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Abstract:

The ASD Equations in Split Signature and Hypersymplectic
Geometry

Markus Karl Roser, New College, University of Ozford,
submitted for D.Phil., Trinity Term 2012

This thesis is mainly concerned with the study of hypersymplectic structures in gauge
theory. These structures arise via applications of the hypersymplectic quotient con-
struction to the action of the gauge group on certain spaces of connections and Higgs
fields.

Motivated by Kobayashi-Hitchin correspondences in the case of hyperkahler mod-
uli spaces, we first study the relationship between hypersymplectic, complex and
paracomplex quotients in the spirit of Kirwan’s work relating Kahler quotients to
GIT quotients. We then study dimensional reductions of the ASD equations on R?2.
We discuss a version of twistor theory for hypersymplectic manifolds, which we use
to put the ASD equations into Lax form.

Next, we study Schmid’s equations from the viewpoint of hypersymplectic quo-
tients and examine the local product structure of the moduli space. Then we turn
towards the integrability aspects of this system. We deduce various properties of
the spectral curve associated to a solution and provide explicit solutions with cyclic
symmetry.

Hitchin’s harmonic map equations are the split signature analogue of the self-
duality equations on a Riemann surface, in which case it is known that there is a
smooth hyperkahler moduli space. In the case at hand, we cannot expect to obtain a
globally well-behaved moduli space. However, we are able to construct a smooth open
set of solutions with small Higgs field, on which we then analyse the hypersymplectic
geometry. In particular, we exhibit the local product structures and the family of
complex structures. This is done by interpreting the equations as describing certain
geodesics on the moduli space of unitary connections. Using this picture we relate
the degeneracy locus to geodesics with conjugate endpoints.

Finally, we present a split signature version of the ADHM construction for so-
called split signature instantons on S? x S?, which can be given an interpretation as

a hypersymplectic quotient.






Acknowledgements

First of all, I would like to thank my supervisor Professor Andrew Dancer
for proposing this project and for introducing me to this and many other
exciting areas of mathematics. Without his encouragement and both
mathematical and personal support and guidance over the past three

years, this thesis would not exist.

[ am grateful to Professor Nigel Hitchin and Professor Lionel Mason, who
were the examiners in my Transfer and Confirmation of Status exams, for
many insightful comments. I thank Nuno Romao for helpful discussions

on Schmid’s equations.

Professor Anton Deitmar, Professor Franz Pedit, Professor David Wharam
and Dr. Ivan Smith have encouraged me to apply to Oxford to undertake

this research project and I thank them for their support.

Thanks are also due to Jesus College for giving me a fantastic opportunity
to gain teaching experience as a Retained Lecturer over the past two years
and for offering me a quiet place in the Fellows’ Library, where the final

editing of this thesis was done over the past few months.

My studies in Oxford were partially funded by an EPSRC DPhil stu-
dentship.

On a more personal note, I want to thank all my friends at the Mathe-
matical Institute, Jesus College and New College who made the last years
such an enjoyable experience. Finally, I would like to thank my family for
their support and, in particular, Heike for her love, patience and tolerance

over the years.






Contents

(Introduction| 1

[1

General Background|

[I.1 Quotients in Riemannian and Symplectic Geometry| . . . . . . . . .. 9
(1.1.1  The Quotient Metric| . . . . . . .. ... ... .. ... .... 10
(1.1.2 Moment Maps and Symplectic Quotients . . . . . . . . .. .. 12
(1.1.3  The Kahler Quotient| . . . . . . .. ... ... ... ...... 16
(1.1.4  'The Hyperkahler Quotient| . . . . . . . . ... ... ... ... 19

(1.2 Gauge Theory| . . . . . . . . .. ... 25
[1.2.1  The Anti-Selt-Dual Yang-Mills Equations|. . . . . . . . . . .. 25
[1.2.2  Analytical Tools|. . . . . .. ... ... ... ... 27
[1.2.3  'T'he Space of Unitary Sobolev Connections| . . . . . . . . . .. 29
[1.2.4  'T'he Action of the Gauge Group| . . . . . . . . ... ... ... 29

[1.2.5  The ASD Moduli Space on a Hyperkahler Manitold is Hyperkahler| 37

2 Hypersymplectic Geometry| 44
2.1 Hypersymplectic Manifolds|. . . . . . ... ... ... ... ... ... 44
[2.2  The Hypersymplectic Quotient{. . . . . . . . ... .. ... ... ... 47
2.3 Kirwan-Type Theorems . . .. ... ... ... ... ... ...... 51

[2.3.1 Complex Quotients| . . . . . . .. ... ... ... ... ..., o1
[2.3.2  Paracomplex Quotients|. . . . . . . ... ... ... .. o7
[2.3.3  Application to Hypersymplectic Quotients| . . . . . . . . . .. 60
[2.3.4  Examples coming from Linear Torus Actions| . . . . . . . . .. 62
2.4 The ASD Equations on R** and their Dimensional Reductions . . . . 75
[2.4.1 ASD Connections on Hypersymplectic Manifolds|. . . . . . . . 75
.42 The Lax Pair Formalisml . . . . . ... ... ... ... ... 78
[2.4.3  Remarks on Twistors in Split Signaturel. . . . . . . . . .. .. 84




[3 Schmid’s Equations| 87
[3.1 The Hypersymplectic Setup| . . . . . . ... ... .. ... .. .... 87
[3.2  The Spectral Curvel . . . . . . . ... ... oo o 92

[3.2.1  The Underlying Real Curve| . . . . .. . ... ... ... ... 99
[3.3 Conserved Quantities| . . . . . . . . .. ... ... ... ... 100
[3.4 Group actions on the moduli space Mg . . . . . . . . ... 102
[3.5  Complex Structures and Product Structures| . . . . . . .. ... ... 106
[3.5.1 Complex Structures|. . . . . . . .. ... ... ... ...... 106
[3.5.2  Product Structures . . . . . ... ... L 112
[3.6  Explicit Solutions| . . . . . .. ..o oo 115
[3.6.1 Review of the su(2)-Case|. . . . . . ... ... ... ... ... 116
[3.6.2  Solutions with Cyclic Symmetry|. . . . . . ... ... ... .. 117

[4  Harmonic Maps| 130

4.1 Rewriting the Equations on R?| . . . . . ... ... .. ... ..... 131
[4.1.1  Degeneracies|. . . . . . . .. ..o 134
4.2  The Hypersymplectic Setup for the Equations on a Compact Riemann |

I surfacel . . . ... 136
4.3 Two Applications of the Implicit Function Theorem| . . . . . . . . .. 139
4.4 A Daifferent Interpretation of the Harmonic Map Equations in Terms |

| of Geodesicsl . . . . ... 143

[4.4.1 'The Space of Geodesicson Al . . . ... ... ... ... ... 145
[4.4.2  Conjugate Points and the Degeneracy Locus| . . . . . . . . .. 152
Mo The Circle Action| . . . . . . . . .. . .. o 153
4.6 Product Structures and Complex Structures| . . . . . . ... ... .. 155
4.6.1 Product Structures . . . . . . ... ... 155
[4.6.2  'The Complex Structures| . . . . . . ... ... ... ... ... 159
4.7 Harmonic Tori from Schmid’s Equations| . . . . . .. ... ... ... 162

I5 Split Signature Instantons on 5% x S7| 167
5.1 ASD Connections on R%4. . . . . . . . . . ... ... 168
[5.2 The Twistor Correspondence for ASD Connections on S* x S4 . . . . 168
[>.3  Monads, ADHM Data and Hypersymplectic Quotients| . . . . .. .. 171

[>.3.1 ADHM Data in Split Signature, . . . . . .. . .. .. ... .. 172
[5.3.2  The moduli space of ADHM Data as a Hypersymplectic Quotient{175
[5.3.3 An ADHM Description for Framed Bundles on CP* x CP*| . . 178
[5.3.4  Open Questions| . . . . . . . .. ... ... ... ... ... 180

vi



Introduction

The main topic of this thesis is hypersymplectic manifolds. These can be thought
of as pseudo-Riemannian analogues of hyperkahler manifolds. Historically, hyper-
symplectic structures have their origin in the study of integrable systems. They
arose naturally in Hitchin’s work surrounding the gauge-theoretic equations describ-
ing harmonic maps from a 2-torus into compact Lie groups ([29], [30]) during the
late 1980’s. To motivate the definition, we give a brief overview over the interactions
of hyperkahler geometry and gauge theory, which will be discussed in more detail in
chapter [I}

It is known that many moduli spaces of solutions to (dimensional reductions of)
the anti-self-dual Yang-Mills equations, or ASD equations for short, on Euclidean
space R* carry natural hyperkihler metrics. Examples include the moduli space of
framed instantons on R*, [43], moduli spaces of magnetic monopoles [5], moduli spaces
of solutions to Nahm’s equations [38], [39], [10], [37], and, maybe most importantly
in the present context, the moduli space of Higgs bundles on a compact Riemann
surface of genus g > 1, [28]. These hyperkéhler structures arise via an adaption
of the Marsden-Weinstein symplectic quotient construction to the category of hy-
perkdhler manifolds, [31], applied to the infinite-dimensional situation of the gauge
group acting on the space of connections and possibly Higgs fields on a bundle with
compact structure group. The space of connections acquires a hyperkéhler structure
essentially because R?* is a hyperkihler manifold, for as a Euclidean vector space, it
is isomorphic to the quaternions H. The ASD equations are then precisely the con-
dition that the hyperkahler moment map associated to the action of the gauge group
vanishes. On the one hand, knowing the existence of such a rich geometry has led
to advances in understanding these ASD moduli spaces which play an important role
in mathematical physics. Information about the Riemannian geometry of the moduli
spaces is valuable, since for example low-energy scattering of magnetic monopoles is

implemented by geodesic motion in the moduli space , see [44], [5].



But also from the viewpoint of pure mathematics these moduli spaces are very
interesting objects, as they provide many examples of hyperkahler metrics on known
non-compact complex symplectic manifolds, such as certain spaces of rational maps
[21], the cotangent bundle and co-adjoint orbits of complex semi-simple Lie groups
([38], [39], [10], [37]), moduli spaces of complex representations of surface groups [28].
Knowing the existence of a hyperkahler metric then leads to new insights in the study
of the algebro-geometric objects parametrised by the moduli space. The theorems
identifying the above moduli spaces with ASD moduli spaces are called Kobayashi-
Hitchin correspondences. They are essentially infinite-dimensional versions of the
following fact due to Kirwan. For Hamiltonian actions of compact Lie groups on
finite-dimensional Kéahler manifolds, it was discovered by Kirwan in [35], that there
is a homeomorphism between the associated Kahler quotient and the topological
quotient of the subset of so-called stable points in the manifold by the action of the
complexified group. Using Kirwan’s theorem, we may interpret hyperkéahler quotients
as symplectic quotients in the holomorphic category. In infinite dimensions, this
theorem does not apply automatically and one has to prove that the moduli spaces
may be identified with moduli spaces of the respective complex-geometric objects
modulo the action of the complexified gauge group.

In this context, the subject of hypersymplectic geometry has as a starting point
the observation that also on R?? the Hodge star operator on 2-forms is an involution
and so the ASD equations make sense. In fact, many interesting partial differential
equations in mathematical physics arise as dimensional reductions of the ASD equa-
tions in split signature. The most prominent examples are the KdV and non-linear
Schrodinger equations [46], and the equations for a harmonic map from a domain in
R? into a compact Lie group [29], [27]. It then turns out that in analogy to the above
identification R* = H, one should think of R*? as the algebra of real 2 x 2-matrices
B = gl(2,R). This then comes equipped with three symplectic forms satisfying cer-
tain algebraic relations such that the ASD equations on R?*? again admit a moment
map interpretation. In making this observation for the equations describing harmonic
maps from Riemann surfaces into compact Lie groups, Hitchin was led to the defini-
tion of hypersymplectic structures and to the study of hypersymplectic quotients [30].
Thus, hypersymplectic geometry should be the natural geometry on moduli spaces of
solutions of the ASD equations and their dimensional reductions in split signature.
This is the main topic with which this thesis is concerned.

More formally, hypersymplectic manifolds are special kinds of complex symplectic

manifolds which carry a pseudo-Riemannian metric, the holonomy of which is con-



tained in the split real form Sp(2n,R) of the complex Lie group Sp(2n,C). In this
sense they are cousins of hyperkédhler manifolds, whose holonomy lies in the com-
pact real form Sp(n) of Sp(2n,C). In analogy to the case of hyperkéhler manifolds,
which are to be thought of as being modelled on a vector space over the quaternions
H, the geometry of hypersymplectic manifolds is naturally associated to the algebra
B = gl(2,R) of real 2 x 2-matrices.

As an algebra, B is given by generators 1,14, s, t with relations 2 = —1, s = 1 = ¢?
and is = t = —si. It carries a natural indefinite inner product g of signature (2,2)
given by ¢(¢,q) = ¢4 = ¢ + ¢f — ¢ — @3, where ¢ = qo +iq + sq2 + tgz € B.
Then the group Sp(n,B) of B-linear isometries of B" can be shown to be isomorphic
to Sp(2n,R). Thus, a hypersymplectic manifold is a pseudo-Riemannian manifold
M of dimension 4n with a metric g of neutral signature and parallel skew-adjoint
endomorphisms I, S, T of the tangent bundle satisfying the above relations. These
then give rise to three symplectic forms w;, wg, wr which satisfy appropriate algebraic
relations, from which one can recover the endomorphisms and the metric. Since S, T
square to the identity and are parallel, their +1-eigensubbundles of T'M are integrable
in the sense of Frobenius. So hypersymplectic manifolds can locally be written as a
product of two 2n-dimensional manifolds. Since a hyperkahler structure is defined by
a triple of complex structures, this feature is not present in hyperkahler geometry. In
this sense, there are different viewpoints from which one can study hypersymplectic
manifolds. One can look at them either as pseudokahler manifolds, i.e. putting the
emphasis on the complex structures, or from the point of view of parakéahler geometry
where the product structures play the main role. The third viewpoint puts emphasis
on the three symplectic forms and is the one which seems to be the one fitting best
into the spirit of integrable systems.

Analogously to the hyperkahler situation [31], there is a hypersymplectic quotient
construction [30]. However, since the metric is not positive definite, this quotient
construction is less well-behaved than its hyperkédhler analogue. In order to obtain
a well-defined hypersymplectic structure on the quotient, one has to worry about
points at which the restriction of the metric to the tangent space to the G-orbit
becomes degenerate, a pathology not occurring in the hyperkahler framework due to
the positive definiteness of the Riemannian metric.

After its introduction in 1990, hypersymplectic geometry has been an active area
of mathematical research. Apart from their link with the ASD equations in split

signature, hypersymplectic manifolds are also split signature examples of Calabi-Yau



manifolds and therefore appear in the study of certain supersymmetric sigma-models
in string theory [15], [33].

In real dimension four, in analogy to the hyperkahler situation, hypersymplectic
structures correspond to metrics of signature (2,2) that are Ricci-flat and self-dual.
Kamada in [34] has provided a complete classification of the compact examples. As
complex manifolds with respect to the complex structure I, they are either complex
tori or primary Kodaira surfaces, i.e. certain topologically non-trivial elliptic principal
bundles over an elliptic curve. Such primary Kodaira surfaces have their first Betti
number equal to 3 and hence cannot be Kahler. One of the key observations involved
in the proof is the fact that the volume forms given by the squares of w; and wg
have different signs. The class of compact four-manifolds admitting two symplectic
forms inducing opposite orientations can then be studied in terms of Seiberg-Witten
invariants. There are also many examples of hypersymplectic structures known on
Lie groups, see [2].

Using the hypersymplectic quotient construction, Dancer and Swann constructed
a large class of examples from linear torus actions on a hypersymplectic vector space
[T9]. More recently, applying the hypersymplectic quotient construction in an infinite-
dimensional setting, Matsoukas in [48] has analysed the hypersymplectic structure on
the moduli space of solutions to the su(2)-Schmid equations, an example we will
return to in chapter [3

Following Hitchin’s original motivation, we study in this thesis the geometry of
moduli spaces of solutions to gauge-theoretic equations that can be interpreted as the
vanishing of a hypersymplectic moment map. In particular, we study the anti-self-
dual Yang-Mills equations for connections on vector bundles with compact structure
group G over R>? = B and their dimensional reductions.

The thesis starts in chapter [1] with a survey on quotient constructions in Rie-
mannian and symplectic geometry and a review of the analytical tools involved in
studying gauge theory. In particular, we review the hyperkahler quotient construc-
tion and then move on to give a fairly self-contained proof of the fact that the moduli
space of instantons on a K 3-surface is hyperkahler, a theorem well-known to experts
for which a detailed proof exploiting the interpretation as a hyperkéhler quotient has
not been available in the literature to our knowledge.

Next, we give an introduction to hypersymplectic geometry with special emphasis
on the hypersymplectic quotient construction, which displays pathologies which do
not play a role in its hyperkédhler analogue. The proofs of the Kobayashi-Hitchin cor-

respondences mentioned above give rise to an interpretation of hyperkahler quotients



as complex symplectic quotients. In finite dimensions, this interpretation relies on
Kirwan’s work on the relation between Kéhler quotients and GIT quotients [35]. This
is our motivation to discuss the relation between pseudokahler quotients and com-
plex quotients as well as parakahler quotients and paracomplex quotients, generalising
Kirwan’s work to the case of pseudokéhler and parakéhler manifolds in section [2.3
Let G be a compact Lie group with complexification G acting on a compact Kéahler
manifold (M, g,w) preserving the Kéhler structure with moment map pu. Assume
that the action can be extended to a holomorphic action of G®. Kirwan’s original
result shows that there is a homeomorphism x~1(0)/G = (G®.171(0))/GC. Due to
the change of signature in the metric and the use of gradient flow techniques in the
proof of the original theorem, one cannot expect such a theorem to hold in general
for pseudokiihler manifolds. Therefore, we expect that GC-orbits intersect ~1(0) in
more than one point modulo the action of G.

However, we are able to prove a version of Kirwan’s theorem under the assumption
that the restriction of the pseudokahler metric to the orbits of the compact group
action should be positive or negative definite. Moreover, dropping the definiteness
assumption, we find that away from the degeneracy locus the set of points in a G-
orbit that lie in x~*(0) has to be discrete modulo the action of G.

We then discuss ASD connections on hypersymplectic four-manifolds. We pro-
vide a general degeneracy criterion for the induced hypersymplectic structure on the
moduli space of ASD connections, which gives a general conceptual interpretation for
the degeneracy results of Matsoukas [48] and Hitchin [30] concerning moduli spaces
of solutions to Schmid’s equations and harmonic map equations, respectively. An
important step in the study of the ASD equations on R?*? and their dimensional
reductions is to develop a version of twistor theory for hypersymplectic manifolds,
which enables us to rewrite the equations in Lax form.

The following two chapters are then devoted to studying equations arising from
dimensional reductions of the ASD equations on R?? = B. We start in chapter
with Schmid’s equations, which are the split signature analogue of Nahm’s equations,
and are obtained by imposing translation invariance with respect to the 7, s and ¢

directions. These are thus a system of non-linear ODEs:

Ty + [Ty, )] = —[Tb,Ts],
Ty + [Ty, To] = [Ts,T1],
T3+[T0,T3] = [T1,T2],



where T; : [ — g are Lie algebra-valued functions on an interval I C R. The Lax
pair formalism implies that these equations are equivalent to the single Lax equation
T = [T, T) involving functions T'(t,¢), Ty (t,¢), that are time-dependent matrix
polynomials of degree 2 with respect to the spectral parameter ¢ € CP'. It follows
that the spectral curve S = {det(n + T(¢,¢)) = 0} C T*CP" is a conserved quantity
of the system, and a solution to the equations gives rise to a linear flow on the
Jacobian torus of the curve S. We deduce various properties of the spectral curve.
In particular, we calculate the genus in the generic case. The spectral curve carries
an anti-holomorphic involution induced by inversion with respect to the unit circle in
CP' = C U {0}, the fixed-point set of which is a real algebraic curve Sg C S, which
is not present in the Nahm case and which we investigate, too.

We study the hypersymplectic geometry of the moduli space and discuss in par-
ticular the families of complex structures and local product structures by trying to
apply our results on the relation between complex, paracomplex and hypersymplectic
quotients in this infinite dimensional setting.

There is a natural action of SL(2,R) on the moduli space which induces an action
on spectral curves, and it is natural to look for solutions that are invariant under a
cyclic subgroup of SL(2,R). We first discuss spectral curves with cyclic symmetry.
It turns out that the spectral curve carries an action of the same cyclic group and
that, if the action is free, the quotient curve is hyperelliptic. Modifying an ansatz
of Sutcliffe [55] for cyclically invariant solutions to Nahm’s equations, we are able to
produce a family of explicit solutions for g = su(n), where n > 3, expressible in terms
of Jacobi elliptic functions and their integrals.

In chapter 4] we study Hitchin’s gauge theoretic equations for harmonic maps

from a Riemann surface M into a compact Lie group G. These are given by
RV =[®A®], 0V® =0,

where (V,®) is a pair consisting of a G-connection V on a G-vector bundle F, and
a Higgs field ® € I'(M, g* ® K), where K is the canonical bundle and g C End(E) is
the associated bundle of Lie algebras with fibre Lie(G). They can be obtained from
the ASD equations on R?? by imposing translation invariance with respect to the s
and t directions, and they are the split signature analogue of Hitchin’s self-duality
equations on a Riemann surface [28]. These equations describe harmonic sections of
flat G'x G-bundles. Due to the different signature, we cannot expect to have a smooth
global hypersymplectic moduli space in this situation, since many of the analytical

arguments do not carry over from [28]. However, if we are looking for solutions with



zero Higgs field, the sign change does not play a role and an argument involving the
implicit function theorem enables us to produce a well-behaved neighbourhood of
the moduli space of flat connections inside the moduli space of solutions to Hitchin’s
harmonic map equations. On this neighbourhood we can study the hypersymplectic
geometry of the moduli space.

Reinterpreting the equations as the equation for a horizontal geodesic on the space
A/G of G-connections modulo gauge transformations, whose endpoints are flat con-
nections (see[29]), we find that this neighbourhood is locally diffeomorphic to a neigh-
bourhood of the diagonal in the product of the moduli space of flat connections with
itself. Moreover, geodesics whose endpoints are conjugate can be related to elements
of the degeneracy locus for the hypersymplectic structure. In classical terminology
of Riemannian geometry we find that the degeneracy locus of the hypersymplectic
structure is contained in the cut locus of the infinite-dimensional Riemannian man-
ifold A/G. The local product structure of this neighbourhood is the one induced
by the endomorphism S of the hypersymplectic structure on the moduli space, and
corresponds to assigning to a geodesic its endpoints.

The moduli space furthermore carries a circle action which preserves the complex
structure I and rotates the product structures. We calculate the moment map of
this action, which is given by the L?-norm of the Higgs field and, using Uhlenbeck’s
compactness theorem, we deduce that this moment map is proper. Thinking of the
equations in terms of geodesics, this moment map corresponds to the energy of the
geodesic associated to a solution.

Turning more to the integrability aspects of the equations, we are able to produce
explicit formulae for harmonic maps from tori into Lie groups by interpreting Schmid’s
equations as a dimensional reduction of the harmonic map equations. In the case of
G = SU(2), using Matsoukas’ explicit solutions of Schmid’s equations for g = su(2)
[48], we find formulae for Gauss maps of constant mean curvature surfaces in R?,
which we are able to express in terms of Jacobi elliptic functions.

Finally, in chapter [5| we study a special class of ASD connections on the pseu-
dokihler manifold S? x S2, which are called split signature instantons. It is shown
by Mason in [45] that these correspond to stable bundles on the twistor space CP?,
satisfying a certain reality condition. We provide a split signature version of the
ADHM construction for such stable bundles on twistor space trivialised on a real
line and show that it admits an interpretation as the vanishing condition of a hyper-
symplectic moment map associated to the action of the unitary group on a certain

finite-dimensional space of matrices. This is analogous to Donaldson’s construction



in [20], relating the moduli space of framed instantons on R* to stable holomorphic
bundles on CP? and is a first step towards establishing an ADHM construction in

split signature.



Chapter 1

General Background

1.1 Quotients in Riemannian and Symplectic Ge-
ometry

We establish some basic background about group actions on manifolds, mostly to fix
our notation, but also to give the reader a feel for the general context of the quotient

constructions discussed later. Let
w:Gx M — M, (a,p) — pla,p) = a.p

be a smooth (left) action of a Lie group G on a manifold M. We then have two maps

associated to this action. Firstly, there is the orbit map

Bp: G— M, Bp(a) = a.p,

whose image is the orbit O, = G.p of the group action through the point p € M.

Secondly, to each a € G we have an associated diffeomorphism of M
Aa: M — M, Xa(p) = a.p,

which preserves orbits in the sense that A\,(p) € O, for all p € M. Observe that (3,

and )\, are related via
)\aOﬁp:ﬁpOLa,

where L, : G — G is the diffeomorphism given by left translation by a € G. From
this formula it follows in particular that 3, has constant rank. Therefore, the level
set

Gy = 0, (p) C G

P



is a smooth closed submanifold of GG, which can easily be seen to be a subgroup.
Hence, it is a closed Lie subgroup of G, called the stabiliser of p. Moreover, f3,

induces a diffeomorphism

G/G, = O,.
Let g = T1G be the Lie algebra of G and for p € M let g, C g be the Lie algebra of
the stabiliser of p. Then for each £ € g we get a vector field X¢ on M via

X5 = (A3 (€) = - exp(tS)),
called the fundamental vector field associated to & (and ). The map
g—I(T0,) & X*
has kernel g, and induces an isomorphism of vector bundles
TO, = 0O, x g/gp.

If G acts freely and properly, then the orbit space M /G is naturally a smooth manifold
of dimension dim M /G = dim M — dim G with tangent bundle given by

T(M/G) = TM/g.

That is
T,T(p)(M/G) =T,M/T,0,,

where m : M — M/G is the natural projection. In other words M, becomes a
principal G-bundle over the quotient space M/G.

By definition, the action is proper whenever G is compact, which we will always
assume in what follows, unless stated otherwise. We would like to know what happens
if we start not just with a smooth manifold M, but with a smooth manifold carrying
additional structure, such as a Riemannian metric, a Kahler structure, symplectic

structure etc. Is there a way to construct a quotient which inherits this structure?

1.1.1 The Quotient Metric

We answer this question first for Riemannian manifolds. Let (M, g) be a Riemannian
manifold and let G be a compact Lie group, that acts freely on M by isometries. We

construct a natural metric on the orbit space M/G.

10



At each p € M we get an orthogonal decomposition of the tangent space into the
tangent space to the orbit through p and its orthogonal complement with respect to
g:

.M =T,0,® Hp,
where we wrote H, = TpOj. For reasons explained below, it is customary to call H,
the horizontal subspace. The derivative dr of the natural projection 7 : M — M/G

gives an isomorphism

Loy (M/G) = Hy.

Thus, for p € M every tangent vector X € Ty, (M/G) has a unique horizontal lift
X = (dm,)"Y(X) € H,. We now define a metric § on M/G via

gﬂ(?) (X7 Y) = gp(Xa Y/)

We have to check that this is well-defined, i.e. independent of the choice of point
in the orbit through p. First observe that since A\, preserves orbits, we have that
if X € H, is the horizontal lift of X € Ty, (M/G), then (d\,),(X) € H,, is the
horizontal lift of X in H,,. Put another way, the family { H,},cas defines a connection
on the principal bundle M, hence we call these subspaces horizontal. Thus, we have

to require that
9p(X,Y) = gap((dXa)p(X), (dXa)p(Y)),
which is precisely the statement
Aug = 9-
So the assumption that G acts by isometries ensures that our construction works.
Observe in particular that the flow associated to a fundamental vector field is an
isometry, which implies

Lxeg=0 forall £ €g,

where L is the Lie derivative, i.e. fundamental vector fields are Killing. In this way
we have put a Riemannian metric on the quotient space M/G. We remark that the
above construction does not need any assumptions on the dimension of M and so in
fact works for any Hilbert manifold as soon as the quotient and suitable splittings of

Ty exist.

11



1.1.2 Moment Maps and Symplectic Quotients

The next class of manifolds we want to consider are symplectic manifolds. A good
reference for symplectic geometry is [13]. A manifold M is called symplectic if it pos-
sesses a two-form w € Q?(M) which is closed and non-degenerate. This immediately

implies that the dimension of M is even.

Example. For any vector space V' the space V & V* carries a canonical symplectic

form w given by
w((v, @), (w, B)) = B(v) — a(w).

Example. The classical example of a symplectic manifold is the total space of the
cotangent bundle T*M of any smooth manifold M. The manifold T*M carries a
canonical symplectic form w which arises as follows. Firstly, on T*M there is the
canonical one-form 6. If X is a vector field on T*M, then at a point o € T*M it is
given by

0,(X) = " a(X),

where 7 : T*M — M is the bundle projection. Then w is defined to be
w = —df

and it can be shown that this is non-degenerate (by definition, it is closed). Identifying
the tangent space T,(T*M) at a point p € T*M with Ty M & Ty, M*, we recover
the first example.

Symplectic geometry has its origins in Hamiltonian mechanics, where M plays
the role of the configuration space and T*M is called the phase space of a mechanical
system.

By Darboux’ theorem, every symplectic manifold is locally symplectomorphic to

a cotangent bundle. So in this sense, this example is universal.

Let now G be a compact Lie group which acts on (M, w) by symplectomorphisms,

ie.
Aow = w.

If the dimension of G is odd, then the dimension of the quotient M /G is odd too,
and so cannot be symplectic again. And if the dimensions work out correctly, then
still the quotient M /G will in general not be a symplectic manifold again, since if
we restrict the symplectic form w, € A*(T,M*) to the tangent space of the quotient
T,(M/G) =T,M/T,0,, we cannot a priori conclude that it will define a symplectic

form, as it may become degenerate.
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In order to avoid these difficulties, we have to find a way to make sure that our
quotient manifold is actually symplectic: The idea is to find a submanifold N C M,
such that at each point p € N the restriction of w to T,V is degenerate precisely along
the G-orbits, hence non-degenerate on 7,(N/G) = T,N/T,0,. Such a submanifold
N is cut out by a moment map.

The action of G preserving the symplectic form implies that the fundamental

vector fields for this action are symplectic. That is
Lxew =0 forall £ €g.
Since w is closed, Cartan’s formula
Lxw=dixw + ixdw

implies that the one-form iycw is closed for any £ € g. The additional assumption
we have to make is that each of these one-forms is also exact, i.e. can be written in
the form

ixew = dHS,

for a smooth function H* € C*(M), called the Hamiltonian associated to . More-
over, we require the existence of a simultaneous equivariant choice of these Hamilto-

nians, i.e. there should exist a smooth moment map,
peoM— g,

such that
p(p)(€) = H(p),

which is equivariant with respect to the action of G on M and the coadjoint action
of G on g*. Such a moment map always exists if, for example, G is compact and M
is simply connected. In general, the obstruction for the existence of a moment map
may be phrased in terms of the Lie algebra cohomology of g, see [13] for details.

We phrase the result as the following theorem.

Theorem 1.1.1 (Marsden-Weinstein Reduction). If G acts freely on N = u~'(c),

where ¢ lies in the centre of g*, then
N/G =p"'(e)/G

s in a natural way a symplectic manifold.
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Proof. Let ¢ € Z(g*) be a central element. By equivariance of pu, G acts on the
level set 17! (c) and we assume this action is free. The crucial observation is that for
p € pt(c)

im(dp), =gy ={a € g" | a(§) =0for all £ € g,}.

This can be proved as follows. First, we note the formula

(du)p(Y)(€) = (du(€))p(Y) = wy(X5. V).
Moreover, we already know that the evaluation map ev, fits into the following exact
sequence
0—g,—9—1,0,—0,
where the last map is given by & — ev,(X¢), which is surjective onto 7,,0,. Hence,

from the above formula for (du), we see that
ker(du), = {Y € T,M | w(X*,Y) =0 for all £ € g} = (T,0,)“"

Here we use the notation (7,0,)“” to denote the symplectic complement of 7,0,
inside the symplectic vector space (T, M,w,), i.e. (1,0,) ={Y € T,M |w(X,Y) =
0 for all X € T,0,}. Now again using the expression for (du),, we observe that
im(dy), must be contained in g, since g, = {£ € g | X* = 0}. Now we count
dimensions to conclude that the two spaces are equal.

In our case, G acts freely on u~*(c). Hence, at p € p~'(c) we get that g, = 0,
which means that (du), is surjective. Thus, ¢ is a regular value of u, and so the level
set

N=u'c)cM
is a smooth submanifold of dimension dim M — dim G.
In particular, as G acts on pu~1(c), the fundamental vector fields are tangent to

p~1(c) and therefore lie in the kernel of du. Hence,
TPOP - (Tpop)wp,

ie. T,0, is isotropic. Since G acts freely on p~'(c), the orbit space u='(c)/G is a

smooth manifold of dimension dim M — 2 dim G with tangent space
TGP(M_l(C)/G) = ker(du)p/T,0p = (T,0,)*" /T, O,

where the first identification is given by the derivative of the canonical projection
(dm), : Ty(u(c)) = Tep(n(c)/G). We claim that the restriction of w, to (T'O,)*»

induces a 2-form @ on this quotient, given by

Or(p) ([X], [Y]) = wp(X, Y).

14



In other words

* ~

O = i"w,

where i : p7'(¢) — M is the inclusion map. We check that this indeed defines a
symplectic form as desired. First, we show that it is well-defined. Let X + A, Y + B,
A, B € T, 0, be two different representatives of [X], [Y]. Then

wWp(X +AY +B) =w,(X,Y) +w,(X,B) +w,(A,Y) +w,(A, B).
The two terms in the middle vanish, as X,Y € (7,0,)“» and the last one is zero, as
T,0, is isotropic. Thus,
wp(X +AY + B) = &np) ([X], [Y]),
and since GG acts by symplectomorphisms, an analogous argument as above in the

Riemannian case shows that this does not depend on the choice of point in 7!(p).

For the non-degeneracy assume we are given [X] such that

Orp ([X],[Y]) =0 for all [Y].
This means

wp(X,Y)=0  forall Y € (T,0,)“",
ie. X € ((T,0,)“r)“» = T,0,, which is precisely the statement
[X] =0.

To see that @ is closed, we compute

™ (do) = dr*w = di*w = *dw = 0.
Therefore, since 7 is a submersion, i.e. 7* is injective on forms, @ has to be closed. [
Remark. The point of the above proof is to show that

ker(i*w), C T,0,.

So on the quotient the induced form @ is non-degenerate. This observation will
become useful later, when we discuss hypersymplectic quotients.

Remark. This theorem carries over to Banach manifolds, and in this context we will
use it when we look at moduli spaces of gauge theoretic equations. However, in the
above proof we implicitly use the finite-dimensionality of the manifold to prove that
the differential of y is surjective for all p € u=1(c). So in the statement of the theorem
for Banach manifolds, we have to include the assumption that d, is surjective for all
p € u(c). See [36] for a complete proof and discussion, and also [40] for facts about

Banach manifolds.
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1.1.3 The Kahler Quotient

A Riemannian manifold (M, g) is Kdhler if there exists a complex structure I €
['(End(T'M)), which is parallel with respect to the Levi-Civita connection V¢ and
compatible with the metric g, that is

VIl =0 and g(IX, 1Y) =g(X,Y) for all XY € I'(TM).
These two conditions imply that the associated two-form
w=g(I-,~) € PM)

is closed and non-degenerate, in particular (M, w) is a symplectic manifold ([9]), and

w is called the associated Kdhler form.

Example. The easiest example of a Kahler manifold is C™ with its standard hermitian
inner product coming from the Euclidean inner product under the isomorphism R?" =
C™. More generally, we could take any complex Hilbert space of possibly infinite
dimension, see the chapter on gauge theory. For details about exterior differentiation

on Banach manifolds, see [40].
Example. Complex submanifolds of Kéahler manifolds are Kahler.

Example. Complex projective space CP" is a Kéhler manifold with the Fubini-Study
metric. This can be interpreted as a Kahler quotient, as we will see at the end of this
chapter. Therefore, projective manifolds, i.e. those complex manifolds that can be

realised as complex submanifolds of CP" for some n, are Kéahler.

Consider now a compact Lie group G acting freely on M preserving the Kahler
structure (g,w, ) with moment map p. We claim that in this situation the quo-
tient metric on the symplectic quotient x~1(0)/G is a Kéhler metric with respect
to the induced symplectic form and the complex structure I = 7,I, where again
7w 0) — p71(0)/G is the natural projection. Let ¢ : p='(0) — M be the

inclusion map. Then we get a metric 2 on p~'(0) by pullback, i.e.
h =1i"g.

On TM|,-19) = ¢*T'M the Levi-Civita connection induces a connection given by
i*V9, which we will again denote by V9. The Levi-Civita connection V" on 1~1(0)

is then related to the Levi-Civita connection V9 on M via
V%Y = prT(Wl(O))(Vg(Y),
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where
Prru-1(0y)  TM |10y = T((0)) & N — T(u~'(0))

is the orthogonal projection. Here we write N for the normal bundle associated to
the submanifold z~(0). On the quotient, we form the quotient metric i described

earlier. Recall also the decomposition
Tp(lfl(o)) =g® H)

and that the natural projection gives an isomorphism dr : H — T'(17*(0)/G) covering
7, such that h = m,h. Our aim now is to exhibit the Levi-Civita connection vh
on £~ 1(0)/G and to show that the quotient metric is Kahler with respect to the
complex structure I = m,I. First of all, we check that this definition of the induced
complex structure makes sense, i.e. we have to convince ourselves that I preserves
the decomposition T'M|,-1) = (N @ g) & H. The normal bundle of n~'(0) C M is

spanned by the vectors
gradg (1) i=1,...,dimG,

here ji; are the component functions of y : M — g* = R¥™E where we identified g

with R4mE by choosing some basis {£1,. .., £gima}. In other words:

pi(p) = u(p)(&) = H*(p).
Moreover, the fundamental vector fields X& yield an explicit identification
1,0, = g.

So the orthogonal complement of H in TM is spanned by {grad(u;), X% | i =

1,...,dim G}. Now for any tangent vector Y we calculate
g(grad(ﬂi)’ Y) = dul(y) = W(X£i7y) = g(IX§i7 Y)v

which means
gradu; = 1X%.

Thus, the orthogonal complement of H is in fact a complex vector space, hence H
itself has to be a complex vector space. H being complex means that the orthogonal
projection pry : TM|,-1) £ H @ g® N — H is complex linear, therefore |y is

parallel with respect to the connection V”* on H given by
VY = pry (VAY).
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We check that this connection induces the Levi-Civita connection V* on the quotient
1~ 1(0)/G. First of all, V" preserves the metric h on H. To see this, let X, Y, Z € I'(H)

be horizontal vector fields, then

The second equality holds, since all vectors orthogonal to H will be sent to zero by
h(—,Z) and h(Y,—). Thus, V" preserves h on H. Now we check that it is also
torsion-free for horizontal vector fields. In order to verify this, we remark that a
vector field X € T(T(x~(0)/G)) and its horizontal lift X € T'(H) are by definition

mw-related, that is

dr(X) =X om.

It follows from general theory, that given vector fields X,Y € T'(T(x~1(0)/G)) with
horizontal lifts X,Y € I'(H), their Lie brackets are also m-related,

dr([X,Y]) = [X,Y] o,

that is

—_—

[X,Y] = pr([X,Y]).
With this, we easily get for horizontal vector fields X,Y € I'(H)
VRY = Vi X = pry(ViY — ViX) = pryg([X, V),
which is precisely the statement that
V' =droVho (dm)~*
will be torsion-free. Altogether, the above discussion proves the following theorem.

Theorem 1.1.2. Suppose a Lie group G acts on the Kdihler manifold (M,w, I) pre-
serving the Kahler structure with moment map p. If G acts freely and properly on

the level set p='(c) for an element c in the centre of g*, then

pHe)/G
1s naturally a Kahler manifold.

We remark that, as in the symplectic case, this theorem carries over to Banach
manifolds under the assumptions that 0 is a regular value of u, and that ©=*(0)/G is

a manifold. We illustrate this theorem by considering a simple example.
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Example. Consider C"*! with its standard Euclidean inner product and Kéahler form

given by

Let G = U(1) C C act by scalar multiplication. This action cleary preserves the
metric and the Kéhler form w. The Lie algebra of U(1) is iR = R and the fundamental
vector fields of this action are given by

d , 9, 0
é‘ = -— S th pu— ) —_— ) A — pu— )
X4(2) gy li=0€™* 2 z{zaz Zfzag i&z.

