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Abstract—Reachability types are a recent approach to mod-
elling sharing in higher-order languages, aiming to provide sepa-
ration guarantees through typability. The contextual equivalence
problem in such a setting is exacerbated by the need to consider
reachability-related constraints on the allowable interactions. In
particular, they might weaken the ability of contexts to observe
sequentiality.

In this paper, we investigate contextual equivalence for reach-
ability types through the lens of operational game semantics.
We provide a sound trace model for a language equipped with
reachability types, and show how to refine it to a fully abstract
one, which captures a natural notion of equivalence based on
allowing terms to share functions and locations consistently
with the assigned reachability annotations. We also discuss the
corresponding problem of contextual approximation, along with
an inequational full abstraction result.

This is a first attempt at defining a fully abstract semantics
for reachability types.

Index Terms—reachability types, game semantics, trace mod-
els, full abstraction

I. INTRODUCTION

Type systems that offer control over sharing are seen as
a promising technique for improving program safety and
performance. This has been demonstrated by the recent success
of Rust, whose core is based on the shared XOR mutable
principle, i.e. sharing is restricted to immutable variables.
This policy turns out to be quite restrictive when it comes to
expressing common programming patterns involving higher-
order functions and state, like those expressible in languages
such as ML or Scala. Reachability types [1,2] are a recent
proposal to address this gap and provide a type system that
is capable of collecting information about sharing as well as
lack thereof, i.e. separation.

The key idea of reachability types is to track reachable
variables/locations by annotating types with type qualifiers,
which contain functions or locations that may be reachable
from a given term. For example, the term h = letr = ref (0)
in A\fAz.(M + f(!r) + g(z)), where ¢ is a memory location,
I stands for dereferencing, 7 £ Int — Int and g : 7 is free,
would normally be typed as 7 — 7. With reachability types,
it can be given the more accurate type below.

(uh.(f = (Int = Int)?) — (Int — Int)tS9-m0h){o.6}

The presence of g, £ in qualifiers indicates that both the whole
term and its functional result may directly reach the unknown
function ¢ and location ¢. In contrast, f corresponds to a
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dependency on resources contributed by the input. h in turn
is a self-reference, which allows one to express the fact that
the functional result of h may reach (private) locations (such
as r) created by h itself. In addition, the argument type 79
can be used to specify the degree of overlap between h and
its arguments. Setting @ to () corresponds to demanding that
what the argument can reach must be disjoint from what h
can reach, while {£} would allow for scenarios in which the
argument may also reach £, but not g. Similarly, @ = {/, g}
would permit A to share ¢, g with its arguments. Overall, the
idea of tracking reachability at the type level turns out very
powerful and can be used to express many common program-
ming scenarios such as non-interference, non-escaping, non-
accessibility and scoped borrowing [1].

The use of qualifiers in reachability types complicates ar-
guments about contextual equivalence, such as may be needed
justify reachability-type-based program transformations and
optimisations [3]. For example, whether the term let f = h()
in (letg = h()in f();g()) is equivalent to let f = h() in
(letg = h()ing(); f()) depends on how A : Unit — (Unit —
Unit) is typed. If h : (ph.Unit — (Unit — Unit)1})? then
f, g may share the private state of i and the terms will not be
equivalent, because the order of calls can be detected through
the state. In contrast, for A : (uh.Unit — (Unit — Unit)?)?
the terms will behave in the same way.

In this paper, we employ operational game semantics [4, 5]
to provide a formal and precise account of the underpinning
theory of contextual equivalence (and the associated notion of
approximation). Game semantics is already known for provid-
ing a wide range of fully abstract models for various program-
ming paradigms [6, 7]. They rely on representing interactions
between programs and contexts as a dialogue between two
players: O (context) and P (program). A characteristic feature
of operational game semantics is that these dialogues are gen-
erated as traces of a carefully crafted labelled transition system
(LTS), which uses names to represent unknown functions in
the spirit of open/normal-form bisimulation [8, 9]. In addition,
to capture the sharing of state, traces of our LTS are decorated
with sets of abstract states revealed by the environment.

In the example equivalence above, the first term is rep-
resented by traces like h'((),c1) ci(f™) h!(().cs) c3(g™)
Ty eq) ca(() 970, ¢5) e5(() (). In this trace, names
such as f,g are used to abstractly represent the functions
returned by the context for the calls to h, while [, m,n are
abstract states. In this way, the trace captures the way the term
uses these functions. The distinctiveness of [, m,n captures
formally the fact f,g,h may not share state of h, argued
intuitively above. The other term is represented by h!((),c1)



e (f™) T(().es) ealg™) 770 cs) es(()) T(0.es) es(()
cl(()), which captures the difference in the order of the calls.

In order to demonstrate our approach, in Section II we
introduce a minimalistic language with reachability types,
modelled after \* [1]. As our methods exploit the ability to
n-expand terms, the calculus is based on a notion of well-
behaved types, for which n-expansion is guaranteed to be
type-preserving. In Sections III and IV, we introduce the LTS
Lp, which is sound. The technical concepts underpinning the
analysis of the model and the soundness result are covered in
Sections V and VI. In particular, the LTS non-trivially adapts
the classic notion of visibility (originally used to characterise
functions that are reachable/visible to players in a language
with first-order references) [10] to the setting of reachability
types. Intuitively, this is done by identifying a family of
subtle technical conditions that further restrict visibility to
make it compatible with types. In Section VII, building on
a definability result, we refine the trace model to a fully
abstract one by introducing rearrangement relations. We show
that one can capture contextual equivalence via complete trace
equivalence up to allowable trace permutations. For example,
these permutations equate the traces for the two terms in
the equivalence above. Program approximation in turn can
be characterised through an ordering that allows one to omit
certain actions. For example, it turns out that the term let
f = h() in f(1); f(2) approximates let f = h() in f(1)
when h : (uh.Unit — (Int — Unit)?)?, because f(1) and
f(2) cannot reach any state other than f’s private one and,
consequently, f(2) does not interfere with the subsequent
computation.

At a high level, we see our work as the beginning of a
semantic study of reachability types. So far, the most closely
related work in this direction is [11], which provides a sound
logical relation for contextual equivalence.

II. LANGUAGE

We shall study A}, a simple ML-like language, which
is a variant of A\* [1] inspired by the formalisation [12]
and notation of [11]. We present its syntax in Figure 1.
At its core, it is a A-calculus enriched with constants of
base type, primitive operations, conditionals, integer-valued
references and recursion. It has a standard, small-step call-
by-value operational semantics, expressed as a reduction re-
lation (M,h) — (M’ k') between pairs of terms and heaps
(mapping locations to integers). This uses evaluation contexts,
K, to identify the next redex. We write (M,h) | to mean
(M,h) —=* (V,h') for some value V' (i.e. it terminates).

Types What makes this language interesting is its types. They
are denoted by 7, with ¢ being used for qualified types 7€,
in which the annotation @ is referred to as a qualifier. In
our case, qualifiers are either L (for base types) or a set of
captured variables or locations (for references and functions).
Functions are given a dependent type of the form pf.(z :
TlQ Y — ’7'2Q ?. Here z is the argument to the function. When 7;
is a reference or function type, the argument could contribute
locations/functions to the result. Accordingly, if Q; # L then

2 may appear in ()2, but not in 7 or 7;°'. f is called the
self-reference, which signifies dependence of the result on the
function: it may appear in ()2, but not in 75 or 7'1Q '. For clarity,
when x does not appear in ()5, such as when it is of base type,
we may omit it (uf .TIQ b 7'2Q ?). Similarly, we will often drop
the binding when the self-reference is unused ((z : TlQl) —
TQQZ). If neither is used, we simply write TlQl — Ty

The qualifiers can be partially ordered by Q1 C Q2 £ Q, =
1 vV Q1 C @2, which essentially lifts the subset ordering to
include L as the least element. Joins (L) can then be computed
by LUQ 2 Q QUL 2 Q and Q1 UQz £ Q1UQ>
(otherwise), with meets (M) given by LMQ = 1, QNL = 1,
and Q, M Q2 £ Q1 N Q, (otherwise).

We will be concerned with types that satisfy a certain well-
formedness condition.

Definition 1. A qualified type o is well-behaved if o = 3 or
o =Ref? oro = pf.(z: ) — 752)Qs, where 7!, 752
are well-behaved, Q1 C Qy, Q2 T QU {f,z}, and = € Q2
implies @1 C Q2. We shall write wb(o) to insist that o be

well-behaved.

These conditions reflect the intuitive reading of qualified
types. In the type (uf.(x : TlQl) — 72Q2)Qf, Q1 represents the
permitted overlap of the argument with the function, and so
should be within what is observed by the function. Similarly,
(- expresses what the result of the function might observe,
which must be either observed by the function (Qy), the
argument (x), or something not observable from outside the

function (f). All examples in [1] are well-behaved.

