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Abstract

Enforcing safety plays a crucial role within the optimisation and control literature.
Despite notable advances in recent years, optimal control for safety-critical and
high-dimensional systems remains a challenging problem. Developing a general
theoretical framework for integrating safety within optimal control is not tractable
as the numerical inaccuracy and computational cost often grow exponentially with
the number of states. Furthermore, different notions of safety require different
methodologies and present unique theoretical and computational challenges. This
thesis focuses on the challenges that arise when addressing scalability and safety
considerations simultaneously.

Safety is a multi-facet problem that involves hard constraint satisfaction, avoiding
sharing information considered as private, as well as robustifying towards uncertainty

that could otherwise compromise safety. The initial chapters of the thesis focus

on [Hamilton-Jacobi| reachability, which has become a well-established method of

computing reachable sets for complex nonlinear systems. In addition to enforcing
that the system remains within a safe part of the state-space, we consider application-
specific abstractions to deal with scalability, the interplay between competing
performance objectives and safety objectives, and the challenges arising from multi-
objective optimal control problems. We then investigate safety considerations
due to the amount of information that needs to be shared between agents in a
multi-agent networked control setting. Extending classical state-aggregation in

approximate dynamic programming, we introduce a method of solving a large-scale

[Markov Decision Process|in a fully distributed manner. The final chapter considers

stochastic safety constraints under a statistical learning theoretic lens. Utilising

randomised algorithms, we establish [probably approximately correct| bounds on

predicting a future label in a binary classification problem whereby the classifier

changes in an unknown structured manner.
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Introduction

1.1 Motivation

Safety-critical optimal control problems are problems whereby we seek to minimise
one or more objective functions subject to safety constraints. Since safety is a multi-
faceted problem, such safety constraints will appear in a variety of forms, including
the satisfaction of state-space constraints, avoiding the sharing of information
considered to be private, as well being robust towards uncertainty that could
otherwise compromise safety. These safety-critical optimal control problems are
found in a variety of fields such as control theory [83, 84, |87, 125, medicine [100,
134, |152], emergency rescue |91} |154} |155], and power systems [42, 139, [156]. While
we have seen several notable advances in the past decades [6, [13], many optimal
control approaches in the safety-critical control literature still become intractable
when applied to high-dimensional systems. To this end, it becomes increasingly
relevant to exploit application-specific properties so as to overcome the scalability
issues arising from high-dimensional optimal control problems.

As an example, consider the design of a trajectory around a rotating asteroid. The
high dimensional and complex dynamics make this a particularly challenging safety-
critical control problem. Without exploiting specific knowledge of the application,

conventional safety-critical optimal control approaches would not be able to solve the
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underlying control problem. However, by exploiting knowledge of the gravitational

field to omit states and reformulating the multi-objective optimal control problem|

(MOCP)|, we are able to solve the problem to high degrees of accuracy.

With safety-critical applications found in a plethora of fields, it becomes vital to
consider scalability issues in the context of varying notions of safety. Each notion of
safety brings with it its own set of challenges. In the context of reachability, safety
can be considered by means of meeting certain safety-critical constraints that prevent
the system from entering unsafe regions of the state-space. These regions might,
for instance, equate to a collision or mechanical failure. Another notion of safety is
robustness towards uncertainty and/or external disturbances. Additional challenges
of safety emanate from application-specific constraints, such as limitations on
available data, or application-specific requirements such as when we seek to optimise
an optimal control problem while maintaining a compromise between two competing
objectives. This necessitates the consideration ofMOCPE. This thesis provides a step
towards overcoming these challenges and will address the incorporation of different
notions of safety into a variety of high-dimensional optimal control problems.

To address the large variations in the notions of safety, we have identified
three distinct notions which will be dealt with separately. The first will consider
the classical notion of safety as found in the control theory literature, i.e. the
satisfaction of safety-critical state-space constraints. The second will consider how
we can avoid sharing information considered as potentially private. The third will

consider robustifying towards uncertainty that could otherwise compromise safety.

1.2 Thesis outline

In this thesis, we consider reachability analysis as our primary method of synthesising
controllers within the classical notion of safety, i.e. the satisfaction of safety-critical
state-space constraints. Reachability analysis aims to find the set of points from
which a target can be reached within a given time, subject to constraints. It
forms a fundamental part of the dynamics and control literature and has been

used extensively for controller synthesis of complex systems [9,, 94, [104]. In recent
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years we have seen considerable research being conducted into computing reachable

sets using [Hamilton-Jacobi| (HJ|) reachability analysis, whereby the reachable set is

derived from the viscosity solution of a [Hamilton-Jacobi-Bellman (HJB)| equation

accounting also for the presence of state constraints. Such a [HJB| framework is
presented in [23,97] with more general value problems bypassing previous regularity
issues presented in [5]. In [64] an extension of the framework to time-varying
targets and constraints is considered and in |46 the approach is extended to
lobjective optimal control problem| (MOCP)s. The incorporation of into the

framework of [Hamilton-Jacobi (HJ)| reachability opens up the approach to a vast

number of possible applications such as those found in spacecraft trajectory design.
Common competing objectives in spacecraft trajectory design are minimising the
amount of propellant as well as the flight time required to execute an orbital
transfer. For safe operation, a compromise between these objectives needs to be
found. However, in the classical formulation of multi-objective [HJ] reachability, it is
not possible to incorporate the flight time as an optimisation variable. Furthermore,
each incorporated additional objective adds an additional state, thus the scalability
issues are greatly exacerbated. In light of this, Chapter[2] uses a low thrust trajectory
design problem to highlight and address key issues concerning scalability.

Proceeding with our study of applying [HJ] reachability to high-dimensional
optimal control problems, Chapter [3| introduces an approach for analysing and
quantifying numerical inaccuracies within [HJ] reachability by means of a Gaussian
process. By empirically quantifying the error/accuracy of the obtained control
policy we confine the numerical precision to within a predefined limit. At the same
time, we leverage the marginal likelihood of the Gaussian process as a robustness
metric in a hybrid switching law. We further extend the capabilities of utilising
hybrid switching laws to address scalability in Chapter [ where we consider the
interplay between safety considerations and performance.

Since considering safety and robustness at all times during controller synthesis,
in general leads to conservative results that can deteriorate overall performance,

it is often of interest to only enforce safety under certain conditions or within



4 1.2. Thests outline

predefined areas of the state-space. The core concept underpinning the hybrid
switching law approach involves combining a safety-critical control policy obtained
from [HJ] reachability with another control policy synthesised to operate under a
broader set of conditions [65, [74]. To operationalise this, a customised switching
law tailored to the application’s requirements needs to be devised. In light of this,

Chapter [4] provides a comprehensive analysis of integrating safety-critical control

within the emerging field of [Airborne Wind Energy| (AWE)). Traditional models of

[AWE] systems often encompass more than 30 states and involve complex nonlinear
and non-affine dynamics, making many safety-critical control approaches, including
[HJ] reachability, intractable. Consequently, [AWE] offers an ideal opportunity to
showcase the effectiveness of safety-aware hybrid switching laws.

The issues of scalability, however, are not limited to [HJ] reachability and can
be found across the field of safety-critical optimal control. Outside the classical
notion of safety, scalability issues are found in multi-agent settings, where the
safety constraints limit the information shared between agents, due to, for instance,
privacy concerns. We thus focus on dynamic programming problems in discrete-
time systems with a large number of states and attempt to devise a scalable
solution using tools from state aggregation and multi-agent optimisation. In
particular, states with a similar expected cost are aggregated into virtual auxiliary
states, reducing the total number of states considered during optimisation [21].
Conventional state aggregation has several drawbacks. One notable drawback
when considering very large problems is that we require complete information
on the cost-to-go and transition capabilities. For systems where the cost-to-go
or transition probabilities are constantly being updated and the optimal control
problem needs to be solved repeatedly, this information overhead considerably limits
the possibilities that state aggregation could provide. In light of this, Chapter [3]
of the thesis addresses our second distinct notion of safety and presents a fully
distributed method of approximate dynamic programming using state aggregation

with minimal communication overhead between agents.
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Chapter [6] of the thesis considers a sample based approach to tacking the third
distinct notion of safety identified, i.e. robustifying towards uncertainty that could
otherwise compromise safety. Sample based approaches allow us to overcome
dimensionality issues implicitly and can address the interplay of stochastic (soft)
and worst-case (hard) safety constraints by utilising algorithms based on uncertainty

randomisation, known as randomised algorithms [136]. Randomised algorithms

and |[Vapnik-Chervonenkis| (VC|) theory have been successfully applied to control in

the past [4, [136], 149], yet many safety-critical applications, such as
I[Emergency Braking| (AEB]|) systems are still an open research topic, as the underlying

labelling mechanism used to classify obtained samples as safe or unsafe, is subject

to change. In light of this, we will derive a [probably approximately correct| (PAC)

learning algorithm to deal with labelling mechanisms subject to (structured) change.

1.3 Contributions

The contributions of this thesis span several related areas. Below, we provide a

brief outline of each chapter of the thesis and the main contributions.

 In Chapter [, we investigate a spacecraft trajectory design problem around
an asteroid, where the objective is to use minimal amounts of propellant to
raise an orbit while keeping flight times as short as possible. To find the
compromise between two competing objectives in conjunction with solving
the trajectory design problem, we introduce a generalisable methodology
of combining the value function inherent in [HJ] reachability with standard
multi-objective optimisation problem solvers. Conventionally, such spacecraft
trajectory design problems are solved by either indirect methods, based on the
calculus of variations, or direct methods, whereby the optimal control problem
is reformulated as a nonlinear programme. Dynamic programming is usually
not tractable in the context of trajectory design as it is hampered by the
curse of dimensionality. Yet unlike direct approaches, dynamic programming

can guarantee optimality of the solution, and unlike indirect approaches,
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the solution does not rely on a carefully chosen initial approximation of the
optimal trajectory. Our approach enables the use of dynamic programming
for arbitrary multi-objective problems in Bolza form, without the use of
auxiliary states. This proposed generalisable methodology constitutes our first
contribution. As alluded to earlier, spacecraft trajectory design is an excellent
case study to demonstrate how application-specific properties can be exploited
to further overcome dimensionality issues. Thus the second contribution of
Chapter [2] constitutes the formulation of an efficient constrained [MOCP] for
low-thrust spacecraft trajectory design, whereby we optimise only over the set
of admissible initial states and transition times, while the third contribution is
the reduction of the state-space through the use of appropriate approximations.

This chapter is based on the papers

— Nikolaus Vertovec, Sina Ober-Blobaum, and Kostas Margellos. “Multi-
objective minimum time optimal control for low-thrust trajectory design”.
In: 2021 European Control Conference (ECC). 2021, pp. 1975-1980. DOTI:
10.23919/ECC54610.2021.9654919

— Nikolaus Vertovec, Sina Ober-Blobaum, and Kostas Margellos. “Multi-
objective low-thrust spacecraft trajectory design using reachability anal-
ysis”. In: European Journal of Control 69 (2023), p. 100758. DOI:
10.1016/j.ejcon.2022.100758

In Chapter 3| we analyse the effects of numerical error and model mismatches
on the value function of an underlying [HJ]reachability problem. This empirical
work focuses on exploring the feasibility of applying non-parametric approaches
such as Gaussian processes to learn deviations and provide a confidence metric
for a hybrid control law. Furthermore, we are able to analyse the efficacy of
the value function and control policy obtained by means of [I]] reachability,
as well as the use of the empirical error to iteratively correct and improve
the value function and control policy. By demonstrating the efficacy of using

a |Gaussian process regression| (GPR)) in conjunction with reachability,
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we provide a promising tool for reducing the computational complexity of
synthesising controllers by means of [HJ] reachability. This, in turn, increases
the potential of applying [HJ] reachability to higher dimensional systems. This

chapter is based on

— Nikolaus Vertovec, Sina Ober-Blobaum, and Kostas Margellos. “Ver-
ification of safety critical control policies using kernel methods”. In:
2022 European Control Conference (ECC). 2022, pp. 1870-1875. DOI:
10.23919/ECC55457.2022.9838224

o In Chapter [4 we consider enforcing safety with minimal implications on

performance. This is a common challenge in many safety-critical applications,

especially within the energy sector. To this end, we consider [Airborne Wind|

I[Energy (AWE)| systems, a promising renewable technology that harnesses the

power of strong and reliable winds found at high altitudes. As with many power
systems, the safety objectives are directly competing with the performance
objectives, as the highest power is generated when the system is pushed to
its mechanical (and thus safety) limits. Rather than enforcing safety at all
times, we introduce a hybrid control approach to integrate a safety control
policy into an existing control architecture. The high dimensional, complex
and non-affine dynamics of [AWE] introduce additional challenges for controller
synthesis, necessitating the derivation of a simplified low dimensional AWE]
model that is accurate enough for safety-critical control purposes. This spans
the first contribution, with the second contribution involving the synthesis
and deployment of an avoidance control strategy based on the developed
abstractions and [HJ] reachability analysis. Furthermore, we introduce and
discuss a hybrid switching law tuned to the underlying system and validate the
performance of the hybrid controller by applying it to a high-fidelity model.
This chapter is based on

— Nikolaus Vertovec, Sina Ober-Blobaum, and Kostas Margellos. “Safety-
Aware Hybrid Control of Airborne Wind Energy Systems”. In: Journal


https://doi.org/10.23919/ECC55457.2022.9838224

1.3. Contributions

of Guidance, Control, and Dynamics 47.2 (2024), pp. 326-338. DOLI:
10.2514/1.G007254

o In Chapter [5| we consider a discrete, high dimensional control problem

formulated as a|[Markov Decision Process| (MDP)). The notion of safety treated

in this chapter is to curtail the amount of information that needs to be shared
between agents in a distributed control context. This could be motivated
by privacy concerns or limitations on communication bandwidth. In light
of this, we propose a distributed value iteration algorithm for multi-agent
dynamic programming, preventing transition probabilities and state costs
from constituting global information among agents. We provide a rigorous
mathematical analysis of the presented algorithms proving both convergence
and optimality properties. Finally, the presented methodology is demonstrated

on a non-trivial traffic routing problem. This chapter is based on

— Nikolaus Vertovec and Kostas Margellos. “State Aggregation for Dis-
tributed Value Iteration in Dynamic Programming”. In: IEEE Control
Systems Letters 7 (2023), pp. 2269-2274. DOIL: 10.1109/1csys.2023.
3285655

« In Chapter [6] we consider safety from a stochastic viewpoint. Enforcing
safety by means of a randomised algorithm involves the random extraction of
uncertainty samples and returning a probability of satisfying a certain safety
constraint. This is analogous to a binary classification problem whereby a
0-1 labelling mechanism classifies a randomly drawn sample as safe or unsafe.

When both the probability of drawing a certain sample as well as the labelling

mechanism are unknown, results from [Vapnik-Chervonenkis (VC)| theory can

be applied to provide a [probably approximately correct| (PAC)) algorithm for

generating a hypothesis that will, with high likelihood, correctly predict the
label of a subsequently received sample. We extend these results to consider
problems whereby the labelling mechanism changes with some structure after

each drawn sample. In addition to proving that such a problem remains
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fprobably approximately correct| (PAC]), we present a constructive method of

generating the hypothesis using a [Mixed Integer Linear Program| (MILP]). We

illustrate the computational viability of our approach by applying it to an

[Autonomous Emergency Braking] (AEB]) procedure. This chapter is based on

— Nikolaus Vertovec, Kostas Margellos, and Maria Prandini. “Finite sample

learning of moving targets” to be submitted to Automatica
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Multi-objective Hamilton-Jacobi
reachability analysis

2.1 Introduction

Since the Galileo mission in 1991, we have seen a steady increase in proposed
missions to asteroids and comets, as they might hold the key to many scientific
questions including the origins of life on earth [7]. The Dawn mission to Vesta and
Ceres proved the viability of low-thrust electric propulsion for asteroid exploration |3,
111], and it is expected that many upcoming missions will rely on similar low-thrust
propulsion. While there has been a significant study of interplanetary transfer
trajectories using low-thrust propulsion, comparatively little research has been
conducted on the trajectory design in the vicinity of asteroids. Such a spacecraft
trajectory design problem is a classical safety-critical control problem whereby
we can formulate the safety constraints as state-space constraints. Yet additional

challenges arise since the objective is to use minimal amounts of propellant to raise

an orbit while keeping flight times as short as possible. This is a [multi-objective]

loptimal control problem| (MOCP)), whereby one seeks to find the optimal way a

dynamical system can perform a certain task, while minimising or maximising
a set of, usually contradictory and incommensurable, objective functions |108].

Conventional optimisation techniques for spacecraft trajectory design often fall

11
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into two categories, indirect methods, based on the calculus of variations, and
direct methods, whereby the optimal control problem is reformulated as a nonlinear
programme. Direct approaches rely on parameterisation and while a candidate
solution is found, there are no guarantees on the optimality of the solution. Indirect
methods, meanwhile rely on necessary analytic conditions for optimality using
Lagrange multipliers. Yet while optimality of the obtained solutions may be
guaranteed, indirect approaches, such as multiple shooting methods, rely on a
good initial approximation of the optimal trajectory [133} [150]. A third approach
is dynamic programming, whereby the optimality conditions are formulated in
continuous time based on the equation [133], however, it is hampered by the
so-called curse of dimensionality. Despite this, unlike direct approaches, optimality
is guaranteed, and unlike indirect approaches, the solution does not rely on an
initial approximation of the optimal trajectory. We expand on this third approach
by taking advantage of recent developments in reachability analysis.
Reachability analysis aims to find the set of points from which a target can be
reached within a given time, subject to constraints. It forms a fundamental part of
the dynamics and control literature and has been used extensively for controller

synthesis of complex systems [9, 94, [104]. In recent years we have seen considerable

research being conducted into computing reachable sets using [Hamilton-Jacobi

(HJ)) reachability analysis, whereby the reachable set is derived from the viscosity
solution of an [HJB|equation accounting also for the presence of state constraints.
Such an framework is presented in 23| 97] with more general value problems
bypassing previous regularity issues presented in [5]. In [64] an extension of the
framework to time-varying targets and constraints is considered and in [46]
the approach is extended to multi-objective control problems. [HJ] reachability
has also been successfully applied to various aerospace applications including air
traffic control [98], the climbing problem of multi-stage launchers [24], payload
optimisation [25], as well as most recently to the complete model of the ascent
problem of multi-stage launchers [22]. One of the advantages of using [HJ|reachability

is that the optimal trajectory can easily be constructed once the reachable set has
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been computed. This makes [H]] reachability attractive for problems that require
computing trajectories for various different initial states.

For the spacecraft trajectory design problem considered in this chapter, there
are two possible formulations for minimising the burnt propellant. The first assumes
that the initial mass is a free optimisation variable. This approach is common
during mission design where the total required fuel budget is being calculated. The
second formulation of the spacecraft trajectory design problem assumes a fixed
initial mass and the objective is to maximise the remaining mass after completing
a given orbital manoeuvre. This approach is more common when the manoeuvre
needs to be added to a given mission and the available fuel is non-negotiable.

To solve the first formulation of the spacecraft trajectory design problem, we
formulate the problem as a[MOCP] and show that it can be equivalently stated as
an optimisation problem subject to a constraint that involves the sub-level set of a
certain value function. The latter is shown to be the unique continuous viscosity
solution of a quasi-variational inequality that involves an [HJB|equation. Such value
functions have been defined in [23} 97| to account for the presence of state constraints.
This formulation allows characterising the Pareto front of the formulated MOCP]
and also facilitates its computation by means of available numerical tools.

To solve this second formulation of the spacecraft trajectory design problem, we
draw on research from [46] and extend our formulation of the to introduce
an auxiliary state, allowing us to account for arbitrary problems in Bolza form,
and, together with appropriate normalisation and approximations allowing for a
reduction of the state-space, greatly improving on the method presented in |145].

Thus our contributions can be summarised as

1. the formulation of an efficient constrained MOCP] for low-thrust spacecraft
trajectory design that optimises only over the set of admissible initial states

and transition times,

2. the reduction of the state-space through the use of appropriate approximations,
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3. the expansion of the [MOCP] to allow for a generalisation of the proposed

methodology for arbitrary multi-objective problems in Bolza form.

This chapter is organised into six sections. Section contains details regarding
the derivations of the spacecraft dynamics as well as the definitions of the constraints
pertaining to its behaviour. In Section the optimal control problem is formulated
while Section 2.4] describes how the set of admissible initial states is derived from
the viscosity solution of a quasi-variational inequality. Section is dedicated to
the numerical computation and case study of an orbital transfer around a rotating

asteroid. Finally, Section provides concluding remarks.

2.2 Mathematical description and physical mod-
elling

2.2.1 Spacecraft equations of motion

We begin by modelling the dynamics of the spacecraft. The spacecraft thrust

is defined in spherical coordinates as
u(t) = [a(t),6(), T(t)] €U, (2.1)

where a(t) € [—m, 7] is the incidence angle, d(t) € [—7, 7] is the sideslip angle and
T(t) € [0, Timax] is the variable thrust, with T, denoting the maximal allowable
thrust. The Cartesian transformation of the thrust vector is denoted by u,(t), u,(t)
and u,(t), respectively. The compact set U = [—m, 7] X [, 5] X [0, Tinax] is the set
of possible control input values while u(-) € U,q denotes the control policy and Uyq
denotes the set of admissible policies which is the set of Lebesgue time measurable
functions from [—o0, 0] to U. Note that time here is considered to be non-positive
to facilitate the reachability problem exposition in Section [2.3] The equations of

motion of the spacecraft around a rotating body can be expressed in 3-dimensional

Euclidean space as a second-order ordinary differential equation (see eg., [81])

20(0) x MO 1001y x (1)  r(ty + T
+ 220 Ry - :fé)) _LRQ 0
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where R(t) is the radius vector from the asteroid’s centre of mass to the particle,
the first and second time derivatives of R(t) are with respect to the body-fixed
coordinate system, U(R(t)) is the gravitational potential of the asteroid and (2 is the
rotational angular velocity vector of the asteroid relative to inertial space. The term

202(t) x %}St) describes the Coriolis forces, £2(t) x (£2(t) x R(t)), the centrifugal forces,

and Cmdit) X R(t) the Euler forces. We consider an asteroid rotating uniformly with
constant magnitude w around the z-axis. Therefore, the Euler forces can be neglected
and we can express the rotation vector as {2 := we,, where e, is the unit vector

along the z-axis. Following [70], the radius vector and its derivatives are given by

() (1)
Rt = [y)| O o) (23)
2(t) v, (t)

The Coriolis and centrifugal forces acting on the spacecraft (the first two terms

in Equation (2.2))) are thus

[—2 vy (t)

202 x d};it) = 2mg(t) : (2.4)
[—w?x(t)]

Ox (Ax R@E) = |—w?yt)] . (2.5)
L O _

To model the current position, velocity, and available propellant, we define the state

vector

T
ro= {x,y,z,vx,vy,vz,Am} eR’, (2.6)

where Am € R, denotes the available propellant. The total spacecraft mass
can be expressed as m(t) = mgo + Am(t), where mgy denotes the dry mass of the
spacecraft. Following our derivations from Equation (2.2]), we can formulate the

dynamics of the spacecraft, 7 = f(r,u), as

Uz
Uy
UZ
F(r,u) Uz, y,2) + w?s + 2wo, + mongm (2.7)

U,(z,y,2) + w?y — 2wu, +

U@, y,2) + 7 fmm

\/ Uz FuluZ

- Vexhaust

mo—i—Am
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where Vexhaust € R>0 is the exhaust velocity used to express the depletion of mass
as propellant is burned, U,, U, and U, are the derivatives of the gravitational
potential in the direction of the unit vectors e,, e, and e, respectively, and where
for brevity we neglect the time dependence by denoting r = r(t), v, = v.(t),

and similarly for the other states.

2.2.2 State constraints

Since the dynamics of the spacecraft were derived for orbits in the vicinity of the
asteroid, we need to enforce state constraints on z,y, 2. We naturally also need
to ensure that we bound the amount of propellant available. Assuming that the
burnout mass of the spacecraft is the same as the dry mass, we set mpy;, == 0 and
Mmax = Mpropellant and impose My < Am < Mpax-

Due to particles ejected from the asteroid, we do not want to fall below a circular
orbit with radius p = /22 + y2 + 22 of approximately puin = 1 km. Furthermore,
in order for the two-body problem under discussion to be valid and the influence of
other bodies in the solar system to be negligible, we need to stay within the
of influence (SOI)| of the asteroid. The can be approximated as in [131] by

>

psor = a (%) °. where a is the semi-major axis of the asteroid’s orbit around the

sun (1.5907 - 10® km), M is the Mass of the asteroid (1.4091 - 10'? kg) and M, is

the mass of the sun (1.9890 - 10%° kg), resulting in puax = psor ~ 8.74 km. The

set of states that satisfy the aforementioned restrictions is given by
]C = {T S R7 : P S [pminypmax]vm € [mmina mmax]} .

The target orbit that we would like to transfer to is denoted by the closed
target set C C K.

The initial orbit that we start at is denoted by the closed initial set Z C K.
Note that the initial and the target orbit restrict only the position and the velocity,
but allow the mass to take any admissible value within [mmin, Mmax)-

Since we restrict all admissible states to lie within the set K, which constrains

the radius p, it is more efficient to recast our problem in spherical coordinates. Thus
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we define a,, ag, a,; as the spherical coordinate transformations of the acceleration

terms, defined in Cartesian coordinates by

ap =Uy(2,y, 2) + w?z + 2wo,,
a, =U,(7,y,2) + wy — 2w,

a, =U,(x,y, 2).

The tangential velocity in the x-y plane, v;, and its perpendicular counterpart,

v, can then be defined as follows:

ve| 00 sin ¢

L}J _[ Py ] 7 &
M B lsinw[aep + 6v,] + fv, cos w] (2.9)
a | Up’éb +ayp ‘ .

Then we can restate the system dynamics in spherical coordinates as

T
r=[p,0,%, v, 0,01, Am| € R, (2.10)

flryu) = | ap+ —x;cosa |. (2.11)

T . .
a; + msmasmé

T .
a, + WsmacoscS

L Vexhaust .
With a slight abuse of notation, we also redefine Z, C, and K in spherical coordinates.

Finally, we make the following assumptions on the spacecraft dynamics.

Assumption 2.1. For every r € K the set {f(r, u):u € M} is a compact conver
subset of RT.

