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t. We review some re
ent developments 
on
erning the a posteriori erroranalysis of h� and hp�version �nite element approximations to hyperboli
 prob-lems. The error bounds stem from an error representation formula whi
h equatesthe error in an output fun
tional of interest to the inner produ
t of the �nite el-ement residual with the solution of a dual (adjoint) problem whose data is thedensity fun
tion of the target fun
tional. Type I a posteriori error bounds are de-rived whi
h, unlike the 
ruder Type II bounds, retain the dual solution in the boundas a lo
al weight-fun
tion. The relevan
e of Type I a posteriori bounds is argued byshowing that the lo
al size of the error in a hyperboli
 problem may be only veryweakly 
orrelated to the lo
al size of the residual; 
onsequently, adaptive re�ne-ment algorithms based on the size of the lo
al residual alone 
an be ine�e
tive. Thesharpness of Type I a posteriori error bounds is demonstrated on both stru
turedand adaptively re�ned meshes.1 Introdu
tionOver the last de
ade, tremendous progress has been made in the area of a pos-teriori error estimation and adaptive �nite element approximation of partialdi�erential equations (PDEs); for a review of some of the main developmentsin the subje
t we refer to the re
ent monographs [4,56,57℄, and the arti
les[14,8℄. Despite a number of signi�
ant advan
es in the �eld, mu
h of the re-sear
h to date has fo
used on partial di�erential equations of ellipti
 type,while for hyperboli
 partial di�erential equations the theory of a posteriorierror estimation and adaptivity has remained in its infan
y.This state of a�airs is perhaps not a

idental: the me
hanisms of errorpropagation in �nite element approximations of hyperboli
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omplex and less well understood than in ellipti
 problems; a further hin-dran
e is that the theory of well-posedness and regularity for hyperboli
 PDEsis in a less satisfa
tory state than the 
orresponding theoreti
al frameworkfor ellipti
 problems due, among other things, to the fa
t that unlike ellip-ti
 di�erential operators, �rst-order hyperboli
 operators have no inherentsmoothing properties in isotropi
 Sobolev spa
es; �nally, in engineering ap-pli
ations, �nite element methods have been traditionally employed for thenumeri
al approximation of ellipti
 boundary value problems and their usefor the solution of hyperboli
 PDEs is more re
ent and less widespread.The aim of these notes is to provide a brief introdu
tion to some re
entadvan
es in the �eld of a posteriori error estimation and adaptivity for hyper-boli
 PDEs. The fo
us of this work and its s
ope is, ne
essarily, in
uen
ed byour own interests in the subje
t and we do not attempt to give an exhaustivesurvey. For further developments in the �eld we refer to [11,24,29,52,53℄, and[25{28,30,35,40,42,54℄ for some more re
ent 
ontributions. In order to keepthe presentation simple, we shall 
on
entrate on two popular �nite elementmethods: the streamline{di�usion �nite element method and the dis
ontin-uous Galerkin �nite element method; nevertheless, the ideas developed hereapply more generally, to other partial di�erential equations and to other �niteelement dis
retizations. The a posteriori error analyses for the two methodswill be pursued within a single, general theoreti
al framework based on theidea of duality.The relevan
e of duality arguments in a posteriori error estimation hasbeen highlighted in the review arti
les [14℄ and [8℄ (see, also, [7,24,30,35,42,44{47,49,53,54℄); 
on
erning the use of duality arguments in post-pro
essing anddesign, we refer to [17,18,20,21,48℄, and referen
es therein. The key ingredi-ent in duality-based error estimation is an auxiliary PDE problem, the dualproblem, involving the formal adjoint of the partial di�erential operator un-der 
onsideration. The data for the dual problem is the quantity of interest:in engineering appli
ations, this is typi
ally an output fun
tional of the ana-lyti
al solution su
h as a mean value, point value, boundary 
ux, for example,or, in 
uid dynami
s, it may be the pressure{drop between in
ow and out-
ow, or the drag or lift 
oeÆ
ients of a body immersed into the 
uid (see,[7,8,17,18,20,21,27,42,45{48℄, for example).The relevan
e and generality of duality-based error estimation has beenpowerfully argued in the work of Johnson and his 
ollaborators; see, for exam-ple, [14℄ for an ex
ellent survey. The a posteriori error bounds resulting fromthis analysis involve the �nite element residual whi
h is obtained by insertingthe 
omputed �nite element solution into the partial di�erential equation; theresidual measures the extent to whi
h the �nite element approximation to theanalyti
al solution fails to satisfy the underlying PDE. In the framework of[14℄, the error bounds are arrived at by exploiting Galerkin orthogonality (afundamental property of all �nite element methods expressing the fa
t thatthe residual is orthogonal to the �nite element spa
e), and strong stability
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 PDEs 3(well-posedness/regularity in isotropi
 Sobolev norms of positive index) ofthe dual problem. In view of the remarks at the end of the se
ond paragraph
on
erning the inherent la
k of isotropi
 smoothing properties in hyperboli
problems, it is this latter step in the pro
ess of a posteriori error estimationthat 
auses diÆ
ulties when dealing with hyperboli
 PDEs: the underlyingproblems will be explained in more detail in the next se
tion.Stimulated by our �ndings, in this paper we revisit the problem of aposteriori error estimation and adopt a minimalisti
 variant of duality{basederror estimation whi
h avoids expli
itly invoking strong stability of the dualproblem through retention of the dual solution in the bound; the approa
h inquestion is stimulated by the work of Be
ker and Ranna
her [7℄ on weighted-residual-based a posteriori error estimation; see also the re
ent review arti
le[8℄ and referen
es therein. As in [14℄ and [8℄, the starting point in our erroranalysis is an error representation formula whi
h equates the error in theoutput fun
tional of interest with the inner produ
t over the 
omputationaldomain of the �nite element residual and the analyti
al solution to the dualproblem. In our approa
h, the inner produ
t over the 
omputational domain
ontained in the error representation formula is de
omposed as a sum ofinner produ
ts over elements in the �nite element partition, and hen
e theabsolute value of the error in the output fun
tional is bounded by the sumof absolute values of elemental inner produ
ts; this pro
ess is referred to aslo
alization. However, unlike [14℄ and [8℄, we shall refrain from applying theCau
hy{S
hwarz inequality to these elemental inner produ
ts; rather, we shall
ompute them numeri
ally through repla
ing the analyti
al dual solution by a�nite element approximation. If ne
essary, the error 
ommitted in the 
ourseof this additional approximation 
an be 
ontrolled through an auxiliary aposteriori error estimate. It will be shown that the proposed approa
h leadsto sharp a posteriori error bounds, in the sense that the e�e
tivity index (theratio of the error bound and the true error) is typi
ally very 
lose to unity.The paper is stru
tured as follows. We begin, in Se
tion 2, by outliningthe fundamental problems asso
iated with residual-based error estimation inthe 
ontext of hyperboli
 problems. We then 
ontinue, in Se
tion 3, with abrief ex
ursion into the theory of fun
tion spa
es to introdu
e the notational
onventions. In Se
tion 4, we dis
uss some of the key model problems whosenumeri
al approximations we shall 
onsider. In this work, we shall 
on
en-trate on two established �nite element methods for hyperboli
 problems: thestreamline{di�usion �nite element method (SDFEM) and the dis
ontinuousGalerkin �nite element method (DGFEM). Thus, Se
tion 5 is devoted tothe formulation of the SDFEM whi
h uses 
ontinuous pie
ewise polynomialfun
tions to approximate the underlying analyti
al solution. For the sake ofsimpli
ity we shall 
on�ne ourselves to a s
alar linear hyperboli
 model prob-lem. We shall be 
on
erned with the derivation of a posteriori error boundsfor the SDFEM within the framework of h{version �nite element methods(i.e., with variable mesh size h, but �xed polynomial degree p, p � 1); in
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ular, we shall fo
us on situations when the quantity of interest is a lin-ear fun
tional of the analyti
al solution rather than the solution itself. Thederivation of the a posteriori error bound is based on a duality argumentwhi
h may involve either the formal adjoint of the partial di�erential oper-ator or the formal adjoint of a perturbed partial di�erential operator whi
hstems from the bilinear form of the stabilized �nite element method. It willbe shown in Se
tion 5 that for stabilized �nite element methods, su
h asthe SDFEM, the se
ond approa
h leads to sharper a posteriori error bounds.In Se
tion 6, we shall 
onsider the hp{version of the dis
ontinuous Galerkin�nite element method, based on the use of dis
ontinuous pie
ewise polyno-mial approximations, whi
h, in addition to lo
al variation of the granularityh of the 
omputational mesh, also allows lo
al adjustment of the degree pof the approximating pie
ewise polynomial. We shall dis
uss the a posteriorierror analysis of the hp{version of the dis
ontinuous Galerkin �nite elementmethod and 
onsider the implementation of our a posteriori error boundsinto an hp{adaptive algorithm. For hp{adaptive �nite element methods, akey question is to de
ide when to h{re�ne and when to p{re�ne. The de
ision
on
erning whi
h of the two re�nement strategies to adopt will be based onmonitoring the lo
al smoothness of the solutions to the primal and dual prob-lems and will involve an algorithm for the estimation of their lo
al Sobolevregularity indi
es. In Se
tion 7, we 
on
lude with a brief summary of themain results.2 So, what is the problem, then?In order to des
ribe the fundamental problem in the simplest possible terms,let us suppose that A : D(A) � H ! H is a linear di�erential operatorde�ned on its domain D(A) 
ontained in a 
ertain Hilbert spa
e H. Givenf 2 H, suppose that u 2 D(A) solvesAu = f :In this simple dis
ussion we shall assume that any (homogeneous) boundary
ondition that u has to satisfy is imposed through the de�nition of D(A).Now, let us seek a numeri
al approximation uh to u by means of a Galerkinmethod. Thereby, we 
onsider a sequen
e of �nite-dimensional linear sub-spa
es fHhg of D(A) parametrized by h 2 (0; 1℄, and look for uh 2 Hh su
hthat PhAuh = Phf ; (1)where Ph is the orthogonal proje
tor in H onto Hh. On de�ning the residualR(uh) = f �Auh, (1) 
an be restated in the following equivalent form:PhR(uh) = Ph(f �Auh) = 0 ;this identity is usually referred to as the Galerkin orthogonality property, asit expresses the fa
t that R(uh) is orthogonal to Hh in H.
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 PDEs 5Suppose, for example, that 
, the 
omputational domain, is a boundedopen set in Rn , H = L2(
) is the set of all real-valued square-integrablefun
tions de�ned on 
, and let � be a given nonnegative weight fun
tionin L2(
). [A summary of some standard notation and a 
olle
tion of basi
results from the theory of fun
tion spa
es will be provided in the next se
tion.℄Then, with (�; �) denoting the inner produ
t in L2(
), v 7! J(v) = (v; �) is abounded linear fun
tional on L2(
), and J(u) represents the weighted meanvalue of u over 
.A typi
al pra
ti
al question one might en
ounter is the following: given a
ertain toleran
e TOL > 0, �nd uh 2 Hh su
h thatjJ(u)� J(uh)j � TOL : (2)In the �eld of a posteriori error estimation a problem of this kind is ap-proa
hed by deriving a bound on jJ(u) � J(uh)j in terms of the residualR(uh) of the formjJ(u)� J(uh)j � Computable expression(R(uh)) ; (3)where the right-hand side is a 
omputable expression involving available dataand the residual, R(uh) = f�Auh, whi
h 
an be 
al
ulated after uh has been
omputed; hen
e the terminology a posteriori error bound. On
e su
h an aposteriori error bound is available, the task of satisfying (2) is redu
ed to�nding Hh and uh 2 Hh su
h thatComputable expression(R(uh)) � TOL ;{ an obje
tive that is usually a
hieved through a feed-ba
k pro
ess, by adap-tive adjustment of Hh. It is 
lear from this dis
ussion that the fundamentaltheoreti
al problem, therefore, is to derive a bound of the kind (3).A general approa
h to the derivation of a posteriori error bounds is basedon the use of a duality argument involving the adjointA� of the linear operatorA, de�ned on its domain D(A�) � H = L2(
). For this purpose, we 
onsiderthe dual problem of �nding z in D(A�) � H su
h thatA�z = � ; (4)whose right-hand side is the given weight-fun
tion �. Thus the data for thedual problem is the density fun
tion (Riesz representer) of the linear fun
-tional of interest J(�). Hen
e,J(u)� J(uh) = (u� uh; �)= (Au�Auh; z)= (f �Auh; z)� (R(uh); z) : (5)



6 Endre S�uli and Paul HoustonAs PhR(uh) = 0, it follows thatJ(u)� J(uh) = (R(uh); z)= (R(uh); z � zh) 8zh 2 Hh ; (6)this identity is referred to as the error representation formula. A possible
hoi
e of zh may be Phz, although there are other viable alternatives. Forexample, if (1) represents a �nite element method, then zh may be 
hosen asa �nite element interpolant or quasi-interpolant of z. It should be borne inmind, however, that z is the analyti
al solution to the dual problem, and eventhough R(uh) will be
ome `
omputable' after uh has been 
al
ulated, z � zhwill not be available. Hen
e, the right-hand side of the error representationformula (6) is not 
omputable.One approa
h to obtaining a 
omputable error bound from (6) (see, e.g.,[14℄) pro
eeds by attempting to eliminate z � zh. Brie
y, the argument is asfollows. Suppose that Hs is a Hilbert subspa
e of H with norm k � kHs ; heres is a positive index related to smoothness (for example, when H = L2(
),Hs might be the Sobolev spa
e Hs(
) � L2(
) of index s > 0); assume thatz 2 Hs and that we have found a 
onstant Cstab = Cstab(�) su
h thatkzkHs � Cstab :Suppose also that there exists a positive 
onstant Cint and zh 2 Hh su
h thatkh�s(z � zh)kH � CintkzkHs : (7)Then, on applying the Cau
hy-S
hwarz inequality in H, we getjJ(u)� J(uh)j � khsR(uh)kH kh�s(z � zh)kH� Cint khsR(uh)kH kzkHs� Cint Cstab khsR(uh)kH :The 
onstants Cint and Cstab are referred to as the interpolation 
onstant andstrong stability 
onstant, respe
tively. Typi
al values of Cint are available fromapproximation theory, while Cstab has to be determined either analyti
allyor 
omputationally by studying the well-posedness of the dual problem (4)in the norm k � kHs . Thus we have established the following a posteriori errorbound: jJ(u)� J(uh)j � CintCstabkhsR(uh)kH s � 0 : (8)An error bound of this kind whi
h does not dire
tly involve the dual solutionz will be referred to here as a Type II a posteriori error bound, 
f. [35℄.Let us pause for a moment at this point to re
e
t on some of the steps inour argument and examine the validity of the hypotheses we have made. Our�rst assumption 
on
erned the existen
e of a Hilbert subspa
e Hs 
ontained
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h that the dual solution z is 
ontained in Hs; in parti
ular, whenH = L2(
), it would be 
onvenient to 
hoose Hs as a Sobolev spa
e Hs(
)of positive index s > 0 for it is in these spa
es that approximation propertiesof the kind (7) are readily available. We shall 
onsider two examples.Example A. Suppose that 
 = (0; 1)2, the unit square in the x =(x1; x2) plane, and 
onsider the following Diri
hlet boundary value problemfor Poisson's equation�u = 1 in 
 ; u = 0 on �
 :Here the dual problem is�z = � in 
 ; z = 0 on �
:As � 2 L2(
), it follows from regularity theory for ellipti
 partial di�erentialequations in polygonal domains that z 2 Hs(
) \ H10 (
), 1 � s < 3; thuswe may sele
t Hs = Hs(
) \H10 (
), 1 � s < 3.Example B. Suppose, again, that 
 = (0; 1)2, the unit square in the x =(x1; x2) plane, and 
onsider the following boundary value problem for a s
alar�rst-order hyperboli
 equation for a fun
tion u of the variable (x1; x2) 2 
:ux1 = 1 in 
; u = 0 on �� ;where �� = f(0; x2) : 0 � x2 � 1g. This time, the dual problem is�zx1 = � in 
 ; z = 0 on �+ = f(1; x2) : 0 � x2 � 1g:Unlike Example A, here z need not belong to Hs(
) for any s > 0. Thisis easily seen by 
hoosing � as a fun
tion of x2 only; say, �(x1; x2) = '(x2)where ' belongs to L2(0; 1) but does not belong to Hs(0; 1) for any s > 0(e.g., '(x2) = 1=(jx2 � (1=2)j1=2 log jx2 � (1=2)j) belongs to L2(0; 1) but notto Lp(0; 1) for p > 2; by the Sobolev embedding theorem, ' 
annot belong toany Hs(0; 1), s > 0, for otherwise it would be an element of Lp(0; 1) for somep > 2, whi
h is not the 
ase). While this is a slightly extreme example, itnevertheless highlights the stark di�eren
e between the regularity propertiesof solutions to ellipti
 and hyperboli
 boundary value problems.We see that while in Example A our hypothesis about the existen
e of aHilbert subspa
e Hs, s > 0, of H = L2(
) 
ontaining the dual solution z 
anbe satis�ed, for Example B this hypothesis has failed. Although our examplesare trivial, the observed problem is generi
, and is due to the fa
t that unlikeellipti
 partial di�erential operators, �rst-order hyperboli
 operators have noinherent smoothing properties in isotropi
 Sobolev spa
es.In fa
t, our examples allow us to gain further insight into the diÆ
ulties.Let us sele
t a point x̂ in 
 = (0; 1)2 and suppose that the aim of the
omputation is now to ensure thatju(x̂)� uh(x̂)j � TOL ;