Typing rules We will have typing judgments of the form
' b5 M : 0. ¥ denotes a heap typing environment,
written /1 : Ref,--- £, : Ref. For variables, we will have
type assignments :, which have either the standard form :

(used to type arguments) or : for the self-references used
when typing functions. Thus, I' is a typing environment of
the form z; : TlQ L Xy, Tn%"", where we forbid circular
dependencies by stipulating that TiQi may contain ¢ € ¥ and x;
provided @Q); # L and j < i. We require wb(c) for any entry
z 1o € I'. The final element of the typing judgment is ¢, called
the filter. Let us write dom, (3;T") to be all locations in ¥ and
variables in I" given non-_L qualifiers. Then ¢ C dom, (3;T")
and ¢ can be seen as specifying the locations and variables
that can be observed directly by the term. In the case that
¢ = dom,(%;T), then we will omit o, and write simply
;' M : 0. To ease the presentation of the rules, we will
occasionally write things like 3; ' ooy M @ o, where x
may have a 1 -qualifier in I'. In such cases, we consider = to
be implicitly removed. We also write 3;T" k- My, M3 : o as
shorthand for a pair of judgments for M; and M.

The type system is given in Figure 1. An important rule
is T-APP, which controls the separation between a function
and its argument. Saturation, written Q*, identifies variables
and locations reachable from a qualifier. In an application,
the intersection of the saturated qualifiers of the function and
argument is compared with the permitted overlap, ensuring the



argument only reaches things that are permitted, or unobserved
by the function. The rule T-SELF implements self-references,
allowing the qualifier of an abstraction to be replaced by
the self-reference while typing the function body. Sub-typing
is included, allowing variation of qualifiers, with the usual
contra-variance in function arguments.

Example 2. We write letz = MinN for (Az.N)M. As
in [1], one can derive the following rule for letz = M in N.

T-LET

5T My :7'1Q1 S0z TlQl tootey M2 :‘f'Q‘Q2 wb(TQQZ) z & FV(12)

ST ks leta = Myin My : 7922 191/*4

For example, F letr = ref Oin Az.r : (uf.Unit™ — Ref{7})?,

Properties X}, enjoys a number of desirable properties. The
first is an ‘open’ version of type preservation [1].

Lemma 3 (Type Preservation). If h : X, ;T W M : 79,
and (M,h) — (M',R'), then there exists 2/ such that h' : %,
L = dom(X') \ dom(X), and ¥';T bz M’ : 797L, where
1+L21and Q+LEQUL for Q# 1.

A key property of well-behaved types is the ability to eta-
expand a value while preserving its type.

Lemma 4. Given a value V and type 7, define the
full eta-expansion 1. (V) by n.(V) £ V for 7 € {3, Ref}
and 0, (V) & MoV, (z), where x is fresh and T =
wf-(y : T2 = o. If wb(79) and %;T 5 Vo 79 then
g n(V): 72, where 1L 2 () and Q £ Q otherwise.

This property is necessary when trying to construct a
model based upon operational game semantics, as this involves
applying functions passed between the two players with fresh
values, which is essentially what is occurring in full eta-
expansion. The Lemma also provides enough flexibility to
prove a definability result in Section VII.

In what follows, when we write I' = M : o, we intend to
refer to judgments in which I' contains no : entries (and so
represents ‘top-level’ typings) and wb (o).

Contextual Testing The objects of our study are contextual
approximation and equivalence, defined by testing termination
of terms in every possible context. As A7, makes explicit
the locations available to the context, it becomes natural to
define possible contexts as being allowed additional locations,
so long as they are consistent with the qualifier annotations.
We formalise this below.

Definition 5. We write >; " - ¢ if all non- L qualifiers in o
refer to dom(X)Udom, (D). Let T' = z;: 781, -+ | g 78
We say that I C {i|x; € dom,(T")} is eligible for enrichment
if X #0and XNMY = 0 for X = [],c;(x;%) and YV =
Uigz(fi*)- Given such I, let I'; be I" in which, for each 1 <
i < m, we add fresh ¢ to every qualifier in TiQi that already
contains x; for some j € I, and to ; if ¢ € I. oy is defined
analogously. We then write (3;T' F o) < ((3,¢ : Ref); Ty F

o) for one-step enrichment, and (X;T F o) < (¥, 17 I o)
for its reflexive and transitive closure.

= captures the typings that can be obtained by extending the
environment with additional locations in a way which satisfies
the separation imposed by the original typing.

Lemma 6. If >;T'F o < XTIV + o' then ;T - M : o
implies ¥'; TV = M : o,

Definition 7 (Context Typing). We type a context C as ;" -
C:(¥;T":0") = o when for every X/;I" - M : ¢/, we can
type ;' = C[M] : o in such a way that the typing derivation
of M is unchanged.

Contextual testing is then defined over all possible contexts
which respect the imposed overlaps.

Definition 8 (Contextual Approximation and Equivalence).
Given I' = My, My : o, we define I' - My <, My : o
to hold, when for all ' + ¢ < X;TV + ¢/, h : ¥ and
contexts X' F C : (X;IV : ¢') = Unit, if (C[Mi],h) |
then (C[Ms],h) ||. We say T' = My ~c, Ms : o when
F}_Ml ,ScmMQ:aandFl—Mgﬁcliza

Remark 9. We consider our definition of contextual equiv-
alence to be natural, in the sense that not enriching the
typing judgments with locations leads to strange phenom-
ena. Consider 7 = Unitt — UnitL, the context I' =
het® f o ritt g 710} and terms T' F £();g() : Unit™ and
I+ g(O);f(O) : Unitt. The qualifiers of f and ¢ indicate
that they may communicate through h, so it is natural to
want contextual equivalence to distinguish these two terms.
However, a notion of contextual equivalence that does not
provide the extra location to A would equate them. This is
because of s type ((Unitt — Unit™)?), which cannot be
used to transmit any meaningful information between f and
g, apart from generating divergence after a number of calls.
But this does not suffice to separate f();g() from g(); f()
even if both f and g use h, because both terms generate the
same number of calls to A. In contrast, with an extra location
available to h, the terms can be distinguished.

Surprisingly, changing the type of A to (Unit" — Bool™)?
does allow one to differentiate between the terms (without
extra locations), because a function at this type could com-
municate whether or not it has been called for the first time,
which could then be used to separate the terms. Consequently,
without extra locations provided to h, the equivalence of terms
depends on the fype (not qgualifier) of variables not appearing
in it, and we view this non-uniformity as undesirable. In any
case, the notion proposed above is more discriminating than
one without extra locations, i.e. our results would then amount
to soundness rather than full abstraction.

Note that our typing judgments are economical in that, in
general, they do not require that qualifiers () be equal to the
full reachability sets Qx, e.g. variables can be typed as 7%}
While this leads to more concise annotations, some of our
results assume saturation.



Syntax

Base Types B £ Unit| Bool | Int

Types T 2 B|Ref|pf(r:o1)— o2

Qualified Types o = B+ | Ref® | (uf.(z:01) — 02)® QR 1|« a € Pgn(Var U Loc)

Values UV E ()|te|ffFla|z|l]| z.M|recy(x).M

Terms M,N& V| MN |ref M |!M | M := N | if M; then Mselse Mz | M ®N | M@ N

Eval. Ctxt. K £ o|VK|KM|refK|!K|V:=K|K:=M |if Kthen M else N
|KeM|VeK|KaM|VaK

Contexts C 2 eo|X\x.C|recy(x).C | MC|CM |refC|!C|C:=M|M:=C |ifCthen M else N

| if MthenCelse N | if MthenNelseC |CoM | MaeC|CaM|MaC
Notational conventions: z,y € Var, £ € Loc, n€Z, i€ {1,2}, & € {+,—,*}, me{=<}

Qualifier operations

1UQR2Q, QU L2Q, QiUQs 2 Q1 UQ, (otherwise) L+Q2 1L, Q+Q 2 QuUQ (otherwise)
1NQ21L,QNLA2 1, QiNQy= Q1 NQ, (otherwise) L+ f2 1L, Q+f=QU{f} (otherwise)
{Q/z} & 1, Q1{Q2/z} = (Q1 \ {7}) U Q2 if x € Q; and Q; otherwise 120, Q2 Q (otherwise)
Term typing
T-BooL T-VAR L T-VAR
T-UNiT T-INT t e {tt, fF} w7t eT z:79el  zeop
E;FW():UnitJ‘ Z;Fvﬁzlntj‘ Z;FW?&:BOOIJ‘ Z;FW:&:TJ‘ E;FW&::T{QE}
T-LocC T-REF T-ASSIGN T-DEREF
L:RefeX Leop ST M- Int* ST Mi:Ref® ST M Inth 3Tk M : Ref®
ST £ Ref? ST b ref M : Ref’ ST k> My := M, : Unit" ST H-IM : Int™
T-OPLUS T-INEQ T-1F
ST b My, Mo : Int™ ST b My, Mo : Int™ ;T N :Bool™ ;T My, My : 7%
ST My @® My : Int™ 3T My @ Ma : Bool™ ;T b5 if N then M else Mo : 7
T-ABS

T=pf(en?) =t (SDa ), for)lgioppar M2 Qe fEFV(M)
E;FWA:C.M:TQJ"

T-F1x
7= pg.(z: ) - 782 (S0, @: 700 f 0 790) qu{fw}M:TQQQ{f/g} QfCoyp
;' rec fx).M:79f