The moment map for the action has to satisfy
dp(X)(i€) = w(X¢, X) = w(i€z, X),
and it is easy to show that it is given by

i
ulz) = glol” + i,

for an arbitrary real constant ¢, since U(1) is abelian. Thus, the level set for ¢ = —3
is given by the sphere S?**1 c C"*!. Thus, the quotient can be identified with CP"

and the induced metric turns out to be the Fubini-Study metric.

1.1.4 The Hyperkahler Quotient

In this section, we give a short introduction to the vast subject of hyperkéhler ge-
ometry. We will discuss basic properties of hyperkahler manifolds from different
viewpoints. Finally, we prove a theorem analogous to the Kahler quotient discussed
above: the hyperkéhler quotient construction, which was introduced in [31].

There are various ways to look at hyperkahler manifolds. We give here the defi-

nition, which will prove most useful later on, when we will do gauge theory.

Definition 1.1.1. A Riemannian manifold (M, g) is hyperkdhler if there exist three
skew adjoint endomorphisms of the tangent bundle I, J, K € I'(End(7'M)), such that

e [ J K are all parallel with respect to the Levi-Civita connection V¢ on M, so
VII =VI]=VIK =0,

e [, J K obey the algebraic identities of the generators of the imaginary quater-
nions, i.e.

IJ=K=-JI, I’ =J% = K? = —idy.
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In terms of holonomy groups these conditions say that parallel transport by V9
is a quaternionic linear isometry, that is, the holonomy is contained in Sp(k). We see
that this implies that the tangent space at each point in M is a quaternionic vector
space and hence the dimension of M is a multiple of 4, dim M = 4k.

The first condition means that the metric is Kahler with respect to each of the
complex structures I, J, K. In particular the three non-degenerate, in fact positive,

two-forms
wI:g([_y_)a wJ:g(‘]_a_)a wK:g(K_7_)

are all parallel and hence closed. Each of them gives M the structure of a symplectic
manifold. M is thus a Kahler manifold in many different ways. Indeed, we have a

whole family of complex structures parametrised by the two-sphere
S? C R? = Im(H),

for which the metric is Kahler. That is, for each x = (21,29, 73) C S* we get a
complex structure
Ia; = [)31] + ZEQJ + ZE3K.

The relations satisfied by I, J, K immediately imply that I, squares to —idyy;. More-
over, from its definition as a linear combination of parallel endomorphisms it is clearly

parallel.

Example. The basic example of a hyperkahler manifold is a quaternionic vector space
endowed with a flat Euclidean metric compatible with i, j, k, e.g. the quaternionic
left-module H". The complex structures I, .J, K are given by —i, j, k acting on the

right. These are H-linear, since scalar multiplication acts on the left.

Proposition 1.1.3. Let (M* g, 1, J,K) be a hyperkihler manifold. Then the form
w¢ = w; +iwg is a non-degenerate holomorphic, in fact parallel, (2,0)-form with
respect to the complex structure I. Thus, every hyperkahler manifold is naturally a
complex symplectic manifold. By cyclically permuting 1, J, K in the above formula,

we obtain analogous forms w§ and w%.

Proof. We only give the proof for w®. Let Y € I'(TM ® C) such that IY = —iY,
ie. Y € I(TM%) with respect to I. Then if X € T'(TM ® C) is any complex vector
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field, we compute using the algebraic relations satisfied by I, J, K,

WEY,X) = wi(V, X) 4wk (Y, X)
= g(JY, X) +ig(1JY, X)
= g(JY, X) —ig(JIY, X)
= g(JY, X) - g(JY.X)
= 0.

Thus, w? is of type (2,0). Since it is parallel, it is holomorphic. The non-degeneracy
is easy to check by writing any (1,0)-vector field in the form X — i/ X, where X €
['(TM ® C). O

Corollary 1.1.4. Hyperkdhler manifolds are Ricci-flat.

Proof. We have just seen that the canonical bundle K); = Q?%%(M) admits a non-
vanishing parallel global section given by the complex volume form Q = (w%)*. Thus,
the connection on the canonical bundle induced by the Levi-Civita connection is
trivial and so in particular flat. Therefore, the corollary follows from the observation
that the curvature of this connection is given by the Ricci-form p = Ric(I—,—),

which is proven for example in [9]. O

We see that hyperkahler manifolds are examples of Ricci-flat Kéhler manifolds,

i.e. they are Calabi-Yau. This can also be shown by considering holonomy groups

and the inclusion Sp(k) C SU(2k).

Hyperkahler Four-Manifolds

In dimension four, Calabi-Yau manifolds are the same as hyperkahler manifolds,
because SU(2) = Sp(1). The only compact examples in four dimensions are Ricci-flat
complex tori T2 and K3 surfaces. We now discuss some properties of hyperkihler
four-manifolds, which will be important when we do gauge theory on them later on.

Firstly, observe that the Hodge star operator on two-forms * : A2T*M — A2T*M

satisfies *? = id. So we get a splitting into three-dimensional subbundles
ANT*M =AT @A™,

given by the +1-eigenspaces of *. The main observation we want to note is the

following lemma.

Lemma 1.1.5. At any point p € M the space A} is spanned by wi(p) forie I,J K.
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Thus, for p € M, the two-sphere of compatible complex structures on 7, M can

be identified with the two-sphere in the three-dimensional space A; .

Proof. Pick a holomorphic chart (z; = 21 + iy, 20 = @9 + iys) for I about p € M,
such that the metric osculates to order two from the standard metric on C2. In
particular, T,M is identified with standard C? with its hermitian inner product and

wy corresponds to the standard Kahler form
Wy = —%(le N dfl + dZQ + dfg) = d,Il VAN dyl + dZL‘Q A dyg

But in this situation the claim is easy to verify. Also the space A*°(M),, is spanned

just by
w}c =dz; Adzg = dxy Adzy — dy; A dys + i(dey A dys + dyp A day).

Now the real and the imaginary part of this give the other two Kahler forms w; and

wg and it is easy to check that they are indeed self-dual. O

Note that moreover w; A *w; = w; Aw; = 0 if ¢ # j. Hence, the basis {wr, w,wk}
is orthogonal. If we now complexify, we see that point-wise A?? and A%? are spanned

by wy + iwg and w; — iwg, respectively. Thus,
AT®C=A"® A" @ Cuy.
This implies that
A®C=A"n(w})®C.

In particular, a two-form is anti-self-dual if and only if it is of type (1, 1) with respect

to any of the complex structures.

The Hyperkahler quotient

Going back to general hyperkahler manifolds, we now prove a theorem due to Hitchin
et. al [31], which provides a hyperkéhler analogue of the Marsden-Weinstein symplec-
tic quotient. Let G be a Lie group acting on a hyperkéhler manifold (M", g, 1, J, K)
preserving the hyperkahler structure. That is, G acts by isometries and by symplec-
tomorphisms with respect to all three Kahler forms. We assume that this action
admits a moment map with respect to each of the three Kahler forms and we group

these together to get a vector-valued hyperkahler moment map
o= (pr, ps, pxc) - M — g @ R?,
Then we can prove the following theorem.
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Theorem 1.1.6 ([31]). Let (M,g,1,J, K) be a hyperkihler manifold and let G be a
compact Lie group acting on M preserving the hyperkahler structure with hyperkahler

moment map p: M — g* @ R3. Then the quotient metric on

1 (er, ea,03) /G = (g (er) Nyt (e2) N opg(es) /G

1s hyperkdahler if all the c; lie in the centre of g* and if G acts freely and properly on
-1
n=(c).

Proof. Our proof is slightly different from the one given in [31], making it easier
to compare the hyperkahler quotient construction to its hypersymplectic analogue,
which we will discuss later.

Firstly, we check that ¢ = (¢y, co, ¢3) is a regular value of p if G acts freely on the

level set. The image of du inside g* @ R? is given by
{acg" @R} IX € T,M : a(f) = (wi(X5, X),ws (X5 X),wk (X5, X)) V€ € g}
So if g, is the Lie algebra of the stabiliser of p € M, we see immediately that
im(du,) C g) ® R,

where gg C g* is the annihilator of g,.

On the other hand, the kernel of du is given by

ker(dp,) = {X €T,M | wi(X*,X)=0forallécg, ic{l,J K}}
= {XeT,M|0=g(IX*X)=g(JX* X)=g(KX¢ X)for all¢ € g}
= [I(Tpop) + J(Tpop) + K<TPOP>]J—'

Since G acts on p~*(c), T,0, is tangent to this level set and hence in the kernel of dy,,.
This means that 7,0, is orthogonal to each of the spaces 1(1,,0,), J(1,0,), K(1,0,).
But since all the complex structures are compatible with the metric, these spaces
are in fact all mutually perpendicular. We briefly explain this by showing that
J(1,0,), K(T,0,) are orthogonal. The other cases are analogous. Let JX € J(1,,0,)
and KY € K(T,0,). Then, since 7,0, I(1,0,) are perpendicular,

g(JX,KY) = —g(JX,JIY) = —g(X,1Y) = 0.

If G acts freely on the level set of the moment map, then g) = g ® R® for each

p € u~(c). Moreover, since all the spaces that occur in the above sum are pairwise
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orthogonal, it follows from the positivity of the metric that their sum is direct. So on

p (o),
dim ker dy = dimM — 3dim G.

Hence, by counting dimensions, we see that on u~!(c)
dimim(du) = 3dim G = dim g ® R®.

Thus, c is a regular value of y and hence p~*(c) is a well-defined submanifold of M
with tangent space ker du = [I1(T,,0,) + J(T,0,) + K(T,0,)]*. The tangent space of
the quotient 1~1(0)/G at a point G.p will be given by [(17,0,)+ I(1,0,)+ J(T,0,) +
K(T,0,)]* and is hence again quaternionic. In particular, the orthogonal projection
onto this subspace is quaternionic linear. Then we show, like in the proof of the Kahler
quotient, that the Levi-Civita connection on the quotient is given by composition
with the orthogonal projection onto this tangent space. Hence, the induced complex
structures on the quotient are all parallel and so the quotient metric is Kahler with

respect to each of them, that is, hyperkahler. O]

An alternative way of proving this theorem is given by observing that the complex
moment map u¥ = p; +ipx : M — g* ® C is holomorphic with respect to the
complex structure I and has c; +ic3 as a regular value under the above assumptions.
Thus, M = (u$)~'(c) is a Kahler manifold on which G acts preserving the Kihler
structure. The moment map with respect to this action is then just the moment map

u restricted to M. Therefore, the quotient

(ur'(c1) N M) /G = ' (0) /G

is Kéahler with respect to the complex structure /. Applying the same argument to
the other complex structures by cyclically permuting I, J, K, we get another proof of
the theorem.

So we have reduced the proof of the hyperkahler quotient to that of the Kahler
quotient. In particular, if we again assume that c is a regular value of the hyperkéhler
moment map, the theorem carries over to Banach manifolds.

This alternative proof gives another interpretation of the hyperkahler quotient.
Fix a compatible complex structure I. Assume that G is compact and that the G-
action extends to an action of the complexification G®. This action will preserve the
complex symplectic form w¥ and we observe that u¢ is then a holomorphic moment
map for the GC-action. We have seen in the proof that for ¢ € Z(g*) ® C the level

sets (u%)71(c) are Kihler manifolds on which G acts holomorphically. Then we
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may identify the quotient (u%)~!(c)st¥ect /G with the Kihler quotient ((u%)~1(c) N
prt(cr))/G, where (u$)~1(c)stabect is the set of stable points, i.e. points p such that
p;t(e1) NGC.p # 0. This follows from the work of Frances Kirwan [35]. In particular,
if (u%)~1(c) is projective and if a suitable linearisation (depending on the real level
c1 € Z(g*)) of the GC-action is chosen, her result identifies this complex quotient with
(an open dense set inside) the GIT quotient associated to this linearisation. In this
sense, if we fix one of the complex structures, and view M as a complex symplectic
manifold, the hyperkahler quotient may be thought of as the symplectic quotient in

the holomorphic category. We will discuss Kirwan’s work in more detail in section

23

1.2 Gauge Theory

This chapter provides an introduction to gauge theory. Moduli spaces of solutions
of equations coming from the anti-self-dual (ASD) Yang-Mills equations are an in-
teresting source of examples of hyperkahler manifolds. The hyperkéahler structures
are obtained by viewing these moduli spaces as hyperkahler quotients in an infinite-
dimensional setting. We will start by describing briefly the origin of the equations.
Then we introduce the analytical technology involved in the proof of our main result:
The ASD moduli space on a unitary bundle over a compact hyperkahler four-manifold
is again hyperkahler. This result is of course by no means new, but it seems that
there is no self-contained proof available in the literature.

Under suitable decay assumptions this also applies to the non-compact hyperkahler
manifold R* = H, yielding a hyperkihler structure on the moduli space of framed in-
stantons, see [43]. Considering dimensional reductions of the ASD equations and their
moduli spaces, one can produce interesting examples of hyperkahler manifolds and
also hyperkahler metrics on well-known complex symplectic manifolds. In this way it
was shown by Kronheimer in [38] that the cotangent bundle of a complex Lie group
admits a hyperkahler metric and that there exist hyperkahler metrics on semi-simple
and nilpotent coadjoint orbits of complex Lie groups [39]. Later these results have
been extended to general orbits, see [10], [37]. See also [I§] for a survey of these

results.

1.2.1 The Anti-Self-Dual Yang-Mills Equations

Let M* be a compact oriented Riemannian four-manifold, and let £ — M be a

complex vector bundle with a hermitian metric h. In other words F has structure
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group U(n), where n is the rank of E. Let V be a connection on E such that Vh = 0.
We could consider vector bundles whose structure group is an arbitrary compact
matrix group G, but since every compact Lie group can be embedded into U(n) for
some n, we do not lose any generality if we just work with U(n). We call V anti-self-
dual if its curvature two-form RV € Q*(M,u(E)) is anti-self-dual. Here u(F) is the
subbundle of End(E) of bundle endomorphism which are skew adjoint with respect
to h. So for a unitary connection the anti-self-duality condition is expressed in the

non-linear partial differential equation
RY = —x RV.

Let now u € I'(M,End(E)) be such that v*u = idg, i.e. w is a unitary bundle
automorphism of E. We will often write u € I'(M,U(FE)). Then we can use u to

pull-back the connection V to get a new unitary connection
uwV=u'toVou=V+u'tdVu,

where we denote by dV the induced connection on End(E). We call u a gauge trans-

formation. The curvature then transforms according to
Ru.V — ufleu,

and we see that the anti-self-duality is in fact a gauge invariant notion. If we denote

by A the space of unitary connections and by G the gauge group, that is
G={uel'(M,End(F)) | v'u =idg} =T'(M,U(E)),

then G acts on A preserving the ASD condition. Thus, the object we would like to

understand is the moduli space of ASD connections:
M={VecA|RY=—-x%R"}G.

In the following section we will discuss in some detail why M is in fact a finite
dimensional manifold, which is hyperkahler if the underlying base-manifold M is
hyperkahler. But before we are in a position to do so, we have to introduce the

necessary analytical framework.
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1.2.2 Analytical Tools

In this short paragraph, we will briefly write down the main analytical tools that
will be involved in our discussion. These are Sobolev spaces on vector bundles, the
Sobolev embedding theorems and the multiplication properties of Sobolev spaces. We
also need the basic theorems for elliptic operators on compact manifolds. The reason
why we wish to work with Sobolev spaces is that they are Banach spaces and therefore
allow us to use the inverse and implicit function theorems. Using these techniques, we
can show that an appropriate Sobolev completion of G is in fact a smooth Hilbert Lie
group. Following this, we will consider more closely the action of the gauge group on
an appropriate space A* of irreducible unitary Sobolev connections. A good textbook
which contains a lot of the analytical machinery needed in gauge theory is [25], see
also [41] and [36].

Let (E,h,V) — (M, g) be a hermitian vector bundle over a compact Riemannian

manifold. For a given positive integer k& we define the L{-norm on I'(E) by

2

k
HsHLg:(Z / |v<">...v<2>Vs|2) |
i=1 Y M

where VO : Q'=Y(M, E) — Q(M, E) is the connection on E-valued alternating mul-
tilinear forms induced by V on E and the Levi-Civita connection V¢ on M. We
denote by L2(E) the Hilbert space completion of T'(E) in the L7 norm. This is the
space of sections of F whose first k derivatives lie in L?(FE). In our situation where

the base manifold is compact, we have the following theorem.

Theorem 1.2.1. Let the base manifold M be compact, then Li(E) does not depend
on the choice of V.

Proof. We only do the case & = 1. Let V!, V? be two unitary connections on
(E,h). Then, since the space of unitary connections is an affine space modelled
on Q(M,u(FE)), we can find a u(E)-valued one-form A such that V! = V2 + A. But

then, using the Cauchy-Schwarz and Young’s inequality:

IsllZeo = llsllZz + IV's]lZ2

= |lsllz2 + [IV7s + As[1

< lsllzz + V2l + 1AL llsl[Z2 + 2[1V2s] | 2| All 2] ]|
< lsllzz + 1222 + (AN lls[[Z2 + [V s[Z2 + [ Al |ls][22
< C(lsllZ: +11V*s]lZ2)

Ol Is1[2; -
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The same argument works with V! and V2 interchanged. Therefore, V; and V, yield

equivalent norms on L% (E). O

More generally, one could define spaces L? by replacing the L*-norm above with
the L? norm and letting £ be any real number. But this is a direction we will not
pursue here. We now come to the Sobolev embedding and multiplication theorems

which we will use heavily in our proofs later on. For proofs we refer to [41].

Theorem 1.2.2 (Sobolev Embedding Theorem). Let M be a compact Riemannian
n-manifold and let E — M be a hermitian vector bundle endowed with a unitary

connection V. Then there are continuous embeddings

o LI(E) C L}(E), if k > 1 and this embedding is compact. This is known as

Rellich’s Lemma.

e More generally, there is a bounded embedding LY (E) — L{(E), whenever k > 1
and k—n/p>1—n/q.

o Also Li(E) C CYE), k > 1+ n/2.

Theorem 1.2.3 (Sobolev Multiplication Theorem). If dim M = 4 and k > 2, or if
dim M = 2 and k > 1, then L2(End(FE)) is an algebra and if k > 1, then Li(E) and
L(End(E)) are L?(End(E))-modules.

A differential operator D of order m acting on sections of E gives rise to a linear
map Li(E) — Li_, (E). We call D elliptic, if its principal symbol o(D)(&,p) : E, —

E, is an isomorphism for each p € M. We have the following fundamental theorem.

Theorem 1.2.4. Let M be compact and let E — M be a hermitian vector bundle.
Let D be an elliptic differential operator of order m > 0 acting on I'(E). Then

e ker D and ker D* are finite dimensional and consist of smooth sections, where
D* s the formal adjoint of D.

e The equation Ds = t, where t € Li(F) has a solution if and only if t is L*-
orthogonal to the kernel of D*. Moreover, there is a constant Cy such that

Isllz2 < Ci(llullz_ +I[[Dsllrz_ ), in particular, if t is smooth, then so is s.

o If D is self-adjoint, we have the following spectral decomposition:

L(E) = ) Fig(D, V),
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where X € R are the eigenvalues of D with eigenspaces Eig(D, ). The set of
eigenvalues is discrete in R, in particular we can always find a smallest positive

eigenvalue.

1.2.3 The Space of Unitary Sobolev Connections

The space A of unitary connections on the hermitian vector bundle E introduced
above is naturally an affine space modelled on Q'(M, u(FE)). So picking any unitary

connection Vy € A, we can write
A=Vo+ Q' (M, uE)).

Therefore, the tangent space of A at a connection V can be identified with Q' (M, u(E)).
This space is naturally endowed with the L? inner product. For two tangent vectors
A, B € QY(M,u(FE)), we put

gi2(A, B) = — / (r(A A #B).

M
If we just look at smooth connections, we see that (A, gz2) is not a Hilbert manifold

- the tangent spaces are not complete, i.e. not Banach spaces. We will instead work
with the Sobolev completion of A and thus define for a given integer k£ > 0 the Sobolev

space of unitary connections A, to be
Ak = v0 + Qllf(M7u(E))7

where we wrote Qi (M, u(E)) = L2(Hom(T'M,u(E)). Since on a compact manifold
Q}(M,u(FE)) is independent of the choice of connection, in the sence that different

connections yield equivalent norms, we obtain the following proposition.

Proposition 1.2.5. If the base manifold M is compact, Ay does not depend on the

choice of background connection V.

1.2.4 The Action of the Gauge Group

With the analytical technology introduced in the last section at hand, we shall now
consider the group G and its action on 4 more closely. This section is inspired by
[49]. Recall

G={uel'(End(F)) | v'u=idg} =T (U(E)).

Our starting point in this section is the following construction.
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Theorem 1.2.6. Let dimM = 4 and k > 2, or dimM = 2 and k > 1. Then
the closure of G in Li(End(F)), denoted by Gy, is an (infinite-dimensional) smooth
Hilbert Lie group with Lie algebra Li(u(E)) = {¢ € Li(End(E)) | u* = —u}. Charts
are provided by the pointwise exponential map induced from the exponential map on

U(E,, hy) = U(n), where n = rk(E), i.e.
exp : Ly(w(E)) — Gr,

exp(§)(p) = exp(&(p))-

Proof. Note first, that since dim M =4 and k > 2 (resp. dim M =2 and k > 1), we
are in a situation where L% (End(FE)) is actually an algebra consisting of continuous
sections and the multiplication operation on L?(End(FE)), being a bounded bilinear

map, is a smooth map of Hilbert spaces.

WE
3|3

exp 1 € > exp(€) =

I
o

n

is thus well defined as a map L?(End(FE)) — LZ(End(E)) by the multiplication the-
orem and the usual estimate || exp({)|[r2 < exp([|{[|z2). If we restrict to L (u(R)),
then the image of exp lies in G.

Let p be the injectivity radius of U(n), where n is the rank of E. Then, since
we are in a range where Li-sections of End(F) are in fact continuous by the Sobolev
embedding theorem, we get that exp is injective on the ball of radius p about 0 (in
the sup-norm) in L?(u(E)). Also the derivative of exp at 0 is given by the identity.
To see this, let € € L2(u(F)) then

%(exp(tf) —idg — 1) = ; %t”_l — &= ; S t% -2 L ast— 0.
Along these lines we prove that exp is smooth. So by the inverse function theorem
exp is a diffeomorphism on a small open ball about 0 € L2 (u(E)) of radius § > 0, say.
We consider the ball B;(0) C L2(u(FE)). Given any u € Gy, we define a chart about
u in the following way. Let U, = uwexp(Bs). This is an open neighbourhood of u in
Gi. Define a chart

¢u 2 Uy — Bs

by
Pu(uexp(§)) = &.
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To show that G, is a manifold, we have to check that the transition functions are
smooth. So let u,v € Gy be such that U, N U, # (. Let £ € ¢, (U, NU,), then

v 0 by (§) = du(uexp(§)) = du(vexp(nu) exp(§)),

for a unique 7,, such that exp(n,,) = u~'v € exp(Bs(0)). By the Baker-Campbell-

Hausdorff formula we can write

eXp(nuv> eXp(§> = exp(fw(ﬁ)),

where f,, : L2(End(F)) — L?(End(F)) is a power series in brackets of £ and 7, and
is thus smooth in &. O]

Proposition 1.2.7. The action of G, on Ay_1 is smooth.

Proof. Fix a background connection Vo € Ag_;. Then we get local co-ordinates on
Ai_1 by writing any connection V € A3 as V =V,+(V—-V,) with V-V, =A €
Q) (M,u(FE)). So explicitly the chart is given by V — A. It is enough to show that
the action of Gy is smooth for u € G close to the identity. Let u = exp(&) € exp(Bs).
Recall

wV =V +u'tdvu=Vy+utAu+u'1dVou,

which, using u = exp(§), is equal to
Vo + eXp(—f)AeXp(f) + dvof + :0<A7 5)7

where p is a power series in brackets of A,¢ and dV¢, similar to the Baker-Campbell-
Hausdorff formula, which is of order ||£]|3.
So in the co-ordinates on Aj_; just defined and the co-ordinates on G, given in

the proof of the above theorem, the action reads

(€, A) = E.A = exp(—&)Aexp(€) +dV°E + p(A, €).

We see that, since dV° maps Li(u(E)) to Q;_,(M,u(FE)), we lose one derivative,
and so this formula explains why G acts on Ax_; and not on A;. We check that
p is smooth in the L2(u(E)) component at zero, with first derivative given by dV :
Li(uw(E)) — Q4 (M, u(E)). In fact, up to terms of order one in ¢ we have

0, A0, A=AV [A, 1)) = (exp(—tn) A exp(tn) —A)+d7n T[4, o]

This is equal to
1
7 ((exp(—tn) Aexp(ty) — A)) — [4, 7],
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which converges to zero in the Lf-norm by the same reasoning as in the case of the
adjoint action of a finite dimensional Lie group on its Lie algebra.
Now we prove smoothness in the second factor at V. Up to terms of order one

in t we obtain

L 1) — (€, 0) = exp(~&) A exp(e) + 7€ — d¥og,

which is equal to
exp(—§) Aexp(§).

The smoothness at arbitrary points in G, and Aj_; can be deduced from this using

again the Baker-Campbell-Hausdorff formula as in the proof of the theorem above. [

From our proof, we deduce the following important corollary, giving an explicit

formula for the infinitesimal action of G, on Aj_;.

Corollary 1.2.8. Let ¢ € Li(u(E)) = Lie(Gy). Then the fundamental vector field of

the action of G, on Ai_1 associated to £ is given by
X4V) =dVe.
Proposition 1.2.9. Let k > 3, then the curvature map given by

R: A, — Qz_Q(Mvu(E))7
V — RV

15 a smooth map of Hilbert manifolds with first derivative
dRy(A) = dV A,

Moreover, R is equivariant with respect to the action of G, on Ax_1 and the adjoint
action of Gy, on Q2_,(M,u(FE)). That is, for each u € Gy

R*Y =u'RVu.

Proof. We fix a background connection Vg € A;. Then the curvature map is given
by
1
RY = RVt = RV 4 dV0 A + SANA] = R(A).
Now . .
;(R(tA) — R(0) —tdY°A) = ét[A A Al
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But by the Sobolev multiplication theorem together with the embedding theorem we
get that the L? ,-norm of the right hand side is bounded by

(A,

which tends to zero as ¢t — 0. We have shown that R is smooth at the point Vg,
which was arbitrary. Therefore, R is smooth everywhere. The equivariance property
is easily checked by writing the action of G, on V as = oV ou. Then we get for the
curvature

R*Y =y 'dVuu'dvu = u 'RV u.
O

Later on, when we construct the ASD moduli space, we want to take the quotient
of the set of ASD connections by the action of the gauge group. If we just do this
naively, we do not obtain a well-behaved space. Therefore, we will now discuss the
reduced gauge group and the set of irreducible connections.

The centre of U(n) consists of matrices of the form e?id, where § € R. Therefore,
the centre of the gauge group Gy is given by L2(M,U(1)). Now using the fact that
the identity section idg € Gy is parallel with respect to any connection on E we

immediately arrive at the following lemma.

Lemma 1.2.10. Let V € Ay. The stabiliser subgroup Gpv = {u € Gy | uv.V = V}
always contains {eidg | 0 € R} = Z(U(n)).

Proof. We consider the formula
uw.V =V +utdVu,

from which we read off
Grv = {u € Gy | dVu=0}.

]

Thus, a priori, the action of G, is nowhere free. In order to obtain a smooth
moduli space, we restrict our attention to connections with minimal isotropy group
and we divide Gy by the centre of U(n).

Definition 1.2.1. The reduced gauge group Gj; is defined to be

Gr. = G:/Z(U(n)).
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We call a connection V € Aj,_; irreducible if
Grv = Z(U(n)).
The set of irreducible connections will be denoted by A;_;.
Note that the Lie algebra of G} is given by LZ(u(F))/iRidg.

Corollary 1.2.11. The reduced gauge group G acts freely on the set of irreducible

connections Aj_,.

We end this section by proving a slice theorem for the action of the gauge group
on the space of connections. This will allow us to identify the tangent space of a
connection V in the moduli space A} _,/G; of all irreducible connections with the
orthogonal complement of the tangent space to the orbit through V. Moreover, these
slices provide local models for the moduli space Aj_,/G;. This is analogous to the
situation at the very beginning of this thesis when we discussed finite dimensional
quotient manifolds. In the proof that the quotient space of a manifold M by a
smooth, free and proper Lie group action is again smooth, we construct so called slice
charts which locally give a set of representatives for the G-orbits. This does not work
immediately in the infinite-dimensional case, and we have to make sure that such a

slice exists at every point.

Theorem 1.2.12 (Slice Theorem). Let k > 2 and let V € Aj_, be an irreducible
connection, then there exists a constant € = (V) > 0, such that for any connection
V=V+Ac A_, with |Al[z2_ < € there exists a unique gauge transformation
u € G} satisfying

(AV)*(V —u.V) =0,

We say V is in Coulomb gauge with respect to V.

Proof. This is an application of the implicit function theorem in Banach spaces. We
identify A1 =V +Q, (M,u(E)) =2 Qi ,(M,u(FE)) and consider the map

F 2 G x Apey — im((dV)") € Li (M, u(E)),

given by
F(u,V) = (dV)(V — u.V).

Writing V = V + A, we have «.V = V 4+ v ' Au+ v~ 'dVu and so

F(u,V) = F(u, A) = (dV)* (v Au + v dVu).
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We want to show that F' is smooth and that the derivative of F' at (idg, V) = (idg, 0)
in the G;-direction is surjective, so that by the implicit function theorem we can write

the equation F(u, V) = 0 on a small neighbourhood of (idg, V) in the form

F(u(V),V) =0

for some smooth function w : Ay — Gj.

Firstly, we observe that F' is in fact differentiable since G, acts smoothly and
(dV)* : QL (M,u(FE)) — L} ,(uw(E)) is a bounded linear map. To compute the
partial derivative D1 F at (idg,0), we calculate with u; = exp(t&):

1 , 1 . «
S (F(exp(16),0) = Flid, 0)) = 7((d)"(exp(~€)d7 exp(€)) — (d)d7,
as t — 0. Thus, we get for the partial derivative in the G;-direction of F' at (idg,0)
D1 Flago) = (d¥)dY : L{(uw(E))/iRidp — im((d¥)") C Li_,(u(E)),

which is an elliptic operator. The fundamental theorem for elliptic operators says
that the equation
(dV) Ve =n

admits a solution & if and only if i is orthogonal to the kernel of ((dV)*dV)* = (dV)*dV.
But this is just the kernel of dV, which is equal to iRidg by irreducibility. Since we
can identify the image of (dV)* with the orthogonal complement to the kernel of dV in
Li(u(E)), the partial derivative D; F is surjective and thus an isomorphism at (idg, 0)
and the implicit function theorem in Banach spaces gives us our solution u(A) for A
sufficiently close to zero. Moreover, u depends smoothly on A.

To prove the uniqueness of u, suppose we have a connection V and a gauge
transformation w such that both V; and V, = u.V; are in Coulomb gauge with
respect to V. We want to show that u has to be a constant multiple of the identity.
Write Vi =V + A and V, =V + B. Then u.V; = V5 means

dVu = uB — Au.
Now apply (dV)* to this equation. This gives

(AV)*dVu = —xdV * (uB — Au)

— s (AYuA*BH+undY * B —((dV) * A)u—*AAdVu)
= —x(dYuA*B)+un (AV)'B— ((dV)* Au + +(xA A dVu)
= —x (dYuA*B) + *(xA A dVu),
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since by the Coulomb gauge condition (dV)*A = 0 = (dV)*B. Since (dV)*dV is
elliptic, self-adjoint and positive, we have an eigenspace decomposition
L*(M,End(E)) = ker((dV)*d") & P Eig((d¥)*d", \),
A>0
where the eigenvalues A are real and strictly positive. We may therefore decompose
u = ug + u; according to this decomposition, i.e. uy € ker((dV)*dV) and u; €

@D,., Eig((dV)*dY, ). In particular, we get an estimate

||U1||%2 — mzn”dvulan - )\mandquLQ?

where A, is the smallest non-zero eigenvalue. Now we compute, using the expression

for (dV)*dVu found above,

ld¥ulz. = 9L2((dv) dVur, uy)
r2(— ul/\*B)—l—*(*A/\d uy),uy)

I
Q

= Vug A xB)ug + (A A dVuy)uy)
M

/M r(—(dVuy) A (xBuy) — (dVuy) A *up A)

—3gr2 (dvul, Bul + ulA)

IA

[[dur || 2 (|| Buyl|z2 + |[u1 A||r2) (Cauchy-Schwartz, triangle inequality)

IA

AV us || 2 l|us|[pa (]| B]| s + ||A]|4) (Hélder inequality)

Cllus|f22 (| Bl|zs + [|Al|+) (Sobolev-embedding L3 C L*)

= C(llwllz2 + [[dVu|[72) (|| Bl s + [|All+)

C(1+ )\mm)||dvu1||ig(||B||L4 + || A||z2) (by the above estimate).

IA

IN

So if we choose € < (2C(1+ A

min

))~!, then dVu; = 0, which means that u; = 0 and

so u is parallel, i.e. u € Z(U(n)), since V is irreducible. O

This theorem shows that we can view Aj_; as a smooth principal G*-bundle over
the moduli space B;_; = A;_,/G; of all irreducible unitary connections. The tangent
space of Bj_, at a point V can be identified with the orthogonal complement of the
tangent space to a G;-orbit Oy. Since the fundamental vector fields are of the form
dV¢ for € € Li(u(F)), we obtain

TvBi, = (IvOv)*
— A€l (M u(E)) | gra(dV€ A) = 0 %€ € LEu(E))}
= {AeQ (M u(B)) | gr2(&, (A7) A) = 0 V¢ € Li(u(E))}
= ker(dV)* ¢ Q_,(M,u(E)).
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Moreover, the theorem implies that the canonical projection 7 : A;_, — Bj_, gives
a diffeomorphism between a neighbourhood of V € Bi_; and B.v)(0) N (IyOy)* C
Q_(M,u(E)) = TyA;_, and so provides charts for 5. This will be useful in the

following section.

1.2.5 The ASD Moduli Space on a Hyperkahler Manifold is
Hyperkahler

From now on, we assume that our base four-manifold M is hyperkéahler, i.e. either a
four-torus or a K3-surface, and we look at the action of the gauge group in this case.
Our aim in this section is to show that the space Ay inherits a hyperkéahler structure
from M, which is preserved by the action of G,. The main result is then that the
moment map of this action vanishes exactly on the set of ASD connections. There-
fore, the finite dimensional ASD moduli space may be interpreted as a hyperkahler

quotient.

Proposition 1.2.13. Suppose the base manifold is a compact hyperkdhler four-mani-
fold (M,g,1,J,K). Then Ay is a flat hyperkdihler Hilbert manifold with complex
structures given by the action of —1,J, K on one-forms. The associated Kdhler forms

w; are given by
&I(A,B):/ te(A A B) Awr, @i(A,B):—/ C(AAB) Aws  i=J K,
M M

where A, B € Q}(M,u(E)).

Proof. We only give the proof for the complex structure /. Pick normal co-ordinates

about an arbitrary point p € M such that w; is then given at p by

wi(p) = dz1(p) A dza(p) + das(p) A day(p).

Now let A, B € QY(M,u(E)). At p we can write them as
A(p) = Z A;@di(p)  B(p) = Z B; ® dxi(p).
Then, at p, we get
(tr(AAB)Awr)(p) = Y tr(A;iBj)da; Aday A (dey Adzy + das A day)
= t;J(A3B4 — AyB3 + A1 By — Ay By)dzy Adxg A das A day
= tr(AsBy — AyBs+ A1 By — Ay By)voly(p).
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On the other hand, we have at p

tr(=TAN*B)(p) = Ztr(AiBj)gp((—f)dei(p%dfvj(P))Volg(p)

= tI'(AlBQ — AgBl + A3B4 — A4Bg)VOlg(p)
= (tr(AAB) Awr)(p).

Thus, the integrands coincide at every point, so the integrals also have to be equal.

To show that @; is non-degenerate, suppose @w;(A, —) is the zero map. However,
if we take B = — % (A A wy), then

S1(A, — % (A Awy)) = —/ be(A A (A A WD) Awr = [|A A wi] 2,
M
and so A = 0 since L; = w; A — : QY(M) — Q3(M) is injective.

The metric g7z, the complex structures —7,.J, K and the Kéhler forms do not
depend on V € A. Thus, g and the @;’s are bounded bilinear maps on Qi (M, u(E)),
which are constant. Thus, ¢ is a smooth Riemannian metric and the @;’s are smooth
2-forms, which are constant in local co-ordinates. Hence, the metric is flat and the
Kéhler forms are all closed. Thus, we have given A the structure of an infinite

dimensional hyperkahler manifold. For details on the exterior derivative on Banach
manifolds; see [40]. O

Proposition 1.2.14. The action of G, on Ax_1 preserves the hyperkdhler structure.

Proof. We have seen in the last section that the induced action of G on the tangent
space of Aj_; is given by the adjoint action. Since the trace is invariant under
conjugation, it follows that G leaves invariant the L? metric as well as the three
Kahler forms. O

Lemma 1.2.15. There is a non-degenerate bilinear pairing
(= =)+ L*(u(E)) x Qp2(u(E)) — R

given by

.0) = [ e
M
Proof. Given ¢ € L*(u(F)), simply take o = — * £&. Then
(€ —* &) = ]I,
which is non-zero unless ¢ vanishes identically. O]
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Recall that there is a Sobolev embedding L?(u(E)) C L*(uw(E)). Thus, the lemma
allows us to embed the dual of Lie(G;) into Q*(u(E)). In fact, if we choose an

irreducible connection V, we may identify Lie(G;)* as the annihilator of kerdV C

L?(u(E)), which is isomorphic to imdV : Q3 (M, u(E)) — Q7.(M,u(E)).
Proposition 1.2.16. Under the identification above, the hyperkahler moment map
= (1, pg; pixe) = Apo1 — Q2 (M u(E)) @ R?
for the action of Gy on Ay_1 is (up to sign) given by

1 (V) = RY A w;.

Proof. The proof is analogous to the original construction of a symplectic structure
on the moduli space of flat connections on a bundle over a Riemann surface by Atiyah
and Bott, see [4]. We only do the proof for the complex structure I. By definition,
we have at any point V € A;_; for a tangent vector A € Ty Ax_1 = Q}_ (M, u(E))

(dpur)v(A)(€) = (X5, A) = 0y(dVE A).

Now we integrate by parts, using Stokes’ theorem, the closedness of w; and the fact

that the trace is parallel and obtain
@;(dVE A) = /M tr(dVE A A) Awy
= [ dnleA) nwn) - (e A) Ay
= (g—dVA A wr).
This should be equal to (£, (dur)v(A)). So using(1.2.9, we deduce
11 (V) = —RY Awy.
The equivariance has already been shown in [1.2.9] O

Using the fact that locally AT is spanned by the w;’s and that the decomposition
A? = AT @ A~ is orthogonal with respect to the wedge product, we see that the
vanishing of the hyperkihler moment map is equivalent to RV € Q= (M,u(E)), i.e.
the curvature has to be anti-self-dual. Thus, formally, the moduli space of ASD-
connections is given as a hyperkahler quotient. However, we now work in the context
of infinite-dimensional Hilbert manifolds. In order to make sure that the hyperkahler
quotient construction applies, we have to check that 0 is a regular value of the hy-

perkahler moment map.
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Lemma 1.2.17. IfV € Aj_, is an ASD connection, then
0 — Li(w(E)) — Q_y (M, w(E)) — &, (M, u(E)) — 0
18 an elliptic complex.

Proof. For p € M and 0 # o € T,M* we have to check that the symbol sequence
0—ukE,) —-T"MeoukE, - A"®uE,) —0

is exact. The first map is given by o(dV)(p,a) = a ® — and the second is given by
a((dV)*)(p, ) = pr, o (@ A —). The proof of exactness is easy linear algebra and we

do not present it here in detail. O

Thus, this complex is elliptic and therefore its cohomology spaces are finite di-

mensional. In particular, we observe that H! of this complex, which is given by
H' = ker((d¥)")/im(dY),

is isomorphic to the orthogonal complement of im(dV) in ker((dV)"). Recalling that
im(dV) is the tangent space to the Gy-orbit through V and ker((dV)") is exactly the
kernel of the derivative of the moment map, we conclude that the tangent space to
the ASD moduli space is given by H!.

