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Abstract. We introduce and study the family of uniformly super McDuff II1 factors. This family
is shown to be closed under elementary equivalence and also coincides with the family of II1 factors
with the Brown property introduced in [1]. We show that a certain family of existentially closed
factors, the so-called infinitely generic factors, are uniformly super McDuff, thereby improving a
recent result of [6]. We also show that Popa’s family of strongly McDuff II1 factors are uniformly
super McDuff. Lastly, we investigate when finitely generic II1 factors are uniformly super McDuff.

1. Introduction

The study of central sequences in II1 factors has been a central theme in operator algebras since the
days of Murray and von Neumann, who introduced in [33] the notion of Property Gamma which
states that nontrivial central sequences exist and is used to distinguish the hyperfinite II1 factor
R from the free group factor L(F2). McDuff [32] leveraged the property of having abundantly
many central sequences to construct continuum many non-isomorphic separable II1 factors, settling
a fundamental question open since the inception of the subject. In [31], McDuff showed that the
central sequence algebra being noncommutative is equivalent to tensorially absorbing the hyperfinite
II1 factor; ever since then, this strengthening of property Gamma has been called the McDuff
property and has been of great conceptual importance in the subject.

The model theory of II1 factors, initiated in [12, 13, 14], has since been an active area of research in
operator algebra theory (for a recent survey see [20] and the references therein). Among the various
insights that model theory offers is in the analysis of ultrapowers; since the central sequences can
be viewed as simply the commutant of the diagonal embedding of a II1 factor M into its ultrapower
MU , model theory is especially suited for studying central sequence algebras. One of the main
avenues of research in the model theory of II1 factors is to determine when two II1 factors M
and N elementarily equivalent, denoted M ≡ N , which, assuming the continuum hypothesis, is
equivalent to asking if there exists an ultrafilter U such that the ultrapowers MU and NU are
isomorphic. (In general, in this paper we assume the continuum hypothesis in order to be able to
state such algebraic characterizations of model-theoretic properties. Additionally, throughout this
introduction, all ultrafilters are assumed to be nonprincipal ultrafilters on N.) The classification of
II1 factors up to elementary equivalence turns out to be much more challenging than the classification
up to isomorphism (for instance, there are continuum many non-isomorphic separable II1 factors
that are elementarily equivalent to a given II1 factor [14, Theorem 4.3]). The central sequences
algebra has again played a crucial role in the elementary equivalence problem. Indeed, the first
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handful of examples of non-elementarily equivalent II1 factors (see [10, 11, 14, 21, 36]) and the first
family of continuum many non-elementarily equivalent II1 factors (interestingly coinciding with
McDuff’s factors; see [3]) pivotally use the structure of the central sequence algebra as the invariant
(see also [7], which exhibits two non-elementarily equivalent II1 factors without central sequences).
Despite these results, it remains a challenging problem to further the classification up to elementary
equivalence of II1 factors with central sequences.

In this paper, we study this problem by identifying a proper subfamily of McDuff II1 factors that are
stable under elementary equivalence which we call uniformly super McDuff factors. The motivation
for the terminology arises from [21], which introduced the super McDuff property, which is the
property of admitting a II1 factorial central sequence algebra and which has been of recent interest
in the model theory of von Neumann algebras (see for instance [1, 6, 22, 27, 30]). To see the various
examples and relationships between the super McDuff property and other subclasses of property
Gamma factors, we direct the reader to [1, Section 6.4]. This paper introduces a uniform version of
a finitary reformulation of the aforementioned super McDuff property, which we call the uniform
super McDuff property. Throughout the paper, we write (M)1 for the operator norm unit ball
of a von Neumann algebra M .

Definition. The McDuff II1 factor M is uniformly super McDuff if for all n ≥ 1, there is m ≥ 1
such that: for all F ⊆ (M)1 with |F | ≤ n, there is G ⊆ (M)1 with |G| ≤ m for which, given any
pair of projections p, q ∈M of the same trace with

max
x∈G

max(∥[x, p]∥2, ∥[x, q]∥2) <
1

m
,

there is u ∈ U(M) with ∥upu∗ − q∥2 < 1
n and maxx∈F ∥[x, u]∥2 < 1

n .

As a first remark, we recall a notion first introduced in [1] and studied there in connection with
proving a generalized version of a key result of Jung [29] (see also [2]).

Definition. A separable II1 factor M has the Brown property if for every separable subfactor
N ⊆MU , there is a separable subfactor N ⊆ P ⊆MU with P ′ ∩MU a II1 factor.

Recalling that we are assuming the continuum hypothesis, any two nonprincipal ultrapowers of M
are isomorphic, implying that the definition of the Brown property is independent of the choice of
ultrafilter. Similarly, one sees that if M has the Brown property and N is elementarily equivalent to
M , then N also has the Brown property. Our first main result shows that the uniform super McDuff
property is closed under elementary equivalence and in fact coincides with the Brown property:

Theorem A. For a II1 factor M , the following are equivalent:

(1) M is uniformly super McDuff.
(2) Every N ≡M is uniformly super McDuff.
(3) Every N ≡M is super McDuff.
(4) MU is super McDuff for every nonprincipal ultrafilter U on N.
(5) MU is super McDuff for some nonprincipal ultrafilter U on N.
(6) Every separable N ≡M is super McDuff.
(7) M has the Brown property.
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We then proceed to show that two particular families of super McDuff II1 factors are in fact uniformly
super McDuff (and hence also have the Brown property):

Theorem B. Any II1 factor that is elementarily equivalent to any of following separable II1 factors
is uniformly super McDuff:

(1) An infinitely generic II1 factor.
(2) N⊗R where N is a separable full (that is, non-Gamma) II1 factor.

The first family is a certain subclass of the family of existentially closed factors (see [15]) arising
in the model theory of II1 factors. Our result for this case improves upon the work of [6], where it
was shown that infinitely generic II1 factors are super McDuff. Note that our result also obtains
uniform super McDuffness for factors elementarily equivalent to infinitely generic factors, some of
which are not infinitely generic themselves (see Lemma 2.4).

The second family of factors in the above list are usually referred to as strongly McDuff factors
and were first considered by Popa in [34]. Strongly McDuff II1 factors were shown to be super
McDuff in [1, Proposition 6.1.5].

Theorems A and B produce several new concrete examples of factors with the Brown property.
Indeed, before this work, the only known examples of II1 factors with the Brown property were
those factors elementarily equivalent to R [1, 22], which do not fall into either of the two categories
in the above theorem.

Having proven that the infinitely generic factors have the uniform super McDuff property, it is
natural to inquire whether another important subclass of the existentially closed factors, namely
the finitely generic factors, have this property. Here, a third property, which we call the (T)-factorial
relative commutant property, or (T)-FRC property, becomes relevant. We say that a separable II1
factor M has the (T)-FRC property if and only if every separable II1 factor with property
(T) embeds into MU with factorial relative commutant. We show below that this property is an
axiomatizable property of separable II1 factors. In [18], it was shown that the infinitely generic
factors have the (T)-FRC property. Here, we connect the question of whether or not finitely generic
factors have the (T)-FRC property and whether or not they are uniformly super McDuff:

Theorem C. If the finitely generic factors have the (T)-FRC property, then they are also uniformly
super McDuff.

We end this introduction by stating the main open question in connection to our work:

Question D. Is the class of II1 factors with the super McDuff property closed under elementary
equivalence? Equivalently, do the classes of super McDuff and uniformly super McDuff factors
coincide?