Assumption 2.2. f: R” x U — R is bounded and there exists an L; > 0 such

that for every uy,us € U,

[1f (riyun) = fra, ug)||< Lylfry — 7.

Due to norm equivalence, the choice of norm is irrelevant and not further dis-

cussed.
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Remark 2.1. Electric thrusters often have a minimum power at which they may
be turned on as well as a performance model that describes the thrust between
the upper and lower bounds [50]. This commonly necessitates the inclusion of a
nonzero minimum thrust. As in (95, |151], it can be shown that the inclusion of
a nonzero minimum thrust and a convezification of the dynamics does not alter
the optimal minimisers of the Hamiltonian in Section [2.4.3. This is because the
dynamics are affine with respect to the thrust and as such the optimal thrust will
be bang bang, equating to thrust arcs (constant thrust) and coast arcs (no thrust)
(51]. It is therefore reasonable to not consider the minimum power constraints for

medium-fidelity trajectory design and we assume Assumption to hold.

Using Assumptions and , for any control policy u(-) € U,q, any initial
state ryp € K and transfer time ¢y > 0, the system admits a unique, absolutely

continuous solution on [—tf, 0] (see [125]).

2.3 Problem Statement
2.3.1 Multi-objective optimal control problem

Having defined the system dynamics, we are now in a position to discuss how to
find trajectories that start on an initial orbit, Z, and take the spacecraft to some

final orbit, C. Additionally, the objective is to keep the flight time and required

propellant as small as possible. Thus, the multi-objective optimal control problem|

can be formulated as a minimisation problem whereby the first goal is to minimise
the required propellant, Am, and the second is to minimise the required time for
the orbit change, i.e., the transfer time, denoted by t;. The trajectory, r(-), which is
the solution of Equation (2.10)), belongs to the Sobolev space W'!(R"). The set of

trajectory-control pairs on [—ts, 0] starting at ro with transfer time ¢; is denoted as:

Mpg e = A{(r (), u()) [ 7(2) = fr(t), ul(t)),
Vt € [—t, 0];7(—tf) =10} C WHHRT) X Ung.
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Note that as in [39] we adopt the convention that 0 denotes the terminal time
hence the transfer time ¢; denotes the time duration. Under Assumption and

by Filippov’s Theorem |87, p. 121], we can conclude, that IT is compact.

ro,tf

Remark 2.2. For similar applications as the one discussed in this chapter, where
Assumptz'on might not hold, we refer to [22] where convexification of the dynamics
is considered in order to ensure that the set of absolutely continuous solutions of

the problem is closed.

The set of admissible (in the sense of satisfying the state constraints) trajectory-

control pairs on [—ty, 0] starting at 7y with transfer time ¢; is denoted as:

S = {(r(-),u(")) € o, |7(t) €C, YVt € [~ty,0];7(0) € C} C Iy,

ro,tf

Finally, the set of admissible initial state and transfer time pairs is denoted as

I'ze :={(ro,ty) € Z x [0,4+00) such that 1] o £ 0}

ro,tf

For a given initial state 1o € R” and transfer time ¢; € [0,+00), we can define
the cost functions as Jy(ro,tf) = Am and Jo(ro,tf) = ty, where Am is the
7-th element of the state vector rq. The 2-dimensional objective function J :

R” x [0,+00) — R? can then be written as

J(To,tf) = [Jl(ro,tf), JQ(?”(), tf)]T . (212)

We are now in a position to formulate the multi-objective optimal control problem|

under study as
minimise J(ro,t
(ro,tf)€Tx[0,00) (o 7) (2.13)
subject to (ro,tf) € I'zc

2.3.2 Pareto optimality

The solution of (2.13) in general does not consist of a single isolated point, but

rather a set of optimal compromises between the objectives J; and Jy |102].
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Definition 2.1. A solution (ro,t;) € T'z¢ is considered Pareto optimal if B(vo, ;) €
Tz such that J(r,t;) < J(ro,tf),

where a vector a is considered less than b (denoted a < b) if for every element
a; and b; the relation a; < b; holds. The relations <,>,> are defined in an
analogous way. Following Definition , a solution (ro,ts) is considered Pareto
optimal if it is not possible to improve all its performance metrics J1(ro, ts), Jo(70, t )
simultaneously. The set of Pareto optimal solutions is called the Pareto set Pg,
while its image is the Pareto front Pg. Therefore, the solution of , i.e., the
set of minimising (ry,t) pairs, is the desired Pareto set, while the cost function
corresponding to the minimising (ro, ts) pairs is the Pareto front. To allow mission
designers to determine a compromise between minimising required propellant and
transfer times, we wish to compute the Pareto front.

The constraint in (2.13)) ensuring a solution (r9,%s) is feasible, makes solv-
ing exceedingly difficult, as for each candidate solution it becomes necessary
to check that a feasible trajectory exists. Furthermore, to obtain the Pareto front
of the proposed multi-objective dynamic programming problems using conven-
tional solution methods such as Normal Boundary Intersection or multi-objective
evolutionary algorithms such as MOGA (Multi-Objective Gen. Alg.), NSGA,
NSGA-IT (Non-dominated Sorting Gen. Alg.), SPEA, SPEA2 (Strengthen Pareto
Evolutionary Alg.), or NPGA (Niched Pareto Gen. Alg.) require the feasible
region of constraints to be formulated using equality and inequality constraints |66,
113]. Therefore, to make our readily fit into the framework of conventional
multi-objective optimisation problems, we will subsequently discuss how we can

recast the constraint (rg,ts) € I'z¢ as an inequality constraint.

2.4 Solution to multi-objective optimal control
problems

To find an equivalent formulation for the constraint (ro,ts) € I'z¢, let g(r) and v(r)

be two Lipschitz functions (with Lipschitz constants L, and L,, respectively)
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chosen such that

g(r) <0 <= rek,

v(r) <0 <= recC.

This can be achieved by choosing ¢g(r) and v(r) as the signed distance to the set
K and C, respectively. Next, we consider the value function w:

w(ro,ty) = inf {V(T(O)) \ max

r(t)) ¢, 2.14
oontiin., g(r(t)} (2.14)
where a\/ b denotes max(a,b). We are now in a position to use the value function
to decide if, for a given initial state and transfer time, there exists a corresponding

admissible trajectory. Thus we can introduce an equivalent formulation of (2.13)).

Theorem 2.1. The constrained (2.13), is equivalent to

minimise J(ro,t
(ro,ts)€Zx[0,00) (ro, ) (2.15)

subject to w(re,ty) <O0.
Proof. We show that (rg,ty) € I'z¢ <= w(ro,ty) <O0.
Case A: Consider (ro,tf) € I'ze. For the sake of contradiction assume that

w(ro,tf) > 0. This then implies that for all (r(-),u(-)) € TINS  either v(r(0)) >

ro,tf

0 <= r(0) ¢ C or there exists t € [—ty,0] such that ¢g(r(t)) >0 < r(t) ¢ K.
This contradicts the fact that (ro,tf) € I'z¢ establishing that (ro,ts) € I'z¢ implies
w(ro,tr) <0

Case B: Consider (ro,t;) € I x [0,00), such that w(rg,t;) < 0. Under
Assumption [2.1], applying Weierstrass’ Theorem on the existence of minima for

compact sets [5, [14], we can conclude that the infimum over II exists, and thus,

r0,tf

w(ro,ts) < 0 implies the existence of a trajectory-control pair (r(-),u(-)) € 4,

such that for all ¢ € [—t;,0], g(r(¢)) < 0 and v(r(0)) < 0. By definition of the

function ¢ and v, we thus have r(¢) € K for all t € [~t¢,0] and 7(0) € C, which in

turns implies (r(-), u(-)) € TIN5 ;- Therefore,
w(To,tf) <0= (To,tf> - FI,Cy

thus concluding the proof. O
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Theorem implies that the Pareto front can be computed from the solu-

tion of (2.15)).

2.4.1 Extension to problems in Bolza form

We will now generalise our approach to problems where the objective functions
do not rely only on the initial state and are written in Bolza form. To achieve
this we need to introduce auxiliary states. As in [5, |46], we show how problems
in Bolza form are reformulated into Mayer form, and then show how problems
in Mayer form are solved in a similar fashion as in Section 2.3] Consider the
p-dimensional objective function defined as:
0

TR (), (), ) = () + [T (r(s),uls))ds, (2.16)

where J' denotes the terminal cost and J* denotes the running cost. We impose

the following assumptions, as in [46].

Assumption 2.3. J' is locally Lipschitz continuous on R” with Lipschitz constant

LY(R) for every neighbourhood R C R”.

Assumption 2.4. J* is continuous on R" x U. Moreover, J* is locally Lipschitz

continuous on the first variable with Lipschitz constant L*(R) for every neighbourhood

RCR.

Remark 2.3. To ease notation, we omit the dependants on the neighbourhood
for the Lipschitz constants and instead assume the existence of a global Lipschitz

constant L* and L, respectively.

In light of the objective function (2.16]) we revisit Definition to introduce

the concept of Pareto optimality for problems in Bolza form.

Definition 2.2. Let (ro,ts), (fo, 1) € Tzc. We consider the trajectory-control pairs
(r(-),u(-)) € IS, and (7(-),a(-) € TS

70ty fo,ff

1. The trajectory r(-) strictly dominates 7(-) if

JBolza(T<'>’ u()’ tf) < JBOlza(f<.)7 @()7 t}) (217)
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2. The trajectory r(-) is considered Pareto optimal if ¥(Fo,ts) € Tz,
B(P(),al) € W5 such that J2(7(),a(-), £5) < %" (r (), u(-), ty).

,t

Next, we define an auxiliary state zy € R? as:

{jggi - Z_OJ (r(s),uls)), Vs € [~ts,0] (218
where 2y becomes an optimisation parameter and z € WH(RP). The auxiliary state
captures the cumulative running cost and thus is treated as an additional state. In
the same manner we previously ensured a trajectory, r(-), stayed within the set I, we
bound z(-) and ensure that the integrated running cost, added with the terminal cost,

stays below some value zy. To capture all possible trajectories, we introduce the set

Zrotgz0 = (), ul), 2()) [ (1), ul)) € Ty 15

2(s) = —=J"(r(s),u(s)),Vs € [—t7,0];2(0) = 2},
(2.19)

and make the following assumption.

Assumption 2.5. For every r € R7 the set

L] et

is a compact convex subset of R7 x RP.

Under Assumptions 2.2} [2.3] and [2.5, by Filippov’s Theorem [87] p. 119],
the problem ([2.21)) admits an optimal solution, which implies the existence of an

admissible r(-) and z(-) [46]. This yields the following relationship due to (2.18)

)

V 60 = s-tp)] = V 2000 + [ 560 ut)as -] 220

where \/; x; denotes the maximum element of the vector z. We now introduce

the auxiliary value function :

O(ro, by, 20) == inf {\/ T (0)) = zi(—ty)]

()20 EZrg t 1m0
\ v(r(0))\/ max g(r(s))}. (2.21)

SE[—tf,O]



24 2.4. Solution to multi-objective optimal control problems

As with w, the term max,e+, g g(r(s)) and v(r(0)) ensures that any trajectory
() remains in K and terminates in C. The additional term J!(r(0)) — z;(—ty)
ensures that the integrated running cost, J*, combined with the terminal cost,
J* never grows larger than zo. Thus, in addition to ensuring that (r(-),u(:)) are
admissible trajectory control pairs, the sub-zero level set of 1 bounds the terminal

and integrated running cost. Therefore,

I(rotr,20) <O <= [3(r(),ul) € IS 1T (r (), u(-), ty) < 2] (2.22)

To,tf

We are now in a position to introduce the generalised version of (2.13) for objective

functions in Bolza form:

minimise 20
(rosts,20)ELx[0,00) X RP (2.23)
subject to ¥(ro, ts,20) <0,

where 2 represents an upper bound for the term JB%(r(-),u(-),t;), without
explicit knowledge of r(-) or u(-).

Unlike the ([2-15), the cost function of does not depend on t;
explicitly. By introducing a change of variables, we will incorporate the unknown
terminal time, ¢, within the framework of a fixed finite horizon problem, allowing

us to reduce the size of the constraint 9. Let us introduce
ti,(s) =to+s(ty+to) for se[-1,0]

The new dynamics of the fixed final horizon problem (where the final horizon is

1 and ¢y := 0) are subsequently defined as:

Flruty) = (t; — to) f(r,u) = ;((3_); i ) s €[=x0] (2.24)
L(—k) =1ty

where k is chosen from [0, 1] and ry is an initial state. Analogously, the augmented

set of trajectory control pairs is defined as

Mgy, = {(FC), @) 1 7(s) = F(7(s), ils), 1(5)) ¥s € [~1,0];
F(—1) = oy 1(=1) =1},

IS = {(F(),a() € Hypy, 1 7(s) €K, Vs € [~1,0); r(0) € C} C I,y

ro,tf
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In light of the new dynamics, we will redefine the objective function (2.16|) for

the augmented dynamics as
0
TR ), l), ty) = JHEO) + [ T((s), As), ), (2.25)
-1

Similarly, we define the augmented auxiliary state

Z(s) = —J"(7(s),u(s), ty), Vse[—1,0] (2.26)
Z(0) = 2, '
which in turn yields the set

ZT(),tf,Zo = {(77(%&()75()) ’ (F()7ﬂ<)) S ﬁm,tf;
H(s) = —J7(7(s),@(s),t;) Vs € [~1,0];3(0) = 2}, (2.27)

Using the augmented dynamics we can define an augmented value function, w:

&(k, o, 20, ) = inf {V [JE(0) = Zi(—n)]

GOECESIS-A
Vr(0) V max g(7 ()}, (2.28)

where we make use of the relationship (2.20]). Finally, we utilise the augmented

value function to define

¥(ro, 20) = Irtlin&;(l,ro,zo,tf), (2.29)
f

which can be used as a direct substitution within the MOCP] (2.23). For a potential
speed up of the MOCP]| we will next show that the inequality constraint in (2.23)) can
in fact be replaced by an equality constraint. To this end, we will start be introducing

the Utopian point J;(Z,C), which is the lower bound of JB°#* defined elementwise as

JHT,C) = inf JEE (), U(-), ). (2.30)

(OO 300700}

Furthermore, we will introduce the following Lemma.

Lemma 2.1. Let ro € R”. Then for all zy, 29 € RP, 2y < 2, it holds that

20 < 20 = 5(7’0,20) > 5(7”0, 20) .
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Proof. Following the definition of 5, there exists a tf,t} € [0,400) such that:
5(7“0, 29) = w(1, 7o, 20, tf) and 5(7“0,20) = &(1,70, 20,1f). Subsequently, we have:

19(7“0, 20) = @(1,7“(), §0atAf) S @(1,7"0,20,tf) S @(177“0>Zoatf) = ’19(7“0, ZO)'
]

Next, we will consider a parameterisation of the Pareto front utilising the

Value function .

Theorem 2.2. Let z} = J;(Z,C) be the Utopian values associated with the initial
2 H1
orbit T and target orbit C and let us define z* == | i | and p:= | : | € RE,. We

*

Zp ILLp
consider the extended function Ozc : [0, 1P — [0, 00| defined as follows:

Ozc(p) = inf {7’ >0|3rgeZ: Urg,z" 4 pur) < 0}.

Let us define the (p — 1)-dimensional manifold:

= M1 »
Sre ::{ ; +u-@f,c<u>‘u:: [0, 1Pwith zukzl}.
Z; Hp k=t

Any trajectory reconstructed from Xzc, is guaranteed to be Pareto optimal.

Proof. Let (ro,ts, 20) € Tze X Yze with (7(-),4(-)) €TINS such that

TPV (), a(), ) < 2. (2.31)

By definition of ¥z, there exists a p € [0, 1] with Y-} _; g = 1 such that zy =

2"+ uOz ().
First note, that if 3i € {1,...,p} : s = 0, then zy; = z* and A(F(-),u(")) €

A

TG B () au(-), ty) < JBY(7(-), u(-), tf), as the Utopian point by definition

ro,tf

cannot be dominated. Therefore, we will assume that p; # 0 for all ¢ € {1,...,p}

and show by contradiction that #(7,7) € I'ze and (7(-),u(")) € ﬁfoif that can

strictly dominate (7(-), u(-)).

Let us assume there exists a (7, 77) € T'z¢ and (7(-), u(-)) € ﬁfoctf that strictly

dominates (7(-),a(-)), i.e., 2o = JP(F (), u(-), i) < JP(F(), a(), ;) < 2.
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Therefore, 9(#y, %) < 0 and there exists a unique pair (fi,7) € (0,1]” x RZ, such
that > fu. = 1 and 2p = 2* + 47 < 2* + uOzc(p) < 2.

If we assume that i = pu, then consequently 2y = 2* 4+ p7 which implies that
# < Oz¢(p). However, since 9(fo, 29) < 0 it must hold that # > ©7¢(u), a clear
contradiction.

Alternatively, we consider the case i # u. In this case we can define Dimax -

imax

Vil Li > 1 for imae € {1,...,p}. Introducing 7 = bimax 2 > 2 yields 20imax =
z;"max + e ™ = 25+ HigaxTo- By definition of strict dominance, 2y < 2y <=

Vie {l,...,p} 20 < 20, and therefore Zo;,.. < 20imax = %1 + Himax Oz.0(1t). This
implies that 7y < Oz¢(p) (and thus that 7 < ©z¢(u)), which is a contradiction
since for 5(%,20) < 0 it must hold that 7 > ©z¢(p). In conclusion, there is
no admissible pair (;’(),ﬁ()) that strictly dominates (7(-),u(-)) and thus every

trajectory reconstructed from Yz is Pareto optimal. O]
For the construction of the ¥z we introduce the following theorem.

Theorem 2.3. X7 is a subset of the zero level set of the value function :
EI,C g {ZO S RPETO € I : 3(7’0,20) = 0} .

Proof. Let us assume that 370 ¢ {zo ERP|TIrgel: 5(7”0, 20) = O} and therefore
there exists a rg € Z and zg = 2* 4+ uOzrc(u) € Xz e, such that 5(7’0, 29) < 0. The
case 5(7"0, 2p) > 0 can be excluded, as it follows from the definition of ©z¢, that
V2o € Y10, 15(7‘0,20) < 0. 5(7’0,20) < 0 implies that there exists a (ro,t7) € I'z¢
and (7(-),u()) € lL0 i, such that

B, =" + pOre()) = [\/ TP, T(), ty) — % — Ozc(p)

%

\/ (7 \/maxg(())}<o

se[—1,0]

=\ JZBC”“(?(-)’ u(-);ty) = 2 = piOze(p) <0

From the continuity of the value function, we can conclude that this implies the

existence of a 7 < Oz¢(u), such that

\ PO (7 (), a(-), ty) — 2 — pi®ze(p <\/=]BOlza (7(-), ul), ty) — 27—t <0,

i
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However, such a 7 is contradictory to the definition ©z¢(x) and subsequently there

is no zp in ¥z such that 15(7“0, 2p) < 0 and therefore
Y7e C {ZO eRP|Fro €7 5(7“0, 20) = O}.
]

Thus it immediately follows from Theorem that the inequality in the
MOCP] (2.23)) can be exchanged with an equality constraint yielding

minimise 20
(ro,20)ETXRP (2.32)

subject to  9(rg, z) = 0.
It is worth pointing out that while the constraint of the is of a lower
dimension compared to problem , the computational cost of the reachability
problem will increase, since we include an additional auxiliary state to bound ;.
The number of states and objectives will thus determine which formulation ((2.32])

or (2.23)) is the most computationally efficient approach.

2.4.2 Value function computation

We will next consider the construction of the value functions w, 9 and J. We will

begin with w and introduce the Hamiltonian H : R” x R” — R,

H(r,q) = 15161511 (qTf(T, u)) (2.33)

where ¢ € R is the costate vector. It then follows that the value function w is the
unique continuous viscosity solution of the following quasi-variational inequality
0 =max{g(r) — w(r,t),0w+ H(r,V,w)}
for all ¢ € [0,00), r € R, (2.34)
w(r,0) = (V(’f’) \/g(r)) for all r € R
Since the Dynamic Programming Principle [14] holds for h € [0,tf], (ro,t;) €
K x R with t; > 0:
w(ro, ty) = inf {w( (h—ty),ty — \/ nax r(s))},

(r(')vu('))enro,tf tf h— tf]

!Note that a change of sign in the definition of the Hamiltonian was omitted in [147].
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the derivation of follows standard arguments for viscosity solutions, as
shown in [5, [97]. Note that the infimum should be understood to be over the
restriction of Il,,;, over [ty h — ty].

As in [23]97], a consequence following from is the Lipschitz continuity

of the value function.
Proposition 2.1. The value function w is Lipschitz continuous.

The proof is similar to the more general proof of Proposition [2.2)that is introduced
in the sequel. Proposition allows us to make statements about the discrete-
continuous error estimate, for which we refer to Theorem 5 in [23], as well as the
convergence of the value function, for which we refer to Proposition 6 in |63].

We next consider the computation of the Hamiltonian. As the PDE is solved
backwards in time using a finite difference scheme, the Hamiltonian is given by

H(r,q) = — min,ey (qT f(r, u)), which admits an explicit form. Consider the term
C(r,q) == qv, + qvy + q3v1 + qua, + gsas + gea -
Then we can write the Hamiltonian as

T
H(T’, q) = — lglelg{l (m(Qzl COS & (235)
T

+sina (gssind + ggcosd) ) — g7 ) — C(r,q). (2.36)

Vexhaust

As T is always positive, the thrust angles can be optimised separately; see the
Appendix for more details. Furthermore, the derivation of a* and ¢* follows a
similar procedure as in [22] and is listed in the Appendix. After applying the
optimal thrust angles, the Hamiltonian becomes affine in 7" and we are able to find

the optimal thrust magnitude. In particular, H(r,q) becomes

T
H = — i N ) 2 2
(r.q) Tef(lJl,lTIiax] ( mo + Am Qi 45+ a6~ ar
= T* .= { ~max

)= C(r,q), (2.37)

exhaust

Vexhaust mo+Am - (238)
0 otherwise
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Remark 2.4. For the optimal control computation during the trajectory calculation,

we have numerically investigated the occurrence of singular arcs and found no

Vatat+ag - g

mo+Am Vexhaust

instances in which over an extended interval, thus we do not

further consider the singular control case.

Finally, applying 7™ and rewriting the minimum as the maximum of the negation

of the associated function, the Hamiltonian takes the following analytic form

Tmax Tmax
H(r,q) = —C(r,q) + max (qr +m0+Am\/q§+q§+qg,0).

Vexhaust

Following similar argumentation, we now consider the generalised value function
which can again be obtained as the unique continuous viscosity solution of a
quasi-variational inequality

max {g(r)—d(r,t,2),000 + H(r,V,9,V.0)} =0

for allt € [0,00), r € R7, 2z € R?,

I(r,0,2) =\/ {Jf(r) — ZZ} \v(r)\ g(r) (2.39)

(2

for allr € R7, 2 € R?

where the Hamiltonian is defined as
— : T - T 1r
H(r,q;, ) = min (¢ f(r,u) = ¢/ J'(r,u))
Proposition 2.2. The value function 9 is Lipschitz continuous.

The proof can be found in the Appendix. Proposition [2.2] can be used to show
that a numerical solution of (2.39) (in the viscosity sense) can always be determined.
For completeness, the augmented value function @ is the unique continuous

viscosity solution of the quasi-variational inequality

max {g(r)—w(k,r, 2,t5), 0.0 + (t; —to)H(r, V,@,V,0)} =0
for all k € [0,1], t; € [0,00), r € R", 2 € RP,

w(0,7, 2,t5) =\/ [Jf(?“) - zz] \v(r)\ g(r) (2.40)

)

for allt; € [0,00),7 € R,z € RP
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2.5 Numerical Approximation and Results

We will now discuss how the value functions can be obtained numerically, prior
to discussing how the spacecraft trajectory design problem is solved. Following
Proposition , a numerical solution to (2.39) can be found. To this end, we
employ the Level Set Methods toolbox of [103]. For the computation of w, we

use a Lax-Friedrich Hamiltonian
_ P+t & _
Hrp~p") = Hir,——o—) = > 5 (0" —p"), (2.41)
k=1

where p™ and p~ are the right and left derivatives computed using an appropriate

fifth-order [weighted essentially non-oscillatory (WENO)| scheme [110]. The Lax-

Friedrich Hamiltonian consists of an analytic expression of the Hamiltonian (derived
previously), as well as a dissipation term, which is scaled by the dissipation

coefficients ay. The dissipation coefficients oy needs to satisfy

oOH

o > | —
k_8Qk

. (2.42)

Since we need oy, to serve as an upper bound, we consider the control input that

maximises the Hamiltonian:

OH oC(r,q) 0 Toox T
| T T T aa T g, max(g + G+ +q,0)| (243
8Qk ‘ an 8qk ( 7Uexhaust mo + Am 4 5 6 )‘ ( )
|Up| k=1
| k=2
|2 k=3
p Tl k=4
N = (2.44)
— Tmaxq4 —
la; — max(0, (mo+Am)\/q§+q};+qg)| k=5
— Tmax(IE —
la; — max(0, (m0+Am)\/q§+qg+qg)| k=6
ot k=T,

For a further discussion of the Lax-Friedrich Hamiltonian and WENOQ] scheme, we
refer to [110], while for a discussion of the convergence of w and the derivation of

a necessary Courant-Friedrichs-Lewy condition, we refer to [23, 75| |103].
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Scale Values

Distance | Initial radius pg
Velocity | 2 m/s

Time Po/vo

Mass 1 kg

Force Maximum thrust Ty«

Table 2.1: Normalisation values

2.5.1 Implementation

To illustrate the theoretical results of the previous sections, we consider a spacecraft
on an initial near circular orbit around asteroid Castalia 4769. The goal is to
compute an efficient transfer trajectory that raises the spacecraft to a stable orbit
at an altitude of 6117.5 m above the asteroid. For the derivation of a stable orbit
around Castalia 4769 we refer to [85] and references therein. The gravity of Castalia
4769 was modelled by means of a spherical harmonic expansion as discussed in |78,
126, 127]. Even though the proposed theoretical framework allows us to tackle
problems of any state dimension, the available numerical tools and computational
power limit us to only study the lower-dimensional planar case of the application.

