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On the o;-Nirenberg problem

YanYan Li *, Luc Nguyen * and Bo Wang 1

Abstract

We consider the problem of prescribing the op-curvature on the standard
sphere S™ with n > 3. We prove existence and compactness theorems when
k > n/2. This extends an earlier result of Chang, Han and Yang for n = 4 and
k=2.
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1 Introduction

The Nirenberg problem, raised by Nirenberg in the years 1969-1970, asks to identify
functions K on the two-sphere S? for which there exists a metric ¢ on S? conformal
to the standard metric gy such that K is the Gaussian curvature of g. Naturally, this
problem extends to higher dimensions with the Gaussian curvature replaced by the
scalar curvature.

The Nirenberg problem has been studied extensively since 1970s and it would be
impossible to mention here all works in this area. An important aspect most directly
related to the present work is the fine analysis of blow-up (approximate) solutions
or the compactness of the solution set. In dimensions n < 3, this was studied in
Chang and Yang [I5,[16], Bahri and Coron [4], Chang, Gursky, Yang [12], Han [34],
Zhang [66], Schoen and Zhang [57]. In higher dimensions, this was studied in Li [45,/46]
and Chen and Lin [I8]. We note that there is a distinctive difference when n < 3 and
n > 4. In dimensions n < 3, every sequence of solutions cannot blow up at more than
one point. On the other hand, in dimensions n > 4, a sequence of solutions can blow
up at multiple points [46], while in dimensions n > 7, a sequence of solutions can have
unbounded energy [18]. For further studies on the Nirenberg problem, see Chen and
Ding [20], Chang and Liu [10], Aubin and Bahri [2,[3], Malchiodi and Mayer [54/55],
and the references therein.

In this paper we study a fully nonlinear version of the Nirenberg problem on S™
with n > 3. For a metric g on S”, let Ric,, R, and A, denote the Ricci curvature,
the scalar curvature and the Schouten tensor of g,

__1 : By
Ag_n—Q (Rlcg—z(n_l)g).

Let AM(A;) = (A1,...,A,) denote the eigenvalues of A, with respect to g. For an

integer 1 < k < n, let o4(N\) = > Aip o Ay A= (A1,..., Ay) € R, denote
1<iy <—<i<n

the k-th elementary symmetric fu_nlction,k and let I'j, denote the connected component

of {A € R : g4(\) > 0} containing the positive cone {\A € R" : Ay,..., A\, > 0}. The

function o4 (A(A,)) will be referred to as the o;-Schouten-curvature, or simply the

og-curvature, of g.




Let go be the round metric on S™ and [go] be the set of metrics conformal to go.
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When g € [go], say g = g, := v»-2 g for some positive function v, we have

1 2

A, = =go—
Jov 290 n_2

2
v 2dv ® dv — 7221_2|dv|30g0.

—12 n
U Vet oy (n—2)

We are interested in identifying K such that the problem
ou(A(Ayg,)) = K(z), MA,y,) €Ty, onS” (1)

has a positive solution.

Problem (Il) can also be asked on manifolds other than the sphere. In such context,
it is usually referred to as the oi-Yamabe-type problem and has been the subject of
many studies in the past 20 years. For an account of works in this area, we refer the
readers to the following recent papers [1],5H9, 2122} 27,30, B33, B8HATL 50, 511 53], 5IHOT]
and references therein.

In this paper, we focus on the case k > n/2. We assume that K satisfies the
non-degeneracy condition:

Vo Klgo + Ay K| >0 on S (2)

For K satisfying (2)), the set of critical points of K can be split as Crity (K) U
Crit_ (K) where

Crity (K) = {z € S"|V, K(z) =0,A, K(z) > 0},
Crit_(K) ={z € S"|V,K(z) =0,A,K(z) < 0}.

It is well-known that if O is an open subset of S" such that VK # 0 on 00, then the
degree deg (VK O,0) is well-defined. Set

deg (VK, Crit_(K)) := deg (VK, O,0)

where O is any open subset of S” containing Crit_(K) and disjoint from Crit, (K).
Due to (2), this is well-defined. Furthermore, the map K — deg (VK, Crit_(K)) is
continuous and integer-valued on the set of C? functions satisfying ([2)): If K satisfies
@) and if K; — K in C?, then deg (VK;, Crit_(K;)) = deg (VK, Crit_(K)) for large
i. When Crit_(K) consists of only isolated non-degenerate points,

deg (VK,Crit_(K)) = Z (—1)i@)

2o€Crit_ (K)

where i(z) is the number of negative eigenvalues of V2 K (z,). (For an introduction
to degree theories, see e.g. [50].)



Theorem 1.1. Let n > 3 and n/2 < k < n. Suppose that K € C?(S") is a positive
function satisfying the non-degeneracy condition ([2)). Then there exists a positive
constant C, depending only on n and K, such that

[ Inv||c2ny < Ci for all C* positive solutions v of (). (3)
Furthermore, if deg (VK, Crit_(K)) # (—=1)", then ({d) admits a positive solution.

Remark 1.2. For n = 4 and k = 2, Theorem [L1] was proved by Chang, Han and
Yang [T]).

Remark 1.3. See Theorem [2.1] for more detailed dependence of C, on K.

Remark 1.4. If K € C*%(S"), 0 < a < 1, and O is an open subset of CH*(S™) which
contains all positive solutions to () and whose elements v are positive and satisfy

AAy,) € Ty, then
deg (0, (A(Ay,)) — K,0,0) = =1+ (—1)"deg (VK, Crit_(K)).
Here the degree is as defined in [{4)]. See Theorem 2.3,

We note that the existence and compactness of solutions for the o,-Yamabe prob-
lem on compact manifolds not conformally equivalent to the round sphere was proved
for k = 2 and n = 4 by Chang, Gursky and Yang [I1], for locally conformally flat
manifolds and all £’s by Li and Li [42], for & > n/2 by Gursky and Viaclovsky [32]
and for k = n/2 by Li and Nguyen [49]. For related works, see also [23]2831158,62]
and the references therein.

Our proof of Theorem [[T] follows closely the strategy used in Li [45], Chang and
Yang [17], and Chang, Han and Yang [14] with some twists. To begin with, by a result
of Li and Nguyen [49] for & > n/2, in a hypothetical situation where (3] is violated,
one has at most a single isolated blow-up point. More precisely, if {v;} is a sequence
of solutions to (1) with maxwv; — oo, then there exist points p; with v;(p;) = max v,
some ¢; — 0" and some constant C' > 0 independent of i such that

v;(z) < Cdistgo(:c,pi)_’%2 for all = # p;,

sup  v; — 0 for all small » > 0,
distgq (@,ps)>r

Volume(g,,) — Volume(go),

2

1
vi(x) < Cdisty, (x, p;)~""27%) minv; when dist,, (2, p;) > avi(pi)_m.



One new ingredient for our argument is the following sharp fall-off behavior of solu-
tions as one moves away from the blow-up points p; (see Lemma 2.2)):
2

1
¢ dist,, (2, p;) =" when disty, (z, p;) > Evi(pi)_m. (4)

ule) < vi(ps) N

When k& > n/2, we establish estimate (4]) using the Liouville-type theorem and
Holder estimates for the differential inclusion A(4,,) € T's. The case k = n/2 is more
delicate and requires some different ideas. In fact, we provide two different proofs for
(@) in this case (see Subsection 2.T]).

For future use, we state the main additional ingredients for the proof of (@) using
notations in the Euclidean space. Let g denote the Euclidean metric on R” and A*
denote the (1, 1)-Schouten tensor of uﬁé,

2 n+2 2n

n 2 n
= A Ve uTEdu © du — ——u” 5 | dul?g,  (5)

i (n — 2)2 (n—2)

where V is the covariant derivative of g.