8 Endre S�uli and Paul Houstonwhere u is the solution to the boundary value problem from either ExampleA or B.Example A0. For the ellipti
 boundary value problem from Example A,the appropriate dual problem asso
iated with J(u) = u(x̂) is�z = Æ(x� x̂) for x 2 
 ; z = 0 on �
 ;i.e., z is the 
lassi
al Green's fun
tion. It is well known that z is a smoothfun
tion in 
 n fx̂g and it exhibits a logarithmi
 singularity near x̂. A simple
al
ulation reveals that z 2 Hs(
) for s 2 [0; 1).Example B0. For the hyperboli
 boundary value problem from ExampleB, the appropriate dual problem asso
iated with J(u) = u(x̂) is now�zx1 = Æ(x� x̂) for x 2 
 ; z = 0 on �+:Hen
e, z(x1; x2) = (1�H(x1 � x̂1)) Æ(x2 � x̂2) :Clearly, z is not a lo
ally integrable fun
tion but a measure supported onthe line-segment x2 = x̂2, 0 � x1 � x̂1; in parti
ular, z does not belongto any Sobolev spa
e on 
 of index s � 0. In
identally, had we 
hosento 
onsider the more general s
alar linear �rst-order hyperboli
 di�erentialequation a1ux1 + a2ux2 = 1, where a1 > 0 and a2 � 0 are smooth fun
tionsof x = (x1; x2), a similar 
on
lusion would have resulted ex
ept that z wouldhave been 
on
entrated on a pie
e of the 
hara
teristi
 
urve that passesthrough the point (x̂1; x̂2). Thus, while the Green's fun
tion for an ellipti
boundary value problem on 
 has singularity at a single point within 
and de
ays away from that point, for a s
alar linear hyperboli
 boundaryvalue problem the Green's fun
tion (or, Green's measure, to be more pre
ise)has nonlo
al singularity 
on
entrated along a 
hara
teristi
 and does not, ingeneral, de
ay along this 
hara
teristi
, 
f. Fig. 1, for example, for a sket
hof z.Remark 1. Stri
tly speaking, Examples A0 and B0 do not �t into the generaltheoreti
al framework we had presented given that � = Æ(� � x̂) is not anelement of H = L2(
), so (4) is meaningless for this 
hoi
e of �. However,the e�e
ts whi
h we observed in Examples A0 and B0 
an be emulated withinthe theory presented above by approximating, for " > 0 small, J(u) = u(x̂)by J"(u) = (u; �"(�� x̂)) and Æ(�� x̂) with �"(�� x̂), where �"(x) = "�2�(x=")and � is a nonnegative fun
tion whose support is 
ontained in the unit 
ir
le
entered at the origin and su
h that the integral of � over its support is equalto 1.If now, with the observations from Examples A0 and B0 in mind, we returnto (5) we 
on
lude, at least formally1, that for an ellipti
 operator the size1 The argument 
an be made rigorous by lo
al molli�
ation of Æ(�� x̂) as indi
atedin the previous Remark.
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Ellipti
 PDE Hyperboli
 PDEz 2 Hs ; 0 � s < 1 z =2 L1lo
Fig. 1. Green's fun
tion for an ellipti
 (left) and a hyperboli
 problem (right)
Fig. 2. Green's fun
tion for the linearized adjoint 
ompressible Euler equations ofgas dynami
sof the error (u � uh) at x̂ will be strongly dependent on the size of R(uh)in the neighborhood of the point x̂ and, given that z de
ays away from x̂,values of R(uh) at more distant points will have less in
uen
e on (u�uh)(x̂).On the other hand, for a hyperboli
 operator, the singularity of z is nonlo
aland z does not, in general, de
ay along the 
hara
teristi
 
urve on whi
hthe singularity is 
on
entrated, so the size of (u � uh) at x̂ 
an be stronglyin
uen
ed by values of R(uh) at points that are quite distant from x̂. This isfurther demonstrated in Fig. 2 where we show the Green's fun
tion for thelinearized adjoint 
ompressible Euler equations of gas dynami
s in the 
aseof a sho
k re
e
ting o� a solid wall, 
f. Kr�oner [39℄, p. 401.In order to give an experimental illustration of the issue raised in thelast paragraph, we note that, letting e = u� uh denote the global error, theresidual and the error are related viaAe = R(uh) :
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alar �rst-order linear hyperboli
 operator. Fol-lowing [29℄, we de
ompose the error e� = ej� on an open subset � of the
omputational domain 
 as e� = etrans� + e
ell� :We shall refer to e
ell� as the 
ell error and etrans� will be 
alled the transmittederror ; they are de�ned as the respe
tive solutions to the following problems:Ae
ell� = R(uh) on �; e
ell� = 0 on the in
ow boundary of � ;Aetrans� = 0 on �; etrans� = e� on the in
ow boundary of � .The 
ell error e
ell� is the part of the error e� = ej� that is governed by theresidual R(uh)j� and is not in
uen
ed by pollution e�e
ts from outside �. Onthe other hand, the transmitted error etrans� is independent of the residual on� and is driven 
ompletely by the error that has been 
reated outside � andtransmitted into � through the in
ow boundary of �.Let us 
onsider the model s
alar hyperboli
 problem a1ux1 + a2ux2 = 0,with a = (a1; a2) = (1=10 + sin(�x2); 2), on the unit square 
 = (0; 1)2 inthe (x1; x2){plane, with in
ow boundary 
onditionu(x1; 0) = 8<: e�300(0:4�x1)4 ; for 0:0 � x1 � 0:4;1 ; for 0:4 � x1 � 0:6;0 ; for 0:6 < x1 � 1:0;with the 
ompatible boundary 
ondition u(0; x2) = e�300(0:4)4 (= e�7:68)along x1 = 0, 0 � x2 � 1. This hyperboli
 problem has been solved numer-i
ally using the streamline-di�usion �nite element method on a sequen
e ofuniform meshes 
onsisting of triangular elements �. The streamline-di�usionparameter was sele
ted a

ording to the standard formula: Æj� = 0:5h=j�a�j,where �a� denotes the average of a on element � and j�a�j is the Eu
lidean normof �a�. Sin
e the exa
t solution u 
an be 
al
ulated using the method of 
har-a
teristi
s, we may 
ompute ke�kL2(�), ke
ell� kL2(�) and ketrans� kL2(�) on ea
htriangle � in the mesh, thus obtaining three sets of data. Our aim is now to
ompute the 
oeÆ
ients of 
orrelation2 �(e; etrans), �(e; e
ell), �(e;R(uh)) be-tween the data setfke�kL2(�)g� and ea
h of the three data setsfketrans� kL2(�)g�,fke
ell� kL2(�)g� and fkR(uh)j�kL2(�)g�, respe
tively.2 �(X;Y ) = 
ov(X;Y )p
ov(X;X)p
ov(Y; Y ) ;where the 
ovarian
e of the data sets X and Y is de�ned by
ov(X;Y ) = E([X � E(X)℄ [Y � E(Y )℄);here E(X) signi�es the arithmeti
 mean of the data set X (i.e., the expe
tationof X, assuming that X is uniformly distributed).
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oeÆ
ients under mesh re�nementMesh Elements �(e; etrans) �(e; e
ell) �(e;R(uh))17 � 17 512 0:99 0:31 0:3433 � 33 2048 1:00 0:42 0:4365 � 65 8192 1:00 0:44 0:44129 � 129 32768 1:00 0:45 0:45257 � 257 131072 1:00 0:44 0:44
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Transmitted Error vs. Error Residual vs. ErrorFig. 3. S
atter plots for the data-set-pairs (ke�kL2(�); ketrans� kL2(�))� (left) and(ke�kL2(�); kR(uh)j�kL2(�))� (right). Ea
h dot in the left s
atter plot 
orrespondsto a triangle � in the mesh. In the plot on the left, the �rst 
o-ordinate of a pointis ke�kL2(�) and the se
ond 
o-ordinate is ketrans� kL2(�); similarly, in the right-hand�gure, the �rst 
o-ordinate of a point in the s
atter plot is ke�kL2(�) and the se
ond
o-ordinate is kR(uh)j�kL2(�)In Table 1 we display the 
orrelation 
oeÆ
ients �(e; etrans), �(e; e
ell) and�(e;R(uh)) for these data sets, on a sequen
e of uniform stru
tured triangularmeshes: in ea
h 
ase the mesh is 
onstru
ted from a uniform N � N meshby 
onne
ting the bottom{left 
orner of ea
h mesh square with its top{right
orner. We observe that there is a very strong 
orrelation between the errorand the transmitted error, while there is only very weak 
orrelation betweenthe error and the 
ell error, as well as between the error and the residual.This is further 
on�rmed in the s
atter diagrams presented in Fig. 3; herewe plot ea
h of ketrans� kL2(�) and kR(uh)j�kL2(�) against the error ke�kL2(�)as � ranges through the triangulation of the 
omputational domain, togetherwith the linear regression line, on the third mesh with 8192 elements. Inparti
ular, we see from the right-hand �gure that there is a 
luster of pointslying on the horizontal axis; i.e., as the error in
reases, the residual remains



12 Endre S�uli and Paul Houstonsmall in magnitude. Clearly, this has serious impli
ations in the 
ontext ofmesh design; an adaptive algorithm based on re�ning elements � where thelo
al residual is large may fail to re�ne all the elements where ke�kL2(�) islarge, hen
e leading to poor resolution of lo
alized stru
tures in the solution.One 
an draw a number 
on
lusions from this dis
ussion. First, the dualsolution measures the sensitivity of the error in the quantity of interest tolo
al perturbations in the residual. Se
ond, the smoothness and de
ay proper-ties of the dual solution in a hyperboli
 problem may be 
ompletely di�erentthan in an ellipti
 problem; indeed, the la
k of de
ay of the dual solution to ahyperboli
 problem indu
es nonlo
al dependen
e between the error and theresidual; hen
e the lo
al size of the residual may give little or no informationabout the lo
al size of the error. From the point of view of sharpness of thea posteriori error bound, it therefore appears bene�
ial to retain the dualsolution in the bound as a lo
al weight fun
tion. In Se
tions 5 and 6, we shallrevisit the error representation formula (6) that gave rise to the Type II aposteriori error bound (8), and attempt to derive a new bound whi
h stillin
ludes z (or, rather, a numeri
al approximation to z); su
h bounds will bereferred to hen
eforth as Type I a posteriori error bounds, 
f. [35℄. Beforedoing so, however, we shall make a brief diversion in order to introdu
e somebasi
 results from fun
tion spa
e theory and formulate the mathemati
almodels of 
uid dynami
s whose dis
retizations we shall 
onsider.3 Elements of fun
tion spa
e theoryThe aim of this se
tion is to provide a brief overview of some elementaryresults from the theory of fun
tion spa
es and to introdu
e the notationwhi
h will be used throughout. For proofs and further te
hni
al details on
lassi
al fun
tion spa
es the reader is referred to the monograph of Adams[1℄, for example.Spa
es of 
ontinuous fun
tions. Let N denote the set of all nonneg-ative integers. An n{tuple � = (�1; : : : ; �n) in Nn will be referred to asa multi-index; the nonnegative integer j�j = j�1j + : : : + j�nj is 
alled thelength of the multi-index �. We de�ne �� = ��11 : : : ��nn , where �j = �=�xjfor j = 1; : : : ; n.Suppose that 
 is an open set in Rn . For k 2 N, we denote by Ck(
) theset of all 
ontinuous real-valued fun
tions u de�ned on 
 su
h that ��u is
ontinuous on 
 for every multi-index �, j�j � k. When k = 0, we shall writeC(
) in pla
e of C0(
). For k = 1, C1(
) will denote the interse
tionTk�0 Ck(
).We shall also require spa
es of fun
tions de�ned over the 
losure �
 of anopen set 
 � Rn . For k 2 N, Ck( �
) will signify the set of all u 2 Ck(
) su
hthat ��u 
an be 
ontinuously extended from 
 onto �
 for every multi-index�, j�j � k. Further, we de�ne C1( �
) as the interse
tion Tk�0 Ck( �
). Thenotation C0( �
) is abbreviated to C( �
).
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 PDEs 13Assuming that 
 is a bounded open set in Rn and k 2 N, the linear spa
eCk( �
) is a Bana
h spa
e equipped with the normkukCk( �
) = maxj�j�k supx2
 j��u(x)j :For k 2 N we denote by Ck;1( �
) the set of all u 2 Ck( �
) su
h that thequantity jujCk;1( �
) = maxj�j=k supx6=y; x;y2
 j��u(x)� ��u(y)jjx� yjis �nite. Ck;1( �
) is a Bana
h spa
e with the normkukCk;1( �
) = kukCk( �
) + jujCk;1( �
) :Clearly, Ck+1( �
) � Ck;1( �
). When u belongs to C0;1( �
), it is said to beLips
hitz 
ontinuous on �
.The support, suppu, of a 
ontinuous fun
tion u de�ned on an open set
 is the 
losure in 
 of the set fx 2 
 : u(x) 6= 0g; in other words,suppu is the smallest 
losed subset of 
 su
h that u = 0 on 
 n suppu. Fork = 0; 1; : : : ;1, Ck0 (
) denotes the set of all u 2 Ck(
) whose support is abounded (and, by de�nition, 
losed) subset of 
.Spa
es of integrable fun
tions. For p � 1 and an open set 
 � Rn ,Lp(
) will denote the set of all real-valued Lebesgue measurable fun
tions ude�ned on 
 su
h that jujp is integrable on 
 with respe
t to the Lebesguemeasure dx = dx1 : : : dxn; it is impli
itly assumed that any two fun
tionswhi
h are equal almost everywhere (i.e., equal, ex
ept maybe on a set of zeroLebesgue measure) are identi�ed. Lp(
) is a Bana
h spa
e equipped with thenorm kukLp(
) = �Z
 ju(x)jp dx�1=p :When p = 2, L2(
) is a Hilbert spa
e with the inner produ
t(u; v) = Z
 u(x) v(x) dx :L1(
) denotes the set of all real-valued Lebesgue measurable fun
tionsu de�ned on 
 su
h that juj has �nite essential supremum; the essentialsupremum of juj is de�ned as the in�mum of the set of all positive realnumbers M su
h that juj � M almost everywhere on 
. Again, any twofun
tions that are equal almost everywhere on 
 are identi�ed. L1(
) is aBana
h spa
e with normkukL1(
) = ess.supx2
 ju(x)j :H�older's Inequality. Let u 2 Lp(
) and v 2 Lq(
), where 1=p + 1=q = 1,1 � p; q � 1. Then uv 2 L1(
) and����Z
 u(x) v(x) dx���� � kukLp(
)kvkLq(
) :



14 Endre S�uli and Paul HoustonIn the spe
ial 
ase when p = q = 2, this inequality is referred to as theCau
hy-S
hwarz Inequality.Sobolev spa
es. Given that 
 is an open set in Rn , k a non-negativeinteger and 1 � p � 1, we de�ne the Sobolev spa
eW kp (
) = fu 2 Lp(
) : ��u 2 Lp(
) ; j�j � kg ;and equip it with the Sobolev norm de�ned bykukWkp (
) = 8><>:�Pj�j�k k��ukpLp(
)�1=p ; if 1 � p <1 ;kukWk1(
) = maxj�j�k k��ukL1(
) ; if p =1 :The asso
iated Sobolev seminorm is de�ned byjujWkp (
) =8><>:�Pj�j=k k��ukpLp(
)�1=p ; if 1 � p <1 ;maxj�j=k k��ukL1(
) ; if p =1 :In these de�nitions the derivatives are to be understood in the sense of dis-tributions. The Sobolev spa
e W kp (
) is a Bana
h spa
e with the normk � kWkp (
), 1 � p � 1, k � 0. Spe
i�
ally, for p = 2, the normed linearspa
e W k2 (
) is a Hilbert spa
e with the inner produ
t(u; v)Wk2 (
) = Xj�j�k(��u; ��v) ;where (�; �) denotes the inner produ
t in L2(
).Finer smoothness properties of integrable fun
tions 
an be dete
ted by
onsidering fra
tional-order Sobolev spa
es. Given that s is a positive realnumber, s 62 N, let us write s = m+ �, where 0 < � < 1 and m = [s℄ is theinteger part of s. The fra
tional-order Sobolev spa
e W sp (
), 1 � p < 1, isthe set of all u 2Wmp (
) su
h thatjujW sp (
) =8<: Xj�j=mZ
 Z
 jD�u(x)�D�u(y)jpjx� yjn+�p dx dy9=;1=p <1 ;with the usual modi�
ation when p =1. The fra
tional-order Sobolev normof index s is de�ned bykukW sp (
) = 8><>:nkukpWmp (
) + jujpW sp (
)o1=p ; if 1 � p <1 ,kukWm1(
) + jujW s1(
) ; if p =1 .
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 PDEs 15The fra
tional-order Sobolev spa
eW sp (
) is a Bana
h spa
e with this norm.The fun
tion spa
es de�ned above will be helpful for 
hara
terizing thesmoothness properties of a solution to a partial di�erential equation. In phys-i
al appli
ations, however, a PDE is rarely 
onsidered in isolation, but is
oupled with side{
onditions whi
h typi
ally take the form of boundary 
on-ditions. The PDE in tandem with boundary 
onditions is referred to as aboundary value problem. In order to guarantee that the boundary 
onditionis mathemati
ally meaningful, it is ne
essary to ensure that the boundary issuÆ
iently smooth (in the sense of the following de�nition, for example).De�nition 1. Suppose that 
 is an open set in Rn . The boundary �
 of 
is said to be Lips
hitz 
ontinuous if, for every x 2 �
, there is an open setO � Rn with x 2 O and a lo
al orthogonal 
oordinate system with 
oordinate� = (�1; : : : ; �n) � (� 0; �n) and a 2 Rn , su
h thatO = f� : �aj < �j < aj ; 1 � j � ng ;and there is a Lips
hitz 
ontinuous fun
tion ' de�ned onO0 = f� 0 2 Rn�1 : �aj < �j < aj ; 1 � j � n� 1g ;with j'(� 0)j � an=2; � 0 2 O0 ;
 \O = f� : �n < '(� 0); � 0 2 O0g and �
 \O = f� : �n = '(� 0); � 0 2 O0g :A bounded open set with a Lips
hitz 
ontinuous boundary is 
alled a Lips
hitzdomain. [Analogously, if ' above belongs to C1(O0) for ea
h O0 then we saythat 
 has a C1 boundary. A bounded open set with C1 boundary is 
alleda C1 domain.℄An important property of a Lips
hitz domain 
 is that the unit outwardnormal ve
tor to �
 is de�ned almost everywhere with respe
t to the (n�1){dimensional measure on �
; thus, for example, one may meaningfully talkabout the normal 
ux of a physi
al quantity a
ross �
. A simple example ofa Lips
hitz domain is a bounded open polyhedron in Rn , n � 2.Having 
hara
terized the smoothness of the boundary, next we need tomake sure that the boundary data are suÆ
iently smooth so as to be mean-ingful. In order to do so, we give a brief des
ription of Sobolev spa
es onthe boundary �
 of a Lips
hitz domain 
. Let us �rst re
all from De�ni-tion 1 that for every x on �
 there exists a Lips
hitz 
ontinuous fun
tion' : O0 � Rn�1 ! R su
h that, using the notation from De�nition 1,�
 \ O = f� = (� 0; '(� 0)) : � 0 2 O0g ;so that, lo
ally, �
 is an (n� 1){dimensional hypersurfa
e in Rn . We de�nethe mapping � by �(� 0) = (� 0; '(� 0)) :Then ��1 exists and it is Lips
hitz 
ontinuous on �(O0), whi
h leads us tothe following de�nition.