We, therefore, omit the states ¢ and v, to consider only
T 5
r= [p,@,vp,vt, Am] € R”. (2.45)

To avoid ill-conditioning when solving the HJB equation, the state vector
is normalised using the constants introduced in Table 2.1, This results in the

following dynamics:
Up

f(’l", U) = |dp + moi%Am cosay, (246)

cT :
a; + ot Am S
__cr

Vexhaust
where ¢ = Tyaxpo/(moVE) is a normalisation constant. pg, mg, and vy denote the

initial radius, mass, and velocity of the initial orbit, respectively. The optimal

control policy and trajectory (r(-),u(-)) € IS

ro; can be constructed efficiently

using the numerical approximation of w. For a given N € N we consider the time
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1
N

and a uniform grid of [—t;,0] with spacing s* = £. Let us define

step h = ~

the state {r*}1_, and control {u*f}' for the numerical approximation of the
optimal trajectory and control policy. Setting rg as the initial orbit, we proceed
by iteratively computing the control value

u*(r*) € argminw(r® + hf(r¥,u), ) \/ g(r¥).
uel

For a given w(r*,s*), this is done by numerically taking the partial derivatives
along each grid direction to estimate the costate vector, ¢, and then determining
the optimal control values as the minimiser of the Hamiltonian, H. After u* is

determined we compute r¥*!

using the Matlab ode113 function, a variable-order
Adams-Bashforth-Moulton method of order 1 to 13 [132], and increment k. For the
implementation, we discretized the interval [—tf, 0] using N = 4000 grid points.
As shown in Figure [2.1, when considering orbits further than 4 km away from
the surface of the asteroid, the variation of the gravitational acceleration along

0 becomes negligible. It is, therefore, possible to approximate the gravitational

terms in spherical coordinates as

Up(p,0) = Uy(p)
UQ(pa 9) ~ 0.

Using this approximation makes a, and a; independent of . This allows us to
omit a grid dimension while numerically solving the quasi-variational inequality
(2.34)), greatly reducing the computational cost. Thus the final set of states used

for the computation of the value function is
T 4
r=|p, v, v, Am| € R (2.47)

During the calculation of the optimal trajectory, 6 can easily be reconstructed by

forward integrating the dynamics at each time step s*, i.e.,

k1 k
gk+1 — gk +/ U—’;ds. (2.48)
sk P



34 2.5. Numerical Approximation and Results
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Figure 2.1: Gravitational acceleration comparing U, and Uy around Castalia 4769.

p U vy Am
Points 20 40 40 32
Spacing 0.0045 | 0.0416 | 0.0088 | 0.0067
Minimum | 0.8067 | -0.2495 | -1.4154 | -0.0533
Maximum | 1.0270 | 1.3722 | -1.0704 | 0.1533

Table 2.2: Spatial grid configuration

2.5.2 Simulation results

The spacecraft is modelled with 750 kg of dry mass, 600 mN of maximum thrust,
and an exhaust velocity of 40 km/s. Using an initial orbit with radius 5.1 km and
tangential velocity of —2.4 m/s, we are able to compute the numerical approximation
of w using the spatial grid described in Table in combination with a temporal
grid using N = 1000 grid points. The propagation of the zero level set over time
is shown in Figure 2.2 and 2.3] Since the temporal grid for the calculation of the
value function is more coarse than that used for the trajectory calculation, we need
to interpolate the value function while computing the final trajectory. The final
computed trajectory, for an initial propellant mass of 24.89 g and transfer time

2757 s is shown in Figure 2.4 The asteroid rendering for Figure [2.4 was computed
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Figure 2.2: The evolution of the value function, w, projected in the p-v; plane for v, =0
and Am = 100 g.
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Figure 2.3: The evolution of the zero level set of the value function, w, projected in the
p-v¢ plane for v, = 0 and Am = 100 g.
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Orbits and transfer around Castalia 4769

6 Transfer trajectory
Target orbit
Initial orbit

4+

2 L

>~ 0-

2

4

B

-5 0 5
X

Figure 2.4: Initial orbit and transfer trajectory to a circular orbit ~ 1 km further away
from the asteroid.

as in [85]. The accuracy of the final orbit is within 41 meters of the target orbit.
Calculating w took 9 hours using a 3 GHz 8-Core Intel Core i7-9700 processor
running Matlab with an extension of the Level Set Methods toolbox [40]. The run
time and accuracy can be significantly improved upon when using optimised code
such as [26, |38]. To show how the accuracy of the solution, the memory usage as well
as the CPU time varies with the grid size, we recompute the value function and the
trajectory with coarser spatial grids, as presented in Table 2.3] We use only single-
precision arrays to store the value function, yet utilised double-precision arrays for
all numerical calculations on the value function. The subscript final denotes the
values of the final point of the computed trajectory, i.e., 7(0), while target refers
to the target orbit used to define C and subsequently initialise the computation
of the value function. Once w is computed, it is incorporated into (2.15[), which is
solved using Matlab’s paretosearch function. Solving the MOCP]took 120 seconds
and the resulting Pareto front is shown in Figure [2.5]

A comparison of the thrust magnitude of the smoothed optimal control policy is

shown in Figure[2.6] As can be seen, the time-optimal solution uses near-continuous
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Low Medium High
Grid Size (24 18 18 12] | [32 24 24 16] | [50 40 40 32]
CPU Time 20 min 44 min 9.28 hours
Memory to store w 374 MB 1181 MB 10.25 GB
| Pfinal — Prarget ] 82.72 m 64.72 m 40.83 m
|[Vp final — U target | 6.80e-5 4.26e-5 8.31e-7 ™
|Vt final — Ut target| 2.40e-4 " 4.01e-4 = 2.41e-4

37

Table 2.3: Comparison of the accuracy, CPU time, and memory usage as the size of the
grid changes.

Pareto front
3100 1

3000 1

2900 1 i
\
|

2800 1

Sy
-

2700 1

2600 Ny

2500 1

2400 1 1 1 1 1 1 1
20 25 30 35 40 45 50 55

Figure 2.5: Pareto front of the objective functions J; = Am in grams and J; = t; in
seconds. The trajectory in Figure 2.4 is derived using the point marked by the black
diamond, while the time-optimal solution used in Figure uses the point denoted by
the magenta pentagram.

thrust to reach the target, at the cost of using a large amount of fuel. The control
policy of the trajectory presented in Figure 2.4 meanwhile, has noticeable cruising
phases where no fuel is consumed. As expected, the thrust magnitude of both
policies follows a bang-bang structure.

To illustrate the results of problems in Bolza form, we consider the case of
optimising the remaining propellant instead of the initial propellant. Therefore,
let us fix the initial propellant to 100 g. We use a similar setup as in [2.5} with

the addition of the auxiliary state, z, defined as a terminal cost. While the
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Optimal thrust magnitude of the proposed trajectory in Figure 4

T [TILI0
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timeins
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T T T T T T T T
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timeins

Figure 2.6: A comparison of the thrust magnitude of the smoothed optimal control
policy of the time-optimal solution and the trajectory presented in Figure

p Uy vy Am z
Points 32 24 24 32 32
Spacing 0.007 | 0.069 | 0.016 | 0.0067 | 0.0067
Minimum | 0.805 | -0.277 | -1.446 | -0.0533 | -0.1533
Maximum | 1.029 | 1.317 | -1.068 | 0.1533 | 0.0533

Table 2.4: Spatial grid configuration for the Bolza problem.

is computationally cheaper for the multi-objective optimisation solver,
the additional computational cost that results from the inclusion of the additional
state t; in the augmented value function & makes the reachability problem ([2.40))
impractical for large time horizons. To this end, we refer to [145] for results
of the augmented reachability problem, where only small orbital corrections are
considered. For the remainder of this section, we instead solve the .
We consider the uniformly spaced grid over r and z, defined in Table [2.4] Storing
the value function using single precision requires 15.2 GB of memory. Since the
objective is to maximise the remaining propellant, the optimisation problem needs
to minimise —Am. Therefore, for a given final state r; € R® (defined as in
Equation (2.45)) and transfer time ¢y € [0, +00), we define the cost functions as

Ji(rp,ty) = —Am and Ja(rs,ty) = ty, where Am denotes the 5-th element of
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Pareto front
3100 L
[
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2900r =
<2800 1
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-80 -75 -70 -65 -60 -55
Am

Figure 2.7: Pareto front of the objective functions J; = z in grams and J; = ¢y in
seconds, for the Bolza problem. The point used for trajectory calculations is marked by
the black diamond.

the state vector 7y (the mass in our case). The 2-dimensional objective function

J : R® x [0,4+00) — R? can then be written as

T(ry,ty) = [Ji(rp.tp), Ja(rp,tp)]" (2.49)

The resulting Pareto front is shown in Figure 2.7] Calculating the reachable set
took approximately 32 hours of CPU time. Using the reachable set, calculating
the Pareto front took approximately 258 seconds. As expected, the Pareto front
looks similar to that of Figure [2.5] yet not identical due to numerical inaccuracy
and change in the initial mass, resulting in modified dynamics.

Using an initial propellant mass of 100 g, z of —75 g, and transfer time of 2698
s, the transfer orbit is computed in the same way as before. As expected, the
transfer trajectory is similar to the trajectory shown in Figure 2.4 and the accuracy
of the transfer orbit is within 66 meters of the target orbit. For comparison to
the first approach, the accuracy of the second approach is shown in Table 2.5

From comparing the Pareto front, it can be seen that both methods have a
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Bolza-formulation
Grid Size (32 24 24 32 32]
CPU Time 32 hours
Memory to store w 15.2 GB
’pﬁnal - ptarget’ 66.14 m
|Up,ﬁnal - Up,target‘ 1.8e-6 %
|Vt final — Ut target| 0.0018 =

Table 2.5: Comparison of the accuracy, CPU time, and memory usage for the second
formulation in Bolza form.

minimum transfer time of around 2500 seconds as well as a minimum propellant
requirement of just over 20 g.

From the computation times of both the Bolza and original problem, it can be
seen that, while the becomes considerably more tractable, the computational
load of the overall problem has been shifted to the reachability problem. However,
compared to previous approaches whereby the Pareto front is computed directly
from the value function [145], the presented approach sees a significant overall

computational improvement.

2.6 Conclusion

We have presented an extension of [HJ| reachability to in Bolza form. Using
the subzero level set of the value function, we express the feasible region for all
solutions of the[MOCP]using an inequality constraint. We demonstrate the feasibility
of the proposed approach by considering the design of a low-thrust trajectory around
a rotating asteroid. As the underlying reachability problem is still subject to the
curse of dimensionality, we rely on potentially coarse grids for solving the
equation. In light of this, the subsequent chapter will introduce an approach towards
empirically estimating the numerical error and thus understanding when the grid

size needs to be increased to reach a desired level of numerical accuracy
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2.7 Appendix
Proposition

Proposition 2.3. Under Assumption[2.3, any two trajectories r(-) and #(-) re-
constructed from f, with r(—ty) = ry and #(—ty) = 7y, respectively, are such that

|r(t) — #(t)]] < ||Jro — Folle®DEr for all t € [—tf,0].

Proof. Let ro, 7y € R® be two initial states, and ¢; € [0,00). For the same t;, we
choose two trajectory control pairs (r(-), u(-)) € Il , and (7(-), 4(-)) € Iz, ;. Then

by Carathéodory’s existence of solutions [125], the following relation holds:

(1) = #=DIl <o = #ll + [ 117r(5) () = F(5(). () s

<llro—foll + Ly [ IIr(s) = #(s)]|ds
i
< |ro — #o|leltr 70,

where the second inequality is due to Assumption [2.2] while the last inequality is

due to the Bellman-Gronwall Lemma [125]. O

Proof of Proposition

Proof. Fix (ro, z0), (fo,20) € R” x RP, ¢; € [0,00) and let ¢ > 0. We choose

(#(-),a(-), 2(+) € Zfo,tf,go, such that

Wi, 7. 20) = \/ [J(0) = 2(~t0)] V v(7(0)V max_g(i(s)) —c.

i SG[—tf,O]

By definition of ¥, for any (r(-),u(-)) € 1L, 4, this yields the following relation

W(ro, tr, z0) — H(To, ty, 20) < \/ [ — zi(—ty } \/ \/SGI[H%XO] (s))
\/{ JH Zi(— tf)}\/ 0)V mz%xo]g( 7(s)) +e.

Let k € [—ty,0] be such that

g(r(r)) = max_g(r(s)).

s€ [_tf 70]
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We then have

I(ro,ts, 20) — HPo, ty, 20) < \/ [ — zi(—tf)} \/ v(r(0)) \/ g(r(r))
\/[ Ji Zi(— tfﬂ V v(#(0)) \ g(7(k)) + €.

Using Proposition [2.3] we distinguish the following cases.
Case A: g(r(x)) = V; [J;(r(0)) — zi(—t;)] Vv (r(0))

19(7‘0, tf> ZO) - 19(7%’ tf’ 20) < g(?“(/i’))
=V [FH@#0) = 2i(=t0)] V v(#(0) V 97 (

< g(r(r)) — g(P(r)) + € < Lge(tf+”)Lf|!To — 7ol + €

where the last inequality is due to the fact that g is Lipschitz continuous.

Case B: v(r(0)) > V; [Ji(r(0)) — zi(—t;)]V g(r(x))

79(7,07 tf? ’ZO) - ﬁ(fm tfa 20) S V(T(O))

=\ [JH#(0) = 2i(—tp)] V v(7(0) V g(7(r)) + €

< v(r(0)) — v(7(0)) + € < Ly | |rg — #o|| + €
Case C: V; [Ji(r(0)) — zi(—ty)] 2 g(r(x)) Vv (r(0))
Recall (2.20)), then under Assumption any two trajectories z(-) and 2(-)
reconstructed from J* with zy and 2y, respectively, are bounded within a given time

interval [—¢,0]. To see this,

lo(=t) = (=01l < llzo = 2oll + [ 117G, u(s)) = (3 (s), )l ds
< lleo = 21+ 27 [ lir(s) — #(s)]1ds
0
< llzo = 2ol  + L7 [ liro — il et +9Esds
—t

1— e—th

< |20 — 2ol| + ||ro — ol |L7 ™" :
Ly

where the third inequity is due to Proposition [2.3] and the last one follows by

performing the integration. Next, let j € [1,...,p| be such that

THr(0)) = z(—t) =\ [JE(r(0) = z(—4)] -

i
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Then it follows, that

I(ro,ty, 20) — (fo, by, 20) </ [JH(r(0)) — zi( )]
{

Finally, this yields the relationship

[T (0)) = JERO)] = [25(—t7) — &(~t5)] + ¢

trLy _ 1
<llzo — Zoll + llro — #ol|[Lter + Lo

I ]—l—e.

Thus in every case, on an interval [0, ¢ f] there exists a set of constants C,. and C.,

such that
19(7’0,tf,20) — ﬁ(fo,tf,éo) S CTHT’() — f(]H + Cz||ZO — 20“ + €

The same argument conducted with (ro,tr, 2) and (7o, %y, 2) reversed establishes
that
D(Po, by, Z0) — D(ro, ty, 20) < Crllro — Pol| + Crflz0 — Zol| + €.

Since € is arbitrary, we conclude that
1970, t5, Z0) — F(ro, g, 20)|| < Crllro — Foll 4 C:z0 — Zoll,
thus concluding the proof. ]

The proof for w is similar to that of ¥ and will therefore be omitted in the

interest of space.
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Derivation of the optimal thrust angles

Notice that since the applied thrust, 7', is always positive, the term
(gacos v+ sina (gs sind + gg cos d))

in the Hamiltonian can be minimised separately from 7'. To this end, we introduce

the auxiliary variables

X(8) =\/q2 + q& cos (6 — arctan ZE’),
6
A(6) =i + x(9)*,

using the trigonometric identity

acosz + bsinx = Rcos (v — arctan —),
a

with R = v/a? + b2. First optimising over «, and subsequently over § (notice that

this sequential minimisation is exact since A(J) > 0) results in
min  (gqcosa + sina (gssiné + g cosd))

= min A(J) min cos(a — arctan x0)

a,0€[-m,m]x[-5, 5
éel-5,% a€|—m,m] o

).
Thus, the optimal thrust angles are given by

x(9)

a*(d) == £m 4 arctan =——.
qa

Since cos (a*(0) — arctan %) = —1, after applying a*(9), it follows that

0" € argmin —A(0) = arctan By
bel-2.,% ds

Subsequently,

qscosa’ +sina® (gssind* + ggcos0*) = —\/@3 + ¢¢ + 2. (2.50)

Substituting ([2.50)) into ([2.35]) results in (2.37)) which depends in an affine fashion on
T.



Verification of safety-critical control
policies

3.1 Introduction

Learning-based controllers are becoming increasingly relevant for robotics appli-
cations [65, (69, 114} 130]. As a result, a steady increase in methods that allow a
system to safely learn its dynamics has been noticed. Such methods provide safety
guarantees, in terms of the classical notion of safety, while allowing a safe exploration
of the state-space [17]. Commonly this is done by using a hybrid control approach,
whereby a nominal learning-based controller is used to explore the state-space and a
safety-critical controller is activated whenever confidence in the safe performance of
the system is lost, thus driving the system back into a safe region of the state-space.
A common example of such a setup is found in collision avoidance problems, whereby
the safety controller is activated to prevent the nominal controller from driving the
system too close to an obstacle. Another common example is a pursuit-evasion
problem, whereby the safety controller ensures that no evasion strategy exists and
thus the pursuer is guaranteed to be able to catch the evader. For the design of the
safety controller, both of these problems can be modelled as differential games [104],

whereby the disturbance is modelled as an adversarial player.

45
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In [65] the authors introduce safety controllers that estimate the confidence in
the underlying model and if the system is shown to start to violate the underlying
safety assumption, a safety controller is activated. In a similar fashion, we will
derive a confidence metric for when to activate a safety controller, but instead of
the confidence metric capturing the accuracy of the system model and possible
range of disturbances, we will assert our confidence in the accuracy of the safety
controller itself to perform as intended. This chapter focuses on the derivation of
the confidence metric and will therefore not test hybrid control setups. Furthermore,
as in [65], we restrict ourselves to verifying safety controllers synthesised using

IHamilton-Jacobi| (HJ|) reachability analysis.

The [HJ] approach has been applied to various real-world applications such as air
traffic management [98], payload optimisation for multi-stage launchers |25], aircraft
abort landing [8], and in |46, [145] we see how the approach can be used to construct
the Pareto front of a multi-objective optimal control problem. All these approaches
rely on the fundamental assumption that the computation of the safety controller
is accurate and imposes no numerical errors. Thus, the safety controller only takes
into account the variations in the dynamics and disturbances modelled prior to
deployment. Yet especially high dimensional problems exponentially increase the
required memory, computational cost, and numerical dissipation [39] and thus the
numerically computed value function — on which the optimal control computation
is based — may differ from the actual one. Furthermore, even though slight changes
in the dynamics or estimated disturbances might not affect the controller, it is still
necessary to recompute the underlying value function used for controller estimation.
We, therefore, present a method of predicting the error of these controllers using
common regression models. By sampling the error in areas of interest, we are
able to predict the marginal likelihood that the computed safety controller will
in fact lead to safe system behaviour.

The rest of the chapter is organised into five sections. Section [3.2] contains details

regarding the reachability problem, including the characterisation of the

ireachable tube| (BRT]) as the sub-zero level set of a value function, which in turn is
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the unique viscosity solution of a quasi-variational inequality. Section discusses

the basic concept of using a [Gaussian process| (GP|) to model the error of the

aforementioned value function with Section [3.4] dedicated to a case study involving

a pursuit-evasion example. Finally, Section [3.5 provides concluding remarks.

3.2 Problem Setup

As previously discussed, a key concept in reachability analysis is to compute areas
of the state-space that ensure safety. In the context of viability theory, such regions
are known as capture basins [10] and describe the region from which a system can
be driven to a given target while avoiding undesired states (such as obstacles for
autonomous cars or overheating of a transformer).

Let x € R"™ be the system state with Lipschitz continuous dynamics f :

R* x U x D — R™ such that

T = f(x(t)’ u(t>’ d(t))v te [_tfv O]a (31)

The sets U and D are compact and denote the set of possible control and disturbance
inputs. The solution of the ordinary differential equation in (3.1)) is denoted by the
trajectory ¢ : [—tf,0] — R", which starts from state x( at time —t and is governed

by the control policy u(-) : [—tf, 0] — U and disturbance policy d(-) : [-t;,0] = D:

;((t;xo,U(-),d(-)) = J(C(& o, ul-), d(-)), u(t), d(t))
(=t o, u(:), d(-)) = wo.

We denote the space of admissible control and disturbance policies by U,; and
D.q respectively.

To formally discuss the aims of [H]] reachability analysis, we will introduce the
[39]. The describes the set of states from which the system can be driven
into a target set R C R™ within the time horizon ¢;. Furthermore, the system is
guaranteed to never be driven into an avoid set A C R" prior to reaching R. By
determining the BRT] it becomes possible to formally verify that a system will behave

as intended and satisfy the reach-avoid problem even under adversarial disturbances.
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Let | : R - R and A : R" — R denote the Lipschitz continuous signed
distance functions to R and A, respectively. Then we can characterise the reach

and avoid sets as:

R={zeR":l(z) <0} (3.2)
A={x eR": h(z) > 0}. (3.3)

Under a robust control lens, we will compute the [BRT]| for the worst-case
disturbance and thus ensure that our assumptions of reaching R and avoiding A
hold for all possible disturbances. To this end, we reformulate our control problem
as a reach-avoid differential game.

Let us introduce the nonanticipative strategy, which is a function & : U,q — Dag,
such that for all t € [—t;,0] and for all u, 4 € Uy, if u(r) = a(r) for almost
every 7 € [—ty,t], then {[u](r) = &[u](7) for almost every 7 € [—ty,t] [56, 141].
Furthermore, we use = to denote the class of nonanticipative strategies and we
restrict the first player to only nonanticipative strategies. Then it is possible to

describe the desired BRT] as follows:

BRT 4w (—ty) = {[3() € E,Vu(:) € Uaa, [3t € [=t5,0] - C(t; 2, u(-),£(+)) € R

& V1€ [t 1], ((mim,u(-),€() ¢ Al}
(3.4)

Thus the [BRT] contains the set of states from which a trajectory can start at
time —t; and reach the target set R within the time horizon ¢; without passing
through the set A. The somewhat unconventional choice of the disturbance trying
to steer the system state towards the target set stems from the fact that in the
case study of Section [3.4] the target set encodes the set of states for which two
vehicles are in a collision, so it is in favour to the disturbance to enter this set.
In order to determine BRT 4 g (—t), we introduce a value function that captures
the outcome of the differential game.

w(x,t) = inf sup max<{ min I({(7;z,u(-),&(+)),
( ) E(‘)EEu(.)egad {ne[—t,O} (C( ! <) 5( ))

max h((ri,u(-),£()) . (3.5)

ToE[—t,71]
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where £ is trying to minimise, and w is trying to maximise the maximum between the
minimum over all values attained by [ and the maximum value attained by h over the
time horizon required to reach R. In [97] the authors show that the value function is
the unique continuous viscosity solution of the following quasi-variational inequality:

Ow(x,t) _ . Ow(x,t)
T i O dn =5

By characterising w(x,t) as a viscosity solution of a quasi-variational inequality, we

max {h(z) — w(a, t), fla,ud)} =0 (3.6)

now only need to optimise over possible control and disturbance inputs, rather than
having an infinite-dimensional optimisation problem over control and disturbance
policies. This makes the characterisation of the [BRT| more ascertainable. Once
the value function has been obtained, its sub-zero level set characterises the BRT]
defined in (3.4), i.e., BRTsr(—ts) = {2 € R"|w(z,t) < 0}.

The optimal control policy and worst-case disturbance used for trajectory
reconstruction are the optimisers of

0 t
sup inf iz t)
uel d€D 8x

f(z,u,d). (3.7)
Notice that the ordering of sup,q,infqep results in the optimal disturbance
depending on the optimal control action. Thus the advantage is given to the
disturbance as it is allowed to choose its action on the basis of the chosen control
action. By saving the control and disturbance values during the computation of
w(z,t), we are simultaneously computing the optimal control policy.
Having computed the optimal control policy for the safety controller which
we denote by Usafety (), we can plug it into a hybrid control setup. To this end,

let unom denote the control policy of an arbitrary nominal controller. The overall

least-restrictive control law can be defined as

nom t f 7t S _5
u*(t) = tnom(t) - ifw(z ) (3.8)
Usafety (1)  otherwise,

where 0 > 0 is a chosen tolerance. Thus if the nominal control policy, uponm, takes
the system within a distance ¢ of the boundary of the [BRT] the safety controller
is activated. The use of w as a manoeuvrability envelope as in (3.8)) requires
Lipschitz continuity of w which can be shown following similar argumentation as

in Section and has been previously employed in [65], [69].
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3.3 Using Gaussian Processes to verify a control
policy

3.3.1 Error of the value function

To illustrate the criticality the numerical error plays in safety-critical control design,
we consider the basic pursuit-evasion setup presented in Section [3.4, The aim
is to determine the set of states from which a pursuer is guaranteed to be able
to catch the evader. We use = to denote the numerical solutions. Solving the
quasi-variational inequality with terminal condition w(x,0) = max(I(z), h(z)),
allows us to determine the numerical value function @ as well as the optimal control
and disturbance policies u and d, respectively. At time t = —0.42, for the relative
state [z7 = 0.078,29 = —0.51, 23 = 0.20], we have w = 0.025 > 0 and thus the
state [z; = 0.078, 25 = —0.51, 23 = 0.20] does not lie in the implying it is
not possible for the pursuer to catch the evader.

Let us define the value function for a given control and disturbance policy as

Wyd = max{ min [({(r; 2, u(),d(-)), max h(C(TQ;x,u(-),d(-))}, (3.9)

T1E[—t,0] ToE[—t,71]

where the policy d is derived using a nonanticipative strategy as previously discussed.
Then when applying the computed control and disturbance policy, u and c?,
respectively, we notice that Wri= —0.01. Thus, even the potentially sub-optimal
policies @ and d results in the pursuer being able to catch the evader, making the
numerical characterisation of the inaccurate. In order to correctly predict
that the state [x1 = 0.078, 22 = —0.51, 23 = 0.20] does in fact lie within the [BRT]
we need to be able to determine the difference between the true value function
and the numerical value function.

