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Abstract 

Background  When developing a clinical prediction model using time-to-event data (i.e. with censoring and differ-
ent lengths of follow-up), previous research focuses on the sample size needed to minimise overfitting and precisely 
estimating the overall risk. However, instability of individual-level risk estimates may still be large.

Methods  We propose using a decomposition of Fisher’s information matrix to help examine and calculate the sam-
ple size required for developing a model that aims for precise and fair risk estimates. We propose a six-step process 
which can be used either before data collection or when an existing dataset is available. Steps 1 to 5 require research-
ers to specify the overall risk in the target population at a key time-point of interest: an assumed pragmatic ‘core 
model’ in the form of an exponential regression model, the (anticipated) joint distribution of core predictors included 
in that model and the distribution of censoring times. The ‘core model’ can be specified directly or based on a speci-
fied C-index and relative effects of (standardised) predictors. The joint distribution of predictors may be available 
directly in an existing dataset, in a pilot study or in a synthetic dataset provided by other researchers.

Results  We derive closed-form solutions that decompose the variance of an individual’s estimated event rate 
into Fisher’s unit information matrix, predictor values and total sample size; this allows researchers to calculate 
and examine uncertainty distributions around individual risk estimates and misclassification probabilities for specified 
sample sizes. We provide an illustrative example in breast cancer and emphasise the importance of clinical context, 
including any risk thresholds for decision-making, and examine fairness concerns for pre- and postmenopausal 
women. Lastly, in two empirical evaluations, we provide reassurance that uncertainty interval widths based on our 
exponential approach are close to using more flexible parametric models.

Conclusions  Our approach allows users to identify the (target) sample size required to develop a prediction model 
for time-to-event outcomes, via the pmstabilityss module. It aims to facilitate models with improved trust, reliability 
and fairness in individual-level predictions.
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Background
Studies developing a clinical prediction model use a sam-
ple of data, ideally representative of a target population 
(e.g. women diagnosed with breast cancer), to produce 
a model (e.g. regression, random survival forest or deep 
learning) for estimating an individual’s risk of a particu-
lar outcome (e.g. 5-year risk of breast cancer recurrence) 
conditional on their values of multiple predictors (covari-
ates, features). An example is the ‘post D-dimer’ model 
of Ensor et al. to estimate an individual’s risk (by 1, 2 or 3 
years) of a recurrent venous thromboembolism event fol-
lowing cessation of therapy for a first event. [1]

When developing a prediction model, there is a respon-
sibility to implement rigorous standards in study design 
and analysis [2–4]. An important design aspect, which is 
often neglected [5–12], is the sample size requirements 
to develop and evaluate these models. In previous work, 
we outlined how to calculate the minimum sample size 
needed for model development for time-to-event out-
comes [13], based on (i) estimating the overall event risk 
by a particular time-point precisely and (ii) minimis-
ing model overfitting for a regression-based prediction 
model in terms of overall fit and population-level calibra-
tion slope. These criteria are implemented in the Stata 
and R module pmsampsize [14, 15], and they aim to tar-
get a reliable prediction model at least at the population 
level, corresponding to the first two model stability levels 
defined by Riley and Collins [16].

As clinical prediction models are used to guide indi-
vidual  decision-making, targeting reliable predictions 
at the subgroup and individual level is important, corre-
sponding to the third and fourth stability levels defined 
by Riley and Collins [16]. This may require considerably 
larger sample sizes than the minimum recommended 
by previous approaches targeting the population level, 
for example to ensure precise risk estimates at the indi-
vidual level that correspond to sufficiently narrow uncer-
tainty distributions and intervals for an individual’s ‘true’ 
risk. In this article, we derive sample size calculations for 
developing prediction models using time-to-event out-
come data (i.e. when participants contribute different 
lengths of follow-up due to censoring), where the aim is 
precise individual-level estimates of event risk by one or 
more time-points of interest. This extends our work for 
binary outcomes [16, 17]. We derive closed-form solu-
tions based on decomposing prediction variances into 
Fisher’s unit information matrix and total sample size, 
which can be used (either before data collection or when 
an existing dataset is available) to examine how sam-
ple size impacts uncertainty distributions and intervals 

around individual-level risk estimates from a model with 
a pre-specified core set of predictors. The approach can 
be used either before data collection or when an existing 
dataset is available, to help researchers identify a suitable 
sample size (before any model building) that targets pre-
cise individual-level risk estimates for informing patient 
counselling, enhancing clinical decision-making and 
ensuring fairness [18].

The article outline is as follows. We begin by sum-
marising our existing sample size approach targeting 
precise population-level predictions. Then, we outline 
our new proposal to examine sample size requirements 
to target precise and fair individual-level predictions, 
based on analytic solutions assuming an exponen-
tial survival model. We also show how this allows the 
probability of misclassification to be examined in situ-
ations where risk thresholds are used for clinical deci-
sion-making. In our Results  sections, we apply our 
proposal to two clinical  examples, which includes an 
illustration of fairness investigations, and also empiri-
cally compares the exponential  modelling assump-
tion to Weibull and flexible parametric models.  We 
then conclude with discussion.

Existing sample size approach to precisely 
estimate overall risk and minimise overfitting 
for a time‑to‑event outcome
Our previously proposed approach calculates the mini-
mum required sample size for prediction model develop-
ment [13, 19], to meet the following criteria:

•	 Criterion (i): A precise estimate of the overall out-
come risk by a particular time-point (e.g. absolute 
margin of error ≤ 0.05)

•	 Criterion (ii): Small overfitting of predictor effects 
defined by an overall shrinkage factor ≥ 0.9

•	 Criterion (iii): Small optimism in apparent model fit 
defined by Nagelkerke R-squared R2

Nagelkerke  , such 
as ≤ 0.05

Details of the calculations are provided in our previous 
papers [13, 19]. The approach is implemented in the Stata 
and R modules pmsampsize [14, 15], with the user need-
ing to specify the overall outcome risk (prevalence) at the 
time-point of interest, the anticipated model perfor-
mance in the target population (quantified by R2

Nagelkerke , 
Cox-Snell R-squared ( R2

CS ), or the C-index) and the num-
ber of candidate predictor parameters for the model. For 
example, consider developing a model to estimate the 
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5-year recurrence risk of breast cancer, based on a core 
set of six predictor parameters and assuming a R2

CS of 
0.14 (corresponding to a C-index of 0.70), with a mean 
follow-up of 3.57 years and event rate of 0.099 recur-
rences per person year. Applying our previous approach 
via pmsampsize suggests a minimum of 355 participants 
are required for model development, with about 126 
recurrences during 1268 person-years of follow-up.

Methods: a new sample size approach to target 
precise estimates of individual risk and improve 
model fairness
We now introduce a six-step approach to examine the 
sample size required for model development to target 
sufficiently precise individual risk estimates at a particu-
lar time-point of interest. The process requires specify-
ing the joint distribution of a core set of predictors and 
an assumed exponential survival model. A closed-form 
decomposition of Fisher’s unit information matrix is 
then used to derive anticipated uncertainty intervals for 
a particular sample size. This is implemented using our 
accompanying pmstabilityss module in Stata (see code at 
https://​github.​com/​JoieE​nsor/​pmsta​bilit​yss-​TTE), with R 
and Python versions forthcoming.

