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Abstract

This thesis is concerned with the interfacial behaviour of surfactant solutions
on short time scales. A gravity-driven laminar liquid jet is used to create a
rapidly expanding liquid surface, which exposes the surfactant solution to highly
non-equilibrium surface conditions. This expansion causes the surface tension
to differ locally from its equilibrium value, generating a (Marangoni) shear stress
that acts on the jet surface and retards the surface acceleration.

A boundary-layer treatment of the flow very near the nozzle shows that the
cube-root dependence of the axial surface velocity on the distance travelled is
altered through the adsorption of surfactant.

A numerical model of the surfactant adsorption process in the jet has been
developed within the framework of the computational fluid dynamics (CFD)
program FIDAP. Complemented by the major results from the boundary-layer
treatment—the Marangoni stress at the detachment point does not exceed the
shear stress inside the nozzle and the surface concentration at that point is
finite—a hybrid CFD model is presented. The hybrid CFD model is extended to
incorporate the effects of micelle disintegration. This model extension assumes
one micelle species, and the break-down of micelles is modelled using kinetic
expressions.

Results from the hybrid CFD model are computed for sub-micellar C;4TAB
and C;4TAB, and for C,,TAB in the presence of micelles. The computed results
are validated with experimental data.
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Chapter 1

Introduction

Surfactants constitute an important group of chemical products, not only in
terms of quantity, but also in view of the great variety of application areas in
households and commerce, in industry, and in agriculture. Recent figures show
that the annual world production—of which surfactants in detergent products
account for 15 to 25%, thus making the household detergent and personal care
market the largest single usage of surfactants—approaches 11 million tons, and
about half of the quantity is the share of Western Europe and America [1-3].

With more than 500 trade names, surfactants are used in nearly 100 types of
industries and have some four thousand different applications. Among the major
surfactant consumers are such industries as mining, mineral and oil processing,
metal working, textile, construction (additives to concrete and asphalt), trans-
portation (oils, lubricants, lubricating cooling liquids), polymer materials, lac-
quer and paint manufacturing, pharmaceutical, food, perfumes, printing, water
treatment, and many others [4,5].

Virtually all industrial applications of surfactants are dynamic processes,
involving expanding and compressing interfaces on varying time scales, away
from the state of equilibrium. For example, when applying thin coats of a liquid
as a spray, as in car-painting, droplets need to merge quickly and smoothly
at the surface of the wet film. Emulsions and foams, on the other hand, are
sustained by inhibiting or slowing the coalescence of droplets or bubbles. The
interaction of interfacial fluid dynamics and surfactant adsorption is central to
these processes.
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P Q
T —@ @
2 z+dz
P’ Q
T +dT ® _a
z + usdT z +dz + (us + (Ous/02)dz)dT

Figure 1.1: Scheme of an area deformation of a surface element PQ, where z is
the coordinate parallel to the surface.

1.1 Dynamics of Surfaces

1.1.1 Surface Expansion and Surface Dilatation

Let us consider a surface element, which is deformed in the direction parallel to
the surface only (see Figure 1.1). At time 7, the surface element is defined by
point P at z, and point Q at z + dz. At time 7 + d7, this surface element
is deformed, so that P becomes P’, and Q becomes Q', and in such a way that
PQ # P'Q’. The surface element is stretched if PQ < P'Q/, which is shown in
Figure 1.1, and compressed if PQ > P'Q’. If PQ = P'Q’, no surface deformation
takes place. Referring to the situation sketched in Figure 1.1, point P’ is located

at z + u,dT, where u, is the velocity along the surface. The location of point
Q' is at z + dz + (us + (Ou,/02)dz)dT.

The relative area deformation, dQ2/Q, where Q is the area of the surface
element when no deformation takes place, can be obtained from [6,7]

dQ_W—P_Q_ausd
Q~ PQ @ 0z

T. (1.1)

With d2/Q = d1n (2, we easily find

dinQ)  Ou,
dT 0z’ (1.2)

In Equation (1.2), the term dIn§/dT is referred to as the rate of surface dilata-
tion, and Ou,/dz is known as the rate of surface expansion. Thus, a velocity

gradient along the surface corresponds to a surface dilatation and vice versa.
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1.1.2 The Concept of Surface Age

In a system that is at rest, the age of the surface is a well-defined and perfectly
meaningful quantity. The surface is “born” at 7 = 0, and at a time 7 > 0 has
reached an age that equals exactly 7. Since the surface is at rest, all surface
elements have the same surface age.

The age of a surface is still well-defined and meaningful in a flowing system
that moves at a constant velocity throughout. As an example, we consider the
(theoretical) case of a liquid jet that leaves the nozzle with plug flow. Fluid
particles in the bulk and the surface move at the same velocity everywhere in the
jet, and hence u, = U, where 7 is the constant velocity of the jet. On leaving
the nozzle at z = 0, a fluid element on the surface is “born” at T = 0. This
surface element travels downstream and at z > 0, in the absence of gravity, has
reached an age of 7 = z/%@. Since dus/dz = dInQ/dT = 0, from Equation (1.2)
and neglecting jet contraction, the size of the surface element does not change,
and it is composed of the same fluid particles as at the point of creation (z = 0).
In this case, the surface age of a flowing system, in which the surface expansion
rate is zero, corresponds to that of a system at rest.

We now consider the (real) case of a liquid jet that leaves the nozzle with a
steady flow profile. Along the nozzle wall, up to the point of emergence of liquid
from the nozzle, the velocity is zero due to the no-slip condition. This constraint
is removed as the liquid leaves the nozzle. The fluid elements in the surface
experience an acceleration, dus/dz > 0, in an attempt to equalise the velocity
deficit between the layers in the bulk and the surface of the jet. The surface is
thus stretched to accommodate the local increase in velocity, dIn2/d7T > 0, and
the surface element at a downstream position z does not contain the same fluid
particles as at the point of surface creation at z = 0. The concept of surface
age is therefore not meaningful in a flow with local variations in surface velocity,
since the state of the surface at some point z > 0 is determined by the entire
history of the surface from the point of creation at z = 0 onwards.

Several researchers, however, have given definitions of the age of continually
expanding jet surfaces. These works were conducted in relation to dynamic
surface tension studies in jet flows (see Section 1.7.2) for (%) reasons of compa-
rability with other dynamic measurement methods (see for example the works
of Miller et al. [8] and Noskov [9] for a detailed review of dynamic measurement
methods), and (i) to facilitate the application of time-dependent adsorption
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Figure 1.2: The chemical structure of cationic C;4TAB (a) and non-ionic Ci2E,

(b).

models (see Section 1.3).
From Equation (1.2), Hansen [7] derived his defintion of the average surface
age of an expanding jet surface,

(1.3)

which was often used to assign an “age” to elements of the surface (see Sec-
tion 1.7.2). Other definitions of the age of the surface of a liquid jet were given
by Harper [10] and Davies and Makepeace [11].

1.2 Chemistry of Surfactants

Surfactant molecules are amphipathic, which means that the molecule consists of
two parts—one which is highly soluble (hydrophilic) in an aqueous medium, and
one which is insoluble (hydrophobic) [12]. Two main groups of surfactants may
be distinguished—ionic (including anionic, cationic, and ampholytic) and non-
ionic. Tonic surfactants possess a hydrophilic head group such as -OSOj3 (anionic
SDS) or -N+(CHjs); (cationic CTAB). The chemical structure of the cationic
surfactant C,¢TAB (hexadecyltrimethylammonium bromide, C19H4oN*Br~), the
surfactant mostly studied in this thesis, is shown in Figure 1.2. Cationic sur-
factants play an important role as antiseptic agents in cosmetics, as general
fungicides and germicides, and as disinfectants [4,13]. Other examples of the
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use of cationic surfactants are as textile auxiliaries, fabric softener, and hair
conditioners [3]. With ampholytic surfactants, the nature of the ionised group
depends on pH. An important class of non-ionics, which is widely used as deter-
gents, emulsifiers, and dispersants [4, 14], are alkyl poly(ethylene glycol) ethers,
CH3(CHy),,—1(OCH;CH,),,OH or C,E,, for short. The chemical structure of
Ci2E,, is shown in Figure 1.2.

1.3 Action of Surfactants

Surface-active surfactant molecules, or monomers, may adsorb at the surface,
but they may also aggregate in micelles, if the bulk concentration exceeds some
critical value (see Section 1.3.4). Both monomers and micelles constitute the
surfactant inventory. The mechanisms by which surfactant moves into and out
of the surface and through which micelles affect that movement are portrayed in
Figure 1.3.

Expansion of the surface reduces the concentration of surfactant at the sur-
face. In this case, monomers diffuse towards the surface in order to ‘re-fill*
the empty sites at the surface. On the other hand, compression of the surface
leads to the emission of monomers, and surfactants diffuse away from the surface
towards the bulk.

In the bulk, micelles and monomers are in equilibrium. If this state of
equilibrium is upset by the expansion or compression of the surface, which results
in movement of the monomer population within the surfactant inventory, then
micelles give up or incorporate monomers in order to re-establish the state of
equilibrium. Micelles thus act as local reservoirs within the liquid.

1.3.1 Diffusion-Controlled Adsorption

The simplest possible model assumes local equilibrium between the surface and
the bulk, that is, monomers adsorb (or desorb) instantaneously at (or from) the
surface, and diffusion to (or from) the surface is the time-limiting transport step.
Such models are referred to as diffusion-controlled adsorption models.

Ward and Tordai [16] developed a general theory of diffusion of solute mole-
cules to a surface at rest. Comparison of experimental data with this theory
indicates whether diffusion is a complete explanation of the time-variation of sur-
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Figure 1.3: Surfactant action at and near a free surface, adapted from the work
of Schunk [15].

face tension or whether some additional effects must be sought. Their analysis

is based on the one-dimensional diffusion equation,

Oc d%c
—6—7— = Dé—y—z, (1-4)

where c is the molar bulk concentration, D is the coefficient of diffusivity, and y
is the coordinate perpendicular to the surface. This bulk conservation equation,
together with the conservation of mass at the surface,

drl’ dc

— =D 1.

dT (ay>y—0 ( 5)
the boundary condition ¢ = ¢, as y — o0, where ¢, is the bulk concentration,
and the initial condition of a clean surface (I' = 0 at 7 = 0) gives what became
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widely known as the Ward and Tordai equation, namely,

vT

F=2\/§ Cbﬁ—/cs(T—’y)d\/f_y : (1.6)

0

in which ¢, = ¢(y = 0) is the sub-surface concentration, and < is a dummy
variable.

An equilibrium adsorption isotherm is used to relate the surface concentration
I" (per unit area) to the sub-surface concentration c, (per unit volume). The sub-
surface may be taken as an imaginary plane, a few molecular diameters below
the surface [17]. The simplest non-linear isotherm is that of Langmuir [18],

' ¢
Fsat B k"'cs,

(1.7)

which is used in this thesis to describe the local equilibrium at the surface, but
other, more sophisticated non-linear isotherms are sometimes encountered [19-
21]. A collection of the adsorption equilibrium parameters of the Langmuir
isotherm, I',,; and k, for various surfactants is given by Chang and Franses [22].
An overview of the most frequently used adsorption isotherms may be found in
the work of Danov et al. [23, p. 309]. Exact solutions to the Ward and Tordai
equation can only be found for linear adsorption isotherms. The use of non-
linear isotherms generally requires the application of numerical techniques [24].

Equations (1.6) and (1.7) were for example solved by Miller and Ziller [25,
26], and Hansen presented a solution to this system of equations, in which he
included the effect of evaporation of solute [27]. Rampazzo gave a solution to
Equation (1.6) for the more sophisticated Frumkin isotherm [28].

For Equation (1.6) to be applicable to flowing systems, a surface age must
be contrived. In the case of liquid jets, a number of researchers have employed
Hansen’s definition of surface age, given by Equation (1.3), to do this (see Sec-
tion 1.7.2).

A more convenient (and more precise) way of modelling the adsorption at
surfaces that are in motion, which does not make use of the concept of surface
age, is by locally balancing diffusion to the surface with convection and diffusion
in the surface, that is, in terms of a local tangential, ¢, and normal, n, coordinate

system, 5 o 3
or Cs
or T ot D+ D = D

(1.8)
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where u; is the velocity tangent to the surface, and D; is the surface diffusion
coeflicient. At steady state, Equation (1.8) can be simplified since oI'/0T = 0.
Furthermore, the contribution of surface diffusion can often be neglected, as will
be shown in Section 4.2. A discussion of Equation (1.8) may be found in the
works of Levich [29, p. 393], Krotov and Rusanov [30, p. 37], and Joos [6, p. 144].

In the case of diffusion-controlled adsorption, Equation (1.8) is used together
with an appropriate equilibrium isotherm, such as the Langmuir isotherm. The
bulk concentration field is obtained by solving the convection-diffusion conser-
vation equation for the surfactant species. In addition, Equation (1.8) requires
the fluid motion at the surface to be known.

This modelling approach is used in this thesis, and has been applied to various
flow systems before. For example, van Voorst Vader et al. [31] modelled surfac-
tant adsorption in a Langmuir trough using Equation (1.8). The same method
was applied in the surfactant mass transfer model of the overflowing cylinder
experiment [32,33], which was previously modelled numerically by Schunk [15],
who also predicted surfactant adsorption in slide coating using this approach [34].
Ghadiali et al. [35] presented a numerical model of surfactant adsorption at the
interface of a semi-infinite bubble progressing in a capillary tube, which uses
Equation (1.8). Cerro and Whitaker [36] used this model in their theoretical
study on the hydrodynamic development of thin films in the presence of surfac-
tant.

1.3.2 Mixed Diffusion-Kinetic Adsorption

If the adsorption or desorption rate at the surface is slow or comparable to
the diffusion rate, then I' is not necessarily at local equilibrium with c;. This
situation is often termed “mixed diffusion-kinetic adsorption” [8,17], but the
terminology “barrier-limiting adsorption” [37] and “adsorption-limiting mecha-
nism” [38] is also used. The adsorbing and desorbing molar fluxes of monomers
to and from the surface, j.q4, and jges, respectively, which determine the change
in surface concentration at the surface, are then related by [17,39]

dl’'(T)

dT
Following a procedure put forward by Borwankar and Wasan [40], one assumes
that the adsorption flux is a function of both ¢; and I, jaas = Jads(cs, I'), whereas

= jads - jdes- (19)
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the desorption flux depends solely on I, jges = jaes(I'). For example, a kinetic
expression, which is consistent with the Langmuir isotherm at equilibrium, is the
Langmuir-Hinshelwood equation [9,22],

dr(T) r
a7 = Faascs(T) (1 " Thu

where k.4, and kg, are the adsorption and desorption rate parameters. For
T — oo, where dI'/dT — 0, Equation (1.10) reduces to Equation (1.7), and we
find the relation

) - kdesF(T)’ (110)

k €S
k=20, (1.11)
kads

Kinetic relations such as Equation (1.10) are applicable whenever the adsorption

process is not controlled purely by diffusion, that is, whenever adsorption at the
surface is hindered by a so-called “adsorption barrier”. Although this provides a
means to make a statement of the time scale of adsorption from the sub-surface
to the surface—through the adsorption and desorption rate parameters—it does
not yield any information about the nature of the adsorption barrier. The
term adsorption barrier thus serves as a catchall to incorporate any of or all the
factors that affect adsorption, such as molecule orientation, the availability of
empty sites in the surface, or the existence of potential energy barriers [39].

Liggieri and co-workers [41,42] proposed a general model to describe ad-
sorption kinetics, which takes into account an interfacial potential barrier. By
employing two activation energies—one as a pre-requisite for molecules to ad-
sorb, and the other for the desorption of adsorbed molecules—an effective diffu-
sion coefficient was established, which gave a variation on the Ward and Tordai
equation to account for a potential adsorption barrier. Similarly, the contri-
bution of molecular orientation during the process of adsorption was taken into
account [43].

Andelman and co-workers have proposed a general model that relies on a free-
energy formulation, which describes both the diffusive transport of surfactant
from the bulk to the surface and the kinetics taking place at the surface itself (44—
47]. This model addresses the drawbacks of conventional models, (i) the use
of an external closure relation between surface concentration and sub-surface
concentration that does not uniquely arise from the model itself, (#) the dynamic
surface tension relies on an equilibrium equation of state, and assumes that it also
holds out of equilibrium, (i) extensions to describe more complicated systems,
such as ionic surfactants, are not easily performed.
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Treating the bulk sub-system as an ideal, dilute solution, the contributions
of the finite molecular size of the surfactant molecules and their interactions
were taken into account near the interface. In this way, the variation of surface
tension with respect to the local surfactant volume fraction yielded the excess in
chemical potential at a distance from the surface.

From equilibrium considerations, Andelman and co-workers recovered the
Frumkin equilibrium isotherm—which, when molecular interactions are neglec-
ted, reduces to Langmuir’s equilibrium isotherm—and the corresponding equili-
brium equation of state. Away from equilibrium, using the ordinary diffusion
equation (in terms of volume fractions) and a discretised form of the mass ba-
lance at the surface, the authors obtained a relation between the surface and
sub-surface volume fractions that gives a slight variation on the classical Ward
and Tordai equation, as a result of the discretisation near the surface. The clo-
sure relation between surface concentration and sub-surface concentration, which
governs the kinetics at the surface, relates the change in surface concentration
with time to the change in chemical potential between surface and sub-surface
across the sub-surface layer.

1.3.3 Electric Double Layer

Ionic surfactants, such as C;TAB (see Figure 1.2), dissociate when dissolved in
water. In the case of cationic C;sTAB, a 1:1 electrolyte, the surfactant molecule
dissociates into the positively charged surface-active ion (cation), and the neg-
atively charged bromide ion (anion or counter-ion). The solution as a whole is
electroneutral, that is, each cation matches one counter-ion. During adsorption,
however, the surface acquires a charge, which inhibits the adsorption of other
ions of the same charge, as depicted schematically in Figure 1.4. Adsorption
will only continue to occur if the molecule has a strong affinity to the surface,
and if the surface charge is screened by ions of the opposite charge close to the
surface [48]. In the case of C,¢TAB, the surface-active cations produce the po-
sitive surface charge, and the bromide counter-ions concentrate near the surface,
resulting in an electric double layer (EDL).

The concentration of the counter-ions decreases gradually with increasing
distance from the surface, until the bulk concentration is reached. Similarly,
the non-adsorbed cations are repelled from the surface, which results in a low
concentration near the surface that increases with increasing distance from the
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i Surface-active cation

e Anion (counter-ion)

Figure 1.4: Schematic of the transport of cationic surfactant to a surface.

surface, until the corresponding bulk value is reached. The cations very near
the surface adsorb, leading to a net transport of surfactant ions to the surface.
However, the surfactant ions diffusing within the EDL must overcome the elec-
trostatic repulsion from the surface. Hence, the rate of transport of an ionic
surfactant to the surface must be slower than that of an equivalent non-ionic
surfactant [49].

Modelling efforts are generally based on the Nernst-Planck diffusion-migration
(NPDM) equation—an extension of the diffusion equation used by Ward and
Tordai—for each of the ionic species, interfacial mass balances, which relate
the surfactant and counter-ion adsorption to their fluxes from the bulk, and the
Poisson equation to relate the electrical potential to the ionic distribution [49-51].
The NPDM equations and the interfacial mass balances have been extended to
account for convective motion at the steadily expanding surface of an overflowing
cylinder [50]. The transport of ionic surfactant to a surface is thus a more gene-
ral case of the analysis performed by Ward and Tordai for uncharged adsorbing
species. Some of the modelling work accounts for the presence of an additional
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Inc

Figure 1.5: Surface tension, o, as a function of solution concentration, ¢, typical
of an aqueous surfactant solution.

background electrolyte [49,52,53].

In this thesis, although we exclusively model the adsorption behaviour of
cationic C14TAB and C,;sTAB, we employ effective ionic diffusivities (see Equa-
tion (6.1)) and the presence of counter-ions at the surface is considered in the
equation of state (see Equation (5.23)). This allows us to neglect the ions
and treat the diffusion and adsorption process as equivalent to that of non-ionic

surfactant species.

1.3.4 Micelles

The surface tension of a dilute solution of surfactant, when plotted as a function
of the solution concentration, shows a more or less sharp break at a certain
concentration (see Figure 1.5). This phenomenon is attributed to the formation
of aggregates of surfactant molecules, called micelles, whose contribution to the
physical properties of the system is different from that of individual molecules.
The solution concentration at which the formation of micelles occurs is called
the critical micelle concentration (cmc). Micelles can be made up of 50 to 150
or more molecules, and they may adopt various forms, including spheres and
cylinders, and disk-like and lamellar shapes [12].
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Figure 1.6: Micelle-monomer surfactant inventory.

The formation of micelles is usually understood as a series of reaction steps
that lead to the micelle species, as described by Aniansson et al., involving
formation and dissociation rate constants at each step [54]. Two surfactant
monomers react to form a dimer, which finds another monomer to form a trimer,
and so forth, until the first stable micelle species is formed. Stable micelles
are also formed through coalescence of smaller agglomerates. A range of stable
micelle species is generally assumed (see Figure 1.6), spanning from the “floor” to
the “ceiling”, that is, from N —g <t N +g , where 1 is the aggregation number,
which specifies the number of monomers that form a micelle species, p defines
the width of the spectrum of micelle species, and N is the mean aggregation
number [55-58].

The process of micellisation is governed by two time scales—one that de-
scribes the release (or take-up) of single monomers by the micelles, and one that
relates to the complete dissociation (or formation) of the micelles—usually re-
ferred to as the fast and the slow process. The time scale of the slow process
may be ~ 100 times longer than that of the fast one [23]. However, the relaxa-
tion times may show large variations, depending upon the chemical nature of the
surfactant polar head, electrolyte concentration, and on the molecular weight of
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the surfactant. For example, the characteristic time of the slow process for am-
phiphilic block copolymers, with a molecular weight that is a factor 103 larger
than that of Ci4TAB, can exceed 10 h, and that for a fast process can reach
several minutes. On the other hand, for a surfactant with a short hydrocarbon
chain (heptylammonium chloride), the relaxation time of the fast process can be
less than 0.1 us [58]. The fast process affects the mean aggregation number,
whereas the slow process adjusts the concentration of micelles [59].

Bidner et al. presented a model that accounts for both relaxation times, but
considers only monomers and the region where proper micelles exist, that is, the
intermediate state where 1 < i < NV — g , is not taken into account [60]. This
model was used by Schunk [{15] to predict adsorption from micellar solutions in
an overflowing cylinder. He considered three micellar species, that is, p = 2.

The simplest model of micellar aggregation, which considers only the relaxa-
tion time of the slow process, assumes that N monomers S form one micelle S,,
(given by the bars at i =1 and ¢ = N in Figure 1.6),

i

N-S = Sm, (1.12)

where k; and k,; are the rate constants of the formation and disintegration of
the micelles, respectively. We note here that the formation of a micelle in one
reaction step is highly improbable, as it requires the simultaneous collision of a
large number of monomers [61].

The equilibrium between monomers and micelles in the bulk is described by

k Cm
K=-L=220 (1.13)
kq cmc
where K is the equilibrium constant. The concentration of micelles in the bulk,
Cm,b, 1S Obtained from the mass balance of the whole surfactant inventory,

CT = Ceme + Ncm,b, (114)

where cr is the total concentration and ¢y is the concentration of monomers

in the bulk at the cmc.
Applying the principle of mass action to the reaction mechanism (1.12), we

1 dc N
— ——— — — —
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or

dc
H— =N (kdcm - kaN) (116)

for the monomers. Similarly, we find

de,
E’i—— = kaN — dem (117)

for the micelles.

This simple aggregation model was employed by Miller [62], Danov et al. [63],
and very recently by Breward and Howell [64]. We use this model in this thesis
to study the effect of dissociation of micelles on the adsorption in the jet.

1.4 Surface Thermodynamics at Equilibrium

The Gibbs adsorption equation, at constant temperature and pressure, is given
as [6]
do = - Tidp, (1.18)

where do is the change in surface tension, I'; is the surface concentration of com-
ponent i, and dy; is the change in chemical potential of the adsorbed species 1.
At equilibrium, we can write

w; = 1 (p, T) + RT Ina;, (1.19)

and hence
du; = RTdlna;, (1.20)

where pf(p, T) is the standard chemical potential of species ¢, which depends on
pressure and temperature, R is the universal gas constant, and a; is the activity
of species i in the bulk. The Gibbs equation becomes

do = —RT ) Tidlna;. (1.21)

Let us now consider a system containing water (species 1) and surfactant (spe-
cies 2), then, from Equation (1.21),

do = —-RT (I‘l— + 2 (1.22)
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Using the Gibbs convention, the location of the plane dividing the liquid and
the gas phase is chosen such that I'; = 0, which gives

do = —RTITdIna ~ —RTTdInc, (1.23)

where we have dropped the subscripts for the surfactant species, and assumed
the case of an ideal dilute solution, that is, a = c,.

For an ionic surfactant, we have the adsorption of two kinds of ions. The
Gibbs equation is then written as

do = -RT (I'dlnc¢f +'dingc).

The surface concentration of the cations is given by I't, and I'" is that of the
counter-ions. Analogously, ¢f and ¢, are the bulk concentrations of cations
and counter-ions. With ¢ = ¢; = ¢, and 't = I'" = T, the requirement of

electro-neutrality in the bulk and at the surface, we find

1 do
=~ RTdng’ (1249
of do  2RTT
g
ikt (1.25)

Equation (1.24) applies to a 1:1 electrolyte, such as C;sTAB.

The Gibbs equation relates the adsorption with the surface tension and the
bulk concentration. As it is a thermodynamic expression, it is always correct.
However, it stands as a differential expression, and it does not tell us the surface
tension (or surface concentration) as a function of the bulk concentration. We
require a somewhat more explicit equation, a surface equation of state, that is,
but this equation does not have the same rigor and is not always correct [6].

For dilute solutions, the interactions between solute molecules are negligible,
and Henry’s law is obeyed. In this case, the variation of surface tension with

bulk concentration, ¢, is linear [48], and we can approximate
do 0,—0

— ~ 1.2
dcb Cp ( 6)

where o, is the surface tension of the pure solvent, which we assume to be water.
From Equations (1.25) and (1.26), we find a surface equation of state,

o =0, — 2RIT, (1.27)
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which applies to dilute solutions of 1:1 electrolytes in water.

The linear dependence of surface tension on concentration breaks down at
higher bulk concentrations. Combining the Langmuir equilibrium isotherm,
Equation (1.7), with the Gibbs equation gives the Frumkin equation [6,65],

0=0,+2RITT:1In (1 — FF ) : (1.28)
sat

which in terms of bulk concentrations is known as the Szyszkowski equation [66],

0 =0, +2RTT . In (1 P Cb) : (1.29)

which was first found empirically in 1908.

1.5 Marangoni Flow

1.5.1 The Phenomenon

Variation of surface tension along a free surface in a liquid-gas system gives rise
to tangential shear stress, 9o /0t, acting on this boundary. The presence of this
shear stress must be accompanied by convective motion, du;/dn, so that

80' 8ut

a  “on’

where u; is the velocity tangential to the surface. This situation is depicted

(1.30)

in Figure 1.7 for the case of a surface containing surfactant solution (see also
Figure 1.3).

If this surface, which was initially at rest, experiences expansion and com-
pression, the composition of this surface is altered, being locally depleted in
surfactant where expansion occurred and locally enriched in surfactant where
compression took place. From the surface equation of state, Equations (1.27)
or (1.28), we see that local variations in surface composition result in local vari-
ations in surface tension. As a consequence, surface motion inevitably arises
in the system. The motion of liquid induced by tangential gradients of surface
tension is called Marangoni flow [67-69].

This phenomenon was first reported in 1871 by Marangoni [70]. He had ob-
served that a drop of olive oil placed on a water surface spread out spontaneously.
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Figure 1.7: Marangoni stress acting on a surface as a consequence of local vari-
ations in surface concentration.

He explained this phenomenon in terms of the surface tension acting at the oil-
water contact line, oil having a lower surface tension than water. Marangoni

observed that

“.. the spreading of the drops usually happened so quickly that
one was not able to observe the advancement of this phenomenon in
conventional containers, and only the final result became apparent.
I therefore conducted my experiments in a mighty water basin (the
great basin of the Tuilerien in Paris), which has a diameter of approz-
imately 70 metres. I threw an oil-soaked sponge into the basin and
noticed that a circular line had formed around the sponge, which was
the border of the spreading oil. This border advanced rapidly ...”

Surface tension gradients can be caused by local variations in composition,
but also by local variations in temperature, along a free surface [71,72]. In 1900,
Bénard [73,74] investigated a fluid, with a free surface, heated from below in a
dish, and noticed a rather regular cellular pattern of hexagonal convection cells.
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A droplet settling under gravity in a surfactant solution falls more slowly
than a droplet settling in a surfactant-free solution. Surfactant adsorbs on
the drop interface and reduces the surface tension. Surface convection sweeps
adsorbed surfactant towards the rear of the droplet, where it accumulates, further
reducing the surface tension there. The interface pulls from this low-tension
region towards the leading stagnation point, exerting a Marangoni stress, which
increases the drag resisting the flow, thereby retarding the terminal velocity [78-
81]. Carbon dioxide bubbles in champagne, for example, rise more slowly than
in pure water, because the liquid phase contains dissolved organic molecules,
such as proteins, which act as surfactants. Beer, on the other hand, contains
about 30 times more surfactants than champagne, and so COy bubbles in beer
move far more slowly than those in champagne. There is also less dissolved gas
in beer, so bubbles grow and ascend at a more leisurely pace [82].

Recent advances in the field of microscopic flows have shown that active
tuning of surface tension effects can be used to drive small-scale flows [83,84].

1.5.2 Marangoni Flow in Liquid Jets

In a liquid jet, whether horizontal or vertical, fresh surface is created very rapidly
at the point of emergence of liquid from the capillary tube or nozzle. The surface
concentration in this region of the jet flow will consequently be low, which gives
a high surface tension. Further downstream, where the rate of surface expansion
approaches zero in the absence of gravity, the surface will approach a state of
equilibrium. The surface tension approaches that of a surfactant solution in
equilibrium (see Figure 1.9). In the presence of gravity, although the surface
experiences continuous expansion, the downstream surface concentration will
still be high, thus giving a low surface tension. ~The Marangoni stress will
thus oppose the inertia of the jet flow, and retardation of the surface velocity is
expected.

Davies and Makepeace, using different nozzle types, showed that the relative
reduction in surface velocity, us, is greatest near the nozzle {11]. A reduction in
surface velocity of up to 24% compared with u, for the laminar jet of pure water
at Re = 1820 was measured by means of high-speed flash cine photography.
A reduction in surface velocity was also observed under fully turbulent flow

conditions.
Jobert and Leblond employed laser Doppler velocimetry (LDV) to measure
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Figure 1.9: Normalised core, V., and surface, Vs, velocities over mean surface
age, T, for pure water and two concentrations (cmc and 0.5 X cmc) of SDS,
graphs (c), according to Jobert and Leblond [85]. Graphs (a) and (b) show
surface tension and Marangoni stress, respectively, as a function of surface age.

Marangoni stresses in liquid jets at Reynolds numbers of 2340 < Re < 3060 [85].
This technique was previously used by Sato et al. to measure the velocity profiles
in low Reynolds number liquid jets [86]. Jobert and Leblond observed the slow-
down in surface velocity when aqueous sodium dodecyl sulfate (SDS) solution
was used at two different concentrations (see Figure 1.9).

In a more recent work, Gonzsles-Mendizabal et al. applied LDV to liquid jets
at Reynolds numbers of 300 < Re < 1000 [87]. Various surfactant mixtures
were used to study the effect of surface tension on the fluid mechanics of liquid
jets. Unfortunately, dynamic surface tension behaviour was not considered at
all, and Marangoni flows were not observed since velocities in the surface layer

of the jet were not measured.
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Foaming in fractionation and absorption columns can drastically lower ca-
pacity and lead to premature flooding, liquid carryover, and solvent losses. In
packed columns, foaming can also lead to poor distributor and re-distributor ac-
tion. Although the factors which lead to film stabilisation, and hence foaming,
are well understood qualitatively, prediction of their quantitative importance in
practical situations is difficult. Past experience is usually used to identify trou-
blesome foaming systems, sometimes supplemented by foaming tests. Having
identified the potential foaming problem, it is usually dealt with by derating the
design of the tray and the downcomer. If, for example, foaming occurs unex-
pectedly in an existing column, it is usual to use antifoaming agents [90-92].

In recent years, advances have been made to gain a better understanding
of the physics of foams. Visible light tomography has been used to resolve
aqueous three-dimensional foam Plateau borders, and experimental studies were
carried out in small-scale columns to investigate the effect of surfactant concen-
tration on the foamability of aqueous solutions by Darton and co-workers [94,95].
Tuinier et al. showed that there exists a maximum foamability at a certain sur-
factant concentration [96], which was also demonstrated by Darton and Sun [95].
In recent years, extensive mathematical modelling of the drainage of foams
was carried out by Breward and Howell [97-100] and by Koehler, Stone, and
Hilgenfeldt [101-106], and their respective co-workers.

In fractionation columns, foams are clearly unwanted. But there are nume-
rous examples, where aqueous foams are carefully engineered to perform specific
tasks, such as fire fighting, dust suppression, and crop treatment, and they were
even tested for their ability to lessen the violence of explosions [107]. Foam
flows are used in the oil and gas industry, where the transport of particulates in
well drilling and clean-out operations benefits from the highly viscous nature of
foams [108]. By means of surfactants and other additives, such as alcohols, pro-
teins, and polymers, many familiar products (including shampoo, shaving cream,
and beer) are engineered to provide a controlled amount of foaming. The life
time of the foamy head on a glass of beer, for example, follows an exponential
decay law [109].

1.6.2 Coating

In industrial coating processes, one or several liquid layers are deposited onto
a solid substrate, often a flexible web, and are subsequently dried, chilled, or
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silver halide crystals and dye-forming chemicals in gelatine are coated onto a
substrate (web), which typically moves at 3 to 6 m s™' or more. Near the
wetting line, strain rates are well in excess of 10* s™! [117]. The influence of
surfactants present in the upper layers of the emulsion is extremely important
in the coating process. They prevent curtain break-up and ensure uniformity of
the thin, stretching layers.

Schunk and Scriven modelled surfactant-generated dynamic surface tension
behaviour in slide coating numerically [15,34]. A theoretical analysis of surface-
stress-driven thin-layer flow was presented by Schwartz, in which a non-uniformly
heated substrate is used to generate Marangoni stresses on the surface of a liquid
coating layer [118].

1.7 Studying Flows

1.7.1 Overflowing Cylinder

In an overflowing cylinder (OFC), fluid flows up through the central cylinder and
out over the rim into the outer cylinder. At the surface, the fluid flows from
the central stagnation point to the outer rim, thereby producing an expanding
interface that is readily accessible from the top for surface measurements, as
shown in Figure 1.12. The use of this principle to generate clean surfaces can
be traced back more than 100 years, when, in 1892, Wilhelm Conrad Réntgen
proposed a method of obtaining fresh liquid surfaces, which uses an overflowing
funnel [119].

In recent years, the OFC was subject to intensive experimental investiga-
tion, using a suite of non-invasive, laser-based measurement techniques to study
the fluid mechanics, dynamic surface tension, and surfactant adsorption in the
apparatus [32,48,120-123]. Dynamic surface tensions of aqueous solutions of
C;sTAB were deduced from surface light scattering and ellipsometry measure-
ments [121]. Measurements of the coefficient of ellipticity, which corresponds to
surface concentration, showed that the adsorption of Ci¢TAB varies quadrati-
cally with radial distance from the centre of the cylinder surface [122]. Neutron
reflection measurements were conducted, which serve to convert measured ellip-
ticity to surface concentration [123]. The radial surface velocity in the OFC
varies approximately linearly with radial distance from the stagnation point,
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tended model, the surface concentration at the stagnation point was chosen such
that it reaches exactly zero at the outer rim of the OFC [124]. The ionic char-
acter of C6TAB, which had been neglected in the earlier modelling work, was
accounted for recently through consideration of the electric double layer [52].
The same work contains a first attempt to model micellar break-down kinetics
in an OFC, assuming infinitely fast micellar break-down kinetics of one micelle

species. This approach was extended to account for finite micellar break-down
rates [64].

1.7.2 Liquid Jets

Jet Figures

The study of the free flow of liquid attracted the interest of philosophers, sci-
entists, and engineers several hundred years ago when Sir Isaac Newton, in his
17t_century Principia, determined the motion of water flowing out of a cylin-
drical vessel through a hole in the bottom [125, p. 733]. Newton observed that
the free downward flow of water was a consequence

“ .. of their gravity, and that in falling these parts form a cataract
or column of water ...”

About two centuries later, in 1834, Savart published his studies on the shape
and behaviour of liquid jets that issued from a circular orifice in the flat bottom
of a cylindrical container [126]. Savart, who extended his studies to include ho-
rizontal and even upwards pointing jets, observed two distinct sections of the jet
flow—a clear and calm upper part and a cloudy and restless lower part, in which
the jet appeared to exhibit oscillating behaviour. Savart soon came to realise
that the apparent periodical swelling and contracting of the jet surface in the
downstream section was in fact the result of a succession of droplets of different
sizes, separated by empty spaces, which gave the jet its cloudy appearance.

Plateau formed a connection between his work on the equilibrium figures
of liquids, published in 1851, and Savart’s observations on the disintegration
of liquid jets [127). He studied the equilibrium figures of olive oil, which he
added to a mixture of alcohol and water that gave the same density as the olive
oil in order to eliminate the effects of gravity. The oil that he added to the
alcohol/water mixture took on the shape of spheres, and with the aid of wire
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frame constructions, Plateau was able to produce other equilibrium figures, such
as cubes, prisms, and cylinders. Referring to the observations that he made
with cylindrical figures, Plateau wrote that

[13

. the properties of the liquid cylinders give a complete expla-
nation of the behaviour of the liquid veins that issue from circular
orifices ...”

Two wire rings were used to form the end bases of an olive oil cylinder within
the alcohol/water phase. Plateau stated that molecular attraction forces in the
liquid and between the liquid and the wire rings determined the surface shape
of the equilibrium figure. Cylindrical equilibrium figures were produced up to
a value of 3.0 for the ratio of length to diameter. At a value of 3.6 for the ratio
of length to diameter, the cylinders disintegrated into a row of equally-sized
spheres, which had their centres on the axis of the cylinder. Smaller spheres of
varying size, also on the cylinder axis, were found between the larger spheres.

During the disintegration of the cylinder, Plateau first noticed successive
swelling and contracting of the cylinder surface at locations that were equally
apart from each other, giving a wave-like pattern. This swelling and contract-
ing became more pronounced with an increase in the ratio of length to diameter.
The liquid then retreated from the contracted parts of the cylinder, so that thin
cylindrical threads were formed, which experienced the same type of transfor-
mation that previously happened to the cylinder, that is, two contracted parts
and one swollen part were formed. These newly formed thin cylindrical threads
were separated by a swelling of the centre again, and so forth. Eventually, when
all thin parts ruptured, the afore-mentioned rotationally symmetric pattern of
spheres emerged.

The transformation from a liquid cylinder to a liquid sphere was described
by Plateau as the transformation from one equilibrium figure to another. The
phenomenon of transformation into isolated spheres applied to any liquid figure
that leaves its own state of equilibrium.

Plateau concluded that the axially symmetric jet must disintegrate into iso-
lated axially symmetric spheres, because its ratio of length to diameter becomes
too large. Plateau also states that the transformation cannot happen abruptly,
but is a continuous process, which begins at the orifice exit. He concludes that
the transformation mechanism is the same as in his experiments, which explains
the different sizes of droplets that were observed by Savart.
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Figure 1.13: Construction of Magnus’ jet apparatus [131]. The reservoir had a
height of 0.4 m and a diameter of 0.8 m and was mounted on a wooden frame,
which was 1.75 m in height. The bottom of the reservoir was equipped with a
brass plate that had a circular hole of 5 cm in diameter, which facilitated the
use of inserts with orifices of different shape to carry out the investigation.

Hagen, in response to Plateau’s experimental work on the stability of cylin-
drical equilibrium figures,! gave a theoretical value of 2.8248 for the ratio of
the length and the diameter of the cylinder, at which the transformation into
droplets occurs [128]. Plateau, in a response to Hagen’s publication, disagreed
with Hagen’s theoretical treatment, and gave a value of exactly 7 = 3.1416
for the stability criterion of the cylinder, which is in line with his experimental
observations [129].

INote that Hagen referred to Plateau’s earlier publications in the 16** and 237¢ volume of
the Mém. de l’acad. de Bruzelles.
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Figure 1.14: Magnus’ recordings of the surface shapes of jets produced from
non-circular orifices [130].

Magnus’ extensive Hydraulic Investigations were published in 1855 and 1859,
in which he studied the shape of water jets that issued vertically from non-
circular and circular orifices and tubes [130,131]. Some of his elaboratively
produced drawings are shown in Figures 1.13 to 1.15. Magnus was careful to
control the flow of the liquid inside the reservoir, above the orifice, which was
placed in the centre of the bottom of the reservoir, and also to reduce external
vibrations that would influence the flow of the free water jet. He varied the water
pressure in the reservoir and found that with increasing pressure, the distance
from one knot to the next had increased. Another parameter in his study was
the flow of water to the orifice inside the reservoir. Placing small obstacles
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near the orifice inside the reservoir, he observed that this caused the free stream
of water to deviate from its usual vertical direction of flow and, in some cases,
resulted in a twisted shape of the jets.

When used with circular orifices, Magnus’ jet apparatus apparently produced
continuous water streams of significant length. He reports that with

[13

an orifice of 12 mm in diameter and a pressure height of
0.25 m, I obtained a stream of water that ran perfectly smooth and

without any swellings 2.5 m vertically downwards.”?

In agreement with Savart’s observations, Magnus confirms that the diameter
of the water streams is reduced very quickly at the orifice and continues to de-
crease due to the increase in velocity that is caused by gravitational acceleration.

The Oscillating Jet Method

Researchers such as Savart, Plateau, and Magnus had thus laid the foundations
for the use of liquid jets for dynamic surface tension studies. Based on the
observations made by these researchers—a steady liquid jet issued from a non-
circular orifice oscillates around its equilibrium circular section—Lord Rayleigh
gave the first mathematical description of what became known as the Oscillating
Jet Method (OJM) in 1879 [132].

Lord Rayleigh was very much inspired by the work of Bidone,® who gave
an experimental account of the shape of a free stream of water issuing from an
elliptical orifice. With respect to Magnus’ view on the cause of the repeated
expansion and contraction of the water stream—the action of what Magnus
termed cohesion forces—Lord Rayleigh stated that it is doubtful whether Magnus
had a clear idea upon the subject. Here, Lord Rayleigh attributes the first true
explanation of this phenomenon to Buff, who referred the phenomenon distinctly
to the capillary force, as he reported in a letter to Magnus, which was published
in 1857 [133]. Lord Rayleigh wrote that

“Under the operation of this force the fluid behaves as if enclosed
in an envelope of constant tension, and the recurrent form of the jet

2Gince Magnus’ jet apparatus had a reported height of only 1.75 m, suitable modifications
to the apparatus were probably performed to allow for such jet lengths.

3« Erpériences sur la Forme et sur la Direction des Veines et des Courans d’Eau lancés par
diverses Ouvertures.” by George Bidone.
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Figure 1.15: Magnus’ recordings of the surface shapes and disintegration of jets
issuing from circular orifices [131].
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is due to vibrations of the fluid column about the circular figure of
equilibrium, superposed upon the general progressive motion. Since
the phase of vibration depends upon the time elapsed, it is always the
same at the same point in space, and thus the motion is steady in the
hydrodynamical sense, and the boundary of the jet is a fixed surface.”

It was noted that the wave length of the recurrent figure is directly propor-
tional to the velocity of the jet in the orifice, that is, to the square root of the
head of water, as reported before by Magnus. This law of proportionality, how-
ever, only holds when the vibrations are infinitely small, and it breaks down at
higher pressures.

