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Quantum causal inference with extremely

light touch
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We give a causal inference scheme using quantum observations alone for a case with both temporal
and spatial correlations: a bipartite quantum system with measurements at two times. The protocol
determines compatibility with five causal structures distinguished by the direction of causal influence
and whether there are initial correlations. We derive and exploit a closed-form expression for the
spacetime pseudo-density matrix (PDM) for many times and qubits. This PDM can be determined by
light-touch coarse-grained measurements alone. We prove that if there is no signalling between two
subsystems, the reduced state of the PDM cannot have negativity, regardless of initial spatial
correlations. In addition, the protocol exploits the time asymmetry of the PDM to determine the
temporal order. The protocol succeeds for a state with coherence undergoing a fully decohering
channel. Thus coherence in the channel is not necessary for the quantum advantage of causal

inference from observations alone.

Identifying cause-effect relations from observed correlations is at the core of
a wide variety of empirical science”. Determining the causal structure, i.e.
which variables influence others, is known as causal inference. Causal
inference is well-known to be important in understanding medical trials™,
and also appears in a range of machine learning applications’. For example,
by understanding the causal factors that give rise to different linguistic
patterns, machine learning models can be trained to generate more accurate
and meaningful text".

Causal inference can, in principle, be undertaken via intervening in the
system™. Intervening to set a random variable to particular values in a
controlled manner can be used to determine what other random variables
that random variable influences. At the same time, e.g. in medical contexts®,
interventions may be costly or infeasible, motivating investigations into
partial causal inference from observations™’.

Similar questions have recently emerged concerning causal relations in
quantum processes’ . Interventions, like resetting the state of quantum
systems, have been considered” . It is known that in the classical case,
observations alone are, in general, not sufficient to perform causal inference,
which is connected to the famous phrase ‘correlation does not imply cau-
sation’. A natural question is, therefore, to identify minimal interventions
and observations needed to determine causal relations in the quantum

case”. It remains an open question to what extent observations (measure-
ments) in the quantum case, which come together with an inescapable small
disturbance, are sufficient for causal inference. How fight-touch’ can
quantum causal inference be?

We here address this question in the case of bipartite quantum systems
of arbitrary numbers of qubits and measurements at two times. To be
precise, we formulate the quantum causal inference problem as follows. As
shown in Fig. 1, the observer has data from observing two quantum systems
A and B. The observer wants to know the causal structure of the process of
generating the data. In line with Reichenbach’s principle' we allow for five
causal structures that are to be distinguished (see Fig. 1). These structures are
distinguished by the direction of any causal influence between A and B, and
by whether there are initial correlations or not. Scenarios with causal
influence in both directions (loops), such as global unitaries on A and B are
excluded, such that there is a well-defined causal direction"” (nevertheless
many of our results apply to such cases). We devise an explicit scheme for
determining which causal structures are compatible with the data. The
scheme is derived via the pseudo-density matrix (PDM) formalism, which
assigns a PDM to the data table of experiments involving measurements on
systems at several times'”. Firstly one identifies whether there is negativity in
certain reduced states of the PDM. Then one evaluates the time asymmetry
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Fig. 1 | Quantum causal inference problem. The observer gains data from obser-
ving two quantum systems A (white ball) and B (red ball) which is correlated. In line
with Reichenbach’s principle, we allow for five possible causal structures: (1) A has
direct influence on B; (2) B has a direct influence on A; (3) there is a common cause
(dashed ball) acting on A and B, meaning correlations in the initial state; (4) a
combination of cases 1 and 3; 5) a combination of cases 2 and 3. The observer wants
to determine which of those possible causal structures is the case.

of the PDM. The scheme employs no reset-type interventions but rather
only coarse-grained projective measurements, thereby proving that causal
inference can indeed be achieved with a very light touch in the quan-
tum case.

We proceed as follows. After introducing the PDM formalism we
present the main theorems, the protocol and an example. Further details are
provided in the Supplementary Information.

