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ABSTRACT
In this study, we present an accelerated spectral conjugate gradient-type projection method to solve the system of nonlinear mono-
tone equations. Compared to traditional methods for solving such equations, this method utilizes three-step successive information
to produce inertial iterates. The proposed composite search direction framework incorporates an effective restart strategy, elim-
inating the need for additional conditions, including the specification of conjugate parameter, and satisfies conditions for the
sufficient descent condition and trust region property. Establishing the theoretical convergence of the present method does not
require Lipschitz continuity. Furthermore, we analyze the asymptotic and non-asymptotic convergence rates in terms of itera-
tion complexity. To evaluate effectiveness, comparative tests are conducted against existing methods using problems related to
the system of nonlinear equations. Moreover, the practicality of the presented method is demonstrated through applications in
compressed sensing.
MSC2020 Classification: 65K05, 90C30, 90C56

1 | Introduction

In this study, we seek solutions to the following system of nonlin-
ear monotone equations (referred to as SoNME):

𝔉(𝑢) = 0 (1)

where the mapping 𝔉 ∶ ℝ𝑛 → ℝ𝑛 is assumed to be continuous
and monotone. The monotonicity of 𝔉 is defined as

[𝔉(𝑢) −𝔉(û)]⊤(𝑢 − û) ≥ 0, ∀ 𝑢, û ∈ ℝ𝑛 (2)

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.

© 2025 The Author(s). Numerical Linear Algebra with Applications published by John Wiley & Sons Ltd.

The SoNME is a common problem that appears in various engi-
neering applications. It is particularly relevant in fields such as
economic modeling and compressive sensing, among others. A
variety of iterative methods have been developed to solve the
SoNME, such as derivative-based methods and derivative-free
projection (DFP) methods. The latter category comprises meth-
ods such as the spectral gradient projection method [1–3] and the
conjugate gradient (CG)-type projection method. These methods
eliminate the need for complex computations and the storage of
Jacobian matrices. Herein, we focus on the CG-type projection
methods within the DFP family. These methods inherit the CG
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method’s advantages of streamlined iterations and minimal stor-
age requirements.

To date, numerous iterative CG-type projection methods have
been introduced to solve SoNME (1). These include two-term
CG-type projection methods [4–8], spectral CG-type projection
methods [9–13], and three-term CG-type projection methods
[14–24], among others. For example, Ibrahim et al. [4] built upon
the classical Dai-Yuan (DY) CG method and integrated the hyper-
plane projection approach [25] to introduce a hybrid DY-type
projection method for solving the constrained SoNME (1). With-
out relying on the Lipschitz continuity of𝔉(⋅), they demonstrated
that the method converges globally. Abubakar et al. [10] intro-
duced a hybrid spectral CG-type projection method for solving
the constrained SoNME (1). The hybrid conjugate parameter
they introduced integrates four classic conjugate parameters,
including the Hestenes-Stiefel (HS), Polak-Ribière-Polyak (PRP),
Fletcher-Reeves (FR), and DY parameters. Kumam et al. [11]
presented another hybrid spectral CG-type method for solving
the constrained SoNME (1). This method featured a convex
combination of HS-type and DY-type parameters. Jiang et al.
[22] initially introduced a hybrid conjugate parameter within
a three-term search direction. They then employed a restart
strategy, which endowed the search direction with theoretically
advantageous properties.

The heavy ball method, originally introduced by Polyak [26], is a
well-regarded acceleration technique that leverages momentum
to enhance iterative processes. By integrating information from
two consecutive iterations, this method effectively guides the
next step forward. Its utility has been recognized across a variety
of iterative methods, and more notably, it has been instrumental
in boosting the computational efficiency of CG-type projection
methods to solve nonlinear equations. Building on the three-term
CG-type projection method [15] as well as the inertial technique,
Ma et al. [27] proposed a modification to the CG-type projection
method, specifically designed to solve constrained SoNME (1).
This method incorporates an inertial extrapolation step into the
search direction formulation, resulting in a direction that inher-
ently satisfies the sufficient descent condition. Furthermore,
they demonstrated the global convergence of their introduced
algorithm, on the condition that the underlying mapping 𝔉(⋅)
satisfies Lipschitz continuity. Employing an inertial mechanism,
Wu et al. [28] introduced an inertial spectral CG-type projec-
tion method for solving constrained SoNME (1). The conjugate
parameter was refined through a hybrid adaptation of the mem-
oryless Broyden-Fletcher-Goldfarb-Shanno update. The spectral
parameter, derived from the quasi-Newton formulation, was
double-truncated to satisfy the sufficient descent condition. Also,
Liu et al. [29] developed an inertial spectral CG-type projec-
tion method, which incorporates a parameter inspired by the
method of Brazilian and Bowein to derive the spectral parameter.
In addition, several studies [30–35] integrated the inertial (or
inertial-relaxed) strategy into the CG projection method for
solving nonlinear equations, achieving enhanced numerical
performance and faster results. Recently, researchers [36, 37]
incorporated an inertial strategy that utilizes three-step iterative
information into the search direction and presented the corre-
sponding inertial projection method for solving (constrained)
SoNME.

Based on the aforementioned CG-type projection methods and
related inertial techniques, we further develop accelerated spec-
tral CG-type projection methods to solve SoNME (1). In this
work, we construct a flexible restart direction and implement a
well-defined adaptive line search. The main contributions of this
work are summarized below.

1.1 | Composite Search Direction Construction

To ensure that the search direction exhibits sufficient descent,
regardless of the choice of conjugate parameter, we utilize a
spectral parameter to generate a CG-type search direction. Fur-
thermore, to ensure that the proposed search direction satisfies
the trust region property, we incorporate a new restart strat-
egy. At the same time, to avoid the under-performance associ-
ated with using the negative gradient as the restart direction, we
construct an effective restart direction that contains a flexible
vector 𝑝𝑘.

1.2 | Algorithm Construction

Building upon the commonly used line search iterative forms, we
suggest a new adaptive line search with a well-defined structure.
Furthermore, based on the composite search direction proposed
above, we incorporate a hyperplane projection approach with a
relaxed step and introduce an accelerated scheme that utilizes
three-step inertial information. As a result, we propose an accel-
erated spectral CG-type projection algorithmic framework with a
restart strategy (rsASCGP-AF) to solve SoNME (1), without the
need to specify a particular conjugate parameter.

1.3 | Theoretical Analysis

The composite search direction in the proposed rsASCGP-AF
consistently satisfies the sufficient descent condition and trust
region property, irrespective of the line search or the specific con-
jugate parameter. Furthermore, we establish the theoretical con-
vergence of the rsASCGP-AF without requiring the underlying
mapping 𝔉(⋅) to be Lipschitz continuous. In addition, we derive
both asymptotic and non-asymptotic global convergence rates in
terms of iteration complexity.

1.4 | Numerical Experiments

The proposed rsASCGP-AF is evaluated on 10 problems involving
systems of nonlinear equations, demonstrating its superior per-
formance. Furthermore, its potential applications are illustrated
through experiments on compressed sensing problems.

The remaining structure is organized as follows: Section 2
presents an accelerated projection-based algorithmic framework
and its associated properties. Section 3 establishes the theoretical
convergence of the proposed algorithmic framework. Section 4
derives both asymptotic and non-asymptotic convergence rates in
terms of iteration complexity. Section 5 presents numerical exper-
iments and their practical applications. Finally, conclusions are
provided.
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2 | Motivation and Algorithmic Framework

In this study, we aim to construct a framework of spectral CG-type
search directions that possess favorable theoretical properties and
strong numerical performance. We then extend this framework to
address the problem of solving the SoNME defined in Equation
(1). However, due to the presence of various conjugate parame-
ters, forming a robust search direction framework is challenging,
as the corresponding search direction may experience stagna-
tion during the iteration process. A common strategy to address
stagnation in CG-type methods for unconstrained optimization is
through “restarting”, as seen in References [38–43]. This typically
involves taking a step in a restart direction rather than continuing
along the original search direction. The most basic approach is to
restart using the steepest descent direction. Although empirical
evidence suggests that this can enhance performance in prac-
tice, the method is rather simple and somewhat crude. This raises
the question of whether a more effective restart direction can be
identified for CG-type projection methods—one that offers better
theoretical guarantees and improved numerical performance.

More recently, to address the issue of jamming in the FR-based
search direction, Babaie-Kafaki et al. [44] proposed a method tar-
geting the consecutive gradient difference vector, 𝑦𝑘−1 = 𝔉(𝑢𝑘) −
𝔉(𝑢𝑘−1), which tends to approach zero when the sequence
became jammed. Subsequently, they demonstrated a strategy to
enhance the FR method and overcome jamming by leveraging
the numerical benefits of using the PRP parameter as a shrink-
age multiplier for the FR method. The resulting search direction
is described as

𝑑𝑘 =
⎧⎪⎨⎪⎩
−𝔉(𝑢𝑘), if 𝑘 = 0,
−
(

1 + 𝛽MIFR
𝑘

𝔉(𝑢𝑘)⊤𝑑𝑘−1||𝔉(𝑢𝑘−1)||2
)
𝔉(𝑢𝑘) + 𝛽MIFR

𝑘
𝑑𝑘−1, if 𝑘 ≥ 1

where the modified FR parameter 𝛽MIFR
𝑘

is

𝛽MIFR
𝑘

= min
{|𝔉(𝑢𝑘)⊤𝑦𝑘−1|||𝔉(𝑢𝑘−1)||2 , 1

}
⋅

||𝔉(𝑢𝑘)||2||𝔉(𝑢𝑘−1)||2
Inspired by the construction of 𝛽MIFR

𝑘
, we first define an effective

restart direction as follows:

𝑑𝑘 =
⎧⎪⎨⎪⎩
−𝔉(𝜂𝑘), if ||𝑝𝑘|| = 0 or ||𝑦𝑘−1|| = 0,
−𝔉(𝜂𝑘) +

𝔉(𝑢𝑘)⊤𝑦𝑘−1
𝜚||𝑝𝑘||⋅||𝑦𝑘−1|| ⋅ 𝑝𝑘, if ||𝑝𝑘|| ≠ 0 and ||𝑦𝑘−1|| ≠ 0, with 𝜚 > 1

(3)

Here, 𝑝𝑘 is any vector, the presence of which can increase the flex-
ibility of the restart direction.

