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Expanding cell populations extracted from patients or animals is essential to the process
of tissue engineering and is commonly performed in laboratory incubation devices known
as bioreactors. Bioreactors provide a means of controlling the chemical and mechanical
environment experienced by cells to ensure growth of a functional population. However,
maximising this growth requires detailed knowledge of how cell proliferation is affected by
bioreactor operating conditions, such as the flow rate of culture medium into the bioreactor,
and by the initial cell seeding distribution in the bioreactor. Mathematical modelling can
provide insight into the effects of these factors on cell expansion by describing the chemical
and physical processes that affect growth and how they interact over different length- and
time-scales.

In this thesis we develop models to investigate how cell expansion in bioreactors is
affected by fluid flow, solute transport and cell seeding. For this purpose, a perfused single-
fibre hollow fibre bioreactor is used as a model system. We start by developing a model of
the growth of a homogeneous cell layer on the outer surface of the hollow fibre in response
to local nutrient and waste product concentrations and fluid shear stress. We use the model
to simulate the cell layer growth with different flow configurations and operating conditions
for cell types with different nutrient demands and responses to fluid shear stress. We then
develop a 2D continuum model to investigate the influence of oxygen delivery, fluid shear
stress and cell seeding on cell aggregate growth along the outer surface of the fibre. Using
the model we predict operating conditions and initial aggregate distributions that maximise
the rate of growth to confluence over the fibre surface for different cell types.

A potential limitation of these models is that they do not explicitly consider individual
cell interaction, movement and growth. To address this, we conclude the thesis by assessing
the suitability of a hybrid framework for modelling bioreactor cell aggregate growth, with a
discrete cell model coupled to a continuum nutrient transport model. We consider a simple
set-up with a 1D cell aggregate growing along the base of a 2D nutrient bath. Motivated
by trying to reduce the high computational cost of simulating large numbers of cells with
a cell-based model, and to assess the validity of our previous continuum description of cell
aggregate growth, we derive a continuum approximation of the discrete model in the large
cell number limit and determine whether it agrees with the discrete model via numerical

simulations.
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Chapter 1

Introduction

Tissue engineering combines knowledge of biology, chemical engineering and material sci-
ence to develop biological substitutes to maintain and repair damaged tissues and organs.
Currently, most replacements for tissue and organs that are lost, damaged or have become
defective through trauma, disease or ageing take the form of donor transplants or artificial
implants. However, there is a chronic shortage of donor tissue available: in the UK alone
there are over 10,000 people who need a transplant and of these three die every day waiting
to receive one [185]. Even when a donor transplant is available there are often additional
complications. The donor tissue may not match the tissue of the patient sufficiently well
to be useable, or once implanted may suffer immune rejection (see [262] for statistics on
transplant rejection in the US). Even if the transplant is not rejected the recipient generally
has to take strong immunosuppressant drugs for the rest of their life. In some cases it may
be possible to harvest tissue from another part of the patient’s body to make the repair,
e.g. for bone grafts [8] and vein transplants [79]. However, the harvested tissue often does
not fully restore the functionality of the tissue into which it is implanted, and the tissue
functionality in the harvested region is reduced. There is also the pain and discomfort
associated with the tissue removal and the risk of post-operative infection [8]. There are
similar complications with using artificial materials, e.g. the limited lifespan of hip and knee
replacements [210] and risk of infection with artificial patches for repairing blood vessels
[128]. Clearly, therefore, there is a significant need for alternative sources of cells and tissue
for grafts. Tissue engineering has the potential to meet this need provided cells and tissues
can be grown at sufficiently large scale for clinical application (i.e. to cell populations of
~ 10% and tissue grafts of the order of centimetres or tens of centimetres [233]). A major
advantage of tissue engineering is that grafts can be grown from a patient’s own cells (au-
tologous cells), which removes the need for testing donor and recipient compatibility prior

to transplantation and overcomes the problem of immune rejection [244].



Successes and challenges in tissue engineering

A number of different types of cells and tissue have already been successfully engineered
and used clinically, including skin substitutes [98] and cartilage cells for knee cartilage re-
pair [21]. Perhaps the most notable success has been in engineered tracheae transplants,
with the first ever transplant (using a decellularised donor windpipe seeded with the pa-
tient’s own stem cells) having been carried out by Macchiarini et al. [160]. Other engineered
tissues and organs that are undergoing clinical trials include bladders [12], corneas, blood
vessels and bronchial tubes [123]. Despite these successes, many challenges remain to be
overcome, including improving understanding of how different cell types respond to their
external environment and developing ways to engineer larger tissues [166]. The latter re-
quires determining how to enhance nutrient supply to, and waste product removal from,
growing tissues, since the size and type of tissues that can currently be engineered is lim-
ited by the diffusion distance of nutrients and waste products in tissue. While thin tissues
(up to a few hundred micrometers in depth) and avascular tissues, such as those described
above, can be adequately supplied with nutrients by diffusion, larger tissues or those with
higher metabolic demands become nutrient-depleted without alternative transport mecha-
nisms [165]. Hence there is a need for further research into vascularising engineered tissue

and scaling up laboratory experiments for clinical use.

In vivo and in wvitro tissue engineering

Tissue engineering methods can be viewed as either in vivo or in vitro. Although both types
normally entail expanding a cell population and then seeding it onto a porous scaffold (to
form a cell-scaffold construct), in the in vivo method the construct is implanted directly into
the body, whereas in the in vitro method it is incubated in a bioreactor external to the body
prior to implantation. The main purpose of the scaffold is to provide a structure to which
the cells can attach, on which they can grow and through which essential nutrients can be
transported, although some scaffolds also provide physical and chemical cues to influence the
growth of the cell population (e.g. guidance channels for neural cells in nerve regeneration
[276] and chemical and topographical patterning of the scaffold surface for bone, muscle
and skin cell culture [153]). Scaffolds made from biodegradable polymers will degrade and
be replaced by new tissue once implanted into the body, potentially enabling the complete
regeneration of the damaged tissue [98]. A potential advantage of in vitro tissue engineering
is that culturing the cell-scaffold construct in a bioreactor allows the nutrient, temperature
and pH environment of the cells to be controlled to ensure the growth of a functional cell

population.
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Figure 1.1: Summary of the in vitro tissue engineering process. Adapted from

1.

In this thesis we focus on in vitro tissue engineering, the process of which is summarised
in Figure 1.1, and in particular the use of bioreactors for expanding cell populations. Biore-
actors nevertheless have a number of other uses in tissue engineering and medicine that
include promoting stem cell differentiation, investigating normal and pathological tissue de-
velopment, testing drug delivery and action on tumour cells [98], and as potential external

organ support devices [168].

Motivation for mathematical modelling

Historically, advances in tissue culture in bioreactors have relied on many expensive and
time-consuming experiments. However, since tissue growth is a complex multiscale phe-
nomenon, consisting of many coupled biophysical and biochemical processes occurring over
a wide range of length- and time-scales, it is very difficult to unpick the effects of the pro-
cesses involved solely by experimental investigation. Mathematical modelling and computer
simulation can offer significant assistance in understanding the processes underlying tissue
growth and thus enable major improvements in bioreactor design and operation. Math-
ematical models also permit rapid and cost-efficient exploration of different experimental
scenarios, and can provide detailed spatial and temporal information, e.g. on nutrient dis-
tributions in bioreactors, that is difficult to obtain via experiments.

In this thesis we develop mathematical models to investigate the influence of fluid flow,
nutrient and waste metabolite transport, and cell seeding on cell population growth in

bioreactors. For this purpose we focus on a particular bioreactor system: the single-fibre
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hollow fibre bioreactor (HFB) as used by Dr M. Ellis’ group at the Centre for Regenerative
Medicine at the University of Bath. This bioreactor provides a model system for investi-
gating the effect of the above factors on cell population expansion, as it enables cells to
be cultured in different flow and seeding configurations. The models we develop yield pre-
dictions of optimal operating and seeding conditions for cell population expansion in the
single-fibre HFB, but also provide insight into potential means of improving cell culture in

similar bioreactor systems.

Chapter outline

In §1.1, we describe the biological processes that underpin tissue engineering, discussing the
different cell types that are used to grow new tissue, the processes by which cells respond
to their external environment, and the different types of bioreactor used to culture cells
(including a full description of the HFB system we consider). Following this, we describe
the different types of mathematical models that have been used to represent tissue growth
in tissue engineering bioreactors in §1.2, and those specifically applied to HFBs, to provide
background to the models we consider. In §1.3 we give an outline of the thesis and discuss
the motivation and aims for each of the models that we develop. To conclude, we discuss

the novel contributions of our work in §1.4.

1.1 Biological background

1.1.1  Cell types

As described above, in wvitro tissue engineering involves seeding a cell population onto a
scaffold and culturing the resulting construct in a bioreactor. A large array of different cell
types can be used [244] and there are various different sources from which the cells can
be harvested. They can be autologous, i.e. taken directly from the patient via a biopsy;
allogeneic, i.e. taken from a human donor or embryo; or zenogeneic, i.e. from a different
species. Although autologous cells are preferable to allogeneic or xenogeneic cells in terms
of avoiding immune rejection, they may be difficult to harvest in large quantities [52] or,
for some cell types such as nerve cells, to harvest at all [244]. The function required of the
cells, in combination with their availability and biocompatibility, is often a key determining
factor in the choice of cell source. Thus porcine hepatocytes are used for bioartificial liver
devices because they are more widely available than human hepatocytes and are able to
maintain liver-specific functions in vitro [7].

A further distinction that can be made in the types of cells used is between stem cells

and differentiated cells (mature, tissue-specific cells). Stem cells generally proliferate at high
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rates and are able to differentiate into many cell types, so theoretically make ideal candidates
for engineering different tissues [98, 244]. However, it can be difficult to control their
proliferation and differentiation, even with specific growth factors and specially designed
scaffolds [75, 148, 244]. Differentiated cells, on the other hand, proliferate more slowly and
can be difficult to expand sufficiently. Some approaches use a combination of stem cells and
differentiated cells or cells at different stages of differentiation to achieve the desired cell
behaviour [98].

Stem cells can be isolated both from embryos and adult tissue. Although embryonic
stem cells are pluripotent, i.e. can differentiate into any cell type in the adult body, their
use is associated with many ethical issues [138]. Hence, much research has been aimed
at isolating and identifying multipotent adult stem cells, or so called mesenchymal stem
cells (MSCs) [257]. These cells are most commonly found in bone marrow, but can also
be obtained less invasively from other tissues, including amniotic fluid, placenta, umbilical

cord tissue and blood, adipose tissue and dental pulp [103, 112].

1.1.2 Chemosensitivity and mechanotransduction

The external chemical and mechanical environment of cells in a bioreactor affects numerous
cell processes including migration, growth, proliferation, differentiation and death. This
thesis focusses on the effects of nutrient and waste product concentrations and fluid shear
stress on cell growth, proliferation and death.

There are numerous examples of the effects of nutrient concentration on the prolifer-
ation of different cell types, e.g. the effects of oxygen concentration on the proliferation
of fibroblasts [20, 125, 183], endothelial cells [219] and MSCs [146, 269]; and those of glu-
cose concentration on pancreatic beta cells [249] and mesangial cells (smooth muscle cells
around blood vessels in the kidneys) [275]. Cells have minimum requirements for glucose
and oxygen in order to be able to perform oxidative phosphorylation to produce adenosine
triphosphate, the ‘molecular unit of intracellular energy’. Insufficient oxygen (hypoxia) and
glucose can lead to cell death via apoptosis (programmed cell death) or necrosis (premature
cell death due to internal cell damage). During cell growth and proliferation the metabolic
demands of cells increase significantly, as a considerable amount of energy is required to
double the cell’s contents. Recent research has shown close links between the cell signalling
pathways that control cell metabolism and proliferation, and suggested that proliferating
cells may undergo a shift in metabolism towards that of cancer cells, with increases in the
uptake of key nutrients such as glucose [157, 266]. For many cell types, increased extra-
cellular oxygen leads to an increase in cell proliferation [125, 183, 269], as does increased

extracellular glucose [249], but for some stem cells proliferation is greater under low oxygen
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concentrations [20, 146]. In the models that we develop, we will assume that the rates of
cell proliferation and growth increase with nutrient concentration (at least over some inter-
mediate range of concentrations), and use simple functional forms to facilitate investigation
of the effects of changes in the nutrient concentration.

Mechanotransduction is the process by which cells convert mechanical stimuli (such as
shear or compression) into intracellular chemical activity and a coordinated cellular response
[113], which can include alignment, growth, differentiation and proliferation [121, 179]. In
our models we will investigate the influence of fluid shear stress on cell proliferation and
death. Exposure to excess fluid shear stresses results in cell death for many cell types, as
observed for cardiomyocytes [215] and hepatocytes [47], but shear stress can also stimulate
proliferation, e.g. for osteoblasts [121] and chondrocytes [162]. Furthermore, exposure to
fluid shear stress during cell culture has beneficial effects for various cell types [165], in-
cluding increased extra-cellular matrix (ECM) deposition by osteoblasts [14] and enhanced
protein synthesis by chondrocytes [57], which improve the mechanical strength of engi-
neered bone and cartilage respectively. We will incorporate shear-induced cell death and
shear-stimulated cell proliferation into our models using simple relationships between the

cell death/proliferation rate and the fluid shear stress.

1.1.3 Cell seeding

As mentioned above, cell seeding is the process by which cells are incorporated into or onto
the scaffold prior to being cultured in a bioreactor. Different seeding methods give different
initial densities and spatial distributions of cells within the scaffold, which in turn affect
the development of the tissue and therefore the physical and chemical properties of the
final construct. Seeding cells into 3D scaffolds at high densities has been shown to improve
the structural integrity of cartilaginous tissue constructs [83], increase bone mineralisation
[110], and enhance the structure and function of constructs grown from cardiac cells [29].
Conversely, low density and non-uniform seeding has produced inferior tissue constructs in
the case of cartilage regeneration [82].

There are two main cell seeding strategies: surface seeding, in which cells are put onto
an exposed surface of the scaffold, and bulk seeding, in which the cells are distributed
throughout the scaffold. Surface seeding is normally achieved via static loading of the cells
onto the scaffold surface using a micropipette. This is the most commonly used seeding
method despite evidence that it can lead to tissue constructs with non-uniform cell distri-
butions [110, 124, 152]. The spatial heterogeneity in the final cell distributions obtained
with this method is mainly due to cells remaining near the scaffold surface where the nu-

trient concentration is high and preventing the nutrient reaching the scaffold centre. Bulk
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seeding is often performed by agitating a cell suspension surrounding the scaffold to encour-
age the convection of cells into the scaffold or by directly perfusing the scaffold with the
cell suspension, and has been reported to give constructs with a higher density and more
uniform distribution of cells [110, 124, 152]. Although these general relationships between
the density and distribution of seeded cells and the properties of the final construct have
been identified, optimal seeding strategies are highly dependent on the specific bioreactor
set-up (e.g. the scaffold architecture, fluid dynamics and nutrient transport) and cell type.
In many cases, further experimental and theoretical investigations are required to determine

the influence of the seeding strategy on the growth of the seeded cell population.

1.1.4 Types of bioreactor

Bioreactors can be divided into two types: those that use static culture and those that use
dynamic culture. In static culture, cells are simply placed in culture medium rich in the
nutrients and growth factors that they need to grow and divide, and the culture medium
is periodically replaced to avoid the build up of toxic waste products. Dynamic culture,
meanwhile, uses fluid flow to enhance transport of the nutrient-rich culture medium to
the growing tissue. Typical static culture systems, used mainly to culture cell monolayers,
include the petri dish and T-flask. Whilst they are easy to use, their major drawback is that
nutrient delivery to, and waste product removal from, the cells occur via diffusion alone,
which limits the size of cell culture that can be grown.

A variety of different dynamic bioreactors exist, all designed with the aim of closely
mimicking the in vivo environments in which specific cell types grow. In addition to pro-
viding improved nutrient delivery, they also enable exposure of the cells to controlled levels
of fluid shear stress, which can have numerous benefits as described above. The most basic
examples of dynamic bioreactors are shake flasks and spinner flasks (Figures 1.2(a) and
1.2(b) respectively), in which the cell-scaffold construct is submerged or suspended in cul-
ture medium and the medium is mixed, by agitation of the whole flask or the motion of a
magnetically-driven stirrer. Issues with shake and spinner flasks include unpredictability of
the flow and their limited potential for growing large cell populations. Spinner flasks also
have the disadvantage that turbulent eddies created by the stirrer increase the shear stress
on the cells, potentially leading to cell damage [165].

Another type of dynamic bioreactor is the rotating wall vessel bioreactor (Figure 1.2(c)),
in which cell-scaffold constructs are maintained in a state of free-fall through the culture
medium by the rotation of the vessel about its longitudinal axis. Rotating wall vessel

bioreactors provide more uniform flow and lower shear stresses than shake and spinner
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flasks, and thus better culture conditions for several cell types [165], but the rotation rate
has to be varied as the construct grows to keep it in free fall [166].

In direct perfusion bioreactors (Figure 1.2(d)), culture medium is pumped directly
through the cell-scaffold construct, significantly enhancing mass transport to the scaffold
interior. Direct perfusion bioreactors have been shown to improve cell survival, growth and
function in comparison with static methods and other dynamic bioreactors for a variety of
cell types [165]. Nevertheless, in choosing the flow rate through the scaffold, care must be
taken to avoid exposing the cells to damaging levels of shear stress. Other bioreactor types
include dynamic force bioreactors, in which mechanical forces are applied to the cell-scaffold
construct to mimic forces experienced in the body, such as compression in cartilage and bone
(Figure 1.2(e)); and fixed-bed and fluidised-bed bioreactors, in which cells are immobilised
in macroporous carriers and packed or suspended respectively in a column perfused with

culture medium (Figure 1.2(f)).
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Figure 1.2: Different types of bioreactor. (a) Shake flask, (b) spinner flask (c) rotating
wall vessel, (d) direction perfusion, (e) dynamic compression, and (f) fluidised-bed (left)
and fixed-bed (right). Arrows show direction of motion and/or fluid flow. Cell-scaffold
constructs shown in white, culture medium in light brown in (a)-(e); inset sketch in (f)
shows porous structure of carriers into which cells are seeded. Adapted from [165, 210].
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Hollow fibre bioreactors

The bioreactor that we consider in this thesis is a particular type of HFB. HFBs have
been used for various tissue engineering applications, including mammalian cell expansion
(see [278] for a review) and bioartificial liver devices [7, 168]. A number of different cell
types have been cultured in HFBs, including lymphocytes [93, 94], hepatocytes [187] and
osteoblasts [70]. In many respects, HFBs are similar to direct perfusion bioreactors. They
consist of a glass module containing a single hollow fibre or a bundle of multiple aligned
fibres (Figures 1.3(a) and 1.3(b)). Each fibre has a central lumen surrounded by a porous
wall (or membrane) (Figure 1.4), that separates it from the space around the fibres, known
as the extra-capillary space (ECS). In the typical mode of operation, cells are seeded in the
ECS and nutrient-rich culture medium is pumped through the fibre lumen(s), but the cells
can also be seeded in the lumen(s) and the culture medium pumped through the ECS [278].
Combinations of flow and cells inside and outside the fibres can also be used [278]. The fibre
is designed so that the pores in the membrane are large enough to allow nutrients, waste
products, proteins and growth factors to pass from the lumen to the ECS and vice versa, but
sufficiently small that cells are unable to move into the membrane. With the flow separated
from the cells by the membrane, cells are protected from high fluid shear stresses. This
enables relatively high flow rates, which promote mass transport across the membrane, to
be used without damaging the cells. HFBs also show much greater promise for expanding
cell populations to the numbers necessary for clinical applications than other bioreactor
types, due to the large surface area (relative to the bioreactor volume) for cell seeding and
proliferation provided by the fibres [278]. For example, as many cells can be cultured in
a 0.51 HFB as in a 10001 standard culture flask [69, 278]. A further benefit of HFBs for
clinical applications is that the fibres mimic capillaries in vitro by guiding nutrient delivery
to the cells, and so have the potential to direct the formation of new blood vessels when
implanted into the body [70]. Furthermore, if the fibres are made from a biodegradable and
biocompatible polymer, they will degrade following implantation as new tissue grows, until
eventually just the new tissue will be left [70].

Despite these advantages, there is still a considerable amount of work required to develop
HFBs for clinical use, both in terms of improving understanding of their operation and
scaling them up. In particular, better understanding of the combined effects of cell seeding,
operating conditions, and bioreactor design on flow, nutrient transport and cell population
growth in HFBs is needed. To achieve a desired end cell yield or distribution, precise control
over the nutrient, waste product, and fluid shear stress environment of the cells is required.

Since the factors affecting this environment interact in a complex way, we choose to focus
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Figure 1.3: (a) Photograph of the single-fibre HFB module considered in this
thesis (adapted from [231]). (b) Schematic of a HFB containing a bundle of
hollow fibres (adapted from [186]). ECS = extra-capillary space. Arrows in (b) show
the direction of fluid flow when fluid is pumped into the bioreactor at the lumen inlet.

Figure 1.4: (a) Cross-section of a poly(lactide-co-glycolide) (PLGA) hollow fi-
bre. (b) Close-up of the membrane showing the pore structure. From [70].

on a relatively simple laboratory-scale HFB set-up with the aim of gaining deeper insight
into the factors influencing growth.

The HFB we consider is shown in Figure 1.3(a). It consists of a single porous hollow
fibre housed in a cylindrical glass module. The bioreactor has two ECS ports, one at either
end, on opposite sides of the module. Cells are typically seeded either by injecting an
inoculum of cells into the ECS ports and rotating the bioreactor (on a drum rotating at
6.6 rpm for 6 hrs) so that the cells settle onto the outer surface of the fibre [70], or injecting
a suspension of the cells in collagen gel through the ECS ports and leaving the gel to set
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[281]. The former approach leads to the formation of aggregates of cells on the fibre surface
and is used for cell population expansion experiments [278]. In the latter approach the cell-
seeded gel typically occupies the entire ECS and the set-up is used to culture 3D constructs.
Different flow configurations are possible, with neither, one or both of the ECS ports open
and the culture medium either driven through the lumen or the ECS ports (or both) by a
pump at a prescribed flow rate. For flow driven through the lumen, culture medium passes
through the fibre walls to the cells, which absorb nutrients and growth factors from the
medium and produce waste products. If one or both of the ECS ports are open, some of
the culture medium (the retentate) exits the bioreactor via the lumen outlet and some (the
permeate) via the ECS ports, and a pressure is applied at the lumen outlet to control the
ratio of the two. A large number of the bioreactor design and operating parameters can
be varied, including the bioreactor length, the membrane depth and permeability, the inlet
flow rates, the inlet solute concentrations, and the cell seeding distribution.

Experiments are currently being carried out by Dr M. Ellis’ group at the Centre for
Regenerative Medicine at the University of Bath to investigate the use of this system for
engineering bone, cardiac and liver tissue. Their prior research involved characterising the
properties of, and testing cell attachment and culture on, hollow fibre membranes made from
biodegradable poly(lactide-co-glycolide) (PLGA) [70, 71, 174, 178]. One outcome of this
research was that fabricating the membranes with a mix of PLGA and poly(vinyl alcohol)
(PVA), as opposed to just PLGA (which is hydrophobic), improved the hydrophilicity
and porosity of the membrane and removed the need for special wetting agents [174]. The
research also showed that, given the right culture conditions and culture period, cells seeded
onto the surface of the fibre proliferate over the surface until they reach confluence [70, 175].

It is known from experiments with HFBs containing multiple fibres [59, 155, 251, 281]
that once cells have reached confluence over the fibre surface, given suitable culture con-
ditions they can proliferate outwards into the ECS to establish a layer multiple cells deep.
However, uneven cell distributions over the fibre surface following culture (Figure 1.5), and
poor cell yields compared to those achieved with tissue culture plastic in a T-flask have
been observed [70]. Another issue associated with the single-fibre HFB is the difficulty of
obtaining detailed spatial information about the nutrient, fluid shear stress and cell distri-
butions in the bioreactor. Whilst the inlet and outlet flow rates and nutrient concentrations
can be measured, it is difficult to mount flow and nutrient sensors inside the bioreactor due
to its small size. Monitoring the evolution of the cell distribution in the bioreactor is also
not straightforward, requiring the use of sophisticated imaging techniques [27, 105, 273].
These issues motivate our development of theoretical models of fluid and mass transport

and cell proliferation in the single-fibre HFB.
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Figure 1.5: Uneven distribution of pZIP osteogenic cells cultured on a PLGA
hollow fibre in a HFB for seven days. Dark patches are methylene-blue-stained cells.
Top section is from the outlet end of the fibre, middle section from the middle of the fibre
and bottom section from the inlet end, with the flow going from right to left. From [70].

1.2 Mathematical modelling

As mentioned above, mathematical modelling of tissue engineering systems can lead to
significant improvements in their design and operation. Different types of mathematical
models, namely continuum, discrete and hybrid discrete-continuum models, can be used to
describe tissue growth in bioreactors. Continuum models of tissue construct growth treat
the cells, scaffold and culture medium as continua [49, 85, 192, 204, 229], while discrete
models treat the cells (and sometimes also the scaffold and nutrients) as discrete entities
[38, 90]. Hybrid models use a combination of discrete and continuum models for the tissue
construct components and culture medium [39, 42, 283]. For a given bioreactor set-up,
how appropriate it is to use each type of model varies according to the properties of the
cell-scaffold construct and how these change in space and time. Continuum models have
the advantage over discrete models that they can generally be expressed in terms of partial
differential equation (PDE) systems that can be investigated analytically and/or numeri-
cally. However, they are only valid when the properties of the construct vary smoothly on
a length scale much larger than that of a cell and for cell densities that are large enough
to justify treatment as a continuum variable. This is often not the case during the ini-
tial growth phase of the tissue construct since the cell density in the scaffold is frequently
low [29, 110, 124]. In such situations, a discrete cell-based model may be more suitable.
Another potential drawback of continuum models is that subcellular and cellular processes
are represented via macroscale constitutive terms rather than being described explicitly as
in cell-based models. Thus it is difficult to establish how the behaviour of individual cells
or groups of cells affects tissue growth using a continuum model, unless it is derived by
spatially averaging a cell-based model.

Although cell-based models are often more appropriate for the initial stages of growth

and can provide valuable insight into the effect of cell-level behaviour on the development
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of the tissue construct, at a certain stage of cell proliferation—once the number of cells
has become large (~ 10%)—it becomes computationally challenging to track all the cells in
the construct [127]. At this point it may be appropriate to revert to a continuum tissue
growth model, provided that the number of cells is large and the tissue properties are
sufficiently homogeneous. However, switching between discrete and continuum descriptions
requires knowledge of how to relate cell-level parameters to continuum ones and conditions
determining when it is valid to use a continuum description [60, 127, 193].

In the rest of this section we review the literature on continuum, discrete and hybrid
models of tissue growth in tissue engineering (for further reviews see [193, 228]), before

describing the models that have been applied specifically to HFBs.

1.2.1 Continuum modelling

To date, most models of tissue growth in bioreactors have been continuum models. Such

models can be broadly categorised as follows:
1. models of nutrient-limited tissue growth in static culture systems; and

2. models of dynamic culture systems, in which cells are either considered to be point
sources/sinks in the nutrient/waste product fields and occupy no volume, or to occupy
a finite volume and interact chemically and mechanically with the culture medium and
scaffold.

Below we review examples of each type of model and discuss the insights they have yielded.

Models of static culture

The transport and consumption of nutrient and its effect on tissue growth in static culture
have been described for the most part by 1D and 2D continuum models [66, 85-87, 150, 189).
In these models, nutrient diffusion and uptake have been described via reaction-diffusion
equations, with different forms used for the nutrient consumption term (corresponding to
different uptake kinetics [86, 189] and inclusion of dependence on the cell density [66, 150]).
Cell proliferation has been modelled in a number of different ways. Galban and Locke [85],
for example, modelled proliferation implicitly using a moving boundary approach, taking
the boundary separating a region of scaffold occupied by cells from a void region to move
at a rate proportional to the local concentration of a growth-rate-limiting nutrient. Based
on the timescale for cell proliferation being much longer than that for nutrient diffusion
in the scaffold, quasi-steady state assumptions were employed to simplify the reaction-
diffusion equations governing the nutrient distribution. Linear uptake kinetics were used

for the nutrient consumption in the cell region. The aim of this study was to explain
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the experiments of Freed et al. [80, 81], in which the proliferation rate of chondrocytes
seeded in highly porous polymer scaffolds and immersed in culture medium decreased with
increasing scaffold thickness. Galban and Locke used their model to compare surface seeding
with seeding in the centre of the scaffold by considering the two limiting cases of cells
growing inwards from the scaffold periphery and growing outwards from the middle of
the scaffold towards the source of nutrients. Although numerical simulations gave better
agreement with Freed et al.’s results with the centre-seeding mode, the predictions of the
model were generally inconsistent with the experimental findings, with good agreement
only being obtained for scaffolds of intermediate thickness. In later work [86, 87], Galban
and Locke assumed that tissue growth could occur at any position within the construct by
treating the cells and culture medium as two distinct phases, and taking the cell volume
fraction to increase with the local nutrient concentration. Incorporating heterogeneity in the
cell population in this way significantly improved the agreement between their simulations
and Freed et al.’s data. However, Galban and Locke’s model ignored cell migration, which
has been observed for primary chondrocytes on certain scaffolds [33, 100], and contact
inhibition of growth (inhibition of cell division due to cell contact).

Dunn et al. [66] extended an earlier model for the growth of a cartilaginous tissue con-
struct [150] to include contact inhibition by using a logistic growth law for the cell density,
with a growth rate proportional to the nutrient concentration. Their model agreed closely
with experiments which showed that the increase in cell density in a uniformly seeded
scaffold after culture was restricted to a narrow region near the fluid-scaffold interface.
Meanwhile Chung et al. [40] developed a two-phase model similar to that of Galban and
Locke but with cell migration modelled as a diffusion-like process. Chung et al. observed
that the inclusion of cell migration resulted in a higher overall growth rate and cell distribu-
tions that were generally more uniform, and that uniform cell seeding increased the density

and uniformity of the final cell distribution by reducing competition for nutrients.

Models of dynamic culture

As discussed in §1.1.4, dynamic culture systems enhance nutrient and waste product trans-
port to the cell-scaffold construct in the bioreactor using advection of the culture medium,
and enable controlled application of fluid shear stress to the cells. Several computational
models have been developed to simulate dynamic bioreactors [19, 43, 44, 139, 140, 216],
perhaps most notably in the realm of computational fluid dynamics (CFD). Such models
generally consider the full bioreactor and scaffold geometry and solve the Navier-Stokes
equations for the fluid flow and reaction-advection-diffusion equations for nutrient trans-

port. However the influence of cell proliferation on the flow and nutrient transport is often
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neglected [193]. While they offer a high degree of spatial and temporal detail on fluid and
nutrient distributions, such models generally incur a high computational cost. Here, there-
fore, we concentrate on approaches in which analytical techniques have been used to first
simplify the governing equations so that they can be solved analytically or with less com-
putationally intensive numerical methods. For reviews of computational models, we refer
the reader to [114, 193, 228].

A prime example of the analytical reduction that can be achieved is the model of tis-
sue construct growth in a rotating bioreactor developed by Cummings and Waters [49].
The authors simplified governing equations for fluid flow, nutrient transport and construct
growth by exploiting the large aspect ratio of the bioreactor (its small depth relative to
its radius) and the large separation in the timescales for the flow, nutrient transport and
growth. This allowed the problem to be solved in separate stages: first the flow around
the tissue construct was determined, then the motion of the construct in the bioreactor
due to the flow, then the nutrient distribution around the construct, and finally the growth
rate of the tissue construct. Nutrient was assumed to be supplied at a constant rate at the
circular boundary of the bioreactor, transported through the bioreactor by a combination
of advection and diffusion, and absorbed at the boundary of the tissue construct at a rate
proportional to its concentration. Flow far from and near to rigid-body rotation was found
to generate periodic construct orbits and orbits in which the construct drifted towards the
edge of the bioreactor respectively. These flow regimes and construct trajectories were later
validated experimentally [50]. A key finding of the modelling was that nutrient depletion
zones which form around the construct when it remains in a state of free fall are removed
when the construct trajectory is time-dependent. These findings are typical of the insight
into improving bioreactor design and operation that asymptotically reduced models can
provide.

Further examples of asymptotically reduced models include [271] and [272]. In [271],
Waters et al. developed a single-phase model to explain differences observed in the mor-
phology of suspended tissue constructs grown in different types of rotating bioreactor. As
in [49], they exploited the small (or large) aspect ratios of the bioreactors to simplify the
governing equations for the fluid flow. However, the effects of cell growth and prolifera-
tion were neglected. Whittaker et al. [272], meanwhile, investigated the effects of inserting
porous hollow fibres into a cylindrical porous scaffold of the same material and porosity on
the flow and nutrient transport in the scaffold. Fluid was pumped into the scaffold via an
inlet pipe and/or the fibres, and allowed to leave the scaffold either via a specific outlet pipe

or across the entire curved outer surface of the scaffold. Flow in the scaffold was modelled
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using Darcy’s Law, with point source and sink terms in the mass conservation equation rep-
resenting the inlet and outlet and line sources representing the fibres. Lubrication theory
was used to simplify the equations for the flow in the fibres, and the flow problem in the
scaffold reduced to a Poisson problem for the fluid pressure and solved numerically. The
flow solutions were then used to determine the shear stress, nutrient and waste product
distributions in the bioreactor. The set-up with the curved surface of the scaffold as a dis-
tributed outlet was found to yield the most uniform flow distribution, but also the highest
shear stresses.

Whilst these kinds of studies of dynamic culture systems can help to identify optimum
bioreactor design and operating conditions for a given cell type, they typically focus on the
timescales associated with transport processes and ignore the effect that cell population

growth has on the fluid flow and scaffold permeability.

Multiphase modelling

A tissue construct in a bioreactor may comprise many different interacting constituents, in-
cluding cells of different types, ECM, a scaffold and interstitial fluid. Multiphase modelling
or mixture theory, in which each of the different constituents is treated as a separate phase,
with its own time- and space-dependent volume fraction, offers a natural framework for
investigating interactions between the different phases. The phases are treated as continua
that occupy the same region of space, and interactions are described via mass and momen-
tum transfer between the phases. Many different constitutive equations for the interphase
forces can be used, and one of the main challenges is establishing the right constitutive
assumptions to make [167].

Multiphase models have been widely used to investigate the effect of fluid flow and
nutrient transport on tissue construct growth in dynamic culture systems. For example,
Coletti et al. [46] and Causin and Sacco [31] considered how cell proliferation affects fluid
and nutrient transport (through changes in scaffold porosity) and vice versa in perfusion
bioreactors. In these models, the scaffold was treated as a rigid porous solid and the
cells were assumed to be immobile. Fluid flow through the scaffold was modelled by the
Brinkman equations, with the permeability of the scaffold taken to depend on the cell
density (and hence on the cell proliferation). A reaction-advection-diffusion equation, with
Michaelis-Menten uptake kinetics, described the evolution of the nutrient concentration, and
nutrient-dependent cell proliferation was modelled using a Contois equation. Simulations
of both models showed significant reductions in nutrient delivery to parts of the scaffold

where the pore fraction decreased due to cell proliferation.
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Chung et al. [41] incorporated cell migration into a similar model of fluid and nutrient
transport and cell proliferation in a perfusion bioreactor using a linear diffusion term to
describe movement of the cellular phase. Numerical simulations of the model showed that
perfusion increased cell proliferation and spatial uniformity of the cell population. Shakeel
et al. [229] extended this approach by describing density-dependent cell spreading via non-
linear diffusion in their model of cell proliferation in a perfusion bioreactor. They assumed
that cell proliferation and nutrient uptake in the scaffold depended on both the local nu-
trient concentration and fluid shear stress. They adapted a functional form proposed by
O’Dea et al. [192] to describe elevated proliferation at intermediate shear stress levels, and
used a similar function to describe an associated increase in nutrient uptake over the same
shear stress range. Like Coletti et al. and Causin and Sacco, they included feedback from
cell proliferation on the scaffold permeability, by modelling the decrease in scaffold porosity
as cells proliferated and filled the scaffold voids. They investigated the influence of the
scaffold porosity and initial seeding distribution on the final tissue construct composition,
and found that adding high-porosity channels spanning the scaffold aided nutrient delivery
to cells deep within the construct.

In the aforementioned studies, momentum transfer between phases was simplified by
using the Darcy or Brinkman equations for the fluid flow. A more detailed consideration
of the interphase interactions was given by Lemon et al. [145]. Their approach allowed
for an arbitrary number of fluid phases and a solid phase for the porous scaffold and/or
ECM, and provided general forms for the interphase interaction terms based on constitutive
assumptions. They focussed on the case in which there are two fluid phases (one inviscid for
the culture medium, the other viscous for the cells) and the scaffold is a rigid inert structure.
The model was used to study proliferation, migration and aggregation in a population of
motile cells seeded in an artificial scaffold. The cells formed aggregates or spread out until
uniformly distributed throughout the scaffold depending on the relative strengths of the
cell-cell and cell-scaffold drag forces. In a later paper [144], Lemon et al. extended the
model to include a reaction-advection-diffusion equation for a generic nutrient and coupled
this to cell proliferation to assess the impact of nutrient depletion on tissue growth. The
patterns of growth associated with surface and bulk seeding were compared and analytical
solutions were derived for the limits of high and low cell-scaffold drag. The effect of spatial
variation in the scaffold porosity was also considered. With higher porosity near the scaffold
edge there was more growth there than in the scaffold centre, due to the greater volume of
free space available for the cells to grow into and depletion of the nutrient in the culture
medium advected to the scaffold centre. O’Dea et al. [192, 195] used the same multiphase

formulation to study the response of a perfused tissue construct to different mechanical
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stimuli. The cell density, hydrostatic pressure and fluid shear stress on the cells were all
shown to have a significant effect on the final construct composition.

Although multiphase modelling permits investigation of the interactions between dif-
ferent constituents of the tissue construct, it does not explicitly account for cell-cell and
cell-environment interactions at the scale of individual cells. Instead, constitutive laws de-
scribe the effect of such cell-scale interactions on the macroscale. In order to explicitly
describe cellular processes such as migration, proliferation, apoptosis and adhesion, it is
necessary to use a discrete cell-based model. In the next section we review the two main
types of cell-based models—on-lattice and off-lattice models—and discuss their advantages

and disadvantages, and their use in modelling tissue growth.

1.2.2 Discrete modelling

On-lattice models

In on-lattice cell-based models, cells occupy sites in a regular fixed (square or hexagonal in
2D, cubic in 3D) lattice and have a predefined cell-cell interaction neighbourhood (the set of
cells with which they interact). Square-lattice cellular automata (CA), the canonical type of
on-lattice model, use the principle of mutual exclusion in space, i.e. that each grid site can be
occupied by at most one cell. The interaction neighbourhood of each cell is typically defined
as the four cells with which it shares an edge (the von Neumann neighbourhood), or the
eight cells with which it shares an edge or a corner (the Moore neighbourhood). Cells move
between lattice sites either according to deterministic rules, e.g. linking migration speed and
direction to nutrient concentration, or as a random walk or a directed random walk, e.g. due
to chemotaxis (movement up a nutrient concentration gradient) or haptotaxis (movement
over the scaffold up a gradient of cellular adhesion sites). Cell division and death can be
treated as stochastic processes and/or linked to detailed subcellular models of signalling
pathways. In the field of cancer modelling, square-lattice CA have been used to simulate
avascular [62, 73, 120, 286] and vascular tumour growth [197, 242], tumour cell invasion
[10, 287], and tumour interactions with various environmental factors, such as nutrients
and growth factors and ECM [15, 72, 89].

Cellular automata have also been used in the context of tissue engineering. Cheng
et al. [38], for instance, used a 3D cubic-lattice CA model to investigate the effect of the
competing processes of migration and contact inhibition on tissue growth. The scaffold was
taken to be a uniform grid that allowed free movement of cells in all directions, and each
cell was assumed to execute a persistent random walk until it collided with another cell or
its division time (as measured by a division counter) elapsed. Once a cell’s division counter

reached zero, if at least one of the neighbouring sites was available the cell was split into two
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daughter cells, one of which was left in the current site and the other of which was placed
randomly in one of the available neighbouring sites. In simulations of the CA, Cheng et
al. found that cell migration compensated for the limiting effect of contact inhibition on
tissue growth, but to differing extents for different seeding distributions. For surface-seeded
cells the tissue growth rate increased continually with increasing cell motility, whereas for
bulk seeded cells the improvement in the growth rate plateaued at large migration speeds.
However, the study neglected the effects of nutrient availability on cell proliferation and
migration.

One issue with CA is that the rules governing cell movement, division and death can
be difficult to relate directly to corresponding biological mechanisms. Cell growth and
proliferation are particularly difficult to capture as each cell in the lattice has a fixed volume
and shape, and when a cell divides a new cell of equal volume is instantaneously produced.
In reality, a cell steadily increases in size until its volume has approximately doubled, at
which point it divides in a finite time to produce two cells of equal volume.

Many of the issues associated with CA can be avoided by using a cellular Potts (or
Glazier-Graner-Hogeweg) model [95], in which each cell occupies multiple square (or cubic,
in 3D) lattice sites. Deformation in cell shape and cell-cell interactions are modelled by
sampling lattice updates and using a global energy function, known as a Hamiltonian, to
calculate the probability of accepting updates. Although the definition of the Hamiltonian
allows a number of effects including cell-cell and cell-substrate adhesion to be described, it
is unclear whether growing tissue should be modelled as energy conserving at the cellular
level [180]. Cellular Potts models have been used to simulate various forms of tissue growth

including angiogenesis and tumour invasion [218, 236, 258].

Off-lattice models

Off-lattice cell-based models provide a more realistic framework for modelling tissue growth
than on-lattice models, as the cells are not required to occupy sites in a regular grid. There
are two main types of off-lattice models: cell-centre models and cell-vertex models. In
cell-centre models, the locations of the cells are determined by their centres, which move in
response to the net forces exerted on them by neighbouring cells and any substrate to which
they are attached. In cell-vertex models, the cells are modelled as polygons, whose size and
shape evolve due to movement of their vertices. This movement is typically governed by
deterministic equations of motion.

Cell-centre models require definitions of cell-connectivity (i.e. which cells are in contact
with each other) and the cell-cell interaction force (the force between two neighbouring

cells). In 2D, cell-connectivity is usually determined either by the overlapping spheres
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method, in which two cells interact if their centres are within a certain distance, or a Voronoi
tessellation method, in which neighbours are determined through a Delaunay triangulation
of the domain with the cell centres as nodes. The cell-cell interaction force depends on the
positions of the cell-centres and can take a variety of different forms, from a simple linear
spring force to more complex nonlinear expressions that include cell-cell and cell-substrate
adhesion [200]. Cell proliferation can be incorporated in spring-based cell-centre models
by, for instance, making the cells divide after a prescribed time and placing the daughter
cell close to the mother cell in a randomly chosen direction [263]. Cell growth is modelled
implicitly in this way by the relaxation of the springs connecting the mother and daughter
cell from compression after the division event [181].

In cell-vertex models the equations of motion for the vertices are typically derived by
balancing the viscous drag on the vertices from the surrounding medium with the gradient
of a free energy function, which is assumed to exert a force on each vertex [77, 196]. Contri-
butions from cell-deformation, membrane surface tension and cell adhesion can be included
in the free energy to ensure that the cells attain their target area and shape and conserve
their membrane length. Cell division can be implemented by splitting cells in two along
their short axis at the end of the cell cycle, halving the target area of the daughter cells
and allowing it to gradually increase to its original value [196].

Geris et al. [90] used an overlapping spheres cell-centre model to investigate cell aggre-
gate behaviour for bone tissue engineering applications. Their model incorporated cell-cell
and cell-environment interactions such as adhesion, repulsion and drag. Oxygen, glucose,
lactate and a growth factor and inhibitor were represented in the model as clusters of dif-
fusing particles, which could be absorbed by cells. A subcellular model for cell metabolism
including the essential reactions of glycolysis and the Krebs cycle and an explicit model for
the cell cycle were included. Cell growth and proliferation were governed by the availabil-
ity of different metabolites, the space free for division and the cellular mechanical stress.
Various types of cell death—mnecrosis, apoptosis and anoikis (programmed cell death due
to detachment from surrounding ECM)—were implemented in the model according to the
stress levels and the levels of nutrients, waste products and growth factors in the culture
medium. The difference in the growth of the aggregate under normoxic and hypoxic condi-
tions was compared, and necrosis in the aggregate centre observed in low oxygen conditions.

Although cell-based models allow investigation of the effect of cellular processes on tissue
development, as mentioned earlier simulations of cell-based models with large numbers
of cells generally have a far greater computational cost than the numerical solution of
continuum PDE models. Off-lattice models are particularly computationally intensive due

to the difficulty of handling the information on the cell-connectivity.



1.2. Mathematical modelling 21

1.2.3 Hybrid modelling

Various definitions of hybrid modelling exist in the literature [9, 154, 270], but all hybrid
models of tissue growth combine some form of discrete and continuum descriptions in a single
model. We follow [60] and separate hybrid models into composite hybrid models (CHMs),
in which cell-based models are coupled to continuum fields for chemicals and mechanics;
and adaptive hybrid models (AHMs), in which discrete and continuum descriptions of the
tissue are used in different regions of space and at different times. In the following, we focus
on CHMs, but note that adaptive hybrid models have been used to model avascular and
vascular tumour growth [84, 127, 154, 245, 274].

CHMs can be subdivided according to the type of cell-based model they use: on-lattice or
off-lattice models. Cellular automata are often used in CHMs, since a refined version of the
underlying grid for the cell locations can be used as the lattice for discretising the continuum
chemical and mechanical fields. The rules governing the movement and proliferation of cells
are also relatively straightforward to implement on a regular lattice. However, a major
disadvantage of hybrid cellular automata is that the discretisation of the tissue into a regular
lattice of cells can introduce artifacts in the simulations [180]. For instance, the distribution
of cells will be skewed differently depending on whether von Neumann or Moore interaction
neighbourhoods are chosen [180]. It is also difficult to represent cell division accurately
within the constraints of a fixed lattice, as in standard CA.

Hybrid CA models have been used extensively to model tumour growth [4, 5, 62, 91,
118, 239]. Early models coupled CA with reaction-diffusion equations for nutrients such
as oxygen and glucose [118, 239], while more recent models have incorporated blood flow
and vascular remodelling [170, 197] and descriptions of subcellular processes like cell cycle
progression and protein expression [4, 236]. The application of CHMs to tissue engineering
has been more limited, but there are some notable examples. Cheng et al. [39] used a
CHM to study how tissue growth in a 3D scaffold in a spinner flask bioreactor is affected by
nutrient transport. Their model consisted of a CA describing cell migration and proliferation
coupled to an advection-diffusion equation for the nutrient concentration, with Michaelis-
Menten uptake kinetics in lattice sites occupied by cells and zero uptake in unoccupied
sites. The division rate and migration speed of each cell were assumed to increase with the
nutrient concentration at the lattice site of the cell. Cheng et al. used their model to assess
the influence of the initial seeding distribution, cell migration speed and scaffold size on the
rate and pattern of tissue growth. Their results suggested that tissue growth is enhanced
if the initial seeding distribution is uniform and that increased cell migration speed can
compensate for contact inhibition to a greater extent for surface-seeded cells than for bulk-

seeded cells. Chung et al. [42] developed a similar CHM to investigate the effect of nutrient



1.2. Mathematical modelling 22

limitations on the growth of a cartilaginous tissue construct. They argued that increased
cell migration speed enhanced tissue growth for bulk-seeded cells only in the initial stages,
as at slow migration speeds local aggregation of cells allowed continued nutrient delivery
to the scaffold centre, while at high migration speeds nutrient delivery was blocked by cells
moving to the scaffold periphery and proliferating there.

CHMs have also been employed to study the effect of scaffold material properties and
fluid flow on the development of a tissue construct. Zahedmanesh and Lally [283] modelled
vascular smooth muscle cells growing in a perfused tubular scaffold using an overlapping
spheres cell-centre model and a poro-elastic finite element model for the pore fluid velocity
and cyclic strain fields. The division time of the cells was defined to be an increasing
function of the strain and a decreasing function of the fluid velocity in each element. To
account for remodelling due to tissue growth, the geometry and boundary conditions for
the poro-elastic component were updated at each time step. The results demonstrated that
low scaffold compliance contributes to growth of cells into the lumen of the blood vessel
construct, but pulsatile flow reduces ingrowth and promotes collagen synthesis.

Composite hybrid models allow detailed modelling of dynamics at the cell-scale to be
coupled to the macroscale chemical and mechanical environment. However, the use of a
cell-based model for the whole cell population means that CHMs are often computationally
expensive for large cell numbers. Adaptive hybrid models represent a potential solution to
this problem, by allowing the discrete and continuum representations of the tissue to be
chosen dynamically and adaptively (e.g. according to the local cell density or proliferation
rate). Nevertheless, there are several issues that must be addressed to implement an AHM.
In particular, it is necessary to know how to relate parameters at the cell-level to those at the
tissue-level in order to couple the discrete and continuum descriptions, and conditions are
needed to determine when and where it is valid to use each description. One approach that
could resolve these issues, and the computational cost of simulating CHMs, is to rigorously
derive continuum approximations of cell-based models that can be used in place of the
cell-based models under certain conditions. We now review the approaches taken in the

literature to do this that are relevant to the work in Chapter 4 of this thesis.

1.2.4 Deriving continuum approximations of cell-based models

A number of authors have derived continuum approximations of either deterministic [18,
78, 181] or stochastic [6, 64, 158, 238, 259] cell-based models in 1D and 2D (see [78] for a
review). Whilst the approach taken and the continuum model obtained have depended on
the particular discrete model used, a common feature of the continuum approximations is

that they can be expressed in terms of nonlinear diffusion equations for the cell number
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density. Here we focus on the work of Murray et al. [181] and Fozard et al. [78] on deriving
continuum limits of 1D deterministic cell-based models.

Murray et al. [181] considered a 1D off-lattice cell-centre model with a line of cells
connected by linear springs (Figure 1.6(a)). By balancing the drag forces on the cells from
the surrounding medium with the cell interaction forces and taking the continuum limit of
the discrete model equations for a large number of cells, they derived a nonlinear diffusion
equation for the cell density. They modelled cell proliferation in the discrete model by
dividing cells symmetrically in two once they reached a certain age, and showed that cell
proliferation could be included in the continuum model via an appropriate source term in
the nonlinear diffusion equation. Simulations of the continuum model and discrete model
with 700 cells showed excellent agreement in the cell density distribution and the authors
demonstrated that, in the limit of incompressible cells, cell velocity is directly related to
cell production as is commonly assumed in continuum modelling of tumour growth. In a
later paper [182], Murray et al. considered nonlinear cell interaction force laws and showed
that they give rise to different nonlinear diffusion coefficients in the cell density diffusion
equation.

Fozard et al. [78] investigated how the behaviour of a 1D cell-vertex model (Figure
1.6(b)) of adherent epithelial cells can be approximated by a continuum model in the limit
of a large number of cells. The cells were taken to have viscoelastic properties and expe-
rience drag from the underlying substrate. Differential-algebraic equations for the motion
of the cells were derived from energy considerations using a Hamiltonian formulation, and
cell growth modelled via a linear increase in the cell resting lengths with time. Cell pro-
liferation, however, was not included in the model. A continuum approximation of the
discrete system was obtained for cell parameters varying slowly in space by replacing the
finite differences in the governing equations with derivatives. A continuum approximation
was also derived for the case of heterogeneous spatially-periodic cell parameters, i.e. pa-
rameters that vary substantially between adjacent cells, via homogenisation. For a total
cell number N, the errors in the continuum approximations were O(1/N?) and O(1/N) for
the cases of slowly-varying and spatially-periodic parameters respectively, suggesting that
the continuum approximation could be used for slowly-varying parameters for relatively
modest values of N. Fozard et al. used the model to study the expansion of a cell aggregate
due to cell growth, and its behaviour in the limits of slow growth and long time. Numer-
ical solutions for discrete and continuum cell pressures and vertex velocities were in close
agreement for NV = 20 for uniform cell parameters, and reasonable agreement for N as low

as 8 for heterogeneous parameters. Fozard et al. were also able to provide a mechanistic
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Figure 1.6: Schematics of (a) Murray et al.’s 1D linear spring cell-centre model
(adapted from [181]) and (b) Fozard et al.’s 1D viscoelastic cell-vertex model
[78]. In (a) r; (¢ =1,...,N) denote the positions of the cell centres with labelling indices
i, Ai denotes the distance between cells along the indexing coordinate, and a denotes
the resting length of the springs. The system is in equilibrium since Ai = a. In (b) z,
(n=0,...,N) denote the positions of the cell vertices, l,,41/o the cell lengths, and a1 /2
the resting cell lengths. Each cell is represented by a linear spring and dashpot connected
in parallel. Again, the system is shown in equilibrium with I, 1/5 = ayp41/2-

explanation for the acceleration of the leading edge observed in wound healing assays with
the model.
Further details of Murray et al.’s and Fozard et al.’s models and their approaches to

deriving continuum approximations are given in Chapter 4 and Appendix E.