Step‑by‑step guide to the proposal sample size calculation
Step (1) — Identify a core set of predictors, variables linked 
to fairness and a key time‑point of interest
The precision of risk estimates at the individual level 
depends on the (joint) distribution of predictors (fea-
tures) that will be included in the developed model. 
Therefore, to inform the sample size calculation, the first 
step is to identify a set of core predictors; that is, clinical 
variables well-known to contribute important key predic-
tive information. Core predictors (e.g. age and stage of 
disease for cancer outcome prediction) can be identified 
from previously published models, systematic reviews 
of prognostic factor studies [20] and conversations with 
clinical experts. Though additional potential predictors 
might be considered during the actual model develop-
ment, the premise is that these additional variables typi-
cally add little or no predictive information beyond the 
core predictors and may even increase instability and 
imprecision. In other words, the set of core predictors 
represent a fundamental basis for targeting precise indi-
vidual-level risks and define the bare minimum for which 
we want to control (in)stability.

Further to the core predictors, it may be important 
to also identify variables linked to fairness checks. For 
example, regardless of whether they are included in the 
developed model, variables such as age, sex, ethnicity and 
others (e.g. those representing protected characteristics 

and subgroups) might be identified so that ultimately 
(see Step (6)) the researcher can examine the sample size 
required to target sufficiently precise predictions for each 
subgroup.

Step (1) should also identify a key time-point of interest 
for prediction, that is, the time-point for which the model 
will estimate the risk of having the outcome event by. If 
multiple time-points are relevant, then the sample size 
calculation should be repeated for each time-point, as the 
precision of a risk estimate depends on the time-point 
chosen. We focus on one key time-point here onwards.

Step (2) — Obtain a dataset that reflects the joint distribution 
of the core predictors
The joint distribution of predictors that are included in 
the final prediction model impacts the standard errors 
of the model parameter estimates (e.g. intercept or pre-
dictor effects in a time-to-event regression model) and 
influences the width of uncertainty intervals around 
individual-level risk estimates. Hence, step (2) requires 
the user to specify the joint distribution of core predic-
tors selected in step (1) and obtain or create a (synthetic) 
sample of data that reflects this. How to achieve this will 
depend on the availability of the model development 
dataset, as follows:

•	 Dataset is already available for model developers: 
This is the most common and simple scenario, as the 
joint distributions of predictors (and event/censoring 
times — see step (4)) are already observed. Thus, the 
user does not need to do anything in this step, as this 
existing dataset can be used directly in subsequent 
steps where needed (e.g. in step (5) to derive the unit 
information matrix).

•	 Dataset exists but not yet available for model devel-
opers (e.g. access to a previously collected dataset 
is conditional on funding success): The data hold-
ers could be contacted and asked to provide a syn-
thetic dataset that mimics the joint predictor and 
event (censoring) time distributions, for instance as 
obtained by a simulation-based approach that models 
conditional relationships [21], using packages such as 
synthpop in R [22]. Later, we showcase this approach, 
but another notable example is the Clinical Practice 
Research Datalink (CPRD), which has generated syn-
thetic datasets to aid researchers improve workflows 
(https://​www.​cprd.​com/​synth​etic-​data). Alterna-
tively, data holders could provide summary details 
of the joint distributions (e.g. cross-tabulations of 
categorical variables; variance-covariance matrix of 
continuous variables), to allow the user themselves to 
simulate a large synthetic dataset containing predic-

https://github.com/JoieEnsor/pmstabilityss-TTE
https://www.cprd.com/synthetic-data
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tor values for, say, 10,000 individuals. Previous stud-
ies that already use the dataset of interest may have 
summarised baseline variables (e.g. means, standard 
deviations (SDs), proportions) in their articles, for 
example within baseline characteristics table, though 
without covariances.

•	 New data collection required (e.g. a planned prospec-
tive cohort study): When new data are required, the 
joint predictor distribution could be based on sum-
mary information (e.g. means and SDs for continu-
ous predictors, proportions in each group for cat-
egorical predictors) from previous studies in the 
same target population, for example using published 
tables of baseline characteristics. These can then be 
used to simulate a large synthetic dataset of predic-
tor values, as detailed above. A challenge is that often 
only the marginal distribution for each predictor will 
be summarised (e.g. from published tables of baseline 
characteristics), and the correlation or conditional 
relationship amongst predictors will be unknown. In 
this situation, a pragmatic starting point is to assume 
the predictors are conditionally independent, but the 
impact of this should be examined through sensitiv-
ity analyses.

Step (3) — Specify a ‘core model’ for how individual risks 
depend on core predictor values
Alongside an individual’s predictor values, the uncer-
tainty around an individual’s risk estimate at a particu-
lar time-point depends on their underlying event rate as 
a function of time. Therefore, the user should specify a 
model that expresses how an individual’s event rate over 
time depends on the values of core predictors from step 
(2) (referred to as the ‘core model’). For example, a para-
metric time-to-event regression model could be speci-
fied, such that the log event rate is a function defined by 
a baseline log hazard function and beta (log-hazard ratio) 
terms, which are chosen to match the overall risk at the 
time-point of interest (e.g. from a Kaplan–Meier curve) 
and core predictor effects from previous studies in the 
same population. Often, the ‘core model’ will be based 
on an existing model where the aim is to extend a pre-
viously published model (e.g. by adding more predictors) 
or update all parameters of an existing model (e.g. due to 
concerns of calibration drifts affecting intercept and pre-
dictor effect estimates).

The simplest, and thus most practical approach, is to 
assume the ‘core model’ is an exponential proportional 
hazards regression model, such that each participant i 
has a constant hazard rate of ηi and event times ( ti ) are 

exponentially distributed conditional on values of P core 
predictors. This model can be written as follows:

Apart from the intercept α (which defines the constant 
baseline hazard), all parameters correspond to log rate 
(hazard) ratios, quantifying the change in log rate for a 
one-unit increase in the corresponding x value. Equation 
(1) can equivalently be written as an accelerated failure 
time (AFT) model, as follows: [23]

where εi follows an extreme value distribu-
tion with probability density function (pdf) 
f (εi) = exp(εi)exp(−exp(εi)) . We will use this AFT 
specification when deriving the variance matrix of 
parameter estimates in step (5), but the interpretation of 
parameters is identical to before, and each patient con-
tributes data xi = (1, x1i, x2i, . . . , xPi) . Censoring is con-
sidered in steps (4) and (5).

Rationale for choosing an exponential distribution
The exponential model is a pragmatic choice: assum-
ing a constant baseline hazard rate ( α) makes the ‘core 
model’ specification (and thus the whole sample size 
calculation) easiest for researchers. The approach also 
results in equivalent specification of the model in terms 
of both proportional hazards and AFT formats, thus 
providing a common basis for both types of models. In 
many situations, a nonconstant (potentially even non-
linear) baseline hazard rate might be preferable, for 
example as defined by a parametric distribution such as 
a Weibull, log-normal or gamma distribution. However, 
this ultimately creates complexity for providing ana-
lytic sample size solutions for the uncertainty of risk 
estimates, because the more complex parametric distri-
butions require extra (ancillary) parameters than those 
for the exponential model (e.g. shape and scale param-
eters for a Weibull model). The uncertainty of these 
ancillary parameters needs to be accounted for when 
deriving uncertainty intervals for prediction, which is 
challenging as predictions depend on a complex (non-
linear) function of µi and the ancillary parameters. 
Although this is achievable post model fitting, here we 
are focused on sample size calculations before any data 
analysis and so use the exponential model, as it pro-
vides analytic solutions that are closed form and dis-
entangle sample size from other aspects (see step (6)). 
We note that, for the same reason, analytic (i.e. not 

(1)
ti ∼ exponential(ηi)

ln(ηi) = µi = α + β1x1i + β2x2i + · · · + βPxPi

(2)ln (ti) = −µi + εi = −α − β1x1i − β2x2i − · · · − βPxPi + εi
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simulation-based) sample size calculations for survival 
data in other settings (e.g. randomised trials evaluating 
treatment effect) often assume exponential and propor-
tional hazards for simplicity to produce closed-form 
solutions. Later, we empirically evaluate the impact 
of assuming the exponential distribution compared to 
using Weibull or flexible parametric models.