On the other hand, generally speaking, in a CG-type projec-
tion method, finding the separating hyperplane incurs the high-
est computational cost. Therefore, using an appropriate line
search strategy can significantly reduce the overall computational
burden of this family of methods. To this end, many existing
studies have exploited inexact line search strategies to obtain
a well-defined step-length 𝑡𝑘 at minimal cost, while ensuring
the theoretical convergence of the algorithm. Well-known line
searches that generate the separating hyperplane include:

i. Zhang and Zhou [45] applied the following line search strat-
egy to determine the step-length 𝑡𝑘. They set 𝑡𝑘 = max{𝜍𝜌𝑖 ∶
𝑖 = 0, 1, 2, . . . } such that

−𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)⊤𝑑𝑘 ≥ 𝜎𝑡𝑘||𝑑𝑘||2 (4)

where 𝜍 > 0 serves as the initial estimate for the step-length,
𝜌 ∈ (0, 1) is a shrinkage factor, and 𝜎 is a positive constant.

ii. Li and Li [46] computed the step-length 𝑡𝑘 as 𝑡𝑘 = max{𝜍𝜌𝑖 ∶
𝑖 = 0, 1, 2, . . . } such that

−𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)⊤𝑑𝑘 ≥ 𝜎𝑡𝑘||𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)||||𝑑𝑘||2 (5)

and noted that this line search was originally proposed by
Solodov and Svaiter [25].

Numerical tests have demonstrated that the line searches (4)
and (5) exhibit distinct behaviors when solving problems. For
instance, when 𝑢𝑘 is far from the solution set and ||𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)||
is excessively large, the right-hand side of (5) becomes dispro-
portionately large. This increase leads to a rise in the computa-
tional cost of the line search and results in an excessively small
step-length 𝑡𝑘. Conversely, a similar issue may occur with (4)
when the current iterate is close to a solution and ||𝑑𝑘|| is unusu-
ally large. Based on these observations, it appears advantageous
to employ (4) when the approximation is far from the solution
set, and to switch to (5) as it nears the solution. To mitigate the
aforementioned drawbacks, Amini and Kamandi [47] proposed
an alternative adaptive line search strategy:

−𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)⊤𝑑𝑘 ≥ 𝜎𝑡𝑘
||𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)||

1 + ||𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)|| ||𝑑𝑘||2 (6)

which exhibits robust performance in both situations by effec-
tively balancing its competing challenges. However, the line
search in Equation (6) does not adjust for the impact of ||𝑑𝑘||2,
which may still lead to increased computational effort. To fur-
ther address this issue, we introduce a new adaptive line search
strategy that computes the step-length 𝑡𝑘 as 𝑡𝑘 = max{𝜍𝜌𝑖 ∶ 𝑖 =
0, 1, 2, . . . } such that

−𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)⊤𝑑𝑘 ≥ 𝜎𝑡𝑘
||𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)||

𝜇1 + ||𝔉(𝑢𝑘 + 𝑡𝑘𝑑𝑘)|| ⋅ ||𝑑𝑘||2
𝜇2 + ||𝑑𝑘||2 (7)

where 𝜍 > 0, 𝜌 ∈ (0, 1), and 𝜎 > 0, with 𝜇1 (≥ 0) and 𝜇2 (≥ 0)
being constants that ensure the adaptiveness of the line search.
Given that ||𝔉(𝑢𝑘+𝑡𝑘𝑑𝑘)||

𝜇1+||𝔉(𝑢𝑘+𝑡𝑘𝑑𝑘)|| ∈ (0, 1] and ||𝑑𝑘||2
𝜇2+||𝑑𝑘||2 ∈ (0, 1], this formu-

lation ensures that the right-hand side of (7) remains within a
manageable range, thereby empirically reducing the computa-
tional burden of the line search process. Moreover, we theoret-
ically prove that the new strategy (7) is well-defined, as shown in
Lemma 2.

Next, utilizing the newly formulated restart direction (3), we
derive a composite search direction incorporating an arbitrary
conjugate parameter. Then, combined with the line search (7)
and the accelerated scheme, we propose the rsASCGP-AF for
solving SoNME. The corresponding iterative steps are outlined
below.
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ALGORITHM 1 | rsASCGP-AF.

Step 0. Given initial iterates 𝑢−2, 𝑢−1, 𝑢0 ∈ ℝ𝑛. Parameters 𝜀> 0, 𝜎 > 0, 𝜙 ∈ [0, 1), 𝜓 ∈ [0, 1), 𝜚> 1, 𝑐 > 0, 𝜍 > 0, 𝜌 ∈ (0, 1), 𝜇1 ≥ 0, 𝜇2 ≥ 0,

and 0<𝛾 ≤ 𝛾𝑘 ≤ 𝛾̄ < 2. The inertial step control sequences {𝜖𝑘} and {𝜖𝑘}, with 𝜖𝑘 ∈ [0, 1) and 𝜖𝑘 ∈ [0, 1), each satisfy
+∞∑
𝑘=0

𝜖𝑘 < +∞ and
+∞∑
𝑘=0

𝜖𝑘 < +∞.Let 𝑘 ∶= 0.

Step 1. Calculate 𝔉(𝑢𝑘). Terminate the process if ‖𝔉(𝑢𝑘)‖ ≤ 𝜀.
Step 2. Calculate two inertial step-lengths via

𝜙𝑘 =

{
min

{
𝜙,

𝜖𝑘‖𝑢𝑘−𝑢𝑘−1‖
}
, if 𝑢𝑘 ≠ 𝑢𝑘−1,

𝜙, otherwise,
𝜓𝑘 =

{
min

{
𝜓,

𝜖𝑘‖𝑢𝑘−1−𝑢𝑘−2‖
}
, if 𝑢𝑘−1 ≠ 𝑢𝑘−2,

𝜓, otherwise
(8)

Generate the inertial iterate as 𝜂𝑘 = 𝑢𝑘 + 𝜙𝑘(𝑢𝑘 − 𝑢𝑘−1) + 𝜓𝑘(𝑢𝑘−1 − 𝑢𝑘−2), and then compute 𝔉(𝜂𝑘). If ‖𝔉(𝜂𝑘)‖ ≤ 𝜀, the algorithm termi-
nates.
Step 3. Consider an arbitrary CG parameter 𝛽𝑘 and an arbitrary vector 𝑝𝑘. Calculate the composite search direction 𝑑𝑘 by

𝑑𝑘 =

⎧⎪⎪⎨⎪⎪⎩
−𝔉(𝜂𝑘), (𝑘 = 0)
−𝜃𝑘𝔉(𝜂𝑘) + 𝛽𝑘𝑑𝑘−1, (𝑘 ≥ 1) if ‖𝔉(𝜂𝑘)‖ ≥ |𝛽𝑘|‖𝑑𝑘−1‖,
−𝔉(𝜂𝑘), if ‖𝑝𝑘‖ = 0 or ‖𝑦𝑘−1‖ = 0
−𝔉(𝜂𝑘) +

𝔉(𝜂𝑘)⊤𝑦𝑘−1
𝜚‖𝑝𝑘‖⋅‖𝑦𝑘−1‖ ⋅ 𝑝𝑘, if ‖𝑝𝑘‖ ≠ 0 and ‖𝑦𝑘−1‖ ≠ 0

}
, (𝑘 ≥ 1) otherwise,

(9)

where 𝑦𝑘−1 = 𝔉(𝜂𝑘) −𝔉(𝜂𝑘−1), 𝜃𝑘 is defined by

𝜃𝑘 = 𝑐 + 𝛽𝑘
𝔉(𝜂𝑘)⊤𝑑𝑘−1‖𝔉(𝜂𝑘)‖2 (10)

If ‖𝑑𝑘‖ = 0, terminate the algorithm.
Step 4. Let 𝑧𝑘 = 𝜂𝑘 + 𝑡𝑘𝑑𝑘, where the step-length 𝑡𝑘 ∶= 𝜍𝜌𝑖𝑘 and 𝑖𝑘 is the smallest nonnegative integer 𝑖 that satisfies

−𝔉(𝜂𝑘 + 𝜍𝜌𝑖𝑘𝑑𝑘)⊤𝑑𝑘 ≥ 𝜎𝜍𝜌𝑖𝑘
‖𝔉(𝜂𝑘 + 𝜍𝜌𝑖𝑘𝑑𝑘)‖

𝜇1 + ‖𝔉(𝜂𝑘 + 𝜍𝜌𝑖𝑘𝑑𝑘)‖ ⋅
‖𝑑𝑘‖2

𝜇2 + ‖𝑑𝑘‖2 (11)

If ‖𝔉(𝑧𝑘)‖ ≤ 𝜀, terminate the algorithm.
Step 5. Calculate𝑢𝑘+1 = 𝜂𝑘 − 𝛾𝑘𝜉𝑘𝔉(𝑧𝑘), where

𝜉𝑘 =
𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑧𝑘)‖𝔉(𝑧𝑘)‖2

Let 𝑘 ∶= 𝑘 + 1, and proceed back to Step 1.