As explained in [23], chapter 4, the Atiyah-Singer Index theorem computes the
index of D = dV@(dV")*, which equals minus the Euler characteristic of this complex,
in terms of topological data. The following theorem shows that, if we restrict attention
to irreducible ASD connections, in fact it computes the dimension of the ASD moduli

space.

Theorem 1.2.18. If the base manifold M is compact hyperkdhler and ¥V s an ir-
reducible ASD connection, then the cohomology groups H® and H? of the elliptic
complex

0— L{(w(E)) — Q_(M,u(E)) — Qf ,(M,u(E)) —0

satisfy h® = dim H® = 1 and h? = dim H? = 3. In particular
dim H' = ind(D) + dim H° + dim H? = ind(D) + 4.

The proof is built on the following remark.
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Remark. An ASD connection V on a hermitian vector bundle £ — M has curvature
of type (1,1), i.e. the associated operators 9y, Y and dy. all square to zero. Thus,
V endows E with the structure of a holomorphic vector bundle with respect to each

of the three complex structures on the base manifold M.

Proof. First note that h° = 1 is just an equivalent way of saying that V is irre-
ducible. By definition, we have H? = ker((dY)*|o+ury). Now QF (M, u(E)) as a
L ,(M,u(E))-module is spanned by the three Kahler forms wy,w; and wg. So let
¢ =), piw; be a self-dual two-form. Using the Lefschetz operators L; = w; A —, we

=) Lo

write this as

Now

(dV) @ = "(@V) Lig; = Y _[(d7)", Li]¢:.

But M is compact Kéhler and (£, V) is a holomorphic vector bundle with respect to
each complex structure I, J, K. So for j € {I, J, K} we can use the K&hler identity

(dV)", L] = —i(9) = 9).

Recalling that on sections of a vector bundle with connection over a complex manifold

(M, I) we have by definition
_ 1 1
oV = 5(dv +4IdV) 9V = 5(dV —ildY),

we get that
—i(0Y —9Y) = —1dV.

Therefore
—(@V)'® = 1d%¢; + JAV, + Kd¥¢ = IX? + JX% 4 KX%,

by the definition of the fundamental vector fields of the action. The three terms on
the right hand side of the equation are mutually orthogonal with respect to the L2

inner product, as can be seen by the following integration by parts argument (using
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that wg is closed).

gr2(1d¥¢r, Jd¥¢y) = gr2(KdV¢r,dV )

- / tr(dVer AdVés) Awk
M

_ / dtx(670% 65) A wic — tr(6rd7dV6,) A wic
M

= tr(¢r(RY A wi)os)
M

~ 0

by the moment map equations (This computation should be compared to the one
presented in the proof of the hyperkihler quotient construction). So if (dV)*® =
I1dV¢; + JdVe; + KdVéx = 0 each of the terms on the right hand side has to vanish
already. But this implies that the ¢;’s lie in the kernel of dV which is one-dimensional

since V is irreducible. Thus,
dim H? = 3dimkerdY = 3dim H° = 3,
as desired. O

We remark, that the hyperkéhler property, i.e. the fact that the w;’s are parallel,
really lies at the heart of the above proof. This theorem implies that 0 is a regular
value of the moment map p restricted to A*. To see this, we use the Lefschetz

operators L; = w; A — and identify as in the proof of the theorem
A (M u(E) = @ LlLiu(E))).
ie{l,J,K}

Now recall from section 3.1.1 that the Kahler forms wy,w;,wx are orthogonal and
since they are self-dual, they satisfy w; Aw; = 0 if ¢ # j. Therefore, since the w;’s are

non-degenerate, the map
(LI’ LJ7 LK) : QZ—Q - Q%—Z(M7 u(E>> ® R3

is an isomorphism. Under this isomorphism g : A,y — Lie(G;) C Q7.(M,u(E))®R?
corresponds to prt o R, where R is the curvature map, and so du : Q. (M, u(E)) —
Q} (M, u(F)) ®R? corresponds to the operator (dV)T appearing in the elliptic com-
plex, which as a map to Lie(Gf)* @ R* = im(dY) C Qf.(u(E)) ® R? is surjective.

Corollary 1.2.19. Under the above identification, 0 is a regular value of the hy-

perkdhler moment map . Hence, u=(0) is a smooth submanifold of As_.
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Theorem 1.2.20. The moduli space of unitary irreducible ASD connections over a

hyperkdhler manifold is hyperkdhler.

Proof. By corollary we see that the space p~1(0) of all ASD connections is a
smooth submanifold of the space Aj_; of all connections of Sobolev class k — 1. It is
proved in [36], chapter VII, proposition 1.14, that the action of G, on A;_; is proper.
In paragraph VII, 5 one can also find a proof of the symplectic quotient in the context
of Banach manifolds. In the same manner, the hyperkahler quotient carries over to
Banach manifolds. Our work in this section shows that all the necessary assumptions
are satisfied in our case. Thus, the ASD moduli space p~'(0)/Gy, is hyperkahler.

m

The fact, that the moduli space of self-dual connections on some vector bundle
with compact structure group is a smooth manifold, was first proven in [6] in the
case when the base manifold has positive scalar curvature. The authors use this
assumption for proving the vanishing theorem by a Weitzenbock argument. In
our situation, where the base manifold is hyperkéhler, the scalar curvature is zero by
Ricci-flatness. We presented a slightly different proof in this situation which relies on
the fact that a hermitian vector bundle with an ASD connection is holomorphic. Note
however, that since the Kahler forms w; are parallel on M, the original arguments

still work.
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Chapter 2

Hypersymplectic (Geometry

In this chapter we introduce hypersymplectic manifolds and study their geometry. In
particular, we prove the hypersymplectic quotient construction. Then we investigate
the relation between hypersymplectic, complex and paracomplex quotients. We in-
troduce the ASD equations in split signature and, after discussing twistorial aspects

of hypersymplectic manifolds, we rewrite the equations in Lax form.

2.1 Hypersymplectic Manifolds

Hypersymplectic and hyperkahler manifolds are closely related and formally similar
at first sight. However, there are also some crucial differences, which we will discuss
later on. We start with the definition.

Definition 2.1.1. A hypersymplectic manifold is a manifold M** together with a
pseudo-Riemannian metric ¢ of signature (2k,2k) and three skew adjoint endomor-
phisms (with respect to g) of the tangent bundle I, S,T € I'(End(7'M)) such that

e [S=T=—-5] and 12 = —idTM, 52 = T2 = idTM, and

e VI =VI95 =VI9T = 0, where VY is the Levi-Civita connection associated to

g.

In analogy to the hyperkahler situation this means that the metric is pseudokahler
with respect to the complex structure I and also that the two-forms wg = g(S—, —)
and wr = g(T—, —) are in fact symplectic, i.e. ¢ is parakdhler with respect to S, T.
Note that since S and T are parallel, their +1-eigensubbundles, denoted by TM®,
are integrable in the sense of Frobenius. This implies that locally a hypersymplectic
manifold can be written as a product of two 2k-dimensional submanifolds given by

the corresponding integral submanifolds. Therefore, such an endomorphism S is also
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sometimes called a product structure. We note that these integral submanifolds are
actually symplectic with symplectic form given by the restriction of w;. Indeed,
vectors in TM™ are of the form X + SX, for X € TM. Then one can check that

wi(X + SX,Y + 5Y) = 2w (X + SX,Y).

From this it follows that the restriction of w; to TM™ is non-degenerate. For if
wi(X+SX,Y)=0forall Y, then X + SX =0,ie. X e TM".
An important observation is that, like hyperkahler manifolds, hypersymplectic

manifolds are complex symplectic: The complex two-form

Wf = wg + iwr

is a holomorphic (2, 0)-form with respect to /. In the language of holonomy groups,
this can be phrased as follows. The holonomy of a hypersymplectic metric lies in
Sp(2n, R), which is the split-real form of Sp(2n, C) and so in particular non-compact.
Hyperkéhler manifolds have holonomy contained in the compact real form Sp(n).
So in that sense hypersymplectic manifolds are pseudo-Riemannian cousins of hy-
perkahler manifolds, and we may view both as special kinds of holomorphic symplectic
manifolds.

We have remarked above that we can think of hyperkahler manifolds as manifolds
modelled on a quaternionic inner product space in the same way as we think of
Kahler manifolds as modelled on a complex inner product space. A similar statement
holds for hypersymplectic manifolds. They are modelled on vector spaces which are
modules over the algebra of split quaternions with their natural inner product of
neutral signature.

The algebra gl(2,C) of complex 2 x 2 matrices of trace zero has two real forms,
that is, two real Lie subalgebras whose complexification it is. One is given by the
quaternions H under the map

Im(H) — sus,

(0 -1 (0 b (0
! 1 0 J i 0 0 i)’

sending 1 just to the identity matrix.
There is another real form, the split real form, given by gl(2,R), i.e. just real

2 x 2-matrices. We can view this as a unital algebra generated by
. (0 -1 (01 o -1 0
1 oo "“\10 Lo 1)
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So formally, we define the algebra B of split quaternions to be the four dimensional

algebra over R generated by the elements 1,4, s,t subject to the relations
PP=—1=-s=—t* is=t=—si.
For an element ¢ = ¢1 + ¢2t + q35 + qut € B we define its conjugate by
q=q1 — g2t — q35 — qat.

This gives B a natural metric g of signature (2,2) given by

9(¢,9) = (49) = @i + & — 43 — G-
Note that under the above matrix representation Im(B) = s[(2,R), which is the split
real form of sl(2, C), whereas Im(H) = su(2) is the compact real form.

We define three B-linear endomorphisms 7, 5,7 of B by multiplication on the
right by —i, s, t respectively (again scalars act on the left). With respect to the basis
{e1,e9,€3,e4} = {1,4,s,t}, these are given by the following matrices:

0
0 g_

O = O O
_ o O O
S O O
o O = O
|

—_

(@)
OO O

0
0
A direct computation shows that they again obey the same relations as i, s,t. Next,

we define the three symplectic forms wr, wg, wr by

wr =

@

(I—, —) = dl’g A dl‘l + d$4 N d[[’g,
wg = g(S—, —) = d.Tg N dxl + d.T4 A dQEQ,

wr = ¢g(T—,—) =dxy ANda; + dag A das.

N

This makes B = R%*? into a hypersymplectic manifold. Note that again all three
symplectic forms are self-dual with respect to the Hodge-star operator defined by the
split signature metric g and the orientation given by the basis {1,4, s,t}. In this way,
we may think of hypersymplectic manifolds as being modelled on a vector space over
B.

But as noted earlier, there are also distinct differences between hyperkéahler and
hypersymplectic manifolds, one of which we will discuss in more detail in the next
section. On a hypersymplectic manifold the algebraic setup is less symmetric than
in the hyperkahler situation. While we deal with a collection of compatible complex

structures on a hyperkéahler manifold, one can either consider the complex structure
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or the product structures S and 7T'. In fact, we have a two-sheeted hyperboloid of com-
patible complex structures on a hypersymplectic manifold given by endomorphisms
of the form

I, = il + @25 + ¢3T,

where ¢2 — ¢3 — ¢3 = 1. On the other hand, we have a one-sheeted hyperboloid of

product structures given by endomorphisms of the form
Sq=ql+ @S+ ¢T,

where now ¢ — g2 — g5 = —1. So one can study hypersymplectic manifolds from the
point of view of complex, or in fact pseudokahler, geometry, but also from the point

of view of paracomplex, or parakédhler geometry.

2.2 The Hypersymplectic Quotient

A third possibility is to adopt a fairly symplectic point of view, as we did when we
discussed hyperkéahler quotients. There is a similar but less well-behaved quotient
construction for hypersymplectic manifolds which will be the subject of this section.
In contrast to the hyperkéhler situation, this construction is more problematic: It is
not automatic that the two-forms on the quotient coming from the symplectic forms
of the original manifold will be symplectic, i.e. non-degenerate again.

The reason for this pathology is that our arguments in the Kéhler and hyperkéhler
constructions crucially used the fact that the metric there is Riemannian, i.e. pos-
itive definite. In particular, we used the definiteness to conclude that if two vector
subspaces are orthogonal then automatically their sum has to be direct.

In the hypersymplectic case, however, our metric has neutral signature. There-
fore, this conclusion is no longer immediate. However, under certain additional as-
sumptions, we can still construct a hypersymplectic structure on the quotient. More

precisely, one has the following theorem.

Theorem 2.2.1 (Hypersymplectic Quotient, [30]). Let G be a Lie group acting on a
hypersymplectic manifold (M, g, 1,S,T) preserving the hypersymplectic structure such
that there are moment maps g, ps, pr associated to each of the three symplectic forms

wr,ws,wr, respectively. Define the hypersymplectic moment map:
p=(pr,ps, pr) = M — g" @ R,
If
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o c=(cy,co,03) € Z(g*) @ R3 is a regular value of u,
o G acts freely and properly on p='(c) and
o T,0,NT,0; = {0} for all p € n~'(c),

then the quotient
pe)/G

s in a natural way a hypersymplectic manifold of dimension dim M — 4dim G.

Proof. Firstly, we observe that in contrast to the hyperkéhler case it is not clear that
c is a regular value of y despite the fact that GG acts freely on the level set. The image
of du inside g* ® R3 is given by

{aeg" | 3X e LM : a(€) = (wi(X5, X),ws(X*, X),wp(X, X)) V€ € g°}.
So if g, is the stabiliser of p € M, we see immediately that

im(dy,) C gy

On the other hand, the same reasoning as in the hyperkahler situation shows that

the kernel of dyu is given by

ker(dpy) = [[(T,0,) + S(T,0,) + T(T,0,)] .

These spaces are mutually orthogonal. So if we were dealing with a Riemannian,
i.e. positive definite, metric, we could now argue in just the same way as in the
hyperkahler quotient construction to see that ¢ is a regular value of the moment
map. However, we now work with an indefinite metric, and there is no reason why
the orthogonality of the vector spaces should ensure that their sum is direct. So
we cannot automatically carry out our “dimension count” argument from the proof
of the hyperkahler quotient construction to show that the freeness of the action on
p~1(c) guarantees that c is a regular value of . Moreover, for the same reason we
will in general not be able to identify the tangent space at p of the quotient with the
metric orthogonal complement of 7,0, the tangent space of the orbit through p. So
in general, we cannot prove the smoothness of the quotient in this way, but we have
to take it as an assumption.

We also have to worry about the non-degeneracy of the induced symplectic forms

on the quotient. In the construction of the symplectic quotient and the Kahler
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quotient, we noted that ker:*w C T,0,, which ensures that the symplectic struc-
ture on the quotient will be non-degenerate in these situations. Of course, we get
the same statement, when we restrict w; to p; '(c;). But if we restrict further to
pt(c) = N, 1; 1(0), this degeneracy subspace might become larger. In the case of a
hypersymplectic manifold, we have the following explicit description of the degeneracy

spaces of the restricted symplectic forms on ;~(c), obtained by Hitchin in [30].

Lemma 2.2.2 ([30]). The degeneracy subspaces of the restrictions of the three sym-
plectic forms to u=(c) at p € p=(c) are given by

ker(wy), = T,0,+ S(T,0,NT,0,)+T(T,0,NT,0,),
ker(ws), = T,0,+ I(T,0,NT,0;)+T(T,0,NT,0,),
ker(wr), = T,0,+ S(1,0,NT,0;) + I(T,0, N T,0,).

Proof. We only prove the statement for w;. The other two assertions are proved

analogously. Let p € u~'(c) and let X € ker(wy), C Top ' (c), i.e
(wr)p(X, =) : Tpﬁ‘_l(c) —R

is the zero map. Let {& | 1 < ¢ < dimg} be a basis for g. Then the fundamental
vector fields X; = Xgi are a basis for 7,0,. Reinterpreting du as a map

dp = g — T,M* @ R* = Hom(T,M,R?),
we can write

Top () = [ kerdu(é) = N ker dyui(&;).
¢eg ¢;,1<j<dim g;ie{I,5,T}
Now, since all the w;’s are non-degenerate two-forms on 7, M and since the action of
G is free on p~t(c), we see that if £ # 0 € g then
dﬂ(f) = (wI(ng _)7WS(X£7 _)7wT(X£7 _)) 7£ 0e TPM* 2 NG

So dp is injective. Now complete the system {du;(&;)} to a generating system
{dui(&)), ax} of T,M* @ R* and let V, € T,M ® R* be the elements dual to the

ar’s. Then we see from the definition of the dual basis that
T,u ' (c) = span{V,}.

Conversely, since w;(X, —) vanishes on T,u"'(c), this means that as a one-form on
T,M, we have

(wr)p(X, =) € span{du(§;)},
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which means
dim g

(wWn)p(X, =) =D a;du] + bjdpl + c;dped,
j=1
where we used the short-hand notation du! = (du;),(&;). Now by definition of the
w;’s and p, this is the same as

dim g

g(IX, =) =Y a;9(IX;, =) +b;g(SX;, =) + ¢;9(TX;, —),

i=1
where we wrote X; = X%. Thus, since g is non-degenerate

dim g
IX =Y a;IX; +b;5X; + ¢;TX;.

j=1

This is equivalent to

Since X is tangent to p~'(c), we must have du/(X) = 0 for all 4, j. Hence, noting
that X is also tangent to u~'(c) as G acts on u~'(c), we get

dim g

0=dph(X) = g(TXi, X) = Y a;g(TXs, X;) — bjg(TXi, TX;) + ¢;9(T X, SX;).
j=1

The first and the third terms equal 3. a;duf(X;) and 37 ¢;dpf(X;) respectively and

hence both vanish. Thus, the expression simplifies to

0= dph(X) = gD b;X;, Xp),

J
which means
> b X; € T,0,nT,0;.
J
Taking duf instead of duk we get
0=dpk(X) = —g>_ ¢;X;, X)),

J

and hence
> ¢ X; € T,0,nT,0;.
J

So we see

X € T,0, + S(T,0, N T,0,) + T(T,0, N T,0,).
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That is,
ker(wy), C 1,0, + S(T,0, N T,0,) + T(T,0, N T,0,).

The converse inclusion is obvious, as X € 1,0, + S(T,0,NT,0, )+ T(T,0,NT,0;)
just means that (w;),(X, —) € span{dzu’} and hence vanishes on T,u~'(0). O

This lemma therefore finishes the proof of the theorem. The assumption 7,0, N
T,0, = {0} guarantees that the induced forms on the quotient are non-degenerate

and hence symplectic. O

We remark that along these lines one can prove analogous reduction theorems for
pseudokéhler and parakahler manifolds. In both cases the additional assumptions are

the same.

2.3 Kirwan-Type Theorems

Recall from the discussion of the hyperkédhler quotient, that this may be interpreted
as a symplectic quotient in the holomorphic category. The key ingredient was the link
between Kéhler quotients and GIT quotients discovered by Kirwan in [35]. A natural
question to ask is whether hypersymplectic quotients admit a similar interpretation.

In this section we therefore investigate to what extent Kirwan-type theorems re-
main true, if we do not assume that we are dealing with a positive definite Kahler
metric. We also try to answer this question for parakahler manifolds and then apply

both results to hypersymplectic quotients.

2.3.1 Complex Quotients

Let (M, g,1,w) be a pseudokédhler manifold, i.e. ¢ is a pseudo-Riemannian metric
of signature (p,q) and the form w = g(/—,—) is symplectic, i.e. closed and non-
degenerate.

Suppose a compact Lie group G acts on M preserving the pseudokahler structure
with moment map p : M — g* and fundamental vector fields X¢ for each £ € g. We
write as usual O, for the G-orbit through a point p € M.

Assume further that the action can be extended to a global holomorphic action of
the complexification of G, which we denote by G®. For this to be possible, we have
to assume in contrast to the Riemannian case, that the sum 7O, 4+ IT'O, is direct.
Secondly, we need that the vector fields 7X¢ are complete, that is, the associated
flows exist for all times. We write (’)E for the G®-orbit through p.
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We now define the following subset of M (In GIT this would be called the set of
stable points.):

M={peM|O;nu0)#0}=G"pu(0).

That is, M is the subset of points in M whose GC-orbit contains a zero of the moment
map associated to the G action. Kirwan’s theorem then asserts that if we are dealing

with a Riemannian Kahler metric, then there is a homeomorphism
pH0)/G = M/GE.

The question we consider in this section is: Under what conditions does this carry over
to the case of a pseudokéhler metric of signature (p,¢) with both p and ¢ non-zero?

In this subsection we answer this question by proving a general theorem. Recall
that in order to make pseudokahler reduction work, one has to make a non-degeneracy
assumption which in the Kahler case is automatically satisfied as soon as GG acts freely
on the zero-set of the moment map. So one would hope to be able to prove a Kirwan-
type result under this non-degeneracy condition. However, under this assumption we
are able to find a proof only for the special case of circle actions. For groups of higher
rank, it seems necessary to impose a stronger condition, namely definiteness, which
for circle actions is equivalent to non-degeneracy, see the corollary at the end of the

subsection.

Theorem 2.3.1. Let (M, g,w) be a connected pseudokdhler manifold with a Hamil-
tonian action by a compact Lie group G and associated moment map p for which
0 € g* is a reqular value such that u=*(0) is compact. Assume that the G-orbits are
definite submanifolds of M, i.e. g restricts to a positive (or negative) definite metric
on each orbit. Suppose further that G acts freely on u=1(0) and that the action may
be extended to a holomorphic action of GC, the complexification of G. Then there is

a homeomorphism
§(0)/G = NI /G,

Proof. Switching to —g if necessary, we may assume that the restriction of g to any
G-orbit is positive definite. We follow closely the original proof from chapter 7 in [35]

and divide the proof into two lemmas.

Lemma 2.3.2 (Uniqueness). Let p € p~(0). Then under the hypotheses of the
theorem
OS Np '(0) = O,.

Moreover, if G acts freely on p=1(0), then G acts freely on M.
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Proof. We have from polar decomposition G = exp(ig)G. Thus, we can write any
v € G® in the form v = exp(if)go for some gy € G. Since G preserves the zero set
of the moment map by construction, we may assume that gy = id, i.e. that ~ lies in
exp(ig).

Thus, assume pu(p) = p(exp(i€).p) = 0 and we want to show that this cannot

occur for non-zero £. Consider the smooth function f : R — R given by

f(t) = p(exp(it€).p)(§).

Then f vanishes at zero and at 1. Hence, it must have a critical point at some

€ (0,1), i.e. f'(t) =0. Now we compute, writing ¢ = exp(itf).p,
0= f'(t) = dug(IX5)(€) = wy( X5, IX5) = g4(X5, X5) 2 0.

We conclude X, g = (0 and so the point ¢ is a fixed point of the action of the 1-parameter
family exp(iR¢). So in particular p = ¢ = exp(i€).p and we get our uniqueness result

and also the freeness property. O]

The above lemma establishes a set-theoretic bijection between M /G and 1 ~(0)/G.

In the next lemma we take into account the topology of M /GE.

Lemma 2.3.3 (Hausdorffness). Two distinct G-orbits in p=*(0) can be separated by

GC-invariant neighbourhoods in M.

Proof. Let O, and O, be two distinct G-orbits in g~*(0). Now by basic properties of
the manifold topology, there is a compact G-invariant neighbourhood of p in =1(0),
V say, not containing x. So it is enough to show that GC.V is a neighbourhood of p
in M not containing x in its closure.

There are a couple of things to check. Firstly, we have to check that V actually is
a neighbourhood in M of O,. Thus, we have to show that it contains an open subset

of M. This is proven most easily by considering the map

oigx puH(0) — M o(i&, p) = exp(i&).p.

This a smooth map and the dimensions of the source and target manifold are equal.
Thus, all we have to show is, that the differential of ¢ is an isomorphism at any point

in {0} x u='(0). Now observe that the derivative of o at (0, p) is given by

dU(O,p) (i€, X) = 310(0,19)2'5 + X.
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Note that by definition we have

4, 4 |
00y = Fli=00 (i€, p) = = exp(ti€).p = Ix¢,

Furthermore, /X¢ cannot be contained in Tpu*(0) as shown by the following com-

putation.
dp(€, IX%) = w(X*, 1X¢) = || X¢|P%,

which is non-zero and positive unless ¢ = 0. Thus, since the map & — X¢ is injective,

the rank of do is maximal. As a consequence,

W ={expi{ | £ €g, [€]] <1}V

is a compact neighbourhood of O, in M. Put
e = inf{||XZ[|* | || = 1. € g.q € W},

which is positive, since we assume the action is free and ¢ is positive definite along

the G-orbits. For £ € g of unit length and g € V', we consider again the function

f(t) = plexpit€.q)(§),
whose derivative at ¢ € [0, 1] satisfies

J'(8) = II1X¢

expit&.q“2 Z e > 0.

Note that f(0) = 0, so in particular, we get that
fO)>e  ift>1

Moreover, since ¢ is of unit length, the norm of p(expit{.q) thought of as a linear
form on g satisfies
||p(expité.q)|| > e  ift > 1.

Therefore,
lull e on (GEV)\W.

Now W is compact and therefore an intersection of W with a small neighbourhood of
p~1(0) will be closed in that neighbourhood. Therefore, together with = ¢ (G®).V,

we get that « ¢ (G©).V. O

o4



Putting these two lemmas together, we obtain that the natural continuous map
P:p0)/G — M/GE,

sending the G-equivalence class of a point to its G®-equivalence class is a homeomor-
phism: It is surjective by definition of M and injective by the first lemma. By the
second lemma it is a continuous bijection from a compact space to a Hausdorff space,

hence a homeomorphism. O

As already mentioned at the beginning of this subsection, the theorem has a
simpler form if we specialise to circle actions in which case the definiteness condition

reduces to non-degeneracy.

Corollary 2.3.4. Let (M, g,w) be a connected pseudokdhler manifold with a Hamil-
tonian circle action and associated moment map p for which 0 € u(1)* is a regular
value such that u=1(0) is compact. Assume that the associated vector field is nowhere
null. Suppose further that G acts freely on u=(0) and that the action may be extended

to a global holomorphic action of C*. Then there is a homeomorphism
©~H(0)/U(1) = M /C*.

There is actually a deeper reason why the Kirwan proof works in our situation. Her
construction makes substantial use of the Riemannian gradient flow of the function
f = ||pl|>. This leads to convexity statements which imply that G€ orbits in M are
closed and intersection points with the critical set ~*(0) are unique up to the action
of G. In dynamical systems terms, f = ||u||* is a Liapunov function for the gradient
system associated to f, i.e. it is strictly increasing (or decreasing, depending on sign
conventions) along flow lines. An easy computation using the defining properties of

the moment map shows that
gradf, = 1X20p)

Indeed, identifying g = g* by means of the bi-invariant metric and choosing an

orthonormal basis {{;}, we can write

Thus,
dim g

df =dlull> = 2u(&)du(&).
k=1
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And so

df(X) =Y 2u(&)dp()(X) = > 2u(&)w (X%, X) = > 2u(&)g(1X%, X),

proving our claim. Thus, the gradient flow of f preserves the G orbits. This compu-
tation is of course also true if g is indefinite. However, a priori we cannot say anything
about any monotonicity of the pseudo-Riemannian gradient flow since f is no longer
a Liapunov for the indefinite gradient system.

On the contrary, using the Liapunov property, one can show in the Riemannian

case that one has the following variational description of M.
M = {p € M | the gradient flow line of f through p contains a limit point in x~*(0)}.

The Liapunov property of a Riemannian gradient flow thus lies at the heart of Kir-
wan’s proof.

While one expects in the Riemannian case that gradient flow lines converge to
critical points of f, one can actually have functions whose gradient flow with respect
to an indefinite metric is periodic. Consider for example the function F(z,y) = zy
on R whose gradient vector field is given by (—y,z)T and so the flow lines are
standard circles.

Our definiteness assumption in the theorem then precisely ensures that f is still
a Liapunov function for the indefinite gradient system and therefore such periodicity
behaviour cannot occur.

The positivity condition we have to impose on the G-orbits seems to be a rather
strong one and we expect that in most examples, the theorem will not hold. However,
we can still say something about the extent to which the theorem fails, if we drop the

definiteness assumption.

Proposition 2.3.5. Away from the degeneracy locus in p='(0), the fibres of the map
p=(0)/G — GC.u=1(0)/GC are discrete.

Proof. Let p € u~(0) and suppose we have a one-parameter family exp(i£(t)), with

t in some real interval and £(0) = 0, such that

p(exp(i§(t)).p) =0 Vit
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Then, writing £ = L1i—0&(t), we get for arbitrary 7 € g,

0 = Slonlexp(i€(t) p)n)

= dp,(IX5)(n)
= w, (X", IX9)
= g(X", X9).

Thus, X ¢ lies in the degeneracy space. 0

2.3.2 Paracomplex Quotients

We may of course ask the same questions about paracomplex actions. In [48], Mat-
soukas has defined the paracomplexification of a compact Lie group GG to be the Lie
group associated to the paracomplexification of the Lie algebra g* = g @ sg. We can
decompose g” into the 1-eigenspaces of the endomorphism S given by left multipli-
cation by s, so that as a Lie algebra g* = g* @ g~ = g x g, where the summands are
copies of g given by g* = {1(£ £5) | £ € g}. Note that g and sg sit inside g* as the
diagonal and the anti-diagonal, respectively. It follows that the paracomplexification
of G, which we denote by G*, is (at least locally) isomorphic to G x G, with G being
embedded diagonally and paracomplex structure S given by multiplication by 1 and
—1 on the first and second factor, respectively.

In analogy to the complex situation, we consider a parakdhler manifold (M, g, S, w)
with an action of a compact Lie group preserving this structure with moment map
p. Assume that the sum TO + S(T'O) is direct and that the vector fields SX¢ are
complete for each ¢ € g. This then gives an action of the paracomplexification G* on
M and we write again M for the set of points in M whose paracomplex orbit contains
a zero of the moment map.

We begin by showing that any element of G* admits a “polar decomposition”

which, however, is not unique.

Lemma 2.3.6. Let G be a compact Lie group equipped with a bi-invariant Riemannian
metric. Then every element (g,h) € G* = G x G can be written in the form (g, h) =
(z,2) - (y,y~') for some x,y € G, not necessarily unique. So since the exponential
map of G is surjective, we may write any element of G in the form gexp(s), where

g is an element of the diagonal in G x G and s€ belongs to the anti-diagonal in g X g.
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Proof. Suppose we have found such x,y, i.e.

Then we get

To show existence, we recall that the one-parameter subgroups of G are the geodesics
and any two points may be linked by a geodesic since G is compact. Taking the
midpoint of the geodesic linking a given element with the identity, we see that every

element in GG has square root, which is not necessarily unique. So if we put

y=1+1h"lg x = hy/h™1g,

then 2y = g and xy~! = h as desired. O

With this lemma at hand, we can now prove a theorem analogous to the complex

case discussed above.

Theorem 2.3.7. Let (M, g,w) be a connected parakéihler manifold with a Hamiltonian
action by a compact Lie group G and associated moment map p for which O € g* is
a reqular value such that p='(0) is compact. Assume that the G-orbits are definite
submanifolds of M, i.e. g restricts to a positive (or negative) definite metric on
each orbit. Suppose further that G acts freely on p=1(0) and that the action may be
extended to a paraholomorphic action of G®, the paracomplexzification of G. Then

there is a homeomorphism
pH0)/G = M/G*.

Proof. Switching to —g if necessary, we may assume that the restriction of g to any
G-orbit is positive definite. In contrast to the discussion of complex quotients, we

take advantage of the compactness of G* and shorten the proof substantially.

Lemma 2.3.8 (Uniqueness). Let p € p~'(0). Then under the hypotheses of the
theorem
(9pA Npt(0) = O,.

Moreover, if G acts freely on p=1(0), then G* acts freely on M.

Proof. Using polar decomposition, we can write any v € G* in the form v = exp(s€)go
for some gy € G. Since G preserves the zero set of the moment map by construction,

we may assume that gy = id, i.e. that « lies in exp(sg). Thus, assume pu(p) =
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w(exp(sté).p) = 0. Without loss of generality, after rescaling ¢ if necessary, we may

suppose that t = 1, so we consider the following situation:

1(p) = plexp(sg).p) =0,

and we want to show that this cannot occur for non-zero &.

Consider the smooth function f : R — R given by

f(t) = plexp(st§).p)(£).

Then f vanishes at zero and at 1. Hence, it must have a critical point at some

€ (0,1), i.e. f'(t) =0. Now we compute, writing ¢ = exp(stf).p,
0= f/(t) = dﬂq(SX§)<5> = wq(X§> SX(?) = _gq(X§>X§) > 0.

We conclude X g = 0 and so the point ¢ is a fixed point of the action of the 1-parameter
family exp(sR¢). So in particular p = ¢ = exp(s€).p and we get our uniqueness result

and also the freeness property. O]

The above lemma establishes a set-theoretic bijection between M /G* and ~(0)/G.
Now, in contrast to the situation of a GC-action, we do not have to worry about non-
Hausdorff behaviour. This is because, unlike G€, the paracomplexification G* is

compact if (and only if) G is compact. O

Proposition 2.3.9. Away from the degeneracy locus in p~1(0), the fibres of the map
p=0)/G — G*.u=(0)/G* are discrete and therefore finite, since G X G is compact.

Proof. Let p € = '(0) and suppose we have a one-parameter family exp(s{(t)), with

t in some real interval and £(0) = 0, such that

plexp(s§(t)).p) =0 V.

Then, writing £ = L1—0&(t), we get for arbitrary 7 € g,

0 = Sloonlexp(s€(0)p)(n)

= dp,(SXE)(n)
= wy(X7, SX9)
= g(X", X9).

Thus, X ¢ lies in the degeneracy space. O
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2.3.3 Application to Hypersymplectic Quotients

One of the consequences of Kirwan’s original theorem is that it gives an interpretation
of hyperkahler quotients as holomorphic symplectic quotients.

The crucial point in the hyperkihler situation is that (u%)71(0) is automatically
a Kdhler manifold since u¢ is I-holomorphic with 0 as a regular value.

We now wish to apply the same reasoning to the hypersymplectic setting, where
we have essentially the same setup with holomorphic symplectic form w% = wg + iwr
and associated holomorphic moment map p§ = pg + ipp. Assuming 0 € g* ® C
is a regular value of u%, we want to know under which circumstances the complex
submanifold My = (u%)71(0) is pseudokihler and the split signature metric on M

restricts to a positive metric on the G-orbits in M,.

Proposition 2.3.10. At any p € (u$)71(0), the kernel of the restriction of wy to
(u7)~1(0) is given by

(ker WI‘(M‘E)—l(O))p = S((T,0, + IT,0,) N (T,0, + IT,0,)")

Proof. The proof is very similar to the proof of the lemma needed to prove the hyper-
symplectic quotient construction. Choose an orthonormal basis {§;,i = 1,...,dim g}
of g. Let Y € T,(u%)71(0) such that wr(Y,—) : T,(u$)71(0) — R is the zero map.
That is, Y € ker w[|(#§)71(0), which is equivalent to

wr(Y,—) € span{dus(&), dur(&),i =1,...,dimg}.

Thus, we can find scalars a;,b; € R, ¢ = 1,...,dim g such that, using the shorthand
notation dué- =dp;(§),j =5,T, we can write

gy, =) = wi(Y,-)
dim g
= Y adu + bdpdy
i=1

dim g

= ) aws(XS, =) + bwr(TXS, —)
=1

dim g

= > a;g(SX5, =) + big(TX% —),

=1

which gives
dimg
Iy =Y a;SXS + b,TX%,

i=1
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ie.
dim g dimg

Y= —aTX%+b,SX% =S a;lX% + b, X%).

i=1 i=1
Now, we apply du to Y, which vanishes since Y is tangent to (u%)~1(0), so

0=dul(Y) =ws(X9,Y) = —g(X%, SY).
Similarly, applying d,u{f yields

0 = dh(Y) = wr(X9,Y) = g(ISX9,Y) = g(IX5, SY),

Thus,

SY € (1,0, + IT,0,) N (1,0, + IT,0,)*.

[
o

Corollary 2.3.11. Assume 0 € g* ® C is a regular value of puy. Then the complex
submanifold ((u%)~1(0),wy) is pseudokdihler if and only if

(TpOp + [Tpop) A (Tpop + ITpOp)L = {0}7
that is, g restricts to a non-degenerate metric on the G€-orbits.
The corollary takes again a simpler form for circle actions.

Corollary 2.3.12. Let (M,g,1,5,T) be a hypersymplectic manifold with a circle
action that preserves the hypersymplectic structure. Assume 0 € C is a reqular value
of u$. Then the complex submanifold ((u$)=1(0),w;) is pseudokdhler if and only if

the vector field associated to circle action is nowhere null on (u$)~1(0).

We are now in a position to formulate how our Kirwan-type result applies to

hypersymplectic quotients.

Theorem 2.3.13. Let (M, qg,1,S,T) be a hypersymplectic manifold with a compact
Lie group action that preserves the hypersymplectic structure and admits a hypersym-
plectic moment map pu: M — g @ R3. Assume that the action can be extended to an
action of the complexification GC.

Suppose that g restricts to a non-degenerate inner product on the G€ orbits in
My = (u$)~1(0) and is positive definite on the G-orbits in My = G©.(u;*(0) N My) =
G®.(p71(0) N (uF)H(0)).

Then there is a homeomorphism

0(0)/G = Mo /GE = G (i (0) N Mo) /G°.
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Of course, we may ask the same questions starting from the paracomplex view-

point, and consider the S-paraholomorphic symplectic form
wﬁ = wy + Swr.

Then the above discussion gives analogous conditions to ensure that the level set of
the paracomplex moment map uS = p; + sur is parakihler with respect to S. The
proofs will go through, since in the above we do not use the fact that I is a complex
structure. We only use the relations satisfied by I, 5,7 and the fact that they are
skew-adjoint with respect to the metric. Thus, after permuting I, S,T" appropriately

in the above proofs, we arrive at the following statement.

Theorem 2.3.14. Assume 0 € g*® A is a reqular value of us. Then the paracomplex
submanifold ((u&)~1(0),ws) is parakdhler if and only if

(TpOp + STpOp) N (Tpop + STpOp)l = {0},

that is, g restricts to a non-degenerate metric on the G*-orbits.

If G = U(1), then ((u8)~1(0),wr) is parakihler if and only if the vector field
associated to circle action is nowhere null on (1%)~*(0).

Suppose in addition that g is positive definite on the G-orbits in My = G (g (0)N
My) = G*. (15" (0) N (15)~(0)).

Then there is a homeomorphism

pH0)/G 2 My/GE = G* (151 (0) N My) /G2

2.3.4 Examples coming from Linear Torus Actions

In this section we study a class of rather explicit examples, namely linear torus actions
on a hypersymplectic vector space. We first collect some notation from [19], which is
our main background reference for this section.

We consider closed abelian subgroups N C T" acting on C™" = C" @ C" with its
standard pseudokahler structure. Using the fact that we can write down everything
explicitly, we will produce some examples in which our general Kirwan-type theorem
fails. However, thanks to the explicitness, we can still obtain some results concerning
the extent to which things go wrong in this case.

Of course, C™"™ = B" and so is actually hypersymplectic. In this subsection,
however, we focus on the pseudokahler structure and ignore hypersymplectic aspects.

We will come back to the hypersymplectic picture in the next subsection.
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Basic Setup

Consider C™»™ = C"*@ C™ with co-ordinates z; on the first and w; on the second factor.

The standard split signature metric is then given by

k=1

As a block matrix we write the complex structure as

i 0
(0 %)

so that the pseudokahler form is given by
(1 ) ! En dzi A dzp + dwy A dw
=g({—,—) == Z z w W
9 ) 2 2 k k k k

On C™" the torus T™ acts in the standard way, simply by thinking of 7™ as complex

diagonal matrices with entries of modulus 1, i.e.
= {diag(e™, ... ") | 6, € R}.
Then T™ acts on C™" by the ordinary action of matrices on vectors on each C"-factor:
diag(e, ..., e").(z,w) = ((diag(e™, ..., ")z, diag(e™, ..., e )w),

that is,

(2, wg) — (ewkzk, eie’“wk).