Results
PDM formalism for measurements at multiple times, systems
The pseudo-density matrix (PDM) formalism, developed to treat space and
time equally'’, provides a general framework for dealing with spatial and
causal (temporal) correlations. Research on single-qubit PDMs has yielded
fruitful results**~*. For example, recent studies have utilised quantum causal
correlations to set limits on quantum communication*” and to understand
how dynamics emerge from temporal entanglement”. Furthermore, the
PDM approach has been used to resolve causality paradoxes associated with
closed time-like curves®.

The PDM generalises the standard quantum n-qubit density matrix to
the case of multiple times. The PDM is defined as

4"—1 4"—1
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where 6, € {d,,0,,0,,05}®" is an n-qubit Pauli matrix at time #,. 5, is
extended to an observable associated with up to m times, ®n_,0; that has
expectation value ({5; };”:1 ). We shall return later to what measurement this
expectation value corresponds to. The standard quantum density matrix is
recovered if the Hilbert spaces for all but one time, say t,, are traced out, i.e.
Py = Tro.oR; .- The PDM is Hermitian with unit trace but may have
negative eigenvalues.

The negative eigenvalues of the PDM appear in a measure of temporal
entanglement known as a causal monotone f{R)". Analogously to the case of
entanglement monotones”, in general, f{R) is required to satisfy the fol-
lowing criteria: (I) fAR) 2 0, (II) {R) is invariant under local change of basis,

() A(R) is non-increasing under local operations, and (IV)
Spf(R;) = fCp:R). Those criteria are satisfied by

f(R) :=| Rll, — 1 = TrV/RR" — 1. )

If R has negativity, (R) > 0. An intuition for why f(R) serves as a sign of
causal influence is that negative eigenvalues tell you that the PDM is

associated with measurements multiple times; in the case of a single time,
there would be a standard density matrix with no negativity.

The PDM negativity f(R) can thus be used to distinguish, at least in
some cases, whether the PDM corresponds to two qubits at one time or one
qubit at two times. This can be viewed as a simple form of causal inference,
raising the question of whether the inference involving two parties (of
multiple qubits) at multiple times depicted in Fig. 1 can be undertaken in a
similar manner. A key challenge in this direction is to find a closed-form
expression for the PDM R, from which one can see whether f(R) > 0.

Closed form for m-time n-qubit PDMs
We derive a closed-form expression for the PDM for # qubits and two times,
before generalising the expression to m times.

Consider the PDM of n qubits undergoing a channel M,,; between
times #; and ¢,. In order to fully define the PDM of Eq. (1) it is necessary to
further define how the Pauli expectation values <{&ia}::: 1) are measured,
since that choice impacts the states in between the measurements. We,
importantly, choose coarse-grained projectors

1+g; 1-g
{Pi= S Pl =— } ©)

where « in i, labels the time of the measurement. These are coarse-grained in
the sense of being sums of rank-1 projectors, and by inspection generate
lower measurement disturbance than fine-grained projectors in general.
The coarse-grained projectors’ probabilities determine the expectation
values ({[7,-“};”:1). (See Supplementary Information for a circuit to
implement these measurements.)

The closed form of the PDM that we shall derive employs the Choi-
Jamiotkowski (CJ) matrix of the completely positive and trace-preserving
(CPTP) map M,,***. An equivalent variant of the definition of the CJ
matrix is as follows:

-1

My, =" (I @ My, (I (1), ()

ij=0

where the superscript T denotes the transpose. We show (see Supplemen-
tary Information) that the two-time n-qubit PDM, under coarse-grained
measurements, can be written in a surprisingly neat form in terms of M.

Theorem 1. Consider a system consisting of # qubits with the initial state
p1. The coarse-grained measurements of Eq. (3) are applied at times ¢, and t,.
The channel M, with CJ matrix M, is applied in-between the mea-
surements. The n-qubit PDM can then be written as

1
Ry, = E(Mlzl’ +p M), (5)

wherep :=p, ® 1,.