16 Endre S�uli and Paul HoustonDe�nition 2. Let 
 be a Lips
hitz domain in Rn . For 0 � s � 1 and1 � p < 1 we denote by W sp (�
) the set of all u 2 Lp(�
) su
h that the
omposition uÆ� belongs to W sp (O0\��1(�
\O)) for all possible O0 and 'satisfying the 
onditions of De�nition 1, where �(� 0) = (� 0; '(� 0)) for � 0 2 O0.Next, we shall equip W sp (�
) with a norm; for this purpose we 
onsiderany atlas (Oj ; 'j)Jj=1 for �
 su
h that Oj and 'j , j = 1; : : : ; J , satisfy the
onditions of De�nition 1. We de�ne k � kW sp (�
) bykukW sp (�
) = 0� JXj=1 ku Æ �jkpW sp (O0j\��1j (�
\Oj))1A1=p ;where �j(� 0) = (� 0; 'j(� 0)) for � 0 2 O0j , j = 1; : : : ; J . The de�ning expressionfor k � kW sp (�
) is not parti
ularly 
onvenient from the pra
ti
al point of viewas it expli
itly involves the atlas (Oj ; 'j)Jj=1. Fortunately, for 0 < s < 1 thenorm k � kW sp (�
) de�ned above is equivalent to the following normkukW sp (�
) = �Z�
 jujp d� + Z�
 Z�
 ju(x)� u(y)jpjx� yjn�1+sp d�(x) d�(y)�1=p ;where d� denotes the (n�1){dimensional surfa
e measure on �
. If 
 has aC1 boundary then the restri
tion s � 1 is redundant; in fa
t, if �0 � �
 and�0 is part of an (n� 1){dimensional C1 hypersurfa
e in Rn , then kukW sp (�0)
an be de�ned, analogously as above, for all s � 0 and 1 � p <1.Proposition 1. Suppose that 
 is a Lips
hitz domain 
ontained in Rn andlet 1 � p < 1. Then C1( �
) is dense in W sp (
) for s � 0; in other words,the 
losure of C1( �
) in the norm of W sp (
) is equal to W sp (
).We note that while C1( �
) is dense in W sp (
) for s � 0 and 1 � p <1,C10 (
) is not dense in W sp (
) for s > 1=p; i.e., for s > 1=p, the 
losure ofC10 (
) in the norm of W sp (
) is a proper 
losed linear subspa
e of W sp (
).Now we are ready to dis
uss the notion of tra
e of a fun
tion on theboundary �
 of a Lips
hitz domain 
 � Rn . If  belongs to C1( �
) thenwe put 
0( ) =  j�
 : (9)The tra
e of a fun
tion u in W sp (
) with s > 1=p, 1 < p <1, is then de�nedby extending the operator 
0 from the dense subspa
e C1( �
) to the wholeof W sp (
).Proposition 2. Suppose that 
 is a Lips
hitz domain in Rn , and let 1 <p < 1. Assuming that 1=p < s � 1, the mapping 
0 de�ned on C1( �
) by(9) has a unique 
ontinuous extension to a linear operator, 
alled the tra
e
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 PDEs 17operator, still denoted 
0, from W sp (
) onto W s�(1=p)p (�
). If �0 is an opensubset of �
 and �0 is part of an (n � 1){dimensional C1 hypersurfa
e inRn , then 
0 : W sp (
) ! W s�(1=p)p (�0) for 1 < p < 1 and all s > 1=p (therestri
tion s � 1 being redundant).When p = 2 we shall write Hs in pla
e of W s2 to signify the fa
t that weare dealing with a Hilbert spa
e. We denote by Hs0(
) the 
losure of C10 (
)in the norm of Hs(
); when 
 is a Lips
hitz domain and 1=2 < s < 3=2,this spa
e 
oin
ides with the set of all those fun
tions in Hs(
) whose tra
eon �
 is equal to zero.4 Mathemati
al models of 
ompressible 
uid dynami
sThe purpose of this se
tion is to give a brief overview of mathemati
al modelsof 
ompressible 
uid dynami
s and to list some simple model hyperboli
problems derived from these equations whose numeri
al approximations willbe 
onsidered here. The 
omputational tools developed in this work, however,are by no means limited to problems in 
ompressible 
uid dynami
s, and thepartial di�erential equations listed in this se
tion should only be thought ofas typi
al 
ontinuum models to whi
h these 
omputational tools apply.4.1 Compressible Navier{Stokes equationsThe motion of a 
ompressible 
uid o

upying an open set 
 � Rn , 1 � n �3, is governed by the 
ompressible Navier{Stokes equations. The equationsexpress key physi
al properties, su
h as the 
onservation of mass, momentumand energy in the 
ow, and involve the density � : 
 ! R, the velo
ity �eldu : 
 ! Rn , and the total energy per unit mass e : 
 ! R.In Eulerian 
o-ordinates, the 
ompressible Navier{Stokes equations havethe following form:Conservation of mass ���t + nXj=1 ��xj (�uj) = 0 ;Conservation of momentum��t (�ui) + nXj=1 ��xj (�uiuj + pÆij) = nXj=1 ��xj �ij + Ŝi ; for i = 1; : : : ; n ;Conservation of energy��t(�e) + nXj=1 ��xj ((�e+ p)uj) = nXj=1 ��xj  k �T�xj + nX̀=1 �jlul! :In these equations, k > 0 denotes the thermal di�usivity, � is the stresstensor, p is the pressure, Ŝ 2 [L2(
)℄n is a ve
tor of given sour
es, Æij is theKrone
ker delta, and T > 0 is the temperature.



18 Endre S�uli and Paul Houston4.2 Compressible Euler equationsIf vis
ous e�e
ts are negligible, the 
ompressible Navier{Stokes equations 
anbe simpli�ed. For example, in the 
ase of an invis
id 
ompressible ideal gas,they redu
e to: �U�t + nXj=1 ��xjFj(U) = S ; (10)where U = [�; �u1; : : : ; �un; �e℄Tis the ve
tor of 
onserved variables,Fj = [�uj ; �u1uj + Æ1jp; : : : ; �unuj + Ænjp; (�e+ p)uj ℄T ; j = 1; : : : ; n ;are the 
uxes, and S = h0; Ŝ1; : : : ; Ŝn; 0iT 2 [L2(
)℄n+2is a sour
e ve
tor. The range of the 
onserved variables is a subset � � Rn+2
alled the state spa
e. For an ideal gas, density and pressure are relatedthrough the equation of statep = (�� 1)��e� 12 juj2� ;where u = (u1; : : : ; un)T and � is the ratio of spe
i�
 heats; for dry air,� = 1:405. The nonlinear partial di�erential equations (10) are 
alled the
ompressible Euler equations.If U is suÆ
iently smooth, say U 2 [C1(
)℄n+2, then, by applying the
hain rule, (10) 
an be restated in the equivalent quasilinear (non
onserva-tive) form: �U�t + nXj=1Aj(U) �U�xj = S ;where Aj(U) = rUFj(U) 2 R(n+2)�(n+2) denotes the Ja
obi matrix asso
i-ated with the 
ux ve
tor Fj , j = 1; : : : ; n. The system of 
ompressible Eulerequations is hyperboli
, i.e., the matrixnXj=1 �jAj(U) 2 R(n+2)�(n+2)possesses n + 2 real eigenvalues �i, i = 1; : : : ; n + 2, and a 
omplete set oflinearly independent eigenve
tors for all values of U 2 � and for all � =(�1; : : : ; �n)T 2 Rn .
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 PDEs 194.3 Symmetrization of the 
ompressible Euler equationsSymmetri
 hyperboli
 systems frequently arise in mathemati
al models of
ontinuum me
hani
s; later on in these notes we shall 
onsider their �niteelement approximation in more detail. Here, as a motivating example, weshow how the 
ompressible Euler equations 
an be restated as a symmetri
system of partial di�erential equations using entropy variables. Our exposi-tion of the symmetrization pro
ess follows [52℄ and is based on the work ofHughes, Fran
a and Mallet [36℄ and Mo
k [43℄; see also the paper of Barth[6℄ where symmetri
 forms of 
onservation laws have been extensively usedin numeri
al 
omputations. For the sake of simpli
ity and brevity, we shall
on�ne our presentation to the 
ase of two spa
e dimensions (n = 2).The starting point of the symmetrization pro
ess is to hypothesize theexisten
e of a s
alar entropy fun
tion� : U 2 � 7! �(U) 2 Rand the existen
e of the entropy 
uxesqi : U 2 � ! qi(U) 2 R ; i = 1; 2 ;whi
h are 
ompatible with � in the sense thatrU�(U) � Ai(U) = rUqi(U) ; i = 1; 2 :The entropy � and the entropy 
uxes qi, i = 1; 2, are assumed to satisfy theentropy inequality ��t�(U) + 2Xj=1 ��xj qj(U) � 0in the sense of distributions. For the Euler equations, the thermodynami
alentropy density �(U) = ��swith entropy s = log p��is a 
andidate for an entropy fun
tion; U 7! �(U) is then a 
onvex fun
tionof U = [�; �u1; �u2; �e℄T :The 
ompressible Euler equations (10) 
an be transformed into a sym-metri
 system of nonlinear partial di�erential equations using the invertible
hange of variables U 7! V(U) = rU�(U) :



20 Endre S�uli and Paul HoustonIndeed, on writing��tU(V) + 2Xj=1 ��xjFj(U(V)) = Sand applying the 
hain rule, we dedu
e that(rVU)�V�t + 2Xj=1(rUFj(U(V))) (rVU) �V�xj = S :On de�ning A0(V) = rVU, the last equation 
an be rewritten in the follow-ing, more 
ompa
t, form:A0(V)�V�t + 2Xj=1Aj(U(V))A0(V) �V�xj = S :After some 
al
ulations we �nd that the mapping U 7! V(U) = rU�(U) isgiven by V(U) = �� 1p 2664 p��1(�+ 1� s)� �e�u1�u2�� 3775 � 2664V1V2V3V4 3775 ;while the inverse V 7! U(V) of this mapping 
an be expressed asU(V) = p�� 1 2664 �V4V2V31� 12 V 22 +V 23V4 3775 :Consequently,A0 = 1�� 1 26664 � �u1 �u2 p��1 + 12�juj2p+ �u21 �u1u2 12�u1juj2 + �u1p��1p+ �u22 12�u2juj2 + �u2p��1symm 14�juj4 � �juj2p��1 + �p2�(��1)2 37775 :On the other hand,A1(U) = 2664 0 1 0 0��32 u21 + ��12 u22 (3� �)u1 (1� �)u2 �� 1�u1u2 u2 u1 0(�� 1)u1juj2 � �u1e �e� ��12 (u22 + 3u21) (1� �)u1u2 �u1 3775 ;
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 PDEs 21A2(U) = 2664 0 0 1 0�u1u2 u2 u1 0��32 u22 + ��12 u21 (1� �)u1 (3� �)u2 �� 1(�� 1)u2juj2 � �u2e (1� �)u1u2 �e� ��12 (u21 + 3u22) �u2 3775 :Thus, we have transformed the 
ompressible Euler equations (10) into theform 2Xj=0Bj(V) �V�xj = S ; (11)with x0 = t, where B0(V) = A0(V) and Bj(V) = Aj(U(V))A0(V), j = 1; 2,are symmetri
 4� 4 matri
es3.4.4 Symmetri
 linear hyperboli
 systemsSuppose that the solution to the nonlinear system (11) 
an be de
omposedas V = V̂ +W ;where V̂ is a (4{
omponent ve
tor) mean state andW is a small non
onstantperturbation to V̂. In many physi
al situations the mean state is known andone is only interested in modeling the evolution of the small perturbationsW. After some simple algebrai
 manipulations (see [52℄, p. 627), we dedu
ethat 2Xj=0Bj(V̂)�W�xj = S ;with x0 = t, whi
h is a symmetri
 linear hyperboli
 system; equivalently,the last set of equations 
an be rewritten in the following 
onservative (or
onservation) form: 2Xj=0 ��xj (Bj(V̂)W) + CW = S ; (12)where C = � 2Xj=0 ��xjBj(V̂) :In parti
ular, when the mean state V̂ is a 
onstant ve
tor then C is the 4�4zero-matrix.We explained how the fundamental equations of 
ompressible 
uid dy-nami
s lead to symmetri
 (linear or nonlinear) hyperboli
 systems. How-ever, symmetri
 linear hyperboli
 systems also arise in many other physi
al3 The symmetry of the matri
es B1 and B2 may be veri�ed by evaluating thematrix produ
ts Aj(U(V))A0(V), j = 1; 2.
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ations su
h as a
ousti
s, ele
tromagnetism and linear elasti
ity. Thismotivates us to adopt, as linear model problem, the following symmetri
 hy-perboli
 system where the prin
ipal part of the operator is in 
onservationform: nXj=1 ��xj (Bju) +Cu = f on 
 ;here 
 is a bounded open polyhedral domain in Rn . This system of partialdi�erential equation will be 
onsidered in tandem with appropriate bound-ary 
onditions whi
h will be stated below after we have made appropriateassumptions on the smoothness of the data.Let � denote the union of open fa
es of the polyhedral domain 
 andsuppose that B = (B1; : : : ;Bn) is an n{
omponent matrix fun
tion de�nedon �
 with Bj 2 [W 11(
)℄m�msymm, j = 1; : : : ; n. Let � = (�1; : : : ; �n) denote theunit outward normal ve
tor to � , and 
onsider the symmetri
 matrixB(�) � B � � = �1B1 + : : :+ �nBn :Suppose that B is diagonalized via B(�) = X(�)�1�(�)X(�), where �(�)is a diagonal matrix, with the (real) eigenvalues of B(�) appearing along itsdiagonal. We shall suppose that � is nowhere 
hara
teristi
 in the sense thatnone of the diagonal entries of �(�) is zero for any 
hoi
e of the unit outwardnormal ve
tor � on � . We de
ompose �(�) as�(�) = ��(�) + �+(�) ;where ��(�) is diagonal and negative semide�nite, and �+(�) is diagonaland positive semide�nite. Thus we de�neB�(�) = X(�)�1��(�)X(�) and B+(�) = X(�)�1�+(�)X(�) :Clearly, for ea
h unit outward normal ve
tor � on � ,B(�) = B�(�) +B+(�) :Given C 2 [L1(
)℄m�m, f 2 [L2(
)℄m and g 2 [L2(� )℄m, we 
onsiderthe following hyperboli
 boundary value problem: �nd u 2 H(L; 
) su
h thatLu � nXj=1 ��xj (Bju) +Cu = f in 
 ; B�(�)u = B�(�)g on � ;(13)where H(L; 
) = fv 2 [L2(
)℄m : Lv 2 [L2(
)℄mg denotes the graph spa
eof the partial di�erential operator L in [L2(
)℄m. The analysis of the well-posedness of this linear system is te
hni
al; for details, the interested readeris referred to the papers [16,41,50℄. When m = 1, the multidimensional sym-metri
 linear hyperboli
 system (13) 
ollapses to a s
alar linear �rst-orderhyperboli
 PDE, an equation that is of great physi
al importan
e in its ownright.
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alar linear hyperboli
 equationsAs a s
alar hyperboli
 model problem, we 
onsider the hyperboli
 boundary-value problemLu � div(bu) + 
 u = f in 
 ; u = g on �� ; (14)where 
 is a bounded open polyhedron in Rn , with in
ow boundary�� = fx 2 � : b(x) � �(x) < 0g ;here � denotes the union of open fa
es of 
, �(x) denotes the unit outwardnormal ve
tor at x 2 � . The 
omplement of �� with respe
t to � will bedenoted �+ and will be referred to as the out
ow boundary. We shall supposethat b = (b1; : : : ; bn) 2 [W 11(
)℄n, 
 2 L1(
), f 2 L2(
), and g 2 L2(��).For the sake of simpli
ity we adopt the following additional hypothesis.Hypothesis 1 Suppose that 
 = (0; 1)n and the 
omponents b1; : : : ; bn ofthe ve
tor �eld b are stri
tly positive fun
tions on �
.This assumption ensures that � is non-
hara
teristi
 for the di�erential op-erator v 7! Lv, and leads to the following well-posedness result whose proof,in the 
ase of g = 0, may be found in [53℄; in the 
ase of g 2 L2(��) nonzero,it is a spe
ial 
ase of a general result of Rau
h [50℄ (see also, [5℄ and [13℄).Proposition 3. Under Hypothesis 1 and given that f 2 L2(
), g 2 L2(��),and 
 2 L1(
), problem (14) has a unique solution u in the graph-spa
eH(L; 
) = fv 2 L2(
) : Lv 2 L2(
)g.We note that an analogous result holds for the s
alar multi-dimensionallinear hyperboli
 equation written in non
onservative form:b � ru+ 
 u = f in 
 ; u = g on �� ;where b, 
, f , g and 
 are as in Proposition 3. S
alar hyperboli
 PDEsin non
onservative form arise in the mathemati
al modeling of transportphenomena.5 Stabilized FE methods for transport problemsIn this se
tion we return to the diÆ
ulties raised at the beginning of thepaper 
on
erning the a posteriori error analysis of hyperboli
 problems. Aswe have seen there, the dual solution 
arries important information about thesensitivity of the error to lo
al perturbations of the residual. It is thereforeessential that the lo
al variation of the dual solution is re
e
ted by the errorbound. Guided by this observation, here we shall develop Type I a posteriori
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lass of stabilized �nite element approximations of �rst-order s
alar linear hyperboli
 PDEs in non
onservative form. The dis
ussionin this se
tion is a brief survey of our paper with Rolf Ranna
her [30℄.Let us 
onsider the transport problem:Lu � b � ru+ 
u = f ; x 2 
 ; u = g ; x 2 �� ; (15)where 
 = (0; 1)n. With a slight abuse of notation, here we have used thesymbol L to denote the s
alar hyperboli
 di�erential operator b � r + 
 innon
onservative form, even though in the previous se
tion L signi�ed the re-lated partial di�erential operator in 
onservation form. Sin
e b 2 [W 11(
)℄n,we 
an safely move ba
k and forth between the two forms, only having toalter the 
oeÆ
ient 
 if ne
essary; therefore, we have 
hosen not to distin-guish between the two forms in terms of L. Of 
ourse, if r � b = 0 then the
onservative- and non
onservative-form di�erential operators are identi
al.As in the previous se
tion, we assume that the entries b1; : : : ; bn of then{
omponent ve
tor fun
tion b 2 [W 11(
)℄n are positive on �
 = [0; 1℄n. Thishypothesis ensures that � , the union of open fa
es of 
, is non
hara
teristi
for the operator L at ea
h point x of � . Also, we shall suppose that 
 2L1(
), f 2 L2(
), and g 2 L2(��). In addition, it will be assumed thatthere exists 
 > 0 su
h that
20(x) � 
(x)� 12r � b(x) � 
2 for all x 2 �
 : (16)In order to set up the variational formulation of the boundary value problem(15), we asso
iate with L the graph spa
eH(L; 
) = fv 2 L2(
) : Lv 2 L2(
)g :We 
onsider the bilinear form B(�; �) : H(L; 
) �H(L; 
)! R de�ned byB(w; v) = (Lw; v) � ((b � �)g; v)��and introdu
e the linear fun
tional ` : H(L; 
)! R by`(v) = (f; v)� ((b � �)g; v)�� :In these de�nitions, (�; �) denotes the L2(
) inner produ
t and (�; �)�� is theL2(��) inner produ
t with respe
t to the surfa
e measure d� (with analogousde�nition of (�; �)�+). In terms of this notation, the boundary value problem(15) 
an be restated in the following variational form: �nd u 2 H(L; 
) su
hthat B(u; v) = `(v) 8v 2 H(L; 
) : (17)Suppose that Th is a �nite element partition of the 
omputational domain
 into open element domains �. It will be assumed that the family Th is shaperegular (see, [10℄, for example); namely, there exists a positive 
onstant �
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h that h�=�� � � for all � 2 Sh Th, where h� = diam(��) and �� isthe diameter of the largest ball 
ontained in ��. Let us denote by h(x) themesh fun
tion de�ned on the union of the elements � in Th whose value onelement � is identi
ally equal to h�. We then 
onsider on Th the �nite elementspa
e Sh � H1(
) � H(L; 
) 
onsisting of 
ontinuous pie
ewise polynomialfun
tions of maximum degree p, p � 1. It will be assumed that Sh possessesthe following approximation property:(H) Given that v 2 Hs+1(
) and vj�� 2 Hs+1(��) for some s, 0 � s � p,there exists Phv in Sh and a positive 
onstant Cint, independent of v andthe mesh fun
tion h, su
h thatkv � PhvkL2(�) + h�jv � PhvjH1(�) � Cinths+1� jvjHs+1(�̂) 8� 2 Th ;kv � PhvkL2(��\��) � Cinths+1� jvjHs+1(��̂\��) 8� 2 Th s.t. �� \ �� 6= ; .In this hypothesis �̂ denotes the union of all su
h elements (in
luding � itself)whose 
losure has nonempty interse
tion with the 
losure of �. Hypothesis(H) may be satis�ed by 
hoosing Phv as a �nite element quasi-interpolationoperator based on lo
al averaging that involves the neighbors of �. A furtherpossibility is to de�ne Phv 2 Sh at the degrees of freedom interior to 
 [ �+as indi
ated in the previous senten
e, while on �� one 
an de�ne Phvj�� asthe orthogonal proje
tion of vj�� with respe
t to the inner produ
thw; vi� = ((b � �)w; v)�� ;the inner produ
t hw; vi+ is de�ned analogously.We note that, a