Approaches for specifying the ‘core model’
A ‘core model’ may be difficult to specify; for example, 
predictor effects may not be readily available if previous 
models were incompletely reported. We address this by 
outlining two approaches to simplify the process, utilis-
ing the anticipated C-index of the model and overall risk 
(for the time-point of interest, defined in step (1)) in the 
target population, alongside assumptions of relative pre-
dictor effects (weights).

•	 Approach (a): Specify the overall risk at a particular 
time-point, C-index and relative weights of core pre-
dictors. With this information, we can use an itera-
tive approach to identify an exponential regression 
equation forming a ‘core model’ consistent with the 
specified overall risk and C-index whilst retaining 
the relative weight of core predictors. This approach 
simulates predictor values for a large number of par-
ticipants (based on the distributions specified in step 
(2)) and then uses an iterative process to identify val-
ues of the intercept (α) and a multiplicative factor (δ) 
of the following model: 

where beta coefficients are the user-specified relative 
weights. Convergence is achieved when the model reaches 
the specified C-index and overall risk within a small mar-
gin of error. Often, Harrell’s C-index is provided, but other 
time-dependent C statistics could also be used as needed.

To simplify the specification of relative weights, we can 
rescale variables so that relative effects are the same. Spe-
cifically, continuous variables could be rescaled (e.g. age 
specified in 10 years) so the effect (log-hazard ratio) of a 
one-unit increase (e.g. 10-year increase) is considered to 
have the same predictive effect as a one-unit increase in 

(3)

ti ∼ exponential(ηi)

ln(ηi) = µi = α + δ(β1x1i + β2x2i + · · · + βPxPi)

other variables (e.g., smoker versus non-smoker). More 
broadly, standardisation could be used as follows in 
approach (b).

Recall that core predictors in step (2) may include pro-
tected characteristics, even if they do not have any pre-
dictive effect. If the latter, their relative weight can be set 
to zero in the ‘core model’. Nevertheless, having them in 
the synthetic or existing dataset ultimately allows pre-
diction and classification uncertainty to be assessed for 
them.

•	 Approach (b): Specify the overall risk and C-index whilst 
assuming same weight of predictors on their standard-
ised scale. This approach standardises each core predic-
tor (i.e. uses ((x1i − x̄1i)/SDx1i

, (x2i − x̄2i)/SDx2i
) etc) from step 

(2), and then the ‘core model’ of Eq.(3) is specified in 
terms of these standardised predictors and sets all beta 
weights to be equal (e.g. = 1). Essentially, this approach 
assumes the predictive effect of a 1-SD increase to be the 
same for each standardised predictor. As in approach (a), 
the iterative approach is then used to identify α and δ 
that ensure the ‘core model’ has the specified C-index 
and overall risk.

Step (4) — Derive outcome event times and censoring times
As the variance of predictions depends on observed event 
and censoring times (see step (5)), they need to be avail-
able alongside the predictor values. If an existing (full 
or pilot) or synthetic dataset is available (see step (2)), 
the outcome event or censoring time can be observed 
directly for each individual. Otherwise, step (4) requires 
outcome event times to be generated in the large data-
set conditional on the assumed ‘core model’, for example 
using the simsurv package in R or Stata [24, 25], which 
allows the user to specify the survival distribution (e.g. 
exponential) and predictor effects. Similarly, unless exist-
ing or synthetic data are available, the censoring times 
need to be generated from an assumed survival model of 
the censoring rate, which usually will be assumed inde-
pendent of predictors and outcome risk for simplicity. 
Without other knowledge, it is pragmatic to assume an 
exponential distribution with a constant censoring rate. 
Lastly, for each individual, define yi as the minimum of 
their observed log event time and log censoring time (of 
course, when using a real dataset, only one of these is 
observed anyway).
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Step (5) — Derive Fisher’s unit information 
after decomposing Fisher’s information matrix
Steps (5) and (6) involve approximating (based on the 
information from steps (1) to (4)) the anticipated variance–
covariance matrix ( var(β̂) ) of model parameter estimates 
( ̂β = (α̂, β̂1, β̂2, . . . , β̂P)

′) if we were to fit the assumed ‘core 
model’ for a particular sample size. This is needed, as the 
variance–covariance matrix of the parameters in the ‘core 
model’ is subsequently used to calculate the variance of 
individual-level risk estimates at the time-point of interest.

The key mathematical foundation for step (5) is to recog-
nise that var(β̂) (the inverse of Fisher’s information matrix) 
can be decomposed into the total sample size ( n) and Fish-
er’s unit information matrix ( I):

The unit information matrix is defined by the following:

where X is the design matrix for the assumed ‘core 
model’, with each individual’s data corresponding to 
xi = (1, x1i, x2i, . . . , xPi) . The E(A) is the expected value of 
matrix A and depends on the joint distribution of the pre-
dictors (as this defines X ), the parameter values of the ‘core 
model’ (as this defines µ̂i ) and the observed log follow-up 
time (yi) for each participant (i.e. the minimum of their log 
event time and log censoring times)[26]. The latter adds 
complication due to the censoring inherent within time-to-
event data (hence step (4)).

A simple way to derive E(A) is to calculate each of the 
components of A for each participant in the (existing or 
simulated) dataset from step (2), using each participant’s 
observed predictor values and observed event or censor-
ing time ( yi ), combined with the (exponential) regression 
parameters of the ‘core model’ from step (3); the means 
(across all participants) of each component then provide 
their expected values and form I . Our module pmstabilityss 
module implements this.

For example, assuming three core predictors and specify-
ing our ‘core model’ as the following exponential regression:

Then X′
X is a 4 × 4 matrix due to the four parameters in 

the regression equation ( α , β1 , β2 , β3 ), where X is the design 

(4)var(β̂) = n−1
I
−1

(5)
I = E

(
X
′
X exp

(
yi + µ̂i

))

= E(X′
X exp(wi))

= E(A)

ti ∼ exponential(ηi)

ln(ηi) = µi = α + β1x1i + β2x2i + β3x3i

matrix for the assumed ‘core model’, with each individual’s 
data corresponding to xi = (1, x1i, x2i, x3i) . This implies 
that as follows:

where wi = exp
(
yi + µ̂i

)
 , µ̂i is an individual’s estimated 

linear predictor value from the fitted exponential regres-
sion (e.g., µ̂i = α̂i + β̂1x1i + β̂2x2i + β̂3x3i ), and yi is an 
individual’s log follow-up time (i.e. minimum of the log 
event time and log censoring time for each patient) . We 
derive the anticipated I (automated in pmstabilityss) as 
follows:

•	 Set the parameter values in the ‘core model’ (i.e. α , δ , 
and all β ) at their anticipated true values, defined in 
step (3).