Organization of the paper. In Section 2, we recall some background on the model theory of
tracial von Neumann algebras, including a discussion of the classes of existentially closed, infinitely
generic, and finitely generic factors. For a more detailed background on related matters, we direct
the reader to [1, Section 2]. Section 3 is where the uniform super McDuff property is introduced
and Theorem A is proved. Section 4 proves Theorem B via a unified approach involving a certain
spectral gap criterion. In Section 5, Theorem C is proved and various remarks surrounding the
problem of whether finitely generic II1 factors are uniformly super McDuff are documented.
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2. Preliminaries

2.1. Existentially closed, infinitely generic, and finitely generic factors.

Definition 2.1. A separable tracial von Neumann algebra M is said to be existentially closed
(e.c.) if: for any tracial von Neumann algebra N containing M , there is an embedding N ↪→ MU

that restricts to the diagonal embedding M ↪→MU .

The definition given above is the semantic definition and uses the separability assumption on M .
The syntactic definition, which makes no separability assumption, reads: M is e.c. if and only if,
for every tracial von Neumann algebra N extending M and every quantifier-free formula φ(x) with
parameters from M , we have

inf{φ(a)M : a ∈M} = inf{φ(b)N : b ∈ N}.

E.c. tracial von Neumann algebras are McDuff II1 factors (see, for example, [24, Section 2]); for this
reason, we often refer to e.c. tracial von Neumann algebras as e.c. II1 factors. Moreover, the class
of e.c. tracial von Neumann algebras is embedding universal, meaning that every separable II1
factor is contained in a separable e.c. II1 factor. (This is a special case of a general model-theoretic
fact; see [5, Lemma 3.5.7] for a proof in classical logic.)

Before moving on, we make a short digression to point out some facts about e.c. factors that follow
from the results of [1] but were not explicitly pointed out there. In [1, Question 6.3.1], it was asked
whether or not every e.c. factor is super McDuff. The following yields a criterion for when an e.c.
factor is super McDuff:

Theorem 2.2. For an e.c. factor M , the following are equivalent:

(1) M is super McDuff.
(2) For any e.c. factor N with M ⊆ N , we have that M ′ ∩NU is a factor.
(3) There is an e.c. factor N with M ⊆ N for which M ′ ∩NU is a factor.

Proof. For the implication (1) implies (2), suppose that M is super McDuff and N is an e.c. factor
with M ⊆ N . By considering the chain M ⊆MU ⊆ NU , we see that M ′ ∩NU is a factor using [1,
Theorem 7.1.5(2), Lemma 7.2.1, and Lemma 7.2.8].

The implication (2) implies (3) is trivial. For the implication (3) implies (1), suppose that N is
e.c., M ⊆ N , and M ′ ∩NU is a factor. We then have that M ⊆ MU is a factor using [1, Theorem
7.1.5(1) and Lemma 7.2.1]. □

In [1, Question 6.3.10], it was asked if a union of a chain of super McDuff factors is once again super
McDuff. Using Theorem 2.2, we can show that the answer to this question is positive if all of the
super McDuff factors in the chain are also e.c. (which is a strengthening of [1, Proposition 6.3.17]):

Corollary 2.3. Any union of a chain of e.c. super McDuff factors is (e.c.) super McDuff.
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Proof. Let M0 ⊆ M1 ⊆ M2 . . . be a chain of e.c. super McDuff factors, and let N denote their
union. Then by Theorem 2.2, M ′

n ∩NU is a factor for every n. It follows that N ′ ∩NU is a factor
by [1, Proposition 6.3.12]. □

We now return to the main thread of this section. In this paper, we will be concerned with specific
subclasses of the class of e.c. factors. We first consider the class of infinitely generic factors,
which is defined to be the largest class of II1 factors that is embedding universal and which is
model-complete, meaning any embedding i : M ↪→ N between two infinitely generic factors is
elementary, that is, extends to an isomorphism MU → NU . (The existence of such a class follows
from [15, Corollary 5.15]. The terminology infinitely generic refers to the use of so-called infinite
model-theoretic forcing in the construction of these factors; see [15, Section 5].) It follows from [15,
Lemma 5.20] that any two infinitely generic II1 factors are elementarily equivalent. That infinitely
generic factors are e.c. follows from [15, Proposition 5.11].

In connection with Theorem 4.12 below, we need to record the following:

Lemma 2.4. There is a II1 factor M that is elementarily equivalent to the infinitely generic factors
but is not itself infinitely generic.

Proof. Let T ∗ denote the common theory of the infinitely generic factors. If the statement of the
lemma is false, then the models of T ∗ are precisely the infinitely generic factors themselves. Since
the collection of infinitely generic factors is embedding universal and model-complete, it follows that
T ∗ is the model companion of the theory of tracial von Neumann algebras, contradicting the main
result of [24]. □

The other class of e.c. factors we will need to consider are the finitely generic factors. Any
definition of these factors involves a discussion of finite model-theoretic forcing (see, for example,
[15, Section 6] or [16, Section 3]). However, for our purposes, we will only need to know the following
two properties of a finitely generic factor N (besides their existence):

• N is locally universal, meaning that every separable II1 factor admits an embedding into
NU ;

• N has the generalized Jung property, meaning that every embedding N ↪→ NU is
elementary.

The first item follows from [16, Propositions 2.10 and 3.9] and the fact that e.c. models of theories
with the joint embedding property are locally universal (see [16, Subsection 1.1]). The second item
follows from [16, Proposition 3.10].

Whether these two properties actually characterize being finitely generic is an open problem (see
[1, Question 3.3.8.]).

It follows immediately from these two properties that any finitely generic factor is e.c. It is unknown
whether or not the theories of finitely generic and infinitely generic II1 factors coincide, or equiva-
lently, whether or not any finitely generic factor must be infinitely generic. (In general, there need
not be any connection between the finitely generic and infinitely generic models of a given theory.)
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2.2. Definability. We freely use the terminology around definability adopted in [19]. Throughout
this subsection, T denotes the theory of tracial von Neumann algebras in the appropriate continuous
signature.

For a tracial von Neumann algebra M , we let P2(M) denote the set of pairs of projections from
M of the same trace. The relevance of the set P2(M) is that M is a factor if and only if, for any
(p, q) ∈ P2(M), there is a unitary u ∈M with upu∗ = q.

The assignment M 7→ P2(M) is a T -functor which is the zeroset of the T -formula

ξ(p, q) := max(∥p∗ − p∥2, ∥p2 − p∥2, ∥q∗ − q∥2, ∥q2 − q∥2, |τ(p)− τ(q)|).
Moreover, an easy functional calculus argument shows that

P2

(∏
U
Mi

)
=
∏
U

P2(Mi)

for all families (Mi)i∈I of tracial von Neumann algebras and all ultrafilters U on I, whence P2 is a
T -definable set by [19, Theorem 2.13] .

Consequently, for any T -formula φ(p, q, z⃗), the T -functor sup(p,q)∈P2
φ(p, q, z⃗) is a T -formula. It will

behoove us to understand the relationship between the quantifier-complexity of sup(p,q)∈P2
φ(p, q, z⃗)

and of φ(p, q, z⃗) itself. To understand this relationship, we first note that, as T -formulae, one has

sup
(p,q)∈P2

φ(p, q, z⃗) = sup
x⃗
(φ(x⃗, z⃗) .− α(d(x⃗,P2)),

where α : [0, 1] → [0, 1] is an increasing continuous function with α(0) = 0 satisfying

|φ(x⃗, z⃗)− φ(y⃗, z⃗)| ≤ α(d(x⃗, y⃗))

for all tuples x⃗, y⃗, z⃗ in models of T . Since ξ is quantifier-free, one can show that d(x⃗,P2) is T -
equivalent to an existential formula (see [23, Section 2], whence so is α(d(x⃗,P2)) as α is increasing.
As a result, if φ(p, q, z⃗) is ∀n (resp. ∃n), then the sup(p,q)∈P2

φ(p, q, z⃗) is ∀n (resp. ∀n+1).

We will also find the need to take the infimum over the T -definable set U of unitaries, which is the
zeroset of the T -formula

υ(u) = max(∥u∗u− 1∥2, ∥uu∗ − 1∥2).
In this case, for any T -formula φ(u, z⃗), there is a continuous function γ such that, as T -formulas,
we have

inf
u∈U

φ(u, z⃗) = inf
x
(φ(x, z⃗) + γ(υ(x))

(see the proof of [19, Theorem 2.13]). As a result, if φ(u, z⃗) is ∀n (resp. ∃n), then infu∈U φ(u, z⃗) is
∃n+1 (resp. ∃n).