Remark 1. Different from most existing studies on CG-type
projection methods for solving SoNME (1), this work, similar to
[36, 37], uses three-step iterative information to generate iner-
tial points. When the parameters are set with 𝜙 = 𝜓 = 0 and
𝛾𝑘 ≡ 1, rsASCGP-AF simplifies to the traditional CG-type projec-
tion method. From Step 2 of rsASCGP-AF, for any 𝑘, it is known
that 𝜙𝑘||𝑢𝑘 − 𝑢𝑘−1|| ≤ 𝜖𝑘 and 𝜓𝑘||𝑢𝑘−1 − 𝑢𝑘−2|| ≤ 𝜖𝑘, and

+∞∑
𝑘=0

𝜙𝑘||𝑢𝑘 − 𝑢𝑘−1|| ≤ +∞∑
𝑘=0

𝜖𝑘 < +∞,

+∞∑
𝑘=0

𝜓𝑘||𝑢𝑘−1 − 𝑢𝑘−2|| ≤ +∞∑
𝑘=0

𝜖𝑘 < +∞

Furthermore, lim𝑘→+∞𝜙𝑘||𝑢𝑘 − 𝑢𝑘−1|| = 0 and lim𝑘→+∞𝜓𝑘||𝑢𝑘−1 −
𝑢𝑘−2|| = 0.

Remark 2. The composite search direction 𝑑𝑘 generated by
rsASCGP-AF can, in form, be interpreted as a hybrid strategy,
wherein search directions are selected alternately. Nevertheless,
it may also be understood as a direction that integrates a restart
strategy. Within the composite direction 𝑑𝑘 (9), we refer to

𝑑𝑘 = −𝜃𝑘𝔉(𝜂𝑘) + 𝛽𝑘𝑑𝑘−1

as the non-restart direction. When 𝑘 ≥ 1 and ||𝔉(𝜂𝑘)|| <|𝛽𝑘|||𝑑𝑘−1||, the restart direction is applied, defined as

𝑑𝑘 =
⎧⎪⎨⎪⎩
−𝔉(𝜂𝑘), if ||𝑝𝑘|| = 0 or ||𝑦𝑘−1|| = 0,

−𝔉(𝜂𝑘) +
𝔉(𝜂𝑘)⊤𝑦𝑘−1

𝜚||𝑝𝑘|| ⋅ ||𝑦𝑘−1|| ⋅ 𝑝𝑘, if ||𝑝𝑘|| ≠ 0 and ||𝑦𝑘−1|| ≠ 0

which is then used to compute 𝑑𝑘. Due to the introduction of the
restart strategy, the composite search direction 𝑑𝑘 (9) always sat-
isfies the sufficient descent condition and trust-region property,
independent of any line search and any conjugate parameter. This
ensures that the proposed rsASCGP-AF achieves the desired the-
oretical guarantees and numerical performance.

Lemma 1. For each 𝑘 ≥ 0, the search direction 𝑑𝑘 produced by
rsASCGP-AF, as defined by (9) and (10), always meets the sufficient
descent condition:
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𝔉(𝜂𝑘)⊤𝑑𝑘 ≤ −𝑐1||𝔉(𝜂𝑘)||2 (12)

and the trust region property:

𝑐1||𝔉(𝜂𝑘)|| ≤ ||𝑑𝑘|| ≤ 𝑐2||𝔉(𝜂𝑘)|| (13)

with the constants defined as 𝑐1 = min
{
𝑐, 1 − 1

𝜚

}
, 𝑐2 =

max
{
𝑐 + 2, 1 + 1

𝜚

}
, and 0 < 𝑐1 < 1 < 𝑐2.

Proof. For 𝑘 = 0, the search direction is defined as 𝑑0 = −𝔉(𝜂0),
which results in 𝔉(𝜂0)⊤𝑑0 = −||𝔉(𝜂0)||2, satisfying condition (12).
We now proceed to demonstrate that condition (12) holds for 𝑘 ≥

1 through two cases.

(i-a) When ||𝔉(𝜂𝑘)|| ≥ |𝛽𝑘|||𝑑𝑘−1||, considering the first case for 𝑑𝑘
where 𝑘 ≥ 1, we derive

𝔉(𝜂𝑘)⊤𝑑𝑘 = −𝜃𝑘||𝔉(𝜂𝑘)||2 + 𝛽𝑘𝔉(𝜂𝑘)⊤𝑑𝑘−1

= −
(
𝑐 + 𝛽𝑘

𝔉(𝜂𝑘)⊤𝑑𝑘−1||𝔉(𝜂𝑘)||2
)||𝔉(𝜂𝑘)||2 + 𝛽𝑘𝔉(𝜂𝑘)⊤𝑑𝑘−1

= −𝑐||𝔉(𝜂𝑘)||2
(i-b) For the case when ||𝔉(𝜂𝑘)|| < |𝛽𝑘|||𝑑𝑘−1||, we consider the
second case for 𝑑𝑘 with 𝑘 ≥ 1. If ||𝑝𝑘|| = 0 or ||𝑦𝑘|| = 0, then
condition (12) is trivially satisfied; otherwise, we obtain

𝔉(𝜂𝑘)⊤𝑑𝑘 = −||𝔉(𝜂𝑘)||2 + 𝔉(𝜂𝑘)⊤𝑦𝑘−1

𝜚||𝑝𝑘|| ⋅ ||𝑦𝑘−1|| ⋅𝔉(𝜂𝑘)⊤𝑝𝑘

≤ −||𝔉(𝜂𝑘)||2 + |𝔉(𝜂𝑘)⊤𝑦𝑘−1|
𝜚||𝑝𝑘|| ⋅ ||𝑦𝑘−1|| |𝔉(𝜂𝑘)⊤𝑝𝑘|

≤ −||𝔉(𝜂𝑘)||2 + 1
𝜚
||𝔉(𝜂𝑘)||2

= −
(

1 − 1
𝜚

)||𝔉(𝜂𝑘)||2
Based on the above (i-a) and (i-b), we conclude that (12) is
satisfied.

Given 𝑑0 = −𝔉(𝜂0), it is evident that ||𝑑0|| = ||𝔉(𝜂0)||, which con-
firms that (13) holds for 𝑘 = 0. Subsequently, we establish that
(13) is also valid for 𝑘 ≥ 1. Utilizing (12) together with the
Cauchy–Schwarz inequality, one establishes that the first part of
(13) is satisfied. We now proceed to prove that the second part of
(13) holds for 𝑘 ≥ 1 by examining two cases.

(ii-a) By combining ||𝔉(𝜂𝑘)|| ≥ |𝛽𝑘|||𝑑𝑘−1|| with the first case for
𝑑𝑘 when 𝑘 ≥ 1, we have

||𝑑𝑘|| = || − 𝜃𝑘𝔉(𝜂𝑘) + 𝛽𝑘𝑑𝑘−1||
≤

(
𝑐 + |𝛽𝑘| |𝔉(𝜂𝑘)⊤𝑑𝑘−1|||𝔉(𝜂𝑘)||2

)||𝔉(𝜂𝑘)|| + |𝛽𝑘|||𝑑𝑘−1||
≤ 𝑐||𝔉(𝜂𝑘)|| + 2|𝛽𝑘|||𝑑𝑘−1||
≤ (𝑐 + 2)||𝔉(𝜂𝑘)||

(ii-b) From the second case for 𝑑𝑘 when 𝑘 ≥ 1, we get

||𝑑𝑘|| ≤ ‖‖−𝔉(𝜂𝑘)‖‖ + ‖‖‖‖‖ 𝔉(𝜂𝑘)⊤𝑦𝑘−1

𝜚||𝑝𝑘|| ⋅ ||𝑦𝑘−1|| ⋅ 𝑝𝑘
‖‖‖‖‖

≤ ||𝔉(𝜂𝑘)|| + 1
𝜚
||𝔉(𝜂𝑘)||

≤

(
1 + 1

𝜚

)||𝔉(𝜂𝑘)||
This completes the proof that (13) holds for all 𝑘 ≥ 1. ◽

Lemma 2. Suppose that the sequences {𝔉(𝜂𝑘)} and {𝑑𝑘} are
yielded by rsASCGP-AF. Then the line search (11) is well-defined,
which means that for each 𝑘 ≥ 0, there exists a nonnegative integer
𝑖𝑘 such that (11) holds.

