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Abstract

In this paper, we study the convergence of Taylor approximations for the backward
SLE maps near the origin. In addition, this result highlights the limitations of using
stochastic Taylor methods for approximating SLE, traces. Due to the analytically
tractable vector fields of the Loewner equation, we will show the Ninomiya-Victoir
splitting is particularly well suited for SLE simulation. We believe that this is the
first high order numerical method that has been successfully applied to SLE,.

1 Introduction

Rough Path Theory was first introduced in 1998 by Terry Lyons in [I4]. The theory
provides a deterministic platform to study stochastic differential equations which extends
both Young’s integration and stochastic integration theory beyond regular functions and
semimartingales. The Schramm-Loewner evolution, or SLF, is a one parameter family of
random planar fractal curves introduced by Schramm in [18], that are proved to describe
scaling limits of a number of discrete models appearing in planar statistical physics( [13],
[19], [21], [22]). Throughout the years, a number of papers have been written at the
interface between the aforementioned domains (see [25], [3], [0], [7], [20]).

In this paper, we shall use techniques provided by rough path theory to study certain
Taylor approximations of backward SLE. Our motivation is that simulations of SLE,
traces are usually done in a pathwise sense. In particular, as the successful approach of
Tom Kennedy in [11] discretizes SLE, with adaptive step sizes, it is reasonable to investi-
gate the time scales on which the Loewner differential equation can be well approximated
by strong (or pathwise) numerical methods.

The main result of this paper identifies a natural scaling between the initial condition
of the backward Loewner differential equation and the largest time horizon at which
stochastic Taylor approximations produce small errors. Since this diffusion starts (in a
limiting sense) at a singularity at zero in SLE, theory, we wish to understand the solution’s
dynamics when the size of the initial condition € = |Zy| > 0 is small. We will show that over
the small time horizon €219 for § > 0, a one-step Taylor approximation of the backward
Loewner diffusion will exhibit a local error that is O(g). Moreover, on a larger time scale
of €279, we will see that the vector field derivatives grow faster asymptotically than the
corresponding iterated integrals. In other words, we provide an analysis of the edge case
in Theorem 3.1. That is, the critical case whereby over longer time horizons, the Taylor
approximation contains large terms (for degree large enough deg > 1/6, for fixed 6 and
small €) even when the true Loewner dynamics is small. In particular, this means that
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they can’t be close to each other. This is expressed in Remark 3.2. Also, in Remark 5.1 we
discuss another possible upper bound on the difference. Ultimately, this result highlights
the limitations of using stochastic Taylor methods (such as the Euler-Maruyama and
Milstein methods) for approximating solutions of the Loewner equation.

Finally, we shall discretize SLE traces using Ninomiya-Victoir (or Strang) splitting.
Although this approach will also be limited in terms of pathwise accuracy, it will have
additional advantages when one considers the weak convergence of the numerical solution.
This is because the Ninomiya-Victoir scheme achieves a O(h?) weak convergence rate
(where h denotes the step size used) for SDEs that have sufficiently regular vector fields.
To the best of our knowledge, the methods proposed by Kennedy in [ 1] and analysed by
Tran [23] have not been shown to have such high order weak convergence. Moreover in our
case, this method preserves second and fourth moments of the backward Loewner diffusion.
Further strong convergence results for this splitting of SLE, traces are established in [1].
Example code for this method can be found at github.com /james-m-foster/sle-simulation.
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2 Rough Path Theory overview

Let Xs4 denote the restriction of the path X : [0,7] — V to the compact interval [s, ],
where V is a finite dimensional real vector space. Throughout the paper we use the
notation X,; = X; — X for increments of a path. Since the driving rough path X in this
paper will be a standard Brownian motion coupled with time, we will require estimates
for rough paths with different homogeneities. Hence we use the notation of II-rough paths
introduced by Lajos Gergely Gyurké in [10].