3. The uniform super McDuff property

The following is a finitary (ultraproduct-free) reformulation of having factorial relative commutant:

Proposition 3.1. If M is a separable II1 factor, then M ′ ∩ MU is a factor if and only if: for
every ϵ > 0 and every finite F ⊆ (M)1, there are δ > 0 and finite G ⊆ (M)1 such that: for
all (p, q) ∈ P2(M), if ∥[x, p]∥2, ∥[x, q]∥2 < δ for all x ∈ G, then there is u ∈ U(M) such that
∥upu∗ − q∥2 < ϵ and ∥[x, u]∥2 < ϵ for all x ∈ F .
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Proof. First suppose that M ′ ∩MU is a factor and yet, towards a contradiction, the condition fails
for a particular ϵ and F . Let (Gn) denote a sequence of finite subsets of (M)1 whose union is
SOT-dense in (M)1. Then by the contradiction assumption, for each n ≥ 1, there are projections
(pn, qn) ∈ P2(M) witnessing that δ = 1

n and G = Gn do not satisfy the conclusion of the forward
direction for this particular choice of ϵ and F . Set p = (pn)U and q = (qn)U . Note then that
(p, q) ∈ P2(M

′ ∩MU ). Since M is super McDuff, there is u ∈ U(M ′ ∩MU ) such that upu∗ = q.
Consequently, for U-almost all n, we have that ∥unpnu∗n − qn∥2 < ϵ and maxx∈F ∥[x, un]∥2 < ϵ, a
contradiction to the choice of (pn, qn).

For the converse direction, suppose the condition holds. Fix (p, q) ∈ P2(M
′ ∩MU ); we aim to show

that p and q are unitarily conjugate inM ′∩MU . By saturation, it suffices to show that, for each ϵ > 0
and finite F ⊆ (M)1, there is u ∈ U(MU ) such that ∥upu∗ − q∥2 ≤ ϵ and maxx∈F ∥[x, u]∥2 ≤ ϵ. Let
δ and G be as in the condition for ϵ and F . Write p = (pn)U and q = (qn)U with (pn, qn) ∈ P2(M)
for all n ∈ N. Note that, for U-almost all n, we have maxx∈Gmax(∥[x, pn]∥2, ∥[x, qn]∥2) < δ.
Consequently, for these n, there is un ∈ U(M) such that ∥unpnu∗n−qn∥2 < ϵ and maxx∈F ∥[x, un]∥2 <
ϵ. Let u = (un)U ∈ U(MU ). Then ∥upu∗ − q∥2 ≤ ϵ and maxx∈F ∥[x, u]∥2 ≤ ϵ, as desired. □

Remark 3.2. While the original definition of super McDuff was only for separable II1 factors, we
can use the finitary criterion appearing in Proposition 3.1 to give a definition of super McDuffness
for arbitrary II1 factors (using also that there is a finitary definition of McDuffness that makes sense
for arbitrary tracial von Neumann algebras; see [14, Proposition 3.9]).

The condition in Proposition 3.1 lends itself naturally to a uniform version, namely that, in the
criterion of Proposition 3.1, both δ and the size of G may be taken to depend only on ϵ and the size
of F . Said somewhat differently:

Definition 3.3. A McDuff II1 factor M is uniformly super McDuff if and only if, for all n ≥ 1,
there is m ≥ 1 such that: for all F ⊆ (M)1 with |F | ≤ n, there is G ⊆ (M)1 with |G| ≤ m for
which, given any (p, q) ∈ P2(M) with

max
x∈G

max(∥[x, p]∥2, ∥[x, q]∥2) <
1

m
,

there is u ∈ U(M) with ∥upu∗ − q∥2 < 1
n and maxx∈F ∥[x, u]∥2 < 1

n .

Remark 3.4. We make the above definition only for M which is already McDuff. This is because
the other condition in the definition does not force M to be McDuff. Indeed, if M is non-Gamma,
then M ′∩MU = C, which is a factor, and the “uniform factoriality” condition in our definition holds
automatically. Indeed, given n ≥ 1, there is a finite subset K ⊆ (M)1 and m ≥ 1 such that, for all
contractions x ∈ M , if maxy∈K ∥[x, y]∥2 < 1

m , then d(x,C) < 1
2n . Consequently, if (p, q) ∈ P2(M)

are such that maxy∈K max(∥[p, y]∥2, ∥[q, y]∥2) < 1
m , then d(p,C), d(q,C) < 1

2n , whence ∥p− q∥2 < 1
n

and we may take u = 1 in the above definition. This is the reason why we specify the definition
above only for a II1 factor M which is already McDuff.

Now we are ready to prove that the Brown property is equivalent to the uniform super McDuff
property, as well as several other conditions:

Theorem 3.5. For a II1 factor M , the following are equivalent:

(1) M is uniformly super McDuff.
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(2) Every N ≡M is uniformly super McDuff.
(3) Every N ≡M is super McDuff.
(4) MU is super McDuff for every nonprincipal ultrafilter U on N.
(5) MU is super McDuff for some nonprincipal ultrafilter U on N.
(6) Every separable N ≡M is super McDuff.
(7) M has the Brown property.

Proof. (1) implies (2): Suppose that M is uniformly super McDuff. Fix n ≥ 1 and take the
corresponding m ≥ 1 as in the definition of uniformly super McDuff. Consider the sentence σn,m =
supx1,...,xn

infy1...,ym sup(p,q)∈P2
φn,m(x⃗, y⃗, p, q), where φn,m(x⃗, y⃗, p, q) is the following formula:

min

(
1

m
.− max

j=1,...,m
max(∥[p, yj ]∥2, ∥[q, yj ]∥2), inf

u∈U(M)
max(∥upu∗−q∥2, max

i=1,...,n
∥[[u, xi]∥2) .− 1

n

)
.

Then σMn,m = 0 by assumption, whence the same is true for any elementarily equivalent structure
N . We use this to show that N is uniformly super McDuff. Fix η > 0 with η < min( 1n ,

1
m);

we claim that δ := 1
m − η and m witnesses the uniform super McDuffness of N for finite sets of

size at most n and with ϵ = 2
n . To see this, fix x1, . . . , xn ∈ N and take y1, . . . , ym ∈ N so that

sup(p,q)∈P2
φn,m(x⃗, y⃗, p, q) < η. Now suppose that (p, q) ∈ P2(N) is such that

max
j=1,...,m

max(∥[p, yj ]∥2, ∥[q, yj ]∥2) <
1

m
− η.

It follows that the first entry of φn,m(x⃗, y⃗, p, q) is greater than η, whence the second entry is smaller
than η. Consequently, there is a unitary which conjugates p to within 1

n + η < 2
n of q and which

1
n + η < 2

n commutes with each xi, as desired.

The implications (2) implies (3), (3) implies (4), and (4) implies (5) are all trivial. To see that
(5) implies (6), assume that MU is super McDuff and fix a separable N ≡ M . By considering an
elementary embedding N ↪→ MU , we may assume that N is an elementary substructure of MU .
Fix n ≥ 1 and finitely many x1, . . . , xn ∈ N . Since MU is super McDuff, we get a corresponding
δ > 0 and finite G ⊆ (MU )1. If m ≥ 1

δ and G = {y1, . . . , ym} (possibly with repetitions), we have
that (sup(p,q)∈P2

φn,m(x⃗, y⃗, p, q))M
U
= 0, where φn,m is as in the implication (1) implies (2). Since

N is an elementary substructure of MU , it follows that(
inf
y⃗

sup
(p,q)∈P2

φn,m(x⃗, y⃗, p, q)

)N

= 0.

