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The spe
trum spA of a bounded linear operator is de�ned as usual, that is,as the set of all � 2 C for whi
h A��I is not invertible. It is well known (see,e.g., [5℄ or [10℄) thatspL(a) = a(T); (1)sp T (a) = a(T) [ f� 2 C n a(T) : wind (a; �) 6= 0g; (2)where wind (a; �) is the winding number of a on the positively oriented unit
ir
le with respe
t to �, and thatdimKer (T (a)� �I) = max(0;�wind (a; �)) for � 2 sp T (a) n a(T):Moreover, if K is any 
ompa
t operator, then sp (L(a) + K) � spL(a) andsp (T (a) +K) � spT (a); see [5,6,10℄.We study the extent to whi
h the spe
tra of Toeplitz and Laurent operators
an in
rease as the result of (
ompa
t) perturbations that are either lo
alizedin a given site (j; k) of the matrix or in the square of all sites (j; k) withj; k 2 f1; : : : ; mg. Our approa
h is based on the 
onsideration of stru
turedpseudospe
tra, and this paper was essentially stimulated by the works [9,19℄.Stru
tured perturbation problems arise in non-Hermitian quantum me
han-i
s [8℄, linear systems theory [12,13℄, and small world networks [16℄. The ques-tions studied here, when asked of �nite dimensional Toeplitz matri
es, alsohave important appli
ations to the theory of dis
retized initial{boundary valueproblems (see, e.g., [2℄). We investigate su
h �nite dimensional questions inour forth
oming paper [4℄.For a study of instan
es where �nite rank perturbations indu
e isolated eigen-values in the spe
tra of Laurent matri
es, see [1℄.Let A be a matrix that generates a bounded operator on l2(N) or l2(Z). Givena subset S of N�N or Z� Z and a set 
 � C, we de�ne spS
A as the unionof the spe
tra sp (A + K) where K ranges over all matri
es K = (Kjk) su
hthat Kjk = 0 for (j; k) =2 S and Kjk 2 
 for (j; k) 2 S. We fo
us our attentionon two (in a sense, extreme) 
ases:S = f1; : : : ; mg � f1; : : : ; mg; 
 = "D := fz 2 C : jzj � "g; (3)S = f(j; k)g; 
 = [�"; "℄ := fx 2 R : jxj � "g: (4)In the settings (3) and (4), we abbreviate spS
A to spm"DA and sp(j;k)[�";"℄A, re-spe
tively. 2



Suppose the symbol a is 
onstant, a(t) = a0 for all t 2 T. Then, obviously,spm"D T (a) = a0 + "D; spT (a) = fa0g:Thus, spm"D T (a) is stri
tly larger than sp T (a) for every " > 0. Let R be theset of all rational fun
tions without poles on T. We 
an think of R as a subsetof C, the fun
tions 
ontinuous on T. Note, in parti
ular, that Toeplitz bandmatri
es have symbols that are trigonometri
 polynomials, and thus in R.Theorem 1.1 If a 2 R is not 
onstant, then there exists an "0 > 0, dependingon a and m, su
h thatspm"D T (a) = spT (a) for all " 2 (0; "0):Thus, the spe
trum of a non-s
alar rationally-generated Toeplitz matrix is nota�e
ted by suÆ
iently small lo
alized impurities. Of 
ourse, this robustnessof the spe
trum is 
aused by the rather rigid stru
ture of Toeplitz matri
es,whi
h is in the 
ase at hand not destroyed outside the upper-left m�m blo
k.The phenomenon un
overed by Theorem 1.1 is nevertheless intriguing in viewof the following two observations.Proposition 1.2 There is a dense subset M of C su
h that if a 2 M, thenspm"D T (a) is stri
tly larger than sp T (a) for every " > 0.Proposition 1.3 Let a 2 C. Then spm"D L(a) = spL(a) for all suÆ
ientlysmall " > 0 if and only ifmaxjkj�m�1 sup�=2a(T) ������ 2�Z0 eik�a(ei�)� � d������� <1: (5)If a 2 R is real-valued, then spm"D L(a) is stri
tly larger than spL(a) for every" > 0.Proposition 1.2 tells us that Theorem 1.1 is not a 
onsequen
e of some sort ofgeneral perturbation theory. The failure of Theorem 1.1 for Laurent matri
es(Proposition 1.3) is undoubtedly 
onne
ted with the 
ir
umstan
e that Lau-rent matri
es have no \
enter", so that the impurity is in fa
t not \lo
alized"but may be viewed as \drifting" like an i
e 
oe.Our proofs of the above results are based on 
omparing spm"DA with the setfspm"DA = [kKk<" sp (A+ PmKPm); (6)3



