The isolated Heisenberg magnet as a quantum time crystal
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We demonstrate analytically and numerically that the paradigmatic model of quantum magnetism,
the Heisenberg XXZ spin chain, does not equilibrate. It constitutes an example of persistent non-
stationarity in a quantum many-body system that does not rely on external driving or coupling to
an environment. We trace this phenomenon to the existence of extensive dynamical symmetries. We
discuss how the ensuing persistent oscillations that seemingly violate one of the most fundamental

laws of physics could be observed experimentally.

Introduction. Isolated systems consisting of many in-
teracting particles are generally assumed to relax to a
stationary equilibrium state whose macroscopic prop-
erties are described by the laws of statistical physics.
This has been confirmed by a large amount of re-
cent theoretical™ and experimental’®4 work, partic-
ularly focusing on the Heisenberg spin chain in quench
setups?2 32, On the other hand time crystals describe a
phase of mater which never relaxes to stationarity and
breaks the continuous time-translation symmetry (TTS)
in analogy with the continuous space translation sym-
metry breaking in ordinary crystals. Historically the
research into quantum time crystals was instigated by
an intriguing possibility that a system at zero tempera-
ture could exhibit perpetual motion®?, however this has
subsequently been disputed®4'38, leading to possible gen-
eralisations to finite temperature, and systems far from
thermal equilibrium. Despite the large amount of work
on Floquet (breaking the discrete time translation sym-
metry) or dissipation induced time crystals3“ > such be-
havior was believed to be impossible to realize in isolated
many-body systems>¥ 3658 These typically relax to sta-
tionary states depending only on few parameters, such
as energy and particle number2260,

Despite numerous studies on relaxation in many-body
quantum systems, there have been no results on spon-
taneous time translation symmetry breaking in locally
strongly interacting Hamiltonian systems close to equilib-
rium. Previous examples of TTS breaking include mod-
els with a well defined mean field limit®*%2 and the case
of spin precession. In strongly correlated systems one
a priori expects relaxation to stationarity. The ab-
sence of such results might be expected in the light of
the no-go theorem®%, however there is a crucial defining
property underlying its derivation, which we relax. It as-
sumes that the system should exhibit long range spatial
correlations, which are not relevant to time-translation
symmetry breaking, or non-stationarity.

In this letter we show that systems can indeed fail to
relax and relate this type of behavior to extensive dy-
namical symmetries that are local in space and have a
periodic dependence on time. We find that, as a conse-
quence of the presence of dynamical symmetries, a sys-

tem can fail to equilibrate after a quantum quench and is
instead described by a time-dependent statistical ensem-
ble. Non-stationarity also shows up on the level of dy-
namical response functions describing the behavior near
equilibrium and the stability of the equilibrium state to
small perturbations.

We demonstrate the effects of local dynamical sym-
metries for the one-dimensional Heisenberg spin chain
and study its stability under integrability breaking per-
turbations. This paradigmatic model is used to de-
scribe many experimentally relevant situations including
organic componounds®, various materials®®, cold atom
implementations®®, and quantum dots®®.

Quantum time crystals: We introduce two related defi-
nitions of spontaneous time translation symmetry break-
ing motivated by analogy with previous literature - one
will be oscillations in the autocorrelation function at
equilibrium, and the other is motivated by relaxation fol-
lowing quenches.

Watanabe and Oshikawa®® defined quantum time crys-
tals as interacting systems exhibiting persistent oscilla-
tions. These can be probed by the auto-correlation func-
tion f(t) = ¢z (O(t)O), where V is the volume of the sys-
tem and O is an extensive observable®®. They consider
this auto-correlation function as a perturbation to equi-
librium and show that it is time independent at zero and
finite temperature for local Hamiltonians (see®” for non-
local results). Their definition does not capture all phys-
ically measurable persistent oscillations because the time
dependent (connected) part of the function f(t) vanishes
in the absence of long range correlations in the large vol-
ume limit at all times ¢t. We instead consider connected
auto-correlation functions that are initially normalized
f@®) = ﬁ(O(t)O) This probes TTS breaking of mea-
surable local operators if the equilibrium ensemble is per-
turbed by the extensive operator O, even in the absence
of long range correlations. Following such a perturbation
quantum time crystals will never reach stationarity. In
contrast quantum many-body scarred models®® ™ exhibit
oscillations only for special set of initial states and are
expected to relax to stationarity close to equilibrium.