Theorem 1 extends an earlier known form for the single qubit case to
multiple qubits that may have entanglement™*. The theorem provides an
operational meaning for a mathematically motivated spatiotemporal
formalism™. Moreover, the n-qubit PDM will enable us to investigate
phenomena that cannot be explored in the single qubit case, such as
quantum channels with associated extra qubits constituting a memory*.

We next, for completeness, stretch the argument to multiple times.
Consider initially an n-qubit state p; measured at time t,, undergoing the
channel M,,;, measured at time #,, undergoing M, and measured at time
t;. The central objects to determine are the joint expectation values of the
observables at three times. These can be written as

o~ () (0;))
(5-70-7(7i)=T1'23[M23(P1P201Pz PZPUIPZ)‘X’Z
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Fig. 2 | Semicausal channel. Semicausal channels are bipartite channels which can
be decomposed into either My N 4 0r Ny oM g where Cis an ancilla, as in the
above circuit. The circles here indicate possible measurements. In this example,
which is consistent (only) with cases 1, 3 and 5 in Fig. 1, A can causally influence B,
while the inverse is not true.

M

where we denote the CJ matrices for channels My, M|, by My, M3
respectively, and (see Supplementary Information)

P(zoq) =Tr[R,0; ® I,]. @)

Egs. (6) and (7) then together imply that

0i,,0j,

1 - - -
)= ETr[(MBRlZ + R12M23)Ui1 ®0;,® Gi3]7 ®)
where implicit identity matrices are now omitted for notational
convenience.

From Egq. (8), demanding that

1
Ry = E(R12M23 + MyRy,), )

gives expectation values consistent with the PDM definition of Eq. (1). Since
the expectation values uniquely determine the PDM, Eq. (9) must be the
correct expression.

The above derivation can be directly generalised to more than
three times:

Theorem 2. The n-qubit PDM across m times is given by the following
iterative expression

1
Ry = E(RIZ...mflefl,m + Mmfl,lelumfl) (10)

with the initial condition R, =1(p M, + M, p) where M,,_; ,, denotes
the CJ matrix of the (m — 1)-th channel.

This iterative expression, proven in Supplementary Information, can
be written in a (possibly long) closed-form sum in a natural manner. We
have thus extended a key tool in the PDM formalism from the cases of single
qubits, two times or two qubits single time to the case of # qubits at m times
for any n and m.

Relation between PDM negativity and the possibility of
common cause

PDM negativity (f> 0) was linked to cause-effect mechanisms for the case of
one qubit at 2 times or 2 qubits at one time in ref. 12. We now consider the
case of several qubits and several times, such that there may be combinations
of temporal and spatial correlations. We use Eq. (5) to derive a relation
between the negativity of parts of the PDM and the possibility of a common
cause, meaning correlations in the initial state.

We model the possible directional dynamics of Fig. 1 as so-called
semicausal channels**". Semicausal channels are those bipartite completely
positive trace-preserving (CPTP) maps that do not allow one party to signal
or influence the other. If the channel 77 does not allow B to influence A, it

must admit the decomposition P = Mp: N 4"". The circuit repre-
sentation of 7P on A and B across two times t;, t,, is depicted in Fig. 2. The
following theorem shows that when there is no signalling from B at time 1 to
A at time 2, the PDM Ry 4 has no negativity for any input state.

Theorem 3. (null PDM negativity for semicausal channels) If a quantum
channel P does not allow signalling from B to A, then, for any state p 4,8, At
time #;, the PDM Ry , is positive semidefinite and the PDM negativ-
ity f(Rp 4,) = 0.

The theorem implies that only the existence of causal influence between
Band A allows for f(Ry 4 )>0. In particular, if there is no causation from B,
to A,, any initial correlations between A; and B; cannot make the PDM
negativity f(Rg 4,)>0. In contrast, several other observation-based mea-
sures such as the mutual information can be raised from initial correlations
alone™.

