Models for indices

DOMI | MINA

NVS TIO
ILLV | MEA

Zhao Wei Yee
Lady Margaret Hall
University of Oxford

A thesis submitted in partial fulfillment of the MSc in

Mathematical Finance

June 24, 2011



Acknowledgements

I would like to thank my parents and brother, Zhao Kai Yee for their

unconditional love and their continuous support in me.

I would also like to express my heartfelt gratitude to my course and thesis
Supervisor, Dr. Ben Hambly for his time, guidance and support for my
thesis. His valuable insights and encouragement have certainly guided me

throughout my work.

Last but not least, I would like to thank all my teachers who have taught
me in the past and all friends who have helped me in some way or other

in my life. Without them, I would not have come this far.



I dedicate this thesis to my god-grandmother who did not quite live to

see this.



Abstract

We consider a market index model for a large portfolio of risky assets
traded in the stock market where the correlation is due to a market fac-
tor. By taking the limit of a simple systems of stochastic differential equa-
tions (SDEs), we obtain a limit stochastic differential equation (SDE) for
the index price. We also investigated the limit empirical measure for the
infinite system. The density evolves according to a stochastic partial dif-
ferential equation (SPDE) which we also solve in some special cases. Using
our limit SDE, we also try to compare its accuracy numerically with the
“real index” calculated from summing the individual stock prices. Lastly,
we make use of our limit SDE and empirical density to price different
derivatives such as the European call & put option on the index and the
European call & put option on the maximum of the constituent stock in

the index.
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Chapter 1

Introduction

A stock market index is a method of measuring the performance of a portfolio of stocks
in a stock market. Stock indices have often been used as an indicator or benchmark to
evaluate the performance of certain particular stock market. Most commonly known
indices are the ones that have since been associated with the performance of the stock
market of a particular country or sector. Two of the best known ones include the Dow
Jones Industrial Average (DJIA) and Standard and Poor’s (S&P) 500 Index which
are often considered as a bellwether for the American economy. NASDAQ Composite
is another index which is widely cited for the performance of stocks of technology
companies and growth companies. The most regularly quoted market indices are
national indices composed of the stocks of large companies listed on a nation’s largest
stock exchanges, such as the American S&P 500, the Japanese Nikkei 225, the Russian
RTSI, the Indian SENSEX and the British FTSE 100. ! These are often referred to
as the ‘broad-based’ index since they are broad and cover a larger number of stocks.
They are usually used to represent the performance of a“whole market”.

There are another type of stock index called the “sector index”. These are usually
indices which are more specialised and only track the performance of a particular
sector of the stock market. Some example include the Dow Jones U.S. Oil & Gas
Index which measures the performance of the oil and gas sector of the United States
equity market and the Wilshire US REIT which tracks more than 80 American real
estate investment trusts.?

There are also ‘world’ or ‘global” stock market index that includes (typically large)
companies without regard for where they are domiciled or traded. Two examples are
MSCI World and S&P Global 100. Market indices are deemed important due to

thttp://en.wikipedia.org/wiki/Stock market_index
2http://www.learn-stock-options-trading.com /stock-market-index.html
3http://en.wikipedia.org/wiki/Stock market_index



several reasons. They are often used*
e to gauge the performance of the stock market (as mentioned above)

e as a benchmark to compare the performance of investors’ individual portfolio,

mutual funds, and exchange traded funds
e as a forecasting tool for future trends
e as the underlying for options, futures and other derivative products

Therefore it is important for the investors to understand the relationship between the
indices and the individual stocks in order to utilise the information provided by the
stock indices in a useful way whether it is to evaluate the relative performances of
their portfolios or to estimate the general trends in the securities market.

Mathematically speaking, a stock market is a number computed to measure and
track the value of a portfolio of stocks used to represent the stock market.>. There are
numerous ways of constructing constructing an index, and each of which has its own
advantages and disadvantages.® Since an index is supposed to be created by selecting
a group of stocks that are capable of representing the whole market or a specified
sector or segment of the market by summarising hundreds of price movements, it is
unavoidable that much information is lost.

There are mainly 3 principal weigting schemes used: ™®

1. Price-weighted index

2. Capitalisation-weighted index (otherwise known as Value-weighted index)
3. Equally-weighted index (otherwise known as unweighted index)

A price-weighted index is calculated by summing the prices of the constituent stocks
and dividing by a divisor.”

25

Price-weighted Index = - —
index divisor

4page 74, All About Stocks, 3E By Esme Faerber

®Page 110, Commodity and Financial Derivatives by S. Kevin

6Page 4, Stock Index Futures

"Page 155-159,Investments analysis and portfolio management, 6th Edition by F. Reilly and K.
Brown

8Page 100, Schaum’s Outline of Investments By Jack Clark Francis, Richard W. Taylor

9http://faculty.msb.edu/bodurthj/teaching/optinpt/S& P_on_IndexCalculations.pdf



where S} is the price of the constitutent stock at time ¢. The divisor begins as the
number of constituent stocks but changes over time to take into account of stock
splits, changes in constituent stocks, etc.!*The Dow Jones Industrial Average is price
weighted since in 1890 before computers were invented, the easiest thing to do was
to sum up the prices and divide by a divisor.!! Other examples include Amex Major
Market Index, and the NYSE ARCA Tech 100 Index. Since the price of each indi-
vidual stock is the only factor determining the value of the index, price movement of
a single security will heavily influence the value of the index and it also ignores the
relative size of the company as a whole. Thus, the higher the price, the more weight
the stock has in the index. A common criticism towards this type of indices is usually
surrounding the fact that there is no reason to believe that higher priced stocks are
more important than lower priced stocks (especially when stock splits, reverse stock
splits, etc occur)

A capitalisation-weighted (or value-weighted) index is calculated by totalling the

market capitalisation of the constituent stocks,

> (mi(t)Sh)
22i(mi(0)50)

where 7;(t) and S} are the number of shares and respectively the price of constituent

>i(mi(1)§})

Capitalisation-weighted Index = - —
index divisor

x Beginning Index Value =

stocks at time t. So, we can see that the larger stocks would have a greater influ-
ence on the index as compared to a smaller market cap company. The best known
capitalisation-weighted index are the S&P 500, Hang Seng Index, etc.

The above two calculations for the indices index divisor involve a division by an
index divisor. An index divisor is not constant but can change as the capitalisation
of the index changes. In the event of additions and deletions to the index, rights
issues, stock splits, declaration of special dividends, share buybacks and issuance’s,
and spin-offs, the index value might change. In order to account for this and to ensure
continuity in index values, the divisor will change accordingly to reflect the relative
value of the index.

An equally-weighted index (or unweighted index) would consist of giving each
stock an equal weight in the index irrespectively of their market capitalisation (mar-
ket values) or stock prices.!?!3 In other words, one can understand unweighted index

as investing the same proportion of money in all the constituent stocks of the index

0¢clem.mscd.edu/tayest /FIN3600/Files/FIN3600_5.ppt
Uhttp://faculty.msb.edu/bodurthj/teaching /optinpt /S&P _on_IndexCalculations.pdf
12Page 75, All About Stocks, 3E By Esme Faerber

Bhttp:/ /www.investorconcepts.com/premium-content /understanding-stock-market-indices



irrespective of price or market value. Some unweighted indices use arithmetic average,
while others use geometric average to compute returns. In general the returns com-
puted using geometric average is usually lower than arithmetic average. An example
is Value Line index which is composed of 1626 publicly traded stocks on the NYSE,
NASDAQ, American Stock Exchange, and Toronto Stock Exchange.