where Pm is the proje
tion on l2(N) or l2(Z) that sends a sequen
e x = fxkgto the sequen
e given by(Pmx)k = 8><>: xk if k 2 f1; : : : ; mg;0 otherwise;and where kKk is the norm of K as an operator on l2(N) or l2(Z). Sets like (6)are 
alled stru
tured pseudospe
tra or spe
tral value sets; see, e.g., [9,12,13℄.Theory and examples of 
onventional (unstru
tured) pseudospe
tra are dis-
ussed in [17,18℄. For appli
ations of pseudospe
tral theory to Toeplitz opera-tors, see [3,5,14,15℄. A re
ent result by Gallestey, Hinri
hsen, and Prit
hard [9℄implies thatfspm"DA = spA [ f� 2 C n spA : kPm(A� �I)�1Pmk > 1="g: (7)Equality (7) redu
es the 
al
ulation of stru
tured pseudospe
tra of in�nitedimensional Toeplitz and Laurent matri
es to the estimation of �nitely manyentries of the resolvent of su
h matri
es.For m � 2, there is no simple analogue of (7) if the values of the perturbations(impurities) are restri
ted to the real line (see [13℄). However, for perturbationsin a single site it is elementary to see that if 0 2 
, thensp(j;k)
 A = spA [ f� =2 spA : 1 + ((A� �I)�1)kj! = 0 for some ! 2 
g: (8)In parti
ular,sp(j;k)[�";"℄A = spA [ f� =2 spA : ((A� �I)�1)kj 2 (�1;�1="℄ [ [1=";1)g:This reveals that unless the (k; j) entry ((A��I)�1)kj of the resolvent matrix(A � �I)�1 is a nonzero 
onstant on some open 
omponent of C n spA, theinterse
tion of sp(j;k)[�";"℄A with this open 
omponent is either empty or an atmost 
ountable union of analyti
 ar
s. Su
h ar
s arise in our examples and arevisualized in Figures 1, 3, 6, 10, and 11.On
e the sets sp(j;k)[�";"℄A are available, we have the sets[(j;k)2S sp(j;k)[�";"℄A (9)at our disposal. Clearly, (9) is the set of all eigenvalues that may emergeby perturbing A in a single randomly 
hosen site in S by a random numbersupported on [�"; "℄. 4



Fig. 1. The set [(j;k)2S sp(j;k)[�";"℄L(a) for S = f(j; k) 2 Z � Z : j � k 6= 1g anda(t) = t+ �2t�1 with � = 25 and " = 5.

Fig. 2. Computed eigenvalues of 1000 
ir
ulant matri
es of dimension 50, ea
h per-turbed in a single random entry by a random number uniformly distributed in[�5; 5℄.Let a(t) = t + �2t�1 (t 2 T) with � 2 (0; 1℄. The range a(T) is the ellipse(x + iy 2 C : x2(1 + �2)2 + y2(1� �2)2 = 1) ;whi
h 
ollapses to the line segment [�2; 2℄ for � = 1. Let the sets E+ andE� denote the points in the interior and exterior of this ellipse, respe
tively.From (1) and (2) we dedu
e thatspL(a) = a(T) and spT (a) = a(T) [ E+:The sets [(j;k)2Z�Z sp(j;k)[�";"℄L(a) and [(j;k)2N�N sp(j;k)[�";"℄ T (a)5



Fig. 3. The set [(j;k)2N�N sp(j;k)[�";"℄ T (a) for a(t) = t+ �2t�1 with � = 25 and " = 5.

