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Abstract

We study the problem of query containment of conjunctive queries over anno-
tated databases. Annotations are typically attached to tuples and represent
metadata such as probability, multiplicity, comments, or provenance. It is usu-
ally assumed that annotations are drawn from a commutative semiring. Such
databases pose new challenges in query optimization, since many related funda-
mental tasks, such as query containment, have to be reconsidered in the presence
of propagation of annotations.

We axiomatize several classes of semirings for each of which containment of
conjunctive queries is equivalent to existence of a particular type of homomor-
phism. For each of these types we also specify all semirings for which existence
of a corresponding homomorphism is a sufficient (or necessary) condition for
the containment. We develop new decision procedures for containment for some
semirings which are not in any of these classes. This generalizes and system-
atizes previous approaches.

1 Introduction

Relational database annotation is rapidly coming to market. The expressive
power of curated (Buneman, Cheney, Tan, and Vansummeren 2008) and prob-
abilistic databases (Fuhr and Rolleke 1997; Zimanyi 1997), various forms of
provenance (Cui, Widom, and Wiener 2000; Buneman, Khanna, and Tan 2001;
Green, Karvounarakis, and Tannen 2007), and even bag (multiset) semantics as
a way to model standard SQL (Chaudhuri and Vardi 1993), derives from an an-
notation attribute with special behaviour. Green, Karvounarakis, and Tannen
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(2007) observed that in all of these cases annotations propagate through queries
as we expect if the domain of annotations has the structure of a commutative
semiring. Karvounarakis and Green (2012) recently surveyed work building on
this model.

To perform standard tasks such as query rewriting and query optimization,
it must be possible to compare queries in some appropriate manner. Every ap-
plication that supports annotations should therefore also support comparisons
between queries. However, as noted by Ioannidis and Ramakrishnan (1995)
and Chaudhuri and Vardi (1993) for the particular case of bag semantics and
quite generally by Green (2011), the introduction of annotations requires a com-
plete rethinking of these kinds of tasks: a pair of queries may behave differently
when posed over ordinary relations or over annotated relations; the behaviour
can be different even for different semirings. Hence a general theory is needed
to explain how queries behave over annotated relations, and to provide query
optimization and query rewriting techniques, regardless of the semiring chosen
for annotations.

In this paper, we study the problem of containment of queries, specifically
for the classes of conjunctive queries (CQs). For this purpose we formally gen-
eralize the standard notion of containment for relational databases (Chandra
and Merlin 1977) so that it subsumes previously studied containments for bag
semantics (Ioannidis and Ramakrishnan 1995; Chaudhuri and Vardi 1993) and
several other semirings (Green 2011). We study in our view the most general
reasonable notion of containment, based on a few intuitive axioms which any
containment should satisfy.

The ideal would be to obtain a procedure to decide containment of CQs
for an arbitrary annotation semiring. However, there is evidence that obtain-
ing such a procedure for all semirings is a truly challenging, if not impossible,
task. Indeed, this would require solving containment for bag semantics, which
is a long-standing open problem for CQs (Chaudhuri and Vardi 1993; Ioanni-
dis and Ramakrishnan 1995; Afrati, Damigos, and Gergatsoulis 2010; Chirkova
2012), and is even undecidable for unions of CQs (Ioannidis and Ramakrishnan
1995) or CQs with inequalities (Jayram, Kolaitis, and Vee 2006). With these
observations in mind, we instead ask the following, narrower question: are there
reasonable classes of semirings for which we can prove that containment of CQs
is decidable? In this paper we answer this question positively, by finding sev-
eral such classes. Our main results generalize and extend previous work (Green
2011; Grahne, Spyratos, and Stamate 1997) unifying how semantic properties
of query containment link to syntactic properties of different types of homo-
morphisms between queries. We also show that these classes are of importance
in practice, as they contain the majority of the annotation semirings that have
been proposed.

For standard relational databases (which can be modelled by a set seman-
tics semiring consisting of just two elements true and false), query containment
corresponds precisely to the NP-complete problem of deciding whether there ex-
ists a homomorphism between these queries (Chandra and Merlin 1977). Thus,
the natural starting point of our search for decidable classes is to ask for which



semirings the CQ containment problem coincides with CQ containment for the
usual set semantics. This question was partially answered by loannidis and
Ramakrishnan (1995), where for semirings which are so called type A systems,
containment was shown to be equivalent to the existence of a homomorphism.
We show that it is possible to describe the class Cyop, of all such semirings by
two simple axioms: idempotence of multiplication and annihilation of the multi-
plicative identity. (The latter property informally means that the multiplicative
identity is the greatest element in the semiring.) Notably, this class corresponds
precisely to the class of type A’ systems (Ioannidis and Ramakrishnan 1995),
for which such a characterization was left open.

Continuing our search for decidable classes, in Sec. 4 we consider those classes
obtained by relaxing the axioms for Cyom. In Sec. 4.1 to 4.4 we show that for
each of these classes there exists a well-known natural type of homomorphism
that is associated with the class. For these classes, existence of an appropriate
type of homomorphism between two CQs is sufficient to conclude that the one
CQ is contained in the other. As an example, consider the class of semirings
that satisfy only the annihilation axiom. In Sec. 4.2 we demonstrate that this
class contains precisely all the semirings for which the existence of an injective
homomorphism is a sufficient condition for containment of two CQs. A sufficient
condition does not guarantee the decidability of the containment problem; one
needs a necessary condition as well. For this purpose, we describe the largest
class for which an injective homomorphism is necessary for containment of CQs.
Thereby, we have that for all semirings in the intersection of these two classes,
the existence of an injective homomorphism is both a necessary and sufficient
condition for the containment of two CQs, resulting in a class Cj, of semirings
for which containment is decidable.

We establish similar results for several other classes of semirings obtained
by relaxing the axioms that define the class Cpomn, and show how these classes
are characterized by other well-known types of homomorphisms. This yields
NP decision procedures for containment of CQs for the corresponding classes of
semirings. We provide matching complexity lower bounds: all of these decision
problems are NP-complete. We also prove a more general result that the decision
problem is NP-hard for all semirings considered in this paper.

To axiomatize some of these classes, in Sec. 4.1 we introduce the notion of
CQ-admissible polynomials. Intuitively, a polynomial is CQ-admissible if it can
be obtained by evaluating a CQ over a database annotated with variables. In
Sec. 5 we give a syntactic characterization of these polynomials. This novel
concept is of independent interest; for instance Olteanu and Zavodny (2012)
implicitly use the properties of such polynomials for effectively storing and ma-
nipulating the provenance of CQ results.

Moving beyond homomorphisms, in Sec. 6 we also find several semirings for
which containment of CQs can be solved via a small model property, by looking
for a small enough database witness for absence of containment. More precisely,
we show that, if a semiring satisfies the idempotence of addition axiom, then two
CQs are contained with respect to this semiring if and only if they are contained
on all instances of size no greater than the size of the pair of queries. Using



this property, we show that in this case the containment problem can be cast as
the problem of deciding whether the evaluation of a CQ-admissible polynomial
is greater than or equal to the evaluation of another such polynomial, for any
assignment of values to the variables from the corresponding semiring. Thus,
the decidability of such an order on polynomials implies the decidability for
containment of CQs, under any semiring that satisfies our idempotence axiom.
This results in new decision procedures to solve containment of CQs, for a wide
range of semirings that had not been previously addressed. As an example of
how to use this machinery, we study the problem of the order on polynomials
for two well-known semirings — the tropical semiring and the maz-plus algebra —
and use these results to provide novel complexity bounds to decide containment
of CQs under these semirings.

It follows from our definition of containment that two queries are equiva-
lent if and only if they are contained in each other. Thus, all of our upper
bounds for query containment naturally translate into upper bounds for decid-
ing the equivalence of queries. However, lower bounds need not be the same.
For instance, while the decidability problem of containment under bag seman-
tics remains open, and is ITh-hard according to Chaudhuri and Vardi (1993),
the equivalence problem in this case can be solved simply by checking for an
isomorphism between queries. Therefore deciding the equivalence of queries un-
der annotated relations is a different problem from the containment problem
that we study in this paper, and it is an interesting, non-trivial problem that
deserves to be studied on its own.

Most of the results were announced in a conference paper (Kostylev, Reutter,
and Salamon 2012). Here we include detailed proofs and several new results.
We also present a number of alternative definitions and characterizations that
are not only useful for the understanding of the complete picture behind the
study, but are also interesting in their own right.

In particular, the new material includes the following. Sec. 3.3 contains
a more detailed analysis of the properties of the class Cyop, of semirings. In
Sec. 4.1 we show (Prop. 4) how CQ-admissible polynomials can be defined only
in terms of queries without free variables, and use this property to define a novel,
alternative characterization for the class Nycoy Of semirings, which is based on
CQ-admissible polynomials (Lem. 2). In Sec. 4.4 we show how our machinery
can be used to prove that containment of conjunctive queries is NP-hard under
any semiring considered in this paper. Sec. 5 now gives a detailed proof of the
syntactic characterization of CQ-admissible polynomials, and along with the
proof we include the intuition behind this characterization. Finally, in Sec. 6 we
describe (Prop. 14) a completely new technique for deciding the order on CQ-
admissible polynomials under some particular semirings, such as the tropical
semiring and the max-plus algebra. Our approach draws upon results in the
area of linear integer programming, and in particular enables us to improve the
upper bounds for containment of CQs under these semirings, from the PSPACE
bound presented by Kostylev, Reutter, and Salamon (2012), to IT5.

We would also like to note that some of the results in (Kostylev, Reutter,
and Salamon 2012) are not included in this version. To be more precise, this



paper contains only results regarding containment of conjunctive queries, while
the conference version also investigates the problem of containment of unions of
conjunctive queries. As much as we would have liked to include all these results,
due to the space limitations it was not possible to include them with the same
level of detail as the rest of the results of this paper. We intend to publish these
results in an extended version dedicated solely to the problem of containment
of unions of conjunctive queries. For now, we refer the reader to (Kostylev,
Reutter, and Salamon 2012).

2 Preliminaries

Commutative semirings An algebraic structure K = (K, ®, ®,0,1) with bi-
nary operations sum @ and product ® and constants O and 1 is a (commutative)
semiring iff (K, ®,0) and (K, ®, 1) are commutative monoids! with identities O
and 1 respectively, ® is distributive over @, and a ® 0 = 0 holds for each a € K.
It will be convenient for us to consider only nontrivial semirings, i.e. semirings
such that 0 # 1. We use the symbols > and [] to denote sum and product of
sets of semiring elements, i.e. using operations @ and ®.

In the paper we will discuss many examples of semirings, such as the semiring
of natural numbers, where the abstract operations ® and ® instantiate to the
usual + and x; or the tropical semiring, where these operations instantiate to
min and 4+, respectively.

K-relations A schema S is a finite set of relational symbols, each of which is
assigned a non-negative arity. For a semiring K = (K, ®,®,0,1) and a domain
D of constants, a K-instance I over a schema S assigns to each relational symbol
R from S of arity m a K-relation R!, which is a (total) function from the set
of tuples D™ to K such that its support, i.e. the set {t | t € D™, RI(t) # 0}, is
finite.? We call R!(t) the annotation of the tuple t in the KC-relation RI.

Queries A conjunctive query (or CQ, for short) @ over a schema S is an
expression of the form 3v ¢(u,v), where u is a list of free variables, v is a list
of existential variables and ¢(u,v) is a multiset of relational atoms over S using
variables uUv. As usual we write ¢(u,v) = Ry (uy, v1),..., Ry(un, vy ), where
uU...Uu, =uand viU...Uv, = v, keeping in mind that R; and R; in
this expression can be the same symbol even if ¢ # j. A union of conjunctive
queries (UCQ) Q is a multiset of CQs over the same schema and the same set
of free variables.

Evaluations For a CQ @ = 3v Ry(uy,vy),...,R,(u,,v,) and a tuple t,
denote by V(Q,t) the set of all mappings f from uUv to the domain D such
that f(u) = t. Given a K-instance I, the evaluation of Q on I for t is the value

Q'(t) = Z H RI(f(wi,vy)).

fev(Q,t) 1<i<n

LA commutative monoid is a set with an associative and commutative binary operation
and an identity element.
2Hence, in this model every tuple of appropriate arity is annotated in every relation.



Similarly, the evaluation of a UCQ Q on [ for t is the value

Q'(t) = Q'(t).

QeQ

Note, that from this definition it follows that if Q = () then Q(t) = 0.

3 General framework

3.1 K-containment and <-positive semirings

As noted by Green, Karvounarakis, and Tannen (2007), the introduction of
annotations on relations requires a complete rethinking of the notions of query
optimization and query rewriting. For the case of bag semantics, Chaudhuri and
Vardi (1993) demonstrated that two queries that are equivalent when posed over
ordinary relations may not be equivalent when evaluated on K-relations. Fur-
thermore, for two different semirings K; and Ko, two queries may be equivalent
under KC;-relations, but not equivalent under KCs-relations.

Our main aim is to explore the problem of query containment over different
K-relations. First we need to formally specify what we mean by “equivalence”
and “containment” of queries. The notion of equivalence is naturally formalised
as follows: given a semiring I, UCQs Qi and Qs over the same schema are
K-equivalent (denoted Q1 =k Q) iff for every K-instance I and tuple t it
holds that QI (t) = QZ4(t). However, to study containment of queries over some
semiring I, we should be able to compare elements of IC not only for equality.
Therefore, we assume that the semiring K is equipped with a partial order <.
This allows us to define when a UCQ Q; is K-contained in a UCQ Qs, which
we denote by Q1 Cx Qa:

Q1 Cx Qo <= VI ¥t Qi (t) = Qi(t).

Note that by this definition different partial orders may produce the same -
containment. However, for every K-containment there exists a unique minimal
order among these, i.e. the partial order <x such that there is no subrelation of
=i that produces the same K-containment. It is a reasonable assumption that
<k is minimal with respect to Cx, and indeed we will make this assumption
for the rest of the paper.*

However, for some partial orders the above definition results in a rather
spartan notion of KC-containment. For example, by considering the usual order
< on the semiring Z of integers, one can easily verify that the empty UCQ is
not Z-contained in any non-empty UCQ.

