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Abstract. We review some recent developments concerning the a posterior: error
analysis of h— and hp—version finite element approximations to hyperbolic prob-
lems. The error bounds stem from an error representation formula which equates
the error in an output functional of interest to the inner product of the finite el-
ement residual with the solution of a dual (adjoint) problem whose data is the
density function of the target functional. Type I a posteriori error bounds are de-
rived which, unlike the cruder Type II bounds, retain the dual solution in the bound
as a local weight-function. The relevance of Type I a posterior:i bounds is argued by
showing that the local size of the error in a hyperbolic problem may be only very
weakly correlated to the local size of the residual; consequently, adaptive refine-
ment algorithms based on the size of the local residual alone can be ineffective. The
sharpness of Type I a posteriori error bounds is demonstrated on both structured
and adaptively refined meshes.

1 Introduction

Over the last decade, tremendous progress has been made in the area of a pos-
teriori error estimation and adaptive finite element approximation of partial
differential equations (PDEs); for a review of some of the main developments
in the subject we refer to the recent monographs [4,56,57], and the articles
[14,8]. Despite a number of significant advances in the field, much of the re-
search to date has focused on partial differential equations of elliptic type,
while for hyperbolic partial differential equations the theory of a posteriori
error estimation and adaptivity has remained in its infancy.

This state of affairs is perhaps not accidental: the mechanisms of error
propagation in finite element approximations of hyperbolic PDEs are more

* Paul Houston acknowledges the financial support of the EPSRC (GR/N24230).



2 Endre Sili and Paul Houston

complex and less well understood than in elliptic problems; a further hin-
drance is that the theory of well-posedness and regularity for hyperbolic PDEs
is in a less satisfactory state than the corresponding theoretical framework
for elliptic problems due, among other things, to the fact that unlike ellip-
tic differential operators, first-order hyperbolic operators have no inherent
smoothing properties in isotropic Sobolev spaces; finally, in engineering ap-
plications, finite element methods have been traditionally employed for the
numerical approximation of elliptic boundary value problems and their use
for the solution of hyperbolic PDEs is more recent and less widespread.

The aim of these notes is to provide a brief introduction to some recent
advances in the field of a posteriori error estimation and adaptivity for hyper-
bolic PDEs. The focus of this work and its scope is, necessarily, influenced by
our own interests in the subject and we do not attempt to give an exhaustive
survey. For further developments in the field we refer to [11,24,29,52,53], and
[25-28,30,35,40,42,54] for some more recent contributions. In order to keep
the presentation simple, we shall concentrate on two popular finite element
methods: the streamline—diffusion finite element method and the discontin-
uous Galerkin finite element method; nevertheless, the ideas developed here
apply more generally, to other partial differential equations and to other finite
element discretizations. The a posteriori error analyses for the two methods
will be pursued within a single, general theoretical framework based on the
idea of duality.

The relevance of duality arguments in a posteriori error estimation has
been highlighted in the review articles [14] and [8] (see, also, [7,24,30,35,42,44—
47,49,53,54]); concerning the use of duality arguments in post-processing and
design, we refer to [17,18,20,21,48], and references therein. The key ingredi-
ent in duality-based error estimation is an auxiliary PDE problem, the dual
problem, involving the formal adjoint of the partial differential operator un-
der consideration. The data for the dual problem is the quantity of interest:
in engineering applications, this is typically an output functional of the ana-
lytical solution such as a mean value, point value, boundary flux, for example,
or, in fluid dynamics, it may be the pressure—drop between inflow and out-
flow, or the drag or lift coefficients of a body immersed into the fluid (see,
[7,8,17,18,20,21,27,42,45-48], for example).

The relevance and generality of duality-based error estimation has been
powerfully argued in the work of Johnson and his collaborators; see, for exam-
ple, [14] for an excellent survey. The a posteriori error bounds resulting from
this analysis involve the finite element residual which is obtained by inserting
the computed finite element solution into the partial differential equation; the
residual measures the extent to which the finite element approximation to the
analytical solution fails to satisfy the underlying PDE. In the framework of
[14], the error bounds are arrived at by exploiting Galerkin orthogonality (a
fundamental property of all finite element methods expressing the fact that
the residual is orthogonal to the finite element space), and strong stability
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(well-posedness/regularity in isotropic Sobolev norms of positive index) of
the dual problem. In view of the remarks at the end of the second paragraph
concerning the inherent lack of isotropic smoothing properties in hyperbolic
problems, it is this latter step in the process of a posteriori error estimation
that causes difficulties when dealing with hyperbolic PDEs: the underlying
problems will be explained in more detail in the next section.

Stimulated by our findings, in this paper we revisit the problem of a
posteriori error estimation and adopt a minimalistic variant of duality—based
error estimation which avoids explicitly invoking strong stability of the dual
problem through retention of the dual solution in the bound; the approach in
question is stimulated by the work of Becker and Rannacher [7] on weighted-
residual-based a posteriori error estimation; see also the recent review article
[8] and references therein. As in [14] and [8], the starting point in our error
analysis is an error representation formula which equates the error in the
output functional of interest with the inner product over the computational
domain of the finite element residual and the analytical solution to the dual
problem. In our approach, the inner product over the computational domain
contained in the error representation formula is decomposed as a sum of
inner products over elements in the finite element partition, and hence the
absolute value of the error in the output functional is bounded by the sum
of absolute values of elemental inner products; this process is referred to as
localization. However, unlike [14] and [8], we shall refrain from applying the
Cauchy—Schwarz inequality to these elemental inner products; rather, we shall
compute them numerically through replacing the analytical dual solution by a
finite element approximation. If necessary, the error committed in the course
of this additional approximation can be controlled through an auxiliary a
posteriori error estimate. It will be shown that the proposed approach leads
to sharp a posteriori error bounds, in the sense that the effectivity index (the
ratio of the error bound and the true error) is typically very close to unity.

The paper is structured as follows. We begin, in Section 2, by outlining
the fundamental problems associated with residual-based error estimation in
the context of hyperbolic problems. We then continue, in Section 3, with a
brief excursion into the theory of function spaces to introduce the notational
conventions. In Section 4, we discuss some of the key model problems whose
numerical approximations we shall consider. In this work, we shall concen-
trate on two established finite element methods for hyperbolic problems: the
streamline—diffusion finite element method (SDFEM) and the discontinuous
Galerkin finite element method (DGFEM). Thus, Section 5 is devoted to
the formulation of the SDFEM which uses continuous piecewise polynomial
functions to approximate the underlying analytical solution. For the sake of
simplicity we shall confine ourselves to a scalar linear hyperbolic model prob-
lem. We shall be concerned with the derivation of a posteriori error bounds
for the SDFEM within the framework of h—version finite element methods
(i.e., with variable mesh size h, but fixed polynomial degree p, p > 1); in
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particular, we shall focus on situations when the quantity of interest is a lin-
ear functional of the analytical solution rather than the solution itself. The
derivation of the a posteriori error bound is based on a duality argument
which may involve either the formal adjoint of the partial differential oper-
ator or the formal adjoint of a perturbed partial differential operator which
stems from the bilinear form of the stabilized finite element method. It will
be shown in Section 5 that for stabilized finite element methods, such as
the SDFEM, the second approach leads to sharper a posteriori error bounds.
In Section 6, we shall consider the hp—version of the discontinuous Galerkin
finite element method, based on the use of discontinuous piecewise polyno-
mial approximations, which, in addition to local variation of the granularity
h of the computational mesh, also allows local adjustment of the degree p
of the approximating piecewise polynomial. We shall discuss the a posteriori
error analysis of the hp—version of the discontinuous Galerkin finite element
method and consider the implementation of our a posteriori error bounds
into an hp—-adaptive algorithm. For hp-adaptive finite element methods, a
key question is to decide when to h-refine and when to p—refine. The decision
concerning which of the two refinement strategies to adopt will be based on
monitoring the local smoothness of the solutions to the primal and dual prob-
lems and will involve an algorithm for the estimation of their local Sobolev
regularity indices. In Section 7, we conclude with a brief summary of the
main results.

2 So, what is the problem, then?

In order to describe the fundamental problem in the simplest possible terms,
let us suppose that A : D(A) C¢ H — H is a linear differential operator
defined on its domain D(A) contained in a certain Hilbert space H. Given
f € M, suppose that u € D(A) solves

Au=f.

In this simple discussion we shall assume that any (homogeneous) boundary
condition that u has to satisfy is imposed through the definition of D(A).
Now, let us seek a numerical approximation uy, to v by means of a Galerkin
method. Thereby, we consider a sequence of finite-dimensional linear sub-
spaces {H"} of D(A) parametrized by h € (0,1], and look for uj, € H" such
that
PhA’LLh = th, (1)

where Py, is the orthogonal projector in H onto H". On defining the residual
R(up) = f — Aup, (1) can be restated in the following equivalent form:

PrR(up) = Pp(f — Aup) = 0;

this identity is usually referred to as the Galerkin orthogonality property, as
it expresses the fact that R(uy) is orthogonal to H" in .
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Suppose, for example, that (2, the computational domain, is a bounded
open set in R*, H = Ly(f2) is the set of all real-valued square-integrable
functions defined on 2, and let ¢ be a given nonnegative weight function
in Ly(£2). [A summary of some standard notation and a collection of basic
results from the theory of function spaces will be provided in the next section.]
Then, with (-,-) denoting the inner product in Ls(£2), v — J(v) = (v,() is a
bounded linear functional on Lo (2), and J(u) represents the weighted mean
value of u over (2.

A typical practical question one might encounter is the following: given a
certain tolerance TOL > 0, find u;, € H" such that

|7(u) = J(un)] < TOL. (2)

In the field of a posteriori error estimation a problem of this kind is ap-
proached by deriving a bound on |J(u) — J(up)| in terms of the residual
R(up,) of the form

|J(u) — J(up)| < Computable expression(R(up)), (3)

where the right-hand side is a computable expression involving available data
and the residual, R(up) = f — Auy, which can be calculated after uj, has been
computed; hence the terminology a posteriori error bound. Once such an a
posteriori error bound is available, the task of satisfying (2) is reduced to
finding H" and uj, € H" such that

Computable expression(R(up)) < TOL,

— an objective that is usually achieved through a feed-back process, by adap-
tive adjustment of H". It is clear from this discussion that the fundamental
theoretical problem, therefore, is to derive a bound of the kind (3).

A general approach to the derivation of a posteriori error bounds is based
on the use of a duality argumentinvolving the adjoint A* of the linear operator
A, defined on its domain D(A*) C H = Ly(£2). For this purpose, we consider
the dual problem of finding z in D(A*) C H such that

A"z =, (4)
whose right-hand side is the given weight-function ¢. Thus the data for the

dual problem is the density function (Riesz representer) of the linear func-
tional of interest J(-). Hence,

J(u) = J(up) = (u—up, ()
= (Au — Auy, 2)
= (f — Aup, 2)
(
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As PyR(up) = 0, it follows that

J(u) = J(un) = (R(un), 2)
= (R(up),z — zn) Yz, € H; (6)

this identity is referred to as the error representation formula. A possible
choice of z, may be Pz, although there are other viable alternatives. For
example, if (1) represents a finite element method, then z; may be chosen as
a finite element interpolant or quasi-interpolant of z. It should be borne in
mind, however, that z is the analytical solution to the dual problem, and even
though R(up) will become ‘computable’ after u; has been calculated, z — zp,
will not be available. Hence, the right-hand side of the error representation
formula (6) is not computable.

One approach to obtaining a computable error bound from (6) (see, e.g.,
[14]) proceeds by attempting to eliminate z — zj. Briefly, the argument is as
follows. Suppose that #; is a Hilbert subspace of H with norm || - ||3,; here
s is a positive index related to smoothness (for example, when H = Lo(f2),
‘Hs might be the Sobolev space H®(§2) C Ly(f2) of index s > 0); assume that
z € Hs and that we have found a constant Cgap = Cstap(¢) such that

213, < Csta -
Suppose also that there exists a positive constant Ciny and zj, € H" such that
1h™%(z — 2n) I < Cintllz[ln, - (7)
Then, on applying the Cauchy-Schwarz inequality in H, we get

|J(u) — J(un)| < [|h°R(un) |l [|h7° (2 — 2n)lln
< Cing [|[P*R(un)|% [12]|%,
S C'int Cstab ||hSR(Uh)||'H .

The constants Cine and Cyap are referred to as the interpolation constant and
strong stability constant, respectively. Typical values of Cy,; are available from
approximation theory, while Cgap has to be determined either analytically
or computationally by studying the well-posedness of the dual problem (4)
in the norm || - |3, . Thus we have established the following a posteriori error
bound:

1) = J(un)| < CiniCoap I R(un)lln| 5 >0. (8)

An error bound of this kind which does not directly involve the dual solution
z will be referred to here as a Type II a posteriori error bound, cf. [35].

Let us pause for a moment at this point to reflect on some of the steps in
our argument and examine the validity of the hypotheses we have made. Our
first assumption concerned the existence of a Hilbert subspace H, contained
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in ‘H such that the dual solution z is contained in H,; in particular, when
H = L2(£2), it would be convenient to choose Hs as a Sobolev space H®((2)
of positive index s > 0 for it is in these spaces that approximation properties
of the kind (7) are readily available. We shall consider two examples.

Example A. Suppose that 2 = (0,1)%, the unit square in the z =
(z1,x2) plane, and consider the following Dirichlet boundary value problem
for Poisson’s equation

Au=1 1in 2, u=0 ondf.
Here the dual problem is
Az=( in 2, z=0 ondf.

As ¢ € Ly(£2), it follows from regularity theory for elliptic partial differential
equations in polygonal domains that z € H*(2) N H}(2), 1 < s < 3; thus
we may select Hy = H*(2) N HE(2),1< s < 3.

Example B. Suppose, again, that £2 = (0,1)2, the unit square in the z =
(z1,x2) plane, and consider the following boundary value problem for a scalar
first-order hyperbolic equation for a function u of the variable (z1,x2) € £2:

Uy, =1 in £2, u=0 onl_,
where I'_ = {(0,z2) : 0 < 22 < 1}. This time, the dual problem is
—2z, = (¢ in 02, z=0 onlI} ={(1,z2) : 0 <22 <1}.

Unlike Example A, here z need not belong to H®({2) for any s > 0. This
is easily seen by choosing ¢ as a function of x5 only; say, ((z1,22) = ¢(x2)
where ¢ belongs to L2(0,1) but does not belong to H*(0,1) for any s > 0
(e.g., p(z2) = 1/(Jz2 — (1/2)|*/?log |z — (1/2)]) belongs to L»(0,1) but not
to L,(0,1) for p > 2; by the Sobolev embedding theorem, ¢ cannot belong to
any H*%(0,1), s > 0, for otherwise it would be an element of L,(0,1) for some
p > 2, which is not the case). While this is a slightly extreme example, it
nevertheless highlights the stark difference between the regularity properties
of solutions to elliptic and hyperbolic boundary value problems.

We see that while in Example A our hypothesis about the existence of a
Hilbert subspace Hs, s > 0, of H = Lo ({2) containing the dual solution z can
be satisfied, for Example B this hypothesis has failed. Although our examples
are trivial, the observed problem is generic, and is due to the fact that unlike
elliptic partial differential operators, first-order hyperbolic operators have no
inherent smoothing properties in isotropic Sobolev spaces.

In fact, our examples allow us to gain further insight into the difficulties.
Let us select a point # in 2 = (0,1)? and suppose that the aim of the
computation is now to ensure that

Ju(#) — un(#)| < TOL,
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where v is the solution to the boundary value problem from either Example
A or B.

Example A’. For the elliptic boundary value problem from Example A,
the appropriate dual problem associated with J(u) = u(%) is

Az =60(x — ) for z € 12, z=0 on 02;

i.e., z is the classical Green’s function. It is well known that z is a smooth
function in 2\ {#} and it exhibits a logarithmic singularity near Z. A simple
calculation reveals that z € H*(2) for s € [0,1).

Example B'. For the hyperbolic boundary value problem from Example
B, the appropriate dual problem associated with J(u) = u(Z) is now

—2g, = 0(x — 1) for z € 2, z2=0 onlI},.

Hence,
z(a:l,a:2) = (]. — H(Z‘l — i‘l)) (5(172 — £2) .