Since quasi-variational inequalities, such as , contain multivariate functions
of independent variables, their solutions can be defined as the relationship between
two or more variables. If the computed relationship is slightly off, we are left with

an approximation of the exact solution. Thus, let us consider the error term e,

comprised of the exact solution w as well the numerical solution w obtained by
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solving (3.6). The error can be considered as the cumulative numerical error as
well as the difference to the true value function under changes in the dynamics,

environment, or disturbances,
€(z,t) =w(x,t) —w(z,t). (3.10)

Since w is usually unknown, it is not possible to determine the error ¢ perfectly

and we will instead approximate it as follows:

(@, t) =w(z,t) —w; 5 (3.11)

where u(-) and d(-) are the control and disturbance policies determined by means
of using the approximated value function w(z,t). For a true modelling of e,
we would need to take infe()e= sup,.)ey,, Wue instead of Wy 7 Since the aim is to
verify the performance of a control and disturbance policy, this approximation
of € is sufficient.

For solving , we employ level set methods, which have the advantage of not
requiring us to parameterise the solution, yet they have the disadvantage of not
guaranteeing the conservation of shape and size in an advection field. Upwinding
methods (whereby the approximation to the spatial derivatives of the value function
is based on the sign of the velocity of the advection field) greatly reduce the
numerical dissipation, yet small features will still be dominated and lost as we
integrate forward |[110]. Areas of the grid that contain many such features, will
thus contain larger cumulative numerical error than others. At the same time,
changes to the dynamics, environment or disturbances, are likely to only affect the
safety-critical control policy in certain areas of the state-space.

Therefore, there is a correlation between the grid and the cumulative error.
If we model the error in the context of statistics and probability theory, we are
trying to find the probabilistic distribution of the error in our value function.
More precisely, we are trying to determine the covariance between the variables
in our value function and the error. We are thus faced with a classic regression

problem. In light of this, we expand the notation to denote trained solutions to
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our regression problem with a = superscript. Thus € denotes the predicted error
determined by a regression model fitted to finite samples of € and consequently,
O(z,t) = w(x,t) — é(x,t). If € approximates € (defined in (3.10)) perfectly, & will

also perfectly approximate the true solution w.

3.3.2 Prediction using Gaussian Processes

There are a variety of different regression models that are well studied and we briefly

motivate why we opt for a|Gaussian process (GP)| regression in the next section.

In general, a [GPR]model is a kernel-based probabilistic model of the form

b(2)B + g(x), (3.12)

where b(x) is a set of basis functions, § is a vector of basis function coeffi-
cients and g(x) is a zero mean with covariance function, k(z, ), i.e., g(x) «
GP(0,k(z,2)) [119].

The assumption that g(z) «~ GP(0, k(x, Z)), allows us to determine a marginal
likelihood. However, there is no reason to believe that the error of the value function
follows a Gaussian distribution. Yet experimentation shows that, nevertheless, the
error can be sufficiently approximated using a [GP| and the marginal likelihood
offers us a framework for predicting the confidence in the estimated error. The
marginal likelihood is based on the standard deviation, o, and thus if the standard
deviation is deemed to be small, we have previously verified a similar state and
the confidence in the prediction is high, while in turn a large standard deviation
implies that we have little confidence in our prediction. The standard deviation
can, therefore, be used in a hybrid control setup to determine when to switch
between a nominal controller and the safety controller. We, therefore, modify the

least-restrictive control law (3.8)) to include the standard deviation

u(t) = {unom(t) if (&(2,t) < —0) A (0 < 00) (3.13)

Usafety (t> Otherwise,

where o is a threshold set by the designer to determine the predefined confidence

that should be maintained at all times.
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3.4 Case Study
3.4.1 A Game of Two Identical Vehicles

In order to show how a [GP] can be used to determine the error of a computed
value function, we will introduce a pursuit-evasion example commonly used in
HJ reachability analysis.

Let us consider two identical vehicles, for example, two cars. One vehicle, the
pursuer, wants to catch the other vehicle, the evader. This is done by coming within
a distance ry of the evader. The evader, on the other hand, successfully outruns
the pursuer if it has put a distance r, between itself and the pursuer.

To model this behaviour, we will have one vehicle (the pursuer) take on the
best-case behaviour, i.e., it will actively try and catch the other vehicle (the
evader). Meanwhile, the evader will play a nonanticipative strategy and try
and avoid the pursuer.

Let us introduce the relative dynamics:

I = — v + v, cos(2ms) + dxy

Ty =vpsin(2mas) — dry
u—d

T3 =
o

where x; and x5 represent the relative distance between the two vehicles and x3
describes the relative normalised heading. u and d are the angular velocities of the
vehicles, where u will be considered our control variable, and d our disturbance
variable. Both the control and the disturbance will be bounded by 7 and d. Finally,
v, and v, are the constant linear velocities of the evader and pursuer. z; and x, are
scaled to lie between [—1, 1], while x5 lies between [0, 1]. This allows us to compare
the regression models without the influence of largely varying scales.

Let us define the target and avoid set as

R ={z : [|(x1, 2)|[2< 71}, (3.14)

A ={z :||(z1, 22)[]2> 12}, (3.15)
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where r; is the distance between the two vehicles that needs to be reached for the
pursuer to have caught the evader. In turn, r is the distance at which the evader
is deemed to have outrun the pursuer. Naturally, we select r; < rs.

To compute the maximal BRT] let us define
(@) = |[(21, x2)[[2—71, (3.16)
as the signed distance to our target (reach) set, and
h(z) = [|(z1, z2)|l2—72, (3.17)

as the signed distance to our avoid set. Next, we will define the Hamiltonian as
the solution of sup,,;, infgep % f(x,u,d). The spatial derivatives of the value
function are denoted by the costate vector p, with elements py, ps, and ps, which

allows us to write the Hamiltonian as

H(z,p) = p1(—ve + v, cos(2mx3)) + pa(v, sin(27a3)) — d||praa — poxy — 5—;||+ﬂ§—;

(3.18)

Following the derivations of the previous section, this allows us to solve the
resulting quasi-variational inequality, producing the final value function shown in
Figure (3.1} For each dimension, 21 evenly spaced grid points are used and the

quasi-variational inequality (3.6) is solved until ¢ty = 1 using a 3rd order
mon-oscillatory (ENO)|scheme together with a Lax Friedrichs Hamiltonian [110].

For the computation of the value function, we set v, = v, = 0.75, and u = d = 3.

Furthermore, we set 1y = 0.25 and r, = 1.

3.4.2 Gaussian process error prediction

Next, we fit a variety of regression models in order to approximate the numerical error
€. To this end, we draw random samples of (z,t), for x € [—1,1] x [-1,1] x [0, 1]
and t € [—1,0], and use these as initial conditions to compute the trajectory
¢(m;2,u(-),d(-), V7 € [—t,0]. The trajectories are then used to evaluate w; 7 which
in turn allows us to compute €(z, t) as per Equation . For the comparison of the

regression models, we train all models based on 1000 observations of (x,t). To assess
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t =-1.00

4
Zero level set at t=0

Value at t=0
Boundary of A
Zero level set at t=-1

I Value at t=-1

15

0.5

Figure 3.1: Value function of the pursuit-evasion example in the xi-z2 plane sliced
along x3 = 0.25. The sub-zero level set (within the dark blue line) indicates the
The boundary of the avoid set is shown by the dark red line.

the performance of the trained models, we use 5-fold cross-validation to minimise the
[RMSE] of € —¢, where € is the output of the regression model. In Table [3.1] the RMSE]
of different regression models is shown. From the comparison of the regression
models, one can see that [GPR] models lead to the smallest root mean squared error.

In Figure [3.2] the prediction capability of the rational quadratic [GPR]using a
constant basis function is shown. For comparison, we also show the prediction
capabilities of an identical regression model trained with 100, instead of 1000
observations. These two models will be referred to as the low-fidelity and the
high-fidelity model, respectively. The validation set used in Figure consists of
100 samples taken at random from (x,t), as with the training set. For each sample
we look up the corresponding value from the computed value function, w (green
points), calculate the true value, wy 7 as in (3.9) (red points), and compare this to
the predicted value, & (blue points), obtained by subtracting the predicted

error, €, from the computed value function value. As can be seen, the prediction

capabilities improve with a larger training set and perform at a satisfactory level
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Regression Type RMSE
Linear regression 0.043205
Tree

Fine tree 0.031947
Medium tree 0.034466
Coarse tree 0.037971
|Supp0rt vector machine|

Linear [SVM| 0.046966
Quadratic |S 0.046893
Cubic 0.046067
Gaussian [SVM 0.045817
|Gaussian process regressi0n|

Squared exponential [GPR] 0.027390
Matern 5/2 |GPR 0.026955
Exponential [GPR] 0.027353
Rational quadratic 0.027029

Table 3.1: Comparison of commonly used regression models to approximate the numerical
error of the value function.

in predicting the true value of the value function. Furthermore, even though the
error does not necessarily follow a normal distribution, the 95% prediction interval
is able to sufficiently capture the possible range the true value might take. Thus
using the standard deviation as a confidence metric looks promising. Based on the
successful prediction capabilities, we will subsequently study how well the trained
regression model can improve the control policy.

Since we want to adhere to any memory constraints, we will not improve the
fidelity of the value function and for every point on the grid, we simply compute
the estimated error, €, and subtract it from the value obtained by solving the
quasi-variational inequality, @. The original, @, (green) and updated value function,
@, (blue) using the two trained previously are shown in Figure Using
the updated value function we can modify the control and disturbance policy by
recomputing the minimisers/maximisers of the Hamiltonian. This results in the
control and disturbance policies @ and d respectively.

To evaluate the effectiveness of updating the control and disturbance policies, we

calculate the RMSE| of (z,t) — w7 as well as &(z,t) — w, ; using a validation set
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Figure 3.2: The prediction capabilities of the rational quadratic model trained
using 100 and 1000 observations respectively.
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Figure 3.3: The correction capabilities of the rational quadratic model trained
using 100 (left) and 1000 (right) observations, respectively. As is expected, the regions of
mismatch become more distinguished as we increase the number of observations.

low-fidelity model | high-fidelity model
w(z,t) —w-5 | O(x,t) — Wa d O(z,t) — Wad
0.0481 \ 0.026 \ 0.016

Table 3.2: Comparison of the ability to correct the value function.

consisting of 1000 samples. As can be seen in Table[3.2] both [GPR]models reduce the

error. Thus helping increase the accuracy of the safety-critical controller significantly.

3.4.3 Effects of mismatch in dynamics

Next, we investigate the capabilities of detecting the error of the value function
when the system dynamics of the vehicles are changed. To this end, we vary
v, and v, and for each variation, retrain the [GPR] model. Conventionally, such
changes to the dynamics would require a complete recomputation of the value
function. However, as can be seen in Figure [3.4] minor changes to v, and v, from
the nominal values of v, = v, = 0.75 do not necessarily lead to a large increase
in the [RMSE] of the model (€ — €). Naturally, as is to be expected, very
large changes in the dynamics, such as doubling the speed of both the evader
and pursuer will require a recomputation of the value function, since the [GPR]

model struggles to correctly predict the error.
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Figure 3.4: The RMSE]|of a |GPR|model trained using 1000 samples as we vary v, and
Up.

3.5 Conclusion

We propose an empirical approach for correcting the prediction capabilities of the
value function inherent in [LJ] reachability analysis. Utilising the confidence metric
of the estimated error, we propose an improved manoeuvrability envelope for a least
restrictive control law. Furthermore, using the prediction capabilities, we are able
to update the value function, thus correcting for numerical errors and changes in
the dynamics, environment, or disturbances without re-solving the quasi-variational

inequality associated with [HJ| reachability.
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Safety-Aware Hybrid Control of Airborne
Wind Energy Systems

4.1 Introduction

With the looming threat of the climate crisis becoming ever more detrimental, the
need for low-cost and reliable sources of energy becomes increasingly pressing. Wind
remains the primary non-hydro renewable and to reach net-zero energy targets of

8008 TWh in 2030, will need to grow annually by 18% between 2021 and 2030 [79].

This has led to a rapid increase in research and development into [Airborne Wind|

[Energy| (AWE]) from both academia and the private sector [43| 12§].

In this chapter, we only consider Ground-Gen [AWE] systems, whereby energy is
obtained by continuously performing two phases of flight, a traction phase, and a
retraction phase. During the traction phase, a tethered kite or fixed-wing aircraft
is flown in crosswind conditions at altitudes of up to 1000 m above ground. The
traction force acting on the aircraft’s tether is converted into electricity using a
generator and winch located at the base of the tether [41, 59]. For a discussion of
alternative systems, we refer to [41], [142]. Since the tether is gradually reeled
out during the traction phase, the system will eventually need to be reset. For
this, the aircraft is lown back to its starting altitude upwind in a phase commonly

referred to as the retraction phase. During the retraction phase, a small amount
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of the previously generated energy needs to be spent on reeling in the tether.
Nevertheless, [AWE] systems have been shown to be able to create a high net energy
output, with SkySails’ recent uninterrupted automated flight of 42 hours producing
62 kW of average power and average power over the pumping cycle of approximately
92 kW [60], while larger systems aim at producing energy in the range of MWs [49].

For [AWE]systems to become widely adopted, it is necessary to provide guarantees
on their safe operation and control. While recent research has addressed the
reliability and safety of [124], much of the literature, particularly on the
control of [AWE] focuses on performance optimisation [55} [57, 88, 93| [153]. The aim
of this chapter, in contrast, is to consider the classical notion of safety as found
in the control theory literature and ensure the safety of an [AWE] system while
maintaining optimal power generation abilities. To this end, we propose a hybrid
control law, whereby a safety controller is only activated when a critical system
failure is predicted to occur. Incorporating safety by these means, effectively defining
an avoidance manoeuvre, has become a common practice in the safety-critical control
literature [65], and has been effectively demonstrated in the context of in [117].
In [117] the authors use [NDI| utilising a tether force set point during the dynamic

inversion in conjunction with a winch control tether force tracking strategy. Using

a predictor, such as a [support vector machine] trained to detect upset conditions,

an avoidance strategy is derived by means of reducing the tether force set point.

In contrast to the empirical avoidance strategy proposed in |[117], we present
a safety controller derived using reachability analysis, thus guaranteeing the satis-
faction of hard constraints encoding safety. The proposed avoidance manoeuvre is
derived independently of the chosen winch strategy and incorporates uncertainty
in, e.g. wind conditions, through the incorporation of adversarial disturbances
in the control design.

We consider anmsetup similar to that proposed in [115], whereby a fixed-wing
aircraft is flown in a figure of eight flight pattern, controlled using[NDI| While further
extensions to the simple setup can be included to assist safety, such as dealing

with model uncertainty by means of incremental nonlinear dynamic inversion [90],
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or the avoidance strategies proposed in , for the sake of demonstrating the
effects of our proposed avoidance manoeuvres, such extensions are omitted. To set
the control problem, we consider an [ND]| controller that uses pseudo control inputs
to choose the bank angle and angle of attack so as to track a desired course and
path angle for optimal tracking of a figure eight flight path. Wind gusts and overly
aggressive steering of the aircraft can lead to high stresses on the tether, causing it
to rupture. As shown in Figure [£.1} with the underlying [ND]| controller, the tether
ruptures before the aircraft can complete one entire cycle of flight. Using
reachability analysis, we will synthesise a safety controller as well as
switching conditions, such that in a hybrid control setup, minimal penalties on

power generation are incurred, while ensuring a safe flight without a tether rupture.
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Figure 4.1: Tether rupture during the traction phase. The red dot marks the point
during flight at which a tether rupture occurs due to the maximum tether force being
exceeded.

[H]] reachability analysis has become a well-adopted formal verification method,
whereby the optimal controller is derived through computation of the
reachable set| (BRS)). Its advantages include compatibility with nonlinear system

dynamics, formal treatment of nonlinear bounds, and recently also with multi-

objective optimisation problems [13, [147]. However, since reachability analysis
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requires solving a quasi-variational inequality over a gridded state-space, it is subject
to the curse of dimensionality. As such, its applications have been limited to low-
dimensional systems [39]. To this end, we will derive a novel low-dimensional
formulation of the system dynamics of [AWE] systems and formulate the safety-
critical control problem as a differential game of two players. Furthermore, the
aforementioned gridding of the state space necessitates a coordinate transformation
that ensures only relevant states are considered for controller synthesis, minimising

numerical overhead. Thus the key contributions of this chapter are:

1. The development of a simplified low dimensional [AWE| model that is accurate

enough for safety-critical control purposes (Section |4.3));

2. The synthesis and deployment of an avoidance control strategy based on the
developed abstractions and [HJ] reachability analysis, a non-trivial application
for which we have made the code and simulation environment available
(Section . This sets the framework for the development of a hybrid control
law that allows switching between any performance-oriented controller and

the developed safety controller;

3. The computation of the optimal control/disturbance actions that optimise
the Hamiltonian of the underlying optimal control problem, which is case-

dependent and non-trivial in the setting (Section {4.4.2));

4. The validation of the performance of the controller by applying it to a high-
fidelity model, thus rendering our controller as an add-on to existing tools to

guarantee safety (Section [4.5]).

The remainder of the chapter is organised as follows: Section [4.2] discusses the AWE]
model used for simulation purposes as well as the guidance strategy employed by
the primary controller. Section [4.3] introduces the simplifications, abstractions, and
the new reference frame used to derive a low dimensional model of the [AWE] system
suitable for safety-control synthesis, with the safety controller being derived and

introduced in Section [£.4] Finally, in Section [4.5 we validate the avoidance control
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strategy in its hybrid control setup using the high fidelity [AWE| model and discuss

the effects on power generation with Section providing concluding remarks.

4.2 Modelling

The modelling of [AWE] systems has been well studied and a variety of definitions
for the equations of motion have been derived. Yet commonly [AWE]systems require
a high number of states to accurately capture both the dynamics of the kite or
aircraft as well as the tether and the associated winch controller. Since the goal
of this chapter is to derive a safety-critical controller for the [AWE] system using
[H]] reachability analysis, we seek the development of a simplified yet accurate
enough, from a control point of view, model.

In the following section, we begin by modelling the [AWE] system based predom-
inantly on the work of [115] with extensions taken from [96| [116] and [61]. This
model will be used for simulation purposes in Section [4.5 and is presented to provide
the necessary notation and understanding needed for the abstractions and synthesis,

the primary contributions of this work, in Sections and [4.4]

4.2.1 Reference Frames

For the discussion of the dynamics of [AWE] systems, it is useful to introduce a
variety of reference frames. The utilised reference frames (with the exception of the
I' frame, Section are common for systems and have been extensively
discussed in |115] and [80]. For the transformation from one reference frame to
another, we adopt the transformation matrices M.y.), where the first subscript
indicates the destination frame and the second subscript indicates the origin frame.
The transformation matrices for the reference frames are listed in the appendix. In
this chapter, we utilise bold notation for vectors and matrices and regular notation
for scalars. This will ease notation when referring to the magnitudes of vectors.
Furthermore, we utilise subscripts to denote vector elements, i.e., (vy),,, denotes

the y component of the kinematic velocity in the 7 frame.
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Wind Frame

The wind frame (W) is a rotation of the commonly used [North-East-Down| (NED))

(or O) frame. The x-axis of the W frame is aligned with the mean wind direction
(denoted by w). We assume that the mean wind direction is such that the z-

axis of the W frame points upwards and the y-axis forms a right-hand reference

frame (Figure :

Tangential Frame

The tangential frame (7) is centred at the position of the aircraft, such that the
z-axis points towards the origin of the [NED| frame. To this end, the x-axis points
towards the north direction, while the y-axis completes a right-hand reference frame.
Since the 7 frame moves together with the aircraft, its location is determined using
the longitude () and latitude (¢) as well as the distance to the origin (h,). The

tangential frame is shown in purple in Figure [£.2]

Aerodynamic Frame

The aircraft’s kinematic velocity is denoted by vy and is composed of the aerody-
namic velocity v, as well as the wind velocity vy, i.e., vi = v,+Vy. This relationship
holds true regardless of reference frame. For a discussion of the aerodynamic velocity,
we define the aerodynamic frame (A) such that the velocity vector v, is aligned
with the x-axis. For the derivation with respect to the frame (shown in blue
in Figure 4.2)), we first rotate the frame by the course angle x, and path angle
Ya, Tesulting in the intermediate frame A (shown in orange in Figure , before

tilting the frame by the bank angle p,. The A frame is shown in green in Figure [4.2]

Body-Fixed Frame

The body-fixed frame (B) is used to calculate the aerodynamic forces acting on
the aircraft. It can be obtained from the aerodynamic frame (shown in green in
Figure using the angle of attack a, as well as the sideslip angle (3, (the sideslip
angle is neglected in this work). The B frame is shown in red in Figure .
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IWL—"/'—’ A

Figure 4.2: Visualisation of the frame (blue), intermediate aerodynamic frame A
(orange), the aerodynamic frame A (green), the body frame B (red) and the tangential
frame (purple).

4.2.2 Aircraft Equations of Motion and Ground Station
Model

Since we are considering an avoidance manoeuvre for the path-following controller,
for the purpose of controller synthesis, we will assume perfect tracking of the attitude
and rate controllers [90} [115]. This simplification, common during the design of the
path-following controller, allows us to analyse the performance of the avoidance
manoeuvre independent of the effects of the inner control loop. To this end, we can
neglect the yaw, pitch, and roll rates as well as the sideslip angle 3,, and define
our control inputs as the bank angle p, as well as the angle of attack a,.

To provide a realistic conclusion on overall feasibility, we will include actuator
dynamics and delays in the final simulation to represent tracking delays of the inner
loop. Further validation before deployment can be performed by integrating the
path-following controller and avoidance manoeuvre into a full 6 [DOF]|simulation,
however, this is beyond the scope of this work.

The position of the aircraft is defined in the W frame by [\, ¢, h,] and it moves
with velocity v, along the x-axis of the A frame. To connect the A frame with
the frame, we add the course angle x, and path angle 7, as additional
states. To influence the heading of the aircraft, we utilise the bank angle u, and
angle of attack «, as inputs to the system and assume that the sideslip angle

Ba is negligible, i.e., 8, = 0.
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Therefore our initial set of states used are {/\, O, hryVay Xa, va} € R®. The position

propagation can be calculated from the kinematic velocity in the 7 frame as follows:

— (Uk)Tvy '_(Uk)T,X ;o
BT A A (4.1)

where (v)rx, (vk)ry and (vg),, denote the x, y and z components of the kinematic

velocity in the 7 frame, respectively. (vy), is calculated by transforming the
kinematic velocity from the O frame to the W frame, and then to the 7 frame
using the appropriate transformation matrix, Mywo and M w, respectively, found
in the appendix. (vy)o is derived from the aerodynamic and wind velocity
(viJo = Mg[va, 0, 0]« + (viv)o.

By assuming the wind field stays stationary, we are able to calculate the derivative
of the kinematic velocity using the gravitational force (F,), aerodynamic force
(F.), as well as the force the tether exerts on the aircraft (Fy). For a complete

derivation, we refer to |115].

D 1 0 0

A 1

Xa| = E 0 vaC(l)s’Ya 01 (MXOKFg)O + (Ft)O] + MKAMAB(F&)B)’ (42)
/ya * 10 0 T o

where m, denotes the mass of the aircraft. Note that the matrix My, depends
on the course and path angles x, and 7,, Mz, depends on the bank angle p, and
Mg depends on the angle of attack o, and sideslip angle f3,.

Ground Station Model

The ground station serves as the power generator for the AWE] system. The winch
controller within the ground station is responsible for determining an appropriate
torque so as to reel out or reel in the tether during flight. Various reeling strategies
exist in the literature with the most common focusing on aligning the reel-out speed
to one-third of the wind speed [89] or less when considering the retraction phase [92].
This is done in practice by either setting the torque proportional to the reel-out
velocity squared [18, 137, [157] or by using reference tracking [55].

Since the winch will be modelled as an adversarial disturbance for controller

synthesis, the reeling strategy can be chosen so as to determine tighter bounds
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on the possible range of disturbances, by, e.g., restricting the tether to only be
reeled out using a positive torque. To demonstrate the efficacy of the avoidance
strategy derived in the sequel, however, we do not wish to limit the disturbance
range by these means and instead account for a wider range of winching strategies,
i.e., including the possibility of reeling in the tether during traction. To this end,

a tether set point tracking strategy [118] is employed.

Gravitational and Aerodynamic Forces

The gravitational force can simply be expressed in the O frame as (Fg)o =
{O, 0, mag}T € R3, where g is the gravitational constant. Using the aerodynamic
coefficients, as derived in [96], we can then calculate the aerodynamic force of
the aircraft as (F,)p = %pSrefvg [CX, cy, C, T, where S, is the aerodynamic
reference area corresponding to the projected surface area of the aircraft wing,

and p is the air density.
Tether Forces

For the calculation of the tether forces (Fy) that act on the aircraft, we use models of
varying complexity. For the controllers, we rely on a straight tether approximation,
whereas for simulation purposes, we use a tether model similar to the model derived
in [61]. We begin by presenting a brief overview of the lumped-mass tether model,
as it provides the foundation for the simplified model used for controller synthesis,
and is also used for the full simulation in Section 4.5

Let us first consider a fixed number of lumped masses connected by n spring-
damper elements. The length of each segment is denoted by [, and the spring and
damping constants for each segment are denoted by k and ¢, respectively. Each
tether segment is modelled as a point mass with position p; and velocity v;, as
shown on the left of Figure [4.3] The equations of motion of the tether segment
are given by p;, = v;, and v, = m;F;, where m; is the mass of an individual
segment and F; is the tether segment force. The tether segment force for segment
iis given by F; =F, ;41 — Fs;, — F, s+ F,;, where F  is the gravitational force

acting on the tether segment, F,; is the aerodynamic drag acting on the i-th
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Figure 4.3: (left) Visualisation of the tether modelled as a straight tether (red) and as a
fixed number of lumped masses (blue). The velocities of the point masses are shown by
the red and blue vectors respectively.

(right) Visualisation of the guidance strategy to produce the optimal course heading
(purple arrow).

segment, and F,; is the tensile force of the i-th segment. The tensile force is

calculated according to Hooke’s law

S;

Foi = (k(llsilla—t) + (o s,)

, (4.3)
[Isill2

|[sil]2

where s; = p;, — pi—1 and s,; = v; — v,_;. Thus the maximum tether force
is exerted on the final segment attached to the aircraft, i.e., F; = F, 11, with
Sn+1 = Paircratt —Pn a0d Sy n11 = Vaireraft — Vi a0d Paircrate a0d Vairerage are the position
and velocity, respectively, of the aircraft in Cartesian coordinates. For the tether
drag calculation, we refer to [61]. Since the tether can only exert a pulling force on
the aircraft, the spring and damping constants are set to zero whenever ||s;|[o—ls < 0.