Thus, we need to restrict the class of partially ordered semirings that we
consider for our study. In order to do so, we list four intuitive requirements that,
in our view, any definition of /C-containment should satisfy, and then identify

3A partial order is a transitive, reflexive and antisymmetric binary relation.
4We use this fact in the proof of Prop. 1.



all the semirings K equipped with partial orders <y for which the definition of
K-containment is guaranteed to satisfy our requirements. These requirements
are as follows:

C1

N

x is a preorder, i.e. reflexive and transitive;
1=k Q2 iff Q1 S Q2 and Q2 Ck Qu;
0 Cx Q holds for all Q;

if Q1 Ck Q2 then Q; U Q3 S Q2 U Qg for any Q3.

C2

o

(C1)
(C2)
(C3)
(C4)

Requirements (C1) and (C2) essentially state that our notion of containment
behaves as a partial order with respect to the equality we have defined previ-
ously. Requirements (C3) and (C4) impose further conditions to ensure that
the notion of containment behaves in a natural way. For example, requirement
(C3) rules out the example with Z and <; and requirement (C4) is typically
needed when considering query processing tasks such as query rewriting.

It turns out that we can easily axiomatize the class of semirings with partial
orders that have KC-containments satisfying (C1) — (C4). The following propo-
sition says that this class consists of all <-positive® semirings, i.e. semirings
K =(K,®,®,0,1) equipped with a partial order <y, such that

(1) 0 2 aforall a € K, and
(2) a=zcb=>a®c3cbdceforall a,bce K.

Proposition 1. A semiring K equipped with a partial order <y is =<-positive
iff the corresponding K-containment Cy satisfies the requirements (C1) — (C4).

Proof. First we show that if Cy satisfies the requirements (C1) — (C4) then the
partial order < satisfies 0 <, a and a <k b = a®c <) bD ¢ for all a,b, and
¢ from K.

To show that 0 < a for all a € K, consider a UCQ Q = {3v R(v)}, and a
K-instance I such that R!(c) = a for some constant ¢ € D and R!(¢') = 0 for
all ¢ € D, ¢ # c. By requirement (C3) we have that ) Cx Q. Hence, we have
that

0=0() < Q'() = a.

To show that a®c < b®c for all a,b,c € K such that a =<x b, consider
Q; and Qs over some schema S, such that Q; Cx Q2 and for some K-instance
I and tuple t it holds that QI(t) = a and Q4(t) = b. Such UCQs exist by
the minimality of <x. Extend S to a new schema S’ with a new relation R of
arity equal to the size of t. If we consider Q; and Q2 as UCQs over S’ then
Q1 C Qo still holds, since these CQs do not use R. Let J be an extension of
I on R such that R’(t) = c and R’/(t') = O for all t' # t. Let also Q3 = {Q}

5In the conference version of this paper the term “positive semiring” was used for this
notion. To avoid confusion with other usage in the literature (for instance, Green (2011) uses
the definition of Eilenberg (1974)), a refined term is used in this paper.



where @ = R(u). From requirement (C4) we have that Q; U Q3 Cx Q2 U Qs.
Hence the following holds, which suffices for the proof:

a®c=Q{(t)®Qi(t) = Qs(t) 2 QJ(t) =bdc.

It is left to show that if <i is a partial order satisfying 0 <x a and a =
b=adc=3 bPcfiorall a,b, and ¢ from I, then Cx satisfies the requirements
(C1) - (C4).

Requirements (C1) and (C2) follow immediately from the fact that <y is a
reflexive, transitive and antisymmetric relation.

To prove requirement (C3), we need to show that for each Q it holds that
0 Cx Q. Consider an arbitrary UCQ Q. From the fact that 0 <x a for each
a € K, we have that 0 <, QI(t) for any instance I and tuple t. As noted above,
for any I and t we have (7 (t) = 0. Thus, it holds that ! (t) < Q!(t) for any
I and t, and by definition this means that § Cx Q.

To prove requirement (C4), we show that for each Q, Q2 such that Q; Ci
Q2, and each Qg, it holds that Q; U Q3 Cx Q2 U Q3. Assume then that for
queries Q; and Qy, and any instance I and tuple t, we have that QI (t) <
QL(t). Then from the properties of <x we have that QI (t) ® ¢ <x Qi(t) @ c,
for any instance I and tuple t, and for any ¢ € K. Hence, QI(t) ® Qi(t) =<k
QL(t)®QL(t), for any such I and t. Hereby, by definition we obtain Q;UQs Cx
Q2UQs. O

We assume for the rest of the paper that all semirings are =<-positive and
denote the class of such semirings by S<.
We focus in this work on the following decision problem:

CQ K-CONTAINMENT:

Input: CQs @1, Q2.
Question: Is Q1 Cx Q27

In particular, we are interested in classifying the semirings in S< for which
different conditions on CQs are sufficient for K-containment, and also for which
semirings they are necessary. If for a semiring K such a condition is both
sufficient and necessary, and it is possible to check the condition algorithmically,
then we have a decision procedure for K-containment.

3.2 Naturally ordered semirings and provenance polyno-
mials

A semiring K = (K, ®, ®, 0, 1) is naturally ordered iff the preorder <3, defined
as a <3 b < Jc a®c = b, is a partial order. Green (2011) noted that in
most semantics considered so far, including set and bag semantics, the notion
of containment is based on natural orders of the semirings. In principle, this
condition appears to be too restrictive, and for this reason we have opted for
the more general approach based on <-positive semirings. It is straightforward



to show that any naturally ordered semiring is a <-positive semiring. However,
it is also possible to show that every =<-positive semiring with a partial order
=x is a naturally ordered semiring, but =<y is an extension of <} (i.e. <}
is a subrelation of <x). Thus, our approach is general enough to include all
previous work, as far as we are aware.

In (Green 2011) the problem of K-containment of CQs and UCQs was con-
sidered for several naturally ordered semirings, including the one known as the
semiring of provenance polynomials, N[X] = (N[X],+, x,0,1). This is the set
N[X] of polynomials over a set of variables X, with natural number coefficients,
equipped with the usual operations 4+ and x. Green, Karvounarakis, and Tan-
nen (2007) pointed out that this semiring (without any order) is special among
all semirings since it is “most general”, i.e. possesses the universal property: for
any (unordered) semiring K = (K, ®,®,0,1) any function v: X — K can be
uniquely extended to a morphism Eval,: N[X] — K, i.e. a mapping between
semirings which preserves all the operations and relations (including constants 0
and 1). Conceptually, this property means that any semantical behaviour of the
universal semiring is also the behaviour of any other semiring (see Green, Kar-
vounarakis, and Tannen (2007) for details). Green (2011) showed that N[X],
now with its natural order, is universal for all naturally ordered semirings. It
turns out that this is also true for all (=-positive) semirings.

Proposition 2. Given a set of variables X, N'[X] is universal for the class S<
of all (X-positive) semirings.

Proof. From (Green 2011) we know that AM[X] is universal for all naturally
ordered semirings. Also, as mentioned just before this proposition, every (=<-
positive) semiring K is naturally ordered with the order <x extending its natural
order <", From these facts we conclude that any morphism Eval, : N[X] — K
preserves the natural order on NX], i.e. P <x] P’ implies that Eval, (P) <
Eval, (P’) and, hence, Eval, (P) < Eval, (P’). O

Based on this property, we can formulate different universal axioms on
semirings, involving the order <y, in terms of N[X]. Given a semiring K =
(K,®,®,0,1) from S<, a set X of n variables, and polynomials P; and Pq
from N[X], we write P; <x Pq iff for each function v: X — K the inequality
Eval, (Py) < Eval,(P3) holds for the morphism Eval,, i.e. the order holds for
every valuation of these polynomials. Since < is a partial order, we can also
write P; =k Ps for P; <x P3 APy =i Py. Polynomials of this kind will play an
important role in this paper, and we will extensively use such polynomial nota-
tion. Sometimes we will also refer to monomials, by which we mean products
of variables (without coefficients).

3.3 Containment by homomorphisms

The study of query containment in the context of query optimization had be-
gun for relational databases by the 1970s (Chandra and Merlin 1977). These
databases can be naturally modelled by B-relations, where B = ({false, true}, Vv,



A, false, true) is the set semantics semiring. Here a tuple is annotated with
true iff it is in the relation and false otherwise. For B-containment the natural
order <p is assumed, which is defined as false <g true. A CQ Q) is B-contained
in a CQ @ iff one can find a homomorphism from @2 to @1, by the classical
result of Chandra and Merlin (1977). Given CQs @1 = 3Ivy ¢1(ug,vy) and
Q2 = vy Pa(uz, va), a homomorphism (also known as containment mapping)
from Qs to @ is a function h: up U vy — uy U vy such that h(uz) = u; and
for each atom R(u,v) from ¢2(uz,va), the atom R(h(u,v)) is in ¢1(us,vy). A
homomorphism extends to atoms and sets of atoms in the usual way. We write
Q2 — @1 iff there exists a homomorphism from @5 to Q.

Based on the results of Green (2011) or Ioannidis and Ramakrishnan (1995)
it is not difficult to show that the existence of a homomorphism between CQs
is necessary for their K-containment over any =<-positive nontrivial semiring .
For the proof of this fact one would use the following notion, which we exploit
extensively in the rest of the paper.

Fix a set of variables X. A canonical instance (Green, Karvounarakis, and
Tannen 2007) [Q] of a CQ @ is an N[X]-instance with the same schema as
Q@ and with the set of variables of @ as its domain, such that for every N[X]-
relation RI?! and for every tuple u, v it holds that RI?l(u,v) =z, + ... + ,,
where n > 0 is the number of atoms in @ of the form R(u,v), and z1,...,z,
are unique (over all [Q]) variables from X.

While there may be infinitely many canonical instances for any given query,
they are all isomorphic up to renaming of the variables in the domain of the
annotations N'[X]. This allows us to speak of the canonical instance of a query,
as if it were a unique instance. Next we give a simple example of a canonical
instance.

Example 1. For the CQ Q1 = Ju,v,w R(u,v), R(u,w),S(v,w),S(v,w) we
have
R[[Ql]](uvv) = T, RHQlﬂ(uvw) = T2,
Sl (v, w) = 3 + a4,

i.e. in the relation R of the canonical instance [Q1] the tuple (u,v) is annotated
by x1, the tuple (u,w) by x2, and all other tuples by 0; also, in the relation S of
this instance the tuple (v,w) is annotated by x3+ x4, and all other tuples again
receive the 0 annotation.

Having this notion, we can prove the known fact (Green 2011; Toannidis and
Ramakrishnan 1995) that A'[X]-containment of CQs implies the existence of a
homomorphism between them.

Fact 1.
For any semiring KC from S<, if Q1 Cx Q2 then Q2 — Q.

Proof. By universality of the semiring N[ X] for S<, each of the semirings in S<
inherits the natural order of N'[X]. It is then enough to show that Q1 Cxrx] Q2
implies Q2 — @1 for any CQs @1 and Q5.

10



Let Q1 and Q2 be CQs with free variables u such that Q1 Cyx) Q2. We
have, in particular, that QEQlH(u) =NIX] Qngﬂ(u) for the canonical instance

[Q1]. Clearly, Q'] (u) # 0, which implies that Q1?'}(u) # 0. But this means
that there exists a mapping h in V(Q2, u) such that for every atom R(u’,v’) in
Q2, the atom R(h(u’,v’)) is in Q. Then h is the desired homomorphism from

Q2 to Q1. O

The previous result shows that all semirings K in S< share with the set
semantics B the property that existence of a homomorphism is a necessary con-
dition for -containment. Yet, as mentioned before, for the specific case of set
semantics we have that the existence of a homomorphism is also a sufficient con-
dition for containment. Thus, a first natural question to ask is: which semirings
behave like B with respect to containment of CQs, i.e. for which semirings /I is
it the case that Q2 — @ is sufficient (and necessary) for Q1 Cx Q2?7 This ques-
tion was answered partially in (Green, Karvounarakis, and Tannen 2007; Green
2011; Ioannidis and Ramakrishnan 1995), and Grahne, Spyratos, and Stamate
(1997) showed that this correspondence holds if K is a distributive bilattice. As
the main result of this section we show that it is possible to axiomatize the class
of all semirings for which K-containment of CQs coincides with the usual set
semantics containment.

Definition 1 (Class Cyom of semirings). Denote by Cpom the class of semirings
K that satisfy the following axzioms (using the convenient polynomial notation
introduced at the end of Sec. 3.2, i.e. assuming that all variables are universally
quantified):

(1) (®-idempotence) x x x = x;
(2) (l-annihilation) 1 + 2z =x 1.

Next we show that Cyon, contains exactly all semirings that behave like
set semantics, w.r.t. KC-containment of CQs. In order to do that, we need the
following characterizations of the 1-annihilation axiom. We use these charac-
terizations throughout the paper.

Lemma 1. Given a semiring KC,

(1) if K satisfies the 1-annihilation axiom then x1 X y1 + ...+ Ty X yn =g
x1 + ...+ xz, for every non-negative integer n;

(2) if K does not satisfy 1-annihilation, then x X y Zx .

Note that the statement of this lemma uses the polynomial notation intro-
duced in the last part of Sec. 3.2, with implicit universal quantification.

Proof. Let K = (K,®,®,0,1).
For Part 1, we know that 1®a = 1 for all ¢ € K. Multiplying by b we
conclude that for all a,b € K it holds that

ba(b®a) = b. (1)
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Since the first requirement of positivity implies 0 <x b, by the second require-
ment we can conclude that b® a < bB(b® a). Applying this inequality to (1),
we obtain that b® a <i b for all a,b € K. Again, by the second requirement of
positivity we have that for every n > 0 and every ai,...,a,,b1,...,b, € K it
holds that
(b1®a1)@@(bn®an) j;c bl@@bn

It means that the desired inequality z1 X y1 + ...+ Tp X yp Jc 1+ ... + T,
holds for every integer n > 0.

For Part 2, assume for the sake of contradiction that K satisfies z x y < =,
ie. a®b =<k a for all a,b € K. Particularly, for all a,c € K it holds that
a®(a®c) = a®(1l®c) 2 a. Take a = 1. Then 1®c¢ =< 1 for all ¢ € K.
However, by positivity also 1 <x 1@ c. Hence 1@ c = 1 for all ¢ € K, which
contradicts the assumption that I does not satisfy l-annihilation. O

We are now ready to present the main result of this section.
Theorem 1. The following are equivalent:

- semiring K belongs to Cyom;

- Q1 Cx Q2 iff Q2 = Q1, for all CQs Q1 and Q.