An expected augmentation of wave length caused by the acceleration of verti-
cal jets due to the action of gravity was not observed. Lord Rayleigh argues that
most of this augmentation is compensated by a change in the frequency of vibra-
tion due to the attenuation (contraction), which is the necessary concomitant of
the increased velocity.

What is very important is that the value of the wave length, other parameters
being the same, depends upon the nature of the fluid. Lord Rayleigh observed
that

“... methylated alcohol gave a wave length about twice as great as
tap water. This is a consequence of the smaller capillarity.”

When the wave length is considerable in comparison with the diameter of
the jet, the vibrations about the circular form take place practically in two
dimensions, which simplified the mathematical treatment greatly. In his paper
of 1879, Lord Rayleigh confined himself to this two-dimensional treatment of
the oscillating jet. The theory of the more general case, which Lord Rayleigh
derived and in which there is no limitation upon the magnitude of the diameter,
was used and extended later by Pedersen [135] and Bohr [137,138].

By means of considerations of dimensions, for a given orifice shape, Lord
Rayleigh inquired into the nature of the dependence of the wave length upon
the surface tension, the liquid density, the cross-sectional area, and the pressure
under which the jet escapes. Although this dimensional treatment accounted
for the contraction of the jet, the flow was assumed to be frictionless, so that

4This assumption was also made in Lord Rayleigh’s development of the more general theory,
in which there is no restriction upon the ratio of wave length to aperture diameter.
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the jet velocity was taken to be constant across the jet. Measurements of the
corresponding wavelength, the pressure head, and the cross-section of the jet,
together with the density of the liquid afford the necessary parameters for the
calculation of the surface tension.

In his work of 1879, the experiments reported were designed to illustrate the
theory rather than to prove its quantitative application. About a decade later,
Lord Rayleigh used his previously published theory of oscillating jets to study
the surface tension of aqueous soap (oleate of soda) solutions and alcohol/water
mixtures on liquid surfaces less than 10 ms old [134].° Figure 1.16 shows Lord
Rayleigh’s experimental jet apparatus.

Different soap concentrations were used, and the wave lengths were longer
than for water, approaching the pure water value with a decrease in concentra-
tion. No difference could be detected between the first and the second wave
length.

By 1907, Lord Rayleigh’s OJM had found little use—Meyer® [136] reported
its use to measure the surface tension of mercury at a freshly formed surface
in 1898—which, as Pedersen explains, was connected with the difficulties in the
exact determination of the wave length and the cross-section of the jet [135].
Pedersen’s work was therefore primarily concerned with the elaboration of ade-
quate methods to measure these parameters of the oscillating jet flow with high
accuracy. Using the more general form of Lord Rayleigh’s theory, Pedersen
pointed out that neglecting the wave-damping effect of the viscosity is not satis-
factory in practice, and he included a correction term for small viscosities. This
viscosity correction, however, was later found to be incorrect by Bohr [137].

Amongst the many improvements that Pedersen contributed to the experi-
mental aspects of the OJM was the design of a continuous jet apparatus. To de-
couple the pressure head, which determines the velocity of the jet, from the speed
of the water supply from the tap, he employed Réntgen’s method of the overflow-
ing funnel [119]). A similar experimental arrangement was used by Bohr [137].

Further refinement of Lord Rayleigh’s OJM was presented by Bohr in his
treatment of the oscillating jet flow, which was published very shortly after

5The surface age is given as the quotient of distance travelled on the surface of the horizontal
jet and jet velocity. We remember that Lord Rayleigh’s theory assumes constant jet velocities

across the stream.
6Meyer references Piccard’s study of 1890, in which Lord Rayleigh’s OJM appears to have
been used for measuring the surface tension of mercury at newly created surfaces as well.
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Figure 1.16: Lord Rayleigh’s horizontal jet apparatus and an engraving from a
photograph of a water jet [134]. The reservoir was an ordinary flask, 8 cm in
diameter, to which was attached a tube of 1 cm in diameter, bent at a right angle.
The elliptical aperture was rather fine, about 2 by 1 mm, and was perforated
in thin sheet brass, attached to the tube by cement. The distance between the
points A and B corresponds to two wave lengths.

Pedersen’s work [137,138]. Based on the equations of motion and the equation
of continuity, Bohr carried out a hydrodynamical analysis of the oscillating jet
flow, in which the viscosity was retained. In this way, Bohr derived a viscosity
correction. As another refinement to Lord Rayleigh’s OJM, Bohr also considers
the effect of the inertia of the surrounding air on the wave length. More im-
portant, however, are Bohr’s remarks on the development of the velocity profile
in the jet. Stating that in the jets produced in the experiments, the velocity is
greater in the middle of the jet than close to the surface, Bohr attempted to get
an idea of the rate at which the velocity-differences between the bulk and the
surface of the jet would be extinguished by the viscosity of the liquid. Conside-
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ring a circular fluid-cylinder, in which each part moves with a velocity parallel
to the axis of the cylinder, Bohr finds a coarse estimate of the rate of decay of
exiting Poiseuille flows.” Bohr used this estimate to establish the distance from
the exit of the drawn-out glass tube, at which the velocity deficit between the
surface and the bulk is small.

Addison set out to design a simple laboratory apparatus, which would make
the OJM a standard laboratory tool to measure dynamic surface tension of low-
viscosity liquids [139-142]. This meant that the rather large liquid hold-up, that
was inherent to the designs by Pedersen and Bohr, had to be reduced, whilst
retaining the continuous operation of the apparatus. Ensuring that the flow
rates were large enough for the wave length to be at least equal to, but mostly
larger than the jet diameter, Addison used Lord Rayleigh’s simple OJM for two-
dimensional oscillations, where the wave length varies directly with the flow rate.
The first few wave lengths near the capillary tube orifice were ignored, because
they represented the period necessary for the establishment of fluid equilibrium.

Using a plate orifice, Addison applied Lord Rayleigh’s OJM to vertical jets,
for which he gave a method that enables the vertical wave length at any position
to be converted to the corresponding horizontal jet value, thus enabling the
methods used for the horizontal jets to be applied to vertical jets also.

The dynamic surface tension behaviour of aqueous solutions of alcohol, at
varying bulk concentrations, was studied by Addison along the length of the jet.
The waves in an oscillating jet lengthened as adsorption at the surface proceeded
and reached a constant value only when the adsorption was completed.

An extension of Bohr’s OJM for vertical jets was proposed by Hansen et
al. [143), who also derived a method for determining the dependence of the axial
surface velocity on the axial distance near the orifice. This method was used
by Defay and Pétré to correct surface tension data of pure liquids that were
obtained by applying Bohr’s OJM [144].

Rideal and Sutherland {145] obtained dynamic surface tension data of aque-
ous solutions of alcohol by means of Bohr’s horizontal OJM. The authors found
that the results depended strongly on the type of orifice used and estimated the
boundary-layer growth within the jet using an analogy with the flow behind an
infinitely thin plate.® Then, from a simplified solution of the mass transport

7See also Equation (3.49) in Section 3.6.3.
8 The same analogy was used by Scriven and Pigford [160,161], as outlined in Section 2.3.
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problem, Rideal and Sutherland found that diffusion to the surface alone did
not predict the experimental surface concentration data, which were deduced
from the measured surface tension data using a Szyszkowski-type equation of
state.” The authors assumed that this discrepancy was due to the existence
of hindrance to molecules entering the surface. However, the calculations put
forward by Rideal and Sutherland assume that the diffusion and flow processes
do not interact, and the authors point out that this assumption is most certainly
incorrect.

The effects of surface tension gradients brought on by expansion and contrac-
tion of the surface of an oscillating jet was studied by Quinn and Saville, who
developed a theory, which is based on a description of small amplitude defor-
mations of a viscous cylinder [146]. It was found that these gradients are large
enough to severely disguise measurements made with oscillating jets.

Thomas and Potter {147] applied Bohr’s horizontal OJM to measure the
dynamic surface tension of water and aqueous surfactant solutions using a range
of different orifice tubes and over a surface age range from 0.6 to 75 ms.'® The
surface tension values obtained from the first few measured waves showed a
strong dependence on the type of orifice tube used, indicating that the orifice
tubes did not conform with the Bohr equation. By fixing the position of the
orifice tube and standardising with water, a relative method was developed for
determining dynamic surface tensions that were independent of the tubes used
and of the flow rate. An orifice and flow rate correction method similar to that
used by Thomas and Potter was employed by Defay and Hommelen [148].

Kochurova and Rusanov [149] applied Bohr’s OJM to vertical jets of water to
measure the dynamic surface tension of water for surface ages of 0.7 to 8.0 ms.
The surface age was determined by dividing the axial distance from the orifice
with the axial surface velocity at that point, as defined by Hansen [7]. The
axial surface velocity was inferred from the method given by Hansen et al. [143].
Kochurova and Rusanov argued that for surface ages of less than 3 ms, the
dynamic surface tension of water is higher than the equilibrium value.

Similar findings were reported by Thomas and Potter [147]. Employing a
diaphragm-type elliptical orifice that was coated with paraffin to make it non-

9See Equation (1.29) in Section 1.4.

10The surface age was given by the quotient of the distance between the orifice and the
midpoint of the wave and the mean velocity of the jet, which was calculated from the measured
flow rate and the measured cross-sectional area at that distance.
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wetting to water, and using Bohr’s OJM on a vertical jet, Caskey and Barlage’s
measurements showed that for surface ages greater than 4 ms, the dynamic
surface tension of water was independent of exposure time and flow rate and
agreed closely with the equilibrium value [150].

Other Methods Involving Liquid Jets

The generation of second harmonic light from the surface of a water jet (2 mm
in diameter and with a constant velocity of 1.8 m s™! everywhere) was used to
study the dynamics of the adsorption of p-nitrophenol by Castro et al. [151].
The distance from the nozzle tip to the laser spot was varied from 1 to 40 mm,
which corresponded to times of 0.55 to 22 ms. Experimental data, which show
low surface concentrations near the nozzle, were reported for bulk concentrations
of 10, 33, and 67 mM. The kinetics of adsorption were found to be consistent
with a kinetic Langmuir-Hinshelwood model, as given in Equation (1.10).

Kochurova and Rusanov [152,153] reported in their work that the mea-
surement of the surface electric potential of anionic, cationic, and non-ionic
surfactants in aqueous solution—a method that was first used by Posner and
Alexander [154-156] on horizontal jets, and for which Noskov [9] gave a detailed
review—can be used to investigate the adsorption mechanisms of surfactants.
The change in surface potential along a vertical liquid jet was measured with
respect to some constant reference surface potential. The authors derived a
correlation between the changes in the dynamic surface tension and the surface
potential. They concluded that if this correlation is linear, then the adsorption
process is diffusion-controlled. Deviation from the linear dependence shows that
an adsorption barrier is present. Aqueous solutions of C;¢TAB at two different
concentrations (0.28 and 0.56 mol m™3) were used. The linear dependence was
shown in the case of the lower concentration. The correlation deviated from the
linear dependence in the case of the higher concentration.

In a second method, the surface potentials of aqueous solutions of hexanoic
acid (CgH;202) and heptanoic acid (C7H1402) were measured. The data ob-
tained were transferred into time-dependent surface coverage—the surface age
was estimated using Hansen’s [7] approximation—by use of an equilibrium iso-
therm. Ward and Tordai’s [16] diffusion equation was extended to account for
the velocity profile inside the jet and used to calculate the time dependence of
the surface coverage for two acids. The same procedure was carried out for an
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aqueous solution of heptanol. In the case of the acids, the calculated surface
coverage was higher than the measured surface coverage, which led the authors
to the conclusion that an adsorption barrier exists. The agreement between
calculated and experimentally obtained values was very good in the case of the
alcohol, so that no barrier seemed to be present in that case.

In a precursor to the present work, Hutchison et al. used ellipsometry to
study the adsorption kinetics of aqueous Ci6TAB solutions in a horizontal liquid
jet [157]. Assuming constant jet velocity throughout, the surface coverage was
studied on the 1 to 20 ms time-scale. A simple analysis of the adsorption
data yielded satisfactory agreement with Ward and Tordai’s [16] equation for
diffusion-controlled adsorption.

Recently, Marmottant et al. reported an indirect method, in which a liquid
jet is used to produce an expanding circular liquid sheet by directing it onto a
small disk [158]. The diameter of the sheet depends on the amount of surfactant
diluted in the system. The apparatus enabled the authors to measure dynamic
surface tensions on the 10 to 100 ms time-scale, and to observe Marangoni flow.
In the surfactant experiments, octanol and an industrial detergent, for which the
exact composition was unknown, were used. The use of Ward and Tordai’s [16]
diffusion equation confirmed diffusion-controlled adsorption.

Absorption and Diffusion Studies

The short times of exposure of liquid to gas achievable in liquid jets led to the
utilisation of this technique in the study of the mechanisms of gas absorption
and diffusion studies {159-164]. Cullen and Davidson [159] made an interesting
observation when their vertical water jet was contaminated with a surface-active
agent (Teepol). A stagnant film developed from the jet-collecting reservoir at the
bottom towards the point of jet emergence. Its height varied with the velocity
of the jet, being smaller for higher velocities, and was independent of the Teepol
concentration, provided it was greater than a mass fraction of 2 x 1073, Cullen
and Davidson believed this end effect to be a free surface energy phenomenon.
Any surface-active material in the jet or take-off tube would tend to collect at the
relatively stagnant horizontal surface of the take-off tube and form a film of low
surface tension. The jet would have a higher surface tension and in an attempt to
minimise the energy, the lower surface tension film would tend to spread upwards
over the whole jet. This tendency was resisted by the shear stress between the
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surface film and the jet, and a balance was established between the two effects.
Such phenomena were also observed by Addison and Elliott [165]. Recently,
Awati and Howes studied surfactant-induced stationary modes on cylindrical
water jets that strike an obstacle placed in the stream path [166].

1.8 Background

The collaboration in this study is based on a previous project, which dealt with
the study of surfactant adsorption in an OFC, as outlined in Section 1.7.1. In
this study, the adsorption kinetics of surfactants in a steady laminar liquid jet
at a high Reynolds number were studied experimentally, as well as numerically
and analytically. This thesis focusses on the theoretical study. The same
laser-based surface analysis techniques that were already employed in the OFC
project—laser Doppler velocimetry (LDV) and ellipsometry—were applied in
the experimental part of the investigation, which was conducted in the Physical
and Theoretical Chemistry Laboratory at the University of Oxford. A proof-
of-principle experiment showed the applicability of these techniques to laminar
jets [157]. The development of the numerical and analytical model of the ad-
sorption process in the jet flow was carried out in the Department of Engineering
Science at the University of Oxford.

1.9 Objectives

The overall objective of the study presented in this thesis was the investigation of
surfactant adsorption and dynamic surface tension behaviour (Marangoni flow)
at expanding surfaces. The specific aims of this study were

e to design an experimental apparatus for a vertical and laminar liquid jet
which allows the investigation of surfactant adsorption and dynamic sur-
face tension behaviour using non-invasive laser-based techniques (LDV and
ellipsometry) for surface ages in the 1 to 100 ms timescale,

e to develop a mathematical model, within the framework of a Computa-
tional Fluid Dynamics (CFD) programme, of the liquid jet incorporating
diffusion-controlled surfactant adsorption in the absence and presence of
micelles and Marangoni flow,
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e to validate the mathematical model by means of the experimental data,

e to identify engineering applications for the techniques developed in this
work.

The mathematical model of the adsorption process in the jet flow was de-
veloped using the CFD code FIDAP, one of FLUENT’s general-purpose finite-
element CFD solvers. Although sophisticated, commercially available CFD
programmes, such as FIDAP, are capable of predicting Marangoni flows that
arise from applied surface tension gradients, these programmes are currently not
directly capable of modelling Marangoni flows that arise from the adsorption
of surfactant, and there is no “off-the-shelf” CFD solution to free-surface flow
problems involving the adsorption of surfactant available.

In a recent article on the current status and the potential of CFD for desig-
ning process equipment, Joshi and Ranade gave their perspective on the develop-
ments needed for overcoming current limitations [167]. The authors point out
that providing non-invasive, spatially, and temporally resolved measurements of
single-phase and multi-phase systems are important for verifying the applicabi-
lity of the existing and new physical models. Furthermore, close communication
between experimentalists and those developing numerical models and methods is
essential. Capturing small-scale features of the interface, and the computation
of gradients at the interface are among the limitations of current models, accord-
ing to Joshi and Ranade. Development is needed to overcome these limitations,
and the authors single out the development of physical models that describe the
influence of surface tension on transport rates.

We sought to make significant contributions in both fields—through the ap-
plication of non-invasive measurement techniques and through the development
of mathematical modelling techniques—in the form of a close collaboration of ex-
perimentalists and model developers here at Oxford. This collaboration formed
the underlying basis of this project, and ensured the immediate validation of the
modelling work with experimental results and vice versa.

The ultimate objective of this programme is to apply the techniques that we
developed to engineering applications, such as coating flows and foams. In this
context, the modelling techniques will be of prime importance, because most of
these engineering applications are rather complex, and the use of experimental
techniques to study interfacial behaviour is virtually impossible. Before we make
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attempts to model dynamic surface tension behaviour in such complex systems,
however, we need a clear understanding of the underlying physico-chemical me-
chanisms. Studying flow systems such as the jet flow or the overflowing cylinder
allows us to gain this understanding.

1.10 Outline of Thesis

The asymptotic behaviour of laminar jet flows of a pure liquid in both the down-
stream region and in the nozzle exit region is studied in Chapter 2. We derive
the final ratio of contraction in horizontal jets at high Reynolds numbers through
conservation of mass and momentum, and we investigate the effect of gravity on
the downstream jet flow in vertical jets using the energy principle. A boundary-
layer treatment of the jet flow at the nozzle exit is used to find the cube-root
dependence of the axial surface velocity on the axial jet coordinate. The relevant
literature is discussed.

In Chapter 3, we outline the CFD model of horizontal and vertical laminar
jets of a pure liquid. We present the set of flow-governing field equations and the
boundary conditions, and we detail the flow geometry and the discretisation of
the computational flow domain. A short overview of the work in the literature
on creeping jet flows in the absence and presence of gravity is given. Computed
results for horizontal water jets at high Reynolds numbers from the CFD model
are discussed next, where the effects of the flow parameters are investigated
separately. This study is followed by a comparison of computed results for
vertical jets with experiments. Relevant literature on the numerical computation
of the hydrodynamics of vertical jet flows is presented. Chapter 3 concludes with
an investigation of the effect of wetting of the nozzle tip on the fluid mechanics
of the jet flow.

A theoretical analysis of surfactant adsorption in the water jet is performed
in Chapter 4. The boundary-layer treatment presented in Chapter 2 is extended
to include the surfactant-generated surface shear (Marangoni) stress. This shear
stress is then determined from a simplified solution of the coupled mass-transfer
problem in the absence and presence of micelles.

Chapter 5 details the CFD model of surfactant adsorption in the jet flow.
The field equations that govern the diffusion and convection of surfactant mo-
nomers and micelles are presented, and meshing requirements that arise from



1. Introduction 43

the added complexity of the coupled mass-transfer problem are discussed. The
boundary conditions for both monomers and micelles are detailed. The thermo-
dynamical relationships, which connect surface concentration and surface tension
with the bulk concentration, are presented. The equilibrium between monomers
and micelles is discussed, and the source terms in the convection-diffusion equa-
tions for monomers and micelles are expressed through micelle-monomer kinetics.
Chapter 5 closes with the presentation of the hybrid CFD model, in which we
implement the two major consequences of our theoretical model from Chap-
ter 4—the maximum Marangoni stress at the nozzle exit and the finite surface
concentration at that point—into the CFD model.

Computed results for the surface concentration, surface tension, and surface
velocity that were obtained from the hybrid CFD model are discussed in Chap-
ter 6. These results are compared with experimental data, for the cationic
surfactants C,6TAB, below and above the cmc, and for C;4TAB below the cmc.

The experimental investigation is briefly portrayed in Chapter 7. Finally,
Chapter 8 presents the conclusions, and Chapter 9 suggests future developments
for the project. The Appendix contains GAMBIT and FIDAP journal file
listings of the CFD models, listings of Fortran user-subroutines, and a collection
of experimental data.



Chapter 2

Asymptotic Behaviour of Jet

Flows

2.1 Final Ratio of Contraction in Horizontal
Jets

In 1955, Harmon performed a simple analysis for a steady laminar liquid jet,
which issues horizontally from a circular nozzle [168]. Neglecting the effect of
gravity and drag forces acting on the free surface of the jet and the effects of
surface tension and viscous dissipation, he applied the equation of continuity of
jet mass and conservation of momentum in the axial direction to calculate the
ratio of jet contraction.

At the nozzle exit (z = 0), the mean nozzle exit velocity is Ty, and the jet
radius equals the radius of the nozzle, Ry (see Figure 2.1). The liquid leaves the
nozzle with a parabolic velocity profile, which is given by

u(r, z = 0) = %G, (1 - (é)z) . (2.1)

Inside the nozzle, the flow is constrained by the no-slip condition at the nozzle
wall, which exerts a shear stress on the liquid. The constraint of the nozzle wall
is removed when the liquid leaves the nozzle, and the velocity profile is then free
to relax. During the relaxation of the velocity profile between the nozzle exit and
a downstream position z, the shear stress within the jet disappears completely,
and the velocity profile of the jet must gradually become uniform.
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Figure 2.1: Horizontal laminar liquid jet. Ry, nozzle radius; %, mean nozzle exit
velocity; u(r,z = 0), parabolic nozzle exit velocity profile; r, radial jet coordi-
nate; 2z, axial jet coordinate; R(z), free surface position; K., curvature parameter
(see also Equation (3.14) and Figure 3.1 in Section 3.2.1); u,, downstream jet

velocity; R,, downstream surface position.

At this downstream position z, the uniform jet velocity is u, and the jet

radius is R,, as indicated in Figure 2.1. The continuity equation between the

nozzle exit and this downstream point is then given as

Ro 2
4&0{ (1 — (é) ) rdr = Rfuz,

which has the solution .
Ro\" _ v
R.] W

The formulation of momentum conservation in the axial direction yields

Ro 2\ 2
T
8us / (1 —~ (—) ) rdr = R2uZ,
A Ry

2 B u.
\/g Rz H0 -
Combining Equations (2.3) and (2.5) gives the ratio of jet contraction,

R, _ 3

and has the solution

Ri= o =5 = 0866
The ratio of the velocities, from Equation (2.3), is then
, U 4
uy = = =3

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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Several authors confirmed Harmon’s result for different Newtonian liquids
in their experimental work on jet contraction of horizontal liquid jets {169,170,
172]. However, the predicted value in Equation (2.6) for R} is observed only for
Reynolds numbers of Re > 150. For Reynolds numbers smaller than 100 the
ratio increases, and for Re < 16 swelling behaviour of the jet is observed, that
is, R} > 1.0 [173,174).

The Reynolds number, Re, in the jet flow is based on the geometry of the
nozzle (inner diameter 2Ry) and the mean nozzle exit velocity, %y, and is defined

as
_ 2Roptiy _ 2Ry

L v
It relates inertia forces to viscous forces. In this thesis, we assume that the jet

Re

(2.8)

flow is laminar for Re < 2000, which is the usual laminarity criterion for a pipe
flow.

In the 1960’s, Middleman and Gavis [170,171] completed the axial momentum
balance in Equation (2.4), in which surface tension forces as well as the axial
component of the stress tensor were not considered. After some confusion about
the correct incorporation of surface tension, the completed axial momentum
balance, applied to a section of a steady state, horizontal jet at the tube exit
and to a section at a point far downstream was formulated by Gavis [175] as

Ro R.
27r/ [pu® — 7., rdr — 27r/ [pu? - T.z|, Tdr = 210 (Rg — R,). (2.9)
0 0

The first term on the left-hand side of Equation (2.9) represents the rate of flow
of momentum into the section at the tube exit. The stress (7..),, consisting
of the hydrostatic pressure caused by surface tension and an axial stress arising
because of the relaxation of the velocity profile from parabolic to flat, which

begins at the nozzle exit, is given by

o ou

(T22)0 = ~R T (5>0. (2.10)

The second term on the left-hand side of Equation (2.9) denotes the rate of
flow of momentum out of the downstream section. There is no axial velocity
gradient, and (7,),, containing only the surface hydrostatic pressure, is given
by "
Tez), = — . 2.11
(7as)s =~ .11



2. Asymptotic Behaviour of Jet Flows 47

The term 270 Ry on the right-hand side of Equation (2.9) represents an interfacial
force between the liquid and the solid material of the nozzle, which holds the
jet to the nozzle at its exit. The term 2mo R, describes a force on the jet at the
downstream section, exerted at its surface by liquid further downstream.

The integration of the first integral in Equation (2.9) cannot be performed
completely without explicit knowledge of the decaying velocity profile (Qu/0z)g
of the jet at that point. Middleman [176], for example, approximated the de-
caying velocity profile within a horizontal jet using a fourth-order polynomial in
the radial coordinate, with coefficients that were functions of the axial coordi-
nate. Using Equations (2.1) and (2.3), this part of the integral is denoted by
the parameter A in the dimensionless solution of Equation (2.9), which is

4 8N 2(R:-1)

-2
2 _ % . 9.12
R =3 R T we (2.12)

In Equation (2.12), the Weber number, We, is defined as the product of Capillary
number, Ca, and Reynolds number, Re, and is given by

=2
We = ReCa = 2Ropu0. (2.13)

o

It compares inertia forces to surface tension forces. The Capillary number, Ca,
compares viscous forces to surface tension forces and is defined as

_ g
Ca= — (2.14)

Equation (2.12) indicates that R is a function of both Re and We. The de-
pendence upon Re is large or small depending upon the form of M. If both Re
and We are large, so that viscous forces as well as surface tension forces can be
neglected, Equation (2.12) reduces to Equation (2.6), Harmon’s result. When
the jet expands, surface tension reduces the expansion; when the jet contracts,
it reduces the contraction. If there is no change in diameter (R} = 1) caused by
other forces, surface tension will not itself cause any change.

Gavis [175] gave a semi-empirical equation for R} that is the result of a fit
of Equation (2.12) to the experimental data of Middleman and Gavis [170]. It
reads

. 60
R: =110 - 0.23 exp (—Re3/2> . (2.15)
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Figure 2.2: Contraction ratio experiments of Goren and Wronski [169] (open
circles) in comparison with Joseph’s Equation (2.16) (solid line). Figure 2 in
Joseph’s original paper [177). x = R* = R/Ry as a function of the Reynolds
number, here given by Joseph as R.
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Figure 2.3: Contraction ratio experiments of Middleman and Gavis [170] (open
triangles), and Gavis and Modan [173] (open circles) in comparison with Joseph’s
Equation (2.16) (solid line). Figure 3 in Joseph’s original paper [177]. x =
R* = R/R, as a function of the Reynolds number, here given by Joseph as R.
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Joseph [177] performed a momentum analysis on high Reynolds number jets

in the absence of gravity, in which he considered surface tension. He gave the
final rate of contraction as

K

Re2/3’
where K = 1.97 is supposed to be a weak function of Re and was chosen to fit
one point of the experimental data of Goren and Wronski [169] when R} = 1.0
and Re = 14.4. Equation (2.16) was found to be in good agreement with all
experimental data of Goren and Wronski [169] (see Figure 2.2), and Middleman
and Gavis [170] and Gavis and Modan [173] (see Figure 2.3) for Re > 10. As
Re — o0, Equation (2.16) reduces to Harmon’s result.

*—2 —-
R, =

Col

(2.16)

2.2 Action of Gravity on the Downstream Po-

sition of Vertical Jets

If gravity is present, no steady-state jet contraction is achieved. The velocity
continuously increases due to the constant acceleration of the jet fluid, and con-
servation of mass requires that the jet continues to contract. Gravity also causes
the velocity profile within the jet to relax at a much later stage than in the case of
the horizontal jet. Neglecting the effects of viscosity (velocity profile rearrange-
ment within the jet) and surface tension (pressure varying with jet radius), and
ignoring the velocity profile at the nozzle exit, the Bernoulli equation takes on

the form
s = u? - 2g2, (2.17)

where z is the distance from the exit of the nozzle, which is positive in the
direction of flow, %y is again the mean nozzle exit velocity, g is the gravitational
acceleration, and u, is the uniform downstream jet velocity. Note that we have
introduced a slight simplification at this stage of our derivation, since in a vertical
jet flow, in the presence of gravity, the velocity profile does in fact not fully relax
as a result of the constant acceleration. However, the inequality in the jet
velocity far downstream of the nozzle is small, and as before, we assume that a
uniform velocity profile u, is reached at a downstream position 2. Combining
Equation (2.17) with the equation of continuity (2.3) gives an equation for the



2. Asymptotic Behaviour of Jet Flows 50

jet radius as a function of the jet length, which can be written as

2 ~1/4
Rz = Ro (1 + ¥Z> . (218)
0
Introducing the dimensionless variables R, = RR; and z = z* R gives
. 2Rog . ~1/4 - o\ ~1/4
R, = <1+ = z) = 1+ﬁ : (2.19)
The Froude number, )
Yo
= , 2.20
2Rog (2.20)

relates inertia forces to gravitational forces.
Equation (2.19) discounts the nozzle exit velocity profile. To take this into
account, the Bernoulli equation takes on the form

Ao

= u? — 2¢2, (2.21)

where u(r, z = 0) is given in Equation (2.1), and with dA = 2mrdr we can write

Ro

/ (2o (1 — (r/Ro)2)]*rdr

0
Ro
/ rdr
0
The continuity equation (2.3) is used again to replace u2, and the solution of
Equation (2.22) is

= u? — 2gz. (2.22)

= 4+ = 2.9
R. =R, ( 3 + z z) , (2.23)

4 £\ —1/4
R: = (5 + 1%) . (2.24)

Equation (2.24) is used in our numerical model of the jet flow to estimate the
contact angle at the outlet of the computational flow domain (see Section 3.4.4).
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We note that both Equations (2.19) and (2.24) give R} as a function of the

*, which enables us to predict the shape of the jet flow
over the whole length of the jet. The Bernoulli equation, however, requires a

axial jet coordinate z

uniform downstream velocity u., and a nearly relaxed velocity profile can only
be found at a relatively large distance from the nozzle exit. We can thus expect
a reasonably accurate prediction of R} from Equations (2.19) and (2.24) only at
the downstream jet position, sufficiently far away from the nozzle exit. Both
equations show the same asymptotic behaviour for large values of z*, in which
case we have that R* ~ (2*/Fr) Y if 2*/Fr > 1 or 4/3, respectively. For
z* — o0, we have that R; — 0. At the nozzle exit, the jet radius equals the
radius of the nozzle, so that R} = 1.0 at 2* = 0. This value is correctly obtained
from Equation (2.19). From Equation (2.24), we get R} (2* = 0) = (4/3)71/* =
0.9306. Equation (2.24) thus underpredicts the jet radius at the nozzle exit.
The predictions of R} as a function of 2* that are obtained from Equations
(2.19) and (2.24) are compared with the CFD calculations of a vertical jet flow
in Section 3.6.3.

In the derivation of Equations (2.19) and (2.24) we have assumed that the
gravitational energy finds its equivalent in an increase of the kinetic energy of
the jet flow (Bernoulli’s law). The influence of surface tension on the shape of
the jet has not been accounted for, and instead we have studied a continuum of
liquid, which assumes the shape of a jet drawn-down under the action of gravity.

The surface of the jet flow, however, is continuously renewed with liquid that
leaves the nozzle. Each mass of liquid that leaves the nozzle forms a fresh
surface. Surface tension opposes the formation of fresh surface, and not all the
gravitational energy is thus utilised to increase the kinetic energy of the jet flow.
A proportion of it must balance the capillary energy that opposes the formation
of surface.

Scheuermann seems to have been among the first scientists to account for the
incomplete conversion of gravitational energy caused by surface tension [179].
He published his studies on the shape and the disintegration of falling liquid
jets in a paper of 1919, in which he derived an extension to Equation (2.19)
that is based on the energy principle. Discounting the loss of energy through
viscous dissipation—the velocity profile relaxation within the jet flow, that is—
he performed an energy balance on a differential volume segment of the jet flow.

The solution of this energy balance is an implicit equation for R, as a function
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—92 4
Ug Ro 20 Ro
— — — —_ 1 —_—
z 2 [( Rz) ] + 20Fo [ﬁz l] : (2.25)

An incorrect version of this relation was used by Addison and Elliott [165] to
determine the surface tension from the dimensions of a vertical liquid jet.!!

of z,

We introduce the dimensionless variables R, = R;Ry and z = z*Rj into
Equation (2.25) as before and obtain

2 =Fr [R;"‘ - 1] + 0838 [R:'l _ 1] . (2.26)

The quotient Re / Fr is also called the Stokes number,

St:Re_4Rgpg
- FI‘_ ,U,ﬂo ’

(2.27)

which compares gravitational forces to viscous forces. In Equation (2.26), the
first term on the right-hand side is the implicit form of Equation (2.19). The
second term on the right-hand side of Equation (2.26) is the surface tension
contribution, which leads to the prediction of larger values for R; than those
predicted by Equation (2.19) for the same value of 2*. For o =0, or Ca — o0,
we obtain Equation (2.19). Scheuermann also reports that Equation (2.19) was
used by Weisbach to predict the shape of vertical liquid jets in as early as 1855.

Adding Scheuermann’s surface tension contribution to Equation (2.24) gives

3 CaRe
in which the first term on the right-hand side is the implicit form of Equa-
tion (2.24). The prediction of R} as a function of 2* that is obtained from
Equation (2.28) is compared with the CFD calculations of a vertical jet flow in
Section 3.6.3.
Using the equations of motion for an inviscid and steady jet flow in conjunc-

2 =Fr [R;“‘ - ﬁ] L [R;" - 1] , (2.28)

tion with the differential and integral form of the equation of continuity, and
neglecting the weak dependence of the jet radius on the jet length and assuming
that the axial velocity is a function of the jet length only, Equation (2.26) was
derived much later by Anno [180].!2

1 Equation (2) in the original reference. Instead of 20(pgRo)~!, the quotient g1 was
used in the surface tension contribution term, which is dimensionally not consistent. This was
(unintentionally) corrected by the authors through the introduction of an empirical factor.

12Note that Anno’s version of Equation (2.26) contains a factor 4Fr/(ReCa) instead of

8 Fr /(Re Ca).
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The shape of vertical laminar jets and the total axial force exerted on the
liquid at the point of emergence from the nozzle were investigated by Adachi et
al. [181] for circular jets and by Adachi [182] for plane jets. For a circular jet,

the authors proposed the equation
2\, ™
We ReFr

to compute R}, in which ¢ and ¢ are adjustable constants. For Re — oo and
¢ = ¢ = 1, Equation (2.29) reduces to Anno’s version of Equation (2.26). The
shape of the jet, R}, was measured photographically, and ¢ and ¢ were chosen

1/2
2 =Fr R —p| + R Vv2-e+

[R;" - ¢] (2.29)

to give a best fit of Equation (2.29) to the experimental data.
A macroscopic axial force balance for a suspending jet filament,

Fy=F,+G,, (2.30)

was employed to check on the consistency of the measured jet shape. In Equa-
tion (2.30), Fo = F(z = 0) is the total axial force exerted on the upper end of
the suspending filament, F, = F(z) is the total axial force acting on the filament
at a downstream position z, and G, = G(z) is the weight of the suspending
filament from its upper end (z = 0) to 2. Equation (2.30) describes an integral
invariant—both F, and G, vary with z, but their sum must be constant along
the vertical axis z. F, and G, depend on z through R,. F, and G, were
calculated using these measured data of K, and were required to satisfy the in-
variance criterion. Fp was measured directly with an electric weighing device.
The consistency between the two kinds of experimental data on the axial force
Fy and the jet shape R, was checked using Equation (2.30), that is, the values
for Fy were directly measured and F, and G, were calculated from the measured
R, data.

Scheuermann compared Equation (2.19) and the more sophisticated Equa-
tion (2.26) with his photographic measurements of the shape of vertical water
jets. In his experiments, he employed brass nozzles of 15 to 30 cm length
and used nozzle radii of 4.53 to 7.89 mm. The jets were fully turbulent, with
Reynolds numbers in the range of 6456 < Re < 12436. Figure 2.4 shows one
set of his experimental data at a Reynolds number of Re = 6456 in comparison
with values that are calculated using Equations (2.19) and (2.26).
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Figure 2.4: Contraction ratio, R}, as a function of the jet length, z*, in a tur-

bulent vertical water jet according to Scheuermann [179]. Ty = 0.56 m s™,

Ry = 5.72 mm, Re = 6456, Ca = 0.0076, and Fr = 2.837. The open circles are
the experimental data of Scheuermann, the open squares are Equation (2.19),
and the open triangles are Equation (2.26).

We can see from Figure 2.4 that for larger values of 2*, both Equation (2.19)
and Equation (2.26) approximate the experimental data well, indicating that the
surface tension contribution at large z* and at this high Reynolds number is neg-
ligibly small. Near the point of surface formation, Equation (2.26) follows the
pattern of the experimental data more closely than the simpler Equation (2.19).
The contribution of surface tension has the effect of increasing the ratio of con-
traction, R, relative to the values obtained from Equation (2.19).

Interestingly, Equation (2.26) shows good agreement with the experimental
data near the nozzle despite the fact that it does not take the shape of the velocity
profile at the nozzle exit into account. We remember that it assumes a flat profile
that has the value g, and that the flow conditions in Scheuermann’s experiments
were those of fully developed turbulent flow. In a fully developed laminar pipe
flow (Poiseuille flow), which we consider mostly in this thesis, the velocity profile
is that given by Equation (2.1), and the maximum velocity (in the centre of the
pipe) is twice the value of the mean velocity, Tp. In a fully developed turbulent
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pipe flow, however, the velocity profile is given by the empirical equation

~ ~ .\ 17

U(r,z =0) = Upax (1 — Eo) : (2.31)
where U and uy,.x are time-smoothed quantities [190, p. 155]. In the case of fully
developed turbulent flow, the maximum velocity is 1.25 times the mean velocity.
If we use Equation (2.31) in Equation (2.21) to account for the velocity profile
of a fully developed turbulent flow at the nozzle exit, we arrive at

* -1/4 e -1/4
R = (1.063+ ﬁ) ~ (1+ ﬁ-> . (2.32)

The assumptions that have been made in the derivation of Equations (2.19) and
(2.26) are thus more closely met than in the case of fully developed laminar flow.

Optical measurements of the shape of vertical water jets were reported by
von Lang in 1878 [183]. He used a glass tube with an inner diameter of 1.08 cm
and an outer diameter of 1.44 cm, which had a length of 8 cm. The shape of the
end of the glass tube was described as “... not flat but intentionally irreqularly
serrated.” The reason for this deliberate action is, however, not disclosed to the
reader.

Von Lang was probably the first scientist to construct a continuous jet ap-
paratus. This achievement was made possible through the use of newly built
domestic water supplies in 19*"-century Vienna. The glass tube was connected
directly to the water supply by means of a flexible rubber tube, and the flow
rate was controlled by the tap. To minimise the effect of external vibrations
from the floor on the water jet, von Lang attached the apparatus to the wall of
the room. His experimental set-up allowed the jet to reach a maximum length
of 130 cm, a length at which the jet hit a wooden board and the liquid was
collected in a reservoir. As he reports, perfectly smooth and continuous water
jets were produced at a suitable flow rate, provided the pressure in the water
supply system remained at the normal value, which, as it seems, was frequently
not the case.

Von Lang measured the jet radius R for varying mass flow rates at different
axial positions z. The jet velocity was taken to be constant throughout the jet
at each downstream position, and measurements were carried to within 5 cm of
the glass tube. The mean nozzle exit velocities ranged from 2.4 to 39.5 cm s,
which resulted in Reynolds numbers of 260 to about 4270. Thus both laminar

and turbulent flow conditions were encountered.
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Figure 2.5: Free-surface position, R, of vertical water jets as a function of the
axial downstream distance, z, at Re = 2358 (circles) and Re = 3537 (triangles).
The open symbols are the experimental data of von Lang [183], the black symbols
are computed using Equation (2.26), and the grey symbols are obtained from
Equation (2.34). The solid lines are computed using Equation (2.33).

Some of von Lang’s experimental data,'? at flow rates of Q = 20 and 30 gs™,
are plotted in Figure 2.5 (open symbols). These flow rates correspond to
Reynolds numbers of 2358 and 3537, respectively. Von Lang gave an empir-
ical equation for R, which is also plotted in Figure 2.5 (solid lines), that was
fitted to the experimental data at the two flow rates for z > 35 cm. It is given
by

R = 0.09246 + 0.002709Q) + (0.42748 + 0.025918Q)) L (2.33)

Nk
where Q is the mass flow rate in [g s7!|, 2 is the axial distance from the nozzle
orifice in [cm], and R is the jet radius in [cm|. Figure 2.5 shows that Equa-
tion (2.26) does not reproduce von Lang’s experimental data (black symbols).
A comparison of von Lang’s experimental data for R(z) with the values that are
obtained from Equation (2.26) shows that the latter are lower by a factor of 2.

13The experimental data at z = 5, 15, and 25 cm in Figure 2.5 were obtained through linear
interpolation from von Lang’s original data, which he published in tabular form.



2. Asymptotic Behaviour of Jet Flows 57

If we implement this factor in Equation (2.26), we obtain

8 Fr
CaRe
Equation (2.34) can reproduce von Lang’s experimental data very accurately
(grey symbols in Figure 2.5). There is, however, no physical justification for
the use of Equation (2.34) instead of Equation (2.26), and we are lacking an
explanation for the discrepancy between von Lang’s experimental data and the
values that are calculated using Equation (2.26).

2 =Fr [163;““ - 1] + 2R - 1], (2.34)

In 1906, Trouton reported a method for the measurement of the slope of the
surface of a falling column of liquid, in which a beam of light from a horizontal slit
and lens is allowed to fall on the liquid column and is reflected into a telescope,
which is pointed upwards to receive the reflected light [184]. The tangent of
half the angle between the incident and reflected beams gave the slope of the
surface. He applied this method to a highly viscous mixture of pitch and tar that
descended under its own weight through a circular hole in the bottom of a wide
tin vessel. He also measured the shape of the surface of the same system, in some
cases by means of a cathetometer telescope, in other cases by casting the shadow
of the column from a distant source of light on a long vertical sheet of paper
placed close to the column, and then tracing out the shadow with a pencil. It
was found possible to fit an equilateral hyperbola of the form R (z + 1.8) = 1.85
to these measured data.

