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Abstract

This lecture highlights some recent advances on classical decidabil-
ity issues in local and global fields.
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1 Introduction

In 1900, at the International Congress of Mathematicians in Paris, Hilbert
presented his celebrated and influential list of 23 mathematical problems
(JHil00]). One of them is



Hilbert’s 10th Problem (‘H10’) Find an algorithm which gives on INPUT
any f(Xl, c. 7Xn) € Z[Xl, c. 7Xn]

YES if 37 € Z" such that f(Z) =0

OUTPUT{ NO . el

Hilbert did not ask to prove that there is such an algorithm. He was con-
vinced that there should be one, and that it was all a question of producing it
— one of those instances of Hilbert’s optimism reflected in his famous slogan
‘wir miissen wissen, wir werden wissen’ (‘we must know, we will know’). As
it happens, Hilbert was too optimistic: after previous work since the 50’s by
Martin Davis, Hilary Putnam and Julia Robinson (cf., e.g., [DPR61]), Yuri
Matiyasevich showed in 1970 that there is no such algorithm ([Mat70]). The
key result here is the most remarkable so-called DPRM-Theorem that every
(algorithmically) listable set of integers is diophantine, i.e., first-order defin-
able in the language of rings L,,, := {4, X,0,1} by an ezistential formula.

The original formulation of Hilbert’s 10th Problem was weaker than the
standard version above in that he rather asked ‘Given a polynomial f, find
an algorithm ...". So maybe you could have different algorithms depending
on the number of variables and the degree. Yet it is even possible to find
a single polynomial for which no such algorithm exists — this is essentially
because there are universal Turing Machines.

One should, however, mention that, in the special case of n = 1, that
is, for polynomials in one variable, there is an easy algorithm: if, for some
x €Z, f(x) =0 then z | f£(0); hence one only has to check the finitely many
divisors of f(0). Similarly, by the effective version of the Hasse-Minkowski-
Local-Global-Principle for quadratic forms and some extra integrality consid-
erations, one also has an algorithm for polynomials in an arbitrary number
of variables, but of total degree < 2. And, even if there is no general algo-
rithm, it is one of the major projects of computational arithmetic geometry
to exhibit other families of polynomials for which such algorithms exist.

Let us point in a different direction of generalizing Hilbert’s 10th Prob-
lem, namely, generalizing it to rings other than Z: If R is an integral domain,
there are two natural ways of generalizing H10:

H10/R = H10 with the 2nd occurrence of Z replaced by R
H10"/R = H10 with both occurrences of Z replaced by R



Observation 1.1. Let R be an integral domain whose field of fractions does
not contain the algebraic closure of the prime field (F, resp. Q). Then

H10/R is solvable < Tha+(R) is decidable
H10" /R is solvable < Tha+((R;7 | r € R)) is decidable,

where Tha+ denotes the positive existential theory consisting of existential
sentences where the quantifier-free part is a conjunction of disjunctions of
polynomial equations (no inequalities).

Note that the language on the right hand side of the 2nd line contains a
constant symbol for each r € R.

Proof: ‘<=’ is obvious in both cases. For ‘=" one has to see that a disjunction
of two polynomial equations is equivalent to (another) single equation, and,
likewise, for conjunctions: By our assumption we can find some monic g €
Z[X] of degree > 1 which is irreducible over R. Then, for any polynomials
f1, fo over Z resp. R and for any tuple T over R,

L@ =0V [(T) =0 < fi(7)- fo(7) =0
[H@)=0Af2(T) =0 <= g(%)ﬁ(f degg — ()

Since in fields, inequalities can be expressed by a positive existential for-

mula (f(Z) #0 «+ Jy f(T) -y = 1), we immediately obtain the following:

Corollary 1.2. Let K be a field not containing the algebraic closure of the
prime field. Then

H10/K is solvable < Th3(K) is decidable.
In fact, the same is true for O, the ring of integers of a number field K:
Observation 1.3. If K is a number field,
Ok EVz[z #0 < Jy x| (2y — 1)(3y — 1)].
Hence Tha(Ok) = Tha+ (Ok).
One of the biggest open questions in the area is

Question 1.4. Is H10/Q solvable?