Fig. 4. Computed eigenvalues of 1000 Toeplitz matri
es of dimension 50, ea
h per-turbed in a single random entry by a random number uniformly distributed in[�5; 5℄.are shown in Figures 1 through 4. (A
tually, Figure 1 omits perturbations toentries on the �rst subdiagonal, i.e., the entries (j + 1; j) for j 2 Z. If theseentries are also perturbed, the entire interior of the ellipse in Figure 1 wouldbe �lled.)The paper is organized as follows. In Se
tion 2 we prove Propositions 1.2and 1.3 and dis
uss some instru
tive examples that explain Figures 1 and 3.The dis
ussion of Figures 2 and 4, whi
h 
on
ern large �nite matri
es, will bethe subje
t of [4℄. Se
tion 3 
ontains the proof of Theorem 1.1.2 ExamplesThe operators 
onsidered in Examples 2.1 and 2.2 have attra
ted 
onsiderableattention in the �eld of non-Hermitian quantum me
hani
s, where randomperturbations from some set 
 are added in a set of sites S, generally taken to6



be the diagonal [7,8,11,19℄. These examples 
an be viewed as generalizationsof the \single impurity" model of Feinberg and Zee [8℄, and are related to thespe
tral analysis of Davies [7℄. The following example (taking � = 1 and " = 1below) has also been studied re
ently by Gilbert Strang and his students intheir investigation of small world networks [16℄.In what follows we write L�1(�) and T�1(�) for (L(�))�1 and (T (�))�1.We begin with Laurent matri
es. If � 2 C n a(T), then L�1(a � �) equalsL((a � �)�1), and hen
e (L�1(a � �))kj is nothing but the (k � j)th Fourier
oeÆ
ient of (a� �)�1.Example 2.1 Let a(t) = t + �2t�1 (t 2 T) with � 2 (0; 1℄. For % > 0, puta%(t) = %t + �2%�1t�1. It is readily veri�ed that[�2�; 2�℄ = a�(T); E+ = [%2[�;1) a%(T); E� = [%2(1;1) a%(T) (10)(where E+ = ; for � = 1). Fix � 2 C n a(T). Then de�ne z1 and z2 a

ordingto the fa
torizationa(t)� � = t�1(t2 � �t+ �2) = t�1(t� z1)(t� z2): (11)Suppose �rst that � 2 (0; 1) and � 2 E+. Then jz1j < 1 and jz2j < 1 and thus1a(t)� � = 1t + 1t2 (z1 + z2) + 1t3 (z21 + z1z2 + z22) + � � � : (12)It follows from (8) that sp(j;k)"D L(a) and sp(j;k)[�";"℄L(a) have no points in E+whenever j � k. That is, perturbations of any magnitude on or above themain diagonal 
annot add 
omponents to the spe
trum in the interior of theellipse. By virtue of (10), we 
an represent � in the form� = % ei�+�2%�1 e�i� (13)with % 2 [�; 1) and � 2 [0; 2�), and (11) is 
learly satis�ed byz1 = �2%�1 e�i� and z2 = % ei� : (14)One 
an use (8), (12), (13) and (14) to 
ompute the sets sp(j;k)"D L(a)\E+ andsp(j;k)[�";"℄L(a) \ E+ for j > k. For example,7



sp(2;1)[�";"℄L(a) \ E+=8><>: ; if " < 1;E+ if " � 1;sp(3;1)[�";"℄L(a) \ E+=8><>: ; if " � 1=(1 + �2);(�1��2;�1="℄ [ [1="; 1+�2) if " > 1=(1 + �2):The portion of Figure 1 lo
ated inside the ellipse shows the interse
tion of E+and [(j;k)2S sp(j;k)[�";"℄L(a) with S = f(j; k) 2 Z�Z : j � k 6= 1g for a parti
ular
hoi
e of " and �.Now assume that � 2 (0; 1℄ and � 2 E�. Write � in the form (13) with% 2 (1;1) and � 2 [0; 2�), and de�ne z1 and z2 by (14). Then (11) holds, andsin
e jz1j < 1 and jz2j > 1, we get1a(t)� � =� 1z2  1 + z1t + z21t2 + � � �! 1 + tz2 + t2z22 + � � �!= 1z1 � z2 + 1Xn=1 1tn zn1z1 � z2 + 1Xn=1 tn 1z1 � z2 1zn2 : (15)We 
an now 
ompute sp(j;k)"D L(a) \ E� and sp(j;k)[�";"℄L(a) \ E� using (8), (13),(14) and (15). For instan
e,
sp(1;1)"D L(a) \ E�=8><>: ; if " � 1� �2;f� 2 E� : j�� 2�j j�+ 2�j � "2g if " > 1� �2;sp(1;1)[�";"℄L(a) \ E�=8>>>>><>>>>>: ; if " � 1� �2;[�p"2 + 4�2;�1� �2) [ (1 + �2;p"2 + 4�2 ℄if " > 1� �2:Thus, for " > 1 � �2, sp(1;1)"D L(a) is the union of the ellipse a(T) and twoeventually merging \buds", while sp(1;1)[�";"℄L(a) is the union of a(T) and two\wings" (see Figure 5). The interse
tion of E� and [(j;k)2Z�Z sp(j;k)[�";"℄L(a) isthe part of Figure 1 lying outside the ellipse. Figure 6 
ontains some moreinformation about the stru
ture of Figure 1, and Figure 2 demonstrates thatsimilar behavior is observed for �nite dimensional problems.8