2.3 Boundary Layer Development at the Nozzle
Exit: The Cube-Root Dependence

At the nozzle exit, the velocity profile is that of fully developed laminar flow, with
the usual no-slip condition at the wall. This no-slip condition is immediately
relaxed when the fluid leaves the tube. In the absence of any surface shear
(no surfactant present) a region of zero vorticity appears at the surface of the
jet, and as the fluid travels downwards, the zero-vorticity region diffuses towards
the centre of the jet, eventually equalising the velocity across the jet. In fact,
the relaxation of shear is the major effect in the boundary layer development.
Tnitially, however, this region is very thin, and we will consider its initial growth
when its thickness, &, is much less than the radius of the nozzle, Ry, or of the

jet, R (see Figure 2.6).
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Near to the jet nozzle, the effect of gravity may be neglected. Fluid in the
zero-vorticity layer is accelerated by the adjacent layer of faster moving fluid.
The parabolic profile at the nozzle exit (2 = 0) is

Uly) = Ay + By?, (2.35)

where A = 4Ty R;* and B= —2upRy?%. At a distance z from the nozzle exit the
depth of the zero-vorticity layer, measured from the line y = 0, is § = Rp—R+-¢.
Note that the actual thickness of the layer, ¢, is less than §. If we let the velocity
in the zero-vorticity layer be

wy) =a+b{y—(6—¢)}, (2.36)

then a is the surface velocity, us, and b is zero since there is no shear stress
at the surface and so du/dy = 0 throughout the layer (see dashed boundary
layer velocity profile in Figure 2.6). We set the condition that the velocity be
continuous at the edge of the layer, so that U(d) = u(d), which gives A6+ Bé&* =
a. Substituting for ;1\, B , and a shows that the surface velocity is

) 62
s=4u | — - == |, 2.3
and since § < Ry, s
Ug
s = ——. 2.38
u, = (238)

The thickness of the layer, ¢, at a distance z can be found by continuity, since

s s
/ U(y)dy = / u(y)dy, (2.39)
0 6—e
from which A§%/2 + B#%/3 = ae, and
| 2GRy (8* &
and since § < Ry, ,
Qg O
— = — 2.41
¢ USRO 2 ( )

The thickness of the vorticity-free layer is just half the distance 9.
The fluid streamlines which leave the nozzle between y = 0 and y = 4, at the
distance z are found between y = §/2 and y = §. The rate of gain of momentum
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Figure 2.6: Development of the hydrodynamic boundary layer at the nozzle
exit. Ry, nozzle radius; R(z), jet radius; €, thickness of boundary layer (with
contraction); 4, radial distance of edge of boundary layer from nozzle wall; 2,
axial jet coordinate; y, cartesian transverse coordinate in the boundary layer. A
dashed line shows the boundary layer velocity profile in the absence of surfactant
(Ou/0y = 0), and a solid line the boundary layer velocity profile in the presence
of surfactant (Ou/8y # 0).

by fluid in this layer is equal to the force acting. For unit width, assuming the
depth of the layer is small compared with the jet radius, the rate of momentum

pZ Ul(y) {u (%S) - U(y)} dy = p (%—Z)F& z. (2.42)

Neglecting terms in 6° and higher powers of ¢, from Equation (2.42) we obtain
Aad? = 20(A + 2B6)z, so that a = 2v(67% + 2BA-167')z. From the parabolic
profile we have 9BA™! = — Ry, so the surface velocity, u; = a, is given by

gain is

" = 2_5”; (1 _ %) , (2.43)
and since § < Ry, .
Uy = —;’Tz (2.44)
Combining Equations (2.38) and (2.44) gives
—9 1/3
Us = (32;;02VZ> , (245)
0

§= (R°"z>l/3, (2.46)

AT
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and

e 1 [ Ryovz 1/3 54
2\ 25, ' (247)
The relative narrowing of the jet due to acceleration of the surface layer is given
by

R(z Ry—(0—¢ 1 1/3
) _Ro-0@=e) _,_1 =~ ) (2.48)
Introducing the dimensionless variables u, = ul%y and z = z* Ry into Equation
(2.45) leads to
L\ 1/3
*=4 | — ) .
(T (Re) (2.49)
Similarly, a dimensionless expression for the relative narrowing of the jet,
R 2\ 3
Rf=—=1-05(— :
Ro (%) (250

can be derived.

There is thus a singularity at the point (z = 0,y = 0), where the surface
expansion rate, dus/dz, becomes infinite. This is a consequence of the step
change in the surface shear condition at this point.

The cube-root dependence of u; and R on z was found by other authors be-
fore. In the late 1950’s, Scriven and Pigford [160, 161], in the course of their
investigation of CO, absorbtion into freely falling laminar liquid jets, assumed a
uniform velocity profile in the core of the jet (short nozzles were used and hence
no fully developed laminar flow was achieved at the nozzle exit), whereas an an-
nular boundary layer existed outside the core of the jet in which the velocity was
reduced, in consequence of the viscous effects close to the nozzle wall. A cubic
equation was employed to represent the velocity distribution within this annular
boundary layer. Mass and momentum balances between the nozzle exit plane
and a downstream position that corresponds to a fully relaxed velocity profile in
the jet yielded an approximate expression for the boundary layer thickness as a
function of the measured jet radius. The authors concluded from the smallness of
the boundary layer at the nozzle exit—only one tenth of the nozzle radius—that
the core velocity of the jet remained unchanged by momentum exchange with the
boundary layer. Assuming that the rate of change of jet diameter is negligibly
small, and neglecting gravitational acceleration, the problem of analysing the ve-
locity distribution in the neighbourhood of the jet surface became identical with
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the problem of calculating the velocity distribution in a laminar wake behind an
infinitely thin, flat plate oriented parallel to the direction of flow. This analogy
was pointed out earlier by Rideal and Sutherland [145]. The surface velocity
near the nozzle exit was described by a cube-root dependence (at leading order)
on the axial distance.

In 1966, Goren [185] studied the development of the boundary layer accompa-
nying the formation of a free surface from a two-dimensional horizontal uniform
shear flow that was taken to be of infinite extent in both directions. Neglecting
surface tension forces, his analysis shows that both the surface velocity and sur-
face position vary as the cube root of the distance downstream. Goren’s results
are applicable to newly formed capillary jets for small axial distances, provided
the interaction of the bounday layer with the core region of the jet, where the
initial velocity profile is not one of uniform shear, is negligible. For a jet of
average velocity Uy, issuing from a long needle of radius Ry with parabolic flow,
Goren gave the equation for the surface velocity, u* = u, /%y, as

4\ 1/3
ut =5.07 (%) , (2.51)

and for the jet contraction, R* = R/R,, as

4\ 1/3
R*=1-0.703 (Ee) . (2.52)

In the same year, Goren and Wronski [169] reported measurements of the
radius of horizontal capillary jets as a function of the axial distance. For the
highest Reynolds number under consideration (Re ~ 200) the measurements
confirmed the cube root dependence on the axial distance, but the observed
coefficient was lower than the predicted one by about a factor of 2. The authors
concluded that this discrepancy is either due to the relatively small Reynolds
number or to the interaction of the peripheral boundary layer with the core of
the jet fluid. Goren and Wronski suggested that their boundary layer approach
should be tested against data obtained from jet flows at higher Reynolds numbers
(1000 < Re < 2000) to verify its validity.

Only two years later, Tillett [186] also applied boundary-layer analysis to a
horizontal liquid jet emerging from a two-dimensional channel at high Reynolds
number, but he assumed that the flow inside the channel has the basic Poiseuille
profile. Ignoring the effects of surface tension, Tillett did not confine modifi-
cations to the basic profile to the boundary layer. Instead, he drived solutions
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1.00

Figure 2.7: Surface velocity, u! = u, /Uy, and free-surface position, R* = R/ Ry, of
the water jet as a function of the jet length, z* = z/Ry. Re = 1950, Ca™! = 58.9,
and (2Fr)~! = 0.00507. The lines are the numerical solution computed from
the CFD model that is described in Chapter 3. The open and closed circles are
given by Equations (2.49) and (2.50), respectively. Goren’s theoretical results,
Equations (2.51) and (2.52), are the open and closed triangles, respectively.

for the ’inner’ (boundary layer) region and the ’outer’ (core) region of the jet
flow, which he matched. It emerged, however, from his solution that Goren’s as-
sumption is fully justified—for moderate downstream distances, the interaction
between the boundary layer and the core of the jet flow can be neglected. Tillett
confirmed Goren’s solution for the channel flow (the cube-root dependence), but
he did not apply his derivations to the case of an axisymmetric jet leaving a
circular pipe.

We have plotted Equations (2.49) and (2.50) for a jet of water at a high
Reynolds number of Re = 1950 in Figure 2.7. The results from the boundary-
layer treatment are compared with computations of u}(z*) and R*(z”) in a verti-
cal water jet at the same Reynolds number, which were obtained from the CFD
model outlined in Chapter 3. The same numerical u}(z*) and R*(2*) profiles
are compared with experimental data in Figures 3.32 and 3.33. Also shown
in Figure 2.7 is the theoretical solution found by Goren, Equations (2.51) and

(2.52).
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At larger values of z*, our boundary-layer theory under-predicts the surface
velocity and the contraction in the jet, whereas Goren’s theory over-predicts
both variables. As the distance from the nozzle exit grows (z* > 10), both
theories strongly under-predict both the surface velocity and the contraction of
the jet. At these larger distances from the point of emergence of liquid from the
nozzle, gravity dominates the fluid mechanics of the jet, which is not accounted
for in either of the theories. At small z*, both theories over-predict the surface
velocity and contraction of the jet. The very rapid acceleration of fluid particles
in the surface close to the nozzle exit is evident. This acceleration results in very
high surface expansion rates, du?’/dz*, near the nozzle exit, which provide the
driving force for the diffusion of surfactant to the surface, as will be discussed in
Chapter 4.

The cube-root dependence in the case of a jet of a pure liquid is thus a well-
established result. We go on to investigate how the presence of surfactant at the
jet surface affects the boundary layer development in the jet flow, particularly
at the nozzle exit, in Section 4.1.

The negligibly small interaction between the velocity profile in the boundary
layer and the velocity profile in the core of the jet also justifies the assumption
that fully developed laminar flow exists at the channel/nozzle exit in the high
Reynolds number limit. This assumption is otherwise inadequate as pointed out
by Middleman [187], who commented on the fact that the vorticity associated
with the axial deformation of the liquid at the nozzle exit can diffuse upstream
and affect the velocity profile within the nozzle, just upstream from the nozzle
exit. Fisher et al. [188] and Dutta and Ryan [189] showed the upstream diffusion
of vorticity in the course of their numerical investigations of creeping jet flows
(Re~0). Brun and Lienhard [178], in the course of their experimental and
theoretical work on horizontal oil jets, confirmed the assumption of parabolic
flow at the nozzle exit at Re = 280. The authors calculated velocity profiles
in the jet from stagnation pressures, which were measured with a traversing
probe. Bulging of the jet surface that was caused by the probe did not allow
for accurate measurements very near the surface. The apparatus, however, did
allow for measurements to be made within the nozzle exit plane. A comparison
of the velocity distribution that was calculated from the measured stagnation
pressures with the theoretical Poiseuille profile revealed an average deviation of
only 1.8%.



Chapter 3

Computational Fluid Dynamics
Model of the Jet Flow

The methods presented in the previous chapter allow us to estimate the asymp-
totic behaviour of a laminar liquid jet at the downstream position and at the
nozzle exit. In order to calculate the velocity distribution within the jet and
hence to investigate the velocity profile relaxation process and the jet contraction
as a function of the jet length, one has to solve the equations of motion.

An exact analytic solution of the Navier-Stokes equations for an axisymmetric
flow of an isothermal Newtonian fluid issuing from a capillary of uniform circular
cross section is not available, and solutions are generally obtained numerically.
The complexity is not only due to the presence of the inertia terms that reflect
the dynamics of the exit region, but also because the exit flow is a free-boundary
flow, one for which the interface of the free jet, the bounding surface of the flow,
is itself unknown and must be found as part of the solution.

In this work, FIDAP, one of FLUENT"s general-purpose Computational Fluid
Dynamics (CFD) solvers that employs a finite-element method to discretise the
governing set of partial differential equations, is used to obtain a numerical
solution of the flow field of the jet.

3.1 The Governing Field Equations

For an axisymmetric steady flow with constant viscosity, p, and density, p, the
Navier-Stokes equations in cylindrical polar coordinates (r,z) can be written

64
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as (190, p. 85]
ou Ou p 10 ( Ou 82
in the axial direction (z-component), and
v ov\ _ Op o (10 0%v
('UE + U&) = 81" + u (5; (;5 (’I"'U)> + gz—2> (32)

for the r-component in the radial direction. In a free-surface flow, it is more
convenient to use the stress formulation of the Navier-Stokes equations, that is,

Ou ou\ 8p 10 0T,
p (Ué; +U5;) =-5, (?E (r7rs) + Fz—) +pg (3.3)

in the axial direction (2-component), and

(91) ov . ('9p 10 aTrz
( or 8z) =T " (7‘8 (r7er) + 0z ) (34)

in the radial direction (r-component). Formulated in terms of the stresses,

Tk, the normal and tangential stress boundary conditions at the surface, which
are presented in Section 3.4.5, Equations (3.38) and (3.43), then act as direct
boundary conditions to the equations of motion.

The equation of continuity completes the set of governing equations, that is

l?__( ) + Ou
r Or m oz

In order to non-dimensionalise Equations (3.1) and (3.2), and the equation of

= 0. (3.5)

continuity (3.5), we select the nozzle radius, Ry, as the characteristic length
scale of the jet and the mean nozzle exit velocity, Up, as the characteristic jet
velocity. These two characterisitc flow parameters are used to obtain a set of

dimensionless variables,
u=uTy, v="uv*Uy, 2=2"Ry, r=1"Ry, p=p" (pﬂg) : (3.6)

The dimensionless variabless defined in (3.6) are introduced into the Equations
(3.1), (3.2), and (3.5), which leads to a set of dimensionless field equations, which

can be written as

Re [ ,0u* ,Ou*\ _ Op” 1 0 ( ,0u 82u*> Re
7( o ¢ 8z*) =T T (F(?r* ( or* >+ 57 ) T 1R (3.7)
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Re [ ,Ov*  Ov*\  Op™ o (10 ,,, &v*
2 (U or* tu 8z*> ~ or + (87"* (F or* (r*v )) + —6—?) ’ (3.8)

and

1 0 ou*

Fa’r* (7" () )+ az* =0. (39)
The pressure, p**, is defined as
sk Re *
pr= (3.10)

Two dimensionless parameters are obtained from the dimensionless Navier-Stokes
equations—the Reynolds number, Re, and the Froude number, Fr, which are de-
fined in Equations (2.8) and (2.20), respectively.

The stress components in the stress formulation of the Navier-Stokes equa-
tions are non-dimensionalised according to

Tik = Th(0Tg), (3.11)

and together with the set of dimensionless variables defined in (3.6) leads to the
dimensionless version of the stress formulation of the Navier-Stokes equations,
namely

, ou* LU\ _8p* 1 o .., . % 1
(v or* tu 8z*) T Oz * (r* or* (r'rr) + 0z* ) + 2F’ (3.12)

LJour o ovt  Op 190 ., 0
(v or* o 8z*> - o + (r* or* (r7ee) + 0z* ) ' (3.13)

3.2 Geometry of the Jet Surface

and

3.2.1 Parameter of Curvature

The curvature parameter, R., of an axisymmetric free surface (see also Fi-
gure 2.1) is defined as [187]

1 1
2R, = + —.
Rzr Rne
The two radii R,, and R,g, which are depicted in Figure 3.1, are the principal
radii of curvature of the surface. The radius of the axisymmetric surface, in

(3.14)

the cylindrical coordinate system, is 7, = h(z). At any point on the surface
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the curvature of the surface in the z,r-plane may be described by the radius
R... The second principal radius of curvature is not 7, = h(z), the radius of the
cross-section of the surface in the r, §-plane, because rs = h(z) is not normal to
the surface. The second principal radius of curvature is R,4, a radius connecting
the axis of symmetry with the point on the surface, such that the line R,y is
normal to the surface.

From the geometry shown in Figure 3.1 we can find

R, = Sh, (3.15)
and - -
Rer = —phjaz = i (3.16)
where
5= (1+h2)" (3.17)

is the arc length of an element of the axi-symmetric surface. We can replace the
principal radii of curvature in Equation (3.14) with Equations (3.15) and (3.16)
and we obtain

2R, = = + 5 (3.18)
Substituting for 5 then gives an equation for the curvature parameter, which
reacs BR" + (1+ h?)
2R, = — . P IR (3.19)
(1 + h"2)

3.2.2 Local Normal and Tangential Coordinate System

The components of the normal vector, n, and n,, in the cylindrical coordinate

system are
ne = (1427 (3.20)

and
n, = -k (1+ 1?7, (3.21)

where h/ = dh/dz. The tangential and normal unit vectors are related by
It.| = |n,| and |t.| = |n.|. (3.22)
From these definitions follows that

vs = hug
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Figure 3.1: Surface geometry of the jet flow.

along r; = h(z). Therefore, if b’ is small, the curvature of the jet surface may
be neglected and v, = 0.

3.3 Computational Domain and Meshing

The three-dimensional liquid jet is reduced to the axisymmetric case, that is, only
the radial coordinate, r, the radial velocity component, v, the axial coordinate, z,
and the axial velocity component, u, are considered. The origin of the cylindrical
coordinate system is located where the centre line of the jet (the symmetry line)
intersects the nozzle exit plane. Gravity, if considered in the flow problem,
points in the positive axial direction, as shown in Figure 3.2.

A short part of the long capillary nozzle is included in the model, and at
the inlet, some distance upstream of the nozzle exit, a parabolic low profile is
assumed, which results from the flow in the long capillary nozzle. The liquid
emerges from the nozzle and the free liquid jet develops, once the shear stress at
the nozzle wall vanishes. For the high Reynolds numbers under consideration
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Figure 3.2: Axisymmetric model of the jet flow.



3. Computational Fluid Dynamics Model of the Jet Flow 70

in this work, the jet contracts, which is depicted in Figure 3.2.

The jet emerges into a gas phase, usually air at atmospheric pressure and
room temperature. This surrounding air phase is neglected in the model and
treated as a vacuum. This means that the pressure of the adjacent phase is set
equal to zero and it only exerts a pressure on the free surface of the jet due to the
surface tension. Since the jet surface is curved, the pressure at the surface of the
jet cannot be uniform. The flow region of the jet model ends at a downstream
position sufficiently far away from the nozzle exit region, so that the appropriate
boundary conditions can be applied at that position.

The dimensionless flow geometry of the axi-symmetric jet flow consists of a
set of three contiguous rectangles, as shown in the upper sketch in Figure 3.3.
The vertical lines (the radius of the jet) are of length unity, and the total length
of the jet flow region in the case of a pure liquid is 200 length units, that is, for
a nozzle radius of Ry = 1.0 mm, the length of the free jet in the model is 200
mim.

The nozzle part of the flow geometry, the far-left rectangle, has a length of 3
length units. The vertical line on the left is the nozzle inlet, or simply “inlet”,
and the top vertical line is the nozzle wall, or simply “wall”. The rectangle in
the centre of the flow geometry and the far-right rectangle form the flow region
of the free jet flow. The horizontal top lines of these two rectangles are the
“free-surface” boundaries. The far-right vertical line represents the “outlet”
of the jet flow geometry. The horizontal bottom lines of all three rectangles
coincide with the axis of “symmetry”. The two inner vertical lines are part of
the “fluid” region. These lines are drawn for a special meshing purpose, which
is indicated in Figure 3.3 by the three arrows that point towards the nozzle rim,
where the free surface starts to develop. The boundary condition in this region
of the jet flow changes from a no-slip condition at the nozzle wall to a condition
of full slip at the free surface. This results in a rapid velocity increase at the
point of emergence of liquid from the nozzle, which is associated with steep
velocity gradients that require a dense mesh for the computation in this region.
Therefore, a coarse-to-fine grading in the direction of the arrows is applied on
the three lines that point towards this critical point.

The mesh configuration, that is, the number of elements and the grading that
is applied to the distribution of elements along the edges of the flow geometry,
is shown in the lower drawing in Figure 3.3. The number code refers to the
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Figure 3.3: Flow geometry (upper drawing) and mesh configuration (lower draw-
ing) of the axi-symmetric model of a pure liquid jet (not to scale).

number of nodal intervals on the relevant edge and the spacing ratio between
the first and the last node on this particular edge. For example, 20/3 refers
to 20 intervals along the edge, the interval between the last two nodes on this
particular edge being only 1/3 of the interval of the first two nodes on this edge.
The total numbers of elements in the mesh configuration shown in Figure 3.3 is
9000, which resulted in average computation times of not more than 5 minutes
for the water jet on a Windows 2000 PC with 512 Mb RAM and a 1.0 GHz
Processor.

The mesh was created using FLUENT’s mesh generator GAMBIT (see Ap-
pendix B.1). A section of the mesh, which matches the configuration shown in
Figure 3.3, is displayed in Figure 3.4. The relatively simple geometry permits
the use of a regular type of mesh. The horizontal line in Figure 3.4 shows
the initial position of the free surface before deformation. The position of the
surface is adjusted to its required position during the computation by moving
the nodes of the mesh in and below the surface vertically downwards along the
so-called spines. The fully-coupled Newton-Raphson iteration scheme updates
the position of the free surface at each iteration step to satisfy the kinematic
condition on the surface, Equation (3.37).

The position of the node at the nozzle exit, which is part of the nozzle wall
and the free surface, is fixed at z2* = 0 and R* = 1.0. The shape of the free
surface is then determined by the stress balance and the kinematic condition on
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Free-surface position
before deformation

RS =10

Figure 3.4: Regular mesh of the water jet in the nozzle region. The nozzle exit
(2 = 0,7 = Ryp) is marked by the arrow. The nozzle radius is Ry = 0.79 mm and
the length of the mesh section shown is about 3 times the nozzle radius. The
flow conditions are Re = 1550, Ca™! = 74.3, and (2Fr)~! = 0.00807.

the surface. At the outlet, the contact angle, 8, defines the direction of surface
movement.

The mesh that is displayed in Figure 3.4 has been used in all computations
of the water jet. The results obtained were found to be of sufficient accuracy
and insensitive to further refinement of the mesh.

3.4 Boundary Conditions

3.4.1 Inlet Section

Poiseuille flow is assumed at the inlet of the flow domain, that is

u(r) = 24 (1 - (é)j v =0 for (r,z < 0). (3.23)

Using the dimensionless variables defined in (3.6), we can write this boundary
condition as

u(r*) =2(1-r"?), v* =0 for r*, 2" <O. (3.24)
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3.4.2 Nozzle Wall

At the nozzle wall, the usual no-slip condition,
u,v=0"forr = Ry, 2z <0, (3.25)
is applied, which in its dimensionless form reads

u*,v* =0for r* =1.0,2* <0. (3.26)

3.4.3 Symmetry Line

Along the centre line of the jet flow, the symmetry conditions

v=0, %f—zOforrzO,z (3.27)
are employed. In their dimensionless form, these boundary conditions are
v* =0, g:f* for r* =0, 2" (3.28)

3.4.4 Downstream Position
Horizontal Jet Flows

For horizontal jets, it is generally accepted that a radially uniform axial velo-
city distribution and a final jet diameter are approached asymptotically as the
distance from the jet nozzle is increased (see Section 2.1), that is,

6(r=R,)=—=,v=0forz>0, (3.29)

Nl

or

6(r*=R;)=—=,v*=0for z* > 0. (3.30)

B

Vertical Jet Flows

A vertical jet continues to contract due to the action of gravity and does not reach
a final diameter (see Section 2.2). It is presumed that, for a long enough jet,
the inertia term will eventually grow so that it overwhelms viscous forces and
balances the gravitational term, thus leading to a free-fall velocity field [191].
This requires that § < 7/2. Applying Bernoulli’s law and the equation of
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continuity, and accounting for the parabolic velocity profile at the nozzle exit
yields an expression for the free-surface position of the jet, R, as a function of
the axial jet coordinate, z. We have derived this expression in Section 2.2 in
Equation (2.23). Differentiation of this equation with respect to z yields an
expression for the change of the axial surface position in a vertical jet,

dRz__ g 4 2 —5/4
iz~ R (§+'zz_3z> - (3:31)

We can thus obtain a value for the contact angle, 6, at the outlet of the jet flow
domain. It reads

T dR,
(z>0,r=R,) = 5~ arctan ( o ) : (3.32)

Continuous contraction of the jet results in a velocity profile that is not exactly
uniform in the radial direction. The symmetry condition requires v(r = 0) =0,
but v increases with increasing r, reaching its maximum value at the surface
(r = R,). This maximum value may be expressed in terms of the contact angle,
6, and the axial jet velocity component, u, to give

v(z>>0,r=Rz)=utan(g—-0)zu(g—O). (3.33)

The smallness of (7/2 — ), which is of order 107, leads to very small values for
v(z > 0,r = R,). However, downstream boundary conditions formulated by
requiring that all velocity gradients vanish result in an inconsistent flow field for
a vertical jet. Therefore, only the contact angle, 8(z > 0,7 = R,), is applied
as a downstream boundary condition. In its dimensionless form, this boundary

condition reads

8(z* > 0,r* = RY) = — — arct Y " (3.34)
(2*>0,r" = z)-—z arctan ¢ — (3 + & : :

The curvature in the azimuthal direction and the non-zero surface tension value
dictate that the pressure at the common node between the free surface and the
outlet is non-zero. If there is no boundary condition specified on the normal
component of velocity at the outlet, which is the case, the so-called stress-free
natural boundary condition is applied in FIDAP, which is

ou
— hafhalCpY o 3.35
p+2u n ; (3.35)
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where p is the pressure, u is the viscosity, u,, is the normal component of velocity,
and n is the normal to the outlet. Note that in the jet flow geometry, the
direction of the normal at the outlet of the flow domain is identical with the
axial direction of flow. If the flow is fully developed (or nearly fully developed)
at the outlet (making the derivative Qu,/0n zero, or nearly zero) or if the viscous
contribution is small, then Equation (3.35) effectively makes the pressure zero at
the outlet, which conflicts with the non-zero pressure at the outlet node caused
by the curvature and the non-zero surface tension value. Removing the pressure
term from Equation (3.35) resolves this conflict.

3.4.5 Free Surface of the Jet

Kinematic Condition

A kinematic condition is used to update the changing position of the free surface
of the jet, as it links surface position and surface velocity, and is the assertion
that fluid does not cross the free surface. This implies that

u-n=on,+un, =0 (3.36)

along the free surface. In Equation (3.36), u-n is the normal velocity at the
surface that has the radial component vn, and the axial component un,. The
normal velocity is made dimensionless in the usual way, which gives

v*'nr +u'n} =0. (3.37)

Equation (3.37) is not a true boundary condition to the equations of motion.
Rather, it is a distinguished condition that can be treated as an additional
equation for the location of the unknown position of the free surface.

Normal and Tangential Stress Conditions

Two stress boundary conditions, normal and tangential to the free surface, act
as true boundary conditions to the equations of motion [192]. The normal stress
condition

Tn = (20Rc - pa) (338)

accounts for the varying pressure along the jet axis due to the curvature of
the jet surface using the Young-Laplace equation. In Equation (3.38), o is
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the coefficient of surface tension, R, is the curvature parameter, and p, is the
ambient pressure of the gas surrounding the liquid jet. The dimensionless form

of Equation (3.38) is
OR

To =G, ~Pa (3.39)

in which the dimensionless normal stress component, 7*, is defined as
g Be. _Retn 3.40
n - 2 n - 2 pﬂ(z,’ ( . )

and the dimensionless curvature parameter of the jet, R}, is given as
R, = RyR.. (3.41)

Equation (3.39) provides the third dimensionless parameter of the jet flow—the
Capillary number, Ca, which is defined in Equation (2.14). The dimensionless
ambient pressure in Equation (3.39), p%*, is defined as

Re , Re p,

pa =7pa— 2 pﬂg

In the numerical computations presented in this thesis, we have set p, = 0. The

(3.42)

tangential stress condition is given by
_ Oo _ (9ut
ot on’

Equation (3.43) represents a balance between viscous traction and the Marangoni

Tt

(3.43)

(shear) stress due to a gradient in the surface tension. In the case of a jet of a
pure liquid, where the surface tension is constant, the tangential stress condition
is zero due to Ao /0t = 0, which results in du;/On = 0. The adsorption of
surfactant, which causes the surface tension to vary locally along the jet surface,
that is, 0 /0t # 0, renders this boundary condition active and thus alters the
fluid mechanics of the jet flow (Marangoni effect). The dimensionless form of
Equation (3.43) is

ot* \Ca) ~ on*’
in which the dimensionless tangential stress component, 7;*, is made dimen-

=2 ( 1 ) _ 9u (3.44)

sionless in an analogous way to the normal stress component, 7,* (see Equation
(3.40)). The dimensionless tangential velocity component, uz, is scaled using
T, and the dimensionless tangential coordinate, t*, is made dimensionless using
Ry.
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3.5 Creeping Jet Flows: Die-Swell

3.5.1 Die-Swell in the Absence of Gravity

A finite-difference technique was described by Horsfall in 1973 to predict the
shape of a die-swell of a Newtonian liquid emerging from a capillary at zero
Reynolds number [197]. The terms on the left-hand side of the Navier-Stokes
equations (3.7) and (3.8) are then equal to zero. Horsfall formulated the Navier-
Stokes equations and the boundary conditions in terms of the stream function,
and neglected the effect of surface tension on the flow. Parabolic flow was
assumed upstream of the capillary exit, a no-slip condition was applied at the
capillary wall, and a fully relaxed velocity profile formed the downstream boun-
dary condition. In Horsfall’s numerical procedure, an arbitrary boundary shape
was chosen and the stress tangential to the surface was made zero. The stress
distribution normal to the surface was calculated and the boundary shape was
adjusted so as to minimise the normal stress. Horsfall expressed doubts about
the accuracy of his finite-difference technique in representing the discontinuity
at the capillary exit, where the tangential stress is finite at the wall and zero at
the free surface. The die-swell of a Newtonian liquid at very low shear rates was
found experimentally to be 13.5% [169, 170]; Horsfall’s simulations predicted a
die-swell of only 6.3%.

Only one year later, Nickell et al. [198] carried out their own experiments and
concluded that for Ca™! « 1, the effect of surface tension on the expansion of
the jet was negligible, which was also shown by Middleman and Gavis [170, 171]
and Goren and Wronski [185]. The experiments of Nickell et al. have shown that
for very low Reynolds numbers, Re < 1, the viscous forces completely dominate
the flow problem, which is in agreement with Horsfall’s model. The finite-
element program AXFINR, a system of Fortran routines, was used to discretise
the governing set of equations. Normal stress, shear stress and normal velocity
were required to be zero simultaneously on the free surface. The die-swell of a
Newtonian liquid for the limiting case of zero Reynolds number was calculated to
be about 13%, which is in very good agreement with the experimentally found
value. The dominant feature in their calculations was the stress singularity
at the exit lip of the die. The shear stress along the tube wall changes from
its Poiseuille flow value to larger magnitudes as the tube exit is approached,
indicating that Poiseuille flow does not persist up to the nozzle exit at very low
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Reynolds numbers.

3.5.2 Die-Swell in the Presence of Gravity

Dutta and Ryan employed a finite-difference method to compute the die-swell of
Newtonian liquids [189]. Their numerical technique includes both surface ten-
sion and gravitational forces. The set of boundary conditions includes Poiseuille
flow a little upstream from the nozzle exit, uniform flow at the far downstream
position, and a no-slip condition at the nozzle wall. The tangential stress at the
free surface was set equal to zero and the normal stress component was balanced
by the tractions due to surface tension forces and the pressure exerted on the
surface by the surrounding medium. A kinematic condition related the surface
movement to the surface velocity components.

Neglecting gravity and surface tension and applying very small Reynolds
numbers led to a predicted die-swell of 12%, which is reasonably close to the
experimental value of 13.5%. As before in the work of Nickell et al., the results in
Dutta and Ryan’s work showed that the flow is not fully developed at the nozzle
exit, because of the absence of inertia forces due to the very small Reynolds
numbers, which allowed the vorticity generated at the nozzle tip to diffuse both
downstream and upstream from the exit plane.

The results show that Middleman’s [187] doubts regarding the assumption
of fully developed laminar flow at the nozzle exit are legitimate in the case of
creeping Newtonian flow (Re = 0) when inertia forces can be neglected. Fisher
et al. [188] observed the same phenomenon in their numerical predictions of low
Reynolds number jet flows. We have raised this issue in Section 2.3, where
we demonstrated, as a result of a boundary-layer treatment at high Reynolds
numbers, that the exchange of momentum between the boundary layer and the
core of the jet is negligible, and Poiseuille flow thus exists at the nozzle exit.
The authors mentioned above have shown that this simplification is not valid at
low Reynolds numbers.

Dutta and Ryan stated that gravitational forces dominate the viscous forces
at St > 0.5, leading to contraction of the jet and acceleration of the fluid. The
presence of surface tension had an inhibiting effect on the swelling behaviour of
the jet. If both surface tension and gravity are considered, the contribution of
gravity in reducing die-swell is significantly greater.

Trang and Yeow investigated the role of gravitational forces in extrudate
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swell experimentally and numerically for Re < 0.02 [199]. The jet swelled
immediately after leaving the nozzle. As the jet travelled vertically downwards
the ‘stretching’ effect of gravity reduced its diameter. The observed behaviour
depended on the magnitude of gravitational body force compared to viscous
force in the elongated jet (the Stokes number, St). The theoretical investigation
performed by Trang and Yeow can be described as a hybrid technique since both
a numerical as well as an analytical solution were obtained. The flow field was
divided into two parts to avoid difficulties in the free surface iteration scheme;
the extrudate swell region close to the nozzle and the fully developed flow region
further downstream of the nozzle exit. The flow in the first region was treated
as being fully two-dimensional and a finite-element method was applied using
the program AXFINR to solve the governing equations. In the second part the
axial velocity was assumed to be independent of the radial coordinate, and a
simple analytical solution was obtained. The two solutions were then matched.

3.6 High Reynolds number Liquid Jets in the

Absence and Presence of Gravity

In this section, we study the behaviour of jet flows of pure liquids (mostly water)
in the absence and presence of gravity. We introduce the convention that a
horizontal jet refers to a jet in the absence of gravity, while a vertical jet refers to
a jet in the presence of gravity. First, in the absence of gravity, we vary the values
for the mean nozzle exit velocity, %, and the nozzle radius, Rop, which results
in different combinations of Reynolds numbers, Re, and Capillary numbers, Ca
(see Table 3.2). We also wish to establish the flow conditions under which
Harmon’s results, Equations (2.6) and (2.7), are obtained. Next, we investigate
the effect of surface tension on the surface velocity and the jet contraction of a
horizontal jet, that is, we effectively compare a horizontal jet of water with a jet
of liquid that has a lower surface tension than that of water under the same flow
conditions.

Gravity is introduced in the following section, in which the hydrodynamics
of a horizontal and a vertical water jet are compared. Here, we compare the
numerical simulations with the theoretical equations that were derived from the
conservation of energy (Bernoulli equation) in Section 2.2. We also discuss
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Table 3.1: Physical properties of water at T' = 293 K used in the numerical
computations.

p/ kgm™ 1000
p/kgm™tst 0.001
c/103Nm™! 728

the modelling work of Brun and Lienhard [178], Duda and Vrentas [195], and
Georgiou et al. [202] on vertical liquid jets at mostly high Reynolds numbers.

In the following section, we study the fluid mechanics of a vertical jet when
the nozzle exit velocity profile is not that of Poiseuille flow, which is the case when
short nozzles are used. Then, we compare the CFD simulations to measurements
of the fluid mechanics of vertical water jets. Finally, we include wetting at the
nozzle exit in the CFD model, which causes a toroidal flow to occur near the
nozzle exit that leads to stagnating flow at the jet surface.

3.6.1 Effect of Mean Nozzle Exit Velocity and Nozzle Ra-
dius

The liquid jet reaches a final state if gravitational acceleration is not present
in the flow problem (see Section 2.1). Once the velocity profile within the jet
is fully relaxed and the jet has a uniform velocity throughout, the free-surface
position as well as the jet velocity remains constant. The Reynolds number, Re,
and the Capillary number, Ca, are the parameters of the horizontal jet. In this
section, using our CFD model, we wish to establish the flow conditions under
which Harmon’s [168] results for the horizontal water jet, Equations (2.6) and
(2.7), are valid. The properties of water at 7' = 293 K are given in Table 3.1
and are kept constant in all computations.

The Reynolds number and the Capillary number, which are defined in Equa-
tions (2.8) and (2.14), respectively, change through variations of the mean nozzle
exit velocity, g, and the nozzle radius, Ry. Table 3.2 shows the combinations
of Ty and R, that have been chosen to achieve the desired values of Re and Ca™".

For a low Reynolds number of Re = 500, Figures 3.5 and 3.6, the velocity
profile relaxes rapidly and a final state is reached well within the limits of the
computational flow domain, which extends to a downstream distance of z* = 200.
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In Figure 3.5, a constant surface velocity of about u} = 1.20 and a constant jet
contraction of RB* = 0.916 is reached at a jet length of approximately 2* = 80.0.
In Figure 3.6, where the surface tension parameter Ca™! has a lower value at the
same Reynolds number, the jet shows a higher degree of contraction. At about
the same downstream distance from the nozzle, a constant surface velocity of
about u} = 1.25 and a constant jet contraction of R* = 0.89 is calculated, which
is nearer to Harmon’s values.

At Re = 500, the CFD simulation predicts a lower jet contraction than
Harmon’s result. Consequently, due to continuity, the predicted value of the final
jet velocity is also lower. This discrepancy has its origin in the neglected effects
of surface tension and viscous dissipation on the shape of the jet in Harmon’s
work. Harmon assumed that the kinetic energy of the jet at the nozzle exit is
fully used to redistribute the velocity profile within the jet towards a uniform
jet velocity, and no energy loss due to dissipation occurs. Harmon’s result can
therefore be regarded as a theoretical maximum for the jet contraction ratio of
a horizontal liquid jet.

The velocity profile of the jet relaxes less rapidly if the Reynolds numiber is
increased. Figures 3.7 to 3.9 show the jet shape and the surface velocity for
Re = 1000 and Re = 2000, respectively. At Re = 1000, depending on the choice
of T and Ry, the surface tension parameter, Ca™!, takes on two different values.
Only one combination of uy and Ry is studied at Re = 2000.

For Re = 1000, a virtually uniform jet velocity is reached at the outflow of
the computational flow domain. Almost the same final values for v} and R* are
predicted in both Figures 3.7 and 3.8, which indicates that surface tension forces
become less important with increasing Reynolds number. The agreement with
Harmon’s values is better with an increase in Re.

Table 3.2: Flow parameters of the horizontal jet.

Figures Re Ca™" %y/ms! Ry/mm

3.5 500 291.2 0.25 1.0
3.6 500 72.8 1.0 0.25
3.7 1000 145.6 0.5 1.0
3.8 1000 72.8 1.0 0.5

3.9 and 3.10 2000 72.8 1.0 1.0
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Figure 3.5: Axial surface velocity, u* = u,/Up, and free-surface position, R* =
R/ Ry, as a function of the axial jet coordinate, z* = 2/ Ry, in a horizontal water
jet. Re = 500, Ca~! = 291.2, Gy = 0.25 m s™!, Ry = 1.0 mm. The plot
shows Harmon’s results for the final surface position (dashed line) and velocity
(semi-dashed line) in a horizontal jet, Equations (2.6) and (2.7), respectively.
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Figure 3.6: Axial surface velocity, u! = u,/Tp, and free-surface position, R =
R/ Ry, as a function of the axial jet coordinate, 2* = z /Ry, in a horizontal water
jet. Re = 500, Ca™! = 72.8, Gy = 1.0 m s}, Ry = 0.25 mm. The plot
shows Harmon’s results for the final surface position (dashed line) and velocity
(semi-dashed line) in a horizontal jet, Equations (2.6) and (2.7), respectively.
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Figure 3.7: Axial surface velocity, u* = us/Up, and free-surface position, R* =
R/Ry, as a function of the axial jet coordinate, z* = z/Ry, in a horizontal water
jet. Re = 1000, Ca™! = 145.6, Ty = 0.5 m s}, Ry = 1.0 mm. The plot
shows Harmon’s results for the final surface position (dashed line) and velocity
(semi-dashed line) in a horizontal jet, Equations (2.6) and (2.7), respectively.
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Figure 3.8: Axial surface velocity, u? = u,/Uo, and free-surface position, R* =
R/ Ry, as a function of the axial jet coordinate, z* = z /Ry, in a horizontal water
jet. Re = 1000, Ca™ = 728, Gy = 1.0 m s, Rp = 0.5 mm. The plot
shows Harmon’s results for the final surface position (dashed line) and velocity
(semi-dashed line) in a horizontal jet, Equations (2.6) and (2.7), respectively.
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The length of the jet model does not suffice to show fully relaxed velocity
profiles if Re is further increased to a value of 2000, as no uniform jet velocity is
predicted (see Figure 3.9). The inertia forces dominate both the viscous forces
and the surface tension forces in high Reynolds number jet flows. However, long
jet lengths are needed to achieve the theoretical values.

Axial jet velocity profiles at various jet lengths are given in Figure 3.10 to
illustrate the relatively slow velocity profile relaxation at the high Reynolds
number of Re = 2000. The graphs show clearly that Harmon’s theoretical
values are approached at very large distances from the nozzle.

The finite-element program AXFINR was used by Omodei to model axisym-
metric Newtonian jets of incompressible viscous fluid {200,201]. A range of
Reynolds numbers between 10~* and 1000 was covered and surface tension ef-
fects were considered as well. Zero pressure was applied in the invsicid fluid
surrounding the jet, a fully developed Poiseuille flow was assumed at a little
distance upstream of the nozzle exit and a uniform velocity profile was employed
at the downstream position. The normal stress on the jet surface was imposed
in the direction of the outward normal to that boundary and the shear stress
was set equal to zero.

The authors attributed any divergence tendency for the range of values of
Re and Ca™ to the free surface configuration rather than the non-linear inertia
terms, since rapid convergence was achieved whenever the free surface was kept
fixed. The iterative process soon became divergent as the ratio Ca™! increased.
The iteration scheme for the free surface was therefore modified to regain conver-
gence for a large range of Ca™", so that the change in the free surface position was
not too large. Two mesh configurations were used. For Re < 36 a mesh with
a length of 17 nozzle radii units was found to be sufficient. For 36 < Re < 1000
the length was increased up to 300 nozzle radii units to ensure that a uniform
velocity profile was attained.

As the surface tension parameter Ca™! became significantly larger than unity,
oscillations in the curvature of the free surface became an increasingly significant
feature of the surface profiles. These oscillations were regarded as a property
of the numerical solution and apparently caused severe problems in the limit-
ing range of conditions. Refining the mesh increased these spatial oscillations
in amplitude, which was supposed to be due to the surface tension boundary
conditions since they were derived from the curvature of the surface.
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Figure 3.9: Axial surface velocity, u} = u,/%p, and free-surface position, R* =
R/ Ry, as a function of the axial jet coordinate, z* = z/Ry, in a horizontal water
jet. Re = 2000, Ca™! = 72.8, 4y = 1.0 m s7!, Ry = 1.0 mm. The plot
shows Harmon’s results for the final surface position (dashed line) and velocity
(semi-dashed line) in a horizontal jet, Equations (2.6) and (2.7), respectively.
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Figure 3.10: Axial velocity profiles, u*(r*) = u(r)/To, in a horizontal water jet
at different downstream positions, z*. Re = 2000, Ca ! =728,%=1.0ms™,
Ro=10mm. z* =0 (a), z2* = 1.0 (b), 2* = 5.0 (c), 2* = 20.0 (d), z* = 50.0

(e), z* = 100.0 (f), and Harmon’s result, Equation (2.7), (g)-
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3.6.2 Effect of Surface Tension

The effect of surface tension on the fluid mechanics of a horizontal liquid jet
is shown in Figures 3.11 and 3.12 for a high and a low Reynolds number of
Re = 2000 and 500, respectively. The mean nozzle exit velocity is kept constant

at Up = 1.0 m s}

, and we achieve a reduction in Re through a change in the
nozzle radius from Ry = 1.0 mm to Ry = 0.25 mm. The desired variation of the
surface tension parameter, Ca™!, is thus solely based on a variation in surface
tension, . The free-surface position, R*(z*), and the axial surface velocity,
u*(2*), are calulated for Ca™! = 72.8 and Ca™! = 30 at each Reynolds number.

As can be seen from Figure 3.11, surface tension forces have only a minor
effect on the fluid mechanics of the liquid jet if the Reynolds number is high,
which emerged already in the previous section. The surface velocity curves
for Ca™! = 72.8 and Ca™! = 30.0 in Figure 3.11 fall together, and nearly no
alteration of the jet flow occurs. The effect of surface tension on the jet flow
is more significant if the Reynolds number is lower, as shown in Figure 3.12.
Lowering the value of the surface tension parameter causes the jet to contract
more, thereby increasing the surface velocity of the jet due to continuity of mass
flow.