Definition 2.1. Let VO and V' denote two vector spaces with direct sum V = VO @ V1.
Then for any multi-index I = (i1,--- ,1;) € {0,1}*, we define the following vector space:
Vel =vig...@ Vi,

Definition 2.2. The (p, q)-degree of a multi-index I = (i1,--- ,4;) € {0,1}* is defined as

n m
deg I):=—+4—,
(p,q)( ) » ' q
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where

m::#{j:ij:O,ij EI},

Tl::#{jiij:Lij GI}.
For a fived k > 1, we say that a multi-index I = (i1,--- i) € {0, 1} with deg, (1) <k
is (p, q)-mazimal if there exists j € {0,1} such that deg, 4 (i1, -+ ,i1,5) > k.

Using the above, we can introduce a “factorial” function I, o) on the set of multi-indices,

T = ()1 (2!

where I € {0,1}* is the same multi-index and (-)! denotes the standard Gamma function.

Definition 2.3. Using the (p, q)-degree, we can define a truncated tensor algebra as

rePW)y .= @V for n,m >0.
deg(y,q) (1) <k

Then for a fized element X € TP 9:F)(V) and a multi-index T = (iy,--- ,4;) € {0,1}*
with degy, o) (I) < k , we shall denote X! as the projection of X onto its V! component.

Definition 2.4. A (p, q)-rough path of degree k is a continuous map X : Ap — T2 k) (V)
which satisfies Chen’s identity X, ® Xyt = X and the “level dependent” analytic bound

w(s, t)deg(p,q) (1)

XLl < ,
H S,tH ,Br(p,q)(l)

for all (s,t) € Arp,

where B is a positive constant and I € {0,1}* is any multi-index with deg, o (I) < k.

Theorem 2.5 (Theorem 2.6 of [10]). Let X denote a (p,q)-rough path that has degree 1.
Then for every k > 1 there exists a unique (p,q)-rough path X of degree k such that
X!, = )Zs{t for any multi-index I € {0,1}* with deg, 4 (I) < 1. Moreover, for ¢ =1 we
have the following estimate

=~ w(s,t mty
HXSI,tH < ,B(m')(n)' ’
Ho)!
where B is a positive constant and I = (i1,--- ,4;) € {0,1}* is any multi-index such that
kE>m+ ﬁ,
p

where m and n are the same non-negative integers given by definition 2.2.

It is well known that a Brownian motion B; can be enhanced to a p-rough path using
either Ito or Stratonovich integration (this is detailed in standard textbooks, such as [3]).
As the function ¢ — ¢ has finite variation, this immediately leads to the following theorem:
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Theorem 2.6. The “space-time” Brownian motion, X; := (t,B;), can be enhanced to a
(1, p)-rough path in either an Ité or a Stratonovich sense, almost surely, for any p > 2.

In general, for a Rough Differential Equation of the form
dZ, =V (Z)dXy,

with Zy = |z0| > 0 with X; : [0,T] — R? a finite p-variation path for any p > 2, we use
the following compact notation for the first r terms of the Taylor approximation.

Definition 2.7. Let I = (i1, ..,i%) be a multi-index. Given the continuously differentiable
vector fields (Vi,---,Vy) on R, and a multiplicative functional with finite p-variation,

X € T((RY)), we define

5(\/)(207 Xo,t) = Z Vi o V;k Id(ZO)XIS:z'l,--- Vi
I=(i1,..,ig),I:deg(I)<r

as the increment of the step r-truncated Taylor approzimation on the interval [0,t].
The notation Vi, ---V; Id stands for the composition of differential operators associated
with the vector fields,

e d e d
Viy - V;kId(ZO) = ((‘/;1 Z dl’) OO (V;kl Z d$> © ‘/%)(Zﬂ)v
i=1 " i=1 !

i1, i UL g Xk
and X'} stands for [y . o o, o X5l dXCE.