This complex tether model requires 6n additional states, where n is the number
of segments used, and is therefore only suited for simulation purposes. For the
controller synthesis we use a simplified tether model that relies on a straight tether

approximation and is introduced in Section [4.3.1]
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Wind Field Model

To capture the varying wind speeds at different altitudes we employ the wind shear
model provided by the MATLAB Aerospace Toolbox |101]. In addition to the wind
shear, we also model atmospheric turbulence in the form of a continuous Dryden
wind turbulence model as specified in Military Handbook MIL-HDBK-1797B [140],
utilising the continuous Dryden model block provided by the MATLAB Aerospace
Toolbox [101]. Finally, the wind velocity acting on the aircraft is computed by

adding the turbulence to the wind shear (viv)o = (Viwb)o + (Vshear)o-

4.2.3 Optimal Flight Path and Guidance

The fundamental idea behind Ground-Gen [AWE] is to transfer the force from the
aerodynamic lift of the aircraft or kite to the connected tether [47]. Similar to the
blades of a wind turbine, this can be done by moving the aircraft perpendicular to
the mean wind direction. To this end, it has become common practice in the [AWE]
community to adopt a figure eight flight pattern. Various methods have become
well-established in the control community to track such a flight pattern. In [55,
59 it is shown that two target points can suffice to generate the alternating left
and right turns. In [54], the turn rate law is introduced, which is demonstrated
in the SkySails control structure [53]. For the desired flight path of the safety
controller, the choice of guidance strategy only affects the choice of the initial target
set. However, the target set needs to be defined in relation to the chosen state-space.

Most crucial, however, is that the flight path of the safety avoidance manoeuvre
does not overly upset the primary controller flight path, as this would impede on
power performance. We thus adopt a similar guidance strategy as employed by the
chosen primary controller [118], which is based on guidance law presented in [80].

For the chosen flight path, we use a Lissajous curve, I'; lying on a sphere.
The two-dimensional curve can be described by its longitude Ar and latitude ¢r.

We parameterise I' on S? using the arc length s. In Cartesian coordinates the



72 4.2. Modelling

curve is then given by

cos Ar(s) cos ¢r(s)
Tp(s) = |sin Ap(s)cos ér(s) | h.. (4.4)
sin ¢r(s)

For the specific Lissajous curve, we opt for the Lemniscate of Booth [11§], a
commonly used figure eight curve, using the height /width ratio of apeotn/bBooth =
120/200. The derivation of the longitude and latitude of the Lemniscate of Booth
can be found in [115]. We define the reference curve to lie centred on the horizon.
However, during flight, we rotate the curve by v to assist with power generation.

Thus the tracking curve used during flight is given by I'(s, ¢9) = MwpI'p(s). Finally,

T _ ol oxr , oF oor
ds ~ OAp Os Jpr 0s *

As shown in Figure [4.6] the shortest path from the position of the aircraft

the tangent of the curve is given by t(s) =

(denoted by K) to the closet point on the tracking curve (denoted by C), is given
by the geodesic vector o. For perfect path tracking, we need to minimise ||o||s.
Taking the shortest path, however, would result in the aircraft intercepting the curve
perpendicularly. In practice, this is not desirable and thus we need to introduce a
commanded flight direction that results in the distance to the tracking curve being
minimised, while also ensuring that when the aircraft intercepts the tracking curve,
its kinematic velocity is aligned with the tangent of the curve, t. The commanded
flight path can be defined on S?, independently of the distance to the origin by
simply scaling the parameters apootn and bpootn by 1/h,. The optimal course angle
(x)- should point the aircraft along the geodesic when far from the curve, however,
point perpendicular to the geodesic to align with t(s) when close to the curve. To
remain on the tracking sphere, the optimal flight path angle is set to zero.

To this end, let us define the optimal path and course angles as (Yema)r = 0
and (Xema)r = (x|)» + (Ax)-. The first component of the command course angle
is inspired by [59], i.e., (x|)- = arctan %, where ¢, and ¢, denote the x and y
components of the curve tangent. The second component of the command course
angle, Ay, is chosen as in [118] to decrease as we approach the tracking curve.
This tracking strategy is visualised on the right of Figure [4.3| and will be used to
define the target set during the reachability calculation in Section [4.4]
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4.3 Model Abstraction and Safety Considerations

For the derivation of the safety controller presented in Section [4.4] the previously
introduced model does not suffice, since it requires too many states for synthesis.
We thus begin by introducing a simplification of the tether model that allows us
to introduce adversarial winch control into the dynamics. Together with a
new reference frame and the subsequent safety control model, this section provides

the first of our four key contributions.

4.3.1 Simplified Tether Model

As mentioned in the previous sections, a full particle tether model requires too many
states, prohibiting its adoption for the safety controller. Initial attempts at using
simplified tether approximations, such as those derived in [36, 52, 55, [57], were
found to be insufficient for the safety-control synthesis of fixed-wing aircraft as the
assumption of the aircraft maintaining aerodynamic equilibrium is not necessarily
valid during the avoidance manoeuvre. Thus an alternative approach to simplifying
the complex tether model is introduced.

From field tests conducted with an aircraft in [80], for a small aircraft the tether
forces far exceed the gravitational forces and a straight tether approximation is
reasonable. However, if larger systems with larger tethers are employed, the tether
sag will need to be taken into account. For the system considered in this
chapter, for the purpose of controller synthesis, we assume that the tether sag
remains negligible and, therefore, opt to approximate the position and velocity
of the tether segments. To this end, we assume that the position and velocity
of the tether segments are distributed evenly along a straight line between the
origin and the position of the aircraft. Thus the tether particle’s position and

velocity can be computed as the x, y, and z projections of the straight tether
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up to the i-th particle, i.e.,

o o
pi = cos(¢) sin ,
nELL singg) | |
i [cos(¢) cos(N)] ih sin(¢)¢ cos(A) + cos(¢) sin(A)A
vi= +Tl cos(¢)sin(A\) | — - _;1 sin(@)¢sin(A) — cos(¢) cos(A)A| . (4.5)
| sin(¢) — cos(@)¢

On the left of Figure [4.3] a comparison of the straight tether and the full tether
model is shown. Recall that the tether force acting on the aircraft is given by the
spring force of the (n+1)-th segment, i.e., F; = F,, ;. The dominating factor in
Hooke’s law is given by the term ||s,;1||2—[s, which is the difference between the
segment length and the distance between the final tether point mass and the aircraft.
Having ||s,41||2—[s > 0 implies the distance is greater than the length of the tether
and thus the tether is under tension. A similar approach of modelling the tether by
considering the effect of the tether elongation as the dominant term was recently also
presented in [137]. However, in contrast to [137], for the proposed fixed-wing aircraft
the damping term is not considered negligible. Modelling the elongation accurately is
imperative for calculating the tether force, as the slightest deviations result in vastly
inaccurate force calculations. To this end, let us introduce Ay = ||s,11||2—[s as an
additional state. By , the tether force acting on the aircraft can be calculated as
Sn+1 Sn+1

o= (ot el ) ol o)
where the position and velocity of the tether point masses are computed using
Equation (4.5). Since we wish to consider an upper bound on the tether force,
we utilise an upper bound for the damping and stiffness coefficients based on the
minimum expected tether segment length. This reduces complexity while adding
robustness to uncertainty in the measured A;.

The derivative of A; is given by

. sl s, [
At _ Cuntl +1 s (47>
Isntallz n+1

To keep the number of system states minimal, we need to decouple the winch system

from the aircraft dynamics. To this end, we model the effects of the winch as a
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scalar disturbance, da, = A,. By accounting for a worst-case winch behaviour,
the system can be considered robust to arbitrary winch control. To compute the
expected range of values that the derivative of A; might take, we can consider
the winch control strategy and derive bounds on the maximum/minimum reeling
speed. However, to translate the bounds on the reeling speed to bounds on the
derivative of A, we require also bounding the term s, 1. This would result in
a coupling between the wind disturbance and the disturbances desired to model
adversarial effects on A;. Since combing the worst-case s, ,,+1 with the worst-case l;,
also leads to overly conservative bounds on A, an alternative empirical approach
was adopted whereby the bounds are computed by means of simulation. To this
end, we measure A, during simulated flight, as shown in Figure . Since A,
never exceeds 0.0015%, we constrain the disturbance, da,, to lie within the interval

[_dAt,maxadAt,max] With dAt,maX = 0005%

w10~

] 10 20 30 40 50 B0
t [s]

Figure 4.4: A, during the traction phase of flight, using the primary path-following
controller.

Remark 4.1. It is worth pointing out that determining the bounds on A, utilising
true flight data in conjunction with methods such as the scenario approach [32]
could potentially yield probabilistic guarantees for safety. This is, however, beyond

the scope of this work.
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4.3.2 Adversarial Wind Turbulence

Since we model the wind turbulence as a stochastic process, we need to ensure
that the safety controller can account for worst-case wind gusts, i.e., wind gusts
that drive the system away from its target trajectory, and/or lead to a tether
rupture. To this end, we model the wind turbulence as an adversarial disturbance
input to the system. Thus the wind velocity for controller synthesis is given
by (viv)o = (Vshear)o + (dtwb)o, Where dyy, € R? is an additional disturbance
vector. Similarly, any uncertainty in the wind shear can be included in this additive
disturbance and will therefore not be treated separately.

In the same manner that we computed the bounds for da,, we simulate the
flight of the aircraft using the primary path-following controller and analyse the
behaviour of the longitudinal, ugy, lateral, vy, and vertical, wy, turbulence velocity
aligned along the horizontal relative mean wind vector, as shown in Figure [4.5
From the behaviour ug4, v, and wy, we can safely choose each element of dy, to

be bounded by +4". To achieve these bounds in practice, we can use data-driven

approaches with an appropriate estimator , , 129).

10 20 30 40 50

Figure 4.5: The behaviour of the wind gusts during 50 seconds of flight.
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N

\.____.____.__?_-_'________ LLDT

Figure 4.6: Visualisation of the I' frame. s is used to denote the position along the
reference curve. The geodesic vector, o, describes the distance to the reference curve.

4.3.3 I' Frame and Safety Control Model

As visualised in Figure [4.6] the geodesic vector pointing from C along the geodesic
towards K, is always orthogonal to t. The derivative of I" together with the direction
of the geodesic vector can, therefore, be used as basis vectors to construct another
reference frame that will become useful during gridding, as discussed in Section [4.4]
This new reference frame will be referred to as the I' frame. Any point on S? defined
using the longitude, A, and latitude, ¢, can also be defined using the I' frame, where
the first coordinate, s, describes an arbitrary point along the curve I', and the
second coordinate o = ||o||2 describes the geodesic distance in meters perpendicular
to t(s). The calculation of the geodesic for a sphere is derived from [109, p. 216]

and relies on solving the geodesic equations for a sphere.
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Transforming the equations to a 4-dimensional ordinary differential equation yields

T = Ta,

To = 2tan(zs3)ToTy,

T3 = Ty,
x4 = —sin(z3) cos(z3)23,
with =1 = A, IEQZ%, x3:¢andx4:%‘f.

The derivatives of s can be obtained by projecting the kinematic velocity of the
aircraft onto t. Similarly, the derivative of ¢ is obtained by projecting the kinematic

velocity onto a perpendicular rotation of t, denoted by t; .

sl O (). () s

[I][2lr [ltL]l2
where [ denotes the arc length of the Lissajous curve T" [11]. Using the I' frame
allows us to replace the longitude and latitude resulting in the final set of states

used for controller synthesis
X = [8,0, hy, Va, Xa, Yas Af)T € R, (4.9)

The transformation between the frame and the I' frame is not bijective,
thus we need to take the velocity vectors into account to derive a deterministic
transformation. To this end, we choose the transformation from the [NED] frame to
the T" frame, such that the error between (vy) and t is minimised. Finally, we can
summarise the equations of motion for the simplified aircraft model as x = f(x, u, d).

The control inputs, u, and disturbances, d, are defined as

u = [aa] cUCR? d= ldAt € DCR. (4.10)

a dturb

The aircraft dynamics are composed of f , affected only by the control inputs,
and fo(x,d), affected only by the disturbances and incorporating all remaining
additive terms, i.e., f(x,u,d) = f(x,u) + fo(x,d). If the disturbance does not
appear in the dynamics in an affine manner |86, p. 133], the reachability problem

remains solvable, however, a numerical minimiser of the Hamiltonian might become
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necessary (e.g., by gridding the domain of the control inputs). Since this usually
impedes on computational complexity, utilising the structure to develop analytic
expressions for the optimisers is beneficial.

Decomposing the dynamics serves both the presentation of the final system
dynamics, as well as the derivation of the Hamiltonian in the subsequent section.
Since the control inputs affect only the aircraft velocity, course, and path angles,
with a slight abuse of notation, we omit the four remaining state derivatives that

are zero, allowing us to summarise f(x,u) as

1 0 0
A 1
f(X7 ll) - mi 0 vacc1>s'ya 01 MKAMAB(FE%)B' (411>
10 0 ——

Va

The term fo(x,d) is then given by

fo(x,d) = [(t|)|§(|;,fp)7’ (tﬂll(ﬁf)Tv — (Vi) 72 (F;Z’I? mif:)(is’ya’ _(125:7 0 ) (4.12)
“ten (edears)
+[0,0,0,0,0,0 ds,]" (4.13)
“tea(day)
+ 0,0, 0, Tre Oen, W " (4.14)
“toe()

where we adopt the same notation as before to denote the x, y, and z components
of the forces in the A frame and simplify the notation by omitting the dependence

of d¢y», and x in the tether and gravitational forces.

4.4 HJ Reachability Analysis and Controller Syn-
thesis

4.4.1 Problem Statement

Having formulated the system dynamics, we are able to introduce the necessary
concepts of reachability analysis used for controller synthesis. The synthesised
controller and subsequent hybrid control laws provide the second key contribution

of this chapter.
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Let R be the reach set, the set of states that should be reached in a given

time, and let A be the set of avoid states, the set of states that lead to a critical

system failure (i.e., tether rupture). Then we can define the [backwards reachable|

set (BRS)| as the set of states from which it is possible to reach the set R at the

end of a given time interval with duration ¢; while guaranteeing never to enter the
set A until then. Mathematically, let x € R” be the system state defined in ([4.9)

evolving according to the ordinary differential equation
x(t) = f(x(t),u(t),d(t)), te[-ty,0,uecld,deD. (4.15)

Note that we treat time as negative consistent with [13, |146]; this only simplifies
some of the notation and implies that we start our system at time —t;. The
dynamics, f, are assumed to be bounded and Lipschitz continuous in x and uniformly
continuous in u and d. Then, given the Lebesgue-measurable functions u(-) € U

and d(-) € D, the control and disturbance inputs, respectively, there exists a

unique trajectory, ¢, solving (4.15), i.e.,

;C(t X0 u(')v d()) = f(C(t, X0, u(')? d())? u<t)7 d(t)) vt € [_tf7 O]

C(=tsx0,u(-),d(-)) = %o

To capture the worst-case disturbance, we model the underlying control problem as
a differential game of two players. Following [97], we restrict the first player to play
a nonanticipative strategy [56, |[141], which is a function & : D — U, such that for all
t € [~t;,0] and for all d,d € D, if d() = d(r) for almost every T € [—t;, ], then
¢[d)(r) = &[d](r) for almost every T € [—t,t]. Furthermore, we use Z to denote

the class of nonanticipative strategies. Finally, we can define the [BRS as

BRS4r(~ty) = {x € R7|Z&(-) € Z,vd(+) € D,

€0, £(),d() € RI& [¥7 € [~t7,0,¢(rix,£(). d()) ¢ A}
(4.16)

In words, BRS4r(—ts) is the set of states from which trajectories can start at

—ty, and there exists a choice for a nonanticipative strategy &, such that for any
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disturbance strategy d, the system state can reach R at the end of the horizon
while avoiding A until then.

By defining the avoid states as the set of states that imply a tether rupture, and
the reach set as the set of states that follow the optimal guidance strategy, the [BRS|
is able to provide information about an impending critical failure. Furthermore, by
computing the BRS| we are able to simultaneously find the optimal trajectory and
control policy that allows for optimal flight while avoiding critical states.

Recall that the maximum force acting on the tether is given by the final segment
attached to the aircraft. Thus, by setting the maximum allowed tether force as
Frupture; We can define the Lipschitz continuous function h(x) = [|F¢||2— Fiupture-
Then we can define the avoid set related to the super-zero level set of h(-) as
A = {x € R7h(x) > 0}.

Rather than defining our target set R as being the set of states that lie on the
optimal tracking curve, we define our target set as all states that are aligned with
the commanded flight direction. To this end, we define the Lipschitz continuous
function {(-) by taking the signed distance functions of the course and path errors in
the NED] frame. Since the primary objective of the safety manoeuvre is not optimal
path-following, but rather the avoidance of a tether rupture, the target set should
simply favour the commanded course and path angles, rather than strictly enforcing
equality. This is done by introducing a tolerance € > 0. The resulting signed distance
function is I(x) = max{|Yemda,0 — (V)ol: [Xema,0 — (X)o[} — €, where ()0 and (x)o
are the 5th and 6th states of our system transformed to the frame. The reach
set is then defined by the sub-zero level set of I(+), i.e., R = {x € R"|l(x) < 0}.

Using the definition of A and R, as in [97], it can be shown that BRS 4z (—t;) =
{x € Rw(x,t) < 0}, where

w(x,) = inf_ sup max {1(C(0:,£(), (), mazx h(¢(rix,£(),d())}. (417)
Furthermore, as in [97], the value function in is the unique continuous

viscosity solution of the following quasi-variational inequality

Ow(x,t) 4 sup inf Ow(x,t)

masx {(x) = w(x, 1), =+ sup inf =

fxu,d)} =0, (4.18)
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with terminal condition w(x,0) = max{h(x),(x)} and where D and U are the
compact sets of possible disturbance and control inputs, respectively, as defined
in (4.10). For numerical reasons, it has become common practice to solve (4.18|)
using level set methods in combination with upwinding schemes such as [ENO|
schemes [110} p. 29]. Alternative methods for solving (4.18), such as using Deep
Learning [12] have been proposed, however, they lack many of the performance
and safety guarantees we require.

To apply level set methods to (4.18)), we are required to grid the state-space,
thus exponentially scaling the memory requirements with each additional state.
This necessitates the need for the low dimensional model of the AWE] system derived
earlier in Section [4.3] Furthermore, for each grid node, we are required to evaluate
the dynamics and calculate the derivative of the value function. Therefore, to
minimise computational overhead, we need to ensure we only consider grid nodes
that are relevant during flight. To use conventional level set methods, however, we
are required to use an evenly spaced grid. As can be seen in Figure [4.7], gridding
the position of the aircraft in the [NED] frame is inefficient compared to the new

I' frame introduced in Section A.3.3

Figure 4.7: Comparison of a 31 x 7 grid in the frame vs the I' frame. The I' frame
successfully captures only relevant nodes close to the optimal tracking curve.

4.4.2 Optimal Control and Disturbance Inputs

To solve (4.18), we need to find the optimal control and disturbance inputs that

. .. . ) Sw(x.t
are the minimisers and maximisers, respectively, of supgep infuer “’é;" )£ (x,u,d).

Notice that the order of supg p infy ey has been swapped compared to the differential
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game of the previous chapter. Due to the high inertia of the winch, we assume that

the response time of the winch controller is slower compared to the flight controller

and we also assume the wind gusts to change at a slower frequency compared to

the choice of flight control actions. As such, in a differential game setup, it makes

sense to allow the controller to choose its control actions after the disturbance.
Let us define the Hamiltonian of the system as

— : T
H(x,q) = maxming" f(x, u,d), (4.19)

where q = [q1,...,q7] € R” is the costate vector and since both D and U are
compact, we are able to define the Hamiltonian using the max and min over D
and U, instead of the sup and inf, respectively, i.e., the optimisers are achieved.
To determine the optimisers of the Hamiltonian, we utilise the separation of the
dynamics presented in Section [£.3.3] This allows us to write the Hamiltonian as

_ . Tg T
H(x,q) = minq f(x,u) + maxq’ fo(x, d), (4.20)

separating the control from the disturbance inputs. We begin by finding the control

inputs that minimise the Hamiltonian

u* € argminq” f(x, u)

uelU
1
:argnUllnm—{(M ek B Mg, (WMas(a, B)(Fale,va))p. (421)
uec a

Since the derived avoidance manoeuvre needs to adhere to control constraints
placed on the path-following controller, notably limiting the range of bank angles,
no analytic expression for could be found. However, since we only need to
know the optimal control inputs for a finite number of v,, 7, q4, g5, and gg values,
we grid the input space and evaluate for discrete values of p and « to find
the near-optimal control inputs, i.e.,

u’ € argmin v,q4(a(a)cos(a) + b(a) sin())

a€lat,...,an],
ME[MIV'WM’"L}

+ ( g5
COS Va

sin(u) + g cos(u))(b(a) cos(a) — a(a) sin(wr)), (4.22)
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where a(a) and b(«) are second order polynomials and [ag, ..., ] and [, ..., fim]
are discrete values of o and u, respectively. Notice that u* is a state-feedback
controller as it depends on the state implicitly through the costate vector q.

Determining the control inputs that minimise the Hamiltonian by means of ,
we proceed to find the worst-case disturbances as the maximiser of the Hamiltonian,
ie., d* € argmaxy.pq' fo(x,d) = arg MaXy, . q’ (fo1(x, diurn) + foo(x,da,))
Due to this separable structure, we begin by computing the worst-case disturbance,
da,, which captures adverser winch control

A, € arg max q’ foa(x,da,), (4.23)

dAt € [_dAt ,max 7dAt ,max]

where da, max = 0.005 is considered the bound of At as derived in Section m
Solving yields dj, = —sign(qr)da, max-

For the computation of the disturbance vector di,p, the worst-case wind
turbulence, we need to consider the effects the wind turbulence has on the position
and heading of the aircraft. The wind turbulence naturally influences the wind
velocity and subsequently the kinematic velocity of the aircraft. We thus begin
by rewriting the kinematic velocity in the 7 frame, whereby we replace the wind

turbulence with the disturbance vector dim, i.e.,

Va

(Vi)r = MawMuwo (Mo | 0| + (Vahear)o ) + Mew(duun)w - (4.24)
—_— —m—
0 K (dturb)T
(Vk,O)T

This allows us to rewrite the position propagation in the frame as

(Uk O)Ty (dturb)Ty . (Uk O)TX (dturb>7-x .
= ! : : = ’ : : h’T = — oz — d wb )7z
cos(@)hy = cos(@)h,’ ¢ T (Vk.0)rz — (s .
A é hro
0 0

(4.25)
where (vko)rx, (Uk0)ry and (vgo)-, denote the x, y, and z components of the
base kinematic velocity in the 7 frame and (diub)rx, (dewrb)ry and (dewn)r,, denote
the x, y, and z components of the turbulence disturbance vector in the 7 frame.

Recall that the tether force (4.6]) is also affected by the kinematic velocity of the
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aircraft through the difference between the velocity of the aircraft and the final

tether segment, given by S, ,+1 = Vaircraft — Vn. 1hus the turbulence will only

affect the tether force if the turbulence acting on v,j.cage is notably different from

that acting on v,. Since we already incorporate uncertainty in the tether force

by means of da, which is chosen conservatively, we neglect the minimal impact

of the wind turbulence on the tether force.

Thus the worst-case turbulence disturbance can be calculated by
diy, € argmax g, a5] Mo ] (4.26)
diurb x € Diurbs

dturb,y E[)tulrb
dturb,z 6Dturb

where Dy, = [~diurbmax; @rurbmax], With diwbmax = 47, the possible range of
turbulence velocities. The results in (4.25) utilise the disturbance in the 7 frame,
while we require the final result to be in the wind frame. To this end, we transform
(dgurb)- back into the wind frame and drop the additive term (v )., resulting in
the final worst-case turbulence disturbances that maximise the Hamiltonian

t T,X t T,X
(t)s, +q2( 1),
|[t][2lr [t L[]

*

turb,x — _dturb,max : Sign[Sin(qﬁ) COS()\) (fh

)

SO+ ) + o) oG+ )]
= s = () s o {007+ (25

 cos () g2 L) — cos()sin (V) e + g 28 — )]
e = s cos(0)an {1075+ g E)55)

()7
[1t]l2lr

(tj_)‘r,z o
ItL]]2

— sin(@)(q + ¢

CI3)}

With both the worst-case disturbance and optimal control inputs computed, the
Hamiltonian can be calculated. To solve we employ the Level Set Method
toolbox of [103] and begin by initialising the value function at ¢t = 0 with w(x,0) =
max{h(x),(x)}. As we solve the quasi-variational inequality (4.18)), we compute
the optimal control inputs that form our control policy u(x, ). The evolution of

the value function over the time period [—0.1s,0s] is shown in Figure [4.8] Any
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state in the sub-zero level set belongs to the [BRS] i.e., the set of points that can

reach R while avoiding A within ¢ units of time.

zero level-set of V(x,0)

V(x,0) t =-0.1s
zero level-set of V(x,-0.1)

-V (x-0.1)
0.34-~

— 0.2 4 [SRE

T
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[
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Figure 4.8: Visualization of the value function used for safety controller synthesis
projected along [s = 47/3,0 = 20m, h, = 250m, v, = 31m/s, Ay = 0.3mm)].

4.4.3 Hybrid Control Setup

Let us refer to the safety and the [NDI| control laws as tgasety and unpr respectively.
The aim is to combine these control laws in such a way as to mitigate the negative
effects on power generation through conservative and sub-optimal manoeuvres
while maintaining safety properties. In the context of flight manoeuvres, logic-
based switching has become a common practice as it has many advantages over
traditional adaptive control techniques, especially when considering systems with a
high degree of model uncertainty [36, pp. 75, 130] 135]. Utilising logic-based
switching to incorporate [LJ] reachability into a least restrictive control law has been
demonstrated in the past in , . However, unlike previous implementations
of the [HJ] reachability least restrictive control laws, incorporating switching into

more complex systems, such as flight control, requires careful consideration of
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the switching behaviour. Badly chosen switching rules can lead to chattering
and destabilisation of the system. Thus, in summary, we derive a switching law

based on the following criteria:

1. Allow for fast switching to the avoidance manoeuvre to facilitate a rapid

response.
2. Prevent the system from being destabilised due to chattering behaviour.
3. Account for uncertainty in the tether force estimation.