The fundamental vector fields associated to this action are given by

- 0 0 0 B
X6 =Y iz — i B g
(zw) p ' ka@Zk ' kzkﬁzk i kwk@wk ! kwk@wk

where we wrote £ = (ify,...,i0,) € t = Lie(7T") = R™. This action clearly preserves

the metric and the Kahler form. The metric on a T™-orbit is given by
1X¢])* = Z% |2il” = [wil?)-

We now compute the complexification of the action. For the vector field IX¢ one

easily finds

8 5 8 i
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Thus, integrating this vector field, we find that A\ = diag(\;,...,\,) € (C*)* = (T™)©
acts via

(2, W) — (A2, /_\lzlwk),

and clearly the vector fields I X¢ are complete.
Just as for the circle action on C2, which gives rise to the construction of CP' as
a symplectic quotient, it is easy to compute the moment map associated to the 7™

action, which is given by
/11 : CTL,’I’I N t* g (Rn>*’

pwlz,w) =
k=1

where ¢ = (¢1,...,¢,) € R" and we write {¢;} for the dual of the standard basis {e;}
of R™, which we identify with the Lie algebra of T™.

We now want to consider the restriction of this action to an abelian subgroup of
T". To do this, we first need a good description of such a subgroup, and it turns out
that for our purposes it is most convenient to define N in terms of its Lie algebra,

which we realise as the kernel of a surjective linear map
6:t— R™,

which maps the standard basis of t = R" into the standard lattice Z™ C R™, i.e.
Blei) = wi,

where the set {u;} generates R™ as a vector space. We then define the Lie algebra n

of N by the short exact sequence

0-nSezr LR S0,

where we write « for the inclusion map. Requiring that # should map the standard

basis into Z™ ensures that the definition
N = (expoa)(n)

makes sense. Now N acts on C™" by restricting the standard 7™ action to N. To
compute the associated moment map, we first write down the exact sequence dual to

the one considered above:
O—>Rmﬁ>t*£>n*—>0.
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Then the moment map uy associated to this action of N is given by pulling back the

moment map p associated to the 7™ action above to n*:
N:C" — "

1 n
pn(zw) = atuzw) = 5 S (1l + fwyf + o,

b
Il
—

where we denote by «y the pull-back of the €,’s by a. That is, ap = a*¢;. So the
moment map py(z,w) is zero if and only if p(z,w) lies in the kernel of a*. Now note
that by exactness we have that ker o* = im3*. Therefore, a point (z,w) lies in uy'(0)
if and only if there exists a € (R™)* such that

Bra = u(z,w).
This means

a(ug) = p(z,w)(ex), forallk=1,...,n

Examples and Some General Results

With the general setup established, we now try in this subsection to answer the

following questions.
e Which N®-orbits intersect the zero set of the moment map?

e If an NC-orbit contains a zero of the moment map, to what extent is it unique,
that is, what can we say about the fibers of the map P : u~1(0)/G — M /G®?

To get an intuition for the situation we study some examples first.

Example (The Standard Circle Action). In the hypersymplectic setup, to which we
shall come shortly, this has been discussed in [4§] and in [19]. We choose m =n — 1

and put uy = e, fork=1,...,n—1and u, = —(e; +--- + ¢e,). So [ is the map

B:R" — R ZQQHZ n)€Eis

which means
n=R(e;+ - +e,),

and « is just the inclusion. Therefore, N C T™ is the diagonal circle. The moment
map g : C»" — R associated to this action is given by

n

1
() = a*u(z,w) = £ (P Fedar = 512+ o) e c—zckeR,
k=1
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where we used o e ((3(|2x|* + |wk|?) + cx)(er + -+ + en)) = 5(|21]* + [wi]*) + ¢, and

identified n = R. The induced C*-action is given by

(z,w) — (A2, \'w).

What is M in this case? We see that U (1) leaves the moment map invariant, so
in order to check whether a C*-orbit meets p~1(0), we have to solve the following

equation for A real and positive,
Nz)? + A2 w|? +2¢ = 0.

In other words
Mz + A22¢ + |w]? =0,

which, writing z = \2, gives

_ ldE Ve = 2P fuw]?

|22

x1,2

Thus, in this case,
M = {(z,w) € C*™\{(0,0)} | |2||w| < |e]}.

Note that this condition is preserved by the C*-action. Thus, we see that every
C*-orbit will hit x#~'(0) in two points unless
e it lies on the boundary of M, i.e. consists of points such that |z||w| = |¢|

or

e 2z =0 or w =0, but not both.

lwl
EN

where we use that |¢| = —¢, i.e. ¢ <0, in order to ensure that p~'(0) is non-empty.

In the first case, we can write down the associated x in a simpler form, namely = =

In other words, the map
P:p~Y0)/N = CP* ' — M/N®

is a 2 : 1 cover branched over {|z||w| = |c|} U{z =0,w # 0} U{w = 0,z # 0}.
Note that the fundamental vector field associated to & = if € u(1) is given by

"9 9 9 9
&' o _ _
Koy = 90 (Z S L L T “’kawk> !

k=1
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and its length with respect to the hermitian split signature inner product is therefore
[1XE 1P = O2(12l* = ),

which is null at (z,w) € M if |2| = |w| and so the assumptions of the theorem are
not satisfied. Note further that each C*-orbit intersects the set {|z| = |w|} on which
the vector field is null. To see this, we have to solve the equation A|z| = A7 wl, i.e.
we can simply take

|w]

|2
which is unique modulo U(1), in accordance with the above observations. Note that
the conditions |z| = |w| and u(z,w) = 0 imply that |z|*|w|? = ¢?. In particular, C*

does not preserve the inequalities |z| < |w| or |z| > |w].

Example (N = 77! C T"). In this example we choose m = 1, 8 = (0,...,0,1) :
R"” — R, that isu; =0 fori =1,...,n—1 and u, = 1, so that n = R"! x {0} C R"
and

N = {diag(e™,... e 1)} =21 c T

The moment map is therefore given by

—_

pn(zw) = (

3

(J26]* + Jwg|*) + cx e

o
Il
N | —

So in oder to see if a NC-orbit meets uy'(0), we have to find positive real numbers

{A1, ..., Au_1} solving the following system of equations
1
5(/\Z|zk|2+)\;2|wk|2)+ck:0 k=1,...,n—1.

Since the equations are independent, we can just solve each equation individually and

find similarly to the previous example, writing again z = A,

erl £ Ve = lalPlw?
Jik;1,2 - |Zk|2

This gives a real solution if ¢ — |z |*|wg|* > 0. Altogether, combining the solutions of
the individual equations in every possible way, we see that we get 2P-many solutions,
where D is the number of cases in which the inequality ¢ > |z;|?|wy|? is strict and
zr, and wy are not both zero, i.e. the number of cases in which we get 2 solutions.

In the above notation, we have

M = {(z,w) € C"" | &§ — |z |wp]* >0 Vk=1,...,n—1}.
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Again the map
P : iy} (0)/N — JI/N®

restricts to a 2P : 1 cover on the “D-strata” of M, i.e. the sets of points in (z,w) € M
for which there are two solutions in precisely D cases, as D ranges over 0,1,...,n—1.

The fundamental vector fields are of the form

n—1
0 0 0 0
Xt = 0,2, —— — 1012, — + 10w —— — 10, Wy, ——
kz:;l kzkazk Zkzkagk"‘l kwkawk kakawka

and the metric on fundamental vector fields is given by

n—1
1XE, I = 02 (l2l* — i),
k=1

which is degenerate if |z| = |wy| for some k. As above, it is easy to show that any
NC-orbit hits the degeneracy locus, therefore again, the assumptions of the theorem
are not satisfied.

Note however, that in this case there are actually higher-dimensional fibres over
points where (zx,wy) = (0,0) for at least one k. For such a point to lie in the zero-
locus of the moment map, we need to require ¢, = 0. If this is satisfied, we can
then choose Ay arbitrary. Note also, that in accordance with the general results, such
a point will lie in the degeneracy locus. We observe also, that the topology of the
fibres changes if we let the ¢ vary, i.e. different level sets of the moment map display

different behaviour.

The above two examples were fairly well-behaved and therefore relatively special.
The next example is more complicated, and we think that it will contain the typical

features that occur for general N C T".

Example. Consider the case, m = 1, § = (1,1,...,1) : R* — R. So u = 1,
k=1,...n. Thus,

N = {diag(e™, ... ") | Z 0, = 0}.
So (z,w) € C™" lies in the zero set of the moment map, if we can find a number

a € R such that
a = p(z,w)(ex) k=1,...,n.

That is, in order to see if the NC-orbit through (2, w) contains a zero of the moment

map, and if so, how many, we have to find Ay € (C*)", which we may assume to be
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real and positive, and a € R such that

1
a = 5(/\i\zk|2+>\;§2|wk|2)+ck, k=1,...,n,
1 = )\1)‘2)‘71

The last equation is the condition that diag(\, ..., \,) € NC. Viewing a as a param-
eter, we can just solve each equation separately, provided |z;||wy| < |cx — al, giving
Ak1.2(a) or A\g(a) depending on whether the inequality is strict or not, or whether one
of |zx| or |wg| is zero. If (zx,wy) = (0,0), then we can take any Ay € C* we like. The
last equation can then be viewed as a condition on a. If we write it down explicitly,

we get, writing ax = a — ¢

Qg + \/az — \zk]2|wk|2 2ak |’LUk|2
1= H 212 H 212 H 2% H Mr(2.1)
k kiwp=0#z k k:zip=07#wy k

k:zi #Z0Fwy k:wp=0=zy

We see further that a has to satisfy certain additional constraints. Namely,

a; > |z lwg]? if 2, # 0 # wy, (2.2)
a, > 0 if 2z = 0 or wy, = 0, but (zg, wi) # 0, (2.3)
ap = 0 if (zk,wk) = 0. (24)

Thus, if we have more than one k with (zg, wg) = (0,0) then there will be no solution
if the corresponding ¢;’s are different. If there exist at least two k’s with (2, wg) =0
and ap = 0, then we obtain again an at least one-dimensional fibre, since then the
associated A,’s can again be chosen arbitrarily, subject to condition (2.1).

We see again, that generically we can have at most 2"~ ! solutions up to the action
of N and possibly, depending on the choice of level ¢, higher-dimensional fibres for
some points in the degeneracy locus. This time however, it is quite complicated to
describe either the set M in more detail. We can realise it as the image of a subset
M C C™" x R under the projection onto the C™"-factor. In fact, we put

M = {(z,w,a) € C™" xR | (2.1)-(2.4) hold
(for some A, € C* in (2.1) in case (zg, wg) = (0,0))}.
A Theorem for General N

We now want to use the intuition gained from the above examples to extract some
general statements about the extent to which our Kirwan theorem fails in this situa-

tion.
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Theorem 2.3.15. Let N C T" act on C™" and let (z,w) € M. Then generically for
fized a we have at most 29N possible solutions A € N© such that ux(\.(z,w)) = 0.
Given X € N© with this property, it uniquely determines an a € (R™)* by requiring
Ba = p(A.(z,w)).

Proof. We have pretty much given the proof in the third example from above. Now
we just have to do the same computation for general N.
Let n be given as ker(5 : t — R™) with

Blex) = up € Z™ C R™ k=1,...n.

Without loss of generality, after relabelling the basis vectors if necessary, we may
assume that {uy,...,u,} are linearly independent and hence form a basis of R™.
Therefore, there exists a matrix A € Mat,,_, ,»(Q) such that

m
Ui = E Aipug, 1=1,...,n—m.
k=1

Then (z,w) € C™" lies in uy'(0) if there exists a € (R™)* such that

1
a(ug) = p(z,w)(ex) = 5(\2k|2 + Jwe)?) + cx, k=1,....,n.

Using the expression of u,,; in terms of the first m u;’s, we can rewrite the equation

for u,,; as
m m 1
(i) = Y Analug) = ZAik(§(|Zk|2 + |wg]?) + cx).
k=1 k=1

Thus, we obtain a system of m equations determining a and m — n consistency

conditions coming from the two equivalent formulae for a(u,,.;):

a(uk) - (‘Zk‘2+|wk|2)+ck7 k:L"'7m

DO | —

1 “ 1
5 (zmiil” + [wmgil) + emps = ;Aik(§(|zk\2+|wk|2)+ck), i=1,...,n—m.

Thus, deciding whether the N®-orbit through (z,w) contains a zero of the moment
map py amounts to finding a € (R™)*and A = diag(\1,...,\,) € NC such that

A.(z,w) satisfies the above equations. Equivalently, we want to find a € (R™)* and
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scalars A\, € Ry C C* such that

1 _
a(ur) = E(Ai\zkl2+kk2\wk|2)+ck, k=1,...,m,
1 2 S 1 2 2
il A2 ) s = 3 Aw(G ORIl + A ) + i),
k=1
for i=1,....,n—m,
1 = H mid) k=1, m.

The last equation is the condition that A = diag(\y,. .., \,) lies in NC C (C*)". It is

obtained by writing A\, = €% for some 6;, € R and observing that

diag(A1, ..., An) ENC = 0= fup =Y (ek +y emHAik> g,
k=1 =1

k=1
where we used the fact the we can express u,,,; in terms of {uy,...,u,} and the
matrix A. The conditions follow then from the assumption that {uy,...,u,} are

linearly independent and by exponentiating the so obtained constraint

Oh+ Y OmeiAn =0  k=1...m.

i=1
So altogether we have (n +m) equations for (n +m) unknowns (a, A) and we expect

a discrete set of solutions. We introduce the following notation:
ar = a(ug) — cx.

Thinking of a as a parameter, we can view, after multiplication by A2, the first two
sets of equations as quadratic equations in A} which admit real solutions if and only
if

— |z lwg> >0 k=1,...,n.

These are given by

ax = /@~ [Pl P

)\k = ’Z ‘2 1fzk7é07éwk
k
2a .
)\k = |Z |k2 1fwk:O7ézk
k
2
k

A € Ryg C C* arbitrary if w, =0=z,.
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Now using the above definitions of a; and Ag,define the set M C C™" x (R™)*,
M = {((z,w),a) € C™™ x (R™)* | a? — |z|*|we|* >0 k=1,...,n;
1= Akﬁ(xmﬂ)f‘m k=1,...,m;
ar =0, li:fl(zk, wy) = 0}.
Then
M = pren. (M).

What are the fibres of the map P : u~*(0) — M/N€? We see from above that for
fixed a € (R™)* there are at most 24 possible solutions A = diag(\,...,\,) € N©
to the moment map equations up to the action of N. On the other hand, once we
are given some a € (R™)* and A € N, solving the moment map equations, then a is

determined by A by the relation
1
a(uy) = §(>\ilzk|2+)\;§2|wk|2)+ck, k=1,...,m.

Finally, we note that we could have higher-dimensional fibres for special choices of
parameters such that a; = 0 and (zx,wx) = (0,0) for at least codim(/N) + 1 many
k’s. O

Toric Hypersymplectic Quotients

We are now going to take the general result from the last section and derive some
simple consequences for toric hypersymplectic quotients. First of all, we have to
extend our setup. Details can again be found in [19]. Identifying C™" = B", we get

a flat hypersymplectic structure upon defining S,T" to be given by

s=(03) (%4

giving parakéhler forms

1 n
k=1

1 n
wr = g(T=-) =5 ;dzk A divy + dwy A dZ.
The holomorphic symplectic form w? is then given by

n
w}c = Wg + twr = g dz;, A dwy.
k=1
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Our standard T™ action clearly preserves this structure, and a simple computation

gives the moment maps

n

> (el + i + e,

k=1
n

pS(z,w) = ps +ipr :C" - 0@ C  uS(z,w) = Z(zzkwk + c,(f) + ic,(f))ek,
k=1

N | —

pr(z,w) : C*" =t ur(z,w) =

where c,(;) € R. We will often write c,(f) + icf’) = (. Now we come back to the

three examples, discussed before from the point of view of pseudokahler geometry,

and consider them now from the hypersymplectic point of view.

Example (The Standard Circle Action [48], [19]). We choose m = n — 1 and put
up=e, fork=1,...,n—1and u, = —(e; +---+e,). So [ is the map

n n—1
ﬁ R — Rn_l ZQZGZ = Z(QZ — Qn)ei.
i=1 =1

So

n=R(e;+ - +e,),
and « is just the inclusion. Therefore, N C T™ is the diagonal circle. The moment
map py : C™" — R associated to this action is given by a*u, i.e.

1 ¢ 1 g

I
%)
e
m
7

The induced C*-action is given by

(z,w) — (Az, \"'w),

and the complex moment map is
ps o Cvt = C o S (zw) = Z izpioy, 4 ¢ 4 ic®,
k=1

where ¢ € R,i =1,2.
We would like to know which C*-orbits in (u%)~1(0) meet the zero set of the real
moment map. Recall that in order to check whether the C*-orbit through (z, w) meets

17 (0), we have to solve the following equation for A real and positive.
Nz)? + A2 w|? + 2¢ = 0.
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In other words
Mz)? + MN2¢ + |w]* =0,

which, writing z = \2, gives

_ldE Ve - [P wf?

e 2P

In this case we assume (z,w) € u¥, so we get the additional constraint
2P Jw]* = (®)? + ().

Thus, we see that, choosing the levels of the real and complex moment maps in

such a way that (c®)? 4 (¢®)? = (¢M)?, we get essential uniqueness:
M = {(z,w) € C""\{(0,0)} | |2[|w]| = |¢[},

i.e. we single out the boundary of the previous M. On the other hand, if we choose
the levels such that 0 # (c?)2 + (c®)2? < (D)2, we get precisely two solutions every

time.

Example (N = 7T"! ¢ T™). In this example we choose m = 1, 3 = (0,...,0,1),
that isu; =0 fori=1,...,n — 1 and u, = 1, so that n = R"! x {0} C R™ and

N = {diag(e™, ... e 1)} =21 c T

The moment maps are therefore given by

n—1

1
pv(zw) = Y (Gl + fwnf?) + 6)ex
k=1

LS (z,w) = Z(izkwk + 02,2) + ic,(j’))ek.

k=1

Again, for each k we get an individual system of two equations which we just solve

writing xj, = A3,

1
exl £/ (D)2 = zx[2lwn 2
| 2|2

bl

Tp12 =

with the additional constraint |z|2[w|? = |Cj|2. This is solvable if (c{"))2—| 2|2 |w|? >
0, giving the condition that the levels should satisfy (c,il))2 > |Ck|?. Altogether, com-
bining the solutions of the individual equations in every possible way, we see that

generically we get 2P many solutions, where D is the number of cases in which the
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inequality ¢ > |2;|?|wy|? is strict and both z;, and wy are non-zero, i.e. the number
of cases in which we get two solutions. Note that we obtain essential uniqueness, if
2

we choose the parameters such that |Cy|* = ¢;. In the above notation, we have

M = {(z,w) e C™" | ci — |zk]2\wk\2 >0vVk=1,...,n—1},

And again, the map
P i (0)/N — N/N°

restricts to a 2P : 1 cover on the “D-strata” of M, i.e. the sets of points in (z,w) € M

where there exist two solutions in precisely D cases, as D ranges over 0,1,...,n — 1.

These examples suggest that due to the freedom in choosing the level sets, toric hy-
persymplectic quotients should be better behaved in general than toric pseudokahler
quotients. In particular, for special choices of the levels of the moment maps, the
interpretation of hypersymplectic quotients as holomorphic symplectic quotients is

valid.

2.4 The ASD Equations on R*? and their Dimen-
sional Reductions

2.4.1 ASD Connections on Hypersymplectic Manifolds

We now try to carry over the gauge theoretic constructions from section to the
situation where the base four-manifold is hypersymplectic instead of hyperkahler. As
already observed in the finite dimensional situation, the hypersymplectic quotient
construction is more subtle than its hyperkahler analogue. We have to worry about
degeneracies. The discussion of these in a general setup is included in this section
and we present a general formal degeneracy criterion.

In the subsequent sections we restrict our attention to R?? and discuss various
special cases. We show that our degeneracy criterion gives a natural geometric inter-
pretation for explicit formulae for degeneracy spaces found earlier by other authors.

If we work on a hypersymplectic four-manifold, we have again that *> = id on
two-forms and that the three Kahler forms w;, wg, wr span the space of self-dual two-
forms. Since we are now no longer working with a positive definite metric but instead
in split signature, we cannot apply all the analytical machinery introduced in the last
chapter. However, at least formally, the construction can be imitated. So we get

again an induced hypersymplectic structure on the space A of unitary connections
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given by —1I, S, T acting on one-forms. The three Kéhler forms are again (up to sign)

given by the formulae
M

The gauge group G acts as seen above preserving this structure with hypersymplectic
moment map
p = (1, s, por) = M — T(su(E))* @ R?
given by
wi(V)=RY ANw;  i€{l,S,T},
where we used again the embedding T'(uw(E))* — Q* M,u(E)). However, in order

to apply the hypersymplectic quotient construction now, we have to worry about

degeneracy spaces.

Proposition 2.4.1 (Degeneracy Criterion). In the situation described above we have

at an irreducible connection V € A
TyOy NTyOs = ker((dV)*dY : (M, u(E)) — I'(M,u(E))),

where the adjoint is taken with respect to the L* inner product on QY (M, u(E)) coming

from the split signature metric g. Thus, this could be a non-trivial space in general.

Proof. As seen earlier the tangent space to an orbit of the gauge group action is given
by
TyOy ={dV¢ | € € T(M,u(E))}.

Its orthogonal complement is given by

w05 = {A€Q(Mu(E)) | gr2(A,dV¢) =0 V¢ € T(M,u(E))}
= {A€ QM u(E)) | gr2((dV)"A,§) = 0 ¥¢ € I(M,u(E))}
= ker((d¥)").

Combining these two observations, we obtain the result. O

The point is, that since our metric is not positive definite, the operator (dV)*dV
is not elliptic, but instead has the same symbol as a ultrahyperbolic wave operator
and so its kernel is not automatically the same as the kernel of dV. In fact, it could
be infinite-dimensional. There may be non-parallel sections £ € I'(M,u(FE)), whose
covariant derivative is a null vector at every point. Since our connection is assumed

to be irreducible, they precisely comprise the degeneracy space.
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Notice also that the deformation complex
0 — Ly (u(E)) — Qi (M, u(E)) — @, (M, u(E)) — 0,

is no longer elliptic and so its cohomology spaces need not be finite dimensional. We
therefore expect the moduli space to be of infinite dimension as is suggested by the

discussion of the ASD moduli space on the pseudokihler manifold S? x S? in [45].

ASD Connections on R?*?

In the following chapters we take a closer look at the ASD equations on R?? = B, the
standard example of a hypersymplectic four-manifold. This is a non-compact mani-
fold and so the methods of the previous section do not apply directly. It seems rather
complicated to impose correct decay conditions in order to make the constructions
work. The problem is that the equations are not elliptic. And because of the neutral
signature of the metric, there are distinguished directions and in particular the con-
formal compactification of R?? does not coincide with the one-point compactification
as in the case of Euclidean signature. We rather have to add in a whole hypersurface
at infinity, see the discussion in chapter [5| for more details. Therefore, in this section
we just derive the equations and discuss hypersymplectic aspects of the moduli space
later.

On R?? = R* every vector bundle is trivial and we will assume in the following that
our unitary vector bundle is already trivialised, F =2 R?? x C", such that the metric
h maps to the standard hermitian inner product on C". So we get a preferred choice
of background connection, the trivial connection d, given by the exterior derivative

acting component-wise on vector-valued functions. Hence,
A= d+ Q' (R u(n)).

In our standard orthonormal co-ordinates and under the above isomorphism for A we

can write any connection V on F in the form
4
i=1

Given a connection V =d + ), A;dx;, its curvature is then given by

Rv = Z Rudﬂjz A dZEj.

1<J

7



Using the notation V; = + A;, we can write the components of RV in the form

8:(:’
Rij = [Vi, Vj].

Then, formally, the moment map equations RV Aw; = 0 for i = I,5,T, i.e. the

anti-self-dual Yang-Mills equations, read

Ry = —Rs
Ri3 = —Ry
Ris = Ros.

Also, we write down explicitly our degeneracy criterion found in the last section

for ASD connections on R22,

Corollary 2.4.2. On R*? we have on T'(u(n))
4
—(dV)*dY = V1Vi + VoV — V3V3 — V,V, = Zgn'vz‘vz’.

An element & € Lie(G) lies in the degeneracy space if and only if

Zgzz V§ ) =0.

We can consider the equations on a bounded domain U C R*2. We then only
allow gauge transformations that are the identity on 0U. The Lie algebra of the
gauge group is then given by sections of u(E) that vanish on 0U. The degeneracy
space then consists of connections d 4+ ). A;dz; defined on U such that there is a
solution & € I'(U, u(E)) of the boundary value problem

4

0? 9) 0A;
Zg“ ( 5 {Am a—j} + |:(9_ZL"£:| + [A;, [Amf]]> =0, £=0onoU.

The ASD equations and their dimensional reductions will be the subject of the further
chapters of this thesis. We will discuss their moduli spaces and the degeneracy loci

of the induced hypersymplectic structures.

2.4.2 The Lax Pair Formalism

In this section, we develop a complex-geometric viewpoint on the equations and derive

a Lax pair formulation. We begin with a construction closely analogous to Hitchin’s
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construction of the twistor space of a hyperkdhler manifold in [31], but adapted to
the neutral signature geometry of the split quaternions.
On any hypersymplectic manifold M we have a two-sheeted hyperboloid of com-

plex structures with respect to which the metric is pseudokahler:

C = {o ]+ 28 + 23T | 22 — 25 — 23 = 1}.

We could say that in both the hyperkahler and the hypersymplectic situation we have
a set of complex structures given by the unit sphere in ImH and ImB with respect
to the respective induced natural metrics. Now we consider the compactification of
C, that is we embed C as C into RP?. C is then given by the homogenised equation,
that is,

Observe that both for points in C' and C' we always have z; # 0. Therefore, we can

rewrite this as
C = {r =119, 23,24 € RP® | 22 + 23 + 27 = 1}

This equivalent representation shows that C is in fact the same as S? embedded into
RP? via o + [1,2]. We can think of C' as the hyperboloid C' together with a circle
added at infinity. The circle is given by points in C' with x4, = 0, i.e. points of the
form z = [1,sinf, cosf,0]. These points do not correspond to complex structures
on M, since the associated endomorphism of T'M, given by I + sinfS + cosT,
squares to zero. Note, however, that the circle at infinity parametrises the circle of
compatible product structures Sy = cos#S — sin 0T, which anti-commute with the
complex structure 1.

We now introduce a complex parameter on C, and so on C, via the identification
S? 22 CP! in the following way:

(+¢ i(¢=¢) 1—CC]
14 1+ T+
Where x4 # 0, that is on C', we can write

1+¢¢ ¢+¢ i(¢—=¢) 1}
1-¢C1—=¢C" 1-¢C7 |

In this picture, the circle at infinity corresponds to the circle || = 1 and the two

[]-7 T2, T3, ZE4] - |:1

xr = [.731,1'2,.%'3,.274] == |:

sheets of the hyperboloid correspond to {|(| < 1} and {|¢| > 1}. We can form a new
space Z as the product of M and C,

7 =M xC.
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For each ( € C we get a complex structure on M, given by

LHeC,  CHCq iC=0,

1-¢C  1-¢¢ 1-¢ C

So we put on Z the complex structure I given at a point (p,() by L, = (I 1) €
End(T,M & T.C). In the following lemma we show that I is integrable and compute
its (1,0) forms.

I =

Lemma 2.4.3. Let (M* g,1,S,T) be a hypersymplectic manifold and let ¢ € Q* (M, C)
be of type (1,0) with respect to the complex structure I. Then

0=¢+CT

is of type (1,0) with respect to the complex structure I on Z and moreover 1 is inte-

grable.

Proof. We imitate the proof of the analogous assertion for the twistor space of a
hyperkéhler manifold given in [31]. Firstly we use I¢ = i¢ and the algebraic identities
satisfied by I, S, T to calculate

10 = i¢—iCTo
SO = iT¢—iCo
TO = Té+ (o

Using this, we compute using S = T'1

(1=¢O10 = (1+COI0+ (C+¢)SO+i(¢—)T0
= (L+¢Qi¢ —iCTd) + (¢ = O)(iT¢ — i€¢) +i(¢ = O(Td + (o)
= ¢ +1i(Co —iCT¢ —iC*CTo +i(T¢ — iCTd — i¢*¢

+i(Co +iCT¢ — iCT¢ +i*p — (o
= i¢+i(T¢ —iCCCTd —i(CoH
= (1 =)o +(T9)
= i(1 - ¢Q).
To show that I is integrable, we have to check that the exterior derivative maps

(1,0)-forms to Q% @ QY1 In other words, we have to show that df does not have a

component of type (0, 2).

d(¢ +(T¢) = deZAv (¢ + CTp) +dC AT
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The second term is easy to handle. It is the wedge product of the (1,0)-form d{ with
another one-form and hence of the desired type. The first sum also does not have a
(0,2) component, as I is parallel with respect to the Levi-Civita connection V and

thus I and V commute:
IV 2o 0=V 510=1iV o 0.
Ox?

ozt ozt
Hence, the first term is also given by the wedge product of a (1,0)-form with another
one-form. So the complex structure I is, in fact, integrable and Z is thus a complex

manifold of complex dimension 2k + 1. m

In fact (M, I;) is a complex symplectic manifold. To see this, we recall that (M, I)

C

carries a holomorphic symplectic form w™ = wg + iwy. Picking a local Darboux basis

for the (1,0)-forms, we can write

2k
w(c = 2 Z ¢z A\ ¢2k:+i-
i=1

This is a holomorphic (2,0)-form with respect to the complex structure I, which

corresponds to ¢ = 0. So we guess that the form

2%
we =2 Z(¢z + CTdi) A (danvi + (T Pori)

=1

will be a holomorphic symplectic form with respect to I. Again, this is completely

analogous to the twistor space construction from [31].

Proposition 2.4.4. For each ¢ in C w¢ is a holomorphic symplectic form on M with

respect to the complex structure I.. In terms of wr,ws,wr it may be written as
we = ws + twp — 2¢wr + (*(wg — iwr).

Proof. Using the expression for w¢ given above, we compute

1

F¥ = D (@i 4+ CT¢i) A (donri + (Tbon)

= Z ®i N\ Gotti + C((T'Pi) N papri + i A Tpopri) + C*T i A Thagers.

Now we just check that the coefficients of ¢ and ¢? coincide with the ones that appear
in the statement of the proposition. The term constant in ¢ is equal to w® = wg +iwy

by our choice of the ¢;’s. Consider the term linear in (. Given two vector fields
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X,Y € I'(M,TM), we compute using the algebraic identities satisfied by I,S,T

(suppressing the summation symbol):

2((Thi) N parri + 0i AN Thowyi)(X,Y) = Gi(TX) o 1i(Y) + 0i(X)Par1i(TY)

—i(TY ) por+i(X) — i(Y ) P2r14 (T X)

= WY(TX)Y)+w (X, TY)

= g(STX,)Y)+ig(X,Y)+g(SX,TY)
+ig(TX, TY)

= —g(IX,)Y)4+ig(X,Y)—g(IX,)Y)
—ig(X,Y),

= —2w(X,Y),

where in the last two lines we used the skew-adjointness of I, S and 7. Finally, we

treat the quadratic term and obtain

2T0i AT ok i(X,Y) = ¢i(TX)on4i(TY) — $i(TY ) pap s (T X)
= WYTX,TY)
— (STX,TY)+ig(TTX,TY)
— _g(TSX,TY) —ig(TX,Y)
— ¢(SX,Y) —ig(TX,Y)
= (ws —iwr)(X,Y).

This expression shows that w, is actually parallel, hence holomorphic, and moreover
it depends holomorphically on (. The non-degeneracy is clear from this expression

together with the non-degeneracy of wC. O

This quadratic dependence of w, shows that the twistor space Z carries a twisted

holomorphic symplectic form w with values in the line bundle priO(2) given by

Here prp : Z = M x C — C — CP' is the projection followed by the inclusion. In
other words, w is a section of the bundle A*T'Z* ® priO(2).

Note that the twistor space Z is, in contrast to its hyperkahler analogue, discon-
nected, since C'= CP' \ {|¢| = 1} is. We observe that Z carries a natural involution

7 induced by inversion with respect to the unit circle on CP',
1

7(m,€) = (m. 7).
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This is anti-holomorphic, fixes the circle {|(| = 1}, i.e. the circle at infinity and
interchanges the two sheets of the hyperboloid of complex structures. The fixed
points of 7, i.e. the unit circle in the above co-ordinates, correspond, as we have seen,
to endomorphisms that square to zero. Alternatively, if we fix the complex structure
I, then this real circle parametrises the product structures that anti-commute with I
and are skew-adjoint with respect to the hypersymplectic metric.

If we now have a group G acting on M preserving the hypersymplectic structure,

it also preserves w for all ¢ € C' and we get an associated holomorphic moment map

pie = ps + ipr — 20pur 4 Cps — ipr).

We see that the condition p = 0 for all ¢ is equivalent to the simultaneous vanishing
of all three moment maps.
We now apply these ideas in the infinite dimensional context of the ASD equations

on R?2. We found for the moment maps

1 (V) = RY A w;.
So our complex moment map is given by

1c(V) = RY Awe.

Earlier on, we discussed the action of I,S5,T on B with respect to the canonical
basis and obtained explicit formulae for the matrices corresponding to I,.S,T and the
Kahler forms wy,wg,wr. Note in particular, that complex co-ordinates with respect
to the complex structure I are given by z = x1 — txy and w = x3 + ixy. Writing
Z = Vi —1Vy and W = V3 + iV, with their adjoints Z* = —V; — iVy, and
W* = —V3+1V,, we arrive at

l

(V) = (2.2 - (W, W)
(s +inr)(V) = [2,W]
(ns —ipr)(V) = [2°, W],

We remark that the vanishing of the three moment maps py, pus, pr is equivalent to
the condition p; = 0 and u® = ug + ipp = 0. This viewpoint will play a role later
on and we call the first equation the real equation and the second one the complex
equation.

Putting the terms together, we obtain for pi¢
ue(V) =12, W] —i(([2, 2] = W, W) + ¢*[Z7, W,
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which is the same as
4e(V) = [Z — W, W =i 2.

So p¢e = 0 is equivalent to the condition [Z — i(W*, W —i(Z*] =0 for all ( € C. Or

equivalently, we can modifiy this to
[Z —iCW* W —i((Z + Z*) — C*W*] = 0.
It will be useful for us to note the explicit expressions
pe(V) =1[Vy —iVy +i((Vs —iVy), Vs + iV 4+ i((V1 + 1V3)]
and the modified one
(Vi — iV +iC(V3 —iVy), Vs + iV, — 20V, + (3(V3 — iV,)] = 0.

We remark that these equations make sense for all ( € CP'. But only for |¢| # 1
we get a holomorphic symplectic form w, as the endomorphism I squares to zero if
|| = 1. Nevertheless, we can consider the equation p = 0 as a formal combination of
moment maps. For later purposes we therefore define Z = M x CP!, a compactified
twistor space. The above complex structure on Z = Z\{|(| = 1} does not, however,
extend to Z.

2.4.3 Remarks on Twistors in Split Signature

The construction described above is suitable to obtain Lax pair formulations for
PDEs that arise as hypersymplectic moment maps and was very much inspired by
the construction of the twistor space of a hyperkéhler manifold [31]. Originally,
the aim of twistor theory is to encode information about the conformal geometry of
a smooth manifold via its twistor space into complex-algebraic data, so that then
questions concerning the (conformal differential) geometry of M, but also the study
of linear and non-linear field equations on M, can be investigated using powerful
complex (algebraic-)geometric machinery on the twistor space [47],[3],[58].

In the Riemannian case in real dimension four, the twistor space Z is constructed
as follows. Given a four-dimensional oriented Riemannian manifold (M, g), the twistor
space is defined to be the bundle of maximal isotropic subspaces of TM @ C with
respect to the complex-bilinear extension of the metric g to TM ® C. In the case of
a Riemannian, i.e. positive definite, metric every such maximal isotropic subspace
V C T,M @ C satisfies VNV = {0} and thus defines an almost complex structure Iy
orthogonal with respect to g by declaring that V' should be its +i-eigenspace. Such
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complex structures come in two disjoint families - either they are compatible with the
given orientation on M or they induce the opposite orientation. One then picks the
family which is compatible with the orientation and defines the twistor space to be
the bundle of such null planes, called (-planes.

Thus, in the Riemannian case, we can view the twistor space Z as the bundle of
compatible complex structures, and this bundle has fibre S?. Our construction above
was largely inspired by this interpretation. We identify the tangent bundle to the
fibre with the tangent bundle of CP*. Note that we have a connection on the bundle
Z induced from the metric on M, so we can associate to a [(-plane in T,M & C its
horizontal lift, which thus gives rise to a complex structure on the horizontal spaces.
Thus, we have put an almost complex structure on the manifold Z and in [6] it is
shown that the integrability of this almost complex structure on the twistor space is
equivalent to the metric on M being self-dual, i.e. having self-dual Weyl tensor.

In split signature, there are also twistor space constructions, some of which fol-
low a route similar to ours above, but there are also different ones. Inspired by
the twistor theory for quaternionic Kéhler manifolds [52], Blair et al. in [II] have
given a general twistor space construction for split-quaternionic Kahler manifolds,
i.e. manifolds (M,g) with a subbundle of End(T'M) locally spanned by a triple
1,5, T € I'(M,End(M)) satisfying the split-quaternionic relations, which is moreover
preserved by the Levi-Civita connection of the split-signature metric g. Here the
twistor space is a bundle over M with fibre given by (one sheet of) the hyperboloid
of complex structures as we have discussed above. In their paper it is shown that
in contrast to the quaternionic situtation, where one has a twistor space with fibre
CP!, these hyperbolic twistor spaces carry many global non-constant holomorphic
functions. In split signature, there are actually two twistor spaces one can associate
with a split-quaternionic Kéhler manifold by either considering compatible complex
structures or compatible product structures. See also the paper [1].

In the case of a split-signature zollfrei metric on a four-manifold, for example the
standard scalar flat split-signature metric on S% x S?, LeBrun and Mason in [42] were
able to construct a compact twistor space as follows. The metric g being of signature
(2,2) means that the tangent bundle of M splits into two-dimensional subbundles
T, & T_ on which g is positive, respectively negative, definite. The manifold (M, g)
is said to be space-time orientable, if these two subbundles are orientable. Due to
the neutral signature of the metric, there exist complex (-planes V,, which are the
complexification of real null planes. In this case, V, NV, is of real dimension two,

so that the interpretation in terms of compatible complex structures breaks down.
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Moreover, as we have seen above, the total space of the bundle of complex non-
real (B-planes, i.e. the bundle of compatible complex structures, has two connected
components (we have a two-sheeted hyperboloid in each fibre) distinguished by the
induced orientation on 7T',. It follows that in this situation we obtain a compact disc
bundle Z, — M. With suitable conventions, the fibres are given by the loci {|¢| < 1}
in the picture described above. Let F' = 0Z, be the bundle of real S-planes. It turns
out that the self-duality of the metric and the zollfrei condition together impliy that
the distribution on F' given by the horizontal lifts is integrable and that the space
P of leaves is a manifold diffeomorphic to RP?. So F' — P is a fibration with fibres
given by embedded two-spheres. The twistor space Z is then given by collapsing the
boundary 0Z, along this fibration.

The original manifold M may then be interpreted as the parameter space for a
family of holomorphic disks in CP* whose boundary lies on RP?. We will come back
to this setup in chapter |5, when we discuss split-signature instantons on S? x S2.

Twistor spaces in split signature arise for example in the study of the relation
between real integral transforms and the Pensrose transform, [7],[8]. Motivated by
this, Eastwood and Graham [24] have considered the case of M = R*? whose con-
formal compactification is given by the Grassmannian Gr(2,R?) (see the discussion
in chapter , in the context of involutive structures. An involutive structure on a
manifold Z is a distribution V' C TZ ® C which is formally integrable in the sense
that its space of sections is closed under the Lie bracket. The almost complex struc-
ture on the twistor space Z, i.e. the bundle of complex S-planes, can be viewed as
a involutive structure on the complement of the submanifold Zx in Z corresponding
to the real B-planes. In [24] it is shown that on the real blow-up B of Z along Zg
the pull-back of this involutive structure extends to all of B and satisfies a special

property called hypocomplezity.
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Chapter 3

Schmid’s Equations

We now discuss a dimensional reduction of the ASD equations called Schmid’s equa-
tions. Originally, they were introduced by W. Schmid in [53], where they arose in the
study of singularities of families of algebraic manifolds.

We think of Schmid’s equations as the hypersymplectic analogue of Nahm’s equa-
tions, a system of non-linear ODEs, which play an important role in hyperkahler
geometry. Nahm moduli spaces are hyperkahler and can be used, for instance, to
construct various hyperkéhler structures associated to Lie groups, see [I§]. So it is
an interesting question to ask whether Schmid’s equations could play a similar role in
hypersymplectic geometry. There is also a way to analyse them more from the point
of view of integrable systems, and we are going to study both aspects of the equations

in this section.