3 Main result

Let us consider the backward SLE maps

6ht(2) —2
o o) —vrB, 0E) =2
By performing the identification @ = Z;, we obtain

dZ, = _;/Hdt +dB;, Zy= 2z €H. (3.1)
¢

Let € > 0. Let us consider the starting point of the backward Loewner differential
equation 29 € H with |z9| = /23 + y5 = . Considering the equation for the imaginary
part of the dynamics under the backward Loewner differential equation in the upper half-
plane, we obtain that the imaginary part is increasing, a.s.. Thus, the backward Loewner
differential equation starting from € > 0 is a Rough Differential Equation, i.e. we have
that the backward Loewner Differential Equation can be written as

dZ, = V(Z,)dX;,

where V(Z) = (Vo(Z), Vi(Z)) with Vp(Z) = =25 L and Vi(Z) = L that is driven by the
space-time Brownian motion X; = (¢, B;). Thus from Definition 2.7, we have a truncated
Taylor approximation associated with the backward Loewner Differential Equation.

Our main result, along with an important remark are given below.
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Theorem 3.1. The one-step r-truncated Taylor approximation for the backward Loewner
differential equation started from Zy = ei with € > 0 admits an O(g) error almost surely
over the time horizon 0 < t < €2t9, for any § > 0 and sufficiently small €. In other words,

71— E(y(Z0, Xo4) | < Ce, Ve [0,e27], (3.2)

where € is sufficiently small and C is an a.s. finite constant that depends only on r and §.

Remark 3.2. It is natural to investigate what happens to the error when the diffusion
process and truncated Taylor approximation are taken over a larger time horizon of £279.
In this case, one can quantify the size of vector field derivatives and iterated integrals as

1
M’ "'Vz‘zId(Zo)’ =0 <52m_1+n> )

/ axi... ng =0 (5(2—5)(m+%70) ,
0<s1< <5 <26

L2(P)
where I = (i1,---,i;) € {0,1}* is a a multi-index, X; = (¢, B;) is a space-time Brownian
motion and (m,n) are the non-negative integers given in Definition 2.2 and Theorem 2.5.
We shall see in Section 5.1 that the above iterated integral can be estimated in an L?(P)
sense using the scaling properties of space-time Brownian motion. This indicates that on
a time horizon of €279, the “higher degree” terms in a Taylor approximation increase since

-0 (8175deg(172)(1)> _

H V; --.mlld(zo)/ dXI---dX!!
0 LQ(]}D)

<sp < <8 <g2-¢

As a result, such a Taylor expansion cannot converge absolutely (in an L?(P) sense).
Moreover, to extend (3.2) to a longer time horizon of €279 we would have to estimate the
error of a Taylor expansion where the leading terms in the remainder are larger than O(e).
Thus, €2 is an “asymptotic” radius of convergence for the backward Loewner equation. To
summarize, we have identified the time span whereby the difference between the Loewner
dynamics and its Taylor approximation is small, and have shown that this is no longer the
case if we extend that time interval. Alternatively, this can also be viewed as the longest
time horizon on which Taylor approximations of Loewner dynamics remain well behaved.

4 Asymptotic growth of the vector fields

We consider backward Loewner Differential Equation

—2/K
¢

dZ; =

dt + dBy, Zy = zp € H, (41)

with |z9| = ¢ > 0 and with the vector fields Vp(z) = _2/”(1% and Vi(z) = %.

z
In order to prove the main result, we first prove the following lemmas in this section.

Lemma 4.1. At fized level r there are 2" terms obtained from all the possible ways of
composing the vector fields Vo = _?”% and V1 = %.
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Proof. We prove this using induction. For r = 1, there are 2 = 2! possible terms obtained
from either of the vector fields. Let us assume that at level k£ > 0 there are 2¥ possible
combinations. To obtain all the possible compositions at level k£ 4+ 1, we have to consider
Vo o VF and Vi o V¥ where V¥ are all the possible compositions at level k. Thus, at level
k + 1 we have 2F + 28 = 2k+1 possibilities, and the argument follows by induction. O

Lemma 4.2. Let 1 = m + n, with n being the number of dB; entries and m being the
number of dt entries in the r-level iterated integral f0<s1<-~<s,«<t dXs, ---dXs,. Then, for
Zy = ei with € > 0, we have that