In the presence of surfactant, the surface tension parameter is not uniform
along the jet length, but varies along the jet surface. The shear stress condition
(3.44), which is zero in the absence of surface-active material, becomes active.
We then have, in addition to the stress acting normally on the jet surface, a
second force acting tangentially on the jet surface. The computed and measured
data presented in Chapter 4 show how this tangential (Marangoni) shear stress
leads to alteration of the jet flow in the high Reynolds number flow regime.

3.6.3 Effect of Gravity

The effect of gravitational acceleration on the jet flow is discussed in this section.
Gravity acts in the positive axial direction and further accelerates the jet flow
(see Figure 3.2). A comparison between the jet flow with and without gravity
for Re = 2000 and Ca™' = 72.8 is given in Figures 3.13 and 3.14.

Jet contraction, R*(z*), and surface velocity, u%(z*), of the jet in the presence
and absence of gravity are given in Figure 3.13. The surface velocity of the jet
is significantly increased at the far downstream position due to the presence of
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Figure 3.11: Effect of surface tension on the axial surface velocity, u} = u, /4y,
and free-surface position, R* = R/Ry, in a horizontal jet as a function of the
axial jet coordinate, z*. Re = 2000, Ca™' = 72.8 (solid lines) and 30.0 (dashed
lines), Tp = 1.0 m s, Ry = 1.0 mm.
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Figure 3.12: Effect of surface tension on the axial surface velocity, u; = u, /Ty,
and free-surface position, R* = R/Ry, in a horizontal jet as a function of the
axial jet coordinate, z*. Re = 500, Ca™! = 72.8 (solid lines) and 30.0 (dashed
lines), Ty = 1.0 m s™!, Ry = 0.25 mm.
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gravity. The effect of gravity on the jet contraction is equally obvious. It is
clearly visible that no final values for the surface velocity and the free-surface
position are reached (which we discussed in Section 2.2). Near the point of
emergence of liquid from the nozzle, we see that the impact of gravity is less
strong. In this region of the jet, the relaxation of the velocity profile within the
hydrodynamic boundary layer is the dominating effect that causes the velocity
at the surface to increase rapidly, as demonstrated in Section 2.3.

The velocity profile rearrangement with and without gravity for the same
flow parameters as in Figure 3.13 is shown in Figure 3.14, where velocity pro-
files, u*(r*), are given at various downstream positions, z*. It is evident from
both graphs that non-uniform velocity profiles persist for significant jet lengths.
The presence of gravity not only leads to higher surface velocities but it also
accelerates the fluid particles in the core of the jet.

In the flow region close to the nozzle (2* < 5.0, curves (a) and (b) in Fi-
gure 3.14), gravitational forces hardly affect the jet flow. Within the hydrody-
namic boundary layer, the removal of the no-slip condition at the nozzle wall
causes the fluid particles in the surface to experience a rapid acceleration, which
is accompanied by a rearrangement of the velocity profile in the fluid layers ad-
jacent to the surface. This process of velocity profile rearrangement within the
boundary layer near the point of detachment is determined by viscous forces.
We note that the velocity profiles near the point of detachment from the noz-
zle in both graphs deviate from the Poiseuille profile only in the (small) region
of the hydrodynamic boundary layer. We made use of this behaviour in our
boundary-layer treatment in Section 2.3.

Reynolds number, Re = 2000, and Froude number, Fr = 51, are significantly
higher than unity, indicating that the inertia forces dominate both viscous forces
as well as gravitational forces in the core of the jet flow in the nozzle exit region.
The role of the surface tension forces can be estimated from the order of mag-
nitude of the Weber number, We, the product of Re and Ca, which is defined
in Equation (2.13). For our parameters, we obtain We = 25 > 1, which shows
that the inertia forces also dominate the surface tension forces in the flow region
close to the nozzle exit. We had already shown in the two previous sections
that at sufficiently high Reynolds numbers, the surface tension forces have only
a minor impact on the hydrodynamics of the jet. Gravitational forces eventually
dominate the jet flow at the far downstream position, where the velocity profiles
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Figure 3.13: Effect of gravity on the shape of the jet, R* = R/Ry, and the axial
surface velocity, u* = u, /7y, as a function of the axial jet coordinate, z* = z/Ry.
Re = 2000, Ca~! = 72.8, (2Fr)~! = 0 (a), (2Fr)~! = 0.00981 (b), T = 1.0 m
s7!, Ry = 1.0 mm.
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Figure 3.14: Effect of gravity on velocity profile relaxation in the jet, u* (r) =
u(r) [To, at different downstream positions, z* = z/Ro = 1 (a), 5 (b), 20 (c),
100 (d), and 180 (e). Re = 2000, Ca™* = 72.8, (2Fr)™' = 0 (left graph),
(2Fr)~! = 0.00981 (right graph), % = 1.0 m s}, Ry = 1.0 mm.
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Figure 3.15: Free-surface position, R* = R/Ry, of a water jet in the presence
of gravity as a function of the axial jet coordinate, 2* = 2/Ry. Re = 2000,
Ca™! = 72.8, (2Fr)~! = 0.00981, Ty = 1.0 m s™!, Ry = 1.0 mm. CFD model
(a), Equation (2.19) (b), Equation (2.24) (c), Equation (2.28) (open circles).

become increasingly relaxed.

Figure 3.15 shows a comparison of the jet contraction, R*(2*), from the CFD
calculation, curve (a), with some of the analytical expressions that we derived
using energy conservation of the jet flow in the presence of gravity in Section 2.2.
Curve (b) and (c) are calculated using Equations (2.19) and (2.24), respectively.
Equation (2.19) assumes that the velocity is uniform everywhere in the jet, and
Equation (2.24) accounts for the parabolic nozzle exit velocity profile. As men-
tioned earlier, the effects of viscosity (velocity profile rearrangement within the
jet) and surface tension (pressure varying with jet radius) are not considered in
both Equations (2.19) and (2.24), resulting in the deviation from the numerical
result near the nozzle exit. With increasingly relaxed velocity profiles, both
approximations approach the numerical solution. The jet then shows the be-
haviour of a freely falling body in the field of gravity. In Figure 3.15, we also
calculated some values for R*(z*) using Equation (2.28), which is an extension
of Equation (2.24) that accounts for the surface tension contribution within the
energy balance. The surface tension contribution is negligibly small at this high
Reynolds number, and Equation (2.28) does not lead to better agreement with
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the CFD computation.

In 1968, Brun and Lienhard [178] and Lienhard [193] developed an appro-
ximate method for solving the equations of motion, which they applied to free
exiting Poiseuille lows. The dimensionless variables

U v z 1 T
uw'=—,v"=—Re, 2" = —=——, "= =, p*=—€5

, 4
Ug Up Ro Re (345)
were introduced and the equations of motion could then be written as!41®

Jour  Ouwr  dpt 1 0 [ Ou Re
Y o T 8z*  dz* * * Or* (r 81"*) + Fr (3.46)
in the axial direction, and
ou* 1 o0 ,,,
pyriilierd e (r*v*) (3.47)

in the radial direction. The pressure gradient dp*/0r* is set to zero. The
equations of motion were simplified by eliminating the transverse component of
velocity, v*, using a linearised approximation for the inertia terms [194], that is,

ou* ou* ou* ou*
* * ~~ : A4
Vo +u o O(0) 5 +0(1) pyes (3.48)
The resulting momentum equation in the axial direction is then
ou* dp* 1 0 ou* Re
= — — * —. 4
o7~ dr ror (’" 37"*) "R (3.49)

This full approximation of the convective acceleration was used by Bohr [137]
to obtain a coarse estimate of the rate of velocity decay of exiting Poiseuille
flows. Combining Equations (3.49) and (3.47) provided an approximation for
the transverse velocity component,
ou* r* (dp* Re
*=— — -—=. 3.50
V=T T2 (dz* ﬁ) (3:50)
Equation (3.50) was used to simplify Equation (3.46), which led to a second-order
equation in the single dependent variable u*,

* *\ 2 * * * *
u*(?u _ [ Ou _____1_ 0 r*(?u _(dp _Re 1+C_0u . (3.51)
0z* or* r* Or* or* dzx Fr 2 Or*
14Note that Lienhard did not consider the viscous terms 9%u*/02z*? in the axial direction
and 0%v*/0z*? in the radial direction.

15 jenhard used the nozzle radius, Ry, instead of the nozzle diameter, 2Ry, to define the
Reynolds number, Re.
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Figure 3.16: Axial velocity profiles according to Lienhard’s [193] model in a
vertical jet at a downstream distance of 0.05 x Ro. Negative values for Re / Fr
correspond to upwards pointing jets.

The boundary conditions include symmetry conditions on the centre line of the
jet, a no-shear condition on the free surface of the jet,'® and a parabolic velocity
profile at the nozzle exit. The position of the free-surface boundary is determined
by requiring mass and momentum to be conserved across each cross-section.

The model is valid for 50 < Re < 1050 and for We > 100. In these regions
of the parameters Re and We, viscous and surface tension effects are negligibly
small.

Equation (3.51) was solved numerically. Brun and Lienhard obtained jet
velocity profiles at various jet lengths and for different combinations of Re, Fr,
and We numbers. Figure 3.16 shows the effect of gravity on the velocity profile
in the jet at 2* = 0.05 for various combinations of Re / Fr.

Only one year earlier, Duda and Vrentas published their model of a laminar

16Note that the curvature of the jet surface was not considered.
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Figure 3.17: Surface velocity, u,, which is normalised using %y, as a function of
the dimensionless jet length, ( = 2*/Re, according to Duda and Vrentas [195].
Re/Fr =0, We = oo (Case 1); Re /Fr =0, We = 5.0 (Case 2); Re / Fr = 128.6,
We = oo (Case 3); Re /Fr = 128.6, We = 5.4 (Case 4).

liquid jet [195]. They overcame the difficulties created by the free boundary by
the development of a coordinate system, symbolically referred to as the Protean
coordinate system, whose coordinate lines change shape in a manner determined
by the change of jet dimensions. Fundamental to the formation of this new
coordinate system was the use of the stream function as the independent variable.
Since fluid does not cross lines of constant stream function, the surface of the
jet was uniquely defined in the Protean coordinate system.

The complete equations and boundary conditions, which describe the flow
of an axi-symmetrical Newtonian jet in an inviscid medium that issues from a
long pipe, were formulated in the Protean coordinate system. These general
equations were simplified by a boundary-layer analysis for flow at high Reynolds
numbers [196, p. 200]. A finite-difference scheme was used to obtain numerical
solutions for several cases.

Solutions were given for four different sets of conditions. Case 1 represents
the flow of a horizontal jet, surface tension effects being excluded and case 2
represents a horizontal jet with a Weber number that is characteristic of water
jets. Cases 3 and 4 represent vertical jets under the influence of gravity, surface
tension effects not being considered in case 3. Case 4 is the same jet with surface
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forces typical of water jets. Figure 3.17 shows the calculated surface velocities
for all four cases. A comparison with the surface velocity curves in Figure 3.13,
which are obtained from the CFD model described in this thesis, confirms the
characteristic features of high Reynolds number jets. These features are that
(7) the surface liquid experiences rapid acceleration at small axial distances from
the nozzle exit, and the effect of gravity in this region of the jet flow is negligibly
small; (¢) in the absence of gravity, the jet reaches a final state at large axial
distances from the nozzle exit; (1) if gravity is present, no final state is reached,
and the jet assumes the behaviour of a freely-falling body in the field of gravity
for large axial distances from the nozzle exit.

Figure 3.18 shows the velocity profiles of case 1 (right graph) and case 4
(left graph). The jet must travel relatively long distances in both cases before
uniform jet velocities are approached. The presence of gravity leads to more
contraction of the jet and to higher jet velocities. The computation from the
CFD model, Figure 3.14, shows the same solution features.

The jet behaviour of flows at higher Reynolds numbers, 0 < Re < 2000, and
Capillary numbers ranging from 1075 < Ca < 10° was investigated by Georgiou
et al. [202]. A Newtonian iteration scheme was used, in which the free surface
profile was computed simultaneously with the velocities and pressures, and the
mesh was updated at each iteration step. The boundary conditions applied
were the same as in the works of Dutta and Ryan [189] and Omodei [201],
which matches those outlined in Section 3.4. In their results surface tension
had the already well-known effect of reducing either expansion or contraction.
Oscillations, as previously reported by Omodei [201], did not seem to occur at
the free surface when the value for the surface tension parameter was increased.
If the outflow plane was sufficiently far downstream, gravity could be included
without problems. However, these simulations were carried out at Reynolds
numbers below 2.

Georgiou et al. [202] chose the values of the length of the nozzle section and
the length of the free-surface section such that the solution was insensitive to
increments to these two lengths. The nozzle length was kept at 4 x Ro, which
was found to be adequate for all Re and St, whereas the length of the free-surface
section had to be increased as Re and St increased. For zero St, 25 X Ry was
sufficient for Re < 20, 100 x R, was adequate for Re < 200, and 500 X Rp
for Re < 2000. For non-zero St, the length of the free-surface section had to
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Figure 3.18: Axial velocity distributions, where u is normalised using o and
r is normalised using Rp, according to Duda and Vrentas [195] at different
downstream positions, ¢ = z*/Re. Re/Fr = 0, We = oo (right graph);
Re /Fr = 128.6, We = 5.4 (left graph).

be increased further. The number of elements in their mesh ranged from 150
to 222.

Two works have been reported in which not only the hydrodynamics of la-
minar liquid jets but also heat transfer were calculated by Chacha et al. [203],
and by Mitrovic and Ricoeur [204,205].

Chacha et al. focused on the study of the mechanical and thermal behavi-
our of a high-temperature gravity-driven Newtonian jet using a finite-difference
method based on the coordinate transformation and boundary layer approxi-
mations proposed by Duda and Vrentas [195]. Reynolds numbers of less than
1000 were considered. Surface velocity and temperature distribution on the jet
were not linked via a shear stress condition, although a considerable decrease in
surface temperature on moving away from the nozzle exit was observed, which
would have given rise to an increase in surface tension (Marangoni effect acting
in the downstream direction and hence accelerating the movement of the jet
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Figure 3.19: Free-surface profiles of horizontal water jets predicted by Georgiou
et al. [202] for various Reynolds and Capillary numbers.

FREE-SURFRCE PROFILE, h/R

115

AXISYMMETRIC JET

Re=2.045, Ca=15.95

Re=0.6, Ca=1.087
- o &

n
2 * _Re=13.6, Ca=11.26
Re=23,7, Ca=3.568
(=4
a R A .
Q v v -+
0.0 1.0 20 3.0
AXIAL DISTANCE, 2/R

4.0

h/R

FREE-SURFARCE PROFILE.

1.20

AXISYHMETRIC JET

0.80

0.40

0.00

Re=0.00725, Ca=100000, $1=0.02125

Re=0.03985, Co=0.4643, S1=7.7529

Re=1.990, Ca=0.4198, S1+6.2975

0.0

15.0
z/R

5.0 10.0
AXIAL DISTANCE,

20.0

Figure 3.20: Free-surface profiles of horizontal and vertical water jets predicted
by Georgiou et al. [202] for various Reynolds, Capillary and Stokes numbers.
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surface).

Condensation heating of capillary jets was studied by Mitrovic and Ricoeur.
The motivation for their investigation originated with vapour condensation on
horizontal tubes. The phenomenon of velocity profile relaxation in the case
studied occurs from the outer jet surface towards the centre of the jet, where
a no-slip condition at the tube wall prescribes the initial motion of the liquid.
An initial velocity maximum is found at the jet surface. The axial velocity in
the centre of the jet increases with vertical distance from the tube so that the
velocity profile becomes increasingly flat. Due to the complexity of the flow
problem a simplified physical model was proposed, in which a homogeneous
initial velocity as well as a constant temperature was assumed at the origin of a
circular jet. The liquid jet was surrounded by saturated vapour and saturation
temperature, which was higher than the initial jet temperature, was assumed at
the jet surface. Also, a shear stress acting at the interface between jet and the
moving vapour phase was considered. The equations of motion were simplified
using boundary layer theory and the set of governing equations was then solved
using a finite-difference scheme. The numerical results showed that the axial
velocity decreased towards the jet surface, which was due to the interfacial shear
stress, which increased with increasing jet length.

A model that simulates an optical fiber-forming process involving momentum,
heat and mass transfer was presented by Tsai and Lui {206]. The finite-element
method was used in their work. The nodes in the mesh were moved by means
of the spine method. A two-component system was modelled in which one
component diffused to the jet surface where it evaporated. The mathematical
model developed describes the fiber-forming process before polymerisation starts.
The effects of inertia forces, surface tension, viscous heating and friction on the
jet surface were not considered in the numerical calculations.

Very recently, Chauhan et al. have investigated the stability of low Reynolds
number!” vertical jets of FC40 fluorocarbon oil [207]. The pressure-driven jets
issued from thin needles (Ry = 0.275 mm), which were sufficiently long for

17Chauhan et al. defined the Reynolds number as

Re = 2Ropﬂo,
V3u

where 47/3 is the mean jet velocity at a downstream distance that corresponds to a ratio of
jet contraction of V3R /2.
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Poiseuille flow to exist at the needle exit. The authors report that at a Reynolds
number'® of Re = 70.3, the (undisturbed) jet contracts quickly, reaching a value
of 0.866 x Ry (Harmon’s result, Equation (2.6)) for the jet radius within only
two needle diameters’ distance from the needle exit (2* = 4). Figure 3.21 shows
some of the authors’ experimental data!® in comparison with computed values
from our CFD calculation at Re = 70.3, Ca™! = 10.47, and (2Fr)~! = 0.02919.
In the CFD calculation, R* reaches a contraction ratio of 0.866 at a downstream
distance of about z* = 10, which corresponds to five nozzle diameters.

The authors further claim that on reaching the downstream point at which
R* = 0.866, the exchange of momentum has effectively equalised the deficit in
velocity between the surface and the bulk of the jet, and further contraction
beyond this point is solely due to gravitational acceleration of the liquid. Fi-
gure 3.22 shows various velocity profiles, u*(r*), that are computed using the
CFD model. Evidently, a significant velocity deficit exists between the bulk and
the surface of the jet at z* = 4. At a downstream distance of 10 nozzle radii,
the velocity in the jet is nearly uniform throughout.

3.6.4 Effect of Nozzle Exit Velocity Profile

The velocity profile in the nozzle exit plane of a laminar liquid jet depends on
the Reynolds number, the nozzle diameter, and on the length of the nozzle [222].
If the nozzle length is around 100 times the nozzle diameter or longer, one can
assume a fully developed laminar flow profile in the nozzle exit plane for high
Reynolds numbers up to 2000. Such a velocity profile was applied in all the
simulations presented so far. If the nozzle is shorter, the nozzle exit velocity
profile may not be fully developed, that is, the velocity profile tends towards
that of a plug flow with a uniform velocity, the shorter the nozzle (for constant
Re and Ry).

For very small nozzle diameters (< 1.0 mm), a fully developed laminar flow
might not be achievable in a gravity-driven jet flow due to the high pressure loss
associated with the flow in thin and long capillaries. If such small nozzles are
to be used in a gravity-driven jet flow, shorter nozzles may have to be chosen
in order to remain in the high Reynolds number flow regime. It is of interest

18This value of Re is calculated using Equation (2.8), in which Re is based on the nozzle
diameter, 2Ry, and the mean nozzle exit velocity, up.
19The values were read off the original Figure 3 in the work of Chauhan et al.
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Figure 3.21: Free-surface position, R*(z*), in a vertical jet of FC40 fluorocarbon
oil at Re = 70.3, Ca™! = 10.47, and (2Fr)~! = 0.02919. Experimental data
of Chauhan et al. [207] (open circles) in comparison with the CFD calculation
(solid line).
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Figure 3.22: Velocity profiles, u*(r*), in a vertical jet of FC40 fluorocarbon oil
at z* = 1.0 (a), 4.0 (b), 6.0 (c), and 10.0 (d). Re = 70.3, Ca™" = 10.47, and
(2Fr)~1 = 0.02919.
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Figure 3.23: Effect of nozzle exit velocity profile on the jet radius, R* = R/ Ry,
and axial surface velocity, u* = u,/%p, at Re = 2000, Ca™" = 72.8, (2 Fr)y! =
0.00981, Wy = 1.0 m s~ !, Ry = 1.0 mm. Parabolic profile (a), 8th-order polyno-
mial (b), and Equation (2.19) (c).

to investigate the effect on the hydrodynamics of the free liquid jet if the flow
profile at the nozzle exit is not that of a fully developed laminar flow. This
effect is shown in Figure 3.23.
The boundary condition at the nozzle inlet, the parabolic velocity profile,
given in Equation (3.24), is substituted by an 8th-order polynomial,
u*(r*) = ul (1 - 'r*s) ,v* = 0. (3.52)

max

For the same dimensionless mean nozzle exit velocity as in the case of the pa-
rabolic flow profile, a lower maximum velocity of the flow profile, uy,. , was
calculated using

1
T =1.0=2u",, / (1 - 7“*8) rdrt =l = 1.25. (3.53)
0

For the parabolic flow profile, the maximum velocity is exactly twice the mean
nozzle exit velocity, and only found on the symmetry axis. Equation (3.52)
describes a velocity profile for which velocities close to the maximum velocity
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are found at some distance towards the free surface of the jet. We use Equa-
tion (3.52) to simulate a liquid jet that issues from a nozzle much shorter than
100 times the nozzle diameter. The flow parameters are again Re = 2000,
Ca™! = 72.8, and (2Fr)~! = 0.00981. Figure 3.23 shows the surface velocity,
u*(z*), and the jet contraction, R*(z*), for the parabolic nozzle exit velocity pro-
file, curves (a), and for the 8th-order polynomial, curves (b). Equation (2.19)
was used to produce the third set of curves (c).

Two extreme flow conditions at the nozzle exit can be encountered—a fully
developed laminar flow (parabolic velocity profile) and a plug flow (constant
velocity throughout the fluid). The 8th-order polynomial, Equation (3.52),
provides flow conditions at the nozzle exit, which approximate plug flow. In
the (theoretical) case of constant velocity throughout the jet at the nozzle exit
and in the presence of gravity, the jet would show the behaviour described by
Equation (2.19). Curves (b) in Figure 3.23 show the tendency towards this ideal
behaviour. These results confirm that the highest degree of jet contraction is
reached with a fully developed laminar flow profile.

Attempts have been made to realise jet flows that show nearly ideal behaviour
by means of appropriate nozzle design. The advantage is obvious, since it
simplifies the theoretical treatment of the fluid mechanics of the jet greatly. For
example, Cullen and Davidson investigated the absorption of carbon dioxide
into a jet of water issuing under gravity [159]. An apparatus was designed to
produce a jet that was meant to have a uniform velocity across every section of
the jet. Such velocity profiles were achieved by means of an orifice plate fixed
in a circular tube, which had a diameter that was six times that of the orifice.
Only one year later, Scriven and Pigford also investigated the absorption of COq
into freely-falling laminar water jets [160]. Very short nozzles were employed to
achieve a nearly plug flow at the nozzle exit.

3.6.5 Comparison of CFD Model with Experiments

Figures 3.24 to 3.33 show measured velocities of vertical water jets in comparison
with CFD calculations, which were carried out using the numerical model of the
jet flow outlined above. Table 3.3 summarises the flow parameters that were
employed in the experiments and CFD calculations.

Mean values of the nozzle exit velocity, ug, were calculated from measured
flow rates. The inner diameter of the nozzle used in the experiments was 2Ry =
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Figure 3.24: Axial surface velocity, u} = u, /4, and free-surface position, R* =
R/ Ry, in a vertical water jet as a function of the axial jet coordinate, 2* = z/Rj.
Comparison of experimental data with CFD calculations. Re = 640, Ca™! =
125.1, (2Fr)~! = 0.01590, %y = 0.58 m s}, Ry = 0.55 mm.

1.58 mm at Re = 1280, 1550, and 1950. At the lowest Reynolds number,
Re = 640, the nozzle diameter was 2Ry = 1.1 mm. Different nozzle exit velocities
were achieved through adjustment of the liquid head in the liquid reservoir to
which the long nozzle was attached. The experimental data were obtained by
means of laser Doppler velocimetry (LDV). An overview of the experimental
work is given in Chapter 7 and is published in [208]. Appendix C.1 contains a
FIDAP journal file of the jet flow in the presence of gravity at Re = 1550.

The experimental apparatus does not allow the measurement of the axial

Table 3.3: Flow parameters of the vertical water jets studied in the experimental
investigation.

Figure Re Ca' (2F)! 6/° U /ms! Ry/mm

3.24 and 3.25 640 125.1 0.01590 89.964 0.58 0.55
3.26 to 3.28 1280 90.0 0.01184 89.964 0.81 0.79
3.29to 3.31 1550 74.3 0.00807 89.965 0.98 0.79

3.32 and 3.33 1950 58.9 0.00507 89.968 1.24 0.79
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Figure 3.25: Axial velocity profiles, u*(r*) = u(r)/dy, in a vertical water jet at
different downstream positions z* = z/Ry = 1.8 (a, circles), 29.1 (b, triangles),
and 54.6 (c, squares). Comparison of experimental data (symbols) with CFD
calculations (solid lines). Re = 640, Ca™" = 125.1, (2Fr)™ = 0.01590, T = 0.58
m s~!, Rg = 0.55 mm.
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Figure 3.26: Axial surface velocity, u} = u,/p, and free-surface position R* =
R/ Ry, in a vertical water jet as a ftmctlon of the axial jet coordinate, z* = 2 / Ry.
Comparlson of experimental data with CFD calculations. Re = 1280, Ca~! =
90.0, (2Fr)~! = 0.01184, Gp = 0.81 m s, Ry = 0.79 mm.
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Figure 3.27: Axial velocity profiles, u*(r*) = u(r) /o, in a vertical water jet at
different downstream positions 2* = z/Ry = 1.3 (a, circles), 7.6 (b, triangles),
and 20.3 (c, squares). Comparison of experimental data (symbols) with CFD
calculations (solid lines). Re = 1280, Ca™ = 90.0, (2Fr)~! = 0.01184, u, = 0.81
m s, Ry = 0.79 mm.
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Figure 3.28: Axial velocity profiles, u*(r*) = u(r)/uy, in a vertical water jet at
different downstream positions z* = z/ Ry = 40.5 (d, circles), 69.6 (e, triangles),
and 102.5 (f, squares). Comparison of experimental data (symbols) with CFD
calculations (solid lines). Re = 1280, Ca™! = 90.0, (2Fr)~! = 0.01184, Gy = 0.81
m s, Ry = 0.79 mm.
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Figure 3.29: Axial surface velocity, u} = u,/%, and free-surface position R =
R/ Ry, in a vertical water jet as a functlon of the axial jet coordinate, 2* = 2 / Ry.
Comparlson of experimental data with CFD calculations. Re = 1330, Ca™!l =
74.3, (2Fr)~! = 0.00807, T = 0.98 m s, Ry = 0.79 mm.

jet velocity profile at the point of detachment (2 = 0), and these values are
therefore not available. However, velocity profiles as close as 1.0 mm to the
nozzle could be obtained in this set-up, and velocity profiles at this downstream
position are given at Re = 640, 1280, and 1550. The close agreement of the
measured velocity distributions and CFD simulation at this short downstream
distance from the nozzle suggests that the liquid flow is at least very nearly fully
developed on leaving the nozzle. Surface velocities could be measured as close
as 200 um to the point of detachment.

Velocity profiles were measured throughout the jet at Re = 640 (Figure 3.25)
and 1550 (Figures 3.30 and 3.31). There is excellent agreement between the
CFD simulation and the measured flow field for the half of the jet nearest to
the lasers (r* > 0). The agreement between experiment and modelling in the
part of the jet furthest from the point of entry of the laser beams (r* < 0)
is not quite as good as a result of distortions in the probe beams caused by
reflections in the cylindrical jet.2® Measured velocity profiles in the half of the
jet nearest to the lasers are also provided at Re = 1280 (Figures 3.27 and 3.28)

20 A correction is applied, to allow for this optical distortion, but inevitably the experimental
error is somewhat increased.
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Figure 3.30: Axial velocity profiles, u*(r*) = u(r)/4o, in a vertical water jet
at different downstream positions z* = z/Ry = 1.3 (a, circles), 6.3 (b, trian-
gles), 13.3 (c, squares), and 25.3 (d, diamonds). Comparison of experimental
data (symbols) with CFD calculations (solid lines). Re = 1550, Ca™ = 74.3,
(2Fr)~! = 0.00807, To = 0.98 m s~*, Rp = 0.79 mm.
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Figure 3.31: Axial velocity profiles, u*(r*) = u(r)/Tp, in a vertical water jet
at different downstream positions z* = z/Ry = 44.9 (e, circles), 64.6 (f, trian-
gles), 92.4 (g, squares), and 126.6 (h, diamonds). Comparison of experimental
data (symbols) with CFD calculations (solid lines). Re = 1550, Ca™! = 74.3,
(2Fr)~! = 0.00807, W = 0.98 m s™}, Rp = 0.79 mm.



3. Computational Fluid Dynamics Model of the Jet Flow 107

2.5 ; 1.0
20 - |

] - 0.9
1.5 1

ug® ] - 0.8 R’

1.0

: L 0.7
0.5 N -
0.0 T LA LENE LA L oren LB AALS LIN SR B A I 0-6

0.01 0.1 1 10 100 1000

Figure 3.32: Axial surface velocity, u} = us/%y, and free-surface position, R* =
R/ Ry, in a vertical water jet as a function of the axial jet coordinate, z* = z/Ry.
Comparison of experimental data with CFD calculations. Re = 1950, Ca™! =
58.9, (2Fr)~! = 0.00507, Ty = 1.24 m s}, Ry = 0.79 mm.

and at Re = 1950 (Figure 3.33), which exhibit very good agreement with the
CFD calculations. The good agreement between the experimentally obtained
and computed velocity profiles at large distances from the nozzle at all four
Reynolds numbers demonstrates further that the experimental set-up meets the
requirement of providing axially symmetric jet flows very well.

In the case of the lowest Reynolds number, Re = 640, the jet appears to be
fully relaxed at a downstream position of z* = 54.6 (2 = 30 mm), as demon-
strated by curve c in Figure 3.25. At higher Reynolds number, the liquid must
travel considerably longer distances to achieve full velocity profile relaxation. For
example, at Re = 1550 and at a comparable distance of 2* = 44.9 (z = 35 mm),
the velocity of the liquid in the surface of the jet is lower by about a factor 1.4
than the velocity in the centre of the jet (curve e in Figure 3.31). At this high
Reynolds number, full relaxation is only achieved at downstream distances of
100 X Ry and longer.
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Figure 3.33: Axial velocity profiles, u*(r*) = u(r)/4o, in a vertical water jet
at different downstream positions 2* = z/Rg = 7.6 (a, circles), 17.7 (b, trian-
gles), 35.4 (c, squares), and 60.8 (d, diamonds). Comparison of experimental
data (symbols) with CFD calculations (solid lines). Re = 1950, Ca™! = 58.9,
(2Fr)~! = 0.00507, Tp = 1.24 m s, Ry = 0.79 mm.

3.6.6 Effect of Wetting of the Nozzle Tip

In this section, we consider the effect of wetting of the nozzle tip on the hydrody-
namics of the jet at the point of emergence from the nozzle. Clean stainless steel
is hydrophilic and is therefore at least partially wetted by water (and also by
surfactant solution). In order to reduce wetting of the nozzle tip to a minimum,
we have tried coating the tip with gold and a monolayer of octadecanethiol to
render it hydrophobic and non-wetting. While this treatment works for a time,
the coatings are not robust—possibly due to the large shear forces acting at the
nozzle exit. We have therefore to consider the likelihood that the flat end of
the nozzle tip is wetted by liquid and that the point of detachment of the liquid
from the nozzle is at y in Figure 7.3, and not at z.

The dimensionless flow geometry of the axi-symmetric jet in the presence
of wetting at the nozzle tip is shown in the upper sketch in Figure 3.34. The
lower sketch shows the mesh configuration, in which the number codes indicate
the number of node intervals on the relevant edge and the grading along the the
edge (see also Figure 3.3). The flat end has a length that corresponds to about
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Figure 3.34: Flow geometry (upper drawing) and mesh configuration (lower
drawing) of the axi-symmetric model of a pure liquid jet in the presence of
wetting at the nozzle tip (not to scale).

9% of the nozzle radius and is assumed to be completely wetted by the liquid
issuing from the nozzle. At the wetted nozzle tip we have a no-slip boundary
condition, that is, u*,v* = 0. The surface node at z* = 0 is fixed in space as
before, and no contact angle is applied at that point. A section of the regular
mesh around the nozzle exit, which corresponds to the flow geometry and mesh
configuration displayed in Figure 3.34 is shown in Figure 3.35 (see Appendix
B.2).

Figure 3.36 shows velocity vector plots that are the result of CFD calculations
of water jets emerging from a nozzle in the presence of wetting. Case (a) in
Figure 3.36 is computed for Re = 1950, and case (b) shows the velocity vectors at
Re = 640. The flow is characterised in both cases by a circulating toroidal eddy
at very low z*, with negative surface velocities (upward flow) occurring. The
axial position of the resulting stagnation line moves downstream with increasing
Reynolds number; for Re = 640 (case (b) in Figure 3.36), the line is about
150 um downstream of the nozzle tip, and for Re = 1950 (case (a) in Figure 3.36),
the stagnation line is about 200 pm downstream of the nozzle tip. After this
stagnation zone, the jet surface is accelerated rapidly, and the flow pattern is
similar to that obtained in the case of no wetting at the nozzle tip.
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Figure 3.35: Regular mesh of the water jet in the nozzle exit region in the
presence of wetting at the nozzle tip. The inner nozzle radius is Ry = 0.79 mm,
and the wetted (outer) nozzle radius is Ry + b = 0.86 mm. The flow conditions
are Re = 1550, Ca™! = 74.3, and (2 Fr)~! = 0.00807.

In Figures 3.37 and 3.38, experimental velocity data of a vertical jet of water
at Re = 1550 are compared with a CFD calculation that accounts for a wetted
nozzle tip in its flow geometry. The consideration of wetting phenomena at the
nozzle tip leads to better agreement between the numerically and experimentally
obtained values for the surface position (curve (b) for R* and the closed circles
in Figure 3.37). The agreement between the computed and measured surface
velocities remains ambigious, and both numerical models (curves (a) and (b)
for u* in Figure 3.37) represent the experimental data equally well. Wetting
of the nozzle tip has only a minor effect on the core velocities of the jet, as
demonstrated in Figure 3.38. The effect is only visible in the layers adjacent to
the surface and only at low values of 2*. At a downstream distance of z* = 25.3,
the effect of wetting of the nozzle tip has nearly vanished.

At the stagnation line, the strain rate is large but not infinite. This can be
seen in Figure 3.37 from curve (b) for uZ, which has a lower slope at the point
where u* = 0 than curve (a) at z* = 0. Wetting of the nozzle can therefore give
rise to a situation where at low surfactant concentrations (and hence low mass
transfer rates), the surface approximates to that of pure water at the stagnation
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Figure 3.37: Surface velocity, u*(2*), and free-surface position, R*(2*), at Re =
1550, Ca™! = 74.3, and (2Fr)~! = 0.00807. Without wetting at the nozzle tip
(a) and with wetting at the nozzle tip (b).

25
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Figure 3.38: Velocity profiles, u*(r*), at z* = 1.3 (a, open triangles) and 25.3 (b,
open circles) without wetting at the nozzle tip (solid lines) and with wetting at
the nozzle tip (dashed lines) at Re = 1550, Ca™' = 74.3, and (2Fr)~! = 0.00807.
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line, while at high concentrations mass transfer to the surface is faster and the
surface concentration remains finite everywhere. In the current experimental

apparatus, the stagnation line would lie too close to the nozzle to be detected
readily.



Chapter 4

Surfactant Adsorption in the Jet:
Theoretical Analysis

4.1 Boundary-Layer Development at the Noz-

zle Exit in the Presence of Surfactant

When a surfactant is present, its non-uniform surface concentration will give
rise to a surface tension gradient—the Marangoni stress. The surface condition
of the jet is no longer one of full slip, and the Marangoni stress gives rise to
a velocity gradient in the layer adjacent to the surface, which is thus a region
of reduced rather than zero vorticity (solid line in Figure 2.6). If this applied
stress is 7, at a distance z from the nozzle exit, then

ou
_ ) 4.1
Ty = —U (ay)y=0’ ( )

where for this approximate theory we have taken the coordinate y to be effectively
perpendicular to the jet surface. If the velocity in the layer is again given
by Equation (2.36), then a is the surface velocity, us = u(y = 0,2), and b is
~7./ = (0u/0y),—o- The velocity profile in the core of the jet flow is not
changed and is given by Equation (2.35).

We set the condition that the velocity be continuous at the edge of the layer,
so that U(8) = u(6), which gives A8 + B6% = a + be. Substituting for A, B, a,
and b shows that the surface velocity is

) 52 T ,E
. _ o 42
Ue 4“"(30 233) T (42)
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and since § < Ry,
_Augd | T,e

Us = —— :

Ry H
The thickness of the layer, €, can be found by continuity. Applying Equa-
tion (2.39), we have A86%/2 + B§%/3 = ae + be?/2. Hence

(4.3)

QugRy [ 6 63 T,E
Us (R% 3R} 6( 2uus) ’ 44
and since § < Ry,
w. = 271,-052 T,E 45
s €R0 2,u ( | )

Combining Equations (4.3) and (4.5), we find the relation between § and e,

6% — 20 — —= 2 =), 46
44t/ Ry (4.6)
The negative solution of Equation (4.6) has no physical meaning, and the positive
solution is
—
d=(1+ 1+—_:3——)e=ae. 4.7
( \/ 44t/ Ry (4.7)

The surface-slip factor o is in the range 1 < a < 2, where the lower limit
represents a no-shp condition at the jet surface, and the upper limit represents
the stress-free surface analysed previously in Section 2.3. The term 4uty/ Ry is
the shear stress at the nozzle wall, which results from the parabolic flow profile.

The rate of gain of momentum by fluid in the layer is equal to the force acting,
which this time must include the surface tension. Again neglecting gravity, for
unit width, and assuming the depth of the layer is small compared with the jet
radius, the rate of momentum gain is

)
p [ {u(F+s-c)-vw}ay=u(G ) z+l-e0, @3

0

where oy is the surface tension at the nozzle exit, and o, is the surface tension at
the distance 2. In this balance we have discounted the fact that the jet surface
is not cylindrical, and therefore that the surface tensions do not quite act in the
z-direction, and that the tension o, acts over a slightly smaller perimeter than
0o does. In the high Reynolds number limit, this simplification is made at little
expense.
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Again neglecting terms in 6° and higher powers of §, we obtain Aad? /2 =
V(A + 2B6)z + (o, — 0¢)/p, so that

a—%( __5_)+R0Aa 4.9)
52 RO 2 pﬂO 52 ’ ( .
where Ao = o, — 0 is the change in surface tension over the distance z. Since
d < Ry, the surface velocity, us; = a, is given by

vz N RoAo
62 2pmps*

Us = (4.10)

We can use Equations (4.3) and (4.7) to eliminate é from Equation (4.10) and
find the surface velocity as

o 1/3 1/3 2/3
U, = <__32“°2”z ) (1 L Ba/z ) (1 T ) , (4.11)
Rg 4o/ Ry 4pio/ Ry
which can be rearranged to give
=2 1/3 1/3 1/3
Uy = (32'“’02”2) (1 + —A_‘-’Lz—> (1 + —_T-——) . (4.12)
R? Auty/ Ry 4o/ Ro

Both the mean Marangoni stress Ac/z and the local value at z, 7, = do/dz, will
in general be negative quantities, so that the result, as expected, is a reduction
in the surface velocity from what it would be in the absence of the surfactant.
Note that the maximum possible (negative) value of the Marangoni stress in the
jet is |do/dz| = 4pag/ Ry, which is equal to the stress value inside the nozzle.
We use this condition in the numerical computations to limit the Marangoni
stress at z = 0.
The corresponding values of § and ¢ are

Ryvz\ Y2 Ao/z )1/3( Ts )_1/6
_ a9z Ny T2 ) 4.13
d ( 2o ) (1 " Lo/ o " Lo/ Ro (4.13)

°
04

and

€ = (4.14)

)

where the surface-slip factor o is defined in Equation (4.7). The relative nar-
rowing of the jet due to acceleration of the surface layer is given by

R(z) Ry—(6—¢)
Ry Ry ’

(4.15)
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or

R(2) 1 ( vz )1/ ’ ( Ac/z \° AN
=] - — —_—t -z
Ro o \2rm,) U7 4@0/30) (1 + 4@0/30) - (416)

We can again derive dimensionless expressions, u} = u? (2*) and R* = R* (2*), for
the surface velocity and the radius of the jet, respectively. Using our definitions
for u? and z*, Equation (4.12) may be rewritten to give

642\ 1/ (6. — 00) 1/3 7.Ro\ /?
u, = 14 22—t 14+ -2 : :
=(%) (%) (52 417
Defining
Ma= | L — L | = lo==0d (4.18)
~|Ca Cag|  pup '

where Ma is the Marangoni number and Ca is the Capillary number, and intro-
ducing 7, = do/dz, we get

«\ 1/3 1/3 1/3
. z Ma 1d 1
’U,S =4 (Re) (1 - 4Z*> (1 + Zdz* (a&)) . (419)

Correspondingly, the dimensionless radius of the jet is

. 1 {2\ Ma) /3 1d (1))
R_l_a(.R_e) (1_E) (”zdz*('c—a)) @20

In our expression for the surface velocity, Equation (4.19), we included terms for

the Marangoni stress—the mean Marangoni stress Ma /2" and the local value
d/dz*(1/ Ca). This stress cannot be determined from the dynamics of the jet,
as it depends on the surface concentration, which in turn depends on the diffusion
of surfactant to the surface. In order to solve the jet dynamics fully therefore,
we must also solve the coupled mass-transfer problem.

4.2 Coupled Mass-Transfer Problem in the Ab-

sence of Micelles

Diffusion occurs when expansion of the surface, du}/dz* = f'(z*), reduces the
sub-surface concentration of surfactant, ws = w(y* = 0, z*), below its equilibrium
level. Note that in this section on modelling the mass transfer we take y* to be
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measured from the surface of the jet. The sub-surface concentration is given as

a mass fraction,
M

w, = 7cs, (4.21)
where M is the molecular weight of the surfactant species, p is the density of
water, and ¢, is the molar sub-surface concentration.

We note first that the thickness of the diffusion boundary layer will be small
compared with the thickness of the hydrodynamic boundary layer, so that diffu-
sion may be assumed to be taking place within a layer moving with the surface
velocity, u} = f(z*), throughout its depth. Within the diffusional boundary
layer there is a velocity v* perpendicular to the surface where by continuity
(neglecting curvature and contraction of the jet)

Ou; Ov* 1o OV
e + i 0& —f'(2") = o7 (4.22)

This relationship shows that the velocity gradient within the diffusion boundary
layer, Ov*/0y*, is determined by the variation in surface velocity, f’'(z*). We
can integrate Equation (4.22) to find

vt = -y f'(z%), (4.23)

since v* is zero at the surface (y* = 0), and the streamwise velocity can be taken
not to vary over the very thin boundary layer, at given 2*.
The convection-diffusion equation, in its dimensionless form, is
0w Re ow Re Ow
+—SC *x pl Z* - = _Scu*
ay*2 2 y f ( ) ay*
where axial diffusion has been neglected. This simplification is valid through-
out the fluid, except very close to the point of detachment, where the surface

concentration, and hence the sub-surface concentration, changes rapidly. In
Equation (4.24), the Schmidt number, Sc, is defined as

(4.24)

7

= — 4.25
where D is the coefficient of diffusivity of surfactant molecules in water. The
right hand side of Equation (4.24) is zero at the nozzle exit, where the no-slip
condition ensures that u’ is zero, and the requirement for a finite Marangoni
stress (see Equation (4.37) in Section 4.2.2) ensures that dw/dz" remains finite.
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The right hand side of Equation (4.24) may also be negligible further downstream
where the gradient Jw/0z* at the surface is low. We note further that the
streamwise concentration gradient in the bulk liquid is always zero. In this
simplified model, we therefore ignore the streamwise convective term (right hand
side of Equation (4.24)) throughout the boundary layer.