1.2.5 Hollow fibre bioreactor modelling

Models of fluid and nutrient transport

Numerous theoretical studies of fluid and solute transport in HFBs have been carried out
with the aim of improving their design and operation for cell culture [231]. Typically these
studies have focussed on the timescales associated with fluid and solute transport rather
than the longer timescale associated with cell proliferation. As such, they have neglected
the effects of cell proliferation on the flow and solute transport in the bioreactor. Solute
transport has generally been studied by overlaying mass transport models on models for
the fluid transport through a representative subunit of the bioreactor known as the Krogh

cylinder [22]. Each Krogh cylinder consists of a single fibre surrounded by a uniform annulus
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of ECS that contains a homogeneous distribution of cells, and the annuli of neighbouring
Krogh cylinders are assumed to be touching. There are several issues with this approach, in-
cluding that it ignores the interstitial spaces between the Krogh cylinders, any non-uniform
spacing of the fibres in the bundle and probable coupling between the flows in adjacent
fibres [22]. Most studies have described the fluid and mass transport in the fibre lumen
using the Stokes equations and advection-diffusion equations respectively, but have ignored
convective effects in the membrane and ECS and assumed that the mass transport in these
regions is diffusion-dominated. This is representative of the single-fibre set-up with the ECS
ports closed.

Oxygen is generally considered to be the rate-limiting nutrient for growth of the cell
population [231, 246] and its transport and consumption has been the most widely modelled
[55, 201, 204, 208, 226, 234, 248], though glucose [3, 54, 280] and protein transport [133,
134, 235] have also been considered. In contrast, the transport of lactate, a waste product
of cell metabolism that is toxic to cells at high concentrations, has only recently been
modelled [231]. For cells seeded in gel throughout the ECS, nutrient uptake has been
described via a reaction term in the ECS mass transport equation, which has followed zeroth-
order, first order or full nonlinear Michaelis-Menten kinetics depending on the nutrient
demands of the cells. Where the uptake kinetics have been approximated as zeroth- or first-
order, analytical approaches have been employed to solve the nutrient transport equations
[116, 126, 208, 234]. Where full nonlinear uptake kinetics have been used, the transport
equations have been solved numerically, with finite difference [206] or finite element [54—
56, 247, 248, 280] schemes. Below we review in more detail the different models of fluid and
mass transport and cell population growth in HFBs that have been developed.

The work in Chapter 2 of this thesis builds largely upon the studies of fluid and solute
transport in HFBs of Shipley and co-workers [231, 233, 234]. In [233], the authors developed
a model for fluid transport in a single-fibre HFB with no cells in the ECS, using Navier-
Stokes equations to describe the flow in the lumen and ECS, and Darcy’s Law for the flow
through the membrane. Exploiting the small aspect ratio of the bioreactor, the authors
used lubrication theory to simplify the governing equations and derive expressions for the
retentate and permeate flow rates in terms of the lumen inlet flow rate, lumen radius, fibre
length, and membrane thickness and permeability. By comparing these with experimental
measurements of the retentate and permeate masses over time, they determined a value
for the membrane permeability. This enabled the derivation of an operating equation for
specifying the permeate to lumen inlet flow rate ratio by varying the inlet flow rate and
retentate pressure (and fibre geometrical parameters if necessary). Next, in [234], a Krogh

cylinder model for the oxygen transport through the bioreactor with Poiseuille flow in
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the lumen was developed. Oxygen uptake by the cells was described via zeroth-order or
Michaelis-Menten kinetics, according to the validity of approximating the uptake as constant
for the cell type in question, and the transport equations solved analytically or numerically
respectively. The model was used to define operating equations for determining the inlet
flow rate, lumen length and ECS depth necessary to maintain the oxygen concentration
above a cell-specific minimum. In [231], Shipley and Waters modelled the fluid flow, and
oxygen and lactate transport in the bioreactor with cells seeded in gel throughout the ECS.
They considered the ECS ports to be either closed or open, and described the flow and
mass transport in the membrane and cell-packed ECS using Darcy’s Law and reaction-
advection-diffusion equations respectively. They used the model to define conditions on
the bioreactor geometry (the lumen length and ECS depth) and operating parameters (the
inlet flow rate, outlet pressure and cell seeding density) that would ensure sufficient oxygen
delivery and lactate removal with the ports either open or closed. In this way, they were
able to demonstrate that opening the ECS ports to enhance the radial flow, and therefore
the oxygen and lactate transport, through the ECS enabled a much larger cell population
to be cultured within the bioreactor. Growth of the cell population and its effect on the
ECS permeability were, however, not considered.

Krogh cylinder models have also been used to inform the design and operation of HFBs
as bioartificial liver devices (BALs) [55, 56, 104, 106, 201, 247, 248] and for engineering 3D
bone tissue [3, 280]. Davidson et al. [55] used a Krogh cylinder model of oxygen transport
in a BAL to determine the range in the number of fibres that can be used to culture a
hepatocyte population of a certain size without the cells being exposed to hypoxic con-
ditions. The dependence of the range on different parameters, such as the lumen radius,
fibre length, flow rate, cell number and membrane thickness, was investigated, and narrower
lumens, shorter fibres, higher flow rates and thinner membranes found to give larger oper-
ating regions for non-hypoxic culture of the hepatocyte population. In a later paper [56],
Davidson et al. extended their investigation to consider other parameters, such as the inlet
oxygen concentration and oxygen uptake rate, and determined the operating conditions
necessary to replicate the zones of different oxygen concentration found in the liver in vivo
(a phenomenon known as liver zonation).

Ye et al. [280] modelled glucose and oxygen transport in a multi-fibre HFB used for
engineering 3D bone tissue with cells seeded throughout the entire ECS. They observed
that at high cell densities glucose depletion was more significant than oxygen depletion
for short fibre lengths (3cm), but that oxygen depletion was more significant for longer
fibres. They also demonstrated that increasing the thickness of the cellular matrix led to a

greater radial drop in the glucose and oxygen concentrations, and that higher lumen flow
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rates helped to sustain greater glucose and oxygen concentrations throughout the cellular
matrix. Abdullah et al. [3] built on this work by comparing the suitability of the multi-fibre
HFB for growing bone tissue with that of two other bioreactors: a suspended tube bioreactor
and a confined perfusion bioreactor. Glucose was assumed to be the limiting nutrient for cell
viability and the governing equations for the flow and glucose transport were solved using
the finite element method. Using the glucose concentration profiles within the different
bioreactors as proxies for cell viability, the HFB was found to offer the best conditions (i.e.
highest glucose concentrations) for culturing cells at the high densities required for bone
tissue.

In a recent study by De Napoli et al. [58], a Krogh cylinder model of glucose and oxygen
transport in a multi-fibre HFB with a cell-seeded ECS and closed ECS ports was used to
perform a detailed numerical investigation of the effect of various operating conditions and
design parameters on the nutrient environment of the cells. Charts were obtained showing
the non-hypoxic ECS regions and regions receiving sufficient glucose as a function of the
main dimensionless parameter groupings affecting the flow and solute transport. Parameter
variations that increased the magnitude of recirculating flows were found to significantly
enhance cell oxygenation and glucose availability. The study was designed to help tissue
engineers optimise cell culture in the bioreactor, either for specific therapeutic applications

or to recreate physiological nutrient conditions in wvitro.

Multiscale and multiphase models

Other modelling approaches have been employed to describe cell culture in HFBs. Das [54],
for example, adopted a multiscale approach to modelling bone cell culture in the multi-fibre
HFB to take account of the processes affecting nutrient transport from the cellular scale to
the bioreactor scale. A computational framework was developed in which individual cells
in the ECS and their nutrient uptake were modelled, and the framework used to determine
the effects of the inlet glucose concentration, inlet fluid velocity, and cell size and density
on the glucose concentration profiles in the bioreactor. The multiscale approach was also
compared with the standard Krogh cylinder model and found to predict different glucose
concentration profiles—with transport limitations occurring both radially and axially as
opposed to just radially.

Recently, multiphase models of fluid flow, nutrient transport and cell proliferation in
the single-fibre HFB have been developed by Pearson et al. [204, 205], building on the work
of Lemon et al. [145] and O’Dea et al. [192] described above. In [204], a 2D model of the
HFB with cells seeded in collagen gel throughout the ECS was developed, and a multiphase

description used to track the dynamics of each phase (the cells, culture medium and collagen
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scaffold), and the solute concentration, in the ECS. The small aspect ratio of the bioreactor
was exploited to reduce the governing equations to a much simpler system that was then
solved numerically. Different case studies corresponding to different experimental scenarios
and cell types were considered, including nutrient-driven cell proliferation, chemotaxis and a
prescribed ECS flow opposing that in the lumen. For each case, the influence of the inlet flow
rate on the cell yield and distribution was determined, and optimal flow rates for achieving a
spatially uniform cell population predicted. The model was also used to determine whether
a sufficient nutrient supply was maintained for the entire cell population. A variety of
different steady state cell distributions were predicted, with both upstream and downstream
bunching of the cells in the ECS, but in nearly all cases it was possible to choose a flow rate
such that the cell distribution was highly uniform and the cells received sufficient nutrient.
Furthermore, the maximum cell yield was found to correlate well with the minimum spatial
variation in the cell distribution, suggesting that uniform cell populations can be achieved
without compromising cell yield. In [205], the authors considered a different experimental
set-up with a cell layer of constant depth filling part of the ECS and culture medium
pumped into the bioreactor through the upstream ECS port as well as the lumen inlet.
They modelled the cell layer as a three-phase mixture of cells, culture medium and scaffold
as before, with cell proliferation captured via a source term in the cell mass conservation
equation. The effects of altering the flow rate into the ECS port and the cell layer depth
on the cell yield for different forms of shear-stress-dependent growth (either enhanced or
limited by increasing shear stress) were investigated. The authors found that thinner cell
layers could withstand higher flow rates before the cell yield was compromised, since cells
in thinner layers experienced lower shear stresses for a given flow rate. As far as we are
aware, this is the only study other than our own to consider the effect of shear stress on
cell proliferation in the single-fibre HFB.

Mohebbi-Kalhori et al. [177] used a sophisticated CFD approach to solve a multiphase
model of fluid flow and oxygen and glucose transport in a HFB containing a hexagonal
array of 200 hollow fibres around which bone marrow cells were seeded in a gel matrix.
Cell proliferation and migration were modelled respectively via a nutrient-dependent source
term and linear diffusion term in the ECS cell mass conservation equation. The influence
of a number of key parameters on long-term tissue growth, including the inter-fibre spacing
(usually neglected in Krogh cylinder models as described above), membrane thickness and
bioreactor length, were studied. The inter-fibre spacing was found to have little effect on
the mean cell volume fraction in the short term, but greater fibre spacings resulted in much
larger cell volume fractions in the long term. In agreement with the work of Ye et al. [280],

decreasing the membrane thickness and fibre length allowed higher nutrient levels to be
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sustained, enhancing the growth of the cell population. Predictions of the mean cell volume
fraction and oxygen concentration were validated against experimental measurements from
Ye et al.’s [281] study of rat bone marrow cell growth in a HFB and found to be in close
agreement.

Despite the insights into optimising HFB cell culture provided by the models described
above, further research is required to elucidate the interactions of the cell distribution, fluid
flow and solute transport, and their effects on cell proliferation. In particular, none of the
above studies have investigated the influence of the initial seeding distribution on the growth
of the cell population in the ECS. Whilst opening the ECS ports and increasing the lumen
inlet flow rate and outlet pressure have been found to enhance solute transport through the
single-fibre HFB, the potentially adverse effects on cell survival of the resulting higher ECS
fluid shear stresses have not been accounted for. These issues motivate the development of

the models in this thesis, which we outline below.

1.3 Thesis outline

In this thesis we develop models of fluid flow, solute transport and cell population expansion
in the single-fibre HFB shown in Figure 1.3(a) and test the suitability of a discrete-to-
continuum modelling framework for describing nutrient-dependent cell aggregate growth in
the HFB. Since the focus of our work is on cell population expansion, we consider cells
being seeded onto the surface of the fibre rather than embedded in gel throughout the ECS.
Each of the models we develop considers the effects of cell growth and proliferation on the
overall population expansion at a different spatial scale, from the population scale to the
cell scale. Each model is thus appropriate to a different stage of cell population expansion.
Although the models we formulate for solute transport in the HFB are applicable to a
generic nutrient or waste product, we focus on oxygen and lactate as potentially growth-
rate-limiting solutes. Since the experimental data needed to validate our models is not yet
available, we have instead focussed on determining the range of growth behaviour possible
under different flow configurations, operating conditions and initial cell distributions, and
for different cell types.

In Chapter 2, we develop an axisymmetric 3D model for the growth of the cell layer
formed in the HFB by cells proliferating into the ECS after reaching confluence over the
fibre surface. The net rate of cell proliferation, and therefore of growth (or recession) of the
cell layer, is assumed to depend on the local oxygen and lactate concentrations and fluid
shear stress on the cells. The model is used to predict the effects of varying the lumen inlet
flow rate and the pressure imposed at the lumen outlet on the growth of the cell layer for

different cell types. We also compare two flow configurations—one in which both ECS ports
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are open and one in which both are closed—and investigate the impact of the uniformity of
the initial cell layer on the growth. We are thus able to predict the flow configuration and
parameters that maximise the cell yield in a given time frame.

In Chapter 3, we consider the initial stages of cell culture in the HFB, shortly after cell
seeding and attachment, when the cells are attached to the outer surface of the fibre in
aggregates. We consider a different flow configuration from Chapter 2, with the upstream
ECS port closed and the downstream port open, and model the flow, oxygen transport
and cell aggregate growth in a 2D cross-section of the bioreactor. The growth rate of the
aggregates is assumed to depend on the local oxygen concentration and fluid shear stress on
the cells due to the ECS flow. We use the model to investigate how the lumen inlet flow rate
and outlet pressure affect the growth of the aggregates, and to predict optimal conditions
for growth of the aggregates to confluence over the fibre surface. We also investigate the
potential combined effects of the cell seeding and flow conditions on the rate of cell aggregate
growth by simulating the growth for different initial aggregate distributions and lumen outlet
pressures.

To test whether the discrete-to-continuum framework of Fozard et al. described in §1.2.4
could be used to model cell aggregate growth in the HFB, we develop a hybrid discrete-
continuum model of nutrient-dependent cell aggregate growth using this framework in Chap-
ter 4. To facilitate our investigation we consider a simple static culture set-up with a single
aggregate of cells (modelled via linear springs) growing along the base of a nutrient bath.
Equations for the diffusion of the nutrient and its uptake by the cells are coupled to the
discrete cell model, and a continuum approximation of this model derived in the limit of
a large number of cells. The discrete cell model allows greater biomechanical detail to be
incorporated into the cell aggregate growth than in the model of Chapter 3—the growth
is assumed to depend both on the local nutrient concentration and the degree of exten-
sion/compression of the cells. The aim of deriving the continuum limit is to determine if
the discrete cell model coupled to the nutrient transport can be closely approximated by
a continuum description that is more straightforward to analyse and less computationally
expensive to solve for large cell numbers. It also enables us to assess the validity of the
continuum description for the cell aggregate growth rate used in Chapter 3. We test the
agreement between the discrete cell model and continuum approximation by comparing sim-
ulations of the cell aggregate growth with each model over a range of parameter values and
initial cell distributions. We also compare our model to those of Murray et al. and Fozard
et al., and show the equivalence of their approaches to deriving the continuum limit of the
discrete model. We conclude this chapter by discussing the further work that is needed to

use the discrete-to-continuum framework to model cell aggregate growth in the HFB.
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In Chapter 5 we summarise the key results of the thesis and discuss ideas for future

work that would extend the models developed in Chapters 2—4.

1.4 Novel contributions

As described in §1.2.5, the majority of previous modelling studies of cell culture in HFBs
have not considered cell population growth or its effect on fluid flow and nutrient distribution
in the bioreactor. In addition, only one previous study has considered the effect of fluid
shear stress on cell proliferation in the single-fibre HFB [205]. The approaches used to model
cell population expansion in the single-fibre HFB in Chapters 2 and 3 are novel in these
respects. The model in Chapter 3 is also the first theoretical study of the influence of cell
seeding distribution on cell population expansion in HFBs. This work has been published
in PLoS ONE [34]. The work in Chapter 4 extends the study of Fozard et al. [78] by
coupling their discrete-to-continuum framework to a continuum model for external nutrient
transport, and demonstrating that close agreement is maintained between the continuum
approximation and the discrete model. In addition, we are the first to show the equivalence
of Fozard et al.’s and Murray et al.’s approaches to deriving the continuum limit of discrete
1D cell models.



Chapter 2

Cell layer growth in the hollow
fibre bioreactor

2.1 Introduction

In this chapter, we develop a model of cell layer growth in a single-fibre HFB by extending
the model of Shipley and Waters [231] described in Chapter 1. Rather than assuming that
the ECS is completely filled with cells as in [231], we consider a different set-up in which
the cells form a distinct layer on the outer surface of the fibre and culture medium is able
to flow freely through the rest of the ECS (see Figure 2.1). The cell layer is assumed to
grow outwards into the ECS (or recede towards the fibre surface) as a result of net cell
proliferation (or death), depending on the oxygen and lactate concentrations and the fluid
shear stress experienced by the cells. Instead of considering the timescale of transport
processes as in [231], we consider the longer timescale of cell proliferation. The model we
present is therefore more relevant to cell expansion experiments.

We consider two different flow configurations as in [231], with the ECS ports either open
or closed. In both cases, culture medium is pumped into the bioreactor at the lumen inlet
at a prescribed flow rate. With the ECS ports open, the flow through the membrane is
controlled by the pressure imposed at the lumen outlet. We consider the same order of
magnitude of flow rates as Shipley and Waters, for which the fluid and solute transport are
quasi-steady on the timescale of cell proliferation and there is a balance between the axial
advection and radial diffusion of the solutes with the ECS ports open.

Opening the ECS ports increases the radial flow through the bioreactor, which can be
further enhanced by increasing the lumen inlet flow rate and outlet pressure. This increases
oxygen delivery to, and lactate removal from, the cells, which has a positive effect on the
growth of the cell layer. However, the greater radial flow also exposes the cells to higher
shear stress, which can lead to cell death and detachment of cells from the layer. For any

given cell type, it is therefore necessary to determine whether opening the ECS ports will
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improve growth, and if so what inlet flow rate and outlet pressure will maximise growth
(enable the cell layer to grow to the maximum possible depth) over a long culture period
(here taken to be 60 days). Hence we use the model to determine the effect of opening the
ECS ports and varying the inlet flow rate and outlet pressure on the cell layer growth for

different cell types (using cell-type-specific data taken from the literature).

2.1.1 Chapter outline

The overall purpose of this chapter is to investigate how optimal operating conditions (i.e.
flow configuration and flow parameters) for expanding cell layers in the single-fibre HFB vary
for cell types with different oxygen requirements and shear stress tolerances. For most of this
chapter we discuss the case when the ECS ports are open, and summarise the key differences
in the flow, solute transport and growth when the ECS ports are closed in §2.9. We begin
by describing the model set-up in §2.2 and giving the governing equations for the fluid flow,
oxygen and lactate transport and cell layer growth in §2.3. In §2.4 we nondimensionalise
the governing equations and then use lubrication theory to simplify them. Details of the
parameter values used in the model are given in §2.5 followed by a description of how the
reduced model is solved in §2.6. In §2.7, we compare the flow profiles and oxygen and lactate
distributions in the bioreactor for cell layers of uniform and non-uniform depths. Results
of numerical simulations for different cell types are compared in §2.8; including results for
the variation in growth with the lumen inlet flow rate and outlet pressure. In §2.10 we
summarise our key findings and conclude by discussing possible extensions to the model.
The work in this chapter provides new insight into optimising HFB culture conditions for
a dynamic cell population, by accounting, unlike most existing models, for changes in the
fluid and oxygen transport in the bioreactor with cell proliferation. It also highlights the
potential effects of shear stress on the growth of the cell population in the HFB, which
nearly all HFB models to-date have neglected.

2.2 Model set-up

Figure 2.1(a) shows a schematic of the single-fibre HFB with a cell layer surrounding the
fibre. It is assumed that cells originally seeded on the outer surface of the fibre have
proliferated to confluence over the surface and then outwards from the surface, so that the
cell layer is several cells deep at the point from which we model the growth.

We assume that the lumen is cylindrical with radius R; and that the fibre, cell layer
and ECS are all annular in cross-section, with outer radii R,,, R. and R, respectively. For
simplicity, we view the flow and solute distributions as symmetric about the lumen axis.

We can therefore describe the system using axisymmetric cylindrical polar coordinates (r, z)
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Figure 2.1: (a) Schematic of the single-fibre HFB module with a cell layer on
the outer surface of the fibre and open ECS ports. (b) 2D cross-section of the
model set-up showing the distributed ECS port. Arrows show the direction of fluid
flow into the lumen and out of the lumen outlet and ECS port(s). Notation as described in
main text.

(b)

(i.e. neglect any azimuthal-dependence), where r is the radial distance from the lumen axis
and z is the distance along the lumen axis from the inlet at z = 0 to the outlet at z = L
(Figure 2.1(b)). The corresponding unit vectors in the r- and z-directions are denoted by
e, and e,. The radial position of the outer surface of the cell layer is assumed to vary with
axial position and time, so that R. = R.(z,t). Typically L ~ 10cm, R; ~ 100-200 pm,
(R — Ry) =~ 200—400 um and R, ~ 1 mm. The aspect ratio of the fibre lumen, ¢, is therefore
very small

9 x108 <1
17 )

€= (2.1)

as are those of the membrane, cell layer and ECS.

We denote the flow rate at which culture medium is pumped into the lumen inlet by
Q1,in and the pressure imposed at the lumen outlet by P, ;. We treat the outer wall of the
ECS as a distributed port following Shipley et al. [231, 233] (see [202] for a consideration
of the effect of the positions of the ECS ports on the fluid flow and solute transport). With
the port open, fluid leaving the port is at atmospheric pressure, Py, and the ratio of the
amounts of fluid passing through the ECS and down the fibre lumen is controlled by P ;-
With the port closed there is no flow or flux of solute out of the ECS outer boundary.

Oxygen enters the system at constant concentration Cj, via the culture medium pumped
into the lumen inlet, is transported through the bioreactor by a combination of advection

and diffusion, and is consumed by the cells in the cell layer. Lactate is produced by the
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cells in the cell layer as a by-product of respiration and transported out of the system by
advection and diffusion. While high oxygen levels promote proliferation, lactate is toxic to
cells, and so causes cell death, above a certain concentration.

Cell proliferation and death are assumed to be localised to the outer surface of the
cell layer due respectively to contact inhibition (which is appropriate for the cell types we
consider, see §2.3.3) and higher oxygen and lower lactate levels in the bulk of the cell layer.
The rates of proliferation and death are assumed to depend on the oxygen and lactate
concentrations and interstitial fluid shear stress at the outer surface. Hence we model the
growth of the cell layer by prescribing the rate of evolution of its outer surface r = R.(z,t)
as a function of the local oxygen and lactate concentrations and shear stress. As the cell
layer grows or recedes, the flow, oxygen uptake and lactate production change, and this in

turn affects the growth.

2.3 Governing equations

2.3.1 Fluid transport

We denote the fluid velocity and pressure by u and p, and the lumen, membrane, cell
layer and ECS with subscripts [, m, ¢ and e. We assume that the culture medium is an
incompressible Newtonian fluid of constant viscosity. In the lumen and ECS, viscous forces
in the fluid dominate inertial forces since the aspect ratio of each region is very small (see
§2.5.1), and the flow can be assumed to be quasi-steady on the timescale of cell layer growth
since this is much longer than the timescale for advection (see §2.5.3). Hence the flow can

be modelled as steady incompressible Stokes flow
V-u =0, pV?w=Vp, for i=1e, (2.2)

where p is the dynamic fluid viscosity.
Following several other authors [2, 22, 231, 280], we model the membrane and cell layer
as rigid porous media and describe the fluid flow through them using the incompressible

Darcy flow equations
V. (¢Zu’b) = 07 ¢Zu’b = _7Vp27 1= m,c, ! (23)

where ¢; (i = m,c) are the membrane and cell layer porosities (assumed constant), u;
and p; (i = m,c) are the interstitial fluid velocities and pressures (averaged over the fluid

fraction), and k; (i = m, ¢) are the permeabilities of the membrane and cell layer. Although

'We note that we could equivalently have written Darcy’s Law as u; = — =1 Vp; (i =m,c) with k} = k;/¢;,
since we have assumed the porosities ¢; are constant, but we have written it in this way so that it is explicit
that u; are the averaged interstitial velocities and not the Darcy fluxes.
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it is standard to use Darcy’s Law to model flow in a cell-packed ECS or Krogh cylinder,
relatively few experimental studies have sought to verify the validity of this model [104, 105].
Given that the cells are small relative to the dimensions of the layer (cell diameter ~ 10 pm
compared to the typical cell layer depth ~ 100 um and length ~ 10cm) and there are
approximately 10* - 10° cells packed into a typical cell layer, we assume that it is reasonable
to treat the cell layer as a porous medium.

The fluid stress tensors in the different regions, o; (i = [, m,c,e), corresponding to

equations (2.2) and (2.3) are given by
o; = —pl + u(Vu; + (Vu)T) for i=1le, o;=—-pI for i=m,ec. (2.4)

At the lumen-membrane and membrane-cell layer interfaces we prescribe continuity of nor-
mal fluid velocity and normal stress. Following previous studies [204, 205, 231], we assume
that all of the lumen fluid stress is taken up by the fluid in the membrane, and then by
the fluid in the cell layer (noting that other constitutive relations could be considered, see
[145] for a full discussion). Hence the continuity conditions at the lumen-membrane and

membrane-cell layer interfaces are

w-e =¢uuy-e and e.-0,-€ =€, -0,-€ onr=DR, (2.5)

OmUm, - € = e €, and e, -0, -€ =e€.-0.-€ on r=R,. (2.6)

Due to the form of the stress tensor in the membrane and cell layer, the normal stress
condition on the interface between the membrane and cell layer immediately reduces to
continuity of the pressure

DPm =De ON T = Ry, (27)

At the moving boundary of the cell layer, we impose continuity of the normal fluid velocity

relative to the moving boundary (i.e. conservation of mass) and continuity of normal stress

OR OR,
be <uC ‘N, — a;) =u, n.— e N, -0, N, =n.-0.-n. on r=~R.z,t), (2.8)

OR.

where n, = (e, — %re.)/\/1+ (aRC

2., L .
P ) is the outward-pointing unit normal to the cell layer

boundary. In the lubrication limit for the flow obtained by exploiting the small aspect ratio
of the bioreactor (see §2.4.1), the continuity of normal stress condition reduces to continuity
of pressure. Continuity of fluid pressure at the interface between a porous medium and a
free fluid has been used by several authors [17, 141, 149, 222] and justified theoretically for
isotropic porous media [115, 164].

It is well known that the flow of a free fluid past a permeable boundary causes a bound-

ary layer to develop in which the tangential component of the fluid velocity is non-vanishing
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[17]. However, Shipley et al. [233] fitted a model of the fluid transport in the HFB (with-
out cells in the ECS) with Beavers-Joseph conditions for the slip at the lumen-membrane
and membrane-ECS interfaces to experimental measurements of the flow distribution, and
found that slip had a negligible impact on the flow for the PLGA-PVA hollow fibre mem-
branes considered here. Therefore we apply a no-slip boundary condition for the tangential

component of the fluid velocity on r = R;
u e, = ¢ U, €, on r=R. (2.9)

Since the cell layer is porous, there will also be some slip at the outer surface of the cell
layer. Ideally, we would determine the magnitude of this slip from measurements of the
flow distribution with a cell layer attached to the hollow fibre. However, in the absence
of experimental data we assume that this slip is also negligible, and impose no slip at the

outer surface of the cell layer

Gcle-te =ue -t on r= R.(z1), (2.10)

2.
where t. = (881} e +e,)/y/1+ (8£c) is the tangent vector to the surface.

The ends of the fibre are glued into place with epoxy resin and the walls of the ECS are

solid, so there is no flow out of the ends of the membrane, cell layer and ECS
Up-€ =U.-€e, =UuUc-e,=0 on z2=0, L. (2.11)

As stated above, we treat the ECS ports as being distributed over the entire curved wall of
the ECS (r = R., z € [0, L]), which we now refer to as ‘the ECS port’, and so set the fluid

pressure to atmospheric pressure and the axial velocity to zero on this boundary
Pe = Pym and ue-e,=0 on r=R.. (2.12)

Shipley et al. [233] confirmed that this approach gives excellent agreement between model
predictions and experimental measurements of the lumen and ECS flow rates, as the bulk
of the pressure drop from the lumen to the ECS occurs across the membrane. We also note
that we would expect a no-slip condition to hold over most of the ECS outer wall (away
from the ECS ports) for the actual module with the ports open, so that the axial velocity
would indeed be zero over most of the boundary.

In the experimental set-up, the volumetric flow rate of fluid into the lumen and normal

stress at the lumen outlet are fixed, so

R,
/ w - e.looodS = Quin, (2.13)
r=0

e, 01 € =F, onz=L0<r<R. (2.14)
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Although these conditions are not sufficient to solve full Stokes flow (2.2) in the lumen,
they are sufficient to determine the flow in the lubrication limit (see §2.4.1 and §2.6.1). The
volumetric flow rates of fluid leaving the lumen and fluid leaving the ECS port, which are

measured experimentally, are given by
Ry
/ u - ez’z:L ds = Ql,outu (215)
r=0

L
/ U - e lr=r, S = Qe out- (2.16)
z=0

By conservation of mass, the fluid inlet and outlet flow rates must satisfy

Ql,in = Ql,out + Qe,out- (217)

We use this condition to verify our numerical solution of the fluid transport problem in
§2.6.3.

2.3.2 Mass transport: oxygen and lactate

We now write down the governing equations and boundary conditions for the transport
and consumption/production of oxygen and lactate in the HFB. We denote the solute
concentration (per unit volume of fluid) in the different regions by ¢; (i =1, m,c,e). As the
timescales for advection and diffusion of the solutes are much shorter than the timescale for
cell layer growth, we can assume that the solute transport is quasi-steady on the growth
timescale. Thus, in the lumen and ECS, the solute transport is governed by the steady

advection-diffusion equations
V - (cqw;) = D;iV3¢; for i=1,e, (2.18)

where D; (i = [,e) are the solute diffusivities in the lumen and ECS, and are assumed

constant. In the membrane, the transport is governed by
\'E (¢mcmum) =V. (¢mDmvcm)7 (2.19)

where D,, is the effective solute diffusivity (accounting for dispersion effects) in the cul-
ture medium in the membrane. In the cell layer, there is also oxygen uptake and lactate

production, so the solute transport is described by the reaction-advection-diffusion equation
V. (¢cccuc) =V. (gbchVCc) + m¢cR(Cc)a (2-20)

where D, is the effective solute diffusivity in the culture medium in the cell layer, and
the reaction term m¢.R(c.) describes the rate of oxygen uptake (for m = —1) or lactate

production (for m = 1) by the cells. Equations (2.19) and (2.20) are derived by volume
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averaging (reaction-)advection-diffusion equations for the solute concentrations in the pore
space over the membrane and cell layer, respectively (see [96] and [214] for further details).

Although the oxygen uptake and lactate production will depend on each other, we follow
Shipley and Waters [231] and make the simplifying assumption that they can be treated as
independent, since lactate production is approximately constant under typical bioreactor
conditions (see below). For a more detailed model of cell metabolism that includes coupling
between the oxygen consumption and lactate production we refer the reader to [30]. Oxygen
uptake in HFBs is typically modelled by Michaelis-Menten kinetics [2, 36, 54, 206, 234], for
which

Vmaa: cC

R = Crprer

(2.21)

where V4, (in mol m™3 sfl) is the maximal consumption rate per unit volume of the cell
layer and '/ is the concentration at which the consumption rate is half-maximal. Since
(2.21) is nonlinear, to make analytical progress we assume that c. > C/, so that the uptake
can be approximated as constant

R(ce) =~ Vinaz- (2.22)

This assumption restricts the validity of the model to cell types for which the concentration
in the cell layer can be maintained far above C/,. For cell types for which ¢, % C3,
full Michaelis-Menten kinetics must be used and the oxygen transport equations solved
numerically (as in [234]).

The lactate production rate depends on the underlying concentrations of glucose and
lactate, but in glucose-rich (glucose concentration > 0.5 molm~—3) and low lactate (lactate
concentration < 2.8 mol m~3) environments can be treated as approximately constant [232].
Since the glucose concentration in the culture medium pumped into the lumen is typically
in the range 5.5 55molm~ and the lactate concentration is kept low by lactate buffering
[231], we will assume that the lactate production rate is also constant.

Since the oxygen and lactate distributions are assumed to be symmetric about the lumen

axis, we impose no diffusive flux through r =0
DiVe¢ e, =0 on r=0. (2.23)

At the lumen-membrane and membrane-cell layer interfaces we impose continuity of con-

centration and flux

cq=c¢yn and (qu —DVq)-e = op(cmum — DyVey,) e, on r=Ry, (2.24)
¢m=c¢. and ¢p(cpuy — D Vey) - e, = ¢e(ccue — D Vee) -, on r=R,,. (2.25)
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At the outer surface of the cell layer we impose continuity of the concentration and flux

relative to the moving boundary

em = C. and ¢ece (uc ‘N — 8Rc> —¢cD:Veene. = (ceue—DVee)n. on r= R.(z,t).

ot
(2.26)
With the normal velocity continuity conditions in (2.5), (2.6) and (2.8), the flux conditions

reduce to continuity of diffusive flux

D)Ve¢ e = ¢ppnDnVen-e. on r= Ry, (2.27)
OmDmVem e, = ¢.D:Vee-e. on r= Ry, (2.28)
¢cD.Vec.-n.=D.Vee-n. on r=Rz1). (2.29)

There is no concentration flux out of the ends of the membrane, cell-layer and ECS, so
D;Veci-e, =0 on 2=0,L for i=m,c,e. (2.30)

Experimentally, the oxygen concentration at the lumen inlet is held constant and there is

no lactate in the culture medium entering the lumen, so

C; f ,
= { ’ of OB = 0,0<r<Rh. (2.31)

0 for lactate,

Following Shipley and Waters [231], we assume that the culture medium leaving the lumen
outlet and ECS port is well-mixed and impose zero-diffusive-flux at both for both the oxygen

and lactate transport

D)Ve-e,=0 on z=L,0<r <Ry, (2.32)
D.Vc.-e, =0 on r=R,. (2.33)

We note that the first condition is only required to solve the reduced model derived in the

small aspect ratio limit (see §2.4) when the ECS port is closed.

2.3.3 Cell layer growth

We assume that there is no movement of cells in the cell layer and that only cells at its
outer surface r = R.(z,t) proliferate or die, while those in the bulk are quiescent, so that
the cell layer porosity ¢. remains constant. Cells in the bulk are less likely to proliferate
than cells at the outer surface due to contact inhibition (which is significant for the cell
types we consider: cardiomyocytes [74], hepatocytes [161], and chondrocytes [99, 143]),
and are also less likely to die as they experience higher oxygen concentrations and lower

lactate concentrations closer to the fibre surface (see §2.7). We assume that cells at the
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outer surface that proliferate form new layers on top of the existing cells and those that die
become detached from the surface, so that the depth of the cell layer increases or decreases
according to the net increase or decrease in the number of cells locally. We model net
changes in the cell number implicitly through the movement of the outer surface of the cell
layer. We do not model the ECM, and neglect cell-cell and cell-ECM interactions.

Cell proliferation and death are assumed to depend on the oxygen and lactate concen-
trations, co and cr, and interstitial fluid shear stress o (the shear stress on the cells due to
the flow through the spaces between the cells) at the surface of the cell layer. We assume
the growth depends on the interstitial shear stress rather than the shear stress on the cells
from the ECS flow tangential to the surface, as the interstitial shear stress is an order of
magnitude larger for the flow configuration considered here (see §2.4.3). Thus the normal

velocity of the outer surface of the cell layer is given by

OR.
ot

——%—— = G (cOlr=Ru(zt)> CLlr=Ro(z) Tlr=Ro(2)) » (2.34)
OR.\?
1+ (%)
where the growth function G is to be prescribed. We note that this model can be derived
from a two-phase model for the cells and culture medium (treating both as fluid phases) of

a similar form to the two-phase tumour growth models in [26, 35, 137, 209], for which the

cell volume fraction ¢ (=1 — ¢.) and cell velocity v satisfy

¢ o

where G is the net cell proliferation rate. The equation for the free boundary of the cell
layer (2.34) is obtained by assuming that ¢ = const. and that proliferation and death are

localised to the free boundary, so that
V.v=G=48r— Rzt)e)G(co,cr,0),

(where d(r) is the 3D Dirac delta function in cylindrical polar coordinates r = (r, 6, z)), then
integrating over the volume of the cell layer, and using the fact that the normal velocity of
the free boundary is given by the kinematic boundary condition

OR.
ot

e -n.=v-n. on r=Rz1),

(see Byrne and Chaplain [25]).

Following previous studies [117, 150, 171], and based on experimental evidence that
the proliferation rate of many cell types increases with oxygen availability [125, 183, 269],
we assume that the cell proliferation rate increases linearly with the oxygen concentration

above a minimum threshold required for proliferation, C,,;,. As data on the relationships
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between cell death and lactate concentration, and cell death and shear stress, is more
limited, we make the simple assumption that cells die and detach from the cell layer surface
at a constant rate when either the lactate concentration exceeds the threshold at which it
is toxic to the cells, Ly,q., and/or the shear stress exceeds a critical threshold, ;. The
effects of excess lactate and shear stress are taken to be multiplicative, so that cells die at
a faster rate when both ¢y > L. and o > X4. The cell layer stops growing if it fills the
entire ECS or recedes to the fibre surface (which is taken to represent all the cells dying),

s0 Ry, < Re(z,t) < Re. The following form for G is used to incorporate these assumptions
G(COa CL, U) = [ApH(CO - Cmin)(CO - szn)F(Ed - U) - Bd[(l + BLF(CL - Lmaac))
x (14 B,F(o — 5q)) — 1]}H(Rc(z, t) — Rp)H(R. — Ro(2,1)), (2.36)

where H(-) is the Heaviside function and F(z, s) = 3(1+ tanh(sz)) is a smoothed Heaviside
function with smoothing factor s; the constant A, is the growth rate of the cell layer per
unit concentration if ¢ > Chnip and there is no cell death (¢p < Ly and o < 3g); By
is the baseline recession rate of the cell layer if c¢;, > Ly or 0 > ¥4 and there is no
cell proliferation (co < Cpin or o > ¥4); and Br and B, are dimensionless factors that
determine the rates of recession due to excess lactate, ¢, > Lpar (co < Cmin, 0 < 2q),
and excess shear stress, 0 > Xg (¢, < Liaz), respectively. We use the smoothed Heaviside
function, F, for the lactate and shear stress thresholds since using a normal Heaviside

function would lead to discontinuities in B£C and very sharp changes in R.(z,t) where cf,

and o cross the thresholds L., and 34, which would be difficult to resolve numerically
and for which the reduced model described in the next section would not be valid.

Finally, we prescribe the initial depth of the cell layer as a function of z

RC(Z, 0) = Rc,init(z)- (237)

2.4 Model reduction

The full system for the fluid transport, oxygen and lactate transport and cell layer growth
is given by equations (2.2)—(2.37). To make analytical progress we nondimensionalise these
equations and exploit the small aspect ratio of the bioreactor to neglect terms at leading

order in e. We nondimensionalise the variables with the following scalings:

. . Ry . . . X
r= erv z = LZ7 t= A t7 Uy = eUui,Ty Uiz = Uui,Z7 bi = Patm + Plpla
pCin
R Cin¢; for oxygen, . R
O-’L:P’Lo-’u ¢ = R Z:l7m7c7ev U:PCO',
Cr¢; for lactate,

N

RC(Zv t) — RZRC('%a f); G(607 CL, U) - Apciné(éOv éLv (})a Rc,init(z) — RZRC,init(é)v
(2.38)
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where U is a typical lumen flow velocity, P; (i = I, m,c,e) are the pressure scales in the
different regions (chosen as described below) and C7, is a typical lactate concentration. From

here on we drop hats on dimensionless variables except where they are needed for clarity.

2.4.1 Fluid transport

In the lumen, we pick the pressure scale so that the pressure gradient and viscous terms
balance in the axial momentum equation

U
P=1
e?L
In the membrane, cell layer and ECS, we choose the pressure scales so that there is an O(1)
radial pressure gradient, as would be expected if the lumen outlet pressure is set to ensure

a non-negligible radial flow through the membrane,

MEZRZ for i =m,c, P.= %

P, =

With these scalings the mass conservation and radial and axial momentum conservation

equations in the lumen and ECS in (2.2) become

10 a’LLZ"Z _ -
;E(ruw) + 5, 0 for i=1le, (2.39)
10 ouy 82ul uj op; 10 ouy 82114 oy
2- Y T 4 o 2720 - Y % 2 LA 2.4
“ror (T or > “ 52 2 or' ror\' or 022 0z’ (2.40)
10 OUer 9 Pue,  Ue, Ope 10 OUe., 9 e, 20De
- ? LA > = _— 2 = . 241
ror <T or > T 2 ar’ ror \ or 922 oz (241)

In the membrane and cell layer the mass conservation and radial and axial velocity equations

(2.3) become

10 0
gy oittin) + o (diviz) = 0, (2.42)
o __api o __23]% -

(bzuz,r = or Qszul,z = —€ 92 for i = m, C. (243)

Neglecting O(e2) terms, the system reduces at leading order to

] OuL,e

B 10 Oui.\ Oy 10 _
_ Opi B 0 ( Opi\ . B
¢zuz,r = - or’ U 7 = 0, E (T ar ) =0, 7=m,c, (2.45a C)
10 Oue Ueyr  Ope 0 Oue .\ 10 Oue,, B
a( or )‘ = o 87“<T or )‘07 rorter) ¥ g, =0 (246a0)

so there is no axial flow in the membrane or cell layer at leading order.
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In dimensionless coordinates the lumen-membrane and membrane-cell layer interfaces,

cell layer outer surface and ECS outer boundary are given by r = 1, r = R,,,/R; =: R,

r = R.(z,t) and r = R./R; =: R,, respectively. The dimensionless fluid stress tensors are

2 Ouy,r 30uyr Ouy

—p; + 2¢ T € el )

g = ou, 8(?f 0z 857‘ ) o, = _pZI7 t=1m,Cc,
3 l,r + € 1,z _ + 262 l,z
0z or pi 0z
Oe,r Oue,r 1 Ote,»
o, = ,_pe+237' €5z + < or (247)
e Oe,r + 1 OUe,z . + 26ue’z . .
€5, e Or De 0z

Thus, the dimensionless continuity conditions at the lumen-membrane and membrane-cell

layer interfaces are

0 ou
U = _% and p; — 2€° a;’r = KmPm on r=1, (2.48)
0 0 .
% = ;:f and p, = Kepe on r = Ry, (2.49)
where K, := 62R12 [k, is a dimensionless parameter representing the permeability of the

membrane and k. := k, /k. is the ratio of the membrane and cell layer permeabilities. Both
Kkm and k. are assumed to be O(1) to retain as many physical effects as possible at leading

order. Thus, the normal stress condition in (2.48) becomes
Pl = KmPpm on r=1, (2.50)

at leading order. At the moving surface of the cell layer, the normal velocity continuity
condition in (2.8) becomes

OR. OR, OR. OR, R
c c,r A, 4o Ucz | = Ueyr — A, T 4 Uerz = Lie(<, 1), 2.51
¢<u, Wy 8zu’) Ue,r = Op—y 5, Ues OO T R.(z,t) (2.51)

where o, = LA,C;,/(UR;) is the ratio of the advection timescale L/U to the growth
timescale R;/(A,Cin). Since o, = O(€?) (see §2.5) and u,., = O(€?), this condition reduces
at leading order to

¢cuc,r = Ue,r — %chue,z on r= I:ic(zat)' (252)

The dimensionless normal stress condition at the moving boundary of the cell layer is

A 2
RmRcPe = € Pe —

N N
8“6,7‘ OR. 8ue,r 1 aue,z 2 [ OR. aue,z
o (OR 2<8r T (682 +E 87‘)+6(82) 8z>
e ()
0z

on r = R.(z,t), (2.53)

which simplifies at leading order to

~

pe=0 on r=R.zt), (2.54)
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so that most of the pressure drop from the lumen inlet to the ECS port occurs across
the membrane and cell layer as expected. The no-slip conditions at the lumen-membrane

interface and the moving boundary, (2.9) and (2.10), give

Ul = ¢mum,z on r=1, (255)
OR OR -
D <e2uc,r8; + uc,z> = 62ue,r8—; +ue, on r=Rcz1), (2.56)

so that at leading order (since u;, = O(e?), i = m,c)

u,=0 on r=1, (2.57)

A~

Ue, =0 on r=R(z1). (2.58)

At the outer boundary of the ECS, the dimensionless boundary conditions are

~

Pe=0, U,.=0 on r=R.. (2.59)

Nondimensionalising the flow rates at the lumen inlet, lumen outlet and ECS port, and

pressure at the lumen outlet, gives

1
/ Uy 2| =0 AT = Qins (2.60)
r=0
1 A
/ TUZ,Z‘ZZI dr = Ql,outa (261)
r=0
1 A A
/ Reue,r|T:Re dz = Qe,outa (262)
z=0
P = Islput on z=1,0<r<1, (2.63)
where
A Ql in A Ql out A Qe out A~ €L
in 1= —— = . = —— P = — (B - P .
Ql,m 27TR12U Ql,out 27TRZQU Qe,out 27I'Rl2U l,out ,uU ( l,out atm)
(2.64)
In dimensionless terms, the overall mass conservation equation is
Ql,in = Ql,out + Qe,out- (265)

2.4.2 Mass transport

Nondimensionalising the advection-diffusion equations in the lumen, membrane and ECS,
(2.18) and (2.19), and the reaction-advection-diffusion equation in the cell layer (2.20) with
the scalings in (2.38) gives

0 10 ([ Oc 5 0%¢; .
(c,uz7z)> =5 <T€)r) +e 9.2 for i=1,m,e, (2.66)

0z
0 1 g oce 9 d%c.
z

10
2Pp. | = .
e Pe; (r ar(rcluz,r) +
2p 1ﬁ(r )+ (ccues) | = - + +mM (2.67)
€ Fee\ Fop\Ctler) T g Ntz | =50\ oy o2 T '
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where €2Pe; := ¢2UL/D; (i = l,m,c,e) are the reduced Péclet numbers for the different
regions and M := V.9 R?/(C;, D) for oxygen and M := VL R?/(C.DL) for lactate
(where the superscript O and L specify oxygen and lactate respectively). The reduced
Péclet number in each region is the ratio of the timescales for radial diffusion and axial
advection of the solute in that region, R%/Di (i = 1l,m,c,e) and L/U respectively. So, if
€2Pe; = O(1) then the speed at which the solute diffuses radially is similar to that at which
it is advected axially. The dimensionless parameter M is the ratio of the timescale for
radial diffusion, R12 /D¢, to the timescale for oxygen uptake/lactate production in the cell
layer, C'/Vipae (where C = Cy, for oxygen and C' = C7, for lactate).

For typical inlet flow rates used in experiments, €2Pe; = O(1) (i = I, m, c,e) for both

oxygen and lactate (see §2.5.2). So, at leading order, (2.66)—(2.67) reduce to

2Po (L9 o )t D (o)) = L9 (.06 _
€“Pe; <r8r (rejugy) + o (ciuiz) | = ~a \" 5, for i =1,e, (2.68)
2pe 1O _ 10 dem
‘ Pemr or (remttm.r) = ror \\ or )’ (2.69)
b L ¥ ey LD (000
€ Pecr or (chuc,r) = ror r or + m/\/l, (270)

since u; , = O(€?) (i = m,c).
The dimensionless zero-diffusive-flux condition on the lumen axis is

dg

e 0 on r=0. (2.71)

The dimensionless concentration and diffusive flux continuity conditions at the interfaces

between the different regions are

dcy . OmDy, Ocy,

=cm;s 5o D, or on r=1, (2.72)
Ocm  ¢eDe Oce A
Cm = Ce, B~ oD Or on 7= R, (2.73)
3 dcc  4,0R.0c D, (dcc ,0R.Oc, .
Cc=Cer G- € g o = D, <8T €5, 5 > on r = Re(z,1). (2.74)

At leading order the diffusive flux condition in (2.74) simplifies to

Oce D, Oc. A
o ~ o.D. or on r = Re(z,1). (2.75)

The dimensionless inlet concentration is

1 f
o= { of OB = 0,0<r<1, (2.76)

0 for lactate,
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and the zero-diffusive flux conditions at the lumen outlet and outer boundary of the ECS

are
gc;:o on z=1,0<r<1, (2.77)
%C: =0 on r=R,. (2.78)

2.4.3 Cell layer growth

In prescribing the cell layer growth in §2.3.3 we assumed that the shear stress on the cells
due to the flow through the interstitial spaces in the cell layer is much higher than the shear
stress on the cells at the outer surface from the ECS flow. Here we justify this assumption
by estimating the magnitudes of the shear stress due to the ECS flow and the interstitial

shear stress.

2.4.3.1 Shear stress from ECS flow

The dimensional shear stress at the cell layer outer surface due to the ECS flow tangential

to the surface is given by

D¢ Oe - tC‘r:Rc(z,t)

- DR\ 2
1+<a)
857« 6er 8ez 8ez
X(a (pe+2u“ >+<1—(a£°)>ﬂ(1§z + )+8R°< —pe + 20552 ))’:R
el 1

L ok \?
e (%)

. N Ao\ 2 N .
OR auer 6ue,z 2 ( OR aue,r 1 8ue,z
X<235< Pe + ar+az>+(l_€<a§>)<az T a¢>>LZRv

where hats denote dimensionless variables as previously. Since p, = O(€?), fie» = O(1) and

fie,» = O(€?) (see §2.6.1), the magnitude of this shear stress is approximately

1eU |, ok, dic, e,y | 1 Dlle MﬁU
|nc'0’e'tc|7":Rc L ‘2 0z gr +< gi = uA >‘_ 7

2.4.3.2 Interstitial shear stress

We estimate the interstitial shear stress from the interstitial velocity following Whittaker
et al. [272]. We assume that the flow through the interstitial spaces can be approximated
as Poiseuille flow through a circular duct of diameter d with mean velocity |u.|. With 7 as

the local radial coordinate, the dimensional velocity profile is

fQ
up = 2|ug| <1 - 4(12> ,
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so the dimensional interstitial shear stress on the cells is

Oup

16p[u|7
MSIFT: =

o 8M|uc| _ 8ul . N
=—= |(€tic Tic,2 ).

F=d/2 d? F=d/2 d d

Since 4., = O(1) and 4., = O(€?), the shear stress is

o)

Hence, for typical estimates of d (see §2.5), the interstitial shear stress is of the order of

L/d ~ 103 times higher than the shear stress due to the ECS flow.

8uel |
o~ L’uw

d

Nondimensionalising on the cell layer pressure scale (P, = ueUR;/k.) gives the dimen-

sionless shear stress in the cell layer as

o~ /fs|'&c,r y

where ks = 8k./(R;d) is the dimensionless shear stress proportionality constant.

2.4.3.3 Growth law

Omitting hats on the dimensionless concentrations and shear stress, the dimensionless form

of the cell layer growth law (2.34) reduces at leading order to

OR. -
o~ © <CO’T:RC’ Ll U’r:fzc) ) (2.79)

where

G(co, cL,o) = [H(Co — Cmin) (€O — Cmin)F(0q — o)

- [/BLF(CL - lmaa:) + ﬁsF(U - Ud) + /BL,SF(CL - lmax)F(U - Ud)]]H(Rc - Rm)H(Re - -éc)y
(2.80)

and ¢pmin = Cmin/Cin and ez = Limas/Cr are the dimensionless minimum oxygen and
maximum lactate concentrations for cell proliferation; oq = k.34/(pueU R;) is the dimension-
less shear stress threshold for cell death/detachment; and f; = BrBi/(A4,Cin),
Bs = BsBa/(ApCin) and B s = BrBsBg/(ApCin) are the ratios of the cell layer reces-
sion rates due to excess lactate and excess shear stress, and the two combined, to the cell
proliferation rate.

On nondimensionalisation, the initial condition for the position of the outer surface of

the cell layer becomes

RC(Z7O> = Rc,im't(z>- (281)
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2.5 Parameter values

2.5.1 Fluid transport

Typical values for the bioreactor dimensions and fluid transport parameters are given in
Table 2.1 along with their dimensionless counterparts.

The reduced Reynolds number for the flow, which measures the ratio of inertial to
viscous forces in the fluid accounting for the small aspect ratio of the bioreactor, is defined
as €2Re = €2pUL/u, where p is the fluid density. For typical inlet flow rates used in
experiments, Q;;, = 3.33 x 10710-3.33 x 10~ ¥ m3s~! (0.02-2mlmin~!) [231, 233], e2Re lies
in the range 5.3 x 1074-5.3 x 1072 <« 1, which justifies our neglect of inertia in the lumen
and ECS flow equations. We choose the lumen velocity scale as U = Qi /(2mR?), so that
the dimensionless lumen inlet flow rate is Qun =1.