sp(1;1)"D L(a)for " = 0; 32 ; 2; 52
sp(1;1)[�";"℄L(a)for " = 52Fig. 5. The sets sp(1;1)"D L(a) and sp(1;1)[�";"℄L(a) for a(t) = t + �2t�1 with � = 910 . (Inthe top plot, bla
k 
orresponds to " = 0, dark gray to " = 32 , et
.)Proof of Proposition 1.3 If A = (Ajk)mj;k=1 is an m�m matrix, thenmaxj;k jAjkj � kAk � m maxj;k jAjkj; (16)where kAk is the norm of A as an operator on Cn with the l2 norm. From (6)we therefore see that spm"D L(a) = spL(a) for all suÆ
iently small " > 0 ifand only if fspm"D L(a) = spL(a) for all " > 0 small enough, whi
h, by (7), isequivalent to the 
onditionf� =2 a(T) : kPmL((a� �)�1)Pmk > 1="g = ; (17)for all suÆ
iently small " > 0. Again taking into a

ount (16) we arrive at the
on
lusion that (17) holds exa
tly ifsup�=2a(T) j((a� �)�1)k�jj <1for all k; j 2 f1; : : : ; mg, whi
h is obviously equivalent to (5).Now suppose a 2 R is real-valued and a(T) = [�; �℄. If a is 
onstant, thensp(1;1)"D L(a) is 
learly stri
tly larger than spL(a) for all " > 0. So assume thata is not 
onstant. Then a � � has a �nite number of zeros ei�1; : : : ; ei�N on T9



Fig. 6. spS[�";"℄L(a) for " = 5, a(t) = t + �2t�1, and � = 2=5. Here S 
onsists of:a) the se
ond through tenth subdiagonals; b) the main diagonal; 
) the �rst tensuperdiagonals; d) the union of a), b), and 
).and the orders 2�1; : : : ; 2�N of these zeros are even natural numbers,a(ei�)� � = NYj=1(� � �j)2�jb(�); � 2 [0; 2�);for some real-valued fun
tion b 2 C[0; 2�℄ that has no zeros. For y 2 (0; 1),put �y = f� 2 [0; 2�) : a(ei�) < � + yg: It is not diÆ
ult to show that there10



is a 
onstant 
 > 0 independent of y su
h thatj�yj � 
y1=min(2�1;:::;2�N ) � 
py;where j�yj denotes the length of �y. For �n = �� 1=n we therefore obtain������ 2�Z0 d�a(ei�)� �n ������ = 2�Z0 d�a(ei�)� �n � Z�1=n d�a(ei�)� �n � n
2 s 1n;whi
h tells us that (5) is not satis�ed. Hen
e, sp(1;1)"D L(a) is stri
tly larger thanspL(a) for every " > 0. This implies that spm"D L(a) is all the more stri
tlylarger than spL(a).We now pro
eed to Toeplitz matri
es. Let a 2 R and � 2 C n spT (a). Theinverse of T (a��) 
an be written down provided we have a so-
alled Wiener{Hopf fa
torization of a� �. This is a representationa(t)� � = a�(t)a+(t) (t 2 T)where a� 2 R anda�(t) = a�0 + a�1 1t + a�2 1t2 + � � � ; a�(z) 6= 0 for z 2 D�;a+(t) = a+0 + a+1 t+ a+2 t2 + � � � ; a+(z) 6= 0 for z 2 D;with D� = fz 2 C : jzj � 1g [ f1g and D = fz 2 C : jzj � 1g. We havea�1� (t) = b0 + b1 1t + b2 1t2 + � � � ; a�1+ (t) = 
0 + 
1t + 
2t2 + � � � ;and straightforward 
omputations with Toeplitz matri
es show that
T�1(a� �) = T (a�1+ )T (a�1� ) = 0BBBBBBBB� 
0
1 
0
2 
1 
0� � � � � � � � � � � �

1CCCCCCCCA
0BBBBBBBB� b0 b1 b2 � � �b0 b1 � � �b0 � � �� � �

1CCCCCCCCA (18)
(see, e.g., [5, Se
tion 1.5℄). 11



Example 2.2 Let a(t) = t + �2t�1 with � 2 (0; 1℄ as in Example 2.1. Pi
k� 2 E�, write � in the form (13) with % 2 (1;1) and � 2 [0; 2�), and de�nez1 and z2 by (14). Sin
e jz1j < 1 and jz2j > 1, we infer from (11) that therepresentation a(t)� � = (1� z1=t)(t� z2) =: a�(t)a+(t)is a Wiener{Hopf fa
torization, and from (18) we therefore dedu
e that
T�1(a� �) = � 1z2 0BBBBBBBB� 11=z2 11=z22 1=z2 1� � � � � � � � � � � �

1CCCCCCCCA
0BBBBBBBB� 1 z1 z21 � � �1 z1 � � �1 � � �� � �

1CCCCCCCCA : (19)
Combining (8), (13), (14) and (19), we 
an 
ompute the parts of sp(j;k)"D T (a)and sp(j;k)[�";"℄ T (a) in E�. For example,sp(1;1)"D T (a) \ E�=8><>: ; if " � 1;[%2(1;"℄a%(T) if " > 1;sp(1;1)[�";"℄T (a) \ E�=8>>>>><>>>>>: ; if " � 1;[�"� �2=";�1� �2) [ (1 + �2; "+ �2="℄if " > 1:Figure 7 shows examples of sp(1;1)"D T (a) and sp(1;1)[�";"℄T (a): an ellipti
 \halo"emerges in the former spe
trum and two \wings" arise in the latter. In Fig-ures 8 and 9, we illustrate sp(2;2)"D T (a) and sp(2;2)[�";"℄T (a), and sp(3;3)"D T (a) andsp(2;2)[�";"℄T (a) for the same values of ". Noti
e that sp(2;2)"D T (a) and sp(3;3)"D T (a) 
on-tain holes that disappear for larger values of ". Computing the sets sp(j;k)[�";"℄ T (a)for all (j; k) with " = 5, we arrive at Figure 3, whi
h is examined in more detailin the three 
lose-ups of Figure 11. Figure 10 shows sp(j;k)[�";"℄ T (a) for perturba-tions in smaller sets of entries.Proof of Proposition 1.2 Let a 2 C. By (2), the interse
tion of a(T)and the boundary �sp T (a) of spT (a) is not empty. Pi
k any � = a(t0) 2a(T) \ �sp T (a), where t0 = ei�0. We 
an approximate a in C as 
losely as de-sired by 
ontinuous fun
tions that assume the value � throughout some open12



sp(1;1)"D T (a)for " = 0; 32 ; 2; 52
sp(1;1)[�";"℄T (a)for " = 52Fig. 7. The sets sp(1;1)"D T (a) and sp(1;1)[�";"℄ T (a) for a(t) = t+ �2t�1 with � = 910 .
sp(2;2)"D T (a)for " = 0; 32 ; 2; 52
sp(2;2)[�";"℄ T (a)for " = 52Fig. 8. The sets sp(2;2)"D T (a) and sp(2;2)[�";"℄T (a) for a(t) = t+ �2t�1 with � = 910 .neighborhood of t0. To avoid new notation, suppose a itself is 
onstant in anopen neighborhood 
 � T of t0, a(t) = � for all t 2 
. We show that thensp(1;1)"D T (a) is stri
tly larger than sp T (a), whi
h 
learly implies Proposition 1.2.The (1; 1) entry of T�1(a� �) never vanishes and is traditionally denoted by13