T-APP
S0y My (ufo(x o m?) —> 722)% wb(r?') ST M7 QuxNQpxCQx QL p,a, f

35T My Mo TQQZ{Ql/x}{Qf/f}

T-SuB T-SELF
ST M:7@ ST < QL ST Mm99 forP el feyp
E;FWM:T2Q2 Z;FﬁM:TQ'H
T-WEAKENING T-EXCHANGE
ST M: 79 ¢ = domy(¥,T) SiT,zioyiol, I M9
ST, o M Silyio wto M M€
Subtype
S-TRANS S S-REF
SiThoy<ios SThoy<ios -BASE Q1 C Q2 T domy(3;T)
T For<:o3 T+ Bt <: Bt : T+ Ref9l <: Ref@?
S-FunN

Q5 C Q¢ C dom4(Z;T0) 3T ko3 <01 S0, f o (uf(z:o1) = 02)9, @ o3 b 02 <: 04
S F (uf.(z:01) = 02)9° <: (uf.(z: 03) = 04)9°

Reachability and saturation

. L
YiThazwyerit®enT,ycqQ LT kax = {y | z~*y} Ik lx2 1 Z’FFQ**UWF
z€Q

Fig. 1: The system X},
4



Definition 10. If ;" - o is a type, we write ;' - o for the
type obtained by replacing every qualifier Q) in o by Q*. The
notation can be extended to an environment ;" pointwise.
A judgment 3;T' - M : o is saturated if 0 = ;T F o* and
5T = (5 D).

The saturation procedure preserves the essentials of reacha-
bility types: separation between functions and arguments, and
dependence of the result on the argument or self-reference.

Lemma 11. We have that I' = My, Ms : o implies T'x
My, Ms : o%, and Tsx &= My <S¢ My : ox implies T' +
M1 S,ct;z: Mg ..

The full abstraction results presented in the paper will apply
to all saturated judgments I' = M : o with one caveat. As
in [5], we will assume that Ref does not occur in I' or o,
and call such judgments r-free. We stress that this is just a
restriction on the boundary (I' and o only), and subterms of
M may contain arbitrary types and uses of ref . We impose the
restriction due to the complications that arise in fully abstract
modelling of reference-based interfaces [13]. They would be
alleviated somewhat, if contexts could store references [4, 14],
but then the reachability-type framework is more involved [1].
Consequently, the r-free case is a reasonable compromise for
a first full abstraction result in the area.

III. LTS (BASIC NOTIONS)

In this section we set out a trace semantics for reachability
types, which will lead to a full abstraction result. The model
is built in the tradition of operational game semantics, i.e. we
define an LTS whose traces provide an abstract account of
interactions between the program (P, for Proponent) and its
environment (O, for Opponent). The interactions will consist
of sequences of actions that involve two sets of names.

Definition 12. Let FNames, CNames be countably infinite
disjoint sets of function and continuation names respectively.
We set Names = FNames & CNames.

Elements of Names will appear in structures throughout
this work, and so v(Z) refers to the set of names used in
some entity Z. We will use f,c (and variants) to range over
FNames and CNames respectively. We will now discuss the
actions that will feature in traces. They will have a polarity,
either O or P, depending on who plays them, and will be either
a question, corresponding to a function call, or an answer,
corresponding to returning a value. The values that appear
in such calls and returns will be generated by the grammar
A% f| ()| n|tt]ff, and will be called abstract values.
Altogether we have the four types of actions detailed below.

Definition 13. An action, written generically as a, has one of
the forms:

o Opponent Question (0Q) f(A,c)
o Player Question (PQ) f(A,c)

o Opponent Answer (OA) c(A)

o Player Answer (PA) ¢(A)

We write f(A, c) to mean either f(A,c) or f(A,c), and ¢(A)
similarly for ¢(A) or ¢(A). We refer to f in f(A,c), and ¢ in
¢(A) as the head names of a, whereas any other names in an
action are said to be introduced by the action. OQ and OA
are O-actions, while PQ and PA are P-actions. We will often
write X to refer to a specific player X € {O, P}. Then X

stands for the opposite player, i.e. O = P and P = O.

The question actions correspond to calls to the function f
with argument A whose result will be passed to continuation
¢, whereas the answer actions correspond to returning the
result A to the continuation c. The sequences of actions that
will constitute traces need to satisfy a number of technical
conditions. First of all, they have to be typable. To formalise
this, we start off with a notion of initial names and initial
typing, which will provide an initial supply of typed names.
In what follows we assume that free functional variables
occurring in types are drawn from FNames.

Definition 14. An initial typing is a pair of partial functions
(No, Np), each mapping a subset of Names to qualified types
such that function names are mapped to qualified function
types; dom(Ng), dom(Np) are finite and disjoint; for all X €
{O, P}, we have v(img(Nx)) C dom(Np) Udom(Np). We
abuse notation to treat N as a set, writing Nx for dom(Nx).

Remark 15. Given an initial typing (N, Np) and Q C
Names, we can define Qj‘vOpr C Names in a manner
analogous to saturation with respect to a typing context. That
is &~y np ¥ & (No(z) =79V Np(z) =19) Ay € Q,

* A *

TNo.Np — {Z/ ‘ € W*JCVO,NP y} and QNO,NP =

We now define what it means to be a basic trace.

*
UmeQ 'rNo,NP'

Definition 16. Let (No,Np) be an initial typing. An
(No, Np)-trace is a sequence ¢ of actions such that:
o actions alternate between P and O actions;
e no name is introduced twice and names from Nop U Np
are never introduced;
o for any X-action a with head name d, we have d € N+
or d must be introduced in ¢ in an earlier action by X;
o there exists a typing map Ty such that dom(Ty) =
No U Np U v(t), Ty(d) = Nx(d) for d € Nx
and, for any action of the form f(A,c), if Ty(f) =
(ng.(z : Tgl) — 752)@ then Ty(A) = 7' and
Ty(c) = 75°°{f/g{v(A)/z}, and, similarly, for any
action of the form ¢(A), if Ty(c) = o then Ty(A) = o.

Note that the definition requires each name in ¢ either to
come from Np W Np or to be introduced at a unique point in
t. Thus, for each name d in ¢, we can specify its owner as X €
{O, P} if d € Nx or d was introduced by X. A name owned
by X is called an X-name. Since head names from outside
No W Np must be introduced in actions of opposite polarity,
it follows that in a trace the players are calling each other’s
functions and also returning to each other’s functions. As head
names that are not in Np W Np must be introduced in earlier
actions, it follows that Ty is unique. Thus, given a (No, Np)-
trace t and d € No U Np U v(t), we can write t - d:o if



Ty(d) = o. Finally, note that the definition requires names that
are introduced to be fresh with respect to the preceding trace.
This corresponds to testing a term with a functional parameter
on a fresh name in the spirit of open bisimulation [8, 9].

Example 17. If Np 1s [h +— (uh.Unit™ — (Unitt —
UnitH) )2 ¢ — Unit™] then K((), ¢1) er(f) h((), ¢2) ca(g)
.0

J(05e3) es(0) (0, ea) ea(()) () is an (No,0)-trace with
Ty(f) =Ty(9) = (Unltl — Unith) ),

The traces as defined so far do not convey information about
potential state sharing. To this end, we use another countably
infinite set AStates of abstract states to decorate certain
names in traces with finite subsets S of AStates. We will
then say that the name is qualified by S and write f° or ¢°.
Abusing notation, we will also write A® on the understanding
that, for A ¢ Names, A° simply stands for (undecorated) A.

Abstract states can be viewed as locations created by the
context, which can be shared between functions and continua-
tions provided to the term, but not disclosed directly. For this
reason, they are represented as a distinct resource for names
and locations.

Definition 18. Let (No, Np) be an initial typing, let X €
{O,P} and let T : Nx — P(AStates). T is X-consistent
with (No, Np) provided, for all f € Nx, Y(f) # 0, and
for any s € |Jimg(T), there exists g € Nx such that, for
all f € Nx, we have s € Y(f) if and only if g € fX_ n,-
Moreover, for all ¢ € Nx, Y(c) = T(Nx N FNames).

Intuitively, the allocation of abstract states by T matches the
reachability relation implied by Nx, and initial continuation
names get access to all states assigned to function names.

Definition 19. Suppose X € {O,P} and let T be X-
consistent with (No, Np). An (No, Np)-trace ¢ is called an
(No, Np, T)-qualified X-trace if it starts with an X action,
each X-name in ¢ is annotated (qualified) with a finite subset
of AStates in such a way that each d € N+ is qualified with
T(d), and X-names remain unannotated. We will often omit
(No, Np,T) when it is clear from the context.

Example 20. If No is as in Example 17, and T(h) =
Y(0) = {1} then & = (0).c) ealf") (0.0

exg™) Fo((ca) ex(0) @7 (0res)esl0) 3(0) is a
(NO,Q),T) -qualified-P-trace, as is to = h!((),c1) c1(f™)

€} )e
ht(().es) es(g™) F™(0); ea) ea(0) g7(0): e5) es(0) €(0)-

Traces interpreting terms will be qualified P-traces for some
initial typing (No,®) and O-consistent T, i.e. only O-names
will be qualified. However, the more general definition will be
useful when investigating contextual interactions of terms.