Clearly, z is not a locally integrable function but a measure supported on
the line-segment x5 = &2, 0 < z1 < Zp; in particular, z does not belong
to any Sobolev space on (2 of index s > 0. Incidentally, had we chosen
to consider the more general scalar linear first-order hyperbolic differential
equation ajuyz, + asu,, = 1, where a; > 0 and a» > 0 are smooth functions
of x = (21, z2), a similar conclusion would have resulted except that z would
have been concentrated on a piece of the characteristic curve that passes
through the point (#1,#2). Thus, while the Green’s function for an elliptic
boundary value problem on (2 has singularity at a single point within {2
and decays away from that point, for a scalar linear hyperbolic boundary
value problem the Green’s function (or, Green’s measure, to be more precise)
has nonlocal singularity concentrated along a characteristic and does not, in
general, decay along this characteristic, cf. Fig. 1, for example, for a sketch
of z.

Remark 1. Strictly speaking, Examples A’ and B’ do not fit into the general
theoretical framework we had presented given that ¢ = 6(- — &) is not an
element of H = L2(2), so (4) is meaningless for this choice of (. However,
the effects which we observed in Examples A’ and B’ can be emulated within
the theory presented above by approximating, for € > 0 small, J(u) = u(z)
by J.(u) = (u,(.(-— %)) and 6(- — #) with (. (- — 2), where (. (z) = e72((x/¢)
and ( is a nonnegative function whose support is contained in the unit circle
centered at the origin and such that the integral of { over its support is equal
to 1.

If now, with the observations from Examples A’ and B’ in mind, we return
to (5) we conclude, at least formally!, that for an elliptic operator the size

! The argument can be made rigorous by local mollification of §(- — &) as indicated
in the previous Remark.
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Fig. 1. Green’s function for an elliptic (left) and a hyperbolic problem (right)

Fig. 2. Green'’s function for the linearized adjoint compressible Euler equations of
gas dynamics

of the error (u — up) at & will be strongly dependent on the size of R(up)
in the neighborhood of the point & and, given that z decays away from z,
values of R(up,) at more distant points will have less influence on (u —up)(%).
On the other hand, for a hyperbolic operator, the singularity of z is nonlocal
and z does not, in general, decay along the characteristic curve on which
the singularity is concentrated, so the size of (u — uy) at & can be strongly
influenced by values of R(up) at points that are quite distant from #. This is
further demonstrated in Fig. 2 where we show the Green’s function for the
linearized adjoint compressible Euler equations of gas dynamics in the case
of a shock reflecting off a solid wall, cf. Kroner [39], p. 401.

In order to give an experimental illustration of the issue raised in the
last paragraph, we note that, letting e = u — up, denote the global error, the
residual and the error are related via
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Now suppose that A is a scalar first-order linear hyperbolic operator. Fol-
lowing [29], we decompose the error e, = e|, on an open subset x of the
computational domain (2 as

e. = etrans + 6cell
K ™ %K K
We shall refer to eS°!! as the cell error and ei*® will be called the transmitted
error; they are defined as the respective solutions to the following problems:
Aet = R(up) on k; e =0 on the inflow boundary of &,

Aetrans = on K; etrans — ¢, on the inflow boundary of & .

The cell error e°!! is the part of the error e, = e|, that is governed by the
residual R(uyp)|, and is not influenced by pollution effects from outside x. On
the other hand, the transmitted error e'@" is independent of the residual on
k and is driven completely by the error that has been created outside x and
transmitted into & through the inflow boundary of «.

Let us consider the model scalar hyperbolic problem ajuz, + asu,, =0,
with a = (a1,a2) = (1/10 + sin(7z2),2), on the unit square 2 = (0,1)* in
the (z1,z2)-plane, with inflow boundary condition

e=30000-4—21)" £ 0.0 < 21 < 0.4,

u(z1,0) =<1, for 0.4 < z; <0.6,
0, for 0.6 < ;1 < 1.0,
with the compatible boundary condition u(0,zs) = e—300(0.4)* (= e 7:68)

along 1 = 0, 0 < x5 < 1. This hyperbolic problem has been solved numer-
ically using the streamline-diffusion finite element method on a sequence of
uniform meshes consisting of triangular elements x. The streamline-diffusion
parameter was selected according to the standard formula: |, = 0.5h/|as],
where a,; denotes the average of a on element « and |a,| is the Euclidean norm
of a,. Since the exact solution u can be calculated using the method of char-
acteristics, we may compute ||ex||r,(x) €61, (x) and [|€r@™5]| 1, () on each
triangle x in the mesh, thus obtaining three sets of data. Our aim is now to
compute the coefficients of correlation? p(e, e!"*), p(e,e!), p(e, R(us)) be-
tween the data set {||e||r,(x) }» and each of the three data sets {|lef || 1, () }x>
{16811y b and {I[R(un)lell 1) s respectively.

2

_ cov(X,Y)

B Veov(X, X) y/cov(Y,Y) ’

where the covariance of the data sets X and Y is defined by

p(X,Y)

cov(X,Y) = E([X - E(X)][Y — E(Y)]);

here E(X) signifies the arithmetic mean of the data set X (i.e., the expectation
of X, assuming that X is uniformly distributed).
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Table 1. Correlation coefficients under mesh refinement

trans)

Mesh Elements p(e,e ple, e p(e, R(up))

17 x 17 512 0.99 0.31 0.34
33 x 33 2048 1.00 0.42 0.43
65 x 65 8192 1.00 0.44 0.44
129 x 129 32768 1.00 0.45 0.45
257 x 257 131072 1.00 0.44 0.44

510 ) 0012

0.008

0.006

Transmitted Error
Residual

0.004

0.002

0 1 2 3 4 5 2
Error -3 Error

Transmitted Error vs. Error Residual vs. Error

Fig. 3. Scatter plots for the data-set-pairs (|lex||z,(x)s le™ |2,y (left) and
(lexll 2y )y IR(un)|xllny () )x (right). Each dot in the left scatter plot corresponds
to a triangle x in the mesh. In the plot on the left, the first co-ordinate of a point
is ||ex ||z (x) and the second co-ordinate is || || 1, (x); similarly, in the right-hand
figure, the first co-ordinate of a point in the scatter plot is ||ex||r,(x) and the second

co-ordinate is ||R(un) x|l £, (x)

In Table 1 we display the correlation coefficients p(e, "), p(e, e*!') and
p(e, R(up)) for these data sets, on a sequence of uniform structured triangular
meshes: in each case the mesh is constructed from a uniform N x N mesh
by connecting the bottom-left corner of each mesh square with its top—right
corner. We observe that there is a very strong correlation between the error
and the transmitted error, while there is only very weak correlation between
the error and the cell error, as well as between the error and the residual.

This is further confirmed in the scatter diagrams presented in Fig. 3; here
we plot each of ||ef|| 1, () and ||R(un)|x||1(x) against the error [|ex| 1)
as k ranges through the triangulation of the computational domain, together
with the linear regression line, on the third mesh with 8192 elements. In
particular, we see from the right-hand figure that there is a cluster of points
lying on the horizontal axis; i.e., as the error increases, the residual remains
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small in magnitude. Clearly, this has serious implications in the context of
mesh design; an adaptive algorithm based on refining elements k where the
local residual is large may fail to refine all the elements where [lex|f,(x) is
large, hence leading to poor resolution of localized structures in the solution.

One can draw a number conclusions from this discussion. First, the dual
solution measures the sensitivity of the error in the quantity of interest to
local perturbations in the residual. Second, the smoothness and decay proper-
ties of the dual solution in a hyperbolic problem may be completely different
than in an elliptic problem; indeed, the lack of decay of the dual solution to a
hyperbolic problem induces nonlocal dependence between the error and the
residual; hence the local size of the residual may give little or no information
about the local size of the error. From the point of view of sharpness of the
a posteriori error bound, it therefore appears beneficial to retain the dual
solution in the bound as a local weight function. In Sections 5 and 6, we shall
revisit the error representation formula (6) that gave rise to the Type II a
posteriori error bound (8), and attempt to derive a new bound which still
includes z (or, rather, a numerical approximation to z); such bounds will be
referred to henceforth as Type I a posteriori error bounds, cf. [35]. Before
doing so, however, we shall make a brief diversion in order to introduce some
basic results from function space theory and formulate the mathematical
models of fluid dynamics whose discretizations we shall consider.

3 Elements of function space theory

The aim of this section is to provide a brief overview of some elementary
results from the theory of function spaces and to introduce the notation
which will be used throughout. For proofs and further technical details on
classical function spaces the reader is referred to the monograph of Adams
[1], for example.

Spaces of continuous functions. Let N denote the set of all nonneg-
ative integers. An n—tuple @ = («ay,...,a,) in N* will be referred to as
a multi-indez; the nonnegative integer |a| = |a1| + ... + |ay| is called the
length of the multi-index a. We define 0% = 97! ...9%, where 9; = 0/0z;
fory=1,...,n.

Suppose that (2 is an open set in R”. For k € N, we denote by C*(2) the
set of all continuous real-valued functions u defined on (2 such that 0%u is
continuous on {2 for every multi-index «, |a| < k. When k = 0, we shall write
C(2) in place of C°(£2). For k = oo, C*(£2) will denote the intersection
Nieso CH().

We shall also require spaces of functions defined over the closure {2 of an
open set £2 C R". For k € N, C*(£2) will signify the set of all u € C*(£2) such
that 0“u can be continuously extended from 2 onto (2 for every multi-index
@, |a| < k. Further, we define C>(£2) as the intersection (), 5, C*(2). The
notation C°((2) is abbreviated to C(12).
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A_ssuming that (2 is a bounded open set in R"® and k € N, the linear space
C*(£2) is a Banach space equipped with the norm

u||orcmy = max sup |0%u(z)].
lullex oy = max sup |0 u(x)

For k € N we denote by C*'(£2) the set of all u € C*(£2) such that the

quantity
|0%u(z) — 0%u(y)|
lulcri(o) = max  sup
la|=k 2y, 2,ye2 |z —y|

is finite. C*1(§2) is a Banach space with the norm
lullcr @y = lluller@) + lulora(q) -

Clearly, C**1(2) c C*1(£2). When u belongs to C%1(£2), it is said to be
Lipschitz continuous on (2.

The support, suppu, of a continuous function u defined on an open set
£2 is the closure in 2 of the set {z € 2 : wu(xz) # 0}; in other words,
supp u is the smallest closed subset of (2 such that w =0 on 2\ supp u. For
k=0,1,...,00, C¥(2) denotes the set of all u € C*(£2) whose support is a
bounded (and, by definition, closed) subset of f2.

Spaces of integrable functions. For p > 1 and an open set 2 C R”,
L,(£2) will denote the set of all real-valued Lebesgue measurable functions u
defined on (2 such that |u|? is integrable on 2 with respect to the Lebesgue
measure dz = dzj ... dz,; it is implicitly assumed that any two functions
which are equal almost everywhere (i.e., equal, except maybe on a set of zero
Lebesgue measure) are identified. L,(2) is a Banach space equipped with the

norm
p
lullz o) = (/ ju(e |pdw) .

When p = 2, Ly(12) is a Hilbert space with the inner product

(u,v) = /Qu(a:) o(z) dz .

Lo (£2) denotes the set of all real-valued Lebesgue measurable functions
u defined on (2 such that |u| has finite essential supremum; the essential
supremum of |u| is defined as the infimum of the set of all positive real
numbers M such that |u| < M almost everywhere on 2. Again, any two
functions that are equal almost everywhere on (2 are identified. Lo (2) is a
Banach space with norm

lullL.(2) = esssup,eqlu(x)].

|
Hélder’s Inequality. Let u € Ly(£2) and v € Ly({2), where 1/p+1/q = 1,
1< p,g <oo. Then uv € Ly (§2) and

/Qu(a:)v(a:) dz

< ullz,@)llvllz, 2
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In the special case when p = ¢ = 2, this inequality is referred to as the
Cauchy-Schwarz Inequality.

Sobolev spaces. Given that (2 is an open set in R, k£ a non-negative
integer and 1 < p < 0o, we define the Sobolev space

WE)={ueL,(2): 0% cL,(2), |a|<k},

p

and equip it with the Sobolev norm defined by

1/p )
ol (Spagcr I0%ully, ) if 1< p< oo,
Ullwk(2) =

lullwe () = max|q <k [10%ul|L 2y, fp=o00.

The associated Sobolev seminorm is defined by

p
(Samellovully o) " if1<p< oo,

|U|W;,c(9) =

max|q|= [10%ul|L__(2) if p=o0.

In these definitions the derivatives are to be understood in the sense of dis-
tributions. The Sobolev space WF(£2) is a Banach space with the norm
[| - ||W$(Q), 1 < p < oo, k > 0. Specifically, for p = 2, the normed linear
space W (12) is a Hilbert space with the inner product

(uav)Wz’“(Q) = Z (aau,aav),

lo| <k

where (-,-) denotes the inner product in Ly (£2).

Finer smoothness properties of integrable functions can be detected by
considering fractional-order Sobolev spaces. Given that s is a positive real
number, s ¢ N, let us write s = m + o, where 0 < 0 < 1 and m = [s] is the
integer part of s. The fractional-order Sobolev space W7 (2), 1 < p < oo, is
the set of all u € W)*({2) such that

1/p

D*u(z) — y)|P
ulwy o =4 //| |z—y|"+ap( Pazayp < oo,

lal=

with the usual modification when p = oo. The fractional-order Sobolev norm
of index s is defined by

1/p .
{”u”%/;n(g) + |u|€V;(Q)} ) if 1 <p<oo,
||U||W;(Q) =

llullwm 2y + |[ulws, (@) if p=oo.
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The fractional-order Sobolev space W (£2) is a Banach space with this norm.
The function spaces defined above will be helpful for characterizing the
smoothness properties of a solution to a partial differential equation. In phys-
ical applications, however, a PDE is rarely considered in isolation, but is
coupled with side—conditions which typically take the form of boundary con-
ditions. The PDE in tandem with boundary conditions is referred to as a
boundary value problem. In order to guarantee that the boundary condition
is mathematically meaningful, it is necessary to ensure that the boundary is
sufficiently smooth (in the sense of the following definition, for example).

Definition 1. Suppose that (2 is an open set in R"™. The boundary 02 of {2
is said to be Lipschitz continuous if, for every x € 92, there is an open set
O C R" with x € O and a local orthogonal coordinate system with coordinate
C=(C,---,C) = (¢, ¢) and a € R™, such that

O={C: —a;<( <aj, 1<j<n},
and there is a Lipschitz continuous function ¢ defined on
OIZ{CIERnill—aj<Cj<aj, ISJSTL—I},

with

o) <an/2, (€0,
20O ={C: 6 <p(¢), (€0} and d2NO ={C: G = ('), (€0},
A bounded open set with a Lipschitz continuous boundary is called a Lipschitz
domain. [Analogously, if ¢ above belongs to C* (') for each O then we say

that (2 has a C*° boundary. A bounded open set with C'*° boundary is called
a C* domain.]

An important property of a Lipschitz domain (2 is that the unit outward
normal vector to 012 is defined almost everywhere with respect to the (n—1)—
dimensional measure on 0(2; thus, for example, one may meaningfully talk
about the normal flux of a physical quantity across 9f2. A simple example of
a Lipschitz domain is a bounded open polyhedron in R®, n > 2.

Having characterized the smoothness of the boundary, next we need to
make sure that the boundary data are sufficiently smooth so as to be mean-
ingful. In order to do so, we give a brief description of Sobolev spaces on
the boundary 9f2 of a Lipschitz domain (2. Let us first recall from Defini-
tion 1 that for every x on 0f2 there exists a Lipschitz continuous function
@ : O' c R*"~! — R such that, using the notation from Definition 1,

02Nn0={¢=({,¢()) : (€0},
so that, locally, 92 is an (n — 1)—dimensional hypersurface in R”. We define
the mapping ¢ by
o(¢") = (¢, e(¢)) -
Then ¢~! exists and it is Lipschitz continuous on ¢(0'), which leads us to
the following definition.
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Definition 2. Let (2 be a Lipschitz domain in R”. For 0 < s < 1 and
1 < p < oo we denote by W, (012) the set of all u € L,(912) such that the
composition u o ¢ belongs to W (O'N¢~1 (82N 0)) for all possible O’ and ¢
satisfying the conditions of Definition 1, where ¢(¢’) = (¢, (")) for ' € O'.