sp(3;3)"D T (a)for " = 32 ; 2; 52
sp(3;3)[�";"℄ T (a)for " = 52Fig. 9. The sets sp(3;3)"D T (a) and sp(3;3)[�";"℄T (a) for a(t) = t+ �2t�1 with � = 910 .1=G(a� �). It is well known (see, e.g., [5, Prop. 5.4℄) thatG(a� �) = exp((log(a� �))0) = exp0� 12� 2�Z0 log(a(ei�)� �) d�1A ;where ei� 7! log(a(ei�)� �) is any 
ontinuous bran
h of the logarithm, whi
hexists by virtue of (2). Sin
e jG(a� �)j = G(ja� �j), we infer from (8) thatsp(1;1)"D T (a) = spT (a) [ f� =2 spT (a) : G(ja� �j) � "g: (20)Fix any " > 0. In view of (20), we are left to show that there is a � 2 Cnsp T (a)su
h that 12� 2�Z0 log ja(ei�)� �j d� � log ":Pi
k a point � 2 C n spT (a) suÆ
iently 
lose to � and write 
 in the formfei� : j� � �0j < Æg. We have2�Z0 log ja(ei�)� �j d� = Zj���0j<Ælog ja(ei�)� �j d� + Zj���0j�Ælog ja(ei�)� �j d�� log j�� �j (2Æ) + log ka� �k1 (2�); (21)14



Fig. 10. spS[�";"℄ T (a) for " = 5, a(t) = t + �2t�1, and � = 2=5. Here S 
onsists of:a) the �rst 
olumn; b) the �rst row; 
) the upper-left 5� 5 blo
k.and it is 
lear that (21) is smaller than 2� log " provided j�� �j is suÆ
ientlysmall.3 General rational symbols
Proof of Theorem 1.1 By virtue of (16), it suÆ
es to show that fspm"D T (a) =spT (a) for all suÆ
iently small " > 0. Due to (7), our goal is therefore to provethat sup�=2spT (a) kPmT�1(a� �)Pmk <1:15



Fig. 11. Close-ups of the set shown in Figure 3; the gray boxes in the top imageindi
ate the axes of the images below.Let a(t) = p(t)=q(t), wherep(t) = p0 + � � �+ psts; q(t) = q0 + � � �+ qrtr;s � 0; r � 0; s+ r > 0; ps 6= 0; qr 6= 0;p and q have no 
ommon zeros.Assume �rst that s < r and 0 2 spT (a). Pi
k � 2 C n spT (a). Then � 6= 0and we 
an writea(t)� � = p(t)� �q(t)q(t) = �� QLj=1(t� �j) QKj=1(t� �j)Qlj=1(t� Æj) QNj=1(t� 
j) (22)where j�jj < 1; jÆjj < 1; j�jj > 1; j
jj > 1. Sin
e 0 = wind (a; �) = L � l, itfollows that l = L. Noti
e that L = l,K = r�L, N , Æj, and 
j are independent16



of �, while �j and �j depend on �. Taking into a

ount that L = l, we get aWiener{Hopf fa
torization (with an additional s
alar fa
tor)a(t)� � = ��(�1)N+K �1 � � ��K
1 : : : 
N a�(t)a+(t);where a�(t) = LYj=1�1� �jt � LYj=1 1� Æjt !�1 ;a+(t) = KYj=1 1� t�j! NYj=1 1� t
j!�1 :Formula (18) givesPmT�1(a� �)Pm = �1�(�1)N+K 
1 � � �
N�1 � � ��N PmT (a�1+ )Pm PmT (a�1� )Pm:We have KYj=1 1� t�j!�1 = KYj=1 1 + t�j + t2�2j + � � �! = 1Xn=0 dntnwith jdnj = ������ Xj1+���+jK=n 1�j1 � � ��jK ������ � ����� 1�1 + � � �+ 1�K!n����� � Kn � rn;when
e a�1+ (t) =  1Xn=0 dntn! NYj=1 1� t
j! = 1Xn=0 
ntnwith 
n = dn � dn�1  1
1 + � � �+ 1
N !+ dn�2 X1�i�j�N 1
i
j � � � � :It follows that j
nj � rn +Nrn�1 +  N2 !rn�2 + � � � = (1 + r)n:17



