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Abstract

This paper is concerned with the change of the spectra of infinite Toeplitz and Lau-
rent matrices under perturbations in a prescribed finite set of sites. The main result
says that the spectrum of a Toeplitz matrix with a non-constant rational symbol
is not affected by small localized impurities, while such impurities can nevertheless
enlarge the spectrum of the corresponding Laurent matrix. We also study the spec-
tra that may emerge when randomly perturbing Toeplitz or Laurent matrices in a
randomly chosen single site.

1 Introduction and main results

Given a complex-valued continuous function @ on the complex unit circle T,
a € C, we consider the matrices

T(a) = (aj )51 and L(a) = (aj &)jh——oo

where

27

1 . .
/a(e‘e)e"kg do, keZ.

Qp = —
2T

The matrices T'(a) and L(a) are referred to as the Toeplitz matrix and the Lau-
rent matrix with the symbol a, respectively. These matrices induce bounded
operators on [?(N) and [%(Z), respectively.
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The spectrum sp A of a bounded linear operator is defined as usual, that is,
as the set of all A € C for which A — AI is not invertible. It is well known (see,
e.g., [5] or [10]) that

sp L(a)
spT'(a)

a(T), (1)
a(T)U{X € C\ a(T) : wind (a, \) # 0}, (2)

where wind (a, A) is the winding number of a on the positively oriented unit
circle with respect to A, and that

dim Ker (T'(a) — A\I) = max(0, —wind (a, A)) for X €spT(a)\ a(T).

Moreover, if K is any compact operator, then sp (L(a) + K) D sp L(a) and
sp (T'(a) + K) D spT(a); see [5,6,10].

We study the extent to which the spectra of Toeplitz and Laurent operators
can increase as the result of (compact) perturbations that are either localized
in a given site (j,k) of the matrix or in the square of all sites (j, k) with
7,k € {1,...,m}. Our approach is based on the consideration of structured
pseudospectra, and this paper was essentially stimulated by the works [9,19].

Structured perturbation problems arise in non-Hermitian quantum mechan-
ics [8], linear systems theory [12,13], and small world networks [16]. The ques-
tions studied here, when asked of finite dimensional Toeplitz matrices, also
have important applications to the theory of discretized initial-boundary value
problems (see, e.g., [2]). We investigate such finite dimensional questions in
our forthcoming paper [4].

For a study of instances where finite rank perturbations induce isolated eigen-
values in the spectra of Laurent matrices, see [1].

Let A be a matrix that generates a bounded operator on [?(N) or [*(Z). Given
a subset S of N x N or Z x Z and a set Q C C, we define sp3 A as the union
of the spectra sp (A + K) where K ranges over all matrices K = (Kj;) such
that K, = 0 for (j,k) ¢ S and Kj;, € Q for (j,k) € S. We focus our attention
on two (in a sense, extreme) cases:

S={1,....m}x{1,....m}, Q=eD:={2€C:|z|<c}; (3)
S={(,k)}, Q=[-—¢cc]:={reR:|z|<e} (4)

In the settings (3) and (4), we abbreviate sp3A to sp”s A and spEi’f,)E] A, re-
spectively.



Suppose the symbol a is constant, a(t) = ag for all ¢ € T. Then, obviously,

sp'sT(a) = ap +eD, spT(a) = {ao}.

Thus, sp”s5 T'(a) is strictly larger than spT'(a) for every ¢ > 0. Let R be the
set, of all rational functions without poles on T. We can think of R as a subset
of C, the functions continuous on T. Note, in particular, that Toeplitz band
matrices have symbols that are trigonometric polynomials, and thus in R.

Theorem 1.1 Ifa € R is not constant, then there exists an €y > 0, depending
on a and m, such that

sp's T'(a) = spT(a) for all € € (0,20).

Thus, the spectrum of a non-scalar rationally-generated Toeplitz matrix is not
affected by sufficiently small localized impurities. Of course, this robustness
of the spectrum is caused by the rather rigid structure of Toeplitz matrices,
which is in the case at hand not destroyed outside the upper-left m x m block.
The phenomenon uncovered by Theorem 1.1 is nevertheless intriguing in view
of the following two observations.

Proposition 1.2 There is a dense subset M of C such that if a € M, then
sp's 1'(a) is strictly larger than sp T(a) for every ¢ > 0.