Next, we shall equip W (02) with a norm; for this purpose we consider
any atlas ((’)j,goj)jzl for 042 such that O; and ¢;, j =1,...,J, satisfy the

conditions of Definition 1. We define || - [[w: () by
J 1/p
lullwso2) = Z luo ¢’J”Ws(o/m¢>‘1(amo ) ’
j=1

where ¢;(¢") = (¢',¢;(¢")) for ¢ € O}, j =1,...,J. The defining expression
for || - ||W;(39) is not particularly convenient from the practical point of view
as it explicitly involves the atlas (Oj, %‘)3121- Fortunately, for 0 < s < 1 the
norm || - [[wz () defined above is equivalent to the following norm

p 1/p
lullws oy = </8 |u|Pda+/80/89 e Jutz) — uly)i® da(a:)do(y)) ,

where do denotes the (n — 1)-dimensional surface measure on 942. If (2 has a
C boundary then the restriction s < 1 is redundant; in fact, if Iy C 92 and
I is part of an (n — 1)—dimensional C* hypersurface in R, then ||U||Wps(r0)
can be defined, analogously as above, for all s > 0 and 1 < p < 0.

Proposition 1. Suppose that {2 is a Lipschitz domain contained in R" and
let 1 < p < oo. Then C®(£2) is dense in W3(§2) for s > 0; in other words,
the closure of C*(£2) in the norm of WS (12) is equal to W3 (12).

We note that while C>(£2) is dense in W3 (£2) for s > 0 and 1 < p < oo,
C5°(92) is not dense in W ({2) for s > 1/p; i.e., for s > 1/p, the closure of
C§°(£2) in the norm of W ({2) is a proper closed linear subspace of W (£2).

Now we are ready to discuss the notion of trace of a function on the
boundary 92 of a Lipschitz domain 2 C R™. If 1/ belongs to C°°(£2) then
we put

Yo () = "Mag . 9)

The trace of a function u in W3(§2) with s > 1/p, 1 < p < o0, is then defined

by extending the operator 7y from the dense subspace C*°(§2) to the whole
of W3(2).

Proposition 2. Suppose that (2 is a Lipschitz domain in R", and let 1 <
p < 0o. Assuming that 1/p < s < 1, the mapping o defined on C>(£2) by
(9) has a unique continuous extension to a linear operator, called the trace
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operator, still denoted o, from W;(§2) onto sz*(l/p) (092). If Iy is an open
subset of 02 and Iy is part of an (n — 1)-dimensional C* hypersurface in
R, then v : Wg(2) = Wy~ "/P)(Iy) for 1 < p < oo and all s > 1/p (the
restriction s < 1 being redundant).

When p = 2 we shall write H® in place of W3 to signify the fact that we
are dealing with a Hilbert space. We denote by H§(2) the closure of C§°(f2)
in the norm of H?(f2); when (2 is a Lipschitz domain and 1/2 < s < 3/2,
this space coincides with the set of all those functions in H*({2) whose trace
on 91?2 is equal to zero.

4 Mathematical models of compressible fluid dynamics

The purpose of this section is to give a brief overview of mathematical models
of compressible fluid dynamics and to list some simple model hyperbolic
problems derived from these equations whose numerical approximations will
be considered here. The computational tools developed in this work, however,
are by no means limited to problems in compressible fluid dynamics, and the
partial differential equations listed in this section should only be thought of
as typical continuum models to which these computational tools apply.

4.1 Compressible Navier—Stokes equations

The motion of a compressible fluid occupying an open set 2 C R*, 1 <n <
3, is governed by the compressible Navier—Stokes equations. The equations
express key physical properties, such as the conservation of mass, momentum
and energy in the flow, and involve the density p : 2 — R, the velocity field
u : 2 — R", and the total energy per unit mass e : 2 — R.

In Eulerian co-ordinates, the compressible Navier—Stokes equations have
the following form:

Conservation of mass

0p ~= 0 o
§+j§a—%(pug)—0,

Conservation of momentum

n

0 "9 0 A )
a(pu,) + Z %(puiuj + pdij) = Z 5.l + 5, fori=1,...,n;
j=1 " j=1 "

Conservation of energy

0 "9 "0 oT -
= - ) = — | == ; )
B35 et ) =3 (k5 3
j=1 j=1 =1
In these equations, k¥ > 0 denotes the thermal diffusivity, 7 is the stress
tensor, p is the pressure, S € [L2(£2)]™ is a vector of given sources, d;; is the
Kronecker delta, and 7" > 0 is the temperature.
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4.2 Compressible Euler equations

If viscous effects are negligible, the compressible Navier—Stokes equations can
be simplified. For example, in the case of an inviscid compressible ideal gas,
they reduce to:

n

ou 0
W-'-;B—@Fjw) =8, (10)

where
T
U= [papula . '7pun7pe]

is the vector of conserved variables,
T .
Fj = [pujapuluj +613p77punu]+5n]pa (pe+p)u3] ) J = 17"'7”7

are the fluxes, and
N . T
s=1o0,3,.. .,sn,o] € [Lo(02)]"+

is a source vector. The range of the conserved variables is a subset X C R**+2
called the state space. For an ideal gas, density and pressure are related
through the equation of state

p=(k-1)p <6— %|U|2> )

where u = (ui,...,u,)T and & is the ratio of specific heats; for dry air,
k = 1.405. The nonlinear partial differential equations (10) are called the
compressible Euler equations.

If U is sufficiently smooth, say U € [C'(£2)]""2, then, by applying the
chain rule, (10) can be restated in the equivalent quasilinear (nonconserva-

tive) form:
n

ou ou
o +;AJ‘(U)8—% =8,

where 4;(U) = VyF;(U) € R*+2)x(+2) denotes the Jacobi matrix associ-
ated with the flux vector F;, j = 1,...,n. The system of compressible Euler
equations is hyperbolic, i.e., the matrix

Z,UfjAj (U) e R(P+2) % (n+2)
j=1

possesses n + 2 real eigenvalues A;, i = 1,...,n + 2, and a complete set of
linearly independent eigenvectors for all values of U € X and for all p =
(Nla---:ﬂn)T € R™.
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4.3 Symmetrization of the compressible Euler equations

Symmetric hyperbolic systems frequently arise in mathematical models of
continuum mechanics; later on in these notes we shall consider their finite
element approximation in more detail. Here, as a motivating example, we
show how the compressible Euler equations can be restated as a symmetric
system of partial differential equations using entropy variables. Our exposi-
tion of the symmetrization process follows [52] and is based on the work of
Hughes, Franca and Mallet [36] and Mock [43]; see also the paper of Barth
[6] where symmetric forms of conservation laws have been extensively used
in numerical computations. For the sake of simplicity and brevity, we shall
confine our presentation to the case of two space dimensions (n = 2).

The starting point of the symmetrization process is to hypothesize the
existence of a scalar entropy function

n:UeX—nU)eR
and the existence of the entropy fluzes
g : Ue X —q(U)eR, i=1,2,
which are compatible with 1 in the sense that
Vun(U) - 4i(U) = Vug;(U), i=1,2.

The entropy n and the entropy fluxes ¢;, i = 1,2, are assumed to satisfy the
entropy inequality

9 (U)+ii (U) <0
Btn = aaqu] -

in the sense of distributions. For the Euler equations, the thermodynamical
entropy density

n(U) = —ps

with entropy
_ p
s = log —
is a candidate for an entropy function; U +— 5(U) is then a convex function

of
U= [p7 puL, puz, pe]T .
The compressible Euler equations (10) can be transformed into a sym-

metric system of nonlinear partial differential equations using the invertible
change of variables

U — V(U) = Vyn(U).
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Indeed, on writing

9 =N
5 U(V)+ ; o FI(U(V)) =8

and applying the chain rule, we deduce that

2

On defining A°(V) = Vy U, the last equation can be rewritten in the follow-
ing, more compact, form:

ov

— =S.
Ba:j

AW)TL+ 3 A, UV) W)

After some calculations we find that the mapping U — V(U) = Vyn(U) is
given by

) (s +1—s)—pe Vi
K — pu1 _ |V
VU = f— )
(U) ’ oo v
—p Vi

while the inverse V + U(V) of this mapping can be expressed as

Vi
p Va
Uv) =
V) k—1 V3
1-1 VE+VE
27V,
Consequently,
T N Ly
40 — 1 p+ pui pu1u22 %pu1|u|z + ﬁ_}z
k—1 D+ puj 5 pusz|ul 2-|-H—_—1
Symm bpluft — SEE 4 S
On the other hand,
0 1 0 0
A (U) = ol + g3 B—r)u (1-K)us k-1
—UrU2 Us Uy 0 ’

(k — Duq|ul? — kure ke — 552 (ud + 3ud) (1 — K)ugus Kuy
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0 0 1 0

_ —Ui1U2 U2 (5% 0
A5(U) = E=3yd 4 E51y} (1—k)uy (3 — K)us k—1
(k — Duslul® — kuge (1 — K)urus ke — 551 (uf + 3u3) Kus

Thus, we have transformed the compressible Euler equations (10) into the

form
2

Z a% =S, (11)

with zg = ¢, where By(V) = A°(V) and B;(V) = 4;(U(V))4°(V), j = 1,2,
are symmetric 4 x 4 matrices®.

4.4 Symmetric linear hyperbolic systems

Suppose that the solution to the nonlinear system (11) can be decomposed
as .
V=V+W,

where V is a (4—component vector) mean state and W is a small nonconstant
perturbation to V. In many physical situations the mean state is known and
one is only interested in modeling the evolution of the small perturbations
W. After some simple algebraic manipulations (see [52], p. 627), we deduce
that X
oW

B; S
2 Bi(V)g- =8,
Jj=0
with £ = ¢, which is a symmetric linear hyperbolic system; equivalently,

the last set of equations can be rewritten in the following conservative (or
conservation) form:

zbg- W)+CW =8, (12)

where )
0
=Xl

In particular, when the mean state V is a constant vector then C is the 4 x 4
zero-matrix.

We explained how the fundamental equations of compressible fluid dy-
namics lead to symmetric (linear or nonlinear) hyperbolic systems. How-
ever, symmetric linear hyperbolic systems also arise in many other physical

% The symmetry of the matrices B; and B> may be verified by evaluating the
matrix products A;(U(V))A°(V), j =1,2.
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applications such as acoustics, electromagnetism and linear elasticity. This
motivates us to adopt, as linear model problem, the following symmetric hy-
perbolic system where the principal part of the operator is in conservation
form:
"9

—(Bju)+Cu=f on {2;
=t aa:j
here (2 is a bounded open polyhedral domain in R™. This system of partial
differential equation will be considered in tandem with appropriate bound-
ary conditions which will be stated below after we have made appropriate
assumptions on the smoothness of the data.

Let I' denote the union of open faces of the polyhedral domain (2 and

suppose that B = (B1,...,B,,) is an n—component matrix function defined
on 2 with B; € [WL (2)]Zx<m j=1,...,n. Let = (p1, .., ftn) denote the

unit outward normal vector to I', and consider the symmetric matrix
Bu)=B-p=mB1+...+ p,B,

Suppose that B is diagonalized via B(p) = X () 1 A(p) X (), where A(p)
is a diagonal matrix, with the (real) eigenvalues of B(u) appearing along its
diagonal. We shall suppose that I" is nowhere characteristic in the sense that
none of the diagonal entries of A(u) is zero for any choice of the unit outward
normal vector g on I'. We decompose A(u) as

Alp) = A (p) + Ay (p),

where A_(p) is diagonal and negative semidefinite, and A4 (w) is diagonal
and positive semidefinite. Thus we define

B_(p) = X () ' A- (@)X () and By(p) = X () Ay ()X (1)

Clearly, for each unit outward normal vector g on I,

B(p) =B_ () + By (n).

Given C € [Loo(£2)]™*™, f € [L2(2)]™ and g € [L2(I")]™, we consider
the following hyperbolic boundary value problem: find u € H(L, £2) such that

) P _
ﬁu:jz_;a—xj(B]u)+Cu—f in2, B_(pwu=B_(u)g onI ,(13)

where H(L, 2) = {v € [L2(2)]™ : Lv € [L2(£2)]™} denotes the graph space
of the partial differential operator £ in [L2(£2)]™. The analysis of the well-
posedness of this linear system is technical; for details, the interested reader
is referred to the papers [16,41,50]. When m = 1, the multidimensional sym-
metric linear hyperbolic system (13) collapses to a scalar linear first-order
hyperbolic PDE, an equation that is of great physical importance in its own
right.



Adaptive FEMs for Hyperbolic PDEs 23

4.5 Scalar linear hyperbolic equations

As a scalar hyperbolic model problem, we consider the hyperbolic boundary-
value problem

Lu=div(bu) +cu=f in 2, u=g onl_, (14)
where {2 is a bounded open polyhedron in R", with inflow boundary
I' ={z el :bx) pulx)<0};

here I" denotes the union of open faces of 2, u(z) denotes the unit outward
normal vector at & € I'. The complement of I'_ with respect to I" will be
denoted Iy and will be referred to as the outflow boundary. We shall suppose
that b = (by,...,b,) € [WL(2)]", ¢ € Loo(2), f € La(2), and g € Lo(I'-).
For the sake of simplicity we adopt the following additional hypothesis.

Hypothesis 1 Suppose that 2 = (0,1)" and the components by,...,b, of
the vector field b are strictly positive functions on f2.

This assumption ensures that I is non-characteristic for the differential op-
erator v — Lv, and leads to the following well-posedness result whose proof,
in the case of g = 0, may be found in [53]; in the case of ¢ € Lo(I"_) nonzero,
it is a special case of a general result of Rauch [50] (see also, [5] and [13]).

Proposition 3. Under Hypothesis 1 and given that f € L2(£2), g € Lo(I'—),
and ¢ € Loo(92), problem (14) has a unique solution u in the graph-space
H(L,02)={v€E Ly(N) : Lv € Ly(N2)}.

We note that an analogous result holds for the scalar multi-dimensional
linear hyperbolic equation written in nonconservative form:

b-Vu+cu=f in 2, u=g¢g onl_,

where b, ¢, f, g and 2 are as in Proposition 3. Scalar hyperbolic PDEs
in nonconservative form arise in the mathematical modeling of transport
phenomena.

5 Stabilized FE methods for transport problems

In this section we return to the difficulties raised at the beginning of the
paper concerning the a posteriori error analysis of hyperbolic problems. As
we have seen there, the dual solution carries important information about the
sensitivity of the error to local perturbations of the residual. It is therefore
essential that the local variation of the dual solution is reflected by the error
bound. Guided by this observation, here we shall develop Type I a posteriori
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error bounds for a class of stabilized finite element approximations of first-
order scalar linear hyperbolic PDEs in nonconservative form. The discussion
in this section is a brief survey of our paper with Rolf Rannacher [30].

Let us consider the transport problem:

Lu=b-Vu+cu=f, x€, u=g, wx€Il_, (15)

where 2 = (0,1)™. With a slight abuse of notation, here we have used the
symbol £ to denote the scalar hyperbolic differential operator b - V + ¢ in
nonconservative form, even though in the previous section £ signified the re-
lated partial differential operator in conservation form. Since b € [W1 (£2)]",
we can safely move back and forth between the two forms, only having to
alter the coefficient c if necessary; therefore, we have chosen not to distin-
guish between the two forms in terms of £. Of course, if V - b = 0 then the
conservative- and nonconservative-form differential operators are identical.

As in the previous section, we assume that the entries by,...,b, of the
n—component vector function b € [W1 (£2)]™ are positive on 2 = [0, 1]". This
hypothesis ensures that I”, the union of open faces of (2, is noncharacteristic
for the operator £ at each point z of I'. Also, we shall suppose that ¢ €
Loo(02), f € La(2), and g € La(I-). In addition, it will be assumed that
there exists v > 0 such that

1 _
c2(z) = e(x) — §V -b(z) >4* forallz € 2. (16)

In order to set up the variational formulation of the boundary value problem
(15), we associate with £ the graph space

H(L,2)={v e LyN2) : Lv e Ly(N2)}.
We consider the bilinear form B(-,-) : H(L, 2) x H(L, {2) — R defined by
B(w,v) = (Lw,v) = ((b- p)g,v)r_

and introduce the linear functional ¢ : H(L, 2) — R by

E(U) = (fav) - ((b ) M)gav)l", .