For arithmetic average,

%
t

7
Si-1

1
Equally-weighted indeng) = Equally-weighted index, ; X N Z

For geometric average,

Equally-weighted indeXEG) = Equally-weighted index, ; x ¥ /H Sl—t

that is to say the percentage increase in the index is the same as the (arithmetic or
geometric) average return of all its constituent stocks. This type of index is com-
paratively less common as compared to the capitalisation-weighted or price-weighted
index. This index differs from the other two indexes, where some stocks are given
more weight than others, since all the stocks are equally weighted and one stock’s
performance will not have a dramatic effect on the performance of the index as a
whole. !4

Currently in the market, there are numerous tradable index options and futures.
One of the reason for the popularity of index options is the fact that they are options
on the market as a whole. Many investors prefer analysing the market as a whole
and use index options to act on their forecasts!®> They are traded on Chicago Board
Options Exchange (CBOE).

We have thus seen why stock indices are important and how they can be con-
structed. In this thesis, we will explore more deeply into a particular model of the
index and try to derive certain results from there. In the model that we will be
looking into, we will be dealing with the price-weighted and capitalisation-weighted
index. In Chapter 2, we will lay out the some mathematical tools and introduce the
general mathematical model that we will be looking into. In Chapter 3, we will be
looking at the model with constant parameters (drift, volatility and correlation), de-
veloping further extensions from previous results obtained by [6]. Then, in Chapter
4, we consider extending this model to random parameters. Chapter 4 is divided into

different sections each dealing with one randomised parameter. We summarise our

Yhttp: //www.investopedia.com/terms/u/unweightedindex.asp
15Page 42,Introduction to Derivatives and Risk Management By Don M. Chance, Robert Brooks

4



result for a more general model in Chapter 5. Next, we consider a specific model with
time dependent weights in Chapter 6. In Chapter 7, we look at the empirical measure
(empirical density), by describing the limit of a simple systems of stochastic partial
differential equation (SDEs) as a stochastic partial differential equation (SPDE). In
Chapter 8, we will investigate numerically some of the approximations using the limit
SDESs presented in the previous chapters. Finally, we look at how we can price some

index options using our limit SDE and empirical measure in Chapter 9.



Chapter 2

Mathematical Setup

2.1 Some Preliminary Mathematical Background

In this thesis, we will be requiring a general form of the strong law of large numbers.
We will need to refer to the fundamental result of Jamison, Orey and Pruitt for the
Convergence of Weighted Averages of Independent Random Variables. We refer to
the papers [7, 9] for the following:

Theorem 2.1.1 (The Strong Law). Define the total weight by Anx = ZZN:1 a; and

the weighted sum Sy = Zf\il a; X;. Let {X; : i > 1} be a sequence of pairwise

independent, identically distributed random variables such that E|X;| < co. Let {«; :

i > 1} be a set of positive weights such that Ay = val o; = 00 and 38 — 0. Let
N(z) = #{n: 4o = < x} be the distribution function of{A :n > 1} If

d dF(x) = xIEN(X )dx < oo
/ /y>|m| /o1 |517|

Then

2.2 Model Setup

In what follows, our model is based on the model used in [5, 8, 10, 6]. Let (QN, FN, IP’N)
denote a probability space for a market consisting of N different companies whose
asset values (stock price values) S; at time ¢ evolve under the historical measure P¥

according to a diffusion process given by

dS; = p'Sidt + o'\/1 — p'SidW; + o' /piSjdMy, i =1,-+- | N (2.2)



and a risk free asset, S, with risk free rate r evolving according to
dS) = rS? dt

where p’, p' and o' are all i.i.d. random variables, o > 0 and p’ € [0,1) is the
correlation. Note the co-dependence between asset prices is provided solely by the
Brownian motion M; which can be though of as a market wide factor influencing all of

the assets. We also assume W, and M, are independent Brownian Motion satisfying
d[W/,M] =0 Vi=1,--- N

and
d (Wi, W}] =dydt  Vij=1,--- N
where we have written [.,.] for the quadratic covariation and will use [.] for the
quadratic variation.
We will assume that {Sg, ..., S} } is a family of exchangeable, [0, c0)—valued ran-
dom variables with E(S}) < oo since it does not matter how we label our assets.

Unless otherwise stated, throughout this thesis, we will always consider a quantity of

the form
T
1Y = ;i (t)Sy 2.3
where a;(t) > 0 Vi = 1,---, N is a function of time and represents the weight

N
allocated to the underlying asset S® at time ¢ whereas Ay(t) = Z a;(t).
i=1

As mentioned in our introduction, stock indices are most commonly either (1)
price-weighted or (2) capitalisation-weighted . With this notation, the stock market
index I; will then be AyIN. The weights «;(t) will then be either (1) equal to 1 or
(2) the number of shares at time ¢.!

By taking the limit as N — oo, the index can then be approximated by AnI*
where I is the limit of IV as N tends to infinity.

By applying 16’s Lemma, we could solve (2.2) in the usual way to get

Si = Sl =3 at o Mitat \/1=p Wi (2.4)
giving
1 & i . -
I = Ay Z O‘isée(“ — L0240t/ p Myt \/1-pi W, (2.5)
i=1

! Although as seen in our introduction, it is also divided by a scaling factor, called the Index
Divisor, to rescale it to a smaller number which is easier to handle

7



Chapter 3

Model with all constant parameters

We will consider first a simple model in which all assets have the same constant
volatility, drift and are correlated via a single market factor, i.e. u' = u, p* = p and

o' = o for all i. We also take the weights o; as fixed constants.

1N
N _ i
1" = in ;:1 ;S, (3.1)

N

where q; is the weight allocated to the underlying assets S* and Ay = Z a;. Hence,
i=1

the stock index I; = AyIN = Zfil a; St

This model was considered in [6]. In the following, we will present a different method

and derive further results from this.

3.1 Literature review

We will attempt to re-derive some of the results from [6] using a different approach in
the next secion. For now, we shall review some of the results proven in [6] and try to
establish a relationship between the approach [6] and our new approach. From (2.3),

we can differentiate and substitute (2.2) in to get the following:

N
1 o
dIY = pIN dt + o/pIY dM; + o+/1 — p (A— E aﬂéde) (3.2)
Nzt

We have the following theorem, which is Theorem 1.1 in [6],



Theorem 3.1.1. Under the following assumptions
= 1
> o (3.3)
N=1
A}l_I}I(l)O A—N Z a; =C (3.4)

where C'is a constant, the idiosyncratic term tends to zero
N

AUy = ¥ D i8¢/ (S))dWi — 0
i=1

as N — o0

Proof. Please refer to [6] for proof. O
We also want to prove the following

Lemma 3.1.2. Under the conditions in Theorem 2.1.1, with the condition that

N
Zi:l 0%2

— 0 as N — o0

A%
and assuming S§ and W' are independent, we also have the idiosyncratic term tending
to zero
1 o
AUy = y ; o Si (SHAWE — 0
as N — oo
Proof.

th
/] — i 25«i215i2d
= [ g ks e

as N — oo, we have from Theorem 2.1.1 that

Za (S.)? = E((S.)%¢'(S.)%)
) 5

moreover, we know that for a; > 0, by induction,

Ay = Q)" > (Z a?> (3.5)

2
Lo (3.6)




therefore, we have

(Un), 2ois la / S Zoz (S)?