1
Vi -+ Vi, 1d(Zo)| = O <52ml+”) :

Proof. Given the format of the backward Loewner differential equation we have that the

vector fields that can appear are either Vy = %/Hd% or V1 = %. Note that from the
Cauchy-Riemann equations we deduce that for complex differentiable functions the linear

differential operators % and d% are equivalent when acting on complex differentiable

functions, where d% denotes the complex differentiation. For fixed values of m and n =
r —m we have, by definition m time entries in the iterated integrals and m times the
vector field Vy = _2Z/”d% and n of the entries dB; together with n times the vector field
Vi = d%. In order for V, ---V; Id(z) to be non zero then V;, = %, otherwise V; = 1 and
applying any other choice of V; _, will give the derivative of a constant that is zero.

Then, we provide the following rules when considering the composition of vector fields
Vi, -+ Vi Id(z) (up to some absolute constants that change, but we avoid keeping their
dependence in our analysis).

> —2/k d —2/K
Z  dz Z?
d 1

> 4 T Z

in the following sense: Vyo f(Z) = _;é”f(Z) and Vi o f(Z) = £ f(Z), where we have that
f(z) =V, 0V, 0---0V; old(Z) for any k > 1.

To illustrate this, without keeping track of the constants, we consider Vo VyolId(Z) =
%d%%l. Then, d%% = % and Vpo VpolId(Z) = 2—% In general, the analysis is similar.
Indeed, the result of the composition is obtained by iteration using either of the vector
fields applied to the initial %1 value (since otherwise we would obtain zero since we apply
differential operators to a constant), and since the differential operators either act by
differentiation or by differentiation and multiplication with % up to some constants, the
rules hold. Using these rules, independent of the order of applications of the vector fields

we have that for Zy = «i,

1 1 1
\Viy - Vi, 1d(Zo)| = O <5n€2ml) =0 <€2ml+n> :
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5 Proof of Theorem 3.1

Let r > 1 and § > 0 be fixed. Then we are interested in estimating the absolute value of
the truncated Taylor approximation remainder for ¢ € [O, 52+5),

R,.(t,Z:,X) = Zy — S(V)(meo,t), (5.1)
where Zy = et with € > 0.

Our first step is obtain bounds on the truncated Taylor approximation itself. Recall that

Iideg(I)<r

Therefore, by the triangle inequality and definition of supremum norm, it follows that

5(V)(Z07X0,t)’ < Z (AR % 1| ’XE)ltlk‘
I:deg(I)<r

Since the space-time Brownian motion X; = (¢, B;) is a (1, p)-rough path with p > 2,
we can apply the estimate for iterated integrals given by the extension Theorem 2.5. Thus
for any multi-index I € {0, 1}*, there exists an a.s. finite constant C7 > 0 such that

X4, < Crw(0,6)™*,
where

m:#{j:ij:O,ijEI},

n:#{j:ij:1,ij61}.

On the other hand, it was shown previously that the vector field derivatives grow as

1
Vi Vil =0 (s )

€2m+n71

Hence, using our control w(0,t) = t, for each multi-index I, there exist an almost surely
finite constant C7 such that

i1, ~ 1 n o~ 1_
Vi -+ Vi Xd oo [ X357 < Gy S P < 0161+5m+((2+5)p n

This immediately gives
Vi, - Vi Jdloo | X5 ] < Cire,

provided that 2 < p < max (L 1) (2 + 5). Hence, by setting p = 2 + §, we have that

n—mo ’

‘SE"V)(ZO,XW)’ <Ce, Vte[0,e2),
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where the constant C > 0 is almost surely finite. Similarly, we have that for ¢ € [O, g2to ),
2
‘Zt‘_‘/ /Kd + By

where we have used the facts that the imaginary part of |Z;| is increasing and |Zp| = e.
By combining these estimates, we have the desired result that for a fixed r > 1 and § > 0,

1+6
< |Z| ’ ++C()

R, (t,Z,X)| < Ce, Vte[0,e2T),
where ¢ is sufficiently small and C' is an a.s. finite constant that depends on r, § and X.