A rough estimate of the membrane permeability k,, can be obtained from the relation-
ship

km = Cd, (2.82)

where d,, is the average pore diameter and C' = 6.54 X 10~* [16] is a constant derived by
modelling the flow in the membrane as Poiseuille flow in a series of embedded cylindrical
pipes. For d, = 1 um, this gives k,, = 6.54 x 10719 m?. We determined k,, experimentally
by measuring the lumen and ECS outlet flow rates, @ oy and Qe out, for a prescribed
lumen outlet pressure for the single-fibre HFB module without any cells as described in
Appendix A. This gave a value of k,, = 2.39 x 1071m?, which agrees fairly well with
the rough theoretical estimate and values in the literature of k,, = 1.86 — 2.35 x 106 m?
[233]. The value of the corresponding dimensionless parameter i, = €2R?/ky, is 669. It
should be noted that this value will vary significantly depending on how the fibre is made
(see Appendix A), so we assume k,, = O(1) to retain a radial pressure gradient in the
membrane at leading order.

The permeability of the cell layer, k., is very difficult to measure experimentally and
varies to a large degree depending on the initial seeding density and cell type. Assuming
the cell layer is densely-packed with cells, we can estimate its permeability from its porosity
¢. and the average cell radius dgej; using the Kozeny-Carman equation [28, 130]

de  doy

e = (1—¢.)2 180"

(2.83)

For a porosity of ¢. = 0.6 [231] and a typical cell diameter of d..;; = 10 um, (2.83) gives
k.~ 7.5 x 10~ m?, which agrees reasonably well with the range of values 10~2-10% used
in other studies [104, 105]. Although, these values of k. give small values for k., the large

variation in k. motivates assuming that k. = O(1) to retain O(k.) terms at leading order.
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Parameter Description Typical value ‘ Reference
Dimensional parameters
R lumen radius 200 pm [233]

R, fibre outer radius 400 pm [233]
R, ECS outer radius 1000 pm [233]
L lumen length 10cm [233]
p fluid density 1000kg m—3 [68]
m fluid dynamic viscosity 1.00 x 10~3Pas [68]
km membrane permeability 2.39 x 10716 m? Appendix A
ke cell layer permeability 7.5 x 1073 m? See text
Quin lumen inlet flow rate 3.33 x 10710— (231, 233]
3.33x10 ¥ m3s?
(0.2-2mlmin~1!)
U = Quin/(21R?) typical axial lumen flow ve- | 0.013-0.13ms™! -
locity
P, out lumen outlet pressure 1.027 x 10°— [233]
2.068x10° Pa
(14.9-30.0 psi)
Pm atmospheric pressure 1.013x10° Pa [68]
(14.7 psi)
Dimensionless parameters
e=R;/L lumen aspect ratio 2x 1073 -
Rm dimensionless membrane | 2 -
outer surface radius
Re dimensionless ECS outer | 5 -
wall radius
e2Re = 2pUL/ reduced Reynolds number | 5.3x1073-5.3x1072 | -
Om membrane porosity 0.77 [174]
D¢ cell layer porosity 0.6 [231]
K = 62R12 [km dimensionless inverse | 669 -
membrane permeability
Ke = km/ke ratio of membrane to cell | 3.2 x 1074 -
layer permeabilities
Ql,m = Quin/ 27rd12U dimensionless inlet flow | 1 -
rate
Phout = dimensionless lumen outlet | 4.2—461 -
2
ZU (Pl,out — Patm) pressure

Table 2.1: Typical fibre and bioreactor dimensions and fluid transport param-
eter values for the single-fibre HFB module.



2.5. Parameter values 51

2.5.2 Mass transport

Data on the diffusivities of oxygen and lactate in the different regions of the bioreactor
is given in Table 2.2. Diffusion of lactate through the membrane has not been quantified
experimentally, so we assume that the relationship between the lumen and membrane dif-
fusivities is the same for lactate as for oxygen, i.e. DE = 0.1DlL . As far as we are aware,
there is also no experimental data on the oxygen and lactate diffusivities for a multilayer
cell region in the HFB. Hence, we use the values for cells seeded in alginate throughout
the ECS from [231] for D., and the lumen diffusivity values for the free fluid region in the
ECS (D, = D;). The reduced Péclet numbers for the oxygen and lactate transport in the
different regions, €2Pe; = e2UL/D; (i = I,m,c,e), are calculated from the diffusivities, for
the range of lumen flow velocities in Table 2.1. All the reduced Péclet numbers are O(1)

(Table 2.2), so radial diffusion and axial advection of the solute balance in each region.

Parameter Description Typical value ‘ Reference
Dimensional Parameters

Oxygen

Dy lumen diffusivity 3x 1079 m?s~! [231]
Dy, membrane diffusivity 3 x 10719 m2s~! [231]
D, cell layer diffusivity 6 x 1079 m?s~! [231]
D, ECS diffusivity 3x 1079 m?s! [231]
Lactate

D, lumen diffusivity 1.4 x 1079 m?s~t | [109]
Dy, membrane diffusivity 1.4 x 107 10m2s~1 | ¢

D, cell layer diffusivity 6 x 1079 m?s~! [67]
D, ECS diffusivity 1.4 x 107 %m?s~! | [109]
Dimensionless parameters

Oxygen

€’Pe; = UL /Dy lumen reduced Péclet number 1.77-17.7 -
¢2Pe,, = 2UL/D,, | membrane reduced Péclet number | 17.7-177 -
e2Pe, = 2UL /D, cell layer reduced Péclet number 0.884-8.84 -
ePe, = 2UL/D, ECS reduced Péclet number 1.77-17.7 -
Lactate

e’Pe; lumen reduced Péclet number 3.79-37.9 -
e?Pe,, membrane reduced Péclet number | 0.379-3.79 -
€’Pe,. cell layer reduced Péclet number 0.884-8.84 -
e?Pe, ECS reduced Péclet number 3.79-37.9 -

Table 2.2: Oxygen and lactate diffusivities and reduced Péclet numbers in the
different regions of the HFB.
T No experimental data, so D,, = 0.1D; assumed for lactate from relationship for oxygen.

Data for the maximum oxygen uptake rate V0

max
VL _is limited to chondrocytes (Table 2.3).

is available for various cell types, but

data for the lactate production rate The
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dimensionless uptake/production rate, M, clearly depends significantly on the cell type

and solute, so we assume M = O(1) throughout to retain a balance between the rates of

uptake/production and diffusion at leading order.

Solute | Cell type Cell density | Vinas M = Reference
(cellsm™3) (molm™3s™1) | Vi R?/(CD,)
T
Neonatal rat car- | 1012 2.64 x 1073 | 0.08 [215]
diomyocytes
Oxygen | Primary rat hepa- | 1.25 x 10 | 1.76 x 10=2 | 0.053 [246]
tocytes
Pancreatic fTC3 | 2.8 x 1014 | 6.37 x 1072 | 0.193 [260]
cells
Bovine chondro- | 1.4 x 10 | 4.8 x 107° 32x 1073 [163, 188]
cytes
Human foreskin | 3.8 x 10'2 1.15x 107 | 4.0 x 1073 [129]
fibroblasts
(HFFs)
Rabbit articular 3.45x 107 [ 5.7x1073 [253]
Lactate
chondrocytes
(monolayer)
Bovine articular | 1.4 x 10 | 1.32 x 107% | 2.2 x 1074 [188]
chondrocytes (3D
culture)

Table 2.3: Dimensional and dimensionless oxygen uptake and lactate production
rates, V., and M, for different cell types cultured in the HFB. (Adapted from
[231].) t C = Cjy, for oxygen and C' = C, for lactate.

The oxygen concentration in the culture medium pumped into the lumen, Cj,, is set
according to cell type: Cy, = 0.22molm™3 for cardiomyocytes, hepatocytes and pancreatic
cells [208] and Cj, = 0.1 molm~3 for chondrocytes [156, 256]. The typical lactate concen-
tration C, meanwhile, we take as 0.4molm~—2 [231]. Values for the oxygen concentration
at which the oxygen uptake rate is half-maximal, '}/, are given for various cell types in

Table 2.4, along with the corresponding dimensionless values.

2.5.3 Cell layer growth

Values for the cell layer growth parameters for different cell types are summarised in Table
2.5. A detailed discussion of how these parameters are estimated (or chosen) is given in
Appendix B.1.

We estimate the growth rate of the cell layer per unit concentration, A, for different
cell types from their cell doubling times (the times they take to double in number).

It is clear from the cell doubling times in Table B.1 that we are justified in assuming
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Cell type C; C1/9 ci1j2 = C1/2/Cin | Reference
(molm~3)| (molm™3)

Neonatal rat | 0.22 6.9 x 1073 | 0.031 [215]

cardiomyocytes

Primary rat hep- | 0.22 6.24x1073 | 0.028 [246]

atocytes

Pancreatic 0.22 1.0 x 1072 | 0.045 [241, 260]

BTC3 cells

Bovine chondro- | 0.1 5.0 x 1073 | 0.05 [76]

cytes

HFFs 0.19 2.1 x 1073 | 0.011 [129]

Table 2.4: Inlet oxygen concentration, C;,, and dimensional and dimensionless
half-maximal oxygen uptake concentration, ('}, and ¢y, for various cell types.
(Adapted from [231].)

the fluid and mass transport are quasi-steady on the timescale of cell layer growth,
Ri/(A,Cin) ~ 10°s. The ratio of the advection and cell layer growth timescales, for in-
stance, is a, = LA,Cin/(UR;)) = 1.1 x 1075-3.2 x 107> = O(€?) for the given cell types
for the range of flow rates in Table 2.1. This justifies treating the flow as steady and
neglecting the contribution from the cell layer growth in the normal fluid velocity condi-
tion at the moving boundary of the cell layer (equation (2.51)). The timescales for the
radial diffusion of oxygen and lactate, R?/ D¢ and R?/DF (i =1,m,c,e), are in the ranges
13-130s and 29-290s, respectively, so are also much shorter than the growth timescale.
Likewise, the timescales for oxygen uptake and lactate production, Cj,/V.9 . ~ 30-2000s
and Cp/V.L —~~ 1000-3000s (for the cell types in Table 2.3), are much shorter than the

Cell type Ap By Chin Loz Yd
(umhr™!/ | (pmhr™1)| (molm=3) | (molm=3) (Pa)
(molm~3))

Neonatal  rat | 2.3 0.5 6 x 1073~ [ 04 0.03

cardiomyocytes 8 x 1072

Primary rat | 2.3 0.5 2.1x1072 | 0.4 2

hepatocytes

Pancreatic - - 1.46x1072 | 0.4 1.4

BTC3 cells

Bovine 1.8 0.2 2.2x1073- | 0.4 2

chondrocytes 1.32x1072

HFFs 12.1 2.3 2.1x1072 | 0.4 0.03

Table 2.5: Cell layer growth parameter values. Dimensionless shear stress propor-
tionality constant, k, = 8.9 x 104, dimensionless factors for cell layer recession rate for
excess lactate and excess shear stress, By, = 1 and B; = 1. See Appendix B.1 for sources
and explanation of how A, Ly,., and k, are estimated.



2.6. Solution of the reduced model 54

growth timescale. Thus it is valid to use steady reaction-advection-diffusion equations as

in (2.18)—(2.20) to model the leading order solute transport.

2.6 Solution of the reduced model
2.6.1 Fluid transport

From the lumen flow equations (2.44) we have that the lumen pressure is independent of r

= pi(2,1),

and, by (2.57) and the fact that the axial velocity must be bounded on r = 0, that the

lumen axial velocity is given by

wsr,20) =~ (1 - 2) (2.84)

From (2.44c), the lumen radial velocity is given by

1 82pl

— 2
Uy r = 1*6@7“(2 -T ) (285)

Integrating (2.45¢) for the membrane pressure and applying the continuity conditions on
r=1in (2.48) and (2.50), yields

— b 29 2.86
. nr ( )

so the interstitial radial velocity in the membrane is

1 9%p1
= L 2.
tm, 160, 022 r (2.87)

Repeating this process for the cell layer with the boundary conditions in (2.49) we obtain

p1p a
KeKm 16 022

Pe = r+ (= —1)InR,). (2.88)

The condition on the pressure in the cell layer (2.54) gives us a second order PDE for the

lumen pressure
aZpl 2

where
16

km(keln Re(2,t) + (1 — ko) In Ryy)

Mz, t)? = (2.90)

The term in the denominator is always positive since k. > 0 and Rc(z, t) > Ry, so A is real

and we take it to be the positive root

Az t) = \/ 16 .
Em(keln Re(z,t) + (1 — ke) In Ryy)

(2.91)
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The boundary conditions on the pressure at the lumen inlet and outlet, provided by (2.60)
and (2.63), are
Ipi

a(oat) = _16Ql,in7 p[(l,t) = ﬁ)l,out- (292)

Since A is a function of both z and ¢ through R.(z,t) (the evolution of which depends on
the flow via the oxygen and lactate transport and fluid shear stress), the boundary value
problem (2.89)—(2.92) does not in general have an analytical solution and must be solved
numerically (see §2.6.3). We note, however, that if the cell layer is of constant depth along
the fibre, so that R. = const. and A = const., then there is an analytical solution for p; of

the form R
16Ql,in S
Acosh A

Using (2.89), the radial velocities in the lumen, membrane and cell layer can be written as

——cosh(Az) + inh(A(1 — 2)). (2.93)

)‘(Zv t)zpl(za t)’l“

iy, 2,1) = MO PED 2, (294)
Az, t)2pi(2, 1)
mr (1, 2,1) = ———————, 2.
U (7, 2, 1) 60,7 (2.95)
_ )\(z,t)2pl(z,t)
Ucﬂ»(r, Z,t) = W, (296)
and the pressures in the membrane and cell-layer as
1 Az, 1)?
pm(T,z,t) = a <1 - (16) Km 1I17“> pl(zat)7 (2'97)
1 t)? .
pe(r, 2,t) = — <1 - A(?G) Em(kelnr + (1 — ko) In Rm)> pi(z,1). (2.98)

From (2.46b) and the boundary conditions (2.58) and (2.59) we have that there is no axial
flow in the ECS at leading order, i.e. uc, = 0. With the continuity of normal velocity at

the cell layer outer surface (2.52), the radial velocity in the ECS is

(2, t
Uer (T, 2, ) = pll(()‘r) (2.99)
Substituting this into (2.46a) gives

Ipe
=0 2.100
87' ) ( )

and hence by the pressure condition in (2.59)
pe(r, z,t) =0, (2.101)

i.e. the pressure is constant to leading order in the ECS.
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To verify this solution, we check that the mass conservation condition (2.65) is satisfied.
By equations (2.60)—(2.62) and (2.84), (2.89) and (2.99) we have that

1
A 1 8]?1 2 1 apl
1 1—2yrdr — — 292 2.102
Quin /T_O 10:| A= (2.102)
1
A 1 8]71 2 1 apl
_ il 1— dr = - — 22 2.103
Qout /T_O 10:| A rrdr=—gga) o (2.103)
1 2 1 2 1
A 5 ATDy 1 / 0°py 1 [ Op A A
Qe,ou /z_o Tk, ¥ 716 )y 922 ¥ T 16 |9z |, T Qe T Qrans (2104)

50 (2.65) is indeed satisfied.

Maximum lumen outlet pressure
If the lumen outlet pressure P ,,; is too high when the ECS port is open, there will be
backflow rather than outflow at the lumen exit. We determine the threshold below which

P, oyt should be kept in our simulations to prevent backflow by requiring that

1 Op

Ql,out = _1765 .

> 0. (2.105)

For the values of k,, and k. estimated in §2.5.1, the variations in A as Rc(z,t) varies in
z and t are small (O(107°)). Hence, to estimate Ql,out, we can approximate the lumen
pressure by the analytical solution for constant R, given in (2.93). Substituting this into

(2.105) gives
1

16 cosh A

so that the maximum lumen outlet pressure is approximately

Qlout ~ (16Q1in — PowAsinh A) > 0,

Bras i (2.106)

or in dimensional terms .
WU 16Quin
2L Asinh A\

The maximum lumen outlet pressure that can be used therefore increases approximately

mar .
Pl,out R Latm +

(2.107)

linearly as the inlet flow rate @y, increases. The radial flow through the membrane, cell
layer and ECS is proportional to p; (see (2.95), (2.96) and (2.99)), so to maximise oxygen
delivery and lactate clearance to and from the cell layer the maximum lumen outlet pressure
P/t and flow rate should be used. Since P/t depends on the membrane and cell layer
depths and permeabilities through A, it is useful to know how it varies with these parameters.
For the parameter values given in §2.5.1 and a cell layer of even depth along the fibre, Pt

is an increasing function of the depths of the membrane and cell layer, (R. — R,,) and

(Rm — Ry), and a decreasing function of their permeabilities, k,, and k. (Figures 2.2(a) and
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x 10° x 10°
_Rm _é{l 4.5 _km 1
3.5, c m | 4 e |
s 35
Pl al | lowt |
(Pa) 3 (Pa) 3F4
25) | TTTmmmmmmmmmmmmemeoe i
25T T T 1 ol
15
2, ‘ ‘ ‘ 4
100 200 300 400 500 107° 107 107 107°
Depth (pm) Permeability (m?)

(a) (b)

Figure 2.2: Variation in the maximum lumen outlet pressure without backflow,
pei, with (a) the membrane and cell layer depths, (R, — ;) and (R.— R:,), and
(b) the membrane and cell layer permeabilities, k,, and k., for a cell layer of
uniform depth. Parameter values (when held constant): Qi = 3.33 x 107 8m3s™!,
Pioww = 1379 x 10°Pa, R,, = 400um, R.(z,t) = 450 pm, k, = 2.39 x 10716

ke = 7.5 x 10713 m?2. All other parameter values as in Table 2.1.

2.2(b)). This is because the resistance to the flow provided by the membrane and cell layer
increases as their depths increase and as their permeabilities decrease, and ”;Zf increases as
the resistance increases. It is evident from Figure 2.2, however, that for our experimentally-
determined value for k,, (2.39 x 10716m?) and estimate for k. (7.5 x 10713 m?), Plout s
more sensitive to variation in (R,, — R;) and ky, than in (R, — R,,) and k.. This is due to
the experimentally-determined value for k,, being much smaller than the estimate for k.,

which means that the membrane provides most of the resistance to flow.

2.6.2 Mass transport

To solve the reduced system for the solute transport we first substitute the flow velocities
(2.84), (2.94)—(2.96) and (2.99) into (2.68)-(2.70) (noting that u; , = O(e?) for i = m, ¢, e),

to obtain the leading order system

Np, 0 8 8pl 19 ¢y
2 A P Y N VR N < _
€Per ( 16r Or (ar’(2=r7)) 1 r* 6 )) ror (r 8r> ’ (2.108)
Apy 80 oc;
20, i O [ 0¢ _
€“Pe;—— 6 o = < 5 for ¢ =m,e, (2.109)
A2pp Oce 0
2 _
€“Pe.—— 6 o — ar < > + mMr. (2.110)
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Solving (2.109) and (2.110) gives

ci(r,z,t) = Ai(z,t) + Bi(z,t)r""(z’t) for i =m,e, (2.111)
M
o(r,2,t) = Aglz,t) + Bo(z, tyrme0) 4 2 2.112
el 20t) = Acz,8) + Belan )y ™0 4 5T (2112)
where ) )
P 7 ) .
ni(z,t) = ePeXpilz 1) i =m,c,e, (2.113)

16 ’
and A;(z,t), Bi(z,t) (i = m,c,e) remain to be determined from the boundary conditions.
By (2.78) we have

%(Re, 2,t) = neBe(z, )R~ = 0,

e

80 Be(z,t) = 0 and
Ce(r,z,t) = Ae(z,1), (2.114)

i.e. the ECS concentration is constant in r at leading order.

By the flux continuity conditions on 7 = R.(z,t) and r = Ry,

Bu(z,t) = —%, (2.115)
B(z,t) = j:g;?; (nch(ZJ)R%_”’" + W)
— - f;gfn anZVi ) (Rne=mm R2=ne _ 2=t (2.116)
Substituting (2.111) into the flux continuity condition on 7 =1 in (2.48) gives
%(Lzat) = ¢%?mzc;n(l,z,t) = qb"gl)mnm(z,t)Bm(z,t). (2.117)

Analysis of the right-hand side of (2.117) for typical parameter values (as given in §2.5)
reveals that it is O(e?) or smaller so can be neglected at leading order [231]. Thus, at
leading order, there is no diffusive flux of oxygen or lactate across r = 1 (solute transport
across r = 1 is purely advective). By (2.71) we know that %(0, z,t) = 0, and substituting
¢; = const. into (2.108) reduces it to a multiple of the PDE for p;

} 2 2 2 32171 _
1€ Pey(1 — %) <)\ P= e )= 0,

so we know that ¢; = const. is a solution. Therefore, by (2.76), we have that

( 0 1 for oxygen, (2.118)
c(r,z,t) = .
: 0 for lactate,
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i.e. the fluid pumped into the lumen passes through it too quickly to register the oxygen up-
take and lactate production in the cell layer. Hence, the concentration continuity condition

onr=11in (2.72) gives

1 f
Am(z.t) = a1, 2,1) — B(z.t) ~ (1, 2,t) = OF ORYECI (2.119)
0 for lactate,
and those on r = R, and r = R(z,t) in (2.73) and (2.74) give
. . mMER?2
AC )t = Bm 7t ?nm_BC at :an_ &
(z,t) = i+ B (2,t)R (z,t)R e —2)
mM ([ 6eDe 1 Rmepme B2
_ _ 2 (Rrep2ne _ p2y g e hm fim 2.120
Cl+nc_2< ¢mDmnm( m Ll m) e 2 ) ( )
A mMR?2
Ao(2,1) = Au(z,t) + Bo(z, t) R + — 27T
mM ¢peDe 1 o0 oo ., R¥"eRre  R2 11\ 4
= — —(RI*R:" — R - - —— | R].
cl+nc—2< ¢mDmnm( more m) + Ne 2 + 2 n.) €
(2.121)

2.6.3 Numerical solution of the leading order system

The leading order system for the fluid flow, oxygen and lactate transport and cell layer
growth is given by equations (2.79)—(2.81), (2.89)—(2.92), (2.94)—(2.99), (2.111)—(2.113),
(2.115)—(2.116), and (2.118)—(2.121). Since derivatives with respect to r have been inte-
grated out in deriving these equations, they constitute a system of PDEs and boundary and
initial conditions in z and ¢. Due to the interdependence between the flow, solute transport
and cell layer growth, the system must be solved numerically. We do this using the method
of lines, i.e. by discretising the system in z (with a grid space of Az = 2 x 1073) and then
solving the resulting system of time-dependent ordinary differential equations (ODEs) using
the MATLAB ODE solver ode113.

At each time step, the steady flow and solute transport problems are solved for the
current position of the cell layer outer surface, and the solutions used to update the position
of the outer surface via the growth law (2.79). We solve the boundary value problem for the
lumen fluid pressure (2.89)-(2.92) at each time step using the MATLAB boundary value
problem solver bvp4c with Az = 2 x 1073, and verify that the solution for p; satisfies the
conservation of mass condition in (2.65). The convergence of the numerical scheme was
verified by reducing Az and the time step and checking that the results were the same to
a relative tolerance of 0.01%.

The algorithm for determining the cell layer growth can be summarised as follows:
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N

1. Prescribe the initial position of the cell layer outer surface, i.e. set Rc(z, 0) = Re,init(2).

2. Determine the fluid pressures and velocities and solute concentrations throughout the
bioreactor for the given position of the cell layer outer surface, by solving (2.89)—(2.92)
for p; and evaluating (2.94)-(2.99), (2.111)-(2.113), (2.115)-(2.116), and (2.120)-
(2.121).

3. Evaluate the oxygen and lactate concentrations and shear stress at r = RC(Z, t) and

use these to update R.(z,t) according to the growth law (2.79).

4. Repeat Steps 1-3 until the simulation time (60 days) elapses, or the system reaches
a steady state, or the cell layer grows to fill the entire ECS or recedes to the fibre

surface (whichever occurs first).

2.7 Flow profiles and oxygen and lactate distributions

Before simulating the growth of the cell layer we compare the fluid flow and oxygen and
lactate distributions in the bioreactor for layers of rat cardiomyocytes of uniform and non-
uniform depths. For simplicity we consider a layer with a uniform depth of 50 pm (i.e.
R.(z,t) = 450 um) and a cell layer of the same volume whose depth decreases linearly
with z from 80 um at the upstream end of the bioreactor to 19 um at the downstream end.
We use the parameter values for rat cardiomyocytes given in Tables 2.1-2.4, together with

VL

L e =1.32x103molm—3s~! [231]. All results are displayed in dimensional variables.

2.7.1 Fluid pressures and velocities

Figures 2.3(a) and 2.3(b) show the fluid pressure throughout the bioreactor for the uniform
cell layer and non-uniform cell layer respectively. There is very little difference between the
two, as most of the pressure drop from the lumen to the ECS occurs across the membrane
and there is little change in the pressure across the cell layer (which is marginally above
atmospheric pressure). This is due to the considerably higher permeability of the cell layer.
The lumen pressure p; decreases approximately linearly with z. The lumen axial velocity
uy,» is therefore close to identical for the uniform and non-uniform cell layers (the maximum
difference between the two being approximately 2 x 107" ms™!). It decreases with z since
it is proportional to the pressure gradient p L (which is determined by @ ;n, and P oyt), and
decreases quadratically with r (Figure 2.4(&)). The radial flow velocity, u,, defined as

Uy for r € [0, Ry], z € [0, L],

GmUm, forr € [Ry, Ry, z € [0, L],

T bewey  for v € (R, Re(2)], 2 € [0, I,

Ue r for r € [Re(2), Re, z € [0, L],
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is also virtually identical for the uniform and non-uniform cell layers (the maximum differ-
ence again being approximately 2 x 10~ ms™1); it is proportional to p; so decreases with z
and increases with r from 0 along the lumen axis to a maximum of 77 ums~! at r = 163 um

at the inlet, then like 1/7 in the membrane, cell layer and ECS (Figure 2.4(b)).

0.05
2 (m)

500
7 (um) 1000 0.1

(a) (b)

Figure 2.3: Typical fluid pressure in the bioreactor, p, for (a) a uniform depth
cell layer, R. = 450 um, and (b) a non-uniform cell layer, R, = (480—6.1x107%z) um.
All parameter values as in Figure 2.2. Lumen axis running from right to left. Black dashed
lines indicate the membrane surfaces and the white dashed lines the outer surface of the
cell layer.
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Uz (ms’l)

024
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7 (pm) 1000 0.1
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Figure 2.4: (a) Lumen axial flow velocity v; ., and (b) radial flow velocity u, for
the uniform depth cell layer in Figure 2.3(a). Profiles for the non-uniform cell layer
in Figure 2.3(b) are almost identical. All parameter values and dashed lines as in Figure
2.3.
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2.7.2 Oxygen and lactate concentrations

The oxygen and lactate concentrations throughout the bioreactor for the uniform and non-
uniform cell layers are shown in Figures 2.5(a) and 2.5(b). For the uniform cell layer, the
oxygen concentration is a decreasing function of r and z as far as the ECS, where it is
constant in 7, and so reaches a minimum of 0.216 molm~3 at the ECS wall surrounding the
lumen outlet (r € [R¢, R.], z = L). For the non-uniform cell layer, the oxygen concentration
decreases with r, but increases with z in the ECS since less oxygen is taken up where the cell
layer is thinner. The minimum oxygen concentration, 0.207 molm™3, is therefore reached
on the wall surrounding the lumen inlet (r € [R.(0), R¢], z = 0), and is lower than for the
uniform cell layer as the non-uniform layer is deeper than it at that point.

The lactate concentration increases with r and z to a maximum of 1.8 x 1073 molm~3
on z =L, r € [R., R.] for the uniform depth cell layer (Figure 2.6(a)). For the non-uniform
cell layer, the lactate concentration still increases with 7, but decreases with z in the ECS as
less lactate is produced as the cell layer depth decreases (Figure 2.6(b)). Hence, the lactate

concentration reaches a maximum of 2.7 x 1073 molm—3 on the wall around the inlet.

0.22
co 0215
(mol m™%) | | TN

0.21

7 (pm) z (m)
1000 0.1 1000 0.1

() (b)

Figure 2.5: Oxygen concentration in the bioreactor, cop for (a) the uniform
depth rat cardiomyocyte layer, and (b) the non-uniform depth rat cardiomy-
ocyte layer. Fluid transport parameter values as in Figure 2.3, and oxygen transport
parameter values for rat cardiomyocytes as in Tables 2.3-2.4. Dashed lines as in Figure 2.3.

2.7.3 Changes in flow and oxygen and lactate distributions with cell layer
growth

So far we have described the fluid flow and oxygen and lactate distributions in the bioreactor
for a static cell layer. We now describe briefly how they change as the cell layer grows to

explain the feedback effects this has on the growth.
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(a) (b)

Figure 2.6: Lactate concentration in the bioreactor, ¢y, for (a) the uniform depth
rat cardiomyocyte layer, and (b) the non-uniform rat cardiomyocyte layer. Pa-
rameters as in Figure 2.5 with V.2 = 1.32 x 1072 molm™3. Lumen axis running from left
to right.

If ol,=r. < X4, cOlr=r. > Cmin and cr|r=r. < Lmaz (or ¢p|r=r, > Lmas and the
positive effect of oxygen on growth outweighs the negative effect of lactate), then the cell
layer grows outwards. As it does so, the surface oxygen concentration cp|,—g, decreases
and the surface lactate concentration cr,|,—g, increases, so that the growth slows with time.
If cplr=Rr. < Lmas and colr=gr, decreases to Cin, or colr=r, > Cmin and cg|r=r, > Lmaaz
and the positive and negative effects of oxygen and lactate on the growth come to balance
each other, then the cell layer reaches a steady state depth. For fixed @, and Py, the
radial flow decreases slightly as the cell layer grows, due to the increase in resistance to
the flow through the ECS. Combined with the decrease in the radial velocity with r, this
means that the shear stress on the cells at the cell layer surface decreases as the layer grows.
Hence, if o|,—g, is initially below ¥4, it will remain so as the cell layer grows. Conversely,
if o|,—g, is initially above ¥4, then the cell layer recedes and the shear stress on the surface

cells increases. Hence, the layer will continue to recede until it reaches the fibre surface.

2.8 Numerical simulations of cell layer growth

Given how cp, ¢, and o change as the cell layer grows, to maximise the growth of the cell
layer we require colr=r, > Cmin, ¢Llr=r. < Lmaz, and o|,—g, < o4 where possible. For
the purposes of this investigation we assume that the bioreactor dimensions and properties
of the membrane (its depth and permeability) are fixed, and that we can only vary the

operating parameters Q; ;n, and P ,+ and the initial depth of the cell layer (R init(2) — Rm)-
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As the leading order system for the flow, solute transport and cell layer growth must be
solved numerically, we do not attempt to define operating equations for Q) ;, and P gy
based on the conditions on cp, ¢z, and o as in [231, 234]. Instead, we simulate and compare
the growth of cell types with different oxygen demands and shear stress tolerances for
typical flow rate and outlet pressure ranges used in experiments, Q; i, € [3.33 x 1072m3s~1,
3.33 x 1078 m3s71] and P oyt € [1.027 x 10° Pa, 2.068 x 10° Pa]. The cell types we consider
=2.64"3molm3s 1,

are rat cardiomyocytes, which have high oxygen requirements (VW?M

Crnin = 8x1072mol m~3) and are assumed to have low shear stress tolerance (X4 = 0.03 Pa),

and bovine chondrocytes, which have low oxygen requirements (V.2 = 4.8 5molm3s™!,

mazx
Conin = 5 x 1073 mol m*3) and can withstand much higher shear stresses (3; = 2Pa). We
assume for these simulations that the cell layer initially has an even depth along the fibre
of 50 um, i.e. R init(2) = 450 pm. From the simulations we are able to predict for each cell
type optimal values of @, and P 4, to maximise the cell layer growth, i.e. to grow the
cell layer to the maximum possible depth or to fill the ECS in the shortest time. We also
briefly consider the impact of variation in the initial cell layer depth with z on the cell layer
growth, and the sensitivity of the growth to the lactate toxicity threshold, L,,q-

The simulations are run until the cell layer grows to fill the whole of the ECS (or
completely recedes to the fibre surface, or reaches a steady state), in which case the time at
which this happens is recorded, or until 7' = 60 days have elapsed, in which case the mean
and standard deviation of the final outer radius of the cell layer, R. = T fOL R.(z,T)dz
and SD = 1 fOL(RC(z, T) — R.)?dz, are recorded. The culture time of 60 days is chosen on
the basis that major degradation of the PLGA in the membrane would occur with a longer
culture time [13, 111], resulting in a significant increase in the membrane permeability and
invalidating our assumption that it remains constant. All of the simulation results are

presented in dimensional variables to facilitate comparison between the two cell types.

2.8.1 Impact of flow rate and outlet pressure on growth

The oxygen and lactate concentrations and shear stress at the surface of the cell layer, which
determine the rate of growth, depend on @, and P .. Figures 2.7(a) and 2.7(b) show
how R, varies with Q1,in and P 4 for cardiomyocytes and chondrocytes respectively.

The cell layer does not grow to fill the ECS in 60 days for either cell type for any com-
bination of the flow rate and outlet pressure in the ranges considered. However for the
cardiomyocytes, R, increases up to 871 um as Q1,in increases up to 3.33 x 10 8m3s~! and
P, oyt increases up to 1.965 x 10° Pa, and then decreases sharply as P, oyt increases above
1.965 x 10° Pa. This is due to the balance of the effects of increased oxygen concentra-

tion and increased shear stress at the surface of the cell layer as @, and P, increase
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Figure 2.7: Variation in the mean final outer radius of the cell layer R. with
the lumen inlet flow rate ();;, and lumen outlet pressure P, ,, for (a) rat
cardiomyocytes, and (b) bovine chondrocytes, after 60 days of culture with
the ECS port open. Initial cell layer outer radius: R nit(z) = 450 pm. Parameter
values: (a) VO = 2.64 x 102 molm™3s~!, VI = 132 x 102 molm™3s7!, Cprin =

5
x 10

max max
8 x 107 2molm™3, Lyqp = 0.4molm™3, ¥y = 0.03Pa, (b) V2, = 4.8 x 107°molm 3571,
VE =132 x 10 molm™>s™!, Cpin = 1.32 x 1072molm™, L0, = 0.4molm™3,

Yq = 2Pa; all other parameter values as in Tables 2.1, 2.2, 2.4 and 2.5.

(¢, € Lpgs for both cell types over the range of flow rates and outlet pressures consid-
ered). For P o < 1.965 x 10° Pa, the shear stress o is below the cell death threshold,
¥4 = 0.03 Pa, so there is no cell death (Figure 2.8), and cell proliferation increases as @ i»
and P, increase due to improved oxygen delivery. For P ,,; > 1.965 X 10°Pa, 0 > ¥4 s0
cells die and the cell layer recedes towards the fibre surface (Figure 2.9). For chondrocytes
R, increases monotonically as Q1,in and P, 4, increase, since the shear stress remains far
below the threshold at which they die, 33 = 2 Pa.

The model therefore predicts that to maximise the growth of the cardiomyocyte layer

3871, and an outlet pressure of P’l,out =

the maximum flow rate, Q;, = 3.33 x 108 m
1.965 x 10° Pa should be used; while for the chondrocytes the maximum flow rate and
maximum outlet pressure, P s = 2.068 x 10° Pa, should be used.

For the cardiomyocytes, the standard deviation in the final outer radius of the cell
layer, SD, decreases as J;;, decreases and as P, ., increases for P, < 1.931 X 10° Pa,
ranging from 0.2 pm with Q;;, = 2 X 108 m3s~! and P oyt = 1.931 x 10° Pa to 44 um
with @ in = 3.33 X 108 m?s~! and Py oyt = 1.034 x 10° Pa. For the chondrocytes, SD also

decreases as @, decreases and P ,,; increases, but is much smaller, SD = 0-2 um. The

greater variation in the final depth of the cell layer for the cardiomyocytes is due to their
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Figure 2.8: Evolution of (a) the surface oxygen concentration co|,—p., (b) surface
lactate concentration cr|,—r,, (c) surface interstitial shear stress o|,—r, and (d)
outer surface r = R.(z,t) of a layer of rat cardiomyocytes at the optimal flow
rate and outlet pressure. Mean final outer radius R, = 871 um, standard deviation in
final outer radius SD = 3 um. Initial cell layer depth and parameter values as in Figure
2.7(a) with Qpn = 3.33 x 1078 m3s™1, Py = 1.965 x 105 Pa. Arrows show direction of
increasing time, solid lines the variables at regular time intervals, black dashed line the
shear stress cell death threshold ¥;, and blue dashed line the initial cell layer outer radius

Rc,init (Z) .

higher oxygen uptake rate, which means that at low outlet pressures increasing the flow
rate only increases oxygen delivery to the upstream end of the cell layer, which therefore

grows much more quickly than the downstream end.
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Figure 2.9: Evolution of (a) col=r., (b) cLlr=r,, (¢) ol;=r, and (d) R.(z,t) for a
layer of rat cardiomyocytes with too high an outlet pressure. Parameter values as
in Figure 2.8 with @, = 3.33 X 10 8m3s 1, Py oyt = 2.068 x 10° Pa. Lines and arrows as
in Figure 2.8.

2.8.2 Impact of variation in initial cell layer depth on growth

In the simulations in the previous section we assumed that the initial cell layer had a uniform
depth along the fibre. However, as we saw in §2.7.2, the oxygen and lactate distributions
vary with the uniformity of the cell layer, so it is likely that non-uniformity in the initial
depth of the cell layer will affect its subsequent growth. Here we demonstrate that variation
in the depth can have a major impact on the growth.

Take, for example, the predicted optimal conditions for the growth of the rat cardiomy-
ocyte layer in the previous section, @) ;, = 3.33 X 1078 m?s~! and Py out = 1.965 x 10° Pa.

If we simulate the growth of the non-uniform layer of rat cardiomyocytes in §2.7.2 (which
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Figure 2.10: Evolution of (a) co|r=r,, (b) cLlr=r., (¢) o|,=r, and (d) R.(z,t) for
an initially non-uniform layer of rat cardiomyocytes. Initial cell layer outer radius
Reinit(z) = (480 — 6.1 x 107%2) um. Mean final outer radius R, = 750 um. Parameter
values as in Figure 2.8 (Qpn = 3.33 X 1078 m3s7L, Py = 1.965 x 10° Pa).

has the same volume as the uniform layer but a depth that decreases linearly with z) at
the same flow rate and outlet pressure, we obtain a very different result from Figure 2.8 as
shown in Figure 2.10. Since the non-uniform cell layer is initially thinner at its downstream
end, the shear stress on the cells at the surface is higher than for the uniform layer and
exceeds X4. Hence the cell layer recedes towards the fibre surface at its downstream end,
but grows outwards over the upstream part of the fibre, where o < >4. The shear stress on
the cells at the downstream end increases as the cell layer recedes, so the layer continues
to recede until it reaches the membrane. Consequently, after 60 days the mean final outer

radius of the cell layer, R. = 750 um, is much smaller (and the standard deviation in the
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Figure 2.11: Evolution of (a) col,=r., (b) cLlr=r., (¢) o|,=r, and (d) R.(z,t) with
the initial layer of rat cardiomyocytes in Figure 2.10 at lower outlet pressure.
Parameter values as in Figure 2.10 with P} ,,; = 1.930 X 10° Pa.

final outer radius, SD = 211 um, much larger) than for the initially uniform cell layer with
the same flow rate and outlet pressure.

Reducing P, brings the shear stress on the cells near the outlet below Y4, so that
the cell layer grows outwards over its whole length to a mean outer radius of R, = 870 um
after 60 days (Figure 2.11). However, the cell layer remains thicker at its upstream end as
it grows and the standard deviation in the final outer radius, SD = 16 wm, is larger than for
the uniform cell layer. Similar results are observed with a cell layer whose depth increases
with 2z (Reinit = (419 4+ 6.1 x 10~*2) um)—the cell layer recedes at the downstream end,
where o > ¥g if Q4 = 3.33 X 1078 m3s~1 and P oyt = 1.965 x 10° Pa, so that R, = 705 pm

and SD = 14 um, but grows over its whole length at lower outlet pressures.



2.9. Comparison with flow, solute transport and growth with ECS port closed 70

These results suggest that the uniformity of the initial cell layer can make a large
difference to the cell layer growth if the cells are shear-sensitive, and that care is needed to

pick the optimal flow rate and outlet pressure if the cell layer is initially non-uniform.

2.9 Comparison with flow, solute transport and growth with
ECS port closed

Thus far, we have described how the flow, solute transport and cell layer growth vary
when the ECS port is open. Here we briefly describe the key differences in each of these

components when the ECS port is closed.

2.9.1 Flow

When the ECS port is closed, there is no normal flow out of, or axial flow along, the ECS

outer boundary, so (in terms of dimensionless variables)
Uer =0 and u,=0 on r= Re.
As a result, at leading order there is only flow in the lumen (steady Poiseuille flow) and no

axial or radial flow in the rest of the bioreactor,

Pl(zat) = 16Ql,in(1 - Z) + E,outa ul,z(ra Z,t) = 4Ql,in(1 - Tz)) UL,y = 0(62)7 (2122)

plert) = P oy = PG

m ﬁm"ic

y o Uiy, Uiy = O(e?), i =m,ce. (2.123)

The interstitial fluid shear stress in the cell layer is still an order of magnitude larger than
the shear stress on the cells due to the ECS flow, but for the cell types and range of flow rates
considered here, is far below the cell death threshold, ¥;. Thus changes in the interstitial

shear stress due to changes in @), and P, ,,; do not affect the growth of the cell layer.

2.9.2 Solute transport

The mass transport problem for the oxygen and lactate reduces in the small aspect ratio
limit to solving an advection-diffusion equation for the lumen concentration at each time
step (see Appendix C.1). Due to the much weaker radial flow through the bioreactor than
when the ECS port is open, the rates at which oxygen is transported through the membrane
to the cells and lactate is advected away from the cell layer are much lower. Consequently the
minimum oxygen and maximum lactate concentrations reached are much lower and higher
respectively, e.g. for the uniform cell layer in Figures 2.5(a) and 2.6(a) (R. = 450 pm) the

minimum oxygen concentration with the ECS port closed is 0.108 molm =3 (compared to
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0.216 mol m~? with the port open) and the maximum lactate concentration is 0.119 mol m 3
(more than 60 times higher than with the port open).

With the ECS port closed, the leading order oxygen and lactate concentrations at the
outer surface of the cell layer, and therefore the cell layer growth, only depend on @,
(through its effect on the oxygen and lactate transport through the lumen) and not on
P, oyt Similarly to when the ECS port is open, the growth rate of the cell layer decreases
as it grows out into the ECS due to the decrease in the surface oxygen concentration with
distance from the fibre. As the cell layer growth does not affect the flow at leading order,
the only feedback effect from the growth is through changes in the oxygen and lactate
distributions caused by changes in uptake/production and diffusion through the ECS.

2.9.3 Growth

The leading order system for the flow, solute transport and growth with the ECS port
closed is solved as described in Appendix C.2, and used to simulate the growth of initially
uniform layers of rat cardiomyocytes and bovine chondrocytes as in §2.8.1. Figures 2.12(a)
and 2.12(b) show how the mean final outer radius of the cell layer, R., varies with Q1in
for the cardiomyocytes and chondrocytes respectively (Reinit(2) = 450 um as in Figure
2.7). The cardiomyocyte layer grows very little, R. = 463-466 wm, since the surface oxygen
concentration ¢ |,—pr, rapidly approaches Cy,;, as the cell layer grows outwards and the cell
layer approaches a steady state depth. The depth of the chondrocyte layer, meanwhile, does
not approach an equilibrium and is much greater after 60 days growth, R. = 656-657 wm,
since the chondrocyte oxygen uptake rate is much lower, so co|,—g, remains well above Cy,ip,
as the cell layer grows. For both cardiomyocytes and chondrocytes the lactate concentration
remains well below the threshold for cell death, L4, = 0.4 molm~2, throughout the growth.

The cardiomyocyte layer grows far less than when the ECS port is open (for P ¢ <
1.965 x 10° Pa) (R. = 463-466 um compared to 516-871 um), but the chondrocyte layer
grows only slightly less (R, = 656-657 wm compared to 665-675 um). The decreased growth
with the ECS port closed is due to the reduced radial flow and therefore oxygen delivery
to the cells. The greater decrease in the growth of the cardiomyocytes is due to a greater
decrease in the surface oxygen concentration from closing the ECS port (due to their higher
uptake rate).

Figure 2.12 shows that increasing () ;, only produces a slight increase in the final cell
layer depth for both cardiomyocytes and chondrocytes. This is because increasing @ ;, only
increases the advective transport through the lumen at leading order when the ECS port
is closed, leading to a marginal increase in the oxygen concentration at the inner surface

of the membrane, which is carried through the membrane and cell layer by diffusion. The
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Figure 2.12: Variation in the mean, R., and standard deviation, SD, of the final
cell layer outer radius with Q;;, for (a) rat cardiomyocytes, and (b) bovine
chondrocytes, after 60 days of culture with the ECS port closed. Parameter
values: (a) as in Figure 2.7(a), (b) as in Figure 2.7(b). Blue solid line shows R, red dashed
line SD.

variation in the final cell layer depth is much smaller than when the ECS port is open for the
cardiomyocytes (SD = 0.5-1.4 um compared to SD = 0.2-44 um), as expected given how
little the cardiomyocyte layer grows, and slightly smaller for the chondrocytes (SD = 0.1—
0.4 um compared to SD = 0-2 pum).

From these results it is clear that opening the ECS port and using higher flow rates and
outlet pressures can significantly improve cell layer growth, but it is important to know the
level of shear stress that the cells can withstand as high outlet pressures can adversely affect
the growth. We anticipate that opening the ECS port and using a high flow rate and outlet
pressure would lead to similar improvements in growth to those for rat cardiomyocytes
for rat hepatocytes and pancreatic beta cells, given their similar oxygen requirements and

higher shear stress tolerances (Tables 2.3, 2.5).

2.9.4 Sensitivity of growth to lactate concentration

So far, we have assumed that the lactate concentration at which cell death occurs is the
same for all cells (Lyq: = 0.4molm~3), and have found that for the cell types and oper-
ating conditions considered the lactate concentration at the outer surface of the cell layer
remains much lower than L,,.,. Since there is a lack of cell-type-specific data for L.,
the sensitivity of the cell layer growth to L,,,, warrants further investigation. We there-
fore simulate the growth of the uniform rat cardiomyocyte layer for L,,., in the range

0.001-0.4 mol m~3 with the ECS port closed and with it open. Figures 2.13(a) and 2.13(b)
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show how the growth of the cell layer (measured as the difference, AR,, between its mean
final outer radius, R, and initial outer radius, R init = 450 pm) varies with Ly, when
the ECS port is closed and when it is open. With the ECS port closed, the cell layer re-
cedes if Lyge < 0.14molm—3 (by an increasing amount as Ly, decreases), but grows if
Limaz > 0.14molm™3. For L., > 0.25molm™2, the growth is approximately constant.
With the ECS port open, the cell layer grows even for very low values of L., and by an
increasing amount as L,,q, increases, up to L,q; = 0.15 mol m~3. For L4 > 0.15molm—3
the growth does not change with L,,.,. The fact that the growth is more sensitive to the
value of L4, when the ECS port is closed, and that the cell layer can recede if L,,q, is

low, provides further motivation for operating the bioreactor with the ECS port open.
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Figure 2.13: Variation in the growth of a rat cardiomyocyte cell layer with
the lactate cell death threshold L,,,, with the ECS port (a) closed and (b)
open. Initial cell layer outer radius R init(2) = 450 um. Cell layer growth measured by
AR. =R, — R init. Parameter values as in Figure 2.8.

2.10 Discussion

We have developed a model of cell layer growth in a single-fibre HFB by extending the
model of fluid and mass transport in a HFB of Shipley and Waters [231] to include a
growing layer of cells on the outer surface of the fibre. We have assumed that cell layer
growth is localised to the outer surface of the cell layer and that it depends on the oxygen
and lactate concentrations and fluid shear stress there. Considering both the case in which
the ECS ports are open and that in which they are closed, we have exploited the small
aspect ratio of the bioreactor to reduce the governing equations for the fluid flow, oxygen

and lactate transport, and cell layer growth, and solved the resulting leading order system
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numerically. We have used the model to compare the growth of a layer of rat cardiomyocytes
and a layer of bovine chondrocytes with the ECS ports open and with them closed, and to
investigate how the lumen inlet flow rate );;, and lumen outlet pressure P, ,,; affect the
growth.

As described in §1.2.5, Pearson et al. [205] have also developed a model of cell prolifera-
tion in a cell layer in the ECS of the single-fibre HFB. There are a number of key differences
between their model and ours, however. Firstly, they considered a set-up in which fluid is
pumped into the bioreactor both via the upstream ECS port and the lumen inlet, rather
than only via the lumen inlet. Secondly, they assumed that the depth of the cell layer re-
mains constant in time and described cell proliferation and death via shear-mediated mass
transfer between the culture medium and cells. In contrast, we have assumed that the cell
volume fraction remains constant as cells proliferate and die, so that net cell proliferation
and death are represented by changes in the depth of the cell layer. Thirdly, they consid-
ered much lower flow rates, so in their model the timescales for advection in the membrane
and cell layer are of the same order as the timescale for proliferation, rather than being
much shorter as in our model. Finally, their investigation focussed on the effect of fluid
shear stress on cell yield and distribution, whereas we have considered both oxygen- and
shear-limited growth. Despite these differences, their study also highlighted the importance

of avoiding exposing cells to excess shear stress for maximising the cell yield.

2.10.1 Summary of model predictions

The simulation results show that opening the ECS ports, increasing ();;, and increasing
P, ¢ all improve growth, provided that the shear stress on the cells at the surface does
not reach the level at which the cells die or detach from the layer. The results also show
that the improvement in growth with the opening of the ECS ports is greater for cells with
higher oxygen demands (Figure 2.7).

Increasing @i, and/or P 4, increases the oxygen concentration and decreases the lac-
tate concentration at the cell layer surface, but also increases the shear stress on the cells.
For shear-sensitive cells it is therefore necessary to avoid imposing too high an outlet pres-
sure and flow rate. In view of this, we have used the model to predict the flow rate and
outlet pressure that maximise the growth of initially uniform layers of rat cardiomyocytes
(assumed to be shear-sensitive) and bovine chondrocytes (shear-tolerant) when the ECS
ports are open, and have predicted a lower optimal P, ,,; for rat cardiomyocytes (Figure
2.7). This indicates that the optimal flow rate and outlet pressure are cell-type-specific.
Cells that are able to tolerate the maximum interstitial shear stress reached in the cell layer

over the whole range of @, and P} oy (i.e. for which o is always less than ¥4) should be
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cultured with the highest possible @, and P, ,,; to maximise oxygen delivery and lactate
clearance. Cells for which the shear stress exceeds ¥, at higher flow rates and outlet pres-
sures should be cultured with the highest possible Q) ;, and P, 4, for which the shear stress
remains below .

Although cells such as cardiomyocytes with high oxygen demands (high V.2

max

and Ciin)
should be grown with the ECS ports open to promote oxygen delivery to the cell layer, it
may be better to keep the ECS ports closed for cells that are very sensitive to shear stress
(have a very low ;) or have sufficiently low oxygen requirements that the culture medium
can be recycled directly from the outlet to the inlet without any significant adverse effect
on the growth.

For the cell types we have considered, the surface lactate concentration remains well
below the estimated toxicity threshold, L., for typical operating conditions (as shown
in Figures 2.8-2.11), and oxygen is instead the limiting solute with respect to cell layer
growth. However, given the lack of experimental data for L., we have used the model to
predict the sensitivity of the cell layer growth to this threshold. The results suggest that
the growth is less sensitive to Ly,q, at low values when the ECS ports are open, so that it
is better for the ECS ports to be open if L4, is not known for the cell type being cultured
(provided the cells are not highly shear-sensitive).

It is clear from the simulations for the initially non-uniform cell layer that cell layer
growth (and optimal flow rate and outlet pressure) can be sensitive to variation in the
initial cell layer depth along the fibre (Figures 2.10 and 2.11). The cell layer depth is
likely to be non-uniform in practice, so it would be interesting to test experimentally the
sensitivity of the growth to this non-uniformity by measuring the initial and final outer
radii of multiple cell layers of a certain cell type. From the simulations it appears that the
cell layer grows less and has a less uniform final depth if its initial depth varies along the
fibre. This suggests that the cell seeding and initial culture conditions should be aimed at
producing a uniform cell layer depth to maximise growth and the uniformity of the final
cell layer. However, further investigation with a range of choices for R jnit(2) is needed to
confirm whether this hypothesis is correct. Simulating the growth with different R jnit(2)
across a range of values of @, and P, would also enable the prediction of optimal

combinations of R init(2), Qrin and P oy

2.10.2 Possible extensions

Although the functional form chosen for G(co, cr,, o) in the cell layer growth law is relatively
simple, it has allowed us to predict the possible effects of changes in the fluid flow and

oxygen and lactate transport on the cell layer growth. Alternative functional forms, even
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cell-type-specific ones, could easily be considered. In addition, rather than assuming that
cell proliferation and death are concentrated at the free surface of the cell layer r = R.(z,1),
we could assume that they occur throughout the cell layer so that its growth is volumetric,
and compare simulations based on this assumption with those presented here. Different
model assumptions could be validated by comparing the growth predicted by simulations
against experimental measurements, so that the model can be used to determine optimal
operating conditions for different cell types.

