) holds if b © 0 and c © 0. Let U µ � be an open set, let J µ I be an
open interval, and let the functions u, v œ L2(J ; H2(U))flH1(J ; L2(U)), and set w := u≠v.
Then, the following inequality holds a.e. in U , for a.e. t œ J :

(4.16) |F“ [u] ≠ F“ [v] ≠ LÊw| Æ
Ô

1 ≠ Á
Ò

Ê2|ˆtw|2 + |D2w|2 + 2⁄|Òw|2 + ⁄2|w|2,

with ⁄ = 0 if b © 0 and c © 0.

Gelfand triple. For shorthand, we define the space H by

H := H2(�) fl H1

0

(�).

Theorem 3.2 shows that H is a Hilbert space when equipped with the inner-product
Èu, vÍ

�

:= ÈL⁄u, L⁄vÍL2

(�)

, where L⁄ is from (4.15) and ⁄ Ø 0 is from (4.11). It is possible
to identify Hú, the dual space of H, with L2(�) through the duality pairing

(4.17) Èf, vÍL2◊H :=
⁄

�

f (≠L⁄v) dx, f œ L2(�), v œ H.

Indeed, we clearly have L2(�) Òæ Hú, and H2-regularity of solutions of Poisson’s equation
in convex domains [40] shows that this embedding is an isometry: for any f œ L2(�), we
have ÎfÎL2

(�)

= ÎfÎHú . To show the surjectivity of this embedding, note that if Ï œ Hú,
then the Riesz representation theorem implies that there is a unique w œ H such that
Èw, vÍ

�

= Ï(v) for all v œ H. Then f = ≠L⁄w œ L2(�) satisfies Èf, vÍL2◊H = Ï(v) for all
v œ H. It follows from Poincaré’s inequality that the space H1

0

(�) may be equipped with
the inner-product

(4.18) Èu, vÍH1

0

:=
⁄

�

Òu · Òv + ⁄ u v dx,

along with associated norm Î·ÎH1

0

.
The relevance of these choices of duality pairing and inner-products is that the spaces

H, H1

0

(�) and L2(�) form a Gelfand triple as a result of the following integration by parts
identity: for any w œ H1

0

(�) and v œ H, we have

(4.19) Èw, vÍL2◊H =
⁄

�

w (≠L⁄v) dx =
⁄

�

Òw · Òv + ⁄wv dx = Èw, vÍH1

0

.

71



CHAPTER 4. PARABOLIC HJB PDE 4.1. ANALYSIS

The general theory of Bochner spaces, see for instance [79], yields the following result.

Lemma 4.2. Let � µ Rd be a bounded convex domain and let I = (0, T ). Then,

H Òæ H1

0

(�) Òæ L2(�)

form a Gelfand triple [79] under the inner product È·, ·ÍH1

0

and the duality pairing È·, ·ÍL2◊H .
The space H(I; �) is continuously embedded in C(I; H1

0

(�)), and for every u, v œ H(I; �)
and any t œ I, we have

(4.20) Èu(t), v(t)ÍH1

0

= Èu(0), v(0)ÍH1

0

+
⁄ t

0

Èˆtu, vÍL2◊H + Èˆtv, uÍL2◊H ds.

Define the norm Î·ÎH(I;�)

on H(I; �) by

(4.21) ÎvÎ2

H(I;�)

:=
⁄ T

0

Ê2ÎˆtvÎ2

L2

(�)

+ |v|2H2

(�),⁄ dt, v œ H(I; �).

We will make use of the following solvability result for the Cauchy–Dirichlet problem asso-
ciated to the linear operator LÊ from (4.15).

Theorem 4.3. Let � µ Rd be a bounded convex domain and let I = (0, T ). For each
g œ L2(I; L2(�)) and v

0

œ H1

0

(�), there exists a unique v œ H(I; �) such that

(4.22)
LÊv = g a.e. in �, for a.e. t œ I,

v(0) = v
0

in �.

Moreover, the function v satisfies

(4.23) ÎvÎ2

H(I;�)

+ ÊÎv(T )Î2

H1

0

Æ ÎgÎ2

L2

(I;L2

(�))

+ ÊÎv
0

Î2

H1

0

.

In Theorem 4.3, well-posedness of (4.22) is simply an application of the general theory
of Galerkin’s method for parabolic equations, see [79]. The bound (4.23) is obtained by
combining (4.20), integration by parts and the Miranda–Talenti inequality.

Well-posedness. The following result shows that the methods of analysis used in Chap-
ter 3 generalise to the parabolic setting [72].

Theorem 4.4. Let � µ Rd be a bounded convex domain, let I = (0, T ), and let � be a
compact metric space. Let the data a, b, c and f be continuous on � ◊ I ◊ � and satisfy
(4.8) and (4.11), or alternatively (4.10) in the case where b © 0 and c © 0. Then, there
exists a unique strong solution u œ H(I; �) of the HJB equation (4.7). Moreover, u is also
the unique solution of F“ [u] = 0 in � ◊ I, u = 0 on ˆ� ◊ I and u = u

0

on � ◊ {0}.
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Proof. Let the operator A : H(I; �) æ H(I; �)ú be defined by

(4.24) ÈA(u), vÍ :=
⁄

I

⁄

�

F“ [u] LÊv dx dt + ÊÈu(0) ≠ u
0

, v(0)ÍH1

0

.

Compactness of � and continuity of the data imply that A is Lipschitz continuous. Indeed,
letting u, v and z œ H(I; �), we find that

(4.25) |ÈA(u) ≠ A(v), zÍ| Æ ÎF“ [u] ≠ F“ [v]ÎL2

(I;L2

(�))

ÎLÊzÎL2

(I;L2

(�))

+ ÊÎu(0) ≠ v(0)ÎH1

0

Îz(0)ÎH1

0

Æ CÎu ≠ vÎH(I;�)

ÎzÎH(I;�)

,

where the constant C depends only on the dimension d, Ê, T , and on the supremum norms
of a, b, c and f and “ over � ◊ I ◊ �. We also claim that A is strongly monotone. Define
w := u ≠ v. Addition and subtraction of

s
In

ÈLÊw, LÊwÍL2 dt shows that

(4.26)
ÈA(u) ≠ A(v), wÍ = ÎLÊwÎ2

L2

(I;L2

(�))

+ ÊÎw(0)Î2

H1

0

+
⁄

I

⁄

�

(F“ [u] ≠ F“ [v] ≠ LÊw) LÊw dx dt.

Lemma 4.1, the bound (4.23) and the Cauchy–Schwarz inequality show that

(4.27)
ÈA(u) ≠ A(v), wÍ Ø 1

2ÎLÊwÎ2

L2

(I;L2

(�))

+ ÊÎw(0)Î2

H1

0

≠ 1 ≠ Á

2 ÎwÎ2

H(I;�)

Ø Á

2ÎwÎ2

H(I;�)

+ Ê

2 Îw(T )Î2

H1

0

+ Ê

2 Îw(0)Î2

H1

0

.

The inequalities (4.25) and (4.27) imply that A is a bounded, continuous, coercive and
strongly monotone operator, so the Browder–Minty theorem [65] shows that there exists a
unique u œ H(I; �) such that A(u) = 0.

Theorem 4.3 shows that for each g œ L2(I; L2(�)), there exists a v œ H(I; �) such
that LÊv = g and v(0) = 0. So, A(u) = 0 implies that

s
I

s
�

F“ [u] g dx dt = 0 for all
g œ L2(I; L2(�)), and since F“ [u] œ L2(I; L2(�)), we obtain F“ [u] = 0. Theorem 4.3 also
shows that Èu(0), vÍH1

0

= Èu
0

, vÍH1

0

for all v œ H1

0

(�), hence u(0) = u
0

.
We claim that u œ H(I; �) solves F“ [u] = 0, u(0) = u

0

, if and only if u solves (4.7).
Since “– is positive, “–(ˆtu≠L–u+f–) Ø 0 for all – œ � is equivalent to ˆtu≠L–u+f– Ø 0
for all – œ �, so F“ [u] Ø 0 is equivalent to F [u] Ø 0. Compactness of � and continuity
of the data imply that for a.e. t œ I, for a.e. point of �, the extrema in the definitions of
F“ [u] and F [u] are attained by some elements of �, thereby giving F“ [u] Æ 0 if and only
if F [u] Æ 0. Therefore, existence and uniqueness in H(I; �) of a solution of F“ [u] = 0 is
equivalent to existence and uniqueness of a solution of (4.7).
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4.2 Temporal semi-discretisation

In this section, we explore some of the general principles underlying the numerical scheme
for the parabolic problem (4.7). Before presenting the fully discrete scheme in section 4.3, we
briefly consider in this section the temporal semi-discretisation of parabolic HJB equations,
so as to highlight some key ideas in the derivation and analysis of a stable method.

Let {J· }· be a sequence of partitions of (0, T ) into half-intervals In := (tn≠1

, tn] œ J· ,
with 1 Æ n Æ N = N(·). We say that J· is regular provided that

(4.28) [0, T ] =
€

InœJ·

In, 0 = t
0

Æ tn≠1

< tn Æ tN = T, ’ n Æ N, ’ ·.

For each interval In œ J· , let ·n := |tn ≠ tn≠1

|. It is assumed that · = max
1ÆnÆN ·n. For

each · , let q = (q
1

, . . . , qN ) be a vector of positive integers, so qn Ø 1 for all In œ J· .
For a vector space V and In œ J· , let Qqn (V ) denote the space of V -valued univariate
polynomials of degree at most qn. Recalling that H := H2(�) fl H1

0

(�), we define the
semidiscrete DG finite element space V ·,q by

(4.29) V ·,q :=
Ó

v œ L2(I; H) : v|In œ Qqn(H) ’ In œ J·

Ô
.

Functions from V ·,q are taken to be left-continuous, but are generally discontinuous at the
partition points {tn}N≠1

n=1

. We denote the right-limit of v œ V ·,q at tn by v(t+

n ), where
0 Æ n < N . The jump operators L·Mn and average operators È·Ín, 0 Æ n Æ N , are defined by

(4.30)
LvMn := ≠v(0+), ÈvÍn := v(0+), if n = 0,

LvMn := v(tn) ≠ v(t+

n ), ÈvÍn := 1

2

v(tn) + 1

2

v(t+

n ), if 1 Æ n < N,

LvMn := v(T ), ÈvÍn := v(T ), if n = N.

Define the nonlinear form A· : V ·,q ◊ V ·,q æ R by

A· (u· ; v· ) :=
Nÿ

n=1

⁄

In

ÈF“ [u· ], LÊv· ÍL2

(�)

dt

≠ Ê
N≠1ÿ

n=0

ÈLu· Mn, Èv· ÍnÍH1

0

+ Ê

2

N≠1ÿ

n=1

ÈLu· Mn, Lv· MnÍH1

0

.

(4.31)

We note that 1

2

LvMn ≠ ÈvÍn = v(t+

n ) for 1 Æ n < N . The semidiscrete scheme consists of
finding u· œ V ·,q such that

(4.32) A· (u· ; v· ) = ÊÈu
0

, v· (0+)ÍH1

0

’ v· œ V ·,q.

Since the solution u œ H(I; �) of (4.7) belongs to C(I; H1

0

(�)), it is clear that A· (u; v· ) =
ÊÈu

0

, v· (0+)ÍH1

0

for all v· œ V ·,q, so the scheme is consistent.
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By considering test functions v· that have support on successive intervals In œ J· , it
is easily seen that u· |In is determined only by the data and by u(tn≠1

), thus (4.32) is a
time-stepping scheme.

The main ingredients required to show that the above scheme is stable are as follows.
We introduce the bilinear form C· : V ·,q ◊ V ·,q æ R defined by

(4.33) C· (u· , v· ) :=
Nÿ

n=1

⁄

In

ÈLÊu· , LÊv· ÍL2

(�)

dt

≠ Ê
N≠1ÿ

n=0

ÈLu· Mn, Èv· ÍnÍH1

0

+ Ê

2

N≠1ÿ

n=1

ÈLu· Mn, Lv· MnÍH1

0

.

Integration by parts shows that for any u· , v· œ V ·,q, we have

(4.34) C· (u· , v· ) =
Nÿ

n=1

⁄

In

Ê2Èˆtu· , ˆtv· ÍL2

(�)

+ ÈL⁄u· , L⁄v· ÍL2

(�)

dt

+ Ê
Nÿ

n=1

ÈÈu· Ín , Lv· MnÍH1

0

+ Ê

2

N≠1ÿ

n=1

ÈLu· Mn, Lv· MnÍH1

0

.

Combining (4.33) and (4.34) reveals the stability properties of C· when re-written as

(4.35) C· (u· , v· ) = 1
2

Nÿ

n=1

⁄

In

Ê2Èˆtu· , ˆtv· ÍL2 + ÈL⁄u· , L⁄v· ÍL2 + ÈLÊu· , LÊv· ÍL2 dt

+ Ê

2

Nÿ

n=1

ÈÈu· Ín , Lv· MnÍH1

0

≠ Ê

2

N≠1ÿ

n=0

ÈLu· Mn, Èv· ÍnÍH1

0

+ Ê

2

N≠1ÿ

n=1

ÈLu· Mn, Lv· MnÍH1

0

.

Indeed, it follows from (4.35) and the Miranda–Talenti inequality that, for any u· œ V ·,q,

(4.36) C· (u· , u· ) Ø 1
2

Nÿ

n=1

⁄

In

Ê2ÎˆtuÎ2

L2

(�)

+ |u· |2H2

(�),⁄ + ÎLÊu· Î2

L2

(�)

dt

+ Ê

2 Îu· (T )Î2

H1

0

+ Ê

2 Îu· (0+)Î2

H1

0

+ Ê

2

N≠1ÿ

n=1

ÎLu· MnÎ2

H1

0

.

The key observation here is that the antisymmetric terms in (4.35) cancel in C· (u· , u· ),
and this technique will be used again in section 4.5 for the analysis of stability of the fully
discrete scheme. Stability of the scheme is then obtained as follows: (4.33) implies that

A· (u· ; v· ) =
Nÿ

n=1

⁄

In

ÈF“ [u· ] ≠ LÊu· , LÊv· ÍL2

(�)

dt + C· (u· , v· ) ’ u· , v· œ V ·,q;

which mirrors the addition-subtraction step of the proof of Theorem 4.4.
Then, we use (4.36) to show that A· is strongly monotone: for any u· , v· œ V ·,q,
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w· := u· ≠ v· , we have

A· (u· ; w· ) ≠ A· (v· ; w· ) Ø Á

2

Nÿ

n=1

⁄

In

Ê2Îˆtw· Î2

L2

(�)

+ |w· |2H2

(�),⁄dt + Ê

2

Nÿ

n=0

ÎLw· MnÎ2

H1

0

.

Therefore, the well-posedness of the semidiscrete scheme can be shown by an induction
argument, based on the Browder–Minty Theorem, that is similar to the one given in the
proof of Theorem 4.8 below, concerning the well-posedness of the fully discrete scheme.
Instead of pursuing the analysis of the semidiscrete scheme further, we now turn towards
the fully discrete method.

4.2.1 Comparison with the standard DG time-stepping method

The time semi-discretisation presented above introduces a DG time-stepping method that
is di�erent to the standard method. For example, the standard method [2, 74] for solving
the linear problem (4.22) consists of finding v· œ Ṽ ·,q such that

(4.37)
Nÿ

n=1

⁄

In

Ë
ÊÈˆtv· , w· ÍL2 + Èv· , w· ÍH1

0

È
dt ≠ Ê

N≠1ÿ

n=0

ÈLv· Mn, Èw· ÍnÍL2

+ Ê

2

N≠1ÿ

n=1

ÈLv· Mn, Lw· MnÍL2 =
Nÿ

n=1

⁄

In

Èg, w· ÍL2 dt + ÊÈv
0

, w· (0+)ÍL2 ’ w œ Ṽ ·,q,

where Ṽ ·,q := {v œ L2(I; H1

0

(�)) : v|In œ Qqn(H1

0

(�)) ’ In œ J· }. Notice that the function
spaces V ·,q and Ṽ ·,q di�er substantially.

Thus, in the linear case, the standard method (4.37) relies on the weak form of the
operator L⁄ in the PDE, and is based on the Gelfand triple H1

0

(�) Òæ L2(�) Òæ H≠1(�).
One of the reasons for considering an alternative time discretisation method is that the
fully nonlinear HJB equation does not admit a weak formulation, and cannot be formulated
in terms of this Gelfand triple. This helps to explain the unusual choice of Gelfand triple
H Òæ H1

0

(�) Òæ L2(�) used in the formulation of our scheme (4.32).
One of the main structural di�erences between the two DG time-stepping methods is

that our scheme (4.32) will be shown to be both strongly monotone and Lipschitz contin-
uous in the same Bochner norm, whereas it is well-known that the standard scheme (4.37)
fails to yield coercivity and continuity in the same norm as a result of the absence of terms
explicitly controlling the L2(H≠1)-norm of the time derivative [74]. As shown in the follow-
ing analysis, this additional property of the scheme (4.32) facilitates the analysis of stability
and convergence rates, especially with regards to the results of section 4.6.2. Both schemes
remain comparable in terms of computational cost for those problems to which both are
applicable.
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4.3 Numerical scheme

Function spaces. In addition to the spatial finite element space Vh,p defined in sec-
tion 2.2, we define the space-time discontinuous Galerkin finite element space V ·,q

h,p over a
regular partition J· by

(4.38) V ·,q
h,p :=

Ó
v œ L2 (I; Vh,p) : v|In œ Qqn (Vh,p) ’ In œ J·

Ô
.

As in section 4.2, we consider a function vh œ V ·,q
h,p to be left-continuous. The support of vh,

denoted by supp vh, is a subset of I, and is understood to be the support of vh : I æ Vh,p,
i.e. when viewing vh as a mapping from I into Vh,p.

Bilinear and nonlinear forms. In addition to the bilinear forms Bh,◊ : Vh,p ◊ Vh,p æ R
defined in Chapter 3, we define the bilinear form ah : Vh,p ◊ Vh,p æ R by

(4.39) ah(uh, vh) :=
ÿ

KœTh

ÈÒuh, ÒvhÍK + ⁄Èuh, vhÍK ≠
ÿ

F œF i,b
h

È{Òuh · nF }, JvhKÍF

≠
ÿ

F œF i,b
h

È{Òvh · nF }, JuhKÍF +
ÿ

F œF i,b
h

µF ÈJuhK, JvhKÍF .

Observe that the bilinear form ah corresponds precisely to the standard symmetric interior
penalty discretisation of the operator ≠L⁄, and its symmetry plays an important role in
the subsequent analysis.

Define the bilinear forms CF
h and Ch : V ·,q

h,p ◊ V ·,q
h,p æ R by

CF
h (uh, vh) := Ê

Nÿ

n=1

⁄

In

ÿ

F œF i
h

ÈJÒuh · nF K, {ˆtvh}ÍF dt(4.40)

+ Ê
Nÿ

n=1

⁄

In

ÿ

F œF i,b
h

[µF ÈJuhK, JˆtvhKÍF ≠ ÈJuhK, {Òˆtvh · nF }ÍF ] dt,

Ch(uh, vh) :=
Nÿ

n=1

⁄

In

ÿ

KœTh

ÈLÊuh, LÊvhÍK dt + CF
h (uh, vh)(4.41)

+
Nÿ

n=1

⁄

In

Bh,1/2

(uh, vh) ≠
ÿ

KœTh

ÈL⁄uh, L⁄vhÍK dt

≠ Ê
N≠1ÿ

n=0

ah(LuhMn, ÈvhÍn) + Ê

2

N≠1ÿ

n=1

ah(LuhMn, LvhMn).
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Define the nonlinear form Ah : V ·,q
h,p ◊ V ·,q

h,p æ R by

(4.42) Ah(uh; vh) :=
Nÿ

n=1

⁄

In

ÿ

KœTh

[ÈF“ [uh], LÊvhÍK ≠ ÈLÊuh, LÊvhÍK ] dt + Ch(uh, vh).

The form Ah is linear in its second argument, but it is nonlinear in its first argument.
Supposing that u

0

is su�ciently regular, such as u
0

œ Hs(�; Th), with s > 3/2, the numerical
scheme is to find uh œ V ·,q

h,p such that

(4.43) Ah(uh; vh) = Ê ah(u
0

, vh(0+)) ’ vh œ V ·,q
h,p .

If u
0

fails to be su�ciently regular, then u
0

can be replaced in the right-hand side of (4.43)
by a suitable projection into Vh,p, at the expense of introducing a consistency error that
vanishes in the limit. By testing with functions vh œ V ·,q

h,p that are supported on In and by
adopting the convention that uh(t

0

) := u
0

, it is found that (4.43) is equivalent to

(4.44)
⁄

In

ÿ

KœTh

ÈF“ [uh], LÊvhÍK + Bh,1/2

(uh, vh) ≠
ÿ

KœTh

ÈL⁄uh, L⁄vhÍK dt

+ Ê

⁄

In

ÿ

F œF i
h

ÈJÒuh · nF K, {ˆtvh}ÍF +
ÿ

F œF i,b
h

µF ÈJuhK, JˆtvhKÍF dt

≠ Ê

⁄

In

ÿ

F œF i,b
h

ÈJuhK, {Òˆtvh · nF }ÍF dt + Ê ah(uh(t+

n≠1

), vh(t+

n≠1

))

= Ê ah(uh(tn≠1

), vh(t+

n≠1

)) ’ vh œ Qqn(Vh,p).

Therefore, (4.43) defines a time-stepping scheme, and it is (4.44) that is solved in practice.

4.4 Consistency

Lemma 4.5. Let � be a bounded Lipschitz polytopal domain, let Th be a simplicial or
parallelepipedal mesh on �. Let I = (0, T ) and let J· = {In}N

n=1

be a regular partition
of I. Suppose that u

0

œ H1

0

(�) fl Hr(�; Th) with r > 3/2. Then, for any w œ H(I; �) fl
L2(I; Hs(�; Th)), with s > 5/2, such that w(0) = u

0

, we have

(4.45) Ch(w, vh) =
Nÿ

n=1

⁄

In

ÿ

KœTh

ÈLÊw, LÊvhÍK dt + Ê ah(u
0

, vh(0+)) ’ vh œ V ·,q
h,p .

Proof. Let the function w be as above, so that w(t) œ H2(�) fl H1

0

(�) fl Hs(�; Th) for a.e.
t œ I. Lemma 3.5 shows that

⁄

In

Bh,1/2

(w, vh) dt =
⁄

In

ÿ

KœTh

ÈL⁄w, L⁄vhÍK dt ’ In œ J· , ’ vh œ V ·,q
h,p .
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The spatial regularity of w also implies that JÒw(t) · nF K vanishes for all F œ F i
h and a.e.

t œ I, whilst Jw(t)K and JÒ
T

w(t)K vanish for all F œ F i,b
h and a.e. t œ I. Therefore we have

CF
h (w, v) = 0 for all vh œ V ·,q

h,p . Finally, since H(I; �) Òæ C(I; H1

0

(�)) by Lemma 4.2, the
jump LwMn = 0 for each 0 < n < N , and thus ah(LwMn, vh) = 0 for all vh œ Vh,p, 0 < n < N .
The above identities and the definition of Ch in (4.41) imply (4.45).

Lemma 4.5 and the definition of the nonlinear form Ah in (4.42) immediately imply the
following consistency result for the numerical scheme.

Corollary 4.6. Under the hypotheses of Lemma 4.5, suppose that the solution u œ H(I; �)
of (4.7) belongs to L2(I; Hs(�; Th)), with s > 5/2. Then, u satisfies

(4.46) Ah(u; vh) = Ê ah(u
0

, vh(0+)) ’ vh œ V ·,q
h,p .

4.5 Stability

The quantities µF and ÷F may be chosen as in Lemma 3.7 whilst also guaranteeing the
standard discrete Poincaré inequality for the bilinear form ah:

(4.47)
ÿ

KœTh

ÎvhÎ2

H1

(K)

+
ÿ

F œF i,b
h

µF ÎJvhKÎ2

L2

(F )

. ah(vh, vh) ’ vh œ Vh,p.

This implies that the symmetric bilinear form ah is coercive on Vh,p, and thus defines an
inner-product on Vh,p, with an associated norm defined by ÎvhÎ2

ah
:= ah(vh, vh) for vh œ Vh,p.

In the subsequent analysis, we shall choose µF and ÷F to be given by

(4.48) µF := cµ
p̃2

F

h̃F

, ÷F := max(1, ⁄) c÷
p̃6

F

h̃3

F

’ F œ F i,b
h ,

where cµ and c÷ are constants chosen so that both (4.47) and Lemma 3.7 hold, for some
Ÿ < (1≠Á)≠1. Note that these orders of penalisation are the strongest that remain consistent
with the discrete H2-type norm appearing in the analysis of this work; see [60] for an
example of a scheme for the biharmonic equation using the same penalisation orders. These
penalisation orders are stronger than those required in the analysis of Chapters 2 and 3;
the reason for this choice will become apparent in this section.

For each ◊ œ [0, 1], we introduce the functional Î·Îh,◊ : V ·,q
h,p æ R defined by

(4.49) ÎvhÎ2

h,◊ :=
Nÿ

n=1

⁄

In

ÿ

KœTh

◊
Ë
Ê2ÎˆtvhÎ2

L2

(K)

+ |vh|2H2

(K),⁄

È
+ |vh|2

J

dt

+
Nÿ

n=1

⁄

In

ÿ

KœTh

(1 ≠ ◊) ÎLÊvhÎ2

L2

(K)

dt + Ê
Nÿ

n=0

ÎLvhMnÎ2

ah
.
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To verify that the functional Î·Îh,◊ defines a norm on V ·,q
h,p , suppose that ÎvhÎh,◊ = 0 for

some vh œ V ·,q
h,p . Then, the jumps of vh vanish across the mesh faces and across time

intervals and, therefore, vh œ H(I; �) with vh(0) = 0. The fact that the volume terms in
ÎvhÎh,◊ also vanish shows that LÊvh = 0, so it follows from (4.23) that vh © 0. Hence, the
functional Î·Îh,◊ defines a norm on V ·,q

h,p .
Recall the definition of the |·|H2

(K),⁄ for K œ Th from (3.30).

Lemma 4.7. Under the hypotheses of Lemma 3.7, let I = (0, T ) and {J· }· be a sequence
of regular partitions of I. Let µF and ÷F satisfy (4.48) for each face F , chosen so that
Lemma 3.7 holds for a given Ÿ > 1. Then, for every vh œ V ·,q

h,p , we have

(4.50) Ch(vh, vh) Ø 1
2

Nÿ

n=1

⁄

In

ÿ

KœTh

Ê2ÎˆtvhÎ2

L2

(K)

+ 1
Ÿ

|vh|2H2

(K),⁄ + |vh|2
J

dt

+ 1
2

Nÿ

n=1

⁄

In

ÿ

KœTh

ÎLÊvhÎ2

L2

(K)

dt + Ê

2

Nÿ

n=0

ÎLvhMnÎ2

ah
.