If z1, . . . , zm ∈ N witness that the existential is less than η < min( 1n ,
1
m), as in the implication (1)

implies (2), we see that δ = 1
m and z1, . . . , zm witness the super McDuffness of N for x1, . . . , xn and

the error 2
n .

(6) implies (4): Fix n ≥ 1 and x1, . . . , xn ∈ MU . Take a separable elementary substructure N
of MU containing x1, . . . , xn. By (6), N is super McDuff. Let m ≥ 1 be such that δ = 1

m and
y1, . . . , ym ∈ N are as in the definition of super McDuffness for ϵ = 1

n and x1, . . . , xn. It follows that
(sup(p,q)∈P2

φn,m(x⃗, y⃗, p, q))N = 0. By elementarity, we have that (sup(p,q)∈P2
φn,m(x⃗, y⃗, p, q))M

U
=

0. Thus, 1
m and y1, . . . , ym witness super McDuffness of MU for ϵ = 1

n and x1, . . . , xn.
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(4) implies (1): Suppose, towards a contradiction, that M is not uniformly super McDuff. Then
there is some n ≥ 1 such that for each m ≥ 1, there are xm1 , . . . , xmn ∈ M such that no G ⊆ (M)1
of size at most m witnesses the truth of super McDuffness for M . We can then consider the
elements xj = (xmj )U ∈ MU . By assumption, MU is super McDuff, so there are δ > 0 and
finite G = {y1, . . . , yt} ∈ MU that witness super McDuffness for the finite subset {x1, . . . , xn}
of MU and ϵ = 1

n . Write yj = (ymj )U for each j = 1, . . . , t. By assumption, for each m ≥ t,
there is (pm, qm) ∈ P2(M) with maxj=1,...,t(∥[pm, ymj ]∥2, ∥[qm, ymj ]∥2) < 1

m and yet no unitary in
M conjugates pm to within 1

n of qm while also 1
n -commuting with each xmj for j = 1, . . . , n. Let

p = (pm)U and q = (qm)U , whence (p, q) ∈ P2(M
U ) and [p, yj ] = [q, yj ] = 0 for all j = 1, . . . , t. It

follows that there is u ∈ U(MU ) such that ∥upu∗ − q∥2 < 1
n and maxj=1,...,n ∥[u, xj ]∥2 < 1

n . Write
u = (um)U with each um ∈ U(M). Then for U-almost all m, we have ∥umpmu∗m − qm∥2 < 1

n and
maxj=1,...,n ∥[um, xmj ]∥2 < 1

n , contradicting the choice of pm and qm.

At this point, we have that (1)-(6) are equivalent. However, as mentioned in the introduction,
it was shown in [1, Proposition 6.2.4] that (6) and (7) are equivalent, finishing the proof of the
theorem. □

Remark 3.6. By the comments made at the end of Subsection 2.2, we see that the sentences
appearing in the above proof are ∀4-sentences. The quantifier-complexity of these concrete sentences
agrees with the fact established in [22], proven using Ehrenfeucht-Fraïsse games, that any II1 factor
with the same four quantifier theory as a II1 factor with the Brown property also has the Brown
property.

Theorem 3.5 above, along with the fact that R has the Brown property by [4, Theorem 6.9], gives
a proof that R is uniformly super McDuff. In Remark 5.10 below, we will give a direct argument
that R is uniformly super McDuff.

4. Spectral gap and the uniform super McDuff property

In this section, we describe a sufficient condition for the uniform super McDuff property in terms
of spectral gap, and deduce that infinitely generic II1 factors and strongly McDuff II1 factors are
both uniformly super McDuff.

4.1. Spectral gap criterion. We begin by recalling the definition of spectral gap for a subalgebra
of a tracial factor.

Definition 4.1. Let M be a tracial factor and A ⊆ M a von Neumann subalgebra. Then A ⊆ M
has spectral gap if there exists a finite F ⊆ (A)1 and a constant C > 0 such that, for all ξ ∈ L2(M),
we have

∥ξ − EA′∩M (ξ)∥22 ≤ C
∑
x∈F

∥xξ − ξx∥22.

If, in addition, |F | ≤ C, then we call C a spectral gap number for A ⊆ M . We let SG(A,M)
denote the smallest natural number that is a spectral gap number for A inside M . We also write
SG(M) = SG(M,M).
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Remark 4.2. In particular, M ⊆ M has spectral gap if there exists a finite F ⊆ (M)1 and a
constant C > 0 such that, for all ξ ∈ L2(M), we have

∥ξ − τ(ξ) · 1∥22 ≤ C
∑
x∈F

∥xξ − ξx∥22.

Connes showed in [8, Theorem 2.1] that a tracial factor M ⊆ M has spectral gap if and only if M
is full (equivalently M does not have property Gamma in the case of a II1 factor).

For a tracial von Neumann algebra M , subsets X,Y ⊆ M , and ϵ > 0, we write X ⊆ϵ Y to mean
that every element of X is within ϵ (with respect to the 2-norm) of some element of Y .

Definition 4.3. We say that a tracial factor M has the factorial commutant limit spectral
gap property or FC limit spectral gap property if there exists some constant s > 0 such that,
for any finite F ⊆ M and ϵ > 0, there is some von Neumann subalgebra A ⊆ M such that A′ ∩M
is a factor, SG(A,M) ≤ s, and F ⊆ϵ A.

The following proposition provides a sufficient criterion for a McDuff II1 factor to be uniformly
super McDuff:

Proposition 4.4. If M is a McDuff II1 factor with the FC limit spectral gap property, then M is
uniformly super McDuff.

Proof. Fix n ≥ 1. We claim that any m > 24sn witnesses that M is uniformly super McDuff.
Towards that end, fix F ⊆ (M)1 with |F | ≤ n. Choose A ⊆ M such that A′ ∩ M is a factor,
SG(A,M) ≤ s, and F is contained in the (1/2n)-neighborhood of A. Then there exists G ⊆ (A)1
such that |G| ≤ s and

∥ξ − EA′∩M (ξ)∥22 ≤ s
∑
x∈G

∥xξ − ξx∥22.

In particular, if (p, q) ∈ P2(M) and maxx∈Gmax(∥[x, p]∥2, ∥[x, q]∥2) ≤ 1/m, then

∥p− EA′∩M (p)∥22 ≤
s2

m2
.

Set a = EA′∩M (p). Since
∥∥a2 − p2

∥∥
2
< 2s/m, we get

∥∥a− a2
∥∥
2
< 3s/m. Set p̃ = 1[1/2,1](a),

a projection in A′ ∩ M . Since |t − 1[1/2,1](t)| ≤ 2t(1 − t) for t ∈ [0, 1], we have ∥p̃− p∥2 ≤
2∥a(1− a)∥2 < 6s/m. Similarly, there is a projection q̃ ∈ A′ ∩M such that ∥q̃ − q∥2 < 6s/m.

Next notice that |τ(p̃)− τ(q̃)| ≤ 12s/m. Since A′ ∩M is a factor, there exists a unitary u in A′ ∩M
such that up̃u∗ − q̃ is plus or minus a projection of trace < 12s/m. In particular, ∥up̃u∗ − q̃∥2 <
12s/m, which implies ∥upu∗ − q∥2 < 24s/m < 1/n.

Moreover, since we assumed that F is contained in the (1/2n)-neighborhood of A and u belongs to
A′ ∩M , we have that ∥[u, x]∥2 < 1/n for x ∈ F . Finally, note that |G| ≤ s ≤ 24sn < m, finishing
the proof. □

Remark 4.5. It is interesting to note that in the previous proof, the size of G only depends on the
constant s and does not depend on n.
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4.2. Infinitely generic factors are uniformly super McDuff. In this section, we use Propo-
sition 4.4 to show that infinitely generic factors are uniformly super McDuff. This result improves
the result of Chifan, Drimbe, and Ioana from [6] showing that infinitely generic factors are super
McDuff. A main ingredient in the proof of the latter result is the embedding universality of property
(T) factors, also proved in [6]. Our proof in this subsection also utilizes this fact (and its proof).