Proposition 1.3 Let a € C. Then sp’s L(a) = sp L(a) for all sufficiently
small € > 0 if and only if

2r Qik0

0/m de

max  sup < o0. (5)

S
[k|<m—1 \¢q(T)

If a € R is real-valued, then sps L(a) is strictly larger than sp L(a) for every
e>0.

Proposition 1.2 tells us that Theorem 1.1 is not a consequence of some sort of
general perturbation theory. The failure of Theorem 1.1 for Laurent matrices
(Proposition 1.3) is undoubtedly connected with the circumstance that Lau-
rent matrices have no “center”, so that the impurity is in fact not “localized”
but may be viewed as “drifting” like an ice floe.

Our proofs of the above results are based on comparing spZ%A with the set

A= | sp(A+ PukPp), (6)

1Kll<e



where P, is the projection on [2(N) or [?(Z) that sends a sequence x = {z}}
to the sequence given by

x if k€ {1,...,m};
(Pn)r, =
0 otherwise,

and where || K| is the norm of K as an operator on [?(N) or [?(Z). Sets like (6)
are called structured pseudospectra or spectral value sets; see, e.g., [9,12,13].
Theory and examples of conventional (unstructured) pseudospectra are dis-
cussed in [17,18]. For applications of pseudospectral theory to Toeplitz opera-
tors, see [3,5,14,15]. A recent result by Gallestey, Hinrichsen, and Pritchard [9]
implies that

P A=spAU{N € C\spA:|[Pu(A— AP, > 1/e}.  (7)

Equality (7) reduces the calculation of structured pseudospectra of infinite
dimensional Toeplitz and Laurent matrices to the estimation of finitely many
entries of the resolvent of such matrices.

For m > 2, there is no simple analogue of (7) if the values of the perturbations
(impurities) are restricted to the real line (see [13]). However, for perturbations
in a single site it is elementary to see that if 0 € €2, then

spg A =sp AU{A ¢sp A1+ ((A— M) )yw =0 for some w € Q}. (8)

In particular,

spg’f’)d A=spAU{N¢spA:((A— X))y € (=00, —1/c]U[1/e,00)}.

This reveals that unless the (k, j) entry ((A— AI) 1), of the resolvent matrix
(A—X)"lisa nonzero constant on some open component of C \ sp A, the

intersection of sp[ A with this open component is either empty or an at
most countable un10n of analytic arcs. Such arcs arise in our examples and are
visualized in Figures 1, 3, 6, 10, and 11.

Once the sets sp[ A are available, we have the sets

ik
U sp?2, A (9)

(4,k)eS

at our disposal. Clearly, (9) is the set of all eigenvalues that may emerge
by perturbing A in a single randomly chosen site in S by a random number
supported on [—¢,].
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Fig. 1. The set Ugjessplr. L(a) for S = {(j,k) € Z xZ : j—k # 1} and
a(t) =t+ ot~ with o = % and e = 5.

Fig. 2. Computed eigenvalues of 1000 circulant matrices of dimension 50, each per-
turbed in a single random entry by a random number uniformly distributed in
[—5, 5].

Let a(t) =t + a?t ! (¢t € T) with « € (0,1]. The range a(T) is the ellipse

1.2 y2
iye C: =17,
(e o i e =)

which collapses to the line segment [—2,2] for &« = 1. Let the sets E, and
E_ denote the points in the interior and exterior of this ellipse, respectively.
From (1) and (2) we deduce that

spL(a) =a(T) and spT(a)=a(T)U E;.

The sets

U spfi’ffg] L(a) and U spEi’f,)E} T(a)

(j,k)EZXZ (4,k)ENXN



Fig. 3. The set U x)enxN spfi’f) T(a) for a(t) =t + o?t™! with o = 2 and £ = 5.

’E]

Fig. 4. Computed eigenvalues of 1000 Toeplitz matrices of dimension 50, each per-
turbed in a single random entry by a random number uniformly distributed in
[—5, 5].

are shown in Figures 1 through 4. (Actually, Figure 1 omits perturbations to
entries on the first subdiagonal, i.e., the entries (j + 1,7) for j € Z. If these
entries are also perturbed, the entire interior of the ellipse in Figure 1 would
be filled.)

The paper is organized as follows. In Section 2 we prove Propositions 1.2
and 1.3 and discuss some instructive examples that explain Figures 1 and 3.
The discussion of Figures 2 and 4, which concern large finite matrices, will be
the subject of [4]. Section 3 contains the proof of Theorem 1.1.