Proof. We begin by showing that, for any uh, vh œ V ·,q
h,p , the bilinear form Ch satisfies the

following identity:

(4.51) Ch(uh, vh) =
Nÿ

n=1

⁄

In

ÿ

KœTh

Ê2Èˆtuh, ˆtvhÍK + Bh,1/2

(uh, vh) dt ≠ CF
h (vh, uh)

+ Ê
Nÿ

n=1

ah(ÈuhÍn , LvhMn) + Ê

2

N≠1ÿ

n=1

ah(LuhMn, LvhMn).

The first step in deriving (4.51) is to show that for any uh, vh œ V ·,q
h,p , we have

(4.52)
Nÿ

n=1

⁄

In

ÿ

KœTh

ÈÊ ˆtuh, ≠L⁄vhÍK + ÈÊ ˆtvh, ≠L⁄uhÍK dt

= Ê
Nÿ

n=1

ah(ÈuhÍn , LvhMn) + Ê
N≠1ÿ

n=0

ah(LuhMn, ÈvhÍn) ≠ CF
h (uh, vh) ≠ CF

h (vh, uh).

Indeed, integration by parts over Th shows that, for any In œ J· and a.e. t œ In,

(4.53)
ÿ

KœTh

ÈÊ ˆtuh, ≠L⁄vhÍK = Ê
ÿ

KœTh

ÈÒˆtuh, ÒvhÍK + ⁄Èˆtuh, vhÍK

≠ Ê
ÿ

F œF i
h

È{ˆtuh}, JÒvh · nF KÍF ≠ Ê
ÿ

F œF i,b
h

ÈJˆtuhK, {Òvh · nF }ÍF .
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Therefore, it is found that, for any In œ J· and a.e. t œ In,

(4.54)
ÿ

KœTh

ÈÊ ˆtuh, ≠L⁄vhÍK + ÈÊ ˆtvh, ≠L⁄uhÍK

= Ê
d
dt

ah(uh, vh) ≠ Ê
ÿ

F œF i,b
h

µF [ÈJˆtuhK, JvhKÍF + ÈJuhK, JˆtvhKÍF ]

≠ Ê
ÿ

F œF i
h

[È{ˆtuh}, JÒvh · nF KÍF + È{ˆtvh}, JÒuh · nF KÍF ]

+ Ê
ÿ

F œF i,b
h

[ÈJvhK, {Òˆtuh · nF }ÍF + ÈJuhK, {Òˆtvh · nF }ÍF ] .

We obtain (4.52) upon integration and summation of (4.54) over all time intervals.
The second step towards (4.51) is to use (4.52) to find that

Nÿ

n=1

⁄

In

ÿ

KœTh

ÈLÊuh, LÊvhÍKdt =
Nÿ

n=1

⁄

In

ÿ

KœTh

Ê2Èˆtuh, ˆtvhÍK + ÈL⁄uh, L⁄vhÍKdt

+ Ê
Nÿ

n=1

ah(ÈuhÍn , LvhMn) + Ê
N≠1ÿ

n=0

ah(LuhMn, ÈvhÍn) ≠ CF
h (uh, vh) ≠ CF

h (vh, uh).

The proof of (4.51) is then completed by substituting the above identity in the definition
of Ch from (4.41).

Expanding Ch with both (4.41) and (4.51) shows that

(4.55) Ch(uh, vh) = 1
2

Nÿ

n=1

⁄

In

ÿ

KœTh

Ê2Èˆtuh, ˆtvhÍK + Bh,1(uh, vh) + Jh(uh, vh) dt

+ 1
2

Nÿ

n=1

⁄

In

ÿ

KœTh

ÈLÊuh, LÊvhÍK dt + 1
2 CF

h (uh, vh) ≠ 1
2 CF

h (vh, uh)

+ Ê

2

Nÿ

n=1

ah(ÈuhÍn , LvhMn) ≠ Ê

2

N≠1ÿ

n=0

ah(LuhMn, ÈvhÍn) + Ê

2

N≠1ÿ

n=1

ah(LuhMn, LvhMn).

Note that to get (4.55), we have used the identity

Bh,1/2

(uh, vh) ≠ 1
2

ÿ

KœTh

ÈL⁄uh, L⁄vhÍK = 1
2Bh,1(uh, vh) + 1

2Jh(uh, vh).

To show (4.50), we substitute uh = vh in (4.55) and first observe that the flux terms
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involving CF
h cancel. Furthermore, the symmetry of the bilinear form ah implies that

Nÿ

n=1

ah(ÈvhÍn , LvhMn) ≠
N≠1ÿ

n=0

ah(LvhMn, ÈvhÍn) +
N≠1ÿ

n=1

ÎLvhMnÎ2

ah

= ah(vh(T ), vh(T )) + ah(vh(0+), vh(0+)) +
N≠1ÿ

n=1

ÎLvhMnÎ2

ah
=

Nÿ

n=0

ÎLvhMnÎ2

ah
.

Then, we apply Lemma 3.7 for ◊ = 1 to get Bh,1(vh, vh) Ø Ÿ≠1

q
KœTh

|vh|2H2

(K),⁄, thereby
yielding (4.50).

Recall that for a function vh œ V ·,q
h,p , the support of vh is a subset of I, since vh is viewed

as a mapping from I into Vh,p.

Theorem 4.8. Let � be a bounded convex polytopal domain and let {Th}h be a shape-regular
sequence of meshes satisfying (2.11). Let I = (0, T ) and let {J· }· be a sequence of regular
partitions of I. Let � be a compact metric space and let the data a, b, c and f be continuous
on �◊I ◊� and satisfy (4.8) and (4.11), or alternatively (4.10) in the case where b © 0 and
c © 0. Assume that the initial data u

0

œ H1

0

(�) fl Hs(�; Th) with s > 3/2. Let µF and ÷F

satisfy (4.48), with cµ and c÷ chosen so that Lemmas 3.7 and 4.7 hold with Ÿ < (1 ≠ Á)≠1.
Then, for every zh, vh œ V ·,q

h,p , we have

(4.56) Îzh ≠ vhÎ2

h,1 Æ 2 Ÿ

1 ≠ Ÿ (1 ≠ Á) (Ah(zh; zh ≠ vh) ≠ Ah(vh; zh ≠ vh)) .

Moreover, Ah is interval-wise Lipschitz continuous, in the sense that, for any In œ J· ,
any uh, vh and zh œ V ·,q

h,p with support contained in In, we have

(4.57) |Ah(uh; zh) ≠ Ah(vh; zh)| . Îuh ≠ vhÎh,1ÎzhÎh,1.

Therefore, there exists a unique solution uh œ V ·,q
h,p of the numerical scheme (4.43).

Proof. We begin by showing strong monotonicity of the nonlinear form Ah. Let zh, vh œ V ·,q
h,p

and set wh := zh ≠ vh. Then, by (4.42) and Lemma 4.7, we have

Ah(zh; wh) ≠ Ah(vh; wh) = Ch(wh, wh) +
Nÿ

n=1

⁄

In

ÿ

KœTh

ÈF“ [zh] ≠ F“ [vh] ≠ LÊwh, LÊwhÍK dt.

Lemma 4.1 and Young’s inequality show that

Nÿ

n=1

⁄

In

ÿ

KœTh

|ÈF“ [zh] ≠ F“ [vh] ≠ LÊwh, LÊwhÍK |dt Æ 1
2

Nÿ

n=1

⁄

In

ÿ

KœTh

ÎLÊwhÎ2

L2

(K)

dt

+ 1 ≠ Á

2

Nÿ

n=1

⁄

In

ÿ

KœTh

Ê2ÎˆtwhÎ2

L2

(K)

+ |wh|2H2

(K),⁄dt.
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Since 1 < Ÿ < (1 ≠ Á)≠1, Lemma 4.7 implies that

(4.58) Ah(zh; wh) ≠ Ah(vh; wh) Ø 1
C

Nÿ

n=1

⁄

In

ÿ

KœTh

Ê2ÎˆtwhÎ2

L2

(K)

+ |wh|2H2

(K),⁄dt

+ 1
2

Nÿ

n=1

⁄

In

|wh|2
J

dt + Ê

2

Nÿ

n=0

ÎLwhMnÎ2

ah
,

where C = 2 Ÿ/(1 ≠ Ÿ (1 ≠ Á)) Ø 2, thus showing (4.56).
To show (4.57), consider uh, vh and zh œ V ·,q

h,p that all have support in In, and set
wh := uh ≠ vh. It then follows from supp vh µ In that

ÎvhÎ2

h,1 =
⁄

In

ÿ

KœTh

Ë
Ê2ÎˆtvhÎ2

L2

(K)

+ |vh|2H2

(K),⁄

È
+ |vh|2

J

dt + ÊÎvh(tn)Î2

ah
+ ÊÎvh(t+

n≠1

)Î2

ah
,

and similarly for uh and zh. We also have

Ah(uh; zh) ≠ Ah(vh; zh) =
⁄

In

ÿ

KœTh

ÈF“ [uh] ≠ F“ [vh], LÊzhÍK dt + CF
h (wh, zh)

+
⁄

In

Bh,1/2

(wh, zh) ≠
ÿ

KœTh

ÈL⁄wh, L⁄zhÍK dt + Ê ah(wh(t+

n≠1

), zh(t+

n≠1

)).

Lipschitz continuity of F“ implies that
⁄

In

ÿ

KœTh

|ÈF“ [uh] ≠ F“ [vh], LÊzhÍK | dt . ÎwhÎh,1ÎzhÎh,1.

Furthermore, we have |CF
h (wh, zh)| Æ E

1

+ E
2

, where

E
1

:= Ê

⁄

In

ÿ

F œF i
h

|ÈJÒwh · nF K, {ˆtzh}ÍF | dt,

E
2

:= Ê

⁄

In

ÿ

F œF i,b
h

µF |ÈJwhK, JˆtzhKÍF | + |ÈJwhK, {Òˆtzh · nF }ÍF | dt.

The shape-regularity of the meshes {T }h, the mesh assumption (2.11) and the trace and
inverse inequalities show that

E
1

.
ı̂ıÙ

⁄

In

ÿ

KœTh

Ê2 ÎˆtzhÎ2

L2

(K)

dt

ı̂ııÙ
⁄

In

ÿ

F œF i
h

p̃2

F

h̃F

ÎJÒwh · nF KÎ2

L2

(F )

dt,

E
2

.
ı̂ıÙ

⁄

In

ÿ

KœTh

Ê2 ÎˆtzhÎ2

L2

(K)

dt

ı̂ııÙ

⁄

In

ÿ

F œF i,b
h

p̃6

F

h̃3

F

ÎJwhKÎ2

L2

(F )

dt.

83



CHAPTER 4. PARABOLIC HJB PDE 4.6. ERROR ANALYSIS

Since µF and ÷F satisfy (4.48), we conclude that

|CF
h (wh, zh)| . ÎwhÎh,1 ÎzhÎh,1.

By applying trace and inverse inequalities on the flux terms of the bilinear form Bh,ú, it is
found that

⁄

In

|Bh,1/2

(wh, zh)| +
ÿ

KœTh

|ÈL⁄wh, L⁄zhÍK | dt . Îuh ≠ vhÎh,1 ÎzhÎh,1,

thus completing the proof of (4.57). Since the numerical scheme (4.43) is equivalent to
solving (4.44) for each In œ J· , and since Ah is strongly monotone and Lipschitz contin-
uous on the subspace of V ·,q

h,p of functions with support in In, for each In œ J· , repeated
applications of the Browder–Minty theorem show that there exists a unique uh œ V ·,q

h,p that
solves (4.43).

It is clear from the proof of Theorem 4.8 that the choice of penalisation orders in (4.48)
was made to treat the term E

2

defined above. As we shall see in the following section, this
leads to a suboptimality in p by one order and a half.

4.6 Error analysis

In the first part of this section, we present error bounds for regular solutions, i.e. when the
solution belongs to H1(In; H) for each In œ J· . It is found that the method has convergence
orders that are optimal with respect to h, · and q, and that are possibly suboptimal with
respect to p by an order and a half. In a second part, we use Clément quasi-interpolants
in Bochner spaces to extend the analysis under weaker regularity assumptions, in order to
cover the case where u /œ H1(In; H).

There are two reasons for presenting the error analysis in two parts. First, the error anal-
ysis for regular solutions is simpler and permits the use of known approximation theory from
[67], whereas the case of solutions with lower regularity requires the additional construction
of a Clément quasi-interpolation operator. Second, the Clément operator is generally subop-
timal by one order in · when applied to very regular solutions. Thus, the results given here
for regular and solutions with low regularity are complementary to each other. Since error
bounds for solutions with minimal spatial regularity were given in Chapter 3, we choose to
focus here instead on the temporal regularity of the solution. Prioritising the treatment of
temporal regularity is well-justified in the present context since parabolic regularity theory
for model problems shows that H1(H2)-regularity is comparable to L2(H4)-regularity.
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We will present error bounds in the norm Î·Îh defined by

(4.59) ÎvÎ2

h :=
Nÿ

n=1

⁄

In

ÿ

KœTh

Ë
Ê2ÎˆtvÎ2

L2

(K)

+ |v|2H2

(K),⁄

È
+ |v|2

J

dt + Ê
N≠1ÿ

n=0

ÎLvMnÎ2

ah
.

We remark that for vh œ V ·,q
h,p , we have ÎvhÎ2

h,1 = ÎvhÎ2

h + ÊÎLvhMN Î2

ah
. Error bounds in the

norm Î·Îh,1 can be shown under additional regularity assumptions for the solution at the
final time T . To simplify the notation in this section, let

(4.60) X
0

:= L2(�), X
1

:= H1

0

(�), X
2

:= H = H2(�) fl H1

0

(�).

Similarly to the definition of the broken Sobolev spaces Hs(�; Th), for a Hilbert space X,
we define the broken Bochner space H‡(I; X; J· ) to be the space of functions u œ L2(I; X)
with restrictions u|In œ H‡(In; X) for each In œ J· . We equip H‡(I; X; J· ) with the
obvious norm.

4.6.1 Error bound for regular solutions

If the solution u of (4.7) belongs to H1(I; H, J· ), then the error analysis may be based
on the following approximation result, found for instance in [67], albeit presented here in a
form amenable to our purposes.

Theorem 4.9. Let � µ Rd be a bounded convex domain, and let {J· }· be a sequence
of regular partitions of I = (0, T ). For each · , let q = (q

1

, . . . , qN ) be a vector of positive
integers. Then, for each · , there exists a linear operator �q

· : H(I; �)flH1(I; H; J· ) æ V ·,q

such that the following holds. The operator �q
· is an interpolant at the interval endpoints,

i.e. for any u œ H(I; �) fl H1(I; H; J· ), we have �q
· u(tn) = �q

· u(t+

n ) = u(tn) for each
0 Æ n Æ N . For any In œ J· , any ¸ œ {0, 1, 2}, any real number ‡n,¸ Ø 1 and any
j œ {0, 1}, we have

(4.61) Îu ≠ �q
· uÎHj

(In;X¸)

. ·
Ín,¸≠j
n

q
‡n,¸≠j
n

ÎuÎH
‡n,¸

(In;X¸)

’ u œ H‡n,¸(In; X¸),

where Ín,¸ := min(‡n,¸, qn + 1), and where the constant depends only on ‡n,¸ and max · .

The construction of �q
· in the proof of Theorem 4.9 involves the truncated Legendre

series of ˆtu and the values of u at the partition points. Therefore, the requirement of
H1(I; H; J· ) regularity is used to ensure that �q

· |In maps into Qqn(H). A di�erent approx-
imation operator is used in section 4.6.2 to perform an analysis under weaker regularity
assumptions.

Theorem 4.10. Let � µ Rd be a bounded convex polytopal domain and let {Th}h be a shape-
regular sequence of simplicial or parallelepipedal meshes satisfying (2.11), (2.12) and (2.13).
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Let I = (0, T ) and let {J· }· be a sequence of regular partitions of I, and, for each · , let
q = (q

1

, . . . , qN ) be a vector of positive integers. Let � be a compact metric space and let the
data a, b, c and f be continuous on � ◊ I ◊ � and satisfy (4.8) and (4.11), or alternatively
(4.10) in the case where b © 0 and c © 0. Let µF and ÷F satisfy (4.48), with cµ and c÷

chosen so that Lemmas 3.7 and 4.7 hold with Ÿ < (1 ≠ Á)≠1.
Let u œ H(I; �) be the unique solution of the HJB equation (4.7), and assume that

u œ L2(I; Hs(�; Th)) and ˆtu œ L2(I; Hs(�, Th)) for each h, with sK > 5/2 and sK > 0 for
each K œ Th. Suppose also that, for each · , each ¸ œ {0, 2} and each In œ J· , the function
u|In œ H‡n,¸(In; X¸) for some ‡n,¸ Ø 1. Assume that u

0

œ H1

0

(�)flH˜s(�; Th) with s̃K > 3/2
for each K œ Th. Then, we have

(4.62) Îu ≠ uhÎ2

h .
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠7

K

ÎuÎ2

HsK
(K)

+ h2tK
K

p2sK
K

ÎˆtuÎ2

HsK
(K)

dt

+ max
KœTh

p3

K

Nÿ

n=1

ÿ

¸œ{0,2}

·
2Ín,¸≠2+¸
n

q
2‡n,¸≠2+¸
n

ÎuÎ2

H
‡n,¸

(In;X¸)

+
ÿ

KœTh

h2

˜tK≠2

K

p2s̃K≠3

K

Îu
0

Î2

H s̃K
(K)

,

with a constant independent of u, h, p, · and q, where

tK := min(sK , pK + 1), tK := min(sK , pK + 1),

t̃K := min(s̃K , pK + 1), Ín,¸ := min(‡n,¸, qn + 1),

for each K œ Th, each 1 Æ n Æ N and each ¸ œ {0, 2}.

It is seen that the error bound is optimal with respect to h, · and q, but is suboptimal
with respect to p by an order and a half. We remark that since Theorem 4.10 assumes
u œ H1(I

1

; H), the initial data satisfies u
0

œ H, so we may take s̃K Ø 2 for each K œ Th.

Proof. The approximation theory for hp-version discontinuous Galerkin finite element spaces
shows that there exists a sequence of linear projection operators {�p

h}h, with �p
h : L2(�) æ

Vh,p and such that for each K œ Th, for each nonnegative real number rK Æ max(sK , sK , s̃K)
and for each nonnegative integer j Æ rK , and if rK > 1/2, for each multi-index — such that
|—| < rK ≠ 1/2, we have

Îu ≠ �p
huÎHj

(K)

. h
min(rK ,pK+1)≠j
K

(pK + 1)rK≠j
ÎuÎHrK

(K)

’ u œ HrK (K),(4.63)

ÎD—(u ≠ �p
hu)ÎL2

(ˆK)

. h
min(rK ,pK+1)≠|—|≠1/2

K

(pK + 1)rK≠|—|≠1/2

ÎuÎHrK
(K)

’ u œ HrK (K),(4.64)

where the constant is independent of rK , hK , pK but possibly dependent on sK , sK and
s̃K . The technical form of this approximation result expresses the optimality and stability
of �p

h for functions in HrK (K), 0 Æ rK Æ max(sK , sK , s̃K). In particular, we will use the
fact that �p

h is elementwise L2-stable, H1-stable and H2-stable in the analysis below.
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For each h and · , let z· := �q
· u œ V ·,q, and let zh := �p

hz· œ V ·,q
h,p . Continuity of

z· implies continuity of zh, so that LzhMn = 0 for each 1 Æ n < N . Furthermore, we
have z· (0+) = u

0

, so zh(0+) = �p
hu

0

. Let ›h := u ≠ zh and let Âh := uh ≠ zh, so that
u ≠ uh = ›h ≠ Âh. Recall that ÎÂhÎh Æ ÎÂhÎh,1. Theorem 4.8, the scheme (4.43) and
Corollary 4.6 show that

(4.65) ÎÂhÎ2

h,1 . Ah(uh; Âh) ≠ Ah(zh; Âh) = Ah(u; Âh) ≠ Ah(zh; Âh)

=
Nÿ

n=1

⁄

In

ÿ

KœTh

ÈF“ [u] ≠ F“ [zh], LÊÂhÍK + Bh,1/2

(›h, Âh) dt

≠
Nÿ

n=1

⁄

In

ÿ

KœTh

ÈL⁄›h, L⁄ÂhÍK dt + CF
h (›h, Âh) + Ê ah(›h(t+

0

), Âh(t+

0

)).

Therefore ÎÂhÎ2

h Æ ÎÂhÎ2

h,1 Æ
q

4

i=1

Di, where the quantities Di, 1 Æ i Æ 4, are defined by

D
1

:=
Nÿ

n=1

⁄

In

ÿ

KœTh

|ÈF“ [u] ≠ F“ [zh], LÊÂhÍK | + |ÈL⁄›h, L⁄ÂhÍK |dt,

D
2

:=
Nÿ

n=1

⁄

In

|Bh,1/2

(›h, Âh)|dt, D
3

:= |CF
h (›h, Âh)|, D

4

:= Ê|ah(›h(0+), Âh(0+))|.

Lipschitz continuity of F“ implies that D
1

.
Ô

E
1

+ E
2

ÎÂhÎh,1, where E
1

and E
2

are
defined by

E
1

:=
Nÿ

n=1

⁄

In

ÿ

KœTh

Îˆt›hÎ2

L2

(K)

dt, E
2

:=
Nÿ

n=1

⁄

In

ÿ

KœTh

Î›hÎ2

H2

(K)

dt.

Since the sequence of meshes {Th}h is shape-regular and since Âh|In œ Qqn(Vh,p) for
each In œ J· , the use of trace and inverse inequalities on the flux terms appearing in
Bh,1/2

(›h, Âh) yields D
2

.
Òq

6

i=2

Ei ÎÂhÎh,1, where the quantities Ei, 3 Æ i Æ 5, are
defined by

E
3

:=
Nÿ

n=1

⁄

In

ÿ

F œF i
h

µ≠1

F Îdiv
T

Ò
T

{›h}Î2

L2

(F )

+
ÿ

F œF i,b
h

µ≠1

F ÎÒ
T

{Ò›h · nF }Î2

L2

(F )

dt,

E
4

:=
Nÿ

n=1

⁄

In

ÿ

F œF i,b
h

÷≠1

F Î{Ò›h · nF }Î2

L2

(F )

+
ÿ

F œF i
h

µ≠1

F Î{›h}Î2

L2

(F )

dt,

E
5

:=
Nÿ

n=1

⁄

In

ÿ

F œF i
h

µF ÎJÒ›h · nF KÎ2

L2

(F )

+
ÿ

F œF i,b
h

µF ÎJÒ
T

›hKÎ2

L2

(F )

dt,

E
6

:=
Nÿ

n=1

⁄

In

ÿ

F œF i,b
h

÷F ÎJ›hKÎ2

L2

(F )

dt.
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Note that ˆtÂh|In œ Qqn≠1

(Vh,p) for each In œ J· . Thus, similarly to the proof of Theo-
rem 4.8, the use of trace and inverse inequalities leads to D

3

.
Ô

E
4

+ E
5

ÎÂhÎh,1. It follows
from (4.47) that we have D

4

.
Ô

E
6

+ E
7

+ E
8

ÎÂhÎh,1, where the quantities Ei, 7 Æ i Æ 9,
are defined by

E
7

:=
ÿ

KœTh

Îu
0

≠ �p
hu

0

Î2

H1

(K)

, E
8

:=
ÿ

F œF i,b
h

µF Îu
0

≠ �p
hu

0

Î2

L2

(F )

,

E
9

:=
ÿ

F œF i,b
h

µ≠1

F Î{Ò(u
0

≠ �p
hu

0

) · nF }Î2

L2

(F )

.

Therefore, (4.65) implies that ÎÂhÎ2

h . q
9

i=1

Ei. The properties of the operator �p
h , namely

its linearity, L2-stability and approximation properties (4.63), together with (4.61), imply
that

E
1

.
Nÿ

n=1

⁄

In

ÿ

KœTh

Îˆtu ≠ �p
hˆtuÎ2

L2

(K)

+ Î�p
h(ˆtu ≠ ˆtz· )Î2

L2

(K)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

Îˆtu ≠ �p
hˆtuÎ2

L2

(K)

dt +
Nÿ

n=1

Îu ≠ z· Î2

H1

(In;X
0

)

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK
K

p2sK
K

ÎˆtuÎ2

HsK
(K)

dt +
Nÿ

n=1

·
2Ín,0≠2

n

q
2‡n,0≠2

n

ÎuÎ2

H‡n,0
(In;X

0

)

.

(4.66)

Since the operator �p
h is elementwise H2-stable, it is found that

E
2

.
Nÿ

n=1

⁄

In

ÿ

KœTh

Îu ≠ �p
huÎ2

H2

(K)

+ Î�p
h(u ≠ z· )Î2

H2

(K)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

Îu ≠ �p
huÎ2

H2

(K)

dt +
Nÿ

n=1

Îu ≠ z· Î2

L2

(In;X
2

)

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠4

K

ÎuÎ2

HsK
(K)

dt +
Nÿ

n=1

·
2Ín,2
n

q
2‡n,2
n

ÎuÎ2

H‡n,2
(In;X

2

)

.

(4.67)

The mesh assumptions (2.11), (2.12) and (2.13), the bound (4.64), and the application of
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trace and inverse inequalities on �p
h(u ≠ z· )|In œ Qqn(Vh,p), imply that

E
3

.
Nÿ

n=1

⁄

In

ÿ

KœTh

hK

p2

K

ÎD2(u ≠ �p
hz· )Î2

L2

(ˆK)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

hK

p2

K

Ë
ÎD2(u ≠ �p

hu) + D2�p
h(u ≠ z· )Î2

L2

(ˆK)

È
dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠3

K

ÎuÎ2

HsK
(K)

+
ÿ

KœTh

Îu ≠ z· Î2

H2

(K)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠3

K

ÎuÎ2

HsK
(K)

dt +
Nÿ

n=1

·
2Ín,2
n

q
2‡n,2
n

ÎuÎ2

H‡n,2
(In;X

2

)

.

(4.68)

Similarly to E
3

, we find that

(4.69) E
4

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK
K

p2sK+1

K

ÎuÎ2

HsK
(K)

dt +
Nÿ

n=1

·
2Ín,0
n

q
2‡n,0
n

ÎuÎ2

H‡n,0
(In;X

0

)

.

The spatial regularity of u and z· imply that

E
5

=
Nÿ

n=1

⁄

In

ÿ

F œF i
h

µF ÎJÒ
#
u ≠ �p

hu + �p
h(u ≠ z· ) ≠ (u ≠ z· )

$
· nF KÎ2

L2

(F )

dt

+
Nÿ

n=1

⁄

In

ÿ

F œF i,b
h

µF ÎJÒ
T

#
u ≠ �p

hu + �p
h(u ≠ z· ) ≠ (u ≠ z· )

$
KÎ2

L2

(F )

dt.