The general solution of Equation (4.24) is given in Appendix A. The boun-
dary conditions are that w = w, at y* =0, and w — w, as y* — oo, where w,
is the bulk concentration. With these boundary conditions we have

O erf {y—;\/Re Sc f’(z*)} : (4.26)

Wp — W

in which f'(2*) = du}/dz* is the rate of surface expansion.
The dimensionless diffusion mass flux to the surface, ¢}z = qaig Ro(pD) ™, is
given by
Re Sc du?
T dz*

dig = (57) = =il (a27)

Diffusion to the surface of the jet is balanced by convection in the surface, ¢, =
JeonvRo(pD) ™. Neglecting the (small) change in perimeter of the jet, we obtain
Muglse: [ d 2 4

_ **
{ wl") + Re Scs dz** } ’

*

qconv - pD

e (u} (4.28)

where the term 2 (Re Sc,) ™" d2T* /dz*? accounts for diffusion in the surface, which
accompanies the convection d/dz* (ut[*). Sc, is the Schmidt number in the
surface, which contains the diffusivity of monomers in the surface, D;.

If we assume that D; = D, u! is given by Equation (2.49), and I'* is given
by Equation (4.31), we find that the surface diffusion contribution is negligibly
small compared with the surface convection providing that 6 Re?/3 Sc, 2*4/3 > 1.
Thus for Re ~ O(10%) and Sc, ~ O(10%), we find that the surface diffusion
contribution is negligible for z* > 1074, However, if z* < 107, from Equa-
tion (4.40), we see that d?I'*/dz** = 0. Therefore, we do not consider the
surface diffusion contribution any further.

In Equation (4.28), T'* = I'/T,, is the dimensionless surface concentration or
surface coverage. We note that the saturation surface coverage, [sas, is greater
than the maximum surface coverage, which is reached at the critical micelle
concentration and is about 80% of the saturation value for C;TAB.

The set of equations which describes the coupled problem is too complex for
analytical solution, and must be tackled using CFD methods. However it is
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useful to derive some approximate results, so as to understand the shape of the
problem, and the features displayed by the computed solution. We tackle this
by dividing the jet flow into two zones—the downstream jet flow and the flow of
the jet near the nozzle, which we term the detachment region, the nozzle exit at
z* = 0 being the point of detachment.

4.2.1 Downstream Jet Flow

If the Marangoni stresses are small compared with the maximum value at the
nozzle exit, then we can assume that the surface velocity has the surfactant-free
value. This will be the case for dilute solutions, some way from the nozzle exit.
In this case, the surface velocity, u* = u?(z*), is given by Equation (2.49). Sub-
stituting for the surface expansion, du’/dz*, in Equation (4.27), and assuming
that the sub-surface concentration remains low compared to the concentration
in the bulk, w, — ws = wp, gives

, ReSc\ %/ 64 \'* -
Qiig = (T ) (27Re) wpz* . (4.29)

The surface concentration, I'™* = I'*(2*), can be found by balancing convection
and diffusion at the surface, Equations (4.28) and (4.29). We obtain

1/2 /6 T z
(R(:TSC> (2,76;1{63) wb/z*_l/sdz* = M—z;%a—t/d(u:F*), (4.30)
0 0
and with Equation (2.49) for u}, we find
I'* =0.244 (M%Df—) Re?/® Sct/2 w2’ (4.31)
01 sat

when the Marangoni stress is small.
For low concentrations, the variation in surface tension, d/dz*(1/ Ca), is ob-

tained from Henry’s law,

1 _ 1 NRTTwp. (4.32)
Ca Caw HUg

to give

(4.33)

d (1) NRITT,,, dT*

dz \Ca) Wiy dz*’
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and with dI'™*/dz* from Equation (4.31),

d 1 E pD 2/3 a1 -2/3
— | = - /2 x—2/
dz* (ca> 12.28 (MﬂoPsat> Re™Sc M wp2™ (4.34)
where R
NRIT,,
E= - (4.35)
Hug

is the Elasticity number. It is a measure of the importance of the surface
tension change caused by surfactant adsorption relative to the viscous force. In
Equation (4.35), N reflects the number of ions delivered to the surface by a
molecule of surfactant (]V = 1 for non-ionics, N = 2 for ionics with monovalent
ions, etc.), R is the universal gas constant, and 7' is the temperature.

Both the surface concentration and the surface tension will vary approxi-
mately with the one-third power of distance from the nozzle, that is, I'* ~ P
and Ca™! ~ 2*'*, respectively. This implies that dT*/dz* and d/dz* (1/ Ca)
scale as 2*~° so that dI™*/dz* — oo and d/dz* (1/ Ca) — oo as z* — 0. This
contravenes our assumption that the Marangoni stress is small, so that the cube-
root dependence of Equation (4.31) must break down as 2* — 0.

The derivations made in this section apply to the region of the jet flow,
where the Marangoni stress is small compared to the maximum shear stress at
the nozzle exit. That is, outside the region of detachment (see Section 4.2.2),
but still close enough to the nozzle exit for the assumptions of low concentration
(Henry’s law), and neglect of gravity and streamwise convection in the boundary
layer to be valid.

4.2.2 Flow Near the Nozzle: The Detachment Region

It is important for the description of the flow further down the jet to know how
the jet surface moves immediately after it detaches from the nozzle. In particular
we wish to establish the conditions under which the acceleration of liquid at the
point of detachment remains finite and what the surface concentration is near
to the nozzle.

The surface concentration gradient at the point of detachment, dI'™*/dz" at
z* = 0, must remain finite and sufficiently small that the maximum Marangoni
stress, 4uTy/ Ry, consistent with a boundary-layer treatment of the hydrody-
namics is not exceeded. Considering the fluxes from Equations (4.27) and
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(4.28), we see that if they are to match each other we must have (du?/dz*)}/2? ~
d(utl*)/dz*. If we suppose that u* varies as z*" (n > 0) to leading order, then

(1- 2
I'* must vary as 2* "

as z* — 0. Since I'* remains finite as z* — 0, n < 1.
However, near to the nozzle a value of n less than unity is precluded, as dI™*/dz*
must remain finite as z* — 0. Hence n = 1 and the leading order term in a
Taylor expansion for I'* about 2* = 0 is a constant value I'y = I'g/T'ss;. Near
the nozzle, the surface velocity increases linearly with distance and the surface
acceleration at z* = 0 is finite.

From Equation (4.19), near the nozzle,

«\ 1/3 1/3 1/3
z Ma, 1d 1
* == 4 - l —_— - —_— ~y *
s (Re) ( 4z*> (1 t i (Ca)) e (4:36)

where « is a constant that is to be determined. It emerges from Equation (4.36)
that as z* — 0, where we have — Ma (42*)™" = d/dz* (4Ca)™", if the surface
acceleration is to remain finite, we must have

() @)@ e

The local Marangoni stress must have its maximum (negative) value at that

point. We note that this result is independent of the concentration of surfactant.
We can integrate Equation (4.36) to obtain the dependence of the surface
tension parameter, Ca™!, on the axial distance, 2*, near the origin. We obtain
1 1 k%2\/Re 2

4

4
Ca Cag e

which is valid as 2* — 0. From Equation (4.38) we obtain for the Marangoni

(4.38)

stress in the detachment region,
3/2 R
iy (- L £
dz* \ Ca 2
We can now derive the expression for the dependence of the surface coverage,

™ on z* in the region of detachment using Henry’s law, Equation (4.33), and
Equation (4.39). We obtain through integration

K,3/ 2 vV Re 2
—_—Z .
4E

We have thus shown that there is a (short) detachment region in which the
surface velocity increases linearly from zero at z* = 0, and a region further from

(4.39)

4

=1 + —2F - 4.40
4+ 2 (440
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Figure 4.1: Definition of the length of the detachment region, \*, for Re = 1950
and ¢, = 0.9 mol m™3 C;¢TAB in water. Curve (a) is u} of the surfactant-free
jet, given by Equation (2.49). Curve (b) is u} in the region of detachment,
given by Equation (4.44). Curve (c) is u} of the jet in the presence of surfactant
outside the region of detachment, given by Equation (4.45).

the nozzle in which, according to Equation (2.49), the surface velocity varies
with the cube root of the distance, as the Marangoni stress becomes negligible.
We can estimate the length scale of the detachment region, \* = /Ry, which
is defined as the length at which the detachment region solution and the far-
field solution both exhibit the same surface velocity, u¥, and the same surface
expansion, du!/dz*, in the following way (see Figure 4.1).

The upward Marangoni stress near the nozzle acts so as to reduce the surface
velocity in the downstream region slightly. This velocity reduction may be
considered equivalent to a slight displacement of the nozzle exit, say A, in a
downward sense. Suppose that for large values of z*, from Equation (2.49),

. 1/3
ut =4 (Z A) , (4.41)

Re

which is valid for z* > A (curve (c) in Figure 4.1). In Equation (4.41), we
can approximate (z* — A)Y? ~ 2*° - (A/3) 2*"*% so that for 2* — 0o we see
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that (2* — A)l/ 5 2", The Marangoni stress thus vanishes as the jet travels
downstream and for z* — oo, Equation (4.41) becomes Equation (2.49), which
is given by curve (a) in Figure 4.1. For small 2*, we assume that u* shows linear
behaviour according to Equation (4.36), which is demonstrated by curve (b) in
Figure 4.1. We match both u; and du}/dz* at 2* = \*, from which we obtain

2
A= 5)\*, (4.42)
and U3
64 -
K = (—3 Re) N (4.43)
The velocity profiles are thus given by
ut = (3—Re> AT (4.44)

in the region of detachment, and

1/3 1/3
u; = (%) (z* - %/\*) (4.45)

in the downstream region.

The solutions for the surface concentration, I'*, in the downstream region
and in the region of detachment, Equations (4.31) and (4.40), respectively, are
matched using a similar procedure to that used for the matching of the surface
velocity. As before, we introduce an off-set value into the downstream solution
for I'*. This off-set value, say 5, is different to A.

Equation (4.31) then becomes

~\ 1/3
"= A (z* - A) , (4.46)
where
A =0244 (P2 R3S 2wy, (4.47)
MﬂOPsat

We then match the values I'* and the slopes dI'™* /dz* from Equations (4.46) and
(4.40) at z* = \*, which gives

) L\ 2 . A\
PO+(2—%) - _A(,\ —A) , (4.48)

and

? (/\* - E) R % (1 -~ i) , (4.49)
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respectively. From Equation (4.49), we find directly for the off-set value

A=)\ — {El-% (1 - \/ig) }_3/2. (4.50)

The matching of the two solutions for I'* at z* = A\* is shown graphically in
Figure 4.2. The downstream solution for I'* without the off-set value A, Equa-
tion (4.31), is given by curve (a), and curve (b) represents the solution for I'*
in the region of detachment, Equation (4.40). Curve (c) is the downstream
solution for I'*, which is shifted in the axial direction by the off-set value A,
Equation (4.46). We see from Figure 4.2 that the off-set value A is a negative
quantity. The reduced surface velocity decreases the convection in the surface.
For the convective surface flux, u:I™*, to balance diffusion of surfactant to the
surface, requires that I'* increases. Thus it appears that the source of the jet
has moved a distance A upstream. The matched solution for I'* consists of
curve (b) on the interval 0 < z* < A*, and curve (c) for 2* > A"

Using Equation (4.50) to replace A in Equation (4.48), we find a quadratic
equation that contains A\* and I'g, namely

2 ) e (o ) B R )

which has the solution
5.6906)\* EA3
e ) 4.52
Lo 2F + \ 5.0718 (4.52)

Only the positive solution in Equation (4.52) has a physical meaning.

We have thus found a relation between the length of the detachment region,
\*, and the surface concentration at the point of detachment, I's. Both A™ and T'g
are still unknown, and a second relation is needed to determine them. Intuitively,
it may seem that this second relation could be obtained from the matching
of the solutions for the surface tension parameter, Ca™', which are given by
Equations (4.32) and (4.31) in the downstream region, and by Equation (4.38)
in the region of detachment, in a way that is analogous to the matching of the
surface concentration, but that is in fact not the case. Indeed, if we carry out
this matching procedure, we find that the downstream solution for Ca™! is off set
by a value that equals exactly A, and the relation that follows for \* and Iy is
again Equation (4.52). It is, however, reassuring that the same results are found
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Figure 4.2: Matching of the solutions for I'* in the region of detachment (curve
(b), Equation (4.40)) and in the downstream region, where curve (a), given by
Equation (4.31), is the downstream solution for I'™* if the surface velocity of the
surfactant free jet is assumed, and curve (c), given by Equation (4.46), is the
downstream solution for I'* with the reduced surface velocity of the jet in the
presence of surfactant. The graphs are for Re = 1950 and ¢, = 0.9 mol m™3
Ci6TAB in water.

from the matching of I'™* and Ca™! since both are linked by the linear equation
of state. One therefore defines the other and the two matching procedures are
identical. Figure 4.3 shows the matching of the solutions for the surface tension
parameter, Ca™!, in the two flow regions graphically.

The second relation for \* and I is found from a mass balance around the
surface at the point of detachment. Balancing diffusion and convection at z* = 0,
Equations (4.27) and (4.28), where we assume that wp > ws,0 = Ws (z* =0), and
using the detachment region solution for u}, Equation (4.44), gives

0.3388 , ,1/3
= A——— )\ 4.53
Lo = A52a (4.53)
Setting Equations (4.52) and (4.53) equal gives an equation for \*,
. EA%)"?
A0'3388/\*1/3 N 2 8453/\,,= _ (EA°) (4.54)

0.244 E 2.2521 °
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Figure 4.3: Matching of the solutions for Ca™ in the region of detachment

(curve (b), Equation (4.38)) and in the downstream region, where curve (a),
given by Equations (4.32) and (4.31), is the downstream solution for Ca™" if the
surface velocity of the surfactant free jet is assumed, and curve (c), given by
Equations (4.32) and (4.46), gives the downstream solution for Ca™ with the
reduced surface velocity of the jet in the presence of surfactant. The graphs are
for Re = 1950 and ¢, = 0.9 mol m™3 C;,TAB in water.

Equation (4.54) is a reduced cubic equation, for which the solution can be found
by standard procedures [209, p. 131}, and is

A* = 0.0211 (EA)*2. (4.55)
Resubstituting for A gives
D \32 ,
A =2543 x 1078 (E -ML_;—F——) ReSc®/* w2, (4.56)
04 sat

At first sight it may seem surprising that the surface acceleration at the point
of detachment is fundamentally changed by the presence of surfactant, as this
might suggest that the no-surfactant case is not obtained by reducing the surfac-
tant concentration towards zero. In fact a steady reduction of surfactant con-
centration, wp, reduces the length of the detachment region, A*, and increases
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the surface acceleration at the point of detachment. Putting the value of \*
from Equation (4.56) into Equation (4.44) shows that du?/dz* ~ AT w; !,
which gives du}/dz* — oo as w, — 0, so that the limiting (pure water) case
emerges correctly. Another way of putting this argument is to let A* — 0 in
Equation (4.45), which gives the pure water expression for w}.

Replacing A* in Equation (4.53) with Equation (4.56), and resubstituting for
A, we find

1/2
D 3
T = 0.0462 {E ("Mgo_r—;) } ReSc4 w2, (4.57)

The surface concentration at the point of detachment and the length of the
detachment region thus show the same dependence on the bulk concentration.

The results for \* and I'§, Equations (4.56) and (4.57), respectively, are
shown graphically in Figure 4.4 for the surfactant C,¢TAB and a Reynolds num-
ber of Re = 1950. Figure 4.4 shows that the values for I'j; are indeed very
small, reaching a value of I'j = 0.13 at a relativly high bulk concentration of
¢y = 0.9 mol m™3 (w, = 328.05 x 10~°), which nearly equals the critical micelle
concentration for C;6TAB (ceme = 0.92 mol m~3). This value for T is still well
below the equilibrium value for this particular surfactant at this value for the
bulk concentration (I';, ~ 0.8). Using Langmuir’s isotherm, Equation (4.85),
we can calculate the corresponding value for the sub-surface concentration, w;,
at ¢, = 0.9 mol m~3, which is ws o = 12.23 x 107%. Clearly, w, o < ws.

The simplified theory shows that (du?/dz*),._, is finite when surfactant is
present. This is an important result, which may be contrasted with the no-
surfactant case in which (du?/dz*),._, is infinite. In a linked result, the simpli-
fied theory also shows that when surfactant is present, there is a finite amount,
T3, which is small, adsorbed at the surface of the jet at the point of detachment.

4.2.3 Region of Validity

The results for A* and T}, that were derived in the previous section, were obtained
under the presumption that (i) the sub-surface concentration is much smaller
than the bulk value, so that w, — w,(2*) =~ ws, and that (i) Henry’s law accu-
rately describes the dependence of surface tension on the surface concentration.
These assumptions must hold within the region of detachment.
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Figure 4.4: Length of the detachment region, \* (Equation (4.56), open circles),
and surface concentration at the point of detachment, I'y (Equation (4.57), closed
triangles), for varying bulk concentrations, c, of C16TAB at Re = 1950.

Sub-Surface Concentration

If the sub-surface concentration, w,(z*), in the mass balance at the surface that
gave Equation (4.31) had not been omitted, but assumed to be given by a power

law of the form
ws = C2*", (4.58)

where m > 0, then the result for I'*(z*) would have been

I* = 0.244 (-i'L) Re?3Sc!/2 w, {1 _2 Ca } 2 (459)

M'C_L-()Psa,t 3'LUb (m + %)

Comparison of Equation (4.59) with Equation (4.31) shows that the considera-
tion of w,(2*) leads to lower values for I'*, which is due to the reduced driving
concentration difference for the diffusive mass flux of surfactant between the bulk
and the surface. Typical orders of magnitude of the parameters in the additional
term in Equation (4.59) for the surfactant C16TAB at a high Reynolds number
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and a relatively high bulk concentration are

w, ~ O(10™%)
2~ N~ 0107
C ~ O(107%)
m ~ O(10™)

We can estimate the order of magnitude of the additional term in Equation (4.59)
to give
2 CX”
3wy (m + %)
within the region of detachment. The additional term is thus negligibly small,
and we do not have to consider w;(z*) to calculate A* and I'j,.

~0(107) « 1 (4.60)

Surface Equation of State

Henry’s law, given by Equation (4.32), provides a linear relation between the
surface tension parameter, Ca™!, and the surface concentration, I'**. This linear
relation only holds at low concentrations. As the concentration along the surface
increases, with increasing distance from the nozzle, the relation between Ca™

and I'* is more accurately represented by the non-linear Frumkin equation, given
by

1 1
—_—= In(1-TI" 4.61
& =g +Em(-T, (4.61)
from which we find for the Marangoni stress
d 1 E dI
) = - _ 4.62
dz* (Ca) (1-T1%)dz* (462)

Comparison of Equation (4.62) and (4.33) shows that the local value of the
Marangoni stress that arises from the Frumkin equation is larger by a factor
(1- I‘*)_1 > 1 than the local value obtained from Henry’s law. The larger
Marangoni stress results in lower surface velocities, u;, which in turn diminishes
the axial convection in the surface, given by the product of v} and I'*. In order
to balance the diffusion of surfactant to the surface, the surface concentration

must thus increase.
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Figure 4.5: Surface tension parameter, Ca™!, according to Henry’s law (Equa-

tion (4.32), open triangles) and Frumkin equation (Equation (4.61), closed
circles) as a function of the surface concentration, I'. The graphs are
for Ca;' = 58.9, Re = 1950, and E = 15.35.

Figure 4.5 shows a graphical comparison of Henry’s law, Equation (4.32),
and the Frumkin equation (4.61). We define a relative error according to

€ — [ (Ca—l)Henry

(Ca™)

- 1} x 100%, (4.63)

Frumkin
which exceeds a value of about 1% for I'* > 0.25. Within the region of detach-
ment, from Figure 4.2, we find that at ¢, = 0.9 mol m™ C;,TAB and Re = 1950,
I'* < 0.15, which corresponds to a maximum error € =~ 0.35%. Henry’s law thus

1 on the surface

describes the dependence of the surface tension parameter, Ca™
concentration, I'™*, with sufficient accuracy in the region of detachment and for

some distance outside this region.
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4.3 Coupled Mass-Transfer Problem in the Pre-

sence of Micelles

If we add surfactant to the solvent to give a concentration above some criti-
cal value, the excess can form a second dissolved species—micelles, which are
aggregates containing many surfactant monomers. These aggregates can have
a variety of shapes, including spheres and rods. The bulk concentration at
which micelles are formed is the critical micellar concentration (cmc). Micelles
formed in an aqueous solvent are composed of monomers oriented so that their
hydrophobic parts are on the inside, with their hydrophilic groups on the out-
side and in contact with the water phase. Because the surface of the micelle
is uniformly hydrophilic in character, micelles have no tendency to accumulate
at the vapour/liquid interface. However, if the interface is swept by a fluid
motion, which reduces the concentration of adsorbed monomer in the diffusion
boundary layer adjacent to the surface, the equilibrium between monomer and
micelle concentration is also disturbed. Both micelles and monomers will diftuse
towards the surface, and the micelles will break down to supply monomer.

Above the cmc, we can therefore expect that the dynamic surface tension will
depend on both the rate of diffusion of monomers and micelles to the surface,
and the rate at which micelles break down, as well as on the rate of surface
refreshment.

In what follows, we have adapted a theory of infinitely fast micellar break-
down that was originally developed to describe the adsorption of surfactant from
micellar solutions in the centre of an overflowing cylinder [210].

4.3.1 Infinitely Fast Micellar Break-Down

We assume that all the surfactant present in excess of the cmc is in the form
of micelles, and we further assume that only one micellar species is present
that has the mean aggregation number N. The concentration of monomers
in the bulk is taken to be that at the cmc. Additionally, we assume that
the equilibrium between monomers and micelles is instantaneous, so that the
monomer concentration can only fall below the value at the cmc when there are
no micelles present. There is thus a layer, of dimensionless thickness h* = h / Ro,
in which monomers diffusing to the surface are found, but no micelles. The
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Figure 4.6: Concentration profiles of micelles and monomers adjacent to the
surface for the case of infinitely fast micellar break down.

concentration profiles in the diffusion boundary layer adjacent to the surface are
shown in Figure 4.6.

Both the monomer and micelle profiles have a finite slope at the edge of
the monomer boundary layer, y* = h*, since at this plane, the micelles are
converted into monomers. The dimensionless diffusion mass fluxes of monomers
and micelles, g}z and qp, 44, respectively, at y* = h*, are related by

* D *
A, diff y*=h* = En: q4iff y*=h*"’ (464)
in which
) 2 = (2 (4.65)
qdiﬁ y~=h* - ay* y.zh*, .
and
. Oow,,
U, diff |ynhe — ( o )y*=h* : (4.66)

Since D/D,, > 1, we have that (Qwm/0y*) »_p- > (Ow/ 0y*),»—p»» Which is indi-
cated in Figure 4.6. Expressions for the concentration gradients (Ow/0Y*) yo—pe
and (Owpm/0Y*),._)- are obtained from the solution of the respective convection-

diffusion equation.
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The diffusion boundary layers are much thinner than the hydrodynamic boun-
dary layer, so that we can assume that the velocity parallel to the surface 1s
constant throughout the region in which micelle and monomer concentration are
changing and is given by y*f'(z*), where f'(z*) = du}/dz* is the rate of sur-
face expansion. The convection-diffusion equation for the monomers, neglecting
axial convection and diffusion, is given by

9w Re ow
ay*2 + SC'y f( ay*

and is identical with Equation (4.24). The general solution is derived in Appen-
dix A. The boundary conditions in the presence of micelles are that w = we(2*)
at y* = 0, and W = Weme at y* = h* (see Figure 4.6). With these boundary
conditions, we obtain the solution

w — we(2*) erf{ \/ Sef” z*} (4.68)
wane = 0(7)  erf {he\ [RSe 1 ()}

=0 (4.67)

Using Equation (4.68), we can calculate the mass flux of monomers to the surface

(_—)
6y y*_h*

exp { —h**Be Sc f/ (2*
= (wcmc—ws)\/%e_SCf'(Z*) p{ kel )}-(4-69)

erf {h* \/%9 Sc f’ (z*)}

Similarly, we obtain for the mass flux of monomers at the surface (y* = 0)

ow NETIIS
= (—8?) *= = (teme = ) erf {h* Re Sc 7 (Z*)}. 0
4 .

The error function in Equation (4.70) takes on values between 1 and 0, and a
comparison of Equation (4.70) with Equation (4.27) shows that the presence of
micelles enhances the flux of monomers to the surface.

The convection-diffusion equation for the micelles, again neglecting axial con-

quﬁr y

vection and diffusion, reads

+—=Semy f'(z) 5~ =0, (4.71)
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where the subscript m denotes the micellar species. The general solution of this
equation is identical with that for the monomer equation and is given in Appen-
dix A. Assuming infinitely fast micellar break-down, the boundary conditions
are that w, = 0 at y* = h*, and w,, = Wyp as y* — oo (see Figure 4.6), and we
obtain the solution

W, erfc {y* Be Scn f (z*)}
—=1- : (4.72)
Wmb erfc {h* Be Sem f (z*)}
The mass flux of micelles to the surface at y* = h* is given by
. _ <8wm)
™A ly=he ay* y*=h*
exp 4 —h**BeSc,,, f (2*)
= wm,b\/¥ Scm f! (2*) { . } (4.73)

erfc {h* Be Sem f (z*)}

The concentration of micelles in the bulk, w,, s, can be found from a mass balance
of the whole surfactant inventory. In molar concentrations, we have

Cr = Ceme + Ncm,b; (474)

where cr is the total concentration of surfactant molecules, and N is the mean
aggregation number of the micellar species. The molar concentration of micelles
in the bulk, ¢, is given as

P
= 7 - 4.75
Cm,b N M’wm,b ( )
Combining Equations (4.74) and (4.75) gives
M
Wmp = ? (CT - Ccmc) = Wr — Weme (476)

for the mass fraction of micelles in the bulk solution.

At the dividing plane y* = h*, the mass fluxes of monomers and micelles, ¢3¢
and g}, 5.+, are related by Equation (4.64). With Equations (4.69) and (4.73)
for the mass fluxes of monomers and micelles, respectively, we obtain

Sc,., exp {_\1,2} erfc {\Il %?}
Sc erf {¥} exp {_q,z%?}’

W = (4.77)
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where
WT — Weme
W =
Weme — Ws (Z*) , (478)
and
U= h*\/ —=Sc f' (2%). (4.79)

We have thus found a relationship that describes the dependence of the monomer
concentration at the surface, in the form of a normalised concentration W, on
the ratio of the diffusivities of micelles and monomers, Sc,, / Sc, and a parameter
VU that contains the position of the dividing plane h* and the surface expansion
rate f'(2*). We use Equation (4.77) in Section 4.3.3 to find an estimate for [}
in the presence of micelles.

4.3.2 Effective Diffusivity and Pseudo-Diffusivity

The enhancing effect of the presence of micelles on the diffusion flux of monomers
to the surface, as shown in Equation (4.70), can be regarded in one of two ways—
through an effective diffusivity or through a pseudo-diffusivity.

Effective Diffusivity

If we assume that the driving force for the diffusion of monomers to the surface
iS Weme — Ws, We can express the diffusion flux of monomers through a Schmidt

number based on an effective diffusivity, Sc.g,

-0 (wcmc - ws) ? Sceﬁ‘ f’ (Z*)- (480)

Comparison of Equation (4.80) with (4.70) gives

Dey
”Sceﬁ \/ = erf {¥}. (4.81)

The error function dictates that Sc /Sc.s < 1, so that the value of the effective
diffusivity is greater than the value of the monomer diffusivity.

Pseudo-Diffusivity

We now compare the flux of monomers to the surface, Equation (4.70), with a
pseudo-flux under the presumption that all surfactant were present as monomers.
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Figure 4.7: Schmidt number based on a pseudo-diffusivity, Scpseudo, as a function
of the normalised concentration, W, according to Equation (4.83) for a total
concentration of ¢y = 1.25 mol m™ C;6TAB and varying ratios of Sc,, /Sc=1.0

(a), 2.0 (b), 3.0 (c), 5.0 (d), and 7.5 (e).

The monomers would then diffuse to the surface with a pseudo-diffusivity, defined
by Scpseudo, and the concentration difference that drives the mass transfer would
be wy — w;. We then have the flux

Re
qz'iﬁly~=0 = (wT - ws) \/’? Scpseudo f, (Z*)- (482)
We compare the flux given by Equation (4.82) with the flux given by Equa-
tion (4.70) and obtain

Jo28 — [Poede _ (1 4 ) erf (w0} (4.83)
Scpseudo D

The ratio Scpseua, / Sc is plotted in Figure 4.7 for a total concentration of cr =
1.25 mol m™® (wr = 455.625 x 107%) C,;sTAB, which has a critical micellar
concentration of ceme = 0.92 mol m™3 (weme = 335.34 x 107%), and varying
diffusivity ratios Sc,, / Sc. We see from Figure 4.7 that Sc,seuq, / Sc < 1, so that
the value of the pseudo-diffusivity is smaller than the monomer diffusivity.
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4.3.3 Estimation of ['j in the Presence of Micelles

As before in the absence of micelles, we determine I'}j from the matching of the
solutions for I'* in the downstream region and in the region of detachment, and
from a mass balance around the surface at the point of detachment. To a first
approximation, we assume that Henry’s law suffices to describe the link between
surface tension and surface concentration, and we neglect the sub-surface con-
centration in the downstream solution for I'*. Although this assumption is likely
to be invalid at a monomer bulk concentration that equals the cmc, it enables
us to obtain an estimate for I['jj in the presence of micelles. In the mass balance
around the surface at the point of detachment, however, we account for the sub-
surface concentration at that point, given as w;¢. Furthermore, we assume that
the surfactant in the bulk liquid consists entirely of surfactant monomers, and
we thus balance the flux given by Equation (4.82). The result of this procedure
is

3y 1/2
. pD 3/4 3/2
FO = 0.0462 {E (m) } Re Scpseudo (’LUT — ’ws,o) , (484)

where Scpseudo 1S defined in Equation (4.83), and wp — w;sp is the driving con-
centration force of the diffusion of surfactant to the surface at 2* = 0, wr being
the total concentration, as defined in Equation (4.76).

Using Langmuir’s equilibrium isotherm, we can replace w, o with

kT

= . 4.85
V0= TTy) (489
At the point of detachment, from Equation (4.83), Scpseudo 1S given as
Sc
SCpseudo = : (4.86)
poevde ™ (1 + Wo) exf {To}]?
where
Wy = L~ Wome (4.87)
Weme — Ws)0
and
Uy = hh[% Sc f' (z* = 0). (4.88)

Equation (4.84) becomes implicit in I'j if we substitute for ws 9, Wo, and Scpseudo
and must be solved iteratively. It is plotted in Figure 4.8 for different total
molar concentrations, cr, of C1¢TAB at a Reynolds number of Re = 1950, given
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Figure 4.8: Dimensionless parameter ¥y as a function of the normalised con-
centration Wy at Re = 1950 according to Equation (4.84). The graphs are for
er = 1.25 mol m=2 (b), 1.5 mol m~3 (c), 2.5 mol m~® (d), and 4.0 mol m~ (e)
Ci1sTAB. Curve (a) is given by Equation (4.77) for Sc,, / Sc = 7.5.

by curves (b) to (e). Equation (4.77) is also plotted in Figure 4.8, given by
curve (a). The intersection of the graphs from Equation (4.84) with the graph
from Equation (4.77) provides us with the value pairs for I'g (through W) and
¥, at the various total concentrations wr. The values for I'§ are used in the
hybrid CFD model when micelles are present (see Section 6.3).



Chapter 5

Surfactant Adsorption in the Jet:
CFD Model

5.1 General Outline of the Model

The governing field equations for the fluid mechanics (conservation of momentum
and continuity) and the mass transfer (conservation of mass for each species) lie
at the heart of the CFD model (see diagram in Figure 5.1). The fluid mechanics
are computed as outlined in Chapter 3, with the exception that the tangential
shear stress boundary condition on the surface will now become active due to
variations in surface tension caused by the adsorption of surfactant. Up to two
surfactant species (surface-active monomers and surface-inactive micelles) will
be considered, each of which must be taken care of by separate conservation

equations.

5.1.1 Monomer Branch

Surfactant monomers are transported to the surface of the jet through diffusion
and convection from the bulk. In the liquid jet, diffusion is the main mechanism
that is responsible for the delivery of surfactant molecules to the surface. This
diffusive flux towards the jet surface is balanced by convection within the sur-
face, which is determined by the rate of surface expansion. On the assumption
of local equilibrium at the surface, the sub-surface concentration and surface
concentration may be related by an appropriate adsorption isotherm. Surface
concentration and surface tension are linked by a thermodynamical equilibrium

140
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Figure 5.1: General outline of the CFD model of diffusion-controlled surfactant
adsorption in the jet.
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expression, where the small contribution of the diffusion layer to the dynamic
surface tension has been neglected. Finally, the tangential surface shear stress
(Marangoni stress), which results from local variations in surface tension, bal-
ances viscous traction underneath the surface, and couples mass transfer and
fluid mechanics.

5.1.2 Micelle Branch

Micelles, which are considered surface-inactive, do not adsorb at the surface.
In the bulk, micelles and monomers are in equilibrium. This equilibrium is
disturbed near the surface, where monomers adsorb as a consequence of the
surface expansion. Micelles then disintegrate to supply monomers. The process
of micelle disintegration is described using kinetic relations.

5.2 Bulk Diffusion and Convection of Mono-

mers and Micelles

The convection-diffusion equation describes the transport of surfactant species
from the core of the jet towards the free surface. In cylindrical coordinates
(r, z), this conservation equation for a surfactant species that is transported in
the fluid under steady-state flow conditions is given in FIDAP as

ow  Ow 10 [ ow 0w
p (vé; + ua) = pD (_1:_8—7: (rb—;) + W) + s, (5.1)

where p is the density of the jet fluid, D is the coefficient of diffusivity of the
surfactant species in water, and s is a general source/sink term, which has the
units [kg/(m® s)]. The axial velocity component of the jet flow is denoted
by u, and v represents the radial velocity component. We also note that the
convection-diffusion equation in FIDAP is given in terms of the mass fraction of

the surfactant species, w, which is defined as

M
w = —¢C, 5.2
. (5.2)

where c is the molar concentration and M is the molecular weight of the surfac-

tant species.
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Introducing the dimensionless variables defined in Equation (3.6) into Equa-
tion (5.1) results in

Pho (,Ow Ow\ pD (1 0 (  Ow 0*w
Ry (v or* tu Bz*) N R2 (r* or* (r 87"*) + 8z*2> + s (5.3)

where g is the mean nozzle exit velocity, and Ry is the nozzle radius as before.?

We non-dimensionalise the source term using

_PD.,

S =—7=S
R2 )
0

(5.4)
which leads to

puy (0w 0w\ pD (1 8 [  Ow Ow; pD

Ro (v o Y 8z*) ~ R? (r* or* (r Br*) + 8z*2> + R%s - (59)

Multiplication with R2/(pD) gives
RO—’IIO N ow * ow . 1 0 * ow B2w *
D (v o Y 6z*) B (F or* (r 87"*) + 8z*2) TS (5.6)

Ro’l_.l:o . Roﬂop Ho Re
D w pD 2
The convection-diffusion equation for surfactant monomers may then be written

where

Sc. (5.7)

in its final dimensionless form, namely

E(_es *3w+ LJow (10 T*(?w +82w s (5.8)
2 “\ or* v Oz ] \r*Oor or* O0z*2 5 '

The corresponding governing field equation for the micelles, which are denoted

by the subscript m, reads

Re ,Oow, Own, D, (1 0 ([ ,0wn 0wy, .
—Z_SC (v or* U ) - D (7_":87"* (r or* ) T o ) + 5 (59)

where

Wy, = ]—V—A—{cm, (5.10)
p
in which N is the mean aggregation number of the micelles, and
pD ,
Sm = —égsm. (5.11)

21 Note that the mass fraction w is already dimensionless, and we thus do not need to apply
scaling to it.
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The dimensionless source term s}, is defined using the diffusivity of the surfac-
tant monomers, which has been selected as the reference value. Both source
terms, s* and s;,, for which we derive expressions in Section 5.7, are zero if
only surfactant monomers are present, at bulk concentrations below the critical
micellar concentration (cmc). We then solely consider the convection-diffusion
equation for the surfactant monomers.

We note here that the product of Reynolds number and Schmidt number is
also known as the Péclet number, Pe, which is defined as

_Ryuy Re mass transfer by convection
Pe = = SC =

D 2 mass transfer by diffusion

(5.12)

5.3 Computational Domain and Meshing

The added complexity that arises from the coupled mass transfer problem re-
quires reconsideration of the meshing. The discretisation of the computational
domain must allow for the accurate computation of both the velocity field and
the concentration field. Their respective boundary layers determine the den-
sity of the mesh in the critical regions—underneath the surface in the radial
direction, and at the nozzle exit in the axial direction.

In the radial direction, the hydrodynamic and diffusion boundary layers, €
and €., start to grow at the point of detachment. The two boundary layers are
related through

e, [P _ L

e N VA
For an aqueous surfactant solution of C16TAB, we find that e, /e ~ O(1072).
The thickness of the diffusion boundary layer is given by

D
~ . 5.14
Ee V dus/dz (5.14)

For C,sTAB we can estimate e, to be O(1 pm). The density of the mesh
underneath the free surface boundary must reflect the smallness of the diffusion

(5.13)

boundary layer to accurately compute the concentration field. It is evident that
the mesh used in the computation of the flow field (see Figures 3.3 and 3.4 in
Section 3.3) is not able to meet this requirement. We must thus use a mesh
with a much higher mesh density underneath the surface, which also requires
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Figure 5.2: Dimensions of the computational jet flow domain (upper sketch) and
grading of the mesh (lower sketch) in the presence of surfactant.

the mesh to be denser in the axial direction to give an element aspect ratio that
ensures convergence of the numerical computation. As before, sufficient mesh
density is particularly important in the region near the nozzle exit where the
gradients of both the velocity field and the concentration field in the radial and
axial direction are steepest.

In order to keep the size of the mesh (the number of elements within the
computational domain) to a minimum, and hence the computation time and
memory required to carry out the computation, the extension of the computa-
tional domain in the axial direction had to be reduced. We remember that the
mesh configuration that was used in the computation of the flow field of the
pure water jet has a length of 200 x Ry for the free jet section, and a length of
3 x Ry for the nozzle section. It was found possible to reduce the length of the
free jet section to 100 X Ry and the length of the nozzle section to one nozzle
radius, without compromising the safe applicability of the boundary conditions
at the inlet and the outlet of the computational domain (see upper sketch in
Figure 5.2). This reduction in length greatly assisted in keeping the numerical
size of the jet to a minimum.

To control the density of the mesh underneath the surface, the distance be-
tween the free-surface boundary and the first full row of mesh nodes was set to
a value of 5 x 10~% in the dimensionless coordinate system. A growth factor,
which represents the ratio of the distance between the free-surface boundary and
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the first full row of nodes, and the distance between the second full row of nodes
and the first full row of nodes, was set to a value of 1.4. Applying the growth
factor to 7 full rows of mesh nodes resulted in a boundary-layer depth of about
1.2 x 1073 in the dimensionless coordinate system. The GAMBIT journal file
that creates this dense mesh is given in Appendix B.3.

In order to create a smooth transition in the mesh from the densely packed
rows of nodes in the boundary layer to the much wider spacing of the rows of
nodes in the bulk of the computational domain, we have used an exponential
formula to determine the interval length ratios,

P = exp{g (a: - %)} (5.15)

which defines the grading of the mesh. In Equation (5.15), P is the interval
length ratio, £ is the length of the edge or boundary, d is the number of intervals,
and z is the grading parameter. The lower sketch in Figure 5.2 shows the number
of intervals along the edges and boundaries of the mesh. For example, the free-
surface boundary, with a length of £ = 100, is divided into d = 420 intervals,
the grading parameter being z = 1.35. In the radial direction, 26 intervals and
a grading parameter of 0.01 were used. Note that the number of intervals in
the radial direction is a total number, containing both the number of nodes in
the bulk and in the boundary layer.

Figure 5.3 shows that the mesh immediately underneath the surface is indeed
very dense. The distance from the row of surface nodes to the first row of
nodes underneath the surface is only about 40 nm (for a nozzle radius of Ry =
0.79 mm). The mesh consists of 12,012 elements in total, which resulted in
average computation times of not more than 10 minutes for the water jet and
not more than 30 minutes to 3 hours (depending on the convergence criterion set)
if the hydrodynamics were solved along with the coupled mass transfer problem
(no micelles present) on a Windows 2000 PC with 512 Mb RAM and a 1.0 GHz

processor.
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Figure 5.3: Regular mesh of the jet flow around the nozzle exit region after
deformation. The section spans Az = 8.2 um in the axial direction and Ar = 5.5
pum in the radial direction around the nozzle exit at r = Ry = 0.79 mmand z =0
(marked by the arrow).

5.4 Boundary Conditions for the Monomers

5.4.1 Inlet of the Jet Flow Domain

At the inlet of the jet flow domain, sufficiently far upstream from the nozzle exit
plane, bulk concentration, w, is assumed everywhere in the fluid, that is

w(r*, 2" € 0) = w. (5.16)

This boundary condition holds if no surfactant aggregates are present, which is
only the case if the monomer bulk concentration is below the cmc. Above the

cmc, wp takes on the value at the cme, weme-
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5.4.2 Nozzle Wall

The nozzle wall is made impenetrable for surfactant, and thus

1 0

* Or*

. ow
(r'w)+ =— =0at r*=1.0,2* <0. (5.17)
0z*

5.4.3 Free Surface of the Jet

A flux boundary condition at the free surface of the jet allows the surface to take
up surfactant from the bulk liquid. This flux boundary condition is

qziﬁ(r* = R* 2*)=q},.(r" = R*, 2*). (5.18)

Hence, a diffusive mass flux that is directed along the outward unit normal of
the free surface is prescribed on that boundary. This diffusive mass flux is given
as

19

r* Or*

i = B27) = = (0 o) + 5. (5.1

where w, = w(r* = R*, 2*) is the sub-surface concentration. In Equation (5.19),
the dimensionless diffusive mass flux is defined as g}z = (pD/ Ro) ' qag. This
diffusive mass flux, ¢j,z, of surfactant molecules is balanced by the rate of lo-
cal redistribution by surface convection, ¢, = (pD/ Ro) ™" Geonw, Which can be
written as ML % d

Qo (T* = R, 2") = p;tuo T (T*u?). (5.20)
In the high Reynolds number limit, the contraction of the jet is slight, which
allowed us to simplify Equation (5.20). It is sufficient to consider the axial

component of the tangential surface velocity, u} =~ u*(r* = R*,2*) = u;(2"),

and we can then replace the surface gradient with the gradient in the axial
direction, d/dz*.