4. Minimise negative effects on power generation.

A common method to prevent the system from being destabilised is to rely
upon slow switching conditions, such as dwell time switching or hysteresis switching.
As the avoidance manoeuvre generated by the safety controller will not have a
clear minimum execution time, it becomes difficult to determine the appropriate
average dwell time and potential chatter-bound [76]. To this end, the switching law
derived in the sequel is designed based on hysteresis switching and sliding modes |86,
pp. 12-14]. In the context of systems with large uncertainty, the switching is
conventionally performed using supervisory control, whereby an estimator is used
in combination with a monitoring signal generator, and finally, a switching logic is
used to determine an appropriate controller [86] p. 133]. The integration of state
estimation into the control process is outside the scope of this work, thus we restrict
ourselves to deriving an appropriate switching logic.

To create the necessary switching surfaces, we will consider the current tether
force as well as a first-order approximation of the predicted tether force. Since
the actuation delays are not accounted for in the safety control synthesis, belated
switching to the safety controller will potentially not give the safety controller
ample time to take the necessary action to avoid a critical system failure. To
this end, we choose the switching surface S; to lie slightly below the maximum

tether rupture force.

oF T,

S1(Fe) = ([[Fill2> Frupiure = 30N) v ([[Fef[o+ 2 Frupture — 50N), (4.27)
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where ty = 0.1s is the time horizon used for the computation and [[F[,
is the moving average of the tether force acting on the aircraft. The numerical
values in (4.27)) are tuned experimentally, while due to uncertainty in the linear
extrapolation of the tether force, the threshold for the predicted force is chosen
lower. As a switch from unpr t0 Usafety 15 considered time-sensitive, we utilise sliding
modes, to prevent abrupt manoeuvres while maintaining speed.

Using solely sliding modes, however, may lead to chattering. To this end, we
draw on the aforementioned hysteresis switching logic and define a second switching
surface, Sy, that is offset from the first and utilised to switch from ugafery to unpr.

O||F4|l
ot

So(Fy) = =S1(||Fell2) A [(||Ft||2§ Frupture — 40N) V ( < 0)} (4.28)

A summary of the switching logic is illustrated in Figure [4.9]
S1(Fy)
start @ @
Sy (Fy)
Figure 4.9: State automaton of the hybrid control setup.

4.5 Simulation
4.5.1 Simulation Setup

To verify the effectiveness of the derived avoidance strategy, we consider the simpli-
fied dynamics derived in Section [4.3]simulated using the worst-case disturbances. As
can be seen in Figure 4.10] when the avoidance strategy is engaged, the controller
derived by means of [HJ] reachability is successfully able to decrease the tether
force. To verify the feasibility of the chosen strategy, however, it is necessary to
demonstrate its effectiveness in conjunction with the guidance and regular path-
following controllers. Furthermore, integrating the chosen avoidance manoeuvre
into a larger simulation framework serves as validation that the chosen robustness

margins are adequate at handling unmodelled adversarial effects, such as actuator
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delays. To this end, we integrate the avoidance strategy into an extension of the

MATLAB Simulink framework presented in [115] and [49].
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Figure 4.10: The tether force acting on the aircraft during the avoidance manoeuvre
under worst-case disturbances. Each colour represents a random initial position, velocity,
and tether force and the evolution of the tether force as the avoidance manoeuvre is

executed.

Together with the subsequent discussion, the validation of the presented hybrid

control setup constitutes our fourth key contribution of this chapter. Some of

the relevant simulation parameters are presented in Table and we have made

the simulation code available [l

Parameter  Value Description

Fret 1600 N Force tracked by the winch controller
Frupture 1870 N Force at which a tether rupture occurs
|| Waol| 9 = Measured wind speed at 20 feet

w T Wind direction

Niether 5 Tether segments used during simulation

Table 4.1: Simulation Parameters

To acquire the safety control inputs, tsfety, we solve (4.22)) using the numerically

computed Duxty)

—5. as our costate vector. Since calculating the derivatives of the

value function is computationally intensive, it is impractical to compute ugatety

lyww.vertovec.info/code/AWE-simulation
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Figure 4.11: The tensile force of the tether acting on the aircraft during flight.

during the simulation. To this end, we calculate the optimal safety control inputs
offline using a high-fidelity grid and save them on each grid point, using the saved
values as a lookup table to be used during simulation.

Both control inputs, ugafety and uxpr are passed to the control switch, which
determines which control input to use based on the switching law derived in
Section The final control u.nq is passed to the actuator, which simulates
the actuator delays. The bank angle u, and angle of attack «, are then passed
to the aircraft model. To complete the pumping cycle and execute the retraction

phase, we utilise the framework derived in |115].

4.5.2 Simulation Results

To evaluate the performance of the safety controller, we run the simulation for
multiple pumping cycles to determine if, at any point, the maximum allowed tether
force is exceeded. The tether force of three pumping cycles, as well as the switching

behaviour of the safety controller, is shown in Figure [£.11], [£.12] and .13 Notice

how the tether force is able to remain high throughout the pumping cycle and
only minimal interventions by the safety controller (blue segments in Figure [4.13])

are necessary to prevent a tether rupture.
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Figure 4.13: The safety controller only needs to be activated at particular times. For
the remainder of the flight, a more power-optimal controller, such as the [NDI] controller

can be employed.
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The mechanical power that is able to by harnessed by the ground station can

be calculated by multiplying the tether force at the ground station by the reel-out

speed, i.e., Puecn = ls||Fy|l2.  In Figure [4.14| and [4.15] the power generation

capabilities of the [AWE] system are shown. The average power generated over 3
cycles is 3.346 kW with a peak power output of 19.927 kW. Without the safety
controller and neglecting the tether’s rupture the average generated power over
3 cycles was 3.354 kW with a peak power output of 21.024 kW. Thus the safety
controller is able to enforce safety with only minimal effects on power generation.
To further put the power generation into context, we derive a theoretical upper
limit of the power that could be generated based on the work of [44]. We begin by
calculating the maximum power harvesting factor, {, based on the drag and lift
coefficients presented in [118|. The power harvesting factor is a common metric
used by both applications as well as conventional wind turbines (not to be

confused with the power coefficient commonly used for wind turbines)

4 3
= — . 4.29
C 27 (CD + CDtether)2 ( )

The power harvesting factor is unique for a given setup and is used in [47]
and [89] to calculate the theoretical limit Pp.x. However, in order to calculate a
tighter, more realistic upper bounds of the power that a given controller could
achieve, we calculate an efficiency factor e that can be multiplied by the theoretical
upper bound of the power generation, Pp... This theoretical upper bound is given

by Theorem 1 in [44], P = Prax cos® (o), where v, is the optimal angle between
——
&
the aerodynamic force and the wind.

Based on the observation that the average aerodynamic force needs to balance
the gravitational force acting on the aircraft as well as the force exerted on the
aircraft by the tether (assuming that on average the system is not accelerating), we
can state the following equality based on a 2-dimensional simplification

cos 70 cos ] [yl
F, . — ||F . + =0, 4.30
LS e R e R )
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Figure 4.14: The power Py that is generated at the ground station during flight.

where 1) is the angle between the tether and the ground and ||Fgsagl|2 is the negated
x component of the aerodynamic force, (F,)4. On average, ¢ is equal to the
rotation of the tracking curve, i.e., ¥ = 1. As in , we multiply both sides by
[sin 1), — cos9]T, which cancels out the effect of the tether, allowing us to solve for

Yo, which in turn leads to the theoretical efficiency factor

[1F 2

[l

|| F dragl|2
[[Fal]2

e = cos® (¢0 4 sin™! ( sin 1o + Cos @bo)). (4.31)

Finally, we calculate the theoretical maximum power that the hybrid control
setup could obtain as P = eAg(C sollvw|[3. When evaluated and averaged, this
equates to a theoretical average power of 5.41 kW. Thus the hybrid control setup

comes close to the upper bound that could be achieved.

4.6 Conclusion

We introduce a novel avoidance manoeuvre for the path-following controller of an
[AWE] system through the introduction of a low-dimensional simplification of the
system dynamics and application of [HJ|reachability analysis. Utilising the presented
switching law, the avoidance manoeuvre can be used in conjunction with an arbitrary
primary flight controller for safe and power-optimal flight. We demonstrate the

efficacy of the hybrid control setup through a full-scale simulation with a wind
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Figure 4.15: Generated power in relation to the aircraft’s flight path. Negative (resp.
positive) power indicates a reeling in (resp. out) by the winch thus power is exerted (resp.
harvested).

turbulence model, actuator delays, and nonlinear tether dynamics, validating that
the chosen simplifications and worst-case considerations in the controller synthesis
are sufficient for ensuring safe flight and avoiding a critical tether rupture. In the
subsequent chapter, we will depart from [HJ] reachability analysis to address the

second distinct notion of safety considered in this thesis.

4.7 Appendix

Coordinate transformation matrices

For brevity, we only list the transformation matrices in one direction, as the inverse

transformation is obtained by simply transposing the appropriate matrix since all
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transformation matrices are orthogonal [106, p. 87].

Mg

[ cosa,cosf, sinf, sina,cos B,
—cosQ,sinf, cosf, —sina,sing,|,
| —sinaq, 0 COS Qv
[—singcosA —singsinA  cos¢@ |
—sin A cos A 0 ,
—CcospcosA —cosgsin A —sing
[COS Xa COS7Va SN XaCOSYa — SINY,]
— Sin Ya COS Xa 0 ,
| COS Xa SIN 7Y, SINX,SIN7Y, COS7V, |

95
1 0 0 ]

Mz, = |0 cosp, —sin pu,
0 sinp, cosp, |
cosw sinw 0]

Mow = |sinw —cosw 0
0 0 —1]
cos(¢p) 0 —sin(ty)]

Myp = 0 1 0

sin(vo) 0 cos(vo) |
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State Aggregation for Distributed Value
Iteration in Dynamic Programming

5.1 Introduction

Value iteration is a well-established method for solving dynamic programming
problems, yet it exhibits scalability issues for applications with a large state-
space. State aggregation can be used to reduce the number of states that need
to be considered and has a long history in scientific computing with applications
ranging from the improvement of Galerkin methods [37], to solving large-scale
optimisation models [120], and dynamic programming |15]. In [13§] it is shown how
the aggregation approach can be used in conjunction with value iteration, however,
for problems with large decision spaces and cost and transition probabilities that
potentially evolve over time, conventional aggregation will still be hampered by
scalability issues. In light of this, we propose a multi-agent value iteration algorithm
that utilises aggregation to minimise communication requirements between agents
and allows for solving dynamic programming problems where each agent has only
partial knowledge of the state transition costs and probabilities.

Value iteration has been expanded to a multi-agent framework for the class of
problems that contain a joint decision space [20], yet in this approach no restrictions

are imposed as far as the agents’ knowledge of the underlying transition probabilities

97
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and costs are concerned. Such restrictions have been considered for small-scale
problems as in [112], however, require a centralised critic for estimating the expected

team benefit in a non-cooperative setting.

The proposed framework differs from many multi-agent reinforcement learning
approaches that utilise sharing a weighted average of agents’ local estimated value.
Rather than considering a set of global states shared by all the agents in conjunction

with a local reward observed by individual agents as in |48 |71, we consider a

IMarkov Decision Process| (MDP)) partitioned among agents with the objective of

determining in a distributed manner the global value function without disclosing
information on the transition probabilities and costs among agents. This allows us
to address the second distinct notion of safety considered in this thesis: limiting
the sharing of private information.

This chapter performs the following main contributions: (i) We propose a dis-
tributed value iteration algorithm for multi-agent dynamic programming, preventing
transition probabilities and state costs from constituting global information among
agents; (ii) We provide a rigorous mathematical analysis on the convergence and
optimality properties of the proposed algorithm, merging tools from multi-agent
consensus and dynamic programming principles; and, (iii) We demonstrate our
scheme on a non-trivial traffic routing problem.

The rest of the chapter is organised as follows. Section provides some math-
ematical preliminaries and introduces the distributed multi-agent value iteration
algorithm. Section provides the main statements and associated mathematical
analysis supporting the proposed algorithm. In Section [5.4] we introduce a traffic
routing problem and show how our proposed approach is able to solve the problem
in a distributed manner. Finally, Section [5.5 provides concluding remarks and

directions for future work.
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5.2 Problem Setup

5.2.1 Multi-agent Markov Decision Processes

We first introduce a standard [Markov Decision Process (MDP)|that will be expanded

to a multi-agent setting in view of the proposed distributed algorithm presented
in the sequel. We consider a finite set of n states denoted by X and let ¢(i, u, j)
be the cost-to-go from state i € X' to state j € X, using the input u € U(i), where
U (i) is a finite set of actions/decisions available at state 7. Furthermore, let p(i, u, j)
be the transition probability to transition from state ¢ to state j using the input
u, with >3%_; p(i,u,j) = 1. The objective is to solve a global discounted infinite
horizon dynamic programming problem. The associated Bellman equation is given
by J*(i) = minyey@ Xj=1 p(i, u, 3)[g(i, u, j) +aJ*(j)], where a € [0, 1) is a discount
factor, and J* denotes the optimal value function that satisfies the Bellman identity.
Solving the Bellman equation using conventional value iteration or policy iteration
requires knowledge of all transition probabilities and associated costs.

We consider the setting where a set of ¢ agents collaborate to solve the
aforementioned infinite horizon dynamic programming problem in a distributed
manner, with only partial knowledge of the state transition probabilities and
costs while minimising communication between agents. As such, we partition the
state-space X into g subsets, I, C X, such that for all m,¢ € {1,...,q} with
m # £, I, NI, = (). Each agent knows only the state transition probabilities and
cost for transitions originating within its state subset I, i.e., for each agent ¢,
go: Ly xU XX =R, pp: I xU x X — [0,1]. Using conventional value iteration
would require each agent to share its knowledge of the transition probabilities
and costs, resulting in significant communication overhead. In the subsequent
section, we introduce an alternative method relying on state aggregation that
allows solving the discounted infinite horizon dynamic programming problem under
consideration in a distributed manner where some tentative information is exchanged

only with neighbouring agents.



100 5.2. Problem Setup

5.2.2 Distributed Value Iteration

We start by aggregating the value function (expected optimal cost-to-go) to construct
for each agent £ = 1,...,q, the aggregate value, defined as ryy = 3,7, dp;J (i), where
J constitutes an approximation of the optimal value function of the Bellman equation,
and dy; is the so-called disaggregation probability (encoding the contribution of
each agent’s value function to the aggregate one), satisfying for all £ = 1,... ¢,
>ier, dei = 1 and for all ¢ ¢ 1y, dy = 0. The aggregate values for each agent, 74, can
be combined into a common vector denoted by r; tentative values for this vector
will be communicated across all agents. Thus we define r, = {7’6,1» NN CY S g

In the sequel, we will define an iterative scheme, according to which each agent
¢ =1,...q will update their estimate for the vector r,; we denote this at iteration
k, by ¥, where its m-th element is indicated by er, m = 1,...,q. Each value
TZm for m # ¢ corresponds to agent ¢’s last received value of the aggregated term
T'm,m, While 7’26 will denote agent ¢’s own aggregate value at iteration k. The
vector ry, can be initialised to some tentative value and will be updated as agent
¢ receives updated values from its neighbours.

Next, we introduce the aggregation probability satisfying for all £ =1,...,q,

bt {1, if j € I,

0, otherwise.

Such a formulation of the aggregation probability is known as hard aggregation
in the literature |21, p. 311].

To solve the discounted infinite horizon dynamic programming problem, we
propose a distributed algorithm for which the pseudocode is given in Algorithm
and [2l The proposed algorithm involves an agent-to-agent communication protocol.
At each algorithm iteration & > 0 we consider the directed communication graph
(V,E(k)), where the node set V' = {1,...,¢} includes the agents and the set
E(k), the directed edges (m, 1), indicating that at iteration k agent ¢ can receive
information from agent m. Let Fg(k) = UZ(E;B) E(i) for some integer B. We make

the fairly standard assumption in the existing literature on the communication

structure between agents |48, |107]:
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Assumption 5.1. [Connectivity and Communication] There exists a positive integer

B such that (V, Eg(k)) is fully connected for each iteration k.

Assumption implies that for any agent pair (¢,m) there is a direct link at
least once every B iterations. This prevents agents from having to share information

with all other agents at all iterations as well as for the presence of a central authority.

Algorithm 1 Distributed value iteration

1: Initialisation
2: Set ) « [0,...,0] forall £ =1,...,q
3: Set ryy" <0 for all £ =1,.
4: Set%()(—()forallzefgandf—l
5 k=0
6: repeat
7: for each Agent / € 1,...,q do
8: VE it «Agent-Update(VE, rf)
9: Ne(k)={me{1,...,q}: ({,m) € E(k)}
10: if [|r57" — Py 1> Chtweshold,
11: or if ({,m) ¢ U",_p.1 E(i) then
12: Send 757" to all agents m € Ny(k)
13: end if
14: if receiving information from an agent m then
15: k-i—l kil
16: else
17: rpdl =l
18: end if
19: end for
20: until ||rf™ — rf||< tolerence for all £ =1,...,q

Algorithm 2 Agent-Update

1: function AGENT-UPDATE(V/}, 1})

2: for i€ I, do

3 V(i) < minge) 2 pe(l s 3)[ge(is s )
4: +a(@5VE() + Zm = ¢JWT€ m)]

5 VE(i) < V)

6 end for

g e e, dg Vi ()
8

9

return V! rpf!
. end function

Initially in Algorithm [I] each agent ¢, ¢ =1,..., ¢, starts with some tentative

value of the aggregate vector r?, and local cost function V. The initialisation
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choice is arbitrary. Utilising the aggregate vector 7% at iteration k > 0, each agent
¢ locally and in parallel executes Algorithm [2] so as to construct the updated local
value function Vf“ : Iy — R which will, in turn, yield an updated aggregated
cost rf}l € R (Algorithm , Steps .

To minimise communication overhead, an updated aggregated cost rff is only
shared with other agents in the set Ny(k) (the neighbours of ¢ at iteration k) when

the aggregated cost has changed significantly, i.e., ||r§"[1 =704 I> Cinreshold, where

iy is the aggregated cost previously broadcast to other agents and Cihreshola i
a communication threshold (Algorithm , Steps |10 - , or when agent ¢ and a
neighbouring agent m have not communicated in the last B iterations (see Step
this ensures that there exists a bounded intercommunication time as required by
Assumption . For further discussion on the communication threshold to limit
the transmission of insignificant data, we refer to [6§].

Until convergence is reached, each agent will repeat the execution of Algorithm [2]
and the subsequent communication step. Note that at iteration k, the vector
7% may contain aggregate values from other agents received at prior time steps
(Algorithm , Step . It will be shown in the proof of Theorem that convergence
will nevertheless be reached.

We now turn to the update of V* and 7’2 s, performed when calling Algorithm .
Each agent uses the local value function, V%, to represent the cost-to-go function
at each state i € I,, and the aggregated cost, r}, to approximate the cost for
states j € X\I;. The local value function is iteratively updated for each state
i € I, (Algorithm , Steps 2| - @ This update follows from standard value
iteration; choosing the control action at state ¢ that minimises the expected cost-
to-go (Algorithm , Step {4)) and using a Gauss-Seidel update on the local value
function to improve convergence and minimise memory usage (Algorithm , Step .
We perform an update only to the local value function since we restrict ourselves
to states for which sufficient knowledge of the transition probabilities and costs

is available. After the local value function has been updated, the updated local

aggregated cost, 7’%1, is computed (Algorithm , Step .
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Notice that Algorithms [I] and [2] prevent disclosing the transition probabilities to
all agents; in contrast, each agent ¢, has access only to the probabilities and costs

associated with transitions originating from their partition I,, { =1,...,q.

5.3 Algorithm analysis

The following theorem is the main result of this section.

Theorem 5.1. Consider Assumption[5.1. Algorithm [1] converges asymptotically to
a common value for r among agents, i.e., there exists r such that for all{ =1,...,q,
limy,_, o0 ||7F — 7||= 0. Moreover, for all ¢ =1,...,q, for alli € X, VF(i) converges

to some V,(i).

Proof. We show convergence when agents transmit TZ s, L =1,...,q, irrespective
of whether this deviates more than Clyresnola from their previously transmitted
cost. This is without loss of generality as in this case, the resulting sequence of
transmitted costs would form a subsequence of {r§,}72, hence it will be convergent

as we will show that {r},}72, converges.

Fix any k > B, and any ¢ € {1,...,q}. Let

ko k+1 k
Com = Tom — Tomo

ko _ k+1 K
€Z,oo - mrilﬁ’.}f,qhﬂ(,m ré,m 9

k

k n

€oo = ,Max E €0 00>
- 7"'7qn:k_B

i.e., € is the maximum among agents of the cumulative incremental update over the
most recent B + 1 iterations; recall that due to Assumption this is the window
within which agent ¢ communicates with other agents at least once. Consider the

update to the value V/*(i), for an arbitrary iteration k and agent £ = 1,.. ., q, which
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we define as
0y (1) = VI a) = V(D)

= min Zpg i,u j)(gg(z u, 7) + aloiViEG) + Z ¢gm7“gm) — V(i)

ueU (i
m;éé
n q
= min (2 et s ) (9o, g) + aldgeVE () + 32 Gimrtnl])
= it
oY pelivu. ) (60 () + Z bimelm ) = Vi)
5=l i
S‘Q()‘i‘ufgg()i&nglu])(@jﬁ(s +Z¢jm6£m) VZ()
= m
= Insx aZpe iy, ) (056051 (5) + Z SimElm ),

s,
where the first equality follows from the definition of V%, and the second one from a
rearrangement after substituting V*(j) = V"' (j) + &; 7' (j) and 1§, = v} + €5
The inequality follows from the definition of V¥ and by considering the maximum
over u € U(7).
For each £ =1, ..., ¢, we now define the maximum update of |65/, over all states

i € Iy, as 5; = max;ez,|0f (7)|. It then follows that for all i € I,

L q
512( ) < max ozsz LU j)(%‘eéf ' + Z ¢jm€§,;)

uelU (i) m—1
m#£L
q
—<k—
< - 5
urg%a;pe i, j (mz_:lcby max{d, ", e;5'})
= amax{d, e} (5.1)

where the second inequality follows from the definition of 3];, and the equality
follows from the fact that >%_, p(i,u,j) = 1, and 37,_; #jm = 1. Define 5];0 =
maxXe—i,. g Zﬁ:k_B FZ, resulting in

k

5 < a max > max{gz egoo}—amax{éool, -1 (5.2)
I T

where the inequality is since (5.1) holds for all i € I,, and the exchange of the

summation and the maximisation operator is since all quantities are non-negative.
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At the same time,

-
o
i
s
S
3
3
|
-~
3
IA
3

s}

'%M?r - M L1

S+

ZEI
= max | dyidy,(1)]
n Bm 1o i€l
o koo
= Jmax 6, = max Y 6, =0, (5:3)

3

n+1

where the inequality is since >F_, Bl — 7| is bounded by the value this would

become if agents ¢ and m communicated at every iteration n =%k— B+ 1,...,k
(see Steps u-. Algorlthm ' The first equality follows from the fact that 7“”“ =
Sict,, dmiVir (i) (see Step [7, Algorithm [2), and since V2 (i) = V(i) + 67 (i),

while the last one is due to the definition of 5k

By (5.3) we can upper-bound €5, = maxo—1,.. 4 >h_; pmaxy—1,. qg|rim — 7
as
k Lo k=1
€oo < A Xq5 < OémaX{500 € b (5.4)

where the last inequality follows from (5.2)), and the fact that the bound in (5.2)) is
independent of /.
By (5.2) and (5.4) we then have that max{éoo, e} < amax{(5

-1

oo ) OO

, which

implies that max{5 e® } is contractive. As a result, {max{éoo, " }}i>0, and hence

also {e® }1>0 and {(500}k20 will be converging to zero. Since {€* };>¢ converges,
then each term in the summation in the definition of €* will also converge, implying
that {|7“kJrl 7§ ml|}i=0 is convergent. This implies that for all £ = 1,..., ¢ there
exists 7 such that limy_,..||rf — 7||= 0, while convergence of {gio}kzg (due to (5.2)),
and the definition of 6§(4)) implies that for all ¢ = 1,...,¢q, for all i € X, {V/F(4) }x>o

would be convergent, thus concluding the proof. O]

Theorem implies consensus among agents to a common 7, and also establishes

convergence of {V/*(i)}r>0 to some V,*(i). Moreover, the convergence rate is linear
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since max{gl;, " 1 is shown to be contractive in the proof of Theorem ﬂ The
exact convergence rate for {|rj — rf, |}i=o will depend on B.

Next, we consider error bounds between the limiting V;*(i) and the optimal
J*(i), satisfying the Bellman equation. For the subsequent result we assume that

B =0, i.e., agents communicate with all other agents at all iterations.

Theorem 5.2. Consider Assumption with B = 0 and Algorithm [1. For all
(=1,...,q,i € X, we have that the limit point V;(i) of {VF(i)}r>o satisfies

J

Vi) = )< ap—

, (5.5)

.....

equation.

Proof. The proof is inspired by [138]. Fix £ =1,...,q and i € X. We only show
that V,*(i) < J*(i) + a&, as the other side in (5.5)) follows symmetric arguments.

To this end, for each i € I, define V(i) :== J*(i) + a72-. It follows then that the

aggregate of V(i) can be constructed as

Too =Y dyVi(j) =D dy(J*(j) + @ )

i€l i€l I-a
J
<Y dyi(min J*(i) + 6 + « )
. i€ly 1—
Je€l,
=min J* (i) + 0 + o inJ*(i) + 0 (5.6)
~ e TV Mo e (@ 1—a’ ‘

where the inequality is since J*(j) < min;ez, J*(¢) + 9, while the second last equality
is due to Y e, doj = 1.