Therefore, the mesh assumptions (2.11), (2.12) and (2.13) and (4.64) yield

E
5

.
Nÿ

n=1

⁄

In

ÿ

KœTh

p2

K

hK
ÎÒ(u ≠ �p

hu) + Ò
#
u ≠ z· ≠ �p

h(u ≠ z· )
$
Î2

L2

(ˆK)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

+
ÿ

KœTh

pKÎu ≠ z· Î2

H2

(K)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

dt + max
KœTh

pK

Nÿ

n=1

·
2Ín,2
n

q
2‡n,2
n

ÎuÎ2

H‡n,2
(In;X

2

)

.

(4.70)

Likewise, it follows from the spatial regularity of z· , the mesh assumptions, and the ap-
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proximation bound (4.64) that

E
6

.
Nÿ

n=1

⁄

In

ÿ

KœTh

p6

K

h3

K

Îu ≠ �p
hu + �p

h(u ≠ z· ) ≠ (u ≠ z· )Î2

L2

(ˆK)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠7

K

ÎuÎ2

HsK
(K)

+
ÿ

KœTh

p3

KÎu ≠ z· Î2

H2

(K)

dt

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠7

K

ÎuÎ2

HsK
(K)

dt + max
KœTh

p3

K

Nÿ

n=1

·
2Ín,2
n

q
2‡n,2
n

ÎuÎ2

H‡n,2
(In;X

2

)

.

(4.71)

Finally, it is readily shown that

(4.72)
9ÿ

i=7

Ei .
ÿ

KœTh

h2

˜tK≠2

K

p2s̃K≠3

K

Îu
0

Î2

H s̃K
(K)

.

Since Î›hÎ2

h Æ
q

9

i=1

Ei, the above bounds and the triangle inequality Îu ≠ uhÎh Æ Î›hÎh +
ÎÂhÎh complete the proof of (4.62).

4.6.2 Error bound for solutions with low regularity

The proof of Theorem 4.10 depends on the approximation result from Theorem 4.9, which
requires that the solution u belongs to H1(I; H; J· ). In this section, we relax this condition
by using a Clément quasi-interpolation result instead of Theorem 4.9.

For J· a regular partition of (0, T ), let {„m}N
m=0

denote the set of hat functions of J· , i.e.
„m is the unique piecewise-a�ne function on J· such that „m(tn) = ”nm for 0 Æ n, m Æ N .
For 0 Æ m Æ N , let Jm := supp „m, and note that Jm = Im fi Im+1

for 1 Æ m < N , whilst
J

0

= I
1

and JN = IN .

Theorem 4.11. Let � µ Rd be a bounded convex domain, and let {J· }· be a sequence
of regular partitions of I = (0, T ). For each · , let q = (q

1

, . . . , qN ) be a vector of positive
integers. Suppose that there exist positive constants c· and cq such that, for each · , we have

(4.73)
1
c·

Æ ·n≠1

·n
Æ c· ,

1
cq

Æ qn≠1

qn
Æ cq, 2 Æ n Æ N.

Let u œ L2(I; H) and suppose that u|Jm œ H‡m,¸(Jm; X¸) for some ‡m,¸ œ RØ0

for each
¸ œ {0, 1, 2} and each 0 Æ m Æ N . Then, there exists a sequence of functions {z· }· , such
that z· œ V ·,q for each · , and such that the following properties hold. The functions z·

are continuous on I, i.e. Lz· Mn = 0 for each 1 Æ n < N . For each ¸ œ {0, 1, 2} and each
In œ J· , we have

(4.74) Îz· ÎL2

(In;X¸)

.
ÿ

Jm∏In

ÎuÎL2

(Jm;X¸)

,
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where the constant is independent of all other quantities. For each ¸ œ {0, 1, 2}, each In œ J·

and each nonnegative integer j Æ minJm∏In ‡m,¸, we have

(4.75) Îu ≠ z· ÎHj
(In;X¸)

.
ÿ

Jm∏In

·
Ím,¸≠j
n

q
‡m,¸≠j
n

ÎuÎH
‡m,¸

(Jm;X¸)

,

where Ím,¸ := min(‡m,¸, minInµJm qn), and the constant depends only on max ‡m,¸, max · ,
c· and cq.

Proof. For 0 Æ m Æ N , define q̄m := minInµJm qn, and note q̄m Ø 1 for all m since qn Ø 1 for
all n. Since u œ L2(Jm; X

2

) for each m, standard approximation theory for Bochner spaces
(see Appendix C) implies that there exist functions vm œ Qq̄m≠1

(H), 0 Æ m Æ N , with the
following properties. For each ¸ œ {0, 1, 2}, we have ÎvmÎL2

(Jm;X¸)

. ÎuÎL2

(Jm;X¸)

, with a
constant independent of all other quantities. For each ¸ œ {0, 1, 2} and each nonnegative
integer j Æ ‡m,¸, we have

(4.76) Îu ≠ vmÎHj
(Jm;X¸)

. |Jm|Ím,¸≠j

q̄
‡m,¸≠j
m

ÎuÎH
‡m,¸

(Jm;X¸)

,

where Ím,¸ := min(‡m,¸, q̄m), where |Jm| is the length of the interval Jm, and where the
constant depends only on max ‡m,¸ and max · .

The hypothesis (4.73) and the bound (4.76) imply that, for each In µ Jm, each ¸ œ
{0, 1, 2} and each nonnegative integer j Æ ‡m,¸,

(4.77) Îu ≠ vmÎHj
(In;X¸)

. ·
Ím,¸≠j
n

q
‡m,¸≠j
n

ÎuÎH
‡m,¸

(Jm;X¸)

,

where the constant depends only on max ‡m,¸, max · , c· and cq.
Define z· :=

qN
m=0

„mvm, where „m is the hat function over the interval Jm. Note
that we have vm|In œ Qqn≠1

(H) for each In œ J· since q̄m Æ qn for each In µ Jm. Since
„m is piecewise a�ne, it follows that z· |In œ Qqn(H) for each In œ J· , thereby showing
that z· œ V ·,q. Furthermore, it is clear that z· is continuous on I, i.e. Lz· Mn = 0 for each
1 Æ n Æ N ≠ 1. The bound (4.74) follows from ÎvmÎL2

(Jm;X¸)

. ÎuÎL2

(Jm;X¸)

and from the
fact that Î„mÎLŒ

(I)

= 1 for each 0 Æ m Æ N . Since {„m}N
m=0

forms a partition of unity,
the bound (4.77) implies that, for each In œ J· and each ¸ œ {0, 1, 2},

Îu ≠ z· ÎL2

(In;X¸)

Æ
ÿ

Jm∏In

Î„m(u ≠ vm)ÎL2

(In;X¸)

.
ÿ

Jm∏In

Îu ≠ vmÎL2

(In;X¸)

.
ÿ

Jm∏In

·
Ím,¸
n

q
‡m,¸
n

ÎuÎH
‡m,¸

(Jm;X¸)

,
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and, for each integer 1 Æ j Æ minJm∏In ‡m,¸,

|u ≠ z· |Hj
(In;X¸)

Æ
ÿ

Jm∏In

|„m(u ≠ vm)|Hj
(In;X¸)

.
ÿ

Jm∏In

|u ≠ vm|Hj
(In;X¸)

+ 1
·n

|u ≠ vm|Hj≠1

(In;X¸)

.
ÿ

Jm∏In

·
Ím,¸≠j
n

q
‡m,¸≠j
n

ÎuÎH
‡m,¸

(Jm;X¸)

.

This completes the proof of (4.75).

Theorem 4.12. Let � µ Rd be a bounded convex polytopal domain and let {Th}h be a
shape-regular sequence of simplicial or parallelepipedal meshes satisfying (2.11) and (2.12)
and (2.13). Let I = (0, T ) and let {J· }· be a sequence of regular partitions of I, and, for
each · , let q be a vector of positive integers such that (4.73) holds. Let � be a compact
metric space and let the data a, b, c and f be continuous on � ◊ I ◊ � and satisfy (4.8) and
(4.11), or alternatively (4.10) in the case where b © 0 and c © 0. Let µF and ÷F satisfy
(4.48), with cµ and c÷ chosen so that Lemmas 3.7 and 4.7 hold with Ÿ < (1 ≠ Á)≠1.

Let u œ H(I; �) be the unique solution of the HJB equation (4.7), and assume that
u œ L2(I; Hs(�; Th)) and ˆtu œ L2(I; Hs(�, Th)) for each h, with sK > 5/2 and sK > 0
for each K œ Th. Suppose also that, for each · , ¸ œ {0, 1, 2}, and each 0 Æ m Æ N , the
function u|Jm œ H‡m,¸(Jm; X¸) for some real ‡m,¸ Ø 0, with ‡m,0 Ø 1 for all m. Assume
that u

0

œ H1

0

(�) fl H˜s(�; Th) with s̃K > 3/2 for each K œ Th. Then, we have

(4.78) Îu ≠ uhÎ2

h .
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠7

K

ÎuÎ2

HsK
(K)

+ h2tK
K

p2sK
K

ÎˆtuÎ2

HsK
(K)

dt

+ max
KœTh

p3

K

Nÿ

n=1

2ÿ

¸=0

ÿ

Jm∏In

·
2Ím,¸≠2+¸
n

q
2‡m,¸≠2+¸
n

ÎuÎ2

H
‡m,¸

(Jm;X¸)

+
ÿ

KœTh

h2

˜tK≠2

K

p2s̃K≠3

K

Îu
0

Î2

H s̃K
(K)

,

with a constant independent of h, p, · , q, and u, and where tK := min(sK , pK + 1),
tK := min(sK , pK + 1), and t̃K := min(s̃K , pK + 1) for each K œ Th, and where Ím,¸ :=
min(‡m,¸, minInµJm qn) for each 0 Æ m Æ N and each ¸ œ {0, 1, 2}.

Proof. For each h, let �p
h : L2(�) æ Vh,p denote the approximation operator of the proof

of Theorem 4.10; for each · , let z· œ V ·,q denote the approximation of u given by Theo-
rem 4.11; then define zh := �p

hz· œ V ·,q
h,p . The fact that z· is continuous on (0, T ) implies

that zh is also continuous on (0, T ), so LzhMn = 0 for 1 Æ n < N . Let ›h := u ≠ zh and
Âh := uh ≠ zh, so that u ≠ uh = ›h ≠ Âh. As in the proof of Theorem 4.10, it is found that
ÎÂhÎ2

h Æ ÎÂhÎ2

h,1 . q
9

i=1

Ei, where the quantities Ei, 1 Æ i Æ 9, are defined as before. Note
that since ‡m,0 Ø 1 for all m, the bound (4.75) is applicable for j = 1 and ¸ = 0. Therefore,
the arguments from the proof of Theorem 4.10 and the approximation properties of z· from
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Theorem 4.11 imply that

E
1

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK
K

p2sK
K

ÎˆtuÎ2

HsK
(K)

dt +
Nÿ

n=1

ÿ

Jm∏In

t
2Ím,0≠2

n

q
2‡m,0≠2

n

ÎuÎ2

H‡m,0
(Jm;X

0

)

,

E
2

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠4

K

ÎuÎ2

HsK
(K)

dt +
Nÿ

n=1

ÿ

Jm∏In

·
2Ím,2
n

q
2‡m,2
n

ÎuÎ2

H‡m,2
(Jm;X

2

)

,

E
3

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠3

K

ÎuÎ2

HsK
(K)

dt +
Nÿ

n=1

ÿ

Jm∏In

·
2Ím,2
n

q
2‡m,2
n

ÎuÎ2

H‡m,2
(Jm;X

2

)

,

E
4

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK
K

p2sK+1

K

ÎuÎ2

HsK
(K)

dt +
Nÿ

n=1

ÿ

Jm∏In

·
2Ím,0
n

q
2‡m,0
n

ÎuÎ2

H‡m,0
(Jm;X

0

)

,

E
5

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠5

K

ÎuÎ2

HsK
(K)

dt + max
KœTh

pK

Nÿ

n=1

ÿ

Jm∏In

·
2Ím,2
n

q
2‡m,2
n

ÎuÎ2

H‡m,2
(Jm;X

2

)

,

E
6

.
Nÿ

n=1

⁄

In

ÿ

KœTh

h2tK≠4

K

p2sK≠7

K

ÎuÎ2

HsK
(K)

dt + max
KœTh

p3

K

Nÿ

n=1

ÿ

Jm∏In

·
2Ím,2
n

q
2‡m,2
n

ÎuÎ2

H‡m,2
(Jm;X

2

)

.

Using inverse inequalities and H1-stability of �p
h , we find that

E
7

+ E
8

=
ÿ

KœTh

Îu
0

≠ �p
hz· (0+)Î2

H1

(K)

+
ÿ

F œF i,b
h

µ≠1

F Î{Ò(u
0

≠ �p
hz· (0+)) · nF }Î2

L2

(F )

.
ÿ

KœTh

Îu
0

≠ �p
hu

0

Î2

H1

(K)

+ Îu
0

≠ z· (0+)Î2

H1

(�)

.
ÿ

KœTh

h2

˜tK≠2

K

p2s̃K≠2

K

Îu
0

Î2

H s̃K
(K)

+ Îu
0

≠ z· (0+)Î2

H1

(�)

.

Since z· |I
1

œ Qqn(H), we have z· (0+) œ H1

0

(�), so

E
9

=
ÿ

F œF i,b
h

µF ÎJu
0

≠ �p
hz· (0+)KÎ2

L2

(F )

=
ÿ

F œF i,b
h

µF ÎJu
0

≠ �p
hu

0

+ �p
h(u

0

≠ z· (0+)) ≠ (u
0

≠ z· (0+))KÎ2

L2

(F )

.
ÿ

KœTh

h2

˜tK≠2

K

p2s̃K≠3

K

Îu
0

Î2

H s̃K
(K)

+ max
KœTh

pKÎu
0

≠ z· (0+)Î2

H1

(�)

.

(4.79)
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Poincaré’s inequality and (4.75) then show that

Îu
0

≠ z· (0+)Î2

H1

(�)

. Îu ≠ z· ÎL2

(I
1

;X
2

)

Îu ≠ z· ÎH1

(I
1

;X
0

)

+ 1
·

1

Îu ≠ z· Î2

L2

(I
1

;X
1

)

.
ÿ

Jm∏I
1

·
2Ím,2

1

q
2‡m,2

1

ÎuÎ2

H‡m,2
(Jm;X

2

)

+ ·
2Ím,0≠2

1

q
2‡m,0≠2

1

ÎuÎ2

H‡m,0
(Jm;X

0

)

+
ÿ

Jm∏I
1

·
2Ím,1≠1

1

q
2‡m,1

1

ÎuÎ2

H‡m,1
(Jm;X

1

)

.

Since Î›hÎ2

h . q
9

i=1

Ei, the combination of the above bounds with the triangle inequality
Îu ≠ uhÎh Æ Î›hÎh + ÎÂhÎh completes the proof of (4.78).

4.7 Numerical experiments

In the first experiment, we study the performance of the method on a fully nonlinear problem
with strongly anisotropic di�usion coe�cients, and observe optimal convergence rates for
smooth solutions. In the second experiment, we show that the scheme gives exponential
convergence rates when combining hp-refinement and ·q-refinement, even for problems with
low-regularity solutions.

4.7.1 First experiment

We examine the orders of convergence of the method for a problem with strongly anisotropic
di�usion coe�cients and a smooth solution. Let � = (0, 1)2, I = (0, 1), let b– © 0, c– © 0
and let the di�usion coe�cients a– be defined by

(4.80) a– := –

A
1 1/40

1/40 1/800

B

–€, – œ � := SO(2),

where SO(2) is the special orthogonal group of 2 ◊ 2 matrices. For Ê = 1, ⁄ = 0, it is found
that the Cordes condition (4.10) holds with Á ¥ 1.25 ◊ 10≠3. We choose f– so that the
exact solution is u =

!
1 ≠ e≠t

"
exy sin(fix) sin(fiy).

The numerical scheme (4.43) is applied on a sequence of uniform meshes obtained by
regular subdivision of � into quadrilateral elements of width h = 2≠k, 1 Æ k Æ 5. The
corresponding time partitions J· are obtained by regular subdivision of the time interval
(0, 1) into intervals of length · = 2≠k+1, 1 Æ k Æ 5. The finite element spaces V ·,q

h,p
are defined using polynomials of total degree p in space and degree q = p ≠ 1 in time,
with p œ {2, 3, 4}. We set the penalty parameters cµ = c÷ = 5/2 and ‡ = 1 in (4.48).
The semismooth Newton method analysed in section 3.6 is used to compute the numerical
solution at each timestep.

In order to study the accuracy of the method, we measure the error in the norm |||·|||h
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Figure 4.1: Relative errors in approximating the solution of the problem of section 4.7.1 using
uniform meshes and time partitions with · ƒ h and p = q+1. It is seen that the optimal convergence
rates |||u ≠ uh|||h ƒ hp≠1+· q are achieved. The final time error, as measured in the broken H1-norm,
also converges with the optimal rate Îu(T ) ≠ uh(T )ÎH1

(�;Th)

ƒ hp.

defined by

(4.81) |||v|||2h :=
Nÿ

n=1

⁄

In

ÿ

KœTh

Ë
Ê2ÎˆtvÎ2

L2

(K)

+ ÎvÎ2

H2

(K)

È
dt.

Figure 4.1 presents the global relative errors achieved by the method, where it is seen that
the optimal orders of convergence |||u ≠ uh|||h ƒ hp≠1 + · q are achieved. The relative end-
time errors, naturally measured in the broken H1-norm, are also presented in Figure 4.1,
which shows the optimal convergence rates Îu(T )≠uh(T )ÎH1

(�;Th)

ƒ hp. These results show
that the method can deliver high accuracy despite the strong anisotropy of the problem and
the very small value of the constant Á appearing in the Cordes condition.

4.7.2 Second experiment

In section 4.6.2, we considered error bounds for solutions with low regularity. The sig-
nificance of these results stems from the fact that the solutions of many parabolic HJB
equations possess limited regularity as a result of early-time singularities induced by the
initial datum.

This di�culty appears even in the simplest special case of the HJB equation (4.7),
namely the heat equation: indeed, consider ˆtu = �u in � ◊ (0, T ), � = (0, 1)2, with
homogeneous lateral boundary condition u = 0 on ˆ� ◊ (0, T ) and initial datum u

0

(x, y) :=
x (1 ≠ x) sin(fiy). Then, the solution is

(4.82) u(x, y, t) = 4
fi3

Œÿ

k=1

1 ≠ (≠1)k

k3

exp(≠(k2 + 1) fi2t) sin(kfix) sin(fiy).

It can be shown that for su�ciently small t > 0 and nonnegative integers ‡ and ¸ such
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Figure 4.2: Geometrically-graded spatial meshes used in conjunction with the geometrically-graded
temporal meshes for the problem of section 4.7.2. From left to right, the meshes are those used for
the first, third and fifth computations. The corresponding number of spatial degrees of freedom DoFx

are respectively 100, 1128, and 3980.

that 2‡ + ¸ Ø 3, we have Îˆ‡
t uÎ2

X¸
ƒ t≠(2‡+¸≠5/2), with the constants of these lower and

upper bounds both depending on ‡ and ¸, but not on t. Therefore, u /œ H1(I; H), rather
u œ H7/4≠”(I; L2(�)) fl H5/4≠”(I; H1

0

(�)) fl H3/4≠”(I; H) for arbitrarily small ” > 0. It
is noted that a linear problem is chosen here so that the solution may be found explicity
through (4.82). Nevertheless, this example exhibits many features that are typical of more
general parabolic problems, so that the following results remain relevant to more general
HJB equations.

Despite the limited regularity of the solution, accurate results can be obtained by using
geometrically-graded time partitions with varying temporal polynomial degrees; see [67]. A
combination of ·q-refinement in time and hp-refinement in space can lead to a rate

(4.83) |||u ≠ uh|||h . exp(≠c
1

3


DoFx) + exp(≠c

2


DoF· ),

where DoFx := dim Vh,p, where DoF· =
qN

n=1

(qn + 1) is the number of degrees of freedom
of the temporal finite element space, and where c

1

and c
2

are positive constants. We give
here an experimental confirmation of these expectations.

The method is applied on a sequence of geometrically-graded partitions {J· }· con-
structed as follows. Let T = 0.05, and let tn = ‡N≠n T for n = 1, . . . , N , for a chosen
‡ œ (0, 1), and N = 2, . . . , 6. As suggested in [67], we choose ‡ = 0.2. The temporal
polynomial degrees are linearly increasing with n, with qn := n + 1. We choose T to be
small, because in practice it is natural to use ·q-refinement on a small initial time segment,
and then apply uniform or spectral refinement on the remaining time interval, see [67].
Starting with a partition of � into four quadrilateral elements, for each successive computa-
tion, we refine the meshes geometrically towards the boundary, thereby yielding the meshes
shown in Figure 4.2. The polynomial degrees pK Ø 3 are chosen to be linearly increasing
away from the boundary. Figure 4.3 presents the resulting errors in the norms |||·|||h and
Î·ÎL2

(I;H1

(�;Th))

, plotted against 3

Ô
DoFx and

Ô
DoF· . It is found that the convergence rates

of (4.83) are attained, with higher accuracies being achieved in lower-order norms. These
results show the e�ciency of the method for problems with limited regularity.
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Figure 4.3: Exponential convergence rates under hp-·q refinement for the problem of section 4.7.2.
The errors in the norms |||·|||h and Î·ÎL2

(I;H1
(�;Th))

are plotted against 3
Ô

DoFx and
Ô

DoF· , where
DoFx is the number of spatial degrees of freedom and DoF· is the number of temporal degrees of
freedom. Exponential convergence rates of the form of (4.83) are confirmed.
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Chapter 5

Nonoverlapping domain decomposition
preconditioners

It was shown in section 3.6 that the discretised HJB equation can be solved e�ciently with a
semismooth Newton method. This algorithm defines a sequence of linear problems involving
bilinear forms that are stable in the H2-type norm Î·Îh,1. As a result, the condition numbers
of the resulting linear systems are typically large, thereby limiting the performance of many
iterative solution algorithms.

The purpose of this chapter, which is based on our paper [69], is to study a class of
preconditioners for accelerating the iterative solution of these discrete linear systems. The
approach we adopt consists of developing preconditioners for the model problem of finding
uh œ Vh,p such that

(5.1) Bh,1(uh, vh) = ¸h(vh) ’ vh œ Vh,p,

where ¸h : Vh,p æ R is a bounded linear functional on Vh,p. Our choice of model problem
essentially relies on the fact that the discrete problems of the semismooth Newton method
are uniformly stable in the norm Î·Îh,1 appearing in the bound (3.63), which is equivalent
to the norm induced by Bh,1, as shown by Lemma 3.7. Of course, many generalisations are
possible, such as preconditioners based on the bilinear forms Bh,◊ for ◊ œ [0, 1], for which
we expect similar results. The advantage of this approach is that the preconditioners can
be assembled once, and re-used at each iterative step of the semismooth Newton method.

The class of preconditioners we consider here comprise overlapping and nonoverlapping
domain decomposition methods, which have been successfully developed for a range of
applications of DGFEM by many authors [3, 4, 5, 6, 34, 35, 55]. In order to solve a problem
on a fine mesh Th, these methods combine a coarse space solver, defined on a coarse mesh
TH , with local fine mesh solvers, defined on a subdomain decomposition TS of the domain
�. The discontinuous nature of the finite element space leads to a significant flexibility in
the choice of the decomposition TS , which can either be overlapping or nonoverlapping.
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As explained in the above references, these methods possess many advantages in terms
of simplicity and applicability, as they allow very general choices of basis functions, non-
matching meshes and varying element shapes, and are naturally suited for parallelisation.
This flexibility makes this class of methods a natural choice for a first study of precondi-
tioners for the problems at hand. Moreover, it has been pointed out by various authors,
such as Lasser and Toselli in [55, p. 1235], that the nonoverlapping methods feature reduced
inter-subdomain communication burdens, thus representing a key advantage for scalability
in parallel computations.

It is of practical interest for applications to determine the influence of the parameters
of the preconditioner on the spectral bounds. For problems involving H1-type norms,
such as interior penalty methods for di�usion problems, nonoverlapping additive Schwarz
preconditioners for h-version methods [34] lead to condition numbers of order 1 + H/h, and
overlapping methods lead to a condition number of order 1+H/”, where H is the coarse mesh
size, and ” is the size of the overlap of the subdomains. Antonietti and Houston considered
the case of nonoverlapping methods for hp-version DGFEM in [5], and they showed a
bound of order 1 + p2H/h; however, their numerical experiments lead to a conjecture of the
improved bound of 1 + p2H/qh, where q is the coarse space polynomial degree.

For problems involving H2-type norms, earlier results covered only the case of h-version
methods. In [35], Feng and Karakashian considered nonoverlapping preconditioners for h-
version discretizations of the biharmonic equation, which result in condition numbers of
order 1 + H3/h3. We also mention the related work by Brenner and Wang in [18] for C0-
interior penalty methods for fourth order problems, where a bound of order 1 + H3/”3 was
derived for an overlapping additive Schwarz method.

As can be seen from the theoretical analysis in the above references, the e�ectiveness
of the preconditioner depends in an essential way on the approximation properties between
the coarse and fine spaces. In the analysis of h-version DGFEM, it is su�cient to consider
low-order projection operators from the fine space to the coarse space; for example, coarse
element mean-value projections are employed in [34] and local first-order elliptic projections
are used in [35]. However, low-order projections lead to suboptimal bounds for the condition
number in the case of hp-version DGFEM. Therefore, as we explain below, a key contribution
of this work is an original high-order approximation result between coarse and fine spaces
that is of optimal order in both the mesh sizes and the polynomial degrees; this result thus
represents the main ingredient for the sharp analysis of the condition number bounds.

Summary of contributions. We consider the discontinuous finite element space Vh,p of
degree p over a fine mesh Th on a convex polytope � µ Rd, d œ {2, 3}, and we equip Vh,p
with the H2-type norm Î·Îh,1. where µF ƒ p2/h and ÷F ƒ p6/h3, and where, for simplicity
of exposition, we momentarily assume quasi-uniformity of the mesh sizes and polynomial
degrees; this assumption is relaxed throughout this chapter.
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The central result of this chapter is a sharp bound for the condition number of the
preconditioned system obtained by applying a nonoverlapping domain decomposition pre-
conditioner to the model problem (5.1). The bound that we obtain is

(5.2) Ÿ(PB) . 1 + p2H

q h
+ p6 H3

q3 h3

,

where B denotes the matrix representing the bilinear form in (5.1), P denotes the matrix of
the preconditioner, and Ÿ(PB) denotes the condition number of the preconditioned system.
Importantly, the bound (5.2) is sharp in both the mesh sizes and the polynomial degrees.