2 Examples

The operators considered in Examples 2.1 and 2.2 have attracted considerable
attention in the field of non-Hermitian quantum mechanics, where random
perturbations from some set ) are added in a set of sites S, generally taken to



be the diagonal [7,8,11,19]. These examples can be viewed as generalizations
of the “single impurity” model of Feinberg and Zee [8], and are related to the
spectral analysis of Davies [7]. The following example (taking« = 1 and e =1
below) has also been studied recently by Gilbert Strang and his students in
their investigation of small world networks [16].

In what follows we write L='(+) and T7'(-) for (L(-))~" and (T'(-))~".

We begin with Laurent matrices. If A € C\ a(T), then L7'(a — \) equals
L((a— X)™"), and hence (L™'(a — X))x; is nothing but the (k — j)th Fourier
coefficient of (a — \)~L.

Example 2.1 Let a(t) =t + a* ! (t € T) with a € (0,1]. For ¢ > 0, put
ap(t) = ot + oo ' 1. It is readily verified that

[—2a,2a] = ao(T), E;= |J aT), E_= (U)aQ(T) (10)

0€[a,1)

(where B, = () for « = 1). Fix A € C\ a(T). Then define z; and 2, according
to the factorization

at) = A=t =Xt +a®) =t {t — 21)(t — ). (11)

Suppose first that o € (0,1) and A € F,. Then |z;| < 1 and |25] < 1 and thus

11 1, )
a(t)_)\:;—i—t—2(z1+z2)+t—3(z1+z1z2+z2)+---. (12)

It follows from (8) that spi%k)L(a) and spfi’f’)g]L(a) have no points in E
whenever 7 < k. That is, perturbations of any magnitude on or above the
main diagonal cannot add components to the spectrum in the interior of the

ellipse. By virtue of (10), we can represent A in the form

\ = Qeig —|—042Q71 efi9 (13)

with ¢ € [a, 1) and € € [0,27), and (11) is clearly satisfied by

zn=a’0'e ™ and 2z, = pe?. (14)

Olge ;:an use (8), (12), (13) and (14) to compute the sets spi%k) L(a) N E, and
gk

SP[_e ¢ L(a) N E, for j > k. For example,



0if e <1,

E_|_ lfﬁzl,

0 if e <1/(1+a?),
(—1-a? —1/e]U[1/e,14+a?) if ¢ > 1/(1 + a?).

The portion of Figure 1 located inside the ellipse shows the intersection of £,
and U(jkes spfj_’fy)a} L(a) with S = {(j,k) € Zx Z :j—k # 1} for a particular
choice of € and a.

Now assume that o € (0,1] and A € E_. Write A in the form (13) with
0 € (1,00) and 0 € [0,27), and define 2; and 2, by (14). Then (11) holds, and
since |z1| < 1 and |23] > 1, we get

L A LA
alt) — Az t 2 2y 23
1 1 27

21— 22

— (15)

n=1

We can now compute spi%k) L(a) N E_ and spEf’f’)d L(a) N E_ using (8), (13),

(14) and (15). For instance,

0if e<1—a?,

spilﬁ’l)L(a) NE_=
{(NEE_:|X\=2a||A+2a| <%} if e >1—a?;

0if e <1-—a?
Spﬁ’gl,)e]L(a) NE_=q [-Ve2+4a?, -1 —a®) U (1 +a? Ve? +4a? ]

if e>1—a?

Thus, for ¢ > 1 — a2, sp' )L(a) is the union of the ellipse a(T) and two

1,1
eD
eventually merging “buds”, while spEi’j’)E]L(a) is the union of a(T) and two

“wings” (see Figure 5). The intersection of E_ and Ujreczxz spfi’f’)g] L(a) is
the part of Figure 1 lying outside the ellipse. Figure 6 contains some more
information about the structure of Figure 1, and Figure 2 demonstrates that

similar behavior is observed for finite dimensional problems. =



sp'lt) L(a)

eD
fore =0,2,2,2
— —— Spfi,z-,‘l,)e] L(a)
fore =2

Fig. 5. The sets spilﬁ’l)L(a) and spfi’;)s]L(a) for a(t) =t + ot~ with @ = 5. (In

the top plot, black corresponds to ¢ = 0, dark gray to e = %, etc.)