•	 Set each individual’s x1i , x2i , and x3i values as the 
(standardised or unstandardised) observed values of 
core predictors in the (existing or synthetic) dataset 
from step (2).

•	 Use this information to derive X and exp
(
yi + µ̂i

)
 

•	 Derive E(A) by calculating the 16 components of 
A for each participant in the (existing or synthetic) 
dataset, and then the mean of each component pro-
vides their expected values and thus forms I.

Step (6) — Examine the impact of sample size on precision 
of individual risk estimates
The final step is to examine how sample size impacts the 
level of precision (uncertainty distribution and interval 
widths) around individual risk estimates at the key time-
point of interest (as chosen in step (1)). This is relevant 
when the user has an existing dataset (to check if this 
sample size is large enough) or when designing a new 
study with prospective data collection (to a priori identify 
the required sample size). These situations are now out-
lined as Options A and B below.

•	 Option A: Calculate expected uncertainty of predic-
tions for a given sample size (existing dataset)

Following maximum likelihood estimation of an expo-
nential regression model, the variance of a new individu-
al’s log (hazard) rate ( ̂µnew ) is as follows:

I = E
(
X
′
X exp

(
yi + µ̂i

))
= E

(
X
′
Xwi

)

= E(x,w)





wi x1iwi x2iwi x3iwi

x1iwi x21iwi x1ix2iwi x1ix3iwi

x2iwi x1ix2iwi x22iwi x2ix3iwi

x3iwi x1ix3iwi x2ix3iwi x23iwi




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where xnew = (1, x1new , x2new , . . . , xPnew) are the predictor 
values for the new individual. Substituting in Eq. (4), this 
can be rewritten as follows:

Hence, for a specified sample size (n) , we can derive 
an anticipated 95% uncertainty interval around an indi-
vidual’s log rate using the following:

where L and U denote lower and upper, respectively. 
However, the actual scale of interest is the survival proba-
bility scale ( S(t) ) or the event risk scale ( F(t) = 1− S(t) ). 
Focusing on the latter, we can derive an individual’s true 
event risk (based on the ‘core model’) at a particular 
time-point ( t) using the following:

with β̂ replaced by the true parameters of the core model. 
Then, the anticipated 95% uncertainty interval for an 
individual’s event risk at t is given by the following:

As this is a frequentist framework, this interval is 
akin to a 95% confidence interval for the individual’s 
‘true’ risk. A more formal interpretation of the confi-
dence interval is as follows: if we repeated the model 
development study many times (with the same sample 
size, set of predictors and regression framework) and 
use Eq. (10) to derive a 95% interval each time, then 
95% of the intervals we create are expected to contain 
the individual’s ‘true’ risk.

Hence, option A requires the user to calculate Eq. (7) 
to Eq. (10) and derive uncertainty intervals for individual 
risk for each participant (or at least those within key sub-
groups) in the target population, conditional on a speci-
fied model development sample size ( n ) and a time-point 
( t ) of interest. The time-point was already chosen in step 
(1); the unit information matrix ( I ) from step (5) and the 
participants of interest in the target population can just 
be those from the existing or simulated dataset from step 
(2) which already contain predictor values ( xnew ). Thus, 
to apply Eq. (7) to Eq. (10), all that remains is to specify 
the sample size of interest; this could be the available 
number of participants in the existing dataset being con-
sidered for model development, or it might be a specified 

(6)var
(
µ̂new

)
= var

(
xnew

(
β̂
))

= xnewvar

(
β̂
)
x
′

new

(7)var
(
µ̂new

)
= n

−1
xnew I

−1
x
′

new

(8)

[
µ̂new ±

(
1.96×

√
var(µ̂new)

)]
=

[
µ̂new_L, µ̂new_U

]

(9)Fnew(t) = 1−
(
exp

(
−exp

(
xnewβ̂

))
t
)

(10)

[
1− exp

(
−exp

(
µ̂new_L

))
t), 1− exp

(
−exp

(
µ̂new_U

))
t)
]

sample size being considered for new data collection (e.g. 
that determined by pmsampsize). Sometimes, a range of 
different sample sizes might be considered to examine 
the value of information (e.g. in terms of reduced width 
of uncertainty intervals, reduced classification instability) 
arising from including additional participants over and 
above that recommended by pmsampsize.

More generally, based on maximum likelihood theory, 
we could assume that approximately β̂ ∼ N (β , var

(
β̂
)
) 

and use this to sample (e.g. 1000) potential parameter 
estimates for a chosen sample size; these can then be 
used to derive a sample of potential risk estimates for 
each new individual using Eq. (9), to reflect their uncer-
tainty distribution of risk.

•	 Option B: Calculate a target sample size for new data 
collection to ensure precise individual-level predictions

When designing a new study to recruit participants for 
model development, researchers will need to calculate 
the sample size required to target particular precision 
of risk estimates. By rearranging Eq. (7), the sample size 
needed to target a chosen variance of the log-rate esti-
mate for an individual is as follows:

Equation (11) can then be applied to each individual in 
the (real or simulated) dataset from step (2) to obtain the 
required n for their particular combination of predictor 
values ( xnew) . A practical issue is how to select the target 
value of var

(
µ̂new

)
 for each individual, as this is on a diffi-

cult scale to interpret. Further, the required value of 
var

(
µ̂new

) will not be consistent across individuals, due to 
the multiplication with xnew I

−1
x
′

new , which is individual 
specific. A pragmatic approach is to specify the maxi-
mum var

(
µ̂new

)
 allowed for a range of Fnew(t) values (e.g. 

0.01, 0.025, 0.05, 0.10, 0.15, 0.20), corresponding to a tar-
get maximum uncertainty interval width on the event 
risk (i.e. Fnew(t)) scale via Eq. (9) and Eq. (10)). These can 
then be applied to each individual by using the var

(
µ̂new

)
 

value that corresponds to the categorised Fnew(t) value 
closest to their true Fnew(t) . Special attention may also be 
given to selecting appropriate var

(
µ̂new

)
 values in par-

ticular subgroups defined by combinations of predictor 
values (e.g. sex, ethnicity), where algorithmic fairness 
checks will be important.

Deciding and presenting target uncertainty intervals 
with patients and clinical stakeholders: perspective based 
on risk thresholds and decision theory
Regardless of whether option A or B is chosen, model 
developers will need to decide what width of uncertainty 

(11)n = var
(
µ̂new

)−1
xnew I

−1
x
′

new
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intervals they deem appropriate. Ideally, a suitably nar-
row interval is desired for every individual (for all com-
binations of values of predictors in the ‘core model’). 
However, depending on the clinical context and role 
of the model for clinical practice, some regions of esti-
mated risk may not require intervals to be as narrow as 
in other regions. For instance, having wide uncertainty 
intervals for individuals with high risk (e.g. reflected by 
uncertainty intervals from 0.3 to 0.95) may not matter 
(i.e. medical decisions would be the same) if the entire 
interval range is compatible with a perceived high risk. 
This concept aligns with preferences for risk thresholds 
for clinical decisions. For example, a 10-year CVD risk 
threshold of 0.1 (i.e. 10%) is typically used to guide deci-
sions to prescribe statins, and so wide uncertainty inter-
vals that span 0.3 to 0.95 might be deemed acceptable, 
but narrower intervals that span 0.05 to 0.3 (including the 
threshold of 0.1) may not. When deciding on appropri-
ate uncertainty interval widths, it is important to under-
stand the clinical context of how the model will be used 
to guide decision-making and any corresponding risk 
threshold(s) involved.