IV. LTS (DYNAMICS)

Building on the above notion of traces, we can define
an LTS, called £Lp, which will generate the set of traces
corresponding to a term, given some initial typing (No, ().
Lp will contain terms built from reachability type syntax,
extended to allow function names to appear as values. We
extend — to behave accordingly.

=]

Configurations Lp is a stack-based transition system. Hence,
its configurations will consist of a state paired up with a stack.
There will be two kinds of states: (v, ¢, h, Ty, ¥, Fn, Y, Sn)
(passive, O to play) and (M, c,v,¢,h, Ty, ¥ T) (active,
internal or P to play). In both, ¢ contains all names introduced
so far by both players, & is the current heap, and Ty is a map
from names to types. Due to subtyping, Ty(d) = 7% stands
for an actual type Tde such that 724 <: 79" for some Q C Q'.

v is an environment mapping function names introduced
by P to functions. In an active configuration, M is the term
component, which captures the current behaviour of P, and ¢
is the continuation O-name to produce the result to.

¥ and Y are introduced to account for reachability-related
information about the potential behaviour of the environment
(O), which needs to be explored exhaustively.

U : Names — P(FNames) is a reachability map, used to
determine which function names are reachable from function
O-names. In L p, this is extended to cover also continuation O-
names, which will be mapped to the reachability set available
at the time the name is introduced. In passive states, F'n
represents the set of function names currently available to O,
and will play a role analogous to the filter.

T is a similar mapping from O-names to finite sets of ab-
stract states, and Sn represents the set of abstract states, which
O could have access to. These are used so that the generated
actions can explore all potential scenarios involving sharing,
subject to satisfying constraints dictated by reachability types.

Finally, we use the stack to force the environment (O)
to return to the most recent unreturned call when returning.
The stack alphabet will consist of elements of the form
(¢, (K,c),(f,A)), where ¢ is a continuation P-name, K is
an evaluation context in which to use the value produced to
¢, ¢’ is an continuation O-name to return the result of K to,
and (f, A) provide details of the call.

Transitions The transition rules of Lp are presented in Fig-
ure 2. They are labelled transitions between states, with a/m
denoting pushing m to the stack when producing the label a,
and a, m denoting popping m when producing a. We discuss
the five cases in turn.

(PT1) The (PT) rule simply embeds the operational semantics
of the language into £ p, and makes it possible to reduce terms
until a value V' or a callback K[fV] is reached, at which point
the rules (PA) and (PQ) take over. They rely on an auxiliary
function AVal, which assigns the corresponding set of abstract
values to a given value of Ref-free type: AVal(V') = FNames
(if V is of function type) and AVal(V') = {V'} otherwise.

(PA) The (PA) rule handles values. If V' is of function type
then it will be included in 4’ using a fresh name A (this is
enforced by AVal(V), & and [v(A) — V]) and the type of
A will be recorded in Ty’. The corresponding label ¢5(A)
announces the passing of A to ¢, where S = Y(c) corresponds
to the set of abstract states available at the point when ¢ was
introduced. Finally, the rule initialises the F'n, Sn components
for use in the subsequent passive state. This is done again
by referring to the point of their origin (via ¥(c), T(c)



(M,c,y,6,h, Ty, ¥, 1)  —
when (M, h) — (N, 1)

cS(A)
(V.¢,7,0,h, Ty, ¥, T)

——

?

7‘5’ (& /
(K[fV],d\, 6, h, ¥, Ty, T) F2(A0)/(e,(K,¢),(f,A))

Ty = [v(A) — 7_1Q1 PN TzQz{f/g}{V(A)/ﬂﬂ}]

(v, 6, h, Ty, W, Fn, T, Sn) c(A%),(e,(K.'),(£,A7)

when Ty(c) = 7%, A € AValy, (1), Ty =
—If v(A) = ) then F, S need not be specified.

(A5,
<77¢7haTy7\I’,FTL,T,Sn> -

Q1

1 Qa1f/gHr (D))

Ty' = [v(A) ,CH> Ty

— Otherwise ArgQ(m) CF C Fn, S’ =
(SUUyer RYy (9) NRYT(F) € RYT(Qu).

when S = T(f), A€ AVal(V), 7' = [v(A) — V],

<N7 Gy ¢7 h/v TY7 \Ilv T>

(v-7, oW v(A),h Ty - Ty', ¥, ¥(c) Ur(4),T,T(c))

when S = Y(c), A€ AVal(V), v/ = [v(A) = V], Ty = [v(4) = Ty(c)]

(v-7, 6 Wu(A) W {c}, h, Ty - Ty', U, U(f) Ur(A), T, T(f))
Ty(f) = (pg.(x: 771) — 757%)9,

(K[A], ¢, v, oW v(A), h, Ty - Ty, ¥ - T .Y

W(A) = Ty(e)], W' =[p(4) = F], T = [v(A) — 5]

— Otherwise ArgQ(7) C F C Fn, ’R%y(F; Fn'yn Fn' CQ{¥(f)/f}, where Fn' = ¥(f)Uv(4),
S§CS, if heRY,(F;Fn')N (dom(Y)\ Fn') then T(h) C &',
where S" = ((Sn\ Y(f)) U(Y(/)NUYT(Q@Ndom(Y))) WT and T # ( is disjoint from Y.

(VA e,v,p0v(A)w{c}, h, Ty - Ty , ¥ . ¥/ T .Y

when f € Fn, v(f) =V, Ty(f) = (ng.(x : TlQl) — ’7'2(22)@, A € AValy,(m1), Q2 C FnU{g,z},
=[v(A) = F,c— Fn], Y =[v(4) — S,c— 9]
—If v(A) = 0 then S’ = Sn and F, S need not be specified.

SnwT, T CSCS where T # () is disjoint from T, and

Given N C Names, [N ~ V] stands for the map [n — V|n € N]. For A ¢ Names, we take A¥ to mean A.

Fig. 2: The transition system Lp

respectively) and, if A is a name, it will also be included
in F'n. Readers familiar with game semantics will notice that
this is similar to how O-views are calculated. However, there
will be a difference in calculations at O-actions, because not
all names will be available due to reachability constraints.

(PQ) The (PQ) rule deals with callbacks K[fV]. As far as
component updates are concerned, it is similar to the previous
one. If V' is of function type then it will be added to v under a
fresh name, and ¢ will always be a fresh name. This time, the
label is f5(A, ¢), signifying a call to f, where S = T(f) is the
set of abstract states available to f. The Fn, Sn components
are prepared analogously using W(f), YT(f) respectively. The
main difference is that this action pushes (¢, (K, ), (f, A))
to the stack. This is done to enforce the stack discipline on
environment returns as well as providing all the necessary
information required to return to the call in (OA).

The (OQ) and (OA) rules, to be discussed next, are
concerned with testing terms from v (OQ)) or continuations
from the stack (OA) with arbitrary abstract values. In their
definition, we use an auxiliary function AValy,, which returns
the set of abstract values corresponding to a given Ref-
free type: AVal,, (Unit) = {()}, AVal,,(Bool) = {tt,ff},
AVal,,(Int) = {n|n € Z}, and AVal,, (1) = FNames if 7
is a function type.

(OQ) In the (OQ) rule, one of the currently available func-
tions (f € Fn) is retrieved from ~ and applied to an abstract
value A with continuation ¢, producing the f(AS, ¢S label
representing a call. Note that fresh names will be used as A if
the argument is of function type, which is enforced using W.

The rule can be seen through the lens of typing an application
f A. In this view, F'n and Sn play a role similar to the filter
(for function names/variables and abstract states/locations,
respectively). Following the variable rule, we must check that
f is with the filter (f € Fn). From the application rule, we
also have to check that the qualifier of the codomain of the
function is within the filter, or the self-reference or argument
(Q2 C FnU{f,x}). Next, we need to consider the type given
to A. As Ty(f) = (pg.(z : 78%) — 722)Q, A must have type
TE{A with Tff*‘ <: TlQ/ for some Q'. If 7y is a function type,
i.e. v(A) # 0, we can consider Q) 4 as consisting of two parts,
function names (F') and abstract states (S). The qualifier @ 4
must then fall within the filter: ' C Fn and S C S/, where
S"= SnWT and T C S. The role of T here is to model fresh
abstract states, not captured by anything previously disclosed,
corresponding to the growth of the filter during reduction.

Before we can discuss the next condition, we need to
introduce ArgQ(7) as the combined qualifier of all the argu-
ments in 7: ArgQ(B) = ArgQ(Ref) = () and ArgQ(uf.(x :
) 5 ) = LI ArgQ(72). One can show that wb (7<)
implies ArgQ(7) C Q. Since ArgQ(m1) C ArgQ(7a) (by
794 < 79 and ArgQ(74) T Q4 (by wb(r$*)), it follows
that ArgQ(71) C @ a, which is reflected by ArgQ(m) C F'.