ording to Proposition 2, the regularity hypothesis v 2Hs+1(
) implies v 2 Hs+1=2(��) only; therefore the regularity of v on ��assumed in (H) marginally ex
eeds the regularity on �� that is implied byProposition 2.We are now ready to 
onsider stabilized �nite element approximations ofour model problem. Let Æ be a positive fun
tion 
ontained in L1(
); Æ willbe referred to as the stabilization parameter. The stabilized �nite elementapproximation of (15) is then de�ned as follows: �nd uh 2 Sh su
h thatBÆ(uh; vh) = lÆ(vh) 8vh 2 Sh ; (18)where the bilinear fun
tional BÆ : H(L; 
) � H(L; 
) ! R and the linearfun
tional `Æ : H(L; 
)! R are de�ned byBÆ(w; v) = (Lw; v + ÆL̂v)� hw; vi� ; lÆ(v) = (f; v + ÆL̂v)� hg; vi� ;respe
tively, with Lw = b � rw + 
w and L̂w = b � rw + 
̂w. Dependingon the 
hoi
e of 
̂ we obtain di�erent stabilization te
hniques; two typi
al
hoi
es are listed below:
̂ = � 0 Streamline-Di�usion FEM (SDFEM) ,
 Least-Squares FEM (LSFEM) :
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hoi
e of the stabilization parameter, based on a priori erroranalysis, is Æ = CÆh, where CÆ is a positive 
onstant whi
h should be sele
tedby the user. Condition (16) implies that BÆ(v; v) > 0 for all v 2 Sh n f0g. As(18) is a linear problem over a �nite{dimensional spa
e Sh, the existen
e of aunique solution uh to (18) follows from the positivity of BÆ(v; v), v 2 Shnf0g.5.1 A posteriori error estimation for linear fun
tionalsIn many problems of physi
al interest the quantity of interest is an outputor target fun
tional of the solution to the partial di�erential equation ratherthan the solution itself. Relevant physi
al examples have already been dis-
ussed in the Introdu
tion. For simpli
ity, here we restri
t ourselves to lineartarget fun
tionals; the extension to general nonlinear output fun
tionals willbe dis
ussed in Se
tion 6.4.Let us suppose, for example, that we wish to 
ontrol the dis
retizationerror in some linear fun
tional J(�) de�ned on H(L; 
) + Sh. A typi
al situ-ation might be that a 
ertain toleran
e TOL > 0 is given and the aim of the
omputation is to �nd a subdivision Th of the 
omputational domain 
 anduh in the �nite element spa
e Sh asso
iated with Th su
h thatjJ(u)� J(uh)j < TOL :Problems of this kind are referred to as measurement problems. In orderto solve a measurement problem, we resort to a posteriori error analysis toderive a `
omputable' bound on jJ(u) � J(uh)j and then perform adaptivemesh re�nement until the a posteriori error bound drops below the spe
i�edtoleran
e.Here we shall dis
uss the derivation of an a posteriori error bound onjJ(u)�J(uh)j in the 
ase when a stabilized �nite element method is used forthe 
omputation of uh. The derivation of the a posteriori error bound willbe based on a duality argument. Two approa
hes will be 
onsidered: the �rstapproa
h involves the formal adjoint of the partial di�erential operator, whilethe se
ond approa
h exploits the adjoint of the stabilized primal operator.Thus the two alternative dual problems are as follows:Find z 2 H(L; 
) su
h that B(w; z) = J(w) 8w 2 H(L; 
) ; (19)Find zÆ 2 H(L; 
) su
h that BÆ(w; zÆ) = J(w) 8w 2 H(L; 
) : (20)These two dual problems will lead to two di�erent a posteriori errorbounds, and one of our aims will be to assess whi
h of the two providesa sharper estimate of the error. The starting point for the error analysis isthe following result whi
h states the error representation formulas that arisefrom the two dual problems.
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 PDEs 27Theorem 1. The dual problems (19), (20) give rise to the following errorrepresentation formulas, respe
tively:J(u)� J(uh)=�hr�h ; z � zhi� + (rh; z � zh)� (rh; ÆL̂zh) ; (21)J(u)� J(uh)=�hr�h ; zÆ � zÆ;hi� + (rh; zÆ � zÆ;h)+(rh; ÆL̂(zÆ � zÆ;h)) ; (22)where rh = f � Luh is the internal residual, r�h = g � uh is the boundaryresidual, zh = Phz and zÆ;h = PhzÆ.Proof. In order to prove (22), we begin by noting the following Galerkinorthogonality property:BÆ(u� uh; vh) = (rh; vh + ÆL̂vh)� hr�h ; vhi� = 0 8vh 2 Sh :Then, by virtue of the linearity of J(�) and the de�nition of the dual problem(20), we have thatJ(u)� J(uh) = J(u� uh) = BÆ(u� uh; zÆ) = BÆ(u� uh; zÆ � zÆ;h) ;where zÆ;h = PhzÆ. Hen
e,J(u)� J(uh) = `Æ(zÆ � zÆ;h)�BÆ(uh; zÆ � zÆ;h) :We then dedu
e (22) by re
alling the de�nitions of the linear fun
tional `Æ(�)and the bilinear form BÆ(�; �).The proof of (21), using the standard dual problem (19), is 
ompletelyanalogous, ex
ept that Galerkin orthogonality does not enter into the argu-ment. �It follows from Theorem 1 thatJ(u)� J(uh) = X�2Th �� ;where, letting zh = Phz and zh;Æ = PhzÆ, we have the following de�nitionsof the lo
al re�nement indi
ator �� 
orresponding to the dual problems (19)and (20), respe
tively:��=��((b � �) r�h ; z � zh)��\�� + (rh; z � zh)� � (rh; ÆL̂zh)�;�((b � �) r�h ; zÆ � zÆ;h)��\�� + (rh; zÆ � zÆ;h)� + (rh; ÆL̂(zÆ � zÆ;h))�:We adopt the following notational 
onvention: �(1)� will denote the �rst linein the de�nition of �� 
orresponding to the standard dual problem, while�(2)� will signify the se
ond line in the de�nition of �� asso
iated with thestabilization-dependent dual problem.We see from this dis
ussion that a ne
essary and suÆ
ient 
ondition forensuring that jJ(u)� J(uh)j < TOL (23)
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(uh)j < TOL ; where E
(uh) �P�2Th �� : (24)If (24) holds then J(uh) is a

epted as an a

urate representation of J(u);otherwise, uh is dis
arded and a new (hopefully more a

urate) approxima-tion is 
omputed on a new partition whi
h is obtained from Th by re�ning
ertain elements � 2 Th. In order to ensure that re�nement is performed onlywhere it is ne
essary, a lo
al de
ision has to be made on ea
h element � inTh as to whether h� is a

eptable in relation to TOL. A 
onvenient approa
hto obtaining a re�nement 
riterion that relates the lo
al element size h� tothe global toleran
e TOL is to lo
alize E
(uh) by noting that the following isa suÆ
ient 
ondition for (24) to hold (and thereby also for (23)):Ej
j(uh) < TOL ; where Ej
j(uh) �P�2Th j��j . (25)In the following se
tion we dis
uss the implementation of this bound intoan adaptive mesh re�nement algorithm. However, before pro
eeding, a wordof 
aution is in order: the seemingly harmless transition from (24) to (25)
an be detrimental in the sense that the asymptoti
 rate of 
onvergen
e ofthe resulting a posteriori error bound (25) may be suboptimal, leading toune
onomi
al mesh design. Indeed, the presen
e of su
h adverse e�e
ts inthe a posteriori error bound is 
losely related to global super
onvergen
ephenomena in the three terms 
onstituting (21) and (22), respe
tively, whi
hmay be destroyed in the 
ourse of lo
alization. We end this se
tion by showingthat the persisten
e of super
onvergen
e under lo
alization in the three termsof the error representation formula is 
losely related to the 
hoi
e of the dualproblem. To this end, let us �rst introdu
e some notation. We write I1, II1and III1 to denote the three terms (in modulus) on the right-hand side of(21), respe
tively; i.e.I1 = jhr�h ; z � zhi�j ; II1 = j(rh; z � zh)j ; III1 = j(rh; ÆL̂zh)j : (26)Similarly, we writeI1;Æ = jhr�h ; zÆ � zÆ;hi�j ; II1;Æ = j(rh; zÆ � zÆ;h)j ;III1;Æ = j(rh; ÆL̂(zÆ � zÆ;h))j (27)to denote the moduli of the three terms on the right-hand side of (22), re-spe
tively.Next we re
all the following result whi
h is a minor variation on the apriori error bound derived in [38℄.Lemma 1. Assume that (H) holds and let u and uh denote the solutions of(15) and (18), respe
tively. Suppose that u 2 Hs+1(
) for some s, 0 � s � p,and there exist positive 
onstants 
Æ and CÆ su
h that 
Æh � Æ � CÆh on 
;then kju� uhkj � Chs+1=2jujHs+1(
) ;
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) + kvk2L2(
) + kvk2L2(� )and C is a 
onstant independent of the mesh fun
tion h.Thereby, from Hypothesis (H) and Lemma 1, we dedu
e the following apriori bound for the error in the 
omputed linear fun
tional J(�).Theorem 2. Assume that (H) holds and let u and uh denote the solutionsof (15) and (18), respe
tively. Given that u 2 Hs+1(
) for some s, 0 � s �p, the dual solution z satisfying (19) is suÆ
iently regular, and there existpositive 
onstants 
Æ and CÆ su
h that 
Æh � Æ � CÆh on 
, we have thatI1 � Ch2s+3=2 jujHs+1(
) jzjHs+1(��) ;II1 � Ch2s+1 jujHs+1(
) jzjHs+1(
) ;III1 � Ch2s+1 jujHs+1(
) jzjHs+1(
) + Ch2 jujHs+1(
) jzjH1(
) ;where C is a 
onstant independent of the mesh fun
tion h. Analogously, as-suming that the solution zÆ of the stabilization{dependent dual problem (20)is suÆ
iently regular, we dedu
e thatI1;Æ � Ch2s+3=2 jujHs+1(
) jzÆ jHs+1(��) ;II1;Æ � Ch2s+1 jujHs+1(
) jzÆjHs+1(
) ;III1;Æ � Ch2s+1 jujHs+1(
) jzÆjHs+1(
) :Thereby, Theorem 2 indi
ates that under suitable smoothness for bothprimal and dual solutions u and z, respe
tively, the error in the 
omputedtarget fun
tional J(�) is of size O(h2), when the standard dual problem isemployed, irrespe
tive of the degree p of the approximating polynomial usedin the �nite element spa
e Sh. In 
ontrast, employing the error representationformula based on the stabilization{dependent dual problem, 
f. (22), we �ndthat jJ(u)� J(uh)j � Ch2s+1 ;for 0 � s � p, provided that zÆ 2 Hs+1(
) with kzÆkHs+1(
) � Const:,independent of h.Finally, we note that if we assume that u 2 Hs+1(��) for some s, 0 � s �p, then the a priori error bound for the boundary terms I1 and I1;Æ stated inTheorem 2 may be improved provided that the boundary residual is rede�nedas r�h = g � Phg. In this 
ase, we dedu
e thatI1 � Ch2s+2 jujHs+1(��) jzjHs+1(��) ;provided that z 2 Hs+1(��), andI1;Æ � Ch2s+2 jujHs+1(��) jzÆjHs+1(��) ;provided that zÆ 2 Hs+1(��).
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riteria and mesh modi�
ation strategiesGiven a user de�ned toleran
e TOL, in this se
tion we provide an outline ofmesh re�nement 
riteria and mesh modi�
ation strategies that may be em-ployed to ensure the reliable and eÆ
ient 
ontrol of the error in the 
omputedfun
tional J(�).Lo
al toleran
e 
riterion. A possible mesh re�nement 
riterion might 
on-sist of 
he
king whether on ea
h element � in the partition Th the followinginequality holds: j��j � TOLN ; (28)where N is the number of elements in Th. If the inequality (28) is violated onan element � 2 Th, then � is re�ned; otherwise � is a

epted as being of ade-quate size. It is also possible to in
orporate dere�nement into the algorithmby sele
ting �, 0 < � � 1, and marking elements � withj��j � �TOLNfor dere�nement.Fixed fra
tion 
riterion. This involves 
hoosing two numbers 'ref and'deref in the interval (0; 100) with 'deref + 'ref < 100, ordering the lo
alre�nement indi
ators j��j, � 2 Th, a

ording to their size, and then re�ningthose elements � whi
h 
orrespond to 'ref% of the largest entries in theordered sequen
e (the top 20%, say), and dere�ning those elements � whi
h
orrespond to the 'deref% of the smallest entries in this ordered sequen
e(the bottom 10%, say); further variations on this strategy, with dynami
allyvarying 'ref and 'deref , are also possible.Optimized mesh 
riterion. Yet a further te
hnique, 
alled the optimizedmesh strategy [49℄ (see, also, [19℄ and [22℄) aims to design a subdivision Thfor the primal problem so thatEj
j(uh) � TOLsubje
t to the 
onstraint that the number N of elements in the subdivi-sion Th is minimized. Suppose, for example, that we have 
hosen to use thestabilization-parameter-dependent dual problem (20); then,�� = �((b � �) r�h ; zÆ � zÆ;h)��\�� + (rh; zÆ � zÆ;h)� + (rh; ÆL̂(zÆ � zÆ;h))� :Let us suppose that the �nite element spa
e Sh 
onsists of 
ontinuous pie
e-wise polynomials of degree p = 1. We then de�neA(x) = jrh(zÆ � zÆ;h) + ÆrhL̂(zÆ � zÆ;h)j=h3
(x) ;B(x) = j(b � �)(g � uh)(zÆ � zÆ;h)j=h4��(x) ;
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tions on 
 [ �+ and ��, respe
tively.After an elementary 
al
ulation based on the use of Lagrange multipliers, wearrive at the following optimal mesh fun
tions hopt
 (x) and hopt�� (x):hopt
 = � 23�A�1=5 ; hopt�� = � 14�B�1=5 ;where � is the positive root of� 23��3=5 Z
 A2=5 dx+� 14��4=5 Z�� B1=5 d� = TOL :For TOL � 1 we expe
t � � 1, so that (1=�)4=5 � (1=�)3=5. Thus, forsimpli
ity, we may negle
t the boundary integral term in the last equality.Thereby, we 
an expli
itly determine � in terms of TOL and the integral ofA2=5; substituting the resulting expression into the formulae for hopt
 , weobtainhopt
 (x) � �TOLW �1=3 1A1=5(x) ; where W = Z
 A2=5(x) dx ;with a similar expression for hopt�� .Any of these 
riteria 
an be 
oupled with a suitable mesh modi�
ationalgorithm. For example, in two spa
e dimensions a popular mesh modi�-
ation strategy is a red-green re�nement. Here, the user must �rst spe
ifya 
oarse ba
kground mesh upon whi
h any future re�nement will be based.Red re�nement 
orresponds to dividing a 
ertain triangle into four similartriangles by 
onne
ting the midpoints of the three sides. Sin
e red re�nementis performed only lo
ally (rather than in ea
h element in the triangulation)hanging nodes are 
reated in the mesh; green re�nement is then used to re-move any hanging nodes in the mesh 
reated in the 
ourse of red re�nementby 
onne
ting a hanging node on an edge to the opposite vertex of the tri-angle. Green re�nement is temporary and is only applied to elements whi
h
ontain one hanging node; on elements with two or more hanging nodes redre�nement is performed. Within this mesh modi�
ation algorithm elementsmay also be removed from the mesh through dere�nement provided they donot lie in the original ba
kground mesh. It is perhaps worth noting here thatthe removal of hanging nodes through green re�nement is ne
essary only ifSh is 
ontained in C( �
), as is the 
ase for SDFEM 
onsidered here. In thedis
ontinuous Galerkin �nite element method to be dis
ussed in the nextse
tion it is not assumed that Sh is 
ontained in C( �
), so the existen
e ofhanging nodes in the mesh is perfe
tly a

eptable there.An important issue 
on
erning pra
ti
al implementation of the stopping
riterion (25) and the re�nement 
riterion, 
f. (28) for example, into theadaptive algorithm is that the 
al
ulation of �� presupposes knowledge of