For our first proof of (), we make use of an estimate usually referred to as ‘small
energy implies boundedness’. This estimate extends results of Han [35] in the case
k =2, n =4 and Gonzalez [26] in the case k < n/2.

Theorem 1.5. Letn >3 and 1 < k <n/2 and Q2 be a non-empty open subset of R™.
There exists a constant 6 > 0 depending only on n such that if u € C*(Q) satisfies

or(AMA") <1, MNAY) €Ty, u>01inQ, (6)
and fQu% dxr < 6, then
dist(x, OQ)%Qu(x) <4"7 in Q.

Remark 1.6. In [26], when k < n/2, a stronger version of the above theorem on
punctured balls is proved. It was pointed out in [35] that this no longer holds when
k = mn/2. More precisely, in view of results in [13], for every § > 0, there ezists a
(rotationally symmetric) function u € C?(By \ {0}) such that

Tn2(AM(A") =1, XA") €Ty, u>0in By\ {0},

and [, wns dy < § but SUpp,\ [0y U = +00.

For our second proof of (4)), we make use of the following local boundedness
estimate for viscosity subsolutions to the o4-Yamabe equation, which is of independent
interest. We refer the readers to [47] for the definition of viscosity (sub-/super-
)solutions.



Lemma 1.7. Let n > 4 be even and By be the unit ball in R™. Suppose that u €
Choe(B1 \ {0}) is positive and satisfies
ANA™) & Tojo or 0,2(MA™) < 1in By \ {0} in the viscosity sense, (7)

lim sup u(x) < oo. (8)
|z|—0

For given Cy > 0 and o € (0,1], there ezists Cy = Cy(n, Co, ) such that if u(z) <
Colz|="2° (=) in By \ {0}, then

u(r) < Cy in By \ {0}.

We note that in the above lemma, condition (8) cannot be dropped. This is
because, for any 3 € (0,n — 2|, the function u(z) = |z|~# satisfies () on By \ {0} but
is not locally bounded at the origin.

We point out that if o (A(A%)) < 1in By \ {0} for some k& < n/2, then (7)) holds.

We refer the readers to [25,26[33/[37] and the references therein for further studies
on the asymptotic analysis for solutions of the o;-Yamabe equation with singularities.

Last but not least, we note that it is interesting to see if a purely local version of
(@) holds in a local blow-up situation when k& = n/2. More precisely, if u; satisfies
Onja(A(A%)) = K;(z) > 0, A(A%) € T,p in By CR", K; = K > 0 in C?(B;) and
4;(0) = maxpg, u; — 00, does it hold e.g. on 0B, that

ui(x) < for some constant C' independent of ¢?

C
u;(0)
Our proof of () for k = n/2 uses the fact that v; satisfies (Il) which is valid on
the whole of S*. We note that, when k& > n/2, the answer to the above question is
affirmative, as proved in Subsection

The rest of our paper is organized as follows. We start in Section 2l with the proof
of the main estimate (3) in Theorem [[.T] by establishing the optimal decay estimate
(@), assuming Lemma [[.7] or Theorem [LEl In Section [3] we give the proof of Lemma
[L7 Section M is devoted to the proof of Theorem [[L3l In Section [l we complete the
proof of Theorem [Tl We include also an appendix where certain convexity property
of the Schouten tensor is proved and used to compliment certain arguments made in
the body of the paper.

2 A compactness result

In this section, we prove the compactness estimate (3), with the help of Theorem
or Lemma [T.7]



Theorem 2.1. Under the assumptions of Theorem [L1, estimate ([B) holds with a
constant C, depending only on n, an upper bound of |In K|, a positive lower bound of
1 - 1 2
mﬁvgolﬂgo + |Ay K], and the modulus of continuity of WV%K'

We note that in the above theorem K is non-constant by assumptions, and hence
HV?]OKHCO(Sn) > 0.

Proof. In view of first and second derivative estimates for the o-Yamabe equation
(see [19L29], |47, Theorem 1.10], [42, Theorem 1.20], [65]), it suffices to show that

v < C, for all C? positive solutions v of () (9)

where C, is as indicated in the statement of the theorem.
We use a combination of ideas from [14,45,149] with one new input (Lemma
below). Suppose by contradiction that (9) does not hold. Then

(i) there exist positive C? functions K; such that |In K;| is uniformly bounded,

1 . . o .
V2 Kilonon, [V g0 Kilgo + | Ago K|] is uniformly bounded from below by a positive

constant, and VgOKZ- is uniformly equi-continuous,

S S

||V12;0Ki||00(sn)

(ii) there exist positive C? functions v; satisfying (1) with K replaced by K;, and a
sequence of points {F;}5°, C S such that v;(P;) = maxv; — 00 as i — oo.

Composing both v; and K; with a rotation of the sphere if necessary, we may
assume without loss of generality that all P, are the same: P, = P, which we will
conveniently taken at the south pole. This point will be called the blow-up point of
{vi}.

We claim that ||[VZ K;l|cosn) is uniformly bounded. Indeed, if | V2 K, |lcosn)
were to diverge to oo along some subsequence, then, the sequence W i

90" "t 1CP(S™)
would converge uniformly to 0. As this sequence is pre-compact in C? by Ascoli-
Arzela’s theorem, the convergence would hold in fact in C2. This would lead to
a contradiction to the statement that < [V goKilgo + |Agy K] is uniformly

bounded from below by a positive constant. The claim is proved.

In view of the above claim and (i), we may assume without loss of generality that
K; converges in C? to some positive C? function K.

By Step 1 in the proof of [49, Theorem 1.3|, the sequence {v;}2, has precisely
only one isolated blow-up point. More precisely, there exists C' > 0 such that

1
a0 Kill cogn)

vi(z) < Cd(z, P)™"F for all z € S*\ {P}, (10)

where d denotes the distance function induced by go.
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Let ® : R” — S" be the inverse of the stereographic projection with P being the
south pole to the equatorial plane of S™, that is,

2yi lyl> =1

r,=——-—"fori=1,...,n, and z,; = ———.
1+ [yf? ITEE

Let

n—2

wl = (1505) o)

L+ [y/?
Then 0 is a maximum point of of u;, u;(0) — oo as i — oo and
or(A(A")) = Ki(®(y)), AMA™) €Ty, R (11)
where A" is as in ([{).
Let a = 2_%< Z )_%62 Koo (P)"% > 0. By working with the sequence {c, zav;}
instead of {v;} for some positive constant ¢, depending only on n and k, we may

assume without loss of generality that a = 1.
2
Let \; = u;(0)»—2 and define

U;(z) = ﬁui()\;lz)

Then
o (MA")) = K;(®(\12), MA%) €Ty, inR™

Passing to a subsequence if necessary and using the Liouville-type theorem [43]
Theorem 1.3], for every ¢; — 07 we can select R; — oo with R; < |Ing;| and
R;/\; = 0 as i — oo such that

~ 2-n
I%i(2) = (L+[2[*) 7= [loasan,) < & (12)

Lemma 2.2 (Optimal decay estimate). With the notations as above, there exists a
positive constant C' independent of i such that

ui(y) < Cu; H(0)|y[*™™ for all y € R™. (13)

Let us assume this lemma for the moment and go on to complete the proof using
the Kazdan-Warner and Pohozaev identities as in [17,45].
Let K; = rer——(K;0®— K;(P)). By () and [36, Theorem 1] (see also [64]),

||vgoK1||CO(sn)
we have that

1 2n - 2n
0= ———— Opor(A(A"))u? dy = K *dy, 1<(<n, (14
V2 Killcosny Jrn (A4%) Rn (14)



and

n

1 / ) 2n_ . 2n
0= ———— YO (A(A“))u 2 dy = / y- VEKu? dy. (15)
||V30KZ||CO(STL) ZZ:; n n

Fix some ry > 0 for the moment and let us consider (I4]). Note that (i) implies that
K; = (K; — K;(P)) is pre-compact in C2. It follows that |V K;(y)| = -2