Remark 5.1. Alternatively, we could have used a rough Taylor expansion (Theorem 1.1
in [2]) to estimate the approximation error R. This would give an estimate with the form:

k
)Zt )(ZO’XOt)‘ <C Z H‘/:Ll V;‘kIdHLlp(l) HX[Ovt}prvar'
I=(i1, ig)€{0,1}"
degy ) (1)<
I maximal
Unfortunately, this will not produce the desired estimate of O(e) due to the Lipschitz norm
Vi, - zkIdHL ) being asymptotically larger than the uniform norm ||V;, - - V;, Id||

As a result, over the interval [0,52+5], we can obtain an improved error estimate simply

by showing that both Z; are E(V)(Zo, Xo,t) have size O(e) and are therefore well behaved.

5.1. L?(P) error analysis. With a similar proof, we have an L? version of the main result.

Theorem 5.2. The one-step r-truncated Taylor approximation for the backward Loewner
differential equation started from Zy = ei, with € > 0 sufficiently small, admits an O(¢)
error in an L?(P) sense over the time horizon 0 <t < €2. In other words, we have that

HZt — & (Z0, Xoy) HLW) < Ce, vte[0,¢2],

where C is a finite constant that depends only on .

Proof. The proof uses the same bound on the vector fields, but with the different ingredient
the scaling of the L2(P) norm (note that here we obtain equality compared with upper
bounds in the Rough-Path topology, see Remark 3.2).

H / ng . ..ngi tdegu,z)(f)/ ng - dX;Z
0<s1< <5<t 0<51< <5<

L2(P) ‘ L2(P)

O
6 Simulation of SLE traces using the Ninomiya-Victoir splitting
In order to simulate an SLE trace, we must first discretize the backward Loewner equation,

2
dZ; = - dt + VrdB;, (6.1)
t

ZOZEi,
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Since the above SDE gives an explicit solution in the zero noise case (i.e. when x = 0),
it is natural to apply a splitting method to approximate its solution. Moreover, as (6.1)
can be viewed in Stratonovich form, such a method can be interpreted as the solution of
an ODE / RDE governed by the same vector fields but driven by a piecewise linear path.
Unfortunately, the convergence results of [20] are not applicable if this has vertical pieces.
A well-known splitting method for (Stratonovich) SDEs is the Ninomiya-Victoir scheme,
originally proposed in [16], which in our setting directly corresponds to the Strang splitting.

Definition 6.1 (Ninomiya-Victoir scheme for SDEs driven by a single Brownian motion).
Consider an n-dimensional Stratonovich SDE on the interval [0, T| with the following form

dY;, = Vo(Yy) dt + Vi(Y;) 0 dB,, (6.2)
Yo = ga

where £ € R™ and the vector fields V; : R™ — R"™ are assumed to be Lipschitz continuous.
Fort € R and x € R™, let exp(tV;)x denote the unique solution at time u =1 of the ODE

dy

=2 = tVi(y),

Tu (y)
y(0) ==.

For a fized number of steps N we can construct a numerical solution {f@k }0<k<N of (6.2)
by setting Yo = ¢ and for each k € [0 .. N — 1], defining f@kﬂ using a sequence of ODFEs:

~ 1 1 ~
Vi, i=exp <2hVO) exp (Btk,tkﬂvl) exp <2hV0> Y, (6.3)

where h := % and ty, := kh.

It was shown by Bally and Rey in [!] that if the SDE (6.2) has smooth bounded vector
fields satisfying an ellipticity condition, then the Ninomiya-Victoir scheme converges in
total variation distance with order 2. That is, for ¢ € (0,7 there exists C; < 0o such that

VN > 1, Vf : R®™ — R measurable and bounded, sup E[f(ﬁk)] — E[f(Y}k)” < QU\Q’C’O

>t

Furthermore, the strong convergence properties of this scheme were surveyed in [9].
Since the SDE (6.2) satisfies a commutativity condition, it was shown under fairly weak
assumptions that the Ninomiya-Victoir scheme converges in an LP(P) sense with order 1:

C

For p > 2, there exists C' > 0 such that forall N > 1, E [ sup HY} — ffth < D

t€[0,T]

where the approximation }N/} is obtained by interpolating between the discretization points,

- t - t . t .
Yt::ui/ VO(Y;m)dH/ Vl(YS(l))ostJr;/ Vo(V) ds,
0 0 0
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with the three (piecewise) processes Y () defined over each interval [ty, t; 1] according to

~ 1 ~
Y = exp <2<t - tk)vo> Y
37,5(1) ‘= exp (Btk,tvl) 25321 )

~ 1 ~

Turning our attention back to the Loewner differential equation (6.1), we see that the
imaginary part of the solution Im(Z;) is increasing for all ¢ > 0. So provided Im(Zy) > 0,
the dt vector field becomes smooth and bounded on the domain {z € C : Im(z) > Im(¢e)}.
Moreover, this argument also shows that the derivatives of the dt vector field are bounded.
Since the dB; vector field is constant, it will satisfy the various regularity assumptions
(including the ellipticity condition in [1]). Hence, when applied to the backward Loewner
equation, the Ninomiya-Victoir scheme converges with the above strong and weak rates.
In particular, this implies the numerical method achieves a high order of weak convergence.
Another key feature is that the ODESs required to compute (6.3) can be resolved explicitly.

Proposition 6.2. When Vy(z) = —2 and Vi(z) = /& for z € C, one can explicitly show
that exp(tVp) z = V22 — 4t,exp(tV1) z = z + /K t.

Therefore, the proposed high order numerical method for discretizing (6.1) is given by

Definition 6.3 (Ninomiya-Victoir scheme for the backward Loewner differential equation).
For a fixed number of steps N we can construct a numerical solution {Ztk}o<k<N of (6.1)

on [0,T] by setting Zo = i and for each k € [0.. N—1], defining ngH using the formula,

2
oy o= \/<« | ZE — 2hy + \/EBtk,tkH) —2hy, (6.4)

where {0 =ty <ty < --- <ty =T} is a partition of [0,T) and hy := tgy1 — tg.

A surprising property is that the scheme preserves the first and second moments of
the squared dynamics.

Proposition 6.4. Let Z denote the numerical approzimation of Z given by Definition 6.3,
where Z is the true solution of (6.1) with the initial condition Zy = Zy. Then for k > 0,

E[Z?

173

| =E[Z].

Proof. As Brownian motion has independent increments, it follows directly from (6.4) that

E[Z?

Tt

| =E[Z;] + (s — s
and so E[ka] = E[Zﬂ + (k —4)t for k € [0 .. N]. On the other hand, It6’s lemma gives

d(Z}) = (k — 4) dt + 2Z\/r dB,.
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Therefore
tr
E[Z;] =E[Z5] + (k — 4)tx + 2\/EE[/ Za dBu].
0

The first result follows as the above It6 integral of Z against B will have zero expectation
To see that the fourth moments of Z and Z are identical, we note that by It6’s isometry

E[Z,..]
trt1 2
:EKka + (k — 4)hy + 2V ZudBu> }
t
9 ' tet1 tet1
= E[(ka + (K — 4)hg) } + 4\/EIE[(Zt2k + (K — 4)hg) / Zu dBu] + 4n/ E[Z7] du
tr 123

ty

=E[Z}] +2(k — )R [Z2 ] + (5 — 4)*hj, + 4k /tk+1 (E[Z; ] + (k= 4)(u — tg)) du

=E[Z.] + (6r = 8)E[Z2 ] + (k — 4)°hi + 2k(k — 4)h} .
On the other hand, using (6.4), it is straightforward to compute the fourth moment of Z

2
E[Z. . ]=E Ksz — 4hy, — 2v/KBuy 1\ 28 — 2hi + KB, 4, > ]

=E[Z}] — 8hE[Z2] + 1613 + 4rhy, (E[ZE] — 2hy,)
+ 26hy, (E [Ztgk] - 4hk) + '%QE [B;Lkvtk+1]

=E[Z}] + (65 — 8)hkE[Z2 ] + 16h7 — 16kh} + 3x°h3..
O

The result now follows as Z and Z have the same initial value and second moments.
Remark 6.5. These properties are particularly appealing as they hold on any time horizon.
To simulate SLE traces we shall incorporate the above numerical scheme into the
adaptive step size methodology proposed in [I1]. That is, instead of “tilted” or “vertical”
slits, we use the Ninomiya-Victoir scheme described above to approximate the SLE trace.