32 Endre S�uli and Paul Houstonz or zÆ, depending on whi
h error representation formula is sele
ted. Thesefun
tions, however, are the analyti
al solutions to the dual problems (19) and(20), respe
tively, and therefore they are not available expli
itly but have tobe 
omputed numeri
ally. The numeri
al approximation of the dual solutionrequires spe
ial 
are and will be dis
ussed in more detail in the next se
tion.We shall 
omment on the numeri
al approximation of the solution zÆ of (20)only, as problem (19) is a spe
ial 
ase of (20) upon formally setting Æ = 0 in(20), so identi
al 
omments apply to z.5.3 Numeri
al approximation of zÆLet us re
all that the fun
tion zÆ is de�ned as the solution to the followingdual problem: �nd zÆ 2 H(L; 
) su
h thatBÆ(w; zÆ) = J(w) 8w 2 H(L; 
) : (29)In order to be more spe
i�
, let us 
onsider two relevant examples.� In the 
ase when the measurement problem 
on
erns a lo
al weightedmean value of the analyti
al solution u, we haveJ(u) �M�(u) = Z
 u(x)�(x) dx ;where � 2 L2(
) is a given nonnegative weight fun
tion de�ned on 
.� In the 
ase when the measurement problem 
on
erns the normal adve
tive
ux of u a
ross the out
ow boundary �+, we haveJ(u) � N (u) = Z�+(b � �)u d� ;where  2 L2(�+) is a nonnegative weight fun
tion de�ned on �+.In the 
ase of the �rst of these examples, (29) 
an be rewritten in thefollowing strong form: L�(zÆ + ÆL̂zÆ) = � ; x 2 
 ;ÆL̂zÆ = 0 ; x 2 �� ; (30)zÆ + ÆL̂zÆ = 0 ; x 2 �+ ;whereas in the 
ase of the se
ond example the strong form of (29) isL�(zÆ + ÆL̂zÆ) = 0 ; x 2 
 ;ÆL̂zÆ = 0 ; x 2 �� ; (31)zÆ + ÆL̂zÆ =  ; x 2 �+ :



Adaptive FEMs for Hyperboli
 PDEs 33The di�erential operator LÆ de�ned byLÆv � L�(v + ÆL̂v) = �r � (aÆrv) + bÆ � rv + 
Æv ;where aÆ = ÆbbT; bÆ = (Æ(
� 
̂)� 1)b ; 
Æ = L�(1 + Æ
̂) ;is a se
ond-order partial di�erential operator with nonnegative 
hara
teristi
form, given that the matrix aÆ is only negative semide�nite but not positivede�nite.Problem (30) or (31), as the 
ase may be, 
an be solved numeri
allyusing the streamline{di�usion �nite element method, say, by 
onsidering ashape regular subdivision Thd of 
 with mesh fun
tion hÆ, where, for � 2 Thd ,hÆj� = diam(�) (see, [34℄). We note that, typi
ally, Th and Thd will di�er; afterall, the primal and dual problems are of 
ompletely di�erent nature so there isno reason (other than that of minimizing the overall 
ost of the 
omputation)to use the same sequen
e of 
omputational meshes for the primal and dualproblems. Further, we de�ne Shd to be a �nite element spa
e 
onsisting ofpie
ewise polynomials of �xed degree pd, pd � 1 on Thd . Again, in general,pd 6= p; more importantly, however, if for any reason Thd has been 
hosen tobe the same as Th, then it is ne
essary to sele
t pd > p � 1, for otherwise ournumeri
al approximation to �� will be equal to zero and the 
omputed errorbound will then be
ome meaningless.A further question is: What 
onstitutes an appropriate 
omputationalmesh Thd for the dual problem? A suitable mesh for the numeri
al solution ofthe dual problem may be designed adaptively through the use of an auxiliarya posteriori error bound to ensure that the additional error in
urred throughthe repla
ement of z (respe
tively, zÆ) by its �nite element approximation ẑhd(respe
tively, ẑÆ;hd) does not ex
eed a small fra
tion "TOL (with 0 < "� 1) ofthe global toleran
e TOL. We shall say more about this approa
h in the nextse
tion when we dis
uss the dis
ontinuous Galerkin �nite element method.For the sake of simpli
ity of exposition, here we shall adopt a pragmati
 and
ompletely empiri
al approa
h: the sequen
e of meshes fThdg for the �niteelement approximation of the dual problem will be generated from a triangu-lar ba
kground mesh of the 
omputational domain 
 (whi
h is geometri
allydi�erent from the ba
kground mesh that gives rise to the family fThg); theba
kground mesh for the dual problem will 
ontain about 50% more elementsthan the ba
kground mesh for the primal problem so as to ensure that theerror 
ommitted in the numeri
al solution of the dual problem has little orno e�e
t on the lo
al re�nement indi
ators ��, � 2 Th. Furthermore, forsimpli
ity, we set pd = p = 1.5.4 Numeri
al experimentsIn this se
tion we present a series of numeri
al experiments to both 
omparethe asymptoti
 rate of 
onvergen
e of the a posteriori error bound (25) us-



34 Endre S�uli and Paul HoustonTable 2. Example 1: Convergen
e of ku � uhkL2(
) and jN (u) � N (uh)j withÆ = h=4, and the rate of 
onvergen
e kMesh ku� uhkL2(
) k jN (u)�N (uh)j k17� 17 1:723 � 10�3 - 2:631 � 10�4 -33� 33 3:541 � 10�4 2:28 3:581 � 10�5 2:8865� 65 8:101 � 10�5 2:13 4:672 � 10�6 2:94129 � 129 1:967 � 10�5 2:04 5:965 � 10�7 2:97257 � 257 4:871 � 10�6 2:01 7:534 � 10�8 2:99ing both the standard and stabilization{dependent dual problems (19) and(20), respe
tively, as well as to demonstrate the performan
e of an adaptivealgorithm employing the lo
al re�nement indi
ator j�(2)� j.Example 1. The purpose of this example is to highlight the di�eren
e be-tween using the standard dual problem (19) and the stabilization{dependentdual problem (20). Let us take 
 = (0; 1)2, b = (1 + x; 1 + y), 
 = 0 andf = 0 with boundary 
onditionu(x; y) = � 1� y6 ; for x = 0; 0 � y � 1 ;e�10x4 ; for 0 � x � 1; y = 0 :We set CÆ = 1=4 in the de�nition of the stabilization parameter Æ and let = �1� sin2(�(1� y)=2) 
os(�y=2) ; for x = 1; 0 � y � 1 ;1� (1� x)3 � (1� x)4=2 ; for 0 � x � 1; y = 1 :The goal of the exer
ise is to 
ompute the weighted out
ow normal 
ux,J(u) = N (u) = ((b � �)u;  )�+ , of the analyti
al solution u. For purposesof 
omparison, the analyti
al solution u and the dual solutions z and zÆhave been 
omputed to high a

ura
y using the method of 
hara
teristi
s; inparti
ular, the exa
t value of the weighted outward normal 
ux was found tobe N (u) = 2:641445145716141.In Table 2 we have displayed the orders of 
onvergen
e of the error in theL2(
) norm as well as in the fun
tional N (�) as h tends to zero on a sequen
eof uniform triangular meshes obtained from uniform square meshes by 
uttingea
h mesh square into two triangles, and Sh 
onsisting of 
ontinuous pie
ewisepolynomials of degree 1 (p = 1). We observe that jN (u)�N (uh)j 
onvergeslike O(h3) with O(h) stabilization, while the L2(
) norm of u�uh is O(h2).In Tables 3 and 4 we show the 
onvergen
e of ea
h of the terms in theerror representation formulas (21) and (22), respe
tively. Here, we re
all thenotationI1 = jhr�h ; z � zhi�j ; II1 = j(rh; z � zh)j ; III1 = j(rh; ÆL̂zh)j ;



Adaptive FEMs for Hyperboli
 PDEs 35Table 3. Example 1: Convergen
e of the terms in the error representation formula(21) with Æ = h=4, and the rate of 
onvergen
e kMesh I1 k II1 k III1 k17 � 17 4:396 � 10�6 - 5:667 � 10�6 - 2:644 � 10�4 -33 � 33 2:980 � 10�7 3:88 3:569 � 10�7 3:99 3:587 � 10�5 2:8865 � 65 1:951 � 10�8 3:93 2:238 � 10�8 4:00 4:675 � 10�6 2:94129 � 129 1:249 � 10�9 3:97 1:401 � 10�9 4:00 5:967 � 10�7 2:97257 � 257 7:903 � 10�11 3:98 8:764 � 10�11 4:00 7:535 � 10�8 2:99Table 4. Example 1: Convergen
e of the terms in the error representation formula(22) with Æ = h=4, and the rate of 
onvergen
e kMesh I1;Æ k II1;Æ k III1;Æ k17 � 17 4:396 � 10�6 - 1:400 � 10�5 - 2:447 � 10�4 -33 � 33 2:980 � 10�7 3:88 2:130 � 10�6 2:72 3:339 � 10�5 2:8765 � 65 1:951 � 10�8 3:93 2:748 � 10�7 2:95 4:378 � 10�6 2:93129 � 129 1:249 � 10�9 3:97 3:414 � 10�8 3:01 5:611 � 10�7 2:96257 � 257 7:903 � 10�11 3:98 4:225 � 10�9 3:01 7:104 � 10�8 2:98and I1;Æ = jhr�h ; zÆ � zÆ;hi�j ; II1;Æ = j(rh; zÆ � zÆ;h)j ;III1;Æ = j(rh; ÆL̂(zÆ � zÆ;h))jintrodu
ed in Se
tion 5.1, 
f. (26) and (27), respe
tively.Table 3 shows that the se
ond term in the error representation formula(21), i.e. term II1, is super
onvergent; here II1 = O(h4) as h tends to zero.Term III1 whi
h arises as the result of the stabilization employed exhibits(super
onvergent) O(h3) 
onvergen
e and entirely dominates the error in theweighted outward normal 
ux. On the other hand, Table 4 indi
ates thatwhile the �rst term, term I1;Æ , in the error representation formula (22) as-so
iated with the stabilization-dependent dual problem (20) is fourth-order
onvergent as h tends to zero, the se
ond term, term II1;Æ, is now only O(h3)as the mesh is re�ned, as is term III1;Æ. Therefore, by using the stabilization-dependent dual problem (20) the terms involving integration over the entire
omputational domain (namely, terms II1;Æ and III1;Æ) have now be
ome `bal-an
ed'. This balan
ing of the terms in the error representation formula (22)will be essential for ensuring that any estimate obtained by further boundingI1;Æ, II1;Æ and III1;Æ from above upon lo
alization exhibits the same asymp-toti
 
onvergen
e rate as jN (u)�N (uh)j.



36 Endre S�uli and Paul HoustonTable 5. Example 1: Comparison of the a posteriori error bounds Ej
j(uh) andEj
j;Æ(uh) arising from the dual problems (19) and (20), respe
tively, and the 
or-responding 
onvergen
e rates k and e�e
tivity indi
es � and �ÆMesh Ej
j(uh) k � Ej
j;Æ(uh) k �Æ17� 17 1:921 � 10�3 - 7:30 2:642 � 10�4 - 1:0033� 33 4:936 � 10�4 1:96 13:8 3:639 � 10�5 2:86 1:0265� 65 1:246 � 10�4 1:99 26:7 4:912 � 10�6 2:89 1:05129� 129 3:128 � 10�5 1:99 52:4 6:420 � 10�7 2:94 1:08257� 257 7:833 � 10�6 2:00 104:0 8:624 � 10�8 2:90 1:14To demonstrate that this is so when the stabilization-dependent dualproblem (20) is used, but not so when the standard dual problem (19) isemployed, we show in Table 5 the e�e
tivity indi
es:� = Ej
j(uh)=jN (u)�N (uh)j and �Æ = Ej
j;Æ(uh)=jN (u)�N (uh)j ;where Ej
j(uh) (respe
tively, Ej
j;Æ(uh)) is de�ned through the use �� = �(1)�(respe
tively, �� = �(2)� ). Here, very high a

ura
y approximations to thedual solutions z and zÆ, 
omputed by means of the method of 
hara
teristi
s,have been used in the 
al
ulation of �(1)� and �(2)� , respe
tively, to ensure thatthe e�e
ts observed are not due to additional errors whi
h arise from thenumeri
al solution of the dual problem. We observe that Ej
j(uh) 
onvergesat the suboptimal rate of O(h2) as h tends to zero while Ej
j;Æ(uh) exhibitsthe same O(h3) rate as the true error jN (u)�N (uh)j. The deterioration ofthe asymptoti
 
onvergen
e rate of Ej
j(uh) results in large e�e
tivity indi
eswhi
h grow under mesh re�nement, while �Æ remains in the range 1� 1:2.The �nal two tables 
on
erning this example demonstrate that lo
aliza-tion adversely a�e
ts the a posteriori error bound whi
h stems from using thestandard dual problem, while the bound that arises from the error representa-tion formula based on the stabilization-dependent dual problem is insensitiveto lo
alization. We de�neI2 = X�2Th jhr�h ; z � zhi��\�� j ;II2 = X�2Th j(rh; z � zh)�j ; III2 = X�2Th j(rh; ÆL̂zh)�j ;and, analogously, we introdu
eI2;Æ = X�2Th jhr�h ; zÆ � zÆ;hi��\�� j ;II2;Æ = X�2Th j(rh; zÆ � zÆ;h)�j ; III2;Æ = X�2Th j(rh; ÆL̂(zÆ � zÆ;h))�j :
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 PDEs 37Table 6. Example 1: Convergen
e of the terms I2, II2 and III2 in Ej
j(uh)Mesh I2 k II2 k III2 k17 � 17 7:088 � 10�6 - 5:985 � 10�5 - 1:954 � 10�3 -33 � 33 4:513 � 10�7 3:97 7:596 � 10�6 2:98 4:986 � 10�4 1:9765 � 65 2:923 � 10�8 3:95 9:502 � 10�7 3:00 1:253 � 10�4 1:99129 � 129 1:872 � 10�9 3:96 1:188 � 10�7 3:00 3:137 � 10�5 2:00257 � 257 1:186 � 10�10 3:98 1:484 � 10�8 3:00 7:844 � 10�6 2:00Table 7. Example 1: Convergen
e of the terms I2;Æ, II2;Æ, III2;Æ in Ej
j;Æ(uh)Mesh I2;Æ k II2;Æ k III2;Æ k17 � 17 7:088 � 10�6 - 1:497 � 10�4 - 2:447 � 10�4 -33 � 33 4:513 � 10�7 3:97 2:297 � 10�5 2:70 3:339 � 10�5 2:8765 � 65 2:923 � 10�8 3:95 3:250 � 10�6 2:82 4:398 � 10�6 2:92129 � 129 1:872 � 10�9 3:96 4:357 � 10�7 2:90 5:680 � 10�7 2:95257 � 257 1:186 � 10�10 3:98 5:657 � 10�8 2:95 7:609 � 10�8 2:90Table 6 shows ea
h of the terms I2, II2 and III2 in the error bound Ej
j(uh)together with their respe
tive rates of 
onvergen
e. We see that term I2 aris-ing from the lo
alization of term I1 still 
onverges like O(h4) as h tends tozero, and term II2 whi
h stems from the lo
alization of term II1 is now third-order 
onvergent; however, unlike III1, term III2 is now only se
ond-order
onvergent. Table 7 displays the analogous terms I2;Æ, II2;Æ and III2;Æ; 
learly,these exhibit exa
tly the same 
onvergen
e rates as I1;Æ, II1;Æ and III1;Æ , re-spe
tively. This insensitivity of the 
onvergen
e rate of the a posteriori errorbound based on the dual problem (29) to lo
alization is of great importan
efrom the point of view of adaptive algorithms, given that any standard meshre�nement 
riterion will require a lo
al quantity, su
h as j��j, to de
ide whi
helements need to be re�ned/dere�ned.Example 2. Let us again 
onsider the transport equationb � ru+ 
u = fin 
 = (0; 1)2, but now with b = (10y2�12x+1; 1+y), 
 = 0 and f = 0. Herethe 
hara
teristi
s enter 
 through the bottom of the square and through thetwo verti
al sides, and exit through the top edge. We impose the following



38 Endre S�uli and Paul Houston

0
0.2

0.4
0.6

0.8
1

0

0.5

1

0

0.2

0.4

0.6

0.8

1

Fig. 4. Example 2: The analyti
al solution to the primal problemin
ow boundary 
onditions:u(x; y) =8>>>><>>>>: 0 ; for x = 0; 0:5 < y � 1 ;1 ; for x = 0; 0 < y � 0:5 ;1 ; for 0 � x � 0:5; y = 0 ;0 ; for 0:5 < x � 1; y = 0 ;sin3(�y) ; for x = 1; 0 � y � 1 :The analyti
al solution is depi
ted in Fig. 4. Let us suppose that theaim of the 
omputation is to 
al
ulate the weighted normal 
ux N (u) ofthe analyti
al solution u through the out
ow edge of the square, where theweight-fun
tion  is de�ned by (x) = sin(�x=2) ; for 0 � x � 1, y = 1 :For purposes of 
omparison, using the method of 
hara
teristi
s one may
ompute a highly a

urate approximation to u and thereby dedu
e thatN (u) = 0:198826929742166869. In this example we shall only use the aposteriori error bound arising from the stabilization-dependent dual problem(20).Numeri
al experiments analogous to those in Example 1 indi
ate that onboth uniform triangular and unstru
tured triangular meshes the 
onvergen
erate of the error measured in the L2(
) norm is k � 0:4 due to the presen
e ofthe two dis
ontinuities in the solution u. In 
ontrast, the error in the weightedoutward normal 
ux N (�) is O(h3) as h tends to zero, 
f. Fig. 5. The high
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ements
ku� uhkL2(
)
jN (u� uh)j

hFig. 5. Example 2: Convergen
e of ku � uhkL2(
) and jN (u� uh)j with uniformmesh re�nementrate of 
onvergen
e of N (uh) to N (u) in the presen
e of a dis
ontinuousprimal solution u is attributed to the fa
t that while the residual terms rh andr�h are large in the neighborhood of the dis
ontinuities in u (
f. Fig. 6(a)), thelo
al weighting terms in �(2)� involving zÆ � zÆ;h are ina
tive in these regionsof the 
omputational domain, sin
e the dual solution is smooth with `small'support 
on
entrated near the boundary y = 1, 
f. Fig. 6(b).The mesh design in our adaptive algorithm is based on the optimal mesh
riterion with TOL = 5:0 � 10�5, and Æ = h=4. The ba
kground meshes forthe primal and dual problems as well as the adaptively re�ned meshes result-ing from these are depi
ted in Fig. 7. Here, Fig. 7(
) shows that most of thenodes in the adaptively re�ned mesh for the primal problem are 
on
entratednear the out
ow boundary where the quantity of interest, N (u), is de�ned.It is interesting to note the la
k of mesh re�nement in the dis
ontinuities asthey enter the 
omputational domain from y = 0 and x = 0. Any re�nementindi
ator based on the residual alone will indu
e heavy (and 
learly unne
-essary) re�nement along the dis
ontinuities in the primal solution, 
f. Fig.8, for example. The adaptively re�ned mesh for the stabilization{dependentdual problem is, again, �ner in the upper half of the 
omputational domain,with most of the elements 
on
entrated near the 
orners (x; y) = (0; 1) and(x; y) = (1; 1) due to the presen
e of boundary layers in the dual solution zÆalong �� of thi
kness jb � �jÆ=jbj.Finally, in Fig. 9 we show the performan
e of our adaptive algorithm withTOL = 5:0� 10�6. The initial meshes are as shown in Fig. 7. It is importantto note that even though the stabilization{dependent dual problem has been
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(b)Fig. 6. Example 2: (a) S
aled residual term krhkL2(�)=h�; (b) S
aled weightingterm kzÆ � zÆ;hkL2(�)=h2�; from [30℄solved numeri
ally, our a posteriori error bound Êj
j;Æ, based on the use ofthe numeri
ally 
omputed dual solution ẑÆ;hd and Ph(ẑÆ;hd) in pla
e of zÆ andzÆ;h = PhzÆ, respe
tively, remains an upper bound on the true error in ourapproximation of N (u). In Fig. 9, N (e(Êj
j;Æ)) denotes the true error in theoutward normal 
ux on the sequen
e of adaptively re�ned meshes whi
h havebeen generated using the optimized mesh 
riterion. Here, Fig. 9 also shows
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(a) (b)

