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Abstract

Robots in unstructured environments must perceive, plan, and act under significant
uncertainty. Unstructured environments are characterised by cluttered, dynamic,
and partially observable settings, as found in homes, offices, and public spaces. To
operate effectively in such environments, robots must frequently interact with un-
known objects; making and breaking contact as they push, deform, or reorient them
during manipulation. Anticipating the outcome of these contact-rich interactions is
critical for robot autonomy but remains challenging due to the discontinuous nature
of contact dynamics and the uncertainty arising from unmodelled physical properties
of the environment. This thesis addresses the problem of controlling robots to exploit
contact as a purposeful means of manipulation. In the first part, we formulate
the problem of contact-rich manipulation as a model predictive control problem
and show that stochastic optimisation in combination with informative priors and
learned proposal distributions enables efficient exploration of the contact space in
real-time without relying on local gradients or discretisation of the contact space.
The ability to replan at high frequency allows the robot to adapt online to changing
dynamics, making it implicitly robust to uncertainty. In the second part of this
thesis, we extend this framework to explicitly account for uncertainty in the robot’s
state and environment. We introduce chance constraints to ensure probabilistic
constraint satisfaction and develop a sampling-based approximation that enables
efficient evaluation of these constraints within the model predictive control loop.
Finally, we explore belief space control through contact, enabling the robot to
actively reduce uncertainty in its environment by seeking out informative contact
interactions. This allows the robot to not only react to uncertainty but also to
explicitly reason about it and take actions to reduce it. Together, these approaches
provide a coherent framework that combines reactivity with principled decision-
making under uncertainty, enabling efficient and robust robot control strategies that
can actively manage and mitigate uncertainty in real-time. We demonstrate the
effectiveness of these methods in dynamic robot handover tasks and contact-rich
manipulation with a robot manipulator, as well as a quadruped robot with an arm.

Keywords: Trajectory Optimisation, Stochastic Optimisation, Model Predic-
tive Control, Stochastic Dynamics, Robust Control, Contact-Rich Manipulation
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1
Introduction

Contents
1.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.1 Implicit Uncertainty Handling through Reactivity . . . 8
1.1.2 Explicit Uncertainty Handling through Probabilistic Rea-

soning . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2 Research Beyond This Thesis . . . . . . . . . . . . . . . 11

Robots are increasingly deployed in unstructured, dynamically changing envi-

ronments such as homes, warehouses, and care facilities, where they must interact

safely and intelligently with both humans and objects. Unlike in controlled

industrial settings, these environments present variability, ambiguity, and incomplete

information. Operating effectively in these settings requires the ability to reason

about uncertainty. Consider a robot tasked with unloading a dishwasher in a

home environment. Almost certainly, it will encounter a variety of novel objects

whose physical properties (e.g., mass, friction) cannot be fully known without

interaction. However, any such interaction, whether visual or physical, yields only

noisy and incomplete sensory information. Visual observations may be compromised

by occlusions in a fully packed dishwasher or by challenging lighting conditions,

while force or tactile feedback can be confounded by the robot’s own dynamics

and the compliance of the manipulated objects. As a result, these partial and

1
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uncertain observations rarely provide a complete or unambiguous representation

of the world. Besides, the robot’s own actions can also increase the uncertainty

about the environment (e.g., by moving objects or causing them to fall). Moreover,

domestic environments are inherently dynamic and subject to change, as humans,

and potentially other robots, simultaneously interact with the space in unpredictable

ways. These interactions introduce further uncertainty in the environment’s state

and evolution over time, essentially turning them into stochastic systems. Developing

methods that can handle these forms of uncertainty is essential for enabling

robust, adaptive, and safe robot behaviour in open-world scenarios such as the

one described above. This thesis explores different approaches to handling these

forms of uncertainty in order to achieve reliable and efficient robot behaviour in

such stochastic environments. Together, these approaches can be integrated into a

unified framework for robot motion planning and control under uncertainty, enabling

more robust and adaptable behaviour.

Sources of Uncertainty With the goal of contributing towards enabling robots

to operate reliably and efficiently in these stochastic environments, the first step is to

characterise the sources of uncertainty that this thesis aims to address. The sources

of uncertainty can be broadly categorised into two types: aleatoric and epistemic

uncertainty (Sullivan, 2015). Aleatoric uncertainty, also known as statistical

uncertainty, arises from inherent randomness or variability in the environment

or system. This type of uncertainty is irreducible, meaning that no amount of

additional information can eliminate it. Examples of aleatoric uncertainty in robotics

include sensor noise, actuator noise, and environmental variability. Epistemic

uncertainty, on the other hand, stems from a lack of knowledge or information

about the environment or system. This type of uncertainty is reducible, meaning

that it can be mitigated through additional data or learning. Examples of epistemic

uncertainty in robotics include incomplete models of the environment, unknown

object properties, and unmodelled dynamics. In the context of robot manipulation,

both types of uncertainty are prevalent and should be addressed to achieve robust
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and reliable performance. For instance, when a robot attempts to grasp an object, it

may encounter aleatoric uncertainty due to sensor noise affecting its perception of the

object’s position and orientation. As a result, the robot might slightly misalign its

gripper, causing unstable or failed grasps even if the object’s properties are perfectly

known. Simultaneously, it may face epistemic uncertainty if it lacks knowledge

about the object’s mass distribution or frictional properties, which can significantly

impact the success of the grasp. In this case, even if the gripper is placed accurately,

the robot may not apply sufficient force to prevent slippage, or it may use excessive

force that risks damaging the object. These two types of uncertainty therefore affect

the robot’s behaviour in different ways: aleatoric uncertainty primarily leads to

variability and unreliability in execution, while epistemic uncertainty leads to poor

decision-making due to incomplete or incorrect models. To operate effectively, a

robot must handle both. In this thesis, we address aleatoric uncertainty implicitly

through high-frequency replanning, and epistemic uncertainty explicitly by modelling

and reasoning about unknowns to ensure probabilistic constraint satisfaction and

informed decision-making in stochastic environments.

Model-based vs. model-free The methods discussed in this thesis are predomi-

nantly model-based, meaning that they assume access to a model of the environment

and robot dynamics. In the cases of implicit uncertainty handling, this model is

assumed to be deterministic, whereas in the cases of explicit uncertainty handling,

the model is assumed to be probabilistic, i.e., sufficiently capturing the stochasticity

in the environment. More specifically, in the case of a probabilistic model, we

only assume sampling-based access to the model, meaning that we can sample

from the model to generate possible instantiations of the uncertainty, but we do

not assume access to a closed-form representation of the uncertainty, such as a

Gaussian distribution. This is a realistic assumption in many robotics applications,

where the true distribution of the uncertainty is often unknown or difficult to model

accurately. We also note that this also allows for data-driven models, such as

learned dynamics models, to be used within the developed methods, as long as they
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can provide sampling-based access to the uncertainty. In contrast to model-free

approaches, which learn a policy directly from data without an explicit model of

the environment, model-based approaches can leverage prior knowledge about the

environment and robot dynamics to inform decision-making.

Focus on Contact-Rich Manipulation While the approaches presented in

this thesis are applicable to a wide range of robotic tasks and robot embodiments,

the main focus of this thesis is on robot manipulation tasks that involve physical

interaction with objects and the environment. Such contact-rich tasks are par-

ticularly challenging due to the complex and discontinuous dynamics that arise

from making and breaking contact. While some methods address this challenge by

smoothing the contact dynamics, thereby enabling the use of gradient information,

these approximations may limit accuracy in highly discontinuous settings. In

contrast, the methods developed in this thesis avoid such approximations by relying

on sampling-based techniques that explore the contact space directly without

gradient information. This is particularly important when reasoning not only

about individual contact modes, i.e., points in time where the robot is in contact

with an object, but also about transitions between different contact modes over

longer, potentially variable, time horizons. Moreover, contact-rich manipulation is

inherently uncertain (Yu et al., 2016), both because contact dynamics are difficult

to model accurately and because object properties such as shape, mass distribution,

friction, and compliance are often unknown. These challenges are central in real-

world applications like household chores, assembly, and service robotics, where

robots must handle diverse objects in unstructured settings.

1.1 Contributions

This thesis contributes methods that enable robots to operate reliably and efficiently

in stochastic environments, in particular in the context of contact-rich manipulation.

The contributions span two complementary perspectives on uncertainty handling:
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Figure 1.1: Overview of the contributions of this thesis for handling uncertainty in robot
manipulation. The developed methods can handle uncertainty in robot motion planning
and control, both implicitly through high-frequency replanning, as well as explicitly
through modelling and reasoning about uncertainty. The methods are evaluated in the
context of robot manipulation tasks.

1. Implicit approaches, where high-frequency replanning and fast feedback loops

provide robustness by adapting online to uncertain and changing dynamics.

2. Explicit approaches, that model and reason about uncertainty in order to

provide additional robustness and performance benefits, through improved

decision-making, and active information gathering.

Together, these methods enable robots to act reliably and efficiently in stochastic

environments. To address the discontinuities that arise from making and breaking

contact, all methods developed in this thesis are sampling-based, meaning that they

do not rely on gradient information and can therefore explore the contact space

without additional approximations and smoothing operations.

We provide a high-level overview of the contributions made in each chapter of

this thesis in Figure 1.1. Since this is an integrated thesis, each of these chapters

corresponds to a publication or a submitted manuscript, as summarised in Table 1.1.

To improve coherence of presentation, the chapters are ordered thematically rather
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Chapter Paper reference

Chapter 3 Jankowski∗, J., Brudermüller∗, L., Hawes, N., and Calinon, S. (2023). VP-STO:
Via-point-based stochastic trajectory optimization for reactive robot behavior.
IEEE International Conference on Robotics and Automation (ICRA).

Chapter 4 Brudermüller, L., Hung, B., Zhu, X., Wang, J., Hawes, N., Culbertson, P., and
Le Cleac’h, S. (2025). Generative models from and for sampling-based MPC:
A bootstrapped approach for adaptive contact-rich manipulation. Manuscript
under review at IEEE Robotics and Automation Letters.

Chapter 5 Brudermüller, L., Berger, G. O., Jankowski, J., Bhattacharyya, R., Calinon,
S., Jungers, R. M., and Hawes, N. (2025). CC-VPSTO: Chance-Constrained
Via-Point-Based Stochastic Trajectory Optimisation for Online Robot Motion
Planning under Uncertainty. Manuscript under review at The International
Journal of Robotics Research.

Chapter 6 Brudermüller, L., Jankowski, J., Toussaint, M., and Hawes, N. (2025). Touch-
Based Object Localisation with Spatially-Aware Belief Entropy Estimation.
Manuscript under review at IEEE International Conference on Robotics and
Automation (ICRA).

Table 1.1: Publications that form the basis of this thesis. Authors marked with an
asterisk contributed equally.

than strictly chronologically. In each of these paper chapters, we provide a brief

summary of the contributions and repeat Table 1.2 to situate the work within

the broader context of robot motion planning and control under uncertainty. If

not noted otherwise, we include supplementary material, as well as an additional

discussion of limitations and future work, at the end of each chapter. Citations in

the main body of this thesis refer to the bibliography at the end of this document,

whereas citations in the individual chapters refer to the bibliographies included

in the respective manuscripts.

While Figure 1.1 highlights the overarching structure and main ideas, it is

complemented by Table 1.2, which compares the chapters and the respective

contributions made in each chapter more systematically along several key dimensions:

• Theme: the main focus of the chapter, summarising the approach’s primary

strategy for handling uncertainty. This can be either Reactivity, where the

approach relies on frequent replanning to adapt to changes; Learning for

Reactivity, where the approach incorporates learning mechanisms to enhance

its reactive capabilities; Robustness, where the approach explicitly models
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uncertainty to ensure reliable performance; or Exploration, where the approach

actively seeks out information to reduce uncertainty.

• Uncertainty Handling: whether the respective approach handles uncer-

tainty implicitly or explicitly. Implicit handling of uncertainty typically relies

on reactivity and frequent replanning, whereas explicit handling of uncertainty

involves modelling and reasoning about uncertainty within the planning or

control process.

• Prior Knowledge of Uncertainty: whether the approach assumes prior

knowledge of the uncertainty, or whether it can operate without any prior

knowledge. This dimension is tightly coupled with the previous one, as implicit

handling of uncertainty typically does not require prior knowledge, whereas

explicit handling does.

• Environment: whether the approach assumes deterministic or stochastic en-

vironments. Note that, even when assuming a deterministic environment, the

method may still be able to handle uncertainty implicitly through reactivity.

• Method: the underlying method used for planning or control. While all

approaches are sampling-based, they differ in the specific method used, such

as Model Predictive Control (MPC) or belief-space control.

• Control Problem: the specific optimal control problem addressed by the

approach, such as cost minimisation, chance-constrained cost minimization,

or information gain maximisation.

Beyond the developed methods and experimental validations, the theoretical insights

presented in this thesis should serve as a foundation for future research on robust

and adaptive robot behaviour in dynamic and uncertain settings. In summary:
Contribution Statement

This thesis shows that reliable and efficient robot manipulation in unstructured
environments requires motion planning and control methods that combine
implicit reactivity with explicit reasoning about uncertainty.
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Chapter 3 Chapter 4 Chapter 5 Chapter 6

Theme Reactivity Reactivity
Learning for Robustness Exploration

Uncertainty Handling Implicit Implicit Explicit Explicit

of Uncertainty
Prior Knowledge None None access

Sampling-based
access

Sampling-based

Environment Deterministic Deterministic Stochastic Stochastic

Method MPC MPC MPC control
Belief-space

Control Problem Min. cost Min. cost s.t. chance constraints
Min. cost

information gain
Max.

Table 1.2: Thesis overview: summary of uncertainty modelling, assumptions, and
solution methods across chapters. This table is repeated at the start of each chapter.

While achieving this vision ultimately requires progress in perception, learning,

and hardware, the methods and experiments presented here highlight how implicit

and explicit approaches to uncertainty can be integrated to anticipate and address

the challenges of real-world robotic manipulation.

1.1.1 Implicit Uncertainty Handling through Reactivity

In the spirit of implicit uncertainty handling, we develop sampling-based Model

Predictive Control (MPC) methods that can replan in real-time while efficiently

exploring the contact space without gradient information in Chapters 3 and 4. We

note that these methods do not require prior knowledge of the uncertainty, but

rather rely on high-frequency replanning to adapt to changes in the environment.

VP-STO (Chapter 3) Our first contribution is Via-Point-based Stochastic Tra-

jectory Optimisation (VP-STO), a sampling-based trajectory optimisation method

designed to efficiently generate adaptive, contact-rich manipulation behaviours in

real time. VP-STO optimises over a low-dimensional via-point parameterisation

of trajectories using zero-order methods to efficiently explore the contact space

without gradient information. These via-points are then used to synthesise smooth
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timing-optimal trajectories from optimal basis functions (Jankowski et al., 2022).

This formulation enables efficient optimisation loops, probabilistic warm-starting,

and effective exploration of discontinuous cost landscapes, such as those arising

in contact-rich tasks. VP-STO therefore provides a practical means of producing

timing-optimal, contact-making trajectories without relying on gradient information.

GPC (Chapter 4) Our second contribution is the Generative Predictive Con-

trol (GPC) framework, which addresses the limitations of VP-STO in more complex,

high-dimensional settings where simple contact dynamics models are insufficient

and accurate handling of numerous, simultaneous contacts is essential (e.g., whole-

body contact-rich control). GPC amortises sampling-based Model Predictive Con-

trol (SPC) by bootstrapping it with generative models trained on SPC trajectories

collected in simulation. By learning meaningful proposal distributions directly

from noisy SPC data, GPC enables more efficient and informed sampling during

online planning. The method relies on offline data collection with more extensive

sampling and longer horizons than are feasible in an online setting, while preserving

the flexibility and adaptability of online optimisation. We demonstrate GPC’s

effectiveness in high-dimensional loco-manipulation tasks with a quadruped robot

with an arm performing non-prehensile manipulation in complex environments.

1.1.2 Explicit Uncertainty Handling through Probabilistic
Reasoning

While classical MPC can provide a degree of robustness to uncertainty through

its receding-horizon structure, its deterministic formulation typically renders it

inherently inadequate for explicitly handling uncertainty (Mesbah, 2016). Therefore,

Chapters 5 and 6 focus on alternative methods which explicitly handle uncertainty.

While Chapter 5 addresses the question of how to ensure constraint satisfaction

in stochastic environments, Chapter 6 addresses the question of how to actively

reduce uncertainty in such environments through informative actions.
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CC-VPSTO (Chapter 5) Approaches to constraint satisfaction in stochastic

environments generally fall into two categories: robust methods, which enforce con-

straints under all possible uncertainty realizations, and chance-constrained methods,

which require constraints to hold with high probability. Robust methods often

lead to excessive conservatism and even infeasibility in practice, chance-constrained

methods provide a more flexible framework for balancing safety and performance.

However, existing formulations typically rely on restrictive assumptions about the

uncertainty distribution (e.g., Gaussianity) or demand prohibitively large sample

sizes to ensure reliable constraint satisfaction, limiting their use in real-time online

control. To address this gap, our third contribution is Chance-Constrained VP-STO

(CC-VPSTO), a Monte Carlo-based framework for online robot motion planning

under uncertainty. CC-VPSTO introduces a surrogate formulation for chance-

constrained trajectory optimisation that achieves low conservatism with limited

samples while avoiding the overly optimistic behaviour of naïve sample average

approximation methods. By integrating this surrogate into VP-STO, we extend it

to a stochastic MPC framework that is compatible with real-time operation and

supports arbitrary uncertainty distributions as well as general inequality constraints

such as collision avoidance, force limits, and performance objectives. We provide a

theoretical analysis showing that, under independence assumptions, the surrogate

yields solutions that satisfy the original chance constraints with high confidence,

and we argue why the approach remains effective in receding-horizon MPC settings

where these assumptions do not strictly hold. Empirically, we demonstrate that CC-

VPSTO consistently balances probabilistic constraint satisfaction and task efficiency

across challenging simulation benchmarks and real-world robot experiments.

Yet, while CC-VPSTO provides a practical means of ensuring constraint sat-

isfaction in stochastic environments, it does not address the question of how to

actively reduce uncertainty through informative actions. This is particularly relevant

in scenarios where the robot has the ability to gather information about the

environment, such as through touch or other sensory modalities. In the context of

contact-rich manipulation, interacting with objects can provide valuable information
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about their properties, which can be used to reduce uncertainty and improve

task performance.

Touch-Based Object Localisation (Chapter 6) Our final contribution is

a framework for touch-only global object localisation that operates directly in

continuous state spaces from uninformed, non-parametric priors, enabling robots

to localise and manipulate objects even when vision is unreliable or absent. The

approach combines a proximity-aware measurement model that turns sparse binary

contact signals into informative likelihoods with a contact-aware resampling strategy

that mitigates particle starvation in discontinuous observation settings. To actively

reduce uncertainty, we introduce a sampling-based information-gathering controller

that evaluates candidate probing actions using a non-parametric differential entropy

estimator, capturing both observation-driven changes in particle weights and

dynamics-driven changes in spatial density. We argue that this dual consideration

is crucial for effective uncertainty reduction in scenarios where the robot directly

interacts with the environment. We demonstrate that this system reliably localises

and grasps objects under broad, multi-modal initial uncertainty with up to 0.4 metres

of separation between modes in real-world experiments, substantially extending

the applicability of touch-based localisation beyond the narrow ranges assumed

in prior work.

1.2 Research Beyond This Thesis

In addition to the publications that form the basis of this thesis, I have contributed

to other research projects during my DPhil. A list of these publications is

provided below:

• Staniaszek, M.,Brudermüller, L., Bhattacharyya, R., Lacerda, B., and Hawes,

N. (2023). Difficulty-aware time-bounded planning under uncertainty for

large-scale robot missions. European Conference on Mobile Robots (ECMR).
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• Jankowski, J., Brudermüller, L., Hawes, N., and Calinon, S. (2025). Ro-

bust pushing: Exploiting quasi-static belief dynamics and contact-informed

optimization. The International Journal of Robotics Research.

• Staniaszek, M., Brudermüller, L., You, Y., Bhattacharyya, R., Lacerda, B.,
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fundamentals of low-level robot control; trajectory optimisation and representation;

sampling-based planning and control; uncertainty-aware planning and control; and

learning for robot control. At the end of each section, we highlight how these

concepts relate to the work presented in this thesis.

2.1 Robot Dynamics and Control

In this section, we provide a brief overview of the fundamentals of modelling and

controlling high degree-of-freedom (DoF) robotic systems. In particular, we focus on

rigid body dynamics of robot manipulators and approaches to controlling them in the

presence of, and through, contact. For a more comprehensive introduction to robot

dynamics and control, we refer the reader to Tedrake (2023); Lynch and Park (2017).

2.1.1 Rigid-Body Dynamics

Robot movements can be well-described by rigid-body dynamics (Featherstone,

2008) which assume that the robot’s links are rigid and actuated by control torques

and/or forces acting on the joints. The state of a robotic system is typically

described by its generalized coordinates q (e.g., joint angles for a manipulator) and

their time derivatives q̇ (e.g., joint velocities). The dynamics of a robotic system in

standard manipulator form can be described by the following equation of motion:

M(q)q̈ +C(q, q̇)q̇ + g(q) = u+ τext, (2.1)

where M(q) is the mass/inertia matrix, C(q, q̇) are the Coriolis and centrifugal

forces, g(q) the gravitational forces, and τext represents external forces and torques

acting on the robot, such as contact forces. Last, the control input u represents

the generalized forces generated by the robot’s actuators, assuming that the robot

can accurately output the desired torques/forces. This is a common assumption for

high-DoF robotic manipulators, which are typically equipped with high-performance

joint-level controllers that can accurately track desired torque/force commands.

While most of the experiments conducted in the works presented in this thesis are

performed on robot manipulators, Chapter 4 uses a quadruped robot with an arm
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as the robotic platform. While at a high level, the dynamics of a quadruped robot

can also be described by Eq. (2.1), quadruped robots are typically underactuated,

meaning that they have fewer actuators than degrees of freedom, e.g. the floating

base of the robot is not actuated. While this influences the control strategies used

for quadruped robots, the underlying dynamics and contact modelling remain the

same. More specifically, the low-level control of the quadruped robot in Chapter 4

is abstracted away through a Reinforcement Learning (RL) policy that maps from

higher-level commands to low-level joint torques (Zhu et al., 2025). We therefore do

not discuss the specific control strategies used for quadruped robots in this thesis.

2.1.2 Manipulator Control

With the main goal of this thesis being to develop planning and control methods for

contact-rich manipulation, we focus on control strategies that can be used to control

robot manipulators in the presence of contact. In the following, we briefly discuss

two widely used control strategies in manipulation that may serve as low-level

control layer which simplifies the optimal control problem.

Direct Force Control Direct force control (Siciliano and Villani, 1999) aims to

directly specify interaction forces between the robot and the environment. Therefore,

the idea is to compensate for gravity and Coriolis effects, such that

u = C(q, q̇)q̇ + g(q) + τdes, (2.2)

where τdes is the new auxiliary control input that specifies the desired generalized

forces acting on the robot. If the robot is in contact with the environment, the

external forces balance the desired forces, leading to a quasi-static equilibrium with

τext = −τdes. (2.3)

In this case, τdes directly regulates the interaction force applied to the environment.

Conversely, if the robot is not in contact, i.e. τext = 0, the commanded force

produces an acceleration of the robot in the direction of τdes,

q̈ = M−1(q)τdes. (2.4)
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This dual behaviour highlights both the strength and the challenge of direct force

control. While it enables accurate force regulation in sustained contact, it can lead

to undesirable accelerations and unstable behaviour in free space. Furthermore,

the method is highly sensitive to modelling errors and sensor noise, making it less

robust for tasks that require both free-space motion and intermittent contacts. For

these reasons, direct force control is often complemented with higher-level strategies

that ensure stability and robustness in practical manipulation scenarios.

Stiffness Control Stiffness control, in contrast, prescribes how the robot should

react to deviations in position and velocity when subject to external forces (Hogan,

1984). Rather than interpreting forces as inputs, the controller generates generalised

forces τ such that the closed-loop robot dynamics emulate a virtual spring–damper

system. A standard stiffness control law is given by

u = C(q, q̇)q̇ + g(q)−K(q − qdes)−D(q̇ − q̇des) +M(q)q̈des, (2.5)

where K and D are the stiffness and damping matrices, and (qdes, q̇des, q̈des) define

the desired motion. Substituting this into the manipulator dynamics in Eq. (2.1)

leads to the closed-loop form

M (q)(q̈ − q̈des) +D(q̇ − q̇des) +K(q − qdes) = τext. (2.6)

In steady-state contact (q̇ = q̈ = 0), the external force is given by

τext = K(q − qdes), (2.7)

demonstrating that the interaction force is linearly related to the position control

error through the stiffness matrix K. If the robot is not in contact (τext = 0), the

system converges to the desired position q = qdes. By tuning the virtual stiffness

and damping, the robot can be made more compliant or rigid in response to external

perturbations, while still having Lyapunov-stability guarantees (Albu-Schäffer

et al., 2007). Unlike force control, stiffness control provides stable and predictable

behaviour both in contact and free space, as the controller directly regulates the
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interaction dynamics. This makes stiffness control a widely adopted strategy for

contact-rich manipulation tasks where robots must simultaneously ensure accurate

trajectory tracking and safe, compliant interaction with uncertain environments.

Relevance for This Thesis

We leverage these properties of stiffness control in this thesis for planning for

both the robot’s motion and interaction forces simultaneously through optimal

control approaches that optimise for the set point of a stiffness controller.

2.1.3 Modelling Contact Dynamics

We have so far discussed the dynamics of robot manipulators, how they respond

to control inputs and external forces and how different control strategies can be

used to regulate the robot’s motion in the presence of contact. However, we

are not only interested in the robot’s response to contact forces, but also in the

environment’s response to the robot’s actions. For instance, when the robot pushes

an object, how does the object move in response to the applied force? To answer

this question, we require models that describe the contact dynamics between two

bodies in contact. These models can then be used to predict the evolution of the

robot and environment state in response to the robot’s actions, which is essential

for planning and control. Depending on the task and algorithmic requirements,

different contact models can be used, each with its own assumptions and trade-offs.

In the following, we briefly discuss two classes of contact models for rigid bodies

that are relevant to this thesis. Note that we do not discuss deformable contact

models, which are outside the scope of this thesis.

Second Order Models The first class of contact models are second-order models

that combine Newtonian mechanics of rigid bodies with compliant contact models

that consider contact forces as a function of penetration depth and relative velocity.

The system state therefore includes both the generalized coordinates q and their

derivatives q̇. Most commonly the resulting dynamics models are formulated as

Linear Complementarity Problems (LCP) (Anitescu and Potra, 1997; Stewart, 2000)



2. Background 18

that enforces non-penetration constraints and Coulomb friction within a velocity-

based time-stepping scheme. This approach can accurately model rigid-body contact

with friction and is widely used in physics engines such as Bullet (Coumans, 2015)

and Mujoco (Todorov et al., 2012). Yet, in order to be accurate, these models

require small time-steps (due to the stiff differential equations from the compliant

contact models) and can thus be computationally expensive to simulate.

Quasi-Static Models The second class of contact models are quasi-static mod-

els (Mason, 1986, 2001; Pang and Tedrake, 2021). Those models assume that

dynamic effects related to velocities and accelerations are negligible. However, this

limits their applicability to the prediction of slow physical interactions between

rigid bodies. In the context of robotics, these interactions typically involve

pushing, insertion or other manipulation tasks where the robot moves slowly.

This simplification leads to a significant reduction in computational complexity

which comes from a reduction in the state space (only q is required) and lower

temporal resolutions required for accurate simulation.

Relevance for This Thesis

We use both second-order and quasi-static contact models in this thesis. The

choice of model depends on the task and algorithmic requirements. For

instance, in Chapter 3, we use a quasi-static contact model for planning

pushing motions in a highly dynamic environment, where fast re-planning is

essential. In contrast, in Chapters 4 and 6, we use a second-order contact

model to accurately simulate the dynamics of a quadruped robot and a robot

manipulator, respectively, in contact-rich tasks.
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2.2 Numerical Optimisation

In its most general form, a numerical optimisation problem can be expressed as

min
x

c(x)

subject to g(x) ≤ 0,

h(x) = 0,

(2.8)

where x is a vector of decision variables, c is the cost function to be minimised, and

g and h are (vectors of) inequality and equality constraints, respectively. Almost

any planning or control problem can be formulated as an optimisation problem of

this form, but not all problems are easy to solve. Depending on the properties of

the cost function and constraints, different optimisation methods can be used to

find a solution x∗ that minimises the cost while satisfying the constraints. These

range from first-order and second-order methods that use derivative information

to zero-order derivative-free methods to grid-based search methods. If c and g are

convex functions and h is affine, the optimisation problem is convex, meaning that

any local minimum is also a global minimum. Convex optimisation problems can

be solved efficiently using well-established algorithms (Boyd and Vandenberghe,

2004). However, many real-world problems, especially in robotics, are non-convex

due to complex dynamics, non-linear constraints, and discontinuities (e.g., from

contact). Non-convex problems are generally more challenging to solve and may

require specialised algorithms or heuristics to find good solutions. These challenges

are particularly pronounced in contact-rich manipulation tasks, where the dynamics

can be highly non-linear and discontinuous. Addressing such problems within fast

feedback loops is a central objective of this thesis. The subsequent two sections

therefore serve to establish the necessary background: first, we introduce optimal

control as a way of formulating planning and control problems in robotics; and

second, we discuss methods for solving these problems, with a particular emphasis

on derivative-free approaches that are well-suited to contact-rich manipulation.
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2.3 Optimal Control

Many problems in robotics are inherently temporal: the objective is to determine a

sequence of control actions and resulting states that optimises a performance criterion

over time. Optimal control provides a mathematical framework for addressing such

problems by formulating the goal of control as the long-term optimisation of a

scalar cost function (Bertsekas, 2012).

Consider a system with state x(t) ∈ Rn and control input u(t) ∈ Rm at

time t ∈ R, evolving according to the continuous-time dynamics

ẋ(t) = fc(x(t),u(t)), (2.9)

where f : Rn × Rm → Rn represents, for example, the manipulator or contact

dynamics discussed in Sec. 2.1.2. To formulate tractable optimisation problems,

the dynamics are typically discretised in time, yielding

xt+1 = fd(xt,ut), (2.10)

where xt and ut denote the state and control at discrete time step t ∈ N, and fd
denotes the discrete-time transition function obtained, e.g., via numerical integration

of Eq. (2.9). Unless stated otherwise, f will refer to the discrete-time dynamics

in the following. In the finite-horizon setting1, the desired system behaviour is

encoded through the optimisation objective J , typically consisting of a terminal

cost cT : Rn → R that quantifies the cost of being in state xT at the end of the

time horizon T , and a running cost c : Rn ×Rm → R, c(xt, ut) that quantifies the

immediate cost of being in state xt and applying control ut:

J(x0:T ,u0:T−1) = cT (xT ) +
T−1∑
t=0

c(xt,ut). (2.11)

1In infinite-horizon problems, the sum extends to infinity and a discount factor is typically
introduced to ensure convergence.
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2.3.1 Trajectory Optimisation

Optimising over the space of all possible control functions and state trajectories in

order to solve the finite-horizon optimal control problem is generally intractable.

Instead, rather than trying to solve for the optimal feedback controller for the entire

state space, trajectory optimisation attempts to find an optimal control solution

that is valid from only a single initial condition. In other words, instead of solving

for a closed-loop policy π∗(xt) that maps states to actions, i.e., u∗ = π∗(xt), the

goal is to find an open-loop trajectory (x∗0:T ,u
∗
0:T−1), i.e., a sequence of states x∗0:T =

[x∗0,x∗1, . . . ,x∗T ] and corresponding control actions u∗0:T−1 =
[
u∗0,u

∗
1, . . . ,u

∗
T−1

]
that

minimises the objective J when starting from a specific initial state x0. We can

still use trajectory optimisation for closed-loop control by repeatedly re-optimising

the trajectory from the current state in a receding-horizon fashion, as done in

Model Predictive Control (see Sec. 2.5).

There exist two main approaches to how the optimal control problem can be

transcribed into a finite-dimensional nonlinear optimisation problem, that can be

solved using numerical optimisation techniques (Posa and Tedrake, 2013):

1. Direct methods include both control and state variables as decision variables,

and enforce the system dynamics as constraints, typically at a finite set of

time points (collocation points). This results in a large but sparse optimisation

problem that can be solved using standard numerical solvers.

2. Shooting methods, such as Differential Dynamic Programming (Mayne, 1973),

use only the controls as decision variables by enforcing the dynamics through

forward simulation. This means that the state trajectory is implicitly defined by

the control trajectory and the initial state. Thus the optimiser does not need

to explicitly enforce the system dynamics, resulting in a reduced search space

while only considering physically-realisable trajectories. Consequently, shooting

methods can employ derivative-free optimisation methods, unlike direct methods

which require dynamics derivatives, as discussed below.
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The two approaches lead to different formulations of the optimisation problem:

Direct: min
u0:T−1,x0:T

J(x0:T ,u0:T−1) (2.12a)

Shooting: min
u0:T−1

J(x0:T ,u0:T−1) (2.12b)

subject to xt+1 = f(xt,ut), (2.12c)

x0 = xinit, (2.12d)

other constraints (e.g., state/control bounds). (2.12e)

Finally, we note that hybrid approaches also exist. For instance, multiple shoot-

ing (Giftthaler et al., 2018), which combines aspects of both direct and shooting

methods by dividing the time horizon into segments and optimising over both

states and controls at the segment boundaries while enforcing dynamics within each

segment through simulation. Yet, multiple shooting methods still require dynamics

derivatives and are therefore not discussed further in this thesis.

Which transcription is more suitable for contact-rich manipulation? Both

transcription methods have been successfully applied to formulate optimal control

problems for contact-rich manipulation. Direct methods include contact-implicit

formulations (Posa and Tedrake, 2013; Manchester and Kuindersma, 2019), where

discrete contact modes are implicitly incorporated through a complementary contact

constraint, which enforces the interaction force or the shortest distance between two

bodies to be zero. This enables reasoning over making and breaking contacts while

optimising state and action trajectories simultaneously. On the other hand, shooting

methods approach the problem by directly simulating contact dynamics within the

optimisation loop, as in iLQR-based approaches (Tassa et al., 2012) or sampling-

based methods, such as Predictive Sampling (Howell et al., 2022a) and Model Pre-

dictive Path Integral (MPPI) control (Bhardwaj et al., 2022; Williams et al., 2017).
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Relevance for This Thesis

In this thesis, we focus on shooting methods for trajectory optimisation

in contact-rich manipulation tasks with system dynamics enforced through

forward simulation via the contact models introduced earlier. The main

reason for this choice is that shooting methods allow for more flexible

and lower-dimensional trajectory representations, which can significantly

reduce the computational complexity of the optimisation problem. This is

particularly important in contact-rich scenarios, where the dynamics can

be highly non-linear and discontinuous, making the optimisation problem

more challenging to solve. Furthermore, shooting methods can leverage

derivative-free optimisation techniques, which are often more robust to the

non-smoothness and discontinuities inherent in contact dynamics. This makes

them well-suited for real-time applications, where fast re-planning is essential.

We discuss these aspects in more detail below.

2.3.2 Trajectory Representation

A key aspect of trajectory optimisation is the choice of trajectory representation,

which can significantly affect the efficiency and effectiveness of the optimisation

process, particularly in sampling-based methods. Lower-dimensional representations

entail reduced search spaces, which can lead to faster convergence and reduced com-

putational costs. The choice of representation depends on the specific requirements

of the task, such as the need for smoothness, continuity, or the ability to represent

complex motions, as well as the transcription method used.

Fixed Time Discretisation Direct transcription methods typically require a

fixed time discretisation of the trajectory, meaning that the state and control inputs

are represented at fixed discrete time steps. The respective resolution is typically

linked to the discretised system dynamics in Eq. (2.10). We discussed above how

contact modelling approaches can influence the required time resolution for accurate

simulation. Yet, higher temporal resolutions lead to higher-dimensional optimisation
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problems, which can be challenging to solve, especially in real-time applications.

The trade-off between simulation accuracy and problem dimensionality is a key

consideration when using fixed time discretisations for trajectory representation

in contact-rich manipulation tasks.

Lower-Dimensional Representations Discretising a trajectory in time pro-

vides a straightforward way to make trajectory optimisation problems computa-

tionally tractable. However, this approach couples the number of decision variables

directly to the temporal resolution at which the system dynamics are enforced,

which can make the optimisation problem unnecessarily high-dimensional. A

common approach to reduce the dimensionality of the trajectory representation

is to use a superposition of basis functions, such as B-splines (De Boor and

De Boor, 1978), Radial Basis Functions (RBFs) Powell (1987), or Optimal Basis

Functions (OBFs) (Jankowski et al., 2022). The resulting trajectory can therefore

be expressed as

q(t) =
N∑
n=1
φn(t)wn, (2.13)

where φn(t) denotes the n-th basis function and wn its associated weight. The

weights serve as the decision variables in the optimisation problem, so the dimension-

ality of the optimisation is determined directly by the number of basis functions N .

Because the trajectory is expressed as a linear combination of continuous functions,

it remains continuous in time, and constraints can be evaluated at arbitrary temporal

resolutions. This approach allows for a more compact representation of the trajectory,

as the number of decision variables is decoupled from the temporal resolution, at

which the system dynamics are enforced. Yet, this representation comes with a

trade-off: the expressiveness of the trajectory is restricted to the span of the chosen

basis functions. For underactuated systems such as robots interacting with objects,

this limitation prevents the direct use of basis function superpositions to represent

the full system trajectory. Nevertheless, the benefits of decoupling decision variables

from temporal resolution can still be exploited by applying shooting methods to
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optimise the system’s control inputs, as introduced in Section 2.3.1. In this setting,

the control trajectory is parameterised by basis functions, while the system dynamics

are used to generate the corresponding state trajectory. This enforces dynamic

consistency without placing additional constraints on the control trajectory itself.

Eq. (2.13) can also be used to define the set point of a low-level stiffness controller, as

discussed in Section 2.1.2, while the robot’s closed-loop motion and force response

are abstracted away through the stiffness controller.

Relevance for This Thesis

Given the focus on shooting methods in this thesis, we exploit lower-dimensional

trajectory representations based on basis functions to improve computational

efficiency in contact-rich manipulation tasks. This parameterisation decouples

the number of decision variables from the temporal resolution at which

the system dynamics are enforced, enabling compact, continuous-time tra-

jectories and flexible time-scaling without increasing the dimensionality of

the optimisation problem.

2.4 Trajectory Optimisation Methods

Methods for numerical optimisation, as introduced in Section 2.2, can be broadly

categorised into derivative-based (higher-order) and derivative-free (zero-order)

methods. In the following, we provide a brief overview of both classes of methods,

with a particular focus on their applicability to contact-rich manipulation tasks

and the respective transcription methods introduced above.

2.4.1 Derivative-Based (Higher-Order) Optimisation

Derivative-based, methods have been widely used for trajectory optimisation in

robotics, e.g., (Tassa et al., 2012; Le Cleac’h et al., 2024; Posa and Tedrake, 2013).

These methods typically rely on the availability of accurate gradients of the dynamics

and cost function, which can be challenging to obtain in contact-rich scenarios

due to discontinuities and non-smoothness in the dynamics and cost functions.
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Smoothing of contact dynamics alone – as done in differentiable simulators, such

as Dojo (Howell et al., 2022b) – is often not sufficient to make derivative-based

methods work reliably in contact-rich manipulation. These methods strongly rely on

good initial guesses and are prone to getting stuck in poor local minima, especially

when the problem requires mode switches, e.g. making and breaking contact. This

limitation was recently emphasised by Zhang et al. (2025), who combine iLQR (Li

and Todorov, 2004) with MuJoCo dynamics and finite-difference approximated

derivatives for whole-body control of legged robots. While this approach performs

well when a contact mode schedule is provided, typically encoded in the cost function

for locomotion, it struggles to find good solutions when the mode sequence is not

known a priori, as is common in more complex contact-rich manipulation tasks.

Hogan and Rodriguez (2020) address this limitation in derivative-based methods by

learning a mode switcher for planar pushing tasks. Yet, besides having to train an

additional model, this approach is limited to the specific modes considered during

training. Derivative-based methods are technically compatible with both direct

and shooting transcription methods. In direct methods, e.g., (Posa and Tedrake,

2013), the system dynamics act as constraints that link state and control variables.

In shooting-based formulations, the state cost is propagated back to the control

variables through the dynamics, e.g., (Tassa et al., 2012).

2.4.2 Derivative-Free (Zero-Order) Optimisation

Derivative-free optimisation methods, also known as zero-order methods, address

some of the limitations of derivative-based methods by not requiring gradient

information. Instead, they rely solely on function evaluations to guide the search

for optimal solutions.

Deterministic Derivative-Free Optimisation. First, although our focus in

this thesis is on stochastic, derivative-free approaches, it is important to acknowledge

the complementary class of deterministic derivative-free methods. These methods

construct local models of the objective function and update them deterministically
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using carefully designed sampling patterns. Classical examples include trust-region

and interpolation-based algorithms, thoroughly reviewed by Conn et al. (2009). A

widely used representative method is COBYLA (Powell, 1994), which models the

objective and constraint functions via linear interpolation and solves a sequence of

constrained subproblems. While powerful in smooth, lower-dimensional settings,

these methods are typically less suited to the highly non-smooth systems addressed

in this thesis, motivating our emphasis on stochastic zero-order techniques.

Stochastic Derivative-Free Optimisation. In contrast, the central idea of

stochastic or black-box optimisation (Audet and Kokkolaras, 2016) methods is

to maintain a sampling distribution over candidate solutions (e.g., trajectories or

control sequences), and iteratively refine this distribution using objective evaluations.

By avoiding the need for gradient information, zero-order optimisation naturally

handles discontinuities and enables exploration beyond local minima. An additional

advantage is that candidate evaluations are trivially parallelisable, making these

methods well-suited for online settings such as model predictive control. Popular

algorithms include random search (Matyas et al., 1965), evolutionary strategies,

such as CMA-ES (Hansen and Ostermeier, 2001) and the Cross-Entropy Method

(CEM) (Rubinstein, 1999), and genetic algorithms (Holland, 1992). A more

comprehensive overview in the context of robotics is given by Jordana et al. (2025).

We will provide a brief overview of some of these methods in the context of

sampling-based MPC in Section 2.5 below.

As discussed in Section 2.3.1, shooting methods provide a trajectory optimisation

formulation that naturally accommodates derivative-free techniques. In contrast,

direct methods require the system dynamics to be enforced as constraints, which

cannot be easily handled by zero-order methods. This is due to the fact that valid

candidate action-state trajectories are constrained through the dynamics and thus

difficult to sample. However, shooting-based formulations only require sampling

action trajectories to subsequently roll-out the state trajectories. We rely on this

procedure in this thesis. Thus, in the context of this work, when we refer to
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stochastic/sampling-based optimisation, we imply that the underlying transcription

is based on shooting methods, as in Eq. (2.12b).

2.5 Model Predictive Control (MPC)

Model Predictive Control (MPC), also known as receding-horizon control, solves an

open-loop optimal control problem repeatedly over a finite time horizon H, typically

much shorter than the total horizon T (Mayne et al., 2000). At each time step, given

the current measured state of the system, MPC optimises the control inputs over the

horizon H, applies the first control input, and then repeats the process at the next

time step. In this way, MPC replaces an explicit feedback law with the repeated

solution of an optimisation problem, thereby acting as an implicit feedback controller

that can compensate for model inaccuracies and external disturbances (Mesbah,

2016). This recursive formulation makes MPC effectively a locally optimal state-

feedback control scheme, where control inputs are continually adapted online to the

observed state and predicted system evolution. MPC methods traditionally solve the

problem in Eq. (2.12) over the receding horizon H using derivative-based non-convex

optimisation methods, such as Sequential Quadratic Programming (SQP) (Wensing

et al., 2023) or Differential Dynamic Programming (DDP) (Farshidian et al., 2017).

Yet, as discussed above, these methods can struggle in contact-rich scenarios due to

the non-smooth and discontinuous nature of the dynamics and cost functions.

2.5.1 Sampling-Based MPC

In response to these challenges, sampling-based MPC, also referred to as sampling-

based predictive control (SPC), has gained significant attention as a simple and

computationally efficient – if parallelised – alternative to derivative-based methods

for MPC in robotics (Alvarez-Padilla et al., 2025; Howell et al., 2022a; Williams

et al., 2017; Bhardwaj et al., 2022; Xue et al., 2025; Pezzato et al., 2025). Instead

of relying on specific problem structure or derivative information, these approaches

use sampling-based optimisation methods (cf. Sec. 2.4.2) to explore the control

space using finite samples, either to approximate gradients, or to directly search
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Algorithm 1: Sampling-Based Predictive Control
Input: initial policy parameters θ, number of samples N , cost function J , state

estimator x̂(τ), planning horizon T
τ ← 0 // Initialize time step
while planning do

xτ ← x̂(τ) // Get current state estimate
for i = 1 to N in parallel do

Sample Controls U (i)
τ ∼ πθ(U)

Compute J (i) ← J(U (i)
τ ;xτ ) // via forward simulation

θ ← update_params({U (i)
τ , J (i)}Ni=1)

uτ ← get_action(θ, τ) // e.g., via spline interpolation
execute(uτ )
τ ← τ + 1

over candidate control sequences, and solve the optimal control problem in a

receding-horizon fashion.

For simplicity, in the following, we rewrite the shooting objective in Eq. (2.12b)

in a more compact form by denoting the H-length control sequence as Uτ =

[uτ ,uτ+1, . . . ,uτ+H−1], i.e.,

min
Uτ

J(Uτ ;xτ ), (2.14)

where xτ is the current state at time step τ . Again, note that this highly non-convex

objective comprises the cost, as well as the system dynamics, which are enforced

through forward simulation. A general outline of a general SPC algorithm is given

in Algorithm 1. At each control step, SPC algorithms draw N candidate sequences

{U (i)
τ }Ni=1 from a parameterised sampling distribution πθ. Each candidate is rolled

out to evaluate its cost J (i) = J(U (i)
τ ;xτ ) via forward simulation of the system

dynamics. The distribution parameters θ are updated based on the evaluated

samples {U (i)
τ , J (i)}Ni=1, with the precise update rule determined by the chosen

sampling-based optimisation method. The first control of the refined distribution is

then applied, and the process is repeated at the next time step. The update step

typically involves re-fitting the sampling distribution to the best-performing samples,

thereby biasing future samples towards more promising regions of the solution space.