Sin
e T (a�1+ ) is the lower triangular matrix on the right hand side of (18), weget kPmT (a�1+ )Pmk2�mj
0j2 + (m� 1)j
1j2 + � � �+ j
m�1j2�m+ (m� 1)(1 + r)2 + � � �+ (1 + r)2(m�1) =: D2:Analogously, kPmT (a�1� )Pmk2 � D2. Thus, in summary, we obtainkPmT�1(a� �)Pmk � 1j�j j
1 � � �
N jj�1 � � ��KjD2: (23)Re
all that �j = �j(�) a
tually depends on �. We 
laim that there is an �0 > 0su
h that M := sup�2CnspT (a)j�j<�0 1j�j j�1(�) � � ��K(�)j <1: (24)Noti
e that (24) is trivially satis�ed if the origin is an interior point of spT (a).Sin
e j�j(�)j > 1 for all j and �, we havesupj�j��0 1j�j j�1(�) � � ��K(�)j � 1�0 : (25)Combining (23), (24), (25) we obtain thatkPmT�1(a� �)Pmk � max(M; 1=�0) j
1 � � �
N jD2; (26)whi
h, by virtue of the norm bound (16), gives Theorem 1.1 with 1="0 equalto 1=m times the right hand side of (26).We are left to prove (24). Contrary to our obje
tive, assume that there existsa sequen
e f�ng su
h thatj�nj ! 0 and j�nj j�1(�n) � � ��K(�n)j ! 0: (27)If j�j is suÆ
iently large, then p(�) 6= 0, q(�) 6= 0, and the winding numberwith respe
t to the origin of the fun
tionp(�)q(�) = �s�r  ps + ps�1=�+ � � �+ p0=�sqr + qr�1=�+ � � �+ q0=�r !on the 
ounter-
lo
kwise oriented 
ir
le j�j = 
onstant is s � r < 0. Con-sequently, for every natural number n there exists an �n 2 (0; 1) with the18



following property: if j�j < �n, then the equation p(�)=q(�) = � has exa
tlyr�s solutions �1(�); : : : ; �r�s(�) su
h that j�j(�)j � n for all j = 1; : : : ; r�s.For every n, we 
an �nd a natural number '(n) su
h that j�'(n)j < �n. Thus,there exist �1(�'(n)); : : : ; �r�s(�'(n)) satisfyingn � j�1(�'(n))j � � � � � j�r�s(�'(n))j; p(�j(�'(n)))q(�j(�'(n))) = �'(n):It follows thatj�'(n)j j�1(�'(n)) � � ��K(�'(n))j � j�'(n)j j�1(�'(n)) � � ��r�s(�'(n))j� j�'(n)j j�1(�'(n))jr�s = �����p(�1(�'(n)))q(�1(�'(n))) ����� j�1(�'(n))jr�s= ps +O(1=�1(�'(n)))qr +O(1=�1(�'(n))) = ps +O(1=n)qr +O(1=n) ;whi
h 
ontradi
ts (27) and hen
e gives (24).At this point we have proved the assertion provided s < r and 0 2 spT (a).The 
ase where 0 =2 sp T (a) 
an be redu
ed to this 
ase be
ausespT (a� �) = spT (a)� �; and spm" T (a� �) = spm" T (a)� �:Now suppose s > r. In that 
ase (22) is valid with the �� on the right repla
edby ps=qr, whi
h gives estimate (23) with 1=j�j repla
ed by jqr=psj and thus theassertion with 1="0 = jqr=psj j
1 � � �
N jD2: Finally, if r = s > 0, we 
an writea(t) = prqr + ur�1tr�1 + � � �+ u0qrtr + � � �+ q0 =: prqr + b(t);and sin
e spT (a) = pr=qr + sp T (b); spm" T (a) = pr=qr + spm" T (b);we have redu
ed the problem to the 
ase s < r. This 
ompletes the proof ofTheorem 1.1.A
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