Recall that a II1 factor N has property (T) if there is a finite F ⊆ N and δ > 0 such that,
whenever H is a normal N -N bimodule with a unit vector v ∈ H satisfying maxx∈F ∥xξ − ξx∥ < δ,
then there is a nonzero vector η ∈ H such that xη = ηx for all x ∈ N . If Γ is an ICC group, then
L(Γ) has property (T) if and only if Γ has property (T). Connes and Jones [9] also showed that
property (T) for factors is equivalent to the following, seemingly stronger, property.

Theorem 4.6. A II1 factor has property (T) if and only if there is a finite subset F ⊆ N (called a
Kazhdan set) and a constant K > 0 such that, for every normal N -N bimodule H, we have

∥ξ − Pcentral(ξ)∥2H ≤ K
∑
x∈F

∥xξ − ξx∥2H,

where Pcentral is the projection onto the subspace of central vectors in H.

In particular, if N ⊆ M is an inclusion of II1 factors and N has property (T), then L2(M) is a
normal N -N -bimodule and therefore N has spectral gap inside M . Moreover, Tan [35] showed
the converse implication, namely that if a II1 factor N has spectral gap in M for every inclusion
N ⊆ M , then N has property (T). Hence, it is natural to leverage property (T) subalgebras of M
together with our spectral gap criterion for the uniform super McDuff property.

Parallel to the spectral gap number in the previous section, we introduce the following notion.

Definition 4.7. We say that K is a Kazhdan number for a II1 factor N with property (T) if
there exists a finite F ⊆ (N)1 with |F | ≤ K such that for every normal N -N -bimodule H,

∥ξ − Pcentral(ξ)∥2H ≤ K
∑
x∈F

∥xξ − ξx∥2H.

We denote by K(N) the smallest natural number that is a Kazhdan number for N .

Observe that if N is a II1 factor with property (T) and N ⊆ M is an inclusion of tracial von
Neumann algebras, then SG(N,M) ≤ K(N).

Definition 4.8. We say that a II1 factor M has the uniform local property (T) if there exists
some constant s such that, for any finite F ⊆ M and ϵ > 0, there is some II1 factor N ⊆ M with
property (T) such that K(N) ≤ s and F ⊆ϵ A.

Proposition 4.9. Let M be an e.c. II1 factor with the uniform local property (T). Then M has the
FC limit spectral gap property, and hence is uniformly super McDuff.

Proof. Let s be as in the definition of uniform local property (T). If F ⊆M is a finite subset, then
there exists some II1 factor N ⊆ M with property (T) such that K(N) ≤ s and F ⊆ϵ N . Note
SG(N,M) ≤ K(N) ≤ s. Moreover, since M is e.c. and N has property (T), it follows that N ′ ∩M
is a factor (see [18, Theorem 2.8]). Hence, M has the FC limit spectral gap property. Moreover,
since e.c. II1 factors are McDuff, Proposition 4.4 implies that M is uniformly super McDuff. □
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Next, we will show that the previous proposition applies to some infinitely generic II1 factors.

Proposition 4.10. There exists an infinitely generic II1 factor with the uniform local property (T).

To prove this, we will use the following Theorem, which is extracted from the discussion at the end
of the introduction to [6].

Theorem 4.11 ([6]). There is a fixed countable property (T) group Γ such that: given any II1 factor
M , there is a II1 factor N containing M that is generated by a group homomorphism π : Γ → U(N).
Consequently, N has property (T) and a Kazhdan set for N can be taken to be the image under π of
a Kazhdan set for Γ with associated Kazhdan constant equal to that of Γ. As a result, the Kazhdan
numbers of N are uniformly bounded (independently of M) by the Kazhdan number K(Γ) of Γ.

Proof of Proposition 4.10. We construct a chain of II1 factors

M0 ⊆ N0 ⊆M1 ⊆ N1 ⊆ . . .

inductively as follows. Let M0 be an infinitely generic II1 factor. Once Mi is chosen, let Ni be a
property (T) factor constructed using Theorem 4.11, whence its Kazhdan number is bounded by
K(Γ). Once Ni is chosen, let Mi+1 be an infinitely generic II1 factor containing Ni, which exists
because infinitely generic II1 factors are embedding universal.

Let M be the inductive limit of the chain. Then M has uniform local property (T) by construction.
It is also infinitely generic by [1, Lemma 6.3.16]. □

Theorem 4.12. Every infinitely generic II1 factor is uniformly super McDuff. Consequently, any
II1 factor that is elementarily equivalent to an infinitely generic II1 factor is uniformly super McDuff.

Proof. As noted in the preliminaries, any two infinitely generic II1 factors are elementarily equiva-
lent. Since the uniform super McDuff property is preserved by elementary equivalence, it suffices to
show that some infinitely generic II1 factor is uniformly super McDuff. By Proposition 4.10, there
exists an infinitely generic II1 factor with uniform local property (T), which must be uniformly
super McDuff by Proposition 4.9. □

Theorem 4.12 generalizes Chifan, Drimbe, and Ioana’s result, which showed that infinitely generic
II1 factors are super McDuff [6, Theorem 6.4]. In fact, it is a strict generalization because there are
II1 factors elementarily equivalent to the infinitely generic ones without themselves being infinitely
generic (Lemma 2.4).

Theorem 4.12 also allows us to connect two open questions discussed in Subsection 2.1: whether
every e.c. factor is super McDuff and whether the union of a chain of super McDuff factors is once
again super McDuff.

Proposition 4.13. If the union of every chain of uniformly super McDuff factors is (uniformly)
super McDuff, then every e.c. factor is (uniformly) super McDuff.

Proof. Let P be an e.c. factor and embed P into an infinitely generic factor M . By Theorem 4.12,
M is uniformly super McDuff. Fix an embedding M ↪→ PU that restricts to the diagonal embedding
P ↪→ PU . We then have the chain

P ⊆M ↪→ PU ⊆MU ↪→ P 2U ⊆M2U · · ·
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Note that all the embeddings P kU ↪→ P (k+1)U are elementary (being iterated ultrapowers of the
diagonal embedding). Consequently, the limit Q of the chain is an elementary extension of P . Since
M is uniformly super McDuff and each MkU is elementarily equivalent to M , they are also uniformly
super McDuff. By hypothesis, Q is (uniformly) super McDuff. Since (uniform) super McDuffness
passes to elementary substructures, the result follows. □

4.3. Strongly McDuff implies uniformly super McDuff. The following result was suggested
to us by Adrian Ioana. Recall that a factor M is full or non-Gamma if M ′ ∩MU = C. Although
this terminology is most often applied to infinite-dimensional factors, the matrix algebra Mk(C) is
also full since Mk(C)′ ∩Mk(C)U =Mk(C)′ ∩Mk(C) = C.

Theorem 4.14. Let M be a full tracial factor. Then M ⊗R has the FC limit spectral gap property
and hence is uniformly super McDuff.

In particular, by taking M = C, we obtain a direct argument that R is uniformly super McDuff
(which was already known because R has the Brown property). When M is a full II1 factor,
M ⊗R is often called a strongly McDuff II1 factor. Strongly McDuff II1 factors were shown to
be super McDuff in [1, Proposition 6.1.5] and Theorem 4.14 generalizes this latter result to obtain
that strongly McDuff factors are uniformly super McDuff. As shown in [1, Proposition 6.3.2], e.c.
factors are never strongly McDuff, whence Theorem 4.14 represents a completely different class of
examples of uniformly super McDuff factors from the infinitely generic factors above.

The main ingredient in the proof of Theorem 4.14 is the following result of Hastings on quantum
expanders [25]. Here we only state a special case of Hastings’ result; in Hastings’ terminology, this
is the Hermitian case with D = 4.