< ZA—NO“ [ e 607 a

0

As ¢ € C§°(R), there exist a constant K, such that |¢/| < Ky

YL a?
S 221 2K¢/ ES@ (Sge —EO' )u+20fMu+20\/_Wu) du
N

N 2 t
D i O L 62)t420\/pMy+20/T—pW,
_ i=1 2K¢/ (SO)EWU< (n—502)t+20/pMu+20+/T=p u) du
0

N2 t
_ Zi:l @ Kq2§/ 62(u—%02—02p)u+20\/ﬁMuE502 du
0

Yo

A2 —0as N — o0

— 0 , by assumption that

We know that a martingale with quadratic variation which equals to 0 is almost surely
constant and equal to its initial value (c.f. eg Chapter II in [14], [12]). Therefore, as
N — o0, we have Wy (t) — Wy (0) which is equal to 0. O

. . N—>oo
Therefore, by taking ¢(z) = x, we have ﬁ SV @;SidW; — 0 and we obtained
the ‘first approximation’ It(l) to I7°.

A1 = p1) dt + o\ /pI) dM, (3.7)

This is the form that is presented in [6]. Herein, I follows a Black-Scholes model

with a different volatility which depends on the correlation (market) factor p.

3.2 Further results

Next, we attempt to study further the idiosyncratic term d¥ = ﬁ

N
> a;S{dW} in
(3.2). We have )

d[U]y = e Za Si2dt (3.8)

i=1

10



Let N ' '
Yoy S AW

(2, a20s02)’

Then B} is a Brownian motion by Lévy’s characterisation since d[B']; = dt. Substi-

dB} =

tuting this back, we have
d¥y = V0dB} (3.9)

where 6 = ﬁ ZlNzl o7 (S7)?

Next, we define

and process By

i ok (S))
(3, oz )

which are again Brownian motion by Lévy’s characterisation.

dBYF =

Applying [to’s lemma,

— L’fvz ( (SHE-1dS! + 2(k)(k — 1)(5;’)’“—2d[5i]t)

1=

ku+k(k2_ 1>02) Or dt + ko/pOydM; + ko/1 — Ak Za (Shkaw;

=1

1 .
5 )52 )9kdt+ka\/_9det+ka 1— (Za% S)? ) dBf

k(k—1
= db), = (ku - ( 5 )02) O dt + koy/pOrdM, + ko\/T— p(6ay,)2 dBF (3.10)
Thus, we have obtained a recurrence equation. We summarise our results as follow:
oAUy = \/0,dB} (3.11)

where 6, for k > 2 follows the above recurrence relation.

dIN = I dt + o/pIY dM; + o/1 — p\/0:d B} (3.12)

11



Applying (3.10) repeatedly, we can obtain approximations for I}¥. For the first few

approximations, we have

First approximation

A1 = uIV dt + o /p1 d, (3.13)
Second approximation

A1 = uI® dt + o\ /pIN dM, + /T — p\/62d B} (3.14)
where deg = (2,U + 0'2)92 dt + 20'\/5 6’2th

Third approximation

A1 = uI dt + o\ /pIN dM, + o\/T — p\/04d B} (3.15)
where dy = (2p+ 02)6% dt + 20/p 04dM, + 20+/1 — p (64)2 d B?
and df, = (4p + 60*)0, dt + 4o \/p 04d M,

whereby for each approximation we have (6a,)2 dBF = i SV (SHRAW] — 0 for
N

all k, using Theorem 3.1.1 repeatedly with a different weight a; and a suitable ¢(x).

3.3 Alternative method

In this section, we shall derive a similar result to that presented in the above section

using an alternative approach. Using (2.5), we have

N
IgN _ /11 § ais(i)e(,u,—%02)t+0\/ﬁMt+0\/1—thi
N =1
1 N
_152 ; - i
_ 6(u 50°)t+o\/pM¢ E ang]eU\/l p W
Av 5

If S and W are independent for each i and under the condition (2.1.1) as presented

in Theorem 2.1.1, as N — 400,
I* = o= 50°)t+o /Mg (5060¢17th>

=E(S) e 30?)t+o/pM 302 (1=p)t

= [ (Sp) el 2 PitovoM (3.16)

12



i d.a.d.
? ~Y

where we have used our knowledge of the moment generating function of W/
N(0,1)

By Ito’s lemma,we obtain our ‘first approximation’ again.

1 1
dl° = (u — iazp) I>2dt + o\/pl° dM; + 502plf° dt

= pl® dt + o\/pl>® dM, (3.17)

13



Chapter 4

Models with random parameters

4.1 Model with random drift

Taking constant time-independent weights «;, we will now consider a model in which
all assets have the same constant volatility and are correlated via a single market
factor, i.e. p' = p and o' = o for all i, but a different drift u’, each being i.i.d.
random variables. There are two cases that we are particularly interested in, the drift

being
1. normally distributed, i.e. i <0 N (i, £%), and
2. uniformly distributed, i.e. i < Ula, b]

These two cases are particularly interesting not just because of the relative ease of
getting a closed form solution for the first approximation of the SDE. The drift is
the instantaneous rate of change of the mean of each constituent stock. (1) For the
normality case, if we assume that we have a large sample, it is reasonable to assume
that the drift will follow a normal distribution as well (2) For the uniform case, it will
also be interesting to see in the event that it is equally likely to have different drifts

for the constituent stocks.

4.1.1 Study on general drift conditions

Using Theorem 2.1.1 again, under the assumptions (2.1.1) and S}, u* and W all being
independent, then

t—‘,—o\/_Mt +0+/1 VVZ
t az
AN

_ e——02t+0\/_Mt Za’ eMt o/ I=pWy{ (41)

14



since - SN SierterVImeWi 2 | (Soerteovi=PWe) using (2.1.1) and the inde-
pendence condition gives

[too _ e—%a%-ﬁ-a\/ﬁMtE <Soeutea\/lTth> (42)

= E(S)E (e )27 Pitova (4.3)

by applying [to’s lemma under certain conditions to take derivative under the integral
(in the expectation E) and simplifying, we obtain

AL = E(So)E(ue)e ™27 PHoviMe gi 4 o /5T dM,
E(pe)

= dI;* = E(c)

I dt + o/pI dM, (4.4)

To investigate the asymptotic behaviour of the drift condition in the short time limit,

we do a Taylor series expansion,

E(ue!)  E(p) +E(p?)t + 3E(@?)? + - -
E(ert) 1+ E(u)t + SE(u) + -

~ <E(,u) + E(p?)t + %E(p3)t2 + - ) (1 —E(u)t — %IE(uz)t2 + - ) Jfor small t

= E(p) + (E(p*) — (B(n)*)t + O(#*)
=+t (4.5)