Proof. By Prop. 1, for any (=-positive, nontrivial) semiring K and CQs Q1, Q2
it holds that if Q1 Cx @2 then Q2 — (1. Hence, we only need to show that
given a semiring K = (K, ®,®,0, 1),

(1) if £ € Cpom and Q1, Q2 are CQs such that Q2 — @1, then Q1 Cx Qo;

(2) if £ ¢ Crom, then there exist CQs @1 and @2 such that Q2 — @1, but
Q1 L Q2.

For Part 1, assume that Q; = 3v Ri(uy, vy),...,Ry(un,vy) and Q2 =
Iw S1(a1,w1), .-y S (Qm, Wi ), where u is the tuple of free variables of Q4
and q is the tuple of free variables of )2, each u; and q; consist of variables
from u and q, respectively, and each v; and w; consist of variables from v and
w, respectively. We need to show that for an arbitrary KC-instance I and a tuple
t the following holds:

Qit)y= > I Ri(fui,vi)=c > I S/gla;,w;)) = Qi(t).

FEV(Qut) 1<isn 9EV(Qat) 1<5<m
(2)

It is given that Q2 — @1, i.e. there exists a homomorphism A from Qs to Q.
Without loss of generality, let us assume that when applying h to (the atoms
of) @2 one obtains Ry (uy,vy),..., Re(ug, vy), or, in other words, that the first
{ atoms of our enumeration of ) are the image of h in Q. Let us write

Q{(t): Z H R{(f(uiavi)) H RiI(f(uiaVi))'

FeEV(Qi,t) 1<i<t (<i<n
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Let V(Q1,t) =V U...UV,U... be a (disjoint) partitioning of the set of mappings
V(Q1,t), such that f and f’ are in the same Vy, iff f(u;,v;) = f/(u;,v;) for each
1 <i < /. Rearranging the equation, we obtain

=33 11 Rl¢@iv)) [ B va)).

k>1 feVv, 1<:i/{ {<i<n

Since ® distributes over @ and each mapping from every Vi maps the variables
of the first ¢ atoms of our enumeration of (o to the same constants, we have
that

Qi)=Y [I Bl(fetwi,va)) | Do I BI(Fuiv) |,

k>1 1<i</ fEVE £<iln

where fi is just an arbitrary representative from Vj. Since Ry(uy,vi),...,
Ry(uy, vy) is the image of the atoms of Q2 by h, just as done in (Ioannidis and
Ramakrishnan 1995) from ®-idempotence we conclude that

=3 II siteon@.w)) [ S T BE(f(u,vi)

k>1 1<j<m fEVE €<iln

We consider only instances with finite support, so only a finite number of the
outer summands are not equal to 0. Hence, we can apply Part 1 of Lem. 1, so

HOETS D | BEHEYICTR )

E>1 1<j<m
Since for all k¥ > 1 we have fy o h € V(Q2,1), the desired inequality (2) holds.

For Part 2, we need to show that given a semiring K ¢ Cy,op there exist CQs
@1 and @2 such that there is a homomorphism from Qs to @1, but Q1 Zx Qs.
There are three possibilities.

(a) Semiring K may fail to satisfy z x © =k x, witnessed by a € K such
that @ A a ® a. Consider a schema with a unary relation R and CQs
@1 = Ju R(u) and Q2 = Ju,v R(u), R(v). Clearly Q2 — Q1. However, for
the K-instance I such that R!(c) = a for some constant ¢ and R!(¢/) =0
for all ¢ # c it follows that Q{() = a and Qi() = a® a, so Q1 L Qo.

(b) Alternatively, K may fail to satisfy @ X z = x, witnessed by a € K such
that a ® a # a but a <k a ® a. For the CQs @1 and Q2 from case (a)
we have that Q1 — Q2, but since Q4() = a ® a £, a = QI() for the
K-instance I, we conclude that Q2 Zx Q1.

(¢) Finally, £ may fail to satisfy 1 + & =x 1. Then by Part 2 of Lem. 1
there exist a,b € K such that a®b A, a. In this case, consider CQs
Q1 = v R(v),S(v) and Q2 = Fv R(v) over a schema with two unary
relations R and S. Clearly Q2 — Q1. However, for the K-instance I such
that R!(c) = a, ST(c) = b for some constant ¢ and R!() =0, S/(c/) =0
for all ¢ # ¢, we have that Q() = a®b £ a = QL(). Hence, Q1 Zx Q2.
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This ends the proof of the theorem. O

Deciding the existence of a homomorphism between CQs is well-known to be
NP-complete (Aho, Sagiv, and Ullman 1979, Thm. 7(1)). We therefore obtain
the following corollary.

Corollary 1. If K € Cyon, then CQ K-CONTAINMENT is NP-complete.

Many semirings used for annotations are distributive lattices, and hence
belong to Cpom. Besides the set semantics B, they include the semiring of
positive boolean expressions PosBool[X] described by Green, Karvounarakis,
and Tannen (2007), which is used in incomplete databases (Imieliriski and Lipski
1984), and the probabilistic semiring P[] used in event tables (Fuhr and Rolleke
1997; Zimanyi 1997). To the best of our knowledge none of the semirings that
belong to Cpem but are not distributive lattices have been proposed for use in
practice, although one can easily construct an infinite number of them. This can
be done by taking any of the distributive lattices mentioned above, equipped
with a partial order that is not natural, i.e. any order that does not satisfy the
axiom a <}** b <= Jca®c = b (but of course that still satisfies our positivity
requirements).

Also, the class Cpom corresponds precisely to the class of type A’ systems
introduced by Ioannidis and Ramakrishnan (1995). They raised the question
of what the decision procedure is for CQ containment over such systems. Our
Thm. 1 answers this question. However, many annotation semirings do not
belong to Chem, including provenance polynomials N'[X], the why-provenance
semiring Why[X] discussed by Buneman, Khanna, and Tan (2001), or bag se-
mantics N (Chaudhuri and Vardi 1993). In the next section, we study what
happens when we relax the conditions for Cpop,.

4 K-containment of CQs

From a practical point of view, it would be useful to have a decision proce-
dure for K-containment of CQs for an arbitrary semiring K. However, as we
have mentioned in the introduction, there is evidence that obtaining such a
procedure for all semirings not in Cyy is a truly challenging, if not impos-
sible, task. The semiring N/ = (N, +, X, 0,1) of natural numbers with zero,
with the usual arithmetic operations and the natural order, is used to model
bag semantics (Green, Karvounarakis, and Tannen 2007). A universal decision
procedure for CQ K-CONTAINMENT would thus require being able to solve this
problem for the special case of bag semantics A/, which is a long-standing open
problem (Chaudhuri and Vardi 1993; Ioannidis and Ramakrishnan 1995). It is
also not difficult to show that there are infinitely many semirings IC for which
deciding K-containment of CQs is at least as hard as for bag semantics, in terms
of computational complexity.

With these observations in mind, we instead ask the following, narrower
question: are there any reasonable classes of semirings for which we can prove
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that KC-containment of CQs is decidable? We have already pointed out that
this is the case for the class Cyom, since for all semirings K in Cyop, the prob-
lem of K-containment can be solved by deciding the existence of a homomor-
phism. A natural starting point for our search is therefore to relax the axioms
of the class Cpon. We thus obtain the class of semirings that satisfy the ®-
idempotence axiom, that we denote by Sycov; the class of semirings that satisfy
the 1-annihilation axiom, denoted by S;,; and, if we relax both axioms, the class
S< of all (=-positive) semirings.

We show that for each of these classes there exists a natural type of ho-
momorphism that characterizes the class, but only as a sufficient condition for
K-containment of CQs. In the search for classes similar to Cpom, we then
provide the largest class of semirings for which each of these conditions is nec-
essary for KC-containment, resulting in analogues of Thm. 1 for different classes
of semirings and different types of homomorphisms.

Besides Stcov, Sin, and S< we look at one more class, that we denote by Sgy,.
This class lies “between” Spcov and S, in the sense that it can be obtained from
Sheov by a partial, instead of complete, relaxation of the ®-idempotence axiom.
The class Sg,; is interesting in its own right, since it can be characterized by the
well studied notion of surjective homomorphism (Chaudhuri and Vardi 1993;
Toannidis and Ramakrishnan 1995) as yielding a sufficient condition for CQ N-
containment. In the same fashion, we identify the largest class of semirings for
which this condition is also necessary.

All the axioms for necessary classes are based on the notion of CQ-admissible
polynomials. We first opt for a conceptual non-constructive definition, but give
a syntactic characterization in a separate subsection.

The results about the classes above are summarized in Tab. 1 on page 45,
which can be used as a roadmap of Sec. 4.1-4.4.

Notice that, up to this point, we have only considered solving the K-contain-
ment problem by means of finding different types of homomorphisms between
CQs. Thus, it is natural to ask whether there exists a different approach for
solving this problem. We address this question at the end of this section, and
show that there exists a large class of semirings which possesses a small model
property: if a CQ Q1 is not K-contained in a CQ @2, then this is witnessed by
a small enough KC-instance.

4.1 Containment by homomorphic covering
We begin with the class of ®-idempotent semirings.

Definition 2 (Class Spcoy of semirings). Let Syeov be the class of all semirings
in S< that satisfy the ®-idempotence axiom:

T XIT=K.

For these semirings, we exploit the notion of homomorphic covering: given
CQs @1 and Q2, we say that Q2 homomorphically covers @1, and write Q2 =
@1, if for every atom R(u) in @1 there exists a homomorphism h from Qs to
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@1 with R(u) in the image of h; or, more formally, if for every such atom in @
there is a homomorphism h from Q2 to @1 and an atom R(v) in @2 such that
h(v) =u.

This type of homomorphism arose in the context of query optimization as a
necessary condition for A-containment of CQs over bag semantics N/ (Chaud-
huri and Vardi 1993). It was also noted that existence of a homomorphic cover-
ing is not sufficient to guarantee A/-containment. Homomorphic coverings were
also used by Green (2011) to show that Q2 = @7 is both necessary and suf-
ficient for Q1 Crinx] Q2, where Lin[X] is the lineage semiring (Cui, Widom,
and Wiener 2000; Buneman, Khanna, and Tan 2001). This semiring is used to
model propagation of comments of arbitrary nature.

In this section we establish axiomatic bounds for semirings to have homo-
morphic covering as a sufficient and as a necessary condition for -containment
of CQs. We start with the first part and show that the class Spc.o, captures
precisely all semirings for which Q2 = @ is a sufficient condition.

Proposition 3. The following are equivalent:

- semaring KC belongs to Snheov;

- Q2 = Q1 implies Q1 T Q2, for all CQs Q1, Q2.
Proof. We need to show that given a semiring K = (K, ®,®,0,1),

(1) if K € Speov and Q1, Q2 are CQs such that Q2 = @1, then Q1 T Qo;

(2) if £ ¢ Shcov, then there exist CQs @1 and @2 such that Q2 = @1, but
Q1 L Q2.

For Part 1, we assume that Qi(u) = 3v Ri(uy,v1),..., Rp(un,vy,) and
Q2(q) = Iw S1(a1,w1), -, S (Qm, Wi ), where u is the tuple of free variables
of 1 and q is the tuple of free variables of ()2, each u; and q; consist of variables
from u and q, respectively, and each v; and w; consist of variables from v and
w, respectively. We need to show that for an arbitrary K-instance I and a tuple
t, we have

ay= > I BRla.vi)=zc > I Siglas,w)) = Qit).

FEV(Qib) 1<i<n 9EV(Qa.t) 1j<m
(3)

We need some extra notation. Since )2 homomorphically covers @i, let
hi,...,h, be the (not necessarily distinct) homomorphisms from @5 to Q1 such
that, for each 1 < ¢ < n, the atom R;(u;, v;) is in the image of h;. Consider the
following set V!(Q2,t) of mappings:

VY (Q2,t) = {g | g = fohi, where f € V(Q1,t),1<i<n}.

It is easy to show that V!(Q2,t) C V(Q2,t) (this was also proved by loannidis
and Ramakrishnan (1995)). For the left part of the inequality (3) we have

i) = > I Blt,vy= > [ TI S/ (fohi(aj,w)).

FEV(Q1b) 1i<n FEV(Qut) 1<i<n 1<<m
(4)
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The second of these equalities holds by ®-idempotence of K: indeed, for each
f € V(Q1,t) the product of SJI (f ohi(qj,w;)) multiplies the same values as the
corresponding product of R (f(u;,v;)), but with greater or equal exponents. If
we define, for mappings g1, ..., g, from V1(Qo,t),

Wgr--n9a)= [T I SF(gilas,w)),

1<i<n 1<j<m

then we can arrange the right part of (4) to obtain:

Qi(t)= > T(foh,...,fohy).
feV(Qi,t)

From positivity of K and the fact that the number of tuples in I with annotation
greater than 0 is finite, one can show that:

Yo H(foh,...,foh))=x >, Tlgr,..oog0). (5

FeEV(Q1,t) g150-,9n €V (Q2,t)

Indeed, since for each f € V(Qq,t) all of fohy,...,foh, are in V(Qa,t),
to show that equation (5) holds we only need to prove that on the left side no
summand occurs more times than on the right side, i.e. that for every different
I, € V(Q1,t) it holds that fohy,...,foh, and f' ohy,...,f oh, are not
completely the same. Assume the contrary. Since f # f’, there exists a variable
v in @ such that f(v) # f'(v). Let v be among the variables of an atom
R;i(u;,v;), 1 <i <mn,of Q. But this atom is in the image of h;, and thus Qs
contains an atom S;(q;, w;), 1 < j < m, such that h;(q;, w;) = (u;,v;). Hence
f o h; differs from f’ o h;, which is the desired contradiction.