In these definitions, (-,-) denotes the Ly(f2) inner product and (-,-)p_ is the
Lo (I'_) inner product with respect to the surface measure do (with analogous
definition of (-,-)r, ). In terms of this notation, the boundary value problem
(15) can be restated in the following variational form: find u € H(L, £2) such
that

B(u,v) = £(v) Yve H(L, ). (17)

Suppose that 7, is a finite element partition of the computational domain
2 into open element domains k. It will be assumed that the family 7}, is shape
regular (see, [10], for example); namely, there exists a positive constant «
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such that h./p. < « for all & € |, Tn, where h, = diam(k) and p, is
the diameter of the largest ball contained in . Let us denote by h(z) the
mesh function defined on the union of the elements s in 7; whose value on
element k is identically equal to h,. We then consider on 7}, the finite element
space S, C HY(£2) C H(L, 2) consisting of continuous piecewise polynomial
functions of maximum degree p, p > 1. It will be assumed that S, possesses
the following approximation property:

(H) Given that v € H*T1(2) and v|p € H*TY(I) for some s, 0 < s < p,
there exists P,v in Sy, and a positive constant Ciy¢, independent of v and
the mesh function h, such that

||1) - Ph'U”Lg(n) + hn|v - Ph'U|H1(n) < Cinth:+1|’l)|Hs+1(,g) Ve € Ty,
||U - PhUHLQ(BNﬂF_) S Ointhz+1|U|H3+1(8RﬂF_) Vk € 771 s.t. Ok NI # @

In this hypothesis & denotes the union of all such elements (including  itself)
whose closure has nonempty intersection with the closure of k. Hypothesis
(H) may be satisfied by choosing Pyv as a finite element quasi-interpolation
operator based on local averaging that involves the neighbors of k. A further
possibility is to define Pyv € S}, at the degrees of freedom interior to 2U I}
as indicated in the previous sentence, while on I'_ one can define Ppv|r_ as
the orthogonal projection of v|;_ with respect to the inner product

(w,v) - = ((b-pw,v)r_;

the inner product (w,v) is defined analogously.

We note that, according to Proposition 2, the regularity hypothesis v €
H**t1(0) implies v € H*Y/2(I'_) only; therefore the regularity of v on I'_
assumed in (H) marginally exceeds the regularity on I'_ that is implied by
Proposition 2.

We are now ready to consider stabilized finite element approximations of
our model problem. Let § be a positive function contained in Lo, (£2); 6 will
be referred to as the stabilization parameter. The stabilized finite element
approximation of (15) is then defined as follows: find uj € Sp, such that

Bs(un,vn) = ls(vn) Yovu € Sp, (18)

where the bilinear functional Bs : H(L,§2) x H(L,(2) — R and the linear
functional £5 : H(L, 2) — R are defined by

Bs(w,v) = (Lw,v + 62”) —(w,v)_, ls(v) = (f,v+ 62”) —(g9,v)—,

respectively, with Lw = b - Vw + cw and Lw =b-Vw + éw. Depending
on the choice of ¢ we obtain different stabilization techniques; two typical
choices are listed below:

. |0 Streamline-Diffusion FEM (SDFEM),
“ ¢ Least-Squares FEM (LSFEM).
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The standard choice of the stabilization parameter, based on a priori error
analysis, is § = Csh, where Cy is a positive constant which should be selected
by the user. Condition (16) implies that Bs(v,v) > 0 for all v € Sp, \ {0}. As
(18) is a linear problem over a finite-dimensional space S}, the existence of a
unique solution up, to (18) follows from the positivity of Bs(v,v), v € Sp\{0}.

5.1 A posterior: error estimation for linear functionals

In many problems of physical interest the quantity of interest is an output
or target functional of the solution to the partial differential equation rather
than the solution itself. Relevant physical examples have already been dis-
cussed in the Introduction. For simplicity, here we restrict ourselves to linear
target functionals; the extension to general nonlinear output functionals will
be discussed in Section 6.4.

Let us suppose, for example, that we wish to control the discretization
error in some linear functional J(-) defined on H(L, £2) + Sp. A typical situ-
ation might be that a certain tolerance TOL > 0 is given and the aim of the
computation is to find a subdivision 7} of the computational domain 2 and
up, in the finite element space Sy associated with 75 such that

|7 (w) — J(un)| < TOL.

Problems of this kind are referred to as measurement problems. In order
to solve a measurement problem, we resort to a posteriori error analysis to
derive a ‘computable’ bound on |J(u) — J(up)| and then perform adaptive
mesh refinement until the a posteriori error bound drops below the specified
tolerance.

Here we shall discuss the derivation of an a posteriori error bound on
|J(w) — J(up)| in the case when a stabilized finite element method is used for
the computation of uy. The derivation of the a posteriori error bound will
be based on a duality argument. Two approaches will be considered: the first
approach involves the formal adjoint of the partial differential operator, while
the second approach exploits the adjoint of the stabilized primal operator.
Thus the two alternative dual problems are as follows:

Find z € H(L, 2) such that B(w,z)=J(w) Ywe H(L,2); (19)
Find z5s € H(L, 2) such that Bjs(w,z5) = J(w) Yw € H(L,2). (20)

These two dual problems will lead to two different a posteriori error
bounds, and one of our aims will be to assess which of the two provides
a sharper estimate of the error. The starting point for the error analysis is
the following result which states the error representation formulas that arise
from the two dual problems.
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Theorem 1. The dual problems (19), (20) give rise to the following error
representation formulas, respectively:

J(u) — J(un)=—(ry, ,2 — zn)— + (rn, 2 — 21) — (Th, 6ﬁzh) , (21)
J(u) - J(uh) = —(T’,;,Z(; — Z§7h>_ + (Th,Z5 — Z(;,h)-{—(rh,(sz‘,(z(s - Z(;,h)) , (22)

where ry, = f — Luy, is the internal residual, r, = g — uy is the boundary
residual, zn, = Ppz and zs5 1, = Ppzs.

Proof. In order to prove (22), we begin by noting the following Galerkin
orthogonality property:

Bs(u — up,vp) = (rp,vp + 5ﬁvh) —(r,,vn)— =0 Y, € Sj.

Then, by virtue of the linearity of J(-) and the definition of the dual problem
(20), we have that

J(u) — J(up) = J(u — up) = Bs(u — up, z5) = Bs(uw — up, 25 — 25,1) ,
where z5.;, = Pjzs. Hence,
J(u) — J(up) = ls(zs — 25,n) — Bs(un, 256 — 25,1) -

We then deduce (22) by recalling the definitions of the linear functional £;(+)
and the bilinear form By, -).

The proof of (21), using the standard dual problem (19), is completely
analogous, except that Galerkin orthogonality does not enter into the argu-
ment. O

It follows from Theorem 1 that

T(u) = J(un) = Y 0,

KETH

where, letting 2z, = Pz and 2z, = P25, we have the following definitions
of the local refinement indicator 7, corresponding to the dual problems (19)
and (20), respectively:

N = { _((b . “/) T;,Z - Zh)anﬂl", + (Tha zZ = Zh)n - (Tha &Czh)nz
—((b-p)ry 25 — 2s,n)onnr- + (Thy 25 — Zs,n)k + (Th, 0L(25 — Z5,)) k-
We adopt the following notational convention: 17,9) will denote the first line
in the definition of 7, corresponding to the standard dual problem, while
17,(62) will signify the second line in the definition of 7, associated with the
stabilization-dependent dual problem.
We see from this discussion that a necessary and sufficient condition for
ensuring that
|J(u) — J(up)| < TOL (23)
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is that
|€a(up)| < TOL, where Eq(un) = 3, ot M - (24)

If (24) holds then J(up) is accepted as an accurate representation of J(u);
otherwise, uy, is discarded and a new (hopefully more accurate) approxima-
tion is computed on a new partition which is obtained from 7 by refining
certain elements k € 7. In order to ensure that refinement is performed only
where it is necessary, a local decision has to be made on each element  in
Trn as to whether h,, is acceptable in relation to TOL. A convenient approach
to obtaining a refinement criterion that relates the local element size h, to
the global tolerance TOL is to localize £q(up) by noting that the following is
a sufficient condition for (24) to hold (and thereby also for (23)):

E|Q|(uh) < TOL, where E|Q|(uh) = ZNGT}L 75| - (25)

In the following section we discuss the implementation of this bound into
an adaptive mesh refinement algorithm. However, before proceeding, a word
of caution is in order: the seemingly harmless transition from (24) to (25)
can be detrimental in the sense that the asymptotic rate of convergence of
the resulting a posteriori error bound (25) may be suboptimal, leading to
uneconomical mesh design. Indeed, the presence of such adverse effects in
the a posteriori error bound is closely related to global superconvergence
phenomena in the three terms constituting (21) and (22), respectively, which
may be destroyed in the course of localization. We end this section by showing
that the persistence of superconvergence under localization in the three terms
of the error representation formula is closely related to the choice of the dual
problem. To this end, let us first introduce some notation. We write Iy, Iy
and III; to denote the three terms (in modulus) on the right-hand side of
(21), respectively; i.e.

L =[r,,z—zn)—-|, I =|(rn,z—2z4)], I = |(rh,5ﬁzh)|. (26)
Similarly, we write

Lis=1ry,2z — zsn) 1, IMy5 = |(rh, 256 — 28,01
I 5 = |(rh, 6L(25 — 25.0))] (27)

to denote the moduli of the three terms on the right-hand side of (22), re-
spectively.

Next we recall the following result which is a minor variation on the a
priori error bound derived in [38].

Lemma 1. Assume that (H) holds and let u and uy, denote the solutions of
(15) and (18), respectively. Suppose that u € H**1(§2) for some s, 0 < s < p,
and there exist positive constants cg and Cs such that csh < 0 < Csh on (2;
then

It = unlll < CH* 7 ul g g
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where
oll* = (V6 Loll7 0 + 0117, c2) + 1017y
and C' is a constant independent of the mesh function h.

Thereby, from Hypothesis (H) and Lemma 1, we deduce the following a
priori bound for the error in the computed linear functional J(-).

Theorem 2. Assume that (H) holds and let u and uy denote the solutions
of (15) and (18), respectively. Given that u € H**1(02) for some s, 0 < 5 <
p, the dual solution z satisfying (19) is sufficiently regular, and there exist
positive constants cs and Cs such that csh < § < Csh on (2, we have that

I < O3 |u| g ) |2|gesr(r )
IIl S Ch2s+1 |U|Hs+1(9) |Z|Hs+1(9) y
I < Ch?*+1 |u|Hs+1(Q) |Z|Hs+1(Q) + Ch? |U|Hs+1(9) |Z|H1(Q) ,

where C' is a constant independent of the mesh function h. Analogously, as-
suming that the solution zs of the stabilization—dependent dual problem (20)
is sufficiently regular, we deduce that

L5 < CR* 32 |u|gess o) |28 mesa(ry
11175 S Ch2s+1 |U|Hs+1(g) |Z§|Hs+1(9) 5

IIIl,,j S Ch2s+1 |U|Hs+1(9) |Z§|Hs+1(0) .

Thereby, Theorem 2 indicates that under suitable smoothness for both
primal and dual solutions u and z, respectively, the error in the computed
target functional J(-) is of size O(h?), when the standard dual problem is
employed, irrespective of the degree p of the approximating polynomial used
in the finite element space Sj. In contrast, employing the error representation
formula based on the stabilization—dependent dual problem, cf. (22), we find
that

[T (u) = T(un)| < Ch2+L,

for 0 < s < p, provided that z; € H**'(2) with ||zs||gs+1(0) < Const.,
independent of h.

Finally, we note that if we assume that v € H*T(I"_) for some 5,0 < s <
p, then the a priori error bound for the boundary terms I; and I; 5 stated in
Theorem 2 may be improved provided that the boundary residual is redefined
asr, = g — Pug. In this case, we deduce that

L < CR°F? |ulgreerroy |2l mesarey
provided that z € H¥1(I'_), and
L < Ch*s+2 |’U,|Hs+1(11) |Z,5|Hs+1(11) ,

provided that z5 € H*TH(I'_).
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5.2 Mesh refinement criteria and mesh modification strategies

Given a user defined tolerance TOL, in this section we provide an outline of
mesh refinement criteria and mesh modification strategies that may be em-
ployed to ensure the reliable and efficient control of the error in the computed
functional J(-).

Local tolerance criterion. A possible mesh refinement criterion might con-
sist of checking whether on each element « in the partition 7, the following

inequality holds:
TOL

el < (28)

where N is the number of elements in 7. If the inequality (28) is violated on
an element x € T, then & is refined; otherwise & is accepted as being of ade-
quate size. It is also possible to incorporate derefinement into the algorithm
by selecting 0, 0 < 8 < 1, and marking elements k with

TOL
L <h—
ms| < N

for derefinement.

Fixed fraction criterion. This involves choosing two numbers ¢ef and
@derer 10 the interval (0,100) with @derer + prer < 100, ordering the local
refinement indicators |n.|, k € Th, according to their size, and then refining
those elements x which correspond to ¢pes% of the largest entries in the
ordered sequence (the top 20%, say), and derefining those elements x which
correspond to the @gerer% of the smallest entries in this ordered sequence
(the bottom 10%, say); further variations on this strategy, with dynamically
varying ¢rer and @geref, are also possible.

Optimized mesh criterion. Yet a further technique, called the optimized
mesh strategy [49] (see, also, [19] and [22]) aims to design a subdivision T
for the primal problem so that

ngl (uh) S TOL

subject to the constraint that the number N of elements in the subdivi-
sion 7T}, is minimized. Suppose, for example, that we have chosen to use the
stabilization-parameter-dependent, dual problem (20); then,

e = —((b- )7, 25 — 25,n)onnr. + (Th, 26 — 26.1)k + (Thy 0L (25 — 25.1))x -

Let us suppose that the finite element space Sp, consists of continuous piece-
wise polynomials of degree p = 1. We then define

A(z) = |rnlzs — zsn) + 0rnLlzs — zs)| /B (@)
B(z) = |(b- p)(g — un)(zs — z6,0)|/hT_ (%),



Adaptive FEMs for Hyperbolic PDEs 31

where h and hp_ are the mesh functions on 2 U Iy and I'_, respectively.
After an elementary calculation based on the use of Lagrange multipliers, we
arrive at the following optimal mesh functions h%'(z) and A" (z):

pont _ 9 1/5 opt _ 1 1/5
@ 3\A ’ I- 4\B ’

where A is the positive root of

9\ 3/5 , 1\ /5 )
— A25dx+<—> / B'Y5do = TOL.
(3/\> /9 4A I

For TOL < 1 we expect A > 1, so that (1/A\)*/5 <« (1/A\)*/>. Thus, for
simplicity, we may neglect the boundary integral term in the last equality.
Thereby, we can explicitly determine A in terms of TOL and the integral of
A2/%; substituting the resulting expression into the formulae for h%", we
obtain

. oL\ '? 1
tht(.'I;) ~ (W) m y where W = A AQ/S(QT) d.’L',

. . . t
with a similar expression for A"

Any of these criteria can be coupled with a suitable mesh modification
algorithm. For example, in two space dimensions a popular mesh modifi-
cation strategy is a red-green refinement. Here, the user must first specify
a coarse background mesh upon which any future refinement will be based.
Red refinement corresponds to dividing a certain triangle into four similar
triangles by connecting the midpoints of the three sides. Since red refinement
is performed only locally (rather than in each element in the triangulation)
hanging nodes are created in the mesh; green refinement is then used to re-
move any hanging nodes in the mesh created in the course of red refinement
by connecting a hanging node on an edge to the opposite vertex of the tri-
angle. Green refinement is temporary and is only applied to elements which
contain one hanging node; on elements with two or more hanging nodes red
refinement is performed. Within this mesh modification algorithm elements
may also be removed from the mesh through derefinement provided they do
not lie in the original background mesh. It is perhaps worth noting here that
the removal of hanging nodes through green refinement is necessary only if
Sy, is contained in C(f2), as is the case for SDFEM considered here. In the
discontinuous Galerkin finite element method to be discussed in the next
section it is not assumed that S, is contained in C(f2), so the existence of
hanging nodes in the mesh is perfectly acceptable there.

An important issue concerning practical implementation of the stopping
criterion (25) and the refinement criterion, cf. (28) for example, into the
adaptive algorithm is that the calculation of 7, presupposes knowledge of
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z or zg, depending on which error representation formula is selected. These
functions, however, are the analytical solutions to the dual problems (19) and
(20), respectively, and therefore they are not available explicitly but have to
be computed numerically. The numerical approximation of the dual solution
requires special care and will be discussed in more detail in the next section.
We shall comment on the numerical approximation of the solution zs of (20)
only, as problem (19) is a special case of (20) upon formally setting 6 = 0 in
(20), so identical comments apply to z.

5.3 Numerical approximation of zs

Let us recall that the function z; is defined as the solution to the following
dual problem: find z5 € H(L, 2) such that

Bs(w, z5) = J(w) Ywe H(L,12). (29)
In order to be more specific, let us consider two relevant examples.

e In the case when the measurement problem concerns a local weighted
mean value of the analytical solution u, we have

J(u) = M¢(u) = / u(z)((z) dz,

?

where ¢ € Ly(f2) is a given nonnegative weight function defined on f2.
e In the case when the measurement problem concerns the normal advective
flux of u across the outflow boundary I}, we have

J(u) = Ny(u) = / (b-p)uy do,
Iy
where 1) € Lo(['}) is a nonnegative weight function defined on I';.