3.1 The Hypersymplectic Setup

Schmid’s equations correspond to ASD connections V = d + Zle Adz; =), Vida;
on R?2, such that the connection matrices A; are independent of xs,z3, 24 and so
effectively are defined on the real line R = Re;. We recall that the ASD equations on

R?? are

[V1,Vo] = —[V3, V4],
V1, V3] = —[Vy, V4],
[Vh V4} = [Vg, V3]-

As introduced earlier, we wrote




for the covariant partial derivatives in this equation. We think of x; as time and

hence relabel it as t. Since we assume that the A; only depend on ¢, the equations

become
d
[54—1417142] = —[As, A4,
d
[E—FAMA:«;] = —[As, A4,
d
[E + A17 A4] = [A27 A3]
We relabel T; = A;yq for i = 0,...,3 as is customary for Nahm’s equations and

abbreviate differentiation with respect to t by a dot. So we arrive at the following

definition.

Definition 3.1.1. Let U C R be a closed interval, possibly infinite. A quadruple
of u(n)-valued functions (7, 11,75, T3), T; : U — u(n) is said to satisfy Schmid’s

equations if

Ty + [To, Y] = —[Tb,Ts],
Ty + [Ty, To] = [Ts,T1],
T3+[TO,T3] = [Tl,Tz]-

We will now define the moduli space of solutions to Schmid’s equations and identify
the degeneracy locus of the induced hypersymplectic structure. We first have to
develop a general hypersymplectic setup adapted to this situation.

Denote by A the space of all unitary connections on a trivial hermitian vector
bundle E of rank n over U x R"? C R%*2. Instead of the space A we consider the
subspace Ag.,, consisting of connections whose connection matrices only depend on
t € U. This is again an affine space with tangent space isomorphic to the space of
u(E)-valued one-forms on U x R"? depending on ¢t = z; € U only.

More invariantly, we consider the subspace of A which is invariant under the addi-
tive group (R?, +) acting on U x R? C R*? by translation in the last three variables.
The subspace Ag., is not preserved by the full gauge group G but by the subgroup
Gsen of gauge transformations invariant under the above action of R?® satisfying ap-
propriate boundary conditions. This is the subgroup of gauge transformations only

depending on t € U, which are equal to the identity on OU, i.e.

Gsen = {u € (U, U(E)) | u|or = id}.
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Hence,
Lie(Gser) = {€ € D(U,u(E))| Elaw = 0}.

The endomorphisms I, S, T are constant in all variables, so in particular invariant
under the action of R? and thus induce endomorphisms I,5,7 on T Ag.,. We endow

Asen, with an indefinite metric given by

gsen(X,Y) / Zg”tr (X))

for tangent vectors X = > X;da;, Y = >, Vide; € QY (R*? u(E)) depending only
on t. This gives Ag., the structure of a flat infinite-dimensional hypersymplectic
manifold. Note that this is automatic only for a bounded interval U. In the case that
U is (semi-)infinite, we have to impose correct decay conditions to make the metric
finite. However, we will now proceed formally and from the next section onwards we
will always work on bounded intervals. The gauge group Gs., acts on Ag., in the

usual way, i.e.
u.(To, 11, To, Ts) = (u™ " Tyu + w i, uw™ Thu, u  Tou, u Tyu).

The vanishing of the associated moment map pugq, is then the same as Schmid’s
equations. It is at this point where the condition that gauge transformations should
be the identity on OU comes in. If we do not impose these boundary conditions, we
would pick up boundary terms coming from integration by parts when we compute
the moment maps. In earlier discussions this issue did not play a role, since the
manifolds considered did not have any boundary.

In this way we get the moduli space of solutions to Schmid’s equations:
Mesen = p150,(0)/Gsen.
The fundamental vector fields associated to the action of Gg,, are given by
X, =dV¢ € eLie(Gsen), V € Asen-

Explicitly, if V. =d + 3.7, T;_;dz;, then
. 4
X& = (€ + [To,))dzy + Y _[Try, €)das.
=2

We naturally identify the tangent space of Mg, at a solution V with the kernel of the

derivative of the moment map intersected with the gg.,-orthogonal complement of the
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Gsep-orbit through V. This means a tangent vector X = Zle X, 1dx; € TyMgen
will be defined by the equations

X1 + [T, X1] + [Xo, Th] + [Ty, Xs] + [Xo, T5] = 0
Xy + Ty, Xo| + [Xo, To] — [T5, X1 — [X3,T4] = O
Xs + [To, Xs] + [Xo, T3] — [11, Xa] — [X1, T3] = 0

Xo + [Ty, Xo] + [Ty, X1] — [Ty, Xo] — [T5, X3] = 0.

The last equation says that X is orthogonal to the Gg., orbit as can be seen by an
integration by parts argument using the metric gs.,. A tangent vector lies in the
degeneracy space if it satisfies these equations and is of the form X%. So ¢ has to

satisfy
25
a2
This is a recent result found in 2010 by Matsoukas in his DPhil thesis [48]. It fits well

with our general criterion, which here would say (see [2.4.2))

G NN

Using our notation with the 7;’s and the fact that 7; and ¢ only depend on ¢, this

simplifies to

+ [To, €] + 2[To, €] + [T, [To, €]] + [T, [T1, €] — [T, [Ty, €]] = [T, [T5,€]] = 0.

dx¢ .
@+2[T0,f] + [T()ag] TO) TOa +ng i— 17 z 1a§]] 0.
So we can say that € defines a solution to the ultrahyperbolic wave equation (dV)*dV¢ =
0 on R?2, which depends on t = z; only, satisfying the boundary condition ¢ = 0 on
OU. This gives a natural interpretation for Matsoukas’ result.
The points where the hypersymplectic structure on the moduli space is degenerate
are those for which there is a solution to the boundary value problem
4% : -
< T 2ATo. € + [To, €] + ijg[T [Ti1,&]]=0  £=0 ondU
for a given solution 7 = (Ty, 11, T2, T5).
To what extent do the moduli space M., and the degeneracy space depend on the

choice of the (possibly infinite) interval U C R on which the equations are considered?
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The next two propositions tell us that all that the behaviour of the moduli space
only depends on the topological type of the interval, i.e. whether the interval is finite,

semi-infinite or infinite.

Proposition 3.1.1. Let U = [a,b] be a bounded closed interval and consider the

affine transformation
A:[0,1] — [a, b A(t) = (b—a)t +a.

Let T = (Ty, T, Ty, T3) be a solution to Schmid’s equations over [a,b]. Then we get a
solution P = (Py, Py, P, P3) over [0,1] by

P =(b—a)T;o\

Moreover, if £ lies in the degeneracy space at T, then n = (b — a)§ o X lies in the
degeneracy space at P. If T and T’ are gauge equivalent solutions on [a,b] related
by a gauge transformation u, then the corresponding solutions P and P’ are gauge
equivalent via the gauge transformation wo X. Thus, if the interval U is finite, Mg,

does not depend on U in a non-trivial way.

Proof. Both statements are proved by straight-forward calculations. For example,

Py(t) + [Po(t), A(D)] = (b—a)*(Ti(A(1) + [To (A1), TL(AD)))
= (b= a)’(=[(\(1)), T5(A(®))])
= —[R(@), B(1)],

and analogously for the other two equations. The fact that gauge equivalent solutions
remain gauge equivalent is a direct consequence of the definition of the action of the
gauge group.

The proof that n satisfies the degeneracy equation works in exactly the same
fashion. O

There is a similar statement if the interval is semi-infinite.

Proposition 3.1.2. Let a,b € R. If T is a solution to Schmid’s equations over
U = [a,00), we get a solution P over [0,00) by setting P;(t) = T;(t —b). Moreover, if
¢ lies in the degeneracy space at T, then n(t) = &(t — b) lies in the degeneracy space
at P.

If T is a solution to Schmid’s equations over U = (—o0,b], we get a solution P
over [0,00) by setting P;(t) = —T;(—t—0b). Moreover, if £ lies in the degeneracy space
at T, then n(t) = —&(—t — b) lies in the degeneracy space at P.
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Proof. We only prove the second assertion, the first one is obvious.

Pi(t) + [Po(1), Pi(t)] = (—1)*Ty(—t —b) + (—1)2[To(—t — b), Ty(—t — b))
= —[Ty(—t —b), T5(—t — b))
= —[R(t), P3(t)],

and analogously for the other two equations. The proof that n defines an element in

the degeneracy space at P works analogously. O]

Therefore, if we consider the equations over a closed bounded interval, we will from
now on always work over [0,1]. Also, if the interval is semi-infinite, i.e. unbounded
from above or below but not the whole real line we may assume to work over [0, 00).
Thus, actually there are only three different situations we have to analyse: U = [0, 1],
U =[0,00) or U = R. Later in this chapter we will consider the case U = [0, 1] more
closely.

We now discuss two different viewpoints from which the Schmid equations can be

investigated.

3.2 The Spectral Curve

Firstly, we exploit the Lax pair perspective which we developed in section [2.4.2, This
will lead to a way of solving the equations (in principle) explicitly by linearising them
on the space of line bundles over the so called spectral curve. This section follows
closely the analogous discussion of Nahm’s equations in [27] and [26].

Let U be one of the possible choices, U = [0, 1], [0, 00), R. Looking at our modified
Lax pair from section [2.4.2, we obtain for Schmid’s equations

d
[E + Ty — iTy +iC(Ty — iT3), Ty + iT3 — 2¢Ty + C*(Ty — iT3)] = 0.

With the short-hand notation
T, =—iTy— T, +((Ty —iT3) T =Ty +iTy — 2(Ty + C*(Ty — iTy)

we can write this as

d

Or

T = [T,iT],
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where as usual the dot denotes differentiation with respect to ¢. From this form of the
equations it is easy to check that for all n, tr(7") is independent of ¢, which implies
that the coefficients of the characteristic polynomial of 7" are independent of . Thus,

the set of eigenvalues of T',
={(¢,n) € CxC | det(n+T) =0},

is a conserved quantity of the system. Setting

1
T E(TQ + ’LTg) T1 + iT(),
we get
1
“Tr=T,+T,
¢
and so
d 1 d v 1 1.d
— —il_, =T T, —-T,=T| = T,,T]=0.
[dt t CQ ] [dt+l+ C ’g2 ] CQ[dt+Z +> ]
We thus get a Lax equation in C and the associated set of eigenvalues satisfies
S = {det (7 + (2 T)=0}= {— det(n+T) = 0},
if n = g’g In this manner we associate to Schmid’s equations an algebraic curve S

called the spectral curve, which lies in the total space of the line bundle O(2), i.e. the
complex line bundle over CP' with transition function %2

Before we go on, we examine the object 7. By the above discussion, 7 is a local
coordinate on the line bundle O(2) — CP', so for fixed ¢ the object i + T defines a

holomorphic section of the vector bundle
Hom(priE, priE @ prn O(2)) — {t} x O(2).

Here pr; : R*? x O(2) — R?*? is the projection onto the first factor and prep: :
R?2 x O(2) — O(2) — CP' is the projection onto the second factor followed by the
bundle projection O(2) — CP'.

If we now assume that 7'(¢) only has one-dimensional eigenspaces, i.e. that the
curve S is smooth, we get a holomorphic line bundle L(t) on S given by L(t).,) =
ker(n + T'(t)). L = L(t) will be given by a transition function a(t¢,(,n) depending
smoothly on ¢. Moreover, since the operators % + 41’y and % — I commute with
T, respectively C%T , they preserve L(t). So we try to trivialise L by sections in the

respective kernels of these operators. Let ¢ and ¢ be local trivialisations of L over
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¢ # 0o and ¢ # oo, which in addition lie in the kernel of % + ¢TIy and % — T,
respectively. That is, they satisfy the following set of equations

Y = ad,
m+T) = 0=m+T)g,
o= =il
o = iT_¢.

We now want to use these equations to determine the t-dependence of a. That is,
we wish to determine the evolution of the line bundle L(t) viewed as a curve in the

Jacobian, i.e. the space of line bundles, over S. We compute
—iTyp = = ap + ad = ag + aiT_o.
With ¢ = % this gives
0= %ﬁ AT + T4,

But Ty +7T- = %T and TW = —n1, so we arrive at

a N/
That is,
(4 — zga)w — 0.

And since 9 is non-vanishing, we obtain the following ODE for a:
.
a=1i-a,

with general solution given by

alt,C,) = b(C. ) exp<%t>.

This means, that on the Jacobian Jac(S) = H'(S,0)/H'(S,Z) = C9/Z*, the equa-
tions are linearised, since this description of the Jacobian comes from the exponential
sequence, i.e. the long exact sequence associated to the short exact sequence of

sheaves on S
0—-Z—-0—0"—=0.

The map O — O* is given by exp(2mi—). In the long exact sequence, we get
- —0— HYS,Z) — H'(S,0) — H'(S,0*) — H*(S,Z) 2 Z — 0 = H*(S,0).
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The Cech cohomology group H'(S,O*) parametrises isomorphism classes of holo-
morphic line bundles. The map H!(S,O) — H'(S,O*) is given again by exp. So %”t
describes a straight line on the torus Jac(S).

Note in particular the factor i appearing in the exponent of the time-dependent
transition functions. In the analogous computation for Nahm’s equations, this is not
present. So we observe that, at least if the spectral curve is elliptic, the directions of
the Schmid and Nahm flows differ by an angle of 7.

A natural question to ask is which curves in the total space of O(2) arise as spectral
curves associated to a solution to Schmid’s equations, i.e. if we can characterise them
algebraically. The next proposition shows that the curves have to satisfy a reality
condition.

Recall that we obtained our Lax pair formulation of Schmid’s equations by twistor
methods and then considered the equations for ¢ € CP', i.e. we compactified the two-
sheeted hyperboloid, on which ( lives, and ignored the complex structure. We noted
that inversion in the unit circle gives an antiholomorphic involution, or real structure,
7 and it turns out that the spectral curve is real with respect to this involution. Since
an analogous statement holds for Nahm’s equations, where the involution is given by
the antipodal map and corresponds to reversing the orientation of straight lines in R3

where the associated monopoles live, this is not entirely surprising.

Proposition 3.2.1. Write

det(n+T) =n"+ Y ai(On" ",

=1

with a; a polynomial in ¢ of degree < 2i. Then

a;(¢) = (=1)'¢"ai(%).

N =

We remark that a; is indeed of degree < 2i, since the matrix entries of T are

quadratic polynomials in (.

Proof. This is a direct computation, using the fact that

det((n+71)") =det(n+1T).
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Now,

T*(¢) = (To+iTs —2CTy + C(Ty — iT3))"
= Ty +iTy + 20Ty — CH(Ty + iT3)

= —C(Tp+ils - Q%Tl + é(TQ —iT3))
rap 1
- _C T<C_)
Thus,
der((n+ T(0)") = det (% - T(2)) = (-1r¢aen (47 ).

Therefore, the relation
det((n+ 1)) =det(n+T1") = det(n+ 1)

implies

dam+T@»=«4WP%m(%§+T%Q,

which, if we expand both sides as polynomials in 7, gives

n-l n—1 . .
n" A=t _ n2n (_1)717—]71 1 (_1)71_277”_1
77+ i=1 (e A (QT " p— ai(z) (2(n—i) )
B . n-l 1 (_1)@7—771 i
= n + ; al(g) 5_22,
n—1

That is,

]

Corollary 3.2.2. Suppose a;(¢) = ii:o ayCt, then the coefficients oy, € C satisfy

the relation

i =— (_1>de

Thus, we have at most n* + 2n real degrees of freedom in defining the spectral curve.
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Proof. This follows directly upon expanding the relation

a;(¢) = (=1)'¢"ai(=).

N =

This yields

24

21
Dot =) (D,
k=0

k=0
and the corollary follows by equating coefficients. In particular we get that «; =
(—1)'@;, so q; is either real or purely imaginary leaving us with 2i real degrees of
freedom to define the first ¢ coefficients {ak}ﬁ;lo. Now the spectral curve is given by

the equation
N+ a(Qn" =0,
i=1

So we have 1" (2i + 1) = n® 4 2n real degrees of freedom in the definition of the
polynomial. Of course, there might be further constraints coming from the induced
flow on the Jacobian, so all we can say is that we have at most n? + 2n degrees of

freedom. O

Proposition 3.2.3. The genus of S is equal to

9(S) = (n = 1)*.

Proof. Recall that ¢g(S) = dim H'(S,0). Earlier, we gave a description of S as a
subvariety of O(2) with charts induced by the standard charts of O(2). It is therefore
easy to describe H'(S,0) in terms of Cech cohomology. Elements of H'(S,O) are
represented by holomorphic functions f({,n) on C*x C modulo holomorphic functions
that can be extended to C or (C\{0})U{oo} and modulo the equation det(n+7'(¢)) =

N+ > ai(O)n" " = 0. So we are considering functions of the form

FCm = e,

keZ 1=0
modulo
o o0 o0 o0 n
k.1 —k—21 1 n n—i
cun, crG n and n +E a;(Q)n" " = 0.
k=0 (=0 k=1 [=0 i=1
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Such functions can be represented in the form

FCm = Y e

where P, is a polynomial of degree at most 2/ — 1, with zero constant term. Thus,
the dimension of H'(S, ) is given by

n—1 n—1

dim H'(S,0) = > (21-1) = —n+1+2) I = —n+14n(n—1) = n’~2n+1 = (n—1)°,
1=0 =1

as required. O

We have seen above that 7 acts on the spectral curve S. We observe that in

addition the line bundle L is real with respect to 7.

Proposition 3.2.4. The line bundle L(t) with transition function a(t,(,n) = exp(%”t)
satisfies
THL(t) = L(t)*.

Proof. The transition function of the line bundle 7*L is given by a(t,7((,n)) =
exp(%mt) = a(t,n,¢). The claim then follows by observing that the real structure 7

interchanges the two trivialising neighbourhoods. O]

Recall that in general a solution to Schmid’s equations defines a flow on the Jaco-
bian of the spectral curve given by transition functions a(¢, {,n) = b(¢,n) exp(%"t), ie.
the flow is of the form B ® L(t), where B is the line bundle determined by the initial
conditions. Thus, in the su(2)-case, when the spectral curve is expected to be elliptic,
we obtain that the flow lines B ® L(t) are along the real direction in the complex
one-dimensional Jacobian. The set of real line bundles forms a collection of disjoint
circles inside the Jacobian. Thus this flow is constrained to the real circles translated
by B and so therefore we expect solutions be periodic, although in principle it could
happen that a solution takes infinitely long time to go round the circle. This checks
with a result by Matsoukas [48], who solved the equations in this case in terms of
elliptic functions. We will discuss his result later, when we produce explicit solutions
with cyclic symmetry. We note this purely algebraic explanation of the periodicity of

the solutions in the su(2)-case in the following corollary.
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Corollary 3.2.5. The solutions to Schmid’s equations with values in su(2) are gener-

1cally periodic.

For higher genus spectral curves, the set of real line bundles forms a real torus of
real dimension g > 1 inside the Jacobian and there is no reason why the flow lines

should close up as they could have irrational slope.

3.2.1 The Underlying Real Curve

We have seen earlier that the spectral curve S is acted upon by the antiholomorphic
involution 7 : (¢,n) — (¢7%, —7/C?) = (E, —17). Note that this interchanges the two
standard open sets which cover S. In the Nahm case, the involution is induced from
the antipodal map and hence acts freely on S. In our situation the involution fixes
the unit circle in CP', and thus will have fixed points on S. Therefore, in contrast to

the Nahm case, we have embedded in S a real curve

Sg={(C;n) €S |7(¢,n)=((n}cCSs

First, we will describe the fixed point set of 7 on O(2) = TCP'. We necessarily need
¢ to lie on the unit circle, i.e ¢ = €. Then 7 should satisfy n = —77 = —7e*?. So
n = iae? for some a € R. Thus, the set of real points may be identified with the

trivial real line bundle over S*. In fact, if we change to co-ordinates (), i) via

A+
C - )\ . /L.’
then the involution 7 becomes simply
(A7u) = (X7ﬁ)7

which exhibits the fixed-point set as the tangent bundle of RP! = S sitting inside
the tangent bundle of CP*.

We would like to deduce some properties of the real curve Sg. A classical result
is Harnack’s bound on the number of connected components, a proof of which can be

found for example in [22].

Proposition 3.2.6. Let X be a compact Riemann surface of genus g with an anti-
holomorphic involution o : X — X and denote by Xg the real algebraic curve given

by the fixed points of o. Then the number r of connected components of Xg satisfies
r<g+1.
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The following example shows that in the su(2)-case equality is achieved.

Example (The su(2)-curve). In the su(2)-case it follows from work by Matsoukas
[48] that up to an SO(1,2)-action, which we will describe later, the spectral curve

may be chosen to be of the form
P(¢,n) =n* + AC + B(1+ (") =0.

This will be discussed in more detail in the section on explicit solutions. From the
above discussion we see that real points are points of the form (¢,n) = (e¥,iae),
with a € R, satisfying P((,n) = 0. Rewriting this as an equation for (6,a) this
becomes

—a® + A+ 2B cos(20) = 0.
Thus,

a = =+/A+2Bcos(20).

Now it turns out that A and B have the following form:
1
A=a+8  B=la-p)
where «, § € R are non-negative. They both vanish simultaneously if and only if we

are dealing with the trivial solution 7; = 0. Therefore,
A+ 2B cos(20) = a(1 + cos(260)) + (1 — cos(20))

is positive, unless we are considering the trivial solution. In particular, the real curve

is parametrised by

(¢m) = (e, */D /A + 2B cos(26)),

which is a trivial double covering of the unit circle {|(| = 1}.

3.3 Conserved Quantities

We have seen that we have many conserved quantities associated to a solution of
Schmid’s equations. We obtained a family @, = tr(7™). Let us look at the case

n = 2. We compute
tr(T?) = tr((Ty +iT3)? — 4CTL (T + iT3) + C2(ATE + 2(Ty — iT3)(Ty + iT3))
—ACT(Ty — iT3) + CHTy — iT3)?)
= (15 — T3 + 2iTyTy + ((—4Ty Ty — 411 T3) + CP (AT + 2T + 275)
+C(—ATV Ty + 4TV T3) + CHTy — T3 — 2iTyT3)).
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Viewing this expression as a polynomial in (, its time-derivative can only be zero
if all the coefficients are already constant in t. So we deduce that the following

gauge-invariant quantities are conserved:
tr(Ty —T3),  tr(TuT), —tr(T1T3), tr(1T1T3), tr(272 + Ty + T3).

The last expression —tr(272 + T3 + T%) is particularly interesting. It is the sum
of non-negative quantities and since it is constant in time, we deduce that each of
the terms has to be bounded. Also —tr(AB) is the natural inner product on u(n).
Thus, we obtain Matsoukas’ result that every solution to Schmid’s equations exists
automatically for all times [48]. This follows from the fact that if a solution to an
ODE only exists for finite time, it has to leave every compact set.

This observation allows us to identify the moduli space of solutions on U = [0, 1] C
R. We will see in particular that it is finite-dimensional. Let 7 = (Ty, T, T», T3) be a
solution to Schmid’s equations on U. Firstly, we observe that we can choose a smooth
function w € C=(U,U(n)) such that u.Ty = u™'Tyu + v~'4 = 0. To achieve this, we

just have to solve the linear matrix ODE
U= —T()U.

If we fix an initial value, we get a unique solution. Let uy be the unique solution
of the above ODE with initial value u(0) = id. Note that in general uy does not lie
in Ggen as this would mean that up = id on OU. In our situation, where U = [0, 1],
we also need ug(1) = id, which may be impossible. Then 7 defines an element in

U(n) x u(n) x u(n) x u(n) via
T — (uo(1),T1(1), T2(1), T5(1)).

Note that this map is indeed Gg,p,-invariant and so descends to a map on the moduli
space. If we fix the values of the T;’s at t = 1, then according to the existence theorem
for ODEs we get a unique locally defined solution to Schmid’s equations with these
values at ¢ = 1. By the discussion of conserved quantities above, such a solution
automatically extends to the whole real line. Hence the above map is surjective. It is
injective by the uniqueness-part of the existence theorem of solutions to ODEs, and
hence defines an isomorphism, at least on the level of sets.

If we consider the equations on a (semi-)infinite interval, we have to make sure
that a solution 7 satisfies the right decay conditions. Thus, all we can hope for,
is that in this case the moduli space will be in bijection with some open set in

U(n) x u(n) x u(n) x u(n).
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The results of this paragraph remain true, if we consider the equations with the
T; taking values in an arbitrary compact Lie algebra g. In this case we have a bi-
invariant Euclidean inner product on g, which plays the role of the inner product
given by the trace tr.

Recall that, compared to the Nahm equations, the direction of the flow associated
on the Jacobian of the spectral curve is multiplied by 7 in our situation. It is known
that solutions of Nahm’s equations will always have poles, which correspond to points
where the flow hits the ©-divisor in Jac(S). So we suspect that the observed regularity
of solutions to Schmid’s equations could be related to the fact that the direction of

the flow on the Jacobian of the spectral curve is multiplied by .

3.4 Group actions on the moduli space Mg,

If we work on the interval U = [0,1] and do not impose any boundary conditions,
we see that the equations are invariant not only under the group Gg., but under the
whole group G = I'(U,U(E)). We have subgroups G; and Gg consisting of gauge
transformations that are the identity at 0 and 1, respectively. Note that Gg., =

GrNGr.

Lemma 3.4.1. Gg., is contained in G as a normal subgroup. The quotient G/Gsen
can be canonically identified with U(n) x U(n).

Proof. We only have to check that if v € Gy, then v=uv € Gg, for all u € Ggep,. But
this is fairly obvious. Let = € {0,1}, then

v uv(z) = v H@)u(x)v(z) = v H2)idv(z) = id.
For the identification of the quotient, consider the evaluation map
evg X evy : Gy — U(n) x U(n), evy x evy(v) = (v(0),v(1)).
This is a surjective group homomorphism with kernel Gg.p,. O
In fact, we can write U(n) x U(n) = G/Gr x G/Gr =: G, X Gg.

Lemma 3.4.2. The actions of Gse,, and Gy on ,ugclh(()) commute modulo Ggep,. There-
fore the action of Gy descends to an action of Gy /Ggen = U(n) x U(n) on the moduli

space Mgep,.
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Proof. Viewing a solution 7 as a connection V the action of G is given simply by
conjugation. Then the assertion follows from the almost trivial observation that for

u € Ggop and v € G we have
uv = vv tuw = vu(u v uw),
and v~ v~ uw lies in Gg.p, since u does and Gggp, is a normal subgroup of G. O

Gy acts on Ag., preserving the hypersymplectic structure. Note that this is not
true if U is (semi-)infinite, as then the 7T;’s have to satisfy the right decay conditions.
Now consider the object T' = Ty +iT5—2(T, +(*(Ty —iT3) from the last paragraph.
We see that any gauge transformation v € Gy acts on T' simply by conjugation. In
particular, two points 7,7’ € Mg, that lie in the same U(n) x U(n) = Gy /Gsen
orbit will have the same spectral curve. Using that T and 7T_ transform under gauge

transformations according to

uw—Ty =u 'Tiu Fiutu,

it is easy to check that we obtain isomorphic line bundles L(t). This is because the

transition functions remain unchanged, see the computation in the last section.
Furthermore, we have an action of the group SL(2,R) = Spin(1, 2) on the moduli

space. Let A € SL(2,R) descend to A € SO(1,2) = SO(Im(B)). Then
) 3 3 3

ATy, Th, T2, T3) = (1o, Z AyyTy, Z AgjTy, Z AgjTy).
=1 =1 j=1

In other words: A actsas 1 ® (1® A) on T = (1, 11,15,T3) € g & g @ Im(B). It is
easy, but slightly messy, to check by direct computation that this actually preserves

the equations. We use the defining relation
ATdiag(1, -1, -1)A = diag(1, -1, —1)
to obtain
A7l = diag(1, -1, —1)ATdiag(1, -1, —1),

and then expresses A~! in terms of the matrix A* whose (ij)-th entry is given by
(—1)" det A% where A7) is the matrix obtained from A by removing the i-th row
and j-th column.

Notice that if we take the quotient of Gy by gauge transformations that are the
identity at 0 by the group Ggs.n, we get an action of G = G on the moduli space. We
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now wish to construct a map from the moduli space of solutions to Schmid’s equations
modulo the action of GGy to the space of self-adjoint traceless endomorphisms of
R, which will be moreover equivariant with respect to the actions of SO(1,2) on
Mgen /G and the adjoint action on Endj?™ (R"2).

In fact, this map can be written down in a fairly natural way. The construction
becomes clearer if we formulate it for an arbitrary compact Lie algebra. Let 7 =
(Ty, Ty, T3) be a triple of elements in g and fix a bi-invariant inner product <, >. This
then defines a linear map to RY? by contraction with the bi-invariant inner product.
That is for £ € g, we define

TE) = (<T, &>, < T, &>, < T3, & >).

Now SO(1,2) acts on Hom(g, R"?) simply by matrix multiplication on R™2, i.e. for
A € 50(1,2) we have

(AT)(&) = A(T ().

Let g denote the Lorentz inner product on R'? which we identify with its matrix
diag(1,—1,—1). To 7, we have the dual map 7* € Hom((R'?)*, g*), i.e. for a =
(ar,as,a3) € (R¥*)* we have 7*(a)(§) = Z?Zl a; < T;,& >. Let ¢ be the isomorphism
g* = g induced by the invariant inner product. Then to 7 we associate a trace-free

self-adjoint endomorphism W(7) of RY? i.e. we define a map
¥ : Hom(g, R"?) — Endj"™(R"?),
by taking ¥(7") to be the trace-free part of the composition
U(T): RY? =9 (RY2) =T g ¢ g 7 RL2,

Explicitly, for v = (vy,v2, v3)" € RY? we have

3 3

V(T)(v) = ZZ < T, g5v;T; > ei.

i=1 j=1

Lemma 3.4.3. ¥ is SO(1, 2)-equivariant, i.e. for any A € SO(1,2) we have
U(AT)=AV(T)A™ .
Proof. Note that A € SO(1,2) implies that

Alg =gA™L.
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Therefore, we now compute with v = (vy, v, v3)" € RN

3 3
W(AT)(U) = Z Z < Aika,gjjUjAle} > €e;
i=1 jk,l=1
3

3
= Z Z < ApTy, (A'gu), T, > ¢;

i=1 k=1

3 3
- Z Z < ATy, (gA )T} > ¢

i=1 k=1

= AU(T)(A ).
Together with the conjugation invariance of the trace this implies the claim. O

For Schmid matrices we can carry out this construction pointwise by taking g =

Lie(G). This gives an SO(1,2)-equivariant map

U : C*°(U,Hom(g, R'?)) — C®(U, End;¥"(R*?)).
We now want to show that if 7 is a solution to Schmid’s equations, this map actually
takes values in End}?"(R'?), i.e. ¥(7T) is constant in time.
Proposition 3.4.4 ([48]). Let T = (1,15, T3) be a solution to Schmid’s equations,
then LU(T) = 0.
Proof. The prove is very simple. Let v = (v, vy, v3)! € RM2. Then

3 3 3
V(T)(v) = (<1, ZgiiviTi >, <1y, ZgiiUiTi >, <1Tj, ZgiiUiTi >)".

i=1 =1 i=1

This means that the matrix of W(7') is given by

<T\,T,> —<T1,15,> —<Ty,T5 > 1 3
B= <Th, T > —<Tp,To,> — <1y, T5> —g(zgn<7—;,n>)ld

<T5,T0 > —<T3,T5> —<T3,T5> i=1
That is,

«Q —<T1,T2,> —<T1,T3>

B = <T2,T1> ﬁ —<T2,T3> ,
<T5,T7y > —<T5,T > y

where

1

a = §(2<T17T1>+<T27T2>+<T3,T3 >),
1

ﬁ = g(_<T17T1>_2<T2,T2>+<T3,T3>),

1
¥ o= g(—<T1,T1>+<T27T2>_2<T37T3>)’
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which we recognise as the conserved quantities we found in the last paragraph, or

linear combinations thereof. O]

We remark that the bi-invariance of the inner product <,> on g implies that ¥
is invariant under gauge transformations and thus descends to a G X Gg-invariant

map from the Schmid moduli space to End)?™ (R"?).

3.5 Complex Structures and Product Structures

We now consider an infinite-dimensional application of our previous discussion on
Kirwan-type theorems. Very often infinite dimensional versions of Kirwan’s theo-
rem yield identifications between the moduli spaces of solutions to gauge theoretic
equations and moduli spaces of certain algebraic objects. A famous example is the in-
terpretation of the moduli space of Higgs bundles on a Riemann surface 3 as complex

representations of the fundamental groups of X.

3.5.1 Complex Structures

In this section, we present an approach analogous to Donaldson’s way of treating
Nahm'’s equations in [21], establishing a link with geometric invariant theory. He
considers the real and complex equation introduced in the last section and shows
that every gauge orbit of a solution to the complex equation under the action of the
complexified gauge group contains an essentially unique solution to the real equation,
and hence a zero of the - in his case hyperkahler - moment map. We try to see what
happens if we carry over his constructions to our situation.

When we developed the Lax pair viewpoint, we noted that the vanishing of the
hypersymplectic moment map is the same as saying that the complex equation u& = 0
and the real equation p; = 0 are satisfied simultaneously. In the case of the ASD
equations we had

i

:UI(V> = 2<[Z7Z*]_[W>W*])>

(s +ipr)(V) = [Z,W].

We had Z = V| —i1Vy and W = V3 + iV, which, when we look for solutions that

depend on t = z; only, become

d
ZZE‘FTO—Z'Tl W =T, +T15.
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In analogy to Donaldson’s notation in [21], we write a = Ty — iT}, f = Ty + T3, so
that

d
J = — = (.
dt+a W =0

Then the complex equation becomes

B+ [a, 5] = 0.

Noting that Z* = —% + «, we obtain for the real equation

M](Oé,ﬁ) =a+d + [a,a*] o [67ﬁ*] = 0.

We now consider the equations on the interval [0,1] C R and note that they are

invariant under the action of the compexified gauge group
GSep, = {u:U =[0,1] — GL(n,C) | u(0) = id = u(1)}.

Here u acts on 7 = (Ty, 11, T3, T3) in the usual way:

1

v =u tau+u T, u.f = u" pu.

Again, since we do not specify any boundary conditions the T;’s should satisfy, we
have an action of the full group G5 of gauge transformations with arbitrary values at
0 and 1. We can easily write down the general solution of the complex equation. Let
u € G5 be a complex gauge transformation such that u.cc = 0. That is, u solves the
matrix ODE

u+ au = 0.

In this gauge we see from the complex equation that u.3 = u~!Bu has to be constant.

We thus obtain a map

b : Mg, — GL(n,C) x gl(n,C),
T — (uo(1),5(0)),

where ug is the unique complex gauge transformation gauging a to zero such that
up(0) = id. It can be checked that ® is holomorphic with respect to the complex
structure I and that it gives an isomorphism when viewed as a map from the moduli
space of solutions to the complex equation modulo complex gauge transformations.
We would like to show that it is an isomorphism when interpreted as a map on Mg.y,.
Note that in this way, Kronheimer in [38] has constructed a hyperkdhler metric on

T*G® where G is compact Lie group. In fact, his proof shows that ® pulls back the
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standard symplectic form on T*GL(n,C) = GL(n,C) x gl(n,C) to the symplectic
form w§.

In his paper [21], Donaldson shows that one can identify the space of solutions to
the complex Nahm equation modulo complex gauge transformations with the moduli
space of solutions to the full Nahm equations modulo unitary gauge transformations.
He shows that every complex gauge orbit of a solution to the complex equation
contains a solution to the real equation by solving a variational problem, which in his
case is always possible. We have the analogous observation, but there is the question

of solvability.

Proposition 3.5.1. Let (o, 3) be a solution to the complex equation. Consider the

G-invariant functional
L:G° >R

given by
1
L(u) = / lu.a + (u.e)*)* — |u.p]?.
0
Then u is a critical point of L if and only if (u.a,w.[3) satisfies the real equation.

Proof. The proof is completely analogous to the proof of the corresponding statement

in the Nahm case given in [21], lemma 2.3. O

We note that in fact everything we did so far is still G-invariant. So what we actu-
ally want is to find a critical point of £ which is only defined up to unitary gauge trans-
formations, i.e. which takes values in the homogenous space H = GL(n,C)/U(n).
We identify the space H with the space of self-adjoint positive-definite matrices via

u +— uu* = h. In the gauge where a = 0, we then get for the Lagrangian £, using

u.B|* = tr(u™" fu(u~! fu)*) = tr(h~! BhEY),
L(h) = / tr(h ™ h)? — tr(h ™1 Bh5").
R

Since tr(h~'h)? is the natural Riemannian metric on the homogenous space H, we
can equally well think of £ as the action functional associated to a particle mov-
ing in the Riemannian manifold H under the influence of the positive potential
V(h) = tr(h~'8hB*). In the Nahm case there is an analogous statement, but there
the potential is —V. In this case, the functional L is positive definite and the poten-
tial is geodesically convex. Therefore, it can be shown that a minimiser always exists.

Due to the change of signature, this argument does not work in our situation.
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However, we will see that proposition [2.3.5] still holds in this case. To simplify

computations, we define the following operators acting on C*°([0, 1], C"),

- d

aa = &4—&
d *

e

g = 0

9 = —p".

Note that in the usual way, we get induced operators on C*([0, 1], End(C")) by

putting
~ d
aa - E + [Oé, _]
d .
aa = E_[a’ ]
9 = —[0%, -]
Lemma 3.5.2.

NI(Ofaﬁ) = [améa] - [85,55],
as operators on C*°([0,1],C").

Proof. This is a straight-forward computation,

/) d * d . .k *
[806,6&]—[5—04 ,&%—a]—a%—a + o, ]

[05,05] = —[6*, 8] = 8, B"].
Il

We would like to know how the real equation behaves under complex gauge trans-
formations. First, we determine the transformation behaviour of the operators intro-

duced above.

Lemma 3.5.3. Let u € G© be a complex gauge transformation. Then

Opoa = u tod,ou
Ovea = u 00,0 (u)™?
5u5 = u*IO(%ou
Oup = u*o0dso(u*)?



Proof. Direct calculation. O]
Using this, we can now work out the transformation behaviour of the real equation.
Proposition 3.5.4. Let u € G be a compler gauge transformation, put h = uu*.

Then
uptr (w0, .8y~ = (e, B8) — Bal(Bah ™)) + Oa(h(Dsh ™).

Proof. This is again a computation using the identities from the lemma,

1

wo pr(u.a,u.f)ou™ = uo[dy,0s)ou"t —uodsdslou"

= wodyaou tuod,aout—uod,,outuod,,ou?

—% 00y 30 uwluod, 80O uw+uo 5uﬂ outuo Oy © ut
= wu* 00y 0 (u) Tt 00y — Oquutdy o (uF) tut

—uu* 0 dgo (u)'ut 0 s+ Jguurds o (uF) tu!
= [hodyoh™,0,] — [ho s o h™', 05
= [0a + h(0ah™"),04) = [05 + h(Dsh™"), D5]

= (e, B) = 0a(h(0ah™")) + 0(h(Fsh™")).

By polar decomposition we can always write
u = pv,

where p is self-adjoint and positive definite and v is unitary. Then we get h = p?.
If we are given a solution («, ) to the complex equation, we now want to find h

self-adjoint and positive such that

pr(a, ) = Oa(h(0ah™)) + 05(h(9sh~")) = 0.

This will then imply that the complex gauge transformation u = h'/? takes (a, 3)
to a solution of the real equation. As observed above, any solution to the complex
equation is gauge-equivalent (under a complex gauge transformation) to a solution

with a = 0 and [ constant. This implies

pi(0, 8) = =16, 57,

and the equation we want to solve becomes
—[8,8"] - —(hh Y =8, h[p7 h7] = 0.
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A little manipulation gives

d

S — (3,8 =0,

or more explicitly
hh™t + hi ™t — [3,h3*h '] = 0.
Thus, the solution theory of this equation will answer the question of existence. To

treat uniqueness, we start with (o, 3) solving both equations, i.e. a genuine solution

to Schmid’s equations, and we have to study the equation
~0a(R(0u™")) + 05(h(95h™")) = 0.