Let us recall that, by the ground breaking work of Kurt Godel, the full
first order theory of Z is undecidable, so there is no algorithm which decides,
on INPUT any first-order L,;,,-sentence ¢, whether or not ¢ holds in Z (cf.
|G6d31]). In [Rob49], Julia Robinson managed to find an L,;,,-first-order
definition of Z in Q, thus showing, via Gédel’s Theorem, that the full first-
order theory of Q is also undecidable. If one had an existential first-order
L,ing-formula defining Z in Q then one could, via Matiyasevich’s Theorem,
conclude that Hilbert’s 10th Problem over Q is also unsolvable. However, the
best we have at the moment (in terms of logical complexity) is a universal
formula for Z in Q (cf. Theorem 3.1 below).

Hilbert’s 10th Problem for the ring of integers of a number field (that is, a
finite extension of Q — they are the global fields of characteristic 0) has been
shown to be unsolvable in several cases, the general case could sofar only be
proven modulo a (widely believed) conjecture regarding elliptic curves (see
section 3.2).

For global fields of positive characterisitc, that is, for finite extensions
of the rational function field F,(¢) over the finite field F, in one variable ¢,
Hilbert’s 10th Problem, again, has no solution (cf. section 3.3).

Many of the results obtained for global fields rely heavily on results and
techniques developed for local fields. Local fields are defined to be fields F
which are locally compact with respect to the topology induced by some
non-trivial absolute value on F. It turns out that local fields are precisely
the completions of global fields (w.r.t such absolute values) and they are
classified as follows: the archimedean local fields are just the field R of real
numbers and the field C of complex numbers; the non-archimedean local
fields of characteristic 0 are precisely all finite extensions of Q,, the field of
p-adic numbers, where p is any rational prime; and the non-archimedean local
fields of positive characteristic p are precisely the finite extensions of F,((t)),
the field of formal Laurent series over the field F, with p elements. For
the non-archimedean local fields, the absolute value is induced by a canon-
ical valuation, which is the p-adic valuation on @, and the t-adic valuation
on F,((t)), and these valuations extend uniquely to all finite extensions, a
property of valuations called henselian.

All decidability issues for the two archimedean local fields have been set-
tled by Tarski in the 1930s: The full first order theory of R and of C is
decidable (and hence, in particular, Hilbert’s 10th Problem is solvable for
those two fields).

The decidability of Q, was proved independently by Ax-Kochen in [AK65]
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and by Ershov in |Ers65]. They effectively axiomatized Q, as a henselian val-
ued field of characteristic 0 whose residue field is F,, whose value group is a
Z-group (so elementarily equivalent to the ordered abelian group of integers)
such that the value of p is minimal positive. And there are similar axiomati-
zations for all finite extensions of Q, (see [PR84] for a general treatment of
p-adic fields).

Since those results of Ax-Kochen and Ershov in 1965 it has been a big
open problem whether the theory of F,((¢)) is decidable as well. Recently
major progress has been made on this problem which we will discuss in section
2 below.

There are several important infinite extension of local and global fields
for which decidability issues are of great interest, too. For example, the field
Q%, the maximal Galois extension of Q with an abelian Galois group which,
by the famous Kronecker-Weber Theorem, is just the field obtained from Q
by adjoining all roots of unity, is not known to be decidable or undecidable.
Similarly, one does not know this about Q*°", the maximal Galois extension
of Q with prosolvable Galois group which is obtained from Q by iteratedly
adjoining radicals (n-th roots of elements for arbitrary n). It is an open
problem in Field Arithmetic whether or not Q*" is pseudo-algebraically
closed in the sense that every absolutely irreducible curve defined over Q"
has a Q*°"-rational point (Problem 11.5.9(a) in [FJ08]). If this Problem has
a positive answer and if the famous Shafarevich Conjecture that the absolute
Galois group of Q% is a free profinite group is true then one can show that
Q*°" is decidable.

