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Abstract

We consider two different population models that relate to hybrid zones. In both cases

individuals in the population can be of one of three types: aa which may be fitter than

AA, and both fitter than the aA heterozygotes. The hybrid zone is the region separating a

subpopulation consisting entirely of aa individuals from one consisting of AA individuals.

First, we investigate the interplay between the motion of the hybrid zone and the shape

of the habitat, both with and without genetic drift (corresponding to stochastic and deter-

ministic models respectively). In the deterministic model, we investigate the effect of a wide

opening and provide some explicit sufficient conditions under which the spread of the advanta-

geous type is halted, and complementary conditions under which it sweeps through the whole

population. As a standing example, we are interested in the outcome of the advantageous

population passing through an isthmus. We also identify rather precise conditions under

which genetic drift breaks down the structure of the hybrid zone, complementing previous

work that identified conditions on the strength of genetic drift under which the structure of

the hybrid zone is preserved.

The second set of results regard the study of how hybrid zones are affected by long-range

dispersal of the individuals in the population, assuming both homozygotes are equally fit.

We ignore genetic drift and use a deterministic model, the fractional Allen-Cahn equation

to study the population. We show not only that under a suitable rescaling the motion of

hybrid zones converges to motion under mean curvature flow, but also that there is a family

of possible rescalings that gives this result. To overcome technical difficulties arising from

the heavy-tailed nature of the stable distribution, we couple ternary branching stable motions

to ternary branching Brownian motions subordinated by truncated stable subordinators, and

use this coupling to quantify how the large jumps of the stable motion affect our main result.
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1

Introduction

Population genetics is a branch of science that studies the genetic composition within popula-

tions. It is assumed that organisms have their traits encoded in the form of genes. Physically,

genes are regions of extremely long molecules called DNA, copies of which are in each cell

of an organism. Variations in the DNA result in variations of a trait in an organism. An

allele is a possible form of a gene. The composition of the alleles in a population changes

over time due to biological mechanisms that choose some of these traits to be inherited in

the generation of new individuals from old ones, that is, the process of reproduction. It is a

natural question to try to understand how this process can change the distribution of genes

and alleles in a population over time. One of the roles of population genetics is to manage the

interplay between biology and mathematics to arrive at a reasonable model that incorporates

biologically interesting factors, while also retaining mathematical tractability. Models that

try to capture too many biological details rapidly become mathematically intractable. On

the other hand, too many simplifications may result in a model from which many conclusions

can be established, but with no biological relevance. This trade-off is an important challenge

for our understanding of evolution.

Since not all individuals possess the same number of copies of genetic material, nor are

those copies inherited in the same fashion during reproduction, we need some language to

identify what type of population we focus on studying. It could be the case that each organism

in the population has a single copy of each gene, this is called a haploid organism. Often these

1



2 1. INTRODUCTION

individuals reproduce by asexual reproduction, passing down a copy of their genetic material to

their offspring. However, there exist more complex and interesting mechanisms for generating

new individuals. For example, we could think of two organisms that generate a new one by a

combination of their genes by some rule, this being deterministic or stochastic. This is called

sexual reproduction. While so far we have only referred to haploid individuals, a notable

number of sexually reproducing life forms have two copies of their DNA in each cell, one

inherited from each parent. We call these organisms diploid individuals. Note that each pair

of genes carried by a diploid individual could be exactly the same, or the genes could differ in

some way. These organisms are called homozygote in the former, and heterozygote in the latter

case. Some genetic compositions may be advantageous to the organism carrying them, for

example, by conferring resistance to extreme temperatures or by giving a particular size that

allows easier access to food. We say any organism with a survival advantage is fitter. Even

if a particular genotype is fitter it could still disappear from the population, given random

fluctuations from the reproductive events or segregation given by the spatial distribution.

In this thesis, we are interested in the interplay between selection and spatial distribution.

We will study two models of populations which are distributed in space and that are under

the effect of selection against heterozygotes, and give results that describe the evolution of

said populations. Of particular novelty is our study of the effect of domain geometry and

long-range dispersal in said models.

We proceed to give a short exposition of some well known models in population genetics.

This serves to develop the mathematical language we will use, while also placing our con-

tributions in the correct context. The following exposition is based on [Eth11] and [Eth19].

However, some notation and definitions were changed, following [EFP17].

1.1 The Moran model and the Wright-Fisher diffusion

We start with one of the simplest model in population genetics, originally due to Moran

[Mor58]. This model assumes a haploid population of constant size N , with no spatial struc-

ture, that reproduces asexually.
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Definition 1.1 (The neutral Moran model). The neutral Moran model is the model in

which N haploid individuals evolve according to the following dynamics. We run a Poisson

process of rate
(
N
2

)
. At each point of the Poisson process, a reproduction event occurs, in

which two individuals are sampled uniformly from the population. The first individual dies,

and the second produces a single offspring that inherits its parent’s genetic material.

We could equivalently define the model by running a Poisson process for each pair of

individuals. That is, we label the population with numbers 1, . . . , N , and associate to each

pair 1 ≤ i < j ≤ N a Poisson process of rate 1. At each point of the Poisson process associated

to the pair (i, j), we choose one of the two individuals uniformly, who dies. The remaining

individual reproduces asexually, and the offspring is given the label of the individual that

perished. By standard Poisson thinning this gives a process with the same dynamics as the

one described above.

The model, as we have written it, may seem of little relevance. But this is just because

we are lacking an interesting genetic trait associated to each individual. We now suppose

each individual has associated to it one of two possible alleles, which we call a and A. Then,

during reproduction, each offspring copies the type (a or A) from its parent. Let pNt denote

the proportion of individuals that are of type a in the population. Suppose a reproduction

event occurs at time t. Then,

pNt :=


pNt− + 1

N with probability N
N−1p

N
t−(1− p

N
t−),

pNt− −
1
N with probability N

N−1p
N
t−(1− p

N
t−),

pNt− with probability 1− 2N
N−1p

N
t−(1− p

N
t−).

Recalling that reproduction events arrive according to a Poisson process of rate
(
N
2

)
, for small

time a Taylor expansion yields

pNt+h :=


pNt + 1

N with probability N2

2 p
N
t (1− pNt )h+O(h2),

pNt − 1
N with probability N2

2 p
N
t (1− pNt )h+O(h2),

pNt with probability 1−N2pNt (1− pNt )h+O(h2).

(1.1)
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More formally, we take f : R→ R to be a twice differentiable function. Define the generator

of pNt acting on f by

LNf(p) := ∂

∂t
E
[
f(pNt )|pN0 = p

] ∣∣∣
t=0

.

Then (1.1) translates to:

LNf(p) = N2

2
p(1− p)(f(p+ 1

N )− f(p)) + N2

2
p(1− p)(f(p− 1

N )− f(p)),

=
1

2
p(1− p)f ′′(p) +O

(
1

N

)
.

Supposing pN0 converges to p ∈ R, standard scaling limit arguments for diffusions (see Chapter

4 of [EK86]) give that, when N goes to infinity, (pNt )t≥0 converges in law in the Skorohod

topology on D([0,∞), [0, 1]), the space of càdlàg paths in [0, 1]. The limit pt solves the

stochastic differential equation (SDE),

dpt =
√
pt(1− pt)dWt, (1.2)

with initial condition p0 = p, where (Wt)t≥0 denotes a standard Brownian motion.

Definition 1.2 (Wright-Fisher diffusion). We call the (weak) solution of equation (1.2)

the Wright-Fisher diffusion.

1.2 Kingman’s coalescent and duality

Although the Moran model and the Wright-Fisher diffusion may seem simple models, we can

already ask interesting and meaningful questions about them. For example, we can start

thinking about describing genealogies. That is, suppose that we take, at some time t > 0, a

sample of individuals in a population evolving in time according to the Wright-Fisher diffusion.

How can we describe the common ancestors of the sample of individuals as we go back in time?

From the Wright-Fisher diffusion itself, the question may be hard to answer, since we have

lost track of the notion of individuals. However, the individuals are the building blocks of the

Moran model. So we start by defining the genealogy in that model and take N to infinity. As

we will see, this will give us information on the genealogies in the Wright-Fisher diffusion.
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For this, recall that we can see the Moran model as a process in which, for each pair of

individuals (i, j) in the population, we run a rate 1 Poisson process (Ei,j(t)). At a point

t of Ei,j , one individual (either i or j) dies and is replaced by an offspring of the surviving

individual. Since the Poisson process is reversible, the dynamics of the Moran model are easily

seen to be reversible. From the backwards in time point of view, for each pair of individuals

we have a Poisson process Êi,j . At a point t of Êi,j , we have that i and j coalesce into a single

common ancestor. What we have roughly described is known as Kingman’s coalescent, which

we now formally define.

Definition 1.3 (Kingman’s coalescent [Kin82]). A k-coalescent is a continuous-time

Markov chain on Ek, the space of equivalence relations on 1, . . . , k, whose transition rates

(qξ,η : ξ, η ∈ Ek) are given by

qξ,η =


1 if η is obtained by coalescing two equivalence classes of ξ,

0 otherwise.

Kingman’s coalescent is then the process taking values in EN, the equivalence relations on

N, such that, for each k, its restriction to 1, . . . , k is the k-coalescent. For convenience, we

assume the initial condition is the trivial partition into singletons.

From the description of the backwards in time Moran model in terms of Êi,j , it follows

that the k-coalescent describes the genealogies of a sample of k individuals in the Moran

model, in the sense that i and j being in the same block of the k-coalescent at t is interpreted

as the individuals with label i and j having a common ancestor at time t before the present.

We can now establish a well-known relationship between the Wright-Fisher diffusion and

Kingman’s coalescent.

Proposition 1.4. Let (pt)t≥0 be a Wright-Fisher diffusion and (nt)t≥0 be the number of blocks

in a k-coalescent. Then, there is a coupling such that, for all p ∈ [0, 1] and k ∈ N,

Ep

[
pkt

]
= Ek [pnt ] , (1.3)

where Ep denotes the law of the Wright-Fisher diffusion with p0 = p and Ek denotes the law

of the k-coalescent.
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Let us sketch a proof. One can argue in terms of the description of pt as a limit of the

Moran model and nt being the corresponding genealogy. Suppose we have N individuals in a

Moran model and each one is of type a at time 0 with probability p0 and of type A at time 0

with probability 1− p0. Take a sample of size k in the population at time t. That sample is

going to be entirely of type a if and only if all ancestors at time 0 are of type a. So Ek [pnt ]

is the probability of the k sample being entirely of type a. On the other hand, pNt is exactly

the proportion of individuals of type a in the population at time t. So, the probability of the

sample of size k being entirely of type a is also given by Ep

[
(pNt )k

]
, which if we take N to

infinity is Ep

[
pkt
]
. From this, (1.3) follows.

Formulae of the form given by (1.3) are known as duality relationships.

Definition 1.5 (Duality). Let X,Y be Markov processes on Polish state spaces E and F ,

respectively. Let H : E × F → R be bounded and measurable. Then X and Y are dual with

respect to H if and only if, for all x ∈ X, y ∈ Y and t ≥ 0,

Ex [H(Xt, y)] = Ey [H(x, Yt)] ,

where Ex is the law for X under which X0 = x and Ey is the law for Y under which Y0 = y.

We say X is dual to Y (and vice-versa). The function H is called the duality function.

We refer to [SK14] for a review of duality relationships. In this language, Proposition 1.4

says that the Wright-Fisher diffusion and Kingman’s coalescent are dual with duality function

H(x, y) = xy. When the duality function is of this particular form it is called a moment dual-

ity. Although it is not true that a moment duality implies a relationship between genealogies

[Tay09], moment duality is still a way of studying our forward in time models with what can

be understood as backward in time models.

While the models and structures presented so far may seem simple, they form the build-

ing blocks of a large literature on different mathematical models in population genetics. In

subsequent sections, we immerse ourselves in the basics of spatial structures and selection,

but certainly, there is much more that these models can incorporate. The ideas behind how

the Wright-Fisher diffusion is derived from the Moran model can be extended to incorpo-

rate other factors, such as seedbanks [Bla+20], random environment [CV19], recombination
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[EPB16] and mutation [DK99]. Kingman’s coalescent can also be modified to incorporate

interesting phenomena. One can consider dormancy given by hibernation [Cor+20], popula-

tions that lose the ability to exchange genetic material (event known as speciation) [FLS20],

or multiple mergers that serve to incorporate more general reproduction mechanisms in the

forward in time model [Pit99], [Sag99], [DK99].

1.3 Adding spatial structure

So far all the models we have talked about lack any sort of spatial structure. When we as-

sume that individuals are equally likely to have offspring or die, we are implicitly assuming

the population is well mixed enough to neglect the effects of the spatial distribution of the

individuals. This is not always a good assumption in nature, as the habitat of some popu-

lations can cover entire countries or continents. So it is imperative that our models can be

modified to incorporate effects resulting from the spatial distribution of the population.

A simple way of doing this is to subdivide the spaces into demes, which can be thought of

as islands of population. Demes sit at the vertices of a graph, which for simplicity we assume

to be Zd, with migration occurring along the edges of the graph. If we assume the dynamics

in each deme to be given by the Moran model we obtain an interesting process defined on Zd.

This is known as the structured Moran model.

Definition 1.6 (Structured Moran model). Let N ∈ N and let (mi,j)i,j∈Zd be a collection

of non-negative numbers (which we will interpret as the migration rate from deme i to deme

j).

Suppose we start with a population in Zd withN individuals in each deme. The structured

Moran model is described by the following dynamics. For each i ∈ Zd we have a Poisson

process, Ei, of rate
(
N
2

)
and for each i, j ∈ Zd that are nearest-neighbours in Zd (denoted

i ∼ j) we have a Poisson process, Eij , of rate Nmi,j .

At a point t of Ei we sample two individuals uniformly at random from the deme i. The

first one dies and is replaced by a copy of the second individual. At a point t of Eij we

sample an individual uniformly from deme i and another one uniformly from deme j. The
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first individual dies and is replaced by a copy of the second individual (at deme i).

We assume again that, under the structured Moran model, each individual has one of two

possible alleles a or A. Since in the Moran model the proportion of a alleles converges in the

large population limit, it is natural to ask if, in this structured version that quantity also has

a limit. Let us fix i ∈ Zd, and denote by pN,i
t the proportion of individuals of type a at deme

i at time t. Similarly to (1.1) we can write

pN,i
t+h :=


pN,i
t + 1

N w.p. N2

2 p
N,i
t (1− pN,i

t )h+N
∑

j:j∼imj,ip
N,j
t (1− pN,i

t )h+O(h2),

pN,i
t − 1

N w.p. N2

2 p
N,i
t (1− pN,i

t )h+N
∑

j:j∼imj,ip
N,i
t (1− pN,j

t )h+O(h2),

pN,i
t otherwise.

(1.4)

As before we take f : R → R to be a twice differentiable function. Again, we define the

generator of pN,i
t acting on f by:

LN,if(pi) :=
∂

∂t
E
[
f(pN,i

t )|pN,i
0 = pi

] ∣∣∣
t=0

.

We can use (1.4) and a Taylor expansion to obtain, at least formally, that

LN,if(pi) =
N2

2
pi(1− pi)(f(pi + 1

N )− f(pi)) + N2

2
pi(1− pi)(f(pi − 1

N )− f(pi))

+N
∑
j:i∼j

mj,i

(
pj(1− pi)(f(p+ 1

N )− f(p)) + pi(1− pj)(f(p− 1
N )− f(p))

)
=

1

2
pi(1− pi)f ′′(pi) +

∑
j:j∼i

mj,i

(
pj − pi

)
f ′(p) +O

(
1

N

)
.

While this computation is certainly not rigorous, it serves to illustrate that it is not surprising

that the structured Moran model converges to what is known as Kimura’s stepping stone

model.

Definition 1.7 (Kimura’s stepping stone model [Kim53]). We suppose we have a

population in demes located at the vertices of Zd. Each individual can have two possible

types a and A. We say that the proportion of the allele a in each deme, (pi(t))i∈Zd evolves

under Kimura’s stepping stone model if:

dpi(t) =
∑
j:j∼i

mj,i(pj(t)− pi(t))dt+
√
pi(t)(1− pi(t))dWi(t), (1.5)

where {Wi}i∈Zd are independent Brownian motions.
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In other words, under Kimura’s stepping stone model the proportions of a alleles evolve

as a system of interacting Wright-Fisher diffusions.

From this, it should also be natural to ask if we can obtain an expression for the genealogy

of a sample, analogous to Kingman’s coalescent for the Wright-Fisher diffusion. Since at each

deme we are seeing Wright-Fisher dynamics we expect that, when ancestral lineages are in

the same deme, they behave like Kingman’s coalescent. The difference here is that we also

need to take into account migration. Putting these two things together gives the structured

coalescent.

Definition 1.8 (Structured coalescent). The structured coalescent (n(t)) = (ni(t))i∈Zd is

a continuous time Markov Chain taking values in NZd . The transition rates are given by:

∀i ∈ Zd, ni → ni − 1 at rate
(
ni
2

)
,

∀i, j ∈ Zd, ni → ni − 1 and nj → nj + 1 at rate nimji.

To solidify the relationship between the structured coalescent and Kimura’s stepping stone

model, and also mirror what happens with Kingman’s coalescent and the Moran model, we

note they are in a moment duality.

Proposition 1.9. Suppose (p(t))t≥0 = (pi(t))t≥0 evolve under the Kimura’s stepping stone

model. Let (n(t))t≥0 be a structured coalescent. Then, for all p(0) ∈ [0, 1]Z
d , n(0) ∈ NZd with

finitely many non-zero components, we have

Ep(0)

∏
i∈Zd

(pi(t))
ni(0)

 = En(0)

∏
i∈Zd

(pi(0))
ni(t)

 , (1.6)

where Ep(0) denotes the law of Kimura’s stepping stone model with initial condition p and

En(0) denotes the law of the structured coalescent starting from n(0).

While we do not present a proof of Proposition 1.9, an interested reader can see Lemma

3.2.3 in [Eth19]. The essence of the argument is no different from that for Proposition 1.6.

Both expectations in (1.6) are the probability that a sample of individuals taken from the

population at time t, by sampling ni(0) individuals from deme i, are all of type a. The left
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hand side of (1.6) is the probability as seen following the forward in time dynamics, while the

right hand side of (1.6) is as seen while following the genealogy backward in time.

While the Wright-Fisher diffusion and Kingman’s coalescent are the building blocks of

population models without spatial structure, a similar flavour occurs with the structured

Moran model and the structured coalescent. The possible deviations and differences from

these basic models are enormous. So far we have assumed constant population density in

each deme, but we could forget about that condition. In that case we could scale the rates

of reproduction and death in such a way that, in the limit, the population densities at the

different demes satisfy a system of interacting differential equations, different to (1.5) [SS80],

[Smi21]. We could also change the spatial scaling, so that demes are closer and closer in the

limit. If the scaling is performed in such a way that stochasticity disappears in the limit, we

expect the density of individuals to be a solution of a partial differential equation [Coh+99],

[DFL86], [Gon11]. Furthermore, one could retain some stochastic behaviour in the limit,

and in that case the density of particles is expected to solve a stochastic partial differential

equation or follow the law of a superprocess [CP05], [CDP99], [Per02], [Stu03]. There is an

enormous literature on the subject, of which we have just cited some notable examples.

1.4 The Spatial Λ-Fleming Viot process

All the spatial models for populations we have mentioned so far share one common feature;

they are based on tracking the position of each individual in the population, whether it be

in demes or the spatial continuum. If we want to trace a particular allele in one of these

populations, computations are inherently hard, since the interaction between different types

of individuals forward in time gives information about ancestral lineages backwards in time.

In other words, we may need to keep track of the whole population to infer any notion of

relatedness between individuals, and this does not sound like a straightforward task.

This is a problem even in simple models of populations evolving in spatial continuum.

Wright [Wri43] and Malécot [Mal48] suggested a simple population model of a spatially struc-

tured population which allows one to keep track of types of individuals. In their model the
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generations are discrete. Each individual dies at each generation and is, independently, re-

placed by a Poisson number of individuals with mean one. These offspring are distributed,

independently, according to a symmetric Gaussian distribution around the position of the

parent. Wright and Malécot further assume that the individuals start in space as a Pois-

son random measure which they assumed to be a stationary distribution for the population

dynamics. Under those assumptions, Malécot wrote down a recursion for the probability of

identity ; that is, the probability that, if we sample two individuals in the population, they are

of the same type (if each individual, independently, mutates at a constant rate to a type never

seen in the population). It was Felsenstein [Fel75] who first noticed that the dynamics were

incompatible with the assumption of having a Poisson random measure as stationary distri-

bution. A population evolving as Wright and Malécot suggested does not have a stationary

distribution in spatial dimensions 1 and 2, since it dies out. This is not solved by changing

the space of the population to a compact set: if the population model evolves in the torus, it

dies out in finite time. If one further conditions the population to be of constant size N , to

avoid extinction, the individuals form clumps of high density. These problems are known as

the pain in the torus.

All this serves to illustrate that we need to take some care if we want to keep track of

individuals in spatial continuum, while also being able to infer relatedness between them. A

way of solving this is to suppose that the population density is constant and use a measure

to describe the proportion of a particular type in the population. This is the idea behind the

Spatial Λ-Fleming Viot process (from now on SLFV for short).

The SLFV was introduced in [Eth08] and rigorously constructed in [BEV10]. While the

original constructions allow individuals to have one of an arbitrary number of types, here we

focus on the case where each individual can have one of only two types, a and A. At each

time t the random function {wt(x) : x ∈ Rd} will model the proportion of individuals of type

a at position x at time t. The identification∫
Rd

(wt(x)f(x, a) + (1− wt(x))f(x,A))dx =

∫
Rd×{a,A}

f(x, k)M(dx, dk)

provides a one-to-one correspondence between the state space of the SLFV and the spaceMλ
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of measures on Rd × {a,A} with spatial marginal Lebesgue measure, which we endow with

the topology of vague convergence. Hence, we shall abuse notation and also denote the state

space of (wt)t≥0 byMλ.

The dynamics of the process are driven by a Poisson point process Π. This Poisson point

process encodes events of reproduction in the population in different parts of the space. These

events are described by a position and a radius, which should be interpreted as defining the

area affected by the event, and an impact, that dictates the proportion of individuals in the

population that are replaced at each event.

Definition 1.10 (Spatial Λ-Fleming Viot (SLFV)). The Spatial Λ-Fleming Viot pro-

cess {wt(x);x ∈ Rd, t ≥ 0} is the Mλ-valued process that specifies the proportion of a-allele

individuals on position x at time t. Its dynamics are driven by a Poisson point process on

R+×Rd×R+× (0, 1], with intensity dt⊗ dx⊗µ(dr)νr(du), where µ(dr) is a measure on R+

and νr(du) is a probability measure on (0, 1] for every r ∈ (0,∞).

At a point (t, x, r, u) ∈ Π, a reproduction event takes place in the closed ball B(x, r).

During the event:

1. Select a parental location z from B(x, r) uniformly at random, that is, z ∼ U(B(x, r)).

2. Select a type k according to the distribution of types z immediately before the event,

that is, k = a with probability wt−(z), and k = A otherwise.

3. For all y ∈ B(x, r) replace a proportion u of individuals by k. That is,

wt(y) = (1− u)wt−(y) + u1k=a.

Sites outside B(x, r) are not affected by the reproduction event. That is, for all y ̸∈ B(x, r),

wt(y) = wt−(y).

Remark 1.11. Note that wt(x) is defined in terms of sampling individuals uniformly. Thus,

it will only be defined up to a Lebesgue-null set N . Since we want to avoid these technicalities,

it is convenient to extend the definition of wt(x) to all of Rd. To do this, we set wt(x) = 0

for all x ∈ N .
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Remark 1.12. Sampling parental locations, and then parental types, is convenient for iden-

tifying the dual process of branching and coalescing ancestral lineages that we will introduce

in Definition 1.13. However, from the perspective of the SLFVS it would be equivalent to

sample types independently and uniformly at random from the region affected by the event.

For B ⊆ Rd we think of wt(B)/|B| =
∫
B wt(x)dx/|B| as the probability of sampling an

individual of type a, if we sample an individual uniformly at random from the set B at time

t. In order for this process to be defined we assume∫ ∞

0

∫ 1

0
urdνr(du)µ(dr) <∞, (1.7)

although condition (1.7) can be relaxed, see [EK19].

We now show that SLFV indeed allows us to write a process of genealogies backwards in

time, similar to what we were able to do with the structured Moran model and the structured

coalescent.

Our starting point is, again, taking a sample from our population and following the location

of their ancestors backwards in time. We fix x1, . . . , xn ∈ Rd and t ≥ 0, and try to compute

the joint distribution of wt(x1), wt(x2), . . . , wt(xn). For that, we trace, backwards in time,

the location of the ancestors of the individual sampled at xi at time t. In other words, we

trace backwards until we see an event whose area of effect, B(x, r), intersects at least one of

the xi. Each lineage in B(x, r) has a probability u of being affected by the event. All affected

individuals then coalesce and move to the position of the parent, picked uniformly at random

from B(x, r). This continues until time 0, giving a system of coalescing random walkers. This

system of random walkers has jumps driven by a Poisson point process, which by reversibility

has the same intensity as Π. This motivates the following definition.

Definition 1.13 (SLFV dual). Let Π be a Poisson point process on R+×Rd×R+× (0, 1]

with intensity dt⊗ dx⊗µ(dr)νr(du), where µ(dr) is a measure on R+, νr(du) is a probability

measure on (0, 1] for every r ∈ (0,∞), and µ, νr satisfy (1.7). The particle system dual to

the SLFV process, (Pt)t≥0 := (ξ1t , ξ
2
t , . . . , ξ

N(t)
t )t≥0 is the

⋃
m≥1(Rd)m-valued process with

dynamics given as follows. At each event (t, x, r, u) ∈ Π:
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1. For each ξit ∈ B(x, r), independently mark it with probability u.

2. If at least one ξit was marked, we replace all marked particles with a single particle at a

position picked uniformly in B(x, r). If no particle was marked, nothing happens.

Note that if we start (Pt)t≥0 from at least one particle, it will always have at least one

particle.

We proceed to state a duality relationship between the SLFV and its dual. The main

difficulty is the fact that wt(x) is defined only Lebesgue a.e. and so it is not obvious that

taking wt(xi) in a duality relationship makes sense (i.e. it is not obvious that Remark 1.11

is compatible with having a duality relationship). To address this, instead of taking a deter-

ministic sample x1, . . . , xn, we sample according to a distribution, that has density ψ with

respect to the Lebesgue measure. Then we can establish the following duality.

Proposition 1.14. The SLFV is dual to (Pt)t≥0 in the following sense. For any m ∈ N,

ψ ∈ C((Rd)m) ∩ L1((Rd)m), and for any measurable function w0(·), we have that

Ew0(·)

∫
(Rd)m

ψ(x1, . . . , xm)


k∏

j=1

wt(xj)

 dx1 . . . dxk


=

∫
(Rd)m

ψ(x1, . . . , xm)E(x1,...,xm)

N(t)∏
j=1

w0(ξj)

 dx1 . . . dxk.
In the last equality, the expectation on the left hand side is with respect to the SLFV with

initial condition w(0, ·), and on the right hand side it is with respect to the dual process with

initial condition (x1, . . . , xm).

Remark 1.15. As we have already mentioned, a duality relationship does not necessarily

imply a relationship between genealogies. However, [EK19] obtained the SLFV as the limit of

an individual-based model while retaining the information about genealogical trees relating

individuals. This justifies the interpretation of (Pt)t≥0 as the (backwards in time) dynamics

of individuals that evolve according to the SLFV.
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1.5 Natural selection and hybrid zones

Up to this point, all models presented have considered individuals of all genetic types in the

population to be equally fit. Of course, this is not true in nature, as natural selection favours

the reproduction of some genetic types over others. This bias in reproduction is not immediate

from the genetic type of the individuals. It could be that individuals are fitter because they

carry a particular allele, or it could be that the interaction between multiple alleles affects

their fitness. And in both cases there could be interaction with the environment or other

individuals, influencing the fitness. We do not expect that a single model with selection can

explain all selective mechanisms that can be found in nature.

When talking about natural selection we thus need to focus on a particular population and

a particular form of selection acting on this population. In our case we will focus on a form

of selection that can maintain so-called hybrid zones: narrow geographic regions where two

genetically distinct populations are found close together and hybridise, resulting in offspring

of mixed ancestry. Hybrid zones are prevalent in nature, with many more than 170 examples

being known [BH89], [Bug07], [HS73], [Toe+18]. There are multiple hypotheses for how

hybrid zones are maintained. One states that hybrid zones are due to a sharp change in the

environment, affecting the fitness of individuals depending on their genetic composition and

position in space. Another hypothesis, and the one on which we focus, is that hybrid zones

are due to hybrids in the population being less fit than purebred individuals. This could

not only explain the formation of hybrid zones, but also imply that, for such populations, a

balance between dispersal and selection should make hybrid zones evolve in time. It is then

an interesting mathematical and biological question to ask about the motion of the hybrid

zones over time.

To capture this phenomenon, Etheridge, Freeman and Penington [EFP17] propose the

following model. Consider a population in which selection acts on a single genetic locus,

which can have two possible allelic types, a and A. Individuals are assumed to be diploid,

and it is considered that heterozygotes are less fit than homozygotes. That is, individuals of

type aA have a lower reproductive success. The starting point is to incorporate this selection
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mechanism into a simpler model without space, similar to the Wright-Fisher diffusion. For

this, we suppose individuals reproduce by the following mechanism. Each individual produces

germ cells, each carrying a copy of both of the alleles carried by the parent. Each germ cell

then splits into two gametes, each carrying a single copy of each of the alleles of the parental

individual. This produces a pool of gametes from all individuals in the parental generation.

Offspring are then formed by picking two gametes at random. The offspring generation then

replaces the parental generation. Call the proportion of a-alleles of the population w . We

assume Hardy-Weinberg equilibrium, meaning there are:

w2 individuals of type aa,

(1− w)2 individuals of type AA,

2w(1− w) individuals of type aA.

While this may sound unreasonable at first, populations reach Hardy-Weinberg equilibrium

rather easily [Har08].

To model the selection against heterozygotes we suppose that they have a lower rela-

tive fitness, meaning they produce fewer offspring than homozygotes in reproductive events.

Specifically, during reproductive events heterozygotes produce 1− s̄ times as many germ cells

as homozygotes, for a small s̄ > 0. If w is the proportion of type a-alleles before a reproduction

event, then the proportion of type a gametes in the pool is:

w2 + w(1− w)(1− s̄)
1− 2s̄w(1− w)

= (1− s̄)w + s̄(3w2 − 2w3) +O(s̄2),

= w + s̄(1− w)w(2w − 1) +O(s̄2).

Hence, if s̄ ∼ s
N for large N and s constant, then, as N goes to infinity, the change in w in

units of time N is approximated by the equation

dw

dt
= s(1− w)(2w − 1).

Furthermore, supposing individuals disperse in a radially symmetric way with finite vari-

ance we arrive, after rescaling, at the following equation for the proportion of a-allele in the
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population across the Euclidean space:

∂w

∂t
=
m

2
∆w + sw(1− w)(2w − 1). (1.8)

This is a special case of the Allen-Cahn equation. From now on, for convenience, we take

m = 2 and s = 1. Since we expect hybrid zones to be a narrow region with respect to the

population range, we zoom out and study the equation over large spatial and temporal scales.

That is, we perform a diffusive re-scaling t→ ε−2t, x→ xε−1 so the equation becomes

∂w

∂t
= ∆w +

1

ε2
w(1− w)(2w − 1). (1.9)

It is a known result that, as ε → 0, the solution to equation (1.9) converges to the indicator

function of a set, whose boundary evolves according to mean curvature flow [Che92]. We

proceed to explain what this statement means.

Let S1 denote the unit sphere in Rd. Let Γt : S1 → Rd be a family of smooth embeddings,

defined up to some time T , indexed by t ∈ [0,T ). We write n̂t(Φ) for the unit (inward)

normal vector to Γt at Φ. We also write κ = κt(Φ) for the mean curvature of Γt at Φ. Then

we say Γt evolves according to mean curvature flow if

∂tΓt(Φ)

∂t
= κt(Φ)n̂t(Φ). (1.10)

In dimension 2, mean curvature flow is just curvature flow. In that case, the evolution is almost

completely understood. The surface in dimension 2 is a curve, and under mean curvature flow

it becomes convex in a finite time [Gra87] and then shrinks to a point [GH86]. In dimensions

3 or higher, mean curvature flow can develop singularities if the initial surface is not convex.

We refer to [Man11] for a detailed discussion of mean curvature flow.

It is worth mentioning that it was first observed by Allen and Cahn in [AC79] that the

velocity of the interfacial motion described by equation (1.9) was proportional to the mean

curvature. Bronsard and Kohn [Bro90], [BK91] and Mottoni and Schatzman [MS89], [MS90]

provided a rigorous proof of this under a variety of dimensional and regularity restrictions

(see [Che92] for a detailed account), and in 1992, Chen proved this result in all dimensions

under the relatively weak regularity conditions we state below in Assumptions 1.16, [Che92].



18 1. INTRODUCTION

We now specify what we mean by the convergence of w, the solution to equation (1.9), to

an indicator function of a set whose boundary evolves according to mean curvature flow. We

choose the initial condition of equation (1.9), p, so that the following regularity conditions

hold.

Assumptions 1.16. Let p : Rd → [0, 1] and Γ0 be given by;

Γ0 = {x ∈ Rd : p(x) = 1/2}

(A) Γ0 is Ca for some a > 3.

(B) For x inside Γ0, p(x) > 1
2 , and for x outside Γ0, p(x) < 1

2 .

(C) There exist η, µ > 0 such that, for all x ∈ Rd, |p(x)− 1
2 | ≥ µ

(
dist(x,Γ) ∧ η

)
.

The last condition indicates that w0 has a slope near Γ0 that is not too shallow. Together,

these conditions ensure that the mean curvature flow started from Γ0, (Γt(·))t≥0, exists up

until some finite positive time T . Let d(x, t) denote the signed distance from x to Γt, chosen

to be positive inside of Γt. The convergence of w can be rigorously stated as follows.

Theorem 1.17 ([Che92]). Assume Assumptions 1.16 hold. Fix T ∗ ∈ (0,T ) and k ∈ N.

Then there exist ε(k) > 0 and a(k), c(k) ∈ (0,∞) such that, for all ε ∈ (0, ε(k)) and for all t

in the interval [aε2| log(ε)|, T ∗],

1. for x with d(x, t) ≥ cε| log(ε)| we have w(t, x) ≥ 1− εk,

2. for x with d(x, t) ≤ −cε| log(ε)| we have w(t, x) ≤ εk.

Since the hybrid zone for this deterministic model can be understood as the region where,

for some small δ, we have δ < w(t, x) < 1− δ, Theorem 1.17 could be paraphrased as saying

that hybrid zones evolve by mean curvature flow.

Populations in nature are not entirely deterministic. Individuals experience fluctuations

that come from the randomness of reproduction, an effect referred to as genetic drift. Naively,

one could argue that, if genetic drift is small, then Theorem 1.17 guarantees that hybrid zones

evolve as mean curvature flow. Sadly, mathematics is more complicated than that.
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In [HRW12] the authors studied an Allen-Cahn equation with a mollified space-time white

noise, whose solution takes value in [−1, 1]. It was proved that, if the mollifier is removed

by using an increasing cut-off, solutions converge weakly to 0. On the other hand, if the

intensity of the white noise is simultaneously converging to 0 sufficiently quickly, then the

deterministic equation is recovered. This roughly says that the strength of the noise could

drastically change the behaviour of the limiting process. Of course, space-time white noise is

not a good model for genetic drift, but the problem is relevant for any type of noise. Will

hybrid zones still evolve as curvature flow if we include the effect of genetic drift?

To model genetic drift we will use the SLFV as a base model. We need to include a

mechanism of selection against heterozygosity into reproduction events to have any hope of

recovering hybrid zones. To justify how we incorporate selection we return to our simplest

model from the start of this section. Recall that, in this model, if the proportion of a-alleles

in the population is w, then, under selection against heterozygotes, the proportion of a-alleles

in the pool of gametes of a reproduction event is:

w2 + w(1− w)(1− s)

1− 2sw(1− w)
= (1− s)w + s(3w2 − 2w3) +O(s2),

= (1− s)w + s(w3 + 3w2(1− w)) +O(s2).

Assuming birth events arrive as a Poisson process in our model, by using Poisson thinning, the

last expression suggests we can split the reproduction events into two terms. The term (1−s)w

corresponds to a neutral event, in which we sample a single individual and the offspring inherits

its type, which happens with probability 1− s. The term s(w3 + 3w2(1− w)) corresponds to

a selective event, happening with probability s, in which three potential parents are sampled

and the offspring is of type a if the majority of the potential parents are. This is what

motivates the following definition of the Spatial Λ-Fleming Viot process with selection. The

first introduction of genic selection in the SLFV process was done in [EVY20], but we present

the version for selection against homozygotes described in [EFP17]. To avoid overcharging

the nomenclature with more letters, we will still abbreviate this to SLFVS.

Definition 1.18 (Spatial Λ-Fleming Viot process with selection against heterozy-

gotes (SLFVS)). The Spatial Λ-Fleming Viot process {wt(x);x ∈ Rd, t ≥ 0} specifies a ran-
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dom function. Its dynamics are driven by a Poisson point process Π on R+×Rd×R+× (0, 1],

with intensity dt⊗ dx⊗µ(dr)νr(du), where µ(dr) is a measure on R+, νr(du) is a probability

measure on (0, 1] for every r ∈ (0,∞) and µ, νr satisfy (1.7).

At a point (t, x, r, u) ∈ Π, a reproduction event takes place in the closed ball B(x, r). With

probability 1− s this event is neutral, meaning that the event proceeds as in Definition 1.10

With probability s the event is selective, in which case,

1. Choose three potential parental locations z1, z2, z3 independently from B(x, r) uniformly

at random.

2. For each i = 1, 2, 3, select independently a type ki, which can be a or A, according to

the distribution of types at zi. That is 1ki=a ∼ Ber(wt−(zi)).

3. Select k̂ as the most common allelic type in {k1, k2, k3}. For all y ∈ B(x, r) replace a

proportion u of individuals by individuals of type k̂. That is,

wt(y) = (1− u)wt−(y) + u1
k̂=a

.

Sites outside B(x, r) are not affected by the reproduction event. That is, for all y ̸∈ B(x, r),

wt(y) = wt−(y).

This process gives a way to study the interplay between genetic drift, spatial structure

and the particular form of selection we are considering. For this model, we present the scaling

used in [EFP17] and then state the main result therein. Consider a SLFVS where µ(dr) is a

measure on (0, R], for some fixed R ∈ [0,∞), and νr = δu for some fixed u ∈ [0, 1]. We call

this fixed u the impact parameter. In the scaling, we modify the units of space x, time t, the

impact parameter u and the selection parameter s. For a fixed β we scale time from t to nt

and space from x to nβx. To be explicit, this means in the scaled model, the SLFVS wn is

driven by a Poisson point process Πn with intensity

ndt⊗ nβdx⊗ µn(dr),
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where µn(A) = µ(nβA) for all Borel subsets A of (0,∞). For the impact and selection, we

assume they are of the form:

un =
u

n1−2β
, sn =

1

ε2nn
2β
. (1.11)

Assumption 1.19. We suppose (εn)n∈N is a sequence of strictly positive numbers such that

εn → 0 and that log(n)1/2εn →∞ as n→∞.

It is convenient to define the following constant

σ2 =
u

2d

∫ R

0

∫
Rd
|z|2 |B(0, r) ∩B(z, r)|

|B(0, r)|
dzdµ(r).

The following is a simplified version of the main result in [EFP17].

Theorem 1.20. Suppose that β ∈ (0, 1/4) and that (εn)n∈N is a sequence of positive numbers

satisfying Assumption 1.19. Let (wn
t )t≥0 be the SLFVS with un and sn satisfying (1.11).

Suppose wn
0 (x) = w0(x), where w0 satisfies Assumptions 1.16. Consider T and d(x, t) as in

Theorem 1.17 and let T ∗ < T . Then, for all k ∈ N, there exist n∗(k) ∈ N and a∗(k), d∗(k) > 0

such that, for all n ≥ n∗(k) and all t ∈ [a∗ε
2
n| log(εn)|, T ∗],

1. for almost every x with d(x, σ2t) ≥ d∗εn| log(εn)| we have E[wn
t (x)] ≥ 1− εkn.

2. for almost every x with d(x, σ2t) ≤ −d∗εn| log(εn)| we have E[wn
t (x)] ≤ εkn.

Comparing Theorem 1.17 with Theorem 1.20 we see that the latter result says hybrid

zones move as curvature flow in the limit of the particular scaled version of the SLFVS we

stated. This similarity is not a coincidence. To prove Theorem 1.20 the strategy is to give a

probabilistic proof of Theorem 1.17, which is flexible enough to later incorporate the genetic

drift present in the SLFVS. We sketch the probabilistic proof of Theorem 1.17 as it not only

serves to understand the scaling we state for the SLFVS but also to understand some of the

new contributions of this thesis.

We start with a ternary branching Brownian motion started from a single individual at

the point x ∈ Rd. That individual has an exponential lifetime with parameter ε−2, during

which it follows a Brownian motion (running at speed 2, to avoid problems with constants).
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At the end of its lifetime, it dies and is replaced by three offspring. These offspring start

at the position where the parent died, and then behave in the same way as their parent,

independently of each other. We write W (t) for the set of historical paths of the branching

Brownian motion up to time t. This encodes all the paths of all the Brownian particles that

have lived up to time t. For a fixed function p : Rd → [0, 1], we define a voting procedure on

W (t) as follows:

1. each leaf i votes 1 with probability p(Wi(t)) and 0 otherwise. Here Wi(t) denotes the

spatial position of the i-th leaf at time t,

2. at each branch point in W (t), the vote of the parent particle is the majority vote of the

children.

This defines a voting procedure that runs from the leaves of W (t) to the root. Let Vp(W (t))

be the vote associated with the root. Let Pε
x denote the law under which the branching

Brownian motion branches at rate ε−2 and starts from a single ancestor at position x.

Proposition 1.21 ([EFP17]). Let u(t, x) = Pε
x[Vp(W (t)) = 1]. Then u solves (1.9) with

initial condition p(x).

With this representation, Theorem 1.17 becomes

1. for x with d(x, t) ≥ cε| log(ε)|, we have Pε
x[Vp(W (t)) = 1] ≥ 1− εk,

2. for x with d(x, t) ≤ −cε| log(ε)|, we have Pε
x[Vp(W (t)) = 1] ≤ εk.

This is achieved in [EFP17] by an analysis of how a small bias changes the result of the voting

system and a coupling of the distance of a Brownian motion to a surface evolving according

to mean curvature flow to a one dimensional Brownian motion. Rather than expand on this

proof, we explain how this gives Theorem 1.20. The core idea is to write a duality relationship

for the SLFVS, similar to the one given by Proposition 1.14 for the SLFV, and then argue

that the dual is close to a branching Brownian motion. We begin by defining the dual to the

SFLVS. This is an adaptation of Definition 1.13 to include the distinction between selective

and neutral events.
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Definition 1.22. (SLFVS dual particle system) Let Πn be a Poisson point process on R+ ×

Rd ×R+, with intensity ndt⊗ nβdx⊗ µn(dr). The dual particle system of the scaled SLFVS

(Pn
t )t≥0 = (ξn,1t , ξn,2t , . . . , ξ

n,N(t)
t )t≥0 is the

⋃
m≥1(Rd)m-valued process with dynamics given

as follows. Each point (t, x, r) ∈ Πn has a probability 1− sn of being neutral. In that case

1. each ξit ∈ B(x, r) is independently marked with probability un,

2. if at least one particle is marked, all marked particles are replaced with a single particle

at a position picked uniformly in B(x, r). If there were no marked particles nothing

happens.

If the event is not neutral it is selective. In that case:

1. each ξit ∈ B(x, r) is independently marked with probability un,

2. if at least one particle was marked, all marked particles are replaced by three particles.

Those particles have positions picked independently and uniformly at random in B(x, r).

If there were no marked particles nothing happens.

Let (Ξn(t))t≥0 be the collection of historical paths of the process (Ps)0≤s≤t. We can define

a voting system on (Ξn(t))t≥0 in a similar way to what we did for the historical paths of

Brownian motion (W (t))t≥0. Let p : Rd → [0, 1]. Each leaf votes 1 with probability p(ξn,jt ).

We trace the votes backwards in time as follows:

1. at selective events all marked individuals adopt the majority vote of the three parental

particles,

2. at neutral events all marked individuals adopt the vote of the (unique) parent.

This gives us a unique vote associated to the root, which we denote by Vp(Ξ
n(t)). We have

the following duality between the SLFVS and Ξn(t).

Proposition 1.23 ([EFP17]). The scaled SLFVS is dual to (Ξt)t≥0 (both driven by the same

measure Πn) in the sense that, for every ψ ∈ C(Rd) ∩ L1(Rd),

Ep

[∫
Rd
ψ(x)wn

t (x)dx

]
=

∫
Rd
ψ(x)Px [Vp(Ξ

n(t)) = 1] dx. (1.12)
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It is by virtue of Proposition 1.23 that we can study Px [Vp(Ξ
n(t)) = 1] to understand the

hybrid zones in the SLFVS. Furthermore, it is from this fact that the proof of Theorem 1.20

is an adaptation of Theorem 1.17. Although it is not entirely trivial to see, under the scaling

we perform, the dual process Ξn(t) has three asymptotic properties as n goes to infinity:

1. individual ancestral lineages ξn,jt move, approximately, as Brownian motions;

2. coalescence of particles in Ξn(t) happens with arbitrarily low probability;

3. selective events in Ξn(t) happen at rate ε−2
n .

Since selective events translate into branching in the system of random walkers (Ξn(t))t≥0,

the three properties imply that

Px [Vp(Ξ
n(t)) = 1] ≈ Px [Vp(W (t)) = 1] ,

and this is why it is not surprising that Theorem 1.20 follows from adapting the proof of

Theorem 1.17 and Proposition 1.21.

Although Theorem 1.20 gives a precise description of the hybrid zones of the SLFVS under

a particular scaling regime, a lot of questions are left unanswered about the model. What

about other scaling regimes? What if a drastically different measure drives the SLFVS? What

about different selection mechanisms? What about fluctuations of hybrid zones? This thesis

partially answers some of these questions. Before introducing these results we explain how to

relax the symmetry in the selection mechanism, resulting in a model that plays an important

role in the results we later present.