The central original result underpinning our analysis is Theorem 5.5 of section 5.1, which
shows that for any vh œ Vh,p, there exists a function v œ H2(�) fl H1

0

(�) such that

(5.3) Îvh ≠ vÎL2

(�)

+ h

p
Îvh ≠ vÎH1

(�;Th)

. h2

p2

|vh|
J

, ÎvÎH2

(�)

. ÎvhÎh,1.

Although there does not appear to be any comparable result in the literature, this result
is a natural converse to classical direct approximation theory, since, here, the nonsmooth
function from the discrete space Vh,p is approximated by a smoother function from an
infinite dimensional space. It can be interpreted as a precise form of the statement that the
norm Î·Îh,1 renders Vh,p close to H2(�) fl H1

0

(�).
It follows almost immediately that there exists a function vH in the coarse space VH,q,

of polynomials of degree q on TH , such that

(5.4) Îvh ≠ vHÎHk
(�;Th)

. H2≠k

q2≠k
ÎvhÎh,1, k œ {0, 1, 2},

thus yielding an approximation result for Vh,p by VH,q that is optimal with respect to both
the mesh size and the polynomial degree. The above approximation results are used to
show the bound (5.2).

The first numerical experiment, in section 5.4.1, confirms that (5.2) is sharp with re-
spect to the orders in the polynomial degrees. In the experiment of section 5.4.2, we find
that nonoverlapping methods are e�cient and competitive with respect to classical over-
lapping methods. Although the bound (5.2) relates to the model problem (5.1) rather
than the linear systems encountered in the semismooth Newton method, we show in the
experiment of section 5.4.3, that the preconditioners retain their robustness and e�ciency
under h-refinement in these more challenging applications to nonsymmetric, fully nonlinear
Hamilton–Jacobi–Bellman equations, thereby yielding e�ective solvers for these problems.
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5.1 Approximation of discontinuous functions

Using the definitions of section 2.2, it is assumed henceforth that the parameters µF and
÷F appearing in (2.23) are given by

(5.5) µF := cµ
p̃2

F

h̃F

, ÷F := c÷
p̃6

F

h̃3

F

’ F œ F i,b
h ,

where cµ and c÷ are fixed positive constants independent of h and p. Recall Lemmas 2.5
and 3.7, which establish in the present context that for cµ and c÷ appropriately chosen,

(5.6) ÎvhÎ2

H2

(�;Th)

+ |vh|2
J

ƒ ÎvhÎ2

h,1 ƒ Bh,1(vh, vh) ’ vh œ Vh,p.

In order to simplify the presentation, we will assume throughout this chapter that the
parameter ⁄ = 0 in the definition of Bh,1, although this restriction is not essential.

As explained above, an optimal analysis of the spectral bounds for the class of precondi-
tioners to be considered in section 5.2 rests upon the optimality of approximation properties
between coarse and fine spaces. Therefore, in this section, we first determine how closely
a function in Vh,p can be approximated by functions in H2(�) fl H1

0

(�). This leads to an
approximation result for functions in Vh,p by functions in VH,q that is of optimal order in
both the coarse mesh size and polynomial degree.

Lifting operators. Let Vh,p denote the space of d-dimensional vector fields with com-
ponents in Vh,p. Let rh : L2(F i,b

h ) æ Vh,p and rh : L2(F i
h) æ Vh,p be defined by

(5.7)

ÿ

KœTh

Èrh(w), vhÍK =
ÿ

F œF i,b
h

Èw, {vh · nF }ÍF ’ vh œ Vh,p,

ÿ

KœTh

Èrh(w), vhÍK =
ÿ

F œF i
h

Èw, {vh}ÍF ’ vh œ Vh,p.

The following result is well-known; for instance, see [5] for a proof.

Lemma 5.1. Let � be a bounded Lipschitz domain and let {Th}h be a shape-regular se-
quence of meshes satisfying (2.11), (2.12) and (2.13). Then, the lifting operators satisfy the
following bounds:

Îrh(w)Î2

L2

(�)

.
ÿ

F œF i,b
h

p̃2

F

h̃F

ÎwÎ2

L2

(F )

’ w œ L2(F i,b
h ),(5.8a)

Îrh(w)Î2

L2

(�)

.
ÿ

F œF i
h

p̃2

F

h̃F

ÎwÎ2

L2

(F )

’ w œ L2(F i
h).(5.8b)

101



CHAPTER 5. PRECONDITIONERS 5.1. APPROXIMATION

For vh œ Vh,p and vh œ Vh,p, define Gh(vh) œ Vh,p and Dh(vh) œ Vh,p by

(5.9) Gh(vh) := Òvh ≠ rh(JvhK), Dh(vh) := div vh ≠ rh(Jvh · nF K).

The following result was first shown in [69].

Lemma 5.2. Let � be a bounded Lipschitz polytopal domain, and let {Th}h be a shape-
regular sequence of simplicial or parallelepipedal meshes satisfying (2.11), (2.12) and (2.13).
Let ÷F and µF satisfy (5.5) for all F œ F i,b

h . Then, for any vh œ Vh,p, we have

ÿ

KœTh

p4

K

h2

K

Îrh(JvhK)Î2

L2

(K)

. |vh|2
J

,(5.10a)

ÿ

KœTh

|rh(JvhK)|2H1

(K)

+
ÿ

F œF i
h

µF ÎJrh(JvhK) · nF KÎ2

L2

(F )

. |vh|2
J

.(5.10b)

Proof. Define the piecewise constant function p4/h2 by p4/h2|K = p4

K/h2

K for each element
K œ Th; we can then view the function p4/h2 rh(JvhK) as a function in Vh,p. So, the
definition of the lifting operator gives

ÿ

KœTh

p4

K

h2

K

Îrh(JvhK)Î2

L2

(K)

=
ÿ

F œF i,b
h

È{p4/h2rh(JvhK) · nF }, JvhKÍ

.
ı̂ııÙ

ÿ

F œF i,b
h

h̃3

F

p̃6

F

p̃8

F

h̃4

F

Îrh(JvhK)Î2

L2

(F )

|vh|
J

.

The trace and inverse inequalities then yield

ÿ

KœTh

p4

K

h2

K

Îrh(JvhK)Î2

L2

(K)

.
ı̂ıÙ

ÿ

KœTh

p4

K

h2

K

Îrh(JvhK)Î2

L2

(K)

|vh|
J

,

which implies (5.10a). The bound (5.10b) then follows from (5.10a) as a result of the trace
and inverse inequalities.

Corollary 5.3. Under the hypotheses of Lemma 5.2, every vh œ Vh,p satisfies

ÿ

KœTh

|Gh(vh)|2H1

(K)

+
ÿ

F œF i
h

µF ÎJGh(vh) · nF KÎ2

L2

(F )

. ÎvhÎ2

h,1,(5.11)

ÎDh(Gh(vh))ÎL2

(�)

. ÎvhÎh,1.(5.12)

Proof. Inequality (5.11) is an easy consequence of the definition of Gh in (5.9) and of
Lemma 5.2. To show (5.12), we consider

(5.13) Dh(Gh(vh)) = �vh ≠ div rh(JvhK) ≠ rh(JÒvh · nF K) + rh(Jrh(JvhK) · nF K).
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In view of (5.8b), it is apparent that the L2-norms of the first and third terms on the
right-hand side of (5.13) are bounded by ÎvhÎh,1, whilst the bounds on the L2-norms of the
second and fourth terms follow from (5.10b).

Approximation by H2-regular functions. The first step towards the aforementioned
approximation result consists of the discrete analogue of the orthogonality of Helmholtz
decompositions.

Lemma 5.4. Let � µ Rd, d œ {2, 3}, be a bounded Lipschitz polytopal domain, and let
{Th}h be a shape-regular sequence of simplicial or parallelepipedal meshes satisfying (2.11),
(2.12) and (2.13). If µF and ÷F satisfy (5.5) for every face F œ F i,b

h , then, for any vh œ Vh,p
and any Â œ H1(�)2d≠3, we have

(5.14)
----
⁄

�

G(vh) · curl Â dx

---- +
----
⁄

�

Òvh · curl Â dx

---- . max
KœTh

hK

p
3/2

K

|vh|
J

ÎÂÎH1

(�)

.

Proof. It follows from (5.10a) that ÎÒvh≠Gh(vh)ÎL2

(�)

. maxK hK/p2

K |vh|
J

, so it is enough
to show that (5.14) is satisfied by Gh(vh). Consider momentarily Â œ H2(�)2d≠3; then,
integration by parts yields

⁄

�

G(vh) · curl Â dx =
ÿ

F œF i,b
h

ÈJvhK, {curl Â · nF }ÍF ≠
ÿ

KœTh

Èrh(JvhK), curl ÂÍK .

Therefore, the definitions of the lifting operators rh and rh imply that
⁄

�

G(vh) · curl Â dx =
ÿ

F œF i,b
h

ÈJvhK, {curl(Â ≠ Âh) · nF }ÍF

≠
ÿ

KœTh

Èrh(JvhK), curl(Â ≠ Âh)ÍK

for any Âh œ Vh,p if d = 2, or Âh œ Vh,p if d = 3. Thus, if Â œ H2(�)2d≠3, it is seen from
the approximation bounds of Appendix C and from the lifting bound (5.10a) that

(5.15)
----
⁄

�

G(vh) · curl Â dx

---- . max
KœTh

h2

K

p3

K

|vh|
J

ÎÂÎH2

(�)

.

Now, let Â œ H1(�)2d≠3. We apply [1, Thm. 5.33] to the components of Â: for each Á > 0,
there exists a ÂÁ œ CŒ(Rd)2d≠3 such that

ÎÂ ≠ ÂÁÎL2

(�)

+ ÁÎÂ ≠ ÂÁÎH1

(�)

. Á|Â|H1

(�)

,(5.16a)

ÎÂÁÎH2

(�)

. Á≠1ÎÂÎH1

(�)

,(5.16b)

where, importantly, the constants in (5.16) do not depend on Á. Define „Á := Â ≠ ÂÁ, so
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that ⁄

�

G(vh) · curl Â dx =
⁄

�

G(vh) · curl ÂÁ dx +
⁄

�

G(vh) · curl „Á dx.

The bounds (5.15) and (5.16b) show that

(5.17)
----
⁄

�

G(vh) · curl ÂÁ dx

---- . Á≠1 max
KœTh

h2

K

p3

K

|vh|
J

ÎÂÎH1

(�)

.

Integration by parts yields
⁄

�

G(vh) · curl „Á dx =
ÿ

F œF i,b
h

ÈJÒvh ◊ nF K, „ÁÍF ≠
ÿ

KœTh

Èrh(JvhK), curl „ÁÍK .

Lemma 5.2 and (5.16a) imply that

(5.18)
ÿ

KœTh

|Èrh(JvhK), curl „ÁÍK | . max
KœTh

hK

p2

K

|vh|
J

ÎÂÎH1

(�)

.

Recall the continuous trace inequality [58]: for an element K and a face F µ ˆK,

Î„ÁÎ2

L2

(F )

. |„Á|H1

(K)

Î„ÁÎL2

(K)

+ 1
hK

Î„ÁÎ2

L2

(K)

. hK

p2

K

|„Á|2H1

(K)

+ p2

K

hK
Î„ÁÎ2

L2

(K)

.

Therefore, the fact that µF = cµ p̃2

F /h̃F leads to

ÿ

F œF i,b
h

|ÈJÒvh ◊ nF K, „ÁÍF | .
ı̂ıÙ

ÿ

KœTh

h2

K

p4

K

|„Á|2H1

(K)

+ Î„ÁÎ2

L2

(K)

|vh|
J

.
A

max
KœTh

hK

p2

K

|„Á|H1

(�)

+ Î„ÁÎL2

(�)

B

|vh|
J

,

where we have used the identity |JÒvh ◊ nF K| = |JÒ
T

vhK| for each face F , because Ò
T

vh

is the component of Òvh that is orthogonal to nF . Therefore, we deduce from (5.16a) and
(5.18) that

(5.19)
----
⁄

�

G(vh) · curl „Á dx

---- .
A

max
KœTh

hK

p2

K

+ Á

B

|vh|
J

ÎÂÎH1

(�)

.

Combining (5.17) and (5.19) yields

----
⁄

�

G(vh) · curl Â dx

---- .
A

Á≠1 max
KœTh

h2

K

p3

K

+ max
KœTh

hK

p2

K

+ Á

B

|vh|
J

ÎÂÎH1

(�)

.

The bound (5.14) is then obtained by taking Á := maxKœTh
hK/p

3/2

K .

The following original approximation result was first shown in [69].
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Theorem 5.5. Let � µ Rd, d œ {2, 3}, be a bounded convex polytopal domain, and let
{Th}h be a shape-regular sequence of meshes satisfying (2.11), (2.12) and (2.13). Let µF

and ÷F satisfy (5.5) for every face F œ F i,b
h . For a given vh œ Vh,p, let v œ H2(�) fl H1

0

(�)
be the unique solution of the boundary-value problem

�v = Dh(Gh(vh)) in �,(5.20a)

v = 0 on ˆ�.(5.20b)

Then, the approximation v to vh satisfies

Îvh ≠ vÎL2

(�)

+ max
KœTh

hK

pK
Îvh ≠ vÎH1

(�;Th)

. max
KœTh

h2

K

p2

K

|vh|
J

,(5.21a)

ÎvÎH2

(�)

. ÎvhÎh,1.(5.21b)

Remark 5.1. The above result is nearly optimal in the sense that only the jump seminorm
|vh|

J

appears on the right-hand side of the error bound (5.21a), and that the correct orders
of convergence are established.

Proof. Note that convexity of � implies that v is well-defined, see [40], and that (5.21b)
holds as a result of Corollary 5.3. First, we show that for any p œ Hk(�)flH1

0

(�), k œ {1, 2},
we have

(5.22)
----
⁄

�

(Òv ≠ Gh(vh)) · Òp dx

---- . max
KœTh

hk
K

pk
K

|vh|
J

ÎpÎHk
(�)

.

Indeed, since v solves (5.20), integration by parts yields
⁄

�

(Òv ≠ Gh(vh)) · Òp dx =
ÿ

KœTh

Èrh(JGh(vh) · nF K), pÍK ≠
ÿ

F œF i
h

ÈJGh(vh) · nF K, {p}ÍF .

Then, the definition of the lifting operator gives

(5.23)
⁄

�

(Òv ≠ Gh(vh)) · Òp dx =
ÿ

KœTh

Èrh(JGh(vh) · nF K), p ≠ phÍK

≠
ÿ

F œF i
h

ÈJGh(vh) · nF K, {p ≠ ph}ÍF ’ ph œ Vh,p.

Recalling that pK Ø 1 for each element K, it is then seen that (5.22) follows from Corol-
lary 5.3 and from the approximation bounds of Appendix C.

The remainder of the proof makes use of Helmholtz decompositions of vector fields [39]:
for any v œ L2(�)d, there exist p œ H1

0

(�) and Â œ H1(�)2d≠3, such that

(5.24) v = Òp + curl Â in �.
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Indeed, p œ H1

0

(�) is defined by

(5.25)
⁄

�

Òp · Òq dx =
⁄

�

v · Òq dx ’ q œ H1

0

(�).

Then, v ≠ Òp is divergence free, thus È(v ≠ Òp) · n, 1Íˆ�

= 0, where n is the unit outward
normal on ˆ�. Since the convex domain � has a connected boundary, it follows from [39,
Thms. 3.1 & 3.4 pp. 37–45] that there exists a Â œ H1(�)2d≠3 such that v = Òp + curl Â.
Moreover, Â may be chosen so that ÎpÎH1

(�)

+ ÎÂÎH1

(�)

. ÎvÎL2

(�)

for some constant
independent of v. This is a consequence of the open mapping theorem and the facts that
V := {v œ L2(�)d : div v = 0} is a closed subspace of L2(�)d, and that the mapping
Â ‘æ curl Â is a surjective bounded linear mapping from H1(�)2d≠3 to V.

Now, observe that ÎÒvh ≠ Gh(vh)ÎL2

(�)

. maxKœTh
hK/p2

K |vh|
J

by (5.10a), so it is
enough to consider the ÎG(vh) ≠ ÒvÎL2

(�)

to bound |vh ≠ v|H1

(�;Th)

. Let p œ H1

0

(�) and
Â œ H1(�)2d≠3 satisfy

(5.26) Òv ≠ Gh(vh) = Òp + curl Â,

with ÎpÎH1

(�)

+ ÎÂÎH1

(�)

. ÎÒv ≠ Gh(vh)ÎL2

(�)

. Then, noting that Òv and curl Â are
orthogonal, it is deduced that

(5.27) ÎÒv ≠ Gh(vh)Î2

L2

(�)

=
⁄

�

(Òv ≠ Gh(vh)) · Òp dx ≠
⁄

�

Gh(vh) · curl Â dx.

Inequality (5.22) and the bound ÎpÎH1

(�)

. ÎÒv ≠ Gh(vh)ÎL2

(�)

give
----
⁄

�

(Òv ≠ Gh(vh)) · Òp dx

---- . max
KœTh

hK

pK
|vh|

J

ÎÒv ≠ Gh(vh)ÎL2

(�)

.

The bounds of Lemma 5.4 show that
----
⁄

�

Gh(vh) · curl Â dx

---- . max
KœTh

hK

p
3/2

K

|vh|
J

ÎÒv ≠ Gh(vh)ÎL2

(�)

.

Therefore, equation (5.27) and the above bounds yield

(5.28) ÎÒv ≠ Gh(vh)ÎL2

(�)

. max
KœTh

hK

pK
|vh|

J

.

We now consider the error Îvh ≠ vÎL2

(�)

. Since the domain � is convex, there is a unique
function z œ H2(�) fl H1

0

(�) that solves ≠�z = vh ≠ v in �, with ÎzÎH2

(�)

. Îvh ≠ vÎL2

(�)

.
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Then, it is found that

Îvh ≠ vÎ2

L2

(�)

=
⁄

�

(Gh(vh) ≠ Òv) · Òz dx

+
ÿ

KœTh

Èrh(JvhK), ÒzÍK ≠
ÿ

F œF i,b
h

ÈJvhK, {Òz · nF }ÍF .

Applying the bound (5.22) to z œ H2(�) fl H1

0

(�) gives
----
⁄

�

(Gh(vh) ≠ Òv) · Òz dx

---- . max
KœTh

h2

K

p2

K

|vh|
J

Îvh ≠ vÎL2

(�)

.

Letting zh be the projection of z into Vh,p given by Theorem C.6, it is found that

----
ÿ

KœTh

Èrh(JvhK), ÒzÍK ≠
ÿ

F œF i,b
h

ÈJvhK, {Òz · nF }ÍF

----

=
----

ÿ

KœTh

Èrh(JvhK), Ò(z≠zh)ÍK≠
ÿ

F œF i,b
h

ÈJvhK, {Ò(z≠zh)·nF }ÍF

---- . max
K

h2

K

p3

K

|vh|
J

Îvh≠vÎL2

(�)

.

Thus, we have shown that

(5.29) Îvh ≠ vÎL2

(�)

. max
KœTh

h2

K

p2

K

|vh|
J

.

The bounds (5.28) and (5.29) imply (5.21a).

Approximation by coarse grid functions. Theorem 5.5 leads to the following result
about the approximability of the fine space Vh,p with respect to the coarse space VH,q.

Theorem 5.6. Let � µ Rd, d œ {2, 3}, be a bounded convex polytopal domain, and let
{TH}H and {Th}h be nested shape-regular sequences of meshes satisfying (2.11), (2.12) and
(2.13). Let µF and ÷F satisfy (5.5) for every face F œ F i,b

h . Then, for any vh œ Vh,p, there
exists a vH œ VH,q, such that

Îvh ≠ vHÎHk
(�;Th)

.
3

max
DœTH

HD

qD

4
2≠k

ÎvhÎh,1, k œ {0, 1, 2},(5.30a)

ÎvHÎ2

h,1 .
A

1 + max
DœTH

C
HD

qD
max

KœTh(D)

p2

K

hK
+ H3

D

q3

D

max
KœTh(D)

p6

K

h3

K

DB

ÎvhÎ2

h,1.(5.30b)

Proof. Let v œ H2(�)flH1

0

(�) be the approximation to vh considered in Theorem 5.5. Since
qD Ø 2 for all D œ TH , Theorem C.6 implies that there exists vH œ VH,q such that

Îv ≠ vHÎHj
(D)

. H2≠j
D

q2≠j
D

ÎvÎH2

(D)

, ÎD—(v ≠ vH)ÎL2

(ˆD)

. H
3/2≠|—|
D

q
3/2≠|—|
D

ÎvÎH2

(D)

,(5.31)
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for each D œ TH , each nonnegative integer j Æ 2, and each multi-index — with |—| Æ 1.
Therefore, it is seen that (5.30a) follows from the triangle inequality in conjunction with
(5.21b) and (5.31). In particular, note that ÎvHÎH2

(�;Th)

. ÎvÎH2

(�)

, and since Theorem 5.5
implies that ÎvÎH2

(�)

. ÎvhÎh,1, we obtain ÎvHÎH2

(�;Th)

. ÎvhÎh,1.
It remains to show (5.30b) by bounding the jump seminorm |vH |

J

as follows. If the face
F œ F i

h(D) for D œ TH , then the jumps of vH and its first derivatives vanish because vH is a
polynomial over D. Since v œ H2(�)flH1

0

(�), JvHK = JvH ≠vK and JÒ
T

vHK = JÒ
T

(vH ≠v)K
for each face F œ F i,b

h (ˆD), whilst JÒvH ·nF K = JÒ(vH ≠v) ·nF K for each face F œ F i
h(ˆD).

Therefore, it is deduced from the mesh assumptions on Th and TH and (5.31) that

ÿ

F œF i,b
h

÷F ÎJvHKÎ2

L2

(F )

Æ
ÿ

DœTH

ÿ

F œF i,b
h

(ˆD)

÷F ÎJvH ≠ vKÎ2

L2

(F )

.
ÿ

DœTH

max
KœTh(D)

p6

K

h3

K

ÎvH ≠ vÎ2

L2

(ˆD)

. max
DœTH

C
H3

D

q3

D

max
KœTh(D)

p6

K

h3

K

D

ÎvÎ2

H2

(�)

.

Similar bounds also yield

ÿ

F œF i,b
h

µF ÎJÒ
T

vHKÎ2

L2

(F )

+
ÿ

F œF i
h

µF ÎJÒvH · nF KÎ2

L2

(F )

. max
DœTH

C
HD

qD
max

KœTh(D)

p2

K

hK

D

ÎvÎ2

H2

(�)

.

Since ÎvÎH2

(�)

. ÎvhÎh,1, the proof of (5.30b) is complete.

Previous results on the approximation of fine mesh functions by coarse mesh functions
typically involved lower-order projection operators, which were therefore suboptimal in
terms of q in bounds such as (5.30a). The original result of an approximation with optimal
orders in both H and q of Theorem 5.6 will lead to a sharp analysis of the nonoverlapping
domain decomposition preconditioners in the next section.

5.2 Domain decomposition preconditioners

Throughout this section, we consider the model problem of finding uh œ Vh,p such that

(5.32) Bh,1(uh, vh) = ¸h(vh) ’ vh œ Vh,p,

where ¸h : Vh,p æ R is a bounded linear functional on Vh,p. The resulting preconditioners
based on Bh,1 are applied to HJB equations in the experiments of section 5.4.

The condition number of the linear system of (5.32) depends on the choice of basis for
Vh,p. However, in practice, the basis is often chosen to be either a nodal basis or a mapped
orthonormal basis. For example, let us assume that each basis function „i of Vh,p has
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support in only one element, and is mapped from a member of a set of functions that are
L2-orthonormal on a reference element. Then, it can be shown that the ¸2-norm condition
number Ÿ(B) of the matrix B := (Bh,1(„i, „j)) satisfies

(5.33) Ÿ (B) . max
KœTh

p8

K

h4

K

maxKœTh
hd

K

minKœTh
hd

K

,

where it is recalled that d is the dimension of the domain �.

Domain decomposition. Let � be partitioned into a set TS := {�i}N
i=1

of nonover-
lapping Lipschitz polytopal subdomains �i. The partition TS is assumed to be conforming.
A coarse simplicial or parallelepipedal mesh TH is associated to each fine mesh Th. Let
HD := diam D for each D œ TH and suppose that H := maxDœTH

HD. It is required that
the sequence of meshes {TH}H satisfy the mesh conditions of section 2.2. Furthermore,
the partitions TS , TH and Th are assumed to be nested, in the sense that no face of TS ,
respectively TH , cuts the interior of an element of TH , respectively Th. Hence, each element
D œ TH satisfies D =

t
K, where the union is over all elements K œ Th such that K µ D.

For each mesh TH , let q := (qD : D œ TH) be a vector of positive integers; so qD Ø 1 for
each element D œ TH . Assume that q satisfies the bounded variation property of (2.13),
and that qD Æ minKµD pK for all D œ TH . For each D œ TH , define the sets

(5.34)
Th(D) := {K œ Th : K µ D} , F i

h(D) :=
Ó

F œ F i
h : F µ D

Ô
,

F i
h(ˆD) :=

Ó
F œ F i

h : F µ ˆD
Ô

, F i,b
h (ˆD) := {F œ F i,b

h : F µ ˆD}.

Although the sets F i
h(D) and F i,b

h (D) are not disjoint, the above assumptions on the meshes
imply that F i,b

h =
t

D F i
h(D) fi F i,b

h (ˆD) and that F i
h =

t
D F i

h(D) fi F i
h(ˆD).

Define the function spaces

V i
h,p :=

Ó
v œ L2(�i) : v|K œ PpK (K) ’ K œ Th, K µ �i

Ô
, 1 Æ i Æ N,(5.35a)

VH,q :=
Ó

v œ L2(�) : v|D œ PqD (D) ’ D œ TH

Ô
.(5.35b)

For convenience of notation, let V 0

h,p := VH,q. It follows from the above conditions on the
meshes that every function vH œ VH,q also belongs to Vh,p, so let I

0

: VH,q æ Vh,p denote
the natural imbedding map. For 1 Æ i Æ N , let Ii : V i

h,p æ Vh,p denote the natural injection
operator defined by

(5.36) Ii vi :=

Y
]

[
vi on �i,

0 on � ≠ �i,
’ vi œ V i

h,p.

Then, any function vh œ Vh,p can be decomposed as vh =
qN

i=1

Ii (vh|
�i) .

109



CHAPTER 5. PRECONDITIONERS 5.3. SPECTRAL BOUNDS

Let the bilinear forms Bi
h,1 : V i

h,p ◊ V i
h,p æ R, 0 Æ i Æ N , be defined by

Bi
h,1(ui, vi) := Bh,1(Ii ui, Ii vi) ’ ui, vi œ V i

h,p.(5.37)

It is clear that the bilinear forms Bi
h,1 are symmetric and coercive on V i

h,p ◊ V i
h,p. For each

0 Æ i Æ N , let Bi denote the matrix that corresponds to the bilinear form Bi
h,1 and let Ii

denotes the matrix corresponding to the injection operator Ii. Then, we define the additive
Schwarz preconditioner P by

(5.38) P :=
Nÿ

i=0

Pi, Pi := Ii B≠1

i I€
i .