While there are different ways of identifying the many-
body nature of the phenomenon, the definition we use



here is that single-body observables relax to stationar-
ity, while some of the many-body observables oscillate
persistently. This way oscillations of the higher point
correlation functions cannot be attributed to single-body
oscillations.

Recently, most of the work on quantum time-crystals
has focused on the discrete time translation symme-
try breaking in Floquet systems>C5841H8 - T this case
TTS breaking is studied in an out-of-equilibrium quench
setup. In this setup the system is prepared in a generic
pure state |[¢)) and then allowed to evolve under the ac-
tion of a Hamiltonian. The system is identified as a dis-
crete quantum time crystal if the dynamics breaks the
discrete time symmetry of the driving period 7" with a
subharmonic response (¥|o(t + nT)|Y) = (Ylo(t)|y), for
some integer n > 1, and (Ylo(t + t1)[¢) # (¥|o(t)|¢) for
t1 < nT37 We make the analogous identification for con-
tinuous time evolution by requiring that (¢|o(t+T)|y) =
(Wlo(®)lw) and (Wlo(t + t)lb) # (Blo(®)[y), for t < T
and for some T.

Ezxtensive dynamical symmetries: An important in-
sight into the phenomenon of equilibration is provided
by the eigenstate thermalization hypothesis in generic
systems LW o) generalized eigenstate thermaliza-
tion hypothesis (GETH) in integrable systems®. It
states that off-diagonal elements of local observables in
the eigenbasis of a local Hamiltonian vanish exponen-
tially in the thermodynamic limit, and that their expec-
tation values in a given eigenstate are smooth functions
of conserved quantities. Assuming the validity of the
GETH the system is expected to locally relax to the
maximal entropy, or generalized Gibbs ensemble (GGE)
pace = exp(—>, X ), following a quantum quench.
The set of chemical potentials p; is obtained by match-
ing the expectation values of extensive conservation laws
X ;™ in the ensemble and the initial state™.

The situation is very different if the system possesses
an additional set of extensive dynamical symmetries Y
and Y. Such quantities satisfy a simple closure (or eigen-
operator) condition

[H,Y] = wY, (1)

which leads to periodic evolution Y (t) = exp(iwt)Y (0)
and Y ()T = exp(—iwt)Y(0)!. In any isolated system
there is a large number of operators satisfying condi-
tion . However, in general these are highly nonlocal
and as such have no effect on the local physics on large
timescales. For simplicity we will discuss the case with
a single frequency w and the single operator Y, but the
generalization to multiple frequencies and multiple Y's is
straightforward.

Time dependent generalized Gibbs ensemble (tGGE):
In order to understand how dynamical symmetries affect
late time dynamics of local observables after a quantum
quench, we consider discrete time dynamics with time
steps 27 /w induced by a Hamiltonian H,

M, (Y) =exp (i2rHw )Y exp (—i2rHw™), (2)

which renders Y and YT conserved. The stationary max-
imum entropy ensemble for the stroboscopic dynamics
can be obtained from the entropy maximization pro-
cedure, which has to respect all conserved quantities
X, as well as dynamical symmetries ¥ and YT. More
specifically, we study a system initialized in a generic
enough (not too highly entangled) pure state and study
the time evolution under the influence of dynamics at
stroboscopic times. This leads to the GGE description
pcae = exp(—>_; uiX; — pyY — Ay YTYE, The full
quantum state is still pure due to the unitarity of time
evolution, and both the tGGE and GGE states should
be understood to be the reduced density matrix states
of the system locally, i.e. for calculating expectation val-
ues of local observables. If conserved quantities do not
commute this might in principle require redefinition of
ensembleg 0477,