Suppose that homozygotes aa and AA are not equally fit. Without loss of generality we

assume that aa has a higher relative fitness than AA. Assuming that heterozygotes are still

less fit than both homozygotes, and proceeding as we did to obtain (1.8), we recover the

equation
∂w

∂t
= ∆w + w(1− w)(2w − (1− γ)), (1.13)

for some γ > 0, where we have again used w to describe the proportion of a-alleles in the

population. We could just perform a diffusive re-scaling, but equation (1.13) is very sensitive
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to the asymmetry. Thus, in addition to the diffusive rescaling, we set γ = νε, which could be

interpreted as a weak asymmetric regime. In that case, the equation becomes

∂w

∂t
= ∆w +

1

ε2
w(1− w)(2w − (1− νε)). (1.14)

In [Goo18] it was shown that the limiting behaviour of the hybrid zone for a population

evolving according to equation (1.14) is no longer mean curvature flow, but rather a mix of

mean curvature flow and constant flow. That is the next result.

Theorem 1.24 ([Goo18], Theorem 2.4). Let wε solve equation (1.14) with initial condition

p satisfying Assumptions 1.16, and let

∂tΓ̃t(s) = (κt(s)− νε)nt(s), (1.15)

until the time T at which Γ̃ develops a singularity. Write d for the signed distance to Γ

(chosen to be positive inside Γ). Fix T ∗ ∈ (0,T ). Let k ∈ N. There exists εd(k) > 0, and

ad(k), cd(k) ∈ (0,∞) such that for all ε ∈ (0, εd) and t satisfying adε2| log ε| ≤ t ≤ T ∗,

1. for x such that d(x, t) ≥ cdε| log ε|, we have vε(t, x) ≥ 1− εk;

2. for x such that d(x, t) ≤ −cdε| log ε|, we have vε(t, x) ≤ εk.

Theorem 1.24 is a special case of Theorem 1.3 of [AHM08] who consider the generation and

propagation of a sharp interface for more general versions of the Allen-Cahn equation with

a slightly unbalanced bistable nonlinearity. However, [Goo18] proves also that an analogous

result holds for a SLFVS with asymmetric selection, under a similar reescaling and conditions

to Theorem 1.20.

1.6 Hybrid zones and how to stop them.

Although Theorem 1.20 and the preceding result give a precise description of the hybrid

zones of the SLFVS under a particular scaling regime, there is much more we would like to

understand about this model. In the case of asymmetric selection, equation (1.14) presents

two opposing forces. On the one hand, the curvature flow pushes hybrid zones inward (with
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respect to the normal direction) on zones of positive curvature, shrinking the range of the

hybrid zone. On the other hand the constant flow pushes outwards, always trying to expand

the range of the fittest type of individual in the population. It is then possible to create an

equilibrium: for example, in dimension 2 this can be achieved by considering the hybrid zone

starting as a circle of radius 1/ν. By contrast, if the hybrid zone is a straight line, splitting

the Euclidean plane in two, then there is no curvature and the constant flows push the hybrid

zone indefinitely. In that case, the fittest allelic type, aa, will take over the population. In

joint work with Alison Etheridge and Mitchell Gooding, we try to understand the possible

equilibrium or lack thereof, created by other factors. In particular, we focus on the interplay

between selection, the shape of the domain and the intensity of the genetic drift.

Populations in nature are not free to move in the whole space. Plants are surrounded

by mountains that make the spreading of seeds impossible; fish face seawalls they cannot

traverse; and so there are numerous examples one can think of where the habitat constrains

the movement and reproduction of individuals. We call those barriers. We seek to understand

how those barriers can disrupt the movement of hybrid zones.

As a starting point, we return to the deterministic model given by equation (1.14). We

assume the habitat of the individuals is a subset of Euclidean space, given by some domain

Ω. Its effect is only to impede the movement of individuals, reflecting them into the domain

whenever they reach the boundary. Considering how we deduce (1.14), a deterministic model

with which to study this problem is the system:
∂tu

ε = ∆uε + 1
ε2
uε(1− uε)(2uε − (1− νε)) x ∈ Ω, t > 0,

∂nu
ε = 0 x ∈ ∂Ω, t > 0,

uε(x, 0) = 1x1≥0 x ∈ Ω,

(1.16)

with ν ∈ (0,∞), ε a small parameter, Ω an unbounded domain in Rd, and ∂nu
ε the normal

derivative at the boundary.

While we could try to understand how hybrid zones behave under the model given by

equation (1.16), in a similar way to Theorem 1.20, this appears to be technically challenging.

We expect hybrid zones to retain some of the flavour of mean curvature flow. However, mean
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curvature flow does not behave well with boundaries, and some care is needed [Buc05], [Hui89].

Consequently, we restrict ourselves to a subclass of domains for which we can overcome this

issue.

Here we shall ask about propagation of solutions through other unbounded domains. We

are particularly interested in the question of when the spread of a population may be halted,

for example when passing through an isthmus, and whether this will change in the presence

of noise. Theorems 1.26 and 1.27 below identify conditions under which such ‘blocking’ can

and cannot occur for a simple domain illustrated in Figure 1.1 below. We later indicate how

to extend these results to a multitude of other domains. Theorem 1.34 discusses a stochastic

analogue of (1.16) based on the spatial Λ-Fleming-Viot process. For Ω = Rd, Theorem 1.20

and Theorem 1.24 both identified noisy regimes in which the behaviour is the same as for

the deterministic equation; here we complement those results by also identifying conditions

under which the noise is strong enough to break down the structure induced by the potential

in (1.16).

[BBC16] consider a general bistable nonlinearity f(u) in place of the particular cubic term

that arises in our application, and they take the domain to be ‘cylinder-like’:

Ω =
{
(x1, x

′), x1 ∈ R, x′ ∈ ϕ(x1) ⊆ Rd−1
}
. (1.17)

with ϕ(x1) regular enough so Ω has a C1(Rd) boundary. For our equation, their results show

that depending on the geometry of the domain, we can have different long-term behaviours

of the solution of equation (1.16).

Theorem 1.25 ([BBC16], Theorems 1.4, 1.5, 1.6, 1.7, paraphrased). Depending on

the geometry of the domain Ω we have one of three possible asymptotic behaviours of the

solution of equation (1.16).

1. there can be complete invasion, that is u(x, t)→ 1 as t→∞ for every x ∈ Ω.

2. there can be blocking of the solution, meaning that u(x, t) → u∞(x) as t → ∞, with

u∞(x)→ 0 as x1 → −∞.
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3. there can be axial partial propagation, meaning that u(x, t) → u∞(x) as t → ∞, with

1 > infx∈R×BR
u∞(x) > c > 0 for some R > 0, where BR is the ball of radius R centred

at 0 in Rd−1.

Which behaviour is observed depends on the geometry of the domain Ω. There will be complete

invasion if Ω is decreasing as x1 → −∞; there will be axial partial propagation if it contains

a straight cylinder of sufficiently large cross-section; and there can be blocking if there is an

abrupt change in the geometry.

We remark that in [BBC16] the convention is to consider invasions from −∞ to +∞; our

choice, which is the opposite, makes it easier to borrow results from [Goo18]. Our results

complement those of [BBC16], while being more quantitative in the conditions imposed on

the geometry of the domain and allowing for the inclusion of noise, corresponding to ‘genetic

drift’. However, our results do not contain or imply the ones of [BBC16]. We introduce the

new parameter ε to the equation and study the behaviour of the equation as ε gets close to

0, which prevents a direct comparison between the two sets of results.

Since hybrid zones are typically narrow compared to the range of the population, we take

ε to be small, which necessitates taking γ to be small if the motion of the hybrid zone is not

to be unreasonably fast. As we shall see, the motion of the hybrid zone can be blocked if

the domain Ω has an abrupt wide opening. Although we shall consider more general domains

later on, to introduce the main ideas we shall begin by focusing on a domain of the form

shown in Figure 1.1. This means that, in the notation above, ϕ(x) ≡ 1∥x′∥<R0
for x1 < 0,

ϕ(x) ≡ 1∥x′∥<r0 for x1 > 0, where r0 < R0. This domain has the advantage of notational

simplicity, while allowing us to introduce all the key ideas required to understand conditions

for blocking/invasion in much more general domains in the next section. While this domain

does not have the regularity of the domains in [BBC16], results in [CG05] gives us existence

and uniqueness of the solutions of (1.16) in this domain (after deciding that the normal in the

corners points in a diagonal direction) and also provides that invasion or blocking can happen

in this setting. Therefore, we do not lose tools by focusing on this domain first.

Our first result shows how the behaviour of (1.16) on the domain Ω can be very different

from that on the whole of Euclidean space. As ε → 0, the solution will look increasingly
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Ω

2R0
2r0

Figure 1.1: Representation of the domain Ω of Theorem 1.26 and the initial condition, with

individuals carrying the fittest allele in red (on the right side of the domain) and the less fit in

blue (on the left side of the domain). The two populations meet at the opening point x1 = 0.

like the indicator function of a region whose boundary evolves according to (1.15), with the

additional condition that it is perpendicular to the boundary ∂Ω of Ω where the two intersect.

If r0 = R0 then the solution will simply propagate from right to left. Indeed it will converge

to a travelling wave, moving in x1, whose profile is given by

u(x, t) =
1

2

(
1− tanh

(√
1

2ε2
(x− ct)

))
, (1.18)

with c = γ/
√
2. If R0 ≫ r0, then the solution will try to spread out from the opening at

x1 = 0. Approximating the solution as above, the interface between the region where u is

close to 0 and where it is close to 1 is pushed to the left by the constant normal flow, while

being pushed back by the mean curvature (a kind of ‘surface tension’). In the limit, these

two forces will balance if ν = κ, that is precisely when the interface to the left of the origin

is a hemispherical shell of radius r = d−1
ν . This is, of course, the same as the radius at which

the forces will balance for a solution on the whole of Rd started from the indicator function

of a sphere. However, working on all of Rd does not give a satisfactory example of blocking,

as any perturbation above or below this radius will result in complete invasion or extinction

of the dominant phenotype respectively. The blocking that we see in domains such as Ω is

robust to this type of perturbation. Making a rigorous proof for this behaviour is the first of

our original results.
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Theorem 1.26. Let uε denote the solution to equation (1.16) with Ω as in Figure 1.1. Suppose

r0 <
d−1
ν ∧R0. Define

Nr = {x ∈ Ω : ∥x∥ = r, x1 < 0},

where R0 > r > r0, and let d̂(x) be the signed (Euclidean) distance of any point x ∈ Ω to Nr

(chosen to be negative as x1 → −∞). Let k ∈ N. Then there are ε̂(k) > 0 and M(k) > 0

such that, for all ε ∈ (0, ε̂), and all t ≥ 0,

if x = (x1, ..., xd) ∈ Ω is such that d̂(x) ≤ −M(k)ε| log(ε)| then uε(x, t) ≤ εk.

In other words, if the aperture r0 is too small, and R0 is large enough, then, for sufficiently

small ε, blocking occurs. The converse is also true in the following sense.

Theorem 1.27. Let uε denote the solution to equation (1.16) with Ω as in Figure 1.1. Suppose

R0 > r0 >
d−1
ν , then for all x ∈ Ω and δ > 0 there are t̂ := t̂(x1, R0, r0) > 0 and ε̂ such that,

for all ε ∈ (0, ε̂) and t ≥ t̂ we have uε(t, x) ≥ 1− δ.

Together, Theorem 1.26 and Theorem 1.27 say that there is a sharp transition at the

critical radius (d − 1)/ν. To the best of our knowledge, such an explicit condition for this

phase transition is new.

The proof uses a voting system, similar to the one in Proposition 1.21, but where the

motion is given by Brownian motion with reflection at the boundary. To prove Theorem 1.26

we use an upper solution argument to compare the system with initial condition 1x1≥0 to one

with initial condition approximately given by 1{x1≥0}∪B(0,r) for some small r > 0. The advan-

tage of this new initial condition is that the radial symmetry allows us to follow closely most

of the calculations in the probabilistic proof of Theorem 1.17 with asymmetric selection found

in [Goo18]. For Theorem 1.27 we use a lower solution argument: that is, we find subsolutions

with a radial symmetry (which again allows one to use the calculations in [Goo18]) that are

arbitrarily close to 1 in any point of Ω. A generalisation to a large family of domains can be

found in Theorem 1.29 and Theorem 1.30 below.

Remark 1.28. While, for simplicity and clarity of the proofs, we state Theorem 1.26 as a

one-sided inequality, as a by-product of our methods one can obtain a lower bound on the
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right hand side of the domain. That is, in the context of Theorem 1.26, if x is such that

x1 ≥M(k)ε| log(ε)|, then uε(x, t) ≥ 1− εk. The proof follows exactly the same arguments as

Theorem 1.27; for more details see Theorem 2.4 in [Goo18]. Biologically, the function uε(x, t)

models the proportion of a particular type in the population at position x and time t. Hence

Theorem 1.26 says that, if we have blocking, we have coexistence of the two alleles, with a

narrow interface of width O(ε| log(ε)|) between the aa and AA homozygotes near the opening

of the domain. Note this is in sharp contrast to Theorem 1.27, where we have fixation of the

type a-allele across the whole population.

Other domains

The domain Ω of Theorem 1.26 is very special. [MNL06] consider a plane curve evolving ac-

cording to equation (1.15) in a two-dimensional cylinder with a periodic saw-toothed bound-

ary. More precisely, they take

Ωδ =
{
(x, y) ∈ R2 : x ∈

(
−H − hδ(y), H + hδ(y)

)}
,

where H is a positive constant and hδ(y) = δh1(y/δ) with h1 being a smooth, 1-periodic

function, satisfying

h1(0) = h1(1) = 0, h1(y) ≥ 0, ∀y ∈ R; (1.19)

see Figure 1.2 for an illustration. They impose the additional condition that at the points

where they meet, the curve and the boundary of the domain are perpendicular, and their

convention is that the normal to the curve points into the ‘bottom half’ of the domain. This

corresponds to the limit of the solution uε of (1.16) on their domain as ε → 0. There will

be no travelling wave solution to their equation, in the classical sense, unless the cylinder is

flat, and so they define a solution to be a periodic travelling wave if Γt+Tδ
(s) = Γt(s) + δ

for some Tδ > 0. Its effective speed is then cδ := δ/Tδ. Recalling that hδ(y) = δh1(y/δ)

and letting δ → 0, they then investigate the homogenisation limit of the travelling wave,

with corresponding speed c0 := limδ→0 cδ. They show, in particular, that c0 > 0 if νH >

sinα where α is determined by tanα = maxy h
′(y), but that the wave is blocked for small

enough δ when νH < sinα. In Section 2.1.8 we shall sketch the proof of the following
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(i)

h(y)

α

(ii)

−H H

Γt

Figure 1.2: (i) An example of function h for the boundary of the domain (ii) An example of

a periodic saw-toothed domain considered by [MNL06]

multidimensional analogue of this blocking result for solutions to (1.16) in cylindrical domains

from our approach. See Remark 1.31 for an explanation of how the two results are connected.

Theorem 1.29. Suppose that uε solves (1.16) where Ω ⊆ Rd is defined as in (1.17) with

ϕ(x1) =
{
x : ∥x′∥ ≤ H + h(−x1)

}
,

and h being a non-negative, C1(R) (not necessarily periodic) function. Suppose that

inf
z>0

{
H + h(z)−

(
d− 1

ν

)
h′(z)√

1 + h′(z)2

}
< 0. (1.20)

Fix k ∈ N. There exist x0 < 0, ε̂(k) > 0 and M(k) > 0 such that, for all ε ∈ (0, ε̂) and t ≥ 0,

if x = (x1, ..., xd) ∈ Ω is such that x1 ≤ x0 −M(k)ε| log(ε)| then uε(x, t) ≤ εk.

In other words, the solution is blocked if the cylindrical domain Ω opens out too quickly.

Indeed, in the proof of Theorem 1.29 we compute the angle at which the boundary opens up.

We shall see that condition (1.20) ensures that this angle is ‘big enough’. As a consequence,

when (1.20) holds, we can insert a portion of a spherical shell of radius less than (d − 1)/ν

into the domain in such a way that expanding the shell radially one stays within the domain,

at least for a short time. With this we can adapt the analysis performed for Theorem 1.26 and

conclude that there is blocking. Conversely, if the angle is not big enough, we have invasion.
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Theorem 1.30. Suppose that uε solves (1.16), where Ω ⊆ Rd is defined as in (1.17) with

ϕ(x1) =
{
x : ∥x′∥ ≤ H + h(−x1)

}
,

and h is a non-negative, C1(R) function. Suppose that

inf
z>0

{
H + h(z)−

(
d− 1

ν

)
h′(z)√

1 + h′(z)2

}
> 0. (1.21)

Then for all x ∈ Ω and δ > 0, there are t̂ := t̂(x1, R0, r0) > 0 and ε̂ such that, for all ε ∈ (0, ε̂)

and t ≥ t̂ we have uε(t, x) ≥ 1− δ.

Remark 1.31. Note that h′(z)/
√
1 + h′(z)2 = sin(arctan(h′(z)). So this fractional term is

just the sine of the slope of the boundary when the first coordinate is x1 = z. Using again

α = maxy h
′(y) and connecting back to the results in [MNL06], one can check that for d = 2,

if Hν < sinα, then, for small enough δ, equation (1.20) is satisfied and so we see blocking for

the domain Ωδ, whereas if Hν > sinα equation (1.21) is satisfied for any δ > 0 and there is no

blocking. Thus we have recovered a multi-dimensional analogue of Theorem 2.1 in [MNL06],

with weaker conditions on the function h.

While conditions (1.20) and (1.21) are hard to verify in general, there are cases where it

is trivial to determine if one of them holds. For example, narrowing domains, or those that

only narrow beyond the point at which their diameter is smaller than 2(d − 1)/ν, clearly

satisfy (1.21). See Figure 1.3 for examples of such domains.

(i) (ii)

2(d−1)
ν

Figure 1.3: (i) Example of a domain for which the opening only gets narrower. (ii) Example

of a domain for which the opening gets smaller once it is less than (d− 1)/ν.
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1.6.1 The effect of the strength of genetic drift

In the previous subsection, we justified using equation (1.16) to model the motion of a hybrid

zone in population genetics. However, a deterministic equation like this rests on the assump-

tion of infinite population density. We should like to understand the effects of the random

fluctuations caused by reproduction in a finite population.

Several ways of introducing noise into the Allen-Cahn equation have been considered in

the literature. [Fun99] considers (1.16) on a bounded domain in R2, and with an additional

additive noise term of the form ξε(t)/ε, where ξε is centred and smooth in t, but behaves like

white noise in the limit as ε → 0. Once again the solution generates an interface as ε → 0,

which Funaki calls randomly perturbed motion by curvature. [Alf+18] consider (1.16) with the

same form of additive noise as [Fun99], this time on a bounded domain in Rd. Their results

show that, just as in the deterministic case, an interface develops in a very short time, and

that the law of motion of the interface is now given by mean curvature flow perturbed by white

noise. The profile of the solution near the interface is not destroyed by the random noise, as

long as the noise depends only on the time variable. [Lee18] considers a space-time noise, but

the noise is smooth in space, and although it is shown that an interface is generated, the law

of motion of the interface is not established. We already mentioned that [HRW12] consider

the equation

∂tu = (∆u+ u− u3)dt+ σdW,

on R2, where W is a space-time white noise, mollified in space. Setting v = (1 + u)/2, we

recover (1.16) with ε = 1 and an additional mollified white noise. They show that, if the

mollifier is removed, then the solution converges weakly to zero, but that if the intensity of

the noise simultaneously converges to zero sufficiently quickly, they recover the solution to the

deterministic equation. In other words, unless the noise is small, it can completely destroy

the structure of the deterministic equation.

Additive white noise (with or without a spatial component) is not a good model for the

randomness due to reproduction in a biological population, but the same challenges may arise

for genetic drift. Our approach is to use the spatial Λ-Fleming-Viot process, for which the
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replacement mechanism produces a noise that better represents genetic drift, to approximate

the solution of (1.16). In Section 2.2 we use an approach that mimics the proof of Theorem 1.20

to provide a stochastic analogue of Theorem 1.26. Furthermore, we prove a complementary

result, in which we identify rather precisely the relative strength of genetic drift and selection

that results in breakdown of the structure of the deterministic equation.

The key to understanding blocking in the presence of noise is to establish whether a

stochastic analogue of Theorem 1.24 holds on the whole of Euclidean space, and so, for the

purposes of this introduction, we shall take Ω = Rd.

First, we define a version of the Spatial Λ-Fleming-Viot process with selection introduced

in [Goo18]. This process generalises a bit the process in Definition 1.18 and provides a

stochastic analogue of the solution to equation (1.16). With a slight abuse of nomenclature,

we will still refer to this process as SLFVS.

Definition 1.32 (Spatial Λ-Fleming Viot process with asymmetric selection against

heterozygotes (SLFVS)). Fix u, γ ∈ (0, 1], s ∈ (0, 1/(1 + γ)), R > 0. Let µ be a finite

measure on (0,R]. Let Π be a Poisson point process on R+ × Rd × (0,R] with intensity

measure

dt⊗ dx⊗ µ(dr). (1.22)

The spatial Λ-Fleming-Viot process with selection (SLFVS) driven by Π, with selection coef-

ficient s and impact parameter u, is the Mλ-valued process (wt)t≥0 with dynamics given as

follows.

If (t, x, r) ∈ Π, a reproduction event occurs at time t within the closed ball B(x, r) of

radius r centred on x. With probability 1 − (1 + γ)s the event is neutral, in which case the

event proceeds as in Definition 1.10. With the complementary probability (1 + γ)s the event

is selective, in which case:

1. Choose three ‘potential’ parental locations z1, z2, z3 ∈ Rd independently and uniformly

at random from B(x, r). At each of these sites sample ‘potential’ parental types α1, α2,

α3, according to wt−(z1), wt−(z2), wt−(z3), respectively. Let α̂ denote the most common

allelic type in α1, α2, α3, except that if precisely one of α1, α2, α3, is a, with probability
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2γ
3+3γ set α̂ = a.

2. For every y ∈ B(x, r) set wt(y) = (1− u)wt−(y) + u1{α̂=a}.

Before going any further, we explain the origin of the reproduction rule in Definition 1.32.

Comparing to our justification of equation (1.16), recalling that w is the proportion of a-alleles

in the population, we first write

sw(1− w)(2w − (1− γ))

=

(
(1− (1 + γ)s)w + (1 + γ)s

(
w3 + 3w2(1− w) +

(
2γ

3(1 + γ)

)
3w(1− w)2

)
− w

)
.

(1.23)

In the SLFVS framework, reproduction events arrive as a Poisson process (as opposed to the

deterministic generations times in our justification of (1.16)). With probability 1 − (1 + γ)s

an event is neutral, so that the chance that offspring are of type a is simply the probability

w that a randomly chosen parent is of type a, and we recognise the first term on the right

of (1.23). With probability (1+γ)s, the event is selective. If we sample three individuals from

the population, the probability that the majority are type a is w3 + 3w2(1−w); whereas the

probability that exactly one is type a is 3w(1 − w)2. In the latter case, we multiply further

by 2γ/(1 + γ) to recover the probability that the offspring are type a, and we recognise the

second and third terms on the right of (1.23). Overall, equation (1.23) represents the change

in proportion of a alleles in the portion of the population replaced during the event.

Remark 1.33. We could equally have taken two types of selective events, one corresponding

to selection against heterozygosity, and one to genic selection. To see why, we rewrite the

part of (1.23) corresponding to selective events as

(1 + γ)s

(
w3 + 3w2(1− w) + 2γ

3(1 + γ)
3w(1− w)2 − w

)
= s

(
w3 + 3w2(1− w)− w

)
+ γs

(
w3 + 3w2(1− w) + 2w(1− w)2 − w

)
= s

(
w3 + 3w2(1− w)− w

)
+ γs

(
w2 + 2w(1− w)− w

)
(1.24)

This suggests that with probability s an event corresponds to selection against heterozygosity:

three potential parents are sampled and offspring adopt the type of the majority of those
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individuals; with probability γs an event corresponds to genic selection: two potential parents

are sampled and if either of them is type a, then the offspring is of type a.

Although this leads to the same process of allele frequencies as the apparently more com-

plex mechanism that we introduced in Definition 1.32, in our proof it will be convenient to

have a single rule for selective events, based on three potential parents, which will be encoded

in the function g of equation (2.1) below.

To study the relationship between genetic drift and selection we will introduce two possible

scalings for the SLFVS. While the choice of the scaling parameters may seem obscure, once

we work with a branching and coalescing dual for the SLFVS, the reason for these choices will

become clear. If in both cases we fix the same values for the parameters that dictate selection

(corresponding to sn and γn below), the difference between the two scalings is entirely in the

strength of the genetic drift, while the ‘deterministic part’ of the evolution (corresponding to

dispersion and selection) is identical. We return to this in Remark 2.28.

Before presenting the scalings, we recall that Assumption 1.19 states that (εn)n≥N is a

sequence of positive numbers converging to 0, for which εn log(n)1/2 goes to infinity.

Weak noise/selection ratio

Our first scaling is what we shall call the weak noise/selection ratio regime. In this regime

selection overwhelms genetic drift. It mirrors that explored in [EFP17] and is also considered

in [Goo18]. For each n ∈ N, and for some β ∈ (0, 1/4), we define the finite measure µn on

(0,Rn], where Rn = n−βR, by setting µn(B) = µ(nβB) for all Borel subsets B of (0,∞).

In the weak noise/selection ratio regime the rescaled SLFVS is driven by the Poisson point

process Πn on R+ × Rd × (0,∞) with intensity measure

ndt⊗ nβdx⊗ µn(dr). (1.25)

Here the linear dimension of the infinitesimal region dx is scaled by nβ (so that when we

integrate, the volume of a region is scaled by ndβ). Let ν > 0. We denote by un the impact

parameter and by sn the selection parameter at the nth stage of the scaling. They will be
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given by

γn = νεn, un =
u

n1−2β
, sn =

1

ε2nn
2β
. (1.26)

where we assume εn satisfies Assumption 1.19. Adapting the proof of Theorem 1.11 in [EVY20],

and the arguments in Section 3 of [EFP17], one can show that under this scaling, for large n,

the SLFVS will be close to the solution of problem (1.16).

Strong noise/selection ratio

We shall refer to our second scaling as the strong noise/selection ratio regime. In this regime

genetic drift overcomes selection. In this scenario, we consider any sequence of impact pa-

rameters (un)n∈N ⊆ (0, 1). Consider β ∈ (0, 1/2) and let ûn := unn
1−2β . We scale time

by n/ûn and space by nβ . At the nth stage of the rescaling, Πn is a Poisson measure on

R+ × Rd × (0,∞) with intensity measure

n

ûn
dt⊗ nβdx⊗ µn(dr). (1.27)

We consider a sequence of selection coefficients, (sn)n∈N ⊆ (0, 1), satisfying one of the following

conditions: 
snn

2β → 0 lim infn→∞ un log n <∞ or d ≥ 3,

snn2β

un logn → 0 lim inf un log n =∞ and d = 2.

(1.28)

The strength of genetic drift (noise) is determined by the impact parameter. The first case

includes some choices of impact that were allowed in the first (weak noise/selection ratio)

regime; it is the strength of drift relative to selection that matters. In this regime, we can

take the parameters (γn)n∈N that dictate the asymmetry in our selection to be any sequence

in (0, 1).

The stochastic result

With the two scaling regimes defined we can state a result. Recall that for this model we are

working on the whole of Euclidean space.

Theorem 1.34. Let (wn
t )t≥0 be the scaled SLFVS with initial condition wn

0 (x) = 1B(0,(d−1)/ν)(x).
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1. Under the weak noise/selection ratio regime, for each k ∈ N, there exist n∗(k) < ∞,

and d∗(k) ∈ (0,∞), such that for all n ≥ n∗, and t > 0,

(a) for almost every x such that ∥x∥ ≥ (d−1)/ν+d∗εn| log εn|, we have E [wn
t (x)] ≤ εkn;

(b) for almost every x such that ∥x∥ ≤ (d− 1)/ν − d∗εn| log εn|, we have E [wn
t (x)] ≥

1− εkn.

2. Under the strong noise/selection ratio regime, for all t > 0, there is σ2 > 0 (independent

of t) and n∗ := n∗(t) <∞, such that for all n ≥ n∗, and all x ∈ Rd,

∣∣Ew0 [w
n
t (x)]− Px

[
∥W (σ2t)∥ ≤ (d− 1)/ν

]∣∣ ≤ ε, (1.29)

where (Wt)t≥0 is a standard Brownian motion in Rd and the subscript x on Px indicates

that W (0) = x.

More generally, one can show that in the strong noise/selection ratio regime for x ̸= y,

wt(x) and wt(y) decorrelate as n → ∞. In other words, in the weak noise/selection ratio

regime the SLFVS behaves approximately as the deterministic equation (1.16), while in the

strong noise/selection ratio regime the genetic drift is strong enough to overcome the effects

of selection and it breaks down the interface. (The corresponding breakdown of the interface

under the strong noise/selection ratio regime in one dimension requires us to replace un log n

above by unn1/2.)

The intuition for why the last phenomenon occurs is much easier to grasp if we compute

the rate at which particles in the dual make an excursion of order 1, before coalescing. In

dimension 2, if un log(n) goes to infinity, the rate at which particles are born and make

an excursion of order 1 is given by snn2β

un log(n) (c.f. Remark 2.39). Our restriction of sn in

(1.28) is just imposing that particles in the dual never do a meaningful excursion, meaning

that in the limit ancestral lineages are given by a single Brownian particle. It is then no

surprise that we see the heat equation. Furthermore, in dimension 2, un = (log(n))−1/2 and

sn = (log(n))1/3/n2β fall into such a scaling regime. In that case, the branching rate of an

ancestral lineage is going to infinity, but the probability of seeing more than one particle in

the dual in the limit is converging to 0. This illustrates that, even if dual particles are created
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arbitrarily fast, genetic drift is sufficiently strong that the coalescence happens over an even

faster time scale.

Remark 1.35. As we discuss in a little more detail in Section 2.2.3, the conditions (1.28)

are essentially optimal. In this regime, if the scaled limits of sn tend to a positive constant,

rather than 0, then we expect the limit to behave like the weak noise/selection regime, except

with ρ∗ replaced by a smaller value.

Everything in this subsection, and in particular Theorem 1.34, has concerned the SLFVS

on the whole of Rd. In the context of the focus of this chapter, this result is enough to

determine conditions under which genetic drift will break down the effect of the curvature

flow and prevent blocking. A technical point that we have to address is that the SLFVS

has only previously been studied on all of Rd or on a torus. In Appendix A, we present an

approach to defining the SLFVS on the domain Ω of Figure 1.1 with a natural analogue of

the reflecting boundary condition in (1.16). We call this process the SLFVS on Ω.

Theorem 1.36. Suppose r0 < (d− 1)/ν. Let (wn
t )t≥0 be the scaled SLFVS on Ω with initial

condition wn
0 (x) = 1x1≥0.

1. Under the weak noise/selection ratio regime, for any k ∈ N, there exist n∗(k) <∞ and

a∗(k), d∗(k) ∈ (0,∞) such that, for all n ≥ n∗ and all t > 0. we have that

for almost every x such that x1 ≤ −d∗εn| log εn|, E [wn
t (x)] ≤ εkn.

2. Under the strong noise/selection ratio regime, a sharp interface does not develop as n

goes to infinity. Instead, there is σ2 > 0 such that. for every ε > 0 and t ≥ 0, there

exists a reflected Brownian motion, (Wt)t≥0, and n∗ <∞, such that, for all n ≥ n∗

∣∣Ew0 [w
n
t (x)]− Px[W (σ2t) ≥ 0]

∣∣ ≤ ε. (1.30)

Theorem 1.36 provides an adaptation of Theorem 1.34 to the domain Ω of Figure 1.1. In

that case, under the weak noise/selection ratio regime, we still see blocking, but in the strong

noise/selection ratio regime, the proportion of a-alleles spreads approximately according to
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heat flow in Ω (with a reflecting boundary condition), and, in particular, blocking no longer

occurs.

Our results demonstrate that, even in cylindrical domains, it can be misleading to carica-

ture allele frequencies by one-dimensional travelling waves, and that the strength of genetic

drift plays an important role in determining the fate of a favoured allele.

1.7 Hybrid zones in populations with long-range dispersal

We return to Theorem 1.20 to examine the robustness of our description of hybrid zones to

changes in the underlying population model. Different factors in nature could easily break

the assumptions made, and so possibly change the conclusion of the aforementioned theorem.

In joint work with Kimberly Becker and Alison Etheridge, we study populations in which

individuals exhibit long-range dispersal. Long-range dispersal refers to the ability of some

individuals to have offspring at a huge distance from their own location. Long-range dispersal

is ubiquitous in nature and is a crucial survival mechanism for many organisms, particularly

those insular species that must travel vast distances to populate new regions. Examples

include the dispersal of plant seeds (which can travel by wind, by water, and internally or

externally by animals) [CMS00], fungi [Bus07], and small insects such as flies, moths, and bees

(which have the secondary effect of facilitating the hybridisation of the flora they pollinate)

[Bar96], [Rea21]. We can then ask, will hybrid zones in populations that exhibit long-range

dispersal still evolve as mean curvature flow? In this thesis, we prove that, under a family of

scalings, the fractional Allen–Cahn equation, with index α ∈ (1, 2), started from a suitable

initial condition converges to the indicator function of a set whose boundary evolves according

to mean curvature flow in dimension d ≥ 2. The main difficulty will be controlling the effect

of jumps with an infinite variance that arise in studying the fractional Allen–Cahn equation.

Our tool for dealing with this issue will be a procedure of marking big jumps to quantify how

substantial is their effect on the hybrid zone.

We now describe the mathematical model we will use for studying hybrid zones with long-

range dispersal. Analogous reasoning to that which yields equations (1.8) suggests that a



42 1. INTRODUCTION

good (deterministic) starting point to understand this type of population is the equation

∂w

∂t
= (−∆)α/2w + w(1− w)(2w − 1), (1.31)

where (−∆)α/2 denotes the fractional Laplacian, see [Lis+20] for a comprehensive reference

on the properties of this operator. From a probabilistic perspective this operator arises as

the generator of an α-stable process [Sat99]. These processes are widely used in models for

long-range dispersal, arising as an analogue of Brownian motion when we take scaling limit

of population models with long-range jumps [EVY20].

In recent years, the fractional equation (1.31) has become a topic of interest, particularly

in the PDE community. Important applications include dislocation dynamics and statistical

mechanics [IS09]. Dislocation dynamics relate to the motion of crystalline defects which can

sometimes be modelled by non-local diffusions, as in Peierls-Nabarro models [KCO02]. For a

comprehensive list of references, we refer to [IS09].

When α = 2, the fractional Laplacian and ordinary Laplacian coincide, so in view of

Theorem 1.17, we expect mean curvature flow to be preserved for α sufficiently close to 2,

but as α approaches 0, the severity and frequency of large jumps increases, so for small

α it seems unlikely that motion by mean curvature flow will be seen in the limit. This

intuition is supported by results in the PDE literature, with the threshold between the two

behaviours occurring at α = 1. It is known that threshold dynamics type algorithms (i.e.

algorithms that track the evolution of sets in Rd by repeated use of a threshold condition, see

Remark 3.5 for more details) corresponding to the fractional Laplacian, when appropriately

scaled, converge to motion by mean curvature for α ∈ (1, 2), and to motion by fractional

curvature for α ∈ (0, 1). This was first proved using the ‘level set approach’ by Caffarelli and

Souganidis [CS10]. It was later shown in [IS09] that equation (1.31), when correctly scaled,

converges to motion by mean curvature flow when α ∈ (1, 2) (see Remark 3.8 for more details

on this result). As we will see, the scaling of (1.31) taken in [IS09] is distinct from our family

of scalings, so the deterministic convergence result we present here is new.

The central ideas of this work take inspiration again from [EFP17] and their proof of

Theorem 1.17, our use of a long-range dispersal mechanism throughout necessitates new (often
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delicate) arguments. In the Brownian setting of [EFP17], Proposition 1.21 gives a dual to the

Allen–Cahn equation through a ternary branching Brownian motion, endowed with a voting

system. The corresponding duality for (1.31) follows by almost identical arguments, but

replacing all Brownian motions therein by α-stable processes. However, the rare long jumps

of the α-stable process render working with this representation directly very challenging.

To overcome this, we couple a ternary branching α-stable motion to a ternary branching

subordinated Brownian motion (with subordinator given by a truncated α/2-stable motion)

in such a way that their root votes are comparable. This coupling is crucial to our work,

and in fact quantifies the degree to which large jumps of the α-stable process affect the error

bounds in our final result.

Recall that (−∆)
α
2 is the fractional Laplacian, defined on smooth functions u with suffi-

cient decay by

(−∆)
α
2 u := Cα lim

δ→0

∫
Rd\B(x,δ)

u(y)− u(x)
∥y − x∥d+α

dy (1.32)

where Cα :=
2αΓ(α

2
+d

2 )
πd/2|Γ(−α

2 )|
. Set

σ2 ≡ σ2d(α) :=
2Cα

2− α
. (1.33)

Our aim is to show that, in dimension d ≥ 2, for suitable initial conditions, as ε → 0, the

solution of the scaled fractional Allen–Cahn equation

∂tv
ε =

σ−2

I(ε)2−α
(−∆)

α
2 vε +

1

ε2
vε(1− vε)(2vε − 1), vε(0, x) = p(x), (1.34)

converges to the indicator function of a set whose boundary evolves according to mean cur-

vature flow. Here, the function I : R+ → R+ can be any function satisfying the following.

Assumptions 1.37. Let I : R+ → R+.

(A) limε→0 I(ε)| log(ε)|k = 0 ∀k ∈ N.

(B) limε→0 ε
2| log(ε)|I(ε)−2 = 0.

(C) limε→0

(
I(ε)2| log(ε)|ε

2d
α
−d−1 + I(ε)2αε−2| log(ε)|α

)
= 0.
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The rate of convergence and width of the ‘solution interface’ will ultimately depend on

this choice of I. Note that Assumption 1.37 (B) and Assumption 1.37 (C) are incompatible

as soon as α ≤ 1. When α > 1 an example that fulfills all the conditions is I(ε) = ε| log(ε)|.

Remark 1.38. Equation (1.34) can be obtained from the unscaled Fractional Allen-Chan

equation by scaling time and space by t 7→ ε2t and x 7→ σ−2/αε2/αI(ε)1−2/αx. When

α = 2, this is consistent with the diffusive scaling considered in the Brownian setting of

equation (1.14).

Lastly, for M > 0, we define F (ε) := F (ε,M, I, α) by

F (ε) =M

(
I(ε)2| log(ε)|ε

2d
α
−d−1 +

I(ε)2α

ε2
| log(ε)|α + I(ε)α−1

)
. (1.35)

Note that, for any α ∈ (1, 2) and for any function I : R+ → R+ satisfying Assumptions 1.37,

F (ε) converges to 0 as ε goes to 0. As we have done with F , to ease notation, we will only

state the parameters on which a new variable depends when it is first introduced. Our main

theorem for this model is the following.

Theorem 1.39. Let α ∈ (1, 2) and fix a function I : R+ → R+ satisfying Assumptions 1.37.

Suppose vε solves equation (1.34) with initial condition p satisfying Assumptions 1.16. Let

T and d(x, t) be as above, F be as in (1.35) and fix T ∗ ∈ (0,T ). Then there exist εd(α, I),

ad(α, I), cd(α, I), M(α, I) > 0 such that, for ε ∈ (0, εd) and adε2| log ε| ≤ t ≤ T ∗,

(1) for x with d(x, t) ≥ cd(α)I(ε)| log ε|, we have vε(t, x) ≥ 1− ε2

I(ε)2
− F (ε,M, I, α);

(2) for x with d(x, t) ≤ −cd(α)I(ε)| log ε|, we have vε(t, x) ≤ ε2

I(ε)2
+ F (ε,M, I, α).

Throughout this work, we often discuss the ‘solution interface’ and its corresponding

width. The term solution interface refers to the spatial region outside of which the solution

vε(·, t) is very close to zero or one. Explicitly, in Theorem 1.39 the solution interface is the

set of x ∈ Rd for which |d(x, t)| ≤ cd(α)I(ε)| log ε| for all adε2| log ε| ≤ t ≤ T ∗, and we call

cd(α)I(ε)| log ε| the interface width. We will refer to the error bounds on vε in Theorem 1.39

as the tolerance of the interface.
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Remark 1.40. We note two key differences between Theorem 1.39 and Theorem 1.17. Firstly,

in Theorem 1.17, the width of the solution interface was O(ε| log ε|), compared to the strictly

larger width of O(I(ε)| log ε|) in the fractional setting. Secondly, the tolerance of solutions

to equation (1.9) in Theorem 1.17 is of polynomial order, εk, compared to the much larger

tolerance in Theorem 1.39. Both of these differences are consistent with our intuition from

considering the (soon to be formalised) probabilistic representation of solutions to the ordinary

and fractional Allen–Cahn equations in terms of Brownian and α-stable motions, respectively.

In the latter case, the rare large jumps of the α-stable motion act to ‘fatten’ the interface

compared to the Brownian case. While the effect of these large jumps is not so great that

mean curvature flow is impeded (as α > 1), it does require much smaller ε for solutions

to converge in the fractional setting. Indeed, the error term ε2/I(ε)2 will appear when we

compute the effect of erasing the big jumps of the α-stable processes. On the other hand, we

will need to use these processes without big jumps in a short-term duality that compares the

multidimensional case to the one-dimensional one. The fact that our processes have a larger

variance than the Brownian case makes this comparison have a new error term, which in turn

results in F (ε) appearing in our statements.

Examples 1.41. 1. It is easy to verify that I(ε) = ε| log ε|p for any p > 1
2 satisfies As-

sumptions 1.37, so for this choice of I the interface width is O
(
ε| log ε|p+1

)
. One can

also check that F (ε) < ε2

I(ε)2
= 1

| log ε|2p , so the tolerance of the interface given in Theo-

rem 1.39 is O
(
| log ε|−2p

)
.

2. It is not always the case that ε2

I(ε)2
dominates F (ε, I). Set I(ε) = εqα where qα =

3α+1
2α(1+α) . This choice of I satisfies Assumptions 1.37, and the resulting interface width and

tolerance of the interface given by Theorem 1.39 are O (εqα | log ε|) and O(ε
α−1
α+1 | log ε|α),

respectively.

3. While the Brownian interface width O(ε| log ε|) is not achievable in Theorem 1.39, we

may approximate it by choosing I(ε) = εδ where α−1 < δ < 1, and consider δ → 1. The

interface width and tolerance in this case are O(εδ| log ε|) and ε2−2δ, respectively.
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Remark 1.42. At this point we can describe the origin of our scaling. For any d-dimensional

α-stable process, (Yt)t≥0, run at speed I(ε)α−2, we can write

Yt
D
= Y ε

t +Rt, (1.36)

(where D
= denotes equality in distribution), for (Y ε

t )t≥0 an I(ε)-truncated α-stable process,

that is, the Lévy process with Lévy measure να(dx)1{x≤I(ε)}, for να the Lévy measure of

the symmetric α-stable process run at speed I(ε)α−2, and some process Rt
D
= Yt − Y ε

t . The

truncated process Y ε
t can then be approximated as a Brownian motion Wt, so that

Y ε
t

D
=Wt + R̂t (1.37)

for some process R̂t
D
= Y ε

t −Wt. We emphasise that, by our choice of scaling, the Brown-

ian motion Wt has not undergone a speed change, making it comparable to the Brownian

motions in Proposition 1.21. This decomposition, which is often exploited in simulations of

stable processes, appears, for example, in [AR01], [CR07], [KT10], [Dia13]. Equation (1.37)

suggests that, by Theorem 1.17, if one obtains sufficient control on the remainders Rt and

R̂t, Theorem 1.39 should hold. In reality, we choose to work with a subordinated Brownian

motion, rather than the truncated stable process, throughout (more on this in Remark 1.43),

but our motivation for the chosen scaling remains the same.

Remark 1.43. For any d-dimensional α-stable process, (Yt)t≥0 (run at speed I(ε)α−2) it is

a standard fact that for a standard d-dimensional Brownian motion (Wt)t≥0 and an α
2 -stable

subordinator (Rt)t≥0 (run at speed I(ε)α−2),

Yt
D
=W (Rt),

(see, for instance, [Boc55]). As we shall see, the heavy-tailed nature of Yt does not allow us

to easily adapt the techniques of [EFP17]. To overcome this, we consider subordinating the

Brownian motion W by a truncated stable subordinator. More precisely, we decompose Rt as

Rt
D
= Rε

t + Lt,

where (Rε
t )t≥0 is an I(ε)2-truncated α

2 -stable subordinator and Lt is the remaining ‘large

jump process’. We then prove an analogue of Theorem 1.39 using W (Rε
t ), and Theorem 1.39



1.7. HYBRID ZONES IN POPULATIONS WITH LONG-RANGE DISPERSAL 47

then holds by bounding the error resulting from our use of W (Rε
t ) instead of W (Rt), which

manifests as the F (ε) term in the tolerance of our interface. The subordinated process W (Rε
t )

enjoys many of the same properties as the truncated stable motion Y ε
t from Remark 1.42, but

allows us to adapt the techniques of [EFP17] more easily.

At this point, we have mentioned two natural ways to control the large jumps of an α-

stable Lévy process, namely, by truncation at level I(ε) or by truncation of the α
2 -stable

subordinator at level I(ε)2. It is not difficult to show that the errors resulting from each of

these approximations are of the same order. Indeed, the arrival rate of jumps larger than I(ε)

in an α-stable process is

Cασ
−2

I(ε)2−α

∫ ∞

I(ε)

1

xα+1
dx = O

(
I(ε)−2

)
and the arrival rate of jumps larger than I(ε)2 in the α

2 -stable subordinator is

Cασ
−2

I(ε)2−α

∫ ∞

I(ε)2

1

x
α
2
+1
dx = O

(
I(ε)−2

)
.

To prove Theorem 1.39, we follow the two-step approach used in [EFP17] to obtain the

analogous Brownian result. First, we prove a one-dimensional version of the result for the

initial condition p(x) = 1{x≥0}. This, together with a coupling of one-dimensional and d-

dimensional α-stable motions (described in Theorem 3.25), is used to prove Theorem 1.39.