In the case of the first of these examples, (29) can be rewritten in the
following strong form:

L*(z5 +0Lz5) =C, x €N,
6Lz =0, zel_, (30)
25+5£25:0, xell,

whereas in the case of the second example the strong form of (29) is

£*(25+5ﬁ25) =0, =ze€f,
6Lz =0, zel_, (31)
25+ 0Lz =1, wel,.
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The differential operator Ls defined by
Lsv =L+ 6Lv) ==V - (a5Vv) + bs - Vv + ¢s0,
where
as =6bbl,  bs=(6(c—¢) —1)b,  c5=L*(1+5¢),

is a second-order partial differential operator with nonnegative characteristic
form, given that the matrix as is only negative semidefinite but not positive
definite.

Problem (30) or (31), as the case may be, can be solved numerically
using the streamline—diffusion finite element method, say, by considering a
shape regular subdivision 7, of {2 with mesh function hs, where, for k € T,
hs|x = diam(k) (see, [34]). We note that, typically, T, and T, will differ; after
all, the primal and dual problems are of completely different nature so there is
no reason (other than that of minimizing the overall cost of the computation)
to use the same sequence of computational meshes for the primal and dual
problems. Further, we define Sp, to be a finite element space consisting of
piecewise polynomials of fixed degree p4, ps > 1 on 7p,. Again, in general,
pa 7 p; more importantly, however, if for any reason 7, has been chosen to
be the same as 7, then it is necessary to select pg > p > 1, for otherwise our
numerical approximation to 7, will be equal to zero and the computed error
bound will then become meaningless.

A further question is: What constitutes an appropriate computational
mesh Ty, for the dual problem? A suitable mesh for the numerical solution of
the dual problem may be designed adaptively through the use of an auxiliary
a posteriori error bound to ensure that the additional error incurred through
the replacement of z (respectively, z5) by its finite element approximation 2,
(respectively, 25 1) does not exceed a small fraction eTOL (with 0 < ¢ < 1) of
the global tolerance TOL. We shall say more about this approach in the next
section when we discuss the discontinuous Galerkin finite element method.
For the sake of simplicity of exposition, here we shall adopt a pragmatic and
completely empirical approach: the sequence of meshes {7;,} for the finite
element approximation of the dual problem will be generated from a triangu-
lar background mesh of the computational domain (2 (which is geometrically
different from the background mesh that gives rise to the family {73}); the
background mesh for the dual problem will contain about 50% more elements
than the background mesh for the primal problem so as to ensure that the
error committed in the numerical solution of the dual problem has little or
no effect on the local refinement indicators 7., £ € 7. Furthermore, for
simplicity, we set pg = p = 1.

5.4 Numerical experiments

In this section we present a series of numerical experiments to both compare
the asymptotic rate of convergence of the a posteriori error bound (25) us-
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Table 2. Example 1: Convergence of [|u — un||r,(2) and [Ny (u) — Ny (ur)| with
0 = h/4, and the rate of convergence k

Mesh  |lu —unllzo2) b |Ng(u) = Ny(up)| &

17x17 1723 x 107® - 2.631 x 1074 -

33x33 3541 x107% 228 3.581 x 1073 2.88

65x65 8101 x107° 2.13 4.672 x 1076 2.94
129 x 129 1.967 x 107°  2.04 5.965 x 107 2.97
257 x 257  4.871 x10°% 2.01 7.534 x 1078 2.99

ing both the standard and stabilization—dependent dual problems (19) and
(20), respectively, as well as to demonstrate the performance of an adaptive

algorithm employing the local refinement indicator |17,(€2) |.

Example 1. The purpose of this example is to highlight the difference be-
tween using the standard dual problem (19) and the stabilization—dependent
dual problem (20). Let us take 2 = (0,1)2, b= (1 + 2,1 +y), c = 0 and
f =0 with boundary condition

(&.y) = 1—-y%, forz=0,0<y<1,
Wy = e 102*  for0<a2<1,y=0.

We set Cs = 1/4 in the definition of the stabilization parameter ¢ and let

1 —sin®(7(1 —y)/2) cos(my/2), forz=1,0<y<1,
Y= (1 — )3 (1 — )4 —
1-(1-2)°-(1-2)*/2, for0<z<1,y=1.

The goal of the exercise is to compute the weighted outflow normal flux,
J(u) = Ny(u) = ((b - p)u,)r, , of the analytical solution u. For purposes
of comparison, the analytical solution u and the dual solutions z and zs
have been computed to high accuracy using the method of characteristics; in
particular, the exact value of the weighted outward normal flux was found to
be Ny (u) = 2.641445145716141.

In Table 2 we have displayed the orders of convergence of the error in the
L5 (£2) norm as well as in the functional Ny(-) as h tends to zero on a sequence
of uniform triangular meshes obtained from uniform square meshes by cutting
each mesh square into two triangles, and S}, consisting of continuous piecewise
polynomials of degree 1 (p = 1). We observe that | Ny (u) — Ny (up)| converges
like O(h?) with O(h) stabilization, while the Ly(£2) norm of u — uy, is O(h?).
In Tables 3 and 4 we show the convergence of each of the terms in the
error representation formulas (21) and (22), respectively. Here, we recall the
notation

L =[r,,z—zn)-|, I =|(rp,2z—24)l, IIIlz|(rh,5ﬁzh)|,
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Table 3. Example 1: Convergence of the terms in the error representation formula
(21) with 6 = h/4, and the rate of convergence k

Mesh Il k IIl k IIIl k

17 x 17 4.396 x 10~° - 5.667 x 107° - 2644 x10°% -
33x33 2980 x10°7 3.88 3.569x10"7 3.99 3587 x107° 2.88
65 x 65 1.951 x 107 3.93 2238 x10"°% 4.00 4.675x107°% 2.94
120 x 129 1.249 x 107° 3.97 1401 x10~° 4.00 5.967 x 10~7 2.97
257 x 257 7.903 x 107! 3.98 8.764 x 107! 4.00 7.535 x 10~% 2.99

Table 4. Example 1: Convergence of the terms in the error representation formula
(22) with 6 = h/4, and the rate of convergence k

Mesh Lis k I 5 k I k

17 x 17 4.396 x 107° - 1400x107° - 2447 x107* -
33x33 2980 x 1077 3.88 2130x107°% 272 3.339 x 107° 2.87
65 x 65  1.951 x10™% 3.93 2.748 x 1077 295 4.378 x 10~° 2.93
120 x 129  1.249 x 107° 3.97 3.414x107% 3.01 5.611x 1077 2.96
257 x 257 7.903 x 107 3.98 4.225 x107° 3.01 7.104 x 107% 2.98

and

Lis=|r,,zs — zs,n)—| Il s = |(rn, 256 — 25,1 »
I 5 = |(rh, 6L(25 — 2s.0))]

introduced in Section 5.1, cf. (26) and (27), respectively.

Table 3 shows that the second term in the error representation formula
(21), i.e. term I, is superconvergent; here II; = O(h*) as h tends to zero.
Term III; which arises as the result of the stabilization employed exhibits
(superconvergent) O(h?) convergence and entirely dominates the error in the
weighted outward normal flux. On the other hand, Table 4 indicates that
while the first term, term Ij 5, in the error representation formula (22) as-
sociated with the stabilization-dependent dual problem (20) is fourth-order
convergent as h tends to zero, the second term, term II; 5, is now only O(h3)
as the mesh is refined, as is term III; 5. Therefore, by using the stabilization-
dependent dual problem (20) the terms involving integration over the entire
computational domain (namely, terms II; 5 and III; 5) have now become ‘bal-
anced’. This balancing of the terms in the error representation formula (22)
will be essential for ensuring that any estimate obtained by further bounding
Ii 5, II; 5 and III; 5 from above upon localization exhibits the same asymp-
totic convergence rate as | Ny (u) — Ny (up)|-
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Table 5. Example 1: Comparison of the a posteriori error bounds & o (us) and
& a6 (un) arising from the dual problems (19) and (20), respectively, and the cor-
responding convergence rates k and effectivity indices 6 and 65

Mesh g|Q|(uh) k 0 g|Q|,5(uh) k 95

17x17  1.921 x 1073 - 7.30  2.642 x 107* - 1.00
33x33 4936 x107* 1.96 13.8 3.639x107° 286 1.02
65 x 65  1.246 x 107 1.99 26.7 4.912x107° 2.89 1.05
129 x 129 3.128 x 107° 1.99 524 6.420 x 1077 2.94 1.08
257 x 257 7.833 x 107% 2.00 104.0 8.624 x 10°% 2.90 1.14

To demonstrate that this is so when the stabilization-dependent dual
problem (20) is used, but not so when the standard dual problem (19) is
employed, we show in Table 5 the effectivity indices:

0 = &0 (un)/|Ny(u) — Ny(un)| and 85 = & q|s(un)/|Ny(u) — Ny (up)l,

where &|o|(un) (respectively, £g) s(ur)) is defined through the use n, = 17,(.;1)

(respectively, n, = n,(f)). Here, very high accuracy approximations to the
dual solutions z and z5, computed by means of the method of characteristics,
have been used in the calculation of n,(il) and 77,(3), respectively, to ensure that
the effects observed are not due to additional errors which arise from the
numerical solution of the dual problem. We observe that & o (us) converges
at the suboptimal rate of O(h?) as h tends to zero while £ s(up) exhibits
the same O(h?) rate as the true error | Ny (u) — Ny (up)|. The deterioration of
the asymptotic convergence rate of &|o|(up) results in large effectivity indices
which grow under mesh refinement, while fs remains in the range 1 — 1.2.

The final two tables concerning this example demonstrate that localiza-
tion adversely affects the a posteriori error bound which stems from using the
standard dual problem, while the bound that arises from the error representa-
tion formula based on the stabilization-dependent dual problem is insensitive
to localization. We define

I = Z [(r), » 2 = zn)onnr_|,

KETh
I, = Z |(ro,z — zn)s|, I = Z |(rn, 0L21)x
KETh KETh

and, analogously, we introduce
L= E |(ry, » 25 — zs,n)onnr_|
KETH

I, 5 = Z [(Thy2s — 25,0)kl, s = Z |(rh, 0L(25 — 25.1))x] -

KETH KEThH
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Table 6. Example 1: Convergence of the terms Io, Il and III in & o) (us)

Mesh IQ k IIQ k IIIQ k

17x17 7.088x107% - 5985 x107° - 1954 x107% -
33x33 4513 x1077 3.97 7.596 x 107% 298 4.986 x 10~* 1.97
65 x 65 2,923 x107% 3.95 9.502x 1077 3.00 1.253 x10"* 1.99
129 x 129 1.872x107° 3.96 1.188x10° 7 3.00 3.137x10°° 2.00
257 x 257 1.186 x 1071 3.98 1.484x10°% 3.00 7.844 x 107% 2.00

Table 7. Example 1: Convergence of the terms Io 5, IIz 5, IIlz 5 in & s(un)

Mesh Iz,(g k Hg,g k IIIQ,J k

17x17  7.088x107% - 1497 x107* - 2447 x107* -
33x33 4513 x1077 3.97 2297 x107° 270 3.339 x 107° 2.87
65 x 65 2,923 x107% 3.95 3.250 x 107% 2.82 4.398 x 107°% 2.92
129 x 129  1.872x107° 3.96 4.357x 1077 290 5.680 x 1077 2.95
257 x 257 1.186 x 107° 3.98 5.657 x 107® 2.95 7.609 x 107% 2.90

Table 6 shows each of the terms I5, IT; and III; in the error bound 8|Q| (un)
together with their respective rates of convergence. We see that term I, aris-
ing from the localization of term I; still converges like O(h*) as h tends to
zero, and term IIs which stems from the localization of term II; is now third-
order convergent; however, unlike III;, term III; is now only second-order
convergent. Table 7 displays the analogous terms I s, Il 5 and III, s; clearly,
these exhibit exactly the same convergence rates as I 5, II; s and III; 5, re-
spectively. This insensitivity of the convergence rate of the a posteriori error
bound based on the dual problem (29) to localization is of great importance
from the point of view of adaptive algorithms, given that any standard mesh
refinement criterion will require a local quantity, such as ||, to decide which
elements need to be refined/derefined.

Example 2. Let us again consider the transport equation
b-Vu+cu=f
in 2 = (0,1)?, but now with b = (10y?>—122+1,1+y),c = 0 and f = 0. Here

the characteristics enter {2 through the bottom of the square and through the
two vertical sides, and exit through the top edge. We impose the following
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Fig. 4. Example 2: The analytical solution to the primal problem

inflow boundary conditions:

0, forx =0, 05<y<1,
1, forz=0,0<y<0.5,
u(z,y) =41, for 0 <z <05, y=0,
0, for 0.6 <z <1, y=0,

sin®(ry), forz=1,0<y<l1.

The analytical solution is depicted in Fig. 4. Let us suppose that the
aim of the computation is to calculate the weighted normal flux Ny (u) of

the analytical solution u through the outflow edge of the square, where the
weight-function ¢ is defined by

Y(z) = sin(nz/2), for0<z<1l,y=1.

For purposes of comparison, using the method of characteristics one may
compute a highly accurate approximation to w and thereby deduce that
Ny(u) = 0.198826929742166869. In this example we shall only use the a

posteriori error bound arising from the stabilization-dependent dual problem
(20).

Numerical experiments analogous to those in Example 1 indicate that on
both uniform triangular and unstructured triangular meshes the convergence
rate of the error measured in the L2(f2) norm is k & 0.4 due to the presence of
the two discontinuities in the solution u. In contrast, the error in the weighted
outward normal flux Ny(-) is O(h?) as h tends to zero, cf. Fig. 5. The high
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- |U — Uh||Ly (02
4l l llzs(02)
107t 1
107 [Ny (u — un)|
10° 3 |
—— Uniform
" - - - Unstructured
10 = =
10 10
h

Fig. 5. Example 2: Convergence of ||u — un||1, (o) and |Ny(u — up)| with uniform
mesh refinement

rate of convergence of Ny (up) to Ny(u) in the presence of a discontinuous
primal solution u is attributed to the fact that while the residual terms 7 and
r, are large in the neighborhood of the discontinuities in u (cf. Fig. 6(a)), the
local weighting terms in 77,(3) involving 25 — 25,5 are inactive in these regions
of the computational domain, since the dual solution is smooth with ‘small’
support concentrated near the boundary y = 1, cf. Fig. 6(b).

The mesh design in our adaptive algorithm is based on the optimal mesh
criterion with TOL = 5.0 x 1075, and § = h/4. The background meshes for
the primal and dual problems as well as the adaptively refined meshes result-
ing from these are depicted in Fig. 7. Here, Fig. 7(c) shows that most of the
nodes in the adaptively refined mesh for the primal problem are concentrated
near the outflow boundary where the quantity of interest, Ny (u), is defined.
It is interesting to note the lack of mesh refinement in the discontinuities as
they enter the computational domain from y = 0 and 2 = 0. Any refinement
indicator based on the residual alone will induce heavy (and clearly unnec-
essary) refinement along the discontinuities in the primal solution, cf. Fig.
8, for example. The adaptively refined mesh for the stabilization—dependent
dual problem is, again, finer in the upper half of the computational domain,
with most of the elements concentrated near the corners (z,y) = (0,1) and
(z,y) = (1,1) due to the presence of boundary layers in the dual solution zs
along I'_ of thickness |b - u|d/|b|.

Finally, in Fig. 9 we show the performance of our adaptive algorithm with
TOL = 5.0 x 1075. The initial meshes are as shown in Fig. 7. It is important
to note that even though the stabilization—dependent dual problem has been
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Fig. 6. Example 2: (a) Scaled residual term |[|rn||z,(x)/hx; (b) Scaled weighting
term ||zs — 25,12y (x)/hi; from [30]

solved numerically, our a posterior: error bound (‘:'| |5, based on the use of
the numerically computed dual solution Zs 5, and Pp(Z5,,) in place of z5 and
z5,n = Ppzs, respectively, remains an upper bound on the true error in our
approximation of Ny (u). In Fig. 9, Ny, (6(3\9\,5)) denotes the true error in the
outward normal flux on the sequence of adaptively refined meshes which have
been generated using the optimized mesh criterion. Here, Fig. 9 also shows
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Background mesh for the primal problem with 61 nodes and

)

a

(

96 elements; (b) Background mesh for stabilization—-dependent dual problem with
137 nodes and 232 elements; (¢) Primal mesh, resulting from the background mesh

in (a) using the optimal mesh criterion for TOL = 5.0 x 10", with 5996 nodes and

Example 2:

ig. 7.