Theorem 4.15 (Hastings [25]). Fix an even d ≥ 4. There exist unitaries Uk,1, . . . , Uk,d in Mk(C)
such that the following properties hold: Let Φk :Mk(C) →Mk(C) be defined by

Φk(X) =
1

d

d∑
j=1

Uk,jXU
∗
k,j .

Let λ2(Φk) be the second largest eigenvalue of Φk, which is the largest eigenvalue of Φk on the
orthogonal complement of C1. Then

lim
k→∞

λ2(Φk) =
2
√
d− 1

d
.

For us, the importance of Hastings’ result is the following:

Corollary 4.16. The spectral gap numbers for Mk(C) satisfy lim supk→∞ SG(Mk(C)) ≤ 8. In
particular, supk SG(Mk(C)) <∞.

Proof. Fix an even d ≥ 4 (in the end, we will use d = 8), and let Φk be as in the previous theorem.
By the definition of λ2(Φk), we have

∥X − trk(X)1∥2 ≤
1

1− λ2(Φk)
∥X − Φk(X)∥2.
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We also have

∥X − Φk(X)∥2 =

∥∥∥∥∥∥X − 1

d

d∑
j=1

Uk,jXU
∗
k,j

∥∥∥∥∥∥
2

≤ 1

d

d∑
j=1

∥∥X − Uk,jXU
∗
k,j

∥∥
2
=

1

d

d∑
j=1

∥Uk,jX −XUk,j∥2.

Thus, by the Cauchy-Schwarz inequality, we have

∥X − trk(X)1∥22 ≤
1

(1− λ2(Φk))2

1

d

d∑
j=1

∥Uk,jX −XUk,j∥2

2

≤ 1

(1− λ2(Φk))2
1

d

d∑
j=1

∥Uk,jX −XUk,j∥22.

Therefore,

lim sup
k→∞

SG(Mk(C)) ≤ lim sup
k→∞

max

(
d,

1

4(1− λ2(Φk))2

)
= max

(
d,

1

d(1− 2
√
d− 1/d)2

)
.

The second term inside the maximum equals d(d+2
√
d− 1)/(d−2)2, which is less than d for d ≥ 8,

and hence by taking d = 8 we get the result of the corollary. □

We will also use the following elementary observations about spectral gap numbers and tensor
products. These results are known to experts, but we include the proof here for completeness (and
because we pay attention to the spectral gap numbers).

Lemma 4.17. Let M be a full tracial factor. Then for any tracial von Neumann algebra N , M ⊗C
has spectral gap inside M ⊗N . In fact, if F and C witness spectral gap for M inside M , then F ⊗1
and C witness spectral gap for M ⊗ C inside M ⊗N . In particular, SG(M,M ⊗N) ≤ SG(M,M).

Proof. Let S be the operator id−τ on L2(M) and let T : L2(M) → L2(M)F be the linear map
given by T (ξ) = (xξ − ξx)x∈F . Then the spectral gap property of M ⊆M can be expressed by

∥Sξ∥2 ≤ C∥Tξ∥2 for ξ ∈ L2(M),

or equivalently, S∗S ≤ C ·T ∗T . Note that L2(M ⊗N) ∼= L2(M)⊗L2(N) and EC⊗N = τM ⊗ idL2(N)

as an operator on L2(M)⊗ L2(N). Since S∗S ≤ C · T ∗T , we have

(S ⊗ idL2(N))
∗(S ⊗ idL2(N)) ≤ C · (T ⊗ idL2(N))

∗(T ⊗ idL2(N)),

which translates to
∥ξ − EC⊗N (ξ)∥22 ≤ C

∑
x∈F

∥(x⊗ 1)ξ − ξ(x⊗ 1)∥22,

yielding the desired result. □

The following lemma follows from [8, Corollary 2.3], but we provide a direct proof using spectral
gap numbers here.

Lemma 4.18. Let M1 and M2 be full tracial factors. Then M1 ⊗M2 is also full. More precisely,
for j = 1, 2, let Fj and Cj witness the spectral gap of Mj ⊆ Mj. Then (F1 ⊗ 1) ∪ (1 ⊗ F2) and
max(C1, C2) witness spectral gap for M1 ⊗M2. Hence, SG(M1 ⊗M2) ≤ SG(M1) + SG(M2).
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Proof. Fix ξ ∈ L2(M1 ⊗M2) and set 1⊗ η = EC⊗M2(ξ). By the previous lemma,

∥ξ − 1⊗ η∥22 ≤ C1

∑
x∈F1

∥(x⊗ 1)ξ − ξ(x⊗ 1)∥22.

By the spectral gap of M2 ⊆M2,

∥η − τN (η)∥22 ≤ C2

∑
y∈F2

∥yη − ηy∥22 = C2

∑
y∈F2

∥(1⊗ y)(1⊗ η)− (1⊗ η)(1⊗ y)∥22

= C2

∑
y∈F2

∥(1⊗ y)E1⊗M2(ξ)− EC⊗M2(ξ)(1⊗ y)∥22

= C2

∑
y∈F2

∥EC⊗M2((1⊗ y)ξ)− EC⊗M2(ξ(1⊗ y))∥22

≤ C2

∑
y∈F2

∥(1⊗ y)ξ − ξ(1⊗ y)∥22.

Now ξ − 1⊗ η is orthogonal to C⊗M2 and in particular to 1⊗ η − τM2(η), hence

∥ξ − τM1⊗M2(ξ)∥
2
2 = ∥ξ − EC⊗M2(ξ)∥

2
2 + ∥η − τM2(η)∥

2
2

≤ C1

∑
x∈F1

∥(x⊗ 1)ξ − ξ(x⊗ 1)∥22 + C2

∑
y∈F2

∥(1⊗ y)ξ − ξ(1⊗ y)∥22

≤ max(C1, C2)

∑
x∈F1

∥(x⊗ 1)ξ − ξ(x⊗ 1)∥22 +
∑
y∈F2

∥(1⊗ y)ξ − ξ(1⊗ y)∥22

 .

This concludes the proof of the Lemma. □

We are now ready to prove Theorem 4.14.

Proof of Theorem 4.14. Let F ⊆ M ⊗ R be a finite subset and let ϵ > 0. Set s = SG(M) +

supk SG(Mk(C)). Then there exists some tensor decomposition R = Mk(C) ⊗ R̃ such that F is
contained in the ϵ-neighborhood of M ⊗Mk(C)⊗ C. Note also that

(M ⊗Mk(C)⊗ C)′ ∩ (M ⊗R) = C⊗ C⊗ R̃,
which is a factor. By Lemmas 4.17 and 4.18,

SG(M ⊗Mk(C)⊗ C,M ⊗R) ≤ SG(M ⊗Mk(C)) ≤ SG(M) + SG(Mk(C)) ≤ s.

Therefore, M ⊗R has the FC limit spectral gap property, as desired. □

In [1, Proposition 6.1.7], it was shown that an infinite tensor product of full II1 factors is super
McDuff. It is natural to wonder whether or not there is a uniform version of this result. The proof
of Theorem 4.14 immediately yields the following:

Proposition 4.19. Suppose that (Mk) is a sequence of full II1 factors for which

sup
k

SG(M1 ⊗ · · · ⊗Mk) <∞.

Then
⊗

kMk is uniformly super McDuff.



16 GOLDBRING, JEKEL, KUNNAWALKAM ELAYAVALLI, AND PI

Remark 4.20. It is unknown whether or not there is a uniform bound on the spectral gap num-
ber of full II1 factors or, equivalently, whether or not the class of full II1 factors is closed under
ultraproducts. (Note that if there was not a uniform bound on the spectral gap number of full
II1 factors, then by taking the ultraproduct of a sequence of II1 factors with strictly increasing
spectral gap numbers, one would exhibit that the class of full II1 factors is not closed under taking
ultraproducts.) Proposition 4.19 shows that a positive answer to this question would imply that an
infinite tensor product of full factors is uniformly super McDuff. Said differently, if one can find an
example of an infinite tensor product of full II1 factors which is not uniformly super McDuff, then
one can conclude that the spectral gap numbers for full II1 factors is unbounded.