The surface coverage, I'*, in Equation (5.20) must be linked to the sub-surface
concentration, ws, to enable matching of diffusive and convective flux. Here, we
assume diffusion-controlled surfactant adsorption, that is, each molecule that is
being transported to the surface adsorbs immediately and diffusion is the rate-
controlling transport step. Since we are neglecting electromigration, the location
of the sub-surface layer is identical with the edge of the electrical double layer
in the case of ionic surfactants. The double layer thickness is of the order of the
Debye length, which is 10 nm for an ionic strength of 107, Since the Debye
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length is less than the minimum mesh size, we assign the surface and sub-surface
the same spatial location in the numerical simulations. Based on the assumption
of local equilibrium everywhere along the jet surface, an equilibrium adsorption
isotherm is used to link I'™* and w,. The simplest non-linear isotherm is the
Langmuir isotherm [18], given as
. r W
S D Tk 5:21)

where k* = Mk/p is the dimensionless Langmuir constant. Replacing I'* with

Equation (5.21) in Equation (5.20) leads to the expression for the convective
mass flux that is applied at the free surface of the jet. It reads
MT 5.1t dw, k* du?
% * — R* * — * s S . .
Teoms(1 = B 20) = ) [“ dz* {k + ws} T dz*] (5:22)

Equation (5.22) provides the driving force for the transport of surfactant mole-

cules (almost exclusively by diffusion) to the surface or, to be more precise, to
the sub-surface. In our model, surface and sub-surface have been assigned the
same spatial location, since the thickness of the sub-surface layer is only of mole-
cular dimensions. Equation (5.22) is implemented into the CFD code FIDAP
through a Fortran user-subroutine (see Appendix D.1). The derivatives, du?/dz*
and dw,/dz*, within the user-subroutine are computed using fourth-order finite-
difference approximations. Here, we have employed an algorithm published by
Fornberg to compute the weights of the finite-difference approximations on ar-
bitrarily spaced grids [211,212]. This computing algorithm, which is built into
the CFD code through a Fortran user-subroutine, is given in Appendix D.2.

In the CFD code FIDAP, by default, an applied flux that results in a net flow
into the fluid would be specified as positive. When programming Equation (5.22)
into the CFD code, we have therefore introduced a negative sign in the equation
to account for the fact that the surfactant molecules diffuse towards the surface.

5.4.4 Downstream Position of the Jet Flow

In the absence of gravity, significantly far downstream from the nozzle exit plane,
equilibrium conditions are reached at the surface, that is, ws (2* > 0) — w;. In
the presence of gravity, however, the surface experiences constant expansion at
the downstream position, and equilibrium conditions are never reached. Conse-
quently, no constraints to the sub-surface concentration are applied at the outlet

of the jet flow domain.
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5.5 Equilibrium Thermodynamics

The surface tension, o, is linked to the surface coverage, I, by means of the
Frumkin equation,

-~ r
0—0y=NRIT;In (1 T ) : (5.23)
sat
In Equation (5.23), 0., is the surface tension of water, and N accounts for possible
ionic behaviour of surfactant molecules. Introducing Langmuir’s adsorption
isotherm, Equation (5.21), gives rise to the Szyszkowski equation,

~ w
— 0y =NRIT;;In(1- ——). 24
o—0 R tn( k*+w3) (5.24)

The values for I'y,; and k are determined by the surfactant system and can

be found from a fit of Equation (5.24) to measured equilibrium surface tension

data. The graphs in Figures 5.4 and 5.5 show such a fit for aqueous solutions

of C14TAB and C4,TAB (]V' = 2 and T = 293 K in both cases), respectively.??

The values that were found for I'y,; and k are displayed in Tables 6.2 and 6.7.
Multiplication of Equation (5.24) with (i)~ leads to

9w WX RCEF *? In (1— s ) (5.25)
Wy Wi Wy k* + w,

and the dimensionless relationship that links the surface tension parameter with
the sub-surface concentration may be written as

1 1 Ws
— =——+4+EIn(1- . 5.26
Ca Cay 0 ( b+ ws> (5.26)
The Marangoni number, Ma, appears in Equation (5.26) and is given as®
Ow—0 1 1
=Y - — ) 0.27
Ma=— = =|Ca  Cay (5:27)

The elasticity number, E, is defined in Equation (4.35).
The tangential stress boundary condition, Equation (3.44), becomes active
when the surface tension parameter, 1/ Ca, is not constant but varies along the

22The experimental data for both C1¢TAB and C14TAB were supplied by the research group
of Dr. C.D. Bain of the Physical and Theoretical Chemistry Laboratory at Oxford University.

23Note that the Marangoni number given in Equation (5.27) is defined using the surface
tension parameter of water, 1/ Ca,,, which differs from the definition given in Equation (4.18),
where the surface tension parameter at the point of detachment, 1/ Cayo, is used.
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Figure 5.4: Measured equilibrium surface tension, o, as a function of the bulk
concentration, ¢, for aqueous Ci¢TAB (Ceme = 0.92 mol m™3) at T = 293 K
(open triangles). The solid line is a fit of the Szyszkowski equation to the
experimental data.
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Figure 5.5: Measured equilibrium surface tension, o, as a function of the bulk
concentration, ¢, for aqueous Cj4TAB (ceme = 3.70 mol m3) at T = 293 K
(open triangles). The solid line is a fit of the Szyszkowski equation to the
experimental data.
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Figure 5.6: Equilibrium constant, K, according to Equation (5.30), as a function
of the aggregation number, N, for varying total concentrations, cr, of C;csTAB
(Ceme = 0.92 mol m™3). cr = 1.25 mol m™3 (e), 1.5 mol m~3 (9), 2.5 mol m™
(A), and 4.0 mol m™3 (O)).

jet length 2*. Equation (5.26), which is built into the CFD code through a
Fortran user-subroutine (see Appendix D.3), and the tangential stress boundary
condition couple mass transfer and fluid mechanics in the jet.

5.6 Micelle-Monomer Equilibrium in the Bulk

The simplest model of aggregation assumes that N monomers, S, form one

micelle, S,,, according to

kg
N-S ;c‘: S, (5.28)

where k; and k; are the rate constants of the formation and disintegration of
the micelles, respectively.

The equilibrium between monomers and micelles in the bulk is described by
tle equilibrium constant, K. From (5.28), we obtain

kf Cm,b
= 5.29
K il (5.29)

cmc
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where K has the units [mol'"" m®¥=3]. As before, ¢, is the concentration of
micelles in the bulk, given by Equation (4.74), and cpc is the concentration of
monomers in the bulk at the cme. Replacing c,,; in Equation (5.29) gives

K:-I?i-_—_ CT—Ccmc.
kd NCN

cmc

(5.30)

Equation (5.30) is plotted for four different total concentrations of Ci;gTAB in
Figure 5.6 as a fuction of the mean aggregation number, IV, which assumes values
of 90 < N < 120. For example, at or = 1.5 mol m™2 and N = 90, we find
a value of K = 11.7026 mol™® m?®?7 for the equilibrium constant. Choosing
kg = 1.0 s7!, we thus have k; = 11.7026 m?7 s~ mol 8.

5.7 Micelle-Monomer Kinetics

From the principle of mass action to the reaction mechanism (5.28), we have

= = N (kgcm — kgc™) (5.31)
for the monomers, and
dem

for the micelles. We use Equations (5.31) and (5.32) to formulate the source
terms in the convection-diffusion equations for the monomers and the micelles,
Equations (5.8) and (5.9), respectively. The dimensionless mass source terms,
s* and s}, then read

3*_MR(2, dc  NMR;
~ pD dT  pD

(kaCm — kgcV), (5.33)

and
. NMR:dc,, _ NMR2

m™ oD dT  pD
The molar concentrations of monomers and micelles, ¢ and c,,, are converted
into the mass fractions w and w,, using Equations (5.2) and (5.10), respectively.
Equations (5.33) and (5.34) are implemented into the CFD code through a For-
tran user-subroutine, which is detailed in Appendix D.4.

(ke — kicm) . (5.34)

S
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5.8 Boundary Conditions for the Micelles

5.8.1 Inlet of the Flow Domain

At the inlet of the computational low domain, sufficiently far upstream from the
nozzle exit region, the equilibrium between surfactant monomers and micelles is
undisturbed, and the concentration of micelles takes on the bulk value. We thus
have

W (r*, 2% K 0) = Wiy, (5.35)

which we calculate from the mass balance of the whole surfactant inventory,
given by Equation (4.76). We note here that in the presence of micelles, the
monomer bulk concentration, which represents the boundary condition for the
monomers at the inlet of the flow domain, takes on the value at the cmc, as
outlined before.

5.8.2 Nozzle Wall and Free Surface

As before in the case of surfactant monomers, the nozzle wall is made impene-
trable for micelles also, that is,

1 0 ow
- * —_—m _ *=1.0,2* 0. .
g (r*wp,) + e Oat 7™ =1.0,2<0 (5.36)

Micelles are considered surface-inactive, which is expressed through a zero-flux
condition that is directed along the outward unit normal of the surface,

OWm s

0z*

where wy, s = W (r* = R, 2*) refers to the micellar sub-surface concentration.

=0atr* =R" 2" >0, (5.37)

5.8.3 Downstream Position

The micellar concentration at the outlet of the flow domain is not constrained,
since it depends on the monomer concentration, which in turn does not reach
its equilibrium value due to the action of gravity on the surface. Surfactant
monomers continue to diffuse to the surface as a result of the surface expansion
that is caused by gravity. A state of equilibrium between monomers and micelles
at the outlet of the computational flow domain can therefore not be enforced.
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5.9 Limiting Marangoni Stress at the Point of
Detachment: Hybrid CFD Model

Converged numerical solutions of the model as outlined above are only achieved
at very low values for the bulk concentration ¢, of about 0.01 mol m=2 at our
high Reynolds numbers. At higher bulk concentrations, direct coupling of sur-
factant adsorption and fluid mechanics—the link between the shear stress condi-
tion (3.44) and the equation of state (5.26)—led to failure of the Newton-Raphson
iteration scheme. The Marangoni stress, d/dz*(1/ Ca), very near to z* = 0 was
found to exceed the shear stress at the nozzle wall, as a consequence of which
the surface velocity was not only reduced, but brought to rest and reversed.
The result was the appearance of a closed vortex flow, much less in diameter
than the nozzle radius, in the nozzle exit plane. With the occurrence of such a
toroidal flow, convergence for the convection-diffusion equation could no longer
be attained. Schunk reported a similar phenomenon in his numerical work on
surfactant adsorption in an overflowing cylinder (OFC), where what he believed
to be an oscillatory toroidal instability, which was caused by steep surface tension
gradients, was observed near the centre of the OFC [15].

The failure of our numerical scheme results from its inability to handle the
step change in sub-surface concentration that should occur at the point of de-
tachment. In order to speed up convergence and to suppress the appearance
of oscillations in the numerical solutions, we have introduced upwinding [213],
a degree of numerical diffusion that does not affect the solution away from the
nozzle. The CFD code FIDAP uses a streamline upwinding scheme that adds
numerical diffusion only along the flow direction [214]. Axial diffusion and up-
winding cause the step change in surface concentration to be smeared out over a
few nodes, resulting in finite, but very large, concentration gradients immediately
downstream of the point of detachment. When these concentration gradients
are converted to surface tension gradients through the equation of state (5.26)
and the tangential shear stress condition (3.44), large accelerations result. The
whole calculation scheme then fails to converge.

We have tackled this problem by combining the theoretical solution at the
nozzle exit, which we derived in Chapter 4, with the far-field solution that is
obtained from the numerical computation. We apply a limiting Marangoni stress
at the point of detachment. We also apply the finite surface concentration, I'j,
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at z* = 0, which has been calculated from the theory. Stable solutions for the
convection-diffusion equation are then obtained for a range of bulk concentrations
at our high Reynolds numbers. The implementation in our numerical model is
detailed in the following sections.

We note here that our boundary-layer theory, which we detailed in Chapter 4,
is based on the supposition that reverse flow does not occur and consequently
that the maximum Marangoni stress does not exceed the stress value at the
nozzle wall. We have shown that this assumption can lead to a solution that
does not show singular behaviour at the point of detachment. Our analysis,
however, does not exclude the possibility that other families of solutions exist,
such as the toroidal vortices observed in some of the numerical solutions.

5.9.1 Limitation Condition and Concentration Profile in

the Region of Detachment

The condition that determines the Marangoni stress at the point of detachment
is given by Equation (4.37). This limitation is implemented into the numerical
computation through the sub-surface concentration profile, w,(2*), at the point
of detachnment at 2* = 0.

The surface equation of state (5.26) determines the surface tension every-
where along the jet surface, including the point of detachment at 2* = 0. It must
thus fulfil the limitation condition (4.37). Differentiating the Szyszkowski equa-
tion (5.26) with respect to z*, and considering the limitation condition (4.37),

d 1 E dw,
= _ = 4 5.38
dz* (Ca) (k* + w;) dz* ( )

at 2* = 0. Integrating Equation (5.38) by separating the variables gives
* 4
rw, exp (—z*) : (5.39)

In Equation (5.39), wsp is the sub-surface concentration at the nozzle exit
(2* = 0). For small values of z*, Equation (5.39) can be linearised to give
k* +w 4
— 2 ~14 =2 5.40
Frwg T E (5.40)

which we can rearrange to give the solution for w,, which is valid as 2* — 0,

gives

namely

4
Ws = Ws 0 + —E—) (k'* + ’ws,o) z*. (541)
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5.9.2 Asymptotic Matching with the Numerical Down-

stream Solution

We match the linear solution for w,(z*) at the point of detachment, Equa-
tion (5.41), with the numerical downstream solution for w, that is computed
by the CFD model. In order to carry out the matching, we approximate the
numerical downstream solution with an analytical expression. Here, we distin-
guish two cases—the case of relatively low bulk concentrations which leads to a
state of non-equilibrium at the sub-surface, so that w, (2*) <« w, everywhere at
the surface, and the case of relatively high bulk concentrations, which allows the
sub-surface concentration to reach the bulk value with increasing axial distance
from the nozzle, that is, w, (2*) ~ w, for large values of 2%, so that the state of
equilibrium is approached at the sub-surface at the far downstream position.

State of Non-Equilibrium at the Sub-Surface

At sufficiently low bulk concentrations, the sub-surface concentration is far from
reaching a state of equilibrium across the diffusion boundary layer, even at large
distances from the nozzle exit. Under these circumstances, the numerical down-

stream solution was found to follow a power law equation of the form
ws = C2*, (5.42)

with C and m being the parameters of a least-squares power-law fit.
Asymptotic matching of Equations (5.41) and (5.42) leads to a smooth solu-
tion for w, that holds everywhere along the jet surface. We have used

4 ) F
w, = {ws,o +2 (K + ag) z*} {W} , (5.43)
with e
¢ C e
F = — = _ (5.44
Ry { 2 (k* + ws,) } )

The dimensionless length scale £* is related to the length of the detachment
region, \*, which is defined in Equation (4.56), since it marks the point of
transition from the (linear) upstream solution (5.41) to the downstream solu-
tion (5.42). The length scale £* is a function of the power-law parameters C and
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Figure 5.7: Hybrid solution for w,(z*), Equations (5.43) and (5.44), used in the
CFD calculations to limit the Marangoni stress at the point of detachment and to
incorporate I'§ (open circles). The CFD solution for w,(z*) is given by the open
triangles and diamonds along the nozzle wall and the free surface, respectively.
The CFD solution for w,(z* = 0) is given by the closed box. The data are for
¢y = 0.9 mol m~3 C;sTAB and Re = 1950.

m, which in turn depend on the bulk concentration c;, the Reynolds number and
the physico-chemical properties of the surfactant.

Equation (5.43) provides us with a smooth fit through the downstream solu-
tion for w, that is computed by the CFD model and gives the required maximum
Marangoni stress at the point of detachment. This information is passed to the
numerical computation through the equation of state (5.26), which is linked to
Equation (5.43) instead of coupling it directly with the numerical solution for
the sub-surface concentration. The programming is detailed in Appendix D.3.
In this way, a smooth surface tension function, Ca™'(2*), is obtained that ac-
counts for the limiting Marangoni stress at the point of detachment. Note that
“downstream” solution here refers to the region of the jet flow where z* > ¢*.

An estimate of the finite value of the surface concentration at the point of de-
tachment, I'j = I'*(2* = 0), is provided by Equation (4.57). Using the Langmuir
isotherm, Equation (5.21), we can calculate a value for the sub-surface concen-
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tration at that point, w0 = w, (2* = 0), which is then used in Equations (5.43)
and (5.44).

The hybrid solution for w,(2*), Equation (5.43), is plotted in Figure 5.7 for
¢» = 0.9 mol m™ Ci;gTAB at Re = 1950 (open circles). This profile is used to
calculate the surface tension profile, which is passed to the numerical computa-
tion. The result of this numerical computation is the sub-surface concentration
profile that is given by the open triangles and diamonds in Figure 5.7, which
represent the solutions along the nozzle wall and the surface, respectively. This
iterative procedure was repeated until stable values for the parameters C and
m were found. Typically 5 to 6 computations were necessary to attain stable
solutions.

The hybrid CFD model is portrayed in Figure 5.8.

State of Equilibrium at the Sub-Surface

The simple power-law relation, Equation (5.42), ceases to accurately represent
the numerical downstream sub-surface concentration profile at higher bulk con-
centrations, most noticeably above the critical micelle concentration. In this
case, the sub-surface concentration approaches the bulk value at the downstream
position, that is, wy; — w, as z* becomes large, and this behaviour must be ac-
counted for.

We define a second length scale, L*, which indicates the transition from the
second to the third region of the downstream jet flow, in which w, ~ w,. This
length scale is formally defined as

L= % - (%)# . (5.45)

The matched solution for w, (2*), Equation (5.43), is then extended to include
the second length scale,

l1-m

4 e*z 2 L* m
— i % * - 4
Wg {ws,O + E (k + ws,O) < } {6*2 + z*z } {L* + Z*} ) (5 6)

which is used instead of Equation (5.43) to describe the sub-surface concentration
profile. As before, the Szyszkowski equation (5.26) is linked to Equation (5.46),
and in this way a smooth function Ca™'(z*) is obtained for the surface tension
profile that is used in the numerical computation. This case is not included
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Figure 5.8: Outline of the hybrid CFD model of diffusion-controlled surfactant
adsorption in the jet.

in the Fortran user-subroutine given in Appendix D.3. The programming is,
however, straight forward. We note that the definition of £* has not changed.
For 2* <« L*, Equation (5.46) becomes Equation (5.43), and the solutions for
w, are given by Equations (5.41) and (5.42) in the region of detachment and in
the downstream region, respectively. For z* > L*, which implies that 2" > A
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Figure 5.9: Approximation of the computed downstream solution we(z*). All
data are for C,sTAB at Re = 1950; ¢, = 0.3 mol m™® (a), and 0.9 mol m™3
(b); er = 1.5 mol m~3 (c,d). Cases (a) to (c) show the least-squares fit of
Equation (5.42); case (d) shows the least-squares fit of Equation (5.51).

we have that w, — wy. If 2* ~ L*, and large enough that z* > ¢*, we find that

w, is given by

1 —-m
Wg = wbz*m {(%) " + Z*} (547)
or
-1/m
w;lm = c wy ™, (5.48)
z*
Defining
X =Cm (5.49)
and

Yy =w /™ (5.50)
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results in

X
W= =+, (5.51)

where the dimensionless parameters 1/m, X, and ) are obtained from a least-
squares fit of Equation (5.51) to the numerical downstream solution for w, (z*)
in the region where 2* > ¢*.

The thermodynamical state of the jet surface, and its impact on the approxi-
mation of the computed downstream solution for the sub-surface concentration,
ws(2*), is illustrated by the four cases in Figure 5.9 for aqueous solutions of
CisTAB. At a moderate sub-micellar bulk concentration of ¢, = 0.3 mol m3,
case (a), the surface is far from reaching its state of equilibrium, even at long
distances from the nozzle, and w, < w;, everywhere along the surface. In this
case, the power-law approximation, Equation (5.42), gives an excellent fit to the
values that were obtained from the CFD model. Although a state of equilibrium
is not yet fully established at a higher bulk concentration, case (b), we see that
the power-law fit of Equation (5.42) to the computed values is not as good as in
case (a). Above the cmc, case (c) shows very clearly that at high total concen-
trations in the bulk, with the enhanced transport of surfactant monomers to the
surface through the presence of micelles, the power-law fit of Equation (5.42) fails
to approximate the computed values. At these high bulk concentrations, the
surface approaches a state of equilibrium, w, — w, at large z*, which cannot be
neglected. A much improved approximation of the computed values is obtained
if we account for the equilibration of the surface in our approximation, as demon-
strated in case (d), where Equation (5.51) is used to give an approximation of
the computed values for w,(2*).

Surface concentration data, [*(z*), which correspond to the sub-surface con-
centration profiles of cases (a) and (b) in Figure 5.9, are given in Section 6.1. For
C16TAB at high Reynolds numbers below the cmc, we have used Equation (5.42)
to approximate the numerical downstream solution for w,(z*) at all bulk con-
centrations. Using Equation (5.51) at the high values for ¢, had only minor
effects on the result for ['*(2*). This behaviour is reflected by the high values
of L*, which are well in excess of 100 (L* = X/Y = 422.7 at ¢; = 0.9 mol m™3
C16TAB), thus lying outside the range of the computational domain.

Section 6.3 compares the surface concentration data that correspond to case
(d) in Figure 5.9 with experimentally obtained values. In this case, for C;TAB
above the cmc, we have used Equation (5.51) to approximate the sub-surface
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concentration profile in our hybrid CFD model in all computations. Equa-
tion (5.51) was also used in the computation with C,,TAB at a bulk concentra-
tion of ¢, = 0.93 mol m™3 (see Section 6.2).



Chapter 6

Comparison of CFD Model and
Experiment

This chapter reports a comparison of results from the hybrid CFD model with
experimental measurements of surface concentration and velocity. Most of the
data in this chapter are for C,TAB, below and above the critical micelle con-
centration. This particular surfactant has been the focus of most of the experi-
mental and modelling work on the overflowing cylinder experiment (OFC) here
at Oxford. The jet investigation benefitted from the wealth of data and insight
that was gained from the OFC work. In addition, a comparison is also given for
C14TAB under sub-micellar conditions. Experimental data for other ionic and

non-ionic surfactants may be found in Appendix E.

6.1 Ci;TAB in the Absence of Micelles

In this section, CFD computations and experimental data for one type of surfac-
tant (C;sTAB) at varying bulk concentrations and flow conditions (mean nozzle
exit velocity %, and nozzle radius Ry) are presented. The main parameter of
variation is the bulk concentration, spanning widely from very dilute surfactant
solutions (0.01 mol m~3) to near the cmc (0.9 mol m™). The experimental
jet apparatus does not allow for large variations in the flow parameters, which
were thus kept at the same orders of magnitude, that is, Ry ~ O(1 mm) and
To ~ O(1 m s7!) in all cases, and vary only slightly. In Appendix C.2, an
example of a FIDAP journal file listing is given, which was used to obtain the

computed data in the absence of micelles.
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Table 6.1: Dimensionless simulation parameters used in the numerical computa-
tions with aqueous solutions of C;4TAB below the cmc.

¢y / mol m=3 001t009 03t0c09  0.65
Ry / mm 0.79 1.00 0.79
T / ms™? 1.236 0.975 0.981
9 /° 89.99913 89.99888  89.99896
Re/2 975 975 775
Ca;' 58.9 74.7 74.2
(2Fr)~1 0.00507 0.01032  0.00805
Sc 1340.48 1340.48  1340.48
E 15.35 19.46 19.34
pD (Mol ,0;) ™ 0.4253 0.5392  0.5359
| 6.1 to 6.5 6.6 6.7
Figures 6.8 to 6.10 6.11 6.14

6.12 and 6.15 6.13

6.1.1 Parameters of the Hybrid CFD Model

Tables 6.1 and 6.2 summarise the dimensionless modelling parameters and the
physico-chemical parameters of aqueous C;6TAB solution, respectively. For the
viscosity and density of the surfactant solution, we assume the values of pure
water since the solutions are very dilute, even at the higher bulk concentrations.
The coefficient of diffusivity of the ionic surfactant Ci¢TAB in water, D, is an
effective ionic diffusivity, which is calculated using

2Dt D~

P=pip

(6.1)

Equation (6.1) can be derived from the general formula given by Taylor and
Krishna [215, Eq. (2.4.33), p. 45|, and is also given in the work of Bird et
al. [190, Eq. (18.L-1), p. 586].

We have used a value of D~ = 20.8 x 107 m? s7! at T = 298.15 K for
the diffusivity coefficient of the negatively charged bromide ions in water [216,
Table 24.8, p. 1104]. Using the Wilke-Chang estimation method, the coefficient
of diffusivity of the cations in water was found to be D = 4.50 x 107 m® s™
at T = 298.15 K [217, Eq. (11-9.1), p. 598]. The same values for D~ and D*

were also used by Valkovska et al. to model the adsorption of ionic surfactants
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Table 6.2: Physical model parameters of solutions of aqueous C;sTAB used in
the numerical computations.

p  Density of water 10° kg m~°

p Viscosity of water 1073 kg m™! 57!
0w Surface tension of water 728 x 1073 N m™!
M  Molecular weight of C;¢TAB 364.5 x 1073 kg mol ™!
k Langmuir constant of C;4TAB 0.23 mol m=3

st Saturation surface coverage of C;¢TAB 3.9 x 10~ mol m—2
D  Diffusivity of C;6TAB in water 7.5 x 10710 m? 571
N  Ionic number of CisTAB 2

R Universal gas constant 8.314 J mol™! K™!
T Temperature 293.15 K

g Gravity 9.81 m s2

at the surface of an overflowing cylinder [52].

The values of the parameters that enter the hybrid CFD model (C, m, I,
w;s 0, and £*) are displayed in Tables 6.3 to 6.5 for the bulk concentrations, nozzle

radii and mean nozzle exit velocities under consideration.
In Figure 6.1, the first six value pairs A*(c,) and ¢*(cy) of Table 6.5 are

Table 6.3: Parameters C and m of the power-law fit, Equation (5.42), as a
function of the bulk concentration, ¢, of C1¢TAB and for varying Ry and .

No. ¢ /molm™> w,/x10® Ry;/mm Re C m
1 0.01 3.645 0.79 1950 2.28 x 10~ 0.2960
2 0.05 18.225 0.79 1950 1.15x107% 0.3011
3 0.10 36.450 0.79 1950 2.33 x 107% 0.3075
4 0.30 109.350 0.79 1950 7.31 x 107% 0.3359
5) 0.63 229.635 0.79 1950 1.66 x 10~° 0.3872
6 0.90 328.050 0.79 1950 2.58 x 10~° 0.4205
7 0.30 109.350 1.00 1950 8.89 x 10~ 0.3309
8 0.65 236.925 1.00 1950 2.07 x 107° 0.4068
9 0.90 328.050 1.00 1950 3.06 x 107° 0.4688
10 0.65 236.925 0.79 1550 1.75x 10~° 0.4168
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Table 6.4: Surface concentration at the point of detachment, '}, calculated using
Equation (4.57), and the corresponding values of the sub-surface concentration,

w0, calculated using Equation (5.21), for C;TAB as a function of ¢, and for
varying Ry and u.

No. ¢ /molm™ w,/x10® Ry/mm Re Iy wsp /x 1078
1 0.01 3.645 0.79 1950 0.00015 0.0125
2 0.05 18.225 0.79 1950 0.00169 0.1396
3 0.10 36.450 0.79 1950 0.00479 0.3962
4 0.30 109.350 0.79 1950 0.02488 2.1009
5} 0.63 229.635 0.79 1950 0.07572 6.7451
6 0.90 328.050 0.79 1950 0.12928 12.2256
7 0.30 109.350 1.00 1950 0.03990 3.4219
8 0.65 236.925 1.00 1950 0.12740 12.0217
9 0.90 328.050 1.00 1950 0.20750 21.5591
10 0.65 236.925 0.79 1550 0.10000 9.1489

plotted (By = 0.79 mm and Ty = 1.236 m s™1).
monotonically with increasing bulk concentration, and in the limit of ¢, — 0,

Both sets of values increase

correctly show \*,¢* — 0. The A\* values have a 3/2 power dependence on ¢
(see Equation (4.56) and the closed circles in Figure 6.1), and the £* values (open

Table 6.5: Length of the region of detachment, A*, and the related value, £*, for
C16TAB as a function of ¢, and for varying Ry and .

No. ¢ /molm™ w, /X 107° Ry /mm Re \F e

1 0.01 3.645 0.79 1950 0.000128 0.001572
2 0.05 18.225 0.79 1950 0.001426 0.015155
3 0.10 36.450 0.79 1950 0.004034 0.040238
4 0.30 109.350 0.79 1950 0.020963 0.190259
) 0.63 229.635 0.79 1950 0.063795 0.578526
6 0.90 328.050 0.79 1950 0.108928 1.082431
7 0.30 109.350 1.00 1950 0.042707 0.359465
8 0.65 236.925 1.00 1950 0.136203 1.115927
9 0.90 328.050 1.00 1950 0.221912 1.968054
10 0.65 236.925 0.79 1550 0.106287 0.874610
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Figure 6.1: Length of the detachment region, A* = A\/Ry (closed circles, Equa-
tion (4.56)), and the related parameter, £* = £/Ro (open triangles, Equation
(5.44)), as a function of the bulk concentration, c;, of C1¢TAB at Re = 1950 and
(2Fr)™ = 0.00507.

triangles in Figure 6.1) show the same functional dependence on c;.

Although the length scale ¢* is related to A*, which is expressed through
the same functional dependence on ¢, the values for £* are about one order of
magnitude larger than the values for A*. We can make out the same difference
between \* and ¢* with a slightly larger nozzle radius (see Table 6.5, value
pairs 7 to 9) and with a lower mean nozzle exit velocity (see Table 6.5, value
pair no. 10). This difference in magnitude has its origin in the way both are
defined. We remember that \* is defined as the point where the detachment
region velocity solution is matched with a far-field solution that is extrapolated
back to this point. In contrast, ¢* indicates the distance at which a linear
dependence of the sub-surface concentration near to the nozzle makes a transition
to the fitted power-law dependence of the computed solution for large 2*.
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6.1.2 Surface Concentration

Figures 6.2 to 6.5 show computed surface concentration profiles, I'* = I'*(2*),
for six different bulk concentrations of Ci6TAB (ccppe = 0.92 mol m™3). The
Reynolds number is high, at Re = 1950. In Figures 6.3 to 6.5, experimen-
tally obtained surface concentration data for ¢, = 0.3 mol m~3, 0.63 mol m~3,
and 0.9 mol m™3 are compared with the computed values from the hybrid CFD
model. The experimental surface concentration data were obtained from ellip-
ticity measurements in the jet flow, details of which can be found in Chapter 7.

We can see very clearly that the jet surface is depleted of surfactant near
the nozzle exit, due to the rapid surface expansion in this region of the jet.
The surface concentration increases quite rapidly in the close vicinity of the
nozzle exit. The increase of I'* with increasing z* is less pronounced in the
downstream region of the jet due to a decrease in surface expansion. At the low
bulk concentrations (curves (a), (b), and (c) in Figure 6.2), the convective flux
in the surface is too strong for the diffusion to ‘fill’ the surface with surfactant
and I'* remains well below its equilibrium value, even at very long distances
from the nozzle exit. At the higher bulk concentrations (Figures 6.3 to 6.5),
significantly higher values for I'* are reached. Even here, the continuous surface
expansion, caused by the presence of gravity, does not permit the establishment
of equilibrium conditions at the jet surface.

At ¢, = 0.3 mol m™3, the predicted values and the measured data exhibit
very good agreement, which suggests that at this bulk concentration, the ad-
sorption of Ci¢TAB at the jet surface is diffusion-controlled. Kochurova and
Rusanov [152,153], who inferred the adsorption behaviour of C;6TAB in vertical
jets from surface potential measurements, arrived at the same conclusion for a
bulk concentration of 0.28 mol m~2 (see page 38). At ¢, = 0.63 and 0.9 mol m=3,
the agreement is less good. At these higher concentrations, very near the cmc,
the experimental data show that I'*(z*) increases less rapidly as the jet leaves the
nozzle than the computed results suggest. Furthermore, at these high concen-
trations, the experimental data approach the state of equilibrium at the surface
sooner than the computed values. Although the estimates for I'j that were used
in the numerical computations agree reasonably well with the first experimental
values for ['* at small z* (see Table 6.4), the diffusion-controlled modelling ap-
proach with a Langmuir-type equilibrium adsorption isotherm of the CFD model
seems to fail to correctly predict the adsorption behaviour of C16TAB in the jet at



6. Comparison of CFD Model and Experiment 170

0.12
c
0.08 -
r b
0.04 4
a
0 T 7T rrrr 77717517 v vt
0 25 50 75 100

Figure 6.2: Surface concentration, I = I'/Tsat, as a function of the axial jet
coordinate, 2* = z/Ry, at Re = 1950 (Ro = 0.79 mm) and (2 Fr)y~! = 0. 00507
Bulk concentrations of ¢, = 0.01 mol m~3 (a), 0.05 mol m~3 (b), and 0.1 mol m~
(c) C16TAB in water are shown.
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Figure 6.3: Surface concentration, I'* = I'/Tsat, as a ﬁmctlon of the axial jet
coordinate, z* = z/Ry, at Re = 1950 (Ko = 0.79 mm), (2Fr)™! = 0.00507, and
— 0.3 mol m—3 C;sTAB in water. Two sets of experimental data (A and o)

are shown.
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Figure 6.4: Surface concentration, I'* = I'/T'y;, as a function of the axial jet
coordinate, z* = z/Ry, at Re = 1950 (Ry = 0.79 mm), (2Fr)™" = 0.00507, and
¢, = 0.63 mol m~3 C14TAB in water. Two sets of experimental data (A and o)
are shown.
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Figure 6.5: Surface concentration, I'* = I'/Tss, as a function of the axial jet
coordinate, 2* = z/Ry, at Re = 1950 (Ro = 0.79 mm), (2Fr)~" = 0.00507, and
¢, = 0.9 mol m~3 CgTAB in water. Two sets of experimental data (A and o)

are shown.
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Figure 6.6: Surface concentration, I'*(2*), at Re = 1950 (R = 1.0 mm),
(2Fr)™" = 0.01032, and ¢, = 0.3 mol m~2 (a, squares), 0.65 mol m™3 (b, circles),
and 0.9 mol m~3 (c, triangles) C,,TAB in water.

bulk concentrations around the cme. In this context, our conclusion agrees with
that of Kochurova and Rusanov [152,153], who observed deviation from diffusion-
controlled adsorption of C;gTAB at a bulk concentration of 0.56 mol m=3 (see
page 38). Our model neglects the presence of an electric double layer, which
has the effect of reducing the rate of mass transfer to the surface, since adsorb-
ing molecules must overcome the electrostatic resistance of the surface. This
model deficiency might explain the deviation between the computation and the
experimentally obtained values at higher bulk concentrations.

A behaviour very similar to that shown in Figures 6.3 to 6.5 is displayed in
Figure 6.6. The nozzle radius is slightly increased to a value of Ryg = 1.0 mm.
As before, at the higher bulk concentrations of 0.65 and 0.9 mol m™3, the expe-
rimental values reach the downstream state of equilibrium much faster than the
computed data, whereas in the upstream region, the predictions of the model
suggest higher values than the measured data.

We note that at ¢, = 0.3 mol m™3, where the agreement between hybrid CFD
model and experiment was found to be very good with the smaller nozzle (see
Figure 6.3), we find that the experimental data and the computed values deviate

by some constant factor.
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Figure 6.7: Surface concentration, I'*(2*), at Re = 1550 (By = 0.79 mm),
(2Fr)™" = 0.00805, and ¢;, = 0.65 mol m™® CigTAB in water. The solid line
is computed, and the open circles are the uncorrected experimental data. A
correction factor of 0.8 was applied to the experimental data represented by the
closed triangles.

As a final example of the adsorption behaviour of sub-micellar C,4TAB in the
liquid jet, we compare the computed solution for I'*(2*) with experimets for a
nozzle radius of Ry = 0.79 mm and for Re = 1550 in Figure 6.7. The open circles
in Figure 6.7 represent the uncorrected experimental data. The values given by
the closed triangles were obtained by multiplying each experimental value with
a correction factor of 0.8, which results in almost perfect agreement between
computation and experiment. As explained in Section 7, there is uncertainty
about the calibration of the ellipsometry data, which may perhaps explain a
constant factor here, though this cannot be firmly established.

6.1.3 Radial Bulk Concentration Profiles

Figure 6.8 shows radial bulk concentration profiles, w(r*), at three different axial
downstream positions, 10 < z* < 50, for a bulk concentration of ¢, = 0.9 mol m~2
(wp = 328.05 x 107%) C;sTAB at Re = 1950. The radial gradients ow/0r* at
the surface, which determine the diffusion of surfactant to the surface, become
increasingly steep with shorter distances from the nozzle, emphasizing the need
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Figure 6.8: Bulk concentration profiles, w = w(r*), at 2* = 50 (a), 25 (b), and
10 (c) for Re = 1950 (Ry = 0.79 mm), (2Fr)™" = 0.00507, and ¢; = 0.9 mol m~®
C16TAB in water.

for a high mesh density underneath the surface. The concentration values at
the surface are the sub-surface concentration values, w(r* = R*, z*) = w,(2*),
which were converted to surface concentrations, I'*(2*), in the previous section
by means of the Langmuir isotherm.

6.1.4 Dynamic Surface Tension

The dynamic surface tension calculations, Ca~! = Ca~'(z*), that correspond to
the surface coverage data shown in Figures 6.2 to 6.5, for Ry = 0.79 mm and Re =
1950, are shown in Figure 6.9. At the lowest concentration, ¢, = 0.01 mol m~3,
the surface tension parameter remains nearly that of water and changes only very
slightly over the length of the jet, which agrees with the low surface coverage
values at this concentration (see Figure 6.2). We also note that only very small
quantities of surfactant adsorb at the point of detachment at low bulk concentra-
tions (curves (a) to (c) in Figure 6.2), and the surface tension parameter at that
point is nearly that of pure water, that is, Ca™'(z* =0) =~ Cag! = 58.9. At the
point of detachment, from Equation (4.37), the local surface tension gradient is
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Figure 6.9: Surface tension parameter, Ca™ l=¢ (,uuo) , as a function of the

axial jet coordinate, 2* = z/Ry, at Re = 1950 (Rp = 0. 79 mm) and (2 Fr)~!
0.00507. Bulk concentrations of ¢, = 0.01 mol m~3 (a), 0.05 mol m™* (b), 0. 1

mol m~2 (c), 0.3 mol m~3 (d), 0.63 mol m™2 (e), and 0.9 mol m~° (f) C;6TAB
in water.

identical for all bulk concentrations, that is, d/dz* (Ca"l) = —4 at z* =0 (see
Figure 6.10). Within the region of detachment, the local Marangoni stress is
linear, Equation (4.39). Outside the region of detachment, 2* > ¢*, higher bulk
concentrations lead to steeper surface tension gradients, which persist for signif-
icant jet lengths. At the highest concentration (0.9 mol m~?), a relatively rapid
decrease in surface tension is observed, which again is in accordance with the
surface concentration data in Figure 6.5. In this case, the surface concentration
at that point is It = 0.13 and thus Ca™'(z* = 0) = 56.9.

The surface tension profiles that correspond to the surface concentration data
shown in Figure 6.6 (Rp = 1.0 mm and Re = 1950) are plotted in Figure 6.11.
The curves in Figure 6.11 resemble the curves (d) to (f) in Figure 6.9.

6.1.5 Surface Velocity

The adsorption of surfactant at the expanding jet surface leads to a surface ten-
sion gradient, d/dt*(Ca™') =~ d/dz*(Ca™"), that activates the tangential shear
stress condition (3.44). The surface tension gradient acts in the upstream di-
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Figure 6.10: Surface tension parameter, Ca~! = Ca~!(z*), near the nozzle exit.
All curves exhibit the constant slope of d(Ca™')/dz* =4 at z* = 0. The data
are for Re = 1950 (Ro = 0.79 mm), (2Fr) ™" = 0.00507, and ¢, = 0.3 mol m™
(d), 0.63 mol m~2 (e), and 0.9 mol m~ (f) C1sTAB in water.
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Figure 6.11: Surface tension parameter, Ca~(z*), at Re = 1950 (Rp = 1.0 mm),
(2Fr)"! = 0.01032, and ¢, = 0.3 mol m™® (a), 0.65 mol m™* (b), and 0.9 mol
m~3 (c) C1sTAB in water.
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rection (see Figures 6.9 and 6.11) and retards the jet flow. The theory requires
that in the presence of surfactant, the surface velocity at the point of detach-
ment from the nozzle increases linearly with increasing distance from the nozzle,
Equation (4.44). For z* > ¢*, the Marangoni effect vanishes and the surface
velocity tends towards the pure water value. This behaviour is shown by the
graphs in Figure 6.12, for Ry = 0.79 mm and Re = 1950. The transition points
of all curves compare well with the values for £* (see Figure 6.1).

In the experiments, a measurable reduction in surface velocity was only ob-
served at bulk concentrations well above the cmc. As evident from Figure 6.12,
the surface velocity retardation is rather low, and occurs very near the nozzle
exit, even at bulk concentrations near the cmc. This position on the jet surface
is not fully accessible for the lasers (see Chapter 7 for details).

The surface velocity profiles that are obtained with a slightly larger nozzle
(Ry = 1.0 mm) at Re = 1950 for bulk concentrations of ¢, = 0.3, 0.65, and
0.9 mol m~2 are shown in Figure 6.13. The curves exhibit virtually the same
behaviour as the curves (d) to (f) in the previous Figure 6.12, which is not
surprising since the surface tension curves in both cases show nearly the same
variation with axial distance z*.

Figure 6.14 compares the surface velocity profile of the water jet with the
surface velocity at a bulk concentration of ¢, = 0.65 mol m™3. The Reynolds
number in this case is slightly lower than before, at Re = 1550.

6.1.6 Radial Bulk Velocity Profiles

The reduction in surface velocity has a significant effect on the velocity in the
bulk liquid (see Figure 6.15). The shear stress that acts at the surface must be
balanced by viscous traction within the boundary layer underneath the surface,
thus altering the boundary layer development, as outlined before in our analytical
treatment of the jet flow in the presence of surfactant (see Section 4.1). Very
near the nozzle (z* = 0.1), a relatively narrow layer of liquid (0.05 X Ry) suffices
to accomodate the reduction in surface velocity. The thickness of the layer
grows to twice that value at a distance of one nozzle radius from the nozzle
exit, and grows further as the jet travels downwards. At a relatively large axial
distance of 10 x R, from the nozzle, the shear stress at the surface is reduced.
Consequently, the viscous traction within the boundary layer is also reduced,
and the velcocity gradient in the radial direction, du* /Or*, becomes very small
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Figure 6.12: Surface velocity profiles, u} = u} (2*), for the bulk concentrations
¢y = 0.05 mol m~3 (b), 0.1 mol m™3 (c), 0.3 mol m™3 (d), 0.63 mol m~° (e),
and 0.9 mol m3 (f) C;¢TAB in water at Re = 1950 (Rp = 0.79 mm) and
(2Fr)™" = 0.00507 in comparison with the uj (2*) profile of the water jet (w).
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Figure 6.13: Surface velocity profiles, u*(z*), at Re = 1950 (Ro = 1.0 mm),
(2Fr)~" = 0.01032, and ¢, = 0.3 mol m=3 (a), 0.65 mol m~ (b), and 0.9 mol

m~3 (c) C;¢TAB in comparison with the water jet (w).
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Figure 6.14: Surface velocity profile, u*(z*), at Re = 1550 (Ry = 0.79 mm),

(2 Fr)_1 = 0.00805, and ¢, = 0.65 mol m~2 C,4TAB in comparison with the
water jet (w).
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Figure 6.15: Radial velocity profiles, u* = u* (r*), for the water jet (w) and a
bulk concentration of ¢ = 0.9 mol m™3 (f) C1¢TAB in water at Re = 1950
(Ro = 0.79 mm) and (2Fr)™" = 0.00507.
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at the surface. However, a velocity deficit still exists between curve (w) and (f),

which is a consequence of the alteration of the boundary layer development at
shorter jet lengths.