Proof of Proposition 1.3 If A = (A4;;,)7;_, is an m x m matrix, then

max | Az | < [|A]] <m max|Agl, (16)
-]7 .]7

where || A|| is the norm of A as an operator on C" with the [ norm. From (6)
we therefore see that sp’s L(a) = sp L(a) for all sufficiently small ¢ > 0 if
and only if Sp’p L(a) = sp L(a) for all £ > 0 small enough, which, by (7), is
equivalent to the condition

{A ¢ a(T) : |PuL((a— )" Pull > 1/c} =0 (17)

for all sufficiently small £ > 0. Again taking into account (16) we arrive at the
conclusion that (17) holds exactly if

sup |((a —A) 7y < o0
Aéa(T)

for all k,j € {1,...,m}, which is obviously equivalent to (5).

Now suppose a € R is real-valued and a(T) = [u, v|. If a is constant, then

spilﬁ’l)l}(a) is clearly strictly larger than sp L(a) for all € > 0. So assume that

a is not constant. Then a — i has a finite number of zeros e, ... eV on T
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Fig. 6. sp[S_E ] L(a) for ¢ = 5, a(t) = t + a’t !, and o = 2/5. Here S consists of:
a) the second through tenth subdiagonals; b) the main diagonal; ¢) the first ten
superdiagonals; d) the union of a), b), and c).

and the orders 2, ...,20x of these zeros are even natural numbers,

a(e”) — =1 (0~ 6,*b(0). 0 € [0,2m)

1

<

for some real-valued function b € C[0,27] that has no zeros. For y € (0,1),
put A, = {0 € [0,27) : a(e”) < p+ y}. It is not difficult to show that there

10



is a constant ¢ > 0 independent of y such that

where |A,| denotes the length of A,. For A, = 1 — 1/n we therefore obtain

2w

0

_7 do . 0 _ne 1
“Ja@® =x = ey =x, = 2 Ve

which tells us that (5) is not satisfied. Hence, spilﬁ’l)L(a) is strictly larger than
sp L(a) for every ¢ > 0. This implies that sp’ L(a) is all the more strictly
larger than sp L(a). =

We now proceed to Toeplitz matrices. Let a € R and A € C\ spT'(a). The
inverse of T'(a — A) can be written down provided we have a so-called Wiener—
Hopf factorization of @ — A. This is a representation

a(t) = A=a_(t)as(t) (teT)

where a4+ € R and

1 1 —
a,(t):aa+af¥+a2’t—2+---, a (2)#0 for z€e D_,
a.(t)=af +aft+ajt’ +---, a.(2)#0 for 2 €D,

with D ={2€C:|z|>1}U{oc} and D= {z € C:|z| < 1}. We have

) 11 )
a 1(t):b0+b1¥+bgt—2+---, a (1) = co+ it + et 4o,

and straightforward computations with Toeplitz matrices show that

Co bo b1 b2 tee
¢ c by by -+

T o= ) =TT )= | o (18)
C2 C1 Cp by ---

(see, e.g., [5, Section 1.5]).

11



Example 2.2 Let a(t) =t + o* ! with @ € (0,1] as in Example 2.1. Pick
A € E_, write X in the form (13) with ¢ € (1,00) and 6 € [0, 27), and define
2z and zp by (14). Since |z1] < 1 and |23] > 1, we infer from (11) that the
representation

a(t) = A= (1—z1/t)(t — 20) =t a_(t)a,(t)

is a Wiener—Hopf factorization, and from (18) we therefore deduce that

1 1z 22---
1| 1/z0 1 1 z¢---

T Ya—)) =—— /7 ' . (19)
21 1/251)2 1 1 -

Combining (8), (13), (14) and (19), we can compute the parts of spi%k)T(a)

and spfi’f) T(a) in E_. For example,

’E]

0if e <1,

spilﬁ’l)T(a) NE_= ‘
Uge(l,a]ag(T) if ¢ >1;

0if e <1,
sl T (@) N B- =4 [ —a?/e, ~1 = a?) U (1 +a?,c + a?/c]

if € > 1.