Just as in [EFP17], probabilistic arguments are used throughout. Namely, we exploit the

duality between solutions of (1.34) and branching (α-stable) motions. While we follow the

broad format of [EFP17], we require new techniques to control the rare large jumps that may

appear in the α-stable motion. Most crucial among these is our marked voting system (Defi-

nition 3.9), which will allow us to work with subordinated Brownian motions with truncated

subordinators throughout.

These results prove that long-range jumps do not destroy the structure of hybrid zones

over a scale such that small jumps look like Brownian motion and big jumps are sufficiently

rare. Furthermore, we believe the mathematical techniques we use have a value in their own

right. Mainly, we take advantage of voting systems in branching processes, which seems to

offer great flexibility to deal with a population with the complicated quality that is long-range
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dispersal. We hope this work is a starting point for the use of the same devices to deal with

other complicated populations.

1.8 Outline of the rest of this thesis

We prove the results of Section 1.6 in Chapter 2 and the results of Section 1.7 in Chapter 3.

In Chapter 4 we discuss some points of further work and direction of research related to the

results we have obtained.



2

Hybrid zones and how to stop them

This Chapter includes the proofs of the results stated in Section 1.6. This includes Theo-

rem 1.26, Theorem 1.27, Theorem 1.29, Theorem 1.30 and Theorem 1.34.

To prove Theorem 1.26, we proceed as follows. First, in Section 2.1.1 we provide a

stochastic representation for the solution of equation (1.16). This is entirely analogous to

that in [Goo18] for the equation on Rd. The solution at the point x at time t is the expected

result of a ‘voting procedure’ defined on the tree of paths traced out by branching reflecting

Brownian motion in Ω up to time t, starting from a single individual at the point x. Some

immediate properties of the solution that follow from this representation are presented in

Section 2.1.2. In particular, it allows us to compare the solution from different initial con-

ditions, which in turn allows us to bound the solution to (1.16) from above by the solution

of the same equation with a bigger initial condition. This will be convenient in formalising

the idea of the mean curvature flow ‘fighting against’ the constant flow. This is developed in

Section 2.1.3. In Section 2.1.4 we present a coupling result which is the key to establishing

a concrete bound on the effect of the mean curvature flow. With this, we prove the blocking

result for the equation with a larger initial condition and so, a fortiori, for (1.16). We first

bound the solution over a small window of time in Section 2.1.5, and then use a bootstrapping

argument in Section 2.1.6 to show that this bound is uniform in time. Theorem 1.27 is proved

in Section 2.1.7. In Section 2.1.8 we sketch the extension of these results to more general

domains. In particular, we present key elements of the proof of Theorem 1.29 and some of

49
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the arguments of Theorem 1.30.

In Section 2.2 we turn to the stochastic version of our problem. The results in this section

will be on the whole of Rd. As usual for models of this type, the key to the analysis will

be a dual process of branching and coalescing lineages which we introduce in Section 2.2.1.

The duality function relating this process to the SLFVS will involve the same voting proce-

dure that we use for the branching reflecting Brownian motion in the deterministic setting.

Theorem 1.34, is proved in Section 2.2. In the weak noise/selection ratio regime, the key will

be to show that asymptotically we no longer see coalescence in the dual process, which is

then well-approximated by branching Brownian motion. This tells us that the solution to the

stochastic equation will be close to that of (1.16). In the strong noise/selection ratio regime,

branching events in the dual process are quickly annulled by coalescence and, over long time

scales, the dual is close to a single Brownian motion. This allows us to approximate the

stochastic evolution by heat flow, in sharp contrast to the first regime.

Boundary conditions have not previously been explicitly treated in the SLFVS. As will

become clear, the details of what happens at the boundary should not affect our results and so

we relegate a description of how one can construct what can be reasonably called an SLFVS

with reflecting boundary conditions (for some rather special domains) to the Appendix A.

2.1 Deterministic Model

2.1.1 A stochastic representation of the solution to the Allen-Cahn equa-

tion

Our first goal is to present a stochastic representation of the solution of equation (1.16). This

is an essentially trivial adaptation of the representation of the solution to the corresponding

equation on Rd presented in [Goo18], which builds on [EFP17], which in turn is closely related

to results of [DFL86], but we include it here as it will be central to what follows.

The representation is based on ternary branching reflected Brownian motion in Ω. The

dynamics of this process have three ingredients:

1. Spatial motion: during its lifetime each particle moves according to a reflected Brownian
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motion in Ω.

2. Branching rate, V : each individual has an exponentially distributed lifetime with pa-

rameter V .

3. Branching mechanism: when a particle dies it leaves behind (at the location where it

died) exactly three offspring. Conditional on the time and place of their birth, the

offspring evolve independently of each other, and in the same manner as the parent.

Assumptions 2.1.

1. For consistency with the PDE literature we adopt the convention that all Brow-

nian motions run at speed 2 (and so have infinitesimal generator ∆).

2. We shall write γε := εν and set the branching rate V = (1 + γε)/ε
2.

The stochastic representation of (1.16) is reminiscent of the classical representation of the

solution to the Fisher-KPP equation in terms of binary branching Brownian motion ([Sko64;

McK67]), but now it will depend not just on the leaves of the tree swept out by the branching

Brownian motion, but on the whole tree. We need some notation. We write W (t) for the

historical process of the ternary branching reflected Brownian motion; that is, W (t) records

the spatial position of all individuals alive at time s for all s ∈ [0, t].

The set of Ulam-Harris labels U = {∅} ∪
⋃∞

k=1{1, 2, 3}k will be used to label the vertices

of the infinite ternary tree, which consists of a single vertex of degree 1, which we call the

root, and every other vertex having degree 4. The unique path from a given vertex to the

root distinguishes exactly one of its four neighbours, and we consider that neighbour to be

its parent, and the remaining three neighbours to be its offspring. The root is given label ∅,

and if a vertex has label (i1, ..., in) ∈ U , its offspring have labels (i1, ..., in, 1), (i1, ..., in, 2) and

(i1, ..., in, 3). For example, (3, 1) is the first child of the third child of the initial ancestor ∅.

Definition 2.2. We say that T is a time-labelled ternary tree if T is a finite subtree of the

infinite ternary tree U , and each internal vertex v of the tree is labelled with a time tv > 0,

where tv is strictly greater than the corresponding label of the parent vertex of v.
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If we ignore the spatial positions of the individuals in our ternary branching reflected

Brownian motion, then each realisation of the process traces out a time-labelled ternary tree

which records the relatedness (the genealogy) between individuals, and associates a time to

each branching event. We use N(t) ⊂ U to denote the set of individuals at time t. We

abuse notation to write (Wi(t))i∈N(t) for the spatial location of the individuals at time t and

(Wi(s))0≤s≤t for the unique path that connects the leaf i to the root. We write T (W (t)) for

the time-labelled ternary tree determined by the branching structure of W (t).

Now, for a fixed function p : Rd → [0, 1] and parameter γε ∈ (0, 1), we define a voting

procedure on the tree T (W (t)):

1. Each leaf i of T (W (t)) independently votes 1 with probability p(Wi(t)), and 0 otherwise.

2. At each branching point in T (W (t)) the vote of the parent particle j is the majority

vote of the children (j, 1),(j, 2) and (j, 3), unless precisely one of the offspring votes is 1,

in which case the parent votes 1 with probability 2γε
3+3γε

, otherwise the parent votes 0.

This defines an iterative voting procedure, which runs inwards from the leaves of T (W (t)) to

the root ∅.

Definition 2.3. With the voting procedure above, we define Vγ
p(W (t)) to be the vote asso-

ciated to the root ∅.

Recalling Assumptions 2.1, we use Pε
x to denote the law of W when started from a single

individual at the point x ∈ Ω. We have the following representation.

Proposition 2.4. Let uε0 : Ω → [0, 1]. Then uε(x, t) = Pε
x[V

γ
u0(W (t)) = 1] is a solution to

the problem (1.16) with initial condition uε0.

Proof. The proof follows a standard pattern (c.f. [Sko64; McK75]), which we now sketch. To

ease notation, we write

Px[V(t) = 1] := Pε
x[V

γ
uε
0
(W (t)) = 1].
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First we check that uε satisfies (1.16) in the interior of Ω. For this, define the function g by

g(p1, p2, p3) = p1p2p3 + p1p2(1− p3) + p1(1− p2)p3 + (1− p2)p2p3

+
2γε

3 + 3γε

[
(1− p1)(1− p2)p3 + (1− p1)p2(1− p3) + p1(1− p2)(1− p3)

]
.

This is the vote of a branching point given that the three offspring vote 1 with probabilities

p1, p2, p3 respectively. We abuse notation to write g(p) := g(p, p, p). Note that we have the

identity:

g(p)− p = 1

1 + γε
p(1− p)(2p− (1− γε)), (2.1)

in which we recognise the non-linearity in (1.16) divided by (1+ γε) (c.f. the discussion below

Definition 1.32).

Fix t > 0 and x ∈ Ω. Denoting by S the first branching time of W and partitioning on

the events {S ≤ h}, {S > h}, for small h we obtain

Px[V(t+ h) = 1] = Px

[
V(t+ h) = 1|S ≤ h

]
P[S ≤ h] + Px

[
V(t+ h) = 1|S > h

]
P[S > h]

= Ex

[
g(PWS

[V(t) = 1])|S ≤ h
]
(1− e−V h) + Ex

[
PWh

[V(t) = 1]
]
e−V h,

where we have used the notation V := ε−2(1 + γε) from Assumptions 2.1. Now, given the

regularity of the heat semigroup, and the continuity of g we have that, if h is small,

Ex[g(PWS
[V(t) = 1])|S ≤ h] = g(Px[V(t) = 1]) +O(h).

Using this we can compute:

∂tPx[V(t) = 1] = lim
h→0

Ex[PWh
[V(t) = 1]− Px[V(t) = 1]]

h
e−V h

+ lim
h→0

1− e−V h

h

{
g(Px[V(t) = 1])− Px[V(t) = 1]

}
= ∆(P·[V(t) = 1])(x) + V

{
g(Px[V(t) = 1])− Px[V(t) = 1]

}
.

Substituting for V and using identity (2.1) the equation follows.

The boundary condition is inherited from the reflecting Brownian motion in the Lipschitz

domain Ω, see [BH91].
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2.1.2 Basic results

In this section we record some easy results from [Goo18], adapted to our setting. It will be

convenient to be able to refer to these results in the proof of Theorem 1.26.

A one-dimensional travelling wave.

We will later approximate the profile of the solution to (1.16) in a neighbourhood of the region

in which it takes the value 1−νε
2 by the one-dimensional function

p(x, t) =
(
exp

(
−(x+ νt)

ε

)
+ 1
)−1

. (2.2)

Note (c.f. equation (1.18)) that this is a travelling wave solution with speed −ν and connecting

0 at −∞ to 1 at ∞, of the one-dimensional equation

∂tu = ∆u+
1

ε2
u(1− u)(2u− (1− νε)).

We will need to control the ‘width’ of the one dimensional wavefront for small ε. This is

readily obtained from the explicit form of (2.2).

Lemma 2.5 ([Goo18], special case of Theorem 2.11). For all k ∈ N, and for sufficiently

small ε = ε(k) > 0,

1. for z ≥ kε| log(ε)| − νt, we have p(z, t) ≥ 1− εk;

2. for z ≤ −kε| log(ε)| − νt, we have p(z, t) ≤ εk.

In our case, the proof of this result is a simple calculation. We also need control of the

slope of p(z, t).

Proposition 2.6 ([Goo18], special case of Proposition 2.12). Let ε be such that

ε < min

(
1

2ν
, exp

(
−36

23

))
.

Suppose that, for some t ∈ (0,∞), z ∈ R we have∣∣∣∣p(z, t)− 1

2

∣∣∣∣ ≤ 5 + γε
12

, (2.3)
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and let w ∈ R satisfy |z − w| ≤ ε. Then

|p(z, t)− p(w, t)| ≥ |z − w|
48ε| log(ε)|

.

This proof can be found in [Goo18], Proposition 2.12. Denoting by B(t) the historical

process of a one-dimensional ternary branching Brownian motion with branching rate V =

(1+γε)/ε
2 and Brownian motions run at rate 2, the argument in the proof of Proposition 2.4

yields that, for p(x, t) given by (2.2),

Pε
x[Vγ

p(B(t)) = 1] := Pε
x[V

γ
p(·,0)(B(t)) = 1] = p(x, t). (2.4)

The conclusion of Proposition 2.6 then becomes that for z with∣∣∣∣Pε
z

[
Vγ
p(B(t)) = 1

]
− 1

2

∣∣∣∣ ≤ 5 + γε
12

,

and w ∈ R satisfying |z − w| ≤ ε,∣∣∣Pε
z

[
Vγ
p(B(t)) = 1

]
− Pε

w

[
Vγ
p(B(t)) = 1

]∣∣∣ ≥ |z − w|
48ε| log(ε)|

.

In what follows we will always use B(t) to denote the historical paths of a one

dimensional ternary branching Brownian motion, whereas W (t) will denote the

historical paths of the multidimensional (reflected) ternary branching Brownian

motion.

Results on the voting system

From a probabilistic perspective, the effect of the potential in (1.16) is captured by the voting

mechanism on our tree: the function g(p) amplifies the difference between p and the unstable

fixed point (1 − γε)/2. As ε decreases, we see more and more rounds of voting in the tree

by time t, leading to a rapid transition in the solution uε to (1.16) from values close to 0 to

values close to 1. We need to control the amplification of |p− (1−γε)/2| arising from multiple

rounds of voting.

We assemble the results that we need related to our voting scheme. It is immediate from

equation (2.1) that if p < (1−γε)/2, then g(p) < p, and, iterating, g(n)(p) will be a decreasing
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sequence in n. Our first lemma (whose proof mimics that of Lemma 2.9 in [EFP17]) controls

how rapidly it converges to zero as n increases.

Lemma 2.7 ([Goo18], Lemma 2.14). For all k ∈ N there exists A(k) < ∞ such that the

following hold:

1. for all ε ∈ (0, 1−γε
2 ] and n ≥ A(k)| log ε| we have

g(n)(1+γε
2 + ε) ≥ 1− εk.

2. for all ε ∈ (0, 1+γε
2 ] and n ≥ A(k)| log ε| we have

g(n)(1+γε
2 − ε) ≤ εk.

The proof can be found in [Goo18]. It is convenient to record the following easy bound

on the function g. For 0 ≤ p1, p2, p3 ≤ 1−γε
2 ,

g(p1, p2, p3) ≤ max(p1, p2, p3). (2.5)

In order to exploit Lemma 2.7, we will need to know how small ε must be for us to be

able to find (with high probability) a regular n-generation ternary tree inside W (t). Let

T reg
n :=

⋃
k≤n{1, 2, 3}k ⊆ U denote the n-level regular ternary tree, and for l ∈ R set T reg

l :=

T reg
⌈l⌉ . For T a time-labelled ternary tree, we write T reg

l ⊆ T to mean that as subtrees of U ,

T reg
l is contained inside T (ignoring its time labels).

The proof of the following result is a simple modification of that of the corresponding

result (Lemma 2.10) in [EFP17].

Lemma 2.8 ([Goo18], Lemma 2.16). Let k ∈ N and A(k) as in Lemma 2.7. Then there

exist a(k) and ε̂(k) such that for all ε ∈ (0, ε̂(k)) and t ≥ a(k)ε2| log(ε)| we have

Pε
[
T reg
A(k)| log(ε)| ⊆ T (W (t))

]
≥ 1− εk.

Sketch of proof. The time-length of the path to any leaf in the regular tree of heightA(k)| log ε|

is the sum of this number of independent exponentially distributed random variables with

parameter (1 + γε)/ε
2. Use a large deviation principle for the sum of these exponentials to
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estimate the probability that a particular leaf in the regular tree has not been born before

time t (and therefore is not contained in T (W (t))), and then use a union bound to control

the probability that there is a leaf of the regular tree not contained in T (W (t)).

Monotonicity in the initial condition

The following comparison result will simplify our analysis of the solution of (1.16).

Proposition 2.9. Let u0, v0 : Ω→ [0, 1] with u0(x) ≤ v0(x) for all x ∈ Ω. Then

Pε
x[Vγ

u0
(W (t)) = 1] ≤ Pε

x[Vγ
v0(W (t)) = 1] ∀x ∈ Ω.

Proof. An analytic proof would use the maximum principle and monotonicity, but here we

present a probabilistic proof based on a simple coupling argument. Since there are so many

different sources of randomness in our stochastic representation of solutions, we spell the

argument out. Let us write u(x, t) := Pε
x[V

γ
u0(W(t)) = 1] and v(x, t) := Pε

x[V
γ
v0(W(t)) = 1].

We shall say ‘the probability law defining u’ (respectively v) to mean the law in which each

of the leaves of W (t) votes 1 with probability u0 (respectively v0).

Consider a given realisation of W (t). To determine the vote of a leaf Wi(t), we sample

Ui uniformly on [0, 1]. If Ui ≤ u0(Wi(t)) then the vote of Wi(t) is 1 under the law defining

u. Similarly, the vote of Wi(t) under the law defining v is one if and only if Ui ≤ v0(Wi(t)).

Notice that since, by assumption, u0(x) ≤ v0(x) for all x ∈ Ω, coupling by using the same

uniform random variables Ui for determining the leaf votes for u and v, all votes that are 1

under the law defining u are also 1 under the law defining v.

Now consider the votes on the interior of the tree. Suppose that the votes of the offspring

of a branch are (i1, i2, i3) under u and (j1, j2, j3) under v, and i1+ i2+ i3 ≤ j1+j2+j3. Recall

that under our voting procedure, the vote is determined by majority voting unless exactly

one vote is one. Evidently, if the majority vote under u is 1, then it is also 1 under v; and

if j1 + j2 + j3 = 0, then the vote will be zero under both u and v. The only case of interest

is when i1 + i2 + i3 = 1 = j1 + j2 + j3. The vote is then determined by a Bernoulli random

variable, resulting in a 1 with probability 2γε/(3 + 3γε). For the final stage of the coupling,

we use the same Bernoulli random variable for determining the vote under u and under v.
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This coupling guarantees that if the vote under u is one, then necessarily the vote under v

must also be one. Proceeding inductively down the tree W , which is a.s. finite, we find that,

if under u the vote of the root is 1, then under v it must also be 1, and the result follows.

2.1.3 The upper solution

Proposition 2.9 allows us to bound the solution u to (1.16) on the domain Ω of Figure 1.1

by that obtained by starting from a larger initial condition. It is convenient to start from an

initial condition that is radially symmetric on the left side of our domain (i.e. when x1 < 0).

We set

Nr = {x ∈ Ω : ∥x∥ = r, x1 < 0},

where R0 > r > r0 (see Figure 2.1). We can then write Ω as the disjoint union

Ω = Ω+ ⊔ Ω− ⊔Nr,

where

Ω+ = {x ∈ Ω : ∥x∥ < r or x1 > 0},

and

Ω− = {x ∈ Ω : ∥x∥ > r and x1 < 0}.

The signed distance d̂ of any point in Ω to Nr is defined up to a change of sign and we impose

d̂(x) > 0 for all x in Ω+. Here the distance is that inherited from Rd. Note that for all x ∈ Ω

such that x1 < 0,

d̂(x) = r− ∥x∥. (2.6)

Assumptions 2.10. Let the function p̂ := p̂(x) satisfy the following conditions:

(A) p̂(x) = 1 for all x = (x1, ..., xd) ∈ Ω such that x1 ≥ 0;

(B) p̂(x) = 1−γε
2 for all x ∈ Nr;

(C) p̂(x) > 1−γε
2 if d̂(x) > 0, and p̂ < 1−γε

2 if d̂(x) < 0;

(D) p̂(x) is continuous and there exists µ, λ > 0 such that |p̂(x)− 1−γε
2 | ≥ µ

(
dist(x,Nr) ∧ η

)
.
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The first condition means that p̂ dominates the initial condition for (1.16); the second and

third that p̂(1− p̂)
(
2p̂− (1− γε)

)
vanishes only on Nr; and the final one is a lower bound on

the slope of p̂ in a neighbourhood of Nr. Since r > r0, one can readily construct a function p̂

that is radially symmetric in Ω ∩ {x1 < 0} and satisfies Assumptions 2.10. (The first, second

and fourth condition are incompatible when r < r0.)

We are going to show that for r < d−1
ν , and small enough ε, the solution to

(AC∗
ε ) =


∂tu = ∆u+ 1

ε2
u(1− u)(2u− (1− εν)),

u0 = p̂(x),

∂nu = 0

is blocked. More precisely:

Theorem 2.11. Suppose that r0 < r < R0 ∧ d−1
ν , and that p̂(x) satisfies Assumptions 2.10.

Fix k ∈ N. Then there exist ε̂(k) > 0 and c(k) > 0 such that for all ε ∈ (0, ε̂), t ∈ (0,∞),

for z ∈ Ω such that d(z) ≤ −c(k)ε| log(ε)|, we have u(z, t) ≤ εk,

where u(z, t) solves (AC∗
ε ).

Since p̂(x) ≥ 1x1≥0, Theorem 1.26 follows from Theorem 2.11 and Proposition 2.9. To

prove Theorem 2.11 we will control u(x, t) close to Nr. The key to this will be a coupling

argument which will allow us to control the change in the solution over small time intervals

in terms of a one-dimensional problem.

2.1.4 Coupling around a hemispherical shell

Our next goal is to quantify the effect of the mean curvature flow in ‘pushing back’ the

solution of (1.16). We will need a notation for the ‘opening’ in Ω, which we will denote O

(see Figure 2.1). Recalling that we write x ∈ Rd as (x1, x
′) with x′ ∈ Rd−1,

O = {x ∈ Ω : x1 = 0, ∥x′∥ < r0}.

The following elementary result will play the role of coupling results in [EFP17] (Proposi-

tion 2.14) and [Goo18] (Proposition 2.13), but is completely straightforward since Nr takes

such a simple form.
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Ω

Nr

r O

Figure 2.1: The domain Ω with Nr and O represented in it.

Lemma 2.12. Suppose that r0 < r < R0. Let W be a Brownian motion in Ω and β > 0 be

such that

β ≤ r− r0
2
∧ R0 − r

2
.

Define Tβ by

Tβ = inf{t ≥ 0 : |d̂(Wt)| ≥ β}.

Then there exists a one-dimensional Brownian motion B̂, started from d̂(W0) such that, for

0 ≤ s ≤ Tβ,

B̂s −
s(d− 1)

r+ β
≥ d̂(Ws) ≥ B̂s −

s(d− 1)

r− β
.

Proof. Note that for s ≤ Tβ , the first coordinate of Ws, satisfies (W1)s < 0. Indeed, to reach

the region in which (W1)s ≥ 0, we must pass through O, which requires |d̂(Ws)| ≥ r− r0 > β.

In particular, by (2.6), we have that d̂(Ws) = r − ∥Ws∥ for all s ≤ Tβ . Moreover, for

0 ≤ s < Tβ , ∥Ws∥ is a (time changed since our Brownian motion runs at rate 2) Bessel

process, whose drift (by definition of Tβ) lies in (d−1
r+β ,

d−1
r−β ), and the result follows.

2.1.5 Generation of an interface

The next step is to check that the solution to the equation with initial condition p̂ decays

rapidly for small times. The proof mimics those that guarantee the formation of an interface

in [EFP17] (Proposition 2.16) and [Goo18] (Lemma 2.17). The key is to control the maximal

displacement of particles of the ternary branching reflected Brownian motion, with the only

twist now being to handle the fact that particles are reflected at the boundary of the domain.
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Proposition 2.13. Let k ∈ N and a(k) be given by Lemma 2.8. Then there exist e(k) and

ε̂(k) such that, for all ε ∈ (0, ε̂(k)), all s ≤ (a(k) + k + 1)ε2| log(ε)|, and all x ∈ Ω,

Pε
x

[
∃i ∈ N(s) : ∥Wi(s)− x∥ ≥ e(k)ε| log(ε)|

]
≤ εk.

Proof. Note that

Pε
x

[
∃i ∈ N(s) :∥Wi(s)− x∥ ≥ e(k)ε| log(ε)|

]
≤ Eε

[
N(s)

]
Pε
x

[
∥W (s)− x∥ ≥ e(k)ε| log(ε)|

]
= e2

s(1+εν)

ε2 Pε
x

[
∥W (s)− x∥ ≥ e(k)ε| log(ε)|

]
≤ e2(a(k)+k+1)| log(ε)|(1+εν)Pε

x

[
∥W (s)− x∥ ≥ e(k)ε| log(ε)|

]
≤ e2(a(k)+k+1)| log(ε)|(1+εν)

× Pε
x

[
sup

0≤s≤(a(k)+k+1)ε2| log(ε)|
∥W (s)− x∥ ≥ e(k)ε| log(ε)|

]
. (2.7)

To bound the last term, consider first (Ŵt)t≥0, defined to be a Brownian motion reflected on

the boundary of Ω ∩ B(x, 1), which we take to coincide with (Wt)t≥0 until the first hitting

time of the boundary of Ω ∩ B(x, 1). Since Ω ∩ B(x, 1) is a bounded domain with Lipschitz

boundary, Theorem 2.7 of [BH91] implies the existence of constants c1, c2 > 0 (independent

of x) such that,

Pε
x

[
sup

0≤s≤(a(k)+k+1)ε2| log(ε)|
∥Ŵ (s)− x∥ ≥ e(k)ε| log(ε)|

]
≤ c1 exp

(
−e(k)2| log(ε)|
c2(a(k) + k + 1)

)
= εe(k)

2(c2(a(k)+k+1))−1
. (2.8)

Choose e(k) sufficiently large that

−2
(
a(k) + k + 1

)
(1 + εν) +

e(k)2

c2
(
a(k) + k + 1

) > k. (2.9)

Finally, choose ε̂(k) sufficiently small that e(k)ε| log(ε)| < 1 for all ε < ε̂. Since Ŵ (s) =W (s)

until Ŵ (s) hits the boundary of B(x, 1), this choice of ε̂ ensures that{
sup

0≤s≤(a(k)+k+1)ε2| log(ε)|
∥Ŵ (s)− x∥ ≥ e(k)ε| log(ε)|

}

=

{
sup

0≤s≤(a(k)+k+1)ε2| log(ε)|
∥W (s)− x∥ ≥ e(k)ε| log(ε)|

}
.
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Substituting (2.8) in (2.7) and using (2.9) yields the desired bound.

We are now in a position to prove the rapid decay of the solution to (AC∗
ε ) to the left of

Nr.

Proposition 2.14. Let k ∈ N. There exist ε̂(k), a(k), b(k) > 0, such that, for all ε ∈ (0, ε̂(k)),

setting

δ(k, ε) := a(k)ε2| log(ε)| and δ′(k, ε) := (a(k) + k + 1)ε2| log(ε)|,

for t ∈ [δ(k, ε), δ′(k, ε)], and x with d̂(x) ≤ −b(k)ε| log(ε)|, Pε
x[V

γ
p̂(W (t)) = 1] ≤ εk.

Proof. By Lemma 2.8, given k ∈ N there exist a(k) and ε̂(k) such that, for all ε ∈ (0, ε̂(k))

and t ≥ a(k)ε2| log(ε)|,

Pε
[
T reg
A(k)| log(ε)| ⊆ T (W (t))

]
≥ 1− εk. (2.10)

Similarly by Proposition 2.13 there exists e(k) such that, taking a smaller ε̂(k) if necessary,

for ε ∈ (0, ε̂(k)) and t ∈ [δ(k, ε), δ′(k, ε)], we have,

Pε
x

[
∃i ∈ N(t) : ∥Wi(t)− x∥ ≥ e(k)ε| log(ε)|

]
≤ εk. (2.11)

Set b(k) = 2e(k). Then if x is such that d̂(x) ≤ −b(k)ε| log(ε)| and ∥Wi(t)−x∥ ≤ e(k)ε| log(ε)|

(noting that this implies that W1(t) ≤ 0), we obtain (using (2.6) and the triangle inequality)

d̂(Wi(t)) = d̂(x) + ∥x∥ − ∥Wi∥ ≤ d̂(x) + ∥Wi(t)− x∥

≤ −b(k)ε| log(ε)|+ e(k)ε| log(ε)| = −e(k)ε| log(ε)|,

Reducing ε̂(k) if necessary, we can ensure that ε < µη with µ, η as in Assumption 1.16 (D),

and ε < µe(k)ε| log(ε)| for ε ∈ (0, ε̂(k)). Then since p̂ satisfies Assumption 1.16 (D), we have

that

p̂(Wi(t)) ≤
1− γε

2
− µ

(
|d̂(Wi(t))| ∧ η

)
≤ 1− γε

2
− ε.

Using (2.10) and (2.11), with probability at least 1 − 2εk, T (W (t)) contains a regular tree

with at least A(k)| log(ε)| generations, and each leaf of T (W (t)) votes 1 with probability

at most 1−γε
2 − ε. Recalling from equation (2.5), that if pi ≤ 1−γε

2 for i = 1, 2, 3 then

gγε(p1, p2, p3) ≤ max(p1, p2, p3), we deduce that in this case, each vertex of T that corresponds
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to a leaf of the regular tree of height A(k)| log(ε)| votes 1 with probability at most 1−γε
2 − ε.

Lemma 2.7 then gives

Pε
x[V

γ
p̂(W (t)) = 1] ≤ g(⌈A(k)| log(ε)|⌉)

γε

(
1− γε

2
− ε
)
+ 2εk ≤ 3εk.

2.1.6 Blocking (proof of Theorem 2.11)

To prove Theorem 2.11, we establish a comparison between the solution to the multidimen-

sional problem and that of the one-dimensional travelling wavefront (2.2). This is the con-

tent of Proposition 2.15 (corresponding to Proposition 2.17 in [EFP17], and Proposition 2.19

in [Goo18]), whose proof relies on a bootstrapping argument, the key ingredient for which is

Lemma 2.16. The radial symmetry simplifies some of the expressions in our setting.

Proposition 2.15. Let l ∈ N with l ≥ 4 and let a(l) and δ(l, ε) be given by Proposition 2.14.

Then there exist K1(l) and ε̂(l,K1) > 0 such that, for all ε ∈ (0, ε̂(l,K1)), and t ∈ [δ(l, ε),∞)

we have

sup
x∈Ω

(
Pε
x[V

γ
p̂(W (t)) = 1)]− Pε

d̂(x)−νt+K1ε| log(ε)|
[Vγ

p(B(t)) = 1]
)
≤ εl,

with Vγ
p(B(t)) as in (2.4).

The key point here is that after the time δ that it takes for the interface to develop, we

are comparing the multidimensional solution to the stationary one-dimensional interface.

We extend the domain of the function g from [0, 1] to R by setting g(p) = 0 for p < 0 and

g(p) = 1 for p > 1. The following result is needed for Proposition 2.15, and will be proved

afterwards.

Lemma 2.16. Let l ∈ N with l ≥ 4, K1 > 0. There exists ε̂(l,K1) > 0 such that for all

ε ∈ (0, ε̂(l,K1)), x ∈ Ω, s ∈ [0, (l + 1)ε2| log(ε)|] and t ∈ [s,∞),

Eϵ
x

[
g
(
Pε
d̂(Ws)−ν(t−s)+K1ε| log(ε)|

[Vγ
p(B(t− s) = 1] + εl

)]
≤ 3 + 5γε

4(1 + γε)
εl + Eε

d̂(x)

[
g
(
Pε
Bs−νt+K1ε| log(ε)|[V

γ
p(B(t− s)) = 1]

)]
+ 1s≤ε3ε

l. (2.12)
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Remark 2.17. In the proof of Proposition 2.15, the time s in Lemma 2.16 will be the time of

the first branching event in our ternary branching process. In the symmetric case considered

in [EFP17], the signed distance between a multi-dimensional Brownian motion at time s and

an interface driven by mean curvature flow at time t − s is coupled to a one-dimensional

Brownian motion (for small times). Here, d̂ is the signed distance to Nr, which is subject

to a mixture of constant flow and curvature flow and so we consider d̂(Ws) − ν(t − s). The

inequality (2.12) will be used to control one round of branching in W .

The proof of Proposition 2.15 first compares the multi-dimensional solution to the one-

dimensional one over a small time window. It then bootstraps to longer times by conditioning

on the first branch time in W . The point of Lemma 2.16 is that at the branch time we have

g evaluated on the one-dimensional solution plus a small error. If the solution is far from the

interface (1−γε)/2, then it is easy to see that the vote will not be changed by the small error.

The difficult case is close to the interface, where we make use of estimates of the slope of the

(one-dimensional) interface from Proposition 2.6.

Proof of Proposition 2.15. We follow the proof of Proposition 2.19 of [Goo18] which, in turn,

adapts that of Proposition 2.17 of [EFP17].

Take K1 = b(l) + l, where b(l) is given by Proposition 2.14. Take ε̂ less than the corre-

sponding ε̂(l) in each of Lemma 2.5, Proposition 2.14, and Lemma 2.16.

Define δ and δ′ as in Proposition 2.14. We first show that for ε ∈ (0, ε̂), t ∈ [δ, δ′], and

x ∈ Ω we have

Pε
x[V

γ
p̂(W (t)) = 1] ≤ Pε

d̂(x)−νt+K1ε| log(ε)|
[Vγ

p(B(t)) = 1] + εl. (2.13)

Indeed, if d̂(x) ≤ −b(l)ε| log(ε)| then, by Proposition 2.14, we have Pε
x[Vp̂(W (t)) = 1] ≤ εl.

On the other hand if d̂(x) ≥ −b(l)ε| log(ε)| then d̂(x) − νt +K1ε| log(ε)| ≥ −νt + lε| log(ε)|

(since K1 = b(l) + l), and so, by Lemma 2.5, the right hand side of (2.13) is greater than 1

and hence the inequality obviously holds.

Now consider t ≥ δ′. Suppose that there exists t ∈ [δ′,∞) for which the inequality (2.13)

does not hold, that is for which there is x ∈ Ω such that

Pε
x[V

γ
p̂(W (t)) = 1]− Pε

d̂(x)−νt+K1ε| log(ε)|
[Vγ

p(B(t)) = 1] > εl. (2.14)
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Let T ′ be the infimum of such t, and choose T ∈ [T ′, T ′ + εl+3] for which (2.14) holds. By

definition there is x = x(l, ε) ∈ Ω such that

Pε
x[V

γ
p̂(W (T )) = 1]− Pε

d̂(x)−νT+K1ε| log(ε)|
[Vγ

p(B(T )) = 1] > εl.

We now seek to show that under this assumption

Pε
x[V

γ
p̂(W (T )) = 1] ≤ 7 + 9γε

8(1 + γε)
εl + Pε

d̂(x)−νT+K1ε| log(ε)|
[Vγ

p(B(T )) = 1]. (2.15)

To establish a contradiction we then choose ε sufficiently small that 7+9γε
8(1+γε)

εl < εl, so

that (2.15) contradicts the assumption that (2.14) is satisfied at time T .

It remains to prove (2.15) under the assumption that there exist t ∈ [δ′,∞) for which (2.14)

holds. We write S for the time of the first branching event in W (t), and WS for the location

of the individual that branches at that time. Using the strong Markov property,

Pε
x[V

γ
p̂(W (T )) = 1] = Eε

x

[
g
(
Pε
WS

[Vγ
p̂(W (T − S)) = 1]

)
1S≤T−δ

]
+ Eε

x[Pε
WT−δ

[Vγ
p̂(W (δ)) = 1]1S≥T−δ]. (2.16)

As T − δ ≥ δ′− δ = (l+1)ε2| log(ε)| and S ∼ Exp((1+γε)ε
−2) we can bound the second term

in (2.16) by Pε[S ≥ (l + 1)ε2| log(ε)|] ≤ εl+1. To bound the other term we partition over the

event {S ≤ εl+3} (which we note has probability at most (1 + γε)ε
l+1) and its complement:

Eε
x

[
g
(
Pε
WS

[Vγ
p̂(W (T − S)) = 1]

)
1S≤T−δ

]
≤ Eε

x

[
g
(
Pε
WS

[Vγ
p̂(W (T − S)) = 1]

)
1S≤T−δ1S≥εl+3

]
+ Pε[S ≤ εl+3]

≤ Eε
x

[
g
(
Pε
d̂(WS)−ν(T−s)+K1ε| log(ε)|

[Vγ
p(B(T − S)) = 1] + εl

)
1S≤T−δ

]
+ (1 + γε)ε

l+1,

where the last line follows from the minimality of T ′ (with the observation that, if εl+3 ≤ S ≤

T − δ, then T − S ∈ [δ, T ′)), and the monotonicity of g.

As the path of a particle is conditionally independent of the time at which it branches, we
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can condition further on S to obtain

Eε
x

[
g
(
Pε
d̂(WS)−ν(T−s)+K1ε| log(ε)|

[Vγ
p(B(T − S)) = 1] + εl

)
1S≤T−δ

]
≤
∫ (l+1)ε2| log(ε)|

0
(1 + γε)ε

−2e−(1+γε)ε−2s

× Ex

[
g
(
Pε
d̂(Ws)−ν(T−s)+K1ε| log(ε)|

[Vγ
p(B(T − s)) = 1] + εl

)]
ds

+ Pε[S ≥ (l + 1)ε2| log(ε)|]

≤
∫ (l+1)ε2| log(ε)|

0
(1 + γε)ε

−2e−ε−2(1+γε)s

× E
d̂(x)

[
g
(
Pε
Bs−νT+K1ε| log(ε)|[V

γ
p(B(T − s)) = 1] + εl

)]
ds

+
3 + 5γε
4(1 + γε)

εl + Pε[S ≤ ε3]εl + εl+1

≤ Eε
d̂(x)

[
g
(
Pε
BS′−νT+K1ε| log(ε)|[V

γ
p(B(T − S′) = 1]

)
1S′≤T−δ

]
+

3 + 5γε
4(1 + γε)

εl + εl+1 + εl+1(1 + γε),

where the second inequality follows by Lemma 2.16.

For the final inequality we have written S′ for the time of the first branching event in

(B(s))s≥0 and BS′ for the position of the ancestor particle at that time. Of course S′ has the

same distribution as S, and the inequality follows since T ≥ δ′ and so T−δ ≥ (l+1)ε2| log(ε)|.

Combining these computations, (2.16) becomes

Pε
x[Vγ

p(W (T )) = 1]

≤ Eε
d̂(x)

[
g
(
Pε
BS′−νT+K1ε| log(ε)|[V

γ
p(B(T − S′) = 1]

)
1S′≤T−δ

]
+

3 + 5γε
4(1 + γε)

εl + εl+1
(
2 + γε

)
≤ Eε

d̂(x)−νT+K1ε| log(ε)|
[Vγ

p(B(T )) = 1] +
3 + 5γε
4(1 + γε)

εl + εl+1
(
3 + 2γε

)
,

where, analogously to (2.16), in the last line we have applied the strong Markov property

at time S′ ∧ (T − δ). For sufficiently small ε we have that 3+5γε
4(1+γε)

εl + 2εl+1(1 + ε + γεε) ≤
7+9γε
8(1+γε)

εl < εl, which completes the proof.

Proof of Lemma 2.16. Our approach mirrors the proof of Lemma 2.20 of [Goo18], which builds
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on that of Lemma 2.18 of [EFP17]. The ideas are simple, but they are easily lost in the

notation.

Let us write, for u ≥ 0 and z ∈ R,

Qε,u
z = Pε

z[Vγ
p(B(u)) = 1], (2.17)

and in what follows we use Qu
z := Qu,ε

z when there is no confusion in doing so.

We consider three cases:

1. d̂(x) ≤ −(l + 2d(l + 1) +K1)ε| log(ε)|.

2. d̂(x) ≥ (l + 2d(l + 1) +K1)ε| log(ε)|.

3. |d̂(x)| ≤ (l + 2d(l + 1) +K1)ε| log(ε)|.

Case 1: Let us define

Ax =

{
sup

u∈[0,s]
∥Wu − x∥ ≤ 2d(l + 1)ε| log(ε)|

}
.

We estimate the probability of Ac
x exactly as in the proof of Proposition 2.13. Indeed

reading off from equation (2.8) with l = k, e(k) = 2d(k + 1), a(k) = 0, we obtain that, for ε̂

small enough,

Pε
x

[
Ac

x

]
≤ c1εd(l+1).

Now suppose that Ax occurs. Then the first component of Ws is negative, and so, using

equation (2.6),

d̂(Ws) +K1ε| log(ε)| = d̂(x) +K1ε| log(ε)|+ d̂(Ws)− d̂(x)

≤ −(l + 2d(l + 1))ε| log(ε)|+ |d̂(Ws)− d̂(x)|

= −(l + 2d(l + 1))ε| log(ε)|+
∣∣∥Ws∥ − ∥x∥

∣∣ ≤ −lε| log(ε)|. (2.18)

Therefore, reducing ε̂ if necessary to ensure that γε̂ ∈ (0, 1), applying Lemma 2.5, and using

the definition of g and the notation (2.17),

Ex

[
g
(
Qt−s

d̂(Ws)−ν(t−s)+K1ε| log(ε)|
+ εl

)]
≤ Ex[g(ε

l + εl)1Ax ] + Px[A
c
x]

≤ 12ε2l +
4γε

1 + γε
εl + 4dεd(l+1).
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Reducing ε̂ still further if necessary, we can certainly arrange that for ε ∈ (0, ε̂) the last line

is bounded above by 3+5γε
4(1+γε)

εl.

Case 2: First observe that, using the reflection principle and the standard bound, P[Z ≥ x] ≤

exp
(
−x2/2

)
, on the tail of the standard normal distribution,

P
d̂(x)

[
Bs ≤ lε| log(ε)|

]
≤ 2P0

[
B(l+1)ε2| log ε| < −2d(l + 1)ε| log ε|

]
≤ 2εd

2(l+1).

Applying Lemma 2.5 again, we obtain

E
d̂(x)

[
g
(
Qt−s

Bs+K1ε| log(ε)|−νt

)]
≥ E

d̂(x)

[
g
(
Qt−s

Bs+K1ε| log(ε)|−νt

)
1Bs≥lε| log(ε)|

]
− 2εd

2(l+1)

≥ g(1− εl)− 2εd
2(l+1)

= 1− (3 + γε)

1 + γε
ε2l +

2

1 + γε
ε3l − 2εd

2(l+1),

where the final equality follows from the definition of g. Reducing ε̂ if necessary, we have that

for ε ∈ (0, ε̂),

E
d̂(x)

[
g
(
Qt−s

Bs+K1ε| log(ε)|

)]
≥ 1− 3 + 5γε

4(1 + γε)
εl,

and in this case the right hand side of (2.12) is greater than or equal to one, while the left

hand side is less than or equal to one by definition.

Case 3: This is the most difficult case. We combine the coupling of Lemma 2.12 with our

lower bound on the slope of the one-dimensional interface.

Again, suppose that Ax holds. Since we have chosen ε̂ small enough that r − r0 ≥

(l +K1 + 4d(l + 1))ε| log(ε)| for all ε ∈ (0, ε̂), on the event Ax the first component of Ws is

negative, and, arguing as in (2.18), using equation (2.6) we obtain

|d̂(Ws)| ≤ ε| log(ε)|(4d(l + 1) + l +K1).

Choosing ε̂ still smaller if necessary, for all ε ∈ (0, ε̂),

(
4d(l + 1) + l +K1

)
ε| log(ε)| ≤ r− r0

2
∧ R0 − r

2
. (2.19)

We write β for the quantity on the left hand side of (2.19) and use Lemma 2.12 to couple the

reflected Brownian motion W started at x ∈ Ω, with a one-dimensional Brownian motion B
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started at d̂(x) such that, up to time Tβ , we have

d̂(Ws) ≤ Bs −
s(d− 1)

r+ β
.

Combining this with the monotonicity of g and the fact that {Tβ ≥ s} ⊆ Ac
x yields

Ex

[
g
(
Qt−s

d̂(Ws)−ν(t−s)+K1ε| log(ε)|
+ εl

)]
≤ E

d̂(x)

[
g

(
Qt−s

Bs−ν(t−s)− s(d−1)
r+β

+K1ε| log(ε)|
+ εl

)]
+ Px[Tβ ≥ s]

≤ E
d̂(x)

[
g

(
Qt−s

Bs−ν(t−s)− s(d−1)
r+β

+K1ε| log(ε)|
+ εl

)]
+ 4dεd(l+1). (2.20)

Reducing ε̂ if necessary, we have that r−1β < 1 for all ε ∈ (0, ε̂). Thus

(d− 1)
s

r

(
1

1 + r−1β

)
≥ s(d− 1)

r
(1− r−1β),

and so

νs− (d− 1)s

r+ β
≤ s

[(
ν − 1

r
(d− 1)

)
+
d− 1

r2
β

]
. (2.21)

Recall that, r < (d − 1)/ν so that ν − (d − 1)/r < 0, and so if ε̂ is small enough, we have

that for ε ∈ (0, ε̂)
d− 1

r2
β + ε| log(ε)| < d− 1

r
− ν. (2.22)

In particular, the right hand side of (2.21) is negative.

Define

z = Bs − νt+ s

[
(ν − 1

r
(d− 1) + β

d− 1

r2
)

]
+K1ε|(log(ε)|.

Observe that, using (2.22), we have

−s
[(
ν − 1

r
(d− 1)

)
+
d− 1

r2
β

]
= s

[(
1

r
(d− 1)− ν

)
− d− 1

r2
β

]
≥ sε| log(ε)|,

so that

z ≤ Bs − νt+ (K1 − s)ε| log ε|. (2.23)

Consider the event:

E =

{∣∣∣∣Qt−s

Bs−νt+s[(ν− 1
r
(d−1))+d−1

r2
β]+K1ε| log(ε)|

− 1

2

∣∣∣∣ ≤ 5 + γε
12

}
.
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As explained in [Goo18], although it looks slightly unnatural to take a set centred on the

value 1/2 (about which g is symmetric only in the case when γ = 0), the importance of E is

that it spans the interface (where Q takes the value (1 + γε)/2), and on Ec, g′(Q) < 1.

Suppose first that E occurs. We apply Proposition 2.6 with z as above, and

w = z + sε| log(ε)| ≤ Bs − νt+K1ε| log(ε)|.