Most importantly, applications require that the overlap be-
tween function and argument is only that permitted by the
qualifier on the function domain ((S U U,cp R%/yr(g)) N
R%T( f) C R%’,T(Ql)), where R%T assigns the set of func-
tion names and abstract states reachable from a given function
name by following ¥, T (for O-names) or the qualifier from



Ty (for P-names) according to the definition below. Observe
the asymmetry between O and P compared to the syntactic
notion of reachability, which arises as game semantics captures
the difference in knowledge between term and environment.

Definition 21. Let ¥ : Names — Names and Ty : Names —
Types be such that dom(¥) U img(¥) U v(img(Ty)) C
dom(Ty). Define a directed graph g%’y by taking the set
of vertices to be dom(Ty) and defining edges (vy,vs) if
(vy € dom(¥) and vy € Y(vy)) or (v; ¢ dom(¥),
Ty(v;) = 79 and vo € Q). We shall write R%’y(v) for the
set of vertices of Gf, reachable from v, and RY, (U) for
Useu Ry (v). Furthermore, given T : Names — AStates,

let Ry, (v) 2 RE, (v) UUT(RY, (v) N dom(T)).

If we imagine the application f A occurring in some eval-
uation context K, the filter for typing K is the original filter
along with any of the fresh locations. Hence, ¥(c) = Fn and
Y(c) = S’. The type map Ty is updated to give A the type
TlQ ! (if it is a function type), which corresponds to the fact
that P will view A as having type 7,', whereas O has some
freedom in its choice of type.

(OA) The (OA) rule can be viewed as returning a result A
(with Ty(A) = 79) of an earlier call to an imaginary function
f constructed by O, which was called on A’. To this end,
we use the top continuation name ¢ from the stack and pass
an abstract value A to the corresponding evaluation context
(K,c), producing the c(A®) label. This leads to an active
state with term K [A] and continuation ¢’. Note that f, A’ are
also available from the stack. The remaining conditions consist
of updating the components of the configuration to account for
new names in v(A) (if any), so below we assume v(A) # ().

We need to allow A to have types Tff*‘ <: 79" for some Q’,
where Q4 = (F,S) represents the resources made available
to A for subsequent use in applications. Thus, we need to
stipulate F' C F'n, where F'n represents the currently available
function names. Because wb(7$*) and 7$4 <: 7@, we also
require ArgQ(7) C F.

We can classify the names in F'n as follows: those intro-
duced before the function call to f (i.e. ¥(f), corresponding
self-reference f in @), the argument A" (if v(A’) # 0), and
those introduced ‘inside’ the function f (i.e. Fn\ Fn', where
Fn' = ¥(f) Uv(A")). From F we should be allowed to
reach only those variables from Fn' that are permitted by the
qualifier Q{¥(f)/f}. This is expressed by Ry, (F;Fn') N
Fn' C Q{¥(f)/f}, where R, (U1;Uy) is defined below.

Definition 22. Given ¥, Ty as in Definition 21 and Uy, U C
dom(Ty), let R%’Y(Ul; Us) consist of all u € R%Y(Ul) such
that all vertices on the witnessing paths other than u must
come from outside Us.

Similarly, S may only consist of ‘new’ abstract states
introduced since the corresponding question (Sn\ Y(f)), ‘old’
abstract states from Y'(f) that are permitted by ) (i.e. belong
to UY(Q N dom(Y))) and, some fresh states 7. This is
captured by S C S’. Finally, we also need to ensure that

the names in F' do not lead to abstract states disallowed by
S if h € R%Y(F; Fn') N (dom(Y) \ Fn') then T(h) C 5.

We use (dom(T)\ Fn') above, because Ry, (F; Fn') N Fn/
has already been validated in the preceding test.

Remark 23. We note here how abstract states are involved
in the generation of traces. Abstract state annotations are
used to represent various patterns of sharing which can occur
in a trace. These patterns are not known in advance, and
the LTS generates (arbitrarily large) sets of abstract states
to predict them. The choices made while generating a trace
can rule out later actions occurring in the trace, due to the
conditions enforced in O@) and OA actions. For example, for
¢ (z : (Unitt — Unith)?) — ((Unit™ — UnitD)? —
Unit){#}, after generating the trace ¢?(f) f(gt*, ) ¢t (hy)
Flghtz b2y otz (hy) by (els, 219 els (), ¢y), the LTS
cannot produce a question on hy. For this to occur, we would
have hy € ¥(e), so when generating hl(e{li"},cgll’b’l:‘}), we
would pick he € F. But this would violate the condition
({ts}UUyer R, (9) ORT, (1) € Ry (0) of the (0Q)
rule, as |} € R%T(hg) N R%,T(hl) because hy — go and
hi — g1 in g{fy. Violating this condition corresponds to
allowing the function h; to overlap with its argument e.

Initialisation Recall that Lp involves a stack, i.e. its configu-
rations consist of a state and a stack.

Definition 24. Given configurations C, C’ of Lp, we write
C& cCifch*C” 2 ¢, with 5* representing multiple
(possibly none) T-actions. We extend the notation to sequences
of labels: given t = a;...a,, we write C = C’, if there

exist Cq,...,C,_1 such that C & C;---C,,_; == C'.

We define Tr(C) = {t | there exists C’ such that C = C'}.

Remark 25. Due to the freedom of name choice, note that
Tr(C) is closed under renamings (of Names and AStates)
that preserve the elements from C.

In order to use Lp to generate qualified P-traces from
terms, we need to specify initial configurations. Suppose
D= {z 79,z : Tka} and I' - M : o is r-free.
A T-assignment p is a map from {x1,--- ,x} to the set of
values and function names, such that, for all 1 < i # j < k,
if 7; is not a function type, p(x;) : 7, and if 7; is a function
type, p(z;) € FNames and v(p(z;)) Nv(p(x;)) = 0. p simply
creates values (for base-type variables) and function names
(for function-type variables) corresponding to the context.

For a fixed p and a continuation name c, let us define N, . =
Ty £ [(p(xs) = p(r&) [ 1< i <k]-[c — p(o)] and ¥ 2
[v(p(z;)) = p(Q:) | 1 <i < k]-[c+— dom(Ty) NFNames]).
Let T be O-consistent with (N, ., ). We shall call (p,c, T)
a qualified (T',c)-assignment. Then the initial configuration
oY for Lp, is defined to be ( ( M{p}, ¢, 0, dom(Ty),
0, Ty, ¥, T ), €), where € represents the empty stack.

Example 26. Consider - M; £ M\g.g() : o, where o =
((Unit™ — UnitH)? — Unit™)?. The only (0, ¢)-assignment



is (0, c, To) with Tg = [c — 0]. We can now derive a trace

from CFJCV} 2. Taking Uy = [co +— 0],

e =((My,¢,0,{c}, 0, [c = o], Wo, To), )
Sy {es 1,0, Ty, o, { £}, To, 0), €)

where v = [f — M;], Ty, = [c— o, f — o).

To continue, O must call f.

f((]“l} h})

(<M1 g1,C1,7, {Ca fvglacl}a®aTy27\IJ7T>a€>
where Ty, = Ty, - [g1 — (Unit™ — Unit™)?, ¢; — Unitt],
U=Ug-[g1—=0,c0 = {f}, T ="Tolgr,c1— ]

Note that this is the only possible choice of ¥ because f
cannot be included for g; as it violate the overlap condition.

(<gl ()7017’% {C7 f7 glacl}v(z)a \Ilva27 T>a6)

(<’Ya ¢a (07 Ty37 \Ij7®7 Ta {l1}>7 (d17 (.701)7g17 ()))
(rb = {Ca fa glacladl}aTYS = TY2 : [dl = UnitL}

Fn is empty, so all O can do is answer the pending question.

;*
a1 (0.dr)
E—

M} (<()acla77¢7®7TY3a\I/’T>7€)
et}
(3040, Ty U ASL T A1)

If O wishes to extend this trace, it can only do so by essentially
repeating the last four actions with fresh names.

When defining the semantics of our terms, ultimately we
will be interested only in qualified traces that correspond to
terminating interactions. Recall that £p uses a stack to ensure
that O (the environment) only ever answers the last P-question.
Because the language does not feature any control operators,
answers from P (the term) satisfy an analogous property
for free (we spell this out formally in the next section).
Consequently, the traces that are relevant to contextual testing
in this setting are those in which all questions have been
answered. Note that this implies that the trace must end with
an action by P. This gives rise to the notion of a complete
qualified P-trace defined below.

Definition 27. A qualified P-trace from Tr(C2%Y ) is com-
plete if it has odd length and L£p has empty stack after
generating it.

Definition 28. The trace semantics of a r-free judgement I' -
M : 7% is defined to be
Tr(T- M :79) 2 {((p,c,Y),t) | c € CNames, (p,c, T) is

a qualified I'-assignment, ¢t € ’I‘I‘(Cl’if}u ~a), t is complete }

One of our key results will be the soundness of this model
(Theorem 48), which will imply that Tr(T' F M : TQ) =
Tr(I' - M, : 79) entails program equivalence.