In addition to experimentally validating the growth law, a number of key parameters
need to be measured to use the model to make accurate quantitative predictions of the
growth of specific cell types. These include the lactate diffusivity in the membrane, D%,
the lactate concentration that is toxic to the cells, L;,q:, and the rates of recession of the cell
layer due to cell death from excess lactate and shear stress, By By and BsB,;. The lactate
diffusivity in the membrane can be determined by measuring the lactate concentration in
the permeate from the single-fibre HFB when the ECS is filled with cells with a known
lactate production rate, and fitting the results to the solute transport model with R, = R..
Although a generic value for L,,q, has been estimated, it is likely to vary with cell type, so
should be measured for the cell type being cultured, e.g. by exposing monolayers of the cells
to solutions of different lactate concentrations. The values of By, Bs; and By may be harder
to measure experimentally. As a first step, it would be useful to determine the sensitivity
of the cell layer growth to By, Bs and Bg. A thorough parameter sensitivity analysis to
determine how the cell layer growth varies with the values of the other growth parameters
Ap, Crin and Ly, should also be carried out as part of any further work.

We have treated the porosities and permeabilities of the membrane and cell layer as
constant, but they will exhibit some spatial heterogeneity and change to some degree over
time. Although the membrane porosity may remain fairly constant in time for the culture
times we have considered, over longer timescales it will increase due to degradation of the
PLGA in the membrane [13, 111, 233]. The porosity of the cell layer is likely to decrease
with time due to cell growth and proliferation and ECM deposition within the cell layer.
One way to incorporate this into the model would be to use a multiphase description for the
cell layer, with volume fractions for the culture medium and cells and mass transfer between
the phases, similar to that developed by Pearson et al. [205]. A multiphase description with
varying fluid and solid fractions, similar to that in [194], could also be used to model spatial
heterogeneity and PLGA degradation in the membrane.

Given that the membrane permeability k,, is the key determinant of the flow through
the bioreactor when the ECS ports are open, it would be interesting to investigate the

sensitivity of the cell layer growth to k., as part of any further work. The impact of spatial
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and temporal variation in the permeability on the flow, solute transport and growth could
also be investigated by making k,, a function of r, z and ¢ (or via a multiphase description
for the membrane with k,, as a function of the porosity).

A further extension to the model would be to add transport equations for other species
dissolved in the culture medium, such as glucose, growth factors and other proteins. This
would enable the incorporation of a detailed model for cell metabolism (such as that in
Casciari et al. [30]), with coupling between the oxygen, glucose and lactate concentrations.
As some proteins in standard culture medium are large enough to constrict or block pores
in the membrane or become ‘caked’ on its inner surface, adding protein transport would
require a description of the effect of fouling on the membrane permeability and the pro-
tein concentration reaching the cell layer over time. Shipley et al. [235] have investigated
membrane fouling in the transport of bovine serum albumin (BSA) through a cell-free
single-fibre HFB via a combination of experimental measurements and theoretical analysis.
Their model of BSA transport could be incorporated into the present model by adding a
reaction-advection-diffusion equation for the uptake of BSA in the cell layer.

As discussed in Chapter 1, there is still a large amount of work to be done to scale up
laboratory tissue engineering experiments for clinical use. To help the process of scaling up
cell expansion in HFBs, our model could be extended to describe fluid and mass transport
and cell proliferation in a multi-fibre HFB, with growing cell layers attached to the outer
surfaces of the fibres and coupling of the flows between adjacent fibres. Nonetheless, in
characterising cell layer growth in a single-fibre HFB subject to oxygen delivery, lactate
clearance and fluid shear stress, the results of this chapter provide a useful starting point

for optimising cell expansion in HFBs.



Chapter 3

Cell aggregate growth in the HFB

3.1 Introduction

In Chapter 2 we investigated the effects of solute transport and fluid shear stress on the
growth of a cell layer on the outer surface of the fibre in the HFB. We assumed that the
cells initially seeded on the fibre surface had already proliferated to confluence over the
surface and then outwards into the ECS, so that the cell layer was already multiple cells
deep at the point from which the growth was modelled. To investigate the impact of solute
transport and shear stress on cell proliferation in the stage of culture preceding confluence,
we now model the cell population at a smaller spatial scale. We consider the growth of cell
aggregates that form on the outer surface of the fibre shortly after seeding, and that are a
single cell thick, along the fibre surface.

In Chapter 2 we showed that operating the HFB with the ECS ports open rather than
closed leads to increased growth of the cell layer, provided the shear stress on the cells
is kept below the threshold at which cell death occurs. Here we consider a different flow
configuration, with the ECS port nearest the lumen inlet closed and that nearest the lumen
outlet open. With this configuration, the axial flow in the ECS is dominant rather than the
radial flow. The motivation for considering this configuration is that cells in aggregates on
the membrane surface experience higher shear stresses than cells at the surface of the cell
layer for lumen-driven flow, so closing the upstream ECS port should reduce the shear stress
on the cells on the membrane surface (by reducing the radial flow through the membrane)
but still provide greater oxygen delivery than closing both ports. We assume that the cell
aggregates are distributed over the outer surface of the fibre and grow or shrink over the
surface as cells proliferate and die. For simplicity we consider a representative 2D cross-
section of the bioreactor module that excludes the open ECS port (see Figure 3.1), rather
than the full 3D set-up. Including the ECS port and modelling the set-up in 3D would

require a numerical approach and consideration of the azimuthal-dependence of the cell
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aggregate distribution, and would be computationally expensive. Modelling the 2D cross-
section instead enables us to make analytical progress and gain an understanding of how
the coupled fluid flow, solute transport and cell aggregate growth in the bioreactor depend
on the operating parameters and initial cell aggregate distribution.

The rate at which the aggregates elongate or shorten along the membrane is assumed to
depend on the oxygen concentration at the membrane surface and the shear stress exerted
on them by the flow. Greater oxygen delivery is known to promote cell proliferation and
excess shear stress to lead to cell death [47, 215], but insufficient oxygen can also result in
cell death and increasing shear stress can stimulate proliferation, e.g. for osteoblasts [121],
chondrocytes [162] and embryonic and mesenchymal stem cells [279, 289]. Hence, in addition
to considering proliferation at sufficiently high oxygen concentrations and cell death due to
excess shear stress as in Chapter 2, we consider cell death and quiescence at low oxygen
concentrations and shear-stimulated proliferation at intermediate shear stresses. However,
here we neglect the effect of lactate concentration on the cell aggregate growth, as for thin
cell aggregates, at typical lactate production rates and flow rates, lactate does not build
up to toxic levels. The dominant shear stress exerted by the flow on the cells arises from
the ECS flow over the top of the aggregates, and we consider the effect of variations in this
shear stress on the cell aggregate growth. We consider the timescale of cell proliferation, on
which the fluid and oxygen transport are quasi-steady, and account for the feedback effect
of the aggregate growth on the flow and oxygen distribution in the bioreactor via changes in
the permeability of the outer surface of the membrane and oxygen uptake as the aggregates
grow.

As discussed previously, increasing the flow rate of the culture medium into the lumen
inlet and/or the pressure imposed at the lumen outlet promotes flow through the membrane
into the ECS, increasing oxygen delivery to, and the shear stress experienced by, the cells.
Oxygen demands and shear stress tolerance vary considerably with cell type and different
aggregate distributions experience different oxygen and shear stress conditions. For a given
cell type, it is therefore necessary to determine the flow parameters and initial seeding
distribution that give the optimal balance of oxygen delivery and shear stress for growth.

We use our model to simulate cell aggregate growth for different cell types and different
initial aggregate distributions. In particular, we assess the combined effects of seeding and
flow on the growth. We use the results to predict optimal lumen inlet flow rates, lumen
outlet pressures and seeding distributions for minimising the time the aggregates take to

reach confluence or, if they do not reach confluence, maximising their final total length.
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3.1.1 Chapter outline

The structure of this chapter is as follows. In §3.2 we briefly describe the model set-up.
In §3.3 we present the governing equations for the fluid and oxygen transport and cell
aggregate growth. We describe how the model is parameterised for specific cell types,
simplified using lubrication theory and solved numerically in §§3.5-3.6. In §3.7 we assess
the impact of varying the inlet flow rate, outlet pressure and initial aggregate distribution
on the aggregate growth, and identify optimal operating conditions for growth of specific
cell types. In §3.8, we summarise our findings and explain how they may be used to try
to maximise the cell yield for different cell types, as well as briefly discussing possible

extensions and improvements to the model and the experiments necessary to validate it.

3.2 Model set-up

We consider a 2D cross-section of the upper half of the bioreactor running from the lumen
inlet to just upstream of the ECS outlet, as shown in Figure 3.1, and make the simplifying
assumption that the flow and oxygen distribution can be treated as symmetric about the lu-
men centreline. The lumen centreline and membrane surfaces are assumed to be straight, so
the model domain consists of three rectangular regions, representing the lumen, membrane
and ECS. We describe the domain using Cartesian coordinates (z,y), with corresponding
unit vectors e, and e,, where x is the distance along the lumen centreline with the inlet
at x = 0 and the downstream end at x = L, and y is the distance perpendicular to the
lumen centreline. The lumen, membrane and ECS radii are denoted by R;, R,, and R., so
the lumen occupies the region 0 < xz < L, 0 < y < Ry; the membrane occupies 0 < z < L,
R; <y < R,,; and the ECS occupies 0 < z < L, R, <y < Re.

P atm
—»

ECS port Y
t P R. .
y ~ |
\Cf}aggregates ECS ,»// R. ECS (e) = — i
R :
fibre | \\ L1 Tmi’:]nrll)gind L ‘\FT Im ern cell aggregates -~ 1
] L T Rpmm—— e E—
lumen ‘ Ll lumen " ]
inlet : ontler membrane (m)
) Ryfoemm ,
Qin—> i - lumen (1) - i g
L o L

(a) (b)

Figure 3.1: (a) Schematic of the HFB module with the model domain outlined
in red. (b) Model domain. Cell aggregates on membrane shown in black. Arrows show
direction of fluid flow.
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Culture medium containing oxygen at a fixed concentration, Cjy,, is pumped into the
lumen inlet at a prescribed rate, Q;,. To mimic the lumen outlet and open ECS port, we
prescribe the normal fluid stresses at the downstream ends of the lumen and ECS regions to
be P, oyt and Py, (atmospheric pressure), respectively. The ratio of flow through the ECS
to flow through the lumen is thus determined by P ,,;. From here on, we refer to the ends
of the lumen and ECS at the downstream end of the domain as the lumen outlet and ECS
outlet for convenience. The cell aggregates are distributed along the outer surface of the
membrane and are treated as being infinitesimally thin to facilitate modelling the effects of
their growth on the flow and oxygen distribution. This is a reasonable simplification given
that a typical cell diameter (10 um) is small compared with the depths of the membrane
(200 um) and ECS (600 um) and the aggregates are one cell thick. The aggregates are
assumed to absorb oxygen, and elongate or shorten at a rate that depends on the local
oxygen concentration and fluid shear stress. As the aggregates elongate/shorten, the flow
and oxygen profiles along the membrane change through increased/decreased oxygen uptake

and reduced/increased permeability of the membrane outer surface to fluid.

3.3 Governing equations

Much of the modelling framework used here is similar to that in Chapter 3. The key
differences are that here we only require equations to describe the flow and solute transport
in the lumen, membrane and ECS as there is no cell layer; we model resistance to the flow
and oxygen uptake due to the aggregates via the conditions at the outer surface of the
membrane; and we require additional equations to describe the elongation/shortening of
the cell aggregates. Below we state the governing equations and boundary conditions for

the model for completeness.

3.3.1 Fluid transport

We assume that the flow in the lumen and ECS is governed by the steady incompressible

Stokes flow equations (i.e. we neglect inertia, see §3.5.1)
V-u =0, uViw=Vp;, i=1Ie, (3.1)

where u; = (u;,v;) and p; are the fluid velocity and pressure, u is the dynamic fluid viscosity,
and ¢ = [, e denote the lumen and ECS. We use incompressible Darcy flow to describe the

fluid transport in the porous membrane

km
V-u, =0, o¢puy,= —Ime, (3.2)
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where u,, and p,, are the pore-averaged fluid velocity and pressure, ¢,, is the membrane
porosity, and k,, is the permeability of the membrane.
At the lumen-membrane interface, y = R;, we impose no slip and continuity of normal

velocity and normal stress
U € =Py, €y, W - € =PplUy, €y, €, -0 -€ =€, -0n-€, ony=IR. (3.3)

At the outer surface of the membrane, y = R,,, we impose no slip and continuity of normal
fluid velocity, but assume there is a jump in the normal stress proportional to the fluid flux,

so that

Gy, - € = Ue - €, Pyl - €y = Ug - €y, (3.4a,b)
1

mue ey on y =Ry, (3.4c)

€y 0c € —€y Op- € =

where K (z,t) represents the permeability of the outer surface of the membrane. We assume
that the aggregates provide resistance to the flow such that K(z,t) has a low value, Kj,,
in regions covered by aggregates and a higher but finite value, K};, in regions not covered
by aggregates (to model a reduction in surface permeability caused by ECM and protein
deposition by the cells). We suppose that the cell density within an aggregate remains
constant as the aggregate grows/shrinks, so that Kj, and Kj; are fixed. Thus, K (z,t) is
given by

K(2,t) = Kiola(w,1) + Kni(1 = L(a, 1)), (3.5)

where the aggregate indicator function, I,(x,t), is defined as

Lo(x) = {1 for x € (0, L), y = Ry, covered by an aggregate at time ¢, (3.6)

0 forx € (0,L), y= R, not covered by an aggregate at time ¢.

In the lubrication limit we derive in §3.4.1 by exploiting the small aspect ratio of the fibre,
the normal stress boundary condition (3.4¢) reduces to Starling’s equation for the fluid flux
across a thin membrane, i.e. to the fluid flux being proportional to the pressure difference
across the membrane.

Symmetry about the lumen centreline gives
u-e, =0, Vy-e,=0 on y=0. (3.7)
At the outer boundary of the ECS we impose no slip and no flux, so that

u. =0 on y=R.. (3.8)
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We also impose no-flux conditions at the ends of the membrane and the upstream end of
the ECS

Wp-e, =0 onx=0,L, Rj <y < Ry,

U-e, =0 on =0, Ry, <y < Re, (3.9)

and prescribe the lumen inlet flow rate and normal stress at the lumen outlet

Ry
/ u; - ex’m:() dy = Qin; (310)
0
e -0 € =—PFor onr=L0<y<R,. (3.11)

We note that in the lubrication limit, (3.11) reduces to a condition on the lumen pressure,
and (3.10) and (3.11) are sufficient to determine the flow (see §3.4.1). At the ECS outlet

we impose continuity of normal stress
€ 0c-€ =—Pyy onz=L R, <y<Re. (3.12)

3.3.2 Oxygen transport

We model oxygen transport in the lumen, membrane and ECS via the steady advection-
diffusion equations
w; - Ve, = DiVZe, i=1m,e, (3.13)

where ¢; and D; (i = l,e) are the oxygen concentration (per unit volume of fluid) and
diffusivity in the lumen and ECS, and ¢, and D,, are the average oxygen concentration
(over the pore space) and effective oxygen diffusivity in the membrane.

At the lumen-membrane interface we impose continuity of the oxygen concentration and
flux

c=cm, DiVe-ey=¢nDyVe,-e, on y=R,. (3.14)

However, at the membrane-ECS interface, we impose continuity of concentration and a

jump in the flux across the aggregates due to cellular uptake of oxygen
m =Ce, (DeVee— 0D Vey) ey =1(z,t)R(cc) on y= Ry, (3.15)

where the oxygen uptake flux R(c.) is an increasing saturating function of ¢,

Ce

Rlc))=M—"5
(C) 01/2+Ce

with the constant M > 0 denoting the maximal oxygen uptake flux and C , the concentra-
tion at which the flux is half-maximal. Symmetry about the lumen centreline corresponds

to no diffusive flux through y =0

Ve ey =0 on y=0. (3.16)
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We impose the following no-flux boundary conditions at the ends of the membrane and

outer walls of the ECS

Vem-e, =0 on 2=0,1, R <y < R, (3.17)
Vee-e, =0 on =0, R, <y < Re, (3.18)
Vec.-ey =0 on y=R.. (3.19)

The inlet oxygen concentration is prescribed by
¢ =Ciyp on x=0. (3.20)
Finally, we impose zero-diffusive-flux conditions at the outlets

Veg-e,=0 onz=L,0<y<Ry,
Vee-e, =0 on x=1L, Ry, <y < Re. (3.21)

3.3.3 Cell aggregate growth

Net increases/decreases in the cell population are modelled by elongation/shortening of the
aggregates, whose initial distribution and lengths along the membrane are prescribed. It
is assumed that cell proliferation occurs over the whole length of each aggregate, and that
when cells in the middle of an aggregate divide they push neighbouring cells outwards, so
that the cell density in the aggregate remains constant as it grows. This assumption is
motivated by cell migration and proliferation assays on 2D substrates, which show that
cells distant from a growing edge continue to proliferate and exert a mitotic pressure on
their neighbouring cells [135, 224, 255, 284]. When two aggregates come into contact, they
are assumed to coalesce and are thereafter treated as one larger aggregate. If one end of an
aggregate reaches either end of the membrane (x = 0 or z = L), any further growth is taken
to occur at its opposite end. When cells die we assume they detach from the membrane and
are removed with the flow, causing the aggregates to shrink. For simplicity, we assume that
the effects of the oxygen concentration and fluid shear stress on the cell proliferation rate
G, and death rate G4, and hence on the net rate of aggregate elongation, are multiplicative
(see equations (3.22a,b)). This means that the aggregates cannot grow in either hypoxic or
excess shear conditions, which would be possible if the effects were assumed to be additive
(e.g. if the shear stress was high enough to kill cells, but the oxygen concentration was
also very high and promoted proliferation sufficiently for the net effect to be positive). A
strength of our modelling approach is its modular nature, which means that alternative
growth laws (based on different assumptions, such as assuming proliferation only occurs

near the aggregate ends) could easily be incorporated.
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Several authors use Monod kinetics to describe the relationship between oxygen concen-
tration and cell proliferation [22, 136, 229, 236], for which the proliferation rate is approx-
imately constant at low concentrations, increases with concentration for intermediate con-
centrations, and plateaus to a maximum at high concentrations. Following McElwain and
Ponzo [171], we approximate Monod kinetics in a piecewise linear fashion, as shown in Fig-
ure 3.2(a), and assume that cells die below a certain oxygen concentration. Following O’Dea

et al. [192], we take the cell proliferation/death rate to be a stepped function of the fluid

Oue | Ove
91; + (')UI)|Z/:Rm

(see §3.4.3 for details of how this is approximated in the reduced model), with faster cell

shear stress on the cells along the membrane outer surface, o¢ zy|y=r,, = t(

proliferation at intermediate shear stresses and cell death at high shear stresses as shown in
Figure 3.2(b). This relationship is based on experimental observations (see Table B.7 and
references therein).

In any given simulation, the number of aggregates on the membrane can only decrease
from the number in the initial distribution due to aggregates merging with one another (new
aggregates cannot be created). Assuming that there are N cell aggregates at time ¢, such
that the jth aggregate occupies the interval [xoj_1(t), z2;(t)] (j = 1,...,N), the evolution
equation for the length of the jth aggregate, L; = xo; — x9;_1, is

dr; w25 (%)
At = / (Gp(ce|y:Rm>Ue,xy|y:Rm) - Gd(ce|y:Rma Ue,xy|y:Rm)) dz, (3.22)
w2;-1(t)

where G, and G are the cell proliferation rate and death rate, respectively, at each point
in the aggregate due to the combined effects of the oxygen concentration and shear stress
(see Figure 3.2(c)). The cell proliferation and death functions are integrated over the length
of the aggregate (from xg;_1 to xg;) to give the net rate of change of its length. (We note
that in our model if an aggregate shortens it cannot completely disappear, since the rate at
which it shortens is proportional to its length.)

There is little quantitative data available with which to pose and parameterise forms
for G, and Gg4, so we use the following constitutive relationships to capture the key effects

of oxygen and shear stress on growth described above

Gp(Ces eay) = (H(ce = Cp)H(Crnaz — ce)(ce — Cp) + H(ce = Cmaz)(Cmaz — Cp))
X (AH(E) — 0eay) + AoH(0czy — Xp)H(Xg — 0ezy)), (3.22a)
Ga(ce,0emy) = Bo(1 4+ BiH(Cy — ce))(1 4+ BoH(0e oy — X4)) — 1. (3.22b)
In (3.22a) and (3.22b), H is the Heaviside function; Cy the oxygen concentration below which

cells die; C}, the minimum concentration for cell proliferation; Cj,4, the concentration above

which the aggregate growth rate is a constant maximum (Figure 3.2(a)); ¥, the shear stress
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threshold for elevated cell proliferation rate; A; the constant baseline aggregate growth rate
per unit concentration for low shear stress (o¢ zyly=r,, < Xp); A2 the elevated growth rate
per unit concentration for intermediate shear stress (X, < 0¢ayly=r,, < 2d); Lq the shear
stress above which cells die (Figure 3.2(b)); By the baseline aggregate shortening rate due to
cell death from insufficient oxygen (ce|y=r,, < Cd, e,ayly=R,, < 2q) Or excess shear stress
(Ceayly=Rrn > 2d, Cely=r,, > Cq); and By and B dimensionless factors that determine
the aggregate shortening rates for insufficient oxygen and excess shear stress, respectively
(Figure 3.2(c)). These forms of G, and G4 capture the fact that most cells die if they receive
insufficient oxygen (ce|y=r,, < Cq, blue band on left of Figure 3.2(c)), remain quiescent in
low oxygen conditions (Cy < cel|y=r,, < Cp, green region in Figure 3.2(c)), proliferate at
an increasing rate with increasing oxygen concentration (Cp, < celr=pr,, < Cmaaz, yellow to
red region in bottom centre and right of Figure 3.2(c)) and die if the fluid shear stress they
experience is too high (0¢ zy|y=r,, > X4, blue band at top of Figure 3.2(c)). Despite the
lack of experimental data for parameterisation, the model can be used to test the impact of
promoting either sensitivity to oxygen or shear stress, through the concentration and shear
stress thresholds and growth and death rate constants.

We make the further assumption that cell division forces cells outwards in such a way

dL; (cm day™!)
0.1
: . 0.08 (Cma‘l:fcp)AZ s 0.05
1 — =
! \% 0.06 &
1
: F; 0.04 (Cmar - Cp):Al mfs 0
' S o002 ! &
I - =
i 3 ’% 0] S P IO 2 -0.05
: = ' N
1
: -0.02 1 y
1 -
oosl e 1k ' -0.04 X T '
o, 0.05 0.1 015 0.2 0 005 01 015 02 025 0 005 01 015 02
maxr —
Cely-r,, (mol m~?) Oeayly=r,, (Pa) Cely=r,, (mol m™?)

(a) (b) (c)

Figure 3.2: Prescribed variation in aggregate growth rate % with (a) oxygen

concentration c. for fixed shear stress (o.,, = 0.15Pa), (b) shear stress o,y
for fixed oxygen concentration (c. = 0.19molm—3), and (c) oxygen concentration
and shear stress. Concentration thresholds: Cy = 0.01 mol m™3, Cp = 0.05mol m~3 and
Cax = 0.18 molm—3. Shear stress thresholds: ¥, =0.1Pa, ¥; = 0.2Pa. Growth rate pa-
rameters: A; = 0.68day ! (molm=3)~1 Ay = 1.35day ! (molm=3)~!, By = 0.075day !,
By =By, =1.
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that the growth at the ends of the aggregate is equal, i.e.

(Gp(ce|y:Rma Ue,xy‘y:Rm) - Gd(ce|y:Rm7 Ue,wy’y:Rm)) dz,
(3.23)

except when one end of the aggregate reaches the end of the membrane, in which case

dwg;  dagiq 1 / @23 (1)
at a2/,

2j—1(1)

there is only growth at the opposite end and the total growth is halved. This gives 2V
equations for the 2N unknown positions of the aggregate ends z; (i = 1,...,2N). To
close the system given by (3.1)—(3.23) we prescribe the initial distribution of aggregates via
z2;(0) (i =1,...,2N).

3.4 Model reduction

The full model for the fluid flow, oxygen transport and aggregate growth in the HFB is
given by equations (3.1)—(3.23). Rather than solve this system numerically, which is com-
putationally expensive due to the coupling between the flow, oxygen transport and growth
and the nonlinearity in the oxygen uptake, we first nondimensionalise and asymptotically

reduce it. We nondimensionalise as follows

N
T = Li‘, Yy = Rl:l), U; = Uﬁi, v, = GU@i, t= t, C; = Cméi, 1= l,m, e,
Alc’in
u. . EulUlL . uv.
PiZPatm+527pi7 i=1e, pm:Patm+ZTpm7 o.i:fZiLo-iv i=le,
UL R R

Om="A4""Gm, @=L, i=1,....2N, Rp=RRn, Rc=RR.,

m

2
A e“L
Pl,out = E(B,out - Patm)a (324)

where hats denote dimensionless variables, the typical lumen flow velocity U is determined
from the inlet flow rate by U = Q;,/R;, and € = R;/L < 1 as previously. The timescale
is chosen as that for aggregate growth, 2/(A;C;,), and represents the time taken for the
cell population to double at high oxygen concentration (ce > Ciuae) and low shear stress
(Oeay < Xp) (see Appendix B.2.2). On this timescale, the fluid and oxygen transport
problems are quasi-steady (see §3.5.3). The pressure scale in the lumen, pU/(e?L), is chosen
to balance the axial pressure gradient with the transverse viscous terms in equation (3.1),
and the pressure scale in the membrane, ¢2uU L /k,,, ensures that there is an O(1) pressure
gradient in the y-direction in the membrane. In contrast to Chapter 2, the pressure scale in
the ECS is chosen to be the same as that in the lumen to reflect the fact that we expect the
axial flow to dominate in the ECS. In §§3.4.1-3.4.3 we exploit the small aspect ratios of the
lumen, € = R;/L =2 x 1073 < 1, membrane and ECS to simplify the governing equations
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by neglecting terms of O(e?). From here on, we omit hats on dimensionless variables for

ease of notation.

3.4.1 Fluid transport

The dimensionless versions of the lumen, ECS and membrane flow equations (3.1)—(3.2) are

aui (%i 2 82%‘ 82%‘ 8pi 4 82’01‘ 2 62 V; (9]91‘ .
Ox + oy 0, € ox?2 Oy  Ox’ “ o2 T oy Oy’ i=le (3.25)
ouy,  Ovupy, 20pm, Opm
_ = —2Pm o _IPm 2
E + 3y 0, u S v dy (3.26)

The dimensionless fluid stress tensors in the lumen, ECS and membrane are

du;

2 0uy 30v;
o; o; —pi + 2e5FE €5t 4 e FE )
o= " V) = ' O Oy 9o ) i=le, om=—pnl. (3.27)
o o eﬂul + 6381}, —p + 2628U’
tay  Yiyy dy Oz DPi Oy

The dimensionless boundary conditions at the lumen-membrane and membrane-ECS inter-

faces from (3.3) and (3.4) are

0
U = QmlUm, UV = PmUm, DI — 262671;/1 = EmPpm on y=1, (3'28)
90V, ~
Omlm = Uey, GmUm = Ve = k(2,t) | Kypm — | Pe — 2€ By on y= Ry, (3.29)
Yy
where
k(x,t) = kigly(z,t) + kpi (1 — Ip(x, 1)), (3.30)

and ky, = uKjo/(e3L) and ky; = uKp;/(e3L) are the dimensionless aggregate and membrane
outer surface permeabilities (assumed to be O(1), see §3.5.1). Neglecting O(€?) terms, the

continuity and momentum equations (3.25) and (3.26) reduce to

8ui 81)1‘ .
=0 =1 3.31
ax + 8y M 7/ 7m7 67 ( )
Ou; _ Opi  Opi
- - i — Pi 7t ) = lv ) .32
o7 ~ 9z’ By 0 = pi=npi(zt), 1 e (3.32)
Um = 07 Qbmvm = _8ap?;n’ (333)

Since u,, = O(€?), the boundary conditions (3.28) and (3.29) reduce at leading order in e

to

u =0, v =0¢nUm, PI=FEnPm on y=1, (3.34)

Ue =0, GmUm = Ve = k(x,t)(KmPm —Pe) o0 y = Ry, (3.35)

where the normal stress condition (3.4c) has reduced to Starling’s equation in (3.35).
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The remaining dimensionless conditions on the outer boundaries, from (3.7) and (3.8),

are
o
w =0, a—uyl:o on y =0, (3.36)
Ue =0, v.=0 on y=Re, (3.37)
ue=0 on x=0, Ry <y < R, (3.38)

and the dimensionless conditions at the inlet and outlets, from (3.10) and (3.11), are

1
| ulemody =1, (3.39)
0
P = 1517%,& on r=1,0<y<1, (3.40)
pe=0 on z=1, ]A%m<y<f1’€. (3.41)

We note that the assumption that the y length scale for the flow is much shorter than the
x length scale is strictly only valid away from the lumen inlet, so it is necessary to confirm
that any boundary layers near the inlet do not affect the flow in the rest of the bioreactor.
We do this in Appendix D, where we solve the full flow problem given by (3.2)—(3.21) with

steady Navier-Stokes equations for the flow in the lumen.

3.4.2 Oxygen transport

On nondimensionalisation the oxygen transport equations in (3.13) become

dc; dc; 0%c; 0%
2 T ) 2 1 ) .
€“Pe; (uiﬁx—i_viay) =€ o2 +8T/2’ i=1,m,e, (3.42)

where €2Pe; = ¢2UL/D; (i = l,m,e) are the reduced Péclet numbers (the ratios of the
timescales for radial diffusion and axial advection of oxygen) in the different regions, which
are O(1) for the flow rates we consider (see Table 3.1). At leading order in €, (3.42) therefore

simplifies to

oc; oc; D?c; .
’Pe; <U18; + vl@;) = ay;, i=1,m,e. (3.43)
The lumen-membrane and membrane-ECS interface conditions, (3.14) and (3.15), become
Dl Ocl 8Cm
_ ™ =1 3.44
866 ¢mDm 6C’m Ce >
Cm = Ce, dy D. Oy a a(xa )01/2 T on y ms ( )

where Da = R;M /(D.Cjy,) is the dimensionless uptake flux, or second Damkdhler number,
(the ratio of the rate of oxygen uptake by the cells, M/(R;Ci,), to the rate of diffusive

transport, D./R?), and ¢;)5 = Cy/2/Cip is the dimensionless half-maximal uptake flux
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concentration. For the diffusive flux condition in (3.45) to hold at leading order, it is
necessary that €2 < Da < 1/€2, which we verify a posteriori in §3.5.2.
Finally, the dimensionless forms of the inlet concentration and zero-diffusive-flux bound-

ary conditions (3.16)—(3.21) are

0 0
g=1 on x=0, 8—320 on x =1, 8—220 on y =0, (3.46)
oem R
5 =0 on z=0,1, 1<y < Ry, (3.47)
x
0 - . 0 -
“_0 on x=0,1, Ry, <y < R, “_0 on Yy = Re. (3.48)
ox Ay

3.4.3 Cell aggregate growth

From (3.27), the shear stress along the membrane in the ECS is

B ~ Oue 300,
€y O -ex|y:Rm = O'e,my|y:Rm =\ € 8y + € o

9

y:Rm

Oue .
By y:Rm )

component. The dimensionless form of the evolution equation for the aggregate lengths

(3.23) is then given by

dxo. dao. x2;(t) N
:BQJ = — ZBQJ 1 = / (Gp (Ce | —R Y %
dt dt 332‘7'_1(15) Yy=ivm )

the dominant component of which is e

so we approximate the shear stress by this

y:Rm) — éd (Ce|y:Rm, %—725 ysz)> de,
(3.49)
where
Gp (ce, %%f) =[H(ce — ¢p)H(emaz — ce)(ce — ¢p) + H(ce — cmaz) (Cmaz — )],
X |H (0= )+l (B — 0y ) H (00— 52 )| (350)

G (ce, %—1;) =pH(cqg — ce) + foH (%—1;6 — ad> + B3H(cqg — ce)H (%’L;e — ad) , (3.51)

with ¢g = Cq/Cin, ¢, = Cp/Cin and ¢mag = Cpmag/Cin being the dimensionless concentra-
tion thresholds for cell survival, proliferation and maximal proliferation; oy, = eLX/(uU)
(k = p,d) the dimensionless shear stress thresholds for faster proliferation and cell death;
a = Ay/A; > 1 the ratio of the elevated growth rate for intermediate shear stress to
the baseline growth rate for low shear stress; and By = BoBy/(41Ci) (K = 1,2) and
B3 = BoB1By/(A1Ciy,) the ratio of the shortening rates due to insufficient oxygen and

excess shear stress, and the combination of the two, to the baseline growth rate.
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3.5 Parameter values

Currently, not all the values of the model parameters have been determined for the single-
fibre HFB. Hence, as in Chapter 2, we use a combination of values determined from ex-
periments with the single-fibre HFB and values for the same or similar systems from the

literature.

3.5.1 Fluid transport

We use the same values for the bioreactor dimensions and flow parameters as given in Table
2.1 in Chapter 2 apart from for the lumen inlet flow rate Q;, (and therefore the typical
lumen flow velocity U), and the outlet pressure P, (Table 3.1). We consider a slightly
larger range of inlet flow rates, 0.023-2.3 mlmin~—!, and convert these to 2D flow rates into
the lumen cross-section (in m2s~!) by dividing by the lumen circumference (27 R;), so that
Qin = 3x1077-3x107°m3s~ 1. For this range of Qin, U = Qin/R; = 1.5x 1073-0.15ms ™!,
and the reduced Reynolds number, e2Re = €2pUL/u, is in the range 6 x 10746 x 1072,
so we are justified in neglecting inertia in the lumen and ECS flow equations in (3.1). We
consider a smaller range for P, o, of 14.9-19.0 psi (1.027 x 10°-1.310 x 10° Pa) than in the
cell layer growth model, as we anticipate that cell aggregates at the outer surface of the
membrane will generally experience higher shear stresses than cells at the surface of the cell
layer at a given inlet flow rate and outlet pressure. As in Chapter 2, in all simulations P o,
is chosen so that there is no backflow at the lumen exit (see §3.6.5).

The value of the aggregate permeability Kj, has not been measured experimentally
but represents the degree of resistance to the flow at the outer surface of the membrane
provided by the cell aggregates (a value of 0 means that they block the flow completely,
while a very large value means they offer little resistance to the flow). The value of the
membrane outer surface permeability K}; represents the extent to which pores in the outer
surface of the membrane are blocked by ECM and protein deposition by the cells (low
values correspond to significant blocking, high values to little blocking). In order for the
fluid flux condition at the outer surface of the membrane in (3.35) to hold at leading order,
the dimensionless aggregate permeability, k;, = uKj,/(e3L), and dimensionless membrane
outer surface permeability, kp; = uKp; /(€3 L), must satisfy €2 < ki, kn; < 1/€2. We assume
that k;, = O(1), so that there is an O(1) flux through the aggregates, and take kp; = 10k;,.
Although larger values of kj; > 1 can be considered, we note that taking kj; > 1 and
k1o = O(1) leads to numerical issues with resolving sharp gradients in k(x,t) at the ends of

the aggregates (see §3.6.2).
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3.5.2 Oxygen transport

We use the same values for the oxygen diffusivities in the different regions of the bioreactor
as for the cell layer growth model. The reduced Péclet numbers in the different regions
cover slightly larger ranges than for the cell layer growth model due to the greater range of
flow rates considered (Table 3.1).

Values for the other transport parameters—the inlet oxygen concentration Cj,, the half-
maximal uptake flux concentration C 5, and the maximal uptake flux M—are cell-type-
dependent. Experimental data for these parameters for different cell types is presented in
Tables 2.4 and B.4. For the aggregate growth simulations in §3.7, we follow Shipley and
Waters [231] and use values of the transport and uptake parameters appropriate to rat car-
diomyocytes from [215]. We convert the estimate of the maximal volumetric oxygen uptake
rate Viuee (the maximum rate of oxygen uptake per unit volume of cells, in molm—3s1)
of the rat cardiomyocytes in [215] to a value for M (the maximum rate of oxygen uptake
per unit surface area covered by cells, in molm~2s~!) by multiplying it by the estimated
cell volume V, (to estimate the cellular uptake rate M., in mol cell™! s7!) and the surface

density of cells on the membrane pj,

M = Mcps = Vmam‘/cps
=264 x 103 molm3s7! x 1.6 x 107 m?® x 7.3 x 10'9 cellsm ™2

=3.08 x 10" "molm 2571,

where the value of ps is taken from [251] and V, is estimated from the data in Table B.5
(see Table B.4 for further details). The corresponding value of the dimensionless uptake
flux is Da = 0.093, which satisfies 4 x 1076 = €2 < Da < 1/€%2 = 2.5 x 10°, so the uptake

condition in (3.45) is valid at leading order.

3.5.3 Seeding and growth parameters

The growth parameter values used in the simulations in §3.7 are given in Table 3.1 (a
discussion of how these values are estimated can be found in Appendix B.2.2). We use
experimental data to estimate the typical fraction of the fibre surface area that is initially
covered by cell aggregates and the aggregate elongation rate as described in Appendix
B.2.2. In our simulations, 25% of the membrane is initially covered by cell aggregates
(i.e. the initial total aggregate length is 2.5 cm, equivalent to 625 cells). For the estimated
baseline growth rate, A; = 0.68day ! (molm—)~!, the growth timescale is 2/(A;Cj,) ~
13.5days = 1.2 x 105s. This is much longer than the advection timescale, L/U = 0.67-67s,
and the diffusion and uptake timescales, R?/D; = 13-130s (i = [,m,e) and Cj, B;/M =7~
4.7x10%s, which justifies treating the fluid and oxygen transport as steady at leading order.
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Parameter| Description | Value(s) | Reference
Dimensional Parameters
Qin 2D lumen inlet flow rate 3x 10773 x 10> m?s~! | [231, 233]
U typical lumen flow velocity 1.5 x 1073-0.15ms ™" -
P out lumen outlet pressure 1.027x10°-1.310x 10° Pa | [233]
K, cell aggregate permeability 8 x 108 m2?skg™! See §3.5.1
Ky, membrane outer surface permeability 8 x 107" m?skg ™! See §3.5.1
M maximal oxygen uptake flux 3.08 x 10" "molm~2s~% | [215] t
Cin inlet oxygen concentration 0.22molm~3 [215] t
Ci/2 half maximal uptake rate concentration | 6.9 x 1072 molm—3 [215] t
Cyq minimum oxygen concentration for cell | 6 x 1073 molm~3 [215] 1
survival
Cp minimum oxygen concentration for cell | 0.05-0.1 molm~3 I
proliferation
Craz maximal growth rate oxygen concentra- | 0.18-0.21 molm~3 I
tion
X shear stress threshold for elevated pro- | 0.01-0.05Pa Appendix
liferation rate B.2.2.3
Xd shear stress threshold for cell death 0.05-0.16 Pa [215],
Appendix
B.2.2.3
Ay baseline growth rate for low shear stress | 0.68 day ! (molm=3)~! [70],
Appendix
B.2.2.2
Ay elevated growth rate for intermediate | 1.35day ' (molm™3)~! i
shear stress
By baseline aggregate shortening rate for in- | 0.075 day * I
sufficient oxygen or excess shear stress
Dimensionless Parameters
€’Re reduced Reynolds number 6 x 10746 x 1072 -
]E’l,out dimensionless lumen outlet pressure 6.45—645 -
kio dimensionless aggregate permeability 0.1 -
kni dimensionless membrane outer surface | 1 -
permeability
e?Pe; lumen reduced Péclet number 0.2-20 -
e2Pe,,, membrane reduced Péclet number 2-200 -
e2Pe, ECS reduced Péclet number 0.2-200 -
Da dimensionless uptake flux 0.093 -
B weight factor for aggregate shortening | 1 -
rate due to insufficient oxygen
B weight factor for aggregate shortening | 1 -
rate due to excess shear stress

Table 3.1: Parameter values used in aggregate growth simulations. Bioreactor
and other flow parameter values used are as in Table 2.1 in Chapter 2.
T Values stated are for rat cardiomyocytes (see Tables 2.4 and B.2-B.4 for values for other

cell types).

T Parameter values for which there is limited experimental data and that are varied in the

growth simulations.
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3.6 Solution of the reduced model

We now describe how we solve the reduced model for the fluid flow, oxygen transport and

aggregate growth given by equations (3.31)—(3.41), (3.43)—(3.48) and (3.49)—(3.51).

3.6.1 Fluid transport

First we derive the governing PDE and boundary conditions for the lumen pressure. Inte-
grating the leading order fluid transport equations, (3.31)—(3.33), subject to the boundary

conditions (3.34)—(3.41), gives the velocity components in each region as

_19p _10%p

=55, W1 = -5y -y 52
w=55- =1, w=gomyB-y), (3.52)
1 %p
tm =0, Um = 255 2 (3.53)
= 1 Ope » & _ 1 82]96 N . .
Ue =55 (y—Rin)(y — Re), ve= 15 9.2 (y — Re)*(2y — 3R + Re), (3.54)

i.e. the flow in the lumen and ECS has a Poiseuille profile. The pressures in the membrane
and ECS are

o 19%p 1

pm= 2= 2SR - 1), pe— m(lm —2) —4(pi— Pow)).  (3.55)

Starling’s equation on the interface between the membrane and the ECS in (3.35) gives the

following second-order PDE for p;

1 B 82]?[ k(x ~
3 (1t s (B = 1)k(2, 1)) 55 — (1 + m) k(z,t)p = —ﬁ(m(l — )+ 4P o),
(3.56)
and (3.39) and (3.40) supply the boundary conditions for p; at the inlet and outlet
0 .
%(Oat) = -3, pl(lat) = Pl,out- (357)

The leading order system of equations for the fluid flow, oxygen transport and aggregate
growth is thus given by equations (3.56)—(3.57), (3.30), and (3.43)—(3.54). We solve this
system numerically as described in §3.6.3. First, however, we describe how we smooth the
aggregate indicator function, I,(z,t), to overcome issues associated with its discrete form

in equation (3.6).

3.6.2 Smoothed aggregate indicator function

With I,(z,t) as defined in (3.6), the permeability of the outer surface of the membrane,
k(x,t), and oxygen uptake, DaI,(z,t)ce/(c1/2 + ce), are discontinuous at the ends of the
cell aggregates. To solve the boundary value problem for p; given by (3.56) and (3.57) we
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would therefore need to specify two boundary conditions at each end of each cell aggregate
and integrate (3.56) piecewise. A bigger problem with using the piecewise continuous I, in
(3.6), however, is that %, and therefore the y-velocity components in (3.52)—(3.54), are
discontinuous at the ends of the cell aggregates.

To circumvent these problems, we use a smoothed version of the indicator function,
which is continuous at the ends of the aggregates, to represent the membrane outer surface
permeability and oxygen uptake. For N aggregates with ends at x;(¢) (i = 1,...,2N), the
smoothed indicator function is

N
I(x,t) = Z % [ tanh(s(z — 2;-1(¢))) + tanh(s(z2;(t) — z))], (3.58)

j=1
where the constant s determines the sharpness of the transition between the values of the
permeability and uptake inside and outside the cell aggregate (Figure 3.3). The higher the
value of s, the sharper the transition in the indicator function at the ends of the aggregates
and the more closely it approximates the discrete indicator function. Defined in this way,
I,(z,t) can be viewed as a cell density. Since the permeability k(x,t), as defined in (3.30),
is continuous with this definition of I, there is no need to specify extra conditions at the
ends of the aggregates and we can integrate (3.56) over the whole length of the membrane

rather than piecewise.

1 = m m T T T B
N[ =0 ]
L S = |
0.8 —s5 =500
0.6 |
I, (z,t)
0.41
0.2
0 U ‘ U L ‘ |
0 01 02 03 04 O:i:5 06 07 08 09 1

Figure 3.3: Smoothed aggregate indicator function /,(z,t) defined in (3.58) for
an example aggregate distribution. The sharpness of the transitions in I, at the ends
of the aggregates is shown for different values of the smoothing factor s.

Using a larger value of s increases the computational cost of simulations as a finer mesh
is required to resolve the transitions in I,. So that the discrete indicator function is closely
approximated by (3.58), but the computational cost remains reasonable, we use s = 500

in all simulations. The flow and oxygen distributions for s = 500 were compared with
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those for larger values of s for various static aggregate distributions and showed negligible
differences. Using s = 500 imposes a lower limit on the aggregate length that can be used in
the model for I, to reach 1 inside the aggregate. The shortest aggregate length that can be
resolved is approximately -five times the length scale over which the transitions in I, occur,
Lugg = 5L/s = 1mm. In our simulations the shortest aggregates we use are 5mm long. We
note that there is an analytical lower bound on the aggregate length, L,y > R;, necessary
for the leading order growth equation (3.49) to hold, but this is a weaker constraint than

that due to the value of s.

3.6.3 Numerical solution of the leading order system

We solve the leading order system for the flow, oxygen transport and growth numerically
using code developed in MATLAB. At each time step, the steady flow and oxygen trans-
port equations ((3.56)—(3.57) and (3.43)—(3.48)-, respectively) are solved for the current
aggregate distribution (starting from a chosen initial distribution of N cell aggregates), and
the solutions used to update the aggregate lengths via (3.49). The aggregate distribution
affects the flow (through the outer surface membrane permeability, k(x,t), in (3.56)) and
the oxygen transport (through the nonlinear uptake term in the diffusive flux condition at
the outer surface of the membrane (3.45)). The flow equations (3.56) and (3.57) are solved
using the MATLAB boundary value problem solver bvp4c. The oxygen advection-diffusion
equations are solved using the Galerkin finite element method (FEM) with piecewise lin-
ear basis functions on a regular triangular mesh with 320,000 elements (160,801 nodes) (the
nodes of the mesh have spacings of Az = 2.5x 1073 and Ay = 1.25 x 1072, corresponding to
dimensional spacings of 2.5 x 10~% m in the 2-direction and 2.5 x 10~% m in the y-direction).
To solve equations (3.43)—(3.48) in this way as a linear system, it is necessary to use the
concentration at the outer surface of the membrane from the previous time step in the
denominator of the nonlinear uptake term at each time step, i.e. to evaluate the uptake

condition in (3.45) at time t = ¢, = nAt as

o gn'i‘l) mDm b $77Z+1) ¢(3n+1) .
¢ OmDmOom T b g et~ on y = R, (3.59)
ay De ay 61/2 + Cen

where the superscript (n) denotes evaluation at time ¢,. At the first time step this requires
an estimate for C(0)|y: &, Lhis is found by solving the oxygen transport equations (3.43)—
(3.48) and (3.59) iteratively with the initial aggregate distribution fixed and an initial guess
of ce\y: 7, = 1 until a fixed point is reached (in practice, until the maximum difference
between consecutive concentration solutions is less than 10~%).

The algorithm for simulating the aggregate growth then proceeds as follows:
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1. Evaluate I, for the current aggregate distribution, z;(t) (i = 1,...,2N), (the pre-

scribed initial distribution is used at the first time step) using (3.58).

2. Solve the boundary value problem for p; given by (3.56), (3.30) (with I, given by
(3.58)) and (3.57) using the MATLAB solver bvp4c and evaluate the fluid velocities
(3.52)~(3.54).

3. Solve the oxygen transport problems given by (3.43) (with (3.52)—(3.54)) and (3.44)—
(3.48) using the Galerkin FEM.

4. Calculate the growth rate of each aggregate by evaluating the right-hand side of the
growth law (3.49) and update the positions of the aggregate ends using an explicit
Euler discretisation of the growth law. If the growth of an aggregate is larger than
the space to the next aggregate either to the left or right, take the aggregate to grow
until it touches the next aggregate in that direction, and thereafter treat the touching
aggregates as a single aggregate. If one end of an aggregate reaches either end of the
model domain (z = 0 or z = L), fix that end of the aggregate, take all growth to

occur at its opposite end and take the overall growth to be halved.

5. Repeat Steps 1-4 until either the aggregates cover the entire membrane or the simu-

lation time has elapsed.

3.6.4 Verification of numerical scheme

Several checks were performed and the accuracy of the numerical scheme verified as de-
scribed in Appendix D. The convergence of the finite element (FE) scheme was verified on
a test problem, and solutions for the fluid and oxygen transport obtained using the code
in simplified regimes were checked. The accuracy of the numerical solutions of the reduced
model for the fluid and oxygen transport was then verified by solving the full fluid and oxy-
gen transport model (given by equations (3.1)—(3.21), but with inertial terms added to the
lumen and ECS flow equations (3.1) and the smoothed version of the aggregate indicator
function (3.58)) for a static distribution of five aggregates using the FE software COMSOL
Multiphysics 4.3'. Over the range of parameter values for which the reduced model is valid,

the error in the reduced model solutions was consistent with the size of the terms neglected.

3.6.5 Maximum lumen outlet pressure

As for the HFB set-up with the ECS port open in Chapter 2, for a given inlet flow rate there

is a maximum lumen outlet pressure, P/"7, that can be applied without backflow occurring.

1See http://www.comsol.com
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However, here it is not straightforward to approximate this analytically because of the
dependence of the lumen pressure on the aggregate distribution. We therefore determine
the relationship between P07 and Qi in the reduced model numerically. For a single cell
aggregate of fixed length 1cm in the middle of the membrane we obtain the relationship
shown in Figure 3.4. We note that Pt increases with the fraction of the membrane
surface covered by cell aggregates, due to the associated decrease in permeability of the
surface, K (z,t), so that the relationship with a single relatively short aggregate provides

1 max
an approximate lower bound for Bt -

x 10°

2.4

2.2f

backflow

o~ _pmax
lout ~ lout

outflow

L
-6 -5

10
Q (m2 s'1)

n

Figure 3.4: Relationship between maximum lumen outlet pressure without
backflow P7%% and flow rate ;. Scale on horizontal axis is logarithmic. Parame-
ter values as in Table 3.1.

3.7 Numerical results

In the following sections, we investigate the influence of the flow conditions and seeding
distribution on the cell aggregate growth by simulating the growth for a range of flow
rates and outlet pressures and initial aggregate distributions. Our aim is to identify the
flow conditions and seeding distributions that give the most rapid overall growth, and to
determine how these vary with the sensitivity of the cells to oxygen levels and shear stress.
We focus on rat cardiomyocytes (the cell type for which we have most experimental data for
the parameter values), but consider different values of the concentration thresholds, C), and
C4, and shear stress thresholds, ¥, and ¥,;. First we give an example of how the oxygen and
shear stress distributions in the bioreactor evolve as the cell aggregates grow. All results

are presented in dimensional variables.

3.7.1 Evolution of oxygen, shear stress and aggregate distributions

Figure 3.5 shows the growth of a distribution of rat cardiomyocyte aggregates along the

membrane and the corresponding evolution of the oxygen and shear stress distributions in
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Figure 3.5: Evolution of (a)—(c) the oxygen distribution and (d)—(f) the shear
stress distribution with the growth of a distribution of rat cardiomyocyte
aggregates over 40 days. Aggregates shown in white. Solid black lines are flow stream-
lines. The dark blue in the lumen and membrane in (d)—(f) indicates very low and negative
fluid shear stress in these regions, respectively. Parameter values: N = 5, L4y = 0.5cm,
Qin = 3 x 107°m?%s™ !, P, = 1.310 x 10° Pa, C, = 0.05molm™3, Gy = 0.18 molm—3,
¥, =0.03Pa, ¥4 = 0.08Pa; Ay, Ay, By, By and B3 as in Figure 3.2. All other parameter
values as in Table 3.1.

the ECS for typical parameter values (see legend). The initial aggregate distribution (shown
in Figure 3.5(a),(d)) consists of five aggregates of length L,4y = 0.5 cm distributed evenly
along the membrane (such that zg;_1(0) = (2§ — 1.25) cm, 22;(0) = x2;-1(0) + 0.5cm,
j=1,...,5).

stated, so that we can isolate and compare the impacts of oxygen delivery and fluid shear

This distribution is used for all subsequent simulations, unless otherwise

stress on growth. Due to uptake by the cells, oxygen is depleted in regions surrounding each
aggregate that extend outwards from the membrane into the ECS. These regions increase in
size as the aggregates grow and eventually merge to form one large region (Figures 3.5(a)—
(c)). The flow of the culture medium ensures that the oxygen concentration remains highest
at the upstream wall of the ECS until the aggregates come into contact with it. The shear

stress profile along the membrane remains fairly constant in time as the aggregates grow

Shear stress (Pa)

02

[ 015

0.1

0.05

0
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(Figures 3.5(d)—(f)), because the aggregates have only a small effect on the membrane outer
surface permeability, and therefore on the flow (for the chosen values of Kj, and Kp;). The
aggregates do not reach confluence after 40 days (the chosen simulation time) as the shear
stress exceeds the cell death threshold (oeuyly=r,, > Xq) towards the outlet. Thus the
three aggregates nearest the inlet grow and coalesce to form one large aggregate, while the

fourth aggregate neither grows nor shrinks and the rightmost one shrinks.

3.7.2 Impact of flow on oxygen flux and shear stress

To understand how the inlet flow rate, Q;,, and outlet pressure, P, ., affect the growth
of the aggregates we first determine how they affect the oxygen concentration around, and

shear stress on, the aggregates.
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Figure 3.6: Advective oxygen flux across the membrane outer surface, c.v¢|y=r,,,
for (a) different flow rates and (b) different outlet pressures for the distribution
of rat cardiomyocyte aggregates in Figure 3.5(a). Arrow shows direction of increasing
Qin in (a) and increasing P, in (b). Parameter values: (a) P = 1.034 x 10° Pa, (b)
Qin = 3 x 107°m?s~!. All other parameter values as in Figure 3.5.