(
) (d)Fig. 7. Example 2: (a) Ba
kground mesh for the primal problem with 61 nodes and96 elements; (b) Ba
kground mesh for stabilization{dependent dual problem with137 nodes and 232 elements; (
) Primal mesh, resulting from the ba
kground meshin (a) using the optimal mesh 
riterion for TOL = 5:0� 10�5, with 5996 nodes and11827 elements (jN (u)�N (uh)j = 3:299� 10�6); (d) Dual mesh, resulting fromthe ba
kground mesh in (b) using the �xed fra
tion 
riterion, with 7631 nodes and14341 elementsthe true error in the outward normal 
ux on a sequen
e of adaptively re�nedmeshes whi
h have been 
onstru
ted on a sequen
e of meshes using the energyre�nement indi
ator krhkL2(�) on ea
h element � in Th in 
onjun
tion witha �xed fra
tion strategy, 
f. Fig. 8. Clearly, the latter approa
h is inferior:
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Fig. 8. Example 2: Mesh 
onstru
ted using energy re�nement indi
ator with 9147nodes and 18113 elements (jN (u� uh)j = 4:778 � 10�5)
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Degrees of FreedomFig. 9. Example 2: Performan
e of the adaptive algorithm for TOL = 5:0 � 10�6and Æ = h=4. N (e(Êj
j;Æ)) denotes the error in the fun
tional on a sequen
e ofadaptively re�ned meshes using the stabilization{dependent dual problem; Êj
j;Æis the 
orresponding Type I a posteriori error bound; N (e(rh)) error denotes theerror in the fun
tional when the adaptive meshes are generated by using krhkL2(�)only as re�nement indi
atorstagnation of the error in the fun
tional is observed in the 
ourse of theadaptive mesh re�nement. The inferiority of the energy re�nement indi
ator
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 PDEs 43krhkL2(�), � 2 Th, is due to the fa
t that it does not take into a

ount thebehavior of the solution to the dual problem.In 
on
lusion then, the use of a stabilization{dependent dual problem inthe a posteriori error analysis of a stabilized Galerkin �nite element method,su
h as the streamline{di�usion method, leads to sharper a posteriori errorbounds than the standard dual problem. This is a
hieved through `balan
-ing' the magnitudes of the various terms in the error representation formula,whi
h then leads to e
onomi
al meshes when implemented into an adaptivealgorithm. We have also seen that a Type I a posteriori error bound leadsto more e
onomi
al 
omputational meshes than empiri
al residual-based re-�nement indi
ators (su
h as the energy re�nement indi
ator krhkL2(�) thatarises from a Type II error bound).6 hp{DGFEM for systems of hyperboli
 PDEsAdaptive �nite element methods that exploit both lo
al polynomial degreevariation (p-re�nement) and lo
al mesh subdivision (h-re�nement) o�er mu
hgreater 
exibility and improved eÆ
ien
y than mesh re�nement algorithmswhi
h only in
orporate h{re�nement or p{re�nement in isolation.Sin
e the early analyti
al paper of Gui and Babu�ska [23℄, the bene�ts ofhp{version �nite element methods have been 
learly established for ellipti
boundary value problems (see, for example, the monograph of S
hwab [51℄),parti
ularly in the �eld of linear elasti
ity. The appli
ation of hp-version �-nite element methods to hyperboli
 problems is less standard, although theirpotential in 
ompressible gas dynami
s has been demonstrated re
ently byFlaherty and 
ollaborators; see [2℄, for example. The argument in favor ofusing an hp{version �nite element method for the numeri
al solution of a hy-perboli
 equation rests on the observation that while solutions to these equa-tions may exhibit lo
al singularities and dis
ontinuities, in large parts of the
omputational domain the solution is typi
ally a real analyti
 fun
tion. Su
hlarge variations in the smoothness of the solution 
an be 
aptured in a par-ti
ularly simple and 
exible manner by using a �nite element method basedon dis
ontinuous pie
ewise polynomials, su
h as the dis
ontinuous Galerkin�nite element method (DGFEM). The method admits lo
al variation of thedegree of the approximating polynomial and meshes with an arbitrary num-ber of interelement hanging nodes. In its lowest order form, with pie
ewisepolynomials of degree 0, the dis
ontinuous Galerkin �nite element methodbe
omes a �nite volume method; therefore the hp{version of DGFEM 
anbe thought of as a high-order extension of 
lassi
al �nite volume s
hemes.For a 
omprehensive review of dis
ontinuous Galerkin methods, in
luding adetailed histori
al survey, we refer to [12℄ and the referen
es 
ited therein.The aim of this se
tion is to dis
uss the a posteriori error analysis of thehp{version of the dis
ontinuous Galerkin �nite element method; we refer to[9℄ for earlier work in this area. As in the previous se
tion, we shall be 
on-
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erned with the derivation of 
omputable error bounds for target fun
tionalsof the solution; in Se
tions 6.1{6.3 we 
onsider �rst{order symmetri
 linearhyperboli
 systems; Se
tion 6.4 is devoted to the extension of these ideas tononlinear systems of hyperboli
 
onservation laws. The work presented hereis based on the series of papers [33,35,54,55℄.6.1 The model problem and its hp{DGFEM approximationLet 
 be a bounded open polyhedral domain in Rn , n � 2, and let � de-note the union of open fa
es of 
. We 
onsider the boundary value problem(13); using the notation introdu
ed in Se
tion 4.4, we re
all the followingsymmetri
 hyperboli
 system: �nd u 2 H(L; 
) su
h thatLu � nXj=1 ��xj (Bju) +Cu = f in 
 ; B�(�)u = B�(�)g on � ;(32)where H(L; 
) = fv 2 [L2(
)℄m : Lv 2 [L2(
)℄mg denotes the graph spa
eof the partial di�erential operator L in [L2(
)℄m. Here, B�(�) is the negativepart of the matrix B(�) � B � � = �1B1 + : : :+ �nBn ;where � denotes the unit outward normal ve
tor to the boundary � .We begin by formulating the hp{version of the dis
ontinuous Galerkin�nite element method (hp{DGFEM, for short) for the numeri
al solution of(32). Let us suppose that Th is a regular or 1-irregular subdivision of the
omputational domain 
 into disjoint open element domains � su
h that�
 = [�2Th��. By 1-irregular we mean that an (n � 1){dimensional fa
e ofea
h element � in Th is allowed to 
ontain at most one hanging (irregular)node | typi
ally the bary
enter of the fa
e. Further, we shall suppose thatthe family of subdivisions Th is shape{regular and that ea
h � 2 Th is asmooth bije
tive image of a �xed master element �̂, that is, � = F�(�̂) for all� 2 Th, where �̂ is either the open unit simplex or the open unit hyper
ubein Rn .On the referen
e element �̂, with x̂ = (x̂1; : : : ; x̂n) 2 �̂ and a multi-index� 2 Nn , we de�ne spa
es of polynomials of degree p � 1 as follows:Qp = span fx̂� : 0 � �i � p; 1 � i � ng ; Pp = span fx̂� : 0 � j�j � pg :With ea
h element � in Th we asso
iate an integer p� � 1; 
olle
ting the p�and F� in the ve
tors p = fp� : � 2 Thg and F = fF� : � 2 Thg, respe
tively,we introdu
e the �nite element spa
eSp(
; Th;F) = fv 2 [L2(
)℄m : vj� Æ F� 2 [Qp� ℄m if F�1� (�) isthe open unit hyper
ube and vj� Æ F� 2 [Pp� ℄mif F�1� (�) is the open unit simplex; � 2 Thg : (33)
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PSfrag repla
ements x� �0

Fig. 10. A point x su
h that x 2 �� and x 2 ��0Assuming that Th is a subdivision of 
, we 
onsider the broken Sobolevspa
e Hs(
; Th) of 
omposite index s with nonnegative 
omponents s�, � 2Th, de�ned byHs(
; Th) = fv 2 [L2(
)℄m : vj� 2 [Hs�(�)℄m 8� 2 Thg :If s� = s � 0 for all � 2 Th, we shall simply write Hs(
; Th).For ea
h element � in Th, we denote by �� the union of (n�1){dimensionalopen fa
es of �. Given that x 2 ��, we label by ��(x) the unit outward normalve
tor to �� at x. With these 
onventions, we de�ne B(��), B�(��) andB+(��) analogously to B(�), B�(�) and B+(�) in Se
tion 4.4, respe
tively.For ea
h � 2 Th and any v 2 [H1(�)℄m we denote by v+� the interior tra
eof v on �� (i.e., the tra
e of v on �� taken from within �). Let us 
onsideran element � su
h that the set ��n� is nonempty; then for ea
h x 2 ��n�(with the ex
eption of a set of (n�1){dimensional measure zero) there existsa unique element �0, depending on the 
hoi
e of x, su
h that x 2 ��0, 
f. Fig.10. Suppose that v 2 H1(
; Th). If ��n� is nonempty for some � 2 Th, thenwe de�ne the outer tra
e v�� of v on ��n� relative to � as the inner tra
ev+�0 relative to those elements �0 for whi
h ��0 has interse
tion with ��n�of positive (n� 1){dimensional measure. Below, it will always be 
lear fromthe 
ontext whi
h element � in the subdivision Th the quantities ��, v+� andv�� 
orrespond to; therefore, for the sake of notational simpli
ity, we shallsuppress the letter � in the subs
ript and write, respe
tively, �, v+, and v�instead.For v;w 2 H1(
; Th), we de�ne the bilinear formBDG(w;v) = X�2Th Z�w � L�v dx + X�2Th Z��n� H(w+;w�;�) � v+ d�+ X�2Th Z��\� B+(�)w+ � v+ d� ;



46 Endre S�uli and Paul Houstonwhere L� is the formal adjoint of L de�ned byL�v � �(B � r)v +CTv ;and H(�; �; �) is a numeri
al 
ux fun
tion, assumed to be Lips
hitz 
ontinuous,and su
h that:(i) H is 
onsistent; i.e., H(u;u;�)j��n� = B(�)uj��n� for all � in Th;(ii) H(�; �; �) is 
onservative; i.e., H(u+;u�;�)j��n� = �H(u�;u+;��)j��n� .The 
hoi
e of the numeri
al 
ux fun
tion is 
ompletely independent of the�nite element spa
e employed. For example, one may 
hooseH(u+;u�;�) = B+(�)u+ +B�(�)u�= 12 �B(�)u+ +B(�)u��� 12 jB(�)j(u� � u+) ;where jB(�)j = B+(�) �B�(�). For v 2 H1(
; Th), we 
onsider the linearfun
tional̀DG(v) = X�2Th Z� f � v dx� X�2Th Z��\� B�(�)g � v+ d� :The hp{DGFEM for the numeri
al solution of the symmetri
 hyperboli
 sys-tem (32) is de�ned as follows: �nd uDG 2 Sp(
; Th;F) su
h thatBDG(uDG;v) = `DG(v) 8v 2 Sp(
; Th;F) : (34)For the a priori error analysis of hp{DGFEM, in
luding hp{optimal errorbounds, we refer to [31,32℄.6.2 A posteriori error analysisSuppose that TOL > 0 is a pres
ribed toleran
e and J(�) is a linear fun
tionalde�ned on a linear spa
e whi
h 
ontains H(L; 
) + Sp(
; Th;F). We shall
onsider the measurement problem 
on
erned with 
omputing a numeri
alapproximation uDG from Sp(
; Th;F) su
h thatjJ(u)� J(uDG)j � TOL : (35)As in the previous se
tion where we dis
ussed stabilized �nite element meth-ods (see, also [30℄), we pro
eed by deriving an a posteriori bound on the errorbetween J(u) and J(uDG) and demanding that this bound does not ex
eedthe pres
ribed toleran
e.Let us �rst de�ne the following dual problem: �nd z in H(L�; 
) su
hthat BDG(w; z) = J(w) 8w 2 H(L; 
) ; (36)
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) denotes the graph spa
e of the adjoint operator L� in L2(
).It will be assumed throughout that (36) possesses a unique solution.Our a posteriori bound on the error between J(u) and J(uDG) will beexpressed in terms of the �nite element residual rh;p de�ned on � 2 Th byrh;pj� = (f �LuDG)j� ;whi
h measures the extent to whi
h uDG fails to satisfy the di�erential equa-tion on the union of the elements � in the mesh Th; thus we refer to rh;p asthe internal residual. Also, sin
e uDG satis�es the boundary 
onditions onlyapproximately, the ve
tor B�(�)(g � uDG) need not be zero on � ; thus forea
h element � with �� \ � nonempty, we de�ne the boundary residual �h;pby �h;pj��\� = B�(�)(u+DG � g)j��\� :If our �nite element spa
e 
onsisted of 
ontinuous pie
ewise polynomial fun
-tions, as in the streamline{di�usion �nite element method with weakly im-posed boundary 
ondition, these two residuals would be the only ones we'den
ounter. Here, however, due to the fa
t that a dis
ontinuous pie
ewise poly-nomial approximation is used, we need to introdu
e a third residual whi
hmeasures the extent to whi
h the numeri
al solution fails to satisfy 
ontinuityof the normal 
ux a
ross element interfa
es. Thus, on �� n � , we de�ne the
ux residual �h;pj��n� = �B(�)u+DG �H(u+DG;u�DG;�)� j��n� :With these de�nitions we dedu
e from (34) the following Galerkin orthog-onality property of the hp{DGFEM:BDG(u� uDG;v) = X�2Th(rh;p;v)� + X�2Th(�h;p;v+)��n�+ X�2Th(�h;p;v+)��\� = 0 (37)for all v in Sp(
; Th;F). Upon sele
ting w = u�uDG in (36), the linearity ofJ(�) and (37) give rise to the following (primal) error representation formula:J(u)� J(uDG) = J(u� uDG)= BDG(u� uDG; z) = BDG(u� uDG; z� zh;p)� E
(uDG; h;p; z� zhp) = X�2Th �� ; (38)where��=(rh;p; z� zh;p)�+(�h;p; (z� zh;p)+)��n�+(�h;p; (z� zh;p)+)��\� (39)for all zh;p in Sp(
; Th;F).



48 Endre S�uli and Paul HoustonThe measurement problem (35) is equivalent to demanding that the stop-ping 
riterion jE
(uDG; h;p; z� zh;p)j � TOL (40)is satis�ed, 
f. equation (38).As it stands, the left-hand side of (40) is not `
omputable' sin
e it involvesthe unknown analyti
al solution z to the dual problem (36). Let us thereforesuppose that problem (36) has been solved numeri
ally, using an hp{adaptiveDGFEM for example, on a sequen
e of suitable `dual' �nite element spa
esS~p(
; ~Th; ~F), based on a `dual' partition ~Th and `dual' polynomial ve
tor ~p,whi
h may di�er from the `primal' partition Th and `primal' polynomial ve
torp, respe
tively. We shall denote by ~zDG the 
orresponding approximation tothe analyti
al dual solution z from the �nite element spa
e S~p(
; ~Th; ~F).Further, zh;p will denote the L2(
) orthogonal proje
tion of the numeri
ally
omputed dual solution ~zDG onto the primal �nite element spa
e Sp(
; Th;F)de�ned over the primal subdivision Th.Let us now repla
e z by ~zDG in �� and de
ompose the error representationformula (38) into terms whi
h are 
omputable, namely those involving thenumeri
al approximation ~zDG to the dual solution, and those that requirethe analyti
al dual solution z: on noting thatE
(uDG; h;p; z� zh;p) = E
(uDG; h;p; ~zDG� zh;p)+E
(uDG; h;p; z� ~zDG);we dedu
e thatjJ(u)� J(uDG)j � E lo
P + ED� X�2Th j~��j+ jE
(uDG; h;p; z� ~zDG)j ; (41)where ~�� is de�ned analogously to ��, 
f. (39), with z repla
ed by ~zDG. Hen
ea suÆ
ient 
ondition for the validity of our original (non
omputable) stopping
riterion (40) is that E lo
P + ED � TOL : (42)We emphasize here that the fundamental di�eren
e between the termsE lo
P and ED is that in the former the absolute value signs appear under thesummation over the elements � 2 Th, while in the latter the absolute valuesign is outside the sum. It has been shown through numeri
al experimentsin [35℄ (
f. also [25{27℄) that, with a sensible 
hoi
e of the dual �nite ele-ment spa
e S~p(
; ~Th; ~F), ED is typi
ally an order of magnitude smaller thanE lo
P . Therefore, ED 
an be safely absorbed into E lo
P without 
ompromisingthe reliability of the adaptive algorithm when the stopping 
riterion (40) isrepla
ed by E lo
P � TOL : (43)