S S

||V§0Ki||co(sn) 1+‘y|2
on R”, where here and below the implicit constants in the big ‘O’ and little ‘0’
notations are independent of i. Thus, by (I4]) and (I3)

O:/ 8gKiuan2 dy+O0O\™), (=1,...,n. (16)
ly|<ro

Observe that, by (I2) and ([I3)), if ¢ : R \ {0} — R is a homogeneous function of
degree d € [0,n), then

i X [ gy = [ 1D (17)
100 ly|<ro R™ (1 + |Z‘ )

Using Taylor’s theorem, we write

QKiy) = 0Ki(0) + 3 0,00K:(0)yp + 01y (1)]y] for |y| < 7
p=1
where 0,,(1) = 0 as ryp — 0. Plugging this into (I6]) and using (I7) we are led to

0=MD9,K;(0) + MDD~ 0,0, (0)ul) + 0, (DA, £=1,...,n,  (18)

P (]
p=1

where M@ and ,ul(,i)’s are given by

. 2n (m) 1
MO = [y s 2 (19)
lyl<ro C
. 1 / 20 @ o(1)
(Z) — n—2 d p—
Iz - Yypui " dy : (20)
PMO Sy, A
We thus have
or(1) .
IVK;(0)| = N sl oo (21)
We now turn to (I3]). By the same argument, we have
0 =MD" 0K (0)” + MDY 8,00K:(0) ) + 04, (1)A>. (22)
(=1 l,p=1

9



(@),

where 1,

s are given by

@_ 1 2o @@ O(1)d + o(1)
:u’fp - M) i - :

Combining (I8) and ([22) we obtain

> 0,00Ki(0) (nfy) — 1 1) = 0, (1A

Lp=1
Recalling (20) and (23)), we obtain
A;K;(0) = 0,,(1) as i — oo, (24)

This together with (2II) implies that mﬁvwlfi@ﬂgo%—|AQOKZ~(O)|]| converges

to 0 as ¢ — oo, which gives a contradiction to (i).

We have proved Theorem 2.1l assuming the correctness of the optimal decay esti-
mate in Lemma To finish, we need to give the proof of Lemma This can be
found in Subsections 2.1] and 2.2] below. O

2.1 Proof of the optimal decay estimate when k = n/2

As mentioned in the introduction, we will give two proofs of Lemma 2.2] Let us start
with the first proof.
First proof of Lemmal2.3 when k = n/2. Let u}(z) = |2|* ";(%5). Then @} satisfies

EE

op(MA™M)) < sup max K; =: b, MA%) € T, on R,

7

and, by (I2)), we have that for any r > 0,

2n

/ (ﬁj)%(z) dz = / ' (z)dz — (14 ]2)™dz asi— oo.
Rn\BT Bl Bl

T

By [49, Remark 3.2], we have that

2n

/ (ﬁg‘)’?ﬁz (2)dz = / a) % (2)dz — (14 |2 ™dz asi— oo.

R”

Thus,
/ (71:)%(2) dy — (14 1z*)™"dz asi— oo.

r R™M\B1
i

10



In particular, we can pick a sufficiently small r so that the integral on the left hand
side is smaller than the constant ¢ in Theorem We then obtain from Theorem

that B
iy < Cypr~ 2 in B,

Returning to u;, we obtain

n—2
C,r—z

ui(y) < ——— for |y > 2r /N
WS e

Estimate (I3]) then follows from the above estimate and (I2)). O
We now turn to the

Second proof of LemmalZ2 when k =n/2. In view of (I2), it suffices to show that

Ui(2) < 70— for 2] > 1. (25)

By (I0), we have @;(z) < C|z|~"%" on R". By known Harnack estimates (sec e.g. [47)
Theorem 1.10]), this implies that

supu; < Oy mf u; for every r > 1. (26)
9B,

The desired estimate (25) then follows from ([I2]), (26) and Lemma 2.3 below. O

Lemma 2.3. Suppose that 0 <u € CP ({|z| > 1}) satisfies ([26) and

Onja(A(AY)) <1, AN(AY) € Tyypp in R™\ By, (27)
lim sup u(z)|z|" 2
|z| =00

< 00,

where ([27)) is understood in the viscosity sense.
For any > > 0 and R > R' > 1, there exists 0 = 6(n,s, R, R') > 0 and Cy =
Cy(n, s, R, R',Cy) > 0 such that if

sup  |u(z) — =(1+ |a:|2)_an2 <,
{R' <|z|<R}

then
u(z) < Cg\x|_("_2) in {|z| > 1}.

11



Proof. For r = |z| > 1, let U(r) = »(1 4+ r2)~"% and u(r) = infyp, u. Clearly @ is

continuous. Note also that if we define, for O € O(n), the set of all n x n orthogonal

matrices, uo(z) = u(Oz), then \(A"0) € T, 5 in {|z| > 1} in the viscosity sense and

u = inf{up : O € O(n)}. Hence A\(A*) € I',)o in {|z| > 1} in the viscosity sense.

By [48, Lemma 2.7, @ € C>} ({|z| > 1}) and we have for ¢ > d > 1,
u(d)

0<In —)S(n—Q)lna. (28)

Fix some R’ < s; < sy < R. Note that

: I

2

2 n=2 n-2
) ()T ()7

b 02 g o

Then, there exists small § > 0 such that when |u — U|| Lo ({r'<jz|<r}) < 6, We have
2 -1
o= <ln2> lnu(s)—1>5>0
n—2 s1 u(s9)

Note that by ([28), o < 1. Fix such § from now on.
Using ||u — Ul|zee({rr<je|<ry) < 6, [28) and (26) , we have that

w<Cu<Cin{l<|z|<R). (29)

Let

Now consider the function

n—2 o

Vir) = ﬂ(sl)(i) -2 (1+a)

51
which satisfies A\(4") € T, /2 on R™\ {0} (see [48, Theorem 1.6]), V(s1) = u(s;1) and
V(Sg) = TL(SQ).

We claim that V(r) > a(r) for all » > s5. Indeed, suppose by contradiction this
did not hold. Then we would have for some s3 > sy that V(s3) < u(s3). Applying
the comparison principle (see [48, Lemma 2.8] and [52, Theorem 1.7 (b)]) to V and
@ in the annulus {s; < |z| < s3}, we would arrive at V' < @ in {s; < |z| < s3} which
is impossible as V(sg) = @(s2). The claim is proved.

In view of (26) and (29), it follows that

u(z) <

The conclusion follows from the local boundedness estimate Lemma [I.7 applied to
the Kelvin transformation u(x) = m%u(ﬁ) of u. O

—r2(4e) iy {1z > 1.

12



2.2  Proof of the optimal decay estimate when &k > n/2

When &k > n/2, our proof of Lemma is simpler, and uses the Holder continuity for
functions satisfying A(A") € I'y. We also note that there are other methods to prove
Lemma in this case; see Appendix [Al for one such argument.