In section 4 we will briefly consider two infinite extensions of Q, for
which there has been recent progress, namely )", the maximal unramified
extension of @, which turns out to be decidable and model theoretically
well behaved, and ng, the maximal abelian extension of Q,, for which a
promising new suggestion for a first-order axiomatization will be presented.

Some notation from valuation theory: The reader is expected to
be acquainted with the basics of valuation theory (cf., e.g., [EP05]). For a
valued field (K, v), the valuation ring will be denoted by O,, the residue field
by Kv and the value group by vK.



2 Local fields of positive characteristic

Regarding the question of decidability of the field F,((¢)) of formal Laurent
series over a finite field F, there have been two recent breakthroughs: one
is the result of Anscombe-Fehm that the ezistential L,;,,-theory of F ((t))
is decidable (Theorem 2.1). The other is a new promising suggestion for an
effective first order axiomatization for F ((¢)) using the notion of extremal
valued fields.

Throughout this section we will fix ¢, a power of the rational prime p > 0.

2.1 The existential theory of F,((?))

In [DS03], Jan Denef and Hans Shoutens managed to prove that the exis-
tential theory of F,((t)) in Lyiny U{t}, the language of rings augmented by a
constant symbol for ¢, is decidable if one assumes resolution of singularities
in positive characteristic. Sylvy Anscombe and Arno Fehm then found a
surprisingly elementary unconditional proof for the decidability of the exis-
tential L,;,g-theory of F,((¢)) (see [AF16]). More generally they prove the
following

Theorem 2.1. Let (K,v) be an equicharacteristic henselian valued field (so
char K = char Kv). Then the existential Lyq-theory of K is decidable if

and only if the existential Ly;nq-theory of the residue field Kv is decidable.

Here L,q = Lying U {O} is the language of valued fields, that is, the lan-
guage of rings augmented by a unary predicate symbol O for the valuation
ring. There are many alternative possibilities for a first order language for
valued fields (you could, for example, have a three-sorted language distin-
guishing the field sort, the residue field sort and the value group sort with
additional function symbols for the valuation map and the canonical restric-
tion map to the residue field). But it turns out that all these languages are
mutually translatable into each other, so they all have the same expressive
power.

Let us point out that, for the question of the decidability of the existential
theory of F,((t)), it makes no difference whether you ask this question about
the existential theory in L,;,, or in L,,, because, by the main theorem
of [AKol4], the valuation ring FF,[[t]] of F,((¢)) is existentially first-order
definable in the language of rings. This leads immediately to the following



Corollary 2.2. The existential L,;,,-theory of F,[[t]] is dedicable.

So, in other words, Hilbert’s 10th Problem has a positive solution both
for F,((¢)) and for F,[[t]].

A more general result on almost existential definability of henselian val-
uation rings in valued fields with finite or pseudo-finite residue fields can be
found in [CDLM13].

Whether or not the existential L,,, U {t}-theory of F,((¢)) is decidable
(without assuming resolution of singularities) is still open.

2.2 Axiomatizing F,((?))

The biggest open question in the model theory of valued fields, however, is
the question whether the full first-order theory of IF,((¢)) is decidable. There
have been a number of suggestions of how to axiomatize this field. The most
promising suggestion builds on the notion of extremal valued fields, originally
introduced (though with a ‘wrong’ definition) by Yuri Ershov in [Ers04], then,
following a suggestion of Sergei Starchenko, the definition was amended and
the ‘correct’ definition was put forward in [Ers09] and in [AKP12]. The
suggested axiomatization for F,((¢)) given below first appeared in [AKul6].

Definition 2.3. A wvalued field (K,v) is extremal if, for every polynomial
f(Xy,...,X,) € K[Xy,...,X,], the set

{v(f(ay,...,an)) | ar,...,an € Oy} CvK U{oo}
has a mazrimal element.