Continuing with the proof, notice that the right part of equation (5) can be
rearranged as follows:

Z M(g1,...,9n) = Z H S}(Q(Qj’wj))

g1, 9n€EVH(Q2,t) geEVH(Q2,t) 1<j<m

n

Finally, we obtain equation (3) from ®-idempotence and positivity of K:

n

> I sitawy | = > II Sielas,wy) =«

gEVH(Q2,t) 1<j<m geEV(Q2,t) 1<j<m

ST siatawy) = QL.

gEV(Q2,t) 1<j<m
This shows Part 1 of the proposition.

For Part 2 we reuse the CQs @1 and Q2 from the cases (a) and (b) of the
proof for Part 2 of Thm. 1. Clearly, we have Q2 = @7 and @1 = @2 but by

the same reasons ()1 Zx Q2 and Q2 L Q1. O
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Of course, a sufficient condition itself does not guarantee the decidability
of the K-containment problem; one needs such a condition to be necessary as
well. Since one can easily find semirings in Syco, for which the existence of a
homomorphic covering is not a necessary condition (for example, any semiring
in Cpom), our only hope is to describe the largest class for which a homomorphic
covering is necessary for K-containment of CQs. Next we present two different
characterizations of this class. The first one is just an axiomatization similar to
the definition of previous classes of semirings, and the second one is based on
an interesting characterization of polynomials. We show that both definitions
end up being equivalent, and then proceed to show that this class satisfies our
desiderata.

Definition 3 (Class Ny, of semirings). Denote by Nycoy the class of semirings
K such that for every n,k > 1 it holds that

Ty X oo X Ty XY Pi (x1+...+xn)k

(again, assuming all variables to be universally quantified).

The above definition implies, in particular, that * x y Zx z. By Lem. 1
none of the semirings in N0, can then satisfy the 1-annihilation axiom. Hence
NhicovNChom = @. This is to be expected, since we are describing a class of semir-
ings for which homomorphic covering is a necessary condition for K-containment
of CQs. Nevertheless, one can verify that many interesting semirings belong to
Nicov, such as bag semantics N. In fact, it was already proved by Chaud-
huri and Vardi (1993) that homomorphic covering is a necessary condition for
N-containment of CQs.

Next we give a different characterization for the class Nycoy. It is based on
the following definition.

Definition 4. A polynomial P from N[X] is CQ-admissible iff there exists a
CQ Q, an N[ X]-instance I each tuple of which is annotated with either a unique
variable from X or 0, and a tuple t, such that Q*(t) = P.

Essentially, a polynomial is CQ-admissible if it is possible to obtain it by a
CQ on an abstractly tagged instance (Green, Karvounarakis, and Tannen 2007).

Example 2. The following shows that the polynomial P = x? + xy is CQ-
admissible. Consider the N[ X|-instance I over a schema with one binary rela-
tion R, in which R!(a,a) =z, R!(a,b) =y for some elements a,b € D, and all
other annotations are set to 0. Then for the query @ = Ju,v R(u,u), R(u,v)
we have that QT() = P.

In Sec. 5 we will see that the polynomial ¥ + xy + y?, for instance, is not
CQ-admissible.

We write N¢¢[X] for the set of all CQ-admissible polynomials with variables
X. We will use this notion intensively in the rest of this paper; for now, we
have opted to give a non-constructive definition, but we will give an algebraic
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characterization of N°?[X] in Sec. 5. In this section, however, we present an
interesting observation regarding CQ-admissible polynomials. The following
proposition essentially shows that the above definition can be stated only in
terms of conjunctive queries without free variables, such as the query @ in the
example above.

Proposition 4. For every CQ-admissible polynomial P there exists a CQ Q
without free variables and N[X]-instance I with only unique variables or 0 as
annotations such that Q*() = P.

Proof. This proposition is an immediate corollary of Prop. 13 from Sec. 5, which
is somewhat technical. That is why, for the sake of clarity we left Prop. 13 for
a separate section. O

Using the notion of CQ-admissible polynomials, we are ready to give the

alternative characterization of class Npcov-

Lemma 2. A semiring KC belongs to Nycoy iff for every CQ-admissible polyno-
mial P over a set of variables X = {x1,...,x,} the inequality

T1 X ... X Ty S P
implies that every variable from X occurs in P.

Proof. Let @ be a CQ consisting of k atoms, and I be an A[X]-instance with
tuples annotated with unique variables x1, ..., x, (or zero), such that the map-
pings in the set V(Q, t) allow us to obtain any possible combination of images of
the atoms of @ to non-zero annotated tuples of I. Then Q' (t) = (z1+...+x,)k.
Therefore, this polynomial is CQ-admissible. Moreover, every P from N°¢[X] of
degree k satisfies P <r(x] (21 + ... + x,)*. By universality of NX] for S<,
each of the semirings in S< inherits the natural order of N[X], so for every
polynomial P € N°¢[X] of degree k > 1 we have that

P=<x (z1+...+z,)k (6)
By the definition, IC € Ny iff for all n, & > 1 it holds that
Ty X . X Ty XY Epe (X1 oz

Since the polynomial (x1 +- - -+1,)* is CQ-admissible, from (6) and transitivity
of <, we conclude that I € Nyoy iff for all n,k > 1, set of variables X =
{z1,...,z,}, another variable y, and P € N°?[X] of degree k it holds that

Ty X ... X Xy XYy B P (7)

This means that £ € Nycoy iff (7) holds for all n > 1, set of variables X =
{z1,...,2,} and variable y, and P € N°7[X].

Next we will show that the second part of this statement is equivalent to the
statement of the lemma: for every polynomial P € N[ X] over a set of variables
X ={z1,...,x,}, the inequality

Z‘1X...Xl‘njlcp (8)
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implies that P uses all the variables in X.

For the “if” direction, consider a polynomial P € N°?[X] such that (8) holds,
and assume for the sake of contradiction that P uses only z1,...,z, for some
¢ < n. Since (8) is an universal axiom, we may assume that £ = n—1. But then
this contradicts (7). Hence, every variable in X must occur in P.

The “only if” direction is immediate. O

Lastly, we are now able to present a formal proof that the class Nycoy is
the largest class of semirings for which the notion of homomorphic covering is
a necessary condition for K-containment of CQs.

Proposition 5. The following are equivalent:
- semiring KC belongs to Npcov;

- Q1 Sk Q2 implies Q2 = Q1, for all CQs Q1,Q2.
Proof. We need to show, that given a semiring K = (K, ®,®,0,1),

(1) if K € Nheov and @1, Q2 are CQs such that Q1 Cx Q2, then Q2 = Qq;

(2) if £ ¢ Npcov, then there are CQs Q1 and @2 such that Q; Cx Q2, but
there is no homomorphic covering from Qs to Q.

For Part 1, we assume that Qi(u) = 3Iv Ry(uy,v1),..., Ry(u,, vy) and
Q2(q) = 3Iw S1(q1, w1),- .., Sm(Qm, W), where u is the tuple of free variables
of @1 and q is the tuple of free variables of ()2, each u; and q; consist of
variables from u and q, respectively, and each v; and w; consist of variables
from v and w, respectively. Let X = {x1,...,2,} be a set of variables. Consider
a canonical N[X]-instance [Q1] of @1 (see the definition in Sec. 3.3). Denote
P, = Qng]](u) and Py = ngﬂ(u). By construction of [Q1], using the identity
mapping in V(Q1,u) it is clear that 1 X ... X ,, is a monomial in P; and by
positivity of K we have that 1 x ... X z,, <) P;.

Moreover, the polynomial Ps is CQ-admissible. This does not follow directly
from the fact that Py = Qngﬂ(u), because the tuples in [Q;] may not be
annotated by single variables. However, extensions Q% of Q2 and Q) of Q1
can be constructed to show that Py is CQ-admissible, i.e. so that all the tuples
in [Q}] are annotated with distinct variables and (Q5)I?1](u) = Py. In order
to do this, construct the query @} by replacing each atom of form R;(u;,v;),
1 <4 < mn, by an atom R}(u;,v;,s), where s is a fresh existentially quantified
variable, and query Q% by replacing S;(q;, w;), for 1 < j < m, by an atom
S; (qi, wi,t), where t is again a fresh existentially quantified variable. One can
then verify that the evaluation of Q% over [Q}] yields exactly the polynomial
Ps.

Since Q1 Cx Q2, for every K-instance I and tuple t we have that QI (t) <
Q%(t). In particular, this holds for every K-instance obtained from [@Q1] by an
evaluation X — K. Hence P; <x P2, and in particular, z; X ... X x,, =<x Pa.
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Since K € Npcov, by Lem. 2 we have that every variable in X occurs in Py. By
definition,

P,=Q = Y I[ s'9f(a;,w))).

fEV(Qa,u) 1<i<m

Since [@Q1] is an N[X]-instance, for every atom Ry(ug, ve) from @ (for which
REQIH(U@ v¢) = Zg, + ...+ 2y,), there exists a mapping f € V(Q2,u) such that
f(q) = u and Ry(uy,vy) is in the image of f. Hence, from every such mapping
one can construct a homomorphism from Q2 to @1 which has Ry(uy,vy) in
its image. This holds for every atom Ry(ug,vy) from @i, and thus all these
homomorphisms form a homomorphic covering of @1 by Qs.

For Part 2, we need to construct CQs @1 and @5 such that Q1 Cx Q2 but
Q2 7 Q1. Let K be a semiring not in Ny¢oy. By Lem. 2 there is a CQ-admissible
polynomial P € N°?[X] such that

$1X...X£anP, (9)
but P does not use all the variables x1,...,x,. Without loss of generality, we
may assume that X = {zq,...,2,}.

By Prop. 4, there exists a CQ Q without free variables and an N'[X]-instance
I with only unique variables or 0 as annotations, such that Q7() = P. Assume
that the schema of I has k relations R;,..., R, and let u be the tuple of all
elements of the domain of I which occur in tuples having annotations different
from 0 in the N[X]-relations of I. Construct a schema S as follows: for every
N[X]-relation R; of arity n;, 1 < < k, in the schema of I, add to S a relational
symbol S; of arity n; + |ul.

Suppose @ = IV Ri(v1),..., R, (vmn). Then let Q2 = 3IvSi(u,vy),...,
Sy (W, vin), be a query with free variables u, where each of S}, 1 < j < m,
has the relational symbol corresponding to the relational symbol constructed
from R’ (here we abuse notation and look at the constants u as variables). In
turn, we construct a CQ ()1 with free variables u without existential variables
in the following way: for each relation R; and each tuple q such that R (q) € X
the query @1 contains the atom S;(q, u).

Next we show that Q2 7 Q. First, note that the instance I and the
canonical N'[X]-instance [@Q1] of @Q; are related in the following way: for every

1 < i < k and tuple q it holds that Sng]](q, u) = R!(q), and all other anno-
tations in I or [Q1] are 0. Moreover, from the construction of @7 and Qo we
have

Q) =2, x ... x 2, and Q¥ (u) = P. (10)
There exists a bijective correspondence between mappings f from V(Qs2,u)

which produce monomials in Qngﬂ(u) = P (not equal to 0) and homomor-
phisms from Q5 to Q1. Since P does not use all the variables z1,...,x,, there
exists an atom S(q,u) in @1, which is annotated in [@Q;] by a variable x € X
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missed in P, such that there are no homomorphisms from Q2 to Q1 with S(q,u)
in the images. This means that there is no homomorphic covering of ()1 by Q3.

Finally, we need to show that Q1 Cx @2, i.e. for each K-instance J and
tuple t of size |ul,

Qf (t) =k Q3 (t). (11)

Let J and t be arbitrary K-instance and tuple. If Q{(t) = O then (11) auto-
matically holds. So, let Q{(t) # 0. Since @1 does not have existential variables,
the set V(Q1,t) contains only one mapping f. Hence, Q{(t) = a1 ®...®a,
where aq,...,a, are the annotations of the images by f of atoms from @; in
such an order that for every ¢, 1 < ¢ < n, if f maps an atom of ()1 to a, then
the only mapping from @; to [@Q1] maps this atom to xy. This correspondence
defines a function v: X — K by v(xzy) = a for every £. Moreover, by the
fact that K is not trivial and (10) we have that Qg (t) = Eval,(P) ®a, where
a is some value from K obtained by a sum of valuations of all mappings from
V(Q2,t), which give images on J not completely containing in the image of f.
Hereby, from (9) and positivity of K we conclude (11). This finishes the proof
of the proposition. O

Therefore, bag semantics N is in Njcoy, but not in Sypeoy. However, Lin[X]
is in both, and we have the following result for the class Cheoy = Sheov N Nhcov®
of all semirings which behave like Lin[X] w.r.t. K-containment of CQs.

Theorem 2. The following are equivalent:
- semiring K belongs to Cheov;

- Q1 Cx Q2 iff Q2 = Q1, for all CQs Q1 and Q.

We also know that checking for homomorphic covering between CQs is an
NP-complete problem (Green 2011). This gives us the following result.

Corollary 2. If K € Cyoy then CQ K-CONTAINMENT is NP-complete.

4.2 Containment by injective homomorphism

In this section we consider the class of semirings which satisfy the 1-annihilation
axiom.

Definition 5 (Class Sj, of semirings). Denote by Si, the class of all semirings
in S< that satisfy the 1-annihilation axiom:

1+x=¢1.

This class was considered implicitly in previous studies of containment on K-
relations (Green, Karvounarakis, and Tannen 2007; Green 2011; Ioannidis and

6Since ®-idempotence defines Sycov, the exponent k may be omitted from the necessary
condition of Cypcoy-
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Ramakrishnan 1995), and has notable applications. In the context of the Se-
mantic Web it was shown by Buneman and Kostylev (2010) that S;, is the class
of all semirings which can be safely used as annotation domains for RDF data
while respecting the inference system of RDFS. An extension of the SPARQL
query language for querying annotated RDF data then followed in (Zimmer-
mann, Lopes, Polleres, and Straccia 2011), entailing a need to solve optimization
problems for this class of semirings. As an example of a semiring which is in S;,,
but not in Cpem, we give the tropical semiring 7+ = (No U {co}, min, +, 0o, 0)
(with its natural order).

To study the class S;,, we introduce the notion of injective homomorphism:
given CQs Q1 = Ivy ¢1(ug,v1) and Q2 = Iva ¢2(ug, va), a homomorphism h
from Qs to @y is injective (or one-to-one) if h is injective on atoms, i.e. the
multiset of atoms h(¢pa(uz, v2)) is contained in the multiset of atoms ¢4 (uy, v1).
We write Q2 — Q1 iff there exists an injective homomorphism from @5 to Q.
Similar to the case of Sycoy, the following proposition shows that the class
Sin is precisely the class of semirings for which the existence of an injective
homomorphism is a sufficient condition for K-containment of CQs.