Note that |z − w| = sε| log(ε)| ≤ (l + 1)ε3| log(ε)|2, so reducing ε̂ if necessary so that (l +

1)ε3| log(ε)|2 ≤ ε for ε ∈ (0, ε̂), Proposition 2.6 implies

Qt−s

Bs−νt+K1ε| log(ε)|+s[(ν− 1
r
(d−1))+d−1

r2
β]
1E ≤

(
Qt−s

Bs−νt+K1ε| log(ε)| −
s

48

)
1E . (2.24)

Now suppose that Ec occurs. Since g′(p) = 2
(1+γε)

(1−p)(3p+γε), for p, δ ≥ 0 with p+δ ≤ 1−γε
9

or p ≥ 8+γε
9 it is easy to check that

g(p+ δ) ≤ g(p) + 2(1 + 2γε)

3(1 + γε)
δ. (2.25)

Let Cγε = 2(1+2γε)
3(1+γε)

. Then, reducing ε̂ if necessary so that 1−γε
12 + εl ≤ 1−γε

9 , for ε ∈ (0, ε̂), we

obtain

g

(
Qt−s

Bs−νt+K1ε| log(ε)|+s[(ν− 1
r
(d−1))+d−1

r2
β]
+ εl

)
1Ec

≤
(
g
(
Qt−s

Bs−νt+K1ε| log(ε)|

)
+ Cγεε

l
)
1Ec , (2.26)

where we have used (2.25), (2.23) and the monotonicity of g. Using (2.20), (2.24), and (2.26)

we obtain

Ex

[
g
(
Qt−s

d̂(Ws)−ν(t−s)+K1ε| log(ε)|
+ εl

)]
≤ E

d̂(x)

[
g

(
Qt−s

Bs−νt+K1ε| log(ε)| −
1

48
s+ εl

)
1E

]
+ E

d̂(x)

[(
g
(
Qt−s

Bs−νt+K1ε| log(ε)|

)
+ Cγεε

l
)
1Ec

]
+ 4dεd(l+1)

≤ E
d̂(x)

[
g
(
Qt−s

Bs−νt+K1ε| log(ε)|

)]
+ Cγεε

l + εl1s≤48εl + 4dεd(l+1),

where we have used that g′(p) ≤ 1+Cγε for all p ∈ [0, 1]. Finally notice that Cγε +
1−γε

12(1+γε)
=

3+5γε
4(1+γε)

. Reducing ε̂ if necessary so that 4dεd(l+1) ≤ 1−γε
12(1+γε)

εl and 48εl ≤ ε3 for ε ∈ (0, ε̂)

(which is possible since l ≥ 4) completes the proof.
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Proof of Theorem 2.11. Since we are concerned with small ε, it will be sufficient to prove the

result for k ≥ 4.

Let K1 be given by Proposition 2.15, and let ε̂ be small enough that Proposition 2.15

and Lemma 2.16 hold. Set c(k) = k + K1 so that, for any ε ∈ (0, ε̂) and x ∈ Ω such that

d̂(x) ≤ −c(k)ε| log(ε)|, we have that d̂(x) +K1ε| log(ε)| ≤ −kε| log(ε)|. Now choose a(k) as

in Proposition 2.15.

For t ≤ a(k)ε2| log(ε)| the result holds by Proposition 2.13. Indeed, since by definition

K1 = b(k) + k = 2e(k) + k, it holds that K1 ≥ e(k). From this it follows that, if d̂(x) ≤

c(k)ε| log(ε)|,

Pε
x

[
Vγ
p̂(W (t)) = 1)

]
≤ Pε

x

[
∃i ∈ N(s) : ∥Wi(s)− x∥ ≥ e(k)ε| log(ε)|

]
≤ εk.

On the other hand, for any t ∈ [a(k)ε2| log(ε)|,∞),

Pε
x[V

γ
p̂(W (t)) = 1)] ≤ εk + Pε

d̂(x)−νt+K1| log(ε)|
[Vγ

p(B(t)) = 1]

≤ εk + Pε
−kε| log(ε)|−νt[V

γ
p(B(t)) = 1] ≤ 2εk,

where the last line is a consequence of Lemma 2.5. This completes the proof.

2.1.7 Invasion (proof of Theorem 1.27)

We now turn to the proof of Theorem 1.27. Recall that we are now supposing that the

narrower cylinder in the domain Ω of Figure 1.1 has radius r0 > (d − 1)/ν. Our proof will

mirror the ‘sliding’ technique used in the proof of complete propagation in [BBC16]. The key

step is the following proposition, which establishes a lower bound on the solution started from

(1− ε) multiplied by the indicator function of a ball, whose radius is greater than (d− 1)/ν,

sitting within Ω ∩ {x1 > 0}.

Proposition 2.18. Suppose that r0 > (d− 1)/ν and set

r∗ =
r0 + (d− 1)/ν

2
.

Consider the solution ũε to (1.16) with the initial condition replaced by ũε(x, 0) = (1 −

ε)1B(x0,r∗)(x), where x0 = (x01,0) and 0 denotes the origin in Rd−1. Let Γ̃ be the solu-

tion to (1.15) started from the boundary of B(x0, r∗), and Tr∗ be the time at which it is is



72 2. HYBRID ZONES AND HOW TO STOP THEM

equal to the boundary of B(x0, ρ∗) with ρ∗ defined by

ρ∗ = r∗ +
r0 − r∗

4
.

Then there exist constants a ∈ R and ε̂ > 0 such that for all ε ∈ (0, ε̂),

ũε(x, Tr∗) > 1− ε, for all x ∈ B(x0, ρ∗ − aε| log ε|).

Outline of proof. Choose ε̂ so that r0 − r∗ > ε̂| log(ε̂)|2.

By reducing ε̂ if necessary, assume that it is less than ε̂(4) in each of Lemma 2.5, and

Lemma 2.8; and small enough that the conditions of Proposition 2.6 are satisfied.

Denote the signed distance of the point y ∈ Ω to Γ̃t by d̃t(y) (with the convention that

d̃0(x
0) > 0). Set

β =
r∗

2
∧ r0 − r

∗

2
,

and

T̃β = inf{t ≥ 0 : d̃t(Wt) ≥ β} ∧ Tr∗ .

Exactly as in Lemma 2.12, for 0 ≤ s ≤ T̃β , there exists a one-dimensional Brownian

motion B̃, started from d̃(W0) such that

B̃s −
s(d− 1)

ρ∗ + β
≥ d̃(Ws) ≥ B̃s −

s(d− 1)

r∗ − β
. (2.27)

An argument entirely analogous to the proof of Proposition 2.14 (with k = 4), where now

we bound above the probability that a leaf votes 0 by ε (corresponding to it falling within

B(x0, r∗)) plus the probability that it lies outside B(x0, r∗), yields that by choosing ε̂ smaller

still if necessary, there exist a, b > 0 such that for all ε ∈ (0, ε̂), setting δ = aε2| log(ε)| and

δ′ = (a+ 5)ε2| log(ε)|, for t ∈ [δ(ε), δ′(ε)], and x with d̃(x) > bε| log(ε)|,

Pε
x[Vũε(·,0)(W (t)) = 1] ≥ 1− ε4.

Arguing as in the proof of Lemma 2.16, we can show that there exists K1 > 0 such that,

choosing ε̂ still smaller if necessary, for all ε ∈ (0, ε̂), x ∈ Ω, s ∈ [0, 5ε2| log(ε)|] and t ∈ [s, T ∗),

Ex

[
g
(
Pε
d̃(Ws)−ν(t−s)−K1ε| log(ε)|

[Vγ
p(B(t− s) = 0] + ε4

)]
≤ 3 + 5γε

4(1 + γε)
ε4 + Eε

d̃(x)

[
g
(
Pε
Bs−νt−K1ε| log(ε)|[V

γ
p(B(t− s)) = 0]

)]
+ 1s≤ε3ε

4. (2.28)
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The argument is once again simpler than the general case considered in [Goo18], since in

this setting, over the time interval in which we are interested, d̃ is simply the distance to the

boundary of a ball.

From this we can proceed as in the proof of Proposition 2.15 to show that there exist K1

and ε̂ > 0 such that, for all ε ∈ (0, ε̂, t ∈ [δ(l, ε), Tr∗ ] we have

sup
x∈Ω

(
Pε
x[V

γ
ũε(·,0)(W (t)) = 0)]− Pε

d̃(x)−νt−K1ε| log(ε)|
[Vγ

p(B(t)) = 0]
)
≤ ε4,

with Vγ
p(B(t)) as in (2.4).

Finally, we can complete the proof with an argument that mirrors that of Theorem 2.11.

We are now in a position to prove Theorem 1.27.

Proof of Theorem 1.27. We use Proposition 2.18 to provide a series of lower solutions to

(1.16). First take x0 = (r∗,0). By Proposition 2.9, for ε < ε̂ the solution to (1.16) at

time Tr∗ dominates ũε(·, Tr∗). In particular, it is at least 1 − ε on B(x1, r∗), where x1 =

(r∗ − (ρ∗ − r∗ − aε| log(ε)|),0). By choosing ε̂ smaller if necessary, we can certainly arrange

that ∥x0 − x1∥ ≥ (r0 − r∗)/8. Notice also that, since r∗ > (d− 1)/ν, the time Tr∗ is finite.

We can now simply iterate. The solution to (1.16) at time 2Tr∗ dominates that started

from (1 − ε) times the indicator function of the ball of radius r∗ centred on x1, which is at

least (1− ε) on the ball radius r∗ centred on x2, where ∥x1−x2∥ ≥ (r0− r∗)/8 and so on. As

illustrated in Figure 2.2, any point x ∈ Ω can be connected to the right half-space by a finite

chain of balls in this way, and the result follows.

2.1.8 Other domains

The crux of the proof of Theorem 1.26 was the detailed analysis, close to Nr, of the super-

solution with initial condition p̂. The key to defining the supersolution was to be able to

completely cover the opening O with a hemispherical shell of radius at most (d− 1)/ν, that

is completely contained in Ω ∩ {x1 < 0} (i.e. the portion of Ω to the left of the origin) and

intersects the boundary ∂Ω at right angles. Evidently, we should be able to prove an entirely
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(i)

r∗

ρ∗

(ii)

x

Figure 2.2: (i) Illustration of Lemma 2.18: started from (1−ε) times the indicator function of

the ball of radius r∗, at time Tr∗ the solution exceeds (1− ε) on the larger ball, and a fortiori

on the dashed ball of radius r∗ with centre shifted to the left. (ii) Illustration of how a chain

of balls constructed in this way can link any point in Ω to the Ω ∩ {x : x1 > 0}.

analogous result for any domain in which we can identify an appropriate analogue of Nr and

control the solution around it.

The proof would pass through completely unchanged for domains of the form Ω̂ of Fig-

ure 2.3, for example, provided that we could cover the disjoint union of openings by a single

hemispherical shell of radius strictly less than (d− 1)/ν. To see how we can recover an ana-

logue of Theorem 1.26, for more general domains of the form (1.17), we first consider another

special case.

Proposition 2.19. Let

Ω̃ =
{
(x1, x

′) ⊆ Rd : x′ ∈ ϕ(x1) ⊆ Rd
}
,

with

ϕ(x1) =


∥x′∥ < r0 x1 ≥ 0,

∥x′∥ < r0 − x1 tan(α) x1 < 0,
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(i)

Ω̂

(ii)

Ω̃

2r0

α

α

r0
sin(α)

r

Figure 2.3: (i) Two dimensional representation of the domain Ω̂. For x1 > 0, we have

multiple cylindrical domains that open into a single cylinder for x1 < 0. (ii) Two dimensional

representation of the domain Ω̃. It is composed of a cylindrical component on x1 > 0 and a

(truncated) cone for x1 < 0.

for some α ∈ (0, π/2] and suppose that

r0 <
d− 1

ν
sinα. (2.29)

Let r satisfy
r0

sinα
< r <

d− 1

ν
, (2.30)

and define

Ñr =
{
x = (x1, x

′) ∈ Ω̃ : x1 < 0,
∥∥∥(x1 − r0

tanα
, x′
)∥∥∥ = r

}
.

We write d̃ for the signed distance to Ñr (chosen to be negative as x1 → −∞). Let k ∈ N. Then

there exist ε̂(k) > 0 and a(k), M(k) > 0 such that, for all ε ∈ (0, ε̂), t ∈ (a(k)ε2| log(ε)|,∞)

we have that:

if x = (x1, . . . , xd) is such that d̃(x) ≤ −Mε| log(ε)|, then w(x, t) ≤ εk.

Remark 2.20. The condition (2.29) becomes natural upon observing that any spherical shell

intersecting the boundary of Ω̃ at right angles must have radius of size at least r0/ sinα,

Sketch of proof. The proof follows the same pattern as that of Theorem 1.26; first we dominate

the solution by one with a larger initial condition, p̃, then we put an interface with width of
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order ε| log(ε)| around the set on which the initial condition takes the value (1 − εν)/2 and

we reproduce the proof of Lemma 2.16 to see how this interface moves.

The initial condition that we take satisfies

1. p̃(x) = 1 for all x ∈ Ω̃ such that x1 ≥ 0;

2. p̃(x) = 1−γε
2 for all x ∈ Ñr.

3. p̃(x) > 1−γε
2 if d̃(x) > 0, and p̃ < 1−γε

2 if d̃(x) < 0.

4. p̃(x) is continuous and there exist µ, η > 0 such that |p̃(x)− 1−γε
2 | ≥ µ(dist(x, Ñr)∧ η).

The conditions of Proposition 2.19 are precisely what is required for these conditions to be

compatible.

Our choice of Ñr enables us to prove the analogue of Theorem 2.11 for Pε
x[V

γ
p̃(W (t)) = 1]

(using the same method). The obvious modification of Lemma 2.12 can then be used to obtain

analogues of Lemma 2.16 and 2.15.

Armed with the proof of Proposition 2.19 the main argument behind Theorem 1.29 is

easily understood. We recall that the main condition we impose is (1.20), that is,

inf
z>0

{
H + h(z)−

(
d− 1

ν

)
h′(z)√

1 + h′(z)2

}
< 0. (2.31)

In what follows, we recall the notation ρ∗ := (d− 1)/ν. Let

N∗
r,a =

{
x = (x1, x

′) ∈ Ω : x1 < 0, ∥x− (a, 0, ..., 0)∥ = r
}
,

and define d∗r,a to be the distance function to N∗
r,a (chosen to be negative as x1 → −∞).

Proposition 2.21. Let W be Brownian motion and set

Tβ = inf
{
t ≥ 0 : |d∗r,a(Wt)| ≥ β

}
.

Then, if (2.31) holds for some z > 0, there exist C, β∗ > 0, 0 < r < ρ∗, a < 0 and a Brownian

motion B̂, started from d∗r,a(W0) such that, for all 0 < β ≤ β∗ and 0 ≤ s ≤ Tβ,

d∗r,a(Ws) ≤ B̂s −
s(d− 1)

r+ β
+ Cβs. (2.32)
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(i)

rH + h(z)

a

(ii)

θ

H + h(−x1)

r

Figure 2.4: (i) Illustration of the set-up used in Proposition 2.21. The chosen value of a

should be obvious from this picture. (ii) Illustration of θ, the angle at which the spherical

shell intersects the boundary of Ω

Sketch of proof. Let z be such that

H + h(z)−
(
d− 1

ν

)
h′(z)√

1 + h′(z)2
< 0,

and set

r =
1

2

(
(H + h(z))

√
1 + h′(z)2

h′(z)
+ ρ∗

)
. (2.33)

Note that, by our choice of z, we have r < ρ∗. Let a = −z+
√
r2 − (H + h(z))2, and note that

N∗
r,a intersects the boundary of the domain exactly at the point where the first coordinate is

−z. See Figure 2.4(i) for an illustration of this situation.

Choose β∗ small enough that, for all β < β∗, the distance function d∗r,a satisfies the

Assumptions 1.16 in the set Uβ = {x : |d∗r,a(x)| ≤ β}. We will now reduce β further if

necessary to ensure that, when N∗
r,a intersects the boundary of the domain, the domain is

still ‘opening out’ sufficiently fast. More precisely, let x = (x1, x
′) ∈ ∂Ω. Write v1(x) for

the vector pointing from x to (a, 0, ...0), and v2(x) for the normal vector to ∂Ω at x. We

require that the angle θ between these two vectors is at least π/2. See Figure 2.4(ii) for an

illustration. Some cumbersome computations that we defer to Appendix A give that

⟨v1(x), v2(x)⟩ = H + h(−x1) + h′(−x1)(−z − x1 −
√
r2 − (H + h(z))2). (2.34)
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Note that, if x1 = −z, this gives,

H + h(z)− h′(z)
√
r2 − (H + h(z))2

< H + h(z)− h′(z)

√
(H + h(z))2

(
1 + h′(z)2)

(h′(z))2
− (H + h(z))2 = 0,

which gives that θ is bigger than π/2. In particular, by smoothness of h, we can reduce β∗,

so that for all β < β∗ we have that, for x = (x1, x
′) ∈ Uβ ∩ ∂Ω,

H + h(−x1) + h′(−x1)(−z − x1 −
√
r2 − (H + h(z))2) ≤ 0. (2.35)

Equation (2.35) encapsulates that the surface hits the boundary of the domain in such a way

that θ is at least π/2.

Let d(x) = ∥x− a∥− r be the distance of x from the circle of radius r and centre a in Rd.

We can deduce the following fact: there exists a smooth function f : Ω→ R such that,

d∗r,a(x)− d(x) = βf(x) ∀x ∈ Uβ.

Indeed, as d∗r,a is a perturbation of at most β of d(x), the last equation must hold. In

particular, for x ∈ Uβ , there exists a constant C > 0 such that,

∆d∗r,a(x) ≤ ∆d(x) + βC =
d− 1

∥x∥
+ βC.

Then, from Itô’s formula, we obtain that, for all t ≤ Tβ ,

d∗r,a(Wt) ≤ d∗r,a(W0) +

∫ t

0
∇d∗r,a(Ws) · dWs +

∫ t

0

(d− 1)

∥Ws∥
ds+ βCt

+

∫ t

0
⟨∇d∗r,a(Ws), n̂⟩dL∂Ω

s (Ws), (2.36)

where n̂ is the inward pointing normal.

The first two terms of the right hand side of (2.36) are a Brownian motion (by Lévy’s

characterisation). Since t < Tβ , the third term on the right hand side of (2.36) can be

bounded by the drift term on the right hand side of equation (2.32). To deal with the integral

against the local time in (2.36), we just need to show that ⟨∇d∗r,a(Ws), n̂⟩ ≤ 0. Indeed, if

the line segment from Ws to (a, 0..., 0) intersects ∂Ω, then ∇d∗r,a(Ws) is a vector parallel to
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the surface, in which case the inequality holds trivially. On the other hand, if the said line

segment does not intersect ∂Ω, then ∇d∗r,a(Ws) is a vector going from Ws to (a, 0, ..., 0), in

which case ⟨∇d∗r,a(Ws), n̂⟩ ≤ 0, since (2.35) holds from our choice of β∗. Combining these

bounds gives (2.32) and completes the proof.

From the last result the approach to prove Theorem 1.29 should be obvious. We proceed

as in Proposition 2.19 by taking an initial condition similar to p̃, but now it will be (1−γε)/2

for x ∈ N∗
r,a. By Proposition 2.21 we can choose r and a such that (2.32) holds. From

this the proof of the result is analogous to the one used to prove Proposition 2.19, giving

Theorem 1.29.

Invasion under condition (1.21) can then be handled in a very similar way to the proof of

Theorem 1.29.

Sketch of proof of Theorem 1.30. If (1.21) holds, then, for all a, we can choose r as in (2.33),

so that (2.35) holds with the reverse inequality for points on the boundary that are close

enough to N∗
r,a. That is, for any x = (x1, x

′) ∈ ∂Ω that is close enough to N∗
r,a we can prove,

H + h(−x1) + h′(−x1)(−z − x1 −
√
r2 − (H + h(z))2) ≥ 0. (2.37)

Proceeding as we did for equation (2.36), we obtain the existence of a Brownian motion B̂s

and a constant C > 0, such that for small enough β,

d∗r,a(Ws) ≥ B̂s −
s(d− 1)

r− β
≥ B̂s − sν − sC, (2.38)

where the last inequality uses r > ρ∗. Therefore, if we consider uε, the solution to (1.16) with

initial condition uε(x, 0) = (1 − ε)1B(a,r), we can prove an analogue of Proposition 2.18, by

using equation (2.38) in place of equation (2.27). Iterating, we can then deduce that under

condition (1.21) an analogue of Theorem 1.27 holds, thus giving the invasion result.

2.2 Stochastics

We now turn to the SLFVS. As we have seen in the deterministic setting, the crucial step

in determining whether or not there will be blocking is to understand the interplay between
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the selection against heterozygosity and the selective advantage of aa-homozygotes over AA-

homozygotes in a small neighbourhood of a critical radius in which the influence of the bound-

ary of the domain is unimportant. In this section we therefore focus on the SLFVS on the

whole of Euclidean space, relegating a discussion of other domains (and, in particular, a

suitable definition of the SLFVS on domains with boundary) to Appendix A.

2.2.1 The dual process

At the core of the proof of Theorem 1.15 was the duality between the deterministic equa-

tion (1.16) and ternary branching (reflected) Brownian motion endowed with a voting mech-

anism. In an entirely analogous way, we wish to exploit the duality between the SLFVS and

a system of branching and coalescing lineages endowed with a similar voting mechanism.

The process of branching and coalescing lineages is driven by (the time-reversal of) the

Poisson point process of events that determined the dynamics in the SLFVS. Recall that Πn

is a Poisson point process on R+ × Rd × (0,Rn), whose intensity is given by (1.25) in the

weak noise/selection ratio regime, and by (1.27) in the strong noise/selection ratio regime.

To emphasize that the dual process runs ‘backwards in time’, we shall write
←−
Πn for the time-

reversal of Πn, which of course has the same intensity as Πn. The impact, asymmetry and

selection parameters (un)n∈N, (γn)n∈N and (sn)n∈N are respectively, given in (1.26) in the

weak noise/selection ratio regime, or fulfil the condition (1.28) in the strong noise/selection

ratio regime.

Definition 2.22. (SLFVS dual) For n ∈ N, the process (Pn
t )t≥0 is the

⋃
l≥1(Rd)l-valued

Markov process with dynamics defined as follows.

The process starts from a single individual at the point x ∈ Rd. We write Pn
t =

(ξn1 (t), . . . , ξ
n
N(t)(t)), where the random number N(t) ∈ N is the number of individuals alive

at time t, and {ξni (t)}
N(t)
i=1 are the individuals’ locations. For each (t, x, r) ∈

←−
Πn, the corre-

sponding event is neutral with probability 1− (1 + γn)sn, in which case:

1. for each ξni (t−) ∈ B(x, r), independently mark the corresponding individual with prob-

ability un;
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2. if at least one individual is marked, all marked individuals coalesce into a single offspring,

whose location is chosen uniformly in B(x, r).

With the complementary probability (1 + γn)sn, the event is selective, in which case:

1. for each ξni (t−) ∈ B(x, r), independently mark the corresponding individual with prob-

ability un;

2. if at least one individual is marked, all of the marked individuals are replaced by a total

of three offspring, whose locations are drawn independently and uniformly in B(x, r).

In both cases, if no individual is marked, then nothing happens.

Remark 2.23. From the perspective of the SLFVS, it would be more natural to call the

individuals created during a reproduction event in the dual process ‘parents’ (or ‘potential

parents’), as they are situated at the locations from which the parental alleles are sampled.

We choose to call them offspring in order to emphasize that the dual process plays the same

role as ternary branching Brownian motion in the deterministic setting, and, indeed, much of

the proof of Theorem 2.11 carries over with minimal changes to the SLFVS setting.

Just as for the deterministic setting, the duality relation that we exploit is between the

SLFVS and the historical process of branching and coalescing lineages,

Ξn(t) := (Pn
s )0≤s≤t.

We write Px for the law of Ξn when Pn
0 is the single point x, and Ex for the corresponding

expectation.

Just as for the branching process, we can use Ulam-Harris labels to define lines of descent

from the root individual at x through Pn. More precisely, for i = (i1, i2, . . .) ∈ {1, 2, 3}N, we

write (ξni (·))0≤s≤t ⊆ Ξn(t) for the Rd-valued path which jumps to the location of the (unique)

offspring when the individual in Pn
s at its location is affected by a neutral event, and to the

location of the ikth offspring, the kth time that it is affected by a selective event. From the

perspective of the SLFVS, ξni is an ancestral lineage, and we shall use the terminology lineage

below.
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Let p : Rd → [0, 1]. The voting procedure on Ξn(t) is a natural modification of the one

that we defined for the ternary branching Brownian motion:

1. Each leaf of Ξn(t) independently votes 1 with probability p(ξi(t)), and 0 otherwise;

2. at each neutral event in
←−
Πn, all marked individuals adopt the vote of the offspring;

3. at each selective event in
←−
Πn, all marked individuals adopt the majority vote of the three

offspring, unless precisely one vote is 1, in which case they all vote 1 with probability
2γn

3+3γn
, otherwise they vote 0.

This defines an iterative voting procedure, which runs inwards from the ‘leaves’ of Ξn(t) to

the ancestral individual ∅ situated at the point x.

Definition 2.24. With the voting procedure described above, we define Vp(Ξ
n(t)) to be the

vote associated to the root ∅.

We should like to have an analogue of the stochastic representation of the solution to (1.16)

of Proposition 2.4 for the SLFVS, but recall from Remark 1.11 that the SLFVS is only defined

up to a Lebesgue null set, and so we cannot expect such a representation at every point of Rd.

However, a weak version of the representation is valid. The following result is easily proved

using the approach introduced to prove Proposition 1.7 in [EVY20] (the corresponding result

in the case of genic selection).

Theorem 2.25. The SLFVS driven by Πn, (wn
t (x), x ∈ Rd)t≥0, is dual to the process

(Ξn(t))t≥0 of Definition 2.22 in the sense that for every ψ ∈ C(Rd) ∩ L1(Rd), we have

Ep

[∫
Ω
ψ(x)wn

t (x) dx

]
=

∫
Ω
ψ(x)Ex [Vp (Ξ

n(t))] dx =

∫
Ω
ψ(x)Px

[
Vp

(
Ξn(t)

)
= 1
]
dx. (2.39)

Remark 2.26. Note that the expectations on the left and right of equation (2.39) are taken

with respect to different measures. The subscripts on the expectations are the initial values

for the processes on each side.

The duality reduces the proof of Theorem 1.34 to the following analogue of Theorem 2.11.

Theorem 2.27. Define ρ∗ = (d− 1)/ν and let p̂(x) = 1B(0,ρ∗)(x).
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1. Under the weak noise/selection ratio regime, for any k ∈ N, there exist n∗(k) <∞ and

d∗(k) ∈ (0,∞), such that, for all n ≥ n∗ and all t > 0,

for all x ∈ Rd with ∥x∥ ≥ ρ∗ + d∗εn| log εn|, we have Px

[
Vp̂(Ξ

n(t)) = 1
]
≤ εkn.

for all x ∈ Rd with ∥x∥ ≤ ρ∗ − d∗εn| log εn|, we have Px

[
Vp̂(Ξ

n(t)) = 1
]
≥ 1− εkn.

2. Under the strong noise/selection ratio regime, there is a constant σ2 > 0 such that, for

every fixed t > 0 and ε > 0, there is a Brownian motion, (Ws)s≥0, and n∗ ∈ N, such

that, for all n ≥ n∗ ∣∣∣Px

[
Vp̂(Ξ

n(t)) = 1
]
− Px

[
∥W (σ2t)∥ ≤ ρ∗

]∣∣∣ ≤ ε. (2.40)

Motion of a single lineage

Our first task is to investigate the motion of a single lineage. It is a pure jump process. By

spatial homogeneity, to establish the transition rates, it suffices to calculate the rate at which

a lineage currently at the origin will jump to the point z ∈ Rd. This is given by

mn(dz) = nunχnn
dβ

∫ Rn

0

Vr(0, z)

Vr
dµn(r)dz, (2.41)

where χn = 1/ûn in the strong noise regime and 1 otherwise, Vr is the volume of B(0, r), and

Vr(0, z) is the volume of B(0, r) ∩B(z, r). To understand the expression (2.41), first observe

that, in order for the lineage to jump from 0 to z, it must be affected by an event that covers

both 0 and z. The region of possible centres for an event of radius r covering both 0 and z is

the region given by the intersection of B(0, r) and B(z, r), which has volume Vr(0, z), and so

events fall in this region with rate nχnVr(0, z). If an event occurs with centre x in the region,

then the lineage jumps with probability un, and if it does so, then it jumps to a point chosen

uniformly from B(x, r); the chance of that point being z is dz/Vr.

Remark 2.28. We can now explain why our choices of scalings in the weak and strong

regimes are appropriate for investigating the effect of increasing genetic drift. Notice that

nunχn = un2β in the weak scaling and n2β in the strong scaling, so setting u = 1 in (1.26),

the transition probabilities for a lineage will coincide under our two regimes. If the coefficients
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sn are the same, then so too will be the rate at which a lineage is affected by a selective event.

From the perspective of lineages, the difference between the scalings is the probability of

coalescence, driven by un. The parameter un determines the strength of the genetic drift (it

can be thought of as proportional to the inverse of the population density). In particular, in

two dimensions, Theorem 1.34 says that increasing the strength of the noise can indeed break

down the structure of the solution that results from the selection term in the Allen-Cahn

equation.

Integrating out over z in (2.41) and ‘undoing’ the scaling of µn(dr), we find that the total

jump rate of the lineage is ∫
Rd
mn(dz) = nunχnV1

∫ R

0
rdµ(dr),

where, as noted above, the prefactor is n2β (up to a factor of u coming from (1.26)). Since

each jump is of size Θ(n−β), we recognise the diffusive scaling. We can identify the diffusion

constant for the limiting Brownian motion, by noting that

σ2 =

∫
Rd
∥z∥2mn(dz) =

unnχn

n2β2d

∫ R

0

∫
Rd
∥z∥2Vr(0, z)

Vr(0)
dzµ(dr). (2.42)

The following coupling is Lemma 3.8 in [EFP17].

Lemma 2.29. Let (ξn(t)) be a pure jump process with transition rates given by mn and

suppose that σ2 is defined by (2.42). For fixed t > 0 there is a coupling of a Brownian motion

W and ξn under which

Px[|ξn(t)−W (σ2t)| ≥ n−β/6] = O(n−β(t ∨ 1))

(where ξn and W both start from the point x).

We need to be able to couple the lineage at the time when it is first affected by a selective

event (and so branches) with a Brownian motion. This is where we first use Assumption 1.19,

(log n)1/2εn → ∞, which guarantees that sn = o
(
log n/n2β

)
. We abuse our Ulam-Harris

based notation ξi, and write simply ξ1(τ), ξ2(τ), and ξ3(τ) for the three possible positions of

lineages at the first branching time of Ξn (corresponding to the positions of the three offspring

of the first selective event to affect the lineage).
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Corollary 2.30. Let τ be the first branching of Ξn. Then there is a Brownian motion W

and a coupling of Ξn and W under which the following holds. The branching time τ and W

are independent, with τ ∼ Exp(η(1 + γn)ε
−2
n ), where η = uV1

∫R
0 rdµ(dr). Furthermore, for

i = 1, 2, 3,

Px

[
|ξni (τ)−W (σ2τ)| ≥ n−β/6

]
= O(n−β),

where ξn and W both have the same starting point x.

Sketch of proof. By Poisson thinning, we can express the position of the lineage at time t as

the sum of the jumps due to neutral events and those due to selective events. Lemma 2.29

allows us to couple the part corresponding to neutral events with a Brownian motion at time

σ2(1− sn)t. Since sn = o
(
log n/n2β

)
, Chebyshev’s inequality gives

P
[
∥W (σ2t)−W (σ2(1− sn)t)∥ ≥ n−β/6

]
= o

(
log n

n2β
nβ/3(t ∨ 1)

)
.

The proof is completed by an application of the triangle inequality, using Poisson thinning to

partition over the value of τ , and using that |ξni (τ)− ξn1 (τ−)| ≤ 2Rn = 2n−βR.

2.2.2 Proof of Theorem 2.27, weak noise/selection ratio regime

We outline the main steps of the proof of Theorem 2.27 in the weak scaling regime, that is

one in which selection overwhelms noise.

There are two ways in which the dual to the SLFVS differs from our ternary branching

Brownian motion. The first is that lineages can coalesce during reproduction events; the

second is that lineages follow a continuous time and space random walk which only converges

to Brownian motion in the scaling limit.

Following [EFP17], the first step in the proof of the limiting result in the weak scaling

regime is to show that with high probability Ξn(t) can be coupled to a branching jump process.

Definition 2.31 (Branching Jump Process). For a given n ∈ N and starting point x ∈ Rd,

we define (Ψn(t), t ≥ 0) to be the historical process of the branching random walk described

as follows.
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1. Each individual has an independent lifetime, which is exponentially distributed with

parameter η(1 + γn)ε
−2
n .

2. During its lifetime, each individual, independently, evolves according to a pure jump

process with jump rates given by (1− (1 + γn)sn)mn.

3. At the end of its lifetime an individual branches into three offspring. The locations of

these offspring are determined as follows. First choose r ∈ (0,Rn] according to

rdµn(dr)∫Rn

0 r̃dµn(dr̃)
.

If the individual is at point z then the location of each offspring is sampled independently

and uniformly from B(z, r).

The process Ψn(t) differs from Ξn(t) only in that we have suppressed the coalescence

events. Since, in this weak noise regime, coalescence events are extremely rare, we can couple

the two processes in such a way that they coincide with high probability. The following is

Lemma 3.12 of [EFP17].

Lemma 2.32. Let T ∗ ∈ (0,∞), k ∈ N and z ∈ Rd. There exists n∗ ∈ N such that, for all

n ≥ n∗, there is a coupling of Ξn and Ψn, both started with one particle at z such that, with

probability at least 1− εkn, we have

Ξn(T ∗) = Ψn(T ∗).

Sketch of proof. The key idea is to modify the dual process of Definition 2.22 in such a way

that individuals are ‘preemptively’ marked. More precisely, at time zero each individual is

marked with probability un. When an individual is in the region covered by a reproduction

event, it will be affected only if it is marked. After the event, the marks of individuals within

the region covered are removed and new marks are assigned (including to the offspring, if

any) independently with probability un. Once marked, individuals remain marked until they

are covered by an event. Unless both are marked, any two lineages evolve independently.

The probability that two individuals are marked at time zero is u2n. We must control the

probability that for a pair of ‘root to leaf rays’ in Ξn(T ∗) a reproduction event occurs during
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[0, T ∗] after which both are marked. If they were not both marked at time zero, then in order

for both to be marked, one of them must be affected by an event, after which the probability

that they are both marked is u2n. Since order nT ∗ events affect a lineage over [0, T ∗], for

any pair of root to leaf rays, the probability that there is a reproduction event after which

both are marked is O(nu2n) = O(n4β−1). (This is why we restrict to β < 1/4 in the weak

noise/selection regime.)

We then use Assumption 1.19 for the second time. This time, it allows one to control

the total number of such root to leaf rays in Ξn (by the number in a regular ternary tree of

height b log n for a suitable constant b). A union bound over pairs of such rays shows that

the probability that there is any time in [0, T ∗] when at least two rays are marked (which is

required for a coalescence event to take place) is O(n−α), for some α > 0.

Since we have already checked that the motion of a lineage in Ξn, and therefore in Ψn, is

close to a Brownian motion at the first branch time, we can already see why Theorem 2.27

should hold in the weak regime. Of course, there is still some work to do; as εn → 0, the

number of branching events in Ψn is very large, and it is not obvious that the convergence to

Brownian motion along a single lineage will translate into sufficiently rapid convergence on

the whole tree. The proof follows the same pattern as the deterministic case.

Generation of interface for the SLFVS

The first step is to show that, analogously to Proposition 2.14, the SLFVS generates an

interface in a time window that is of order ε2n| log(εn)|. Evidently it suffices to work with Ψn.

Proposition 2.33. Let k ∈ N. Then there exist n∗(k), a∗(k), b∗(k) > 0 such that, for all

n ≥ n∗, if we set

δ∗(k, n) := a(k)ε2n| log(εn)| and δ′∗(k, n) := (a(k) + η−1(k + 1))ε2n| log(εn)|, (2.43)

then, for t ∈ [δ, δ′], we have that:

for any x such that ∥x∥ ≥ ρ∗ + d∗εn| log εn|, we have Pε
x[V

γ
p̂(Ψ

n(t)) = 1] ≤ εkn.

for any x such that ∥x∥ ≤ ρ∗ − d∗εn| log εn|, we have Pε
x[V

γ
p̂(Ψ

n(t)) = 1] ≥ 1− εkn.
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Our proof in the deterministic setting required that we could find a large ternary tree

sitting within T (W ). Here we also need the converse to prove an analogue of (2.7).

Lemma 2.34 ([EFP17], Lemma 3.16). Let k ∈ N and let A(k) be as in Lemma 2.7. There

exist a∗(k), B∗(k) ∈ (0,∞) and n∗(k) < ∞ such that, for all n ≥ n∗ and δ∗, δ′∗ as defined in

(2.43),

P
[
T (Ψn(δ∗)) ⊇ T reg

A(k)| log(εn)|

]
≥ 1− εkn, (2.44)

P
[
T (Ψn(δ′∗)) ⊆ T

reg
B(k)| log(εn)|

]
≥ 1− εkn. (2.45)

Sketch of Proof of Proposition 2.33. The proof is based on the proof of Proposition 2.14,

where the new ingredient is that now we use Lemma 2.29 to control the distance between

a Brownian motion and the jump process with transitions given by mn (which governs the

lineage motion), over the time interval [δ∗, δ′∗]. Since ε−2
n = o(log n), for any constant d we

can arrange that for large enough n, dεn| log(εn)| ≥ 2n−β/6. Combining with our previous

estimates for the Brownian motion (Proposition 2.13), for any root to leaf ray in Ψn(δ′∗), we

can use this to control the probability that the leaf is more than 1
2d∗εn| log(εn)| from its start-

ing point at any time in [δ∗, δ
′
∗]. We can extend this to the whole of Ψn using equation (2.45)

and a union bound.

The proof of the first inequality of Proposition 2.33 now mirrors that of Proposition 2.14.

A symmetric computation gives the second inequality.

Final steps for the weak noise/selection ratio regime of Theorem 2.27

To conclude the proof of the weak noise/selection ratio regime of Theorem 2.27. We need the

following modification of Lemma 2.16. For ease of notation, we write ∥x∥ρ∗ := ∥x∥ − ρ∗.

Lemma 2.35. Let l ∈ N with l ≥ 4, K1 > 0. There exists n∗ such that for all n ≥ n∗,
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x ∈ Rd, s ∈ [σ2εl+3
n , σ2(l + 1)η−1ε2n| log(εn)|] and t ∈ [s,∞),

Ex

[
g
(
P∥Ws∥ρ∗−ν(t−s)+K1εn| log(εn)|+3n−β/6 [Vγ(B(t− s) = 1] + εln

)]
≤ 3 + 5γn

4(1 + γn)
εln + E∥x∥ρ∗

[
g
(
PBs−νt+K1εn| log(εn)|[V

γ(B(t− s)) = 1]
)]

+ 1s≤ε3n
εln. (2.46)

Ex

[
g
(
P∥Ws∥ρ∗−ν(t−s)−K1εn| log(εn)|+3n−β/6 [Vγ(B(t− s) = 0] + εln

)]
≤ 3 + 5γn

4(1 + γn)
εln + E∥x∥ρ∗

[
g
(
PBs−νt−K1εn| log(εn)|[V

γ(B(t− s)) = 0]
)]

+ 1s≤ε3n
εln. (2.47)

Proof. The proof is identical to that of Lemma 2.16 except that we also approximate the

jump process of a lineage by Brownian motion. Since n−β/6 = o(sεn| log(εn)|), the additional

term 3n−β/6 is negligible for large n. For the case in which ∥Ws∥ρ∗ is close to 0, we use

Lemma 2.12, where the distance is now to a sphere of fixed radius ρ∗ (but the statement of

the result does not change).

The equivalent of Proposition 2.15 for Ψn is:

Proposition 2.36. Let l ∈ N with l ≥ 4. Let a∗(l) and δ∗(l, ε) given by Proposition 2.33.

There exists K1(l) and n∗(l,K1) > 0 such that, for all n ≥ n∗, t ∈ [δ∗(l, n),∞) we have:

sup
x∈Rd

(
Pε
x[V

γ
p̂(Ψ

n(t)) = 1]− Pεn
∥x∥ρ∗−νt+K1εn| log(εn)|[V

γ(B(t)) = 1]
)
≤ εln.

sup
x∈Rd

(
Pε
x[V

γ
p̂(Ψ

n(t)) = 0]− Pεn
∥x∥ρ∗−νt−K1εn| log(εn)|[V

γ(B(t)) = 0]
)
≤ εln.

Proof. The proof is essentially identical to that of Proposition 2.15, except that we use

Lemma 2.35 in place of Lemma 2.16, and Proposition 2.33 in place of Proposition 2.14.

Proof of Theorem 2.27, weak noise regime. As in the deterministic setting, it suffices to prove

the result for sufficiently large k ∈ N. By Lemma 2.32, it suffices to work with Ψn, and the

result then follows from Proposition 2.36, in the same vein as the proof of Theorem 2.11.

2.2.3 Proof of Theorem 2.27, strong noise/selection ratio regime

We now turn to the strong noise/selection ratio regime.
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The total rate at which a lineage is affected by a selective event, and thus at which a new

particle is created in the dual, is proportional to

n

ûn
unsn = snn

2β.

The first case of (1.28) corresponds to not seeing any creation of particles in the dual process

in the limit, and we include it only for completeness.

The second condition in (1.28) is more interesting, and more complex. In this case, the

parameter un is sufficiently large relative to the rate of creation of lineages that even though,

asymptotically, new lineages may be created infinitely fast in the dual, they are effectively

instantly annulled by coalescence. This is, for example, the case if un = (log n)−1/2 and

sn = (log n)1/3/n2β .

We remark that this cannot be achieved in d ≥ 3: the distance between two lineages

in the dual is itself a homogeneous jump process with bounded jump size, and this will be

transient in d ≥ 3, so that there is always a positive probability of the two lineages ‘escaping’

from one another and never coalescing. In d = 2, even if two lineages initially move apart,

there will, with probability one, be a later time at which they are close enough together to

be covered by the same event, and therefore have a chance to coalesce. Indeed, in the strong

noise/selection ratio regime, most lineages will coalesce with their ‘siblings’ very soon after

being created, with the result that, in a way that we shall make precise below, the ‘effective’

rate of creation of new lineages in the dual is of order

n

ûn

snun
un log n

=
snn

2β

un log n
.

Here is a rigorous statement of the key result that we must prove.

Lemma 2.37. Let
(
Pn(s)

)
s≥0

:=
(
ξn1 (s), ..., ξ

n
N(s)(s)

)
s≥0

be the dual process to the SLFVS

introduced in Definition 2.22. Let x ∈ Rd and t > 0 be fixed. In the strong noise/selection

ratio regime there is a Brownian motion (Ws)s≥0 and a coupling of Pn and W such that, for

any ε > 0, there is n∗ such that, for all n ≥ n∗

Px

[{
N(t) = 1

}
∩
{
∥ξn1 (t)−W (σ2t)∥ < n−β/6

}]
≥ 1− ε, (2.48)

where Pn starts from a single particle at x, which is also the starting point of W .



2.2. STOCHASTICS 91

Armed with Lemma 2.37, the strong noise/ selection regime of Theorem 2.27 follows easily.

Proof of Theorem 2.27, strong noise/selection regime. From Lemma 2.37, there is a Brownian

motion W such that, for n sufficiently large,

∣∣Px

[
Vp̂(Ξ

n(t)) = 1
]
− Px[∥W (σ2t)∥ ≤ ρ∗]

∣∣
≤
∣∣∣Px

[
∥ξn1 (t)−W (σ2t)∥ ≤ n−β/6, ∥ξn1 (t)∥ ≤ ρ∗

]
− Px[∥W (σ2t)∥ ≤ ρ∗]

∣∣∣+ ε.

Note that

Px[∥W (σ2t)∥ ≤ ρ∗]− Px

[
|∥W (σ2t)∥ − ρ∗| ≤ n−β/6

]
≤ Px

[
|ξn1 (t)−W (σ2t)| ≤ n−β/6, ∥ξn1 (t)∥ ≤ ρ∗

]
(2.49)

≤ Px

[
∥W (σ2t)∥ ≤ ρ∗

]
+ P

[
|∥W (σ2t)∥ − ρ∗| ≤ n−β/6

]
,

To conclude, observe that

Px[|∥W (σ2t)∥ − ρ∗| ≤ n−β/6] ≤ C(d, ρ∗, x)n−β/6 ≤ ε, (2.50)

where the last inequality is valid for sufficiently large values of n∗. Using (2.50) in (2.49) gives

the result.

Proof of Lemma 2.37

Lemma 2.37 is a consequence of Lemma 2.29 and the following proposition.

Proposition 2.38. Let t > 0 and ε > 0. Then in the strong noise/selection scaling ratio

regime there is n∗ ∈ N, such that, for all n ≥ n∗

Px

[
N(t) > 1

]
≤ ε, (2.51)

where N(s) is the number of particles alive at time s in the dual process (Pn
s )0≤s≤t of Lemma 2.22.

We focus on the case where d = 2, un log n → ∞ and snn
2β/(un log n) → 0 (note that

lim inf un log n diverging implies that limun log n→∞, and so we will use the latter condition

in what follows). The proof is heavily inspired by [Eth+17]. In that work, it was shown that,
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in the case of genic selection (in which exactly two offspring are produced in the dual at a

selective event), if β = 1/2, un ≡ u and sn = log(n)/n, there is an equilibrium of branching

and coalescence in the dual, so that in the limit as n → ∞ we see a branching Brownian

motion (with an ‘effective’ branching rate). In our notation, this condition on sn corresponds

to snn
2β/(un log n) being O(1).

Remark 2.39. In the case un ≡ u, if a pair of lineages is covered by a reproduction event,

then there is a probability of order one that they will coalesce. As a result, even for large

n, they coalesce having been hit by a finite number of events. In our setting, if one lineage

is affected by an event, the probability that the second lineage is also affected is un and, as

a consequence, a pair of lineages must come together in the order of 1/un times before they

coalesce. The factor log n corresponds to the number of times that two lineages will come

close enough together to be covered by the same event, before they escape to a separation

of order one; once they do that, we can expect to wait a long time before they next come

close together. This also explains why the condition (1.28) is to be expected to avoid seeing

particles making an excursion of order one.