Proof of Lemmal2.2 when k > n/2. By (I12)) and the Harnack estimate (cf. (26)), it
suffices to show, for some C' > 0 independent of i, that

minu; < Cup (0™ V7 > RifX, (30)

where \; = uZ(O)% and R; is as in (I2)).
For any r > R;/\;, define u;(&) := r%ui(%f), V¢ € By, and fix some &; such that
&i| = 55—. Then \(A%) € Ty in By and

2)\1'7‘ :

n— n—2

2 ;(0) =27 "7 . (31)

I3

Moreover, in view of ([[Z), we have |&]"2 @;(&) = 272 @;(55) = 272 4 (1) and
so, for some 7y independent of r,

n—2 3(n—2)

& (&) <277 for all i > . (32)

As |&] < 2LR¢ < % for large i, it thus follows, in view of [48, Theorem 1.4, equation
n—2k

(1.14)], that the function w; = 4"~ >* satisfies

wi(0) — wi(&)| EOLED 1 ED

sup w; = ST = for large 1,

0By 2 C‘£Z|T o C|£Z| Tl CwZ(O)

where the constant C' depends only on n and k. Returning to u; we obtain (30). O

3 Proof of Lemmma 1.7

Proof. For R > 1, let @ = ug(z) = cnﬁ%u(%) for |x| > 1 where ¢, is a normal-

ization constant depending only on n, suitable chosen so that u satisfies

U B U -n n : n D,
A(A) & Tz or 0 (A(AT) < 27 ( /2 ) in R\ B, (33)
lim sup (x)|z|" 2 < oo, (34)
|x|—o00
i(x) < CoR™F |g|~ "7 (H o), (35)

13



Here (33)) is understood in the viscosity sense.
By [13, Theorem 1, Case I.1 and 1.3], for a > 0, there exists a unique solution to
the problem

ons(N(AT)) =2772(0 1) A(A%) € Typa in R\ {0},

n/2
_n-2, d n-2 B
Va(l) =€ 2 and—T:lln<r z Va> =0.

dr
Furthermore, with h(a) =1 —e™ € [0,1) and y(a) = 252[1 + (1 — h(a)z/")l/Q} €
("T_Q,n — 2], we have
0 < lim V,r"@ < 0. (36)
T—00

Moreover, the limit is uniform for a belonging to a compact interval. Note that

7'(a) < 0 is monotone decreasing and 7(0) =n — 2 and y(o0) = 252

Step 1: We claim that there exist large ag > 0 and large R > 0 such that
< V() for {|z| > 1}. (37)

To see this, first select ag sufficiently large so that

Hao) < "2 (14 ),

_n—2

By (B6), there exists R’ > 1 such that V() > |z|~"2 3% for |z| > R'. Clearly, we
can choose large R > 1 such that CoR™"2 ® < 1 and V,,(z) > CoR™ "2 ®|z|~ "2 (1+e)

in {1 < |z| < R'}. (B7) then follows from (33]) for these choices of ayp and R.

Step 2: To conclude, it suffices to show that @ < Vj in {|z| > 1} provided @ < V,, in
{|z| > 1} (which holds in view of (33])).
Let

T = {t €[0,1] : @ < Vi, in {|z] > 1}} and to = inf T

Note that 1 € T" due to ([B7), and so T" is non-empty and t is well-defined.
We need to show that ty = 0. Suppose by contradiction that ¢, > 0. Note that,

by (34) and (36),

h‘rr‘l sup ti(z)]z]"™* < o0 = am Vigao ()",
T|—00

and, by (37),

n—2

~ - ao —22t0a0 _
u‘\w\:l <e 7T <le 2 = Vigao (1)-

Thus, by the minimality of ¢, there exists zo with |zo| > 1 such that @(zg) = Viyae, (z0)-
As @ < Ve, this gives a contradiction to the strong comparison principle. We
conclude that ¢y = 0 and so @ < V; in {|z| > 1}, as desired. O
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4 Integral estimates and proof of Theorem

In this section, we give the proof of Theorem [[.LHl It is more convenient to use
¢ = ——2-Inwu so that A* = ¢*¥ F[))] where

FIv) = V6 + Vo © Vi — L [VUP 1

In this section, we use V for the differentiation with respect to the Euclidean metric
g on R"™. The differential relation (@) then becomes

ar(A(F[¥) < e ¥, AF[Y]) € Ty.
Theorem is then obtained from a priori L*> estimate for the differential inequality
or(AM(F[Y])) < fand F[] €y in By (38)

where f is a given function.
We prove:

Proposition 4.1. Let 1 < k < n/2. Suppose ¢ € C?*(By) satisfies [B]) for some
f € LP(By) with p > 5. For every given ¢ > 0 there exists C > 0 depending only
onn, p, ¢1 and an upper bound for || f||r(s,) such that

le™ oo (By0) < Clle™ |l Lar (81)-

This result will be obtained from some Cacciopoli-type inequalities (see Proposi-
tions [.0). As in [206[35], the proof of these results uses the Moser iteration technique.
Let us assume these results for now and give the

Proof of Theorem I3, Let T := supg dist(z, 9Q) "2 u(z). It suffices to show that if
n—2 2n
T > 42, then f32 un-2 dx > ¢ for some positive constant ¢ = 4,,.

Take 2o € € such that dist(z,09Q)" = u(ze) = T. Let r = sdist(z, 0Q), A =
u(zo)% and define

SN -1
u(z) = u(xo)u(xo + A7 2) for |z] < Ar.

Since T' > 4an2, we have A\r > 2. The function @ thus satisfies
or(AMAM) <1, MNA") €Ty, @>0in By,
@0)=1, @<2"T in B,.
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Let » = ——25In@ and f = e ?*. Then,

oW AFIE) < f  and  A(F[¥]) € Ty in By,

2
—111 = |2 < "
le™Nanmy = Nl 2, <l

||6_¢||Loo(Bl/2) Z 6_w(0) =1.

As || fllze(By) < C(n, k), we obtain from Proposition A.1] that

2 1 1
n—2 —’I,Z) - —’lZ) -
lull” 2, .- le™ Nzns = Flle™ =) 2 &-
The conclusion readily follows by taking ¢ < % O

The rest of the section is organized as follows. We start with recalling and deriving
some divergence identities for the o,-Yamabe equation in Subsection 4.1 We then
uses the identities to proved Cacciopoli-type inequalities in Subsection [£.2 These
will then used to prove Proposition 4.1]in Subsection (4.3l

4.1 Divergence identities
Let us start some divergence identities which will be used later on. For 0 < ¢/ < n,

(0)
let T'[¢)] be the ¢-th Newton tensors of F[¢]. These are defined inductively by

Pl = PP + oen (PRI, Tl =1 (39)

The Newton tensors satisfy the following divergence identity.
Lemma 4.2. Suppose that 0 < ¢ < n and ¢ € C*(B;). Then

VLT[0 = (1 — 20 T W%V at) — (n— Ooo(FR) Vi in B, (40)

Note that if we write § = e"2¥§ and let A be the (1,1) Schouten tensor of § and
()
T'(g) denote its Newton tensors, then (40) is equivalent to the following more familiar

divergence identity (see [63]):
()
VarT(9)% = 0.
(See [50] for the case the metrics involved are not locally conformally flat.) For
completeness let us re-derive it here.
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Proof. Using (89), we compute

(e+1) () ) )
Va T [,¢]ab - _VaT[w]aT’F[,lvb]rb - T[w]arvaF[w]rb + T[w]arva[¢]ra

= VWIS FWTs — T VPR — Vo)

= VW PR — T [VaV e — V90

~ Vo VT8 + VoV V|

0 0
=~V T ) — T | FIV) W Viw — FI)sVay

—FWhvmwz+mevmy4
= VLW FIT — (¢~ Doe (FIE) Vit

(4+1)

=2 T [¥]"Va) = (n = Qo FIONF] V.

A straightforward induction on ¢ using the above recursive formula yields the desired
conclusion. m

Corollary 4.3. Suppose 0 < <n—1,p>0, v € C*(By). Forq€ R, it holds that

V(e [V PTRIS V)
— pe VP T [ VPOV 4 (p 4 £+ De P o (FI]) VPP

0
+(n—20—q-— g — e Y |VY|PT )%V 1 Vo
n—J{

5 e o (F))|[V[PT2 in By. (41)

Proof. Tt suffices to consider the case ¢ = 0, since the general case follows from this

17



case immediately. We compute

(6 + Vorna (FIDVEP = VP PRI Pl
= (VPP (VVat + VPV — L[V %)

()
D v, (VP )Y")

— VP [(n — 20T 0190 — (0 — O (FU]) Vo] V70
— VU [Pl — VbV + VU] Vv
+ VUL =

()
D g, (VT )Y")

0
R A\ Gt

oo(Fl]) V|

n—4¥

oo(F[]) V|

(£+1)
+p| VP2 T VPV b — poea (FI) V],
Rearranging terms, we obtain identity (41]) when ¢ = 0.