Expanding this yields a more explicit form:
d, . :
—&(hlfl — ha*h ™' — ) — [, k™' — ha*h™Y] — [B,h3*h ] = 0.
Recall that our gauge group consists of gauge transformations that are equal to the
identity at the endpoints of the interval. So the uniqueness question actually yields
a boundary value problem. We have to require that h(0) = k(1) = id. Now suppose

that we have a one-parameter family
B(s,t) = exp(&(s, ), h(0,8) = id,

We wish to compute the linearisation of the above equation. We denote the so-
obtained linear operator by L. Write £ for the partial derivative of £ with respect to
s at s = 0. We want to compute L, that is,

d, . d, . .
Lg = —leo((=hh™ +ha'h™ +a) = [a, hh™" = ha*h™"] = [3, h3"h ™))

= & —[a" &)~ [0 €]+ [0, €] = o [o", €T + 18,67, €.
Writing o = Ty — iT7 and 8 =T, + i13, we obtain
Lg = & —[a¢] - [o" &)+ [ €] —[a, [, &) + 5,67 €]
= &+ [T0, &) +i[T, &+ [Ty + T, &) + [Ty — iy, €] + [Ty — iTy, [Ty + 4T3, €]
— [Ty + T3, [T5 — iT5,¢]]
= &+ [To, ] = il[T, T3], €]+ 2[Ty, €] + [Ty — i3, [Tp, €] + 1T, €]
—[T5 +iT3, [T, ] — i[T3,{]]
= &+ 2To,€) + [1,€] + [To, [To, ] + [T, [T, €] = [T, [T, €] = [T, [T, €.
That is, if h(s,t) solves the uniqueness-equation for all s, then & defines an element

of the degeneracy space at 7 = (T, T1,T3,73). We sum up this observation in a

proposition.
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Proposition 3.5.5. Away from the degeneracy locus, there is only a discrete set of
solutions to the uniqueness-equation. The linearisation of the uniqueness-equation is
the degeneracy equation. And so the degeneracy space can be thought of as the tangent

space to the space of self-adjoint solutions to the uniqueness-equation.

Of course, there may be obstructions to producing a genuine solution of the
uniqueness-equation from an infinitesimal one. So the proposition only says, that
if we have a solution to Schmid’s equations that admits a smooth family of complex
gauge transformations leaving the equation invariant, it has to be contained in the
degeneracy locus. So away from the degeneracy locus we expect at most a discrete

set of complex gauge transformations that preserve the full Schmid equations.

Remark. When studying the uniqueness equation we start with a solution (a, 3) to
the real and the complex equation, apply a complex gauge transformation, u say, and
require that u.(c«, ) should still solve the real equation. We view this as a condition
on the self-adjoint gauge transformation h = wu*. Note that the real equation is
invariant under unitary gauge transformations, i.e. if u is a solution, then vu is also
a solution for any unitary gauge transformation v. Since we can diagonalise h by a

lis diagonal, we may, after replacing u by

unitary gauge transformation v, i.e. vhv™
vu, assume that h(t) is diagonal when trying to solve the uniqueness-equation. In the
future, we hope to provide a more explicit analysis of the uniqueness-equation in the

su(2) case.

3.5.2 Product Structures

In this subsection we investigate to what extent we can identify the Schmid moduli
space as a parakahler quotient in the spirit of our discussion of paracomplex Kirwan
theorems earlier in this thesis. As a first step, we identify the configuration space A
equipped with the product structure S as a paracomplex, in fact parakahler, manifold.
Let

B:{%+A\A:U—>u(n)}

be the space of unitary connections on the interval U. Then

T*B:{(%+A,B) A, B U — u(n) }

Proposition 3.5.6. The map P : (A,S) — (I"B x T*B,1 & (—1)) given by
d d d
P(d_t +To, Th, 12, T3) = ((d_t +To + 1o, 11 + 1), (E +To — 1o, 11 — T3))

s a diffeomorphism respecting the product structures.
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Proof. 1t is straight-forward to compute the derivative of P at a point 7 € A. 1

I

can be represented by the following 4 X 4 matrix acting on TrA = C®(U, g)*
T(T*B) & T(T*B),

1
0
-1
01 0 -1

The product structure S'is given in this notation by

0 0

o

=N
S = O
[u—

dP =

e}

S:

o O O =
o O =

0
1
0

_ o O

As 2 x 2 block matrices we may write

dp = G _11) S — ((1) é) 1@ (1) = (é _01)
Then it is straight-forward to check that
dPoS=(1®(-1))odP.
O

Now P is not just a diffeomorphism. We observe that it intertwines the symplectic

form w; and the standard symplectic form on T*B x T*B.

Proposition 3.5.7. Let Q2 = wp«p & wr«p be the symplectic form on T*B x T*B
formed by adding together the standard symplectic forms on each of the T*B factors.
Then

wr = P*Q.

Proof. wy is given by
WI(X, Y) = _g(X()a}/i) + g(XlaYb) - g(XQa}/E’)) +g()<37}/2)a

where X = (X, X1, Xo, X3),Y = (Y0, Y1, Y2, Y;) € T A are two tangent vectors. The

symplectic form €2 is given by
UZ,W) = g(Zo, Wh) — g(Z1, Wo) + g(Z2, W3) — g(Z3, Wa),

with Z = (Zo,ZhZQ,Zg),W - (Wg,Wl,WQ,W3> S T(T*B X T*B> = T(T*B) ©®
T(T*B). Now dP maps a tangent vector X on A to a tangent vector Z on T*B x T*B

of the form
Z = (Xo+ X0, Xi + X3, Xo — Xo, X1 + X3).
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Plugging Z, W of the above form for some X,Y tangent to A into the formula for €,

gives the desired result, i.e.
QZ,W) =w(X,Y).
O

In the co-ordinates on B x B, Schmid’s equations are then equivalent to the system

d
— + A, B = 0
|:dt+ 1, l:|

d
— + Ay B = 0
|:dt+ 2, 2:|

Al +A2),A1 — AQ} + [Bl,BQ] - 0

The T;’s can be recovered from a solution to this system via

Ay = T+ Ty
Ay = To—T,
By = T1+1T;
By, = Ty —Ts.

In analogy to the situation of complex structures, we may view the first two equa-
tions above as a single “paracomplex” equation and the third equation as the real
equation. Note that clearly the paracomplex system is invariant under paracomplex

gauge transformations, i.e. elements of G x G acting componentwise:

d d
(u1,us). (— + A, Bi) = (— + ui_lAiui + u;lui, u[lBiui)
at 1 \di

i=1,2
This allows us to construct the following map. Let us consider the moduli space B’

of solutions to the Lax equation

d
— 4+ A B{|=0
[dt+ 1, B1]

modulo the group Gy of gauge transformations equal to the identity at the endpoints
of the bounded interval U.

If we have a solution (Aj, By) and apply a gauge transformation u € G (not
necessarily satisfying the boundary conditions of Gyg) such that u™'Ayu + v = 0,

ie. A = —tu~!, then we see that v~ !Bu has to be constant. Thus any solution
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is gauge equivalent to a solution of the form u.(0, B), with B € u(n) constant and

u € G. This shows that we have a surjection
B — U(n) x u(n), (A, B) — (u(1), B(1)),

where again u is the unique gauge transformation that gauges away A and satisfies
u(0) = id. This map is injective modulo Gyp. We may view B’ as a symplectic
quotient of T*B by the action of the group of gauge transformations that vanish at
the endpoints of the interval U. In fact, it is straight-forward to check that this map
identifies B’ and T*U(n) as symplectic manifolds. By applying this map on each factor
of T*B x T*B and composing with the map P from above, we obtain a map from the
moduli space of solutions to Schmid’s equations to 7*U(n) x T*U(n), intertwining
the symplectic structures w; and 2.

So in order to identify the moduli space Mg, as a paracomplex quotient, we
would like to prove that for any solution (A;, B;) to the paracomplex equation there
exist gauge transformations (uy, us) such that (A}, B]) = (u;.A;, u;.B;) solves the real
equation. A natural first step is to fix a gauge in which the equations become simpler.
Note that the gauge transformations u; and us are independent.

We use uy to gauge away As so that B =: B is therefore constant. Then u; has

to solve the second order equation
A" +[B},B] = 0.

More explicitly,

d
E (uflAlul + Uilul) + [uilBlul, B] =0.

Hence, if we want to identify the moduli space as a paracomplex quotient, we have
to know to what extent a solution to this equation is unique. This is a question we

would like to answer in the future.

3.6 Explicit Solutions

We have seen above that Schmid’s equations form what is called an integrable system.
There is no precise definition what this actually means, but there are some recognis-
able key features. The equations can be put in Lax form and we have proved that a
solution defines a linear flow on the Jacobian of the spectral curve. In other words,
we have translated the problem of solving this non-linear system of ordinary differ-

ential equations into a linear one in complex algebraic geometry. Since the solutions
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are described by curves on the Jacobian of the spectral curve they are, at least in
principle, expressible in terms of #-functions. Therefore, we might hope that at least
in some fortunate situations we could be able to construct explicit solutions in terms
of classical special functions.

In this section, we will see that this is possible and hence produce new examples
of explicit solutions to Schmid’s equations satisfying certain additional symmetry
conditions. Our method will work in principle for any simple Lie algebra and we
carry it out explicitly to obtain solutions with values in su(n). We have seen above
that SO(1,2) acts on the moduli space of solutions to Schmids equations and that
we always have a map ¥ from the moduli space of solutions to Schmid’s equations
modulo the action of G, to the set of self-adjoint traceless endomorphisms of RY2.
If W(7) is diagonalisable by an element A € SO(1,2), we see that at every point the

matrices in A7 are mutually orthogonal in g.

3.6.1 Review of the su(2)-Case

In the case of g = su(2), which has been completely worked out by Matsoukas in his
thesis [48], this observation allows us to simplify the equations substantially. As a
vector space su(2) is three-dimensional. Thus, if we have a solution 7 to Schmid’s
equations with Ty = 0 and the other 7; mutually orthogonal, the equations imply
that the directions of the T;’s are constant in time. We may therefore assume that
the T; are of the form

Ti(t) = fit)oy  i=1,2,3,

where {01, 09,03} form a standard orthonormal basis of su(2). Schmid’s eqations

then read
A = —fofs
fo = fifs
fs = fife.

The general solution is given by
fi(t) = kDsng(Dt+ C)
fa(t) = kDcng (Dt + C)
f3(t) = —Ddng(Dt+ C),
where D and C' are arbitrary real constants, k € [0,1], and sng, cng and dng are

the Jacobi elliptic functions. Our main reference for the definitions and properties of

special functions is [59].
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3.6.2 Solutions with Cyclic Symmetry

We now wish to construct explicit solutions with values in Lie algebras of higher rank.
We do not hope to solve the full equations in this case, but we may obtain explicit
solutions in terms of classical special functions if we require that our solutions should
be invariant under some discrete group of symmetries. For the solution of this problem
in the Nahm case, see [32], [12]. Recall that we have an action of PSL(2, R) = SO(1, 2)
on the moduli space of solutions to Schmid’s equations. We are looking for fixed points
of this action. From now on, we will always fix a gauge such that T, = 0. Consider
an element A € SO(1,2) of the form

1 0 0
Ag=1 0 cosf —sinf |,
0 sinf cosé

for some 0 € 27Q. We wish to characterise solutions invariant under Agy. So let
7 = (T1,T3,T3) be a solution to Schmid’s equations. 7 is invariant, if there exists a

gauge transformation u € Gg., such that
Ag. T =u.T.

Observe that applying the gauge transformation u will in general make the Ty-term
in u.7 non-zero. We wish to translate this criterion therefore into a condition on the
spectral curve associated to 7 which, as we have seen, is invariant under arbitrary
gauge transformations, even if they do not satisfy the boundary conditions of Gg.y,.
The spectral curve is defined as the vanishing locus of the characteristic polynomial
of T'= (Ty +iT3) — 2CT, + (*(Ty — iT3). Now the matrix Ay will act on T + iT3 via
multiplication by e? and will leave T} unchanged. Thus, the spectral curve of Ag. 7T

is given by

0 = det(n+ e (Ty +iT3) — 2¢T) + CCe (T, — iT3)) =0
= det(e?(e™n 4 (Ty +4T3) — 2e7CT) 4 C2e™2(Ty — iTy)))
= (e det(e™n + (Ty + iT3) — 2 CT, 4 e 2(Ty — iTy)).

Thus, we arrive at the following observation.

Lemma 3.6.1. Let T be a solution to Schmid’s equations with spectral curve P(n, () =
0. Then the spectral curve of Ag. T is given by P(e™"n,e () = 0.
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We conclude that a solution 7 is cyclically invariant if and only if the P(n, () and
P(e7n,e7"¢) define the same curve. So if we look for solutions which are invariant
under Ay , where 6,, = 27 /n, then the non-zero terms in the polynomials defining
their spectral curves have to be of fixed degree kK modulo n. Since the leading term of
P(¢,n) is of degree n, the only such k can be n itself. Thus, all non-zero terms in P
have to be of degree zero modulo n. What can we say about the cyclically symmetric

curves?

Proposition 3.6.2. S = {P({,n) = 0} is cyclically invariant if and only if P is of
the form
n—1
P(Cn) ="+ > ail'n" " + (=1)"b + b,
i=1
where b € C, a; is real if 1 is even, and purely imaginary if © is odd. In particular, if
b # 0 then the quotient curve S/C,, is smooth of genus g(S/Cy) = (n —1).

Proof. This is just the reality condition satisfied by the spectral curve observed earlier
together with the invariance assumption. b # 0 implies that the point (¢,n) = (0,0)
does not lie on S and hence the action of C,, is free on S. The genus of the quotient

curve can then be obtained from the Riemann-Hurwitz formula:

Xs = NXs/c,-
We have seen earlier that g(S) = (n — 1)? and so we get
2—2(n—1)>=n(2-29(5/C,)),
le.
—2n? + 4n = 2n — 2ng(S/C,,).
Hence, g(S/C,) = n — 1, as desired. ]

We will see that in fact more is true, see [12]. Write b = [b|e’*. We have seen that
acting by € on a solution 7, corresponds to transforming the polynomial P(n,()
defining the spectral curve to e P(e~"n, e~"(). Thus, after applying an auxiliary
rotation by 0 = a/n, we may assume that b is real. Then the equation defining the
spectral curve may be written in the form

n—1

P(Cn) =n"+ > ai{'n" " +b(=1)" + ¢*").
=1
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Now consider the C,-invariant quantities

z=n/C w = b(".

These give co-ordinates on the quotient curve S/C,, and we want to derive the equation
satisfied by them, i.e. the equation of the quotient curve. In these co-ordinates, after

multiplication by (7", the equation of S reads

n—1
$ g g PED
n in—z e :O‘
z —i—iZIaz +w + 7
Now putw:u?—bZ(_Tl)n. Then we may write
b2( 1)77, n—1 2
2 ~ - 2 2 — 2
= —— ) = (=)™ * = | 2" 2T — (=1)"4b".
w? = (i + = — (1) <z+§i:1jaz ) (-1)

So we arrive at the following proposition.

Proposition 3.6.3. After a rotation, the quotient curve by the C,-action of the
spectral curve associated to a cyclically symmetric solution T is hyperelliptic. That
is, S/C,, is defined by a equation of the form

Recall that we have an anti-holomorphic involution acting on the spectral curve
with fixed points. In an earlier section, we have observed that the real points are

given by points (¢,n) on the curve of the form
(Com) = (¢ iac”),  a€R.
Now since C,, acts as multiplication by e?*, we come to the following proposition:

Proposition 3.6.4. For a C),-invariant solution, the real curve inside the spectral
curve is preserved by the C,-action. So if the spectral curve has cyclic symmetry, the

real curve is also cyclically symmetric.

Our aim in this section is to produce explicit solutions, which are invariant under

the cyclic group C,, generated by Ay, .

Example. We revisit the case g = su(2). Let

1( -0 C1{0 -1 CL(0
=500 ) 273\1 0 )0 %73\ 0
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Then Matsoukas showed that up to the action of SO(1,2) and G, the solutions are
given by T; = f;0;, where ¢+ = 1,2,3. We compute the spectral curve of such a

solution. In this case we get

T = f20’2 + ing'g - 2Cf10'1 + <2(f20-2 - ing'g).

And a direct computation gives

det(n + 1) =" + %(2ff + I3+ £+ i(fi — 50+,

So this solution is invariant under the cyclic group generated by Ay,. Therefore, we

get the following corollary of Matsoukas’ analysis of the su(2)-case.

Corollary 3.6.5. Any solution to Schmids equations with values in su(2) may be

gauged and rotated into a solution with Cy-symmetry.

We will now rewrite this ansatz in a slightly different form, in which it will gener-
alise to arbitrary compact simple Lie algebras. Namely, consider the complexification

of su(2) given by sl(2,C). This has a standard basis of generators given by
0 1 0 0 1 0
E1<O 0)7 Fl(l 0)7 H1(0_1)7
satisfying the standard s[(2, C) relations
[HhEﬂ :2E17 [H17F1] :_2F17 [ElaFl] :H1~

Define
Hy = —Hj, Ey = F, Fy = F;.

Then they satisfy the same relations. Now make an ansatz as follows:

Ty(t) = §Zpi(t)Hl-

) = —5 D a)(Ei- F)
T = 5w+ F)

where the p; and ¢; have to be real-valued functions in order to make the T; unitary.

In fact, we are just rewriting Matsoukas’ ansatz with f; = p1 — po, fo = ¢1 — ¢o and
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f3 = qo + ¢1. Then these satisfy Schmid’s equations if

P—Do = @G —q
G—d = (p1—po)(1+ q)
Gi+dg = (p1—po)(a1— q)-

Subtracting and adding the second and third equations, we arrive at

P1L—Po = q% - CI%
@ = (p1—po)q
o = —(p1—Dpo)go,

which yields, upon rewriting ¢; = 2log ¢;,

g}éo = —2e%0 4 2¢M
g}gl = 2% — 2¢%1,

This can be written in the form

o) _ [ 2 -2 %o
b ) -2 2 e )
9 _
-2 2
5[(2,C), and the equations are the affine Toda equations for the Lie algebra sl(2,C),

except that in our situation a minus sign appears on the right-hand side.

Where we recognise K = as the generalised affine Cartan matrix of

Consider the two-sheeted cover of the unit circle given by the fixed point set of

the anti-holomorphic involution and recall that the real curve is parametrised by

(¢m) = (e, */D /A + 2B cos(26)).
We can now read off from above that

A=SQE+B+A), B=1(-A)

The Cy-action (¢,1) — (—(,—n) sends the point (¢?, e!®*7/2) /A 4+ 2B cos(26)) to
(eitFm) eiO+mEm/2) /A + 2B cos(20)) = (el el6+mEm/2) | /A + 2B cos(2(0 + 7)),

and so preserves each of the two sheets. Notice moreover, that the real curve is

exactly given by SN {(¢,n) | |¢| = 1}, i.e. all points above the fixed circle in CP' are

real.
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We now wish to extend this example to higher rank Lie algebras. In our con-
struction we adapt Sutcliffe’s ansatz for cyclically symmetric solutions to Nahm’s
equations [55]. So let g be a compact simple real Lie algebra of rank n and let g© be
its complexification. Denote by b the Cartan subalgebra of g©. Let ® be the associ-
ated root system and choose a set of positive roots, ®* and let A = {ay,...,a,} be
the set of simple roots. We can then find a set of Chevalley generators for g, i.e. to

each simple root «; we associate a triple (E;, F;, H;) € ga, X §—a; X b, such that

[Ei, B3] = 0 Hj,

[Hi, Ej] = CjiE;,

[Hi Fj] = —CyF,
ad(Ey) "9 Y(E;) = 0, whenever i # j
ad(Fy) "9 (Fy) = 0, whenever ¢ # j,

where Cj; = (< a;, o >) € Mat(n, Z) is the Cartan matriz of g°.

Now the affine Lie algebra associated to g is given by extending the root system
of g by a set of generators asscociated to the imaginary root oy = —> " | a;q;,
where § = """ | a;a; is the highest root of g, i.e. we add in the associated co-root
Hy=—>"" ¢H;, Ey € go, and Iy € g,, such that [Ey, Fy] = Hy. Then we will again
produce an analogous set of relations, but we have to replace the Cartan matrix C' by
the generalised Cartan matrix K € Mat(n + 1,Z), from which C' may be recovered
by erasing the O-th row and column.

However, while C' was positive definite, K is only positive semi-definite and so the
resulting affine Lie algebra associated to g is infinite-dimensional. It can be realised
as a certain extension of the infinite-dimensional Lie algebra of Laurent-polynomials
with coefficients in g. For details on the theory of both finite-dimensional and affine
Lie algebras we refer to [14].

With this technology introduced, we can now write down our ansatz for Schmid’s

equations with values in a general compact simple Lie algebra.

L) = —5 > a)(E~F)
Tt = 5> alO)(F+F)



Then imposing Schmid’s equations gives the following relations:

Ty =—[T), T3] = Z]%Hz‘ = ZQ?Hm

Ty =151 = quE F;) ———Zquj Kiy(E; — F),
t,j=0

Tg = [TI,TQ] — ZQI(E +F — = Zquj Z](E +F)
zg =0

Bearing in mind the definition of Hy, we read off the following set of equations

pi_cipo = qz_czqg i:]-a"wn?
. 1 .
q; = _(§ZKUPJ>% ’L:O,...,TL.
7=0

Writing ¢; = 2log ¢;, this can be rewritten as

n
> Kip; = ZKZJ - —Po)) = — > Kij(e” — ¢;(e™ — po)),
j=0 5=0
where we set ¢p = 1 to give sense to the last sum. In general, this does not allow
further simplification. However, if we suppose that the matrix K is symmetric, then
general theory implies Z?:o K;jc; = 0, where we again take ¢y = 1, see for example

[T4]. In this case the equations become

n
- _ Z Kijed)j,
=0

and are therefore (up to the sign) equal to the affine Toda equations. In the Nahm
case the above ansatz yields almost the same equations for the ¢;’s, except that we
have to replace the minus-sign with a plus-sign, [55]. We check, that this ansatz
actually produces solutions with cyclic symmetry in the case g = su(n). A simple

direct calculation shows that we have in this case

T =Ty + Ty — 2Ty + CH(Ty — iTs) = Z ¢ (E F}) —ip;CH;.

Proposition 3.6.6. For g = su(n), the spectral curve associated to a solution to

Schmid’s equation coming from the above ansatz is cyclically symmetric.
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Proof. Indeed, for su(n), which has rank n — 1, we are dealing with a symmetric
Cartan matrix and so the above discussion applies. Let {a; | i = 1,...,n — 1} be
the standard simple roots. The highest root € is given by 6 = >, ;. We choose the

simple co-roots H; and the associated FE;’s and F;’s for su(n) in the form

0 0 0 0
0 0
EL — 1 0 ’ l%':: 0 1 ::}QT’
0 -1 0 0
0 0 Ce ] 0 0 . .- 0

where ¢ = {1,...,n—1}. That is, the ki-th entry of H; is given by 63;01; — 0k,i+101,i+1,
while E; has as kl-th entry 0y;0;,+1. For ¢« =0, we get Hy = — Z?:_ll H; and so

10 --- ) 0 0
o 0 -.. o 0

Hy, = , Ey = =F
: 0 0 0
O O O 1 1 O o o e S O

We want to compute the characteristic polynomial of the Lax operator T' = Z;L:o q;(E;—
C?F}) —ip;CHj, i.e. the determinant of the matrix 4+ 7', which is given by

pti - @ 0 - 0 06
—q1 2 ntilpz—p)¢ @ 0 .- 0
0 —q2C? e 0 :
) . 0
T =
0
O T gn—1
" 0 e 0 —n_1C* n+i(po — pn_1)C

This is a tri-diagonal matrix with corners, and there is a general formula for its
determinant, a proof of which can be found in [50]. Explicitly, the formula reads in

our situation

det(n+71') = (—1)n+1(1:[ qi(14+(=1)"¢*")+tr <H (77 + (pn—i—ibl — Pn-i)C qulﬂéﬂ)) 7
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where the indices are to be taken modulo n. Now an easy induction shows that

tr (ﬁ <77 + (pn—i-i-ol — Pn—i)C qg_ilﬂcz>>

i=1

is a polynomial in (7, ¢) such that all non-zero terms are of degree 0 mod n, whenever
n > 2. O

Having introduced this ansatz, it is an interesting question to what extent it
is complete, i.e. can we obtain all cyclically symmetric solutions from it? It is
known in the Nahm case, that an adapted version of the above ansatz gives all
cyclically symmetric monopoles. We therefore conjecture that this might be also true
in our situation. However, in order to prove this, we lack a bit of extra information.
Since in the Nahm case the solutions corresponding to monopoles have poles at the
endpoints of the interval on which they are defined, such that the residues form the
standard irreducible n-dimensional representation of s[(2, C), the action of C,, has to
be modified in order to preserve these boundary conditions. An element w € C,, acts

on a triple of Nahm matrices 7 = (T3, Ty + iT3) via
w.T = u(w) T, w(Ty + iTs))u(w),

where u(w) is a gauge transformation such that «(0) = w(1) is the image of w under the
irreducible representation. Viewing 7 as taking values in R®*®su(n), Hitchin, Manton
and Murray [32] have determined this action of SL(2, C) in terms of irreducibles. Then
using a theorem of Kostant, Braden in [12] was able to deduce that u(w) has be of
the form

n—l)

u(w) = diag(1l,w,w?, ..., w" ),

from which it follows that 7 is obtained from the above ansatz. In our situation we
are lacking this extra bit of representation theoretic insight, but we still believe that

the ansatz should yield a large class of cyclically symmetric solutions.

27

Conjecture 3.6.7. Let w, = e and let T = (Ty,T1,T2,T3) be a solution to
Schmid’s equations with cyclic symmetry, i.e. there exists a gauge transformation
u such that

u I Tu+utu=T, w'Tu=T  uw (Ty+iT3)u= w, (T +iT3).

Then T is gauge equivalent to a solution obtained from the above ansatz.

125



A strategy of proof could be as follows. We diagonalise u by some other special

unitary gauge transformation v:
_ ~1
u=vDv ",

where D € su(n) is diagonal. Thus, since the SO(1,2) action commutes with gauge
transformations, we may assume without loss of generality that wu is itself diagonal,
i.e. u = diag(e”, ..., e?), such that detu = 1. Let {H;, F;;} be the standard basis
of sl(n, C), i.e. the (ij)-th entry of E;; is 1 while all the others are zero and H; satisfies
(H) ki = 0ir0is — 0ix1%0i11,, where i ranges over 1,...n — 1. Then we may write

Ty +iTs =Y aiEij+ Zb H;.
i#j

Now u acts on Ty 4 T3 by conjugation and satisfies therefore

u.(Ty +iT3) = Zaw (0:=05) +ZbH

On the other hand, by assumption this should equal w(7Ts+iT3). So we conclude that
bj=0 foralli=1,...,n—1, e%=%5) — o for all 4, j such that a;; # 0.
Expanding 77 in the same fashion, i.e.
T = Z i’V By 4 Z d;H;,
irj i
and using the condition that w.Ty = T}, we obtain
0; = 0; for all 4, j such that ¢;; # 0.

We want to show that u(t) = e/®diag(1,w,w?,...,w" "), which would imply the
claim. However, it is not clear how to proceed from this point. It is probably not
possible to prove the result in full generality, and one has to find an appropriate
regularity condition on the solution 7, to ensure that it is obtained from the above

ansatz.

Explicit Solutions in the su(n)-Case

In the case where g = su(n), we have a symmetric affine Cartan matrix, given by

2 -1 0 - 0 -1
-1 2 -1 0 - 0
0 -1
K= :
0
0 ~1
-1 0 1 2
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and thus the above construction gives
éi:e¢i+1+e¢i‘1—26¢i 1=0,1,...,n—1,

where the indices are taken modulo n. Writing f;(t) = e*® — 1, we obtain the

following system:
2

1 log(1 + f;(t)] = fi+a(t) + fi-1(t) — 2f;().
To solve this, we need an elliptic functions identity, the proof of which is based on
the proof of a similar identity that can be found in chapter 4.7 of [56].
Lemma 3.6.8.

d2
—log [ dn3(t) — 1
dt2 0g ( nk( ) + snk(v)

Proof. We first prove a simpler identity, from which the lemma can then be deduced

> = dnj(t + v) + dng(t — v) — 2dni(t)

by an integration trick.

Lemma 3.6.9.

2
)12t
Proof. We have the following addition formula for the function sny:
sy (t)eng (v)dng (v) £ sng(v)eng (t)dng(t)
1 — k2sn(t)sn2(v) '

sng(t £v) =

Therefore,

st (t)eng (t)dng (t)sng (v)eng (v)dng (v) |

Sni(t +v) — sni(t —v)=4 (1 — 2sn2 (£)sn2(0))?

Moreover, from the relation Lsng(v) = cng(v)dng(v), it follows that

d o
&snk(z}) = 2sng(v)cng (v)dng(v).
Thus,
isnk(t)cnk(t)dnk(t)snz(v) _ 4(1 — k?sn? (t)sn? (v))sny(t)ceng (£)dng ()sng (v)eng (v)dng (v)
dv 1 —Kk2ZsnZ(t)sni(v) (1 — k?snj(t)sng(v))?

)
4kQSnk(t)cnk(t)dnk(t)snk( v)sn (t)sng(v)eng (v)dng(v)
(1 = K2sni(t)snj(v))? '

The terms involving k? cancel and so we arrive at

d sny(t)eng(t)dng(t)snz (v) _ 4snk(t)cnk(t)dnk(t)snk(v)cnk(U)dnk(v)

dv 1 — k2sn(t)sn2(v) (1 — k2sni(t)sni(v))?
= sm(t +v) —smi(t —v),

as desired. O
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Using this, we can now prove the lemma. First note that 1 — dn(t) = k%sn?(t).

Therefore, we may rewrite 1 — k?sn2(¢)sn: (v) as

1= k2sn () (v) = sn(v) (snzl<v>

—1+ dni(t)) :

Multiplying the identity from the lemma by k? and using again that 1 — dn} () =
k%sni(t), we get

A2t — ) — dud(t + v) = 242 Selene(t)dni (1)

dv <Sn£(v> 1+ dHZ(t)) |

Now integrate this with respect to v and define the function

t
Ek(t):/ dn? (u)du.
0
This gives

2 SN (t)CIlk<t)de(t)

Ek(t—v)—l—Ek(t—i-U)—QEk(t) =2k .
(Wl() —1+ dni(t)>

Now note that, since £dnj(t) = —2k?cny(t)sny(t)dny(t), we can write
Ep(t —v) + Ex(t +v) — 2E,(1) d, ! 14 dnj(t)
-0 v) — =—log| —5—— n .
b F b ar 8 sn2(v) k
Taking derivatives with respect to ¢ on both sides then finishes the proof. O

With the identity (?—:2 log <dn2(t) -1+ m> = dni(t +v) +dni(t — v) — 2dni(t)
at hand, we may now write down explicit solutions for our system
42
3z log(L+ ()] = fia(8) + fi-1(t) — 2£;(2).
We observe that the right-hand side of the equation does not change if we add the
same constant to all the f;’s. Let K denote the complete elliptic integral of the first
kind. We know that on the real line dny is periodic with period 2K. So we take an

ansatz for f; in the form
2K
fi(t) = dng(t ti -+ C)+ D,

where C, D € R are constants. We see that if we put D = m — 2, then the
k
equation we want to solve is transformed into precisely the identity just proved. Recall

that by definition we have f; = % — 1 = q? — 1. Thus,

24) = f, — a4 2K L
G0 = ) + 1= dui(t 4575+ C) o+ s L
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Note that since dnj(t) = 1 — k%sn}(t), we may write ¢7(t) = —k?sni(t + j2& + C) +

m‘ The first term in this expression is always less than or equal to 1, whereas
k

the second term is always greater than 1. Hence, qu»(t) is non-zero for all t. So, we

may take the square root and obtain a smooth function

= a2+ 28 -

To compute the p;’s, our general ansatz for su(n), that is, we put ¢; = 1 for all j,
gives
pi—Po=q; — G-
We can integrate this directly:
9 9 2K
pi(t) —po(t) = q;(t) — qo(t)dt = Ex(t + I +C) — Ep(t+O)

2jE  CE
_+_

2K
= Zk(t—f—]'?—f—C)—Zk(t-f—C)'f‘ K

where E is the complete elliptic integral of the second kind and Z(t) = Ej(t) — £¢
is the Zeta-function, which is periodic with period 2K.
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Chapter 4

Harmonic Maps

In what follows, we will investigate how the ASD equations on R%*? reduce, if we
require the solutions to be independent of z3 and x;. We will first consider the
equations on R? and show that on R? the degeneracy space at such a connection has
to be non-trivial. The equations can be written in a conformally invariant form and
we view them as the split signature analogue of Hitchin’s self-duality equations on a
Riemann surface [28], where the moduli space of solutions is known to be a smooth
hyperkéhler manifold. The main motivation for Hitchin to study the equations in [29]
was that solutions satisfying an additional triviality condition give rise to harmonic
maps from Riemann surfaces into the structure group G of the bundle on which they
are defined. General solutions to the equations correspond to harmonic sections of
flat G x G-bundles. Our focus in this chapter will be to study the moduli space
of solutions to the full gauge-theoretic equations, and we will only come back to
harmonic maps at the end of the chapter when we discuss harmonic tori arising from
Schmid’s equations.

If we try to carry over the construction of the moduli space from [28] to our
situation, we run into difficulties. Due to the change of signature, we are unable to
take advantage of Weitzenbock arguments, since the Laplacians in the deformation
complex are not necessarily positive operators. In general we will therefore not be able
to prove a vanishing theorem analogous to [I.2.18] However, if we look at solutions
with zero Higgs field, the signature does not play a role and we are just getting flat
unitary connections and in this case the vanishing theorem holds. Using the implicit
function theorem, we are therefore able to produce a smooth open set of irreducible
solutions with small Higgs field. On this open set we can study the hypersymplectic
geometry of the moduli space.

We also study the equations from an alternative viewpoint. Hitchin in [29] ob-

served that the equations can be interpreted as describing geodesics on the moduli
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space of connections, whose endpoints are flat connections. We then show that every
connection has a neighbourhood on which such geodesics are uniquely determined by
their endpoints. Thus, we may identify the above open set with a neighbourhood of
the diagonal in the product of the moduli space of flat connections with itself. And
it turns out that this local product structure is precisely the one corresponding to
the endomorphism S defining the hypersymplectic structure. Next, we investigate
the complex structures on the moduli space and show that these complex struc-
tures correspond to interpreting the moduli space as the moduli space of so-called
A-connections.

If we think of the equations as defining geodesics, we can relate the degeneracy
locus to the cut locus of the infinite-dimensional Riemannian manifold .A/G by observ-
ing that geodesics whose endpoints are conjugate must be contained in the degneracy
locus. We also observe that we have a circle action, which preserves the pseudokéhler
structure given by I, admitting a proper moment map.

Finally, we produce some explicit formulae for harmonic tori in S® by taking
Matsoukas’ solutions to the su(2) Schmid equations and viewing them as translation
invariant solutions to the harmonic map equations on R2.

The main background references for this chapter are [29], [28] and [30].

4.1 Rewriting the Equations on R?

In order to interpret the equations as a moment map and to be able to define the
moduli space of their solutions, we adjust our setting in a similar way as we did
when we considered Schmid’s equations. Let (E,h) — R*? be a trivial unitary vector
bundle of rank n. The configuration space Ay is given by unitary connections on
E whose connection matrices do not depend on z3 and z,. We view this again as
the subspace of the space A of all unitary connections on F that are invariant under
translations in the x3 and x4 direction. Since I, S,T are constant, they preserve Ay

making it into a hypersymplectic manifold with metric

4
R? 21

where X = 370 X;da; and Y = 377 Vida, are u(E)-valued one-forms independent
of x3,x4. The subgroup Gy C G of gauge transformations, that depend only on x1, x9
and converge to the identity as |z| — oo, acts on Apg. Its Lie algebra is given by

elements ¢ € I'(R*?, u(F)) depending on z1, x5 only and decaying to zero as |x| — oo.
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The action of Gy preserves the hypersymplectic structure on Ag, and its moment
map py is given by restricting the moment map associated to the action of G on A
to Ap. Thus, the zeroes of uy are the solutions to the ASD equations on R*? that

are independent of x3, x4,. We want to study the moduli space

M =y (0)/Gn.

To do so, we first use our Lax pair formalism to write down the equations in a
conformally invariant manner so that they make in fact sense on any Riemann surface
M. Then we look at our degeneracy condition. We use it to give a new interpretation
for Hitchin’s result, that for any Riemann surface M the hypersymplectic structure
on the My is everywhere degenerate in the case M = R2.

Observe that as we require the solutions V = d + Z?Zl A;dz; to be independent

of x3 and x4, the ASD equations become

Vi, Vo] = —[A3, A4
Vi, As] = —[Va, A4
[Vl, A4] — [VQ, Ag]

In Lax pair form this reads
The coefficients of 1, ¢, ¢? all have to be zero and give the following system:

V1 —iVa,i(As+iA4)] = 0
Vi —iVy, Vi +iVy] + [A3 —iAy, A3 +iAy] = 0
(V1 +iVa,i(As —iAy)] = 0.

We interpret V = d+ A;dz; + Asdxs as a connection on R? 2 C and ¢ = As, o = Ay
as two auxiliary fields, which we use to define the u(£) @ C-valued (1, 0)-form

O = i(¢) — ige)dz = ¢dz,

called the Higgs field. Here we use the standard coordinate z = x; + ixs. Then the

last two equations are equivalent to the system

RY = [® A 7] (4.1)
oV = 0. (4.2)
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The first equation becomes 0 = 9V®* = (GVP)* since V is unitary and ® takes
values in u(£) ® C. Thus, the Lax pair equations are in fact equivalent to these two
equations. The second equation says that ® is holomorphic and the first one is a
non-linear equation involving the curvature of the connection.

In this form, the equations are conformally invariant and so make sense on any
Riemann surface. The Lax equation is then equivalent to (after factoring out a factor
i on the right hand term in the bracket)

[0Y + (0, —¢" +¢0"] =0,
or equivalently

[0V +¢p,0Y = (T1¢*] = 0.
This says that the connection

V=V +(D - (1o

is flat for all ¢ € CP'. If || = 1, then V¢ is in addition unitary, since then ¢ = e
and so €?® — e~9®* is skew-adjoint. Thus, choosing ( = +1, we can associate a pair

(V*T,V7) of flat unitary connections to a solution (V,®) given by
Vi=V+ - 9" V- =V-2o+ 9"

This pair of flat connections establishes the link to harmonic maps: On R? every flat
connection is in fact trivial. So we obtain two global unitary trivialisations of the
bundle E on which they are defined. These two frames are then related by a unitary
bundle automorphism

u: M — U(E) = U(n),

where n = rkE. In other words, u is a gauge transformation gauging V* to V™:
uw AV u = 2(® — ),
which in the trivialisation defined by V* reads
utdu = 2(® — ).
The relation dV" % (& — ®*) = 0 then gives
d*u'du =0,
i.e. w is a harmonic map into U(n).
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4.1.1 Degeneracies

We now show explicitly that, if we consider the equations on R? C R?? formally as
ASD equations on R?? as in , then the hypersymplectic structure is degenerate
at every point (V,®) of the moduli space. This result has been found by Hitchin in
[30]. We now restrict ourselves to R? and show that this fits well into our general
formalism introduced earlier, relating degeneracies formally to the ultrahyperbolic
wave operator associated to a connection on R*2?. We study the equations on R? and
for a solution (V,®) to the harmonic map equations the operator induced by the

ultrahyperbolic wave operator on endomorphism valued sections is given by
(@Y)*dY + (ad(1))® + (ad(¢2))”.

We will call this operator the split-signature laplacian associated to the solution

(V,¢). In real co-ordinates on R? our connections read

V+ = d + (Al + ¢2>dZL’1 + (A2 - ¢1)dl’2
V- = d + (Al - ¢2)d$1 + (AQ + gbl)de.