Example 29. Returning to Example 26, the com lete traces of
(cE;fg) all have the form ?(f) f(g>,ct) g7 (().dy)

di(0) &H0) e FlgSn G g (05dn) da(0) 0),

where n > 0,7; C S; C S, = U1§kgiTk~ If we consider

My 2 letz = refOin Ag.if Iz = 0)then (2 := 1; g ();z :=
0) else ) then, by a similar process, the traces in ’I‘r(CEJfg‘;)
have the same form. Thus, (CEX/[TOU) = (CE&T‘;) Thus,
Tr(- My :0) = Tr(F My : o) and so - My ~g, Ms : 0.
This is somewhat surprising, as in the standard setting we
have that - M; 2 M,. However, the separating context
let f = ein f (Az.f (A\y.())) cannot be typed in A*,, due to
the overlap between f and Az.f (Ay.()).

wb?

The next sections describe technical properties of traces
generated by £p and how soundness is proved. In Section VII
we refine the model to a fully abstract one.

V. PROPERTIES

Here we discuss the technical properties of qualified traces,
starting with those that concern the underlying traces. We
begin with bracketing, which is essentially the same as in
standard game semantics [15]: in an X-bracketed trace, X
can only answer the ‘top’ X-question. By an X-prefix we
shall mean a prefix ending in an X -action.

Definition 30 (Bracketing). A (No, Np)-trace t is X-
bracketed if for any X -prefix ¢’ ¢(A), we have ¢ € Top (t'),
where Topy is defined below, and c is not used as a head

name in t'. ¢ is bracketed if it is both O- and P-bracketed.
Topx(€) = Nx N CNames
Topx (t ¢(A)) = Ng N CNames

Topx (t f(A',¢) ' €(A)) = Topx(t)
Topx (t f(A,c)) = {c}

The following notion captures situations in which all O-

questions have been answered.

Definition 31 (Complete traces). An O-bracketed (No,0)-
P-trace t is complete if it is of odd length (i.e. ends with a
P-action) and Top, (t) = @ (note this subsumes Definition 27).

c€ Nx

To describe the other trace properties, it is useful to have
some notation relating a continuation name to the question
it is answering. We extend FNames with a fictional name
fir for the initial continuations to answer, letting FNames) =
FNames W {fi} and Names; = Names W { fi}.

Definition 32. For an (No, Np)-trace t, let us write ¢
ct9[f,Y] to mean t F 7% and ¢ was introduced in ¢
in f(A,c) with Y = v(A). We write t F c:79[f, 0] for
Nx(c) = 79, i.e. when ¢ was not introduced in ¢.

Next we introduce terminology that will help us describe
restrictions on the use of names in traces.

N

Definition 33. A reachability map ¥ FNames
P(FNames) is a partial map from FNames, to P(FNames).
Given an (No, Np)-trace t, we define the set Visy () of
names visible to X in t as follows.

VibX( ) £ (Nx U Ng)NFNames

Vle (t év( ) 2 y(A)U(Nx NFNames) c¢€ Ny
Vlbx (t f(A0) = v(A)UL(f)

Visx (t f(A'¢) ' §(A)) £ v(A) U Visk (1)



Let Ty be the typing corresponding to t. We write
RY (v) for RT (v) (i.e reachable names), and R} (f;U) for
R%’y( f;U) (i.e. names reachable without passing through U).

Visy (t) will be used in subsequent definitions to restrict
the range of names available to players to the visible ones,
akin to the classic visibility condition [15]. Using R} (v) and
RY(f;U), we will be able to formulate additional restrictions
corresponding to qualifiers in reachability types.

Definition 34 (U .X-Visibility). Given a reachability map U,
an (No, Np)-trace t is said to be U X-visible if
o dom(¥) is {fi} and X-names in (Nx Uv(t)) "FNames;
e U(f)) = (NoUNp)NFNames and, for all f € dom(¥)N
Nx, if Nx(f) = 79 then \I/(f) =Q;

o for any X-prefix t' f(A,c) of t with ¢ F f:(uf.(z
T2 = 792)Q we have f € Vis%(t'), Qo C Visy(t )
{f, x}, and if A — g, ArgQ(7y) C ¥(g) C Vis¥(t') and

Ry (9) NRY(f) S RE(Qu):

o for any X-prefix t' ¢(h) of t with ¢’ F :7Q[f, Y], we have
ArgQ(r) € W(h) C Visy(#'), and RY(¥(h); Fn') N
Fn' CQ{Y(f)/f} where Fn' = ¥(f)UY.

Definition 35. An (N, Np)-trace ¢ is said to be X-visible if
there exists a reachability map ¥ such that ¢ is WX -visible.

The next kind of conditions concern annotations with ab-
stract states. Recall that in qualified traces we only required
that initial names be annotated in a way dictated by T, leaving
a lot of flexibility for other annotations. The conditions below
describe how other names are annotated. To express them, we
introduce auxiliary notation.

Definition 36. Let ¢ be an (N, Np, T)-qualified X -trace.

If ¢ ends in an X-action a then we write Last(t) to refer to
the set of abstract names used in a, i.e. Last(t’ f5(4,c)) £
S and Last(t' ¢S(A)) £ S.

We define T* : FNames, — P(AStates) by T!(d) = S i
d® appears in t (or d € Ng and S = Y(d)), and Y*(f;) =
Uimg(Y). We also write ¢ - d° if Y*(d) = S.

Intuitively, OK,(f, @) is shorthand for the set of abstract
states that can be returned after ¢ as a result of f under qual-
ifier Q. We set OK,(f,Q) = (Last(t)\Y!(f)) U (Yt(f) N
UTHQ N dom(Y?)). The first component represents states
created after the call to f, while the second one ‘filters’
Ti(f) (states existing at the time of the call) through Q.

=N

Below we specify how abstract state can evolve.

Definition 37 (Qualified X -Trace). An (N, Np, T)-qualified

X-trace t is well-qualified if it satisfies the following.

o If ' f(A,c5) is an X-prefix of ¢ with v(A) = () then S’ =
Last(t').

o If ¢/ f(g°,¢5") is an X-prefix of ¢ then § £ T C S C S,
and S’ = Last(t') & T for T disjoint from Y,

o If #/&(g°) is an X-prefix of ¢, then ) # T C S C
OKy (f,Q)WT for T disjoint from Y* and ¢’ b ¢:7@[f,Y].
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Example 38. Recall Example 20. Both t; and to are
(No, 0, Y)-well-qualified P-traces. For N, [h
(ph.Unitt — (Unitt — Unit")?)? ¢ : Unitt], ty is a
(N§, 0, T)-well-qualified P-trace, but t; is not.

Finally, we formulate a condition that ensures the anno-
tations with abstract state are compatible with reachability
maps. Essentially, this condition requires that in a question the
overlap in abstract state between the function and the argument
is restricted according to the qualifier. In an answer, abstract
state on names introduced after the call that are reachable from
the returned value must be permitted by the qualifier.

Definition 39 (U-compatibility). Let ¢ be an (No, Np,Y)-
qualified X -trace that is well qualified, and let ¥ be a reach-
ability map whose domain consists of f; and all X-function-
names from ¢. We shall call ¢ is W-compatible provided the
following conditions are satisfied.
o If tF fi(pfi(z: 7)) — 7522)Q then, for any X -prefix
£ f(g%.¢%) of t. RYT () NRY Y () S RITQ).
o For any X-prefix t' ¢(g°) of t, if h € RY(¥(g); Fn) N
(dom(Y?) \ Fn) implies T*(h) C OKy(f,Q), where
t' = erQ[f,Y] and Fn = ¥ (f)UY.

Now we can state how these properties relate to Lp.

Lemma 40. Let T' = M : o be r-free, (p,c,T) a qualified
I-assignment and N, . as in the definition of ceet If

I'tM:o
C?’,_CAEU L Cthentisa (Ny e, 0, Y)-well-qualified P-trace

whose qualifiers match the qualifying map Y¢ in C and

1) t is bracketed;

2) tis WO-visible and V-compatible, where V is the reach-
ability map of C restricted to FNames and extended to
fi by U(fi) = (No U Np) N FNames;

3) t is W' P-visible for some V'.

That we obtain an (N, ., 0, T)-well-qualified P-trace fol-
lows the setup of our LTS. O-bracketing is enforced by our
use of the stack, while P-bracketing is a known condition
satisfied by terms that do not use control operators [5, 15, 16].
The properties in 2) are enforced by the LTS to simulate the
permitted behaviours of contexts, e.g. O-visibility is achieved
thanks to the f € F'n condition in (OQ) as well as maintaining
the F'n component so that it corresponds to the set of visible
names. The property 3) is the most interesting, as it arises out
of the behaviour of the term being used to generate the trace.
The proof amounts to showing how to construct a suitable
choice of ¥p. This is done by typing the various terms and
evaluation contexts found in any configuration on the path,
depending crucially on the type preservation result (Lemma 3).
From the qualifier of the value V' used to define y(f) in (PQ)
or (PA), we extract a suitable choice for ¥p(f).