Denote the Bellman operator induced by the Bellman equation as 7T, such that
we can compactly write the Bellman equation as J*(i) = (T J*)(i), where effectively
by (T J*)(i) we imply the right-hand side of the Bellman equation which depends

on ¢ and on J*(j) for all j = 1,...,n. Forall i =1,... ,n, we now consider the
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application of the Bellman operator to V, i.e.,

(TV,)(i) = min Zpg iU j)(gg(Z u, J) + algjeVi(s) + Z qﬁjmmm)

uelU(7)

=1 it
. J
< in ) Zpe i, ) (gei, u, ) + alde(J*(j J)+ar—)
J
+Z¢m min J*(j) + ——)])
m;éZ
“ J
SuIenl}l’lZngUJ( (i, u,7 +ozmzlgb]mJ )-l—m))
<mlnngZU]( (i,u,7 +04J*())~|—a 0
T wel( 11—«
, Y = /.
=J"(i) + aT—— = Vo(i), (5.7)

where the first inequality is due to the definition of V, and utilises To,m = Tm.m, Which
holds since B = 0. The second inequality follows, since miney, J*(5) < J*(j) for
all j € X, and a& < &, that in turn allows us to combine the terms multiplied
with ¢;, into the last summation. The last inequality follows from >2¢ _; ¢ = 1,
while the second last equality is due to the Bellman equation.

By we have that (TV,)(i) < Vy(i), for all i = 1,...,n, which implies that
{VIZ (1) }k>0 is a non-increasing sequence. Moreover, 7 is contractive and as such it
will converge to its (unique) fixed point; a direct consequence of Theorem is that
this fixed point is V;*(i) (as the latter was constructed by successive applications of
the Bellman operator). Therefore, for all i = 1,...,n, V;*(i) = limg_o0 (T*V,) (i) <
V(i), thus establishing V;(i) < J*(i) + at%, concluding the proof. O

It follows from Theorem , that if the aggregation sets [y, ..., I, are chosen
such that the cost function J* is expected to vary moderately between states
within an aggregation set, then the maximum error compared to Vi,...,V, will
be moderate as well. One method to aggregate states with similar costs is to
use feature-based aggregation, whereby the aggregation is performed on a set of
representative features instead of representative states. This form of aggregation

has been thoroughly investigated; we refer to [21, p. 322], [19, p. 68] and references
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Figure 5.1: Graph representation of the East-Oxford road network. Junctions are
represented by vertices and edges represent roads.

therein. For applications with a high discount factor, i.e., & << 1, the maximum

error will also be moderate.

5.4 Application to traffic routing
5.4.1 Simulation Set-up

We demonstrate the proposed algorithm in a traffic routing case study. To this end,
we begin by modelling the traffic network as a graph, with vertices representing
junctions and edges representing roads connecting junctions. An illustration of such
a graph representation for the Oxford road network is shown in Figure |5.1]

We consider a low-energy antenna with a limited range and computation power
to be situated at the centre of each network partition, gathering the current speed
and location of nearby vehicles. The transition cost of an edge is the expected travel

time along that edge and is computed based on the data received by cars, i.e.,

length of edge (5.8)

L,u,]) =
ge(i; u, 7) average speed of cars on edge’
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Figure 5.2: The complete Oxford road network subdivided into 5 subgraphs representing
the aggregation sets.

where u is used to determine the selected edge between node ¢ and j. Due to the
nature of the low-energy application, we utilise the proposed algorithm to limit
the amount of data that needs to be sent over longer distances.

As is common in transit node routing, vehicles are trying to reach a common
access node, such as a freeway used for long-distance routing. The goal is to
find the fastest path to the access point, thus the cost at each vertex is the
discounted expected travel time to the access point. In our example related to
the Oxford traffic network, the access point will be London Road, leading long-

distance travellers toward London.

5.4.2 Simulation results

The Oxford road network is partitioned into 5 subgraphs using K-means clustering
of the vertices based on their Euclidean distance, as shown in Figure [5.2
The cost-to-go is calculated as in (5.8), where the average car speed is randomly

generated from a uniform distribution to lie between 25% and 100% of the speed
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limit of the relevant road. For each vertex, the outgoing edges are enumerated and
the transition probability between two vertices is set to either 1 or 0, depending on
whether an edge directly connects the vertices and the input selects that edge.

The disaggregation probabilities are zero for all nodes that have no edge
connected to a vertex in another aggregation set I,. The remaining vertices are given
a normalised non-zero disaggregation probability. The discount factor, a = 0.9,
is chosen close enough to 1 so as to reflect the desire to reach the final node and
avoid loops, yet smaller than 1, so as to weight costs further off as less important
due to the constantly evolving traffic situation.

Solving the aggregate problem and comparing it to what is considered to be the

true solution J* obtained via conventional value iteration, we notice that the nor-
|$a1 Ve (i) —J* (4)]
PAOI ’

[pat Ve (i) —J* (@)
[J*(@)]

malised average error of the expected cost-to-go, i.e., %ZZZL,,,,q 2ier,
is 0.94%, and the normalised maximum error i.e., max,—; ., maX;ey, , is
190.83%.

The value function is shown in Figure [5.3 and Figure The evolution over
time of the aggregated costs is shown in Figure 5.5 where the coloured dots represent
when the change to an agent’s local value function compared to the last broadcast
is greater than the chosen communication threshold (0.1 in this example). At
this point, the agent will broadcast its updated aggregated cost. If since the last
broadcast, no agents value function has changed significantly, the agents signal each
other that convergence is reached and the algorithm terminates.

For comparison, we show how, on average, the normalised error increases as
we increase the number of agents (see Table |5.1). This is to be expected, as

agents will rely more heavily on the aggregated values the smaller their respective

partitions become.

Number of Agents |4 8 12 16
Normalised average error | 0.67% 1.63% 2.84% 4.46%

Table 5.1: Normalised average error with respect to the number of partitions/agents.
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Figure 5.3: The node cost sorted by size. The blue line indicates the true cost computed
using conventional value iteration, the red markers represent the cost obtained by the
proposed distributed algorithm.
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Figure 5.4: The deviation of the cost obtained by the proposed distributed algorithm
with respect to the true cost. The node numbers correspond to those of Figure
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Figure 5.5: The aggregated cost r evolving over time with minimal communication
between agents.

To reproduce the numerical results the associated code has been made available|T]

with the ability to upload any OpenStreetMap file, which is then converted to a

graph and subsequently a discounted Markov decision process.

5.5 Conclusion

We presented a multi-agent extension of aggregated value iteration which was shown

to be able to solve large-scale dynamic programming problems in a fully distributed

manner. The presented methodology finds application in problems where each agent

has only partial knowledge of the transition probabilities and costs. To this end,

we demonstrated its efficacy in a distributed traffic routing problem.

1

www.vertovec.info/code/distributed-traffic-routing
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Finite sample learning of moving targets

6.1 Introduction

The use of probabilistic and randomised methods to analyse and design uncertain
systems has long been a key research area within the control community. Early
attempts at dealing with uncertainty were focused on stochastic approaches with
later research focusing on worst-case settings. Recent research has addressed
the interplay of stochastic (soft) and worst-case (hard) performance bounds by
utilising algorithms based on uncertainty randomisation, known as randomised algo-
rithms [136]. These paradigms involve applying tools from statistical learning theory
based on the theory to control [4, 136 149|. In general, these developments can
be cast as binary classification problems with the main focus being the provision
of finite-sample complexity bounds. [VC| theoretic techniques do not require the
underlying control problem to be written as a convex optimisation program; however,
they do require the so called [VC| dimension to be finite, while its computation is
in general a difficult task for generic optimisation problems. Under a convexity
assumption, the so called scenario approach has offered a theoretically sound
and efficient methodology to provide a priori probabilistic feasibility guarantees
for uncertain optimisation programs, with uncertainty represented by means of

scenarios and without resorting to theory [27H29| 32, 34]. These developments

115
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have been recently extended to the non-convex case, however, they typically involve
a posteriori characterisations [31} 67]. Applications and sample complexity bounds
of the aforementioned methodologies to control synthesis problems have been
demonstrated in [35, |45] [136], while notable extensions involve trading feasibility
to performance [30, |121], [122], applications in game theory [62], and sequential
methods [136]. Connections between the scenario approach and statistical learning
theory based on the notion of compression have been provided in |33}, 99].

A common feature is that the aforementioned approaches can be considered in
the context of learning an unknown labelling mechanism, whereby we independently
draw m samples from a domain X C R", according to some possibly unknown prob-
ability distribution P. Each sample is assigned a {0, 1}-valued label according to an
unknown target labelling function, f. The learning problem involves characterising
sample complexity bounds for m, such that we can generate a hypothesis h that,
with a prescribed confidence 1 — §, provides the same labelling with the target

function when it comes to a new sample x up to a predefined accuracy level ¢, i.e.,
P™{(x1,...,xp) € X" : P{lz e X: h(z) # f(x)} <e} > 1—09, (6.1)

where P is the product probability measure. An algorithm that generates a

hypothesis satisfying the above statement is said to be [probably approximately]

(PAC])) to accuracy e if the left side of (6.1]) approaches 1 as m — oo [149, pg.

56]. We will refer to the labelling mechanism as being|probably approximately correct|
(PAC)|learnable to accuracy e if there exists an algorithm that is to accuracy e.

The framework of the proposed tracking problem can be seen in a variety of
applications, most notably safety. In the context of safety, the [PAC| learnable
labelling mechanism can be considered to be a fault or safety indicator, which,
on the basis of a performance or state measurement, predicts a fault or unsafe
condition. Learning the labelling mechanism provides a method to robustify
towards uncertainty that could otherwise compromise safety and will thus be
the focus for dealing with the third distinct notion of safety considered in this

thesis. In Section [6.4] we provide an example of such a safety labelling mechanism
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to demonstrate numerically our theoretical developments and further illustrate
the application to safety-critical systems.

In this chapter, we will study a similar problem as above of finding a hypothesis
satisfying , however, with the notable difference that we consider the unknown
labelling function to change after each drawn sample. In light of this labelling
mechanism changing in a structured manner (this structure will be specified in
the sequel), we will consider both the construction of the hypothesis as well as
the minimum number of samples that are necessary, so as to, with a certain
confidence, provide probabilistic bounds on the event of the hypothesis disagreeing
with the subsequently received label.

We will begin by providing the mathematical formulation for the tracking

problem in Section [6.2], while in Section [6.3] we provide our main contributions:

1. We provide a-priori results on the minimum number of samples needed to

generate a sufficiently accurate hypothesis.

2. We provide a constructive method of generating a hypothesis from a finite set

of samples using a [Mixed Integer Linear Program| (MILP)).

We demonstrate numerically our theoretical results in Section on a case

study that involves autonomous emergency braking, and discuss further practical

improvements to the [Mixed Integer Linear Program (MILP)|including a sample

discarding approach to improve computational feasibility. Finally, Section |6.5

provides some concluding remarks.

6.2 Learning moving targets

6.2.1 Problem statement

We consider the problem of learning a labelling mechanism that is changing in a
structured manner (this structure will be specified in the sequel). To this end, we
follow a sample-based approach, where each sample x is generated independently

from a compact domain X C R", endowed with a o-algebra X'. Let IP denote the fixed
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(potentially unknown) probability measure over X. We refer to (xy,...,2,,) € X™
as an m-multisample, where its elements x; € X are independently and identically
distributed (i.i.d.) according to P. For each i = 1,...,m, let f;(): X — {0,1}
be a {0, 1}-valued labelling function. Such a function could be constructed as the
indicator function over a given set (see Section for a particular construction),
ie., for each i = 1,...,m, let B; € X be such that

. (6.2)
0 otherwise

fi(z) =1p,(x) = {

We refer to these labelling functions as target functions. In our setting, each sample
x; is labelled according to a target function f;, ¢« = 1,...,m, giving rise to the
labeled m-multisample {(z1, fi(z1)), ..., (Tm, fi(Tm)) }-

Notice that each sample is labelled by means of a different target function.
This captures the case where the set B; is moving/changing with time, hence
once a sample from the m-multisample is obtained its label is provided by the
corresponding target function. It should be emphasised that the sets B; (and hence
also the target functions f;), ¢ = 1,..., m, are unknown and we only have access
to the labels of specific samples, namely {f;(x;)}™,.

A natural question that we seek to answer is whether we could construct a
labelling mechanism h,, that correctly (with certain probability) predicts the label of
the next sample x that would be labelled by means of the unknown target function
fm+1 (the indicator function over the set B,,;1, which is however, not available).
In other words, we seek to provide guarantees that h,,(z) = f41(x), where h,, is
referred to as a hypothesis and constitutes an approximation/prediction of f, 1.
Notice that we introduce the subscript m to our hypothesis to highlight that this
is constructed on the basis of the labelled m-multisample.

We refer to this problem, pictorially illustrated in Figure [6.1] as a tracking
problem, as we seek to track a moving labelling mechanism. Denote by H a class of
labelling functions, with all target and hypotheses functions belonging to the same
class, i.e., f1,..., fm, fma1, b € H. We assume throughout that H has a finite
[VVC] dimension; we refer to Section [6.3.2] and the numerical example of Section [6.4]
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Figure 6.1: For each i, the set B; changes and we receive a single sample, x;, labelled
either by 1 (red star) or 0 (blue diamond), to indicate if the drawn sample lies within
the set B;. We seek to find a hypothesis, h,, on the basis of m observed samples labelled
according to the procedure that involves a moving labelling mechanism, such that with
certain confidence we can predict the (unknown) label, fy,+1, of the subsequent sample.

for a constructive case where the definition of the class is explicit. We can then

formalise the tracking problem as summarised below.

Problem 6.1 (Tracking Problem). Let ¢,0 € (0,1) be any fized accuracy and
confidence level, respectively. Determine mg(€,d) such that for any number of
labelled samples m > my(e,d), namely, {(x1, fi(x1)),. .., (Tm, f(zm))}, we can

construct a hypothesis h,, € H such that
P™{(z1,...,zpm) € X" P{lx € X: hy(z) # fmi(@)} <e+e}>1-06, (6.3)
where €y € (0,1).

In words, with confidence at least 1 — 9, the probability that the constructed
hypothesis h,, produces a label for a new sample = that does not agree with the
target function f,,41 is at most €y + e¢. Note that unlike more standard [PAC|

statements, the accuracy is deteriorated by €g; this is not user chosen, but rather
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depends on how the target function is moving. We specify this in the next section,
and show that its presence is the price to pay for providing such statements for
moving targets, while ¢g = 0 for the specific case of a constant target.

Notice that the statement we seek to provide is within the realm of

lapproximately correct| (PAC|) learning. The main difference here compared to

traditional [PAC] statements is that the target function is changing. In the next
section we address this problem and show that it is indeed possible to provide
such € — 0 guarantees, provided that the target functions change in a particular

manner (see Section [6.2.2)).

6.2.2 Mathematical preliminaries and assumptions

To simplify notation, for any labelling functions f, h we define their probabilistic

and empirical disagreement, respectively, as

er(f,h) :=P{z € X: h(z) # f(x)}, (6.4)
- 1 &
in(f 1) = — Y| f(i) = Rz, (65)
i=1
where the empirical disagreement is computed on an m-multisample xq, ..., z,,,

hence we introduce the subscript m in the definition of ér to emphasise this
dependence. Notice that that in (6.5)), |f(z;) — h(x;)|= 1 if f,h disagree on z;, and
zero otherwise. Under these definitions, for €, € (0, 1), the statement of can
be equivalently written as P"™{(z1,...,2,) € X™: er(fms1, hm) < € +€} >1—19.

We first provide some preliminary results that will be invoked in the subsequent
developments. Proposition [6.1|below is a direct consequence of Hoeffding’s inequality
(e.g., see [77], |136]).

Proposition 6.1. Let py,...,pn € [0,1], and consider independent Bernoulli
random variables Y1, ..., Y,, such that P{Y; =1} = p; and P{Y; =0} = 1 — p;, for

alli=1,...,m. For any 7 > 0 we then have that

B Y- Y pi )< e (6.6)
=1 =1
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The following result is a PAC-type bound that holds for any target function
f € H. Its proof involves adapting the definition of the so called probability of
one-sided constrained failure ([4, Definition 3]) to our notation, and then directly

invoking the result of [4, Theorem 7).

Theorem 6.1. Fiz e, 0 € (0,1) and p € [0,1]. Fiz any f € H, and denote by d the
[VQ dimension of H. For any

S5(p+e),, 4 40(p + )
mZTOHS—'—dIHT) (6.7)
we have that
P"™{(z1,...,2m,) € X™: 3h € H such that
erpm(f,h) < pander(f,h) > p+e} <6. (6.8)

In words, Theorem implies that if (as typically is the case) d is chosen to be
small, then the probability that there exists a hypothesis such that its empirical
error €r,,(f, h) with the target function is at most p but the actual error er(f, h) is
higher than a value higher than p, namely, p + ¢, is low (at most 0).

For the subsequent developments we consider target functions that exhibit the

following structure on the way the labeling is changing, i.e., the target is moving.

Assumption 6.1. Let fi,..., fm, fm+1 € H, and consider p, i € (0,1) with p < .

We assume that

my < Z v(fis 1) < mi. (6.9)

Assumption [6.1] implies that the cumulative error between each of the target
functions fi,..., f,, and the subsequent one f,,.1, whose labelling we want to
predict, lives in a bounded interval. In other words, the target sets are changing
but we impose a restriction (both upper and lower limits) on the probability
that the labelling they produce changes. We refer to u,7i as the minimum and

maximum, respectively, target change.
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6.3 Finite sample probabilistic certificates

6.3.1 Main result

Problem [6.1] requires obtaining finite sample complexity bounds such that a hypothe-
sis h,, constructed on the basis of a labelled m-multisample tracks (probabilistically)
the moving target function. Such a result does not hold for any hypothesis in H;
we show in this section that this is the case for hypotheses in minimal empirical
disagreement on the m-multisample. We formalise the set of such hypotheses

in the definition below.

Definition 6.1 (minimal disagreement). Consider a labelled m-multisample

{(z1, fi(z1)), oy (@, fn(xm))}. We refer to the set
1
M, = arger;nn . ;m(%) — h(z;)| (6.10)

as the set of hypotheses in H that minimise the empirical error with the labelled

m-multisample. We then say that any h € M, is in minimal disagreement with

fl?"'vfm-

Let h,, be any minimal disagreement hypothesis from the set M,,. We show
that for this particular hypothesis choice, we can provide an answer to Problem [6.1]

We formalise this in the next theorem, which is the main result of this section.

Theorem 6.2. Fize,d € (0,1). Denote by d the[V({ dimension of H, and consider
Assumption[6.1. If we choose m > my(e,d), where

B 1 2 5(4a+e,, 8 40(47 + €)
m0(€,6) —maX{Mlné,GQ(ln(S—i‘dlnEQ) 3 (611)
we then have that for any h,, € M,,,
P™{(x1,...,xm) € X" er(fint1, hm) < 4T +e€} > 1—0. (6.12)

Proof. Fix any €,0 € (0,1), and let u = >, er(fi, fm+1). We define the following
events:
E={(z1,...,2m) € X" er(fimi1, hm) > 41 + €},

A={(x1,...,2,) e X" zm:l|fl(xz) — fma1(mi)|> 2u}. (6.13)
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A is an approximation set as it includes the m-multisamples for which the empirical
cumulative disagreement Y1 | fi(z;) — fm+1(2;)| is at least twice as big as the actual
disagreement p. F plays the role of the error set, as by its definition, P"{E} < § is
the complementary statement to that of .

We can bound P"{E} as

P{E} = P"{EN A} + P"{ENA} < P"{A} + P"{E N A}, (6.14)

where A denotes the complement of A. The inequality is since P"{ENA} < P™{A}.
To show (6.12)), we can equivalently establish that P™{E} < §. To achieve this, it
suffices to show that P™{A} < §/2 and P"{E N A} < §/9]

Case P"{A} < 6/2: For each i = 1,...,m, set Y; = |fi(x;) — fmt1(z;)| and
pi = er(fi, fm+1), and notice that Yi,...,Y,, are independent Bernoulli random

variables. Under this variables assignment, and selecting 7 = p, P"{A} coincides

with the left-hand side of . We then have that
P"{A} <e T e (6.15)

where the first inequality is due to Proposition [6.1} and the second one is since
ft > mpy by Assumption [6.1}

By inspection of (6.15), to ensure that P™{A} < §/2, it suffices to show that
e 2’ < § /2. By taking the logarithm making m the argument, we conclude that

1 2 o
> —1In- m < —. .
m_2H21n5:>IP’{A}_2 (6.16)

Case P"{E N A} < §/2: We have that
P{ENA} =P™"{(x1,...,00) € X™: er(frnr1, hm) > 411+ €
1 m
and m YN filwi) = fonga ()| < 27}, (6.17)
i=1

where the first statement in the right-hand side of (6.17)) is event E, and the second

one is A. To see the latter, notice that A requires = >0 | fi(2;) — faia (@) < 22

m’

and p < mpu due to Assumption [6.1]

1Splitting the confidence equally between these two terms is not necessary; further optimising
the split would have minor effect on the final sample size bound as the confidence appears inside
the logarithm. As such we do not pursue this here to simplify the analysis.
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We have assumed that for any m-multisample, h,, is chosen from M,,. By

(6.10), since hy, € My, 0 | fi(x:) — b (@) | < 7| fils) — R(z;)| for any h € H.

However, since we also have that f,,1+1 € H, we have that for any m-multisample,

SOV ) = B ()1 SO 0) = o) (618)

i=1 =1

Moreover, we have that

e (frns1s hom Z|fm+1 i) = hon ()]
< ;i ) = @)l S 1) = )
<2 o V)~ fa (), (6.19)

where the equality is due to , and the first inequality is by adding and subtracting
fi(z;) in each term in the summation and applying the triangle inequality. The last
inequality is due to (6.18]).

Since holds for any m-multisample, we have that

(@1, o) €X7: Dm — fua ()] < 20

C{(a1,... 2m) € X™ .erm(fm+1,hm) < 471}, (6.20)

As a result, by (6.17) and (6.20])) we obtain

P*{ENA}

<SP™{(21,. 0 wm) € XM 2 er(fing, hn) > 47+ € and €@, (frn g1, hn) < 471}
(6.21)

where, unlike ((6.17] - holds with inequality due to the inclusion in ((6.20)).
Notice that (| - ) takes the form of ( ., with f,,11, hy and 47 in place of f,
h and p, respectively. Theorem with 0/2 in place of § implies that

5(47 + €) ( 8 40(4 + 6))

m > In 5 +dln 5 — P"{ENA} < (6.22)
€

N S

€2

By (6.16)) and (6.22]), we obtain that if m > mq(e, ), where mg(e,d) is as in
(6.11]), we have that P"{E} < 4, thus concluding the proof. O
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The proof of Theorem is inspired by [72, Theorem 1]. However, that result
does not involve two layers of probability and effectively provides a bound on the
expectation of the probability of incorrectly tracking the target. Moreover, only
an upper bound on the target change is considered in [72]. This is due to the
fact that a term similar to e’% was bounded by e‘2mﬁ2, which is, however, not
valid as ;© < mfi. Here we correct this issue, by introducing a lower bound on the
target change and obtaining a bound as in (|6.15)).

The sample size bound in depends polynomially on 1/e and logarithmically
on ¢. This implies that we could make the confidence 1 — ¢ high without an
unaffordable increase on the number of samples required. Figure [6.2]illustrates the
number of samples as a function of . The dashed line indicates the first term in
(6.11)), while the solid line the second one. The colour code corresponds to different
values of u,i. For a given accuracy level the minimum number of samples required
is denoted by the intersection of the dashed and the solid line (corresponding to
a given p, 7). A graph like this could provide guidelines to the decision maker
on the achievable accuracy levels. It should be noted that the overall accuracy
level for the prediction properties of our hypothesis is 471 + €. Even though ¢ is
user-chose, 11 is a property of the target, and as such the labelling mechanism is
considered to be [PAC] learnable to accuracy 47i. Therefore, insightful accuracy
levels can be achieved if [ is relatively low, i.e., for moderately changing target

functions. A few remarks are in order.

Remark 6.1 (Effect of p,7t). As evident from (6.11)), the minimum number of
samples that need to be generated is the maximum of two terms: the first one
depends only on the minimum target change u, while the second one depends on
the mazimum target change fi. These two sample size bounds that comprise my(e,d)
emanate from bounding the terms P™{A} and P™{E N A}, respectively, by 6/2 each.

If p is sufficiently low (the target could move slowly), then the first sample size
bound in dominates. This implies that we need a sufficiently high number
of samples to ensure that P™{A} < 6/2. Intuitively, this implies that if the target

could move slowly, then learning the actual probability of change from the empirical
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Bounds on m with respect to & and g
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Figure 6.2: Number of samples required according to for different accuracy levels
e and 0 = 1076, The dashed line indicates the first bound in , while the solid line
the second one. The colour code corresponds to different values of u, . For a given
accuracy level the minimum number of samples required is denoted by the intersection of
these lines, e.g., considering € = 5% and i = 10%, as long as p > 1.25% (dotted red line),
choosing m > 4.7 - 10* samples will result in the desired € — § guarantees.

one (this is encoded in the definition of event A) requires more samples, as with few
samples we might get misleading results due to an initial slow change of the target.
With reference to Figure the minimum number of samples required increases as
W decreases.

Conversely, if we allow for a large change of the target, encoded by a large
I, we need a sufficiently high number of samples to, with high confidence, reject
the event that the true change with respect to the subsequent label, f,,11, is not
considerably lower then the observed, empirical, change. This is captured by ensuring
P"{E N A} < §/2. With reference to Figure for any fixed €, the minimum
number of samples required increases as [i increases.

To reject both events EN A and A, we take the mazimum, ensuring that in both
a fast and slow-moving target case, the empirical observed change, will with high

likelihood correspond to the true probability of change.
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Remark 6.2 (Constant target). The case of a constant target can be obtained as a
direct byproduct of the proof of Theorem[6.9. To see this, notice that a constant target
implies that p =T = 0, i.e., if all target functions are the same, their mutual error
is zero. In this case, P"{A} = P"{(x1,...,xpn) € X™: ST fi(x) — frner(z)]>
0} =0, as all targets functions are equal and hence necessarily produce the same
label. Therefore, we only need to bound P™{E N A} in the right-hand side of
by & rather than 6/2. This can be achieved as in the second case (see (6.22))) in the
proof of Theorem replacing §/2 with §, and setting @ = 0 as the target is not

moving. This results in

m > i(ln;l—i-dlni()).