Since these two connections are flat and R? is simply connected, they must be trivial.
Now consider a tangent vector (B, 1) = (Bydx; + Bydxy, ¥ day +1hadxsy) representing
an infinitesimal deformation of the solution (V,¢) = (d + Ajdz; + Asdxs, podry —
¢1dxzy) on R? through solutions. Then the trivial connections V™ and V~ on R?
will remain trivial and hence change by infinitesimal gauge transformations &, &_,

respectively:

(B + 2)day + (By — hy)dzs, = dV'¢,
= dVE, + [podry — ¢rdmy, 4]

(By — p)dxy + (By +1by)day = dY &
= dvf— - [¢2d331 - ¢1d$2,57]-
From this, we obtain expressions for the B;’s and ;’s:

2(Bidzy + Bodwy) = dV(&4 + &) + [goday — drdas, & — &
2(¢odry — hrdag) = dV(&4 — &) + [godmy — grdws, &4 + E].
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We read off:

2B1 = dY (& + &) + [0, & — &) = AV (€4 +€0) +ad(¢2) (& — £2)

2By = dy (& +&) —[p1,& — &) =AY (& + &) —ad(d)(Er — &)

2y = —dy (& —E )+ d1, & +E ] = —dY (& — &) +ad(¢n) (€4 +£)

2py = AV (§r — &) + B2, & + ] = dY (& — &) + ad(g2) (&4 + &),
Therefore we obtain
2B = (dY (& +&) +ad(ee)(Ey — &)y + (dY (& + &) —ad(¢1) (&4 — €-))da

20 = (dY (& — &) +ad(g) (&4 + &) day — (—dF (€4 — &) + ad(¢) (4 +£-))das
—  X&+TE- 4 T X &€

Now we claim that £ = &, — &_ solves

DDy (€) 1= (dV)"dY(€) + (ad(¢1))*(€) + (ad(¢2))*(€) = 0.

Now we use the above equations for the B;’s and ;’s to express the derivatives of £

and get that this equals

DiDi(§) = dy (242 —ad(¢2) (& +€-)) — dy (21 — ad(61)(€+ +E-))
+ad(¢1)(2B2 — dy (&4 +&-)) — ad(¢2)(2B1 — dY (&4 +€-)),

which simplifies to

2(dY by — dY 1 + ad(¢1)(Bs) — ad(¢2)(B1)) + (—[dY, ¢o] + [dY, d1]) (€4 + £2).

Now we treat the two terms separately. The term with the commutators is equal to

zero, since (V, ¢) solves the equations. The other term

dYvhs — dy ¢ + ad(¢1)(Ba) — ad(¢s)(B),

is the linearisation of the equation dY ¢, —dy ¢; = 0 applied to (B, ), which vanishes
since by hypothesis B is tangent to ~1(0). Hence,

X+ e ToO N To O™,

And we see that £ = £, — &_ lies indeed in the kernel of the split-signature laplacian
on R? associated to the pair (V, ).

Remark. This is of course equivalent to the statement that if we consider the ASD
connection on R?? from which (V, ¢) is derived, then &, viewed as a section on R?2,

solves the associated ultrahyperbolic wave equation.
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4.2 The Hypersymplectic Setup for the Equations
on a Compact Riemann Surface

From now on, we will work on a hermitian vector bundle E of rank n over a compact
Riemann surface M. Since every compact Lie group may be embedded into U(n) for
some n, this is not really a restriction and our proofs should work for arbitrary vector
bundles with compact structure group.

Let M be a compact Riemann surface of genus g and let ' — M be a hermitian
vector bundle. Let A be the space of unitary connections on E. On A we have a
natural complex structure I given by the Hodge-star operator acting on one-forms on
M. Together with the L? inner product we get a Kahler structure on A, just as we

have seen in the 4-dimensional case earlier. Explicitly,
g(A,B):—/ tr(A A *B), TA = %A, w(A, B) :—/ tr(A A B),
M M

where in the definition of the Kéahler form w, we used that * is an isometry. We now
adopt a more complex geometric view point.

Since there are no (2, 0)-forms on a Riemann surface, we see that in fact any partial
connection defines a holomorphic structure on E. Moreover, any unitary connection
is determined by its (0, 1)-part. This is because for every form A € Q' (M, u(E)) we
have the basic identity

(AO,I)* — _Al,O‘
Thus, in the following we can equally well think of A as
A={0V:T(M,E)— Q" (M,E)} =0V° + Q" (M,u(F) @ C).
The Higgs-field lives in Q%°(M, u(E) ® C), and so the space we want to consider is
T"A=Ax Q" (M, uE)®C).
Here we used the map
A:CID»—>—27J/ r(® A —)
M

to identify
QM u(E)®C) = (Q" (M, u(F) ® C))*.

Under this identification the complex structure induced by the Hodge-star operator

is just multiplication by 4. Thus, we get for the complex structure
I(A, @) = (iA,iD).
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Under this interpretation of T*A the indefinite metric reads

g((A, @), (B,V)) =Re (2@'/Mtr(A* ANB—®A \IJ*)) :

Like on any complex cotangent bundle, we also have the canonical holomorphic sym-

plectic form w¢ given by

WE((A, ), (B, 0)) = A(T)(A) — A(®)(B) = 2i /M (@A B — T A A,

This clearly has type (2,0) with respect to the complex structure I. We now define
endomorphisms S and T of T(T*A) by taking the real and imaginary parts of w¥.
That is, we write

Wi = g(S—, =) +ig(T—,—).
We first note that Re(tr(® A A)) = Re(tr(A* A ®*)). Thus,

WE((A,®), (B, W) = 2¢/ tr(®AB— U AA)
= Re(Qi/ tr((I)/\B—\If/\A))—i—z'Im(Zi/ tr(® A B — U A A))

— (%, A%, (B, D)) + z’Re(2z'/ fr(—i® A B — U A (—iA)))
M
= g((®*,A"),(B,V)) +ig((i®*,iA™), (B, V)).
So we obtain two real structures S and 7' by

S(A, @) = (P*, AY) T(A,®) = (i®*,1A") = IS(A, D).
The gauge group acts on T*A and the vanishing of the moment map is given by the
harmonic map equations, which we can write again as a real and a complex equation,
explicitly
ps(V, @) = Ve =0,
pr(V,®) = RY —[®A®]=0.
We wish to characterise the degeneracy locus.

Proposition 4.2.1. An element (V,®) € T*A lies in the degeneracy locus if and
only if the kernel of DIDy is non-zero. Where Dy : T(M,u(E)) — Q' (M,u(E)) &
QY (M, u(E)) is the operator defined by the infinitesimal gauge action and D) de-
notes the adjoint with respect to the split signature inner product on Q'(M,u(E)) &
QY M, u(E)). This is a not necessarily positive, elliptic operator, given by

DD, (&) = (dV)"dVE + #[¢ A %[¢, &]],
where ¢ = ¢ — O*.
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Proof. We want to compute the intersection of the tangent space to a gauge orbit
with its orthogonal complement. We work with real co-ordinates, ¢ = & — ®*. The

fundamental vector fields of the gauge action are given by

Xio ) = AV, [6,€]) = (47, ad(¢)(€)) = Di&.

We compute the adjoint of D; with respect to the neutral inner product defined above.

Let (A,¢) € QY(M,u(E)) & Q'(M,u(E)). Then the adjoint is characterised by the

property
9(Di&, (A, 1)) = g(&§, DI(A, v).

The only thing we actually have to compute is the adjoint of ad(¢)(£) with respect
to the ordinary L? inner product. Let A € Q'(M,u(F)).

g2 (ad($)(€), 4) = — /M tr([6, €] A <A)
. / (96 — £6) A+ A)
— [ u(E(-+Ano- o)

So the adjoint is given by ad(¢)*(A) = — x ad(¢)(xA). With this we now compute
for &, ne N(M,u(E)):

9(Di&,Din) = g12(dVE,dVn) — grz(ad(4)(€),ad(¢)(n))
= gr2((dV)*dV¢ m) — gr2((ad(¢))*ad(9)(£),n)
= gr2((dV) dVE 4 %o A %[0, £]], ).

Thus, we conclude that D;£ lies in the orthogonal complement of the tangent space
to the gauge orbit through (V, ), i.e. in the kernel of DJ{ if and only if

(d¥)"dVE + (6 A x[o, €]] = 0.

Since ¢ is skew-adjoint, we get that the operator *[p Ax[p, —]] is self-adjoint with non-
positive eigenvalues. Hence, the self-adjoint elliptic operator (dV)*dV¢ + [ A %[, €]]

is in general not positive and might a priori have a non-trivial kernel. O]
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4.3 Two Applications of the Implicit Function The-
orem

In this paragraph we aim to show that the harmonic map equations admit solutions
with V close to being flat and with small Higgs field. This will be done using the
implicit function theorem in Banach spaces. We now work on a Riemann surface.
Thus, we require £ > 1 and consider the space 7*A;, of pairs consisting of a unitary
L3-Sobolev connection and a Higgs field ® € Q,°(M,u(F) ® C). On this space we
have the smooth Hilbert Lie group Giy1 = Li(M,U(E)) acting by

w.(V,®) = (V+utdVu,u ' du),
for u € Giy1. The fundamental vector fields of this action are given by
XE(V, @) = (d€, [@,¢]) = Di(€).
Here
D =dV @@, -] : T(M,u(E)) — Q"(M,u(E)) e Q"°(M,u(E)® C).

We consider T* A with its standard positive definite L? inner product and start by
proving a slice theorem analogous to theorem Note that again the centre
of U(n), i.e. constant gauge transformations of the form e?idy are contained in
the stabiliser group of any pair (V,®). We say again that a pair (V,®) € T is
irreducible if its stabiliser is equal to Z(U(n)) and define the reduced gauge group
G*=G/Z(U(n)). The Lie algebra of G* is given by I'(M,u(E))/iRidg.

Proposition 4.3.1. Let (V,®) € T* A} be irreducible. Then there exists a constant
e(V,®) > 0, such that if (V + A, ® + W) € T*Ap2 with [|A[[74 + ||V][74 < ¢, there

exists a unique gauge transformation u € Gy, such that
Di(u.(A,U)) = 0.

Proof. We again use the implicit function theorem in Banach spaces. We put on T*A
the chart (V,®) — (V —V,® — ®). We therefore write (V,®) = (A, ¥) in this chart

and consider the map
F:G"xT*A— imD] C I'(M,u(E)),
given by
F(u,(A,0)) = Di(u.(V,®) — (V,®)) = Di (v Au+ v dVu, w1 (® + U)u — D).
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This extends to a smooth map between the respective Sobolev completions of the
above spaces. We are interested in the partial derivative of F' in the G-direction, and
we want to show it is an isomorphism. Observe that trivially F'(id,0) = 0. We now

compute the partial derivative of F' at this point:
d
DiFia)(€) = gl (exp(t£),0)
d
L (exp(—t&)dY exp(t€), exp(—t&) P exp(tf) — ®)
= ((d¥)"dY +ad(®)"d)(€)
= Di(dY¢,[9,¢))
= DiD:¢
Note that this is an elliptic operator. The equation
DiDi§ =1

has a solution if and only if 1 is orthogonal to the kernel of the adjoint operator,
which is again given by
DiD;.

By the usual integration by parts argument, the kernel of this operator is just the
kernel of D; which is zero in Lie(G*), since (V,®) is assumed to be irreducible.
Therefore, D;Fliq0) is an isomorphism and so the implicit function theorem applies
to give a solution u to the equation F'(u, (A, ¥)) = 0 provided A and ¥ are sufficiently
small in norm.

In order to prove uniqueness, suppose u; and us are two gauge transformations
such that

Di(u;.(V+ A,®4)) =0, i=12

Without loss of generality, we may assume that u, is the identity, i.e that (V4 A, ®4)
already is in Coulomb gauge and simply write u = uy. Let us write u.(V + A, $4) =
(V+B,®p). Put &4 =+ V4 and &5 = & + Up. By assumption, we have

Al + 1 Walls <& 1Bl + | Wpllss < e
Now the equation u.(V + A, ¥4) = (V + B, V) implies
dVu = uB — Au (@, u] = uVp — ¥ u.
In other words,
Diu = (dVu, [®,u]) = (uB — Au,uVp — W 4u).
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Apply Di to this equation. Bearing in mind that D} (A, ¥,4) = (dV)*A + Re([®* A
U 4]) = 0 and analogously for (B, V), this gives
DiDyu = Dij(uB — Au,uVp — ¥, u)
= —xdV(u(xB) — (xA)u) + Re([®* A (u¥ 5 — U 4u)])
= —xdYuA*B —uxd¥ x B+ (xdV * A)u + (A A dVu)
+Re([®" A (Vg — W 4u)])
= —*«dYuAn*B +u(dV)'B — (dV) Au + x(xA A dVu)
+Re([®* A uTUg] — [ A W u])
= —xdvuA*B+u((dV)*B) — (dV)* A)u + *(xA A dVu)
+Re(u[®* A Ug] 4 [D*,u] AUp — [®" AW 4lu + U 4[0% ul)
= —*xdYuA*B +*(xAAdVu) + Re([®*,u] A Up + U 4[d*, ul).

Now, D;D; is self-adjoint, (strongly) elliptic, having the same symbol as the Lapla-
cian, and positive. Thus, we have a spectral decomposition u = ug + u;, with
Dyiup = 0, and if we denote by A the first non-zero eigenvalue of DiD;, we get the
estimate |[uq[|2, < A7!||Diwq|]3.. Hence, taking the inner product of the above equa-
tion with u; and using the usual Sobolev embedding L? C L* and Cauchy-Schwarz

and Holder inequalities, we get

D1l < [(IBIlee + A ) dY e[z + ([P sl |1 4 [ al| L) [P ] 2] [Jur]] oo

C [(11B[1p« + [[Allza)lldVull 2 + (€5l s + [P allL)[®; ull 2] [Jual] 2
CUIBIlze + [ Allze + 119l + 1Wallze] [ Drul |z (|22 + [|d Ve |72) 1
CUIBIlzs + 1Al + 1]l 24 + [[Cal[ 4] [ Drul [F2(1 + A7)

2C%€(1 4+ A~HY2||Dyuy | 2.

INIAN A

IN

Therefore, we choose € < (2C%(1+X71)¥/2)~! to conclude that u; = 0 and so Dyu = 0.
Now since we assumed that (V, ®) is irreducible, this implies that u lies in Z(U(n))

and hence is equal to the identity in G*. O

Now we write the moduli space of solutions to the harmonic map equations as the
zero locus of a smooth section of a vector bundle on By, = T*A;/G; . |, i.e. the moduli
space of irreducible pairs (V,®). Recall that the gauge group acts on u(E)-valued
two-forms by conjugation, i.e. by the adjoint action Ad. Considering the principal

G*-bundle T* A} — Bj,, we can form the associated vector bundle

V=T A xpq (M, u(E)) & Q*(M,u(E) ® C)).
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Now we interpret the moduli space My as the zero locus of a section G of V. In a

local chart, GG is defined as follows:
G:kerD; — Q*(M,u(E))® *(M,u(E)®C)
G(V,®) = (RY —[®AD],0VD).

Note that G(u.V,u.®) = v 1(G(V,®)u, i.e. G is equivariant with respect to the
actions of G* on T* A; and Q*(M,u(E))® Q*(M,u(F)®C), thus it descends to define
a section of V. We compute the derivative of G at a point (V,®). It follows easily

from arguments similar to those given in section [I.2] that it is given by
dGva)(A,0) = (VA = [@ A Y] = [ A D], 0V + [A% A @]).

Proposition 4.3.2. Let V € Aj be a flat connection, then the differential of G at
(V,0) is surjective. Moreover, its kernel has dimension (dimU(n))4(g — 1) +4 =
4(n*(g—1)+1).

Proof. Since we have zero Higgs field, the derivative dG simplifies to
dGv,0)(A ) = (dVA, 0V).
Let us denote this operator by Dy(A, ). Furthermore, we have
Dj(a, B) = ((d¥)a, (9Y)"B),
where (o, 3) € Q*(M,u(E)) & Q*(M,u(E) ® C), and
Di(§) = (d¥¢,0) €€ T(M,u(E)).

Before we proceed, we make use of some elliptic theory. Since the domain of G is
contained in ker Dj, we have Dy = D, + Dj. So we have to check that the kernel of
the adjoint operator D; + D; is zero.

We use the Hodge star operator to identify Q*(M,u(F)) = Q°(M,u(FE)) and
analogously for the complex forms. Under this identification, the operator (dV)*
corresponds to dV and the (9V)* corresponds to dV. Moreover we identify Q' with

Q%! in the usual way and thus think of the operator
D3+Dy : (M, u(E))®Q* (M, u(E)2C)eQ° (M, u(E)) — Q' (M, u(E))eQ " (M, u(E)),
after putting Q°(M,u(F)) ® Q°(M,u(E)) = Q°(M,u(E) ® C), as the operator

D+ D : QL(M,u(E)®C)d Q" (M,u(E) ®C) — QY(M,u(E)) ® Q"°(M,u(E)),

142



given by

That is, an element (£,7) € Q°(M,u(E)) ® Q°(M,u(F) ® C) lies in the kernel if and
only if
dvVe =0 and oVn = 0.

Now by irreducibility of V, we immediately conclude that & = 0. Moreover, n is also
parallel as can be seen by the following integration by parts argument:
0 = [|0vnll7

= —2i [ tr(dVnA(0Vn)Y)

= =2 [ (0 g A—=0Y(n"))
= 2 [ otr((dVn)n*) — tx((0VOVn)n*)

= 2 [ tr(—(0VdVn)n") (as V is flat)

TSI

S / t2(8% A (37)°)
B M
= [0V nl[7--

Thus, since V is assumed to be irreducible, it follows that £ € iRidg and n € Cidg.
The statement about the dimension of the kernel of dG is obtained from the
Atiyah-Singer-Index theorem. The details can be found in [28], section 5. This makes
sense, since in the case ® = 0 both complexes here and in [28] reduce to the same
elliptic complex. Note however, that from the above discussion we have HY = 1 and

H? = 3 in the deformation complex. This is analogous to the situation considered in

L2.18 O

Corollary 4.3.3. Let V be an irreducible flat connection, then on a sufficiently small
neighbourhood of V in A there exists a 4(n*(g—1)+1) dimensional family of solutions

to the harmonic map equations.

4.4 A Different Interpretation of the Harmonic Map
Equations in Terms of Geodesics

Let A be the space of unitary connections on the hermitian vector bundle E over the

Riemann surface M. We can put a natural Riemannian metric on A by the L? inner
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product on u(FE)-valued one-forms. The complex structure is given by the Hodge
star operator. As seen in earlier sections, we have the gauge group G acting on A

preserving this structure with fundamental vector fields
X§ =dVe.

According to the slice theorem [1.2.12] the tangent space to the quotient A/G can be

identified with the orthogonal complement of the space of fundamental vector fields.
TyA/G =ker(dV)* = {A € Q" (M,u(E) | d¥ x A =0},

that is, the space of horizontal one-forms. We have seen that to each solution to
the harmonic map equations we can naturally associate a pair of flat connections
(V*, V™) such that the Higgs field ® can be characterised in terms of their difference:

Vi -V~ =2(® - d*).
The equations imply that ¢ = 2(® — ®*) is horizontal with respect to V:
dVx ¢ =0.
But moreover
AV sk p =V *x L [PA %] = 0% [pA*@] = £(B A x¢ + (%¢) A ¢) = 0.

With these observations we can give a natural geometric interpretation to the har-
monic map equations. They can be viewed as the equation for a geodesic on the
moduli space of unitary connections whose endpoints lie on the moduli space of flat
unitary connections. Let us be more precise. The space A of unitary connections
is an affine space modelled on Q'(M,u(FE)) with a flat metric given by the L? inner
product. Therefore, geodesics starting at some connection V € A are just straight
lines:
v(t) =V +ta a € QY M, u(E)).

Now by construction the canonical projection
T A* N A*/g*

is a Riemannian submersion. Here we denote again by A* the open subset of ir-
reducible connections and by G* the reduced gauge group. In particular, geodesics
on A*/G* can (at least locally) be lifted to horizontal geodesics on A*. Under the
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identification of Ty A*/G* with the kernel of (dV)*, horizontal geodesics are given by

straight lines as above such that
(AV)'a=0 < dVxa=0.
So in fact our computation above shows that the geodesic
Y(t) =V —2t(d — d¥)

is horizontal for all ¢ and connects V* and V~, thus establishing our correspondence.

4.4.1 The Space of Geodesics on A

In this section, we consider the space of geodesics on A more closely. We choose a
reference connection Vy, so that A = Vo + QY(M,u(F)) = Q'(M,u(FE)). Then we
can identify the space of all oriented geodesics, i.e. directed straight lines, in A with
the tangent bundle to the unit sphere in Q'(M,u(E)):

G(A) = TS(Q (M, u(E))).

In other words, since geodesics are straight lines, we can specify a geodesic by choosing
a starting point V = V+ A and a unit direction determined by ¢ with gr2(A, ¢) = 0.
Then the geodesic is given by

Y(t) = Vo + A+ to.

We are looking for horizontal geodesics linking flat connections. We start with an

observation.

Lemma 4.4.1. Let y(t) = Vo + A+ t¢ be a straight line on A containing three flat

connections. Then the curvature of v is zero for all t.

Proof. Without loss of generality, we may assume that the flat points are given by
~7(0), v(1) and ~(to) for some ty # 0,1. We write V = V; + A. Then we have the

following identities:

RY = 0,
1
RVt = RV+dv¢+§[¢/\¢]:o,

t?
RY0? = RY +t9d%¢ + (b A ¢] = 0.
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This gives
¥ + %ch] =0
d¥¢ + %’W 9] = 0.

And therefore

(1—to)[é A ¢] = 0.
That is,
[¢ A ¢] = 0.
It follows that
dVeo =0,
and so for all ¢ the curvature of V + t¢ vanishes. O]

We want to find horizontal geodesics which have exactly two flat points lying on
them. Therefore, we now change our point of view slightly. We consider the space
of oriented geodesic segments of finite length, i.e. straight lines with two endpoints,
which we denote by Geo(.A). That is, we look at the space of geodesics with a choice
of two points on them. Any such line admits a standard parametrisation by ¢ € [0, 1].
We write for the straight line linking V and V

V +t(V = V).
We identify Geo(.A) with T*A via
OV, ®) e T* A — (V — (& — &%) 4 2t(d — ®*)) € Geo(A).

Or in real co-ordinates

(V,0) — V — ¢+ 2to.

That is, we send a pair (V, ¢) to the oriented geodesic linking V — ¢ and V + ¢.

What do Jacobi fields on A look like? Recall that a Jacobi field is a tangent vector
to the space of geodesics, i.e. a curve in T'A obtained by differentiating a 1-parameter
family of geodesics v;(t) with respect to s at s = 0. Let y(t) = V +t¢ be the geodesic
on A linking V and V + ¢ and let

7s(t) = V(s) +to(s)
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be a family of geodesics such that v = v, i.e. a curve through v in Geo(.A). We write
V(s) = V + A(s) where A(0) = 0 and ¢(s) = ¢ + 1(s), where ¢(0) = 0. Then the

corresponding Jacobi field is given by
X = A+t

where the dot stands for & |,_o. Thus, the above isomorphism 7*A4 = AxQ' (M, u(E)) =
Geo(A) gives that Jacobi fields are of the form

Xag(t) = A+ (2t - 1)¢,

where (A, ¢) € QY (M, u(E)) x QY(M,u(E)). We see that every Jacobi field has two
components, one corresponding to perturbing the start point of the geodesic, the
other coming from perturbing the direction, i.e. the endpoint. We are now in a
position to track through how the endomorphisms I, S, T act on Jacobi fields. In real
co-ordinates their action on A x Q' (M, u(E)) & T*A is given by

Thus, on a Jacobi field they act as follows

IXag)(t) = Xrag(t) =(A— (2t —1)¢),
SXapt) = Xsue =—0— (2t —1)A,
TXapt) = Xrug =x*(0— (2t —1)A).

The L? metric on A x QY(M,u(E)) carries over to a metric on the space of Jacobi
fields via

g(X,Y):—/M [/Oltr(X(t)/\*Y(t)+iX(t)/\*Y(t))dt |

The space we are eventually interested in is the space of horizontal geodesics with flat
endpoints. This is the subset of Geo(A) = A x Q' (M, u(F)) cut out by the equations

RY %+ ond] = 0,
RY+d%+ 3[6A6] = 0,
dVxgp = 0.

Setting ¢ = & — ®*, these become the harmonic map equations as we have seen in

the last paragraph.
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Our aim is to show that a subset in the moduli space of solutions to the harmonic
map equations can be identified with a neighbourhood of the diagonal in the product
of the space of flat connections with itself. To achieve this, we have to show that any
point in A /G has a neighbourhood in which any two points can be joined by a unique
geodesic lying in this neighbourhood. We divide up the proof into several theorems
which are all based on the implicit function theorem. The first step is basically a
restatement of the slice theorem [[.2.12

Theorem 4.4.2. Let k > 1. Let V; and Vo = V| + A be two connections in Aj_1.
Then, there exists an € > 0 such that if [|Al[2_ < €, there exists a unique gauge

transformation u € G; such that
(dVI)*(Vl — UVQ) = 0.

That is, the straight line
’}/(t) = Vl + t(qu - Vl)

is a horizontal geodesic between Vi and u.Va, i.e. a geodesic on Ay_1/G; linking the

gauge equivalence classes of V1 and V5.
Proof. Exactly the same as|1.2.12 O

Corollary 4.4.3 (Existence of solutions with small Higgs field). Let V, and Vy =
V140 be two flat connections in Ax_y, such that the norm of ||| |Li71 is small enough

for the above theorem to apply. Then defining ® via
1 -
(@) =uV,~V, = uou + vt dV,

where u is the gauge transformation from the theorem, defines a solution (V,®) to

the harmonic map equations. Here V 1is given by V = %(Vl +u.Vs).

Proof. This is clear from the correspondence between solutions to the harmonic map
equations and horizontal geodesics discussed earlier. The flat connections V; and V,
play the role of V™ and V*. O

The next corollary rephrases the uniqueness statement of the theorem in terms of

the geodesics picture.

Corollary 4.4.4 (Uniqueness). Every connection V € Aj_, has a neighbourhood

consisting of connections that are linked to V by a unique horizontal geodesic.
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Hence, we have shown that any connection V € Aj_; has a neighbourhood on
which horizontal geodesics starting at V are uniquely determined by their endpoint.
What we really want is to show that V has a neighbourhood, such that any horizontal
geodesic in this neighbourhood is determined by its endpoints. More precisely, we

have the following theorem.

Theorem 4.4.5. Let V € A;_, be an irreducible connection and let V; = V + A; for
i = 1,2 be two connections with V in Coulomb gauge relative to V, i.e. (dV)*A; = 0.
Then there exists a constant C' > 0 depending on V, but which is independent of Ay
and Ay such that if || A1]|g—1 < C there exists a gauge transformation u € Gi such that
u.Vy is in Coulomb gauge with respect to Vi, provided the norm of Ay is sufficiently

small.

Proof. The proof is similar to the proof of theorem [1.2.12] and uses the implicit func-

tion theorem. The equation we want to solve for a small £ € L2(u(E)) is
(V)" (V) — exp&.Vy) = 0.
In terms of V and the connections matrices A; this reads
(V)" (A = Ay — (exp —€)d2 exp &) = 0.
We view this as a map between Sobolev spaces:
F(A5,€) = (dV)* (A1 = Ay = (exp =€)dV 2 exp ) = 0,
where
F = Qp (M w(E)) x Ly(M,w(E)) — Im((dV")") € Li_o(M,u(E)).

By assumption, F'(0,0) = 0. We have to show that the partial derivative of F' with
respect to & at (Ay, &) = (0,0) is surjective. A computation analogous to the one in
the proof of [1.2.12] shows that this is given by

DoF (1) = (d¥)*dVn.

We show that this is surjective if the norm of A; is sufficiently small. Suppose it is
not surjective, then we can find y which is orthogonal to the image of (dV1)*dV, that

is, for all  we have
gr2((dV1)*dVn, x) = 0.
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Put n = x and compute
0= gr2((dVx,d¥*x) = |[dVx|[72 + gr2(dVx, [A1, X))

Recall that the kernel of dV is zero, since V is irreducible. Hence, it is injective as an
operator Li(u(E)) — Q}_,(M,u(FE)). In particular, since its symbol is injective, it

has a bounded left-inverse G, say. Thus, we can write y = GdVy and get the estimate

[Ixllzs < elld¥ x|z

Now we use this to finish the proof. We have seen above that 0 = ||dVx|[2, +
912(dVx, [A1, x])- Thus,

1dVx[7: = lge2(dVx, [Ar, x])]
< aYxz2|[[A1, Xl 22 by Cauchy-Schwartz
< [Vl Alleallxllze - by Holder’s inequality
< 118Nl Adliglilly by Soboley imequality
< ¢|[dVx/IZ2]|A1llrz by the above estimate.

Hence, if |[A]|2 < C' := 2, this gives |[dVx|[7. < [[dVx]|7., and thus we conclude
1d¥x][ 2 =0,

and so by irreducibility
x = 0.

That is, the differential Do = (dV1)*dV is surjective. Thus, if the norm of A,
is sufficiently small, say less than some e3(V4) > 0, the implicit function theorem
guarantees the existence of a small gauge transformation which puts V5 into Coulomb
gauge with respect to V. Note that the constant C' only depends on V and neither
on Vi nor V. O

Corollary 4.4.6. Every flat Li-connection has a small neighbourhood on which a
horizontal geodesic with flat endpoints is uniquely determined by its endpoints. In
particular, an open subset of the moduli space of solutions to the harmonic map equa-
tions can be identified with a neighbourhood of the diagonal in the product of the

moduli space of flat connections with itself.

150



Proof. Let V be a flat connection in Aj and let ¢ = L min(e(V),C), where (V)
is the constant from theorem 4.2l and C' is the constant from theorem K45 We
know from theorem that we can cover the ball of radius e about V, which
we denote by B.(V) by smaller balls on which horizontal geodesics are determined
by their endpoints: For each flat connection Vi € B.(V) the theorem provides a
small ball Be,(v,)(Vi) on which we can solve the Coulomb gauge equation. Let
Fo={A € | RV =0; (dV)*4; = 0; ||Ai||s-1 < € }. That is, we have

produced a covering

B(V)NF.C |J  Bawn(Vi)
VleBe(v)m]:e

Now recall that the moduli space of flat connections is actually a finite-dimensional
manifold, and so F, is therefore a compact set. Thus, we can choose a finite subcover.
Now put

N

Uy = ﬂ Be,vi)(VY),

i=1
where we only allow such connections for which V € B, i )(Vﬁ). This is an open
neighbourhood of V which after shrinking we may assume to be a ball. This then
has the desired properties.

We have seen that geodesics become unique once they are short enough. Thus,
the space of horizontal geodesics with flat endpoints locally looks like a product of
a small ball in the moduli space of flat connections with itself. This subset is open
in the harmonic map moduli space, since we know that near a flat connection the
moduli space has dimension 4(n?(g — 1) + 1), which equals twice the dimension of the

moduli space of flat unitary connections. O]

A few remarks are in order. Our argument shows that a subset in the moduli space
of solutions to the harmonic map equations can be identified with a neighbourhood
of the diagonal in the product of the moduli space of flat connections with itself.
This is in general an open set in the moduli space of solutions to the harmonic map
equations. Actually, we have shown that every two flat connections which lie in a
small open ball determine a unique geodesic linking them in this ball. There could
be many other geodesics linking them. Think for example of the round two sphere,
where geodesics are great circles. There, any two points in a hemisphere are linked
by a unique segment of a great circle, which lies completely in that hemisphere.
However, the other segment of the great circle is also a geodesic. In this example, the

hemisphere only sees half of the geodesics.
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4.4.2 Conjugate Points and the Degeneracy Locus

Theorem 4.4.7. Let (t) be a horizontal geodesic with flat endpoints, such that the
connection y(1/2) is irreducible. If the endpoints of v are conjugate, the hypersym-

plectic structure on the moduli space of harmonic maps is degenerate at 7.

The endpoints of v being conjugate means that there exists a one-parameter family
v(s,t) of horizontal geodesics with flat endpoints, such that v(t) = v(0,¢) and the
endpoints are gauge-equivalent for all s. Equivalently, there exists a Jacobi field along

~ which is tangent to the gauge orbits through the endpoints of ~ .

Proof. Let V~ =~(0,0) and V™ = ~(0, 1). Consider the Jacobi field

0
Y (t) = —|eco(s,1).
(1) = (1)
Then by assumption, Y (0) and Y'(1) are tangent to the gauge orbit through ~(0) and
7(1) respectively. This means, there are Lie algebra elements £+ € I'(M, u(E)) such
that
Y)=dvV ¢ Y1) =dV¢t
Tracking through our correspondence, we write V.= 2(Vt+V~), ¢ = 1(VF -V~) =
® — ¢*. In other words
7(s,t) = V(s) + (2t = 1)¢(s),
and so V = V(0) and ¢ = ¢(0). We write V(s) = V + A(s). In this notation
Y0)=A—¢ Y(1)=A+¢.
This gives
A= = d%¢ — [0 0" ¢]
At+¢ = dVeh +[@ -7 ¢t
It follows that
24 = V(" + )+ [0 -7 -]
20 = dV(ET &) +[@ -+

This means, that in complex co-ordinates 2(A, ¢) is represented by the point
(24%1,291%) = (BV(E" + & — [0 6" — ¢, 0V(ET &) (@ +€T))
= (5V<€+ + 677 [(I)7£+ + 67]) + <_[(I)*>€+ - 67]7 aV(éJr - 57))
XEHT L gXETE
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As in the proof of the fact that at a genuine harmonic map the hypersymplectic
structure is degenerate, we see that X¢ ¢ defines an element of the degeneracy
locus.

This shows that if the endpoints of a geodesic corresponding to a solutions to
the harmonic map equations are conjugate, then the hypersymplectic structure is
degenerate at this point of the moduli space.

m

On our nice open set the converse of this theorem is also true.

Proposition 4.4.8. The hypersymplectic structure on the open set, on which geodesics

are determined by their flat endpoints, is non-degenerate.

Proof. Let (V,¢) be a solution and suppose ||ad(¢)||7. < A1(V), where A;(V) is the
smallest non-zero eigenvalue of (dV)*dV acting on sections of u(E). Assume further

that n € L3(M,u(F)) is a solution to the elliptic degeneracy equation, i.e.

(d¥)*d¥n — (ad(¢))"ad(4)(n) = 0.

In other words,
1% nl1Z2 = [I[¢, nllIZ.-

This gives

M(V)Inllz: < 11dYnl[7a
liexal

< lad()|[72]In]72
< M(V)nllze-

Therefore, n has to vanish in Lie(G*) and the point (V,¢) does not belong to the

degeneracy locus. O

4.5 The Circle Action

The harmonic map equations

RY = [® A ] (4.3)
Vo =0 (4.4)
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are invariant under the action of the unit circle U(1) given by
D - 0.

This action preserves the split signature metric and is holomorphic with respect to
the complex structure I, but does not preserve the two product structures S and 7"
It actually rotates them taking S + T to (S +4iT). We compute its pseudokihler

moment map, which we denote by v.

Proposition 4.5.1. The moment map v is given by
i
UV, @) = L[]

Proof. We first compute the fundamental vector fields associated to the action. Let
¢ =10 € u(1) =iR. Then

d .
X(£V7<p) - E|t:0(v7 ez@tq)) = (O,g@)
Now we compute
wI(X£> (Aa \D)) = g<I(O7 5(1))7 (A> \IJ)) = —ng(—Zf(I), \Ij) =1gr2 (5(1)7 \D) = dy(f)(\IJ)
O

Lemma 4.5.2. Let (V,®) be a solution to the harmonic map equations. Then we

have the following estimate:
IRV |2 < C[®][7.
Proof. Since ® satisfies the equation OV® = 0, we have the elliptic estimate
1]z < K(|[0®]|z2 + [|®][12) = K||®|]12-

Also, we will use the Sobolev embedding theorem which gives a bounded inclusion

L? — L*. Combining these gives the following chain of estimates:

|RY |2

1@ A 2|2
21| ]2
20192,
O[3

IN A

IN
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Corollary 4.5.3. Let k > 1. Let U be the smooth neighbourhood of the diagonal
inside the moduli space of pairs of flat L -connections, we showed to sit inside the
moduli space of solutions to harmonic map equations in the previous section. The

function
p=2i:U—>R,(V,0) [0

s proper, i.e. preimages of compact sets are compact.

Proof. From the lemma, we see that all connections in the preimage of the interval

0, a] satisfy the uniform curvature bound
[|RY |2 < 2Ca®.

Therefore, the properness follows from Uhlenbeck’s compactness theorem (see chapter
2.3 in [23]) together with Rellich’s Lemma. That is, every sequence in 7~ *([0, a]) has

a convergent subsequence. O

Notice that v associates to a geodesic (V,®) its energy, up to a scalar multiple.
So in other words, we see that on the space of horizontal geodesics with flat endpoints
the energy functional is proper. Thus, the fibres of v are compact. In other words,
the space of geodesics of a fixed length is compact. If (V,®) gives rise to a genuine
harmonic map, then the function v associates to this pair the energy of the harmonic

map it corresponds to.

4.6 Product Structures and Complex Structures

4.6.1 Product Structures

When we introduced hypersymplectic manifolds, we observed that there is a circle of

product structures given by
Sy = cos S —sin 0T, Ty =sinfS + cosOT.
Or in more compact notation
Sg +iTy = (S +4T).

These product structures are integrable, therefore a hypersymplectic manifold is lo-

cally a product of submanifolds given by integral submanifolds associated to the
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distributions given by the +1-eigenspaces of Sy ( analogously for 7). In our situa-
tion, the hypersymplectic manifold in question is the cotangent bundle of the space

of unitary connections and we get

Sy = cosfS —sin 0T = ( 0 _COSQ—SIDG*)7

— o8 6 + sin 0% 0

where * is, as usual, the Hodge star operator acting on one-forms. Since * squares to

—1, a suggestive short-hand notation is

0 —6*9
S@ - ( _67*9 0 ) .

Proposition 4.6.1. The map

Py T"A— Ax A (V,0) = (V+e"6,V — e™¢)

identifies (T* A, Sy) with (A x A, < 0

(1) )) as paracomplex manifolds.

Proof. Let us write s for the paracomplex structure on A x A. We take the derivative
of Py and show that so dFPy; = dP, o Sy. The derivative of Py is given by

1 69*
1 60* 0 _6*9 -1 _6*0
dPGOSHZ(l _60*><_6—*6 0 >:( 1 _66*)'

On the other hand

-1 0 1 e -1 —e
SOdP"_( 0 1)(1 —69*>_( 1 —69*)'

The inverse of Py is given by

Py(V1, Vo) = (%(Vl + Va), (Vi = V2)).

[]

If we suppose that (V, ¢) is a solution to the equations, then for § = 0 this is just
the map that associates to a solution the associated pair of flat connections (V*, V™).
Moreover, this map is gauge equivariant, so descends to a map on the respective
moduli spaces. We explain below, that this induces the local product structure on
the open set in the harmonic map moduli space we constructed earlier. First, we

want to see more explicitly what kind of objects the moduli space parametrises.
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In general, the pair of flat connections V* will not give rise to a globally defined
harmonic map into U(n), since these connections may have non-trivial holonomy.
On a simply connected trivialising open set of M we can then still perform the
construction explained earlier and get a harmonic map. But the harmonic map will
be defined only locally. We now study its transformation behaviour under changes of
trivialisations.

So let u; be defined on an open set U; for i = 1,2. Let s;t be some local frames on
U;, parallel with respect to V* and let gijj[- be the corresponfing transition functions
of E, defined on U; N U;. Then by definition

+ _ £ =+

On the other hand,

+ - _
s; = s; U, 1=1,2.

Then we compute on U; N Uj,

+

e — ey — ot
S; =8, Ui =S; g Ui =S

Ju5 g = ST g gt
That is,

gigus grui = id,
and so

Ui = gi; U595

Thus, if we take an open cover {U;} of our Riemann surface M, and produce local
parallel frames for V™ and V™~ respectively, we get a section {U;,u;} of the bundle
of groups with typical fibre U(n) and structure group U(n) x U(n) associated to the
action U(n) x U(n) — U(n) given by (a,b).u = a~'ub. So the map that assigns to a
solution its associated pair of flat connections, is in general not injective. On our nice
open set, where geodesics are determined by their endpoints, it actually is injective.
Moreover, we have seen that if we have a continuous space of harmonic sections on a
fixed flat bundle, the endpoints are conjugate and the hypersymplectic structure will

be degenerate. Formally, we can rephrase this as follows:

Corollary 4.6.2. Away from the intersection of the harmonic map moduli space with

the cut locus of A/G, the product structure is a diffeomorphism.

In this way, we may naturally think of the open set inside the moduli space of
solutions to the harmonic map equations where geodesics are determined by their

endopints as the paracomplexification of the moduli space of flat connections. This is
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the split signature analogue of the fact that the Higgs bundle moduli space in complex
structure J is the moduli space of flat G® connections.
This is a manifestation of proposition [2.3.9in the infinite-dimensional setting of

the harmonic map moduli space.