Sketch of proof of Proposition 2.38. Most of the work was done in [Eth+17], and indeed we

do not require the precise estimates obtained there. First suppose that two lineages, ξn,1 and

ξn,2, are created in a selective event occurring at time 0. Let ηn = ξn,1− ξn,2. The key step is

to show that with high probability the two lineages will coalesce before time 1/(log n)c where

c can be chosen to be at least 3. (We shall use a union bound on the complementary event

to estimate the probability that all three lineages created in a selection event coalesce on this

timescale.)

Much of the work arises from the fact that ξn,1 and ξn,2 only evolve independently when

their separation is more than 2Rn.

Following [Eth+17], we consider three possible scenarios:

1. The separation ∥ηn∥ exceeds (log n)−c at some time before (log n)−c. This occurs with

probability O
(

1
un logn

)
, and we say that ηn diverges.

2. The quantity ∥ηn∥ does not exceed (log n)−c, and neither do the two lineages coalesce
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before time (log n)−c. This happens with probability O
(

1
(logn)c−3/2un

)
, and we say that

ηn overshoots.

3. The lineages coalesce within time (log n)−c.

The idea, which can be traced to Lemma 4.2 of [EV12], is to characterise the behaviour

of ηn in terms of ‘inner’ and ‘outer’ excursions, defined through sequences of stopping times.

Set τout0 = 0 and define

τ ini = inf{s > τouti : |ηns | ≥ 5Rn}, (2.52)

τouti+1 = inf{s > τ ini : |ηns | ≤ 4Rn}. (2.53)

The interval [τouti , τ ini ) (and the path of ηn during it) is the ith inner excursion, and similarly

[τ ini−1, τ
out
i ) (and the corresponding path) is the ith outer excursion.

We use P[r1,r2] to denote results that hold for any |ηn0 | ∈ [r1, r2] and we set

Ln = (log n)−c,

for a fixed c ≥ 3. We then define

τ coal = inf{s > 0 : |ηns | = 0},

τdiv = inf{s > 0 : |ηns | ≥ Ln},

τ type = τ coal ∧ τdiv ∧ Ln.

We say ηn coalesces if τ type = τ coal, diverges if τ type = τdiv, and overshoots otherwise. We

will also need the stopping times:

τr = inf{s > 0 : |ηns | ≤ r}, (2.54)

τ r = inf{s > 0 : |ηns | ≥ r}. (2.55)

Lemma 4.7 in [Eth+17] yields that, as n→∞,

P[5Rn,7Rn][τ
Ln < τ4Rn ] = O

(
1

log n

)
. (2.56)
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The proof is unchanged in our setting; during outer excursions, ηn behaves like the difference

between two independent jump processes, and it takes O(log n) such excursions to achieve

separation Ln.

In order to control P[ηn diverges], we control the number of inner excursions before we see

a coalescence. We first note there exists M > 0 such that

P[0,5Rn][τ0 ≤ τ
5Rn ] ≥Mun (2.57)

Indeed, from a separation of 5Rn, there is a strictly positive probability that within 3 jumps

∥ηn∥ ≤ Rn, and then a strictly positive probability that the next event will cover both

lineages, in which they coalesce with probability un. This allows us to bound the number of

inner excursions before coalescence from above by a geometric random variable with success

probability Mun, and hence we have that the probability of divergence has order at most

1/(un log n). Again the details follow exactly as in [Eth+17].

The proof that the probability that ηn overshoots isO
(

1
(logn)c−3/2

)
is a minor modification

of that of [Eth+17], Lemma 4.4. The idea is that if ∥ηnt ∥ = x, with x ∈ (0, 5Rn), then with

strictly positive probability θ, ηn will either coalesce or exit B(0, 5Rn) within three jumps.

The number of jumps that ηn makes before either exiting B(0, 5Rn) or coalescing is therefore

stochastically bounded by three times a geometric random variable with success probability

θ. Since ηn jumps at least as fast as ξn,1, which jumps at rate mn given by (2.41), this allows

us to estimate

P(0,5Rn)

[
τ0 ∧ τ5Rn > n−β

]
= O

(
n−β/3 + (1− θ)n2β/3

)
,

where the first term is an estimate of the probability that the sum of n2β/3 independent ex-

ponential random variables with parameter mn exceeds n−β and the second is the probability

that a Geometric random variable with parameter θ exceeds n2β/3.

Now let i∗ denote the index of the excursion during which τ type occurs. From the argument

that we used to control the probability of divergence, we can bound the number of inner

excursions before coalescence above by a geometric random variable with success probability

Mun. Let n be large enough that

(log n)1/2

un

(
n−β + (log n)−c−2

)
≤ (log n)−c.
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Note that this is possible since un log n→∞ as n→∞, by assumption. If ηn overshoots, and

i∗ < (log n)1/2/un, then at least one inner excursion must have lasted at least n−β or at least

one outer excursion must have lasted at least (log n)−c−1. Again using that when ∥ηn∥ > 2Rn,

ηn behaves as the difference of two independent walks (and Skorohod embedding), Lemma 4.7

of [Eth+17] shows that

P[5Rn,7Rn]

[
τLn ∧ τ4Rn > (log n)−c−2

]
= O

(
1

(log n)c

)
.

Combining the above,

P [ηn overshoots]

≤ (log n)1/2

un

{
P(0,5Rn)

[
τ0 ∧ τ5Rn > n−β

]
+ P[5Rn,7Rn]

[
τLn ∧ τ4Rn > (log n)−c−2

]}

+ P

[
i∗ >

(log n)1/2

un

]

≤ (log n)1/2

un

(
n−β + (log n)−c

)
+ (1−Mun)

(logn)1/2/un = O
( 1

(log n)c−3/2un

)
.

To conclude the proof of Proposition 2.38, let us write ξ for a root to leaf ray connecting

ξ0 = x to ξn1 (t) (the first individual in Pn(t)). Let Sm denote the time of the m-th selective

event to affect the lineage, creating offspring ξn,1, ξn,2, ξn,3. Then, by the Markov property,

P
[
all individuals created at time Sm have not coalesced by time Sm +

1

(log n)c

]
≤ 3P[ηn = (ξn,1 − ξn,2) diverges or overshoots]

= O
(

1

un log n

)
+O

(
1

un(log n)c−3/2

)
= O

(
1

un log n

)
.

Since selective events affect ξ according to a Poisson process of rate proportional to snunn/ûn =

snn
2β ,

P[Nn
t ̸= 1] ≤ P

[
a particle created in [0, t− (log n)−c] did not coalesce

]
+ P

[
a selective event occurred in [t− (log n)−c, t]

]
= O

(
snn

2βt

un log n

)
+O

(
snn

2β

(log n)−c

)
≤ O

(
snn

2β(t ∨ 1)

un log n

)
,
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where our conditions on sn guarantee that all the terms on the right hand side tend to 0 as

n→∞, and the proof is complete.



3

Hybrid zones in populations with

long-range dispersal

In this Chapter we present the proof of the main result stated in Section 1.7, Theorem 1.39.

To prove Theorem 1.39, we proceed as follows. First, in Section 3.1 we provide a stochastic

representation for the solution of equation (1.34) in terms of branching α-stable processes.

This is a long-range analogue of Proposition 1.21, where the solution at the point x at time t is

the expected result of a voting procedure defined on the tree of paths traced out by branching

α-stable processes, run up to time t, starting from a single individual at the point x.

In Section 3.2 we prove a one-dimensional version of Theorem 1.39. Two important tools

are exploited here. First, that the equation (1.34), is invariant by transformation vε(t, x) →

1−vε(t, x). Secondly, we have Theorem 3.10 and Theorem 3.12, which together roughly state

that we can erase the big jumps of the α-stable process and get an error that goes to 0 with ε.

Using this, the resulting processes behave, basically, as Brownian motions. This streamlines

the computations and make the techniques in [EFP17] easy to apply.

In Section 3.3 we proceed to prove Theorem 1.39. Of particular importance is Section 3.3.1,

in which we prove a coupling which allows us to compare our multidimensional α-stable

processes with one-dimensional α-stable processes, given that we can get rid of the big jumps.

In Section 3.3.1 we prove that we can indeed forget those big jumps in the α-stable process

97
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in higher dimensions and get a negligible error. Exploiting the two last facts in Section 3.3.3

and Section 3.3.4 we conclude Theorem 1.39.

Some proofs with longer computations are relegated to Appendix B to avoid disrupting

the flow of the main results.

3.1 A probabilistic dual

In this section, we define a probabilistic dual to the scaled fractional Allen-Cahn equation

(1.34), following closely the work of [EFP17].

To do this, we consider ternary branching α-stable motions in which each individual, in-

dependently, follows an α-stable motion, until the end of its exponentially distributed lifetime

(with mean ε2) at which point it splits into three particles. Let Y (t) denote a d-dimensional

α-stable process and Y (t) denote a d-dimensional historical ternary branching α-stable mo-

tion. That is, Y (t) traces out the space-time trees that record the position of all particles

alive at time s for s ∈ [0, t]. Throughout this work, we adopt the convention that, for fixed

ε > 0,

Assumption 3.1. All stable motions have generator σ−2I(ε)α−2(−∆)
α
2 , for σ2 ≡ σ2

d
(α) as

in (1.33).

That is, all d-dimensional α-stable processes are assumed to be of the form Xσ−2I(ε)α−2t,

where the speed σ−2I(ε)α−2 will be suppressed in our notation. As in Chapter 2, we employ

the Ulam-Harris notation to record the genealogy of the process. We denote the time-labelled

ternary tree traced out by Y (t) by T (Y (t)). For a fixed function p : Rd → [0, 1] we define a

voting procedure on T as follows:

(1) each leaf i of T (Y (t)) independently votes 1 with probability p(Yi(t)) and otherwise

votes 0;

(2) at each branching event in T (Y (t)), the vote of the parent particle j is given by the

majority vote of its offspring (j, 1), (j, 2), (j, 3).

This voting procedure runs inward from the leaves of T (Y (t)) to the root ∅.



3.1. A PROBABILISTIC DUAL 99

Definition 3.2 (Vp). With the majority voting procedure described above, define Vp(Y (t))

to be the vote associated to the root ∅ of the ternary branching stable tree.

For x ∈ Rd, we write Pε
x for the probability measure under which (Y (t), t ≥ 0) has the

law of the historical process of a ternary branching α-stable motion in Rd with branching rate

1/ε2 started from a single particle at location x at time 0. We write Eε
x for the corresponding

expectation. Then the root vote Vp(Y (t)) provides us with a dual to equation (1.34) in the

following sense.

Theorem 3.3. Let p : Rd → [0, 1]. Then

vε(t, x) = Pε
x[Vp(Y (t)) = 1] (3.1)

is a solution to equation (1.34) with initial condition vε(x, 0) = p(x).

We emphasise that the variable ε used to define the speed of the stable process, I(ε)α−2,

is the same variable ε that defines the branching rate, ε−2. The proof of Theorem 3.3 is an

analogue of the proof of Proposition 2.4 in Chapter 2, and so we omit it.

With this in mind, we can restate Theorem 1.39 as follows.

Theorem 3.4. Let α ∈ (1, 2) and fix a function I : R+ → R+ satisfying Assumptions 1.37.

Suppose the initial condition p satisfies Assumptions 1.16. Let T and d(x, t) be as in Section

1.5, let F be as in (1.35), and fix T ∗ ∈ (0,T ). Then there exist εd(α, I), ad(α, I), cd(α, I),

M(α, I) > 0 such that, for ε ∈ (0, εd) and adε2| log ε| ≤ t ≤ T ∗,

(1) for x with d(x, t) ≥ cd(α)I(ε)| log ε|, we have Px [Vp(Y (t)) = 1] ≥ 1− ε2

I(ε)2
− F (ε,M);

(2) for x with d(x, t) ≤ −cd(α)I(ε)| log ε|, we have Px [Vp(Y (t)) = 1] ≤ ε2

I(ε)2
+ F (ε,M).

Notation. It will be convenient to distinguish between the one-dimensional and multi-dimensional

α-stable processes. We adopt the convention that X(t) will denote the one-dimensional α-

stable process, with the corresponding historical branching stable process denoted by X(t).

When d > 1, we denote the α-stable process by Y (t) and denote the corresponding historical

branching stable process by Y (t).
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Remark 3.5. As we mentioned briefly, in [CS10], the authors construct an algorithm similar

to the MBO algorithm but for the fractional heat equation. In the MBO algorithm we run

the fractional heat equation at rate h
α
2
−1 for time h (for some small h), and then snap every

value of the solution above 1/2 to 1, and every value below 1/2 to 0. We then iterate this

process. The result in [CS10] states this procedure gives an indicator function the boundaries

of whose support evolve as mean curvature flow.

We can translate this procedure into α-stable processes running at speed h
α
2
−1 for a

time window h. After that time window, we would snap using the voting procedure in

Definition 3.2. Note the time steps in the MBO algorithm are analogous to the Exp(ε−2)

branch times in our setting. If we approximate these branch times by their mean and set

h = ε2, [CS10] suggests that all stable processes should run at speed εα−2. Notably, we do not

believe Theorem 1.39 will hold under this predicted scaling. This is because we are concerned

with interfaces that have width converging to zero, while [CS10] works with constant order

interface widths (more on this in Remark 3.8).

They prove that the resulting interface converges to motion by mean curvature flow for

α ≥ 1. We can compare the scaling taken in [CS10] to ours as follows. In [CS10], the authors

consider time steps of length h and run the diffusive step for a time h
α
2 . In the continuous-time

setting, this would be equivalent to constructing sets Ωt for t ≥ 0 after running the fractional

heat equation for a time h
α
2 h−1t (i.e. running stable processes at speed h

α
2
−1).

Notably, this work requires all stable processes to run at speed I(ε)α−2 for I(ε) strictly

greater than ε. More precisely, by Assumption 1.37 (B), we require

lim
ε→0

ε2

I(ε)2
| log(ε)| = 0.

Heuristically, this condition arises because the arrival rate of a ‘large’ jump in all α-stable

processes is I(ε)−2. Bounding above each branch time S by its (1 − εk)−quantile, S ≤

kε2| log ε|, and we find that each stable process is expected to make, at most,

k
ε2

I(ε)2
| log ε|

‘large’ jumps in it’s lifetime. To obtain a reasonable convergence result, we expect this quantity

should go to zero with ε, and this is precisely Assumption 1.37 (B).
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3.2 Majority voting in one dimension

In this section we consider only ternary branching α-stable motions in dimension one. As in

Section 3.1, for each x ∈ R, we write Pε
x for the probability measure under which (X(t), t ≥ 0)

has the law of a one-dimensional historical ternary branching α-stable motion in R, with

branching rate ε−2, started from a single particle at location x at time 0. In accordance with

our earlier convention, each particle in a ternary branching α-stable motion is assumed to run

at speed σ−2I(ε)α−2. Write Eε
x for the corresponding expectation. Let Px be the law of an

α-stable motion started at x, with corresponding expectation Ex. Denote the vote associated

with the root of T (X(t)) under majority voting by Vp(X(t)).

We now aim to prove the analogous statement to Theorem 3.4 in one-dimension with initial

condition

p(x) = 1{x≥0},

i.e. when the leaves of T (X(t)) vote one if and only if they are on the right half line. For our

choice of p = 1{x≥0}, we write V := Vp. We will prove the following version of Theorem 1.39

in one dimension.

Theorem 3.6. Let α ∈ (1, 2) and T ∗ ∈ (0,∞). Suppose I : R+ → R+ satisfies Assump-

tions 1.37 (A) and 1.37 (B). Then there exist c1(α, I), ε1(α, I) > 0 such that, for all t ∈ [0, T ∗]

and all ε ∈ (0, ε1),

1. for x ≥ c1(α)I(ε)| log ε|, we have Pε
x[V(X(t)) = 1] ≥ 1− ε2

I(ε)2
,

2. for x ≤ −c1(α)I(ε)| log ε|, we have Pε
x[V(X(t)) = 1] ≤ ε2

I(ε)2
.

Note that, for positive x, ‘typical’ leaves of the branching process started at x are more

likely to vote one than zero.

Remark 3.7. Let f be any bistable nonlinearity and consider the one-dimensional equation
(−∆)

α
2 u(y) = f(u(y)), ∀y ∈ R,

limy→∞ u(y) = 1,

limy→−∞ u(y) = 0.

(3.2)
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Then, by [GZ15, Proposition 3.2], a solution u ∈ C2(R) to (3.2) satisfies

A

yα
≤ 1− u(y) ≤ B

yα
∀y > 1

for some A,B > 0 (and similarly for u(y) when y ≤ −1). We rewrite this equation under our

scaling by setting z = ε
2
α I(ε)1−

2
α y, and obtain

Aε2I(ε)α−2

zα
≤ 1− u(z) ≤ Bε2I(ε)α−2

zα
. (3.3)

Hence, if z ≥ I(ε), this tells us that 1− u(z) is exactly of order ε2

I(ε)2
, the interface tolerance

from Theorem 3.6. This suggests that Theorem 3.6 should hold for an interface of width

I(ε) (and this is the narrowest width possible for the given interface tolerance), but we were

only able to prove this result for the larger interface width I(ε)| log ε|. The logarithmic term

in our interface width appears to be an unavoidable consequence of the need to control the

deviations of the exponential branch times used to define X(t).

Remark 3.8. We can further consider [GZ15, Proposition 3..2] in the setting of the fractional

MBO-like algorithm constructed in [CS10] (see Remark 3.5 for a description of the algorithm).

Using the scaling from [CS10], we set I(ε) = ε. With this choice of I(ε), [GZ15] tells us that,

in order for the right and left bounds in (3.3) to tend to zero as ε goes to zero, the interface

width would need to be of constant order. This also suggests that the definitions of interface

used in this work and in [IS09] are not the same.

Theorem 3.6 tells us that even a small voting bias at the leaves is magnified under the

majority voting procedure to a large voting bias at the root (and similarly when x < 0). We

remark that, as in [EFP17], the choice of initial condition p(x) = 1{x≥0} affords us several

useful inequalities. First, for all x1, x2 ∈ R with x1 ≤ x2, we have

Pε
x1
[V(X(t)) = 1] ≤ Pε

x2
[V(X(t)) = 1]. (3.4)

As before, let T (X(t)) denote the time-labelled ternary tree traced out by the ternary branch-

ing α-stable motion X(t), and for any time-labelled ternary tree T , write

Pt
x(T ) := Pε

x[V(X(t)) = 1|T (X(t)) = T ].
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It then follows by symmetry of α-stable motions and the definition of p(x) that, for any x ∈ R

and time t > 0,

Pt
x(T ) = 1− Pt

−x(T ). (3.5)

Setting x = 0 in equation 3.5 yields Pt
0(T ) = 1

2 , so by monotonicity (3.4).

Pt
x(T ) ≥

1

2
for x > 0, and Pt

x(T ) ≤
1

2
for x < 0.

It will be convenient in our later calculations to introduce notation for the majority voting

system. Mimicking [EFP17], define the function g : [0, 1]3 → [0, 1] by

g(p1, p2, p3) = p1p2p3 + p1p2(1− p3) + p2p3(1− p1) + p3p1(1− p2). (3.6)

This is the probability that a majority vote gives the result 1, in the special case when the

three voters are independent and have probabilities p1, p2 and p3 of voting 1. We will abuse

notation slightly and write g(p) := g(p, p, p).

3.2.1 A coupling of voting systems

In this section, we aim to couple the root vote of the branching α-stable motion defined

above to the root vote of a branching subordinated Brownian motion, under a different voting

system. This subordinated Brownian motion will have similar distributional properties to a

truncated α-stable motion, but is advantageous in that it allows us to adapt the Brownian

setting of [EFP17] more readily. As we shall see, the leaves of the subordinated Brownian

tree rooted at x > 0, under this new voting system, will have smaller probability of voting

1 than 0 compared to the leaves of T (X(t)) rooted at x > 0 under majority voting (with

the opposite being true for x < 0). This increases the tolerance of our interface, and can be

viewed as the penalty one must pay for changing the distribution of the underlying tree from

the heavy-tailed stable distribution to the relatively well behaved subordinated Brownian

motion.

The intuition behind our new voting system, which we refer to as marked majority voting,

is straightforward. However, formally proving a coupling of the majority and marked majority
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systems is more challenging. To aid us with this (at the slight risk of introducing compli-

cations) we introduce an intermediate voting system that can be readily compared to both

voting systems. We call this the exponentially marked voting procedure. The definition of the

exponentially marked system, together with a proof that it couples with the ordinary majority

voting system in the appropriate sense (Theorem 3.10) make up the content of Section 3.2.1.

After this, in Section 3.2.1, we define the marked majority voting system that will be carried

through the one-dimensional proof, and prove (using the intermediate voting system) that it

can be coupled to majority voting. Theorem 3.6 can then be restated in terms of the marked

voting system on the subordinated Brownian tree (Theorem 3.14), and is proved using new

techniques as well as those developed in [EFP17], [HD20].

Exponentially marked voting

In this section we aim to couple the majority voting system on T (X(t)) with a new voting

system defined on a ternary branching subordinated Brownian motion. We will consider an

I(ε)2-truncated α
2 -stable subordinator denoted Rε

t . Assumption 3.1 will also be adopted for

all stable subordinators. To be precise, the Lévy measure of Rε
t is given by

σ−2I(ε)α−2ν
α
2 (dx)1{0≤x≤I(ε)2},

for ν
α
2 the Lévy measure of the symmetric α

2 -stable process. Let BRε(t) be the historical

process of a ternary branching Rε
t -subordinated Brownian motion (with branching rate ε−2).

Let us now make precise the form of the coupling that we desire. As before, let V(X(t))

denote the root vote of T (X(t)) under majority voting. We aim to define a voting system on

T (BRε(t)) with root vote V̂(BRε(t)) satisfying

Pε
x[V(X(t)) = 1] ≥ Pε

x[V̂(BRε(t)) = 1] for all x ≥ 0, (3.7)

with the reverse inequality holding for x ≤ 0. Having obtained this, it will suffice to prove

the analogue of Theorem 3.6 with V(X) replaced by V̂(BRε). In this way, we will have

incorporated the problematic ‘large jumps’ of the α-stable process X(t) into the voting system

V̂.
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Let us now define a voting system on T (BRε(t)). Consider a collection of independent
α
2 -stable subordinators, {Ri}i∈M(t), where M(t) denotes the set of individuals that have ever

been alive in T (X(t)). We will keep track of the random times {Ŝi}i∈M(t) that describe the

first time Ri makes a jump of size larger than I(ε)2 (these are the exponential times from

which this voting system derives its name). Explicitly,

Ŝi := inf{t ≥ 0 : |Ri(t)−Ri(t−)| > I(ε)2}.

The distribution of Ŝi can be computed as follows. Let ν
α
2 (dx) be the Lévy measure of an

α
2 -stable process. Then the first jump bigger than I(ε)2 arrives at an exponential time with

parameter

σ−2I(ε)α−2

∫
R
ν
α
2 (dx) =

Cασ
−2

I(ε)2−α

∫ ∞

I(ε)2

1

x
α
2 +1

dx =
2Cασ

−2

αI(ε)2
. (3.8)

For simplicity we set Î(ε) := (2Cασ
−2α−1)

1
2 I(ε) and work on our computations with Î in what

follows. As a consequence, the right hand side of (3.8) is equal to Î(ε)2 and so {Ŝi}i∈M(t) are

i.i.d. Exp(Î(ε)−2) distributed.

We further associate to each particle in T (BRε(t)) its lifetime, Si ∧ t, for Si ∼ Exp(ε−2).

Now fix ε > 0 and α ∈ (1, 2). For a fixed function p : Rd → [0, 1], we define an exponentially

marked voting procedure on T (BRε(t)) as follows.

1. Each individual Bi(R
ε
i ) is said to be marked if Ŝi < Si. Each marked individual votes 1

with probability 1
2 , and otherwise votes 0.

2. Each unmarked leaf i of T (BRε(t)), independently, votes 1 with probability

p(Bi(R
ε
i (t))) and otherwise votes 0.

3. At each branch point in T (BRε(t)), if the parent particle k is unmarked, it votes ac-

cording to the majority vote of its three offspring (k, 1), (k, 2) and (k, 3).

Definition 3.9 (V̂p). With the exponentially marked majority voting procedure described

above, define V̂p(BRε(t)) to be the vote associated to the root ∅ of the ternary branching

truncated stable tree.
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The exponentially marked voting system can be understood intuitively as follows. First,

since an α
2 -stable subordinated Brownian motion is equal in distribution to an α-stable pro-

cess, we may, without loss of generality, consider the historical ternary branching α
2 -stable

subordinated Brownian BR(t) instead of X(t). Suppose the trees T (BR(t)) and T (BRε(t))

have been generated up to time t, and that these trees have the same branching structure,

written as T (BRε(t)) = T (BR(t)). Then each individual Bi(Ri) in T (BR(t)) can be asso-

ciated with the partner particle of i, Bi(R
ε
i ) in T (BRε(t)). If the subordinator Ri has not

made a large jump in the lifetime of particle i, we allow their partner particle Bi(R
ε
i ) to vote

according to the majority vote of their three offspring (i.e. the partner particle is unmarked).

If Ri does make a large jump in the lifetime of particle i, with equal probability Bi(Ri) will

jump to the left or right, thereby decreasing or increasing (respectively) the probability that

the i-th particle votes one. To reflect this in the truncated system, we ask that the partner

particle Bi(R
ε
i ) votes 1 or 0 with equal probability, regardless of its offspring’s votes (i.e. the

partner particle is marked). Provided the root, x, is non-negative, a jump of Bi(Ri) is more

likely to land in the right-half plane than the left. That is, the partner particle Bi(R
ε
i ) is

being pessimistic when it votes one with probability 1
2 , and we expect (3.7) to hold.

As before, we will consider p(x) = 1{x≥0}, and write V̂ := V̂p. Note that, for this choice

of p, for any x1, x2 ∈ R with x1 ≤ x2,

Pε
x1
[V̂(BRε(t)) = 1] ≤ Pε

x2
[V̂(BRε(t)) = 1]. (3.9)

Let T be a time-labelled ternary tree and define

P̂ε
x(T ) := Pε

x

[
V̂(BRε(t)) = 1|T = T (BRε(t))

]
.

Then, since 0 and 1 are exchangeable in the exponential marked voting system,

P̂t
x(T ) = 1− P̂t

−x(T ) (3.10)

for all x ∈ R and t ≥ 0. Setting x = 0 in equation (3.10) shows that P̂t
0(T ) = 1

2 for all t > 0,

and, together with monotonicity (3.9), this gives

P̂ε
x(T ) ≥

1

2
for x > 0, and P̂ε

x(T ) ≤
1

2
for x < 0.

To conclude this section, we prove the claimed coupling of voting systems.
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Theorem 3.10. Let ε > 0, t ≥ 0 and α ∈ (1, 2). Then

1. for all x ≥ 0, Pε
x[V(X(t)) = 1] ≥ Pε

x[V̂(BRε(t)) = 1],

2. for all x ≤ 0, Pε
x[V(X(t)) = 1] ≤ Pε

x[V̂(BRε(t)) = 1].

Proof. We only prove the first inequality, since the second inequality will follow by the sym-

metry relations (3.5) and (3.10). First, by coupling the branching structure of T (BRε(t)) and

T (X(t)), it suffices to show that

Pt
x(T ) ≥ P̂t

x(T ) for all x ≥ 0. (3.11)

We proceed by induction on the number of branching events in T (X(t)) and T (BRε(t)). Let

T0 denote the tree with a root and a single leaf. Each particle Bi(R
ε
i ) in T (BRε(t)) has

lifetime Si∧ t, for Si ∼ Exp(ε−2). We abuse notation and write the time of the first branching

event as S := S0. Let {Ŝi}i∈M(t) be a family of i.i.d. exponential random variables with rate

Î(ε)−2. We introduce the shorthand notation

P 0
x (A) := Pε

x[A|T (BRε(t)) = T (X(t)) = T0]

for all events A, and write

P 0
x (A|B) := Pε

x[A|B, T (BRε(t)) = T (X(t)) = T0]

for all events A and B.

Note that, under the exponentially marked voting procedure, the vote of the root ∅ in T0

will be one if and only if either the root is unmarked (i.e. Ŝ0 ≥ S0) and B0(R
ε
0(t)) > 0, or if the

root is marked (i.e. Ŝ0 < S0), in which case the ancestral particle votes one with probability
1
2 . Noting that the event {T (BRε(t)) = T0} can equivalently be written as {S > t}, we have,

for all x ≥ 0,

P̂t
x(T0) = P 0

x [B0(R
ε
0(t)) > 0, Ŝ0 ≥ S] + 1

2P
0
x [Ŝ0 < S]

= P 0
x [B0(R

ε
0(t)) > 0]P 0

x [Ŝ0 ≥ S] + 1
2Px[Ŝ0 < S]

≤ P 0
x [B0(R

ε
0(t)) > 0]Pε

x[Ŝ0 ≥ t] + 1
2P

ε
x[Ŝ0 < t], (3.12)
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where in the second to last line we have used that, conditionally on the event {S > t}, the

events {B0(R
ε
0(t)) > 0} and {Ŝ0 ≥ S} are independent. In the last line we have used that

Pε
x[Ŝ0 ≥ S|S > t] ≤ Pε

x[Ŝ0 ≥ t].

Continuing the proof of the base case, consider the leaf in X(t), which, by standard results

(see [Boc55]), is equal in distribution to B0(R0(t)), for (B0(t))t≥0 a standard Brownian motion

and (R0(t))t≥0 an α
2 -stable subordinator. Define the random variable

SR0 = inf{t ≥ 0 : |R0(t)−R0(t−)| > Î(ε)2},

which describes the first time that R0(t) makes a jump of size greater than Î(ε)2 (this is

defined with the understanding that if SR0 > S then we can keep running the process without

branching). Of course, SR0

D
= Ŝ0, but SR0 is defined in terms of the subordinator of the

ancestral particle in X(t). Noting that SR0 and S are independent, we have

Pt
x(T0) = P 0

x [B0(R0(t)) > 0|SR0 ≥ t]Pε
x[SR0 ≥ t]

+ P 0
x [B0(R0(t)) > 0|SR0 < t]Pε

x[SR0 < t]

≥ P 0
x [B0(R

ε
0(t)) > 0]Pε

x[SR0 ≥ t] + 1
2P

ε
x[SR0 < t] (3.13)

using that, conditionally on {SR0 > t}, it holds that B0(R0(t))
D
= B0(R

ε
0(t)), and using also

that, as a function of x, the quantity Pε
x[p(B0(R0(t))) > 0|S > t, SR0 < t] satisfies a similar

symmetry relation to (3.5) and (3.10), and hence is greater than or equal to 1
2 for all x ≥ 0.

Combining (3.12) and (3.13), and noting that SR0

D
= Ŝ0, we obtain

Pt
x(T0) ≥ P̂t

x(T0)

for x ≥ 0, proving the base case.

Now suppose that, for all trees with at most n− 1 branching events, (3.11) holds. Let T n

be a tree with n branching events. Define the first three trees of descent, denoted T1, T2, and

T3, to be the three subtrees of T n generated at the time of the first branch. Assume T1, T2

and T3 have strictly fewer than n branching events. Let S be the time of the first branching

event in T n. Write

g(Pt−S
XS

(T ⋆)) := g(Pt−S
XS

(T1),Pt−S
XS

(T2),Pt−S
XS

(T3))



3.2. MAJORITY VOTING IN ONE DIMENSION 109

and similarly for g(P̂t−S
XS

(T ⋆)). By (3.5)

g(Pt−S
XS

(T ⋆)) = 1− g(Pt−S
−XS

(T ⋆)) and g(P̂t−S
XS

(T ⋆)) = 1− g(P̂t−S
−XS

(T ⋆)). (3.14)

Define Pn
x (A) := Pε

x(A|T (BRε(t)) = T (X(t)) = T n), with corresponding expectation En
x .

Then, by almost identical arguments to those used to obtain (3.13), but now conditioning on

the event {SR0 > S}, we have

Pt
x(T ) = En

x

[
g(Pt−S

XS
(T ⋆))

]
= Ex

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}

]
+ En

x

[
g(Pt−S

XS
(T ⋆))|SR0 ≤ S

]
Pn
x [SR0 ≤ S]

≥ En
x

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}

]
+ 1

2P
n
x [SR0 ≤ S], (3.15)

using that, as a function of x, En
x [g(Pt−S

XS
(T ⋆))|SR0 ≤ S] satisfies a similar symmetry relation

to (3.10), so is greater than or equal to 1
2 for x ≥ 0. By definition of the exponentially marked

voting system, for Ŝ0 as above, we also have

P̂t
x(T ) = En

x

[
g(P̂t−S

B(Rε
S)
(T ⋆))1{Ŝ0>S}

]
+ 1

2P
n
x [Ŝ0 ≤ S]. (3.16)

Therefore, since SR0

D
= Ŝ0, by (3.15) and (3.16), it suffices to show that

En
x

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}

]
≥ En

x

[
g(P̂t−S

B(Rε
S)
(T ⋆))1{SR0

>S}

]
.

Now, for all x > 0,

En
x

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}

]
= En

x

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}|B(Rε
S) > 0

]
Pn
x [B(Rε

S) > 0]

+ En
x

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}|B(Rε
S) ≤ 0

]
Pn
x [B(Rε

S) ≤ 0]

= En
x

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}|B(Rε
S) > 0

]
Pn
x [B(Rε

S) > 0] + Pn
x [SR0 > S]Pn

x [B(Rε
S) ≤ 0]

− En
x

[
g(Pt−S

−B(Rε
S)
(T ⋆))1{SR0

>S}|B(Rε
S) ≤ 0

]
Pn
x [B(Rε

S) ≤ 0]

= En
x

[
g(Pt−S

B(Rε
S)
(T ⋆))1{SR0

>S}|B(Rε
S) > 0

]
(Pn

x [B(Rε
S) > 0]− Pn

x [B(Rε
S) ≤ 0])

+ Pn
x [SR0 > S]Pn

x [B(Rε
S) ≤ 0]

≥ En
x

[
g(P̂t−S

B(Rε
S)
(T ⋆))1{SR0

>S}|B(Rε
S) > 0

]
(Pn

x [B(Rε
S) > 0]− Pn

x [B(Rε
S) ≤ 0])
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+ Pn
x [SR0 > S]Pn

x [B(Rε
S) ≤ 0]

= En
x

[
g(P̂t−S

B(Rε
S)
(T ⋆))1{SR0

>S}

]
where, in the second line, we have applied the symmetry (3.14). Furthermore, in the second

to last line, we used monotonicity of g together with our inductive hypothesis, and the fact

that, given x ≥ 0, the difference Pn
x [B(Rε

S) > 0]− Pn
x [B(Rε

S) ≤ 0] is non-negative. The final

equality follows by reversing the arguments used above but for P̂t−S
B(Rε

S)
(T ⋆).

Marked majority voting

In this section, we describe what will be the final voting system in one-dimension, which

we denote by V×, defined on T (BRε). This voting system will be carried throughout the

one-dimensional proof. In spirit, V× is very similar to V̂, but no longer relies on knowing

the lifetime of particles in order to mark them. Instead, particles are marked (independently)

when they are born. In Theorem 3.12, it will be shown that our new voting system V× can

be easily coupled to the exponential marked voting system V̂, so by Theorem 3.10, it can also

be coupled to the original majority voting system V. Our need for the intermediate system

V̂ to obtain a coupling of V× with V will be explained in Remark 3.13.

Under the marked majority voting system, particles will be marked (independently) with

probability bI , defined as follows. Recall that, for i ∈ M(t), Ŝi ∼ Exp(Î(ε)−2) is equal in

distribution to the first time the subordinator (Ri(t))t≥0 makes a jump of size larger than

Î(ε)2. Further recall that Si ∼ Exp(ε−2) is the lifetime of the particle Xi
D
= Bi(Ri) in X(t).

Define

bI := P[Ŝi < Si] ∼
Î(ε)−2

Î(ε)−2 + ε−2
∼ ε2

Î(ε)2
, (3.17)

where a ∼ b means a is proportional to b with scaling constant independent of ε. This is the

probability that particle i makes a large jump before the next branch time (provided particle

i is not a leaf). By Assumption 1.37 (B), bI → 0 as ε→ 0.

Let ε > 0, t ≥ 0 and α ∈ (1, 2). For a fixed function p : Rd → [0, 1], we define a marked

majority voting procedure on T (BRε(t)) as follows.
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1. At each branch point in T (BRε(t)), the parent particle j marks each of its three off-

spring (j, 1), (j, 2) and (j, 3) independently with probability bI . Each marked particle

(independently) votes 1 with probability 1
2 and otherwise votes 0.

2. Each unmarked leaf i of T (BRε(t)), independently, votes 1 with probability

p(Bi(R
ε
i )), and otherwise votes 0.

3. At each branch point in T (BRε(t)), if the parent particle k is unmarked, it votes ac-

cording to the majority vote of its three offspring (k, 1), (k, 2) and (k, 3).

Observe that the initial ancestor of T (BRε(t)) is never marked under this procedure.

Definition 3.11 (V×
p ). With the marked majority voting procedure described above, define

V×
p to be the vote associated to the root ∅ of the ternary branching subordinated Brownian

tree.

As usual, for our choice of initial condition p(x) = 1{x≥0}, we write V× := V×
p . With

this choice of initial condition, the marked majority voting system, V×, retains many of the

symmetry relations exploited in [EFP17], that have already used here for V and V̂. Namely,

for all x1, x2 ∈ R, with x1 ≤ x2,

Pε
x1

[
V×(BRε(t)) = 1

]
≤ Pε

x2

[
V×(BRε(t)) = 1

]
, (3.18)

and, for any time-labelled tree T , if we set

‰Pt
x (T ) = Pε

x

[
V×(BRε(t)) = 1|T (BRε(t)) = T

]
,

then by symmetry of the historical stable process and exchangeability of 0 and 1 in the marked

voting procedure,

‰Pt
x (T ) = 1− ‰Pt

−x(T ) (3.19)

for all time-labelled trees T , x ∈ R, and t ≥ 0. Setting x = 0 in (3.19) gives ‰Pt
0 (T ) = 1

2 , so,

by monotonicity (3.18), for any time-labelled ternary tree T ,

‰Pt
x (T ) ≥

1

2
for x > 0 and ‰Pt

x (T ) ≤
1

2
for x < 0. (3.20)



112 3. HYBRID ZONES IN POPULATIONS WITH LONG-RANGE DISPERSAL

We next introduce notation for our marked majority voting procedure. Recall that g is

the majority voting function associated to V. Define the marked majority voting function

g× : [0, 1]3 → [0, 1] by

g×(p1, p2, p3) := g
(
(1− bI)p1 + bI

2 , (1− bI)p2 +
bI
2 , (1− bI)p3 +

bI
2

)
.

This is the probability that an unmarked parent particle votes 1 under V×, in the special case

when the three offspring are independent and have probabilities p1, p2 and p3 of voting 1 if

they are unmarked. As before, we abuse notation and write g×(p) := g×(p, p, p).

Let {u−, 12 , u+} be the three solutions to g×(p) = p, satisfying 0 < u− < 1
2 < u+ < 1. The

exact derivation of the fixed points can be found in Proposition B.1 in Appendix B. It will be

useful later to note that these fixed points can be approximated by Taylor expansion as

u− =
1

2
−
√

(1− bI)3(1− 3bI)

2(1− bI)3
∼ 3

4
b2I +O(b3I) (3.21)

u+ =
1

2
+

√
(1− bI)3(1− 3bI)

2(1− bI)3
∼ 1− 3

4
b2I +O(b3I). (3.22)

We now return to the coupling of V×
p and the original voting system Vp via the intermediate

system V̂p.

Theorem 3.12. Let V̂ the exponentially marked majority voting system and V× be as above.

Then, for all x ∈ R and t ≥ 0,

Pε
x[V̂(BRε(t)) = 1] = Pε

x[V×(BRε(t)) = 1](1− bI) +
bI
2
. (3.23)

Proof. Recall that, under the voting system V̂, each particle i is marked if Ŝi < Si. By

definition of bI , all particles in T (BRε(t)) are marked with the same probability under both

V̂ and V×, except for the ancestral particle, which remains unmarked under V×
p by definition.

Conditioning on the marking of the ancestral particle in V̂, we obtain

Pε
x[V̂p(BRε(t)) = 1]

= Pε
x[V̂p(BRε(t)) = 1|Ŝ0 > S0]Pε

x[Ŝ0 > S0] + Pε
x[V̂p(BRε(t)) = 1|Ŝ0 ≤ S0]Pε

x[Ŝ0 ≤ S0]

= Pε
x[V×

p (BRε(t)) = 1](1− bI) +
bI
2
,

where the last line follows from the definition of bI .
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Remark 3.13. The intermediate voting system V̂ is crucial to obtain a coupling between the

marked system V× and the original voting system V. The marking of a particle in T (BRε(t))

under V̂ corresponds precisely to the event that its partner particle in T (X(t)) made a large

jump, allowing for easy comparison of the two systems. However, under V×, we do not have

this direct comparison. Instead, we only know that the probability of marking in T (BRε(t))

equals the probability of seeing large jumps in T (X(t)).

Finally to prove our main one-dimensional result, Theorem 3.6, it suffices, by Theorem 3.10

and Theorem 3.12, to show the following.

Theorem 3.14. Let α ∈ (1, 2), k ∈ N and T ∗ ∈ (0,∞). Suppose I : R+ → R+ satisfies

Assumptions 1.37 (A) and 1.37 (B). Let u+, u− be as in (3.21) and (3.22). Then there exist

c1(α, I, k), ε1(α, I, k) > 0 such that, for all t ∈ [0, T ∗] and all ε ∈ (0, ε1(k)),

1. for x ≥ c1(k)Î(ε)| log ε|, we have Pε
x[V×(BRε(t)) = 1] ≥ u+ − εk;

2. for x ≤ −c1(k)Î(ε)| log ε|, we have Pε
x[V×(BRε(t)) = 1] ≤ u− + εk.

3.2.2 Proof of Theorem 3.14

We now prove Theorem 3.14, thereby proving the main one-dimensional result, Theorem 3.6.

Throughout this section, let p(x) = 1{x≥0}. Our next result verifies that the marked majority

voting procedure cannot reduce the positive voting bias on the leaves when the root, x, is

non-negative. By the symmetry in (3.19), the same result holds for the negative voting bias

on the leaves when x < 0. Given this symmetry, we often state results only for positive x,

when it is convenient to do so.

Lemma 3.15. For any time-labelled ternary tree T , any time t > 0, and any x ≥ 0,

‰Pt
x (T ) ≥ u+Px[B(Rε

t ) ≥ 0] + u−Px[B(Rε
t ) ≤ 0].

The proof of Lemma 3.15 follows exactly as for [HD20, Lemma 3.1] with g× instead of g

therein, and is consequently omitted.
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Remark 3.16. In [EFP17], the majority voting function g was considered throughout; this

function enjoys the fixed points 0, 12 , and 1. The analogous statement to Lemma 3.15 for g

and a Brownian spatial motion was then stated with u+ = 1 and u− = 0. In our setting, the

non-zero attractive fixed point u− must be taken into account when leaves have a negative

bias. To do this, we adapt ideas from [HD20], where more general voting functions than g

were considered.

Remark 3.17. At this point, we can briefly remark upon why the symmetric marked system

V×
p was chosen. One might think, as a first attempt, that asking all marked individuals to

vote 0 with probability 1 (instead of 1/2) would simplify the coupling (3.7). While this is

true, it is not obvious that the resulting system does not reduce the positive voting bias on

leaves when the root x is non-negative, and an analogue of Lemma 3.15 would be challenging

to obtain due to the lack of symmetry of the voting system.

We next aim to show that the iterative voting procedure amplifies a small positive bias at

the leaves to a large positive voting bias at the root. To do this, we define g(n)× (p) inductively

by

g
(1)
× (p) = g×(p), g

(n+1)
× (p) = g

(n)
× (g×(p)).

Noting that the ancestral particle is never marked under V×, we see that g(n)× (p) is the

probability of voting 1 at the root of an n-level regular ternary tree under V× if the votes of

the unmarked leaves are i.i.d. Bernoulli(p). We next consider the rate of convergence of g× to

its fixed points. Let Î(ε) be our scaling function, which we take to satisfy Assumptions 1.37

throughout.

Lemma 3.18. For all k ∈ N there exist A(k) <∞ and ε1(k) > 0 such that, for all ε ∈ (0, ε1)

and n ≥ A(k)| log(ε)|,

g
(n)
×

(
1

2
+ ε

)
≥ u+ − εk and g

(n)
×

(
1

2
− ε
)
≤ u− + εk.

Proof. We follow closely [HD20, Lemma 3.2], and note some slight differences arising due to

the dependence of g× on bI (and, consequently, on ε and Î(ε)), recalling that

g×(p) = g((1− bI)p+ bI
2 ),
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where bI = O( ε2

Î(ε)2
). We prove only the first inequality since the second follows by completely

symmetric arguments. First, we show that there exists Ck > 0 and some fixed q0 > 0 such

that, after n ≥ Ck| log ε| iterations,

g
(n)
× (u+ − x− q) ≥ u+ − εk (3.24)

for all q ≥ q0. We then proceed to show that there exists D > 0 such that, after n ≥ D| log ε|

iterations,

g
(n)
×

(
1

2
+ ε

)
≥ u+ − k − q0. (3.25)

Combining (3.24) and (3.25) then gives the result.

To prove (3.24), choose ε1 sufficiently small so that bI ≤ 1
6 for all ε ∈ (0, ε1). Then

g′×

(
1

2

)
= (1− bI)g′

(
1

2

)
=

3

2
(1− bI) ≥

5

4
> 1. (3.26)

Next, using that g′(0) = 0 and that g′ is continuous, together with the estimate (3.21), we

have, for ε1 sufficiently small, that

g′
(
u−(1− bI) +

bI
2

)
<

1

4

for all ε ∈ (0, ε1). It follows, for this choice of ε1, that g′×(u−) = (1−bI)g′(u−(1−bI)+bI/2) <
1
4 . Since g′×

(
1
2

)
> 1 and g′× is continuous,

q0 := inf
{
q ≥ 0 : g′×(u− + q) ≥ 1

2

}
> 0.