Proof. Assume by contradiction that there exists 𝑘0 ≥ 0 such
that (11) fails for all nonnegative integers 𝑖, that is,

−𝔉(𝜂𝑘0
+ 𝜍𝜌𝑖𝑑𝑘0

)⊤𝑑𝑘0
< 𝜎𝜍𝜌𝑖

||𝔉(𝜂𝑘0
+ 𝜍𝜌𝑖𝑑𝑘0

)||
𝜇1 + ||𝔉(𝜂𝑘0

+ 𝜍𝜌𝑖𝑑𝑘0
)|| ⋅ ||𝑑𝑘0

||2
𝜇2 + ||𝑑𝑘0

||2
As we take the limit as 𝑖 → +∞ in the above inequality, and con-
sidering the continuity of 𝔉 along with the fact that 𝜌 ∈ (0, 1),
we find that 𝔉(𝜂𝑘0

)⊤𝑑𝑘0
≥ 0, which contradicts 𝔉(𝜂𝑘0

)⊤𝑑𝑘0
≤

−𝑐1||𝔉(𝜂𝑘0
)||2 < 0. Thus, the line search (11) is well-defined, and

the proof is complete. ◽

3 | Theoretical Convergence

In this subsection, we demonstrate the global convergence of the
proposed method. For the subsequent analysis, we assume that
the sequences {𝑢𝑘}, {𝜂𝑘}, and {𝑧𝑘} are generated by the pro-
posed rsASCG-AF. Additionally, the following Assumption 1 is
necessary.

Assumption 1.

i. The solution set 𝑆𝑜𝑙𝔉 of SoNME (1) is nonempty.

ii. The mapping 𝔉(⋅) is continuous and monotone on ℝ𝑛.

Lemma 3 ([48]). For the nonnegative sequences of real num-
bers {𝑎𝑘} and {𝑏𝑘}, which meet 𝑎𝑘+1 ≤ 𝑎𝑘 + 𝑏𝑘, if

∑+∞
𝑘=1𝑏𝑘 < +∞,

then {𝑎𝑘} is convergent.

Lemma 4. Let 𝑢∗ ∈ 𝑆𝑜𝑙𝔉 be an arbitrary solution of SoNME
(1). Assuming Assumption 1 is valid, the sequence {||𝑢𝑘 − 𝑢∗||} is
convergent.

Proof. According to 𝑧𝑘 = 𝜂𝑘 + 𝑡𝑘𝑑𝑘 and the line search (11),
we have

𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑧𝑘) = −𝑡𝑘𝔉(𝑧𝑘)⊤𝑑𝑘 ≥ 𝜎
||𝔉(𝑧𝑘)||

𝜇1 + ||𝔉(𝑧𝑘)|| ⋅ 𝑡2
𝑘
||𝑑𝑘||2

𝜇2 + ||𝑑𝑘||2
= 𝜎

||𝔉(𝑧𝑘)||
𝜇1 + ||𝔉(𝑧𝑘)|| ⋅ ||𝜂𝑘 − 𝑧𝑘||2

𝜇2 + ||𝑑𝑘||2 > 0

This, combined with Assumption 1(ii) and 𝑢∗ ∈ 𝑆𝑜𝑙𝔉,
implies that
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𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑢∗) = 𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑧𝑘) +𝔉(𝑧𝑘)⊤(𝑧𝑘 − 𝑢∗)

= 𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑧𝑘) + [𝔉(𝑧𝑘) −𝔉(𝑢∗)]⊤(𝑧𝑘 − 𝑢∗)

≥ 𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑧𝑘)

≥ 𝜎
||𝔉(𝑧𝑘)||

𝜇1 + ||𝔉(𝑧𝑘)|| ⋅ ||𝜂𝑘 − 𝑧𝑘||2
𝜇2 + ||𝑑𝑘||2 > 0 (14)

where the first inequality is derived via the monotonicity of 𝔉(⋅).
Further utilizing Step 5 of Algorithm 1, we obtain

||𝑢𝑘+1 − 𝑢∗||2
= ||𝜂𝑘 − 𝛾𝑘𝜉𝑘𝔉(𝑧𝑘) − 𝑢∗||2
= ||𝜂𝑘 − 𝑢∗||2 − 2𝛾𝑘𝜉𝑘𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑢∗) + 𝛾2

𝑘
𝜉2
𝑘
||𝔉(𝑧𝑘)||2

≤ ||𝜂𝑘 − 𝑢∗||2 − 2𝛾𝑘𝜉𝑘𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑧𝑘) + 𝛾2
𝑘
𝜉2
𝑘
||𝔉(𝑧𝑘)||2

= ||𝜂𝑘 − 𝑢∗||2 − 𝛾𝑘(2 − 𝛾𝑘)
[𝔉(𝑧𝑘)⊤(𝜂𝑘 − 𝑧𝑘)]2||𝔉(𝑧𝑘)||2

≤ ||𝜂𝑘 − 𝑢∗||2 − 𝛾𝑘(2 − 𝛾𝑘)
𝜎2||𝜂𝑘 − 𝑧𝑘||4

(𝜇1 + ||𝔉(𝑧𝑘)||)2(𝜇2 + ||𝑑𝑘||2)2

≤ ||𝜂𝑘 − 𝑢∗||2 − 𝛾(2 − 𝛾)
𝜎2||𝜂𝑘 − 𝑧𝑘||4

(𝜇1 + ||𝔉(𝑧𝑘)||)2(𝜇2 + ||𝑑𝑘||2)2 (15)

where the first inequality is obtained by (14). Furthermore, based
on 0 < 𝛾 ≤ 𝛾 < 2 and Remark 1, one has

||𝑢𝑘+1 − 𝑢∗|| ≤ ||𝜂𝑘 − 𝑢∗||
= ||𝑢𝑘 + 𝜙𝑘(𝑢𝑘 − 𝑢𝑘−1) + 𝜓𝑘(𝑢𝑘−1 − 𝑢𝑘−2) − 𝑢∗||
≤ ||𝑢𝑘 − 𝑢∗|| + 𝜙𝑘||𝑢𝑘 − 𝑢𝑘−1|| + 𝜓𝑘||𝑢𝑘−1 − 𝑢𝑘−2||
≤ ||𝑢𝑘 − 𝑢∗|| + 𝜖𝑘 + 𝜖𝑘

Combining Lemma 3, we know that the sequence {||𝑢𝑘 − 𝑢∗||}
converges. ◽

Lemma 5. Given that Assumption 1 is met, the ensuing two
conclusions can be drawn.

(i) {𝑢𝑘}, {𝜂𝑘}, {𝑑𝑘}, and {𝑧𝑘} are bounded.

(ii) lim𝑘→+∞||𝜂𝑘 − 𝑧𝑘|| = lim𝑘→+∞𝑡𝑘||𝑑𝑘|| = 0.

Proof. (i) By Lemma 4, we know that {||𝑢𝑘 − 𝑢∗||} converges,
and hence {||𝑢𝑘 − 𝑢∗||} is bounded. Since 𝑢∗ ∈ 𝑆𝑜𝑙𝔉, {𝑢𝑘} is also
bounded. Therefore, there exist positive numbers 𝑁1 and 𝑁2
such that

||𝑢𝑘 − 𝑢∗|| ≤ 𝑁1, ||𝑢𝑘|| ≤ 𝑁2, ∀ 𝑘 ≥ 0

Combining the definitions of 𝜙𝑘 and 𝜓𝑘, we have

||𝜂𝑘|| = ||𝑢𝑘 + 𝜙𝑘(𝑢𝑘 − 𝑢𝑘−1) + 𝜓𝑘(𝑢𝑘−1 − 𝑢𝑘−2)||
≤ ||𝑢𝑘|| + 𝜙𝑘||𝑢𝑘 − 𝑢𝑘−1|| + 𝜓𝑘||𝑢𝑘−1 − 𝑢𝑘−2||
≤ 𝑁2 + 𝜖𝑘 + 𝜖𝑘 < 𝑁2 + 2

which implies that {𝜂𝑘} is bounded. Given the continuity of 𝔉(⋅),
{𝔉(𝜂𝑘)} is also bounded. Combining this with the trust region
property (13), we deduce that {𝑑𝑘} is bounded, that is, for any

𝑘 ≥ 0, there exists 𝑁3(> 0) such that ||𝑑𝑘|| ≤ 𝑁3. Furthermore,
using 𝑧𝑘 = 𝜂𝑘 + 𝑡𝑘𝑑𝑘 and the fact that 𝑡𝑘 ∈ (0, 𝜍], we know that
{𝑧𝑘} is also bounded.

(ii) Considering that 𝑢∗ ∈ 𝑆𝑜𝑙𝔉, the definition of 𝜂𝑘, the
Cauchy–Schwarz inequality, and Remark 1, we deduce that

||𝜂𝑘 − 𝑢∗||2 = ||𝑢𝑘 + 𝜙𝑘(𝑢𝑘 − 𝑢𝑘−1) + 𝜓𝑘(𝑢𝑘−1 − 𝑢𝑘−2) − 𝑢∗||2
= ||𝑢𝑘 − 𝑢∗||2 + 2(𝑢𝑘 − 𝑢∗)⊤[𝜙𝑘(𝑢𝑘−1 − 𝑢𝑘−1)

+ 𝜓𝑘(𝑢𝑘−1 − 𝑢𝑘−2)]

+ ||𝜙𝑘(𝑢𝑘 − 𝑢𝑘−1) + 𝜓𝑘(𝑢𝑘−1 − 𝑢𝑘−2)||2
≤ ||𝑢𝑘 − 𝑢∗||2 + 2||𝑢𝑘 − 𝑢∗||[𝜙𝑘||𝑢𝑘−1 − 𝑢𝑘−1||
+ 𝜓𝑘||𝑢𝑘−1 − 𝑢𝑘−2||]
+ 2(𝜙𝑘||𝑢𝑘 − 𝑢𝑘−1||)2 + 2(𝜓𝑘||𝑢𝑘−1 − 𝑢𝑘−2||)2