Examples include exponential cost-weighting as in MPPI (Williams et al., 2017),
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or elite-set refitting as in the Cross-Entropy Method (CEM) (Rubinstein, 1999).

Although SPC is not restricted to any particular distribution family, Gaussian

distributions are most commonly employed due to their simplicity, tractable

parameterisation, and efficient sampling, i.e.,

U (i)
τ ∼ N (Ūτ−1,Στ−1), i ∈ [1, N ], (2.15)

where the general update rule of Ūτ , according to some weighting function g :

R → R+, is given by

Ūτ = Ūτ−1 +
∑N
i=1 g(J (i))

(
U (i) − Ūτ−1

)
∑N
i=1 g(J (i))

, (2.16)

as summarised by Kurtz and Burdick (2025). Typical choices for the weighting

function g(J) include:

• Model Predictive Path Integral (MPPI) (Williams et al., 2017):

gMPPI(J) = exp(−J/λ) ,

where λ > 0 is a temperature parameter. Smaller λ places more weight on

low-cost samples.

• Predictive Sampling (PS) (Howell et al., 2022a):

gPS(J) = lim
λ→0

exp(J/λ) ,

which corresponds to selecting the single lowest-cost sample.

• Cross-Entropy Method (CEM) (Rubinstein, 1999):

gCEM(J) =

1 if J ≤ γ,

0 otherwise,

where γ is a threshold implicitly defined by a fixed number of elite samples.

All of the above update rules have in common that the sampling distribution is

derived through an exponential transformation of the cost function, which can be

interpreted as a likelihood function in a probabilistic inference framework, i.e.,

p(Uτ ) ∝ exp (−J(Uτ )) . (2.17)
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While traditional implementations of MPPI and Predictive Sampling only update

the mean of the Gaussian proposal distribution while maintaining a fixed, typically

diagonal, covariance matrix, CEM does adapt the covariance—though in practice

it is often restricted to a diagonal form. More sophisticated algorithms such

as CMA-ES (Hansen and Ostermeier, 2001) perform full covariance adaptation,

enabling richer exploration of the solution space. In addition, variants like Tsallis-

MPPI (Wang et al., 2021b) and Dial-MPC (Xue et al., 2025) also extend MPPI by

incorporating covariance adaptation or multi-step updates, respectively.

Practical Enhancements Several algorithmic refinements are commonly em-

ployed to make sampling-based MPC effective in practice. First, optimisation is

often warm-started using the previous solution, since successive control problems

differ only slightly; this bootstrapping scheme uses θt−1 as the initialisation for the

next round of optimisation. Second, relatively short (myopic) horizons can already

be sufficient to induce the desired long-term behaviour, reducing the computational

burden of forward simulations without sacrificing performance. Finally, it is rarely

necessary to solve the optimisation problem to full convergence; instead, approximate

solutions obtained within a limited number of iterations are typically adequate

for achieving robust closed-loop control.

Relevance for This Thesis

This thesis focuses on the use of sampling-based methods for trajectory opti-

misation, in particular in the context of MPC, due to their robustness to non-

smooth dynamics and cost functions commonly encountered in robotics. By

leveraging the strengths of these methods, we aim to improve the efficiency and

effectiveness of model-based planning and control in robot manipulation tasks.

2.6 Planning and Control Under Uncertainty

Up to this point, we have discussed planning and control methods that assume

perfect knowledge of the system dynamics and environment. While some methods

can handle model inaccuracies and disturbances through reactive feedback control,
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they typically assume that the underlying system dynamics are deterministic and

known. However, this assumption may not hold in practice due to various sources

of uncertainty, such as sensor noise, model inaccuracies, and unpredictable environ-

mental interactions. These uncertainties can significantly affect the performance

and safety of robotic systems if not properly accounted for. Therefore, explicitly

reasoning about these uncertainties, beyond reactive feedback control, is crucial

for robust and reliable robot behaviour in real-world applications.

In the following, we focus on two main types of uncertainty: stochasticity in

the system dynamics and partial observability of the system state. We start by

discussing stochastic models and how to incorporate them into optimal control

problems in open-loop and closed-loop settings. We then extend this discussion

to partially observable systems, where we do not have direct access to the true

system state, but instead receive observations that have a probabilistic relationship

to the underlying state.

2.6.1 Stochastic Models

In Section 2.3.1, we introduced the discrete-time system dynamics in Eq. (2.10) as

a deterministic mapping from the current state xt and control input ut to the next

state xt+1. We can extend this formulation to account for stochasticity in the system

dynamics by introducing a random variable wt, which captures the uncertainty in

the system dynamics. The stochastic dynamics can then be expressed as

xt+1 = f(xt,ut,wt). (2.18)

We distinguish between two main types of uncertainty models (Rawlings et al., 2020):

1. Bounded uncertainty, where the random variable wt is assumed to lie within

a known bounded set, e.g., wt ∈ W .

2. Probabilistic uncertainty, where wt is modelled as a random variable with a

known probability distribution, i.e., wt ∼ p(wt | xt,ut).
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2.6.2 Cost and Constraints for Stochastic Systems

Given a stochastic model, we can modify the optimal control problem in Eq. (2.12)

to account for uncertainty in the system dynamics. However, this raises the question

of how to define the cost function and constraints in the presence of uncertainty.

From Deterministic Costs to Risk Metrics With the predicted state being a

random variable, the cost J in Eq. (2.12) also becomes a random variable. Therefore,

we need to define a suitable objective that captures the desired performance under

uncertainty. The objective can be defined in terms of a risk-metric, i.e., mapping

from the cost distribution to a scalar value that quantifies the risk associated

with that random variable (Majumdar and Pavone, 2017; Emmer et al., 2013).

Examples of risk metrics include expected/average cost, measuring the average

(or some time-discounted variant) performance over all possible outcomes, and

worst-case cost, quantifying the maximum possible cost over all possible outcomes.

Other risk metrics from finance and economics, looking at the tail behaviour of the

distribution, include Value at Risk (VaR) and Conditional Value at Risk (CVaR).

For a given probability level α ∈ (0, 1), VaRα is defined as the (1− α)-quantile of

the cost distribution, i.e., the cost that is not exceeded with probability α:

VaRα(Z) := min{z | Pr(Z ≤ z) ≥ α}, (2.19)

where Z is the cost random variable. In contrast, CVaRα is defined as the expected

cost/safety over the tail of the distribution beyond the VaRα level:

CVaRα(Z) := E [Z | Z ≥ VaRα(Z)]. (2.20)

Figure 2.1 illustrates these commonly used risk metrics.

Constraints for Stochastic Systems In addition to defining a suitable cost

function, we also need to consider generalising deterministic constraints to stochastic

settings. In the deterministic case, constraints must be satisfied at all times, e.g.,

concerning state and control bounds, or obstacle avoidance. Especially in the case
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sidered extremely unreasonable and arguably very unsafe, as illustrated in Section
3.2. We thus advocate risk metrics that satisfy Axioms A1 – A6 for use in robotics
applications.

3.2 Examples and Pitfalls of Commonly Used Risk Metrics

In this section, we first discuss examples of existing risk metrics that fulfill Axioms
A1 – A6. We then discuss commonly used risk metrics that do not fulfill some of
these axioms, along with pitfalls stemming from their use. Collectively, the discus-
sion provided here motivates the formal introduction in the next section of distortion
risk metrics (equivalently, risk metrics satisfying A1 – A6) as a general class of risk
metrics for robotic applications.

An important risk metric that satisfies Axioms A1 – A6 is the Conditional Value
at Risk (CVaR) [24]. The CVaRa for a random cost Z at level a is defined as:

CVaRa(Z) :=
1
a

Z 1

1�a
VaR1�t(Z) dt, (1)

where VaRa(Z) is the Value at Risk (VaR) at level a , i.e., simply the (1�a)-quantile
of the cost random variable Z:

VaRa(Z) := min{z | P[Z > z] a}. (2)

Intuitively, CVaRa is the expected value of Z in the conditional distribution of Z’s
upper (1�a)-tail. It can thus be interpreted as a risk metric that quantifies “how
bad is bad.” We note that the expected cost and worst-case assessment also satisfy
A1 – A6. Figure 2 provides a visualization of the expected cost, worst case, VaR,
and CVaR. Axioms A1 – A6 thus define a broad class of risk metrics that capture
a wide spectrum of risk assessments from risk-neutral to worst-case. In Section 4,
we will discuss theorems that allow us to precisely characterize all risk metrics that
satisfy A1 – A6 and easily generate new examples of such metrics.

Fig. 2 An illustration of four important risk metrics, namely: expected cost, worst case, Value at
Risk (VaR), and Conditional Value at Risk (CVaR). Intuitively, VaR is the (1�a)-quantile of the
cost distribution. CVaR is the expected value of costs in the conditional distribution of the cost
distribution’s upper (1�a)-tail and is thus a metric of “how bad is bad.” The CVaR, expected
cost, and worst case metrics satisfy Axioms A1 – A6, but VaR does not.

Figure 2.1: Commonly used risk metrics, as illustrated by (Majumdar and Pavone,
2017): (i) expected cost, (ii) worst case, (iii) Value at Risk (VaR) and (iv) Conditional
Value at Risk (CVaR).

of unbounded uncertainty, it is typically not possible to find solutions that satisfy

these hard constraints. Instead, we need to “soften” the constraints to allow for

some level of violation, while still providing meaningful guarantees on the system’s

behaviour (Rawlings et al., 2020). The risk metrics introduced above can equally

be used to define such soft constraints. Since x is a random variable, the outcome

of the constraint function g(x) is also a random variable, and constraints can

therefore be expressed using risk metrics applied to the outcomes of g(x). For

example, we can define chance constraints that require the probability of constraint

violation to be below a certain threshold, i.e.,

Pr
(
g(x) > 0

)
≤ α, (2.21)

where α ∈ (0, 1) is the acceptable probability of violation, often referred to as the

risk level (Mesbah, 2016). We note that the chance constraint in Eq. (2.21) is

equivalent to imposing that the α-VaR of the random variable g(x) is non-positive:

VaRα

(
g(x)

)
≤ 0. (2.22)

We distinguish between joint chance constraints, which bound the probability of

constraint violations over the entire planning horizon, and marginal (pointwise-

in-time) chance constraints, which only bound the violation probability at each

individual time step. The latter do not provide trajectory-level guarantees, and

transpositions between the two are generally conservative.
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2.6.3 Robust and Stochastic Control

The two uncertainty models introduced above (cf. Section 2.6.1), bounded and

probabilistic uncertainty, lead to two principal approaches for planning and control

of stochastic systems: robust control (Zhou and Doyle, 1998) and stochastic

control (Bertsekas and Shreve, 1996). As a form of robust optimisation (Ben-

Tal and Nemirovski, 1998), robust control seeks to guarantee constraint satisfaction

under the worst-case realisation of bounded uncertainty. By only specifying bounds

on the uncertainty set, rather than its full probability distribution, these methods

are often more tractable than probabilistic formulations and connect naturally to

reachability analysis (Bajcsy et al., 2019). However, worst-case reasoning can lead

to overly conservative behaviour or even infeasibility (Trevisan et al., 2025), since

guarantees must hold for extreme, low-probability events. In contrast, stochastic

control methods (Bertsekas and Shreve, 1996) model uncertainty probabilistically

and optimise the expected cost, or a more general risk measure (cf. Section 2.6.2),

while ensuring probabilistic constraint satisfaction through chance constraints. This

enables more flexible trade-offs between performance and robustness, tailored to the

desired risk tolerance, thereby reducing conservatism and often yielding more cost-

efficient behaviour (Yin et al., 2025). The main drawbacks are the need for accurate

probabilistic models and the high computational cost associated with propagating

uncertainty through nonlinear dynamics and reformulating chance constraints,

which often involve intractable integrals (Mesbah, 2016). Two main strategies

exist: analytic reformulations, efficient but limited to linear–Gaussian settings,

and sampling-based methods, more general but computationally intensive (Mesbah

et al., 2014). Sampling-based approaches include scenario optimisation (Calafiore

and Campi, 2006), which approximates chance constraints using a finite number of

sampled uncertainty realisations, andMonte Carlo (MC) approximations (Blackmore

et al., 2011), which estimate the probability of constraint satisfaction through

random sampling. Other stochastic control approaches replace chance constraints

with other risk constraints, most commonly CVaR (Trevisan et al., 2025; Lew et al.,

2025, 2023; Yin et al., 2022). While CVaR constraints enable accounting for tail
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events and facilitate computational tractability due to their convexity properties,

as shown by Lew et al. (2023), they can also lead to overly conservative solutions

if the risk level is not chosen appropriately.

Extending these ideas to receding-horizon settings leads to Robust MPC (RMPC)

and Stochastic MPC (SMPC) (Rawlings et al., 2020). Incorporating uncertainty

into MPC enables systematic performance–robustness trade-offs in feedback loops,

which is essential for many robotics applications, such as navigation in dynamic

environments (Lew et al., 2025; Trevisan et al., 2025; de Groot et al., 2025; Hu

and Fisac, 2022; Belvedere et al., 2025) and contact-rich manipulation (Jankowski

et al., 2025a; Arruda et al., 2017; Agboh and Dogar, 2018). Yet, despite their

potential, robust and stochastic MPC methods face significant challenges in terms of

computational complexity and real-time applicability, especially for high-dimensional

systems with complex dynamics. While simplifications, such as linearising the

dynamics (Blackmore et al., 2011) or assuming Gaussian uncertainties (Mohamed

et al., 2025), help making these problems more tractable and thus computationally

efficient, they can also lead to suboptimal performance when the assumptions do

not hold. While more advanced methods provide stronger theoretical guarantees,

their practical applicability is often limited by computational requirements that can

surpass those of standard non-robust MPC by several orders of magnitude (Belvedere

et al., 2025). (Belvedere et al., 2025).

Relevance for This Thesis

In this thesis, we adopt a probabilistic treatment of uncertainty to better

capture the stochastic nature of real-world contact dynamics. In contact-rich

manipulation, uncertainties in object geometry, frictional properties, and

contact interactions are typically unbounded and difficult to express through

fixed bounds or worst-case assumptions. Probabilistic models offer a more

faithful representation of these uncertainties, e.g., by learning stochastic

dynamics or noise distributions from data (Bianchini et al., 2023), while

providing a principled way to balance performance and robustness through
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risk-sensitive objectives and constraints. At the same time, we aim to retain

the benefits of fast feedback inherent to MPC-like schemes, ensuring that the

resulting methods remain reactive and computationally tractable for real-time

control. Therefore, the focus in this thesis is on developing planning and

control methods that explicitly incorporate probabilistic uncertainty models

into stochastic model predictive control formulations, enabling robust and yet

adaptive behaviour in contact-rich manipulation tasks. The above discussion

forms the foundation of Chapter 5.

2.6.4 Belief Space Planning

While planning and control methods often assume the current system state is

fully observable or at least accessible (meaning the controller can use the true

state or a reliable estimate), many real-world scenarios involve partial observability

due to sensor noise or occlusions. Instead of relying on possibly unreliable state

estimates, it is often beneficial to explicitly model this uncertainty. This is done by

maintaining a belief state, i.e., a probability distribution over all possible system

states. Planning and control methods that explicitly manage this uncertainty

operate in belief space, the space of all possible belief states. In this framework,

actions have a dual effect: they not only change the underlying world state but

can also be strategically chosen to reduce uncertainty, e.g., by performing an

information-gathering action (perceptual or physical). However, planning in belief

space is inherently challenging for several reasons. Even coarse, finite-dimensional

approximations of belief distributions lead to planning problems in spaces far higher-

dimensional than the original state space. Moreover, the induced belief dynamics

are typically nonlinear, underactuated (the number of control inputs is smaller

than the dimension of the belief space), and stochastic, as future belief transitions

depend on observations that have not yet been made.

POMDPs and Belief-MDPs This problem can be formalised as a Partially

Observable Markov Decision Process (POMDP) (Kaelbling et al., 1998) within
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the broader domain of sequential decision-making under uncertainty. A POMDP

extends the classic Markov Decision Process (MDP) (Puterman, 2014) by accounting

for the fact that the agent receives only noisy observations that provide incomplete

information about the true system state. Critically, a POMDP can be transformed

into an equivalent, but continuous-state, fully observable MDP known as a Belief-

MDP (Åström, 1965). The states of the Belief-MDP are the belief states. The

transition dynamics are defined by a belief update function, which takes the current

belief b, the chosen action a, and the resulting observation o, and computes the

next belief b′. The solution to the Belief-MDP is a policy π(b) that maps a belief

state to an optimal action, maximising the expected cumulative reward over time

(or equivalently minimising costs).

Belief Space Control Computing the complete, optimal policy for a POMDP/Belief-

MDP offline is PSPACE-hard (Papadimitriou and Tsitsiklis, 1987) and therefore

computationally prohibitive, particularly for continuous state and action spaces.

Even point-based approximations (Sunberg and Kochenderfer, 2018) that typically

discretise the belief space often become intractable over long horizons. A more

practical and tractable approach for real-world applications is belief space control.

Instead of solving for the complete global policy, the goal is to find a locally

optimal finite-horizon sequence of actions (a trajectory) that reaches a specific belief

state (or region of the belief space) in continuous belief space given the current

belief state. Casting the partially observable control problem as a fully observable,

underactuated, stochastic control problem in belief space thus allows for standard

planning and control techniques (Platt et al., 2010) with online replanning. We can

formulate this problem as follows: let the system at time step t be described by a

continuous state variable xt, which evolves according to stochastic dynamics, then

xt+1 ∼ p(· | xt,ut), (2.23)

where ut denotes the continuous control action. At each time step, the system

receives a measurement

zt ∼ p(· | xt), (2.24)
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which depends probabilistically on the true (and unknown) state of the system.

Due to partial observability, the true state xt is treated as a random variable

whose distribution is represented by the belief

bt = p(xt | u0:t−1, z1:t, b0), (2.25)

where b0 is the prior belief over the initial state. The belief evolves over time

through the Bayesian filtering process that combines the system dynamics and

observation models. Planning and control in belief space can then be formulated

as an optimal control problem over a finite horizon H:

min
θ

J(b1:H ,u0:H−1(θ))

s.t. bt = p(xt | u0:t−1, z1:t, b0),
(2.26)

where θ parameterises the control sequence u0:H−1, and the cost J(·) depends on

the anticipated sequence of belief states. This optimisation problem thus seeks

a control strategy that drives the belief toward a desired goal region in belief

space, typically corresponding to both achieving task objectives and reducing

uncertainty. Previous work has successfully established the value of control in belief

space based on simplified models (e.g., assuming Gaussian belief distributions) and

replanning (Platt et al., 2011; Kaelbling and Lozano-Pérez, 2013; Erez and Smart,

2012; Du Toit and Burdick, 2010; Hauser, 2011). Yet, the success and tractability of

this approach still heavily depend on the belief model and representation used and

the resulting cost-landscape in belief space. In the case of complex, non-Gaussian

beliefs, the optimisation problem in Eq. (2.26) can become highly non-convex and

difficult to solve. Also, sparse or uninformative cost functions can lead to poor

local minima, as the planner may struggle to find informative actions that reduce

uncertainty and improve task performance. In the latter case, it can be beneficial

to augment the cost function with additional terms that explicitly encourage

uncertainty reduction (Fischer and Tas, 2020; Curtis et al., 2022).
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Implications for Contact-Rich Manipulation Contact-rich manipulation rep-

resents a particularly challenging instance of partially observable problems. In such

settings, the robot typically has only limited information about the object (e.g., pose,

shape, and mass distribution) and about the environment (e.g., contact geometry,

frictional properties, or obstacles). Moreover, contact interactions themselves are

inherently uncertain. While general belief space control methods aim to reduce

uncertainty through observations, in contact-rich settings the dynamics themselves

can be exploited for information gathering, e.g., by using funnelling push strategies

that disambiguate object pose (Erdmann and Mason, 2002). However, these contact

dynamics violate many of the assumptions underpinning existing belief space

control methods, which often rely on linear dynamics and Gaussian uncertainty

models (Platt et al., 2010; Majumdar and Tedrake, 2017). As a result, applying

standard belief space planners to manipulation tasks can lead to poor approximations

or intractable computations. Several works have sought to make belief space planning

for manipulation tractable through simplifying assumptions, such as discretising

the state and action spaces (Horowitz and Burdick, 2013; Koval et al., 2016). More

recently, Marques et al. (2025) proposed a POMDP formulation for “manipulation-

enhanced mapping,” where manipulation actions are used to iteratively refine a

belief over a spatial map. While this work introduces interesting ideas on learning

belief dynamics, it remains limited to discrete state representations and does not

address the challenges posed by continuous, non-smooth contact dynamics.

Relevance for This Thesis

The concepts introduced in this section form the basis for Chapter 6, which ex-

plores belief space planning for touch-based object localisation in contact-rich

manipulation. The belief space perspective allows us to explicitly reason about

uncertainty in the object’s pose, while an information-theoretic cost encourages

the robot to gather informative tactile feedback in order to maximise the

probability of grasp success. Instead of relying on Gaussian approximations,

we represent the belief using a particle filter, which can capture complex, multi-
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modal distributions that arise naturally in contact-rich settings. Computing

an information-theoretic measure on a non-parametric particle-based belief

representation is non-trivial and requires careful consideration of not only

the observations, but also the stochastic contact dynamics.

2.7 Learning for Robot Control

Machine learning has become an increasingly important component of robot control,

providing ways to acquire policies from data and to improve the efficiency of

optimisation-based approaches. Approaches to learning for robot control fall into a

spectrum from direct policy acquisition via supervised or reinforcement learning to

hybrid approaches that integrate data-driven models and cost functions into classical

planning and control. We discuss both perspectives in the following, alongside

related works of learning for contact-rich manipulation in both contexts. Finally,

we review recent advances in generative modelling, which has shown great promise

for both direct policy learning and model-based control.

2.7.1 Policy Learning

Learning control policies directly from data has become an increasingly effective

strategy for contact-rich robotic manipulation, where modelling complex dynamics

and contact transitions can be challenging. Instead of relying on sufficiently

accurate analytical models, policy learning leverages data to learn mappings from

observations to actions that achieve the desired goal for a given task. Among

data-driven approaches, behaviour cloning and reinforcement learning represent two

complementary paradigms: the former learns from expert demonstrations, while the

latter learns autonomously through environmental interaction. We also note that

these approaches can be combined, e.g., by using behaviour cloning to initialise a

policy that is then further refined through reinforcement learning or by defining an

imitation learning objective as an auxiliary reward during reinforcement learning.
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Behaviour Cloning A canonical example for policy learning is behaviour cloning

(BC), where observation-action pairs from expert demonstrations are used to learn

a control policy via supervised learning (Bain and Sammut, 1995). BC methods

can be broadly divided into explicit and implicit approaches. In explicit behaviour

cloning, a function approximator (often a neural network) is trained to directly

map observations or states to expert actions via supervised learning. In the case of

full-state feedback, this corresponds to learning a deterministic mapping π : X → U

by minimising a regression objective of the form:

min
θ

N∑
i=1
|πθ(xi)− ui|2, (2.27)

where (xi,ui)Ni=1 are state–action pairs from expert demonstrations and θ are the

policy parameters (Tedrake, 2023). In contrast, implicit behaviour cloning models

the joint distribution of observations and actions, rather than directly fitting a

deterministic policy. This formulation allows for sampling-based policy inference

and includes approaches such as energy-based modeling (Florence et al., 2022),

which has served as a precursor to recent diffusion-based policy learning methods.

This problem often takes the form of sequence learning, where the objective is to

model the temporal structure of expert behaviour (Chi et al., 2023; Zhao et al.,

2023). Rather than predicting only the next action, these models learn to generate

entire sequences of future actions conditioned on observed states, enabling control

in an MPC-like manner. In both explicit and implicit variants, no explicit dynamics

model or task specification is required; the policy is instead learned directly from

demonstration data. Behaviour cloning has been successfully applied to a variety

of manipulation tasks (Chi et al., 2023; Black et al., 2024; Zhao et al., 2023),

particularly when high-quality demonstration data is available.

Reinforcement Learning More generally, learning can be extended beyond

imitation to reinforcement learning approaches, where a policy is optimised through

interaction with the environment rather than demonstrations. Reinforcement

learning (RL) formulates control as a sequential decision-making problem in which
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an agent learns a policy that maximizes expected cumulative reward through

interaction with the environment (Sutton et al., 1998). This trial-and-error paradigm

enables robots to acquire complex manipulation behaviors, such as pushing objects

(Shetty et al., 2024) or performing in-hand manipulation (Andrychowicz et al.,

2020; Handa et al., 2023). A key advantage of RL for contact-rich manipulation

is its ability to explore stochastic rollouts without requiring explicit gradients

of the reward function with respect to policy parameters. This is essential for

learning behaviors that involve discontinuous contact dynamics, allowing to discover

sequences of discrete contact modes by making and breaking contacts. Domain

randomisation further improves robustness by exposing policies to randomised

variations of physical parameters, such as friction, mass, and object geometry,

during training (Andrychowicz et al., 2020; Muratore et al., 2022). By optimising

over a distribution of environments (Haarnoja et al., 2018; Schulman et al., 2015,

2017), policies trained in simulation transfer better to real-world conditions and

unseen objects. However, these benefits come at the cost of high sample complexity:

RL typically requires many environment interactions to converge, making training

computationally and data-intensive in practice. While this is often cited as a

limitation of RL, it is worth noting that large behaviour cloning models can also

demand substantial training resources. Moreover, despite showing some robustness,

RL policies remain tightly coupled to the training domain and rarely generalize to

new tasks or objects without retraining; unlike model-based planning and control

approaches, whose adaptability is constrained primarily by the fidelity of their

dynamics models rather than by prior experience.

Compounding Errors Both imitation and RL approaches can suffer from the

problem of compounding errors, where small deviations from the expert behaviour

can lead to states that are not well-covered by the training data, resulting in

poor performance (Ross and Bagnell, 2010). Techniques like DAgger (Ross et al.,

2011) mitigate this issue by iteratively collecting new data from the learned policy

and querying the expert for corrective actions, thereby improving robustness and
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generalisation. Yet, this only works under the assumption that (a) an expert is

available for querying, and (b) that interactions with the real system are possible/safe

during training, which is often not the case in practice. Alternative approaches have

investigated to instead learn world-models from the expert data, which can then be

used for model-based RL (DeMoss et al., 2023; Nematollahi et al., 2025). We note

that the problem of compounding errors has also been extensively studied in the

context of offline RL, for instance by Rigter et al. (2022). In the other direction, fixed

behaviour-cloned policies can be further improved through techniques such as fine-

tuning with online RL (Ankile et al., 2025; Yuan et al., 2024), though to date most

successful demonstrations remain confined to simulation or low-dimensional tasks.

2.7.2 Model Learning

Rather than replacing model-based control approaches, learning can also be used

to improve them. Model-based methods leverage explicit dynamics models, cost

functions, and optimisation routines to plan and control robot behaviour. Learning

can enhance each of these components: dynamics models can be learned from

data when accurate physics models are unavailable (e.g., Hafner et al. (2019); Ai

et al. (2025)); cost functions can be inferred from demonstrations (e.g., via inverse

reinforcement learning (Finn et al., 2016)), and sampling-based optimisers can

be accelerated by learning proposal distributions that guide the search toward

promising regions of the action space (e.g. Sacks and Boots (2023); Power and

Berenson (2024); Kurtz and Burdick (2025); Melon et al. (2020)). Such hybrid

approaches preserve the structure and adaptability of model-based pipelines while

improving efficiency and generalisation through data-driven components.

Relevance for This Thesis

While direct policy learning through imitation or reinforcement learning has

shown remarkable progress in contact-rich manipulation, such approaches

typically require large amounts of data and often struggle to generalise to

new tasks or objects without retraining. In this thesis, we instead focus

on a hybrid approach that integrates learning within the sampling-based
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predictive control framework introduced in Section 2.5, thereby combining the

adaptability of model-based control with the efficiency of learned components.

By integrating learned generative models into optimisation-based control

loops, we can enable controllers to implicitly reason about uncertainty while

remaining amenable to extensions that treat uncertainty explicitly.

2.7.3 Generative Models for Control

Recent advances in generative modelling provide powerful tools for both direct policy

learning and model-based control. In the following, we review three prominent

classes of generative modelling that have been successfully applied to robot control:

Variational Autoencoders (VAEs), Diffusion Models, and Flow-Matching.

Variational Autoencoders Variational Autoencoders (VAEs) (Kingma et al.,

2019) are a class of generative models that encode input data x into a continuous

latent space z and then decode from this space to reconstruct the original data.

In the context of robot control, Conditional VAEs (CVAEs), which condition the

generation process on additional context (e.g., current state or task parameters), have

been successfully applied to learn structured representations of observation-action

trajectories, such as in Action Chunking Transformer (ACT) (Zhao et al., 2023), or

to learn sampling distributions over future actions (Ichter et al., 2018). A critical

challenge arises when VAEs and CVAEs are applied to data with inherent multi-

modality (i.e., data with distinct categories or modes, such as multiple possible

future actions). This is primarily due to two architectural limitations. Firstly,

standard VAEs, relying on simple Gaussian priors and a continuous latent space,

tend toward mode-averaging. When the model attempts to synthesize data from an

intermediate point between distinct modes, the optimisation of the reconstruction

loss forces the decoder to generate a statistical average of these modes. In the context

of image generation, this results in blurry image outputs that fail to capture the

sharpness and distinctiveness of individual modes. Secondly, VAEs are susceptible

to posterior collapse, a phenomenon where the encoder’s posterior distribution
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q(z|x) collapses to match the prior p(z). To mitigate these issues, alternative

generative architectures have been proposed. Vector Quantized VAEs (VQ-VAEs)

address mode averaging by replacing the continuous latent space with a discrete

codebook (Van Den Oord et al., 2017). This quantization step forces the model

to select distinct, high-quality codes for each mode, thereby preventing continuous

interpolation and yielding sharper, mode-specific samples.

Diffusion Models and Flow Matching These difficulties in modelling complex,

multi-modal distributions highlighted the need for other generative frameworks

capable of robustly capturing and sampling from disjoint data modes. This necessity

has driven the adoption of novel approaches, notably diffusion models and flow-

matching. These paradigms circumvent the challenges associated with variational

bounds or adversarial training by transforming a simple prior distribution into the

complex target data distribution through a series of small, reversible steps. This

formulation inherently excels at resolving multi-modal ambiguities – as demonstrated

by the success of models like Diffusion Policy (Chi et al., 2023), building on Diffusion

Probabilistic Models (Ho et al., 2020); and π0 (Black et al., 2024), building on

flow-matching (Lipman et al., 2022) – in learning highly expressive, multi-modal

conditional action distributions necessary for advanced visuomotor control tasks.

While conceptually similar, flow-matching has recently shown to be more efficient

at inference time than diffusion models for robot control tasks (Zhang and Gienger,

2024). The goal of flow-matching is to construct a flow that deterministically

transports samples from a simple source distribution p (e.g., Gaussian noise) into

a target distribution q (e.g., the data distribution). The framework is based on

learning a velocity field v(t, x), which specifies how samples move through space over

time. Each velocity field defines a time-dependent flow ψt(x) by solving an ordinary

differential equation (ODE), a process often referred to as simulation. In practice,

flow-matching proceeds in two steps: first, a probability path (pt)0≤t≤1 interpolating

between p and q is designed, and second, a neural velocity field is trained to match

the flow induced by this path. By integrating the learned ODE forward from t = 0
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to t = 1, samples X0 ∼ p are transformed into samples X1 = ψ1(X0) that follow

the target distribution q. Through the lens of flow-matching, diffusion models can

be interpreted as building a probability path via a forward noising process modelled

by a particular type of stochastic differential equation (SDE) (Song et al., 2020).

For detailed introductions to diffusion and flow-matching, and their theoretical

connections we refer the reader to the tutorials by Nakkiran et al. (2024) and

Lipman et al. (2024), respectively.

Relevance for This Thesis

In this thesis, we explore the use of generative models in Chapter 4, where

they are employed as proposal distributions within a sampling-based MPC

framework to improve the efficiency of online planning and control. We

particularly focus on flow-matching, which offers efficient inference (superior

to diffusion models), while being able to effectively capture the multi-modal

action distributions characteristic of contact-rich manipulation tasks.
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Sampling-Based Model Predictive Control

Publication Note
This chapter presents the work from the following publication (∗ indicates equal contribution):

Jankowski∗, J., Brudermüller∗, L., Hawes, N., and Calinon, S. (2023). VP-STO: Via-
point-based stochastic trajectory optimization for reactive robot behavior. In 2023 IEEE
International Conference on Robotics and Automation (ICRA), pages 10125–10131

Supplementary Material
Webpage with supplementary videos and code related to this chapter is available at:
https://sites.google.com/oxfordrobotics.institute/vp-sto.

In this chapter, we introduce Via-Point-based Stochastic Trajectory Optimisation

(VP-STO), a novel sampling-based model predictive control (MPC) algorithm that

achieves high-frequency re-planning in high-dimensional, nonlinear systems. The

summary in Table 1.2, repeated below, highlights that the primary objective of

this work is to advance reactivity in robot control, handling uncertainty in dynamic

environments implicitly through fast re-planning. This formulation assumes a

deterministic and fully observable environment, where the underlying optimal control

problem is cast as minimising costs in a receding-horizon framework. Sampling-

based MPC has shown great promise for controlling complex robotic systems with

nonlinear dynamics and non-convex cost functions (Williams et al., 2017; Bhardwaj

48
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Chapter 3 Chapter 4 Chapter 5 Chapter 6

Theme Reactivity Reactivity
Learning for Robustness Exploration

Uncertainty Handling Implicit Implicit Explicit Explicit

of Uncertainty
Prior Knowledge None None access

Sampling-based
access

Sampling-based

Environment Deterministic Deterministic Stochastic Stochastic

Method MPC MPC MPC control
Belief-space

Control Problem Min. cost Min. cost s.t. chance constraints
Min. cost

information gain
Max.

Table 1.2: Theme, settings and methods for each chapter.

et al., 2022).Yet, its use in high-dimensional domains, such as robot manipulators,

has been hindered by the computational burden of sampling and evaluating large

numbers of candidate trajectories at high frequency. We argue that many of these

limitations can be alleviated by adopting an efficient trajectory representation that

supports fast sampling and optimisation in high-dimensional spaces. Crucially,

such a representation enables planning directly in the joint space of a manipulator,

typically far more complex than the task space (e.g., end-effector space) where most

sampling-based MPC methods operate. Joint-space planning is essential for many

manipulation tasks, as it exploits the robot’s full kinematic capabilities, avoids

singularities and joint limits, and allows the discovery of more diverse and physically

feasible motions. This is particularly advantageous in contact-rich settings, where

exploiting the full configuration space enables the controller to discover non-trivial

and diverse motions that result in contact interactions with all parts of the robot,

rather than just the end-effector. To this end, we propose a trajectory representation

that is low-dimensional, time-optimal, and smooth by construction. Combined

with gradient-free stochastic optimisation, this allows efficient optimisation over

trajectory parameters, yielding adaptive, contact-rich manipulation behaviours in

dynamic environments. While the true dynamics of the environment are unknown,
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deterministic models suffice to generate motion plans that are continuously refined

within a closed feedback loop. We validate this approach in both simulation and

real-world experiments, demonstrating its effectiveness on non-prehensile pushing

and dynamic grasping tasks with obstacles. Beyond the original work presented

in Jankowski∗ et al. (2023), we have further extended VP-STO to include prior

knowledge in the sampling process, enabling more efficient optimisation in contact-

rich tasks (Jankowski et al., 2025a). We summarise these extensions at the end

of this chapter in Section 3.1. Finally, we also provide ablation studies on the

impact of the chosen number of via-points, as well as the Cholesky factorisation of

the covariance matrix in CMA-ES, on the performance of VP-STO in Section 3.2.

This was originally part of the supplementary material of Jankowski∗ et al. (2023),

but we include it here for completeness.



VP-STO: Via-point-based Stochastic Trajectory Optimization for
Reactive Robot Behavior

Julius Jankowski∗ 1,2, Lara Brudermüller∗ 3, Nick Hawes3 and Sylvain Calinon1,2

Abstract— Achieving reactive robot behavior in complex
dynamic environments is still challenging as it relies on being
able to solve trajectory optimization problems quickly enough,
such that we can replan the future motion at frequencies
which are sufficiently high for the task at hand. We argue that
current limitations in Model Predictive Control (MPC) for robot
manipulators arise from inefficient, high-dimensional trajectory
representations and the negligence of time-optimality in the
trajectory optimization process. Therefore, we propose a motion
optimization framework that optimizes jointly over space and
time, generating smooth and timing-optimal robot trajectories
in joint-space. While being task-agnostic, our formulation
can incorporate additional task-specific requirements, such as
collision avoidance, and yet maintain real-time control rates,
demonstrated in simulation and real-world robot experiments
on closed-loop manipulation.

I. INTRODUCTION

In this paper we consider the problem of generating
continuous, timing-optimal and smooth trajectories for robots
operating in dynamic environments. Such task settings re-
quire the robot to be reactive to unforeseen changes in
the environment, e.g., due to dynamic obstacles, as well
as to be robust and compliant when operating alongside
or together with humans. However, generating this kind
of reactive and yet efficient robot behavior within a high-
dimensional configuration space is significantly challenging.
This is especially the case in robot manipulation scenarios
with many degrees of freedom (DoFs) as the resulting
high-dimensional and multi-objective optimization problems
are difficult to solve on-the-fly. A widespread approach in
robotics is to formulate the task of motion generation as
an optimization problem. Such trajectory-optimization based
methods aim at finding a trajectory that minimizes a cost
function, e.g., motion smoothness, subject to constraints,
e.g., collision avoidance. Solution strategies can either be
gradient-based or sampling-based. Approaches falling in the
former category, e.g., CHOMP [1] and TrajOpt [2], typically
employ second-order iterative methods to find locally optimal
solutions. However, they require the cost function to be
once or even twice-differentiable, which constitutes a major
limitation for manipulation tasks as they usually involve
many complex, discontinuous cost terms and constraints. In
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(SNSF) through the CODIMAN project. LB was supported by an Amazon
Web Services Lighthouse scholarship. NH received EPSRC funding via the
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Fig. 1. Experiment settings. Left: Pick-and-place scenario, where the task
is to grasp a bowling pin that is arbitrarily handed over to the robot and to
place it upright in the middle of the table. Right: Pushing scenario, where
the robot has to push the center of the green coffee packet to a moving
target location indicated by the tip of the metal stick.

contrast, sampling-based methods [3], [4] can operate on
discontinuous costs by sampling candidate trajectories from a
proposal distribution, evaluating them on the objective, and
updating the proposal distribution according to their rela-
tive performance. Compared to gradient-based optimization,
stochastic approaches typically also achieve higher robust-
ness to difficult reward landscapes due to their exploratory
properties [5]. Yet, achieving reactive robot behavior is
challenging as it requires solving trajectory optimization
problems at frequencies which are sufficiently high for the
task at hand. This issue can be alleviated in Model Predictive
Control (MPC) settings by optimizing over a shorter receding
time-horizon. Stochastic, gradient-free trajectory optimiza-
tion, such as Model-Predictive Path Integral (MPPI) control
[6] and the Cross-Entropy-Method (CEM) [4], combined
with MPC, also known as sampling-based MPC, has proven
state-of-the-art real-time performance on real robotic systems
in challenging and dynamic environments [7]–[9]. However,
these works still suffer from limited long-term anticipation,
e.g., getting stuck in front of obstacles, due to the optimiza-
tion over a short receding horizon.

Motivated by the above, we propose Via-Point-based
Stochastic Trajectory Optimization (VP-STO), a framework
that introduces the following contributions

1) A low-dimensional, time-continuous representation of
trajectories in joint-space based on via-points that by-
design respect kinodynamic constraints of the robot.

2) Stochastic via-point optimization, based on an evo-
lutionary strategy, aiming at minimizing movement
duration and task-related cost terms.

3) An MPC algorithm optimizing over the full horizon
for real-time application in complex high-dimensional
task settings, such as closed-loop object manipulation.
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II. RELATED WORK

In the context of closed-loop object manipulation with
MPC, successful approaches to producing reactive robot
behavior typically optimize in joint-space subject to kinody-
namic constraints. While Fishman et al. use gradient-based
MPC in order to find trajectories for human-robot handovers
[10], a very recent approach named STORM [9] employed
sampling-based MPC on robotic manipulation tasks. It is able
to generate particularly smooth trajectories via low discrep-
ancy action sampling, smooth interpolation and careful cost
function design. Moreover, the parallelizability of sampling-
based MPC is exploited by deploying the stochastic tensor
optimization framework on a GPU. However, in contrast to
our work, the approach relies on optimizing over a short
receding horizon.

In the realm of time-parametrization of trajectories, most
existing approaches fix the overall motion duration or do not
specify it at all. For instance, the majority of MPC-based
approaches only handle time implicitly via kinodynamic
constraints. While the works of [11], [12] progress the state
of the art in time-optimal MPC, their applicability to high-
dimensional robotic systems yet is limited. In the context
of motion planning, T-CHOMP [13] jointly optimizes a
trajectory and the corresponding via-point timings. Yet, the
total execution time is still fixed in advance. In contrast,
Verscheure et al. consider time-optimal path tracking along
a predetermined geometric path [14], where the timing along
the path is optimized via a convex reformulation; however,
the geometric path itself is fixed a priori. The way we
approach the minimization of the movement duration is most
similar to the work of [15]. However, in contrast to our
work, their approach optimizes via-points and their timing
separately.

III. PRELIMINARIES: TRAJECTORY REPRESENTATION

The way we represent trajectories is based on previous
work showing that the closed-form solution to the following
optimization problem

min
∫ 1

0

q′′(s)>q′′(s)ds

s.t. q(sn) = qn, n = 1, ..., N

q(0) = q0, q
′(0) = q′0, q(1) = qT , q

′(1) = q′T

(1)

is given by cubic splines [16] and that it can be formulated
as a weighted superposition of basis functions [17]. Hence,
the robot’s configuration is defined as q(s) = Φ(s)w ∈ RD,
with D being the number of degrees of freedom. The matrix
Φ(s) contains the basis functions which are weighted by
the vector w1. The trajectory is defined on the interval S =
[0, 1], while the time t maps to the phase variable s = t

T ∈ S
with T being the total duration of the trajectory. Assuming
the trajectory duration T is given, the optimal trajectory can
be written as

q(t) = Φ

(
t

T

)
w. (2)

1A more detailed explanation of the basis functions and their derivation
can be found in the appendix of [17].

The weight vector w for the basis functions includes the
trajectory constraints consisting of the boundary condition
parameters wbc = [q>

0 , q
′>
0 , q

>
T , q

′>
T ]

> and N via-points the
trajectory has to pass through qvia = [q>

1 , . . . , q
>
N ]

> ∈ RDN ,
such that w = [q>

via,w
>
bc]

>. Accordingly, the optimal velocity
and acceleration with respect to time are given by

q̇(t) =
∂q(t)

∂t
=

1

T
Φ′
(
t

T

)
w, (3)

q̈(t) =
∂2q(t)

∂t2
=

1

T 2
Φ′′
(
t

T

)
w, (4)

where f ′(s) denotes differentiation w.r.t. the phase variable s,
and ḟ(t) differentiation w.r.t. time. Throughout this paper, the
via-point timings sn are assumed to be uniformly distributed
in S. Note that boundary velocities map to boundary deriva-
tives w.r.t. s by multiplying them with the total duration
T , i.e., q′0 = T q̇0 and q′T = T q̇T . Furthermore, the
optimization problem in Eq. (1) minimizes not only the
objective q′′(s), but also the integral over accelerations, since
q′′(s) = T 2q̈(s) and thus the objective

∫ 1

0
q̈(s)>q̈(s)ds

directly maps to 1
T 4

∫ 1

0
q′′(s)>q′′(s)ds, corresponding to the

control effort. It is minimal iff the objective in Eq. (1) is
minimal. As a result, this trajectory representation provides
a linear mapping from via points, boundary conditions and
the movement duration to a time-continuous and smooth
trajectory.

In the remainder of the paper, we exploit this explicit
parameterization with via-points and boundary conditions by
optimizing only the via-points while keeping the predefined
boundary condition parameters fixed. Thus, we write the
computation of the trajectory as a superposition of a via-
point term and a boundary constraints term, i.e., q(s) =
Φvia(s)qvia + Φbc(s)wbc. The matrices Φvia(s) and Φbc(s)
are extracted from the basis function matrix Φ(s).