By the mean value theorem and the definition of q0, for all q < k0,

u+ − g×(u+ − q) = g×(u− + q)− u− ≤ q g′×(u− + q0) =
q

2
.

Iterating this yields

u+ − g(n)× (u+ − q) ≤
1

2n
(u+ − q) ≤

1

2n
.

It follows that there exists Ck > 0 such that, if n ≥ C| log(ε)| and q ≤ q0, then

g
(n)
× (u+ − q) ≥ u+ − εk,
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thereby proving (3.24).

We now proceed to prove (3.25). As before (see equation 3.26), let ε1 be sufficiently small

that, for all ε ∈ (0, ε1), we have g′×(
1
2) > 1. Since g× is increasing and u−, 1

2 and u+ are the

only fixed points of g×, we have

g×(q) > q for all q ∈
(
1
2 , u+

)
. (3.27)

By the definition of q0, and since g′× is increasing on (0, 12),

u+ − q0 − 1
2 = 1

2 − q0 − u− > 0.

Therefore

q1 := inf
0≤q≤u+−q0− 1

2

g×(
1
2 + q)− (12 + q)

q
> 0,

and so, for q ∈ [ε, u+ − q0 − 1
2 ], by the definition of q0 we have

g×
(
1
2 + q

)
− 1

2 > (1 + k1)q. (3.28)

Reduce ε1 if necessary so that g×(12 + ε) < u+ − q0 for all ε ∈ (0, ε1). Then, applying

(3.28) twice, we obtain

g
(2)
× (12 + ε) = g×(

1
2 + (g×(

1
2 + ε)− 1

2))

≥ (1 + q1)[g×(
1
2 + ε)− 1

2)] +
1
2

≥ (1 + q1)
2ε+ 1

2 .

Repeating this argument n− 1 times, we obtain

g
(n)
×
(
1
2 + ε

)
≥ (1 + q1)

nε+ 1
2 .

It follows, for D := 1
log(1+q1)

, that after n > D| log(ε)| iterations,

g
(n)
×
(
1
2 + ε

)
≥ u+ − q0.

Setting A = Ck +D proves the result.
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We now briefly note a useful inequality for g×, that will be used in the proof of Theo-

rem 3.14.

Lemma 3.19. If p1, p2, p3 ≥ 1
2 , then

g×(p1, p2, p3) ≥ min(p1, p2, p3, u+).

If p1, p2, p3 ≤ 1
2 , then

g×(p1, p2, p3) ≤ max(p1, p2, p3, u−).

Proof. We prove only the first inequality, since the second one follows by a symmetrical

argument. Let us denote

pmin = min{p1, p2, p3, u+}.

If p1, p2, p3 ≥ 1
2 , it follows that 1

2 ≤ pmin ≤ u+. Since g× is increasing in each variable,

g×(p1, p2, p3) ≥ g×(pmin).

Therefore it suffices to show that g×(pmin) ≥ pmin. For this, recall that u−, 1
2 and u+ are the

only fixed points of g×. Factorising g×(pmin)− pmin yields

g×(pmin)− pmin = (pmin − u−)(2pmin − 1)(u+ − pmin).

Since 1
2 ≤ pmin ≤ u+ we have g×(pmin)− pmin ≥ 0, as required.

We next state a result which says there is a large enough regular ternary subtree of

T (BRε(t)) generated by time t ≥ a1ε2| log ε| for Lemma 3.18 to apply. Let T reg
n = ∪k≤n{1, 2, 3}k ⊂

U denote the n-level regular ternary tree, and for l ≥ 0, let T reg
l = T reg

⌈l⌉ . For T a time-labelled

ternary tree, we use T reg
l ⊆ T to mean that, as subtrees of U , the tree T reg

l is contained inside

T (ignoring time labels).

Lemma 3.20. Let k ∈ N and A(k) be as in Lemma 3.18. There exist a1(α, k) > 0 and

ε1(α, k) > 0 such that, for all ε ∈ (0, ε1) and t ≥ a1(k)ε2| log ε|,

Pε
[
T (BRε(t)) ⊇ T reg

A(k)| log ε|

]
≥ 1− εk. (3.29)
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The proof of (3.29) proceeds exactly as in [EFP17, Lemma 2.10], and is therefore omitted.

We next aim to control the displacement of leaves in BRε(t).

Lemma 3.21. Fix k ∈ N and let a1(k) be as in Lemma 3.20. Then there exist ε1(α, k) > 0

and l1(α, k) > 0 such that, for all x ∈ Rd, ε ∈ (0, ε1) and s ≤ a1(k)ε2| log ε|,

Px

(
∃i ∈ N(s) : |Bi(R

ε
i (s))− x| ≥ l1(k)Î(ε)| log ε|

)
≤ 2εk.

Remark 3.22. Lemma 3.21 highlights the importance of working with subordinated Brow-

nian motions instead of the original stable processes. As we shall see in the proof of Lemma

3.21, to control leaves of the ternary branching stable tree, we will apply a many-to-one lemma.

Using the same approach for stable processes (without truncation), the region in which we

can control the leaves with probability εk grows without bound as ε goes to zero, which is

clearly not strong enough for our goals.

Proof of Lemma 3.21. First note that for any l > 0

Px

[
∃i ∈ N(s) : |B(Rε

s)− x| ≥ lÎ(ε)| log ε|
]
≤ E[N(s)]P0

[
|B(Rε

s)| ≥ lÎ(ε)| log ε|
]

= e
2s
ε2 P0

[
|B(Rε

s)| ≥ lÎ(ε)| log ε|
]

≤ ε−2a1P0

[
|B(Rε

s)| ≥ lÎ(ε)| log ε|
]
.

(3.30)

Denote the density of Rε
s by fε. Then for any h ≥ 0, partitioning over {t ≤ hÎ(ε)2| log ε|}

allows us to obtain

P0

[
|B(Rε

s)| ≥ lÎ(ε)| log ε|
]
≤
∫ hÎ(ε)2| log ε|

0
P0

[
|B(t)| ≥ lÎ(ε)| log ε| | Rε

s = t
]
fε(t)dt

+ P0[B(Rε
s) ≥ hÎ(ε)2| log ε|]

≤ sup
0≤t≤hÎ(ε)2| log ε|

P0[|B(t)| ≥ lÎ(ε)| log ε|]

+ P0[R
ε
s ≥ hÎ(ε)2| log ε|].
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We bound each term separately. First, by a Chernoff bound, for all t ≤ hÎ(ε)2| log ε|,

P0

[
|B(t)| ≥ lÎ(ε)| log ε|

]
= P0

[√
2t|Z| ≥ lÎ(ε)| log ε|

]
≤ P0

[√
2h|Z| ≥ l| log ε|1/2

]
≤ exp

(
−1

4
l2

h | log ε|
)

= ε
l2

4h .

Now fix h := k + 2a1(k) + 1. By Lemma B.3 in the appendix, there exists ε1(k) > 0 such

that, for all ε ∈ (0, ε1),

P
[
Rε

s ≥ hÎ(ε)2| log ε|
]
≤ εk+2a1(k).

Putting this together, we obtain

P
[
∃i ∈ N(s) : |Bi(R

ε
i (s))− x| ≥ lÎ(ε)| log ε|

]
≤ εk + ε

l2

4h−2a1(k)

so the result holds by choosing l = l1(k) sufficiently large.

With this we can prove Theorem 3.14, following a similar format to the proof of [EFP17,

Theorem 2.6]. We suppose z ≥ 2l1(k)Î(ε)| log ε| and s∗ := a1(k)ε
2| log ε|, and consider the

cases t ≤ s∗ and t ≥ s∗ separately. Firstly, if t ≤ s∗, then, by Lemma 3.21, with high prob-

ability none of the particles in T (X(t)) have moved a distance further than l1(k)Î(ε)| log ε|,

and the result follows easily. Secondly, when t ≥ s∗, we use Lemma 3.15 to show that the

leaves of BRε(t) have a positive voting bias, which, by Lemma 3.20, is magnified by O(| log ε|)

rounds of voting. Thus Lemma 3.18 applies and gives the result.

Proof of Theorem 3.14. The outline of this proof follows closely that of [EFP17, Theorem

2.6], with some computational differences due to our different choice of spatial motion and

worse interface tolerance. Let ε < 1
2 and define zε implicitly by the relation

Pzε [B(Rε
T ∗) ≥ 0] = 1

2 + (u+ − u−)−1ε, (3.31)

and note that zε ∼ ε
√
4πT ∗ as ε → 0. Moreover, with arbitrarily high probability, Rε

T ∗ is

bounded above by a constant (depending on T ∗). Comparing the above estimate with the

definition of zε, there exists a constant C(T ∗) such that zε ≤ C(T ∗)ε as ε→ 0.
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Suppose ε1(k) < 1
2 is sufficiently small that Lemmas 3.20 and 3.21 hold for all ε ∈ (0, ε1).

Let c1(k) = 2l1(k), for l1(k) as in Lemma 3.21. Then, since εÎ(ε)−1 → 0 as ε → 0 by

Assumption 1.37 (B), we can choose ε1 sufficiently small that

l1(k)Î(ε)| log ε|+ zε ≤ c1(k)Î(ε)| log ε|

for all ε ∈ (0, ε1). Let a1 be as in Lemma 3.20 and define

s∗(ε, α) = a1(k)ε
2| log ε|.

Let t ∈ (0, s∗), let z ≥ c1(k)Î(ε)| log ε|, and, by Lemma 3.20, let n ≥ 1 be sufficiently large

that T (BRε(t)) ⊆ T reg
n with probability at least 1− εk. Then

Pz(V×
p (BRε(t)) = 0)

= Pz

(
{V×

p (BRε(t)) = 0} ∩ {∃i ∈ N(t) : |Bi(R
ε
i (t))− z| ≥ c1Î(ε)| log ε|}

)
+ Pz

(
{V×

p (BRε(t)) = 0} ∩ {∄i ∈ N(t) : |Bi(R
ε
i (t))− z| ≥ c1Î(ε)| log ε|}

)
≤ εk + 1− g(n)× (1)

= εk + g
(n)
× (0)

≤ εk + g
(n)
× (u−)

= εk + u−,

where we have used that g(n)× (0) ≤ g
(n)
× (u−) = u−, since u− is a fixed point of g×. Now

suppose t ∈ [s∗, T ∗] and z ≥ c1(k)Î(ε)| log ε|. Let Ts∗ = T (BRε(s∗)) be the time-labelled tree

of the branching stable process at time s∗. Define

qt−s∗(z) = Pz[V×(BRε(t− s∗)) = 1]

for all z ∈ R. Write {BRε(s∗) > zε} for the event Bi(R
ε
i (s

∗)) > zε for all i ∈ N(s∗). Then

Pz[V×
p (BRε(t)) = 1] = Pz

[
V×
qt−s∗ (·)

(BRε(s∗)) = 1
]

≥ Pz

[{
V×
qt−s∗ (zε)

(BRε(s∗)) = 1
}
∩ {BRε(s∗) > zε}

]
≥ Pz

[
V×
qt−s∗ (zε)

(BRε(s∗)) = 1
]
− εk, (3.32)
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where the first line follows by the Markov property of BRε at time s∗, the second line follows

by monotonicity (3.18), and the third line follows by Lemma 3.21 and our assumption z ≥

c1Î(ε)| log ε|.

Now, by Lemma 3.15 and (3.31) the definition of zε (noting that t− s∗ ≤ T ∗), we have

qt−s∗(zε) ≥ Pzε [B(Rε
t−s∗) ≥ 0]u+ + Pzε [B(Rε

t−s∗) ≤ 0]u−

≥ u+
(
1
2 + (u+ − u0)−1ε

)
+ u−

(
1
2 − (u+ − u0)−1ε

)
=

1

2
+ ε. (3.33)

Substituting (3.33) into (3.32), we obtain

Pz[V×
p (BRε(t)) = 1] ≥ Pz

[
V×

1
2+ε

(BRε(s∗)) = 1

]
− εk. (3.34)

Note that, if pi ≥ 1
2 + ε for i = 1, 2, 3, then g×(p1, p2, p3) ≥ min(p1, p2, p3, u+) from

Lemma 3.19. Therefore, if each leaf of Ts∗ votes one independently with probability greater

than 1
2+ε, and Ts∗ ⊇ T reg

A| log ε|, then each leaf in T reg
A| log ε| also votes one with probability greater

than 1
2 + ε. By Lemma 3.20, Ts∗ ⊇ T reg

A| log ε| with probability at least 1− εk, so by Lemma 3.18

Pz

[
V×

1
2+ε

(BRε(s∗)) = 1

]
≥ (1− εk)g(⌈A| log ε|⌉)

×

(
1

2
+ ε

)
≥ (1− εk)(u+ − εk)

≥ u+ − 2εk.

Substituting this into (3.34) yields

Pz[V×
p (BRε(t)) = 1] ≥ u+ − 3εk,

thereby proving part (1) of Theorem 3.14. Part (2) of Theorem 3.14 follows by completely

symmetric arguments.

3.2.3 Slope of the interface

Just as in [EFP17], to prove Theorem 3.6 we make use of a lower bound on the ‘slope’ of the

interface in dimension d = 1. For a time-labelled ternary tree T , recall that

‰Pt
x (T ) := Pε

x[V×(BRε(t)) = 1)|T (BRε(t)) = T ].
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Proposition 3.23. Suppose x ≥ 0 and η > 0. Then, for any time-labelled ternary tree T and

any time t,

‰Pt
x (T )− ‰Pt

x−η(T ) ≥ ‰Pt
x+η(T )− ‰Pt

x (T ). (3.35)

Proof. This proof follows [EFP17] with some minor differences, because of our different choice

of voting function g×. We proceed by induction on the number of branching events. Let T0

denote a time-labelled tree with a root and a single leaf. Recall that, under V×, the initial

ancestor is never marked. Therefore, since x ≥ 0,

‰Pt
x (T0)− ‰Pt

x−η(T0) =
∫ x

x−η
p0,t(z)dz ≥

∫ x+η

x
p0,t(z)dz = ‰Pt

x+η(T0)− ‰Pt
x (T0),

where p0,t denotes the transition density of B(Rε
t ) started at 0. Now assume the inequality

holds for all time-labelled ternary trees with at most n branch points. Let T be a time-labelled

ternary tree with n+ 1 internal vertices, and denote the time of the first branching event in

T by S. Let T1, T2 and T3 denote the three trees of descent from the first branching event in

T . Then

‰Pt
x (T0)− ‰Pt

x−η(T0) = Ex

[
g×

(
‰Pt−S
B(Rε

S)
(T ⋆)

)]
− Ex−η

[
g×

(
‰Pt−S
B(Rε

S)
(T ⋆)

)]
=

∫ ∞

−∞

[
g×

(
‰Pt−S
y (T ⋆)

)
− g×

(
‰Pt−S
y−η (T ⋆)

)]
px,S(y)dy

=

∫ ∞

0

[
g×(‰Pt−S

y (T ⋆))− g×
(

‰Pt−S
y−η (T ⋆)

)]
(px,S(y)− px,S(−y))dy,

where the final line follows from the symmetry relation (3.19).

By identical arguments applied to the right hand side of (3.35), we obtain(
‰Pt
x (T0)− ‰Pt

x−η(T0)
)
−
(

‰Pt
x+η(T0)− ‰Pt

x−η(T0)
)

=

∫ ∞

0

(
g×

(
‰Pt−S
y (T ⋆)

)
− g×

(
‰Pt−S
y−η (T ⋆)

))
(px,S(y)− px,S(−y))dy

−
∫ ∞

0

(
g×

(
‰Pt−S
y+η (T ⋆)

)
− g×

(
‰Pt−S
y (T ⋆)

))
(px,S(y)− px,S(−y))dy.

Since x ≥ 0, we have px,S(y)− px,S(−y) ≥ 0 for y ≥ 0, and it suffices to show that, for y ≥ 0,(
g×

(
‰Pt−S
y (T ⋆)

)
− g×

(
‰Pt−S
y−η (T ⋆)

))
−
(
g×

(
‰Pt−S
y+η (T ⋆)

)
− g×

(
‰Pt−S
y (T ⋆)

))
≥ 0. (3.36)
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By the inductive hypothesis,(
‰Pt−S
y (Ti)− ‰Pt−S

y−η (Ti)
)
−
(

‰Pt−S
y+η (Ti)− ‰Pt−S

y (Ti)
)
≥ 0 (3.37)

for y ≥ 0. By the monotonicity of g× and (3.37),

g×

(
‰Pt−S
y−η (T ⋆)

)
≤ g×

(
2‰Pt−S

y (T ⋆) + ‰Pt−S
y+η (T ⋆)

)
. (3.38)

Substituting (3.38) into (3.36), it suffices to show

g×

(
‰Pt−S
y+η (T ⋆)

)
− 2g×

(
‰Pt−S
y (T ⋆)

)
+ g×

(
2‰Pt−S

y (T ⋆)− ‰Pt−S
y+η (T ⋆)

)
≤ 0. (3.39)

By definition of g×, (3.39) is equivalent to

g

(
(1− bI)‰Pt−S

y+η (T ⋆) +
bI
2

)
− 2g

(
(1− bI)‰Pt−S

y (T ⋆) + bI
2

)
+g

(
(1− bI)(2‰Pt−S

y (T ⋆)− ‰Pt−S
y+η (T ⋆)) +

bI
2

)
≤ 0. (3.40)

To see that (3.40) holds, note that

g(p1 + η1, p2 + η2, p3 + η3)− 2g(p1, p2, p3) + g(p1 − η1, p2 − η2, p3 − η3)

= 2η1η2(1− 2p3) + 2η2η3(1− 2p1) + 2η3η1(1− 2p2).

Setting pi = (1− bI)‰Pt−S
y (Ti) + bI

2 and ηi = (1− bI)(‰Pt−S
y+η (Ti)− ‰Pt−S

y (Ti)), we see that (3.40)

will hold if pi ≥ 0, or equivalently, if ‰Pt−S
y (Ti) ≥ 1

2 , which holds by (3.20) since y ≥ 0.

Corollary 3.24. Let ε1(I, α) and c1(I, α) be as in Theorem 3.14. Let ε < min(ε1(α),
1
24).

Suppose that, for some t ∈ [0, T ∗] and z ∈ R,

∣∣Pε
z[V×(BRε(t)) = 1]− 1

2

∣∣ ≤ 5
12 ,

and let w ∈ R with |z − w| ≤ c1(α)Î(ε)| log ε|. Then

∣∣Pε
z[V×(BRε(t)) = 1]− Pε

w[V×(BRε(t)) = 1]
∣∣ ≥ |z − w|

48c1(α)Î(ε)| log ε|
.

This follows exactly by the proof of [EFP17, Corollary 2.12], replacing the interface width

ε| log ε| with Î(ε)| log ε|, and we refer the reader there.
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3.2.4 A coupling argument

In this section, we aim to construct a coupling of the one-dimensional and multi-dimensional

voting systems, so that the results of Section 3.2 can be applied to the multidimensional set-

ting. To accomplish this, we consider a preliminary coupling of d(W (Rε
s), t− s), the distance

between a d-dimensional subordinated Brownian motion and Γt−s, to a one-dimensional sub-

ordinated Brownian motion (this is the content of Theorem 3.25). The proof of this result

follows closely [EFP17, Proposition 2.13]. We will use this result to motivate (and prove) the

true coupling that will be used in our proof of the multidimensional result, Theorem 3.27.

The necessity for not one but two coupling results, though laborious, allows us to overcome

a key computational difficulty that arises in this work but not in the Brownian setting of

[EFP17].

To begin, we consider a coupling of d(W (Rε
s), t − s) to B(Rε

s) (Theorem 3.25). We use

directly the Brownian coupling from [EFP17], together with regularity of (Γt)0≤t<T . We then

define a new process, proving it satisfies the desired coupling (Theorem 3.27) and has a root

vote close to that of WRε (Proposition 3.28). Let us first state some regularity properties

also used in [EFP17], which follow from the Assumptions 1.16.

1. There exists c0 > 0 such that, for all t ∈ [0, T ∗] and x ∈ {y : |d(y, t)| ≤ c0}, we have

|∇d(x, t)| = 1. (3.41)

Moreover, d is a Ca,a
2 function in {(x, t) : |d(x, t)| ≤ c0, t ≤ T ∗} for some a > 2.

2. If we view n := ∇d as the positive normal direction, then for x ∈ Γt, the normal velocity

of Γt at x is −d(x, t), and the curvature of Γt at x is −∆d(x, t). Thus, (1.10) becomes

ḋ(x, t) = ∆d(x, t) (3.42)

for all x such that d(x, t) = 0.

3. There exists C0 > 0 such that, for all t ∈ [0, T ∗] and all x such that |d(x, t)| ≤ c0,∣∣∣∇(ḋ(x, t)−∆d(x, t)
)∣∣∣ ≤ C0. (3.43)
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4. There exists v0, V0 > 0 such that, for all t ∈ [0, T ∗ − v0] and all s ∈ [t, t+ v0],

|d(x, t)− d(x, s)| ≤ V0(s− t). (3.44)

Theorem 3.25. Let k ∈ N. For α ∈ (1, 2), let (Wt)t≥0 be a d-dimensional standard Brow-

nian motion started at x ∈ Rd, and let (Rε
t )t≥0 be an Î(ε)2-truncated α

2 -stable subordinator

satisfying Assumption 3.1. Fix t ≤ T ∗ and β < c0, for c0 as in (3.43). Define the stopping

time

Tβ = inf({s ∈ [0, (k + 1)ε2| log ε|) : |d(Ws, t− s)| > β} ∪ {t}).

If Rε
s < Tβ ∧ t, then there exists a one-dimensional standard Brownian motion (Bt)t≥0 started

at d(x, t), and there exist constants C0, D0 > 0 and ε1(k) > 0 such that, for all ε ∈ (0, ε1(k)),

with probability at least 1− εk+1,

|d(W (Rε
s), t− s)−B(Rε

s)| ≤ C0βs+D0(k + 2)Î(ε)2| log ε|. (3.45)

Proof. We first rewrite d(W (Rε
s), t− s) as

d(W (Rε
s), t−Rε

s) + [d(W (Rε
s), t− s)− d(W (Rε

s), t−Rε
s)] . (3.46)

By the Brownian coupling result [EFP17, Proposition 2.13], since Rε
s ≤ Tβ ∧ t by assumption,

there exists a one-dimensional Brownian motion (Bt)t≥0 started from d(x, t) and C0 > 0 such

that

B(Rε
s)− C0βR

ε
s ≤ d(W (Rε

s), t−Rε
s) ≤ B(Rε

s) + C0βR
ε
s. (3.47)

By (3.44), the second term in (3.46) is bounded above by

|d(W (Rε
s), t− s)− d(W (Rε

s), t−Rε
s)| ≤ V0|Rε

s − s|. (3.48)

Combining (3.46), (3.47) and (3.48),

|d(W (Rε
s), t− s)−B(Rε

s)| ≤ C0βR
ε
s + V0|Rε

s − s|

≤ C0βs+D0|Rε
s − s|

where D0 := V0+C0c0. By Lemma B.3, there exists ε1(k) > 0 such that, for all ε ∈ (0, ε1(k)),

P(|Rε
s − s| > (k + 2)Î(ε)2| log ε|) ≤ εk+1.
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Γt−s

vs

W (Rε
s)Z−s Z+

s

2lI(ε)2| log(ε)|

Figure 3.1: Possible configuration of Z+
s , Z−

s and W (Rε
s)

The key difference between the coupling in Theorem 3.25 and that of the Brownian set-

ting [EFP17, Proposition 2.14] is the additional O(Î(ε)2| log ε|) error obtained in (3.45). This

seemingly innocent error causes strife when one attempts to adapt the multidimensional Brow-

nian proof to our setting, as it propagates with each iteration of voting. To overcome this

technical difficulty, we introduce the auxiliary d-dimensional processes (Z+
t )t≥0 and (Z−

t )t≥0

that can be coupled to our one-dimensional motion (B(Rε
t ))t≥0 as in (3.45) without this addi-

tional error term. With this, it is straightforward to adapt the techniques of [EFP17] to prove

the multidimensional result for the historical ternary branching motions Z+ and Z−. Finally,

by controlling the error between the root votes of Z− and Z+ to that of the d-dimensional

subordinated Brownian motion, we obtain the desired result. We define Z+ and Z− as follows.

Definition 3.26 (Z+
s , Z

−
s ). Let (W (Rε

t ))t≥0 be a d-dimensional subordinated Brownian mo-

tion. Fix 0 < t, T < T , l > 0 and β < c0, for c0 as in (3.41). Let xs ∈ Γt−s be the unique

point on Γt−s that is the shortest distance from W (Rε
s), and vs be the outward facing unit

vector perpendicular to the tangent hypersurface of Γt−s at xs. Then we define the processes

(Z+
s )0≤s≤T and (Z−

s )0≤s≤T by

Z+
s =


W (Rε

s) + lÎ(ε)2| log ε|vs if |d(W (Rε
s), t− s)| ≤ β

W (Rε
s) otherwise.

(3.49)

Z−
s =


W (Rε

s)− lÎ(ε)2| log ε|vs if |d(W (Rε
s), t− s)| ≤ β

W (Rε
s) otherwise.

(3.50)

Observe that we may choose ε sufficiently small that any point x on the line segment

between W (Rε
s) and Z+

s (or Z−
s ) satisfies d(x, t − s) ≤ c0. It then follows by (3.41) that
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|∇d(x, t− s)| = 1, so

d(Z−
s , t− s) = d(W (Rε

s), t− s)− lÎ(ε)2| log(ε)|, (3.51)

d(Z+
s , t− s) = d(W (Rε

s), t− s) + lÎ(ε)2| log(ε)|. (3.52)

Consequently, we obtain the following important restatement of Theorem 3.25.

Theorem 3.27. Let k ∈ N. For α ∈ (1, 2) and D0 as in (3.45), let Z+
t and Z−

t be as in

Definition 3.26 for l := D0(k + 2), started at x ∈ Rd. Let (Rε
t )t≥0 be an Î(ε)2-truncated

α
2 -stable subordinator satisfying Assumption 3.1. Fix t ≤ T ∗, and fix β < c0 for c0 as in

(3.43). Define the stopping time

Tβ = inf({s ∈ [0, (k + 1)ε2| log ε|) : |d(Ws, t− s)| > β} ∪ {t}).

If Rε
s < Tβ ∧ t, then there exists a one-dimensional standard Brownian motion (Bt)t≥0 started

at d(x, t), and there exists C0 > 0 such that, with probability at least 1− εk+1,

d(Z+
s , t− s) ≤ B(Rε

s) + C0βs (3.53)

d(Z−
s , t− s) ≥ B(Rε

s) + C0βs. (3.54)

This follows immediately from Theorem 3.25 and equations (3.52), (3.51) and so we omit

a formal proof.

Notation. As we have seen in Theorem 3.27, Z+ and Z− satisfy (3.53) and (3.54) when

l := D0(k+2) in (3.49) and (3.50). For the remainder of this work, we shall take l := D0(k+2)

in the definition of Z+ and Z−, where the choice of k will be clear in the given context.

To conclude this section, we compare the root votes of V×
p (Z

−) and V×
p (Z

+) to that of

V×
p (WRε). We denote by Z+ the ternary branching process (with branching rate ε−2) in

which individuals independently travel according to (Z+
s )0≤s≤T . Define Z− similarly.

Proposition 3.28. Let α ∈ (1, 2), 0 < t < T , 0 ≤ β < c0, and k ∈ N and let F be as

in (1.35). Let Z+(t) and Z−(t) be the historical path of branching processes defined above.

Then, for any x ∈ Rd, there exist M1,M2 > 0 such that∣∣Px[V×
p (Z

−(t)) = 1)]− Px[V×
p (WRε(t)) = 1)]

∣∣ ≤M1e
− t

ε2 + F (ε,M2) (3.55)∣∣Px[V×
p (Z

+(t)) = 1)]− Px[V×
p (WRε(t)) = 1)]

∣∣ ≤M1e
− t

ε2 + F (ε,M2). (3.56)
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Proposition 3.28 is integral to the proof of the main multidimensional result. While

intuitively the root votes in (3.55) and (3.56) should be close, obtaining the precise bound

above requires lengthy calculations which are not illuminating. To not disrupt our flow as

we begin the proof of the multidimensional result, we defer the proof of Proposition 3.28 to

Section B.2 of Appendix B.

Remark 3.29. Observe that Proposition 3.28 marks the first appearance of the term F (ε)

that will later contribute to the tolerance of the interface in Theorem 1.39. Recall that our

requirement that F (ε)→ 0 as ε→ 0 corresponds to the assumption that α ∈ (1, 2).

3.3 Marked majority voting, for d ≥ 2

Let us briefly recall the notation introduced in Section 3.2. We writeX for the one-dimensional

α-stable process (X for the associated historical ternary branching process), and Y for the

d-dimensional α-stable process (Y for the associated historical ternary branching process).

The one-dimensional Rε
t -subordinated standard Brownian motion is denoted B(Rε

t ) (with

associated historical ternary branching process BRε), and the Rε
t -subordinated d-dimensional

Brownian motion is denoted W (Rε
t ) (with associated historical ternary branching process

WRε). As ever, all stable processes and subordinators are assumed to satisfy Assumption 3.1.

To begin our proof of the d-dimensional result, we show that it suffices to prove our main

theorem for the marked voting system on Z+ and Z−. We accomplish this through a series

of coupling results, namely

Pε
x [Vp(Y (t)) = 1]

Prop 3.31
≈ Pε

x

[
V+
p (WRε(t)) = 1

]
Prop 3.33
≈ Pε

x

[
V×
p (WRε(t)) = 1

]
Prop 3.28
≈ Pε

x

[
V×
p (Z

+(t)) = 1
]
.

We then proceed as in [EFP17] to show that, by an O(ε2| log ε|) time, an interface is generated

(Section 3.3.2), and that the region about the interface propagates, by comparison to our one-

dimensional result (Section 3.3.3).
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3.3.1 A coupling of voting systems, for d ≥ 2

In this section, we aim to obtain a coupling of the majority voting system on T (Y (t)) to the

marked majority voting system on T (WRε(t)). However, unlike the analogous coupling in

one dimension, we can no longer exploit the symmetry (3.5) of the systems afforded to us by

the initial condition p(x) = 1{x≥0}. Instead, in d dimensions, the presence of curvature means

that any individual that makes a large jump near the interface will have a positive (resp.

negative) bias to cross over to the other side of the interface, in regions where the interface

is convex (resp. concave). Consequently, there is no longer a straightforward way to relate

particles in Y to marked particles in WRε that have an equal probability of voting one or

zero. To overcome this, we consider in Proposition 3.31 an intermediate coupling between

the majority voting system on T (Y (t)) and the asymmetric marked majority voting systems

on T (WRε(t)). The latter systems will then be coupled to the symmetric marked majority

voting system of interest in Proposition 3.33, and, combining these results, we obtain the

desired coupling in Corollary 3.34.

Let ε > 0, t ≥ 0 and α ∈ (1, 2). Let bI be as in (3.17). For a fixed function p : Rd → [0, 1],

we define the positively biased (resp. negatively biased) asymmetric marked voting procedures

on T (WRε(t)) as follows.

1. At each branch point in T (WRε(t)), the parent particle j marks each of its three

offspring (j, 1), (j, 2) and (j, 3) independently with probability bI . All marked particles

vote 1 with probability 1 (resp. 0).

2. Independently, each unmarked leaf i of T (WRε(t)) votes 1 with probability p(Wi(R
ε
i (t)),

and otherwise votes 0.

3. At each branch point in T (WRε(t)), if the parent particle k is unmarked, it votes

according to the majority vote of its three offspring (k, 1), (k, 2) and (k, 3).

Definition 3.30 (V+
p ,V−

p ). Define V+
p (resp. V−

p ) to be the vote associated to the root ∅

of the ternary branching tree with truncated stable motion under the positively biased (resp.

negatively biased) asymmetric marked voting procedure described above.
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With this definition, we can obtain the following bound on the root vote of T (Y (t)).

Proposition 3.31. For all ε > 0, x ∈ Rd, t ≥ 0 and p : Rd → [0, 1] we have

(1− bI)Pε
x[V−

p (WRε(t)) = 1] ≤ Pε
x[Vp(Y (t)) = 1] ≤ (1− bI)Pε

x[V+
p (WRε(t)) = 1] + bI .

This proof of this result proceeds almost identically to the proof of the one-dimensional

coupling of voting systems, Theorems 3.10 and 3.12 using an intermediate asymmetric expo-

nentially marked voting system, we refer the reader there for details.

Remark 3.32. It is important to note that Theorem 3.10 cannot be adapted to the symmetric

marked voting system V×
p in d dimensions. This is because, for general p, we cannot conclude

E[p(B(Rε
t ))] ≥ 1

2 : a crucial step in the proof of Theorem 3.10, seen in, for example, equation

(3.13). However, the proof of Theorem 3.10 can be adapted for the asymmetric marked voting

systems, since (3.13) becomes, simply, E[p(B(Rε
t ))] ≥ 0. Our ability to adapt Theorem 3.10 to

the asymmetric marked voting systems is our main motivation in using them as intermediate

systems. We further compare V+
p and V−

p to V×
p so that we can exploit the symmetry of V×

p

in our later proofs.

The positively and negatively marked systems can then be compared to our (symmetric)

marked system as follows.

Proposition 3.33. There exists C > 0 such that, for all ε > 0, x ∈ Rd, t ≥ 0 and p : Rd →

[0, 1],

sup
x∈Rd

(
Pε
x[V+

p (WRε(t)) = 1]− Pε
x[V×

p (WRε(t)) = 1]
)
≤ CbI (3.57)

sup
x∈Rd

(
Pε
x[V×

p (WRε(t)) = 1]− Pε
x[V−

p (WRε(t)) = 1]
)
≤ CbI . (3.58)

Proof. We prove only (3.57), noting that (3.58) follows by symmetric arguments. Define

g+ : [0, 1] → [0, 1] by g+(q) = g((1 − bI)q + bI), where g is the ordinary majority voting

function. This is the probability that an unmarked parent particle votes 1 under V+
p in the

special case when the three offspring are independent, and each has probability q of voting 1

if it is unmarked. Write S for the time of the first branch in WRε(·). To ease notation, set

uε×(x, t) = Pε
x

[
V×
p (WRε(t)) = 1

]
and uε+(x, t) = Pε

x

[
V+
p (WRε(t)) = 1

]
.
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Then, by the Markov property at time t ∧ S and the definitions of V×
p and V+

p (noting that

the initial ancestor is never marked in both schemes), we have

uε×(x, t) = Eε
x

[
g×(u

ε
×(W (Rε

S), t− S))1{S≤t}
]
+ Eε

x

[
p(W (Rε

t ))1{S>t}
]

uε+(x, t) = Eε
x

[
g+
(
uε+ (W (Rε

S), t− S)
)
1{S≤t}] + Eε

x[p(W (Rε
t ))1{S>t}

]
.

It follows that

|uε×(x, t)− uε+(x, t)| ≤ Eε
x

[∣∣g×(uε×(W (Rε
S), t− s))− g+(uε+(W (Rε

S), t− s))
∣∣1{S≤t}

]
.

By the definitions of g× and g+, and since g is Lipschitz with constant 3
2 , we have

|uε×(x, t)− uε+(x, t)|

≤ 3
2E

ε
x

[∣∣∣(1− bI)(uε×(W (Rε
S), t− S)− uε+(W (Rε

S), t− S))− bI
2

∣∣∣1{S≤t}

]
≤ 3

4bI +
3
2(1− bI)E

ε
x

[∣∣uε×(W (Rε
S), t− S)− uε+(W (Rε

S), t− S)
∣∣1{S≤t}

]
= 3

4bI +
3
2(1− bI)

∫ t

0

e−ρε−2

ε2
Eε
x

[
|uε×(W (Rε

u), t− ρ)− uε+(W (Rε
u), t− ρ)|

]
dρ

≤ 3
4bI +

3
2(1− bI)

∫ t

0

e−ρε−2

ε2
∥uε×(·, t− ρ)− uε+(·, t− ρ)∥∞dρ,

where ∥·∥∞ denotes the supremum norm, and we have used that S ∼ Exp(ε−2) is independent

of the spatial motion. Noting that the above inequality holds for all x ∈ Rd, and applying

the change of variables ρ 7→ t− ρ, we obtain

∥uε×(·, t)− uε+(·, t)∥∞ ≤ 3
4bI +

3
2e

−tε−2

∫ t

0
eρε

−2
ε−2∥uε×(·, ρ)− uε+(·, ρ)∥∞dρ.

By an adaptation of Grönwall’s inequality as proved in [Dra02, Theorem 15],

∥uε×(·, t)− uε+(·, t)∥∞ ≤ 3
4bI exp

(
3
2

(∫ t

0
exp

(
−sε−2

)
ε−2

)
ds

)
= 3

4bI exp

(
3

2
P[S ≤ t]

)
≤ 3

4bI exp
(
3
2

)
.

Setting C := 3
4 exp

(
3
2

)
gives the result.

The following result then follows by combining Propositions 3.31 and 3.33.
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Corollary 3.34. Let ε > 0, x ∈ Rd, t ≥ 0, and p : Rd → [0, 1]. Let C be as in Proposi-

tion 3.33 and let C̄ = C + 1. Write uε(x, t) = Pε
x[Vp(Y (t)) = 1]. Then

(1− bI)Pε
x[V×

p (WRε(t)) = 1]− CbI ≤ uε(x, t) ≤ (1− bI)Pε
x[V×

p (WRε(t)) = 1] + C̄bI .

With this coupling of voting systems in mind, we can now state the theorem for the

d-dimensional marked system that in turn proves Theorem 1.39.

Theorem 3.35. Let α ∈ (1, 2), and fix a function I : R+ → R+ satisfying Assump-

tions 1.37. Suppose the initial condition p satisfies Assumptions 1.16. Let T and d(x, t)

be as in Section 1.5, let F be as in (1.35), and fix T ∗ ∈ (0,T ). Let u+, u− be as in (3.21)

and (3.22). Then there exist εd(α, I), ad(α, I), cd(α, I), M > 0 such that, for ε ∈ (0, εd) and

adε
2| log ε| ≤ t ≤ T ∗,

1. for x with d(x, t) ≥ cdÎ(ε)| log ε| we have Px

[
V×
p (WRε(t)) = 1

]
≥ u+ − F (ε,M),

2. for x with d(x, t) ≤ −cdÎ(ε)| log ε|, we have Px

[
V×
p (WRε(t)) = 1

]
≤ u− + F (ε,M).

3.3.2 Generation of interface

We now show that, in time O(ε2| log ε|), an interface of width O(Î(ε)| log ε|) is generated,

and, outside this interface, the root vote of the marked voting system is at a distance at most

εk from one of the fixed points u+ and u−.

Proposition 3.36. For fixed k ∈ N, there exists ρd(k) > 0 such that for t ≥ ρd(k)ε
2| log ε|

and x ∈ R,

u− − εk ≤ Pε
x[V×

p (WRε(t)) = 1] ≤ u+ + εk (3.59)

for any initial condition p : Rd → [0, 1].

Proof. This is a special case of [HD20, Lemma 3.5], the proof of which we follow closely. We

prove the right hand inequality in (3.59) and note that the left hand inequality follows by

very similar arguments. It is easy to verify that g′×(u+) < 1 and, since u+ is a fixed point of

g×, it is easy to verify that, for ε sufficiently small, g×(q) < q for q ∈ (u+, 1]. Therefore

q2 := inf
q∈(0,1−u+]

(u+ + q)− g×(u+ + q)

q
∈ (0, 1)
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and, for δ ∈ [0, 1− u+],

g×(u+ + δ)− u+ ≤ (1− q2)δ.

Iterating this as in the proof of Lemma 3.18, we obtain

q
(n)
× (u+ + δ)− u+ ≤ (1− q2)nδ.

In particular,

g
(n)
× (u+ + (1− u+))− u+ ≤ (1− q2)n(1− u+) ≤ εk

after n ≥ C(k)| log ε| iterations, for some C(k) > 0. That is, g(n)× (1) ≤ u+ + εk after

n ≥ C(k)| log ε| iterations. We note that, since g× is increasing, the largest value of the

iterates of g× will be when p = 1. Finally, by identical arguments to Lemma 3.20, there exists

ρd(k) > 0 such that, for t ≥ ρd(k)ε2| log ε|,

Pε
[
T (WRε(t)) ⊃ T reg

C(k)| log ε|

]
≥ 1− εk.

Therefore, when t ≥ ρdε2| log ε|, it holds that Pε
x[V×

p (WRε(t)) = 1] ≤ u+ + 2εk,

To begin, we first note that Proposition 3.36 holds for Z+ and Z−. That is, for k ∈ N,

there exists ρ+
d
(k) and ρ−

d
(k) such that, for t ≥ ρ+

d
(k)ε2| log ε|,

u− − εk ≤ Pε
x[V×

p (Z
+(t)) = 1] ≤ u+ + εk, (3.60)

and, for t ≥ ρ−
d
(k)ε2| log ε|,

u− − εk ≤ Pε
x[V×

p (Z
−(t)) = 1] ≤ u+ + εk, (3.61)

for any initial condition p : Rd → [0, 1]. We let ρd(k) := ρ−
d
(k) ∨ ρ+

d
(k).

Proposition 3.37. Let α ∈ (1, 2), k ∈ N and ρd(k) be as above. Fix I : R+ → R+ satisfying

Assumptions 1.37 (A) and 1.37 (B). Let u+ and u− be as in (3.21), (3.22). Then there exist

εd(α, I), ad(α, I), bd(α, I) > 0 such that, for all ε ∈ (0, εd), if

td(k, ε) := (ad(k) ∨ ρd(k))ε2| log ε|,

t′d(k, ε) := (2(ad(k) ∨ ρd(k)) + k + 1)ε2| log ε|,

then for t ∈ [td, t
′
d
],
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1. for d(x, t) ≥ bd(k)Î(ε)| log ε|, we have Pε
x[V×

p (Z
+(t)) = 1] ≥ u+ − εk,

2. for d(x, t) ≤ −bd(k)Î(ε)| log ε|, we have Pε
x[V×

p (Z
+(t)) = 1] ≤ u− + εk.

Remark 3.38. By almost identical arguments Proposition 3.37 holds when Z+ is replaced

with Z−.

Proof. We follow the proof of [EFP17, Proposition 2.16] closely, and consider the multidimen-

sional analogues of Lemmas 3.20 and 3.21. First, by an identical argument to Lemma 3.20,

there exist ad(k) > 0 and εd(α) > 0 such that, for all ε ∈ (0, εd) and t ≥ ad(k)ε2| log ε|,

Pε
[
T
(
Z+(t)

)
⊇ T reg

A| log ε|

]
≥ 1− εk, (3.62)

for A(k) as in Lemma 3.18. Moreover, by standard estimates for the multidimensional stan-

dard normal variable, the proof of Lemma 3.21 can be adapted to show that there exist

hd(k) > 0 and εd(I, α) > 0 such that, for all ε ∈ (0, εd) and t ∈ [td, t
′
d
],

Px

[
∃i ∈ N(s) : ∥Wi(R

ε
i (s))− x∥ ≥ hd(k)Î(ε)| log ε|

]
≤ εk. (3.63)

By the definition of Z+
s , ∥Z+

s ∥ ≤ ∥W (Rε
s)∥+D0(k+2)Î(ε)2| log ε|, and so (3.63) implies that,

for ε sufficiently small, there exists ld(k) > hd(k) for which

Px

[
∃i ∈ N(s) : ∥Z+

s − x∥ ≥ ld(k)Î(ε)| log ε|
]
≤ εk. (3.64)

Set bd = 2ld. Recall that d(x, t) is the signed distance between x ∈ Rd and Γt. By the

regularity assumption on Γt (3.44), there exist v0, V0 > 0 such that, for t ≤ v0 and x ∈ Rd,

|d(x, 0) − d(x, t)| ≤ V0t. Reduce εd if necessary so that t′
d
≤ v0 for all ε ∈ (0, εd). Let

ε ∈ (0, εd), let t ∈ [td, t
′
d
] and let x be such that d(x, t) ≥ bdÎ(ε)| log ε| and ∥Z+

i (t) − x∥ ≤

ldÎ(ε)| log ε|. It follows by the triangle inequality and the Lipschitz continuity of d(·, t) that

d(Z+
i (t), 0) ≥ d(x, t)−

∣∣d(x, t)− d(Z+
i (t), t)

∣∣− ∣∣d(Z+
i (t), t)− d(Z+

i (t), 0)
∣∣

≥ bdÎ(ε)| log ε| − ldÎ(ε)| log ε| − V0t′d

= 1
2bdÎ(ε)| log ε| − V0(2(ad ∨ ρd) + k + 1)ε2| log ε|.
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By Assumption 1.37 (B) we may reduce εd if necessary so that

d(Z+
i (t), 0) ≥ 1

4bdÎ(ε)| log ε|

for all ε ∈ (0, εd). Finally we have that, reducing εd if necessary, by Assumptions 1.16 (B)

and1.16 (C),

p(Z+
i (t)) ≥ 1

2 + µ
(
1
4bdÎ(ε)| log ε| ∧ η

)
≥ 1

2 + ε (3.65)

for all ε ∈ (0, εd). We then combine (3.62), (3.63) and (3.65) exactly as in the proof of

Theorem 3.14, to obtain that that, for ε ∈ (0, εd), t ∈ [td, t
′
d
], and x such that d(x, t) ≥

bdÎ(ε)| log ε|,

Pε
x[V×

p (Z
+(t)) = 1] ≥ u+ − 3εk.

The upper bound is obtained using the same approach.

3.3.3 Propagation of the interface

In this section, we consider the propagation of the interface for the marked majority voting

systems. Throughout this section, define

γ(t) := K1e
K2tÎ(ε)| log ε|,

where the choice of K1 and K2 will be clear in the given context.

Proposition 3.39. Let α ∈ (1, 2), let l ∈ N with l ≥ 4 and fix I : R+ → R+ satisfying

Assumptions 1.37. Let ad and td be as in Proposition 3.37. Then there exist K1,K2 > 0 such

that, for all ε ∈ (0, εd) and t ∈ [td, T
∗], we have

sup
x∈Rd

(
Pε
x[V×

p (Z
+(t)) = 1]− Pε

d(x,t)+γ(t)[V
×
p (BRε(t)) = 1]

)
≤ εl (3.66)

and

sup
x∈Rd

(
Pε
x[V×

p (Z
−(t)) = 0]− Pε

d(x,t)−γ(t)[V
×
p (BRε(t)) = 0]

)
≤ εl. (3.67)
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By following the pattern already seen in the proof of Proposition 2.15, Proposition 3.39

follows from Lemma 3.40 below. The proof of Theorem 3.35 will then follow easily, and is

stated at the end of this section. We defer the lengthy proof of Lemma 3.40 to Section 3.3.4.