With this in mind, it will be helpful to identify risk 
thresholds from a decision-theory perspective [27–29], 
based on preferences (utilities) elicited from patients, cli-
nicians and other relevant stakeholders about particular 
outcomes and consequences that may follow from possi-
ble decisions. For example, a VTE 3-year recurrence risk 
threshold of about 5% is suggested for when an individual 
should be recommended to continue anti-coagulation 
treatment [1]. If a well-calibrated prediction model esti-
mates the individual’s risk to be ≥5%, then this suggests 
the correct decision is to continue anti-coagulation treat-
ment. However, there may still be uncertainty about the 
suggested decision due to uncertainty of the model’s risk 
estimate; if the uncertainty is too wide, then ideally addi-
tional information is needed before making a decision 
[30].

In this context, the aim of our sample size approach is 
to help understand and examine which sample sizes are 
likely to give sufficient information to guide decisions at 
the individual level. To help examine this, we recommend 
calculating and presenting to stakeholders as follows:

•	 Prediction instability plots, where each individual’s 
‘true’ risk from step 3 (x-axis) is plotted against 
their corresponding uncertainty interval (y-axis) 
from step 5. The question to ask stakeholders is 
whether the individual uncertainty intervals are too 
wide for using or endorsing the model in practice. 
To facilitate this discussion, we recommend predic-
tion instability plots are presented with two curves 
(e.g. using a LOWESS smoother or spline func-

tion) fitted separately through individuals’ upper 
and lower uncertainty interval values. These curves 
define a ‘typical’ 95% uncertainty interval at each 
risk, across the entire spectrum of estimated risks 
from 0 to 1, which should aid visual interpretation 
for stakeholders (as individual uncertainty intervals 
can vary considerably, even for those with the same 
estimated risk). This is demonstrated later in the 
article.

•	 Classification instability plots (if risk thresholds 
are relevant), plotting each individual’s ‘true’ risk 
(x-axis) (i.e. the risk defined by the ‘core model’) 
against the proportion (y-axis) of their uncer-
tainty distribution that falls on the opposite side 
of their chosen clinical risk threshold compared 
to their ‘true’ risk. The question to ask stakehold-
ers is whether, in general, the proportion of the 
uncertainty distribution on the opposite side of 
the threshold is generally too large for them to use 
or endorse the model for individuals in practice. 
In our examples later, we assume the same risk 
threshold is relevant for all individuals, but this 
can be relaxed if stakeholders recommend different 
thresholds across particular subgroups.

•	 Summary statistics, which quantify the magni-
tude of uncertainty and classification instability 
across individuals. In particular, report the mean 
(min, max) width of 95% confidence intervals, and 
the mean (min, max) probability of misclassifi-
cation. Also, report the mean (min, max) across 
individuals of their mean absolute prediction 
error (MAPE), or root-mean-squared prediction 
error (RMSPE), which can be derived by many 
(e.g., 1000) sampling values from each individu-
al’s uncertainty distribution and calculating mean 
absolute (or root mean-squared) differences to 
their ‘true’ risk.

•	 Subgroup plots and results, which summarise the 
anticipated uncertainty and classification instability 
in relevant subgroups of people (e.g. defined by sex, 
ethnicity — see example later.

We now illustrate all these ideas with two examples 
applying our new approach. In the supplementary 
material S1, we also discuss how to measure the impact 
of uncertainty on clinical utility, using the net benefit 
function [31].

Results I: Application to a model for breast cancer 
recurrence by 5 years
Consider the scenario where researchers want to develop 
a prediction model for estimating the risk of breast can-
cer recurrence within 5 years in those with node-positive 
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and oestrogen-receptor (ER)-positive breast cancer treated 
with tamoxifen. They plan to recruit participants to a new 
cohort study and want to know the sample size required to 
produce a reliable model. Using pmsampsize and assum-
ing a mean follow-up of 3.57 years and event rate of 0.099 
recurrences per person year, a minimum of 355 partici-
pants is recommended to identify the sample size needed 
to target population-level stability in estimated risks.

As the model is to be used to guide individual-level 
counselling and decision-making, it is also important 
to target precise estimation of individual-level risk esti-
mates. This can be done using the six-step process out-
lined in the previous section, and we now describe this 
process, under three scenarios. Initially, we assume that 
an existing dataset is available to inform the calculations. 
Then we consider that in the absence of an existing data-
set, a synthetic dataset has been generated and provided 
by external researchers, firstly with and then without fol-
low-up information included.

Sample size calculation based on an existing dataset 
at hand
A previous dataset is available of 686 patients diagnosed 
with node-positive breast cancer from 1984 to 1989 and 
recruited to the German Breast Cancer Study Group 
(GBSG). The GBSG dataset contains five core predic-
tors considered important to predict 5-year survival (see 
step 1) alongside information about follow-up and any 
recurrence times [32, 33]. Here, to inform our sample 
size calculations, we focus on the subset of 220 partici-
pants that were ER positive and received tamoxifen treat-
ment, which represents our target population for the new 
prediction model. Henceforth, we consider this dataset 
as akin to a pilot study, and pmstabilityss uses it within 
the six-step process described in the previous section to 
examine required sample sizes.

Step (1) — Identify a core set of predictors
Five core predictors were identified: age (years), tumour 
size (mm), number of positive lymph nodes, menopau-
sal status (pre or post) and tumour grade (1, 2 or 3). This 
corresponds to six predictor parameters. To help with 
specification of relative weights (see step (3)), the three 
continuous predictors were standardised (e.g. age was 
specified as 

(
agei − agei

)
/SDagei).

Step (2) — Specify the joint distribution of the core 
predictors
The joint distribution of the 5 core predictors was 
observed in the 220 participants from the GBSG pilot 
dataset; thus, no synthetic data was needed. Hence, sub-
sequent prediction and instability plots (see step 6) are 
based on these 220 participants.

Step (3) — Specify a ‘core model’ for how individual risks 
depend on core predictor values
The ‘core model’ was chosen to be an exponential pro-
portional hazards model with relative predictor weights 
identified from analysis of the GBSG dataset itself and, 
for simplicity, assuming linear functional form for con-
tinuous predictors on their standardised scale:

The α and δ values were set to be − 3.429 and 0.208, 
respectively, which ensure that the ‘core model’ had a 
C-index of 0.70 and a mean estimated risk of 0.39 in the 
220 GBSG patients, in order to match the observed per-
formance and overall 5-year recurrence risk in the data-
set. Recent survival statistics for ER-positive patients also 
reported a similar 5-year recurrence risk [34]. For brevity, 
the impact of changing these predictor weights is consid-
ered in supplementary material S3.

Step (4) — Derive outcome event times and censoring 
times
The time of either censoring or recurrence was avail-
able for each participant in the GBSG dataset; this 
allowed us to define their yi variable (i.e. log follow-up 
time, representing the minimum of log time of censor-
ing or recurrence). Using the µ̂i from Step (3), we cal-
culate wi = exp

(
yi + µ̂i

)
 values toward Fisher’s unit 

information matrix. The mean follow-up time was 3.57 
years across all participants, 4.11 years in those that were 
censored before recurrence and 2.59 years in those that 
had a recurrence. The maximum follow-up length was 
7.28 years, the total follow-up was 785.4 person-years 
and the overall event rate was 0.099 (= 78/785.4) recur-
rences per person year.