Proposition 6. The following are equivalent:

- semiring KC belongs to Sin;

- Q2 — Qq implies Q1 Cic Q2, for all CQs Q1,Q2.
Proof. We need to show that given a semiring K = (K,®,®,0,1),

(1) if £ e Sin and Ql, Q2 are CQS such that Qg — Ql, then Q1 glc Qg;

(2) if £ ¢ Sin, then there exist CQs @1 and Q2 such that Q2 — @1, but
Q1 Lk Q2.

For Part 1, we assume that Qi(u) = 3Iv Ri(uy,vi),...,Ry(u,,vy,) and
Q2(q) = 3Iw Si(a1,w1), ..., Sm(Qm, Wi ), where u is the tuple of free variables
of @1 and q is the tuple of free variables of ()2, each u; and q; consist of variables
from u and q, respectively, and each v; and w; consist of variables from v and
w, respectively. We need to show that for an arbitrary K-instance I and a tuple
t, we have

ity = > II RlG@iv))=c > T Sftalaj,w;) = Qit).
feV(Qi,t) 1<i<n geEV(Q2,t) 1<j<m

(12)

Since Q2 — @1, let h be this injective homomorphism. Then we have that

the multiset h(S1(q1,w1)),. .., A(Sm(Qm, W )) is contained in the multiset of

atoms of ;. Without loss of generality, we assume that this multiset corre-

sponds to the first m atoms of @i, i.e. for each 1 < i < m, we have that
h(Si(q:, w;)) = R;(u;, v;).

Let V(Q1,t) = V1 U...UV, U... be a (disjoint) partitioning of the set

of mappings V(Q1,t), such that f and f’ are in the same Vy iff f(u;,v;) =
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f(u;,v;) for each 1 < 4 < m. Similarly to Part 1 of the proof of Thm. 1 we
have

Qi) = > ] Bl(fu,v)) [ BI(f(ui,vi)) =

feV(Q1,t) 1<i<m m<i<n

S>3 I Bifuiv)) T RAGf(uivi)) =

k>1 feVve 1<i<m m<i<n

ST Rluv)) [ Y. T BlGF@ivi) |,

k>1 1<i<m feVi m<i<n

where fj is just an arbitrary representative from V. Since for each 1 <1i < m,
we have that h(S;(q;,w;)) = R;(u;,v;), we can instead write

Qi)=Y I Sitron@,w)) [ > [ Bi(fw.vs))

k>1 1<j<m fEVL m<i<n

Th proof now goes along the same lines as the first part of the proof of Thm. 1.
We only consider instances with finite support, and thus only a finite number
of the outer summands are non-zero. Hence, we can apply Part 1 of Lem. 1
and get
CHORS D | EEHTVICTR)
E>1 1<j<m

Since for all k > 1 we have f oh € V(Q2,t), the desired inequality (12) follows
from positivity of K.

For Part 2 we just reuse the case (¢) of Part 2 of the proof of Thm. 1. O

Unfortunately, as shown in the following example, Q3 — @1 is just a suffi-

cient, but not always necessary condition for CQ K-containment for a semiring
K from Si;\Chom-

Example 3. Consider the conjunctive queries
Q1 = Ju,v,w R(U, U)a R(U, U)), Q2 = Ju,v R(ua U)a R(u7 U)'

We will see in Sec. 6 that Qq is T -contained in Q>. However, there is no
injective homomorphism from Qs to Q.

Next we exploit the connection between CQ K-containment and comparison
of polynomials from N°?[X] to define precisely the class of semirings for which
an injective homomorphism is a corresponding necessary condition.

Definition 6 (Class Nj, of semirings). Denote by Ny, the class of semirings K
for which for every polynomial P from N[ X] and any set of variables x1, ..., %y,
the inequality

Z‘1X...Xl‘nj’Cp
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implies that there exists a subset x;,,...,x;  of the variables x1,...,x, such

that P contains the monomial x;, X ... X x; .
Proposition 7. The following are equivalent:
- semiring KC belongs to Niy;

- Q1 C Q2 1mplies Q2 — Q1, for all CQs Q1, Q2.
Proof. We need to show, that given a semiring K = (K, ®, ®,0,1),
(1) if € € Ny, and @1, Q2 are CQs such that Q1 Cx Q2, then Q2 — Q1;

(2) if £ ¢ Njy, then there are CQs Q1 and @3 such that Q1 Cx Q2, but there
is no injective homomorphism from Qs to Q.

The proof for this proposition is very similar to the proof of Prop. 5.

For Part 1, we assume again that Q1(u) = 3v Ry(uy,vi),..., Rp(u,, vy)
and Q2(q) = Iw Si(q1,w1),..., Sm(Qm, W), where u is the tuple of free
variables of ()1 and q is the tuple of free variables of ()2, each u; and q; consist
of variables from u and q, respectively, and each v; and w; consist of variables
from v and w, respectively. Let X = {z1,...,2,} be a set of variables. Consider
a canonical N[X]-instance [Q1] of Q1 (see the definition in Sec. 3.3). Denote
P, = Q% (u) and P, = QL% (u).

Similar to the proof of Prop. 5, one can conclude that P; contains the mono-
mial 1 X...Xz,, Ps is CQ-admissible, and from the fact that Q1 Cx Q2 it must
be the case that P; <x P5. From positivity of the semiring, we therefore have
that z1 X ... X x, Sx P2. Since I belongs to Nj,, from the definition of Ny, we
have that Py contains a monomial x;, X ... xz;, for some 1 <i; <... <ip <n.
Since [@1] is an N[X]-instance, there exist a mapping f € V(Q2, u), such that
f(q) = u and for every syntactically distinct atom Ry(uy, ve) from @1 (for which
REQIH(uE,w) =xy, + ...+ xy,) its preimage by f has N elements, where N is
the size of the set {¢1,...,¢x} N {i1,...,in}. Since Ry(us,vy) has k duplicates
in @1 and N < k we can construct an injective function from @2 to @1 which
maps every atom S;(q;, w;) of Q2 to an atom of the form S;(f(q,, w;)). Since
f(q) = u, this function is our desired injective homomorphism.

For Part 2 we also follow a path similar to the proof of Prop. 5. We construct
@1 and @ exactly as in that proof: the assumption that I ¢ Nj, yields a
polynomial P over variables X = {x1,...,2,} such that 1 X --- Xz, < P, yet
P does not have a monomial x;, x ... X x;, for any distinct variables x;,,...,z;,
from X. From the fact that P is CQ-admissible we construct queries 1 and
@2 with free variables u, an instance I and a tuple u of elements, such that

Q1 Sk @2, and
Q{Ql]](u) =12 X...X 1z, and Qngﬂ(u) =P. (13)

It is then straightforward to conclude from (13) that there is no injective
homomorphism from @2 to @1, since the existence of such would imply that
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there is a monomial x;, X ... x x;, in P, for some distinct variables z;,,...,x;,
from X. O

Prop. 6 and 7 give us decidability of CQ K-CONTAINMENT for all semirings
K from C;;, = Sin N Nip.

Theorem 3. The following are equivalent:
- semaring K belongs to Ciy;
- Q1 C Q2 iff Q2 = Q1, for all CQs Q1 and Qs.

By showing that deciding the existence of an injective homomorphism be-
tween queries is NP-complete, we can state the same about K-containment of
CQs for any K € Cy,.

Proposition 8. If £ € Ci, then CQ K-CONTAINMENT 4s NP-complete.

Proof. By Thm. 3, it is enough to consider the following decision problem.

CQ-INJ:

Input: CQs Q1, Q.
Question: Does Q2 — ()1 hold?

It is clear that CQ-INJ is in NP, since a homomorphism forms a certificate of
membership, and can be checked in polynomial time. To show NP-hardness, we
many-one reduce CLIQUE to CQ-INJ by encoding the input graph and a clique
of appropriate size as a pair of queries. We also add dummy edges (on fresh
variables), one for each edge in the input graph that is not part of the subgraph
induced by the clique vertices.”

Formally, suppose we are given an instance of CLIQUE. This consists of an
input graph G with vertices V(G) and edges E(G) (containing no self-loops or
repeated edges), and a desired clique size k. Our aim is to produce an instance
(QSF, Q5% of CQ-1NJ, such that QSF «— Q¥ iff G contains a k-clique.

We may assume that the vertices of G are enumerated as {wy, wa, ..., w,},
and that G contains m edges {e1,€}},{e2,€5},...,{em,€l,}, each a subset of
size 2 of V(G).

If m < k(k —1)/2, then the graph does not contain enough edges to contain
the desired clique, so we output a hardcoded pair of CQs ?’k and QQG’k such
that Qf’k s Qf’k; it suffices to let Qf’k = Jv R(v) and Qg;k = Jv S(v) over
a schema with two unary symbols R and S. If m = k(k — 1)/2 then G must be
a clique, so we again output a hardcoded pair of CQs f’k and Qg’k such that

g’k — Qf’k, and it suffices to let Qf’k = gk = Jv R(v). So now assume
that m > k(k —1)/2, and let M =m — k(k —1)/2.
Consider a schema with a single binary relation R.

"Note that the addition of dummy edges is a technical device that will allow us to deduce
a stronger Thm. 6.
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Let Qla’k be the CQ with no free variables, with n distinct existential vari-
ables w1, ws, ..., wy, and with an atom R(w;,w;) whenever {w;,w;} is an edge
of G. Note that Q?’k has 2m atoms.

Also, let QQG’k be a CQ with no free variables, and with k + 2M distinct
existential variables v = vy, va, ..., vk, Wi, wh, ..., wh,wl,wy, ... wY,, defined
as

QGyk:EIVR((UlerQ)a R('Ula Ug), e ,R(’l)l,’l)k), R(”Qavl)a R(UQ,U3)7 ey R(vkavk—l)a

R(wll’ wlll)7 R(wlll’ wll)’ R(w/27 wé’)? R(wé/’ wé)’ ) R(wﬁ\/lv w?\/d)’ R(w;h’ w;w)’

which has 2M + k(k — 1) = 2m atoms.

The queries Qf’k and QQG’k can be computed using logarithmic space by
considering each edge of G separately. To complete the logspace many-one
reduction, we now show that there exists a clique with at least k vertices in G
iff Q5™ — Q7.

For the forward implication, suppose there is a clique with k vertices in G,
consisting of the distinct vertices w;,, ..., w;, from G. Enumerate the edges of G
that are not in the complete subgraph induced by the clique, E(G)\{{w;,,w;, } |
1 S J < l S k}v as {{eclae/cl}v {6627622}3 ] {6CM,€/CM}}. Here {Clv C2y .-y CM}
forms a subset of {1,2,...,m} of size M.

Define the map h as

h(vj) = w;, for each j =1,2,...,k, and
h(w’) = e..,
( ]) © foreach j =1,2,..., M.
h(wf) = e,

This defines an injective homomorphism from Qg’k to Q?k

For the reverse implication, suppose Qg’k — Q?’k. Then there is an
injective homomorphism h: {vy,ve,...,vg, wi,wh, ..., w,, ,w{,wy, ..., wl} —
{w1,...,w,}. We have to show that {h(v;),h(v;)} is an edge of G for every
distinct pair v; and v;. Without loss of generality, suppose 1 <7 < j < k. By
construction, R(v;,v;) and R(vj,v;) are both atoms of QS"". Since h is a ho-
momorphism, R(h(v;), h(v;)) and R(h(v;), h(v;)) are then both atoms of Q5"
Hence {h(v;), h(v;)} is an edge of G. O

Notwithstanding this result, there are interesting semirings (including the
tropical semiring 7 ), which lie in S;,, but neither in Cpop nor in Cy,. In
Sec. 6 we will see how to obtain decidability for some semirings in S;,, but at
the cost of higher complexity.

4.3 Containment by surjective homomorphism

Looking back to the bag semantics semiring N/, we know that it lies in the class
Nicov for which homomorphic covering is necessary, but it does not lie in Cycoy -
However, there does exist a well-known sufficient condition for N -containment.
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This condition is the existence of a surjective homomorphism (Chaudhuri and
Vardi 1993; Toannidis and Ramakrishnan 1995): given CQs Q1 = 3vy ¢1(uy, vy)
and Q2 = vy ¢Po(uz,ve) a homomorphism A from Qo to @y is surjective (or
onto) if h is a surjection on atoms, i.e. the multiset of atoms ¢;(uy,vy) is
contained in the multiset of atoms h(¢p2(uz, ve)). We write Q2 — @1 iff there
exists a surjective homomorphism from Qs to Q1.

It is therefore natural to ask for which semirings Qo — 1 is sufficient for K-
containment of CQs, and for which this is necessary. Besides N, this condition
is sufficient for a larger class of semirings denoted type B systems (Ioannidis and
Ramakrishnan 1995). From (Green 2011) it is known that Q2 — @ is equivalent
to (i.e. both necessary and sufficient for) Why[X]- and Trio[X]-containment
of CQs, where Why[X] is a semiring capturing why provenance of (Buneman,
Khanna, and Tan 2001), and Trio[X] is a semiring for the provenance model
used in the Trio project (Das Sarma, Theobald, and Widom 2008). However,
the exact axiomatic bounds for these classes of semirings were not previously
known.

As usual, we start by axiomatizing semirings which have Q2 — @1 as a
sufficient condition.

Definition 7 (Class Sqy, of semirings). Denote by Sgur the class of semirings
that satisfy the axiom:

1. (®-semi-idempotence) x X y S X T X y.

This class can be obtained by relaxing the ®-idempotence axiom of Sy¢ov, but
only partially, i.e. Spcov C Ssur- Other than the semirings already mentioned as
belonging to Spcov, it contains the semiring 7~ = (Ng U {—o0}, max, +, —00, 0)
known as the maz-plus (or schedule) algebra (with its natural order). As desired,
the class Sgyu, corresponds to all the semirings for which the existence of a
surjective homomorphism is a sufficient condition for C-containment of CQs.