≤ ||𝑢𝑘 − 𝑢∗||2 + 2𝑁1(𝜖𝑘 + 𝜖𝑘) + 2𝜖2
𝑘
+ 2𝜖2

𝑘
(16)

Substituting (16) into (15), we know that

||𝑢𝑘+1 − 𝑢∗||2 ≤ ||𝑢𝑘 − 𝑢∗||2 + [
2𝑁1(𝜖𝑘 + 𝜖𝑘) + 2𝜖2

𝑘
+ 2𝜖2

𝑘

]
− 𝛾(2 − 𝛾)

×
𝜎2||𝜂𝑘 − 𝑧𝑘||4

(𝜇1 + ||𝔉(𝑧𝑘)||)2(𝜇2 + ||𝑑𝑘||2)2 (17)

Furthermore, given the continuity of𝔉(⋅) and the boundedness of
{𝑧𝑘}, we deduce that {𝔉(𝑧𝑘)} is also bounded, that is, for each 𝑘 ≥

0, there exists 𝑁4 > 0 such that ||𝔉(𝑧𝑘)|| ≤ 𝑁4. Combining this
with ||𝑑𝑘|| ≤ 𝑁3,

∑+∞
𝑘=0𝜖𝑘 < +∞, and

∑+∞
𝑘=0𝜖𝑘 < +∞, we deduce

from Equation (17) that

𝛾(2 − 𝛾) 𝜎2

(𝜇1 +𝑁4)2(𝜇2 +𝑁2
3 )2

+∞∑
𝑘=0

||𝜂𝑘 − 𝑧𝑘||4
≤

+∞∑
𝑘=0

[||𝑢𝑘 − 𝑢∗||2 + (2𝑁1(𝜖𝑘 + 𝜖𝑘) + 2𝜖2
𝑘
+ 2𝜖2

𝑘
) − ||𝑢𝑘+1 − 𝑢∗||2]

= ||𝑢0 − 𝑢∗||2 − lim
𝑘→+∞

||𝑢𝑘+1 − 𝑢∗||2 + +∞∑
𝑘=0

(2𝑁1(𝜖𝑘 + 𝜖𝑘) + 2𝜖2
𝑘
+ 2𝜖2

𝑘
)

< +∞ (18)

which implies that lim𝑘→+∞||𝜂𝑘 − 𝑧𝑘|| = lim𝑘→+∞𝑡𝑘||𝑑𝑘|| = 0.
This completes the proof. ◽

Theorem 1. Provided that Assumption 1 is satisfied, we have
lim inf
𝑘→+∞

||𝔉(𝜂𝑘)|| = 0. Furthermore, it is asserted that the sequences
{𝑢𝑘}, {𝜂𝑘}, and {𝑧𝑘} all converge to a solution of SoNME (1).

Proof. We establish this theorem by the following two phases.

Phase I. Proof by contradiction. If lim inf
𝑘→+∞

||𝔉(𝜂𝑘)|| = 0 does not
hold, then there exists Λ > 0 such that

||𝔉(𝜂𝑘)|| ≥ Λ, ∀ 𝑘 ≥ 0

Furthermore, using (13), we know that for any 𝑘 ≥ 0, ||𝑑𝑘|| ≥
𝑐1||𝔉(𝜂𝑘)|| ≥ 𝑐1Λ > 0. Combining this with Lemma 5(ii), we have
lim𝑘→+∞𝑡𝑘 = 0. Given the boundedness of {𝑑𝑘} and {𝜂𝑘} (see
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Lemma 5(i) and its proof), there exist two convergent subse-
quences {𝑑𝑘𝑗} and {𝜂𝑘𝑗} such that

lim
𝑗→+∞,𝑗∈

𝑑𝑘𝑗 = 𝑑, lim
𝑗→+∞,𝑗∈

𝜂𝑘𝑗 = 𝜂̃

where is an infinite index set. It follows from Equation (12) that

−𝔉(𝜂𝑘𝑗 )
⊤𝑑𝑘𝑗 ≥ 𝑐1||𝔉(𝜂𝑘𝑗 )||2, ∀𝑗 ∈ 

Taking the limit as 𝑗 → +∞ in the above relationship and using
the continuity of 𝔉(⋅), we have

−𝔉(𝜂̃)⊤𝑑 ≥ 𝑐1||𝔉(𝜂̃)||2 ≥ 𝑐1Λ2 > 0 (19)

On the other hand, according to the line search (11), we know that

−𝔉(𝜂𝑘𝑗 + 𝜌−1𝑡𝑘𝑗 𝑑𝑘𝑗 )
⊤𝑑𝑘𝑗 < 𝜎𝜌−1𝑡𝑘𝑗

||𝔉(𝜂𝑘𝑗 + 𝜌−1𝑡𝑘𝑗 𝑑𝑘𝑗 )||
𝜇1 + ||𝔉(𝜂𝑘𝑗 + 𝜌−1𝑡𝑘𝑗 𝑑𝑘𝑗 )||

⋅
||𝑑𝑘𝑗 ||2

𝜇2 + ||𝑑𝑘𝑗 ||2
Similarly, letting 𝑗 → +∞ in the above inequality and using the
continuity of 𝔉(⋅), we obtain −𝔉(𝜂̃)⊤𝑑 ≤ 0. This contradicts (19).
Therefore, lim inf

𝑘→+∞
||𝔉(𝜂𝑘)|| = 0.

Phase II. Considering {𝜂𝑘 = 𝑢𝑘 + 𝜙𝑘(𝑢𝑘 − 𝑢𝑘−1) + 𝜓𝑘(𝑢𝑘−1 −
𝑢𝑘−2)}, the definitions of 𝜙𝑘 and 𝜓𝑘, and Remark 1, we know that

||𝑢𝑘 − 𝜂𝑘|| = ||𝑢𝑘 − (𝑢𝑘 + 𝜙𝑘(𝑢𝑘 − 𝑢𝑘−1) + 𝜓𝑘(𝑢𝑘−1 − 𝑢𝑘−2))||
≤ 𝜙𝑘||𝑢𝑘 − 𝑢𝑘−1|| + 𝜓𝑘||𝑢𝑘−1 − 𝑢𝑘−2|| ≤ 𝜖𝑘 + 𝜖𝑘

Taking the limit on both sides of the aforementioned relationship
and combining lim𝑘→+∞𝜖𝑘 = 0 and lim𝑘→+∞𝜖𝑘 = 0, we obtain
lim𝑘→+∞||𝑢𝑘 − 𝜂𝑘|| = 0. Let

lim
𝑗→+∞

𝜂𝑘𝑗 = 𝜂∗, lim
𝑗→+∞

𝑢𝑘𝑗 = 𝜂∗, lim
𝑗→+∞

||𝔉(𝜂𝑘𝑗 )|| = ||𝔉(𝜂∗)|| = 0

hence lim𝑗→+∞||𝔉(𝑢𝑘𝑗 )|| = ||𝔉(𝜂∗)|| = 0. Let 𝑢∗ ∶= 𝜂∗ ∈ 𝑆𝑜𝑙𝔉,
using the convergence of {||𝑢𝑘 − 𝑢∗||}, we get

lim
𝑘→+∞

||𝑢𝑘 − 𝑢∗|| = lim
𝑗→+∞

||𝑢𝑘𝑗 − 𝑢∗|| = lim
𝑗→+∞

||𝑢𝑘𝑗 − 𝜂∗|| = 0

Thus, {𝑢𝑘} converges to 𝑢∗ ∈ 𝑆𝑜𝑙𝔉, and {𝜂𝑘} also converges to 𝑢∗.
Combining this with Lemma 5(ii), we know lim𝑘→+∞||𝑧𝑘 − 𝜂𝑘|| =
0, and therefore the sequence {𝑧𝑘} converges to 𝑢∗ as well. This
completes the proof. ◽

4 | Convergence-Rate Analysis

In this section, we establish both asymptotic and non-asymptotic
convergence rates in terms of iteration complexity for the pro-
posed rsASCGP-AF. To achieve this, we introduce an additional
Assumption 2.

Assumption 2. The mapping 𝔉 is locally Lipschitz continu-
ous on ℝ𝑛.