Therefore in the short time limit as ¢t — 0, we have the asymptotic form

= dI° ~ (i + ) [° dt + o/pl° dM, (4.6)
In the limit of & — 0, that is the case when g is constant, the expression H?E(é; iit)) =
’f—ﬁ = 1, whereby we recovered our ‘first approximation’ SDE in (3.7).
4.1.2 Normally distributed drift
We now proceed to consider the first case. We continue from (4.3)
1Y = E(So)E(e")em 27 rrtovett (4.7)
= (S, )28 gm0 ptto/pM: (4.8)

using our knowledge of the moment generating function of normal distribution, E(e#) =
P28 and E(e”VI—PWt) = ¢7*(1=0)t and then applying Ito’s lemma, we obtain

= dI° = (i + ) [° dt + o\/pl° dM, (4.9)

15



Alternatively, from (2.3), and substituting in (2.2), we get
1« 1«
dIY = —— a'Sjdt +o\/1—p | — ) aS{dW; | +o/pl)Y dM,
t Ay ; Hooy P (AN ; t t> Vel t

N
1 C (i1 2 i
_ E Qi (=50 t+oy/p Mi+o/I—p W
Ay i=1 ;i Spe ? ' tdt

N
1 ) .
+oy/1—p <A_N § ; S} dwg) +oy/pl} dM, (4.10)
i=1

Under conditions in Theorem 2.1.1 & 3.1.1 mentioned before, - N SEdw; s

0and o= SO, aypel e~ thovp MoV TP K25 g (1§ elumiotlirovp koI )

AL = E(So)E(pue")E(o+/1 — pW,)e 27 td+ovoMe qi o 5 /5T dM,

= (p+ X dt + o\/pl* dM, (4.11)
where we used the fact E(ue) = 2E(e) = (i+ €2t)em+28% and the result (4.8) to

obtain our previous result as in (4.9).

We see that I7° now follows an SDE with a time-dependent drift. The time
dependence increases with the increase in the variance of p. In the limit that variance
of the drift of the constituent stocks becomes zero, & — 0, the drift in the limit SDE
becomes constant, u — fi, and we recover (3.7).

We also note that the drift is exactly of the asymptotic form in the short time

limit (4.6) where we don’t have the higher order terms.

4.1.3 Uniformly distributed drift

In a similar fashion, we now consider the case when the drift of each individual stock

is uniformly distributed between a & b, i.e. u ~ Ula,b]. Proceeding from (4.3)
[too _ E(SO)E(eut)e—%UQpH—a\/ﬁMt

— E(So)e‘%UZPtJrU\/ﬁMt L) —
t(b—a)

using E(ett) = it(l;__f; and E(e?VT=PWt) = ¢o*(1=0)t and then applying Ito’s lemma,
we obtain

0 o9 1 109 —152pt40./pM, betb _ aeta
= dI* = o/pIdM, + ( = ) 177 dt + E(Sp)e 27 Prrovent Ho—a) )"
(4.12)

1 b th ta
(—— + l) [ dt + o\ /pIFdM, (4.13)

t etb _ em
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Let 2(b—a) =d, i = E(u) = 5(b+a) and & = Var(p) = 55(b — a)® = 3d?, then

1
2
p—dand b=p+d

bet® — qet® B (/j + d)et(ﬂer)—(,]_d)et(ﬁ—d)
eth _ pta o et(a+d) _ pt(i—d)

_ (pAd)et = (p—d)e™

otd _ o—td
= [1 + d coth(td)
= [i + V/3€ coth(tV/3€)

1
Sodl = (,u + /3¢ coth(tV/3€) — ?) I>2dt + o/pI;°d M, (4.14)
We note that we again obtain an SDE with a time-dependent drift for /7°. As in the
above case when p is normally distributed, to see the behaviour of the drift in the limit
SDE when ¢ — 0, we look at the Laurent series of coth(z) = 27! 4 % — i—; + % +eee

0 < || < w. Therefore, our drift term can be expanded locally around the origin to

get
u+\f£coth(tf£)———u+f£(tf£ t\égg—(tﬁg)3+-~->—%
tV/3¢  (tV36)? 1
—u+\f§(t\f§ TR +'”>_?
=g+ Et+ - (4.15)

hence we see that again the limit SDE reduces to (3.7) when the drift, 4, is constant
(i.e. £ =0). Also, in the limit of ¢ — 0,

dI° ~ (i + &%) I7° dt + o/pl;°dM, (4.16)

which is the asymptotic form in 4.6 which we obtained earlier in our consideration of
the general drift condition.
Note also that in the limit of ¢ — oo, the term coth(tv/3¢) == 1, we get

A ~ (n + \/55) [ dt + o\ /pIxdM,

So, in the long run, the limit SDE behaves like the usual geometric brownian motion
with constant drift, i + /3¢, and volatility, a\/p-

We summarise our results as follows:
Al = (i + E2) [ dt + o /pl° dM, when 1 < N (p, €2)
dI® = (i + V3 coth(tV3E) — 1) I dt + o\ /pI°dM;  when p P Ula, b
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4.2 Model with random volatility

We assume time-independent weights «; as before and consider now all parameters
to be constant except the volatility o;. Again, we consider the volatility of the con-

stituent assets being:
1. normally distributed, o & N(m, s2).
2. uniform distributed, o “u [a, b] where a,b > 0

There is obvious pitfalls and drawbacks for our consideration of the individual volatil-
ity following a Normal Distribution, i.e. 0@ < N (m, s?), one of which being the fact
that the volatility must be positive. However, this simplification shall ease our dis-
cussion of some close-formed results. The idea of considering a uniform distribution

is again similar to the case of random drift.

4.3 Study on general volatility conditions

To investigate the general volatility condition, we look at the expression (2.5)
1N
i —1(51)2) ¢4t oi/I= i
1N = A—N;ai =3 (o))e" VB Mito! VI=p Wi
since ﬁZﬁil (e~ 3ot P Mol Tp Wi N9 E,w. <e—%o2t+0\/ﬁMt+0'th> _
Ji using Theorem 2.1.1
oI = e E(Sy)J; (4.17)

and the fact that S§, o' & W} are independent.

By applying [to’s lemma again, we obtain
dI® = pl> dt + e E(Sy)dJ;

We have, by simplifying,

J = E, (e ir o isietioon)
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Using Ito under certain conditions for us to differentiate under the integral, and
writing Y, = e 20 PHove M
L, L,
th :]EO— —50' pndt‘FU\/ﬁnth‘l‘ﬁU p}/;dt
= \/EEO—(O'K) th

Therefore, we have in general,

E, (oY)

= I = pldt+ /p g s

dM, (4.18)

Es(cYy)

=5~ — 0 as 0 becomes constant, and we recover (3.7).
[og

and once again,

4.3.1 Normally distributed volatility

For the case 0@ <X N (m, %), we proceed as before from (4.17). We first evaluate

Ji=E (e—%02t+0\/ﬁMt+0\/1—PWt>

* * 1 — 122t a5 My+ay/T=py _mm? 2
Jy = e 2 P PUe™ 7252 e 2t dx dy
oo J—oo 27r8\/¥

using completing the square on the exponential terms

1 o 1,2 (z=m)? 4 2
_ - e 3% t—l—x\/ﬁMte—Teﬂ(tm\/l—p) dr
V2ms®t o

1 _m? | (m+s?yp My)?