5. Do finitely generic factors have the uniform super McDuff property?

The results concerning the infinitely generic factors above motivate the following questions for the
finitely generic factors:

Question 5.1. Is there a finitely generic (uniformly) super McDuff factor? Are all finitely generic
factors (uniformly) super McDuff?

Remark 5.2. The question of whether the finitely generic factors are uniformly super McDuff
relates to the Connes Embedding Problem. Indeed, if we assume a positive solution to the Connes
Embedding Problem, then R is the unique finitely generic factor (see [1, Corollary 3.2.6]). Let (σn)
be a sequence of sentences witnessing that R is uniformly super McDuff. By [16, Theorem 2.14 and
Proposition 3.9], for each n ≥ 1, there is a unique real number rn such that σMn = rn in all finitely
generic factors M . If rn > 0 for some n, then we conclude that the finitely generic factors are not
uniformly super McDuff. This result might lead to a potentially different proof that the Connes
Embedding Problem has a negative solution (see [28]).

5.1. A sufficient criterion for finitely generic factors to be uniformly super McDuff. In
this subsection, we present a sufficient criterion for a finitely generic factor to be uniformly super
McDuff. We first need a preliminary lemma.

Lemma 5.3. For any K ≥ 1, there is a function αK : (0, 1) → (0, 1) with the following property:
Suppose that N has property (T) with finite Kazhdan set G and Kazhdan constant at most K. Then
for any II1 factor M containing N and any (p, q) ∈ P2(M) with maxx∈Gmax(∥[x, p]∥2, ∥[x, q]∥2) <
αK(ϵ), there is (p′, q′) ∈ P2(N

′ ∩M) with ∥p− p′∥2, ∥q − q′∥2 < ϵ.

Proof. Suppose that δ < 1
K and (p, q) ∈ P2(M) is such that

max
x∈G

max(∥[x, p]∥2, ∥[x, q]∥2) < δ.

Then by the definition of Kazhdan set, there is (p0, q0) ∈ N ′ ∩M such that ∥p− p0∥2, ∥q − q0∥2 <
Kδ. Recall from Subsection 2.2 the formula ξ whose zeroset is P2. Let β : R>0 → R>0 be the
uniform continuity modulus for ξ and γ : R>0 → R>0 be the definability modulus for ξ. Then
if Kδ < β(γ( ϵ2)), we have ξ(p0, q0) < γ( ϵ2), whence there is (p′, q′) ∈ P2(N

′ ∩ M) such that
∥p0 − p′∥2, ∥q0 − q′∥2 < ϵ

2 . Thus, αK(ϵ) := min( 1
Kβ(γ(

ϵ
2)),

ϵ
2K ) is the desired function. □

Proposition 5.4. Suppose that P is finitely generic and there is a II1 factor N ⊇ P with property
(T) for which there is an embedding N ↪→ PU with factorial relative commutant. Then P is uniformly
super McDuff.
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Proof. We consider the sequence of embeddings

P ⊆ N ↪→ PU ⊆ NU ↪→ P 2U ⊆ N2U · · · ,
where for each k ∈ N, we let P kU denote the kth-iterated ultrapower of P and similarly for other
iterated ultrapowers and the embeddings NkU ↪→ P (k+1)U are induced by the original embedding
N ↪→ PU . We let Q denote the union of the chain. Since P is finitely generic, we have that the
embedding P ↪→ PU is elementary, whence so are all of the iterated embeddings P kU ↪→ P (k+1)U ,
and thus Q ≡ P . It thus suffices to show that Q is uniformly super McDuff.

Let G be a finite Kazhdan set for N with Kazhdan constant K.

Claim: Fix ϵ > 0. For all k ≥ 1 , and all (p, q) ∈ P2(P
kU ), if ∥[x, p]∥2, ∥[x, q]∥2 < αK( ϵ2) for all

x ∈ G (viewed as elements of P kU in the obvious way), then there is u ∈ U((N (k−1)U )′ ∩ P kU ) such
that ∥upu∗ − q∥2 ≤ ϵ.

We prove the claim by induction on k. First suppose that k = 1. If

max
x∈G

max(∥[x, p]∥2, ∥[x, q]∥2) < αK

( ϵ
2

)
,

then there is (p′, q′) ∈ P2(N
′ ∩PU ) with ∥p− p′∥2, ∥q− q′∥2 < ϵ

2 . Since N ′ ∩PU is a factor, there is
u ∈ U(N ′ ∩ PU ) with up′u∗ = q′. It follows that ∥upu∗ − q∥2 ≤ ϵ. Thus, the case k = 1 is proven.

We now prove the inductive step. Suppose the result is true for k and consider (p, q) ∈ P2(P
(k+1)U )

with ∥[x, p]∥2, ∥[x, q]∥2 < αK( ϵ2) for all x ∈ G. Write p = (pn)U and q = (qn)U with (pn, qn) ∈
P2(P

kU ). It follows that for U-almost all n we have ∥[x, pn]∥2, ∥[x, qn]∥2 < αK( ϵ2) for all x ∈ G,
whence, by induction, for these n, there are un ∈ U((N (k−1)U )′ ∩ P kU ) with ∥unpnu∗n − qn∥2 ≤ ϵ.
Letting u = (un)U ∈ U((NkU )′ ∩ P (k+1)U ), we see that ∥upu∗ − q∥2 ≤ ϵ, as desired. The claim is
thus proven.

We now verify that Q is uniformly super McDuff. Fix ϵ > 0. Fix F ⊆ Q finite. Take k ≥ 1 such that
F ⊆ ϵ

2
N (k−1)U . Now suppose that (p, q) ∈ P2(Q) are such that maxx∈Gmax(∥[x, p]∥2, ∥[x, q]∥2) < ρ

(for ρ > 0 to be determined). Take l ≥ k such that there are (p′, q′) ∈ P2(P
lU ) with ∥p− p′∥2, ∥q −

q′∥2 < ρ. Then maxx∈Gmax(∥[x, p′]∥2, ∥[x, q′]∥2) < αK( ϵ4) if ρ was small enough, whence by the
claim there is u ∈ U((N (l−1)U )′ ∩ P lU ) with ∥up′u∗ − q′∥2 ≤ ϵ

2 . It follows that ∥upu∗ − q∥2 < ϵ and
∥[u, x]∥2 < ϵ for all x ∈ F . □

Remark 5.5. We note that, in the previous proposition, one can obtain the weaker conclusion that
P is super McDuff using [1, Theorem 3.2.2].

5.2. The (T)-FRC property. To apply Proposition 5.4 to a finitely generic P , we would need
a property (T) factor N containing P which admits an embedding into PU with factorial relative
commutant. In fact, one can ask whether every property (T) factor N admits such an embedding,
motivating the following definition.

Definition 5.6. We say that a separable II1 factor M has the (T)-FRC property if every II1
factor with property (T) admits an embedding into MU with factorial relative commutant.

It will be a consequence of Proposition 5.12 below that whether or not a given property (T) factor
admits an embedding into MU with factorial relative commutant is independent of the choice of
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ultrafilter, making the (T)-FRC property well-defined. Another consequence of Proposition 5.12 is
that the (T)-FRC property is preserved under elementary equivalence.

We may also relativize the (T)-FRC property to the setting of Connes embeddable factors:

Definition 5.7. A Connes embeddable separable II1 factor M has the embeddable (T)-FRC
property if every Connes embeddable property (T) factor admits an embedding into MU with
factorial relative commutant.

A well-known question of Popa asks whether or not R has the embeddable (T)-FRC property.

Proposition 5.4 together with embedding universality of Property (T) factors yields the following:

Corollary 5.8. If the finitely generic factors have the (T)-FRC property, then they are also uni-
formly super McDuff.