To simplify the description, we define 𝑡𝑘 = 𝜌−1𝑡𝑘 and 𝑧𝑘 = 𝜂𝑘 +
𝑡𝑘𝑑𝑘. By Lemma 5(ii), it follows that ||𝑧𝑘 − 𝜂𝑘|| = 𝜌−1𝑡𝑘||𝑑𝑘|| → 0
as 𝑘 → +∞. This, along with the convergence of {𝜂𝑘}, implies
that the sequence {𝑧𝑘} is also convergent. Consequently, for the
convergent sequences {𝜂𝑘}, {𝑧𝑘}, and {𝑧𝑘}, there exists a com-
pact set Ω ⊆ ℝ𝑛 such that {𝜂𝑘, 𝑧𝑘, 𝑧𝑘} ⊆ Ω. Combining this with
Assumption 2 and [49, Theorem 2.1.6], we conclude that there
exists a constant 𝐿 > 0 such that

||𝔉(𝑢) −𝔉(𝑣)|| ≤ 𝐿||𝑢 − 𝑣||, ∀ 𝑢, 𝑣 ∈ Ω (20)

Lemma 6. Suppose that Assumptions 1 and 2 hold. Then, for
all 𝑘 ≥ 0, the step-length sequence {𝑡𝑘} satisfies

𝑡𝑘 ≥ 𝑡 ∶= min

{
𝜍,

𝜌𝑐1𝜇2

(𝜇2𝐿 + 𝜎)𝑐2
2

}
> 0 (21)

Proof. Clearly, if 𝑡𝑘 = 𝜍, then (21) holds. Otherwise, 𝑡𝑘 does not
satisfy the line search (11), that is,

−𝔉(𝑧𝑘)⊤𝑑𝑘 < 𝜎𝑡𝑘
||𝔉(𝜂𝑘 + 𝜍𝜌𝑖𝑘𝑑𝑘)||

𝜇1 + ||𝔉(𝜂𝑘 + 𝜍𝜌𝑖𝑘𝑑𝑘)|| ⋅ ||𝑑𝑘||2
𝜇2 + ||𝑑𝑘||2 <

𝜎𝑡𝑘

𝜇2
||𝑑𝑘||2

By combining (12) and (20), we then obtain

𝑐1||𝔉(𝜂𝑘)||2 ≤ −𝔉(𝜂𝑘)⊤𝑑𝑘 = (𝔉(𝑧𝑘) −𝔉(𝜂𝑘))⊤𝑑𝑘 −𝔉(𝑧𝑘)⊤𝑑𝑘

<

(
𝐿 + 𝜎

𝜇2

)
𝑡𝑘||𝑑𝑘||2 =

(
𝐿 + 𝜎

𝜇2

)
𝜌−1𝑡𝑘||𝑑𝑘||2

Therefore, from the second inequality in Equation (13), we have

𝑡𝑘 >
𝜌𝑐1𝜇2

𝜇2𝐿 + 𝜎

||𝔉(𝜂𝑘)||2||𝑑𝑘||2 >
𝜌𝑐1𝜇2

(𝜇2𝐿 + 𝜎)𝑐2
2

This completes the proof. ◽

Theorem 2. (Asymptotic convergence rate) Assuming that
Assumptions 1 and 2 hold, we have

+∞∑
𝑘=0

||𝔉(𝜂𝑘)||4 < +∞ (22)

Additionally,
min

0≤𝑖≤𝑘−1
||𝔉(𝜂𝑖)||4 = 𝑜

( 1
𝑘

)
(23)

Proof. According to (18), we know that
∑+∞

𝑘=0||𝜂𝑘 − 𝑧𝑘||4 =∑+∞
𝑘=0𝑡

4
𝑘
||𝑑𝑘||4 < +∞. Moreover, it follows from the first inequal-

ity in Equation (13) that
∑+∞

𝑘=0𝑡
4
𝑘
||𝔉(𝜂𝑘)||4 < +∞. Combining this

with Lemma 6, we conclude that
∑+∞

𝑘=0||𝔉(𝜂𝑘)||4 < +∞. By the
Cauchy principle, we have

min
0≤𝑖≤𝑘−1

||𝔉(𝜂𝑖)||4 = 𝑜

( 1
𝑘

)
as 𝑘 → +∞

Hence, the proof is complete. ◽

Lemma 7. Assuming Assumption 1 holds, for all 𝑘 ≥ 1, the fol-
lowing inequality holds:

𝜏𝑘 +
𝑘−1∑
𝑖=0

𝜗𝑖 ≤ 𝜏0 +
𝑘−1∑
𝑖=0

𝛿𝑖 (24)
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where 𝜏𝑘 = ||𝑢𝑘 − 𝑢∗||, 𝜗𝑖 = 𝛾(2 − 𝛾) 𝜎2||𝜂𝑖−𝑧𝑖||4
(𝜇1+𝑁4)2(𝜇2+𝑁2

3 )2
, and

𝛿𝑖 = 2𝑁1(𝜖𝑖 + 𝜖𝑖) + 2𝜖2
𝑖
+ 2𝜖2

𝑖
.

Proof. Based on (17), substituting the definitions

𝜏𝑘 = ||𝑢𝑘 − 𝑢∗||, 𝜗𝑘 = 𝛾(2 − 𝛾)
𝜎2||𝜂𝑘 − 𝑧𝑘||4

(𝜇1 +𝑁4)2(𝜇2 +𝑁2
3 )2

,

and 𝛿𝑘 = 2𝑁1(𝜖𝑘 + 𝜖𝑘) + 2𝜖2
𝑘
+ 2𝜖2

𝑘

we obtain

𝜏𝑘+1 − 𝜏𝑘 + 𝜗𝑘 ≤ 𝜏𝑘+1 − 𝜏𝑘 + 𝛾(2 − 𝛾)
𝜎2||𝜂𝑘 − 𝑧𝑘||4

(𝜇1 + ||𝔉(𝑧𝑘)||)2(𝜇2 + ||𝑑𝑘||2)2

≤ 2𝑁1(𝜖𝑘 + 𝜖𝑘) + 2𝜖2
𝑘
+ 2𝜖2

𝑘
= 𝛿𝑘

As a result, by summing both sides from 𝑖 = 0 to 𝑘 − 1, we have

𝜏𝑘 +
𝑘−1∑
𝑖=0

𝜗𝑖 ≤ 𝜏0 +
𝑘−1∑
𝑖=0

𝛿𝑖, 𝑘 ≥ 1

The proof is thus complete. ◽

Theorem 3. (𝑂(1∕𝑘) convergence rate) Suppose that Assump-
tions 1 and 2 hold. Then, there exists a constant 𝑠 > 0 such that,
for all 𝑘 ≥ 1,

min
0≤𝑖≤𝑘−1

||𝔉(𝜂𝑖)|| ≤ 𝑠

4
√
𝑘

Proof. From the definition of 𝛿𝑖, we conclude that there exists
𝑀 > 0 such that

∑𝑘−1
𝑖=0 𝛿𝑖 = 𝑀 holds for any 𝑘 ≥ 1. According to

(24), for every 𝑘 ≥ 1, it follows that

𝛾(2 − 𝛾)𝜎2𝑘

(𝜇1 +𝑁4)2(𝜇2 +𝑁2
3 )2

min
0≤𝑖≤𝑘−1

||𝜂𝑖 − 𝑧𝑖||4 ≤ 𝑢0 +𝑀

Combining this with the definition of 𝑧𝑖, we obtain

𝛾(2 − 𝛾)𝜎2𝑘

(𝜇1 +𝑁4)2(𝜇2 +𝑁2
3 )2

min
0≤𝑖≤𝑘−1

‖‖𝑡𝑖𝑑𝑖‖‖4
≤ 𝑢0 +𝑀

Applying (21), we obtain

min
0≤𝑖≤𝑘−1

‖‖𝑑𝑖‖‖4
≤

(
𝑢0 +𝑀

)
(𝜇1 +𝑁4)2(𝜇2 +𝑁2

3 )
2

𝛾(2 − 𝛾)𝜎2𝑡
4
𝑘

Combined with the first inequality in Equation (13), this further
implies that

min
0≤𝑖≤𝑘−1

‖‖𝔉(𝜂𝑖)‖‖4
≤

(
𝑢0 +𝑀

)
(𝜇1 +𝑁4)2(𝜇2 +𝑁2

3 )
2

𝛾(2 − 𝛾)𝜎2𝑡
4
𝑐4

1𝑘

Therefore, the conclusion of the theorem is established, complet-
ing the proof. ◽

5 | Numerical Experiments

To evaluate the effectiveness of the proposed rsASCGP-AF, we
use it to solve problems involving nonlinear equations and to
applications in compressed sensing. All codes are implemented
on a desktop system configured with an Intel(R) Core(TM)
i5-12600KF CPU at 3.7 GHz, 32 GB RAM, and running Win-
dows 11.

5.1 | Numerical Tests on Nonlinear Equations

In this section, we evaluate the rsASCGP-AF method against
five related DFP methods—ISGM2 [1], PCGA-SNE [6], MDY [7],
ISTCP [24], and ISCGPM [29]—to demonstrate the numerical
performance of rsASCGP-AF in solving unconstrained nonlinear
equations.

For the proposed rsASCGP-AF, we set 𝛽𝑘 =
𝔉(𝜂𝑘)(𝔉(𝜂𝑘)−𝔉(𝜂𝑘−1))||𝔉(𝜂𝑘−1)||2 and

𝑝𝑘 = 𝔉(𝜂𝑘). The algorithm parameters are configured as follows:
𝜎 = 0.0001, 𝜙 = 0.001, 𝜓 = 0.002, 𝜚 = 3, 𝑐 = 1, 𝜍 = 1, 𝜌 = 0.6,
𝜇1 = 5, 𝜇2 = 4, 𝛾𝑘 ≡ 1.5, and 𝜖𝑘 = 𝜖𝑘 = 1

𝑘2 (𝜖𝑘 = 𝜖𝑘 = 1, if 𝑘 = 0).
For the five comparison methods, we use the parameter settings
as originally defined in their respective papers. The rsASCGP-AF
requires three points: 𝑢−2, 𝑢−1, and 𝑢0 to generate inertial iterates.
Similarly, the ISGM2, ISTCP, and ISCGPM require two initial val-
ues, 𝑢−1 and 𝑢0. Conversely, the PCGA-SNE and MDY use a single
initial point, 𝑢0. We use the following Problems 1–10 with seven
values for the dimension: 𝑛 = 5, 𝑛 = 102, 𝑛 = 5 × 102, 𝑛 = 103,
𝑛 = 104, 5 × 104, and 105, respectively. Table 1 lists 7 different ini-
tial points.