It turns out that extremal valued fields are algebraically mazimal, that is,
for each finite extension (L,w)/(K,v), the fundamental equality ‘n = e - f’
holds, where n = [L : K], e = [wL : vK] and f = [Lw : Kv], and so, in
particular, extremal fields are henselian. Moreover, their value group is either
divisible or a Z-group (elementarily equivalent to the ordered abelian group
Z of integers) and that in the first case the residue field has to be large in
the sense of having infinitely many rational points for each algebraic curve
with at least one rational point (cf. [Pop96]).

The axiomatization for F,((¢)) using this notion of extremal valued fields
is now very simple:

(1) (K,v) is an extremal valued field of charactersitic p,
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(2) the value group vK is a Z-group,
(3) the residue field Kv is the field F,.

It has long been known that the ‘naive’ axiomatization for F,((¢)), where
axiom (1) is replaced by just asking (K, v) to be henselian, is not complete.

3 Global fields

3.1 A universal definition for Z in Q

Hilbert’s 10th problem over Q, i.e., the question whether the existential L, g-
theory of QQ is decidable, is still open.

If one had an existential (= diophantine) definition of Z in Q (i.e., a def-
inition by an existential 1st-order L£,;,,-formula) then the existential theory
of Z would be interpretable in that of Q, and the answer would, by (for
short) Matiyasevich’s Theorem, again be no. But it is still open whether Z
is existentially definable in Q.

The earliest 1st-order definition for Z in Q, due to Julia Robinson ([R49]),
can be expressed by an VdV-formula of the shape

o(t) : VYo VaoTJyy ... Jy Ve . Vg f(E 21, 20,01, -2 Y73 21,225 26) = 0
for some f € Z[T; Xy, Xo;Y1,..., Y0 Z4, ..., Zg|, i.e., for any t € Q,
t € Z iff ¢(t) holds in Q.

In 2009, Bjorn Poonen ([P09a]) managed to find an V3-definition with 2
universal and 7 existential quantifiers (earlier, in [CZ07], an V3-definition
with just one universal quantifier was proved modulo an open conjecture on

elliptic curves).
In [Koel6], the author then provided a V-definition of Z in Q:

Theorem 3.1. There is a polynomial g € Z[T; X1, ..., Xus| such that, for
allt € Q,
t € Ziff vT € Q"8 g(t;7) # 0.

If one measures logical complexity in terms of the number of changes of
quantifiers then this is the simplest definition of Z in Q, and, in fact, it is
the simplest possible: there is no quantifier-free definition of Z in Q.
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Corollary 3.2. Q\ Z is diophantine in Q.
Corollary 3.3. Thy3(Q) is undecidable.

Theorem 3.1 came somewhat unexpected because it does not give what
you would like to have, namely an existential definition of Z in Q. However,
if you had the latter the former would follow:

Observation 3.4. If there is an existential definition of Z in Q then there
15 also a universal one.

Proof: If Z is diophantine in Q then so is
Q\Z={x€Q|3Im,n,a,beZ withn#0,£1, am + bn =1 and m = xn}
L]

The machinery for proving these three first-order definitions of Z in Q is
not very heavy: Julia Robinson made essentially use of the Hasse-Minkowski
Local-Global Principle for quadratic forms, Bjorn Poonen augmented that
using the Hasse bound for the number of rational points on genus-1 curves
over finite fields (and he ingeniously rearranged the use of quadratic form
theory), while in [Koel6| the Quadratic Reciprocity Law came in as addi-
tional tool, and then some elementary tricks (inspired by the model theory of
valued fields) for transforming existential formulas into universal ones were
needed to complete the proof.

Using more serious number theory, Jennifer Park ([Par13|)has generalised
Theorem 3.1 to number fields:

Theorem 3.5. For any number field K, the ring of integers O is universally
definable in K.