The preconditioner P is symmetric, and it can be employed in the preconditioned con-
jugate gradient method [30]. Further preconditioners, such as multiplicative, symmetric
multiplicative and hybrid methods, are presented in [73, 75] and the references therein.

5.3 Spectral bounds

The general theory of Schwarz methods [73, 75] simplifies the analysis of the preconditioners
described above to the verification of three key properties.

Property 5.1. Suppose that there exists a constant c
0

such that each vh œ Vh,p admits a
decomposition vh =

qN
i=0

Ii vi, with vi œ V i
h,p, for each 0 Æ i Æ N , with

(5.39)
Nÿ

i=0

Bi
h,1(vi, vi) Æ c

0

Bh,1(vh, vh).

Property 5.2. Assume that there exist constants Áij œ [0, 1], such that

(5.40) |Bh,1(Ii vi, Ijvj)| Æ Áij

Ò
Bh,1(Ii vi, Ii vi) Bh,1(Ij vj , Ij vj),

for all vi œ V i
h,p and all vj œ V j

h,p, 1 Æ i, j Æ N . Let fl(E) denote the spectral radius of the
matrix E := (Áij).

Property 5.3. Suppose that there exists a constant Ê œ (0, 2), such that

(5.41) Bh,1(Ii vi, Ii vi) Æ Ê Bi
h,1(vi, vi) ’ vi œ V i

h,p, 0 Æ i Æ N.

Properties 5.1–5.3 are sometimes referred to respectively as the stable decomposition
property, the strengthened Cauchy–Schwarz inequality, and local stability. The following
theorem from the theory of Schwarz methods is quoted from [75].
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Theorem 5.7. If Properties 5.1–5.3 hold, then the condition number Ÿ (PB) satisfies

(5.42) Ÿ (PB) Æ c
0

Ê (fl(E) + 1) .

Remark 5.2. With the above choices of bilinear forms Bi
h,1 and with the arguments presented

in [5], it is seen that (5.41) holds in fact with equality for Ê = 1. Also, in (5.40), we can take
Áij = 1 if ˆ�iflˆ�j ”= ÿ, and Áij = 0 otherwise. Therefore, as explained in [5], fl (E) Æ Nc+1,
where Nc is the maximum number of adjacent subdomains that a given subdomain might
have. Therefore, Properties 5.2 and 5.3 hold, and it remains to verify Property 1.

The following theorem determines a bound on the constant appearing in (5.39), which
can be used in conjunction with Theorem 5.7 to analyse the properties of the precondition-
ers. The proof of this result is given in the next section.

Theorem 5.8. Let � µ Rd, d œ {2, 3}, be a bounded convex polytopal domain, and let
TS, {TH}H and {Th}h be successively nested shape-regular sequences of meshes, with TS

conforming, and {TH}H and {Th}h satisfying (2.11), (2.12) and (2.13). Let µF and ÷F

satisfy (5.5) for each face F , with cµ and c÷ so that (5.6) holds. Then, each vh œ Vh,p
admits a decomposition vh =

qN
i=0

Ii vi, with vi œ V i
h,p, 0 Æ i Æ N , such that

(5.43)
Nÿ

i=0

Bi
h,1(vi, vi) . c̃

0

Bh,1(vh, vh),

where the constant c̃
0

is given by

(5.44) c̃
0

:= 1 + max
DœTH

C
qD

HD
max

KœTh(D)

p2

K

hK

D

max
DœTH

H2

D

q2

D

+ max
DœTH

C
qD

HD
max

KœTh(D)

p6

K

h3

K

D

max
DœTH

H4

D

q4

D

.

It follows from Theorems 5.7 and 5.8 that the condition number of PB satisfies

(5.45) Ÿ (PB) . c̃
0

(Nc + 2) ,

where c̃
0

is as above, and Nc is the maximum number of adjacent subdomains that a
given subdomain from TS might have. If the sequence of coarse spaces {VH,q}H satisfy the
assumption that HD/qD . minDœTH

HD/qD for all D œ TH , then the constant c̃
0

in the
above proposition simplifies to

(5.46) c̃
0

ƒ 1 + max
DœTH

C
HD

qD
max

KœTh(D)

p2

K

hK
+ H3

D

q3

D

max
KœTh(D)

p6

K

h3

K

D

.

Moreover, if the sequences of meshes {TH}H and {Th}h are quasiuniform, and if the poly-
nomial degrees are also quasiuniform in the sense that q := maxD qD . qD for all D œ TH

and p := maxK pK . pK for all K œ Th, then the condition number of the preconditioned
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matrix PB satisfies the bound

(5.47) Ÿ (PB) . (Nc + 2)
A

1 + p2 H

q h
+ p6 H3

q3 h3

B

.

It is well-known that the above bound is optimal in terms of H and h, see [18, 35].
The numerical experiments of section 5.4 show that the bound (5.47) is also sharp in

terms of the orders of p and q. Choosing the coarse space such that H ƒ h and q ƒ p

implies that Ÿ(PB) . p3, which shows that the preconditioner is not robust with respect to
p, yet constitutes nonetheless a significant improvement over the condition number of order
p8/h4 for the unpreconditioned matrix.

Stable decomposition property. The following lemma, due to Feng and Karakashian
in [34], provides a trace inequality for the boundaries ˆD of elements D œ TH . However,
the inequality is not written there in the form that is required for our purposes. So, we
present again the proof, with some variations from the arguments in [34].

Lemma 5.9. Let {TH}H and {Th}h be shape-regular sequences of nested simplicial or par-
allelepipedal meshes satisfying the conditions (2.11) and (2.12), and let p satisfy (2.13). Let
v œ L2(D) belong to PpK (K) for each K µ D. Then, we have

(5.48) ÎvÎ2

L2

(ˆD)

.
ÿ

KœTh(D)

|v|H1

(K)

ÎvÎL2

(K)

+ 1
HD

ÎvÎ2

L2

(D)

+
ı̂ııÙ

ÿ

F œF i
h

(D)

p̃2

F

h̃F

ÎJvKÎ2

L2

(F )

ÎvÎL2

(D)

.

Proof. As shown in [34], since each element D œ TH is an a�ne image of a convex reference
element, it follows that there is a point x

0

œ D, such that (x ≠ x
0

) · nˆD & HD for each
x œ ˆD, where nˆD is the unit outward normal vector to ˆD. Therefore,

(5.49) ÎvÎ2

L2

(ˆD)

. 1
HD

⁄

ˆD
|v|2 (x ≠ x

0

) · nˆD ds.

Integration by parts shows that
⁄

ˆD
|v|2 (x ≠ x

0

) · nˆD ds =
ÿ

KœTh(D)

⁄

K

Ë
div (x ≠ x

0

) |v|2 + 2v Òv · (x ≠ x
0

)
È

dx

≠
ÿ

F œF i
h

(D)

ÈJv2K, {(x ≠ x
0

) · nF }ÍF .
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Since Jv2K = 2JvK{v}, it is found that

⁄

ˆD
|v|2 (x ≠ x

0

) · nˆD ds . HD

ÿ

KœTh(D)

|v|H1

(K)

ÎvÎL2

(K)

+ ÎvÎ2

L2

(D)

+ HD

ı̂ııÙ
ÿ

F œF i
h

(D)

p̃2

F

h̃F

ÎJvKÎ2

L2

(F )

ı̂ııÙ
ÿ

F œF i
h

(D)

h̃F

p̃2

F

Î{v}Î2

L2

(F )

.

The inverse and trace inequalities imply that

ÿ

F œF i
h

(D)

h̃F

p̃2

F

Î{v}Î2

L2

(F )

. ÎvÎ2

L2

(D)

.

Therefore, (5.48) follows from (5.49) and the above bounds.

Equipped with the approximation result of Theorem 5.6, it is now possible to prove
Theorem 5.8 using a similar approach to [5, 34, 35].

Proof of Theorem 5.8. Let vH be given as in Theorem 5.6, set v
0

:= vH , and denote by
vi œ V i

h,p the restriction of vh ≠ vH to �i, 1 Æ i Æ N ; hence vh =
qN

i=0

Iivi. Then, we write

(5.50)
Nÿ

i=0

Bi
h,1(vi, vi) = Bh,1(vH , vH) + Bh,1(vh ≠ vH , vh ≠ vH) ≠

Nÿ

i, j=1

i”=j

Bh,1(Iivi, Ijvj).

Observe that the constant appearing on the right-hand side of (5.30b) can be bounded in
terms of c̃

0

, which was defined in (5.44). So, Theorem 5.6 and (5.6) imply

Bh,1(vH , vH) ƒ ÎvHÎ2

h,1 . c̃
0

ÎvhÎ2

h,1 ƒ c̃
0

Bh,1(vh, vh),(5.51a)

Bh,1(vh ≠ vH , vh ≠ vH) . ÎvhÎ2

h,1 + ÎvHÎ2

h,1 . c̃
0

Bh,1(vh, vh).(5.51b)

It remains to bound the last term in (5.50), which concerns the interface flux and jump
terms at the boundaries of the subdomains of TS . Expanding this term and using the
triangle inequality leads to

(5.52)
Nÿ

i, j=1

i”=j

|Bh,1(Iivi, Ijvj)| Æ
5ÿ

k=1

Ek,
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where the quantities Ek are defined by

E
1

:=
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

÷F |È(vh ≠ vH)|
�i , (vh ≠ vH)|

�j ÍF |,(5.53a)

E
2

:=
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

µF |ÈÒ
T

(vh ≠ vH)|
�i , Ò

T

(vh ≠ vH)|
�j ÍF |,(5.53b)

E
3

:=
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

µF |ÈÒ(vh ≠ vH)|
�i · nF , Ò(vh ≠ vH)|

�j · nF ÍF |,(5.53c)

E
4

:=
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

|Èdiv
T

Ò
T

(vh ≠ vH)|
�i , Ò(vh ≠ vH)|

�j · nF ÍF |,(5.53d)

E
5

:=
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

|ÈÒ
T

(Ò(vh ≠ vH)|
�i · nF ), Ò

T

(vh ≠ vH)|
�j ÍF |.(5.53e)

Note that in (5.53), we have made use of the symmetry of the sum over i, j, i ”= j, and the
fact that any face F µ ˆ�i fl ˆ�j must be an interior face.

Defining ÷D := maxKœTh(D)

p6

K/h3

K for each D œ TH , the hypotheses (2.12) and (2.13)
and the nestedness of the meshes imply that

E
1

.
ÿ

DœTH

÷DÎvh ≠ vHÎ2

L2

(ˆD)

.

Therefore, using the trace inequality of Lemma 5.9, we find that

E
1

.
ÿ

DœTH

÷D

C
HD

qD

ÿ

KœTh(D)

|vh ≠ vH |2H1

(K)

+ HD

qD

ÿ

F œF i
h

(D)

p̃2

F

h̃F

ÎJvhKÎ2

L2

(F )

+ qD

HD

ÿ

KœTh(D)

Îvh ≠ vHÎ2

L2

(K)

D

.

Notice that the jumps JvHK vanish for faces F œ F i
h(D). Therefore, the approximation

bound of Theorem 5.6 gives

(5.54) E
1

. max
DœTH

5
÷D

HD

qD

6
max
DœTH

H2

D

q2

D

ÎvhÎ2

h,1 + max
DœTH

C

÷D
HD

qD
max

F œF i
h

(D)

h̃2

F

p̃4

F

D

|vh|2
J

+ max
DœTH

5
÷D

qD

HD

6
max
DœTH

H4

D

q4

D

ÎvhÎ2

h,1,
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and thus it follows from (2.12) and (2.13) and (5.6) that

(5.55) E
1

. max
DœTH

C
qD

HD
max

KœTh(D)

p6

K

h3

K

D

max
DœTH

H4

D

q4

D

Bh,1(vh, vh).

Remark that in going from (5.54) to (5.55), we have used the bounds

HD

qD
. qD

HD
max
DœTH

H2

D

q2

D

,
HD

qD
max

F œF i
h

(D)

h̃2

F

p̃4

F

. qD

HD
max
DœTH

H4

D

q4

D

.

This is done because it is currently not possible to improve the last term in (5.54), as a
consequence of the nonlocal form of the bounds in Theorems 5.5 and Theorem 5.6.

The Cauchy–Schwarz inequality with a parameter and the symmetry of the sum over i,
j, j ”= i, imply that

(5.56)
5ÿ

k=2

Ek .
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

µ≠1

F ÎD2(vh ≠ vH)|
�iÎ2

L2

(F )

+ µF ÎÒ(vh ≠ vH)|
�j Î2

L2

(F )

.

Since TS is conforming, each face F may appear at most twice in the above sum, and thus
the trace and inverse inequalities imply that

(5.57)
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

µ≠1

F ÎD2(vh ≠ vH)|
�iÎ2

L2

(F )

.
ÿ

KœTh

Îvh ≠ vHÎ2

H2

(K)

. c̃
0

Bh,1(vh, vh).

Defining µD := maxKœTh(D)

p2

K/hK , we apply Lemma 5.9 componentwise to the gradient of
vh ≠ vH to find that

(5.58)
Nÿ

i, j=1

i”=j

ÿ

F œF i
h

F µˆ�iflˆ�j

µF ÎÒ(vh ≠ vH)|
�j Î2

L2

(F )

.
ÿ

DœTH

µDÎÒ(vh ≠ vH)Î2

L2

(ˆD)

.
ÿ

DœTH

µD

C
HD

qD

ÿ

KœTh(D)

|vh ≠ vH |2H2

(K)

+ HD

qD

ÿ

F œF i
h

(D)

p̃2

F

h̃F

ÎJÒvhKÎ2

L2

(F )

+ qD

HD

ÿ

KœTh(D)

|vh ≠ vH |2H1

(K)

D

.

It is important to observe that only terms involving interior faces of the mesh Th appear on
the right-hand side of the above inequality, so that

ÎJÒvhKÎ2

L2

(F )

= ÎJÒ
T

vhKÎ2

L2

(F )

+ ÎJÒvh · nF KÎ2

L2

(F )

’ F œ F i
h(D).
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So, we deduce that

ÿ

DœTH

µDÎÒ(vh ≠ vH)Î2

L2

(ˆD)

. max
DœTH

5
µD

HD

qD

6
Îvh ≠ vHÎ2

H2

(�;Th)

+ max
DœTH

5
µD

HD

qD

6
|vh|2

J

+ max
DœTH

5
µD

qD

HD

6
Îvh ≠ vHÎ2

H1

(�;Th)

,

and thus Theorem 5.6 and (5.6) show that

(5.59)
ÿ

DœTH

µDÎÒ(vh ≠ vH)Î2

L2

(ˆD)

. max
DœTH

C
qD

HD
max

KœTh(D)

p2

K

hK

D

max
DœTH

H2

D

q2

D

Bh,1(vh, vh).

Therefore, the inequalities (5.56), (5.57) and (5.59) show that

(5.60)
5ÿ

k=2

Ek . max
DœTH

C
qD

HD
max

KœTh(D)

p2

K

hK

D

max
DœTH

H2

D

q2

D

Bh,1(vh, vh).

In summary, combining the inequalities (5.51), (5.55) and (5.60) implies that

(5.61)
Nÿ

i=0

Bi
h,1(Iivi, Iivi) . c̃

0

Bh,1(vh, vh) +
5ÿ

k=1

Ek . c̃
0

Bh,1(vh, vh),

which completes the proof of the stable decomposition property of Theorem 5.8.

The proof of Theorem 5.8 completes the verification of Properties 5.1–5.3, and thus gives
the bound (5.45) for the condition number of the preconditioned system.

5.4 Numerical experiments

In this section, we confirm the sharpness of the spectral bounds of section 5.2 and we inves-
tigate the performance and competitiveness of the preconditioners in practical applications.
The implementation of the numerical experiments below employed direct factorisations to
construct the coarse mesh and local solvers.

5.4.1 First experiment

Since the bound (5.45) is the first to be explicit in both coarse and fine mesh polynomial
degrees, it is important to ascertain its sharpness.

Let � = (0, 1)2, and let the fixed meshes TH = TS be obtained by a uniform subdivision
of � into 4 squares, and let Th be obtained by uniform subdivision of � into 16 squares.
We consider the sequence of spaces Vh,p of piecewise polynomials on Th with total degree
p, where p = 2, . . . , 12, and the coarse spaces VH,q of piecewise polynomials on TH with
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Ÿ(PB) q = 2 q = 3 q = 4 q = 5 q = 6 q rate
p = 2 2.16 ◊ 101

p = 3 3.34 ◊ 102 6.71 ◊ 101

p = 4 1.94 ◊ 103 3.16 ◊ 102 1.35 ◊ 102

p = 5 7.22 ◊ 103 1.43 ◊ 103 4.11 ◊ 102 2.10 ◊ 102

p = 6 2.12 ◊ 104 4.40 ◊ 103 1.31 ◊ 103 6.44 ◊ 102 3.03 ◊ 102 3.60
p = 7 5.31 ◊ 104 1.10 ◊ 104 3.50 ◊ 103 1.70 ◊ 103 8.97 ◊ 102 3.35
p = 8 1.18 ◊ 105 2.46 ◊ 104 7.91 ◊ 103 4.27 ◊ 103 2.10 ◊ 103 3.25
p = 9 2.38 ◊ 105 4.88 ◊ 104 1.61 ◊ 104 8.68 ◊ 103 4.55 ◊ 103 3.10
p = 10 4.48 ◊ 105 9.17 ◊ 104 3.00 ◊ 104 1.64 ◊ 104 8.86 ◊ 103 3.00
p = 11 7.92 ◊ 105 1.61 ◊ 105 5.29 ◊ 104 2.90 ◊ 104 1.58 ◊ 104 2.97
p = 12 1.33 ◊ 106 2.71 ◊ 105 8.89 ◊ 104 4.87 ◊ 104 2.66 ◊ 104 2.97
p rate 5.97 5.94 5.96 5.97 6.03

Table 5.1: The dependence of the condition number Ÿ (PB) on the coarse and fine mesh polynomial
degrees for experiment of section 5.4.1. The asymptotic rates are computed by regression on the last
three entries of each column for p and each row for q. It is found that Ÿ (PB) is of order 1 + p6/q3,
as predicted in section 5.2.

total degree q, where q = 2, . . . , 6. We apply the additive Schwarz preconditioner defined
in section 5.2 to the bilinear form Bh,1, with cµ = c÷ = 10.

These choices are made to ensure that the resulting number of degrees of freedom is
small, being at most equal to 1456 in the case of p = 12, thereby facilitating the accu-
rate computation of the condition numbers Ÿ(PB) of the preconditioned matrix PB. The
resulting condition numbers are given in Table 5.1 and represented in Figure 5.2, which
show that Ÿ(PB) is of order 1 + p6/q3, in agreement with the results of section 5.2 and in
particular with the bound (5.47). This confirms that the predicted rates with respect to
the polynomial degrees are optimal.
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Figure 5.2: The dependence of the condition number Ÿ (PB) on the coarse and fine mesh poly-
nomial degrees for experiment of section 5.4.1. The condition numbers of Table 5.1 are plotted for
representative degrees p and q, showing the predicted rates Ÿ (PB) ƒ 1 + p6/q3.
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Figure 5.3: Overlapping and nonoverlapping decompositions of � = (0, 1)2 used in the experiment
of section 5.4.2. Four subdomains are used for both the overlapping and nonoverlapping methods,
with the overlap size ” defined as the length shown above.

5.4.2 Second experiment

In this section, we compare the e�ciency of nonoverlapping methods with the closely related
overlapping methods. It is found that the methods achieve similar performances in terms
of iteration counts, although nonoverlapping methods are often faster as a result of lower
computational costs.

Let � := (0, 1)2, and let Th be obtained by uniform subdivision of � into squares of
size h = 2≠k, k = 3, . . . , 8. Let Vh,p consist of the space of polynomials of fixed partial
degree p = 2 on each element K œ Th. Consider the model problem (5.32), where the
linear functional ¸h is chosen so that the solution uh of (5.32) approximates the function
u(x, y) := exy sin(fix) sin(fiy); specifically, we define

¸h(vh) :=
ÿ

KœTh

È�u, �vhÍK ’ vh œ Vh,p.

Using the results of [70], it can then be shown that Îu ≠ uhÎH2

(�;Th)

. hp≠1. The penalty
parameters cµ and c÷ are chosen so that µF = 10/h̃F and ÷F = 10/h̃3

F .

Overlapping domain decomposition. Let ” œ (0, 1) and let � be divided into overlap-
ping subdomains TS = {�i}4

i=1

, as shown in the left-hand side diagram of Figure 5.3. This
yields an overlapping decomposition of � with overlap ”; here, we use ” œ {1/4, 1/8, 1/16}.
Let TH be a coarse mesh consisting of a uniform subdivision of � into 4 squares, thus
yielding the ratios H/” œ {2, 4, 8}, and let VH,q consist of the space of polynomials of fixed
partial degree q = 2 on each element D œ TH . The local spaces V i

h,p with associated solvers
Bi

h,1, 1 Æ i Æ 4, are defined analogously to the nonoverlapping case, described in section 5.2.
The additive Schwarz preconditioner is also defined analogously to section 5.2.
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Nonoverlapping domain decomposition. The domain � is partitioned into four sub-
domains TS = {�i}4

i=1

, as shown in the right-hand side diagram of Figure 5.3. We consider
three sequences of coarse meshes TH , also obtained by uniform subdivision of � into squares
of size H = 2≠m, m = 1, . . . , k ≠ 1, so that H/h œ {2, 4, 8}. The nonoverlapping additive
Schwarz preconditioner is defined as in section 5.2.

Results. The implementations of the overlapping and nonoverlapping methods were the
same, except for the required di�erence in handling the subdomains. Since the parallelisa-
tions of overlapping and nonoverlapping methods di�er, our implementation was in serial
in order to permit a more straightforward comparison.

Table 5.4 gives the number of iterations required to reduce the Euclidean norm of the
residual by a factor of 10≠6. The results for both methods are comparable to those in the
literature: see for instance [3, 5, 18, 55]. Table 5.4 also presents a representative sample of
the CPU times required for the assembly of the preconditioner and the application of the
preconditioned conjugate gradient (PCG) method. The assembly timing strictly includes
the time spent on assembling and factorising the coarse and local mesh solvers, whereas the
solver time strictly includes the time spent on applying the PCG method. These timings
are meant to provide a relative comparison of the methods, with better absolute timings
achievable by parallelisation.

For the same iteration count, the nonoverlapping methods are generally faster in both
assembly and solution. This advantage in e�ciency is essentially the result of the smaller
dimension of the subdomain solvers. The nonoverlapping method is also generally cheaper
in terms of memory costs. Observe also that the method yielding the lowest iteration count
is not necessarily the fastest: in this example the nonoverlapping method with H = 4h

o�ers the fastest total solution time. Remarkably, the cheapest nonoverlapping method
with H = 8h is slightly faster than the most expensive overlapping method with H = 2”,
even if it requires more than twice the total number of iterations. Overall, our results show
that both methods are e�cient, with low iteration counts that remain bounded as H/” or
H/h is held fixed.

5.4.3 Third experiment

We will now consider applications of the preconditioning methods to problems of practical
interest, namely fully nonlinear HJB equations. This introduces several challenges, such as
nonsymmetric linear systems that appear in the semismooth Newton method. Nevertheless,
it is found that nonoverlapping methods in particular remain robust and lead to e�cient
solvers for these problems. This example is closely related to the experiment of section 3.7.1.
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PCG Iteration count
Overlapping Nonoverlapping

DoF h H = 2” H = 4” H = 8” H = 2h H = 4h H = 8h
144 1/4 20
576 1/8 18 22 29
2304 1/16 18 24 22 30 43
9216 1/32 18 25 37 20 32 52
36864 1/64 18 25 41 18 30 50
147456 1/128 18 26 41 17 27 48
589824 1/256 18 26 42 17 25 40

Timing
Overlapping Nonoverlapping

h = 1/128 H = 2” H = 4” H = 8” H = 2h H = 4h H = 8h
Assembly time 18.6s 14.5s 13.0s 14.0s 11.9s 11.6s

Solver time 8.39s 9.56s 13.3s 6.51s 8.62s 14.4s

Table 5.4: Number of preconditioned conjugate gradient (PCG) iterations required to reduce the
residual norm by a factor of 10≠6 for overlapping and nonoverlapping methods, in the experiment
of section 5.4.2, along with sample timings for assembly and timings of the PCG algorithm. The
methods yield similar iteration counts for similar ratios of H/” or H/h, but the nonoverlapping
method is faster to assemble and apply, as a result of the smaller number of degrees of freedom in
the local solvers. In practice, the best choice of preconditioner involves a tradeo� between iteration
counts and computational costs.

Consider the boundary-value problem

(5.62)
sup
–œ�

[L–u ≠ f–] = 0 in �,

u = 0 on ˆ�,

where � = (0, 1)2, � := [0, fi/3] ◊ SO(2), and where L–v := a– : D2v, with

(5.63) a– := 1
2R

A
1 + sin2 ◊ sin ◊ cos ◊

sin ◊ cos ◊ cos2 ◊

B

R€, – = (◊, R) œ �.

The source terms f–, – œ �, are chosen so that the solution is u(x, y) = exy sin(fix) sin(fiy),
whilst yielding large variations in the values of – that attain the supremum in (5.62).

The numerical scheme (3.25) is applied on a sequence of fine meshes Th obtained by
uniform subdivision of � into squares of size h = 2≠k, k = 3, . . . , 7. Let Vh,p consist of the
space of polynomials of fixed partial degree p = 2 on each element K œ Th. To solve the
nonlinear problem (3.25), we use the semismooth Newton method detailed in section 3.6.
Each iteration of the semismooth Newton method leads to a nonsymmetric but positive
definite linear system [71], which we solve using the left-preconditioned GMRES method,
with the current approximate solution used as the starting guess. The preconditioners
employed are the nonoverlapping and overlapping preconditioners from the experiment of
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Average GMRES iterations (Newton steps)
Overlapping Nonoverlapping

DoF h H = 2” H = 4” H = 8” H = 2h H = 4h H = 8h
144 1/4 18.3 (5)
576 1/8 21.2 (5) 19.0 (5) 23.2 (5)
2304 1/16 24.0 (5) 25.4 (5) 18.2 (5) 24.0 (5) 31.0 (5)
9216 1/32 28.5 (6) 29.7 (6) 38.2 (6) 19.0 (6) 24.5 (6) 35.2 (6)
36864 1/64 32.2 (6) 33.3 (6) 44.5 (6) 19.7 (6) 23.7 (6) 31.8 (6)
147456 1/128 34.2 (6) 35.3 (6) 48.7 (6) 20.0 (6) 23.2 (6) 29.8 (6)

Table 5.5: Average number of left-preconditioned GMRES iterations per Newton step required
to reduce the (preconditioned) residual by a factor of 10≠6, with total number of Newton steps in
parentheses, for the problem of section 5.4.3. The iteration counts for the nonoverlapping methods
remain low and bounded for fixed values of H/h.

section 5.4.2, and we emphasize that they are based on preconditioning the bilinear form
Bh,1, implying that no additional factorisations are required between Newton steps, thus
constituting a significant advantage in terms of e�ciency.