Stroboscopic time evolution of the state |i(t)) leads
to different maximum entropy (GGE) states for each
t € 0, 2%), which take the form of time dependent gen-
eralized Gibbs ensembles (tGGE) for the intermediate
times,

praaE = exp(— Z 1 X5 — py ()Y — oy (Y1), (3)

where the conserved quantities [H, X;] = 0 as usual. The
values of the chemical potentials ;, p1y (t) can be fixed in
the following way. The maximum entropy non-stationary
ensemble which correctly reproduces the initial value of
X, and the dynamics of dynamical symmetries Y} is
obtained by requiring for an initial state |¢))

(WY @) = tr (Y () procn),

(W XeY) = tr (Xp preen), (4)

Dynamical response functions in thermal equilibrium:
Here we focus on the response of the system in equi-
librium. In the large time limit a local observable O(t)
can be represented as a linear combination of conserved
quantities and dynamical symmetries

o) =

— 00

of exp(iwt) Y + h.c. + Z OéjOXja (5)
J

for calculating the dynamical susceptibilities (O1(t)O3).
This equality is valid only in the hydrodynamic level and
in the long-time limit. We restrict the discussion to the
case with (O1) = (O2) = 0, which can be relaxed by con-
sidering connected correlation functions. In general the
coefficients o and ajo depend not only on the observ-
able O but also on the thermal ensemble (o). If these
coefficients vanish, the observable is not expected to os-
cillate.

Heisenberg model and extensive dynamical symmetries:
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FIG. 1. (a) Non-stationary behavior of the numerically com-
puted dynamical susceptibility of O = O3 = y 5757118742
for A = —=1/2, h = J (dots) and compare it to the exact
asymptotic result (red curve). As expected, the single body
observable O = O1 = }7,sj relaxes to stationarity (blue
curve). In figure (b) we plot the data for the quench from the
feromagnetic state, showing non-stationarity of three point
function 0 = 03 = 57 s7 57, + 55 57,157, (blue) and relax-
ation of a single point function o = 01 sj +s; (red), for
A =—0.5, h=2J. In both (a) and (b) we choose four differ-
ent observables, though qualitatively the same two kinds of
behaviour (persistent oscillations or relaxation) would be seen
for any choice of observables. In figure (c) we present the ef-
fects of perturbing A at h = J on the dynamical susceptibility
for O = Os3. In figure (d) we present the effects that integra-
bility breaking next-to-nearest neighbor interaction « has on
the dynamical susceptibility for O = Oz at A = —1/2, h = J.
All simulations were performed using DMRG with the system
size N = 100.

We will consider the anisotropic Heisenberg Hamiltonian

_ T T Yy Z L Z
H=J Zsjsjﬂ—i-sjsjﬂ—i—Asjst—i—
J

(6)
b (X st sty + A | + b
j J

J

as a paradigm example of a system breaking TTS. In @
we introduced the spin—% operators s¥¥* anisotropy
A, hopping amplitude J, the magnetic field h, and the
integrability breaking parameter «, which is set to 0 ex-
cept when otherwise specified. One of the crucial as-
pects of the Heisenberg model, which has a paramount
effect on physical properties are its extensive conservation
laws 8L Their known effects range from the absence
of thermalization to the ideal (ballistic) energy and spin
conductivity at any temperature. Despite the absence of
thermalization, the Heisenberg model has in recent years
served as a testbed for studying equilibration properties
of strongly interacting systems?232, In what follows we
will show that in the easy plane regime —1 < A < 1, it
does not, in general, reach equilibrium if h # 0.