In the course of the proof of [Koel6| many new diophantine subsets of
Q emerged, for example the set of non-squares turned out to be diophan-
tine (this was obtained earlier in [Poo09b| using much deeper techniques).
If, however, Z was also diophantine in Q then there would be many more
important diophantine subsets of Q, for example the set of tuples of coef-
ficients of irreducible polynomials (of fixed degree) over Q. Later, Philip
Dittmann managed to prove this unconditionally and in much greater gen-
erality (|Dit16]):

Theorem 3.6. [rreducibility of polynomials over global fields is diophantine.
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3.2 Hilbert’s 10th Problem for number rings using el-
liptic curves

In this section only one major achievement is being reported on. There is
a multitude of surveys on the subject, each with its own emphasis. For the
interested reader, let us mention at least some of them: [RRob1|, [Maz94],
[Phe94], [Mat00], [PZ00], [Shl00], [Poo03], [Shl07], [Poo08| and [Koel4].

For number rings and number fields, the question of decidability has been
answered in the negative by Julia Robinson in [Rob59]. The question whether
Hilbert’s 10th Problem is solvable is much harder. Given that we don’t know
the answer over Q (though almost everyone working in the field believes it to
be no) there is even less hope that we find the answer for arbitrary number
fields in the near future. For number rings the situation is much better.

Let K be a number field with ring of integers Og. Then Hilbert’s 10th
Problem could be shown to be unsolvable over O in the following cases:

e if K is totally real or a quadratic extension of a totally real number
field (|Den75|, [DL78| and |Den80]),

e if [K:Q] >3 and cx =2 (|[Phe88])?,
e if K/Q is abelian ([SS89]).

In each of the proofs the authors managed to find an existential definition of
Z in Ok using Pell-equations, the Hasse-Minkowski Local-Global Principle
(which holds in all number fields) and ad hoc methods that are very specific
to each of these special cases.

The hope for a uniform proof of the existential undecidability of all num-
ber rings only emerged when elliptic curves were brought into the game:

Theorem 3.7 (|[Poo02|). Let K be a number field. Assume? there is an ellip-
tic curve E over Q with rk(E(Q)) = rk(E(K)) = 1. Then Z is existentially
definable in Ok and so Hilbert’s 10th Problem over Ok s unsolvable.

Lex denotes the class number of K, that is, the size of the ideal class group of K. It
measures how far Ok is from being a PID: cx = 1 iff Ok is a PID, so cx = 2 is ‘the next
best’. It is not known whether there are infinitely many number fields with cx = 1.

2The set E(K) of K-rational points of F is a finitely generated abelian group isomorphic
to the direct product of its torsion subgroup Ei,.(K) and a free abelian group of rank
‘rk(E(K))'.
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In his proof, Poonen uses divisibility relations for denominators of x-
coordinates of n - P, where P € E(K) \ E-(K) and n- P € E(Q) (for a
similar approach cf. [CPZ05]).

The assumption made in the theorem turns out to hold modulo a generally
believed conjecture, the so called Tate-Shafarevich Conjecture. For an elliptic
curve F over a number field K, it refers to the Tate-Shafarevich group (or
Shafarevich-Tate group) g/, an abelian group defined via cohomology
groups. It measures the deviation from a local-global principle for rational
points on F.

Tate-Shafarevich Conjecture Illg/x is finite.
Weak Tate-Shafarevich Conjecture dimp, LHE/K/2 18 even.

The latter follows from the former due to the Cassels pairing (Theorem 4.14
in [Sil86] which is an excellent reference on elliptic curves).

Theorem 3.8 ([MR10]). Let K be a number field. Assume the weak Tate-
Shafarevich Conjecture for all elliptic curves E/K. Then there is an elliptic
curve E/Q with rk(F(Q)) = rk(F(K)) = 1.

Taking those two theorems together you obtain immediately the following

Corollary 3.9. Let K be a number field. Assume the weak Tate-Shafarevich
Congecture for all elliptic curves E/K. Then Hilbert’s 10th Problem is un-
solvable over Op.