Proposition 9. The following are equivalent:
- semiring KC belongs to Sgur;
- Q2 — Q1 implies Q1 Cr Q2, for all CQs Q1, Q.
Proof. We need to show, that given a semiring K = (K, ®, ®,0,1),
(1) if K € Squr and @1, Q2 are CQs such that Q2 — @1, then Q1 C Qo;

(2) if £ ¢ Squr, then there exist CQs Q1 and @y such that Q2 — @1, but
Q1 Zx Q2.

For Part 1, we assume that Q1(u) = Iv Ri(uy,vi),...,Ry(uy,vy,) and
Q2(q) = 3Iw Si(d1,w1), ..., Sim(Qm, Wi ), where u is the tuple of free variables
of @1 and q is the tuple of free variables of @2, each u; and q; consist of variables
from u and q, respectively, and each v; and w; consist of variables from v and
w, respectively. We need to show that for an arbitrary K-instance I and a tuple
t, it holds that
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iy = > J] RlCfvi)=c >, TI S/(a(a;,w;) = Q5(t).
FeV(Qi,t) 1<i<n geEV(Q2,t) 1<j<m

(14)

There exists a surjective homomorphism A from @2 to @)1, and a set of atoms

in Q2 which h maps to Ry(uy,v1),..., Ry(un,vy,). Without loss of generality,

we can assume that this set of atoms is S1(q1,W1),...,S.(Qn, Ww,). Hence we

have that
ity = > II si(sonlaiw).
feV(Qi,t) 1<i<n
Since h is a homomorphism, from semiring positivity and ®-semi-idempotence
we conclude that

Qi) = > I S/(fohla;w)).

feV(Qut) 1<j<m

Let VP = {foh | f € V(Q1,t)}. Note that the cardinality of V* and V(Q1,t)
is the same, i.e. for every pair of functions f, f’ in V(Q1,t), foh and f' o
h are actually different mappings (this fact was first shown by Ioannidis and
Ramakrishnan (1995)). We thus obtain

Q1) =x >, IT siFen@,w)=>" T Siglaj,w).

fev(Qi,t) 1<j<m geVh 1<j<m

However, V* C V(Q2,t), and hence from positivity of the semiring we conclude

QI =c > I Sil@wi) = >, [ Sita(a;,w;)) = Qi)

geVh 1<j<m gEV(Q2,t) 1<j<m
i.e. the desired inequality (14) holds.

For Part 2 we assume that K ¢ Sg,;, and need to show that there are CQs
@1 and Q2 such that there is a surjective homomorphism from Qs to @1, but
1 L Q2.

Then semiring K fails to satisfy  xy A, xxx xy, witnessed by some a,b € K
such that a®b A a®a®b. Consider a schema with unary relations R and
S and queries @1 = Jv R(v),S(v) and Q2 = Ju,v R(u), R(v), S(v). Clearly
Q2 — Q. However, for the K-instance I such that RI(c) = a, ST(c) = b
for some constant ¢ and R'(¢/) = SI(¢/) = 0 for all ¢ # ¢, we have that

Q1() Ak Q3(), which means that Q1 Zx Q. O

As we saw for the bag semantics semiring A, the existence of a surjective
homomorphism is not necessary for N'-containment, but homomorphic covering
is. The same can be said about the max-plus algebra 7, but not for other
semirings, such as Why[X|] or Trio[X]. Hence, again we need to axiomatize the
class of semirings for which Q2 — @)1 is necessary for C-containment of CQs.
For this we exploit once more the notion of CQ-admissible polynomials.
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Definition 8 (Class Ng,, of semirings). Denote by Ny, the class of semirings K
for which for every polynomial P from N°1[X] and any set of variables x1, ..., %y,
the inequality

£E1X...Xl‘anP

implies that there exist exponents my,...,my > 1 such that P contains the
monomial £ X ... X .

Proposition 10. The following are equivalent:

- semiring K belongs to Ngur;

- Q1 C Q2 implies Q2 — Q1, for all CQs Q1,Q2.
Proof. We need to show, that given a semiring K = (K, &, ®,0,1),
(1) if £ € Ngy, and @1, Q2 are CQs such that Q1 Cx Q2, then Q2 — Qq;

(2) if K ¢ Ngur, then there are CQs Q1 and Q3 such that Q1 Cx Q2, but
there is no surjective homomorphism from Qs to Q1.

The proof for this proposition is again very similar to the proof of Prop. 5
(and the proof of Prop. 7).

For Part 1, we assume again that Q;(u) = 3v Ry(u1,v1),..., Rp(un, vy)
and Q2(q) = Iw Si(q1,w1),..., Sm(Qm, W), where u is the tuple of free
variables of )1 and q is the tuple of free variables of ()2, each u; and q; consist of
variables from u and q, respectively, and each v; and w; consist of variables from
v and w, respectively. Let X = {x1,...,2,} be a set of variables. Counsider a
canonical N[ X]-instance [Q1] of Q1 Denote P; = EQl]](u) and Py = Qngﬂ(u).

Similar to the proof of Prop. 5, one can conclude that P; contains the
monomial ;1 X ... X x,, and from the fact that Q1 Cx Q2 it must be the
case that Py <) P. From positivity of the semiring, we therefore have that
1 X ... X Ty Sk Pa. Since K belongs to Ny, from the definition of Ny, we
have that Py contains a monomial "' x ... x 2"~ for some myq,...,m, > 1.

Since [Q1] is an N[X]-instance, there exists a mapping f € V(Q2,u), such
that f(q) = u and for every syntactically distinct atom Ry(uy, vy) from Qq (for
which REQIH (wg,ve) = x¢, + ...+ g, where k is the number of occurrences of
the atom Ry(ug, v¢) in Q1) its preimage by f has my, +...+my, elements. Since
Ry(ug,ve) has k duplicates in Q1 and k < my, + ...+ my, we can construct a
surjective function from @2 to 1 which maps every atom S;(q;, w;) of Q2 to
an atom of the form S;(f(q;,w;)). Since f(q) = u, this function is our desired
surjective homomorphism.

For Part 2 we also follow a path similar to the proof of Prop. 5. We construct
@1 and Q9 exactly as in that proof: the assumption that K ¢ Ny, yields a
polynomial P over variables X = {x1,...,2,} such that 1 X - - - Xz, S P, yet
P does not have a monomial x]"* x ... x x'" for any exponents mq,...,m, > 1.
From the fact that P is CQ-admissible we construct queries @)1 and Qo with
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free variables u, an instance I and a tuple u of elements, such that Q1 Cx Qs,
and
Q) =2y x ... x 2, and QL*(u) = P. (15)

It is then straightforward to conclude from (15) that there is no surjective
homomorphism from Q2 to @1, since the existence of such would imply that
there is a monomial 7" X ... x 2 in P, for some my,...,m, > 1. O

For those semirings K that do belong to Cgyr = Ssur M Ngyr (like Why[X] and
Trio[X]), we have once again a decision procedure for K-containment of CQs.
This is summarized by the following theorem.

Theorem 4. The following are equivalent:

- semiring KC belongs to Cgyy;

- Q1 Ck Q2 iff Q2 — Q1, for all CQs Q1 and Q».

Checking a surjective homomorphism between CQs is NP-complete (Chaud-
huri and Vardi 1993). The complexity of CQ K-CONTAINMENT for Cyg,, then
follows.

Corollary 3. If K € Cgy, then CQ K-CONTAINMENT is NP-complete.

Note that NP-hardness will also follow from the general result Thm. 6.

As mentioned in the introduction, we leave open the problem of finding
decision procedures for all semirings that belong to Sgyu;, but not to Ngy,, such
as N or 7. In Sec. 6 we show that for some of these semirings, such as 7,
the problem of K-containment of CQs can be solved using a different approach,
albeit with higher computational complexity.

4.4 Containment by bijective homomorphism

Finally, we deal with the class obtained from Cy,y, by relaxing both of its
axioms. This is just the class of all (=-positive) semirings S<. For this class we
use again the notion of bijective homomorphism: Given CQs @ = Ivy ¢1(ug,v1)
and Q2 = Jvy @a(ug,va), we say that a homomorphism h from Qs to @1
is bijective (or ezact) if it is a bijection on atoms, i.e. the multiset of atoms
h(¢2(uz,vs)) is the same as the multiset of atoms ¢;(uy,vi). We write Qg —»
Q1 if there exists a bijective homomorphism from Q2 to Q1.

Note that a bijective homomorphism is not necessarily an isomorphism, since
it can identify variables. However, a bijective homomorphism can exist between
two CQs only if they contain the same number of atoms. Also, a homomorphism
is bijective iff it is both injective and surjective. We use this fact further in this
section, to characterize a class of semirings for which a bijective homomorphism
is a necessary condition for K-containment of CQs.

From the results of Green (2011) and Prop. 2 we can immediately obtain that
the existence of a bijective homomorphism is sufficient for CQ X-containment
for an arbitrary <-positive nontrivial semiring .
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Proposition 11. For any semiring K from S<, if Q2 < Q1 then Q1 C Q2.

Proof. Indeed, as shown by Green (2011), the condition Q2 < @)1 is both suf-
ficient and necessary for A[X]-containment of CQs over the provenance poly-
nomials semiring N[X]. Since N[X] is universal for S< by Prop. 2, we can
conclude that this condition is sufficient for K-containment of CQs for any K
from S<. O

From (Green 2011) we also know that existence of a bijective homomorphism
is necessary for B[X]-containment of CQs, where B[X] = (B[X],+, x,0,1) is
the semiring of boolean provenance polynomials, i.e. polynomials over X with
boolean coefficients from B = {false, true}. This means that B[X] behaves like
N[X] w.r.t. K-containment of CQs. As we have seen in previous sections, this
is not the case for all semirings. Also, one can easily show that the existence
of a bijective homomorphism is not necessary for bag semantics N\, or even for
the semiring R of non-negative reals with the usual operations and order.

Our next aim is to identify all semirings which behave as A[X]. To do so
we again exploit the notion of CQ-admissible polynomials.

Definition 9 (Class Cy; of semirings). Denote by Cy,; the class of all semir-
ings IKC for which for every polynomial P from N°[X] and any set of variables
T1,...,%y, the inequality

$1X...X£L'njlcp

implies that P contains the monomial x1 X ... X Ty,.
Theorem 5. The following are equivalent:

- semiring KC belongs to Cyy;

- Q1 Ck Q2 iff Q2 = Qq, for all CQs Q1 and Q2.

Proof. By Prop. 11, if Q2 <—» @1 then Q7 Cx @2 for any semiring . Hence
we only prove the remaining direction. Looking at the condition for the classes
Ngur and Nj,, we conclude that Cy; = Nj, N Ngue. From Prop. 7 and 10 we
have that Nj, corresponds to all the semirings for which the existence of an
injective homomorphism is necessary for CQ C-containment, and Nj, — to all
the semirings for which the existence of a surjective homomorphism is necessary.
Since as noted above, a homomorphism is bijective iff it is both injective and
surjective, we have that Cy,; consists of all the semirings K for which Q9 < @1
is necessary for @1 Cx Qs. O

In particular, notice that both B[X] and N[X] belong to Cy;. Thus, this
theorem can be seen as a generalization of the results of Green (2011). There
it was also shown that A[X]-containment of CQs is an NP-complete problem.
We can now extend this result to the entire class Cy;.

Proposition 12. If K € Cy; then CQ K-CONTAINMENT is NP-complete.
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Proof. The proof is essentially the same as the proof for Prop. 8. Note that
our construction of Q?’k and Qg’k forces the homomorphism A from Qg’k to

f’k to be not only injective, but bijective as well. The result then follows by
Thm. 5. O

Combining Prop. 1 and 11 with the proof of Prop. 8 actually leads to the
following general result for all <-positive semirings. Previously known special
cases include (Aho, Sagiv, and Ullman 1979, Thm. 7(1)) and (Green 2011,
Cor. 7.4), as well as results implicit in (Chandra and Merlin 1977) and (Grahne,
Spyratos, and Stamate 1997).

Theorem 6. CQ K-CONTAINMENT is NP-hard for any semiring K from S<.

Proof. In the proof of Prop. 8 we provided a logspace reduction by constructing
CQs ka and Q?’k for any input graph G and positive integer k.

The identical construction also defines a logspace many-one reduction from
CLIQUE to CQ K-CONTAINMENT. To prove this claim, we show that when G is
a graph and k a positive integer, then G contains a k-clique iff Qf’k Cx ng
(In the case of m < k(k — 1)/2, note that Q?’k Zi QQG’k for the hardcoded
queries QlG’k and QQG’]C, since K is nontrivial. Moreover, if m = k(k —1)/2 then

?’k Ck QQG’k for the hardcoded queries in this case.)

Suppose first that the input graph G contains a k-clique. Hence Qg;’k %
Qlc’k, as in the proof of Prop. 8. By Prop. 11 it follows that Qlc’k Ck QQG’k.

Now recall that, by Prop. 1, the existence of a homomorphism between CQs
is necessary for their K-containment for any semiring K from S<. In other
words, if Q?’k - Qg’k then QQG’k — Qf’k. Hence G contains a k-clique. By
the same method as in the proof of Prop. 8 we then have QQGk — Qf’k. O

Thm. 6 applies to all the semirings that we study here. For the special case
of the semiring A/, Chaudhuri and Vardi (1993, Thm. 4.9) state the stronger
result of TI5-hardness for A-containment of CQs.

This completes our study of K-containment of CQs for the classes of semir-
ings obtained from Cy,y, by relaxing its axioms.

5 CQ-admissible polynomials

In Sec. 2 we defined the evaluation of a CQ Q = v Ry(uy,vy),..., Ry(un, vy)
on a K-instance I for a tuple t as

Q'ty=">Y_ [ RI(f(u,vi).

fev(Qit) 1<isn

Thus, the evaluation of a CQ on an N[X]-instance with unique variables from
the set X as annotations is a polynomial over X. In Def. 4 we called such
polynomials CQ-admissible. We heavily used this notion in the definitions of
the classes N, Ny, and Ng,,. The goal of this section is to give a constructive
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algebraic characterization of the set N°¢[X] of all CQ-admissible polynomials.
As we mentioned in the introduction, this notion is of independent interest: for
instance, it was implicitly used in (Olteanu and Zdvodny 2012).