Let 𝔉(𝑢) =
(
𝔣1(𝑢), 𝔣2(𝑢), . . . , 𝔣𝑛(𝑢)

)⊤. The list below presents 10
tested problems.

Problem 1 ([1]). Set

𝔣1(𝑢) = 𝑢1 + sin(𝑢1) − 1,

𝔣𝑖(𝑢) = −𝑢𝑖−1 + 2𝑢𝑖 + sin(𝑢𝑖) − 1, for 𝑖 = 2, 3, . . . , 𝑛 − 1,

𝔣𝑛(𝑢) = 𝑢𝑛 + sin(𝑢𝑛) − 1

Problem 2 ([2]). Set 𝔣𝑖(𝑢) = 𝑒𝑢𝑖 + 1.5 sin(2𝑢𝑖) − 1, for 𝑖 = 1,
2, . . . , 𝑛.

Problem 3 ([6]). Set 𝔣𝑖(𝑢) = 𝑢𝑖 − sin(|𝑢𝑖 − 1|), for 𝑖 = 1, 2,
3, . . . , 𝑛.

TABLE 1 | Initial points.

Case 𝒖−2 𝒖−1 𝒖0

I (0.1, 0.1, . . . , 0.1)⊤ (0.2, 0.2, . . . , 0.2)⊤ (0.1, 0.1, . . . , 0.1)⊤

II (0.2, 0.2, . . . , 0.2)⊤ (0.1, 0.1, . . . , 0.1)⊤ (0.2, 0.2, . . . , 0.2)⊤

III (0.2, 0.2, . . . , 0.2)⊤ (0.1, 0.1, . . . , 0.1)⊤ (0.5, 0.5, . . . , 0.5)⊤

IV (0.2, 0.2, . . . , 0.2)⊤ (0.1, 0.1, . . . , 0.1)⊤ (1.2, 1.2, . . . , 1.2)⊤

V (0.2, 0.2, . . . , 0.2)⊤ (0.1, 0.1, . . . , 0.1)⊤ (1.5, 1.5, . . . , 1.5)⊤

VI (0.2, 0.2, . . . , 0.2)⊤ (0.1, 0.1, . . . , 0.1)⊤ (2, 2, . . . , 2)⊤

VII (0.2, 0.2, . . . , 0.2)⊤ (0.1, 0.1, . . . , 0.1)⊤ rand(𝑛, 1)
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Problem 4 ([7]). Set 𝔣𝑖(𝑢) = 2𝑢𝑖 − sin(|𝑢𝑖|), for 𝑖 = 1, 2, 3, . . . , 𝑛.

Problem 5 ([8]). Set

𝔣1(𝑢) = 4𝑢1 − 𝑢2 + 𝑒𝑢1 − 5,

𝔣𝑖(𝑢) = 4𝑢𝑖 − 𝑢𝑖−1 − 𝑢𝑖+1 + 𝑒𝑢𝑖 − 5, for 𝑖 = 2, 3, . . . , 𝑛 − 1,

𝔣𝑛(𝑢) = 4𝑢𝑛 − 𝑢𝑛−1 + 𝑒𝑢𝑛 − 5

Problem 6 ([9]). Set 𝔣𝑖(𝑢) = cos(𝑢𝑖) + 𝑢𝑖 − 1, for 𝑖 = 1, 2,
3, . . . , 𝑛.

Problem 7 ([16]). Set

𝔣1(𝑢) = 3𝑢3
1 + 2𝑢2 − 5 + sin(𝑢1 − 𝑢2) sin(𝑢1 + 𝑢2),

𝔣𝑖(𝑢) = −𝑢𝑖−1𝑒
𝑢𝑖−1−𝑢𝑖 + 𝑢𝑖(4 + 3𝑢2

𝑖
) + 2𝑢𝑖+1

+ sin(𝑢𝑖 − 𝑢𝑖+1) sin(𝑢𝑖 + 𝑢𝑖+1) − 8, for 𝑖 = 2, 3, . . . , 𝑛 − 1,

𝔣𝑛(𝑢) = −𝑢𝑛−1𝑒
𝑢𝑛−1−𝑢𝑛 + 4𝑢𝑛 − 3

Problem 8 ([19]). Set 𝔣𝑖(𝑢) =
√

8𝑢𝑖 − 1, for 𝑖 = 1, 2, . . . , 𝑛.

Problem 9 ([21]). Set 𝔣1(𝑢) = 𝑒𝑢1 − 1, 𝔣𝑖(𝑢) = 𝑒𝑢𝑖 + 𝑢𝑖 − 1, for
𝑖 = 2, . . . , 𝑛.

Problem 10 ([28]). Set 𝔣𝑖(𝑢) = ln(𝑢𝑖 + 1) − 𝑢𝑖

𝑛
, for 𝑖 = 1,

2, . . . , 𝑛.

When one of the following conditions is met, the iterative testing
of the methods is terminated: (i) ||𝑑𝑘|| ≤ 10−6, (ii) ||𝔉𝑘|| ≤ 10−6,
(iii) Itr ≥ 2000, where 𝔉𝑘 denotes 𝔉(𝑢𝑘), 𝔉(𝜂𝑘), or 𝔉(𝑧𝑘), and
“Itr” represents the iteration count. The comparative outcomes
are available at the provided online source https://www.cnblogs.
com/LLHA0/p/18353934. In Table 1, the “Case” column outlines
seven initial points, “n” indicates the problem dimension, “NF”
refers to the number of function evaluations, “Time” represents
the computational time, and “||𝔉∗||” is the final norm of ||𝔉𝑘||
when the procedure is terminated. Additionally, if a method fails
to find a solution, the values for “Itr/NF/Time/||𝔉∗||” should all
be recorded as “NaN”.

To provide a more intuitive presentation of the numerical results
for the compared methods, we use performance profiles intro-
duced by Dolan and Moré [50] to demonstrate the computational
efficiency across different methods. Generally speaking, a higher
curve on the profile indicates a method with better numerical per-
formance. Moreover, the corresponding experimental results are
illustrated in Figures 1–3.

Based on the above numerical experiments, we conclude that
rsASCGP-AF demonstrates superior performance in solving all
test problems, achieving better results in terms of Itr, NF, and
Time. Although the ISTCP method also successfully solves all test
problems, its numerical performance is generally inferior to that
of rsASCGP-AF. In contrast, the other four methods—ISGM2,
PCGA-SNE, MDY, and ISCGPM—exhibit limitations in solving
certain problems and show inferior numerical results compared
to rsASCGP-AF. These comprehensive comparisons confirm that
rsASCGP-AF outperforms ISGM2, PCGA-SNE, MDY, ISTCP, and
ISCGPM, establishing the effectiveness and competitiveness of
rsASCGP-AF in the given numerical experiments.

FIGURE 1 | Performance profiles of Time.

FIGURE 2 | Performance profiles of NF.

FIGURE 3 | Performance profiles of Itr.

5.2 | Applications in Compressed Sensing

In the experiment on compressed sensing, we compare
rsASCGP-AF with existing methods, ISTCP [24] and ISCGPM
[29]. For rsASCGP-AF, we set 𝛽𝑘 = 𝔉(𝜂𝑘)(𝔉(𝜂𝑘)−𝔉(𝜂𝑘−1))||𝔉(𝜂𝑘−1)||2 and
𝑝𝑘 = 𝔉(𝜂𝑘) −𝔉(𝜂𝑘−1). The associated parameters are configured
as 𝜎 = 0.01, 𝜙 = 0.01, 𝜓 = 0.02, 𝜚 = 3, 𝑐 = 1, 𝜍 = 0.8, 𝜌 = 0.5,
𝜇1 = 5, 𝜇2 = 4, 𝛾𝑘 ≡ 1.9, and 𝜖𝑘 = 𝜖𝑘 = 1

𝑘2 (𝜖𝑘 = 𝜖𝑘 = 1, if 𝑘 = 0).
The parameter settings for ISTCP and ISCGPM follow those
provided in their respective original references.

9 of 15

https://www.cnblogs.com/LLHA0/p/18353934
https://www.cnblogs.com/LLHA0/p/18353934
https://www.cnblogs.com/LLHA0/p/18353934


TABLE 2 | Numerical test results on signal restoration.

Problem size SparM-original rsASCGP-AF ISTCP ISCGPM
(𝒎, 𝒏, 𝒓) Time/Itr/SparM/MSE Time/Itr/SparM/MSE Time/Itr/SparM/MSE

(256, 1024, 32) 0.8826 0.01/94.50/0.8859/7.89e-06 0.04/233.75/0.8850/1.69e-06 0.07/318.25/0.8858/7.61e-06
(384, 1536, 48) 0.8806 0.04/110.75/0.8732/5.52e-06 0.15/229.75/0.8725/5.45e-06 0.20/342.25/0.8730/5.54e-06
(512, 2048, 64) 0.8756 0.04/93.75/0.8775/8.66e-06 0.21/220.25/0.8767/5.10e-06 0.37/305.50/0.8774/8.60e-06
(640, 2560, 80) 0.8753 0.13/92.75/0.8764/6.27e-06 0.37/222.00/0.8755/3.85e-06 0.68/356.50/0.8763/6.22e-06
(768, 3072, 96) 0.8811 0.17/90.25/0.8775/6.92e-06 0.58/211.50/0.8766/4.22e-06 0.77/297.75/0.8774/6.80e-06
(896, 3584, 112) 0.8752 0.32/86.75/0.8776/1.14e-05 1.22/230.50/0.8771/4.79e-06 1.47/293.25/0.8774/1.12e-05
(1024, 4096, 128) 0.8750 0.66/87.25/0.8739/1.00e-05 1.90/224.00/0.8736/3.87e-06 2.62/299.75/0.8738/1.00e-05

5.2.1 | Problem Description

At the core of compressed sensing is a mathematical frame-
work designed to precisely reconstruct a signal encoded within
an 𝑛-dimensional vector from just 𝑚 (𝑚 < 𝑛) observations. This
entails identifying the solution to a set of underdetermined linear
equations described by 𝐴𝑥 = 𝑏. To achieve this objective, a preva-
lent strategy is to solve an optimization problem that incorporates
𝓁1-norm regularization:

min
𝑥∈ℝ𝑛

𝔣(𝑥) ∶= 1
2
||𝐴𝑥 − 𝑏||2 + 𝜑||𝑥||1 (25)

where || ⋅ ||1 is the𝓁1-regularization norm and𝜑 > 0 is a constant
to balance data fitting and sparsity.