Adaptive FEMs for Hyperboli
 PDEs 49A bound of the formjJ(u)� J(uDG)j . E lo
P � X�2Th j~��j (44)whi
h expli
itly involves the numeri
al solution ~zDG to the dual problem(through ~�� de�ned above) is referred to as a Type I (
f. [35℄) a posteriorierror bound.A possible alternative to using a Type I a posteriori error bound would beto 
ompletely eliminate the dual solution from the a posteriori error bound,through the use of the Cau
hy{S
hwarz inequality on ea
h of the termsappearing in ��, 
hoosing zh;p as the �nite element interpolant (or quasi-interpolant) of z from Sp(
; Th;F), applying interpolation error estimatesto bound kz � zh;pkL2(�) and kz � zh;pkL2(��) in terms of powers of h andp and Sobolev seminorms of z, and �nally employing strong stability esti-mates of Sobolev seminorms of the dual solution in terms of Sobolev normsof the data for the dual problem. Hen
e, the resulting so-
alled Type II aposteriori error bound will not involve the dual solution. However, su
h anapproa
h is not without pra
ti
al drawba
ks: quite apart from the fa
t thatthe derivation of a Type II a posteriori error bound requires a 
onsiderableamount of analyti
al work in order to establish strong stability results forthe dual problem in various Sobolev norms and to determine the asso
iatedstrong stability 
onstants, typi
ally, Type II bounds give a pessimisti
 over-estimate of the error. Consequently, when employed in an adaptive algorithmto approximate J(u) by J(uDG) to within a pres
ribed toleran
e, a Type II aposteriori error bound may lead to une
onomi
al meshes; see, [30℄. Further-more, as indi
ated in Se
tion 2, for hyperboli
 problems at least, the presen
eof the dual solution (or its numeri
al approximation) as lo
al weight fun
tionin the a posteriori error bound is highly desirable.On the other hand, for the Type I error bound (44) to be an a

urateapproximation of (41) it is essential that ED � E lo
P , and for this to betrue it is ne
essary to ensure that the dual �nite element spa
e S~p(
; ~Th; ~F)is suÆ
iently di�erent from the primal �nite element spa
e Sp(
; Th;F);for example, if S~p(
; ~Th; ~F) is 
hosen to 
oin
ide with Sp(
; Th;F) thenzh;p = ~zDG and thereby E lo
P = 0, so 0 < ED � E lo
P 
annot hold. How 
anthen one sele
t an appropriate dual �nite element spa
e S~p(
; ~Th; ~F)?To answer this question, we begin by noting thatN(�) = E
(uDG; h;p; �)is a linear fun
tional. Thereby,E
(uDG; h;p; z� ~zDG) = N(z)�N(~zDG) :Now, given the toleran
e TOL we sele
t �, 0 < � � 1, split the toleran
eTOL = (1� �) TOL+ � TOL ;
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P � (1� �) TOL and ED � � TOL ;and aim to satisfy the �rst of these inequalities with near-equality; for then,both 0 < ED � E lo
P and (42) will follow. Thus, it now remains to ensure thatED � � TOL; this in turn is equivalent to requiring thatjN(z)�N(~zDG)j � � TOL ; (45)whi
h is a measurement problem, analogous to (35), | the problem that wehad set out to solve, | ex
ept that (45) 
on
erns the dual solution z while(35) involves the primal solution u. To ensure the validity of (45) we maypro
eed by deriving an a posteriori error bound on jN(z) � N(~zDG)j; the
orresponding error representation formula will involve the residuals asso
i-ated with the numeri
al solution of the dual problem (36) and the analyti
alsolution of the dual to the dual problem. As a Type I a posteriori error boundon ED based on su
h an error representation formula would 
ontain the so-lution of the dual to the dual problem whi
h would then in turn have to beapproximated numeri
ally, in [35℄ a 
ruder Type II a posteriori error boundon ED was employed so as to terminate the potentially in�nite su

ession ofmutually dual problems whi
h would otherwise arise. The 
rudeness of theType II bound on ED is of no 
on
ern: from the pra
ti
al point of view thereappears to be little advantage in performing reliable error 
ontrol for ED; theaim, when using the Type II bound on ED, is merely to generate an adequatesequen
e of �nite element approximations ~zDG to the dual solution z whi
h
an then be used to 
ompute E lo
P .Thus, given a user{de�ned toleran
e TOL, our approa
h to the problem ofdesigning an hp{�nite element spa
e Sp(
; Th;F) su
h thatjJ(u)� J(uDG)j � TOL ; (46)is as follows. We use the Type I a posteriori error bound (42) to 
onstru
tSp(
; Th;F) su
h that E lo
P � TOL (47)and simply absorb ED into E lo
P . If the stopping 
riterion (47) is not satis�ed,then the elements are marked for re�nement/dere�nement; to this end, weemploy the �xed fra
tion mesh re�nement algorithm (
f. Se
tion 5.2), withre�nement and dere�nement fra
tions set to 20% and 10%, respe
tively.In the numeri
al experiments that follow, for the sake of 
omputationalsimpli
ity, the dual �nite element spa
e ~S~p(
; ~Th; ~F) that is used to 
omputethe dis
ontinuous Galerkin approximation ~zDG to z will be 
onstru
ted usingthe same mesh as the one employed for uDG, i.e., ~Th � Th, with ~p = p + 1(see [35℄, for a more general algorithm with ~Th 6= Th and ~p unrelated to p).
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e an element � 2 Th has been 
agged for re�nement or dere�nement,a de
ision must be made whether the lo
al mesh size h� or the lo
al degree p�of the approximating polynomial should be adjusted a

ordingly. The 
hoi
eto perform either h{re�nement/dere�nement or p{re�nement/dere�nementis dependent on the lo
al smoothness of the primal and dual solutions u andz, respe
tively; 
f. [2℄ and [35℄.Let us �rst 
onsider the 
ase when an element has been 
agged for re-�nement. Clearly, if u or z are lo
ally smooth, then p{re�nement will bemore e�e
tive than h{re�nement, sin
e the error will be expe
ted to de
ayqui
kly within the 
urrent element � as p� is in
reased. On the other hand,if u and z have low regularity within the element �, then h{re�nement willbe performed. Thus, regions in the 
omputational domain where the primalor dual solution are lo
ally non-smooth are isolated from smooth regions,thereby redu
ing the in
uen
e of singularities/dis
ontinuities as well as mak-ing p{re�nement more e�e
tive. To ensure that the desired level of a

ura
yis a
hieved eÆ
iently, in [35℄ an automati
 pro
edure was developed for de-
iding when to h{ or p{re�ne, based on the smoothness{estimation strategyproposed by Ainsworth & Senior [3℄ in the 
ontext of norm 
ontrol for se
ond{order ellipti
 problems. For a review of various hp-adaptive strategies as wellas a des
ription of a new algorithm based on Sobolev index estimation vialo
al Legendre expansions, we refer to [33℄.If an element has been 
agged for dere�nement, then the strategy im-plemented here is to 
oarsen the mesh in low{error{regions where either theprimal or dual solutions u and z, respe
tively, are smooth and de
rease thedegree of the approximating polynomial in low{error{regions when both uand z are insuÆ
iently regular, 
f. [2℄ and [35℄.6.3 Numeri
al experimentsThe purpose of this se
tion is to assess the performan
e of our hp{adaptivealgorithm for the dis
ontinuous Galerkin �nite element method on a simplemodel problem.Wave equation. Let us 
onsider the one{dimensional wave equation�2��t2 � 
2 �2��x2 = 0 : (48)We note that by de�ning x1 � x and x2 � t, the se
ond{order partial di�er-ential equation (48) 
an be rewritten as the symmetri
 �rst{order system� 0 �
�
 0� �u1u2 �x1 + �1 00 1� �u1u2 �x2 = �00� ; (49)



52 Endre S�uli and Paul HoustonTable 8. Adaptive algorithm for the wave equation using h{re�nementElements DOF J(u� uDG) P� ~�� �1 P� j~��j �232 256 0.1917e-02 0.2462e-02 1.28 0.3139e-02 1.6447 376 0.1191e-02 0.1392e-02 1.17 0.2108e-02 1.7774 592 -0.1384e-04 -0.1734e-04 1.25 0.4570e-03 33.01116 928 -0.6897e-05 -0.6779e-05 0.98 0.2610e-03 37.84200 1600 -0.3506e-05 -0.3407e-05 0.97 0.6041e-04 17.23371 2968 -0.8052e-06 -0.9045e-06 1.12 0.2481e-04 30.81611 4888 -0.7429e-07 -0.7133e-07 0.96 0.6982e-05 93.98926 7408 -0.1920e-06 -0.1913e-06 1.00 0.4202e-05 21.891607 12856 0.3443e-07 0.3382e-07 0.98 0.1218e-05 35.392624 20992 -0.1646e-07 -0.1649e-07 1.00 0.6956e-06 42.254382 35056 0.4606e-08 0.4562e-08 0.99 0.2853e-06 61.957247 57976 0.4882e-09 0.4800e-09 0.98 0.1173e-06 240.29where u1 = ��=�x2 and u2 = 
��=�x1. Here we let 
 = (0; 1)� (0; 1=2) and
 = 1=2, with u1(x1; 0) = � 1 ; for 0:45 < x1 � 0:55 ;0 ; otherwise ;and u2(x1; 0) = 
 e�100(x1�1=2)2 ;for 0 � x1 � 1; this is a variant of the test problem 
onsidered in [29℄.Our aim is to 
ompute the weighted line integral of the �rst 
omponentof u along the upper side of the boundary � 
orresponding to 0 � x1 � 1,x2 = 1=2, de�ned as J(u) = Z 10  (x1)u1(x1; 1=2) dx1 ;where the weight fun
tion  is de�ned by the Gaussian (x1) = e��2(x1�1=2)2 ; for 0 � x1 � 1 ;with � = 40. The true value of the fun
tional is J(u) � 0.In order to further highlight the advantages of designing an adaptive�nite element algorithm based on the weighted re�nement indi
ators j~��j overtraditional re�nement strategies whi
h do not require the solution of the dualproblem (36), 
f. Example 2 in Se
tion 5.4, we �rst study the performan
e
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(a)
(b)Fig. 11. Wave equation. (a) Mesh 
onstru
ted using dual re�nement indi
ator with7247 elements and 57976 degrees of freedom (jJ(u) � J(uDG)j = 4:882 � 10�10);(b) Mesh 
onstru
ted using the empiri
al re�nement indi
ator with 9293 elementsand 74344 degrees of freedom (jJ(u)� J(uDG)j = 2:050 � 10�8)of our adaptive strategy with h{re�nement. Here, we 
onsider the empiri
alre�nement indi
ator�empiri
al� = khrh;pkL2(�) + kh1=2�h;pkL2(��n� ) + kh1=2�h;pkL2(��\� ) ;whi
h stems from a Type II a posteriori error analysis, 
f. [35℄.In Table 8 we illustrate the performan
e of the adaptive algorithm withp = 1; here, we show the number of elements and degrees of freedom (DOF)in S1(
; Th;F), the true error in the fun
tional J(u � uDG), the 
omputederror representation formula ~E
 � P�2Th ~��, the a posteriori error bound(44) and their respe
tive e�e
tivity indi
es �1 and �2. We see that the qualityof the 
omputed error representation formula ~E
 is extremely good, in thesense that �1 = ~E
=J(u�uh) is 
lose to one, even on relatively 
oarse meshes.Furthermore, we observe that the Type I a posteriori error bound is reliable,in the sense that the se
ond e�e
tivity index �2 overestimates the true error
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(a)

(b)Fig. 12. Dual solution for the wave equation: (a) z1; (b) z2in the 
omputed fun
tional by a 
onsistent fa
tor as the �nite element spa
eS1(
; Th;F) is enri
hed.In Fig. 11 we show the meshes generated using both the weighted re-�nement indi
ator j~��j and the empiri
al re�nement indi
ator �empiri
al� . FromFig. 11(a), we see that there is virtually no re�nement in the regions of the
omputational domain where the dis
ontinuities in u are lo
ated when j~��j isemployed. Indeed, most of the mesh re�nement is 
on
entrated in two regionsupstream of the Gaussian weight fun
tion  . This is due to the presen
e ofthe weighting terms in j~��j, involving the di�eren
e between the approximatedual solution ~zDG and its proje
tion zh;p onto the primal �nite element spa
e,whi
h multiply the 
omputable residual terms involving the numeri
al solu-tion uDG, 
f. (39) with z repla
ed by ~zDG. We see from Fig. 12 that ea
h
omponent of the dual solution 
onsists of two `hills' transported ba
kwardsalong the 
hara
teristi
s x1 � 
x2. In 
ontrast with this, when the weight-
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PSfrag repla
ements jJ(u)
�J(u DG)j

Degrees of freedomFig. 13. Convergen
e of jJ(u)� J(uDG)j using the dual and empiri
al re�nementindi
ators for the wave equationing terms involving the dual solution are negle
ted, as in �empiri
al� , then theresulting mesh is 
on
entrated in the vi
inity of the dis
ontinuities in theprimal solution u. In Fig. 13, we 
ompare the true error in the 
omputedfun
tional J(�) using the two mesh re�nement strategies. Here, we 
learlyobserve the superiority of the Type I a posteriori error bound based on theweighted re�nement indi
ators j~��j; on the �nal mesh the true error in the lin-ear fun
tional is almost two orders of magnitude smaller than jJ(u)�J(uDG)j
omputed on the sequen
e of meshes produ
ed using �empiri
al� . This 
learly in-di
ates that a good numeri
al resolution of the dis
ontinuities in this exampleis irrelevant for the a

urate approximation of the fun
tional of interest.Let us now turn our attention to hp{adaptivity; in Table 9 we show theperforman
e of the proposed adaptive �nite element algorithm employinghp{re�nement. Here, we again see that the quality of the 
omputed errorrepresentation formula is extremely good, with �1 � 1 even on very 
oarsemeshes. Furthermore, the Type I a posteriori error bound (44) overestimatesthe true error in the 
omputed fun
tional by about an order of magnitude.In Fig. 14 we plot jJ(u) � J(uDG)j, using both h{ and hp{re�nementagainst the square{root of the number of degrees of freedom on a linear{log s
ale. We see that after the initial transient, the error in the 
omputedfun
tional using hp{re�nement be
omes (on average) a straight line, therebyindi
ating exponential 
onvergen
e of J(uDG) to J(u), despite the fa
t that uis only pie
ewise 
ontinuous; this o

urs sin
e z is a real analyti
 fun
tion on�
. Fig. 14 also demonstrates the superiority of the adaptive hp{re�nementstrategy over the standard adaptive h{re�nement algorithm. On the �nalmesh the true error between J(u) and J(uDG) using hp{re�nement is al-



56 Endre S�uli and Paul HoustonTable 9. Adaptive algorithm for the wave equation using hp{re�nementElements DOF J(u� uDG) P� ~�� �1 P� j~��j �232 576 -0.3768e-03 -0.3727e-03 0.99 0.6615e-03 1.7632 646 -0.1917e-03 -0.2558e-03 1.33 0.3495e-03 1.8232 688 -0.3753e-04 -0.8638e-04 2.30 0.1490e-03 3.9753 1248 0.1563e-04 0.1869e-04 1.20 0.2657e-04 1.7086 2024 0.3341e-06 0.4492e-06 1.34 0.4501e-05 13.47107 2868 0.1061e-06 0.9900e-07 0.93 0.7144e-06 6.73119 3918 0.6372e-08 0.1900e-08 0.30 0.1401e-06 21.99140 5486 0.3203e-08 0.3051e-08 0.95 0.2866e-07 8.95203 9152 0.4293e-08 0.3655e-08 0.85 0.1476e-07 3.44272 12648 -0.3332e-09 -0.3691e-09 1.11 0.1627e-08 4.88344 17512 -0.3862e-11 -0.3862e-11 1.00 0.6570e-10 17.01401 21616 0.6639e-12 0.6508e-12 0.98 0.9235e-11 13.91464 27202 0.3406e-13 0.3477e-13 1.02 0.1799e-11 52.81
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PSfrag repla
ements jJ(u)
�J(u DG)j

sqrt(Degrees of freedom)Fig. 14. Comparison between h{ and hp{adaptive mesh re�nement for the waveequationmost 6 orders of magnitude smaller than the 
orresponding quantity whenh{re�nement is employed alone.Figs. 15 and 16 depi
t the primal mesh after 7 and 11 adaptive meshre�nement steps, respe
tively. For 
larity, we show the h{mesh alone, as well
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Fig. 15. Wave equation. h{ and hp{meshes after 7 re�nements, with 140 elementsand 5486 degrees of freedom; here, jJ(u)� J(uDG)j = 3:203 � 10�9as the 
orresponding distribution of the polynomial degree on this mesh andthe per
entage of elements with that degree. We see that some h{re�nementof the primal mesh has o

urred in the region of the 
omputational domainwhere the two `hills' in the dual solution z, 
f. Fig. 12, are lo
ated. In par-ti
ular, the h{mesh is slightly �ner in the regions where the dis
ontinuitiesin the primal solution u interse
t with these lo
alized stru
tures in z. On
ethe h{mesh has adequately 
aptured the stru
ture of the primal and dualsolutions, the hp{adaptive algorithm performed p{re�nement to a

uratelyresolve the Gaussians present in the dual solution.6.4 Nonlinear hyperboli
 problemsThe purpose of this se
tion is to develop the a posteriori error analysis ofthe dis
ontinuous Galerkin �nite element method for systems of nonlinearhyperboli
 
onservation laws.Given a bounded open polyhedral domain 
 in Rn , n � 1, with boundary�
, we 
onsider the following problem: �nd u : 
 ! Rm , m � 1, su
h thatdivF(u) = 0 in 
 ; (50)
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Fig. 16. Wave equation. h{ and hp{meshes after 11 re�nements, with 401 elementsand 21616 degrees of freedom; here, jJ(u)� J(uDG)j = 6:639 � 10�13where, F : Rm ! Rm�n is 
ontinuously di�erentiable. We assume that thesystem of 
onservation laws (50) may be supplemented by appropriate ini-tial/boundary 
onditions. For example, assuming thatB(u;�) := nXi=1 �iruFi(u)hasm real eigenvalues and a 
omplete set of linearly independent eigenve
torsfor all � = (�1; : : : ; �n) 2 Rn ; then at in
ow/out
ow boundaries, we requirethat B�(u;�)(u� g) = 0 ;where � denotes the unit outward normal ve
tor to �
, B�(u;�) is thenegative part of B(u;�) and g is a (given) real{valued ve
tor fun
tion.To formulate the dis
ontinuous Galerkin �nite element approximation of(50), with p� 2 N for � 2 Th we de�ne the �nite element spa
eSp(
; Th;F) = fv 2 [L2(
)℄m : vj� Æ F� 2 [Qp� ℄m if F�1� (�) isthe open unit hyper
ube and vj� Æ F� 2 [Pp� ℄mif F�1� (�) is the open unit simplex; � 2 Thg ;
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 PDEs 59whereQp = span fx̂� : 0 � �i � p; 1 � i � ng ; Pp = span fx̂� : 0 � j�j � pg ;
f. (33). Given that v 2 �H1(�)�m for ea
h � 2 Th, we denote by v+ (respe
-tively, v�) the interior (respe
tively, exterior) tra
e of v on ��.The hp{DGFEM approximation of (50) is de�ned as follows: �nd uDG inSp(
; Th;F) su
h thatX�2Th�� Z�F(uDG) � rv dx+ Z��H(u+DG;u�DG;��)v+ d�+ Z� "ruDG � rv dx� = 0 (51)for all v 2 Sp(
; Th;F); 
f. [26,27,37℄, for example. Here, H(�; �; �) denotes anumeri
al 
ux fun
tion, assumed to be Lips
hitz 
ontinuous, 
onsistent and
onservative. As in the linear 
ase, the 
hoi
e of the numeri
al 
ux fun
tion is
ompletely independent of the �nite element spa
e employed; in the numeri
alexperiments we employ the (lo
al) Lax{Friedri
hs 
ux fun
tion. In (51), "denotes the 
oeÆ
ient of arti�
ial vis
osity de�ned by"j� = C" �h�p��2�� j divF(uDGj�)j ; (52)where C" is a positive 
onstant and 0 < � < 1=2; see [37℄. For elements� 2 Th whose boundary interse
ts �
, we repla
e u�DG by appropriate bound-ary/initial 
onditions on �� \ �
.In this se
tion, we fo
us on a measurement problem 
on
erned with 
on-trolling the error in the approximation of a given linear or nonlinear targetfun
tional J(�). Quantities of real or physi
al interest in
lude the drag andlift 
oeÆ
ients of a body (su
h as an air
raft wing) immersed into an invis-
id 
uid governed by the 
ompressible Euler equations of gas dynami
s, 
f.Se
tion 4.2. Writing S to denote the surfa
e of the body (or, rather, the 
on-tour of its two-dimensional 
ross-se
tion) and �l its 
hord length, these targetfun
tionals are de�ned byJdrag(u) = 2�l��j�vj2 ZS( d � �) p ds ; Jlift(u) = 2�l��j�vj2 ZS( l � �) p ds ;respe
tively. Here, � is the unit outward normal to S; �v and �� denote thereferen
e (or free-stream) velo
ity and density, respe
tively, and d = � 
os� � sin�sin� 
os��� 10� ;  l = � 
os� � sin�sin� 
os��� 01� ;where � denotes the angle of atta
k. We note that sin
e the pressure p isderived from the 
onserved variables (�; �u; �v; �E), both target fun
tionals