Theorem 3 additionally has value for the more restricted task of
characterising whether channels are signalling, as considered in refs. 46,47.
Iff(Ry 4,)>0 the channel must be signalling from B to A. In this restricted
task, one may vary over input states. There are reasons to believe pure
product states may maximise f(Ry , ) for a given channel. From property
IV of f, with a given R=>_,p;R;, the most negative pure state R, :=
argmax f(R;) respects f{R;+) > f(R). We moreover conjecture that if the
channel is signalling from B to A, we can always find a pure product input
state such that f(R 4 )>0. We prove this conjecture for a quite general case
of 2-qubit unitary evolutions® in Supplementary Information.

Exploiting time asymmetry to distinguish cause and effect
Consider the case where there is negativity f{R4p) > 0, but it is not known
which is the cause or effect, i.e. the time-label is unknown. We can then
exploit the asymmetry of temporal quantum correlations™ to distinguish the
cause and effect, and to determine whether there is a common cause.

The asymmetry of temporal quantum correlations can be defined by
comparing forwards and time-reversed PDMs™. The time-reversed PDM,

Ryp = SRy S", (11)
where S denotes the n-qubit swap operator’>”. The methods given here to
find a closed-form expression for R4 can be similarly applied to show that
Rup = 1(m M + M), where 7 := (TrsR,5) ® 1, and M is the C] matrix
of the time reversed process. The CJ] matrices M and M can be extracted viaa
vectorisation of R and R, respectively”. Let T denote the transpose on the
initial quantum system. The Choi matrices of the process and its time
reversal are given by M" and M T respectively. A process being CP is
equivalent to its Choi matrix being positive'**". When only one of the two
Choi matrices is positive, we say there is an asymmetry of the temporal
quantum correlations.

The asymmetry can be used to distinguish different causal structures. If
there is no initial correlation (no common cause) the forwards process is CP
but in general the reverse process may be not positive semidefinite (M T 20).
Furthermore, if both Choi matrices are not positive semidefinite
(M T, MmT 7 0), then neither process is CP, and there must be a common
cause (initial correlations).

Protocol for quantum causal inference

We will now make use of the results from previous sections to give a protocol
that determines the compatibility of the experimental data with the causal
structures shown in Fig. 1. In line with causal inference terminology’, we say
that the data and a causal structure are compatible if experimental data could
have been generated by that structure. As in causal inference in general,
compatibility is not guaranteed to be unique.

The causal structures of Fig. 1 are as follows. Case 1 is the cause-effect
mechanism in one direction, when there are two instances of quantum
systems A and B located in space and actions on A influence the reduced
state on B and the actions on B do not influence the reduced state on A. Case
2 is the same mechanism as Case 1 but in the opposite direction. Case 3 is the

npj Quantum Information | (2025)11:54


www.nature.com/npjqi

https://doi.org/10.1038/s41534-024-00956-0

Article

pure common cause mechanism, with no influence between A and B. There
is a common cause, meaning correlations at the initial time #, iff
Ry p#Ry @Ry . Cases 4 and 5 is when there is a common cause
mechanism and also a cause-effect mechanism. Cases 4 and 5 are dis-
tinguished by the directionality of the cause-effect mechanism.