From the definition of evaluation we immediately obtain that every CQ-
admissible polynomial must be homogeneous (i.e. all non-zero monomials have
the same degree). For this last statement, let @ be a CQ consisting of k
atoms, and I be an N[X]-instance with tuples annotated with variables X =
{z1,..., 2.}, such that the mappings in the set V(Q,t) allow us to obtain any
possible combination of images of the atoms of @ to non-zero annotated tuples
of I. Tt follows that Q(t) corresponds precisely to the expansion of the multi-
nomial expression (21 +...+x,)¥, and therefore Q' (t) = (z1+...+z,)*. Asa
justifying example, consider a CQ @ = Ju,v R(u), R(v), and an N'[X]-instance
I and two elements a and b such that R!(a) = z; and R!(b) = x5, with all other
tuples annotated by 0. Then Q'() = 22 + 2125 +xo21 + 23 = (21 +12)2. In fact,
this property allowed us to formulate the axiom for the class Nycoy in Def. 3
without reference to CQ-admissible polynomials. As some negative examples,
note that polynomials such as 2z and x2 + y do not satisfy this property and
are not in N°[X].

The polynomials 22, 2zy and x + y satisfy the requirements above, and it
is not difficult to construct CQs which admit them. Unfortunately, these are
not the only requirements: the polynomial 22 4+ zy + y? satisfies them, but can
be proved not to be in N°?[X]. In order to present the precise characterization,
we need an auxiliary notion: for a set of variables X an ordered monomial of
degree n (or o-monomial) is a string from X™. For an o-monomial M we denote
by M[z] the variable appearing in its i-th position.

Proposition 13. A non-zero polynomial P is in N°1[X] iff it can be represented
in a form
P = Z My, such that

1<e<m

1. M@, 1 <4 < m, are pairwise distinct o-monomials over X of the same degree
n (here concatenation in My as a string is interpreted as product in P), and

2. if for an o-monomial M of degree n, and for each i,j such that 1 <i <n
and 1 < j < n, the representation P contains o-monomials (each of degree n)
My, ..., Magy1, k>0, such that

— —

- My[i] = M[i], Mo 41[j] = Mj], and

- Mag_1[j] = Mag[j], Mae[i] = Magy1[i] for all1 < €<k,
then M is contained in P.

Before the formal proof of this proposition we give a short explanation why
the requirements above do not hold for the polynomial 2% 4+ 2y + y2. Consider
the only representation P = zx + xy + yy of this polynomial. The first require-
ment clearly holds. However, the second requirement does not. Indeed, there
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exists the o-monomial M = yx, which is not in E but for every ¢ and j the
representation P contains required o-monomials: for ¢ = j = 1 we have k = 0
andMl—yy, for i = 1 and j = 2 we have k = 1, Ml—yy, MQ—xy,and
M3 = zx; the cases i = j =2 and @ = 2,5 = 1 are just symmetrical to the cases
above. Hence, the polynomial 22 + zy + 3? is indeed not CQ-admissible.

Proof. To prove the “if” direction, it is enough to construct a CQ Q = ¢(v)
without free variables over some schema S, and an N'[X]-instance I with tuples
annotated with unique variables from X such that Q?() = P. Since P is CQ-
admissible, fix a representation P which satisfies requirements 1 and 2, and
denote by n the degree of P.

In our construction the schema and the CQ depend only on the degree n,
but not on the exact form of P (the last one is used in the construction of the
instance). Particularly, the schema S consists of a single relation R of arity
n(n — 1) + 1. The first attribute of this relation plays no other role in the
proof than to allow the existence of two tuples with exactly the same constants
in the other n(n — 1) attributes. So for every tuple this attribute contains a
unique id value and it will not be mentioned further in the proof. The other
n(n — 1) attributes correspond intuitively to all pairs (4, j) such that 1 <4 <mn,
1< j <mn,and i # j, ordered first by the i-th coordinate and then by the j-th
coordinate. (Notice that there are exactly n(n — 1) of these pairs). Let t be a
tuple of constants in D of arity n(n — 1) + 1. We will abuse notation, and speak
of the projection of t with respect to a pair (i, j), denoted by m(; j)t, to refer to
the element of t in the position corresponding to the pair (i, j), according to the
order given in the intuitive interpretation of R. For example, (1 2yt corresponds
to the first element of t (since we require i # j the first element in our order of
pairs is (1,2)) and 7, ,—2yt corresponds to the next to last element of t.

The CQ @ contains n atoms R(v1),..., R(v,), where for each 1 < m <n
the tuple v, contains variables vfﬁ’”, for1<i<n,1<j<n,is#j, arranged
in the same order as in the intuitive interpretation of R. All variables in the
atoms of @ are distinct, except for the following rule: for each 1 < ¢ < n and
1 < j < n such that i # j we have

vgm) = ’UJ(J’Z). (16)

Finally, we create the instance I on the base of the representation P as
follows. Let {t, | z € X} be a set of tuples of constants in D all of size n such
that the constants in these tuples obey the following rule: if M is an o-monomial
in P then for each 1 <i<mnand 1< j<mnsuch that i # j it holds that

LCHLIVID IR HLIVIRE (17)

and all the values which are not forced to be equal by this rule, are different.
Then, create I by setting R!(t,) = = for each z € X, and annotating all other
tuples with 0.
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Next we prove that Q7() = P. It is enough to show that an o-monomial M
of degree n is in P iff there exists a mapping f in V(@) such that

f(vi) =ty for every 1 <i <n. (18)

For the “only if” direction of this statement, we will show that the mapping f
defined by (18) belongs to V(Q). Since all the repeated variables in Q are defined
by (16), we only need to check that for each 1 <i <n and 1 < j < n such that
i # j it holds that f(vfi’j)) = f(vj(rj’i)). This is true by the construction (17),
since we have:

FO) = w6yt = T tiy = FF).

For the “if” direction of the statement consider a mapping f € V(Q) con-
forming to (18). We need to show that for the monomial M and for every i, j
the conditions of requirement 2 hold. Consider such a pair (4, 7). If ¢ = j then
we can take k = 0 and Ml = M for which the conditions trivially hold. Let now
i # j. From (16) we have that f(vfi’j)) = f(vj(-j’i)) which implies that

i) b = TG0 b (19)

By the construction, constants in I may coincide if they belong to the same po-
sition in some tuple t,. (i.e. they are the same constant), or if they were enforced
by (17). Thus, if (19) holds then there must exist o-monomials Ml, . M2k+1,
k>0, in P, such that M, [i] = M[z], M2k+1[j] = M[g] and for each 1 < ¢ < k
the equalities Mg@_l[j] = Mgg[j] and Mgg[i] = M%H[i] hold. Since P satisfies
requirement 2 and our choice of 4, j was arbitrary, we can conclude that M is in
P.

For the “only if” direction of the proposition, consider a CQ @ = 3Iv
Ri(uy,v1),. .., Ry(un, vy,), where u is the tuple of free variables of Q, an N[ X]-
instance I, each tuple of which is annotated either with a unique variable from
X, or 0, and a tuple t of size |u|, all over some schema S. We need to show that
the polynomial P = Q7 (t) satisfies requirements 1 and 2.

Without loss of generality we assume that all variables from X are used as
annotations in I, and for each z € X denote by t, and R, the tuple and the
relation such that RL(t,) = 2. From the form of @ we have that

P= > ] RI(f(ui,vi)).
FEV(Q.t) 1<i<n

Obviously we are only interested in those mappings from V(Q, t) such that the
corresponding product in the sum above is non-zero. We can view all these
non-zero products as o-monomials, ordered by the conventional order on atoms
in the CQ @. Thus, P can be represented in a form

Fo Y W

1<4<m
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where each M@, 1 < ¢ < m, is an o-monomial for which there exists a mapping
foin V(Q, t) such that for each 1 < ¢ < n it holds that

Ri(fe(ui, vi)) = Rm[i](tmm). (20)

Next we check the requirements 1 and 2 of the definition of CQ-admissible
polynomial for this representation. .

For requirement 1, note that the degree of each M, is equal to the number of
atoms in () which means that all of them have the degree n. Also, all of them are
different, since distinct mappings from V(Q, t) cannot give equal o-monomials.
Hence requirement 1 holds for P. .

For requirement 2, consider an o-monomial M of degree n such that the
precondition of this requirement holds, i.e. for each 1 <i <nand 1 <j <n

there exist o-monomials Ml,.. M2k+1, k>0, in P buch that Ml[] = M[]
M2k+1[ ] = M[j], and for each 1 < ¢ < k it holds that Mas_;[j] = Mag[j] and
Mag[i] = Mags1[i].

We need to prove that M is also contained in P. According to (20), we need
to show that there exists a mapping f in V(Q,t) such that for each 1 < i <n
it holds that

Ri(f(wi,vi)) = Ry (gigs)-

Note that by the precondition of requirement 2, for all 1 < ¢ < n we have
that R; = Rg Wi Hence, it is enough to prove that the multimapping f, defined
as f(u;,vy) = by 1 <@ < n, is a mapping such that f(u) =t.

Let us first show that f is indeed a mapping. Denote 7t the constant in the
m-th position of the tuple t. Since for every i we have that R; = R ot the size
of the tuple of variables u;, v; is the same as the size of the tuple og constants
tm[i]. So, f maps every variable from u, v to a nonempty set of constants from
D. Hence, it is enough to show that for each 1 < i < n, 1 < j < n, and for
each pair of positions m, m’ such that the variable in the m-th position of the
tuple u;, v; and the variable in the m/-th position of the tuple u;, v; coincide,
we have that

ﬂ-mtﬁ[i] = ﬂm,/tm[j]. (21)

On the one hand, from the precondition of the requirement 2, the fact that
the My, corresponding to the pair (4,7), is in P, and equation (20) we know
that there exists a mapping f; in V(Q,t) such that fi(ug,vi) =ty i
In particular, we have that m,,t Nl = Wthl[i]. On the other hand since L
our assumption the m-th variable of u;,v; and the m/-th variable of u;,v;
coincide and f; is a function, we have that ﬂ'mti/l'l[i] = ertml[j]. Continuing
such reasoning, we have the chain

Tm by = Tmbd, ) = T Ui, ) = T Udy ) = Tmbigy e = - -

= T b (i) = Tm g, 1) = T bR

which justifies equation (21).
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To complete the proof of the proposition we need to show that f(u) = t.
Let u be a free variable from u, and 7 be the number of an atom in @ such
that u appears in the tuple u;. Consider the o-monomial M; corresponding
to the pair (i,7). We know that there exists a mapping fi; in V(Q,t) such

that fi(u;,v;) = ti g = bR = f(u;,v;). In particular, this means that
fi(u) = f(u). By the definition of V(Q,t) we have that fi(u) = t. The free
choice of w in u implies the required f(u) =t (i.e. f € V(Q,t)). O

As promised in Sec. 4.1, we obtain Prop. 4, which states that for every CQ-
admissible polynomial P there exists a CQ @ without free variables and N[X]-
instance I with only unique variables or 0 as annotations such that Qf() = P,
as an immediate corollary of the proposition above.

With this characterization of CQ-admissible polynomials in hand, it is easy
to design an NP procedure which checks whether a polynomial is in N°7[X]. We
leave the question of the exact complexity of this problem open.

6 Containment via small models

Up to now we have studied how to decide K-containment of CQs by analyzing
their structure, resulting in several classes of semirings IC for which the existence
of a homomorphism of a corresponding type between the CQs is equivalent to
their K-containment. It is natural to ask whether the problem of decidability of
CQ K-CONTAINMENT can be solved by different techniques for some semirings
which are not in any of these classes. Indeed, several other approaches have
appeared in the literature. Green (2011) suggested a PSPACE algorithm for
checking N[ X]-containment of UCQs over provenance polynomials N'[X], based
on the fact that if a UCQ Q; is not N[X]-contained in a UCQ Qg, then there
exists a witnessing N'[X]-instance, with its size bounded by the size of Q; and
Q2. Another approach is to cast the problem of decidability of K-containment
as the problem of checking the corresponding order <) on polynomials, as done
by Ioannidis and Ramakrishnan (1995) to show undecidability of UCQ N-
CONTAINMENT for bag semantics, or by Green (2011) to design algorithms for
containment of CQs over different types of provenance.

The main result of this section is that by combining these ideas one can ob-
tain new decidability results for K-containment of CQs over different semirings
KC. Particularly, we concentrate on the @-idempotent semirings, i.e. the semir-
ings where  =x = + x holds. We denote by SL the class of all such semirings.
This is quite a large class: for example, since by the simple reduction

l+z=x1 = A+a)y=xy = ytay=xy — y+y=xy

for any IC € Si,, we can obtain that 1-annihilation implies ®-idempotence, we
have that SL contains the whole class S;,, and, hence, the classes Cpom and Ciy,.

Also, SL has non-empty intersections with other classes we have considered so
far — ChCOV7 Csun and Cbi~
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The goal of this section is to introduce a small model property for semirings
in SL. In order to do so, we will reduce the problem of containment of CQs
over such semirings to the problem of checking the order on polynomials. We
will then show how to check such an order for several individual semirings.
In contrast to the rest of this paper, we leave a comprehensive description of
semirings for which this approach works for future research. Let us start by
describing the intuition behind our approach.

It is straightforward to show that for any semiring K from SL and two CQs
@1, Q2 with the same set of free variables u it holds that a

Q1 Tk Q2 = Q1% (u) < QI (w), (22)

i.e. the inequality QEQIH (u) =x QEQIH (u) is a necessary condition for IC-contain-

ment of CQs. Here QEQlH(u) and Qngﬂ(u) are again polynomials from N[X],
and this inequality is the polynomial notation (defined in Sec. 3.2) for the state-

ment that for any values ai,...,a, from K, it holds that the valuation of the
polynomial QEQlﬂ(u) over aj,...,a, is less or equal (according to the partial
order <) than the valuation of Qngﬂ(u) over the same values ay,...,a,.