This can be seen as a consequence of the existence of
semi-cyclic quantities Ya (¢), which were introduced in™
(see also®?), with ¢ parametrising the infinite set of quan-
tities Ya(¢) at A. We will suppress the dependence on
¢ for sake of simplicity. While these quantities commute
with the Hamiltonian @ in the absence of the field h = 0,
the YA operators do not commute with the total magne-
tization. Due to them having a surplus of exactly m s+
operators they rather satisfy [ZJ s%,YA] = mYx for the
anisotropy parameter A = cos(7*), with n € 2N, m €
2N + 1. This leads to the YA operators becoming dy-
namical symmetries of H for non-zero h in the sense of
. Interestingly, this also means that the frequency of
their oscillations w = hm is a discontinuous function of A
(see® for details). We emphasize that the set of dynami-
cal symmetries YA are different for each value of m. This
implies that the operators exhibiting persistent oscilla-
tions change with A. Likewise, the operators YAJr have a
surplus of m operators s .

For the sake of simplicity we will now mainly focus
on the oscillations of the transverse correlation function
s7s5ss at A = —%. Physically, such observables cor-
respond to correlations of the three-site measurement
statistics - the average measured value of each individual
spin relaxes according to standard statistical physics, but
the measured values will be such that on average their
product oscillates in time. Alternatively, they may be
thought of as oscillations of the higher moments of the
m-site quantum fluctuations (e.g. ((s¥ + s% + s%)3(2))).
Note that the fact that quantities responsible for oscilla-
tions Y do not exist at the non-interacting point A = 0
solidifies the argument that the oscillations are a genuine
many-body phenomenon.

In order to obtain the dynamics of temporal correla-



tion functions in the Heisenberg model (O (t)O;) with

Ok = ;8787 11, we will use the ansatz , special-
izing to the infinite temperature ensemble (o) = g((]'lg

Conversely, the results provide an asymptotic solution
of the quench protocol for any initial state of the form
p= ZkeQZH ar Ok. A particular choice of Oy was made
due to the non-zero overlap with the YA quantities of the
Heisenberg XXZ spin chain™ in the sense of (5). We
emphasize that only certain (infinite) set of local observ-
ables will have overlap with the Yas at a given value of
A which can be deduced from their form™*&2,

Results:  Using the hydrodynamical projection
and the known form of charges, we can calculate the
asymptotic value of the autocorrelation function C(t) =

<O<82>O>, for the observable O3 =} s7s7, 157, 5, and the
infinite temperature ensemble (o) = E;Eig, C(t) e
—00

o1 | = tDMRG data presented in

Fig. [l show perfect agreement with analytical calcula-
tion. As predicted by theory, we observe no oscilations
for the transverse magnetization Oy =}, s7.

In Fig. [1]b) we plot the time dependence of a local three
point correlation function o3 = sjsjﬂsﬁﬂ +555,415j 10
starting from the ferromagnetic initial state maximally
polarized in the x direction,

[9) =27N2( 1) + 1 4)E, (7)

as well as the one-point function o7 = sj + 55 (single
body observable). It shows the relaxation of the one-
point function and persistent oscillations in the three
point function, illustrating the many body nature of the
time crystalline behaviour.

As shown in Fig. [1]¢) we find numerically that the os-
cillations of relevant observables persist for a long time
with an altered amplitude, following small to intermedi-
ate perturbations 0A of the anisotropy. At A # —0.5 the
three-point operator s7s7 ;s , no longer has an over-
lap with the YA (tr(Ya,_1s7s7,1874,) =0 ) and thus
does not pertain to any dynamical symmetry (see (4]) and
(5))). Despite this, only at a relatively large value of per-
turbation JA = —0.2 do we see significant damping of
the amplitude on the accessible time scales. This is a
hint of potential stability of the oscillations for this ob-
servable. The oscillations are also stable with respect to
the integrability breaking term « on accessible timescales
as shown in Fig. [1|d). We use the general results of®#4
to find that the Y operators are conserved under strobo-
scopic time evolution in up to at-least second-order in
perturbation strength (see also®”). This implies that the
oscillations decay no faster than exp(—tJO(y?)), with re-
spect to any integrability breaking perturbation v. We
have tested this prediction by fitting the long-time parts
of our numerical solutions to exponentially decaying os-
cillations. These fits indicate that the oscillations may
be more, potentially even exponentially®*86:87 stable,

Generic A: As remarked before the extensive dynam-
ical symmetries YA (¢) exist for a dense set of anisotropies
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FIG. 2. The period T = 27 /w of the persistent oscillations of
dynamical symmetries depending on A. Inset shows a close
up illustrating the no-where continuous (fractal) nature of
the curve. Crucially, as the families of the YA operators are
different at each A the observables that have overlap with
them and thus persistently oscillate also change via and
(5). The arrows show examples of operators that have overlap
with the YA at a given A and thus persistently oscillate.