(6.23)

This sample size bound is then identical to that of Theorem[6.1] with p = 0. Notice
that in that case, and since h,, is chosen to be in minimal disagreement with the
(constant) target, then ét,,(f, hm) = p = 0, as zero error is the minimum if the

target is constant. Therefore,

P"{(z1,...,2m) € X™: er(f, hy) > €}
<P™{(z1,...,2ym) € X™: Ih € H such that ér,,(f,h) =0 and er(f,h) > €}
<4 (6.24)

This implies, that when it comes into providing guarantees for the minimal dis-
agreement hypothesis and for the case where the target is constant, Theorem [6.9

specialises to the result of Theorem with p = 0. With reference to Problem

notice also that in this case, eg = 41 = 0.

6.3.2 Hypothesis computation

We now consider the construction of the hypothesis h,, that minimises the empirical
error with respect to the labelled m-multisample, i.e., to determine h,, € M,,.
To this end, we consider the labelling functions f;, ¢ = 1,...,,m, to be defined
as in (6.2)), with the sets B;, i = 1,...,m, being non-empty convex polytopes in
R", each of them having n; = 2" facets. As the hypothesis belongs to the same
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class with the target functions, we seek to find a convex polytope, denoted by
B, such that the hypothesis h,, defined as

1 ifz € By

o (6.25)
0 otherwise

hm(z) =1p_(x) = {

is in minimal disagreement with the observed labels. Since B, is a convex polytope
we represent it by means of ny linear inequality constraints as Az + b < 0, where
A e R"*"™ and b € R™. Denote each row-vector of A (b) by a; (b;), j =1,...,ny.
For each j = 1,...,nf, a;x + b; denotes then a facet of B,. We make this
parameterisation explicit by denoting the convex polytope as B (A, b). Moreover,
we assume that for each j = 1,...,ny, (ajT,bj) € C; C Rt where C} is some
arbitrarily large compact set that contains the origin in each interior. The purpose

of the set will become clear in the sequel.

We show how to construct a [Mixed Integer Linear Program| (MILP)) that will in

turn return the parameterisation of B, namely A and b, that result in a hypothesis
h,, € M,,. To this end, let I; and I be the set of sample indices for which the

label is 1 and 0, respectively, i.e.,

I = {Z S {]_, Ce ,m} such that fz(l'z) = 1}, (626)

I ={i € {l,...,m} such that f;(z;) =0}. (6.27)

We instantiate the MILP that returns the minimal disagreement hypothesis in
the following main steps:

1. Disagreement with the sample indices in I,. Fix any ¢ € I, and let x; be the
associated sample. Fix also a parameterisation A,b of Bu.. If h,,(x;) = fi(x;) = 1,
i.e., the label that a hypothesis constructed on the basis of By, (A, b) provides on x;
agrees with that of f;, then z; € By (A,b) since ¢ € I;. We thus have that

T; GBOO(A,b) <~ a;T; + bj <0,Vy=1,... y T (628)

However, we are seeking a hypothesis that is in minimal disagreement with the
samples, rather than in zero disagreement. As such, we want to allow for a certain

number of incorrect labels, or equivalently, we want to allow violating the right-hand
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side of (6.28)). Therefore, we introduce the slack variables s;; > 0, j = 1,...,ny,

t =1,...,m. As such, for each i € I;, we consider the relaxed constraints
(Zjilfi—i—bj S Sij) VJ: 1,...,nf. (629)

By means of (6.28)) and the definition of h,,, enforcing (6.29)), implies that

h (i) # fi(x:) if Z?il' sij >0, (6.30)
hm(x;) = fi(x;) otherwise.
In words, if Zyil s;; > 0 (which is satisfied if at least one s;;,7 = 1,...,n is

positive as the slack variables are non-negative) implies that the hypothesis h,,
disagrees with the target function f; on the sample x;. If all slack variables are
zero, then h,, agrees with f; on z;, © € I4.

2. Disagreement with the sample indices in Iy. Fix any ¢ € Iy, and let z; be the
associated sample. Fix also a parameterisation A,b of B. If hy(x;) = fi(x;) =0,
i.e., the hypothesis and the target function f; agree on z;, then z; ¢ B, (A,b).
This exclusion can imply that the sample x; would violate the half-space constraint
encoding the facets of B, (A,b) for at least one facet. This can be written as
a logical constraint; employing the developments of [16, [105], we equivalently
reformulate it to mixed-integer inequalities by introducing the binary variables
zij € {0,1}, 5 = 1,...,ny, @ = 1,...,m. Fix n > 0 arbitrarily small and let
M; = SUPLex, (o] by)eC; 4T + by, my = infoex (a;0)ec; aJTx +b;,j=1,...,m. Note
that these exist and are finite, as X and Cj, j = 1,...,ny, are assumed to be
compact. We then have that

ajr; +b; < M;(1—z;), Vj=1,...,ny,
Ti & Boo(A,D) <= S a;mi+bj >0+ (my —n)zy, Vj=1,... ny, (6.31)
Z;Lil zij <mnyp— 1.
Notice that if z;; = 0, then the first inequality in becomes a;x; + b; <
M; (trivially satisfied by the definition of M), while the second one reduces to
a;jz;+b; > n. The latter implies then that z; ¢ B (A, b) as it violates the constraint
of its j-th facet. On the contrary, if z;; = 1, then the first inequality in implies
that x; is within the half-space defined by the j-th facet of B (A,b). For x; to be
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inside Boo(A,b), i.e., x; € Bs(A,b), this has to be the case for all j =1,...,ny, or
equivalently Z?il z;; = ny. This justifies the last constraint in , which implies
that the sample z; is outside of at least one facet of By (A,b), hence x; ¢ By (A,b).

Since we only seek a hypothesis in minimal (rather than in zero) disagreement
with the target functions, we relax these constraints by introducing slack variables
si; > 0,7 =1,...,n, % =1,...,m. As such, for each ¢ € I, the associated
relaxed constraints are given by

a;r; +b; < M;(1—z;), Vj=1,...,ny,

ajz; +b; >n+ (mj —n)zy; — sy, Vi=1,...,ny, (6.32)

Z?Ll Zij <nyp— 1.
Notice that we do not need to introduce a slack variable in the first inequality
in , as this becomes non-redundant only if z;; = 1. In this case, however,
satisfying the resulting inequality would already mean disagreeing with the target,
so we do not need to relax that condition.

By means of and the definition of h,,, enforcing leads to the same
disagreement implications as in . It should be remarked that in this case,
casting Z;L s;; > 0 as a disagreement results in upper-bounding the exact number
of disagreements. To see this, notice that if z;; = 0 (then the second inequality
in becomes non-redundant), we have that a;z; + b; > n — s;;. Due to the
presence of n > 0, if 5;; > 0 but n — s;; > 0, then x; may still be outside of a facet
of a convex polytope thus agreeing with the target (recall that label agreement here
means being outside By, (A, b)) despite the fact that the associated slack is non-zero.

3. Minimising disagreements. In view of constructing the hypothesis that is in
minimal disagreement with the target functions, we need to be able to count
the number of disagreements. However, if ¢ € [ we have a disagreement if
x; ¢ Boo(A,b), while if i € I, we have a disagreement if z; € B, (A,b). By
(6.30) (recall that the same conclusion holds also for the case where disagreement
with the samples with indices in ), the hypothesis disagrees with the target on

the sample indexed by i, if Z;ﬁl si; > 0. Therefore, we introduce the binary
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variable v; € {0,1}, i = 1,...,m, defined as

1 if Y0 s
vi:{ i 2 sij > 0, (6.33)

0 otherwise.

The total number of disagreements that we then seek to minimise is given by >, v;.

For each j =1,...,ny, we have assumed that (ajT, b;) € C;, where C} is compact
and contains the origin in its interior. As such, M; > 0 and m; < 0 for all
j = 1,...,ny. Therefore, by (6.29) and the definition of M;, s;; < M;, for all

i € I;. Similarly, by (6.32)) and the definition of m;, s;; < —m; +n, for all i € I.

Summing the across j = 1,...,ns, we obtain
ijlslj (0,552, M), 1fz S (6.34)
iLysi €10, =5l my 4+ ngn)], ifi € I,
The logical implication in (6.33) can be then reformulated as
il s — v 5L My <0, ifi € I,
ny ng o (6.35)
Zj:l Sij _vi(_ijl mj—i—nfn) S 0, ifi € ]0.

To see the equivalence between and , consider the former inequality in
(6.35). Notice that if Z;L s;; > 0 then this implies that we must have v; E?i1 M; >
0 which, since M; > 0 for all j = 1,...,ny, implies that v; = 1. On the other
hand, if Z?il si; = 0, then implies that v; Z?il M; > 0. However, since we
are seeking the minimal disagreement hypothesis and hence we will be minimising
>, v;, the minimum value of v; for which the previous inequality is satisfied is

v; = 0. A similar reasoning applies also to the equivalence between the second

inequality in and -
4. Minimal disagreement MILP. The that results in a hypothesis that is

in minimal disagreement with respect to the target functions on the m-multisample,
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ie. h, € M,, is given by:

minimise > v (6.36)
Ab{Lzigsig i Ly} vy i=1
subject to
g b< i-,V'ZI,..., 5
viel: { Gyithis s v " (6.37)
>oil1 Sig — vyt My <0,

ajr; +b; < M;(1—z;), Vj=1,... ny,

ajr; +b; > 1+ (m; —n)zi; — sij,

Viel,: Vi=1.....ny, (6.38)
E?il Zij <nyp—1,

il s — Ui( — L my + nf77> <0.

The constraints in (6.37]) correspond to (6.29)) and the first inequality in (6.35)),

encoding (relaxed) agreement on the sampled with i € I;, and determining

disagreements for this case, respectively. Similarly, the constraints in ((6.38|)
correspond to (6.32)) and the second inequality in (6.35]), and admit a similar
interpretation. The objective function minimises the total number of disagreements

" v;. We use the volume of the convex polytope parameterised by A, b, namely,
vol(A,b), as a tie-break rule to single out a unique solution. Once the optimal A, b

is determined, we can construct By (A, b), and hence h,, by means of (6.25)).

6.4 Numerical example

6.4.1 Problem set-up

We demonstrate numerically our theoretical developments on a case study that

involves |Autonomous Emergency Braking (AEB)[systems. Furthermore, we consider

the computational feasibility of the [MILP| and introduce a sample discarding
approach to reduce the constraints of the [MILP]

Let us consider a car driving along a road while receiving measurements of
the distance to any vehicle or obstacle ahead, [, as well as the current velocity of
our car, v. If the braking distance at the current velocity exceeds the available
distance to the car or obstacle ahead, we want the [AEB] system to engage the

brakes autonomously. The necessary braking distance in case of an emergency
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stop can be calculated by setting the braking force times the distance equal to

the kinetic energy of our vehicle. Thus if

(6.39)

where M is the vehicle weight and F' is the braking force, then there is a sufficient
distance to the vehicle or obstacle ahead, hence the corresponding measurement
is classified as safe. In view of (6.39) depending on v?, hereafter we consider

r = (I,v?) as the measurement vector.
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Figure 6.3: The evolution of the braking performance over time. Green circles indicate
samples with label 0, while blue triangles show samples with label 1. The bold red halfplane
represents the true safety label at the given iteration, while the opaque halfplanes show
the safety boundary at previous iterations.

The braking force will depend on the friction coefficient of the brakes and
will deteriorate over time. Similarly, the vehicle mass will depend on the fuel,
passengers, and cargo, which will also change over time. In line with our theoretical
developments, we consider x;, ¢ = 1,...,m to be independent measurements, with
the index 7 acting as a time-stamp. Let F; denote the corresponding braking force,
which depends on ¢ to reflect the change of the friction coefficient, and let M;

denote the vehicle mass, which will also depend on 7 to reflect changes to the vehicle
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mass. This dependence of F; and M; on ¢ induces a different labelling function

fi- In particular, we label a sample z = (I,v%) by means of

{1 if L2 <

F;
0 otherwise.

filx) = (6.40)

For the construction of the hypothesis, we collect a measurement = after each
engagement of the vehicle’s brakes. In addition to obtaining measurements x, we
assume to obtain a brake performance measurement % from which to construct
the label f;. Furthermore, we assume that we have knowledge of the expected
minimum and maximum degradation of the braking performance, allowing us to
obtain values for p and i, respectively.

Using numerical values for the braking parameters and vehicle mass as defined
in the sequel, the evolution of the braking performance is shown in Figure [6.3] For
visual clarity, we only depict a random subset of the samples.

For an effective [AEB]| system, we will want to classify a future measurement z as
safe or unsafe without having to first engage the brakes to receive a measurement
of the new braking performance. In light of this, we will utilise the results from
Section to construct a hypothesis on the basis of a labelled m-multisample,
allowing us to a-priori classify a sample x as safe or unsafe.

Aligned with the theoretical developments of Section [6.3.2] we consider our
hypothesis to be a convex polytope in the 2D plane as illustrated in Figure We

assume that matrix A parameterising the convex polytope is fixed, and is given by

cos sin 6
A= —sin@  cos@

—cosf —sinf
sinf@ —cosf

: (6.41)

where 6 := tan™! % denotes the rotation of the convex polytope. Since the safety
label is defined by a single half-plane, only one of the facets of the convex polytope
becomes relevant, namely a3 = [—cosf — sinf)]. This observation reduces the
dimension (employed in the sample complexity bounds) to d = 1. Considering
the evolution of the braking performance as shown in Figure [6.3] the rotation

of the convex polytope is minimal. Since the inclusion of the variable rotation



6. Finite sample learning of moving targets 135

420 A 2

400 A

380 A

360 A 1

v2[(m/s)?]

340 4

320 A

300 A 4

70 80 90 100 110 120 130

Ilm]

Figure 6.4: Illustration of the facets of the convex polytope. Since the safety label relies
in this case on a single halfplane (drawn in red), we only need to consider facet 3.

introduces a nonlinearity into the [MILP| for the sake of clarity, we will consider
the angle 6 to be fixed in the subsequent computation of the hypothesis (however

leave the true safety label unchanged).

To reduce the size of the [MILP) (6.36] - 6.38)), we will consider how samples can
be discarded prior to computing the hypothesis. Recall that the [MILP| minimises

the total number of disagreements between the hypothesis and the sample labels.
Thus, at best, we can obtain zero disagreement between the hypothesis and the
samples in [;. For the example, this implies that the halfplane constructed by
the hypothesis will need to lie to the left of all samples in ;. This is illustrated
in Figure by the cyan dotted line. However, any halfplane that lies further
to the left of this line, would unnecessarily label samples from [, with label one,
increasing the total number of label disagreements. However, the constructed
[MILP] aims at minimising the total number of label disagreements; as such the
cyan-dotted halfplane would always be preferable, rendering any samples in the
cyan-coloured area redundant. If we have non-zero disagreement with respect to

the samples from Iy, the halfplane will lie further to the right of the cyan dotted
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Figure 6.5: All samples in black are discarded, while the red samples are kept for the
computation of the hypothesis. This results in 95% of the samples being omitted, greatly
improving the computational feasibility.

one. Similarly, to obtain zero disagreement between the hypothesis and the samples
in Iy, the halfplane constructed by the hypothesis will need to lie to the right of
all samples in Iy. Following a similar argumentation as before, any sample in the
magenta-coloured area will not change the solution of the [MILP|

Since we know that the samples in both the blue and the magenta regions
will not affect the solution of the [MILP] we can discard these samples prior to
computing the hypothesis, resulting in only the red samples in Figure being
considered. Following similar argumentation for each facet of the convex polytope,

the discarding approach is applicable also for higher-order convex polytopes.

6.4.2 Simulation results

While no knowledge of the distribution of the samples (,v?) needs to be known
for generating the hypothesis, for simulation purposes we draw [ from a uniform
distribution over the interval [40m, 120m| and draw v? from a normal distribution

with mean v = (70km/h)* and standard deviation o,o = (20km/h)>. The
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Figure 6.6: The generated hypothesis; we only show the halfplane responsible for the
labelling, illustrated by red. For visual ease, we randomly omit samples close to one
another. Red samples are violations as defined in ((6.33]).

performance of the brakes at each time step will deteriorate by a factor of wp,
i.e. Fi,1 = wpkF;, where wp is a random variable drawn from a normal distribution
with mean = (1 —3-1077) and standard deviation ¢ = 1075, The initial car
mass is M = 900kg and will randomly change by a factor of wx, where wxy
is a random variable drawn from a normal distribution with mean p = 1 and
standard deviation ¢ = 1073,

For the construction of the hypothesis, the confidence level is chosen as § = 1076
with an accuracy of € = 1%. For the satisfaction of Assumption [6.1], we choose
L3 er(fiy fmr1) to be bounded by i < 2% and g > 0.78%. By Theorem (6.2
it then follows that we need at least 119,237 samples to accurately predict the
safety label of the subsequent timesteps.

Using the aforementioned discarding approach, we can discard 95% of the
samples prior to instantiating the [MILP| constraints. The discarding approach is
illustrated in Figure where, for the purpose of visualisation, we omit samples

close to one another to prevent the image from being cluttered.
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Figure 6.7: Empirical distribution of the disagreement ét,(fim+1, Am), constructed by
means of 500 Monte Carlo runs.

The hypothesis in minimal disagreement with the labelled samples, computed

by means of the [MILP)| (6.36] - [6.38), is shown in Figure Solving the MILP

took 993 seconds, making the deployment of the approach computationally feasible.
The number of violations, v, is 1391. We have made all code for generating and
reproducing our results available onlinef]

We empirically validate our risk level by means of Monte Carlo simulations.
For each run, we generate a new labelling mechanism f,,.1, corresponding to the
random deterioration of the braking force and change to the vehicle mass. We then
draw 5000 samples for which we evaluate the corresponding label (by means of f,,11)
and compare this with the label assigned by means of the hypothesis constructed
by our methodology, thus calculating ér,,( fr11, hm). We repeat this for 500 runs,
each time generating a new label f,, ;. In Figure the frequency of certain
& frns1, hm) values is shown. Recall that ;1 was upper bounded by 2%, such that
for the chosen ¢ = 1%, Theorem implies that er(fyi1,hm) < 41+ € = 9%

with high confidence. The Monte Carlo simulation supports this, with the average

Zwww . vertovec. info/code/learning-moving-targets
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empirical disagreement €r,,( fin11, hm) being approximately 2.2% (see Figure ,
well below the theoretically predicted 9%.

6.5 Conclusion

We considered learning a moving target from a finite set of samples and show that,
when the labelling mechanism changes in a structured manner, it remains [PAC|
learnable, meeting certain accuracy-confidence levels. Furthermore, for the class

of convex polytopes, we present a constructive method to generate the hypothesis

based on a [Mixed Integer Linear Program| (MILP)) thus rendering our methodology

constructive. We illustrated the applicability of our theoretical developments to a

case study involving an [Autonomous Emergency Braking| (AEB]|) system.
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Summary and future research directions

Safety-critical control for complex and high-dimensional systems continues to pose
significant challenges within the control theory literature. This thesis has considered
three distinct notions of safety and has presented application-specific as well as
generalisable results towards dealing with scalability, computational efficiency and
data sparsity. Chapters consider the classical notion of safety often found in
the control theory literature, whereby the safety constraints are defined as state-
space constraints. Additional safety considerations were posed by the application-
specific requirements to maintain a compromise between two competing objectives
(Chapter [2), as well as minimising the degradation of performance when enforcing
safety (Chapter [4). In Chapter [§| we consider an alternative notion of safety whereby
it is critical to avoid sharing information considered private, while Chapter [0]
considers robustifying towards uncertainty that could otherwise compromise safety.
Each of these three distinct notions of safety will play a crucial role in the years
to come, especially as learning-based control strategies become more prominent.
Considering data privacy concerns and minimising communication overhead in
distributed systems, understanding the effects of training data on learned models
and controllers, and employing such controllers to enforce safety in conjunction
with other control strategies will become increasingly more prevalent. To this

end, future work will focus on further adopting these notions of safety within

139
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learning-based frameworks. Beyond considering how we might ensure that a
learned control strategy maintains safety, it is of particular interest to also ensure
that safety-critical controllers can be learned safely in unknown environments,

i.e. enforcing safety during training.

7.1 Safety in the sense of state constraint sat-
isfaction

Chapters address the classical notion of safety. In Chapter [2| we consider MOCPE
that allow us to find a compromise between two competing objectives. Even though
it might sometimes be undesirable to place hard constraints on certain performance
variables, a sensible compromise between objectives is often nevertheless necessary
for an overall safe operation. In the context of spacecraft-trajectory design, for
instance, understanding the effects of lower fuel consumption on mission duration
is vital to guarantee an overall safe operation, as long transfer times place higher
demands on the lifespan requirements of the spacecraft.

A noticeable assumption made when synthesising safety-critical controllers by
means of [HJ] reachability analysis is that the underlying quasi-variational inequality
was solved to a sufficient level of accuracy. To this end, Chapter [3[ addresses how to
estimate the confidence in an underlying synthesised control law. The final chapter
considering the classical notion of safety, Chapter [d] considers integrating safety
constraints with minimal implications on performance.

We will further summarise some of the key contributions and discuss future

research directions of each Chapter below.

7.1.1 Multi-objective Hamilton-Jacobi reachability analysis

In Chapter [2| we presented a novel method of using the value function of a quasi-
variational inequality to compute the decision space of multi-objective optimisa-
tion problems. The feasibility and effectiveness of the proposed approach was
demonstrated by applying it to the problem of low-thrust trajectory design. The

approach is applicable to arbitrary multi-objective optimisation problems where
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the optimization variables are required to lie within a reachable set. By exploiting
application-specific properties, in particular, knowledge of the gravitational field,
we were able to reduce the number of states required for controller synthesis and
solve the trajectory design problem to a high degree of accuracy.

Once the thrust angles have been fixed, the Hamiltonian becomes affine with
respect to the thrust magnitude. Future research will aim at exploiting this
fact by integrating classification-based approaches [123]. Furthermore, utilising
approximations of the reachable set as in [12], as well as decomposing the reachable

sets as in [39], appears promising.

7.1.2 Verification of safety-critical control policies

In Chapter |3| we consider estimating the variation between the |[BR'1| obtained from
the sub-zero level set of the value function inherent in reachability, and the |[BRT
computed by means of simulating the trajectories and applying the synthesised
controllers. Using regression models we extrapolate the numerical error across
the state-space. This work provides a solid proof of concept, however, is only
of an empirical nature and lacks probabilistic guarantees. In light of this, there
are several scopes of improvement.

In the current work, the training points for the regression analysis are chosen
at random. It would be of interest to instead choose deterministic points, and, as
is done in quasi-monte carlo methods [136], quantify the discrepancy. Since the
numerical error is an integration error, it might be possible to further draw on
results from quasi-monte carlo methods and potentially apply the Koksma-Hlawka
inequality [136] to provide an upper bound on the numerical error.

Our approach also shares similarities with probabilistic numerics 73], whereby
a numerical problem is treated as one of statistical inference. It would thus
be of interest to further investigate if results from probabilistic numerics can

be applied to [HJ] reachability.
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7.1.3 Safety-Aware Hybrid Control of Airborne Wind En-
ergy Systems

In Chapter [4 we consider the integration of a safety-critical control policy within the

complex and high-dimensional application of [Airborne Wind Energyl In addition to

synthesising the controller on the basis of an abstract model, we discussed a hybrid
switching law so as to ensure safety with minimal implications on performance.

While we have demonstrated the efficacy of the proposed safety controller within
a relatively high-fidelity model that includes actuator delays, such actuator delays
could be formally included during controller synthesis. This would increase the
number of states of the system and thus further research would be required to
maintain computational feasibility.

An alternative low-dimensional model of the system based on quaternions
presented in [52] might be sufficient for safety-critical control of the kite/aircraft
for safety conditions pertaining to states such as the airspeed or position in the
frame. This would greatly reduce the required number of states needed for
[HJ] reachability analysis, however, would necessitate a winch controller that ensures
the tether force is kept to within a safe limit. Preliminary results of such a winch

controller used in conjuncture with a control barrier function have appeared in [143].

7.2 Safety in the sense of information privacy

Particularly in multi-agent settings, it can often be necessary to limit the amount
of data that is required to be shared among agents. Even in a cooperative setting,
agents might not be able to share certain data as this can compromise data
privacy. This notion of safety is considered in Chapter [5, where we proposed
a distributed algorithm to solve dynamic programming problems whereby each
agent has only partial knowledge of the state transition costs and probability. To
minimise communication overhead and limit the amount of data agents are required
to share with one another, state costs are aggregated and shared between agents
only when the updated costs are expected to significantly influence the solution of

other agents. We provide consensus proofs for the presented algorithm and show
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that the error with respect to the true solution can be bounded. Finally, we apply
the proposed distributed aggregation method to a large-scale urban traffic routing
problem. Individual agents trying to reach a common access point, e.g. a motorway,
share local congestion information with other agents allowing for fully decentralised
routing with minimal communication between agents.

Future work aims at extending Theorem which is based on the additional
assumption of full network connectivity at all iterations, to the more general case
of Assumption [5.1] It would also be of interest to further explore the choice of
disaggregation and aggregation probabilities. In the computer aided verification
literature, e.g. [1, 2], methods for choosing these probabilities have been presented,
however, the context is slightly different and does not involve transition costs, as

with the classical aggregation framework of [19].

7.3 Safety in the sense of robustness against un-
certainty

When limited data is available, it can become critical to understand how this
compromises safety. To this end, we take a stochastic approach to safety in
Chapter @ and consider a binary classification problem whereby the classifier (a 0-1

labelling mechanism) changes in a structured manner after each drawn sample. We

demonstrate the problem remains [probably approximately correct| (PAC|) learnable

and provide the minimal number of samples necessary to accurately predict the

next encountered label. Furthermore, we introduce a constructive method of

generating the hypothesis using a [Mixed Integer Linear Program| (MILP)). By

considering the binary classifiers to lie in the class of hyper-rectangles, we enable
the elimination of a significant majority of samples (95% in the provided example)
before constructing the [MILP]

Future research will further investigate relaxing the assumption of a hypothesis
being in minimal disagreement, as this would allow us to use suboptimal solutions ob-
tained by the [MILP] while maintaining probabilistic guarantees on misclassifications.

Possibly, this could entail including knowledge of the duality gap into Equation (6. 18|)
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and then considering the solution of the dual of the MILP]as the obtained hypothesis.

This is ongoing work and it is as yet unclear if this would be possible.
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