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1. Models for 2 and 3 states: setup

Here, we develop a non-Markov model that can be used to interpret the behavior of ion

channels. First, we will consider a model for 2 states, and then we will extend it to 3 states.

Individual states are divided into groups of “open” and “closed” states; the channel conducts
ions only in an “open” state. The two-state model consists of one closed (C) and one open (O)
state, while the three-state model consists of C: (Closedl) C. (Closed2) and O (Open). The
description of ion channel transitions in the Markov model has many limitations (101 [28].
Here, according to the theoretical model we transformed into practical model according to
AG,AS and AH dataset calculation of the three states Closed1, Closed2 or Open of TRPV1
and TRPMS8 channels.

2. Model’s theory: Two states case
In this section, we consider the case where m = 2, i.e., M = M(2) = {1, 2. }; 61and 6, are the
occupation times for states 1 and 2, respectively. More precisely, the occupation times of state
1 are the sequences of the independent positive random variables - s {91(1')} having at the same

continuous distribution as 6, :

u(A) = P(6])eA) = P(6, € 4)



Analogously, 6, is the occupation time of state 2; the occupation times of state 2 are the

sequences of independent positive random variables - s {92(")} having at the same continuous

distribution as 6, :
v(B) = P(6])eB) = P(6, € B)

Here, A and B are arbitrary Borel sets on the right-hand side of the real axis. Let us define now
— a continuous random process & = £(t) as a state of described above system at time ¢z, > 0. In

detail, one can suppose that &0) = 0, and
Vte [0, 91(1)] —E(t)=1; Vte (91(1) +0,0 + 92(1)) = ¥(t) = 2;
vee (00 +6{0 +6(0 + 00 +07) = 5(1) =1

etc. Symbolically

oW oD 0@
1 2 1
Closed = Open = Closed = Open ...

Therefore, let us define the probabilities distribution of &(t):
p1(t) :=PE(t) = 1; po(t) :=PE(t) = 2) =1 —pl(t)
So that:
p1(0) =p(0+) =1

Introduce also a regeneration moment:
ri= 0" + 65"

The distribution ¢ of the random variables 7 is the convolution of ones for 91(1)and 051):

{(€)=puxv(C),CcR}

c(C)=u*v(C)=f

Rzlc (x +y)u(dx)v(dy)

and I¢(:) is the indicator function of the measurable set C. Recall that the distribution of sums
of two random independent variables is equal to the convolutions of summands. Of course, the

one-dimensional distributions may be described by their distribution functions, i.e.

Ft)=P(0,<t),G(t)=P(6,<t),t=0



We use the notation:
Fit)=1—-F(t)=P (0 >1t),t > 0;

The addition function of distribution, which is used often in the reliability theory, mean the

connection define here as:

H(t)=F*G(t) = ftF(t—y)G(dy) =P(0,+06,<t)
0

The convolution between the function v = v(t) and measurement of v is defined as

v*v(t) =v*t(t) & f v (t — s)v(ds)
0

Using the renewal theorem 2.1 of the Volterra Integral equation [1-5], the function p; =
p1(t) is a unique solution in the space of all bounded measurable functions that follow the

ordinary norm ||p(:)leo & T8 |p(6)| of the following Volterra's integral equation:

t t
p1(t) =1—Fg (O) + f p1(t —$)Fg 40,(ds) =1—Fy (V) + f p1 (t —s)H(ds)
0 0

Or equivalently
p1(t) =1 —=Fp () + [p1 * H]I(t)

The proof is based on the classical method of moment regeneration: it can be calculated using

the formula:
T = Treggil'i‘ezl = 91 + 92

Namely, we find it by means of the full probability formula
PE@®=1= f £ = 5= %0, =) Fo,v0,(@rdy) = +1

where the partition of the integral has the form:

x,y20,x+y>t x,y=0,x+y<t

And we have:



5

Further:

1
| P () =5 = 5,00, = ) Fo, 0, (dx,dy) = P(¢ < 03) = 1 = Fy, (8
x,y20,x+y>t 1

12=ff I(t > x,t > x +y)Fg, 40,(dx,dy) =
x,y20,x+y=t
/] I(t > x +)Fo, 0, (dx, d) =
x,y20,x+y=t

[ |1 =x =16+ v < OFo, 0, () =
R

Ep (t =6, —0)1(6,+6,<t) =

t t
L= f py(t — 5)Fg, 16, (ds) = f pi(t — $)H(ds) = [pl * H(®)
0 0

Therefore, to investigate the asymptotical behavior as t — oo of the solution p,(t) of the

equation:
vee (o) + 00 + 00 + 00 +07) = E0) =1

we use the Tauberian theorem (a theorem that deduces the convergence of a series on the basis
of the properties of the function it defines and any kind of auxiliary hypothesis which prevents
the general term of the series from converging to zero too slowly),using the Laplace transform