Throughout this section, we will extend the domain of g× : [0, 1] → [0, 1] to all of R.

Namely, we set

g×(p) =


g×(0) if p < 0

g×(p) if p ∈ [0, 1]

g×(1) if p > 1.

Lemma 3.40. Let K1 > 0, α ∈ (1, 2), l ∈ N with l ≥ 4, and I : R+ → R+, and assume

Assumptions 1.37 hold. Let t′
d

be as in Proposition 3.37. Then there exist K2 = K2(K1, l) > 0

and εd(K1,K2, l) > 0 such that, for all ε ∈ (0, εd), x ∈ Rd, s ∈ [0, (l + 1)ε2| log ε|] and

t ∈ [t′
d
, T ∗],

Ex

[
g×

(
Pε
d(Z+

s ,t−s)+γ(t−s)
[V×(BRε(t− s)) = 1] + εl

)]
≤ 3

4
εl + Ed(x,t)

[
g×

(
Pε,t−s
B(Rε

s)+γ(t)[V
×(BRε(t− s)) = 1]

)]
+ 1{s≤ε3} (3.68)

and

Ex

[
g×

(
Pε
d(Z−

s ,t−s)−γ(t−s)
[V×(BRε(t− s)) = 0] + εl

)]
≤ 3

4
εl + Ed(x,t)

[
g×

(
Pε,t−s
B(Rε

s)−γ(t)[V
×(BRε(t− s)) = 0]

)]
+ 1{s≤ε3}. (3.69)

Proposition 3.39, together with our coupling of WRε to Z+ and Z−, allows us to compare

the root vote of the multidimensional subordinated Brownian motion to that of the one-

dimensional subordinated Brownian motion.

Corollary 3.41. Let α ∈ (1, 2), let l ∈ N with l ≥ 4, and fix I : R+ → R+ satisfying

Assumption 1.37. Define ad and td as above and let F (ε) be as in (1.35). There exist

K1,K2,M > 0 and εd(l) > 0 such that, for all ε ∈ (0, εd) and t ∈ [td, T
∗], we have

sup
x∈Rd

(
Pε
x[V×

p (WRε(t) = 1]− Pε
d(x,t)+γ(t)[V

×
p (BRε(t)) = 1]

)
≤ F (ε,M) + εl (3.70)
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and

sup
x∈Rd

(
Pε
x[V×

p (WRε(t)) = 0]− Pε
d(x,t)−γ(t)[V

×
p (BRε(t)) = 0]

)
≤ F (ε,M) + εl. (3.71)

Proof. This follows immediately from Proposition 3.28 and Proposition 3.39 using that, for

t ≥ O(ε2| log ε|), we have e−
t
ε2 ≤ ε, so, for M2 as in Proposition 3.28, there exists M > 0

such that, for ε sufficiently small,

M1e
− t
ε2 + F (ε,M2) ≤ F (ε,M).

With this, we can now prove Theorem 3.35.

Proof of Theorem 3.35. Set cd(l) := c1(l) + K1e
K2T ∗ . Then, for any x ∈ Rd, and for any

t ∈ [td, T
∗] such that d(x, t) ≤ −cd(l)Î(ε)| log ε|, we have

d(x, t) +K1e
K2tÎ(ε)| log ε| ≤ −c1(l)Î(ε)| log ε|.

Then, by Theorem 3.14, reducing εd if necessary so that εd < ε1(l), we have, by Proposi-

tion 3.41, that

Pε
x[V×

p (WRε(t)) = 1)] ≤ u− + εl + F (ε,M)

for all such x and t.

Reduce ε as necessary so that εl+F (ε,M) ≤ u−+F (ε,M +1). Similarly, for x and t such

that d(x, t) ≥ cd(l)Î(ε)| log ε|, we have, by Theorem 3.14 and (3.67), that Pε
x[V×

p (WRε(t)) =

1)] ≥ u+ − F (ε,M + 1).

Proof of Theorem 1.39. This follows immediately by combining Theorem 3.35 and Corol-

lary 3.34.

3.3.4 Proof of Lemma 3.40

Following the original proof of [EFP17, Lemma 2.18], we consider the two cases |d(x, t)| ≤

DÎ(ε)| log ε| and |d(x, t)| ≥ DÎ(ε)| log ε| separately, for some large D > 0. Since neither the

one-dimensional process B(Rε
s) nor the multidimensional process Z+ (or Z−) travel further

than a distance O(Î(ε)| log ε|) in time s = O(ε2| log(ε)|) (with high probability), if D is
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sufficiently large and d(x, t) ≤ −DÎ(ε)| log ε|, then Theorem 3.14 implies the left hand side of

(3.68) is bounded above by εk, and if d(x, t) ≥ DÎ(ε)| log ε|, the right hand side of (3.68) will

at least 1. When |d(x, t)| ≤ DÎ(ε)| log ε|, we apply Theorem 3.27 so that, with probability at

least 1− εl+1,

d(Z+
s , t− s) ≤ B(Rε

s) +O(Î(ε)| log ε|)s.

By the monotonicity of g×, we can then bound the left hand side of (3.68) by

Ed(x,t)

[
g×

(
Pε
B(Rε

s)+γ(t−s)+O(s)Î(ε)| log ε|[V
×
p (BRε(t)) = 1] + εl

)]
+O(εl+1). (3.72)

We then control (3.72) by considering two cases: when the argument of g× in (3.72) is

bounded away from 1
2 , and when it is close to 1

2 . In the former case, we use that |g′×(p)| < 2
3

when p is bounded far enough away from 1
2 , together with the monotonicty of g×, to obtain

(3.68). In the second case, we apply the slope of the interface result, Corollary 3.24, to bound

Pε
z[V×

p (BRε(t)) = 1]− Pε
w[V×

p (BRε(t)) = 1] when z = B(Rε
s) + γ(t− s) +O(s)Î(ε)| log ε| and

w = z + γ(t).

Proof of Lemma 3.40. For all u ≥ 0 and z ∈ R, let

Qε,u
z = Pε

z[V×(BRε(u)) = 1].

Let C0 be as in (3.43), and and c1 be defined as in Theorem 3.14. Let

R := 2c1(l) + 4(l + 1)d+ 1, (3.73)

and fix K2 such that

K1(K2 − C0)− C0R− C1 = c1(1). (3.74)

At first, we let εd(l) = ε1(l) where ε1(l) is defined in Theorem 3.14.

Following the proof of [EFP17, Lemma 2.18], we begin by estimating the probability

that a d-dimensional subordinated Brownian motion moves further than at distance of order

Î(ε)| log ε| in time s ≤ (l + 1)ε2| log ε|. Define the event

Ax =

{
sup

u∈[0,Rε
s]
||Wu − x|| ≤ 2(l + 1)Î(ε)| log ε|

}
.
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Then, bounding ∥W (u)−x∥ by the sum of the moduli of d one-dimensional Brownian motions,

and applying Lemma B.3,

Px[A
c
x] ≤ 2dP0

[
sup

u∈[0,Rε
s]
Bu > 2(l + 1)Î(ε)| log ε|

]

≤ 2dP0

[
sup

u∈[0,(l+2)Î(ε)2| log ε|]
Bu > 2(l + 1)Î(ε)| log ε|

]
+ 2dεl+1

≤ 4dP0

[
B1 > 2((l + 1)| log ε|)1/2

]
+ 2dεl+1

≤ 6dεl+1, (3.75)

where the second inequality follows by the reflection principle, and the final inequality follows

by identical arguments to those in the proof of Lemma 3.21. Now consider the cases

(i) d(x, t) ≤ −(2c1(l) + 2(l + 1)d+K1e
K2(t−s))Î(ε)| log ε|

(ii) d(x, t) ≥ (2c1(l) + 2(l + 1)d+K1e
K2(t−s))Î(ε)| log ε|

(iii) |d(x, t)| ≤ (2c1(l) + 2(l + 1)d+K1e
K2(t−s))Î(ε)| log ε|.

Case (i): By (3.43), there exist v0, V0 > 0 such that, if s ≤ v0 and x ∈ Rd, then

|d(x, t)− d(x, t− s)| ≤ V0s.

Reduce εd if necessary to ensure that, for all ε ∈ (0, εd), (l + 1)ε2| log ε| ≤ v0. Then if Ax

occurs,

d(W (Rε
s), t− s) +K1e

K2(t−s)Î(ε)| log ε| (3.76)

≤ −(2c1(l) + 2(l + 1)d)Î(ε)| log ε|+ |d(W (Rε
s), t− s)− d(x, t)|

≤ −(2c1(l) + 2(l + 1)d)Î(ε)| log ε|+ |d(x, t)− d(x, t− s)|+ ||W (Rε
s)− x||

≤ −2c1(l)Î(ε)| log ε|+ V0(l + 1)ε2| log ε|. (3.77)

By Assumption 1.37 (B), we may reduce εd if necessary so that

d(W (Rε
s), t− s) +K1e

K2(t−s)Î(ε)| log ε| ≤ −3
2c1(l)Î(ε)| log ε|,
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for all ε ∈ (0, εd). Then, since d(Z+
s , t− s) ≤ d(W (Rε

s), t− s)+D0(l+2)Î(ε)2| log ε|, reducing

ε further if necessary, we have

d(Z+
s , t− s) +K1e

K2(t−s)Î(ε)| log ε| ≤ −c1(l)Î(ε)| log ε|.

So, by Theorem 3.14 and the definition of g×,

Ex

[
g×

(
Qε,t−s

d(Z+
s ,t−s)+γ(t−s)

+ εl
)]
≤ Ex[g×(u− + 2εl)1Ax ] + Px(A

c
x)

≤ u− + 6dεl+1 + 12εlbI ,

where the last line follows by calculating g×(u−+2εl) explicitly and reducing εd if necessary.

Next, recall that g×(p) = g((1− bI)p+ bI
2 ) for p ∈ [0, 1]. So

g′×(p) = 6(1− bI)
(
(1− bI)p+ bI

2

)(
1−

(
(1− bI)p+ bI

2

))
.

Hence, if

(1− bI)(p+ δ) + bI
2 ≤

1
9 or (1− bI)p+ bI

2 ≥
8
9 (3.78)

then

g×(p+ δ) ≤ g×(p) + 2
3δ. (3.79)

From Proposition 3.36 (since t − s ≥ ρ+
d
(l)ε2| log ε|) and (3.79), if we reduce ε as necessary,

we obtain that

Ed(x,t)

[
g×

(
Qε,t−s

Z+
s +γ(t)

)]
≥ u− − 2

3ε
l.

By choosing ε small enough that 6dεl+1 + 12εlbI +
2
3ε

l ≤ 3
4ε

l, equation (3.68) holds in this

case.

Case (ii): Suppose now that d(x, t) ≥ (2c1(α)+2(l+1)d+K1e
K2(t−s))Î(ε)| log ε|. Using

this, together with a similar argument to that used to obtain (3.75), we have

Pd(x,t)[|B(Rε
s)| ≤ (c1(l)− 1)Î(ε)| log ε|] ≤ εl+1. (3.80)
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It follows that

Ed(x,t)

[
g×

(
Qε,t−s

B(Rε
s)+γ(t)

)]
≥ Ed(x,t)

[
g×

(
Qε,t−s

B(Rε
s)+γ(t)

)
1{B(Rε

s)≥c1(l)Î(ε)| log ε|}

]
≥ g×(u+ − εl)− εl+1

≥ u+ − εl+1 − 12εlbI ,

where the second inequality follows by Theorem 3.14, and in the third inequality we expand

g×(u+ − εl) and reduce εd if necessary. From (3.60) and Proposition 3.36, we can get that,

for ε small enough,

Ex

[
g×

(
Qε,t−s

d(Z+
s ,t−s)+γ(t−s)

+ εl
)]
≤ u+ +

2

3
εl

Hence (reducing ε if necessary) it is clear (3.68) holds in this case.

Case (iii): Finally, suppose |d(x, t)| ≤ (2c1(α) + 2(l + 1)d +K1e
K2(t−s))Î(ε)| log(ε)|. If

Ax occurs and u ∈ [0, (l + 2)Î(ε)2| log ε|],

|d(Wu, t− u)| ≤ ||Wu − x||+ |d(x, t)|+ |d(x, t)− d(x, t− u)|

≤ (2c1(1) + 4(l + 1)d+K1e
K2(t−s))Î(ε)| log ε|+ V0(l + 2)Î(ε)2| log(ε)|.

Therefore (reducing ε if necessary), since P(Rε
s > (l + 2)Î(ε)2| log ε|) ≤ εl+1, we have that,

with probability at least 1− εl+1,

|d(W (Rε
s), t− s)| ≤ (R+K1e

K2(t−s))Î(ε)| log ε|

for R as in (3.73). Set

β = (R+K1e
K2(t−s))Î(ε)| log ε|. (3.81)

Reduce εd if necessary so that, for all ε ∈ (0, εd), we have β ≤ c0/2, for c0 as in (3.41). Recall

that

Tβ = inf({s ∈ [0, (l + 1)ε2| log ε|) : |d(Ws, t− s)| > β} ∪ {t}).

Note that P(Rε
s > Tβ) ≤ 2εl+1. Indeed, if Ax occurs, then Tβ > Rε

s with probability at least

1− εl+1. Therefore, by Theorem 3.27 (and by reducing ε if necessary so that Tβ < t),

d(Z+
s , t− s) ≤ B(Rε

s) + C0βs (3.82)
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with probability at least 1−2εl+1. Then, by monotonicity of g× and by (3.82), if we partition

over {Rε
s > Tβ} and Ax, we obtain

Ex

[
g×

(
Qε,t−s

d(Z+
s ,t−s)+γ(t−s)

+ εl
)]
≤ Ed(x,t)

[
g×

(
Qε,t−s

B(Rε
s)+C0βs+γ(t−s) + εl

)]
+ (2 + 6d)εl+1. (3.83)

Let

D :=

{∣∣∣∣Qε,t−s
B(Rε

s)+C0βs+γ(t−s) −
1

2

∣∣∣∣ ≤ 5

12

}
.

We consider D and Dc separately to bound the right hand side of (3.83). First suppose

the event D occurs. Then, by the definition of β (3.81),

K1e
K2tÎ(ε)| log ε| −

(
C0βs+K1e

K2(t−s)Î(ε)| log ε|
)

=
(
K1e

K2(t−s)
(
eK2s − 1− C0s

)
− C0Rs

)
Î(ε)| log ε|

≥ (K1(K2 − C0)− C0R) sÎ(ε)| log ε|

= c1(1)sÎ(ε)| log ε| (3.84)

where the final equality follows by (3.74). Reducing εd if necessary so that εd < min(ε1(1),
1
24),

for ε ∈ (0, εd) we may apply Corollary 3.24 with z = B(Rε
s) + C0βs +K1e

K2(t−s)Î(ε)| log ε|

and w = z + c1(1)sÎ(ε)| log ε| ≤ B(Rε
s) + γ(t) to give

Qε,t−s
B(Rε

s)+C0βs+γ(t−s)1D ≤
(
Qε,t−s

B(Rε
s)+γ(t) −

1
48s
)
1D. (3.85)

Now suppose the event Dc occurs. Reducing εd if necessary so that 1
12 <

1
9−ε

l(1−bI)− bI
2 ,

which implies (3.78) for δ = εl. Thus, for ε ∈ (0, εd), we have

g×

(
Qε,t−s

B(Rε
s)+C0βs+γ(t−s) + εl

)
1Dc ≤

(
g×

(
Qε,t−s

B(Rε
s)+C0βs+γ(t−s)

)
+ 2

3ε
l
)
1Dc

≤
(
g×

(
Qε,t−s

B(Rε
s)+γ(t)

)
+ 2

3ε
l
)
1Dc , (3.86)

where the first inequality follows by (3.79) and the second inequality by (3.84) and the mono-

tonicity of g×. Putting (3.85) and (3.86) into (3.83), and since 2 + 6d ≤ 8d, we obtain

Ex

[
g×(Qε,t−s

d(Z+
s ,t−s)+γ(t−s)

+ εl)
]
≤ Ed(x,t)

[
g×

(
Qε,t−s

B(Rε
s)+γ(t) −

1
48s+ εl

)
1D

]
+ Ed(x,t)

[(
g×

(
Qε,t−s

B(Rε
s)+γ(t)

)
+ 2

3ε
l
)
1Dc

]
+ 8dεl+1

≤ Ed(x,t)

[
g×

(
Qε,t−s

B(Rε
s)+γ(t)

)]
+ 2

3ε
l + εl1{ 1

48
s≤εl} + 8dεl+1,
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where, in the final inequality, we use that g′×(p) ≤ 3
2 for all p ∈ [0, 1]. Further reducing εd if

necessary so that 8dεl+1 ≤ 1
12ε

l and 48εl ≤ ε3 for all ε ∈ (0, εd) gives the result.



144 3. HYBRID ZONES IN POPULATIONS WITH LONG-RANGE DISPERSAL



4

Conclusion

We now present some points on which the results of this thesis are inconclusive, and which

could be the subject of future research.

In Chapter 2, and in particular Theorem 1.34, to study the effect of genetic drift we

have focused on two scaling regimes, the weak noise/selection ratio regime and the strong

noise/selection ratio regime. However, this clearly does not cover all the possible scalings one

can consider. A first generalisation is to write explicitly how to relax the conditions on the

strong noise/selection regime, as we mentioned in Remark 1.35. That is, we scale as in the

strong noise/selection regime but change the scaling limits of sn to be
snn

2β → K limn→∞ un log n <∞ or d ≥ 3,

snn2β

un logn → K un log n→∞ and d = 2,

(4.1)

for some K > 0. We call this the mild noise/selection ratio regime.

We expect that, in this case, we can recover a version of Theorem 1.34 but with ρ∗ <

(d − 1)/ν. The fact that the limits in (4.1) are greater than 0 means we expect to see

more than one dual particle undergoing a meaningful excursion, but the fact that un log(n)

has a non-trivial limit means that a large proportion of particles should coalesce. Thus, we

expect selection to have a weaker effect on the population, meaning that we see an effective

asymmetric selection towards aa that is strictly smaller than ν, supporting our statement. In

order to obtain a formal proof of this, we believe the starting point would be to adapt the

145



146 4. CONCLUSION

techniques in [Eth+17], which deals with scaling regimes in which noise and selection both

have an effect present in the limit. The main difficulty in such an adaptation is that the

selection is not the same, and it needs great care to check which parts of the proofs need

rewriting.

Another point for further research would be to prove an analogue of Theorem 1.39 with

genetic drift, in the same vein as Theorem 1.20. For that, we can consider the SLFVS with

long-range dispersal: this means the radius of events is chosen according to

µ(dr) =
1r≥1

rd+α+1
dr.

Once again we consider the dual process, Ξn(t), given by the obvious analogue of the one

in Definition 1.13. One then should scale, space, time, the impact parameters un and the

selection parameter sn so that,

1. ancestral lineages ξn,jt move, approximately, as α-stable processes running at speed

I(εn)
α−2,

2. coalescence events in Ξn(t) occur with arbitrarily low probability,

3. selective events in Ξn(t) occur at rate ε−2
n .

Comparing with Theorem 1.39, we can convince ourselves that Theorem 1.20 should also hold

for the SLFV with long-range dispersal in the said scaling. The difficulty then is just choosing

the parameters in the right way. Work on this is underway and we expect it to be in the DPhil

thesis of Kimberly Becker, with whom we worked on the results of Chapter 3.

Furthermore, it would be interesting to see if there are other possible scaling regimes for

the SLFVS with long-range dispersal. A first way of exploring this would be to try and get a

strong noise/selection ratio regime, as we did in Section 1.6.1. However, our methods are not

easy to adapt to the long-range case. In our proof of Proposition 2.38 we exploit that if two

particles of the dual process are at a distance bigger than 2Rn, then they evolve independently.

This is a consequence of the SLFVS having events with radii bounded by Rn. For the SFLVS

with long-range dispersal, this no longer holds, as events can have an unbounded radius. We

believe that a way of trying to understand the relationship of dual particles, in this case, is
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Lemma 5.3 in [BEV13], which roughly characterises the coalescence time of dual particles

under a particular scaling. If one could generalise this result, one could understand which

scalings produce particles that coalesce instantly. With this, a strong noise/selection regime

for the SFLVS with long-range dispersal would follow.

Another interesting objective would be to obtain a generalisation of Theorem 1.39 when

α < 1. However, we do not expect our techniques to be adaptable to this case, since, for

α < 1, big jumps (which our techniques erase) are now the main force of translation of the

α-stable process. More interestingly, we no longer expect to see motion by mean curvature

flow, but rather by fractional curvature flow [CS10], [Imb09], suggesting even more that new

techniques are needed.
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Appendix A

A.1 A geometric computation

Proposition A.1. Let Ω = {(x1, x′), x1 ∈ R, x′ ∈ ϕ(x1) ⊆ Rd−1} with ϕ(x1) = H − h(x1).

Let z > 0, and let a = −z +
√
r2 − (H + h(z))2. Let x ∈ ∂Ω, let v1(x) be the vector pointing

from x to (a, 0, .., 0) and let v2(x) be the (inward) normal vector of ∂Ω at x. Then

⟨v1(x), v2(x)⟩ = H + h(−x1) + h′(−x1)(−z − x1 −
√
r2 − (H + h(z))2). (A.2)

Proof. This is mostly a matter of writing the vectors and then the scalar product explicitly.

Without loss of generality, by rotational symmetry, we can assume x = (x1, x2, 0, . . . , 0). In

fact, since x is in the boundary of ∂Ω, we can assume that x = (x1, H + h(−x1), 0, . . . , 0).

Thus, we can write v1(x) as

v1(x) = (a− x1,−(H + h(−x1)), 0, . . . , 0).

On the other hand, since the boundary of the domain has a contour given by h(−x1), one can

see v2(x) is given by

v2(x) = (h′(−x1),−1, 0, . . . , 0).

Hence we have that

⟨v1(x), v2(x)⟩ = h′(−x1)(a− x1) + (H − h(−x1))

= H + h(−x1) + h′(−x1)(−z − x1 −
√
r2 − (H + h(z))2).
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A.2 A SLFVS with reflecting boundary condition

Since our main focus in the deterministic setting was on the interaction between selection

and the shape of the domain we would like, for completeness, to obtain analogous results in

the stochastic setting. As is evident from the results in the deterministic setting, such results

should depend on local effects around a spherical shell, and therefore follow from our work in

Section 2.2. However, the SLFVS has only previously been studied on the whole of Euclidean

space, or on a torus. In this section we suggest a way in which the SLFVS can be extended to

a process with reflecting boundary conditions, at least for a class of domains that includes Ω

as in Figure 1.1. The idea is simple: when an event overlaps the boundary of the domain, we

sample parents in such a way that the transition densities of the motion of ancestral lineages

will be what we obtain by reflecting the motion each time it intersects the domain. To be

more precise, to obtain a reflected motion we will use the method of images, a classical way

of obtaining solutions of equations with reflecting boundary conditions (see e.g. [Smy88]). In

the interests of simplifying the notation, we present the details in d = 2, but the ideas are

easily adapted to d ≥ 3.

We reserve the symbol Ω for the domain of Figure 1.1, and use D to refer to the class of

domains for which we now define the SLFVS with reflecting boundary conditions.

Geometric definitions.

We will need two notions: reflected points at the boundary, and a classification of balls depend-

ing on the way in which they intersect the boundary of D. Both will rest on a decomposition

of the boundary of D into lines, and we only consider domains for which this is possible (which

of course includes Ω). In higher dimensions, we would replace ‘line’ with ‘plane’. Below we

shall use the term ‘affine hyperplane’ for a doubly infinite straight line, and ‘line’ to mean a

segment of such a line.

We define a line (in dimension 2) as a closed convex subset of an affine hyperplane. We

suppose that ∂D can be decomposed as a finite union of lines. That is, there exist lines (Li)
N
i=1



A.2. A SLFVS WITH REFLECTING BOUNDARY CONDITION 161

(i)

L

x

y = RP (z, L)

(ii)

x

y = RC(z, L1, L2)

L1

L2

Figure A.1: (i) Example of how we reflect a point with respect to a line. (ii) Example of how

we reflect a point with respect to a corner.

such that

∂D =
N⋃
i=1

Li. (A.3)

We suppose that the lines are maximal, in the sense that

|Lj ∩ Li| ≤ 1, and if Lj ∩ Li ̸= ∅ then HLi ̸= HLj ∀j ̸= i, (A.4)

where HLi is the affine hyperplane that contains Li. Note that ∂Ω admits a unique decom-

position into lines. Indeed, in that case, it is elementary to write down explicit expressions;

for example, one line and its corresponding hyperplane are given by

L = {(x1, R0) ∈ Ω|x1 ≤ 0} ⊆ HL = {(x1, R0)|x1 ∈ R}.

From now on we write LD for the set of lines such that (A.3) and (A.4) hold for a domain D.

Let L ∈ LD, then let HL be the affine hyperplane such that L ⊆ HL, and write n̂HL

for the corresponding normal vector. The orthogonal projection of z into HL is given by

z− ⟨z, n̂HL
⟩n̂HL

. If this element lies in L, then we define the reflection of z with respect to L

as its reflection with respect to HL; that is the unique (other) point with the same orthogonal

projection and distance to HL as z. We also need to define reflection with respect to a corner

of our domain. A formal definition is below, and we provide an illustration in Figure A.1.

Definition A.2 (Reflected points). For L ∈ LD and z ∈ D we define RP (z, L), the

reflected point of z with respect to L, as

RP (z, L) := {w ∈ Dc|z − ⟨z, n̂HL
⟩n̂HL

= w − ⟨w, n̂HL
⟩n̂HL

∈ L and d(z,HL) = d(w,HL)}.
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For L1, L2 ∈ LΩ with L1 ∩ L2 ̸= ∅ we define the set of reflected points with respect to the

corner, RC(z, L1, L2), as

RC(z, L1, L2) = {w ∈ Dc|(w ̸∈ RP (z, L1) ∪RP (z, L2)) ∧ (∃ẑ ∈ RP (z, L2);

ẑ − ⟨ẑ, n̂HL1
⟩n̂HL1

= w − ⟨w, n̂HL1
⟩ ∈ Ωc) and (d(ẑ, HL1) = d(w,HL1))}.

We also define the ‘completed’ versions:

RP (z, L) = RP (z, L) ∪ {z},

RC(z, L1, L2) = RC(z, L1, L2) ∪RC(z, L2, L1) ∪RP (z, L1) ∪RP (z, L2) ∪ {z}.

We note that |RP (z, L)| ≤ 1, as, for any hyperplane, there are two points with the

same orthogonal projection and distance to it. Also we remark that, for L1, L2 ∈ LD with

L1 ∩ L2 ̸= ∅, and for w ∈ R, if we set

RP
−1

(w,L1) = {z ∈ Ω|z ∈ RP (w,L1)},

RC
−1

(w,L1, L2) = {z ∈ Ω|z ∈ RC(w,L1, L2)},

then for any z ∈ Ω we have that

RP
−1

(z, L1) = RC
−1

(z, L1, L2) = {z}. (A.5)

We now define a classification of balls depending on their intersection with D. For any A ⊂ Rd

we set

A ∩ LD := {L ∈ LD|A ∩ L ̸= ∅ or A ∩HL ∩ Dc ̸= ∅}.

Definition A.3. [Classification of balls in R2] Let x ∈ R2 and r > 0.

1. We say B(x, r) is inside D if B(x, r) ⊂ D.

2. We say B(x, r) is outside D if B(x, r) ⊂ Dc.

3. We say B(x, r) intersects a side of D if |B(x, r) ∩ LD| = 1 and B(x, r) is not outside of

D.
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4. We say B(x, r) intersects a corner if |B(x, r) ∩ LD| = |{L1, L2}| = 2 with L1 ∩ L2 ̸= ∅

and B(x, r) is not outside of D.

5. We say B(x, r) intersects a hallway if |B(x, r) ∩ LD| = |{L1, L2}| = 2 with L1 ∩ L2 = ∅

and B(x, r) is not outside of D.

Note that Definition A.3 provides a complete classifications of balls in R2, of radius at

most r, given that |B(x, r) ∩ LD| ≤ 2 for all x ∈ R2. With this we can define the concept of

reflected sampling in B(x, r).

Definition A.4 (Reflected sampling). Let x ∈ R2, and let r > 0 such that B(x, r) is not

outside D, does not intersect a hallway, and satisfies |B(x, r) ∩ LD| ≤ 2. We define reflected

sampling in B(x, r) as follows:

1. If B(x, r) is inside D then it is simply the uniform sampling in B(x, r).

2. If B(x, r) intersects a side L of D, that is B(x, r) ∩ LD = {L}, then we pick a point z

uniformly at random in B(x, r), and take the only point in RP
−1

(z, P ).

3. If B(x, r) intersects a corner {L1, L2} of D, that is B(x, r) ∩ LD = {L1, L2}, then we

pick a point z uniformly at random in B(x, r), and subsequently pick a point uniformly

at random in RC
−1

(z, L1, L2).

Reflected sampling can be thought of as sampling from the complete ball and then, if the

ball intersects the boundary, folding it along the boundary in such a way that the content is

all inside D. This is illustrated for the domain Ω in Figure A.2.

The SLFVS on Ω.

The SLFVS on Ω can now be defined in the obvious way. It is driven by the same Poisson

point process Π of events as in Definition 1.32, but now, for a point (t, x, r) ∈ Π, if B(x, r) ∩

Ω = ∅ then nothing happens. However, if B(x, r) intersects the boundary ∂Ω, parental

locations are chosen according to reflected sampling, with the allele frequencies, of course,

only being updated in Ω. This construction will work for any domain D that fulfils the

following conditions:
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Figure A.2: Reflected sampling in Ω. Each of the balls intersects Ω. For the ball contained

completely within Ω, the green point is uniformly sampled in the usual way. For balls in-

tersecting the boundary, points in purple are sampled uniformly from the intersection of the

ball with Ωc, corresponding to a uniformly sampled point falling outside the domain. The

points in green correspond to the cases in which reflected sampling leads to a unique point

within the domain. The points in yellow correspond to a case in which reflection gives two

possible outcomes for the reflected sampling and we need to choose one of them uniformly

at random. The purple lines join sampled points to the corresponding possible outcomes of

reflected sampling.

Assumptions A.5. We impose the following conditions on the domain D.

1. There exists a set of lines LD such that D fulfils (A.3) and (A.4).

2. There is RD > 0 such that, for all x ∈ R2, we have |B(x,RD) ∩ LD| ≤ 2 and B(x,RD)

does not intersect a hallway.

3. For any r < RD and x ∈ R2, if B(x, r) intersects a corner given by {L1, L2} then

RC
−1

(w,L1, L2) ̸= ∅ for all w ∈ B(x, r). If B(x, r) intersects a side given by the line L,

then RP
−1

(w,P ) ̸= ∅ for all w ∈ B(x, r).
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We can then construct the SLFVS on D, provided that events are assumed to have radius

bounded by RD. These conditions are sufficient to ensure that the reflected sampling that

we use to choose a parental location will be well defined. The third condition prevents there

not being a pre-image through the reflection of the parental location; the second removes the

possibility of an event intersecting two walls, for which we have not defined the corresponding

reflected points. We could, of course, extend our definitions further, but we are primarily

interested in the domain Ω, and one can check that Ω fulfils these conditions with RΩ ≤

r0 ∧R0 − r0.

Blocking in the stochastic setting

Using the approach adopted in Theorem 1.34, we can prove a stochastic analogue of Theo-

rem 1.26. While we omit the details, the key tool is a branching and coalescing dual for the

SLFVS on Ω. This mirrors the dual for the process on the whole Euclidean space, introduced

in Definition 2.22, except that uniform sampling of offspring locations is replaced by reflected

sampling.

The key ideas in the proof of Theorem 1.34 can then be adapted in an obvious way to

this setting. Since we deliberately constructed the reflected sampling in such a way that

transition probabilities of the jump process that is followed by a particular lineage could be

obtained from those on Euclidean space via the method of images, it should be no surprise

that Lemma 2.29 can be translated to this setting after replacing Brownian motion with

reflected Brownian motion.

A.2.1 The dual process.

We proceed to state a duality result for the SFLVS on Ω, which will be the core of the proof

of Theorem 1.36. The duality relation will be once again with respect to a historical process

and expressed through a voting procedure.

We begin by describing the dual process of branching and coalescing lineages. It is driven

by the same Poisson point process of ‘events’ that drives the SLFVS on Ω. Recall that Πn is

a Poisson point process on R+ × Rd × (0,Rn
Ω), with Rn

Ω = n−βRΩ, whose intensity is given
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by (1.25) in the weak noise/selection ratio regime and by (1.27) in the strong noise/selection

ratio regime. The impact, asymmetry and selection parameters, (un)nN, (γn)nN, and (sn)nN

respectively are given in (1.26) in the weak noise/selection ratio case or fulfil the condition

(1.28) in the strong noise/selection ratio regime.

Definition A.6 (SFLVS on Ω, dual process). The dual of the SFLVS on Ω is the process

obtained when in Definition 2.22 we sample with reflected sampling in B(x, r) (instead of

sampling uniformly).We will denote the particles of this process by Pn(t) = (ξn1 (t), ..., ξ
n
N(t)(t)),

and the historical process of branching and coalescing lineages by Ξn(t).

Again, it is straightforward to obtain an analogue of Theorem 2.25 for the SLFVS on Ω

and its dual. Hence, to prove Theorem 1.36 it is enough to prove the following result.

Theorem A.7. Denote ρ∗ = (d− 1)/ν and suppose r0 ≤ ρ∗.

1. Under the weak noise/selection ratio regime, the following holds for the dual process.

For any k ∈ N there exist n∗(k) <∞, and a∗(k), d∗(k) ∈ (0,∞) such that for all n ≥ n∗

and all t satisfying a∗ε2n| log εn| ≤ t <∞,

for x such that d̂(x) ≤ −d∗εn| log εn|, we have Px

[
V1x1≥0

(Ξn(t)) = 1
]
≤ εkn.

2. Under the strong noise/selection ratio regime, as n tends to infinity, the dual process

behaves approximately as a reflected Brownian motion. That is, for almost every x ∈ Ω,

every ε > 0 and every t ≥ 0, there is a reflected Brownian motion, (Wt)t≥0 and there is

n∗ ∈ N, such that for all n ≥ n∗,∣∣∣Px

[
V1x1≥0

(Ξn(t)) = 1
]
− Px[W1(tσ

2) ≥ 0]
∣∣∣ ≤ ε (A.6)

A.2.2 Motion of a single ancestral lineage

To prove Theorem A.7, one of the main tools is following an ancestral lineage and proving it

is, approximately, a reflected Brownian motion in Ω. We need to write the transition rates of
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the motion of an ancestral lineage. For this, with an abuse of notation, write:

R(z,B(x, r)) =



{z} if B(x, r) is inside Ω,

∅ if B(x, r) is outside Ω,

RP (z, L) if B(x, r) ∩ LΩ = {L},

RC(z, L1, L2) if B(x, r) ∩ LΩ = {L1, L2}.

(A.7)

Let χn be 1 in the weak noise/selection ratio regime and 1/ûn in the strong noise/selection

ratio regime. Then the motion of an ancestral lineage has transition rate from y to z given

by

m̂n(y, dz) =

χnunnn
dβ

∫ Rn
Ω

0

∫
Rd

1|x−y|<r

 ∑
ẑ∈R(z,B(x,r))

1|ẑ−x|<r

|B(x, r)||R−1(ẑ, B(x, r))|

 dzdxdµn(r), (A.8)

where R−1(ẑ, B(x, r)) is understood to be the inverse of the corresponding term in (A.7):

RP (z, L) or RC(z, L1, L2). The sum over ∅ is understood always to be 0. To see why

expression (A.8) holds, note that if the ancestral lineage is at y and it jumps to z, it must

be affected by an event that covers y and some reflected point of z: ẑ, say. If the event

has radius r, then the set of possible centres x of such events is the set of those x for which

|x− y| < r and |ẑ−x| < r, for ẑ a reflected point of z. Each point in that set is selected with

intensity χnnn
dβ , and the radius is selected with intensity µn(dr). The parental location is

then chosen uniformly in the preimage of the corresponding reflection of ẑ, where ẑ is chosen

uniformly on the ball B(x, r); thus, choosing z has probability dz
|B(x,r)||R−1(ẑ,B(x,r))| . Finally

the probability that our lineage is actually affected by the event is un. Putting these together

yields (A.8).

Even though m̂n(y, dz) is not homogeneous in space we can still compute the total jump
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rate and note that it is independent of the actual position. Indeed:∫
Ω
m̂n(y, dz)

= χnunnn
dβ

∫ Rn
Ω

0

∫
Rd

1|x−y|<r

∫
Ω

 ∑
ẑ∈R(z,B(x,r))

1|ẑ−x|<r

|B(x, r)||R−1(ẑ, B(x, r))|

 dzdxdµn(r)

= χnunnn
dβ

∫ Rn
Ω

0

∫
Rd

1|x−y|<r

∫
Rd

1|ẑ−x|<r

|B(x, r)|
dẑdxdµn(r)

=

∫ Rn
Ω

0
nχnunn

dβVrdµ
n(dr)

= unnχn|B(0, 1)|
∫ RΩ

0
rddµ(r), (A.9)

where the second equality follows from the fact that, by the third condition of Assump-

tions A.5, every point in a ball that intersects the boundary of the domain has a pre-image

through R. Recall that we denote by mn(y, dz) the transition rate of an ancestral lineage of

the homogeneous process: that is when, instead of having Ω, we have domain Rd. Note that

then ∫
Ω
m̂n(y, dz) =

∫
Ω
mn(y, dz). (A.10)

Suppose now that y is distance at least 2Rn
Ω from every line. Hence it is only intersected

by balls inside Ω. In this case, the reflected sampling is simply a uniform sampling, which

implies that

m̂n(y, dz) = mn(y, dz). (A.11)

Now suppose that y is at a distance less than 2Rn
Ω from a line L, but at a distance greater

than 2Rn
Ω from any intersection between two lines. Then every ball that contains y only

intersects at most one line of Ω. Note also that for every point in the ball, there is a unique

point with the same projection and distance to L, and so |RP
−1

(w,L)| = 1 for every w in the

ball. Using these facts, some cumbersome computations give

m̂n(y, dz) = mn(y, dz) +mn(y,RP (dz, L)). (A.12)

Furthermore, in the particular case of Ω, if we are at distance less than 2Rn
Ω from the

corners (0, R0) or (0,−R0) then, denoting by L1 and L2 the lines which intersects this corner,



A.2. A SLFVS WITH REFLECTING BOUNDARY CONDITION 169

we obtain by a similar computation that

m̂n(y, dz) = mn(y, dz) +mn(y,RP (dz, L1))

+mn(y,RP (dz, L2)) +mn(y,RC(dz, L1, L2)). (A.13)

Relationships (A.10), (A.11), (A.12), (A.13) are exactly what we would expect from a

version of mn reflected on the boundary of Ω. From Lemma 2.29, the finite dimensional

distributions of the jump process with transition rates mn converge to those of a Brownian

motion with diffusion coefficient

σ2 =
u

2d

∫ R

0

∫
Rd
|z|2 |B(0, r) ∩B(z, r)|

|B(0, r)|
dzdµ(dr). (A.14)

Thus we expect the finite dimensional distributions of a jump process with transition rates

m̂n to converge to those of a reflected Brownian motion with the same diffusion coefficient

σ2. This is presented in the next section.

A.2.3 Weak noise/selection ratio regime, coupling of motion of an ances-

tral lineage to a reflected Brownian motion

In this section, we sketch the proof of the weak noise/selection ratio regime of Theorem A.7.

Most of the work for Theorem 2.27 applies to the dual process for the SLFVS on Ω. The

main difference is proving an analogue of Lemma 2.29 for the process in Ω. This is one of the

main points we deal with in this section, and the tool we use to conclude Theorem A.7.

From the identities presented in the last section, we expect that a process with transi-

tion rates given by m̂n converges in some sense to a reflected Brownian motion. To for-

malise this, let ζn(t) be a jump process with transition rates given by m̂n. We set η =

u|B(0, 1)|
∫R
0 rdµ(dr), and note that η(1 + γn)ε

−2
n is the rate at which an ancestral lineage is

affected by a selective event. For u > 0, we define

Ωu
− := {x ∈ Ω : ∥x∥ ≥ u and x1 < 0}

In this section we prove the following coupling result.
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Theorem A.8. Fix r such that r0 < r < R0. Let x ∈ Ω
(r−r0)/2
− , a ≥ 0 and k ∈ N. Then for

n sufficiently large, and for every t ∈ [0, (a + η−1(k + 1))ε2n| log(εn)|], there is a coupling of

ξn and a reflected Brownian motion W under which:

Px

[
|ξn(t)−W (σ2t)| ≥ n−β/6

]
= O(n−β(t ∨ 1)) + εk+1

n ,

where ζn and W both have the same starting point x.

Of course, since we are experiencing reflection there is much that could go wrong in

Theorem A.8. For instance, we have corners that do not give the relationship (A.13), which

could distort the behaviour we state in Theorem A.8. The next lemma will be used to show

that the distortion caused by those bad corners is negligible on the time scale of interest.

Lemma A.9. Let ρ < r0
2 ∧

r−r0
4 , and define K := B((0, r0), ρ) ∪ B((0,−r0), ρ). Denote by

τK the hitting time of K for the reflected Brownian motion W . Let x ∈ Ω
(r−r0)/2
− , a > 0 and

k ∈ N. Then, for n sufficiently large and for t ∈ [0, σ2(a+ η−1(k + 2))ε2n| log(εn))|], we have

Px[τK ≤ t] ≤ εk+1
n .

Proof. First note that, for any d(k), computing as in the derivation of (2.8),

Pε
x

[
sup
0≤s≤t

∥W (s)− x∥ ≥ d(k)εn| log(εn)|
]
≤ 2dε

1
4

(
d(k)2

dσ2(a+η−1(k+2))
− d

d(k)2σ2(a+η−1(k+2))

)
n . (A.15)

Choose d(k) such that

1

4

(
d(k)2

dσ2(a+ η−1(k + 2))
− d

d(k)2σ2(a+ η−1(k + 2))

)
≥ k + 2.

Then, for n big enough, we have

Pε
x[ sup

0≤s≤t
∥W (s)− x∥ ≥ d(k)εn| log(εn)|] ≤ εk+1

n .

Furthermore, choose n to be large enough that r − ρ > d(k)εn| log(εn)|. Then, since x ∈

Ω
(r−r0)/2
− implies that we start at distance at least r− ρ from K

Px[τK ≤ t] ≤ Pε
x

[
sup
0≤s≤t

∥W (s)− x∥ ≥ d(k)εn| log(εn)|
]
≤ εk+1

n .
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We start the construction of the coupling for Theorem A.8. The starting point will be

the homogeneous version of the processes. That is, let (ζn(t))t≥0 be a jump process with

transition kernel given by mn. We first use this process to construct a Brownian motion

(Bt)t≥0 in Rd.

For i ≥ 1, let Xi = ζn( i
n2β ) − ζn( i−1

n2β ). Then X1, X2, ... are i.i.d rotationally symmetric

random variables. Furthermore, as seen in [EFP17], we have that Ex[|X1|2] = 2dσ2n−2β . By

(A.9) and (A.10) the number of jumps made by ζn in the time interval [0, n−2β] is a Poisson

random variable with mean Θ(1), so since each jump has magnitude at most 2Rn
Ω, we obtain

E[|X1|4] = O(n−4β). Then, by the Skorohod Embedding Theorem (see [Bil95], Theorem

37.7), there is a Brownian motion B started at x and a sequence of stopping times v1, v2, ..

such that, setting v0 = 0, we have that (vi − vi−1)i≥1 are i.i.d and

B(vi) = ζn
(

i

n2β

)
, Ex[vi − vi−1] =

1

2d
Ex[|X1|2] = σ2n−2β, Ex[(vi − vi−1)

2] = O(n−4β).

(A.16)

Note that, in particular, Ex[v⌊tn2β⌋] = σ2n−2β⌊tn2β⌋, and Var[v⌊tn2β⌋] = O(tn−2β). Also, by

Chebyshev’s inequality,

P[|v⌊tn2β⌋ − σ2t| ≥ n−β/2] = O(tn−β). (A.17)

The key for Theorem A.8 is showing that the stopping times (v1, v2, ...) can be used to con-

struct the coupling of ξn and W . For this, we firstly need the next result, which follows easily

by our choice of time intervals and Chebyshev’s inequality.

Lemma A.10. Let t > 0 be fixed. Then

Px

[
∃i ≤ ⌊n2βt⌋ s.t. vi − vi−1 >

σ2

n2β
+

1

nβ/2

]
= O(tn−β).

Note that, from Chebyshev’s inequality and (A.16), it follows that

P[|v⌊tn2β⌋ − σ2t| ≥ n−β/2] = O(tn−β). (A.18)

Hence Lemma A.10 tells us that, with high probability, up to time approximately tσ2, all

the stopping times vi are concentrated around their means. With this, the following can be

obtained in the same manner as Lemma 2.13.
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Lemma A.11. Let t ∈ [0, (a+η−1(k+1))ε2n| log(εn)|]. Consider (Wt)t≥0 a reflected Brownian

motion in Ω. Then, for all x ∈ Ω
(r−r0)/2
− and for all ε sufficiently small, we have that

Px

[
∃i < ⌊n2βt⌋ s.t. sup

u,s∈[vi−1,vi]
|W (s)−W (u)| > n−β/6

]
= O(n−βt).

We will proceed now to prove Theorem A.8. The idea is to reflect the paths given by ζ

and B in (A.16), obtaining ξ and W . For this, we basically cut the paths of ζ and B into

smaller pieces, each of size bounded by n−β/6. We will then prove that when those pieces

are reflected, which is what gives us ξ and W , they coincide at the times v1, v2, .., as long

as we are away from the corners (0, r0) and (0,−r0). By Lemma A.9, we expect that with

high probability the ancestral lineage and the Brownian motion never come within a distance

less than n−β/6 of those corners. That is, this pathological case does not occur and thus the

coupling holds, with high probability. To properly formalise this we will need some notation

and an additional lemma.