IV. VP-STO: VIA-POINT-BASED STOCHASTIC
TRAJECTORY OPTIMIZATION

In the following, we introduce our stochastic trajectory
optimization framework. The core idea is to find via-points
qvia such that the synthesized trajectory minimizes a task-
related objective, i.e.,

min
qvia

c [ q(s), q̇(s), q̈(s), T ] . (5)

Based on these via-points, we efficiently synthesize
high-quality trajectories, i.e., qvia → ξ with ξ =
{q(s), q̇(s), q̈(s), T}. We aim at synthesizing trajectories
that by-design minimize task-agnostic objectives, i.e., min-
imum time and smoothness, and satisfy task-agnostic con-
straints, i.e., equality constraints on the initial and final
state and inequality constraints on joint-space velocities and
accelerations. We employ stochastic black-box optimization,
namely Covariance Matrix Adaptation (CMA-ES) [5] to op-
timize for the via-points. As each trajectory constructed from
the sampled via-points already provides the optimal solution
to the optimization problem given in Eq. 1, the CMA-
ES optimization in the low-dimensional via-point space is
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Fig. 2. An illustration of the via-point-based stochastic trajectory optimization loop. First, a new population of M via-points qvia is sampled from a
Gaussian distribution N (µvia,Σvia). Then, the sampled via-points are transformed into a population of candidate trajectories subject to kinodynamic limits.
Next, the resulting trajectories are ranked according to their cost evaluations. Last, the parameters of the Gaussian sampling distribution are updated via
CMA-ES using the cost rankings and the via-point sets themselves.

particularly fast, evaluating only high-quality trajectories.
Moreover, with CMA-ES we are not only able to quickly
converge to a local minimum, but to also leverage the
exploration aspect of the evolutionary strategy (ES). In
more detail, this nested optimization process, which is also
illustrated in Fig. 2, comprises the following steps. First,
a new population of M via-points qvia is sampled from a
Gaussian distribution N (µvia,Σvia). As qvia is a vector of
the stacked via-points, note that µvia ∈ RDN and Σvia ∈
RDN×DN . By taking M samples in this higher-dimensional
space, instead of M ·N samples for all via points separately
in the configuration space, we are able to sample M sets of
correlated via-points. Then, as described in detail in Sec. IV-
A, the sampled via-points are transformed into a population
of candidate trajectories that are evaluated according to cost
terms as outlined in Sec. IV-B. Finally, we use CMA-ES
in order to update the parameters µvia,Σvia of the Gaussian
distribution of via-points. This optimization setup enables us
to find a valid local minimum or even the global minimum
at rates sufficient for reactive robot behavior in closed-loop
manipulation tasks, as we demonstrate in our experiments
outlined in Section VI.

A. Synthesis of Kinodynamically Admissible Trajectories

In this section, we show how sampled via-points qvia are
translated into kinodynamically admissible trajectories. Up
to this point, the trajectory has been represented in phase
space as described in Sec. III. Given the via-points and
the boundary conditions [q0, q̇0, qT , q̇T ], the explicit time-
parameterized trajectory depends solely on the total move-
ment duration T . This duration is determined by the dynamic
limits on velocity [q̇min, q̇max] and acceleration [q̈min, q̈max],
and is defined as the minimal positive duration for which
the resulting velocity and acceleration profiles satisfy these
limits:

T (qvia) = min
τ

τ

s.t. τ > 0,

q̇min ≤ q̇(s; τ) ≤ q̇max,

q̈min ≤ q̈(s; τ) ≤ q̈max, ∀s ∈ [0, 1].

(6)

To approximate T , we enforce the constraints only at a
discrete set of phase values {sk}Kk=0, uniformly distributed in
S. For each evaluation point sk, the velocity and acceleration
constraints yield a closed-form minimal duration

Tk(qvia),

computed directly from the profiles q̇(sk; τ) and q̈(sk; τ).
The minimal feasible duration over the entire trajectory is
then conservatively approximated by

T (qvia) = max
k

Tk(qvia),

ensuring that all velocity and acceleration limits are satisfied
at the chosen evaluation points. As a consequence of this
construction, either the velocity or the acceleration profile
reaches its limit at least at one evaluation point. Once
T is determined, the explicit kinodynamically admissible
trajectory ξ can be computed.

B. Cost Evaluation

Given the sampled and synthesized population of trajec-
tories, we evaluate the performance, i.e., the cost c of each
trajectory, independently. The gradient-free optimizer allows
for sharp cost function profiles, e.g., trajectory constraints ex-
pressed through discontinuous barrier functions (cf. Sec. VI
for examples). We approximate c(ξ) by sampling the given
trajectory with a predefined resolution ∆s in the phase space
S and accumulating the costs at these K evaluation points.
In the time domain this can still map to varying resolutions
of individual trajectories, as ∆t = T∆s. Note that the
evaluation points at sk are not equivalent to the via-points at
sn, as depicted in Fig. 2. The resolution of sk can be higher
than that of sn in order to have a better approximation of the
trajectory cost while keeping the actual optimization variable
qvia low-dimensional.

V. ONLINE VP-STO (MPC)

In order to perform closed-loop control via continuous on-
line re-optimization, we embed the VP-STO framework into
an MPC algorithm. In this online setting, the main focus lies
on rapidly finding valid movements connecting the current
robot state q, q̇ with a goal state qT , q̇T and re-optimizing
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Algorithm 1: Online VP-STO: i-th MPC Step
Input: q, q̇, qT , q̇T , q̇min, q̇max, q̈min, q̈max, ∆tmpc,

Tstop, Nmax, ξ∗i−1

Output: Short-horizon reference qd(t), q̇d(t), q̈d(t)

toptimize ← 0

q0, q̇0 ← q, q̇
ξdirect ← synthesize() // V-A

if ξdirect is valid and ξdirect is shorter than Tstop then
ξ∗i ← ξdirect

else
if ξ∗i−1 is valid then

0µvia,
0Σvia, N ← warmStart(ξ∗i−1) // V-B

else
0µvia,

0Σvia, N ← exploreInit() // V-B

end
j ← 0

while toptimize < ∆tmpc do
{qvia}Mm=1 ← sample

(
jµvia,

jΣvia
)

// V-C

{ξ}Mm=1 ← synthesize
(
{qvia}Mm=1

)
// IV-A

{c}Mm=1 ← evaluate
(
{ξ}Mm=1

)
// IV-B

µj+1
via ,Σj+1

via ← sep-CMA-ES
(
{qvia, c}Mm=1

)

j ← j + 1

end
ξ∗i ← synthesize

(
µj

via

)

end
qd(t), q̇d(t), q̈d(t)← shortHorizon(ξ∗i ) // V-D

them at a sufficient rate fmpc = 1
∆tmpc

. Algorithm 1 outlines a
single MPC step that, given the current robot state, attempts
to find an optimal full-horizon trajectory and to extract
a short-horizon reference to be tracked by a lower-level
impedance controller. The details of the algorithm will be
outlined in the remainder of this section.

In the online setting the number of via-points N used to
parameterize the trajectory plays an important role. A large
number of via-points can capture highly complex movements
and may find more optimal solutions. However, it also
implies a higher-dimensional decision space which increases
the computational complexity of the optimization loop. Con-
sequently, a particular focus within the MPC algorithm lies
on the selection of N .

A. No-Via-Point Trajectory for Stopping Behavior

VP-STO is based on optimizing the locations of a given
number of via-points. However, the trajectory synthesis,
described in Sec. IV-A, also works without any via-points,
i.e., N=0. The resulting trajectory connects the current robot
state and the desired state by a third-order polynomial that
minimizes the smoothness objective in Eq. (1) and satisfies
the kinodynamic limits. As this no-via-point trajectory is a
unique solution, it can not account for any other movement
objectives, e.g., to avoid collisions. Yet, the advantage is a
cheap-to-construct trajectory that has no stochasticity, which
is useful for driving the robot to the target configuration
and stopping with zero velocity. Therefore, at the beginning

Fig. 3. An illustration of the stochastic optimization process within the
proposed MPC algorithm. Left: In the exploration mode, trajectories are
sampled and synthesized with a large initial variance in order to discover
valid solutions. Right: If a valid solution is available from the previous MPC
step, we warm-start the optimization by shifting the solution and sampling
from a lower-variance initial distribution. All sampled trajectories are shown
in red. The initial guesses 0µvia of an MPC step are depicted by the black
solid lines, while the blue trajectories illustrate the mean solution 20µvia
after 20 optimization iterations.

of each optimization cycle, we first check if this simple
direct trajectory is valid, e.g., collision-free, and if the
corresponding duration of the movement is below the user-
defined threshold Tstop. By setting the threshold rather small,
we let the mechanism take over towards the final part of
the total trajectory to achieve robust stopping behavior for
reaching the goal. If the direct solution is not used, we
perform a VP-STO optimization cycle.

B. Initialization: Exploration vs. Warm-Starting

The use of an evolutionary optimization strategy, such as
CMA-ES, allows us to initialize the optimization not only
with an initial guess of the via-points µvia, but also to set
the corresponding initial variance Σvia as an estimate of how
certain we are about the initial solution. The initial variance
can thus be interpreted as an exploration parameter influenc-
ing how the very first population of candidate trajectories
will be sampled. Therefore, in each MPC step we use two
possible modes on how to initialize these parameters. The
effects of each mode on the resulting candidate trajectories
are shown in Fig. 3.

Exploration. If a MPC step was not successful in finding
a valid trajectory, the successive MPC step will be used
to explore a larger area of the trajectory space to ideally
discover a valid solution, as can be seen from the sampled
trajectories in the left of Fig. 3. We initialize the mean
solution µvia with a naive straight-line guess with high
uncertainty, i.e., large diagonal values of Σvia. The number
of via-points used to parameterize the trajectory is set to
N = Nmax, with Nmax being specified by the user and
depends on the complexity of the task, as well as on the
available computational resources.

Warm-Starting. If a valid solution was found in a MPC step,
we shift the solution forward in time and use it to warm-start
the mean µvia in the successive MPC step, potentially further
improving the current solution. In this case, we initialize
the covariance matrix Σvia with low values on the diagonal
as we are more certain about the proximity of the current
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solution to a valid local minimum, as can be seen on the
right of Fig. 3. In order to determine the number of via-
points N for the successive MPC step, we use the movement
duration of the current solution as a proxy for how complex
the remainder of the movement will be. We therefore set N =
max(1,min(dαT e, Nmax)), where T is the total duration of
the current solution and α a user-defined scaling parameter.

C. Efficient Gaussian Sampling of Smooth Trajectories
through Covariance Matrix Decomposition

For the sake of computational efficiency and linear scal-
ability to high-DoF systems in our MPC solver, we use
a variant of CMA-ES that iterates on diagonal covariance
matrices instead of full covariance matrices, namely sep-
CMA-ES [18]. However, a diagonal covariance matrix does
not capture the correlations between the sampled via-points
that are important for sampling smooth trajectories. We
counteract this disadvantage by using a Cholesky factoriza-
tion of the covariance matrix, such that Σvia = LDL>,
where the diagonal matrix D = diag(σvia) is subject to
iterative optimization through sep-CMA-ES. This renders our
algorithm to a computational complexity of O(ND), with
N being the number of via-points and D the DoF of the
robot, instead of O((ND)2) in the case of the full covariance
matrix. The lower triangular matrix L is computed offline as
the Cholesky decomposition of a constant covariance matrix

Σsmooth = LL> =

(∫ 1

0

Φ′′via(s)
>Φ′′via(s)ds

)−1

, (7)

that is derived from a probability distribution of smooth
trajectories, i.e., psmooth(qvia,wbc) ∝ exp (−ceffort), with
ceffort = 1

2

∫ 1

0
q′′(s)>q′′(s)ds.

D. Impedance Control

At a lower control level, we deploy an impedance con-
troller that runs at a control rate of 1 kHz, which requires
a finely sampled reference trajectory. Due to our time-
continuous representation of the optimized trajectory, we can
sample configurations from it with arbitrarily small temporal
resolution. Each MPC step yields an optimized trajectory ξ∗i ,
from which we extract a position-, velocity- and acceleration-
reference enabling the robot to track the current movement
plan.

VI. EXPERIMENTS

We evaluate the effectiveness and performance of the
VP-STO framework in simulation, as well as in real-world
experiments with a Franka Emika robot arm.

A. Simulation

We begin by evaluating our framework in an offline
planning setting for a 2D point mass in a cluttered toy
environment adopted from [9]. In this experiment, we run
VP-STO (cf. Sec. IV) for 100 times with a straight-line
initialization. The left plot in Fig. 4 shows the resulting
100 trajectories after convergence. The majority of the found
solutions converged to 3 valid local optima, i.e., 28 solutions

Fig. 4. Offline VP-STO. Left: The resulting trajectories from 100
experiment runs when initializing with a straight-line guess between the start
position (black circle) and the target position (black asterisk). The number
of convergence indicates how often VP-STO converged to the corresponding
color-coded solution. Right: The velocity and acceleration profiles for each
degree of freedom corresponding to the valid solutions on the left.

to the red, 69 to the blue and one to the green trajectory. Only
2 runs produce a non-valid solution, shown in yellow. We
note here that gradient-based trajectory optimization methods
given the straight-line initial guess in such a challenging
environment would only converge to this non-valid local
optimum. Moreover, this also shows that the choice of
CMA-ES as a solver for our framework helps to converge
to the present local optima with negligible error, despite
the stochasticity in the sampling of the via-points. Last, the
corresponding velocity and acceleration profiles (only shown
for the valid solutions), depicted on the right of Fig. 4, reflect
the timing-optimal property of the generated trajectories.
After applying maximum acceleration at the start of the
movement, the robot moves at maximum speed within the
limits before it again applies the maximum acceleration to
stop at the goal. This implies that our framework generates
trajectories that not only respect the given dynamic limits,
but also exploits them in the spirit of timing-optimality.

For the online setting, as described in Sec. V, we compare
VP-STO to STORM [9], which we consider as state-of-the-
art in sampling-based MPC for producing reactive robot
behavior. Again using the scenario from above, we run 5
experiments in which we deploy VP-STO within the MPC-
algorithm (cf. Alg. 1). The resulting trajectories are shown
in blue in Fig. 5 alongside the 5 solutions in red generated
by STORM. It can be seen that STORM is not able to reach
the goal. Especially, due to the short-horizon optimization
scheme, the robot first follows the path with the shortest
distance towards the goal while not being able to anticipate
moving around the obstacle early enough. Therefore, it gets
stuck in front of the obstacle. In contrast, Online VP-STO
produces solutions which allow the robot to smoothly navi-
gate to the goal, while exploiting its velocity and acceleration
limits. The given setting and experiment emphasizes the
advantage of our efficient formulation which allows us to
always optimize over the full horizon.

B. Real-World Experiments

We demonstrate VP-STO on a real robot using the ma-
nipulation scenarios in Fig. 1: a pick-and-place and a box
pushing task. We increase the complexity of both scenarios
by disturbing the robot and the target objects. This requires
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Fig. 5. Online VP-STO (MPC). Left: The trajectories taken by the robot
when deploying VP-STO in an MPC setting (blue), as opposed to using
STORM [9] (red). Right: The velocity and acceleration profiles for each
degree of freedom corresponding to the found solutions on the left.

a fast feedback loop provided by Online VP-STO.

Setup. Both experiments are performed on a Franka Emika
robot arm. The framework was run on Ubuntu 20.04 with
an Intel Core i7-8700 CPU@3.2GHz and 16GB of RAM.
The poses of the objects were tracked with a Vicon motion
capture system and post-processed with an extended Kalman
filter. The MPC steps are executed at a fixed control rate
(specified below). In a single MPC step, we run optimization
iterations until the next MPC step starts.

a) Pick-and-Place: First, we consider a pick-and-place
scenario under human intervention. The robot’s task is to
grasp a pin, i.e., the picking phase, and to place it in an up-
right position in a given target location in the workspace, i.e.,
the placing phase. In the picking phase, the pin can be either
handed over to the robot in arbitrary poses or the robot needs
to pick it up from the table. This phase requires real-time
collision avoidance in narrow configuration passages, i.e., the
robot has to avoid collisions between its hand, including the
fingers, and the pin while reaching a configuration where the
hand encloses the pin. For the grasp pose, we run a separate
pose optimization process in parallel to VP-STO, providing
the final robot configuration qT . After a successful grasp, the
robot continues with the placing phase. The challenge here
is that the pin might still move within the gripper due to its
own weight or due to interference from a user. Consequently,
feedback of the current pin pose is needed to avoid collisions
between the pin and the environment and to correctly place
the pin. We parameterize the sampled trajectories with a
maximum number of via-points Nmax=4 and α=2. VP-STO
replans with a rate of 12.5 Hz.

b) Box Pushing: In the second scenario, we address
the task of planning and control through physical contacts,
i.e., the robot is supposed to push a box towards a moving
target position. Such a task requires the robot to deliberately
make and break contacts, which is subject to discontinuous
cost-landscapes. Here, we exploit the presented trajectory
parameterization by setting the final robot configuration qT
of each MPC step such that the end-effector moves towards
the center of the box. This enforces all sampled candidate
trajectories to make contact with the box. The point of
contact and the resulting dynamics of the box depends on
the location of the via-points which are subject to minimizing
the distance between the box position and the target.For the
sake of fast simulations of the contact dynamics, we use a

quasi-dynamic model for the box dynamics parallel to the
table surface. VP-STO is executed with a constant number
of via-points N=3 at a control rate of 20 Hz.

Cost Terms. We begin with the task-agnostic terms and
conclude with more task-specific terms.

Movement Duration: The movement duration is used
explicitly as part of the cost function in order to minimize
the time needed for the remaining robot movement.

Smoothness: In order to optimize not only for fast,
but also efficient movements, we use the same metric as
in Eq. (1) as the smoothness cost term.

Joint Limit Avoidance: For keeping the robot configura-
tion inside the joint angle limits, we deploy a discontinuous
metric that accounts for joint limit violations, i.e.,

cjla(q) =





1 + q − qmax, if q ≥ qmax

1 + qmin − q, if q ≤ qmin

0, otherwise
. (8)

We consider a trajectory to be invalid if it results in a joint
limit violation, i.e., q ≥ qmax or q ≤ qmin.

Collision Avoidance: In order to efficiently evaluate the
validity of a trajectory regarding collisions between the robot
and the environment, we perform binary collision checks
for each configuration evaluated along the trajectory, instead
of computing a distance between two geometries. Thus, the
collision cost for a single trajectory is equal to the number of
evaluation points that are in collision. Similarly to the joint
limit avoidance cost, we consider a trajectory to be invalid
if it results in a collision.

Pushing Progress: In the case of a pushing task, we
further require a cost term that rewards trajectories which
let the robot move the box closer to the current desired
target xdes

box. We evaluate the pushing progress of a single
trajectory by first simulating the contact dynamics that result
in a trajectory of the box xbox(t); and then computing the box
position error at the beginning ebox,0 = ||xbox(0) − xdes

box||22
and at the end ebox,T = ||xbox(T ) − xdes

box||22 of the robot
movement. The final pushing progress cost is given by
cpush(ξ) = exp(ebox,T − ebox,0). Additionally, we consider
trajectories that move the box away from the target, i.e.,
ebox,T ≥ ebox,0, to be invalid. In that case, the exploration
mode in the next MPC step (cf. Sec. V-B) is triggered.

Results. First, we note that throughout the experiments, the
robot did not collide with any objects in the workspace and
did not violate the joint limits. When the experimenter per-
turbs the robot, i.e., disturbing it through physical interaction
or pulling the pin out of the gripper, the robot is compliant
and adapts its motion. In the pick-and-place scenario, it
robustly picked up the pin from various locations in the
workspace, including handovers by the experimenter; and
placed it at the desired target location in all runs. In the
box pushing scenario, the robot manages to find pushing
motions from arbitrary configurations and box locations
and to eventually push the box into the target. We note,
however, that some changes of the target location resulted
in the robot not finding a valid pushing motion quickly
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enough, which in turn made the robot push the box out
of the workspace. This could only be recovered by the
experimenter. Recordings of the experiments and additional
material can be found in the accompanying video to this pa-
per and on the dedicated website https://sites.google.
com/oxfordrobotics.institute/vp-sto.

VII. CONCLUSION

We presented a motion optimization framework that is able
to generate reactive and yet smooth and efficient robot be-
havior for complex high-dimensional robot tasks. In contrast
to standard trajectory optimization techniques, sampling-
based and gradient-based, our framework outputs trajectories
which not only optimize over space but also time. Moreover,
due to the full-horizon optimization in an MPC-setting, it
is particularly suitable for closed-loop manipulation tasks
that demand for continuous re-planning and feedback. We
successfully demonstrate this in two real-world experiments
on a Franka Emika robot arm, i.e., a pick-and-place and a
box-pushing scenario.

We wish to extend and improve our work by considering
the following points. First, the number via-points to sample
yet is subject to heuristic tuning. In general, with increasing
movement complexity more via-points are needed at the
cost of higher computational complexity. Future work should
make the selection of this hyper-parameter more intuitive.
And second, we would like to further increase the robustness
of VP-STO by considering uncertainties in the interaction
between the robot and its environment. This includes to
explore stochastic roll-outs in the cost evaluation.
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APPENDIX

A. Efficient Gaussian Sampling of Smooth Trajectories
through Covariance Matrix Decomposition (Extended)

In the proposed MPC algorithm, the number of optimiza-
tion iterations ran in a single step is limited by the desired
control rate and the computational resources. We have identi-
fied two modifications of the algorithm that drastically reduce
the cost of the mean trajectory after a given optimization time
budget.

First, we replace the standard CMA-ES optimization by
sep-CMA-ES, a variant that iterates only on diagonal co-
variance matrices. This improves the computational com-
plexity from O(N2D2) (CMA-ES) to O(ND) (sep-CMA-
ES), meaning that the computational load of sampling from
and updating the covariance matrix scale linearly with the
number of via-points N and the DoF D of the robot.

Second, instead of initializing the covariance matrix Σvia

with an identity matrix scaled by a single scalar, we start the
optimization with a covariance matrix that captures smooth-
ness correlations between via-points. This modification can
be justified by a probabilistic view on stochastic optimiza-
tion problems, i.e., rather than minimizing the expected
cost c(qvia) as in (5), we aim at maximizing a probability
p(qvia) ∝ e−c(qvia). It is easy to show that both optimization
problems have equivalent optima. In fact, CMA-ES attempts
to locally approximate the generally intractable probability
distribution p(qvia) by a Gaussian distribution in each iter-
ation. If the trajectory cost is given as a sum of multiple
objectives, i.e., c(qvia) =

∑
i ci(qvia), the corresponding

probability distribution can be written as a product of mul-
tiple probability distributions, i.e., p(qvia) ∝

∏
i e
−ci(qvia). A

smoothness metric is typically part of the cost function, in
our case we use

csmooth(qvia) =
1

2

∫ 1

0

q′′(s)>q′′(s)ds

=
1

2
w>

∫ 1

0

Φ′′(s)>Φ′′(s)dsw.

(9)

Since w = [q>
via,w

>
bc]

>, the smoothness cost term can be
exactly represented by a Gaussian distribution, i.e.,

psmooth(qvia,wbc) = N
(

0,

∫ 1

0

Φ′′(s)>Φ′′(s)ds

)
. (10)

We condition the joint distribution on the given bound-
ary constraints to obtain the corresponding distribution of
the via-points psmooth(qvia|wbc) = N (µvia, smooth,Σvia, smooth)
with

µvia, smooth = Σvia, smooth

∫ 1

0

Φ′′via(s)
>Φ′′bc(s)ds wbc

Σvia, smooth =

(∫ 1

0

Φ′′via(s)
>Φ′′via(s)ds

)−1

.

(11)

By initializing the covariance matrix with Σvia, smooth, the
very first population of via-points that is evaluated in an
optimization loop is consequently sampled from psmooth. This

can be interpreted as an informed warm-starting of the
covariance matrix in a CMA-ES loop.

In order to integrate the off-diagonal structure of
Σvia, smooth with the diagonal covariance matrix diag(σvia)
that is updated by sep-CMA-ES, we assemble the final
covariance matrix by a Cholesky factorization, i.e., Σvia =
Ldiag(σvia)L>. The off-diagonal structure is imposed by
the lower triangular matrix L that is given by the Cholesky
decomposition of the smoothness covariance, such that
Σvia, smooth = LL>.

B. Ablation Studies

In the paper, we present design choices that we want to
further justify via ablation studies.

1) Impact of the Number of Via-points: In this ablation
study, we investigate the impact of the number of via-points
used to represent the robot movement. This hyper-parameter
has a high impact on the overall framework performance.
On one hand, it directly sets the dimensionality of the
optimization problem to solve; on the other hand, it directly
spans the space of movements that can be synthesized. From
an optimization perspective, tuning the number of via-points
gives us an intuitive way of increasing/decreasing resources
on an optimization result with a decreasing/increasing cost.
We illustrate this relationship in Fig. 6, where we let a 1D
double-integrator move from q0 = 0.0, q̇0 = 0.0 to qT = 1.0,
q̇T = 0.0 in minimal time, subject to a maximum velocity
|q̇| < 0.1 and an acceleration limit |q̈| < 0.2; with a varying
number of via-points. This time-optimal control problem is
known to be solved by a bang-bang acceleration profile,
such that we know the analytic limit of the minimal time
to be cbang-bang = Tbang-bang = 10.5, which is depicted as
dashed black line in the upper-left plot. We observe that
the solution cost exponentially converges to cbang-bang as we
increase the number of via-points. The lower-left plot shows
the number of CMA-ES-iterations required to converge as
a function of the number of via-points. Here, we detect
convergence if |ck − ck−1| < 10−6 in the k-th iteration.
Interestingly, the number of iterations grows linearly with
the number of via-points. Note that this does not mean that
the computational cost grows linearly with the number of
via-points, since the computational cost for a single iteration
is either linear (sep-CMA-ES) or quadratic (CMA-ES) in the
number of via-points. Nevertheless, those results motivate to
use a low number of via-points as with a growing number
of via-points, the benefit of adding a via-point is not worth
the extra computational cost.

2) Impact of the Cholesky Factorization of the Covariance
Matrix: In this ablation study, we look at a 2D minimal-
time planning problem including an obstacle that is to be
avoided. We fix the number of via-points to N = 6 and
set up four different optimization loops that are supposed
to solve the same problem. Each setup uses either CMA-
ES or sep-CMA-ES and runs with or without the Cholesky
factorization of the covariance matrix as described in Sec. V-
C. For comparison, we look at the cost evolution over the
number of iterations. The dashed black line in all plots
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Fig. 6. A study of the impact of the number of via-points in a 1D time-optimization problem. Top-Left: Impact on the resulting movement duration. The
dotted black line illustrates the duration of the optimal bang-bang solution. Bottom-Left: Impact on the number of iterations required until convergence.
Right: Velocity and acceleration profiles for evaluated numbers of via-points.

Fig. 7. A study of the impact of the Cholesky factorization of the Covariance Matrix Σvia in a 2D time-optimization problem with obstacle avoidance.
Left: The configuration space including the obstacle in gray, the initial guess as dashed line, and the optimal solution around the obstacle as solid line
together with the corresponding via-points as circles. Center: The via-point covariance matrix is explicitly updated, i.e., Σvia = ΣCMA. Right: The
via-point covariance matrix is updated through a Cholesky factorization, i.e., Σvia = LΣCMAL

>. Top: sep-CMA-ES iterates on diagonal covariance
matrices only, i.e., ΣCMA = diag(σCMA), with linear computational complexity O (ND). Bottom: CMA-ES iterates on full covariance matrices ΣCMA

with quadratic computational complexity O
(
N2D2

)
.

(except for the left-hand plot) indicates the minimum cost
measured in any experiment. Note also the jump in all the
cost profiles from ≈ 103 − 104 to ≈ 100 − 101, which
reflects if the updated solution is collision-free. We observe
that the choice of CMA-ES vs. sep-CMA-ES does not have
a substantial impact on the cost evolution for this particular
problem, indicating that it is justified to use sep-CMA-ES
with linear complexity. However, we observe a substantial
impact when using the presented Cholesky factorization,
imposing smoothness on the candidate trajectories. In all
experiments using the Cholesky factorization, it converged
to a collision-free solution after 3 iterations at maximum.
This is an especially important result justifying the use of
the Cholesky factorization inside the MPC loop, as the real-
time requirements limit the number of iterations.
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3.1 Extensions to VP-STO in Subsequent Work

We have built upon the VP-STO framework in two subsequent works: i) to explicitly

account for uncertainty in the planning process via chance-constraints (Chapter 5),

and ii) to do belief space control for robust manipulation in Jankowski et al. (2025a).

In this section, we briefly summarize the extensions that we developed in the latter

work, enabling the use of informative priors in the sampling process of VP-STO,

and allowing for more efficient optimisation in contact-rich tasks.

3.1.1 Discussion of Via-Point-Based Trajectory Represen-
tation

In our original work, we introduced the via-point-based trajectory representation

as a means to efficiently parameterise robot trajectories for sampling-based MPC.

This representation allows us to define a trajectory by a set of via-points that

the robot must pass through, enabling smooth and time-optimal trajectories with

a reduced number of parameters.

Recap of Via-Point-based Trajectory Representation We proposed a via-

point based trajectory representation, where a trajectory is defined by a set of N

via-points q1:N . The robot configuration at time t ∈ [0, T ] is given by

q(t) = Φvia(t)θ + φ0(t, q0, q̇0), (3.1)

where the robot trajectory is parameterised by the vector of via-points θ, i.e.,

θ =


q1

via
...
qNvia

 ∈ RN ·nrdof , (3.2)

where nrdof is the number of degrees of freedom of the robot. The basis function

matrix Φvia(t) enforces that the trajectory passes through the via-points with

minimal acceleration subject to the velocity being zero at the end of the trajectory.

In addition, the basis offset φ0 incorporates the initial robot configuration and

velocity at the start of the trajectory1.
1We refer to Jankowski et al. (2022) for implementation details on the basis functions and

offsets.
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Time Parameterisation Given a set of via-points θ and the starting configura-

tion and velocity, VP-STO finds the optimal motion duration T via a time-scaling

algorithm that uses the maximum allowed joint velocities and accelerations of

the robot to compute a timing-optimal trajectory. For an in-depth description

of the time-scaling algorithm, beyond Sec. 4.A in the original work, we refer the

reader to Section 3.2 of Jankowski (2025).

Connection to Direct Collocation VP–STO bears a conceptual similarity

to classical direct collocation methods (Hargraves and Paris, 1987), in that both

approaches represent trajectories through a finite set of decision variables defined

at discrete points. In direct collocation, these points define the break points

for states and controls, and dynamic feasibility is enforced through collocation

constraints that ensure the discretized trajectory satisfies the system dynamics

over each interval. In contrast, VP–STO uses via-points to parameterise a smooth

geometric trajectory that minimises acceleration by construction, without enforcing

the system dynamics during geometric path generation. Instead of collocation

constraints, VP–STO imposes kinodynamic feasibility through a separate time-

scaling procedure that enforces joint velocity and acceleration limits over a set of

evaluation points. This preserves many of the advantages of collocation, i.e., low-

dimensional parameterisation, smoothness, and efficient evaluation, while avoiding

the need to solve a dynamics-constrained nonlinear program. Finally, this design is

motivated by the use of this parameterisation within a shooting-based optimisation

framework, where dynamic feasibility is handled through forward simulation rather

than through the direct transcription paradigm.

3.1.2 Incorporating Informative Priors

The efficiency of the stochastic optimisation process in VP-STO is highly dependent

on the quality of samples taken from the sampling distribution. In the original

VP-STO formulation, we directly sampled the via-points from an uninformed

Gaussian distribution, e.g., using a straight-line trajectory as the mean and a
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diagonal covariance matrix. We also describe how we can incorporate a smoothness

prior into the sampling process in Section V.C of the original work. However, we

had not formalised this concept in a more general manner, due to space constraints.

The approach we propose here is based on the product of experts framework (Hin-

ton, 2002), which allows us to combine multiple Gaussian distributions, each

representing different sources of prior knowledge about the task. The aim is to

construct a Gaussian sampling distribution over the via-point parameters that

incorporates prior knowledge about the task. This is is linked to the general goal

of sampling trajectories that are more likely to yield low-cost solutions, which can

significantly improve the efficiency of the stochastic optimisation process. Given

a cost function fc(q0:T ) that evaluates the quality of a trajectory q0:T , we can

define a distribution over trajectories as

p(q0:T ) ∝ exp(−fc(q0:T )). (3.3)

If the trajectory cost is given as a sum of multiple objectives, i.e., c(q0:T ) =∑
i ci(q0:T ), the corresponding probability distribution can be written as a product

of multiple probability distributions, i.e., p(q0:T ) ∝ ∏
i e
−ci(q0:T ). While directly

sampling from the distribution in Eq. (3.3) is often infeasible, we show two examples

of how we can construct informative Gaussian priors, each representing different

sources of prior knowledge, that we can combine as a product of Gaussian experts.

This will improve the sample efficiency of the stochastic optimisation process in

contrast to sampling from an uninformed distribution. We begin by providing a

more detailed description of the via-point based trajectory representation used

in VP-STO, before explaining the general concept of the product of Gaussian

experts, and finally illustrating how we use this to incorporate a contact prior and

a smoothness prior into the sampling process. We illustrate this by showing a) how

to design a Gaussian contact prior (cf. Figure 3.1), which is particularly useful

for contact-rich tasks, that require the robot to make contact with an object in

order to successfully complete the task; and b) how to design a smoothness prior

given the via-point based trajectory representation, as introduced in our original
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Figure 3.1: Illustration of the sampling process in VP-STO with informative priors
versus uninformed sampling, taken from our work (Jankowski et al., 2025a). Left:
Uninformed sampling, where via-points are drawn from a simple Gaussian distribution.
Right: Informed sampling, where the distribution incorporates a contact prior, biasing
trajectories toward regions of the state space that are more likely to establish contact
with the object, given the belief over its location bo.

work, to ensure that the sampled trajectories are smooth. In the following, we

discuss how to construct informative Gaussian sampling distributions over the

via-point parameters θ, which maps to a distribution over smooth, continuous and

timing-optimal trajectories q(t) via the affine mapping in Eq. 3.1.

Product of Gaussian Experts We can construct a Gaussian sampling distri-

bution over the via-point parameters θ by combining multiple Gaussian distri-

butions, each representing different sources of prior knowledge. The product

of P Gaussian distributions pi(θ) = N (θ|µi,Σi) results in another Gaussian

distribution p(θ) given by

p(θ) ∝
P∏
i=1

pi(θ) = N (θ|µθ,Σθ), (3.4)

where the mean µθ and covariance Σθ of the resulting distribution are given by

Σθ =
(

P∑
i=1

Σi

)−1

, (3.5)

µθ = Σθ

(
P∑
i=1

Σ−1
i µi

)
. (3.6)

Informed Sampling with Gaussian Priors We can now use the product of

Gaussian experts framework to construct a prior Gaussian distribution over the via-

point parameters θ, i.e., pprior(θ), encoding a probabilistic initial guess. Compared
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to a naive uninformed initial sampling distribution, e.g., white noise with a scaled

variance, the prior distribution already shifts the probability mass toward regions

of the state space that are more likely to yield low-cost solutions. We use CMA-

ES (Hansen and Ostermeier, 2001) to iteratively update a Gaussian sampling

distribution. Yet, instead of defining the CMA-ES search distribution directly over

the via-point parameters θ, we define it over a latent variable ε ∈ RN ·nrdof , which is

then mapped to the via-point parameters θ via the prior Gaussian distribution, i.e.,

θ = µprior +Lpriorε, ε ∼ N (µCMA,ΣCMA), (3.7)

where Lprior is the Cholesky decomposition of the prior covariance matrix Σprior,

and µprior is the prior mean. This reparametrisation decouples the optimisation

variable ε from the prior distribution. At each VP-STO iteration, we then draw

M candidate trajectories according to

θ ∼ N (µprior +LpriorµCMA,LpriorΣCMAL
>
prior), (3.8)

where µCMA and ΣCMA are the current mean and covariance of the CMA-ES search

distribution, respectively. With CMA-ES initialized as white noise, i.e., µCMA = 0

and ΣCMA = I, the resulting initial sampling distribution coincides with the prior

pprior(θ). Eventually, given a sampled trajectory parameter θ, we find the control

trajectory by discretising the continuous robot trajectory in Eq. (3.1) according to

uk = qr
(
t = T

k + 1
K

)
, k = 0, . . . , K − 1, (3.9)

where K is the number of discretization steps and T is the optimal movement

duration found via time-scaling. In the following, we illustrate how to construct

two specific Gaussian priors: a contact prior and a smoothness prior.

Contact Prior The contact prior biases the sampling distribution toward robot

configurations that are likely to establish contact with the object of interest, i.e.,

qo ∈ Rnodof , where nodof is the number of degrees of freedom of the object configuration.

In the following, we assume that the object configuration follows a Gaussian
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distribution, i.e., qo ∼ N (µo,Σo). For clarity, in the following, we will denote robot

configurations as qr to distinguish them from object configurations qo. With the

goal of sampling diverse manipulation trajectories that are likely to make contact

with the object, we restrict the prior to act only on the final via-point qNvia of

Eq. (3.1), which also corresponds to the final robot configuration at the end of the

trajectory, i.e., q(T ) = qNvia. Given a function, that maps the object configuration

to a corresponding contact configuration of the robot, i.e., qrcontact = fcontact(qo),

we define a distribution over robot configurations that are likely to make contact

with the object. Suppose that the probability density of a robot configuration

making contact with the object can be approximated as

pcontact(qr|qo) = N (fcontact(qo),Σr|o). (3.10)

Marginalizing over qo yields a distribution over robot configurations,

pcontact(qr) = N
(
fcontact(µo),Σr|o +AΣoA>

)
, (3.11)

where A = ∂fcontact
∂qo

∣∣∣
µo
. Now that we have defined a distribution over robot

configurations that are likely to make contact with the object, we can use this to

construct a Gaussian prior over the full trajectory via-point parameters θ. The

corresponding prior is then given by

pcontact

θ=


q1

via
...
qNvia


 = N




0
...

q̄contact

 ,


0 · · · 0
... . . . ...
0 · · · Qq


−1

= N (θ̄contact,Q
−1
θ )

(3.12)

where Qq =
(
Σr|o +AΣoA>

)−1
describes the precision matrix of the contact prior

with respect to the mean contact configuration q̄contact = fcontact(µo).

However, the resulting precision matrix Q−1
θ is degenerate in its current form,

as it only sets the precision for the final via-point, while the other via-points have

infinite variance. We solve this issue by combining the contact prior with the

smoothness prior described below.
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Contact Prior in Joint Space While the above provides a general formulation

for the contact prior over robot configurations, we also want to bias the prior such

that contacts are established specifically at the end-effector. To this end, we first

define the contact prior in the task space of the robot end-effector. Let the forward

kinematics ffk : Rnrdof → Rnrtask map robot configurations qr to end-effector poses

xr ∈ Rnrtask , where nrtask is the dimensionality of the task space (e.g., nrtask = 3

for 3D position control). We also assume a function f̂contact that maps object

configurations qo to end-effector contact poses, i.e.,

xrcontact = f̂contact(qo). (3.13)

Using this, the contact prior in task space becomes

p̂contact(xr) = N
(
f̂contact(µo), Σr|o +AΣoA>

)
. (3.14)

Since we ultimately want to sample in joint space, we need to transform this

task-space prior into a joint-space distribution. However, the forward kinematics

xr = ffk(qr) are nonlinear, which means that a Gaussian in task space does not

map exactly to a Gaussian in joint space. To preserve tractability, we approximate

the mapping locally using a first-order Taylor expansion around the mean contact

configuration q̄rcontact, yielding

xr ≈ ffk(q̄rcontact) + J(q̄rcontact)(qr − q̄rcontact), (3.15)

where J(q) = ∂xr/∂qr
∣∣∣
q̄rcontact

denotes the Jacobian with respect to the end-effector

configuration. The mean joint configuration q̄rcontact can be obtained by solving

the inverse kinematics problem, i.e.,

q̄rcontact = fik
(
f̂contact(µo)

)
. (3.16)

This linearisation allows us to approximate the task-space Gaussian as a Gaussian

in joint space, with the corresponding precision matrix

Q̂q = J(q̄rcontact)>Q−1 J(q̄rcontact). (3.17)

Thus, we obtain a joint-space contact prior as in Eq. (3.12).
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Smoothness Prior We incorporate temporal correlations between via-points

by defining a Gaussian prior that assigns high likelihood to trajectories with

low accelerations. A common approach to enforce such smoothness in trajectory

optimisation is to minimise the integral over squared accelerations,

Jsmooth = 1
2

∫ T

0
q̈r>(t)Rq q̈

r(t) dt, (3.18)

where Rq � 0 specifies per-joint smoothing weights. Using the trajectory param-

eterisation in Eq. (3.1), the acceleration can be expressed as an affine function

of the via-point parameters θ and the boundary conditions (initial configuration

qr0 and velocity q̇r0). More compactly, we write

q̈r(t) = Φ̈(t)w, (3.19)

with trajectory parameter w = [θ>,wbc]>, where wbc = [qr0, q̇r0], and the basis

function matrix Φ̈(t) given by

Φ̈(t) =
(
Φ̈via(t) Φ̈bc(t)

)
. (3.20)

Substituting into Jsmooth yields

Jsmooth = 1
2w

>Rww, Rw =
∫ T

0
Φ̈>(t)Rq Φ̈(t) dt. (3.21)

The solution of the integral yields a smoothness matrix Rw that can be written

in block form as

Rw =
(
Rθ Rθ|wbc

R>θ|wbc
Rwbc

)
. (3.22)

With this result, the smoothness objective is in fact a quadratic function in w.

Exponentiating the negative cost turns this smoothness objective into a Gaussian

distribution over w,

psmooth(w) ∝ exp(−Jsmooth) = N
(
0,R−1

w

)
. (3.23)

This joint Gaussian couples the via-point parameters θ with the boundary conditions

wbc. Since the boundary conditions are known when constructing the prior, we

condition on wbc to obtain a Gaussian distribution over the via-points:

psmooth(θ | qr0, q̇r0) = N
(
θ̄smooth,R

−1
θ

)
, (3.24)
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Figure 3.2: Smooth trajectories sampled from the product of the smoothness
and contact priors. The contact prior is shown as orange ellipses and circles, with
its mean in the center. The respective velocity profiles of the trajectories are encoded
through color with low velocities in blue and high velocities in yellow. All trajectories
begin and end with zero velocity. Each sub-figure shows different combinations of the
precision matrices Qq and Rq, which control the influence of the contact prior and the
smoothness prior, respectively.

where the precision matrix is given by

Rθ =
∫ T

0
Φ̈>via(t)Rq Φ̈via(t) dt, (3.25)

and the prior mean

θ̄smooth = R−1
θ Rθ|wbc ,wbc (3.26)

captures the dependence on the boundary conditions. Importantly, the smoothness

prior precision matrix Rθ depends only on the chosen basis functions and smoothing

weights, and can therefore be precomputed offline.

Combining Contact and Smoothness Prior We can now combine the contact

prior pcontact(θ) from Eq. (3.12) with the smoothness prior psmooth(θ | qr0, q̇r0) to
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form a product of experts, as described in Eq. (3.4). Since the product of two

multivariate Gaussians is again a Gaussian, the resulting prior distribution is a

multivariate Gaussian with parameters

Σθ = (Qθ +Rθ)−1 , (3.27)

µθ = Σθ

(
Qθθ̄contact +Rθθ̄smooth

)
. (3.28)

Figure 3.2 illustrates samples drawn from the product of the contact prior and

the smoothness prior, depending on the choice of the precision matrices Qq and

Rq. Each sub-figure shows trajectory candidates drawn from a single Gaussian

distribution over via-point parameters θ. All trajectories start and end with exactly

zero velocity, as enforced by the boundary conditions.

Gaussian Priors as Regularisers in the Quasi-Newton View of CMA-ES

As discussed in Hansen (2016), the objective of covariance matrix adaptation

is to approximate the local contour geometry of the objective function. On

convex–quadratic functions, this adaptation corresponds to learning an estimate of

the inverse Hessian, thereby rendering CMA-ES analogous to a stochastic quasi-

Newton method. In this view, the evolving covariance matrix provides a sample-

based approximation of curvature information, updated through ranked candidate

evaluations rather than explicit derivatives. Within this quasi-Newton interpretation,

the Gaussian priors introduced through the product-of-experts construction naturally

act as regularisers: their precision matrices contribute additional curvature to the

effective inverse-Hessian approximation encoded by the sampling covariance. As a

result, the priors bias the search toward regions of the parameter space consistent

with task-specific structure (e.g., smoothness or expected contact configurations),

thereby improving sample efficiency and stabilizing the overall optimisation process.

Implementation Detail on CMA-ES with Informative Priors With the

use of informative priors, we can also modify the CMA-ES itself to further improve

the computational efficiency of the overall VP-STO framework. Instead of using

the standard CMA-ES algorithm, we can exploit the fact that we are already using
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a Cholesky factorisation of the covariance matrix that, via the smoothness prior,

already encodes correlations between the via-points. Thus, instead of updating the

full covariance matrix ΣCMA of CMA-ES, we only update its diagonal, which is

known as sep-CMA-ES (Ros and Hansen, 2008). This improves the computational

complexity from O(N2D2) (CMA-ES) to O(ND) (sep-CMA-ES), meaning that the

computational load of sampling from and updating the covariance matrix scales

linearly with the number of via-points N and the nrdof DoF of the robot.

3.2 Ablations

In this section, we present ablation studies that further justify some of the design

choices made in the VP-STO framework.

Impact of the Number of Via-Points In this ablation study, we investigate

the impact of the number of via-points used to represent the robot movement. This

hyper-parameter has a high impact on the overall framework performance. On one

hand, it directly sets the dimensionality of the optimisation problem to solve; on

the other hand, it directly spans the space of movements that can be synthesised.

From an optimisation perspective, adjusting the number of via-points provides an

intuitive mechanism to trade off solution quality against computational cost. We

illustrate this relationship in Fig. 3.3, where we let a 1D double-integrator move

from q0 = 0.0, q̇0 = 0.0 to qT = 1.0, q̇T = 0.0 in minimal time, subject to a maximum

velocity |q̇| < 0.1 and an acceleration limit |q̈| < 0.2; with a varying number of

via-points. This time-optimal control problem is known to be solved by a bang-bang

acceleration profile, such that we know the analytic limit of the minimal time to be

cbang-bang = Tbang-bang = 10.5, which is depicted as dashed black line in the upper-left

plot. We observe that the solution cost exponentially converges to cbang-bang as

we increase the number of via-points. The lower-left plot shows the number of

CMA-ES-iterations required to converge as a function of the number of via-points.

Here, we detect convergence if |ck− ck−1| < 10−6 in the k-th iteration. Interestingly,

the number of iterations grows linearly with the number of via-points. Note that
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this does not mean that the computational cost grows linearly with the number of

via-points, since the computational cost for a single iteration is either linear (sep-

CMA-ES) or quadratic (CMA-ES) in the number of via-points. Nevertheless, these

results motivate the use of a small number of via-points, as the marginal benefit of

adding additional via-points does not justify the increased computational cost.