— e 252 T 252 (14 s2pt) (419)

V1+s2pt

Therefore, we have the following

1 m2 + (m+s2ﬁ IVIt)Z
— T
I = M E(Sy) ————e 27 270+ (4.20)

V 1+ s2pt

by applying 1t6’s lemma again, we obtain

- s”p p(m + s°/p My)?
aly” =\ n- 2 1) 2 1)2
2(1 + s%pt) 2(1 + s%pt)
2 2 2
L (st plmt sipMy) I dt
2 \1+ s?pt (1+ s%pt)?
m + 52\/ﬁMt
— | [*dM,
e 00 m+ szﬁMt 00
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Although an unrealistic model it may seem, we still notice that the drift in the
limit SDE remains the same as before in (3.7) and it is only the volatility in the limit
SDE that changes.

This in turn suggests that the consideration of drift being i.i.d. random variables
changes the drift of the SDE of I;® in the case when all parameters are constant
whereas the consideration of volatility being i.i.d. random variables changes the
volatility of the SDE of I;® in the case when all parameters are constant. We shall
investigate this further in Chapter 5.

We also note that similar to the model with random drift case, in the limit that s — 0,
when the variance tends to zero, we recover the case when we have all parameters
constant, (3.7). I7° now follows an SDE with a volatility that depends on both the

time and the Brownian motion, M, driven by the Market factor.

4.3.2 Uniformly distributed volatility

We now consider the case when the volatility is uniformly distributed, with o° £

Ula, b], where a and b are strictly positive. As before, from (4.17),
I° = " E(Sy) J;

where J; = E (e—%UZHU\/ﬁMHU\/l—PWt)

We try to evaluate the term

Y L B 2
Jy = / / ety MitayTSpy o~y g o
t b—a a Jooo V27t Yy

by completing the square, we get

B 1
b—ua

b

1 1 1 (e Me 2

— b eﬂMtQ e 2pt(1‘ t\/ﬁ) dl.
_a a

b
1,2 1 2
/6—§m t+m\/ﬁMt6§t(1—p)x dr
a
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So, by applying Ito’s lemma and simplifying, we get

1 b My
[oo _ eMtE(SO)b ezltMQ / e — 3otz dl’
a a

M. 1 1 1 (g My 2 1 M,
dI® = pl® dt + (Ttlfo+e”tE(So) enMi _—_ <e sot(a—7k) _ o3et(0-7k) )) dM,

1 2
LeﬂMt
b—a

M,
= uI®dt + 7t+

(4.22)

We see that once again the drift of the limit SDE remains the same as in the case
when we have constant volatility, 0 = o and the volatility in the limit SDE now
depends on both time and M;. Writing s = (b + a) and d = 5(b — a), we see that
the numerator of the second term

et ()t 0-2))

2d t\/p

C1 e (s 1
le%Mfie W(( o) +d2) sinh(pt(s — %) d)
d t\/p t\/p

M, inh
— /p(s — —)6_5”52“8*/% since " (@) —

\/’ x

as d — 0, a,b — s and the denominator

b M M
2
! ezltM2 e L t dl’ — e2tMt€ 2015 t) = e_%pszt"'s\/th
b—a
a

Combining these two results, we see that in the limit that the volatility in the limit

SDE becomes constant, we recover (3.7)

AI° = I dt + sy/pIe° dM,

4.4 Model with random correlation

4.4.1 Study on general correlation conditions

Again, we shall start by looking at the general volatility condition arising from con-

sidering a random correlation model. As before, by Theorem 2.1.1, we have from
(2.5)

]too = 6’” E(SQ)6_%J%EP7W

t

(60\/5 Mi+o+/1—p Wt>

= " E(Sp)e 27 'E, (eUﬁMt+%U2<l—p>t) (4.23)
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Let Y; = e7VPM:=39°0t Uging 1t5’s lemma again, with J, = E,(Y;) we shall get

I = e" E(S,)J,
= dI® = pI® dt + " E(Sy)dJ,

and
1, 1,
dJ; =E, —50 pYydt + o+/pY, dM,; + 50 pY, dt (4.24)
thus giving
E,(v/pY3)
dI® = pI® dt + o ——Y 21> dM, 4.25
t iy Ep(Yt) t t ( )

We can actually see that in this form, the drift in the limit SDE is again the same as

in the case when we have constant correlation p and the volatility now depends on

E, (/P

E, (Y, )t) which again depends on ¢t and M,.

the term

4.5 Uniformly distributed correlation

We have p' € [0, 1), so we can consider the case when p' = (r")?, whereby r* follows a
uniform distribution, ré % Ula, b] whereby [a,b] C [—1,1]. Denoting # = £(b+ a) and
d=1(b—a)

Ji = E.(Y})
1 b
_ ﬁ i ecrth——cr 22t dr
1 sz A
— Q_dej\;[t /a e_% Qt(T_%)Q dr (4.26)
and
10 . .
E.(rY;) = _8_E ~(Yy)  writing M; =z in Y,
o
1 0 2 [° .
= 570 B e /a e 27150 gy
= —J + ie 2t /b(r - i)e_%(’%(r_%)2 dr (4.27)
N T od " ot '
and after much simplification
1 22 _1ls R 2 . A
E,.(rY;) = %Jt - o5eTe 27t((7=30) +) iy ((r — %) da2t> (4.28)



and so, we have

22 —102t<(f—i)2+d2) . PO 9
- - M, —dolgte 2ne 2 ot sinh ((r - E) do t) -
dI° = pl* dt + o — T i I>° dM,
Lew [e 27 =5 dr

(4.29)

Asd—0,a & b—r,

PR N o
! eée_%azt«r_ﬁ) +d2> sinh ((r — %) dazt) — — (f — £> ez_fe_% Zt(T_E)Q

o ot

2 b ]
2id61\2ltt P LAl Gt DLl NN egé‘*fe_%”zt(f_ﬁ)2 (4.30)

a

thereby giving in the limit that » — 7 becomes constant, our usual (3.7)

AI° = plI® dt + oF I dM, (4.31)
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Chapter 5

A more general model

Now that we have considered different models, we can summarise our results by
considering similar arguments as before when dealing with the general drift, volatility

and correlation.