3.3 Global fields of positive characteristic

It is natural to ask decidability questions not only over number fields, but
also over global fields of positive characteristic, i.e., algebraic function fields
in one variable over finite fields, and also, more generally, for function fields.

Hilbert’s 10th Problem (with t resp. t;,fy in the language) has been
shown to be unsolvable for the following function fields:

e R(t) ([Den78]),
[ ] C(tth) ([KR921)7
o I, (t) ([Phe9l] and [Vid94]),

e finite extensions of Fy(¢) (|Shl92| and [Eis03]).
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The first two cases were achieved by existentially defining Z in the field, and
then applying Matiyasevich’s Theorem. This is, clearly, not possible in the
last two cases. Instead of existentially defining Z the authors existentially in-
terpret Z via elliptic curves: the multiplication by n-map on an elliptic curve
E/K where E(K) contains non-torsion points easily gives a diophantine in-
terpretation of the additive group (Z; +). The difficulty is to find an elliptic
curve F/K such that there is also an existential definition for multiplication
on that additive group.

For the ring of polynomials F,[t], Demeyer has even shown the analogue
of the DPRM-Theorem: listible subsets are diophantine ([Dem07]).

Generalizing earlier results (|[Che84], [Dur86] and [Phe04]), it is shown in
|ES09], that the full first-order theory of any function field of characteristic
> 2 is undecidable.

For analogues of Hilbert’s 10th Problem for fields of meromorphic or
analytic functions cf., e.g., [Rub95|, [Vdau03| and [Pas13].

4 Two infinite extensions of Q,

Let us recall that the field Q,, is axiomatized as a valued field (K, v) satistying
the following four axioms:

(1) (K,v) is henselian of mixed characteristic (0, p),
() Kv—F,

(3) vK =7, so vK is a Z-group,

(4)” v(p) is minimal positive.

It is an immediate consequence of the main result of [DM16] that the field
Q,", the maximal unramified extension of Q, (obtained from Q, by adjoining
all prime to p roots of unity), is model complete, that is, every first order
definable subset is already existentially definable. Using this, you can easily
give an axiomatization of Q)", namely as valued field (K,v) satisfying these
axioms:

(1) (K,v) is henselian of mixed characteristic (0, p),

(2) Kv = Ku, so the residue field is algebraically closed,

12



(3) vK =Z, so vK is a Z-group,
(4)” v(p) is minimal positive.

The next natural challenge is to find an axiomatization for @ab the maximal
abelian extension of QQ,, which, by the local Kronecker- Weber Theorem, is
obtained from Q, by adjoining all roots of unity. The axiomatization sug-
gested (but not yet proved to be complete) in [Koel8| is the axiomatization
as valued field (K, v) satisfying these axioms:

(1) (K,v) is henselian of mixed characteristic (0, p),
(2) Kv = Ku,

(3) v +7,

(4) g fv (1 — (p) for any prime ¢ # p,

(5) KNQ=Q'NnQ,

(6) v=

(7) the Frobenius map z — z? is surjective on O,/pQ,.

Here p—Z is the ordered subgroup of the group of rational numbers having
only p-th powers as denominators, ¢, is a primitive p-th root of unity, and
vhe is the canonical p-henselian valuation on K, that is here the coarsest p-
henselian valuation with p-closed residue field, where p-henselian means that
the valulation extends uniquely to every Galois extension of degree p. That
these axioms can be expressed by (recursive sets of) first-order formulas is
not too hard to show, except for axiom (6), for which this is proved in
|JK15]. It is also not too difficult to check that all these axioms are true in
ng. However, it requires substantial work to prove that these axioms are
independent, that is, for each of the seven axioms one finds a valued field not
satisfying this particular axiom, but satisfying all the other axioms (this is
done in [Koel8|. The planned strategy for establishing that these axioms are
complete is via showing quantifier elimination in a variant of the Macintyre
language for valued fields including n-th power predicates.
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