6.2 C14TAB in the Absence of Micelles

6.2.1 Parameters of the Hybrid CFD Model

Tables 6.6 and 6.7 summarise the dimensionless modelling parameters and the
physico-chemical parameters of aqueous C;4TAB solution, respectively. As be-
fore in the case of aqueous sub-micellar C;¢TAB, we assume that the density
and viscosity of the dilute surfactant solution is accurately described by the pure
water values. The coefficient of diffusivity was obtained in a way completely
analogous to the procedure used before with C;6TAB in Section 6.1. Thus, we
use D~ = 20.8 x 10710 m? s~!for the counter-ions, and D = 4.31 x 10719 m? s~}
for the cations, which are both given for T' = 298.15 K. These values were also
used by Valkovska. et al. to model the adsorption of C14TAB at the surface of an
overflowing cylinder [52]. We find the value for the effective ionic diffusivity of

C14TAB in water, which is given in Table 6.7, from Equation (6.1).

Table 6.6: Dimensionless simulation parameters used in the numerical computa-
tions with aqueous solutions of C;,TAB below the cmc.

¢y / mol m™ 0.93
wy / X 1070 316.665
Ry / mm 0.79
Uy / ms? 0.81
6/° 89.99885
Re/2 640
Ca_! 89.86
(2Fr)~! 0.01181
Sc 1390.82
E 26.94
pD (Molse) ™" 0.5821
Figures 6.16 and 6.17
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Table 6.7: Values of physical and flow parameters used in the numerical compu-
tation with C;,TAB below the cmc.

p  Density of water 10° kg m™3

p Viscosity of water 103 kgm! s7?

o, Surface tension of water 728 x 1073 Nm™!
M Molecular weight of C;4TAB 340.5 x 1073 kg mol ™!
k Langmuir constant of C,4TAB 0.88 mol m™3

T..; Saturation surface coverage of C14TAB 4.48 x 1076 mol m™2
D  Diffusivity of C;4TAB 7.2 x 10710 m? g1
N Ionic number of C.i4TAB 2

R Universal gas constant 8.314 J mol™! K1
T Temperature 293.15 K

g Gravity 9.81 m s™2

The hybrid CFD model requires a value for the sub-surface concentration
at the point of detachment, w,go, which we obtain from Equation (4.57) and
the Langmuir isotherm, Equation (4.85). For a bulk concentration of ¢, =
0.93 mol m™3, a nozzle radius of Ry = 0.79 mm, and a mean nozzle exit velocity
of Ty = 0.81 m s™1, we find [} = 0.1753, and hence w; o = 63.6369 X 107%. From
Equation (4.56), we find A* = 0.2594 for the length of the region of detachment.

The computed solution for the downstream sub-surface concentration profile,
ws(2*), was approximated using the three-parameter fit, Equation (5.51), with
1/m = 3.614, X = 7.1915 X 10, and Y = 1.1833 x 10'. The values for the

two length scales are £* = 1.6515 and L* = 60.7750.

6.2.2 Surface Concentration

Figure 6.16 shows measured surface concentration profiles, I'*(z*), for three bulk
concentrations. For ¢, = 0.93 mol m~3, the result of the hybrid CFD model,
given by the solid line, is also plotted in Figure 6.16.

A large discrepancy exists between our estimate of 'y and the value of the first
experimental point. In the case of C1¢TAB, the estimates for ['; agreed well with
the values of the experimental data near the nozzle exit. For C14TAB, the theory
seems to largely over-predict this value. This over-prediction becomes more
obvious at higher bulk concentrations. For ¢, = 1.85 mol m~3, we calculate ['j =
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Figure 6.16: Surface concentration, I'*(z*), at Re = 1280 (Ry = 0.79 mm),
(2Fr)™" = 0.01181, and ¢, = 0.93 mol m™3 (solid line, squares), 1.85 mol m™
(circles), and 3.70 mol m™3 (triangles) C;4TAB in water.

0.4919, and for ¢, = 3.70 mol m™3, which equals the critical micelle concentration,
we find that the estimate for [} is larger than unity, which is not possible. It
thus appears that in the case of C14TAB, at least for high bulk concentrations,
the relation I'g ~ wg/ 2 does not hold. As a consequence of the high value for '},
the hybrid CFD model computes a much higher surface coverage in the upstream
region of the jet flow than measured in the experiment.

At a bulk concentration of ¢, = 0.93 mol m™3, from the Langmuir isotherm,
the equilibrium surface concentration value is about half the saturation value,
that is, I's, = 0.5. The computed surface concentration values remain below
this equilibrium value, at I'* =~ 0.4 for large 2*. In contrast, the measured data
not only reach the equilibrium value, but suggest that surfactant continues to
adsorb at greater jet lengths, which is not possible. At the cmc, the equilibrium
value is about 80% of the saturation value, and we see that the measured data

exceed this value as well.
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Figure 6.17: Surface velocity, u?(z*), at Re = 1280 (Ro = 0.79 mm), (2 Fr)y~' =
0.01181, and ¢, = 0.93 mol m~3 C;4,TAB in comparison with the water jet (w).
The symbols are measured data.

6.2.3 Surface Velocity

The surface velocity profile that corresponds to the computed surface concentra-
tion profile in Figure 6.16 is plotted in Figure 6.17, along with measured data
at 0.93 mol m~3 and in comparison with the water jet. Pure water values are

reached at a downstream distance of about two nozzle radii.

6.3 C;sTAB in the Presence of Micelles

This section presents the computed results that were obtained from the hybrid
CFD model for bulk concentrations above the cmc. The numerical data are
compared with experimental data for both the surface concentration and the
surface velocity. The hydrodynamic flow parameters, G and Ry, are kept con-
stant, as well as the total concentration of surfactant in the bulk, c;. We use
the hybrid CFD model to investigate the effects of variations in the dissociation
rate constant and mean aggregation number of the micelle species, kq and N,
respectively, on the adsorption behaviour of C16TAB in the jet.

The motivation of this parameter study is to gain understanding of the effect
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of micellar break-down kinetics on the adsorption of surfactant. We note that
values for the parameters of the micelle kinetic relations, in particular for the
dissociation constant, k4, are rare, and we seek to establish the order of magni-
tude of this parameter. Furthermore, our model assumes that only one micelle
species is present that has a mean aggregation number N. It is desireable to
study the sensitivity of the model to variations in V.

The FIDAP journal file that is given in Appendix C.3 computes the coupled
mass transfer problem in the presence of micelles.

6.3.1 Parameters of the Hybrid CFD Model

The physical and flow parameters that were employed in the computations are
given in Table 6.8. Bain et al., using the Stokes-Einstein relation,

D, = RT |
6T Ly m

(6.2)

calculated the coefficient of diffusivity of the micelle species to give D,, = 1.0 X
10710 ;2 51 at T = 298.15 K [32]. Their calculation assumed micelles of
spherical shape, with a radius of r,, = 25 A. We use this value for D,, in our
hybrid CFD model.

Lianos and Zana measured values ranging from 88 to 92 for the mean aggre-
gation number of the micelle species [218]. In this work, we assume a value of
N = 90, which represents the lower limit for the mean aggregation number, the
upper limit being N = 120. The resulting values for the equilibrium constant,
K, at the given total bulk concentration of cr = 1.5 mol m~—3 Cy,TAB are sum-
marised in Table 6.9, together with the values for the dissociation and formation
rate constants of the micelle species, kg and kj, respectively. K was calculated
using Equation (5.30) and is also plotted in Figure 5.6. We have chosen a value
for ks, which, through the given values for K and N, determines the value for
k. In this way, parameter studies for kq and N could be carried out.

An estimate for the surface concentration at the point of detachment, ',
must be forwarded to the hybrid CFD model. This estimate is provided by
Equation (4.84). Several values for ['; at different total bulk concentrations for
C16TAB at Re = 1950 (Ry = 0.79 mm) are plotted in Figure 6.18. These values
are shown together with the estimates for I'y at sub-micellar bulk concentrations.
We had previously shown that the presence of micelles enhances the mass transfer
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Table 6.8: Values of physical and flow parameters used in the numerical compu-
tations with C;6TAB above the cmc.

Ry Nozzle radius 0.79 x 1073 m

Ty Mean nozzle exit velocity 1.236 m s~!

cr  Total molar concentration of C16TAB 1.5 mol m™3

ceme  Critical micelle concentration of C;¢TAB  0.92 mol m~3

0 Downstream contact angle 89.97 °

p  Density of water 103 kg m™3

i Viscosity of water 103 kg m~! s7!
o, Surface tension of water 72.8 x 1073 Nm™!
M  Molecular weight of C,TAB 364.5 x 1073 kg mol™!
k Langmuir constant of C,cTAB 0.23 mol m™3

I'..; Saturation surface coverage of C;¢TAB 3.9 X 10~% mol m™2
D  Diffusivity of C;¢TAB (monomers) 7.5x 10710 m? st
D,, Diffusivity of C;¢TAB (micelles) 1.0 x 10710 m? 57!
N Tonic number of C;sTAB 2

R Universal gas constant 8.314 J mol™! K!
T Temperature 203.15 K

g Gravitational acceleration 9.81 m s72

of surfactant monomers to the surface (see Equation (4.70) in Section 4.3.1),
which means that all estimates for [, above the cmc must be higher in their

Table 6.9: Values of the mean aggregation numbers, NV, the equilibrium con-
stants, K, and the dissociation and formation rate constants, k4 and ky, respec-
tively (see also Figure 5.6). The total bulk concentration is ¢y = 1.5 mol m™
C16TAB (Ceme = 0.92 mol m™2).

I'*(z*) Figures (curve) N K /

m

6.21 (a) 90
6.21 (b) 90

6.21 (c) and 6.22 (a) 90

6.21 (d) 90
6.22 (b) 120

107.0798

1 mol:™"
b / s M / N 5
1.0

11.7026
10.0 117.026

100.0 1170.26
1000.0 11702.6
100.0 10707.98
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Figure 6.18: Surface concentration at the point of detachment, '}, for C;TAB
at Re = 1950 (Rp = 0.79 mm) as a function of the bulk concentration, ¢, in
the region below the cmc (Equation (4.57), open triangles), and as a function of
the total concentration, cr, in the region above the cmc (Equation (4.84), closed
circles).

values than the value for I'j at the cmc. This behaviour is shown by the data
in Figure 6.18.

The value for I' that corresponds to ez = 1.5 mol m™3 C;4TAB at Re = 1950,
from Figure 6.18, is I'§ = 0.2212. This value is transformed to the corresponding
sub-surface concentration value, w; g, by means of the Langmuir isotherm. We
find the value w, ¢ = 23.8128 x 1075, which is used in the hybrid CFD model.

We have outlined in Section 5.9.2 that at high concentrations in the bulk,
the surface approaches a state of equilibrium at the downstream position. The
simple power-law relation, Equation (5.42), which approximated the numerical
downstream solution w,(z*) well if only small to moderate amounts of surfactant
were dissolved, does not yield a satisfactory representation of the computed
downstream data for w,(z*) at high bulk concentrations.

A second length scale, L*, which is defined in Equation (5.45), was introduced
to take the equilibration of the surface into account, when w, — wj as 2* becomes
large. Equation (5.51), which contains three fitting parameters X, J, and 1 /m,
gave the approximation of the numerical downstream data for w;(2*). With the
values for the three fitting parameters known, the matched solution for ws(2*)
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that spans the entire length of the sub-surface is given by Equation (5.46). The
surface equation of state was linked to Equation (5.46), and the computation
was carried out.

An iterative procedure was applied, during which several computations, usu-
ally fewer than ten, were necessary to attain stable values for the three fitting
parameters (see Figure 6.19). In contrast to the computations without micelles,
the numerics required significantly more computational time (up to 10 hours on
a Windows 2000 PC with 512 Mb RAM and a 1.0 GHz processor) and memory,
when the concentration field of the micelles in the jet was computed along with
the distribution of monomers in the jet.

Figure 6.20 shows the dependence of the downstream fitting parameters on
the micelle dissociation rate constant for a fixed mean aggregation number (see
also Table 6.10, which includes values for X, ), and 1/m for a different mean
aggregation number). The values for the two length scales £* and L*, which were
computed using the values for X, Y, and 1/m, are also displayed in Table 6.10.

6.3.2 Surface Concentration
Effect of the Dissociation Rate Constant

At a constant mean aggregation number of N = 90, we have varied the value
of the dissociation rate constant, kg, to investigate its effect on the adsorption
behaviour in the jet. The result of this parameter study is shown in Figure 6.21,
where four I'*(z*) curves are shown in comparison with one set of experimental

Table 6.10: Values of the parameters of the least-squares fit to the numerical
downstream solution ws(z*), Equation (5.51), and the resulting values for the
length scales ¢* and L*. The total bulk concentration is ¢z = 1.5 mol m™3
C16TAB (Come = 0.92 mol m™).

ki /st N X Y i/m O IF

10 90 3.4516 x 10° 2.0488 x 107 2.066 0.7498 168.4693
100 90 6.7004 x 108 1.9998 x 108 1.906 0.6835 335.0535
1000 90 9.0086 x 105 2.7207 x 10* 1.285 0.4276 33.1113
100.0 120 9.0096 x 10° 2.7098 x 10* 1.285 0.4548 33.2482
10000 90 3.0616 x 107 7.8812 x 10° 1.700 2.3741 38.8469
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Figure 6.19: Dynamic behaviour of the parameters X' (A), ) (o), and 1/m () of
the least-squares fit of Equation (5.51) to the downstream solution w,(z*). The
data are for cr = 1.5 mol m™* C;sTAB, Re = 1950 (Rp = 0.79 mm), N = 90,
kq =100 s7!, and K = 11.7026 mol=8° m267.

data. For k; < 100 s™!, curves (a) and (b), variations in k, affect the solution
for I'*(2*) in both the downstream and the upstream region of the jet. For
ks = 100 s™*, curve (c), the numerical data at the downstream position (z* > 50)
seem to plateau at a surface concentration value of I'* =~ 0.75. A further increase
of the value of k4 to 1000 s™! affects the solution only in the upstream region,
curve (d). The computed results seem to suggest that for k; > 1000 s~1, the
solution for I'*(z*) becomes rather insensitive to variations in k.

The expanding jet surface causes monomers to diffuse to the surface. This
diffusion process in turn disturbs the equilibrium between the monomers and the
micelles. As a consequence of this disruption, micelles release monomers in an
attempt to re-establish equilibrium between monomers and micelles. The whole
process is thus governed by two time scales—the time scale of surface expansion,
given by the reciprocal of the surface expansion rate, (du,/ dz)_l, and the time
scale over which micelles disintegrate, given by the reciprocal of the dissociation

rate constant, 1/k; .
The graphs in Figure 6.21 were computed for dissociation rate constants of
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Figure 6.20: Parameters X (4A), YV (o), and 1/m ({) of the least-squares fit of
Equation (5.51) to the downstream solution w,(z*) as a function of the dis-
sociation rate constant, kg, at ¢ = 1.5 mol m™3 C;,TAB and Re = 1950
(Ry = 0.79 mm). The mean aggregation number is N = 90, and the equi-
librium constant is K = 11.7026 mol~3® m?%".
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Figure 6.21: Surface concentration curves, I'*(2*), for varying dissociation rate
constants, kg, in comparison with experimental data (symbols). The total con-
centration is ¢y = 1.5 mol m™3 Ci;sTAB at Re = 1950 (Ro = 0.79 mm). The
data are for N = 90 and kg = 1.0 s™! (a), 10.0 s7! (b), 100.0 s7! (c), and 1000.0
s~1 (d).
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1 < kg < 100057, thatis, 1 > 1/kg > 102 s. The surface expansion rate varies
along the jet surface and has its maximum value within the region of detachment.
Using our theory, Equation (4.44), we can estimate this maximum value to give
dus/dz ~ 10° s™1, from which follows that (du /dz)_1 ~ 1073 s. With increasing
distance from the nozzle exit, the surface expansion rate decreases rapidly, and
the time scale of surface expansion becomes larger. Thus for small values of kg,
the transport of monomers to the surface is determined by the surface expansion
rate in the region near the nozzle exit, and the break-down of micelles enhances
the transport of monomers to the surface only in the region further away from
the nozzle exit. On the other hand, for large values of kg, the disintegration of
micelles enhances the transport of monomers to the surface near the nozzle as
well. The graphs in Figure 6.21 reflect this behaviour.

We note here that in our analytical treatment of monomer adsorption in the
presence of micelles, Section 4.3.1, we assumed the case of infinitely fast micellar
break-down kinetics, that is, k; — 0o and 1/k4 — 0.

In the upstream region of the jet, good agreement between computation and

experiment is obtained with a value for k; that is of the order 100 s™.

Using
the stopped-flow method and conductometric registration, Czerniawski [219)
measured the rate of micellisation of C;sTAB in water and gave a value of
ks = 47.6 s7! at a temperature of 25°C and for total concentrations of 1 to
10 mol m™3. This value agrees reasonably well with the value found from our
CFD computation. Chan et al. [220], on the other hand, obtained a value of
kg = 0.4 s~% at 30°C and for a total concentration of 1.5 mol m=3 C;sTAB in
water.

The asymptotic values for the surface concentration in the experiment and in
the computation at large z* disagree. Above the cmc and in the case of C¢TAB,
we would expect an equilibrium value of T';, ~ 0.8 at larger distances from the
nozzle. This value seems to have been observed in the experiments, but the
computations exhibit a lower value, presumably because the distance of 2* = 100
(the length of the computational domain) is not sufficient for equilibrium at the

surface to be reached.

Effect of the Mean Aggregation Number

The effect of the mean aggregation number on the adsorption of C;6TAB in the

jet was investigated at a fixed micelle dissociation rate constant of k; = 100 s7%.
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The computations were carried out with two different mean aggregation numbers
of N = 90 and 120 (see Table 6.9 for the values of the equilibrium constants,
and Table 6.10 for the values of the downstream solution fitting parameters and
length scales). The results of this parameter study for I'*(2*) are shown in
Figure 6.22, curves (a) and (b), where curve (a) is identical with curve (c) in
Figure 6.21.

It is evident from the graphs in Figure 6.22 that the effect of the mean
aggregation number on the adsorption behaviour is small, as both curves (a)
and (b) virtually cover each other up. Also plotted in Figure 6.22 is a relative
deviation factor F(z*), curve (c), given by

ID* (N = 120) — T* (N = 90)|
T* (N = 90)

F = x 100%, (6.3)
which is a measure of the relative deviation of the two solutions along the jet
surface. In Equation (6.3), T'* (IV = 90) is given by curve (a), and I'™* (N = 120)
is given by curve (b). Although the relative deviation increases with increasing
jet length, it is very small, reaching a value of only little more than 0.05% at
the outlet of the computational domain. The effect of the mean aggregation
number N on the adsorption behaviour in the jet is thus negligibly small.

6.3.3 Radial Bulk Concentration Profiles

Radial monomer and micelle bulk concentration profiles, w(r*) and wm(r*), are
shown in Figures 6.23 and 6.24, respectively, for three different axial downstream
positions. The profiles of the monomer concentrations very nearly resemble those
shown in Figure 6.8, which were obtained under sub-micellar conditions. How-
ever, due to the presence of micelles, which enhances the transport of surfactant
monomers to the surface, the profiles in Figure 6.23 show higher values for the
sub-surface concentrations, w,(z*), at the different axial positions.

The profiles of the micelle concentration in the bulk liquid in Figure 6.24
show that the boundary layer for this species—the distance from the surface
to the point at which the bulk value, wmp, is reached—has about the same
thickness as that of the surfactant monomers in Figure 6.23. The data shown in
Figures 6.25 and 6.26, where the bulk concentration profiles w(r*) and wy,(r*)
within the boundary layer at z* = 10 and 50 are displayed, show clearly that
the concentrations reach their respective bulk value at about the same distance
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Figure 6.22: Surface concentration curves, I'*(z*), for N = 90 (a) and 120 (b),
in comparison with experimental data (symbols). The total concentration is
¢y = 1.5 mol m~3 C;gTAB at Re = 1950 (Rp = 0.79 mm). The dissociation
rate constant is k; = 100.0 s~! in both cases. Curve (c) is the relative deviation,
F, according to Equation (6.3).
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Figure 6.23: Monomer bulk concentration profiles, w (r*), at three different axial
downstream positions, 2z* = 50 (a), 25 (b), and 10 (c), for cr = 1.5 mol m™®
C1sTAB and Re = 1950 (Ro = 0.79 mm). The mean aggregation number is
N = 90 and the dissociation rate constant is kg = 100.0 57"
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Figure 6.24: Micelle bulk concentration profiles, wn, (r*), at three different axial
downstream positions, z* = 50 (a), 25 (b), and 10 (c), for ¢r = 1.5 mol m™
C16TAB and Re = 1950 (Rp = 0.79 mm). The mean aggregation number is
N = 90 and the dissociation rate constant is kg = 100.0 s~ 1.

from the surface. The numerical solutions found by Breward and Howell exhibit
the same behaviour [64]. The data shown in Figures 6.25 and 6.26 correspond
to curves (a) and (c) in Figures 6.23 and 6.24.

Within our model, the micelle species is treated as surface-inactive through
the zero-flux boundary condition at the surface, Equation (5.37). The micelle
concentration profiles in Figures 6.25 and 6.26 reflect this boundary condition
at the surface, where the gradients dw,,/0r* exhibit a slope of zero.

At small z*, where the surface expands rapidly, the transport of monomers to
the surface is dominated by the rate of surface expansion. At large z*, the time
scale of micelle disintegration is significant compared to the time scale of surface
expansion. In this region, the contribution of the disintegration of micelles to
the transport of monomers to the surface is larger, and hence the lower values
for w, s for large 2*.

Thus, if the micelles disintegrate at a finite rate kg, then a region exists
over which both micelles and monomers are present together, as the monomer
concentration falls below the cmc. This case may be contrasted with the as-

sumption of infinitely fast micelle break down (kg — 00), which we assumed in
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Figure 6.25: Bulk concentration profiles, w (r*) and W (r*), of monomers (A)
and micelles (o) in the boundary layer at z* = 10. The data are for of =

1.5 mol m™ C;sTAB and Re = 1950 (Ro = 0.79 mm). The mean aggregation
number is N = 90 and the dissociation rate constant is kg = 100.0 s7L,
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Figure 6.26: Bulk concentration profiles, w (r*) and wy,(r*), of monomers (A)
and micelles (o) in the boundary layer at z* = 50. The data are for ¢f =
1.5 mol m™3 C;,TAB and Re = 1950 (Ry = 0.79 mm). The mean aggregation
number is N = 90 and the dissociation rate constant is k; = 100.0 s™!.
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our theoretical treatment in Section 4.3.1 (see Figure 4.6). As the rate of disin-
tegration decreases, the concentration of micelles within the diffusion boundary
layer increases. As a consequence of this increase in the micelle concentration at
low k4, the monomer concentration decreases, since less monomers are supplied
from the disintegrating micelles. Curves (a) and (b) in Figure 6.21 show this
situation at low k;. When the rate of disintegration is very low, so that k3 — 0,
the bulk concentration of micelles exists up to the surface.

As before in the sub-micellar model, the surfactant monomer profiles are
smooth and well-behaved, and do not show any oscillations in the solution. The
profiles of the micelle species on the other hand exhibit some oscillatory behavi-
our, which is particularly pronounced at the edge of the boundary layer within
the bulk liquid. This behaviour may be related to the discretisation of the com-
putational low domain. Although the mesh allows for sufficient accuracy when
solving the monomer mass transfer, this may not be the case for solving the mi-
celle mass transfer. Computations on a mesh that has a greater density towards
the edge of the boundary layer would be necessary to establish the impact of
the discretisation of the flow domain on the solution for wm(r*,z*). The data
displayed in Figures 6.25 and 6.26 show that as the boundary layer grows, with
increasing distance from the nozzle exit, less nodes underneath the surface are
necessary to accurately compute the gradients at the surface. Redistributing
the nodes within the boundary layer would allow for greater density at the in-
ner edge of the boundary layer without increasing the total number of elements
within the computational flow domain, which ensures that the computational
efforts remain the same. Also, the upwinding scheme employed to suppress the
occurrence of such oscillations, which adds a small amount of artificial diffusion
in the streamwise direction only, may not sufficiently work for the micelle species

transport problem.

6.3.4 Surface Tension

The curves of the computed surface tension parameter, Ca~!(z*), which are plot-
ted in Figure 6.27, correspond to the surface concentration curves in Figure 6.21.
We see that for larger values of kg, the surface tension curves reach a plateau at
long axial distances from the nozzle. This plateau defines the state of equili-

brium at the surface for this particular surfactant.
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Figure 6.27: Surface tension parameter, Ca™'(z*), for varying dissociation rate
constants, k;. The total concentration is cr = 1.5 mol m™® C;sTAB at Re =
1950 (Ro = 0.79 mm). The data are for N = 90 and kg = 157" (a), 10 s™* (b),
100 s7! (c), and 1000 s! (d).

6.3.5 Surface Velocity

The computed surface velocity curves, u%(z*), that correspond to the computed
surface concentration data in Figure 6.21 are plotted in Figure 6.28, curves (a)
to (d), along with one set of experimentally obtained surface velocity data. The
four curves show the effect of the micelle dissociation rate constant, kg, on the
velocity retardation at the surface.

In general, we can say that the point of transition from the linear to the
far-field region of the jet moves towards larger values with an increase in kq.
In the cases of curves (a) and (b), where k; = 1 s™! and 10 s™', respectively,
this point of transition lies at about z* = 1. At the highest value for k4, curve
(d), this point has moved downstream, to about z* = 5. Curve (c) shows an
intermediate behaviour.

Experimental velocity data are available to within a distance of about one
nozzle radius from the nozzle exit. At this downstream distance, the velocity
reduction as a consequence of the surface shear has largely subsided, and the
surface velocity is approaching the behaviour of the water jet. We were thus not
able to generate experimental data that show the reduction in surface velocity
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Figure 6.28: Surface velocity curves, u;(z*), for varying dissociation rate con-

stants, kg, in comparison with experimental data (symbols). The data are
for oy = 1.5 mol m™3 C;gTAB at Re = 1950 (Rp = 0.79 mm), N = 90, and
ky=1s"1 (a), 10 s~ (b), 100 s7! (c), and 1000 s™* (d).

at a total bulk concentration of 1.5 mol m™> C;TAB. Larger quantities of
surfactant had to be dissolved in order to identify the Marangoni flow in the
jet experimentally. Appendix E shows surface velocity measurements that were
carried out at total bulk concentrations of cr = 2.5 mol m~3 (Re = 1550) and
cr = 4.0 mol m~3 (Re = 1950) C;6TAB, which clearly indicate the reduction in

surface velocity.



Chapter 7
Experimental Investigation

The liquid jet was designed to generate a stable expanding surface under steady-
state conditions. Specific requirements in the design were (i) an axisymmetric
fully developed laminar flow profile, (i) the minimisation of wetting at the nozzle
tip, (441) isolation from sources of vibration to retard jet break-up and to avoid
interference with the optical systems, (iv) a minimum total volume, (v) accurate
thermostatting, and (vi) the control of foaming [208].

7.1 Nozzle Design

It may be shown that the pressure drop, Ap, in a vertical capillary pipe of length
| is given by [221]

Ap 8y
= — pg. 1

The derivation of Equation (7.1) assumes fully developed laminar flow in the

pipe (see Figure 7.1). In a gravity-driven flow, the pressure drop is determined
by the pressure head in the reservoir, that is,

Ap = pgH, (7.2)

where H is liquid height in the reservoir. Substituting Ap in Equation (7.1)

with Equation (7.2) gives
H 8,Uﬂ0

|~ pgR}
Using Torricelli’s theorem, we can express the mean nozzle exit velocity as a

function of H and [,
o = V29 (H +1). (7.4)

198

(7.3)
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Figure 7.1: Reservoir liquid height, H, and nozzle length, ! (not to scale).

We then find a relation for the pressure head in the reservoir as a function of
the nozzle radius and the nozzle length,
128121 }
H=I —-15.
{p%Ré (7.5)
In Equation (7.5), we have discounted the entry length of the flow that is neces-
sary to achieve Poiseuille flow. This entry length, [, can be obtained from the

empirical formula ,

0

~ 0.056 Re.. (7.6)
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Figure 7.2: Liquid height in the reservoir, H, as a function of the nozzle length,
I, and the nozzle radius, Rp, according to Equation (7.5). The graphs are
computed for the properties of water at 20°C and varying nozzle lengths | =
200 X Rp (), 100 X Ry (O), and 50 x Ro (O).

At the length I, the velocity on the symmetry line has reached 99% of the value
of the Poiseuille velocity (twice the mean velocity) [222,223]. In order to operate
with fully developed laminar flow at a Reynolds number of up to Re ~ 2000, the
nozzles have to be 100 times the internal nozzle diameter in length.

For a given nozzle length and nozzle radius, Equation (7.5) gives an estimate
of the height of liquid in the reservoir that is necessary to overcome the pressure
drop in the capillary pipe. Equation (7.5) is plotted in Figure 7.2 for three
different nozzle lengths. With a nozzle length of 200 X Ry, in a purely gravity-
driven jet flow, it is not feasible to operate the apparatus with nozzle radii of
much less than 0.8 mm due to the large liquid heights at Re ~ 2000.

Shorter capillary nozzles would allow for smaller nozzle diameters, but at the
expense of operating with lower Reynolds numbers. Alternatively, pressurising
the reservoir would provide additional driving force for the flow, allowing for the
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accessibility for the laser beams. The dimensions of the tip of the 2Ry = 1.58 mm

nozzle used in this experimental investigation and a photograph of the nozzle
and the liquid jet are given in Figure 7.3.

7.2 Experimental Jet Apparatus

Figure 7.4 shows the basic design of our jet apparatus. The fluid was pumped
continuously around the system in the direction indicated by the arrows. A
magnetic drive pump (CP Instruments, model AC-2CP-MD) with shaft seals was
used to reduce contamination of the surfactant solution and to facilitate clea-
ning (P). These pumps produce low levels of vibration and have a steady, con-
tinuous action. In order to maintain a constant temperature to within & 0.5°C,
the solution was passed through a glass coil immersed in a thermostatted water
bath (Grant LVF6) (WB). The experiments were performed at 20°C.

To prevent vibrations from the pump coupling into the nozzle of the jet, a
direct pipework connection between the pump and the nozzle was avoided. The
fluid from the pump was allowed to flow over the outside of an inverted funnel (F)
and then to fall freely onto the internal walls of a cylindrical reservoir (R).
The inverted funnel serves to minimise air entrainment and hence suppresses
foaming, as well as providing a smooth flow of liquid into the reservoir. A
Teflon resistance plate (RP) with a thickness of 5 mm and an array of holes of
2 to 3 mm diameter was fitted near the bottom of the reservoir to prevent any
flow instabilities reaching the nozzle. The reservoir was mounted on a coarse
vertical z-translation stage with a range of 400 mm and a resolution of 0.1 mm,
and a fine horizontal z-y-translation stage equipped with differential micrometers
with a sensitivity of 0.1 um (TS). This combination of stages allows precision
mapping of the flow profile across the jet (y-direction) and measurements over
the whole length of the jet before break-up.

A nozzle (N) was attached to the lower end of the reservoir by means of
a 1/8 inch BSP coupling so that they were interchangeable. The flow rate
through the nozzle is dependent on the hydrodynamic pressure difference across
the nozzle (H), which was controlled with an adjustable air-trap valve (AV) that
fixes the height of the fluid in the reservoir. Fluid emerging from the nozzle (J)
and fluid overflowing from the reservoir through the air-trap valve fell freely into
a sump (C) and was then fed back to the inlet of the pump (P).
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Figure 7.4: Schematic diagram of the liquid jet pumping system. P — magnetic
drive pump, WB — water bath, V — valve, TS — zyz translation stage, R —
stainless steel reservoir, RP — resistance plate, AV — air vent, J - jet, N — nozzle,

F — funnel, C — container (sump), H — head.
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To minimise vibrations from the surrounding environment the entire expe-
riment was set up on a 12 inch thick optical table (Melles Griot) and enclosed

with heavy curtains to exclude air draughts. A description of the optical bench
may be found elsewhere [208].

7.3 Measurement of the Velocity Field

A laser Doppler velocimeter has been constructed to measure the jet velocity.
This technique was applied very successfully in the overflowing cylinder expe-
riment (see Section 1.7.1). In laser Doppler velocimetry (LDV), a laser beam
is split into two equal parts, which are then refocused within the jet (shown in
Figure 7.3). The angle of intersection of the two laser beams was 50° in air.
This angle is reduced to 37° inside the fluid as a result of refraction of the beams
at the air-water interface. In the intersection of the two beams, a standing wave
pattern of interference fringes is set up. TiO; particles with a mean diameter of
2 pm pass through the focal volume and scatter laser light. The scattered light
signal is then detected, filtered, digitised, and Fourier-transformed to yield the
frequency, which depends on the velocity component of the particle perpendicu-
lar to the fringes. In the jet, this is the axial velocity component, wu.

The angles of incidence of the laser beams limit full sections of the jet to
axial distances, z, greater than 1 mm. Measurements of the jet surface velocity
alone can be made to within 300 um of the nozzle tip. The probed volume has
a width of 10 pum in the axial direction, and 30 um in the radial direction. For
measurements of the surface velocity, in which the focus is placed at the surface,
the average depth from which the signal arises is 9 um. The error introduced
by the finite sampling depth of the LDV experiment can be estimated from

do du

dz Far (7.7)
where the contraction of the jet has been neglected. For a typical surface tension
gradient of 3 x 1072 N m™" over a distance of 2 x 1072 m, the velocity gradient
du/dr = 1.5 x 103 s™1.  Thus, for the viscosity of water, the velocity u at a
distance 9 pm beneath the surface would be 1.4 cm s~ higher than the surface
velocity, us = u(z,7 = R). This error is small compared with a typical surface

velocity, except very near the nozzle.
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Figure 7.5: Coefficient of ellipticity, p(z), for C;¢6TAB at Re = 1950 (Ry =
0.79 mm). The data are for ¢, = 0.63 mol m™3 (¢), 1.25 mol m™3 (),
2.5 mol m~3 (M), and 4.0 mol m=3 (A).

7.4 Measurement of the Surface Concentration

In ellipsometry, the change in polarisation of light upon reflection is measured,
which is determined by the optical properties of the sample. Ellipsometry allows
us to map the amount of surfactant adsorbed at the jet surface and has been ap-
plied before in the overflowing cylinder experiment (see Section 1.7.1). Although
the coefficient of ellipticity, 7, is determined directly by the adsorbed surfactant
monolayer, it is not an absolute measure of surface concentration. Therefore,
it is necessary to calibrate ellipsometric data against another direct measure-
ment of surface excess. A calibration curve, p = p(I"), has been determined by
neutron reflection and ellipsometry on an overflowing cylinder {224].

Figure 7.5 shows typical p(z) measurements for C1¢TAB below and above
the cme. A value of p =~ —2.5 X 10™° corresponds to a monolayer, and a value
of  ~ 0.4 x 1073 represents pure water. The variation in p, from repeated
measurements at identical concentrations of C,sTAB and jet speed, was about
1 x 10™%, which represents less than 5% of a monolayer of C;4TAB. Very close to
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the nozzle, however, contraction of the jet deflects the laser beam in the vertical
plane and defocuses the reflected beam. These effects of curvature, together
with the finite diameter of the laser beam, limited ellipsometric measurements
in practice to axial distances z from the nozzle tip greater than 1 mm.

7.5 Experimental Data

Experimental data were collected by our co-workers in the Physical and The-
oretical Chemistry Laboratory at Oxford University for a variety of ionic and
non-ionic surfactant systems. These data sets are summarised in Appendix E.



Chapter 8

Conclusions

Using a simplified boundary-layer treatment, we have demonstrated that near
the nozzle exit, the axial surface velocity of the water jet shows a cube-root
dependence on the axial distance, u, ~ 2!/3. From this result follows that
the rate of surface expansion, du,/dz scales as 2=%?/%, thus for z — 0 leading to
dus/dz — oo. The jet shows singular behaviour at the point of emergence of
liquid from the nozzle (the detachment point).

In the presence of surfactant, the boundary-layer treatment was extended to
account for the variation in surface tension at the surface of the jet. From this
extension, we found that, to leading order, the surface velocity depends linearly
on the axial distance, us ~ z, within a short distance from the nozzle (the region
of detachment), which means that the rate of surface expansion is finite and
constant within this region. The adsorption of surfactant thus eliminates the
singularity at the point of detachment.

Downstream of the detachment region the Marangoni stress decreases rapidly,
and the surface velocity tends to vary with z!/3, as in the case of the pure
water jet. We have described how downstream surface velocity and surface
concentration profiles can be modelled approximately, making use of “off-set”
distances. These off-set distances, and the length of the detachment region, are
found to scale with wf/ 2 where w, is the bulk concentration of surfactant.

We have also shown that there is a finite concentration of adsorbed surfactant
at the point of detachment, I'g, which also scales with w,?,’/ 2

In a linked result, we found that the surface shear stress at the point of
detachment is equal to the wall stress inside the nozzle that arises from the
parabolic flow profile. This limitation on the surface shear stress, however, is

207
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based on the physically intuitive supposition that the jet emerges from the nozzle
with parabolic low. We are currently lacking proof of this assumption, both
experimentally and theoretically. Removing this constraint would inevitably
lead to a different family of solutions. In fact, CFD computations, in which the
surface shear stress at the point of detachment exceeded the stress value inside
the nozzle, resulted in the appearance of a vortex flow, much less in diameter
than the nozzle, in the nozzle exit plane. As a consequence of this reversal
of surface flow, the velocity profile of the emerging jet was altered, ensuring
continuity of stress at the point of detachment.

With the occurrence of the toroidal vortices in the numerical computations,
convergence for the convection-diffusion equation could no longer be attained.
The failure of the numerical scheme was caused by its inability to handle the step
change in sub-surface concentration that should occur at the point of detachment.
We have therefore used two results of our theory—the maximum Marangoni
stress and the finite surface concentration at the point of detachment—with the
CFD model, which gave our hybrid CFD model. In this way, we were able to
obtain converged solutions over a range of bulk concentrations.

Most of the computations presented in this thesis were carried out for the
properties of aqueous solutions of the cationic surfactant CisTAB. At low
to moderate bulk concentrations of C;gTAB, the predictions of our diffusion-
controlled adsorption model for the surface concentration agreed very well with
experimental data, suggesting that the effect of the electric double layer on the
rate of the mass transfer to the surface is negligible and that an adsorption bar-
rier is absent. At bulk concentrations near the critical micelle concentration,
however, the hybrid CFD model over-predicted the surface concentration in the
upstream region of the jet. This over-prediction may indicate that the effect of
the electric double layer, which reduces the rate of mass transfer to the surface
due to the electrostatic repulsion of the charged surface, is important at higher
bulk concentrations.

For sub-micellar C,4TAB, a shorter homologue of C16TAB which has a much
higher critical micelle concentration, our simplified theory strongly over-predicted
the value for the surface concentration at the point of detachment, I'p. There
was thus no agreement between the predictions of the hybrid CFD model and the
experimental data for this surfactant. This strong over-prediction may again
indicate that electrostatic repulsion effects of the surface are important, and



8. Conclusions 209

perhaps more important than in the case of C;;TAB.

In all computations with the hybrid CFD model, as expected, the surface
velocity increased linearly with distance within the region of detachment and
exhibited water-like behaviour outside this region. The smallness of the de-
tachment region, usually not more than one nozzle diameter in length, made
the detection of this behaviour in the experiments impossible. Experimental
evidence of the Marangoni stress was only obtained at high bulk concentrations,
about 2.5 times higher than the critical micelle concentration of C;4TAB.

The conservation equation of a second species, micelles, was solved alongside
that of the monomers above the critical micelle concentration for one concen-
tration of C,gTAB. It was found that considering one micelle species suffices
to study the effects of micelle break-down kinetics on the adsorption at the jet
surface. Good agreement between computed and measured surface concentra-
tion data was found with a micelle disintegration rate constant that is of order
100 s™! at an aggregation number of 90. These values are consistent with litera-
ture values, though the literature on micelle break-down kinetics is sparse. The
computed results were found to be insensitive to variations in the aggregation

number.



Chapter 9

Future Work

We have successfully developed a (hybrid) CFD model that is capable of pre-
dicting surfactant adsorption and Marangoni flow in liquid jets. However, the
CFD model has a number of shortcomings. Based on the modelling work that
has been presented in this thesis, we suggest

(i) to determine theoretically whether other families of solutions for the jet
flow at the point of detachment in the presence of surfactant exist,

(i) to extend the hybrid CFD model to incorporate electric double layer effects,

(#4) to use more sophisticated isotherms, such as the Frumkin or van der Waals

isotherm,

(iv) to develop a CFD model that is capable of predicting mixed diffusion-
kinetic adsorption,

(v) to design an experimental apparatus that allows for measurements within
the region of detachment,

(vi) to account for the curvature of the surface in the flux boundary condition,
given by Equation (5.22), and to apply the CFD model to other free-surface

flow configurations.

Under (1), we address the chief assumption of our boundary-layer treatment
in Section 4.1—fully developed laminar flow of the liquid jet on emergence from
the nozzle. The Assumption of parabolic flow enabled us to carry out the boun-
dary layer analysis with comparatively simple mathematical means. However,

210



9. Future Work 211

performing the analysis without any constraints on the surface shear stress at
the point of detachment would provide valuable inside, which we are unlikely to
obtain from the experiment.

Recommendation (i) arises from the over-prediction of the surface concen-
tration by the hybrid CFD model at bulk concentrations of C;sTAB close to the
critical micelle concentration. This over-prediction was even more pronounced in
the C,4,TAB results. Electrostatic repulsion of the surface, which increases with
increasing bulk concentration, may hinder the mass transfer to the surface and
may provide an explanation for the discrepancy between model prediction and
experimental data. The assumption of local equilibrium between sub-surface
and surface would still hold, and the diffusion-controlled character of the ad-
sorption model would remain. If we could include these effects correctly, the jet
would become a more precise instrument for investigating them.

The use of more sophisticated isotherms may improve the agreement between
computation and experiment in the downstream flow region, where the equili-
brium values for the surface concentration in the experiments often seem to be
somewhat higher than the computed values. The Frumkin isotherm, for ex-
ample, takes molecule interactions into account, which the Langmuir isotherm
neglects. These interaction effects become important at higher concentrations.

Under (iv), we put forward the use of adsorption kinetics instead of an equili-
brium isotherm, such as the Langmuir-Hinshelwood relation in Equation (1.10).
The implementation of a kinetic relation is particularly desirable with respect
to the generality of the model, as these kinetic relations reduce to the respective
equilibrium isotherm for fast adsorption at the surface.

The lack of experimental data very near the nozzle exit has been a major
drawback in the validation of the modelling results in that region of the jet.
The implementation of suggestion (v) will certainly require a major re-design of
the apparatus, in particular of the optical system.

Finally, in order to apply the CFD model to other types of free-surface flows,
the flux boundary condition (5.22), which is central to the model, must be gen-
eralised. In a high-speed laminar liquid jet, the curvature is only slight and
may be neglected. But in general, this boundary condition must be formulated
in terms of a local tangential-normal coordinate system. Such a generalisation

requires the implementation of a coordinate transformation.
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Appendix A

Solving the Convection-Diffusion

Equation

We derive the general solution of the convection-diffusion equation,

Pw Re_, .. . 0w
ay*2 + —2—Scy f (Z )ay* = 0.
Introducing the substitution
ow Oy OPw
Y=o T oy o
we obtain
oy Re_, .., B
oy + —2—Scy f(z)y=0.