Ioo o E (Soe,ute—%o2t+cr\/ﬁMt—i-o\/l—th)
L =

If Sy, p', o' and p' are all independent
AL = B(So)B(e")E (e 37 trovpictavizpwt )
AL = B(S0) B (") By, (3 tH VPt IZp W)

= E(S)Eu(¢")Ey,, (e73e e rveit)
by applying Ito’s lemma again, we have

By (pe) Eo. (0/PY1)
dJ® =K L qp+ =L Vo T ), 5.1
SR TR, 4y M (5:1)

where Y; = e~ 20 Pt+oVp M,
This is the general form for the limit SDE and we can again verify that as all param-

eters become constant, we recover (3.7).
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Chapter 6

Model with time-dependent
weights

We now consider the more general model where the weights allocated to each individ-
ual stock in a stock market index is time dependent. In the general case, as mentioned
earlier, for a capitalisation-weighted index, a; can be perceived as the number of stocks
n;(t). We could have modelled this as a counting process, such as the Poisson process.
However, this will not be considered in the following discussion. Instead, we try to
look into a model that calculate the weighted average of the stock prices with the
weights being their respective market capitalisation. The reason we investigate this
crude model is that we hope to look into how an index can be contructed in a way
whereby the index is very much dependent upon the market capitalisation of the stock
since market capitalisation, in fact, represents the public opinion of a company’s net
worth and is a determining factor in stock valuation whereas stock prices show the
current tradable price of a stock of the company. However, we should point out that
this method of calculating an index is not being used in the market and is simply

considered here for theorectical reasons.
N
L= a;(t)Si(t) (6.1)
i=1

where «a;(t) = "'L'S? 57+ 1l may be perceived as the number of shares of the ith stock
t

] Z;V:1 "j
and 7,5} being the market capitalisation of the ith stock.

We can simplify the above expression to
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where A(S;(t)) = Zjvzl 1;:5;(t)

we have

N
dA = "n;ds]

J=1

N
dA = pAdt + o+/1—p Y ;8] AW} + o\/pAdM,
j=1
= d[A]; = o*( an (S7)2dt + o?pA*dt, and
7=1

d[S;, Al = o*(1 — p)yS2 dt + o?pAS; dM

and then applying 1t6’s lemma to (6.2), writing S} as S;.

N N
1 1
dl; = Z a1 (21;5;dS;) + Z —ﬁ(msf)dfl
i=1 i=1
N N
11 1 2 )
+5 > 7 @nd(S]) + 3 Z ( Ag) niS2d[A]

i=1 i=1

substituting in and after some simplification, we obtain

N
2ina 1355

= (u+*(1 = p)) I, dt +c*(1 — p) yE
N

I dt —
o1 — N
+o/pdM, + 2Tp S 0S2aw;
N4

O'\/l ]tz SdWZ
=1

Z n3S3 dt

(6.6)

As we take the limit as N — oo, we notice that the last two terms tend to zero by

Theorem 3.1.1 as before. However, we see that the above expression is not as simple

as the ones we obtained before. The main difficulty here lies with the fact that we

factored in the price of the stock into the weights, «;. This resulted in us having a

quadractic S; factor in the expression for the index. This particular case exhibits the

need for a careful choice of weights, not just from economic theory, but also looking

at it from the mathematical point of view.
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Chapter 7

Empirical density

In this chapter, we shall look at the empirical measure. (See [2, 13] for reference) We
will begin by describing the system (2.2) by a measure valued process and showing
that there is a limit empirical measure for the infinite system. We will also show that

its evolution can be captured by an SPDE.

7.1 The limit empirical density

We proceed in a similar fashion as shown in [5, 6]. However, this time, we shall try
to solve the Stochastic PDE for the empirical density and derive further results.
Using our previous definitions as set up in Section 2.2 with time-independent

weights «;(t) = «;, we define the empirical measure

1 N
V]%,t = A—N Z aiésg (71)
i=1

where dg; is the Dirac Delta distribution in S;. In distributional terms, 4 si 1s a linear
functional on C§°(R), the space of the infinitely differentiable continuous functions

with compact support, such that for ¢ € C§°(R)

For a measure v, and integrable function ¢ we write

(6,11) = / o2y (dz) (7.2)

Using the empirical measure (7.1), the action of vy, on ¢ is given by
T
FN? = (18, 6) = y > () (7.3)
i=1
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Applying Ito’s formula to EN’¢, we have:

F;N@ ({Vfb ANZQZ/ ( Sz dSZ_'_ (b//(SZ) [ 2])

:Aizai/ [¢/(Z [Sidu+ ¢'(S1)o' /1 — piSLAW! + ¢ (SH)o'\/p StdM,
N T 0

1 1" Qi 1\2/ Qi \2
#5080

= FN¢ = ¢ +/ {(uNu,m’)du - % <V§6‘,’§,xz¢”> du + <V§Ufa <f>> dM. ]
t
S "

We now pass to the limit by letting N — oc.

In order to see this, we focus on the idiosyncratic term in (7.4)

t N
| = e (SeVI=psiaw (75)
i=1

This term goes to zero as N goes to infinity. The proof is very similar to the proof
laid out for Theorem 3.1.1.

We note that as ¢',¢” are bounded and vf;, is a probability measure, we can apply
the dominated convergence theorem to take the limit under the integrals in the other

terms in (7.4). We summarise our result in the following.

Theorem 7.1.1. The sequence of empirical measures vy, on (0,00) satisfies for all
¢ € Cge,
FNY — F? = (b, ¢) as N — 00, a.s.

The evolution of the limit empirical measure in the weak sense is given by
t
w0 =)+ [ | (o) + 5 (7)) e (70,07 an |
0
(7.6)

In order to recharacterise the evolution obtained in (7.4) as a stochastic PDE,
we need the measure v; to be absolutely continuous with respect to the Lebesgue
measure to write v (dx) = v(t, z)dz for some density v. For the following discussion,

we shall assume the uniqueness and existence of this density.
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Substituting the Lebesgue representation for the empirical measure in to (7.4),and

integrating by parts, we get

o(x)v*(z,t)de = | ¢(x)v*(z,0)dr + (z,u)xd (z) + 11/0“’2 (z,u)2?¢" (x) | dxdu
fotwrizia= [ sareiavaa [ f (o 2 )

+/0 /V”Jﬁ(x,u)xqﬁ'(:v) dx dM,

:/gb(m)y
+ / t / <—¢(x)3(ww(x,u))+%qs(x)aa—; (g;%w?(g;,u))) da du

/ / oz % (VP (2, u)) dx dM,

o < /0 t (‘a% (50" (2, u)) + %aa_; <x21/°‘”2(a:,u))) du

_ /0 9 (avrmn(e.u) dMu) da

As this holds for V¢ € C§° we have shown that we have a weak solution to the SPDE
given by

v (xz,t) = v*(x,0) + /Ot (—% (v (x,u)) + %aa—; (:le/o“’z(x,u))> du
- /Ot % (VP (2, u)) dM, (7.7)

with v*(¢,0) = 0 for all ¢t € [0, 7] and the initial condition

(x,0) = A < Za dgi(z (7.8)

Alternatively, we can write this in its differential form

(2, t) = (-3 (20" (2, 1)) + 388—22 (a2 (:c,t))) it — aﬁ (av°°VP(x, 1)) dM,

) (7.9)

Hence, we also have the approximation

IV~ Ay (0 2) = Ay / (1) da (7.10)
R
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7.2 Solving the SPDE

7.2.1 Model with constant parameters and fixed weights

As before, we consider the case when all assets have the same constant volatility, drift
and are correlated via a single market factor. The weight factor is also taken to be

time-independent. Then, (7.9) reduces to

dv(z,t) = (—,u% (zv(z,t)) + ;a % (1’2V(LL’,T,))) dt — a\/ﬁ(% (zv(x,t)) dM,
(7.11)