Lemma 4.6.3. Let (V, ) be a solution to the harmonic map equations. If V, =
V+e? ¢ orV, =V —e¢ are reducible, then the solution (V, @) lies in the degeneracy

locus.

Proof. We only prove the lemma in the case # = 0, the case of general 0 is proven
analogously. Suppose V7 is reducible. Then there exists a section £ € T'(M,u(FE))
such that
0=d""¢=d"¢+[6,¢).
Now consider
0 = (d¥ )d¥¢

= —xdV xdV'¢

= —x(dV % dV e+ [pAxdVE))

= —#(dV*dVE— [ A dVE] — [p A xdVE] — [ A %[0, €]))

= (dY)dVe + x[o A [0, £]],
where in the last line we used the equation dV¢ = —[¢, £] and the Jacobi identity. [

Using the circle action, we may identify all the product structures anti-commuting

with 1.
Proposition 4.6.4. The circle action (V,®) — (V,e*®) induces a paraholomorphic
diffeomorphism (T*A, Sy) = (T*A, Sp+a)-
Proof. Let 7 : QY (M,End(E)) — Q'(M,End(E)) be the transposition map (or more

invariantly the anti-linear involution induced by minus the Cartan involution) 7(®) =

®*. The product structure Sy = cos0S — sin #7 may then be written as

o 0 cosOr —isindr\ [ 0 e ¥r
O~ \cosfr — isin b7 0 “\e®r 0 )¢

For fixed a, the derivative of the map (V,®) — (V,e*®) is given by

1 0
Oeia .

The proof is finished by a direct calculation:

1 0 0 efr - 0 eiftor 1 0
0 e \er 0 ) \eftor 0 0 ev)"
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4.6.2 The Complex Structures

Recall that we have a two-sheeted hyperboloid of complex structures on the moduli
space, parametrised by ¢ € CP'\ {|¢| = 1}:

Ie = 1= (LRI + (C+ 08 +iC = ).

Note that in this notation I = I;. With respect to the complex structure Iy, we have
already seen that the map assigning to a unitary connection and a Higgs field the
associated d-operator and the (1,0)-component of the Higgs field is biholomorphic.
It identifies (A x Q'(M,u(E)), Iy) with the holomorphic tangent bundle T*A of the

space of 0-operators. But how about the other complex structures?

Definition 4.6.1. Let A € C*. A partial \-connection on a hermitian vector bundle
(E,h) is a C-linear map
V. T(E) — QY(M, E),
such that
VANfs) = XOf @ s+ fVs,

for all s e I'(E) and f € C>®(M).

To our knowledge, the definition of a A\-connection is due to Deligne and appeared
first in Simpson’s work on non-abelian Hodge theory, see for example [54].

We denote by A* the set of partial A-connections on F, which is an affine space
modelled on Q9(M,End(E)). We also observe that if A = 0, we may think of a

0-connection as just a End(FE)-valued (1,0)-form. The complex gauge group acts on

A* in a natural way by conjugation.

Proposition 4.6.5. Let ¢ € C with |¢| # 1.The map
Fo:(TA L) — (Ax AT iai)
0V, ®) — (0V —i(®*, —iCOY + ®)
1s a G-equivariant holomorphic diffeomorphism.

Proof. Let 7 be the transposition map introduced earlier. Then we may write I €
End(QY0(M,End(E)) @ QY9(M, End(FE))) schematically as the two by two matrix

P ((1 +[¢?)i 2T )
CT 1 20t (1+|¢»i)
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The derivative of F¢ is given by
1 —i(T
o (L)
Now a direct computation, keeping in mind that 7 is conjugate-linear, gives
dFC (6] IC == ZdFC
The equivariance is clear. O

Thinking of 0-connections as Higgs fields, we see that the map F; is a direct
generalisation of the map Fjy given in these co-ordinates by the identity.
In analogy to the case of Higgs bundles, it turns out that apart from £ all other

complex structures are equivalent.
Proposition 4.6.6. The complex structures 1., where ( # 0,00, are all equivalent.

Proof. Let A\, € C*. Then the map

Ax AN — A x A,
given by the identity on the first factor and multiplication by ¢A~! on the second
factor, gives the desired biholomorphism. O
Kirwan uniqueness

Modifying the proof of theorem 2.7 in [28] , we can show by a rearrangement argument
that given two solutions with sufficiently small Higgs fields, which are gauge equivalent

by a complex gauge transformation, they already are by unitary ones.

Proposition 4.6.7 (Local Uniqueness). Let (V;, ®;) be two solutions to the harmonic
map equations defined on a hermitian vector bundle E. Suppose that there exists a

complex gauge transformation u € L2(M, GL(FE)) such that
(5V1, @1> == u.(évQ, q)g)

Then (V1,®1) and (Va, ®s) are gauge equivalent by a unitary gauge transformation,
provided ® = —P1 ® 1 + 1 ® $y satisfies

12 A D*[72 < Ma(V),

where V is the induced connection on E* ® E = End(E) with Vi acting on E* and
Vs acting on E and A\ (V) denotes the first non-zero eigenvalue of its associated

Laplacian acting on sections of End(E).
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Proof. 1t is straight-forward to check that (V, ®) satisfies the harmonic map equa-
tions. The map u being a complex gauge transformation transforming (Va, ®5) into
(V1,®1), means that

NVu=0,
if we view u as a section of End(FE).

Moreover, as ®; acts on E* via ®(«)(v) = a(®(v)), it follows that du = —ud; +
Pou = 0, since u 1 Pyu = P;.

Since the Laplacian AV associated to V is elliptic, self-adjoint and positive,
L?(M, E) decomposes into an orthogonal direct sum of its (finite-dimensional) eigenspaces.
Decompose u = ug + u,, with uy the orthogonal projection onto ker(AV) = ker(dV)
and u, = u —ugy. Let A\; be the smallest non-zero eigenvalue of AV. Now we apply a

Weitzenbock argument.

1d¥ul[f> = lld¥uslfi

= [l0%uLlfi

= /tr(RvuL/\*uL)
M

= /tr([@/\@*]uL/\*uL)
M

= / tr(® A P uy A xuy)
M
< ([ A D[ fullZ:
< Auffucllze.
On the other hand, we have that
Mlluilffe < gr2(AVur,ui) = [[dVu|[7: < Mffud|f7e.
So we conclude that u; = 0 and hence wu is parallel with respect to V and moreover
0= [|dVull72 = gr2(® A @"u, u) = ||%ulP?,
so ®*u = 0. Now we define the unitary gauge transformation
= u(u*u)" 2.

Then w is also parallel and hence gauges Vs to V. Furthermore, since u = 0 = ®*u,
it follows that ®u* = 0 and hence ®u = 0, i.e

U Pyt = Dy
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This proposition shows that a small neighbourhood of the moduli space of flat
connections in the moduli space of solutions to the harmonic map equations may be

identified with an appropriate moduli space of A—connections.

4.7 Harmonic Tori from Schmid’s Equations

We now come back to the original interpretation of the equations as defining a har-
monic map into the structure group G of the vector bundle F on which our connection
and Higgs field is defined. We now specialise to the case of M being a torus, then we
may view a solution to the harmonic map equations on M as doubly periodic solution
on R? C R?>2. So periodic solutions to Schmid’s equations correspond to solutions
that are constant along one of the coordinate directions in R%. In other words, we
think of a periodic solution to Schmid’s equations as an S!-invariant solution to the
harmonic map equations on a 2-torus.

Thus, we are now going to take the explicit solutions to Schmid’s equations ob-
tained earlier and produce the corresponding harmonic maps.

Given a solution 7 = (Ty,T1,T5,T3) of Schmid’s equations with values in g, we

define a solution of the harmonic map equations on R? via
V=d+To(z)dz+Ti(x)dy & =i(Ta(z)—iT5(x))dz.
The pair of flat connections is then given by
VE =d+ (Ty £ T3)dz + (Ty F Tp)dy.

To calculate the associated harmonic map, we have to trivialise these two connections
using doubly periodic parallel frames s™ and s~. That is, we want to find s* : R> — G
such that

o Sﬂ: +

0
v:tszt = <a_x + (TO + T3)S:t) dz + (aiy + (Tl + T2)8i> dy =0.

The harmonic map is then given by the automorphism u : R?* — G taking one

trivialisation to the other:

Without loss of generality, we may assume that 7, = 0. Thus, we want to solve the

following system of equations

Ost 0s~

+ _— —_—— - pr—
o + Ts(x)s™ =0, 9 Ts(x)s 0,
Os™t s~
aiy+(j1($)—j2<$)>5+ =0, 8iy+(71(x)+T2(x))s_ = 0.
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Now note that the second line of equations is trivially solvable since the T; do not

depend on y:
s7(x,y) = exp(—(Ty — To)y)A™ (x) s™(z,y) = exp(—(T1 + T2)y)A™ (z),

for some constants of integration A* : R — G. The first line of equations together

with Schmid’s equations then gives ordinary differential equations for A™ and A~.

Harmonic Tori in SU(2)

We now carry out this procedure for G = SU(2), in which case Schmid’s equations

were solved explicitly by Matsoukas in [48]. Consider the standard generators of

su(2):
10 -1 1[0 1/ =i 0
175101 o 275\ i 0 =5\ 0 i)

Then we have seen before, that the non-constant solutions to Schmid’s equations are

essentially, i.e. up to the action of SU(2) and SO(1,2), given by
T = (07T17T27T3)a ﬂ:fiaia i:172737

with f; given in terms of Jacobi elliptic functions satisfying

hi==hfs L= fs=hHh
Our first observation is that the harmonic maps we are producing are going to be maps

to totally geodesic 2-spheres in 52, i.e. can be interpreted as Gauss maps of constant

mean curvature surfaces. This relies on the following lemma proved by Hitchin.

Lemma 4.7.1 ([29], Prop. 1.9). A harmonic map u : M — SU(2) = S* with
associated pair (V,®) maps onto a totally geodesic 2-sphere if and only if there exists

a gauge transformation g such that g> = —1 and &g = —g®d.

Corollary 4.7.2. Harmonic maps obtained from Schmid’s equations map tori onto

totally geodesic 2-spheres in SU(2).

Proof. Since in this case ® = (T3 — iT3)dz, this is just a reformulation of the fact

observed in [3.6.2] that such a solution to Schmid’s equations has Cy-symmetry. [
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We make an ansatz for s™ in the form
b(z,y) .
sT(z, :(a(x,y) o ), with a,b: R? — C and |a(z,y)|* + |b(z, y)|* = 1.
( y) —b(x,y) a(m,y) ‘ ( y)’ ‘ ( y)|
Now Ti(z) — Tz(x) is given explicitly by

Tl—TQZflo'l—fQO'QZ%(fl_OifZ _flo_ZfZ )

The third matrix 75 then reads

1 —ifs 0
nol( 0y,

We write a,, a, etc. to indicate partial differentiation with respect to x, y respectively.

Then the equations we want to solve are

0s™ 1.
% —+ T3($)8+ =0 = Ar = §zf3a
1.
bx = —§ngb

Ost - T T 1 D
5y T @) -BE)sT =0 = ay=—5(fi+if)

b= 5~ i)

We first look at the derivatives with respect to y. Differentiating both equations once

more with respect to y gives

ty ==+ e by ==+

At this point, we insert the explicit formulae for the f;,

filx) = kDsni(Dx+ C),
fg(ﬂ?) = k’Dan(DSB + C),

The relation

sn; +cnj = 1
implies that
fi+f; =KD"

So we arrive at ) .
ayy = —ZleDQa byy = —ZkQDzb
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The general solution to this system is given by

a(z,y) = Ay(z)sin (%Dy) + Ay(x) cos (%y) ,

b(z,y) = Bi(z)sin (%%) + By(x) cos (%;,) .

Now the equation
a, = —%(fl +ifa)b

implies

Ai(z) = —(sng(Dz+ C) +icng,(Dx + C))By(x),

Ay(z) = (sng(Dz+ C) +icng(Dx + C)) By (x).
We introduce the Jacobi amplitude function ¢ (z) which satisfies

@) = eny () + isng(2), ¢'(x) = dng(z).
With this we can write
By (z) = —ie" P Ay (1), By (z) = i+ PO A (1).
Our general solution becomes
a(x,y) = Ai(x)sin (%y) + Ay (z) cos (%y) :

; kD , kD
b(xz,y) = _iezsok(DerC)AZ(x) sin <7y> + ieﬂpk(DerC)Al(x) COS (73/) .

In order to determine the A;’s, we look at the other equation:
1.
am<x7 y) = 52]”3(%’)&(%, y)7
which implies
Al(z) = —%ank(Dx + OV Ay (z),  Ay(z) = —%ank(m + O) Ay (2),
whose solution is given by
Ay(z) = a1€*%@k(DI+C)’ As(z) = a2€*%<pk(Dz+C)7

with constants a; € C, i = 1,2 to be determined by initial conditions. Thus, we get
the general solution

kD kD ;
a(zr,y) = {al sin (7y> + g cos (Ty)] e_QWk(Dx-i-C)’

kD kD i
b(z,y) = [_042 sin (Ty) + o cos (Ty)] jeser(De+0)
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where in order to ensure that the determinant of s* is equal to 1, we have to require
that ’051‘2 + ’CYQP = 1.

Similarly, the equations

s~ - Os” =
o0~ Blest =0 Fo+ (Tie) + Bhf@)s” =0,
with s~ in the form (z,y) d(z,y)
B B c\x,y T,y
S (l’,y) - < —d(l’,y) E(xuy) ) 7

where ¢,d : R? — C and |c(x,y)]* + |d(z,y)|* = 1, yield the system

Js~ 1
Z 4 T3(zx)s =0 = ¢, = —§ifgc,

1.
dm = §Zf3d7

aaiy_ + (Th(z) = Ta(z))s” =0 = ¢, = _%Ul ~if2)d

4y = 5(fi+if)e

Solving this in a similar fashion as above, we get the general solution

kD kD ;
c(% y) = [fyl sin (73/) + 72 cos <7y>] eg@k(DachC)’

kD kD :
d(z,y) = [72 sin <7y> — "Y1 COS (7y>] Z'e_ﬁ@k(Dx—i-C),

where again we have to require |v;|*> 4 |72|> = 1 as before. To arrive at our harmonic

map, we now just have to perform a matrix multiplication.

o . ca+db eb—da up U
u(z,y) = (s7) st = (s >3+:<da—cb db+ca>:<—;g uj)

where, after using some trigonometric identities and the relation €@ = cny(x) +

isng(z), we may write

u(z,y) = (cos(kDy)(Faae — F101) + sin(kDy) (a1 + Y1) )eng(Dx + C)
—i(yion + yeae)sng(Dx + C),

ug(z,y) = (cos(kDy)(iarye + iaoyr) + sin(kDy) (i1 — iagys))eng(Dx + C)
+(aem1 — agye)sng(Dx + C).
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Chapter 5

Split Signature Instantons on

S2 % G2

We conclude this thesis with a discussion of the full ASD equations on R%*? subject
to the boundary condition that the solutions should extend to S? x S2.

It is known that there exists a hyperkahler structure on the space of framed
instantons on Euclidean space R*. The idea of the proof is essentially the same as
in our construction of the ASD moduli space on compact hyperkahler four-manifolds
carried out in section [1.2] Since R? is not compact, appropriate decay conditions for
the connection matrices have to be imposed, see [43] for details. In the presence of a
compatible complex structure on R*, these decay conditions imply that the solution
may be extended to S* Using the twistor correspondence, such instantons then
correspond to stable bundles on CP? trivial on a line I, which can be described
using monads and the ADHM construction. Choosing a complex structure on R*, we
obtain a natural complex compactifiaction CP?. Moreover, viewing CP* \ I, as the
space of compatible complex structures on R*, the choice of complex structure on R*
gives rise to an embedding of CP? as a plane through I, in CP?. In this way, the
framed instantons on S* can be pulled back to holomorphic bundles on CP? trivial
on a line, which are then given by ADHM data.

The ADHM equations allow for a moment map interpretation, as so the ASD mod-
uli space can be constructed as a hyperkéahler quotient of a certain finite-dimensional
space of matrices by an appropriate unitary group action. We wish to carry out a
similar program in the case of ASD connections on R?2, respectively S? x S2. The

main background references for this chapter are [45], [16], [20], [3].
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5.1 ASD Connections on R??2

In this chapter, we would like to study the ASD equations on R?>? in the presence
of a complex structure, which we then use to view R%? as an open set in CP' x
CP'. A natural boundary condition is to require that solutions should extend to this
compactification.

We begin with a lemma.

Lemma 5.1.1. A unitary connection V on R?? is ASD if and only if its curvature
is of type (1,1) with respect to every I in the two-sheeted hyperboloid of compatible

complex structures.

Proof. Let I be a compatible complex structure. We have seen when we discussed

the Lax pair formalism that the ASD equations may be written in the form
[Vi— iV +i((Vs —iVy), Vs +iVy+ (V1 +iVa)] = 0,

and this is precisely the (0, 2)-part of the curvature of V. For if we write the complex
co-ordinates with respect to the complex structure I as z = x1 — ix9, W = T3 + 114,
then

2e =z +iCw we = w + iz

are complex co-ordinates with respect to /.. O

In other words, for any choice of compatible complex structure on R*?, an ASD
connection equips the bundle F with a holomorphic structure. This implies that if we
pull-back the bundle E to the twistor space Z of R*?, which as a smooth manifold is
given by Z = R?%x C, where C is the two-sheeted hyperboloid of compatible complex

structures, we obtain a holomorphic vector bundle on 7.

5.2 The Twistor Correspondence for ASD Con-
nections on S? x S?

Locally, the above lemma also applies to ASD connections on the conformal
compactification BP' = Gr(2, R*) = (S? x S?)/{£1}. The identification Gr(2, R*) =
(5% x S?)/{41} is given by the Pliicker embedding Gr(2, R*) — RP®, the image of
which is the Klein quadric {w € RP® | w Aw = 0}, which is a real projective quadric
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of signature (3, 3). The space BP! is defined to be the space of split-quaternionic lines

in B2, i.e.
BP' = {(p,q) € B* | ) € B\ {0} such that A\p = 0 and Ag = 0.} /B,

where we avoided the subspaces spanned by two linearly dependent null-vectors, as
these do not correspond to planes in B = R*2. On BP' we have ordinary homogenous
co-ordinates [p : q] and B embeds as the set of points of the form [p : 1] for p € B.
Note that unlike in the case of CP* or HP' we are adding in a whole “null-cone at
infinity”, given by points of the form [q : p|, where p is a null-vector in B. Identifying
B with the set gl(2,R) = End(R?) as before, we therefore obtain a map to Gr(2, R*)
given by identifying [p : q] with the image of the linear map p ® ¢q : R*> — R? @ R?,
where we think of elements in R? as row vectors. This map is an isomorphism.

Next we will see that the twistor space Z of BP!, viewed as the bundle of com-
patible complex structures, is given by CP* \ RP®. We identify C* with B? via

(21, 22, 23, 24) ¥ (21 + 228, 23 + 245).

Under this identification, C* inherits a real structure, i.e. an anti-holomorphic invo-
lution 7, corresponding to left-multiplication by s on B2. In co-ordinates on C* 7 is
given by

(217 29, 23, Z4) — (227 21; 247 23)

Since 7 is conjugate-linear, it descends to an involution on CP* and we may ask what

its fixed points are. A point [z1 : 2o : 23 : z4] is fixed if and only if

[21: 29 1231 24] =200 21 ¢ 24 1 23],
ie.
(21, 22, 23, 24) = N(Z2, 21, Z4, Z3), for some \ € C*.
These four conditions imply that |A| = 1, and that therefore |z1| = |23| and |23] = |24].

In other words, z; + 225 and 23 + 245 should be null-vectors in B = C%!, which satisfy
moreover z; = AZ;_y for i = 2,4. In particular (1 — A\s)(z; + Az;s) = 0, for i = 1, 3.

Thus, we obtain a well-defined surjection

7 : CP*\ Fix(1) — BP!

[21:29 231 24] — [21+ 2081 23+ 245].
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The fibre of m over a point [p : 1] € BP' is given by the set of complex lines in C*
that lie in the copy of B spanned by the vector (p, q) and that are not fixed by 7. So

T Hp:1]) = {[z1:22:23:24) €CP? | [21 + 225 : 23 + 28] = [p: 1]}
= {(23,21) € C*\{0} | |z3] # [ea]}/C"
= CP'\ {[e5: 2] | |23] = |24 }
= (CU{oo}) \{l¢] = |zs/za] = 1},

which, as we have seen before, parametrises precisely the two-sheeted hyperboloid of
complex structures. Notice that, by construction, 7 preserves the fibres of m, we say
the fibres of 7 are real lines, and 7 corresponds to inversion with respect to the unit
circle on CU {oo}. In other words, if we write P = [z1 : 22 : 23 : z4), then the fibre of
m over m(P) is the line through P and 7(P) with the fixed points of 7 removed. So
BP' parametrises the real lines in CPP®. This observation also leads to an alternative
twistor approach, by noting that the fixed point set of 7 corresponds to the circle
bundle of compatible product structures. This is a fact we have seen before, when we
looked at twistor spaces of hypersymplectic manifolds.

In new co-ordinates {w;} on C* given by
w1 :Zl+2’2 W2 :’L(Zl —2’2) ws 223+Z4 Wy :i(23—24),

7 becomes just ordinary complex conjugation and so the fixed point set of 7 in CP?

is given by a copy of RP?. Hence, our twistor space becomes
7Z = CP? \ RP.

Now BP' = Gr(2,R*) comes with a natural double cover, given by the space of
oriented planes in R*. If we view ¢ € B* as a linear map from R? to R?, then reversing

the orientation on its graph corresponds to multiplying the matrix ¢ by

(0.

We have interpreted Gr(2,R*) as a quadric inside RP® via the Pliicker embedding
with topology (S? x S?)/{+£1} and we see that changing the orientation of a two-
plane corresponds to multiplying its associated bivector by —1. Thus, this double
cover is topologically equal to S? x S2. With the picture established above, we obtain
that the associated twistor space is again given by CP? \ RP®. Since changing the

orientation is essentially given by 7, which interchanges the two components of the
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fibre of m, the space S? x S? parametrises holomorphic discs in CP?, the boundary
circle of which lies on Fix(7) & RP?.
With this setup, Mason in [45] gave a complete twistor description of instantons

on S? x §? with its split signature metric.

Theorem 5.2.1 ([45]). There is a 1 — 1 correspondence between gauge equivalence
classes of smooth unitary ASD-connections on S% x S? and isomorphism classes of
pairs (E, H), where E is a holomorphic vector bundle on CP? and H is a smooth
positive definite hermitian metric on the restriction of E to the real RP?.

If there exists an anti-linear isomorphism 7r : E — E* covering the real structure
T such that H is induced by Tg via the formula H(v,v) = Tg(v)(v), then the associated
ASD-connection is one that is pulled back from BP'. Such solutions are called split

signature instantons.

Note that in contrast to the case of Euclidean instantons this theorem shows in
particular that the moduli space of ASD-connections is infinite-dimensional, since the
space of hermitian metrics on F|gps is infinite dimensional. So to an ASD-connection
we have associated two types of data. On the one hand we have algebraic data, i.e.
the holomorphic bundle E and on the other hand there is smooth data, given by
the hermitian metric. Split signature instantons thus correspond to solutions purely
given by algebraic data, since in this case the hermitian metric is determined by the
real structure.

In the papers of Donaldson and Maciocia [20], [43], it is shown that the moduli
space of framed instantons on R*, which as explained earlier may be viewed as the
moduli space of stable holomorphic bundles on CP? with a trivialisation on the line
at infinity, carries a natural hyperkahler metric. Using the ADHM construction, this
metric may be interpreted as coming from a finite-dimensional hyperkahler quotient
construction, where U(n) acts on a certain finite-dimensional space of matrix data.
The program we would like to carry out now, is to use an adaption of the ADHM
construction to split signature and thus find a hypersymplectic structure inside the

moduli space of ASD-connections on S? x S? in the presence of a complex structure.

5.3 Monads, ADHM Data and Hypersymplectic
Quotients

Split signature instantons correspond to stable bundles on CP? satisfying an addi-

tional reality condition. In this section, we wish to construct such bundles that are
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in addition trivial when restricted to the line {23 = 2z, = 0} c CP?. It will turn
out that these can be described in terms of matrix-data satisfying some quadratic
equations. Similarly to writing Schmid’s equations in complex co-ordinates, these
matrix equations can be interpreted as the vanishing condition of a hypersymplectic

moment map.

5.3.1 ADHM Data in Split Signature

Since split signature instantons correspond to stable bundles on CP?, see section 4
in [45], we know that they can be described in terms of monads, see also [3] for
a discussion of the application of monads to construct Euclidean instantons. By a
monad, we mean a collection of complex vector spaces V, W, U of dimensions k, 2k + [

and k respectively, with maps
A,V —=W B,:W —U,

of the form , ,
A, = ZAizi B, = Z Bz,
i=1 i=1

for each 2z = (21, 29, 23, 24) € C*. These are required to form a complex, i.e.
B,oA, =0 for all z € C*,

with the non-degeneracy condition that A, should be injective and B, should be
surjective for all z € C*. The non-degeneracy conditions ensure that the collection of

cohomology spaces
E, =ker(B,)/im(A,)

forms a holomorphic vector bundle on CP? of rank ! and second Chern class k. We
are interested in vector bundles that are trivial along the line {z, = 0 = z3}. It is
proved in [51], chapter IV, Lemma 4.2.3 and Remark 4.2.4, that for the monad this

translates into the condition that the composite
BQOAl = —B10A2

should be an isomorphism. In particular, A; and A as well as By, By should have
maximal rank k. Thus, we may choose bases of V, W and U such that A; and B, are

given by the following block matrices

Lk
Ar = | Ogx | » By = (—Lixk Opxr Okxi) -
Orxk

172



We have the additional condition that
BloAl :OZBQOAQ.

And this implies that we may modify the above bases so that

Ok xk
Ay = | Tipxk Bi = (Okxr Lixk Orxi) -
Orxk
With respect to these bases, the remaining four linear maps can be written in the
form
!
Az = | B B;= (-8 a 9),
Y
and .
a
A= | B By= (-3 a 9),
Y

where , &, 3, 3 are k x k-matrices and ~,7 and 8,6 are matrices of dimensions [ X k
and k x [ respectively. The condition that B, o A, = 0 is then equivalent to the

following system of equations

[, B] 46y = 0
[da ~]+5~'§/ =0
[, B] + [ 8] + 65 + 0y = 0.

The above choice of bases can be rephrased as giving isomorphisms
W= (VeC)oH, U=V,
where H is a complex vector space of dimension /. Then the monad is described by
o, @ 3,3€End(V), ~,5€Hom(V,H), 4,6e Hom(H,V).

Recall that we are looking for bundles £ on CP? which are trivial along real lines and
carry an isomorphism 75 : 7 E 2 E* inducing a hermitian metric on E|gps. For our
monad this means that we have an isomorphism to V' = V*, inducing a hermitian
metric and also a hermitian metric on H. We put on W the pseudo-hermitian metric
obtained by interpreting this space as (V @ C!')& H. Then we would like to describe
the bundle E as the kernel of the map

R.=A®B,:W—->VaV=2VeC.
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Notice however, that this description of E is only valid for those z € CP?, for which
the restriction of the inner product on W to the image of A, is non-degenerate.
This condition is equivalent to saying that the matrix A*A, should be invertible.
After modifying the above bases once more to make them compatible with the real

structures, R may be written as

R o— (AA+Am + Asz + Ajz
z Blzl + BQZQ + Bng + B4Z4 '

On the space V ® C? we have a natural action of the split-quaternions given by
-1 0 0 1
=0 s=0)
and we require that R should be equivariant with respect to the two B-actions, i.e.
R,. =q.R..

This condition makes sure that the kernel of R, remains constant along the real lines.

Using the explicit form of Ay, Ay, By, By derived above, this reality condition reduces

B32’3 + B4Z4 _ A§Z4 + AZZ3
Aszs + ALz, B3zy + Byz3 )

to

This means

A5 = By A} = Bs.
Keeping in mind the signature of our metric on W, we may write this explicitly as
Ay = (—a* B* v*)= (-8 a &) =Dy,

and

A= (-a* B 7)) = (-8B «a 0)=DBs,

which implies
a=p f[f=ao" F=6 =7
So we may write the above monad equations purely in terms of «, 3,7,d, and they

become

[a, 8]+ 6y = 0,
—la o] + [B%, 8] + 4"y +00F = 0.

We say that «, 3,7, form a system of ADHM-data for the bundle E and call the

above equations the split signature ADHM equations. Note that we could have chosen
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different unitary bases for V' and W and so we get an action of the group U(V) on
the set of ADHM-data. An element u € U(V') acts according to

u.(av, 3,7,6) = (uaw, u™" Bu, yu, u”'é).

Two sets of ADHM-data that are related by this U(V')-action will give rise to isomor-
phic bundles. In this way, we are able to obtain (possibly singular) split signature

instantons from an ADHM type construction.
5.3.2 The moduli space of ADHM Data as a Hypersymplec-
tic Quotient

In this section, we are going to show that the split signature ADHM equations may

be interpreted as a moment map for the action of U(V') on the set of ADHM-data.

The Hypersymplectic Setup and the Moment Maps

Let V, H be complex hermitian vector spaces of dimension k,[, respectively. We
have seen above that ADHM data are of the form («, 3,7, 6), where «, f € End(V),
v € Hom(V, H) and 6 € Hom(H,V). They are acted upon by the unitary group

U(V'). We wish to put a hypersymplectic structure on the complex vector space
A=End(V) & End(V) ® Hom(V, H) & Hom(H, V).

We do this as follows: Writing a tangent vector T{4 ,4,6)A in the form (a,b,c, d), we
define a split signature metric ¢ in terms of the usual inner products given by the

trace on the individual summands of A, i.e.
g((a,b,c,d), (a,b,c,d)) =try(a*a — b*b — c*c + dd*).
The complex structure [ is just multiplication by 1,
I(a,b,c,d) = (ia,ib,ic,id),

and we define S to be
S(a,b,c,d) = (b*,a*,d", ),

where the adjoints are taken with respect to the hermitian inner products on V' and
H. Then by construction IS = —SI and I and S are skew-adjoint with respect to ¢
and parallel, as they do not depend on the point (a, 3,7, d). Thus, putting T' = I,
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we have defined a hypersymplectic structure on 4. The symplectic form associated

to the complex structure [ is given by
wr((a,b,c,d), (a',V,d,d)) = Re (try(—ia*a’ +ib*b +ic*d + idd™)).
The complex symplectic form w§ = wg + twy is then
wi((a,b,c,d), (a’,V,d,d)) =try(ba’ — ab — dd + d'c).
We have seen before that we have an action by U(V) on A given by
u.(a, 3,7,0) = (u o, u Bu, yu, u o),

where u € U(V). For £ € u(V), the associated fundamental vector field is given by

d
X(ga,ﬂ;y,é) = a|t=0 exp(t{).(a, B, e 5) = ([av f]v [ﬂa 6]7 v, _55)

With all the setup in place, we are now in a position to calculate the moment maps

associated to this action.

Theorem 5.3.1. We use the pairing given by try to identify u(V)* = u(V), then
we have w(V)* @ C 2 w(V) ® C = End(V). Under these identifications, the moment
maps of the action of U(V) on A are given by

pila, B,v,0) = |a, 6] + 07,
—1

prle,0,7,0) = SF(=la*a] + 58]+ 77y + 657

In particular, the moduli space of ADHM-data modulo the action of U(V') arises as
the hypersymplectic quotient of A by the U(V)-action and is expected to be of real

dimension 4dim V dim H .
Proof. Let £ € u(V) and let X = (a,b,c,d) € T(q,5,.6)A. We have

Wi(X5 X) = trv([8,€la — [, &b+ Edc + dr€)
= try([a, B]§ — b, oJ€ + dc§ + dr)
— %\tzotrv([a +ta, B+ th)€ + (6 + td) (7 + te))
= (A7) @,8.4.8) (E)(X),
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which gives the desired complex moment map. For the real moment map, we perform

a similar calculation,

wr(X,X) = Re(try(~ilo &0 + 48,6 +i(2€)"c — i€od))
= Re(try(—ila”, &a +i[3", &b — i&vy*c —i€dd”))
= Re(try(ifa”, alé — il6" b€ — ik — i0d°6))
= S (vt — ila, 'l + i[5, b€ — i[5, €))

-I—%(trv(—m*cf —ic"y€ — i6d"§ — id0"))

= (dpr)(a,6.4.6 () (X).

Degeneracies

In proving the hypersymplectic quotient construction, we saw that we can only expect
a non-degenerate hypersymplectic structure on some open set in the quotient. In this
paragraph, we give an explicit description of the degeneracy locus. At a solution
(av, B,7,0), the tangent space will be given by the space of solutions to the linearised
equation intersected with the orthogonal complement to the tangent space to the
orbit through (a, 3,7v,0). That is, a tangent vector X = (a,b,c,d) € T(a,34,5)A has
to satisfy

la,B] + [a,b] + 6c+dy = 0
[a*, a] + [a,a] — [0, 8] = [B%,b] + "y + v ¢+ do* + 6d" = O
[a*,a] — [6%,b] — v ¢+ dd* = 0,
where the third equation is the condition that X should be perpendicular to the U(V)-

orbit through (o, 3,,0). Thus, the degeneracy locus is precisely given by solutions
to the third equation that are of the form

X=X'= ([Oz,f], [675]7757 —55),

for some & € u(V). Hence, we arrive at the following description of the degeneracy

locus.

Proposition 5.3.2. A solution («, 3,7,0) to the ADHM equations is contained in
the degeneracy locus if and only if there exists a non-trivial solution & € w(V) \ {0}

to the equation

[0, [o, €]] = [67, [8, 1] = 7"7€ + 667¢ = 0.
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5.3.3 An ADHM Description for Framed Bundles on CP! x
CP!

In the case of rank 2, the ADHM equations can also be interpreted in a different
context. Recall that we want to produce vector bundles which are holomorphic with
respect to each compatible complex structure on the base space R?? and which are
framed at infinity. It is shown in [I6] that holomorphic bundles of rank 2 with
structure group SL(2,C) on CP' x CP' trivial over {co} x CP' U CP' x {oc0} can
be obtained by a monad construction. Suppose we start with a collection of ADHM

data (a, 3,7, 9) defined as above, that is, satisfying
[, 8]+ 6y =0,  [o*,a] = [6%, 8]+~ + 66 = 0.

Let 2 = 21 — ix9,w = w3 + ix4 be complex co-ordinates on R*? =~ B =~ CH! with
respect to the complex structure I. According to [16], we can define a holomorphic

vector bundle via matrices
A(Lw):V—)V@Cl’l@H B(Z’w):V®Cl’1@H—>VY,

where
a—w

Acwy=| B—2 |, B(Zﬁw):(—ﬂ—l—z o —w 5),
g
and V, H are hermitian vector spaces as before. For this to work we actually only
need the complex equation to be satisfied. The bundle obtained in this way will be
trivial on the two lines at infinity. The result we need here is Lemma 5 in section 2
of [16].

On A we have a two-sheeted hyperboloid of compatible complex structures and
we have seen in the discussion of Lax pairs that the vanishing of the hypersymplectic
moment map is equivalent to the vanishing of . for all ¢ € CP'\ {|¢| = 1}, i.e. the
complex equation should be satisfied for any choice of compatible complex structure.

Recall that for |¢| # 1 complex co-ordinates with respect to the associated complex

structure I are given by
ZC:Z+i<UJ w<:w+iCZ.

For fixed ¢ we view these again as standard affine co-ordinates on CP' x CP'. That
is, we embed R>? into CP' x CP"' as the subset {([1 : z¢], [l : w¢]}. Analogously, we

obtain complex co-ordinates on A via
ac = a —i(f” Be =B —i¢a” Yo =7 —1¢0" d¢ = 0 —i¢vy".
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In these co-ordinates the matrices describing the vector bundles are then given by
A(ZC’U’C) VoVeCleH B(ZO“’C) VeCh'le H— V,

where
Q¢ — we
Aew = | Pe— % Blewo) = (B¢ +2¢ a¢—we dc).
V¢
As before, the complex equation with respect to I is equivalent to the condition

B(zc,wc) o A(zc,wg) = 0.

Note that this equation only depends on the ADHM data and not on the co-ordinates
(z¢,w¢), as they cancel out.

We summarise this discussion in the following proposition.

Proposition 5.3.3. A quadruple («, 3,7, ) satisfies the ADHM equations if and only
if Bzewe) © Az we) = 0 for all € € CP'\ {|¢| = 1}. Equivalently, the bundle defined by
the cohomology of the monad is holomorphic with respect to any choice of compatible

complex structure ;.

Thus, using lemma [5.1.1, we have produced an ASD connection on the bundle
E restricted to the open subset over which the induced metric on the fibres of E' is

positive definite. As before, we identify the bundle F with the kernel of the map

Riw)y = Al ) @ Biow) : VRCY & H -V eC

(z:w)

The bundle E then acquires its connection from the trivial connection on W =V ®
C™!' @ H by orthogonal projection. At a point p = (z,w), the projection map onto
the kernel of A7 is given by

P,=1— A (ATA,) A

The problem is now, that the metric on W is not positive definite and so A7 A, is not
automatically invertible, so that this description breaks down at points where AJA,
has a non-trivial kernel. At such points the ASD connection will be singular. We also
cannot guarantee that the induced metric on the kernel of the map R, will be positive
definite, which is necessary to obtain instantons with gauge group SU(2) (recall that
the above description has only been developed in [16] for bundles of rank 2).

Bearing in mind the signature of the metric on W, Ay is given by
A= ((a—w)" =(B=2)" 7,
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so that
ALA, = (a—w)"(a —w) — (B—2)"(8—2) +7™,

which is a self-adjoint, but unfortunately not automatically a positive k x k ma-
trix, depending on z,z,w,w in a polynomial manner. Its determinant det A7 A, =:
D(z, z, w,w) is hence a polynomial in the four variables z, z, w, w, which is real val-
ued since Ay A, is self-adjoined. Our ASD connection will be singular at points (2, w)
where D(z, Z,w,w) = 0, so we have to study this polynomial and and find out under
which circumstances has a non-empty zero-locus. Explicitly, we see that as a matrix

polynomial A7A, is of the form
ArA, = (Jw]* = |2]*)idy + (lower order terms).
Its determinant D hence looks like
D(z,z,w,w) = (Jw|* = |2|*)* + (lower order terms).

In particular, if k is even, then the leading term is always positive and we cannot say
much about the zero set of D. However, if k is odd, we observe that if we fix |z| and
let |w| become large, then certainly then value of D will be positive, for large enough
|w|. If we fix |w| and let |z| grow, then, for large enough |z|, D will become negative.
Hence, by continuity D must be zero for some (z,w). We summarise this result in
the following proposition and remark that it has been found previously by Mason [45]

using different methods.

Proposition 5.3.4 ([45]). A non-singular split-signature instanton must have even

second Chern number k.

Thus, we have described a way to construct possibly singular ASD connections on
CP! x CP! directly in terms of ADHM data on this space rather than on the twistor
space CP?.

5.3.4 Open Questions

There are several open questions in the above construction that we would like to
answer in the future. The most obvious one is how to relate the two different ADHM
constructions. We know that a choice of complex structure on S? x S? corresponds
to an embedding of S? x S? into CP? as a quadric with no real points, see appendix
B in [45]. In this way stable bundles on CP* give holomorphic bundles on S? x S? by
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restriction. However, the quadric corresponding to the choice of complex structure in

section is given in the w-co-ordinates by the equation

which clearly has no real points. In the z-co-ordinates this equation reads
2129 + 2324 = 0.

Under this embedding, the lines at infinity correspond to the union of lines {z5 = 0 =
2324}, none of which is real, of course. However, when we derived the reality condition
for the map R, in it seems that we needed the fact that the line {23 = 2z, = 0}
actually is real.

Another task is to understand the singularities of the ASD connection we produced
above, i.e. can we characterise the points at which the description of the bundle and
its hermitian structure in terms of the map R, breaks down? What is the significance
of ASD connections that come from ADHM data that lie in the degeneracy locus of
the hypersymplectic structure? Notice also that we have not addressed the question
of smoothness of the ADHM moduli space in the above discussion.

A full analysis of the above questions could then finally lead to the construction of
a Nahm transform, with the hope of relating solutions to Schmid’s equations to space-
time monopoles, also known as solutions to Ward’s chiral model, see [57] and [I7].
See [26] for the correspondence between Nahm’s equations and magnetic monopoles.

This could be an interesting project to work on in the future.
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