SLE, traces can be built from conformal maps g; given by forward Loewner’s equation,
2
(6.5)

dgi(z) _
dt gi(2) = VEB’

g9o(z) = z.
The SLE curve (t) is then defined to have the property that ¢:(v(t)) = /k B; for
t > 0. Therefore, after applying the change of variables hy = g — \/k B, we see that

y(t) = limy_,0 h; *(iy) where
2
= — - *

ho(z) = z.
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The backward Loewner equation (6.1) on [0, 7] generates a curve 7(¢) that modulo a
shift with \/kBp has the same law with the SLE trace y(t) (see [17]). In addition, we can
use the Ninomiya-Victoir scheme (6.4) to approximate the backward Loewner diffusion.
For simulations, the challenge is that the driving Brownian motion must be run backwards.
More concretely, if we fix a partition 0 =ty < t; < --- <ty =T, then we can construct

a numerical SLE trace {ztk }0<k<N by setting 2z := 0 and for k € [1 .. N]| defining Z;, by

Zt, = foo fro---o fr_1(0), (6.7)

where

fi(z) == \/(\/22 — 2(tig1 — ti) + \/EBt¢+1,ti)2 —2(tiy1 — ti) -

As discussed in [11], due to the singularity at 0 inherent in the conformal maps g,
simulating SLE traces using a fixed uniform partition can lead to huge numerical errors.
Instead, an adaptive step size methodology was recommended, especially when « is large.
The idea is to ensure that |z, ,, —z2¢, | < C for each k, where C'is a user-specified tolerance.
To achieve this, we follow precisely the same adaptive step size strategy as proposed in [11].
That is, we start by computing {z, }r>0 along a uniform partition until ‘ztk“ - Ztk| > C.
If this occurs, it indicates that we should reduce the step size for the SLE discretization.
Therefore, we shall sample the Brownian path at the midpoint of the interval [tg,tx41].
(This can be done using a Brownian bridge conditioned on the values of B at t;, and tx1)
We now proceed as before, except we have added the midpoint of [tg, tx1] to the partition.
This process continues (recursively) until each value of ‘ztk o ztk‘ is strictly less than C.

1.50 A

1.25 4

1.00 A

0.75 A

0.50 A

0.25 A

0.00 A

T T
—-2.5 -2.0 -1.5 -1.0 -0.5 0.0
FIGURE 6.1. A sample of SLE, trace for k = 6 with our method using 17884 points.

This approach naturally leads to the open problem of whether alternative high order
“ODE-based” methods can be applied to SLE simulation (such as those presented in [5]).
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6.1. Error analysis of the scheme. In this subsection, we will perform an error analysis of
the Ninomiya-Victoir scheme with initial point y > 0 to the SLE trace when x # 8. To this

end, we define the constants a = 2/k, 7 = a+(1/4) < 2a+1 and b = W = a1+

Proposition 6.6 (Proposition 7.3 in [12]). For every 0 < r < 2a + 1, there is a finite
¢ = c(a,r) such that for all 0 <t <1,0<yp <1, eg)\gyo_l, we have that

P(|Zy(20)] = A) < A™"(l20]/50)* 6(y0, V),
where b = [(2a + 1)r —r2]/a > 0 and

Ar/a)=b, ifr <ab,
0(yo, A) = { —log(A\yo), ifr =ab,
yg_(r/a), ifr>ab.