Figures 3.6(a) and 3.6(b) show how the advective oxygen flux through the outer surface
of the membrane, c.ve|y=r,,, changes when Q;, and P, ., are varied for the rat cardiomy-
ocyte aggregate distribution in Figure 3.5(a). The flux dips in the regions of the membrane
covered by aggregates because of the oxygen uptake and reduced fluid permeability there.
Increasing Qi or P o, increases the oxygen flux through the membrane. However, the
system is more sensitive to changes in P}, than Q,: a 100-fold increase in @y, (from
3x107"m?s7! to 3 x 107°m?s™!) leads to an increase of at most 50% in the flux, while
a 14-fold increase in (P} oyt — Patm) (the outlet pressure relative to atmospheric pressure,

from 2.1kPa to 29.6kPa, or 0.3 to 4.3 psi) produces an 8-fold increase. This is because
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Figure 3.7: Shear stress along the membrane, 0. .y|,—r,,, for (a) different flow
rates and (b) different outlet pressures. Arrow shows direction of increasing Qin
in (a) and increasing P, o, in (b). Parameter values: (a) P, = 1.034 x 10° Pa, (b)
Qin =3 x 107°m?s~!. All other parameter values as in Figure 3.6.

the bulk of the pressure drop from the lumen inlet to the ECS outlet occurs across the
membrane, so increasing P ,,; gives a much bigger pressure gradient across, and therefore
flow through, the membrane. As shown in Figure 3.7, the shear stress, o¢ zy|y=r,,, increases
with distance along the membrane surface (from 0 at the upstream end of the ECS, which
is closed) and as Q;, and P, 5, are increased. The shear stress reached at the outlet ranges
between 0.01 Pa and 0.2 Pa for the ranges of ();, and P, ,,; considered. The increase in the
shear stress as P o, increases is more pronounced than that as (s, increases: the 100-fold
increase in @;, produces a 26% increase in the maximum shear stress over the membrane,
whereas the 14-fold increase in (P} oyt — Patm) causes a 10-fold increase in the maximum

shear stress.

3.7.3 Impact of flow on aggregate growth

First we distinguish the effects of oxygen and shear stress on aggregate growth as ();, and
P, oyt are varied by comparing simulations for which growth is purely oxygen-dependent with
those for which it is purely shear-stress-dependent. Oxygen-dependent growth is appropriate
to cell types such as endothelial cells and hepatocytes, which are tolerant to high shear
stresses or have high oxygen demands, while shear-stress-dependent growth is appropriate
to cell types such as chondrocytes and mouse embryonic stem cells, which have low oxygen
demands or are sensitive to changes in shear stress (see Tables B.3, B.4 and B.7). In

the model, purely oxygen-dependent growth is achieved by setting the shear stress growth
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parameters Ay = By = 0 in (3.22a,b) and choosing ¥, such that oc zyly—=r,, < X, always;
and purely shear-stress-dependent growth is achieved by taking By = 0 in (3.22b) and Cynax
low enough such that c¢|y=r,, > Cmas always.

Following this, we consider aggregate growth for cells that are sensitive to both oxygen
levels and shear stress. We choose the concentration thresholds €}, = 0.05mol m~3 and
Crnaz = 0.18 molm™3 in (3.22a), such that the growth rate is linearly proportional to the
concentration over a wide concentration range, and use low values for the shear stress
thresholds X, = 0.01Pa and ¥; = 0.05Pa that are within the range of shear stresses
produced by typical values of Q;;, and P, o,;. Oxygen- and shear-stress-dependent growth is
relevant to cell types such as cardiomyocytes, mesenchymal stem cells and fibroblasts (see
Tables B.3 and B.4).

Simulations are run until either the aggregates reach confluence or 40 days have elapsed
(as this is the longest culture period reported in the literature for similar exposure of
cells to fluid shear stress [288]). In the former case the confluence time, t., is recorded,
in the latter case the final total length of the aggregates, Ly, is recorded (at confluence
Liot = L =10cm).

3.7.3.1 Oxygen-dependent growth

Figure 3.8(a) shows how the confluence time, t., varies with Q;, and P, for oxygen-
dependent growth of rat cardiomyocyte aggregates. For each fixed value of Q;,, the curve
of t. against P ,,; ends at the maximum outlet pressure for which there is no backflow, Pl”;‘;f
As expected, t. decreases as i, and P, ,,; increase, the effect being more marked for changes
in P ,y- This is because increasing i, or P o, increases the advective flux of oxygen
through the membrane, and therefore the oxygen concentration around the aggregates and

their growth rate.

3.7.3.2 Shear-stress-dependent growth

Figure 3.8(b) shows how the confluence time varies with P, o+ and Q;, for shear-stress-
dependent growth. As P} ,,; increases, there is a sharp decrease in the confluence time at
around P 5, = 1.089 x 10° Pa (15.8 psi), but changes in Q;, have little effect on ¢.. As
P, oyt increases through P ,,; = 1.089 x 10° Pa, it is observed in the simulations that the
number of aggregates on which the shear stress is higher than ¥, increases sharply, leading
to a significant increase in the net aggregate growth. There is barely any effect when Q);,, is
increased because the associated increase in the fluid flux through the membrane is much

smaller.
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Figure 3.8: Relationship between confluence time ¢. and outlet pressure for
different flow rates for (a) oxygen-dependent growth and (b) shear-stress-
dependent growth of rat cardiomyocyte aggregates. Time step: At = 3.24 hrs (di-
mensionless time step 0.01). Parameter values: (a) C;, = 0.1 molm ™3, Cyyqp = 0.21 molm =3,
¥, =1Pa, 33 =2Pa, Ay =0, By = 0.075 day™!, B; =1, B, = 0, (b) Cp = 0.02molm=3,
Cimaz = 0.08molm™3, ¥, = 0.05Pa, ¥; = 0.16Pa, Ay = 1.35day ' (molm=3)7},
By = 0.15day ™!, By = 0, By = 1. All other parameter values as in Figure 3.5. Curve

for each Q;, stops at maximum outlet pressure that can be used without backflow, Pfg%

3.7.3.3 Combined oxygen-concentration- and shear-stress-dependent growth

Figure 3.9(a) shows that aggregates of rat cardiomyocytes sensitive to both oxygen lev-
els and shear stress only reach confluence when P ,,; < 1.089 x 10° Pa, and that for
P oye > 1.089 x 105 Pa, Lo decreases as P, oyt increases, up to 1.172 x 10° Pa (17 psi)
(above which it is constant). This is because at outlet pressures above 1.089 x 10° Pa the
shear stress exceeds the cell death threshold X; over more of the membrane and this effect
outweighs the positive effect of greater oxygen delivery to the cells.

Figure 3.9(b) shows how the confluence time changes with flow rate and outlet pressure
for flow rates between 3 x 107" m?s~! and 3 x 107° m?s~! and outlet pressures ranging from
1.035 x 105 Pa to 1.089 x 10° Pa (or 15psi to 15.8 psi) (ranges achievable with standard
laboratory equipment). As P, ., increases, the confluence time first decreases, for P 5, up
to 1.083 x 10° Pa (15.7 psi), and then increases. This is because the section of the membrane
over which the proliferation rate is elevated (i.e. where ¥, < 0¢ zy|y=r,, < Xq) increases in
extent, covering more of the aggregates, as P s increases up to P, = 1.083 X 10° Pa,
but the region in which the shear stress exceeds the death threshold >; becomes larger
for P oy > 1.083 x 10° Pa. For P oy < 1.052 x 10° Pa (15.25psi), the confluence time

decreases marginally as ();,, increases due to greater oxygen flux through the membrane.
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Figure 3.9: Oxygen-concentration- and shear-stress-dependent growth of shear-
sensitive rat cardiomyocytes: variation in (a) the final total aggregate length
Lix and (b) the confluence time ¢, with flow rate and outlet pressure. Red
circle in (b) shows flow rate and outlet pressure ranges that minimise ¢.. Parameter values:
Cp=0.05molm=3, Cygr = 0.18 molm =3, 3, = 0.01 Pa, ¥4 = 0.05 Pa. All other parameter
values as in Figure 3.5.

In the range P oy = 1.052 X 10°-1.069 x 10° Pa (15.25-15.5 psi), the confluence time re-
mains approximately constant as @);, increases. For P ,,; = 1.069 x 105-1.083 x 10° Pa,
the confluence time decreases as @Q;,, increases, reaching a minimum of 7.9 days for Q;, =
2.75x1075-3x 107> m?s ™! and P, 5,y = 1.077 x 105-1.083 x 105 Pa. For P, ,,; = 1.083x 107~
1.089 x 10° Pa, the confluence time increases with increasing @y, since the detrimental
effects of the shear stress exceeding ¥, start to outweigh those of increased oxygen de-
livery. Hence, Q;, = 2.75 x 107°-3 x 107°m?s~! (equivalent to 2.07-2.26 mlmin~!) and
P out = 1.077 x 10°-1.083 x 10° Pa (P, oyt = 15.6-15.7 psi) are predicted to be the optimal
flow rate and outlet pressure ranges for proliferation of these shear-sensitive rat cardiomy-

ocytes.

3.7.4 Influence of seeding on growth

The model can be used to simulate the growth of experimentally-realised seeding distribu-
tions. However, since sufficient seeding data is currently not available to do this, we use three
different simple initial aggregate distributions to test the impact of skew in the distribution
(towards the inlet end or outlet end of the membrane) on the growth. We expect the skew
to have an effect because the oxygen and shear stress distributions that arise are spatially
non-uniform and evolve as the aggregates grow. Each of the distributions we consider has

five aggregates each of initial length 0.5 cm, and the aggregate growth is simulated for a low
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Figure 3.10: Aggregate growth and oxygen distribution at different time points
for different initial aggregate distributions and a low outlet pressure. First row:
left-skewed distribution. Second row: right-skewed distribution. Third row: even distri-
bution. Solid black lines are flow streamlines. Parameter values: N = 5, L,5q = 0.5cm,
Qin = 3 x 107°m%s 1, P, = 1.034 x 10° Pa, C, = 0.05molm™3, Gy, = 0.18 molm—3,
¥, =0.03Pa, ¥4 = 0.08 Pa. All other parameter values as in Figure 3.5.
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outlet pressure (P, ,,; = 1.034 x 10° Pa) and a high outlet pressure (P, ,,; = 1.310 x 10° Pa).
(We do not vary Qy, since its effect on the transmembrane fluid flux is much weaker.) The
initial distributions we consider are: (i) left-skewed (i.e. aggregates concentrated towards
the inlet); (ii) right-skewed (i.e. aggregates concentrated towards the outlet); and (iii) even
(i.e. aggregates spaced uniformly across the membrane) (see t = 0 panels in Figure 3.10).
With the lower outlet pressure the aggregates grow to confluence in all three cases,

albeit at differing rates. The aggregates reach confluence fastest if they are right-skewed
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Figure 3.11: Aggregate growth and shear stress distribution at different time
points for the different initial aggregate distributions in Figure 3.10 and a high
outlet pressure. First row: left-skewed distribution. Second row: right-skewed distri-
bution. Third row: even distribution. Parameter values as in Figure 3.10 except with
P out = 1.310 x 10° Pa.

(t. = 10.5days), take longer if they are evenly distributed (¢, = 17 days), and take more
than twice as long (t. = 24.8 days) if they are left-skewed. For the right-skewed distribution
the aggregates start further away from, and grow towards, the inlet. Hence, once the
aggregates have merged to form one large aggregate, the end of the aggregate nearest the
inlet continues to experience a high oxygen concentration as it grows, despite the weak
oxygen flux through the membrane from the low outlet pressure (Figure 3.10). Changes in

the shear stress along the membrane with the initial aggregate distribution do not have any
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impact on the rate of growth to confluence as the shear stress is always below the threshold
for increased proliferation (X, = 0.03 Pa) for all three distributions.

With the higher outlet pressure, the aggregates fail to reach confluence after 40 days
for all three initial distributions. The total aggregate length at 40 days is greatest for the
even distribution (7 cm) and slightly less for the left-skewed and right-skewed distributions
(5.76 cm and 5.84 cm respectively). This is because when the outlet pressure is large the
oxygen concentration around the aggregates is similar for the different distributions but the
shear stress exceeds the threshold for cell death (¥4 = 0.08 Pa) near the outlet end of the
membrane (Figure 3.11). Aggregates at the outlet end therefore tend to shrink, so initial
differences in growth between the distributions disappear over time and the aggregates

merge to form one large aggregate at the inlet.

3.8 Discussion

We have developed a model of cell aggregate growth in the single-fibre HFB to provide
insight into optimising cell expansion in HFBs. The model has been used to investigate
how the flow of culture medium through the HFB and the seeding distribution affect the
cell aggregate growth when it is mediated by oxygen delivery and fluid shear stress. We have
considered how the lumen inlet flow rate, Q;,, and outlet pressure, P ,,, affect the growth
of cell aggregates with different oxygen and shear stress sensitivities. Our numerical results
indicate that increasing Q)i or P,y increases the transmembrane fluid flux, the increase
being more pronounced for increments in P ,,; over the range of flow rates and pressures
typically used in experiments. The increase in transmembrane fluid flux has two effects:
more oxygen is advected through the membrane to the aggregates, and the horizontal flow
in the ECS is stronger so the aggregates experience higher shear stress. The higher oxygen
concentration increases the rate of aggregate growth, but the effect of the increased shear
stress depends on the shear-sensitivity of the cells (i.e. the shear thresholds ¥, and ¥,
which mark the transitions to elevated proliferation rate and cell death, respectively) and
the aggregate distribution, since the shear stress increases with distance along the membrane
from the inlet.

Figure 3.12 summarises the operating conditions and basic seeding strategy that max-
imise the cell yield, either in terms of minimising the time to confluence or maximising
the final total aggregate length if confluence is not reached, for cells with different oxygen
uptake rates and shear stress tolerances. The optimal initial position of the aggregates is
described in terms of the skew of the aggregate distribution towards the ECS outlet. For

rat cardiomyocytes with an uptake rate of 4.22 x 10~ ¥ mol cell ' s~! and shear tolerance of
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Figure 3.12: Optimal HFB operating conditions for proliferation of cell types
with different oxygen uptake rates and shear stress tolerances. Wedge width and
shading show relative values of flow rate @;;, and outlet pressure P, ,,; that give maxi-
mum cell yield (i.e. minimum confluence time, or maximum final total aggregate length
if confluence is not reached), for cells with different oxygen demands and shear tolerance;
greater widths/darker shades representing greater values, up to Q;, = 3 x 107°m?s~! and
P oyt = 1.310 % 10° Pa. Crossed lines show whether the aggregates should be seeded towards
the inlet (left-slanted line) or outlet (right-slanted line), or distributed evenly along the mem-
brane (overlapping vertical line), to maximise the cell yield. The greater the angle of the
slanted line the more concentrated towards the inlet/outlet the initial aggregate distribu-
tion should be. Dashed box marks optimal operating conditions for rat cardiomyocytes with
oxygen uptake rate of 4.22 x 10~ ¥ mol cell ' s~! and shear tolerance of ¥4 = 0.05 Pa; solid
box marks optimal operating conditions for cells with uptake rate of ~ 10717 mol cell ! s~*
and shear tolerance of ¥4 ~ 0.1 Pa (see main text).

3qa = 0.05Pa, for example, the optimal operating conditions and aggregate seeding strat-
egy (marked by the dashed box in Figure 3.12) are Q;, = 2.75 x 107°-3 x 107°m?s~! and
P out = 1.077x10°-1.083x 10° Pa (P, 4y = 15.6-15.7 psi) and an evenly-spaced distribution.

It is evident from Figure 3.12 that achieving the maximum cell yield for a specific cell
type requires a careful balance of the inlet flow rate, outlet pressure and seeding distribu-
tion. For instance, the optimal seeding distribution of the aggregates changes from moving
towards the outlet with increasing oxygen demand when ¥; > 0.2 Pa to moving towards
the inlet when X, drops below 0.05Pa. This is because, for ¥; < 0.05Pa, the low shear
tolerance of the cells prevents aggregates from growing near the outlet despite the improved

oxygen delivery that can be achieved by seeding them there. The extent to which the cell
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seeding process in the HFB can be controlled is thus an important issue, as cells are more
likely to be inadvertently seeded in regions with unfavourable growth conditions if the con-
trol over the seeding is limited. This motivates further experimental studies to improve
control over the seeding distribution. In the meantime, for random seeding of cells with
typical oxygen demands, the cell yield can be maximised by using a flow rate and outlet
pressure that ensure the shear stress is in the elevated proliferation rate range over as much
of the membrane as possible. For example, from Figure 3.12 (see solid box) we can see
that for cells with an oxygen uptake rate of the order of 10717 molcell ' s~! and a shear
stress death threshold ¥4 ~ 0.1 Pa in an initial aggregate distribution skewed slightly to-
wards the outlet, a flow rate of approximately 3 x 107%m?s~! and an outlet pressure of
1.103 x 10° Pa (16 psi) will ensure that the region of shear-stress-enhanced proliferation is
as large as possible.

Although experimental validation of the model is clearly necessary, the model has en-
abled us to predict optimal ranges for the lumen inlet flow rate and outlet pressure for
maximising the growth of different cell types. Thus it should provide a useful tool for
experimentalists looking to optimise cell expansion in the HFB in the laboratory.

Nevertheless, there are improvements that could be made to the modelling framework
we have presented, including modelling the full length of the HFB section, with the outlet on
the top of the ECS, and modelling the full 3D HFB set-up. Both of these would require more
sophisticated and computationally expensive numerical simulation approaches. Modelling
the 3D set-up would also require consideration of the azimuthal dependence of the aggregate
distribution over the fibre surface and the solution of 2D free boundary problems for the
evolution of the aggregate boundaries, but would allow us to make detailed predictions of
the aggregate growth over the full fibre surface. Some of the proposed extensions to the
cell layer growth model in Chapter 3 also apply to this model, such as adding the transport
of other solutes and accounting for heterogeneity in the membrane permeability, and for a
discussion of these we refer the reader to §2.10.2. A further extension to the model would be
to describe the individual cells in each aggregate using a discrete model, so that processes
such as cell interaction, growth and movement can be incorporated at the level of single
cells. We explore the possibility of modelling aggregate growth in this way in Chapter 4—
investigating how well such a model can be approximated by a continuum description and
discussing how to incorporate it into the framework developed here.

For the model to be used to make accurate quantitative predictions of the yield or
confluence time for a given initial aggregate distribution and cell type, experiments need
to be performed to determine the unknown parameter values in the model (the membrane

outer surface and aggregate permeabilities, Kp; and Kj,; the oxygen concentration and
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shear stress thresholds, Cq, Cp, Cpaz, Xp, 24; and the growth rate parameters A, As,
By, Bi, Bj) for the cell type in question. The membrane outer surface and aggregate
permeabilities can be determined by fitting the model to measurements of the retentate
and permeate masses for a prescribed flow with no cells and a confluent monolayer. Values
for the concentration and shear stress thresholds and growth rate parameters could be
determined by fitting experimental data for the variation in the cell proliferation and death
rate with oxygen concentration and shear stress to the proposed functional dependencies
(equations (3.22a) and (3.22b)). Alternatively, the precise functional dependencies for a
particular cell type could be determined from experimental data and used to run cell-type-
specific growth simulations. It would also be informative to simulate the aggregate growth
for ranges of values of A1, As, By, By and Bs to determine its sensitivity to these parameters.

There are also various experiments that could be performed that would provide useful
data for validating the model. The ideal data would be time course measurements of the
cell distribution and density on the fibre surface over the culture period. These could be
compared to the growth predicted in simulations with the measured initial distributions
as the initial conditions, and used to test the assumption that the cell density remains
constant within the aggregates as they grow. However, it is difficult to obtain such data,
as measuring the cell distribution and density generally requires dismantling the bioreactor
and sacrificing the cells. Measurements could nevertheless still be obtained at fixed time
points from multiple experiments, via cell staining, imaging of the fibre surface, and DNA
quantification. These could be used to confirm that the model predicts sensible levels of
growth over the course of the cell culture. Acquiring real-time data on the cell distribution
in a single experiment is possible by fluorescently labelling cells and imaging the HFB using
a nuclear magnetic resonance spectrometer [27, 273], but is less straightforward and much

more expensive.



Chapter 4

Discrete-to-continuum modelling of
cell aggregate growth

4.1 Introduction

Thus far, the models of cell expansion in the HFB that we have developed have treated the
cell population as a continuum. In Chapter 2 we represented the cell layer as a growing
porous medium, with a constant porosity, and used volume-averaged equations to describe
flow and solute transport through it. In Chapter 3 we treated the aggregates as continuous
1D permeable membranes growing along the outer surface of the fibre. Whilst these models
have enabled us to investigate the effects of changes in culture conditions on cell population
growth, they have not explicitly incorporated microscale detail of cell behaviour. Such detail
can be incorporated with a cell-based model. Hence in this chapter we develop a hybrid
discrete-continuum model of nutrient-dependent cell aggregate growth, with a cell-based
model for the cell population, and investigate its suitability for modelling aggregate growth
in the HFB.

One of the main facets missing from the continuum description of cell aggregate growth
in Chapter 3 is an explicit description of the mechanics of individual cells—i.e. of their
movement, interaction and growth—and how they are affected by the external chemical
and mechanical environment. We address this deficiency in the model developed here by
applying force-balances to the discrete cells and coupling cell growth to an extracellular
nutrient field. Although the number of cells considered in the aggregate growth model
was relatively small (~ 100-1000), moving to a fully 3D model and/or modelling a cell
layer or a HFB with multiple fibres demands consideration of much larger numbers of cells
(~ 10%-10%). Since simulating this many cells and their interactions using a cell-based
model is computationally expensive, it is expedient to consider approximating the discrete
model with a continuum description that captures the key microscale details but at a lower

computational cost. The work of Murray et al. [181] and Fozard et al. [78] described in

111
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§1.2.4, in which continuum approximations of discrete models of cell motion and growth
were derived in the limit of a large number of cells, provides a framework with which to do
this.

To test the suitability of this framework for modelling cell aggregate growth in the HFB,
we consider a simple set-up, with a 1D aggregate growing along the base of a nutrient bath.
The discrete cell model we use is based on those presented by Murray et al. [181] and Fozard
et al. [78]. As in Fozard et al.’s model, we represent the cells as vertices connected by linear
springs and model cell growth (without division) by prescribing the rate of change of the
resting (or ‘target’) lengths of the cells. However, we extend Fozard et al.’s framework
to consider different dependencies of the growth on the cell properties and the external
environment of the cells. To derive the continuum approximation in the limit that the
number of cells, IV, is large, we assume that the cell parameters and variables vary slowly
at the cell length scale, so that they may be approximated by continuous functions of the
cell index. Nondimensionalising the governing equations for the cell motion and growth
(with the cell variables scaled by appropriate powers of N) introduces the small parameter
1/N < 1 into the system, and the continuum approximation can then be obtained by
expanding all variables in terms of the small parameter 1/N and taking the limit as N — oo.

Firstly, we compare linear growth of the cell target lengths with time (the growth law
considered by Fozard et al.) with mechanosensitive growth, in which cells grow at a rate
proportional to the amount by which they are stretched. We verify, via analytical and
numerical solutions, that the continuum model closely approximates the discrete model for
both growth laws. Next we consider cell growth that is dependent on the local nutrient
and mechanical environment, where the nutrient diffuses and is consumed by the cells. We
test agreement between the discrete and continuum cell models by comparing numerical
simulations of each model. We also consider the effect of varying key model parameters,
such as the nutrient supply and uptake rate, on the growth of the cell aggregate, to explore
the range of behaviour that can be generated with the chosen growth law.

The main aim of this chapter is thus to determine whether the discrete cell model and
continuum approximation continue to agree when coupled to the nutrient transport model,
as this is required if we are to be able to use the continuum approximation to model cell
aggregate growth in the HFB. A further aim is to assess the validity of the continuum
growth law used to describe the evolution of the aggregate lengths in Chapter 3 (equation
(3.22)).
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4.1.1 Chapter outline

The remainder of this chapter is organised as follows. We define the model set-up in §4.2
and introduce the governing equations for the discrete cell model and nutrient transport in
§4.3. In §§4.4-4.6.1, we nondimensionalise the model, derive the continuum approximation
of the discrete cell model and compare the resulting continuum growth law in the limit of
incompressible cells with that used in Chapter 3. Following this, we compare our discrete
model and its continuum limit with those of Murray et al. and Fozard et al., discussing
the inclusion of cell division in Murray et al.’s model and how the cell density equation
derived in the continuum limit depends on the discrete cell interaction force law. We give
typical values of the model parameters and justify our assumptions about their relative
magnitudes in §4.7, and describe how we solve the discrete and continuum cell models
and nutrient transport equations in §4.8. In §4.9, we present analytical solutions and the
results of numerical simulations for the different growth laws considered, including the
convergence of the solutions of the discrete and continuum cell models and the sensitivity
of the nutrient-dependent growth to various model parameters. We discuss our findings
in §4.10, and conclude by describing the further work needed to build the discrete-to-
continuum framework into a model of cell growth and proliferation coupled to fluid and

nutrient transport in the HFB.

4.2 Model set-up

A schematic of the coupled cell and nutrient transport model set-up is shown in Figure 4.1.
We model the cell aggregate as a 1D line of discrete cells attached to a substrate at the base
of a 2D nutrient bath. We describe position in the bath using Cartesian coordinates (z,y),
where z € [—-R*, R*] is the distance along the base from its centre at = 0 and y € [0, S¥]
is the height above the base. The corresponding unit vectors in the x- and y-directions are
denoted by e, and e,. The aggregate consists of N adjacent cells with N +1 vertices denoted
by xg, z1,..., N (so that the nth cell occupies the interval (z,,, p41), n =0,1,..., N —1).
Variables associated with the nth cell are denoted by subscript n 4+ 1/2. The length of the
nth cell is given by l,, 11/2 = Zn+1— 2y, and we denote its target (‘natural’) length by Apy1/2-
The cell vertex velocities are denoted by w, = ddi: (n=0,1,...,N), where 7 denotes time,
and the static force exerted by the nth cell on the (n+ 1)th cell, or the ‘pressure’ of the nth
cell, is denoted by py,41/2. The nutrient concentration in the culture medium is denoted by
c(x,y, 7).

The cells are assumed to be linearly elastic, to adhere to each other and to the substrate,

and to be unable to exchange positions with their neighbours. The cell vertices move in
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response to the balance of the elastic forces exerted on them by the adjoining cells and a
drag force due to adhesion to the substrate. The target length of each cell increases at a rate
which can depend on the local nutrient concentration and the forces acting on the cell. The
nutrient concentration at the surface of the bath, y = 5*, is maintained at a fixed value, so
that c¢(x,S*,7) = C*. The culture medium is static, so there is no nutrient advection, but
nutrient diffuses through the culture medium to the cell aggregate, where it is absorbed by
the cells. The walls and base of the bath (outside of the cell aggregate) are assumed to be

impermeable to nutrient, so there is no nutrient flux across these boundaries.

Yy
y=.5" c=C"
e — % _
Oz Culture medium Oz
Cells l
Substrate \ L/
" ————— 1+ ————— 11— " x
—R Ty L1 T ce . SN 0 In Tptl -+ TN-1TN R
dc 7 dc
oy 0 37; =0

Figure 4.1: Model set-up for cells growing on substrate in nutrient bath. Notation
and equations as defined and explained in main text. Not to scale.

4.3 Governing equations

The model consists of three components: a discrete cell model, a continuum nutrient model
and constitutive relations for cell growth and nutrient uptake that couple the cell and

nutrient models. We now introduce the governing equations for each component.

4.3.1 Cell motion
The rate of change of length of the nth cell is

dln+l/2
dr

=Upt1 — Up, n=0,...,N—1. (4.1)

Following Fozard et al. [78], we derive the equations of motion for the cell vertices by
balancing the drag forces acting on them with the forces exerted on them by adjacent cells.

We ignore inertial effects since they are typically negligible compared to the drag between
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the cells and culture medium and the drag forces due to cell-cell and cell-substrate adhesion
[225]. This yields
N

F,+D,=0 n=0,...,N, (4.2)

)

where F), is the force on the nth cell vertex due to interactions with neighbouring cells
and D, is the drag force on the nth cell vertex due to friction between the cells and the

substrate. The interaction forces between cells are given by

Fo=pn_1/2=Pns12, n=0,...,N, (4.3)

where p_1 /5 and py1/2 account for external forces acting on the aggregate ends. Since we

model the cells as linear springs, the cell pressures are given by

pn+1/2 = )\n+1/2(an+1/2 - ln—i—l/?)a n = 0, coey N — 1, (44)

where A, /7 is the elasticity (spring constant) of the nth cell, and A, /2 > 0,80 4172 > 0
whenever a cell is compressed (I,,41/2 < @p41/2)-
In many studies [37, 173, 184, 263] the cell-substrate drag is assumed to be proportional

to the cell vertex velocities, such that
D, = —ppun, (4.5)

where u,, is the drag constant associated with the nth cell vertex. However, the drag force
acts over the whole length of the cell not just on the vertices, and it is more natural to
associate the drag constants with the cells rather than the vertices. Hence, following an
approach similar to that used by Fozard et al., we assume that the energy dissipation rate,
G*, due to the drag force is proportional to the square of the cell velocity (determined by
linearly interpolating the cell vertex velocities over the length of the cell)
G (Uns Un+1, lng1/25 Png1/2) = w /xn+1 u? dz
n+1/2 Ja,

Pnt1/2 /l"+1/2 (un(ln+1/2 —s)+ un+18)2 L
lnt1/2 Jo lny1y2

1

1
= gﬂn+1/2(ui + UpUnt1 + Ui+1)a (4.6)

where fi,, 112 is the drag constant associated with the nth cell. The corresponding drag

force on the nth vertex is given by (see [78])

19 min(n,N)
Dn:_iﬁ Z G®(Um, Wnt1, by 123 tnr1/2) |

m=max(n—1,0)
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where pi_1 /9 = py41/2 = 0, so that the formula holds for n = 0 and n = N. Thus, summing

contributions from neighbouring cells we have that

1
Dy, = 6 (Hn—1/2(tn—1 4 2un) + pins1/2(2un + upt1)), n=0,...,N. (4.7)

Combining (4.3) and (4.7) gives the equation of motion of the nth cell vertex as

1

3 (ttn—1/2(tn—1 + 2un) + fyt1/2(2Un + Uny1)) = Pp_1/2 — P12, n=0,...,N. (4.8)

With n = 0 and n = N, (4.8) gives the evolution equations for the ends of the aggregate. We
assume that there are no external forces acting on the end vertices, i.e. p_1/0 = py41/2 =0,

so that (4.8) reduces to

1 1
6#1/2(2% +u1) = —p12 and 6#N—1/2(2UN71 +uN) =pN_1/2 (4.9)

in these cases. The initial positions of the cell vertices are prescribed by a discrete function

Tingt Of the cell index n, i.e.
2n(0) = Tinit(n), n=0,...,N. (4.10)

4.3.2 Nutrient transport

The nutrient in the culture medium diffuses freely and is absorbed by the cell aggregate
along the base of the nutrient bath. We focus on the timescale of cell growth (O(hrs—days)),
which is much longer than the timescales for diffusion over the length of the aggregate (O(s—
mins)) and cell relaxation (O(mins)) (as we verify in §4.7.5), and on the cell length scale,
over which the nutrient concentration can be assumed to vary smoothly, as it is much longer
than the molecular length scale and there are large numbers of nutrient molecules per unit

length. Hence, the nutrient transport is quasi-steady and we describe it by
DV?c=0, z¢€(—R* R, yec(0,5%), (4.11)

where D is the nutrient diffusivity in the culture medium, which is assumed to be constant.
At the base of the bath outside of the aggregate, and on the walls of the bath, we impose

no diffusive flux, so that

oc

—DVc-e, = —Da—y =0 on y=0, x¢[xo(T), xn(T)], (4.12)
+DVec-e; = :ED% =0 on z==+R" ye(0,5). (4.13)
x

At the upper surface of the bath we impose a fixed nutrient concentration, to model rapid
supply of the nutrient
c=C*" on y=S5" ze[-R" R (4.14)
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Nutrient uptake by the cells in the aggregate is described in terms of the rate at which
each cell consumes nutrient, i.e. by prescribing the diffusive flux through each section of

the boundary corresponding to a cell via

— DVe- €y = -D— = _M<ln+1/2?an+1/27pn+l/27C)v on & (xn(7_>7xn+1(7_))7 y=0,

n=0,...,N—1, (4.15)

where M > 0 is a function of the cell variables and the local nutrient concentration. There
are various possible choices for the functional form of M (1,11 /2, @y41/2, Pn+y1/2, ¢) depending
on how the cells consume nutrient. We assume that for a fixed nutrient concentration all
cells consume nutrient at a rate which is independent of their length (so that the uptake
flux at each point in each cell is inversely proportional to the cell’s length) and that the
uptake flux has a Michaelis-Menten dependence on the nutrient concentration. Hence, the

uptake flux in each cell is given by

oc 1 M*c

Da*y = M(ln+1/27a’n+1/2vpn+1/2vc) = on x € (zn(7), Tnt1(7)), y =0,

lnt1/2 Crjo + ¢
n=0,...,N—1, (4.16)

where M* is the maximum uptake rate (in molm~!s™1) and C; /2 is the half-maximal uptake
concentration. We note that this definition of M gives discontinuities in the uptake flux
at the ends of the cells due to the differences in the lengths of adjacent cells. However,
in deriving the continuum limit of the cell model we assume that the cell lengths vary
slowly with n (see §4.4), so the flux discontinuities will be small and the uptake can be

approximated by a continuum description.

4.3.3 Cell growth

Cell growth (elongation) is modelled by prescribing the evolution of the cell target lengths

dapi1/2 .

a4 C(lng1/2> @ng1/2> Prg1/2> Cnt1/2; Ynt1/2), n=0,...,N =1, (4.17)
where the elongation rate I' (in wmhr™') depends on the cell variables and ¢, /2, the
average of the continuous nutrient concentration at the base of the bath over the length of

the nth cell,

1 Tn+1
Cny1/2(T) = T / c(x,0,7)dz. (4.18)

In (4.17) i1 /2 parameterises the growth rate of the nth cell. As for the initial cell vertex
positions, the initial cell target lengths are prescribed by a discrete function of the cell index
n?

an+1/2(0) = @init(n+3), n=0,...,N—1. (4.19)
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The growth function I' = T'(I,a,p, c;y) can be prescribed in numerous different ways to
reflect different constitutive assumptions about cell growth. We will investigate different

growth laws by specifying different functional forms of I' as follows.

e Constant elongation rate:

I' = v =~* = const. (4.20)

Fozard et al. [78] demonstrated that a constant elongation rate can successfully de-
scribe the superlinear growth in time of the free edge of an epithelial sheet observed
in wound healing assays [211], suggesting that this may be an appropriate growth law

for epithelial cells.

o Pressure-dependent growth, for which a cell’s target length increases if the cell is
stretched relative to its target length (1,11 /9 > @544 /2 = Png1/2 < 0) and decreases if
it is compressed (I,,41/2 < @py1/2 = Ppy1/2 > 0), at a rate proportional to the amount
it is stretched/compressed

I'=—"p. (4.21)

There are various cell types for which such a growth law may be applicable [265],
including skeletal muscle cells [264], smooth muscle cells [198], cardiomyocytes [220],

bone cells [101] and epithelial cells [23].

e Target-length-, pressure- and nutrient-dependent growth, for which the rate of increase
of a cell’s target length depends on its current target length, its pressure and the

nutrient concentration over its length according to

' =7y (ama — a)s(p;p:,pz)m' (4.22)
g

In (4.22), a

growth rate is half-maximal for a given target length; and S is a smoothed step function

maz 18 the maximum target length; K, is the concentration at which the

of the pressure given by

S(p. 15 92) = 3 [samb(sy(p — p2) + tanb(sy (o7 — )

where ps < 0 and p. > 0 are thresholds for excess stretching and compression, and
the smoothing factor s, determines the steepness of the transition in the growth rate
at p = ps and p = p.. With this form of I', the elongation rate of a,/, increases
with the nutrient concentration and decreases as a,1/; approaches ay,,,, provided
Ps < Pnt1/2 < Pe, (i-e. the cell is neither too compressed nor too stretched to grow). To
ensure the cell target lengths either stay constant or increase, a;y;; is chosen such that

ES

Ainit(n + %) < Gppagy Yn. We adopt this dependence on a, /2 so that the cell target
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length does not grow indefinitely. We use Monod kinetics for the dependence of the
growth rate on the nutrient concentration, for which the growth rate is an increasing
saturating function of the concentration. Growth of this kind may be applicable
to cells with high nutrient demands, such as hepatocytes [246], or cells with lower
nutrient demands whose growth is stimulated by moderate mechanical strain, such as
chondrocytes [277]. Although more complicated dependencies could be considered, we
use this simple functional form as we are primarily interested in determining whether
the discrete cell model coupled to the nutrient transport model can be accurately

approximated via the continuum model without formal homogenisation.

For the forms of I' in (4.20) and (4.21) the cell growth is independent of the nutrient
concentration, so we solve the discrete cell model in isolation. For the form of I' in (4.22),
however, the cell model and nutrient transport are coupled so that the growth depends on
the nutrient concentration and the nutrient uptake depends on the growth (as described in

§4.3.2). We therefore solve the coupled system for the cells and nutrient for this form of I'.

4.4 Nondimensionalisation

We assume that the cell parameters and variables vary slowly with the cell index n over
O(N) > 1 cells and nondimensionalise the discrete cell model and nutrient transport equa-
tions (4.1)—(4.14) as follows (where asterisks denote typical dimensional values of the pa-

rameters)

n= Nﬁ) Mn+1/2 = M*ﬂﬁ+ﬁ7 )‘n+1/2 = )‘*)\fH_La Tn+1/2 = 7*;}’&4_%»

2N
a*
* A % A * A A
Tpn=Na "2, x=L"2, y=L"y, T:ﬁT,
%7 ok _ONT2, kTR s _ *
bnyrj2 =07l 1y Apprja =705, 0y Pryryp = N pa, 0, un = NI,

N

Cng1/2 = C*éﬁ+ﬁ’ c=C%, xo0(n)=Na*to(n), M=Mm, T =I"T,

Tinit(n) = Liimi(R),  @init (n+ 3) = a*Gina (A + 5x) (4.23)
where ¢, L is the dimensionless average nutrient concentration over the length of the nth
2
cell .
N Tay L
vy ()= [ da0.7) s, (4.24)
Za

Zﬁ-i—ﬁ
and L* is chosen as the typical aggregate length scale, L* = Na* (so that lengths in
the z-direction are scaled consistently in the cell model and nutrient transport equations).
With the discrete cell index n scaled by N, the cell vertices are no longer labelled by

integers, but by numbers between 0 and 1. Whereas in Fozard et al.’s model the system is



4.4. Nondimensionalisation 120

nondimensionalised on the timescale for cell relaxation, p*/A*, here we nondimensionalise
on the timescale for cell growth, a*/I'*, as we are interested in how the system evolves on
this timescale. Accordingly, we choose different scalings for the cell vertex velocities and
pressures to balance the rate of change of cell length with the vertex velocities in (4.1) and
the drag forces with the cell pressures in (4.8). Unless otherwise stated, for the remainder of
this chapter we consider dimensionless quantities and omit hats on dimensionless variables

for ease of notation.

4.4.1 Cell motion

From the definitions for the cell lengths and vertex velocities, we have that

dx
ln+ﬁ:N(xn+%—xn>, un:d—:. (4.25)

On nondimensionalisation, the discrete cell motion equations given by (4.1), (4.4) and (4.8)

become
1dln+i
N dTQN :un—i-%_un? TlZO,...,l—%, (4.26)
_ _ 1
apn—}-ﬁ_An—i-ﬁ (an+ﬁ_ln+ﬁ)v n=0,...,1-%, (4.27)

1
6N (“nﬁ (“nf% + 2“n) Flny (2“n + “n%)) = Prgly T Pnigi

n=+,...,1— %, (4.28)

where o = N2T** /(a*\*) is the ratio of the timescales for cell (spring) relaxation against
the substrate drag, u*/\*, and cell elongation, a*/I'*, multiplied by N2. The equations of

motion for the end vertices (4.9) become

1

L (2u0 + u%> =, (4.29)
1

67]\7#1_% (ul_% +2u1> =P L. (4.30)

From (4.10), the dimensionless initial cell vertex positions are given by
2n(0) = Zinie(n) n=0,...,1 (4.31)

4.4.2 Nutrient transport

On nondimensionalisation, the diffusion equation for the nutrient in the cell region becomes
V3¢=0, z€(-R,R), ye(0,9), (4.32)

where R = R*/L* and S = S*/L*.
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The nutrient uptake condition for each cell (4.16) becomes

1
%:Da ¢
oy ln+2%01/2+c

, on {L‘E(l'n(’l'),l'n_i_%(T)),y:O, n:O,...,l—%, (4.33)

where Da = M*L*/(a*C*D) is the second Damkohler number (the ratio of the rates
of nutrient uptake and diffusive transport, M*/(a*C*L*) and D/L*? respectively), and
cijg = Cy/9/C™ is the dimensionless half-maximal nutrient uptake concentration.

The zero-diffusive-flux boundary conditions on the walls and base of the bath outside

the aggregate, (4.12) and (4.13), become

g; =0 on y=0, z &[zo(r),z1(7)], (4.34)
Jdc
Fr 0 on z==R, ye(0,5). (4.35)

The fixed nutrient concentration condition (4.14) becomes
c=1 ony=S, z€[-R,R] (4.36)

4.4.3 Cell growth

Nondimensionalising the evolution equations for the cell target lengths (4.17) for constant-

rate growth (4.20) and pressure-dependent growth (4.21) with I'* = 4* yields

2N

dr

da,, 1 1 for constant-rate growth
mt —F—{ STOWH, n=0,...1-L% (437ab)

Py L for pressure-dependent growth,
2
For the target-length-, pressure- and nutrient-dependent growth given by (4.22), choosing

instead I'* = ~v*a* gives

dan 1 C 1
tan ( ) ntsn 1
=la —a S , Ds) , n=0,...,1— +, 4.37c
dr max n+ﬁ (pn+ﬁ Ps pC) kg _|_cn+ 1 N ( )
where amaz 1= alye,/a” is the dimensionless maximum target length, p; = pf/(N?u*T'*)
(i = s,c) are the dimensionless excess stretching and compression thresholds, and

kg = K4/C* is the dimensionless half-maximal growth rate concentration.

The dimensionless initial cell target lengths are given by

an+i(0):aimt(n+ﬁ), nzO,...,l—%. (4.38)

2N
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4.5 Continuum approximation

Since the discrete cell variables in (4.26)-(4.38) are assumed to vary slowly with the cell
index, we can approximate them by continuous functions of n and 7 whose derivatives with
respect to n are small. This allows us to derive a continuum approximation to the system
in the limit N — oo for which the approximation error is small. For the cell model ((4.26)—
(4.31), (4.37)—(4.38)) we do this formally, by expanding the continuous cell variables as
Taylor series for large IV and neglecting higher order terms as N — oo. In equations (4.32)—
(4.36), we have assumed that the nutrient concentration can be treated as a continuum at
the cell length scale, so we do not formally homogenise these transport equations when we
derive the continuum approximation. Instead, we assume that the discrete uptake boundary
conditions (4.33) can be approximated by a single, continuous boundary condition which
depends on the continuum cell density (see §4.5.3). We start by deriving the continuum

limit of the cell model.

4.5.1 Continuum limit of discrete cell model

We assume that the physical quantities associated with each cell and their initial data can
be extended (e.g. by band-limited interpolation, see [254]) to smooth functions of n and T,

i.e. that for a cell variable ¢, (7) (n =0,...,1) there is a smooth function ¢(n, 7) such that

On(T) = @(n,7), nelo,l]. (4.39)

Since ¢, . L is derived by averaging the smooth nutrient concentration c(z(n,7),0,7), no

interpolation is needed and we can simply replace ¢ L with ¢(z(n,7),0,7) (determined

n+s3
from (4.32)—(4.36)). The continuous versions of the cell length and vertex velocity are thus
1 1 ox
In+55,7) =N (z(n+ «,7) —z(n, 7)), uln,7)= E(n, T), (4.40)

and we can rewrite the system (4.26)—(4.37) in terms of the continuous cell parameters and

variables (dropping the 7-dependence of the variables in our notation for convenience) as

%%( +55) =un+ %) —un), nel0,1-%], (4.41)

ap(n+ 55) = An+ 35) [a(n + 55) —ln+ 55)], nel0,1- %], (4.42)
%[M(n—ﬁ)[u(n—ﬁ)—i—Zu(n)]—i—un—i—QN ) [2u(n) + u(n + )]]

, =p(n—5v)—pn+5%), nelx,1—+],  (4.43)
a 1

E(n—i— o) =T ({(n+ 3x) a(n+ 55), p(n + 7&), c(z(n), 0);v(n + 7&)), n€[0,1— %]
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Equations (4.29) and (4.30) for the aggregate endpoints become

o) [2u(0) + u()] = —p(k). (4.45)
S = o) [u1 = )+ 26(1)] = (1 - ) (1.46)

The initial conditions become
x(n,0) = zing(n), n € (0,1], (4.47)
a(n,0) = ainu(n), ne0,1— %] (4.48)
Since variations in the cell parameters and variables have been assumed to occur over large

numbers of cells, their derivatives with respect to n will be O(1/N) and we can Taylor

expand (4.40)—(4.46) for N > 1. Expanding the parameters and variables in (4.43) about

n as
1 Ou
p(n+ gx) = p(n) ﬁ%(”) +O(x2);
1 Ou
u(n — %,T) =u(n,7) — Na—n(n, T) + O(%), ete.,
in (4.41), (4.42) and (4.44) about n + o as
1 1 L du 1 1
u(n+ 5, 7) = u(n+ 55,7) + N, v 7) T O(xz),  ete,

and in (4.45) and (4.46) about n = 0 and n = 1, respectively, and taking the limit as
N — oo (i.e. neglecting O(1/N?) terms), (4.40)—(4.46) reduce to

ox ox
ol ou
E - 87,”7 ne (07 1)7 (4.50)
ap=MNa—1), ne(0,1), (4.51)
__9p
Hu = _%7 ne (07 1)) (4.52)
gi =T p a,c(x(n,7),0,7);7), ne€(0,1). (4.53)

with the stress-free boundary conditions
p=0 atn=0,1. (4.54)

The functional forms of the different choices for I' are identical to those for the discrete cell
model:

1, for constant-rate growth,
-, for pressure-dependent growth,

I =
(@maz — a)S(p, ps, pc)ﬁ, for target-length-, pressure- and nutrient-dependent

growth.
(4.55a—)



4.5. Continuum approximation 124

In the continuum limit, (4.47) and (4.48) can be written as

1(n,0) = linit(n) := %(n), n € [0,1], (4.56)
a(n,0) = ainit(n), ne€0,1]. (4.57)

As the terms omitted from the expansions in (4.50)—(4.54) are O(1/N?), we expect the error
in the continuum approximation to be of the same order and hence decrease rapidly as the

number of cells increases.

4.5.2 Spatial form of continuum approximation

We now transform (4.50)—(4.57) from Lagrangian (cell-vertex-based) coordinates (n,7) to
Eulerian (spatial) coordinates (z,t), where t = 7 and x(n, 7) is the Eulerian position of the
vertex with index n (corresponding to x,(7) in the discrete model). This allows us to derive
a nonlinear diffusion equation for the cell density, which facilitates physical interpretation
of the model and comparison with the models of Murray et al. and Fozard et al.

Using the continuum limit of the definitions of I and u (4.49) and the chain rule we have

that
0 0x 0 8t8_l8

on = onoz T ondt = low (4.58)
0 ox 0 ot 0 0 0 D
o = orox T e Yoz T o = or (4.59)

where % is the convective derivative in the Eulerian frame. Substituting these identities

into (4.50)—(4.53) gives

Di ou

Dt = o 4.60)

ap = ANa —1), (4.61)
_ o

pu = —l%, (4.62)

Da

o =T (4.63)

These equations hold for x € (z1(t), zr(t)) = (x(0,t),2(1,t)), where the boundaries x, and

xr move with the local cell velocity, i.e. dxﬁﬁ’R = u(xr r(t),t). Using (4.51), the boundary

conditions at x =z p from (4.54) are
l=a atxz=uxr(t),zr(t). (4.64)
Initial conditions for | = I(x,t) and a = a(x,t) are obtained by inverting (4.47) to give

n(z,0) = z (x),

nit



4.5. Continuum approximation 125

and substituting this into (4.56) and (4.57) to obtain

— 8xmz _
U(2,0) = linit () = lmzt(xmlzt(x)) = on } (mznlzt(x)) ) (4.65)

CL(JJ, O) = aim't,z(x) = amzt(xz_n:it(x)) (466)

Defining the cell density by p := 1/1, we observe that (4.60) corresponds to conservation

of cell number,

0 0
a—f + 5= (pu) = 0. (4.67)
Combining (4.61), (4.62) and (4.67) to eliminate p and u and substituting [ = 1/p yields
8,0 0 (10 1
“or = am(uax@ (“—p)>>’ (4.68)
%zf(%,a,k(a—%),c;y), (4.69)
_ 10 1
wherein  u = T ()\ <a - ;)) . (4.70)

From here on we assume that A, 1/2, fn41/2 and 7,41/2 are all constant, so that A = p =
~v = 1 upon nondimensionalisation. With this assumption, (4.68)—(4.70) simplify to the
following nonlinear diffusion equation for the cell density and evolution equation for the cell

target length

(3p o (10p 0%a
Bt = a< 2ax) M=l (471)
Da 1 1
o =T (5 -1 c) , (4.72)
1 (0a 1dp
wherein u = —— <8:C + p28x> . (4.73)

Equations (4.64) and (4.65) give the following boundary and initial conditions for p

pzé at = 21 (), wR(t), (4.74)
— () = 1 [ Ozinit - -
plo0) = pinsl) = L s = (Pt o) (4.7

Interpretation of the nonlinear diffusion coefficient D(p) = 1/p? in (4.71) is aided by con-
sidering the limits of very low and very high cell density. As p — 0, D(p) — oo. This
corresponds to the springs between the vertices in the discrete model (the cells) being
greatly stretched so that there is a large restoring force returning the cells to their target
lengths (since the cells cannot separate), which gives a large diffusion coefficient in the con-
tinuum limit. As p — oo, however, D(p) — 0. In the discrete model, this corresponds to
the cells in the aggregate interior being very compressed and unable to relax to their target

lengths until the cells at the ends of the aggregate have moved to create space and relieve
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internal stress, which leads to a very small diffusion coefficient in the continuum limit. The

% source term in (4.71) arises from the evolution of the cell target lengths. The physical

interpretation of this term is that, due to cell growth, the cell density will increase most

rapidly where the cells are locally most compressed (where the gradient in a is increasing

fastest, i.e. % > 0 is most positive), and decrease most rapidly where the cells are most
stretched (where the gradient in a is decreasing fastest, i.e. g%‘; < 0 is most negative).

4.5.3 Continuum approximation of nutrient uptake

As explained previously, we do not formally average the nutrient transport when deriving
the continuum approximation of the discrete model. Instead, we use the diffusion equation

(4.32) for the nutrient concentration
Vic=0, z€(-R,R),y€<(0,8),

with the boundary conditions (4.34)—(4.36), and modify the uptake boundary condition
(4.33) so that it is continuous over the length of the aggregate. As the cell lengths are
assumed to vary slowly with n, the discontinuities in uptake between neighbouring cells will
be small, and we can approximate [ L in (4.33) by [ without introducing large errors.

Thus the continuous form of (4.33) that we use with the continuum cell model is

0 1
—c:Dam(l,c):Daf ¢ ,
dy Leyp+e

on z € [xr(t),zr(t)], y=0. (4.76)

As expected, this corresponds to the nutrient uptake flux being proportional to the cell

density, p = 1/I,

dc c
— =D L = 4.
" ap01/2 o on z € [xr(t),zr(t)], y=0, (4.77)

since (4.33) is based on all cells consuming nutrient at the same rate regardless of their

length (for a given nutrient concentration).

4.5.4 Summary of the discrete and continuum models for nutrient-
dependent aggregate growth

The governing equations for the coupled discrete cell model and nutrient transport are
(4.25)—(4.38). As shown above, the spatial form of the continuum approximation of this
system is given by (4.32), (4.34)—(4.36), (4.71)—(4.75) and (4.77), which is a coupled system
of PDEs for p, a and c. In what follows, rather than using the spatial form of the continuum
cell model to simulate aggregate growth, for which the cell model is formulated on an
evolving domain, we will use the Lagrangian form given by (4.49)—(4.57), for which the

domalin size is fixed.
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4.6 Comparison with existing models

In this section, we compare the spatial form of our continuum approximation with the cell
aggregate growth law of Chapter 3 in the limit of incompressible cells, and with Murray et
al.’s and Fozard et al.’s continuum approximations. We highlight the differences between our
model and those of Murray et al. and Fozard et al., discussing in particular the incorporation
of cell division into Murray et al.’s model and the dependence of the diffusion coefficient in

the cell density PDE (4.71) on the cell interaction force law in the discrete model.