As explained in section 3.7.1, a key challenge in this example is that the di�usion
coe�cient a– is highly anisotropic for ◊ near fi/3, and the rotation matrices R may lead
to large variations in the resulting di�usions across the domain and between Newton steps.
As a result, we may expect significant anisotropic variations in the resulting linearisations
encountered in the application of the semismooth Newton method. It is thus of interest to
determine if the above preconditioners remain robust in this context, even though they are
built from the isotropic bilinear form Bh,1.

Table 5.5 gives the average number of GMRES iterations per Newton step required to
reduce the Euclidean norm of the (preconditioned) residual by a factor of 10≠6, along with
the total number of Newton steps required to achieve convergence, defined here as a step-
increment L2-norm below 10≠6. As in the case of section 5.4.2, the nonoverlapping methods
are generally faster than the overlapping methods in terms of assembly and application.

These results show that nonoverlapping methods remain robust in face of the anisotropy,
lack of symmetry and nonlinearity of the problem. We comment that right-preconditioning
in the GMRES method yields similar results when used with an appropriate scaling of the
unpreconditioned residual Euclidean norm. We thereby conclude that these preconditioning
methods lead to e�ective solvers for these challenging problems.
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Conclusion

In this thesis, we have proposed the first arbitrarily high-order numerical method for a
broad class of fully nonlinear HJB PDE that is supported by a complete analysis in terms
of consistency, stability and error bounds. Our approach, based on the Cordes condition,
overcomes many long-standing di�culties in the analysis of high-order numerical methods
for fully nonlinear PDE. The Cordes condition also encompasses a broad range of HJB
PDE with strongly anisotropic di�usion coe�cients that present a considerable challenge
to existing monotone schemes.

Our numerical experiments on challenging problems with strongly anisotropic di�usion
coe�cients, nonsmooth solutions, boundary layers and early-time singularities demonstrate
the robustness, flexibility and accuracy of the numerical method. In particular, we have
provided the first examples of exponential convergence rates under hp- and ·q-refinement
for fully nonlinear PDE.

We have shown that the semismooth Newton method combined with nonoverlapping
domain decomposition preconditioners enables the fast and robust iterative solution of the
discretised problems. Using original approximation results for discontinuous finite element
spaces, we obtained sharp spectral bounds for these preconditioners applied to a symmetric
model problem, thus constituting the first result for this class of preconditioners that is
explicit in all discretisation parameters. Applications of these preconditioners to fully non-
linear HJB equations demonstrate the robustness and competitiveness of these algorithms
in computations.

The approach to HJB PDE introduced in this thesis opens up the possibility of exploit-
ing many advanced computational techniques that improve the accuracy and e�ciency of
computations. For instance, since strongly anisotropic problems may feature solutions with
highly localised features, it is of significant interest to develop adaptive algorithms that
automatically adapt the mesh and polynomial degrees to the problem at hand. However,
the numerical examples given in this thesis consisted of meshes and polynomial degrees that
were chosen a priori. Nevertheless, the flexibility in mesh-choice and polynomial degrees of
our method lends itself well to adaptive mesh refinement algorithms driven by a posteriori
error analysis. Therefore, an interesting direction for further work involves developing a
posteriori error bounds and adaptive algorithms for these equations.
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CONCLUSION

An additional goal for further research is to improve on the preconditioning results of
Chapter 5, since it was seen there that these preconditioners are not robust with respect to
the polynomial degree. However, there exists a significant literature on preconditioning p-
and hp-version FEM, mostly in the context of H1-type norms. Therefore, it is of interest to
consider the possibility of extending these results to the current context of H2-type norms.
Moreover, there is the interesting question of extending the current two-level preconditioners
to more general multilevel algorithms in order to decrease the computational cost of the
coarse mesh and subdomain solvers.

123



Appendix A

Miranda–Talenti inequality

The purpose of the following appendices is to provide the proofs of several key results used
in this thesis. Although the results given here are for the most part already well-known,
we have chosen to include original proofs for several reasons. In some cases, the proofs are
hard to find in the literature, or they are given in forms seemingly di�erent to those used in
this work; in some cases, the proofs in the literature contain significant gaps. Thus, our aim
is to present these results as completely as possible in the form most suited to our needs.
In all cases, we attempt to indicate as clearly as possible which parts of the proofs are our
own work, and which parts follow the literature.

In this first appendix, we establish a result similar to [40, Lemma 3.2.2.1], concerning
the approximation of the convex domain � by domains with at least C1,1 boundaries. This
result represents a key ingredient in the proof of the Miranda–Talenti inequality. Our ap-
proximation result is slightly weaker than [40, Lemma 3.2.2.1], which was claimed without
proof; the di�erence is that we show approximation by domains with C1,1 boundaries rather
than C2 boundaries. Although it is stated in [40] that [40, Lemma 3.2.2.1] “follows easily
from the results” in [29], it is found that [29] treats approximation of convex sets by “regular
convex sets” signifying therein approximation by a convex set such that the set intersects
each of its supporting hyperplanes in at most one point and such that each of its bound-
ary points lies on only one supporting hyperplane; this notion of regularity is therefore
insu�cient for C1,1-boundary regularity required here, as shown by counterexamples.

The distance between two subsets A and B of Rd is defined by

(A.1) dist(A, B) := sup
xœA

inf
yœB

|x ≠ y| + sup
yœB

inf
xœA

|x ≠ y|.

Here we choose |·| to denote specifically the Euclidean norm on Rd.

Theorem A.1. Let � µ Rd be a bounded open convex set. Then, for each Á > 0, there exist
open convex sets UÁ and VÁ with C1,1 boundaries such that dist(�, UÁ) < Á, dist(�, VÁ) < Á

and UÁ µ � µ VÁ.
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The proof of Theorem A.1 is split into two lemmas: in Lemma A.2, we show that
convex sets can be approximated from the outside by convex sets with C1,1 boundaries, and
in Lemma A.3, we show how to construct inner approximations by translation and rescaling
of outer approximations.

Lemma A.2. Let � µ Rd be a bounded open convex set. Then, for each ” > 0, there exists
an open convex set �” with C1,1 boundary such that � µ �” and dist(�, �”) = ”.

Proof. Define
�” :=

€

xœ�

B(x, ”),

where B(x, ”) is the open Euclidean ball around x of radius ”. Clearly, � µ �” and �” is
open. It is also straightforward to check that �” is convex and that dist(�, �”) = ”.

We begin by noting the fact that �” satisfies the uniform interior sphere condition with
radius ”: for every x œ ˆ�”, there exists y œ � such that B(y, ”) µ �” and |x ≠ y| = ”. To
see this, suppose that x œ ˆ�”. Then we must have infyœ�

|x ≠ y| Ø ” for otherwise x would
belong to �”. Now let {xn}Œ

n=1

µ �” be a sequence converging to x; there is a sequence
{yn}Œ

n=1

µ � such that |xn ≠ yn| < ” for all n œ N. Since � is precompact, there exists
a subsequence of {yn}Œ

n=1

, to which we pass without change of notation, and y œ �, such
that yn æ y. Therefore |x ≠ y| = limnæŒ|xn ≠ yn| Æ ” and hence |x ≠ y| = ”. We must
have B(y, ”) µ �” since for any point x̃ œ B(y, ”), we use y œ � to see that there is ỹ œ �
such that |x̃ ≠ ỹ| < ”, thus x̃ œ �”. This shows that �” satisfies the uniform interior sphere
condition with radius ”.

We claim that �” has a C1,1 boundary in the sense of [40, Definition 1.2.1.1]. Let
x

0

œ ˆ�” and let V be a neighbourhood of x
0

such that under a new orthonormal coordinate
system, V = {(y

1

, . . . , yd) : ≠ai < yi < ai, 1 Æ i Æ d}. Let V Õ = {(y
1

, . . . , yd≠1

) : ≠ai < yi <

ai, 1 Æ i Æ d ≠ 1} and let Ï : V Õ æ R be such that |Ï(yÕ)| Æ ad/2 for each yÕ œ V Õ and such
that �” fl V = {(yÕ, yd) œ V : Ï(yÕ) < yd} and ˆ�” fl V = {(yÕ, yn) œ V : Ï(yÕ) = yd}. With
these definitions, Ï is a convex function. Moreover, by [40, Corollary 1.2.2.3], which states
that �” has a Lipschitz boundary, it follows that Ï œ C0,1(V̄ Õ), after possibly shrinking V Õ.

Since V Õ has Lipschitz boundary, if we show that Ï œ W 2,Œ(V Õ), then it will follow that
Ï œ C1,1

1
V̄ Õ

2
and the proof will be complete. Following the arguments in [19, Section 1.2],

to prove that Ï œ W 2,Œ(V Õ) it is enough to show that there exists a constant C > 0 such
that, for each compact subset K µµ V Õ and each unit vector v œ Rd≠1, we have

(A.2) lim
hæ0

sup
yÕœK

|Ï(yÕ + hv) + Ï(yÕ ≠ hv) ≠ 2Ï(yÕ)|
h2

Æ C.

It follows from the interior sphere condition and the supporting hyperplane theorem
that for each point y œ ˆ�” fl V , there exists a unique inward-pointing unit normal vector
to ˆ�”. This defines a vector field ‹ : V Õ æ Rd of inward-pointing unit normal vectors, and
we also define ‹ Õ := (‹

1

, · · · , ‹d≠1

). Since Ï œ C0,1(V Õ), we have ‹d > 0 for each yÕ œ V Õ.
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It follows from geometry that for any yÕ œ V Õ, any unit vector v œ Rd≠1, and any h

su�ciently small,

(A.3) Ï(yÕ) ≠ h v · ‹ Õ

‹d
Æ Ï(yÕ + hv) Æ Ï(yÕ) + ”‹d ≠

Ò
”2‹2

d ≠ h2 + 2”h v · ‹ Õ,

where we omit the dependence of ‹ on yÕ for simplicity of notation. Therefore, it is found
that Ï is di�erentiable at yÕ, for every yÕ œ V Õ, and that DÏ = ≠‹ Õ/‹d, or equivalently

(A.4) ‹(yÕ) =
(≠Ïx

1

(yÕ), . . . , ≠Ïxd≠1

(yÕ), 1)


1 + |DÏ(yÕ)|2
.

Therefore, we have

(A.5) Ï(yÕ + hv) Æ Ï(yÕ) + ”


1 + |DÏ(yÕ)|2
≠

Û
”2

1 + |DÏ(yÕ)|2 ≠ h2 + 2”h v · ‹ Õ.

It follows from (A.5) and convexity of Ï that

(A.6) 0 Æ Ï(yÕ + hv) + Ï(yÕ ≠ hv) ≠ 2Ï(yÕ)

Æ 2”


1 + |DÏ(yÕ)|2
≠

ÿ

‡œ{≠1,1}

Û
”2

1 + |DÏ(yÕ)|2 ≠ h2 + 2‡”h v · ‹ Õ.

The bound (A.2) with C = C
1
d, |Ï|C0,1

(

¯V Õ
)

, ”
2

is then obtained from (A.6), thus showing
that Ï œ C1,1(V̄ Õ).

Lemma A.3. Let � µ Rd be a bounded open convex set. For every Á > 0, there exists
” > 0, such that if V is an open set containing � with dist(�, V ) < ”, then there is an open
set U µ � such that U is similar to V and dist(�, U) < Á. In particular, the boundary of U

is of the same class as the boundary of V and U is convex if and only if V is also convex.

Proof. By hypothesis, � is a bounded open convex set, and without loss of generality we
may assume that 0 œ �. Let g

�

: Rd æ R denote the gauge functional of �, defined by

(A.7) g
�

(x) = inf{t > 0 : x/t œ �}.

It is well-known that g
�

is a sublinear functional on Rd, and that

� = {x œ Rd : g
�

(x) < 1}.

Since � is open and bounded, there exist positive constants r and R such that

r |x| Æ g
�

(x) Æ R |x| ’ x œ Rd.
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Also, by boundedness of �, there is K > 0 su�ciently large such that � is contained in
the ball of radius K about the origin. Let Á > 0 be fixed; without loss of generality we
may assume that Á < K. Now suppose that V is an open set containing � such that
dist(�, V ) < ” and

(A.8) ” <
(1 ≠ Á/K)≠1 ≠ 1

R
.

Since g
�

is sublinear, it follows that g
�

(x) Æ 1 + R ” for all x œ V . Indeed, if x œ V , then
there exists a y œ � such that |x ≠ y| Æ ”. Therefore,

g
�

(x) Æ g
�

(y) + g
�

(x ≠ y) Æ 1 + R ”.

Now let ⁄ œ (0, 1) and define
U = {⁄ x : x œ V }.

If ⁄ < (1 + R ”)≠1, then g
�

(x) < 1 for all x œ U by sublinearity of g
�

; hence U µ �. In this
case, dist(�, U) = supxœ�

dist(x, U), which we estimate as follows. Let x œ � µ V . Then
⁄x œ U , and thus dist(x, U) Æ (1≠⁄)|x| Æ (1≠⁄)K. So dist(�, U) Æ (1≠⁄)K < Á provided
that ⁄ > 1 ≠ Á/K. It is then clear from (A.8) that the interval

!
1 ≠ Á/K, (1 + R ”)≠1

"
is

non-empty, thereby allowing ⁄ to be chosen so that U satisfies the claims stated above.

Proof of Theorem A.1. Let Á > 0 be given, and let ” > 0 be as in Lemma A.3. Without
loss of generality, assume that ” < Á. Then let the open convex set �” with C1,1 boundary
be as in Lemma A.2, so that � µ �” and dist(�, �”) = ” < Á. Lemma A.3 shows that there
exists an open convex set UÁ µ �, such that dist(�, UÁ) < Á and UÁ has a C1,1 boundary.
Then UÁ and VÁ := �” satisfy the claim of Theorem A.1.

Lemma A.4. Let � be a bounded open convex set in Rd and suppose that {UÁ}Á is a
sequence of open convex subsets of � such that dist(�, UÁ) < Á for every Á > 0. Then, for
any compact set K µ �, there exists an Á

0

> 0 such that K µ UÁ for all Á < Á
0

.

Proof. Since K is a compact subset of the open set �, there exists a ” > 0 such that for every
x œ K, B(x, ”) µ �. Set Á

0

< ”, and assume that there is an Á < Á
0

such that K ”µ UÁ, i.e.
there is an x œ K \ UÁ. Since UÁ is an open convex set, the supporting hyperplane theorem
shows that there exists a bounded linear functional ¸ on Rd such that ¸(x) > ¸(y) for every
y œ UÁ. This implies that Î¸Î > 0, and hence after renormalising, we may assume that
Î¸Î = 1. Moreover, there is a unit vector v œ Rd such that ¸(v) = 1. Then, set z = x + Á v

and note that z œ � since Á < ”. Furthermore, the hypothesis on UÁ implies that there is a
point y œ UÁ such that |z ≠ y| < Á. Therefore,

¸(y) = ¸(y ≠ z) + ¸(x + Á v) = ¸(y ≠ z) + Á + ¸(x) Ø ≠|y ≠ z| + Á + ¸(x) Ø ¸(x).
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However, this contradicts ¸(x) > ¸(y) for all y œ UÁ, therefore K µ UÁ.

For completeness, we now show how Theorem A.1 is used in the proof of the Miranda–
Talenti inequality for a general convex domain � with possibly nonsmooth boundary. The
proof given here follows closely [40] and [56].

Theorem A.5 (Miranda–Talenti). Let � µ Rd be a bounded convex domain. Then, for
any u œ H2(�) fl H1

0

(�),

|u|H2

(�)

Æ Î�uÎL2

(�)

,(A.9a)

ÎuÎH2

(�)

Æ CÎ�uÎL2

(�)

,(A.9b)

where C is a constant depending only on d and diam �.

Proof. The results of [38, 40, 56] imply that, for any convex domain � with C1,1 boundary
and for any u œ H2(�) fl H1

0

(�), there holds

|u|H2

(�)

Æ Î�uÎL2

(�)

.

The generalisation to nonsmooth convex domains is largely based on the proof of H2-
regularity of solutions of Poisson’s equation on convex domains [40, Theorem 3.2.1.2]. Let
� be a convex domain, with possibly nonsmooth boundary; Theorem A.1 shows that for
any Á > 0, there is an open convex subset UÁ µ � such that UÁ has a C1,1 boundary �Á,
and such that dist(UÁ, �) < Á. Select a sequence of such sets UÁ with Á æ 0.

For a function u œ H2(�) fl H1

0

(�), set f = �u œ L2(�). Then, define uÁ œ H2(UÁ) fl
H1

0

(UÁ) as the strong solution of

�uÁ = f in UÁ,

uÁ = 0 on �Á.
(A.10)

Since �Á is of class C1,1, existence and uniqueness of uÁ œ H2(UÁ)flH1

0

(UÁ) is shown in [38].
The extensions by zero of uÁ, also denoted uÁ, belong to H1

0

(�) for all Á > 0, and there
exists a constant C depending only on diam � such that ÎuÁÎH1

(�)

Æ CÎfÎL2

(�)

; thus uÁ

is uniformly bounded in H1

0

(�). Additionally, since the Miranda–Talenti estimate holds for
domains of class C1,1, it is found that |uÁ|H2

(UÁ)

Æ Î�uÎL2

(�)

for all Á. Let vÁ
ij denote the

zero-extension of (uÁ)xixj onto �. We claim that there is a subsequence, to which we pass
without change of notation, such that uÁ Ô u in H1

0

(�), with vÁ
ij Ô uxixj in L2(�), where

uxixj is the ij-th weak derivative of u on �. These results are shown by the arguments in
[40], yet a proof is given here for completeness.

First, from the bounds ÎuÁÎH1

(�)

Æ CÎfÎL2

(�)

and ÎvÁ
ijÎL2

(�)

Æ Î�uÎL2

(�)

for all Á,
there is a subsequence, to which we pass without change of notation, such that uÁ Ô ũ in
H1(�) for some ũ œ H1

0

(�), and such that vÁ
ij Ô vij in L2(�) for some functions vij œ L2(�),
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1 Æ i, j Æ d. First, we show that u = ũ. The hypothesis that u œ H2(�) and the definition
of weak derivatives implies that, for any „ œ CŒ

0

(�), we have
⁄

�

Òu · Ò„ dx = ≠
⁄

�

�u „ dx = ≠
⁄

�

f „ dx.

Since „ is compactly supported in � and since UÁ is convex, Lemma A.4 shows that there
is an Á

0

> 0 such that supp „ µ UÁ for all Á < Á
0

. Since uÁ œ H2(UÁ) fl H1

0

(UÁ) solves (A.10)
and uÁ Ô ũ in H1(�), we get

⁄

�

Òũ · Ò„ dx = lim
Áæ0

⁄

�

ÒuÁ · Ò„ dx = lim
Áæ0

⁄

UÁ

ÒuÁ · Ò„ dx

= lim
Áæ0

≠
⁄

UÁ

f „ dx = ≠
⁄

�

f „ dx.

Since „ œ CŒ
0

(�) is arbitrary and CŒ
0

(�) is dense in H1

0

(�), the equality u = ũ follows
from the fact that u, ũ œ H1

0

(�) satisfy
⁄

�

Òu · Òv dx =
⁄

�

Òũ · Òv dx ’ v œ H1

0

(�).

Then, since uÁ Ô u as Á æ 0 and since vÁ
ij Ô vij , we find that, for any „ œ CŒ

0

(�),
⁄

�

u „xixj dx = lim
Áæ0

⁄

UÁ

uÁ „xixj dx = lim
Áæ0

⁄

UÁ

(uÁ)xixj „ dx

= lim
Áæ0

⁄

�

vÁ
ij „ dx =

⁄

�

vij „ dx.

So vij = uxixj is the ij-th weak derivative of u on �, as claimed. Finally, lower semi-
continuity of the L2-norm with respect to weak convergence implies that

|u|2H2

(�)

=
dÿ

i,j=1

ÎvijÎ2

L2

(�)

Æ lim inf
Áæ0

dÿ

i,j=1

ÎvÁ
ijÎ2

L2

(�)

= lim inf
Áæ0

|uÁ|2H2

(UÁ)

Æ Î�uÎ2

L2

(�)

.

This proves inequality (A.9a). Using the hypothesis that u œ H2(�)flH1

0

(�) to approximate
the function u by an H1-convergent sequence of functions of class CŒ

0

(�), we find that

(A.11) |u|2H1

(�)

Æ ÎuÎL2

(�)

Î�uÎL2

(�)

.

Indeed, since u œ H1

0

(�), there exists a sequence {ufl}fl>0

µ CŒ
0

(�) such that ufl æ u in
H1(�) as fl æ 0. Then, since u œ H2(�), the definition of weak derivatives implies that

⁄

�

Òu · Òu dx = lim
flæ0

⁄

�

Òu · Òufl dx = ≠ lim
flæ0

⁄

�

�u ufl dx Æ Î�uÎL2

(�)

ÎuÎL2

(�)

,

where we have used the fact that ÎuflÎL2

(�)

æ ÎuÎL2

(�)

as fl æ 0. Then, inequality (A.9b)
is obtained from Poincaré’s inequality together with inequality (A.11).
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Appendix B

Kuratowski–Ryll-Nardzewski theorem

In this appendix, we provide a proof of Theorem 3.12 that was used in the construction
and analysis of the semismooth Newton method of section 3.6. The proof essentially relies
on the application of a general measurable selection theorem due to Kuratowski and Ryll-
Nardzewski [51], for which a readily available source is [8, p. 90]. We give in Theorem B.1
below a statement and proof of this key result; there are two main reasons for its inclusion
here. The first reason is that the result given in [8] is restricted to the case where the
topological space X appearing below is a subinterval of R, whereas for our purposes it
is necessary to consider a more general setting. The second reason is that the selection
in [8] is shown to be Lebesgue measurable, whereas we show and make essential use of its
Borel-measurability.

For a set-valued function F : X ◆ Y and a subset U µ Y , where X and Y are sets, the
preimage of U under F is defined as F ≠1(U) := {x œ X : F (x) fl U ”= ÿ}. For a metric
space Y and U µ Y , we denote B(U, Á) := fixœU B(x, Á), where B(x, Á) denotes the open
ball of radius Á in the metric of Y .

Theorem B.1. Let X be a topological space and let B denote the Borel ‡-algebra of X. Let
� be a compact metric space, and let F : X ◆ � be a set-valued function, such that F (x)
is non-empty and closed in � for all x œ X, and F ≠1(U) œ B for every open set U µ �.
Then, there exists a Borel measurable selection – : X æ � from F , i.e. –(x) œ F (x) for all
x œ � and –≠1(U) œ B for every open set U µ �.

Proof. Since � is a compact metric space, it is complete, separable and has finite diameter
strictly less than some number M < Œ. Let C = {ci}Œ

i=0

be a countable dense subset of �.
For k œ N, define Ák := M/2k. We construct a sequence of mappings –k : X æ �, k œ N,
that satisfy the following properties:

Property B.1. The map –k is Borel measurable for each k œ N.

Property B.2. For every x œ X and k œ N, –k(x) œ B (F (x), Ák).

Property B.3. For every x œ X and k Ø 1, –k(x) œ B (–k≠1

(x), Ák≠1

).

130



APPENDIX B. KURATOWSKI–RYLL-NARDZEWSKI THEOREM

Define –
0

(x) := c
0

for every x œ X. We check that Property B.1 and Property B.2 hold.
For any open set U µ �, either c

0

œ U and –≠1

0

(U) = X, or c
0

/œ U and –≠1

0

(U) = ÿ. Either
way, –≠1

0

(U) is a Borel set of X and hence Property B.1 holds. For any x œ X, F (x) is non-
empty and � has diameter less than M = Á

0

, therefore we see that dist (–
0

(x), F (x)) < M ,
so Property B.2 holds. Property B.3 holds by definition for k = 0.

Now, assume that for a given k Ø 1, –k≠1

has been defined and satisfies the above
properties. Define

(B.1) Aj := F ≠1 (B(cj , Ák)) fl –≠1

k≠1

(B(cj , Ák≠1

)) .

Set E
0

:= A
0

and Ei := Ai ≠
t

j<i Ej for each i œ N; note that Ei is a Borel set for each
i œ N as a consequence of Property B.1 for –k≠1

and the hypothesis that the preimages
under F of open sets are Borel sets.

We claim that X =
tŒ

i=0

Ei. Let x œ X be arbitrary. Since –k≠1

satisfies Property B.2
and F (x) is non-empty, there is a — œ F (x) such that

(B.2) fl := dist(–k≠1

(x), —) < Ák≠1

.

By density of C, there is a cj œ C such that dist(—, cj) < min(Ák, Ák≠1

≠ fl). Recalling that

F ≠1 (B(cj , Ák)) := {y œ X : F (y) fl B(cj , Ák) ”= ÿ} ,

we see that x œ F ≠1 (B(cj , Ák)). Additionally, dist(–k≠1

(x), cj) < Ák≠1

, showing that
x œ –≠1

k≠1

(B(cj , Ák≠1

)). This shows that x œ Aj , and thus by construction of {Ei}Œ
i=0

,
x œ Ei for some i Æ j. Therefore, X =

tŒ
i=0

Ei as claimed.
Because {Ei}Œ

i=0

is a collection of mutually disjoint Borel subsets of X, we may define
–k : X ‘æ � by –k(x) := ci if x œ Ei. The map –k is well-defined, and satisfies Properties B.2
and B.3 because for any x œ X, there is an i œ N for which x œ Ei µ Ai. Furthermore, the
map –k is Borel measurable, because for any open set U µ �, the set {cij }Œ

j=0

:= U fl C

is a countable subset of C, and –k(x) œ U if and only if –k(x) œ {cij }Œ
j=0

. Therefore, we
have –≠1

k (U) =
tŒ

j=0

Eij , which shows that –≠1

k (U) is a countable union of Borel sets, and
is thus a Borel set: this proves that –k satisfies Property B.1.

By induction, the sequence {–k}Œ
k=0

is well-defined, and –k satisfies properties B.1, B.2,
and B.3 for all k Ø 0. Now, Property B.3 implies that for every x œ X, {–k(x)}Œ

k=0

is
a Cauchy sequence in �, since dist (–k+n(x), –k(x)) < M/2k≠1 for all n and k œ N. By
completeness of �, there exists –(x) := limkæŒ –k(x) for all x œ X. The hypothesis that
F (x) is closed implies that –(x) œ F (x), for otherwise there would exist a k such that
–k(x) /œ B (F (x), Ák). Finally, the function – : X æ � is Borel measurable, because it is the
pointwise everywhere1 limit of Borel measurable functions mapping into a metric space.