Corollary 4.4. Suppose 1 € C?(By). For ¢ € R and t,s > 0, it holds that

k—1

Ve[ gy o T i )
2

= ke o, (F[Y])

(4)

=y G +1)(s 1) 1)
te wZQj 5) (n—Q’HT—q)IWI% T W]V Vi

S

k—1
B ) .
e qwzwl - ( —k+1)s—(l{:+1)t+(n—2k+s—t)j)><
X |V¢|2]+2 ok—1—;(F[¢]) in B;.

Here we have used the rising factorial notation x9), i.e.

j-1
2 =1 and 2V = H(:c +1) for j > 1.
i=0

18



Proof. Applying (@1]), we have the following identities:

V(e 7 [, vt
= ke %o (F[Y])
n—k+1

(k-1)
+(n—=2k+1—qe ™ T [¢]abva¢vb¢ - 5

e Vo1 (F[Y]) |V,

V(e VP T ) V)

= 2 T WV + (ke Vo (F[U)|VP
n—k+4+2

(k—2)
+(n—=2k+2 =g |V T IV — —

e Moo (F[¥])| VY,

Vale Vo T [ he)
= 4 PP T WISV + (k + 2)e Moo (FU]) [Vl

mE S DIV

(k=3)
(0= 2k 43 = ) V|Vo[T T W]V VY - ——

Multiplying the first identity with 1, the second identity by é, the third identity

by ;s 2(?’:1) and so on, and adding the resulting identities together, we obtain the

conclusion. m

Choosingt =n—k+1and s =k + 1+ 0 in Corollary [L.4] we obtain

Corollary 4.5. Suppose 1 € C*(By). For ¢ € R and § > —k — 1, it holds that

V“{e_qw[g QE(k +k1++1;) V[ _1_.)[¢]“b]vb¢}

= ke” q%k(F[@D])

— @ rk(n —2k) +8(n — 2k + 1+ j)
e n—k+1) (n i)
Te 2231{;4_14_5(]( k+1+6+7 q)X

X |V¢|2] [@D] pVath Vi

_ n —k+ 1 (3+1) , ‘
— e Z ST VU o (1) in By
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4.2 Cacciopoli-type inequalities for o, equations

In view of Corollary [L5] for ‘large’ ¢, we can recast (38)) in the form
Va (e_qu“be@D) < ke™® f — (positive) good terms

where the matrix X%, is non-negative definite and the good terms on the right hand
side are are multiples of e~ |V |?0_1 (F[¢]), ..., e |V o0(F[¢)]). (See (@) be-
low for the exact expression.) Exploiting this will lead us to the following Cacciopoli-
type inequality.

Proposition 4.6 (Cacciopoli-type inequality). Suppose 1 < k < n, § > 0, ¢ >
0+ k(Z;fk), Y € C*(By) and F[Y) € Ty, in By. There exist C = C(n,0) > 0 and
a = a(n) > 0 such that, for 0 <r < R <1,

— _ +Ca B
/Te qw|v¢|2kd$§C/BRe qwak(FW])dxjtﬁ/BRe " dx.

In a similar vein, but by working with ‘large’ negative ¢, we get:

Proposition 4.7 (Cacciopoli-type inequality). Suppose 1 < k < n, § > 0, s >

6 + k(i]_:"), Y € CYBy) and F[yp] € Ty in By. There exist C = C(n,0) > 0 and

a = a(n) > 0 such that, for 0 <r < R < 1,

)
s 2k 10 < (s + / Y g,
/Te V| x_i(R—r)% BRe x

We will use the following consequence of the identity (41]).

Lemma 4.8. Suppose 0 <{<n—1,p>0,q<R, ¢ € C*By) and F[Y)] € Ty in
By. For every cut-off function n € C°(By), we have

s 01) [ e 0 (P da

By

(t+1)
—p [Py T TV, do
By
<(n=0)al+ 5 +Co) [ e VP o Pl do
By

e / e V2V oo Fli]) d.
By
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Proof. Multiply () by n*“*!) and integrate over B; we obtain
2(6+1) ,—a¥ P p—2 D e b
P (p+ £ 41) [V P (FI)) — pIVoP 2 T ]V 0V da
B
Q)
=20+ 1) [ PR T T Y do
B1

©
~n—20—g-E 1) / I L A T R O
By
iy

- [ ey oy () da.
By

(0) — ()
Noting that T'[¢] is non-negative definite for F[¢| € I'yry and tr(7T[¢)]) = (n —
O)oe(F[]), we have

()
03 TV 6V an| < Cou P WPTH P + [Vof?)
a,b

Using this to estimate the first integral on the right hand side of the previous identity,
we arrive at the conclusion. O

Proof of Proposition[{.6l We use C' to denote a generic positive constant depending

(0
only on n, k and 6. In our argument, we use the fact that T[] is non-negative
definite for 0 < ¢ < k — 1 whenever F[¢] € T'y. By Corollary 5, we can select a
sufficiently small 6 = §(0, n, k) such that for ¢ > 6 + Rn—2k) and F[y] € Ty,

k+1
{ —qw[kiQ?Zk +k1++15 _ \WJW E j)[¢]ab]vbw}
j=0

< ke~ qwak(p[w])

B (n—k-+ 1)U+ '
— e Z 201 (k 414 6)U+D |v¢|2j+20k—1—j(F[w])' (42)

Let n € C°(Bgr) be a cut-off function such that 0 <7 < 1in Bg, n =1 in B,
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k¥ and integrating by parts we obtain

C/ —Q¢Z‘v¢‘2j+2ak (FY)) do

<k [ e o (FlY]) da
Br

—k+ 1 —1- ')
2kl —qdi 2] a b
ek /BR ! Z 2i(k+1+06)0 |V¢| [V YVande.  (43)

(k—1-j)
Noting that 7T [¢] is non-negative definite and its trace is a multiple of oy,_1_;(F[¢]),

we have
(k=1=j) .
DR AU ST A
a,b

< Copa— (F D[V [Vn].

It follows that

k—1

/ ey Z V% 20,y (F[Y)]) da

Br =

<C [ e o Fl) e
Br
k—1

[P ST V[V o (Flu) do
Br

J=0

Using the inequality

n V||V < e[ V[P 4 “272vp|**2 for all € > 0,

sz

we are led to

k—1

/B n2ke—qw Z |V7vb|2j+20'k—1—j(F[w]) dx
R =0

<C [ e o (Pl ds
Br

/ eIV Z 2J+277 (k—l—j)ak_l_j (FW’]) dzr. (44)
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Consider the last integral on the right hand side of ([@4]). When j < k — 2, we use
Lemma A8 with p =0, / =k — 2 — j to obtain
k—1—3
n—k+2+j

<(q+0) / PE1De |V oy (FIY]) de

Br

/ n2(k_1_j)€_q¢o-k—1_j(F[w]) dx
Br

L n2(k—2—j)e—f1¢|V7;\2ak_2_j(FW]) dz.
Br

Using the inequality

(R— r)%+2

14+
, £ Clg+C)m+i ,
77_2(1+])|V¢|2 < (¢ )T —2(2+4j

(q 4 C)H'a |V¢|2j+4 + mﬁ ) for all « 2 0,6 >0
e —r

in the first integral on the right hand side of the previous inequality, we obtain

C)~ ,
(](gqu)2>j+2/3 772(k_1_])6_qw0'k—1—j(FW])dx

<e / e VP gy (FIY]) da
Br

A+a)(2+5)

C C)
N (¢+0C)

e (R — )2+ Jay,

¢ e Woy_y (F[Y]) da. (45)