.

F

11827 elements (| Ny (u) — Ny (ur)| = 3.299 x 107°); (d) Dual mesh, resulting from

the background mesh in (b) using the fixed fraction criterion, with 7631 nodes and

14341 elements

the true error in the outward normal flux on a sequence of adaptively refined
meshes which have been constructed on a sequence of meshes using the energy
refinement indicator ||r|[z,(x) on each element & in 7y in conjunction with
a fixed fraction strategy, cf. Fig. 8. Clearly, the latter approach is inferior:
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Fig. 8. Example 2: Mesh constructed using energy refinement indicator with 9147
nodes and 18113 elements (|Ny(u — us)| = 4.778 x 107°)

-4

107}

-6

10 ¢

10° 10° 10*

Degrees of Freedom
Fig. 9. Example 2: Performance of the adaptive algorithm for TOL = 5.0 x 107
and 6 = h/4. Ny (B(E‘Q"(g)) denotes the error in the functional on a sequence of
adaptively refined meshes using the stabilization—dependent dual problem; f:'| 21,6
is the corresponding Type I a posteriori error bound; Ny (e(ry)) error denotes the
error in the functional when the adaptive meshes are generated by using ||74 ||, (x)
only as refinement indicator

stagnation of the error in the functional is observed in the course of the
adaptive mesh refinement. The inferiority of the energy refinement indicator
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17&llLo(x)s & € Th, is due to the fact that it does not take into account the
behavior of the solution to the dual problem.

In conclusion then, the use of a stabilization—-dependent dual problem in
the a posteriori error analysis of a stabilized Galerkin finite element method,
such as the streamline—diffusion method, leads to sharper a posteriori error
bounds than the standard dual problem. This is achieved through ‘balanc-
ing’ the magnitudes of the various terms in the error representation formula,
which then leads to economical meshes when implemented into an adaptive
algorithm. We have also seen that a Type I a posteriori error bound leads
to more economical computational meshes than empirical residual-based re-
finement indicators (such as the energy refinement indicator ||rp||r,(x) that
arises from a Type II error bound).

6 hp—DGFEM for systems of hyperbolic PDEs

Adaptive finite element methods that exploit both local polynomial degree
variation (p-refinement) and local mesh subdivision (h-refinement) offer much
greater flexibility and improved efficiency than mesh refinement algorithms
which only incorporate h-refinement or p-refinement in isolation.

Since the early analytical paper of Gui and Babuska [23], the benefits of
hp—version finite element methods have been clearly established for elliptic
boundary value problems (see, for example, the monograph of Schwab [51]),
particularly in the field of linear elasticity. The application of hp-version fi-
nite element methods to hyperbolic problems is less standard, although their
potential in compressible gas dynamics has been demonstrated recently by
Flaherty and collaborators; see [2], for example. The argument in favor of
using an hp—version finite element method for the numerical solution of a hy-
perbolic equation rests on the observation that while solutions to these equa-
tions may exhibit local singularities and discontinuities, in large parts of the
computational domain the solution is typically a real analytic function. Such
large variations in the smoothness of the solution can be captured in a par-
ticularly simple and flexible manner by using a finite element method based
on discontinuous piecewise polynomials, such as the discontinuous Galerkin
finite element method (DGFEM). The method admits local variation of the
degree of the approximating polynomial and meshes with an arbitrary num-
ber of interelement hanging nodes. In its lowest order form, with piecewise
polynomials of degree 0, the discontinuous Galerkin finite element method
becomes a finite volume method; therefore the hp—version of DGFEM can
be thought of as a high-order extension of classical finite volume schemes.
For a comprehensive review of discontinuous Galerkin methods, including a
detailed historical survey, we refer to [12] and the references cited therein.

The aim of this section is to discuss the a posteriori error analysis of the
hp—version of the discontinuous Galerkin finite element method; we refer to
[9] for earlier work in this area. As in the previous section, we shall be con-
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cerned with the derivation of computable error bounds for target functionals
of the solution; in Sections 6.1-6.3 we consider first—order symmetric linear
hyperbolic systems; Section 6.4 is devoted to the extension of these ideas to
nonlinear systems of hyperbolic conservation laws. The work presented here
is based on the series of papers [33,35,54,55].

6.1 The model problem and its hp—DGFEM approximation

Let 2 be a bounded open polyhedral domain in R*, n > 2, and let I" de-
note the union of open faces of 2. We consider the boundary value problem
(13); using the notation introduced in Section 4.4, we recall the following
symmetric hyperbolic system: find u € H(L, {2) such that

0 —f _
Eu:;a—xj(Bju)—l-Cu—f in2, B_(pu=B_(u)g onlI ,(32)

where H(L, 2) = {v € [L2(2)]™ : Lv € [L2(£2)]™} denotes the graph space
of the partial differential operator L in [Lo(f2)]™. Here, B_(p) is the negative
part of the matrix

B(u)=B-p=mBi+...+ 1By,

where p denotes the unit outward normal vector to the boundary I.

We begin by formulating the hp—version of the discontinuous Galerkin
finite element method (hp-DGFEM, for short) for the numerical solution of
(32). Let us suppose that 7p is a regular or 1-irregular subdivision of the
computational domain 2 into disjoint open element domains k such that
2 = UgeT;, B- By I-irregular we mean that an (n — 1)-dimensional face of
each element k in T is allowed to contain at most one hanging (irregular)
node — typically the barycenter of the face. Further, we shall suppose that
the family of subdivisions 7j is shape-regular and that each k € T is a
smooth bijective image of a fixed master element &, that is, k = F,; (k) for all
k € Th, where & is either the open unit simplex or the open unit hypercube
in R™.

On the reference element &, with & = (21,...,%,) € & and a multi-index
a € N, we define spaces of polynomials of degree p > 1 as follows:

Qp=span{z®:0<a; <p, 1<i<n}, P,=span{i®:0<|a| <p}.

With each element & in 7, we associate an integer p, > 1; collecting the pj
and F,; in the vectors p = {p, : K € Tr,} and F = {F}; : k € Ty}, respectively,
we introduce the finite element space

SP(02,Th,F) = {v € [La(D)]™ : v|s o0 Fy €[Qp.|™ if F; (k) is
the open unit hypercube and v|, o F,; € [Pp,]
if F-!(k) is the open unit simplex; k € 7} . (33)

m
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Fig. 10. A point x such that z € dx and = € Ok’

Assuming that 7 is a subdivision of {2, we consider the broken Sobolev
space H3(£2,Ty) of composite index s with nonnegative components s, k €
Tr, defined by

H3(2,Th) = {v € [Lo(D)]™ : V], € [H*™(K)]™ V€ Th}.

If s, = s >0 for all k € Ty, we shall simply write H*(£2,Ty,).

For each element & in 7}, we denote by 9« the union of (n—1)-dimensional
open faces of k. Given that = € 0k, we label by . () the unit outward normal
vector to Ok at xz. With these conventions, we define B(u,,), B_(p,,) and
B, (p,,) analogously to B(u), B_(p) and B (p) in Section 4.4, respectively.

For each k € Ty, and any v € [H'(k)]™ we denote by v the interior trace
of v on 0k (i.e., the trace of v on Ok taken from within ). Let us consider
an element x such that the set 9xk\I" is nonempty; then for each z € 9r\I"
(with the exception of a set of (n —1)—dimensional measure zero) there exists
a unique element &', depending on the choice of z, such that z € 9«', cf. Fig.
10. Suppose that v € H'(2,Ty). If 9xk\I" is nonempty for some & € Ty, then
we define the outer trace v, of v on Ok\I relative to k as the inner trace
v, relative to those elements ' for which 0’ has intersection with dk\I"
of positive (n — 1)—dimensional measure. Below, it will always be clear from
the context which element & in the subdivision 7 the quantities u,,, v}~ and
v,, correspond to; therefore, for the sake of notational simplicity, we shall
suppress the letter x in the subscript and write, respectively, u, v, and v~
instead.

For v,w € H'(£2,7), we define the bilinear form

Bpg(w,v) = Z /W-E*v dz + Z H(wt,w,u) -vtdo

KETH 7 F keTy, T ORNT

+ Z / B, (p)wt vt do,
KETH okNIl’
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where L£* is the formal adjoint of £ defined by
L*v=-(B-V)v+Clv,

and H(-, -, ) is a numerical flux function, assumed to be Lipschitz continuous,
and such that:

(i) H is consistent; i.e., H(u,u, u)|s.\r = B(p)ulg. r for all & in Tp;
(ii) H(-,-,) is conservative; i.e., H(ut,u™, p)|oo\r = —H(u™,u, —p)|s.\r-

The choice of the numerical flux function is completely independent of the
finite element space employed. For example, one may choose

H(ut,u™,p) = By (p)u” +B_(n)u”

= 2 (B(wu" +B(wu ) — 5B —u’),

where [B(u)| = B () — B_(u). For v € HY(2,T,), we consider the linear
functional

loa(v) = Z/f—vdz— Z/ B_(W)eg-v* do.

KETH 7 F kT I ORNT

The hp—-DGFEM for the numerical solution of the symmetric hyperbolic sys-
tem (32) is defined as follows: find upg € SP(£2, T, F) such that

Bpc(upg,v) = lpg(v) Vv € SP(2, 75, F) . (34)

For the a priori error analysis of hp—-DGFEM, including hp—optimal error
bounds, we refer to [31,32].

6.2 A posteriori error analysis

Suppose that TOL > 0 is a prescribed tolerance and J(+) is a linear functional
defined on a linear space which contains H(L, 2) + SP(£2, Ty, F). We shall
consider the measurement problem concerned with computing a numerical
approximation upg from SP(£2, 7y, F) such that

|7(u) - J(upg)] < TOL. (35)

As in the previous section where we discussed stabilized finite element meth-
ods (see, also [30]), we proceed by deriving an a posteriori bound on the error
between J(u) and J(upg) and demanding that this bound does not exceed
the prescribed tolerance.
Let us first define the following dual problem: find z in H(L*, 2) such
that
Bpg(w,z) =J(w) VYwe H(L, ), (36)
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where H(L*, 2) denotes the graph space of the adjoint operator £* in Ly (£2).
It will be assumed throughout that (36) possesses a unique solution.

Our a posteriori bound on the error between J(u) and J(upg) will be
expressed in terms of the finite element residual ry,, defined on k € 7, by

thple = (f = Lupa)ls ,

which measures the extent to which upg fails to satisfy the differential equa-
tion on the union of the elements & in the mesh 7p; thus we refer to ry,, as
the internal residual. Also, since upg satisfies the boundary conditions only
approximately, the vector B_(u)(g — upg) need not be zero on I'; thus for
each element k£ with Ok N I" nonempty, we define the boundary residual py, ,
by

Prplosnr = B_ () (ufy — &)lownr -

If our finite element space consisted of continuous piecewise polynomial func-
tions, as in the streamline—diffusion finite element method with weakly im-
posed boundary condition, these two residuals would be the only ones we’d
encounter. Here, however, due to the fact that a discontinuous piecewise poly-
nomial approximation is used, we need to introduce a third residual which
measures the extent to which the numerical solution fails to satisfy continuity
of the normal flux across element interfaces. Thus, on 0k \ I', we define the
flux residual

Uh7p|t9n\l" = (B(N)U$G - H(uﬁg,uﬁg,ﬂ)) |an\r-

With these definitions we deduce from (34) the following Galerkin orthog-
onality property of the hp-DGFEM:

Bpa(u—upe,v) = > (thp Ve + D (@np VT )oar

KETh KETh
+ Z (ph7pav+)8nﬂl“ =0 (37)
KETh

for all v in SP(£2, 7, F). Upon selecting w = u—upg in (36), the linearity of
J(-) and (37) give rise to the following (primal) error representation formula:

J(ll) — J(UD(;) = J(ll — lch;)
= Bpa(u—upqg,z) = Bpg(u —upg,z — zp,p)

= gQ(“DGa h7p7Z - th) = Z Nk » (38)
KETH

where
M= (Chyp,2 — Zhp)x+(Ohp, (2 — Zh7p)+)8n\F+(ph,p7 (z = 2znp) )ownr (39)

for all zp,p, in SP(£2, Ty, F).
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The measurement problem (35) is equivalent to demanding that the stop-
ping criterion

|€Q(uDG7 h7 P,z — zh,p)| S TOL (40)

is satisfied, cf. equation (38).

As it stands, the left-hand side of (40) is not ‘computable’ since it involves
the unknown analytical solution z to the dual problem (36). Let us therefore
suppose that problem (36) has been solved numerically, using an hp—adaptive
DGFEM for example, on a sequence of suitable ‘dual’ finite element spaces
SP(02, Ty, F), based on a ‘dual’ partition T; and ‘dual’ polynomial vector p,
which may differ from the ‘primal’ partition 7 and ‘primal’ polynomial vector
p, respectively. We shall denote by Zpg the corresponding approximation to
the analytical dual solution z from the finite element space Sf’(Q,ﬁ,f‘).
Further, zp,, will denote the L2(f2) orthogonal projection of the numerically
computed dual solution Zpg onto the primal finite element space SP(2, Ty, F)
defined over the primal subdivision 7.

Let us now replace z by zZpg in 7, and decompose the error representation
formula (38) into terms which are computable, namely those involving the
numerical approximation zZpg to the dual solution, and those that require
the analytical dual solution z: on noting that

Eo(upg, h,p,z—2znp) = Eo(upa, h, P, Zpa — 2h,p) + Eo(una, h, P, 2 — Zpa),
we deduce that

|J(u) — J(upq)| < EX° + Ep

= Z |7~7H| +|EQ(UDG7h7p7Z_iDG)|7 (41)
KETh

where 7, is defined analogously to 7, cf. (39), with z replaced by Zpg. Hence
a sufficient condition for the validity of our original (noncomputable) stopping
criterion (40) is that

ElC 4 &y < TOL. (42)

We emphasize here that the fundamental difference between the terms
Elo¢ and &p is that in the former the absolute value signs appear under the
summation over the elements k¥ € 7p, while in the latter the absolute value
sign is outside the sum. It has been shown through numerical experiments
in [35] (cf. also [25-27]) that, with a sensible choice of the dual finite ele-
ment space SP(12, Ths f‘), Ep is typically an order of magnitude smaller than
&loc. Therefore, £p can be safely absorbed into £1°¢ without compromising
the reliability of the adaptive algorithm when the stopping criterion (40) is
replaced by

Eloe < TOL. (43)
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A bound of the form

| 7(w) = J(une)| S EF°= Y il (44)
KETh

which explicitly involves the numerical solution zZpg to the dual problem
(through 7, defined above) is referred to as a Type I (cf. [35]) a posteriori
error bound.

A possible alternative to using a Type I a posteriori error bound would be
to completely eliminate the dual solution from the a posteriori error bound,
through the use of the Cauchy-Schwarz inequality on each of the terms
appearing in 7, choosing zj , as the finite element interpolant (or quasi-
interpolant) of z from SP((2,7,,F), applying interpolation error estimates
to bound ||z — zp.pl|1.(x) and [|Z — Zp pllL.(0k) in terms of powers of h and
p and Sobolev seminorms of z, and finally employing strong stability esti-
mates of Sobolev seminorms of the dual solution in terms of Sobolev norms
of the data for the dual problem. Hence, the resulting so-called Type II a
posteriori error bound will not involve the dual solution. However, such an
approach is not without practical drawbacks: quite apart from the fact that
the derivation of a Type II a posteriori error bound requires a considerable
amount, of analytical work in order to establish strong stability results for
the dual problem in various Sobolev norms and to determine the associated
strong stability constants, typically, Type II bounds give a pessimistic over-
estimate of the error. Consequently, when employed in an adaptive algorithm
to approximate J(u) by J(upg) to within a prescribed tolerance, a Type II a
posteriori error bound may lead to uneconomical meshes; see, [30]. Further-
more, as indicated in Section 2, for hyperbolic problems at least, the presence
of the dual solution (or its numerical approximation) as local weight function
in the a posteriori error bound is highly desirable.

On the other hand, for the Type I error bound (44) to be an accurate
approximation of (41) it is essential that £p < &¢, and for this to be
true it is necessary to ensure that the dual finite element space SP(f2, Ths f‘)
is sufficiently different from the primal finite element space SP(£2,7;,F);
for example, if SP(£2,7;,F) is chosen to coincide with SP(£2,7;,F) then
Znp = Zpc and thereby E°¢ = 0, so 0 < &p < EXC cannot hold. How can
then one select an appropriate dual finite element space SP(£2, T, F)?