Figueiredo et al. [51] tackled the non-smoothness of (25)
by introducing a reformulation that transformed it into a
bound-constrained quadratic program. For each vector 𝑥 ∈ ℝ𝑛,
two auxiliary vectors 𝑥+ and 𝑥− ∈ ℝ𝑛 are introduced to decom-
pose 𝑥 into two parts: 𝑥 = 𝑥+ − 𝑥−, where 𝑥+ = max{𝑥𝑖, 0} and
𝑥− = max{−𝑥𝑖, 0} for all 𝑖 = 1, 2, . . . , 𝑛. Consequently, ||𝑥||1 =
𝑒⊤
𝑛
𝑥+ + 𝑒⊤

𝑛
𝑥−, where 𝑒⊤

𝑛
= (1, 1, . . . , 1) ∈ ℝ𝑛. Using this formula-

tion, (25) can be rephrased as a convex quadratic programming
problem:

min
𝑥+ ,𝑥−

𝜑𝑒⊤
𝑛
𝑥+ + 𝜑𝑒⊤

𝑛
𝑥− + 1

2
||𝐴(𝑥+ − 𝑥−) − 𝑏||22 (26)

To proceed, (26) can be reformulated as a quadratic optimization
problem:

min
𝑢

1
2
𝑢⊤𝐻𝑢 + 𝑐⊤𝑢 (27)

where

𝑢 =

[
𝑥+

𝑥−

]
, 𝑐 =

[
𝜑𝑒𝑛 − 𝐴⊤𝑏

𝜑𝑒𝑛 + 𝐴⊤𝑏

]
, 𝐻 =

[
𝐴⊤𝐴 −𝐴⊤𝐴

−𝐴⊤𝐴 𝐴⊤𝐴

]

and 𝐻 is semipositive definite.

Utilizing the optimality conditions, it is deduced that for 𝑢 to be
the minimal solution of (27), 𝑢 fulfill

𝔉(𝑢) = min{𝑢,𝐻𝑢 + 𝑐} = 0

From [52, Lemma 2.2], we know that 𝔉 ∶ ℝ2𝑛 → ℝ2𝑛 is
monotone.

FIGURE 4 | The trend of MSE with respect to Itr.

5.2.2 | Numerical Reports

5.2.2.1 | Signal Restoration Problems. In the first numer-
ical experiment, the matrix𝐴 is randomly generated in MATLAB,
and the observed data are represented by 𝑏 = 𝐴𝑥 + 𝑒, where 𝑒 fol-
lows a Gaussian noise distribution 𝑁(0, 𝜎2𝐼) with 𝜎2 = 2. The
value of 𝜑 follows Reference [51] for the tested methods, and
the initial point is set as 𝑥0 = 𝐴⊤𝑏. The numerical tests are ter-
minated when |𝔣(𝑥𝑘) − 𝔣(𝑥𝑘−1)||𝔣(𝑥𝑘−1)| < 10−5

We then employ the sparseness measure (SparM) [53] of the
observed signal, defined as

SparM(𝑥) =

√
𝑛 − (

∑|𝑥𝑖|)∕√𝑥2
𝑖√

𝑛 − 1

The quality of recovery is measured by the mean squared error
(MSE):

MSE = 1
𝑛
||𝑥∗ − 𝑥||2

where 𝑥∗ denotes the restored signal and 𝑥 is the original signal.
Generally, a lower MSE value indicates higher recovery quality
for a given method.

We set (𝑚, 𝑛, 𝑟) = (256𝑖, 1024𝑖, 32𝑖)with 𝑖 = 1 ∶ 0.5 ∶ 4 to generate
sparse signals. For each 𝑖 = 1 ∶ 0.5 ∶ 4, we perform 20 random
instances to evaluate performance. Table 2 presents the detailed
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FIGURE 5 | The trend of MSE with respect to Time.

numerical results, including the sparseness of the original sig-
nal (SparM-original), the average computational time (Time), the
average number of iterations (Itr), the average sparseness of the
restored signals (SparM), and the average mean squared error
(MSE). According to the numerical results, all three methods
exhibit good performance in terms of SparM and MSE, while
rsASCGP-AF shows more competitive performance in Time and
Itr.

Under the setting (𝑚, 𝑛, 𝑟) = (1024, 4096, 128), Figures 4 and 5
illustrate the variation of MSE with respect to iterations and time,
respectively, during the signal recovery process. In general, lower
curves correspond to better numerical performance. Figure 6
shows the original signal, the observed signal, and the signals
reconstructed by the three evaluated methods under the setting
(𝑚, 𝑛, 𝑟) = (1024, 4096, 128).

FIGURE 6 | From top to bottom: The original signal, the measurement, and the recovered signals by three tested methods.

TABLE 3 | Numerical test results on image deblurring.

Image rsASCGP-AF ISTCP ISCGPM
Itr/Time/PSNR/SSIM Itr/Time/PSNR/SSIM Itr/Time/PSNR/SSIM

Baboon.bmp (256 × 256) 341/1.94/20.47/0.50 440/3.08/20.46/0.50 594/3.66/20.44/0.50
Chart.tiff (256 × 256) 524/5.55/27.74/0.79 692/6.36/27.64/0.79 963/9.38/27.52/0.79
Cameraman.png (256 × 256) 401/4.02/27.85/0.48 518/4.59/27.79/0.48 712/5.70/27.78/0.48
Bridg.bmp (512 × 512) 302/8.58/26.53/0.68 395/11.50/26.52/0.68 564/20.70/26.51/0.68
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FIGURE 7 | The original images (first row), the blurred images (second row), and the deblurring images obtained by rsASCGP-AF (third row),
ISTCP (fourth row), and ISCGPM (last row).
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5.2.2.2 | Image Deblurring Problems. For image deblur-
ring problems, we use two metrics—peak signal-to-noise ratio
(PSNR) [54] and structural similarity index (SSIM) [55]—to
quantitatively evaluate the quality of the restored images. Higher
values of PSNR and SSIM indicate better image restoration qual-
ity. The numerical experiments terminate when

|𝔣(𝑥𝑘) − 𝔣(𝑥𝑘−1)||𝔣(𝑥𝑘−1)| < 10−5

The parameter values for the tested methods remain the same
as in the first experiment for signal restoration problems. The
images used in this study consist of a set of test images:
Baboon.bmp (256 × 256), Chart.tiff (256 × 256), Cameraman.png
(256 × 256), and Bridge.bmp (512 × 512). The numerical results
are presented in Table 3, which reports the number of itera-
tions (Itr), computational time (Time), PSNR, and SSIM. For
each tested method, the recovered image with the highest PSNR
and SSIM values indicates better restoration performance. In
Table 3, we use bold font to highlight the best results for Itr,
Time, and PSNR. The original, blurred, and restored images
are shown in Figure 7. In summary, the numerical results
demonstrate the potential of rsASCGP-AF in image deblurring
problems.

6 | Conclusions

In this paper, we present an accelerated spectral CG-type pro-
jection method designed for solving the SoNME. Compared
to traditional DFP methods, the proposed method employs a
three-step iterative information to generate inertial iterates. The
developed composite search direction incorporates an effective
restart mechanism utilizing known iterative information. It sat-
isfies both the sufficient descent condition and the trust-region
property, independent of line search choices and conjugate
parameters. Under conventional assumptions, we provide a rig-
orous proof of global convergence. When local Lipschitz con-
tinuity is assumed, we further analyze both asymptotic and
non-asymptotic convergence rates in terms of iteration complex-
ity. Numerical experiments on 10 test problems involving non-
linear equations are conducted to evaluate the performance of
the proposed method. The applicability of the method is fur-
ther demonstrated through preliminary experiments on signal
restoration and image deblurring problems.

In addition, we note that Reference [56] establishes the conju-
gacy of the proposed search direction and the corresponding lin-
ear convergence rate of the method, and that Reference [57] also
presents a linear convergence result for the proposed method.
Although we analyze both the asymptotic and non-asymptotic
convergence rates of our method in terms of iteration complex-
ity, we must also acknowledge that, due to the structure of the
proposed search direction and the limitations imposed by the line
search strategy, our method does not strictly satisfy the conjugacy
condition of CG methods. Moreover, it does not achieve the lin-
ear convergence rate reported in References [56, 57]. Addressing
this limitation in greater depth represents a promising direction
for future research.
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