Figure 3.3: A study of the impact of the number of via-points in a 1D time-optimisation
problem. Top-Left: Impact on the resulting movement duration. The dotted black line
illustrates the duration of the optimal bang-bang solution. Bottom-Left: Impact on the
number of iterations required until convergence. Right: Velocity and acceleration profiles
for evaluated numbers of via-points.

Impact of the Cholesky Factorisation of the Covariance Matrix In this

ablation study, we look at a 2D minimal-time planning problem including an obstacle

that is to be avoided. We fix the number of via-points to N = 6 and set up four

different optimisation loops that are supposed to solve the same problem. Each

setup uses either CMA-ES or sep-CMA-ES and runs with or without the Cholesky

factorisation of the covariance matrix as described in Sec. 3.1. For comparison, we

look at the cost evolution over the number of iterations. The dashed black line

in all plots (except for the left-hand plot) indicates the minimum cost measured

in any experiment. Note also the jump in all the cost profiles from ≈ 103 − 104

to ≈ 100 − 101, which reflects if the updated solution is collision-free. We observe

that the choice of CMA-ES vs. sep-CMA-ES does not have a substantial impact

on the cost evolution for this particular problem, indicating that it is justified

to use sep-CMA-ES with linear complexity. However, we observe a substantial

impact when using the presented Cholesky factorisation, imposing smoothness on

the candidate trajectories. In all experiments using the Cholesky factorisation, it
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Figure 3.4: A study of the impact of the Cholesky factorisation of the Covariance Matrix
Σvia in a 2D time-optimisation problem with obstacle avoidance. Left: The configuration
space including the obstacle in gray, the initial guess as dashed line, and the optimal
solution around the obstacle as solid line together with the corresponding via-points as
circles. Center: The via-point covariance matrix is explicitly updated, i.e., Σvia = ΣCMA.
Right: The via-point covariance matrix is updated through a Cholesky factorisation, i.e.,
Σvia = LΣCMAL

>. Top: sep-CMA-ES iterates on diagonal covariance matrices only, i.e.,
ΣCMA = diag(σCMA), with linear computational complexity O (ND). Bottom: CMA-
ES iterates on full covariance matrices ΣCMA with quadratic computational complexity
O
(
N2D2).

converged to a collision-free solution after 3 iterations at maximum. This is an

especially important result justifying the use of the Cholesky factorisation inside

the MPC loop, as the real-time requirements limit the number of iterations.

3.3 Limitations and Future Work

Holonomic Systems Only So far, we have assumed holonomic robot dynamics,

i.e., the robot can move in any direction in its configuration space. This assumption

holds for robotic manipulators, but not for mobile robots or legged robots. While we

explored several strategies to apply VP-STO to non-holonomic systems in the past,

we did not validate them sufficiently. Future work could extend these strategies

and perform more rigorous evaluations on non-holonomic systems.

Computational Efficiency Given that VP-STO is a shooting method (cf. Chap-

ter 2.3.1), its real-time performance depends on the computational efficiency of the

underlying dynamics model. In the original work, we used a quasi-static dynamics

model for the non-prehensile pushing task, which is computationally efficient but

does not extend to more complex tasks, such as tasks that involve more dynamic
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settings and multiple possible contacts with different parts of the robot. The use

of more accurate physics engines, such as MuJoCo, allows to extend VP-STO to

more complex tasks, but comes at the cost of increased computation time, requiring

fewer samples and a shorter time horizon to achieve real-time performance. This

limitation has motivated the work in the subsequent Chapter 4, where we learn

a generative model of the dynamics to inform the sampling process and improve

the efficiency of sampling-based MPC. While Chapter 4 focuses on improving

the efficiency of sampling-based MPC via learned generative models, future work

could explore the combination of these generative models with VP-STO to further

improve its efficiency and real-time performance.

Beyond Unimodal Gaussian Distributions VP-STO in its current form uses

a unimodal Gaussian distribution to sample via-point parameters that map to robot

trajectories. This choice is motivated by the ability to incorporate informative

priors via the product of Gaussians, as described above, as well as by the use of

CMA-ES, which assumes a Gaussian search distribution. However, in some tasks,

the optimal solution may be multi-modal, meaning that there are multiple distinct

trajectories that can achieve the task successfully. In such cases, a unimodal Gaussian

distribution may not be sufficient to capture the diversity of possible solutions.

While replanning at high frequencies can help to overcome this limitation, future

work could explore the use of other sampling distributions, that are better suited

to capture multi-modal solutions. A different approach to address this limitation

could be to use multiple VP-STO instances in parallel, each with a different initial

guess or prior, akin to a multi-population evolutionary strategy (Branke et al.,

2000). This could allow the system to explore multiple modes of the solution space

simultaneously, increasing the likelihood of finding a successful trajectory.

State Estimation Like in all model-based planning and control approaches,

reliable state estimation is crucial for the success of VP-STO. All experiments on

real hardware involved a motion capture system to provide accurate state feedback.

Future work should explore the integration of onboard sensors, such as cameras
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or tactile sensors, to enable state estimation without external tracking systems.

While this introduces uncertainty into the overall system, the VP-STO framework

could be extended to account for this uncertainty, as demonstrated in Chapter 5,

as well as in Chapter 6. In addition, future work could further explore the use

of model-based methods in latent spaces, as done in more recent reinforcement

learning approaches (Hansen et al., 2023; Wang et al., 2025b).
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In this chapter, we investigate how learning can be used to improve the reactivity of

sampling-based Model Predictive Control (SPC). While the methods presented in

Chapter 3 demonstrate that SPC can implicitly handle uncertainty through frequent

replanning, their effectiveness is limited in scenarios where forward simulation is

computationally expensive, such as contact-rich tasks requiring high-fidelity physics

simulations. In such cases, the limited simulation budget constrains exploration

during online replanning, thereby reducing the controller’s reactivity. Here, we

extend this line of work by exploring how data-driven components can be integrated

into sampling-based MPC to accelerate online planning and enhance reactivity,

while still operating in a deterministic environment with no prior knowledge of
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Chapter 3 Chapter 4 Chapter 5 Chapter 6

Theme Reactivity Reactivity
Learning for Robustness Exploration

Uncertainty Handling Implicit Implicit Explicit Explicit

of Uncertainty
Prior Knowledge None None access

Sampling-based
access

Sampling-based

Environment Deterministic Deterministic Stochastic Stochastic

Method MPC MPC MPC control
Belief-space

Control Problem Min. cost Min. cost s.t. chance constraints
Min. cost

information gain
Max.

Table 1.2: Theme, settings and methods for each chapter.

uncertainty. This setting is also summarised in Table 1.2, repeated above.

The central idea is to leverage generative modelling not to replace the MPC

optimisation loop, but to make it more efficient by shaping the sampling process.

Specifically, we introduce a Generative Predictive Control (GPC) framework, which

bootstraps sampling-based MPC with proposal distributions learned from open-loop

control sequences collected offline. This setting allows us to preserve the strengths

of MPC, adaptivity and robustness through online replanning, while addressing

one of its key limitations: the inefficiency of sampling in high-dimensional action

spaces. The learned proposals provide more informative samples during online

optimisation, improving the sample efficiency and thereby the reactivity of the

controller, as it can find high-quality solutions faster within the limited time budget

available for online replanning. We note that this approach is fundamentally different

from learning a control policy directly from data, as done in imitation learning or

offline reinforcement learning. Instead of replacing the MPC loop with a learned

policy, we retain the online optimisation process and use learning to enhance it.

A distinctive aspect of this work is that, unlike approaches that rely on human

demonstrations, we instead learn from planner-generated data. In particular, the

proposal distributions are trained on locally-optimal yet noisy trajectories produced
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by sampling-based MPC itself, making the framework self-bootstrapping while still

retaining the adaptivity of online optimisation. Moreover, since the offline data is

generated with larger sample sizes and longer horizons than are feasible online, the

learned proposal distributions implicitly encode longer-term dependencies, enabling

effective planning with shorter horizons during online execution. This works even

for tasks that inherently require long-horizon reasoning. We demonstrate these

benefits on a challenging contact-rich loco-manipulation task, specifically designed

to require long-horizon planning in order to avoid getting trapped in local minima.

Implementation details are provided in the Appendix of the paper manuscript,

which is included at the end of this thesis as Appendix A.



Generative Models From and For Sampling-Based MPC:
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Abstract— We present a generative predictive control (GPC)
framework that amortizes sampling-based Model Predictive
Control (SPC) by bootstrapping it with conditional flow-
matching models trained on SPC control sequences collected in
simulation. Unlike prior work relying on iterative refinement
or gradient-based solvers, we show that meaningful proposal
distributions can be learned directly from noisy SPC data,
enabling more efficient and informed sampling during online
planning. We further demonstrate, for the first time, the
application of this approach to real-world contact-rich loco-
manipulation with a quadruped robot. Extensive experiments
in simulation and on hardware show that our method improves
sample efficiency, reduces planning horizon requirements, and
generalizes robustly across task variations.

I. INTRODUCTION

Reactive contact-rich (loco-)manipulation in high-
dimensional state and action spaces poses significant
challenges for real-time control. Sampling-based Model
Predictive Control (SPC) offers a principled framework to
address these challenges by solving trajectory optimization
problems online with a model in the loop, enabling adaptive
behavior and constraint satisfaction [1]–[4]. However, the
computational cost of forward simulation, combined with
the challenge of effectively exploring the search space
in high-dimensional, contact-rich environments, limits the
applicability of real-time optimization to more complex
behaviors and higher-frequency control.

A promising line of work seeks to amortize the compu-
tational burden of online optimization by shifting it to an
offline phase [5]–[7]. The key idea is to collect high quality
data and train a generative model to capture a distribution
of useful actions or control sequences. At test time, this
model can be used to guide or warmstart the sampling
distribution. The method attempts to drastically improve
solution quality and efficiency by focusing sampling on high-
likelihood, constraint-satisfying regions of the action space.

Recent advances in generative modeling, particularly dif-
fusion and flow-matching models, have shown strong per-
formance in learning expressive end-to-end policies for
dexterous manipulation tasks [8]–[10]. Offline model-based
reinforcement learning methods [11], [12] also show strong
performance approximating optimal solutions by leveraging
precomputed data to enable fast runtime control via policy

1Oxford Robotics Institute, University of Oxford, UK.
2Robotics and AI Institute (RAI), Boston, USA.
3Cornell University, Ithaca, NY, USA.
∗This work was conducted while Lara Brudermüller was an intern at the

Robotics and AI Institute.
†Preston Culbertson and Simon Le Cleac’h advised this work equally.

Fig. 1. Generative predictive control (GPC) framework for bootstrapping
sampling-based Model Predictive Control (SPC). We collect open-loop
control sequences from an SPC algorithm in simulation and use them to
train a generative proposal distribution. At test time, this model guides and
amortizes online MPC, enabling non-myopic, constraint-satisfying behavior
with improved sample efficiency and robustness in contact-rich, high-
dimensional settings.

networks. However, these methods are often limited by the
scope of their immense training data and struggle to general-
ize to out-of-distribution (OOD) states or tasks. In response
to these limitations, several recent works demonstrate that
bootstrapping online planners with offline-trained generative
models leads to faster convergence, better exploration, and
more robust performance in complex environments [7], [13]–
[15]. In this paper, we focus on how offline data collection
and generative modeling can both accelerate and guide on-
line sampling-based MPC in contact-rich, high-dimensional
settings while maintaining the flexibility and adaptability of
online optimization.

Contributions: We propose a generative predictive con-
trol (GPC) framework that bootstraps SPC with conditional
flow-matching models trained on SPC control sequences
collected in simulation. To the best of our knowledge, we are
the first to show that meaningful proposal distributions can
be learned directly from noisy SPC data without requiring
expert refinement or numerical solvers. We are also the first
to demonstrate that this approach improves sample efficiency
and generalizes robustly to task variations in both simulation
andreal hardware in a contact-rich loco-manipulation task.

II. RELATED WORK

SPC for Contact-Rich Manipulation: SPC has been
widely adopted for its robustness to nonconvex and discon-
tinuous problems, particularly in contact-rich robotic tasks
[1]–[3], [16]–[19]. These methods typically optimize a tra-
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jectory distribution by iteratively sampling candidate controls
and selecting actions based on forward-simulated costs. Their
performance is often limited by the computational cost of
forward dynamics, especially when simulating contact in-
teractions or systems with many degrees of freedom (DOF).
While prior work has sought to speed up forward simulation,
e.g., via quasi-static approximations [20] or learned dynam-
ics models [21], these approaches often trade off fidelity or
depend on highly accurate model learning. In contrast, we do
not aim to replace the dynamics model but rather to amortize
the trajectory optimization itself. We do this by learning
generative models over control distributions derived from
open-loop control sequences that either led to task success or
incurred low cost in offline sampling-based MPC, enabling
faster and more informed sampling at test time.

Amortizing Online Optimization via Offline Learning:
Recent work leverages offline data to reduce the computa-
tional burden of control algorithms at runtime. Common ap-
proaches include behavior cloning on expert demonstrations
and planner rollouts [8]–[10] or model-based RL [11], [12].
When sourced from high-quality planners (such as sampling-
based MPC), this data enables training generative models
that can guide or initialize online control. Several works
have explored learning from planner-generated trajectories to
approximate optimal solutions and accelerate planning [6],
[22]–[24]. This idea underpins Approximate MPC (AMPC),
where learned models bootstrap or replace expensive solvers
[25]. A representative example [26] uses diffusion models
to approximate near-globally optimal MPC solutions from
locally optimal trajectories generated by a numerical solver
[27]. Yet, the learned models are not used to guide sampling
but rather to replace the solver entirely. Our work is most
closely related to [14], which also bootstraps SPC using
generative models trained on SPC control sequences. Their
method alternates online data collection with model updates,
but we find this iterative refinement can collapse the multi-
modal control distribution important for effective sampling.
In contrast, our method trains a generative model over offline
data (noisy SPC rollouts) and achieves strong performance,
showing that bootstrapped SPC does not require iterative
refinement. To the best of our knowledge, both [14] and our
approach are the first to learn from SPC data rather than
trajectories from gradient-based solvers.

Learning Sampling Distributions for Online MPC:
Another line of work aims to improve SPC by learning struc-
tured priors over control sequences in latent action spaces
using generative models [28], [29]. These methods typically
rely on expert demonstrations, which lack exploratory diver-
sity and require complex bi-level training to learn both the
latent spaces and their distributions. In contrast, we focus on
directly leveraging the diverse data produced by sampling-
based MPC during offline data collection. Freed from real-
time constraints, we can instead expand the search space
during planning to yield richer control sequences that support
efficient sampling through simpler generative models.

Infinite-Horizon Value Approximation and MPC: A
complementary line of research seeks to reduce the myopia

of finite-horizon MPC by learning infinite-horizon value
functions and integrating them into the control loop [30]–
[33]. These methods approximate an infinite-horizon value
signal over states, which is then used as a terminal cost or
shaping function for MPC, thereby injecting long-horizon
foresight into an otherwise short-horizon optimizer. These
approaches share the same motivation as ours, i.e., mitigat-
ing the short-horizon bias of online optimization, but are
orthogonal in how they inject long-term structure. Even with
an accurate estimate of the infinite-horizon value function,
MPC still requires an effective mechanism for searching the
control space. In contrast, our method focuses directly on
improving this search by learning generative models over
successful control sequences, thereby guiding the sampling
distribution used by SPC.

III. BACKGROUND

A. Problem Formulation

In this paper we consider optimal control problems in
continuous action spaces. Given an initial state x0 = xinit,
the objective is to determine a sequence of open-loop control
actions Uτ = [uτ ,uτ+1, . . . ,uτ+T ] that minimizes a given
cost function `(x,u) over a finite time horizon T :

min
u0,u1,...,uT

Lf (xT+1) +
T∑

τ=0

`(xτ ,uτ ) (1a)

s.t. xτ+1 = f(xτ ,uτ ), τ = 0, . . . , T (1b)
x0 = xinit, (1c)

where xτ ∈ Rn and uτ ∈ Rm are the state vector and
the control input at time step τ , respectively. The functions
` : Rn×Rm → R and Lf : Rn → R represent the stage and
terminal cost, respectively. We assume access to a simulator
(e.g. MuJoCo [34]) or a learned model to approximate the
system dynamics f : Rn × Rm → Rn. For a more compact
notation, we define a cost function J : Rm×T × Rn → R
that encapsulates both, costs and system dynamics, allowing
us to write the problem as

min
U

J(U ;xinit). (2)

Rather than deriving a single, globally optimal policy, MPC
re-optimizes a local policy at each time step by simulating
the system dynamics over a shorter receding horizon H < T .

B. Sampling-based MPC (SPC)

Contact-rich robot control tasks pose significant challenges
due to non-convex cost functions and the nonlinear, often
discontinuous nature of system dynamics. Sampling-based
MPC addresses these issues by optimizing over a param-
eterized distribution πφ(U) rather than directly computing
the optimal control sequence. We consider a generic SPC
procedure in which, at each control step τ , the controller
samples N control sequences {U (i)}Ni=1 from the current
distribution πφ, simulates their outcomes from the current
state estimate x̂τ , and evaluates them using the cost function
J(U (i); x̂τ ). Based on these evaluations, the distribution
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parameters φ are updated according to the chosen SPC
algorithm. The executed control uτ is typically the first
element of the sampled control sequence Uτ or derived via
spline interpolation across the optimized sequence. We focus
on diagonal Gaussian distributions of the form πφ(U) =
N (Ū ,Σ), as used in the Cross-Entropy Method (CEM) [35]
and other SPC algorithms [2], [16]. Here, φ = (Ū ,Σ), and
Σ = diag(s), with s denoting a vector of variances.

C. Generative Modeling: Flow-Matching

While the above focuses on shaping a sampling distri-
bution for SPC, generative modeling focuses on a different
problem: produce a sample z from a target distribution p(z),
which is typically unknown in closed form, but can be
approximated by a dataset of samples D. Among recent
approaches to generative modeling, two closely related ap-
proaches have gained significant traction due to their ability
to capture complex, multi-modal distributions: flow matching
[36] and diffusion models [37]. The underlying concept is
to learn a distribution over trajectories or transformations
that maps a simple prior distribution to complex target data.
In this work, we focus on flow-matching models and their
conditional variant [38], as they offer superior inference
speed compared to diffusion models.

Flow matching aims to learn a time-dependent vector field
vθ(z, t) that transports samples from an easy-to-sample prior
distribution p0(z) (e.g., a standard Gaussian) to a target data
distribution p1(z). The flow network vθ is trained on

min
θ

E z0∼p0,
z1∼p1,
t∼U(0,1)

[
‖vθ (tz1 + (1− t)z0, t)− (z1 − z0)‖2

]

This loss encourages the vector field to push samples along
straight-line paths from z0 to z1. At inference time, new
samples are generated by drawing z0 ∼ p0(z) and solving
the ODE ż = vθ(z, t) from t = 0 to t = 1, typically
approximated with an Euler scheme zt+δt = zt+vθ(zt, t)δt.

IV. BOOTSTRAPPING SAMPLING-BASED MPC WITH
GENERATIVE FLOW-MATCHING MODELS

In this section, we introduce our approach to bootstrapping
SPC with generative models trained on open-loop control
sequences collected from SPC itself. The core idea is to
learn a generative model that approximates the distribution
of successful control sequences conditioned on the current
state and history. At test time, this model serves as a proposal
distribution to guide and warm-start the sampling process in
online SPC, improving sample efficiency and robustness.

A. Data collection

The offline data collection phase is central to our approach.
It should provide control sequences (conditioned on the
current state and history of states) likely to lead to task
success. Since we aim to bootstrap SPC at test time, we
generate this dataset directly from an SPC algorithm —
specifically CEM, as it is widely used and easy to tune
for different tasks without the runtime constraints of online

control. This allows for longer horizons and larger sample
sizes to collect high-quality, non-myopic control sequences.

Given a task and associated cost function, we run CEM
across multiple episodes, each with random state initializa-
tions and capped at a maximum number of MPC iterations.
During each episode, we record (xτ ,hτ , U

∗
τ ), where xτ

is the current state, hτ encodes a fixed-window history
of states/observations, and U∗τ denotes the mean control
sequence of the CEM distribution at time τ . An experiment
is considered successful if the task is completed within the
allowed time steps. We define Isuccess as the index set of all
successful experiment episodes and construct our training
dataset as

D =
⋃

i∈Isuccess

{(x(i)
τ ,h(i)

τ , U∗(i)τ )}Ti
τ=0,

where Ti is the final time step of episode i. This ensures that
only control sequences from successful rollouts are used to
train the generative model.

To reduce the complexity of the generative model while
improving runtime efficiency and smoothness, each control
sequence Uτ is represented using K < H spline interpolation
points over a planning horizon of H time steps, i.e. U =
[u0,u1, . . . ,uK ]. We also employ i) a progress-based heuris-
tic to reset the variances during CEM to avoid early mode
collapse, and ii) action-level annealing [18] that increases
exploration, i.e., variances, for control points further into the
horizon.

B. Learning Control Sequence Proposal Distributions

Once we have collected a task dataset of open-loop
trajectories, we can train a flow-matching generative
model to learn a time-varying state-conditional vector field
vθ(U,xτ ,hτ , t) that pushes samples from the noise distri-
bution Ut=0 ∼ N (0, I) to the target distribution Ut=1 ∼
pθ(U | xτ ,hτ ), i.e. the distribution of control sequences
that are likely to lead to successful task completion given
the current state xτ and state/observation history hτ .

A key design choice is conditioning the model not only on
the current state xτ but also on a short observation history
hτ . This provides information that is not contained in a
single snapshot, such as velocities and contact transitions.
Because many of our tasks are effectively non-Markovian in
the observation space (due to partial observability, latency,
and unmodeled dynamics), conditioning on hτ allows the
model to infer these latent variables and produce more
consistent and goal-directed control sequences. This choice
is standard in robotic control and prediction models, where
the observation space is often non-Markovian; e.g., [39].

For simplicity, we describe sampling from the generative
model as sampling from the distribution pθ(U | xτ ,hτ ). We
refer to our method as generative predictive control (GPC),
which leverages a learned distribution over control sequences
conditioned on the task context. This distribution can be
used in two distinct ways: i) to sample control sequences
from using a random shooting approach and evaluate the
best based on value functions, or ii) to update the sampling
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Algorithm 1: GPC-CEM
Input: Current state xτ , history hτ

Sampling distribution πφ(U) = N (Ū ,Σ)
Flow model pθ(U | xτ ,hτ )
Number of rollouts N = NCEM +NFlow
Number of elites Nelite
State estimator x̂(τ)

while planning do
x0 ← x̂(τ) // Get current state estimate

Sample NCEM trajectories from CEM:
{U (i)}NCEM

i=1 ∼ πφ(U)
Sample NFlow trajectories from flow model:
{U (j)}NFlow

j=1 ∼ pθ(U | xτ ,hτ )

Compute {J (k) ← J(U (k);x0)}Nk=1 // parallel rollouts

Select top Nelite elite trajectories with lowest cost:
{U (k)}Nelite

k=1 ← elite set
Update πφ(U) using elite statistics:
U∗ ← U (k∗), k∗ = arg mink J

(k)

Ū ← shift(U∗, τ) // shift mean forward

Σ← diag
(

Var({U (k)}Nelite
k=1 )

)

Execute control uτ ← get action(U∗, τ)
Update state history hτ+1 ← roll(hτ ,xτ )

distribution of the SPC algorithm (e.g., πφ(U) in CEM) with
samples from pθ(U | xτ ,hτ ). We call the first approach
GPC-Shoot and the second approach GPC-CEM.

C. GPC-CEM: Bootstrapping SPC with Flow-Matching

Trained on a finite set of open-loop control sequences,
the generative proposal distribution pθ(U | xτ ,hτ ) inher-
its the generalization limitations of behavior cloning and
model-based RL. This sensitivity to distributional shifts is
something we also observe in our experiments with GPC-
Shoot, where it manifests as degraded sample quality within
regions underrepresented in the training data. In contrast,
SPC adapts its sampling distribution online and becomes
more robust in unseen situations, but remains myopic and
computationally expensive. To balance these limitations, we
bootstrap SPC with a flow-matching generative model that
learns the dataset control distribution while preserving the
adaptability of online sampling. We summarize our approach
in Algorithm 1. At each control step, the algorithm begins
by estimating the current state and shifting the current mean
of the CEM sampling distribution forward in time. The key
idea in GPC-CEM is to augment Gaussian CEM sampling
with proposals from the generative model pθ trained offline
on control sequences that led to task success. The Nelite
proposals with the lowest-cost rollouts are used to update the
CEM distribution’s πφ(U) mean (the time-shifted lowest-cost
proposal) and variance. Unlike standard CEM, the executed
control is the best-performing candidate instead of the mean
of the Nelite proposals. This allows GPC-CEM to better
exploit multimodal proposals from the generative model
rather than collapsing them to a single modality, efficiently
guiding exploration while maintaining the adaptability of
online optimization.

Fig. 2. The mapping from the high-level action space to the low-level
spot loco-manipulation control space. The locomotion policy is pre-trained
to follow the high-level commands while maintaining balance and stability.
It is fixed throughout the full task planning and execution.

Fig. 3. Push-T Task overview. Left: Original Push-T task [9], where a
circular robot is required to push a T-shaped block into a target pose, shown
in green. Right: Modified task with a K- instead of T-block at the bottom.

D. Application to Loco-Manipulation

We apply our bootstrapped SPC framework to non-
prehensile object pushing with a Spot quadruped robot
to demonstrate versatile loco-manipulation skills. With 19
positional degrees of freedom (DoF), planning for this robot
is computationally expensive and typically demands large
sample sizes. To simplify our sampling process, we dis-
entangle low-level locomotion control based on the work
of [40] and sample only in the high-level task action space,
as illustrated in Fig. 2. The high-level action space includes
9 DoF (3 for the torso, 6 for the arm)1 and is mapped to
the low-level commands by a pre-trained locomotion policy
that ensures balance and stability while tracking high-level
inputs. The low-level locomotion policy is fixed through-
out task planning and execution. In addition to a lower-
dimensional action space, this hierarchical control structure
naturally provides more robustness to the low-level control
and removes the need to introduce guidance terms that
explicitly enforce smoothness and temporal consistency of
the control sequences in the flow-matching process.

V. EXPERIMENTAL RESULTS

We evaluate our proposed GPC framework across sim-
ulated and real-world continuous control tasks involving
contact-rich, non-prehensile manipulation. Specifically, we
benchmark performance on i) the well-known Push-T task
with a 2-DoF circular robot, and ii) the loco-manipulation
task introduced above. To guide our evaluation, we aim to
answer the following key questions: i) How well does the
learned generative model approximate the action proposal
distribution captured by open-loop sampling-based MPC?
ii) Does bootstrapping online MPC with a learned proposal

1We exclude the gripper DoF from the high-level action space for non-
prehensile manipulation, but this and additional DoFs (e.g., torso height,
pitch, roll) could be included without retraining the low-level policy.
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Control frequency: 10 Hz Time step (∆t): 0.01 s Rollouts: 32
Success rate Number of steps CEM

(↑) (success only, (↓)) sample ratio

Base Task: Push-T

CEM Baseline 0.85 (0.83, 0.88) 1037.57 ± 526.40 –
MPPI Baseline 0.62 (0.59, 0.65) 1634.15 ± 492.42 –
Dial-MPC [18] 0.86 (0.83, 0.88) 1197.07 ± 461.16 –

GPC-Shoot (CVAE) 0.970 (0.951, 0.982) 985.31 ± 475.07 –
GPC-Shoot (2) 0.718 (0.702, 0.734) 1277.51 ± 572.80 –
GPC-Shoot (10) 0.992 (0.988, 0.995) 608.58 ± 291.48 –
GPC-CEM (2) 0.980 (0.980, 0.985) 932.40 ± 449.95 0.33 ± 0.11
GPC-CEM (10) 0.998 (0.996, 0.999) 591.11 ± 267.20 0.33 ± 0.10

Horizon Ablation: using 1 secs. instead of 3 secs. at inference time

CEM Baseline 0.78 (0.76, 0.81) 1093.50 ± 523.09 –
MPPI Baseline 0.68 (0.65, 0.71) 1365.65 ± 463.48 –
Dial-MPC [18] 0.84 (0.81, 0.86) 945.76 ± 403.05 –

GPC-Shoot (CVAE) 0.71 (0.67, 0.75) 1209.23 ± 581.55 –
GPC-Shoot (10) 0.84 (0.83, 0.85) 978.96 ± 543.72 –
GPC-CEM (10) 0.96 (0.95, 0.97) 890.42 ± 466.94 0.42 ± 0.08

Task Variation: Push-K

CEM Baseline 0.55 (0.52, 0.58) 1143.21 ± 565.90 –
MPPI Baseline 0.34 (0.31, 0.36) 1707.92 ± 501.53 –
Dial-MPC [18] 0.56 (0.52, 0.59) 1333.13 ± 484.97 –

GPC-Shoot (CVAE) 0.51 (0.46, 0.55) 1055.39 ± 539.90 –
GPC-Shoot (10) 0.89 (0.88, 0.90) 1015.15 ± 527.04 –
GPC-CEM (10) 0.96 (0.95, 0.96) 887.77 ± 482.02 0.41 ± 0.10

TABLE I
SIMULATION RESULTS FOR THE PUSH-T TASK, INCLUDING A HORIZON

ABLATION AND A TASK VARIATION WITH A K- INSTEAD OF A T-BLOCK.

distribution improve task performance and generalization to
task variations under constrained computational budgets?

We use conditional flow matching to train a generative
model over SPC control sequences with a Multi-Layer
Perceptron (MLP) as the underlying architecture. We also
baseline the flow model against a CVAE trained on the same
data. We consider both direct sampling from the learned
model (GPC-Shoot) and the bootstrapped version that com-
bines it with CEM-based online planning (GPC-CEM). We
compare our approach to standard CEM, model predictive
path integral control (MPPI), [16] and DialMPC [18] —
a more recent SPC approach building on MPPI. We only
compare against DialMPC and GPC-Shoot with a CVAE
on Push-T; the former’s inner optimization loop makes it
unsuitable for our real-time loco-manipulation examples,
while the latter proved inferior to flow matching. All methods
are implemented in Python using judo [41] as a unified
interface for defining custom tasks and controllers. For
each task, we evaluate all methods with the same number
of rollouts per iteration, control frequency, and respective
cost function. In addition, we report results for the GPC-
methods across three different model seeds to account for
the stochasticity during training. We set the CEM-sample
ratio in GPC-CEM, i.e. NCEM/N , to 0.5 for both tasks.

A. Push-T Task

This task requires a 2-DoF circular robot to push a T-
shaped block to a specified goal pose. Due to its sparse
rewards and multi-modality, it serves as a popular bench-
mark for evaluating generative control policies. We also
evaluate the adaptability of GPC to unseen task variations

Fig. 4. Push-T Simulation Studies. Left: Evaluation of intermediate
models from the iterative training procedure of [14]. Right: Ablation study
on sample split.

by running it on a variant using a K-shaped block (Push-
K) with different object dynamics. In this setting, we reuse
the generative model trained on Push-T to bootstrap SPC
for Push-K without retraining , showcasing GPC’s ability
to generalize across task variations. Table I summarizes
the simulation results. We report success rates with Wilson
95% confidence intervals and average completion times (for
successful runs) with respective standard deviations based
on 1000 trials per method. Success is defined as achieving
at least 90% coverage of the target pose within 2500 time
steps (0.01 s each). For GPC-CEM, we additionally report the
average CEM sample ratio and standard deviation, indicating
how often samples were selected from the CEM distribution
over the learned proposal distribution.

Both CEM and DIAL-MPC [18] achieve high success
rates (≥ 85%), demonstrating the strength of sampling-based
methods. DIAL-MPC’s gains over CEM are marginal and
come at higher computational cost, so we use CEM for data
collection. MPPI achieves 62% success, though better tuning
may close this gap. Flow-based GPC-Shoot improves with
more denoising steps (indicated in parentheses): 99% success
with 10 steps vs. 71% with 2, while CVAE-based GPC-Shoot
achieves 97% success. Similarly, GPC-CEM with 10 steps
not only achieves 99.8% success but also reduces completion
time by nearly 50% compared to 2 steps. Notably, GPC-CEM
remains robust under reduced horizons (1s vs. 3s), maintain-
ing 96% success versus 78% for CEM. This suggests that our
method enables non-myopic planning under tighter compu-
tational constraints. In the Push-K generalization task, GPC-
CEM again outperforms all baselines, achieving 96% success
compared to 55% for CEM, indicating strong transferability
of the learned proposal distribution. This is a notable insight,
as both CVAE-based GPC-Shoot and CEM performance
drops significantly without any changes to the cost function,
highlighting that the flow-based learned distribution captures
structural priors useful across tasks.

Comparison to Iterative Training Procedure [14]: We
acknowledge the conceptual similarity between our approach
and that of Kurtz et al. [14], who also combine generative
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modeling with SPC. However, their method adopts an itera-
tive training procedure that alternates between data collection
and model updates, similar to expert iteration in reinforce-
ment learning [42]. This setup is motivated by the assumption
that SPC data is too noisy to directly train a generative
model; hence, each data collection iteration bootstraps SPC
with a partially trained flow-matching model to improve the
subsequent training distribution. In our experiments on the
Push-T task, however, this iterative procedure did not im-
prove performance (see Fig. 4). In fact, success rates decline
over training iterations. In a qualitative analysis, we find that
the resulting policies tend to collapse to small, random move-
ments that fail to complete the task. We interpret this as the
iterative training procedure gradually diminishing the multi-
modality of the learned proposal distribution. Consistent with
this interpretation, we also observe a decreasing CEM sample
ratio over training iterations, suggesting that the learned
proposal distribution converges to mimic the CEM sampling
distribution and reduces their complementarity. In contrast,
our method trains a generative model directly on open-
loop control sequences from SPC, without requiring iterative
retraining. Despite the noisy data, our model achieves up
to 99.2% success (GPC-Shoot with 10 denoising steps) and
already reaches 96% when bootstrapped with CEM after a
single training round.

Ablations: We conduct three ablation studies to further
analyze the performance of GPC-CEM and GPC-Shoot on
the simulated Push-T task. Ablation 1 measures the effect
of the sample split between samples drawn from the CEM
distribution and the learned proposal distribution. We vary
the sample split NCEM/N from 0.1 to 1.0 (only CEM).
As shown in Fig. 4, we find that increasing the number
of CEM samples improves or maintains the success rate
until exclusively using CEM samples, where performance
drops significantly. This highlights that the learned proposal
distribution contributes valuable samples that both com-
plement and strengthen the CEM distribution. We further
observe that the empirical CEM sample ratio grows sub-
linearly with respect to the specified split, indicating that
even a relatively small fraction of learned proposal samples
disproportionately contribute to the overall sampling process.
Ablation 2 analyzes the impact of the dataset size used to
train the flow-matching model. To assess how many demon-
strations are needed to train an effective proposal model,
we vary the dataset size from 100 to 1000 MPC rollouts.
Performance improves rapidly with data and surpasses 90%
success with only 200 rollouts, after which performance
gains steadily saturate. This shows that the proposal model
can be trained in a sample efficient manner requiring just
a few hundred trajectories, whereas reinforcement learning
methods typically need orders of magnitude more interaction
to achieve comparable performance. Ablation 3 assesses
model architecture by comparing flow model performance
against a conditional variational auto-encoder using GPC-
Shoot. Table I shows the ten-step flow model outperformed
the CVAE for each task and variation with a similar number
of steps. Along with its degraded performance on the Push-

Fig. 5. Spot Loco-Manipulation Experiment: Qualitative examples of
two successful Spot loco-manipulation task runs in the real world with GPC-
CEM. Both images show a overlay of several snapshots of the trajectories
of the robot and the chair.

K task, the CVAE’s struggle to adjust to a different horizon
length was characteristic of its documented difficulties with
multi-modal generalization and domain adaptation [43]. Due
to its higher performance and robust generalization, we
selected flow matching as our generative model.

B. Spot Loco-Manipulation

In this task, Spot must push a chair to a goal pose located
behind a C-shaped obstacle (Fig. 5). The robot and chair
are always initialized randomly on the opposite side of the
obstacle, creating a local minimum that requires navigating
around it to succeed. The task is further complicated by
the high-dimensional action space and contact dynamics.
Solving this with SPC requires long horizons and large
sample sizes, both of which increase computational cost. A
trial is considered successful if the chair’s position error is
below 0.15 m and its yaw is within 50 degrees of the target.

Simulation: We first evaluate the task in simulation
to enable larger-scale testing. Results are summarized in
Table II. Each baseline is run for 100 trials, and GPC
methods are evaluated with 3 model seeds (100 trials each).
We omit DIAL-MPC due to its inner-loop optimization being
too slow for real-time use in this task. As in Push-T, we
report success rate, average completion steps (for successful
runs), and CEM sample ratio. GPC-CEM outperforms all
baselines, achieving up to 83% success with fewer executed
steps. In contrast, CEM alone reaches only 33%, often failing
due to limited horizon and sample budget. MPPI performs
slightly better but remains unreliable under real-time con-
straints. GPC-CEM remains robust under reduced planning
horizons (3 vs. 4 seconds), maintaining 60% success while
baseline performance degrades. This reinforces that learned
proposals can enhance planning in resource-limited settings.
Interestingly, fewer denoising steps (2 vs. 10) yield better
performance in this task for both GPC-Shoot and GPC-CEM.
We attribute this to reduced sample diversity at higher step
counts, which impairs exploration in tasks with deceptive
local minima. We also observe higher CEM sample ratios
in this task compared to Push-T, indicating that the learned
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Control frequency: 5 Hz Time step (∆t): 0.02 s Rollouts: 32
Succ. rate Number of steps CEM

(↑) (success only, (↓)) sample ratio

Base Task: Spot Loco-Manipulation

CEM Baseline 0.33 (0.28, 0.39) 1452.1 ± 448.2 –
MPPI Baseline 0.57 (0.51, 0.62) 1096.3 ± 360.6 –

GPC-Shoot (2) 0.18 (0.14, 0.23) 1544.6 ± 495.2 –
GPC-Shoot (10) 0.22 (0.18, 0.27) 1454.2 ± 511.5 –
GPC-CEM (2) 0.83 (0.78, 0.87) 1125.9 ± 430.6 0.69 ± 0.10
GPC-CEM (10) 0.79 (0.74, 0.83) 1073.9 ± 367.4 0.66 ± 0.11

Horizon Ablation: using 3 secs. instead of 4 secs. at inference time

CEM Baseline 0.26 (0.21, 0.31) 1494.6 ± 491.9 –
MPPI Baseline 0.29 (0.24, 0.34) 1177.3 ± 465.3 –

GPC-Shoot (2) 0.22 (0.18, 0.27) 1489.3 ± 498.7 –
GPC-CEM (2) 0.60 (0.54, 0.65) 1135.3 ± 487.9 0.71 ± 0.08

Task Variation: Spot Loco-Manipulation with Obstacle Avoidance

CEM Baseline 0.27 (0.22, 0.32) 1692.3 ± 439.7 –
MPPI Baseline 0.30 (0.25, 0.35) 1634.2 ± 473.9 –

GPC-Shoot (2) 0.03 (0.02, 0.06) 1764.5 ± 353.2 –
GPC-CEM (2) 0.56 (0.50, 0.62) 1421.1 ± 481.8 0.74 ± 0.08

TABLE II
SIMULATION RESULTS FOR THE SPOT LOCO-MANIPULATION TASK,

INCLUDING HORIZON ABLATION AND TASK VARIATION WITH

ADDITIONAL OBSTACLE AVOIDANCE COST AT RUNTIME.

model alone (GPC-Shoot) is less accurate. Instead, it is most
effective when used to augment CEM, highlighting the value
of integrating learned proposals into online optimization
rather than relying on them directly. Finally, we evaluate a
task variant with an added obstacle avoidance cost to prevent
collisions with the C-shaped obstacle. This is omitted from
the base task to avoid biasing the MPC methods, but is
essential for real-world deployment. In this setting, GPC-
CEM still leads with a 56% success rate, outperforming
MPPI (30%) and CEM (27%).

Real-World: We evaluate GPC-CEM and CEM on
hardware including the obstacle avoidance cost in both
cases. We rely on a Motion Capture system to track the
object state. GPC-CEM is run with 2 denoising steps for
20 trials, while CEM is limited to 10 trials due to frequent
damaging failures to the robot (e.g. repeated collisions with
the obstacle as it fails to navigate around). GPC-CEM
achieves a 60% success rate (12/20), while CEM succeeds
in only 10% of trials (1/10). Qualitative examples for GPC-
CEM are shown in Fig. 5; all other runs are included in
the supplementary video. CEM failures consistently result
in the local minimum caused by the C-shaped obstacle, as
it lacks the guidance from the generative model to sample
motions that navigate around it. GPC-CEM only encounters
this failure in 4 of 20 trials. The remaining failures stem
from two causes: (1) pushing the chair beyond the workspace
due to the lack of workspace constraints in the cost, and
(2) discrepancies between simulated and real chair behavior,
especially assumptions about friction and contact such as
when the chair’s wheels can roll.

Computation Time: We find that the policy rollout
accounts for over 90% of the total compute time and becomes

the primary computation bottleneck, limiting the overall
control frequency to 5 Hz. This overhead is primarily due
to collision handling and contact dynamics in the physics
engine.

VI. LIMITATIONS AND FUTURE WORK

Our framework does not explicitly address sim-to-real
transfer, leaving it vulnerable to discrepancies between simu-
lated and real-world dynamics. However, since it relies on of-
fline data collection, it can be trained on domain-randomized
data to improve robustness to variations in dynamics, actu-
ator behavior, and sensor noise [14]. In addition, learning
proposal distributions from a combination of simulated and
real-world data could further enhance transferability and
performance during hardware deployment. In this work, all
experiments consider fixed goals in a world frame. We plan
to extend our work to variable goals by transforming our data
into goal-centric representations. The current system also
does not use GPU acceleration for simulation or proposal
inference, but this could be addressed in future work to
enable faster online planning and data collection (particularly
with larger sample sizes). Finally, the proposed approach
is limited to state-based policies but can be distilled to
vision-based policies by learning from observations collected
while executing the state-based policy in the real world
or simulation. Future work can explore how to integrate
vision-based action proposal distributions with fast vision-
based dynamics models for online predictive control [13].
Although our offline data collection already captures long-
horizon structure by using extended SPC horizons, future
work could also incorporate learned infinite-horizon value
functions. Such value estimates would provide an additional
source of global, task-level guidance, while our generative
priors would continue to shape and improve the search over
control sequences during online optimization.

VII. CONCLUSION

We presented GPC-CEM, a generative predictive con-
trol (GPC) framework that bootstraps sampling-based MPC
(SPC) with conditional flow-matching trained on open-loop
SPC control sequences. Our approach demonstrates that
meaningful proposal distributions can be learned directly
from noisy SPC data, without expert supervision or iterative
refinement. We evaluated our method in two challenging
settings; a simulated pushing benchmark and a real-world
quadruped loco-manipulation task; and showed that it sig-
nificantly improves sample efficiency and robustness. GPC-
CEM achieves high success rates, remains effective under
reduced planning horizons, and generalizes to task variations
which introduce out-of-distribution conditions. These results
highlight the effectiveness of integrating learned generative
models into online optimization loops for efficient and adapt-
able real-time robot control.
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4.1 Supplementary Discussion

Our Generative Predictive Control (GPC) framework sits at the intersection

of reinforcement learning (RL), imitation learning, and sampling-based model

predictive control (MPC). From an RL perspective, the approach is most closely

related to KL-regularised RL approaches, which incorporate expert policies as

priors to stabilize training and improve sample efficiency, e.g., TRPO (Schulman

et al., 2015) and MPO (Abdolmaleki et al., 2018). These methods constrain

a learned policy to remain close to a prior, i.e., expert policy, usually derived

from demonstrations or previous rollouts. However, recent theoretical analysis

by GX-Chen et al. (2025) shows that standard KL-regularised RL objectives lead

to solutions that collapse to a single mode, even when the reward landscape

itself is highly multimodal. This property significantly limits their usefulness in

domains such as contact-rich manipulation and loco-manipulation, where multiple

qualitatively distinct solution strategies naturally emerge and are essential for

robustness. The GPC framework also differs from residual RL, where a learned

residual policy is added on top of a classical controller to compensate for modelling

errors or unmodelled dynamics (Johannink et al., 2019). While residual RL benefits

from incorporating a stabilizing base controller, it ultimately learns a standalone

reactive policy and therefore inherits the challenges faced by RL in long-horizon,

discontinuous tasks, including sparse exploration, brittle generalisation, and the

difficulty of representing diverse action sequences.

In this context, our approach provides a novel alternative that combines the

strengths of both KL-regularised RL and imitation learning from an MPC expert.

Similar to KL-regularised RL, GPC leverages a learned prior over successful

behaviors. And like imitation learning, this prior is trained on expert data; in our

case, trajectories generated by an MPC planner. Crucially, however, GPC does

not attempt to replace the planner with a standalone policy. Instead, it learns a

generative proposal distribution over full control sequences that bootstraps sampling-

based MPC, while leaving the task objective, constraints, and online adaptability
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entirely to the optimizer. This design preserves the inherent multimodality of the

solution set, allowing MPC to choose among diverse behavioural modes at runtime.

It also avoids distribution-shift issues that commonly arise when substituting the

planner with an end-to-end RL or imitation-learned policy.

4.2 Limitations and Future Work

Robustness to Uncertainty A current limitation of our framework is that it

does not explicitly account for uncertainties. However, the offline data collection

stage naturally provides an opportunity for more principled uncertainty handling.

In particular, candidate trajectories can be simulated under a range of environment

parameterisations via domain randomisation (Tobin et al., 2017) and evaluated

using different risk objectives, as outlined in Section 2.6.2. Learning from such

data would allow the proposal distributions to implicitly capture the effects of

uncertainty, without requiring explicit uncertainty models during online execution.

Exploring such approaches represents an interesting direction for future work, and

has recently been investigated in simulation by Kurtz and Burdick (2025).