Using (@3] repeatedly for j =0, 7 =1, ..., 7 =k — 2 to treat the last integral on
the right hand side of (44]), we obtain for some o = «(n, k) > 0 that

k—1

/ et S [V E 0y (Pl d
Br

=0

<C n2ke—q¢ak(Fw}]) da + LC)%/ e~ dr.
Bgr (R - T) Br

The conclusion follows. O

Proof of Proposition[{.7. We adapt the proof of Proposition 4.6l We use C to denote
a generic positive constant depending only on n, k& and 0. Appying Corollary A5 we

. k(2k—n
can select a sufficiently small § = §(0,n, k) € (0,1) such that for s = —¢ > (k+1 16
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and F[] € Ty,

Ve[S R D g o)

Yk+1- 6)W
k—1 _ ko4 1)+ .
> 5e* ga(ﬁ(k; J ) syan VYT (F)). (46)

I\
o

J

As before, we let n € C2°(Bg) be a cut-off function such that 0 <7 < 1 in Bpg,
n =1in B, and |Vn| < Rg. Multiplying (@6) by n* and integrating we obtain
(compare ([43]))

k—1

. .
S L
C Bgr 7=0
. —k+ 1 (k—1—7) a
_ _%/ et wzw T )| V¥ T T[] VYV e da.

We can now argue as in exactly as in the proof of Proposition to obtain the
conclusion. 0

4.3 Proof of Propositions [4.1]

Proof of Proposition[{.1. We use Moser’s iteration. It suffices to give the proof for
some ¢; > 0. The fact that the result holds for all ¢ > 0 follows by interpolation.
Fix some 6 > 0 and ¢4 > 0 + k(Zﬁk). Let x = 25 > -5 if 1 <k <n/2and
X > I% be arbitrary if k£ = n/2. Below we use C' to denote some positive constant
depending only on n, k, 6 and .
By the Cacciopoli-type inequality in Proposition .0 there exists o = a(n, k,0) >
0 such that for all ¢ > ¢; and 1/2 <r < R < 1,

Cq”
— 2k — _
/Tle qw\vw dx S C (& q¢fd$+m/BR€ qwdl’ (47)

Br

Applying W2*-Sobolev’s inequality to e~ 2%, we thus have
1/x
</ e~ XY d:c) < C/ (e |V|* + e71%] da
By Br

@D an+2k
< C’q%/ e~ f da + 7/ e~ dz.
Bgr f (R - T)2k Bgr
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On the other hand, by Holder’s and Young’s inequalities,

/ e_qwf dr = / e_ﬁqd}e a _%_(x Dp qwf dx
Br Br
1 XP—X—PpP l/p
< (/ e Xy dx) b (/ e~ dx) (br (/ 1P d:):)
Bgr Br Br
1/x (x=1)p xpriixlfp
Sz—:(/ e_Xq’/’d:z> + Ce™ xp—x- P(/ e““%lx)(/ f”d:z) )
Br Bgr Br

Therefore we have for some 5 = 3(n, k,0,x) > 0 that

1 x—p
ey < gl Wani +0qﬂ(w+||f||zz(gf)ne U -

A standard iteration (see [24, Lemma 1.1]) then gives

Dp

1
EoE T el [ [ (48)

e oo < O (5

forall 1/2<r< R<1and q>q.

Now, consider r; = 1 + = and ¢; = ¢; x/ ! for j > 1. By (R), we have
p

1
; q1 X _
||€ wHanH(BT i) < cn X JXBql ix J<22Jk+ ||f||z§(§1p) ||6’ wHqu(BTj).

It follows that

_ 5 N e AU
e oo, < [L{OT 050 (24 1 A1Ea )™ Mol
]:
C n, k79>Xa ||f||LP(B1))||e wHLfH(BTl) for all m > 1.
Sending m — oo we obtain the conclusion. O

5 Proof of Theorem [1.1]

Fix some 0 < o/ < a < 1. For £ > 0, let C%*(S") (vesp. C*(S")) denote the cone of
positive functions in C%*(S") (resp. C*(S")).

Consider first the case K € C>%(S") satisfying the non-degeneracy condition (Z).
The general case where K € C%(S") will be dealt with via approximation.

For any p € [0, 1], let K, = pK + (1 — ,u)Q‘k( Z ) and consider the equation
ox(MAy)) = K, A(Ay,) € Ty on S™ (49)
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By Theorem [Z.T] and first and second derivative estimates for the o,-Yamabe equation
(see [19,29], [47, Theorem 1.10], [42, Theorem 1.20], [65]), we can select C, sufficiently
large such that, for u € (0, 1], all positive solutions to (49) belong to the set

o}

o= {17 € CH(S™) | b pner gy < T Chy M(Ay,) € rk}. (50)

Consider the nonlinear operator F, : & — C%%'(S") defined by
F,lv] :=0,(M(Ay,)) — K,, Yveo. (51)

By [44], the degree deg (F),, 0,0) is well-defined and is independent of 1 € (0, 1].
This degree is also independent of o/ € (0, a] (see [45, Theorem B.1]). We proceed to
compute this degree for small p and some o/ € (0, «).

Our computation closely follows [45], using the Lyapunov-Schmidt reduction. Let
us briefly give an outline. We start by parametrizing Ci’al(S") as (< x B) for some
parametrization 7 (see Lemma [B.1]) where the B-factor takes into account the the
action of the M6bius group on S™ and where the element 1 € . corresponds to the so-
called standard bubbles on S™. An important property of this parametrization is that,
for every given tubular neighborhood 7(.4" x B) of w({1} x B), all solutions of (49)
belongs to m(.A4" x B) if p is sufficiently small; see Lemma [5.2l Thus, by the excision
property, it suffices to compute deg (F),, (.4 x B),0). We then appeal to the implicit
function theorem to show that, for every given § € B, there is a unique we, € A
such that the ‘#-component’ of F),(7(we,,§)) is in fact zero; see Proposition (.3l
The problem of solving for zeroes of F), in m(.#" x B) thus reduces to solve for zeroes of
certain finite dimensional map & — A¢ ,, whose degree was computed in [45]. Finally,
we complete the argument by showing (—1)"deg (F},, 7(.#" x B),0) is the degree of
A¢ 5 see Theorem [5.5

Let us now give the details, starting with the declared parametrization of C’i’a, (S™).
For P € S" and 1 < ¢ < oo, we define a conformal transformation ¢p; on S by
sending y to ty, where y is the stereographic projection coordinates of points while
the stereographic projection is performed with P as the north pole to the equatorial
plane of S™.

For a conformal transformation ¢ : S* — S™ as above and a function v defined on
S™, we let

T,v:=wvop|det alg0|n2_7z2

where dy denotes the Jacobian of ¢. In particular, the pull-back metric of g, = vz 90
under ¢ is given by ¢*(g9,) = 91,0
Let B denote the open unit ball in R**! and let

o = {v € C’i’a/(Sn) ; / x|v(:c)|% dvgy(z) = 0}.

n

26



Note that our definition of .%, differs slightly from that in [45] in that we do not
require g, to have unit volume.
For w € % and £ € B, let 7w(w, &) be defined by 7(w,0) = w and

m(w, &) = Tso;t(w) with P = % and t = (1 — [£])~" when £ # 0.
Lemma 5.1. The map 7 : %y X B — Ci’o‘l(S") is a C? diffeomorphism.