We can solve this SPDE by considering in the following:
Let v(x,t) = Y, f(t,zY;) where Y; = e=ovVPMt,

dY, = —o\/pY, dM,
dlY]; = o?pY?dt

Using [to’s lemma, with z = zY}
1
dv(z,t) = (f +2Y:0.f) dY: + (Y,0.f) dt + 5(2563,zf + 2?Y;0.. f) d[Y];

1
—Y, (&f + o?pxY,0. f + §a2px2yfazzf) dt — o\/pYi(f +2Y,0.f) dM,

(7.12)
We can match (7.12) and (7.11)
0 0 0
5 V(@) = 5o (2f(t,2) = Yeg-(2f) = Vuf + 2Y:0.f
2 2 82
@l 1) = V) )P = Vi ()
The volatilities are matched and now we look at the drift condition
0 1, 0? 0 5 02
g () + 50° oL (o) = Vi (g (o) + o ()
1,0 1
_Mﬁ (zf) + 57 W( 2f) :8tf—|—§a2pz(20 f+20..f)
= O.f + ;O'sz 5(2f) (7.13)
Rearranging,
0 0 8 0?
W b L) 4 g0 D) — a0t ()
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since 25 (22f) = 225 (2f) + 22 (2f)

o wlipys il - o (%(z%‘) )
o Curanlien el (7.14)

This is the Kolmogrov Forward Equation or Fokker-Planck Equation which we can
solve (see page 78 of [3]).
Consider the SDE

dX, = (u— o*p)dt +o+/1 — pdW, (7.15)
X, has log-normal distribution and we can easily write down the transition density

as the following

| (108 (2) = (= 022t — )
zy/2102(1 — p)(t — s) LT 20%(1 = p)(t — s)

p(s,y;t,z) =

(7.16)
Therefore we can write our solution to the SPDE (7.11) as
v(z,t) =Y, f(t,2Y;) where Y; = e 7VPMt and

_ 1 (tog( 222 ) —~(u—102)(t~5))" (7.17)
f(t’ ZL’Y;) o :(:Yt\/27r02(1—p)(t—s) xp ( 20%(1—p)(t—s)

1 (105 (£) — oyaby — (0~ ho¥)(t — 9))
z+/2702(1 — p)(t — s) i 20%(1 = p)(t — )

= v(x,t) =

(7.18)
Alternatively, we could have proceeded from (7.3). Under suitable conditions as

mentioned in our Theorem 2.1.1, we have

(i 6) = Zwﬁ (5) =FEG(S) = [va o) (1.19)
We substituted (2.4) with constant parameters into the LHS of the equation
E(9(S1)) = By [0 (Soel e trvpicer =t )|
consider first the case if Sy = y is a constant

/ ,u——o t—l—o\fMt—l—o\/_pz) f t
L1y

/ o (log(x/y) (:J—%) ant) w\/llTp .

%
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where fy, is the probability density function for W;.

Therefore, by comparing with (7.19), we see that we have
L, log(z/y) — (n — 30°)t — a\/pM,
zo/I—p' " o1 —0p
1 1 1 /1 — (p— Lot — oy /oM
xo\/1 — p+/27t ov1—p

2t
which agrees with (7.18) with initial time s = 0.

vz, t) =

7.2.2 General Model

We can consider the following transformation

Qiglok L
Ur(,0) = D~ v 7 VP (a,t)

103
.y iglE!
Using (7.9), we get
i o® (o, /p)* 0 it 6% (o./p)k 1 02 2 opic?0 ) (o, /p)F
dv =5 (:)31/ (z,t)) + 2922 (1’ v (z,t)) dt
0 i 2
- (xyo‘“ VD (o t)) dM,
10905 | o (o)t
. apto (o\/p)
U, =) i dv* " (z,1)
irj.k

0 ou 1 0? 5, 0U 0 ou
Next, we take Laplace transform with respect to x — ¢ with U(x,0) = 0, we get
~ A 1 A A
dU = <_¢a¢91U - §¢2a¢¢92 U) dt — 10y, U dM, (7.22)

There are a few approaches to analyse this SPDE. However, it is not clear at this

moment if we would obtain a solution from this SPDE.
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Chapter 8

Numerical result

In order to investigate further some of our theoretical results, we shall consider per-
forming some numerical simulations. In what follows, we shall work with a price
weighted inder, taking I = % Zf\il Sy. We will calculate the European call option
price in the physical measure (investor’s perception of the call price value) using with
our limit SDE and compare it with the case (real index) when we generate the indi-
vidual stock price paths to calculate the index price directly.

We will be mainly concerned with pricing the model with random drifts (normal)

owing to the relative ease of their limit SDE.

I7° = Ig® exp(fit + 3€%% — Lo°pt) exp(o/pM,)when 1~ N(p, &%)
A European call option on the index with maturity 7" and strike K has the payoff at

T given by

N
1 i1 i i
max([j],v - K, 0) = max ((N E Soe(ﬂ —10)t+o \/ﬁMt'f‘U\/l_th) - K, O)

i=1

For the following simulation, we assume the risk-free rate, » = 0.08. We will be
using Monte Carlo method with 10,000 simulations, unless otherwise stated. S =
50 NVi=1,--- N ,0=03,p=05T=1

8.0.3 Model with normally distributed drift

N 100 200 300 400 500 600 700 800 900 1000

Real Index | 6.9591 6.8976 6.9351 7.1403 6.9129 7.1169 7.0929 7.0002 6.9402 7.1368
Approx | 7.1659 7.2121 7.2322 6.8855 6.9883 7.0323 7.0288 7.0320 6.9832 7.1396
Error | 0.2067 0.3145 0.2971 0.2548 0.0755 0.0847 0.0640 0.0318 0.0430 0.0028

Table 8.1: “At the money call price” in the physical measure and error between the
Real Index and Limit SDE approximation, K = 50
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Error vs N
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Figure 8.1: Plot of error against N for the random drift case with u ~ (0.1, 0.05%)

We see that although the error started off quite large, it soon decreases as N gets

larger and eventually, it is converging to 0, as we would expect.

8.0.4 Model with constant drift

In the following simulations, we continue taking Sj = 50 Vi = 1,--- N, and

0c=20.3,p=0.5,T =1, so as to give us a comparison to the result above as well.