Integrating the factor (Re /2) Scy*f'(z) according to

exp {% Sc f'(2) /y*dy*} = exp {E; Sc f’(z)%} ,

and multiplying Equation (A.3) with it, leads to

Applying the chain rule to Equation (A.5) results in

Integrating once gives

0 Re oy _
o [wexp {7 Sc f (z)7}J = 0.

(A1)

(A.2)

(A.3)

(A.4)

(A7)
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where £, is an integration constant. Integrating again gives

w=§1/exp{—ESCf( )55 2 }dy + &, (A.8)

0

where &, is the second constant of integration. In order to solve the integral in
Equation (A.8), we perform a second substitution,

¢=y \/— Sc f'(z), (A.9)

and we can then re-write Equation (A.8) to give

¢
= exp { —(* a
—61{ p{-¢*} ﬁ——%gSCf,(z)jL (A.10)

Replacing the integral in Equation (A.10) with an error function gives the general

solution for w(y*), namely
erf 1 y*1/ B2 Sc f'(2)
f { - } +&, (A.11)

NEE

w=§;
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GAMBIT Geometry and Mesh
Journal Files

B.1 Water Jet

/

/ SOLVER SELECTION

/

solver select "FIDAP"

/

/ FLOW GEOMETRY

/

vertex create coordinates 0 0 0

vertex create coordinates -3 0 0

vertex create coordinates -3 1 0

vertex create coordinates 0 1 0

vertex create coordinates 10 1 0

vertex create coordinates 200 1 0

vertex create coordinates 200 0 O

vertex create coordinates 10 0 0

edge create straight "vertex.2" "vertex.3"
edge create straight "vertex.1" "vertex.4"
edge create straight "vertex.8" "vertex.5"
edge create straight "yertex.2" "vertex.1l"
edge create straight "yertex.3" "vertex.4"
edge create straight "vertex.1" "vertex.8"
edge create straight "yertex.4" "vertex.5"
edge create straight "vertex.8" "vertex.7"
edge create straight "vertex.7" "vertex.6"
edge create straight "vertex.5" "vertex.6"

232
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face create wireframe "edge.4" "edge.l" "edge.5" "edge.2" real
face create wireframe "edge.6" "edge.2" "edge.7" "edge.3" real

face create wireframe "edge.8" "edge.3" "edge.10" "edge.9" real

/

/ MESH EDGES

/

edge picklink "edge.1"

edge mesh "edge.1" firstlast ratiol 3 intervals 20
edge picklink "edge.2"

edge mesh "edge.2" firstlast ratiol 18 intervals 20
edge picklink "edge.5"

edge mesh "edge.5" firstlast ratiol 12 intervals 50
edge picklink "edge.4"

edge mesh "edge.4" firstlast ratiol 12 intervals 50
edge picklink "edge.7"

edge mesh "edge.7" lastfirst ratiol 20 intervals 100
edge picklink "edge.6"

edge mesh "edge.6" lastfirst ratiol 20 intervals 100
edge picklink "edge.3"

edge mesh "edge.3" firstlast ratiol 3 intervals 20
edge picklink "edge.9"

edge mesh "edge.9" firstlast ratiol 3 intervals 20
edge picklink "edge.10"

edge mesh "edge.10" lastfirst ratiol 3 intervals 300
edge picklink "edge.8"

edge mesh "edge.8" lastfirst ratiol 3 intervals 300
/

/ MESH FACES

/

face mesh "face.1" map size 1

face mesh "face.2" map size 1

face mesh "face.3" map size 1

/
/ CREATE ENTITIES

/
physics create "inflow" btype "PLOT" edge "edge.l"

physics create "symmetry" btype "PLOT" edge "edge.4" "edge.6" "edge.8"
physics create "wall" btype "PLOT" edge "edge.5"

physics create "freesurface" btype "SURFACE" edge "edge.7" "edge.10"
physics create "outflow" btype "OUTFLOW" edge "edge.9"

/
/ EXPORT MESH
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/
export fidap "waterjet.FDNEUT"

B.2 Water Jet with Wetted Nozzle Tip

/

/ SOLVER SELECTION

/

solver select "FIDAP"

/

/ FLOW GEOMETRY

/

vertex create coordinates 0 0 O

vertex create coordinates -3 0 0

vertex create coordinates -3 1 0

vertex create coordinates 0 1 0

vertex create coordinates 0 1.09 0

vertex create coordinates 5 1.09 0

vertex create coordinates 200 1.09 0

vertex create coordinates 200 0 O

vertex create coordinates 5 0 0

edge create straight "vertex.1" "vertex.2" "vertex.3" "vertex.4"
edge create straight "vertex.1" "vertex.4"

edge create straight "vertex.4" "vertex.5"

edge create straight "vertex.5" "vertex.6" "vertex.9" "vertex.1"
edge create straight "vertex.9" "vertex.6" "vertex.7" "vertex.8"
edge create straight "vertex.9" "vertex.8"

face create wireframe "edge.1" "edge.2" "edge.3" "edge.4" real

face create wireframe "edge.4" "edge.5" "edge.6" "edge.7" "edge.8" real

face create wireframe "edge.12" "edge.7" "edge.10" "edge.11" real
/

/ MESH EDGES

/

edge picklink "edge.4"

edge mesh "edge.4" firstlast ratiol 4 intervals 30
edge picklink "edge.5"

edge mesh "edge.5" firstlast ratiol 3 intervals 10
edge picklink "edge.3"

edge mesh "edge.3" firstlast ratiol 3 intervals 100
edge picklink "edge.1"

edge mesh "edge.1" lastfirst ratiol 3 intervals 100
edge picklink "edge.2"



B. GAMBIT Geometry and Mesh Journal Files 235

edge mesh "edge.2" successive ratiol 1 intervals 30

edge picklink "edge.7"

edge mesh "edge.7" successive ratiol 1 intervals 40

edge picklink "edge.11"

edge mesh "edge.11" successive ratiol 1 intervals 40

edge picklink "edge.10"

edge mesh "edge.10" lastfirst ratiol 3 ratio2 2 intervals 1100
edge picklink "edge.12"

edge mesh "edge.12" lastfirst ratiol 3 ratio2 2 intervals 1100
edge picklink "edge.6"

edge mesh "edge.6" lastfirst ratiol 10 intervals 150

edge picklink "edge.8"

edge mesh "edge.8" firstlast ratiol 4 ratio2 1 intervals 150
edge picklink "edge.12"

edge mesh "edge.12" lastfirst ratiol 3 ratio2 2 intervals 1100
edge delete "edge.6" keepsettings onlymesh

edge mesh "edge.6" lastfirst ratiol 10 intervals 150

edge delete "edge.8" keepsettings onlymesh

edge mesh "edge.8" firstlast ratiol 10 intervals 150

/

/ MESH FACES

/

face mesh "face.l1" map size 1

face mesh "face.2" map size 1

face mesh "face.3" map size 1

/

/ CREATE ENTITIES

/

physics create "inflow" btype "PLOT" edge "edge.2"

physics create "wall" btype "PLOT" edge "edge.3" "edge.5"
physics create "freesurface" btype "SURFACE" edge "edge.6" "edge.10"
physics create "outflow" btype "OUTFLOW" edge "edge.11"
physics create "symmetry" btype "PLOT" edge "edge.12" "edge.8" "edge.l"
/

/ EXPORT MESH

/
export fidap "waterjet2.FDNEUT"

B.3 Surfactant Solution Jet

/
/ SOLVER SELECTION
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/

solver select "FIDAP"

/

/ FLOW GEOMETRY

/

vertex create coordinates 0 0 0

vertex create coordinates -1 0 0

vertex create coordinates -1 1 0

vertex create coordinates 0 1 0

vertex create coordinates 100 1 0O

vertex create coordinates 100 0 O

edge create straight "vertex.2" "vertex.3"
edge create straight "vertex.3" "vertex.4"
edge create straight "vertex.2" "vertex.1"
edge create straight "vertex.1" "vertex.4"
edge create straight "vertex.4" "vertex.5"
edge create straight "vertex.6" "vertex.5"
edge create straight "vertex.i" "vertex.6"

face create

face create

/

wireframe "edge.3" "edge.1"

wireframe "edge.7" "edge.4"

/ BOUNDARY LAYER CREATION

/

blayer create first 5e-05 growth 1.4

\ trows 0
blayer attac
blayer creat
\ trows 0
blayer attac
/

/ MESH EDGES

/
edge picklin

edge mesh "edge.5" exponent

h "b_layer.1" face "face.
e first 8e-05 growth 1.1

h "b_layer.2" face "face.l"

k "edge.5"

edge picklink "edge.7"

edge mesh "edge.7" exponent

edge picklink "edge.4"

edge mesh "edge.4" exponent

edge picklink "edge.2"

edge mesh "edge.2" exponent

edge picklink "edge.3"

edge mesh "edge.3" exponent

ratiol 1.35

ratiol 1.356

ratiol 0.01

ratiol 0.02

ratiol 0.02

"edge.2" "edge.4" real
"edge.5" "edge.6" real

total 0.00119267

1" "face.2" edge
total 0.00171074

"face.2" edge

intervals

intervals

intervals

intervals

intervals

420

420

26

42

42

rows 7 transition 1

"edge.2" "edge.5"
rows 12 transition 1

"edge.4" "edge.4"
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edge picklink "edge.1"
edge mesh "edge.l1" exponent ratiol 0.01 intervals 26
edge picklink "edge.6"

edge mesh "edge.6" exponent ratiol 0.01 intervals 26

/

/ MESH FACES

/

face mesh "face.l1" map size 1

face mesh "face.2" map size 1

/

/ CREATE ENTITIES

/

physics
physics
physics
physics
physics
/

create
Ccreate
create
create

create

/ EXPORT MESH

/

"freesurface" btype "SURFACE" edge "edge.5"
"wall" btype "PLOT" edge "edge.2"

"inflow" btype "PLOT" edge "edge.l1l"

"symmetry" btype "PLOT" edge "edge.3" "edge.7"
"outflow" btype "OUTFLOW" edge "edge.6"

export fidap "surfactantjet.FDNEUT"
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FIDAP Model Journal Files

C.1 Water Jet

/
/ FICONV

/

FICONV( NEUTRAL )

INPUT( FILE="waterjet.FDNEUT" )
OUTPUT( DELETE )

END

/

TITLE(C )

walbb0

/

/ FIPREP

/

FIPREP( )

PROBLEM( STEA, NONL, AXI-, FREE )
PRESSURE( MIXE=1.E-10, DISC )
EXECUTION( NEWJ )

SOLUTION( N.R. = 200, VELC = 1E-5, RESC = 1E-3, SCHANGE=0 )
RELAXATION

0.3 0.300.800.85

OPTIONS( STRE )

POSTPROCESS( )

DATAPRINT( NORM )

PRINTOUT( NONE )

RENUMBER( PROF )

/
DENSITY( CONS = 774.2 )

238
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VISCOSITY( CONS = 1.0 )
SURFACETENSION( CONS = 74.3, PRES = 0 )
/

ENTITY( FLUI, NAME = "fluid" )
ENTITY( SURF, NAME = "freesurface", DEPT = 20, ANG1 = -0.035 )
ENTITY( PLOT, NAME = "inflow" )

ENTITY( OUTFLOW, NAME = "outflow" )
ENTITY( PLOT, NAME = "wall" )

ENTITY( PLOT, NAME = "symmetry" )

/

BCNODE( UX, POLY = 1, ENTI = "inflow" )
2.0, -2.0, 0, 2, 0

BCNODE( UY, ZERO, ENTI = "inflow" )
BCNODE( VELO, ZERO, ENTI = "wall" )
BCNODE( UY, ZERO, ENTI = "symmetry" )
BCNODE( COOR, NODE = 6323 )

BCNODE( COOR, NODE = 22 )

BCNODE( SURF, NODE = 6323, CONS = 0 )

/

BODYFORCE( CONSTANT, FZC = 0.00807 )

/

FILES( RENA, FROM
FILES( RENA, FROM
/

ICNODE( VELO, READ )
ICNODE( SURF, READ )
/

END( )

/

/ FISOLV

/

CREATE( FISO )

RUN( FISOLV )

"wa1550.FDREST" )
"wal550.s.FDSTAT" )

"old.FDPOST", TO
"old.FDSTAT", TO

C.2 Surfactant Jet in the Absence of Micelles

/
/ CONVERSION OF NEUTRAL FILE TO FIDAP DATABASE

/
FICONV( NEUTRAL )
INPUT( FILE="surfactantjet.FDNEUT" )

OUTPUT( DELETE )
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END

/

TITLE( )

new07 Re = 1950 0.3 mM C16TAB
/

/ FIPREP

/

FIPREP( )

PROBLEM( STEA, NONL, AXI-, FREE, SPECIES=1 )
PRESSURE( MIXE = 1.E-10, DISC )
EXECUTION( NEWJ )

SOLUTION( N.R. = 1000, VELC = 1E-12, RESC = 1E-3, SCHANGE = 0 )

RELAXATION
0.8 0.85 0 0.7 0 0.85 0 0 0.9985

OPTIONS( UPWINDING )

POSTPROCESS( )

DATAPRINT( NORM )

PRINTOUT( NONE )

RENUMBER( PROF )

/

DENSITY( CONS = 974.5 )

VISCOSITY( CONS = 1.0 )

SURFACETENSION( SUBROUTINE = 6, PRESSURE = 0.0 )
/ C m w_.s0 1/Ca_0 E k*
7.245e-6 0.3383 2.1009e-6 58.9 15.35 82.34e-6
DIFFUSIVITY( CONS = 0.00103 )

CAPACITY( CONS = 1340.5 )

/

ENTITY( FLUI, NAME = "fluid" )

ENTITY( SURF, NAME = "freesurface", DEPT = 26, ANGi = -0.0546 )

ENTITY( PLOT, NAME = "inflow" )
ENTITY( OUTFLOW, NAME = "outflow" )
ENTITY( PLOT, NAME = "wall" )
ENTITY( PLOT, NAME = "symmetry" )

/
BCNODE( UX, POLY = 1, ENTI = "inflow" )

2.0, -2.0, 0, 2, 0
BCNODE( UY, ZERO, ENTI = "inflow" )
BCNODE( VELO, ZERO, ENTI = "wall" )
BCNODE( UY, ZERO, ENTI = "symmetry" )
BCNODE( COOR, NODE = 1 )

BCNODE( COOR, NODE = 2 )
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BCNODE( SURF, NODE = 1, CONS = 0 )

BCSYSTEM ( SET=1, CORNER )

BCNODE( SPECIES=1, CONS = 109.35e-6, ENTI = "inflow" )
BCFLUX( SPECIES=1, ENTI = "wall", CONS = 0.0 )

BCFLUX( SPECIES=1, ENTI "freesurface", FSUB )

/

BODYFORCE( CONSTANT, FZC = 0.00507 )

/

FILES( RENA, FROM
FILES( RENA, FROM
/

ICNODE( VELO, READ )

ICNODE( SURF, READ )

ICNODE( SPECIES=1, READ )

/

END( )

CREATE( FISO )

RUN( FISOLV, IDEN = "newO7", FORE, FISOLVEX = "myflux9.exe", COMP )

"new06 .FDPOST", TO
"new06 .FDSTAT", TO

"new07 .FDREST" )
"new07.s.FDSTAT" )

C.3 Surfactant Jet in the Presence of Micelles

/
/ CONVERSION OF NEUTRAL FILE TO FIDAP DATABASE

/

FICONV( NEUTRAL )

INPUT( FILE="surfactantjet.FDNEUT" )
OUTPUT( DELETE )

END

/

TITLE( )
m69new Re=1950 c_T=1.5 mM C16TAB N=90 k_d=100 1/s

/
/ FIPREP

/

FIPREP( )
PROBLEM( STEA, NONL, AXI-, FREE, SPECIES=1, SPECIES=2 )

PRESSURE( MIXE = 1.E-10, DISC )

EXECUTION( NEWJ )
SOLUTION( N.R. = 1000, VELC = 1E-12, RESC = 1E-3, SCHANGE = 0 )

RELAXATION
0.8 0.85 0 0.7 0 0.85 0 0 0.9985 0.95

OPTIONS( UPWINDING )
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POSTPROCESS( )

DATAPRINT( NORM )

PRINTOUT( NONE )

RENUMBER( PROF )

/

DENSITY( CONS = 974.5 )

VISCOSITY( CONS = 1.0 )

SURFACETENSION( SUBROUTINE = 7, PRESSURE = 0.0 )

/ X Y w_s0O 1/Ca_w E k* 1/m
9.092%e+5 2.7417e+4 23.8128e-6 58.9 15.35 82.34e-6 1.286
DIFFUSIVITY( SET="monomers", CONS = 0.00103 )
DIFFUSIVITY( SET="micelles", CONS = 0.00014 )

CAPACITY( CONS = 1340.5 )
/

ENTITY( FLUI, NAME
\ MDIFF="micelles" )

ENTITY( SURF, NAME = "freesurface", DEPT = 26, ANG1 = -0.0546 )

ENTITY( PLOT, NAME = "inflow" )
ENTITY( OUTFLOW, NAME = "outflow" )
ENTITY( PLOT, NAME = "wall" )

ENTITY( PLOT, NAME = "symmetry" )

/

BCNODE( UX, POLY = 1, ENTI = "inflow" )
2.0, -2.0, 0, 2, 0

BCNODE( UY, ZERO, ENTI = "inflow" )
BCNODE( VELO, ZERO, ENTI = "wall" )
BCNODE( UY, ZERO, ENTI = "symmetry" )
BCNODE( COOR, NODE = 1 )

BCNODE( COOR, NODE = 2 )

BCNODE( SURF, NODE = 1, CONS = 0 )
BCSYSTEM ( SET=1, CORNER )

BCNODE( SPECIES=1, CONS
BCNODE( SPECIES=2, CONS
BCFLUX( SPECIES=1, ENTI
BCFLUX( SPECIES=1, ENTI
BCFLUX( SPECIES=2, ENTI
BCFLUX( SPECIES=2, ENTI
/

/ Source terms

/
SOURCE( SPECIES=1, ENTITY="fluid", SUBROUTINE=7 )

1000 364.5e-3 90 1170.26 100.0 0.79e-3 7.46e-10

]

335.34e-6, ENTI "inflow" )
211.41e-6, ENTI = "inflow" )
"wall", CONS = 0.0 )
"freesurface", FSUB )
"wall", CONS = 0.0 )
"freesurface", CONS = 0.0 )

"fluid", SPECIES=1, MDIFF="monomers", SPECIES=2,



C. FIDAP Model Journal Files 243

SOURCE( SPECIES=2, ENTITY="fluid", SUBROUTINE=7 )
1000 364.5e-3 90 1170.26 100.0 0.79e-3 7.46e-10
/

BODYFORCE( CONSTANT, FZC = 0.00507 )

/

FILES( RENA, FROM
FILES( RENA, FROM
/

ICNODE( VELO, READ )

ICNODE( SURF, READ )

ICNODE( SPECIES=1, READ )

ICNODE( SPECIES=2, READ )

/

END( )

CREATE( FISO )

RUN( FISOLV, IDEN = "m69new", FORE, FISOLVEX = "mymicelle_flux.exe", COMP )

"m68new.FDPOST", TO
"m68new.FDSTAT", TO

"m69new . FDREST" )
"m69new.s.FDSTAT" )



Appendix D

Fortran User Sub-Routines

D.1 Convective Flux Boundary Condition

SUBROUTINE USRBCF (VAL,NODE,IDF,TIME,SOL,NUMEQA,NDOF,NUMNP,LDOFU,
1 CONSTR ,nodepr,xyz,iflag)

USER DEFINED FLUX COEFFICIENTS FOR APPLIED FLUX BOUNDARY
CONDITIONS

VAL = COMPUTED (SPECIFIED) FLUX COEFFICIENT

SOL = GLOBAL SOLUTION VECTOR

NUMEQA = GLOBAL EQUATION NUMBER ARRAY

NDOF = ACTIVE NUMBER OF DEGREES OF FREEDOM

NUMNP = NUMBER OF NODAL POINTS

NODE = NODE NUMBER OF B.C.

IDF = DEGREE OF FREEDOM FOR NODE

TIME = TIME

LDOFU = ACTIVE DEGREE OF FREEDOM ARRAY

CONSTR = ARRAY OF SPECIFIED NONZERO BOUNDARY CONDITIONS
XYZ = nodal coordinates

iflag = flag for user to set (not equal to 0) if coordinates

are updated
NODEPR = reverse permutation array
node (external) = NODEPR(NODE) where NODE = internal node no.

QO QOO0 a0 aan

#include "IMPLCT.COM"

#include "PARUSR.COM"
DIMENSION SOL(*),NUMEQA(NUMNP,NDOF),CONSTR(*),LDOFU(*)

DIMENSION NODEPR(*) ,XYZ(NUMNP,*)
DIMENSION grid(0:4) ICorresponds to x in subroutine

244
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DIMENSION wghts(0:4,0:1) !Corresponds to c¢ in subroutine
F_DOUBLEPRECISION GETSOL
F_DOUBLEPRECISION GETSOLP
ZRO = 0.DO
total = 4 !Corresponds to n in subroutine
max_size = 4 !Corresponds to nd in subroutine
order = 1 !Corresponds to m in subroutine
C First the core of the nodes.
IF ((NODE .LE. 11287) .AND. (NODE .GE. 55)) THEN
c Number of element intervals in the radial direction.
int = 27
C Get velocities.
vel0 = GETSOL(NODE+2*int ,KDU)
vell = GETSOL(NODE+int,KDU)
vel2 = GETSOL(NODE,KDU)
vel3 = GETSOL(NODE-int,KDU)
vel4 = GETSOL(NODE-2*int ,KDU)
C Get concentrations.
GETSOL (NODE+2*int ,KDS+1)
GETSOL (NODE+int ,KDS+1)
GETSOL (NODE ,KDS+1)
GETSOL (NODE-int ,KDS+1)
GETSOL (NODE-2*int ,KDS+1)
C Get axial grid point locations.
grid(0) = XYZ(NODE+2*int,1)
grid(1) = XYZ(NODE+int,1)
grid(2) = XYZ(NODE,1)
grid(3) = XYZ(NODE-int,1)
grid(4) XYZ(NODE-2#*int,1)
C Location of node NODE.
axpos = XYZ(NODE,1) ICorresponds to z in subroutine

conc0

concl

conc?2

conc3

concéd

C Pass information to subroutine fornberg.
CALL fornberg (axpos,grid,total,max_size,order,wghts)

C Finite-difference weights.
f0 = wghts(0,1)
f1 = wghts(1,1)
£2 = wghts(2,1)
3 = wghts(3,1)
f4 = wghts(4,1)
C Computation of derivatives at node NODE.

dvel = fOxvelO + flxvell + £2xvel2 + £3*vel3 + fix*xveld
dconc = fO*concO + fi1*concl + f2*conc2 + f3xconc3 + fd*concd
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c Velocity and concentration at node NODE.
unode = vel2

cnode = conc2

C Now the first node (at z = 0).
ELSEIF (NODE .EQ. 11341) THEN
C Number of element intervals in the radial direction.
int = 27
C Get velocities.
vel0 = GETSOL(NODE,KDU)
vell = GETSOL(NODE-int,KDU)
vel2 = GETSOL(NODE-2*int,KDU)
vel3 = GETSOL(NODE-3*int ,KDU)
vel4d = GETSOL(NODE-4*int ,KDU)

C Get concentrations.

concO = GETSOL(NODE,KDS+1)

conci = GETSOL(NODE-int ,KDS+1)
conc2 = GETSOL(NODE-2*int ,KDS+1)
conc3 = GETSOL(NODE-3*int ,KDS+1)
conc4 = GETSOL(NODE-4*int,KDS+1)

c Get axial grid point locations.

grid(0) = XYZ(NODE,1)
grid(1) = XYZ(NODE-int,1)
grid(2) = XYZ(NODE-2*int,1)
grid(3) = XYZ(NODE-3#int,1)
grid(4) = XYZ(NODE-4*int,1)
C Location of node NODE.
axpos = XYZ(NODE,1)
C Pass information to subroutine fornberg.

CALL formberg (axpos,grid,total,max_size,order,wghts)
C Finite-difference weights.
0 = wghts(0,1)
f1 = wghts(1,1)
£f2 = wghts(2,1)
£3 = wghts(3,1)
f4 = wghts(4,1)
C Computation of derivatives at node NODE.
dvel = fO*velQ + flxvell + f2xvel2 + f3*vel3 + f4xveld
dconc = fO*concO + flxconcl + f2*conc2 + f3*xconc3 + f4*xconc4d

c Velocity and concentration at node NODE.
unode = velO
cnode = concO

C Now the second node.
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ELSEIF (NODE .EQ. 11314) THEN

C Number of element intervals in the radial direction.
int = 27
C Get velocities.
vel0 = GETSOL(NODE+int ,KDU)
vell = GETSOL(NODE,KDU)
vel2 = GETSOL(NODE-int,KDU)
vel3 = GETSOL (NODE-2*int ,KDU)
vel4 = GETSOL(NODE-3#*int ,KDU)

C Get concentrations.

conc0 = GETSOL(NODE+int ,KDS+1)
concl = GETSOL (NODE,KDS+1)

conc2 = GETSOL (NODE-int ,KDS+1)
conc3 = GETSOL (NODE-2*int ,KDS+1)
conc4 = GETSOL(NODE-3*int,KDS+1)

C Get axial grid point locatioms.

grid(0) = XYZ(NODE+int,1)
grid(1) = XYZ(NODE,1)
grid(2) = XYZ(NODE-int,1)
grid(3) = XYZ(NODE-2*int,1)
grid(4) = XYZ(NODE-3*int,1)
C Location of node NODE.
axpos = XYZ(NODE,1)
c Pass information to subroutine formberg.

CALL formberg (axpos,grid,total,max_size,order,wghts)

C Finite-difference weights.
f0 = wghts(0,1)
f1 = wghts(1,1)
2 = wghts(2,1)
£f3 = wghts(3,1)
f4 = wghts(4,1)
C Computation of derivatives at node NODE.

dvel = fO*velQ + fl*vell + f2*vel2 + f3*vel3d + f4xvelsd

dconc = fO*concO + flxconcl + f2*conc2 + f3*conc3 + f4*conc4d
C Velocity and concentration at node NODE.

unode = vell

cnode = concl

C Now the node before the last node.
ELSEIF (NODE .EQ. 28) THE

C Number of element intervals in the radial direction.
int = 27

C Get velocities.



D. Fortran User Sub-Routines

248

vel4 = GETSOL(NODE-int,KDU)
vel3 = GETSOL(NODE,KDU)

vel2 = GETSOL(NODE+int,KDU)
vell = GETSOL(NODE+2#*int ,KDU)
vel0 = GETSOL(NODE+3*int,KDU)

C Get concentrations.

conc4 = GETSOL(NODE-int ,KDS+1)
conc3 = GETSOL(NODE,KDS+1)

conc2 = GETSOL (NODE+int ,KDS+1)
concl = GETSOL(NODE+2*int ,KDS+1)
concO0 = GETSOL (NODE+3#*int ,KDS+1)

C Get axial grid point locations.

grid(4) = XYZ(NODE-int,1)
grid(3) = XYZ(NODE,1)
grid(2) = XYZ(NODE+int,1)
grid(1) = XYZ(NODE+2*int,1)
grid(0) = XYZ(NODE+3*int,1)
C Location of node NODE.
axpos = XYZ(NODE,1)
c Pass information to subroutine fornberg.

CALL fornberg (axpos,grid,total,max_size,order,wghts)

C Finite-difference weights.
f0 = wghts(0,1)
f1 = wghts(1,1)
2 = wghts(2,1)
£3 = wghts(3,1)
f4 = wghts(4,1)
C Computation of derivatives at node NODE.

dvel = f0*xvelQ + fixvell + f2xvel2 + £3*xvel3d + f4+*veld

dconc = fO*concO + fixconcl + f2*conc2 + f3*conc3 + f4*concd
C Velocity and concentration at node NODE.

unode = vel3

cnode = conc3

C Finally the last node.
ELSEIF (NODE .EQ. 1) THEN

C Number of element intervals in the radial directionm.
int = 27

C Get velocities.

veld = GETSOL(NODE,KDU)

veld = GETSOL(NODE+int,KDU)
vel2 = GETSOL(NODE+2*int ,KDU)
vell = GETSOL(NODE+3*int ,KDU)
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vel0 = GETSOL(NODE+4x*int ,KDU)
C Get concentrations.

conc4 = GETSOL(NODE,KDS+1)

conc3 = GETSOL (NODE+int ,KDS+1)
conc2 = GETSOL (NODE+2*int ,KDS+1)
concl = GETSOL(NODE+3*int ,KDS+1)
concO0 = GETSOL (NODE+4*int ,KDS+1)

c Get axial grid point locationms.

grid(4) = XYZ(NODE,1)
grid(3) = XYZ(NODE+int,1)
grid(2) = XYZ(NODE+2#*int,1)
grid(1) = XYZ(NODE+3*int,1)
grid(0) = XYZ(NODE+4#*int,1)
c Location of node NODE.
axpos = XYZ(NODE,1)
c Pass information to subroutine formberg.

CALL fornberg (axpos,grid,total,max_size,order,wghts)
C Finite-difference weights.
f0 = wghts(0,1)
f1 = wghts(1,1)
f2 = wghts(2,1)
£3 = wghts(3,1)
f4 = wghts(4,1)
C Computation of derivatives at node NODE.
dvel = fO*velQ + flxvell + f2xvel2 + f3%vel3 + f4d*veld
dconc = fO*concO + fl*concl + f2*conc2 + f3*conc3 + f4*conc4d
C Velocity and concentration at node NODE.
unode = vel4d
cnode = concéd
ENDIF
C Computation of the flux value at node NODE.
const = 82.34D-6 + cnode
flux = -1.855D0/const*(unode*dconc*(82.34D-6/const)+cnode*dvel)
VAL = flux
RETURN
END

D.2 Fornberg Algorithm

SUBROUTINE fornberg (z,x,n,nd,m,c)

C Input Parameters
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OO0 aa

10

20

30
40
50

x(0:nd)

nd

location where approximations are to be accurate
(may but need not be a grid point)

grid point locations, found in x(0:nd)

one less than total number of grid points;

must not exceed the parameter nd below
dimension of x- and c-arrays in calling program;
x(0:nd) and c(0:nd,0:m), respectively

highest derivative for which wheights are sought

Output Parameter

c(0:nd,0:m)

weights at grid locations x(0:n) for derivatives
of order 0:m, found in c(0:n,0:m)

IMPLICIT REAL*8 (a-h,0-z)
DIMENSION x(0:nd),c(0:nd,0:m)

n=4 ! n and m were not passed to the subroutine
m=1 ! for some reason.
cl = 1.0D0
c4 = x(0) - z
DO 10 k = O,m

DO 10 j = O,n

c(j,k) = 0.0D0

c(0,0) = 1.0D0
DO 560 i = 1,n

mn = MIN(i,m)

c2 = 1.0D0

cb = c4

c4d = x(1) - z
DO 40 j = 0,i-1

cl = c2
RETURN

c3 = x(1) - x(j)
c2 = c2 *x c3
IF (j .EQ. i-1) THEN
DO 20 k = mn,1,-1
c(i,k) = c1*(k*c(i-1,k-1)-c5*c(i-1,k))/c2
c(i,0) = -cl*cb*c(i-1,0)/c2
ENDIF
DO 30 k = mn,1,-1
c(j,k) = (cd*c(j,k)-k*c(j,k-1))/c3
c(j,0) = c4*c(j,0)/c3

END SUBROUTINE fornberg
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D.3 Surface Tension

SUBROUTINE USRSRF (NELT,NE,NG,COEF,VARI,NDFCD,LDOFU,SHP,XYZL,
1 PROP,TIME,NPTS,ndp,MNDP, IERR)

USER DEFINED SURFACE TENSION

NELT = GLOBAL ELEMENT NUMBER

NE = LOCAL ELEMENT NUMBER

NG = GROUP NUMBER

COEF = SURFACE TENSION

VARI = SOLUTION VARIABLE ARRAY AT THE INTEGRATION POINTS
LDOFU = pointer array for accessing vari and dvari information

XYZL = X,Y,Z COORDINATES

PROP = USER DEFINED PARAMETERS

MNDP = FIRST DIMENSION OF SHAPE FUNCTION MATRICES
TIME = TIME

NPTS = NUMBER OF POINTS

OO0 a0 aan

#include "IMPLCT.COM"
#include "PARUSR.COM"
DIMENSION COEF (NPTS),SHP(NPTS,MNDP),XYZL(NPTS,NDFCD)
DIMENSION PROP(*),VARI(NPTS,*),LDOFU(*)
ZRO = 0.DO
DO 121 N = 1,NPTS
axpos = XYZL(N,1)
B = (4.DO/PROP(5))*(PROP(6)+PROP(3))
quotient = ((PROP(1)/B)**(2.D0/(1.DO-PROP(2)))+
1 axpos**(2.D0) ) **((1.D0-PROP(2))/2.D0)
spec = (PROP(1)/B)*(PROP(3)+B*axpos)/quotient
COEF(N) = PROP(4)+PROP(5)*L0G(1.D0-spec/ (PROP(6)+spec))
121 CONTINUE
RETURN
END

1l

D.4 Micelle Source Terms

SUBROUTINE USRSRC (NELT,NE,NG,SORCE, VARI ,DVARI,NDFCD,LDOFU, SHP,
1 DSDX,XYZL,deter ,PROP,TIME,NPTS,ndp,MNDP, IERR,

o I0PT)

C USER DEFINED SOURCE FOR ENERGY OR SPECIES EQUATIONS
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NELT = GLOBAL ELEMENT NUMBER
NE = LOCAL ELEMENT NUMBER
NG = GROUP NUMBER
SORCE = HEAT OR SPECIES SOURCE (RETURNED VALUES)
VARI = ARRAY OF SOLUTION VARIBLES AT INTEGRATION POINTS
DVARI = GRADIENTS OF SOLUTION VARIABLES AT INTEGRATION POINTS
LDOFU = pointer array for accessing vari and dvari information
XYZL = X,Y,Z COORDINATES
DETER = the value of the transformation determinant at
each of the npts points. For axi-symmetric problem it is
R*determinant
SHP = ELEMENT SHAPE FUNCTIONS

DSDX = SHAPE FUNCTION DERIVATIVES IN THE X,Y,Z DIRECTION
PROP = USER DEFINED PARAMETERS

MNDP = FIRST DIMENSION OF SHAPE FUNCTION MATRICES

TIME = TIME

NPTS = NUMBER OF POINTS

IOPT = O ENERGY EQUATION

IOPT = N TRANSPORT EQUATION FOR SPECIES N (0<N<16)

OO0 a0

#include "IMPLCT.COM"

#include "PARUSR.COM"
DIMENSION SORCE(NPTS)
DIMENSION SHP(NPTS,MNDP) ,DSDX(NPTS,NDFCD,MNDP) ,XYZL (NPTS,NDFCD)
DIMENSION PROP(*),VARI(NPTS,*),DVARI(NPTS,NDFCD,*),LDOFU(*)
DIMENSION DETER(NPTS)

C

C Declaration of additional arrays

C
DIMENSION w1 (NPTS)
DIMENSION w2(NPTS)
DIMENSION c1(NPTS)
DIMENSION c2(NPTS)
DIMENSION dcidt(NPTS)
DIMENSION dc2dt(NPTS)
DIMENSION dwidt(NPTS)
DIMENSION dw2dt (NPTS)

C
ZRO = 0.DO

C

C Monomers, i =1
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IF (IOPT .EQ. 1) THEN

IERR = 0

DO 100 j = 1,NPTS
w1(j)=VARI(j,LDOFU(KDS+1))
w2(j)=VARI(j,LDOFU(KDS+2))

C Conversion of mass fraction to molar concentration

c1(j)=prop(1)/prop(2)*wi(j)
c2(j)=prop(1)/(prop(3)*prop(2))*w2(j)

C Computation of source term dcidt in [mol/m~3 s]
dc1dt (j)=prop(3) *(prop(5) *c2(j)-prop(4)*((c1(j))**prop(3)))
C Conversion of molar source to mass source in [kg/m"3 s]
dwi1dt (j)=prop(2) *dc1dt (j)
C Non-dimensionalisation of mass source and return of value
SORCE (j) =(prop(6) **2) / (prop (1) *prop(7)) *dwidt (j)
100 CONTINUE
C
C Micelles, i = 2

ELSEIF (IOPT .EQ. 2) THEN

IERR = 0

DO 200 j = 1,NPTS
w1(j)=VARI(j,LDOFU(KDS+1))
w2(j)=VARI(j,LDOFU(KDS+2))

C Conversion of mass fraction to molar concentration

c1(j)=prop(1)/prop(2)*wi(j)
c2(j)=prop(1)/(prop(3)*prop(2))*w2(j)

C Computation of source term dc2dt in [mol/m"3 s]
dc2dt(j)=prop(4)*((c1(j))**prop(3))-prop(5)*c2(j)

C Conversion of molar source to mass source in [kg/m~3 sl
dw2dt (j) =prop(3) *prop(2) *dc2dt(j)

C Non-dimensionalisation of mass source and return of value

SORCE(j)=(prop(6)**2)/ (prop(1)*prop(7))*dw2dt (j)
200 CONTINUE
ENDIF
RETURN
END



Appendix E

Experimental Data

Table E.1: Collection of experimental data.

Surfactant Ceme/MM  Re  Ry/mm cp/mM Figures
C12TAB + NaBr 2.4 1280  0.79 0.26 to 5.0 E.1 and E.2
C1sTAB 3.7 1280 0.79 0.93 to 3.7 E.3 and E.4
Ci6TAB 0.92 1280 0.79 0.24 to 5.0 E.5 and E.6
Ci6TAB 0.92 1550 0.79 2.5 E.7 to E.9
CisTAB 0.92 1950 0.79 0.3t06.17 E.10 to E.12
CisTAB 0.92 1950 1.0 09to3.0 E.13andE.14
C1sTAB 0.31 1280 0.79 0.31to 18.0 E.15 and E.16
CroFs 1.0 1280 0.79 05t04.0 E.17 and E.I8
Ci2Es 0.1 1280 0.79 0.5t04.0 E.19 and E.20

254



E. Experimental Data 255

E.1 C,,TAB
Ost.: + + + o+ 4+ + +
.
o te W .
o latw ©
a u ° o
pl103L & ° 4
[
o
054 ° "
[ A [
L A A [ [ |
.o.. A N
-1 '1% ° . 4 A
4§?JIDCI Do g i A
XXX %
-1.5 — T . T

0 20 40 60 80 100
z [ mm
Figure E.1: Coefficient of ellipticity, p(z), for varying bulk concentrations, c;, of
C;2TAB in the presence of cyap: = 0.2 M NaBr at Re = 1280 (Ry = 0.79 mm).

The data are for ¢, = 0.26 mM (¢), 0.52 mM (o), 0.78 mM (M), 1.04 mM (4A),
1.3 mM (o), 2.6 mM (OJ), 5.0 mM (x), and water (+).
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Figure E.2: Coefficient of ellipticity, p(z), for ¢ = 1.0 mM C;,TAB in the
presence of varying amounts of NaBr, cxapr, at Re = 1280 (Bp = 0.79 mm).
The data are for cxap: = 0 (0), 1 mM (4), 5 mM (o), 10 mM (W), 20 mM (A),
100 mM (e), and water (+).
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E2 C;,TAB
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Figure E.3: Coefficient of ellipticity, p(z), for varying bulk concentrations, cp, of

C14TAB at Re = 1280 (Ry = 0.79 mm). The data are for ¢, = 0.93 mM (4),
1.85 mM (o), 3.7 mM (M), and water (+).
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Figure E.4: Axial surface velocity, us(2), for varying bulk concentrations, c;, of
C. TAB at Re = 1280 (Ro = 0.79 mm). The data are for ¢; = 0.93 mM (4),

1.85 mM (o), 3.7 mM (O and x), and water (+).
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E.3 C4TAB
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Figure E.5: Coeflicient of ellipticity, p(z), for varying bulk concentrations, ¢, of
Ci6TAB at Re = 1280 (Ry = 0.79 mm). The data are for ¢, = 0.24 mM (4),
1.25 mM (o), 3.0 mM (M), 5.0 mM (A), and water (+).
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Figure E.6: Axial surface velocity, us(2), for varying bulk concentrations, c;, of
CcTAB at Re = 1280 (Rp = 0.79 mm). The data are for ¢, = 1.25 mM (o), 5.0

mM (A), and water (+).
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Figure E.7: Axial surface velocity, us(z), for ¢, = 2.5 mM of C;4TAB (x) and
water (o) at Re = 1550 (Ro = 0.79 mm).
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Figure E.8: Surface position, R(2), for ¢, = 2.5 mM of C;6TAB (x) and water
(o) at Re = 1550 (Ro = 0.79 mm).
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Figure E.9: Radial velocity profiles, u(r), at varying axial positions, z, for ¢, =
2.5 mM of C;4TAB (closed symbols) and water (open symbols) at Re = 1550
(Ry = 0.79 mm). The data are for z = 10.5 mm (A), 20 mm (0), 35.5 mm (x),
51 mm (o), 73 mm (+), and 100 mm (0).
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Figure E.10: Coefficient of ellipticity, p(2), for varying bulk concentrations, c;,
of C;sTAB at Re = 1950 (R = 0.79 mm). The data are for ¢, = 0.3 mM (0),
0.65 mM (4), 0.9 mM (o), 1.1 mM (M and 0), 1.5 mM (A), 2.48 mM (4), 3.08

mM (x), 4.88 mM (e), and water (+).
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Figure E.11: Coefficient of ellipticity, 5(z), for varying bulk concentrations, c,

of Ci6TAB at Re = 1950 (Ry = 0.79 mm). The data are for ¢, = 0.5 mM (0)

0.73 mM (A), 1.8 mM (O), and 6.17 mM (e).
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Figure E.12: Axial surface velocity, u,(2), for ¢, = 4.0 mM Cy,TAB (A), ¢, = 4.0
mM C;6TAB + NaBr (x), and water (o) at Re = 1950 (R = 0.79 mm).
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Figure E.13: Coefficient of ellipticity, p(z), for varying bulk concentrations, c;,
of C16TAB at Re = 1950 (Ry = 1.0 mm). The data are for ¢, = 0.9 mM (0),
1.8 mM (A), and 3.0 mM (o).
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Figure E.14: Axial surface velocity, u,(2), for varying bulk concentrations, ¢, of
CTAB at Re = 1950 (Rp = 1.0 mm). The data are for ¢, = 0.9 mM (0), 1.8

mM (A), 3.0 mM (o), and water (+).
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Figure E.15: Coefficient of ellipticity, p(z), for varying bulk concentrations, c,
of C;sTAB at Re = 1280 (Rp = 0.79 mm). The data are for ¢, = 0.31 mM (4),
1.0 mM (o), 2.15 mM (M), 5.0 mM (A), 7.5 mM (o, 40°C), 18.0 mM (x, 45°C),
and water (+).
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Figure E.16: Axial surface velocity, us(2), for ¢, = 18.0 mM C;3TAB (A, 45°C)
and water (o, 35°C) at Re = 1280 (Ro = 0.79 mm).
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Figure E.17: Coefficient of ellipticity, 5(z), for varying bulk concentrations, c,

of CyoEg at Re = 1280 (Ry = 0.79 mm). The data are for ¢; = 0.5 mM (4), 1.0
mM (o), 2.0 mM (M), 4.0 mM (A), and water (+).
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Figure E.18: Axial surface velocity, u(z), for varying bulk concentrations, c;, of
CioEs at Re = 1280 (Rp = 0.79 mm). The data are for ¢, = 0.5 mM (4), 1.0

mM (o), 2.0 mM (M), 4.0 mM (A), and water (+).
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Figure E.19: Coefficient of ellipticity, 5(z), for varying bulk concentrations, ¢y,
of C15Es at Re = 1280 (Ry = 0.79 mm). The data are for ¢, = 0.5 mM (4), 1.0
mM (o), 2.0 mM (M), 4.0 mM (A), and water (+).

L5é gﬁ

‘_(D
g 1
= o
3 ok
28"
0.5 - gw
aaa
n 88
1
0 .
0.1 1 10 100
z / mm

Figure E.20: Axial surface velocity, us(z), for varying bulk concentrations, ¢, of
CpoEs at Re = 1280 (Rp = 0.79 mm). The data are for ¢, = 0.5 mM (4), 1.0
mM (o), 2.0 mM (M), 4.0 mM (A), and water (+)-