4.6.1 Comparison with cell aggregate growth model in limit of incom-
pressible cells

In the limit in which the cells are incompressible (A* > N?) the cell relaxation timescale is

very short and a = N2 <« 1 (for fixed N). Hence, at leading order in «, (4.60)—(4.66)

a* \*

supply [ = a and

ou
— =T 4.78
Op
= —a— 4.79
pu= a2, (4.79)
Da
— =T 4.
e, (1.80)
p=0 atx=uxp, xR, (4.81)
a = Qinity att=0. (4.82)

Since the ends of the aggregate move with the local cell velocity, the aggregate length,

Logg := v — 21, evolves as follows

dLygy  d B B zr() y, B zr(t) T
T a(mR —xp) =u(zr(t),t) —u(zp(t),t) = /IL(t) %dx = [EL(t) de. (4.83)

Equation (4.83) is of the same form as the continuum cell aggregate growth law (3.22) used
in Chapter 3, if we identify I'/a with G), — G4, where G,, is the local cell proliferation rate
and Gy is the local cell death rate. Thus the growth law used previously gives a valid
approximation to a discrete model of cell growth in the limit of incompressible cells. We
therefore anticipate that our discrete model, embedded in a model for fluid flow and nutrient
transport in the HFB, and with the target length evolution chosen to match the previous
aggregate growth law, will reproduce the same growth behaviour. We postpone verification

of this claim to future work.
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4.6.2 Comparison with Murray et al.’s model

Murray et al. [181, 182] do not explicitly model cell growth in their discrete cell-centre
model. Instead they assume that the resting lengths of the springs connecting the cell
centres are constant, and derive the cell density diffusion equation (4.71) (with constant a)

from their discrete model, i.e.

ap 0 (10p
= (=== 4.84
Mar T or <p26r>’ (4.84)
where r is the dimensionless cell position coordinate, time has been scaled with the cell

doubling time Ty, and apy = N2p* /(A Ty). In order to compare their model with our model

and that of Fozard et al., we provide a more detailed derivation of (4.84) in Appendix E.

4.6.2.1 Cell division

The key difference between our discrete model and that of Murray et al. is that the latter
includes cell division. All cells are initially randomly assigned an age in the interval [t,, 1]
and divide when their age reaches 1, where ¢, determines whether the division is ‘asyn-
chronous’ (t, = 0) or ‘synchronous’ (t, =1 —1/Ty). When a cell divides, the two daughter
cells (cell centres) are placed 0.1 cell diameters on either side of the mother cell (centre),
so that cell growth is modelled implicitly by the relaxation of the springs between the cell
centres from compression following the division.

Murray et al. do not average this discrete model of cell division to derive corresponding
terms in their continuum approximation, but instead add a source term, f(p,t), to the cell

density equation
op 1 0 (10p
ot ay Or <p2 6r> + flp ),

and fix f(p,t) to match the cell doubling times in the two models. This neglects the finer
details of the discrete division process, such as how far apart the daughter cells are placed
upon division and their symmetric placement about the mother cell, and it is not clear under
what conditions this is valid. However, Murray et al. demonstrate via numerical simulations
that there is close agreement between the solutions of the discrete and continuum models
for sufficiently large cell numbers (N = O(100)).

In Appendix E.4, we show that in the limit of incompressible cells, A* > N? (corre-
sponding to ajr < 1), Murray et al.’s continuum model with cell proliferation yields a cell
aggregate growth law similar in form to that used in Chapter 3 (equation (3.22)). This
demonstrates that (3.22) is a valid approximation of a discrete spring-based cell model with
cell proliferation. Possible ways of including cell proliferation in our model are discussed in
§4.11.
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4.6.2.2 Classification of different cell interaction force laws

In [182], Murray et al. showed that different cell interaction force laws give rise to different

density-dependent diffusion coefficients, D(p), in the continuum PDE for the cell density

dp 0 op
Mg = (D(P)ar> :

For an interaction force F,; = F(|r, —r;|) between the nth and jth cells with centres at r,,
and r; respectively, the diffusion coefficient is of the form

Dip) =~z F'(h) (4.85)

where the prime denotes differentiation with respect to |r, — r;|. Equation (4.85) shows
how to connect off-lattice discrete models and nonlinear diffusion models of cell motion via
their force laws and diffusion coefficients.

As the interaction forces Fj,; in Murray et al.’s cell-centre framework are equivalent
to the cell pressures p,;1/; in our cell-vertex framework, we can repeat Murray et al.’s
analysis to derive the general form of the diffusion coefficient in our model for p, L=

p(l, LGy 1 ). The diffusion equation for the cell density (4.71) (with varying a) becomes

9p _ 8( >__@
Yor T Yo"V T T2

0 (o0, O (twon
- Ox <D(p)8m> * o <8a 8x> ’

where the diffusion coefficient is given by

(4.86)

This confirms that, with equivalent definitions of the cell interaction force law and the cell
pressure, the cell-centre and cell-vertex models give rise to the same continuum limit in
1D. We leave investigation of the behaviour arising from nonlinear dependence of the cell

pressure on the cell length to future work.

4.6.3 Comparison with Fozard et al.’s model

Apart from the fact that it is not coupled to an external nutrient field, the main differences
between Fozard et al.’s model and our model (and also Murray et al.’s model) are that it
assumes the cell-substrate drag force per unit length (rather than the net substrate drag
force) is proportional to the cell velocity, and it includes energy dissipation due to the
internal viscosity of the cells. This means that the drag force on each cell vertex is given by

the sum of the cell-substrate drag and a viscous drag, which is assumed to be linear in the
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vertex velocities of the adjoining cells (corresponding to there being dashpots connecting
the vertices in parallel with the springs). Taking the continuum limit of the discrete model
for N > 1, Fozard et al. arrive at the system (4.50)—(4.53) but with the force balance
equation (4.52) replaced by

0 du)  Op

where pp (= p/a*) is the cell-substrate drag, § parameterises the internal cell viscosity, and
V = §*/(N?pha*) is the ratio of the internal viscous drag to the cell-substrate drag (6* and
i} being typical values of the internal viscosity and substrate drag respectively). Due to
the inclusion of cell viscosity, the conditions on the end vertices (4.54) become

ou

p:V(Sa—n atn=0,1. (4.88)

4.6.3.1 Spatial form of Fozard et al.’s continuum approximation

We now compare the spatial form of Fozard et al.’s continuum approximation with that
of our continuum approximation ((4.60)—(4.64)) and with existing continuum cell models.
Under the transformation to spatial coordinates (n,7) — (x,t) in §4.5.2, Fozard et al.’s

continuum approximation (given by (4.50), (4.51), (4.53), (4.87) and (4.88)) becomes

DI ou
A bl 4.
Dt Oz’ (4.89)
ap = ANa —1), (4.90)
0 ou dp
Da
— =T ; 4.92
o = Lpyas), (4.92)
with
ou
sz(Sl% at v =z, TR (4.93)

In contrast to our equation for the cell velocity (4.62), (4.91) corresponds to Darcy’s Law
(i.e. cell movement being driven purely by gradient in the cell pressure) in the limit of no
cell viscosity, V' = 0. For V > 0, there is an additional Brinkman term in (4.91), which
represents the viscous forces induced in the cells by their extension. Fozard et al.’s model is
thus closer than our model to existing single- and two-phase models of tumour growth that
use Darcy’s law to describe cell motion [24, 26, 97, 137]. However, as shown below, Fozard
et al.’s model leads to a more complicated system for the cell density and cell target length.

Fozard et al. assume that the cell parameters are uniform (A = pup = § = 1), so that

combining equations (4.89)—(4.91) gives

1Dp 9> (1 Dp 9 (10p 0%a
=y (2 ZE = (=== —. 4.94
a(th V3$2 (,02 Dt>> ox <p23:17 +0332 (4.94)
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Equations (4.91), (4.92), the boundary conditions (4.93), and the initial conditions for p

and a,
0 [10u da 1 0p

e - 4.

“ V(?a: <p8x> or  p2 0z’ (4.95)
Da 1 1.

ﬁ :F(;,a,a—;,’y), (496)
1! 1+V% at x =, (4.97)

p - a ax - Ls4tR, .
p(2,0) = pinic(z), a(z,0) = ajny(x), (4.98)

close the model for p, u and a. Fozard et al.’s assumptions increase the complexity of the
model in two ways. First, their assumption that the cell-substrate drag per unit length is
proportional to the cell velocity leads to a convective derivative in the first term in (4.94)
rather than just a partial derivative with respect to time. Second, their inclusion of cell
viscosity means that v is defined by (4.95) implicitly rather than explicitly. We instead adopt
the simplest form of dependence of the substrate drag on the cell velocity (in keeping with
previous studies [173, 184, 263]), and neglect the viscous drag since for typical parameter

values it is insignificant compared to the substrate drag (see §4.7.5).

4.7 Parameter values

We now discuss parameter values for the model. Complete sets of parameter values for
individual cell types are not available, and some parameter values (such as the cell elasticity
and drag constants) are not straightforward to measure experimentally. Hence, in our
simulations we use a combination of parameter values taken from different experimental
studies and consider ranges of values for parameters for which there is a lack of experimental
data. First we state values for the dimensional cell model and nutrient transport parameters.

We then use these to estimate the dimensionless parameters.

4.7.1 Cell motion

Literature-based estimates for the cell motion parameters for different cell types are pre-
sented in Table 4.1. The estimates of the cell elasticity constant, A\* = 0.4nN pum~2, and
cell-substrate drag constant, u* = 0.1nNhrum~2, were derived by Mi et al. [176] from
measurements of enterocyte migration [32] and the traction forces required to stop migrat-
ing intestinal epithelial cells [212]. Since we are interested in determining the suitability
of the model for describing bioreactor cell aggregate growth, for which the number of cells
in an aggregate is typically O(100) (see §B.2.2), we consider cell numbers in the range

N = 10-150 in our simulations.
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Parameter | Description Cell type Value References
N number of | Epithelial cells 10-150 [78, 211]
cells
Mouse hepatocytes | 26-94 [92]
a® cell target | Epithelial cells 10 um [63, 65, 78,
length 88]
Rat hepatocytes 10 pm [122]
Chondrocytes 8.5um, 10um, | [42], [85],
12 pm [177]
Rat myoblasts 12 pm [229]
A* cell elasticity | Epithelial cells 0.4nN pum~—2, [176], [88]
constant 1nN pm—2
w* cell-substrate | Epithelial cells 0.1 nN hr um—2 | [176], [88]
drag constant 0.28 nN hr pm 2

Table 4.1: Dimensional cell motion parameter values. Parameter values used in

simulations are shown in bold.

4.7.2 Nutrient transport

Although equations (4.11)—(4.14) may be used to model the transport of a generic nu-
trient, we will focus on oxygen transport as in previous chapters. Associated parame-
ter values are given in Table 4.2. We use an oxygen concentration at the surface of the
bath (i.e. value for C*) typical of that in culture medium, and also mimic limited sup-
ply by lowering this value. As in the previous chapter, we estimate the maximum uptake
flux, M, by multiplying the cellular oxygen uptake rate, M., by the surface density of
cells, ps. This gives a large range of uptake fluxes for the different cell types we consider:
M € [3.42 x 1072,2.67 x 10~ "Jmolm~2s~!. In our simulations we use values in the range
M € [1078,10°]molm~2s~" (which extends beyond the range reported in the literature)

to investigate the sensitivity of the oxygen distribution, and therefore cell growth, to the

uptake flux.

4.7.3 Cell growth

Parameter values associated with the cell growth are listed in Table 4.3. The cell elongation
rate, I'*, is estimated by assuming that the cell target length doubles from a* to 2a* in the
doubling time, Ty, e.g. for epithelial cells with a doubling time of Ty = 72 hrs the elongation

rate is
a*
M~ —~0.14umhr %
i um hr

*

The maximum cell target length, a;, ...

is assumed to be twice the initial target length

of the cell, since most cells roughly double in size during the cell cycle [199]. Data for
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Parameter Description Cell type Value References
D oxygen diffu- | N/A 3x107 9 m?s! [55, 208,
sivity in cul- 280]
ture medium
. Human 3.42x 107 mol cell T 57! [51]
M. maximum . .
cellular oxygen epithelial cells » L
ke Tat Hepatocytes 3.07x107 ¥ molcell s~ T, | [246], [201]
uptake rate 48 x 10-17_
8.9 x 10~ "mol cell "t s~!
Bovine 4.0x 10" ¥ mol cell ! s~* [163, 188]
chondrocytes
Rat cardiomy- | 1.38x 10~ ¥ molcell™'s~ T | [215]
ocytes
Human 1x 107 cellsm 2 [51]
surface cell epithelial cells
Ps density Hepatocytes 3x10° cellsm—2 [55]
Chondrocytes 2.5x 109 cells m—2 [159]
Rat cardiomy- | 1.03x10% cellsm—2 [215]
ocytes
~ . % . Human 9.42 x 1072 molm—2s71, | [61], [51
M=M"fa* | maximum I epithelial cells 3.42x107? molm—2s~ ! o1 B
= M_ps ;};};{gen uptake Hepatocytes 9.22 x 107molm~2s~1, | [246], [201]
1.44 x 1077~
2.67 x 10" "molm =25~}
Bovine 1x1078molm—2s~1 [163, 188]
chondrocytes
Rat cardiomy- | 1.43x107? molm—2s~! [215]
ocytes
Ci)2 half-maximal Hgmag 1.0x 1073 molm ™ [61]
oxygen uptake epithelial cells » »
. Rat hepato- | 6.24 x107° molm [246]
concentration
cytes
Chondrocytes 5% 1073 molm~3 [102]
Rat cardiomy- | 6.88x 1072 molm~3 [215]
ocytes
C oxygen Human 0.21molm—3 [61]
concentration | epithelial cells
at surface of | Hepatocytes 0.19-0.28 molm—3 [47, 246]
nutrient bath | Chondrocytes 0.07-0.14mol m~3, [76, 188],
0.21molm—3 [42]
Rat cardiomy- | 0.22 molm™3 [215]
ocytes

Table 4.2: Dimensional oxygen transport parameter values for different cell

types.

1 Estimated using M. ~ Vi,4:Ve, where V., is maximal volumetric uptake rate and
Ve &~ gm(a*/2)? is estimated cell volume.
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Parameter | Description Cell type Value References
Ty cell doubling | Epithelial cells 72 hrs, 20hrs, 19hrs, | [48], [213],

time 12 hrs [65], [173]
Rat hepatocytes | 20 hrs [187]
Chondrocytes 56 hrs, 40 hrs, 25hrs, | [272], [177],
12 hrs, [85], [40]
Rat myoblasts 12.6 hrs [46]
'™ =a*/Ty | cell elongation | Epithelial cells 0.14 ym hr—1, -
rate 0.5 umhr—1,
0.52 um hr 1,
0.83 um hr*
Rat hepatocytes | 0.5 pm hr—?! -
Chondrocytes 0.18 um hr~1, -
0.3 umhr™1!,
0.40 pm hr 1,
0.83, umhr—!,
Rat myoblasts 0.95 pum hr—* -
ar oo maximum cell | - 2a* [199]
target length
K, half-maximal | Chondrocytes 6.3x10"2molm~3 | [42]
growth  rate
concentration
Rat myoblasts 6x1073 molm~3 [46]
Di maximum - —2 to —0.5nN um~Y
stretch thresh-
old for cell
growth
DE maximum - 0.5 to 2nN pm~—1! ]
compression
threshold for
cell growth

Table 4.3: Parameter values for cell growth laws. Parameter values used in simula-
tions are shown in bold.
1 Parameter values for which limited or no experimental data is available.

the other parameters is limited. For the oxygen concentration at which the growth rate

is half maximal, K,, we use a value of 0.01 mol m~3 for epithelial cells and hepatocytes

(based on K, being ~ 1072 molm~3 for chondrocytes and rat myoblasts). In the absence

of experimental data for the thresholds for excess stretching and compression, p; and p7,

we assume that cell growth can occur under equal amounts of stretching and compression,

i.e. that p} =

—p%, and vary pf in the range [—2, —0.5]nN pm™".

1
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4.7.4 Size of nutrient bath and culture time

As we consider cell numbers N € [10, 150], we take the length of the nutrient bath to be
4mm (R* = 2mm), i.e. approximately 400 cells in length. We take the height of the bath,

S*, to be 2mm.

Cell culture times vary considerably. Here we will use simulation times in the range 72—

100 hrs depending on the cell type, initial conditions and growth law under consideration.

Parameter

Description

Cell type

Epithelial

Hepatocytes’

Chondrocytes®

Myocytes

a=T*u*N?/(a*\*)

ratio of cell relax-
ation and elonga-
tion timescales

3.5x107 3 N2

0.013N?2

7.5x 1073 N2

0.02N?

* *
Amaz = a’max/a

dimensionless
maximum
target length

cell

kg = Ky/C*

half-maximal
growth
concentration

rate

0.048F

0.043f

0.30

0.027

ps = P/ (N?p*T™)

dimensionless
maximum stretch
threshold for cell
growth

—143/N? to
—35.7/N?

—40/N? to
10/N?

—66.7/N? to
—16.7/N?

—21.1/N?%to
—5.26/N?

Pec = p:/(NQN*F*)

dimensionless

maximum  com-
pression  thresh-
old for cell growth

35.7/N? to
143/N?

10/N?  to
40/N?

16.7/N?  to
66.7/N?

5.26/N? to
21.1/N?

Da =MNa*/(C*D)

ratio of nutrient
diffusion and up-
take timescales

54x107°N

1.3x107%N,
2.1x1073N—
3.9x1073N

1.6x107 4N

78x107°N

C1/2 = 01/2/0*

dimensionless
half-maximal
uptake concentra-
tion

4.8%x1073

0.027

0.024

0.031

smoothing factor
in S(p, ps, pe)

20

50

50

50

Table 4.4: Dimensionless cell model and oxygen transport parameter values

T Limited data available, so estimate of K, = 102 molm~3 used, based on values for
chondrocytes and rat myoblasts (see Table 4.3).
T Average value of C* = 0.23 mol m ™2 from range in Table 4.2 used for surface concentration.
o Higher value of C* = 0.21 mol m~3 from Table 4.2 used, and elongation rate of 0.3 pm hr~?
from Table 4.3 used.
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4.7.5 Dimensionless parameter values

Values for the dimensionless cell model and oxygen transport parameters, corresponding to
the dimensional values in Tables 4.1-4.3, are listed in Table 4.4. The diffusion timescale
(the time it takes for oxygen to diffuse over the length of the aggregate) is in the range 3s
(for N = 10 cells) to 12.5min (for N = 150 cells). The range of the cell relaxation timescale
/A% is 0.25-0.28 hrs. Both of these timescales are much shorter than the cell growth
timescale, T, which is in the range 12—72hrs for the cell types we consider (Table 4.3),
which justifies our assumption that the oxygen transport is quasi-steady on the timescale
of cell growth. Although the ratio of the cell relaxation and elongation timescales is small
(T*p* /(a*A*) < 1) for all the cell types, even for small cell numbers, a (which is proportional
to N?2) is O(1), ranging from 0.35 to 2 for N = 10, and from 35 to 200 for N = 100.
The Damkdhler number also scales with the cell number (as it is proportional to the cell
aggregate length, L* = Na*), and for N = 10 ranges from 5.4 x 10~ for epithelial cells to
2.9 for the maximum uptake flux that we use for hepatocytes. Fozard et al. [78] estimate
the cell viscosity constant, %, to be 7 x 103 nNhr um~2, so that the ratio of the viscous
and cell-substrate drag forces is V. = 6*/(N?u*) ~ 0.07/N2. Hence for N = 10-100,
VaT7x1075-7x 107% < 1/N?, so viscous effects can be neglected.

Since the dimensional domain is the same for all the cell growth simulations and the
domain half-length R* and height S* are scaled with L* = Na* in the nondimensionalisation,
the dimensionless domain half-length, R = R*/L* = R*/(Na*), and height, S = S*/L*,
decrease as the cell number N is increased. This has consequences for the numerical scheme
used to solve the oxygen transport equations, which are discussed in Appendix F.2.1. The

dimensionless simulation time, 7', is in the range 1-5 for the different cell types considered.

4.8 Solution of the discrete and continuum models

For constant-rate growth (4.37a) and pressure-dependent growth (4.37b), we solve the di-
mensionless discrete cell model, (4.26)—(4.31) and (4.37)—(4.38), and its continuum approx-
imation, (4.50)—(4.57), analytically (see §4.9.1.1 and §4.9.2.1) and numerically. To solve the
discrete model numerically we reduce (4.26)—(4.30) to a system of coupled ODEs for the
cell vertex positions and target lengths and integrate them using the MATLAB stiff solver
odel5s (see Appendix F.1.1). To solve the continuum model we write (4.50)—(4.53) as a
coupled PDE system for the cell length and target length, which we solve using the finite
difference method on a regular grid with a grid space of An = 1073 and a time step of
A7 =10"* (see Appendix F.1.2 for details).
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For nutrient-dependent growth (4.37c), we solve the discrete and continuum models
numerically using an iterative scheme. We solve the nutrient transport equations ((4.32)-
(4.36) for the discrete model, and (4.32), (4.34)—(4.36) and (4.76) for the continuum model)
for the current cell configuration, use this solution to update the cell variables, and then
repeat this process for the rest of the simulation period (see Appendix F.2.1). The transport
equations are solved using the Galerkin FEM with piecewise linear basis elements on a
regular triangular mesh with 2.56 x 10° elements (1,282,401 nodes). The discrete and
continuum cell model equations, with I" given by (4.37c) and (4.55¢) respectively, are solved
using the same approach as when growth is independent of the nutrient distribution, with

the average concentration in each cell, ¢ in the discrete model calculated using (4.24)

n+ﬁ’
and the concentration interpolated from the FE mesh onto the cell model mesh in the
continuum model (see Appendix F.2.2-F.2.3). The checks carried out to verify the accuracy

of the numerical scheme are described in Appendix F.3.

4.9 Analytical solutions and numerical simulations

We now use the discrete cell model and its continuum approximation to simulate the growth
of an aggregate of N cells for the different cell growth laws described above. First we con-
sider the constant-rate and pressure-dependent growth laws (4.37a,b), verify for each that
the continuum model closely approximates the discrete model for N > 1, and compare
the growth dynamics predicted by each. We then test whether the continuum model pro-
vides a good approximation to the discrete model with the target-length-, pressure- and
nutrient-dependent growth law (4.37¢) for N > 1, and investigate the impact of the oxygen
transport, pressure-sensitivity of the cells and initial cell conditions on the cell growth for
this law. Finally, for the nutrient-dependent growth, we investigate whether the discrete
and continuum solutions converge as the cell number increases and whether the continuum
approximation breaks down for small V.

Rather than attempt to prescribe biophysically accurate initial conditions for the cell
lengths and target lengths (e.g. with random variations between cells), we use simple illus-
trative initial conditions that satisfy the boundary conditions at the ends of the aggregate,
I =aat n=0,1. Unless otherwise stated, all simulation results are presented in dimen-
sionless form.

As mentioned above, we assume that the elasticity and drag constants are identical for

all cells, i.e. A, =1(n=4,...,1 — %) after nondimensionalisation. Under

1 = 1 N
+W lu’n+ﬁ N

this assumption the equations for the cell pressures and velocities in the discrete model,
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(4.27)—(4.30), simplify to

O‘pn+ﬁ:an+ﬁ_ln+ﬁ7 n:O,...,l—%, (4.99)
1
GiN(u”*% —|—4un+un+%) =Py L TPyl M= Tl (4.100)
1
oy (Zuotus) =—pa, (4.101)
1
6N (ul_ L+ 2u1) = py S (4.102)
and those in the continuum approximation, (4.51) and (4.52), become
ap=a—I, (4.103)
Ip.
= 4.104
u=—a (4.104)
all other model equations are unchanged.
4.9.1 Constant-rate growth, I' =1
4.9.1.1 Analytical solution
Discrete model
From the cell target length evolution equation (4.37a) we have that
Oy 1 (T) = amat(n+ 355) +7, n=0,...,1— 3. (4.105)

2N

Subtracting equation (4.26) from (4.37a) and eliminating u, [ and a using (4.99) and (4.100)

we obtain
a d 1 1
6N2dr (pnfi +4pn+ L +pn+ ) =Pn L _2pn+ﬁ +pn+% + w2 n=0,...,1—%,
(4.106)
with p_ 1 =D = 0 (4.107)
We solve (4.106)—(4.107) by seeking solutions of the form
Pyt (T) =70 1+ g 1 (7),
where the steady state solution p®® , satisfies
n+sy5
0 =pff_ﬁ =2 P s+ N7 (4.108)
with p* = O, (4.109)

1 —p1+ A
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and g, L satisfies the homogeneous problem

a d L
GNQE (qn—ﬁ—*_ 4qn+ﬁ+Qn+%> :qn_ﬁ _2qn+ﬁ +qn+%, nZO,...,l—N,
(4.110)
with q 1 = 0, Gy = 0, (4.111)
and ¢, 1_(0) = pinit(n + 35) — P (4.112)

1
where  piit(n + 55) = o [ainit(n + 55%) — N(@iit(n + ) — Zina(n))] -

Solving (4.108) subject to (4.109) gives

1
Py = (0t o) (1- (n+ o).

i.e. the steady state cell pressures are quadratic with respect to the cell index n.
If we seek a solution to (4.110) of the form ¢, 1 = %(Ak(T)e"k("Jr%)), where
2N
0 <k <2Nm, and apply (4.111) we obtain

N . 1
=3 Aje /o jr(n+ v)
qn+2§\/ = A](E 57/ sin <1_|_1 s

j=1 N

where, by (4.112), the constants A; (j =1,...,N) satisfy

- (m(n+ %) 1 1 1 1 1
> Ajsin T =Pimit(n+35) = 5+ 5x)(1 = (n+55)), n=0,....1-x,

j=1 N
(4.113)
and the constants 3; are given by
6N2(1 — cos L=
= ( .N+1), j=1,...,N. (4.114)
2+ cos 3y
Hence, the cell pressures are given by
N . 1
1 4 [ im(n+ ~)
Pryg, = 5(n+ ) (L= (n+ 55)) + > Aje %7/ sin (HIJV) , (4.115)
=1 N

and the cell lengths by

1 « 1 1 - Byra g [T+ ¥)
ln‘f‘ﬁ :alnlt(TZ‘i_W)+T—§(n+ﬁ)(1—(n+ﬁ))+zz4je 7 Sin Hil y
N

(4.116)
y -1 . , .
where (4;)j=1,..N = (Sin (K,TJ)UZl N (pinit (5 — 35) — 55 (1 — ﬁ))zle The terms

in the sum in (4.115) decay to zero as 7 — o0, so the cell pressures approach the steady

j=1
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state quadratic profile in the first term. The cell lengths and target lengths continue to

grow linearly with time and for large 7 the distribution of cell lengths behaves like

a
b b ™ Ainit(n + 55) + T — §(n+ ) (1= (n+ 7&))-

Continuum approximation
As for the discrete model, the cell target length increases linearly over time (see (4.53) and
(4.55a)) so that

a(n, ) = ainit(n) + 7. (4.117)
Combining the equations for the continuum approximation in the same way as those for the
discrete model (subtracting (4.50) from (4.53) and using (4.103) and (4.104) to eliminate

u, | and a) we obtain an inhomogeneous diffusion equation for the cell pressure
o— = +1, (4.118)
with boundary and initial conditions from (4.54), (4.56) and (4.57)

p=0 atn=0,1, (4.119)

p(n,0) = pinit(n) := é(aim’t(n) — Linit(n)). (4.120)

Seeking a solution as the sum of a steady state solution and the solution of the homogeneous
problem yields

oo
p=3n(l—n)+ Z A;tme_jQWQT/a sin(jmn), (4.121)
j=1
where the Fourier coefficients are given by

1
A;tm = /0 (pinit(n) — in(1 —n)) sin(jmn) dn. (4.122)

Then, (4.103) gives the continuum cell length as

o0

e _ o
I(n,7) = aipit(n) + 7 — 571(1 —-n)—« z:l A;;tme 2r2r/a sin(jn),
j:
while (4.104) supplies the cell velocity as
o
22,2
u(n,7) = (n—§) = > AS™jme T/ cos(jmn). (4.123)

j=1
As for the discrete cell pressures, the terms in the Fourier series in (4.121) decay to zero at

long times and the pressure approaches the quadratic steady state solution. Hence the cell

velocity approaches a linear profile u ~ n — % as 7 — 00. The behaviour of the cell length

at long times is identical to that for the discrete model

I(n,7) ~ aipir(n) + 17 — %n(l —n).
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4.9.1.2 Comparison of discrete and continuum solutions

We simulate the growth of IV cells subject to the following initial conditions

1 1 .
Tinit(n) = n — = cos(mn) — 3 = lina(n+ ﬁ) =1+ sin(m(n + ﬁ))? (4.124)
aim’t(n%-ﬁ) =1, n:(),...,l—%, (4.125)

(80 linit = 1 +sin(mn), ajpmie = 1, n € (0,1) for the continuum approximation) for N = 10—
150. With these initial conditions, all the cells have the same target lengths and are initially
stretched relative to their target lengths—most in the centre of the aggregate (up to double
their target length) and progressively less towards its ends (see Figure 4.3). We use this
initial configuration to compare the dynamics for constant-rate and pressure-dependent
growth and as a test case for our numerical code.

For the given initial cell lengths and target lengths, the initial cell pressure in the contin-
uum case is given by pini = — = sin(mn) (corresponding to pinit(n+ 5% ) = — 1 sin(r(n+5%))
in the discrete case), and we can find the Fourier coefficients in the continuum pressure so-

lution exactly

LU | 1
A;tm — QA (_7 Sin(ﬂn) — 571(1 — n)) sin(jﬂn) dn

(6%
—1-4  ifj=1,
—W if j=2k+1, k€N, (4.126)
0 if j =2k, k €N,

Hence, the continuum cell pressure, length, target length and velocity are given by

1
p= 5”(1 _ TL) _ (é + %) ef7r27-/a s1n 7TTL Z (2k+1)37r367(2k+1) 27/ sm((?k + l)ﬂ'n),

I=1+7—%n(1—n)+ (1+ %) *”/"‘sm(m)

+ Z 2k+1)37r36 (2k+1)*m2r /o sin((2k + 1)mn),

a=1+T,
1 2 >
u=n-—g + (£ + %) e ™ /% cos(mn) + Z 2k+1)37r3e (2k+1)*m?7 /e cos((2k + 1)mn).
k=1

(4.127)

Figure 4.2 shows for N = 20 cells and the chosen initial conditions how the positions
of the cell vertices, x,(7), change over the course of the simulation. Figure 4.3 shows
the evolution of the discrete cell lengths, target lengths, pressures and vertex velocities
(shown by crosses) in spatial coordinates (z,t) along with the numerical solutions of the

continuum model (shown by solid lines) and the analytical solutions of the discrete and
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continuum models (shown by circles and dashed lines respectively). The discrete and con-
tinuum solutions agree very closely throughout the course of the simulation, showing that
the continuum model provides an excellent approximation to the discrete model for N as
small as 20. In addition, the numerical and analytical solutions for the continuum model

are indistinguishable at the scale shown, confirming the accuracy of our numerical scheme.

2
1.5¢ 1
t L 4
0.5 o T i
5 -1 -0.5

9

—

0 0.5 1 1.5

x
Figure 4.2: Evolution of the dimensionless cell vertex positions z, (n =0,...,1)
for constant growth, I' = 1, of an aggregate of N = 20 cells. Initial conditions:
Tinit(n) = n — %COS(WTL) — %, @init(n + ﬁ) =1(Mn=0,...,1— %) Parameter values:

a=14, An=10"3, Ar =10"%

Initially the cell lengths decrease towards the target lengths, most rapidly in the middle
of the aggregate where the cells are most stretched, and the cell pressures decrease towards
zero, while the cell target lengths steadily increase. The relaxation of the cells happens
on a faster time scale than the growth of the cell target lengths, but eventually the target
lengths exceed the cell lengths, and the cells become compressed (p > 0). The cells then
start to relax from compression (their lengths stop decreasing and start to increase). As
time progresses, the cell lengths continue to increase due to the constant increase in the
target lengths and the aggregate expands symmetrically about its centre. The cell pressures
approach the non-uniform steady state values p** o= Tn+55)(1— (n+ 5%)) in cell-
index coordinates (n,7) (so in spatial coordinates the pressure distribution approaches a
fixed magnitude and then spreads as the cells grow as shown in Figure 4.3). Hence the cell
vertex velocities approach an approximately linear profile in  (corresponding to the linear

1

profile 4 = n — 5 in cell index coordinates).
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Figure 4.3: Evolution of the dimensionless cell lengths [, target lengths a, pres-
sures p and vertex velocities u in spatial coordinates (z,t) for the constant growth
in Figure 4.2. Crosses and circles show numerical and analytical solutions of the discrete
model respectively, solid lines and dashed lines show numerical and analytical solutions of
the continuum model respectively (indistinguishable from each other at scale shown).

4.9.1.3 Convergence of the discrete and continuum solutions

We define the error in the continuum approximation as the maximum absolute difference
between the discrete cell lengths and continuum cell length at the cell centres over the
course of the simulation,

B = M Ly 2 (T) = U(n+ 55,7)|. 4.128
: n€{0,....1— 4}, 7€[0,T] ”+2§v() ( 2N ) ( )

It is clear from Figure 4.4(a), which shows how E; varies with the cell number NV, that the

discrete solution converges to the continuum solution as N — oo, the difference between the
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solutions being O(1/N?) as expected (since the gradient of the log-log plot of the analytical
error is —2). Thus, the error in the continuum approximation is small, even for relatively
small cell numbers; for N > 20 the error is less than 0.1%. Figure 4.4(a) also shows that the

numerical solutions for the discrete and continuum models show the expected convergence

behaviour.
107 :
: —eo— Numerically-determined error or
—ae— Exact analytical error )
-0.02¢
107} . 004} !
= f -1
E T -0.06f ; _
v i =2
W <t -0.08} =3
L[ S N Y L N T =4
-0.1r =5
-0.12p v T—
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Figure 4.4: Convergence of the discrete and continuum solutions for constant-
rate growth as the cell number N increases. (a) Convergence of the discrete and
continuum cell lengths in terms of Fj, their maximum absolute difference over the course
of the simulation (see (4.128)). (b) Convergence of the terms in the discrete pressure
solution, Aje_ﬁﬂ/ @ (dashed lines), to the Fourier terms in the continuum pressure solution,
A;tme*jQ’TQT/ @ (solid lines), at 7 =1 (j = 1,...,5). Initial conditions and parameter values
as in Figure 4.2 with a = 3.5 x 1073 N?2.

We can examine the convergence of the discrete solution to the continuum solution in
more detail using the analytical solutions for the cell pressure, (4.115) and (4.121), and the
numerical solution from §4.9.1.2. The terms in the sum in the discrete pressure solution
(4.115) decrease rapidly in magnitude as j increases and approach the terms in the Fourier
series in the continuum pressure solution (4.121) as N — oo (Figure 4.4(b)). Thus, we have
that

N 2 Jm : 1
1 . ) 6N?(1 — cos §) . [Jm(n+ &)
Pty = 2<n+m><1—<n+m>>+;f1ﬁxp <— a@teomgm) )\ g

1 . :
— §n(1 —n)+ ZIA‘;-tme_ﬁ”%/a sin(jmn) =p as N — oo.
‘7:
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4.9.2 Pressure-dependent growth, I' = —p
4.9.2.1 Analytical solution

Discrete model
Combining the ODEs for the cell lengths and cell target lengths, (4.26) and (4.37b), as in
§4.9.1 yields

a d
6N2E (pn—ﬁ +4pn+ﬁ +pn+%>
_ 1 1 1 _ 1
=(1—sn2) ot =201+ 532) Py g, + (1= g32) Pz m =0, 1=,

with pfﬁ:lerﬁ:O'

Seeking a solution of the form Prye = R(Ag (T)eik(’”%)), we obtain
2

_\ B.e—(1H8)7/a; jm(n+ x) 4.129
pn+2}v—j§::l j€ S W ) (4.129)

where the constants B; (j =1,...,N) satisfy

N jm(n + %) 1 1
D Bysin | 5 | =pia(n+5y), n=0,...,1-%, (4.130)
1+

J=1

g —1 .
so that (Bj)j=1,.N = (sin (1\17111)) A N (Pim‘t(ﬁ - ﬁ))zﬁl,--.,l\ﬂ and j3; are given by
(4.114).

4,j=1,...,
The cell target lengths are obtained by integrating the evolution equations

da,, 1
3N 1
dTQN = "Pnyl n=0,...,1-x,
N - 1
. ss a 1481/ o Jﬂ'(n + W)
= Gt =4k +Z 1 +ﬁjBJe 3T/ sin I | (4.131)
j=1 N
where the steady state cell target lengths, aii ., are given by
2N
N . 1
o . [im(n+ %)
a®* 1 = i (n + ox) — Bjsin [ ———= ] . (4.132)
n+ﬁ ing 2N ; 1+ /Bj J 1+ %
From (4.99), the cell lengths are given by
N . 1
88 aﬂj =481/ o Jﬂ(n + N)
ln+ﬁ = an+ﬁ — ]z; mBJC J S1n W . (4133)

As 7 — o0, the terms in the sums in (4.129), (4.131) and (4.133) decay to zero, so that

the cell pressures approach zero and the cell lengths and target lengths converge to the
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non-uniform steady state af;r ., given by (4.132) (which depends on the initial cell target
2N

lengths anic(n + ﬁ))

Continuum approximation
By combining the continuum equations in the same way as for the constant-rate growth,
we find that p satisfies the following reaction-diffusion equation

ap  O%p

a—=—=—p,

or om? 7T
with the boundary and initial conditions (4.119) and (4.120). This has the Fourier series
solution

(o)
p=Y Bgmem Um0/ gin (), (4.134)
j=1

where

1
B]‘?tm = 2/ Pinit(n) sin(jmn) dn.
0

Substituting this into the evolution equation for a and integrating gives

o0
a(n,7) = a*(n) + Z %WBfmef(Hfﬂ)T/a sin(jmn),
=1

where the steady state solution, a®®, is given by

o

ss « ctm -/ -
— .. _ B¢ .
a (TL) aznzt(n) le 1 +j27T2 j sm(ym),
and (4.103) gives
l(n,7) =a**(n) — i 704]'27# ctm o —(1+5%7%)7 /o sin(jmn)
) 1 —i—j27r2 J ’

=1

The long time behaviour of the continuum solution is thus identical to that of the discrete
solution:

l,a—a**(n), p—0 asT — oc.

4.9.2.2 Comparison of discrete and continuum solutions

We simulate the growth of N cells for NV = 10-150 using the same initial conditions as for
the constant-rate growth (equations (4.124)—(4.125)), S0 pinit = —é sin(mn) and the Fourier

coefficients for the continuum solution (4.134) are

o otherwise.

1 1 . .
1 L=
B;tm = —2/ — sin(7n) sin(jmn) dn = {0 o B ’
0
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Thus the continuum cell pressure, target length and length are given by

1 (1+72)7/a

p=——e sin(mn),
1
a=a**(n)— g 26_(1+”2)7/0‘ sin(7n),
T
7T2 1 2
l=a*(n)+ ﬁe_( )T/ gin(n),
7r
where a**(n) =1+ T2 sin(7n).

Figures 4.5 and 4.6 show that for these initial conditions the cells shorten towards their
target lengths—fastest in the middle of the aggregate where they are initially most stretched,
and less rapidly towards its ends—so that the aggregate contracts symmetrically about its
centre. As the cells shorten, their target lengths increase, since the cells are under tension
(p < 0). As the cell and target lengths converge, the cell pressures approach zero and the
growth of the target lengths slows, so that the system approaches the equilibrium

As for the case of constant growth, the discrete and continuum solutions are in good agree-

ment.

4.9.2.3 Convergence of the discrete and continuum solutions

As for the constant-elongation-rate case, the solution of the discrete model converges to that

of the continuum model as N — oo, and the difference between the two solutions for the

iy

0
x

Figure 4.5: Evolution of the cell vertex positions x,, (n =0,...,1) for pressure-

dependent growth, I'=—p_ Lo of an aggregate of N = 20 cells. Initial conditions
2

and parameter values as in Figure 4.2.
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cell length scales like 1/N? (Figure 4.7). The convergence of the discrete to the continuum

solution can also be shown via the analytical and numerical solutions as in §4.9.1.3.

4.9.3 Comparison of constant-rate growth and pressure-dependent growth

A major issue with assuming that the cell target lengths increase at a constant rate, as in
Fozard et al.’s model, is that the cells grow without bound regardless of their initial and
target lengths. Without a model for cell division this is unrealistic (unless we focus on
the continuum model and take the continued growth to represent the macroscopic volume
increase generated by cell growth and division combined). With a constant rate of growth,

the cells never reach equilibrium, because the continual increase in their target lengths

1.08
1.06
1.04
1.02

Figure 4.6: Evolution of the cell lengths [, target lengths a, pressures p and
vertex velocities u for the pressure-dependent growth in Figure 4.5. Markers and
lines show discrete and continuum solutions respectively, as in Figure 4.3.
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Figure 4.7: Convergence of the discrete and continuum solutions for the cell
lengths for pressure-dependent growth as N increases. Ej as defined in (4.128).
Initial conditions and other parameter values as in Figure 4.4.

means that they are always compressed (I, | L <a,, L ). With pressure-dependent growth,
however, the relaxation of cells towards their target lengths is accompanied by a slow
increase (if the cells are under tension, p < 0), or decrease (if the cells are compressed,
p > 0), in the target lengths. The system evolves towards a steady state that depends on
the initial conditions, where the cell pressures are all zero and the cell lengths and target
lengths are equal for each cell but vary between cells. This history-dependence and growth
toward equilibrium mean that a pressure-dependent growth law such as (4.37b) is more

suitable for modelling growth that does not continue indefinitely.

4.9.4 Target-length-, pressure- and nutrient-dependent growth

Having considered growth laws that depend only on the cell variables, we now suppose
that growth depends on the local oxygen concentration according to (4.37¢). In this case it
is not possible to construct exact analytical solutions for the cell model equations, but in
certain limits approximate solutions may be derived (see §4.9.4.6). Hence we now investigate
how the oxygen requirements and mechanosensitivity of the cells affects their growth via
numerical simulations. For this purpose we use parameter values from §4.7 corresponding to
different cell types, such as fast-growing cells with high oxygen uptake rates like hepatocytes

and slower growing cells with lower uptake rates like epithelial cells.

4.9.4.1 Sensitivity of growth to oxygen uptake

We simulate the growth of N = 20 cells using the initial conditions from §§4.9.1-4.9.2 (for
which all the cells are stretched) and the parameter values for hepatocytes stated in Table 4.4
for oxygen uptake fluxes in the range M € [1078,10~°]molm~2s~! (Da € [2.9x 103, 2.9]).
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Figure 4.8(a) shows how the length of the aggregate, L,q4q, evolves for different val-
ues of the uptake flux for the discrete and continuum models, and Figure 4.8(b) shows
how the total change in the aggregate length over the course of the simulation (100 hrs),
ALggg, varies with the uptake flux. Both figures reveal that the discrepancy between the
discrete and continuum models is small for the uptake flux range considered. In all cases,
the aggregate initially shortens as the cells relax from being stretched, and then grows
as the cells elongate towards their maximum target length (Figure 4.8(a)). For uptake
values in the reported range for hepatocytes, M € [9.22 x 1079,2.67 x 10~ "Jmolm—2s~!
(Da € [2.7 x 1073,0.077]), there is little change in the growth of the aggregate as the up-
take increases (Figure 4.8(b)), since the oxygen concentration remains much higher than the
half-maximal uptake concentration, k; = 0.043, (so ¢/(kqg+c¢) ~1ony =0, z € [zg,z1]).
However, for larger uptake fluxes (Da > 1), the rate of uptake exceeds that at which oxygen
is supplied through diffusion, so the concentration around the aggregate is much lower and
the aggregate grows more slowly. Indeed for Da > 1, the aggregate growth decreases more
quickly as the uptake flux increases than for Da < 1, and for Da > 2.4 the aggregate does
not regain its original length after 100 hrs in culture (Figure 4.8(b)).

We can examine the differences in the cell growth for low and high uptake and the

agreement between the discrete and continuum models in more detail by looking at the

2 0.4
—-— Discrete
1.8 0.3} —— Continuum| 4
1.6 — 0.2}
Lagg = ALagg
Da = 0.0029
1.41 \ Da =0.029 |4 01t
Da =0.29
Da = 0.58
1.27 = Da = 0.87 1 ot
Da=14
Da =29
1 n n n n
0 1 2 3 4 5 —0.1O

()

Figure 4.8: Variation in aggregate growth with oxygen uptake for target-length-,
pressure- and oxygen-dependent growth. (a) Evolution of the aggregate length,
Lagg(t) := x1(t) —x0(t), for different uptake fluxes, Da = 2.9x 1073 -2.9 (M =1.0x 1078~
1.0 x 107°molm~2s~1!). Dotted lines correspond to discrete solutions, solid lines corre-
spond to continuum solutions. (b) Variation in the overall aggregate growth, ALgy, =
Lagg(T) — Lagg(0), with the uptake flux. Initial conditions as in Figure 4.2. Parameter
values (corresponding to hepatocytes): N = 20, T" = 5, c12 = 0.027, a = 5, amax = 2,
kg = 0.043, ps = —0.1, p. = 0.1.
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evolution of the cell variables and oxygen concentration along the aggregate over the course
of the simulation. From Figures 4.9 and 4.10, which show the evolution for low oxygen
uptake (Da = 8 x 1073) and very high uptake (Da = 2.9) respectively, we can see that
the differences in the growth are considerable. For both uptake levels, the cells initially
relax towards their target lengths and the target lengths grow only at the ends of the
aggregate where the cell pressures are between ps = —0.1 and p. = 0.1 (p¥ = —2nNum~!,
p: = 2nNum™!) (see Figures 4.9(a)—(c) and 4.10(a)—(c)). Once the cells have relaxed
sufficiently for the cell pressures to fall within the range [ps,p.| over the whole of the
aggregate (by t = 0.4), the cell target lengths in the middle of the aggregate also increase.
For the low uptake rate, ¢ = 1 over the whole of the aggregate (Figure 4.9(e)) throughout
the simulation, so the uptake has little effect on the target length growth. All the target
lengths grow towards a.,nq; = 2, and the target lengths and cell lengths in the middle of the
aggregate approach those at the ends as time progresses. For the high uptake rate, however,
the concentration over the aggregate is very low and constant except at its ends, where it
increases sharply (Figure 4.10(¢e)), and it remains this way as the cells grow. Hence, the
cells in the middle of the aggregate grow very slowly even after their pressures fall within
[ps, Pe], while those at the end of the aggregate grow almost as quickly as with the low
uptake rate (Figure 4.10(b)).

The solutions of the discrete and continuum models agree closely for the low and high
oxygen uptake simulations, the maximum absolute difference in any of the cell variables
in either simulation being approximately 5 x 1073 (in the cell velocity for the low uptake)
and that in the concentration being 1 x 1073 (for the high uptake). The continuum ap-
proximation starts to break down for N < 10, when the maximum difference between the

continuum and discrete cell velocities in the low uptake simulation exceeds 4%.
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Figure 4.9: Evolution of (a) the cell lengths, (b) the cell target lengths, (c) the
cell pressures, (d) the cell velocities, and (e) the oxygen concentration over the
aggregate for the discrete and continuum models for the aggregate growth in
Figure 4.8 with low oxygen uptake. Black dots show the solutions of the discrete model,
coloured surfaces the solutions of the continuum model. Oxygen uptake, Da = 8 x 1073
(M =2.77 x 10" ¥ molm~2s71).
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Figure 4.10: Evolution of the cell variables ((a)—(d)) and the oxygen concen-
tration over the aggregate ((e)) for the discrete and continuum models for the
aggregate growth in Figure 4.8 with high oxygen uptake. Oxygen uptake, Da = 2.9
(M =1.0x10"°molm—2s~").
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4.9.4.2 Impact of limited oxygen supply on growth

As shown in Figure 4.11, the oxygen concentration at the surface of the bath, C* (dimen-
sionally), can have a major effect on the cell growth if the cells have high oxygen demands.
For cells with an uptake flux of M = 2.0 x 10~ molm~2s~! that are initially all stretched
(as in Figure 4.2), the overall aggregate growth AL,4, decreases as the surface concentra-
tion falls. For C* < 0.06 molm™3, after the cells initially relax, the aggregate fails to grow
back to its original length 100 hrs after the start of the simulation (Figure 4.11(b)). The
rate of aggregate growth continues to decrease as the surface concentration decreases, so
that with a 50-fold decrease from C* = 0.23molm™3 to C* = 4.6 x 1073 molm~3 there is
very little growth (Figure 4.11(a)). As for changes in the oxygen uptake in §4.9.4.1, the
solutions of the discrete and continuum models show excellent agreement over the whole

range of surface concentrations.

: : ‘ 0.4
C* = 0.0046 molm™®
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I . . -3 i
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1.6 ] -0.27
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Figure 4.11: Variation in the aggregate growth with the oxygen concentration
at the surface of the nutrient bath. (a) Evolution of the aggregate length Lqg4(t) for
different surface concentrations, C* = 4.6 x 1073 ~0.23 molm—2. Dotted lines show discrete
solutions, solid lines show continuum solutions. (b) Variation in the overall aggregate growth
ALggg with the surface concentration. Initial conditions as in Figure 4.2. Parameter values
(corresponding to hepatocytes): N = 20, Da = 0.13/C* (M* = 2.0 x 107 molm—2s71),
c1p = 6.4 % 1073/C*, a =5, amaz = 2, kg = 0.043, ps = —0.1, p. = 0.1.

4.9.4.3 Sensitivity of growth to half-maximal growth rate concentration k,

In the absence of estimates for the half-maximal growth rate concentration ky, we determine
the sensitivity of the aggregate growth to k, via simulation. The variation in aggregate
growth for 20 hepatocytes with a high uptake rate (Da = 0.58) for k, € [4.3 x 1073,0.43]
(K, € [0.001,0.1] molm~3) is shown in Figure 4.12. Although the aggregate growth appears

qualitatively similar across the range of k, values (Figure 4.12(a)), there is a significant
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decrease in the net growth as k4 increases (Figure 4.12(b)). This is because c(x,0,t) ~ kq
(x € [x0,21]) at higher values of k, for a high uptake rate, so there is a discernible decrease
in the Monod growth rate ¢/(ky + ¢) as k4 increases. We note, however, that k4, has a much

smaller effect on the growth for lower uptake rates.
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Figure 4.12: Variation in the aggregate growth with the half-maximal growth
rate concentration k, for high oxygen uptake flux. (a) Evolution of the aggregate
length L4 for different values of kq. (b) Variation in the overall aggregate growth ALgg,

with k4. Initial conditions: ln+ﬁ =1+ Ssin(n(n + 5%)), Oy L= 1(n=0,....,1— ).

Oxygen uptake, Da = 0.58. Other parameter values as in Figure 4.8.

4.9.4.4 Impact of initial conditions on growth

To investigate the effect that the initial conditions have on the cell growth we simulate the
growth of 20 cells for two choices of the initial set of cell lengths: one in which all the cells

are stretched,
1.
linit(n+ 55) = 1+ 3 sin(m(n + 35))s  Ginit(n+ 55) =1, n=0,...,1— %, (4.135)

and one in which the cells in the left half of the aggregate (0 < n < 1/2) are stretched and
those in the right half (1/2 < n < 1) are compressed,

1.
lim-t(njuﬁ):1+§sm(27r(n+ﬁ)), amit(n+55) =1, n=0,....,1—%. (4.136)

We use the parameter values for epithelial cells from Table 4.4, for which Da = 1.1 x 1073
(M = 3.42 x 107 molm~2s7!). With these parameters, there is very little drop in the
oxygen concentration from the surface of the bath to the aggregate since the uptake flux is

small, so the effect of the oxygen distribution on the cell growth is negligible irrespective
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of the initial conditions. This allows us to isolate the effect of the initial conditions on the
growth.

Figure 4.13 shows the evolution of the cells when all the cells are initially stretched,
while Figure 4.14 shows the evolution when half of the cells are initially stretched and half
are compressed. With the former distribution, all the cell lengths initially decrease towards
the target lengths (Figure 4.13(a)), but with the latter the lengths of the compressed cells
initially increase while those of the stretched cells decrease (Figure 4.14(a)). In both cases
the target lengths of all the cells increase, since all the cell pressures are within the thresholds
for growth, ps = —0.36 and ps = 0.36 (pX = —2nN um ™!, p¥ = 2nN um~!) (Figures 4.13(b)—
(c) and 4.14(b)—(c)). For both distributions, the cell pressures eventually become positive
due to the continual increase in the target lengths.

When all the cells are initially stretched, the cell positions, all the cell variables except
the vertex velocities, and the oxygen concentration are initially symmetric about z = 0
and remain so throughout the simulation. For the half-stretched half-compressed case, the
cell variables and oxygen distribution are initially asymmetric, but evolve to symmetric

distributions over time.

4.9.4.5 Impact of pressure-sensitivity of cells on growth

By varying the maximum stretch and compression thresholds, ps; and p., we can examine
the impact of pressure-sensitivity on the cell growth. Figures 4.15 and 4.16 show simu-
lation results for the same initial distributions as in §4.9.4.4 but with a much narrower
range of pressures over which cells can grow, p € [ps,p.] = [—0.089,0.089] ([p%,p}] =
[—0.5,0.5] nN um~1!), i.e. more mechanosensitive cells.