N 100 200 300 400 500 600 700 800 900 1000

Real Index | 6.8695 7.1021 6.8994 6.9566 7.0467 6.8221 7.0121 7.0760 6.8686 6.9814
Approx | 7.0305 7.1268 6.9727 6.9403 7.0237 6.7593 6.9620 7.0501 6.8421 6.9876
Error | 0.1610 0.0247 0.0733 0.0163 0.0230 0.0628 0.0500 0.0259 0.0265 0.0061

Table 8.2: “At the money call price” in the physical measure and error between the
Real Index and Limit SDE approximation, K = 50
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Error vs N
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Figure 8.2: Plot of error against N for constant p

In the case when we have constant drift, we should expect the convergence to be
quicker as there is less randomness in the SDE. As we can see from comparing Table
8.1 and 8.2. The errors in the constant drift case is generally smaller than the random
drift case. Although there is more fluctuations in error when N is small, this is most
likely due to numerical error or the use of Monte Carlo method. Therefore, we do
see a nice convergence to the call price on the ‘real’ index value for both the random

drift and constant drift case.
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Chapter 9

Index options

We shall focus on pricing some common index options using our limit SDE or empirical

distribution v(x,t). We shall continue working with a price weighted indez, taking
N i
Y= % > et St

9.1 European call & put option on the index
We shall focus on pricing the model with random drifts.

dI® = (i + E24) [ dt + o /pI* dMywhen 1 % N(p, €2)

dt5e = (1 VB corh(t30) - ) 12 + /I dbtowhen % Va3

ot
They both follow an SDE with time dependent drift but time independent volatility.
Since we can always use the change of measure (by Girsanov’s Theorem), we can price
the options using Black-Scholes formula. Therefore the call option price at initial time
t=01s

V =I0(dy) — Ke "™'d(d_) (9.1)
where . , N
log(%) + (r £ 52)T o1 .
dy = /T and ]0 = N ZSO

The put option price can be calculated similarly

V=Ke®(—d_) — I;7P(—d.) (9.2)
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9.2 European call option on the maximum or min-
imum of the constituent stock of index

We will now consider pricing a Kuropean call option on the maximum or minimum of
the index with maturity 7" and strike K, that is to say that the payoff at T is given
by
(max(SY,---,SY) — K)" or (min(SY,---,SN) - K)*

For the case of independent assets, there are closed form solutions for such options
[11]. However, we shall try to derive some results based on our model, making use
of our empirical density. The idea is that once we have an our empirical density, the
proportions of observations between an interval (a, b) is approximated by f; f(x)dx,
where f(x) is the empirical distribution (see Chapter 4, [13]). Thus we can divide our
empirical distribution into portions with an equal area of % under the graph, each
corresponding to the proportion of stocks (in this case 1 stock). Mathematically,
denoting F'~! as the inverse cumulative distribution function, we can write the kth

order order statistic as Sq) (c.f. order statistics),

e (2 (5 7 ()

then we can approximate it by picking the midpoint of the interval

o (2k—1
S(k—i—l) ~ F! (W)

therefore, for the stock with the maximum or minimum of stock price, that is when
k=N-1lork=1

o f2N-1-1\ (. 1
SW)NF( 2N = U

1
Sy~ F [ —
v~ (5x)

Let us define Sy = max(SY,--- S¥) and Sy = min(SY, -+, SN). Then, we can

approximate the maximum Sy or minimum S by

0 1 SN 1
/s v(z,t)de = N and /_oo v(z,t)de = N (9.3)
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Log-normal initial stock price with constant parameters

To ease our discussion further, we will continue from (7.19) but this time making

another assumption that S} each follows a log-normal distribution, that is
Sh % X where X ~ N (19, 03)
So, we have again from (7.19)
BUG(0) = s 6 (Soc brmsevivisns )]

= Exw, | (e¥elnmdetioymhicayI=on ) | (9.4)

=Exw,[o (ez)

where Z = X + (u — 502)15 +o0./pM; +o+/1 — pW,, that is to say Z follows a normal
distribution, Z ~ N(po + (1 — 20%)t + 0/pM;, 05 + o*(1 — p)t)

~ [ o) satiog) o (0.5

where f is the probability density function of Z.
Comparing with the RHS of (7.19), then we get

1
vz, t) = Efz(logx) (9.6)
Then, we see that for Sy,
—fz(1 dz
/S;N fo( ng) 2N
o0 1
= fz(y)dy = —
1og§N Z( ) 2N

1 ® 10ggN—(M0+(M—%U2)t+U\/ﬁMt) :L
Vg +02(1—p)t 2N

_ 1 1
= log Sy = po + (1 = 502)t+a\/ﬁMt + \/o—g +02(1—p)t <q)—1 (1 — ﬁ))

so we have explicitly the expression for Sy

Sy = exp <M0+(M—%<72)t+0\/ﬁMt+\/U§+02(1—P)t< - < %)))
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Similarly, for Sy,

Sy = exp (uo + (1 — %az)t + o/pM; + \/ag +02(1 - p)t (cb—l <%))) (9.8)

This also imply that

dSy 1, 52(1 - p) B ( 1 )

aon _ (L oaq oy o' (1= — )| dt+ovpdM

SN (’u 27 (1=7) 2\/03 +02(1 —p)t 2N o/p M,
(9.9)

and

dSy L, a*(1 - p) -1 < 1 )
— = — =0 (1—p)+ P — dt +o\/pdM,; (9.10
Sy (,u 2 (1=0) 2¢/02 + o2(1 - p)t 2N VoM (9.10)
We see that Sy, and similarly S, follow SDEs with time dependent drift but time

independent volatility. By pricing under the risk-neutral measure, we have the usual

Black-Scholes formula for the European call price for both maximum and minimum

of the constituent stocks of the index at initial time, ¢t = 0 to be

V =Sy(0)®(dy) — Ke ™ ®(d_) (9.11)
where 50 (0) ,
lo N + (r+ T _ 26—1(1_ L.
d:t = g( K ; —p(T' 2 ) and SN(O) = e,uo—l—oOq) (1 2N)
and
V = Sy (0)®(dy) — Ke T (d-) (9.12)
where

Sx(0) o2p
Ay = log( K )+ (7’:|: 2 )T and ﬁN(O) _ epo—l—ogq)*l(%)

ovpT

The put option price can be obtained as a Black-Scholes type formula via similar

arguments.

Before we end this section, we just note that if the maximum/minimum is not trad-
able, the model is incomplete, i.e. you cannot hedge all the risk, as there are N+1
Brownian motion (noises) driving the N assets - thus there should be a market price

of risk appearing in the calculations.
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Chapter 10

Conclusion

Through the above analysis, we first presented and developed more on the limit SDE
for the model with constant parameters. Later on, we then moved on to consider
models with random parameters and obtain similar limit SDEs in those cases. We
also summarised our result with the consideration of a more general model. Next, we
considered a model with time-dependent weights. In Chapter 8, we tried to compare
numerically the accuracy of our limit SDE. In addition to these, we also tried to look
at the empirical density by considering this infinite system of SDEs. With constant
parameters and some additional assumptions, we were able to obtain an explicit so-
lution to this empirical density. Lastly, we try to price some index options using our

knowledge of the limit SDE and the empirical density.

Since we have obtained an explicit formula for our empirical density for the con-
stant parameter case, a natural extension of this is to find the solution to the SPDE
for the general case (7.22). Also, we could use our empirical densitity to price more
exotic options, such as the mountain range options, which are based on a basket of
stocks. One of which is the Himalayan option where the payout is based on the aver-
age performance of the best-performing constituent stock in the basket on specified
dates. The number of components in the Basket reduces over the life of the option as
the best performer on each calculation date is removed for future calculations. The
idea to price this option using the empirical density would be to remove a portion of

the density corresponding to the removal of a stock and use (7.10) to price it.

In this simplified model of the index that we have considered here, we conclude that
we could obtain several mathematically elegant and explicit results for the different
cases that we consider. These formulas gave us more insights into the model that we

are considering and provided a good approximation to the real index. Nevertheless,

40



the practicality of these approximations are being neglected for the moment during
our consideration. There are still much work to be done in this aspect, especially in

the numerical work to see the convergence rate of our limit SDE to the real index.
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