1It is important to note that pointwise everywhere convergence is crucial here, as otherwise the function –
may fail to be Borel measurable: see the remarks in [66, Section 18].
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Lemma B.2. Let X be a topological space, let � be a metric space, and let F : X ◆ � be
an upper semicontinuous set-valued function. Then the preimages under F of closed sets
are closed sets and the preimages under F of open sets are Borel sets.

Proof. Let A µ � be closed. Recall that F ≠1(A) = {x œ X : F (x)flA ”= ÿ}. If x /œ F ≠1(A),
then Ac is an open neighbourhood of F (x). Since F is upper-semicontinuous, there is a
neighbourhood V of x such that F (y) µ Ac for all y œ V , or equivalently V µ F ≠1(A)c;
thus F ≠1(A)c is open and F ≠1(A) is closed. Let U µ � be open: since � is a metric space,
U is a countable union of closed sets. It follows that F ≠1(U) is also a countable union of
closed sets and so is a Borel set.

Lemma B.3. Let � µ Rd be a bounded open set, let � be a compact metric space and let
the set-valued function (x, u) ‘æ �(x, u), defined on � ◊ Rm, be upper semicontinuous. Let
X µ � and let the function u : X ‘æ Rm be continuous with respect to the inherited topology
on X. Then, the set-valued function x ‘æ � (x, u(x)) is upper semicontinuous on X.

Proof. Let x œ X and let U be an open neighbourhood of � (x, u(x)). Then, by upper
semicontinuity of (x, u) ‘æ �(x, u), there are open neighbourhoods Vx µ � and Vu µ Rm,
respectively of x and u(x), such that �(y, v) µ U for all y œ Vx, v œ Vu. Since u : X ‘æ Rm is
continuous with respect to the inherited topology of X, there is a set V µ X, open relative
to X, such that u(y) œ Vu for all y œ V . Hence for all y œ V fl Vx µ X, � (y, u(y)) µ U . We
finally note that V fl Vx is open relative to X, thus showing that x ‘æ � (x, u(x)) is upper
semicontinuous.

Proof of Theorem 3.12. Let u = (u
1

, . . . , um) be as above—after excising a set of measure
zero, u may be taken to be finite everywhere in �. For each Á > 0, by Lusin’s theorem,
there exist measurable sets Ei

Á µ �, i = 1, 2, . . . , m, such that ui : Ei
Á ‘æ R is continuous

and meas
!
� ≠ Ei

Á

"
< Á/k. Setting EÁ = E1

Á fl · · · fl Em
Á , we have u œ C(EÁ;Rm) and

meas (� ≠ EÁ) < Á.

Define A
0

:= � ≠
t

nœN E
1/n, A

1

:= E
1

and Ai := E
1/i ≠

t
k<i Ak. Then, {Ai}Œ

i=0

is a
collection of disjoint measurable sets, u œ C (Ai,Rm) for each i Ø 1 and meas(A

0

) = 0. For
each i Ø 1, it follows from Lemma B.3 that the set-valued map Fi : Ai ◆ �, x ‘æ �(x, u(x))
is upper semicontinuous, and hence by Lemma B.2, the preimages under Fi of open sets in �
are Borel sets of Ai, with respect to the inherited topology of Ai. Therefore, Fi satisfies the
assumptions of Theorem B.1, so we deduce that there exists a Borel measurable function
–i : Ai ‘æ � with –i(x) œ Fi(x) = �(x, u(x)) for all x œ Ai. Since the sets Ai are disjoint
and � =

tŒ
i=0

Ai, we may define – : � æ � by –(x) := –i(x) if x œ Ai, i Ø 1, and –(x) := —

if x œ A
0

, for some fixed — œ �. Because A
0

has measure zero, –(x) œ �(x, u(x)) for almost
every x œ �. Note that each Ai is Lebesgue measurable, therefore the Borel subsets of the
topological subspace Ai are also Lebesgue measurable as subsets of Rd. Thus, for any open
set U µ �, we have –≠1(U) =

tŒ
i=0

–≠1

i (U), so –≠1(U) is Lebesgue measurable.
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Appendix C

Approximation theory

In this appendix, we establish the approximation theory for discontinuous finite element
spaces that is used throughout this work. In particular, we show how to construct the
approximation operators for Sobolev and Bochner spaces that satisfy the specific stability
properties that were employed in Chapter 4.

We begin by showing a trace theorem for the Besov space B
1/2

2,1 that may be employed
elementwise on the mesh. Then, we construct approximation operators for Sobolev spaces
that are L2-stable and that present optimal convergence rates in both the mesh size and
the polynomial degree. Our approach is largely based on ideas due to Babuöka and Suri
in [9, 10], although our construction features modifications required to correct a significant
gap contained in [9, Lemma 4.1]. The trace theorem for Besov spaces is then used to obtain
optimal convergence rates for the traces of the approximation operators. Finally, we show
how to extend the approximation operators from Sobolev spaces to Bochner spaces, whilst
retaining the required stability properties.

Trace theorem for Besov spaces

We will show that, for a suitable domain K µ Rd, functions in the Besov space B
1/2

2,1 (K)
have traces in L2(ˆK). Recall the discrete form of the J-method of interpolation of function
spaces [1]: a function u œ L2(K) belongs to B

1/2

2,1 (K) if and only if there exists a sequence
{ui}iœZ µ H1(K), such that u =

q
iœZ ui, where the series converges absolutely in L2(K),

and such that the sequence {2≠i/2J(2i, ui)}iœZ œ ¸1, where

(C.1) J(t, v) := max
#
ÎvÎL2

(K)

, tÎvÎH1

(K)

$
.

Moreover, we may define a norm on B
1/2

2,1 (K) by

(C.2) ÎuÎ
B

1/2

2,1 (K)

:= inf
Ó

Î{2≠i/2J(2i, ui)}iœZÎ¸1 : u =
ÿ

iœZ
ui, ui œ H1(K)

Ô
.
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Also, for any such sequence, we have

(C.3) lim
mæŒ

Îu ≠
ÿ

|i|Æm
uiÎB

1/2

2,1 (K)

Æ lim
mæŒ

ÿ

|i|>m

2≠i/2J(2i, ui) = 0.

Hence H1(K) is dense in B
1/2

2,1 (K).
It is sometimes problematic to work with the infinite series representation of a function

in the Besov space B
1/2

2,1 (K), as a result of questions concerning convergence of the series
in appropriate norms. The following lemma shows that it is possible to work with repre-
sentations by finite sums of functions in the dense subspace H1(K). This result is a key
ingredient of our proof of the trace theorem, and it was obtained independently; to the best
of our knowledge, it appears to be original to this work.

Lemma C.1. Let K µ Rd be a domain. Then, for each u œ H1(K), there exists a positive
integer m and a finite set {ui}|i|Æm µ H1(K), such that

(C.4) u =
ÿ

|i|Æm

ui,
ÿ

|i|Æm

2≠i/2J(2i, ui) Æ
1
2 +

Ô
2
2

ÎuÎ
B

1/2

2,1 (K)

,

Proof. Since the case u = 0 is trivial, we assume that u ”= 0. Since H1(K) is embedded in
the space B

1/2

2,1 (K), there exists a sequence {vi}iœZ µ H1(K) such that u =
q

iœZ vi, and
such that

Î{2≠i/2J(2i, vi)}iÎ¸1 =
ÿ

iœZ
2≠i/2 J(2i, vi) Æ

Ô
2 ÎuÎ

B
1/2

2,1 (K)

.

The series
q

iœZ vi converges absolutely to u in L2(K), since

ÿ

iœZ
ÎviÎL2

(K)

Æ
ÿ

iœZ
2≠i/2J(2i, vi) Æ

Ô
2 ÎuÎ

B
1/2

2,1 (K)

.

Let m Ø 1 be the smallest integer such that ÎuÎH1

(K)

Æ 2m/2 ÎuÎ
B

1/2

2,1 (K)

; note that m exists
since u ”= 0, which implies that ÎuÎH1

(K)

and ÎuÎ
B

1/2

2,1 (K)

are strictly positive.
It is then found that

Îu ≠
ÿ

|i|<m
viÎL2

(K)

Æ
ÿ

|i|Øm

ÎviÎL2

(K)

Æ 2≠m/2

ÿ

|i|Øm

2≠i/2J(2i, vi),(C.5)

ÿ

|i|<m

ÎviÎH1

(K)

Æ 2(m≠1)/2

ÿ

|i|<m

2i/2 ÎviÎH1

(K)

Æ 2(m≠1)/2

ÿ

|i|<m

2≠i/2 J(2i, vi).(C.6)

Now, define ui := vi for |i| < m, and u≠m := u ≠
q

|i|<m ui, whilst ui := 0 otherwise. By
hypothesis, u œ H1(K), so u≠m œ H1(K), and we have u =

q
|i|Æm ui.

It follows from (C.5) that

(C.7) 2m/2Îu≠mÎL2

(K)

= 2m/2Îu ≠
ÿ

|i|<m
viÎL2

(K)

Æ
Ô

2 ÎuÎ
B

1/2

2,1 (K)

.
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Moreover, the choice of the integer m and (C.6) imply that

2≠m/2Îu≠mÎH1

(K)

Æ 2≠m/2

3
ÎuÎH1

(K)

+
ÿ

|i|<m
ÎviÎH1

(K)

4
Æ 2 ÎuÎ

B
1/2

2,1 (K)

.

Therefore, 2m/2J(2≠m, u≠m) Æ 2 ÎuÎ
B

1/2

2,1 (K)

, and we find that

(C.8)
ÿ

|i|Æm

2≠i/2J(2i, ui) Æ 2m/2J(2≠m, um) +
ÿ

|i|<m

2≠i/2J(2i, vi) Æ
1
2 +

Ô
2
2

ÎuÎ
B

1/2

2,1 (K)

.

Therefore, (C.4) holds, and thus the sequence {ui}|i|Æm fulfills all of the above claims.

A significant aspect of Lemma C.1 is that the constant appearing in the inequality
of (C.4) is entirely independent of all other quantities, including u, m, and K.

Theorem C.2. Let � µ Rd be a bounded Lipschitz polytopal domain, and let {Th}h be a
shape-regular sequence of simplicial or parallelepipedal meshes on �. Then, for each Th and
each K œ Th, the trace operator “ : H1(K) æ L2(ˆK) has a unique extension to a bounded
linear operator on B

1/2

2,1 (K), and there holds

(C.9) Î“uÎL2

(ˆK)

. ÎuÎ
B

1/2

2,1 (K)

+ h
≠1/2

K ÎuÎL2

(K)

’ u œ B
1/2

2,1 (K).

Proof. For an element K œ Th, let “ : H1(K) æ L2(ˆK) denote the trace operator. First,
we claim that

(C.10) Î“uÎL2

(ˆK)

. ÎuÎ
B

1/2

2,1 (K)

+ h
≠1/2

K ÎuÎL2

(K)

’ u œ H1(K).

For a given u œ H1(K), Lemma C.1 shows that there exists a finite set {ui}|i|Æm µ H1(K)
such that (C.4) holds. Since {Th}h is a shape-regular sequence of simplicial or paral-
lelepipedal meshes, we have the multiplicative trace inequality (c.f. [27, 58])

(C.11) Î“uÎL2

(ˆK)

.
1
|u|H1

(K)

+ h≠1

K ÎuÎL2

(K)

2
1/2

ÎuÎ1/2

L2

(K)

’ u œ H1(K),

where the constant depends only the dimension d and the shape-regularity of {Th}h. We
remark that the multiplicative trace inequality was proven for the case of triangles in two
dimensions in [58], and can be extended to simplices and parallelepipeds in Rd, see [27].

Let u denote the mean-value of u over K, and note that Îu ≠ uÎL2

(K)

. hK |u|H1

(K)

.
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Then, u ≠ u =
q

|i|Æm(ui ≠ ui), and (C.11) implies that

(C.12)

Î“(u ≠ u)ÎL2

(ˆK)

.
ÿ

|i|Æm

1
|ui|H1

(K)

+ h≠1

K Îui ≠ uiÎL2

(K)

2
1/2

Îui ≠ uiÎ1/2

L2

(K)

.
ÿ

|i|Æm

|ui|1/2

H1

(K)

ÎuiÎ1/2

L2

(K)

.
ÿ

|i|Æm

2≠i/2ÎuiÎL2

(K)

+ 2i/2ÎuiÎH1

(K)

.
ÿ

|i|Æm

2≠i/2J(2i, ui) . ÎuÎ
B

1/2

2,1 (K)

.

It is also easily found that Î“uÎL2

(ˆK)

. h
≠1/2

K ÎuÎL2

(K)

. Therefore, the bound (C.10)
follows from the above bounds and the triangle inequality. Thus, the trace operator “ is
uniformly bounded in the norm of B

1/2

2,1 (K) over the space H1(K). Since H1(K) is densely
embedded in B

1/2

2,1 (K), it follows that “ has a unique extension to a bounded linear operator
“ : B

1/2

2,1 (K) æ L2(ˆK), and that (C.9) holds.

In the following, we will often omit any explicit reference to the trace operator “. For
example, we shall write ÎuÎL2

(ˆK)

rather than Î“uÎL2

(ˆK)

.

Polynomial approximation in Sobolev spaces

For a positive integer d and a nonnegative integer p, let Pp denote the space of real valued
polynomials on Rd with either partial or total degree at most p. The following result is
well-known, although we include it for completeness.

Lemma C.3. For a nonnegative integer p and fl œ R>0

, a function u : (≠fl, fl) æ R is an
algebraic polynomial of degree at most p if and only if the function V : › ‘æ u(fl sin ›) is a
trigonometric polynomial of degree at most p.

Proof. Suppose that u is an algebraic polynomial of degree at most p. Then it is easily found
that V is a trigonometric polynomial of degree at most p. To show the converse, suppose
that V is a trigonometric polynomial of degree at most p. Observe that V is necessarily
symmetric about ±fi/2, and thus we have, for any k Ø 0,

⁄ fi

≠fi
V (›) sin(2k›) d› = 0,

⁄ fi

≠fi
V (›) cos((2k + 1) ›) d› = 0.(C.13)

Indeed, the first identity in (C.13) is found by writing
⁄ fi

≠fi
V (›) sin(2k›) d› =

⁄ fi

0

(V (›) ≠ V (≠›)) sin(2k›) d›

= (≠1)k
⁄ fi/2

≠fi/2

!
V (fi

2

+ ”) ≠ V (≠fi
2

+ ”)
"

sin(2k”) d”,

(C.14)
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and by noting that the right-hand side of (C.14) is the integral of an odd function over an
interval centred about ” = 0, as a result of the symmetry of V . The proof of the second
identity in (C.13) is analogous.

Since V is a trigonometric polynomial of degree at most p, it follows from (C.13) that

V (›) =
ÿ

1Æ2k+1Æp

ak sin((2k + 1) ›) +
ÿ

0Æ2kÆp

bk cos(2k›).

For x œ (≠fl, fl) and k Ø 0, define P
2k+1

(x) := sin((2k + 1) arcsin(x/fl)) and Q
2k(x) :=

cos(2k arcsin(x/fl)). So, for example, Q
0

(x) = 1, P
1

(x) = x, and Q
2

(x) = 1≠2x2. Therefore,
u may be written as u(x) =

q
1Æ2k+1Æp ak P

2k+1

(x) +
q

0Æ2kÆp bk Q
2k(x). The recurrence

relations P
2k+1

(x) = P
2k≠1

(x) + 2 x Q
2k(x) and Q

2k+2

(x) = 2 Q
2

(x) Q
2k(x) ≠ Q

2k≠2

(x), for
all k Ø 1, allow us to deduce that P

2k+1

œ P
2k+1

and that Q
2k œ P

2k for each k Ø 0, where
Pp denotes here the space of univariate polynomials of degree at most p. It then follows
that u œ Pp.

Theorem C.4. Let Q µ [≠1, 1]d be either the unit hypercube or the unit simplex in Rd,
d Ø 1. For each integer p Ø 0, there exists a linear operator �p : L2(Q) æ Pp, with the
following properties. There is a constant C, independent of p, such that

(C.15) Î�puÎL2

(Q)

Æ CÎuÎL2

(Q)

’ u œ L2(Q).

For nonnegative integers j Æ s, there is a constant C, independent of p but dependent on
s, such that

(C.16) Îu ≠ �puÎHj
(Q)

Æ C(p + 1)≠(s≠j)ÎuÎHs
(Q)

’ u œ Hs(Q).

Although the proof of Theorem C.4 is similar to the proof of [10, Lemma 3.1], we
include it here in order to highlight a surprising property: we show below that generally
u ”= �pu, even if u œ Pp, contrary to what is claimed in [9, Lemma 4.1]. This implies that
the approximation operator of [9, 10] does not preserve polynomials, and thus cannot be
employed in conjunction with the Bramble–Hilbert lemma to obtain optimal error bounds
for hp-version finite element spaces.

Proof. First, we momentarily assume that Pp denotes the space of polynomials of partial
degree at most p. Since Q is a Lipschitz domain, the Stein extension theorem [1] shows
that there exists a linear total extension operator E : L2(Q) æ L2(Rd), such that, for each
nonnegative integer s, ÎEuÎHs

(Rd
)

. ÎuÎHs
(Q)

for all u œ Hs(Q).
For fl œ R>0

, let Q(fl) := [≠fl, fl]d. Without loss of generality, we may assume that
supp Eu µ Q(3/2) for every u œ L2(Q). Let � be the di�eomorphism from Q(fi/2) to Q(2)
defined by �(›) := (2 sin ›

1

, . . . , 2 sin ›d). For u œ L2(Q), let V (›) := Eu(�(›)) for › œ Rd. It
follows that V is a 2fi-periodic function that is symmetric about each hyperplane ›i = ±fi/2,
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i.e. for any › œ Rd such that ›i = ±fi/2 and any ” œ R, we have V (› + ” ei) = V (› ≠ ” ei),
where ei is the i-th unit vector. Since supp Eu µ Q(3/2), we may use the symmetry of V

to show that, for any integer s Ø 0 and any u œ Hs(Q), we have

ÎV Î2

Hs
(Q(fi))

= 2d ÎV Î2

Hs
(Q(fi/2))

= 2d ÎV Î2

Hs
(�

≠1

(Q(3/2)))

.

Therefore, we deduce that ÎV ÎHs
(Q(fi))

. ÎuÎHs
(Q)

for all u œ Hs(Q) and all integers s Ø 0.
Since the function V œ L2(Q(fi)), it admits the Fourier expansion

(C.17) V (›) =
ÿ

kœZd

ak ei k·› for a.e. › œ Q(fi),

where the coe�cients ak œ C satisfy ak = a≠k, for each k œ Zd, because V is real-valued.
For an integer p Ø 0, define the trigonometric polynomial Vp by Vp(›) :=

q
|k|ŒÆp ak ei k·›.

The relation ak = a≠k shows that

Vp(›) = a
0

+
ÿ

kœNd\{0}
|k|ŒÆp

1

2

(ak + ak)(ei k·› + e≠i k·›) + 1

2

(ak ≠ ak)(ei k·› ≠ e≠i k·›),

thus implying that Vp is real-valued. For any integers j Æ s, and any u œ Hs(Q),

|V ≠ Vp|2Hj
(Q(fi))

.
ÿ

|k|Œ>p

|k|2j
Œ|ak|2 . (p + 1)≠2(s≠j)

ÿ

kœZd

|k|2s
Œ|ak|2

. (p + 1)≠2(s≠j)|V |2Hs
(Q(fi))

. (p + 1)≠2(s≠j)ÎuÎ2

Hs
(Q)

,

(C.18)

where the constants are independent of u and p.
Define the linear map �p : L2(Q) æ L2

loc

(Q(2)) by �pu := Vp ¶ �≠1. Since the mapping
� : Q(fi/2) æ Q(2) is a di�eomorphism, and since Q is compactly contained in Q(2), we
find that, for any u œ L2(Q),

Î�puÎL2

(Q)

. ÎVpÎL2

(Q(fi/2))

Æ ÎV ÎL2

(Q(fi))

. ÎuÎL2

(Q)

,

where the constants are independent of u and p, thus giving (C.15). Likewise, (C.16) follows
from (C.18) and from Îu ≠ �puÎHj

(Q)

. ÎV ≠ VpÎHj
(Q(fi))

.
In order to show that �pu is a polynomial of partial degree at most p, it is enough to

show that the univariate functions xi ‘æ �pu(x
1

, . . . , xi, . . . , xd) are polynomials of degree at
most p, for each x œ Q(2). However, this follows from Lemma C.3 because the trigonometric
polynomial Vp = �pu ¶ � has partial degree at most p. This completes the proof for the
case where Pp denotes the space of polynomials of partial degree at most p.

The above results extend to the case where Pp denotes the space of polynomials of
total degree p, since the space of polynomials of partial degree at most k is contained
in the space of polynomials of total degree at most p whenever k Æ p/d. So, we may
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choose k Æ p/d Æ k + 1, and we find that the projector �k defined above has the required
properties.

We now show that �p is inexact when applied to polynomials: in general, u ”= �pu is
possible for u œ Pp. To show this, consider the special case where d = 1 and u © 1. Since
Eu is compactly supported on Q(3/2) and is not identically zero, Eu is necessarily not a
polynomial of finite degree on Q(2). Since V (›) = Eu(2 sin ›), Lemma C.3 shows that V

is not a trigonometric polynomial of finite degree, and we also have ÎV ≠ 1ÎL2

(Q(fi))

> 0.
By convergence of Fourier series, there exists a p

0

Ø 0 such that for all p Ø p
0

, we have
ÎV ≠ VpÎL2

(Q(fi))

< 1

2

ÎV ≠ 1ÎL2

(Q(fi))

, so that

(C.19) ÎVp ≠ 1ÎL2

(Q(fi))

> 1

2

ÎV ≠ 1ÎL2

(Q(fi))

> 0.

Since nonzero trigonometric polynomials have at most finitely many roots, Vp cannot be
identically equal to 1 on any open subset of Q(fi), because otherwise Vp would have to be
identically equal to 1 on Q(fi), thereby contradicting (C.19). Therefore, Vp ”© 1 © V on
�≠1(Q), and thus u ”= �pu on Q.

We note that the polynomial inexactness of the Babuöka–Suri projector, as defined in
[9, 10], is independent of the choice of the extension operator, since it results from the
requirement that the extended functions have compact support. This requirement is not
easily avoided, since it is used to obtain the bound ÎV ÎHs

(Q(fi))

. ÎuÎHs
(Q)

.

Lemma C.5. Let Q µ [≠1, 1]d be either the unit hypercube or the unit simplex in Rd, d Ø 1.
For each pair of nonnegative integers p and m, there exists a linear operator �m,p : L2(Q) æ
Pp, the space of polynomials with partial degree at most p, such that �m,p has the following
properties. If u is a polynomial of total degree at most min(m, p), then �m,pu = u. There
exists a constant C, independent of p and m, such that

(C.20) Î�m,puÎL2

(Q)

Æ CÎuÎL2

(Q)

’ u œ L2(Q).

For any nonnegative integer s, there is a constant C, independent of p but dependent on s

and m, such that for each nonnegative integer j Æ s,

(C.21) Îu ≠ �m,puÎHj
(Q)

Æ C(p + 1)≠(s≠j)

sÿ

r=t

|u|Hr
(Q)

’ u œ Hs(Q),

where t := min(s, p + 1, m + 1).

Proof. For nonnegative integers m and p, let �p be the Babuöka–Suri projector as given
by Theorem C.4, and let �min(m,p)

L2

: L2(Q) æ P
min(m,p)

denote the L2 projection into the
space of polynomials of total degree at most min(m, p). Then, define

(C.22) �m,pu := �min(m,p)

L2

u + �p
1
u ≠ �min(m,p)

L2

u
2

, u œ L2(Q).
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It follows that �m,p is a well-defined linear operator mapping L2(Q) into Pp. Since �p is
a linear operator, we see that �m,p is exact on the space of polynomials of total degree at
most min(m, p). To show (C.20), we use the triangle inequality

(C.23) Î�m,puÎL2

(Q)

Æ Î�min(m,p)

L2

uÎL2

(Q)

+ Î�pÎL2

(Q)æL2

(Q)

Îu ≠ �min(m,p)

L2

uÎL2

(Q)

,

and we note that, by (C.15), Î�pÎL2

(Q)æL2

(Q)

Æ C, with C independent of p, and that
Î�min(m,p)

L2

ÎL2

(Q)æL2

(Q)

Æ 1. Now, let j Æ s be nonnegative integers, and apply (C.16) to
obtain

(C.24) Îu ≠ �m,puÎHj
(Q)

Æ C(p + 1)≠(s≠j)Îu ≠ �min(m,p)

L2

uÎHs
(Q)

’ u œ Hs(Q),

where C is independent of p and m but dependent on s. Since Q is the unit simplex or unit
hypercube, the Bramble–Hilbert lemma [17] shows that

(C.25) Îu ≠ �min(m,p)

L2

uÎHs
(Q)

Æ C
sÿ

r=t

|u|Hr
(Q)

’ u œ Hs(Q),

where t := min(s, min(m, p) + 1) and C depends on s, min(m, p) and on Q. Moreover,
by considering separately the cases p < m and p Ø m, it is seen that we may choose the
constant in (C.25) to depend only on m, and not on p. We thus obtain (C.21) by combining
(C.24) and (C.25), and noting that the constant may be chosen to be independent of p.

Definition of fractional order Sobolev spaces. For a domain K and a real number
s > 0 such that s œ (r, r + 1) for a nonnegative integer r, we define

(C.26) Hs(K) :=
1
Hr(K), Hr+1(K)

2

s≠r,2;J
.

Here, we use the standard norm on Hr(K) when r is an integer. It follows from the
equivalence theorem [1] that Hs(K) =

!
Hr(K), Hr+1(K)

"
s≠r,2;K , where the constant in the

equivalence of norms depends only on s. Also, in view of the reiteration theorem, we note
that

(C.27)
1
Hr(K), Hr+1(K)

2

s≠r,1;J
Òæ Hs(K) Òæ

1
Hr(K), Hr+1(K)

2

s≠r,Œ;K
,

where the embedding constants depend only on s, see [1, Thm. 7.16, Cor. 7.20]. We remark
that it is important in the following that these constants are independent of the domain K.

Theorem C.6. Let � µ Rd be a bounded Lipschitz polytopal domain, and let {Th}h be a
shape-regular sequence of simplicial or parallelepipedal meshes on �. For each mesh Th,
suppose that h = maxKœTh

hK , where hK := diam K for all K œ Th. For each mesh Th,
let m = (mK ; K œ Th) and p = (pK ; K œ Th) be vectors of nonnegative integers. Then,
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there exists a sequence of linear operators {�m,p
h }h, such that �m,p

h : L2(�) æ Vh,p, with
�m,p

h u|K = u|K if u|K is a polynomial of total degree at most min(mK , pK), and such that,
for each K œ Th,

(C.28) Î�m,p
h uÎL2

(K)

. ÎuÎL2

(K)

’ u œ L2(K).