Figure 7 shows examples of spilﬁ’l)T(a) and spﬁ’gl’)g]T(a): an elliptic “halo”
emerges in the former spectrum and two “wings” arise in the latter. In Fig-

ures 8 and 9, we illustrate spi%’Z)T(a) and sp[i’f’)E]T(a), and spf’ﬁ’?’)T(a) and
(2,2

Sp[_ ) T(a) for the same values of €. Notice that sp(%Q)T(a) and sp(?’ﬁ’?’)T(a) con-

€] € €
tain holes that disappear for larger values of €. Computing the sets spEf’f’)E] T(a)

for all (4, k) with e = 5, we arrive at Figure 3, which is examined in more detail
in the three close-ups of Figure 11. Figure 10 shows sp%ﬁ’i
tions in smaller sets of entries. m

1 T'(a) for perturba-

Proof of Proposition 1.2 Let a € C. By (2), the intersection of a(T)
and the boundary 0spT'(a) of spT'(a) is not empty. Pick any o = a(ty) €
a(T) N dsp T(a), where ty = el®. We can approximate a in C as closely as de-
sired by continuous functions that assume the value a throughout some open

12



Fig. 7. The sets spilﬁ’l) T(a) and spE

Fig. 8. The sets sp£%2)T(a) and spf

€,

spfi’l) ]T(a)

spilﬁ’l)T(a)
fore =0,2,2,2

— 5
fors—2

) T(a) for a(t) =t + ot ! with a = 3.

]

spi%’Q) T(a)
for e =0, %, 2,

1,1
—€

N Ot

2,2
spffs

for e =

) T(a)

’E]

[\Jle

2,2)
—£,€]

T(a) for a(t) =t + o’t™" with o = 5.

neighborhood of ¢3. To avoid new notation, suppose a itself is constant in an
open neighborhood v C T of ¢y, a(t) = « for all ¢ € v. We show that then

Sp

(

€

1,1
D

)T(a) is strictly larger than sp T'(a), which clearly implies Proposition 1.2.

The (1,1) entry of T~"(a — A) never vanishes and is traditionally denoted by

13



3,3)
—&,e

Fig. 9. The sets spi%’?’)T(a) and spE ]T(a) for a(t) =t + ot ! with o = 2.

1/G(a — N). Tt is well known (see, e.g., [5, Prop. 5.4]) that

G(a — \) = exp((log(a — X))y) = exp (% /log(a(ew) - ) d9> ,

where el — log(a(e'’) — \) is any continuous branch of the logarithm, which
exists by virtue of (2). Since |G(a — A)| = G(Ja — Al), we infer from (8) that

(L

s/ T(a) = spT(a) U{A ¢ spT(a) : G(la— A|) < e}, (20)

Fix any € > 0. In view of (20), we are left to show that thereisa A € C\sp T'(a)
such that

27
1 .
— /log la(e?) — \| df < loge.
2m /

Pick a point A € C\ spT'(a) sufficiently close to @ and write v in the form
{el? ;|0 — 6y < &}. We have

2
/log la(el?) — \|df = / log |a(e) — A| 4§ + / log a(e®) — | d6
0 10—00|<6 10—00|>6
< log |ar — A[ (26) + log [la — Al|es (27), (21)

14



Fig. 10. sp[S_g,E]T(a) for e = 5, a(t) = t + ot !, and a = 2/5. Here S consists of:
a) the first column; b) the first row; c) the upper-left 5 x 5 block.

and it is clear that (21) is smaller than 27 loge provided |o — A| is sufficiently
small. =

3 General rational symbols

Proof of Theorem 1.1 By virtue of (16), it suffices to show that sp.p, T'(a) =
sp T'(a) for all sufficiently small £ > 0. Due to (7), our goal is therefore to prove
that

sup || PnT " (a — A)Ppl| < oo.
AspT(a)

15



0.4 0.6 0.8 1 12 0.6 0.65 0.7 0.75 0.8 0.85 0.9

Fig. 11. Close-ups of the set shown in Figure 3; the gray boxes in the top image
indicate the axes of the images below.

Let a(t) = p(t)/q(t), where

pt) =po+---+pst’, qlt)=q+- -+t
§>0,7r>0,s+r>0,ps #0, ¢ #0;
p and ¢ have no common zeros.