To answer this question, we begin by noting that

N(:) = &ao(upa, h,p,-)
is a linear functional. Thereby,
Eo(upag, h,p,z2 — Zpa) = N(z) — N(Zpa) .
Now, given the tolerance TOL we select 6, 0 < § < 1, split the tolerance

TOL = (1 — #) TOL + § TOL,
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demand that
Epe<(1—6)ToL  and  &p < HTOL,

and aim to satisfy the first of these inequalities with near-equality; for then,
both 0 < &p < ¢ and (42) will follow. Thus, it now remains to ensure that
Ep < @TOL; this in turn is equivalent to requiring that

|N(z) — N(zpc)| < 6 TOL, (45)

which is a measurement problem, analogous to (35), — the problem that we
had set out to solve, — except that (45) concerns the dual solution z while
(35) involves the primal solution u. To ensure the validity of (45) we may
proceed by deriving an a posteriori error bound on |N(z) — N(Zpcg)|; the
corresponding error representation formula will involve the residuals associ-
ated with the numerical solution of the dual problem (36) and the analytical
solution of the dual to the dual problem. As a Type I a posteriori error bound
on &p based on such an error representation formula would contain the so-
lution of the dual to the dual problem which would then in turn have to be
approximated numerically, in [35] a cruder Type II a posteriori error bound
on &p was employed so as to terminate the potentially infinite succession of
mutually dual problems which would otherwise arise. The crudeness of the
Type II bound on &p is of no concern: from the practical point of view there
appears to be little advantage in performing reliable error control for £p; the
aim, when using the Type II bound on &p, is merely to generate an adequate
sequence of finite element approximations zpg to the dual solution z which
can then be used to compute £1¢.

Thus, given a user—defined tolerance TOL, our approach to the problem of
designing an hp—finite element space SP({2, Tp, F) such that

|J(u) — J(upg)| < TOL, (46)

is as follows. We use the Type I a posteriori error bound (42) to construct
SP(£2, Tn,F) such that

EPC < TOL (47)
and simply absorb €p into £, If the stopping criterion (47) is not satisfied,
then the elements are marked for refinement/derefinement; to this end, we
employ the fixed fraction mesh refinement algorithm (cf. Section 5.2), with
refinement and derefinement fractions set to 20% and 10%, respectively.

In the numerical experiments that follow, for the sake of computational
simplicity, the dual finite element space Sf’(Q, Ths F) that is used to compute
the discontinuous Galerkin approximation Zpg to z will be constructed using
the same mesh as the one employed for upg, i.e., T =Th, withp=p +1
(see [35], for a more general algorithm with 7, # 75, and p unrelated to p).
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Once an element x € T, has been flagged for refinement or derefinement,
a decision must be made whether the local mesh size h,, or the local degree p,
of the approximating polynomial should be adjusted accordingly. The choice
to perform either h-refinement/derefinement or p-refinement/derefinement
is dependent on the local smoothness of the primal and dual solutions u and
z, respectively; cf. [2] and [35].

Let us first consider the case when an element has been flagged for re-
finement. Clearly, if u or z are locally smooth, then p-refinement will be
more effective than h-refinement, since the error will be expected to decay
quickly within the current element k as p, is increased. On the other hand,
if u and z have low regularity within the element , then h-refinement will
be performed. Thus, regions in the computational domain where the primal
or dual solution are locally non-smooth are isolated from smooth regions,
thereby reducing the influence of singularities/discontinuities as well as mak-
ing p—refinement more effective. To ensure that the desired level of accuracy
is achieved efficiently, in [35] an automatic procedure was developed for de-
ciding when to h— or p-refine, based on the smoothness—estimation strategy
proposed by Ainsworth & Senior [3] in the context of norm control for second—
order elliptic problems. For a review of various hp-adaptive strategies as well
as a description of a new algorithm based on Sobolev index estimation via
local Legendre expansions, we refer to [33].

If an element has been flagged for derefinement, then the strategy im-
plemented here is to coarsen the mesh in low—error-regions where either the
primal or dual solutions u and z, respectively, are smooth and decrease the
degree of the approximating polynomial in low—error-regions when both u
and z are insufficiently regular, cf. [2] and [35].

6.3 Numerical experiments

The purpose of this section is to assess the performance of our hp—adaptive
algorithm for the discontinuous Galerkin finite element method on a simple
model problem.

Wave equation. Let us consider the one—dimensional wave equation

0’¢ _ ,0%¢

We note that by defining 1 = x and 2 = ¢, the second—order partial differ-
ential equation (48) can be rewritten as the symmetric first—order system

L Bl e
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Table 8. Adaptive algorithm for the wave equation using h-refinement

Elements DOF J(u— upa) > ik 61 > 17k 6>
32 256 0.1917e-02  0.2462e-02 1.28 0.3139e-02 1.64
47 376 0.1191e-02 0.1392e-02 1.17 0.2108e-02 1.77
74 592 -0.1384e-04 -0.1734e-04 1.25 0.4570e-03 33.01
116 928 -0.6897e-05 -0.6779e-05 0.98 0.2610e-03  37.84
200 1600  -0.3506e-05 -0.3407e-05 0.97 0.6041e-04 17.23
371 2968  -0.8052e-06 -0.9045e-06 1.12 0.2481e-04 30.81
611 4888  -0.7429e-07 -0.7133e-07 0.96 0.6982e-05 93.98

926 7408  -0.1920e-06 -0.1913e-06 1.00 0.4202e-05 21.89
1607 12856  0.3443e-07  0.3382e-07 0.98 0.1218e-05 35.39
2624 20992 -0.1646e-07 -0.1649e-07 1.00 0.6956e-06 42.25
4382 35056  0.4606e-08  0.4562e-08 0.99 0.2853e-06 61.95
7247 57976  0.4882e-09  0.4800e-09 0.98 0.1173e-06 240.29

where u; = 0¢/0zs and uz = c0¢/dz1. Here we let 2 = (0,1) x (0,1/2) and
¢ =1/2, with

(21,0) = 1, for0.45 <z <0.55,
v, ) = 0, otherwise ,

and
—100(z1—1/2)?

us(x1,0) = ce
for 0 < z; < 1; this is a variant of the test problem considered in [29].
Our aim is to compute the weighted line integral of the first component
of u along the upper side of the boundary I" corresponding to 0 < z; < 1,
xo = 1/2, defined as

1
I = [ o) wlen1/2)de
0
where the weight function ¢ is defined by the Gaussian
Yloy) =e @YD for 0 <y <1,

with o = 40. The true value of the functional is J(u) = 0.

In order to further highlight the advantages of designing an adaptive
finite element algorithm based on the weighted refinement indicators |7,| over
traditional refinement strategies which do not require the solution of the dual
problem (36), cf. Example 2 in Section 5.4, we first study the performance
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(b)

Fig. 11. Wave equation. (a) Mesh constructed using dual refinement indicator with
7247 elements and 57976 degrees of freedom (|J(u) — J(upg)| = 4.882 x 1071°);
(b) Mesh constructed using the empirical refinement indicator with 9293 elements
and 74344 degrees of freedom (|J(u) — J(upg)| = 2.050 x 10™%)

of our adaptive strategy with h-refinement. Here, we consider the empirical
refinement indicator

empirical

U» = |hrhpllLo(ey + 120 npll sy + 1204 pllaonnr)

which stems from a Type II a posteriori error analysis, cf. [35].

In Table 8 we illustrate the performance of the adaptive algorithm with
p = 1; here, we show the number of elements and degrees of freedom (DOF)
in S1(92,7;,F), the true error in the functional J(u — upg), the computed
error representation formula &, = ENeTh Tk, the a posteriori error bound
(44) and their respective effectivity indices #; and 6,. We see that the quality
of the computed error representation formula £p is extremely good, in the
sense that 8, = £q/J(u—uy) is close to one, even on relatively coarse meshes.
Furthermore, we observe that the Type I a posteriori error bound is reliable,
in the sense that the second effectivity index 6> overestimates the true error
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(b)

Fig. 12. Dual solution for the wave equation: (a) z1; (b) z2

in the computed functional by a consistent factor as the finite element space
S1(2,Tn,F) is enriched.

In Fig. 11 we show the meshes generated using both the weighted re-
finement indicator |7, | and the empirical refinement indicator 7;™»"****!. From
Fig. 11(a), we see that there is virtually no refinement in the regions of the
computational domain where the discontinuities in u are located when |7,| is
employed. Indeed, most of the mesh refinement is concentrated in two regions
upstream of the Gaussian weight function . This is due to the presence of
the weighting terms in |7j,|, involving the difference between the approximate
dual solution Zpg and its projection zj, , onto the primal finite element space,
which multiply the computable residual terms involving the numerical solu-
tion upg, cf. (39) with z replaced by zZpg. We see from Fig. 12 that each
component of the dual solution consists of two ‘hills’ transported backwards
along the characteristics x1 + cxo. In contrast with this, when the weight-
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. —— Dual Indicator
10" ¢ N — - Empirical Ind.

|J(u) — J(upg)|

10° 10*

Degrees of freedom
Fig. 13. Convergence of |J(u) — J(upg)| using the dual and empirical refinement
indicators for the wave equation

ing terms involving the dual solution are neglected, as in ng™"**'  then the
resulting mesh is concentrated in the vicinity of the discontinuities in the
primal solution u. In Fig. 13, we compare the true error in the computed
functional J(-) using the two mesh refinement strategies. Here, we clearly
observe the superiority of the Type I a posteriori error bound based on the
weighted refinement indicators |7),|; on the final mesh the true error in the lin-
ear functional is almost two orders of magnitude smaller than |.J(u)—J(upg)|
computed on the sequence of meshes produced using n;™*****'. This clearly in-
dicates that a good numerical resolution of the discontinuities in this example
is irrelevant for the accurate approximation of the functional of interest.

Let us now turn our attention to hp-adaptivity; in Table 9 we show the
performance of the proposed adaptive finite element algorithm employing
hp-refinement. Here, we again see that the quality of the computed error
representation formula is extremely good, with 6; & 1 even on very coarse
meshes. Furthermore, the Type I a posteriori error bound (44) overestimates
the true error in the computed functional by about an order of magnitude.

In Fig. 14 we plot |J(u) — J(upg)|, using both h— and hp-refinement
against the square-root of the number of degrees of freedom on a linear—
log scale. We see that after the initial transient, the error in the computed
functional using hp-refinement becomes (on average) a straight line, thereby
indicating exponential convergence of J(upg) to J(u), despite the fact that u
is only piecewise continuous; this occurs since z is a real analytic function on
. Fig. 14 also demonstrates the superiority of the adaptive hp-refinement
strategy over the standard adaptive h-refinement algorithm. On the final
mesh the true error between J(u) and J(upg) using hp-refinement is al-



56 Endre Sili and Paul Houston

Table 9. Adaptive algorithm for the wave equation using hp-refinement

Elements DOF J(u— upg) > T 01 > 17k 02

32 576  -0.3768e-03 -0.3727e-03 0.99 0.6615e-03 1.76
32 646  -0.1917e-03 -0.2558e-03 1.33 0.3495e-03  1.82
32 688  -0.3753e-04 -0.8638e-04 2.30 0.1490e-03  3.97
53 1248  0.1563e-04  0.1869e-04 1.20 0.2657e-04 1.70
86 2024  0.3341e-06  0.4492e-06 1.34 0.4501e-05 13.47

107 2868  0.1061e-06  0.9900e-07 0.93 0.7144e-06 6.73
119 3918  0.6372e-08  0.1900e-08 0.30 0.1401e-06 21.99
140 5486  0.3203e-08  0.3051e-08 0.95 0.2866e-07 8.95
203 9152  0.4293e-08  0.3655e-08 0.85 0.1476e-07 3.44
272 12648 -0.3332e-09 -0.3691e-09 1.11 0.1627e-08 4.88
344 17512 -0.3862e-11  -0.3862e-11 1.00 0.6570e-10 17.01
401 21616  0.6639e-12  0.6508e-12  0.98 0.9235e-11 13.91
464 27202  0.3406e-13  0.3477e-13  1.02 0.1799%e-11 52.81

— hp-Refinement (Dual)
- - h-Refinement (Dual)
- - h-Refinement (Emp.) |

|J(u) — J(upg)|

-10|

10

10*12 L

50 100 150 200 250
sqrt(Degrees of freedom)

Fig. 14. Comparison between h— and hp-adaptive mesh refinement for the wave
equation

most 6 orders of magnitude smaller than the corresponding quantity when
h—refinement is employed alone.

Figs. 15 and 16 depict the primal mesh after 7 and 11 adaptive mesh
refinement steps, respectively. For clarity, we show the h—mesh alone, as well
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6(1%)

5(5%)

. 4(24%)

3(70%)

Fig. 15. Wave equation. h— and hp—meshes after 7 refinements, with 140 elements
and 5486 degrees of freedom; here, |J(u) — J(upg)| = 3.203 x 10~°

as the corresponding distribution of the polynomial degree on this mesh and
the percentage of elements with that degree. We see that some h-refinement
of the primal mesh has occurred in the region of the computational domain
where the two ‘hills’ in the dual solution z, cf. Fig. 12, are located. In par-
ticular, the h—mesh is slightly finer in the regions where the discontinuities
in the primal solution u intersect with these localized structures in z. Once
the h—mesh has adequately captured the structure of the primal and dual
solutions, the hp—adaptive algorithm performed p-refinement to accurately
resolve the Gaussians present in the dual solution.

6.4 Nonlinear hyperbolic problems

The purpose of this section is to develop the a posteriori error analysis of
the discontinuous Galerkin finite element method for systems of nonlinear
hyperbolic conservation laws.

Given a bounded open polyhedral domain (2 in R", n > 1, with boundary
012, we consider the following problem: find u : 2 — R™, m > 1, such that

divF(u)=0 in 2, (50)
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6(3%)

5(19%)

. A(67%)

3(10%)

Fig. 16. Wave equation. h— and hp—meshes after 11 refinements, with 401 elements
and 21616 degrees of freedom; here, |J(u) — J(upg)| = 6.639 x 1073

where, F : R™ — R™*™ is continuously differentiable. We assume that the
system of conservation laws (50) may be supplemented by appropriate ini-
tial/boundary conditions. For example, assuming that

B(u,v) = Z v;VuFi(u)

has m real eigenvalues and a complete set of linearly independent eigenvectors
for all v = (vy,...,v,) € R"?; then at inflow/outflow boundaries, we require
that
B~ (u,p)(u—-g)=0,

where p denotes the unit outward normal vector to 92, B~ (u, ) is the
negative part of B(u, ) and g is a (given) real-valued vector function.

To formulate the discontinuous Galerkin finite element approximation of
(50), with p,, € N for k € T}, we define the finite element space

SP(02,Thn,F) = {v € [La(D)]™ : v|s o0 Fy €[Qp.|™ if F; (k) is
the open unit hypercube and v/, o F,; € [P,.|™
if F-!(k) is the open unit simplex; k € Ty},
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where
Qp=span{i®:0<a; <p, 1<i<n}, Pp,=span{z®:0<|a|<p},

cf. (33). Given that v € [Hl(n)]m for each k € Ty, we denote by vt (respec-
tively, v7) the interior (respectively, exterior) trace of v on Ok.

The hp-DGFEM approximation of (50) is defined as follows: find upg in
SP(£2, Ty, F) such that

Z {_/f(uDG) Vvdz + [ H(upg,upg, p,) v do
KEThH " o

+/5VUDG Vv da:} =0 (51)

for all v € SP(2, Ty, F); cf. [26,27,37], for example. Here, H(-,-,-) denotes a
numerical fluz function, assumed to be Lipschitz continuous, consistent and
conservative. As in the linear case, the choice of the numerical flux function is
completely independent of the finite element space employed; in the numerical
experiments we employ the (local) Lax—Friedrichs flux function. In (51),
denotes the coefficient of artificial viscosity defined by

he\> 77
el = C: (—“) | divF(upg)x)|, (52)
P
where C. is a positive constant and 0 < 8 < 1/2; see [37]. For elements
k € T, whose boundary intersects 912, we replace up, by appropriate bound-
ary/initial conditions on 9k N O12.