Also, for each K œ Th, sK œ RØ0

, each nonnegative integer j Æ sK and, if sK > 1/2, for
each multi-index —, with |—| < sK ≠ 1/2, we have

Îu ≠ �m,p
h uÎHj

(K)

. htK≠j
K

(pK + 1)sK≠j
ÎuÎHsK

(K)

’ u œ HsK (K),(C.29)

ÎD—(u ≠ �m,p
h u)ÎL2

(ˆK)

. h
tK≠|—|≠1/2

K

(pK + 1)sK≠|—|≠1/2

ÎuÎHsK
(K)

’ u œ HsK (K),(C.30)

where tK := min(sK , pK + 1, mK + 1).

Proof. Since the meshes {Th} consist of simplices or parallelepipeds, each element K is
a�ne-equivalent to the unit simplex or unit hypercube, with a corresponding a�ne mapping
FK : K æ Q. For each K œ Th, define û = u ¶ F ≠1

K and �m,p
h u|K = (�mK ,pK û) ¶ FK œ PpK ,

where �mK ,pK is the operator given by Lemma C.5. The stability bound (C.28) then follows
from the shape-regularity of the mesh and from the bound (C.20) of Lemma C.5.

Also, for any nonnegative integers j Æ sK , we have

(C.31) Îu ≠ �m,p
h uÎHj

(K)

. htK≠j
K

(pK + 1)sK≠j
ÎuÎHsK

(K)

’ u œ HsK (K),

where tK = min(sK , pK + 1, mK + 1) and where the constant depends only on sK , mK ,
on max h the maximum mesh size over all meshes, on the reference element and on the
shape-regularity of {Th}. We remark that the additional dependence on max h stems from
the fact that we use the bound htK≠i

K Æ max hj≠i htK≠j
K , i Æ j, to obtain (C.31). The exact

interpolation theorem [1] shows that (C.31) extends to each nonnegative integer j and each
nonnegative real number sK such that j Æ sK , thus giving (C.29).

We now show (C.30). Let sK > 1/2 and — be a multi-index with |—| < sK ≠ 1/2.
First, consider the case where |—| Æ sK ≠ 1. Then, (C.30) follows from (C.29) and from
the multiplicative trace inequality (C.11). Now, consider the case where sK ≠ |—| œ (1

2

, 1).
Theorem C.2 shows that, for any u œ HsK (K),

ÎD—(u ≠ �m,p
h u)ÎL2

(ˆK)

. ÎD—(u ≠ �m,p
h u)Î

B
1/2

2,1 (K)

+ h
≠1/2

K Îu ≠ �m,p
h uÎH|—|

(K)

.

Given (C.29) for the case j = |—|, we can obtain (C.30) provided that we can show that,
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for any u œ HsK (K),

(C.32) ÎD—(u ≠ �m,p
h u)Î

B
1/2

2,1 (K)

. h
tK≠|—|≠1/2

K

(pK + 1)sK≠|—|≠1/2

ÎuÎHsK
(K)

.

The exact interpolation theorem and (C.31) show that Îu ≠ �m,p
h uÎHsK

(K)

. ÎuÎHsK
(K)

for any u œ HsK (K). The reiteration theorem [1] shows that

B
1/2

2,1 (K) =
1
L2(K), HsK≠|—|(K)

2

⁄,1;J
,

where ⁄ := 1

2(sK≠|—|) , and where the constant in the equivalence of norms depends only on
sK ≠ |—|. Therefore, for any u œ HsK (K), there holds

ÎD—(u ≠ �m,p
h u)Î

B
1/2

2,1 (K)

.
A

h
tK≠|—|
K

(pK + 1)sK≠|—|

B
1≠⁄

ÎuÎHsK
(K)

.

Since tK Æ sK , we have (tK ≠ |—|)(1 ≠ ⁄) Ø tK ≠ |—| ≠ 1/2, and therefore we deduce (C.32)
and (C.30).

Polynomial approximation in Bochner spaces

To simplify the notation in the following approximation results, let the spaces {X¸}2

¸=0

be
defined by

X
0

:= L2(�), X
1

:= H1

0

(�), X
2

:= H = H2(�) fl H1

0

(�).

The approximation theory for Sobolev spaces can be extended to Bochner spaces as follows.

Lemma C.7. Let I be an open interval and let � µ Rd be a bounded convex domain. Let
{Âk}Œ

k=1

µ H := H2(�) fl H1

0

(�) be an orthonormal basis of L2(�), such that {Âk}Œ
k=1

is
also an orthogonal basis of H1

0

(�) and of H, which satisfies
⁄

�

Âk Âj dx = ”kj ,

⁄

�

ÒÂk · ÒÂj dx = ⁄k ”kj ,

⁄

�

�Âk �Âj dx = ⁄2

k ”kj ,

where ⁄k > 0 for eack k œ N. Then, for any ¸ œ {0, 1, 2}, and any u œ L2(I; X¸), we have
u =

qŒ
k=1

uk Âk, where uk(t) := Èu(t), ÂkÍL2

(�)

, and where the series converges in L2(I; X¸).
For any integer s Ø 0, any u œ Hs(I; X¸), we have the generalised Parseval identity

(C.33) |u|2Hs
(I;X¸)

=
Œÿ

k=1

⁄¸
k |uk|2Hs

(I)

.

Proof. Let ¸ œ {0, 1, 2} and let the function u œ L2(I; X¸). Then, uk defined above is a
measurable real-valued function, and Îuk(t)ÎL2

(I)

Æ ÎuÎL2

(I;X
0

)

for each k œ N. For each
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m œ N, define the function vm œ L2(I; X
2

) by vm :=
qm

k=1

uk Âk. Then, orthogonality of
the {Âk}Œ

k=1

in X¸ implies the Bessel inequality

(C.34)
mÿ

k=1

⁄¸
k ÎukÎ2

L2

(I)

= ÎvmÎ2

L2

(I;X¸)

Æ ÎuÎ2

L2

(I;X¸)

.

It can then be shown that {vm}Œ
m=1

is a Cauchy sequence in L2(I; X¸), with the limit
denoted by v. Moreover, there exists a subsequence of {vm}Œ

m=1

which converges to v in X¸

pointwise almost everywhere on I. Thus, it follows from the definition of the functions vm

that Èv(t), ÂkÍL2

(�)

= uk(t) = Èu(t), ÂkÍL2

(�)

for each k œ N, for a.e. t œ I, which shows that
v = u, since {Âk}Œ

k=1

is an orthonormal basis of L2(�). This proves that u =
qŒ

k=1

uk Âk

and shows Parseval’s identity (C.33) for the case s = 0.
Now, let s Ø 1 be an integer, and suppose u œ Hs(I; X¸) for some ¸ œ {0, 1, 2}. Let

„ œ CŒ
0

(I), and compute

(C.35)
⁄

I
uk ˆs

t „ dt =
⁄

I
Èu, ˆs

t („ Âk)ÍL2

(�)

dt = (≠1)s
⁄

I
Èˆs

t u, ÂkÍL2

(�)

„ dt.

Therefore, the weak derivative ˆs
t uk exists in L2(I) and ˆs

t uk = Èˆs
t u, ÂkÍL2

(�)

. So, the
generalised Parseval identity (C.33) for integer s Ø 1 is found by applying (C.33) for s = 0
to the function ˆs

t u.

Recall that for a Banach space X and a nonnegative integer q, the space of univariate
X-valued polynomials of degree at most q is denoted by Qq(X).

Lemma C.8. Let � µ Rd be a bounded convex domain, let I be an open interval of length ·
0

,
and let r and q be nonnegative integers. Then, for each open interval J µ I of length · Æ ·

0

,
there exists a linear operator �r,q

· defined on L2(J ; L2(�)) with the following properties.
The operator �r,q

· : L2(J ; X¸) æ Qq(X¸) for each ¸ œ {0, 1, 2}, with �r,q
· u = u if u œ

Q
min(r,q)

(X¸). Furthermore,

(C.36) Î�r,q
· uÎL2

(J ;X¸)

. ÎuÎL2

(J ;X¸)

’ u œ L2(J ; X¸),

where the constant is independent of all quantities. For any real ‡ Ø 0 and any nonnegative
integer j Æ ‡,

(C.37) |u ≠ �r,q
· u|Hj

(J ;X¸)

. ·Í≠j

(q + 1)‡≠j
ÎuÎH‡

(J ;X¸)

’ u œ H‡(J ; X¸),

where Í := min(‡, r + 1, q + 1), and where the constant depends only on ·
0

, ‡ and r.

Proof. Let u œ L2(J ; L2(�)) and define uk, k œ N, as in Lemma C.7. Let F denote the
a�ne mapping from the reference element (≠1, 1) to J . Then, for each k œ N, define
the univariate real-valued polynomial �r,q

· uk := (�r,qûk) ¶ F ≠1, where ûk := uk ¶ F , and
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where �r,q is the approximation operator on the reference element given by Lemma C.5
for d = 1. For each k œ N, �r,q

· uk has degree at most q. It follows from Lemma C.5
that Î�r,q

· ukÎL2

(J)

. ÎukÎL2

(J)

, where the constant is independent of all other quantities.
Therefore, Lemma C.7 implies that �r,q

· u :=
qŒ

k=1

�r,q
· uk Âk is well-defined in L2(J, L2(�)).

Furthermore, if u œ L2(J ; X¸) for some ¸ œ {0, 1, 2}, then Lemma C.7 shows that

Î�r,q
· uÎ2

L2

(J ;X)

=
Œÿ

k=1

⁄¸
kÎ�r,q

· ukÎ2

L2

(J)

. ÎuÎ2

L2

(J ;X¸)

,

where the constant is independent of all quantities, thereby showing (C.36). This also
implies that �r,q

· : L2(J ; X¸) æ Qq(X¸) for each ¸ œ {0, 1, 2}. Moreover, if u œ Q
min(r,q)

(X¸),
then �r,q

· uk = uk for each k œ N by Lemma C.5, which implies that �r,q
· u = u by Lemma C.7.

Let j Æ ‡ be nonnegative integers and let u œ H‡(J ; X¸) for some ¸ œ {0, 1, 2}. Then,
Lemmas C.5 and C.7 imply that

(C.38) |u ≠ �r,q
· u|2Hj

(J ;X¸)

=
Œÿ

k=1

⁄¸
k |uk ≠ �r,q

· uk|2Hj
(J)

.
‡ÿ

‹=Í

·2(‹≠j)

(q + 1)2(‡≠j)

Œÿ

k=1

⁄¸
k |uk|2H‹

(J)

.
·2(Í≠j) max

1
1, ·

2(‡≠Í)

0

2

(q + 1)2(‡≠j)

‡ÿ

‹=Í

|u|2H‹
(J ;X¸)

,

where the constant depends only on ‡ and r, thereby giving the bound (C.37) for the case
where ‡ is an integer. Therefore, the bound (C.37) for general ‡ œ RØ0

follows from (C.38)
and the theory of interpolation of function spaces.

144



References

[1] R. A. Adams and J. F. Fournier, Sobolev spaces, vol. 140 of Pure Appl. Math.,
Elsevier, second ed., 2003.

[2] G. Akrivis and C. Makridakis, Galerkin time-stepping methods for nonlinear
parabolic equations, M2AN Math. Model. Numer. Anal., 38 (2004), pp. 261–289.

[3] P. F. Antonietti and B. Ayuso, Schwarz domain decomposition preconditioners
for discontinuous Galerkin approximations of elliptic problems: non-overlapping case,
M2AN Math. Model. Numer. Anal., 41 (2007), pp. 21–54.

[4] , Multiplicative Schwarz methods for discontinuous Galerkin approximations of
elliptic problems, M2AN Math. Model. Numer. Anal., 42 (2008), pp. 443–469.

[5] P. F. Antonietti and P. Houston, A class of domain decomposition precondition-
ers for hp-discontinuous Galerkin finite element methods, J. Sci. Comput., 46 (2011),
pp. 124–149.

[6] P. F. Antonietti and E. Süli, Domain decomposition preconditioning for discon-
tinuous Galerkin approximations of convection-di�usion problems, in Domain decom-
position methods in science and engineering XVIII, vol. 70 of Lect. Notes Comput. Sci.
Eng., Springer, 2009, pp. 259–266.

[7] D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified analysis
of discontinuous Galerkin methods for elliptic problems, SIAM J. Numer. Anal., 39
(2001), pp. 1749–1779.

[8] J.-P. Aubin and A. Cellina, Di�erential inclusions, vol. 264 of Grundlehren Math.
Wiss., Springer-Verlag, 1984.

[9] I. Babuöka and M. Suri, The h-p version of the finite element method with quasi-
uniform meshes, RAIRO Modél. Math. Anal. Numér., 21 (1987), pp. 199–238.

[10] , The optimal convergence rate of the p-version of the finite element method, SIAM
J. Numer. Anal., 24 (1987), pp. 750–776.

145



REFERENCES

[11] I. Babuöka and M. Suri, The p and h-p versions of the finite element method, basic
principles and properties, SIAM Rev., 36 (1994), pp. 578–632.

[12] G. Barles, Solutions de viscosité des équations de Hamilton–Jacobi, vol. 17 of Math.
Appl., Springer-Verlag, 1994.

[13] G. Barles and P. Souganidis, Convergence of approximation schemes for fully
nonlinear second-order equations, Asymptotic Anal., 4 (1991), pp. 271–283.

[14] O. Bokanowski, S. Maroso, and H. Zidani, Some convergence results for Howard’s
algorithm, SIAM J. Numer. Anal., 47 (2009), pp. 3001–3026.

[15] J. F. Bonnans, É. Ottenwaelter, and H. Zidani, A fast algorithm for the two
dimensional HJB equation of stochastic control, M2AN Math. Model. Numer. Anal.,
38 (2004), pp. 723–735.

[16] J. F. Bonnans and H. Zidani, Consistency of generalized finite di�erence schemes
for the stochastic HJB equation, SIAM J. Numer. Anal., 41 (2003), pp. 1008–1021.

[17] S. C. Brenner and L. R. Scott, The mathematical theory of finite element methods,
vol. 15 of Texts Appl. Math., Springer, third ed., 2008.

[18] S. C. Brenner and K. Wang, Two-level additive Schwarz preconditioners for C0

interior penalty methods, Numer. Math., 102 (2005), pp. 231–255.

[19] L. A. Caffarelli and X. Cabré, Fully nonlinear elliptic equations, vol. 43 of Amer.
Math. Soc. Colloq. Publ., American Mathematical Society, 1995.

[20] L. A. Caffarelli and L. Silvestre, On the Evans–Krylov Theorem, Proc. Amer.
Math. Soc., 138 (2009), pp. 263–265.

[21] F. Camilli and M. Falcone, An approximation scheme for the optimal control of
di�usion processes., RAIRO Modél. Math. Anal. Numér. 29 (1995), pp. 97–122.

[22] P. G. Ciarlet, Linear and nonlinear functional analysis with applications, Society
for Industrial and Applied Mathematics, 2013.

[23] H. O. Cordes, Über die erste Randwertaufgabe bei quasilinearen Di�erentialgleichun-
gen zweiter Ordnung in mehr als zwei Variablen, Math. Ann., 131 (1956), pp. 278–312.

[24] M. G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of
second-order partial di�erential equations, Bull. Amer. Math. Soc., 27 (1992), pp. 1–67.

[25] M. G. Crandall and P.-L. Lions, Convergent di�erence schemes for nonlinear
parabolic equations and mean curvature motion, Numer. Math., 75 (1996), pp. 17–41.

146



REFERENCES

[26] K. Debrabant and E. R. Jakobsen, Semi-Lagrangian schemes for linear and fully
nonlinear di�usion equations, Math. Comp., 82 (2013), pp. 1433–1462.

[27] D. A. Di Pietro and A. Ern, Mathematical aspects of discontinuous Galerkin meth-
ods, vol. 69 of Math. Appl., Springer, 2012.

[28] H. Dong and N. V. Krylov, The rate of convergence of finite-di�erence approxima-
tions for parabolic Bellman equations with Lipschitz coe�cients in cylindrical domains,
Appl. Math. Optim., 56 (2007), pp. 37–66.

[29] H. G. Eggleston, Convexity, vol. 47 of Camb. Tracts Math. Phys., Cambridge Uni-
versity Press, 1958.

[30] H. C. Elman, D. J. Silvester, and A. J. Wathen, Finite elements and fast
iterative solvers, Numer. Math. Sci. Comput., Oxford University Press, 2005.

[31] L. C. Evans, Partial di�erential equations, vol. 19 of Grad. Stud. Math., American
Mathematical Society, 1998.

[32] L. C. Evans, Classical solutions of the Hamilton–Jacobi–Bellman equation for uni-
formly elliptic operators, Trans. Amer. Math. Soc., 275 (2008), pp. 245–255.

[33] X. Feng, R. Glowinski, and M. Neilan, Recent developments in numerical methods
for fully nonlinear second order partial di�erential equations, SIAM Rev., 55 (2013),
pp. 205–267.

[34] X. Feng and O. A. Karakashian, Two-level additive Schwarz methods for a dis-
continuous Galerkin approximation of second order elliptic problems, SIAM J. Numer.
Anal., 39 (2001), pp. 1343–1365.

[35] , Two-level non-overlapping Schwarz preconditioners for a discontinuous Galerkin
approximation of the biharmonic equation, J. Sci. Comput., 22/23 (2005), pp. 289–314.

[36] W. H. Fleming and H. M. Soner, Controlled Markov processes and viscosity solu-
tions, vol. 25 of Stoch. Model. Appl. Probab., Springer, second ed., 2006.

[37] E. H. Georgoulis and E. Süli, Optimal error estimates for the hp-version interior
penalty discontinuous galerkin finite element method, IMA J. Numer. Anal., 25 (2005),
pp. 205–220.

[38] D. Gilbarg and N. S. Trudinger, Elliptic partial di�erential equations of second
order, Classics Math., Springer-Verlag, 2001.

[39] V. Girault and P.-A. Raviart, Finite element methods for Navier-Stokes equations,
vol. 5 of Springer Ser. Comput. Math., Springer-Verlag, 1986.

147



REFERENCES

[40] P. Grisvard, Elliptic problems in nonsmooth domains, vol. 69 of Classics Appl. Math.,
Society of Industrial and Applied Mathematics, 2011.

[41] M. Hintermüller, K. Ito, and K. Kunisch, The primal-dual active set strategy
as a semismooth Newton method, SIAM J. Optim., 13 (2002), p. 865.

[42] P. Houston, D. Schötzau, and T. P. Wihler, Energy norm a posteriori error
estimation for mixed discontinuous galerkin approximations of the stokes problem, J.
Sci. Comput., 22/23 (2005), pp. 347–370.

[43] P. Houston, C. Schwab, and E. Süli, Discontinuous hp-finite element methods
for advection-di�usion-reaction problems, SIAM J. Numer. Anal., 39 (2002), pp. 2133–
2163.

[44] R. A. Howard, Dynamic programming and Markov processes, The Technology Press
of M.I.T., 1960.

[45] M. Jensen and I. Smears, Finite element methods with artificial di�usion for
Hamilton–Jacobi–Bellman equations, in Numerical Mathematics and Advanced Ap-
plications 2011, Springer, 2013, pp. 267–274.

[46] , On the convergence of finite element methods for Hamilton–Jacobi–Bellman equa-
tions, SIAM J. Numer. Anal., 51 (2013), pp. 137–162.

[47] M. Kocan, Approximation of viscosity solutions of elliptic partial di�erential equations
on minimal grids, Numer. Math., 72 (1995), pp. 73–92.

[48] N. V. Krylov, Boundedly inhomogeneous elliptic and parabolic equations, Izv. Akad.
Nauk SSSR Ser. Mat., 46 (1982), pp. 487–523, 670.

[49] H. J. Kuo and N. S. Trudinger, Linear elliptic di�erence inequalities with random
coe�cients, Math. Comp., 55 (1990), pp. 37–53.

[50] , Discrete methods for fully nonlinear elliptic equations, SIAM J. Numer. Anal.,
29 (1992), pp. 123–135.

[51] K. Kuratowski and C. Ryll-Nardzewski, A general theorem on selectors, Bull.
Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys., 13 (1965), pp. 397–403.

[52] H. J. Kushner, Numerical methods for stochastic control problems in continuous time,
SIAM J. Control Optim., 28 (1990), pp. 999–1048.

[53] O. Lakkis and T. Pryer, A finite element method for second order nonvariational
elliptic problems, SIAM J. Sci. Comput., 33 (2011), pp. 786–801.

[54] , A finite element method for nonlinear elliptic problems, SIAM J. Sci. Comput.,
35 (2013), pp. A2025–A2045.

148



REFERENCES

[55] C. Lasser and A. Toselli, An overlapping domain decomposition preconditioner
for a class of discontinuous Galerkin approximations of advection-di�usion problems,
Math. Comp., 72 (2003), pp. 1215–1238.

[56] A. Maugeri, D. K. Palagachev, and L. G. Softova, Elliptic and parabolic equa-
tions with discontinuous coe�cients, vol. 109 of Math. Res., Wiley-VCH Verlag, 2000.

[57] J. M. Melenk, hp-finite element methods for singular perturbations, vol. 1796 of
Lecture Notes in Mathematics, Springer-Verlag, 2002.

[58] P. Monk and E. Süli, The adaptive computation of far-field patterns by a posteriori
error estimation of linear functionals, SIAM J. Numer. Anal., 36 (1999), pp. 251–274.

[59] T. S. Motzkin and W. Wasow, On the approximation of linear elliptic di�erential
equations by di�erence equations with positive coe�cients, J. Math. Physics, 31 (1953),
pp. 253–259.

[60] I. Mozolevski, E. Süli, and P. R. Bösing, hp-version a priori error analysis of in-
terior penalty discontinuous Galerkin finite element approximations to the biharmonic
equation, J. Sci. Comput., 30 (2007), pp. 465–491.

[61] R. H. Nochetto and W. Zhang, Discrete ABP estimate and convergence rates for
linear elliptic equations in nondivergence form, ArXiv e-prints, (2014).

[62] A. M. Oberman, Convergent di�erence schemes for degenerate elliptic and parabolic
equations: Hamilton–Jacobi equations and free boundary problems, SIAM J. Numer.
Anal., 44 (2006), pp. 879–895.

[63] B. Øksendal, Stochastic di�erential equations, Universitext, Springer-Verlag,
sixth ed., 2003.

[64] M. L. Puterman and S. L. Brumelle, On the convergence of policy iteration in
stationary dynamic programming, Math. Oper. Res., 4 (1979), pp. 60–69.

[65] M. Renardy and R. C. Rogers, An introduction to partial di�erential equations,
vol. 13 of Texts Appl. Math., Springer-Verlag, second ed., 2004.

[66] H. Royden and P. Fitzpatrick, Real Analysis, Prentice Hall, fourth ed., 2010.

[67] D. Schötzau and C. Schwab, Time discretization of parabolic problems by the hp-
version of the discontinuous Galerkin finite element method, SIAM J. Numer. Anal.,
38 (2000), pp. 837–875.

[68] C. Schwab, p- and hp-finite element methods, Numer. Math. Sci. Comput., Oxford
University Press, 1998.

149



REFERENCES

[69] I. Smears, Nonoverlapping domain decomposition preconditioners for discontinuous
Galerkin finite element methods in H2-type norms, ArXiv e-prints, (2014).

[70] I. Smears and E. Süli, Discontinuous Galerkin finite element approximation of non-
divergence form elliptic equations with Cordes coe�cients, SIAM J. Numer. Anal., 51
(2013), pp. 2088–2106.

[71] I. Smears and E. Süli, Discontinuous Galerkin finite element approximation of
Hamilton–Jacobi–Bellman equations with Cordes coe�cients, SIAM J. Numer. Anal.,
52 (2014), pp. 993–1016.

[72] I. Smears and E. Süli, Discontinuous Galerkin finite element methods for time-
dependent Hamilton–Jacobi–Bellman equations with Cordes coe�cients, to appear in
Numerische Mathematik, (2015).

[73] B. F. Smith, P. E. Bjørstad, and W. D. Gropp, Domain decomposition, Cam-
bridge University Press, 1996.

[74] V. Thomée, Galerkin finite element methods for parabolic problems, vol. 25 of Springer
Ser. Comp. Math., Springer-Verlag, second ed., 2006.

[75] A. Toselli and O. Widlund, Domain decomposition methods, vol. 34 of Springer
Ser. Comp. Math., Springer-Verlag, 2005.

[76] M. Ulbrich, Semismooth Newton methods for operator equations in function spaces,
SIAM J. Optim., 13 (2002), pp. 805–842 (2003).

[77] L. Wang, On the regularity theory of fully nonlinear parabolic equations. I, Comm.
Pure Appl. Math., 45 (1992), pp. 27–76.

[78] T. P. Wihler, P. Frauenfelder, and C. Schwab, Exponential convergence of the
hp-DGFEM for di�usion problems, Comput. Math. Appl., 46 (2003), pp. 183–205.

[79] J. Wloka, Partial di�erential equations, Cambridge University Press, 1987.

150


	Introduction
	Optimal control of stochastic processes
	The notion of solution and its regularity
	Monotone methods
	Existing nonmonotone schemes
	The Cordes condition
	Discontinuous Galerkin finite element methods
	Contributions

	Nondivergence form elliptic equations
	Analysis of the continuous problem
	Definitions
	Numerical scheme
	Consistency
	Stability
	Error analysis
	Error bound for solutions with sufficient regularity
	Error bound for solutions with minimal regularity

	Numerical experiments
	First experiment
	Second experiment


	Elliptic Hamilton–Jacobi–Bellman equations
	Analysis of the continuous problem
	Numerical scheme
	Consistency
	Stability
	Error analysis
	Error bound for solutions with sufficient regularity
	Error bound for solutions with minimal regularity

	Semismooth Newton method
	Algorithm
	Semismoothness

	Numerical experiments
	First experiment
	Second experiment
	Third experiment


	Parabolic Hamilton–Jacobi–Bellman equations
	Analysis of the continuous problem
	Temporal semi-discretisation
	Comparison with the standard DG time-stepping method

	Numerical scheme
	Consistency
	Stability
	Error analysis
	Error bound for regular solutions
	Error bound for solutions with low regularity

	Numerical experiments
	First experiment
	Second experiment


	Nonoverlapping domain decomposition preconditioners
	Approximation of discontinuous functions
	Domain decomposition preconditioners
	Spectral bounds
	Numerical experiments
	First experiment
	Second experiment
	Third experiment


	Conclusion
	Miranda–Talenti inequality
	Kuratowski–Ryll-Nardzewski theorem
	Approximation theory
	References