Proof. The fact that 7 is a bijection follows from [45, Lemma 5.3]. It is also clear
that 7 is C%. Next, note that u = 7(w, £) if and only if

1 2n
PO = / ()| () dug, = 0,

where P = % and t = (1 — |¢])~. Thus, by the implicit function theorem, to
show that 7=! is C?, it suffices to show that d¢ F'(ug, &) is an isomorphism for every
uy € C’i’a,(S") and & € B such that F(ug,&) = 0. In [45] Lemma 5.4], this was
done in Sobolev spaces. The same computation can be repeated verbatim giving the
conclusion. We skip the details. O

Using Lemma 5.}, we will in the sequel ‘identify’ an element v € C'i’al (S™) with the
pair (w, &) = 7 1(v) € H x B. As a consequence of Theorem 2.T] and Liouville-type
theorem we have:

Lemma 5.2. Let n > 3, n/2 < k < n, and 0 < o < o < 1. Suppose that
K € C¥*(S™) satisfies the non-degeneracy condition ). If Uy, = T(wy,, &) solves
@) for some sequence ji; — 07, then &, stays in a compact subset of B and

]li)rilo ||wuj — 1||C4,a’(gn) - O

Proof. By Theorem 2], first and second derivative estimates (see [19,29], [47, Theo-
rem 1.10], [42, Theorem 1.20], [65]) and Evans-Krylov’s theorem, {v,, } is bounded in
C*%*(S™) and hence is relatively compact in C**'(S™). Since 7 is a diffeomorphism,
7~ maps compact sets into compact sets. It follows that {w,,, } is relatively com-
pact in ./ and {{,;} is bounded. Furthermore, if w, is a limit point of {w,,}, then
w, € Sy and satisfies

n

or(M(A4,, ) = 2—k( . ) AA,, )eT onS"

By the Liouville-type theorem [63, Theorem 3] (or [43] Theorem 1.3]), w, = 1. The
conclusion follows. O
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By a straightforward computation, for every fixed £ € B, the linearized operator
of F,[n(-,§)] at w=11s

227k
L = D,(F,o W)(w’g)]‘w:w = —dpk(A+n)  with dyy = n— 2( k )

and with domain D(.Z) being the tangent plane to % at w = w:

D(2) = Tu(H) = {ne (") / en(z) dug(z) = 0}

n

It is easy to check using the implicit function theorem that .7 is represented locally
near 1 as a graph over T1(#): There is a twice differentiable map n € T1(%) —
¢(n) € R™! defined in a neighborhood of 0 in T3(.%) with ¢(0) = 0 and D¢(0) = 0
such that all w € .4 sufficiently close to 1 are of the form

w(x) =1+n(x)+C0) - 2.

It is well-known that . is an isomorphism from D(.%) to

R(Z) = {f e 2 (S ; / 2 f () dvg (z) = o}.

T

Let II be a projection from C>*(S") onto R(.Z) defined by

1) = fo) =g | b don o)

Proposition 5.3. Let n > 3, n/2 < k < n, and 0 < o < a < 1. Suppose that
K € C**(S") and let F,, be defined by (BI)). Then for every sy € (0,1), there exists a
constant pg € (0,1] and a neighborhood A of 1 in Ay such that, for every p € (0, po]
and & € By, C B, there exists a unique we ,, € A, depending smoothly on (£, 1), such
that

Iy [m(uwer €)]) = 0. (52)

Furthermore, there exists some C > 0 such that, for p € (0, po] and [£], €| < so,

(N
gy = Uesorony < Col5 = 2 (1) | oo (53)

K-T’“(Z)}

. (54)

’
||w£,u - wﬁ'#”c“l’al(S”) < Clu|§ - 5 | C2.(Sm)
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Proof. We will only prove (54)). The rest of the result follows from an immediate
application of the implicit function theorem.
Fix ,& € By, Let t = (1 — |§|) and t' = (1 — |¢|)~!. If both 5 and & are

non-zero, let P = % d P = ‘5, LIfE=0but & £0,let P=P = ‘5, LIEE =0

but £ £0,let P= P = E’ If £ =¢ =0, take P = P’ to be any point on S™. Then

Fu[m(we i, &) = FuT -1 (we )] = Fulm(we,, 0)] o 901_3'1,15'

Spplyt/
and so

Fulm(weu, €] = Fulm(we i, €)] = (Folm(we i, 0)] = Fo[m(1,0)]) © @y
— (Fo[m(we i, 0)] = Fo[m(1,0)]) 0 oy

Thus, by (53)),
Byl €] = Fylr(ug )l cnerony < ()i
C2a(sn)
Estimate (54]) thus follows. O
Note that equation (52) can be equivalently rewritten as
ok(MAy,, ) = Ko ppy(x) —Aey-z on S, (55)
where P = %, t=(1—|¢)"" and A¢,, € R™*! is given by
New= ="t [ Fulrwg @) du (@), (56)

It is clear that A¢, is smooth with respect to (£, ). Furthermore, if K satisfies
the non-degeneracy condition (2)), then, by Lemma and Proposition (.3], for
sufficiently close to 0, v, solves ([@9)) if and only if there exists some ¢, such that
Up = m(We, i, ) and Ag, ,, = 0.

We note that A¢, can also be computed more directly from the function K as
follows. In view of (B3) and the Kazdan-Warner identity (see [36] and [64]), we have

2n_
/ (V(Kyoppt — Ay ), Va)w! Mzdvgo( r)=0, 1<i<n+1

It follows that, for 1 <i <n+1,
n+1 2

—ZA [ (Ve Vg, v () = [ (VK 0 9, Vaug, du@). (57)

n
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Note that, as ¢ — 0, by (B3]), we have wg, — 1 uniformly for || < so. This
implies that the coefficient matrix on the left hand side of (&7 is positive definite:

(/ (ij,V:ci>w£7dvgo(:c)) > 0. (58)
n 1<i,j<n+1

This also implies that the right hand side of (57]) converges uniformly for [£] < s to

Gi€) = [ K o ppy ;s duy,(x) where P = % andt=(1—|e)~  (59)
Sn

Lemma 5.4. Letn >3, n/2 <k <n, and a € (0,1). Suppose that K € C7*(S")
satisfies the non-degeneracy condition [2)). Let A¢,, and G be defined as in (B0l and
(B9). Then there exist py € (0,1] and sy € (0,1] such that, for all p € (0, po] and
s € [s0, 1), the Brouwer degrees deg (A¢ ., Bs, 0) and deg (G, By, 0)are well-defined and

deg (A¢, Bs,0) = deg (G, By, 0) = —(—1)" + deg (VK, Crit_(K)).

Proof. In view of (57)), (58)), the uniform convergence of the right hand side of (57)) to
G and the degree counting formula in [45] Corollary 6.2 (which gives deg (G, By, 0) =
—(=1)"+deg (VK, Crit_(K))), it suffices to show that G does not have any zero near
0B.

Suppose by contradiction that there exist & with |£;| — 1 such that G(§;) = 0.
Let P, = %, t; = (1 —|&])~! and assume, without loss of generality, that P, — P.

Let @ : R™ — S™ be the stereographic projection with P being the south pole to
the equatorial plane of S”, and define K = K o ®. The equations

0=Gl&) = | Kopnurduy() =~ [ (VUK o). Vas)du (2
Sn n

then transform into

~ _2n_ - 2n
O:/ VKU *dy and O:/ y- VKU *dy

where

i =
()
L+ Ay — yil
for some y; € R™, \; > 0 such that y; — 0 and A\; = oco. As shown in the proof of

Theorem 2] (see the argument following (I4]) and (I3])), this implies that V,, K(P) =
0 and A, K(P) = 0, contradicting (2)). O

The last piece for the proof of Theorem [IL.T] is the following result.
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Theorem 5.5. Letn >3, n/2 <k <mn, and 0 < a < 1. Suppose that K € C’i’a(S")
satisfies the non-degeneracy condition ([2). Let Fy and O be defined as in (B1) and
(B0) with o = . Then

deg (F1,0,0) = -1+ (—1)"deg (VK, Crit_(K)).

Proof. Fix some o € (0,a). By Lemma [5.4] it suffices to show that there exist
to € (0,1] and s¢ € (0,1) such that

deg (F,, 0,0) = (—1)"deg (A¢ 1, Bs, 0) for all € (0, pol, s € (s0, 1),

where ¢ is now as in (5I)) with o/ < a.