Corollary 5.9. If the (T)-FRC property is enforceable, then being uniformly super McDuff is en-
forceable. In particular, if the enforceable factor exists and has the (T)-FRC property, then it is
uniformly super McDuff.

Remarks 5.10.

(1) The conclusions of Proposition 5.4 and Corollary 5.8 also hold with the class of II1 factors
replaced by the class of Connes-embeddable II1 factors. As the discussion following [17,
Theorem 2] establishes, R is the unique separable II1 factor that is finitely generic in the
class of Connes-embeddable II1 factors. Hence, to show that R is uniformly super McDuff,
it suffices to find a II1 factor N with property (T) with R ⊆ N ⊆ RU such that N ′ ∩RU is
a factor. For this purpose, let G be a property (T) group with irreducible finite-dimensional
representations πk : G → U(Mnk

(C)) with nk → ∞ (for instance G = SL3(Z)). Write
RU ∼=

∏
k→U (Mnk

(C) ⊗ R), and let π : G → U(
∏

k→U Mnk
(C) ⊗ R) be given by π(g) =

[πk(g)]k→U . Then N = π(G)′′ ⊆ RU will be a II1 factor with property (T). Moreover, N
contains a copy of R and all copies of R in RU are unitarily conjugate, and hence we can
assume without loss of generality that R ⊆ N ⊆ RU . This gives a more direct argument for
R being uniformly super McDuff. It is still open whether R has the (T)-FRC property.

(2) It is interesting to note that in the class of Connes embeddable II1 factors, the finitely generic
factor is uniformly super McDuff although we do not know if the infinitely generic factors
are uniformly super McDuff. (It is an open question as to whether or not R is an infinitely
generic embeddable factor.) On the other hand, in the class of II1 factors, as shown in
Theorem 4.12, the infinitely generic factors are uniformly super McDuff and we are unsure
whether the finitely generic factors are uniformly super McDuff.

Given Corollary 5.8, it is now natural to ask:

Question 5.11. Do finitely generic factors have the (T)-FRC property?

In [18], it was shown that the infinitely generic factors have the (T)-FRC property. Thus, if the
finitely and infinitely generic factors are elementarily equivalent, then the finitely generic factors
also have the (T)-FRC property.
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5.3. Model-theoretic aspects of the (T)-FRC property. In this section, we explain why prov-
ing the (T)-FRC property for infinitely generic factors is easier than proving the (T)-FRC property
for an arbitrary e.c. factor, which in turn is easier than proving the (T)-FRC property for finitely
genric factors. We first observe:

Proposition 5.12. For any property (T) factor N , there is a family (σN,m)m≥1 of ∃3-sentences
such that the following are equivalent for any II1 factor M :

(1) σMN,m = 0 for all m ≥ 1.
(2) For every ultrafilter U , N embeds into MU with factorial relative commutant.
(3) For some ultrafilter U , N embeds into MU with factorial relative commutant.

Proof. Fix a property (T) factor N with generating set F of cardinality n and Kazhdan constant
K. For each m ≥ 1, consider the following formula ψN,m(x⃗) in the free variables x⃗ = (x1, . . . , xn):

sup
(p,q)∈P2

min

(
αK

(
1

2m

)
.− max

i=1,...,n
max(∥[xi, p]∥2, ∥[xi, q]∥2),

( inf
u∈U

max(∥upu∗ − q∥2, max
i=1,...,n

∥[u, xi]∥2) .− 1

m
)

)
= 0,

where αK is as in Lemma 5.3. Enumerate a countable dense subset of qftpN (F ) as {θN,i(x⃗) : i ∈ ω}
and let σN,m be infxmax(maxi=1,...,m θi(x), ψN,m(x)). Note that ψN,m(x⃗) is a ∀2-formula, whence
σN,m is a ∃3-sentence. We claim that these are the desired sentences.

First suppose that σMN,m = 0 for all m ≥ 1. Then by saturation, there is a tuple a⃗ = (a1, . . . , an)

in MU satisfying qftpN (F ) and for which ψMU
N,m(⃗a) = 0 for all m ≥ 1. There is thus an embedding

N ↪→ MU obtained by sending the elements of F to the ai’s. We claim that this embedding has
factorial relative commutant. To see this, fix (p, q) ∈ P2(N

′ ∩MU ) and m ≥ 1. Then the first part
of the minimum appearing in ψN,m is αK( 1

2m), whence the second part of the minimum must be
0. Thus, there is u ∈ U(MU ) such that ∥upu∗ − q∥2 ≤ 1

m and ∥[u, ai]∥2 ≤ 1
m . Since such a unitary

exists for all m ≥ 1, by saturation, there is u ∈ U(N ′ ∩MU ) conjugating p to q, as desired.

Now suppose that N admits an embedding into MU with factorial relative commutant for some
ultrafilter U . Let a1, . . . , an ∈ MU be the images of the elements of F under the embedding. Fix
m ≥ 1. We show that ψMU

N,m(⃗a) = 0, whence σMN,m = σM
U

N,m = 0. Towards this end, fix (p, q) ∈ P2(M
U )

and suppose ∥[ai, p]∥2, ∥[ai, q]∥2 < αK( 1
2m) for all i = 1, . . . , n. Arguing exactly as in the proof of

Proposition 5.4, there is u ∈ U(N ′ ∩MU ) satisfying ∥upu∗ − q∥2 ≤ 1
m . This u realizes the inner

infimum in ψN,m. □

Corollary 5.13. The (T)-FRC property and the embeddable (T)-FRC property are both ∃3-axiomatizable
properties of separable II1 factors.

Remarks 5.14.

(1) One could use the sentences in Proposition 5.12 to give a definition of the (T)-FRC property
for arbitrary II1 factors.
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(2) It is worth pointing out that the (T)-FRC property is axiomatizable while we currently
only know that the Brown property is merely local, that is, preserved under elementary
equivalence.

Let us recall the following various facts about truth of ∃3 sentences in e.c. structures, which, for
simplicity, we state only for II1 factors (although the first item holds in general and the second and
third item hold in any ∀2 theory with the joint embedding property). The classical versions of these
results appear as [26, Corollary 3.2.5, Exercise 5.3.12, Theorem 4.3.4].

Fact 5.15. Suppose that σ is a ∃3-sentence in the language of tracial von Neumann algebras.

(1) If M ⊆ N are e.c. factors and σM = 0, then σN = 0. (Here, σ can even have parameters
from M .)

(2) If σM = 0 for some e.c. factor, then σN = 0 for all infinitely generic factors.
(3) If σM = 0 for some finitely generic factor, then σN = 0 for all e.c. factors.

Proof of (1) and (2). For (1), fix an embedding i : N ↪→MU restricting to the diagonal embedding
M ↪→MU . Write σ = infx supy infz φ(x, y, z), where φ is a quantifier-free formula with parameters
from M . Since σM = 0, there is a ∈ M such that (supy infz φ(a, y, z))

M = 0. Fix b ∈ N ; we need
(infz φ(a, b, z))

N = 0. However, since N is e.c., this follows from (infz φ(a, i(b), z))
MU

= 0, which
in turn follows from the fact that (supy infz φ(a, y, z))

MU
= 0.

(2) follows from (1) together with the facts that the infinitely generic factors are e.c., embedding
universal, and are all elementarily equivalent to one another. □

The third item in the above proposition can be proven just as in the classical case, using the
continuous versions of the necessary ingredients which were established in [16].

The second item in the previous fact explains why proving that the infinitely generic factors have
the (T)-FRC property was the “easiest” possible while the third item explains why proving that R
has the embeddable (T)-FRC property and the finitely generic factors have the (T)-FRC property
are as “hard” as possible.

Item (1) of the above fact also yields the following fact:

Corollary 5.16. If M is an e.c. factor that contains an infinitely generic factor, then M has the
(T)-FRC property.

We remark that it is still possible that all e.c. factors may be infinitely generic, whence the previous
corollary would degenerate to the main result of [18].
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