Unfortunately, it is not that difficult to construct an example where the
other direction of (22) does not hold for a semiring K from S, i.e. the inequality

QEQJ (u) =¢ Qng]] (u) is not a sufficient condition for -containment of CQs @1
and @>. As the main result of this section we show that it is possible to extend
the idea above and obtain a condition based on comparison of polynomials,
which is both necessary and sufficient for KC-containment for any semiring /C from
SL. Particularly, this condition consists of comparing not only the evaluations
of Q1 and Qs over the canonical instance [Q;], but over all instances obtained
from [Q1] by identifying some variables from its domain uUv;. In the following
theorem we use the set of such instances as a way of describing all possibilities
of assigning the variables of @; to the elements of the domain of a K-instance I
by a mapping from @)y to I. However, we start with a bit of new notation and
a lemma.

Recall that for a CQ Q = 3v Ri(u1,v1),..., Rn(u,, vy) and a tuple t we
have denoted by V(Q, t) the set of all mappings f from uU v to the domain of
I such that f(u) = t. For every such a mapping f € V(Q,t) we also denote by
Iy a K-instance over the same domain defined for every relation R and tuple s
by

R (s) = RI(s), if there exists 4,1 < i < n, such that R;(f(u;,v;)) = R(s),
)= 0, otherwise.

Essentially, the instance Iy is the restriction of I on the image of the mapping

f.

Lemma 3. Let K = (K,®,®,0,1) be a semiring from Sk, Q be a CQ, I be a
K-instance, and t be a tuple. Then B
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(1) for every CQ Q1 with the same number of free variables as Q it holds that

ST QU () =k QL(t);
FeEV(Q,t)

(2) it holds that
> QM (t) =Q ().

fevQ.t)

Proof. For Part 1, note that since each K-instance I is a restriction of I, every
product in the sum of the left hand side is also in the sum of the right hand
side. However, K is @-idempotent, so the multiplicities of these products are
not important. Hence we have the required inequality from positivity of K.

For Part 2 it is left to show that 3,y g4, Q7 (t) = Q(t). But this
holds since every product in the right hand side corresponds to some mapping
f from V(Q, t), and hence this product is equal to a product in Q% (t). Again,
by positivity we obtain the desired inequality. O

Now we are ready to state the theorem.

Theorem 7. Let K = (K, ®,®,0,1) be a semiring from Slj and Q1, Q2 be two

CQs. Then Q1 Cx Q2 iff QEW(QI)]}(S) <x ng(Ql)ﬂ(s) holds for every function
m:uUv —=uUv and every tuple s of variables from uUv.

Proof. Let Q1 = 3v ¢(u,v).
We begin with the “only if” direction. Let Q1 Cx Q2 and, for the sake of

contradiction, 7 : uUv — uUv be a function and s be a tuple of variables from
u U v such that

QEW(QI)]] (s) Zx Qg‘”(@l)ﬂ (s).

This inequality makes sense, since the variables of the tuple s are among the
elements of the domain of [7(Q1)], and the expressions QEW(Q”]] (s), QEW(QI)H (s)
are polynomials from A[X]. By the polynomial notation this inequality means
that there exists an assignment 7 : X — K such that the value of the first
polynomial for 7 is not less than the value of the second one. We can write it

as
QI () 2 T(QF N s)).

Consider now the K-instance 7([7(Q1)]) obtained from [7(Q1)] by substitut-
ing the abstract annotations of tuples for the corresponding values from 7.
For the CQs @1 and Q2 we have that QI([[K(Q”]])(S) = T(QEW(Ql)H(S)) and
Q;(Hﬂ(Ql)ﬂ)(s) = T(QEMQI)H (s)). Hence, it holds that

Q‘{([[W(Qﬂ]])(s) 2 Q;(HW(QQJ])(S).

However, this contradicts the fact that Q1 Cx @2, since we have a witnessing
K-instance 7([7(Q1)]) for which the containment does not hold.
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Next we show the “if” direction. Assume that for every function 7 : ulv —
uU v and every tuple s of variables from u U v it holds that

Q@ (s) =i Q5 N(s).
We need to show that for an arbitrary K-instance I and tuple t it holds that
Q1(t) = Qa(t).
From Lem. 3 we have that

S QU)=QI(t) and > QY (t) =x Qib).
feV(Qu,t) feEV(Qa,t)

Thus, it is left to show that

Soorw e Y Q7).

FEV(Q1,t) FEV(Q1,t)

The sums on both sides here are over the same set of mappings. From positivity
of the semiring K, it is therefore sufficient to prove that for every f € V(Q1,t)
it holds that

1) 2 Q4 (6). (23)

We will show this by contradiction. Let f be a mapping from V(Q1,t) such
that Q{f (t) Ak Qéf (t). Let also 7 : X — K be an assignment such that for its
extension to 0 by 7(0) = 0 it holds that 7([f(Q1)]) = I (such an assignment
exists since Iy is the image of f).

Without loss of generality we can assume that the domain D of the K-
instance I, contains exactly |u U v| elements: indeed, the supports {t | t €
D™, RIs(t)) # 0} of all relations R cannot contain more than |u U v| elements
by the definition of I, so we can safely remove some of the others, if there are
more of them; if there are fewer elements, then we can introduce new artificial
ones with a 0 annotation for each tuple containing them.

Consider now an arbitrary bijection A : D — u U v (which exists by the
assumption above) and the function 7 = h o f, which maps uU v to itself. For
this function we have that

QN (x(u) = QY (t) and (QF“(x(w))) = QY (t).

By the initial assumption we have that

QT (r(w) = Q1 (t) £k QY (t) = 7(QY 9V (7 (u))).

However, this contradicts the fact that for the function 7 and the tuple of
variables 7(u) it holds that

QI (w(w) =i QI (n(w)).

Hence, the inequality (23) holds and the proof of the theorem is completed. O
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This theorem shows that for K € Slj the CQ K-CONTAINMENT problem can
be reduced to a small number of problems of checking the order <, between
CQ-admissible polynomials.

Corollary 4. If K € SL and it is decidable to check whether Py <x Po for any
pair of polynomials Py, Py from N°1[X], then CQ K-CONTAINMENT is decidable.

We do not investigate the decidability of P; =< Py for the entire class
SL, but do so for some of its most important members that do not have any
corresponding type of homomorphism, considered above — the tropical semiring
T+ and the max-plus algebra 7 ~. For these particular semirings, we will show
that containment of CQs can be decided in the second level of the polynomial
hierarchy. To do so we need the following technical lemma.

Lemma 4. Let K be a semiring from SY, My,...M,, be monomials over a set
of variables X, and P be a polynomial from N'[X]. Then My + ...+ M,, = P
iff M; <ic P holds for each 1 < i <n.

Proof. The “only if” direction is straightforward, since M; <xc My + ...+ M,
for each 1 <7 < n. The “if” direction follows from the chain

My+...4+M, < P+...4+P=¢P,
——

n times

which holds by positivity and @-idempotence of K. O

Proposition 14. CQ 7 - and T~ -CONTAINMENT are in II5.

Proof. We concentrate on the case of max-plus algebra 7 . For the case of the
tropical semiring the proof differs only in instantiations of semiring operations
and order.

Consider conjunctive queries @1(u) = Iv Ri(uy,vy),...,R,(u,,v,) and
Q2(q) = 3Iw Si(q1,w1), ..., Sm(Qm, Wi ), where u is the tuple of free variables
of @1 and q is the tuple of free variables of ()2, each u; and q; consist of variables
from u and q, respectively, and each v; and w; consist of variables from v and
w, respectively. By Thm. 7 it suffices to develop an algorithm which decides
whether for every function 7 : uUv — uUv and every tuple s of variables from
uU v it holds that

Q;T([[Ql]])(s) <7 Q;(HQlH)(S). (24)

By the definition of evaluations, this inequality can be explicitly written as
> I B 9PGvy = > IT 5719 (ay, w)).
fev(Qi,s) 1<i<n heV(Q2,s) 1<j<m

The expressions on both sides are polynomials from N[X], where X is some set
of variables. Without loss of generality we may assume that X = x1,...,2,.
Hence, by Lem. 4, this inequality is equivalent to the statement

vrev@us)| TT &I Prav)) =~ T 575V (las, wy) | -

1<i<n heV(Q2,8)1<j<m
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which is polynomial notation for the following formula over the domain of the
semiring 7~ (recall that its natural order coincides with the usual order < on
integers):

Vi eV(Qi,s)
Vry,..., T, E RZ(HQI]])(f(ui, v;)) < max E S;r([[Ql]])(h(qj,wj))
, heV(Qz,;s) . &
1<i<n 1<j<m

Consider now the inequality within the parentheses. If a sum on the right hand
side contains a variable which does not appear in the left hand side, then this
sum does not influence the truth of the formula, since we can instantiate this
variable to —co. So we can ignore this sum, and can assume that the left hand
side contains all the variables from x1,...,z, which occur in the right hand
side. If, in turn, one of these variables is equal to —oo, then the formula clearly
holds. Otherwise, the expression within the parentheses holds if and only if the
following linear integer programming system I' does not have a solution over
No:

TlyeooyLp

>
Zlgign RZT‘F([[QI]]) (f(ug,vy)) >

Z1gjgm S;(HQI]]) (h(aj, W), h € V(Qa2,8).

Since V(Q2,s) can have an exponential number of mappings h, the system
I' can contain an exponential number of inequalities. However, the dimension
(i.e. the number n of variables) of this system is just polynomial in the size of
the CQ @1. From (Kannan and Monma 1978; Lenstra 1983) it is known that
there is a fixed polynomial p such that, if a system such as I' has a solution,
then it must have a solution where each z; is assigned a value at most O(2P(™),
where p(n) is a valuation of p for n.8 This means that such a solution has a
polynomial binary representation.

These observations justify the following algorithm which checks that (24)
does not hold:

(1) guess

- a function 7 : uUv - uUv,
- a tuple s of variables from uU v,
- a mapping f in V(Q1,s),

- a set of annotation values ai, ..., a; from {—o0,0,...,2P(™};

(2) call an oracle which guesses a mapping h in V(Q2, s);

8 Actually, the bound is O(|a|P(™), where a is the coefficient in the system with the largest
absolute value. We can use the simpler O(2P(")) bound because all the coefficients in our
program are bounded by n.
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(3) check that

1<i<n 1<j<m
does not hold for the values a1, ..., ap of variables x4, ..., z,.

All the guesses of this algorithm are of polynomial size in the size of the
input CQs Q1 and Q. Also, the check in step (3) can be done in polynomial
time. Hence the algorithm demonstrates that the problem is in 3. Therefore
checking whether (24) holds for every function 7 : uUv — uU v and every
tuple s of variables from uUwv, is in II5. O

This proposition along with Thm. 6 leaves a gap between upper and lower
bounds for complexity of CQ 7 - and 7~ -CONTAINMENT. We leave the exact
complexity of these problems open.

To conclude this section we illustrate how to use Prop. 14 by a further
extension of Ex. 3.

Example 4 (Continued). For the identity mapping Id on the variables uUv
of the CQ Q1 we have that

@OV () = ot + 22125 + 23, and Q"1 () =t + a3,
It is straightforward to see that
22+ 2wy w9 + 25 =74 27 + 23

The same can be shown for all other mappings m : uUv — uUv. By Thm. 7
we have that Q1 Cr+ Q2.

7 Conclusion

We have studied containment of CQs over relations with annotations of different
types. We have established several interesting classes of semirings for which
this problem is decidable by means of different syntactic criteria, developed by
modifying and extending the well-known notion of homomorphism between CQs.
Our work extends and systematizes previous results on the subject and should
have practical implications, since most semirings used for annotations in the
literature fall into one of these well-behaved classes. Tab. 1 provides a summary
of the results on these classes. For semirings that do not fall into these classes, we
have extended the range of available machinery for query optimization problems,
by providing generalized or improved necessary and sufficient conditions. For
some of these semirings we also suggest new decision procedures based on a
small model property.

Many problems remain open. First, it would be natural to extend this re-
search to study containment of more powerful queries than CQs. Set and bag
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Table 1: Summary of semiring classes. The column “class” refers to the class
of semirings for which the corresponding homomorphism type from the column
“homomorphism type” is a sufficient and necessary condition for containment
of CQs. “Sufficient class” column refers to the class of semirings for which the
homomorphism type is sufficient for containment, and the “axioms of sufficient
class” column defines this class. Similarly, “necessary class” refers to the class
of semirings for which the homomorphism type is a necessary condition for con-
tainment, but for clarity references to the corresponding “definition of necessary
class” are given instead of the axioms.

K-containment of CQs
. def. of
. suff. axioms of nec.
class homomorphism type nec. Sec.
class suff. class class
class
-id t.
Chom | Q2 — Q1 (usual) Chom | o 1CCTPO S- — 3.3
1-annihil. -
Cheov | Q2 = Q1 (hom. cov.) Sheov | ®-idempot. Nicov Def. 3 | 4.1
Cin Q2 — Q1 (injective) Sin 1-annihil. Nin Def. 6 | 4.2
Caur Q2 — Q1 (surjective) Ssur ®-semi-idem. Nsur Def. 8 | 4.3
Cyy; Q2 —» Q1 (bijective) S< — Cyi Def. 9 4.4

containment for several classes of such more powerful queries have been consid-
ered in the literature, for instance unions of conjunctive queries (Ioannidis and
Ramakrishnan 1995), queries with inequalities (Klug 1988; Jayram, Kolaitis,
and Vee 2006), aggregate queries (Cohen, Nutt, and Sagiv 2007; Cohen, Nutt,
and Sagiv 2003), and recursive Datalog programs (Shmueli 1987). Some results
for the case of unions are already presented in the conference paper (Kostylev,
Reutter, and Salamon 2012). The semantics of aggregate queries with prove-
nance is given by Amsterdamer, Deutch, and Tannen (2011).

The second immediate direction is to study another fundamental optimiza-
tion problem — equivalence of queries of different types over annotated relations.
It is interesting to note that, for the case of equivalence, it is possible to extend
the class of considered semirings by relaxing some axioms of <-positive semir-
ings without loss of a meaningful semantics. Indeed, Green, Ives, and Tannen
(2011) considers the equivalence of CQs and UCQs over integers Z. In contrast,
as discussed in Sec. 3.1, Z-containment is vacuous.

Third, we would like to continue studying the small model property approach,
either proving or disproving that such methods can work for semirings with non-
idempotent addition.

Finally, it would also be interesting to study CQ-admissible polynomials on
their own, and in particular how to decide containment over them. We believe
that this study may have consequences for solving some of the fundamental open
problems in the area of query optimization.
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