Note that, by Lemma and Proposition [5.3] there exist sy € (0,1), an open
neighborhood .4 of 1 in . and a small py > 0 such that all solutions of F,[v] =0
with 0 < g < pg belong to m(A4" x By,) and have the form v = m(wg,,, &) for some
§ € By, satisfying A¢, = 0. By the excision property, we have

deg (F),, 0,0) = deg (F,, m(4 x By,),0) for all 0 < p < py.

Consider first the case that F}, has only non-degenerate zeroes in 7(4" x By,)
which correspond to non-degenerate zeroes of A¢,. We then have

deg (F, m(# % By,),00 = > deg (Fy, m(wey,€)),

§€BSO :Af,,u, :0

where deg (F),, m(we ,, §)) is the local degree of F), at m(we ,,,§). Therefore, to conclude
the proof in the present case, it suffices to show that, if &, is a zero of A¢,, then
DEF,[m(we, ., 0)] is non-degenerate and

deg (F,, m(wey u, €0)) = —deg (—Agp, o) (60)

As explained earlier, for w in a neighborhood of 1 in %, we can uniquely write
w=1+n4((n) -z where n € T1(.%) and ((n) € R"™. Let we, =1+ ne, + Cep .
Define

Eu(n,€) = Fu[r(L+n+¢(n) - 2,€)].

Recall that D, F, ( §) =L = —dpi (A + n) is a single simple negative eigen-
value on D(Z) = T (). Thus, by Lemma 5.2 (and Proposition B.3]), when g is
sufficiently small, D, ﬁ’ 1(Meus €) also has a single simple negative eigenvalue.

Next, we have that 0= 17, w(Mes &) = Fu(neu, &) + Mgy - . Hence

0= Dﬁﬁu(n&ua §) + DE(AE,;L Sx) + Dnﬁu(n&ua 5)(D§n§,u)-
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By [4), we have || Dene pullcaorgny < Cu. Hence as £ (Dene ) = 0, we have by (53)
that .
| Dy Fu(1e 5)(D£77€,u)||c2»a’(8n) < C,U2-

Recalling (57)), (59) and the fact that G has non-degenerate zeros, we deduce that
DEF,[m(we, 4, €0)] is non-degenerate and its number of negative eigenvectors is equal
to that of —D¢Ag, ,. This proves (G0) and hence concludes the proof in the case F),
has only non-degenerate zeroes in 7(.4" x By,).

Consider now the general case. For a € R, let K (z) = K(2)+a-x, K;(La)(x) =
K,(z) + a -z and define F\"[v] = ox(MA,,)) — K\ = F,[v] — pa - z. Using again
Theorem 2. we have that deg (£, ,Ea), 0., 0) is well-defined and is independent of a when

la| is sufficiently small. Now observe that H(F,Sa) [v]) = II(F,[v]), we have that the

(a)
We,
follows that the function Aéa; corresponding to K@ is given by

corresponding to K obtained in Proposition is in fact wéag = wg,,. 1t thus

a n _'_ 1 a
A = =T [ R e Ol @)rdog () = Ay + e

By Sard’s theorem, we thus have for almost all a that Aéai and so F, lsa) have only non-

degenerate zeros. By the previous case, we have deg (F\"”, @,0) = (—1)"deg (Mg, +
pa, By, 0) for those a. The conclusion thus follows from the continuity property of
the degree. O

Proof of Theorem[11. Estimate (3)) is proved by Theorem 21l Let us assume that
deg (VK, Crit_(K)) # (—1)" and prove the existence of a solution to (). Let K be a
sequence of functions in C3*(S™) which converges to K in C?. Then, for all sufficiently
large j, K satisfies the non-degeneracy condition (2) and deg (VK;, Crit_(K;)) #
(—=1)™. By Theorem [5.5, there exists v; € CT*(S") such that

Uk(A(Aguj)) = Kj, A(Agvj) €', on S".

By Theorem R2.1] we have
Il < C,

and so, by first and second derivative estimates for the o;-Yamabe equation and
Evans-Krylov’s theorem,
H ].n/UjHCQ,a(Sn) S C

Sending j — oo we arrive at the conclusion. O

A Miscellaneous results on the conformal Hessian

We collect some results which can be used to give another proof of Lemma 2.2
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A.1 Convexity of the conformal Hessian
Let g denote the Euclidean metric on R”. Then the (1, 1)-Schouten tensor of the
metric ¢ = w™2§ is given by wA,, with
2 1 2
A, = Vw— —|Vw|* I
2w

Lemma A.1. Suppose that 0 < wy,wy € C*(Y). Then

A

5 (w1+w2

) > (A, + Ay,) in Q.

N —

Proof. Let w = L(wy 4+ w,). We have

1 1
Ap = §(V2w1 + V2w2) - %}le + Vw2‘2f

— i(Awl + Auy) + —{(w1 +w2)<w_1‘vw1‘2 n w_g‘vaP) |V + sz‘z}['

8w

As the term in the curly braces is non-negative thanks to Cauchy-Schwarz’ inequality,
the conclusion follows. O

A.2 A monotonicity estimate

Lemma A.2. Let n > 3 and n/2 < k < n. Suppose u is a C? positive radially
symmetric function satisfying N(A") € T}, in By. Suppose further that r%u(r) is
non-increasing on [ri,r2] C (0,2). Then

n—2 B
1< uln) g (61)
i “u(ry

Proof. As in [13]63], we consider the differential inclusion A\(A*) € I’y using cylindrical
metric. Let ¢ = Inr, ¢; = Inry, to = Inry, and £(t) = —-% Inu(r) — Inr so that

= G = e %(dt? + gsn1). A direct computation gives

1 — — 2
a(MA) = 5 (7] )R- P+ - P,

where here and below ' denotes differentiation with respect to t. As k > 2, we
have op(A(A%)) > 0 for £ = 1,2 and so 1 — |€/|> > 0. This implies that r"2u(r) is
non-decreasing (and u(r) is non-increasing). This proves the left half of (GI). (See
also [48, Lemma 2.7].)
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As ranzu(r) is non-increasing, £’ > 0. Hence, as ox(A(A")) > 0,
H(&, &) = 51 — |¢'|2)F is non-increasing.

It follows that

(2k—n)€

e T (1—|€P) < H(E(t), € (#))F <e

(2k—n)€(t1)
k .

Letting e Y ogh n, we then get 1/ > 25—
2k 2 2k —
_ — > _
E(ta) — &(t1) ST log coshn(ty) > T log cosh[——— % (tz t1)]
2k

>t f

>ty — 1t o ln2
The right half of (61) follows. O

To illustrate, let us apply the above result to give a proof of (I3]) when k£ > n/2.
By ([I2)), we have

n—2

r 2 4,;(r) has a unique critical (maximum) point in (0, R;/\;), (62)

where
n—2

wi(r) =m0 w; " .
0B, (yi)| Jon, )
It is a fact that (62]) can be improved to

n—2

r = 1;(r) has a unique critical (maximum) point in (0, p) (63)

for some p > 0 independent of i. (We decide to skip the proof of this for brevity.)

An alternative proof of Lemmal2.2 when k > n/2 and when (63) holds. By (1), the
definition of 4; and the convexity of the operator A, (see Lemma [AT), @; is a C?
positive radially symmetric function satisfying A(A%) € I'y on R". By (62) and (G3)),
we have that 7”2 ii;(r') is non-increasing on [R;/\;, p|. Without loss of generality, we
may assume that p < 1. It follows from Lemma [A.2l and (I2]) that

" iy(r) < CRY2A "V (Ri/N) < Cu(0), ¥ Ri/N < < p.

Estimate (I3]) then follows in view of Harnack estimates (cf. (20])). O
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