60 Endre S�uli and Paul HoustonJdrag(�) and Jlift(�) are nonlinear. Other examples of J(�) in
lude the lo
almean value of the �eld or its 
ux through the out
ow boundary of the 
om-putational domain 
, and the point evaluation of a 
omponent of u in 
.Before we embark on our a posteriori error analysis, we shall introdu
esome notation. Assuming that the fun
tional of interest J(�) is di�erentiable,we write �J(�; �) to denote the mean value linearization of J(�) de�ned by�J(u;uDG;u� uDG) = J(u)� J(uDG)= Z 10 J 0[�u+ (1� �)uDG℄(u� uDG) d� ; (53)where J 0[w℄(�) denotes the Gateaux derivative of J(�) evaluated at some w inV . Here, V is some suitably 
hosen fun
tion spa
e su
h that Sp(
; Th;F) �V . Analogously, letting N (uDG;v) denote the left{hand side of (51), we de-note by M(u;uDG; �; �) the mean value linearization of N (�; �) de�ned byM(u;uDG;u� uDG;v) = N (u;v) �N (uDG;v)= Z 10 N 0u[�u+ (1� �)uDG℄(u� uDG;v) d� (54)for all v in V . Here, N 0u[w℄(�;v) denotes the Gateaux derivative of u 7!N (u;v), for v 2 V �xed, at some w in V . The linearization de�ned in (54)is only a formal 
al
ulation, in the sense that N 0u[w℄(�; �) may not in generalexist. Instead, a suitable approximation to N 0u[w℄(�; �) must be determined,for example, by 
omputing appropriate �nite di�eren
e quotients of N (�; �),
f. [26℄. For the pro
eeding analysis, we assume that the linearization (54) iswell{de�ned. Under this hypothesis, we introdu
e the following dual problem:�nd z 2 V su
h thatM(u;uDG;w; z) = �J(u;uDG;w) 8w 2 V : (55)We assume that (55) possesses a unique solution; of 
ourse, the validity of thisassumption depends on both the de�nition of M(u;uDG; �; �) and the 
hoi
eof the target fun
tional under 
onsideration, 
f. [26℄. For the pro
eeding erroranalysis, we must therefore assume that the dual problem (55) is well{posed.We then have the following result.Theorem 3. Let u and uDG denote the solutions to (50) and (51), respe
-tively, and suppose that the dual problem (55) is well{posed. Then,J(u)� J(uDG) = E
 � X�2Th �� ; (56)where �� = Z� rh;p � (z � zh;p) dx+ Z�� �h;p � (z� zh;p)+ d�� Z� "ruDG � r(z� zh;p) dx
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 PDEs 61for all zh;p in Sp(
; Th;F). Here,rh;pj� = �divF(uDG) and �h;pj� = F(uDG) � n� �H(u+DG;u�DG;n�)denote the internal and boundary �nite element residuals, respe
tively, de�nedon ea
h � 2 Th.Proof. Choosingw = u�uDG in (55), re
alling the linearization performed in(53), and exploiting the Galerkin orthogonality propertyN (u;v)�N (uDG ;v)= 0 for all v in Sp(
; Th;F), we getJ(u)� J(uDG) = �J(u;uDG;u� uDG) =M(u;uDG;u� uDG; z)=M(u;uDG;u� uDG; z� zh;p) = �N (uDG; z� zh;p)for all zh;p in Sp(
; Th;F). Equation (56) now follows by employing thedivergen
e theorem.Based on the general error representation formula derived in Theorem 3,a posteriori error estimates bounding the error in the 
omputed fun
tionalJ(�) may be dedu
ed. Again, we shall 
on�ne ourselves to 
onsidering a TypeI a posteriori error bound; it is a straightforward 
onsequen
e of the errorrepresentation formula stated in the previous theorem.Corollary 1. Under the assumptions of Theorem 3, we havejJ(u)� J(uDG)j � Ej
j � X�2Th j��j : (57)Proof. The error bound (57) follows from (56) by appli
ation of the triangleinequality.We end this se
tion by noting that for nonlinear hyperboli
 
onservationlaws and/or nonlinear target fun
tionals J(�), both the error representationformula (56) and the Type I a posteriori error bound (57) depend on the un-known analyti
al solution to the primal and dual problems. Thus, in order torender these quantities 
omputable, both u and z must be repla
ed by suit-able approximations. To this end, the linearizations leading toM(u;uDG; �; �)and �J(u;uDG; �) are performed about uDG and the dual solution z is repla
edby a dis
ontinuous Galerkin approximation ẑDG 
omputed on the same meshTh as for the primal solution uDG, but with a higher degree polynomial, i.e.,ẑDG 2 Sp̂(
; Th;F), p̂ = p+ pINC; in Se
tion 6.5, we set pINC = 1.6.5 Numeri
al experimentsIn this se
tion we present some numeri
al examples to assess the performan
eof our hp{adaptive algorithm for the dis
ontinuous Galerkin �nite elementmethod.
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PSfrag repla
ements x1(a)
PSfrag repla
ementsx1 Point ofinterest

(b)Fig. 17. Burgers' problem: (a) Initial 
ondition; (b) Solution isolinesBurgers' equation. In this example, we 
onsider the one{dimensional un-steady invis
id Burgers' equation for the s
alar variable u � u; i.e., writingx2 to denote time, we haveux2 + �(1=2)u2�x1 = 0 ; (58)on the (spa
e{time) domain 
 = (0; 3)�(0; 2), subje
t to the initial 
onditionu(x; 0) = 8<:2 sin2(�x) ; 0 � x � 1 ;sin2(�x) ; 1 � x � 2 ;0 ; 2 � x � 3 ; (59)
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 PDEs 63Table 10. Adaptive algorithm for Burgers' problemElements DOF J(u� uDG) P� ~�� �1 P� j~��j �224 216 0.5010e-01 0.1033 2.06 0.1913 3.8236 324 -0.9031e-01 0.1096 -1.21 0.2058 2.2881 736 0.1175e-01 -0.4193e-01 -3.57 0.1614 13.73120 1150 -0.1961e-01 -0.1740e-01 0.89 0.9974e-01 5.09207 2096 -0.9130e-02 -0.6216e-02 0.68 0.4372e-01 4.79291 3211 0.7391e-03 0.8754e-03 1.18 0.8192e-02 11.08336 4279 -0.3173e-03 -0.5243e-03 1.65 0.3101e-02 9.77420 6227 -0.6514e-04 -0.4742e-04 0.73 0.8027e-03 12.32525 9008 0.1030e-04 0.8515e-05 0.83 0.1232e-03 11.96660 13045 -0.5401e-06 -0.1246e-05 2.31 0.3717e-04 68.82792 18070 -0.5414e-06 -0.5697e-06 1.05 0.1095e-04 20.23999 26020 0.1010e-06 0.5856e-07 0.58 0.1112e-05 11.011269 37181 0.1455e-08 0.1085e-08 0.75 0.8654e-07 59.491725 57850 -0.6196e-10 -0.4914e-10 0.79 0.2841e-08 45.862541 94649 0.3163e-11 0.2822e-11 0.89 0.9505e-10 30.05and boundary 
ondition u(0; x2) = 0, for x2 2 [0; 2℄, 
f. Fig. 17(a). Theanalyti
al solution to (58), (59) 
onsists of two smooth `hills' whi
h formsho
k waves as time in
reases. These sho
ks will eventually merge to form asingle line of dis
ontinuity in the (x1; x2){plane. Here, we sele
t the fun
tionalof interest J(�) to be the value of the solution before these two sho
ks intera
twith one another. More pre
isely, we 
hooseJ(u) = u(2:3; 1:5) ;
f. Fig. 17(b); thereby J(u) = 0:664442403975254670.In Table 10 we show the performan
e of our hp{adaptive �nite elementalgorithm with C" = 1=20 and � = 1=10. As for the wave equation presentedin Se
tion 6.3, we see that the quality of the 
omputed error representationformula is quite poor on 
oarse meshes; though, as the �nite element spa
eSp(
; Th;F) is enri
hed the e�e
tivity index �1 is very 
lose to one. Fur-thermore, we again observe that the Type I a posteriori error bound (57)is reliable and asymptoti
ally sharp; indeed, ~Ej
j = P� j~��j overestimatesjJ(u� uDG)j by just over an order of magnitude.In Fig. 18(a) we 
ompare the performan
e of the h{ and hp{mesh re�ne-ment algorithms for this problem. Again, we observe exponential 
onvergen
eof the error in the 
omputed fun
tional using hp{re�nement; on the linear{
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sqrt(Time (se
onds))(b)Fig. 18. Burgers' equation. Comparison between h{ and hp{adaptive mesh re�ne-ment: (a) jJ(u)�J(uDG)j versus number of degrees of freedom; (b) jJ(u)�J(uDG)jversus 
omputational timelog s
ale, the 
onvergen
e line is straight. On the �nal mesh the true errorbetween J(u) and J(uDG) using hp{re�nement is almost 5 orders of magni-tude smaller than the 
orresponding quantity when h{re�nement is employedalone. Furthermore, from Fig. 18(b) we observe that the hp{re�nement algo-
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PSfrag repla
ements Time
(se
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Degrees of freedomFig. 19. Burgers' equation. Computational time versus number of degrees of free-domrithm also outperforms the h{re�nement strategy, when 
omparing the errorin the 
omputed target fun
tional with respe
t to the 
omputational 
ost.Indeed, Fig. 19 
learly shows that for the hp{DGFEM the 
ost per degreeof freedom when hp{re�nement is employed is 
omparable to that of usingh{re�nement.Finally, in Fig. 20 we show the primal mesh after 11 adaptive hp{meshre�nements. Here, we see that the h{mesh has been re�ned in the region up-stream of the point of interest, thereby isolating the smooth region of u fromthe two intera
ting sho
k waves; this renders the subsequent p{re�nement inthis region mu
h more e�e
tive.Subsoni
 
ow around a NACA0012 airfoil. In this se
ond example,we 
onsider the subsoni
 
ow around a NACA0012 airfoil; here, the upperand lower surfa
es of the airfoil geometry are spe
i�ed by the fun
tion g�,respe
tively, whereg�(s) = �5� 0:12� (0:2969s1=2� 0:126s� 0:3516s2+0:2843s3� 0:1015s4);
f. Fig. 21. We note that the 
hord length l of the airfoil is l � 1:00893;thereby, we write ĝ to denote the res
aling of g to yield an airfoil of unit(
hord) length. The 
omputational domain 
 is now de�ned to be an annuluswith inner boundary ĝ and outer boundary 
onsisting of a 
ir
le of radius 10units. On the outer boundary, we pres
ribe a Ma
h 0:5 
ow at a zero angleof atta
k, with far�eld density � = 1 and pressure p = 1. The solution tothis problem 
onsists of a stri
tly subsoni
 
ow, symmetri
 about the x{axis,
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Fig. 20. Burgers' equation. h{ and hp{meshes after 11 re�nements, with 999 ele-ments and 26020 degrees of freedom; here, jJ(u)� J(uDG)j = 1:010 � 10�7
Fig. 21. Pro�le of the NACA0012 airfoil
f. Fig. 22. Given that this 
ow is smooth, no arti�
ial vis
osity is required;thereby, we set C" = 0.Here, we 
onsider the evaluation of the drag 
oeÆ
ient on the surfa
e ofthe airfoil, i.e. J(�) � Jdrag(�). Sin
e that the angle of atta
k � = 0, the truevalue of the target fun
tional Jdrag(u) is zero. In Fig. 23 we show the per-forman
e of the adaptive algorithm using both h{ and hp{mesh re�nement.Sin
e the primal solution is smooth we again observe exponential 
onvergen
e
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sqrt(Degrees of freedom)Fig. 23. Subsoni
 NACA0012 
ow. Comparison between h{ and hp{adaptive meshre�nementof J(uDG) to J(u) when the hp{re�nement is employed; on a linear{log s
alethe 
onvergen
e line is (on average) straight. Fig. 23 also demonstrates thesuperiority of the adaptive hp{re�nement strategy over the standard adap-tive h{re�nement algorithm. On the �nal mesh the true error between J(u)and J(uDG) using hp{re�nement is over 2 orders of magnitude smaller thanthe 
orresponding quantity when h{re�nement is employed alone.
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Fig. 24. Subsoni
 NACA0012 
ow. h{ and hp{meshes after 10 re�nements, with325 elements and 45008 degrees of freedom; here, jJ(u)� J(uDG)j = 3:756 � 10�7
Finally, in Fig. 24 we show the primal mesh after 10 adaptive hp{mesh re-�nements. Here, we see that the h{mesh has been re�ned in the neighborhoodof the leading and trailing edges of the airfoil, 
f. [27℄. Moreover, elementslo
ated on the upper and lower surfa
es of the airfoil have been p{enri
hedwhere the primal solution is relatively smooth.
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ow. Comparison between h{ and hp{adaptive meshre�nementTransoni
 
ow around a NACA0012 airfoil. In this �nal example, weagain 
ompute the 
ow around a NACA0012 airfoil; here, we 
onsider a Ma
h0:8 
ow with angle of atta
k � = 1:25Æ, and far�eld density � = 1 and pressurep = 1. The stru
ture of the solution in this example is now quite di�erentfrom the subsoni
 
ow studied in the previous se
tion. Here, as the impingingsubsoni
 
ow passes the airfoil, it �rst a

elerates to be
ome supersoni
,before slowing to be subsoni
 again; this results in the development of sho
kson both the upper and lower surfa
es of the airfoil, 
f. [27℄. Throughout thisse
tion we set the arti�
ial vis
osity parameters appearing in (52) as follows:C" = 3=100 and � = 1=10.Here, we again 
onsider the evaluation of the drag 
oeÆ
ient on the sur-fa
e of the airfoil, i.e. J(�) � Jdrag(�). On the basis of a �ne grid 
omputation,the true value of the fun
tional is given by J(u) � 0:0201 (see, [27℄). In Fig.25 we show the performan
e of the adaptive algorithm using both h{ andhp{mesh re�nement. In this example both the primal and dual solutions arenonsmooth, so we no longer expe
t to observe exponential 
onvergen
e of theerror in the fun
tional J(�); thus, here we plot the same quantities as in Fig.23 against the number of degrees of freedom in Sp(
; T ;F) on a log{log s
ale.As in our previous examples, we observe that the true error in J(�) is (al-most) always smaller if hp{re�nement is employed. Indeed, on the �nal meshthe true error in the drag 
oeÆ
ient is over 70% smaller if hp{re�nement isemployed as opposed to h{re�nement only.Finally, in Fig. 26 we show the primal mesh after 10 adaptive hp{meshre�nements. As in the previous example, we see that the h{mesh has beenre�ned in the vi
inity of the leading and trailing edges of the airfoil; addi-
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Fig. 26. Transoni
 NACA0012 
ow. h{ and hp{meshes after 10 re�nements, with783 elements and 69956 degrees of freedom; here, jJ(u)� J(uDG)j = 1:311 � 10�4tional h{re�nement has also taken pla
e in the neighbourhood of the sho
ksemanating from the upper and lower surfa
es of the airfoil, 
f. [27℄. Thisrenders the subsequent p{re�nement in the regions of the 
omputational do-main where either the primal or dual solution are lo
ally smooth mu
h moree�e
tive.
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lusionsUsing duality arguments, in this paper we developed Type I a posteriori errorbounds for the h{version of the streamline{di�usion �nite element methodand the hp{version of the dis
ontinuous Galerkin �nite element method. Thebounds have been implemented into adaptive �nite element algorithms thatare 
apable of delivering approximations to general output fun
tionals of thesolution for both linear and nonlinear hyperboli
 problems, a

urate to withina pres
ribed toleran
e.Unlike Type II a posteriori error bounds, Type I bounds expli
itly involvethe dual solution as lo
al weight. Indeed, a Type I bound is always sharperthan the 
orresponding Type II bound, although the extra sharpness doesnot 
ome for free sin
e a Type I bound requires the numeri
al solution ofthe dual problem. As the dual problem is always linear even when the primalproblem is nonlinear, for nonlinear problems the additional 
ost of solving asingle dual problem is negligible, 
f. [26℄. Of 
ourse if the primal problem islinear, then the 
omputational 
ost is roughly doubled.While the systemati
 
omparative study of Type I and Type II a pos-teriori error bounds on representative model problems will require furtherwork, it is perhaps helpful to point out some potential advantages and dis-advantages of the two approa
hes. Although a Type II a posteriori errorbound does not expli
itly involve the dual solution as lo
al weight, it does,nevertheless, in
lude the strong stability 
onstant Cstab of the dual problem.Analyti
al estimates of Cstab are inevitably pessimisti
 sin
e they are ob-tained by admitting very large 
lasses of fun
tions as data (e.g., any possibleelement of L2(
) or H1(
) as for
ing fun
tion). In addition, the analyti
alproof of strong stability may demand a nontrivial amount of human e�ort.Computational estimation of Cstab involves the solution of the dual problemfor a large set of `typi
al' data, | a task that is 
omputationally mu
h moredemanding than solving a single dual problem for a Type I error bound. Onthe other hand, on
e a library of representative stability 
onstants is available[15℄, they do not need to be re
omputed; also, storing representative stabil-ity 
onstants is 
learly less memory-intensive than storing the dual solution,parti
ularly for three-dimensional problems. Having said this, the storage ofthe dual solution, for use in a Type I error bound, may pay o� if the resulting
omputational mesh is more e
onomi
al than the one that stems from a TypeII a posteriori error bound.At any rate, on the basis of our 
omputational experien
e we would arguethat the need to perform a single additional 
omputation for the dual solutioninvolved in a Type I a posteriori error bound is a worthwhile pri
e to pay forthe availability of reliable error 
ontrol based on a rigorous, systemati
, simpleand general mathemati
al framework. Cheap, heuristi
 alternatives to TypeI or Type II a posteriori error bounds o�er no 
ontrol on the error; for goal-oriented 
omputations (su
h as the approximation of output fun
tionals),
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h heuristi
 devi
es is highlyquestionable.A
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