In this section, we focus on a measurement problem concerned with con-
trolling the error in the approximation of a given linear or nonlinear target
functional J(-). Quantities of real or physical interest include the drag and
lift coefficients of a body (such as an aircraft wing) immersed into an invis-
cid fluid governed by the compressible Euler equations of gas dynamics, cf.
Section 4.2. Writing S to denote the surface of the body (or, rather, the con-
tour of its two-dimensional cross-section) and [ its chord length, these target
functionals are defined by

_ 2
R

Jarag(1) = ﬁ /5 (a-mw)pds,  Jii(u) /5 (1 - ) pds,

respectively. Here, p is the unit outward normal to S; v and p denote the
reference (or free-stream) velocity and density, respectively, and

b = cosa —sina 1 o = cosa —sina 0
¢~ \sina cos a 0/’ '~ \sina cos 1)

where « denotes the angle of attack. We note that since the pressure p is
derived from the conserved variables (p, pu, pv, pE), both target functionals
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Jarag(-) and Jyg(-) are nonlinear. Other examples of J(-) include the local
mean value of the field or its flux through the outflow boundary of the com-
putational domain (2, and the point evaluation of a component of u in (2.

Before we embark on our a posteriori error analysis, we shall introduce
some notation. Assuming that the functional of interest J(-) is differentiable,
we write .J(+;+) to denote the mean value linearization of J(-) defined by

J(u,upg;u —upg) = J(u) — J(upg)

_ / J'[6u+ (1 - 6)upg)(u - upg)de,  (53)
0

where J'[w](-) denotes the Gateaux derivative of J(-) evaluated at some w in
V. Here, V is some suitably chosen function space such that SP(£2,7,,F) C
V. Analogously, letting A'(upg, v) denote the left—hand side of (51), we de-
note by M(u,upg;-,) the mean value linearization of A'(-,-) defined by

M(u,upg;u —upg,v) = N(u,v) — N(upg, v)
1
= / N[fu + (1 — f)upc](u — upg, v) dd (54)
0

for all v in V. Here, NV/[w](-,v) denotes the Gateaux derivative of u
N(u,v), for v € V fixed, at some w in V. The linearization defined in (54)
is only a formal calculation, in the sense that N} [w](-,-) may not in general
exist. Instead, a suitable approximation to A}[w](-,+) must be determined,
for example, by computing appropriate finite difference quotients of N(-,-),
cf. [26]. For the proceeding analysis, we assume that the linearization (54) is
well-defined. Under this hypothesis, we introduce the following dual problem:
find z € V such that

M(u,upg;w,z) = J(u,upg;w) YweV. (55)

We assume that (55) possesses a unique solution; of course, the validity of this
assumption depends on both the definition of M(u,upg;-,-) and the choice
of the target functional under consideration, cf. [26]. For the proceeding error
analysis, we must therefore assume that the dual problem (55) is well-posed.
We then have the following result.

Theorem 3. Let u and upg denote the solutions to (50) and (51), respec-
tively, and suppose that the dual problem (55) is well-posed. Then,

J(u) — J(upg) =E€n = Z Mk (56)
KETh

where
Nk = /rh,p (z — Zh,p) dz + / Ohp* (z — Zh7p)+ do
P Ok

- / eVupg - V(Z — Zh7p) dx
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for all zy,;, in SP(£2, Ty, F). Here,
rppls = —divF(upg) and ohplk = F(upe) -n, — H(u&},uBG,nn)

denote the internal and boundary finite element residuals, respectively, defined
on each k € Tp,.

Proof. Choosing w = u—upg in (55), recalling the linearization performed in
(53), and exploiting the Galerkin orthogonality property N (u, v)—N (upg,v)
= 0 for all v in SP(2,T,,F), we get

J(u) — J(upg) = J(u,upg;u — upg) = M(u,upg;u — upg, z)

= M(Ua UpG;Uu— UuUpG,z — zh,p) = _N(UDG,Z - Zh,p)

for all zp, in SP(£2, 7y, F). Equation (56) now follows by employing the
divergence theorem.

Based on the general error representation formula derived in Theorem 3,
a posteriori error estimates bounding the error in the computed functional
J(-) may be deduced. Again, we shall confine ourselves to considering a Type
I a posteriori error bound; it is a straightforward consequence of the error
representation formula stated in the previous theorem.

Corollary 1. Under the assumptions of Theorem 3, we have

[T(u) = J(unc)| < Eig = Y nal - (57)
KETH

Proof. The error bound (57) follows from (56) by application of the triangle
inequality.

We end this section by noting that for nonlinear hyperbolic conservation
laws and/or nonlinear target functionals .J(-), both the error representation
formula (56) and the Type I a posteriori error bound (57) depend on the un-
known analytical solution to the primal and dual problems. Thus, in order to
render these quantities computable, both u and z must be replaced by suit-
able approximations. To this end, the linearizations leading to M(u, upg;-, -)
and J(u, upg;-) are performed about upg and the dual solution z is replaced
by a discontinuous Galerkin approximation zpg computed on the same mesh
Ty, as for the primal solution upg, but with a higher degree polynomial, i.e.,
2pc € SP(2,Th,F), p = p + pinc; in Section 6.5, we set pine = 1.

6.5 Numerical experiments

In this section we present some numerical examples to assess the performance
of our hp—adaptive algorithm for the discontinuous Galerkin finite element
method.
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Fig. 17. Burgers’ problem: (a) Initial condition; (b) Solution isolines

Burgers’ equation. In this example, we consider the one-dimensional un-
steady inviscid Burgers’ equation for the scalar variable u = wu; i.e., writing
o to denote time, we have

Ug, + ((1/2) u2)%1 =0, (58)
on the (space—time) domain 2 = (0,3) x (0, 2), subject to the initial condition
2sin’(rz), 0<z<1,

u(z,0) = { sin®(7z), 1<z ; 2, (59)
0, 2<z<3,
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Table 10. Adaptive algorithm for Burgers’ problem

Elements DOF J(u — upc) > ik 6, > 17k 6>
24 216 0.5010e-01 0.1033 2.06 0.1913 3.82
36 324 -0.9031e-01 0.1096 -1.21 0.2058 2.28
81 736 0.1175e-01  -0.4193e-01 -3.57 0.1614 13.73
120 1150 -0.1961e-01 -0.1740e-01 0.89 0.9974e-01  5.09

207 2096  -0.9130e-02 -0.6216e-02 0.68 0.4372e-01  4.79
291 3211 0.7391e-03  0.8754e-03 1.18 0.8192e-02 11.08
336 4279  -0.3173e-03  -0.5243e-03 1.65 0.3101e-02  9.77
420 6227  -0.6514e-04 -0.4742e-04 0.73 0.8027e-03 12.32
525 9008  0.1030e-04  0.8515e-05 0.83 0.1232e-03 11.96
660 13045 -0.5401e-06 -0.1246e-05 2.31 0.3717e-04 68.82
792 18070 -0.5414e-06 -0.5697e-06 1.05 0.1095e-04 20.23
999 26020 0.1010e-06  0.5856e-07  0.58 0.1112e-05 11.01
1269 37181  0.1455e-08  0.1085e-08  0.75 0.8654e-07 59.49
1725 57850 -0.6196e-10 -0.4914e-10 0.79 0.2841e-08 45.86
2541 94649 0.3163e-11  0.2822e-11  0.89  0.9505e-10  30.05

and boundary condition u(0,z5) = 0, for z; € [0,2], cf. Fig. 17(a). The
analytical solution to (58), (59) consists of two smooth ‘hills’ which form
shock waves as time increases. These shocks will eventually merge to form a
single line of discontinuity in the (z1, z>)-plane. Here, we select the functional
of interest J(-) to be the value of the solution before these two shocks interact
with one another. More precisely, we choose

J(u) =u(2.3,1.5),

cf. Fig. 17(b); thereby J(u) = 0.664442403975254670.

In Table 10 we show the performance of our hp—-adaptive finite element
algorithm with C. = 1/20 and 8 = 1/10. As for the wave equation presented
in Section 6.3, we see that the quality of the computed error representation
formula is quite poor on coarse meshes; though, as the finite element space
SP(£2,Ty,F) is enriched the effectivity index 6; is very close to one. Fur-
thermore, we again observe that the Type I a posteriori error bound (57)
is reliable and asymptotically sharp; indeed, é~’| Q| = 2_, |ix| overestimates
|J(v — upc)| by just over an order of magnitude.

In Fig. 18(a) we compare the performance of the h— and hp—mesh refine-
ment algorithms for this problem. Again, we observe exponential convergence
of the error in the computed functional using hp-refinement; on the linear—
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Fig. 18. Burgers’ equation. Comparison between h— and hp—adaptive mesh refine-
ment: (a) |J(u) — J(upc)| versus number of degrees of freedom; (b) |J(u) — J(upa)|
versus computational time

log scale, the convergence line is straight. On the final mesh the true error
between J(u) and J(upg) using hp-refinement is almost 5 orders of magni-
tude smaller than the corresponding quantity when hA-refinement is employed
alone. Furthermore, from Fig. 18(b) we observe that the hp-refinement algo-
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Fig. 19. Burgers’ equation. Computational time versus number of degrees of free-
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rithm also outperforms the h—refinement strategy, when comparing the error
in the computed target functional with respect to the computational cost.
Indeed, Fig. 19 clearly shows that for the hp—-DGFEM the cost per degree
of freedom when hp-refinement is employed is comparable to that of using
h—refinement,.

Finally, in Fig. 20 we show the primal mesh after 11 adaptive hp—mesh
refinements. Here, we see that the h—mesh has been refined in the region up-
stream of the point of interest, thereby isolating the smooth region of u from
the two interacting shock waves; this renders the subsequent p—refinement in
this region much more effective.

Subsonic flow around a NACAO0012 airfoil. In this second example,
we consider the subsonic flow around a NACAOQ012 airfoil; here, the upper
and lower surfaces of the airfoil geometry are specified by the function g+,
respectively, where

g% (s) = +5 x 0.12 x (0.2969s'/2 — 0.1265 — 0.35165° + 0.28435° — 0.10155),

cf. Fig. 21. We note that the chord length [ of the airfoil is [ ~ 1.00893;
thereby, we write § to denote the rescaling of g to yield an airfoil of unit
(chord) length. The computational domain {2 is now defined to be an annulus
with inner boundary g and outer boundary consisting of a circle of radius 10
units. On the outer boundary, we prescribe a Mach 0.5 flow at a zero angle
of attack, with farfield density p = 1 and pressure p = 1. The solution to
this problem consists of a strictly subsonic flow, symmetric about the z—axis,
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Fig. 20. Burgers’ equation. h— and hp—meshes after 11 refinements, with 999 ele-
ments and 26020 degrees of freedom; here, |.J(u) — J(ung)| = 1.010 x 1077

S —

Fig. 21. Profile of the NACA0012 airfoil

cf. Fig. 22. Given that this flow is smooth, no artificial viscosity is required;
thereby, we set C. = 0.

Here, we consider the evaluation of the drag coefficient on the surface of
the airfoil, i.e. J(-) = Jarag(-). Since that the angle of attack a = 0, the true
value of the target functional Jarag(u) is zero. In Fig. 23 we show the per-
formance of the adaptive algorithm using both h— and hp—mesh refinement.
Since the primal solution is smooth we again observe exponential convergence
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Fig. 22. Mach isolines for the subsonic NACA0012 flow
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Fig. 23. Subsonic NACA(0012 flow. Comparison between h— and hp—adaptive mesh
refinement

of J(upg) to J(u) when the hp-refinement is employed; on a linear—log scale
the convergence line is (on average) straight. Fig. 23 also demonstrates the
superiority of the adaptive hp-refinement strategy over the standard adap-
tive h-refinement algorithm. On the final mesh the true error between J(u)
and J(upg) using hp-refinement is over 2 orders of magnitude smaller than
the corresponding quantity when hA-refinement is employed alone.
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Fig. 24. Subsonic NACA0012 flow. h— and hp-meshes after 10 refinements, with
325 elements and 45008 degrees of freedom; here, |J(u) — J(upc)| = 3.756 x 10~°

Finally, in Fig. 24 we show the primal mesh after 10 adaptive hp—mesh re-
finements. Here, we see that the h—mesh has been refined in the neighborhood
of the leading and trailing edges of the airfoil, cf. [27]. Moreover, elements
located on the upper and lower surfaces of the airfoil have been p—enriched
where the primal solution is relatively smooth.
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Fig. 25. Transonic NACA0012 flow. Comparison between h— and hp—-adaptive mesh
refinement

Transonic flow around a NACAO0012 airfoil. In this final example, we
again compute the flow around a NACA0012 airfoil; here, we consider a Mach
0.8 flow with angle of attack a = 1.25°, and farfield density p = 1 and pressure
p = 1. The structure of the solution in this example is now quite different
from the subsonic flow studied in the previous section. Here, as the impinging
subsonic flow passes the airfoil, it first accelerates to become supersonic,
before slowing to be subsonic again; this results in the development of shocks
on both the upper and lower surfaces of the airfoil, cf. [27]. Throughout this
section we set the artificial viscosity parameters appearing in (52) as follows:
C. = 3/100 and g = 1/10.

Here, we again consider the evaluation of the drag coefficient on the sur-
face of the airfoil, i.e. J(-) = Jarag(-). On the basis of a fine grid computation,
the true value of the functional is given by J(u) ~ 0.0201 (see, [27]). In Fig.
25 we show the performance of the adaptive algorithm using both h— and
hp—mesh refinement. In this example both the primal and dual solutions are
nonsmooth, so we no longer expect to observe exponential convergence of the
error in the functional J(-); thus, here we plot the same quantities as in Fig.
23 against the number of degrees of freedom in SP({2, T, F) on a log—log scale.
As in our previous examples, we observe that the true error in J() is (al-
most) always smaller if hp-refinement is employed. Indeed, on the final mesh
the true error in the drag coefficient is over 70% smaller if hp-refinement is
employed as opposed to h-refinement only.

Finally, in Fig. 26 we show the primal mesh after 10 adaptive hp—mesh
refinements. As in the previous example, we see that the h—mesh has been
refined in the vicinity of the leading and trailing edges of the airfoil; addi-
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Fig. 26. Transonic NACA0012 flow. h— and hp—meshes after 10 refinements, with
783 elements and 69956 degrees of freedom; here, |J(u) — J(upg)| = 1.311 x 10~*

tional h—refinement has also taken place in the neighbourhood of the shocks
emanating from the upper and lower surfaces of the airfoil, cf. [27]. This
renders the subsequent p—refinement in the regions of the computational do-
main where either the primal or dual solution are locally smooth much more
effective.
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7 Conclusions

Using duality arguments, in this paper we developed Type I a posteriori error
bounds for the h—version of the streamline—diffusion finite element method
and the hp—version of the discontinuous Galerkin finite element method. The
bounds have been implemented into adaptive finite element algorithms that
are capable of delivering approximations to general output functionals of the
solution for both linear and nonlinear hyperbolic problems, accurate to within
a prescribed tolerance.

Unlike Type IT a posteriori error bounds, Type I bounds explicitly involve
the dual solution as local weight. Indeed, a Type I bound is always sharper
than the corresponding Type II bound, although the extra sharpness does
not come for free since a Type I bound requires the numerical solution of
the dual problem. As the dual problem is always linear even when the primal
problem is nonlinear, for nonlinear problems the additional cost of solving a
single dual problem is negligible, cf. [26]. Of course if the primal problem is
linear, then the computational cost is roughly doubled.

While the systematic comparative study of Type I and Type II a pos-
teriori error bounds on representative model problems will require further
work, it is perhaps helpful to point out some potential advantages and dis-
advantages of the two approaches. Although a Type Il a posteriori error
bound does not explicitly involve the dual solution as local weight, it does,
nevertheless, include the strong stability constant Cgap, of the dual problem.
Analytical estimates of Cap are inevitably pessimistic since they are ob-
tained by admitting very large classes of functions as data (e.g., any possible
element of Ly(§2) or H'(2) as forcing function). In addition, the analytical
proof of strong stability may demand a nontrivial amount of human effort.
Computational estimation of Cyi,p, involves the solution of the dual problem
for a large set of ‘typical’ data, — a task that is computationally much more
demanding than solving a single dual problem for a Type I error bound. On
the other hand, once a library of representative stability constants is available
[15], they do not need to be recomputed; also, storing representative stabil-
ity constants is clearly less memory-intensive than storing the dual solution,
particularly for three-dimensional problems. Having said this, the storage of
the dual solution, for use in a Type I error bound, may pay off if the resulting
computational mesh is more economical than the one that stems from a Type
IT a posteriori error bound.

At any rate, on the basis of our computational experience we would argue
that the need to perform a single additional computation for the dual solution
involved in a Type I a posteriori error bound is a worthwhile price to pay for
the availability of reliable error control based on a rigorous, systematic, simple
and general mathematical framework. Cheap, heuristic alternatives to Type
I or Type II a posteriori error bounds offer no control on the error; for goal-
oriented computations (such as the approximation of output functionals),
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the optimality of the meshes that result from such heuristic devices is highly
questionable.
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