—1 < A <1 which can be parametrised as A = cos(Z2),
with n € 2N, m € 2N 4+ 1. The infinite set of these op-
erators (parametrised by ¢) consist of an infinite sum of
an infinite number of different local operators®2. The ob-
servables with a finite overlap with these operators will
oscillate at a frequency w = hm (see Fig. [2| for some
examples). The observables become ’less’ local with in-
creasing m, the smallest one being supported on m con-
secutive sites.

FExperimental realization: Due to the demonstrated
stability, we expect that in current quantum cold-atom
simulations of the XXZ spin chain, such as the ones in
I. Bloch’s group®®, the lattice depth can be sufficiently
tuned to make the dynamics fast enough compared to
integrablity-breaking effects to observe oscillations.

Measurement of local on-site equal-time many-body
correlation functions is available through quantum gas
microscopes for cold atom systems®?. For experiments
an important discovery is that oscillations can be ob-
served for a quench from the ferromagnetic initial state
@, which can be engineered®. Preparation and mea-
surement of auto-correlation functions is more involved,
but can be achieved through the use of ancilla qubits
in Rydberg atoms®. Our results could potentially also
have far-reaching applications in quantum metrology®?,
due to the sensitivity of the dynamical symmetries Ya
to the anisotropy. In cold atom simulations this can be
directly related to the strength of the external magnetic
field used to achieve Feshbach resonance of the spin-spin
interaction®. In this regard, an important observation
is that the amplitude seems to be less effected by inte-
grability breaking, than by a change of the anisotropy.

Conclusion: Numerous questions remain open. While
we have addressed the question of stability to perturba-




tions from a practical perspective, stability to all orders
remains an open problem, related to the long standing
question of the existence of the KAM theorem in sys-
tems with infinitely many degrees of freedom™. That
being said, the crucial ingredient for oscillations is not in-
tegrability itself, but rather local or extensive quantities
satisfying the relation . Importantly, we were able to
identify similar quantities in topological models?, con-
formal field theories??, 2D cold atom systems??, and ap-
proximately in mean-field models®***2 and certain local-
ized systems?®. The glimmers of similar dynamical sym-
metries have also been identified in locally constrained
models exhibiting quantum many-body scars, prevent-
ing the systems from relaxing for certain special initial
conditions®™ Indeed, a possible relation to integrabil-

ity has also been drawn“?,

Some questions remain also from the standpoint of in-
tegrable systems. Here we only focused on the lowest fre-
quency of oscillations at a given A, while in general the
state prggr should support a complete harmonic spec-
trum w = khm, for k € N. Furthermore, due to the non-
commutativity of the conserved quantities and dynamical
symmetries, subtleties might arise in obtaining the cor-
rect form of ptGGEm. The answers to these questions
should be attainable by extending the thermodynamic
Bethe ansatz description®, to include additional quanti-
ties Y. The existence of these quantities implies that the
standard GGE description is in fact incomplete even in

the absence of persistent oscillations (h = 0). We found
that microscopic nearest-neighbor correlation functions
do not relax to stationarity, whereas the single-particle
function do. Thus, another exciting question is whether
the dynamical symmetries, and absence of many-body
equilibration has a counterpart in the realm of classical
physics. Otherwise, the phenomenon would constitute
one of the first many-body quantum effects that can be
observed in macroscopic systems on large space and time
scales solely due to the extensive many-body nature of
the Y operators.
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