On the Choice of Action Representation Another important design choice

concerns the action representation. Recent work has shown that policy learning can

benefit from equivariance through relative action spaces (Wang et al., 2025a; Chi

et al., 2024; Jankowski et al., 2025b), where actions such as end-effector poses are

expressed relative to the current pose. In our experiments, transforming both actions

and observations into the robot frame did not yield performance improvements

over absolute actions represented in world frame. We suspect this may be because

our framework operates in a state-based setting, where the benefits of relative

representations are less pronounced than in vision-based approaches. Future work

should therefore explore potential benefits of relative action spaces in other tasks

and embodiments to determine whether this limitation is specific to our setting

or a more general characteristic of state-based policies.
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Variable Horizon Lengths We have so far only considered fixed horizon lengths

during both offline data collection and online execution. However, we believe that

allowing for variable horizon lengths could further enhance the reactivity of the

framework. Not all tasks require long-horizon planning, and in many scenarios,

shorter horizons may suffice, which would reduce computation time and improve

reactivity. In addition, especially tasks that have a natural termination point,

such as reaching or grasping, could benefit from variable horizon lengths to avoid

overshooting the goal. Prior work has explored this idea by treating the horizon

length as a decision variable in trajectory optimisation (Shekhar, 2012). Similarly,

recent work investigated learning a horizon length predictor for variable length

diffusion planning (Liu et al., 2025). An alternative and potentially more natural

approach lies in learning VP-STO trajectory representations, where horizon length

is inherently flexible: via-points map to timing-optimal control sequences through

the kino-dynamic constraints of the system, enabling variable horizon lengths by

design. Consequently, the network architecture itself remains unaffected by changes

in horizon length, since the number of via-points is fixed. In this work, however,

we chose not to exploit VP-STO in order to keep the online optimisation as simple

as possible and avoid the additional complexity of handling basis functions and

latent-to-control mappings. Moreover, we aimed to study the effect of learned

proposals in a more general sampling-based MPC setting, independent of the

additional structure imposed by VP-STO.

Warm-Starting Flow-Models A common challenge in deploying generative

models for real-time robot control is ensuring temporal consistency of the generated

samples across inference steps (Zhao et al., 2023). Given the stochastic nature

of generative models, not all samples are equally good at capturing the critical

temporal dependencies (Torne et al., 2025). Similar to the concept of warm-starting

in MPC, we can also warm-start the generative model at each MPC step with

the best sample from the previous MPC step. Instead of initializing the flow

generation process by sampling from a general source distribution, the goal is to find
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a theoretically grounded way to initialise the sampling process with a sample x0

that is close to the best sample from the previous MPC step. In other words, this

corresponds to moving the noise distribution closer to the prior distribution (Scholz

and Turner, 2025). Beyond the scope of this thesis, we have briefly explored an

approach to warm-start flow models based on Bayesian posterior inference, which

we outline in the following. The warm-starting approach combines the learned flow

velocity field vθ(xt, t) with a structured prior velocity field vprior(xt, t), derived from

a Gaussian warm-start distribution N (µprior,Σprior). This prior flow is calculated

by adopting the Conditional Flow Matching (CFM) framework (Lipman et al.,

2024), assuming a linear probability path xt = tx1 + (1− t)x0, where the target

x1 ∼ N (µprior,Σprior) and the source x0 ∼ N (0, I). The theoretical conditional

velocity field (cf Eq 2.6 in (Lipman et al., 2024)) is

ut(x|x1) = x1 − x
1− t . (4.1)

The required prior velocity field vprior is the expectation of this conditional velocity

over the posterior p(x1|xt), yielding:

vprior(xt, t) = E[x1 | xt]− xt
1− t (4.2)

The conditional mean, µ1|t = E[x1 | xt], is calculated using the properties of jointly

Gaussian distributions, resulting in a standard Bayesian update form:

µ1|t =
(

Σ−1 + t2

(1− t)2I

)−1 (
Σ−1µ+ t

(1− t)2xt

)
(4.3)

Finally, the full warm-start velocity field vpost used for the Euler ODE step could

be a heuristic linear combination of the learned and prior fields:

vpost(xt, t) = 1√
2

(vθ(xt, t) + vprior(xt, t)) (4.4)

We see this warm-start strategy as a promising direction to improve temporal

consistency, as well as sample efficiency, by biasing the sampling process towards

previously successful trajectories. While we have not defined a specific way to set

the warm-start distribution parameters µprior and Σprior, a natural choice would
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be to set µprior to the best time-shifted sample from the previous MPC step and

Σ to a scaled identity matrix, where the scaling factor controls the exploration-

exploitation trade-off. However, we have not empirically validated this method, and

the theoretical properties of combining velocity fields in this manner remain an

open question. In particular, the linear combination does not preserve the optimal

transport structure of the individual velocity fields, and the resulting probability path

may not correspond to a well-defined interpolation between the prior and learned

distributions. Future work should investigate theoretically grounded approaches to

velocity field composition. In addition, while warm-starting could be beneficial for

temporal consistency and faster convergence, it may also reduce the diversity of

samples and thus the exploration capabilities of the generative model. A heuristic

approach could be to only warm-start a fraction of the samples at each MPC

step, while sampling the rest from the original source distribution. Future work

should investigate this trade-off between exploration and exploitation in more

detail. We also note that this is conceptually similar to guidance in diffusion

models (Dhariwal and Nichol, 2021), which has been explored by Yamada et al.

(2025b) in the context of diffusion-based trajectory optimisation for deformable

object manipulation. Recent work by Feng et al. (2025) has also explored guidance

in the context of flow models, but focuses on guiding the sampling process towards

specific target states, rather than warm-starting from a previous sample.

Cost Tuning Finally, we note that the proposed framework still requires task-

specific cost function tuning, a long-standing challenge in MPC. A promising

direction for future work is to combine our framework with recent advances in cost

function learning. This can be achieved by learning cost-shaping terms (Tamar

et al., 2017; Yamada et al., 2025a), terminal costs (Baltussen et al., 2025; Zhong

et al., 2013), or even full cost approximations (Hansen et al., 2022; Finn et al.,

2016), using either expert demonstrations or experience data from interaction, e.g.,

through a replay buffer from an RL agent. However, learning cost functions for

MPC remains difficult, as the optimiser may sample out-of-distribution actions,
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leading to unreliable estimates and degraded performance (Jawale et al., 2025).

While value function learning has been extensively studied in approximate dynamic

programming and reinforcement learning with closed-loop data (Bertsekas, 2019),

its integration with MPC is less developed and presents an interesting research

opportunity. For further discussion on MPC with value function approximations

and its connections to RL, we refer the reader to Banker et al. (2025) and Mesbah

et al. (2022). In the context of our proposed generative predictive control framework,

this entails interesting research questions on how to best integrate cost function

learning with data generation, as well as in the MPC loop itself. Given that we

learn from open-loop control sequences generated by the MPC itself, instead of from

expert demonstrations, i.e., closed-loop trajectories, replacing the cost function with

a learned value function approximation is less straightforward.
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https://sites.google.com/oxfordrobotics.institute/cc-vpsto.

In the previous two chapters, we focused on implicit uncertainty handling through

reactive control with sampling-based MPC methods that can handle the discon-

tinuities and non-smoothness inherent to contact-rich manipulation tasks. Given

the assumption of accurate state estimation and perfect knowledge of the system

dynamics, the primary goal of these works was to enhance the reactivity of the

controller, enabling it to adapt effectively to disturbances and modelling errors

through implicit uncertainty handling, rather than relying on explicit probabilistic

reasoning or uncertainty propagation. Reactivity entails the ability to solve the

underlying optimal control problem quickly and reliably at each time step, thereby
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adapting control actions based on the latest state information. In Chapter 3, we

introduced a low-dimensional trajectory representation that maps to continuous,

timing-optimal trajectories and allows the incorporation of informative Gaussian

priors, thereby improving the quality of the solutions found within the limited

time budget available for online replanning. In Chapter 4, we further enhanced

the reactivity of sampling-based MPC methods by learning proposal distributions

from offline data to guide the MPC sampling process toward promising regions of

the solution space, improving the efficiency of the sampling process and enabling

the controller to find high-quality solutions more quickly.

However, even if the controller is sufficiently reactive to handle any disturbance,

modelling error or sudden change in the environment, the resulting behaviour will

most likely not be optimal with respect to the original task objective in the presence

of uncertainty. For instance, in contact-rich manipulation tasks such as pushing

or grasping, the stochastic nature of contact dynamics, arising from variations in

friction, surface compliance, or unmodelled stick–slip transitions, can lead a purely

reactive controller to generate suboptimal or inconsistent motions. While such a

controller may recover from unexpected contact outcomes, it cannot proactively plan

actions that account for the distribution of possible contact interactions, and thus

may exhibit inefficient or unstable behaviour. In contrast, a controller that explicitly

reasons about uncertainty can plan actions that balance task performance with

robustness to uncertain outcomes, leading to more reliable and efficient behaviour.

In this chapter, we therefore focus on enhancing the robustness of sampling-

based MPC methods to uncertainty by explicitly reasoning about uncertainty in

the planning process. This step complements the previous chapters by addressing

a key limitation of purely reactive approaches and contributes to the overarching

goal of this thesis: developing planning and control methods that bridge the gap

between fast, adaptive control and principled decision-making under uncertainty.

Consequently, we now consider stochastic system and environment dynamics (cf.

Eq. 2.18), in contrast to the deterministic dynamics assumed in Chapters 3 and 4.
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Uncertainty-aware planning and control is a well-studied problem in the literature,

with approaches ranging from robust MPC (RMPC) (Ben-Tal and Nemirovski,

1998) to stochastic MPC (SMPC) (Mesbah, 2016) and belief-space planning (Platt

et al., 2010), as discussed in Section 2.6. We have noted that RMPC methods,

which plan for the worst-case scenario, can be overly conservative and lead to

suboptimal performance in practice. In contrast, SMPC methods, which incorporate

chance constraints to probabilistically bound constraint violations, offer a more

balanced approach that can achieve better performance while still ensuring safety

with high probability. Yet, both categories of methods typically require certain

assumptions about the system dynamics and uncertainty distributions in order to

be computationally tractable, thereby limiting their applicability. This work aims

to develop a more general approach that minimises such assumptions, yielding a

task-agnostic framework applicable to a wide range of robotic systems and tasks

without task-specific tuning or prior knowledge about the uncertainty characteristics.

All we require is sampling-based access to the probabilistic uncertainty distributions,

i.e., the ability to draw samples from the stochastic system, without assuming a

specific parametric form or known moments of the distributions. We summarise

this setting in Table 1.2, which is repeated below.

Chapter 3 Chapter 4 Chapter 5 Chapter 6

Theme Reactivity Reactivity
Learning for Robustness Exploration

Uncertainty Handling Implicit Implicit Explicit Explicit

of Uncertainty
Prior Knowledge None None access

Sampling-based
access

Sampling-based

Environment Deterministic Deterministic Stochastic Stochastic

Method MPC MPC MPC control
Belief-space

Control Problem Min. cost Min. cost s.t. chance constraints
Min. cost

information gain
Max.

Table 1.2: Theme, settings and methods for each chapter.
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To this end, we extend VP-STO from Chapter 3 to handle chance constraints,

resulting in the Chance-Constrained VP-STO (CC-VPSTO) algorithm. CC-VPSTO

combines the benefits of the low-dimensional trajectory representation and infor-

mative priors for reactive robot behaviour from VP-STO with explicit uncertainty

handling through chance constraints, enabling the planner to generate robust

motions that satisfy safety constraints with high probability. Without loss of

generality, we demonstrate the proposed approach in obstacle-avoidance experiments.

While the broader focus of this thesis lies in contact-rich manipulation, we chose

obstacle avoidance as a representative task to evaluate the proposed method, as

the environment dynamics in obstacle interactions can be highly stochastic and

even multi-modal, particularly when involving dynamic agents such as humans.

This makes obstacle avoidance an informative and challenging setting for studying

explicit uncertainty handling, whereas contact dynamics, though uncertain, tend

to be less variable in comparison.

Finally, we note that the Appendix of the paper manuscript is included at

the end of this thesis as Appendix B.
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Abstract
Reliable robot autonomy hinges on decision-making systems that account for uncertainty without imposing overly
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1 Introduction

Uncertainty is inherent to most real-world robotics appli-
cations, arising from noisy sensors, imprecise actuators,
and incomplete or evolving knowledge of the environment.
Effectively managing this uncertainty is essential for achiev-
ing reliable and efficient robot behaviour, particularly in
online motion planning tasks that require fast adaptation
to new information. In this work, we adopt a chance-
constrained perspective, where constraints such as collision
avoidance (cf. Fig. 1), force limits, or task completion can-
not be guaranteed but must instead be satisfied with high
probability (Prékopa 2013; Dai et al. 2019). Unlike tradi-
tional robust control methods (Köhler et al. 2023; Majumdar
and Tedrake 2017; Badings et al. 2023) that optimise for
the worst-case scenario under bounded uncertainty, chance
constraints enable a more general, probabilistic treatment of
uncertainty (Margellos et al. 2014; Schildbach et al. 2014),
allowing for more explicit trade-offs between constraint
satisfaction and task efficiency.

Crucially, we are interested in an online robot motion
planning setting where constraint violations are undesirable
but not catastrophic, and where performance (e.g., motion
duration) remains important. Our objective is to trade off
constraint satisfaction and task performance in a principled
manner that avoids unnecessary conservatism. While Model
Predictive Control (MPC) can implicitly provide some

robustness via frequent replanning, it typically relies on
deterministic models, leading to brittle, myopic behaviour
in stochastic settings. Incorporating probabilistic information
directly into the control loop remains a key challenge, but
is essential for enabling more flexible and robust decision-
making in uncertain environments.

Chance-constrained formulations, which require that
constraints must be satisfied with high probability (e.g.,
at least 95%), offer a natural solution but are in
general intractable (Blackmore et al. 2010). One common
strategy is to approximate the chance constraint and
reformulate the problem as a deterministic surrogate that
can be addressed using standard optimisation techniques.
However, identifying a suitable approximation is often non-
trivial. Common approaches either introduce significant
conservatism at the cost of task efficiency (Lew et al.
2023; Calafiore and Campi 2006), or, like naı̈ve sample
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Figure 1. Robot experiment. The robot must move its
ball-shaped end effector from a start to a goal point (yellow
spheres) across a conveyor belt, while avoiding a box obstacle
moving stochastically on the belt. Depending on the anticipated
box motion, the robot can pass in front (left) or behind (right).
This task requires online, reactive motion generation that
balances constraint satisfaction with task efficiency, aiming to
reach the goal as quickly as possible under uncertainty.

average approximation (SAA) methods (Shapiro et al. 2021;
Shapiro 2003; Pagnoncelli et al. 2009), are overly optimistic
under limited samples, biasing solutions toward regions that
appear feasible in the surrogate problem but violate the
true constraint (Homem-de Mello and Bayraksan 2014), a
phenomenon we also observed in our experiments (cf., e.g.,
Fig. 10).

Towards this end, we propose CC-VPSTO (Chance-
Constrained Via-Point-Based Stochastic Trajectory Opti-
mization), a novel Monte Carlo-based framework for online
robot motion planning under uncertainty. CC-VPSTO sys-
tematically balances the inherent trade-offs between proba-
bilistic constraint satisfaction, solution quality, and compu-
tational efficiency by focusing on three key challenges: a)
given a number of samples and a confidence level, select-
ing a statistical padding, i.e., a margin on the empirical
constraint, that ensures the sample-based solution satisfies
the true chance constraint with high confidence; b) keeping
the padding small to avoid excessive conservatism; and c)
solving the problem efficiently in real time with few samples.
Let us emphasize that a), b), and c) are competing objectives
since few samples usually result in overly conservative
padding (such as in scenario optimisation approaches; e.g.,
Calafiore and Campi 2006) or overly optimistic solutions
(such as in naı̈ve sample average approximation approaches;
e.g., Shapiro et al. 2021). In summary, the main contribu-
tions of this work are:

1. A new surrogate formulation for chance-constrained
trajectory optimisation, designed specifically for online
motion planning. It maintains low added conservatism
even with small sample sizes, while accounting for
approximation errors to avoid overly optimistic solutions.

2. A theoretical analysis of the surrogate’s correctness.
Under the assumption of independence between the
solution and the samples, we show that the solution of
the surrogate problem satisfies the original (intractable)
chance constraint with high confidence. We further
provide insights into why the approach remains effective

in receding-horizon settings, such as MPC, where the
independence assumption may not strictly hold.

3. The empirical evaluation of our approach across a
range of challenging tasks. Even when used heuristically
(i.e., without guaranteed independence), the surrogate
performs reliably in both simulation and real-world robot
experiments.

4. The integration of the surrogate formulation into VP-
STO, an MPC framework for online reactive robot
control (Jankowski et al. 2023), extending it to a
stochastic setting. This enables receding-horizon control
that effectively balances constraint satisfaction and task
performance under uncertainty.

The key advantages of our approach are: i) flexibility to
handle arbitrary uncertainty distributions, ii) compatibility
with real-time MPC via parallelisable sampling and
optimisation, and iii) support for general inequality
constraints, such as collision avoidance, force limits, or
performance objectives.

2 Related Work
Risk-averse planning and control methods in robotics aim
to enforce constraints in the presence of uncertainty. These
methods typically enforce these constraints by formulating
them as chance constraints (CCs) or by using risk measures,
such as Conditional Value-at-Risk (CVaR). When employed
in a online receding horizon control scheme, these methods
fall into the category of Stochastic Model Predictive Control
(SMPC) (Heirung et al. 2018; Mesbah 2016). SMPC
addresses optimal control problems for dynamical systems
under stochastic uncertainty, while enforcing constraints
that must be satisfied with high probability (i.e., chance
constraints). In the context of chance-constrained control, the
literature distinguishes between two types of formulations
for limiting constraint violations. These can be defined either
point-wise, i.e., imposing a separate probability bound at
each time step, or jointly, where the constraint must hold
over the entire (finite) time horizon with high probability.
We focus on joint chance constraints in this work, as they
are preferable in robotics where it is important to account for
the cumulative effect of uncertainty over time. As discussed
by Janson et al. (2017), many approaches bound the joint
probability using either an additive approach, summing
over all point-wise probabilities via Boole’s inequality
(e.g., Ono and Williams (2008); Priore and Oishi (2023);
Castillo-Lopez et al. (2020)), or a multiplicative approach,
which involves explicitly constraining the product of the
complements of point-wise probabilities (e.g., Sun et al.
(2016); Van Den Berg et al. (2011)). Yet, both of these
strategies do not account for the time correlations of
uncertainty, and thus may lead to over- or underestimation
of the joint probability of constraint violation. We thus adopt
the time-wise supremum approach from Lew et al. (2023),
which evaluates only the maximum constraint violation
over the entire time horizon for a given trajectory, thereby
capturing time correlations effectively.

The main challenge in SMPC is evaluating the probability
of constraint violation over the planning horizon. This
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requires computing an expectation integral over time and
space, which is typically intractable for general uncertainty
distributions and constraint structures (Peña-Ordieres et al.
2020). As a result, SMPC must address two key questions:
i) how to approximate or bound the probability of constraint
violation in a tractable way, and ii) how to solve the resulting
optimisation problem with minimal computational overhead
for online control. Previous approaches to these questions
proposed semidefinite programming formulations (Jasour
et al. 2015) or constraint tightening (Alcan and Kyrki 2022;
Ono and Williams 2008; Parsi et al. 2022). While effective
in providing probabilistic guarantees on the satisfaction of
chance constraints, they are typically tailored to very specific
types of constraints, uncertainty distributions and/or system
dynamics, thereby limiting their applicability to real robotics
problems. As noted in Lew et al. (2023), there is still a lack
of formulations and solution algorithms that are capable of
capturing different sources of uncertainty as well as different
types of constraints in a unified framework.

In contrast, sample-based methods offer a more general
approach for approximating chance constraints, as they do
not require any assumptions on the underlying probability
distributions, as long as the number of samples is sufficiently
large. In the sample-based setting, we can distinguish
between scenario optimisation (Schildbach et al. 2014;
de Groot et al. 2023) and Monte Carlo methods (Blackmore
et al. 2010; Schmerling and Pavone 2016; Blackmore
2006). Both approaches use samples (aka. scenarios) to
capture the underlying uncertainty. Scenario optimisation
synthesises controls satisfying the constraint for each of
the samples and relies on a well-established theory to
identify the right sample size for a given confidence
level (Calafiore and Campi 2006). However, these theoretical
bounds are mostly limited to convex or quasi-convex
problems (Calafiore 2010; Berger et al. 2021) and solutions
are typically overly conservative, i.e., they require much
larger sample sizes than identified by empirical tests
(Schildbach et al. 2014). Monte Carlo methods typically
approximate the probability of constraint violation from the
samples, rooted in the sample average approximation (SAA)
approach (Shapiro et al. 2021; Shapiro 2003; Pagnoncelli
et al. 2009). They are generally less conservative and
can be used with arbitrary constraints and uncertainty
models. However, without further adjustments, they do
not provide finite-sample guarantees, but only asymptotic
guarantees (Blackmore 2006), implying the requirement of
large sample sets, and higher computational resources. The
need for large sample sets is reinforced when the desired
probability of constraint violation is low, as is commonly
targeted in robotics applications. A remedy to this can be
importance sampling (Schmerling and Pavone 2016), or
data reduction methods based on parameter estimation of
sample statistics, e.g., through computing moments of the
probability distribution of the uncertainty (Wang et al. 2020;
Priore and Oishi 2023; Blackmore et al. 2006; Yan et al.
2018). Yet, the propagation of moments can be complex,
and requires restrictive assumptions, such as Gaussianity.
Alternatively, for collision avoidance, Trevisan et al. (2025)
propose a naı̈ve Monte Carlo approach that approximates
the chance constraint using a fixed number of samples,
increasing sample density by constraining the collision

region across time steps. However, this method is tailored
specifically to collision avoidance and does not account for
the approximation error introduced by the finite sample size.

Other approaches have used SAA to approximate
constraints on risk metrics like conditional Value-at-Risk
(CVaR) instead (Lew et al. 2023; Yin et al. 2023; Nemirovski
and Shapiro 2007). CVaR constraints are more conservative
than chance constraints, as they account for tail events, but
the resulting reformulation is smooth and convex, which
enables the use of off-the-shelf optimisation tools, such
as sequential convex programming (SCP). For instance,
Lew et al. (2023) provide a general framework for risk-
averse SMPC based on the combination of the SAA of
CVaR constraints and concentration inequalities to bound
the approximation error. However, their approach relies on
strong continuity assumptions on the objective function and
constraints, which may not hold in practice. Yin et al.
(2023) use the SAA of CVaR constraints within a Model
Predictive Path Integral (MPPI) controller but do not account
for errors in the approximation of the CVaR constraint and
limit the source of uncertainty to process noise. Finally,
the work of Peña-Ordieres et al. (2020) reformulates the
chance constraint as a quantile function and uses SAA
to approximate it, which results in a formulation that is
amenable to gradient-based optimisation methods. However,
similar to Lew et al. (2023), their approach relies on
continuity and differentiability assumptions of the constraint
function.

Our main observation across chance constrained optimisa-
tion approaches is that they are typically tailored to specific
constraint models (e.g., collision avoidance constraints, or
reaching polytopic target sets) with smoothness and con-
tinuity assumptions, or specific types of uncertainty (e.g.,
Gaussian or bounded uncertainty). These restrictive assump-
tions limit the applicability of these approaches in real-world
robotics problems. In contrast, we provide a general frame-
work for chance-constrained finite-horizon optimal control
problems with generic chance constraints and generic uncer-
tainty distributions. Building upon the SAA approach, we
propose a sample-based approximation that actively accounts
for the approximation error caused by the number of samples
used in the approximation by adjusting the threshold for
constraint violation based on a fixed confidence level. This
allows us to use a small number of samples in order to
efficiently solve the resulting deterministic problem with
the stochastic trajectory optimisation framework VP-STO
(Jankowski et al. 2023).

3 Problem Formulation

3.1 Preliminaries
Let � be a random variable that models the uncertainty of
the system. This can include stochasticity in the dynamics,
the environment, and the sensor measurements. A realization
� of �, denoted by � ⇠ �, will be referred to as a sample,
or a scenario of the uncertainty.

3.2 Chance-Constrained Optimisation
In the following, we introduce the general chance-
constrained optimisation problem. The goal is to find a
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solution x that minimizes a cost J(x) 2 R while satisfying
a set of constraints. In our work, we consider inequality
constraints, i.e., constraints that can be formulated as a
function g being negative at x, i.e., g(x)  0. For instance, g
can encode a deterministic collision-avoidance constraint on
the robot’s distance to obstacles.

Chance-constrained optimisation generalises the above by
allowing constraints that depend on a random variable. More
precisely, the constraints have the form g(x, �)  0, where
g depends on x and the realization � of the uncertainty
variable �. For instance, g(x, �)  0 can encode a collision-
avoidance requirement of a stochastic system in state x
given a particular uncertainty realisation �. Requiring that
g(x, �)  0 holds for all realizations of � is often overly
conservative, or even infeasible. This is especially true if the
distribution of � has unbounded support (such as Gaussian
noise). Therefore, chance-constrained optimisation relaxes
the constraint into a soft constraint, allowing violation of the
constraint with a bounded probability ⌘. It thus requires that
the probability of a realisation � ⇠ � to satisfy g(x, �) > 0
is smaller than ⌘. A general chance-constrained optimisation
problem can be formulated as follows:

min
x2X

J(x)

s.t. P�⇠�[g(x, �) > 0]  ⌘,
(1)

where x is the decision variable, constrained in some domain
X (e.g., X ✓ Rn), J : X ! R is the objective function, and
⌘ 2 [0, 1] is a user-provided threshold for the probability
of violating g. We assume that the probability distribution
of � is known or that we have a generative model for �
from which we draw samples, i.e., we can draw an arbitrary
number of independent samples �1 ⇠ �, . . . , �N ⇠ �. As
mentioned above, the chance constraint is satisfied at x if
the probability of violating the constraint g at x is at most ⌘.
Computing this probability for a given x is often challenging.
For this reason, chance-constrained optimisation problems
are often very hard, if not impossible, to solve exactly. To
this end, we contribute a tractable approximation of such
problems, along with an analysis of the soundness of the
approximation.

Remark 1. Note that Eq. (1) can be generalized to mul-
tiple chance constraints P�⇠�[gi(x, �) > 0]  ⌘i, for i =
1, . . . , L, with different violation thresholds ⌘i. However, in
this work, we will focus on a single joint constraint (L = 1)
for simplicity.

Note, that we do not make any additional assumptions on
the uncertainty distribution, i.e., it can be of any type and is
not restricted to additive noise formulations. However, note
that state-dependent uncertainties are outside the scope of
this work. The following example illustrates possible sources
of uncertainty in a simplified robot motion planning problem.

Example 1. System with uncertain initial condition, actuation
noise and uncertain obstacle dynamics. Consider a
simple kinodynamic system in discrete time: s(t + 1) =
s(t)(u(t) + w(t)),where s(t) 2 R is the system state, u(t) 2
R the control input, w(t) 2 R the actuation noise, and
z(t) 2 R the position of a randomly moving obstacle that
occupies the region [z(t),1). The random variables s(0),
w(t), and z(t) follow known distributions; for instance,

s(0) ⇠ N (0, 1), w(t) ⇠ U(�1, 1), and z(t) ⇠ Exp(�) for
all t. The objective is to minimize the sum of squared
inputs over two time steps, while avoiding the obstacles
with high probability over two time steps. Following
the formulation of (1), we have x = (u(0), u(1)), � =
(s(0), w(0), w(1), z(0), z(1), z(2)), J(x) = u(0)2 + u(1)2,
and g(x, �) = maxt=0,1,2 s(t)� z(t), where s(t) follows
the dynamics introduced above.

3.3 Constraint Satisfaction as a Binary
Random Variable

In this subsection, we reformulate the chance constraint in
Eq. (1) as a constraint on a binary random variable obtained
from �. The motivation for doing this is that we will use
this formulation to define a sample average approximation
of the chance constraint in the next section. Concretely, given
x, we introduce a binary random variable Gx = 1g(x,�)>0,
wherein 1(·) denotes the indicator function, i.e., for any �, if
� = �, then Gx = 1 if g(x, �) > 0; otherwise, Gx = 0.

Gx is a random variable since it depends on the random
uncertainty variable �. Thus, we are interested in the
probability distribution of the value of Gx. By definition,
this can be obtained from the probability distribution of
�: namely, P [Gx = 1] = P�⇠�[g(x, �) > 0]. Hence, the
chance constraint in Eq. (1) can be rewritten as

P [Gx = 1]  ⌘. (2)

Remark 2. If we know the probability density function p�
of �, then P [Gx = 1] can be obtained by computing the
integral

P [Gx = 1] =

Z

D
1g(x,�)>0 p�(�) d�, (3)

where the integration domain D consists of all realizations
� of �. However, computing this integral is generally
intractable in practice, especially when the dimension of �
is large.

4 Sample Average Approximation
Because of the challenges in computing the probability in
Eq. (2) exactly (see Remark 2), a tractable approximation
is required. A popular approach is the particle-based
approximation proposed by Blackmore et al. (2010). The
core concept is to draw a finite set of i.i.d. uncertainty
samples, or samples, and approximate P [Gx = 1] as an
average over the samples. This approach is justified by
the law of large numbers: as the number of samples tends
to infinity, the average converges to P [Gx = 1]. In the
remainder of this work, we refer to this as a sample
average approximation (Pagnoncelli et al. 2009), also known
as a Monte Carlo approximation, but we adopt the SAA
terminology to highlight its use within an optimisation
context.

Formally, consider a set D = {�i}N
i=1 of N i.i.d. samples

drawn from �. Based on D, a sample average approximation
of P [Gx = 1] can be computed as follows:

P [Gx = 1] ⇡ 1

N

NX

i=1

1g(x,�i)>0

| {z }
sN (x;D)

. (4)
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This is equivalent to counting the number sN (x; D) of
samples �i in {�i}N

i=1 that violate the constraint g at x and
dividing it by the total number of samples N . Note that given
x and �, determining whether g(x, �)  0 and computing
sN (x; D) for a given solution x is generally much cheaper
than computing the integral in Eq. (3).

We can now use the approximation in Eq. (4) to construct
a surrogate constraint of the intractable chance constraint in
the optimisation problem Eq. (1). A naı̈ve approach is to
simply replace P [Gx = 1] in Eq. (2) by its approximation,
i.e., require that 1

N sN (x; D)  ⌘, or equivalently that
sN (x; D)  ⌘N . By the law of large numbers, when the
number of samples approaches infinity, the feasible set of
this surrogate constraint asymptotically converges to that
of the original chance constraint (cf. Eq. (2)). However,
when using a finite number of samples, satisfaction of the
surrogate constraint does not guarantee that the original
chance constraint is satisfied. The reason is that we need to
account for the approximation error in Eq. (4). This can be
achieved through strengthening the surrogate constraint: by
requiring that

sN (x; D)  kthresh (5)

for some kthresh < ⌘N . The precise value of kthresh depends
on two parameters: i) the number of samples N , and ii) the
level of confidence that we want on the soundness of the
surrogate constraint in Eq. (5). Determining suitable values
for kthresh is the main contribution of this paper.

Leveraging Eq. (5), we formulate the following surrogate
optimisation problem to the original chance-constrained
optimisation problem Eq. (1) as follows:

min
x2X

J(x)

s.t. sN (x; D)  kthresh.
(6)

Our goal is to determine values of kthresh (as a function of N
the number of samples) such that feasible solutions of Eq. (6)
are feasible for the original problem Eq. (1) with user-given
confidence.

The term confidence above refers to the probability that
we sample N samples D = {�i}N

i=1 for which satisfying
the surrogate constraint Eq. (5) implies satisfaction of the
original chance constraint in Eq. (2). Although the highest
confidence of 1 (100 %) would be desirable, this in general
only achievable in the limit, i.e., when N !1. Indeed,
when N is finite, there is in general a non-zero probability
of sampling a set of samples, such that the true chance
constraint Eq. (2) may be violated even though the surrogate
constraint Eq. (5) is satisfied. However, we can leverage the
confidence to establish a connection between the number
of samples N and the threshold kthresh in the surrogate
constraint Eq. (5) to account for the approximation error
arising from the finite number of samples.

4.1 Sample Average Approximation as a
Bernoulli Process

The approximation Eq. (4) of P [Gx = 1] can be interpreted
as a Bernoulli process, i.e., the act of drawing N independent
samples from a given binary random variable G. This
connection allows us to derive suitable values for kthresh as
a function of N and the confidence 1� �, which we will
discuss in the subsequent Secs. 4.2 and 4.3.

Bernoulli process: is a sequence of N i.i.d. binary
random variables G1, . . . , GN , where each variable follows
the same Bernoulli distribution with success probability p,
denoted as Gi ⇠ Bern(p)*. Hence, every variable in the
sequence is associated with a Bernoulli trial that has a binary
outcome governed by the Bernoulli distribution Bern(p).
The resulting sum of the outcomes of the Bernoulli trials, i.e.,
SN =

PN
i=1 Gi, is a random variable that follows a binomial

distribution (Taboga 2017), i.e., for all k = 0, . . . , N ,

P [SN = k] =

✓
N

k

◆
pk(1� p)N�k, (7)

where p = P [G = 1].
In the sample average approximation Eq. (4), the binary

random variable G is Gx and the corresponding Bernoulli
trials are given by 1g(x,�i)>0, �i ⇠ �, for each i =
1, . . . , N . Since with a fixed x and {�i}N

i=1 being i.i.d., the
trials are independent, it holds that for all k = 0, . . . , N ,

P�1⇠�,...,�N⇠�[sN (x; D) = k] =

✓
N

k

◆
p`(1� p)N�k,

where D = {�i}N
i=1 and p = P [Gx = 1].

The above yields a closed-form expression of confi-
dence through the cumulative distribution function (CDF)
C(k; N, p) of the binomial distribution with parameters N
and p, defined for all k = 0, . . . , N by

C(k; N, p) =

kX

`=0

✓
N

`

◆
p`(1� p)N�`. (8)

4.2 Confidence-Bounded Surrogate
Constraint

In the following, we leverage the Bernoulli formulation of
the sample average approximation in Eq. (5) and the closed-
form expression of the CDF in Eq. (8) to determine a
threshold kthresh = kbinom(�, N, ⌘)†. We set this threshold
such that the true chance constraint Eq. (2) is satisfied with
a user-defined confidence 1� � 2 (0, 1) (where typically,
� ⌧ 1). This confidence level applies to any solution x that
adheres to the surrogate constraint

sN (x; D)  kbinom(�, N, ⌘). (9)

on the sampled set of uncertainty samples D = {�i}N
i=1.

We refer to Eq. (9) as the confidence-bounded surrogate
constraint to the original chance constraint in Eq. (2). In
addition, for simplicity of notation, we also define ⌘binom =
1
N kbinom.

Proposition 1. Let � 2 (0, 1), N 2 N>0, ⌘ 2 (0, 1) and let

kbinom(�, N, ⌘) = max
�
k 2 N | C(k; N, ⌘)  �

 
(10)

Let xreject be a solution that violates the chance constraint
in Eq. (9), i.e., such that P [Gxreject

= 1] > ⌘. It holds that

P�1⇠�,...,�N⇠�[sN (xreject; D) > kthresh] � 1� �, (11)

where D = {�i}N
i=1 and kthresh = kbinom(�, N, ⌘).

⇤Note that in the more general definition, the sequence of a Bernoulli
process can also be infinite.
†When clear from the context, we will drop the arguments �, N and ⌘ in
kbinom(�, N, ⌘).
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The inequality in Eq. (11) is a lower bound on the
probability of correctly rejecting a candidate solution x by
means of the surrogate constraint in Eq. (9).

Proof. Given xreject as in the proposition, we look
at the probability that sN (xreject; D)  kthresh, i.e., the
probability that we do not reject xreject when using the
surrogate constraint in Eq. (9). Since Gxreject

is a binary
random variable with probability p = P [Gxreject

= 1] and
D = {�i}N

i=1 are independent, the sum sN (xreject; D)
follows a binomial distribution with parameters N and p,
for which the CDF is given by Eq. (8). This implies that
the probability that sN (xreject; D)  kbinom is equal to
C(kbinom; N, p). We build on the fact that the binomial
distribution is monotonic with respect to p (Taboga 2017),
i.e., p1 < p2 implies C(k; N, p1) > C(k; N, p2). Hence,
it holds that P�1⇠�,...,�N⇠�[sN (xreject; D)  kbinom] is
smaller than or equal to C(kbinom; N, ⌘) since p > ⌘. Now,
by definition of kbinom, it holds that C(kbinom; N, ⌘)  �,
so that the probability of not rejecting xreject is at most �.

In Fig. 2, we show the CDF of the binomial distribution
for different values of N and p. From the plots, we can
obtain kbinom(�, N, p) by looking at the intersection of
the CDF with the horizontal line y ⌘ �. The key insight
from the derivation of the above framework is that using
the naı̈ve SAA approach, i.e., kthresh = ⌘N , corresponds to
a confidence � ⇡ 0.5. Indeed, in Fig. 2, we can see that
kbinom(0.5, N, p) ⇡ pN because the horizontal line y ⌘ 0.5
intersects the curves roughly at k/N = p. This highlights a
key limitation of the naı̈ve approach: by implicitly operating
at a confidence level of around 50%, it tends to accept
solutions that have a high chance of violating the true
constraint, despite appearing feasible on the sampled data.
This is further illustrated in Sec. 11 and Fig. 13 in the
Appendix.

The idea of expressing a chance constraint in terms of a
sample-based variable sN (x; D) and the inverse CDF, i.e.,
CDF�1(�) is not new; see, e.g., Heirung et al. (2018); Peña-
Ordieres et al. (2020). In fact, it has been used in the past to
derive theoretical bounds on the number of samples needed
to ensure constraint satisfaction in scenario optimisation
approaches; see, e.g., Campi and Garatti (2011). Yet, to the
best of our knowledge, it has never been used within the
Boolean formulation of a chance constraint and its sample
average approximation. Instead, it has only been used for
simple continuous constraints with tractable distributions for
which the CDF could be derived analytically.

4.3 Limitation of the Approximation
In summary, the confidence-bounded surrogate constraint
Eq. (9) is based on the formulation of the SAA as
a Bernoulli process. However, a crucial assumption in
Proposition 1 is that the Bernoulli variables Gx,i =
1g(x,�i)>0 for i = 1, . . . , N , are independent, such that the
sum of the Bernoulli variables sN (x; D) follows a binomial
distribution. However, when applied to the output of (6),
although the samples {�i}N

i=1 themselves are independent,
the Bernoulli variables Gx,i are generally not independent,
as the solution x depends on these samples through the
optimisation scheme. Hence, only if x is independent from

Figure 2. CDF of the binomial distribution for different values of
N and p, given k/N on the x-axis. The CDF values map to our
confidence in observing k/N constraint violations under the
assumption that the true probability of constraint violation is p.

the samples {�i}N
i=1, does sN (x; D) follow a binomial

distribution, and Proposition 1 holds. Said otherwise,
Proposition 1 gives the probability of rejecting a given
infeasible solution xreject, independent of the samples.
Nevertheless, the probability of rejecting all infeasible
solutions is in general strictly smaller. Consequently, without
additional assumptions that ensure independence, solving the
surrogate optimisation problem Eq. (6) with the confidence-
bounded threshold kbinom is a heuristic approach.

4.4 Addressing the Limitation
In the following, we present two settings where the
optimisation framework (6) can be applied under reasonable
independence assumptions. These represent cases where our
heuristic approach offers firm guarantees. For the second
setting, this also provides insight into why the surrogate
performs well in practice, even if the underlying assumption
is difficult to verify in practice, or may be satisfied only part
of the time.

4.4.1 A-posteriori validation In the first setting, Eq. (6)
is used as an a-posteriori validation step. This works as
follows: Given a candidate solution x̂, e.g., obtained by
solving Eq. (6) using a sample set D̂, we re-evaluate the
constraint function g at x̂ using a new set of N i.i.d. samples
D = {�i}N

i=1. If the empirical violation count sN (x̂; D)
exceeds the acceptance threshold kbinom, the candidate
solution is rejected.

Proposition 2. (Informal). If the candidate solution passes
the validation test, then with confidence 1� � it satisfies the
true chance constraint.

Proof. This setup falls within the scope of Proposition 1,
since x̂ and the validation set D are independent. As a
result, if x̂ violates the true chance constraint, Proposition 1
guarantees that it will be rejected with probability at least
1� � during the a-posteriori validation. Conversely, if the
candidate passes validation, we can assert with confidence at
least 1� � that it satisfies the chance constraint.

However, this raises the question of how to proceed
when a candidate solution is rejected. One option is
to repeat the optimisation and validation steps until a
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candidate passes. Yet, doing so introduces a multiple
hypothesis testing problem: although each individual test
maintains a confidence level of 1� �, the overall probability
of accepting a violating solution increases unless this
accumulation is properly corrected. Statistical correction
methods, such as those discussed by Abdi et al. (2007),
can mitigate this issue, though at the cost of increased
conservatism or a higher required sample size. A more
rigorous analysis of a-posteriori validation as a verification
mechanism for certifying the safety and performance of
robotic policies is provided in Vincent et al. (2024).

In time-sensitive applications such as online planning,
performing multiple rounds of optimisation and validation,
potentially with increasing sample counts, may not be
feasible. In such cases, it is advisable to cap the number
of candidate evaluations (or limit the computation time) and
instead rely on fallback strategies or recovery controllers to
ensure constraint satisfaction when no validated solution is
found.

4.4.2 Receding-horizon optimisation The second setting
where our approach can offer firm guarantees is the receding-
horizon MPC context, where Eq. (6) is solved repeatedly at
each control step. We provide an assumption (Assumption 1)
under which a form of independence of the Bernoulli
variables holds. While this assumption may not strictly
hold at every step or be directly verifiable in practice, it
provides a plausible theoretical justification for the empirical
effectiveness of our approach in the MPC setting. In other
words, even though our method is heuristic in the general
setting, this setting gives a context in which it behaves
reliably and aligns with our experimental observations
(see Sec. 6.2.3). We now formalize this intuition with an
assumption and proposition:

At each MPC step m = 1, . . . , M , we compute a new
solution xm with a new sample set D = {�m,i}N

i=1. That
solution is executed for a few milliseconds, until we re-
sample and compute a new solution in the next MPC step.
In general, the solution xm is not very different from the
solution xm�1 (if needed, this can also be enforced as
an explicit constraint of the MPC). In this case, provided
the constraint function g varies smoothly with x, we can
make the assumption that the binary trials 1g(xm,�m,i)>0 are
independent because {�m,i}N

i=1 is i.i.d. and xm ⇡ xm�1.
We formalize this with an assumption and a proposition:

Assumption 1. There is ✏ > 0 such that with probability
1� ✏ on �, if there is x 2 X such that g(x, �) > 0, then for
all x 2 X , it holds that g(x, �) > 0.

See Fig. 3 for an illustration of Assumption 1.

Proposition 3. Under Assumption 1, it holds that

P�1⇠�,...,�N⇠�[P [Gx = 1]  ⌘ + ✏] � 1� �, (12)

where x is the solution of the surrogate optimisation problem
in Eq. (6) with D = {�i}N

i=1 and kthresh = kbinom(�, N, ⌘).

Proof. Let x be the solution of Eq. (6) with D = {�i}N
i=1.

Assume that P [Gx = 1] > ⌘ + ✏. By Assumption 1, this

Figure 3. When � = �1, the obstacle collides with all three
paths, whereas when � = �2, the obstacle collides only with the
green path. Assumption 1 states that � takes a value for which a
situation like �2 occurs with probability at most ✏.

implies that P�⇠� [minx02X g(x0, �) > 0] > ⌘. Further-
more,

smin
N (D) ,

NX

i=1

min
x02X

1g(x0,�i)>0  sN (x; D)  kbinom.

Since the variables minx02X 1g(x0,�i)>0 for i = 1, . . . , N ,
are i.i.d., it follows that smin

N (D) is a Bernoulli process
with N trials and p = P�⇠� [minx02X g(x0, �i) > 0].
Hence, the probability that smin

N (D)  kbinom is equal to
C(kbinom; N, p). The rest follows in the same way as in the
proof of Proposition 1.

Remark 3. In a receding-horizon optimisation scheme, under
the assumption that the solution does not vary too much from
one step to the next one, the samples used at the previous
steps also provide indication that the solution at the current
step is valid. This information is not used in the confidence
bound that we can derive from Proposition 3, since it is for
a single MPC step. This is why in practice the real value
of P [Gxm = 1] is often smaller than ⌘, as we will show in
the experiments (see Sec. 6). In future work, we plan to use
and quantify this information to obtain even less conservative
bounds on P [Gxm

= 1].

4.5 Relationship between Chance Constraints
and Conditional Value-at-Risk

In the following, we introduce the concept of conditional
value-at-risk (CVaR) (Majumdar and Pavone 2020) and
its relationship to chance constraints in the context
of binary indicator functions. This relationship will be
helpful to understand subsequent results comparing the two
formulations. In contrast to formulating chance constraints,
the concept of constraining the CVaR depends on the
topology of the constraint function g with respect to the
realization of the disturbance. In general, Lew et al. (2023)
shows that using a chance constraint as in Eq. (1) is
equivalent to constraining the value-at-risk (VaR) with

VaR⌘(g(x, �)) = inf
�2R

{� | P�⇠�[g(x, �) > �]  ⌘}  0.

(13)
Furthermore, it can be shown that constraining the CVaR is
strictly more conservative, i.e., Eq. (13) holds if CVaR  0
(Lew et al. 2023).