Remark 41. Now that we have identified the properties of
qualified traces, we can observe that abstract state allocations
are in some way independent from the choice of underlying
actions in a trace. In particular, for a WO-visible trace ¢, we
can compute all of the allocations of abstract states so the



qualified trace is W-compatible. We can reconcile this with
Remark 23, as that pertained to the generation of traces action
by action. We could have defined an LTS which generated
traces without abstract states, and then defined the semantics
of a term by taking all the ways of adding abstract states to the
traces so they are W-compatible. Such a presentation would be
less direct, and complicate the proofs in the next section.

VI. SOUNDNESS

We now show soundness of the model, which will involve
reasoning about context behaviour. First we reduce testing
with arbitrary contexts to testing with evaluation contexts and
closing substitutions, i.e. Closed Instances of Use (CIU) [17].
Given I' = x7: TlQl, c T T, we write 3T = «y for
substitutions vy such that X; xj: TlQl,
v(x;) : 72" and FV(y(z;)) = 0.

?

Definition 42 (CIU Approximation). Given I' = My, M5 : o,
welet ' My Sgp Mo : o, when forall T o < X1V -
o' and X, h, K,v, such that ¥’ C X, h : X, FV(K) = 0,
IV F K : (351 : 0') = Unit, and ;1" + ~, we have
(K[Mi[{v},h) | implies (K[M2]{~},h) {.

<

~ctx

L Qi
y Li—1: T; F

<. can be shown to subsume

~

Lemma 43 (CIU). 'k M1 gctz M2 .0 lmplles '+ M1 Sciu
My:o. IfT'F My, Ms : o is saturated, T' = My Seiy M : 0
implies T'F My <S¢t M3 : 0.

in the following sense.

Dual LTS The approach to proving soundness in trace seman-
tics is to consider the composite interaction between traces
generated for the term and the context [4,5]. The LTS Lp
represents traces for the term, so next we provide another
‘dual’ LTS, called L, to correspond to the choice h, K,y in
CIU testing. Its transition rules are presented in Figure 3. The
key difference is that Sn (the set of available abstract states)
now appears in active (P) configurations, and Y is updated
in P-actions. The assignment of abstract states to P-names
(T) is based upon the locations present in the corresponding
value stored in ~. To enable that, Lo includes an additional
component P, the location map, mapping | Jimg(Y') to empty
or singleton sets of locations in dom(h). In essence, ®
determines what location a given abstract state grants access
to. The rules (PA) and (PQ) rely on the following auxiliary
function, which is used to extract the abstract states S from
the locations used in V' and allocate new abstract states for
locations not yet covered by abstract state.

Definition 44. Given location map ® and value V, let S =
®~1(Loc(V)) and L = Loc(V) \ ®(S). Define QLocg (V) to
consist of all pairs (S W .S’, ®') such that S C AStates is
non-empty (and disjoint from S), dom(®’) = S’, and

o if L =0 then ®'(s) =0 for all s € S’;

o if L # () then @’ is a bijection from S’ to {{¢}|¢ € L}.

Initialisation Let us now fix an r-free judgement I' = M : o.
Following the pattern of CIU equivalence (Definition 42), we
will now define an initial configuration for Ly for any h, K, ~,
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where ' F o X XTIV o, ¥ CX, Y+ h FV(K) =
P, ;0" F K : (T : ¢/) = Unit™, and ;T F ~.
Let us fix a continuation name o, which we use to determine
when the context has returned. Just as we needed a qualified
(T, ¢)-assignment to initialise £p, this time we shall need an
analogous notion for Lo, to be defined next, which also needs
to include ® and ensure it is consistent with qualifiers in T".

A location qualified (T',c)-assignment is (p,c, T, ®),
where p is a T'-assignment, ¢ € CNames \ {o}, T is P-
consistent with (0, N,.), and ® is such that, for any z :
7@ € T of function type, if z : (/)2 € I then Q'
QUU (T (x)). (p,c, YT, P) is said to be compatible with ~y if
p and ~y agree on values of base type. The initial configuration
cgf;f,?fw for Lo is then defined to be ((7,, dom(N, ) ¥
{o}, hvlTy, v, v(p), T, @), (¢, (K,0), fi,())), where Yo =
[p(x) = ~(z) | v(z) € FNames], Ty = N, .. - [o ~ Unit™],
U =[o~— 0, fi — dom(~,)].

Dual properties We can now consider the properties of Lo,
and see how they ‘line-up’ with those of Lp.

Lemma 45. Let I',0 be rfree and X,T',h, K,y be as in
CIU. For a location qualified (I, c)-assignment (p,c, T, ®)

compatible with -, if Cl’i’,c;gl’g N L C then t is a
(o = Unit'], N, ., Y)-well-qualified O-trace whose quali-

fiers match the qualifying map Y¢ in C and

1) t is bracketed;

2) t is U’ P-visible and V’'-compatible for some V';

3) t is WO-visible, where V is the reachability map of C
restricted to FNames;.

Qualification and 1) follow from the way Lo is set up. This
time, 3) are the constraints that we have imposed to mirror
3) in Lemma 40, to match the behaviour of the term being
placed in the context. Well-qualification and 2) are now the
interesting properties, obtained by considering how the terms
and contexts produced during evaluation can be typed.

The other key result about Lo follows from its construc-
tion, and relates the abstract state qualifiers to the locations
appearing in components of an dual LTS configuration. This
is important as it allows us to say that names with disjoint
abstract state qualifications can only access disjoint locations.

Lemma 46. Let T + 79 be rfree and ¥, TV, h,K,~

be as in CIU.  For (p,c,Y,®) a location
qualified (I, c)-assignment  compatible with v, if
Rl 5 C (either ((y,¢,h', Ty, ¥, Fn, Y, ®),8)

or (<M7 CI, s (ba h/a Ty7 \IJa T7 Sn? ®>’ S)): then
e Loc(M) C ®(Sn) ULocs(M)
o for any f € dom(y), Loc((f)) € U ®(T(f))
o if (¢, (K' "), f,A) € Sy then Loc(K') C |JP(Y(c)) U
Locg (K').

Given an (No, Np, T)-qualified X-trace ¢, let us write ¢+
for the (Np, No, Y)-qualified X-trace obtained by changing
the polarity of each name. Equipped with Lemmata 40 and 45,
we can arrive at a correctness result for contextual interactions:



T

(P1) | (M,c,v,¢,h, Ty, ¥, T, Sn,®) — (N,e,v,6,10/, Ty, ¥, T, Sn, ®)
when (M, h) — (N, 1)
(PA) | (V,e,v,6,h, Ty, ¥, Y, Sn, @) 2 (v-+,d 8 v(A), b, Ty - Ty', U, ¥(c) Up(A), T - T/, & &)
when A € AVal(V), 7' = [v(A) = V], Ty = [v(A) = Ty(e)], T/ = [v(A) — S].
If v(A) = ( then &' = (). Otherwise (S, ®') € QLocg (V).
, F(A% ) /(e (Koe). (£.4)) " " /
(PQ) | (K[fV],d',v,¢,h, Ty, ¥, T, Sn, ®) (v ¢UV( ) {ch, h, Ty", W, ¥(f) Uv(A), 1", & - &)
when A € AVal(V), v/ = [v(A) = V], Ty(f) = (ug.(x : 72") = 722)Q, Ty = [(A) = 72", ¢ — TQ2{f/g}{V(A)/x}}
Y =[w(A)— S,c— 5]
If v(A) = () then S’ = Sn and ®' = (). Otherwise (S, ®’) € QLocg(V), S' = Sn & dom(P’).
(04) | (3,6,, Ty, U, Fn, T, @) CMEDGAD, (A, ¢, 66 w(A), B, Ty T, WX, S, )
when S = Y(c), Ty(c) = 7%, A € AValy, (1), Ty’ = [v(A) — Ty(c)], ¥’ = [v(A) — F)
If v(A) = () then F not needed.
Otherwise ArgQ(7) C F C Fn and Ry (F; Fn') C Q{¥(f)/f}, where Fn' = ¥(f)Uv(A’).
(0Q) | (7,6, h, Ty, ¥, Fn, T, ®) Lo, (V A.9,00 {e) 8 (4), 0, Ty Ty, ¥ W' T,5,)
when f € Fn, S=7Y(f), v(f) =V, Ty(f) = (ng.(x : 7'1 )4)7’2 )9, A € AValy, (11), Q2 C FnuU {g,z},
Ty = [W(A) = 720, ¢ v r22 WD gt — [1(A) = Fe s Fal,
If v(A) = () then F not needed. Otherwise ArgQ(71) € R C Fn and (U,cp Ry (9)) NRY,(f) € REL(Q)-

Fig. 3: The dual transition system Lo

any terminating contextual interaction is based on a complete
trace ¢ generated by the program and a matching trace ¢ 5(())
generated by the context.

Lemma 47 (Correctness). Suppose I' + M o is r-
free, 2,1 h K v are as in CIU, and (p,c, T, ®) is a lo-
cation qualified (I, c)-assignment compatible with ~y. Then

c, T
(K[M{~}, h) | iff there ex1¥s<ba complete t € Tr(CLy.0)
such that t+5(()) € Tr(CRS5, i )-

It follows that complete trace inclusion is sound for <.;,.