For both cases the initial cell pressures exceed the stretch and compression thresholds in
parts of the aggregate. When all the cells are initially stretched the cell pressures are below
ps in the middle of the aggregate, so the cells do not initially grow there (Figure 4.15(a)—
(¢)). Only after the cells have relaxed sufficiently towards their target lengths do the cell
pressures fall between ps and p., and the target lengths in the middle of the aggregate start
to increase. With the half-stretched half-compressed initial conditions, the cell pressures are
initially in the range [ps, pc] at the ends of the aggregate and in a narrow strip in the middle
of the aggregate, where the cells transition from being stretched to compressed, so increases
in the cell target lengths are initially restricted to these regions (Figure 4.16(b)—(c)). Once
the cells relax from their initial states of extension and compression, the cell pressures fall

into the range [ps, p.] across the whole aggregate and so all the target lengths increase.
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Figure 4.13: Evolution of the cell variables ((a)—(d)) and the oxygen concentra-
tion ((e)) when all cells are initially stretched. Grid lines in (a)—(d) show approximate
analytical solutions (see §4.9.4.6). Note that scale on t-axis is logarithmic. Initial condi-
tions: ln+ﬁ = 1+ $sin(r(n + 5%)), Oy L = 1 (n=0,...,1—+). Parameter values
(corresponding to epithelial cells): N = 20, Da = 1.1 x 1073, ci/p = 4.8 % 1073, o = 1.4,
tmaz = 2, kg = 0.048, ps = —0.36, pe = 0.36.
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Figure 4.14: Evolution of the cell variables ((a)—(d)) and the oxygen concentra-

tion ((e)) when half of the cells are stretched and half are compressed initially.
. . . e s . - 1 . 1 o

Logarithmic scale on t-axis. Initial conditions: ln-&-ﬁ =14 5sin(27(n + 55)), Uy 1 = 1,

n=20,...,1— % All parameter values as in Figure 4.13.
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Figure 4.15: Evolution of the cell variables ((a)—(d)) and the oxygen concentra-
tion ((e)) for highly pressure-sensitive cells that are all initially stretched. Loga-
rithmic scale on t-axis. Initial conditions as in Figure 4.13. Parameter values: ps = —0.089,
pe = 0.089. All other parameter values as in Figure 4.13.
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Figure 4.16: Evolution of the cell variables ((a)—(d)) and the oxygen concentra-
tion ((e)) for highly pressure-sensitive cells half of which are stretched and half
of which are compressed initially. Logarithmic scale on t-axis. Initial conditions as in
Figure 4.14. All parameter values as in Figure 4.15.
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Delayed growth of cells in the interior of the aggregate leads to less uniform distributions
of cell lengths and target lengths at later times than for less pressure-sensitive cells (cf.
Figures 4.15(a),(b) and 4.16(a),(b) with Figures 4.13(a),(b) and 4.14(a),(b)), but does not
significantly retard net aggregate growth.

The sensitivity of the growth of an aggregate of 20 initially stretched cells to variation in
the excess stretching threshold ps is shown in Figure 4.17. The net change in the aggregate
length over 100 hrs of culture is virtually constant for p; < —0.1 (p! < —0.56nN pm—1)
(Figure 4.17(b)), but decreases rapidly for ps > —0.1 (p¥ > —0.56nN pm~!), such that
for p, > —6 x 1073 the aggregate fails to regain its initial length following the initial cell
relaxation. The rapid decrease in net growth arises because as ps T 0 the proportion of
the aggregate over which the cell pressures are initially below ps increases, and therefore
it takes longer for the system to relax to the state where all the cell pressures exceed ps.
For ps < —0.1, however, the cell pressures are within the thresholds for growth over the
whole aggregate, so further reductions in ps; have no effect on the growth. Our simulations
suggest that ps; can have a large effect on growth; however, experimental data is needed to
determine whether the pressure-dependent growth law used here is physically realistic, and
to estimate the threshold pressures ps and pe.

Although we have only investigated the dependence of the growth on p, for cells that
are initially stretched, varying p. would have a similar effect for cells that are initially
compressed. However, it would be interesting to investigate the effect of asymmetry in

the sensitivity to stretching versus compression (ps # —p.) for a mixture of stretched and
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Figure 4.17: Dependence of aggregate growth on excess stretching threshold,
ps. (a) Evolution of aggregate length, L,g4, for different values of py. (b) Variation in the
overall aggregate growth, ALy, with ps. Initial conditions and parameter values, other
than ps, as per Figure 4.13.
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compressed cells as part of future work, as some cell types will be more sensitive to stretching

than compression or vice versa.

4.9.4.6 Analytical solution for ¢>> k4, ps <p < p.

If the oxygen concentration over the aggregate is much larger than the half-maximal uptake
concentration, ¢ > kg, and the cell pressure is within the threshold values for growth
(ps < p < pc), we can derive an approximate analytical solution of the continuum cell
model. (It is also possible to derive the corresponding analytical solution of the discrete
cell model, but we omit this here for the sake of brevity.) In this limit, ¢/(kg + ¢) ~ 1 and
S(p, ps,pec) = 1, so from (4.55¢) the target length evolves via

e R Upar —a = a(n,T) X amaz — (AGmaz — Ginit(n))e”". (4.137)

Combining equations (4.50), (4.53), (4.103), (4.104) and (4.137) to eliminate u, [ and a, we
obtain )
0 0 _
aa—f = 8—;; + (@maz — ainit(n))e 7, (4.138)
with the initial and boundary conditions
p=0 atn=0,1, (4.139)

P = Dinit(n) at T =0. (4.140)

It is straightforward to show that (4.138)—(4.140) admit a separable solution of the form

p= Z (/ Cj(s)ef’r%/a ds + Dj> eI’/ sin(jmn),
j=1 0

1

1
Cj(r) = 04/0 (@maz — Ginit(n))e” " sin(jmn)dn, D; = 2/0 Pinit(n) sin(jmn) dn.

With the initial conditions and parameter values in Figure 4.13 (for which ¢ > k4, and

ps < p < pc), the approximate analytical solution is

aln,7)~2—e ", (4.141)
p(n, ) ~ —ie_”%/o‘ sin(mn)
. 4 22
+ e — e BRI/ gin(2k + 1)wn),  (4.142
kZ:O (2k + D)7 ((2k + 1)272 — a)( ( ) ( )

In,7)~2—e " — ap. (4.143)

Figure 4.13 shows that this approximate solution is in close agreement with the numerical

solutions for the discrete and continuum cell models.
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4.9.4.7 Convergence of the discrete and continuum solutions

We now turn to the question of whether the solutions of the discrete and continuum cell
models converge as the cell number increases when the cell growth and nutrient transport

are coupled. For the discrete cell variables ¢, 1 =1 1, we define
ntay 2N

i g Bty Pk gl O
the error in the continuum solution, as previously, to be

By = max ¢n+ﬁ(r)—¢(n+w,7)’.

nef0,...,1-+},7€[0,7)

For the cell vertex velocities we define the error in the continuum solution to be

FE, = ’ n — , ‘
ne{o,..%?,xre[o,T] n(7) = u(n,7)

Figure 4.18 shows how the errors in the continuum solutions vary with the cell number N
for simulations in which all the cells are initially stretched as in §4.9.1. For all the variables,
the discrete and continuum solutions converge as N increases, the error decreasing like
1/N? for the cell length and cell velocity, like 1/N* for the cell pressure, and approximately
exponentially for the cell target length. For a given cell number N € [10, 150], the relative
error is largest in the cell velocity. The error in the oxygen concentration is O@(10~%), but
decreases slowly as N increases. This is to be expected, since we do not formally average

the oxygen transport equations.
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Figure 4.18: Convergence of the discrete and continuum solutions for the cell
variables and oxygen concentration as N increases for target-length-, pressure-
and oxygen-dependent growth. E; (¢ = [, a,p,u, c) is the maximum absolute difference
between the discrete and continuum solutions over the course of the simulation. Convergence
of (a) cell lengths, ln—&-ﬁ — I, (b) cell target lengths, U (c) cell pressures,
Poy L = D (d) vertex velocities, u, — u, and (e) average oxygen concentration over each
cell, ¢, Lo Initial conditions as in Figure 4.2. Parameter values (corresponding
to chondrocytes): T = 3, @ = 7.5 X 1073N?, apes = 2, kg = 0.30, ps = —33.3/N2,
pe = 33.3/N? Da = 1.6 x 107IN, ¢ 5 = 0.024.
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4.10 Conclusions

Our main goal in this chapter was to assess the suitability of the discrete-to-continuum cell
modelling framework of Fozard et al. [78] for describing bioreactor cell aggregate growth.
To do this we needed to determine whether the framework could be coupled to a continuum
model for a growth-rate-limiting nutrient while maintaining good agreement between the
discrete and continuum cell models. As a simple trial model, we used a linear-spring cell-
vertex model of a 1D cell aggregate growing along the base of a nutrient bath coupled to
equations for the diffusion and uptake of oxygen in the bath, and derived a continuum
approximation of this model following [78]. We discuss the results obtained with this model
below, but first summarise our findings from comparing the models of Murray et al. and
Fozard et al., and comparing constant-rate and pressure-dependent growth laws that are

independent of the nutrient concentration.

4.10.1 Comparison of Murray et al.’s and Fozard et al.’s models

By deriving the continuum limit of our discrete cell model, we have confirmed that treating
the cells as linear springs with constant target lengths in Fozard et al.’s cell-vertex model
gives rise to the same nonlinear diffusion equation for the cell density as that derived
by Murray et al. [181], from their cell-centre model with a linear spring law for the cell
interaction forces. Further we have shown that Fozard et al.’s and Murray et al.’s derivations
of the continuum limit yield the same diffusion equation for the cell density whenever the
same cell interaction force law is used. Hence we may conclude that cell-vertex and cell-
centre models such as those of Fozard et al. and Murray et al. can be approximated for
large cell numbers by the same continuum limit in 1D. We have also shown that modelling
cell growth by prescribing the evolution of the cell target lengths leads to a source term
9%a

<W> in the diffusion equation for the cell density with an analogous role to the source

term added by Murray et al. [181] to model cell proliferation.

4.10.2 Comparison of constant and pressure-dependent cell growth

Fozard et al. only considered a constant rate of growth of the cell target lengths and assumed
that all of the target lengths were initially the same. As a result, the cells continued to grow
indefinitely without the system ever reaching equilibrium, and there was no spatial variation
in the target lengths during the growth. Since such behaviour is not physically realistic,
we considered an alternative growth law for which the target lengths grow/shrink at rates
proportional to the extension/compression (i.e. pressure) of the cells. We showed that under

such pressure-dependent growth the system evolves to a steady state that depends on the



4.10. Conclusions 166

initial conditions. At this steady state all the cell pressures are zero, and the cell lengths
and target lengths are equal for each cell but may be non-uniform in space. This may be a
more realistic model for cells whose growth and ultimate size depends on their initial size
and extension/compression, and that grow more rapidly when stretched (either cyclically
or under a sustained load), such as various types of muscle cells [198, 220, 264].

While Fozard et al. were only able to derive analytical solutions for their continuum
model in the limits of slow growth and long times, representing the cells as linear springs
and neglecting cell viscosity in our work has allowed us to derive analytical solutions for the
discrete and continuum models for the cases of constant and pressure-dependent growth of
the target lengths. Using these solutions and simulations of the cell growth for given initial
conditions, we have also shown that the solutions of the discrete and continuum models

converge in the limit N — oo for both growth laws.

4.10.3 Coupled cell growth and oxygen transport

The coupling between the cells and the oxygen distribution in our model is two-way: the
growth of the cell target lengths depends on the cells’ local oxygen concentration, and the
oxygen uptake rate is assumed to be proportional to the cell density. Importantly, however,
we have not carried out a formal homogenisation in deriving the continuum approximation
of the discrete cell model coupled to the oxygen transport, and have assumed that we can
use the continuous analogue of the oxygen uptake condition for the discrete model in the
continuum approximation.

The simulation results in §4.9.4 show that excellent agreement between the discrete and
continuum models is maintained when each of them is coupled to the oxygen transport.
Indeed, the discrepancy between the two models decreases as the cell number increases,
being O(1/N?) for the continuum cell length (§4.9.4.7) as for the non-nutrient-dependent
growth (cf. §4.9.1.3 and §4.9.2.3). We therefore conclude that with appropriate coupling
conditions it is possible for the discrete and continuum cell models to be coupled to an
external continuum field without losing agreement between the two approaches.

The cell growth is also assumed to depend on the cell target lengths and pressures. The
growth rate is taken to be proportional to the difference between the current and maximum
target lengths provided the cells are neither too compressed nor too stretched (otherwise
there is no growth). The range of growth behaviours possible with this growth law has
been explored through numerical simulations across a range of parameter values corre-
sponding to cell types with different oxygen demands and pressure-sensitivity. For typical

values of the half-maximal uptake concentration and oxygen concentration at the surface
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of the bath, variation in the oxygen uptake rate over a typical physiological range (10718~
101" mol cell * s71) has little effect on the cell growth. This is due to the Monod growth
rate being approximately constant for concentrations much larger than the half-maximal
uptake rate concentration. However, for uptake rates one or two orders of magnitude larger
the growth rate is significantly slower, due to the reduced oxygen concentration at the ag-
gregate (see §4.9.4.1). The cell growth rate also decreases when the oxygen supply at the
surface of the bath is reduced (§4.9.4.2) and as the half-maximal uptake concentration is
increased (§4.9.4.3), as these lead to a lower oxygen concentration at the aggregate and a
lower Monod growth rate, respectively.

For the chosen growth law (equation (4.22)), the initial distribution of cell lengths and
target lengths affects the initial growth of the cells, e.g. some cells will not grow at first
if they are too stretched or compressed. However, all the target lengths and cell lengths
eventually evolve towards the maximum target length since the system for the cell pressures
is dissipative. This behaviour can be seen in the simulations in §4.9.4.4, where the cells
relax quickly towards their target lengths and then grow more slowly towards the maximum
target length. The same behaviour is observed in §4.9.4.5, except that greater sensitivity
to the cell pressure prevents the most stretched and most compressed cells from growing
initially, so that the non-uniformity in the cell lengths takes longer to dissipate.

The sensitivity of the cells to stretching and compression can also have a significant
effect on the growth rate of an aggregate. If the cells can only tolerate small amounts
of stretching or compression, the aggregate will grow more slowly if all cells are initially
stretched or compressed (see §4.9.4.5). This is because as the range of pressures over which
the cells grow ([ps, pc]) narrows, it takes longer for the pressures to fall within this range
during the initial cell relaxation (unless they relax more rapidly to equilibrium).

In summary, we have shown that it is possible to couple Fozard et al.’s discrete cell model
framework to a continuum model for an external field and still derive a continuum limit
that closely approximates the behaviour of the discrete model, even for moderate numbers
of cells (N = 10). This is the first step toward developing a discrete cell model of cell
aggregate growth in the HFB coupled to continuum models for the fluid flow and nutrient
transport that can be approximated by a fully continuum model. In the next section, we
discuss how the work here can be extended and the steps that are needed to incorporate

the discrete-to-continuum framework into a model of cell growth in the HFB.

4.11 Further work

Several aspects of the modelling framework presented in this chapter merit further investi-

gation. There are also many ways in which the framework could be extended prior to its
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incorporation into a model of fluid flow and advective nutrient transport in the HFB.

The effect of the initial conditions on the cell growth warrants further investigation,
since we have only considered relatively simple initial cell length and cell target length dis-
tributions. It would be interesting to consider more non-uniform initial length distributions
(e.g. corresponding to a greater initial mix of cell ages) and varying initial cell target lengths
(e.g. corresponding to co-culture of different cell types). If the variations in the lengths and
target lengths were large and occurred over short length scales it would be necessary to use
the continuum approximation for heterogeneous cell properties given below.

Another factor that we have not investigated is how the boundary conditions at the ends
of the cell aggregate affect the cell growth. For all simulations we have assumed stress-free
boundary conditions, with no external forces on the ends of the aggregate. This means that
the end cells can move outwards freely as they, and the cells in the aggregate interior, grow.
If a force were applied to one end of the aggregate opposing or preventing this outward
movement, we would expect the cells there first to become compressed and then to move
in the opposite direction as they relaxed from compression. We would test this in future
work and consider other forms of boundary conditions, e.g. time-dependent external forces
representing cyclic mechanical stimulation of the cells.

Constitutive aspects of the model that would benefit greatly from experimental param-
eterisation and validation are the cell interaction force law, the target length growth law,
and the nutrient uptake kinetics. If experimental data were available to fit functional forms
for these three terms in the discrete model for a given cell type and nutrient, we could
derive the corresponding continuum limit and validate the results of the discrete and con-
tinuum models against the experimental data. If there was insufficient data to do this,
we could simulate cell aggregate growth for alternative forms of the interaction force law
(i.e. different functional forms for p = p(l,a)), target length growth (i.e. different forms
for T' = I'(l,a,p, c;y)), and uptake kinetics and examine which gave the best qualitative
comparison to the data available.

In order to incorporate the discrete-to-continuum framework into a model of cell aggre-
gate growth in the HFB, the framework needs to be extended to include cell proliferation,
fluid flow and shear stress dependence in the growth, and to account for heterogeneous cell
properties and multiple cell aggregates. In the following sections we discuss each of these

extensions in more detail.

4.11.1 Heterogeneous cell properties

A clear limitation of the modelling framework we have presented is that the continuum

approximation to the discrete model in (4.49)—(4.53) is only valid if the cell variables and



4.11. Further work 169

parameters vary slowly with respect to the cell index n. In practice cell parameters may
vary substantially between adjacent cells. Experiments with epithelial sheets, for example,
have shown that the drag forces between the cells and the substrate can vary significantly
over short length scales [221]. Cell division is also likely to cause significant local variation
in cell sizes and mechanical properties. Periodic variation in the cell properties is also of
interest for applications involving patterning of different cell types or cell properties on
the substrate (such as liver zonation [56, 246], cell printing [243], and cell patterning via
juxtacrine signalling [190, 191]).

In cases for which the cell parameters and variables are spatially periodic it is possible
to derive the continuum limit of our discrete model following the multiple scales approach
used by Fozard et al. [78] (assuming for the time being that the cell growth does not depend
on the oxygen concentration). We assume that the cell properties are periodic with period
M < N and that the cell pressure and vertex velocities vary over O(N) cells, and use
the scalings from §4.4 to nondimensionalise the discrete system. We denote the continuous
cell label by v (v € [0, 1]), take the cell variables to be functions of the discrete cell index
n € {0,%,...,1} and v (treating n and v as independent variables), and expand equations
(4.26)—(4.30) and (4.37) with respect to v for N > 1. We then seek solutions as asymptotic
expansions in powers of 1/N of the form

oo o0 oo o¢]

=30 a=3 G =30, u=Y ),

i=1 1=1 i=1 i=1

2|~

and impose the periodicity conditions. This gives that the cell pressures and velocities are
independent of n at leading order and the governing equations for the leading order mean
cell length, pressure and velocity are the same as (4.50)—(4.54), but with the parameters
replaced by their average values over a period (except A which is replaced by its harmonic

mean) (see Appendix G), i.e.

01(0) A0

5 7 = 5, 7 (4.144)
ap® (v, 7) = —— (@O (v, 7) — 10 (v, 7)), (4.145)
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p(O)(O,T) — p(O)(LT) =0, (4.148)

where the overline denotes the average value with respect to n over a period of M cells
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(which is independent of n via the periodicity condition) and

M-1

T(0) 1 i i

ro = v S rOm+ 5+ %.v.1),aV(n+ & + 4, u,T),p<0>(y,T);7n+ﬁ). (4.149)
i=0

To extend our current work and that of Fozard et al., we would first test whether solutions
of equations (4.144)—(4.149) agree with those of the discrete model with periodic values
of the cell parameters for choices of I' that depend on the cell variables (e.g. I' = —~p,
I' = va). We would then couple the discrete and continuum cell models to the nutrient
transport model as we have in the present work, and test via simulation whether there is

still good agreement between the two.

4.11.2 Cell division

The most obvious process which is missing from the current model is cell division. Adding
cell division significantly increases the complexity of the model, since when a cell divides the
number of cells (and therefore the number of variables) in the discrete model increases, and
the cells must be relabelled in both the discrete model and the continuum approximation
[78]. Modelling cell division also requires us to prescribe the conditions under which division
occurs and how the daughter cells are placed, and their mechanical state, following division.
As described in §4.6.2.1, Murray et al. chose to make cells divide once they reached a
dimensionless age of 1, having randomly assigned their initial ages in [t4, 1] to introduce
asynchrony into the cell division, and to place the centres of the daughter cells a short
distance on either side of the centre of the dividing mother cell so that the springs connecting
the cells were initially compressed following division. Murray et al. added the appropriate
source term to the cell density diffusion equation to match the net cell proliferation in the

discrete model, so that
ap 1 0 (10dp
@ LI () s ),
ot apg Or \ p? Or
where
In2
1—t,
To gain insight into modelling cell proliferation in this way, we reverse the process of taking

f(p,t) =H(t mod 1 —t¢,) p-

the continuum limit to find the equivalent discrete formulation of our equation for the cell
density with a source term

dp 1 (0 (10p 0%a

— === | 5= — ,b). 4.150
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If we assume the relationship between the cell pressures and the cell lengths is the same
and the force balance on the vertices is the same, so that
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then (4.150) can be rewritten as

Reversing the transformation to spatial coordinates yields

0l ou
= 22241
67— 8?7, f( I T)?
a discrete form of which is
A 1, .
N ek T T S <1N> : (4.151)

where N* is the initial number of cells. Here the vertex velocities u,, are functions of the

cell lengths and target lengths through
1

o (g b a ) =P =P

APy L= Gy 1
and the cell target lengths grow according to

Oa, 1
ntay
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Modelling cell division in the continuum limit through a source term in the cell density
equation is therefore equivalent to treating cell division as a smooth process at the dis-
crete level through which the cell’s density continually increases if the cell is static (as
—%li L f (ﬁ, 7) < 0 since f > 0). Tlili et al. [252] derived essentially the same equa-
tion as (4.151) (equation (34), page 9 in [252]) for the elongation of a cell of length . in
a growing 1D cell aggregate

Alee 1 dLay 1dN uy — o
- oS = — 1) Leetts 4.152
dr (Lagg dr N dr " Lagg . ( )

where N (7) is the total cell number at time 7 normalised with respect to N* (and the other
variables are as previously defined), except that they assumed all the cells were the same
length, leeyy = Lagg/ N , and that the cell number grew exponentially, % = N. The latter
assumption is equivalent to assuming f(p,7) = p, so that (4.151) reduces to

n+ﬁ _ 1

L di
Uu —un—ﬁ

N e Uh l

n+ﬁ‘
Although (4.151) allows for variations between cells, both (4.151) and (4.152) imply that
the growth rate of the length of each cell is the difference between the aggregate growth
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rate (due to the increase in the cell target lengths) and the cell shortening rate representing
cell division.

Clearly, this is not a suitable representation of cell division in the discrete model. How-
ever, it motivates attempting to include cell division in the following way. As before, we
would prescribe the growth of the cell target lengths, but once a cell’s length doubled, we
would split the cell into two daughter cells of equal length and with target lengths half that
of their mother cell. Initially we would try giving the daughter cells the same spring con-
stants and drag constants as the mother cell, but if the resulting jumps in the cell pressures
and vertex velocities at cell division caused difficulty in deriving the continuum approxima-
tion, we would pick the spring constants and drag constants to maintain continuity of either
the cell pressures or vertex velocities or both at division. We would attempt to obtain the
continuum approximation by a formal homogenisation of the discrete system accounting
for the different length and time scales of the various processes involved and any spatial
heterogeneity in the cell parameters. We anticipate that this would yield a similar diffusion
equation for the cell density to (4.150) with a cell-density-dependent source term. However
if our homogenisation attempts proved unsuccessful, we would try adding an appropriate
source term to the cell density equation as in (4.150) to match the overall increase in the
cell number in the discrete model. Having successfully matched the proliferation in the dis-
crete and continuum models, we would investigate the effect of specifying more complicated
conditions for cell division, such as cells not being able to divide if their pressure exceeded
certain thresholds, and determine whether the discrete and continuum models still agreed

under these conditions.

4.11.3 Fluid flow and shear dependence

Following the introduction of cell division into the model, the next step would be to add flow
of the culture medium and shear-stress dependence into the growth and division. Initially
we would consider a simple set-up with an aggregate of cells attached to the base of a narrow
channel through which the culture medium was flowing. The flow through the channel would
be modelled as Stokes flow and the nutrient transport with an advection-diffusion equation.
It is likely that the flow would affect the movement of the cells, and we would incorporate
this by adding a drag force proportional to the relative velocity between the fluid and cells
to the force balance on the cells. The effect of the shear stress on cell division would be
incorporated by making the growth rate (and therefore the time to division) depend on the
shear stress on the cell. As before, the agreement between the discrete and continuum cell

models would be tested via numerical simulation.
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4.11.4 Multiple aggregates and cell death

Using the same set-up, we would extend the model to deal with multiple aggregates by
describing the growth of each aggregate with the continuum approximation if it contained a
sufficiently large number of cells, or the discrete model if it contained a very small number
of cells (N = O(1)). One advantage of the discrete-to-continuum framework in this respect
is that the continuum model closely approximates the discrete model for relatively small
cell numbers (N = O(10)), due to the approximation error being O(1/N?). With multiple
aggregates it would be necessary to give a description for adjacent aggregates moving or
growing to touch other. We would assume that the aggregates moved or grew until the
vertices of the end cells touched each other, at which point the vertices would be replaced
by a single vertex and the external forces on the cell vertices replaced by the new cell
pressures of the end cells. It is likely that the cell pressures would increase locally due to
the end cells becoming compressed as the aggregates collided. The two aggregates would
thereafter be treated as one larger aggregate. Simulations of this hybrid discrete-continuum
cell model would be compared with simulations of the fully discrete cell model to check that
the approximation was accurate.

Modelling multiple aggregates in this way would allow us to introduce cell death into the
model. Cells would be assumed to die and become detached from the membrane in response
to insufficient nutrient levels or high shear stresses. This would be described by the removal
of the cell and the forces exerted on its end vertices, so that the aggregate containing the cell
would be split into two smaller aggregates. The discrete model or continuum approximation
would subsequently be used for the smaller aggregates according to the number of cells they
contained. Simulations of the hybrid cell model would again be compared against those of
the fully discrete model to verify accuracy.

Modelling multiple aggregates and cell death as described would constitute an adaptive
hybrid discrete-continuum model of the set-up, since there would be switches between using
the discrete and continuum descriptions at different times depending on the number of cells

in an aggregate and the splitting and merging of aggregates.

4.11.5 Modelling cell growth in the HFB set-up

The final step needed to use the discrete-to-continuum framework to describe cell growth in
the HFB would be to incorporate the hybrid cell model into the 2D HFB set-up of Chapter
3. This would require careful consideration of how the cells and the flow interact, since
there would be flow incident on the cells through the membrane as well as over the top
of them in the ECS. We would need to consider how the forces on the cells from the flow

through the membrane affected their lateral movement and growth. We would model the
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feedback effect of the cell growth on the flow and the nutrient transport in the same way
as in Chapter 3, through decreases/increases in the permeability of the membrane surface
and nutrient uptake as the cell aggregates grew/shrunk.

Simulating cell growth and proliferation in the HFB using this model with similar de-
pendence on the nutrient concentration and shear stress as in the aggregate growth model
in Chapter 3 would allow us to further assess the validity of that model as an approximation

of a cell-based model.

4.11.6 Extension to higher dimensions

To use the discrete-to-continuum framework to model growth in higher dimensions, e.g. the
growth of cell aggregates over the fibre surface in the HFB in 3D, it is necessary to extend
the existing analysis to 2D and 3D. A significant challenge in doing this is that in 2D and
3D the neighbours of a cell are not fixed, but can change over time due to cell movement,
growth and division.

Murray [180] showed that it is possible to derive the continuum limit of the 2D analogue
of his linear-spring cell-centre model but only by making various simplifying assumptions,
such as the neighbours of a cell being distributed at approximately equal angles about
the cell and the cell connectivity tensor being locally constant. Murray obtained good
agreement between the continuum limit and the cell-based model for the relaxation of cells
to equilibrium in periodic rectangular and radially symmetric geometries and demonstrated
that the framework was robust to the inclusion of cell division via a source term in the cell
density equation as in the 1D case.

Deriving the continuum limit of the 2D analogue of our cell-vertex model is consider-
ably more complicated, however, not least because it is necessary to account for changes
in cell connectivity. Fozard et al. [78] reported that in a preliminary investigation of a 2D
version of their model, cells adopted significantly different shapes in the interior and at the
exterior of an aggregate, and suggested that it may be necessary to develop a hybrid model
with a discrete model at the exterior matched to a continuum approximation in the interior
to capture this effect (such as in the work of Kim et al. [127]). This provides further mo-

tivation for first developing a 1D hybrid discrete-continuum cell model as we have described.



Chapter 5

Discussion

Mathematical modelling can aid significant improvements in bioreactor design and operation
by providing insight into the effects of changes in design and operating parameters on tissue
growth. In this thesis, we have focussed on modelling cell expansion in the single-fibre
hollow fibre bioreactor (HFB) shown in Figure 5.1. As discussed in Chapter 1, HFBs show
great promise for efficient and controlled cell expansion and scaling-up laboratory tissue
engineering experiments for clinical application. However, most existing models of cell
culture in HFBs either completely neglect cell proliferation or consider shorter timescales
than those associated with cell proliferation (e.g. those of transport processes), over which
the cell population can be assumed to be in quasi-steady state (see §1.2.5). Consequently,
there is a lack of knowledge about the feedback effects of cell proliferation, i.e. how it affects
fluid and solute transport in the bioreactor, and how this in turn affects proliferation. The
effects of mechanotransduction, for example due to fluid shear stress exerted on cells, in the
HFB, which can be both positive and negative for cell proliferation, and the impact of the
cell seeding distribution on proliferation have also generally been ignored in most previous
studies. Thus, the first aim of this thesis has been to develop models of cell expansion in
HFBs that account for the influence of fluid shear stress and cell seeding on cell proliferation,

and the feedback effects of cell proliferation on fluid and nutrient transport.
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Figure 5.1: The single-fibre hollow fibre bioreactor modelled in this thesis.
Adapted from [231].
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As described in §1.2, the approaches taken to model cell culture in HFBs and other
bioreactors have for the most part been based around standard continuum models of fluid
and nutrient transport and tissue growth, and have not attempted to derive macroscale
descriptions of cell dynamics from discrete representations of cells. During the initial stages
of cell culture, it may be more appropriate to use a discrete description of the cell population
rather than a continuum description, especially if the cell density is low. However, once the
cell population becomes large it may be necessary to use a continuum description to ensure
that the computational cost of simulations remains reasonable. It is also desirable to be able
to couple discrete and continuum cell models to continuum models of nutrient transport and
uptake in a consistent way. The second aim of this thesis has therefore been to consider an
alternative framework for modelling coupled cell population growth and nutrient transport

that enables individual cell dynamics to be incorporated into a continuum description.

5.1 Summary of key results

In this thesis we have developed continuum models of different stages of cell population
expansion in the single-fibre HFB, and investigated the suitability of a hybrid discrete-
continuum framework for modelling cell aggregate growth in the HFB. We have used the
models to explore the range of growth behaviours possible for each system with changes
in operating conditions, initial cell distribution and cell type. We have predicted how the
growth of the cell population varies in response to changes in key operating parameters,
such as the lumen inlet flow rate and outlet pressure, and the cell seeding distribution.
In addition, we have been able to predict optimal conditions for maximising the yield of
cell types with different oxygen requirements and shear stress tolerances. For instance, cell
types with high oxygen demands but relatively low shear tolerance, such as hepatocytes and
cardiomyocytes, require high rates of oxygen delivery with controlled levels of shear stress,
so high inlet flow rates and intermediate outlet pressures are predicted to be optimal.
Other cell types, such as chondrocytes, benefit from exposure to higher levels of shear
stress, and our models suggest they are better suited by high inlet flow rates and high
outlet pressures. To predict the growth of different cell types it has been necessary to
make various constitutive assumptions about how cells grow and proliferate in response to
chemical and physical stimuli, but the models we have developed are flexible and readily
allow different assumptions to be incorporated. Below we summarise each of the models

and the key results they have generated.
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5.1.1 Cell layer growth model

In Chapter 2, we presented a 3D axisymmetric continuum model for the growth of a cell layer
on the surface of the fibre in the HFB. This work significantly extended Shipley and Waters’
description of fluid and solute transport in the HFB [231] to include cell proliferation and
death, which were represented by the evolution of the cell layer free boundary in response
to the local oxygen and lactate concentrations and fluid shear stress. The model was shown
to be equivalent to a two-phase free boundary model of tissue growth (of the sort commonly
used to describe tumour growth [25]), in which the cells and culture medium are treated
as separate fluid phases with constant volume fractions. Via numerical simulations of the
model we investigated the impact of opening the ECS ports and varying the lumen inlet
flow rate and outlet pressure on the cell layer growth.

The simulations indicated that opening the ECS ports and increasing the flow rate and
outlet pressure increased oxygen delivery to, and lactate clearance from, the cell layer, by
increasing the radial flow through the membrane. This promoted growth—more so for cells
with high oxygen demands—provided the cells could tolerate the increased shear stress due
to the greater radial flow. Using the model we were able to identify lumen inlet flow rates
and outlet pressures that maximised the yield of specific cell types over a culture period
of 60 days, and found that a lower outlet pressure was required to optimise the growth
of shear-sensitive cells. We also observed that variation in the cell layer depth along the
fibre (which could arise, for example, from a non-uniform initial seeding distribution) could
lead to significant reductions in growth for shear-sensitive cells when the ECS ports were
open. Thus, while the simulation results suggested that it is better to culture cells with
high oxygen demands, such as cardiomyocytes and hepatocytes, with the ECS ports open,
it may be safer to culture highly shear-sensitive cells with lower oxygen demands, such as
human foreskin fibroblasts, with the ECS ports closed, to avoid the risk of damaging the

cells.

5.1.2 Cell aggregate growth model

In Chapter 3, we considered a different set-up, applicable to the initial stages of cell culture,
with the upstream ECS port closed, the downstream port open and cells attached to the
fibre surface in monolayer aggregates. One of the motivations for considering this set-up
is that cells on the membrane surface are less likely to be damaged by high shear stresses
than if both ECS ports are open, due to the weaker radial flow through the membrane,
but oxygen delivery is still enhanced over both ports being closed. Rather than considering
both axial and radial growth of the cell population as in Chapter 2, we focussed on axial

expansion of the cell aggregates. The model was used to investigate the influence on the cell
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aggregate growth of the inlet flow rate, outlet pressure and initial aggregate distribution,
through their effects on the oxygen levels and shear stress experienced by the cells.

As well as assuming that the cell proliferation rate increases with oxygen concentration
and cell death occurs at high shear stresses, as in Chapter 2, we modelled an increase in
proliferation rate at intermediate shear stresses due to shear stimulation and cell death at
low oxygen concentrations due to hypoxia. Initially we considered a simple distribution
of evenly-spaced aggregates, to help isolate the effects of oxygen and shear stress on the
aggregate growth. We observed that while the advective oxygen flux through the membrane
and shear stress on the aggregates increased as either the flow rate or outlet pressure were
increased, they were much more sensitive to changes in the outlet pressure than in the flow
rate over typical ranges used in experiments. Accordingly, the time taken for aggregates
of shear-tolerant cells to reach confluence was found to decrease significantly as the outlet
pressure was increased, but only marginally as the flow rate was increased, for growth that
depended either solely on the oxygen concentration or solely on the shear stress (due to
improved oxygen delivery and shear stimulation respectively).

Model simulations revealed that shear-sensitive cells, however, did not grow to confluence
at high outlet pressures. By performing additional simulations we were able to identify
operating conditions and initial aggregate distributions for which oxygen delivery to the
cells was enhanced without them being exposed to damaging levels of shear stress. In
the alternative distributions we considered, the aggregates were concentrated towards the
inlet end of the membrane, spaced evenly along the membrane, or concentrated towards
the outlet end. The optimal conditions for growth were found to depend strongly on the
oxygen requirements and shear tolerance of the cell type being cultured. For example, using
high flow rates and high outlet pressures, and seeding aggregates towards the outlet end
of the membrane, gave the greatest cell yields for cell types with high oxygen demands
and high shear tolerance; while low flow rates, intermediate outlet pressures, and uniform
cell distributions gave the greatest yields for cells with low oxygen demands and low shear
tolerance. The differences observed with different cell types highlight the importance of
measuring the oxygen requirements and shear tolerance of the cells prior to culture, and

having control over the initial cell distribution, for maximising the cell yield.

5.1.3 Discrete-to-continuum modelling of aggregate growth

Finally, in Chapter 4, we assessed the suitability of an alternative framework for modelling
cell aggregate growth in the HFB based on the discrete-to-continuum cell modelling frame-
works of Fozard et al. [78] and Murray et al. [181]. These frameworks are potentially very

useful for describing cell aggregate growth in the HFB, as they provide consistent discrete
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and continuum representations of cell aggregate growth that can be used for low and high
cell density regions respectively. However, they lack a description of how the extracellular
environment affects the behaviour of the cells, in particular, of how external nutrient supply
affects their growth. We therefore extended Fozard et al.’s cell-vertex framework by coupling
it to a continuum model of nutrient transport and uptake. We considered a simple static
culture set-up, with a 1D aggregate of discrete cells absorbing nutrient and growing along
the base of a 2D nutrient bath. The cells were represented as linear springs whose resting
lengths grew in response to the local nutrient concentration and extension/compression of
the cells. Following Fozard et al.’s approach, we derived a continuum approximation of the
model in the limit of large cell number.

The main objective of this work was to determine if the discrete cell model and con-
tinuum approximation still agreed closely when coupled to the nutrient transport model.
This was not necessarily guaranteed as the nutrient transport equations were not formally
homogenised in deriving the continuum limit. We confirmed via numerical simulations that
the discrete and continuum models did continue to agree closely (and to converge as the
cell number increased) with coupling to the nutrient transport. We also investigated the
possible model behaviours associated with different growth laws, and observed that the
oxygen demands, oxygen supply and mechanosensitivity of the cells could all significantly
impact the overall growth of the aggregate.

In deriving the continuum limit of the discrete cell model, we showed that the continuum
limits of Murray et al.’s cell-centre model and Fozard et al.’s cell-vertex model are the same
in 1D (i.e. they give the same nonlinear diffusion equation for the cell density), provided
the cell interaction force (or cell ‘pressure’) in each model is the same. This is unlikely to
be the case in higher dimensions, however, due to the differences in the way cells rearrange
through movement, growth and division in 2D and 3D cell-centre and cell-vertex models.
In 2D and 3D cell-centre models, contacts between cells change as the distances between
their centres change, but in 2D and 3D cell-vertex models, cell contacts change with the
formation of new cell edges and removal of existing cell edges. This can result in significant
differences in model behaviour [196, 267], and could plausibly, therefore, lead to quite
different continuum limits. Deriving continuum limits of 2D and 3D cell-centre and cell-
vertex models corresponding to the 1D models of Murray et al. and Fozard et al., and
investigating how they differ, would be an interesting subject for future research.

In Chapter 4 we also showed that the cell aggregate growth law used in Chapter 3 is
equivalent to the continuum limit of our cell-vertex model with incompressible cells. This
was true either with cell growth included in the cell-vertex model via a suitable growth

law for the cell resting lengths, or with cell proliferation included in the continuum limit
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via a source term in the diffusion equation for the cell density. In the latter case this
was as expected, since the growth law in Chapter 3 treated the cells in the aggregates as
incompressible, by assuming that they instantaneously push each other outwards along the

membrane upon division.

5.2 Further work

In developing each of the models in this thesis, we have stated the assumptions made
regarding parameter values and constitutive laws for which there is a lack of experimental
data. We have also discussed experiments that could be performed to determine unknown
parameter values and validate our model predictions. In addition to the further work already
discussed (see §§2.10, 3.8 and 4.11), we now consider other extensions and improvements to
the models we have presented.

In the HFB models in Chapters 2 and 3, we assumed that the fibre membrane could
be treated as a homogeneous porous medium with a constant permeability. We used a
value for the permeability determined from experimental measurements of the retentate and
permeate masses as described in Appendix A. However, the membrane permeability does in
fact vary to some degree between different fibres and within each fibre due to the nature of
the fabrication process. Given that the membrane permeability is a key determinant of the
flow through the bioreactor, it would therefore be useful to determine the sensitivity of the
cell layer and cell aggregate growth to this variation. This could be achieved by simulating
the growth with different values of the averaged membrane permeability and with different
functions of space for the permeability. If the predicted growth was found to be sensitive
to these parameters, experiments similar to those in Appendix A could be performed to
quantify the variation in the permeability between different fibres and within individual
fibres, to determine if it was likely to significantly affect the growth.

Other information that would aid the parameterisation and validation of the cell ag-
gregate growth model includes better characterisation of the cells being cultured (i.e. their
oxygen requirements, shear tolerances and proliferation rates); measurements of the seed-
ing efficiency and typical cell distributions following seeding; and measurements of the cell
density and distribution through time for different cell types. This data would provide us
with more realistic inputs for the model and measurements against which to test the growth
rates predicted.

A key assumption in the cell layer and aggregate growth models is that the cell density
remains constant as the layer and aggregates grow. This could be tested by measuring
the cell density at various stages of the cell culture process by staining the cell nuclei in

the layer/aggregates. Significant variation in the cell density in the cell layer could be
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incorporated into the model by treating the layer as a three-phase mixture of cells, fluid
and ECM, with mass transfer between the phases to account for cell proliferation and ECM
deposition (as in [204, 205] but with a varying ECM fraction). Variation in the cell density in
the aggregates could be accounted for by allowing the indicator function for the aggregates
to vary continuously with position in each aggregate, rather than just being constant inside
each aggregate.

The accuracy of the cell layer model could be improved by relaxing the assumptions
that the cell layer, fluid flow and solute distributions are symmetric about the lumen axis,
since azimuthal variation in the cell layer depth and the asymmetric positions of the ECS
ports will introduce some asymmetry into the flow and solute transport. However, solving
the coupled flow, solute transport and cell layer growth equations for the full bioreactor
geometry (with the ECS ports at opposite ends of the ECS on either side of the bioreactor)
and azimuthal variation in the cell layer depth would require computationally expensive
numerical methods. This is also true of extending the cell aggregate growth model to three
dimensions to account for flow asymmetry and variation in the aggregate distribution over
the full fibre surface. Nevertheless, this would provide useful information on the validity of
the simplified 2D model we have presented and allow a more detailed investigation of the
relationships between the aggregate distribution, flow and growth. It would also enable the
cell aggregate growth and cell layer growth to be modelled with the same flow regime (e.g.
with both ECS ports open or only the downstream port open), to compare how the optimal
conditions for growth differ between the two.

There are a number of other extensions to the HFB growth models that could be inves-
tigated. We have focussed on the effects of changes in the inlet flow rate and outlet pressure
on cell population expansion, but we could also consider the impact of varying the inlet
nutrient concentration or the flow configuration. For instance, we could consider the effect
of imposing a flow through the ECS in the same or the opposite direction to the lumen
flow (as in [204, 205]), and compare the resulting growth behaviour with that for the flow
configurations we have considered. We have also restricted our attention to the transport of
oxygen, since it is considered to be the rate-limiting nutrient for cell proliferation. However,
it would be straightforward to include the transport of other key nutrients, such as glucose
and proteins, in the models via the addition of extra reaction-advection-diffusion equations
(as in [235]).

Another simple extension would be to consider variation in the operating conditions with
time. Given the non-uniformity of the oxygen and shear stress distributions in the bioreactor
observed in the models in Chapters 2 and 3, and the changes in these distributions as the cell

population grows, greater cell yields could potentially be obtained by varying the operating
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conditions over the course of the culture period. Indeed, much higher outlet pressures were
required to achieve the same shear stresses on cells at the surface of the cell layer (Chapter
2) as on cell aggregates on the fibre surface (Chapter 3), due to the decrease in the shear
stress with distance from the fibre surface. Proliferation of cells over the fibre surface and
then outwards into the ECS will in general lead to increased resistance to fluid flow through
the ECS and greater oxygen uptake, and hence reductions in the oxygen concentration and
shear stress experienced by the cells. Therefore, to sustain the cell proliferation rate it may
be necessary to increase one or all of the outlet pressure, flow rate and inlet concentration
with time to maintain oxygen and shear stress levels. We could test this straightforwardly
in the cell layer and cell aggregate growth models by simulating the growth with operating
conditions as prescribed functions of time (e.g. the outlet pressure increasing linearly with
time).

It would be useful to compare our results with those obtained for different HFB set-
ups (such as those in [2, 55, 177, 204, 205, 231, 280]) and other similar perfusion systems
[41, 46, 272, 288] to determine whether they differ and whether alternative set-ups could
yield further improvements in growth for specific cell types. As our primary interest has
been in the use of HFBs to expand cell populations, we have concentrated on predicting
the conditions that maximise the growth of monocultures, and not considered co-culturing
multiple cell types or cell differentiation. Alternative goals, such as achieving non-uniform
cell distributions (appropriate to liver zonation [56]) or specific proportions of different cell
types in the culture of multiple cell populations [203], could nonetheless be investigated
with our models.

The further work necessary to incorporate the discrete-to-continuum modelling frame-
work of Chapter 4 into a model of cell aggregate growth in the HFB was discussed in detail
in §4.11. Here, therefore, we simply note that the most important step needed to apply
this framework to cell growth and proliferation in the HFB would be to parameterise and
validate the laws used to describe cell-cell interactions, growth and proliferation. In ad-
dition to the discrete-to-continuum approach we have considered, it would be instructive
to investigate other modelling approaches, such as hybrid cellular automata [39, 42, 180]
with stochastic rules for cell movement and proliferation, to compare their suitability for
modelling cell population growth in the HFB.

In conclusion, there are numerous avenues for further research based on the work pre-
sented in this thesis. However, the models we have developed have already provided insight
into the effects of operating conditions and seeding strategies on cell population growth in

HFBs. In addition, the models have been used to predict optimal conditions for growth
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that can be tested experimentally, and will aid future improvements in the protocols used

to expand cell lines in HFBs.



Appendix A

Determination of membrane
permeability

To determine the flow through the HFB in the cell layer and cell aggregate growth models
in Chapters 2 and 3 an estimate of the membrane permeability k,, is required. Here we

describe how this is determined.

A.1 Theory

The membrane permeability may be estimated using the model of fluid transport in the
HFB with the ECS port open presented in §2.4.1 and §2.6.1 combined with experimental
data for Qout, Qeout and P, for the set-up without any cells. Equations (2.64), (2.93)

and (2.102) give the dimensional lumen outlet flow rate as

U > . (A1)

A 1
_ 2 _ A 1
Ql,out = 27TR[ UQl,out = cosh \ (Ql,'m 3 -Pl,outA sinh A

If we know Q; oyt and Qe out, then the lumen inlet flow rate is given by Q; in = Qi out + Qe out
and the lumen flow velocity scale is given by U = @,/ (27 R?). Hence, rearranging (A.1)
and substituting for @ ;, and U gives an implicit equation for A in terms of Q; out, Qe out
and ]-:’l,out

16Q1 out cosh A + (Qpout + Qe,f)ut)(pl,out)\ sinh A — 16) = 0. (A.2)

Solving (A.2) numerically by the Newton-Raphson method (with an initial guess for A of
0.2) yields a unique positive value for A, and from (2.90) with R.(z,t) = R, (since there is

no cell layer) we have
16
N= (A.3)

a )
Km In Ry,

so we can estimate the permeability by

d* 23\’ R,

k=
T R 16

(A4)
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A.2 Experiment

PLGA-PVA hollow fibres were fabricated from a dope of 1:3:16 PVA:PLGA:NMP
(N-Methyl-2-pyrrolidone) by electrospinning, as described in [70] and [268]. This process
essentially involves pumping the dope solution through the outer bore of a spinneret ver-
tically downwards into a water bath, with a fast jet of deionised water (the non-solvent)
flowing down the middle from an inner needle to form the lumen. The water in the tank
and jet causes the PLGA-PVA to polymerise to form a long hollow cylindrical fibre with
a porous membrane. The diameter of the lumen and membrane depth can be altered by
changing the width of the needle and the flow rates of the polymer solution and jet, while
other properties of the membrane such as the pore size and its hydrophilicity change with
the proportion of PVA in the dope [174], the size of the air gap above the water bath and
temperature [70]. The fibres used here had a mean pore diameter of 1.1 um, a porosity
of 0.77 [174], a lumen diameter of 400 pm and a membrane depth of 200 um [233]. After
fabrication the fibres were left in distilled water for 2 days to ensure that any remaining
solvent diffused out of the membrane, and then left to dry.

To set up the single-fibre module, a length of dried fibre was inserted into the glass
module and glued in place using Araldite epoxy resin. The ends of the fibre protruding
from the glass module were then carefully cut off with a scalpel (without crushing the
membrane). The membrane was wetted by pumping 70% ethanol through the lumen and
gradually increasing the pressure at the lumen outlet (by screwing up the clamp on the
rubber outflow tube a bit at a time) until ethanol beads appeared on the membrane surface
from the ethanol permeating the membrane. After 15 minutes, the feed was switched to
phosphate buffered saline (PBS) and left for a further 15 minutes to wash out the ethanol.
Readings of the lumen outlet pressure were then taken with a pressure gauge accurate to
40.1 psi, and the retentate and permeate mass measured with scales accurate to +0.005 g,

every 5 minutes for 30 minutes.

A.3 Results

Table A.1 shows the readings obtained for the lumen outlet pressure and retentate and
permeate masses from the experimental procedure described above. These values have

been converted into the dimensionless lumen outlet pressure and lumen and ECS outlet
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flow rates using the following formulae

Brout = iLf (P Patm) (A.5)
lout — MU c\4L 'l out atm ) .
M Ret A
Ql,out PTint ) ( )
Mperm
Qe,out met ) (1& )

where the values of the parameters are as given in Table 2.1, f. = 6894.76 is the conversion
factor for pressure from psi to Pa [68], mpe and mpe,, are the retentate and permeate
masses collected in each time interval T;,; = 300s. The membrane permeability has been
calculated for each set of readings in the final column by the method outlined above. Taking
the mean of these values as the membrane permeability gives k,, = 2.39 x 1071m?. This

estimate is used in both Chapter 2 and Chapter 3.

t Gauge P, out| Retentate| Permeate | Q7 ous Qe,out km,
(mins)| pressure, mass, mass, (1078 m3s™ )| (1078 m3s~1)| (10716 m?)
F)l,out_Patm M Ret (g> Mmperm
(psi) (g)
0 4.2 - - - - - -
5 4.1 104.5| 6.219 1.936 2.073 0.645 2.366
10 4.1 102.6| 6.343 1.963 2.114 0.654 2.396
15 4.0 101.5] 6.258 1.934 2.086 0.645 2.419
20 4.1 102.6| 6.278 2.033 2.093 0.678 2.483
25 4.2 106.2| 6.204 2.023 2.068 0.674 2.417
30 4.6 116.1| 6.180 2.061 2.060 0.687 2.260

Table A.1: Readings for the lumen outlet pressure ]3170“75 and lumen and ECS

outlet flow rates, @ o, and Q. out, used to estimate the membrane permeability
k-




Appendix B

Estimation of parameter values

In this appendix we explain how we estimate the growth and seeding parameters for the

cell layer and cell aggregate growth models in Chapters 2 and 3.

B.1 Cell layer growth model

B.1.1 Growth rate

We estimate the growth rate of the cell layer per unit concentration, A, for different cell
types from their cell doubling times (see Table B.1). As we have assumed that only the
outermost layer of cells in the cell region proliferates, we can assume that in the absence of
cell death the depth of the cell region will increase by approximately one cell diameter d.j;

in the cell doubling time T, so that

d
Ay~ C:;d'
Estimates for A, for different cell types are given in Table B.1. For simplicity we assume
that the baseline recession rate of the cell layer due to cell death and detachment from
excess lactate or shear stress, By, is the same as the rate at which the cell layer grows
due to cell proliferation, A,Cj,, and the dimensionless weights for the excess lactate and
shear stress recession rates, By, and Bs, are both 1, so that 8, = BrBg/(A4,Cin) = 1,
Bs = BsBy/(AyCin) = 1, and Br s = BLBsBy/(ApCin) = 1.

B.1.2 Concentration thresholds

For the minimum oxygen concentration required for cell proliferation, Ch,;,, we use data
for minimum culture requirements for different cell types from [231] (see Table B.2). Ex-
perimental data for the concentration at which lactate becomes toxic to the cells, L,qz, is
more limited. It has been estimated that a lactic acid concentration of around 0.4 molm™3

is harmful to growing cells in a buffered cultured medium, assuming that growing cells can
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Cell type dcell (Hm) Ty (hrs) Ap = dcell/(Cian) Reference
(umhr~! (molm=3)~1)

Neonatal  rat | 10 20 2.3 [250]

cardiomyocytes

Primary  rat | 10 20 2.3 [55, 187]

hepatocytes

Bovine 10 56 1.8 [85, 272]

chondrocytes

HFFs 40 17 12.1 [129]

Table B.1: Cell doubling time 7,; and estimated cell layer growth rate per unit
oxygen concentration A, for different cell types.

tolerate a pH change of up to £0.5 [272]. Lactate is produced by the dissociation of lactic
acid in equimolar ratios, which suggests Ly,qz; ~ 0.4molm™3. We use this value for L.z
for all cell types in our simulations, but also separately investigate the sensitivity of the cell

layer growth to L.,aq-

Cell type Crnin (molm=3) Cmin = Cmin/Cin | Reference
Neonatal — rat | 6 x 1073-8 x 102 0.027-0.36 [29, 215]
cardiomyocytes

Primary  rat | 2.1 x 1072 0.095 [47, 246]
hepatocytes

Pancreatic 1.46 x 1072 0.066 [241, 260]
BTC3 cells

Bovine chon- | 2.2x1073-1.32x1072 | 0.01-0.06 [76]
drocytes

Human  fore- | 2.1 x 1072 0.095 [129]
skin fibroblasts

(HFFs)

Table B.2: Dimensional and dimensionless minimum oxygen concentration re-
quired for cell proliferation, C,,;, and ¢y, for various cell types. (Adapted from
[231].)