In the following, we show that constraining the CVaR of
a binary indicator function corresponds to a tighter chance
constraint with a lower effective chance threshold. As the
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CVaR corresponds to the expected value of the constraint
function for g > VaR, the CVaR of a binary indicator
function can be reformulated in terms of the probability of
violating the constraint g, i.e.,

CVaR⌘(Gx) =

(
P [Gx=1]

⌘ , ifP [Gx = 1] < ⌘,

1, otherwise.
(14)

The CVaR⌘ of the binary indicator function in Eq. (14)
is in the range [0, 1]. Next, we may define a threshold
CVaRmax 2 [0, 1] in order to construct a constraint based on
the CVaR with CVaR(Gx)  CVaRmax. By using Eq. (14),
it follows that constraining the CVaR yields another
threshold on the probability of violating the constraint, i.e.,

P [Gx = 1]  ⌘CVaRmax () CVaR⌘(Gx)  CVaRmax.
(15)

Note that for any CVaRmax 2 [0, 1), the resulting constraint
is more conservative than the VaR constraint in Eq. (13).

This increased conservatism has practical implications
in control and planning under uncertainty. In particular,
CVaR-based constraints offer stronger safety guarantees by
effectively lowering the allowable probability of constraint
violation. However, this safety margin comes at the cost of
increased conservatism, which may lead to overly cautious
or suboptimal behavior in less risk-sensitive settings.
Therefore, understanding the trade-off between chance
constraints and CVaR constraints is essential for selecting the
appropriate level of risk aversion based on the application’s
requirements, as we will show in Sec. 6.

5 Stochastic Trajectory Optimisation with
Chance Constraints

Due to the non-smooth nature of the uncertainty dynamics
and the resulting non-smooth surrogate chance constraint
with respect to the optimisation variable in Eq. (9),
we approach the optimisation problem with a gradient-
free, i.e., zero-order, evolutionary optimisation technique.
Building upon our previous work Via-Point-Based Stochastic
Trajectory Optimisation (VP-STO) (Jankowski et al. 2023),
we introduce chance-constrained VP-STO (CC-VPSTO) for
finding robot trajectories that minimise a given task-related
objective while satisfying a given chance constraint.

5.1 Preliminaries on VP-STO
VP-STO builds on stochastic optimisation in order to find
robot trajectories that minimise a given task-related objective
in dynamic environments.

Trajectory Representation In VP-STO the decision variable
x for an optimisation problem, such as the one in Eq. (1), is a
set of S via-points qvia = (qvia,1, . . . , qvia,s), i.e., x = qvia.
For a given set of via-points, VP-STO synthesises a time-
continuous and smooth trajectory that satisfies the boundary
conditions, such as initial and final state and velocity, and
kinodynamic constraints, such as velocity and acceleration
limits‡. The advantage of the approach lies in the low-
dimensional representation of the trajectory, which allows for
efficient optimisation in a low-dimensional space.

Optimisation Algorithm VP-STO uses the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES) (Hansen
2016) to find the optimal set of via-points that map to
a trajectory that minimises the given objective function.
CMA-ES iteratively updates the mean and covariance of
a Gaussian distribution that represents the search space of
the optimisation problem, i.e., the set of via-points. In each
iteration j, the algorithm samples candidate solutions from
this distribution, i.e., N

�
jµvia,

j⌃via

�
, evaluates them on

the given objective function, and updates the distribution
based on the evaluation results. The algorithm converges to
the optimal solution in a few iterations, making it suitable for
real-time applications.

5.2 Chance-Constrained VP-STO
VP-STO has been shown to be effective in generating
robot trajectories in real-time for dynamic environments,
outperforming state-of-the-art sampling-based MPC meth-
ods (Bhardwaj et al. 2022). Yet, in its original form, VP-
STO does not consider uncertainty, but instead assumes a
deterministic environment. In this work, we extend the VP-
STO framework to consider uncertainty in the environment,
i.e., we introduce the chance-constrained VP-STO (CC-
VPSTO) framework.

CC-VPSTO solves the optimisation problem in (6) using
the surrogate constraint in Eq. (9). We enforce the constraint
through a penalty-based approach, i.e., we include the
constraint k  kthresh in the objective function as a penalty
term. This can be seen as a discontinuous barrier function
that adds a very high penalty term Jpen to the objective
function if the constraint is violated, i.e., when the observed
number of constraint violations k > kthresh. The closed-
form formulation of this penalty term is as follows:

Jpen = 1[k > kthresh] · (Jpen,min + a · (k � kthresh � 1)).

We choose the minimum penalty term Jpen,min to be
much larger than the maximum cost objective without
constraint violations. Moreover, we add a piecewise linear
term to the minimum penalty term that grows linearly
with the extra number of violations compared to kthresh.
This term makes the constraint landscape smoother and
gives the optimiser a direction towards feasible solutions
without violations. The overall algorithm for CC-VPSTO is
summarised in Algorithm 1, where the approximation of the
chance constraint, i.e., counting the number of samples that
cause the solution to violate the constraint, is encapsulated in
the evaluate function.

In our previous work, we demonstrated the suitability of
the VP-STO framework for real-time robot motion planning
in dynamic environments (Jankowski et al. 2023). Similarly,
the CC-VPSTO framework, i.e., the above algorithm, can
be used in a receding horizon MPC scheme to generate
robot trajectories in real-time. Yet, we note that the
constraint evaluation in the evaluate function will be
computationally more expensive than in the original VP-
STO framework, as it requires N Monte Carlo simulations

‡For more information on how we generate the continuous trajectories from
via-points, we refer the reader to Sec. 9 in the Appendix and to (Jankowski
et al. 2023, 2022).
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Figure 4. Graph of the penalty function used in CC-VPSTO.
When observing more than kthresh constraint violations in the N
Monte Carlo simulations, the penalty function takes value
Jpen,min plus a quantity proportional to the number of extra
constraint violations compared to kthresh. Note that we chose
the minimum penalty term Jpen,min to be much larger than the
largest cost objective without constraint violations.

per candidate trajectory ⇠. This implies that the reactivity
of our framework now depends on the number of samples
N used in the approximation. The advantage of our
approximation is that it allows us to choose the number
of samples and then use confidence levels to determine an
appropriate threshold. Crucially, the number of samples can
be selected based on the target execution frequency of the
MPC scheme, enabling a trade-off between computational
efficiency and approximation accuracy. In contrast, scenario-
based optimisation typically requires a large number of
samples, derived from conservative theoretical bounds that
do not account for real-time constraints. This limits its
practical applicability in time-sensitive settings. Last, we
note, that VP-STO and thus also CC-VPSTO in the current
form does not handle non-holonomic constraints, such as
those arising from differential drive robots, which we leave
for future work.

6 Experiments
We evaluate our framework, i.e., Algorithm 1, with and
without the MPC scheme, in simulations and in a real-
world experiment with a Franka Emika robot arm. The
simulation experiments allow us to make claims about the
empirical performance of our system across different settings
and parameterisations. The robot experiment allows us to
evaluate the real-time applicability of our approach. The
supplementary video includes videos from both simulated
and real experiments. These can also be found on our website
https://sites.google.com/oxfordrobotics.institute/cc-vpsto.

6.1 Experimental Setup
6.1.1 Joint probability of constraint violation In all
our experiments the chance constraint is formulated on
the collision probability with obstacles in the robot’s
environment. We encode this as a joint chance constraint, i.e.,
enforcing trajectory-wise constraint satisfaction with high
probability (cf. Sec. 2 for more details). A joint formulation
is more meaningful interpretation for robot behaviour, in

Algorithm 1: CC-VPSTO
Input: q0, q̇0, qT , q̇T , q̇min, q̇max, q̈min, q̈max, Nvia,

maxIter, S, H , ⌘, �, N
/* Nvia: no. of via-points, */
/* maxIter: max. no. of CMA-ES iterations, */
/* S: no. of sampled candidate trajs. */
/* H: horizon */
/* ⌘: chance constraint threshold */
/* �: confidence threshold */

/* N: no. of samples */

Output: Robot trajectory ⇠⇤
0:H

0µvia,
0⌃via  init(Nvia)

j  0

Sample � {�i ⇠ p�}N
i=1

k�  kbinom(�, N, ⌘)
while j < maxIter do

{qvia}S
s=1  sample

�
jµvia,

j⌃via

�
// via-points

{⇠}S
s=1  synthesise

�
{qvia}S

s=1

�
// trajectories

{c}S
s=1  evaluate

�
{⇠}S

s=1, k� ,�
�

// cost

j+1µvia,
j+1⌃via  CMA-ES

�
{qvia, c}S

s=1

�

j  j + 1

end
⇠⇤
0:H  synthesise

�
µj

via

�

contrast to evaluating the constraint independently at each
time step. This means that we would not consider a trajectory
to be safe if it avoids collisions in one time step with a
very high probability, but collides in the next time step. We
thus consider correlation over time in the chance constraint,
i.e., the first collision in a trajectory renders the whole
trajectory unsafe and all subsequent collisions do not add any
additional risk (Lew et al. 2023).

6.1.2 Uncertainty Samples Before outlining our exper-
iments in detail, we first clarify the role of uncertainty
samples in both i) our algorithm and ii) its evaluation. In
each of the experiments, we draw separate sample sets for
the optimisation and for reporting satisfaction of the chance
constraint within the experiment. Across all experiments, an
uncertainty sample corresponds to a single possible realisa-
tion of how the environment may evolve, in other words,
a scenario. a sample represents a specific obstacle position
drawn from a distribution (e.g., a Gaussian). When multiple
dynamic obstacles are present, a single sample consists of
M predicted trajectories, one for each of the M obstacles.
The uncertainty distribution used for both optimisation and
evaluation is assumed to be the same and fixed throughout
the experiment.

6.1.3 Collisions In the case of a single obstacle, we
consider a robot trajectory to be in collision if the robot
collides with the obstacle at any point in time across the
whole trajectory. For multiple obstacles, we extend this
definition to say a robot trajectory is in collision if the robot
would collide with any obstacle at any point in time. By this,
we avoid double counting collisions. One uncertainty sample
can only be counted as one collision, even in cases where
it might collide with several obstacles at different points in
time.
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6.2 Simulation Experiments
All simulation experiments are conducted in a bounded
2D environment with a circular holonomic robot, as shown
in Fig. 6. In Sec. 6.2.1, we perform offline planning
experiments where CC-VPSTO is run once to compute
a trajectory over the full horizon from start to goal
under Gaussian uncertainty. In Sec. 6.2.2, we evaluate the
same offline setting but with multi-modal, non-Gaussian
uncertainty to demonstrate the method’s flexibility beyond
standard distributional assumptions. Last, in Sec. 6.2.3 we
evaluate the online planning case, where we follow a
receding horizon approach using CC-VPSTO to re-plan the
trajectory at every MPC step. The results of the offline
experiments will also be relevant for the online setting, as
each online replanning step can be seen as solving a new
offline optimisation problem. In both experiment settings, the
uncertainty stems from obstacles in the environment, with no
uncertainty in the robot dynamics§. In the offline planning
setting, obstacles are static but have uncertain positions,
modeling the effect of measurement noise. In contrast, in
the online receding-horizon setting, obstacles dynamically
move according to a random walk model. Their velocities
are reversed upon hitting workspace boundaries, keeping
them within workspace bounds and introducing non-linear
dynamics. In all experiments, the obstacles are circular with
varying radii, but our optimisation scheme does not rely
on convexity and can accommodate more complex obstacle
shapes.

6.2.1 Offline Planning (Gaussian Uncertainty) In this
offline planning setting, we show the properties of CC-
VPSTO with a single static obstacle whose uncertain
position follows a Gaussian distribution, as shown in Fig. 6
(see Sec. 6.2.2 for results on a non-Gaussian distribution).
Here, a sample of the uncertainty refers to a possible (static)
position of the obstacle, as explained in more detail in
Sec. 6.1.

For every combination of values of N (100, 1000), ⌘ (0.05,
0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.6, 0.8) and � = 0.05, we
run Nexp = 105 experiments. For i = 0, . . . , Nexp sample
sets of N i.i.d. samples, we compute the trajectory ⇠i using
CC-VPSTO with kbinom(�, ⌘, N). Then, for each trajectory
⇠i, we evaluate its probability ⌘̂i of colliding with the static
uncertain obstacle as follows. We use a new set of Neval =
104 i.i.d. samples, sampled from the same distribution of
possible obstacle locations, and count the number of samples
that collide with ⇠i. The ratio of this number by Neval is ⌘̂i.
We use ⌘̂i to compute the following three metrics:

1. Mean collision probability:
⌘̂avg =

PNexp

i=0 ⌘̂i/Nexp

2. (1� �)-percentile of the collision probability:
⌘̂(1��) = percentile({⌘̂i}Nexp

i=0 , 1� �)

3. Probability of chance constraint violation:
P (⌘̂i > ⌘) = �̂ =

⇣PNexp

i=0 1⌘̂i>⌘

⌘
/Nexp

Note that we denote empirical values with a hat, e.g., ⌘̂. For
the proposed heuristic bound to be a good approximation, a
proportion of maximum � of the solutions can be in collision.
This is because we set our confidence threshold to 1� � A

Figure 5. Offline Planning Experiment. We evaluate the
proposed binomial bound ⌘binom in a Gaussian offline-planning
setting by running CC-VPSTO Nexp = 105 times for different
risk levels ⌘ and sample budgets N 2 {100, 1000}. Each
resulting trajectory is then assessed on a new set of
Neval = 104 unseen obstacle samples to estimate its empirical
collision probability ⌘̂i. We report three aggregate metrics
across experiments: the mean collision probability ⌘̂avg, the
95-percentile ⌘̂95, and the empirical chance-constraint violation
rate �̂ (fraction of runs with ⌘̂i > ⌘). Theoretical curves for
⌘binom and the Rademacher-based baseline ⌘rad are shown for
comparison. Importantly, the binomial bound ⌘binom (magenta,
dash–dot) consistently provides a tight and accurate
approximation of the true collision probabilities, especially for
lower sample counts N .

trajectory ⇠i violates the chance constraint if its estimated
value ⌘̂i exceeds ⌘.

Baseline In the course of this work, we developed an
alternative approach to approximate the chance constraint
in Eq. (1) based on the Rademacher complexity from
statistical learning theory (Shalev-Shwartz and Ben-David
2014; Mohri et al. 2018). Computing a suitable kthresh

for the surrogate optimisation problem in Eq. (6) can
be approached by computing an upper bound on the
Rademacher complexity of the associated set of functions.
However, despite the theoretical attractivity of the this
approach, computing an upper bound on the Rademacher
complexity can be very challenging in general, and there
is usually no closed-from expression for such bounds.
Yet, we found a tight bound krad for a special case of
collision-avoidance problem. This bound does not require
the independence of the Bernoulli variables, but it is more
conservative, computationally expensive, and, less general
since it is limited to a specific motion planning problem.
Consequently, we use this bound as a baseline for our

§This is for simplicity only. The extension to process noise and external
disturbances is straightforward given the proposed approach.
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Figure 6. Offline Planning Experiment (Gaussian
Uncertainty). We show Neval = 104 red circles for the
uncertain obstacle position and the mean trajectory for the two
local optima from CC-VPSTO, which used N = 100 samples in
the optimisation, for varying values of ⌘ across Nexp = 105

experiments. The blue circle shows the robot’s radius and
starting position.

simulation experiments. The full derivation, the closed-form
expression for krad, and the proofs and assumptions can be
found in Appendix 10.

Results The results of our offline analysis are summarised
in Fig. 5. The pink dotted curves show the theoretical values
of ⌘binom and ⌘rad, and the green curves show the empirical
values of ⌘̂avg and ⌘̂(1��) for CC-VPSTO. In addition, we
plot the empirical probability of chance constraint violation
�̂ in blue against the user-defined value of �. Note that
we also provide the exact numerical results from Fig. 5
in Tab. 2 in the Appendix. We observe that our proposed
bound kbinom provides a sufficient value for kthresh since the
observed ⌘̂0.95 is close to the target ⌘ (or equivalently, �̂ is
close to �). This means that empirically the probability of
collision is below ⌘, with confidence 95 %. We also observe
that when N is larger, ⌘binom and ⌘̂avg are closer to ⌘,
implying that the surrogate optimisation problem becomes
less conservative as the number of samples increases, given
the same user-defined confidence-level. This is expected
since more samples provide a better approximation of the
distribution; at the cost of increased computation time. Last,
the figure also shows that the baseline bound ⌘rad is much
more conservative, as it is significantly smaller than ⌘binom.
Moreover, the offset from ⌘binom increases substantially
when decreasing the number of samples N . In addition to
the quantitative results, we visualize the mean trajectories
for the two local optima found by CC-VPSTO for different
values of ⌘ in Fig. 6. Note, that we only show the solutions
for the experiments with N = 100 in the optimisation, as the
solutions for N = 1000 are visually indistinguishable. In the
legend of Fig. 6, we also show the average motion duration
of the trajectories across experiments for the different values
of ⌘. This qualitative analysis shows that with higher
values of ⌘, CC-VPSTO finds more efficient, but also less
conservative trajectories, as the mean trajectories are closer
to the obstacle, since they allow for a higher probability of
collision.

Figure 7. Offline Planning Experiment (Multimodal
Uncertainty). We show Neval = 104 red circles for the
uncertain obstacle position. The black crosses indicate the
means of the three Gaussian modes. The black trajectory and
the blue circles illustrate the optimal trajectory computed with
CC-VPSTO, which used N = 200 samples in the optimisation,
for varying values of ⌘.

Table 1. Results of the Offline Planning Experiment
(Multimodal Uncertainty).

⌘ = 0.05 ⌘ = 0.1 ⌘ = 0.2

⌘̂avg 0.026 0.086 0.164
�̂ (� = 0.05) 0.026 0.228 0.069
Tavg 4.702 3.164 2.752

6.2.2 Offline Planning (Multimodal Uncertainty) CC-
VPSTO does not make any assumptions about the
uncertainty distribution and is able to handle arbitrary
distributions. To illustrate this, we provide an additional
offline motion planning experiment where we replace the
Gaussian distribution over the obstacle position in the
previous experiment from Sec. 6.2.1 with a Gaussian mixture
distribution with three modes. Fig. 7 illustrates the qualitative
results for this scenario with a multimodal distribution. It
shows that CC-VPSTO is able to find a timing-optimal
trajectory given the non-Gaussian uncertainty over the
obstacle position depending on the user-defined chance
threshold ⌘ and confidence threshold 1� �. Yet, note
that a more complex distribution as the one given by
the Gaussian mixture distribution by default requires more
samples in the approximation. This is because multi-
modal distributions exhibit higher variance and can contain
isolated high-probability regions that are easily missed with
insufficient sampling. Capturing the shape and support of
such distributions reliably in the sample-based surrogate
requires a denser sampling of the space, which is why
we used N = 200 samples in this experiment. Table 1
provides numerical results on the average probability of
collision of the solution (⌘̂avg), the empiric estimation of
�, and the average duration of the solution trajectory T
(i.e. the optimisation objective). These statistical results
are computed from 1000 experiments performed for each
⌘ and evaluated on 104 new samples from the Gaussian
mixture distribution. We observe that on average the chance
constraint is satisfied. A higher chance threshold, i.e.,
allowing a higher probability of colliding with the obstacle,
results in lower trajectory durations.

6.2.3 Online Planning (MPC) The online planning exper-
iments correspond to a receding horizon/model predictive
control (MPC) approach, where a new robot trajectory is
planned at every MPC step ti,MPC = ti�1,MPC + �MPC with
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1/�MPC being the run frequency of the MPC controller.
At each MPC step, the robot gets a position update of the
M obstacles in the environment, which is assumed to be
exact, i.e., no measurement uncertainty. As in the offline
planning experiment, we assume that CC-VPSTO has access
to a generative model that generates predictions of future
obstacle motions, with samples that reflect the underlying
uncertainty in those motions. In our online experiments
we use a random walk model, parametrised to match the
simulation environment. In a real-world setting, this could be
replaced by a generative model learned from real-world data,
e.g., a model similar to Jiang et al. (2023). In our optimisation
scheme, given a position update, new obstacle trajectories are
sampled from the random walk model and rolled out for a
fixed time horizon T > �MPC. As described in Sec. 6.1, one
sample of the uncertainty in this experiment corresponds to
one possible future of how the obstacles are going to evolve
in the next time steps, i.e., one sample maps to M trajectory
predictions of duration T for M obstacles.

We evaluate online CC-VPSTO on four metrics across
three environment configurations with four and five
obstacles. Each obstacle is initialised with varying start
position, velocity, and acceleration variance in the random
walk model. The trajectory we report results on is the
trajectory that the robot executes, i.e., the concatenation of
the first �MPC time steps of each of the solutions across
MPC steps. One single experiment produces one trajectory
from the initial position to the goal for the given environment
instantiation and ⌘-value. Fig. 8 shows a qualitative example
of each of the three environment configurations used in the
MPC experiments, along with the respective CC-VPSTO
solutions for different values of ⌘. Note, that the length
of the plotted obstacle trajectories was not fixed across the
three examples, but depended on the maximum duration of
the generated solutions for the given example. All solutions
depicted are collision-free. Additional details about the
environment configurations can be found in the Appendix
in Sec. 12.1. For each environment configuration and for
different values of ⌘ (0.05, 0.2, 0.4, 0.6, 0.8), we run 1000
experiments. The evaluation metrics for the experiments are:

1. Motion duration (time until goal reached): This
translates to the number of MPC steps needed until the
robot reaches the goal. In the experiments, we set a
maximum number of 100 MPC steps. We only report the
duration for successful experiments.

2. Success rate: The fraction of experiments, where the
generated trajectory reaches the goal within the maximum
number of MPC steps. An experiment is further only
considered to be successful if the executed robot
trajectory does not collide at any point of time with any
of the obstacles and if the goal is reached.

3. Collision rate: This rate reflects the share of experiments
where the respective trajectories were in collision at least
once with any of the obstacles across the entire motion.

4. Minimum distance to obstacles: Per experiment, we
measure the closest distance of the robot to any of the
obstacles across the entire motion. This metric is only
reported for successful experiments.

Note, that these metrics are different from the metrics used
in the offline evaluation. This is because we aim to show the
properties of the MPC trajectory given the guarantees from
the offline experiments (which corresponds to a single MPC
step in the online case).

Baselines We compare the use of our confidence-based
bound kbinom as a surrogate for the chance constraint (cf.
Eq. (5) and Eq. (9)) against two alternative approximations:
i) the naı̈ve MC approximation of the original chance
constraint, as proposed in e.g., Blackmore et al. (2010),
and ii) the CVaR-based formulation described in Sec. 4.5,
following the approach of Yin et al. (2023). As the main
contribution of this work lies in the derivation a new
confidence-bounded sample average approximation of a
chance constraint, we do not compare against other methods
of solving the resulting optimisation problem, such as Model
Predictive Path Integral Control (MPPI) (Williams et al.
2017). For a more thorough comparison of VP-STO to MPPI,
please refer to our previous work (Jankowski et al. 2023).
In addition, we compare our approach to a baseline, that
we abbreviate with “ML-VPSTO”, where ML stands for
maximum likelihood. Instead of computing the probability of
constraint violation based on samples, ML-VPSTO uses the
same samples to compute mean obstacle trajectories and uses
standard VP-STO to generate a solution that avoids these
trajectories. In addition, running CC-VPSTO with ⌘ = 0 can
also be seen as a baseline, as this is comparable to using
a hard collision avoidance constraint within VP-STO. For
all MPC simulation experiments, we assumed a replanning
frequency of 4 Hz with a time step of 0.05 seconds, while
setting the planning horizon TMPC to 5 seconds (mapping
to 100 time steps for the rollouts), the maximum number of
MPC iterations to 100 and the number of samples N to 100.

Results The results of the online experiment are a key
insight of this paper, as they demonstrate the effects of
combining reactivity (the MPC setting) with probabilistic
bounds on constraint satisfaction (the chance constraints).
Fig. 9 summarises the results across the 1000 experiments
for each of the three different environment configurations.
We observe that CC-VPSTO in an MPC loop is able to
generate trajectories that are entirely collision-free for ⌘
values of up to 5%. In the given experimental setting, ML-
VPSTO is approximately equivalent to permitting collisions
with a probability as high as 80% in CC-VPSTO. In
env0, i.e., the most challenging environment configuration,
both ML-VPSTO and CC-VPSTO with ⌘ = 0.8 lead to a
situation where 50% of the experiments are in collision.
This indicates that employing average obstacle prediction
for collision avoidance is inadequate, as a 50% collision
rate is generally not an acceptable outcome in the majority
of robotic applications. Moreover, the dependency of the
constraint satisfaction/performance trade-off on the value
of ⌘ is reflected in the motion duration. The higher the
value of ⌘, the shorter the duration of the trajectory. While
ML-VPSTO produces the quickest trajectories, it is also
the least safe approach. For reference, we also include
Tstraight in the duration plots, which is the duration of the
straight-line trajectory from start to goal (ignoring obstacles).
When looking at the minimum distance to obstacles across
trajectories and experiments, the expressiveness of this
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Figure 8. Overview of the environments used in the MPC simulation experiments. Each plot shows one example experiment
setting for the respective environment configuration, along with the CC-VPSTO MPC solutions for varying ⌘ values from a single
experiment run. The initial obstacle positions and their radii are shown as blue circles. Smaller circles along the robot trajectory
mark ground truth MPC updates, with the corresponding predicted sample rollouts visualized as semi-transparent trajectories
originating from each update point. The robot’s start and goal are indicated by a dark grey circle (representing the robot radius) and
a star, respectively. The current solution at each MPC step, i.e., the trajectory segment planned over a receding horizon from the
current robot position, is shown as a dashed line. Solutions get less conservative and more timing-effecient with growing values of ⌘.

Figure 9. Simulation: MPC experiments. Evaluating motion duration, success rate, collision rate and the minimum distance to
obstacles across 1000 experiments on 3 different environments. One experiment corresponds to running online-CC-VPSTO until
reaching the goal or until a maximum number of 100 MPC steps is reached. Goal and start location remain fixed across all
experiments and environments, whilst the obstacle trajectories vary across experiments and environments. Each environment is
initialized with different start positions and velocities of the obstacles, as well as different variance on the acceleration used in the
random walk model. The boxplots include the mean (dashed line) and median (solid line) across all experiments.

metric depends on the environment configuration. For the
first and second environment configuration, there is a
decreasing trend, until it plateaus at values of ⌘ > 0.4
for the first environment. For the second environment
configuration, after a downward trend, the minimum distance
to obstacles increases again for values of ⌘ > 0.4. This can
be explained by CC-VPSTO being more risk-taking and
probably choosing a more direct path to the goal, which
can possibly lead to more collisions, but in the case of no
collision, the distance to obstacles might actually be bigger,
as the motion is also quicker and some obstacles might not

have had time to move closer to the robot. Last, the small
variance in the distances for small ⌘ values in the third
environment can be explained by the initial configuration
of obstacles, as they are already very close to the robot,
which is then probably already the minimum distance across
the entire motion. Overall, for this experiment setting, it
seems like CC-VPSTO with ⌘ = 0.4 offers a good trade-off
between constraint satisfaction and performance, as it is able
to generate trajectories with a high success rate, whilst also
being able to generate trajectories that are efficient in their
motion duration.
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Figure 10. Comparison of the confidence-bounded chance
constraint approximation to CVaR and a standard VaR
approximation in terms of success and collision rates across
MPC experiments depending on the number of samples used in
the MC approximation.

Last, we evaluate the effect of the number of samples used
in the MC approximation on the success and collision rates
depending on the surrogate constraint that is used in CC-
VPSTO. We do this across 1000 MPC experiments for each
sample count and environment configuration. We evaluate
three different surrogate constraints:

1. Confidence: sN (x, D)  ⌘binom(⌘, �)

2. Value at Risk (VaR): sN (x, D)  ⌘

3. Conditional VaR (CVaR): sN (x, D)  CVaRmax, with
CVaRmax set to 0.6.

For all experiments we fixed ⌘ to 0.2 and the confidence
threshold to 0.99. The results are shown in Fig. 10. The
numbers are averaged across three different environment
configurations. For 100 samples, the experiments are
equivalent to the results shown in Fig. 9. With more samples,
the collision rate converges to zero due to the MPC setting.
The results show that the confidence-bounded approximation
is the only approximation that is able to maintain high
success and low collision rates with a small number of
samples. This is in contrast to the other methods which
do not account for the number of samples used in the
approximation. With an increasing number of samples, VaR
and our approximation converge to the same success and
collision rates, which is expected as the number of samples
increases, as shown in Sec. 4.5. Moreover, we notice that
the success rate of CVaR decreases as the number of
samples increases. Since CC-VPSTO explicitly accounts
for the number of samples used in the approximation,
its performance is less sensitive to the choice of N ,
showing the lowest variation across sample counts among the
evaluated methods. That said, in low-sample regimes, some
approximation error remains unavoidable.

6.3 Robot Experiment
We further demonstrate CC-VPSTO on a real robot for the
scenario shown in Fig. 11. The robot is tasked to move
from one side to the other of the conveyor belt, whilst
avoiding a box which is controlled according to a stochastic

Figure 11. Robot experiment setup. The robot task is to
move from one side to the other side of the conveyor belt while
assuring that the probability of colliding with the box obstacle is
below a user-defined threshold ⌘. The motion of the box
obstacle is stochastic, as the conveyor belt is actuated with
constant velocity, but the rate of direction change follows an
exponential distribution.

policy. This requires online, reactive motion generation that
balances constraint satisfaction with task efficiency. The
possible motions, also illustrated in Fig. 1, are to either move
behind or in front of the box, as the robot is not allowed to
simply move over the box. Moreover, besides the candidate
trajectories that we synthesise from the sampled via-points
in CC-VPSTO, we add a “waiting” trajectory to the set of
candidate trajectories sampled in the final optimisation step.
A waiting trajectory is a trajectory repeating the current robot
position for the entire planning horizon, i.e., keeping the
robot stationary. This is to allow the robot to wait for the
box to pass, which is a safe but not very efficient solution.
Without these waiting trajectories, CC-VPSTO would keep
the robot moving at all times, but this is not always necessary.

Setup. The experiment is performed on a Franka Emika
robot arm. The framework was run on Ubuntu 20.04 with an
Intel Core i7-8700 CPU@3.2GHz and 16GB of RAM. The
ground truth box position is tracked using an Intel RealSense
camera and a barcode detection pipeline. In every MPC step
the robot is given the current position of the box and then
plans a new trajectory using CC-VPSTO¶. With this setup,
we are able to run the framework at a frequency of 3 Hz,
using N = 100 samples and a planning horizon of TMPC = 3
seconds (mapping to 60 time steps for the rollouts, as we use
a time step of 0.05 seconds).

Stochastic conveyor belt policy. In this experiment, the
uncertainty stems from the movement of the box on the
conveyor belt, which serves as an obstacle for a robot to
navigate around. The conveyor belt is velocity controlled,
where the magnitude of the velocity is fixed to 0.05 m

sec but
its direction is governed by the probability density function
f(x;↵) = ↵ exp(�↵x), where x is the time since the last
direction change and ↵ is a parameter influencing the rate
of direction change. We describe our implementation of this
stochastic model in more detail in the appendix in Sec. 12.3.

¶Note we ignore measurement noise in this setup.
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Results Similar to the MPC experiments in simulation, we
evaluate our real-world robot experiment on i) the motion
duration per run, i.e., the time taken to go from one side
of the conveyor belt to the other side, ii) the share of
experiments that collide with the box, and iii) the minimum
distance to the box across 70 runs for different values of ⌘,
as shown in Fig. 12. We do not compare our approach to
“ML-VPSTO” as for the given stochastic model, the mean
over the exponential distribution is not useful. However, we
include ⌘ = 0 as a baseline, which corresponds to a VPSTO
approach with a hard collision avoidance constraint. Overall,
the results support the insights gained from the simulation
experiments. We observe that the higher the value of ⌘, the
shorter the duration of the trajectory. This is because higher
values of ⌘ allow CC-VPSTO to generate trajectories that are
more efficient, but also less safe. Moreover, we also observe
the trend that higher values of ⌘ indeed lead to a higher share
of experiments that collide with the box. However, we also
observe that the share of experiments that collide with the
box is still very low, even for very high values of ⌘. This
is an interesting insight from combining MPC with chance-
constrained trajectory optimisation. In addition, we observe
in this experiment that a value of ⌘ = 0.2 outperforms ⌘ =
0.1 in terms of the share of experiments that collide with the
box. We anticipate that additional experiments will reduce
this variability, as the current variance in the results is still
quite high. Last, in terms of the minimum distance to the
box, we cannot observe a clear trend across different values
of ⌘. This can be explained by the use of waiting trajectories
that do not move the robot at all. The robot can choose to wait
very close to the box, which is a constraint-satisfying but not
very efficient solution. This results in higher durations, but
not higher minimum distances.

7 Discussion and Future Work

Our experiments show that CC-VPSTO is able to generate
task-efficient motions while consistently bounding the
probability of constraint violation, e.g., collision with
stochastic obstacles. While it is typically more challenging
to deal with chance constraints over entire trajectories (as
opposed to constraints per time step), our SAA formulation
allows us to do this in a straightforward way by simulating
trajectories of the obstacles and the robot then checking for
collisions between them at any time over a given horizon.
This is made possible by the flexibility of our approach
which makes no assumption on the distribution of the
uncertainty, but only requires sampling access to it. Hence,
this can also be a joint distribution across all sources of
uncertainty, e.g., several obstacles.

Consistent with our theoretical insights, the collision rate
in the experiments remained below the specified threshold
⌘, despite the fact that the independence assumption does
not strictly hold in the receding-horizon (MPC) setting.
Nevertheless, we observe a gap between the collision rate
and the threshold ⌘. This gap is much bigger in the online
planning (MPC) than in the offline planning experiments.
This can be explained by the fact that at each MPC step
we optimise trajectories for a longer horizon than just the
time steps that we actually execute on the robot. Hence, the
anticipation of potential collisions in the future makes us

Figure 12. Robot experiment results. Similar to the metrics
evaluated in the MPC simulation experiments, we evaluate the
motion duration, minimum distance to the box and the share of
experiments that collide with the box across 70 experiments for
different values of ⌘. Means in the boxplots are shown as
dashed lines and medians as solid lines.

more conservative, resulting in lower actual rate of collision
than that which was imposed. In future work, we plan to use
discounted probabilities in the chance constraint, such as in
Yan et al. (2018), to allow for larger probabilities of collision
for time steps far in the future, knowing that the control input
that we will apply then will be recomputed with stronger
constraints in the meantime. Besides the introduction of
discounted chance constraints, another direction could be to
explore how to adapt the parameters ⌘ and � during online
execution, e.g., based on the current state of the system, the
current uncertainty distribution, or the current cost function.
This could result in a more robust and adaptive approach,
which would be more suitable for real-world applications.

An important direction for future research is how
to respond when a constraint violation actually occurs,
especially since our framework allows such violations with
some probability. While we do not propose an explicit or
general mechanism for handling these situations, we assume
that the robot is capable of recovering from violations. In this
context, the MPC framework provides implicit robustness
through continual replanning based on updated information
about the uncertain environment. Nonetheless, it remains
an open and valuable question how the planner’s objective
might be adapted in the face of violations; for instance, by
temporarily shifting the objective to minimize the probability
of further constraint violations rather than pursuing the
original task goal.

Moreover, our work does not ensure recursive feasibility,
which enforces that there always exists a solution to the
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optimisation problem. Other works such as Köhler et al.
(2023), have addressed this issue by enforcing that the
predicted nominal state lands in a terminal set while not
taking the measured state into account. However, this again
comes at the cost of being restricted to linear systems
with linear inequality constraints and convex objectives. For
chance constraints this means that they would need to be
linearized into half-space constraints, yet if we took the
collision avoidance examples from this work and view them
as a system that is augmented by the obstacle states, the non-
collision constraint itself is non-linear in the augmented state
as it has a quadratic relation through the distance measure.
Yet, an interesting direction for future research would be
how to ensure recursive feasibility through a less constrained
problem formulation.

A core assumption in our approach is that we are given a
representative model of the uncertainty, from which we can
take samples. Yet, this might be a limitation in practice, as
our model might not capture the true underlying distribution
with sufficient accuracy, relating to epistemic uncertainty.
However, that can be addressed in future work, by either
extending the approach to be distributionally robust, such
as in Hakobyan and Yang (2021), or by using generative
data-driven models that can be adapted online as the robot
acquires more data, similar to the work of Thorpe et al.
(2022). In addition, future work should also quantify the
extent to which MPC is able to provide inherent robustness,
given that its closed-loop formulation allows for partial
compensation when the true uncertainty distribution diverges
moderately from the one used during optimisation.

In terms of computational efficiency, we have demon-
strated the applicability of our algorithm to an MPC setting,
where we achieve frequencies of 3 Hz on a real robot
using 100 samples. The biggest computational bottleneck
lies in the rollouts of the uncertainty dynamics. We therefore
believe that the reported control rate can be improved by
adding parallelization and GPU acceleration, which we did
not leverage in the given experiments. However, multimodal
distributions require more samples in the approximation,
which might further limit current control rates. We believe
that future work could explore methods to efficiently gener-
ate representative sample sets, possibly leveraging learned
generative models. The advantage of our formulation is
that the user can actively choose the number of samples
while considering computational resources and requirements
of minimum control rates. We also believe that there is
still room for improvement in our implementation, as the
sample rollouts for the stochastic box model have not been
parallelised, as was done in the simulation experiments. Last,
a learned generative model could also further improve the
computational efficiency of the rollouts over the current
Monte Carlo simulations, depending on the model’s infer-
ence speed.

8 Conclusion
In this work, we addressed the problem of robot motion
planning under uncertainty, aiming for both efficiency
and constraint satisfaction in stochastic control settings.
We introduced a novel surrogate formulation for chance-
constrained optimisation that enables statistically sound

sampling-based motion planning under uncertainty. This, in
turn, supports integration into a Model Predictive Control
(MPC) framework for online, reactive robot control. The
strength of our approach lies in its generality, as it does
not require any specific assumptions on the underlying
uncertainty distribution, the dynamics of the system, the
cost function or the specific form of inequality constraints.
While we focused on the problem of collision avoidance in
this work, our approach is not limited to this problem, as it
can be applied to any type of stochastic control problem, as
long as we can sample from the uncertainty distribution. For
instance, in future work we aim to extend this framework
to include constraints on interaction forces in the context
of contact-rich manipulation tasks and physical human-robot
interaction. We showed that our approach is able to generate
efficient trajectories that satisfy probabilistic constraints with
high confidence across a variety of scenarios, including a
real-world robot experiment.
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Köhler J, Geuss F and Zeilinger MN (2023) On stochastic mpc
formulations with closed-loop guarantees: Analysis and a
unifying framework. In: 2023 62nd IEEE Conference on
Decision and Control (CDC). IEEE, pp. 6692–6699.

Lew T, Bonalli R and Pavone M (2023) Risk-averse trajectory
optimization via sample average approximation. IEEE
Robotics and Automation Letters .

Majumdar A and Pavone M (2020) How should a robot assess risk?
towards an axiomatic theory of risk in robotics. In: Robotics
Research: The 18th International Symposium ISRR. Springer,
pp. 75–84.

Majumdar A and Tedrake R (2017) Funnel libraries for real-time
robust feedback motion planning. The International Journal of
Robotics Research 36(8): 947–982.

Margellos K, Goulart P and Lygeros J (2014) On the road between
robust optimization and the scenario approach for chance

constrained optimization problems. IEEE Transactions on
Automatic Control 59(8): 2258–2263.

Mesbah A (2016) Stochastic model predictive control: An overview
and perspectives for future research. IEEE Control Systems
Magazine 36(6): 30–44.

Mohri M, Rostamizadeh A and Talwalkar A (2018) Foundations of
machine learning. MIT press.

Nemirovski A and Shapiro A (2007) Convex approximations of
chance constrained programs. SIAM Journal on Optimization
17(4): 969–996.

Ono M and Williams BC (2008) Iterative risk allocation: A new
approach to robust model predictive control with a joint chance
constraint. In: 2008 47th IEEE Conference on Decision and
Control. IEEE, pp. 3427–3432.

Pagnoncelli BK, Ahmed S and Shapiro A (2009) Sample average
approximation method for chance constrained programming:
theory and applications. Journal of optimization theory and
applications 142(2): 399–416.

Parsi A, Anagnostaras P, Iannelli A and Smith RS (2022) Com-
putationally efficient robust mpc using optimized constraint
tightening. In: 2022 IEEE 61st Conference on Decision and
Control (CDC). IEEE, pp. 1770–1775.

Peña-Ordieres A, Luedtke JR and Wächter A (2020) Solving
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Prékopa A (2013) Stochastic programming, volume 324. Springer
Science & Business Media.

Priore S and Oishi M (2023) Chance constrained stochastic
optimal control based on sample statistics with almost surely
probabilistic guarantees. arXiv preprint arXiv:2303.16981 .

Schildbach G, Fagiano L, Frei C and Morari M (2014) The scenario
approach for stochastic model predictive control with bounds
on closed-loop constraint violations. Automatica 50(12): 3009–
3018.

Schmerling E and Pavone M (2016) Evaluating trajectory collision
probability through adaptive importance sampling for safe
motion planning. arXiv preprint arXiv:1609.05399 .

Shalev-Shwartz S and Ben-David S (2014) Understanding machine
learning: From theory to algorithms. Cambridge university
press.

Shapiro A (2003) Monte carlo sampling approach to stochastic
programming. In: ESAIM: proceedings, volume 13. EDP
Sciences, pp. 65–73.

Shapiro A, Dentcheva D and Ruszczynski A (2021) Lectures on
stochastic programming: modeling and theory. SIAM.

Sun W, Torres LG, Van Den Berg J and Alterovitz R (2016)
Safe motion planning for imprecise robotic manipulators by
minimizing probability of collision. In: Robotics Research: The
16th International Symposium ISRR. Springer, pp. 685–701.

Taboga M (2017) Lectures on probability theory and mathematical
statistics. (No Title) .

Thorpe A, Lew T, Oishi M and Pavone M (2022) Data-
driven chance constrained control using kernel distribution
embeddings. In: Learning for Dynamics and Control
Conference. PMLR, pp. 790–802.

Trevisan E, Mustafa KA, Notten G, Wang X and Alonso-Mora J
(2025) Dynamic risk-aware mppi for mobile robots in crowds
via efficient monte carlo approximations. arXiv preprint

Prepared using sagej.cls

5. Chance-constrained VP-STO 114



18 Journal Title XX(X)

arXiv:2506.21205 .
Van Den Berg J, Abbeel P and Goldberg K (2011) Lqg-mp:

Optimized path planning for robots with motion uncertainty
and imperfect state information. The International Journal of
Robotics Research 30(7): 895–913.

Vincent JA, Feldman AO and Schwager M (2024) Guarantees on
robot system performance using stochastic simulation rollouts.
IEEE Transactions on Robotics .

Wang A, Jasour A and Williams B (2020) Moment state dynamical
systems for nonlinear chance-constrained motion planning.
arXiv preprint arXiv:2003.10379 .

Williams G, Wagener N, Goldfain B, Drews P, Rehg JM, Boots
B and Theodorou EA (2017) Information theoretic mpc
for model-based reinforcement learning. In: 2017 IEEE
international conference on robotics and automation (ICRA).
IEEE, pp. 1714–1721.

Yan S, Goulart P and Cannon M (2018) Stochastic model predictive
control with discounted probabilistic constraints. In: 2018
European Control Conference (ECC). IEEE, pp. 1003–1008.

Yin J, Zhang Z and Tsiotras P (2023) Risk-aware model predictive
path integral control using conditional value-at-risk. In: 2023
IEEE International Conference on Robotics and Automation
(ICRA). IEEE, pp. 7937–7943.

Zhang Z, Tomlinson J and Martin C (1997) Splines and linear
control theory. Acta Math. Appl 49: 1–34.

Prepared using sagej.cls

5. Chance-constrained VP-STO 115



5. Chance-constrained VP-STO 116

5.1 Supplementary Discussion

Bayesian Interpretation Our confidence-bounded surrogate constraint in Sec. 4

is fundamentally frequentist: we treat each constraint evaluation as a Bernoulli

trial and derive a binomial confidence bound that guarantees

sN(x;D) ≤ kbinom(β,N, η) (5.1)

with confidence 1− β. This yields a distribution-free guarantee that depends only

on the sampling process and avoids any prior assumptions.

A related but conceptually distinct perspective arises from Bayesian infer-

ence(Gelman et al., 1995). In a Bayesian formulation, the (unknown) viola-

tion probability

p = Pδ∼∆
[
g(x, δ) > 0

]
(5.2)

is itself treated as a random variable. Placing a Beta prior Beta(α, β) over p,

observation of s violations in N i.i.d. samples yields the Beta–Binomial posterior

p | s ∼ Beta(α + s, β +N − s). (5.3)

The Bayesian analogue of the chance constraint p ≤ η would require the posterior

credible interval (Brown et al., 2001) to lie below the risk threshold, i.e.,

Pr(p ≤ η | s) ≥ 1− β. (5.4)

The structure of this Bayesian update closely mirrors the frequentist construction:

inverting the Beta posterior cumulative distribution function (CDF) under a uniform

prior Beta(1, 1) produces a bound numerically close to the classical Clopper–Pearson

confidence interval, which itself is obtained by inverting the binomial CDF. This

parallel highlights that both approaches lead to bounds of similar mathematical

form. However, whereas the Bayesian credible interval depends on the choice of

prior, our method uses the binomial model directly and therefore avoids prior

specification while providing distribution-free confidence guarantees. In summary,
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while a Bayesian credible-interval construction offers an alternative interpretation

of uncertainty in the violation probability, our approach deliberately adopts the

frequentist viewpoint: we use binomial confidence bounds to quantify sampling

error without introducing prior assumptions. Yet, it would be an interesting

direction for future work to explore the incorporation of prior knowledge about

constraint satisfaction into the chance-constrained MPC framework through a

Bayesian approach.

Relation to Probabilistic Control Barrier Functions Control Barrier Func-

tions (CBFs) offer an alternative approach to safety-critical control by enforcing

forward-invariance of a safe set through Lyapunov-style constraints (Ames et al.,

2016). While classical CBFs assume deterministic systems, a growing body of work

extends them to stochastic settings, where safety is enforced either in expectation

or with probabilistic guarantees (Clark, 2021; Wang et al., 2021a). Recent work

has also explored learning-based CBFs that infer barrier certificates or uncertainty

models from data, e.g., (Mestres et al., 2025). While probabilistic CBFs also

provide probabilistic guarantees, they typically impose structural assumptions on

dynamics (e.g., control-affine forms) and enforce pointwise probabilistic safety.