A, which is defined for any (measurable) bound function f(t),t = 0

[ee]

A[f1() :J e f(t)dt,R1 > 0

0

Here and in the sequel, R z denotes an ordinary the real part of the complex number z, so we
allow the number 4 to be complex. The Laplace transform for the arbitrary non-negative

distribution, y, is defined as follows:

o)

MRl & [ e u(de)

0

So that if the measure W is distribution of the non-negative r.v. B, i.e. u(A) = P(BeA), then
evidently A[u](1) = Ee~*#. This integral converges for the complex values A for which
RA1=>0.



Of course, if the distribution u has density du/dt = y(t), then both definitions coincide.

We recall the following important property: the Laplace transform is closely and continuity
related to the source distribution to a weak convergence and we know that

Alp *v](A) = Alul(D) - Alv] - (1)

In the theorem 2.2, suppose 0 < Ef; < o, 0 < Ef, < oo. Then

E6,

li 1(t) = ———F

The proof is that one can assume without loss of generality that there exist a probability density
function h(t) = dH(t)dt. We apply the Laplace transform on both sides of the equation as

mentioned above:

t t
p1(t) =1—Fg (£) + f p1(t — s)Fg 40,(ds) =1—Fp () + f py (¢ —s)H(ds)
0 0

And we get
Alp1](A) = Al1 — Fo](D) + Alp1](2) - A[R](D),

Following

_A[1-F]()
MO =T
We deduce consequently thatas R 1 — 0 +

A[[l - Fe](/l)]“'f [1— Fg,](t)dt = EQ1~7t
0

1 — A[[h](D)]~2- [EO1 + EB2]

N E61
P11~ 71Ee1 7 Foz]



3. The three-state case

Here, we derive the model for a more complex case with m=3, i.e., the system has 3 states,

&(t) = 3,t = 0. This case presents 2 possibilities, symbolically:

9§1) 951)
Closed1 = Closed2 = Open.. ...

Fe o 0@
1 2 1
Closdel = Openl = Closed2 = Open?2 ...

The first has a probability, g, = q,; the second has a probability g_ = q;;0<q_ < 1; q; +
q- = 1. Independently, on the random variables — s {0]’-‘} which are also independent. If we

consider that the random variables &(t) are homogenous and Markovian, then automatically
both the switch probabilities g_, g; are proportional to the inverse exception of the values 6;
and 8,. We now offer (by analogy with the Markovian case) in the general case of non-

Markovian process &(t) the following switch probabilities:

E6, E6,

4ro ¢

A "= E6, 1 E6,

" E0, + E6,’
Let us define the following important probabilities:
p1(t) := P(&(t) = 1); p,(¢) := PE(t) = 2) = p3(t) := P(E(t) = 3)

Where, of course

p1(t) + po(t) +p3(t) =1

The initial condition p;(0) = p;(0+) = 1. The corresponding occupation times will be

denoted as before:
6 =0 +6% ... +6)j =1Lk =123,...

Let us introduce the random variable ¢ as the first time after 8; when the random process &(t)

returns to the initial state (state one):
(=1 = inf{t,t > 0W E() = 1 } — o™
Theorem 3.1. The distribution

Mg =q-"qg, t 4+ qo,+0, * U



Proof. Again, the relation follows immediately again from the full probability formula as long
as, after the occupation time spent in the second state, random process £(t) returns to the first

state with probability g_ and switches to the third state with additional probability g, = 1 —

q-, whence it returns to the second state after time 9§1) (recursion). As a corollary, we

conclude applying the Laplace transform:

q- Alub,]1(1)
— q4 - A[u6;](2) - Alp63](1)

Alue ] = 7

After simple calculations

EB, _I_qJr + Ef;
q- q-

E¢ =

If of course, both expectations E 8, and E 85 exist (are finite).

Theorem 3.2. the function p; = p;(t) is the unique solution of the following Volterra integral

equation of renewal type:

t

py(0) = 1—Fy (6) + f t(t — S)F(ds)

0

Proof is quite analogous to one in theorem 2.1; it is sufficient to note that here for the random

process &(t), the moment of regeneration is equal to ¢. Therefore,

A[1—Fp, (D)

—— RA>0
YR [

Alp) (1) =

If all three Egj,j = 1, 2, 3 are finite, then

E6,

3 tll_)fglo(Pz)(t) = E0, + EC =

EO,
EO, EQ,
—"Y + —_—
q- q+ q-

E6, +

The other probabilities (p,)(t), (p3)(t) may be found analogously:

. EO,/q_
lim (p,) (1) = 0 ED
EfB; + CI_2 +q. CI_3



. q+E0;/q_
lim (p) () = T : E0
E@l +q—2+ q+q—3

where the corresponding integral equations are:

t

PO = 1= Fay,, O+ [ 2l = IFE(ds)

0

t
Ps@ = 1= Fayp,y O+ | Pt = FEES)
0

So, to solve it practically, we developed approach that supported by elsewhere [6-10]. Using
these equations, we can test whether our model describes experimental results from the
temperature-sensitive channels TPRV1 and TPRM8. Our model can be used to understand the
rate dependence of the dynamics of the channel and to predict the temperature sensitivity of

the channel. In order to use our theory, we expressed it into physical model as described below.
The transition between closed state 1 and closed state 2 is defined as:

Closedl — Closed?2

Wo(7) = ke exp(=ke,7) and Yo(7) = ko exp(—ko,T)

where (1) is the nonexponential distribution and k, and k. is the rate of close or open
states. These rates are assumed to depend on an externally applied, time dependent voltage
signal. According to our results, reveal the fact that the distributions of residence time intervals
implies that the corresponding observed two state dynamics of current fluctuations in not

Markovian. This can be expressed as:

N

o) = ) ey exp(=A,0)

i=1



With weight c; obeying YN ,c; = 1. The rationale behind this fitting procedure is the
assumption that the corresponding state consists of N discrete sub-states, separated by potential
barriers. This method constitutes the working tool for the majority of molecular physiologists
in interpreting their experimental data within a discrete Markovian scheme [6-8]. The addition
of new states. The problem with such a methodology is, however, that the number of sub-states
needed to fit the experimental data can depend on the experimental conditions. For example,
the experimental gating dynamics of a Shaker potassium channel has been successfully
described by a sequential 8-state Markovian scheme with 7 closed states for a fixed value of
temperature about T = 20 °C [6-8, 11-12]. However, to describe the experimental data over a
small extended temperature regime between 10 — 20 °C already necessitates to add three
additional closed sub-states [6-8, 11-12]. This set of equations can formally be derived
following the approaches described elsewhere [6-10]. So, to develop three states model into
three states model we start our channel driving gating with the transition of Closed1 <
Closed? .

k(s + k)
(s + k(s + k) + ks

ll)cl(S) =

Inversion of this equation yields:

Yo (1) = c1A; exp(—417) + ¢4, exp(—4,7)

With the rate coefficient

1 2
Mz =5 k" +kin ke \/ (kS = kein = bee) + 4k kiy)

Corresponding weight factors

[CREZTETS]

C1,2

2
2 \/ (k= kein — ko) + 4k kiy)
The mean residence time of this equation is:

1 ki
<Tc1> - @(1 + k_‘r)



And could be characterized as coefficient of variations:

V(@) - (0)?

€= (1)

Together with the rate coefficient rate equation that appears above, we can write:

(0)
2k, k;
Co= [1+—"1T—"
(kin + k‘r)

In the case of

ky < ke < k2

We can say that

(0
2k, k;
Co~ |1
¢ kin
This implies that the distribution has a small but very broad long time tail, which in turn
results in long time variance of the residence times. As described by Goychuk et al. [49] [29],
the signal to noise ratio is then strongly suppressed in the low frequency limit Q — 0 by the
factor
1 _ C¢+C2
N(0) 2

where Co is the coefficient of variation for 1, C, = 1 in the present case. This represents the
first clear non-Markovian effect in our model. We also note that the auxiliary functions N(s)
can be recast as

s(s+ ki, +ky)

NG = 5 Mils + @]

where

[(kg°> + k9 + kin)]
2

wyo(T) = +k, + J kO 4+ k9 — ki — ke + 4k Pkyy,

are the decay rate of these of the conductions times correlations. By using the equations of

N(s) together with the first equations here in the process, we obtain:

10



(A9)*q*v*(T)

nQ,T) =
e(T) Q2 + (ki + ky)2
16(ks Y cosh |2 ey ey iar )
And
2.2
Rey(QT) = nA“q“v(T)

S s B P
2kpT Q2 4 (ki + k)2 + kO ki

The remaining parameters are:

o, ko ke
v(T) ={mp™") + (1) ! = k¢ +m
where
5 = voerp [
and
1+ ki

e(T) = AGy(Vy) — AG (V) + kpln(

k)

Which leads to exponential Arrhenius rates:

k (_AGin)
in = Vo€Xp
in 0 kBT
and
—-AG;,
k. = voexp( )
T 0 kBT

According to these equations we performed numerical calculations for the experimental

dataset that we use to calculate AG,AS and AH in the three states Closedl, Closed2 or Open

of TRPV1 and TRPMS8 channels.
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