Step (5) — Derive Fisher’s unit information 
after decomposing Fisher’s information matrix
Apply Eq. (5) to derive the unit information matrix ( I).

Step (6) — Examine the impact of sample size on precision 
of individual risk estimates
We focus on estimates of risk at 5 years and examine how 
sample size impacts the width of 95% uncertainty inter-
vals around risk estimates. We summarise the probability 
of misclassification based on an illustrative risk threshold 
of 20%, for example to identify high-risk individuals for 
whom chemotherapy might be considered (the impact 

ti ∼ exponential(ηi)

ln(ηi) = µi

= α + δ
(
(−1× age)+ (0.5× size)

+ (2× #nodes)+ (3× post_menopause)

+ (3× grade2)+ (4 × grade3))
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Fig. 1  Prediction and classification instability plots for the breast cancer recurrence model assuming a particular sample size, using the GBSG 
dataset of 220 patients for informing the joint distribution of predictors and censoring and recurrence times (dash lines correspond to 95% 
uncertainty intervals). Classification is based on a risk threshold of 20% a Three-hundred fifty-five participants (minimum recommended 
by pmsampsize). b Nine-hundred twenty participants (to target 95% uncertainty interval widths ≤ 0.2 in those with true risks
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of using a different threshold is considered in supple-
mentary material S3). We begin by considering the sam-
ple size recommended by pmsampsize, which was 355 
participants (see earlier in the article). Prediction and 
classification instability plots are shown in Fig.  1a and 
summary statistics in Table 1.

The anticipated 95% uncertainty intervals around indi-
vidual risk are quite narrow, with a mean width of 0.23 
and a mean MAPE of 0.046. The probability of misclas-
sification (proportion of the uncertainty distribution 
below/above the threshold value of 20% when ‘true’ risk is 
actually above/below) is generally very low, with a mean 
probability of 0.057. Those with very high ‘true’ risks have 
a MAPE of about zero. However, MAPE is higher for 
individuals with ‘true’ risks ≤ 0.3, and some have misclas-
sification probabilities over 0.1, even toward 0.5, with a 
mean of 0.18. Therefore, a sample size of 355 participants 
might be considered too low, if greater precision of risk 
estimates is needed for those with ‘true’ risks ≤ 0.3, espe-
cially as (e.g. chemotherapy) decisions for this group are 
very sensitive to understanding their actual risk.

This issue could be discussed via patient and public 
involvement and engagement (PPIE) groups and with 
clinical stakeholders, to identify target precision required, 
which may differ across the spectrum of ‘true’ risks from 
0 to 1. Then, we can apply Eq. (11) to identify the sample 
size required to target the precision required. For exam-
ple, consider that stakeholders recommend targeting 95% 
uncertainty interval widths < 0.20 for all individuals with 
a ‘true’ risk of ≤ 0.3 (Fig. 1b). Applying Eq. (11) identifies 
a total sample size of about 920 participants is needed 
to achieve this; this sample size would also reduce this 
subgroup’s anticipated mean misclassification probabil-
ity down from 0.18 to 0.12. Note that the more stringent 
the precision and misclassification criteria required, the 
larger the sample size needed.

Sample size calculation based on a synthetic dataset 
including follow‑up information
Now let us consider that the GBSG dataset is not avail-
able, for example due to it being held externally and una-
vailable for transfer (e.g. due to confidentiality constraints 
or access restrictions). In that situation, researchers could 
ask the data holders to generate a large synthetic dataset 
to mirror the real dataset, in terms of the joint distribu-
tion of predictors, and censoring and recurrence times. 
This synthetic dataset could then be used in the sample 
size calculation. To illustrate this, we used the synthpop 
library in R [22], to produce a synthetic dataset of 10,000 
participants with randomly generated values of the six 
core predictors alongside follow-up time and whether 

they were censored or had a recurrence at that time. 
Example code is provided in supplementary material S2. 
Briefly, this approach utilises the joint distribution of var-
iables as carefully specified in terms of a series of condi-
tional distributions, similar to how multiple imputation is 
undertaken using chained equations. Simulating a large 
dataset of 10,000 participants ensures (if the conditional 
distributions are carefully chosen) that the observed 
(marginal and conditional) distributions of variables in 
the original GBSG dataset will be closely reflected by the 
synthetic data (e.g. in terms of means and SDs of contin-
uous variables; category proportions of categorical vari-
ables). This can be checked by the original data holders, 
before finalising their synthetic data to be passed over.

Once the synthetic data are obtained, the research-
ers can use this to apply the sample size calculation (and 
pmstabilityss) following the same steps as described ear-
lier. Note that the large size of the synthetic data (10,000 
participants) is simply to help ensure the distributions of 
predictors, and other variables closely reflect those in the 
(unseen) GBSG dataset; it is not the sample size required 
for model development. The synthetic dataset is used 
to generate the unit information matrix in Step (5), and 
then Step (6) examines the actual sample size required 
for model development based on this unit information 
matrix.

The results based on the synthetic data are summarised 
in Table  1 and Fig.  2; they are very similar to when the 
GBSG dataset was available directly, with similar sum-
mary statistics about uncertainty interval widths and 
misclassification probabilities. For example, with 355 
participants, the mean MAPE is 0.046 when using either 
dataset, and the mean uncertainty interval width is now 
0.22 compared to 0.23 before. Hence, similar conclusions 
about the sample size required would be achieved in gen-
eral, as is expected when the synthetic dataset is gener-
ated to closely match the characteristics of the original 
dataset.

Slight differences do arise in the lower range of predic-
tions, potentially due to the larger size of the synthetic 
data providing more individuals with lower risks than 
before. In particular, the mean uncertainty interval width 
in those with ‘true’ risks ≤ 0.3 is slightly wider when 
using the synthetic data than when using the GBSG data 
directly, leading to a higher mean probability of misclas-
sification (0.22 compared to 0.18 with 355 participants, 
0.16 compared to 0.12 with 920 participants). Subse-
quently, larger sample sizes would be recommended 
based on the synthetic data if targeting uncertainty inter-
val widths ≤ 0.2 in the subgroup with ‘true’ risks ≤ 0.3.
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Sample size calculation based on a synthetic dataset 
without follow‑up information
Sometimes a (synthetic) dataset may be available for 
informing the joint distribution of predictors but with-
out information about individual-level follow-up times 
and event status (e.g. due to confidentiality concerns). In 
this situation, implementing the sample size calculation 
requires the researcher to generate survival times under 
some sensible assumptions, including the anticipated 
maximum follow-up length, the mean follow-up time, 
and the censoring distribution.

To illustrate this, we revisit the sample size calculation 
using the synthetic dataset from the previous  section 
but exclude any follow-up information. That is, the syn-
thetic dataset now contains the values of the core predic-
tors for the 10,000 participants so that we have the joint 
predictor distribution needed for Step (2). However, we 
do not have the value of wi = exp

(
yi + µ̂i

)
 for each indi-

vidual needed from Step (4). To address this, each indi-
vidual’s µ̂i is set to the µi from the ‘core model’ from Step 
(3), and we need to generate yi , which is the minimum 
of the log event time and log censoring times for each 
patient. Using survsim  [24], we generate the log event 
time for each patient conditional on their µi defined by 
the exponential regression of the ‘core model’; given the 
large dataset, this still ensures that the overall risk at 5 

years was 0.39, akin to that for the GBSG dataset (exam-
ple code in supplementary material S2). Then, we assume 
no censoring occurs in the first 2 years (based on the 
premise that drop out before 2 years is very unlikely), 
and between 2 and 7.28 years, there is uniform censor-
ing, with all remaining individuals censored at 7.28 years 
(to match the maximum follow-up known for the GBSG). 
This led to the synthetic dataset having a mean follow-
up time of 3.55 years across all participants (recall it was 
3.57 years in the GBSG dataset).