So in the regime 7 < ab, by Proposition 6.6, there exists e > 0 such that P(|Z{(i277)| >
2j*€) < 279@b=(/a)(1=€) "for j > 1. Thus, we can apply Borel-Cantelli argument pro-
vided that a # 1/4, i.e. kK # 8, to obtain that for all values of ¢ € [0,7] (by scaling is
enough to look only for ¢ € [0,1]) we have that almost surely |Z;, »;(i277)| < ¢2/7¢, for
je€{1,2,...} and k € {0,1,...,2%}. The result gives the estimate on the derivative of
the conformal map hi(z) at the dyadic times in the interval [0,1]. Using the Distortion
Theorem (see Lemma 2.2 in [24]) we extend the result for all the points. Moreover, using
the estimate on the derivative of the map, we obtain that for almost every Brownian path,
13(t) — Ze(iy)| < J§ 1 Z{(ir)|dr for t € [0,1], where (t) = limy_,0 Z(iy). In particular, this
leads to the following result

Lemma 6.7. There exists € > 0 such that

sup |3(t) = Zi(iy)| < Clw)y'™* (6.8)
tel0,1]

where the constant depends on w but is finite almost surely.

It is now worth nothing that for any y > 0, the dynamics of ¢t — Z;(iy) is given
by an SDE whose vector fields are smooth, bounded and with bounded derivatives since
Im(Z,(iy)) is increasing in t. Most notably, this gives the simple estimate Im(Z;(iy)) > y.
Any discretized process {Zy, (iy) }x=0 obtained via the Ninomiya-Victoir scheme will also
enjoy this lower bound on its imaginary part as

Im(z) < Im (\/ 22— c) ,
Im(z) = Im(z + ¢),

for z € H and ¢ > 0. So when y > 0, we can apply standard results from the SDE
literature to Z and Z , which will establish convergence for the Ninomiya-Victoir scheme.
In particular, the results of [15] give theoretical guarantees for choosing step sizes based
on the Brownian path itself whereas previous results on the convergence of algorithms
simulating Loewner curves only consider predetermined and uniform time stepping [23].
Moreover, it was shown in [I 1] that adaptive steps can significantly improve performance
for SLE simulation. Whilst our analysis concerns an adaptive Ninomiya-Victoir scheme,
the following two theorems may also extend to the adaptive power series approximation
proposed by Tom Kennedy in [I 1], where convergence results were not formally established.



J. FOSTER, T. LYONS AND V. MARGARINT

Theorem 6.8. For almost allw € Q and any €,y > 0, there exists & > 0 such that for every
partition D = {0 =1ty < t; <--- <ty =1} of [0,1] with meshD < §, we have

sup ‘Ztk (Y’y) - Ztk (ZZ/)| < £,
t,€D

where {Zk (iy) }rso denotes the Ninomiya-Victoir discretization of Z started at Zo = iy
and computed using the points in D.

Proof. Asnoted previously, the backward Loewner equation (6.1) has smooth and bounded
vector fields whenever Zy = iy with y > 0. Moreover, both the diffusion Z and its
discretization Z lie in the domain {z € C : Im(z) > y}. Finally, we note that over an
interval [s, t] of size h = t — s, the Ninomiya-Victoir scheme admits the Taylor expansion:

~ ~ 2
Zt = ZS ——=h + \/EBS’t + O(h), (69)

provided s and t are sufficiently close together. For general SDEs driven by a single
Brownian motion, this expansion would have a Bit term preceding the o(h) remainder [10].
The result now directly follows from (6.9) using Theorem 4.3 and Corollary 4.4 in [15]. O

Remark 6.9. When |Z,| is small, we expect a step size of O(|Z)?) to give an accurate
approximation of the true diffusion started from Z; (by our main result, Theorem 3.1).

We can now establish a global error estimate for the Ninomiya-Victoir scheme (6.4).
Theorem 6.10. For almost all w €  and any € > 0, there exists y > 0 and 6 > 0 such
that for every partition D = {to <t; < --- <tn} of [0,1] with meshD < 0, we have

sup H(tk) - Ztk (1y)‘ <e.
€D

L

Proof. The result is an immediate consequence of Lemma 6.7 and Theorem 6.8. O
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