Recall that the setting involves two systems A and B and two times f;
and #;. We are given the data that constructs the PDM R, 5, and assume that
the data has correlations (R, 5 #R, ® Ry for whatever i ]we are given data
for) so that there is a non-trivial causal structure. We are not given the data
that constructs the PDM R, p AB, and do not have enough data to recon-
struct the full channel on AB in general We are, moreover, not told which
time is measured first. The protocol is as follows:

(1) Evaluating compatibility with a common-cause mechanism. Con-
sider the case of no negativity (f(R, B, ) = 0). Theorem 3 implies that
only the existence of causal influence between A; and B; can allow for
negativity. The purely common cause mechanism (case 3 in Fig. 1,
Ry p, # R, ® Ry )is, in contrast, compatible with no negativity. Thus
for no negatmty the protocol is to conclude that the data R, B, I8
compatible with the (purely) common cause mechanism.
Evaluating compatibility with different cause-effect mechanisms.
Consider the case of negativity (f(R, 5 )>0). Theorem 3 rules out the
common cause mechanism, and we are left to evaluate the compat-
ibility of the data with cases 1, 2, 4, and 5 in Fig. 1. We make use of the
time asymmetry results described around Eq. (11) for this evaluation.
In particular, we extract the two Choi matrices M, M" associated with
Ryp and its time reversal R 0,8, The basic idea is that M" > 0 means
thereisa CP map on A that glves B, indicating that A could be the cause
and B the effect. More specifically,

~IfM'>0and M" 2 0, the data is compatible with A — B (case 1 in

@

Fig. 1).
-IfM"#0and M" >0, the data is compatible with A < B (case 2 in
Fig. 1).

~IfM">0and M" >0, the data i compatible with case 1 and/or case
2 in Fig. 1.

3) It none of the above conditions are satisfied, i.e. {R45) >0, M" # 0 and
M 20, the causal structure is compatible only with case 4 or 5 in

Fig. 1.

Detailed justifications for the above protocol are given in the Supple-
mentary Information. The Supplementary Information also contains a
semidefinite programme motivated by a technical subtlety when extracting
the CJ matrix from the PDM. When both p and 7 are of full rank, M and M
can be uniquely extracted using the vectorisation technique. However, when
they are rank deficient, there are infinitely many solutions for M and M.
Ref. 51 also showed how solving for the process in the case where the
marginal is rank deficient is a semidefinite problem for the case of a single
qubit. Therefore, we design a semidefinite programming problem to find all
possible CJ matrices where Mt and M "1 are the least negative.

The protocol identifies compatibility, and it is natural to wonder
whether it uniquely identifies the structure used to generate the data. For at
least part of the protocol this appears to be the case. Numerical simulations
of 2-qubit cases show a near unit probability that if f(R, B )>0 the data is
indeed not generated by the common cause mechanism (see Supplementary
Information).

Example: cause-effect mechanism

We now consider an example that shows how our light-touch protocol can
resolve the causal structure even for channels that do not preserve quantum
coherence. Let systems A and B be uncorrelated single qubit systems, and the
end effect of the compound channel M .\, on the compound system
AB be the channel that measures the system A, recording the outcome in C
and then preparing a state on system B that depends on C, as in Fig. 2.
Denote the effective channel on AB by £,_, 5 = Trey oMpe oN 4. For
concreteness, we choose N ,-(p, ® [0):(0]) = (0]p,|0)|00) 4(00| +
(Lp4ID)I11) 4o (11| and Mpo(pp ® pe) = S(pg ® p)S™ where S is the

unitary swap. Thus the action of L, ; on the state is
L, 5(ps) = (0]p,410)]0)5(0] 4 (1]p,[1)[1)(1]. Therefore, the CJ matrix
of £ in the Pauli basis is

13 1
= E;Oi ® L(0) = (00 ® 0+ 05 ® 7). (12)
Substituting Eq. (12) into Eq. (5), the PDM
Rus, = (3pa, +10s+50) ©10)(0]
(13)
+ (3, —on—500) @11,
where z := Tr(p, 03). The eigenvalues of p, +i03+21 are (14

(142)* + 2 + y?) with x := Tr(p, 0,), y := Tr(p, 0,). When x*
+y*=0,the PDM s positive (f(R, 5 ) = 0) without coherence in the Pauli-
z basis. However, the PDM is negative (f(R, 5 )>0) exactly when
x'+y'>0, ie. when the initial state p, is coherent in the Pauli-z basis.