Assume first that s < r and 0 € spT'(a). Pick A € C\ spT(a). Then A # 0
and we can write

) =gt T vy TE ()
WA= T M L ey =y

where |v;| < 1,10;] < 1,|u;| > 1,|v;] > 1. Since 0 = wind (a,A\) = L — [, it
follows that [ = L. Notice that L =, K = r—L, N, ¢;, and ; are independent

16



of A, while v; and p; depend on A. Taking into account that L = [, we get a
Wiener—Hopf factorization (with an additional scalar factor)

VA N+KM1"'MKa ay
at) = A= ANV ST (fa (1),

where

j=1 Hj) j=1 Vi
Formula (18) gives
P, T Py = ()N KL p g P BT (0P
WT (0= NPy = =5 ()Y BT (0 P P () P
My N
We have
K t -1 K t t2 00
II <1——> =11 <1+—+—2+'--> =Y dt"
j=1 M j=1 J J n=0
with
1 1 1"
j1+"'+jK:n lu,]l o H’JK /1'1 ,LLK
whence
00 N t 00
a;'(t) = (Z dnt”> II (1 — —) = cat"
n=0 j=1 Vi n=0
with

1 1

It follows that

N

len] < 7"+ NPt 4 <2

)r"_2+---: (1+r)™

17



Since T'(a;') is the lower triangular matrix on the right hand side of (18), we
get

1PnT (a3 ") Pl < mleol” + (m = Der]* + - + |ep [
<m4+m—-1)14+r)2+-+(1+7r)2mD = D%

Analogously, ||P,,T(a~")P,,||* < D?. Thus, in summary, we obtain

1
1P (0 = NPy < — vl e (23)

|)\| |M1"'MK|

Recall that p; = p1;(A) actually depends on A. We claim that there is an 79 > 0
such that

1
M := sup < 0. 24
S DT 0) ) 24

[X|<ng

Notice that (24) is trivially satisfied if the origin is an interior point of sp T'(a).
Since |pj(A)] > 1 for all j and A, we have
1 1

sup < —. (25)
o (A (A) == e (A)| — mo

Combining (23), (24), (25) we obtain that
1T (0 = N Pyu| < max(M,1/no) |71+ - | D?, (26)

which, by virtue of the norm bound (16), gives Theorem 1.1 with 1/&, equal
to 1/m times the right hand side of (26).

We are left to prove (24). Contrary to our objective, assume that there exists
a sequence {\,} such that

Mol = 0 and [ len(n) - - e ()| = 0. (27)

If |u] is sufficiently large, then p(p) # 0, ¢() # 0, and the winding number
with respect to the origin of the function

pl) s (ps+p51/u+...+p0/us>

G+ G /p+ -+ qo/u

on the counter-clockwise oriented circle |u| = constant is s —r < 0. Con-
sequently, for every natural number n there exists an «, € (0,1) with the

18



following property: if |A| < a,, then the equation p(u)/q(p) = A has exactly
r— s solutions 11 (), . .., fty—s(A) such that |p;(A)| >nforallj=1,...,r—s.
For every n, we can find a natural number ¢(n) such that [Aym)| < a,. Thus,
there exist 111 (Apm)), - - - » tr—s(Apn)) satisfying

n < (Apm) | < < s (Apm)) s oy Ap(n)-
It follows that

|)‘<p(n)| |N1()‘Lp(n)) e '/LK()‘np(n)” > |)‘ (n) | |M1()‘ n)) o 'NT—S()‘np(n))|

Pl i)
s )\| )]

_ s+ O /m(Aom)) _ ps +O(
qr—'"O(l//Ll()‘tp(n))) Qr"‘O(

which contradicts (27) and hence gives (24).

> Dol [ o) = ‘

)
)
l/n)
1/n)

b

At this point we have proved the assertion provided s < r and 0 € spT(a).
The case where 0 ¢ spT'(a) can be reduced to this case because

spT(a—A) =spT(a) — A, and spT(a— ) =sp”T(a)— .

Now suppose s > r. In that case (22) is valid with the —\ on the right replaced

by ps/qr, which gives estimate (23) with 1/|A| replaced by |g,/ps| and thus the

assertion with 1/eg = |g,/ps| |71 -+ - ywx|D?. Finally, if r = s > 0, we can write
Up_ 8" 4o+ g

DPr DPr
a(t) = = + =: — +b(1),
() qr ¢Gt"+ -+ qo qr ()

and since

Sp T(a) - pr/qr + sp T(b)a Sp;n T(a) - pr/Qr + Spg T(b)

we have reduced the problem to the case s < r. This completes the proof of
Theorem 1.1. m
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