B.1.3 Shear stress parameters

To estimate the dimensionless shear stress constant, ks = 8k./(R;d), we need to estimate
the size of the interstitial spaces in the cell layer d. Using equation (2.82) and our estimate
for k. from §2.5.1 (7.5 x 1073 m?) gives d =~ \/k./C = 3.4 x 107°m, so rs ~ 8.9 x 1074,
The maximum shear stress that the cells can withstand without dying or detaching from
the surface of the cell layer, ¥4, depends to a large extent on the cell type. Table B.3 lists
the effects of different shear stress regimes on the growth of various cell types. While bovine

chondrocytes grow well under shear stresses of up to 2Pa [240], rat cardimyocytes can be
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damaged or killed by shear stresses higher than 0.16 Pa. The data also suggests that the
shear stress that cells can withstand decreases (from order 1 Pa to order 0.1 Pa and smaller)
as the length of time that they are exposed to it increases. Studies with human foreskin
fibroblasts (HFFs) and mouse osteoblasts in micro-channel bioreactors have shown that cell
detachment can occur at shear stresses as low as 0.03 Pa [129, 142]. To incorporate the
possibility of thinning of the cell layer due to cell detachment, we use values of ¥4 in the
range 0.03-2 Pa that are appropriate to the cell types we consider. The corresponding range
of the dimensionless shear stress o4 is 4 x 10743 x 1072. The smoothing factors sy, and s
for the lactate and shear-stress dependence in the growth function G (equation (2.80)), i.e.
in Fer, — lnaz) = 3[1 + tanh(sg (e — lmas))] and F(oq — o) = 3[1 + tanh(ss(oq — 0))], are

chosen as 10 and 10° respectively.

Cell type Bioreactor Shear stress thresh- | Effect Reference
type old
Neonatal rat car- | parallel micro- | > 0.16 Pa cell damage and | [215]
diomyocytes channel array death
Rat hepatocytes | micro-channel | 0.1-1Pa for 12hrs | no adverse effect | [285]
flat plate
Pancreatic B-cells | dammed 0.1-1.4Pa for 24— | impaired [223]
micro-channel | 48 hrs metabolic  func-
tion at highest
shear stresses
Bovine chondro- | cone viscome- | 1.6-2.2Pa for 72hrs | increased gly- | [240]
cytes ter cosaminoglycan
(GAG) synthesis
Endothelial cells | 2D parallel | 2.3 Pa for 1hr no adverse effect | [285]
plate laminar
flow chamber
Leukocytes stirred-flask 0.5-10Pa for 12hrs | adherent cells de- | [285]
tached from sur-
faces
Human hepato- | rotating HFB | 0.5-2Pa for 12 days | specific functions | [47]
cytes of liver cells com-
promised leading
to toxicity
> 2Pa cell death
HFFs micro-channel | > 0.03 Pa for 2 days | cell detachment [129]
flat plate
Mouse calvarial | 3D micro- | 0.035Pa for 2 days | cell detachment [142]
osteoblasts channel array
MC3T3-E1

Table B.3: Effects of different shear stress regimes on different cell types in
perfusion bioreactors.
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B.2 Cell aggregate growth model
B.2.1 Oxygen uptake flux

Table B.4 gives the maximal oxygen uptake rates of different cell types. It is clear from
the data that the maximal volumetric uptake rate V4, varies considerably with cell type
and cell density. We assume that for a given cell type the cell density in the aggregates
is initially constant, and remains so as they grow, so that the maximal uptake flux M
is constant. For the cell types in Table B.4, the cellular oxygen uptake rate M. (the
number of moles of oxygen taken up by one cell per second) lies in the range 1.86 x 10718~
8.9 x 107 "molcell ' s~!. We estimate M by multiplying M. by the cell surface density
ps- For ps we use the range of cell surface densities observed for Chinese hamster lung
fibroblasts cultured for 12 days in a HFB in [251]: 5 x 108-7.3 x 10'% cellsm~2. This gives
values for M in the range 9.3 x 10710-6.5 x 1075 molm~2s~! (Table B.4), which agrees well
with the estimate of M = 1.5 x 10~ molm~2s~! for human foreskin fibroblasts used by
Korin et al. [129]. The corresponding range for Da = R;M/D.Cj, is 2.8 x 1074-2.0. The
reduced model is valid for 4 x 107% = €2 < Da < 1/€% = 2.5 x 10°, so it is valid for all the
cell types given in Table B.4.

B.2.2 Seeding and growth parameters

Using experimental data we obtain estimates of a typical initial cell density and aggregate

elongation rate for the model set-up.

B.2.2.1 Initial cell density

Ellis and Chaudhuri [70] seeded an 8 ml inoculum of 500,000 cells (equating to a cell con-
centration of 6.25 x 10! cellsm~3) onto 10 PLGA fibres of similar dimensions to those in
Table 2.1. For a dynamic seeding protocol on a rotating mixer, they found that on average
65% of the cells in the seeding mixture attached to the fibres. This gives an estimate of the

initial cell density via

no. of cells attached to each fibre = no. of cells in inoculum/no. of fibres x seeding efficiency
= 500,000/10 x 0.65 = 32,500,
surface area of fibre = 27 R,,, L = 2m(4 x 107%) x 0.1 = 2.51 cm?,
initial cell density = no. of cells/fibre surface area

= 32,500/2.51 ~ 13,000 cells/cm?.

When attached to the membrane in a monolayer, cells have a flatter morphology and a

typical cell diameter of 40 pm [129], so, if we approximate the cells as being circular in
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Cell type Cell Vinaz M, M = M._.ps | Reference
density (molm™3s71)| (molcell 's71)| (molm=2s~1)f
(cellsm™3)

Neonatal — rat | 1012 2.64 x 1073 [ 4.22x 10718 * [ 2,11 x 1077 - | [215]

cardiomyocytes 3.08 x 1077

Primary  rat | 1.25x10™ | 1.76 x 1072 | 2.82 x 1071 * | 1.41 x 1072 — | [246]

hepatocytes 2.06 x 1077

Pancreatic 2.8 x 10 | 6.37 x 1073 | 1.02x 10717 * | 5.1 x 1072 — | [260]

BTC3 cells 7.45 % 1077

Chinese ham- | 10'2 3.9x107° 3.9 x 1077 1.95 x 1078 — | [251]

ster lung H1 2.85 x 1077

fibroblasts

Mouse 2 x 10 2.8 x 107° 2.8 x 10717 1.4 x 1078 — | [207,

hybridoma 2.04 x 1076 208]

CR1606 cells

Bovine 2x 10" | 1.17x 1072 | 1.86 x 107 | 9.3 x 10710~ | [189]

chondrocytes 1.36 x 1077

Human  mes- | 10'2 3.3 x 1076 3.3x 10718 1.65 x 1079 — | [285]

enchymal stem 2.41 x 1077

cells (hMSCs)

Rat 5x 102 | 445x 107 | 8.9 x107%7 4.45 x 1078 — | [230]

hepatocytes 6.5 x 1076

HepG2 hepato- | 1013 2.4 % 1074 2.4 x 10~17 1.2 x 1078 — | [187]

cytes 1.75 x 1076

Porcine 2.5 x 1013 | 8.25 x 107* | 3.3 x 10717 1.65 x 1078 — | [53]

hepatocytes 2.41 x 1076

HFFs 3.8x 102 | 1.15 x 107* | 3 x 10717 1.5 x 1078 [129]

Table B.4: Oxygen uptake rates for different cell types grown in the ECSs of
HFBs. Maximal volumetric oxygen uptake rate Vin., and cellular oxygen uptake rate M..
For more data on oxygen uptake rates for hepatocytes see Table 1 in [201].
* Estimated using M. ~ Viaz Veett, where Ve &= 1.6 x 107 m? is the cell volume, approx-
imated by treating cells as spherical with an average diameter of 14.5 um (average of cell
diameters in Table B.5)
f Range for ps = 5 x 108-7.3 x 10'%cellsm~2 taken from [251], apart from for HFFs for
which ps = 5 x 108 cellsm =2 [129)].

cross-section in the plane of the surface, the fraction of the membrane surface covered by

the cells is

fraction of membrane surface covered = total area covered by cells/membrane surface area

= no. of cells x cell area/membrane surface area

= cell density x cell area

= (1.3 x 10%) x (20 x 107%)% = 0.16.
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Cell type Cell diameter (um) | Reference
Chinese  hamster | 12.8 [227]
ovary (CHO) cells

Mouse hybridoma | 13.7 [107]
Human embryonic | 14.5 [119]
kidney cells

CHO cells 13.9 [108]
CHO cells 17.1 [45]

Table B.5: Average cell diameters for different cell types cultured in 3D perfu-
sion bioreactors.

Assuming that the percentage coverage is the same in 1D as in 2D, i.e. 16% of the line
along the outer surface of the membrane in our model is covered by cells, the initial number

of cells on the line is approximately

number of cells on membrane line segment = length covered by cells/cell diameter

= 0.016/(40 x 107%) = 400.

This number corresponds to the cell concentration in the inoculum and seeding efficiency in
[70]. For our simulations, we assume that 25% of the membrane is initially covered by cells
(i.e. that the initial total aggregate length is 2.5 cm, equivalent to ~625 cells), corresponding

to a higher concentration of cells in the inoculum or higher seeding efficiency or both.

B.2.2.2 Aggregate growth rate

We estimate the baseline aggregate growth rate, A;, for the case in which the concentration
and shear stress at the aggregates are constant and ce]y:Rm > Chmazs Teayly=Rm < Zp-
For this case there is no cell death and the aggregate growth rate is proportional to the
aggregate length, with A;(C,ez — Cp) as the constant of proportionality, i.e. the length of
the jth aggregate, L;, satisfies

dL;
T; = A1<Cmam - Cp)Ljv i = 17 cee 7N, = Lj(t) = Lj(O)eAl(Cm’”_Cp)t.

Hence, if we assume that the aggregate length doubles when the population doubles and
there are approximately 1.5 population doublings in 7 days [70], we can use the fact that

Cmaz — Cp < Cyy, to calculate a lower bound for A;

L.
In 776y 1.51n2

A =
' Cos — Gyt~ 022% 7

= 0.68day ! (molm ™)' = 7.8 x 10755 (molm™3) ™.

The rates at which cells in the aggregates die due to insufficient oxygen and excess shear

stress, B1By and Bs By, will vary according to cell type, but in the absence of experimental
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data we assume that they are both slower than the cell proliferation rate and take them to
be BlBo = BQBO = A1Cm/2.

B.2.2.3 Oxygen and shear stress thresholds

As described above, the functional form we adopt for the dependence of the growth on the
oxygen concentration is an approximation of a sigmoidal relationship. For the minimum
concentration needed for cells to survive, Cy, we use the values for C,,;, from Table B.2
(noting that here we have assumed cells are quiescent for Cyq < cely=r,, < Cp). Exper-
imental data with which we can estimate the cell proliferation and the maximal growth
rate concentration thresholds, C}, and C,4., is not readily available. We therefore pick
different values of the concentration thresholds in the ranges ), = 0.05-0.1 mol m~3 and
Crnaz = 0.18-0.21 mol m—3, such that the range over which the growth rate is not constant
in ce (ce € (Cp, Cpaz)) is large.

Various shear stress regimes used to culture different cell types in perfusion bioreactors
are listed in Table B.6. It is evident that the shear stresses used vary hugely depending on
the cell type, bioreactor and culture period. However, the shear stress regimes tend to fall
into two broad categories: short-term, often cyclical, exposure (24-72 hrs) of 2D cell cultures
to high shear stresses (0.01-2 Pa); and long-term steady exposure (7-21 days) of 3D cultures
to much lower shear stresses (1 x 107°-0.2 Pa). The latter category is more appropriate to
the set-up considered in Chapter 3 and the shear stresses on the aggregates fall in the same
range (see §3.7). In their respective reviews of the influence of shear stress on osteogenic cell
lines, Yeatts and Fisher [282] and McCoy and O’Brien [169] identified the optimum shear
stress ranges for 3D culture to be 0.005-0.1 Pa and 0.01-0.05 Pa. We use these ranges as a
rough guide for the shear stress threshold for increased proliferation, 3, considering values
in the range ¥, = 0.01-0.05 Pa. Further examples of increased proliferation in response to
shear stress stimulation are given in Table B.7.

The data in Table B.3 suggests that, while endothelial cells and osteoblasts may be
tolerant to short-term exposure to shear stresses in excess of 2Pa in parallel plate flow
chambers, cells cultured for longer periods in microfluidic devices can be damaged by much
lower shear stresses (0.03-0.16 Pa). Therefore, for the shear stress threshold for cell death,

>4, we use values in the range 0.05-0.16 Pa that are appropriate to the cell types considered.
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Cell type Bioreactor type | Shear stress | Duration Reference
range (Pa)
hMSCs 3D steady per- | 1 x 107°— | 20 days [289]
fusion 1.2 x 1074
Bone marrow stromal cells | 2D parallel | 0.16 5-120mins | [132]
(BMSCs) plate flow every other
chamber day 20 days
Rat BMSCs 2D radial flow | 0.036-0.27 | 30 mins [131]
device every other
day for 13
days
Rat BMSCs 3D steady per- | 0.1-0.2 16 days [14]
fusion
Human BMSCs 3D perfusion 0.005-0.015 | 28 days [151]
Fetal calf endothelial cells 2D rotating | 0.03-0.17 24 hrs [11]
dish
Fibroblasts 3D perfusion 0.1-2 72 hrs [147]
Bovine aortic endothelial | 2D parallel | 1.2 5 mins— [261]
cells plate flow 16 hrs
chamber
Rat calvarial osteoblasts, | 2D parallel flow | 0.01-3.5 15 mins [217]
human umbilical vein en- | chamber
dothelial cells, baby hamster
kidney fibroblasts
Rat BMSCs 3D steady per- | 0.005 4-16 days [237]
fusion
Mouse osteosarcoma K8 3D steady per- | 1.57 x 10~* | 21 days [172]
fusion
Mouse MGZ5 embryonic | 2D parallel | 0.15-1 24-72hrs [279]
stem cells plate flow
chamber
Human hepatocytes rotating HFB 0.05 12 days [47]
Rat cardiomyocytes parallel micro- | 0.1 3 days [215]
channel array
HFFs micro-channel | 0.02 14 days [129]
flat plate
Mouse calvarial osteoblasts | 3D micro- | 0.005 7 days [142]
MC3T3-E1 channel array

Table B.6: Shear stress ranges used to culture different cell types in different

perfusion bioreactors.
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Cell type Bioreactor | Shear stress | Effect Reference
type regime
Human osteoblasts | 2D parallel | 2 Pa for 30 mins | increased prolifer- | [121]
plate flow ation
chamber
Bovine chondro- | 2D parallel | 3.5Pafor 96 hrs | 1.5 x higher pro- | [162]
cytes plate flow liferation rate
chamber
Mouse MGZ5 em- | 2D parallel | 0.15-1Pa  for | increased prolifer- | [279]
bryonic stem cells plate flow | 24-72hrs ation
chamber
hMSCs 3D steady | 1.2 x 107*Pa | increased prolifer- | [289]
perfusion for 20 days ation

Table B.7: Examples of increased cell proliferation in perfusion bioreactors due
to shear stimulation.



Appendix C

Reduced model for cell layer
growth with ECS port closed

C.1 Mass transport

For the cell layer growth model in Chapter 2, the reduced system for the solute transport
in the HFB with the ECS port closed (from (2.68)—(2.78)) is, at leading order in €,

A oc 10 oc
2 1oyZa_ 19 (9%
4e“PeiQpin(1 — 1 )82 r <r 37‘) , (C.1)
1 8 8cz~ .
0= ;E <’I"ar) s 1T=1m,e, (C2)
10 dce

where we have substituted for w;, in (C.1) with (2.122) and used the fact that
Ui, iy = O(2) (i = m,c,e) in (C.2) and (C.3). Integrating (C.2) and (C.3) and ap-
plying boundary conditions (2.73)—(2.75) we obtain

eDe mM

em(r, z,t) = > Do T(1%‘:C(z, 62— R2)Inr + Cp (2, 1), (C.4)
celr, 1) = "Rz, 07 I 1) 4 Culz, 1), (C.5)
co(r, 2 1) = %ﬁc(z,t)%zm Bu(ent) = 1) + Culz, 1), (C.6)

where

Ceu(z,t) = m4M (2 < j::g; (Re(z,t)* — R2)) — Rc(z,t)2> In R, + R?n) + Ch(z, 1), (C.7)

and Cp,(z,t) is determined from the concentration continuity condition on the lumen-
membrane interface in (2.72)

Cm(za t) = Cl(la Zy t)'

196
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To close the system we need to solve the equation for the lumen concentration (C.1) subject

to the boundary conditions (from (2.72) and (2.77))

dqy Jdcy 1 for oxygen  Oq
—(0,2,t) =0, —(1,2,t) = t 0,t) = —(r,1,t) =0
8T< X2 ) ’ 67’( » %5 ) 7(27 )7 Cl(r7 ) ) {0 for lactate7 02 (7“, ) ) 5
(C.8)
where
deD. mM , - ~
UCURESS —— (Re(2, )" = R, (C.9)

In [231], Shipley and Waters solved this problem analytically for constant  to express the
lumen concentration in terms of an infinite sum of the eigenfunctions of the corresponding

Sturm-Liouville problem. However, since we assume that + varies with z, we must solve
(C.1), (C.8)—(C.9) numerically as described below.

C.2 Numerical solution of the leading order system

The leading order system for the fluid flow, oxygen and lactate transport and cell layer
growth when the ECS port is closed is given by equations (2.79)—(2.81), (2.122)—(2.123),
(C.1) and (C.4)—(C.9). The algorithm for solving this system is essentially the same as that
used when the ECS port is open (see §2.6.3). At each time step the steady flow and solute
transport problems are solved for the current position of the outer surface of the cell layer,
r= Rc(z, t), and the solutions used to update R.. However, in step 2 of the algorithm (page
60) the advection-diffusion equation for the lumen concentration (C.1) is solved subject to
(C.8)-(C.9), and (2.122)—(2.123) and (C.4)—(C.7) are used to determine the lumen pressure,
lumen axial velocity and solute concentrations throughout the bioreactor. We solve (C.1)
using the finite difference method with a grid of 501 by 201 nodes in the z- and r-directions
respectively (Az =2 x 1073, Ar = 5 x 1073) and central difference approximations of the

derivatives.



Appendix D

Verification of numerical scheme
for cell aggregate growth model

The numerical scheme for solving the leading order system for the fluid flow, oxygen trans-
port and cell aggregate growth (equations (3.30), (3.56)—(3.57), (3.52)—(3.54), and (3.43)—
(3.49)) in Chapter 3 is described in §3.6.3. In this appendix we describe the steps taken to

verify its accuracy. To start with, the following checks were performed:

e The finite element code was used to solve the following PDE on the model domain,
{(z,y) € [0,1] x [0, R.]}, with a combination of Dirichlet and Neumann boundary

conditions on the external and internal boundaries:

0%¢c;
ayC;: , t=1Im,e, (D.1)
e
¢ =0, on x=0, ﬁ:y, on x=1, i=1Im,e,
ox
Oce -
=0, ony=0,0<x<l1, a—y::v, on y=~R,, 0<x <1,
Oc;  Ocp,
C| = Cm, @ITy, ony:1,0<x<1,
0 0 -
Cm = Ce, om _ ce’ on y=Rp,,0<z <1,
oy Oy

with R,, = 2 and R, = 5. This problem has the exact analytical solution
G =uxy, t=I,m,e.

Convergence of the numerical solution to the analytical solution with mesh refinement
was checked. This process was repeated with the following inhomogeneous form of

(D.1) with an added advection term, (y,0)"Ve; (i = 1,m,e),

6201' 861' 2 . I
5 — Y= — 5 1= m,e,
6y2 y ax y 9y 9y
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and the same boundary conditions, which has the same analytical solution, ¢; = xy

(i=1,m,e).

e The code was then used to solve the dimensionless oxygen transport system with

constant uptake but no flow or aggregate growth

28201, aQCrL

€ 522 ay2:0, i=1,m,e,
0 0
=1 on =0, ﬁ:O on r =1, ﬁ:() on y =0,
oz oy
oem R
— =0 on z=0,1, 1 <y < Rp,
ox
0 A - 0 .
ce:O on =0,1, R, <y < Re, ﬁ:O on y=Re, 0 < <1,
Oz oy
Dl 861 8cm
Cl = Cm, —=— ony=10<z<1,
™ GmDm oy oy Y
8c€_¢mDmacm A

Cm = Ce, 873/ D.  y =Da ony=R,, 0<z<1,

with Da = 0.1. It was verified that the numerical solution was correct, i.e. was zero
everywhere except in an O(e) boundary layer at the inlet (x =0, 0 < y < 1), where
the concentration changed sharply to satisfy g =1onz=0,0<y < 1.

e Finally aggregate growth was added to the model and the outlet oxygen flux and total

uptake flux checked to ensure it balanced with the inlet oxygen flux.

Following these checks, we verified the accuracy of the solutions to the reduced model for
the fluid and oxygen transport by solving the full (dimensional) flow and oxygen transport
problem (equations (3.2)—(3.21) with steady incompressible Navier-Stokes equations for the
lumen and ECS flow) for a fixed aggregate distribution using the FE package COMSOL
Multiphysics 4.3. The Navier-Stokes equations in the lumen and ECS,

A\ u; = 07 u; - Vuz = _sz + v2ui7 1= la €, (D2)

were solved using the inbuilt ‘Laminar Flow’ solver, the Laplace problem for the membrane
pressure using the ‘Laplace Equation’ solver, and the oxygen transport equations using
the ‘Convection-Diffusion Equation’ solver. The FE mesh consisted of 147,714 elements
(75,000 nodes), which were a mixture of triangular elements and quadrilateral elements (on
boundaries with boundary layers). We used the smooth dimensional form of the aggre-
gate indicator function in the fluid flux and uptake conditions at the outer surface of the
membrane (in (3.4) and (3.15) respectively), i.e.
N
Io(z,t) = Y _ 1 [tanh(5 (2 — 29;-1(t))) + tanh(4 (2;(t) — x))] . (D.3)
j=1
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Since the full Navier-Stokes equations were solved in the lumen it was necessary to specify
the flow profile at the lumen inlet, u;|;—9. We assumed that the flow had a half-Poiseuille

profile, i.e.
2R}

U|g=0 = — (R} — %), via=0 = 0. (D.4)

Refining the mesh to 300,000 elements did not change the solutions to within a relative
error of 107°.

Figures D.1 and D.2 show the numerical solutions for the fluid pressure, z- and y- flow
velocity components, and oxygen concentration obtained using the code for the reduced
model and COMSOL respectively with the static distribution of five 0.5cm aggregates

evenly distributed along the membrane from Chapter 3. The solutions show very close

agreement.
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Figure D.1: Fluid pressure, flow velocity components, and oxygen distribu-
tion given by the reduced model (MATLAB code) with five 0.5cm aggregates
evenly distributed along the membrane. Parameter values: Q;, = 2.2 x 10> m?s™!,
Pyt = 1.289 x 10°Pa, M = 3.3 x 107 "molm ?s™!, Cj, = 0.22molm™3, Cjp =
0.05molm™3. All other parameter values as in Tables 2.1 and 3.1.
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Figure D.2: Fluid pressure, flow velocity components, and oxygen distribution
given by the full flow and oxygen transport model (solved in COMSOL) for the
same aggregate distribution and parameter values as in Figure D.1.

Defining the error in the dimensionless concentration given by the reduced model, ¢, as
Error = ¢y — ¢,

where c; is the dimensionless concentration given by the full transport model, gives that
the error is O(e) at its largest near the aggregate, but is O(e?) or smaller over most of the
domain (Figure D.3). This is consistent with the size of the terms neglected in reduced
model. The error is larger nearer the aggregates since the assumption that the x length
scale over which changes in the concentration occur is much longer than the y length scale is
not strictly valid here. Close inspection of the plot for the y-component of the fluid velocity
in Figure D.2 (bottom left) reveals that there are narrow boundary layers near the inlets
and outlets. However, these do not affect the flow in the bulk of the domain, so we neglect

them in the reduced model for the flow and oxygen transport.
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Figure D.3: Error in the dimensionless concentration given by the reduced
model (with respect to the dimensionless concentration for the full model) for

the set-up and parameter

values in Figure D.1.



Appendix E

Derivation of cell density diffusion
equation for Murray model

Murray et al. [181, 182] do not provide a detailed derivation of the nonlinear diffusion
equation for the cell density (equation (4.84)) that they obtain as the continuum limit of
their cell-based model. To aid comparison of Murray et al.’s model with our model and
Fozard et al.’s model and the corresponding derivation approaches, we give a more detailed
version of the derivation here. We also show that the equation for the evolution of the cell
aggregate length given by Murray et al.’s continuum approximation has the same form as

the cell aggregate growth law in Chapter 3 in the limit of incompressible cells.

E.1 Governing equations

The derivation starts from a force balance on each cell centre. The position of the nth
cell centre is denoted by r,, and the cell motion is approximated as overdamped (i.e. cell
acceleration is neglected since drag forces dominate inertial forces), as in §4.3.1. Therefore,

conservation of momentum gives

> Fuj+ D, =0,
J#n
where F,,; is the interaction force between the nth cell and its neighbours, and D,, is the

drag force on the nth cell. The interaction force, Fy,;, is a linear spring force as in our model

rp,—7r;
F,j = \*(a* — |r, —1j|) ——L

nj ( | n J|)|rn_rj|7
where A\* is the spring constant and a* is the resting spring length (assumed constant). The
drag force on each cell is assumed to be proportional to its velocity
Ldry

Dy =—u ar
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where p* is the cell drag coefficient. For a 1D line of N cells with the first cell (centre)

pinned at the origin, the equations of motion for the cell centres reduce to

ri(r) =0, V7 =20, (E.1)
dry,
*Dn — Fn,nfl - Fn,n+1 = M*é = )\*(Tnfl(T) — 27"n(7') +’r‘n+1(7')), n = 2, . ,N — 1,
(E.2)
*dTN %[ %
—DN = FN,N—l = M ? = A (a — (Y’N(T) — Y’N_l(T))), (E3)

where Fy,; := A*(a* —|r, —rj|). The initial positions of the cells are prescribed as a function

of the cell index

Tn(0) = rinit(n). (E.4)
E.2 Nondimensionalisation and continuum approximation

We nondimensionalise the cell motion equations (E.1)—(E.3) for N > 1, by scaling the
variables as follows

n=Nn, r=Na'r, 7=Ty7.

where T} is the cell doubling time, and henceforth drop hats on dimensionless variables. We
assume that the discrete cell positions r,(7) sample from a smooth function r(n,7) such

that

r(n,7) =rp(r) for n=4,..., 1

With this assumption, the dimensionless cell motion equations are

r(y,7) =0, (E.5)
ap Or 1 1 1 1
Wa(n,ﬂ:r(n—N,T)—2r(n,7)+7’(n+ﬁ,7)7 ne(y1-%), (E.6)
O (1,7) = . — (r(1,7) —r(1 = ). (E.7)

where ayr = N2p* /(A\*Ty). Taylor expanding the terms in (E.5)—(E.7) about n = 0, n and
n = 1 respectively for N > 1 gives

r(0,7) +O(%) =0,

or  0%r
aMg- =55t O(x), ne(0,1),
ap Or B _@ 1
NaT(LT)il (17T)+O(N)

on



E.3. Transformation to spatial coordinates 205

Assuming that ap; = O(1) and retaining only leading order terms in 1/N, the system

reduces to

r(0,7) =0, (E.8)

or  9%r

or

—(1 = E.1

) =1, (E.10)
with the initial condition

7(n,0) = Tinit(n). (E.11)

E.3 Transformation to spatial coordinates

Since 7(n, 7) is a monotonically increasing function of n it has a well-defined inverse n(r, 7).

Murray et al. define the cell density (the number of cells per unit length) by

p(r,7) = g?(n 7), (E.12)

or equivalently,
T
n(r,T) :/ p(r',T)dr'. (E.13)
0

We note that this is equivalent to our definition of the cell density as

11
on

with r — z, assuming that - = g—’;.

on
Changing coordinates from the cell-index coordinates to spatial coordinates, i.e. (n,7) —

(r,t), with (E.13) and 7(r,t) = ¢, the chain rule gives
0 oOnd 070 0

ar ~oron Torar P an
o ond 0rd oo 0

ot oton T otor oton  or

Writing this in matrix form and inverting gives

0 o
)= (L 9 (o o _19 o6 _ 16mo 0
(g) (%? 1) (g) ~ o por’ Ot p Ot Or o (E-14)

Again, we note that this is the same as the transformation to spatial coordinates used in

§4.5.2 with r — x, —%% = u and u% + % = D% as the convective derivative. Substituting

(E.14) into (E.9) and rearranging, we obtain

B On 0 (1\_ 10dp
aMpU = —aM 5 = o (,0> = 2o (E.15)
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Differentiation of (E.15) with respect to r and substitution for g—:f on the left-hand side

using (E.12) yields

= 2 (L0, 10
With r — 2 and aj; — « this is the same as the diffusion equation we derived for the
cell density from our cell-vertex model, equation (4.68), for a = const. This shows that
the spatial discrepancy between the cell-centre and cell-vertex models disappears in the
continuum limit for N > 1.

Murray et al. capture the condition at the left end of the cell line, 7(0,7) = 0, by
introducing an image cell in the discrete model at n = 0 such that r(0,7) = —r(2/N, 1),
i.e. such that the image cell and the n = 2/N cell are always equidistant from the n = 1/N
cell and the n = 1/N cell remains stationary as there is no net force on acting on it. This
condition then implies that r increases linearly with n at n = 1/N, so that

2
o°r

W(N,T) = O

Taking the limit as N — oo and transforming to spatial coordinates yields

1 dp

o] =0 (E.17)

r=0

which is a no-flux condition for the cell density at the origin. In cell-index coordinates (n, 7)
the cell domain is fixed (n € (0,1)), but in spatial coordinates (r,t) the right-hand end of
the cell line, r = rg(t), is free to move and moves with the local cell velocity. From (E.15),

this means that

drg 1 10p
7:’”7‘:7' = —_— E18
dt br=rrt apg p3 Or r=ra(t) ( )
The boundary condition (E.10) at n = 1 becomes
p(ra(t), 1) = 1. (E.19)
The initial cell density p(r,0) is determined from 7,::(n) by
on ory
= 22y, 0) = Linit (), E.2
p(r,0) = Py, 0 = Pini ) (5.20)

E.4 Comparison with cell aggregate growth law in limit of
incompressible cells

As described in §4.6.2.1, Murray et al. incorporate cell division into their continuum model
by adding a density-dependent source term, f(p,t), to (E.16),

_ 10 (10
ot ap Or (,02 8r> I ps1).
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In the limit of incompressible cells \* > N2, which corresponds to aj; < 1, the leading

order equation for the cell density is

o (10p

N — — O

or \ p? or
Solving this subject to (E.17) and (E.19) gives

p(r,t) =1,

which corresponds to the system being in equilibrium with all the springs at their resting
lengths. If N(t) is the total number of cells at time ¢ normalised with respect to the initial

number of cells, i.e.
R T‘R(t)
Ny = [ ptrtyan
0

then by conservation of cell number we have that

ON o [rr(®) r(t)
— == pd’r—/ f(p,t)dr.
ot ot [, 0 (p:t)

Substituting the equilibrium solution p = 1 into this equation gives

AN d =0 drp RO
dt_dt/o d7"—dt—/0 f(p,t)dr,

so that the rate at which the aggregate grows is equal to the net proliferation rate over its
length. This has the same form as the cell aggregate growth law (3.22) in Chapter 3 (with
G, — Gy, the difference between the local cell proliferation and death rates, replaced by
f(p,t) and the left end of the aggregate fixed), and shows that it is a valid approximation

to Murray et al.’s discrete model with cell proliferation in the limit of incompressible cells.



Appendix F

Numerical methods for
discrete-to-continuum modelling

In this appendix we describe the numerical methods used to solve the discrete and continuum
cell growth models in Chapter 4. First we describe the methods used to solve the discrete
and continuum cell models when they are independent of the oxygen transport (§F.1), then
those used to solve the coupled cell and oxygen transport models (§F.2). In §F.3, we list
the steps taken to verify the accuracy of the numerical schemes for the coupled cell and
oxygen transport models.

We solve the dimensionless discrete cell model equations (4.26)—(4.31), (4.37)—(4.38)
and continuum cell model equations (4.50)—(4.57) in cell-vertex-based coordinates (n,T),
since in these coordinates the cell aggregate domain is fixed (n € [0, 1]) (not evolving as in
spatial coordinates (x,t)). The solutions are then transformed to spatial coordinates using
the solution for the cell vertex positions z,(7) in the discrete case (which is determined
directly), and the continuum cell position z(n,7) in the continuum case, which is found by
solving

Ox
ar =

subject to the initial condition x(n,0) = z;pi(n).
F.1 Cell models without oxygen transport, I' # I'(c)

F.1.1 Discrete cell model

In the absence of coupling to the oxygen transport, we solve the cell motion and growth
equations by reducing (4.26)—(4.28) and (4.37) to a system of coupled ODEs for the cell

vertex positions z,, and the cell target lengths a, L (using the definition of the cell vertex
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velocities in (4.25))

1 d 1 2 1
e G B R e
da, , 1

2N . _n 1 1
TW:F(ln_'_ﬁ,an_i_ﬁ,pn_i_ﬁfyn_’_ﬁ), n—O,N,...,l—N, (F2)

where the equations for the end vertices are provided by the boundary conditions (4.29)—

(4.30)
d 1 d

6N dr 6N dr

and the cell lengths and pressures are given by the algebraic equations

(2350 + SUL) =—p_i, (331_; + 2301) =DPi_1, (F.3)
N 2N N 2N

l 1:N(l' 1—1’) P 1:l<a 1 — 1 1) n=0+....1—1.

ntay nty n) fntsg T g Uty ntoy )0 TN N

We solve (F.1)—(F.3) subject to prescribed initial conditions

p(0) = Tinit(n), n=0,%,...,1, an+ﬁ(0):aimt(n+ﬁ), n=0,%, ..,1— %,

using the MATLAB stiff ODE solver ode15s with a fixed time step of A7 = 107%.

F.1.2 Continuum approximation

For the continuum approximation of the cell model without oxygen transport, we combine
equations (4.50)—(4.52) to obtain the following coupled equations for the continuum cell

length | and target length a

ol 9%l d%a
C!E = 78']’1/2 — 787127 n e (0, ].), (F4)
0 D0, a1y, ne (D) (F.5)
-

with [=a atn=20,1,
and 1(n,0) = lini(n), a(n,0) = ami(n), ne€]|0,1].

We solve these equations by the finite difference method, with central difference approxima-
tions to the second order derivatives in n and a semi-implicit discretisation in time (implicit
with respect to the g—;é term and explicit with respect to the % term) for (F.4), and an
explicit time discretisation of (F.5). We checked that the numerical solution of (F.4)—(F.7)
for [ and a with

F'=1, Ulnit(n)=1+sin(mn), ami(n)=1,

converged to the analytical solution for these initial conditions given by (4.127) as the grid
space An and time step A7 were reduced. We found that An = 1073 and A7 = 10~* were

sufficient to reduce the relative error in the solution to less than 10~%.
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F.2 Cell models coupled to oxygen transport, I' = I'(c)

Due to the coupling of the cell growth to the oxygen concentration in equation (4.37c) and
the oxygen uptake to the cell lengths in equation (4.33) (and the corresponding coupling
in equations (4.53) and (4.76) for the continuum cell model), the cell models and oxygen
transport must be solved together. We do this iteratively, ¢.e. by solving the transport
equations to find the oxygen concentration for given initial cell vertex positions, then solving
the cell model to update the cell vertex positions using the concentration solution, and

repeating until the simulation time has elapsed.

F.2.1 Oxygen transport
F.2.1.1 Smoothing of oxygen uptake boundary conditions

With the uptake boundary conditions for the discrete and continuum cell models as pre-
scribed in (4.33) and (4.76), there are large jumps in the diffusive flux through y = 0
(g—; ly=0) at the ends of the aggregate. To avoid the difficulties that this causes in accurately
solving the oxygen diffusion equation (4.32) near the ends of the aggregate, we smooth the
uptake boundary conditions (4.33) and (4.76) using tanh functions as in §3.6.2. Hence, the
boundary conditions at the base of the nutrient bath for the discrete cell model (equations
(4.33) and (4.34)) become

Oc = Dal,(z,z0(7),21(7)) : -

)
ln+ﬁcl/2+c

and those for the continuum model (equations (4.34) and (4.76)) become

Jdc 1 c
— =D Ia ’ ) " )
By = Dalule 20(0), 2 ()

x € [v(7),zr(T)], y =0, (F.9)
where the smoothing function I, is given by

Iy(x, 2o (T), 2p(T)) = % [tanh(s(z — x4(7))) — tanh(s(xp(7) — 2))],

and the constant s determines how sharp the transition to zero uptake is at the ends of the
aggregate. Testing different values of s confirmed that taking s = 50 provides a sufficiently
sharp transition in the uptake flux without causing resolution issues in the numerics, so we
use this value in all the simulations.

We note that although I, will initially have the same value for the discrete and continuum
cell models, as the systems evolve it will take different values for each due to the error in

the continuum approximation for the cell motion and growth.
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F.2.1.2 Finite element solution

At each time step in the simulation, we solve the steady oxygen transport problem (given
by equations (4.32), (4.35)—(4.36) and (F.8) for the discrete model and (4.32), (4.35)—(4.36)
and (F.9) for the continuum model) for the current cell configuration. We do this using
the Galerkin FEM with piecewise linear basis elements on a regular triangular mesh with
Nz +1 and Ny + 1 nodes in the z- and y-directions respectively.

As we have assumed that the nutrient concentration is continuous at the cell length
scale, we require that the FE mesh for the concentration is much finer than the cell vertex
grid. This imposes a lower bound on N, since the mesh space, Az = 2R/N,, must be much
smaller than the shortest cell length. Assuming that the minimum dimensionless aggregate
length is 1 and the shortest length any cell reaches is half of the average cell length 1/N,

we require that

2R 2R* 4x10°3 400 1
T= N, T Ne*N, 10x10°NN, NN, & min(l, 1) = 5 x>

We determine the values of N, > 800 and N, needed to give a sufficiently accurate solution

for ¢ via convergence tests in §F.3.

F.2.1.3 Implementation of oxygen uptake

We implement the Michaelis-Menten term in (F.8) and (F.9) in the same way as the oxygen
uptake condition in Chapter 3. At time 7 = 7, = kA7, we evaluate the denominator using
the concentration at the previous time step, c(k*1)|y:0, so that the FE problem can be
solved as a linear system. This only introduces an O(AT) error in the solution, which is the
same order as the error from the time discretisation of the continuum cell model. At time

T = Tk, the discretised forms of (F.8) and (F.9) are

et GG e
_ (k) ,.(k) _
9 Dal,(z,zy’, zy )l(k) e D) x € [z, ,anr%], y =0, (F.10)
n+ﬁ
and (k) (k)
Oc k) (k) 1 c k) (k

(0)

y:
as for the uptake condition in Chapter 3, i.e. by solving the oxygen transport equations for

At the first time step (k = 1), an estimate is required for ¢, ;. This is found in the same way
the discrete and continuum cell models iteratively with the cell distribution fixed, starting
with ¢|y—o = 1, until a fixed point is reached (which we take to be when the maximum

difference between successive solutions is less than 107°).
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F.2.2 Discrete cell model

We solve the same equations as in §F.1.1, except with (F.2) replaced by (4.37c). Evaluating
I" at the kth time step requires us to calculate the average concentration over the length of

each cell
(k)

W _ N[k w Y 1

Cn+ﬁ_l(’€) /x(k) c(x,0)dz, n=0,5...,1—%.
n+ﬁ "

For each cell this is done by linearly interpolating the concentration solution for the discrete

cell model, ¢®)| onto a combined grid of the FE nodes within the cell and the cell vertex

(k) (k)

positions, x; ' and T and approximating the integral using the trapezium rule. The
N

cell motion and growth equations are then solved up to the next time step using the inbuilt

MATLAB ODE solver ode45, as this was found to be the quickest and most accurate

method for solving the discrete system.

F.2.3 Continuum cell model

We solve the same equations as in §F.1.2, but with the concentration-dependent form of I'
(4.55¢) in (F.5). Since the cell model is solved in cell-vertex-based coordinates (n,7) and
the oxygen transport equations are solved in spatial coordinates (x,y,7), it is necessary
to determine the values of the concentration at the cell model grid points, n; = iAn (i =
0,...,Ny), to evaluate the Monod growth term ¢/(ky +¢) in (4.55¢). To do this we linearly

interpolate the concentration values at the nodes in the FE mesh onto the Eulerian cell
0:

T
or

position points corresponding to the n; points, z; (i =0, ..., N,,), given by solving = uy;

subject to x(n;,0) = Tini(n;).

F.2.4 Choice of time step and grid space for continuum cell model

For the central differences discretisation of the cell length diffusion equation (F.1) and
the explicit discretisation of the cell target length evolution equation (F.2), the error in
the numerical scheme for the continuum cell model is O(An? A7). The error from the
discretisation of the uptake boundary conditions (F.10) and (F.11) is O(A7). Assuming
that we use a sufficiently fine mesh for the FE scheme for the concentration (see §F.3), the
overall numerical error in the coupled cell model and nutrient transport should therefore be
O(An?, At). Hence, so that we can resolve the error in the continuum cell model, which
we expect to be O(1/N?), up to at least N = 100, we use a grid space of An = 102 and a
time step of AT = 107%.
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F.3 Verification of numerical schemes for cell models coupled
to oxygen transport

Before using the numerical scheme described in §F.2 to simulate target-length-, pressure-
and nutrient-dependent cell growth, several checks and tests were performed to ensure the

scheme would produce accurate solutions:

e We checked that the FE code for the oxygen transport problem for the continuum
model (equations (4.32), (4.35)—(4.36) and (F.9)) gives the solution ¢ = 1 throughout
the domain when there is no oxygen uptake (Da = 0 in (F.9)).

e We checked that the total concentration flux across the boundaries (the flux in across
y = 1 minus the flux out across y = 0) for the oxygen transport problem for the
continuum model (with Da = 0.2 in (F.9)) is zero, i.e.

0 0
O:/Vzcdxdy: Vec-nds = de—/ —Cdx,
Q f[9) y=1 Jy y=0 dy

where Q = {(z,y) € [-R, R] x [0, S]} and 09 is the boundary of .
e We checked that the numerical solutions of the oxygen transport problems for the

discrete and continuum cell models both converge as the FE mesh is refined. Figures
F.1(a) and F.1(b) show that, for a fixed distribution of N = 20 cells

x10~° x 107
120

., -0 Discrete cell model || A '=0-' Discrete cell model ||

10t ‘g |—8Continuum cell model| —8— Continuum cell model

e 2.5¢
Y

max |[¢ — ¢f
(z.y)et

o =

max |¢ — ¢f|
(z,y)€Q 1.5}

(b)

Figure F.1: Convergence of the FE solution for the oxygen concentration with
mesh refinement for the discrete and continuum cell models. (a) Error in concen-
tration vs. number of mesh spaces in z-direction N,. (b) Error in concentration vs. number
of mesh spaces in y-direction N,. Error estimated as the maximum absolute difference from
cf, the solution for N, = 2000 and N, = 1000, over the domain, i.e. max, ,)cq |c — cyl,
Q = [-R,R] x [0,5]. Fixed cell vertex positions: z,, =n — L cos(mn) — 3 (n=0,%,...,1).
Parameter values: N =20, R =10, S =10, Da = 0.2, ¢; /5 = 0.05.
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(zn = n— Lcos(mn) — 3, (n = 0,%,...,1)), the maximum absolute difference be-
tween the solution ¢ and the solution ¢y for N, = 2000 and N, = 1000 (Az = 0.01
and Ay = 0.01) decreases monotonically as N, and N, are increased, for both the
discrete and continuum cell models. From the graphs we can see that for N, = 1600
and IV, = 800 the mesh is sufficiently fine for the relative error in the solutions for
both models to be O(1077). The concentration solutions on y = 0 for the discrete
and continuum cell models are sufficiently smooth with this number of nodes. Hence

we use these values for all the nutrient-dependent growth simulations.



Appendix G

Continuum approximation of
discrete cell model with
heterogeneous cell properties

Here we give the derivation of equations (4.144)—(4.149), the continuum approximation
of the discrete cell-vertex model in Chapter 4 (equations (4.1), (4.4), (4.8)—(4.10), (4.17),
(4.19)) with heterogeneous cell parameters, i.e. parameters that vary rapidly with respect
to the cell index n.

We start by assuming that the cell properties are periodic with period M/N <« 1,
where M = O(1) and N > 1, and that the pressures and vertex velocities vary over O(N)
cells. We also assume that the nutrient supply is sufficient that the growth of the cell
target lengths can be treated as independent of the nutrient concentration (I' # I'(c)). We
nondimensionalise the discrete model using the same scalings as in (4.23), and so obtain

the same dimensionless discrete system as in §4.4,

ldln-‘rL 1

N dTQN :un—l-%_u”’ n =20, ’1_N’ (Gl)
_ _ 1

apn—&-ﬁ_)‘n—&-ﬁ(an—i-ﬁ_ln—i-ﬁ)’ n—O,...,l—N, (G.Q)

1
7 (g (g 20) g, (2t 00 3)) =2y =P

nt 55 1

deN:F(ln+ﬁ,an+ﬁ,pn+ﬁ;7n+ﬁ), n=0,...,1—-%, (G.4)
with GN,uﬁ(Zuo—l—u%) P 6N,u1_ﬁ(u1_% + 2uq) Pt (G.5)
and  z,(0) = zipi(n), n=0,...,1, an+ﬁ(0):aimt(n+ﬁ), n:O,...,l—%.

(G.6)

We follow a multiscale approach and treat the cell variables as functions of n (here taken
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to be the scaled discrete cell index), v (the scaled continuous cell-index variable) and T,

_ 1 1 _ 1 1
by =Un+ gy, v+ ax5:7)s a1 =a(n+ 5y, v+ 55,7),

pn+ﬁ:p(n+ﬁ,y+ﬁ,7), Up = u(n,v,7), (G.7)

where [, a, p and wu are periodic in n (with period M/N) for each value of v. We expand

the finite differences in (G.1) and (G.3) about v + 7% and v respectively as

Upy L — Un :u(n+%,y+%,7)—u(n,y,7)
:u(n+%,u+ﬁ,7) —u(n,u—kﬁﬂ')

1 [0Ou ou
+2N<ay(n+11V’V+2}V’T)+ay(n”/—"?}\/’ﬂ) +0(§2) 5

— _ 1, _ 1 _ 1 1
pn_ﬁ—p,ﬁﬁ—p(n svoV — anT) — P+ 5p v+ gy, T)

=p(n — 5%, v, 7) — p(n+ 35, v, T)

1 /0p Op
_ﬁ <61/(n_2}\”y’7-)+61/( +2}\71V77)> +O($)a

and the vertex velocities in (G.3) about v as

1 ou

Upp 1 :u(n+%,y+%,7) =u(n+ ]{/,V,T) N—ay(n—F%’V’T)_F(’)(ﬁ)’
10

w,_ g =uln— g = . 7) =uln = §.n7) = w5 (0= 4 T) + O ()

Thus, (G.1) and (G.3) become

1 0l
N%(n‘i'ﬁ,V—Fﬁ,T):u(n—l—ﬁ,y—kﬁﬂ—)_u(n’y_*_ﬁﬂ_)

1 /0 0
+< Z(TL-FJ{,,I/—FQ}V,T)-F;:(H,V-}-Q%V,T)) +(’)(ﬁ),

1
67N (Mn_L [U(TL - NaVaT) + 2“(”7 VvT)] + :un-}-ﬁ [2U(7’L,I/,’7') + ’LL(’I’L + %77/7 7—)])

1 [op dp
:p(n_QLNaVaT)_p(n—}_QLNaV’T)_ﬁ <ay(n_ Z}V’V’T)—i_a]/(n_’_Q}V’V’T)) _’_O(ﬁ)
(G.9)

We look for solutions as asymptotic expansions

EMCRLFES WEARLED DCIRANED O LN A

i ) i=0 i

At leading order (O(1)), (G.8) and (G.9) give

u® (n + oVt N T) — u® (n,v + 7) =0, ve0,1— 5]

p(o)(n—ﬁ,l/’T)—p(o)(n—i-ﬁ,V,T):0, V€[071]7
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so u(® and p(© are periodic in n with period 1/N. Since n is discrete, this means that
u© and p© are independent of n, i.e. u(® = u(o)(y, 7) and p0) = p(o)(y, 7). Therefore, at
O(1/N), (G.8) gives

uWHn+ v+ 5 7) =uY(n,v+ & 7')—i—al7(0)(n—i-L v+ oh T)_Bu(o) VAt ghe T
N> aN>T) = ) 2N or N> N By 2N
By induction on n, we obtain
A1) oul®
u(l)(n—i-%,u—kﬁﬂ'):u(l)(n,l/—kﬁ,T)—i-M o (V-i-ﬁﬁ - M gy (V"‘ﬁﬁa

where (0 is the average value of 1(0) with respect to n over a period of M cells given by

10) (v, ) Z 1© + &), (G.11)

which is independent of n by the periodicity of I. Since u(!) is periodic in n with period
M/N,
u(l)(n + %’V + ﬁﬂ_) = u(l)(n7V + ﬁﬂ_):

and so

o10) ou®)
5 (y—i—ﬁn‘ =5 (Z/—I—ﬁm').

At O(1/N), (G.9) gives

op®)
Sttty + 1y 2 )0 07) =00+ v 7) = p 00— Sl wm) = ()
As before, by induction on n and periodicity of p(!), we have that
1 (0) (0)
() = = (P00 + 4 = fe ) = O = A r)) = L) = =27,
where 1 is the average value of p,, L over a period of M cells given by
1 M-

r=57 <2Mn_ Z [ %Mn_,ﬁﬁ%f) . (G.12)

From (G.2), we have that at leading order
1
1O (n + SR UsT) = a(n+ SR UsT) — a— PO, 7).
n+s5

Taking the average of this equation over M cells gives

[O(v,7) = a® (v, 7) — oI/ NP (v, 7),
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where
1 M-1 1 M-1 1
§ 0 7
a(0)<V,T):M ‘ a( )(n—i-ﬁ—l—N,V,T), 1 )\:M )\ T (G13)
i=0 1=0 n+2N+N

Substituting (G.7) and the asymptotic expansions in (G.10) into the evolution equation for
the cell target lengths (G.4) and expanding I' in powers of 1/N for N > 1, we obtain at

leading order

9a(®
5 (n+ 3+ 5y T)

= F(l(o)(n—i— ﬁ,u—i— ﬁ,r),a(o)(n—i— ﬁ,v—i— ﬁ,T),p(O)(y—i- ﬁ,r);%ﬁﬁ)

= TO(n+ SRV + 5h T)-

Averaging this equation over a period yields

da(0) —
&5 v+ o T) =TOW + 55, 7),
where
- M-1 ‘
TO@w,7) =Y TOMm+ 55+ %.v,7). (G.14)

=0
With (G.7), the boundary conditions (G.5) become

Wul/QN (2u(07077) +u(%’%77)) - _p(2N’ﬁ’T)
1 dp
= - <p(2}\/,077') + may(gkﬂﬁ)) +O(52);
1
6—NM1_1/2N (u(l — %, 1-— %,7‘) + 2u(1, 177')) =—p(1-— ﬁ, 1-—- 2%77')
1 Op 1

1 1
=p(1—55,1,7) — ﬁ%(l— v L)+ O0(x2),

where we have expanded about v = 0 and v = 1 respectively. Substituting in the asymptotic

expansions (G.10) yields at O(1)
P07 =0, pO0,mn=0.

In summary, the leading order system for the cell variables is given by

21(0) oul0
87‘ (V?T - Gu (VaT)a (G15)
apO (v, 1) = ;(W(Vﬂ') —10) (v, 7)), (G.16)
/X
(0)
(v, r) = =2, 7), (@17)
(0) —
8(; (v,7) =TO (v, 7), (G.18)

p00,7) =p0(1,7) =0, (G.19)
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with averaged quantities as defined in (G.11)—(G.14). The leading order cell pressure and
velocity are dependent on the cell index only through the continuous variable v, and the
leading order system (G.15)—(G.19) is the same as that for slowly-varying cell properties
(4.50)—(4.54), with all parameters replaced by their average values over a period (except A,

which is replaced by its harmonic mean, 1/(1/))).
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