Theorem 48. For any r-free ' = My, Ms : o, Tr(F F M :o)
CTr(T'F Ms : o) implies T' = My S Ms :

Proof. LetTHo <YY"k o', CX, X+ h FV(K) =1,
I R K o2 (YT o) = Unith, 1Y F 4, and
(K[M;]{~},h) {|. We can find some (p,c,T,®) a location
qualified (I, ¢)-assignment compatible with +. Finding p and
c is clearly always possible, as we are simply supplying fresh
names for functions in 7. So we need to specify T and
®. We can initially consider taking abstract states to be in
correspondence with locations in qualifiers in I”. This might
lead some set Y(f) to be empty. This can be resolved by
introducing fresh abstract states, and mapping them to an
empty set in ®. By Lemma 47 (left-to-right), there exists ¢ such

that ¢ € TT(CI’Z’:}S;I:TQ) and t15(()) € ’I‘I'(Cfﬂ,c,;r}?ﬂ{) Fur-
thermore, we have that ¢ is complete. By Tr(T' - M, : 79) C
Tr(I'F M, : 7%), we have that ¢t € ’I‘I‘(Cfif]\}f L) As te
Tr(Clo o) and t-5(()) € Te(CE%5" 2 ). by Lemma 47

[M2]{~},h) |. Thus, we
O

(right-to- left) we can conclude (K
have that T'H My <gj Mo : 7

VII. REARRANGEMENTS

In Lemmata 40 and 45 we identified a number of technical
properties that characterise the traces produced by the program
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and the context respectively. We dub them relevant below.

Definition 49. An (N, Np, T)-qualified X-trace is relevant
if it is well-qualified, bracketed, X-visible as well as W.X-
visible and W-compatible for some W.

While complete trace inclusion gives us a sound model for
<ciuw (Theorem 48), it cannot be expected to be complete.
This is because, under reachability restrictions, contexts may
have restricted power to observe the order of in which certain
actions are generated or even if they are generated at all. We
formalise the intuitions next.

Note that in a qualified X-trace the head names of X-
actions are annotated with sets of abstract states. We say that
two such actions are conflicting if the annotations are not
disjoint, i.e. they share an abstract state.

Definition 50. Let X € {O, P} and ¢,t’ be relevant X -traces.

We define ¢t <x t' to hold if ¢ is obtained by removing some

actions (possibly none) in ¢’ and permuting them so that:

o for any conflicting X-actions aj;,as in ¢’ s.t. a; occurs
before as, if as occurs in ¢ then a; occurs in ¢ before as;

e cach X-action in ¢t must be immediately followed by the
same X -action as in .

We will write ¢ ~x t/, when t is a permutation of t’. Given

fixed ¢/, the set of all ¢ such that ¢ <x ¢’ (resp. t ~x t’) will

be denoted by ITx(¢') (resp. I x (¢')).

Example 51. Recall tl,tg from Example 20. Define t)
= h((),c1) ea(fV ’”) (), e3) e3(g"™) v ((),e5) es(0))
fEm((), c 7) ca(()) ¢1(()) and £ = A ((), c1) ex (f™) hH((), e3)
c3(9™) 9" ((),¢5) es(() ’"(() ca)ea(() c'((). We have

to ~p th, but neither t; <p t} nor t} <p tj.

Example 52. For t; = 15((),c1)er(f7) T (1. c2) e2(())
L, ¢2)

FT(2,¢3) e3(()) e5 () and t2 = hS((), Pl)(‘l(fT)fT(




(’2(()) (’g(()), with SNT = () then to <p ti.

Remark 53. At this point we can explain the decision to
include continuation names in traces, which may appear un-
necessary as the absence of control-flow operators means they
can be recovered from the bracketing condition (cf. [4, 5]). The
presence of continuation names makes the actions of a trace
unique, as they either uniquely introduce a continuation name
(in questions), or use one (in answers). This makes the above
Definition well defined, as we can uniquely match actions
between traces. It also ensures reorderings cannot change the
pointer structure of traces, so a question is always answered
in the same way, in all reorderings of a trace.

The following result captures the limitations on what con-
texts can observe about a trace. The proof of this fact depends
crucially on Lemma 46, which allows us to reason about the
impact of changing the order on actions in a trace has on the
values in the heap of a configuration.

Lemma 54 (Closure under I1g). Let IV, h, K,v,p, T, ® and
c be such that C?’f’,ff’f: ., is a context configuration. If t €

pc, Y, ® pc, T, ®
Tr(Cp, k) then Lo(t) € Tr(CR, )
This motivates the order on traces introduced below.

Definition 55. Tr(I' - M; : 79) Cpp Tr (D My : 79) is de-
fined to hold if, for all ((p,c, Y),t) € Tr(I' - M; : 79), there
exists ¢ € IIp(t) such that ((p,c, Y),t') € Tr(T' F My : 79).

Using Lemmata 47, 54, one can prove that Cyy is sound
for <.i,. To obtain completeness, we show that the relevant
traces correspond to some interaction with a context. This
is demonstrated by the definability result below. Because of
Lemma 54, definability can only hold up to 1.

Lemma 56 (Definability). Let I' - o be an r-free judgement,
and (p, ¢, T) a qualified (T', ¢)-assignment. Suppose t5(()) is a
relevant ([o + Unit"], N, ., T)-qualified O-trace, i.e. t* is a
complete (N, ., 0, Y)-qualified P-trace. There exists a passive
configuration C such that t5(()) € Tr(C), and, whenever
t'3(()) € Tr(C), then t'5(()) € Lo (ts(())) (up to renaming
via permutations on Names and AStates preserving N, .t
{o} and Y). Moreover, there exists I, h, K,~ as in CIU, and
@ such that C = Cfi’,f’,fif? ”

Now, thanks to Lemmata 47, 54 and 56, we arrive at the
first full abstraction result.

Theorem 57 (Full Abstraction for <.,). For any r-free
judgements T = My, My : 7%, we have T' & My <,y My : o
iff Te(T = My o 79) Cpp Te(T - My 2 79).

Finally, we proceed to investigate ~;,,. By the result above,
for ~;,-equivalent terms, we obtain Tr(I'F M; : 79) Cpy
Tr(I M, : 79) Cyp Tr (T = My : 79). Hence, for any ¢ in
Tr(I' F M, : 79), there exist ty from Tr(I' - M, : 79) and
ty from Tr(T'F My : 79) such that ¢} <p t, <p t;. Note
that ¢q,t] are generated by the same term and, by ¢] <p ¢,
the first action where they could differ must be a P-action.
Consequently, M; must have generated the same trace up to
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that action. Thus, the active states that have been reached are
nearly the same (up to ¥). Consequently, they contain the
same term, meaning that the next action is bound to be the
same. Hence, t; = t]. Thus, {2 must be a permutation of ¢;.
Consequently, ~;, is characterised by permuted traces.

Definition 58. The permutation semantics of an r-free judge-
ment I' = M : 79 is defined to be Perm(I' - M : 7@Q) £
{((p, e, 1), )|((pyc, 0),t") € Te(T' = M : 79), t € TIp(t)}.

Theorem 59 (Full Abstraction for ~;,). For any r-free
judgements T = My, M : 79 T F My ~py My : o iff
Perm(T'+ M; : 0) = Perm (' - M : o).

Using Lemma 43, we can now derive our final result.

Corollary 60 (Full Abstraction). For any r-free saturated
judgements T = My, My : 79, T+ My <. My : o iff
Tr(T F M, : 79) Sy Tr(TE My - 79), and T = My ~.,
M, :o iff Perm(I'F My : 0) = Perm(T'+ M, : o).

Example 61. Recall the (in)equivalences discussed in the
Introduction. If A : (uh.Unitt — (Unitt — Unit™){"H0,
the Corollary implies inequivalence because of t; %p t}
(Example 51). When h : (uh.Unit™ — (Unitt — Unit*)?)?,
t1,t)} do not arise and to ~p t}, so the terms are equivalent.

Example 62. Recall the approximation example from the
Introduction. The terms generate traces of the form ti,to
from Example 52, respectively. Because to <p ti, the set
of traces of the left is related to that of the right by Cyy, so
by Corollary 60, the approximation follows.

VIII. CONCLUSION

We presented the first full abstraction result for a language
with reachability types. We show how restricting aliasing com-
plicates the notion of contextual testing, leading to a refined
notion of visibility, and the use of a novel reordering of traces
to capture the inability of contexts to observe sequentiality.

Since their introduction [1], reachability types have been
extended with polymorphism [2], and it would be interesting
to investigate combining this with the polymorphic trace
semantics of [18]. The language A\, of [2] also allows for
functions to be observably ‘pure’ (without local state), which
poses a challenge for trace semantics, though recent work [19]
has achieved full abstraction for a pure language using traces.

Lifting the r-free restriction would require carefully dis-
closing locations [4, 13], which would have to interact with
abstract state in some way. Reasoning techniques could also be
built upon the LTS [20]. Melli¢s has characterised innocence
using closure of strategies under permutation of independent
moves using Mazurkiewicz traces [21], and it would be
interesting to understand the connection to our approach.
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