The results are summarised in Table 1 and Fig. 3 and are 
very similar to previous examples where follow-up times 
were directly available either within the GBSG dataset 
directly or the supplied synthetic dataset. For example, 
with 920 participants, the mean misclassification prob-
ability is 0.037, which is the same as previously. When 
considering just those with true risks ≤ 0.3, the mean mis-
classification probability is 0.15 compared to 0.12 when 
the GBSG dataset was available directly and 0.16 when 
the provided synthetic data included follow-up times.

Results II: Examination of stability in subgroups 
to inform model fairness checks
Robustness of model predictions in subgroups may form 
part of fairness checks for using a model in practice and 
is a recommendation within the TRIPOD + AI reporting 

Table 1  Summary statistics for the expected precision and probability of misclassification for the breast cancer model if developed 
using particular sample sizes and based on particular assumed core models and available data

Data used to inform sample size 
calculations,
assumed core model

Sample size for new model 
development

95% uncertainty 
interval width:
mean (min, med, 
max)

Mean absolute 
prediction error 
(MAPE):
mean (min, med, 
max)

Probability of 
misclassification based on 
20% threshold:
mean (min, med, max)

GBSG dataset of 220 patients,
original core model
(see the “Sample size calculation 
based on an existing dataset at hand” 
section)

355
(minimum no. recommended 
by pmsampsize)

0.23
(0.048, 0.22, 0.49)

0.046
(0.0066, 0.044, 0.11)

0.057
(0, < 0.0001, 0.48)

920
(no. to target 95% uncertainty inter-
val widths ≤ 0.2 in those with true 
risks ≤ 0.3)

0.14
(0.019, 0.13, 0.32)

0.029
(0.0032, 0.027, 0.066)

0.037
(0, 0, 0.47)

Synthetic dataset of 10,000 patients 
provided with predictor values & 
survival times,
original core model
(see the "Sample size calculation 
based on a synthetic dataset with fol-
low-up information" section)

355 0.22
(0, 0.21, 0.56)

0.046
(0, 0.043, 0.12)

0.054
(0, < 0.0001, 0.50)

920 0.14
(0, 0.13, 0.37)

0.029
(0, 0.028, 0.084)

0.037
(0, 0, 0.50)

Synthetic dataset of 10,000 patients 
provided with predictor values 
but without survival times,
original core model
(seethe "Sample size calculation 
based on a synthetic dataset with-
out follow-up information" section)

355 0.22
(0, 0.21, 0.58)

0.046
(0, 0.044, 0.12)

0.055
(0, < 0.0001, 0.50)

920 0.14
(0, 0.13, 0.39)

0.030
(0, 0.028, 0.081)

0.037
(0, 0, 0.50)
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guideline [35]. Thus, as part of the sample size calcula-
tions, it may be important to examine anticipated uncer-
tainty intervals and classification instability in subgroups 
defined by relevant patient characteristics. For this rea-
son, in Step (1), we mentioned that the core predictors 

may include variables that represent protected charac-
teristics. The model might include such predictors in the 
‘core model’ or leave them out; regardless, precision and 
classification instability can be checked as long as the rel-
evant variables are available after Step (1).

Fig. 2  Prediction and classification instability plots for the breast cancer recurrence model assuming a particular sample size, using a synthetic 
dataset for informing the joint distribution of predictors and censoring and recurrence times a Three-hundred fifty-five participants (recommended 
by pmsampsize). b Nine-hundred twenty participants
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To illustrate this, we return to the breast cancer exam-
ple and examine how a sample size of 920 participants is 
anticipated to impact subgroups defined by menopause 
status, as information from prediction models should be 

reliable for women both pre- and post-menopause. The 
results (based on having the GBSG dataset available) are 
shown in Table  2 and Fig.  4 and suggest that risk esti-
mates will be more uncertain for premenopausal women, 

Fig. 3  Prediction and classification instability plots for the breast cancer recurrence model assuming a particular sample size, using a synthetic 
dataset providing the joint distribution of predictors and then separately generating censoring and recurrence times a Three-hundred fifty-five 
participants (minimum recommended by pmsampsize). b Nine-hundred twenty participants
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for example with a mean MAPE of 0.032 compared to 
0.027 for postmenopausal women. This is anticipated as 
the minority (26%) of participants in the GBSG dataset 
are pre-menopausal. They also have a higher mean mis-
classification probability (based on the 20% threshold) 
of 0.059 compared to 0.030. Nevertheless, the discrep-
ancies between groups are small, and both groups are 
anticipated to have quite low misclassification probabili-
ties. Thus, we conclude that a sample size of 920 partici-
pants is unlikely to provide important fairness concerns 
in terms of the model’s precision and classification ability 
for different menopausal groups.

Results III: Empirical comparison of exponential, 
Weibull and flexible parametric models
As mentioned previously, specifying an exponential 
regression as the ‘core model’ is a pragmatic decision to 
facilitate closed-form solutions for the sample size calcu-
lation. An important question, therefore, is whether these 
also serve as a reasonable approximation in  situations 
where the baseline hazard is not constant.

To examine this empirically, we fitted exponential, 
Weibull and flexible parametric regression models (with 
the same set of predictors as considered in the sample 
size calculation) to the existing breast cancer dataset of 

Table 2  Summary statistics for the expected precision and probability of misclassification for the AKI model when developed using 
920 participants

Menopause status 95% uncertainty interval width
Mean (min, med, max)

Mean absolute prediction error 
(MAPE)
Mean (min, med, max)

Probability of misclassification
Mean (min, med, max)

Pre-menopause 0.14 (0.019, 0.13, 0.32) 0.032 (0.003, 0.030, 0.064) 0.059 (0, 0.00039, 0.37)

Post-menopause 0.13 (0.084, 0.12, 0.20) 0.027 (0.0050, 0.025, 0.065) 0.030 (0, 0, 0.47)

Fig. 4  Prediction and classification instability plots for pre- and post-menopausal women when developing the breast cancer recurrence model 
assuming a total sample size of 920 participants
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Fig. 5  Baseline hazard rate for breast cancer and prostate cancer datasets (obtained by a weighted kernel smoother using ‘sts graph’ in Stata), 
with comparison of risk estimates and 95% uncertainty intervals when fitting an exponential or flexible parametric survival model
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220 participants, for which the baseline hazard appeared 
non-constant (Fig.  5a). The flexible parametric model 
used restricted cubic splines to model the baseline cumu-
lative hazard [36, 37], with four internal knots. Post-
estimation of each model, we derived 95% uncertainty 
intervals for the estimated risk of each of the 220 partici-
pants; these were calculated by using Eq. (7) to Eq. (10) 
for the exponential model (i.e. the same approach as in 
the sample size calculation) and by using the predictnl 
command in Stata for the Weibull and flexible parametric 
models (which numerically estimates standard errors and 
confidence intervals directly on the risk scale).