Recall that we use (ζnt )t≥0 for an ancestral lineage of the homogeneous SLFVS, that is, a

jump process with transition rates given by mn. We will assume this process always starts at

some x ∈ Ω
(r−r0)/2
− . Consider then a pair of processes, (ξ̂t, st)t≥0 ∈ Ω × {−1, 1}2, defined in

terms of ζ as follows.

Definition A.12 (Ancestral lineage reflected by following a line segment). First set

ξ̂n0 = ζn0 and st = (1, 1). Now define

∆n
t = ((∆n

1 )t, (∆
n
2 )t) := ζt − ζt− . (A.19)

Consider also the line segment between ξ̂t− and y1 := ξ̂t− + ((∆n
1 )t(s1)t− ,∆

n
2 )t(s2)t−), that is

Lt :=
{
yλ ∈ R2|yλ = (1− λ)ξ̂t− + λ(ξ̂t− + ((∆n

1 )t(s1)t− ,∆
n
2 )t(s2)t−)), λ ∈ (0, 1)

}
.

The processes (ξ̂t, st)t≥0 jump at the times where (ζt)t≥0 jumps. Let t be a jump time of ζt.

Then at t we update (ξ̂t, st) as follows.

1. If Lt ∩ LΩ = ∅, then ξ̂nt = ξ̂nt− + ((∆n
1 )t(s1)t− , (∆

n
2 )t(s2)t−).

2. If Lt ∩ LΩ = {L1} and ŷ1 := RP
−1

(ξ̂nt− + ((∆n
1 )t(s1)t− , (∆

n
2 )t(s2)t−), L1) ∈ Ω, then set

ξ̂nt = ŷ1 and (si)t = (−1)(si)t− , where i is such that |(n̂L1)j | = 1i=j .
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(i)

P

ŷ1 = ξ̂nt

y1

ξ̂nt− (ii)

ξ̂nt−

y1

P1

P2

ŷ1

ξ̂nt

Figure A.3: (i) Example of how we obtain ξ̂t in the second case of the Definition A.12.

(ii) Example of how we obtain ξ̂t in the third case of the Definition A.12.

3. If Lt ∩LΩ = {L1} and RP
−1

(ξ̂nt− +((∆n
1 )t(s1)t− , (∆

n
2 )t(s2)t−), L1) is empty, we proceed

as follows. We take ŷ1 to be the reflection of y1 with respect to HL1 , and note ŷ1 is

not in Ω. Let L2 be the line that intersects the line segment between ξ̂nt− and ŷ1. Set

ξ̂nt = RC
−1

(y1, L1, L2), (s1)t = (−1)(s1)t− and (s2)t = (−1)(s2)t− .

We present examples of how we proceed in the second case and the third case of the

definition of (ξ̂t) in Figure A.3.

By definition, ξ̂t ∈ Ω for all t ≥ 0. Furthermore, from the the definitions of RC ,RP and

relationships (A.12), (A.13) it should hold that ξ̂n has transition rates given by m̂n, until it

is at distance less than 2Rn
Ω of (0, r0) or (0,−r0). Figure A.3 should help this intuition. The

next lemma helps formalise this fact.

We let κ = {(0, r0)} ∪ {(0,−r0)} and, for x ∈ Ω, denote by d(x, κ) the distance between

κ and x.

Lemma A.13. Let i ∈ N. Suppose that d(ξ̂( i
n2β ), ∂Ω) ≤ n−β/6, that |ξ̂2(i/n2β)−R0| ≤ n−β/6

and that d(ξ̂( j
n2β ), κ) > n−β/6 for all 1 ≤ j ≤ i. Then∣∣∣∣(ξ̂( i+ 1

n2β

))
2

−R0

∣∣∣∣ = ∣∣∣∣(ξ̂( i

n2β

))
2

+ (∆n
2 )i(s2)in−2β −R0

∣∣∣∣ . (A.20)

Recall that (∆n
t )t≥0 are the discontinuities of the jump process (ζnt )t ≥ 0. Hence, Lemma A.13

states that, as long as ξ̂t is in {x ∈ Ω : |x−R0| ≤ n−β/6} and away from κ it fulfils relationship

(A.12). It is not hard to see analogous results apply when ξ̂t is at distance less than n−β/6 to
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any other line that make the boundary of the domain Ω (as long as the process is at distance

greater than n−β/6 of κ). Thus, as long as the process ξ̂t stays away from κ, it is a jump

process with transition rates given by m̂n.

Proof of Lemma A.13. First, let δ0 = 0 and δ1, .., δm be the (random number of) jumps of

(ζ(t))2 in [i/n2β, (i+ 1)/n2β). Hence, by the definition of ∆n
i , we have that

(∆n
i )2 =

m∑
l=1

δl. (A.21)

Let t0 = i/n2β , and let tl be the time at which the jump δl occurs. First note that, for all

1 ≤ l ≤ m, we have that ∣∣∣ξ̂(tl)2 −R0

∣∣∣ = ∣∣∣ξ̂(tl−1) + (s2)tl−1
δl −R0

∣∣∣ . (A.22)

Indeed, first suppose that δl causes a reflection of ξ̂ at time tl, meaning that Lt∩LΩ ̸= ∅. For

a ∈ Rd, use RP (a2, L1) to denote the second component of the point RP (a, L1). Hence, by

the definition of ξ̂, we have∣∣∣ξ̂(tl)2 −R0

∣∣∣ = ∣∣∣RP (ξ̂(tl−1)2 + δl(s2)tl−1
, L1)−R0

∣∣∣ = ∣∣∣ξ̂(tl−1)2 + δl(s2)tl−1
−R0

∣∣∣ ,
where the last equality holds because, by definition, RP gives the point inside of Ω that has

the same distance to the line L1 as the original point, and, by the definition of L1, this implies

that the distance of the second coordinate to R0 must be the same. Now suppose δl does not

cause a reflection of ξ̂. Then, by the definition of ξ̂, (A.22) follows immediately. Hence we

conclude that (A.22) always holds.

With (A.22) we can show (A.20). For this we prove that, for all 1 ≤ l ≤ m,

∣∣∣(ξ̂(tl−1)
)
2
+ (s2)tl−1

δl −R0

∣∣∣ =
∣∣∣∣∣∣
(
ξ̂

(
i

n2β

))
2

+

 l∑
j=1

δj

 (s2)in−2β −R0

∣∣∣∣∣∣ . (A.23)

Armed with this, if we evaluate at l = m, use (A.21) and (A.22), and use that tm is the last

jump before t we obtain (A.20).

We prove (A.23) by induction. The case l = 1 is trivial. Now suppose that (A.23) holds

for l − 1. Under this assumption we prove the equation holds for l.
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Suppose that (s2)tl−1
= (s2)in−2β . By definition, (s2)t was multiplied by (−1) each time

ξ̂ was reflected between in−2β and tl−1. Since they both are the same, it follows that ξ̂ was

reflected an even number of times. Since (A.23) holds for every jump before tl, it means that

sgn
((
ξ̂(tl−1)

)
2
+ (s2)tl−1

δl −R0

)
= sgn

(ξ̂( i

n2β

))
2

+

 l−1∑
j=1

δj

 (s2)in−2β −R0

 .

This, together with (A.23), implies that∣∣∣(ξ̂(tl−1)
)
2
+ δl(s2)tl−1

−R0

∣∣∣ =
∣∣∣∣∣∣
(
ξ̂

(
i

n2β

))
2

+

 l−1∑
j=1

δj

 (s2)in−2β + δl(s2)tl −R0

∣∣∣∣∣∣
=

∣∣∣∣∣∣
(
ξ̂

(
i

n2β

))
2

+

 l∑
j=1

δj

 (s2)in−2β −R0

∣∣∣∣∣∣ ,
where the last equality holds since we assume (s2)tl−1

= (s2)in−2β .

Now suppose (s2)tl−1
̸= (s2)in−2β . By definition, (s2)t was multiplied by (−1) each time

ξ̂ was reflected between in−2β and tl−1. Since they both are different, it follows that ξ̂ was

reflected an odd number of times. Since (A.23) holds for every jump before tl, it means that

sgn
((
ξ̂(tl−1)

)
2
+ (s2)tl−1

δl −R0

)
̸= sgn

(ξ̂( i

n2β

))
2

+

 l∑
j=1

δj

 (s2)in−2β −R0

 .

This, together with (A.23), implies that∣∣∣(ξ̂(tl−1)
)
2
+ δl(s2)tl−1

−R0

∣∣∣ =
∣∣∣∣∣∣
(
ξ̂

(
i

n2β

))
2

+

 l−1∑
j=1

δj

 (s2)in−2β − δl(s2)tl −R0

∣∣∣∣∣∣
=

∣∣∣∣∣∣
(
ξ̂

(
i

n2β

))
2

+

 l∑
j=1

δj

 (s2)in−2β −R0

∣∣∣∣∣∣ ,
where the last equality holds since we assume (s2)tl−1

̸= (s2)in−2β and hence (s2)in−2β =

(−1)(s2)tl−1
. Thus we have shown that (A.23) holds.

We finally have all the ingredients to prove Theorem A.8.

Proof of Theorem A.8. Consider the event:

Ji =

 sup
u,s∈

[
i

n2β , i+1

n2β

] |ξ̂(u)− ξ̂(s)| ≤ n−β/6

 . (A.24)
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We note that this event has high probability. Indeed, looking at the complement we see

Px

 sup
u,z∈

[
i−1

n2β , i

n2β

] |ξ̂(u)− ξ̂(z)| > n−β/6

 ≤ Px

[
2Rn

ΩZ > n−β/6
]

= Px

[
24(Rn

Ω)
4Z4 > n−2β/3

]
≤

24(Rn
Ω)

4O(E(Z4))

n−2β/3

= O(n−10β/3), (A.25)

with Z a Poisson random variable of mean Θ(1). In the last computation the first inequality

is due to the number of jumps of ξ̂ in an interval of size n−2β being a Poisson random variable

of parameter Θ(1), and the size of the jumps being bounded by 2Rn
Ω. The second inequality

is just Markov’s inequality.

Now consider the Brownian motion (Bt)t≥0 in (A.16) and reflect all the excursions in the

boundary of Ω such that they remain inside Ω. By doing this we obtain a process (Wt)t≥0.

By Theorem 7.3 in [Hsu86] this process is a reflected Brownian motion.

Fix n large enough so that Lemma A.9 holds, and such that

ρn := n−β/6 + n−2β <
r0
4
∧ r− r0

2
. (A.26)

Let Kn := B((0, r0), ρn) ∪ B((0,−r0), ρn). Denote by τKn the hitting time of Kn for the

reflected Brownian motion (Wt)t≥0 and consider the events

An
i =

{
sup

u,s∈[vi−1,vi]
|W (s)−W (u)| ≤ n−β/6

}
, (A.27)

Cn = {τKn > tσ2 + n−β/2}. (A.28)

We prove, by induction and under the events (Ai)
k+1
i=1 , (Ji)

k
i=0, C

n, {vk ≤ σ2t + n−β/2}, that

the following family of events hold for every 0 ≤ i ≤ k. Let E0 := {W (v0) = ξ̂(0)}, and define,

for 1 ≤ i ≤ k,

Ei :=
{
W (vi) = ξ̂

(
i

n2β

)
and inf

s∈[(i−1)/n2β ,i/n2β ],a∈{r0,−r0}
d(ξ̂(s), (0, a)) > n−2β

}
. (A.29)
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We proceed with the induction. We note that the base case, E0, is trivial since v0 = 0 and

we assume W0 = ζ(0) = ξ̂(0) = x. Now let us show that (Ej)ij=0 implies Ei+1. Note that,

under Cn and Ei, we have that, for a ∈ {r0,−r0},

d(ξ̂(i/n2β), (0, a)) = d(W (vi), (0, a)) ≥ ρn.

Under Jn
i , we have ξ̂ makes jumps of magnitude at most n−β/6. Hence, from inequality (A.26),

we obtain

inf
s∈[i/n2β ,(i+1)/n2β ],a∈{r0,−r0}

d(ξ̂(s), (0, a)) > ρn − n−β/6 > n−2β.

Thus, to conclude that Ei+1 holds, we simply need to show that

W (vi+1) = ξ̂n
(
i+ 1

n2β

)
. (A.30)

For this recall the notation ∆n
i = ζ( i+1

n2β )− ζ( i
n2β ). Then, by equation (A.16), we have that:

((∆n
1 )i(s1)in−2β , (∆n

2 )i(s2)in−2β ) = B̂i(vi+1)− ξ̂
(

i

n2β

)
= B̂i(vi+1)−W (vi), (A.31)

for some Brownian motion (B̂i
t)t∈[vi,vi+1] (which is, in fact, a rotation and translation of B from

(A.16)). The second equality in (A.31) is from our assumption that Ei holds. Furthermore, if

there were no reflection in the boundary, then we would have that:

ξ̂

(
i+ 1

n2β

)
= ξ̂

(
i

n2β

)
+ ((∆n

1 )i(s1)in−2β , (∆n
2 )i(s2)in−2β ) = B̂i(vi+1), (A.32)

W (vi+1) =W (vi) + ((∆n
1 )i(s1)in−2β , (∆n

2 )i(s2)in−2β ) = B̂i(vi+1), (A.33)

and the result would hold. Of course, these relationships are not true when there is reflection.

However, they are the starting point of our next argument.

Consider the events

Ân
i =

{
sup

u,s∈[vi−1,vi]
|B̂i(s)− B̂i(u)| ≤ n−β/6

}
, (A.34)

and suppose that (Ân
i )i=1 holds for i = 1, .., k. Note that then the three processes involved in

each step B̂i, W and ξ̂, under the Ân
i , An

i and Jn
i at most move n−β/6 between the times of

the inductive step. To make use of this, we partition the domain Ω as

Ω = Ωn
1 ∪ Ωn

2 ∪ Ωn
3 ,



178 BIBLIOGRAPHY

where

Ωn
1 = {x ∈ Ω|d(x, ∂Ω) > n−β/6}, (A.35)

Ωn
2 = {x ∈ Ω|d(x, ∂Ω) ≤ n−β/6 and d(x, κ) > n−β/6}, (A.36)

Ωn
3 = {x ∈ Ω|d(x, κ) ≤ n−β/6}. (A.37)

We note that Ωn
i ∩ Ωn

j = ∅ for i, j ∈ {1, 2, 3}, i ̸= j.

Suppose first that W (vi) = ξ̂(i/n2β) ∈ Ωn
1 . In that case, under Jn

i , A
n
i , Â

n
i , there would

be no reflection (because we are at distance at least n−β/6 from the boundary), and hence

relationships (A.32), (A.33) actually hold, giving equality (A.30).

Now suppose thatW (vi) = ξ̂(i/n2β) ∈ Ωn
2 , and that d(W (vi), (0, R0)), d(W (vi), (0,−R0)) >

n−β/6. That is, we are close to a line of the boundary, but not to a corner. To fix some nota-

tion, we will suppose this line is given by

L = {x = (x1, R0) ∈ ∂Ω|x1 < 0},

but the following argument will work with any line. Since L only gives a reflection in the

y-axis, and we are far from any other line, we already have, by equations (A.31), (A.32),

(A.33), that

(W (vi+1))1 = (B̂i(vi+1))1 =

(
ξ̂

(
i+ 1

n2β

))
1

,

and hence, we simply need to prove the equality on the other axis. By definition W is just

the process B with all the excursions flipped so that it stays inside the domain, and B̂ is a

translation and rotation of B, starting at time vi from the same point as W , but without

reflection. Hence, |W (vi+1)2 − R0| = |B̂(vi+1)2 − R0|, and since there is only one point

inside the domain that fulfils that identity we just need to prove that |
(
ξ̂
(
i+1
n2β

))
2
− R0| =

|B̂i(vi+1)2 −R0|. However, this is immediate from Lemma A.13 and (A.31), so (A.30) holds.

Suppose now W (vi) = ξ̂(i/n2β) ∈ Ωn
2 and that d(W (vi), (0, R0)) ∧ d(W (vi), (0,−R0)) ≤

n−β/6. In that case the argument made in Lemma A.13 is valid in each component of the

process separately, since the reflection in this case occurs independently for each component.

Indeed, the x-axis is always reflected at 0, no matter what happens with the y-axis. On the

other hand, the y-axis is always reflected at R0 (or −R0), independently of the x-axis. The
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notation becomes cumbersome so we omit the complete proof, but writing the argument for

each component gives relationship (A.30).

In the last case, W (vi) = ξ̂(i/n2β) ∈ Ωn
3 , the arguments we have used so far no longer

work. This is due to the reflection in one component being dependent on the value of the

other component. However, under Cn and {vk ≤ tσ2 + n−β/2}, we have W (vi) ̸∈ Kn and

Ωn
3 ⊆ Kn, so under Cn and {vk ≤ tσ2 + n−β/2} we know W (vi) = ξ̂(i/n2β) ̸∈ Ωn

3 .

In synthesis, we have concluded (A.30) holds under (Ai)
k+1
i=1 , (Âi)

k+1
i=1 , (Ji)

k
i=0, C

n, {vk ≤

σ2t+ n−β/2}, and hence the inductive step is complete and we have that the family of events

(E)ki=0 holds.

Finally, we consider (ξt)t≥0, a process with transition rates m̂n, by setting it equal to

(ξ̂t)t≥0 until it is at distance less than 2Rn
Ω from (0, r0) or (0,−r0), and afterwards letting

it evolve independently. Note that be definition the processes (ξt)t≥0 and (ξ̂t)t≥0 are equal

under (Ei)ki=1 up to time vk. We now write

Ui :=

 i⋂
j=1

Aj ∩ Âj ∩ Jj

 ∩ Cn ∩ {v⌊tn2β⌋ ≤ σ2t+ n−β/2}.

Note that we have proven that Ei holds under Ui. Now we can perform the following compu-

tation:

Px

[
|ξ̂n(t)−W (σ2t)| ≥ n−β/6

]
≤ Px

[
|ξ̂n(t)−W (σ2t)| ≥ n−β/6, U⌊tn2β⌋

]
+ Px

[
((Ân

i )
⌊tn2β⌋
i=1 )c

]
+ Px

[
((An

i )
⌊tn2β⌋
i=1 )c

]
+

⌊tn2β⌋∑
i=1

Px[(J
n
i )

c] + Px[(Cn)
c] + Px[v⌊tn2β⌋ > σ2t+ n−β/2] +O(n−βt), (A.38)

where the last identity is a union bound. Now note that

Px

[
((An

i )
⌊tn2β⌋
i=1 )c

]
= Px

[
∃i < n2βt s.t. sup

u,s∈[vi−1,vi]
|W (s)−W (u)| > n−β/6

]
= O(n−βt).

given Lemma A.11. Furthermore, by the same proof as Lemma A.11, we can show that

Px

[
((Ân

i )
⌊tn2β⌋
i=1 )c

]
≤ Px

[
∃i < n2βt s.t. sup

u,s∈[vi−1,vi]
|B̂i(s)− B̂i(u)| > n−β/6

]
= O(n−βt).
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On the other hand, by (A.25), we have that

⌊tn2β⌋∑
i=1

Px[(J
n
i )

c] = O(tn2βn−10β/3) = O(n−4β/3t).

By (A.18) we also have that

Px[v⌊tn2β⌋ > tσ2 + n−β/2] ≤ Px[|v⌊tn2β⌋ − tσ2| > n−β/2] = O(tn−β).

Now take n sufficiently large so that n−β/2 ≤ σ2η−1ε2n| log(ε)|. Note this is possible since

ε−2
n = o(log(n)). Then σ2t+n−β/2 ≤ σ2(a+ η−1(k+2))ε2n| log(εn)|. By Lemma A.9, we have

that

Px[(Cn)
c] = Px[τKn ≤ tσ2 + n−β/2] = εk+1

n .

From this, and the fact that U⌊tn2β⌋ implies (Ei)⌊tn
2β⌋

i=1 , we have that the right hand side of

(A.38) can be bounded by

Px

[
|ξ̂n(t)−W (σ2t)| ≥ n−β/6

]
≤ Px

[
|ξ̂n(t)−W (σ2t)| ≥ n−β/6, U⌊tn2β⌋, (Ei)

⌊tn2β⌋
i=1

]
+ εk+1

n +O(n−βt)

≤ Px

[∣∣∣∣ξ̂n(t)− ξ̂(⌊tn2β⌋n2β

)∣∣∣∣+ |W (v⌊tn2β⌋)−W (σ2t)| ≥ n−β/6, U⌊tn2β⌋, (Ei)
⌊tn2β⌋
i=1

]
+ εk+1

n +O(n−βt)

≤ Px

[
|W (v⌊tn2β⌋)−W (σ2t)| ≥ n−β/6/2

]
+ Px

[∣∣∣∣ξ̂ − ξ̂(⌊tn2β⌋n2β

)∣∣∣∣ ≥ n−β/6/2

]
+ εk+1

n +O(n−βt). (A.39)

In the above, the the second inequality holds by the fact that ξ( ⌊tn
2β⌋

n2β ) = ξ̂( ⌊tn
2β⌋

n2β ) =

W (v⌊tn2β⌋) under (Ei)⌊tn
2β⌋

i=1 . The first term on the right hand side of (A.39) can be bounded

as follows. By computing once again as we did in the proof of Proposition 2.13, we deduce

that

Px[|W (v⌊sn2β⌋)−W (σ2t)| ≥ n−β/6/2] ≤ O
(
exp

(
− 1

8d2
nβ/6

))
+O(tn−β). (A.40)

Now for the second term on the right hand side of (A.39), we can use Chebyshev’s inequality

to obtain

Px

[∣∣∣∣ξ̂n(t) + ξ̂

(
⌊tn2β⌋
n2β

)∣∣∣∣ ≥ n−β/6/2

]
≤ O(Ex[|X1|2]nβ/3) = O(n−5β/3), (A.41)
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here the equality holds from the fact that the number of jumps of ξ in a time of length n2β is

Θ(1). Using (A.40) and (A.41) on the right hand side of (A.39) finishes the proof.

Theorem A.8 is the only important ingredient that was missing to obtain the proof for

the weak noise/selection ratio regime of Theorem A.7. The result then follows by using

Theorem A.8 instead of Lemma 2.29 in the proof of Theorem 2.27.

A.2.4 Strong noise/selection ratio regime

In the same way that we proved Theorem 2.27 using Lemma 2.37, the strong noise/selection

ratio regime of Theorem A.7 follows from the following result.

Lemma A.14. Let (Pn
s )0≤s := (ζn1 (s), ..., ζ

n
N(s)(s))0≤s be the dual process of the SLFVS on

Ω, under the strong noise regime. Let x ∈ Ω and T > 0. Then there is a Brownian motion

reflected in the boundary of Ω, (Wt)t≥0, and a coupling of Pn and W such that, for any ε > 0,

there is n∗ ∈ N such that, for all n ≥ n∗, we have

Px

[
(N(T ) = 1) and (|ζn(T )−W (Tσ2)| < n−β/6)

]
≥ 1− ε. (A.42)

The proof of Lemma A.14 has two ingredients: proving that with high probability we have

only one ancestral lineage at time T , and then proving that it moves, approximately, as a

reflected Brownian motion. However, the first part follows from the same proof as Lemma

2.37. Indeed, let ζ̂n,1, ζ̂n,2 denote two ancestral lineages of the SLFVS, coupled to ζn,1, ζn,2 in

the same way as in the proof of Theorem A.8. Define η̂n := ζ̂n,1 − ζ̂n,2 and ηn := ζn,1 − ζn,2.

Then, for any x ∈ Ω with distance more than 2 log(n)−3 from (0, r0) and (0,−r0), it follows

from the geometry of the domain that

Px[η̂
n reaches value log(n)−4] ≤ Px[η

n reaches values 4 log(n)−4]. (A.43)

The right hand side of equation (A.43) tends to 0 as we proved in Proposition 2.38. Hence,

we just need to prove that the (only) ancestral lineage does indeed evolve like a reflecting

Brownian motion with high probability. Note that Theorem A.8 is not enough, since this

Theorem only works for a small window of time, where in this case, we need a coupling valid



182 BIBLIOGRAPHY

for an arbitrary time. This is obtained by using the following result instead of Lemma A.9 in

the proof of Theorem A.8.

As before, we use κ = {(0, r0)}∪ {(0,−r0)} and, for x ∈ Ω, denote by d(x, κ) the distance

between κ and x.

Lemma A.15. Let x ∈ Ω with d(x, κ) > 0 and let ρ > 0 be such that ρ < d(x, κ) and

B((0, r0), ρ)∩B((0,−r0), ρ) = ∅. Let K = B((0, r0), ρ)∪B((0,−r0), ρ) and denote by τK the

hitting time of K for the reflected Brownian motion W . Then

Px(τK ≤ t) = O(| log(ρ)|−1t) as ρ→ 0.

Proof. Let δ > 0 be sufficiently small that

ρ+ δ < d(x, κ) and B((0, r0), ρ+ δ) ∩B((0,−r0), ρ+ δ) = ∅.

Set K̂ = B((0, r0), ρ+δ)∪B((0,−r0), ρ+δ). Since x ̸∈ K̂, we have that, by [GS02, Theorem 3.7],

Px(τK ≤ t) ≤ 2cap(K, K̂)t, (A.44)

where

cap(K, K̂) =

∫
Ω
|∇ϕ(x)|2dx, (A.45)

and where ϕ is given by,

ϕ(s) =
log(s)

log(ρ)− log(ρ+ δ)
+ C

for some C ∈ R. Since B((0, r0), ρ + δ) and B((0,−r0), ρ + δ) are disjoint, we can bound ϕ

on each of those balls to bound cap(K, K̂). From this, we compute that

cap(K, K̂) =
3

2

π

(log(ρ)− log(ρ+ δ))2

∫ ρ+δ

ρ

1

s
ds,

=
3

2

π

| log(ρ+ δ)− log(ρ)|
= O(| log(ρ)|−1),

from which we see that tcap(K, K̂) = O(t| log(ρ)|−1) and from this the result follows.

By changing the proof of Theorem A.8 to use Lemma A.15 instead of Lemma A.9, we

obtain the following result. Once we have this, the proof of Lemma A.14 follows the same

pattern as the proof of Lemma 2.37.
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Theorem A.16. Let x ∈ Ω with d(x, κ) > 0, and fix T > 0. Then there exists n∗ ∈ N such

that, for all n ≥ n∗, there is a coupling between ζn and a reflected Brownian motion W under

which:

Px

[
|ζn(T )−W (σ2T )| ≥ n−β/6

]
≤ O

(
n−β(T ∨ 1) + T | log(n)|−1

)
,

where ζn and W both have the same starting point x.

Remark A.17. One could be tempted to think that Theorem A.16 is stronger than Theo-

rem A.8. We want to emphasise that this is not true. Since | log(n)|−1 is of a bigger order

than εkn for k ≥ 3, Theorem A.8 gives a better bound at the expense of having a small time

window where the coupling is valid. Meanwhile, Theorem A.16 is valid for an arbitrary time,

paying the price of having a worse bound.
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Appendix B

B.1 Fixed points of g×

Proposition B.1. The function g× has fixed points u−, 12 , and u+, where

u− =
1

2
−
√
(1− bI)3(1− 3bI)

2(1− bI)3
(B.46)

u+ =
1

2
+

√
(1− bI)3(1− 3bI)

2(1− bI)3
(B.47)

Proof. We aim to find a such that g×
(
1
2 + a

)
= 1

2 + a. Note that,

g×
(
1
2 + a

)
= 3

(
(1− bI)(12 + a) + bI

2

)2
− 2

(
(1− bI)(12 + a) + bI

2

)3
= 2(bI − 1)3a3 + 3

2(1− bI)a+
1
2 .

Setting this equal to 1
2 + a we obtain the quadratic equation

2(1− bI)3a2 + 3
2(1− bI) = 0,

for which u− − 1
2 and u+ − 1

2 are clearly solutions. To see that g×(12) =
1
2 , note that

g×
(
1
2

)
= g

(
(1− bI)12 + bI

2

)
= g

(
1
2

)
= 1

2 .

B.2 Proof of Proposition 3.28

Proof. We only prove the stated upper bound for (3.56), noting that the bound for (3.55)

follows by almost identical arguments. To begin, we will construct a coupling of Z+(t) to a

historical ternary branching subordinated Brownian motion, WRε(t). Define

u(x, t) := Px[V×(Z+(t)) = 1] and v(x, t) := Px[V×(WRε(t)) = 1].

185
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Abuse notation and let S denote the time of the first branching event in both Z+(t) and

WRε(t). By the Markov property at time S, u and v can be written as

u(x, t) = Ex[g×(u(Z
+
S , t− S))1S≤t] + Ex[p(Z

+
t )1S>t] (B.48)

v(x, t) = Ex[g×(v(W (Rε
S), t− S))1S≤t] + Ex[p(W (Rε

t ))1S>t]. (B.49)

To bound the difference between u and v, we control the difference of the first terms and

second terms in (B.48) and (B.49) separately. First, since S ∼ exp(ε−2),

Ex[p(Z
+
t )1S>t]− Ex[p(W (Rε

t ))1S>t] ≤ P[t ≤ S] ≤ e−
t
ε2 . (B.50)

To bound the difference of the first terms in (B.48) and (B.49), set t∗ := kε2| log(ε)| and

δε := D0(k+2)I2(ε)| log(ε)|. Denote the transition density of W (Rε
t ) by pt(x, y). Then, since

g× is bounded above by one and, by the definition of Z+
t ,

Ex

[
g×(u(Z

+
S , t− S))1S≤t

]
≤ Ex

[
g×(u(Z

+
S , t− S))1S≤t∧t∗

]
+ P[S > t∗]

≤ sup
∥w∥≤δε

Ex [g×(u(W (Rε
S) + w, t− S))1S≤t∧t∗ ] + εk

= sup
∥w∥≤δε

E
[∫

Rd
g×(u(z + w, t− S))pS(x, z)dz1S≤t∧t∗

]
+ εk

= sup
∥w∥≤δε

E
[∫

Rd
g×(u(z, t− S))pS(x, z − w)dz1S≤t∧t∗

]
+ εk

≤ E
[∫

Rd
g×(u(z, t− S))pS(x, z)dz1S≤t∧t∗

]
+ εk

+ sup
∥w∥≤δε

E
[∫

Rd
g×(u(z, t− S))[pS(x, z − w)− pS(x, z)]1S≤t∧t∗dz

]
. (B.51)

Consider the d-ball Bx(S
1/α + δε) := {z ∈ Rd : ∥z − x∥ ≤ S1/α + δε}. To ease notation, let

Bx := Bx(S
1/α + δε). Then, to bound the last term in (B.51), we use that g(u(z, t − S)) is

bounded by 1 to get

sup
∥w∥≤δε

E
[∫

Rd
g(u(z, t− S))[pS(x, z − w)− pS(x, z)]1S≤t∧t∗dz

]
≤ sup

∥w∥≤δε

E
[∫

Rd
|pS(x, z − w)− pS(x, z)|1S≤t∧t∗dz

]
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≤ sup
∥w∥≤δε

E
[∫

Bx

|pS(x, z − w)− pS(x, z)|dz1S≤t∧t∗

]

+ sup
∥w∥≤δε

E

[∫
Bc

x

|pS(x, z − w)− pS(x, z)|dz1S≤t∧t∗

]
(B.52)

To bound the first term on the right hand side of (B.52), first note that

P[S < δαε ] ≤ 1− exp

(
−δ

α
ε

ε2

)
≤ Î(ε)2α

ε2
| log(ε)|α.

By Proposition B.5, using that the first integral is bounded above by two, and allowing the

constant C to change from line to line,

sup
∥w∥≤δε

E
[∫

Bx

|pS(x, z − w)− pS(x, z)|dz1S≤t∧t∗

]
≤ sup

∥w∥≤δε

CE
[∫

Bx

∥w∥(Rε
S)

−(d+1)/2dz1S≤t∧t∗1S≥δαε

]
+ 2

Î(ε)2α

ε2
| log(ε)|α

≤ CδεE
[
V (Bx)(R

ε
S)

−(d+1)/2
1S≥δαε

]
+ 2

Î(ε)2α

ε2
| log(ε)|α

≤ CδεE
[
(2S)d/α(Rε

S)
−(d+1)/2

1S≥δαε

]
+ 2

Î(ε)2α

ε2
| log(ε)|α

≤ CδεE
[
Sd/α−d/2−1/2

1S≥δαε

]
+ 2

Î(ε)2α

ε2
| log(ε)|α

≤ CδεE
[
Sd/α−d/2−1/2

]
+ 2

Î(ε)2α

ε2
| log(ε)|α

= CD0(k + 2)Î(ε)2| log(ε)|ε
2d
α
−d−1 + 2

Î(ε)2α

ε2
| log(ε)|α (B.53)

where V (Bx) denotes the volume of Bx. V (Bx), in turn, is proportional to (S1/α + δε)
d,

which, conditionally on S ≥ δαε , is bounded above by (2S)d/α. In the final equality we apply

Lemma B.4. Note that d

α −
d

2 −
1
2 > −1 for all d ≥ 2, and α ≤ 2, so E

[
S

d

α
− (d+1)

2

]
is finite,

with

E
[
S

d

α
− (d+1)

2

]
= Γ

(
d

α −
d

2 + 1
2

)
ε

2d
α
−d−1.

Then, by Assumption 1.37 (C), (B.53) tends to 0 with ε.

To bound the second term in (B.52), we use [CK03, Theorem 1.1], which provides upper

bounds on the transition density of subordinated Brownian motion, as long this has a trun-

cated stable subordinator with truncation level independent of ε Thus, to use said result we
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need to scale in such a way that our subordinator does not depend on ε. That is, we rewrite

W (Rε
s) in terms of a 1-truncated subordinated Brownian motion as follows. Let (Ua

s )s≥0 de-

note an α/2-stable subordinator with truncation level a (and no speed change). Let D
= denote

equality in distribution. Then

Rε
s

D
= U

Î(ε)2

sÎ(ε)α−2

D
= Î(ε)2U1

sÎ(ε)−2

where the first equality follows by definition and the second equality is straightforward to

show using the jump measure of the truncated subordinator. As such, by the scaling property

of the Brownian motion,

W (Rε
s)

D
= Î(ε)W (U1

tÎ(ε)−2). (B.54)

Denote the transition density of (W (U1
t ))t≥0 by p̂t(x, y). By (B.54), p̂t(x, y) is related to

the transition density of W (Rε
s) by

pt(x, y) = p̂
Î(ε)−2t

(Î(ε)−1x, Î(ε)−1y).

Therefore, the second term in (B.52) can be rewritten as

sup
∥w∥≤δε

E

[∫
Bc

x

|p̂
Î(ε)−2S

(Î(ε)−1x, Î(ε)−1(z − w))− p̂
Î(ε)−2S

(Î(ε)−1x, Î(ε)−1(z))|dz1S≤t∧t∗

]
,

which, by [CK03, Theorem 1.1], is bounded above by

sup
∥w∥≤δε

E

[∫
Bc

x

DSÎ(ε)−2

((z − w)Î(ε)−1)d+α
dz

]
+ E

[∫
Bc

x

DSÎ(ε)−2

(zÎ(ε)−1)d+α
dz

]

= sup
∥w∥≤δε

E

[∫
Bc

x

DSÎ(ε)α−1

(z − w)d+α
dz

]
+ E

[∫
Bc

x

DSÎ(ε)α−1

zd+α
dz

]

≤ DÎ(ε)α−1E
[
S

∫ ∞

S1/α

1

zα+1
dz

]
≤ DÎ(ε)α−1E[S(S−1)]

= DÎ(ε)α−1, (B.55)

for some D > 0 that we allow to change from line to line. Here we have applied the change

of variables z − w 7→ z in the fourth line, and Lemma B.4 in the final inequality. Note that,
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since α > 1, the last quantity tends to 0 as ε→ 0. Recall from (1.35) that

F (ε,M) =M

(
Î(ε)2| log(ε)|ε

2d
α
−d−1 +

Î(ε)2α

ε2
| log(ε)|α + Î(ε)α−1

)
.

Then, choosing M > 0 and ε sufficiently small that

F (ε,M) ≥ εk +DÎ(ε)α−1 + CD0(k + 2)Î(ε)2| log(ε)|ε
2d
α
−d−1 + 2

Î(ε)2α

ε2
| log(ε)|α,

by (B.55) and (B.53) we can bound (B.52) to obtain

Ex

[
g×(u(Z

+
S , t− S))1S≤t

]
≤ E

[∫
Rd
g×(u(z, t− S))pS(x, z)dz1S≤t∧t∗

]
+ F (ε,M). (B.56)

Finally, we note that

Ex [g×(u(W (Rε
S), t− S)1S≤t] ≥ Ex [g×(u(W (Rε

S), t− S)1S≤t∧t∗ ]

= E
[∫

Rd
g×(u(z, t− S))pS(x, z)dz1S≤t∧t∗

]
,

which, together with (B.56) and (B.50) gives

u(x, t)− v(x, t) ≤ E
[∫

g×(u(z, t− S))pS(x, z)dz1S≤t∧t∗

]
− E

[∫
g×(v(z, t− S))pS(x, z)dz1S≤t∧t∗

]
+ e−

t
ε2 + F (ε,M).

Using the same approach, we can obtain the lower bound

u(x, t)− v(x, t) ≥ E
[∫

g×(u(z, t− S))pS(x, z)dz1S≤t∧t∗

]
− E

[∫
g×(v(z, t− S))pS(x, z)dz1S≤t∧t∗

]
−
(
e−

t
ε2 + F (ε,M)

)
.

Thus, using that g× is Lipschitz with constant 3
2 , we obtain

|u(x, t)− v(x, t)| ≤ E
[∣∣∣∣∫ (g(u(z, t− S))− g(v(z, t− S)))pS(x, z)dz

∣∣∣∣1S≤t

]
+ e−

t
ε2 + F (ε,M)

≤ 3

2
E [|u(W (Rε

S), t− S)− v(W (Rε
S), t− S)|1S≤t]
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+ e−
t
ε2 + F (ε,M)

≤ 3

2

∫ t

0
∥u(·, ρ)− v(·, t− ρ)∥∞e−(t−ρ)ε−2

ε−2dρ

+ e−
t
ε2 + F (ε,M).

Finally, using Gronwall’s inequality [MF72] (see also [Dra02, Theorem 15]) we deduce that

∥u(·, t)− v(·, t)∥∞ ≤
(
e−

t
ε2 + F (ε,M)

)
exp

(
3

2

∫ t

0
exp(−uε−2)ε−2du

)
,

≤
(
e−

t
ε2 + F (ε,M)

)
exp

(
3

2

)
,

which gives the desired bound by choosing appropriate values M1,M2 > 0.

B.3 Truncated subordinator calculations

Proposition B.2. Let (Rε
t )t≥0 be the Î(ε)2-truncated stable subordinator run at speed σ−2Î(ε)α−2.

Then

E(Rε
s) = s.

Proof. Let Rε
s be the truncated subordinator. Then

E(e−λRε
s) = exp

(
Cασ

−2sÎ(ε)α−2

∫ Î(ε)2

0

e−λy − 1

y
α
2 +1

dy

)
.

Using integration by parts, the above exponent can be written as∫ Î(ε)2

0

e−λy − 1

y
α
2 +1

dy = − 2

α
Î(ε)−α(e−λÎ(ε)2 − 1)− 2

α
λα/2γ(1− α

2 , λÎ(ε)
2)

where γ denotes the lower incomplete gamma function. Writing the Laplace transform of Rε
s

as E(e−λRε
s) = ϕ(λ), we have

E(e−λRε
s) = exp

(
− 2

α
Cαsσ

−2Î(ε)−2(e−λÎ(ε)2 − 1)− 2

α
Cαsσ

−2Î(ε)α−2λα/2γ(1− α
2 , λÎ(ε)

2)

)
.

Recall that E(Rs) = − d
dλϕ(λ)|λ=0. Here,

− d

dλ
ϕ(λ)|λ=0 =

2

α
Cασ

−2s
d

dλ

(
Î(ε)−2(e−λÎ(ε)2 − 1) + Î(ε)α−2λα/2γ(1− α

2 , λÎ(ε)
2)
)∣∣∣∣

λ=0

.

(B.57)
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This derivative can be calculated by considering the following identities for γ. First, by the

definition of γ and a change of variables

γ(1− α
2 , λÎ(ε)

2) = Î(ε)2−α

∫ λ

0
z−α/2e−zÎ(ε)2dz.

Therefore
d

dλ
γ(1− α

2 , λÎ(ε)
2) = Î(ε)2−αλ−α/2e−λÎ(ε)2 .

Under a different change of variables, γ also satisfies

λα/2−1γ(1− α
2 , λÎ(ε)

2) =

∫ Î(ε)2

0
z−α/2e−zλdz,

which, by Taylor’s theorem, is equal to 2Î(ε)2−α

2−α when λ = 0. Substituting this into (B.57),

we obtain

− d

dλ
ϕ(λ)|λ=0 =

2

2− α
Cασ

−2s = s.

Lemma B.3. Let Rε
s be an Î(ε)2-truncated α

2 -stable subordinator, run at speed σ−2Î(ε)α−2.

Then there exists ε1 > 0 such that, for all ε ∈ (0, ε1) and s ≤ ε2| log ε|,

Px[|Rε
s − s| > (k + 1)Î(ε)2| log ε|] ≤ εk.

Proof. Let y ∈ R and consider

Px[|Rε
s − s| > y] = P[Rε

s > y + s] + P[Rε
s < s− y]. (B.58)

Recall that the Lévy measure of Rε
s is

ν(dv) = Cασ
−2Î(ε)α−2 1

∥v∥1+
α
2

1{0≤v≤Î(ε)2}dv.

By considering the Laplace transform of Rε
s, for λ > 0

Ex[e
λRε

s−λE(Rε
s)] ≤ exp

(
Cασ

−2sÎ(ε)α−2

∫ Î(ε)2

0

eλv − 1− λv
v1+

α
2

dv

)

≤ exp

(
2σ−2CαsÎ(ε)

α−2λ2
∫ Î(ε)2

0
v1−

α
2 dv

)
= exp

(
mαsÎ(ε)

2λ2
)
,
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where mα := σ−2 4Cα
4−α and the second inequality holds for Î(ε)2λ ≤ 1. By Proposition B.2

and Markov’s inequality,

Px[R
ε
s > y + s] = Px[R

ε
s − E(Rε

s) > y]

= Px[e
λRε

s−λE(Rε
s) > eλy]

≤ E[eλR
ε
s−λE(Rε

s)]e−λy

≤ exp
(
mαsÎ(ε)

2λ2 − λy
)
.

The latter can be bounded above by εk if λ−mαsÎ(ε)
2λ2 > k| log ε|. Setting λ := Î(ε)−2 and

y = (k + 1)Î(ε)2| log ε|, this becomes

(k + 1)| log ε| −mα
s

Î(ε)2
> k| log ε|,

which holds for ε sufficiently small by Assumption 1.37 (B). This gives us control over the

first term of (B.58). For the second term, note that, for ε sufficiently small, s− y < 0. Thus,

by non-negativity of the subordinator, this term is zero.

Lemma B.4. Let Rε
t be the Î(ε)2-truncated α

2 -stable subordinator run at speed σ−2Î(ε)α−2.

Then, for any p > 0, there is some C > 0 such that

Cs−p ≤ E
(
(Rε

s)
−p
)
≤ Cs−p.

Proof. Similar to the proof of Proposition B.2, the Laplace transform of Rε
s is given by

E(e−λRε
s) = exp

(
− 2

α
Cασ

−2sÎ(ε)−2(e−λÎ(ε)2 − 1)− 2

α
Cασ

−2sÎ(ε)α−2λα/2γ(1− α
2 , λÎ(ε)

2)

)
≤ exp

(
− 2

α
Cασ

−2s(λ+O(λ2Î(ε)2))

)
.

By [Sch02, Theorem 1.1] and the above bound,

E
(
(Rε

s)
−1
)
≤
∫ ∞

0
exp

(
− 2

α
Cασ

−αs(λ+O
(
λ2Î(ε)2

)
)

)
dλ

≤ ασα

2Cαs
,
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using that e−x−y < e−x for x, y > 0. More generally,

E
(
(Rε

s)
−p
)
≤
∫ ∞

0
exp

(
− 2

α
Cασ

−αs(λ1/p +O
(
λ2/pÎ(ε)2

)
)

)
dλ

≤
∫ ∞

0
exp

(
− 2

α
Cασ

−αsλ1/p
)
dλ

= p( 2αCασ
−αs)−pΓ(p).

The lower bound follows by the same approach.

Proposition B.5. Let p(x, y, t) be the transition density of W (Rε
t ), and let S be an exponen-

tial random variable of parameter ε−2. Then there is a constant C > 0 such that, conditionally

on Rε
S, we have

|p(x, y, S)− p(x, y + z, S)| ≤ C(Rε
S)

−d+1
2 ∥z∥,

for all x, y, z ∈ Rd.

Proof. Let q(x, y, t) be the transition density of the Brownian motion (Wt)t≥0. By defini-

tion, conditionally on Rε
S , we have that p(x, y, S) = q(x, y,RS). Hence, by the law of total

probability, it will be enough to prove that

|q(x, y,Rε
S)− q(x, y + z,Rε

S)| ≤ C(Rε
S)

−d+1
2 ∥z∥.

Recall that q(x, y,Rε
S) is given explicitly by

q(x, y,Rε
S) =

1

(4πRε
S)

d

2

exp

(
−∥x− y∥

2

4Rε
S

)
.

Therefore, by the Mean Value Theorem,

|q(x, y,Rε
S)− q(x, y + z,Rε

S)| ≤
1

(4πRε
S)

d

2

∥z∥
∥∥∥∥∇ exp

(
−∥ξ∥

2

4Rε
S

)∥∥∥∥
for some ξ in the line segment between y − x and y + z − x. Now∥∥∥∥∇ exp

(
− ξ2

4Rε
S

)∥∥∥∥ =
∥ξ∥
2Rε

S

exp

(
−∥ξ∥

2

4Rε
S

)
≤ 1

(Rε
S)

1
2

C

for some C > 0, since x exp(−x2) is uniformly bounded. Hence there is some C > 0 such that

|q(x, y,Rε
S)− q(x, y + z,Rε

S)| ≤
C∥z∥

(Rε
S)

d+1
2

,

as claimed.
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