In contrast, our chance-constrained formulation enforces a joint trajectory-level

probability bound over the entire horizon, does not rely on a control-affine or smooth

constraint structure, operates with arbitrarily complex uncertainty distributions

via Monte-Carlo sampling, and integrates directly with stochastic optimisation.

5.2 Limitations and Future Work

The main paper provides an extensive discussion of several limitations and future

directions, including distributional robustness, computational efficiency, recursive

feasibility, dynamic risk adjustment, and the integration of learning-based com-

ponents. However, we have not considered two alternative ways of incorporating

learning into chance-constrained MPC, which could be promising topics for future

work and are briefly discussed below.
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Learning Chance-Constrained Control Policies A promising direction that

naturally extends from the generative predictive control framework presented in

Chapter 4 is to learn chance-constrained control policies directly from offline data.

CC-VPSTO could be used to generate a large dataset of chance-constrained MPC

control sequences, which could then be used to train a conditional generative model

that maps states directly to chance-constrained control sequences. This would

enable larger sample sizes and longer planning horizons, even for tasks requiring

expensive forward simulations, while allowing the learned policy to be executed

in real time without the need for online optimisation.

Learning Chance Constraint Evaluation from Data An alternative to the

sampling-based formulation presented in this chapter is to learn chance constraint

evaluations directly from data. Instead of relying on empirical sampling to ap-

proximate the constraint satisfaction probability, one could train a model to

predict feasible regions or constraint satisfaction probabilities conditioned on the

system state, uncertainty, or control inputs. This data-driven approach can yield

constraints that are smoother and more efficiently evaluable during planning, thereby

alleviating some of the computational burdens associated with Monte Carlo sampling.

For example, recent work (Moss et al., 2024) has employed neural networks as

surrogate constraints in the context of planning in chance-constrained POMDPs.

By learning constraint satisfaction from rollout data, this method bypasses the

reliance on extensive empirical sampling within a framework like MCTS, instead

using a dedicated network head to output the failure probability conditioned on

the current belief state. This allows for efficient and direct evaluation of the chance

constraint during online search. Extending these ideas to the setting of chance-

constrained MPC could allow for learning uncertainty-aware constraint models

from demonstrations or simulation data, bridging model-based and data-driven

formulations. However, we also note that these benefits come with the usual caveat

that learned predictors may behave unreliably under out-of-distribution conditions,

potentially compromising theoretical guarantees on constraint satisfaction.
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In the previous chapters, we have successively extended sampling-based model

predictive control methods to handle increasing levels of uncertainty in the robot’s

interaction with the environment. While Chapter 3 focused on improving reac-

tivity through efficient trajectory optimisation and Chapter 5 introduced explicit

uncertainty handling via chance constraints, both approaches primarily aimed to

ensure robust task execution in the presence of stochastic dynamics. In contrast,

the work presented in this chapter represents the first instance in this thesis where

uncertainty itself becomes an explicit component of the control objective, with the

primary goal of actively reducing it through purposeful interaction.

Actively reducing uncertainty poses unique challenges, particularly in contact-
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rich scenarios where actions can both decrease and increase uncertainty depending

on the outcome of stochastic interactions. This dual nature of interaction makes the

problem fundamentally different from the settings addressed in previous chapters,

where uncertainty was treated as an external disturbance to be mitigated rather

than a quantity to be optimised. To address this, we move beyond stochastic but

fully observable systems and consider partially observable environments, where the

robot has only indirect access to the true system state through noisy or incomplete

sensory feedback. We formulate the problem within a belief space control framework,

where the robot maintains a probabilistic belief over the state and plans actions

that simultaneously achieve task objectives and reduce uncertainty.

Chapter 3 Chapter 4 Chapter 5 Chapter 6

Theme Reactivity Reactivity
Learning for Robustness Exploration

Uncertainty Handling Implicit Implicit Explicit Explicit

of Uncertainty
Prior Knowledge None None access

Sampling-based
access

Sampling-based

Environment Deterministic Deterministic Stochastic Stochastic

Method MPC MPC MPC control
Belief-space

Control Problem Min. cost Min. cost s.t. chance constraints
Min. cost

information gain
Max.

Table 1.2: Theme, settings and methods for each chapter.

Specifically, this chapter presents a framework for touch-based object localisation and

manipulation under partial observability, in which uncertainty reduction is guided by

an information-theoretic objective. By incorporating a non-parametric differential

entropy estimator directly into the control loop, the robot can evaluate and select

actions that are expected to yield the greatest reduction in uncertainty over the

object’s pose. This represents a shift from reactive or robust control to explicit

uncertainty handling through information-seeking behaviour, where exploration

is an integral part of achieving reliable manipulation in uncertain environments.
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The belief representation used in this work is non-parametric, and the proposed

entropy estimator operates directly on its sampled particles. As a result, we require

only sampling-based access to the underlying uncertainty distributions, without

assuming any specific parametric form or known moments, representing the least

restrictive setting and supporting the thesis goal of developing broadly generalizable

approaches. We summarise this setting in Table 1.2, which is repeated above.

We demonstrate the proposed approach in simulated and real-world experiments,

showing that the robot can effectively reduce uncertainty through solely proprio-

ceptive feedback from contact interactions, enabling accurate object localisation

and manipulation without relying on vision or tactile sensors. The exclusive use of

proprioceptive feedback in this work is motivated by an interest in exploring the

limits of what can be achieved using only proprioceptive sensing, without relying on

external modalities such as vision or tactile sensors. While many existing approaches

to contact-rich manipulation assume access to high-resolution touch or visual

feedback, these sensors can be expensive, fragile, or unavailable in unstructured

environments. In contrast, proprioception, e.g., joint angles, velocities, and torques,

is universally available on robotic platforms and provides a robust and low-latency

signal. By developing methods that infer contact events and reduce uncertainty

using proprioception alone, we aim to broaden the applicability of autonomous

manipulation in settings where external sensing is unreliable or infeasible. This

minimalist sensing setup presents a significant challenge, as contact must be inferred

indirectly from subtle changes in the robot’s internal state. However, it also offers

a unique opportunity to build highly generalisable and robust control strategies

that make the most of the information already inherent in the robot’s motion

and interaction dynamics. Additional implementation details are provided in the

Appendix of the paper manuscript, which is included at the end of this thesis

as Appendix C.



Touch-Based Object Localisation with
Spatially-Aware Belief Entropy Estimation

Lara Brudermüller1, Julius Jankowski2, Marc Toussaint3, and Nick Hawes1

Abstract— Robust robotic manipulation in the real world
requires coping with incomplete or unreliable sensory in-
put. While vision provides rich information, it often fails
in the presence of occlusions, clutter, or poor lighting. In
such cases, touch offers a robust alternative, enabling object
localisation through contact alone. We present a touch-only
global localisation method that operates in continuous state
space with a particle belief. Sparse contact/no-contact signals
are turned into informative likelihoods via a proximity-aware
measurement model, and contact-aware resampling mitigates
particle starvation. An information-gathering controller selects
actions that maximise expected information gain using a non-
parametric entropy estimator sensitive to both observation
updates and dynamics. On real hardware, the system reliably
localises and then grasps from broad, multi-modal initial beliefs
with mode separations up to 0.4 m, far beyond the narrow
uncertainty ranges assumed in related work. Information-aware
localisation-actions speed up belief convergence and boost grasp
success; and ablations in simulation confirm the benefits of the
measurement and resampling components.

I. INTRODUCTION

Humans can manipulate objects using only touch, even
in the absence of vision. For robots to approach similar
capabilities in unstructured or visually-challenging environ-
ments, such as those involving occlusions, clutter, or poor
lighting, localising objects through touch alone represents
a promising alternative. This has driven the development
of algorithms that refine an object’s pose estimate through
deliberate physical interaction [1]–[3]. As an illustrative
example, consider a robot having to retrieve a keyring from
inside a bag using a multi-fingered hand. The object pose is
initially unknown, contacts are intermittent and ambiguous,
and the object may move such that exploratory interactions
can either resolve ambiguity or further increase uncertainty
in the object state. Such examples highlight the challenges
of high-dimensional contact-rich estimation problems, where
the robot often starts with little information. Estimating the
posterior over object pose in these settings is computationally
demanding: the complexity grows rapidly with both the num-
ber of degrees of freedom (DOFs) and the size of the initial
uncertainty region [4]. As a result, most prior approaches
restrict either the problem dimensionality or the scale of
initial uncertainty. Yet, contact-rich manipulation is not only
characterized by high-dimensional state and action spaces,
but also the inherent highly non-linear contact dynamics
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Fig. 1. Experimental setup of blind grasping. Left to right: initial particle
belief with uniform weights (�); information-gathering trajectory rejecting
particle hypotheses (�); converged belief after contact; successful grasp.

and the multi-modality of the system state distributions [5].
Discretising the problem space addresses the multi-modality
while enabling standard filtering and planning over finite
hypotheses [3], [6], but the curse of dimensionality limits
the respective resolution and thus fails to capture the rich
contact dynamics present in such manipulation tasks. Instead,
these tasks require a framework that plans in continuous
state space, anticipates what will be sensed and how actions
reshape uncertainty through interaction, and operates from
uninformed, non-parametric priors with broad support.

Towards this end, we address touch-based localisation with
a system that operates in continuous state spaces and actively
refines the belief distribution through contact. We propose a
particle filter with a proximity-aware measurement model to
turn sparse binary proprioceptive contact signals into infor-
mative likelihoods combined with contact-aware resampling.
An information-gathering controller predicts how actions
reshape the belief and selects trajectories that maximise
expected information gain using a non-parametric entropy
estimator that not only considers the probabilities of different
object poses but also their spatial density.

Contributions: We address continuous-space object lo-
calisation through contact from uninformed, non-parametric
beliefs, making the following contributions:
1) A touch-only global localisation system that plans and

estimates directly in continuous state space with beliefs
from uninformed, non-parametric priors, suitable for op-
eration when vision is unreliable or absent.

2) A proximity-aware measurement model for contact that
converts sparse binary signals into informative likeli-
hoods, and a contact-aware resampling strategy that miti-
gates particle starvation under discontinuous observations.

3) A sampling-based information-gathering controller that
selects candidate probing actions based on a non-
parametric differential entropy estimator that captures
both observation-driven changes (weights) and dynamics-
driven changes (spatial density) in the belief.
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On real hardware (cf. setup in Fig. 1) and in simulation, the
approach localises and grasps reliably under broad, multi-
modal initial non-parametric beliefs with separations up to
0.4 m, far beyond the narrow uncertainty ranges (typically
up to 0.04 m) assumed in related work, highlighting the sig-
nificant benefit of continuous touch-based object localisation
when vision is unreliable or unavailable.

II. RELATED WORK

a) Object Localisation through Contact: Early work in
robot manipulation primarily relied on visual feedback, but
as we move towards more robust and dexterous manipula-
tion in unstructured environments, tactile sensing becomes
increasingly important. In this work, we focus on object
localisation through contact, where the robot must infer
object state from sparse and noisy contact signals during
physical interaction. This problem is particularly challenging
due to continuous, high-dimensional state and action spaces,
the high computational cost of physics simulation (required
to accurately model contact dynamics), and the inherently
discontinuous nature of contact sensor observations [6]. A
common approach is to plan a sequence of “move-until-
touch” actions for exploration [3], [4], [7], followed by a
goal-directed phase, such as grasping. Extensions of this
idea in belief-space control compute exploratory actions by
optimising information-theoretic costs [5], [8], or switch
between exploration and exploitation based on the belief un-
certainty [9]. More principled approaches frame the task as a
Partially-Observable Markov decision process (POMDP) [6],
[10], [11], though tractability often requires coarse state
discretisations. However, most of these methods are subject
to two major limitations: (i) belief representations and plan-
ning typically rely on discretisation, which limits resolution
and scalability; and (ii) object dynamics are often ignored
or severely simplified, assuming static objects or restricted
interaction effects. The latter is particularly problematic
in contact-rich settings, where robot actions can increase
uncertainty, e.g., by pushing or perturbing the object. Our
work addresses both limitations by planning directly in
continuous state and action spaces, and by capturing the
effect of interaction dynamics on belief evolution through
a non-parametric particle filter.

b) Informative Action Selection: A key challenge in
planning under uncertainty is to evaluate which actions are
most informative—typically by estimating their expected
information gain (IG), defined as the reduction in entropy
between belief states before and after an observation [3], [7],
[12]. In manipulation settings, the inherent multi-modality
typically requires non-parametric belief representations, such
as weighted particle sets, complicating the computation of
entropy. Prior work has largely relied on two approximations.
One approach discretises the state space and computes dis-
crete entropy, using occupancy grids or histograms where the
entropy is defined over categorical probabilities [3]. Another
approach assumes a continuous belief but approximates
differential entropy using only particle weights, e.g., [9],
[12], [13]. While weight-based measures reflect changes in

belief confidence due to observations, they neglect the spatial
distribution of particles. As a result, a belief with widely
scattered particles may be assigned the same entropy as one
with tightly clustered particles, despite reflecting fundamen-
tally different levels of uncertainty. In the context of touch,
this limitation becomes especially relevant: contact not only
yields an observation (e.g., contact/no-contact) but can also
physically alter the object’s pose. Thus, touch simultaneously
refines the belief and shifts the underlying state, making it es-
sential to account for both observation-driven and dynamics-
induced changes in the belief’s spatial structure. In contrast,
more expressive estimators of differential entropy explicitly
account for the spatial distribution of the belief. For instance,
kernel-based methods approximate the underlying density
using a smooth distribution over particle locations [14],
allowing them to capture how spread out or concentrated
the belief is in state space. However, these methods are
often computationally demanding and require careful tuning
of kernel hyperparameters, such as bandwidth [14], [15].
[16] also derive an entropy estimate specifically for par-
ticle filters via Bayes’ theorem, but this requires known
transition and observation models. An alternative class of
estimators based on k-nearest neighbours (kNN) density
estimates provides a principled and efficient way to esti-
mate differential entropy from samples, including for non-
parametric distributions [17], [18]. Extensions to weighted
particle sets make these estimators well-suited for non-
parametric belief representations used in robotics [19]. These
kNN density estimators can be regarded as a kernel estimator
with a bandwidth that adapts to local data density [20].
Thus, kNN-based differential entropy estimators directly
incorporate spatial density and have been widely adopted in
reinforcement learning as intrinsic reward signals [21]–[23].
To the best of our knowledge, our work is the first to propose
the use of such estimators for action selection in active
tactile object localisation, where belief evolution is driven by
both observations and complex interaction dynamics. This
setting presents unique challenges, as actions can increase
uncertainty, making spatial sensitivity essential for accurate
entropy estimation. For a broader overview of non-parametric
entropy estimation methods, we refer the reader to [24].

III. PROBLEM FORMULATION

This paper addresses the problem of localising a rigid
object o through sparse proprioceptive contact measurements
using probing actions that aim to maximise the estimated
expected information gain under the current belief state. We
define successful localisation as reaching a state from which
a grasp will succeed. To achieve this, the robot must perform
information-gathering actions that reduce uncertainty about
the object’s location. Let xt = (qr, qo) ∈ R(nr

dof+no
dof )

describe the state of the underactuated robotic system, which
includes the pose of the object qo

t , and the robot configuration
qr
t at time step t. In this work, qo ∈ SE(2) denotes

the object’s planar pose, parameterised by (x, y, θ). The
robot applies control inputs ut ∈ Rnr

dof , which influence
the object state only indirectly through contact and interac-
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tion. The system evolves according to stochastic dynamics
xt+1 ∼ p(·|xt,ut) and generates stochastic measurements
zt ∼ p(·|xt), where zt represents sparse, binary contact
observations. Due to the partial observability of the system
and it’s complex dynamics, we maintain a continuous belief
over the system state, represented as a probability distribution
bt=p(xt|u0:t−1, z1:t, b0), which depends on the full history
of actions, measurements, and the initial belief b0. Note that
we explicitly include the robot configuration in the state be-
cause it directly governs the contact interactions that drive the
object’s stochastic dynamics, as well as the measurements.
Given a sequence of control actions u0:t−1, we can estimate
the expected information gain IG(b0,u0:t−1) using dynamics
and measurement models, as well as a model predicting
future observations. We formulate the information gathering
problem as trajectory optimisation in belief space:

max
u0:T−1

IG(b0,u0:T−1), (1)

where T is the planning horizon.
The following sections outline our approach to the

information-gathering problem, with a summary illustrated in
Fig. 2. In Sec. IV, we introduce a sampling-based controller
that selects the next best action based on a spatially-aware
estimator for the expected information gain. In Sec. V, we
present our particle-based state estimator for object localisa-
tion through touch that is able to handle the discontinuous
and sparse nature of the contact measurement signal. The
overall approach is evaluated in Sec. VI in robot experiments
and ablation studies.

Notation. In the remainder of the paper, we use subscripts
for the time index and superscripts for the particle indices.

IV. INFORMATION-GATHERING CONTROLLER

We propose a sampling-based controller that generates
candidate probing trajectories and selects the one with the
highest expected information gain (IG). The idea of sampling
trajectories and ranking them by IG follows prior work in
active perception [3], but here we extend it to continuous
belief space and contact-rich dynamics.

A. Differential Entropy of a Weighted Particle Set

The differential entropy of a random, continuous variable
x following a probability distribution p(x) is defined as

H [x] = −
∫

X
p(x)log p(x)dx. (2)

However, the definition of differential entropy does not
directly extend to finite particle sets [24]. This is due to the
fact that there is no unique way to define a probability density
function that is parameterised by Np weighted samples
{xi, wi}Np

i=1. Without considering dynamics, the particle-
based belief may be treated as a discrete probability distribu-
tion with the weights representing the probability of each par-
ticle. The corresponding weight-based entropy approxima-
tion is then given by Ĥw [x] =−∑i w

i log(wi) [9]. While
this approximation captures information gained through ob-
servations, it does not capture the spatial density of particles,

i.e., the local distance between the states of the particles. In
contrast, kernel-based approaches approximate the underly-
ing belief distribution b with a kernel density estimate (KDE)
computed from the weighted particle set, i.e.

b̂(xi) = p
(
x
∣∣{xi, wi}Np

i=1

)
=
∑

i

wi k(x,xi), (3)

where k represents the corresponding kernel function. Fis-
cher et al. [14] show that for particle-based belief represen-
tations the integral in the differential entropy, as defined in
Eq. (2) is commonly approximated as

Ĥ[b̂] = −
m∑

i=1

wi log b̂(xi). (4)

While this approximation accounts for the spatial density
information, it is typically computationally more demanding
and requires careful choice of kernel hyperparameters. In
this work, we choose a uniform kernel with shared support
Ω estimated from local ρ-nearest-neighbour bounding boxes
for all particles (more details on how we compute Ω are
provided in Appendix A. As a result, the integral in Eq. (4)
simplifies to a sum over a weight-based term and a spatially-
aware density term. This yields the entropy estimate

Ĥ[x] = −
∑

i

wi logwi + log V (Ω), (5)

where the first term reflects observation-driven weight
changes and the second captures spatial density via the
hypervolume V (Ω). While conceptually similar to knn-
based entropy estimators [17], this formulation computes a
shared support for all particles instead of individual supports,
which is more robust to outliers and splits the entropy into
two separate terms, which renders the computation of the
expected information gain more efficient (cf. Sec. IV-B).
The only hyperparameter is ρ for locality, and no bandwidth
tuning is required. Further details on the derivation of the
estimator, its properties, and a discussion of its computational
complexity are provided in Appendix A.

B. Expected Information Gain

To evaluate candidate actions for information gathering,
we estimate their expected information gain (IG), i.e. the
expected reduction in belief entropy after executing a tra-
jectory and incorporating new observations. This process is
summarised in Alg. 1. The trajectory is then truncated at the
time step with maximal expected information gain.

Formally, for an initial belief b0 and a control sequence
u0:T−1, we define the IG as

IG(b0,u0:T−1) = H[b0]− Eẑ1:T

[
H[bT ]

]
= ∆H0,T , (6)

where ẑ1:T are hypothetical measurements generated along
the trajectory. A common approach to estimating this ex-
pectation is to use the maximum likelihood (ML) state
from the belief to simulate observations [5], [25]. However,
when particle weights are uniform, such as immediately after
resampling, this biases the IG estimate incorrectly towards a
single hypothesis. Instead, we marginalise over all particles
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Fig. 2. Proposed pipeline for contact-rich localisation and manipulation.

in the belief to generate hypothetical measurements and
compute a weighted expectation of the resulting entropy.
At each time step, each particle is treated as a potential
ground truth state of the system, producing a hypothetical
observation from which all particle weights are updated. The
expected entropy is then computed as the weighted average
over all such hypotheses. Since the observations generated
along the candidate trajectory are only a guess of what
could occur upon execution, we estimate the information
gain at time step t as if no observations have been made
in previous time steps. Therefore, the update of a particle
weight wi

t+1 is done assuming that the previous weight wi
t is

equal to wi
0. In other words, we predict the belief states along

a candidate trajectory as bt=p(xt|u0:t−1, zt, b0) instead of
bt=p(xt|u0:t−1, z1:t, b0).

To compute the differential entropy for a belief state bt,
we use the estimator introduced above in Eq. (5), which
decomposes the entropy into two terms: a weight-based term
Ĥw and a spatial density term ĤΩ. Only the weight term
depends on the simulated measurements; the density term
depends solely on the particle locations after propagating
dynamics. Therefore we only need to marginalise the weight
term over hypothetical measurements, while the density term
can be computed directly from the predicted particles. The
expected weight entropy at time step t is given by

E
[
Ĥw,t

]
=
∑

j

(
−
∑

i

ŵi,j
t log ŵi,j

t

)
wj

0, (7)

where ŵi,j
t is the weight of particle i at time step t when

particle j is assumed to be the true state, i.e.,

ŵi,j
t =

wi
0 P (zt|xj

t )∑
l w

l
0 P (zt|xl

t)
. (8)

Consequently, we define the predicted entropy reduction
from time step t1 to t2 as:

∆Ĥt1,t2 =
(

Ĥw,t1 − E[Ĥw,t2 ]
)

+
(

ĤΩ,t1 − ĤΩ,t2

)
. (9)

In our case, we always evaluate changes relative to the initial
belief at t=0, i.e., ∆Ĥ0,t.

Algorithm 1: Predict Expected Information Gain

Input: Initial particles & weights {(xi
0, w

i
0)}Np

i=1, controls u0:T−1

Output: Max. expected IG ∆Ĥ?
0,t at time step t?

// Precompute constants at t=0

Ĥw,0 ← −
∑Np

i=1 wi
0 logwi

0

Ω0 ← SHAREDSUPPORT
(
{xi

0}
Np

i=1

)
; ĤΩ,0 ← log V (Ω0)

∆Ĥ?
0,t ← −∞; t? ← 0

for t← 0 to T−1 do
// Simulate particle dynamics under ut

xi
t+1 ∼ p(·|xi

t,ut)
// Expected weight entropy (via Eq. (7))

E
[
Ĥw,t+1

]
←

EXPECTEDWEIGHTENTROPY
(
{xi

t, w
i
t}

Np

i=1,ut

)

// Spatial entropy term

Ωt+1 ← SHAREDSUPPORT
(
{xi

t+1}
Np

i=1

)

ĤΩ,t+1 ← log V (Ωt+1)
// Predicted entropy reduction relative to t=0

∆Ĥ0,t+1 ←
(
Ĥw,0 − E[Ĥw,t+1]

)
+
(
ĤΩ,0 − ĤΩ,t+1

)

// Keep track of max. IG and respective time step

(∆Ĥ?
0,t, t

?)← max
{

(∆Ĥ?
0,t, t

?), (∆Ĥ0,t+1, t+1)
}

end
return ∆Ĥ?

0,t, t
?

C. Belief-Dependent Candidate Sampling

To efficiently solve the information-gathering problem in
Eq. (1), it is important to generate candidate trajectories
(ul

0:T−1) that are likely to result in contact with the object.
We adopt the spline-based trajectory representation from [26]
(cf. Appendix C for additional details). This representation
ensures that the trajectory is smooth and kinodynamically
feasible. Generating trajectories with this representation re-
duces to sampling the control points of the spline, which
we refer to as via-points. There are multiple ways to design
the sampling strategy for the via-points based on the current
belief state, but our information-gathering controller is more
effective if the sampling strategy results in a diverse set of
candidate trajectories that are likely to make contact with the
object. In our experiments, we show an example of how this
can be achieved.
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V. PARTICLE FILTER FOR CONTINUOUS OBJECT POSE
ESTIMATION THROUGH CONTACT

The effectiveness of the information-gathering controller
depends on having a reliable state estimator, particularly
given the discontinuous and sparse nature of contact mea-
surements. To estimate the belief state in the control prob-
lem of Eq.(1), we use a particle filter with Np particles
{xi, wi}Np

i=1, where each xi is a state sample and wi ∈ [0, 1]
is its weight, with

∑
i w

i = 1. The belief is updated by prop-
agating particles through a dynamics model and re-weighting
them based on measurement likelihoods, following standard
particle filtering [27]. Assuming known object properties, we
simulate contact dynamics using a physics engine such as
MuJoCo [28]. These dynamics are deterministic given fixed
initial conditions. Unlike prior work [9], [29], we do not
assume the object remains static during contact.

Smooth Measurement Model from Binary Contact: The
measurement model updates the belief state after applying
control ut and observing measurement zt. We infer binary
contact (contact or no-contact) from proprioceptive torque
signals on the robot joints (see Appendix D). However,
modeling contact as a strict binary process, as in [3], is
limiting as it does not account for the fact that the robot
might be close to the object without actually making contact.
In addition, unlike prior work [10], [29], we do not assume
that contact measurements are perfectly discriminative. To
smooth this discontinuous signal, we introduce a proximity-
based measurement model where the probability of contact
decays exponentially with the robot-object distance. Specif-
ically, the likelihood of contact given particle pose xi

k is:

P (zt = 1|xi
t) = αfp + (αtp − αfp) exp(−γ d(qr

t , q
o
i,t)), (10)

where αtp and αfp are the true/false positive contact
rates, γ is a decay rate, and d(·) is the minimum Euclidean
distance between robot and object configurations (not limited
to the end-effector, unlike [30]). The no-contact likelihood
is 1 − P (zt = 1|xi

t). This smoothing improves belief
tracking and reduces particle starvation, but adds computa-
tional overhead due to distance evaluations. As this reduces
but not eliminates the likelihood of particle starvation, we
also introduce a proximity-aware resampling strategy that
replaces low-weight particles with samples better matching
the latest observation, while using standard resampling for
no-contact cases (cf. Appendix D).

VI. EXPERIMENTS

In order to evaluate all core components of our proposed
framework, we conduct two sets of experiments. First, we
demonstrate the proposed framework in a robot setup for
object localisation and subsequent grasping through sparse
contact measurements in Sec. VI-A. Second, we conduct an
ablation study to evaluate the impact of the proposed smooth
measurement model and resampling strategy on the belief
tracking performance in Sec. VI-B.

0 10 20 30 40

Duration [s]

Full Iteration

Particle Filter Update

Planning

Robot Execution

Grasp Success Estimation

Computation Time Distribution

Fig. 3. Overview of computation times for one full iteration and the
different sub-steps of the algorithmic framework, as shown in Fig.2, across
experiments. Boxplots for the sub-steps are sorted from the longest average
duration to the shortest from top to bottom. Dashed red lines correspond to
the mean, and solid black lines to the median.

A. Robot Experiments

a) Setup: We use a Franka Emika robot manipulator
to localise and grasp a box in its workspace (see Fig. 1).
The binary contact measurements are computed from the
measured external torques acting on the robot joints (see
Appendix D).We show an overview of the different steps in
the proposed system consisting of the information-gathering
controller and the state estimation in Fig. 2. Given only an
initial set of particles sampled from a bi-modal Gaussian
mixture distribution, we repeatedly sample candidate trajec-
tories, estimate their information gain, execute the highest
information gain trajectory, update the particle filter belief
and finally estimate the probability of successfully grasping
the box given the updated belief (cf. Appendix D). If the
estimated probability of success is above a given threshold,
the robot attempts an open-loop grasp of the object. In order
to ensure that we generate candidate trajectories that are
likely to result in contact events, we sample the via-points
such that the corresponding trajectories poke into the object
belief. More precisely, we generate the final via-points by
importance sampling particles from the current belief. Then,
for each particle, we uniformly sample a point within the
object’s volume and compute the inverse kinematics solution
such that the robot’s end-effector reaches the sampled point.
We constrain our motions to poking due to the unreliability
of the external torque measurements, which makes it difficult
to distinguish between contact and no-contact when the robot
pushes an object over longer distances. For each experiment,
we report the grasp success rate (with 95% Wilson confi-
dence intervals) and the mean number of iterations required
to achieve a successful grasp. The number of iterations is
limited to 15. We run each experiment 30 times with random
initial box poses. More implementation details for the robot
experiments can be found in the Appendix D.

b) Baselines: We compare our information-gathering
controller against two baselines: i) Uninformed baseline:
the framework described above but without an information-
gain metric to choose trajectories; and ii) Maximum contact
baseline: the framework described above, but that chooses
trajectories that maximise the number of particles contacted
in the belief state.

c) Results: The results, summarised in Table I, show
that the proposed method significantly outperforms both
baselines in terms of success rate and efficiency. A compila-

6. Actively Reducing Uncertainty via Belief-Space Control through Contacts 127



Fig. 4. Ablation Study of Sensor Models and Resampling Strategy. We use the following setup to compare three particle-filter variants. A circular robot
(dark green) pushes a rectangular object (pink) along a fixed straight-line trajectory (light green) in a planar quasi-static setting. The left-most panel shows
the initial particle distribution and ground-truth (GT) state; the next panel shows the GT rollout with contact events in red. To the right of the dashed line,
we compare the binary sensor model [3], our smooth sensor model, and our smooth model in combination with contact-aware resampling. The smooth
model with resampling best preserves particle diversity and while still accurately tracking the belief.

TABLE I
ROBOT EXPERIMENTS: PROPOSED APPROACH COMPARED TO BASELINES

Models Success rate ↑ Avg. num. iterations (± std.) ↓
Proposed 0.8 [0.63, 0.90] 9.37 ±3.47

Uninformed 0.23 [0.12, 0.41] 12.53 ±3.68

Max. Contact 0.33 [0.19, 0.51] 13.77 ±2.76

TABLE II
ABLATION RESULTS OF PARTICLE FILTER

Method MSE ↓ Active Particles ↑
Position Orientation (%)

Binary 0.023 ± 0.01 0.208 ± 0.09 0.038 ± 0.02
Smooth 0.019 ± 0.01 0.185 ± 0.10 0.077 ± 0.03

Smooth &
Resampled 0.018 ± 0.01 0.164 ± 0.17 0.511 ± 0.14

tion of all experiments, showcasing our approach alongside
the baselines, is provided in the accompanying video1. No-
tably, for the given object, the margin of error in the object
localisation, allowing for a successful grasp, is very small, as
the end-effector width is slightly larger than the object width.
We also report the computation times spent on different parts
in the algorithmic pipeline across iterations of the algorithm
and experiment runs for our approach in Fig. 3.

B. Ablation Studies

We compare three particle-filter variants: (i) the binary
sensor model of [3], (ii) our smooth sensor model, and
(iii) the smooth model with resampling. We evaluate their
performance in a planar, quasi-static simulation with a cir-
cular robot and a rectangular object with each run using
100 particles and a straight-line robot trajectory (see the
qualitative example in Fig. 4). We report the Mean Squared
Error (MSE) ± std over 1,000 runs in position and orien-
tation computed over the top-10 weighted particles, and the
final share of active particles (AP), defined as the fraction
of particles with weights > 10−4 (Table II). Relative to
the binary baseline, the smooth model yields better position
estimates, and adding resampling further improves position
accuracy. While resampling slightly worsens orientation er-
ror, it substantially increases particle diversity, consistent
with the qualitative example in Fig. 4. The share of active

1Note that the AR-tag in the videos was only used to add the initial and
final ground truth object position to the Mujoco renderings in the videos.

particles is highest with resampling. Note that we do not
resample at the final step to obtain a realistic estimate of
particle diversity; immediately after resampling, the share of
active particles would trivially be one.

VII. LIMITATIONS

We acknowledge several limitations and outline promising
future directions. First, the applicability of our method to
replanning is limited by the computational cost of rolling out
candidate control trajectories in a physics engine. Replacing
this with a learned contact dynamics model from real-
world data could reduce the current computational com-
plexity, while also eliminating the need for known object
properties (e.g., mass, friction), and better capturing the
inherent stochasticity of contact interactions. Second, our
current setup assumes an uncluttered scene and uses sparse
binary contact signals. Richer tactile sensing would enable
detection of lighter or more diverse objects. Future work
will consider more complex, cluttered environments and
varied object geometries. While our approach is not tied to
specific geometries, sim-to-real discrepancies may grow with
non-rigid or more complex objects. Incorporating residual
dynamics learning could enhance robustness to these chal-
lenges. Lastly, a compelling extension would be to broaden
the information-theoretic framework beyond sensing-driven
actions to include actions that actively funnel uncertainty
into smaller regions of the state space, as explored in prior
work [31]–[33].

VIII. CONCLUSION

We presented a continuous-state, touch-only localisation
framework capable of operating under high initial uncer-
tainty. Our system combines a proximity-aware contact
model with contact-aware resampling to maintain informa-
tive, non-parametric particle beliefs during physical interac-
tion. A central component of our approach is the use of
a k-nearest-neighbour-based entropy estimator that accounts
for both observation-driven weight changes and interaction-
driven shifts in particle distribution. This enables effective
evaluation of candidate actions based on how they reshape
the belief through both sensing and dynamics. To the best of
our knowledge, this is the first use of knn-based estimators
for action selection in active tactile object localisation, where
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the belief evolution is fundamentally shaped by contact and
physical interaction. We validate our method in simulation
and on real hardware, demonstrating reliable localisation and
grasping under large, multi-modal uncertainty regions, far
beyond those addressed in prior work. Compared to baselines
relying on heuristic contact maximisation or weight-only
entropy, our approach yields higher success rates and more
efficient exploration. These results highlight the importance
of explicitly modelling both the sensory and physical struc-
ture of contact for information-driven manipulation.
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6.1 Differential Entropy of Non-Parametric Be-
liefs

This section expands upon the particle-based differential entropy estimator for

weighted particle sets introduced in Section IV-A of the main paper. Previously

presented in the Appendix, this content is now integrated into the main body of

the chapter to facilitate a conceptual comparison with existing kNN-based entropy

estimators from the literature.

Estimator We consider a belief represented by a set of particles {xi}Ni=1 with

associated weights {wi}Ni=1. To estimate the differential entropy of a particle-based

belief, we approximate the belief as a mixture of uniform distributions, each centred

at a particle xi with weight wi and shared support Ω ⊆ X , a bounded region in

state space with hypervolume V (Ω)=
∫

Ω 1dx:

b̂(x) =
∑
i

wi U(x− xi,Ω), (6.1)

where U(x,Ω) denotes the uniform density over Ω, i.e. U(x,Ω) = 1/V (Ω) if x ∈ Ω

and zero otherwise. The differential entropy of such a belief can be approximated as

Ĥ [x] = −
∑
i

wi logwi + log V (Ω), (6.2)

where the hypervolume V (Ω) encodes the local density of the particles. In the

following, we will use V (Ω) and V interchangeably. We determine the shared

support Ω as follows: i) For each particle i, fit a tight bounding box ρΩi to its

ρ-nearest neighbors, ii) compute the average bounding box ρΩ̄ by averaging box

dimensions, and iii) scale it to obtain Ω = ρΩ̄
( d√ρ−1) , where d is the number of

dimensions. This procedure captures local particle density, i.e., higher densities

lead to smaller V (Ω) and lower entropy. The hyperparameter ρ controls the locality

of the approximation: small values capture multimodality; large values yield global

smoothing. We also illustrate the computation of Ω in Fig. 6.1. Thus, Eq. (6.2)
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Figure 6.1: Computation of the shared support Ω that is used to construct the probability
density function p for a set of weighted particles (•). After fitting a tight bounding
box ρΩi (�) to the ρ = 6 nearest neighbours of each particle, we scale the mean bounding
box ρΩ̄ to obtain the shared support Ω (�) that is used across all particles.

can be interpreted as consisting of two parts:

Ĥ [x] = −
∑
i

wi logwi︸ ︷︷ ︸
Ĥw[x]

+ log V (Ω)︸ ︷︷ ︸
ĤΩ[x]

,

where Ĥw[x] depends only on the weight distribution and ĤΩ[x] captures the local

density encoded by the shared support.

Computational Complexity The main cost is computing ρ-nearest neighbors

for Np particles, with complexity O(NpD log(Np + ρ)) using a ball tree. This is

more efficient than kernel density estimation with complexity O(N2
pD

3) (Fischer

and Tas, 2020).

Limitation The differential entropy may diverge to −∞ if the distribution

collapses in any dimension, which corresponds to V (Ω) → 0. To mitigate this,

we compute entropy only over relevant dimensions (e.g., omitting z-dimension

if particles lie on a table).
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6.1.1 Upper Bound on the Entropy of a Uniform Mixture
Distribution

We now show that the estimator in Eq. (6.2) provides an upper bound on the true

differential entropy of the uniform mixture distribution defined in Eq. (6.1).

Derivation of the Upper Bound The differential entropy of a continuous

random variable x ∈ X ⊆ Rd with density p(x) is

H [x] = −
∫
X
p(x) log p(x) dx. (6.3)

For the mixture distribution in Eq. (6.1), this becomes

H [x] = −
∫
X

(∑
i

wiUi(x)
)

log
(∑

j

wjUj(x)
)
dx, (6.4)

where we denote Ui(x) = U(x−xi,Ω). Pulling the first sum out of the integral yields

H [x] = −
∑
i

wi
∫
X
Ui(x) log

(∑
j

wjUj(x)
)
dx. (6.5)

Since Ui(x) has support Ωi = Ω − xi, this simplifies to

H [x] = −
∑
i

wi
∫

Ωi

1
V

log
(∑

j

wjUj(x)
)
dx. (6.6)

The integral in Eq. (6.6) cannot be evaluated in closed form due to possible overlaps

of the uniform components. To bound it, we use the inequality

log
(∑

j

wjUj(x)
)
≥ log

(
wi 1

V

)
, (6.7)

which holds for all x ∈ Ωi. Equality arises if the supports of different components

do not overlap, i.e., Ωi ∩ Ωj = ∅,∀i 6= j. Substituting Eq. (6.7) into Eq. (6.6) gives

H [x] ≤ −
∑
i

wi
∫

Ωi

1
V

(
logwi + log 1

V

)
dx. (6.8)

Since the integrand is constant over Ωi, the integral resolves directly, yielding

H [x] ≤ −
∑
i

wi
(

logwi + log 1
V

)
. (6.9)

Finally, using ∑
iw

i = 1, we arrive at

H [x] ≤ −
∑
i

wi logwi + log V, (6.10)

which matches the estimator in Eq. (6.2), thereby confirming it as an upper bound

on the true entropy.
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(a) Entropy approximations using 100 particles.

(b) Entropy approximations using 1000 particles.

Figure 6.2: Comparison of the proposed particle-based entropy estimator
(Eq. (6.2)) for different numbers of nearest neighbours ρ used to compute the shared
support Ω, against (i) a KDE-based approximation with a multivariate Gaussian kernel
and (ii) the analytical differential entropy, evaluated on three different ground-truth
probability distributions. All approximations are computed on a set of either (a) 100
or (b) 1000 particles sampled from the respective distribution. Parameter β scales the
entropy of the ground truth distributions, shown in the inset plots for β=1, as follows:
Left: Gaussian distribution with covariance matrix scaled by β. Center: Gaussian mixture
distribution with two fixed components on the right-hand side and one scaled component
on the left-hand. All components do not overlap. Right: Distribution of two independent
variables, x1 following a uniform distribution and x2 a Gamma distribution with the rate
parameter set to β.

Quantitative Analysis of the Approximation Quality of the Entropy

Estimate We perform a quantitative analysis of the estimator, shown in Fig. 6.2,

for three theoretical ground truth distributions that have an analytic solution for

the differential entropy in Eq. (6.3). We compare the analytic solution against the

estimator in Eq. (6.2), denoted as “ours”, with varying numbers of ρ neighbours in

the computation of the shared support Ω against a kernel-based (KDE) entropy

approximation, defined as

Ĥ[x] = −
m∑
i=1

wi log
(∑

i

wi k(x,xi)
)
. (6.11)
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We use a multivariate Gaussian kernel k with the bandwidth matrix tuned according

to Silverman’s rule of thumb (Silverman, 2018; Fischer and Tas, 2020). We evaluate

the approximations on a set of either 100 or 1000 particles sampled from the

respective distribution across 100 runs. Our estimator (Eq. (6.2)) outperforms the

kernel-based approximation in Eq. (6.11) in terms of overall accuracy. Regarding the

hyperparameter ρ, the GMM example shows that using a lower number of nearest

neighbours in the support computation is able to better capture the local densities

of the distribution. Last, we note that while the approximation for a newly sampled

set of particles can be noisy, it still captures the monotonic trend of the ground

truth entropy. Even more importantly, for reducing uncertainty, the approximation

is deterministic and thus captures small changes to a given set of particles.

6.2 Limitations and Future Work

Computational Efficiency One limitation of the current approach, as also

mentioned in the main paper, is its computational efficiency. We have shown an

overview of the computation times in Figure 3 in the paper. To elaborate further,

we see two main bottlenecks: (i) the rollout of the belief dynamics, in particular

when computing the entropy estimates of the sampled trajectories, and (ii) the

distance computations in the smooth sensor model and the resampling strategy.

For (i), we believe that an interesting direction for future work would be to explore

learned belief dynamics models, such as recently presented by (Tremblay et al.,

2025), which could potentially speed up the rollouts significantly. For (ii), besides

potential hardware improvements, i.e. using richer sensors that would eliminate the

need for smoothing, we could also explore learned particle resampling strategies,

e.g. using learned models to predict particles along the difficult to model contact

manifold (Röstel et al., 2022). In addition, we could explore learning a generative

sensor model (Chen and Li, 2023), instead of the full belief dynamics, which would

equally remove the need for distance computations. A promising approach could,

for instance, be to combine the learned state estimation approach from (Röstel

et al., 2022) with our information-gathering control framework.
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Solving the Underlying POMDP While our work presents a sampling-based

approach to belief space control, it does not solve the underlying POMDP in a

principled manner. Future work could explore solving the underlying POMDP

more explicitly. While traditional POMDP solvers are not directly applicable

due to the continuous and high-dimensional nature of the belief space, recent

advances in Monte Carlo Tree Search (MCTS) for continuous spaces (Sunberg and

Kochenderfer, 2018) could be adapted to our setting. The discontinuities in belief

dynamics caused by contact-based observations could then be managed using the

approaches proposed here, or by learning a smooth surrogate of the belief dynamics,

as outlined above. The algorithm could then be structured in a similar fashion to

MuZero (Schrittwieser et al., 2020) or BetaZero (Moss et al., 2023), where online

Monte Carlo Tree Search is sped up by learning from experience in an offline policy

iteration step that learns neural network surrogates of the value function and the

action-selection policy. Yet, both approaches still assume that propagating the

belief state through the search tree is computationally inexpensive, which is not

the case in our setting, where the belief state is continuous and high-dimensional.

Hence, again learned surrogates of the belief state dynamics could be used to

propagate the belief state through the search tree.
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7
Conclusions

In this thesis, we presented theoretical and algorithmic contributions towards

robot manipulation under uncertainty. Contact-rich manipulation presents unique

challenges for planning and control due to the inherent uncertainty in contact

dynamics, the high dimensionality of the state and action spaces, and the dis-

continuities introduced by contact events. Addressing these challenges requires

methods that can effectively handle uncertainty, adapt to changing environments,

and efficiently explore complex solution spaces. We proposed four complementary

methods that address different facets of planning and control for robot manipulation

under uncertainty, unified by a reliance on sampling-based optimisation as a robust,

general-purpose tool for handling discontinuities and non-smoothness in dynamics

and cost functions. A central insight from this thesis is that the uncertainty inherent

in contact-rich manipulation can be addressed through a combination of implicit

and explicit strategies, depending on the nature and context of the uncertainty.