For concreteness, we now assume the initial state is given by p A8, =
[(1 - /\) + AH—)(—}—I] ®10)(0],A € (0,1). The Choi matrix of the time
reversal process (Eq. (11)) can be calculated to be

ro1/2 A 0 A
L :E(A 0)@IO)(OH ()L 2)(X)Il)(ll-

Clearly, L">0and L" # 0 for any A € (0, 1).

Applying the causal inference to the above case we would firstly note
SRy p,)>0 so case 3 is ruled out. Since L'>0and L" 20, the data is
compatlble with A — B (case 1 in Fig. 1).

The example has implications for when the apparent quantum
advantage of not requiring interventions for causal inference exists. An
earlier observational protocol™ showed this advantage existing for a case of
coherence- preserving channels. The above example using our observational
protocol indicates that coherence-preserving channels is not required for
this apparent quantum advantage. In the above example, there is coherence
in the initial state but a decoherent channel. A further example of applying
the protocol to a cause-effect mechanism with a common cause is given in
the Supplementary Information.

(14)

Discussion

The results naturally point towards several developments: (i) Our closed-
form PDM may enable Leggett-Garg type inequalities, which concern 3 or
more times™, to be extended to non-trivial evolutions; (ii) The causal
inference protocol may be generalisable to networks of multiple times and
parties using the closed formy; (iii) The causality monotone might be possible
to witness via observables, c.f.”*; (iv) Other formalisms based around the CJ
isomorphism could likely be employed analogously, and may offer alter-
native tools and perspectives'*'*"*'****; (v) Our scheme can be used to
determine classical causal structures without interventions provided that
these can be probed in quantum superposition, e.g. as in the case of typical
optical table equipment; (vi) Why are such light-touch interventions suffi-
cient for quantum causal inference? (vii) The protocol could be strength-
ened to distinguish between causal mechanisms 4 and 5 for the special case
when there is negativity both in the PDM, the CJ matrix and the time-
reversed CJ matrix; (viii) An important open question is whether the
approach can be generalised to other measurement schemes.

Methods

Coarse-grained measurement underlying closed-form PDM

Let us take a two-qubit system to illustrate our design of measurement
events. At initial time #;, we implement the observable af‘ ® Uf. This
observable can be decomposed into linear combinations of projectors in
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several ways. For example,

0;®0; =P +P,—P;—P,

(15)
= (P1+P2)_(P3+P4)7
where
P = j(I+o)®(+o),
P, = Yl-0)®(-0),
Py = Z(l+oi)®(l_0j)’
P il—o)ed+a),

u;
|

are the elements of the projective measurement. The observable can also be
decomposed in terms of the Bell basis:

0i®o‘v:1~)+l~’ —p,—P
ol T (17
(Py+Py) = (P3 + Py),

where
P, = 1U1®1l+0,®0 —0,80,+0;®0;)U",
P, == lUul®l+0,®0,+0,80,—0;®0;)U", a8
Py, = 1U1®1l-0,®0 +0,80,+0;®0;)U",
P, == lul®l-0,®0 —0,80,—0,®0,)U",

are elements of the Bell measurement with U being any unitary satisfy-
ing U(G1 ® (II)UJr =0;Q 0;.
One can show

P +P,=P +P, =P, (19)
and
P,+P,=P,+P,=P_. (20)

We shall define the PDM in terms of the corresponding coarse-grained
measurement

I1®1+0;®0; I®l-0;®0;
Ppbi=—————— P =,
2 2
One possible way to implement the coarse-grained measurements, inspired
by’ is provided in the Supplementary Information.

Note added
The above quantum causal inference protocol has, after the preparation of

56,57

this manuscript, been implemented experimentally in an NMR platform™”’.

Data availability
No data were generated in this research apart from that presented in
the paper.

Code availability

Codes are available upon request to the authors.
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