The estimated risks and uncertainty intervals are com-
pared for the various models in Fig. 5 and supplementary 
material S4, which are generally quite similar for most 
participants. For example, the mean interval width is 
0.291 for the Weibull model, slightly larger than the mean 
width of 0.286 for the exponential model. At the indi-
vidual level, the largest disagreement in interval widths 
occurs in those with estimated risks close to 1, and in this 
situation, the predictnl standard errors and confidence 
intervals (on the risk scale) are themselves not robust for 
the Weibull and flexible parametric models, anyway.

We also compared the three approaches when applied 
to a prostate cancer dataset of 502 participants, to esti-
mate 12-month mortality risk using four predictors. This 
example also showed a nonconstant baseline hazard 
(Fig.  5) but to a smaller degree than the breast cancer 
example. The risk estimates and uncertainty intervals for 
the three models were again very similar (Fig. 5, supple-
mentary material S5), though the uncertainty intervals 
were slightly larger from the Weibull and flexible para-
metric models. We anticipate this will often be the case, 
due to the extra parameters being estimated.

In summary, these investigations give some reassur-
ance that estimates of prediction uncertainty based on 
assuming an exponential core model is a good approxi-
mation for use in a sample size calculation.

Discussion
In this article, we have considered the sample size 
required to develop a clinical prediction model using 
time-to-event (survival) data from a cohort study. We 
focused on targeting individual-level stability in risk esti-
mates, building on previous work for binary outcomes 
[17]. Specifically, we proposed how to examine the (mini-
mum) sample size required to produce individual risk 
estimates that are precise enough for the clinical con-
text at hand. This can be done to inform the decision to 
collect new data (e.g. grant application for new model 
development or to set up a new cohort study or extend 
an existing one) or to help decide if an existing dataset 
is suitably large for model development. Our software 

pmstabilityss implements the approach and allows users 
to generate summary plots and statistics. Users might 
focus on one particular sample size (e.g. as defined by 
pmsampsize or an existing dataset being considered) or 
examine a range of sample sizes (e.g. for deciding the size 
of a new cohort study); alternatively, they could calculate 
the sample size required to achieve a chosen target mean 
uncertainty interval width, MAPE or misclassification 
probability.

When performing the calculations, the actual clinical 
setting of interest should be considered, with input from 
key stakeholders including patients and health profes-
sionals about acceptable levels of individual-level uncer-
tainty and, if relevant, misclassification probabilities. 
Currently, such discussions between the model develop-
ers and stakeholders are either not done at all or tend 
to be conducted after model development. We hope 
our approach will motivate communication around this 
topic to begin at the onset of the development study, in 
the context of the clinical decision to be made and any 
relevant risk thresholds. Eliciting the key time-point(s) 
of interest for prediction is crucial, via discussion with 
patients, clinicians and other stakeholders [38]. In the 
breast cancer example, we focused on 5-year risk of 
recurrence, but sometimes multiple time-points may be 
of equal interest (e.g. 1 year, 5 year and 10 years), and the 
sample size required will change depending on the cho-
sen time-point.

In our examples, we illustrated how to examine the 
anticipated precision of risks in key subgroups, to help 
inform fairness checks in the study design process. What 
constitutes an importance difference in precision of risks 
across subgroups is context specific. Clearly, differences 
in precision are expected across subgroups, and the 
uncertainty of minority groups will often be much larger 
than subgroups defined by more commonly observed 
characteristics. However, understanding this in advance 
may drive researchers to address this via a different sam-
pling approach, such as purposefully sampling a larger 
proportion (than evident in the target population) of 
individuals from the minority groups, to help address 
concerns of imprecision or a lack of fairness. Such a 
sampling approach will distort the overall representa-
tiveness of the development dataset, however, and so it 
is important to then ensure that the developed model’s 
overall risk is recalibrated appropriately (e.g. by updating 
the intercept) for the target population of interest. Also, 
we recognise that precision of risk estimates across sub-
groups is just one aspect for informing fairness checks at 
the study design stage.

Our proposal utilises maximum likelihood estima-
tion theory for unpenalised exponential regression mod-
els and uses Fisher’s information matrix to examine 
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epistemic uncertainty (reduciblemodel-based uncer-
tainty) that arises from fitting an assumed ‘core model’ 
with a core set of predictors [39]. We do not consider 
aleatoric uncertainty (irreducible uncertainty) that refers 
to residual uncertainty that cannot be explained by the 
‘core model’. The proposal also assumes parameter esti-
mates will be unbiased (agree with the true ‘core model’ 
predictor effects on average). This is why we recommend 
starting at the minimum recommended by pmsamp-
size, which at least aims to minimise overfitting and aim 
for well-calibrated predictions at the population level. 
Also, unpenalised and penalised (shrinkage) approaches 
are likely to quite closely agree in this situation. Further 
research is needed to consider more complex settings, for 
example to deal with large numbers of candidate predic-
tors (e.g. core predictors plus potential others, including 
noise variables), allowing variable selection, and penalised 
regression approaches like lasso. Other machine learning 
approaches, such as tree-based methods, may need sub-
stantially higher sample sizes to achieve the same level of 
stability compared to (penalised) regression approaches 
[40]. Again, further research is needed to examine this.

We assumed an exponential regression for simplicity, 
as it makes the ‘core model’ easier to prespecify with an 
assumed constant baseline hazard and facilitates closed-
form solutions that are helpful for a sample size calcula-
tion. In two examples, the exponential model was a good 
approximation for quantifying uncertainty of risk esti-
mates relative to either a Weibull model or flexible para-
metric model, even though the baseline hazard was not 
constant. Cox states that he generally prefers specifying 
survival models parametrically as ‘various people have 
shown that the answers are very insensitive to the para-
metric formulation of the underlying distribution’ [41].

The main obstacles are specifying the ‘core model’ and 
the joint predictor and censoring distributions. Choices 
may involve some subjectivity, and so sensitivity analyses 
may be warranted (as is often the case with any sample 
size calculation). We provided pragmatic suggestions to 
facilitate the process, for example by focusing on a small 
number of core predictors (and protected characteristics) 
of interest, by basing the ‘core model’ on previously pub-
lished models or by assuming equal weighting of (stand-
ardised) predictors whilst adhering to a particular overall 
risk and C-index. Generally, our approach is more eas-
ily implemented when a synthetic or existing dataset is 
available (which is often the situation in practice), as then 
the joint distribution of core predictors can be observed 
directly, potentially alongside the censoring and event-
time distribution.

Lastly, there is the potential for automating some or 
all of the sample size calculation steps by integrating 
them into existing software platforms that are designed 

to extract study datasets and process healthcare data, for 
instance the data extraction for epidemiological research 
(DExtER) tool [42]. Alternatively, they could be embed-
ded alongside the production of synthetic datasets or at 
the point of obtaining feasibility information from large, 
anonymised longitudinal electronic healthcare record 
(EHR) databases (e.g. CPRD). This would facilitate and 
encourage appropriate sample size calculations by those 
using EHR data to develop prediction models.

In summary, we have proposed a new approach to 
inform the (minimum) sample size required for develop-
ing a clinical prediction model with a time-to-event out-
come based on a ‘core model’ of established predictors. 
The approach enables researchers to examine how the 
sample size (for new data collection or an existing data-
set) impacts individual-level uncertainty intervals and 
classification instability, to guide decisions on suitable 
datasets and sample size targets for model development.
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