Implicit Uncertainty Handling In scenarios where uncertainty is predom-

inantly aleatoric and arises from sensor noise or unpredictable contact events,

frequent replanning, enabled by sampling-based MPC, can effectively mitigate its

impact. We referred to methods presented in this context as implicit approaches to

uncertainty handling, as they do not explicitly model or reason about uncertainty,

137
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but rather rely on the controller’s ability to adapt quickly to new information. In

Chapter 3, we built on the insight that stochastic optimisation methods, such as

CMA-ES, provide a powerful means of addressing the discontinuous and non-convex

optimisation landscapes induced by contact dynamics. We proposed a new trajectory

parameterisation that maps a small set of via-points to continuous, timing-optimal

motions, enabling the incorporation of informative probabilistic priors, such as

smoothness and a contact-making bias, directly into the optimisation process. These

priors facilitated efficient exploration of the contact space, allowing the robot to make

and break contacts in real time, even in the presence of unmodelled interactions and

abrupt environmental changes. While this approach has been shown to be effective

in real-time contact-rich control, it remains limited in two important ways. First, the

underlying sampling process relies on Gaussian distributions, which constrains the

expressiveness of the trajectory proposals and, consequently, the diversity of solutions

that could be explored during optimisation. Second, because of the shooting-based

formulation, the computational efficiency of the approach is fundamentally limited

by the need for forward simulations of complex contact dynamics, restricting both

the planning horizon and the number of samples that can be evaluated within the

time budget available for online control. To overcome these limitations, Chapter 4

explored how more expressive sampling distributions can be learned from offline

planner data. In particular, we trained generative models on control sequences

collected from running sampling-based MPC methods with longer horizons, larger

sample sizes and without real-time constraints. This enables fast online control

that retains the benefits of sampling-based optimisation while leveraging richer,

data-driven proposal distributions. We demonstrated that this approach can solve

complex loco-manipulation tasks that require both expensive forward simulations

and long planning horizons, which are infeasible with standard sampling-based

MPC methods. Together, these two chapters highlighted the effectiveness of implicit

uncertainty handling through reactive control with sampling-based MPC methods.
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Explicit Uncertainty Handling In scenarios where uncertainty is predom-

inantly epistemic, arising from partial observability, unmodelled dynamics, or

unknown object properties, reactive control alone is insufficient. In such cases, a

robot must explicitly reason about uncertainty, anticipating its effects on future

outcomes and, when necessary, acting to actively reduce it. This requires methods

that can model uncertainty, predict its evolution over time, and incorporate it

into the planning process. To this end, we extended the VP-STO framework from

Chapter 3 to account for stochastic system dynamics through chance constraints in

Chapter 5. A tractable sample-efficient approximation of chance constraints allowed

the planner to generate motions that satisfy constraints with high probability,

while still being real-time capable. This approach lets the planner balance task

performance with robustness to uncertain outcomes, leading to more reliable

and efficient behaviour in environments with stochastic dynamics. While we

demonstrated the approach in the context of dynamic obstacle avoidance, the

method is broadly applicable to a wide range of robotic systems and tasks, including

contact-rich manipulation, making no assumptions about the specific structure

of uncertainty beyond sampling-based access to the underlying distributions. In

contrast, Chapter 6 focused on state uncertainty, proposing a belief-space control

approach for global object localisation through contact-based exploration. The key

insight here is that information-theoretic objectives, such as entropy, if accounting for

contact interactions, can provide offer a principled means to select actions that reduce

uncertainty in partially observable settings in order to achieve a downstream task.

Bridging Reactive and Robust Control Together, these contributions high-

light a central insight of this thesis: robust and general-purpose robot manipulation

arises from integrating both implicit and explicit approaches to uncertainty han-

dling. Relying solely on reactive replanning limits foresight, while reasoning about

uncertainty without reactivity constrains adaptability. By bridging these paradigms,

this thesis demonstrates that sampling-based optimisation naturally accommodates

both reactive control and explicit consideration of uncertainty, linking real-time
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adaptability with robustness to uncertainty. This integration moves us closer to a

cohesive framework for robot manipulation that is capable of operating reliably in

the complex, uncertain environments that define real-world manipulation.

7.1 Future Work

As with all research, this thesis opens up many avenues for future exploration. We

have already discussed several limitations and future directions in the respective

chapters. Below, building on the foundations laid in this thesis, we outline some

broader directions that draw connections between multiple chapters and that we

consider particularly promising towards the ultimate goal of robust and general-

purpose robot manipulation in unstructured, uncertain environments. While we have

demonstrated methods that can handle uncertainty in contact-rich manipulation, the

respective demonstrations have so far still been limited to controlled lab settings. Yet,

the ultimate goal is to make these methods work in truly unstructured environments,

such as homes, offices, and public spaces. Imagine a robot helping us cook dinner: it

needs to fetch ingredients from cluttered shelves, open jars and bottles, use utensils

to prepare food, and clean up afterwards. This requires a robot to manipulate a

wide variety of objects, often in contact-rich ways, while dealing with significant

uncertainty about the environment, object properties, and its own state. Some

of the objects may be partially occluded, deformable, or articulated, making it

challenging to perceive and model them accurately. A robot will also need to

adapt to dynamic changes in the environment, such as moving objects or people,

and handle unexpected events, such as spills or dropped items. We believe that

achieving this level of autonomy will require combining the strengths of the methods

presented in this thesis with advances in other areas, such as world models, and

state representation learning. Below, we discuss these directions in more detail.

World Models The core limitations of the model-based methods presented

in this thesis are the reliance on full-state information and the computational

burden of forward simulations with physics-based models. Learning-based dynamics
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models (Ai et al., 2025) show great potential to addressing these limitations.

Traditional physics-based models, while interpretable and grounded in first principles,

often fail to capture the full complexity of real-world dynamics, especially in contact-

rich scenarios where frictional interactions, compliance, and unmodelled effects

play a significant role, also known as simulation-to-reality (sim-to-real) gap (Zhao

et al., 2020). Moreover, most of these models are limited to rigid-body dynamics,

while extending them to deformable or articulated systems introduces substantial

additional complexity and computational cost. Trained directly from interaction or

sensory data, learned dynamics models offer a promising alternative to analytical

models by implicitly capturing real-world dynamics. Such models can reduce

reliance on precise system identification, compensate for state estimation errors,

and in some cases bypass state estimation altogether by learning latent dynamics

from raw sensory inputs (Hafner et al., 2019). Incorporating these data-driven

approaches may enhance robustness, improve sim-to-real transfer, and enable more

adaptive and computationally efficient control frameworks. While world models

have shown great promise in model-based reinforcement learning (Li et al., 2025;

Wu et al., 2023; Hafner et al., 2025), their integration with MPC has been less

explored, with some notable exceptions (Hansen et al., 2022; Zhou et al., 2024;

Huang et al., 2025; Jain et al., 2025). For the methods presented in this thesis,

learned dynamics models could not only help reducing the computational burden

of forward simulations, but could also enable planning directly from raw sensory

inputs. However, besides their potential, they also introduce new challenges, such

as model bias and compounding errors over long horizons. Addressing these issues

requires careful model design, uncertainty quantification methods (e.g., conformal

prediction (Sun et al., 2023)), and integration with robust planning methods, such

as those presented in this thesis. In addition, besides solely using fixed learned

models for planning, an interesting direction would be to explore online adaptation

of learned models, e.g. through online system identification (Xu et al., 2019; Ai

et al., 2024). The methods presented in Chapter 6 could be particularly useful in
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this context, as they provide a means to actively reduce uncertainty about model

parameters through contact-based exploration.

State Representation Learning Most methods presented in this thesis assume

access to full-state information, which is often not available in real-world scenarios.

For some tasks, it might not even be clear what the relevant state variables are,

e.g. when manipulating deformable objects or articulated objects with unknown

kinematic structures. In Chapter 6, we addressed this challenge by representing the

state as a belief over object poses, which can be inferred from contact interactions.

However, this approach still relies on a known object model and the true underlying

state is captured by a pose in SE(3). Moving beyond known object models and

full-state information requires methods that can learn compact, task-relevant state

representations directly from raw sensory inputs, such as images or point clouds.

The choice of state representation has a profound impact on the performance of

planning and control algorithms, as it determines the complexity of the dynamics

model, the expressiveness of the policy, and the efficiency of the optimisation process.

Learning such representations is a challenging problem, as it requires disentangling

relevant features from high-dimensional sensory data, while also ensuring that

the learned representation is suitable for control (Ai et al., 2025). We consider

this an important direction for future research, as it would significantly broaden

the applicability of the methods presented in this thesis to more complex and

unstructured environments. An orthogonal direction is to explore the use of teacher-

student distillation (Miki et al., 2022; Chou and Tedrake, 2023; Yamada et al.,

2024) to distill vision-based policies from state-based policies. This could possibly

equally enable the use of the methods presented in this thesis in scenarios where

only raw sensory inputs are available at test time, while still leveraging the benefits

of state-based planning and control during training.

Distributional Robustness A core assumption throughout this thesis is that the

uncertainty distributions are accurately represented by the available samples. While

we account for the approximation error due to finite sampling, we do not consider
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the possibility that the samples may not accurately reflect the true underlying

distributions. This could be partially addressed by learning dynamics models that

are able to better capture unmodelled dynamics, as discussed above. However, it

would also be interesting to explore distributionally robust approaches that explicitly

account for model misspecification, i.e. epistemic uncertainty, and distributional

shifts (Chaouach et al., 2022; Hakobyan and Yang, 2021).

Beyond Unimodal Search Distributions Both VP-STO and CC-VPSTO rely

on CMA-ES as the underlying optimisation algorithm, which uses a uni-modal

Gaussian search distribution. While this has shown to be effective in practice,

it also limits the expressiveness of the trajectory proposals and, consequently,

the diversity of solutions that could be explored during optimisation. We have

gone towards multi-modality with learned proposal distributions through flow-

matching in GPC, but the data was still generated with a uni-modal Gaussian

search distribution. While Sacks and Boots (2023) and Power and Berenson (2024)

have recently explored learning more expressive search distributions specifically

for MPPI, it would be interesting to explore multi-modal search distributions

in VP-STO and CC-VPSTO, e.g. through multi-population evolution strategies

instead of CMA-ES. Orthogonal to the expressiveness of the search distribution,

but with the same goal of improving the efficiency of the sampling process, it would

also be interesting to include better exploration strategies, e.g. through diversity

measures from the reinforcement learning literature (Zahavy et al., 2022; Braun

et al., 2025), into the sampling process.
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Generative Models From and For Sampling-Based MPC:
A Bootstrapped Approach For Adaptive Contact-Rich Manipulation

Lara Brudermüller1,2,∗, Brandon Hung2, Xinghao Zhu2, Jiuguang Wang2,
Nick Hawes1, Preston Culbertson2,3,†, Simon Le Cleac’h2,†

Abstract— We present a generative predictive control (GPC)
framework that amortizes sampling-based Model Predictive
Control (SPC) by bootstrapping it with conditional flow-
matching models trained on SPC control sequences collected in
simulation. Unlike prior work relying on iterative refinement
or gradient-based solvers, we show that meaningful proposal
distributions can be learned directly from noisy SPC data,
enabling more efficient and informed sampling during online
planning. We further demonstrate, for the first time, the
application of this approach to real-world contact-rich loco-
manipulation with a quadruped robot. Extensive experiments
in simulation and on hardware show that our method improves
sample efficiency, reduces planning horizon requirements, and
generalizes robustly across task variations.

I. INTRODUCTION

Reactive contact-rich (loco-)manipulation in high-
dimensional state and action spaces poses significant
challenges for real-time control. Sampling-based Model
Predictive Control, or sampling-based predictive control
(SPC), offers a principled framework to address these
challenges by solving trajectory optimization problems
online with a model in the loop, enabling adaptive
behavior and constraint satisfaction [1]–[4]. However, the
computational cost of forward simulation, combined with
the challenge of effectively exploring the search space
in high-dimensional, contact-rich environments, limits the
applicability of real-time optimization to more complex
behaviors and higher-frequency control.

To address this, a promising line of work seeks to amortize
the computational burden of online optimization by shifting
it to an offline phase [5]–[7]. The key idea is to collect
data, either from expert demonstrations or from model-based
planning, and use it to train a generative model that captures
the distribution of useful actions or control sequences. At
test time, this model can then be used to guide or warmstart
the sampling distribution in MPC, drastically improving
efficiency and solution quality by focusing sampling on high-
likelihood, constraint-satisfying regions of the action space.

Recent advances in generative modeling, particularly dif-
fusion and flow-matching models, have shown strong per-
formance in learning expressive policies for dexterous ma-
nipulation tasks [8]–[10]. Similarly, offline model-based rein-
forcement learning methods [11], [12] leverage precomputed
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2Robotics and AI Institute (RAI), Boston, USA.
3Cornell University, USA.
∗This work was done while Lara Brudermüller was an intern at the

Robotics and AI Institute.
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Fig. 1. Generative predictive control (GPC) framework for bootstrapping
sampling-based Model Predictive Control (SPC). We collect open-loop
control sequences from an SPC algorithm in simulation and use them to
train a generative proposal distribution. At test time, this model guides and
amortizes online MPC, enabling non-myopic, constraint-satisfying behavior
with improved sample efficiency and robustness in contact-rich, high-
dimensional settings.

data to enable fast runtime control via policy networks
trained to approximate optimal solutions. Yet, these methods
are often limited by the scope of their training data and
struggle to generalize to out-of-distribution (OOD) states
or tasks. In response to these limitations, several recent
works demonstrate that bootstrapping online planners with
offline-trained generative models leads to faster convergence,
better exploration, and more robust performance in complex
environments [7], [13]–[15]. In this paper, we adopt this
amortized optimization perspective, focusing on how offline
data collection and generative modeling can be used to accel-
erate and guide online sampling-based MPC in contact-rich,
high-dimensional settings while maintaining the flexibility
and adaptability of online optimization.

Contributions: We propose a generative predictive con-
trol (GPC) framework that bootstraps SPC with conditional
flow-matching models trained on SPC control sequences
collected in simulation. To the best of our knowledge, we are
the first to show that meaningful proposal distributions can
be learned directly from noisy SPC data without requiring
expert refinement or numerical solvers. We are also the first
to demonstrate this approach on real hardware in a contact-
rich loco-manipulation task, and show that it improves
sample efficiency and generalizes robustly to task variations
in both simulation and real world.
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APPENDIX

A. Implementation Details

We describe the implementation of our generative model
and sampling-based MPC algorithm, used for both offline
data collection and online control.

Data Collection: We collect training data using a
sampling-based MPC controller in simulation for a maximum
of 2500 time steps per episodes in both tasks, which gener-
ates open-loop control sequences. For Push-T, trajectories are
cubic splines with 4 control points; for Spot, they consist of
4 linearly interpolated waypoints. All data is represented in
the world frame, not relative to the robot. Although we tested
robot-centric representations, they did not yield performance
improvements. We collected 67,667 Push-T sequences from
1,000 successful episodes and 211,832 Spot sequences from
1,700 episodes. For evaluation, we use fixed sets of randomly
sampled initial states for each task, shared across all methods
and runs to ensure consistency.

Training Details: We implemented our baseline CVAE
and conditional flow-matching models as MLPs trained with
a batch size of 40,000 and the Adam optimizer with a
learning rate 0.0001, cosine annealing schedule, 500 warmup
steps over 1,000 epochs. The model predicts 4 control points
conditioned on the current robot and object state and the
previous replanning state (history length = 1). Orientations
are represented using sine-cosine encodings of yaw angles.
Although Spot expects velocity commands, we predict ab-
solute positions and convert them to velocities via finite
differences during online control.

Cost Functions: Both tasks use a weighted sum of cost
terms computed over the full-resolution control sequence
(0.01s for Push-T, 0.02s for Spot). The cost components are:

1) Robot-Object Proximity: L2 distance between the robot
and object. For Spot, we penalize both torso and end-
effector distances.

2) Velocity Penalty: L2 norm of robot joint velocities.
3) Goal Reaching: L2 distance and angle difference be-

tween object and goal, plus a progress term penalizing
lack of advancement over time.

4) Joint Limits (Spot): Penalty for exceeding arm joint
limits (leg joints are handled by the low-level policy).

5) Fall Penalty (Spot): Large penalty if the torso height
drops below a threshold, preventing falls.

6) Object Tipping (Spot): Large penalty if the chair’s
z-axis deviates from vertical, discouraging it from
tipping over.

Weights were tuned empirically and will be provided in
the released code.

A. Appendices of Chapter 4 160
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Abstract
Reliable robot autonomy hinges on decision-making systems that account for uncertainty without imposing overly
conservative restrictions on the robot’s action space. We introduce Chance-Constrained Via-Point-Based Stochastic
Trajectory Optimisation (CC-VPSTO), a real-time capable framework for generating task-efficient robot trajectories that
satisfy constraints with high probability by formulating stochastic control as a chance-constrained optimisation problem.
Since such problems are generally intractable, we propose a deterministic surrogate formulation based on Monte Carlo
sampling, solved efficiently with gradient-free optimisation. To address bias in naı̈ve sampling approaches, we quantify
approximation error and introduce padding strategies to improve reliability. We focus on three challenges: (i) sample-
efficient constraint approximation, (ii) conditions for surrogate solution validity, and (iii) online optimisation. Integrated
into a receding-horizon MPC framework, CC-VPSTO enables enables reactive, task-efficient control under uncertainty,
balancing constraint satisfaction and performance in a principled manner. The strengths of our approach lie in its
generality, i.e., no assumptions on the underlying uncertainty distribution, system dynamics, cost function, or the form
of inequality constraints; and its applicability to online robot motion planning. We demonstrate the validity and efficiency
of our approach in both simulation and on a Franka Emika robot. Videos and additional material are made available
here.

Keywords
Chance-Constrained Optimisation, Stochastic Model Predictive Control, Trajectory Optimisation

1 Introduction

Uncertainty is inherent to most real-world robotics appli-
cations, arising from noisy sensors, imprecise actuators,
and incomplete or evolving knowledge of the environment.
Effectively managing this uncertainty is essential for achiev-
ing reliable and efficient robot behaviour, particularly in
online motion planning tasks that require fast adaptation
to new information. In this work, we adopt a chance-
constrained perspective, where constraints such as collision
avoidance (cf. Fig. 1), force limits, or task completion can-
not be guaranteed but must instead be satisfied with high
probability (Prékopa 2013; Dai et al. 2019). Unlike tradi-
tional robust control methods (Köhler et al. 2023; Majumdar
and Tedrake 2017; Badings et al. 2023) that optimise for
the worst-case scenario under bounded uncertainty, chance
constraints enable a more general, probabilistic treatment of
uncertainty (Margellos et al. 2014; Schildbach et al. 2014),
allowing for more explicit trade-offs between constraint
satisfaction and task efficiency.

Crucially, we are interested in an online robot motion
planning setting where constraint violations are undesirable
but not catastrophic, and where performance (e.g., motion
duration) remains important. Our objective is to trade off
constraint satisfaction and task performance in a principled
manner that avoids unnecessary conservatism. While Model
Predictive Control (MPC) can implicitly provide some

robustness via frequent replanning, it typically relies on
deterministic models, leading to brittle, myopic behaviour
in stochastic settings. Incorporating probabilistic information
directly into the control loop remains a key challenge, but
is essential for enabling more flexible and robust decision-
making in uncertain environments.

Chance-constrained formulations, which require that
constraints must be satisfied with high probability (e.g.,
at least 95%), offer a natural solution but are in
general intractable (Blackmore et al. 2010). One common
strategy is to approximate the chance constraint and
reformulate the problem as a deterministic surrogate that
can be addressed using standard optimisation techniques.
However, identifying a suitable approximation is often non-
trivial. Common approaches either introduce significant
conservatism at the cost of task efficiency (Lew et al.
2023; Calafiore and Campi 2006), or, like naı̈ve sample
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7 Trajectory Representation

The way we represent trajectories is based on previous
work showing that the closed-form solution to the following
optimisation problem

min
Z 1

0

q00(s)>q00(s)ds

s.t. q(sn) = qn, n = 1, ..., N

q(0) = q0, q
0(0) = q0

0, q(1) = qT , q0(1) = q0
T

(4)

is given by cubic splines (Zhang et al. 1997) and that it can
be formulated as a weighted superposition of basis functions
(Jankowski et al. 2022). Hence, the robot’s configuration is
defined as q(s) = �(s)w 2 RD, with D being the number
of degrees of freedom. The matrix �(s) contains the
basis functions which are weighted by the vector w*. The
trajectory is defined on the interval S = [0, 1], while the time
t maps to the phase variable s = t

T 2 S with T being the
total duration of the trajectory. Consequently, joint velocities
and accelerations along the trajectory are given by q̇(s) =
1
T �0(s)w and q̈(s) = 1

T 2�
00(s)w, respectively†. The basis

function weights w include the trajectory constraints
consisting of the boundary condition parameters wbc =
[q>

0 , q0>
0 , q>

T , q0>
T ]

> and N via-points the trajectory has to
pass through qvia = [q>

1 , . . . , q>
N ]

> 2 RDN , such that w =
[q>

via, w
>
bc]

>. Throughout this paper, the via-point timings sn

are assumed to be uniformly distributed in S . Note, that
boundary velocities map to boundary derivatives w.r.t. s
by multiplying them with the total duration T , i.e., q0

0 =
T q̇0 and q0

T = T q̇T . Furthermore, the optimisation problem
in Eq. (4) minimizes not only the objective q00(s), but
also the integral over accelerations, since q00(s) = T 2q̈(s)

and thus the objective
R 1

0
q̈(s)>q̈(s)ds directly maps to

1
T 4

R 1

0
q00(s)>q00(s)ds, corresponding to the control effort. It

is minimal iff the objective in Eq. (4) is minimal. As a result,
this trajectory representation provides a linear mapping from
via points, boundary conditions and the movement duration
to a time-continuous and smooth trajectory.

CC-VPSTO, analogously to VP-STO, exploits this explicit
parameterisation with via-points and boundary conditions by
optimizing only the via-points while keeping the predefined
boundary condition parameters fixed.

8 Baseline for Offline Simulation
Experiments: Derivation and Background

We present an alternative approach to approximate the
chance constraint in Eq. (1) for the special case of obstacle
collision avoidance, which we use as a baseline. For this,
we leverage statistical learning theory (Shalev-Shwartz and
Ben-David 2014; Mohri et al. 2018) to obtain an alternative
confidence-based bound for kthresh, which we call krad. This
bound is more theoretically complete, as it does not require
the independence of the Bernoulli variables, but we also note
that it is more conservative, computationally expensive, and,
less general since it is limited to a specific motion planning
problem.

8.1 Preliminaries on Statistical Learning
Theory

We remind the concept of Rademacher complexity which is
a measure used in statistical learning theory to quantify the
complexity of a class of functions with respect to a given
dataset. The intuition is as follows: if the constraint function
g is “simple” (e.g., a constant or linear function), then the
complexity of the class F , defined later based on g, will be
low. As established by Proposition 1 in Mohri et al. (2018),
this implies that the “generalization property” of F is good.
In our case, this means that if a solution x has a small rate of
violating constraint g with respect to N i.i.d. samples, then
there is a good chance that the actual probability of constraint
violation of x is small too.

First, we introduce the notion of Rademacher complexity
and the associated generalization result:

Definition 1. If F is a (possibly infinite) set of functions
from a set D to R, i.e., F ✓ RD, and D = {�1, . . . , �N}N

i=1

is a set of N elements of D, then the Rademacher complexity
of F with respect to D is defined by

RD(F) = E�1,...,�N

"
sup
f2F

1

N

NX

i=1

�if(�i)

#
,

where {�i}N
i=1 are sampled independently uniformly at

random in {�1, 1}. Furthermore, if � is a random variable
with values in D, then the Rademacher complexity of F with
respect to � with N samples is defined by

R�,N (F) = E�1⇠�,...,�N⇠�[RD(F)]

wherein D stands for {�i}N
i=1.

A well-known result in statistical learning states that
if D = {�i}N

i=1 is a set of N independent samples �1 ⇠
�, . . . , �N ⇠ �, then with confidence 1� � on the sampling
of D, it holds that for every f 2 F , 1

N

PN
i=1 f(�i) is “close”

to E�⇠�[f(�)], where “close” is quantified with a quantity
that depends on �, N and R�,N (F). Formally, we have:

Proposition 1. (Mohri et al. 2018, Theorem 3.3). It holds
that

P�1⇠�,...,�N⇠�


max
f2F

n
E�⇠�[f(�)]� 1

N

NX

i=1

f(�i)
o

 2R�,N (F) +

s
log( 1

� )

2N

�
� 1� �. (5)

8.2 Rademacher Complexity for Surrogate
Constraint

We apply the result in Proposition 1 to the surrogate
optimisation problem in Eq. (3). For that, we define D
as the domain of � and F = {� 7! 1g(x,�)0 | x 2 X} ✓
RD. It holds that for each x 2 X and D = {�i}N

i=1 ✓
D, E�⇠�[1g(x,�)0] = P [Gx = 1] and

PN
i=1 1g(x,�i)0 =

sN (x; D). Hence, we get the following:

⇤A more detailed explanation of the basis functions and their derivation can
be found in the appendix of Jankowski et al. (2022).
†We use the notation f 0(s) for derivatives w.r.t. s and the notation ḟ(s) for
derivatives w.r.t. t.
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Corollary 1. With F defined as above, it holds that

P�1⇠�,...,�N⇠�


max
x2X

n
P [Gx = 1]� 1

N
sN (x; D)

o

 2R�,N (F) +

s
log( 1

� )

2N

�
� 1� �, (6)

wherein D stands for {�i}N
i=1.

Corollary 1 tells us that with confidence 1� � on the
sampling of D = {�i}N

i=1 with N i.i.d. samples from �,
any solution x that is feasible for the surrogate optimisation
problem Eq. (3) with

kthresh 

0
@⌘ � 2R�,N (F)�

s
log( 1

� )

2N

1
AN (7)

is feasible for the original optimisation problem Eq. (1).
In view of Eq. (7), computing a suitable kthresh

for the surrogate optimisation problem in Eq. (3) can
be approached by computing an upper bound on the
Rademacher complexity of the associated set of functions
F . Despite the theoretical appeal of the this approach,
computing an upper bound on the Rademacher complexity
can be very challenging in general, and there is usually no
closed-from expression for such bounds. Nevertheless, we
present here a tight bound for a special case of collision-
avoidance problem.

8.3 A Special Case of Collision Avoidance
We consider a robot motion planning problem, where a ball-
shaped robot has to avoid m ball-shaped obstacles with high
probability across time instants t1, . . . , tH .

For the sake of simplicity, we first focus on the case with
one obstacle (m = 1) and one time step (H = 1), before
generalising. Thus, we consider the problem of finding the
position x 2 X (X ✓ Rn) of the center of the robot at time
t1 such that P�⇠�(kx� p(�)k � r) � 1� ⌘, where r > 0
is the combined radius of the obstacle and the robot, and
p(�) 2 Rn is the position of the center of the obstacle at time
t1 under scenario �. In the formulation of Eq. (1), we have

g(x, �) = r � kx� p(�)k,

i.e., g(x, �)  0, kx� p(�)k � r.
Let F be defined as in the previous subsection,

i.e., F = {1g(x,�)0 | x 2 X}, with X and g as above.
In the subsequent section with the additional proofs
(Appendix 8.4), we bound R�,N (F) as follows:

R�,N (F) 

s
d log

�
eN
d

�

2N
, (8)

where d = n + 1 and e is Euler’s number. We obtain the
following:

Proposition 2. In the setting defined above with m = H =
1, if we define krad(�, N, ⌘) as

krad(�, N, ⌘) = ⌘N �
s

2dN log

✓
eN

d

◆
�

s
N log( 1

� )

2
,

then any feasible solution of the surrogate optimisation
problem in Eq. (3) with kthresh = krad(�, N, ⌘) is feasible
for the original optimisation problem in Eq. (2) with
confidence 1� � on the sampling of D.

Proof. Consequence of Eqs. (7) and (8).

We now discuss the case of m 2 N�1 obstacles and H 2
N�1 time steps. In this case,

g(x, �) = max
j=1,...,m
k=1,...,H

r � kq(x, tk)� pj(�, tk)k,

i.e., g(x, �)  0, 8 j 8 k kx(tk)� pj(�, tk)k � r, where
x(tk) (X ✓ RnH ) is the position of the center of the robot
at time tk and pj(�, tk) 2 Rn is the position of the center
of the jth obstacle at time tk under scenario �. We show in
Appendix 8.4 that R�,N (F) can be bounded as follows:

R�,N (F)  mH

s
d log

�
eN
d

�

2N
, (9)

where d = n + 1 and e is Euler’s number. Similarly to the
above, we get the following:

Proposition 3. In the setting defined above with m 2 N�1

and H 2 N�1, if we define krad(�, N, ⌘) as

krad(�, N, ⌘) =

⌘N �mH

s
2dN log

✓
eN

d

◆
�

s
N log( 1

� )

2
,

then any feasible solution of the surrogate optimisation
problem in Eq. (3) with kthresh = krad(�, N, ⌘) is feasible
for the original optimisation problem in Eq. (2) with
confidence 1� � on the sampling of D.

Proof. Consequence of Eqs. (7) and (9).

Remark 1. Note that, unlike other approaches in the
literature, Proposition 3 does not rely on Boole’s inequality
to bound the joint probability of collision avoidance. Indeed,
the use of Boole’s inequality would amount to set the
collision avoidance probability for each time step and each
obstacle to ⌘0 = ⌘

mH , so that the probability of collision with
at least one obstacle at at least one time step is bounded
from above by ⌘ =

P
j,k ⌘

0. Furthermore, we would need to
set the confidence for each time step and each obstacle to
1� �0 with �0 = �

mH , in order to guarantee with confidence
1� � = 1�Pj,k �

0 that the chance constraint holds for
each of them simultaneously. This would result in a value
of kthresh as follows:

k0
rad(�, N, ⌘) =

⌘N

mH
�
s

2dN log

✓
eN

d

◆
�

s
N log(mH

� )

2
.

This can be rewritten as

k0
rad(�, N, ⌘) =

⌘N �mH
q

2dN log
�

eN
d

�
�mH

q
N log( mH

� )

2

mH
,
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The above shows that for any values of �, N and ⌘ for which
krad(�, N, ⌘) � 0, it holds that

k0
rad(�, N, ⌘)  1

mH
krad(�, N, ⌘).

Hence, using kthresh = krad(�, N, ⌘) in Eq. (3) is less
conservative (by a “factor” mH) than using kthresh =
k0
rad(�, N, ⌘).

8.4 Additional Proofs
We start with Eq. (8), reminded in the proposition below:

Proposition 4. In the setting defined in Sec. 8.3 with m =
H = 1, it holds that

R�,N (F) 

s
d log

�
eN
d

�

2N
, (10)

wherein d = n + 1 and e is Euler’s number.

Proof. Consider the set of functions H = {2f � 1 | f 2
F}, i.e.,

H = {2 · 1kx�p(�)kr � 1 | x 2 X}, (11)

which is essentially the same as F except that the functions
take values in {�1, 1} instead of {0, 1},‡ and the quantity

⇧H(N) = max
(�1,...,�N )2DN

#{(h(�1), . . . , h(�N )) | h 2 H}.

By (Mohri et al. 2018, Corollary 3.8), it holds that

R�,N (H) 
r

2 log⇧H(N)

N
.

We will bound ⇧H(N) by
�

eN
d

�d
by using Eq. (11). For that,

we consider the set of functions H0 = {hx,r | (x, r) 2 Rn ⇥
R�0} ✓ RP where P = Rn and hx,r(p) = 2 · 1kx�pkr �
1, which contains all ball classifiers in Rn since hx,r(p) =
1 if p is in the ball of centre x and radius r, and �1
otherwise. It follows that the VC dimension of H0, defined
as the largest N for which ⇧H0 = 2N , is d = n + 1.§ Hence,
by (Mohri et al. 2018, Corollary 3.18), it follows that
⇧H0(N) 

�
eN
d

�d
. It is also straightforward to show that

⇧H(N)  ⇧H0(N) since for every x 2 X and every � 2 D,
2 · 1kx�p(�)kr � 1 = hx,r(p(�)). Hence,

R�,N (H) 
r

2d log(eN/d)

N
.

Finally, from (Shalev-Shwartz and Ben-David 2014,
Lemma 26.9), we get that

R�,N (F)  1

2
R�,N (H) 

r
d log(eN/d)

2N
,

concluding the proof.

Next, we consider Eq. (9) and prove the following:

Proposition 5. In the setting defined in Sec.8.3 with m 2
N�1 and H 2 N�1, it holds that

R�,N (F)  mH

s
d log

�
eN
d

�

2N
, (12)

wherein d = n + 1 and e is Euler’s number.

Table 1. Offline Planning Experiments for � = 0.05

⌘ ⌘rad ⌘binom ⌘̂avg ⌘̂1�� �̄

0.05
n/a 0.01 0.0218 0.0499 0.0497
n/a 0.038 0.0393 0.0503 0.0539

0.1
n/a 0.04 0.0525 0.0936 0.0325
n/a 0.084 0.0854 0.1012 0.0627

0.15
n/a 0.08 0.0934 0.1449 0.0375
n/a 0.131 0.1322 0.1508 0.0572

0.2
n/a 0.13 0.1438 0.2060 0.0656
n/a 0.178 0.1794 0.2010 0.0574

0.25
n/a 0.17 0.1842 0.2515 0.0535

0.009 0.227 0.2288 0.2518 0.0638

0.3
n/a 0.22 0.2350 0.3068 0.0667

0.059 0.275 0.2764 0.3005 0.0533

0.35
n/a 0.26 0.2755 0.3507 0.0517

0.109 0.324 0.3251 0.3510 0.0578

0.4
n/a 0.31 0.3262 0.4053 0.0627

0.159 0.374 0.3760 0.4029 0.0705

0.6
n/a 0.51 0.5282 0.6101 0.0754

0.359 0.573 0.5748 0.6025 0.0683

0.8
0.158 0.72 0.7359 0.8053 0.0668
0.559 0.778 0.7798 0.8024 0.0714

Proof. Note that by definition of g, it holds that

1g(x,�)>0 = max
j,k

1kx(tk)�pj(�,tk)kr � 1. (13)

For each j = 1, . . . , m and k = 1, . . . , H , let

Fj,k = {1kx(tk)�pj(�,tk)kr � 1 | x 2 X},

and let F 0 = {maxj,k fj,k | 8 j 8 k fj,k 2 Fj,k}. By
Eq. (13), it holds that F ✓ F 0. By (Mohri et al. 2018,
Ex. 3.8), it holds that R�,N (F 0) =

P
j,k R�,N (Fj,k).

Furthermore, by Proposition 4, we know that for each
j = 1, . . . , m and k = 1, . . . , H , R�,N (Fj,k) is bounded
from above by the right-hand side of Eq. (10). By summing
over j and k, we get that R�,N (F 0) is bounded from above
by the right-hand side term in Eq. (12). Since F ✓ F 0, we
have that R�,N (F)  R�,N (F 0), concluding the proof.

9 Additional Details on Naive vs.
Confidence-Bounded Surrogate
Constraint

We use Fig. 1 to illustrate the difference between the naı̈ve
formulation that only considers the maximum violation
threshold ⌘ by setting kthresh = ⌘N and the confidence-
bounded formulation using k� . For this purpose we analyse
the binomial distribution with parameters N and p = ⌘ =
0.1 for different values of N , which correspond to the

‡This is done to stick to the classical theory of binary classification learning
for which many results on the Rademacher complexity have been derived
(Shalev-Shwartz and Ben-David 2014; Mohri et al. 2018).
§See for instance Sec. 15.5.2 in https://ti.inf.ethz.ch/ew/
lehre/CG12/lecture/Chapter%2015.pdf (last consulted: July
30, 2024).
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Figure 1. Analysis of the binomial distribution with N = 100
(left column) and N = 1000 (right column) Bernoulli
experiments, which correspond to the number of samples used
to approximate the chance constraint in the optimisation. The
top row shows the values kthresh takes for the naı̈ve formulation
of setting kthresh = ⌘N , where ⌘ is the user-defined maximum
probability of violation. The bottom row shows the values kthresh

takes for the confidence-bounded formulation of the chance
constraint, i.e., kthresh = kbinom(�, N, ⌘) for � = 0.05.

number of samples �i ⇠ p� in the optimisation scheme. The
plots in Fig. 1 shows the binomial distribution with N = 100
on the left and N = 1000 on the right. The blue shaded
areas under the curve corresponds to the value of the CDF
for kthresh, i.e., P (K  kthresh | N, ⌘). The red-colored area
under the curve corresponds to the the probability that
k > kthresh. The top row shows the naı̈ve formulation, i.e.,
setting kthresh = ⌘N . The bottom row shows the confidence-
bounded formulation, i.e., setting kthresh = kbinom(�, N, p)
for � = 0.05.

10 Experiment Details

10.1 MPC Experiments: Environment Details
In this section, we provide additional details about the
environments used for the MPC experiments in Sec. 6.1.
We used three different environment configurations for
which we generated the parameters randomly. Tab. 2 shows
the specifications of the environments, i.e., the number of
obstacles Nobs, the initial obstacle positions x0, the initial
obstacle velocities ẋ0, the obstacle radii and the variance
of the obstacle accelerations ẍ, when sampling from a zero-
mean Gaussian distribution in the random-walk model. The
environment size was chosen to be consistent across all
environments on a 10 by 10 grid.

10.2 Detailed Results on Offline-CC-VPSTO
The numerical results for the offline planning experiments
are shown in Tab. 1.

10.3 Robot Experiment: Implementation of
Stochastic Model

In this section, we provide additional details about the
implementation of the stochastic model for the robot
experiment in Sec. 6.2 describing the motion of the box
obstacle on the conveyor belt. As our approach is Monte
Carlo-based, in every MPC step we simulate the motion

of the box obstacle for Nsim samples. The samples are
initialised with the same position and velocity as the box
obstacle at the beginning of the MPC step. The samples are
then propagated through the conveyor belt dynamics for the
duration of the MPC step. The conveyor belt dynamics are
modelled as a probabilistic system, where the probability of
changing direction increases over time. A sample at time
step k is modeled by state vector s = [xk, ẋk, pk] where xk

is the position, ẋk is the velocity, and pk is the probability
of changing direction at time step k. The dynamics of this
system for each time step �t can be described as follows:

1. Update the Probability of Direction Change:

pk+1 = pk · (1� ↵) (14)

where ↵ is the rate at which the probability of a
direction change increases over time.

2. Determine the Direction Change:

• Sample a random number r from a uniform
distribution between 0 and 1.

• If r < pk+1 or if the projected position xk +
ẋk�t is outside the boundaries of the conveyor
belt, a direction change occurs.

3. Update State based on Direction Change:

ẋk+1 =

(
�ẋ if direction change occurs
ẋ otherwise

(15)

pk+1 =

(
↵ if direction change occurs
pk+1 otherwise

(16)

4. Update Position:

xk+1 = x + ẋk+1�t (17)

Therefore, the updated state vector after each time step is:

sk+1 = [xk+1, ẋk+1, pk+1] (18)

In summary, the above models the probabilistic dynamics
of one box sample on the conveyor belt, where the direction
of motion can change randomly influenced by the parameter
↵ and the physical constraints of the system.
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Table 2. MPC Environment Specifications
Env. 0 1 2

Nobs 5 4 5
Robot radius 0.25 0.5 0.5

x0

" "
2.0

4.0

#
,

"
3.5

8.0

#
,

"
7.5

2.5

#
,

"
9.0

1.5

#
,

"
4.5

8.0

# # " "
7.9

5.7

#
,

"
1.3

3.5

#
,

"
4.9

9.4

#
,

"
5.2

3.0

# # " "
2.1

3.1

#
,

"
6.8

5.0

#
,

"
7.3

6.7

#
,

"
4.2

4.2

#
,

"
8.5

2.8

# #

ẋ0

" "
0.7

0.0

#
,

"
0.25

�0.5

#
,

"
�0.5

0.5

#
,

"
�0.1

0.1

#
,

"
0.0

�1.0

# # " "
0.6

0.1

#
,

"
0.0

0.2

#
,

"
�0.4

0.1

#
,

"
�0.2

0.0

# # " "
0.5

�0.2

#
,

"
0.5

0.0

#
,

"
0.0

�0.2

#
,

"
0.4

0.6

#
,

"
0.2

�0.3

# #

Radii [0.5, 0.4, 0.3, 0.35, 0.55] [�0.32, 0.51, 0.49, 0.34] [0.54, 0.45, 0.55, 0.35, 0.34]

var(ẍ) [0.5, 0.75, 0.65, 0.8, 0.6] [0.54, 0.64, 0.51, 0.8] [0.64, 0.66, 0.62, 0.57, 0.75]
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C
Appendices of Chapter 6

Touch-Based Object Localisation with
Spatially-Aware Belief Entropy Estimation

Lara Brudermüller1, Julius Jankowski2, Marc Toussaint3, and Nick Hawes1

Abstract— Robust robotic manipulation in the real world
requires coping with incomplete or unreliable sensory in-
put. While vision provides rich information, it often fails
in the presence of occlusions, clutter, or poor lighting. In
such cases, touch offers a robust alternative, enabling object
localisation through contact alone. We present a touch-only
global localisation method that operates in continuous state
space with a particle belief. Sparse contact/no-contact signals
are turned into informative likelihoods via a proximity-aware
measurement model, and contact-aware resampling mitigates
particle starvation. An information-gathering controller selects
actions that maximise expected information gain using a non-
parametric entropy estimator sensitive to both observation
updates and dynamics. On real hardware, the system reliably
localises and then grasps from broad, multi-modal initial beliefs
with mode separations up to 0.4 m, far beyond the narrow
uncertainty ranges assumed in related work. Information-aware
localisation-actions speed up belief convergence and boost grasp
success; and ablations in simulation confirm the benefits of the
measurement and resampling components.

I. INTRODUCTION

Humans can manipulate objects using only touch, even
in the absence of vision. For robots to approach similar
capabilities in unstructured or visually-challenging environ-
ments, such as those involving occlusions, clutter, or poor
lighting, localising objects through touch alone represents
a promising alternative. This has driven the development
of algorithms that refine an object’s pose estimate through
deliberate physical interaction [1]–[3]. As an illustrative
example, consider a robot having to retrieve a keyring from
inside a bag using a multi-fingered hand. The object pose is
initially unknown, contacts are intermittent and ambiguous,
and the object may move such that exploratory interactions
can either resolve ambiguity or further increase uncertainty
in the object state. Such examples highlight the challenges
of high-dimensional contact-rich estimation problems, where
the robot often starts with little information. Estimating the
posterior over object pose in these settings is computationally
demanding: the complexity grows rapidly with both the num-
ber of degrees of freedom (DOFs) and the size of the initial
uncertainty region [4]. As a result, most prior approaches
restrict either the problem dimensionality or the scale of
initial uncertainty. Yet, contact-rich manipulation is not only
characterized by high-dimensional state and action spaces,
but also the inherent highly non-linear contact dynamics
and the multi-modality of the system state distributions [5].

1Oxford Robotics Institute, University of Oxford, UK; {larab,
nickh}@robots.ox.ac.uk

2Amazon Robotics, Germany; jankowski@amazon.com
3TU Berlin, Germany; toussaint@tu-berlin.de

Fig. 1. Experimental setup of blind grasping. Left to right: initial particle
belief with uniform weights (�); information-gathering trajectory rejecting
particle hypotheses (�); converged belief after contact; successful grasp.

Discretising the problem space addresses the multi-modality
while enabling standard filtering and planning over finite
hypotheses [3], [6], but the curse of dimensionality limits
the respective resolution and thus fails to capture the rich
contact dynamics present in such manipulation tasks. Instead,
these tasks require a framework that plans in continuous
state space, anticipates what will be sensed and how actions
reshape uncertainty through interaction, and operates from
uninformed, non-parametric priors with broad support.

Towards this end, we address touch-based localisation with
a system operating directly in continuous state spaces and
actively shapes the belief distribution through contact. We
propose a particle filter with a proximity-aware measurement
model to turn sparse binary proprioceptive contact signals
into informative likelihoods combined with contact-aware re-
sampling. An information-gathering controller predicts how
actions reshape the belief and selects trajectories that max-
imise expected information gain using a non-parametric
entropy estimator that not only considers the probabilities
of different object poses but also their spatial density.

Contributions: We address continuous-space object lo-
calisation through contact from uninformed, non-parametric
beliefs, making the following contributions:
1) A touch-only global localisation system that plans and

estimates directly in continuous state space with beliefs
from uninformed, non-parametric priors, suitable for op-
eration when vision is unreliable or absent.

2) A proximity-aware measurement model for contact that
converts sparse binary signals into informative likeli-
hoods, and a contact-aware resampling strategy that miti-
gates particle starvation under discontinuous observations.

3) A sampling-based information-gathering controller that
selects candidate probing actions based on a non-
parametric differential entropy estimator that captures
both observation-driven changes (weights) and dynamics-
driven changes (spatial density) in the belief.

On real hardware (cf. setup in Fig. 1) and in simulation, the
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A. Algorithmic Implementation Details

a) Contact Measurement Signal: We infer contact mea-
surements from the robot’s torque sensors. However, the
Franka robot’s torque sensors are too noisy to use directly,
so we convert the signals into a binary contact indicator.
Using an observer [1], we filter out torques due to gravity,
friction, and actuation. We then compute the norm of the
filtered torques from the first five joints, excluding the last
two due to high noise, and apply a threshold to detect contact.
This binary signal zt ∈ {0, 1} serves as an observation for
the particle filter.

b) Low-level Control: We ensure moderate contact
forces throughout the robot operation via an impedance
controller on the low-level. While the control gains are higher
during the localisation phase, we reduce the gains in the
moment of grasping to allow for a more robust grasp. In
parallel, we keep track of the contact forces acting on the
robot’s end effector by projecting the torques measured in
the robot’s joints onto the end effector frame. If the contact
forces exceed a given threshold, the robot stops the current
action early and transitions to the particle filter update phase.

c) Initial Belief: The initial belief about the object pose
is represented as a set of particles, where each particle is a 6D
pose of the object. The particles are sampled from a Gaussian
mixture model with two components. For each component,
we use a standard deviation of σpos=0.06 [m] for the box
position and a standard deviation of σori=0.5 [rad] for the
yaw orientation. All weights are set to 1/Np, where Np=100
is the number of particles.

d) Estimation of the Probability of Grasp Success:
The probability of grasp success is estimated based on the
maximum likelihood estimate of the object pose based on the
updated belief after the localisation phase. We then compute
a grasp primitive on the estimated object pose and simulate it
on the full particle belief. The probability of grasp success is
then computed as the ratio of the number of particles where
the grasp was successful, i.e. the z-position of the object
particles is above the ground, to the total number of particles,
weighted by the respective particle weights.

e) Hyperparameters: In all experiments, the threshold
on the probability of grasp success is set to 0.8. The number
of candidates sampled in each iteration of the predictive
sampling-based planner is set to Nsamples=20. For our
hardware experiments, this corresponded to the maximum
number of threads that could be run in parallel. The support
Ω for the entropy approximation was computed using ρ =
5 neighbours across all experiments. We have found that
value to provide a good trade-off between local and global
density, which has also been a good value in the quantitative
experiments on the theoretical distributions provided in the
supplementary material. The parameters for the proximity-
based measurement model are set to αtp = 0.5, αfp = 0.1
and γ = 1000. Moreover, in the experiments, we set the
maximum number of iterations, i.e. a maximum number of
localising actions, to 15. After this number of iterations,

the robot stops the localisation phase and transitions to the
grasping phase, regardless of the probability of grasp success.
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